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We study the properties associated to various definitions of ambiguity ([8], [9], [18] and
[23]) in the context of Maximin Expected Utility (MEU). We show that each definition
of unambiguous events produces certain restrictions on the set of priors, and completely
characterize each definition in terms of the properties it imposes on the MEU functional.
We apply our results to two open problems. First, in the context of MEU, we show
the existence of a fundamental incompatibility between the axiom of “Small unambigu-
ous event continuity" ([8]) and the notions of unambiguous event due to Zhang [23] and
Epstein-Zhang [8]. Second, we show that, in the context of MEU, the classes of unam-
biguous events according to either Zhang [23] or Epstein-Zhang [8] are always A-systems.
Finally, we reconsider the various definitions in light of our findings, and identify some
new objects (Z-filters and EZ-filters) corresponding to properties which, while neglected
in the current literature, seem relevant to us.
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1. INTRODUCTION

The idea of Ambiguity has been central to the research in decision theory for
several decades. The story is well-known. On one hand, Savage’s theory [21] pos-
tulates that a decision maker be able to assign probabilities to all events. On the
other hand, it is hard to dismiss the intuition that in many situations the infor-
mation available to the decision maker might be insufficient for doing so. Roughly
speaking, “Ambiguity" refers to these situations, and the classic experiments by
Ellsberg [7] have convincingly demonstrated its empirical relevance.

The conflict featuring Savage’s theory on one side and the idea of Ambiguity on
the other, has generated spectacular theoretical developments: Choquet Expected
Utility [22], Maxmin Expected Utility (henceforth, MEU) [11] and several general-
izations of the latter ([9], [14], [17]). All these models allow for modes of behavior
that are not necessarily consistent with Savage’s Subjective Expected Utility the-
ory. In particular, they can accommodate behavior of the type observed by Ellsberg.
Yet, in most of this work, the idea of Ambiguity has remained in the background:
more an inspirational muse rather than a central, fully spelled out concept.

1We are grateful to Massimo Marinacci and Klaus Nehring for useful discussions.



The formalization of the concept of Ambiguity is a more recent matter, mostly
of the past decade. Since the idea refers to situations where not all events are
assigned probabilities, the goal has been that of characterizing such events. These
are called ambiguous, and all the others are termed unambiguous. As of today,
several definitions have been proposed, amended, criticized and the literature, in
spite of its recent start, is already quite sizeable. We refer the reader to [8] and [9]
for some of the history of the problem.

This wealth of definitions as well as the richness of the debate sorrounding
them (see, for instance, [8], [9], [10], [13], [15], [18], [19], [20], [23]) motivate the
present work. Our goal is to contribute to the debate by providing a new way of
looking at the problem. We do so by studying the properties associated to various
definitions of ambiguity within the context of a familiar model like MEU. The
novelty of our approach consists in the realization that the demand that a certain
event be unambiguous is equivalent to the demand that the MEU functional —
and, hence, the set of priors — display certain properties. As different definition of
“ambiguous events" lead to different properties, one achieves a better understanding
of those very definitions. All the more, the focus of the debate can shift toward the
desiderabilty of these properties.

Our results admit a dual reading. Let z be a certain definition of Ambiguous
events, and let 1" be an event. Our results say that 7' is z-unambiguous if and
only if the MEU functional displays a certain property. Alternatively, one can
view our results as follows. For z a definition of Ambiguous events, let {A4;} be a
certain collection of events that are termed at the outset as z-unambiguous. Then,
our study shows (a) whether or not there exists a MEU model compatible with
this situation; and, in the affirmative case, that (b) the set of priors defining the
MEU functional must have a certain form. The latter case can be axiomatized by
introducing an additional axiom in the familiar MEU setting. We notice this only
occasionally.

In the final sections, we apply our results to study two open problems in the
literature on ambiguous events. The first regards the axiom of “Small unambiguous
event continuity" introduced in [8]. The desiderability of the axiom, which is cru-
cial for the derivation of a unique probability measure on the classes of Zhang and
Epstein-Zhang unambiguous events, has recently been questioned (see, in particu-
lar, [15] and [20]). In the context of MEU, our main result states the existence of a
fundamental incompatibility between this axiom and the notions of unambiguous
events due to Zhang and Epstein-Zhang (Section 6). The second problem regards
the properties of the classes of unambiguous events according to [8] and [23], respec-
tively. Both classes were originally claimed to be A-systems. Later, Kopylov [15]
showed that, in general, they are only mosaics (a notion he introduced). Yet, the
problem of what conditions guarantee that those classes are, in addition, A-systems
has been left open. Here, we show that, in the context of MEU, those classes are
indeed A-systems.

Finally, we reconsider the various definitions of ambiguity in light of our findings,
and identify some new objects (Z-filters and EZ-filters) corresponding to properties
which, while neglected in the current literature, seem relevant to us.

2. SETTING

Our goal is to achieve a deeper understanding of the meaning of various defin-
itions of ambiguous events proposed in the literature. To study the properties of



unambiguous events in the context of a well-understood model like MEU seems to
us one but an obvious step in this direction. Ultimately, differences across various
definitions are better appreciated in terms of different properties they generate.
In pursuing our goal, however, we need to avoid spurios differences which might
emerge solely as a consequence of the model we are using. Put, in a different way,
we should guarantee that (still within MEU) the setting we choose is as “neutral"
as possible with respect to the various definitions. The crux of the matter, here,
is that both Zhang [23] and Epstein-Zhang [8] impose, in their work, axioms lead-
ing to the existence of a countably additive, nonatomic probability measure on the
class of unambiguous events. For other definitions, like Nehring’s or Ghirardato-
Maccheroni-Marinacci’s, this is possibile — in the context of MEU — only if all the
priors are both countably additive and nonatomic and only if the class of unam-
biguous events is sufficiently rich.

To guarantee that these properties can be satisfied, we need to impose three
more axioms on the original Gilboa-Schmeidler’s MEU axiomatization. Two of
these have been recently identified by Chateauneuf-Maccheroni-Marinacci-Tallon
[5] and ensure that all the priors in the representation are both countably additive
and nonatomic. They also ensure that there exists a prior with respect to which
all the others are absolutely continuous. We refer the reader to [5] (in particular,
Lemma 3) for the full specification of the model and the proof of these facts.

The third axiom, which delivers the richness of the class of unambiguous events
either in the sense of Nehring or Ghirardato-Maccheroni-Marinacci, requires a bit of
notation. Let C be the set of priors in the representation. As noticed ([5], Lemma 3),
there exists a prior in C, say v, such that all other priors are absolutely continuous
with respect to v. Hence, for each prior there exists a density (with respect to v)
and the set C is isometrically isomorphic to a set of densities D C £1(S, %, v).

Let D+ = {¢ € L>(5,%,v) | [ gpdv =0 for all g € D}, and let D+ (A) be the
set of all ¢’s vanishing a.e. on the complement of the measurable set A.

DEFINITION 1 (Kingman and Robertson [12]). D is said to be thin if and only
if D+(A) is different from the zero subspace whenever v(A4) > 0.

We say that a set of priors C is thin if the corresponding set of densities is, and
we restrict to preferences for which the set of priors is always thin. In the con-
text of Chateauneuf-Maccheroni-Marinacci-Tallon’s axiomatization, it was shown
in [2] (Proposition 10) that there exists a countably additive, nonatomic probability
measure on the class of Ghirardato-Maccheroni-Marinacci (equivalently, Nehring’s)
unambiguous events if and only if the assumption is satisfied.

We conclude this section by stating the notation that we use throughout the
paper. S denotes the state space, ¥ is a o—algebra of events in S and Y is the
prize space, which we assume is a mixture space ([11] and [5]). The set of acts
isF={f:85 — Y] fis simple and ¥—measurable}, with the generic elements
f,9,h,...etc. The decision maker has a preference relation, =, on F, which is
represented by the functional I : 7 — R defined by

I(f) = mi dP 1
(1 =in [ )P (1)
where C is a convex and weak*-compact set of finitely additive probability mea-
sures on (S,%), and v : ¥ — R is a linear utility on the prize space. As noted,
the axioms introduced in [5] guarantee that these probabilities are, in addition,



countably additive and nonatomic. The utility function u produces an embedding
of the acts into the set By(X) of bounded real-valued simple functions on S, and the
functional I (and, hence, the preference relation) is extended to the whole By (%) in
the obvious way ([11]). Because of this, from now on we drop any reference to the
utility function (that is, from now on an act f if viewed as a real-valued function).

3. DEFINITIONS OF AMBIGUOUS EVENTS

We distinguish between two groups of definitions of ambiguous events. One
group features the definitions given by Nehring [18] and Ghirardato, Maccheroni
and Marinacci [9], the other those given by Zhang [23] and Epstein and Zhang [8].
This classification is motivated solely by the structure displayed by the definitions,
and not by other considerations.

In the context of Multiple Prior models, the definitions of ambiguous events
given by Nehring and Ghirardato, Maccheroni and Marinacci are known to be
equivalent, and correspond to the following

DEFINITION 2. An event T' € ¥ is unambiguous if VP,Q € C, P(T) = Q(T).
Otherwise it is ambiguous.

Since we are going to be dealing with different notions of ambiguous events, we
need a name to distinguish these unambiguous events from the others we will meet
later. We borrow from Dubins and Margolis [6],2 and we call naturally measurable
all the events that are unambiguous in the sense of Definition 2. The class of
naturally measurable events is denoted by Ana;.

It is a straigtforward consequence of the definition that the class Ay is closed
under the operation of taking complements, and that it is, in fact, a A-system
([9]). Under the thinness assumption of the previous section, it contains events of
measure «, for any a € [0,1] (see [2]; this measure is univoquely defined because of
the very nature of naturally measurable events).

Naturally measurable events admit the following behavioral characterization,
which is proven in [9]. If f is a function on S and w is a real number (recall that
acts have been identified to real-valued functions), we denoted by fTw the real-
valued function on S which coincides with f on 7" and is identically equal to w on
T¢ (the complement of T).

PROPOSITION 1 ([9]). T is naturally measurable if and only if for any f,g € F,
w,w’ € R and for any a € (0,1)

f~g = af + (1 —a)(wTw') ~ ag + (1 — a)(wTw')

The next two definitions are stated directly in behavioral terms. The definition
proposed by Zhang [23] reads as follows

DEFINITION 3. An event T € 3 is unambiguous if Vf,g € F, w € R
fTw = gTw = fTw' = gTw for any w’ € R (2)

and the same implication holds for T°. Otherwise 1" is ambiguous.

