Stress Transfer and Structural Failure of Bilayered Material Systems

Pablo Arthur Prieto-Muñoz

Submitted in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy
in the Graduate School of Arts and Sciences

COLUMBIA UNIVERSITY
2012

© 2012
Pablo Arthur Prieto-Muñoz
All rights reserved

ABSTRACT
Stress Transfer and Structural Failure of Bilayered Material Systems
Pablo Arthur Prieto-Muñoz
Bilayered material systems are common in naturally formed or artificially engineered
structures. Understanding how loads transfer within these structural systems is necessary
to predict failure and develop effective designs. Existing methods for evaluating the stress
transfer in bilayered materials are limited to overly simplified models or require experimental
calibration. As a result, these methods have failed to accurately account for such structural
failures as the creep induced roofing panel collapse of Boston’s I-90 connector tunnel, which
was supported by adhesive anchors. The one-dimensional stress analyses currently used for
adhesive anchor design cannot account for viscoelastic creep failure, and consequently results in dangerously under-designed structural systems. In this dissertation, a method for
determining the two-dimensional stress and displacement fields for a generalized bilayered
material system is developed, and proposes a closed-form analytical solution. A general
linear-elastic solution is first proposed by decoupling the elastic governing equations from
one another through the so-called plane assumption. Based on this general solution, an
axisymmetric problem and a plane strain problem are formulated. These are applied to
common bilayered material systems such as: (1) concrete adhesive anchors, (2) material
coatings, (3) asphalt pavements, and (4) layered sedimentary rocks. The stress and displacement fields determined by this analytical analysis are validated through the use of
finite element models. Through the correspondence principle, the linear-elastic solution is
extended to consider time-dependent viscoelastic material properties, thus facilitating the
analysis of adhesive anchors and asphalt pavements while incorporating their viscoelastic
material behavior. Furthermore, the elastic stress analysis can explain the fracturing phenomenon of material coatings, pavements, and layered rocks, successfully predicting their
fracture saturation ratio—which is the ratio of fracture spacing to the thickness of the weak

layer where an increase in load will not cause any new fractures to form. Moreover, these
specific material systems are looked at in the context of existing and novel experimental
results, further demonstrating the advantage of the stress transfer analysis proposed. This
research provides a closed-form stress solution for various structural systems that is applied
to different failure analyses. The versatility of this method is in the flexibility and the ease
upon which the stress and displacement field results can be applied to existing stress- or
displacement-based structural failure criteria. As presented, this analysis can be directly
used to: (1) design adhesive anchoring systems for long-term creep loading, (2) evaluate
the fracture mechanics behind bilayered material coatings and pavement overlay systems,
and (3) determine the fracture spacing to layer thickness ratio of layered sedimentary rocks.
As is shown in the four material systems presented, this general solution has far reaching
applications in facilitating design and analysis of typical bilayered structural systems.
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Chapter 1
Introduction
Multi-layered material systems are commonly found in many natural and engineered
systems. Composite laminates composed of multiple material layers have far reaching applications, from ply-wood to flexible electronic systems using polymer substrates. In nature,
sedimentary rocks are often found in parallel layers, forming a natural multi-layered rock
system. The natural corrosion of metals creates a bilayered system, whereas engineers often coat materials with paints or polymers for environmental protection. A fiber reinforced
material system forms a bilayered system, much like a common concrete anchor. Despite
the diverse and numerous multi-layered systems that exist in structural systems, most share
similar inter-layer stress transfer characteristics.
With the rapidly increasing use of composites, fiber reinforced systems, and anchors,
interest has been generated with regard to their structural failure. While fiber reinforced
systems and anchors fail through pull-out, composites and coatings fail through fracture and
inter-layer debonding. In this study, two simple bilayered systems subject to basic loads are
considered. The subsequent stress analysis is then applied to in-depth analyses for stress
transfer and the structural failure of: adhesive anchoring systems, material coatings, pavements, and layered rocks. Through analytical modeling supported by both experiments and
numerical models, stress-transfer in bilayered systems are fairly well understood. However,
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most analytical models are based on calibration variables determined from experiments. The
analytical analysis presented here is based on the intrinsic material properties of the structural systems analyzed. Therefore, no additional experiments or numerical analyses need to
be conducted in order to understand the failure characteristics of that particular structural
system. Before developing this model, historical research regarding the stress transfer of
bilayered materials is studied.

1.1

Review of Historical Research

The study of multi-layered systems is quite diverse, encompassing numerous structural
systems. This historical research review introduces several unique approaches to analyzing both multi-layered and specific bilayered structural systems. Initially, laminate theory
is presented, being the most applied approach to analyzing multi-layered composite structures. A more specific case is then discussed, where a thin material coating is attached to
a compliant substrate. This approach is often extended to study certain sedimentary rock
formations, where a composite-like sandwich is formed between brittle and compliant rocks.
Lastly, another approach is then considered for the study of fibers (or fibre in the United
Kingdom) embedded in concrete, and their capacity to resist pull-out.

