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Abstract

Theory and Algorithms for Scheduling Deadline-constrained Packets in Single-hop and

Multi-hop Wireless Networks.

Christos Tsanikidis

This dissertation considers the problem of scheduling deadline-constrained packets in

networks, an increasingly relevant problem, which due to the rise of time-sensitive applications

such as teleconferencing and video streaming, has recently received renewed attention. To

accommodate a diverse range of environments and scenarios, our work investigates single-hop

and multi-hop networks, across various traffic models and network conditions, including wired

and wireless settings. We propose algorithms in each setting, with their performance evaluated by

considering commonly used benchmarks in the related literature, such as the attained fraction of

the real-time capacity region achieved in single-hop networks and the maximization of the

cumulative weight of packets reaching their destinations within their deadlines in multi-hop

networks. We explore traffic which is either worst-case, or stochastic, and provide different

performance guarantees in each case.

The first part of our study focuses on scheduling real-time traffic in single-hop wireless networks

with conflict-graph interference models. We propose randomized policies that achieve higher

real-time efficiency ratios, compared to state-of-the-art existing algorithms, such as the

Largest-Deficit-First algorithm. The research then extends to single-hop wireless networks with

unreliable links due to channel fading, designing randomized algorithms that achieve efficiency

ratios strictly higher than traditional scheduling algorithms, such as Maximum-Weight



Scheduling.

The dissertation proceeds to examine online admission, routing, and scheduling algorithms for

multi-hop wireless networks under a general interference graph model. It presents online

algorithms that are competitive with the optimal offline algorithms and provides upper bounds on

performance which demonstrate the asymptotic optimality of these results. Simulation results

illustrate significant improvements over prior approaches.

Furthermore, the research addresses the problem of scheduling packets with end-to-end deadline

constraints in both wired and wireless multi-hop networks, in the case of stochastic traffic. It

illustrates the first near-optimal approximation algorithms under nontrivial assumptions on traffic

and link capacity, showcasing significant improvements over worst-case algorithms in practical

settings.

In conclusion, this dissertation contributes scheduling algorithms for deadline-constrained packet

delivery in single and multi-hop networks, under various traffic and interference models, and in

both wired and wireless settings. The proposed algorithms materially improve the state-of-the-art

performance guarantees in each case.
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Chapter 1: Introduction and Background.

The development of networks which divide data for transmission into packets, traced to as early

as in the 1960's [1], naturally gave rise to the problem of scheduling and routing of those packets,

in order to achieve a certain objective, such as maximizing the throughput of the delivered packets.

As the evolution of wired (point-to-point) networks expanded to wireless networks through initia-

tives like the ALOHA project in the late 1960s [2], the need for scheduling and routing packets

within those networks became increasingly important [2, 3, 4, 5, 6]. Today's wireless networks,

which have emerged as an important component of modern networking, introduce a host of unique

challenges, such as uncertainty in transmissions and interferences across network links [7, 8, 9].

In wired and wireless networks, initial efforts on scheduling and routing were concentrated on

maximizing throughput, as in the seminal work in [10]. However, with the rise of real-time appli-

cations, such as those in the Internet of Things (IoT), vehicular networks, and other cyber-physical

systems, delay and deadline guarantees for packet delivery is often taking precedence over long-

term throughput [11, 12, 13]. As a consequence of the growing number of real-time applications, a

great variety of scheduling algorithms speci�cally targeted towards handling deadline-constrained

traf�c were designed [14, 15, 8, 16, 7, 17], where each packet has to be delivered within astrict

deadline, otherwise it is of no use1. Despite the rich variety of works in the real-time scheduling

literature, comparatively to the long-term-throughput literature, works with theoretical guarantees

over wireless networks are more limited. The goal of this dissertation is to considerably expand

the theory of real-time scheduling, and provide new algorithms and analysis techniques, aimed at

materially improving the state of the art. We do so by providing general theoretical results for com-

monly considered models, upper bounds on achievable performance, and algorithms that improve

1Although variants of the strict-deadline constraints have been considered to address the problem of scheduling
real-time traf�c, most attention has traditionally been focused on this natural assumption.
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attained lower bounds on the performance compared to prior algorithms, often featuring distinct

analysis techniques compared to related prior works.

Broadly, we model wireless networks as sets of nodes where deadline-constrained traf�c, i.e., a

sequence of packets with strict deadlines, are arriving online, over time. More speci�cally, time is

assumed to be slotted, i.e.,C= 1–2–� � � , with packets arriving at the beginning of time slots at their

source node, and should be delivered by their deadline to their destination node. The network may

be overloaded, in which case there is no algorithm which can deliver all packets within their dead-

lines to the destination, and therefore, we seek algorithms that yield good performance as measured

by an objective function, such as the number of packets delivered timely compared to that of the

optimal of�ine algorithm2. Nodes are assumed to communicate through a set of wireless links,

where each link is a connection between two nodes, over which packets can be transmitted. The

links can be considered as either reliable, signifying all transmissions are successful, or unreliable,

indicating that transmissions are successful with a particular probability. Each packet transmission

over a link¹D– Eº is assumed to require a single time slot for the packet to be transmitted from one

end-nodeDof the link, to the other,E. Further, due to the wireless interference, we cannot transmit

packets over all links concurrently. Each link is assumed to interfere with a set of other links, and

as a result, packets can only be scheduled over a set of mutually non-interfering links.

The literature on real-time scheduling, much like that of throughput maximization, can be

bifurcated in two ways. First, by differentiating between single-hop (e.g. [14, 8, 18, 19, 20, 21])

and multi-hop (e.g. [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33]) traf�c scheduling. In the

single-hop case, packets originating from each source (a network node) needs to traverse only one

link to reach their destination. In contrast, in the more general multi-hop case, packets require

the traversal of multiple links to arrive to the destination from their source. Second, the literature

is divided between works that assume stochastic traf�c [33, 9, 7] and those that assume worst-

case traf�c [29, 30]. In the stochastic traf�c case, we assume a distribution over packet arrivals

and deadlines, whereas in the worst-case traf�c sequences, we do not make any assumptions on

2Of�ine algorithms are those that have the entire knowledge of the input sequence at the beginning of the execution.
They are often also referred to as “omniscient” in the related literature.
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(a) Collocated network. (b) Interferences between links.

Figure 1.1: In Figure 1.1a an example of a collocated network is shown, where all nodesf D8g
communicate with base stationEthrough linksf ;8g. All links interfere with each other, with each
interference indicated through an edge in the graph in Figure 1.1b (this is commonly known as
interference graph and will later be de�ned formally).

the traf�c arrival sequence, and the goal is to provide algorithms that will behave well under the

worst-case scenario. In the sequel, we design algorithms for each of the cases above.

1.0.1 Single-hop Deadline-constrained Traf�c Scheduling.

A lot of the attention in the real-time literature has been focused on the single-hop problem,

which is more tractable than the multi-hop counterpart, while having important applications. A

canonical example of the single-hop network, is thecollocated network. Here, links are estab-

lished between a group of nodes (referred to as "users") and the base station. Traf�c is generated

at these user nodes and is directed toward the base station (or vice versa). Crucially, only one user

can schedule packets over its link at a given time slot, due to wireless interference between links.

The scheduling algorithm must judiciously select which users' packets to schedule to ful�ll the

desired objective. See Figure 1.1 for an illustrative example. The typical objective considered in

the single-hop works, is to guarantee that at least a fraction of the packets will be delivered to their

destinations within their deadlines, which is referred to asdelivery ratio (QoS). Providing such

guarantees is very challenging as it crucially depends on the temporal pattern of packet arrivals

and their deadlines, as opposed to long-term averages in traditional throughput maximization. One

can construct adversarial traf�c patterns that all have the same long-term average but their achiev-

able delivery ratio is vastly different [7, 34]. Beyond the collocated network, the single-hop traf�c

problem retains its signi�cance even when a more general network is considered [7]. This is typ-

ically represented by an arbitrary network where pairs of adjacent nodes (connected by a link)
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(a) General network. (b) Interferences between links.(c) Sets of non-interfering links.

Figure 1.2: In Figure 1.2a a general single-hop network with4 nodes and5 links is shown. The
interferences between the linksf ;8g are illustrated in Figure 1.2b. Note for example that;5 is
not interfering with any other link, whereas;3 interferes with all links but;5. In Figure 1.2c,
three different subsets of links that do not interfere with each other are shown. Packets can be
concurrently transmitted on every link of each of those three sets, without violating any interference
constraints.

produce traf�c for one another. While these links are assumed to interfere with each other, they

don't all invariably interfere with every other link. Instead, each link typically interferes with a

speci�c subset of links. This general case substantially complicates the problem, given the poten-

tially large number of sets of links that can be scheduled at any given time slot. Contrast this to the

collocated case, where, only a single link can be activated at each time slot, and hence, the number

of choices is equal to the number of users. An example of this more general scenario can be found

in Figure 1.2.

Related work. There have been two approaches for providing QoS guarantees for real-time

traf�c in single-hop wireless networks. One is the frame-based approach [14, 15, 8, 16], and the

other is a greedy scheduling approach like the largest-de�cit-�rst policy (LDF) [7, 17]. In the

frame-based approach, it is assumed that each frame is a number of consecutive time slots, and

packets arriving in each frame have to be scheduled before the end of the frame. They crucially

rely on the assumption that all packets of all users arrive at the beginning of frames [14, 15, 8],

or the complete knowledge of future packet arrivals and their deadlines in each frame is available

at the beginning of the frame [16]. This restricts the application of such policies to speci�c traf�c

patterns with periodic arrivals and synchronized users. Partial generalizations of the frame-based

traf�c are considered in [35, 25] without performance guarantees. The results for general traf�c

patterns without such frame assumptions are very limited, as in such settings, the real-time rate

region is dif�cult to characterize and the optimal policy is unknown. A popular algorithm for
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providing QoS guarantees for real-time traf�c is the largest-de�cit-�rst (LDF) policy [7, 17, 14,

36], which is the real-time variation of the longest-queue-�rst (LQF) policy (see, e.g., [37, 38]). It

is known that LDF is optimal in collocated networksunder the frame-based model[14, 36]. The

performance of LDF in the non-frame-based setting has been studied in [7] in terms of theef�ciency

ratio, which is the fraction of the real-time capacity region guaranteed by LDF3. It is shown that

LDF achieves an ef�ciency ratio of at least11¸ V for a network with interference degree4 V, under

i.i.d. (independent and identically distributed) packet arrivals and deadlines. Further, when traf�c

is not i.i.d., the ef�ciency ratio of LDF is as low as1
1¸

p
V

[7]. In particular, for collocated networks,

the ef�ciency ratio of LDF under Markovian traf�c is1•2, and in a simple star topology with one

center link and neighboring links, it scales down with$ ¹ 1p
 

º. This shows that LDF might not

be suitable for high throughput real-time applications, especially with non-i.i.d. traf�c, which is

the case if packet drops due to deadline expiry trigger re-transmissions.

Besides the works above on providing QoS guarantees for wireless networks, there is literature

on approximation algorithms forsingle-linkbuffer management problem [39, 40]. In this problem,

packets arrive to a single link, each with a non-negative constant weight and a deadline. The

goal is to maximize the total weight of transmitted packets for the worst input sequence. The

approximation algorithms include the maximum-weight greedy algorithm [39, 40], and theU-

earliest-deadline-�rst algorithm (EDFU) [41] which schedules the earliest-deadline packet with

weight at leastU � 1 of the maximum-weight packet, or randomized algorithms such as [41, 42,

43, 44] where the scheduling decision is randomized over pending packets in the link's buffer.

Some of these randomized algorithms have used a novel amortized analysis technique initially

introduced in [45]. Inspired by such randomization techniques, in the �rst part of this work, we

design randomized algorithms for wireless networks under a general interference model and given

the delivery ratio requirements for the links in the network.

3The real-time capacity region is an extension of the capacity region in the throughput-maximization literature [10]
to the real-time setting. It is the set of delivery ratio requirements (fraction of packets required to be timely delivered)
for all links that can be supported by an online algorithm.

4The interference degree is the maximum number of links that can be scheduled simultaneously out of a link and
its neighboring links.
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Main contributions. First, we propose two randomized scheduling algorithms, namely,Adap-

tive Mixing over Non-Dominated links(AMIX-ND) for collocated networks with an ef�ciency

ratio of at least4� 1
4 � 0•63, andAdaptive Mixing over Maximal Schedules(AMIX-MS) for general

interference graphs with an ef�ciency ratio of at leastjI j2jI j� 1 ¡ 1
2 (jI j is the number of maxi-

mal independent sets). These algorithms can further be generalized to their fading counterparts,

FAMIX-ND or FAMIX-MS, two variants that are applicable under unreliable channels that also

suffer from interferences, to provide similar performance guarantees. Beyond these new algorithms

which outperform LDF, we provide an important theorem that allows us to gauge the performance

of traditional scheduling algorithms, such as the Maximum-Weight-Scheduling algorithm. More

speci�cally, suppose each non-empty link (i.e., with unexpired packets for transmission) is asso-

ciated with a weight which is the product of its de�cit counter and channel fading probability at

that time, and otherwise (if the link is empty), the weight is zero. We show that any algorithm

that provides ak -approximation to Max-Weight Schedule (MWS) under such weights, achieves

an ef�ciency ratio of at leastk
k ¸ 1 for real-time scheduling under any Markov traf�c-fading process.

As a consequence, MWS policy achieves an ef�ciency ratio of1
2, and Greedy Maximal Schedul-

ing (GMS, which extends LDF) provides an ef�ciency ratio of at least1
V̧ 1. Finally, to address

the high complexity of the randomized algorithm in general graphs, we propose a low-complexity

covering-based randomization and a myopic distributed randomization. Given a coloring of the

graph usingj colors, we can achieve an ef�ciency ratio of at least12j � 1, by randomizing over

j schedules. Moreover, we show that a myopic distributed randomization, which is simple and

easily implementable, can achieve an ef�ciency ratio of approximately1
� ¸ 1 in any graph with max-

imum degree� . Beyond the state-of-the-art achieved ef�ciency ratios obtained by our proposed

algorithms, we also generalize the assumptions on the traf�c, by assuming that the number of ar-

rivals and the deadlines of the packets are governed by a Markov chain, generalizing over the i.i.d.

assumptions used in the development of LDF.
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(a) Network (b) Interferences

Figure 1.3: In (a), a network with nodesf D– 0– 1– Eg and4 links is shown. Suppose there are two
channels (C = 2) and that traf�c originates atDand0 and is destined toEin both cases. Suppose
the deadlines of the packets for the two sources are respectively2 and1. As a result, the packets
at the two sources have a unique way to be routed timely (D ! 0 ! Eand0 ! E). In (b), the
graph of interferences is shown, with a non-interfering set of links shaded. Suppose two packets
PD and P0 arrive at the same time atD and0. They need to be scheduled over¹D– 0º and ¹0– Eº
respectively, immediately after their arrival in order to be timely delivered. As these two links
interfere with each other, they cannot be both activated at the same channel, and therefore, they
should be activated in distinct channels. If, in the �rst channel, the shaded linksf¹ D– 0º–¹1– Eºgin
Figure 1.3b are enabled, packetPD can be transmitted through that channel on link¹D– 0º. P0 must
then be transmitted through the second channel, which should include link¹0– Eº. Note that since
¹0– Eº is interfering with all other links, there cannot be any other links activated in that channel.

1.0.2 Routing and Scheduling Multi-hop Deadline-constrained Traf�c in Wireless Networks.

Although certain networks can be adequately modeled through single-hop traf�c, more gener-

ally, traf�c may require the traversal of multiple links to arrive from its source to the destination,

resulting inmulti-hop (traf�c) networks. In multi-hop networks, in addition to scheduling, which

is the decision of whether and when to transmit a packet, we must also determine what route the

packets should follow, that is, what sequence of links should the packet traverse to arrive to its des-

tination. This joint routing and scheduling problem, alongside the deadline constraints, the online

nature of the problem, and the interferences across links, make the problem uniquely challenging.

Differently than the case of single-hop traf�c where our model assumes a unit capacity, that is,

only a single packet can be transmitted over a link at a given time slot, here we consider the more

general case where there areC orthogonal channels, with interference between links impacting

transmissions only within the channel, and not across different channels (in line with related work

such as [9]). An example is provided in Figure 1.3. Moreover, as opposed to the ef�ciency ratio

criterion considered in the single-hop case, here we consider the direct (weighted) maximization

of timely-delivered packets, and algorithms are evaluated by considering a lower bound on the ob-
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jective value attained by the algorithm, divided by that of the of�ine optimal algorithm, commonly

referred to as theapproximation-ratio. This benchmark is often used in related multi-hop literature

[29, 30], but further, our work shows that this objective can be related to the ef�ciency ratio studied

in the single-hop case. Finally, here we consider(a) worst-case traf�c sequences, that is, we aim to

provide approximation-ratio lower bounds, for any possible sequence of packet arrivals, deadlines,

and weights.(b) Stochastic traf�c sequences, where we assume that the traf�c satis�es certain

distributional assumptions, with the hope of obtaining improved approximation ratios compared

to ¹0º. In ¹1º, the approximation ratio is in an average sense, for the expected instance obtained

from the considered distribution, in contrast to in¹0º, where the approximation ratio bound should

hold universally, for any possible traf�c sequence. Efforts on either case include a large number

of works, e.g., [28, 29, 30, 22, 25, 26, 27]. In the following we discuss in more detail the works

more closely aligned with our work.

1.0.3 Related Work.

Scheduling real-time multi-hop traf�c with worst-case arrival sequences.In this case, we

highlight two papers [29, 30] that have the best theoretical guarantees with worst-case models.

These works consider wired networks, which can be seen as a special case of the wireless network

assuming that thecapacitiesof the links are identical, i.e.,C� � C. In more detail, in wired

networks, the term “link capacity” is used to refer to the number of packets that can be concurrently

scheduled over the link, and is related to the “bandwidth”, or number of channelsC in wireless

networks, which here, refers to the number of orthogonal sets of non-interfering links that can be

concurrently activated (Figure 1.3). Although wired networks may have different link capacities

for different links, the number of channels is a property of the network, rather than the links. In

the special case of equal link capacities in the wired network, wireless networks (with number

of channels equal to the common link capacities) with no interferences (completely disconnected

interference graph) coincide with wired networks. [29] considers the unweighted-packets case and

provides an asymptotically optimal algorithm as the minimum link capacity� min ! 1 , as it yields
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 ¹1•¹ log ! ºº-approximation, where! the length of the longest route of packets in the network,

matching a previously known lower bound by [28]. Recently, [30] provided an algorithm called

GLS-ADP which yields an¹� max!
1

Cmin º� 1-approximation in the unweighted case (d = 1, where

d = F<0G•Fmin is the ratio of the maximum weight packet to the minimum weight packet). This

can also yield logarithmic approximation whenCmin = log ! . Further, [30] provides an algorithm

called GLS in the case of weighted packets with �xed routes, which is1•¹ d¹! ¸ 1ºº-approximation.

Contributions for the problem of scheduling real-time worst-case traf�c in multi-hop net-

works. In this part, we provide algorithms that draw inspiration from the primal-dual techniques,

e.g., [29, 46]. However, the optimization problem in our setting is considerably harder than the one

in wired networks due to the presence of interference constraints among the links. In this case, the

set of scheduled links at any time should be an independent set of the network's interference graph

(mutually non-interfering links). A direct LP relaxation of the optimization problem in this case

yields a solution which turns out to be too loose. In this section, we propose a tighter relaxation

by adding constraints corresponding to thelocal clique coversof the interference graph. Although

there is vast literature on LP relaxation of independent set constraints, e.g. [47, 48], we have not

identi�ed a similar relaxation in the past work. We provide an online algorithm for scheduling

and routing deadline-constrained packets in wireless multihop networks with general interference

graphs. Our algorithm relies on a new relaxation technique based on local clique covers of the

interference graph, followed by a primal-dual technique to obtain an approximate solution to the

relaxed problem, and �nally, a greedy technique to map the primal-dual solution to the independent

sets of the network's interference graph. Our results depend on the properties of the constructed

local clique cover, captured through two parametersb and k . In particular, in an interference

graph with maximum degree� , our algorithm yields an
 ¹1•¹ k log¹bd! º•Rºº-approximation if

RC = 
 ¹k log¹bd! ºº, whereb � � ¸ 1, V � k � � , V is the interference degree, andR � 1 is a

resource augmentation parameter that allows us to provide approximation ratios if the number of

channels were increased by factorR. Our results translate directly to many interference graphs of

interest, for example, in the case of one-hop interference model,k = b = 2.
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Scheduling real-time stochastic multi-hop traf�c in wireless networks. The algorithms

discussed so far in the multi-hop case provide approximation-ratios that diminish as various pa-

rameters of the traf�c or the network scale. Although, for worst-case sequences, the results cannot

be improved asymptotically, it is of interest to study if better results can be achieved by relaxing

the assumption of worst-case traf�c sequences, which in many real networks, is overly strict.

