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Abstract 

Infrared Nanoscopy of Anisotropic and Correlated Quantum Materials 

Francesco L. Ruta 

 

 Collective phenomena can give quantum materials unusual properties not found in 

common materials. Electronic correlations are responsible for intriguing emergent effects like 

superconductivity, metal-to-insulator transitions, magnetism, etc. Also, anisotropic excitations of 

polar quantum matter can lead to hyperbolicity, when one crystal axis is metallic and another 

dielectric. Polaritons, half-light half-matter quasiparticles, have exotic properties in hyperbolic 

media and are influenced by electronic correlations. In this dissertation, we use infrared near-field 

optical nanoscopy to interrogate various quantum materials both with strong anisotropy and 

electronic correlations and study their interplay and tunability. We first understand how near-field 

microscopes read out optical anisotropy (i) and use our theory to study the metal-to-insulator 

transition in polycrystalline VO2 (ii) . Next, we demonstrate extreme tunability of hyperbolic 

phonon polaritons in Ŭ-MoO3 by interfacing graphene (iii).  Finally, we introduce two novel 

hyperbolic systems: CrSBr and MoOCl2, which host magnetically-enhanced hyperbolic exciton 

polaritons (iv) and ultra-low-loss hyperbolic plasmon polaritons (v), respectively. 
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Chapter 1: Probing quantum materials with nano-light  

1.1 Linear response theory 

 Probing a physical system requires a method of observation that does not itself significantly 

alter the system. An observation must therefore, by definition, be considered a small perturbation. 

Consider the total Hamiltonian for a system coupled to an external potential: 

                                                                             Ὄ Ὄ Ὄ                                                               ρȢρ 

where Ὄ  is the Hamiltonian of the unperturbed system and Ὄ  describes the action of the field 

potential. We are interested in understanding how the expectation value of an observable ὕἺȟὸ 

changes under the weak perturbation of our experimental probe: 

                                                ộ‪ȿὕἺȟὸȿ‪ỚO ộ‪ȿὟ ὸὕἺȟὸὟὸȿ‪Ớ                                ρȢς 

where ‪  is the ground state wavefunction and Ὗὸ is the time evolution operator. Now, we use 

our assumption of a weak perturbation to truncate Ὗὸ to linear order of its Dyson series, giving 

us the linear response. Defining also an external potential ὠ  that couples linearly to the 

observable via Ὄ ὸ Ὠ᷿Ἲ ὕἺȟὸὠ Ἲȟὸ, the change in expectation value of ὕἺȟὸ caused 

by the external field can be written as (1): 

ộὕἺȟὸỚ‏                                               Ὠὸᴂ ὨἺ…ἺȟἺȟὸȟὸὠ Ἲȟὸᴂ                             ρȢσ 

where we defined the response function: 

                                          …ἺȟἺȟὸȟὸ
Ὥ

ᴐ
—ὸ ὸộ‪ȿὕἺȟὸȟὕἺȟὸ ȿ‪Ớ                          ρȢτ 

 

In our studies of condensed matter, we will be particularly interested in the electron density 

operator ”Ἲȟὸ and its corresponding density response function. We will study the density 
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response in crystals, which are periodic lattices of atoms. For translationally invariant systems like 

crystals, the density response function can be expanded in the plane wave basis: 

                                           …ἺȟἺȟ‫
ρ

ɱ
ὩἹ ἑ ϽἺ…ἑἑ Ἱȟ‫

Ἱȟἑȟἑ

Ὡ Ἱ ἑ  ϽἺ                           ρȢυ 

where …ἑἑ are the Fourier coefficients and G are reciprocal lattice vectors, and we have also 

transformed from time to frequency domain. Martin and Schwinger defined a quantity ñloosely ‫ 

described as an inverse dielectric constantò when studying many-particle systems (2). It was later 

reformatted to include local field effects that better represent real solids (3): 

                                                   ‭ἑἑ Ἱȟἑἑ‏ ‫
τ“

ȿἹ ἑȿ
…ἑἑ ἹȟρȢφ                                       ‫ 

This quantity relates total and external electric potentials, ὠ  and ὠ , respectively, where ὠ  

accounts also for the potential from induced charges and currents. 

                                            ὠ Ἱ ἑȟ‫ ‭ἑἑ Ἱȟ‫ 

ἑ

ὠ Ἱ ἑᴂȟρȢχ                                 ‫ 

 

To obtain a ñmacroscopic dielectric functionò from this microscopic expression, we perform what 

is called a macroscopic average. We first observe that performing a spatial average of a periodic 

potential satisfying ὠἺȟ‫ ὠἺ ἠȟ‫  over a unit cell at R is equivalent to taking the G = 0 

component: 

                                 ộὠἺȟ‫Ớ
ρ

ɱ
 ὠἹ ἑȟ‫ὩἹ ἑ ϽἺ

Ἱȟἑ

 

ὠἹȟ‫ὩἹ ϽἺ

Ἱ

                  ρȢψ 

Thus, neglecting local field effects (i.e. off-diagonals of ‭ἑἑ are 0), the G, Gᴂ = 0 component of 

the microscopic dielectric function is the macroscopic dielectric function: 

                                                                    ‐Ἱȟ‫ ‭ ἹȟρȢω                                                              ‫ 
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The macroscopic dielectric function, also called the permittivity, relates the total 

polarization Ἔ of a material to the total electric field Ἇ  in the linear response regime (4): 

                                                            Ἔ ὔἸ ‐ ‐Ἱȟ‫ ρἏ                                               ρȢρπ 

where we have summed over ὔ microscopic dipole moments Ἰ, and we now define ‐Ἱȟ‫  

relative to ‐, the vacuum permittivity. A polarized medium will re-emit light, giving the medium 

a measurable reflectance. The reflectance is the squared amplitude of the reflection coefficient ὶ

ὉȾὉ. At the interface of a semi-infinite isotropic material in air, the reflectance of p-polarized 

light can be calculated using Maxwellôs equations and continuity requirements: 

                                                             Ὑ ȿὶ
‐Ἱȟ‫ ρ

‐Ἱȟ‫ ρ
                                                 ρȢρς 

We have shown that the dielectric function is a bridge connecting the world of microscopic 

quantum properties to macroscopic observables like the reflectance. As optical spectroscopists, we 

will be able to extract dielectric functions from our measurements and use them to interrogate 

quantum materials. 

 

  



5 

 

1.2 Excitations in quantum materials 

Rather than studying the vastly complicated interrelated motion of many individual 

quantum particles in materials, modern condensed matter physics views materials from the 

perspective of collective excitations, or quasiparticles, that interact weakly with one another (5). 

The form of the dielectric function discussed in Section 1.1 will depend on the specific material 

system of interest and its excitations. Metals, for example, intuitively understood as seas of free 

electrons, can support plasmons, or electron density waves. Semiconductors with electronic 

bandgaps cannot support plasmons because no bands cross the Fermi level, but instead allow for 

excitons, or bound electron-hole pairs. Materials may also support phonons, waves of lattice 

vibrations. We named some of the common excitations here but there are many other quasiparticles 

that have been catalogued by physicists over the years. Optical excitations, generically, correspond 

to the poles of the density response function. The Lehmann spectral representation (1) 

         …ἺȟἺȟ‫
ộ‪ȿ”Ἲȿ‪Ớộ‪ȿ”Ἲȿ‪Ớ

ᴐ‫ Ὁ Ὁ

ộ‪ȿ”Ἲȿ‪Ớộ‪ȿ”Ἲȿ‪Ớ

ᴐ‫ Ὁ Ὁ
           ρȢρσ 

shows us that excitations occur at Ὁ Ὁ, exactly the energy gap between levels of the 

Hamiltonian Ὄ  from Equation 1.1. 

 

A simple practical model for the dielectric function, called the Lorentz model, can be 

derived by considering electronic transitions in ὔ identical independent atoms induced by an 

electromagnetic field Ἇ  (6). Plugging a time-dependent wavefunction of the form 

                                   ‪Ἲȟὸ ‪ ÅØÐ
ὭὉὸ

ᴐ
ὥὸ‪ ÅØÐ

ὭὉὸ

ᴐ
                             ρȢρτ 



6 

 

into the Schrödinger equation for the total Hamiltonian with external potential (Equation 1.1), we 

can obtain values for the coefficients ὥὸ. After some calculation, we can obtain the expectation 

value of the induced dipole moment (7): 

        Ἰὸ ộὩἺὸỚ ὨἺ ‪ᶻἺȟὸ ὩἺ‪Ἲȟὸ
Ἇ

ςᴐ
ȿộ‪ȿὩἺȿ‪Ớȿ

ς‫

‫ ‫
     ρȢρυ  

Using Equation 1.10, the dielectric function then has the Lorentzian form: 

                                          ‐‫ ρ
ρ

‐

ὔἸὸ

Ἇ ὸ
ρ
ὔὩ

‐ά

Ὢ

‫ ‫
                                 ρȢρφ 

where ‫ ‫ ‫  and we have defined the oscillator strength: 

                                                                Ὢ
ςά‫

ᴐ
ȿộ‪ȿἺȿ‪Ớȿ                                                    ρȢρχ 

Furthermore, the energy levels of the ὔ atoms will in reality be coupled to a thermal bath and they 

will broaden via a scattering rate ‎. 

                                                      ‐‫ ρ
ὔὩ

‐ά

Ὢ

‫ ‫ Ὥ‎
                                           ρȢρψ 

 

In metals, we can arrive at a similar model called the Drude model by modeling electrons 

as free charged masses under an applied electric field: 

                                                                 
ὨἺ

Ὠὸ
‎
ὨἺ

Ὠὸ

ὩἏ ὸ

ά
                                                    ρȢρω 

                                                    Ἰ‫ ὩἺ‫

Ὡ
ά

‫ Ὥ‎‫
Ἇ ρȢςπ                                         ‫ 

                                                    ‐‫ ρ
ρ

‐

ὔἸὸ

Ἇ ὸ
ρ

‫

‫ Ὥ‎‫
                                      ρȢςρ 
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where ‫  is called the plasma frequency and describes the frequency of oscillations in the 

electron density. We observe that by sending ‫ ᴼπ (intraband only) and applying the Ὢ sum 

rule (В Ὢ ρ), a general analytic property of response functions, in Equation 1.18, we can 

recover the Drude model from the quantum approach. Conversely, we can derive a Lorentz model 

using the classical approach by adding a spring force term modeling bound electrons to Equation 

1.19. In applying the Drude model to real metals, it is common to replace ά with the effective 

band mass. More generally, a definition of ‫  can be formulated from Fermi velocities of 

electronic bands (8): 

                                              ‫
Ὡ

ψ“ᴐ‐
ὨἹ Ὢ Ἱ

‬Ὁ Ἱ

‬Ὧ
                                   ρȢςς 

where ὲ is the band index and Ὢ Ἱ is the energy-derivative of the equilibrium distribution 

function. In a material with a single isotropic parabolic band at 0 K, Equation 1.22 simplifies to 

the form of ‫  obtained with the classical model. 

 

In practice, it is often necessary to account for possible high-frequency absorption 

mechanisms outside of the experimental range by adding an adjustable ‐  parameter. Also, for 

convenience, we will absorb the ὔὩȾ‐ά prefactor into the oscillator strength. Both a Drude 

component and several Lorentzian components are often used to specify the dielectric function of 

a real material: 

                                            ‐‫ ‐
‫

‫ É‎‫

Ὢ

‫ ‫ É‎‫
                                 ρȢςσ 

In some cases, the permittivity may have more complicated or asymmetric frequency dependence 

and may even depend on momentum, a property called nonlocality. Furthermore, in real solids, we 
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may need to consider both electrons and holes, as in the case of excitons. Optical absorption is 

then a fundamentally two-particle process and computation of the oscillator strength is more 

complicated. One state-of-the-art technique introduces an electron-hole correlation function 

obeying a Dyson equation called the Bethe-Salpeter equation (BSE) (9). The BSE is nowadays 

often used to compute optical absorption in semiconductors, after Hanke and Sham first applied it 

to silicon (10). For our purposes, the simple Drude-Lorentz model will get us surprisingly far. 
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1.3 Polaritons and guided modes 

Light can become temporarily trapped inside a material or at its interfaces. In other words, 

light encountering a finite slab or interface can become a waveguide mode or a surface mode (4). 

Bound states of light in a laterally homogenous geometry correspond generically to proper poles 

of the reflection coefficient ὶ (improper poles are called leaky modes) (11), which is equivalent to 

saying that the incident field Ὁ π; that is, the light mode is self-sustained. If the proper pole is 

also a simple pole with real coefficient, often approximately true in practice, then we can use a 

more manageable expression for obtaining in-plane dispersion relations of self-sustained light 

modes (12): 

                                                               Ὧ‫ ÁÒÇÍÁØ)Í ὶήȟρȢςτ                                                  ‫ 

Waveguide modes and surface modes can be distinguished by computing their out-of-plane 

propagation constant Ὧ ‐‫Ⱦὧ Ὧ . A mostly real Ὧ is an oscillatory waveguide mode, 

a mostly imaginary Ὧ is an evanescent surface mode, and Ὧ π is an ideal plane wave. 

Neglecting losses (i.e., the imaginary part of ‐ is zero), we see that the crossover between real and 

imaginary Ὧ happens at the material light cone when Ὧ Ὧ ḳЍ‐ .‫Ⱦὧ  

 

 Poles of ὶ correspond to special solutions called polaritons when there is a polar excitation 

that couples strongly to the trapped light mode.  Any type of matter excitation discussed in Section 

1.2 can in principle form a polariton (13). Strong coupling of polaritons can be understood 

approximately in some limits (14) with a linear model of two coupled light and matter oscillators 

with resonance frequencies ‫  and scattering rates ɾ ,‫  and ɾ, and coupling constant ‖. The 

determinant of the corresponding eigenvalue problem is: 

                                                     ‫ ‫ Ὥ‎ ‫ ‫ Ὥ‎ ‖                                          ρȢςυ 
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At zero-detuning (‫ :the normal modes of the coupled oscillator model are separated by ,(‫ 

                                                              ɝʖ ς ‖
ρ

τ
ɾ ɾ                                                    ρȢςφ 

Strong coupling manifests as a split light dispersion about the resonance frequency, that is, when 

Equation 1.26 has a finite real component. Further, polaritons scatter equally through light and 

matter channels; so, we say polaritons are half-light and half-matter, i.e., Equation 1.26 has no 

imaginary part in the strong coupling regime. Polaritons can also couple strongly to each other. 

We call the composite quasiparticle formed from two strongly-coupled polaritons a hybrid 

polariton (15). In Chapter 3, we will present a new hybrid polariton where the coupling can be 

tuned electronically or by adjusting propagation direction. 

 

An important quality of polaritons is that they can confine light orders of magnitude below 

its free wavelength. This is equivalent to saying that ὯḻὯ  (near-field limit). One can imagine 

that this is of interest for the miniaturization of light-based structures and circuitry, an engineering 

field called nanophotonics (16). Also, the half-light, half-matter nature of polaritons makes them 

attractive for combining and interfacing the high speeds and large bandwidths of photonics with 

the large processing power of integrated nanoscale electronics (17). Not to mention, since ὶ 

depends on ‐▲ȟ‫  as we saw in Section 1.1, polaritons will serve as probes of high-momentum 

dielectric responses, which are difficult to measure by other methods.  
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1.4 Anisotropic and hyperbolic media 

 

Anisotropy can be modeled by generalizing the scalar dielectric function to a tensor ‐. The 

number of unique components of ‐ in the principal basis are determined by the symmetry of the 

materialôs crystal lattice (18). Material lattices can be categorized as either cubic (point groups 23, 

m3, 432, τ3m, and m3m), uniaxial (point groups 3, σ, 32, 3m, 4, τ, 4/m, 422, 4mm, τ2m, 4/mmm, 

6, φ, 6/m, 622, 6mm, φm2, and 6/mmm), orthorhombic (point groups 222, mm2, and mmm), 

monoclinic (point groups 2, m, 2/m), or triclinic (point groups 1 and ρ). Cubic lattices are isotropic 

and have only one unique component and so can be characterized by one frequency-dependent 

dielectric function. Polycrystalline or amorphous materials can also often be approximated as 

isotropic. Uniaxial materials have two unique components, orthorhombic materials have three 

unique components, monoclinic have up to four, and triclinic materials have up to six. 

 

We can generally categorize these symmetries by the number of optic axes they admit. 

Optic axes are special directions along which unpolarized light with a wavevector parallel to an 

optic axis will not experience birefringence, i.e. light cannot be decomposed into two waves 

experiencing different dielectric functions. Uniaxial materials have one optic axis and 

orthorhombic, monoclinic, and triclinic crystals (together called biaxial materials) have two. Light 

in isotropic crystals will not experience birefringence along any direction. Table 1.1 below 

summarizes the symmetries of crystals studied in this work. 
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Table 1.1: Crystal symmetries of materials studied in this work. 

Material Lattice Optic axes Space group Chpt. 

M1-VO2 Monoclinic Biaxial P21/c 2 

2H-WSe2 Hexagonal Uniaxial P63/mmc 2 

Graphene Hexagonal Uniaxial P6/mmm 3 

‌-MoO3 Orthorhombic Biaxial Pbnm 3 

CrSBr Orthorhombic Biaxial Pmmn 4 

MoOCl2 Monoclinic Biaxial C2/m 5 
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Plane waves in a uniaxial medium with different in- and out-of-plane permittivities will 

follow a dispersion relation given by (18): 

                                                                       
Ὧ Ὧ

‐

Ὧ

‐ȿȿ

‫

ὧ
                                                        ρȢςχ 

where ‐ȿȿ and ‐ are the in- and out-of-plane dielectric tensor components, respectively. The plot 

of this equation in three-dimensional Ὧ-space showing all allowed momentum vectors for a given 

frequency will be referred to as the isofrequency surface. Subdiffractional light modes will in ‫ 

general follow more complicated dispersion relations than Equation 1.27, but we may similarly 

plot their allowed momentum vectors. However, since self-sustained solutions require an out-of-

plane heterogenous geometry like an interface or slab, we cannot define a single Ὧ and so we only 

show a two-dimensional cut in (Ὧ, Ὧ) space called the isofrequency contour (IFC). 

