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[bookmark: _GoBack]Single-particle cryo-electron microscopy (cryo-EM) has recently become an important tool for the study of macromolecular structures at high resolution. One challenge, however, is that the data collected are intrinsically heterogeneous, which limits the resolution that can be potentially achieved. One way to address the heterogeneity problem is via computation of the covariance matrix, which captures the correlation between every pair of voxels, thereby revealing the variability and co-variability of the underlying structures, in terms of spatial location and the type of structural change. Specifically, we propose an iterative approach in the image domain to the estimation of the covariance matrix from cryo-EM single-particle images. Although this type of approach is commonly perceived as being slow, it has two important mitigating advantages: constraints on the solution can be easily imposed; and the solution domain can be tailored to have arbitrary shape and size, thereby considerably reducing the number of unknowns, which grows quadratically with the size of the volume. We obtained encouraging results on an experimental data set with 29,000 projections of a 43S ribosomal pre-initiation complex.
Introduction
Recent developments of single-particle cryo-electron microscopy have attracted a great deal of attention in the structural biology community, due to the ability of this technique to achieve near-atomic resolution for biological macromolecules that are imaged in a near-native environment.  Notably, the invention of direct electron detector devices run in multi-frame capture mode coupled with powerful algorithms [1], [2], [3] has enabled the study of structures at near-atomic resolution. 
In the single-particle method, two-dimensional (2D) noisy projections of macromolecules lying in random orientations are collected in the microscope [4]. Ideally, to facilitate the reconstruction process, a biological sample is prepared so that only one conformation or binding state of the macromolecules is present. However, even with a careful biochemistry treatment, several states often coexist. To deal with the resulting heterogeneity in the sample, there exist several techniques that can be used to classify the heterogeneous data according to the conformational state of the molecule, requiring little a priori knowledge. Maximum-likelihood-based techniques assume that the projections are snapshots from a small and known number of discrete classes [5], [6], [7], [8]. Statistical bootstrapping methods [9], [10], [11] indirectly estimate the three dimensional (3D) covariance matrix of the underlying molecules. Following these methods, a large number of reconstructions are created from the data by resampling, and the projections are represented in a low-dimensional space spanned by the projection of the eigenvolumes of the bootstrap reconstructions. That is, instead of the covariance matrix itself, bootstrapping methods estimate the eigenvolumes, which are also the eigenvectors of the covariance matrix. Classification is then achieved by clustering the projections represented in the low-dimensional space. Other classification methods that have been proposed are based on graph-theory and the common lines [12], [13]. 
In contrast to existing approaches to covariance matrix estimation [9], [10], [11], [14], in which the eigenvectors of the matrix are estimated, we compute the matrix explicitly and perform analysis of the covariance in order to study the heterogeneity. We can for instance see the statistical dependency of all the factors with respect to a given factor, all in one map. One of the main challenges of the computation is that the underlying 3D molecules are not directly observed, but only their noisy 2D projection images. In the approach of Katsevich et al. [14], the Fourier transform of the covariance matrix is built up in its entirety by taking advantage of the Central Slice Theorem (see, e.g., [15]). Here we attempt to do all the estimations in the image (i.e., real-space) domain. An advantage of computing the matrix in the image domain is that the reconstruction region to be analyzed can have arbitrary shape and size, which is helpful when we are interested in solving for small regions (i.e., when variability occurs predominantly in small regions, we can use a 3D mask that encapsulates voxels with high variability and solve the problem inside the mask). 
Method
The covariance matrix is defined as follows. If the macromolecules were brought into the same coordinate system and the volume containing them is represented by a 3D array of voxels, then the density value in the voxels  where conformational or binding site changes take place will vary from one molecule to the other. The covariance matrix records the covariance between any two given voxels; that is, if v1 and v2 are the density values in two voxels, then the covariance is defined as

where E(.) denotes the expectation. 
We initially discretize the volume containing a macromolecule as having  voxels and model it as a N3-dimensional random column vector X. A projection image from the data is modeled as a noisy approximation to the line integrals across the volume at a given direction, which we write , where R contains the “weights” in the line integrals. The weights are assumed deterministic. We also assume known all projection orientations. Since X is random, so is Y, and their respective covariance matrices are related by