In this part, we address the open question of whether it is feasible to design algorithms with

strong performance guarantees (e.g. constant approximation ratio that does not depend on param-

eters of the network), for scheduling packets with strict deadlines in multi-hop wireless networks.

We present near-optimal and constant-approximation algorithms that require a minimum band-

width (number of channels) that is logarithmic in the maximum length of a packet's route! in the

network (with! � 3<0G, where3<0G is the maximum deadline of any packet). Our proposed algo-

rithms are of varying computational complexity and guarantees, but rely on careful randomization

in their scheduling and routing decisions.

Unlike prior techniques on the problem [49, 30, 29], our obtained approximation ratios are

independent of packet weights and the maximum length of any route,! . Additionally, unlike the

past work in the stochastic setting [9], our algorithms are applicable to �nite time horizons, �nite

arrival rates, and �nite network bandwidth, without scaling these quantities to in�nity, and hence,

are considerably more practical.

Contributions in the case of stochastic multi-hop traf�c. We introduce an algorithm that is

near-optimal, attaining a¹1 � nº-approximation for the problem of scheduling packets with hard

deadlines in multi-hop wireless networks. This is guaranteed in the case of a number of channels

that satisfyC = 
 ¹ j ¢ log¹! •nº
n3 º, and for i.i.d. Bernoulli or Binomial packet arrival processes, where

j ¢ is the fractional chromatic number of the network's interference graph. Further, our results can

be extended to more general arrival processes. The algorithm relies on probabilistic admission and

routing of packets in the network and probabilistic scheduling of independent sets over the chan-

nels. To the best of our knowledge, this is the �rst result that provides near-optimal performance

in general interference graphs, for �nite time horizon, �nite number of channels, and �nite packet
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arrival rates.

The near-optimal algorithm requires randomization over all independent sets, which in general

might not be ef�cient. We propose an ef�cient algorithm that provides
 ¹¹1� nº•Vº-approximation

whenC = 
 ¹ log¹! •nº
n2 º. The algorithm relies on greedily selecting maximal independent sets over

the channels and probabilistic forwarding of packets in the network. Further, this algorithm admits

a distributed implementation. Finally, we show that no polynomial-time algorithm can attain an

approximation ratio better than
 ¹1• Vn0º for somen0 ¡ 0. Hence, a polynomial dependence inV

in the approximation ratio is unavoidable for any ef�cient algorithm. We show that in the impor-

tant class of perfect interference graphs, such as bipartite graphs, our methods yield near-optimal

performance with polynomial-time complexity. The solution relies on a clique-based formulation

which is shown to be polynomially solvable through an ellipsoid algorithm.
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Chapter 2: Scheduling Deadline-constrained packets over Single-hop

Wireless Networks.

2.1 Introduction.

In this section, we consider the fundamental problem of scheduling single-hop traf�c over

general interference graphs. The objective is to guarantee that at least a certain fraction of packets

of each link are delivered within their deadlines, which is also known asdelivery ratio. This

problem has been studied before under restrictive frame-based traf�c models, or greedy maximal

scheduling schemes like LDF (Largest-De�cit First) that can lead to poor delivery ratio for general

traf�c patterns. We pursue a different approach through randomization over the choice of maximal

links that can transmit at each time. We design randomized policies in collocated networks, multi-

partite networks, and general networks, that can achieve delivery ratios much higher than what

is achievable by LDF. Further, our results apply to any traf�c (arrival and deadline) process that

evolves as anunknownpositive recurrent Markov chain. Hence, this work is an improvement with

respect to both ef�ciency and traf�c assumptions compared to the past work.

2.1.1 Contributions.

Markovian Traf�c Model. Our traf�c model allows traf�c (arrival anddeadline) processes

that evolve as anunknownirreducible Markov chain over a �nite state space. This model is a

signi�cant extension from i.i.d. or frame-based traf�c models in [15, 8, 16, 7]. A key technique

in analyzing the achievable ef�ciency ratio in our model is to look at the return times of the traf�c

Markov chain and analyze the performance of scheduling algorithms over long enough cycles

consisting of multiple return times.

Randomized Algorithms with Improved Ef�ciency. We propose randomized scheduling
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algorithms that can signi�cantly outperform deterministic greedy algorithms like LDF. The key

idea is to identify a structure for the optimal policy and randomize over the possible scheduling

choices of the optimal policy, rather than solely relying on the de�cit queues. Forcollocated

networksandcomplete bipartite graphsour randomized algorithms achieve an ef�ciency ratio of

at least0•63 and2•3, respectively, and ingeneral graphs, achieve an ef�ciency ratio greater than

1•2, all independent of the network sizeandwithout the knowledge of the traf�c model.

2.2 Model and De�nitions.

Wireless Network Model.We consider a set of links (or users) denoted by the setK , where

 = jK j . Time is slotted, and at each time slotC2 N0, each link can transmit one packet suc-

cessfully, if there are no interfering links transmitting at the same time. As in [7], it is standard

to represent the interference relationships between links by aninterference graph� � = ¹K – � � º.

Each vertex of� � is a link, and an edge¹;1– ;2º 2 � � indicates links;1 and;2 interfere with each

other. Let� ; ¹Cº = 1 if link ; is transmitting a packet at timeC, and� ; ¹Cº = 0 otherwise. Hence, any

feasible schedule" ¹Cº := f ; 2 K : � ; ¹Cº = 1g at timeChas to form an independent set of� � over

links that have packets, i.e., no two transmitting links can share an edge in� � . We say a feasible

schedule" ¹Cº is maximal if no more links can be added to the schedule without interfering with

some other active link in" ¹Cº. Let B¹Cº be the set of links that have packets available to transmit

at timeC. Let I denote the set of all maximal independent sets of� � . Then, at any timeC,

" ¹Cº � ¹B¹ Cº \ � º– for some� 2 I –

where �̀ ' holds with `=' if " ¹Cº is a maximal schedule.

Traf�c Model. We consider a single-hop traf�c with deadlines for each link. Let0; ¹Cº denote

the number of packets arriving on link; at timeC, with 0; ¹Cº � 0max, for some0max Ÿ 1 . Each

packet upon arrival has a deadline which is the maximum delay that the packet can tolerate. We

de�ne a vectorg; ¹Cº = ¹g;–3¹Cº; 3 = 1–� � � – 3maxº, whereg;–3¹Cº is the number of packets with
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Figure 2.1: An example of a Markovian traf�c process with three traf�c patterns repeating as
� ! � ! � ! � � � � . Each rectangle indicates a packet for a link indicated by its number. The
left side of the rectangle corresponds to its arrival time, and its length corresponds to its deadline.
For example on pattern� , we have 2 packets, 1 from link 2, with deadline 2 slots after the arrival,
and 1 from link 1, with deadline in the same slot.

deadline3 arriving to link ; at time C. A packet arriving with deadline3 at time Chas to be

transmitted before the end of time slotC¸ 3 � 1, otherwise it will be dropped. The maximum

deadline is bounded by a constant3max. Hence, the network traf�c (arrival, deadline) process is

described byg¹Cº = ¹g; ¹Cº; ; 2 Kº– C� 0. We also useD¹Cº to denote any unobservable (hidden)

information of the traf�c process, so that the complete traf�c processx¹Cº = ¹g¹Cº– D¹Cºº evolves as

an irreducible Markov chain over a �nite state spaceX = � � U , where� = f 0–� � � – 0maxg3max�  

andU := f 1–� � � – *maxg for a �nite * max.1

Note that the arrival and deadline processes do not need to be i.i.d. across times or users. Since

the state spaceX is �nite, x¹Cº is a positive recurrent Markov chain [50] and the time-average of

any bounded function ofx¹Cº is well-de�ned, in particular, the packet arrival rate0; , ; 2 K ,

limC!1
1
C
Í C

B=1 0; ¹Bº = 0;• (2.1)

See Figure 2.1 for an example of a Markovian traf�c process.

Buffer Dynamics.The buffer of link; at timeCcontains the existing packets at link; which have

not expired yet and also the newly arrived packetsg; ¹Cº. Formally, we de�ne the buffer of link; by

a vector	 ; ¹Cº = ¹	 ;–3¹Cº; 3 = 1–� � � – 3maxº, where	 ;–3¹Cº is the number of packets in the buffer

with remainingdeadline3 at timeC. The remaining deadline of each packet in the buffer decreases

by one at every time slot, until the packet is successfully transmitted or reaches the deadline0,

1Essentially,D¹Cº assigns labels tog¹Cº to allow more complicated dependencies ing¹Cº. If U = f 1g, theng¹Cº
itself evolves as a Markov chain.
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which in either case the packet is removed from the buffer, i.e., the buffer at the beginning of slot

Ç 1 is

	 ;–3¹Ç 1º = 	 ;–3̧ 1¹Cº ¸ g;–3¹Ç 1º � � ;–3̧ 1¹Cº– (2.2)

where� ; ¹Cº =
Í 3max

3=1 � ;–3¹Cº � 1, and� ;–3¹Cº = 1 if the scheduler selects a packet with deadline3

to transmit at timeCon link ;. By convention, we set	 ;–3max̧ 1¹Cº = 0, 	 ;–0¹Cº = 0. We de�ne the

network buffer state as	 ¹Cº = ¹	 ; ¹Cº; ; 2 Kº .

Delivery Requirement and De�cit.As in [14, 8, 16, 7], we assume that there is a minimum

delivery ratio?; (QoS requirement) for each link;, ; 2 K . This means the scheduling algorithm

must successfully deliver at least?; fraction of the incoming packets on each link; in long term.

Formally,

lim inf C!1

Í C
B=1 � ; ¹BºÍ C
B=1 0; ¹Bº

� ?;• (2.3)

We de�ne a de�cit F ; ¹Cº which measures the amount of service owed to link; up to timeCto

ful�ll its minimum delivery rate. As in [7, 16], the de�cit evolves as

F ; ¹Ç 1º =
h
F ; ¹Cº ¸ e0; ¹Cº � � ; ¹Cº

i ¸
– (2.4)

where»�¼̧ = maxf� –0g, ande0; ¹Cº indicates the amount of de�cit increase due to packet arrivals.

To determinee0; ¹Cº, for the =-th arriving packet on link;, we increase the de�cit of link; by

- ; ¹=º � 0, where- ; ¹�º is i.i.d. with E»- ; ¹�º¼= ?; , i.e., we increase the de�cit on average by?; .

For example, we can increase the de�cit by exactly?; for each packet arrival to link;, or use a coin

tossing process as in [7, 16], i.e., each packet arrival at link; increases the de�cit by one with the

probability ?; , and zero otherwise. We refer to~0; ¹Cº as thede�cit arrival process for link;. Note
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that it holds that

limC!1
1
C

Í C
B=1 e0; ¹Bº = 0; ?; := _;– ;2 K • (2.5)

We refer to_; as the de�cit arrival rate for link;. We would like to emphasize that the arriving

packet is always added to the link's buffer, regardless of whether and how much de�cit is added

for that packet. Also note that in (2.4), each time a packet is scheduled from the link,� ; ¹Cº = 1, the

de�cit is reduced by one. The dynamics in (2.4) de�ne a de�cit queueing system, with bounded

increments/decrements, whose stability, e.g.,

lim supC!1
1
C

Í C
B=1 E»F ; ¹Bº¼Ÿ 1 – (2.6)

implies that (2.3) holds2. De�ne the vector of de�cits asF ¹Cº = ¹F ; ¹Cº– ;2 Kº . The system state

at timeCis then de�ned as

S¹Cº = ¹	 ¹Cº– F¹Cº–x¹Cºº• (2.7)

Objective. De�ne P� to be the set of all causal policies, i.e. policies that do not know the

information of future arrivals and deadlines in order to make scheduling decisions. We assume that

policies inP� can potentially utilize the information of the hidden stateD¹Cº of the traf�c process

x¹Cº, however, we emphasize that the policies designed in this sectiondo notneed to know this

information when making decisions. For a given traf�c processx¹Cº, C� 0, with �xed 0; , de�ned

in (2.1), we are interested in causal policies that can stabilize the de�cit queues for the largest set

of delivery rate vectorsp = ¹?;– ; 2 Kº , or equivalently largest set of, = ¹_; := 0; ?;– ; 2 Kº

possible. For a given traf�c process, we say the rate vector, = ¹_;– ;2 Kº is supportable under

some policy` 2 P� if all the de�cit queues remain stable. Then one can de�ne the supportable

2Actually only the rate stability is enough to establish (2.3) [51], however we consider this stronger notion of
stability.
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(real-time) rate region of the policỳ as

� ` = f , � 0 : , is supportable bỳ g• (2.8)

Note that for a given traf�c distribution, a vector, corresponds to a single vector of delivery rate

requirementsp exactly. The supportable rate region under all the causal policies is de�ned as

� =
Ð

` 2P�
� ` . The overall performance of a policỳ is evaluated by the ef�ciency ratioW¢

`

which is de�ned as

W¢
` = supf W: W� � � ` g• (2.9)

For a casual policỳ , we aim to provide auniversal lower boundon the ef�ciency ratio that holds

for “all” Markovian traf�c processes (without knowing the transition probability matrix).

2.2.1 Collocated Networks.

In a collocated network, only one of the links can transmit a packet at any time. Hence the

interference graph� � is a complete graph.

De�ne 4; ¹Cº = minf 3 : 	 ;–3¹Cº ¡ 0gto be the deadline of the earliest-deadline packet available

at link ; at timeC. By convention, the minimum of an empty set is considered in�nity. We use

a tuple¹F ; ¹Cº– 4; ¹Cºº; to denote the earliest-deadline packet of link; with deadline4; ¹Cº and link

de�cit F ; ¹Cº. We make the following dominance de�nition.

De�nition 2.1. We say that a link;1 dominates a link;2 at timeCif F ;1 ¹Cº � F ;2 ¹Cº and4;1 ¹Cº �

4;2 ¹Cº. If one of the two inequalities is strict, we call it a strict dominance. A non-dominated link

is a nonempty link that is not dominated strictly by any other link at that time.

Recall thatB¹Cº is the set of links with nonempty buffers. At every time slot, we �rst �nd the

set of non-dominated linksBND¹Cº. One way to do that is as follows:

Algorithm 2.1 returns a setBND¹Cº = f � 1– ••– �: g, where � 8 is the link selected in the8-th
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Algorithm 2.1 Finding Set of Non-dominated Links
�  B¹ Cº, BND¹Cº  œ , 8 0
while � < œdo

8 8¸ 1
Find the largest-de�cit non-dominated link� 8 2 � .
Add � 8 to BND¹Cº
Remove� 8and all the links dominated by it, i.e.�  � n f; 2 � : 4; ¹Cº � 4� 8¹Cºg•

end

Figure 2.2: An example for non-dominated links. Each numbered rectangle denotes the earliest-
deadline packet of a link. A solid rectangle indicates that the link is non-dominated. Dashed
rectangles (links) that fall in regionsR8will be dominated.

iteration, and the links are ordered in the order of their de�cits, i.e.,F � 1 ¹Cº ¡ F � 2 ¹Cº ¡ � � � ¡

F � : ¹Cº. See Figure 2.2 for an illustrative example of the non-dominated links. Our scheduling

algorithm transmits the earliest-deadline packet of one of the links� 8 2 BND¹Cº randomly, where

the probabilities?� 8¹Cº are computed recursively as in Algorithm 2.2. We refer to Algorithm 2.2

Algorithm 2.2 AMIX-ND: Randomized Scheduling in Collocated Networks
Use Algorithm 2.1 to �ndBND¹Cº = f � 1– ••– �: g.
A 1
for 8= 1 to : � 1 do

?� 8¹Cº = min
�
1 �

F � 8̧ 1 ¹Cº
F � 8¹Cº – A

�

A A� ?� 8¹Cº
end
?� : ¹Cº = A
Send the earliest-deadline packet from link� 8with probability ?� 8¹Cº.

as AMIX-ND which stands forAdaptive Mixing over Non-Dominated links.

Theorem 2.1. In a collocated wireless network with links, AMIX-ND achieves an ef�ciency

18



ratio of at least

W¢
AMIX-ND � 1 �

�
1 �

1
 

�  

¡
4 � 1

4
• (2.10)

Remark 2.1. Note thatAMIX-ND has an ef�ciency ratio which is bounded below by0•63, re-

gardless of the number of links. In contrast, we can construct Markovian traf�c processes where

the ef�ciency ratio of LDF is less than1•2 ¸ n [7]. For example, for the traf�c patterns of Fig-

ure 2.1 in the model section, we will see in simulations in Section 2.5 that, whileAMIX-ND can

achieve delivery ratios close to0•99, LDF cannot do better than0•5¸ n. Note that our traf�c model

does allow traf�c patterns as in Figure 2.1, since we do not need the traf�c Markov chain to be

aperiodic.

Remark 2.2. Assuming access to the earliest deadline packet of every link, there is an algorithm

with computational complexity for AMIX-ND which is$ ¹ log  º for assigning probabilities and

choosing a packet for transmission.

2.2.2 Multipartite Networks and General Networks.

Recall thatB¹Cº is the set of links with nonempty buffers, andI is the set of maximal inde-

pendent sets of the interference graph� � . The set of maximal schedules is de�ned asM¹ Cº =

f � \ B¹ Cº– � 2 Ig . Our randomized algorithm selects a maximal schedule (MS), " 2 M¹ Cº

probabilistically and schedules the earliest-deadline packets of the links of" . We refer to this

algorithm as AMIX-MS which stands forAdaptive Mixing over Maximal Schedules. Before pre-

senting the algorithm, we make a few de�nitions.

De�nition 2.2. The weight of a MS" 2 M¹ Cº at timeCis

, " ¹Cº =
Õ

;2"

F ; ¹Cº• (2.11)

Let ' = jf " 2 M¹ Cº– , " ¹Cº ¡ 0gj. We index and order" 2 M¹ Cº such that" 8 has the8-th
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largest weight at timeC, i.e.,

, " 1 ¹Cº � , " 2 ¹Cº � � � � , " ' ¹Cº•

De�nition 2.3. De�ne the subharmonic average of weights of the �rst= MS,= � ' , at timeCto be

� =¹Cº =
= � 1

Í =
8=1¹, " 8¹Cºº� 1

• (2.12)

The probabilities used by AMIX-MS to select MS" 8, at timeC, are as follows

? �=
" 8

¹Cº � ? �=
8¹Cº =

8>>>><

>>>>
:

1 �
� �=¹Cº

, " 8¹Cº
1 � 8� �=

0 �= Ÿ 8� jM¹ Cºj

(2.13)

where �= is the largest= � ' such thatf ?=
8¹Cº–1 � 8 � =g de�nes a valid probability distribution

over1 � 8� =. Noting that?=
8¹Cº � ?=

8̧ 1¹Cº for 8 Ÿ =, and
Í

8� = ?=
8¹Cº = 1, �= is therefore given by

�= := �=¹Cº = maxf = : ?=
=¹Cº � 0g• (2.14)

We drop the dependence onCfor �=¹Cº when there is no ambiguity. Algorithm 2.3 gives a description

of AMIX-MS where �= is found using a binary search. Then AMIX-MS selects a MS" 8 with

probability ? �=
8¹Cº as in (2.13).

The following theorem states the main result regarding the ef�ciency ratio of AMIX-MS.

Theorem 2.2. In a wireless network with interference graph� � and maximal independent setsI ,

the ef�ciency ratio ofAMIX-MS is at least

W¢
AMIX-MS �

jI j
2jI j � 1

¡
1
2

•

A special case of this theorem is for networks with a complete=-partite interference graph,

= � 2. In a complete=-partite graph, with= components,+1–� � � –+=, links in each component do
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Algorithm 2.3 AMIX-MS: Randomized Scheduling in General Interference Graphs
=1  1– =2  '
while =1 < =2 do

=  
� =1¸ =2

2

�

if ?=
=¹Cº � 0 then
=1  =

end
else

=2  = � 1
end

end
�=  =1
Select MS" 8with probability? �=

" 8
¹Cº as in (2.13) and transmit the earliest-deadline packet of each

link in " 8.

not share any edge but there is an edge between any two links in different components. Hence,

each component+8, 1 � 8 � = induces a MS. We state the result as the following corollary which

immediately follows from Theorem 2.2.