 

 The extreme of anisotropy, where light experiences a positive permittivity along one 

principal axis and a negative permittivity along another, is hyperbolicity ï so-called because 

Equation 1.27 becomes the equation of a hyperboloid rather than that of an ellipsoid. In biaxial 

materials, the dispersion relation is in general more complicated and the hyperbolic isofrequency 

surface is not exactly a hyperboloid but hyperboloid-like. In any case, the isofrequency topology 

will not be compact and thus will correspond to an infinite photonic density of states, which has 

been shown to enhance spontaneous (19) and thermal emission (20). 

 

When the driver of hyperbolicity is an anisotropic matter excitation, hyperbolic media will 

host a new type of polariton called a hyperbolic polariton. In the quasistatic limit, the dispersion 

of hyperbolic polaritons can be expressed as (21): 
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                         Ὧ‫
‚

Ὠ
ÁÒÃÔÁÎ

‐  

‐᷆‚
ÁÒÃÔÁÎ

‐  

‐᷆‚
“ὰȟ       ‚

Ѝ‐

Ὥ‐᷆
                           ρȢςψ 

where ‐  and ‐  are the superstrate and substrate dielectric functions, respectively; and Ὠ is 

the thickness of the hyperbolic medium. Hyperbolic polaritons have a fundamental ὰ π mode 

and infinite higher order modes with increasing confinement. Hyperbolic polaritons can appear 

outside of the material light cone with real Ὧ ‐᷆ ‫Ⱦὧ ὯȾ‐ . Any type of material 

excitation can in principle create a hyperbolic polariton. Hyperbolic phonon polaritons (21-24), 

hyperbolic plasmon polaritons (25), and hyperbolic excitonic-transition polaritons (26) have so 

far been reported experimentally. In this dissertation, we will present images of steady-state 

hyperbolic exciton polaritons (Chapter 4) and ultra-low-loss hyperbolic plasmon polaritons 

(Chapter 5) for the first time. 

 

1.5 Near-field optical microscopy 

Ernst Abbe is credited with discovering the physical limit on the resolution of image-

forming microscopes under coherent illumination. The Abbe limit is commonly expressed as: 

 

                                                                                Ὠ
‗

ς ὔὃ
                                                                 ρȢςω 

where Ὠ is the resolvable feature size, ‗ ς“ȾὯ is the wavelength of light, and ὔὃ is the 

numerical aperture. This limit exists because light diffracts upon interacting with a sample ï 

modeled as a grating. That is, points on the illuminated sample act as secondary sources of 

propagating waves, which interfere to form intensity patterns of finite width in the image plane 

(18). As discussed in Section 1.3, polaritons are subdiffractional and imaging them will require us 
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to beat Abbeôs diffraction limit. In principle, one may surpass the diffraction limit by collecting 

light directly in the near-field, before diffraction occurs. To do just this, near-field optical 

microscopes were invented. 

 

In this dissertation, we focus on the apertureless scattering-type scanning near-field optical 

microscope (s-SNOM) (27-28). In s-SNOM imaging, a metallic tip is illuminated by narrowband 

laser light with free-space wavevector Ὧ ‫Ⱦὧ. The tip acts as an antenna, enhancing the field 

at its apex and adding momentum so that light may couple to subdiffractional modes. The tip 

launches polaritons and waveguide modes with wavevector Ὧ Ὧ that transmit or reflect at edges 

and defects and interfere with tip-scattered light, creating standing wave fringes as the tip scans. 

These experiments are usually operated in tip-tapping mode and only the signal demodulated at 

the higher harmonics of the tapping frequency is recorded. This procedure ensures that only fields 

confined under the tip apex contribute to the signal (29). The spatial extent of tip-enhanced fields 

is on the order of the tip radius, which can be fabricated to nanometer resolution, allowing for 

confinement of light to several orders of magnitude below the diffraction limit. Furthermore, s-

SNOM imaging became a highly practical experimental tool with the invention of 

pseudoheterodyne detection, whereby backscattered light is interfered with light from a vibrating 

mirror and only signal from interference sidebands is collected (30). 

 

When illuminated by a broadband laser, the backscattered light from the s-SNOM can be 

sent to an interferometer and the Fourier transform of the interferogram will give both amplitude 

and phase (31) spectra with nanometric spatial resolution. This technique will be referred to as 

nano-FTIR (32). Nano-FTIR spectroscopy relies on the tip-sample interaction, which includes 
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polarizations along both in- and out-of-plane directions. As we will show in Chapter 2, together 

with the increased momentum from tip scattering, this will give us improved sensitivity to out-of-

plane responses relative to far-field FTIR. 
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Chapter 2: Nano-spectroscopy of anisotropic media 

2.1 Introductio n 

Quantum materials exhibit remarkable optical and electronic anisotropy. Out-of-plane 

anisotropy is particularly common in layered two-dimensional quantum materials because of 

strong in-plane covalent bonding and weak out-of-plane van der Waals (vdW) interactions. Some 

materials with quasi-one-dimensional structures can also exhibit in-plane anisotropy. Stark 

anisotropy in quantum materials presents opportunities to study unusual physical phenomena like 

hyperbolic phonon polaritons in hexagonal boron nitride (21-22) and molybdenum trioxide (23-

24), interlayer excitons (33-34) and valley polarization (35) in transition metal dichalcogenides, 

and the intrinsic Josephson effect in cuprate superconductors (36-37). Potential next-generation 

optoelectronic technologies exploit the anisotropy of layered vdW materials: sub-diffractional 

focusing (38), picosecond photodetection (39), and terahertz emission (40), among others. 

 

Optical characterization is an indispensable tool for interrogating the physics of quantum 

materials and engineering the unique device concepts enabled by them. Measuring their 

anisotropic dielectric tensors, especially the out-of-plane components at finite frequencies, is 

difficult, however. Some materials, particularly vdW materials, tend to be too thin for normal-

incidence c-axis reflectometry and too small for oblique-incidence transmission, reflectance or 

ellipsometry (41). Exfoliation techniques rarely yield high-quality flakes exceeding lateral 

dimensions of tens of microns, while standard spectroscopic ellipsometry is practically limited to 

~100 x 55 ɛm2 spot sizes (42). Furthermore, near phase transitions (43) or in moiré superlattices 

(44), quantum materials can sometimes exhibit optical nanotextures that are impossible to resolve 

with diffraction-limited techniques.  
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Nano-spectroscopy can overcome the challenges of spatial resolution, but distinguishing 

in- and out-of-plane responses from near-field signal remains a difficulty. Furthermore, models of 

nano-FTIR spectra are not currently equipped to handle appreciable in-plane anisotropy. In this 

chapter, we will present a model for nano-FTIR spectra of arbitrary anisotropic crystals and then 

we will discuss how to invert an anisotropic near-field model with many degrees of freedom to 

identify orthogonal components of the dielectric tensor simultaneously. 
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2.2 Near-field model for anisotropic crystals 

Spectra of the near-field amplitude and phase of a laterally homogenous sample can be 

calculated given its complex Fresnel reflection coefficient, the geometric properties of the probe 

and sample, and the demodulation settings. Many analytical and numerical models have been 

developed to perform these calculations (45-48). In our works, we utilize the lightning rod model 

(45). This model assumes an axisymmetric hyperboloidal probe and planar axisymmetric sample 

geometry and is unique in that charge elements are rings of radius Ὑ, rather than monopoles or 

dipoles, emitting a field distribution with Fourier components weighted by first-order Bessel 

functions of the first kind ὐ. The modulated near-field signal is calculated through a tapping cycle 

of the probe and demodulated with a sine transform of the back-scattered field. The linear charge 

density ‗ induced in the probe by incident illumination Ὁ  and by reflection off a planar sample 

a distance d below the tip is determined by solving a self-consistent scattering problem: 

‗ ή Ὁ ɤ ᾀ ᷿ Ὠή ‗ ήήὩ  ὶήȟ‫ɤÑȟÚ         (2.1) 

‗ ήḳ᷿Ὠᾀᴂ ‗ ᾀᴂὩ  ὐήὙ         (2.2) 

where q is the in-plane momentum, is the frequency of light, ὶ is the sample Fresnel reflection ‫ 

coefficient under p-polarized illumination, z is a spatial coordinate along the length of the probe, 

and Ώ and Ώ are the illumination- and sample-induced probe response functions. 

 

The lightning rod model is only strictly valid for planar structures of isotropic and 

nonbirefringent uniaxial materials. In low-symmetry materials exhibiting birefringence, there will 

be a dependence on the in-plane polarization angle and some polarization rotation which violate 
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the axisymmetry assumption. Therefore, we must make an ad-hoc approximation to model low-

symmetry crystals. We suppose that the near-field signal for birefringent materials can be 

approximated by averaging the p-polarized reflection coefficients ὶ at different in-plane 

polarization angles ‰ and ignoring any s-polarized reflection (ὶ π, ὶ ὶ). We rewrite 

Equation 2.1 accordingly: 

                 ‗ ή Ὁ ɤ ᾀ ᷿ ᷿ ὨήὨ‰ ‗ ήήὩ  ὶήȟ‫ȟ‪ȟ—ȟ‰ɤÑȟÚ     (2.3) 

The Euler angles in the Tait-Bryan X1Y2Z3 convention, ‪ and —, orient the transformed axis ᾀͮᴂ 

such that it is perpendicular to the reflection plane, while ‰ rotates the plane of incidence through 

the reflection plane. The Miller indices ὬὯὰ convey that the reflection plane intersects the crystal 

axes at ρȾὬ, ρȾὯ, and ρȾὰ and can be converted to ‪ and —. Calculating ὶ ήȟ‫ȟ‪ȟ—ȟ‰  for the 

case of an arbitrarily-oriented low-symmetry slab boils down to being able to express its dielectric 

tensor in an arbitrary coordinate system specified by ‪ȟ—, and ‰. The rest of the calculation will 

be straightforward.  

 

Let us consider monoclinic vanadium dioxide (VO2) as an example. The first-order 

insulator-to-metal transition (IMT) system VO2 is a canonical platform to explore nanoscale phase 

separation in light-induced states within quantum materials (49-58). The resistivity changes by 

several orders of magnitude across the IMT (Fig. 2.1) which is accompanied by a, often 

synchronous, structural transition. Several works have, however, shown that the metallic phase 

can emerge in an isostructural transition (56, 59-62). Several reports have provided experimental 

evidence supporting the notion that the heterogeneous transient conductivity can naturally emerge 

in the optically driven IMT (50-52). Nonetheless, many aspects of the observed transient phase 
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separation remain unclear. Specifically, it is not yet understood whether the observed 

heterogeneity arises spontaneously or if it is pinned by pre-existing sources of disorder. 

 

Contrasting near-field signals are observed in data recorded on a VO2 film at room 

temperature. The contrast is apparent in the representative nano-infrared image shown in Fig. 2.2c 

collected with narrowband, mid-IR pulses with a frequency of ɤ  715  20 cm-1. Figs. 2.2d and 

2.2e show nano-optical spectra of the near-field amplitude S and phase ‰ obtained with a 

broadband laser at two representative locations (L1 and L2) within our film. Heterogeneity of S and 

‰ is only observed within a narrow Reststrahlen band (607 cm-1 Ṃ‫Ṃ 800 cm-1) where 

monoclinic phonons dominate the optical response of M1-VO2 (55, 63). The data shown in Fig. 

2.2, obtained at room temperature (i.e. the VO2 film is in the monoclinic-insulating phase), unveil 

built-in static inhomogeneity. 

 

We proceed to overview the primary characteristics of our sample that govern its spectroscopic 

response. The VO2 film investigated in this work is grown on an r-cut sapphire substrate by pulsed 

laser deposition. The structure of our VO2 films has been previously characterized in Ref. 64. X-

ray diffraction (XRD) measurements reveal a nearly (>97%) singly oriented (011)R rutile phase at 

370 K (Fig. 2.1). Upon cooling, a symmetry-lowering structural phase transition occurs around 

340 K. Inequivalent twin domains with (200)M1 and (211)M1 orientations were observed by 

measuring the synchrotron-based XRD patterns (64) in agreement with prior works (65-66). Thus, 

we consider these two orientations (see Figs. 2.2a and 2.2b) in our modeling. 
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     The M1 monoclinic phase of VO2 (Fig. 2.2a) has a P21/c space group and hosts 15 IR active 

phonon modes, including eight Au modes with purely longitudinal character and seven Bu IR active 

modes with transverse character (63). The net dipole moment of the Au modes is along the b-axis, 

which drives the permittivity negative along this direction within the experimentally accessible 

frequency window of 607 cm-1 Ṃ Ṃ 800 cm-1. The Bu modes, which have a dipole moment along ‫ 

the a-axis, weakly impact the dielectric tensor within the same frequency range. Thus, both the a 

and c axes retain dielectric-like properties.  
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Figure 2.1: Characteristics of our VO2/Al 2O3 sample. a, two-point resistance vs. temperature. 

b, X-ray diffraction intensity measured on a nominally similar film. 
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Figure 2.2: Reporting the local structural orientation with nano-spectroscopy. a, the crystal 

structure of monoclinic M1-VO2 using lattice parameters from Ref. 67. The (ς11)M1 and (200)M1 

planes are shaded in red and blue respectively. b, the projected structures where the (ς11)M1 and 

(200)M1 planes are normal to the substrate. c, Near-field amplitude data are shown with a false-

color map in perspective. The twin interfaces are oriented at a ~45-degree angle against the 

substrate normal (65). The sample thickness is d=100 nm. d, and e, experimental spectra of d the 

near-field amplitude, S, and e the near-field phase, ű. Data acquired at two representative locations 

of the VO2 film, L1 and L2, are shown with red and blue traces respectively. f, and g, calculations 

of f the near-field amplitude, S, and g the near-field phase, ű. Calculations performed for the 

(ς11)M1 and (200)M1 orientations are shown with red and blue traces respectively.  
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Figure 2.3: Rotating reflection planes with Euler angles. a, reflection plane in the reference basis. b, 

rotated Cartesian basis with ᾀͮᴂ perpendicular to the (200) reflection plane. — σςȢυᶼ and ‪ π. c, rotated 

Cartesian basis with ᾀͮᴂ perpendicular to the (ςρρ) reflection plane. — ρψςȢυᶼ and ‪ ςφȢυ. Light is 

incident from air in the ὼᴂᾀᴂ plane onto the reflection plane formed by ὼᴂώᴂ. ‰ controls the rotation of ὼͮᴂ 

and ώͮᴂ about ᾀͮᴂ, thus rotating the in-plane polarization of incident light without changing the reflection 

plane. 
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We use the adapted anisotropic lightning rod model to account for the biaxial monoclinic 

structure of VO2. To do this, we consider reflection from VO2 as the average of in-plane reflections 

in rotated bases corresponding to different crystal orientations, as discussed in the derivation of 

Equation 2.3. We then calculated the nano-optical spectra using the optical constants of VO2 

established in Ref. 63. In our model, we make the approximation that the dielectric tensor is 

homogeneous and calculate the nano-optical spectra of the allowed (200)M1 and (ς11)M1 

crystallographic orientations.  

We first define a reference orientation where ‪ — ‰ π. We orient the axes such that 

the ὥ crystal axis is parallel to the ᾀͮ direction and ὦ lies along the ὼͮ direction. The ὧ crystal axis 

is in the yz plane at an angle ρςςȢυᶼ from the ᾀͮ direction or equivalently ‌ υχȢυᶼ from the ᾀͮ 

direction (Fig. 2.3a). The dielectric tensor of a monoclinic sample, for example, will have the 

following form in the basis of ὼͮ, ώͮ, and ᾀͮ: 

                                              ‐‫

‐ ‫ π π

π ‐ ‫ ‐ ‫

π ‐ ‫ ‐ ‫

                              (2.4) 

When testing this model against data, we will assume that ‐  π and ‐ ‐ ‐ and ‫  will 

be a frequency-independent fitting parameter. With these assumptions, the dielectric tensor in the 

reference basis can be simplified: 

                                 ‐‫

‐ ‫ π π
π ‐ π

π π ‐ ‫

                            (2.5) 

The dielectric tensor can be written for any arbitrary crystallographic orientation by rotating the 

basis. To perform the rotation, we first express the Miller indices ςππ and ςρρ as Euler angles. 
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In monoclinic materials like M1-VO2, the Miller indices are expressed in a non-orthogonal crystal 

basis and should be transformed to the orthogonal xyz basis before converting to Euler angles, 

which will depend on ‌. Once we have Euler angles, the matrix Ὑ in Equation 2.7 can be used to 

change the basis of the dielectric tensor to the appropriate reflection plane as shown in Fig. 2.3:  

                                     ‐‫ Ὑ ‐‫Ὑ                                          (2.6) 

     Ὑ

ÃÏÓ‪ÃÏÓ‰ ÃÏÓ—ÓÉÎ‰ ÓÉÎ—ÓÉÎ‪ÃÏÓ‰ ÓÉÎ—ÓÉÎ‰ ÃÏÓ—ÓÉÎ‪ÃÏÓ‰
ÃÏÓ‪ÓÉÎ‰ ÃÏÓ—ÃÏÓ‰ ÓÉÎ—ÓÉÎ‪ÓÉÎ‰ ÓÉÎ—ÃÏÓ‰ ÃÏÓ—ÓÉÎ‪ÓÉÎ‰
ÓÉÎ‪ ÓÉÎ—ÃÏÓ‪ ÃÏÓ—ÃÏÓ‪

          (2.7) 

With the dielectric tensor in the rotated basis, the complex reflection coefficient of p-

polarized incident light ὶήȟcan now be calculated for an arbitrarily-oriented slab using the ‫ 

4x4 propagation matrix method (68-69). Maxwellôs curl equations in an arbitrary anisotropic 

medium can be written compactly in the form of a first-order system of differential equations: 

                                                                   ὭЎ                                                                 (2.8) 

 

where   ‭Ὁ ‘Ὄ ‭Ὁ ‘Ὄ  and the components of the ῳ-matrix are as 

follows when the xz plane is the plane of incidence: 

 

               Ў

ụ
Ụ
Ụ
ợ
‐ήὧȾ‐‫ ρ ήὧȾ‐‫   ‐ήὧȾ‐‫ π

‐ ‐‐Ⱦ‐ ‐ήὧȾ‐‫ ‐ ‐‐ Ⱦ‐ π

π π π ρ
‐ ‐ ‐Ⱦ‐ ‐ ήὧȾ‐‫ ‐ ήὧȾ‫ ‐ ‐ Ⱦ‐ πỨ

ủ
ủ
Ủ

     (2.9) 
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The general solution to the system of differential equations in Equation 2.8 that gives the 

electromagnetic field components after traveling a distance Ὠ inside the medium is: 

                                ᾀ Ὠ ÅØÐ ὭЎὨ ᾀ                                (2.10) 

The matrix ὖὨ ÅØÐὭῳὨ is called the propagation matrix. To evaluate the exponential of a 

matrix, we compute its eigenvalues Ὧ ȟὯ ȟὯ ȟὯ  and eigenvectors ὠ. 