1.1.1

Laminate Theory and Composites

Composite materials are designed to take advantage of unique physical properties of their
separate laminate layers. Fiber/matrix laminates (such as ply-wood) are designed to have
multi-directional fiber alignments, making the interface between the laminate plies the weakest part of the composite. The stress analysis of composite laminate materials is traced back
to Cox (1952)’s shear-lag analysis. A simple one-dimensional (1D) equation for analyzing the
stress transfer between a fiber and the material matrix that embeds it is proposed. Nairn and
Mendels (2001) builds on this shear-lag model (while making significant alterations) and uses
it to study an n layer composite as a two-dimensional (2D) planar elastic problem. Nairn and
Mendels (2001) establishes that the analysis is limited in studying the energy release rate
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of the formation of a microcrack in the interface layer between two laminate plies because
of the initial assumptions necessary in the shear-lag model. Nairn and Mendels (2001) proposes that all shear-lag models assume that the shear stress of the laminate materials can be
decoupled from the standard τij = µij (ui,j + uj,i ) to a simplified τij ∝ uj,i –or any decoupling
of a similar nature. As a result, the elasticity equilibrium equations are decoupled, allowing
the displacement fields to be solved using two separate differential equations. Despite Nairn
and Mendels (2001)’s thorough derivation, the solution’s limitation for calculating the energy
release rate of a fracture, as well as the accuracy for the inter-layer shear stress greatly limit
the use of this theory.
By studying the interlaminar normal stress between laminar plies, He et al. (2003) extends the shear-lag model to treat both plies and the inter-layer–in this case a resin layer
is considered between plies–to act as carriers of tensile stress. The purpose of this work is
to be able to apply the results of the analysis to study delamination behavior regardless of
the modulus ratios between the resin and the ply layers. They stipulate that it is the interlaminar shear stress components that are the main cause of premature failure mechanisms
for delamination. With the use of a FEM model, they show promising results that their
modified shear-lag model is more accurate than the previous model.
Very much based on the original shear-lag model and Cox (1952)’s pioneering work,
Shih and Ebert (1987) uses the elastic-slip model to study the effect of the interface of
a fiber/matrix composite material. The theoretical model that is used is called Piggott’s
elastic-slip model, where a distribution of shear stress and normal stress is assumed along
the interface between two laminate materials. Shih and Ebert (1987) then extends this
elastic model to include cumulative damage based on the friction between the fiber and the
matrix. A theoretical model is used in order to indicate the importance of a strong interface
in shear, which would increase the longitudinal tensile strength significantly. This shear
strength becomes more important when the coefficient of friction between the debonded
fibers and the matrix decreases. Shih and Ebert (1987)’s results also suggest that a very
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strong interface may decrease the longitudinal tensile strength of the composite.
McCartney (1998) sets out to study the crack formations between laminates based on a
new approach,while considering thermal residual stresses. McCartney (1998) abstains from
using the shear-lag model, indicating that it is useful for identifying material parameters, but
it is based on several approximations that render predictions subject to error. McCartney
(1998) studies a system of 2N + 2 plies bonded perfectly together to form a symmetric
laminate. The analytical solution is formed as a standard boundary-value problem, where
the stresses are applied as weak-stress boundary conditions along the laminates. Once the
stress and displacement fields are developed, the energy release rate is calculated by using
the Gibbs free energy approach. The solution is compared to an experiment using glassfibre-reinforced epoxy cross-ply [0/90]s subject to a thermal load. The analytical approach
presented is unable to predict the fracture pattern observed in the experiment. McCartney
(1998) suggests that the integration of statistical variability, allowing cracks to form one at a
time as opposed to the unrealistic simultaneous formation used in this analysis. McCartney
(2008) revisits the study of fracturing in laminates while under fatigue. By conducting a
new experiment to compare with the analytical analysis, McCartney (1998) concludes that;
“the reliable prediction of the fatigue performance of laminated structures is very much in
its infancy”.
Much like McCartney (1998), Pipes et al. (2010) develops an approximate elastic solution
for a composite laminate subject to thermal loads. The m-layer symmetric angle-ply laminate
with a finite width is analyzed, developing a series form solution. The results are compared
to a FEM model to confirm the accuracy of the solution. The results of the FEM solution
and the analytical results found a singularity in the interlaminar shear strain at the free-edge
of the laminate when subject to thermal loads.
Nakamura (1991) studies the evolution of a crack formed in the inter-layer of a bilayered material under tension. The stress around the crack tip used to calculate the energy
release rate of the crack, is based on the Dundurs’ parameters (Dundurs, 1969)–where the
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Dundurs’ parameters α and β are used to characterize the material mismatch in a bilayered
system–and are used in numerous approaches to stress transfer. Nakamura (1991) develops
an analytical fracture analysis and compares it to a three-dimensional (3D) computational
model. Nakamura (1991) concludes that the fracture analysis of a bilayered material needs to
be conducted in 3D. The large Mode III deformation that exists along the crack front cannot
be adequately considered by a 2D analysis. Therefore, the fracture analysis of a bilayered
material is significantly different from that of a homogeneous one, where a 2D analysis would
have been sufficient.
Eischen (1987) postulates that nonhomogeneous materials will indubitably have a separation between the two material properties, and differentiates between two cases. The idealized
case–which is used for most analyses–assumes that there is a distinct discontinuity between
the two layers of the nonhomogeneous material, such as in laminated composite structures.
The second case involves a material where the elastic moduli vary smoothly between the two
materials. Eischen (1987) argues that all material discontinuities fall in the latter of these
two cases. With that in mind, the stress intensity factors of arbitrarily shaped cracks in
nonhomogeneous materials are analyzed using the J-integral.
In Deng (1994), a bilayered material is studied under plane strain conditions. The approach is unique in that it solves the stress fields around an interfacial crack of a bilayered
system using an eigenvalue approach. The solution is therefore numerical, and is used to
solve for the energy release rate of the interfacial fracture using the J-integral.
The interface between two material surfaces was further studied by Zhang (2007). While
assuming that the interfaces had the same surface wave shape that match up perfectly,
the stress and the energy related to forming these interfaces are calculated. Zhang (2007)
indicates that the shear-lag model and the Timoshenko model for bimetal thermostat bending
would have failed in this analysis, so the new derivation is necessary. This is an idealized
model which assumes that the two material interface surfaces are identical. For this analysis
to be more robust, a comprehensive model needs to be made, considering different surface
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structures.
Using a FEM based analysis, Zou et al. (2001) studies delamination for composite laminates. By using laminate theory as opposed to 3D elasticity theory, a fracture model is
developed. Zou et al. (2001) assumes for laminate theory that all the strain components of
the laminate are independent of the planar coordinate (much like a plane strain problem).
The energy release rate for a crack formed in between two plies (delamination) is calculated
using the virtual “crack closure” technique, or VCCT. The numerical results obtained from
this theory prove to be rather accurate. This approach can be applied to most FEM models,
reducing the number of elements needed to calculate an accurate energy release rate for an
inter-laminar crack of a composite.
The study of the stress transfer of laminate composites and their structural failure has
evolved steadily. Numerous approaches for determining the stress state to cause fracture
or delamination can be determined through analytical or numerical means. The shear-lag
model has proven to be very versatile, and has extended far beyond its original design.
Idealized elastic models have their limitations, but give valuable insight to the root cause of
structural failure, and can therefore be used for critical analyses.

1.1.2

Coatings and Structures Over Compliant Substrates

The study of thin films perfectly bonded to a compliant substrate were studied over a
century ago by Stoney (1909), who determines the residual tension of a thin metallic film (in
this case nickel is used) deposited on glass by electrolysis. The deposition causes a natural
curvature of the film and substrate, and through a stress analysis, the tension within the
thin metallic film is calculated. Stoney (1909) conducts a simple experiment to determine
the tension of nickel deposited on a very thin sheet of metal. Stoney (1909) observes the
curvature due to the deposition, and uses the stress analysis to determine the tension of the
nickel.
Zhang (2008) builds upon Stoney (1909)’s initial theory, and applies it to a simple filmsubstrate bilayer, each layer subject to a different tensile force. Zhang (2008) discusses the
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difference between assuming a perfectly bonded interface between the two layers (where
it is assumed that there is no shear stress or normal stress), and the existence of a thin
boundary layer that is loosely based on the shear-lag model. The model is heavily based
on the evolution of several existing models in order to develop the strain distribution due
to lattice mismatch. Zhang (2008) then uses a modified Timoshenko beam model to solve
for the curvature of the system for the case of no slip. By using the shear-lag model, Zhang
(2008) decouples the normal and shear stresses, and then solves for the stresses and the
curvature of the system. The shear-lag component of this solution requires the use of fitting
parameters that need to be calibrated.
Using the Dundurs’ parameters, Xia and Hutchinson (2000) develops a basic 2D elastic
model to study different fracture patterns for a thin film bonded to a compliant substrate.
Other than the Dundurs’ parameters α and β, the formulation is strictly based on the material and geometric properties of the thin film. The analysis is designed to be applicable to
coatings like paint or the cracking of mud as it dries. The fracture condition is calculated by
comparing the energy release rate–calculated with the J-integral–and the fracture toughness
of the thin film. Xia and Hutchinson (2000) is very thorough in that many fracture patterns
are introduced that can be predicted with their model. From mixed mode interaction parallel
cracks to curved and spiral cracks, the model is very capable of analyzing various fracture
characteristics of a thin film bonded to a compliant substrate.
Thouless et al. (1992) studies the effect that thickness of a thin film has with regard to
fracture (see Figure 1.1.1). This paper presents a critical thickness h of the thin film where
any film smaller than h would not fracture under the given loading conditions. Therefore,
as the thickness of the thin film decreases, the fracture spacing also decreases until the critical thickness is reached, where no fractures would form. An analytical fracture analysis
is conducted by comparing the energy before and after a crack is formed while assuming
no slip at the interface. To confirm this analytical fracture analysis, a thin PrBa2 Cu3 O7−x
(PBVO) film is grown on an SrTiO3 substrate, causing a residual strain of 2.0%. By observ-
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ing the fracture spacing for different film thicknesses, the predicted critical thickness was
confirmed. Thouless et al. (1992) concludes that the observations of the experiment satisfy
the assumptions of the theoretical work.