2While introduced in a different context, the terminology seems especially suited to us (see

[6])-



The definition given in Epstein-Zhang [8] displays a similar structure but it is
weaker in that limits the comparison (2) only to a certain subset of F x F. For
T € 3, let A and B be two disjoint subsets of 7. Consider an act f of the form

y* if secA
f= Y if seB
z(s) if s € S\(AUB)

where y* and y are real numbers and 2(s) = f |s\ (aup). An EZ-conjugate of f is
an act f defined by

Y if seA
f= Y if s€B
z(s) if s€ S\(AUB)

that is, f is obtained from f by exchanging the prizes on A and B. The definition
given in Epstein and Zhang reads as follows

DEFINITION 4. An event 7' € 3 is unambiguous if Vf € F, w € R and for any
conjugate f of f

fTw = fTw = fTw' = fTw for any w' € R
and the same implication holds for 7. Otherwise 1" is ambiguous.

The restriction to comparisons involving only conjugate acts is motivated by
the intuition that an event T' should be termed unambiguous if (and only if) the
relative conditional likelyhood of any two of its subevents, A and B, is invariant
with respect to changes in the prize on T° (see [8]).

The classes of unambiguous events according to Zhang and Epstein-Zhang are
denoted by Az and Agz, respectively. These two notions of ambiguity have recently
found a very elegant treatment in the work of Kopylov [15]. There, among other
things, Kopylov shows that the two classes are mosaics and noticed that they are
not necessarily A-systems.

At any rate, in the setting we study, there is an obvious relation among the
three notions, which we state in the next proposition.3

PROPOSITION 2. Ayy C Az C Agz.

As these inclusions come straight from the definitions, we do not provide a
proof (however, many of the results we present later implicitly contain a proof of
this fact).

It is well-known that, in the setting we consider, the inclusion Ay C Az may
be strict. The following example is due to Nehring [20].

EXAMPLE 1 (Nehring [20]). Fix an event T € ¥. Let II; and II, denote two
weak*-closed and convex sets of finitely additive probability measures supported by

3Obviously, the inclusion Az C Agz is true in general.



T and T°, respectively. Fix a, 8 such that 0 < a < 8 < 1. Define the weak*-closed
and convex set II as follows:

II = [a,ﬂ]nl+[1—ﬁ7l—a}ngE{’}/Tfl-l-(l—’)/)’ﬂ'g ‘ ag'ygﬁ, T GHl, T GHQ}

and let the preference = be the one induced by II according to the MEU functional
(1).

The reader can readily check that T is Z-unambiguous, and hence EZ-unambiguous,
but not naturally measurable because o # 3.*

Nehring’s example goes a long way beyond showing that the inclusion Ay, C
Ay is strict. In fact, as we shall see (Theorem 4), it provides remarkable insights
into the structure of the events which are unambiguous either according to Zhang
or to Epstein and Zhang.

We study naturally measurable events in the next section, and Zhang and
Epstein-Zhang unambiguous events in Section 5. The unifying theme is the re-
alization that — for x a certain definition of unambiguous event — an event is x-
unambiguous if and only if the set of priors (and hence the maxmin functional)
displays a certain structure. These findings will clarify both the differences and
the similarities existing across the various definitions we consider. In Section 6, we
apply our results to address two issues. Namely, whether or not the classes Az and
Agz are A-systems and to which extent Zhang’s and Epstein-Zhang’s definitions
are compatible with the axiom of “small unambiguous event continuity" ([8], Axiom
4). Section 7 contains some concluding remarks. Proofs are in Appendix. Section
A* in Appendix refers to material contained in Section * in the main text.

4. NATURALLY MEASURABLE EVENTS

The main result of this section (Theorem 1) states the existence of a certain
relation between naturally measurable events and the structure of the set C, which
defines the MEU functional. Precisely, if ® = {m;} is a (finite) partition of S into
naturally measurable events, then C can be written as a unique convex combination
of a collection of sets {Cy, ;e , C = Y. @;Cr,, and each measure in Cy, is supported
by m;. Equivalently, given a partition into naturally measurable events, the set
C can be decomposed into a (canonical) system of sets of conditional measures.
Later in this section and more thoroughly in Section 7, we will elaborate on the
interpretation attached to this type of decompositions. Notice, that in the special
case ® = {T,T°}, our result says that to each naturally measurable event there is
associated a certain decomposition of the set of priors and, hence, a special form of
the MEU functional I.

Let ® = {m;} be a finite partition of S with the property that each 7; € Ay
(existence of such partitions is guaranteed by the thinness assumption of Section 2;
see [2]).

THEOREM 1. There exist (a) a unique collection of non-empty, weak* compact,
and convex sets of priors {Cr,}n,co , where for any m; € ®, C;, C{P | P is a
probability measure on w;}; and (b) a unique probability distribution q on S/® (the

4In his original example [20], Nehring restricts to a prize space having two outcomes only. The
reader can readily check that his reasoning extends without modifications to any number of prizes.



quotient of S by the partition ®)° such that for any f € F

min /5 fap = 1(f) = /S . <Pnelicrﬂli / fdP) dq(r:)

We stress that the decomposition of Theorem 1 holds for any act f € F. With
this in mind, Theorem 1 lends itself to an interesting interpretation. We can think
of MEU decision maker as of someone who follows a two-step procedure. In the first
step, acts are decomposed into a collection of subacts each defined on a naturally
measurable event. No ambiguity is attached to any of these events and each subact
is evaluated by means of a MEU functional. In the second step, all these evaluations
are aggregated linearly by means of q.

We conclude the section by giving a behavioral counterpart to Theorem 1. This
is achieved by introducing an additional axiom, which is, of course, intermediate
between the c-independence axiom of Gilboa-Schmeidler [11] and the full indepen-
dence axiom.

Let ® = {m;} be a finite partition into measurable events of (S,¥), and let F®
be the set of acts which are constant on each 7;. In other words, F? is the set of
all step functions on the partition ®. We say that a preference relation > on F
satisfies the axiom of step-independence with respect to the partition IT if

Axiom (Step-independence) For any f,g € F, a € F®, and o € [0, 1]
f~g = af+(1-—a)a~ag+(1—a)a

PROPOSITION 3. Let a preference relation = on F satisfy axioms A1, A8 to A6
in [11] and the aziom of Step-independence with respect to a partition ®. Then,

(a) = has a MEU representation;

(b) The set of priors C can be decomposed with respect to ® as in Theorem 1;

(C) dC Anvnm-

While a full proof is in Appendix, it is nearly immediate to observe that the
axiom of step-independence implies, along with the other axioms, the axiom of c-
independence of Gilboa and Schmeidler. Hence, part (a). Then, one checks that
events in ® are naturally measurable (part (c)). Finally, that (c) implies (b) follows
from Theorem 1.

5. ZHANG AND EPSTEIN-ZHANG UNAMBIGUOUS EVENTS

In this section, we study Zhang and Epstein-Zhang unambiguous events. We re-
strict attention to acts of the form fTw (and fT°w) since both Zhang and Epstein-
Zhang consider only acts having this form. Throughout the section, T is a fixed
event and we use the notation f(w) in the place of fTw. The rationale for this
notational change will be clear in subsection 5.2, below. Finally, we restrict to
events T such that 0 < min P(T') < max P(T) < 1 because if T is such that either
min P(T) = 0 and max P(T") # 0 or min P(T) # 1 and max P(T) = 1, then T is
necessarily EZ-ambiguous (see Appendix, Proposition 8).

5The quotient is endowed with the finest measurable structure which makes the canonical
projection measurable.



5.1. From naturally measurable events to Zhang unambiguous events

In light of the inclusion Ay € Az (Proposition 2), we are concerned with
finding and characterizing those Zhang unambiguous events (if any) which are not
naturally measurable. Our analysis takes off from the following considerations.
Consider the two subsets of priors

Cuin ={P€C|P(T) =min} and  Cyax ={P €C| P(T) = max}

Clearly, both Cp;ax and Cpsyn are non-empty, convex and weak™-compact. More-
over, it is immediate to verify that either Cpyax NCprrny = 0 or Carax = Carrn = C.

By using the sets Cpyax and Cprrn, we can define two functionals, I and 7, by

= min / fap = min / fdP

Cvmax CmiIN

The main reason for introducing I and I is that (as the reader can easily check)
the ranking they induce on acts of the form f(w) is independent of w. That is,

I(f(w)) > I(g(w))  for some w — I(f(w") > I(g(w") VYw' €R

V

I(f(w)) > I(g(w)) for some w = I(f(w)) > I(g(w')) V' €R
For brevity, we will refer to this property as to w-invariance. The functionals I and

I provide us with another way to look at naturally measurable events. For if T is
naturally measurable, then Cy;ax = Cprrnv = C and for any act f, we have

I(f) = I(f) = 1(f)

Hence, the unambiguous nature of T" follows at once from the observed w-invariance
Incidentally, this also shows the inclusion Ay € Az.
If T is not naturally measurable, the functional I which evaluates the acts

is, in general, different from both I and I. The next lemma, however, shows
that for any act g there exists a g(w*) [g(w**)] for which I(g(w*)) = T(g(w*))
[I(g(w**)) = I(g(w**))]. Equivalently, such an act is evaluated by a prior in Cprrn
[Carax]-

LEMMA 1. For any act of the type g(w),

(a) Jw* such that I(g(w)) = TN(g(w)) for any w < w*.

(b) Fw** such that I(g(w)) = I(g(w)) for any w > w**

Lemma 1 is a basic result in our analysis as it immediately leads to uncover
a number of properties associated with Zhang unambiguous events. In fact, by

combining Lemma 1 with the w-invariance of I and F, we obtain at once the
following necessary condition for T' € Ay.

PROPOSITION 4. A necessary condition for T € Ay is that if f(w') 7 g(w') at
some w', then both

~ ~

(") > Tg(w))
I(f(w")) I(g(w"))
While the proof is in the Appendix, the reader might want to defer its reading

until next subsection, where we give a simple geometric explanation of the content
of Proposition 4 (Figure 2).

2
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5.2. A geometric analysis

The concepts we have seen so far lend themselves to a very simple geometric
description. In fact, due to the restriction to acts of the form f(w), the functionals

I, T and T implicitly define certain families of real functions of real variable. For f
of the type f(w), define

If:R—>R by If(w):I(f(w))

PROPOSITION 5. For any f = f(w), Iy is (a) increasing; (b) concave and (c)
continuous.