               ὖὨ ὠ

ÅØÐ ÉὯ Ὠ π   π π
π ÅØÐ ÉὯ Ὠ π π
π π ÅØÐ ÉὯ Ὠ π
π π π ÅØÐ ÉὯ Ὠ

ὠ               (2.11) 

Finally, the p-polarized reflection coefficient of the p-polarized incident light ὶ can be calculated 

from the continuity requirements at the interfaces. The incident and exit media are air and Al2O3 

in our case, to which we assign isotropic refractive indices of ρ and ὲ, respectively. The Al2O3 

dielectric function is taken from Ref. 70. Polarization rotation upon reflection was neglected (ὶ

π). 

                                           ὶ                                       (2.12) 

where: 

                     ὥȟ ὲὖ ÃÏÓ‎ὖ ÃÏÓ‎ὲὖ ÃÏÓ‎ὖ                    (2.13) 

            ὥ ὲὖ ÃÏÓ‎ὖ ÃÏÓ‎ὲὖ ÃÏÓ‎ὖ                              (2.14) 

            ὥȟ ὲÃÏÓ‎ὖ ὖ ÃÏÓ‎ὲÃÏÓ‎ὖ ὖ                  (2.15) 

             ὥ ὲÃÏÓ‎ὖ ὖ ÃÏÓ‎ὲÃÏÓ‎ὖ ὖ                   (2.16) 



29 

 

and ÃÏÓ‎ȟ ρ ήὧȾὲȟ‫  are cosines of the angles of incidence and transmission, 

accordingly. 

Let us now plug in values for the dielectric tensor of M1-VO2 (63) and compare our 

calculation to s-SNOM data. The dielectric tensor components are parametrized by the Lorentz 

oscillator model: 

                               ‐‫ ‐ В ȟ

ȟ

                         (2.17) 

where the high-frequency dielectric permittivity is described by ‐ while the oscillator strength 

ί, center frequency, ‫ȟ and linewidth govern ɱ the spectroscopic response associated with a 

particular phonon. The subscript Ὥ is used to indicate the relevant phonon resonance. The oscillator 

parameters from Ref. 63 were used in this work, except for the high-frequency permittivities ‐ȟ 

and ‐ȟ (Ḑ12 in Ref. 63). We set values for ‐ȟ = ‐ȟ= ‐ ȟ, as well as for ‐ ȟ, by roughly 

fitting the model to the experimental data. The oscillator parameters are summarized in Table 2.1 

below. 

Finally, we see that the calculated spectra reproduce the salient features observed in our 

experimental nano-optical spectra (Figs. 2.2d-g) and account for the observed contrast. Our 

modeling corroborates the notion that phonons enhance the nano-optical contrast sensitivity to the 

local structural orientation. 
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Table 2.1: Lorentz oscillator parameters for the dielectric functions of M1-VO2 along its ╪ 

and ╫ crystal axes. The ‫ȟ, ί, and ‎ parameters were taken from Ref. 63. The ‭ parameters 

are extracted from fitting the nano-FTIR data in this work. ‐  was set arbitrarily to υ. 

i ‫ȟ (cm
-1) ί ‎ ‭ ȟ  ‫ȟ (cm

-1) ί ‎ ‭ ȟ  

1 189 0.54 0.012 9 277 4.01 0.062 5 

2 281 4.53 0.074 - 324 3.49 0.038 - 

3 310 6.69 0.055 - 351 1.67 0.041 - 

4 336 0.49 0.023 - 367 1.88 0.044 - 

5 500 0.77 0.060 - 392 0.99 0.038 - 

6 521 1.34 0.047 - 519 1.08 0.110 - 

7 607 3.42 0.040 - 709 0.25 0.071 - 

8 637 0.67 0.100 - - - - - 

9 720 0.15 0.056 - - - - - 
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2.3 Probing anisotropy with nano-spectroscopy 

Extraction of the optical constants from spectra has previously been addressed in the 

specific case of crystals with isotropic polarizability (71, 45). Many quantum materials are 

uniaxial, however, with distinct in- and out-of-plane dielectric tensor components (Fig. 2.4), as are 

many other layered compounds. Simultaneously characterizing both directions at each frequency 

is an ill -posed problem: there is no unique solution since there are many equivalent combinations 

of in- and out-of-plane contributions that can produce measured values of the near-field signal. 

This occurs because there are more degrees of freedom (the two complex dielectric tensor 

components) than constraints (one value of complex near-field signal). 
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Figure 2.4: Nano-resolved dielectric tensors of uniaxial materials. A scattering-type scanning 

near-field optical microscope (s-SNOM) with an interferometer and broadband laser can function 

as a Fourier transform infrared spectrometer with nanoscale spatial resolution (nano-FTIR). The 

incident and back-scattered fields (E) have a mixture of in- and out-of-plane polarizations. 

Extracting the dielectric properties from nano-FTIR spectra involves solving an inverse problem 

numerically. 
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Ill -posed problems can be regularized, that is, made to have a unique solution, by the 

addition of constraints or reduction of parameters. In far-field optics, ellipsometry can measure 

optical responses from different polarizations and angles of incidence, which can provide 

unlimited independent constraints. However, ellipsometry is often foregone in favor of reflectance 

spectroscopy, where dielectric functions can be modeled with Kramers-Kronig (KK)-consistent 

oscillators. Such application of an appropriate model represents a case of parameterization (72): 

the constraints in this case are the many frequency-resolved values of reflectance and the degrees 

of freedom are the few parameters of the KK-consistent model. Ill-posed problems can thus be 

regularized by parameterization (73). Here, we apply parameterization to the analysis of nano-

FTIR spectra, which has important advantages. Foremost, phase data are measured directly unlike 

in far-field reflectance, where the KK relation for calculating phase spectra is intractable for large 

angles of incidence (74). Second, due to the high in-plane momentum of fields scattered by the 

probe, near-field experiments have a higher sensitivity to out-of-plane dielectric constants than 

far-field measurements. Finally, demodulation of near-field scattering signals in tapping mode can 

suppress background signals and reduce the noise level of data (29). 

 

In addition to employing parametrization, we exploit the information in the coupling of a 

uniaxial sample to a substrate resonance. Since vdW materials tend to be thin, subsurface layers 

have a measurable contribution to the near-field signal (75-77). In particular, substrate resonances 

are only partially screened and have been considered when interpreting nano-infrared spectra in 

the past (43, 78-79). In our work, we notice that, in nano-FTIR experiments, screening of a 

resonant substrate is dependent on the full dielectric tensor of uniaxial samples. We, thereby, 

demonstrate the ability to quantitatively determine the optical anisotropy with numerical least-
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squares optimization. Unlike analysis of waveguide modes (80) or polaritons (21-24), the proposed 

method is applicable to arbitrary infrared frequencies and many nonbirefringent uniaxial materials. 

To validate the proposed technique, nano-FTIR spectra on a 2H tungsten diselenide (WSe2) flake 

were measured. It was found that the complex in- and out-of-plane dielectric tensor components 

of WSe2 in the mid-IR can be simultaneously and quantitatively extracted when an SiO2 substrate 

phonon resonance is introduced. The mid-IR dielectric tensor of 2H-WSe2 will be shown to be 

consistent with interpolated literature values. 

 

The inverse problem of solving for the complex dielectric tensor of a uniaxial material from 

the near-field amplitude and phase at a given frequency is an ill-posed problem, as discussed 

above. The problem can be regularized by parameterization of the dielectric tensor components as 

constant functions of frequency. This parameterization is appropriate for featureless or flat nano-

FTIR spectra produced by materials whose dielectric tensors are approximately constant in the 

investigated spectral range. In these cases, we use ὲ τ parameters, id est, the frequency-

independent dielectric constants: ‐᷆ȟ‐᷆ȟ‐ and ‐. Note that ‐ȟ᷆ ‫ ‐ȟ᷆ Ὥ‐ȟ᷆. For example, 

semiconductor transition metal dichalcogenides have several excitonic resonances in the visible 

and near-IR (81-82) but are expected to be mostly featureless in the mid-IR. As it will turn out, 

parameterization alone will not be enough to extract the full dielectric tensor because of finite 

noise in nano-FTIR spectra. We exploit the mid-IR phonon resonance in an SiO2 substrate, which 

modifies the parameter sensitivities of the forward model, to distinguish in- and out-of-plane 

dielectric tensor components for a realistic signal to noise ratio. In this work, nano-FTIR data on 

the transition metal dichalcogenide 2H-WSe2 on SiO2 in the mid-IR (870-1155 cm-1) are used to 
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demonstrate inversion of a near-field spectrum produced by a uniaxial dielectric tensor that is 

nearly constant across a narrow frequency range. 

 

To first build intuition in two dimensions, the WSe2 dielectric tensor was considered purely 

real and only the near-field third-harmonic amplitude (S3A) was used to determine both the in- 

and out-of-plane real dielectric constants (ὲ ς) in a least-squares regression. This assumption 

will be relaxed later. The near-field amplitude spectrum of a ρπχυ nm WSe2 flake on a 285 nm 

SiO2/Si substrate referenced to gold is shown in Fig. 2.7. The thickness of the flake was measured 

by AFM (Fig. 2.5). Deviations from a featureless response, observed at around ‫  1120 cm-1, 

are attributed to a phonon resonance from the SiO2 substrate layer that is partially screened by the 

WSe2 slab. The optical parameters of the substrate were constrained by an independent experiment 

on the bare substrate (Fig. 2.6). 

 

It is deceptively easy to solve a least-squares problem, fit the data well, and then claim that 

the fit parameters are meaningful. If not careful, this may lead to overparameterization. On the 

other hand, one might believe that only one parameter can be extracted per independent 

experiment, potentially missing exclusive information. The question of exactly how many 

parameters are retrievable from parameterized inverse problems has been studied extensively (73, 

83-84), but this understanding is often overlooked by practitioners of optical characterization. One 

approach for linear systems is to perform singular value decomposition (SVD) on the Jacobian ὐ 

of the forward problem, the matrix characterizing the sensitivity of the model amplitude Ὓὃ and 

phase Ὓὖ to the free parameters: 
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ὠ     (2.18) 

 

The components of the Jacobian, the derivatives of the forward model with respect to the free 

parameters, were calculated with a central-difference formula (85) near the maximum likelihood 

estimate: 

                                          
 

 
 

     
                        (2.19) 

The finite difference h must be tuned to balance truncation error ὕὬ  with cancellation error. 

We found that a value of h=10-9 produced reasonable results. 
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Figure 2.6: Nano-spectroscopy of bare substrate resonance. a, third-harmonic amplitude and 

phase data on the bare SiO2/Si substrate adjacent to the 2H-WSe2 flake. b, the extracted complex 

dielectric function from a four-oscillator fit to a. Extracted dielectric functions were used to 

characterize the substrate resonance screened by the WSe2 slab in the main text.  
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Figure 2.5: Height profile of the 2H-WSe2 slab from atomic force microscopy. The slab 

thickness at the location of nano-FTIR spectroscopy was ρπχυ nm. The inset is a topography 

image showing the exfoliated WSe2 flake on a SiO2/Si substrate with prepatterned gold (Au). 
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Singular values, when squared, are proportional to the amount of variance explained by 

their corresponding singular vectors (86). The singular values ‘ȟὮɴ ρȟȣȟτ, of the ςά τ 

Jacobian are measuring the variance in sensitivity of the forward model to its parameters across 

the ά frequencies of the spectrum. The matrix Ὗ contains the left-singular vectors, which are 

directions of maximum variance in the ςά-dimensional data space. The matrix ὠ (with adjoint 

ὠ ) contains right-singular vectors ὺȟȣȟὺ, which are the directions of maximum variance (in 

descending order) in the four-dimensional parameter space. If some singular values are zero, then 

the Jacobian is not full rank and it is said that some parameters are not identifiable. If one singular 

value is much larger than the rest, then the vast majority of the variance can be explained by one 

parameter. On the other hand, if the singular values are about equal, then more parameters are 

necessary to explain all the variance. Since experimental spectra have finite noise, the number of 

practically identifiable (sometimes called retrievable) parameters ὲ equals the number of singular 

values ‘ , Ὦɴ ρȟȣȟτ, whose singular vectors explain a fraction of the variance above the noise 

level (73): 

                                                    ὲ ‘ 
ᴁ ᴁ

Ў
ḳὛὔὙ                               (2.20) 

where SNR, the ñsignal-to-noise ratio,ò is defined as the norm of predicted values ᴁᾀ ᴁ for a 

nominal parameter set divided by the uncertainty level on the data Ўᾀ. 

 

Since the forward map is nonlinear, an approach based on computing the Jacobian at a 

nominal parameter set is only approximate but will provide intuition. To rigorously characterize 

the identifiability of the parameters, we define thresholds on the error surfaces. Error surfaces 

show the weighted sum of squared differences (…) between data and the model for different 

parameter values: 
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                                        … ᾀὛσ ὛσὝ ρᾀὛσ Ὓσ                (2.21) 

where ᾀ  is a vector of the frequency-resolved values of the forward model computation of third-

harmonic amplitude and phase; and Ὓσ is a vector of the averaged third-harmonic amplitude and 

phase data from nano-FTIR spectroscopy. Thresholds are calculated by the quantile function of a 

chi-squared distribution with different confidence levels between 0 and 1. Error bars on the 

parameters correspond to the edge of the parameter space within the thresholds, termed confidence 

regions (CRs). 

 

To demonstrate this, we first recognize that the objective function can be written in terms 

of the negative log-likelihood for normally-distributed observational noise: 

                      … ‐ ᴆȟ‐ ᴆ ȟὨȟὝὃȟὶ ÃÏÎÓÔςÌÏÇὒ‐ ᴆȟ‐ ᴆ ȟὨȟὝὃȟὶ                (2.22) 

where ‐ ᴆ and ‐ ᴆ  are the sample and substrate dielectric tensors, Ὠ is the sample thickness and ὒ 

is the likelihood. A tip radius of curvature (r) of 25 nm was estimated from the tip height 

corresponding to 1/e of the max signal in near-field approach curves. A tapping amplitude (TA) of 

83 nm was recorded. Assuming uncorrelated parameters, so-called likelihood-based confidence 

intervalsS4 are defined by a confidence region: 

                       … ‐ ᴆȟ‐ ᴆ ȟὝὃȟὶȟὨ … ‐ ᴆȟ‐ ᴆ ȟὝὃȟὶǶȟὨ … ‌ȟὨὪ                (2.23) 

where … ‌ȟὲ is the quantile function, the inverse cumulative density function, for a confidence 

level ‌ of the chi-squared distribution with ὨὪ degrees of freedom. The color scales on the error 

surfaces in Figs. 2.7 and 2.8 show different quantiles of the chi-squared distribution, corresponding 

to a level of confidence π ‌ ρ. We consider the simultaneous confidence intervals that hold 

jointly for all parameters (ὨὪ ςσ). A hat denotes the maximum likelihood estimate. 
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Once the threshold is calculated, we use iterative, adaptive calculations of the profile 

likelihood to traverse the landscape in search of the points where the likelihood crosses the 

threshold. The profile likelihood is: 

                                          … — ÍÉÎ… —ᴆ                              (2.24) 

The idea is to take an incremental step in increasing/decreasing direction of one parameter — and 

reoptimize the other parameters, then repeat the process until the threshold is reached. The step 

size is proportional to the flatness of the likelihood. We claim to have a practical non-identifiability 

when a maximum step size is reached. More details on this approach can be found in Ref. 83. 
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Figure 2.7: Fitting real dielectric tensor to near-field amplitude. a, measured near-field third-

harmonic amplitude (S3A) of a 107 nm WSe2 flake on an SiO2/Si substrate. The green star 

indicates the frequency (900 cm-1) where a fit to the in- and out-of-plane real dielectric constants 

of WSe2 was attempted. b, the error (…) surface shows that the problem is ill-posed: a continuum 

of equal-quality solutions exists. c, the dielectric tensor is parameterized with constant functions 

across the data points of the thick green line. d, still, the … surface has many viable solutions 

within the error threshold so only one of either the in- or out-of-plane dielectric constants is 

identifiable. e, if parameterized across a spectral region with a screened substrate resonance, 

however, f, the … surface reveals a unique solution for the dielectric tensor. The colors are scaled 

in d and f to illustrate confidence regions (CRs). 
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First, we consider a single frequency data point where the spectrum is featureless (green 

star at 900 cm-1 in Fig. 2.7a) and look at the corresponding error surface in Fig. 2.7b. There is a 

continuum of minima in this landscape: the infinitely-many solutions to the ill-posed problem of 

determining the dielectric tensor of uniaxial WSe2 at a specific frequency. Next, we consider a 

series of frequency data points (thick green line in Fig. 2.7c) over which the dielectric tensor is 

effectively unchanging. In this case, the included data covered only a flat response from the 

sample. The singular values of the Jacobian for these data are 0.04 and 0.001. According to 

Equation 2.20, an unreasonably-good minimum SNR of about 45 is necessary to retrieve both 

parameters. Indeed, Fig. 2.7d shows that many solutions of approximately equal quality remain, 

which are practically impossible to distinguish for the data SNR. In other words, the 95% CR is 

infinite. Lastly, in Fig. 2.7e, the considered data points (thick green line) now encompass the 

spectral region with the substrate resonance. The singular values of the Jacobian are now 0.07 and 

0.02, so an SNR above ~3 is sufficient to resolve both parameters from the amplitude data. The 

corresponding … surface (Fig. 2.7f) indeed shows that the 95% CR has now reduced to a finite 

range. 