Figure 1.1.1: Micrograph of cracks along a YBa2 Cu3 O7−δ film on a SrTiO3 substrate (Thouless et al., 1992).
A modified shear-lag model used to analyze cracking in a film/substrate system requires
a fitting parameter, and does not incorporate external loading. Hsueh (2003) creates a new
model to incorporate external loading analytically, and compares it to an experimental analysis conducted. By requiring continuity of shear stress along the interface, the strain required
to cause fracture by using both an energy criteria and a simple maximum normal stress criteria. Hsueh (2003) test SiOx /PET (poly-ethylene terephthalate) systems, and determine
that the fracture toughness is from the experimental results. Between the two fracture analysis, Hsueh (2003) concludes that the energy approach is the better of the two. The results
are said to be reasonable (if not better) when compared to present analytical solutions like
that of Thouless et al. (1992). Leterrier et al. (2001) also conduct an experiment using
SiOx /PET, but studying the material behavior caused by adhesion. By using the classic
stress transfer approach, Leterrier et al. (2001) considers a perfectly plastic behavior for the
coating/substrate interface. Leterrier et al. (2001) studies stress transfer for the deposition
process, the annealing in the temperature range for recrystallization of the polymer, calendering into a multilayer structure, and the thermal aging at different temperatures below
the glass transition temperature of PET.
Timm et al. (2003) develops a one-dimensional closed-form solution for an elastic strip on
a substrate with a frictional interface–where the foundation stiffness β needs to be calibrated–
subject to thermal loading. An elastoplastic Winkler-type foundation is used to predict the
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stresses within the cooling pavement layer supported on the frictional base. The model is
validated with a 2D FEM solution. The calculation of k–which represents the stiffness of
the frictional interface–is done by comparing the analytical results with that of a benchmark
example. The fracture mechanism is predicted by considering the change of tensile stress to
compressive along the free surface between two adjacent fractures.
In search for an analytical solution without any calibration parameters, Yin et al. (2008b)
analyzes a brittle thin film on a compliant substrate. The substrate is considered by way
of the Dundurs’ Parameters, characterizing the material mismatch. The stress and displacement fields within the thin film are calculated and used to find the energy release rate
of a fracture. The analytical results are compared to a FEM analysis and with the current literature with significant success. Although some calibration is still necessary (with a
benchmark example), the analysis is successfully able to predict the critical thickness found
in the experiments of Thouless et al. (1992).
Complex fracture of coatings bonded to substrates is studied with a tri-layer system
subject to a perpendicular contact pressure by Miranda et al. (2011). An optical device
is used to measure the fracture patterns of a glass/sapphire/polycarbonate system. The
material properties of the coating/substrate system are then calibrated with an FEM analysis
to compare with the observed results of the contact test. An adhesive was used to bond the
separate layers, and was modeled as a separate material in the FEM analysis.
By using a four-point bending test, McNaney et al. (1996) studies how an aluminum
substrate with a thin alumina coating fractures. The two layers are fully bonded together
and then both monotonic and cyclic loads are applied. The stress intensity factors for
different modes of cracking are determined from the Dundurs’ parameters. The fracture
toughness for different thicknesses of alumina and for different crack lengths are determined
from the experiment. A thorough fracture analysis is conducted through these tests, revealing
multiple physical properties of the ceramic alumina’s fracture properties.
Ochiai et al. (2005) also studies an alumina ceramic deposited on an aluminum wire (done

10
through anodization, the controlled corrosion of the aluminum wire) subject to a tensile load
(see Figure 1.1.2). An experiment was conducted to see the relation between the alumina

Figure 1.1.2: An example of the multiple cracking of the alumina (Al2 O3 ) coating layer on
an aluminum wire (Ochiai et al., 2005).
layer thickness and the spacing between two adjacent cracks. As the thickness of the alumina
coating decreases, so does the fracture spacing (or the fracture density increases). As the load
continues to increase, compressive fracture or interfacial debonding occurs, depending on the
thickness of the coating. A critical thickness is determined, where anything thinner would fail
under interfacial debonding, while a thicker coating would fail under compressive fracture.
Their experimental results are compared to a FEM stress model, to further understand the
physical cause of this critical thickness.
The fractures that form in the thin films created in lithium ion batteries are studied
by Li et al. (2011). The process by which cracks form for different thin film thicknesses is
studied experimentally, looking both at the shapes of the cracks and the relative sizes of
the "crack islands". It is shown experimentally how the decrease in the film thickness yields
smaller crack islands, and a higher density of cracks. A spring model is used to predict both
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the fracture pattern and the size of the cracks, accurately giving similar results with those
determined experimentally. Using previous research, Li et al. (2011) is able to analytically
predict a critical thickness where no new fractures form–much like that of Thouless et al.
(1992). The results of this study allow for thin film design to account for these failures by
either designing the thin film patterns to be smaller than the predicted "crack islands" or by
making a thinner film than the critical thickness.
Krishnamurthy and Reimanis (2005) further supports the physical characteristic of increasing fracture density as the thin film thickness decreases. Using an analytical plain
strain model based on a rigorous shear-lag approach, both a FEM model and an experimental model are used to study the cracking patterns of CrN and Cr2 N on a brass substrate
subject to a tensile load. By conducting a numerical and an analytical stress analysis of the
thin film, Krishnamurthy and Reimanis (2005) confirms that for thin films, fractures should
form along the free surface. However, Krishnamurthy and Reimanis (2005) concludes that
thicker films will cause fractures to form along the coating/substrate interface.
Under both thermal residual stresses and/or mechanical loads, Kotoul et al. (2010) studies
fracture for thin coatings on an orthotropic substrate. Focused on the study of the crack
tip singularity for a thin film on a substrate, Kotoul et al. (2010) studies the effects after
the cracks have already formed. Whether the cracks will penetrate into the substrate or
whether interfacial debonding will occur, Kotoul et al. (2010) uses a numerical model based
on the Betti reciprocal principle to determine the stress intensity factors. A novel approach
to calculating the crack spacing due to a weak singularity is suggested.
Aluminum oxide is revisited by Jen et al. (2011), when Al2 O3 thin films are grown
onto a Teflon substrate using atomic layer deposition (ALD). By varying the deposition
temperature, the residual stress is controlled. By creating a tensile stress, periodically spaced
parallel cracks form–proportional to the layer thickness and the tensile load. By creating a
compressive stress, island cracks are formed, much like those described by Li et al. (2011).
Despite two different loading cases, Jen et al. (2011) observes that the crack density increases
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as the thickness of the alumina layer decreases. Moreover, the critical load needed to cause
fractures to form decreases as the layer thickness increases–i.e., it takes a smaller load to
cause a thicker film to fracture. Therefore, a thin Al2 O3 film will have a very high critical
tensile stress (or strain) to cause fracture. By understanding the critical load (relative to
the thickness), thin films can be designed for different loading characteristics.
Modern flexible electronic parts are composed of ZnO:Al thin films, and are often subject
to bending (almost buckling) loads. Mohanty et al. (2011) studies ZnO:Al thin films grown
on polyethersulfone (PES) substrates by RF magnetron sputtering. By applying a bending
load on the coating/substrate system, multiple parallel cracks formed in the ZnO:Al film.
Different loading strains are induced throughout the curvature of the bent thin film, causing
different fracture spacings. This unique experiment yields a clear relation between strain and
fracture density. As the strain increases, a minimum fracture spacing is reached where no new
fractures form–shown previously in other experiments. Different thicknesses of the ZnO:Al
thin films are grown, and are then studied by atomic force microscopy (AFM), looking at
the grain boundaries of the thin film. Mohanty et al. (2011) postulates that cracks develop
along the grain boundaries of the thin film, whereas the fracture strength of the thin film
represents the strength of the grain boundaries. Thinner films have smaller crystallites, and
thus have a higher density of grain boundaries. Therefore, thin films have a higher fracture
toughness. A simple analytical fracture model is developed using the Dundurs’ Parameters to
support their experimental findings. Bueno and Baudin (2007) study grain sizes for anodized
aluminum and how that affects fracture toughness.
Many other studies have been conducted on thin films bonded to a substrate. Harry et al.
(1998) studies how to determine the Young’s modulus of a thin film by using a three-point
bending test. Then, the sample is subject to a tensile test and observed under an SEM to
determine the fracture toughness of the thin film. Fukumasu et al. (2010) studies how to
model a fractured thin film bonded to a substrate, focusing on different crack tips along
the coating/substrate interface. Using a FEM model to study the stress fields for this sys-
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tem, Fukumasu et al. (2010) indicates that the stress is highest along the coating/substrate
interface, implying that fractures would likely form between these two layers.