                                                       (1)

where  denotes the transpose of R.  The equation above can be re-written as a system of linear equations where the left hand side is the covariance among the pixel values in the projection image and the right hand side contains the unknowns, which are the covariance among the voxel densities:
                                                                (2)
where is the covariance of the line integrals (to be referred to as “2D covariance”) and   the unknown covariance (“3D covariance”), and the elements of  are products of elements of . To see how Eq. 1 reduces to Eq. 2, note that the covariance between two linear combinations of random variables equals a linear combination of covariances, each of which is between a random variable from one combination and another random variable from the other combination. The coefficients in the newly formed linear combination are simply the product of the corresponding coefficients. In practice, we do not have access to  but its noisy version  (for the purpose of discussion, we assume the data are already corrected for the Contrast Transfer Function [4])
                                                                  (3)
Eq. 3 corresponds to the case of only one projection. In practice, many projections exist, and therefore, one could in principle concatenate several such equations. However, in order to minimize the size of the entire system, we group the projections based on their similarity of orientation and create one equation like Eq. 3 for each group. The aim is to estimate the 3D covariance from the set of 2D covariances (see Figure 1).
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[bookmark: _Ref391396175]Figure 1. Estimation of the covariance among voxel values from the covariance among observed pixel values

Size of the system of equations
For a volume size of N3, the size of a projection is in the order of N2. This implies that the size of the corresponding covariances is in the order of N6and N4, respectively, which quickly becomes computationally intractable as N grows. Moreover, the number of groups of projections M should be large enough, so that there are more equations than unknowns. Typically, the reconstruction region in which the molecule resides is a ball contained in the  cube, and so the fraction of “active” voxels is about 0.52, which implies that the number of unknowns is about one quarter of N6. In the way we create the equations, we need in the order of N6/ N4= N2groups. Additional equations can be gained by taking inter-group covariances and not just intra-group covariances, which means requiring in the order of N groups. 
Variability in the volume due to conformational changes or binding site occupancies may occur anywhere in the volume and at regions of varied sizes. For example, an inter-subunit rotation of the ribosome produces variability in large region whereas a rotation of the tRNA inside the ribosome results in small and localized variability. Knowing a priori where large variability is situated in a molecular complex helps us to decide what voxel size to use. Thus, a good strategy would be to perform a preliminary reconstruction using a coarse sampling grid, then another reconstruction of only the high variability region using finer grid.
Imperfections in the data
Noise is an important consideration in estimating the covariance matrix. In fact, most of the variability in the data is due to noise. What we are interested in is the variability due to structural change, which is “buried” in noise. To bring out structural variability, the noise power needs to be reduced. We have pointed out earlier [10] that merely increasing the number of projections and averaging will not help, because along with the noise variability, the structural variability is also suppressed by the same multiplying factor (which is the number of projections involved in the average). A possible remedy is to apply low-pass filtration to the data, but this will inevitably blur the structural variability map, as well. Obtaining data with higher signal-to-noise ratio (as enabled by direct electron detection devices [1], [2], [3]) is crucial in achieving a covariance map at high resolution. 
To compensate other imperfections in the data, such as uneven ice thickness, we apply proper image normalization. We assume that the data are correctly aligned. We group the projections by tessellating the unit sphere approximately uniformly into bins and assign each projection image to the closest bin in terms of its orientation (so that the matrix W in Eq. 3 is fixed for each group). As a result of this procedure, the effect of preferential orientation is lowered, but at the same time an extra variability is created due to the binning of orientations. This variability is however considerably reduced by subtracting from the projection data the reprojection of a volume reconstructed from the data. 
Figure 2 explains how we preprocess the data and compute the 2D covariance for each group. After normalizing the data by setting the background to zero mean and unit variance, we subtract from each projection the corresponding reprojection of a volume reconstructed from the normalized data. As a result, we have “DC-component free” projections, and we then consider their shifted version. After grouping according to orientation, we estimate the 2D covariance for both the original and the shifted version. The difference between these two is the final estimated 2D covariance. 
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[bookmark: _Ref392097770]Figure 2. Estimation of the 2D covariance. 
Solving the system of linear equations