 

If  the assumption of a real dielectric tensor is not acceptable, both amplitude and phase 

data will be necessary. We demonstrate that both real and imaginary parts of the in- and out-of-

plane components, a total of ὲ τ parameters, can be extracted from amplitude and phase spectra 

with a screened substrate resonance. Moreover, including phase data can reduce the uncertainty in 

the extracted real dielectric components. Fig. 2.8a shows the near-field amplitude and phase 

spectra of the WSe2 sample. The singular values of the Jacobian only for data up to 950 cm-1 are 

0.100, 0.042, 0003, and 0.001. Their right-singular vectors span the parameter space, but an 
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unrealistic SNR of ~94 would be necessary to resolve the complex dielectric tensor. When the data 

points include the screened substrate resonance, the singular values of the Jacobian are 0.21, 0.13, 

0.09, and 0.07. Plugging in the singular values into Equation 2.20, we determine that the complete 

complex dielectric tensor is retrievable if the SNR is better than ~3. 

 

Fig. 2.8b shows an error surface in the subspace of the real dielectric components when 

fitting both amplitude and phase, again showing that there is a finite CR. Estimates of the 

imaginary parts of the dielectric components are nearly independent of the values on the real 

components. An optimization algorithm converged to ‐᷆ ρςȢσ Ȣ
Ȣȟ ‐᷆ πȢπ Ȣ

Ȣ, ‐ σȢψ Ȣ
Ȣȟ 

and ‐ πȢπ Ȣ
Ȣ. Least-squares optimization was performed with LMFIT (87). The Nelder-Mead 

algorithm was used and ‐ parameters were constrained to positive values during optimization. 

Error bars are reported with a 95% confidence level and are asymmetric since the optimal dielectric 

tensor is off-center in the 95% CR. Fig. 2.8c shows that the real mid-IR values are consistent with 

interpolation between static (‐᷆ ρςȢω  and ‐ χȢς) (81, 88) and near-IR (‐᷆ ρφȢρ and ‐

ψȢπ) (81, 89) measurements within the error bars. The extracted imaginary components were zero 

in the md-IR, which is consistent with known energies of the main absorption edge and the A 

exciton series in 2H-WSe2 (81). This is also consistent with pump-probe measurements which 

observe no interband transitions in bulk WSe2 in the mid-IR (90).  
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Figure 2.8: Fitting complex dielectric tensor to near-field signal. a, measured near-field third-

harmonic amplitude (S3A) and phase (S3P) of a 107 nm WSe2 flake on an SiO2/Si substrate. b, 

we attempt to fit both the real and imaginary components of the in- and out-of-plane dielectric 

constants. If the dielectric tensor is parameterized across the substrate resonance, then all four 

parameters are identifiable. The … surface in the subspace of the real dielectric components shows 

a finite 95% confidence region (CR), corresponding to ‐᷆ ρςȢσ Ȣ
Ȣȟ ‐᷆ πȢπ Ȣ

Ȣ, ‐ σȢψ Ȣ
Ȣȟ 

and ‐ πȢπ Ȣ
Ȣ, which, c, is consistent with literature values. d, sensitivity curves reveal that the 

model is dissimilarly sensitive to the parameters on the resonance, but similarly sensitive away 

from the resonance. 
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We can understand the results of the SVD of the Jacobian by looking at the parameter 

sensitivity curves, that is, the columns of the Jacobian (Fig. 2.8d). Near-field amplitude is primarily 

sensitive to ‐ values and near-field phase to ‐ values. In the flat spectral regions, the sensitivities 

of the in- and out-of-plane dielectric components are almost linearly dependent and their relative 

contributions to the signal cannot be distinguished. Over the resonance, however, the signal 

appears to be disparately sensitive to the parameters. One might recognize intuitively that the 

sensitivity curves are farther away from being linearly dependent when the screened substrate 

resonance is introduced. 

 

To offer a more physical perspective on this phenomenon, we look at the Fresnel reflection 

coefficient of p-polarized light incident on a uniaxial slab on an isotropic substrate, ὶήȟ‫  in 

Equation 2.25 below. This term, which appears in Equation 2.1, is responsible for the bulk of the 

frequency dependence of the forward model. The far-field reflectance and phase of a 

nonbirefringent material are the modulus squared and complex argument of the reflection 

coefficient of the sample. The near-field signal is also a functional of the reflection coefficient, but 

evaluated at higher values of the in-plane momentum (ήḻ‫Ⱦὧ). For a uniaxial slab (ό ρ) on 

an isotropic substrate ό ς), the reflection coefficient of p-polarized incident light ὶήȟ‫  is: 

                  ὶήȟ‫                    (2.25) 

where ὶ   and ὗ
᷆

, and Ὧ ‐᷆
᷆

ή in the quasi-static near-

field limit. The index ό π is air. For isotropic materials, ‐᷆ ‐ ‐.  
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Fig. 2.9 shows the derivatives of Equation 2.25 across a multi-oscillator resonance in ό

ς with respect to in- and out-of-plane dielectric constants for two sets of ή: one representative of 

a 45-degree angle of incidence (Fig. 2.9a) and the other at characteristic momenta of the near-field 

response (Fig. 2.9b). The derivatives of ὶ in Fig. 2.9 were calculated with Equation 2.19 and h=10-

9. The far-field sensitivity to the nonresonant out-of-plane dielectric function is negligible. On the 

other hand, the near-field signal is about as sensitive to the out-of-plane dielectric tensor 

component as to the in-plane component. High in-plane momenta of light ή from tip scattering 

entail significant sensitivity to out-of-plane responses. In-plane momentum is limited by the 

physical angle of incidence in far-field optics (ή ‫Ⱦὧ  ÓÉÎ‰). Furthermore, like in Fig. 2.9d, the 

parameters are dissimilarly sensitive on and off the screened substrate resonance, and are each 

sensitive to the resonance in a unique way. We speculate that this stems from the fact that the 

dielectric tensor components appear as Ѝ‐᷆‐ in the reflection terms but 
᷆

 in the propagation 

terms of Equation 2.25 in the quasi-static near-field limit.  
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Figure 2.9: Sensitivities of reflection coefficient. Sensitivity of far- a and near-field b reflection-

based measurements of uniaxial materials to in- and out-of-plane complex dielectric constants. 

Due to limited in-plane momentum, far-field measurements are weakly sensitive to nonresonant 

out-of-plane dielectric functions. Near-field measurements, where tip scattering provides high in-

plane momenta, have appreciable sensitivity to out-of-plane dielectric tensor components. 

Furthermore, across a substrate resonance, in- and out-of-plane sensitivity curves are linearly 

independent and their associated parameters can be distinguished in a least-squares regression 

(similarly to Figure 2.8d). 

 

  



49 

 

Chapter 3: Coupling surface and hyperbolic polaritons 

3.1 Introduction  

 

Integrated nanophotonics requires dynamical tuning of hyperbolic polaritons, but this is 

challenging since hyperbolicity in the two most widely studied systems (h-BN and Ŭ-MoO3) is 

rooted in crystal structure. Heterostructuring and hybridizing hyperbolic modes with other modes 

can modify their properties (91-97), but adjusting tuning parameters typically requires altering 

device design. With Ŭ-MoO3, for example, in-plane hyperbolic phonon polaritons can be modified 

by fabricating double-layer structures with a predefined twist angle as the tuning parameter (91-

94). The isofrequency contour (IFC) characterizing the propagation-direction-dependent momenta 

of in-plane hyperbolic modes can be tuned through a topological transition (98) from an open 

hyperbola to a closed curve by sweeping twist angle. On the other hand, dynamical tuning of h-

BN phonon polaritons has been demonstrated by means of hybridization with graphene surface 

plasmons (95). Surface plasmon-phonon polariton (SP3) and hyperbolic plasmon-phonon polariton 

(HP3) hybrid modes have gate-tunable dispersions enabled by the carrier-density-dependent Fermi 

energy Ὁ of graphene (99). However, graphene/h-BN admits only modest electronic tunability 

without topological transitions. 

 

Here, we will discuss a graphene on Ŭ-MoO3 heterostructure that can be tuned 

electronically through a topological transition as evidenced by direct imaging of propagating 

polaritons. At charge neutrality, graphene does not host plasmons and the IFC is a hyperbola. Upon 

electronic doping, the IFC transitions to a closed curve as graphene surface plasmons hybridize 

with Ŭ-MoO3 hyperbolic phonon polaritons. We demonstrate the topological transition of the 
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polariton wavefront experimentally and tune momenta of hybrid modes by modifying EF and laser 

frequency Furthermore, calculations corroborated by experiments reveal that, by rotating the .‫ 

polaritonic wavevector, the hybrid mode characterized by the closed IFC is tuned from HP3 to SP3 

as its plasmon-phonon coupling is modified. Graphene/Ŭ-MoO3 is thus an ideal platform for 

studying the effect of anisotropic plasmon-phonon coupling on properties of hybrid hyperbolic 

polaritons. In particular, we identify an exceptional point in the direction-dependent polariton 

dispersion. 
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Figure 3.1: Doping-induced topological transition by plasmon-phonon hybridization. a, 

graphene/Ŭ-MoO3 device schematic in a scattering-type scanning near-field optical microscope (s-

SNOM). Inset shows an optical microscope image of a sample. Graphene doping is achieved via 

charge transfer with WOx. The s-SNOM tip acts as a dipole antenna, launching polaritons in all 

permitted directions. Without doping, there is no propagation along the [001] direction and the, b, 

wavefront and, c, isofrequency contour (IFC) are hyperbolic. Upon doping, propagation is allowed 

along the [001] direction and the, d, wavefront and, e, isofrequency contour of the first-order mode 

are closed curves. f, semi-analytical IFCs undergoing a topological transition upon doping. g, along 

the [100] direction, polaritons have out-of-plane propagation constant kz with Re kz >> Im kz such 

that the out-of-plane electric field is oscillatory like a waveguide mode (left inset). Along the [001], 

Im kz >> Re kz and polaritons are surface waves with decaying electric field profile (right inset). 

h, plasmon mode splitting (‫ ᴼcaused by the [100] Ŭ-MoO3 phonon as a function of (‫ Ǫ ‫ 

momentum ή and in-plane angle —. The plot reveals an exceptional point (EP). The doped IFC 

from f is approximated as a curve on the ‫  surface (red line). i, scattering rates ɜ Ǫ ɜ of 

Ǫ ‫ ‫  modes are anticorrelated. The IFC passes about the EP and through a ɜȾɜ degeneracy, 

indicating a transition from strong to weak coupling. 
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3.2 Theory of hybrid polaritons 

 

We focus on frequencies in the middle reststrahlen band of Ŭ-MoO3 (820-972 cm-1) where 

the topological transition occurs. Finite difference time domain simulations show that, without 

doping, graphene is devoid of plasmonic response and the heterostructure is optically equivalent 

to bare Ŭ-MoO3 (neglecting losses in charge-neutral graphene). In the cleavage plane of the [100] 

(x) and [001] (y) crystal axes (Fig. 3.1a), the phonon polariton wavefront is a hyperbola (Fig. 3.1b). 

The IFC, related to the wavefront by a Fourier transform, is likewise a hyperbola (Fig. 3.1c). 

Multiple hyperbolas appear: corresponding to higher-order, short wavelength hyperbolic modes. 

Upon doping the graphene to appreciable Ὁ, the wavefront becomes a closed curve with 

anisotropic polariton wavelengths as a result of plasmon-phonon hybridization (Fig. 3.1d). The 

first-order IFC undergoes a topological transition to a closed peanut shape (Fig. 3.1e). 
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Figure 3.2: Graphene/Ŭ-MoO3 heterostructure schematic. a, Schematic of the graphene/Ŭ-

MoO3 device. Wavey lines are waveguide modes with the reflection phase shifts shown. b, 

schematic isofrequency contours of polariton modes of the device. 

  

    b a 
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The device is shown schematically in Fig. 3.2a. The polariton modes are described by 

quasistatic electric potentials: • ὃὩ ὃὩ  inside Ŭ-MoO3 and •

ὃὩ ȟ  in the space above the graphene layer, where ή ήȟή  is the in-plane 

wavevector. Given fixed frequency we need to determine the in-plane momenta ή of the ,‫ 

polaritons. The quasistatic Maxwellôs equations inside Ŭ-MoO3, ‐‬‬• π, lead to the bulk 

dispersion relation 

 ‐ή ‐ή ‐Ὧ πȢ (3.1) 

The boundary conditions for • on the top and bottom surfaces of Ŭ-MoO3 give two equations 

satisfied by ὃȟ, which can be interpreted as two complex reflection ñphase shiftsò: 

 
ὃ

ὃ
Ὡ ȟ

ὃὩ

ὃὩ
Ὡ Ȣ (3.2) 

 

Solving the boundary condition equation on the top and bottom interfaces, one obtains the 

well-known expression for the complex phase shift (100-101): 

 Ὡ ᷆ ᷆

᷆ ᷆

, (3.3) 

where ‐  is the permittivity of the substrate under Ŭ-MoO3, „ is the two-dimensional sheet 

conductivity of the top interface (if there is any two-dimensional conducting layer there), and ‐, 

‐᷆ are the complex dielectric permittivities of the slab. We have defined ‐᷆ ‐ÃÏÓ— ‐ÓÉÎ— 

as the effective in-plane dielectric permittivity of Ŭ-MoO3 where — is the angle between q and the 

x direction. Note that ‏ are not necessarily real numbers and can be imaginary for evanescent 

waves. Existence of solutions to Equation 3.2 leads to the polariton eigenmode condition in the 

near-field limit: 
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 ςὨὯ ‏ ‏ ς“ὔ, (3.4) 

where ὔᶰᴓ  is the mode order. Graphene affects the mode via its effect on the phase shift ‏, 

which leads to hybridization between graphene plasmons and Ŭ-MoO3 phonon polaritons. 

Equations 3.1, 3.3, and 3.4 determine the isofrequency contours (IFCs) in Fig. 3.2b for ‐

πȟ‐ πȟ‐ π, which happens in the experimental frequency range. Combining Equations 3.1, 

3.3, and 3.4 gives: 

ςὨή ᷆ ὭÌÎ ᷆ ᷆

᷆ ᷆

ὭÌÎ ᷆

᷆

ς“ὔ.  (3.5) 

The direction-dependent dispersion ήᴂ‫ȟ— and dissipation ήᴂᴂ‫ȟ— of hybrid modes in graphene 

with optical conductivity „ on a biaxial Ŭ-MoO3 slab of thickness Ὠ at arbitrary frequency can ‫ 

be computed by solving Equation 3.5 above. Fig. 3.1f shows that calculated IFCs at Ὁ π eV 

and 0.4 eV in the middle reststrahlen band are consistent with simulated IFCs in Figs. 3.1c and 

3.1e, respectively. 

 

The angle — specifies the in-plane propagation direction with respect to the [100] direction. 

The first-order hybrid mode (ὔ π) crosses over from a hyperbolic plasmon-phonon polariton 

(HP3) for — — to a surface plasmon-phonon polariton (SP3) for — — where the critical angle 

— is defined such that 2Å ‐᷆— π. We can see this by analyzing the out-of-plane propagation 

constant inside Ŭ-MoO3, Ὧ ή ‐᷆Ⱦ‐ where ‐᷆ ‐ÃÏÓ— ‐ÓÉÎ—. In the doped 

structure, the wave launched by the tip is a surface wave (SP3: Im Ὧ >> Re Ὧ) along the [001] 

direction; and a waveguide mode (HP3: Re Ὧ >> Im Ὧ) along the [100] direction. Along 

intermediate directions (Fig. 3.1g), the polariton is an HP3 up to the open angle —

ÁÒÃÔÁÎ2Å ‐Ⱦ2Å ‐, i.e., the asymptote of the undoped hyperbola. Above —, it is an SP3. Note 



56 

 

that HP3 and SP3 in this work are only defined by their kz. At —, both real and imaginary 

components of Ὧ drop precipitously. Neglecting in-plane losses (dashed lines), Ὧ π at —: the 

polariton is an ideal plane wave propagating in-plane with finite momentum. 

 

Along the [001] direction in the middle reststrahlen band, the Ŭ-MoO3 phonon is absent 

and the plasmon-phonon coupling strength must be zero. Along the [100] direction, graphene 

plasmons and Ŭ-MoO3 phonons hybridize due to strong coupling; that is, the plasmon mode splits 

into plasmon-phonon polariton branches above and below the a-axis transverse optical (TO) 

phonon frequency ‫ . Tuning the in-plane propagation angle — must then modify the plasmon-

phonon coupling, which transitions at some point between strong and weak coupling regimes. 

Prior work (102) has recognized that the transition occurs at an exceptional point (EP), above 

which plasmons experience Rabi splitting from strong coupling to phonons. Below the EP, there 

is no mode splitting: plasmons and phonons are weakly coupled in a manner akin to 

electromagnetically-induced transparency. 

 

We now show quantitatively that tuning — can be expected to modify plasmon-phonon 

coupling. Consider two-dimensional Ŭ-MoO3 with high-frequency permittivities set to unity. The 

whole device can be viewed as a two-dimensional plane with net sheet conductivity  „ „

„ with contributions from both graphene and Ŭ-MoO3, where „ ‐ ρ is related 

to the in-plane components of the dielectric tensor of Ŭ-MoO3. Hybrid polaritons can be viewed as 

the plasmonic modes of the 2D plane, whose dispersions are determined by 

 ‐ ‫ȟή ρ ὠ
Ὥ

‫
ή„ή πO

ς“Ὥ

‫
„ÃÏÓ— „ÓÉÎ—

ρ

ή
Ȣ (3.6) 
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Therefore, the dispersion is in-plane hyperbolic if )Í „ and )Í „ are opposite in sign. By 

increasing the doping level of graphene, one can obviously render them the same sign, thus 

changing the polaritons to non-hyperbolic. However, the 2D limit makes the approximation that 

the in-plane electric field is independent on z inside the Ŭ-MoO3 slab, which is generally not true. 

Note that there is no HP3 mode in the 2D limit. Hybrid polaritons in the strong coupling regime 

are always SP3 and the hyperbolic Ŭ-MoO3 phonon is effectively a surface phonon at ‫ . 