Corollary 2.1. For a wireless network with a complete=-partite interference graph, underAMIX-

MS,

W¢
AMIX-MS �

=
2= � 1

•

Remark 2.3. We emphasize on the importance of Theorem 2.2 using a simple interference graph

with `star' topology. This is a special case of a bipartite graph with only two components,+1 is

the center node, and+2 are the leaf nodes. Notice that the guarantee ofAMIX-MS in this case

is at least2
3, regardless of the number of nodes . This is a signi�cant improvement over LDF,

whose ef�ciency ratio is at least1 under i.i.d. traf�c but not better than 1p
 � 1¸ 1

under Markovian

traf�cs [7].

Remark 2.4. We note that the computational complexity ofAMIX-MS could be high for general

graphs as it requires �nding an ordering of maximal schedules, the number of which can be ex-

ponential in the number of vertices of the graph [52]. However, it is easily applicable for small

graphs or graphs with limited number of independent sets. Moreover, we can further approximate

the algorithm by only ordering a subset of maximal schedules as opposed to �nding all of them.
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The randomization inAMIX-MS could be potentially implemented in a distributed manner by

using CSMA-like schemes such as [53, 54, 55].

2.3 Analysis Technique.

We provide an overview of the techniques in our proofs. We �rst mention a lemma below

which should be intuitive and will allow us to restrict our attention tonatural policies.

Lemma 2.1. Without loss of generality, we consider natural policies that use a maximal schedule

to transmit at each time. Further, if a link is included in the schedule, its earliest-deadline packet

will be selected for transmission.

Proof. The proof is through a standard exchange argument and can be found in Section 2.7.2.�

Frame Construction.A key step in the analysis of our scheduling algorithms is a careful frame

construction. We emphasize that the frame construction is only for the purpose of analysis and

is not part of our algorithms. The F-framed construction in [7] only works for i.i.d. arrivals and

deadlines. Here, we need a construction that can handle our Markovian traf�c model. We present

this construction below where frames have random length as opposed to �xed length in [7].

De�nition 2.4 (Frames and Cycles). Starting from an initial traf�c statex¹0º = x 2 X, letC8denote

the8-th return time of traf�c Markov chainx¹Cº to x, 8= 1–� � � . By convention, de�neC0 = 0. The

8-th cycleC8 is de�ned from the beginning of time slotC8� 1 ¸ 1 until the end of time slotC8, with cycle

length� 8 = C8 � C8� 1. Given a �xed: 2 N, we de�ne the8-th frameF ¹: º
8 as : consecutive cycles

C¹8� 1º: ¸ 1–� � � –C8:, i.e., from the beginning of slotC¹8� 1º: ¸ 1 until the end of slotC8:. The length of

the8-th frame is denoted by� ¹: º
8 =

Í 8:
9=¹8� 1º: ¸ 1 � 9. De�ne J ¹F ¹: ºº to be the space of all possible

traf�c patterns ¹g¹Cº– C2 F ¹: ºº during a frameF ¹: º. Note that these patterns start afterx and end

with x.

By the strong Markov property and the positive recurrence of traf�c Markov chain, frame

lengths� ¹: º
8 are i.i.d with meanE»� ¹: º¼= : E»� ¼, whereE»� ¼is the mean cycle length which

22



is a bounded constant [50]. In fact, since state spaceX is �nite, all the moments of� (and� ¹: º)

are �nite. We choose a �xed: , and, when the context is clear, drop the dependence on: in the

notation.

De�ne the class ofnon-causalF -framedpoliciesP#� ¹F º to be the policies that, at the begin-

ning of each frameF8, have complete information about the traf�c pattern in that frame, but have

a restriction that they drop the packets that are still in the buffer at the end of the frame. Note that

the number of such packets is at most3max0max , which is negligible compared to the average

number of packets in the frame,0;E»� ¼= 0; : E»� ¼, as: ! 1 . De�ne the rate region

� #� ¹F º =
Ð

` 2P#� ¹F º � ` • (2.15)

Given a policy` 2 P#� ¹F º, the time-average service rate�� ; of link ; is well de�ned. In fact, by

the renewal reward theorem (e.g. [56], Theorem 5.10), and boundedness ofE»� ¼,

lim
C!1

Í C
B=1 � ; ¹Bº

C
=

E
�Í

C2F � ; ¹Cº
�

E»� ¼
= �� ;• (2.16)

Similarly for the de�cit arrival rate_; , de�ned in (2.5),

E»
Í

C2F e0; ¹Cº¼
E»� ¼

= _;– ;2 K • (2.17)

In De�nition 2.4, each frame consists of: cycles. Using similar arguments as in [7], it is easy to

see (and it is intuitive) that

lim inf
: !1

� #� ¹F ¹: ºº � int¹� º•

whereint¹�º is the interior. Hence, if we prove that for a causal policy ALG, there exists a constant

d, and a large: 0, such that for all: � : 0,

d int¹� #� ¹F ¹: ººº � � �!� – (2.18)
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then it follows that� �!� � d int¹� º. For our algorithms, we �nd ad such that (2.18) holds for

any traf�c processunder our model. Then it follows thatW¢
�!� � d.

We de�ne thegainof a policy ` at timeCas

G` ¹Cº =
Í

;2K F `
; ¹Cº� `

; ¹Cº– (2.19)

and the gain over a frame is
Í

C2F G` ¹Cº. To prove (2.18), we rely on comparing the gain (total

de�cit of packets transmitted) by ALG and an optimal max-gain non-causal policy over a frame.

The following proposition states the result for any general interference graph.

Proposition 2.1. Consider a frameF � F ¹: º, for some �xed: based on returns of traf�c process

x¹Cº to a statex. Let kF ¹C0ºk =
Í

;2K F ; ¹C0º be the norm of the initial de�cit vector at the start

of the frame. Suppose for a causal policy ALG, given anyn ¡ 0, there is a, 0 such that when

kF ¹C0ºk ¡ , 0,

E
� Í

C2F GALG ¹CºjS¹C0º
�

E
� Í

C2F G` ¢ ¹CºjS¹C0º
� � d � n– (2.20)

whereS¹C0º = ¹	 ¹C0º– F¹C0º–x¹C0ºº, and` ¢ is the non-causal policy that maximizes the gain over

the frame. Then for any_ 2 d int¹� #� ¹F ºº, the de�cit queues are bounded in the sense of (2.6).

Proof. The proof of Proposition 2.1 is through a Lyapunov argument. It is provided in Sec-

tion 2.7.3. �

Gain Analysis.With Proposition 2.1 in hand, we analyze the achievable gain of our algorithm

over a frame, compared with that of the optimal non-causal policy` ¢ . Since characterizing̀¢ is

hard, we extend a gain comparison technique from [41, 43, 42, 57] (developed for constant-weight

single buffer analysis) to stochastic process¹	 ¹Cº– F¹Cº–x¹Cºº in a general network.

Consider a state¹	 ¹Cº– F¹Cº–x¹Cºº under our randomized algorithms at timeC2 F , and the

state¹	 ` ¢
¹Cº– F̀

¢
¹Cº–x¹Cºº under the max-gain policỳ¢ . Note that the traf�c processx¹Cº is

the same during the frame for both algorithms since we do not assume dependence between the
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policy decisions and the traf�c process. We change the state of` ¢ (by modifying its buffers and

de�cits) to make it identical to¹	 ¹Cº– F¹Cº–x¹Cºº, and givè ¢ appropriate additional compensation

that guarantees that, alongside the state modi�cation, we have
Í

C2F G0
` ¢ ¹Cº ¡

Í
C2F G` ¢ ¹Cº, where

G0
` ¢ ¹Cº is the modi�ed gain, i.e., the changes are advantageous for` ¢ considering the rest of

the frame. Then, taking the expectationE»G0¹Cº¼with respect to the random decisions of our

algorithm, AMIX-ND or AMIX-MS, and traf�c patterns in a frame, we can bound the optimal

gain of ` ¢ . Then we can prove the main results in view of Proposition 2.1.

The gain analysis of AMIX-ND in collocated networks and AMIX-MS in general networks

is presented in Sections 2.4.1 and 2.4.2, respectively.

2.4 Proofs of Main Results.

In view of Proposition 2.1, we provide the gain analysis of our algorithms. In what follows, we

de�ne

F<0G¹Cº = max
;2K

F ; ¹Cº1¹	 ; < 0º– (2.21)

to be the maximum de�cit of a nonempty link at timeC. Also de�ne »# ¼:= f 1–2– •••– #g. We use

E- »�¼to denote conditional expectationE»�j- ¼. E. »�¼is used to explicitly indicate that expectation

is taken with respect to some random variable. . j � j is used to denote the cardinality of set� .

2.4.1 Gain Analysis of AMIX-ND in Collocated Networks.

Consider a subclassP#� of all the policies that schedule Non-Dominated (ND) links at each

slot (recall De�nition 2.1). We refer to policies inP#� asND-policies. The roadmap for proving

Theorem 2.1 through Proposition 2.1 is as follows. We �rst show that the optimal ND-policy is

close to the optimal non-restricted policy (Lemma 2.2). This allows us to focus on comparing the

gain of our policy with ND-policies. The gain comparison is initially performed through the gain

analysis technique described in Section 2.3 on a per-time slot basis (Lemma 2.3) and then extended
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to the whole frame (Lemma 2.4). As Proposition 2.1 is with regard to general policies, we convert

the comparison with ND-policies to that with general policies (Theorem 2.3) to conclude the proof

of Theorem 2.1.

The formal statement of Lemma 2.2 is as follows.

Lemma 2.2. Consider any policỳ for scheduling packets in a frameF . Then there is an ND-

policy ^̀ 2 P#� such that, under the same pattern� 2 J ¹F º and initial stateS¹C0º,

Õ

C2F

G ^̀¹Cº �
Õ

C2F

G` ¹Cº � 0<0G� 2–

where� is the length of the frame.

Proof. Suppose the �rst timè does not schedule a non-dominated link isC0. Supposè sends

earliest-deadline packet¹F H¹C0º– 3Hº from link Hand¹FG¹C0º– 3Gº be the earliest-deadline packet at

a link G(G< H) that strictly dominatesH, i.e. FG¹C0º � F H¹C0º, 3G � 3H. Consider some alternative

policy ` 0which has the same transmissions as` up to timeC0 but transmits the packet ofGat time

C0 instead. LetF0
; ¹Cº, ; 2 K denote the link de�cits under̀0. Note thatF0

; ¹Cº = F ; ¹Cº–8C� C0. We

differentiate between 2 cases:

1. ` does not transmit packetGin the remaining time slots. In this case, let` 0 transmit the same

packets as̀ in the remaining slots (afterC0). Let � ; ¹C1– C2º =
Í C2

C=C1 � ; ¹Cº be the number of

packets transmitted betweenC1 andC2 at link ; under` (and subsequently under` 0). And let

� G :=
Í

C2F G` 0¹Cº �
Í

C2F G` ¹Cº. Then we have

� G
¹0º
= FG¹C0º ¸ � H¹C0 ¸ 1– � º �

�
F H¹C0º ¸ �G¹C0 ¸ 1– � º

�

¹1º
� FG¹C0º � F H¹C0º � � � � �•

To see¹0º, notice that as a result of transmitting from linkGinstead of linkH, the de�cit of link

Hunder` 0 will be one more than that under` at any timeC ¡ C0. Similarly, the de�cit of link G
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under` 0will be one less than that under` at any timeC ¡ C0. In ¹1º, we have used the fact that

� ; ¹Cº 2 f0–1gandFG¹C0º � F H¹C0º.

2. ` transmits packetGat some time slotC0 whereC0 Ÿ C0 Ÿ C0 ¸ 3G. In this case we let̀ 0 transmit

the same packets as` for all C ¡ C0 except for time slotC0 in which it transmits packetHinstead,

which still has not expired yet by the domination inequality3H � 3G. It is easy to check that

Í
C2F G` 0¹Cº �

Í
C2F G` ¹Cº =

FG¹C0º ¸ F0
H¹C0º ¸ � H¹C0 ¸ 1– C0 � 1º

� F H¹C0º � FG¹C0º � �G¹C0 ¸ 1– C0 � 1º• (2.22)

The total de�cit arrival to a link in the frame cannot be more than0max� . Hence,

FG¹C0º � FG¹C0º ¸ 0max� � �G¹C0– C0 � 1º–

F0
H¹C0º � F H¹C0º � � H¹C0– C0 � 1º•

Using these two inequalities in (2.22) yields

Í
C2F G` 0¹Cº �

Í
C2F G` ¹Cº � � 0<0G�• (2.23)

By repeating this process (at most� times), we can transform̀ to ^̀. From this, the �nal result

follows. �

In what follows, letd1 denote the ef�ciency ratio bound stated in Theorem 2.1, i.e.,

d1 := 1 � ¹1 � 1•  º • (2.24)

Lemma 2.3 below relates the per time-slot gain of AMIX-ND to the amortized gain of any other

ND-policy.
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Lemma 2.3. Under any pattern� 2 J ¹F º of length� , for each slotC2 F , the gain obtained by

AMIX-ND , and the amortized gain by any ND-policŷ` , starting from some stateS¹Cº satisfy:

E' »G0
^̀¹CºjS¹Cº– �¼ � F<0G¹Cº ¸ E 0 (2.25)

E' »GAMIX-ND ¹CºjS¹Cº¼ � F<0G¹Cºd1 (2.26)

whereE0 = ¹0<0G ¸ 1º3max ¸ � , F<0G¹Cº is de�ned in (2.21),d1 is de�ned in (2.24), andE' »�¼

denotes expectation with respect to the random decisions ofAMIX-ND .

Proof. At time C, after the new arrivals have happened, we have stateS¹Cº. AMIX-ND decides

probabilistically to transmit a packetP5 = ¹F 5– 45º from a non-dominated link5 2 BND¹Cº, and

the ND-policy ^̀ transmits a packetPI = ¹F I – 4I º from some other non-dominated linkI . We

distinguish two cases following the same method as in [43] but for time-varying weights.

1. 45 � 4I – F5 � F I : In this case, to maintain the same buffers for both algorithms, we remove

the packetP5 from the buffer of link 5 under ^̀ and inject the packetPI to link I so that ^̀ gets

a packet with higher deadline and higher weight at the timeC. Since both packets will expire

in at most3max slots, the de�cit of 5 can only increase by at most3max0max before packet45

expires, whereas the de�cit ofI can decrease by at most3max. Therefore giving^̀ an additional

compensation of3max¹0max ¸ 1º will guarantee that the modi�cation is advantageous. Further,

we decrease the de�cit of link5 by one (F 5 � 1 in ^̀) and we increase the de�cit of linkI by

one (F I ¸ 1 in ^̀). Then ^̀ and AMIX-ND have the same exact state. Making this change in

the de�cit will reduce the gain for each packet transmitted from link5 in the future by one. To

compensate for this, we givè̂extra gain which is the number of packets transmitted from link

5 for the rest of the frame, which is less than� . Hence, the total compensation is bounded by

� ¸ ¹ 0<0G ¸ 1º3max•

2. 4I � 45– FI � F 5: In this case, we alloŵ̀ to additionally transmit the packetP5 at time

C, and inject a copy of packetPI to the buffer of linkI . Allowing ^̀ to transmit packetP5 at
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time Cinstead of a later time can only be disadvantageous from the total-gain perspective in

the case where the de�cit of5 increases due to other arrivals in subsequent times, but such

increase of de�cit can be at most3max0max, hence giving this compensation guarantees that this

modi�cation is advantageous for̀̂. Further we decrease the de�cit counter of link5 in ^̀ by

one, which might not be advantageous for^̀ for future times. Similarly to the other case, to

guarantee that the change is advantageous for^̀, we give it one extra reward for each possible

transmission from link5 in the rest of the frame, which is less than� .

Note that the additional compensation in both cases is bounded byE0 := � ¸ ¹ 0max ¸ 1º3max.

Let G0
^̀
¹� 8º ¹Cº denote the reward (including the compensation) gained by^̀ when it transmits a

non-dominated packet� 8 (recall � 8 from Algorithm 2.1). In each case,̂` collects the gain of the

transmitted packetF � 8¹Cº, and further when AMIX-ND transmits a packet� 9 such that case 2

applies (i.e. when9 Ÿ 8), ^̀ collects the gain from the additional transmission. As a result, we

have,

E' »G0
^̀
¹� 8º ¹CºjS¹Cº¼ � F � 8¹Cº ¸

Õ

� 9: 9Ÿ8

?� 9¹CºF � 9¹Cº ¸ E 0• (2.27)

Note that the right-hand side of (2.27) is maximized over8for 8= 1. This can be seen by showing

that the difference of the values for two successive indexes,8and8¸ 1, is non-negative:

F � 8¹Cº ¸
Õ

� 9: 9Ÿ8

?� 9¹CºF � 9¹Cº ¸ E 0

�¹ F � 8̧ 1 ¹Cº ¸
Õ

� 9: 9Ÿ8̧1

?� 9¹CºF � 9¹Cºº ¸ E 0º

= F � 8¹Cº � F � 8̧ 1 ¹Cº ¸ ?� 8¹CºF � 8¹Cº
¹0º
� 0– (2.28)

where¹0º follows from the assigned probabilities (line 2.2 in Algorithm 2.2). Further note that for

8= 1 the right-hand side of (2.27) is equal toF � 1 ¹Cº ¸ E 0 = F<0G¹Cº ¸ E 0. Hence, (2.25) indeed

holds.
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Now regarding AMIX-ND, similar derivation applies as in [44] to get the �nal bound. To see

that, �rst let the number of links with positive probability be� �  . Then

E' »GAMIX-ND ¹CºjS¹Cº¼=
Õ

82»� ¼

F � 8¹Cº?� 8¹Cº

=
Õ

82»� � 1¼

F � 8¹Cº?� 8¹Cº ¸ ?� � ¹CºF � � ¹Cº

¹0º
= F � 1 ¹Cº � F � � ¹Cº¹1 � ?� � ¹Cºº

¹1º
= F � 1 ¹Cº

�
1 �

�Ö

8=1

¹1 � ?� 8¹Cºº
�

¹2º
� F � 1 ¹Cº

�
1 �

� � � 1
�

� �
�
–

where ¹0º follows sinceF � 8¹Cº?� 8¹Cº = F � 8¹Cº � F � 8̧ 1 ¹Cº for 8 Ÿ � (by line 2.2 in Algorithm

2.2 where the minimum is equal to the �rst of the two terms for8 Ÿ �), ¹1º follows by F � 8̧ 1 =

F � 8¹Cº¹1 � ?� 8¹Cºº for 8 Ÿ �, and¹2º follows by applying the inequality between arithmetic and

geometric means for the product of the� terms:1 � ?� 8¹Cº– 82 »� ¼. �

Next in Lemma 2.4, we convert the per time-slot gain ratio of Lemma 2.3 to a ratio between

the total gain of AMIX-ND and any ND-policy over a frame.