1.1.3

Layered Rock

While laminate materials and coating/substrate systems tend to be engineered, layered
sedimentary rock formations are commonly found with uniformally spaced parallel fractures
in a compliant layer, caused by a strain induced by tectonic movements. Larsen et al. (2010)
emphasizes the importance of understanding these fracture patterns in that “the permeability
of a reservoir is particularly dependent upon the proportion of its fractures that penetrate
or are arrested at interfaces such as contacts and discontinuities.” For understanding the
hydraulic properties of a fractured reservoir and being able to determine a rock formations
ability to store (porosity) and transport (permeability) fluids, the fracture patterns have to
be entirely understood. A typical layered rock system is shown in Figure 1.1.3.
Bai et al. (2000a) presents that in layered sedimentary rock systems (defined by a thin
brittle rock layer sandwiched between two stronger more compliant rock layers), fractures
form in the thin middle layer. As the pull-out strain increases, fractures begin to infill
sequentially between two adjacent fractures. Classical stress transfer theory suggests that as
this strain increases, so do the number of fractures. As the strain increases to infinity, the
spacing between two adjacent fractures decreases to an infinitesimal value, with no apparent
lower limit. This has been observed not to happen, where the thin rock layer will eventually
reach a level of fracture saturation. At this fracture saturation, an increase in the lateral
strain would not cause any new fractures to form. Bai et al. (2000a) postulates that; as
the spacing between two fractures decreases, the tensile strain that is found in the midpoint
between two adjacent fractures decreases until it eventually shifts to a compressive stress.
Therefore, the failure criteria of the thin rock layer cannot be met under a compressive stress.
Using a FEM analysis, this fracture-spacing-to-layer-thickness ratio can be determined as the
ratio that causes the center stress to cross to a compressive stress, found to be a ratio of just
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Figure 1.1.3: (A) 50 m high wire-cut cliff face showing inner-shelf carbonates 1-2 m thick
units of layered rocks; (B) close up of a 3-part layered rock system; (C) parallel fractures of
layered rock system due to tectonic strain (Larsen et al., 2010).
under 1. Bai et al. (2000a) proposes that this phenomenon is caused by three mechanisms
acting on the stress state of this point; (1) the transfer of stress causes a tensile stress, (2)
the contraction of the fractured layer in the vertical direction causes a vertical compressive
stress, which produces a horizontal compressive stress, (3) the tranction-free fracture surface
eliminates the transferred stress and the effect of horizontal constraint. If the fracturespacing-to-layer-thickness ratio is less than the critical value, the total stress is compressive
because less stress can be transferred and the fractured layer will contract more.
Based on their previous theory, Bai and Pollard (2000) conducts an experiment using
Plexiglas (PMMA) to validate the theory of fracture saturation. Bai and Pollard (2000)’s
explanation for fracture saturation is then fortified by predicting it with the FEM model and
the PMMA fracturing patterns reproduced experimentally.
Bai et al. (2002) extends the pioneering research produced in Bai et al. (2000a) to consider
the cause of orthogonal cross-joints in layered rock systems. Bai et al. (2002) presents a stress
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analysis that attributes the formation of these cross-joints to; a local stress switch model or
a 90o stress rotation. Although previous theories include: rock band warping, stress release,
visco-elastic strain relaxation, and stress rotation; only the stress rotation option is fully
considered using the numerical developed. A new critical ratio is proposed (s/Tf = 1.7)
where the tensile load perpendicular to the loading becomes smaller than the that which
is parallel to the loading direction, thereby causing orthogonal joints. Therefore, the local
stress switch model can explain the existence of orthogonal cross-joints without directly
implying the need of a 90o stress rotation.
While the previous models considered linear elastic fracture mechanics, Tang et al. (2008)
presents a FEM model that incorporates damage, thereby predicting fracture in layered rock
systems. The damage model uses a Mohr-Coulomb failure criteria, and requires each element
to be either fully damaged or intact. By applying this FEM model to the linear elastic model
discussed by Bai and Pollard (1999); Bai et al. (2000a,b); Bai and Pollard (2000), Tang et al.
(2008) successfully recreates the same stress distributions found in the brittle thin layer
between two adjacent fractures. Being that this is a damage model, Tang et al. (2008)’s
approach is able to apply the strain load progressively, observing the fracture evolution for
layered sedimentary rocks. Yet, Tang et al. (2008) is still able to show the characteristics of
fracture saturation, as was shown in Bai et al. (2000a).
Countering the standard theory of fracture initiation in layered sedimentary rocks, Li
and Yang (2007) proposes that the interface is the likely location for fracture initiation,
based on a FEM model. Since materials are not welded to one another, slip can indeed
be induced. The maximum stress appears along the interface between the rock layers, and
therefore would be the most likely location for fracture nucleation.
While Bai et al. (2000a)’s description and evidence for fracture saturation is well accepted,
Bai et al. (2000a) proposes that a closed form elastic solution to find the stress and strain
fields analytically is necessary for the advancement of the topic. Yin (2010b) does just that,
using a decoupled constitutive law that is much like the shear-lag model presented by Nairn
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and Mendels (2001). The energy release rate is calculated for the formation of a new fracture
between two adjacent fractures. With the analytical theory, Yin (2010b) successfully shows
the existence of fracture saturation for the thin brittle rock layer.