 

Supposing the Fermi energy ȿὉȿḻὯὝ, the graphene optical conductivity „ computed 

with the Kubo formula using the bare bubble approximation in Gaussian units (m/s) is given by 

(12):   

„
ᴐ

ȿ ȿ
,        (3.7) 

where ‎ is the scattering rate of graphene. Only intraband contributions are considered and 

nonlocal effects are neglected since ήḺὯ. The dielectric tensor components of Ŭ-MoO3 are 

modeled by the TO-LO equation (103) with a single oscillator along each crystallographic 

direction: 

‐ ‐ ρ ,      

(3.8) 

where ‫  and ‫  are the frequencies of the transverse and longitudinal optical phonon modes, 

respectively. In the middle reststrahlen band, only the x-direction or [100] phonon is strongly 

dispersive, so we set the y-direction permittivity to a constant value for simplicity. By combining 

Equations 3.6-3.10, we can then write: 
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‐ ‫ȟή ρ  ‐ ‐ ρÃÏÓ— ‐ ρÓÉÎ—, 

 (3.9) 

where ‫ ήḳ
ȿ ȿ

ᴐ  
 . Finally, taking ‐ ρ and ‐ ρ, the total dielectric function of Drude-

like graphene with electron coupling to in-plane hyperbolic phonons modulated by the quantity 

‌ήȟ—ḳ ÃÏÓ— is then: 

                     ‐ —‫ȟήȟ ρ ‌ήȟ—
 
,                  (3.10) 

 

The analytical real and imaginary roots of Equation 3.10 are plotted in Figs. 3.1h and 3.1i, 

respectively. Larger ‌ near the [100] direction split plasmon modes at ‫  into two branches above 

and below ‫ , labeled ‫  and ‫ , respectively (Fig. 3.1h). ‫  and ‫  have anticorrelated 

scattering rates, ɜ and ɜ (Fig. 3.1i). Splitting is reduced as — rotates toward the [001] direction 

until reaching a complex degeneracy, beyond which ‫  and ‫  coalesce and ɜ and ɜ split. This 

degeneracy is in fact the exceptional point discussed previously that marks the crossover from 

strong to weak coupling. The doped IFC from Fig. 3.1f is a curve (solid red line) on the ‫  surface, 

passing about the EP and traversing from strong to weak coupling (white dotted lines) in the two-

dimensional limit as the mode evolves from HP3 to SP3 in the finite slab.  
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3.3 Nano-imaging and tunability 

We used oxidized tungsten diselenide (WOx) to dope graphene (104) by a charge transfer 

process. High-quality WOx-doped graphene/Ŭ-MoO3 heterostructures were fabricated using a 

polycaprolactone polymer-based dry transfer technique (105). First, we exfoliate Ŭ-MoO3 bulk 

crystals purchased from a materials supplier (HQ Graphene) onto SiO2/Si substrates. A monolayer 

or bilayer WSe2 on graphene heterostructure is then transferred onto a predetermined Ŭ-MoO3 

flake. Finally, we treat samples in a UV-ozone generator (Jelight UVO-cleaner) at 300 K to oxidize 

the topmost WSe2 monolayer into WOx (106). 

 

Doping graphene using thin high-work-function materials like WOx or Ŭ-RuCl3 has proven 

to be nondetrimental to s-SNOM imaging (107-108). Furthermore, by stacking either monolayer 

or bilayer tungsten diselenide (WSe2) prior to oxidation, we can tune the Ὁ of graphene on Ŭ-

MoO3 between ~0.60 eV and 0.45 eV, respectively. Doping levels were determined by fitting 

(‫ȟή) data to calculated dispersions with graphene Fermi energy as a free parameter, and were 

corroborated by Raman spectroscopy. Fig. 3.3a shows Raman spectra on monolayer, bilayer, and 

undoped samples. The undoped graphene G and 2D peaks appear at 1582 cm-1 and 2689 cm-1, 

respectively. The bilayer G peak shifts to 1591.5 cm-1 and the monolayer G peak shifts further to 

1596 cm-1 while 2D peaks shift to 2695 cm-1 and 2691 cm-1 for bilayer and monolayer samples, 

respectively.  The gray lines in Fig. 3.3b represent the G and 2D peak positions corresponding to 

approximate doping levels from a standard analysis (109) using empirical parameters from Ref. 

104. The undoped sample was used as a zero-carrier reference point. Qualitatively, our analysis 

agrees with trends determined from dispersion fitting. 
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Figure 3.3: Raman spectroscopy on graphene/Ŭ-MoO3 heterostructures with varying WSe2 

layer number. a, G and 2D peaks in Raman spectra of graphene/Ŭ-MoO3 heterostructures with 0 

(blue), 1 (red), and 2 (purple) layers of tungsten diselenide (WSe2) stacked on top and oxidized. b, 

the oxidized WSe2 hole dopes graphene by a charge-transfer process, as evidenced by the shifted 

G and 2D Raman peaks. Since oxidation is self-limited, only the topmost layer is oxidized. The 

pristine bottom WSe2 layer in the bilayer structure acts as a spacer that reduces the doping level. 

Also, the bilayer G peak has a secondary undoped peak due to the many bubbles and tears in the 

bilayer sample. 

 

 

 

 

 



61 

 

Additionally, the bilayer sample has a secondary undoped G peak likely corresponding to 

the many bubbles and tears seen in topography (Fig. 3.6). Finally, we remark that the spectral 

weight ratio of G to 2D peaks changes visibly upon doping. Overall, Raman spectroscopy is 

consistent with the appearance of plasmon polaritons in near-field images from substantial doping 

of the graphene layer. 

 

In Fig. 3.4, we image polaritons in various graphene/Ŭ-MoO3 heterostructures with and 

without graphene doping. In Fig. 3.4a, a circular void in highly-doped graphene produces a closed 

wavefront with the characteristic elliptical shape of hybrid plasmon-phonon polaritons. [100] and 

[001] modes as well as modes at intermediate angles are visible. The simulated Re Ὁ wavefront 

(Fig. 3.4b) is consistent with the experimental wavefront. For reference, we also obtained a near-

field amplitude image (Fig. 3.4c) and simulated wavefront (Fig. 3.4d) on bare Ŭ-MoO3. We observe 

the hyperbolic wavefront and absence of [001] modes consistent with previous reports (23-24). In 

Fig. 3.4e, we show line profiles extracted from the white dashed lines in Fig. 3.4a. The [100] and 

[001] modes have anisotropic wavelengths (compare the red and blue lines). Additionally, in Fig. 

3.4f, we show [100] line profiles from either side of the WOx edge in Fig. 3.4g (white dashed line) 

showing an increase in polariton wavelength upon doping. Fringes bend at the boundary between 

doped and undoped regions. The measured polariton wavelength on graphene/Ŭ-MoO3 without 

WOx is consistent with low to no doping, indicating that charge transfer is negligible between 

graphene and Ŭ-MoO3. 
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Figure 3.4: Near-field infrared imaging of hybrid plasmon-phonon modes. a, near-field 

amplitude image of a WOx/graphene/Ŭ-MoO3 heterostructure with ~0.60 eV hole doping in 

graphene from charge transfer with the WOx monolayer. The experimental polariton wavefront 

displays the characteristic elliptical shape from finite-difference time-domain simulations shown 

in panel b to the right. c, near-field amplitude image and, d, simulated wavefront of a defect in 

bare Ŭ-MoO3 launching hyperbolic wavefronts ï in contrast to the closed wavefront in a where 

[001] modes appear after the topological transition caused by plasmon-phonon hybridization. e, 

line profiles extracted along the white dashed lines in a showing both [100] and [001] modes. 

Black dashed lines align the first peaks. f, [100] line profiles extracted from either side of the WOx 

edge (white dashed line) in g. Wavelengths of [100] modes increase as a result of plasmon-phonon 

hybridization upon doping. 

 



63 

 

Near-field amplitude images at cm-1 on monolayer and bilayer WSe2 samples with 900=‫ 

Ὁ  0.60 eV and Ὁ  0.45 eV are shown in Figs. 3.5a and 3.5b, respectively. The [001] 

direction, which prohibits polariton propagation in bare Ŭ-MoO3 at this frequency, now hosts an 

SP3. We observe a significant tunability of the [001] mode by modifying Ὁ (Fig. 3.5c), while the 

wavelength of the [100] mode changes only slightly (compare blue and red lines). The degree of 

anisotropy between orthogonal directions can thus be tuned dramatically by modifying Ὁ. Both 

[100] and [001] modes disperse as is tuned from 875-915 cm-1 (Fig. 3.5d), in agreement with ‫ 

the calculated dispersion (Fig. 3.5e). Note that SP3 modes merge with the first-order hyperbolic 

phonon mode of the lower reststrahlen band below ‫ , becoming HP3 modes and distinguishing 

them from pure plasmons. We remark that [001] modes in Fig. 3.5b are reflected from a physical 

boundary of the WOx/graphene layer that is 8Ј from the [001] direction. In Fig. 3.7, we show that 

8Ј  yields a negligible correction to the dispersion calculation and we consider these modes to be 

effectively along the [001]. In Fig. 3.5e, the [100] HP3 has higher-order branches. Some extra 

fringes likely corresponding to higher-order modes are visible in 875 cm-1 and 885 cm-1 profiles 

(pink and purple in Fig. 3.5d). For reference, we also plot the polariton dispersion on bare Ŭ-MoO3 

(Fig. 3.5f). Modes are absent along the [001] direction for .cm-1 875-915=‫ 
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Figure 3.5: Tuning hybrid modes by WOx/WSe2 layer number and laser frequency. Near-

field amplitude images of, a, WOx/graphene/Ŭ-MoO3 with ~0.60 eV hole doping and, b, WOx/1L-

WSe2/graphene/Ŭ-MoO3 with ~0.45 eV hole doping. [100] and [001] modes are visibly less 

anisotropic in the more highly doped sample. c, near-field line profiles showing that increasing 

doping level substantially increases the wavelength of [001] modes, but only marginally increases 

[100] mode wavelengths. Black dashed lines align the first peaks. d, line profiles extracted from 

the sample in b excited at different laser frequencies from 875-915 cm-1. Note [001] modes in b 

are reflected from a physical boundary of the WOx/graphene layer at 8Ј from the [001], which is 

practically equivalent to the [001] direction (Supplementary Figure 6). e, momenta from fitting 

profiles in d are consistent with the dispersion calculated from the imaginary part of the p-polarized 

reflection coefficient. ‫  are TO(LO) frequencies of Ὦ-axis phonons: values plotted as white 

dashed lines. Note that there is a splitting at ‫  from the upper Reststrahlen band phonon not 

considered in Equation 1. f, calculated dispersion of phonon polaritons in bare Ŭ-MoO3 showing 

the absence of [001] modes for .cm-1 875-915=‫ 
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Figure 3.6: Topography and frequency-dependent near-field imaging. a, topography of 

WOx/WSe2/graphene/Ŭ-MoO3 stack collocated with near-field images. Cyan arrows point to 

bubbles (raised topography) and black arrow points to a physical edge of WOX/graphene. b, 

orientation of Ŭ-MoO3 flake relative to graphene edge. The normal to the graphene edge where 

line profiles were extracted is 82Ј from the [100] direction, or 8Ј from the [001] direction. c, 

frequency-dependent fourth-harmonic near-field imaging showing dispersion of hybrid modes 

from 875-915 cm-1. All scale bars are 1 µm. 

 

 

 

 

 

 



66 

 

 

 

 

 

 

Figure 3.7: Comparison of [001] and 8Ј ᷁[001] plasmon-phonon polariton dispersions. The 

physical boundary of graphene in Figs. 3b and S5 is 8Ј off from the crystal axis of ‌-MoO3. Modes 

reflected from this boundary propagate along — ψςЈ or 8Ј ᷁[001]. Momenta of these modes are 

practically indistinguishable from [001] modes at the investigated excitation frequencies, as shown 

in dispersion calculation above. We thus neglect the off-angle correction in the main text. 
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3.4 Topology and dissipation 

 

We now expound on the exact topological transition point in graphene/Ŭ-MoO3 and the role 

of dissipation. Figure 3.8a shows the IFC evolving with doping from hyperbola to peanut to 

extended circle. The peanut-shaped IFC (blue contour in Figure 3.8a) goes from concave to convex 

shape around the open angle —. Divergence of the critical wavevector ή at — marks the 

topological transition, assuming no other ή diverges first, since bounded and unbounded curves 

cannot be homeomorphic. ή increases as the graphene conductivity decreases (Figure 3.8b), 

diverging at „ π in an approximate analytical equation (dashed lines). ή can be computed 

analytically when Ὧᴼπ (assuming lossless), ‏ᴼ“, and ‏ᴼ “. With these assumptions, 

Equation 3.5 simplifies to  

 π, (3.11) 

where ήḳ  and the dielectric constant of air is unity. Solving Equation 3.11 gives 

                                            
ή

ή

ρ

τ
ρ ‒ ρ ‒ ψ‒ȟ ‒ḳ

ς‐

Ὠή
ȟ                             σȢρς 

Upon incremental doping away from zero conductivity, the IFC changes topology as momenta 

above — gain large but finite values. In this picture, the topological transition point is exactly at 

„ π since even marginally-conducting IFCs will be bounded and only the hyperbola at „ π 

will be unbounded. This topological transition admits discontinuous changes in the polaritonic 

density of states, analogously to the Lifshitz transition for Fermi surfaces (110). Full numerical 

calculations (squares in Fig. 3.8b, Equation 3.5) support this trend up to low conductivities. 
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In practice, [001] modes will not be observable until appreciable Fermi energy Ὁ with 

modest „ because propagation lengths become shorter, or ήᴂᴂ increases, as Ὁ decreases. In Fig. 

3.8c, ήᴂᴂ plotted in polar coordinates is the imaginary counterpart of the IFC referred to as the loss 

contour. Loss contour calculations consider finite thickness Ŭ-MoO3 with intrinsic material 

scattering rate ‎ τ ÃÍ  and intraband-only graphene with doping-independent scattering rate 

‎ τπ ÃÍ . Nota bene that we implicitly assume that ήᴂ and ήᴂᴂ are parallel, which may not 

always be a good approximation. Loss contours show ήͼ increasing along all directions as Ὁ 

decreases, consistent with finite-difference time-domain simulations (Fig. 3.9). The exact Ὁ at 

which [001] modes are first observable, initiating this practical topological transition, will thus 

depend on the spatial resolution and the thickness of the Ŭ-MoO3 slab (Fig. 3.10). Additionally, at 

very low doping, plasmons pass the interband transition threshold and are overdamped (111). 

Nonlocal and other corrections to the graphene conductivity will also become important (12). 
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Figure 3.8: Directional dissipation and topological transition point. a, IFC evolves with 

graphene Fermi energy from hyperboloid (0 eV) to peanut shape (0.4 eV) to extended circle (1 

eV). At intermediate doping, the IFC inflects around the open angle — (black dashed line) which 

marks the HP3 to SP3 transformation. b, dependence of momentum ή at — on the graphene 

conductivity modulated by the Fermi energy. The topological transition occurs when ή becomes 

finite upon deviation from charge neutrality in an approximate analytical model (dashed lines). 

Full electrodynamics calculations (squares) support the trend up to low conductivities. c, loss 

contour at 0.4 eV shows ήȱ decreases in hybrid mode (solid blue) relative to uncoupled graphene 

(dashed blue) as the wavevector (black arrow) rotates away from the [001] direction. The undoped 

loss contour (purple) diverges at —, beyond which no mode exists. d, Along the [001] direction, 

the hybrid mode scattering rate ɜ ὺήȱ is equal to the graphene scattering rate ‎. Along the 

[100] direction, ɜ is slightly larger than the phonon scattering rate ‎ and can be tuned slightly by 

moderate doping. 
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Loss contours at intermediate doping (e.g., solid blue line in Fig. 3.8c) reveal that ήȱ 

decreases as the wavevector rotates away from the [001] direction (imagine black arrow rotating 

with length matching the loss contour). Dissipation can thus be reduced relative to unhybridized 

graphene (dashed blue line) by changing propagation direction since ‎ ‎. 

 

From Equation 3.6, we can also obtain an approximate semi-analytical equation for the 

direction-dependent scattering rate in the two-dimensional limit ɜ ὺήᴂᴂ, where ὺ is the group 

velocity. The scattering rate of the hybrid mode ɜ can be obtained self-consistently by satisfying 

the following relation: 

ɭ% ÃÏÓ—,   (3.13) 

where ɭ% ḳς“ᴐ‐Ὠ‫ ‫ ȾὩȿὉȿ π. When — ωπЈ, the righthand side goes to 

zero, forcing ɜ ‎ on the lefthand side. In contrast, at — πЈ, ɜ is not forced to equal the phonon 

scattering rate. Since the righthand side is always positive, it must be the case that ‎ ɜʃ ‎ 

given that ‎ ‎Ȣ Numerical solutions to Equation 3.13 are plotted in Fig. 3.8d. 