To solve the system of linear equations, we use an iterative algorithm known as block-Algebraic Reconstruction Techniques (block-ART; see, for example, [16]). Specifically, in traditional ART [17], the unknown is updated sequentially based on each element of . In block-ART, the update is done simultaneously for the whole set of . In this work, we pre-calculated and stored the elements of the matrix. To speed up the convergence, right after every update, we imposed the condition for the solution to be a covariance matrix: that the variance (the diagonal elements of the matrix) must be non-negative and that the squared covariance must be no greater than the product of the corresponding variances. We found that usually twenty or fewer iterations (each of which is a cycle through all the ) is adequate to obtain a solution. 
Results
Simulated data
We tested our approach on simulated data consisting of 10,000 noiseless 20×20 projections of a fixed empty 70S ribosome density map with an A-site tRNA undergoing a subtle rotation (see upper left panel of Figure 3); specifically, the tRNA exists in two configurations, each of which generating 5,000 projections with an approximately even distribution of orientations on the unit sphere. One tRNA is slightly above the other, while their “bases” are almost overlapping. 
Here we show the correctness of our approach by analyzing the resulting variance (i.e., the diagonal entries of the covariance matrix) map and a covariance map with respect to a voxel of high variance. For comparison, we consider the approach in [18], which suggested that the variance map can be obtained by backprojecting from the 2D variances (the diagonal entries of the 2D covariances). We show, nevertheless, that this procedure causes a severe underestimation of the variance map for this data set. In fact, at the resolution of 203, the variance map was not detected because of the underestimation; therefore, we manually increased the size and intensity of the tRNA. The amount of the increase is irrelevant, as we did not try to find the minimal increase sufficient for the map to become visible. Upper right panel of Figure 3 shows the result using the method advocated in [18]. We can appreciate a stretching of the resulting variance map, because most contribution of the projections comes from directions that are close to the “longitudinal axis” of the tRNA. Next, we estimated the variance map using our approach, shown on the lower left panel. The variance map indicates is clearly improved in that it indicates higher variance at the head of the moving tRNA than at the base, as expected. We then considered one voxel in the head of the upper tRNA (marked with a black dot) and extracted its covariance map (lower right panel of Figure 3 ) from the estimated matrix. The map has positive (red) and negative (blue) values. As expected, it is positive at voxels in the head of the upper tRNA, but negative for the lower tRNA.
We also experimented with the case of presence/absence of a factor. Namely, we simulated two states of the 70S ribosome: one that has an A-site tRNA and the other one does not. Following above, the size and density of the tRNA have also been increased, and each state generated 5,000 noiseless 20×20 projections with an approximately even distribution of orientations on the unit sphere. All three maps recovered (the variance map using the method in [18], the variance map and a covariance map using our approach) show high density in the region occupied by the tRNA, which is expected (see Figure 4). 
  
[image: ] 
[bookmark: _Ref386807942]Figure 3 Estimation of the covariance matrix from simulated data of a 70S ribosome with a subtle rotation of A-site tRNA. Upper left panel shows the ribosome with two configurations of the tRNA: one in blue color and the other one red. Upper right panel is the variance map calculated by reconstructing from 2D variances, which shows severe “stretching,” due to underestimation. In contrast, the variance map calculated using our approach nicely covers voxels where the two states differ the most (lower left panel). Lower right panel displays the covariance map computed with respect to a voxel of high variance (black dot). In this panel, red (blue) color indicates that it is positively (negatively) correlated with the given voxel.  
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[bookmark: _Ref393051012]Figure 4 Estimation of the covariance matrix from simulated data of a 70S ribosome with and without an A-site tRNA. Upper left panel shows the ribosome with the tRNA. Upper right panel is the variance map calculated by reconstructing from 2D variances, which highlights most of the tRNA. Lower left panel is the map estimated by our proposed method. Lower right panel displays the covariance map computed with respect to a voxel of high variance (black dot), which shows that most of the voxels in the tRNA correlates positively with the given voxel.  
Experimental data
We tested our method on experimental data with 29,000 projections of a 43S ribosomal pre-initiation complex, which is formed as follows [19] (see Figure 5). First, methionylated initiator methionine transfer RNA (Met-tRNAiMet), eukaryotic initiation factor (eIF) 2, and guanosine triphosphate form a ternary complex (TC). The TC, eIF3, eIF1, and eIF1A cooperatively bind to the 40S subunit, yielding the 43S preinitiation complex, which is ready to attach to messenger RNA (mRNA) and start scanning to the initiation codon. Scanning on structured mRNAs additionally requires DHX29, a DExH-box protein that also binds directly to the 40S subunit.
The data were acquired using an FEI Tecnai F20 electron microscope (FEI, Eindhoven) operated at 120 kV with a calibrated magnification of 51,570× on a 4k × 4k Gatan Ultrascan 4000 CCD camera with a physical pixel size of 15 μm (thus making the pixel size 2.245 Å). Additional details of sample preparation and data collection and preprocessing can be found in [19]. The data were preprocessed using pySPIDER (R.L. and J.F., unpublished data), which was used for the automated particle selection, yielding a total of ∼650,000 particles. Those particles were classified with RELION [7] and a class of 29,000 particles with all the factors present was isolated. 