Lemma 2.4.Over any frameF , with initial stateS¹C0º = ¹	 ¹C0º– F¹C0º–x¹C0ºº, and any ND-policy

^̀.

lim
kF ¹C0ºk!1

E'–� »
Í

C2F GAMIX-ND ¹CºjS¹C0º¼
E� »

Í
C2F G ^̀¹CºjS¹C0º¼

� d1 (2.29)

Proof. Consider the initial stateS¹C0º and a pattern� of size� . Taking expectations of the result

of Lemma 2.3, conditioned on traf�c pattern� of length� , we get

E' »E' »G0
^̀¹CºjS¹Cº– �¼jS¹C0º– �¼ � E' »F<0G¹CºjS¹C0º– �¼ ¸ E0

E' »E' »GALG ¹CºjS¹Cº¼jS¹C0º– �¼ � E' »F<0G¹CºjS¹C0º– �¼d1–
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where ALG = AMIX-ND. Now notice that

E' »E' »G0
^̀¹CºjS¹Cº¼jS¹C0º– �¼=

E' »E' »G0
^̀¹CºjS¹Cº–S¹C0º– �¼jS¹C0º– �¼= E' »G0

^̀¹CºjS¹C0º– �¼

where the �rst equality is due to the fact that, givenS¹Cº, the gain of^̀ at timeCdoes not depend on

� andS¹C0º. The second equality is by the tower property of conditional expectation. Therefore,

we get

E' »G0
^̀¹CºjS¹C0º– �¼ � E' »F<0G¹CºjS¹C0º– �¼ ¸ E0 (2.30)

Using similar arguments for the expected gain of AMIX-ND,

E' »GALG ¹CºjS¹C0º– �¼ � E' »F<0G¹CºjS¹C0º– �¼d1• (2.31)

Summing the gains over time slots in the frame, we have

E
hC0¸ �Õ

C=C0

G ^̀¹CºjS¹C0º– �
i

� E'
hC0¸ �Õ

C=C0

G0
^̀¹CºjS¹C0º– �

i

� E'
hC0¸ �Õ

C=C0

F<0G¹CºjS¹C0º– �
i

¸ E 0�

and taking the expectation with respect to the pattern� ,

E�
hÕ

C2F

G ^̀¹CºjS¹C0º
i

� E'–� »
Õ

C2F

F<0G¹CºjS¹C0º¼ ¸ �E (2.32)

where �E = ¹0<0G ¸ 1ºE»� ¼3max ¸ 2E»� 2¼. Similarly,

E'–�
hÕ

C2F

GAMIX-ND ¹CºjS¹C0º
i

� d1E'–�
hÕ

C2F

F<0G¹CºjS¹C0º
i

(2.33)
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Now consider link;1 that has the maximum de�cit at timeC0. At any timeC2 F ,

F ;1 ¹C0º ¸ 0<0G� � F ;1 ¹Cº � F ;1 ¹C0º � �•

Recall thatF<0G¹Cº denotes the maximum de�cit among the nonempty links, and0;1¹Cº ¡ 0 implies

that the link;1's buffer is nonempty at timeC. Therefore

F<0G¹Cº � F ;1 ¹Cº1¹0;1 ¹Cº ¡ 0º � F ;1 ¹Cº
0;1 ¹Cº
0max

• (2.34)

Hence,

E'–� »
Õ

C2F

F<0G¹CºjS¹C0º¼ � E'–�
hÕ

C2F

F ;1 ¹Cº
0;1 ¹Cº
0max

�
�S¹C0º

i

�
1

0max
E'–�

h
¹F ;1 ¹C0º � � º

Õ

C2F

0;1 ¹Cº
�
�S¹C0º

i

�
kF ¹C0ºk

 
E»� ¼

0;1

0max
� E»� 2¼ (2.35)

and therefore

lim
kF ¹C0ºk!1

E'–�
hÕ

C2F

F<0G¹CºjS¹C0º
i

= 1 •

Using this and (2.32) and (2.33), the result follows. From which it follows that

E'–� »
Í

C2F GAMIX-ND ¹CºjS¹C0º¼
E� »

Í
C2F G ^̀¹CºjS¹C0º¼

� d1 � n

askF ¹C0ºk ! 1 . �

Theorem 2.3 below states the relationship between the gain of AMIX-ND and that of any

policy (not necessarily an ND-policy), using Lemma 2.4 and Lemma 2.2.

Theorem 2.3. For any policy` , and AMIX-ND , given anyn ¡ 0, there is, 0 such that when
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kF ¹C0ºk � , 0:

EC0

hÕ

C2F

GAMIX-ND ¹Cº
i

� ¹ d1 � nºEC0

hÕ

C2F

G` ¹Cº
i
•

Proof. Using Lemma 2.2 for the optimal` over a frameF , and the fact that̀ is at least as effective

as ^̀

EC0 »
Õ

C2F

G` ¹Cº¼ � EC0 »
Õ

C2F

G ^̀¹Cº¼ � EC0 »
Õ

C2F

G` ¹Cº¼ �0<0GE»� 2¼

Dividing by EC0 »
Í

C2F G` ¹Cº¼and taking limits askF ¹C0ºk ! 1 , the squeeze limits theorem yields:

EC0 »
Í

C2F G ^̀¹Cº¼
EC0 »

Í
C2F G` ¹Cº¼

! 1 (2.36)

since, as we showed in the proof of Lemma 2.4,EC0 »
Í

C2F G` ¹Cº¼ ! 1 , askF ¹C0ºk ! 1 . Us-

ing (2.36) and Lemma 2.4, the result follows. �

Using Theorem 2.3 and Proposition 2.1 concludes the proof of Theorem 2.1.

2.4.2 Gain Analysis of AMIX-MS in General Networks.

First we show that binary search in Algorithm 2.3 suf�ces for computing�= de�ned in (2.14).

Proposition 2.2. The binary search in Algorithm 2.3 computes�= as de�ned in (2.14).

Proof. The proof of Proposition 2.2 is straightforward and is omitted. �

To prove Theorem 2.2, similarly to the proof of Theorem 2.1, we rely on the amortized gain

analysis technique for a single slot (Lemma 2.7) which we then extend to the entire frame (Theo-

rem 2.4) and use Proposition 2.1. We introduce a few auxiliary Lemmas below to simplify these

main steps.

First, we state Lemmas 2.5 and 2.6 below regarding the properties of the probabilities used by

AMIX-MS, which are used in the gain analysis. Their proofs follow directly from the probabilities

used by AMIX-MS.
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Lemma 2.5. � =¹Cº (de�ned in (2.12)) is strictly decreasing as a function of=, for �= � = � ' .

Proof. The proof is through algebraic manipulations and provided in Section 2.7.5. �

Lemma 2.6. If 8 8 »�=¼and 9 2 »�=¼, for the choice of probabilities? �=
: ¹Cº in (2.13) selected by

AMIX-MS , we have

, " 8¹Cº ¸
Í

: 2»�=¼? �=
: ¹Cº, " : ¹Cº �

, " 9¹Cº ¸
Í

: 2»�=¼nf9g ? �=
: ¹Cº, " : ¹Cº

Proof. Equivalently after simplifying the inequality, we need to prove:

, " 8¹Cº � , " 9¹Cº¹1 � ? �=
9¹Cºº = � �=¹Cº•

This is trivially true for8 ¡ ' since, " 8¹Cº = 0 by the de�nition of ' (De�nition 2.2). Since

8 8 »�=¼, for the case of8 � ' we have, " 8¹Cº Ÿ � 8¹Cº, and from the monotonicity of� =¹Cº for

' � = � �= (Lemma 2.5), since8 ¡ �=, we have� 8¹Cº Ÿ � �=¹Cº. Therefore,, " 8¹Cº Ÿ � �=¹Cº. �

Lemma 2.7 below relates the per time-slot gain of AMIX-MS with the amortized gain of the

Max-Gain policy, similarly to Lemma 2.3 in the collocated case.

Lemma 2.7. For any pattern� 2 J ¹F º , for each timeC2 F , the gain obtained byAMIX-MS ,

and the amortized gain obtained by the Max-Gain policy` , starting from some stateS¹Cº, satisfy:

E' »G0
` ¹CºjS¹Cº– �¼ �

Õ

82»�=¼

, " 8¹Cº � ¹ �= � 1º� �=¹Cº ¸ E < (2.37)

E' »GAMIX-MS ¹CºjS¹Cº¼=
Õ

82»�=¼

, " 8¹Cº � �=� �=¹Cº (2.38)

whereE< =  ¹� ¸ 0<0G3maxº andE' is with respect to decisions ofAMIX-MS .

Proof. Using the probabilities computed by AMIX-MS, the expected gain of AMIX-MS at time
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Cis

E»GAMIX-MS ¹CºjS¹Cº¼=
Õ

82»�=¼

? �=
8¹Cº, " 8¹Cº

=
Õ

82»�=¼

, " 8¹Cº � �=� �=¹Cº•

Next for the amortized gain of the Max-Gain Policy` , we will apply the same technique as in

the collocated networks case, where we modify the buffers and give` additional reward. Suppose

` transmits" 8, and AMIX-MS transmits some" 9. We make the buffers the same by allowing

` to additionally transmit all the packets that are transmitted by AMIX-MS but not by` (i.e., in

links " 9n" 8). As the de�cit of these packets can increase by at most3max0<0Gbefore they expire,

we give a compensation of 3 max0<0G to ` . Since transmitting these additional packet will result

in a decrease of the de�cit by one for each link in" 9 n " 8 for ` in the remaining slots, we givè

an additional reward � which is an upper bound on the number of packets transmitted by` from

links " 9 n " 8 in the remaining slots. Thus the total compensation isE< =  ¹� ¸ 0<0G3maxº.To

compute the expected gain, we differentiate between two cases:

Case 1.82 »�=¼. In this case, we can write

EC»G0
^̀
" 8¹Cºj� ¼=, " 8¹Cº ¸

Õ

92»�=¼nf8g

? �=
9¹Cº

�
, " 9n" 8¹Cº ¸ E <

�

� , " 8¹Cº ¸
Õ

92»�=¼nf8g

? �=
9¹Cº

�
, " 9¹Cº ¸ E <

�
(2.39)

= , " 8¹Cº¹1 � ? �=
8¹Cºº ¸

Õ

92»�=¼

? �=
9¹Cº, " 9¹Cº ¸

Õ

92»�=¼nf8g

? �=
9¹CºE<

= � �=¹Cº ¸
Õ

82»�=¼

, " 8¹Cº � �=� �=¹Cº ¸
Õ

92»�=¼nf8g

? �=
9¹CºE< (2.40)

� � �=¹Cº ¸
Õ

82»�=¼

, " 8¹Cº � �=� �=¹Cº ¸ E < • (2.41)
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Case 2.88 »�=¼. In this case, we have

EC»G0
^̀
" 8¹Cºj� ¼ � , " 8¹Cº ¸

Í
: 2»�=¼? �=

: ¹Cº¹, " : ¹Cº ¸ E < º
¹0º
� , " 9¹Cº ¸

Í
: 2»�=¼nf9g ? �=

: ¹Cº, " : ¹Cº ¸ E <

= � �=¹Cº ¸
Í

82»�=¼, " 8¹Cº � �=� �=¹Cº ¸ E < –

where in¹0º we applied Lemma 2.6 for8– 9. Note that in both cases, the upper bound is the same

and does not depend on the particular choice of" 8. �

Lemma 2.8 below provides a bound on the ratio between the bounds in Lemma 2.7 that will be

helpful in our subsequent analysis.

Lemma 2.8. For � �=¹Cº in (2.12), We have

Í
82»�=¼, " 8¹Cº� �=� �= ¹Cº

Í
82»�=¼, " 8¹Cº�¹ �=� 1º� �= ¹Cº � jI j

2jI j� 1•

Proof. Suf�ces to show that

Í
82»�=¼, " 8¹Cº � �=� �=¹Cº

Í
82»�=¼, " 8¹Cº � ¹ �= � 1º� �=¹Cº

�
�=

2 �= � 1
– (2.42)

sincejI j � jM¹ Cºj � �=. For the non-trivial case, we have�=� 1 ¡ 0, and therefore inequality (2.42)

can equivalently be written as¹ �= � 1º
Í

82»�=¼, " 8¹Cº � �=2¹Cº� �=¹Cº• This inequality holds since it

follows by applying the inequality between arithmetic and harmonic means:

1
�=

Õ

82»�=¼

, " 8¹Cº �
�=

Í
82»�=¼, " 8¹Cº� 1

–

and the fact that�= � 1 � 1. �

Combining previous Lemmas, we relate the total gain in a frame of AMIX-MS and any non-

causal policy, given that both are initialized with the same state, in Theorem 2.4.
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Theorem 2.4.UnderAMIX-MS , given anyn ¡ 0 there is W' such that for allkF0k =
Í

;2K F ! ¹C0º �

, 0,

E'–�
C0

hÕ

C2F

GAMIX-MS ¹Cº
i

� ¹ d2 � nºE�
C0

hÕ

C2F

G` ¹Cº
i
–

where` is any non-causal policy, andd2 = jI j
2jI j� 1.

Proof. By using Lemma 2.7, summing and taking expectation similar to the proof of Lemma 2.4,

it follows that

E
hÍ

C2F GAMIX-MS ¹CºjS¹C0º
i

= E
hÍ

C2F G¹CºjS¹C0º
i
–

E
hÍ

C2F G ^̀¹CºjS¹C0º
i

� �E< ¸ E
hÍ

C2F H¹CºjS¹C0º
i
–

where �E< =  ¹E»� 2¼ ¸E»� ¼0<0G3maxº, andG¹Cº = H¹Cº � � �=¹Cº, where

H¹Cº :=
Í

82»�=¼, " 8¹Cº � ¹ �=¹Cº � 1º� �=¹Cº•

Now notice that

H¹Cº = � �=¹Cº ¸
Õ

82»�=¼

, " 8¹Cº � �=� �=¹Cº

= , " 1 ¹Cº¹1 � ? �=
1¹Cºº ¸

Õ

82»�=¼

? �=
8¹Cº, " 8¹Cº

= , " 1 ¹Cº ¸
Õ

82»�=¼nf1g

? �=
8¹Cº, " 8¹Cº

� , " 1 ¹Cº � F<0G¹Cº• (2.43)

It then follows

lim
kF0k!1

E»
Í

C2F G¹CºjS¹C0º¼

E»
Í

C2F H¹CºjS¹C0º¼ ¸ �E<

¹0º
= lim

kF0k!1

E»
Í

C2F G¹CºjS¹C0º¼
E»

Í
C2F H¹CºjS¹C0º¼

¹1º
�

jI j
2jI j � 1

–
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where in¹0º we used the fact that�E< Ÿ 1 , and that the remaining expression in the denominator

goes to in�nity using the inequality derived in (2.43) alongside the argument in (2.35). In¹1º we

used Lemma 2.8. �

Using Theorem 2.4 and Proposition 2.1 concludes the proof of Theorem 2.2.

Remark 2.5. The design of the probabilities inAMIX-ND andAMIX-MS were such that all the

scheduling choices by the Max-Gain policy` lead to an equal amortized gain or an equal bound

on it. In particular, for the collocated case this was done by choosing probabilities appropriately

in the bound (2.27), whereas for the general case, this was obtained by choosing the probabilities

appropriately in (2.39). This ensures that an optimal policy does not have an option that provides

a big advantage over our policy.

2.4.3 Tightness of Gain Analysis.

We construct adversarial examples for each algorithm in order to �nd upper bounds on their

performance.

AMIX-ND. For AMIX-ND, we can construct an example such that its expected gain over a

frame of size� is approximatelyd1 = 1 � ¹ 1 � 1•  º fraction of the optimal gain. Given links,

suppose the8-th non-dominated link� 8 has de�cit ! ¹1 � 1•  º8 for a large enough constant! , so

that during the frame the de�cits are effectively constant. Then assume that each link� 8has a large

number! 0 ¡ � of packets with equal deadline� � 8, so that it always has packets for transmission

during the frame. Further assume � � . In this case, every link has an equal probability1•  

of being scheduled and it can be shown that the majority of the time, i.e., for anyC� � �  , the

expected gain of AMIX-ND is� ! ¹1 � 1•  º¹1 � ¹ 1 � 1•  º º whereas the optimal policy can

obtain� ! ¹1 � 1•  º, i.e., the ratio of the two isd1. This shows the tightness of Lemma 2.4.

AMIX-MS. Note that under AMIX-MS, maximal schedules with equal weights have equal

probabilities. Consider a collocated network with links and apply AMIX-MS, in which case

d2 =  
2 � 1. Suppose link;8, for 8 2 » ¼, has deadline8and de�cit ! (equal across links). The

optimal policy in this example can transmit all the packets using an EDF rule, whereas the expected
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gain of AMIX-MS can be found through a recursive program. For example for = 2, we have two

links with packets of deadlines 1 and 2, and AMIX-MS yields an expected gain of1•5! and the

optimal yields2! , thus the ratio is0•75. For  = 3– • • • –6, the ratio is0•722–0•698–0•685–0•676,

respectively. As ! 1 , we can show that the ratio converges to4� 1
4 . We provide an informal

proof based on �uid limits below.

Let j	  ¹Cºj denote the number of remaining packets at timeCin the system, if we start with 

packets. Hencej	  ¹0ºj =  . Let k  ¹Cº = j	  ¹b Ccºj
 denote the fraction of remaining packets at

time b Cc, and consider the �uid limit

k ¹Cº := lim
 !1

k  ¹Cº = lim
 !1

j	  ¹b Ccºj
 

•

In this limiting regime, timeCin the scaled system changes in interval»0–1¼, and similarly dead-

lines are in the range»0–1¼. During »0– Cº, the scheduler has transmitted packets from those with

deadlines in the ranges»0– Cº and»C–1¼. The packets scheduled from those with deadline in»C–1¼

were chosenuniformly at random, and the number of existing packets at timeCwith deadline in

»C–1¼is k ¹Cº at the �uid limit. Hence, at timeC, the density of existing packets with deadlineC0 ¡ C

is k ¹Cº
1� C, for anyC0 ¡ C. Hence, the remaining number of packets with deadline in interval¹C– Ç3Cº

at the �uid limit is k ¹Cº
1� C3C, which will all expire byC¸ 3C. Also note that ifk ¹Cº ¡ 0, buffer is

nonempty and we always have a packet transmission, thus the rate of packet transmission is one.

Hence, the evolution ofk ¹Cº can be described as

3
3C

k ¹Cº = �
k ¹Cº
1 � C

� 1–

with k ¹0º = 1. It then follows that

k ¹Cº = 1 � Ç ¹ 1 � Cº ln¹1 � Cº•

It can be seen thatk ¹Cº ¡ 0 for C2 »0–4� 1
4 º, andk ¹ 4� 1

4 º = 0. This implies that AMIX-MS transmits
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4� 1
4  ¸ >¹ º packets. Recall that the optimal policy can transmit all packets. Hence, as ! 1 ,

the approximation ratio is4� 1
4 . Therefore, the approximation ratio derived for AMIX-MS cannot

be greater than4� 1
4 . We leave closing the gap between the upper bound and lower bound on the

performance of AMIX-MS as an open problem.

2.5 Simulation Results.

If the packet arrival rate becomes very large, any policy inevitably will be restricted to a small

delivery ratiop. But then due to high availability of packets in the buffers, the policy can always

schedule packets, thus making the deadlines irrelevant. Similarly, if the packet deadlines become

very large, the problem is reduced to the regular non real-time scheduling and deadline-oblivious

algorithms like LDF should perform reasonably well. Hence, we focus on the interesting sce-

nario when packet arrival rates or deadlines are not excessively large. In our simulations, we also

consider two cases for the de�cit admission (see the model section): one is based on coin tossing

where each arrival on a link; is counted as de�cit with probability?; , and the other is deterministic,

where each arrival increases the de�cit by exactly?; .

We compare the performance of our randomized algorithms, AMIX-ND and AMIX-MS with

LDF. Recall that LDF chooses the longest-de�cit link, then removes the interfering links with this

link, and repeat the procedure. We further consider two versions of LDF: One is LDF that does

a random tie breaking when presented with a de�cit tie (LDF-RD), and the other version tries to

schedule the non-dominated link and its earliest-deadline packet (LDF-ED) in such tie situations.

In the plots, we compare the average de�cit (over all links) as we vary the value of the delivery

ratio.

Collocated Networks.We �rst consider two interfering links with deterministic de�cit admis-

sion. The traf�c is periodic and consists of alternating Pattern A and Pattern B of Figure 2.1,

with the delivery ratios satisfying?2 = ?1 ¸ 0•001. Figure 2.4a shows the result. As we can see,

AMIX-ND is able to achieve roughly?1 = 0•996, whereas both versions of LDF become unstable

for ?1 = 0•5¸ n. In Figure 2.4b, again for two users, we used a traf�c that consists of Pattern C fol-
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(a) Traf�c pattern F (b) Traf�c pattern E

Figure 2.3: Two of the traf�c patterns used in simulations

(a) Deterministic de�cit admission(b) Coin-tossing de�cit admission

Figure 2.4: Comparison between AMIX-ND and LDF policies in a two-link network.

lowed by Pattern B, repeatedly. This time we keep?1 = ?2. AMIX-ND achieved near?1 = 1•0,

whereas the better version of LDF achieved roughly0•75, resulting in a gap of around0•25.