1.1.4

Fiber/Fibre Pull-out Theory

Fiber-reinforced composites (such as polymers, resin, or concrete) have been successfully
applied to a number of different structural elements. fiber-reinforced plastic (FRP) can be
laminated to existing concrete or steel structures to reinforce failing infrastructure. Though
different from laminate or coating/substrate systems, understanding the causes of fiber composite failure is critical in the evolution of this technology. Whereas laminate structures
and coating/substrate systems will exhibit structural failure in the form of fracture patterns
along a particular layer, fiber composites fail under pull-out effects, considering a debonding
effect. Therefore, a fiber’s strength is often characterized by its pull-out capacity, where a
tensile load is applied to the fiber until it is debonded from the matrix that embeds it.
The original purpose of Cox (1952)’s pioneering shear-lag model was indeed to understand
how a fiber contributes to the strength of a composite fiber system. Though the shearlag model has been applied to a number of different applications, its roots remain in the
understanding of fibers and their pull-out strength.
While Starink and Syngellakis (1999) discusses the limitations of the shear-lag model–
in that it severely underestimates the load transfer to a reinforcement because of a crude
assumption concerning the magnitude of the stresses at the fiber ends–Starink and Syngellakis (1999) modifies it to successfully derive the analytical stress transfer expression for a
composite with a weak interfacial matrix around the fiber reinforcements. Previously it was
assumed that the fibers have zero stress at their ends, while assuming an average stress distribution. This modified shear-lag model is in many ways similar to a previous model (CSL)
and is named the SSSL (named after the two authors Starink and Syngellakis), but relates
the fiber end stress to the average matrix stress and the peak fiber stress. By comparing the
new SSSL model with previous experiments, it is shown to be more accurate at predicting
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the effective stiffness of the composite material when compared to previous modified shearlag models (such as the CSL). With these improvements, the SSSL model is able to account
for the stresses in the fiber ends.
A natural progression for the study of fiber reinforced materials is to apply a coating
to the fibers. Kim et al. (1994) studies the effects of carbon fiber and Kevlar fiber coated
with polyvinyl alcohol (PVAL) before being incorporated in a matrix. Experimentally, it
was found that these coated fibers increase the fracture toughness of the fiber/matrix system
by 100%. Then, by modeling the coating layer as a perfectly bonded separate layer, a FEM
analysis is used to study the evolution of stress transfer. The FEM analysis revealed that
there is a stress concentration along the interface roughly 4% away from the loaded end
of the fiber; the compliant interface creates a lower stress distribution along the fiber; the
elastic modulus of the coating has little effect on the stress distributions; and increasing the
thickness of the coating reduces the stress concentration found near the loaded end of the
fiber. Because this was one of the first thorough studies of coated fibers used in reinforcement,
there are no comparisons with previous research.
While studying fiber reinforced concrete, Asloun et al. (1989) presents the shortcomings
of the shear-lag model, in that it neglects the adhesion across the end faces of the fiber
reinforcements. Asloun et al. (1989) studies the effects of fiber-matrix adhesion in determining the critical length of the fibers needed. Using a perfect bond between the matrix and
the fiber affects the trend of variation of the critical fiber length. While originally criticizing the assumptions made in Cox (1952)’s shear-lag model, the results of this experimental
analysis are that Cox (1952)’s assumptions were all correct. However, the experiments conducted revealed the possible existence of an interphase layer between the fiber surface and
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the elastomeric matrix.

1.2

Scope of Research

In this dissertation, a generalized approach is presented to solve for the stress and displacement fields of bilayered structural systems. Though most previous analyses focus on
a particular structural system (such as a fiber reinforced polymer or layered sedimentary
rocks), this analysis can be applied to most bilayered systems. An analytical linear-elastic
analysis is developed for two general geometric structures; a cylindrical structure and a planar structure. For each geometric structure, the solution is extended to a number of different
structural systems that have similar geometric properties. The cylindrical structure can be
used to study; coated wires, fiber reinforced matrices, anchoring systems, as well as other
similar structures. The planar structure can be used to study; coated plates, pavements,
layered rocks, and many more. After the two basic geometric solutions are developed, they
are applied to different structural systems with different failure conditions. The solutions
presented are based on a series form solution to the partial differential equations that make
up the governing equations of the problem. In this dissertation, only the first term of the
series form solution is considered, significantly simplifying the solution by making it closedform. Though some accuracy is sacrificed by such an assumption, the closed-form solution
facilitates the understanding of how the geometric and material properties of the structural
system affects the stress and displacement response to the given loads.
For the cylindrical case, the solution is extended to study adhesive anchoring systems.
Though based on a linear-elastic analysis, the adhesive binder that composes adhesive anchoring systems is more accurately modeled as a viscoelastic material. The analytical solution is therefore extended to consider viscoelastic material properties (by using the elasticviscoelastic correspondence principle), and a time-dependent study of adhesive anchoring
systems is conducted. For the planar case, the solution is first extended to a simple coated
system with an applied tensile load. The tensile load causes the coating to fracture periodi-
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cally, which in turn causes the structural system to fail. The second case studies a pavement
system subject to a temperature load. Due to the temperature gradient, the pavement fractures periodically, much like the coated system from before. Then, the viscoelastic material
properties of an asphalt pavement is considered to form a time-dependent stress analysis.
Lastly, the planar solution is applied to layered sedimentary rocks (a tri-layer system) and
their fracture characteristics. FEM analyses are used to examine the analytical stresses and
displacements of each bilayered system, due to its widely accepted accuracy. In some of the
applied cases, experimental results are also included, showing the actual response for these
structural systems.
The structure of the dissertation is as follows; development of the stress transfer theory
for cylindrical structures; development of the stress transfer theory for planar structures;
application of the stress transfer theory to adhesive anchors; application to material coatings; application to pavements; and application to layered rock (the four structural systems
are shown in Figure 1.2.1). Finally, conclusions are drawn on the developed solution and
future research is discussed. The analytical model that is developed here is fully capable of
determining the stress and displacement fields of the bilayered material systems presented.
However, it is the application of these analytical models to different fracture and failure criteria that makes it useful and versatile. While a FEM analysis can just as easily determine the
stress and displacement fields, this analytical solution can be used for failure analyses using
any number of different failure criteria. The results that are presented in this dissertation
serve as the basis for the failure analysis of bilayered structural systems, considering many
stress or strain based failure modes.
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(a) The collapse of the roofing panels of the I90 connecter tunnel was traced to the failure
of adhesive anchors under creep. Adhesive
anchors are analyzed in Chapter 4 (NTSB,
2007).

(b) An alumina coated aluminum plate subject to a tensile load, causing the alumina to
fracture periodically. Material coatings are
analyzed in Chapter 5.

(c) Pavement overlays often fracture due
to low temperature cycles. Pavement overlay/substrate systems are analyzed in Chapter 6(Marasteanu et al., 2007).

(d) Layered sedimentary rocks often have a
brittle layer that fractures when subject to
tectonic loads. Layered sedimentary rocks
are analyzed in Chapter 7 (Bai et al., 2000a).

Figure 1.2.1: The four structural systems analyzed in this dissertation.
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Chapter 2
Stress Transfer Theory for Cylindrical
Structures
2.1

Overview

In understanding stress transfer for a unique bilayered system geometry, the displacement
and stress fields within the two layers are fully determined. Further analysis can then be
conducted, understanding different failure methods or the structural response of the system.
The simplest 3D application for this theory of stress transfer is done for cylindrical structures.
The early development of theories on stress transfer have been focused around cylindrical
structures, see Cox (1952). The applications of a simple bilayered cylindrical systems range
from a basic painted wire to a concrete matrix reinforced with millions of steel fibers. The
basic analysis is the same for all of these structural systems. The procedure followed to solve
for the displacement fields of the bilayered system are developed for a cylindrical system,
but are ultimately extended to planar systems in Chapter 3.
The analytical derivation that follows is based on linear elastic material properties. However, an elegant benefit for developing the full stress and strain fields of the bilayered solution
is that the solution can be easily and effectively extended to linear viscoelastic material prop-
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erties. In order to illustrate this procedure, an adhesive anchoring systems is studied using
this theory of stress transfer. The solution is first derived by using linear-elastic material
properties, but is then extended to consider linear viscoelastic material properties by use of
the elastic-viscoelastic correspondence principle.

2.2

Analytical Derivation

Consider a cylindrical structure, shown schematically in Figure 2.2.1. This bilayered system
is very versatile, where the schematic in Figure 2.2.1 can be applied to; a fiber embedded in a
composite material, an anchoring system, or a coated wire. The structure analyzed dictates
the boundary conditions and the material properties used.