In a similar fashion, by using the functionals I and T we define

f(w))

Iy : R—R by If(w)=1

and

~ ~

Iy : RoR by Ip(w)=I(f(w))

—~

which are straight lines with slopes 1 — Ppax(T) and 1 — Ppin(T), respectively.
Finally, by using I r and I 1, we define

2
g
Il
iy
g
>
~Q

st} = min { 75w), 5w

The latter functions will play a major role in our analysis. Figure 1 below describes
all the functions corresponding to a given f as well as the content of Lemma 1.

(), 0

?f(.) It ()

o 77

\ Fig. 1
For w < w*, Iy = Ff while for w > w**, I; = I. For w € (w*,w*), I is a concave

function between ff = jzf A Tf and the line joining Tf (w*) and ff (w**)



By means of this type of diagrams, we can now give a simple illustration of the
necessary condition found above. Recall that Proposition 4 states that a necessary
condition for T' € A is that there exists a w such that both

(AVARIYS

We can concisely reformulate this as

Condition NC If T' € Az, then f(w) Z g(w) at some w implies

Ij(w) > Iy(w)

for any w.

* *ok * *ok

w

Fig. 2

If Cond NC is not satisfied, the I's and I’s are as in the picture.
Any concave Iy and I, intersect at some w leading to T' ¢ Ay.

5.2.1.  Sufficient conditions for T € Ay

Here, we state and geometrically illustrate some sufficient conditions for I — the
functional that evaluates the acts — to be equal to I. In such a situation, Condition
NC becomes at once necessary and sufficient for T' € Az. We stress that, in the
context of a Multiple Prior model, conditions on the form of the functional are
automatically conditions on the set of priors.

Below, we report only those conditions which we use in the rest of the paper, but
additional sufficient conditions can be obtained by simple geometrical inspection.’

6For instance, one can easily see the following. Let @ be the (unique) point st T(f(u’))) =

10



For the sake of a more economical exposition, by a sufficient condition for T' € A,
we mean only that T satisfies the first part of Zhang’s definition. This is harmless.
Since Zhang’s definition consists of two separate parts, one gets a complete suffi-
cient condition by simply requiring that the same condition be satisfied when one
exchanges T' with its complement 7.

The ﬁr§t proposition below relies on the (obvious) fact that if C = co {Carrn,Crrax},
then I = 1.

PROPOSITION 6. IfC = co{Cprn,Crrax} and Condition NC' is satisfied, then
TeAy.

Next, we explicitly state a simple corollary to Proposition 6. We do so, because
in Section 7 we will use Corollary 1 to give a geometric illustration to our comments
on the notions of ambiguity we have been studying.

COROLLARY 1. If C is generated by (at most) two priors, P and P, (both
nonatomic), then T € Ay iff Py and Py have the same conditionals both on T
and on T*°.

The next proposition exhibits a set of priors which is bigger than co {Crrin,Crrax}
but still guarantees that I = I. Again, combined with Condition NC, this implies
at once T € Az. Let

a= mcinP(T) , B = mCaxP(T)
For P an arbitrary set of priors, denote by

Ple=AP([T)| PeP}

where P(- | T) = L ;&TQ. That is, P |, is the set of conditional probabilities

computed from probabilities in 7. Define

Ci = [{Cwmin.Cmax}]|r ) Co = [{Cmin,Crrax}]
and

o= [a,B]Cl-l-[l—a,l—ﬁ]Cg2{77r1+(1—7)7r2|0¢§’y§ﬁ,7r1€(31, ﬂ-QGCQ}

Tec

ProprosITION 7. If Condition NC is satisfied and C = C*, then T € Ay.

I(f(w)). The following are equivalent
()1 (f(@)) = I(f(@)) = I(f(@));
(i) 17(0) = F(7(0) = min { T(£(0)). 7/ 0))}

Moreover, if Condition NC is satisfied any of them implies T' € Az.

11



~)

' Fig. 3
The conditions in Prop 6 and Prop 7 both imply Iy = ff for any f of the form f(w).
Hence, Cond NC is also sufficient.

5.3. Necessary and sufficient conditions

We are now ready to give a complete characterization of Zhang unambiguous
events.

THEOREM 2. T' € Az if and only if the following conditions are satisfied:

(i) Condition NC: ¥ f,g of the form f = fTw and g = gTw, either Ir(w) >
I,(w) or If(w) < I,(w) for any w € R;

(i) The functional I restricted to functions of the form fTw is equal to I.

Sufficiency of the two conditions is immediate from what we said before. Ne-
cessity of (i) was shown above. Only the proof of necessity of (ii) requires a certain
amount of work. Summarily, here is how it goes. Suppose that

Cuin |7 NCrrax 1= 9 (3)

and consider the act 07w (that is, the act that is identically equal to 0 on 7" and
identically equal to w on T°¢). A separation theorem due to [4] implies that there
exist two disjoint subsets, A and B, of T', such that P(A)—P(B) > 0> Q(4)—Q(B)
for any P € Cprn and any @ € Cprax. This suggests that, for € > 0, we consider
the act erTw, where r is the function r = [x4 — xp], and x4 and xp are the
indicator functions of A and B, respectively. The continuity properties of the MEU
functional imply (see Lemma 5 in Appendix) that there exists an * such that
for any measure R € {P € Cyn | [(e*[xa — xp]Tw)dP = min}, we have that
R(A) — R(B) > 0. Clearly, this implies that when both e*[x 4 — xg]Tw and 0Tw
are evaluated by measures in Cpsyn (this certainly happens because of Lemma 1),
we have e*[x 4 — xg]Tw > 0Tw. Analogously, when when both ¢*[x 4 — xg]Tw and

12



0Tw are evaluated by measures in Cprax, we have e*[x 4 — xg]Tw < 0Tw. But this
means that T is Zhang ambiguous. In other words, if T' € Az then the intersection
in (3) has to be non-empty. In the general case, for f an act of the type fTw, we

consider the sets
T {P € CpmIN | /fdP = min}

ﬁf {PGCMAX/fdPZInin}

I, = {PGC/fdein}

and prove the following characterization of Condition NC.

=
—
|

LEMMA 2. Condition NC is equivalent to the condition that for any act f

(s ) N (I |7) # 0
Next, we show (Lemma 6) that if for some f we have I;(w) < If(w), then it

must be the case that either Iy |p ﬁl’ff |7= @ or I} |1 NIl |r= @. Then, in both
cases, we can follow a procedure similar to the one outlined above to establish that
T has to be Zhang ambiguous. That is if T" € Az, then for any f, we must have

Iy(w) = Iy (w).

5.4. Epstein-Zhang unambiguous events

As general matter (Section 3), Epstein-Zhang’s definition is more permissive
than Zhang’s. In fact, conditions guaranteeing that the two are non-equivalent can
be derived from Epstein-Zhang’s paper, in particular Corollary 7.3. In principle,
this might be the case in our setting as well. That is, an event T might be EZ-
unambiguous without being Z-unambiguous. In such a case, however, at least one
of the conditions in Theorem 2 must be violated, and (either case) there exist (a)
acts fTw and fTw'; (b) priors P and P’ with I(fTw) = [ fTwdP and I(fTw') =
J fTw'dP’; and (c) events A and B, in T such that P(A) — P(B) > 0 > P'(A) —
P’(B). Notice that this means that the conditional relative likelihood of A versus
B varies with the act which is evaluated. While this is certainly an undesirable
feature, we cannot conclude at once that T must necessarily be EZ-ambiguous.
The next theorem shows that this intuition is correct, nonetheless.

THEOREM 3. Ay = Agz.

Details are in Appendix, but the intuition is simple. Given an f(w) with prop-
erties (a), (b) and (c) above, we can construct two acts

ge(w) = f(w)+elxg—xal >0
he(w) = f(w)+elxa — x5l
and guarantee that there exist two values, w’ and w”, such that
I(he(w')) > I(f(w") > I(g-(w"))  and  I(he(w")) <I(f(w")) < I(ge(w"))

Notice that if f(w) is constant on T, we are done because g.(w) and h.(w) are
EZ-conjugate. In the general case, a simple continuity argument would complete
the proof.

13



6. APPLICATIONS

The results of the previous sections can be given an elegant formulation with
the theorem below. In addition, the theorem provides a representation of the MEU
functional restricted to acts of the form fTw and fT°w for T an unambiguous
event. Later, we use this representation to address two open questions concerning
unambiguous events either in the sense of Zhang or Epstein-Zhang.

Let .

THEOREM 4. T € Agy iff there exists a set of priors C* of the form
C'=lo, flIh+[1-B,1=alll = {ym+(1—7y)m2 | a <y < B, m €Iy, 73 € 15}

where 1y and Ils are weak*-closed, convex sets of priors supported by T and T¢,
respectively, and 0 < o < B < 1, such that

mcln/fdP:Igin/fdP

for all acts of type fTw and for all acts of type fT°w. Moreover, Ay = Agz.
Finally, T is naturally measurable iff a = .

Next, we study the axiom of “small unambiguous event continuity” (see [§],
axiom 4). Roughly, the axiom states that any unambiguous event contains unam-
biguous events of arbitrarily small probability. The axiom is important in the work
of Zhang, Epstein-Zhang and Kopylov [15] in that it allows to derive a convex-
ranged probability on the class of unambiguous events. Recently, Nehring [20] has
questioned the desiderability of the assumption.

Our result is that, in the context of MEU, there exists a fundamental incompat-
ibility between the definitions of unambiguous events given by Zhang and Epstein-
Zhang and the axiom of “small unambiguous event continuity”. Of course, the
statement needs an obvious qualification. For naturally measurable events are both
Z-unambiguous and EZ-unambiguous and, as we saw in Section 4, naturally mea-
surable events can always be decomposed into smaller naturally measurable events.
In other words, the incompatibility refers to EZ-unambiguous events which are not
naturally measurable. Precisely, we have the following theorem.

THEOREM 5. Let T € Apz\Anni. Then, T contains no unambiguous events.