Figure 2.5a and Figure 2.5b show the results for collocated networks with various number

of users, when traf�c F and traf�c E from Figure 2.3 are used, respectively. In traf�c F, when

?1 = ?2 = ?3 = ?, the optimal policy can support at most? = 7•8 = 0•875. In this case AMIX-

ND achieves at least? = 0•87, whereas LDF-ED achieves roughly? = 0•73. Traf�c E is similar

in nature, but with more users and AMIX-ND is able to achieve near optimal behavior; the result

is shown in Figure 2.5b.

General Networks.We �rst consider the interference graphG1 in Figure 2.7 involving 5 links,

and interference edges� ; = f¹ ;1– ;2º–¹;2– ;3º–¹;2– ;4º–¹;4– ;5ºg. For links ;2 and;5, we have a pe-

riodic traf�c with period C= 5, where in slot 1 there are 2 packets arriving with deadline 2 and

3 and in slot 4 a packet arrives with deadline 1, and for links;1– ;3– ;5, we have 1 packet arriving

with deadline 1 at slot 1, and 1 packet arriving with deadline 2 at slot 4. The result for this graph

is shown in Figure 2.6.

41



(a) 3 users under pattern F. (b) 5 users under pattern E.

Figure 2.5: Comparison between AMIX-ND and LDF policies in collocated networks with coin-
tossing de�cit admission.

(a) Coin-tossing de�cit admission(b) Deterministic de�cit admission

Figure 2.6: Comparison between AMIX-MS and LDF policies in a lightly connected interference
graph with 5 links.

Next, we consider a complete bipartite graphG2 with two components,+1 = f ;1– ;2– ;3– ;4gand

+2 = f ;5– ;6– ;7– ;8g. The traf�c used for links;1– ;2 is the same as that of link;1 in GraphG1 above.

For links ;3– ;4 we used i.i.d. Bernulli with 1 arrival having deadline 1 with probability 0.25. For

links ;5– ;6 we used the traf�c used for link;2 in GraphG1. For links;7– ;8 we used i.i.d. traf�c with

7 arrivals with probability0•05, and0 arrivals otherwise, and deadline10. The results are depicted

in Figures 2.8a and 2.8b.

As we see, simulation results indicate that there are many scenarios that result in signi�cant gap

between our algorithms and LDF variants. This gap is especially pronounced when deterministic

de�cit admission is used, which is preferable as it provides a short-term guarantee on the de�cit of

a user.
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Figure 2.7: Interference graphG1 used for simulations in Figure 2.6.

(a) Coin-tossing admission (b) Deterministic admission

Figure 2.8: Comparison between policies on a complete bipartite graph with 8 links, and i.i.d. and
Markovian arrivals.

2.6 Summary.

In this section, we studied real-time traf�c scheduling in wireless networks under an interference-

graph model. Our results indicated the power of randomization over the prior deterministic greedy

algorithms for scheduling real-time packets. In particular, our proposed randomized algorithms

signi�cantly outperform the well-known LDF policy in terms of ef�ciency ratio.

2.7 Supplementary Discussions.

2.7.1 Ef�cient Implementation for AMIX-ND.

We present an implementation of AMIX-ND. We assume we have access to the earliest dead-

line packet of every link.

At every timeC, we can sort the active links according to their de�cits (and break ties in favor

of the earliest-deadline link) in an array� 1 and according to their deadlines in an array� 2 using

$ ¹ log  º operations. While sorting, we can connect the sorted elements in� 1 to their corre-
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sponding positions in� 2. Finding the set of non-dominated links can then be obtained as follows:

Start with the largest de�cit link; (obtained as the �rst element of� 1), add it to the set of non-

dominated linksBND. Find its associated position8in array � 2 in constant time (as these arrays

are linked). Every element before index8in � 2 corresponds to a dominated link, hence for each

of those links we mark them as dominated. Then continue in array� 1 to the next non-dominated

link, add it in the list of non-dominated links, �nd its index in� 2 and mark all its preceding ele-

ments in� 2 as dominated if not marked already. This way, we can �nd the non-dominated links

in $ ¹ log  º. We can then compute the probabilities and schedule a packet according to these

probabilities.

2.7.2 Proof of Lemma 2.1.

For the �rst part, assume that a policy` at timeC0 chooses a non-maximal schedule, hence a

packetGfrom link ; could have been included in the schedule. Consider an alternative policy` 0

that does schedule any link that could have been included at timeC0 so that the schedule becomes

maximal, and for the rest of the time, it transmits exactly the same packets as the initial policy

` , except for the transmission of any packetG, if ` schedules it at a later point. This results in
Í C

B=1 � ` 0

; ¹Bº �
Í C

B=1 � `
; ¹Bº–8C� 1, and at the same time every schedule transmitted by` 0 for C� C0

is maximal. We can repeat this argument for timesC ¡ C0 to convert` to a policyè that transmits

maximal schedules. We then have
Í C

B=1 � è
; ¹Bº �

Í C
B=1 � `

; ¹Bº–8C� 1 and from (3.3) we see that any

delivery ratio supported bỳ is also supported byè.

For the second part, consider a policy` that at some timeC0 transmits a packet that is not

the earliest-deadline packetG1 = ¹F1¹Cº– 31º; in link ;. Then there is some other packetG2 =

¹F1¹Cº– 32º; in link ; with 32 Ÿ 31. If we let ` transmitG2 instead ofG1, the buffer state will be

improved since we will have the same set of packets in link; except for one packet with a longer

deadline now. Further, the link's de�cit will not change.
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2.7.3 Proof of Proposition 2.1.

We look at the state processfS¹ Cºg at timesC8 when frames start. We show that the de�cits

of this sampled chain are stable in the sense of (2.6). From this it follows that the de�cits of the

original processfS¹ Cºg are also stable as the mean frame sizeE»� ¼is bounded and the mean

de�cits within a frame can change at most by0<0G E»� ¼.

Since_ 2 d int¹� #� º, we have for somen ¡ 0, and some policỳ 2 P#� ¹F º,

_E»� ¼¹1 ¸ 2nº � dE»
Õ

C2F

� ` ¹Cº¼– (2.44)

where� is the component-wise inequality between vectors. this is simply due to the fact that in

each frame, the number of de�cit arrivals
Í

C2F e0¹Cº and the number of departures under the policy

` are i.i.d across the frames, with meansE»� ¼_ andE»
Í

C2F � ` ¹Cº¼, respectively, by the renewal

reward theorem. hence, to ensure stability, (2.44) must hold. Next, consider the lyapunov function

+ ¹Cº := + ¹S¹Cºº =
1
2

Õ

;2K

F2
; ¹Cº•

Let f � ¹Cº– C2 F g denote the scheduling decisions by ALG within the frame. Using (3.4), we get

F2
; ¹Ç 1º � F2

; ¹Cº � ¹F ; ¹Cº ¸ e0; ¹Cº � � ; ¹Cºº
2 � F2

; ¹Cº

= 2F ; ¹Cº¹e0; ¹Cº � � ; ¹Cºº ¸ ¹ e0; ¹Cº � � ; ¹Cºº2

� 2F ; ¹Cº¹e0; ¹Cº � � ; ¹Cºº ¸ 02
<0G•
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Then we compute the drift over� slots

+ ¹C0 ¸ � º � + ¹C0º =
1
2

Õ

;2K

�
F2

; ¹C0 ¸ � º � F2
; ¹C0º

�

=
1
2

Õ

C2F

Õ

;2K

�
F2

; ¹Ç 1º � F2
; ¹Cº

�

�  0 2
<0G� •2 ¸

Õ

C2F

Õ

;2K

F ; ¹Cº ¹e0; ¹Cº � � ; ¹Cºº • (2.45)

Let EC0 »�¼= E»�jS¹C0º¼. then, over a frame,

EC0 »+ ¹C0 ¸ 5º � + ¹C0º¼�

EC0 »
Õ

C2F

Õ

;2K

F ; ¹Cºe0; ¹Cº¼ �EC0 »
Õ

C2F

Õ

;2K

F ; ¹Cº� ; ¹Cº¼ ¸C1– (2.46)

whereC1 =  0 2
<0GE»� ¼•2. noting that

F ; ¹C0º � � � F ; ¹Cº � F ; ¹C0º ¸ 0<0G�– (2.47)

at anyC2 F , we can bound

EC0 »
Õ

C2F

Õ

;2K

F ; ¹Cºe0; ¹Cº¼ �
Õ

;2K

¹F ; ¹C0º_;E»� ¼º ¸C2– (2.48)

where we have used (2.17) and (2.47), andC2 = 02
<0GE»� 2¼ Ÿ 1 .

Let � ¢ ¹Cº be the scheduling decisions by the policy` ¢ , and� ` ¹Cº be the scheduling decisions

by the policy` 2 P#� ¹F º in (2.44). note that̀ ¢ is the non-causal policy that maximizes the

gain over the frame and can transmit packets from a previous frame (included in the initial buffer

k ¹C0º). this only improves the performance of` ¢ , compared to starting with empty buffers, hence,

EC0

�Õ

C2F

Õ

;2K

F¢
; ¹Cº� ¢

; ¹Cº
�

� EC0

�Õ

;2K

Õ

C2F

F `
; ¹Cº� `

; ¹Cº
�
• (2.49)
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using (2.49) and the proposition assumption, givenn ¡ 0, there is aF0such that, ifkF ¹C0ºk ¡ F 0,

EC0

�Õ

C2F

Õ

;2K

F ; ¹Cº� ; ¹Cº
�

� ¹ d � nºEC0

�Õ

C2F

Õ

;2K

F¢
; ¹Cº� ¢

; ¹Cº
�

� ¹ d � nºEC0

�Õ

;2K

Õ

C2F

F `
; ¹Cº� `

; ¹Cº
�

� ¹ d � nºEC0

�Õ

;2K

Õ

C2F

¹F ; ¹C0º � 5º� `
; ¹Cº

�

� ¹ d � nºEC0

�Õ

;2K

Õ

C2F

F ; ¹C0º� `
; ¹Cº

�
� C3– (2.50)

whereC3 =  E»� 2¼is a constant. Using (2.50), (2.48), (2.46),

EC0

�
+ ¹C0 ¸ � º � + ¹C0º

�

� C4 ¸
Õ

;2K

E»� ¼F ; ¹C0º_; � ¹ d � nº
Õ

;2K

F ; ¹C0ºEC0

�Õ

C2F

� `
; ¹Cº

�

� C4 ¸
Õ

;2K

F ; ¹C0º

 

_;E»� ¼ � ¹d � nºEC0

�Õ

C2F

� `
; ¹Cº

�
!

� C4 � nE»� ¼
Õ

;2K

_;F ; ¹C0º (2.51)

� C4 � nE»� ¼ _ <8=

Õ

;2K

F ; ¹C0º– (2.52)

whereC4 = C1 ¸ C2 ¸ C3, _<8= = min; _; , and in (2.51) we have used (2.44). From this inequality,

the stability in the mean sense (2.6) follows for the sampled Markov chain by classical Lyapunov

arguments (for example see Section 3.1 in [58]) and hence stability of the de�cits for the original

chain follows asE»� ¼Ÿ 1 .

2.7.4 Proof of Proposition 2.2.

Assume that for some=, ?=
=¹Cº � 0. In this case we know that�= � = since= satis�es (2.14).

Now assume that?=
=¹Cº Ÿ 0. Then we claim that we can conclude�= Ÿ =, or equivalently?=0

=0¹Cº Ÿ 0

for any' � =0 ¡ = . It suf�ces to prove that?=
=¹Cº Ÿ 0 implies?=¸ 1

=¸ 1¹Cº Ÿ 0, from which inductively
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the claim follows. To arrive at a contradiction, assume?=
=¹Cº Ÿ 0, ?=¸ 1

=¸ 1¹Cº � 0, or equivalently¹0º:

� =¹Cº ¡ , " = ¹Cº and¹1º: � =¸ 1¹Cº � , " =¸ 1 ¹Cº. Then

1
, " =¸ 1 ¹Cº � 1

=, " =¸ 1 ¹Cº

¹10º
� 1

� =¸ 1¹Cº � 1
=, " =¸ 1 ¹Cº =

Í
82»=¸ 1¼, " 8¹Cº� 1

= � 1
=, " =¸ 1 ¹Cº =

Í
82»=¼, " 8¹Cº� 1

= =

=� 1
=

Í
82»=¼, " 8¹Cº� 1

=� 1

¹00º
Ÿ =� 1

=
1

, " = ¹Cº–

where in¹00º we used¹0º and in¹10º we used¹1º. This shows 1
, " =¸ 1 ¹Cº Ÿ 1

, " = ¹Cº or , " =¸ 1 ¹Cº ¡

, " = ¹Cº, which is a contradiction with the ordering of" 8. Hence?=
=¹Cº Ÿ 0 implies ?=¸ 1

=¸ 1¹Cº Ÿ 0.

2.7.5 Proof of Lemma 2.5.

Take any=, �= Ÿ =� ' . By the de�nition of �= it must be the case that?=
=¹Cº Ÿ 0, which implies

, " = ¹Cº Ÿ � =¹Cº. From this, and by using (2.12),

, " = ¹Cº� 1¹= � 1º ¡
Í

82»=¼, " 8¹Cº
� 1• (2.53)

We then have

Õ

82»=¼

, " 8¹Cº
� 1 =

Õ

82»=� 1¼

, " 8¹Cº
� 1 ¸ , " = ¹Cº� 1

=
Õ

82»=� 1¼

, " 8¹Cº
� 1 ¸

= � 1
= � 2

, " = ¹Cº� 1 �
, " = ¹Cº� 1

= � 2

¹0º
¡

Õ

82»=� 1¼

, " 8¹Cº
� 1 ¸

1
= � 2

Õ

82»=¼

, " 8¹Cº
� 1 �

, " = ¹Cº� 1

= � 2

=
Õ

82»=� 1¼

, " 8¹Cº
� 1 ¸

1
= � 2

Õ

82»=� 1¼

, " 8¹Cº
� 1

=
= � 1
= � 2

Õ

82»=� 1¼

, " 8¹Cº
� 1–

where in¹0º we used (2.53). Dividing both sides by= � 1, we get� =¹Cº� 1 ¡ � =� 1¹Cº� 1.
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Chapter 3: Scheduling Deadline-constrained Packets over Single-hop

Wireless Networks with Unreliable Links.

3.1 Introduction.

In this section, we study the problem of scheduling real-time traf�c under acon�ict-graph

interference modelwith unreliable linksdue to channel fading. We consider traf�c (packet arrival

and deadline) and fading (link reliability) processes that evolve as anunknown�nite-state Markov

chain. The performance metric is, as earlier, the ef�ciency ratio. We �rst present a conversion result

that shows classical non-real-time scheduling algorithms can be ported to the real-time setting

and yield a constant ef�ciency ratio. In particular, Max-Weight Scheduling (MWS) yields an

ef�ciency ratio of 1•2. We then propose randomized algorithms that achieve ef�ciency ratios

strictly higher than1•2, by carefully randomizing over the maximal schedules. Further, we propose

low-complexity and myopic distributed randomized algorithms, and characterize their ef�ciency

ratio.

3.1.1 Contributions.

Our main contributions can be summarized as follows:

• Application of Traditional Scheduling Algorithms to Real-Time Scheduling. Each non-

empty link (i.e., with unexpired packets for transmission) is associated with a weight which

is the product of its de�cit counter and channel fading probability at that time, otherwise if the

link is empty, the weight is zero. We show that any algorithm that provides ak -approximation

to Max-Weight Schedule (MWS) under such weights, achieves an ef�ciency ratio of at least

k
k ¸ 1 for real-time scheduling under any Markov traf�c-fading process. As a consequence, MWS
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policy achieves an ef�ciency ratio of12, and GMS (Greedy Maximal Scheduling, which extends

LDF) provides an ef�ciency ratio of at least1V̧ 1.

• Randomized Scheduling of Real-Time Traf�c Over Fading Channels.We extend our results

from Chapter 2 to show the power of randomization for scheduling real-traf�c traf�c over fading

channels. By carefully randomizing over the maximal schedules, the algorithms can achieve an

ef�ciency ratio of at least jI j
2jI j� 1 ¡ 1

2 in any general graph under anyunknownMarkov traf�c-

fading process. In the special case of a collocated network with i.i.d. channel success probability

@, the algorithm can achieve an ef�ciency ratio of at least¹ @
1� 4� @ ¸ 1 � @º� 1, which ranges from

0•5 to 0•632, as@varies from0 to 1.

• Low-Complexity and Distributed Randomized Algorithms. To address the high complexity

of the randomized algorithm in general graphs, we propose a low-complexity covering-based

randomization and a myopic distributed randomization. Given a coloring of the graph usingj

colors, we can achieve an ef�ciency ratio of at least12j � 1, by randomizing overj schedules.

Moreover, we show that a myopic distributed randomization, which is simple and easily im-

plementable, can achieve an ef�ciency ratio of approximately1
� ¸ 1 in any graph with maximum

degree� .

3.1.2 Notations.

Some of the notations used in this section are as follows. Giveny 2 R=, j jyj j =
Í =

8=1 jH8j. We

useint¹ � º to denote the interior of set� . »G¼̧ = maxf G–0g. 1¹� º is the indicator function of event

� . j � j is the cardinality of set� . E. »�¼is used to indicate that expectation is taken with respect to

random variable. .

3.2 Model and De�nitions.

Wireless Network and Interference Model.As in Chapter 2, we consider a set of links,

denoted by the setK . We assume time is divided into slots, and in every slotC, each link; 2 K
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can attempt to transmit at most one packet. To model interference between links, we use, as in

Chapter 2, the standardinterference graph� � = ¹K – � � º: Each vertex of� � is a link, and there

is an edge¹;1– ;2º 2 � � if links ;1– ;2 interfere with each other. LetI be the set of all maximal

independent sets of graph� � . Also letB¹Cº � K denote the set of nonempty links (i.e., links that

have packets available to transmit) at timeC. We use" ¹Cº to denote the set of links scheduled

at time C. By de�nition, " ¹Cº is a valid scheduleif links in " ¹Cº are nonempty and form an

independent set of� � , i.e.,

" ¹Cº � ¹B¹ Cº \ � º– for some� 2 I • (3.1)

A schedule is said to be maximal if no nonempty link can be added to the schedule without violating

the interference constraints.

Fading Model. Transmission over a link is unreliable due to wireless channel fading. To

capture the channel fading over link;, we use an ON-OFF model where link; at timeCis ON

(� ; ¹Cº = 1) with probability@; ¹Cº, otherwise it is OFF (� ; ¹Cº = 0). If scheduled, transmission over

link ; at timeCis successful only if link; is ON. Letq¹Cº = ¹@; ¹Cº– ;2 Kº be the vector of success

probabilities of the links. We assume that at any time slotC, the link's success probability is known

to the scheduler before making a decision. At the end of time slotC, link's transmitter receives a

feedback from its receiver indicating whether transmission was successful or not. A special case of

this model is when@; ¹Cº 2 f0–1g, 8; 2 K , in which case the channel state� ; ¹Cº is deterministically

known to the scheduler, which requires periodic channel state estimation. Another special case is

when� ; ¹Cº is i.i.d. with some probability@; which eliminates the need for periodic estimation.

Similar models have been used in, e.g., [8, 33].

Overall, we de�ne� ¹Cº = ¹� ; ¹Cº– ;2 Kº to denote the successful packet transmissions over the

links at timeC. Note that by de�nition,� ; ¹Cº = 1¹; 2 " ¹Cºº� ; ¹Cº, where" ¹Cº is the valid schedule

selected at timeC, and� ; ¹Cº is the channel state of link;.

Traf�c Model. We assume a single-hop real-time traf�c. We use0; ¹Cº � 0max to denote
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the number of packets arriving to link; at time slotC, where0max Ÿ 1 is a constant. Each

arriving packet has a deadline1 which indicates the maximum delay that the packet can tolerate

before successful transmission. A packet arriving at timeCwith deadline3 has to be successfully

transmitted before the end of time slotC¸ 3 � 1, otherwise it will be discarded. We de�ne the

traf�c process3¹Cº = ¹g;–3¹Cº– 3= 1–� � � – 3max– ;2 Kº , whereg;–3¹Cº is the number of packets with

deadline3 arriving to link ; at timeC, and3max Ÿ 1 .

Traf�c and Fading Process.In general, we assume that the joint traf�c and fading process

z¹Cº = ¹q¹Cº–3¹Cºº evolves as an “unknown” irreducible Markov chain over a �nite state spaceZ .