Figure 2.2.1: Schematic for general cylindrical case
For this particular system, a pull-out load is applied to the inner core, while other loads–
such as temperature–could just as easily be applied. To fully understand how stress propagates within this geometric system, the displacement fields for both the materials in the
bilayered system need to be determined. Both materials are assumed to be linear elastic.
The cylindrical system shown schematically in Figure 2.2.1 is a bilayered material where
a cylindrical core is fully bonded to a cylindrical matrix. The core–designated as material
Layer I–has diameter 2a, length L, shear modulus µI , and Poisson’s ratio νI . The cylindrical
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matrix that contains the core–designated as material Layer II–has outer diameter 2b, inner
diameter 2a, length L, shear modulus µII , and Poisson’s ratio νII . A pull-out load is
applied to the cylindrical core. The cylindrical coordinate system is used, and is indicated
in Figure 2.2.1. Due to axisymmetry, the θ coordinate does not need to be considered. The
displacement along the outer surface of the cylindrical matrix (i.e. r = b) is fixed. Due to the
rigid outer boundary, the bilayered system is confined in the r-direction, so all deformation
is assumed to be in the z-direction as

ur (r, z) = 0 and uθ (r, z) = 0,

(2.2.1)

Therefore, the deformation is exclusively defined by uz (r, z). The displacement of the cylindrical core is expressed by the superscript I as uIz , while the displacement of the cylindrical
matrix is represented by the superscript II as uII
z . The strain-displacement relations for the
general case in cylindrical coordinates are given by
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However, due to axisymmetry (where uiθ = 0) and Eq. 2.2.1, the strain-displacement relations

24
in Eq. 2.2.2 are simplified to
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(2.2.3)
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∂r ,

i = 0,
γzθ
i = 0.
γrθ

The constitutive law for a linear elastic material in index notation is given by

σij = λδij εkk + 2µεij

(2.2.4)

(where λ and µ are the Lamé parameters), or considering (2.2.3) is
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(2.2.5)

i = µ γi ,
τrz
i zr

i =
σzz

2µi (1−νi ) i
(1−2νi ) uz,z ,

i =
σrr

2µi νi i
(1−2νi ) uz,z ,

(2.2.6)

i = µ ui .
τrz
i z,r

In cylindrical coordinates, the equations of of equilibrium are given by









z − Direction









θ − Direction

τrz,r + 1r τθz,θ + 1r τrz + σzz,z + bz = 0,

θθ
r − Direction τzr,z + 1r τθr,θ + σrr −σ
+ σrr,r + br = 0,
r

τrθ,r + τzθ,z + 2r τrθ +

σθθ,θ
r

(2.2.7)

+ bθ = 0.

Only equilibrium in the z-direction needs to be considered for this solution due to the
simplification in Eq. (2.2.1). Furthermore, applying the elastic constitutive equations for an
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axisymmetric problem and Eq. (2.2.3) to the equations of equilibrium in (2.2.8) results in
uiz,r
2 (1 − νi ) i
uz,zz + uiz,rr +
= 0,
1 − 2νi
r

(2.2.8)

which is the simplified equilibrium equation in the z-direction. Eq. (2.2.8) represents the
reduced equilibrium equation in terms of the unknown displacement field for both cylindrical layers. The partial differential equation can be solved by the method of separation of
variables, where the displacement uiz is assumed to be of the form
uiz (r, z) = Ri (r) Z i (z) .

(2.2.9)

Substituting Eq. (2.2.9) into the equilibrium equation in (2.2.8) yields
i
i
i
Z,zz
R,r
1 − 2νi R,rr
− i =
+ i
Z
2 (1 − νi ) Ri
rR

!

= −c2i .

(2.2.10)

Eq. (2.2.10) presents two ordinary differential equations (ODEs), each related to the constant
ci . Although ci is differentiated for the two materials, it will later be shown to be the same
because of the continuity requirements along the interface. Rearranging Eq. (2.2.10) exposes
the two ODEs as
d2 Z i (z)
− c2i Z i (z) = 0,
2
dz

(2.2.11)

d2 Ri (r) 1 dRi (r)  i 2 i
+
+ d R = 0,
dr2
r dr

(2.2.12)

and

where
s

di =

2 (1 − νi )
ci .
1 − 2νi

(2.2.13)

Eq. (2.2.12) is known as Bessel’s differential equation, and is described in further detail in
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Appendix A. The solution to the ODE of Eq. (2.2.11) is

Z i (z) = Ai sinh (ci z) + B i cosh (ci z) ,

(2.2.14)

and the solution to the ODE of Eq. (2.2.12) is








Ri (r) = C i J0 di r + Di Y0 di r ,


(2.2.15)






where Ai , B i , C i , and Di are unknown constants, and J0 di r and Y0 di r are the Bessel
functions of the first and second kinds respectively. More information and a detailed description of Bessel’s differential equation is presented in Appendix A. By inserting Eqs. (2.2.14)
and (2.2.15) into the assumed solution in Eq. (2.2.9), the general displacement field for this
axisymmetric problem is
h

ih







uiz (r, z) = Ai sinh (ci z) + B i cosh (ci z) C i J0 di r + Di Y0 di r

i

.

(2.2.16)

With Eq. (2.2.16), the displacement fields for both cylindrical layers can be determined.
To solve for the particular displacement fields for each of the two cylindrical layers, the
boundary value problem for each layer must be individually solved. For an anchoring system
or for a fiber reinforced composite, the base of the two cylinders (z = 0) is fixed, where
displacement in the z-direction is zero. As the load increases, it is likely that this bond
would fail, causing a debonded end condition. Both boundary cases will be considered.

2.2.1

Fully Bonded End Condition

Each individual layer (Layers I and II) must be analyzed by their respective boundary
value problems. For the fully bonded end condition, the displacement for both layers I and
II must be zero along the z = 0 surface.
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Layer I
The general displacement for layer I is given by Eq. (2.2.16), specifically written as
ih

h







uIz (r, z) = AI sinh (cI z) + B I cosh (cI z) C I J0 dI r + DI Y0 dI r

i

,

(2.2.17)

where the constant dI is a function of the constant cI and the Poisson ratio of the Layer,
s

dI =

2 (1 − νI )
cI .
1 − 2νI

(2.2.18)

Using the zero-displacement boundary condition at end of the cylinder forces the constant
B I = 0. Along the line of axisymmetry, where r = 0, the displacement of the cylinder must
be definite. The Bessel function of the second kind diverges as r approaches zero, or




lim Y0 dI r → −∞.

(2.2.19)

r→0

Since the displacement is known to be definite, this term of the solution must vanish, requiring that the constant DI = 0. Thus, the general solution in Eq. (2.2.17) can be simplified
to




uIz (z, r) = F I sinh (cI z) J0 dI r .

(2.2.20)

Since there is an applied load P on the inner cylinder (Layer I) at a distance, a weak-form
boundary condition can be applied, where the normal stress in the positive z-direction at
z = L is equivalent to the applied load P . That is to say
ˆr
I
2πσzz
(z = L, r) dr = P.

(2.2.21)

o

From the constitutive law, the normal stress in the z-direction can be written using Eq.
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(2.2.20) as
I
σzz
(z, r) = cI F I



2µI (1 − νI )
cosh (cI z) J0 dI r .
(1 − 2νI )

(2.2.22)

Substitution of Eq. (2.2.22) into Eq. (2.2.21) yields


4πacI F I µI (1 − νI )
I
cosh
(c
L)
J
d
a
= P,
1
I
dI (1 − 2νI )

(2.2.23)

P dI (1 − 2νI )
F =
.
4πacI µI (1 − νI ) J1 (dI a) cosh (cI L)

(2.2.24)

which simplifies to
I

Layer II
The displacement of the outer cylinder matrix layer is again based on the solution of the
governing equation given in Eq. (2.2.16) or specifically

h

ih







II
II
II
II
II
II
uII
z (r, z) = A sinh (cII z) + B cosh (cII z) C J0 d r + D Y0 d r

i

,

(2.2.25)

where the constant dII is a function of the constant cII and the Poisson’s ratio of Layer II:
s

dII =

2 (1 − νII )
cII .
1 − 2νII

(2.2.26)

Since the embedded end of the matrix layer is fixed, the displacement is zero at z = 0, or

B II = 0.