The proof is constructive and, as such, displays a certain amount of detail.
The strategy of proof is simple, nonetheless. By Theorem 4, an event T is EZ-
unambiguous if and only if the set of priors can be decomposed in the way described
above. Now, suppose that both T"and A C T are EZ-unambiguous. Then, we
have two decompositions of the set of priors: one relative to T and one relative
to A. Of course, these two decompositions cannot be unrelated. For instance, an
act of the type fAw can be viewed both as an act which is constant outside A
and as an act which is constant outside T'. Clearly, these two views must lead to
the same evaluation because the act is the same. This simple observation allows
us to conclude that the two different decompositions must satisfy a number of
restrictions. Finally, we use these to produce two acts, fTk and gT'k, whose ranking
is not invariant with respect to changes in the constant k, thus contradicting the
assumption either T € Agy or A € Agz.
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The second question we address regards the properties of the classes Az and
Apz. These classes were originally believed to be A-systems, but Kopylov [15]
observed that, generally speaking, this is not the case. In [15], Kopylov provides an
axiomatization guaranteeing that these classes are mosaics (a weaker property, see
[15]), and, more recently [16], gave an example of a preference relation for which
Az and Agz are not A-systems. A rather immediate implication of Theorem 5 is
that this cannot be the case in the setting we have been studying. In other words,
we have

COROLLARY 2. Agy (hence, Az) is a A-system.

The reason is clear. By Theorem 5, any two events A and B in Agz\Anum
cannot be disjoint unless one is the complement of the other. Hence, the property
of Agz to be a A-system follows at once from the property of Axyr. We remark
that Corollary 2 does not say that Agz = Anas. In fact, it is easy to give examples
where Ag strictly contains Axps (see next section).

7. COMMENTS

Theorem 4 makes it clear that there are unquestionable similarities across the
various definitions of unambiguous events we have been examining. As a matter of
fact, Theorem 4 shows that all the definitions convey the idea that if 7" is unam-
biguous in a MEU model, then the model itself can be thought of as consisting of
two separate, but unambiguously defined, models: one which is defined on T and
the other which is defined on T°¢. The only difference is that these two models are
aggregated “linearly” if T is naturally measurable, while this is not the case if T is
Z/EZ-unambiguous. Clearly, scholars favoring the notion of naturally measurable
events might argue that Zhang’s and Epstein-Zhang’s definitions are “too weak”
[20] exactly because of this reason. To us, this difference does not seem substantial.

Let us elaborate on the point. For the sake of illustration, let us begin with a
decision maker who conforms to the Subjective Expected Utility (SEU) criterion.
Probably, every scholar would agree that any (measurable) subset T of S should be
termed as unambiguous. Each subset is associated to a number of properties: the
decision maker is “a SEU maximizer on 77, he is “probabilistically sophisticated
on 77, he is “linear with respect to acts that are constant outside 77, etc.. Now,
suppose that we want to come up with a definition of unambiguous events. In a
situation of complete (a priori) ignorance, we might adopt the following strategy.
We abstract from the SEU model, and identify the unambiguous nature of an
event with one of the properties displayed by the SEU example. For instance,
one definition would term 7" unambiguous if the decision maker is probabilistically
sophisticated on T', another if he is linear with respect to acts that are constant
outside T', etc. Ome of the properties that each and every event T displays in
the SEU example is that knowledge of the conditional probabilities on T and T°¢
along with knowledge of the minimum probability assigned to T and T° allows us to
recover uniquely the entire model. This is trivial, for if P is the probability which
describes the decision maker, then P can be uniquely written as P(-) = P(T)P(- |
T)+ P(T¢)P(- | T¢). In a MEU model, Theorem 4 tells us that the unambiguous
nature of an event according to Zhang or Epstein-Zhang is precisely identified to
this property (because the conditions in Theorem 4 are necessary and sufficient). In
this respect, these definitions appear to us as a natural extension of those proposed
by Nehring and Ghirardato, Maccheroni and Marinacci.
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A simple example will clarify the point further. Let S = [0, 1] be endowed with
the usual Borel o-algebra, and consider a MEU decision maker who is described by
a set of priors C = co{u, A}. Assume further that p has a density with respect to

A given by
r={

and that A is the Lebesgue measure on [0, 1] (we denote its density by g, g = 1 on
[0,1]).

PN
o~
~
8
m
=)
— ol
—

A
3/2
1
3/4 :
- — :
, Il 1
Let T = [0,1/3). It is easy to see that every non-null naturally measurable

subset intersects both 7" and its complement. Moreover, T and its complement
are EZ-unambiguous (Corollary 1) and, evidently, not naturally measurable. By
Theorem 5, any subset of T' is EZ-ambiguous and it is transparent that it cannot
be naturally measurable.

In the notation of Theorem 4, it is immediate to check that for T' = [0,1/3), II;
and Il are defined by the densities {3x,} and {%XTC }, respectively. Moreover (in
the same notation), a = 1/3, 8 = 1/2 and C = [, 8]II; + [1 — 3,1 — a]II,. That
is, knowledge of the conditional models, II; and IIy, and of @ and 8 permits to
reconstruct C uniquely. In contrast, suppose that we take A = [0,1/4) rather than
T. In this case, the conditional models are defined by the two sets of densities

12 11
{fi=4)  and {f2={§ PADENL ;92=4}

Let II} and II}, be the corresponding sets of measures. The coefficients o and S
are now 1/4 and 3/8, respectively. It is immediate to see that, with these choices,
C # [o,f|1) + [1 — B,1 — aJII;. For instance, for v = 5/16, the density h, =
~vf1 + (1 — ) f2 defines a measure v € [, B]II] + [1 — 3,1 — II; but v ¢ C (see
figure below)
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In other words, if A is not Z/EZ-unambiguous, knowledge of the conditional models
is insufficient to uncover the decision maker’s global behavior.

We can now move to the differences. Transparently, the most striking difference
is the lack of compatibility of Epstein-Zhang notion with the axiom of small unam-
biguous event continuity. An immediate implication of Theorem 5 is that partitions
of S into EZ-unambiguous events that are not naturally measurable contain at most
two elements. In contrast, one can exhibit partitions of .S into naturally measurable
events of any finite cardinality (Theorem 1) and even countable or uncountable par-
titions.” The reason for this is that the additional restriction imposed by Nehring
and Ghirardato, Maccheroni and Marinacci (a = 8 in Theorem 4) guarantees that
each conditional model is a MEU model of the same type as the unconditional one.®
Somewhat technically, the “global” model is isomorphic to a product of conditional
models (simply identify disjoint unions of sets with their products). Clearly, this
is not true for Zhang and Epstein-Zhang: since o # 3, the value of the bet which
pays 1 on T is not uniquely defined. This creates a link between the factors on T
and 7, thus making them non-independent.

We come now to our final observations. One of the main themes in the work
of Zhang and Epstein-Zhang is the intuitive link between a notion of unambiguous
events and Savage’s Independence of Irrelevant Alternatives axiom. This intuition
is transparently formulated in their definitions. Now, suppose that, in loose terms,
one interprets their view as conveying that T should be termed unambiguous if
conditional on T, the decision maker is representable without reference to what
happens outside T. Consider the event A = [0,1/4) in the example above. There

7Under the assumption that the partition be measurable, one can easily extend Theorem 1 to
the case of uncountable partitions.

8This feature provides an additional motivation for our assumption of non-atomicity. As we
explained in the text, the notion of naturally measurable event delivers that the model, conditional
on each and every naturally measurable event, is a mirror image of the global model. Clearly, the
presence of atoms would break this symmetry. It is also clear, however, that no atom would have
any special significance in the context of a general theory.
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is no doubt that A satisfies the criterion. In fact, A satisfies the first part of
Epstein-Zhang definition. Yet, A is ambiguous as we saw above and the reason
is that its complement fails the first part of the definition. A natural question
is, why should we demand that Zhang and Epstein-Zhang classes be closed under
complementation? We do not have a clear answer. Yet, we would like to stress
the legitimacy of our question: closure under complementation is a property which
follows from the definition of naturally measurable events, while it is imposed in the
definitions of Zhang and Epstein-Zhang. On one hand, Theorem 4 and the example
of this section show that, if the classes are not closed under complementation, the
decomposition property of Theorem 4 does not hold. Hence, if one believes that the
unambiguous nature of an event should be identified to the property we described
in the first paragraph of this section, then there is no choice but to impose closure
under complementation. On the other hand, if one’s intuition conforms to the less
demanding interpretation we just gave, one should probably give up the requirement
of closure under complementation.

Finally, let us observe that events like A in the example above have several spe-
cial properties. In particular, A is such that all of its subsets satisfies the first part
of Zhang definition (the decision maker is SEU conditional on A). While events
like these have been completely neglected in the current literature, it seems indis-
putable to us that they deserve a place in a debate centered around the notion of
ambiguity. Usually the idea of ambiguity is associated to that of coarse informa-
tion. In contrast, SEU or probabilistic sophistication are associated to the idea of
precise or fine information. It seems then natural to consider situations character-
ized by coarse information in some parts of the state space and by fine information
in some other parts. To this end, depending on whether one leans toward SEU or
probabilistic sophistication as a choice for a benchmark, one should identify those
events A with the property that each and every event B in A satisfies the first
part of Zhang (SEU) or Epstein-Zhang (probabilistic sophication) definition. Due
to their properties, objects of this sort should be called Z-filters and EZ-filters,
respectively. A little elaboration on the example we gave above would show that
one can easily exhibit a decision maker who displays the following property: for
almost every point in [0, 1], there is a neighborhood of the point conditional on
which the decision maker is SEU (probabilistically sophisticated), yet his global
model is MEU with an infinite-dimensional set of priors. Such a decision maker
is associated to a countable family of Z-filters (EZ-filters) none of which is either
naturally measurable or Z/EZ-unambiguous.
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APPENDIX
A.4 NATURALLY MEASURABLE EVENTS

A.4(a) Proof of Theorem 1

Let E be an event. For f € F denote by fg = f |g the restriction of f to E,
and let F | be set of all such restrictions. When F is endowed with the restriction
of ¥ to E, each element in F |, is measurable.

Given E, define a preference relation =g on F |, by "fr =g g iff fEw = gEw
for some w € R". The following lemma shows that if F is naturally measurable,
then =g is well-defined.

LEMMA 3. Let f,g € F, w € R and let E € Any. If fEw = gFEw for some
w € R, then for any w' € R, we have fEw' = gEw’ .

Proof. If fEw %= gFEw, then E naturally measurable gives

I(fEw) = I(gEw)
min { [E f(s)dP(s)erP(Ec)} > min { /E g(s)dP(usP(E”)]

V

PeC PeC

iy [ s0ap)] +wpE) 2w [ o) +upE)

iy [ 16ape)| 4P = iy [ gape)] +wpe)
1B > I(fEw)

that is fEw' 3= gEw'.
We can now prove Theorem 1.