We chose this data set, because we analyzed and characterized its structure, and we wished to see the the residual (i.e., after RELION classification) variability in small and localized regions, rather than in large regions (such as inter-subunit movements). Since the former tend to more challenging for most classification algorithms, analysis of the covariance is a useful complementary tool.
 
Previously in [19], we employed the bootstrapping method [20] for finding the residual heterogeneity in this class, and we found high variability in the region where the DHX29 is. Here, we not only obtained an improved variance map that is more accurate in showing regions of high variance, but we were also able to appreciate the covariance between a component in the DHX29 and the rest of the 43S complex, containing new biologically relevant information. 
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[bookmark: _Ref392006229][bookmark: _Ref391376182]Figure 5. Cryo-EM structure of the DHX29-bound 43S Pre-initiation complex; from [19].
We initially computed the 3D covariance within a sphere inscribed in a cube of size 163 voxels. First we normalized the projection data, so that they have zero mean and unit variance in the background. The data were grouped into bins on the unit sphere of approximately four degrees apart, resulting in 1,069 orientation groups.  From these, we selected 620 groups containing the highest number of particles. The 2D covariance of the data in each group was computed. Because the projection data set is highly noisy, it was also necessary to compute (and subtract this from the 2D covariance of the data) the 2D covariance of noise-only projections, which were obtained by shifting the corresponding projection images by one-half of their size in each direction. Figure 6 shows that the variance map produced by our proposed approach (bottom row) is more consistent with what is currently known about this complex than the map produced by the bootstrapping method (top row). For example, our map shows variability in a domain of the eIF3 core (arrow 1) and in the eIF2 ternary complex (circle 2), which are expected. Moreover, unlike the map produced using the bootstrapping method, our map shows no variability in a region of the 40S close to the eIF3 core (circle 3), which is quite reasonable, because of its high local resolution (calculated, at the time of the publication of [19], using Bsoft [21]). All the volumes shown here are on a 323grid (the 163 maps were extrapolated to this size).
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[bookmark: _Ref392067377]Figure 6. Variance map of a data set of 29,000 projections of the 43S pre-initiation complex. Top row shows three different views of the 3D variance map calculated using the bootstrapping method. The map calculated using our novel approach (bottom row) shows more consistency with what is currently known about this complex: 1) variability in a domain of the eIF3 core, 2) variability in the eIF2 ternary complex, and 3) no variability inside the 40S ribosomal subunit, in accordance with the high local resolution of the 40S subunit. In contrast, the bootstrapping shows variability within the 40S subunit.
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[bookmark: _Ref392068958]Figure 7. Covariance map of the 43 S pre-initiation complex with respect to a voxel (highlighted in purple) with the highest variance, which is situated in the DHX29. The map shows high correlation with 1) intersubunit domain (N-terminal) of the DHX29 and 2) a peripheral domain of the eIF3. 
[bookmark: _Ref392506590]