 

The scattering rate in the two-dimensional approximation (red line in Fig. 3.1i) provides 

some intuition on where the excess dissipation goes. Recall that the Ŭ-MoO3 phonon splits the 

graphene plasmon into two modes ‫  and ‫  with respective scattering rates ɜ ÁÎÄ ɜ. As the 

wavevector angle — rotates in Fig. 3.1i, the ‫  loss contour (red line) moves from stronger 

coupling where ɜ ɜ, through a degeneracy where ‫  and ‫  share losses equally, to weaker 

coupling where ɜ ɜ. The ‫  loss follows the opposing path (pink line) with ɜ increasing 

when ɜ decreases and vice versa such that ɜ ɜ ‎ ‎ for fixed ‎ and ‎. 
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In summary, we have demonstrated an electronically-induced topological transition and 

the existence of SP3/HP3 hybrid modes in a doped graphene/Ŭ-MoO3 heterostructure by direct 

imaging of polaritons using an s-SNOM. Our observations are consistent with full calculations for 

the electrodynamics of coupled plasmon-phonon modes. Also, we demonstrated the tunability of 

hybrid polariton modes by modifying doping level and excitation frequency. Further, our nano-

imaging data augmented with calculations reveal an intimate relationship between plasmon-

phonon coupling and the properties of hybridized hyperbolic polaritons. Graphene/Ŭ-MoO3 

integrated into a gated structure will serve as a nanophotonic platform for engineering devices with 

dynamical isofrequency topologies and directional plasmon-phonon coupling. Furthermore, 

patterning WOx/graphene on Ŭ-MoO3 could inspire new forms of photonic crystals with 

subwavelength periodic changes in isofrequency topology. Also, combining a graphene/Ŭ-MoO3 

device with an ultrafast laser may permit picosecond (112) switching of isofrequency topology for 

time-varying metasurfaces. 
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Figure 3.9: Polariton wavefront near topological transition. a-h, Simulated Re Ὁ field on a 

100 nm Ŭ-MoO3 slab with graphene of various Fermi energies Ὁ under .cm-1 illumination 926=‫ 

Polariton wavefronts evolve from hyperbolic to ovular with increased doping. [001] modes first 

become visible around Ὁ=0.125 eV, d, for this set of simulation parameters. At lower dopings, b 

and c, [001] modes are overdamped and/or too highly confined to observe for the selected mesh 

resolution. 
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Figure 3.10: Dependence of hybrid polariton momentum on Ŭ-MoO3 thickness. a, 

isofrequency and, b, loss contours of graphene/Ŭ-MoO3 heterostructures with 72 nm (blue) and 

197 nm (red) thick Ŭ-MoO3 slabs. Both momentum ήᴂ and dissipation ήᴂᴂ increase with decreasing 

Ŭ-MoO3 thickness. c, experimental topography line profiles (i) taken from corresponding atomic 

force microscopy images (ii and iii). d, experimental near-field amplitude line profiles on 

structures with Ὁ=0.60 eV and varying thickness (corresponding near-field images shown in 

Figures 3.4a (197 nm) and 3.5a (72 nm) in the main text). Note that both [001] and [100] mode 

wavelengths decrease in 72 nm sample (blue) relative to 197 nm sample (red). Nota bene: 0.60 eV 

line profiles in Figure 3.5c are from Figure 3.4a, not Figure 3.5a. 
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Chapter 4: Hyperbolic exciton polaritons in a magnetic 

semiconductor 

4.1 Introduction  

Light interaction with excitons, bound states of electrons and holes in crystals, is a rich 

subject that has been studied extensively in semiconductor quantum wells (14, 113-122) and ï 

more recently ï in van der Waals (vdW) semiconductors (89, 123-131). When excitons and light 

couple strongly, they form bosonic quasiparticles termed exciton polaritons (13). Exciton 

polaritons display intriguing physics: they have been made into Bose-Einstein condensates (114-

115) demonstrating superfluidity (116-117) with quantized vortices (118-119). Furthermore, 

exciton polaritons have been used to realize photonic topological insulators (120), low-threshold 

switching devices (121), lasing without population inversion (122), etc.  

 

Hyperbolic vdW materials, where permittivities have opposite signs along different crystal 

axes, are predicted to host exotic kinds of exciton polaritons called hyperbolic exciton polaritons 

(HEPs) (132-133). HEPs may confine light to deeper subdiffractional wavelengths and provide 

enhanced polaritonic density of states relative to conventional exciton polaritons (130-131). As 

discussed in Chapter 1, hyperbolic polaritons can be composed of any polar excitation: they have 

been observed with phonons (21-24), plasmons (25), and even transient excitonic transitions (26), 

but their observation with steady-state excitons remains challenging. HEP confinement can reach 

length scales comparable to the exciton Bohr radius, leading to unique nonlocal and quantum 

effects (132, 134). An experimental realization of HEPs will thus open new pathways to 

manipulate excitons and light at the nanoscale. 
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Exciton polaritons are commonly achieved within Fabry-Pérot microcavities, where 

highly-reflective mirrors on either side of a semiconducting well ensure observable coupling of 

excitons and photons. Energy oscillates between trapped photons and excitons (Rabi oscillations), 

leading to Rabi splitting of mode frequencies and coalescence of scattering rates (14, 113). Slabs 

of vdW semiconductors without a closed cavity can themselves serve as low-quality resonators 

that support propagating waveguide modes interacting with excitons (125), in a process sometimes 

referred to as self-hybridization (126, 131). This geometry lends itself to scanning probe nano-

optical techniques since the material surface is exposed, permitting direct nano-imaging of exciton 

polaritons (Fig. 1a). At room temperature, waveguide modes reveal negative phase velocity or 

ñbackbendingò dispersion and increased dissipation around exciton resonances (89, 127-128). 

Upon cooling, exciton resonances sharpen, causing an anti-crossing in the waveguide or cavity 

mode dispersion (129). In hyperbolic materials, we will show HEPs appear inside the anti-crossing 

with multimode dispersion. 

 

HEP imaging is technically challenging since light must acquire a large momentum to 

couple to HEPs, and exciton resonances must be strong enough to drive the permittivity to negative 

values while keeping damping low ï requiring cryogenic temperatures in the case of most vdW 

materials (135). In this work, we developed a cryogenic near-infrared near-field microscope to 

satisfy these experimental requirements and present direct images of steady-state HEPs in the vdW 

semiconductor chromium sulfide bromide (CrSBr). Excitons in CrSBr have large oscillator 

strength and small scattering rate even in bulk crystals, enabling observation of exciton polaritons 

without the need for a closed cavity (131). Using our home-built nano-optics apparatus, we 

establish the existence of HEPs through a combination of energy-, temperature- and thickness-
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dependent measurements. Furthermore, CrSBr is known to be an A-type antiferromagnet (AFM), 

where individual ferromagnetic vdW layers order antiferromagnetically below the bulk Néel 

temperature Ὕ ρσς + (136-137). Excitons in CrSBr have been found to couple to magnetic 

order (138-139) and additional unidentified optical transitions appear below Ὕ  (130, 140). We 

observe HEPs in CrSBr coupling to these optical transitions, indicating that these transitions persist 

in the high-momentum response. Finally, we note that the onset of hyperbolicity is concurrent with 

the appearance of intralayer ferromagnetic order at ρφπ + (137, 141), suggesting magneto-

electronic coupling may be at play. Calculations within a self-consistent excitonic-vertex-corrected 

many-body perturbative approach (13Ὃὡ) (142) reveal exciton delocalization upon magnetic 

ordering, which contributes to increased exciton spectral weight and robust hyperbolicity in CrSBr. 
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Figure 4.1: Hyperbolicity in bulk chromium sulfide bromide (CrSBr) . a, schematic of 

metallized tip of a scattering-type scanning near-field optical microscope (s-SNOM) illuminated 

by free-space light with momentum Ὧ. The tip launches waveguide modes that couple to excitons 

(shown as electron (-)-hole (+) pairs) in a semiconducting van der Waals slab. b, experimental 

complex bulk CrSBr dielectric functions ‐ ‐ Ὥ‐ at ςωυ + (blue) and ςσ + (black) highlighting 

the temperature dependence of the exciton resonance (8). CrSBr has a hyperbolic band (orange 

region) with negative ‐ only along the ὦ-axis at low temperature. Additional resonances (8ᶻ, 8ᶻz) 

following 8 are observed. c, transverse magnetic waveguide dispersions split (4- ᴼ‫  and ‫ ) 

about the hyperbolic band; fundamental (ὲ π) and higher order (ὲ ρȟςȟ...) hyperbolic exciton 

polaritons (HEPs) appear inside the gap at low temperature and couple to 8ᶻ and 8ᶻz. d, at room 

temperature, there is no hyperbolicity and 4-  waveguide mode only experiences gentle 

backbending at 8 between the SiO2 and CrSBr light cones (dotted lines). e, beam path from a 

continuous-wave (CW) near-infrared (NIR) source through a beam-splitter (BS) going to a 

cryogenic s-SNOM, detector, and vibrating mirror. 
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4.2 Hyperbolic exciton polaritons in CrSBr 

 

First, reflectance spectra of CrSBr flakes were measured using a Bruker Hyperion 2000 

microscope connected to a Bruker Vertex 80 V FTIR spectrometer. A tungsten halogen lamp was 

used as a light source covering a frequency range of πȢυ to ͯ ςȢυ Å6. Linearly polarized light was 

focused on the sample using a ρυὢ objective and the aperture size was set to be smaller than the 

sample dimensions. Reflectance spectra in the visible range are normalized to an optically thick 

silver layer (ρχπ ÎÍ) on the substrate and recorded with a silicon detector. 

 

Dielectric function fitting was performed with a multilayer model consisting of a CrSBr 

thin flake with thickness Ὠ on top of a ωπ-ÎÍ-thick SiO2 layer on a semi-infinite silicon substrate. 

The dielectric function of the SiO2 layer is extracted from the measured reflectance using 

variational dielectric function (VDF) fitting in the RefFit package (72). The ὦ-axis dielectric 

response of CrSBr as a function of frequency was initially parameterized by a combination of 

Lorentz oscillators 

‐‫ ‐
Ὢ

‫ ‫ Ὥ‎‫
        τȢρ 

and Tauc-Lorentz oscillators 

‐ ‫
ὃ

‫

‫‎‫ ‫ȟ

‫ ‫ ‎‫
ɡ‫ ‫ȟȟ τȢς 

                                                         ‐‫
ς

“

ʖ‐ ʖ

ʖ ‫

қ

 Ὠʖ                                                       τȢσ 

Here, ‫ȟ Ὢ, and ‎ are the oscillator frequency, oscillator strength and linewidth of the Lorentz 

oscillator, respectively. ‐  is the high-frequency dielectric permittivity. Tauc-Lorentz oscillators 



79 

 

were used to better describe the asymmetric lineshape of the excitonic resonances in CrSBr. In 

Equation 4.2, ‫ȟ, and ‎ describe the center frequency, height, onset frequency, and width ,ὃ ,‫ 

of the Tauc-Lorentz oscillator, respectively. ɡØ is a step function and the real part of the dielectric 

function ‐‫  is obtained from Kramers-Kronig relations (Equation 4.3). Using the multi-

oscillator model as a starting point (Table 4.1), reflectance spectra for ὦ-axis responses of CrSBr 

were further refined with VDF fitting in the RefFit package (72) (Figure 4.2).  

 

CrSBr is orthorhombic with Pmmn space group and lattice parameters ὥ πȢτχφχ ÎÍ, 

ὦ πȢσυπφ ÎÍ, and ὧ πȢχωφυ ÎÍ (136); it has a diagonal biaxial dielectric tensor ‐ ‐ᴆ Ὥ‐ᴆ 

in the principal basis. The ὦ-axis dielectric permittivity is dominated by exciton resonances below 

the semiconducting bandgap at ρȢυ Å6 (143). In this work, we focus on the exciton resonance (8) 

peaked at ρȢστσ Å6 (ςωυ +)-ρȢσφχυ Å6 (ςπ +). The 8 linewidth is broad at room temperature but 

narrows significantly at cryogenic temperatures (Fig. 4.1b), likely due to suppression of phonon-

induced scattering (144). Along the ὥ- and ὧ-axes, the dielectric functions are effectively constant 

in the near-infrared range (‐ ρς at ςωυ + (Fig. 4.3); ‐ σȢχ at ςπ +, τȢυ at υπ +, and ψ at 

ςωυ +). ὧ-axis values were extracted from near-field microscopy (Fig. 4.4). Because 8 appears 

only along the ὦ-axis and is sharp enough at low temperature to allow for negative ‐ values, we 

observe an energy band around ρȢτ Å6 (orange region in Fig. 4.1b) where the CrSBr isofrequency 

surface is hyperboloidal. Further, we note the existence of sidebands of 8, labeled 8ᶻ and 8ᶻz, at 

ρȢσψσπ Å6 and ρȢσωσυ Å6, respectively, in the low-temperature ὦ-axis dielectric function (Fig. 

4.1b, right panel). 
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Figure 4.2: Far-field infrared spectroscopy with ╫-axis polarization. Far-field reflectance 

spectra from Fourier transform infrared spectroscopy along the ὦ-axis for, a, ςπ +, b, υπ +, and c, 

ςωυ +. d-f, corresponding real dielectric functions (‐) obtained from variational dielectric function 

(VDF) fitting. Linewidths are orders of magnitude lower at cryogenic temperatures, and d has a 

larger oscillator strength than e (Supplementary Table 1). g-i, corresponding imaginary dielectric 

functions (‐) obtained from VDF fitting (solid lines). Three peaks in g are the exciton (8) at Ὁ

ρȢσφχυ Å6 and two sidebands (8ᶻ, 8ᶻz) at Ὁ ρȢσψσ Å6 and ρȢσωσυ Å6, respectively. 8 and 8ᶻ are 

observed in h at Ὁ ρȢσφφχ Å6 and ρȢσψρυ Å6, respectively. Only 8 is observed in i peaked at Ὁ

ρȢστσ Å6. 
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Table 4.1: Lorentz and Tauc-Lorentz oscillators initial model parameters. 

T (K) Type ŮÐ | ɤg,i (cm-1) ɤ0 | ɤi (cm-1) f (cm-2) | Ai (cm-1) ♬ ȿ ♬░  (cm
-1) 

295 Lorentz 3.41 9349.4 12391104 2218.8 

 Tauc-Lorentz 9559.56 10637.25 855097.98 982.25 

 Tauc-Lorentz 12979.33 11656.99 6963112.86 1480.71 

50 Lorentz 3.1 11307.76 22188621.83 341.91 

 Tauc-Lorentz 10689.97 11007.05 9443575.64 46.06 

 Tauc-Lorentz 13456.81 14135.51 2381064.29 495.51 

 Tauc-Lorentz 15824.97 13875.94 10633893.2 1142.09 

20 Lorentz 2.67 11316.49 28553206 373.14 

Tauc-Lorentz 10779.76 11024.22 17284378.15 28.97 

Tauc-Lorentz 13493.87 14185.4 2701528.49 458.6 

Tauc-Lorentz 15734.46 13329.45 9155736.47 2047.61 
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Strong coupling between excitons and photons causes an anti-crossing of the waveguide 

mode dispersion at low temperature, and the highly anisotropic nature of the excitons in CrSBr 

also admits HEPs between the split waveguide modes (Fig. 4.1c). By contrast, at room 

temperature, 8 is broad and there is no hyperbolic band; we only expect a gentle backbending of 

the waveguide mode dispersion (Fig. 4.1d). HEPs can be either surface or bulk modes. Surface 

modes disperse from inside the material light cone ЍʀὉ Ὧᴐὧ and have evanescent surface 

fields. Bulk modes, on the other hand, exist only to the right of the material light cone. In CrSBr, 

bulk modes have in-plane hyperbolic wavefronts with oscillatory out-of-plane electric fields 

propagating through the bulk like waveguide modes. The fundamental (ὲ π) HEP mode is a 

surface mode inside the material light cone and becomes a bulk mode outside. On the other hand, 

higher-order HEP modes (ὲ ρȟςȟ ...) always exist as bulk modes. We will demonstrate this 

rigorously on the following pages. Furthermore, the sidebands noted earlier in Fig. 4.1b may 

couple to HEPs. Indeed, the backbending features in the HEP dispersion (Fig. 4.1c) occur at 8ᶻ 

and 8ᶻz energies. 
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Figure 4.3: Far-field infrared spectroscopy with a-axis polarization. a, Far-field reflectance 

spectrum from Fourier transform infrared spectroscopy polarized along the CrSBr ὥ-axis at room 

temperature (black). Dielectric function fit (red dashed line) using a complex dielectric constant. 

b, extracted ὥ-axis dielectric constant is ‐ ρςȢρ πȢωτὭ. 
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Figure 4.4: Fitting c-axis dielectric constant to near-field data. a, waveguide mode dispersions 

for various values of ʀ, the out-of-plane dielectric constant. ʀ ψ is the best-fit value for room-

temperature ὥ-axis near-field data (black squares, Ë π). ‐ ψ also fits ὦ-axis near-field data (Ë

π) well, but these data were not considered during least-squares fitting. b, hyperbolic exciton 

polariton dispersions for various values of ‐. ‐ σȢχ is the best-fit value for ςπ + near-field data 

on a ρπχ ÎÍ sample (black squares). For υπ +, we use the waveguide mode in Figure 3f to extract 

‐ τȢυ. 
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When we consider an orientation where the CrSBr dielectric tensor ‐ is diagonal, e.g. when 

the principal ὦ- and ὧ-axes are aligned to the xz axes, ὶ simplifies to a familiar form: 

                                                                ὶ‫ȟὯ
ὶ ὶὩ

ρ ὶὶὩ
                                                  τȢτ 

where: 

ὶ ȟ    ὗ , and Ὧ Ὧ Ὧ . 

Ὠ is the thickness of the slab and Ὧ ‫Ⱦὧ is the momentum of vacuum photons. Now consider 

a geometry where substrate and superstrate are both vacuum. Equation 4.4 further simplifies and 

we get a simple condition for the polariton modes of the slab:  

                                      ὶ Ὡ ȟ ὶ
Ὧ Ὧᶸ

ρ
‐‐ Ὧ Ὧ

Ὧ Ὧ
ρ
‐‐ Ὧ Ὧ

                        τȢυ 

We discuss the hyperbolic case where ‐‐ π. We observe that the fundamental hyperbolic mode 

is a surface mode when its dispersion is between the vacuum light cone Ὧ and material light cone 

Ὧ Ѝ‐Ὧ by the following argument. Neglecting dissipation ()Í Ὧ π), one has 

 

                                                                 
)Í ὶ π  Ὧ Ὧ Ὧ
)Í ὶ π Ὧ Ὧ

                                                  τȢφ  

 

Therefore, to satisfy Equation 4.5 as Ὧ varies in the range Ὧ Ὧ Ὧ , Ὧ must be purely 

imaginary since ὶ  is purely real. That is to say, the polariton is a surface mode. When Ὧ Ὧ , 

the solution for Ὧ becomes complex since ὶ  can in general be complex, meaning the mode will 

have some oscillatory out-of-plane component like a typical bulk hyperbolic polariton. 
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Furthermore, expanding the positive branch of ὶ  and Ὡ  about Ὧ : 

                ὶ ρ τ
Ὧ Ὧ

‐‐ Ὧ Ὧ
ȟ       Ὡ ρ ςὨ

‐

‐
Ὧ Ὧ                  τȢχ 

 

As we move slightly left to Ὧ Ὧ , we see that both ὶ  and Ὡ  are increasing from 

one since ‐‐ and ‐Ⱦ‐ π. Moreover, ὶ ᴼ Њ as Ὧᴼ ρ ρȾ‐  Ⱦρ ρȾ‐‐ Ὧḳ

Ὧᶻ and clearly Ὧ Ὧᶻ Ὧ . Thus, as we move farther below Ὧ , ὶ  must increase rapidly while  

Ὡ  grows comparatively slowly. If the lefthand slope of ὶ  is smaller than that of Ὡ  at 

Ὧ , then these functions must intersect at some point (Fig. 4.5b). By comparing derivatives of 

Equation 4.5, we can solve for the frequency range where this is true: 

                                                              ȿ‐ ‫ȿ “‐‫Ὠ ρ                                                   τȢψ  

The range of frequencies satisfying Equation 4.8 admit a solution to Equation 4.5 for Ὧᶻ Ὧ

Ὧ , and by the arguments following Equation 4.6 it must be a surface mode. Saturation of the 

bound in Equation 4.8 corresponds to crossing of the material light cone. When Equation 4.8 is 

not satisfied, the fundamental mode still exists, but as a bulk mode at Ὧ Ὧ .  