Proof of Theorem 1. Let ® = {m;};=1,..., be a finite partition of S with the
property that each event in the partition is naturally measurable, i.e. m; € Anns
for each i. We are going to show that for any f € F and any g € F®, we have

I(f+9)=1(f)+1(9) (4)

G+ = pin [ (7+9aP

= rlglelg {/SfdP—l—/SgdP}

= min VSfdPﬂL;giP(m)

(because g € F®)

= i dpP i P(m; b h 7,
(I;IEIEILf >+i_zlg (m4) (because each m; € An )

= I(f)+1(9)
Now, for each 4, define the preference =, by

fr; =, Gr; iff fmw = gmw for some w € R
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By the previous lemma, =, is well-defined. It is easy to see that =, satisfies all
the axioms of Gilboa-Schmeidler [11] (because = does). Hence, 3=, has a MEU
representation. That is, there exists a unique collection of non-empty, weak* com-
pact, and convex set of priors Cr,, each supported by m; such that I, : F |m —R
defined by

L, (f)= min [ fdP

PECx, .

represents =i, .

Now, define z : F —RI®! (|®| is the cardinality of ®) by f — (Ir,(f))x,ce,
and define v : RI®?l — R as the unique mapping which makes the diagram below
commute

2, plel
N lw
R

That is, v((I, (f))m,ce) = 1(f).
To complete the proof, it suffices to show that v(.) is a positive linear functional
on RI®I
(a) v(.) is homogeneous: Let (w;)i=1,...n € (Ir,(F))r,co and a € R. Define an
act
f(s) = aw; for s € m;

then

and . .
I(f) = mcinZawiP(wi) = ZawiP(m)
=1 i=1
for any P since m; € Anas. It follows that
v((awi)i=1,...n) = a;wip(ﬂi) = amcmizzlwip(m) = av((w;)i=1,....n)

(b) v(.) is additive: For any (w;)i=1,...n, (W})i=1,..n. € (Ir,(F))r;ca, define a

pair of acts f and g as
f(s) =w; and g(s) =w, forsem
then

v((ws)i=1,...n + (W))i=1,..n)

0l
0l

= I(f+g)
Igf

ED
S
~
~—
+
ED
—~
N—
b
Il
J—‘
B
~—

(c) v(.) is positive: Trivially because I(.) is a positive function.
Finally, since v(.) is a positive linear functional there is a positive measure g on
S/® (the quotient of S by the partition ®) such that

1) = (I Deen) = [ Tn(datm) = [ /@(min | fdP) da(m:)

S/® PeCx,
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(q is a probability measure because I(1) =1). 1

A.4 (b) Proof of Proposition 3

Proof. Since a constant act w € R is a step fuction with respect to ®, step-
independence (along with the Archimedean axiom in [11]) implies constant inde-
pendence in [11], which proves part (a). Let m € ®, and for any w,w’ € R define
an act a that is a step function on ® as

w if semw
a(s):{w, if sémw

then, by step independence, for any a € [0,1],and f,g € F such that f ~ g, we
have af + (1 — a)a ~ ag + (1 — a)a. By Proposition 1, 7 € Ayps and part (c) is
proven. Finally, part (b) follows from Theorem 1.

A.5 ZHANG AND EPSTEIN-ZHANG UNAMBIGUOUS EVENTS

PROPOSITION 8. Let T be such that either mcinP(T) =0 or mCaXP(T) =1, then
T is EZ-ambiguous.

Proof. Let T be such that 0 = min P(T) < max P(T') < 1. Let C; = {P € C | P(T') = max}.

Since C; is thin, there exists (by an easy application of Lyapunov’s convexity The-
orem) an event A C T such that P(A) = 2/3P(T) for any P € C;.Consider the
acts a(w) = (x4 — X4e)Tw and a(w) = (x4e — X4)Tw. It is immediate to see that
there exists n € N such that for w < —n both acts are evaluated by P’s such that
P(T) = 0. Hence, I(a(w)) = w = I(a(w)), that is a(w) Z a(w). Similarly, for
w’ > m, both acts are evaluated by P’s in C;, and we have I(a(w’)) > I(a(w’)).
The same argument with 7 in the place of T' completes the proof.

A.5.1 From naturally measurable events to Zhang unambiguous events

A.5.1.(a) Proof of Lemma 1

Proof. For each w, denote by Z,, a measure such that
mCin/g(w)dP = /g(w)dZw

Clearly, for any w, 7(g(w)) > I(g(w)) = mcinfg(w)dP.

Suppose that the inequality is strict for any w, that is’

min /Tg(w)dP + wPpax(T) > / g(w)dZy, + wZ,,(T)

CmIN T

9P € Cprrn implies P(T°) = max. Above, this is denoted by Pyrax. Of course, such a P
need not be unique, but the reasoning in the proof uses its value on 7°¢ only, which is independent
of the choice we make.
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which is equivalent to

min / g(w)dP — / g(w)dZy, > w[Zy(T°) — Prpax (T€)] (5)
T T

CMIN

Then, for any w there must exist a Z,, such that

(i) Zyw(T°) < Prprax(T°) (otherwise, we are done);

(ii) inequality (5) is true.

Consider the sequence {w,, = —n} and the associated sequence {Z,,, (T°)}.1°

The sequence of real numbers {Z,, (T¢)} C [Pumin(T°), Prax(T¢)]. Hence,
there exists a subsequence {ank (TC)} such that Z,,, (T°) — @ € [Pain(T¢), Pyax (T€)).
We have only two possibilities:

(a) if © # Ppax(T¢), then Je > 0 such that  + & < Ppax(T°) and 37 such
that Vn > n

Zw,, (T) <z +e

which implies
Zw,, (T°) = Pvax(T°) <z +e— Pyax(T) = -6 <0
Hence,
Wny [Zw,, (T€) = Prax (T)] = —ni[Zu,, (T%) = Puax(T%)] > ngd

that is the expression on the RHS of (5) is unbounded. Hence, inequality (5) must
be violated because the LHS is bounded. It follows that the only possibility is

(b) Zw,, (T¢) = Prax(T°).

Since g is a simple function on T, g can be written as g = > a;x4,, {4i}]" a

i=1
partition of 7. Let P be such that [ g(w)dP = Cmin J g(w)dP’. Then,
MIN

(in [ awaP) =~ [ gw)dz,,

CmIN T

= Y aP(A) =Y aiZu,, (A) =Y ailP(Ai) = Zu,, (4)]

Define
a; if  sign(ay) = sign[P(4;) — Zy,, (Ai)]

-y otherwise

Then,

> BilP(A) = Zu,, (A)] =Y ai[P(Ai) = Zu, (A7)
Let 8 = supf3;. Then, from inequality (5) we have that Vn € N

8N UP(AY) — Zu,, (A)] > ~melZas,, (T°) — Pasax (T°)

100nce again, Zy,, need not be unique, but the reasoning in the proof is independent of the
choice we make.
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—
Bl = Pryax(T%) = 1+ Zu,, (T) > —n[Zy,, (T°) = Prax(T°)]
which implies
B <—n
a contradiction. N
The preceding show that there exists a w* such that I(g(w*)) = I(g(w*)). That

is,

min / g(w*)dP 4+ w* Pyrax (T€) < / g(w*)dZ + w* Z(T°)

Cuin Jp T

for any Z ¢ Cayryn-
Now, we want to show that it is so for any w < w*.'' Let ¢ > 0, and suppose
by the way of contradiction that there exist a measure Z,«_. ¢ Cprrny such that

I(g(w* —¢)) > I(g(w* — ), that is

min / g —2)dP+ (w* —2) Pagax (T°) > / (W —2)dZe o+ (w* —&) Zuge o (T°)
MIN JT T

The integral on T is not affected by changes in w (by the w-invariance of 7) Hence,
this is the same as

min /Tg(w*)dP + (w* —e)Ppax(T¢) > / g(W*)dZ e —e + (W* — €) Zyyr—(T°)

CmrIN T

which implies

Cmin/g(w*)dP+w*PMAX(TC)>/g(w*)dZw»«_E+w*Zw*_E(TC)+5[PMAX(TC)wa*_E(TC)]
MIN JT T

But, since Zy«—e ¢ Cyrn, €[Prvax(T€) — Zy«—o(T€)] > 0, and this contradicts
I(g(w")) = I(g(w")).

Part (b) is proven in a similar way.

A.5.1.(b) Proof of Proposition 4
We are going to show that if T' € Az, then f(w) 7 g(w) at some w implies

(a) w* such that I(f(w*)) > I(g(w"));
(b) Fw** such that I(f(w**)) > I(g(w**)).
Immediately, this implies the statement in Proposition 4 because of the w-

invariance of I and I.

Proof. Suppose not. Then, Yw

~

Since Yw, I(f(w)) < 7(f(w))7 we have I(f(w)) < T(g(w)) Hence, Yw

I(f(w)) - I(g(w)) < 1(g(w)) — I(g(w))

' This does not follow immediately. We have only shown that the strict inequality (5) has to
be violated an infinite number of times along the subsequence we used.
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By the previous lemma, 3w such that I(g(w)) }(g(w)), and at such @ we would

have
I(f(w)) < I(g(w))
contradicting T € Agz. Similarly for part (b). 1

A.5.2 A geometric analysis

A.5.2(a) Proof of Proposition 5

Proof. I(f(w)) = mcin[fT fdP +wP(T°)]
(a) wy > wg implies that VP

/ fdP +w, P(T¢) > / FdP + woP(T°)
T T

Hence, I(f(w1)) > I(f(wo))-
(b) For any « € [0, 1]

aTp(wr) + (1~ ) ;(wo) = omin| /T FdP + wy P(T*)] + (1 — a)min| /T FAP + woP(T°)]

IN

mcin[/T AP + (cws + (1 — a)uwo) P(T%)] = Ir(aw; + (1 — a)wo)

(¢) Let {w,} C R be such that w,, — w. Then, f(w,) — f(w) in the supnorm
topology. Continuity of I implies I(f(wy,)) — I(f(w)). Hence, If(w,) — If(w).

A.5.2(b) Proof of Proposition 6

Proof. If Q € co{Cnmin,Crmax}, then for any f(w), [ fdQ =~ [ fdZi + (
v) [ fdZy, some v € [0,1] and Z; € Crin, Zo € Carax. Hence,

/fdQ = /delJr (1—~ /deo

min{/del,/deo} >min{7(f),f(f)} = i(f)

That is, for any f, I(f) = I(f). By Condition NC, f(w’) Z g(w') at w’ implies
I(f(w)) = I(f(w)) > I(g(w)) = I(g(w)) for any w. That is, T € Az.

v

A.5.2(c) Proof of Corollary 1

Proof. Under the hypothesis in the statement, the condition C = co {Casrrn,Crrax}
is automatically satisfied. In this case, Condition NC means that P, and P, order
mappings of the type f(w) in exactly the same way. Under nonatomicity, this is
equivalent to saying that they have the same conditionals both on 7' and T (see

B]).
A.5.2(d) Proof of Proposition 7

This is a corollary to Theorem 4, which we prove later. We refer the reader to

that proof.
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A.5.3 Necessary and sufficient conditions

A.5.3(a) Proof of Lemma 2
We begin by establishing a simple fact. Recall that for C a set of priors, the nota-

tion C | stands for the set of conditional probabilities computed from probabilities
in C.