See Figure 3.1 for an example of a Markovian traf�c-fading process.

Without loss of generality, we make the following assumption to make this Markov chainnon-

trivial : For every link;, there are two statesz;–z0; 2 Z such thatz; has a packet arrival with

deadline3, andz0; has@; ¡ 0, and there is a positive probability thatz¹Cº can go fromz; to z0;

in at most3 time slots. This assumption simply states that it is possible to successfully transmit

some packets of every link; within their deadlines. If a link does not satisfy this condition, we can

simply remove it from the system. Note that, without loss of generality,z¹Cº is assumed to be an

irreducible �nite-state Markov chain2, hence it is positive recurrent [50], and the time-average of

any bounded function ofz¹Cº is well de�ned, in particular the packet arrival rate for link;:

limC!1
1
C
Í C

B=1 0; ¹Bº =: 0;• (3.2)

Buffer Dynamics.The buffer of link; at timeC, denoted by	 ; ¹Cº, contains the existing packets

at link ; which have not expired yet and also the newly arrived packets at timeC. The remaining

deadline of each packet in	 ; ¹Cº decreases by one at every time slot, until the packet issuccessfully

transmitted or reaches the deadline0, which in either case the packet is removed from	 ; ¹Cº. We

also de�ne	 ¹Cº = ¹	 ; ¹Cº; ; 2 Kº .

1The term “relative deadline“ or “slack“ is often used instead.
2If the chain is not irreducible, since it is �nite state, there is at least one recurrent class. Starting from any state,

the chain eventually enters a recurrent class and remains there for the remaining time, and hence we can truncate the
chain to the recurrent class.
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Figure 3.1: An example of a Markovian traf�c-and-fading process that alternates between two
patterns. Each rectangle indicates a packet for a link. The left side of the rectangle corresponds
to its arrival time, and its length corresponds to its deadline. The numbers in circles indicate the
channel success probability of each link in each time slot.

Delivery Requirement and De�cit.As in [14, 15, 8, 16, 7], we assume that there is a minimum

delivery ratio requirement?; (QoS requirement) for each link; 2 K . This means we must suc-

cessfully deliver at least?; fraction of the incoming packets on each link; within their deadlines.

Formally,

lim inf C!1

Í C
B=1 � ; ¹BºÍ C
B=1 0; ¹Bº

� ?;• (3.3)

We de�ne a de�cit F ; ¹Cº which measures the number of successful packet transmissions owed

to link ; up to timeCto ful�ll its minimum delivery ratio requirement. As in [7, 16, 19], the de�cit

evolves as

F ; ¹Ç 1º =
h
F ; ¹Cº ¸ e0; ¹Cº � � ; ¹Cº

i ¸
– (3.4)

wheree0; ¹Cº indicates the amount of de�cit increase due to packet arrivals. For each packet arrival,

we should increase the de�cit by?; on average. For example, we can increase the de�cit by exactly

?; for each packet arrival to link;, or use a coin tossing process as in [7, 16], i.e., each packet arrival

at link ; increases the de�cit by one with probability?; , and zero otherwise. We refer toe0; ¹Cº as

thede�cit arrival process for link;. Note that it holds that

limC!1
1
C

Í C
B=1 e0; ¹Bº = 0; ?; := _;– ;2 K • (3.5)

We refer to_; as the de�cit arrival rate of link;. Note that an arriving packet is always added
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to the link's buffer, regardless of whether and how much de�cit is added for that packet. Also

note that in (3.4) each time a packet is transmitted successfully from link;, i.e., � ; ¹Cº = 1, the

de�cit is reduced by one. The dynamics in (3.4) de�ne a de�cit queueing system, with bounded

increments/decrements, whose stability, e.g., in the sense

lim supC!1
1
C

Í C
B=1 E»F ; ¹Bº¼Ÿ 1 – (3.6)

implies (3.3) holds [51]. De�ne the vector of de�cits asw¹Cº = ¹F ; ¹Cº– ;2 Kº . The system state

at timeCis then de�ned as

S¹Cº = ¹q¹Cº–3¹Cº–	 ¹Cº–w¹Cºº• (3.7)

Objective.De�ne P� to be the set of all causal policies, i.e., policies that do not know the infor-

mation of future arrivals, deadlines, and channel success probabilities in order to make scheduling

decisions. For a given traf�c-fading processz¹Cº, with �xed 0; , de�ned in (3.2), we are interested

in causal policies that can stabilize the de�cit queues for the largest set of delivery rate vectors

p = ¹?;– ;2 Kº , or equivalently largest set of, = ¹_; := 0; ?;– ;2 Kº possible. For a given traf�c

process, we say the rate vector, = ¹_;– ; 2 Kº is supportable under some policy` 2 P� if all

the de�cit queues remain stable for that policy. Then one can de�ne the supportable real-time rate

region of the policỳ as

� ` = f , � 0 : , is supportable bỳ g• (3.8)

The supportablereal-time rate regionunder all the causal policies is de�ned as� =
Ð

` 2P�
� ` .

The overall performance of a policy` is evaluated by theef�ciency ratiode�ned as

W¢
` = supf W: W� � � ` g• (3.9)

For a casual policỳ , we aim to provide auniversal lower boundon the ef�ciency ratio that holds

for “all” Markovian traf�c-fading processes,withoutknowing the Markov chain.
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3.3 Scheduling Algorithms and Main Results.

Recall thatI is the set of all maximal independent sets of interference graph� � , andB¹Cº is

the set of links that have packets to transmit at timeC. At any timeC, we de�neM¹ Cº to be the set

of maximal schedules. Formally,M¹ Cº = I j B¹Cº whereI j B¹Cº is the set of maximal independent

sets of the induced subgraph of� � on the vertex setB¹Cº.

De�nition 3.1 (Gain of a Schedule). The gain of maximal schedule" 2 M¹ Cº is de�ned as the

total de�cit of links with a successful packet transmission at timeC, i.e.,

G" ¹Cº :=
Õ

;2"

� ; ¹CºF ; ¹Cº•

Note that since link;'s channel state� ; ¹Cº is a random variable, the gain of the schedule is also

random.

De�nition 3.2 (Weight of a Schedule). We de�ne the weight of maximal schedule" to be its

expected gain, conditional on stateS¹Cº, i.e.,

, " ¹Cº := E »G" ¹CºjS¹Cº¼=
Õ

;2"

F ; ¹Cº@; ¹Cº• (3.10)

Note that the above expectation is with respect to the randomness of the fading channel.

De�nition 3.3 (MWS). Max-Weight Schedule (MWS) at timeCis de�ned as

" ¢ ¹Cº := arg max
" 2M¹ Cº

, " ¹Cº•

We use, ¢ ¹Cº := , " ¢ ¹Cº ¹Cº to denote its weight. TheMWS policy is the policy that selects a

MWS at any time.

In general, given a Markov policy ALG3, let c " ¹Cº be the probability that ALG selects maxi-

3A Markov policy is a policy that chooses the action at timeCas a function of the current stateS¹Cº.
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mal schedule" at timeC. Hence, the probability that link; is scheduled at timeCis

q; ¹Cº :=
Í

" 2M¹ Cº c " ¹Cº1¹; 2 " º• (3.11)

With a minor abuse of notation, we will useG�!� ¹Cº to denote the gain of the schedule selected

by policy ALG at timeC. Then the expected gain of ALG is given by

E »G�!� ¹CºjS¹Cº¼ =
Õ

" 2M¹ Cº

c " ¹Cº, " ¹Cº (3.12)

=
Õ

;2K

q; ¹Cº@; ¹CºF ; ¹Cº• (3.13)

In the above, the expectation is with respect to the randomness of the channel and the decisions

of policy ALG. Without loss of generality, we consider natural policies that transmit the earliest-

deadline packet from every selected link in the schedule. This is because, similar to [19, 59], if

a policy transmits a packet that is not the earliest-deadline, that packet can be replaced with the

earliest-deadline packet of that link, and this only improves the state. Similarly, the optimal policy

always selects a maximal schedule at any time.

3.3.1 Converting Classical Non-Real-Time Algorithms for Real-Time Scheduling.

We �rst state a theorem that, surprisingly, allows us to convert non-real-time scheduling poli-

cies to real-time scheduling policies, hence enabling the use of numerous policies from the lit-

erature of traditional non-real-time scheduling (i.e., MWS and its approximations). Speci�cally,

policies whose expected gain isk -fraction of the expected gain of MWS (i.e.,, ¢ ¹Cº), yield an

ef�ciency ratio of at leastk •¹ k ¸ 1º. The result is stated formally in Theorem 3.1 below.

Theorem 3.1.Consider any policyALG such that, at every timeC, E »G�!� ¹CºjS¹Cº¼� k, " ¢ ¹Cº,

wheneverkw¹Cºk � , 0, for some �nite, 0. Then

W¢
` �

k
k ¸ 1

•
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The proof of Theorem 3.1 is provided in Section 3.4.1.

Note that this conversion results in deadline-oblivious policies which can be preferred in cases

where information about the deadlines of packets is either not accurate or not available. We remark

that for certain policies, the result of Theorem 3.1 is tight as seen in Corollary 3.1 below, whereas

for other policies the bound can be loose, as we will see later in Remark 3.7. We now state some

of the implications of Theorem 3.1.

Corollary 3.1. MWS policy provides ef�ciency ratioW¢
MWS = 1

2 for real-time scheduling under

Markov traf�c-fading processes.

Proof. Using Theorem 3.1 for MWS withk = 1, we directly obtainW¢
MWS � 1•2. We can get

the the opposite inequality through an adversarial example. If we consider a simple network with

two interfering links without fading, then MWS reduces to LDF, which has been shown to have

W¢ � 1•2 for Markovian traf�c with deterministic de�cit admission [7, 19] (recall that ef�ciency

ratio W¢ is de�ned as a universal bound for all traf�c-fading processes for any given graph).�

De�nition 3.4 (GMS Policy). The Greedy Maximal Scheduling (GMS) policy is de�ned as fol-

lows. Order the nonempty links; 2 B¹Cº in the decreasing order of the productF ; ¹Cº@; ¹Cº. Then

construct a schedule recursively by including the nonempty link with the largestF ; ¹Cº@; ¹Cº, remov-

ing its interfering links, and repeating the same procedure over the remaining links.

The following corollary extends the result of [7], which was for i.i.d. traf�c without fading

(i.e., for LDF), to general Markov traf�c and fading processes.

Corollary 3.2. GMS provides an ef�ciency ratioW¢
GMS � 1

V̧ 1 for real-time scheduling under any

Markov traf�c-fading process, whereVis the interference degree of the graph.

Proof. The schedule" constructed by GMS satis�es
Í

;2" F ; ¹Cº@; ¹Cº � 1
V, " ¢ ¹Cº and thus we

can apply Theorem 3.1 withk = 1• Vto obtain the result. �

Note that many other results from traditional scheduling literature can be converted to real-time

scheduling using Theorem 3.1. For example, the distributed greedy policy DISTGREEDY in [60]

also obtainsW¢
DISTGREEDY

� 1
V̧ 1 but has a lower complexity than GMS.
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3.3.2 Randomized Real-Time Scheduling Algorithms.

In this section, we extend AMIX policies for collocated networks and general networks intro-

duced in [19, 59] to incorporate fading. We refer to the generalized policies as FAMIX (Fading-

based Adaptive MIX). We describe these policies below.

1) FAMIX-MS: Randomized Scheduling in General Graphs

Let ' := jf " 2 M¹ Cº– , " ¹Cº ¡ 0gj be the number of maximal schedules at timeCwith

positive weight (based on De�nition (3.10)). We discuss the nontrivial case of' ¡ 0. We index

and order the maximal schedules such that" ¹8º 2 M¹ Cº has the8-th largest weight, i.e.,

, " ¹1º ¹Cº � , " ¹2º ¹Cº � � � � , " ¹ ' º ¹Cº• (3.14)

De�ne thesubharmonicaverage of weight of the �rst= maximal schedules,= � ' , to be

� =¹Cº =
= � 1

Í =
8=1

�
, " ¹8º ¹Cº

� � 1
• (3.15)

Then select schedule" ¹8º with probability

c �=
" ¹8º ¹Cº � c �=

8¹Cº =

8>>>><

>>>>
:

1 �
� �=¹Cº

, " ¹8º ¹Cº
– 1 � 8� �=

0– �= Ÿ 8� '

(3.16)

where �= is the largest= such thatf c=
8¹Cº–1 � 8 � ' g de�nes a valid probability distribution, i.e.,

c=
8¹Cº � 0, and

Í '
8=1 c=

8¹Cº = 1. It is not hard to verify that this is equivalent to �nding the largest=

such thatc=
=¹Cº � 0, sincec=

8¹Cº is decreasing with respect to8for �xed =.

Remark 3.1. It has been shown in [19] that�= in such a distribution can be found through a binary

search by looking for the �rst value of= with c=
=¹Cº � 0. The algorithm FAMIX-MS above and

AMIX-MS in [19, 59] are similar, but they crucially differ in the de�nition of weight of a schedule

(3.10).
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The theorem below states a lower bound on the ef�ciency ratio of FAMIX-MS.

Theorem 3.2. In a general interference graph� � with maximal independent setsI , the ef�ciency

ratio of FAMIX-MS is

W¢
FAMIX-MS �

jI j
2jI j � 1

¡
1
2

•

The proof of Theorem 3.2 is presented in Section 3.4.2.

Remark 3.2. Theorem 3.2 shows that with randomization we can do strictly better thanMWS

(Corollary 3.1). In particular, in the case of a complete bipartite interference graph (which has

two maximal independent sets),FAMIX-MS yields an ef�ciency ratio of at least2•3 while MWS

yields1•2.

The main disadvantage of FAMIX-MS is that it is computationally demanding as it could

require randomization over all the maximal schedules. Therefore, FAMIX-MS would be better

suited for networks with a small number of maximal schedules. Note that MWS also suffers from

analogous complexity issues. In Section 3.3.3, we will discuss how to design low-complexity

randomized algorithms that can obtain nontrivial ef�ciency ratios in larger interference graphs.

2) FAMIX-ND: Randomized Scheduling in Collocated Graphs

Extending AMIX-ND [19] to fading channels is more challenging. In particular, the derivation

in [19] relied on two main ideas: (1) it is suf�cient to consider only a restricted set of “non-

dominated” links for transmission, and (2) there is an ordering among the non-dominated links

such that given two non-dominated links, having a packet in the buffer of one of the links is always

preferred to that of the other link. Finding such domination relationship for a general Markov

fading process is dif�cult. Here, we describe an extension under a simpli�ed fading process, where

@; ¹Cº = @; = @, i.e., the links' success probabilities are �xed and equal to@. We allow the channel

state across links to be either independent or positively correlated, i.e.,Pr»� ;2 ¹Cº = 1j� ;1 ¹Cº =

1¼ � @;2. The above setting could be a reasonable approximation in collocated networks where

links have similar reliabilities, and an active channel for one link implies a better condition for the

overall shared wireless medium.
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Let 4; ¹Cº denote the deadline of the earliest-deadline packet of link; at timeC. We say that

link ;1 dominates link;2 at timeCif 4;1 ¹Cº � 4;2 ¹Cº, F ;1 ¹Cº � F ;2 ¹Cº, i.e., link ;1 is more urgent

and has a higher de�cit. Based on this de�nition, the set of non-dominated links at any time can

be found though a simple recursive procedure as in [19], i.e., add the largest-de�cit nonempty

link, remove all the links dominated by it from consideration, and repeat the same procedure over

the remaining links. The following theorem describes FAMIX-ND and its ef�ciency ratio for a

collocated network with a channel success probability@.

Theorem 3.3. Consider a collocated network, where@; = @, 8; 2 K , and channels of links are

independent or positively correlated. Order and re-index the non-dominated links such that

F1¹Cº � F2¹Cº � •••� F=¹Cº•

Starting from8= 1, assign probabilityc8¹Cº to the8-th non-dominated link,

c8¹Cº = min
n1
@

�
1 �

F 8̧ 1¹Cº
F8¹Cº

�
–1 �

Õ

9Ÿ8

c 9¹Cº
o
• (3.17)

FAMIX-ND selects the8-th non-dominated link with probabilityc8¹Cº and transmits its earliest-

deadline packet. Then

W¢
FAMIX-ND �

� @
1 � 4� @¸ ¹ 1 � @º

� � 1
:= � ¹@º• (3.18)

The proof of Theorem 3.3 is presented in Section 3.4.3.

Note that FAMIX-ND does not assign any probability to dominated links. In (3.17), we assign

probability to non-dominated links, starting from the largest-de�cit link8= 1, until we exhaust all

the available probability, i.e., the8-th non-dominated link will receive a positive probability if
Í

9Ÿ8c 9¹Cº Ÿ 1.

Remark 3.3. Note that due to channel uncertainty,FAMIX-ND boosts the transmission proba-

bility of larger-de�cit links. Intuitively, as@becomes small, deadlines of packets are “effectively”
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reduced, as each packet will need to be transmitted several times before success. For example, in

the case that@� 1 � F2¹Cº
F1¹Cº , FAMIX-ND will transmit the packet of the largest-de�cit link with

probability1.

Remark 3.4. The lower bound� ¹@º on ef�ciency ratio in (3.18) is a monotone function of@, which

increases from0•5 to 4� 1
4 , as@goes from0 to 1. For @= 1, this recovers the result of [19] for

non-fading channels, i.e.,W¢
AMIX-ND � 4� 1

4 .

In the case of unequal@8 2 ¹@min– @maxº, using (3.17) by replacing@with @min, will give an

ef�ciency ratio of at least¹ @max
1� 4� @min ¸ 1 � @maxº� 1 := � ¹@min– @maxº• Depending on@max– @min–  ,

we can choose eitherFAMIX-ND or FAMIX-MS and achieveW¢ � maxf � ¹@min– @maxº–  
2 � 1g.

3.3.3 Low-Complexity and Distributed Randomized Variants.

The general algorithm FAMIX-MS in Section 3.3.2 potentially randomizes over all the max-

imal schedules. This can be computationally expensive in large networks that may have many

maximal schedules. In this section, we present variants of FAMIX-MS that only need to consider

a subset of the maximal schedules or are distributed.

1) Covering-Based Randomized Algorithms

We propose two variants that only need to consider a subset of the maximal schedules.

Let FAMIX-MSjM 0¹Cº denote a policy that, at any timeC, selects a schedule from a subset

M 0¹Cº � M¹ Cº, according to probabilities of FAMIX-MS computed forM 0¹Cº. Proposition

3.1 below states a suf�cient condition under which randomization over a subset of the maximal

schedules can provide a related approximation on the ef�ciency ratio.

Proposition 3.1. Consider a subset of maximal schedulesM 0¹Cº � M¹ Cº, and policyALG =

FAMIX-MS jM 0¹Cº. Suppose for every" 2 M¹ Cº n M 0¹Cº, we have

k ¹Cº
Õ

;2"

F ; ¹Cº@; ¹Cº �q; ¹Cº � max
" 02M 0¹Cº

Õ

;2" 0

@; ¹CºF ; ¹Cº �q; ¹Cº

¸¹ 1 � k ¹CººE »G�!� ¹CºjS¹Cº¼– (3.19)
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for somek ¹Cº 2 ¹0–1¼, whereq; ¹Cº was de�ned in (3.11) andq; ¹Cº = 1 � q; ¹Cº. Then

W¢
ALG � minC� 0

n
k ¹Cº jM 0¹Cºj

2jM 0¹Cºj� 1

o
• (3.20)

The proof of Proposition 3.1 is presented in Section 3.4.4.

Proposition 3.1 requires selecting a suitable subset of maximal schedulesM 0¹Cº at any timeC,

such that Condition (3.19) holds for some constantk ¹Cº as large as possible. Next, we present a

special case in which Condition (3.19) holds, by considering a small set of schedules such that any

other maximal schedule can be covered by them.

Lemma 3.1. SupposeM 0¹Cº is selected such that every" 2 M¹ Cº n M 0¹Cº is covered by at most

Z maximal schedules fromM 0¹Cº, i.e.,

" � [ " 02( " " 0–for some( " � M 0¹Cº : j( " j � Z• (3.21)

Then Condition (3.19) holds with �xedk ¹Cº = 1
Z.