 

Suppose now the dielectric function is a single Lorentz oscillator (Equation 4.1) with ‎

π. Then ‐ᴼ Њ as ‫ᴼ‫  from above. So ὯᶻᴼὯ and Ὡ  diverges immediately below 

Ὧ , and we have Ὧ‫ ᴼὯ for the surface mode as illustrated in Fig. 4.5a. Meanwhile, higher-

order modes with Ὧ Ὧ  always have ὶ ᴼρ as ‫ᴼ‫  and the self-oscillation condition is 

simply ὲ“ȾὨ ‐ Ὧ Ὧ Ⱦ‐ . The righthand side will always diverge unless Ὧ Ὧ  for 

all mode orders ὲ, thus forcing Ὧ‫ ᴼὯ . 
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Figure 4.5: Hyperbolic surface polaritons. a, hyperbolic polariton dispersion of a toy suspended 

anisotropic material with a single in-plane Lorentz oscillator dielectric function in the near-

infrared. The fundamental mode is a surface mode with Ὧ‫ ᴼὯ inside the material light cone 

and a bulk mode outside, crossing the material light cone at ‐ ‫ᶻ when 2Å ‫ᶻ

“‫ᶻὨ ‐ ρ . Higher-order modes are always bulk modes with Ὧ‫ ᴼὯ . b, below ‫ᶻ, the 

two terms in Equation 4.5 intersect between Ὧᶻ and Ὧ , corresponding to a surface mode solution. 

The initial slope of the exponential term is higher than that of ὶ , but ὶ  diverges at Ὧᶻ. c, above 

‫ᶻ, the two terms do not intersect above Ὧᶻ because the initial slope of the exponential term is 

smaller. 
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4.3 Nano-imaging experiments 

 

To access HEPs experimentally, we performed cryogenic scattering-type scanning near-

field optical microscopy (s-SNOM) on a home-built system illuminated by a tunable continuous-

wave near-infrared laser (Fig. 4.1e), the M Squared SolsTiS Ti-sapphire laser to be specific. Ag-

coated TERS tips (OMNI TERS-SNC-Ag) from AppNano were used in the cryo-system. 

Temperature measurements were performed with a silicon diode sensor (Lakeshore DT-670) fixed 

underneath the sample holder receiver. We also use a commercial s-SNOM system to characterize 

CrSBr waveguide modes at room temperature, also with an M Squared SolsTiS. 

 

Recall, in s-SNOM experiments, a tapping metallized tip is illuminated by laser light and 

the backscattered signal is demodulated at the higher harmonics of the tip-tapping frequency. The 

tip can launch modes, including high-momentum polaritons that cannot be excited with free-space 

light, which propagate to sample edges, transmit or reflect, and interfere with backscattered light 

from the tip. As the tip scans, interference fringes appear, corresponding to various light modes 

inside the material (e.g. waveguide modes and polaritons) or air modes, which are free-space 

standing waves from interfering scattering at the tip and sample edge that disperse like the vacuum 

light cone (Ὁ Ὧᴐὧ.  
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Figure 4.6: Geometrical correction to the in-plane wavevector. a, schematic of sample 

geometry in the room-temperature near-field microscope detailing the in-plane direction — of 

incident light (blue arrow) relative to sample edges (solid black lines). b, similar schematic for 

sample in the cryogenic microscope. Inset shows light incident at an out-of-plane angle ‌ σψЈ 

for room temperature experiment and σςȢυЈ for cryogenic experiment. c, ratio of true wavevector 

to observed wavevector for different — with Ὁ ρȢσχφ Å6 and Ὧ ρȢφχρπ ÃÍ . Relevant — are 

marked with dashed gray lines. 
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In the near-infrared, we will also have to take care to correct observed wavevectors 

according to the path taken back to the detector. Relative to mid-infrared polaritons, the in-plane 

wavevector of near-infrared exciton polaritons Ὧ is close to the momentum of free-space light Ὧ

‫Ⱦὧ. Modes launched by the s-SNOM tip thus tend to transmit through sample edges and 

outcouple to the far-field. Fringes in s-SNOM images are interferograms of edge-transmitted 

modes and light backscattered from the tip, which follow different paths back to the detector. 

Analysis of s-SNOM fringes must account for this path difference by applying a geometrical 

correction to extracted momenta (89): 

        (4.9) 

‍ḳÁÒÃÓÉÎÃÏÓ‌ÃÏÓ—      (4.10) 

where Ὧ  is the observed momentum extracted from Fourier analysis, ‌ σψЈ is the out-of-

plane incident angle (80), and — is the in-plane incident angle relative to the sample edge parallel. 

Given Ὧ  and —, one can solve Equations 4.9 and4.10 self-consistently to obtain Ὧ. Figs. 4.6a 

and 4.6b detail — for sample orientations used in room temperature and cryogenic configurations, 

respectively. Fig. 4.6c plots ὯȾὯ  for fixed energy and true momentum. 

 

We verify at room temperature that excitons and photons couple directionally in CrSBr. 

Fig. 4.7 shows select room-temperature s-SNOM images and line profiles from corners of CrSBr 

crystals at photon energies in the range ρȢςφρȢυυ Å6. Fringes in Figs. 4.7a and 4.7b are 

superpositions of the fundamental transverse magnetic waveguide mode (TM0) and air mode 

interference fringes. Near-field amplitude line profiles along the ὦ-axis (Fig. 4.7c) show a region 

of negative or backbending dispersion near 8 (follow dashed lines). On the other hand, line profiles 

along the ὥ-axis (Fig. 4.7d) maintain a positive linear dispersion throughout the investigated 
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energy range, indicating that ὥ-axis TM0 modes do not interact with excitons. In Fig. 4.7e, after 

applying the geometrical correction, Fourier peaks of both ὥ- and ὦ-axis profiles are overlaid on 

the )Í ὶ loss function based on the dielectric functions obtained from far-field reflectometry. Fast 

Fourier transforms (FFTs) of line profiles in Figs. 4.7c and 4.7d can be found in Fig. 4.8. We note 

excellent agreement between the calculated dispersion and momenta extracted from near-field 

profiles, affirming that exciton-photon coupling occurs only about the ὦ-axis. Furthermore, within 

our calculation, the ὦ-axis backbending in real ‫ȟὯ space (Fig. 4.7e) corresponds to a Rabi 

splitting in complex-electrodynamics of ɝ ‫‫ ςςφ ÍÅ6.  

 

The waveguide mode dispersion splits about the hyperbolic band with a complex-Rabi ‫ 

splitting energy of ɝ‫ ρφσ ÍÅ6 at ςπ + (Fig. 4.9d). ɝis smaller at ςπ + than at room ‫ 

temperature because of the reduced ‐ (Fig. 4.4), which was overlooked by other studies (130). 

Coupling between excitons and light is often understood within the framework of the coupled 

oscillator model. In two-dimensional quantum well structures with mirrors, the self-oscillation 

condition for polaritons can be mapped analytically to a coupled oscillator model by making a 

near-resonance assumption (14). In waveguide geometries, however, the self-oscillation condition 

cannot similarly be cast analytically into a coupled oscillator model and the exciton and ñcavity 

modeò cannot be neatly decoupled into individual oscillators. 
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Figure 4.7: Room temperature nano-imaging of CrSBr waveguide modes. Room temperature 

near-field images at, a, Ὁ ρȢτω Å6 and, b, Ὁ ρȢςχ Å6 showing interference fringes along ὥ- and 

ὦ-axes of a ρρχ ÎÍ CrSBr microcrystal. c, line profiles along the white dashed ὦ-axis line in a at 

probe energies from Ὁ ρȢςφρȢυυ Å6. A region of negative dispersion (black dashed line) is 

observed near the exciton resonance (8). d, line profiles along the ὥ-axis line in a have a positive 

linear dispersion (black dashed line) throughout the Ὁ ρȢςφρȢυυ Å6 energy range. e, geometry-

corrected Fourier peaks of line profiles in c and d overlaid on the )Í ὶ loss function calculated 

using optical constants from far-field spectroscopy. s-SNOM data are consistent with the vacuum 

light cone and waveguide mode dispersions. The waveguide mode dispersion backbends near 8 

only along the ὦ-axis. 
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Figure 4.8: Fourier analysis of near-field amplitude data. Fourier transforms of line profiles 

shown in, a, Fig. 4.7c and, b, Fig. 4.7d. Peak locations after geometrical correction correspond to 

plotted data points in Fig. 4.7e. Red dashed line traces air mode peaks and black dashed line traces 

TM0 waveguide mode peaks. A backbending dispersion is observed near the exciton energy 

( ρͯȢσυ Å6) only along the ὦ-axis. c, Fourier transforms of Ὕ ςπ + near-field profiles. Blue peak 

positions are plotted in Fig. 4.12c. 
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A more general calculation for Rabi splitting energies involves computing the separation 

between complex--poles (145) of Equation 4.4. Complex-ɤ electrodynamics represent time ‫

decaying electric fields (146), while our experiments probe spatially-decaying standing waves. 

Complex-ɤ electrodynamics do not represent our particular experiments, but are nonetheless 

physical and can be probed directly via other methods. Unlike complex-Ὧ solutions, complex-‫ 

eigenvalues are homotopic to the coupled oscillator model and provide an unambiguous value for 

the Rabi splitting energy. In Fig. 4.9, we search complex-… space for zeros of ‫

ȿρ ὶὶὩ . To enforce zero-detuning, a real value for k can be chosen such that )Í ‫

)Í ʖ  when 2Å ‫ 2Å ʖ  (strong coupling); or 2Å ‫ 2Å ʖ  when )Í ‫ )Í ͅ‫  (weak 

coupling). If the dielectric function can be expressed as a single oscillator, then )Í ‫ )Í ʖ

‎Ⱦτ at zero detuning in the strong coupling regime. We obtain Rabi splitting energies of ɝ‫

‫ ‫ ςςφ ÍÅ6 using the ςωυ + dielectric function and Ὠ ρρχ ÎÍ, Ὧ ρȢρςςς

ρπ ÃÍ  (Fig. 4.9a) and ɝ‫ ρφσ ÍÅ6 using the ςπ + dielectric function and Ὠ ρπχ ÎÍ, 

Ὧ ρȢπυρπ ÃÍ  (Fig. 4.9b). Reduced scattering rates at low temperature typically increase 

ɝbut other features of ‐ change simultaneously, particularly ‐, leading to complicated ,‫ 

temperature dependence. Although, it may be that the two solutions around Re ‫ 1.3 eV in Fig. 

4.9a are actually weak coupling solutions and thus the room temperature dispersion is in the weak 

coupling regime. Finally, we plot complex-ɤ solutions for different detuning (2Å Ὧ) in Figs. 4.9c 

and 4.9d, showing that they coincide approximately with dispersions of split waveguide modes in 

the )Í ὶ loss function. Finally, we remark that the coupling strength is only a parameter of the 

coupled oscillator model and is not well-defined in the generalization described above.  

 

 



95 

 

 

 

 

 

Figure 4.9: Rabi splitting in complex-ⱷ electrodynamics. Complex-ɤ poles of Equation 4.4 

show Rabi splitting energies at zero detuning ()Í ‫ )Í ʖ ) of a, ςςφ ÍÅ6 for Fig. 4.7 sample at 

ςωυ + and, b, ρφσ ÍÅ6 for Fig. 4.12 sample at ςπ +. Complex-poles at different detuning ‫ 

approximately match split waveguide mode dispersions from, c, Fig. 4.7 and, d, Fig. 4.12 )Í ὶ 

loss functions. 
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Next, we will perform near-field nano-imaging of CrSBr at cryogenic temperatures. We 

now expect HEPs to appear within the splitting. Fig. 4.10a shows s-SNOM images at Ὁ

ρȢσχψ Å6 of a ςππ ÎÍ CrSBr crystal at Ὕ ςωυ + and υπ + in the same region. Both images are 

normalized to the substrate and plotted on the same color scale. The low-temperature image is 

noticeably brighter, consistent with a negative ‐ and the appearance of a hyperbolic band. 

Moreover, additional subdiffractional fringes with different periodicity appears in the υπ + image 

(black arrows). After the geometrical correction, their corresponding momentum is ρͯȢχρ

ρπ ÃÍ  at ςπ +; which is beyond the material light cone with ὯὉ ρȢσχφ Å6ȟὝ ςπ +

ρȢστρπ ÃÍ . This momentum is consistent with the ὲ ρ bulk HEP mode. 

 

In real-space (Fig. 4.10b), HEP fringes (orange diamonds) are partially obscured by air 

modes (green circles). In FFT spectra (Fig. 4.10c), however, HEPs (orange diamond) and air 

modes (green circle) can be readily distinguished. We fit two Lorentzian lineshapes (dashed blue 

lines) to the measured FFT spectrum, decompose them, and show their corresponding real-space 

inverse FFTs in Fig. 4.10b. If only the HEP peak is filtered in, then the corresponding real-space 

fringes are shown in the bottom of Fig. 4.10b. We extract an HEP propagation length ὒ  πȢυ ʈÍ 

with a confinement factor ὯȾὯ of ςͯȢυ at this energy. Note that ὯȾὯ can be even higher at the 

edge of the hyperbolic band and for thinner samples or higher-order modes. A two-dimensional 

FFT filter can similarly be used to remove air mode fringes from Fig. 4.10a. The filtered near-field 

image at υπ + is shown in Fig. 4.10d. The HEP fringes are now unobscured and their averaged 

line profile (black line) is comparable to the one-dimensional Fourier-filtered line profile with HEP 

only in Fig. 4.10b. 
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The Fourier filtered image in Fig. 4.10d was obtained using the 2D fast Fourier transform 

(FFT) filtering tool in Gwyddion. Air mode peaks at positive and negative momenta were removed 

from the mask in Fourier space, as shown by the red circles in the bottom inset of Fig. 4.10d. One-

dimensional line profiles (Fig. 4.10b), on the other hand, were Fourier transformed using SciPy.fft 

methods and sometimes processed with BaselineRemoval and gaussianfilter_1d methods. Fourier 

filtering was performed by fitting Lorentzian functions to FFT peaks and analytically taking their 

inverse Fourier transform: 

                             Ὓθ ꞈ  Ὧ 2Å Ὧ )Í Ὧ ᶿὩ  Ὡ  ȿȿ                    τȢρρ 

We see that the propagation length ὒȟ  defined as the distance ὼ until the real-space amplitude 

drops to ρȾὩ of its initial value, can thus be estimated from the half-width at half-maximum )Í Ὧ 

of the Lorentzian peak simply as ὒ ρȾ)Í Ὧ. 

 

Line profiles along the white dashed ὦ-axis line in Fig. 4.10a are shown in Fig. 4.10e at 

Ὕ ςωυȟρππȟυπȟ and ςπ + in black, gray, cyan, and purple, respectively. At room temperature, 

we observe TM0 waveguide modes and air modes with similar periodicities. At ρππ +, TM0 modes 

disappear as the waveguide mode dispersion splits and only air modes remain. New peaks appear 

between the air mode fringes at even lower temperatures, changing position from υπ to ςπ + 

(follow black dashed lines). Calculations using far-field optical constants suggest that the HEP 

wavelength should increase with decreasing temperature (Fig. 4.11a) as ‐ becomes more negative 

ï in agreement with the experimental line profiles. Fig. 4.10f shows a υπ + near-field image 

outside the hyperbolic band, at Ὁ ρȢσπτ Å6, with corresponding FFT spectrum below. Fig. 4.10f 

looks qualitatively different from Fig. 4.10a at υπ +. We now see the TM0 waveguide mode since 

the probe energy is far from the anti-crossing. Unlike the HEP in Fig. 4.10c, the corrected 
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momentum of the TM0 peak in Fig. 4.10g is ͯρȢς ρπ ÃÍ , less than the momentum of the 

material light cone (red dashed line). Also, the TM0 mode is much less lossy than the HEP, as seen 

by either comparing propagation lengths or FFT peak intensities relative to air modes. 

 

To further confirm our assignment of HEPs, we investigated another CrSBr crystal of 

different thickness. Fig. 4.12a shows a near-field image at the corner of a ρπχ ÎÍ CrSBr crystal 

at Ὕ ςπ + and Ὁ ρȢσχφ Å6. We again see a subdiffractional fringe propagating along the ὦ-

axis. No subdiffractional fringe was observed along the ὥ-axis ï as expected from the in-plane 

hyperbolic isofrequency contour (left panel). The large anisotropy between observed ὥ- and ὦ-axis 

air modes, on the other hand, is due to the different interference paths along the two directions; 

which are also different from Fig. 4.7 (Fig. 4.6). In Fig. 4.12b, the averaged ὦ-axis line profile in 

the ρπχ ÎÍ sample (blue) is compared to a line profile from the ςππ ÎÍ sample (purple) at the 

same temperature and photon energy. The fringe wavelength shortens with decreasing thickness, 

which is consistent with the well-established property that hyperbolic modes have higher momenta 

in thinner samples (21, 23). By contrast, waveguide modes follow the opposite trend (Fig. 4.11): 

allowing us to distinguish HEPs from waveguide modes and conventional exciton polaritons. 
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Figure 4.10: Low temperature nano-imaging of hyperbolic exciton polaritons in CrSBr. a, 

Collocated Ὁ ρȢσχψ Å6 near-field images of a ςππ ÎÍ CrSBr microcrystal at Ὕ ςωυ + and υπ +. 