LEMMA 4. If Cyrn |7= Crmax |17, then Condition NC in the main text is
satisfied.

Proof. Let f, g be of type f(w) and g(w), respectively. Observe that, if Cyrrn |7r=
Crmax |, then,

I(fw) = Tgw)
—
CIElIIIlv [/T fdP +wP(T°)] > CIEIII;{; [/T gdP + wP(T°)]
=
C%%IJIV[P(T)/deP(' | T)+w(@ = P(D)] 2 min [P(T) /ngp(' | T) +w(l—P(T)]
<~
Jmin [ gape | 1) win [ gape|T)
= (by the assumption)
i, fart 10> i fLoarei)
—
I(f(w) > I(g(w))

Hence, R R
Ir(w) > I4(w) forany we R
because of the w-invariance of the functionals I and .
Now, if T € Az and f(w) 7z g(w) for some w, then f(w’) 7 g(w’) for any
w’ € R. By Lemma 1, 3w* such that T(f(w*)) > T(g(w*)) Hence, the conclusion

follows from the w-invariance of T and the previous observation. 1

However, it is evident that, in general, the condition in the previous lemma is
more than it is necessary. A weaker condition is obtained as follows. For f of the
above type, define

ﬁf {P €CyiInN | /fdP:mm}

f[f {PGCMAX | /fdP:min}

Both sets are nonempty (because Cprry and Cprax are closed (hence, weak*-
compact) in the weak*-compact set C). In general, neither set is a singleton. Note,

however, that if P and ) are in, say, l’ff, then we must have

tAMP=Aﬁ@ (6)
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lfrom [ fdP = [,. fdP +wP(T¢) = [, fdQ +wQ(T®) and P,Q € II/]

Hence, the value Cmin fT fdP is independent of the choice of the minimizer.
MIN

Similarly, for I in the place of 1.

Lemma 2 Condition NC is equivalent to the condition that for any act f

(T ) 0 (1T |7) # 0

Proof of Sufficiency. The proof is essentially the same as the proof of the
previous lemma. The observation that the value

min /dep(-|T):lmin/deP

CuiIN|T aCurIN

(a = mcinP(T)) is independent of the choice of the minimizer, allows us to select any

measure in lff to express such a value. Hence, the proof is completed by selecting
exactly those measures in II. and IT. whose conditionals on T coincide.

In order to prove the necessity of the condition, we need two additional results.
The first is a separation theorem proven in [4] (In [4], this is stated as Corollary 5).

Let C; and Cy be weak*-compact subsets of ba'(X), and assume that both C;
and Cy consist of countably additive measures. Further, assume that every measure
is nonatomic and that C; U Cy is thin. All these assumptions are satisfied in our
setting. We have

THEOREM 6 (Amarante and Maccheroni [4]). C1NCy = @ iff there exist A, B €
Y, ANB =10, such that P(A) — P(B) > 0 > Q(A) — Q(B) for any P € C; and any
Q € Ca.

The second result is stated in the following lemma.

LeEMMA 5. For any f € B(X), the correspondence f —— H:c (f — l:If) is
upper hemi-continuous.

Proof. This is an immediate consequence of Berge’s maximum theorem (see
Aliprantis and Border [1]). 1

Proof of Necessity. We are going to show that if the condition fails, then so
does Condition NC.
Assume that there exists an f for which

(I |7) N (I |7) =0
f is simple. So let
f= Z)\iXH,i + wxre
i

Now, pick a ]Bf € l'ff C Cyry and a ]5f S 1:If C Caprax. Then,

Pr(-|T) # Py(- | T)
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Because of the assumption, this property does not depend on the choice we made.
By Theorem 6, there exist two disjoint sets A, B C T (A, B € X) such that

PA | T)>PiBIT) and BiA|T)<P(B|T) (1)

Pf(A) > Pf(B) and Pf(A) <Pf(B)
for all ;E’f € Cprrn and all Pf €Crmax.
The collection H = {H;} is a partition of T'. Consider the partition of T' given

by
Z2={A,B,T\(AUB)}

Further consider the partition of T given by
HAZ

Then f is simple on H A Z, and can be rewritten (in an obvious notation) as

f= Z%xn + wWXre

Moreover (by construction), there exist two disjoint subsets K, J C {1,...,m} such

that
ZXH =1la  and ZXri =1p
K J

Now, for € > 0 consider the simple function defined by

he =Y (v +&)xr, +Z = EXr, T Y YiXr, + WX

K i¢KUJ

Notice that for every measure )

/ hedQ — / £dQ = £[Q(A) — Q(B)] (8)

CLAIM 1: For any w € R, we have

and

Iy, (w) = I(w) < [Pr(A) = Py(B)] (10)
Proof of CLAIM 1: From equation 8, we have

() = / flw)dPy = [ hew)aPy — (P, (4) - Py(B)

> I(h(w)) - €[Pf(A) ~ Py(B))
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which proves one inequality in (9). As for the other,

~
~

T (h(w)) / he(w)d Py, = / f(w)dPy, + [Py (A) — Py (B)]

> T(f(w) + <[P, (4) - Py (B)
Similarly for (10).

CLAIM 2: There exist € > 0 such that, for any w € R

Ip,. (w) > 1 p(w)
Proof of CLAIM 2: By the way of contradiction, suppose that there is no
¢ > 0 such that Ih (w) > If( w). Then, for all € > 0, Ihg(w) < If( w), and

inequality (9) implies [;Dhs (A) — ﬁha(B)] <0 for all ]NDhE € ﬁhs.
For a sequence {e,} C R4 such that e, — 0, h., converges (sup-norm) to

f. Hence, the upper hemicontinuity of the correspondence f — I ¢ implies that

if {]Njhsn} is a sequence such that ]Bhgn € ﬁhEn and ]NDhEn converges to P, then

Pell 7. Clearly, such convergent sequences exist. But, the limit measure P has

the property that P(A) — P(B) < 0 and cannot be ﬁf because of (7).

We can now complete the proof of the lemma by simply observing that

Ihg* >If

as just shown. Moreover, by (7) and (10), I; > I, for all ¢ > 0. Hence, in
particular ~ ~
In.. <1y

By Lemma 1, Jw* < min {w;‘c, wzg*} such that f and h.+ are all evaluated by

the T functionals, that is I (w*) = Tz(w*)7 for z = f, h.~. By the same reason,
Jw** > max {wf ,wh such that f and h.- are all evaluated by the I functionals.

Therefore
I, (w*) > Ip(w")
and

IA;LE* (w™) < ff(w**)

That is, if the condition in the statement fails, then there exists a pair of func-
tions (f, hex) such that Condition NC fails. 1

A.5.3(b) Proof of Theorem 2
Before proving Theorem 2, we need one more lemma. By virtue of the previous

lemma, for any act f, there exist a ﬁf € l_ff and a Pf ell ¢ whose conditionals on
T coincide.
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LeEMMA 6. Assume that Condition NC holds. If there exist an f and a w such
that Ir(w) < I¢(w), then

either IOy |7 ﬁﬁf |lr= @ or Iy |p NI 7= @

Proof. Suppose not, that is both sets are nonempty. Hence, there exist @; and
Q2 in IIy such that

Qi(- | T)=R(-|T) for some R € Tl¢ (11)
Qs( | T)=R(|T) for some Rell

If there exist an f and a w such that I;(w) < I;(w), then at w we have the following
inequalities

/f JdQs + wQs(T°) /f wR(T®)
/ fw)dQ1 +w@1(T°) < / f(w)dR + wR(TC)
T T
because both @); and @2 are in II¢. These are equivalent to
T) /T fw)d@a(- | T) / F()dR(- | T) < w[Qa(T) — R(T)
T) /T Fw)d@i(- | T)— R(T) /T F(w)dR(- | T) < w[Qu(T) — R(T)

By (11), these imply

ol

[Qz(T)—E(T)]/f(w)dEC | T) < w[@x(T) — R(T)]

@ /f JAR(- | T) < wl@y(T) -

ot

(T

Now, let P rand Pf be two measures in H rand I + whose conditionals on T coincide.
Such measures exist (by Lemma 2) because we assumed that Condition NC holds.
By equation (6) (before the proof of Lemma 2), we have

/T fwdR(- | T)= /T f(w)dPs(- | T)
/T fwdR(- | T)= /T F(w)dBy(- | T)

because both R and ]?’f [R and Py] are in l'ff [T]. Moreover, ]Bf( | T) = Ps(- | T).
Hence, the previous inequalities can be rewritten as

~

[Q(T) — P4(T)] Tf(w)d?fc | T) <wlQa(T)— Py()]  (12)
dP;

[Qu(T) = Py(T)] [ f(w)dP

T

(| T) <wl@i(T) — P¢(T)]
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Since neither ¢ nor ()2 are in l'ff UTI; (because this would contradict If(w) <

ff(ul))), we have [Q2(T) — ]NDf(T)] > 0> [Q1(T) — Py(T)]. Hence, inequalities (12)
imply

/; f)dPy(- | T)<w
/T f@)dPy(- | T)>w

a contradiction.

We are now ready to prove Theorem 2.