Proof. Using the covering de�nition (3.21), we have

Õ

;2"

@; ¹CºF ; ¹Cº �q; ¹Cº �
Õ

" 02( "

Õ

;2" 0

@; ¹CºF ; ¹Cº �q; ¹Cº

� Z max
" 02M 0¹Cº

Õ

;2" 0

@; ¹CºF ; ¹Cº �q; ¹Cº– (3.22)

and hence condition (3.19) trivially holds fork ¹Cº = 1
Z. �

In general,M 0¹Cº can be adaptive and constructed based on the link de�cits and fading prob-

abilities. Here, we apply Proposition 3.1 and Lemma 3.1 for a constantk ¹Cº = k and a family

M 0¹Cº induced by �xed subset of the independent setsI 0 � I , i.e.,M 0¹Cº = I 0jB¹Cº. With a minor

abuse of notation, we refer to such algorithms as FAMIX-MSjI 0. Below, we present two such

covering-based algorithms.
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Figure 3.2: An example of coloring of an interference graph usingj = 4 colors. The corresponding
independent sets are� 0

1 = f 4g– � 0
2 = f 3g– � 0

3 = f 1–5–7g– � 0
4 = f 2–6g. These can be extended

arbitrarily so that they become maximal, e.g.,� 1 = f 4–2g– � 2 = f 3–7–6g– � 3 = f 1–5–7g– � 4 =
f 2–6–7g.

Corollary 3.1 (Coloring-based Randomization). Consider a coloring of graph� � with j colors,

which partitions the vertices of� � into j independent setsf � 0
1– •••– �0j g. Extend these independent

sets arbitrarily so that they are maximalf � 1– •••– �j g := I 0. ThenW¢
FAMIX-MS j I 0

� 1
2j � 1.

Proof. Any maximal schedule inM n M 0 can be covered by at mostj maximal schedules inM 0,

thusk = 1
j by Lemma 3.1. Further, jM 0¹Cºj

2jM 0¹Cºj� 1 � j
2j � 1. Thus applying Proposition 3.1, we get the

stated ef�ciency ratio. �

Refer to Figure 3.2 for an example of a valid coloring in a graph usingj = 4 and an extension

to 4 maximal independent setsI 0. In this example,W¢
FAMIX-MS j I 0

� 1
7.

Remark 3.5. In general, �nding an ef�cient coloring might be computationally demanding, but

it needs to be done only once for a given� � . There are many interesting families of graphs for

which coloring can be solved ef�ciently. For example, for a (not necessarily complete) bipartite

graph (e.g. a tree) wherej = 2, we obtainW¢ � 1
3. This performs much better thanLDF whose

ef�ciency ratio in a tree with maximum degreeVis W¢ � 1
2
p

V� 1¸ 1
in the case without fading (which

is a special case of our setting). Another family that admits an ef�cient coloring are planar graphs

where, by the four-color theorem, always have a 4-coloring which can be found in polynomial time

[61]. Further, we remark that the independent sets� 0
8 could be extended adaptively at every time

C, e.g., usingGMS.

In the following corollary, we describe a partition-based randomization variant.
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Corollary 3.2 (Partition-based Randomization). Partition the vertices of graph� � into two sets

K1 and K2, each with at mostd •2e vertices. Consider the set of maximal independent sets of

each induced subgraph, denoted byI 0
1–I 0

2. Then extend these independent sets arbitrarily so that

they form maximal independent sets for the whole graph� � . Denote the new sets of maximal

independent sets byI 1–I 2. ThenW¢
FAMIX-MS j I 1[I 2

� 1
2

jI 1j¸jI 2j
2¹jI 1j¸jI 2jº� 1 ¡ 1

4.

Proof. By construction, every maximal independent set in� � can be covered by at most 2 max-

imal independent sets inI 1 [ I 2, and hence we havek = 1•2 by Lemma 3.1. Following similar

arguments as in Corollary 3.1, we obtain the result. �

Remark 3.6. By Corollary 3.2, we only need to randomize over at mostjI 1j ¸ jI 2j maximal sched-

ules at any time which can be much smaller thanjI j in large graphs. The corollary can be gen-

eralized to more than2 partitions to allow a trade-off between the guaranteed ef�ciency ratio and

complexity.

2) Myopic Distributed Randomized Algorithm

We present a myopic distributed randomized algorithm that has a constant complexity.

Assume each slot is divided in two parts, a control part of duration) � , and a packet transmis-

sion part with duration normalized to1. Assume the deadlines of packets are expressed in terms of

such time slots, each time slot having a duration¹1 ¸ ) � º. At the beginning of the control phase,

every non-empty link; 2 B¹Cº starts a timer) ; � �G?¹a;º, where�G?¹aº denotes an exponential

distribution with ratea. Once the timer of a link; runs down to zero, it broadcasts an announce-

ment informing its neighbors that it will participate in data transmission,unlessit has heard an

earlier announcement from its neighboring links, or the control phase ends.

The next corollary states the ef�ciency ratio for the uniform timer rates.

Corollary 3.3. Consider the myopic randomized algorithm with control duration) � ¡ 0, and the

same timer ratea; = a for every link;. If the maximum degree of� � is � , then

W¢
MYOPIC �

1
� � X
1� X ¸ 1

– (3.23)
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whereX= 4� ) � a.

The proof of Corollary 3.3 is provided in Section 3.4.5.

Note that theoretically, we can scale up the timer ratea, so thatX ! 0 for any) � ¡ 0, hence

W¢
MYOPIC & 1

� ¸ 1.

Remark 3.7. We note that a direct application of Theorem 3.1 to the myopic algorithm would yield

an ef�ciency ratio& 1
� ¸ 2 as the myopic algorithm obtains ak � 1

� ¸ 1 approximation toMWS (to

see this, note that every link has roughly a probability of1
� ¸ 1 for getting service. Thus all the links

of the MWS are included with this probability). Hence, Corollary 3.3 serves as an example that

shows a more careful analysis can potentially improve the bound on the ef�ciency ratio obtained

from Theorem 3.1.

3.4 Analysis Techniques and Proofs.

We provide an overview of the techniques in our proofs.

Frame Construction.A key step in the analysis of our scheduling algorithms is a frame con-

struction similar to the one in [19], but based on thejoint traf�c-fading process. The de�nition of

frame is as follows

De�nition 3.5 (Frames and Cycles). Starting from an initial traf�c and fading state tuple¹3¹0º–q¹0ºº =

z 2 Z , let C8 denote the8-th return time of traf�c-fading Markov chainz¹Cº to z, 8 = 1–� � � . By

convention, de�neC0 = 0. The8-th cycleC8 is de�ned from the beginning of time slotC8� 1 ¸ 1 until

the end of time slotC8, with cycle length� 8 = C8� C8� 1. Given a �xed: 2 N, we de�ne the8-th frame

F ¹: º
8 as : consecutive cyclesC¹8� 1º: ¸ 1–� � � –C8:, i.e., from the beginning of slotC¹8� 1º: ¸ 1 until the

end of slotC8:. The length of the8-th frame is denoted by� ¹: º
8 =

Í 8:
9=¹8� 1º: ¸ 1 � 9. De�ne J ¹F ¹: ºº

to be the space of all possible¹3¹Cº–q¹Cºº patterns during a frameF ¹: º. Note that these patterns

start afterz and end withz.

By the strong Markov property and the positive recurrence of traf�c-fading Markov chainz¹Cº,

frame lengths� ¹: º
8 are i.i.d with meanE»� ¹: º¼= : E»� ¼, whereE»� ¼is the mean cycle length
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which is a bounded constant [50]. In fact, since state spaceZ is �nite, all the moments of� (and

� ¹: º) are �nite. We choose a �xed: , and, when the context is clear, drop the dependence on: in

the notation.

De�ne the class ofnon-causalF -framedpoliciesP#� ¹F º to be the policies that, at the begin-

ning of each frameF8, have complete information about the traf�c-fading pattern in that frame, but

have a restriction that they drop the packets that are still in the buffer at the end of the frame. Note

that the number of such packets is at most3max0max , which is negligible compared to the average

number of packets in the frame,0;E»� ¼= 0; : E»� ¼, as: ! 1 . De�ne the rate region

� N� ¹F º =
Ð

` 2P#� ¹F º � ` • (3.24)

Given a policy` 2 P#� ¹F º, the time-average real-time service rate�� ; of link ; is well de�ned. By

the renewal reward theorem (e.g. [56], Theorem 5.10), and boundedness ofE»� ¼,

lim
C!1

Í C
B=1 � ; ¹Bº

C
=

E
�Í

C2F � ; ¹Cº
�

E»� ¼
= �� ;• (3.25)

Similarly for the de�cit arrival rate_; , de�ned in (3.5),

E»
Í

C2F e0; ¹Cº¼
E»� ¼

= _;– ;2 K • (3.26)

In De�nition 3.5, each frame consists of: cycles. Using similar arguments as in [7, 19], it is easy

to see that

lim inf
: !1

� NC¹F ¹: ºº � int¹� º–

Hence, if we prove that for a causal policy ALG, there exists a constantd, and a large: 0, such that

for all : � : 0,

d int¹� NC¹F ¹: ººº � � ALG– (3.27)
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then it follows that� ALG � d int¹� º. For our algorithms, we �nd ad such that (3.27) holds for

any traf�c-fading processunder our model. Then it follows thatW¢
ALG � d.

Lyapunov Argument.To prove (3.27), we rely on comparing the expected gain of ALG with

that of the non-causal policy that maximizes the expected gain over the frame (which we refer to

asmax-gain policy). The following proposition, which is similar to that in [19], will be used to

prove the main results. Its proof is similar to the proof in [19] with minor modi�cations to account

for channel uncertainty.

Proposition 3.2. Consider a frameF � F ¹: º, for a �xed : based on the returns of the traf�c-

fading processz¹Cº to a statez. De�ne the norm of initial de�cits at the beginning of a frame

kw¹C0ºk =
Í

;2K F ; ¹C0º. Suppose for a causal policyALG, given anyn ¡ 0, there is a, 0such that

whenkw¹C0ºk ¡ , 0,

E
� Í

C2F G�!� ¹CºjS¹C0º
�

E
� Í

C2F G` ¢ ¹CºjS¹C0º
� � d � n– (3.28)

whereS¹C0º = ¹q¹C0º–3¹C0º–	 ¹C0º–w¹C0ºº, and ` ¢ is the non-causal policy that maximizes the

gain over the frame. Then for any_ 2 d int¹� #� ¹F ºº, the de�cit queues are bounded in the sense

of (3.6).

Amortized Gain Analysis.To use Proposition 3.2, we need to analyze the achievable gain of

ALG and the non-causal policỳ¢ over a frame. Since comparing the gains of the two policies di-

rectly is dif�cult, we adapt an amortized analysis technique from [19], initially extended from [41,

43, 42, 57]. The general idea is as follows. Let¹q¹Cº–3¹Cº–	 ¹Cº–w¹Cºº be the state under our algo-

rithm at timeC2 F , and¹	 ` ¢
¹Cº–q¹Cº–3¹Cº–w` ¢

¹Cºº be the state under the optimal policy` ¢ . The

traf�c-fading processz¹Cº = ¹q¹Cº–3¹Cºº is identical for both algorithms as it is independent of the

actions of the scheduling policy. We change the state of` ¢ (by modifying its buffers and de�cits)

to make it identical to¹q¹Cº–3¹Cº–	 ¹Cº–w¹Cºº, but also givè ¢ an additional gain that ensures the

change is advantageous for` ¢ considering the rest of the frame. Let̂G` ¢ ¹Cº denote the amortized
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gain of ` ¢ at timeCwith any compensated gain, which has the property that

E
hÕ

C2F

Ĝ` ¢ ¹Cºj�–S¹C0º
i

� E
hÕ

C2F

G` ¢ ¹Cºj�–S¹C0º
i
– (3.29)

given any traf�c-fading pattern� 2 J ¹F º and initial frame stateS¹C0º. Then, the following

proposition will be useful in bounding the gain and thus the ef�ciency ratio of our policies.

Proposition 3.3. Consider a Markov policyALG that for any traf�c-fading pattern� 2 J ¹F º , at

any timeC2 F , satis�es

dE
�
Ĝ` ¢ ¹Cºj�–S¹Cº

�
� E »G�!� ¹Cºj�–S¹Cº¼̧ E � (3.30)

for someE� which is a measurable function of the frame length� , with E »� E� ¼Ÿ 1 . Then

W¢
ALG � d.

Proof. First note that

E »G�!� ¹Cºj�–S¹Cº¼= E »G�!� ¹Cºj�–S¹Cº–S¹C0º¼–

by the Markov property of ALG. Further,E
�
Ĝ` ¢ ¹Cºj�–S¹Cº

�
= E

�
Ĝ` ¢ ¹Cºj�–S¹Cº–S¹C0º

�
, since

the amortized gain of the max-gain policy does not depend on the past state given the current state

and future traf�c-fading pattern (note that this amortized gain might depend on policy ALG, which

itself is Markov). Hence, taking expectation of both sides of (3.30), conditional on�–S¹C0º, and

using the law of iterated expectations, we get

dE
�
Ĝ` ¢ ¹Cºj�–S¹C0º

�
� E »G�!� ¹Cºj�–S¹C0º¼̧ E »E� j�–S¹C0º¼

Summing over the frame, and using the fact thatE »E� j�–S¹C0º¼= E� since� is determined by� ,

we have

dE

"
Õ

C2F

Ĝ` ¢ ¹Cºj�–S¹C0º

#

� E

"
Õ

C2F

G�!� ¹Cºj�–S¹C0º

#

¸ � E� •
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Using the de�nition (3.29), and taking expectations over the randomness of the traf�c-fading pat-

tern, we obtain

dE

"
Õ

C2F

G` ¢ ¹CºjS¹C0º

#

� E

"
Õ

C2F

G�!� ¹CºjS¹C0º

#

¸ E »� E� ¼•

Note that by assumption,E »� E� ¼Ÿ 1 . If we show thatlimkw¹C0ºk!1 E
�Í

C2F G` ¢ ¹CºjS¹C0º
�

= 1 ,

then

d � lim
kw¹C0ºk!1

E
�Í

C2F G�!� ¹CºjS¹C0º
�

E
� Í

C2F G` ¢ ¹CºjS¹C0º
� –

and using Proposition 3.2, we obtain thatẀ � d.

To that end, consider the link;1 := arg max; F ; ¹C0º. Since` ¢ maximizes the expected gain over

the frame, its expected gain cannot be lower than a policy that simply schedules link;1 whenever

it has available packets. ChooseF � F : with any : � 2. Then by the non-trivial traf�c-fading

Markov chain assumption (Section 3.2), there is a traf�c-fading pattern� 0of length� � 0 with some

nonzero probability of occurringPr¹� 0º ¡ 0, in which a packet arrives for link;1 at some time

C1 2 F , and at a later timeC2 2 F before the packet expires, we have@; ¹C2º ¡ 0, i.e., ;1 2 B¹C2º

andE
�
� ;1 ¹C2º

�
= @;1 ¹C2º ¡ 0. Then trivially

E

"
Õ

C2F

G` ¢ ¹CºjS¹C0º

#

� E
h
F ;1 ¹C2º� ;1 ¹C2º j� 0–S¹C0º

i
Pr¹� 0º

� ¹ F ;1 ¹C0º � � � 0º@;1 ¹C2º Pr¹� 0º

� ¹
kw¹C0ºk

 
� � � 0º@;1 ¹C2º Pr¹� 0º–

which showslimkw¹C0ºk!1 E
�Í

C2F G` ¢ ¹CºjS¹C0º
�

= 1 . �

The following lemma describes a generic amortized gain computation for general networks that

allows us to modify the state of the max-gain policy during a frame to match the state of the con-

sidered policy ALG. Recall from (3.11) thatq; ¹Cº is the probability that link; is scheduled under

ALG, andc " ¹Cº is the probability that schedule" is selected. Below we drop their dependence
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on time to simplify the notation.

Lemma 3.2. For any pattern� 2 J ¹F º in a frameF , given a Markov policyALG, the amortized

gain of the max-gain policỳ¢ (w.r.t. ALG) if it selects maximal schedule" 2 M at timeCin the

frame, is given by

E
h
Ĝ¹" º

` ¢ ¹Cºj�–S¹Cº
i

= , " ¹Cº ¸
Õ

;8"

F ; ¹Cºq;@; ¹Cº ¸ E <

� , " ¹Cº¹1 � c " º ¸ E »G�!� ¹CºjS¹Cº¼̧ E < –

whereE< :=  ¹� ¸ 0max3maxº.

Proof. The main idea is similar to the one in [19], but we have to account for fading. Suppose

` ¢ attempts to transmit the earliest-deadline packets of links from schedule" whereas ALG

attempts the earliest-deadline packets from schedule" 0. We need to modify the state of` ¢ ,

i.e., the buffers and de�cits, so it is identical with the state of ALG. To achieve this, we allow

` ¢ to additionally transmit the packets of links successfully transmitted by ALG but not` ¢ , i.e,

( 1 = ¹" 0¹Cº n " ¹Cºº \ f ; 2 K : � ; ¹Cº = 1g. Transmitting such packets for` ¢ might not be

advantageous for its total gain as the weight of these packets can increase by0max3max before

they could be transmitted. Thus giving an additional reward 0 max3max to ` ¢ guarantees that the

modi�cation is advantageous. Further, we insert the packets transmitted successfully by` ¢ but not

ALG, i.e., ( 2 = ¹" ¹Cº n " 0¹Cºº \ f ; 2 K : � ; ¹Cº = 1g, back to its buffers (which is advantageous

for ` ¢). Further to make the de�cits identical, we increase the de�cit counters of` ¢ for links in

( 2, which is advantageous for the total-gain within the frame. Additionally, we decrease the de�cit

counters of̀ ¢ for the links in( 1. This change might not be advantageous for the total gain of` ¢ ,

thus we give it extra reward for every possible subsequent transmission over links, which is at most

 � . Hence the total additional compensation isE< =  ¹� ¸ 0max3maxº

Following the above argument, the expected amortized gain of` ¢ , when it selects" , is
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bounded as

E
h
Ĝ¹" º

` ¢ ¹Cºj�–S¹Cº
i

=
Õ

;2"

@; ¹CºF ; ¹Cº¸

Õ

" 02Mnf " g

c " 0¹Cº
Õ

;2" 0n"

@; ¹CºF ; ¹Cº ¸ E <

¹0º
= , " ¹Cº ¸

Õ

;8"

F ; ¹Cºq;@; ¹Cº ¸ E < (3.31)

where ¹0º follows from de�nitions of q; and, " ¹Cº. The inequality in the lemma's statement

follows by noting that

(3.31) � , " ¹Cº ¸
Õ

" 02Mnf " g

, " 0¹Cºc " 0 ¸ E < –

since
Í

;2" 0n" @; ¹CºF ; ¹Cº � , " 0¹Cº, and by using (3.12). �

3.4.1 Proof of Theorem 3.1: Conversion Result.

In the rest of proofs, for notional compactness, we de�neEC–�»�¼:= E »�jS¹Cº– �¼andEC»�¼:=

E »�jS¹Cº¼. Now consider a pattern� 2 J ¹F º . Whenkw¹Cºk � , 0, the amortized gain of̀¢ , if it

selects schedule" , is bounded as

EC–�

h
Ĝ¹" º

` ¢ ¹Cº
i ¹0º

� , " ¹Cº¹1 � c " º ¸ EC»G�!� ¹Cº¼̧ E <

� , " ¢ ¹Cº ¸ EC»G�!� ¹Cº¼̧ E <

= EC»G�!� ¹Cº¼¹
, " � ¹Cº

EC»G�!� ¹Cº¼
¸ 1º ¸ E <

¹1º
� EC»G�!� ¼¹1•k ¸ 1º ¸ E < –

where in ¹0º we used Lemma 3.2, and in¹1º we used the main assumption that ALG obtains

k fraction of the maximum weight schedule. This inequality does not depend on the particular

choice" . Similarly in the case thatkw¹Cºk � , 0, it can be seen from (3.13) and Lemma 3.2
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that EC–�

h
Ĝ¹" º

` ¢ ¹Cº
i

� 2, 0 ¸ E < . Consequently in either case,EC–�

h
Ĝ¹" º

` ¢ ¹Cº
i

� 2, 0 ¸ E < ¸

EC»G�!� ¹Cº¼¹1•k ¸ 1º. Applying Proposition 3.3 withd = ¹1•k ¸ 1º� 1, we obtain the result.