(2.2.27)

Moreover, the outer surface of the matrix is fully bonded. Therefore, all displacement along
r = b is zero. This condition can be met by requiring










C II J0 dII b + DII Y0 dII b = 0, or C II = −D

Y dII b
II 0



J0 (dII b)

.

(2.2.28)
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Therefore, the displacement of the matrix layer in Eq. (2.2.25) can be simplified to
h















II
II
II
II
II
uII
z (r, z) = F sinh (cII z) Y0 d r J0 d b − J0 d r Y0 d b

i

(2.2.29)

.

Interface Layer - Continuity
The final boundary for both layers I and II is the interfacial surface at r = a. Along this
interface, the displacements and the shear stresses for both layers must correspond to one
another. Consider the displacement continuity boundary condition at r = a, which requires
that
uIz (r = a, z) = uII
z (r = a, z) .

(2.2.30)

Substitute Eqs. (2.2.20) and (2.2.29) into Eq. (2.2.30) to produce:
h















F II sinh (cII z) Y0 dII a J0 dII b − J0 dII a Y0 dII b

i





= F I sinh (cI z) J0 dI a . (2.2.31)

For the displacements to be equal as is shown in Eq. (2.2.31), it is required that

cI = cII = c.

(2.2.32)

Furthermore, using Eq. (2.2.32) and solving Eq. (2.2.31) for F II gives


F II = F I



J0 dI a

[Y0 (dII a) J0 (dII b) − J0 (dII a) Y0 (dII b)]

.

(2.2.33)

Now consider the final interfacial boundary condition, where the shear stresses along the
interface of the two layers need to be the same. Using the assumption in Eq. (2.2.1), the
simplified shear stresses satisfy

µI uIz,r (r = a, z) = µI uIz,r (r = a, z) .

(2.2.34)
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After inserting Eqs. (2.2.20) and (2.2.29), Eq. (2.2.34) becomes




h















− F I dI µI J1 dI a = F II dII µII J1 dII a Y0 dII b − Y1 dII a J0 dII b

i

.

(2.2.35)

Substitution of Eq. (2.2.33) into (2.2.35) gives


J0 dI a

h















J1 dII a Y0 dII b − Y1 dII a J0 dII b

i

J1 (dI a) [Y0 (dII a) J0 (dII b) − J0 (dII a) Y0 (dII b)]

+

µI dI
= 0.
µII dII

(2.2.36)

The continuity of shear stress results in Eq. (2.2.36), with only c as an unknown. A
numerical solver is needed to find the roots of this equation to obtain the values of the
parameter c, which is seen to depend solely on the material parameters embedded in dI and
dII , and on the geometric parameters a and b. The value of c will be independent of the
load P and the length L. By the very nature of the Bessel functions in Eq. (2.2.36), a series
solution is implied with multiple possible roots to the equation. Only the first root will be
used in the following solution which will be seen to give very good agreement with a finite
element solution in later applications. With the root of c determined, the other parameters
in Eqs. 2.2.18 and 2.2.26 are determined and the displacements are fully determined. A
MATLAB code is provided in Appendix B.1 to solve for c based on Eq. (2.2.36).
Based on the constitutive relation in Eq. (2.2.6), the stresses within the two layers can
be determined from the displacement fields. For Layer I, the stress fields are given by
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(2.2.37)
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For Layer II, the stress fields are given by


















P dI µII (1−νII )(1−2νI )J0 (dI a) cosh(cz) [Y0 (dII r)J0 (dII b)−J0 (dII r)Y0 (dII b)]
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I
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τrz
4πacµI (1−νI )J1 (dI a) cosh(cL) [Y0 (dII a)J0 (dII b)−J0 (dII a)Y0 (dII b)]

II (r, z) =
σzz

(2.2.38)

The stress and displacement fields for both layers I and II are now known throughout the
entire bilayered system. As the applied load P continues to increase, it is expected that the
boundary end at z = 0 would eventually fail and cause interfacial debonding. Therefore, the
initial assumption of a fully bonded end condition would be replaced with a fully debonded
end condition.

2.2.2

Fully Debonded End Condition

For the fully debonded end condition, no stress is transferred to the boundary along the
surface end at z = 0.
Layer I
The general displacement for layer I is again given by Eq. (2.2.16), specifically written
as
h

ih







uIz (r, z) = AI sinh (cI z) + B I cosh (cI z) C I J0 dI r + DI Y0 dI r

i

,

(2.2.39)

where the constant dI is the same as in Eq. (2.2.18). Along the line of axisymmetry, where
r = 0, the displacement of the cylinder must be definite. The Bessel function of the second
kind diverges as r approaches zero as in Eq. (2.2.19), and since the displacement is known
to be definite, this term of the solution must vanish, requiring that the constant DI = 0.
Furthermore, the debonded end condition states that no stress is transferred to the end
boundary. Using the strain-displacement relationship and the constitutive equation, the
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normal stress along this boundary is

I
σzz
(r, 0) =

h

i
µI (1 − νI )
cI AI C I J0 dI r .
(1 − 2νI )

(2.2.40)

In order to satisfy the zero-traction boundary condition, it is required that AI = 0. Therefore
Eq. (2.2.39) can be simplified to




uIz (z, r) = F I cosh (cI z) J0 dI r .

(2.2.41)

Again, the tensile load P is applied as a weak-form stress boundary condition in the positive
z-direction at z = L. That is to say:
ˆr
I
2πσzz
(z = L, r) dr = P.

(2.2.42)

o

Therefore, the constant F I is solved to be

FI =

P dI (1 − 2νI )
.
4acI µI π (1 − νI ) sinh (cI L) J1 (adI )

(2.2.43)

Layer II
The displacement of the outer matrix layer is again based on the solution of the governing
equation given in Eq. (2.2.16) or specifically

h
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II
II
II
II
II
uII
z (r, z) = A sinh (cII z) + B cosh (cII z) C J0 d r + D Y0 d r

i

,

(2.2.44)

where the constant dII is given in Eq. (2.2.26). The normal stress along the end boundary
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is calculated from the strain-displacement equations and the constitutive equation to be

II
σzz
(r, 0) =

h

i
2µII (1 − νII )
cII AII C II J0 dII r ,
(1 − 2νII )

(2.2.45)

where the zero stress boundary condition can only be met by requiring AII = 0. The outer
surface of the matrix is fully bonded. Therefore, all displacement along r = b is zero. This
condition is met by requiring










C II J0 dII b + DII Y0 dII b = 0, or C II = −D

Y dII b
II 0



J0 (dII b)

(2.2.46)

.

Therefore, the displacement of the matrix layer in Eq. (2.2.44) can be simplified to
h















II
II
II
II
II
uII
z (r, z) = F cosh (cII z) Y0 d r J0 d b − J0 d r Y0 d b

i

(2.2.47)

.

Interface Layer - Continuity
As was done for the fully bonded case, the final boundary for both Layers I and II is the
interfacial surface at r = a. Along this interface, the displacements and the shear stresses
for both layers must correspond to one another for continuity. Consider the displacement
continuity boundary condition at r = a, which is met by satisfying Eq. (2.2.30). Substitute
Eqs. (2.2.47) and (2.2.41) into Eq. (2.2.30) to produce
h















F II cosh (cII z) Y0 dII a J0 dII b − J0 dII a Y0 dII b

i





= F I cosh (cI z) J0 dI a . (2.2.48)

For the displacements to be equal as is shown in Eq. (2.2.48), it is required that

cI = cII = c.