Proof of Theorem 2. Sufficiency is immediate. Necessity of (i) was shown in
the first part. We have only to show the necessity of (ii). To this end, assume that
(i) holds and suppose, by the way of contradiction, that there exists an f(w) = fTw
such that If(w) < I;(w). By the previous lemma, it must be case that

either Hf |T ﬂﬁf |T: %) or Hf |T ﬂﬁf |T: %)

Without loss, assume that the first set is empty. By Theorem 6 (stated in the proof
of Lemma 2, above), there exist two disjoint sets A, B C T (A, B € X) such that

for any IBf € I'Tf and any Py € Iy, we have

PiA | T)>PyB|T) and PjA|T)<Pi(B|T) (13)
_—
P;(A) > PyB) and Ps(A) < Ps(B)

Now, we can proceed by defining a new function h., ¢ > 0, exactly as in the proof
of Lemma 2. Immediately, we have that for any w’ € R,

In.(w') = Iy(w') < e[Pr(A) = Pr(B)] (14)

The proof of this statement is exactly the same as the proof of CLAIM 1 in the
proof of Lemma 2. For any € > 0, there exists (by Lemma 1) a w} such that,

It(w}) = }f(w*) and Ij_(w¥) = }hs (w?¥). By CLAIM 2 in the proof of Lemma 2,

g
we can find an e* (and an associated w?) such that

I (w2) > Iy (wy)
At w, by assumption I7(w) < If(w). Tt then follows from (13) and (14), that
5 (w) > In, (w)

for all € > 0. That is, the expression [I;(w’) — I, (w’)] changes sign as w varies, and
this contradict T'€ Az.
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A.5.4 Epstein-Zhang unambiguous events

Let f be such that
(I |7) N (T |7) =0

From Theorem 6, we know that there exist two disjoint sets A, B C T (A,B € X)
such that

PiA | T)>PyBI|T) and Bj(A|T)<Pr(B|T)

Pf(A) > Pf(B) and Pf(A) <Pf(B)

for all ]NDf € Cyrn and a Pf € Cpax. Define r = x4 — xp and 7 = xp — x4, and,
for € > 0, consider the two functions

he(w) = f(w)+er(0)
ge(w) = f(w)+er(0)

LEMMA 7. If there exists an f for which

Ty 7)1 (Tl |r) =0

then, there exist € > 0 and two points, w and w' such that

I(he(w)) > I(f(w)) > I(ge(w))

and
I(he(w)) < I(f(w')) < I(g(w'))

Proof. The existence of an €* > 0 and of two points w and w’ such that

I(he-(w)) > 1(f(w))

and
I(he= (w')) < I(f(w"))

was already shown in Lemma 2. Moreover, the last inequality holds for any ¢ > 0
(see proof of Lemma 2). By a similar argument, one shows that there exists an
e** > 0 such that (see proof of Lemma 2)

[(he(w)) > I(f(w)) > I(gen (w))

and
I(hee (w')) < I(f(w')) < (ges-(w"))

With the inequality I(f(w)) > I(ge(w)) holding for any ¢ > 0. To complete the
proof, we only need to show that we can choose the same ¢ for both h and g. To
this end, it suffices to show that

I(f(w)) = he(w)) > I(f(w)) forany 0 <e<e”

fhe-w)) > 1 ( (
i) = I > (@) forany0<e<e

>
1(gew- (') >
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This follows straight from the concavity of I. In fact, noticing that for any 0 < e <

E )
he(w) = ahe (w) + (1 — ) f(w) some a € (0,1)

we have

I(he(w)) = al (he- (w)) + (1 = a)I(f(w)) > I(f(w))
and similarly for I(g.(w’)). =

Proof of Theorem 8. The inclusion Az C Agz comes straight out of the
definitions. We are going to show that ' ¢ Ay = T ¢ Agz thus showing that
Az D Agz. First, suppose that condition (i) in Theorem 2 is violated. Then, there
exist g. and h. like in the previous lemma so that (recall that, from Lemma 1, the
points w and w’ can be chosen so that I in the inequalities in Lemma 7 can be
taken equal to I)

I(he(w)) > I(f(w)) > I(g:(w))
I(he(w')) < I(f(w')) <I(ge(w))

Now, for n > 1, consider the functions {%f(w }">1. It is easy to check that there

exists a w and an n such that arg minf %f(w)dP € Cpin for all n >n (because
c

eventually %L f is in a neighborhood of the function that is identically 0 on T).
Similarly, there exist @ and 7 such that argmin [ %f(u‘))dP € Cprax for all n > 7.
c

Next, observe that

~

~ . 1 .
Hf(w) = {P € CuIn | /f(w)dP:mm} = H%f(w) = {P € Cymin | /Ef(w)dP :mm}

(15)
Oy = {P € Carax | /f(w)dP = min} =10, = {P € Crax | /%f(w)dP = min}
Define
gen(w) = TF(0) +<r(w)
hen(w) = (0) + er(w)

For n > max {71, n}, it follows from the previous lemma and the equalities (15) that

Hhe () > ICf(0)) > I(gen(w) V< w (168)
H(hen(@) < I f() < Hgen(e)) Vo' 2 (1)

Notice that for w <w, I in (16a) is equal to I. Similarly, for w’ > w, I in (17) is
equal to I (see proof of Lemma 2). Taking the limits for n — oo of both (16a) and
(17) and using the (sup-norm) continuity of I, we have

I(er(w)) > wP(T°) > I(eT(w)) NVw <w (18a)



I(er(w)) < wP(T¢) < I(eF(w)) ,Vw' > @ (19)

Now, we claim that at least one inequality in (18a) is strict. In fact, at w <w

CMmIN

Hertw) = guin < [[0cs - xa) + wxrJar

= mins/(XB —x4)dP + w]ND(TC) < w]ND(TC)

CmiIN

because, for any n, H%f(w) C Cymrn, and we know that H%f(w) contains at least a
measure P (in fact, all) such that P(B) — P(A) < 0. Since er(w) and e7(w) are
EZ-conjugate, this shows that T" is EZ-ambiguous.

Finally, a proof that T is EZ-ambiguous if condition (i) in Theorem 2 is satisfied
but condition (ii) is violated is obtained exactly along the same lines by taking into
account Lemma 6 (see proof of Theorem 2). 1

A.6 APPLICATIONS

A.6 (a) Proof of Theorem 4

Proof. We prove the statement only for acts of the form fTw. The proof for
acts of the form fT“w follows at once by exchanging 1" and T°.

(Necessity) Fix an MEU model with set of priors C. Since T € Ay, we have
I =1 for all acts of type fTw (Theorem 2). Hence,

I(f(w)) = min {7<f<w>>,f<f<w>>}
?(f(w)) and I(f(w)) can be written as
[(f(w) = #_ min /T fAP(-| T) +w(1 - B)

T(fw)) = a min /deP(~\T)+w(1—a)

CuiInlT
Define
I, = co{Cmax |r UCmin |7}
My = co{Cyax |re UChIN |7}
and

cr = [aaﬂ]Hl X [1 - Bal - a]HQ
For any f(w), it can be readily checked that

min/f(w)dP = min {Ozmin/ fAP(-|T) +w(l— a),ﬁmin/ fdP(-|T) 4+ w(l— 6)}
c m Jr m Jr
Since IT1 D Cprax ‘T UCMIN |T; we have

win [ f(w)dP < min [ fw)ir (20)
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We are going to show that equality holds.
By definition of II;, any minimizer of fT fdP(- | T) is either in Cprax |7 or in
CymiIN |T, Hence, let P € Cprax |T UCMmIN |T be such that

/deP:mCin/fdP

Suppose that P € Cpax |7 By definition, there exists a P e Crrax whose
conditional on T coi~ncides with P. B
CLAIM: if @ € I, then fT fdQ(|T) < fT fdP.

In fact, Q € II ¢ implies that for any measure in Cps4x, hence for ﬁ7 we have

g [ o= [ 100
Q) [ FaQ( 17) +wQ(r)

< P(T) / fdP(- | T) +wP(T°)
T
which implies [, fdQ(- | T) < [, fdP.
By definition, Q(- | T') € Caprax |7 (because Il; C Caprax). Hence, S FAQ(- |

T)= [, fdP.
Since T' € Az, Condition NC holds and by Lemma 2

(I |7) 0 (1T ) £ 0

That is, there exists a ]Sf( | T) € (ﬁf |7) such that

| gap= [ rapiim)

By definition, ]Sf( | T) € Crrrn |- Summing up, for any f(w)

min/Tf(w)dP = min /Tf(w)dP:/deﬁ:/deQ(-|T)(21)

Iy Cuax|rUCurIN|T

Cuvaxlr CumiIn|T

= min /Tf(w)dP: min /Tf(w)dP

Similarly, we reach the same conclusion if we start by assuming that P € Cprrn T
Now, (21) show that equality holds in (20), that is

nél*n/fdP:I:mcm/fdP

(Sufficiency) Immediate. s

35



A.6(b) Proof of Theorem 5
We divide the proof into several claims. To begin, let T € Az\ Ay and let

A CT. Define
cl .y ={PeClPe argl}jlgé(P(T)}

Ciriy ={P €C|P € arg I}glenclP(T)}
Cirax = {P €C|P € arg r}gg%(P(A)}
Ciin = {P €C|P € argminP(A)}
Let a = min P(T), = max P(T), @ = min P(A), and = max P(A). Assume
aF#a@and §# 5.
CLAIM 1 Ci,x NCiiax # @, and Ci;;n NChyy # 2.

Proof. Let f(w) = 0Aw. Observe that f(w) is an act which is constan both on
A€ and on T°. Therefore, by Theorems 4 and 2

I(f(w)) = I"(f(w)) = T*(f(w)),

where fT(f(w))—mln{ min /f )dP, min /f )dP}. We have,

pecC J\lIN pecC Z\lAX

T(fw) = min{a(PmiTn /fdP(.\T)—w)+w,,B( min /fdP(.|T)—w)+w}

MIN MAX
T

min {a( min (wP(T\A|T) — w)) + w, B( min (wP(T\A|T) — w)) + w}

EC]\/IIN MAX

By (ﬁf I7)N(Tf |7) # 0 (Lemma2), min (wP(T\A|T)—w)) = min (wP(T\A|T)—
eCMI]V € IrlcfAX
w)). Since w > 0, we have

() = B, min (P(T\AIT) ~w) + w
= BwP* (T\A|T) —w)) +w for some P* € Cl .
= TA(fw) )
= min{w(l -a),w(l - )}

— w(1-B)

Hence,

BlwP™(T\A|T) —w)) + w = w(l - )
which implies
B-B
B

From which we conclude (since P* € C1; ) that

PHTN\AIT) =

P*(T\A):ﬁ—B:P*(A):B:P*GCE\‘;{AX écﬁAxﬂC&Ax#g

Similarly, one shows that CT,, 5y N Ciy;n # D by taking w < 0.
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Before tackling the proof of Theorem 5, we need one more observation. Let
f € F be a three step act:

kifse A
f= EifseT\A
k" if seT°

Such an act can be thought of in two different ways. As an act of the form fTk”
and as an act of the form fA°k. For T € Agz, from Theorem 4 we have that

I(f(K")) = IT(f(K")). Hence,

" (f(k"))
= min {a(P rrclin kP(A|T) + k' P(T\A|T) — k") + k", 3( min kP(A|T)+ k'P(T\A|T)— k")
ECTI N ECTax

min {a( min (k—K)P(AIT) + K — k") + kK", 5(_min (k- K)P(AT) + k' — k") + k:}

PGCIZ(}IN PECIWAX

By choosing k” small enough, we can guarantee that o and some P € C1
attain the minimum. Moreover, for k > k’ we can guarantee that the P in C1,, is
such that P(A) = @ (existence of such a P in C1;; was shown in CLAIM 1 above).