Images are normalized to the area-averaged substrate signal and displayed on the same color scale. 

CrSBr becomes significantly brighter at υπ + and new subdiffractional fringes appear (black 

arrows) corresponding to the suspected hyperbolic exciton polariton (HEP). b, ὦ-axis near-field 

line profile and, c, corresponding fast Fourier transform (FFT) revealing observed momenta Ὧ  

of the air mode (green circle) and HEP (orange diamond). Decomposed air mode and HEP FFT 

peaks with corresponding real-space profiles shown in b. d, Near-field image at υπ + with air 

modes removed via 2D Fourier filtering. The bottom inset indicates the filtered regions of the 2D 

FFT. e, ὦ-axis line profiles along the white dashed line in a at Ὕ ςωυ +ȟρππ +ȟυπ +, and ςπ +. The 

subdiffractional fringes only appear in low-temperature profiles and redshift with decreasing 

temperature (dashed lines). f, υπ + near-field image outside hyperbolic band and averaged line 

profile (black line) with, g, corresponding FFT reveal TM0 mode inside the material light cone 

(red dashed line).  
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Figure 4.11: Temperature and thickness dependence of hyperbolic exciton polaritons. 

Calculated, a, temperature and, b, thickness dependence of ὲ ρ hyperbolic exciton polariton 

(HEP1) and fundamental transverse electric waveguide mode (TE0) using far-field optical 

constants (assuming ὥ-axis is not temperature-dependent) and ὧ-axis dielectric constants from 

Figure 4.4.  
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Figure 4.12: Thickness dependence and dispersion of hyperbolic exciton polaritons. a, Ὕ

ςπ + near-field image of the corner of a ρπχ ÎÍ CrSBr microcrystal at Ὁ ρȢσχφ Å6. The hyperbolic 

exciton polariton (HEP) fringe appears only along the b-axis as expected from its hyperbolic 

isofrequency contour (left inset). b, averaged ὦ-axis line profile (blue) compared to a line profile 

at the same Ὕ and Ὁ on a ςππ ÎÍ crystal (purple). Air mode wavelengths do not change with 

thickness (aligned by vertical dashed lines) while the HEP fringe (black arrow) blueshifts with 

decreasing thickness (diagonal dashed line). c, experimental HEP and air mode momenta at various 

energies overlaid on ςπ + )Í ὶ loss function (dashed orange line corresponds to ÍÁØ )Í ὶὴ). 8
ᶻ 

sideband causes backbending of HEP dispersion (white line). d, HEP does not appear in near-field 

image at Ὁ ρȢσψχ Å6, but, e, appears in image at Ὁ ρȢσχφ Å6 (black arrow). Scale bars are ρ ʈÍ. 

f, theoretical propagation length ὒ with and without 8ᶻ in orange and black, respectively. 8ᶻ 

causes significant ὒ reduction.  
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4.4 Magnetic effects 

 

Next, we compare HEP momenta to calculations and assess the experimental evidence for 

coupling between HEPs and exciton sidebands. Fig. 4.12c shows experimental HEP momenta 

(blue squares) from near-field data taken on a microcrystal with thickness Ὠ ρπχ ÎÍ at Ὕ

ςπ + and Ὁ ρȢσφχρȢσω Å6. FFTs of line profiles can be found in Fig. 4.8. Error bars represent 

full -width half-maxima of FFT peaks. Data are overlaid on the )Í ὶ loss function (maxima in 

orange) and calculated dispersion (white line). Note that ÍÁØ)Í ὶ is not always a good indicator 

of poles for lossy modes near the light cone. When dissipation ()Í Ὧ) is large, as in Fig. 4.12c, 

ÍÁØ)Í ὶ may no longer be a good indicator of poles. Consider ὶὯ at fixed -that is non ‫

holomorphic at Ὧ Ὧ but analytic on π Ὧ Ὧ ᾀ with Laurent series: 

 

                                             ὶὯ
ὦ

Ὧ Ὧ
ὥ Ὧ Ὧ                                      τȢρς 

 

We plot )Í ὶ from Figure 4c in complex-Ὧ space with true dissipation (Fig. 4.13a) and reduced 

dissipation (Fig. 4.13b). Note in Fig. 4.13b, the pole resembles a simple pole with real coefficient 

(i.e. )Í ὦ π ÁÎÄ ὦ π, inset of Fig. 4.13b), such that ÁÒÇÍÁØ)Í ὶὯ Ὧ. When larger 

losses are introduced, Ὧ begins to deviate from a simple pole with real coefficient (Fig. 4.13a). 

Either )Í ὦ or ὦ  are now non-negligible. Thus, the usual )Í ὶ heuristics for poles are invalid. 

For this reason, computed dispersions may not necessarily align with maxima of )Í ὶ in all 

figures. 
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Our data agree with the calculated dispersion (white line) and support the existence of 

backbending near 8ᶻ - indicating that HEPs couple to exciton sidebands. Furthermore, near-field 

images taken with Ὁ ρȢσψρ Å6 do not have noticeable HEP fringes, suggesting that 8ᶻ may be 

enhancing polariton dissipation. Figs. 4.12d and 4.12e show near-field images at Ὁ ρȢσψχ Å6 

and ρȢσχφ Å6, respectively. The black arrow indicates the HEP fringe in the ρȢσχφ Å6 image, 

which is absent in the ρȢσψχ Å6 image. Fig. 4.12f shows calculated HEP propagation lengths with 

and without 8ᶻ. The 8ᶻ sideband causes a significant reduction in propagation length at higher 

energies, which explains the absence of HEP fringes in Fig. 4.12d. 

 

Recall that bulk CrSBr is an A-type AFM below Ὕ ρσς +. Intralayer ferromagnetic 

interactions aligning in-plane spins of Cr orbitals (Fig. 4.14a) actually appear at a slightly higher 

temperature of Ὕ ρφπ + (137). Between Ὕ and Ὕ, short-range ferromagnetic domains form 

(141, 147) before giving way to AFM order when interlayer magnetic coupling dominates below 

Ὕ  (Fig. 4.14b). In Fig. 4.14c, experimental ὦ-axis ‐ from far-field spectroscopy is shown near Ὕ  

and Ὕ. The hyperbolic band of CrSBr caused by 8 (white region, ‐ π) first emerges 

immediately below Ὕ and broadens with decreasing temperature. In Fig. 4.14d, we plot the 

experimental spectral weight (black crosses) of 8 as a function of temperature. Spectral weight 

was defined in this work by the following expression: 

                                                            Ὓὡ
Ὤὧ

“‐
„ ‫ὨτȢρσ                                                   ‫ 

where „ ‫ 2ÅὭὧ‐‫ ρ ‐‫ ὧ‐‐‫ ‫  is the real part of the optical conductivity.  

The integrated spectral range was from ρȢςτρȢυυ Å6 (ρπȟπππρςȟυππ ÃÍ ). Spectral weight 

values were normalized such that the ὛὡὝ ρπ + ρ. 
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Figure 4.13: Im rp in complex-k space. Imaginary part of the ὴ-polarized reflection coefficient 

ὶ in complex-Ὧ space at fixed photon energy Ὁ ρȢσχυ Å6 with a, experimental and, b, artificially 

reduced dissipation. ÍÁØ)Í ὶ does not align with the complex pole of ὶ when dissipation is large 

in a. With reduced dissipation in b, however, the pole resembles a simple pole with real coefficient 

(inset) at approximately ÍÁØ)Í ὶ. 
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Figure 4.14: Onset of hyperbolicity and magnetic order. a, schematic of intralayer 

ferromagnetic correlations (dotted lines) aligning in-plane #Ò spins (arrows) below a critical 

temperature Ὕ ρφπ +. b, interlayer correlations below the bulk Néel temperature (Ὕ ρσς +) 

order CrSBr into an A-type antiferromagnet (AFM) with ferromagnetic van der Waals layers of 

alternating spin (arrows). c, real ὦ-axis permittivity ‐ near Ὕ and Ὕ from fits in Fig. 4.15. CrSBr 

becomes hyperbolic, ‐ π (white), below Ὕ; and the hyperbolic band broadens with decreasing 

temperature. d, measured spectral weight (black crosses) of the CrSBr exciton (inset shows integral 

of real optical conductivity „) increases rapidly with the onset of magnetic order at Ὕ and plateaus 

below Ὕ. Orange line is a guide to the eye. Solid gray lines show 13Ὃὡ theory predicting 

enhancement in exciton oscillator strength going from paramagnetic (PM) to AFM states. e, 13Ὃὡ 

electronic band structure in AFM (left) and PM (right) phases. Colored bands (orange) show the 

distribution of exciton spectral weight across various valence and conduction band states. 

Magnetic disordering in the PM phase leads to electron localization and reduced dispersion along 

ɜ-Y (black arrow). f, the probability of both electron (-) and hole (+) being on the same #Ò site 

increases due to electron localization in PM phase. 
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All optical conductivities are shown in Fig. 4.15. The spectral weight increases rapidly 

below Ὕ, then plateaus below Ὕ. Similar behavior has been observed in other transition metal 

magnets and was attributed to magneto-electronic coupling (148-150). 13Ὃὡ calculations on 

CrSBr indeed predict a significant increase in exciton oscillator strength going from paramagnetic 

(PM) to AFM states (gray lines) and show remarkable agreement with angle-resolved 

photoemission spectroscopy (151). Electrons taking part in exciton formation gain kinetic energy 

and become more dispersive along the ɜ-Y direction and so less localized in the AFM phase (Fig. 

4.14e). Considering electrons hopping in the crystal lattice roughly as atomic transitions, such that 

hopping is forbidden between atoms of antiparallel spin, then electrons should indeed be more 

itinerant in ferromagnetically polarized monolayers than in a PM lattice with random spins. 

Simultaneously, the onsite d-d components of the exciton wavefunction are reduced in the ordered 

AFM phase (Fig. 4.14f), leading to a larger oscillator strength (152-153). Together with reduced 

scattering rates at low temperature, the increased spectral weight from magnetically-induced 

exciton delocalization allows for robust HEPs in CrSBr. 

 

Electronic structure and excitonic properties are calculated within a self-consistent 

diagrammatic extension of quasiparticle self-consistent Ὃὡ theory (13Ὃὡ) (155) called 13Ὃὡ. 

In contrast to conventional Ὃὡ methods, 13Ὃὡ modifies the charge density and is justified by a 

variational principle (155). On the other hand, 13Ὃὡ (142) iteratively updates Ὃ, the self-energy 

(ɫ), and the screened Coulomb interaction (ὡ) until all quantities self-consistently converge to 

desired accuracies. Within 13Ὃὡ, ὡ includes vertex corrections (ladder diagrams) by solving a 

BetheïSalpeter equation. Crucially, our 13Ὃὡ methods are fully self-consistent in both ɫ and the 

charge density (156).  Our results are thus parameter-free and have no starting point bias. 13Ὃὡ 



107 

 

and 13Ὃὡ cycles are iterated until the root mean square change in ɫ reaches ρπ 2Ù. A 

ς ς ς supercell of the Cr2Br2S2 formula unit with six atoms per unit cell was used (τψ atoms 

total with τψ interstitial sites added to augment the basis with floating orbitals). In paramagnetic 

calculations, local spin orientations are arranged in a quasirandom configuration that mimics the 

most relevant radial correlation functions of a true random structure. An objective function 

composed of τψπ pair and σψτ triplet functions is minimized, following the approach of Ref. 157. 

The objective function contained ρφ pairs and ςτ triplets per #Ò site.  This corresponds to three 

shells of #Ò neighbors whose length ranged between πȢτρ and πȢχρ lattice constants, and all triplets 

whose sum of lengths did not exceed ρȢσχ lattice constants. The two-particle excitonic 

Hamiltonian that is solved self-consistently to compute both ɫ and excitonic eigenvalues and 

eigenfunctions, contained 104 valence bands and σφ conduction bands.  

 

  



108 

 

 

 

Figure 4.15: Temperature dependence of exciton spectral weight. a, reflectance spectra 

polarized along the ὦ-axis of a bulk ςωχ-ÎÍ-thick CrSBr microcrystal at temperatures Ὕ ρπ

ςωυ +. Variational dielectric function fits are black dashed lines. b, corresponding real optical 

conductivities „. Filled areas correspond to areas of integration between ‫  and ‫  used to 

calculate the exciton spectral weight (SW). Inset shows SW as a function of temperature. Fitting a 

power law (green dashed line) yields a critical exponent of πȢςσ. 
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In summary, we have observed HEPs in a steady-state near-field experiment. The 

temperature-, thickness-, and energy-dependence of subdiffractional fringes in our near-field 

experiments establish expected HEP properties. Further, we demonstrated coupling between HEPs 

and exciton sidebands in CrSBr, as evidenced by backbending and enhanced HEP losses above 

ρȢσψρ Å6. Lastly, by measuring exciton spectral weight near magnetic transitions, we proposed 

that hyperbolicity in CrSBr is partly driven by magneto-electronic coupling. Future work may 

integrate CrSBr into an open cavity photonic crystal to improve HEP propagation lengths while 

still permitting direct imaging (158-159). Improving quality may also enable imaging of the ὲ

π surface mode ï observations of surface exciton polaritons are rare (160-161) and near-field 

imaging could provide direct proof of their existence. Finally, measuring CrSBr in an s-SNOM 

capable of applying magnetic fields (162-163) would allow for studying the interplay between 

HEP propagation and magnetic order. 
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Chapter 5: Hyperbolic plasmon polaritons in a bad metal 

5.1 Introduction  

Electrons in correlated materials are subject to additional scattering mechanisms arising 

from electron-electron interactions (164), allowing ï quite unintuitively ï for mean free paths 

shorter than the interatomic spacing: the so-called Mott-Ioffe-Regel limit (165). The conceptual 

breakdown of an electronic mean free path of Bloch states at well-defined energy and momentum 

is usually accompanied by nonsaturating, linear in temperature resistivity with a shifted Drude 

peak (166-167). This phenomenology has been broadly observed across high-4 superconductors 

(168), density wave materials (169), and heavy-electron systems (170). One might naively expect 

for collective modes, or plasmons, of such correlated electrons to likewise propagate short 

distances. Results on this topic are mixed, however. Some studies suggest that a Landau-damping-

like continuum extends to all frequencies and momenta (171), explaining observations of 

overdamped plasmons in non-Fermi-liquid systems (172-173). Several other experiments detect 

unrenormalized plasmons well explained by noninteracting theories (174-176), arguing that many-

particle excitations are much less sensitive to correlation effects. 

 

In this work, we present direct optical images of low-loss hyperbolic plasmon polaritons 

(HPPs) in the air-stable and exfoliatable correlated van der Waals metal MoOCl2 (177-178). HPPs, 

waveguided plasmons in materials with anisotropic plasma frequencies giving oppositely-signed 

dielectric tensor components (179-180), tend to be very lossy (25,181) in contrast to e.g. their 

hyperbolic phonon analogues (21-24). Surprisingly, we find that HPPs in MoOCl2 can propagate 

for several microns, up to about ten cycles at room temperature ï breaking records for HPP 

lifetimes and rivaling graphene surface plasmon polaritons (99) ï without requiring electrostatic 
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gating or chemical doping. Furthermore, MoOCl2 is found to have an ultrabroad hyperbolic band 

spanning the near-infrared and visible spectrum, so HPPs can be studied in previously-inaccessible 

frequency ranges. 

 

MoOCl2 belongs to the oxychloride family of van der Waals materials, which is generally 

characterized by weak interlayer coupling and lattice distortions enabling exotic anisotropic 

physics (182-184). In the case of MoOCl2, an orbital-selective Peierls distortion produces one-

dimensional dimerized Mo chains, rendering Mo-dxy bands essentially dispersionless and splitting 

them away from the Fermi surface (FS); while dxz/yz bands disperse through the Fermi level, but 

with strong in-plane anisotropy (185). Computational studies have suggested this electronic 

structure gives MoOCl2 hyperbolic optical anisotropy with interband transitions pushed to higher 

energies (186), enabling hyperbolic plasmons (187). Furthermore, transport studies (178) indicate 

that MoOCl2 may be regarded as a ñbadò metal with strong electron-electron interactions. Its poor 

room temperature resistivity ͯυυπ ʈɱ ÃÍ corresponds to a sheet resistance per plane ψͯȢυ Ëɱ 

twice the resistance quantum ᴐȾÅ τ Ëɱ, and MoOCl2 exhibits colossal nonsaturating 

magnetoresistance along with 4 behavior transitioning to 4-linear transport above 133 K. 

 

In this context, the record-breaking HPP lifetimes in MoOCl2 are even more remarkable: 

we find that a metal with high DC resistivity supports near-infrared hyperbolic plasmons with 

lower damping than previously seen in ñgoodò metals with low DC resistivity. Here, we will use 

HPPs to probe the intraband dynamics of MoOCl2 and understand this contrast. We first discover 

that the HPP dispersion differs from predictions by noninteracting theories and from expectations 

from DC measurements. Angle-resolved photoemission spectroscopy (ARPES) interpreted with 
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quasiparticle self-consistent GW (13'7) theory reveals incoherent dxz/yz bands and FS 

reconstruction by electronic interactions and possibly charge density waves (CDWs). The 

observed HPP dispersion renormalization can be explained by invoking incoherence in many-body 

calculations of the MoOCl2 conductivity. Further, reconciling the high-frequency dielectric 

function implied by the HPP dispersion with DC conductivity requires a shifted Drude peak, 

possibly connected to low-frequency absorption by the same CDWs from ARPES, accounting for 

apparent conflicts between plasmons and transport. 
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Figure 5.1: Hyperbolic plasmon polaritons in molybdenum oxide dichloride. A, experiment 

schematic showing the cantilever and tip of a scattering-type scanning near-field optical 

microscope (s-SNOM) scanning a metallic slab of molybdenum oxide dichloride (MoOCl2). Free-

space light with momentum k0=ʖ/c scatters off the s-SNOM tip, exciting hyperbolic plasmon 

polaritons: waveguiding quasiparticles composed of light and electrons. B, near-field amplitude 

(ʖ=1.312 eV) and, C, topography images of a 18-nm-thick MoOCl2 microcrystal. Several 

unidirectional interference fringes attributable to low-loss hyperbolic plasmon polaritons are 

observed.  

  


























































