3.4.2 Analysis of FAMIX-MS: Proof of Theorem 3.2.

Using Lemma 3.2, and probabilities of FAMIX-MS indicated in (3.16), in both cases of8� �=

and8 ¡ �=, the amortized gain of̀¢ can be bounded as

EC–�

h
Ĝ¹" 8º

` ¢ ¹Cº
i

� , " ¹8º ¹Cº¹1 � c8º ¸ EC»G�!� ¹Cº¼̧ E <

� � �=¹Cº ¸ EC»G�!� ¹Cº¼̧ E < •

Thus regardless of the schedule selected by` ¢ , we have

EC–�
�
Ĝ` ¢ ¹Cº

�
� EC»G�!� ¹Cº¼

� � �=¹Cº
EC»G�!� ¹Cº¼

¸ 1
�

¸ E <

Note thatjI j � jMj � �=, hence it suf�ces to show that

� �=¹Cº
EC»G�!� ¹Cº¼

�
�= � 1

�=
– (3.32)

as then by Proposition 3.3 it will follow thatW¢
FAMIX-MS � ¹ jI j� 1

jI j ¸ 1º� 1 = jI j
2jI j� 1. To show (3.32),

note that

� �=¹Cº
EC»G�!� ¹Cº¼

=
�=� �=¹Cº � ¹ �= � 1ºEC»G�!� ¹Cº¼

�=EC»G�!� ¹Cº¼
¸

�= � 1
�=

hence, we need to show

�=� �=¹Cº � ¹ �= � 1ºEC»G�!� ¹Cº¼� 0• (3.33)

The inequality (3.33) holds because by (3.12) and (3.16), it follows thatEC»G�!� ¹Cº¼=
Í �=

9=1 , " ¹ 9º ¹Cº�
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�=� �=¹Cº and hence (3.33) becomes

� �=¹Cº �=2 � ¹ �= � 1º
Í �=

9=1 , " ¹ 9º ¹Cº–

which holds by (3.15) and the arithmetic mean-harmonic mean inequality applied tof , " ¹8º ¹Cº– 8=

1– •••–�=g.

3.4.3 Analysis of FAMIX-ND: Proof of Theorem 3.3.

We �rst state the following Lemma that allows us to focus on policies that transmit from non-

dominated links. Due to the uncertainty of the channels, our analysis has to deviate from the one

in [19]. Here, we rely on a coupling argument to prove the following lemma.

Lemma 3.3. Given� 2 J ¹F º , let ^̀ be the maximum-gain policy that transmits only from non-

dominated links at any time (we refer tô` as max-gain ND-policy) and the maximum-gain policy

` ¢ that can transmit any packet, then

E
�Í

C2F G~̀¢ ¹CºjS¹C0º– �
�

� E
� Í

C2F G` ¢ ¹CºjS¹C0º– �
�

� ¹ 0max ¸ 1º� 2•

Proof. First we consider the case where de�cits do not vary over time regardless of arrivals or

transmissions. We argue that in this case transmitting from a non-dominated link has always

higher total expected gain from any state considering the remaining frame for any pattern� .

Let +; ¹C–	 – �º denote the maximum expected gain over the remaining frame for the given pat-

tern � , if at the current time slotC 2 F with buffers 	 , link ; is scheduled. Further, de�ne

+¹C–	 – �º = max; f+; ¹C–	 – �ºg. Finally de�ne+#� ¹C– (– �º to be the maximum expected gain for

the remaining frame over policies that only schedule non-dominated links. Consider the earliest-

deadline packetsPD–PE of links D– E, with DdominatingE. We argue that transmittingPD yields a
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higher expected gain than that ofPE. If PD is scheduled we have:

+D¹C–	 – �º = @¹FD ¸ +¹Ç 1–	 0
¹PDº– �ºº

¸ ¹ 1 � @º+¹Ç 1–	 0– �º–

where	 0are the updated buffers due to regular buffer dynamics but ignoring the scheduled packet

by our policy, and	 0
¹Pº indicates buffer	 0 without packetP. Similar expression can be written if

PE is scheduled. Hence, to show+D¹C–	 – �º � +E¹C–	 – �º, equivalently we can show

FD ¸ +¹Ç 1–	 0
¹PDº– �º � FE ¸ +¹Ç 1–	 0

¹PEº– �º• (3.34)

Now note that by the domination de�nition, the deadline of packetEis at least as long as that ofD,

hence the optimal policỳ for +¹Ç 1–	 0
¹PEº– �º that can attempt packetDcan be used to construct

a policy ` 0 for +¹C¸ 1–	 0
¹PDº– �º that attemptsE instead ofD whenever̀ would have scheduled

PD. This is possible sincePE does not expire beforePD. Now consider a coupling for the channel

outcomes iǹ and` 0 such that channel� `
D¹Cº under` is identical to� ` 0

E ¹Cº under` 0. This does

not affect the marginal success probability of links as both linksD– Ehave the same probability of

success@. Further each success when transmittingEunder` 0 results in rewardFE, instead ofFD

under` , therefore the gain of policỳ0 is stochastically larger than that of policy` , and hence in

the expectation,

+¹Ç 1–	 0
¹PDº– �º � ¹ FE � FDº ¸ +¹Ç 1–	 0

¹PEº– �º

Thus in the �xed-de�cit case we have shown that+#� ¹C–	 – �º � +¹C–	 – �º.

Now consider the case with time-varying de�cits, and lete+�¹C–	 – �º denote the corresponding

quantities. In this notatione+¹C0–	 ¹C0º– �º = E
�Í

C2F G` ¢ ¹Cºj�–S¹C0º
�
. If pattern� has length� ,

then (a):+¹C–	 – �º � e+¹C–	 – �º � 0max� 2 since any transmission under any policy in the varying-

de�cit case will yield a gain of at most0max� higher than the �xed-de�cit case, since the de�cit

cannot increase more than0max� during a frame, and we can have at most� such transmissions.

74



Similarly we obtain (b):e+#� ¹C–	 – �º ¸ � 2 � +#� ¹C–	 – �º, as in the time-varying de�cit case every

transmission can result in at most� gain less than the �xed-de�cit case, and we can have at most

� such transmissions. By (a) and (b), we obtain:e+#� ¹C–	 – �º � e+¹C–	 – �º � ¹ 0max ¸ 1º� 2•

�

Proof of Theorem 3.3.In view of Lemma 3.3, we perform an amortized gain analysis for

FAMIX-ND in comparison with ND-policies. Due to the presence of fading, the gain analysis

performed in [19] is not applicable in our case and the state of the channel needs to be considered.

Suppose FAMIX-ND decides to schedule the earliest-deadline packetP5 = ¹F 5– 45º of link 5and

ND-policy ^̀ transmits a packetPI = ¹F I – 4I º from a different non-dominated linkI (I < 5). The

state of ^̀ and FAMIX-ND will be different in the following four cases,

1. � 5¹Cº = 1– � I ¹Cº = 0: In this case, we make the buffers of the two identical by allowing^̀ to

also transmitP5, and give extra reward0max3max. Further we reduce the de�cit iǹ̂ for link 5

by 1 and we give reward� to ^̀ similarly as in the proof of Lemma 3.2.

2. � 5¹Cº = 0– � I ¹Cº = 1: We replacePI in the buffer of ^̀ and increase the de�cit of linkI in ^̀

which are advantageous for̂` .

3. 45 � 4I – F5 � F I –and� 5¹Cº = 1– � I ¹Cº = 1: We replaceP5 from link 5 with PI in link I in

buffers of ^̀. PacketPI has higher deadline and higher weight at timeC. Since both packets will

expire in at most3max slots, the de�cit of 5 can only increase by at most3max0max beforeP5

expires, whereas the de�cit ofI can decrease by at most3max. Therefore giving^̀ additional

compensation of¹1 ¸ 0maxº3max will guarantee that the modi�cation is advantageous. Further,

we decrease the de�cit of link5 by one (F 5 � 1 in ^̀) and we increase the de�cit of linkI by

one (F I ¸ 1 in ^̀). To compensate for the decrease in de�cit of link5we give ^̀ extra gain of� .

Hence, the total compensation is bounded by� ¸ ¹ 0<0G ¸ 1º3max•

4. 4I � 45– FI � F 5 and� 5¹Cº = 1– � I ¹Cº = 1: In this case, we alloẁ̂ to additionally transmit

packetP5 at timeCand give extra reward0max3max, and inject a copy of packetPI to the buffer
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of link I . This makes the buffers identical, but results in the decrease of de�cit of link5 by

one. To guarantee the change is advantageous for^̀ considering the rest of the frame, we give

it extra reward� .

In all cases, the additional compensation is bounded byE0 = � ¸ ¹ 0max ¸ 1º3max. Let @8 9 =

Pr¹� 8¹Cº = 1– � 9¹Cº = 1º � @2, or equivalently@8 9 = @2 ¸ n8 9for somen8 9 � 0, by the positive

correlation assumption, and hencePr¹� 8¹Cº = 1– � 9¹Cº = 0º = @� @8 9= @¹1 � @º � n8 9. Then,

EC–�

h
Ĝ¹8º

~̀¢ ¹Cº
i

� @F8¸
Õ

9

c 9¹@� @8 9ºF 9 ¸
Õ

9Ÿ8

F 9c 9@8 9

¸E 0 = @F8¸ ¹ 1 � @º
Õ

9

c 9@F9 ¸ @
Õ

9Ÿ8

F 9c 9@

�
Õ

9

c 9n8 9F 9 ¸
Õ

9Ÿ8

c 9n8 9F 9 ¸ E 0

� @»F8¸ ¹ 1 � @º
Õ

9

c 9F 9 ¸ @
Õ

9Ÿ8

F 9c 9¼ ¸ E0

Now notice that forc8 � 1
@¹1 � F 8̧ 1

F8
º the right-hand-side of the above inequality is maximized for

8= 1. This can be veri�ed by computing the difference of the gains for choices8– 8̧ 1. Hence, we

have

EC–�
�
Ĝ~̀¢ ¹Cº

�
� max

8
EC–�

h
Ĝ¹8º

~̀¢ ¹Cº
i

= EC–�

h
Ĝ¹1º

~̀¢ ¹Cº
i

= @F1 ¸ ¹ 1 � @ºEC»G�!� ¹Cº¼̧ E 0• (3.35)

Let �= be the number of links with positive probability in (3.17). For the gain of FAMIX-ND, we
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have

EC»G�!� ¹Cº¼=
�=Õ

8=1

@c8F8

=
�=� 1Õ

8=1

¹F8 � F 8̧ 1º ¸ @¹1 �
�=� 1Õ

8=1

c8ºF �=

= F1 ¸ F �=¹� 1 ¸ @� @
�=� 1Õ

8=1

c8º

¹0º
= F1

 

1 � ¹ 1 � @̧ @
�=� 1Õ

8=1

c8º
�=� 1Ö

8=1

¹1 � c8@º

!

¹1º
� F1¹1 �

�
�= � @

�=

� �=

º � F1¹1 � 4� @º–

where in¹0º, by the de�nition ofc8 in (3.17), we used:F �= = F1
Î �=� 1

8=1 ¹1 � c8@º. In ¹1º we used

the geometric-arithmetic inequality. Using the above relation and (3.35) we get

EC–�
�
Ĝ~̀¢ ¹Cº

�
� EC»G�!� ¹Cº¼¹

@
1 � 4� @¸ ¹ 1 � @ºº ¸ E 0

Using similar arguments as in the proof of Proposition 3.3, we can sum over the entire frame to

obtain

E
� Í

C2F Ĝ~̀¢ ¹Cºj�–S¹C0º
�

�

E
� Í

C2F G�!� ¹Cºj�–S¹C0º
�

¹ @
1� 4� @ ¸ 1 � @º ¸ � E0•

Due to the amortized analysis, (3.29) holds. Then by using Lemma 3.3 we obtain

E
� Í

C2F G` ¢ ¹Cºj�–S¹C0º
�

� � 2¹0max ¸ 1º �

E
� Í

C2F G�!� ¹Cºj�–S¹C0º
�

¹ @
1� 4� @ ¸ 1 � @º ¸ � E0•

Let d = ¹ @
1� 4� @ ¸ 1 � @º� 1. After taking expectation with respect to the randomness of the frame,
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rearranging terms and dividing appropriately, we obtain

d �
E

� Í
C2F G�!� ¹CºjS¹C0º

�

E
� Í

C2F G` ¢ ¹CºjS¹C0º
� ¸

E
�
� E0 ¸ � 2¹0max ¸ 1º

�

E
� Í

C2F G` ¢ ¹CºjS¹C0º
� d

The proof is concluded as in the proof of Proposition 3.3, bylimkw¹C0ºk!1 E
�Í

C2F G` ¢ ¹CºjS¹C0º
�

=

1 , and applying Proposition 3.2.

3.4.4 Proof of Proposition 3.1: Low-Complexity Variants.

Suppose that under ALG we have

k ¹Cº max
" 2M

EC–�

h
Ĝ¹" º

` ¢ ¹Cº
i

� max
" 2M 0¹Cº

EC–�

h
Ĝ¹" º

` ¢ ¹Cº
i
• (3.36)

Since ALG randomizes according to the probabilities of FAMIX-MS over the maximal schedules

in M 0¹Cº, we have

b¹Cº max
" 2M 0¹Cº

f EC–�

h
Ĝ¹" º

` ¢ ¹Cº
i
g � EC»G�!� ¹Cº¼̧ E – (3.37)

whereb¹Cº := jM 0¹Cºj
2jM 0¹Cºj� 1, by using the same arguments as in the proof of Theorem 3.2 applied to

M 0¹Cº. By (3.36) and (3.37),

min
C� 0

f b¹Cºk ¹CºgEC–�
�
Ĝ` ¢ ¹Cº

�
� EC»G�!� ¹Cº¼̧ E •

Then by Proposition 3.3, it follows thatW� minC� 0 f k ¹Cºb¹Cºg• Hence to conclude the proof, we

simply need to argue that (3.19) implies (3.36) Using Lemma 3.2, and (3.13), it can be shown that

EC–�

h
Ĝ¹" º

` ¢ ¹Cº
i

=
Õ

;2"

F ; ¹Cº@; ¹Cº �q; ¸ EC»G�!� ¹Cº¼̧ E <

Plugging the above expression in (3.36), it can be seen that (3.19) is a suf�cient condition for (3.36)

to hold.
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3.4.5 Proof of Corollary 3.3: Myopic Distributed Algorithm.

The amortized gain can be written as

EC–�

h
Ĝ¹" º

` ¢ ¹Cº
i

=
Õ

;2" ¹Cº

@; ¹CºF ; ¹Cº �q; ¸ E »G�!� ¹Cº¼̧ E <

¹0º
= EC–�»G�!� ¹Cº¼¹

Í
;2" ¹Cº @; ¹CºF ; ¹Cº �q;
Í

; q;@; ¹CºF ; ¹Cº
¸ 1º ¸ E < (3.38)

where in (a), we used (3.13).

Let � ; =
Ñ

I 2# ¹;ºf ) ; Ÿ ) I g be the event that the timer of; expires earlier than that of its

neighbors. We can obtain a bound on the probability of link getting scheduled as follows:

q; � Pr»� ; \ f ) ; Ÿ ) � g¼= Pr»� ;¼Pr») ; Ÿ ) � j � ;¼
¹0º
�

a;

a; ¸
Í

I 2# ¹I º aI
¹1 � 4�¹ a; ¸

Í
I 2# ¹I º aI º) � º

¹1º
�

a;

a; ¸
Í

I 2# ¹I º aI
¹1 � Xº– (3.39)

where (a) follows from the fact that) ; j � ; � �G?¹a; ¸
Í

I 2# ¹I º aI º (easy to verify), and (b) from the

choice of) � . Hence, using (3.39), in the case thata; = a, we getq; � 1� X
1¸ � . Hence,

Í
;2" ¹Cº @; ¹CºF ; ¹Cº¹1 � q;º

Í
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Í
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� ¸ 1

�

Í
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� ¸ 1º
Í
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�
� � X
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–

where the �rst inequality is due to the fact that the ratio is a decreasing function ofq; , thus using

(3.38),

EC–�

h
Ĝ¹" º

` ¢ ¹Cº
i

� EC–�»G�!� ¹Cº¼¹
� � X
1 � X

¸ 1º ¸ E < •

The using Proposition 3.3, we obtain the �nal result.
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(a) @= 0•6. (b) @= 0•8

Figure 3.3: Performance comparison of various algorithms in a simple two-link collocated network
under two different channel success probabilities@.

Figure 3.4: Traf�c pattern� used in the collocated network in Figure 3.5.

3.5 Simulation Results.

We performed simulations under several networks and traf�c-fading scenarios. We compare

the performance of our algorithms FAMIX-ND and FAMIX-MS with GMS and MWS (see

Section 3.3). Since GMS does not specify the tie breaking rule when two or more links have

the same weight, we consider two variants, GMS-ED and GMS-RD. The �rst variant, GMS-ED,

break ties by transmitting the packet with the earliest deadline (ED) among all the links with equal

weight. GMS-RD on the other hand break ties randomly (RD).

3.5.1 Simulation Results for Collocated Networks.

In collocated network, MWS coincides with GMS, hence we compare FAMIX-ND with

GMS (-ED, -RD).

First, we consider a simple network with two interfering links. Traf�c is generated according

to Pattern B of Figure 3.1, but with i.i.d. channel success probability@. We set an equal target
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delivery ratio? for both links. Figure 3.3a shows the average de�cit under different algorithms for

different values of? when@= 0•6. While GMS-RD and GMS-ED cannot achieve? greater than

0•47, FAMIX-MS can achieve? up to0•58. Note that the optimal policy cannot achieve? ¡ 0•6

in this scenario due to the fading probability@= 0•6, and hence FAMIX-ND is near optimal. For

comparison, Figure 3.3b shows the evaluation result for@= 0•8. We observe that the gap between

the maximum achievable delivery ratio of GMS and FAMIX-ND widens for larger values of@.

This behavior is consistent with the lower bounds on the ef�ciency ratios presented in this section.

We observe a similar behavior for larger collocated networks. For example, consider a collo-

cated network with5 links, and a channel success probability of@= 0•5 for each link. The traf�c

pattern is indicated in Figure 3.4 and the evaluation result is shown in Figure 3.5a. This is the

same traf�c pattern used in [59]. Here, we observe that even with fading, the randomized policies

introduced in this work outperform other algorithms, i.e., FAMIX-ND can support the highest

delivery ratio requirement, followed by GMS-ED, and then by GMS-RD. Further, increasing the

channel success probability to@= 0•7 widens the performance gap between the policies, as seen

in Figure 3.5b. Note that the value of@sets a trivial upper bound of the maximum achievable

delivery ratio of all policies, therefore FAMIX-ND is near optimal in all the simulations.

Finally we simulate a network with@= 0•8, 5 links and Bernoulli arrivals and random dead-

lines, uniformly chosen between1 to 6. The results are shown in Figure 3.6. Despite the presence

of randomness in the traf�c, FAMIX-ND still demonstrates good performance compared to the

maximum achievable delivery ratio (achieving an ef�ciency ratio of at least0•73•0•80 � 0•91) and

to GMS.

3.5.2 Simulation Results for General Networks.

Ef�ciency Ratio Comparison in Random Geometric Graphs

In Figure 3.7, we generate100(generalized) random geometric graphs to represent interference

graphs of networks. Each network has50 links. Links are assigned uniformly random locations in

a square area, and are selected to interfere with each other based on their distance (a.k.a. Waxman
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(a) @= 0•5 (b) @= 0•7

Figure 3.5: Performance comparison in a 5-link collocated network using the traf�c pattern of
Figure 3.4, under two different channel success probabilities@.

Figure 3.6: Performance comparison in a 5-link collocated network, with@= 0•8, and packets
with random deadlines.

model). More speci�cally, two randomly located nodes atG0 andG1 have a probability of being

connected given by124�j j G0 � G1 j j• ! where! and12 are two constants. In our experiments, we �x

! = 0•3 maxD–Ej jGD � GEj j and vary12 to affect the sparsity of the graph. We refer to12 as the

connectivity parameter. We calculate the average ef�ciency ratio bound discussed in this work

for Coloring Variant, Myopic Distributed Variant, GMS, FAMIX-MS and MWS. We observe that

in the sparser graphs the coloring variant has a better ef�ciency ratio than GMS. FAMIX-MS is

slightly above MWS, but as these graphs have a larger number of independent sets, the difference

is not signi�cant.
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