In the same fashion, by choosing k" big enough, we can guarantee that the
minimum obtains for 4 and some P’ in Ci;,y. Moreover, for k& > k' such a P’
would be such that P'(4) = u = » Iél%n P(A) is used. Summarizing, for k > k'

MAX
the evaluation of a three step act like ours is either

IT(f(K")) = @k + (a — @)K + (1 — a)k” (22)
or
IT(f(K")) =k + (8 = Wk + (1= B)K” (23)
By definition of @, and 3, we have &@ < pu < 3.
We can prove our first result. The proof is restricted to the case @ < u. The
case a@ = p will be dealt with in the proof of Proposition 10, below.

PROPOSITION 9. If T € Agz\Ann, then there is no A C T such that A €
Apz\Anm-

Proof. We proceed by contradiction. Let f(k”), g(k"), f(k) and g(k) be four
three step acts

kifse A tifse A
FE) ={ KifseT\A and g(k")={ t'ifseT\A
k" if seT° k" if seT°
kifse A tifse A
f(Ey= KifseT\A and gk)=S t'ifseT\A
kif seTe kif seTe

where we choose k > k' and t > ¢'.
For k" small enough we can guarantee that f(k”) and g(k”) are evaluated as in
(22), i.e.
I(f(K")) =TT (f(K")) = @k + (0 — @)K + (1 — a)k”
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I(g(k") =T (g(k") = at + (a —a)t’ + (1 — a)k”

while for k£ big enough we can guarantee that f(k) and g(k) are evaluated as in
(23), ie.

I(f(R) = IT(f(R) = pk + (B8 — wk' + (1 = B)F

I(g(R) = T"(9(R)) = pt + (B — )t + (1 - B)k
Let us rename variables by setting
T =k—t; y=kK—t; a = a; b=a—a; c= d=B—pu; (24)
Case 1: § < <. We have
I(f(K") = I(g(k")) = a(k — t) + (a« — @) (K —1') = ax + by

and

yl

(z,9)

T
slope = —a/b

slope = —c/d

Fig.6

Bt choosing = and y as in Figure 6, we get I(f(k")) — I(g(k"”)) > 0 and I(f(k)) —

I(g(k)) < 0, thus contradicting T € Agz.
Case 2: § > 4. By choosing x and y as in Figure 7, we get I(f(k"))—1(g(k")) >

0 and I(f(k)) —I(g(k)) < 0, again contradicting T' € Agz.
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yl

x
slope = —c/d
[0}
(2,9)
slope = —a/b
Y
Fig.7
Case 3: § = 5. We distinguish between two subcases.
Case 3.1: b > d. Observe that
2a 2a 2a a
b>d <= a—a > B—u — a7< a - a7<a+u
a—a  B-p a—a  B-p

on _
Now, take an £ > 0 and choose § so that 0 < ( a) e<o< (a a ,u> €. Next,

choose k > 0 big enough so that — (ﬂb : 3)E + 6 < —e. Define
b=e t=-s K=-U"Yg  y_wis ()

By choosing & small enough so that both f(k”) and g(k”) are evaluated as in (22),
we have

I(f(K") = I(g(K")) = a(k—1t)+ (a—a) 1)
= @2+ (a—a)(-9)
Hence, because of our choice of §
I(f(K")) — I(g(K")) <0 (27)
On the other hand, by definition of @ and ¢, we have a < c¢. Hence,
(a—c)e < 0
—
(a—c)k+b-—d)k +B—-a)k < 0 (by (25))
A
ak+(a—a)k+(1-a)k < pk+B-wk'+(1 -8k (by (24))
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That is, I(f(k)) = @k + (a« — @)k’ + (1 — a)k. Next, observe that ¢ > a, b > d and
6 > 0 imply

(c—a)(—e)+ (d—b)d 0

<
—
(c—at+(d—bt +(a—BRk < 0 (because (d — b)t' + (a — B)k = (d — b)J by (25))
—
<

pt+ (B -t + (1 - Bk at+ (a—a)t' +(1—a)k  (by (24))

That is, I(g(k)) = ut + (8 — p)t’ + (1 — B)k. Summing up,

I(f(k)) — I(g(k)) = [k + (« —@)k" + (1 — a)k] — [pt + (B — p)t’ + (1 — B)k]
=(@+pe+ b—dk —(B—p)d+(8—a)k
= (@+pe — (B —p)d

Hence,

I(f(k)) — I(g(k)) >0 (28)
Now, inequality (27) and inequality (28) contradict the assumption T € Agz.
Case 3.2: b<d
Here, we consider acts which are constant on A, and we will produce a contra-
diction with the hypothesis that A € Agz (<= A° € Agz).
Let f(k) and g(k) be defined by:

kifse A kifse A
fky=< KifseT\A ; glk)y=¢ t'ifseT\A
{ K" if s € T¢ { " if s € T¢
where we choose k > k' and t > ¢/, and let f(k) and g(k) be defined by
kifse A kifse A
f(k)=<¢ K ifsecT\A ; gk)=< tifsecT\A
{ K if s € T¢ { ¢ if s € T
where we choose k > k' and k > t'.

Set
€

k= —¢; t = —2¢; E=t— t =¢; E' =t +

a—a’ 11—«

Choose k big enough so that both f(k) and g(k) are evaluated as in (22), we have

(k) = Ig(k)) = (@ =@)K —t)+ (1= )k ~ ")
= (- () +(1-a) )
That is,
I(f(K)) = I(g(k)) = 0 (29)

Next, observe that ¢ > a, d > b, § > « (see (24); d > b by the assumption) imply

(c-a)(=e)+ ([@d=b)(-2e— —)+(a=fle+ 1) < 0
<~

(c—a)k+ (d—bK +(a—pK" < 0
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That is
pk+ (B —wk' + (1 - k" <ak+ (a—a)k' + (1 — a)k” (see (24))

which implies I(f(k)) = pk + (8 — p)k' + (1 — B)k".
On the other hand, ¢ > a, d > b and 8 > « also impy

(c—a)(—e)+ (d—0b)(—2¢) + («— PB)e 0

<
<~
(c—a)k+(d=bt' +(a—p)t" < 0
<
<

pk 4+ (B8 — wt' + (1 — )’ ak+ (a—a)t + (1 —a)t” (see (24))
That is, I(g(k)) = pk + (8 — p)t’ + (1 — B)t”. Combining the last two findings,
IGE) ~ Io(R) = [bF+ (5 — Wk + (- AK"] — [+ (5 — W’ + (1 — B)t"]

= B=wE =)+ 1 -B)(E —t")

= B-w-——=)+1-B)(—)
= _m[(5-#)(1—04)—(1—5)(@—5)]
g . a C
= ORI )] [d — b (since 3= E)
Hence, 7 B
I(f(k)) —I(g(k)) <0 (30)

Now, equality (29) and inequality (30) contradict A° € Agz. To complete the
proof, the only case left to consider is @ = p. This can be dealt with by using the
same construction as in the proof of Proposition 10, below.

PropPOSITION 10. If T € Agz\Anwm, then there is no A C T such that A €
AN

Proof. By the way of contradiction, assume that such an A exists. Recall that
A € Ay means @ = 8 = u. For any three step act,

kifse A
FE") = { k' if s € T\A
k" if s e Te
we have
I(f(K") = T7(f(k"))
= min{ak+ (a — @)k’ + (1 — )K", ak + (8 —@)k' + (1 — B)K"}

Hence,
K > E" — I(f(E") =ak+ (a —a@)k" + (1 — a)k” (31)
K<k = I(f(")=ak+(B-a)k + (1)K (32)
Now, let f(k"”) and g(k") be defined by
kifse A tifse A
fE)y =4 KifseT\A ;  gk")=4 t'ifseT\A
k' ifseTe k" if s e Te

41



for some k' > k" and ¢’ > k”; and let f(k) and g(k) be defined by

kifse A tifse A
f(ey=< K ifseT\A ; glk)y=4 t'ifseT\A
kif s€Te kif seTe

for some k > k' and ¢’ > k. Notice that all these acts are constant on T°.
Let € > 0, and define

E =0; k=¢; t = 2; t=0; F=—T2"1+

where 7 is chosen so that 0 < 7 < (5 — a)e.
For k" small enough, both f(k"”) and g(k”) are evaluated as in (31). Thus,

I(f(K") = I(g(K")) = a(k—1) + (a—a)(k' —t)
- 5 ((Ot —aa)Qa n ;) + (a0 —@)(—2e)
Hence,
I(f(K") = I(g(K")) >0 (33)

Next, observe that by construction t' > k > k’, which implies that f(k) is evaluated

as in (32) while g(k) is evaluated as in (31). Thus,
I(f(k)) — I(g(k))

=[ak+ (B—a)k + (1 - B)k] — [at+ (e« —a)t’ + (1 — a)k] (34)
= [a (W + ;) +(1- ﬂ)a} —[(a—@)(2e) + (1 — a)e]
=7+ (a= )

Hence, by our choice of 7

I(f(k)) — 1(g(k)) <0 (35)
Now, inequality (33) and inequality (35) contradict T € Agz.

This, along with Proposition 9 completes the proof of Theorem 5.

A.6(c) Proof of Corollary 2

Proof. Tt is immediate that @ and S are in Agyz. Moreover, by definition, Agz
is closed under complementation. Now, we need to show that if A, B are in Agz
and ANB = @, then AUB € Agyz. We are going to show that if A, B are in Agz
and ANB =@, A # B¢ then both A and B are necessarily naturally measurable.
Then, the property follows from the fact that naturally measurable events make up
a A-system.

To begin, suppose that B € Agz\Anp. Then, B¢ € Agy because Agy is
closed under complementation, and B® ¢ Anys (because otherwise one would con-
tradict B € Agz\Annr). That is, B¢ € Agpz\Ann. By assumption, AN B =&
which implies B¢ D A (strictly). By Theorem 5, this contradicts A € Agz. That
is, B € Axn. By reversing the role of A and B, one shows A € Ay .

Finally, the property that Agz is closed under countable disjoint unions follows
from the fact that Anps is.
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