[image: ]Figure 8. Top row shows the region where the estimation was performed at an increased resolution (going from 163 to 323); outside of this mask, both the variance and covariance are set to zero. Bottom row shows the resulting variance map. 
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[bookmark: _Ref392531892]Figure 9. Covariance map of the 43S ribosomal pre-initiation complex with respect to a voxel (highlighted in purple) with the highest variance, which is in the DHX29. Here the domain is defined in the top row of Figure 9. 
Next, we calculated the covariance map with respect to a voxel with the highest variance, which is situated in the DHX29 (see Figure 7). The map shows high correlation with another region of the DHX29 (arrow 1) and the peripheral domain of the eIF3 (region labeled “2”), which is a reasonable finding, as far as we know it.
Finally, we explored one of the main advantages of being able to estimate the covariance in the image domain, which is that it allows a domain of arbitrary shape to be examined. Thus, a focus can be placed on places where the variance is high. Because the squared covariance is never greater than the product of the respective variances, only regions with high variance will have meaningful covariance. We identified such regions from the variance map calculated earlier and low-pass filtered them. We set a threshold for the filtered map, so that all the voxels whose value is equal or above the threshold are considered inside the domain of examination, outside if the value falls below the threshold. This procedure produced a contiguous domain, which is depicted on the top row of Figure 8. Since estimating the covariance within this domain at resolution of 163 becomes much faster than with the full spherical domain, we increased the resolution to 323 and used the covariance map computed above as the starting point (albeit with proper extrapolation).  The resulting variance map offers more details (Figure 8 bottom); and the new covariance map (Figure 9) is slightly different than that in Figure 7, but it is still reasonable, as far as we can tell. 
Discussion
In single particle cryo-EM data, heterogeneity is an important resolution limiting factor. One way of studying heterogeneity is via the covariance matrix, which shows regions of high variability (the variance map), as well as how the value in a given voxel correlates with the remaining ones. While it is mathematically straightforward to estimate this matrix from the covariance of the projections, the rapidly growing number of unknowns as the volume size increases constitutes a hurdle. Hence, to date solutions have been obtained for only relatively small volumes. However, the flexibility in choosing the size and shape of the solution domain in our approach allows us to deal with volumes of higher resolution.
Since the data are not perfect, any type of covariance other than that due to structure variability will be reflected in the results. Therefore, to obtain correct maps, the undesired variability needs to be removed or reduced by proper statistical considerations and data normalization. Everything else equal, we think the signal-to-noise ratio of the data is key to a successful high-resolution estimation of the maps. 
Here we chose to solve the estimation problem iteratively and purely in the image domain. Even though we are not taking advantage of the central slice theorem and applying the fast Fourier transform, we can impose linear or nonlinear constraints directly on the solution, and we could also employ a solution domain of arbitrary shape and size in order to reduce the number of unknowns. Doing this implicitly assumes that outside the domain to zero. Without proper adjustment of the 2D covariance, this assumption works only if the variance outside the domain is negligible compared to the largest variance; which is the case here. If this is not true, then the domain could have, e.g., different scales simultaneously: a finer scale for regions of higher variability and coarser scale for the remaining region. We are currently experimenting with these variants, since they have a big impact on the computation time. We are also experimenting different types of constraints on the solution, such as smoothness and sparsity.
A drawback in our approach is that, in order to reduce the number of equations, we need to group the data based on the orientation. This creates additional variability, which is directly related to the angle increment and is more pronounced in the outer part of the domain than its inner part. We did not, however, observed a significant effect of this type of variability, and according to our model, most of it should be eliminated when we subtract the reprojection of the average volume (the “DC component”) from the data.
While variability in small localized regions tends to be more challenging for most existing classification algorithms, it is desirable in our approach, as the solution domain can then be set to a smaller size saving computational time. 

Conclusion
We were able to estimate the variance map and a covariance map of a 43S pre-initiation complex with DHX29 bound, by carefully preprocessing the data. Not only the results are consistent with what we know about the structure, but they also offer new insights. The rapidly growing number of unknowns as the volume size increases precludes this type of analysis for a full-sized reconstruction at high resolution. Nevertheless, the flexibility in choosing the solution domain in our approach allows us examine a small part of the molecule without such constraint.
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