(2.2.49)
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Furthermore, using Eq. (2.2.49) and solving Eq. (2.2.48) for F II yields:


F II = F I

J0 dI a



[Y0 (dII a) J0 (dII b) − J0 (dII a) Y0 (dII b)]

(2.2.50)

.

Now consider the final boundary condition, where the shear stresses along the interface of
the two layers need to be the same. Using the assumption in Eq. (2.2.1), the simplified shear
stresses must satisfy Eq. (2.2.34). After inserting Eqs. (2.2.47) and (2.2.41), Eq. (2.2.34)
becomes:
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− F I dI µI J1 dI a = F II dII µII J1 dII a Y0 dII b − Y1 dII a J0 dII b

i

.

(2.2.51)

Substitution of Eq. (2.2.50) into (2.2.51) yields:


J0 dI a

h















J1 dII a Y0 dII b − Y1 dII a J0 dII b

i

J1 (dI a) [Y0 (dII a) J0 (dII b) − J0 (dII a) Y0 (dII b)]

+

µI dI
= 0.
µII dII

(2.2.52)

Despite two different end boundary conditions, the solution for c is the same for both the
bonded case and the debonded end boundary conditions (see Eqs. (2.2.36) and (2.2.52)).
Therefore, the same solver can be used for both the bonded and the debonded cases. For the
debonded case, the constitutive relation in Eq. (2.2.6) is used to calculate the stress fields
for the two layers. For Layer I, the stress fields are given by










I (r, z) =
σzz

I (r, z) =
σrr










P dI
sinh (cz) J0
2aπ sinh(cL)J1 (adI )



P dI νI
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I 2
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adI

)



cosh (cz) J1 dI r .

(2.2.53)
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For Layer II, the stress fields are given by


















2.3

P dI µII (1−νII )(1−2νI ) sinh(cz)J0 (dI a) [Y0 (dII r)J0 (dII b)−J0 (dII r)Y0 (dII b)]
,
2aµI π(1−νI )(1−2νII ) sinh(cL)J1 (adI ) [Y0 (dII a)J0 (dII b)−J0 (dII a)Y0 (dII b)]
I
I
II
II
II
II
II (r, z) = P µII νII d (1−2νI ) sinh(cz)J0 (d a) [Y0 (d r)J0 (d b)−J0 (d r)Y0 (d b)] ,
σrr
II
I
II
II
2aµI π(1−νI )(1−2νII ) sinh(cL)J1 (ad ) [Y0 (d a)J0 (d b)−J0 (d a)Y0 (dII b)]
I II
I
II
II
II
II
II (r, z) = P d d µII (1−2νI ) cosh(cz)J0 (d a) [J1 (d a)Y0 (d b)−Y1 (d a)J0 (d b)] .
τrz
4acI µI π(1−νI ) sinh(cL)J1 (adI ) [Y0 (dII a)J0 (dII b)−J0 (dII a)Y0 (dII b)]

II (r, z) =
σzz

(2.2.54)

Summary and Discussion

The stress and displacement fields for the bilayered system shown schematically in Figure
2.2.1 have been determined for a simplified case. Though looked at as a general problem,
this bilayered system can be applied to the common fiber/composite system. Layer I would
be the fiber (made of steel, Kevlar, carbon fiber, etc) while Layer II would be the cured
matrix that contains it (concrete, resin, epoxy, etc). The diameter of the matrix 2b would
be determined by the average spacing between two adjacent fibers, and the fiber would be
of length 2L, since the fixed end boundary condition would be used to satisfy the symmetry
of the fiber. This same solution can be applied to basic anchoring systems–as is done with
adhesive anchors in Chapter 4.
By developing a general solution with basic boundary conditions, the results developed in
this cylindrical analysis of stress are applicable to many structural systems. By applying this
solution to the case of adhesive anchoring systems, a finite element model is used to compare
the stress fields. Moreover, this model was developed using a linear-elastic constitutive
equation (see Eq. (2.2.5)), but this stress analysis is easily extended to viscoelastic material
properties since the stress fields are found throughout the entire bilayered system.
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Chapter 3
Stress Transfer Theory for Planar
Structures
3.1

Overview

When a multi-layered system is subjected to a mechanical load or an environmental stress,
the deformation of the material in each layer tends to be different due to the mismatch in
material properties. Interfacial shearing stress will be induced to make the deformation
compatible for structural integrity.
Recent research on stress transfer through multi-layered systems mainly focused on numerical and experimental methods with a fully bonded interface (Bai et al., 2002; Li and
Yang, 2007; Tang et al., 2008). Bai et al. (2000a, 2002, 2000b) conducted a comprehensive
experimental and numerical investigation and found that indeed the existing stress-transfer
theory fails to satisfy the equations of equilibrium for an elastic boundary-value problem. It
was shown in their numerical investigation that when the fracture spacing is small, the stress
in the central region of the weak layer is no longer tensile, but in fact becomes compressive
and thus leads to fracture saturation in layered materials.
Yin et al. (2007, 2008b) proposed a 2D elastic solution of a film bonded to a strong
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substrate subjected to a tensile load (Yin et al., 2007, 2008b), which was successfully applied
to interpret fracture initiation, infilling, and saturation caused by tension or temperature
loads in the layered materials (Nairn and Mendels, 2001; Yin, 2010b). It provides a very
accurate solution for the stress distribution in a compliant thin film/stiff substrate system.
However, the interfacial condition still followed the disputable assumption of a frictional
interface (Xia and Hutchinson, 2000). Although the equivalence of a frictional interface with
the exact solution of a fully bonded interface (Beuth, 1992) was explored, the accuracy of the
stress solution for the two-layer system with a compliant substrate is not good because the
frictional interface cannot sufficiently explain the mechanics and physics of stress transfer
through fully bonded interface. Moreover, the elastic field in the substrate cannot be derived
in the previous formulations since a frictional interface was used to account for the material
mismatch of the substrate and the coating.
The proposed theory of stress transfer from Chapter 2 is extended to the planar case
to understand stress transfer in layered materials with a fully bonded interface, to be used
to solve the elastic boundary-value problem considering in-plane misfit strain and tensile
load. Because the mechanical loading and mismatch strain are within the layer plane, all
points of a layer plane are assumed to remain in the same plane during deformation. This
assumption has been widely used in the shear-lag theory and as well as other works (Nairn
and Mendels, 2001; Yin et al., 2007). Then the elastic governing equations are decoupled and
the general solution of the in-plane displacement is obtained. Using the boundary conditions
and the interfacial continuities, a closed-form solution can be derived. The planar analysis
is conducted for a very general case, such that it can be applied to three specific structural
systems in Chapters 5-7.

3.2

Analytical Derivation

Consider a multi-layered material system containing n layers of length 2λ. Each layer
has a thickness hi , Young’s modulus Ei , and Poisson’s ratio νi with i = 1, 2, ..., n. They are
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fully bonded to their neighboring layers, as illustrated in Figure 3.2.1. When any layer–as
in layer 1 in Figure 3.2.1–is subjected to a force P , the force will be transferred to the other
layers through the fully bonded interfaces. Although the ends of the other layers are traction
free, the normal stress will increase along the ends and reach a maximum at the center of
the bonded layers, which may produce an open-mode fracture in the middle. The width of
the system (i.e. the z-direction) is assumed significantly larger than the thickness (i.e. the
y-direction), so a plane strain formulation is used. The coordinate system is set up with the
x-axis along the interface, and the y-axis perpendicular to the layer orientations.

Figure 3.2.1: Schematic illustration of stress transfer in a multi-layered material system
Because the load P is along the x-direction, the displacement in the y-direction should
be much smaller than that in the x-direction. Following the assumption made in the shearlag theory, all points in one layer normal to the y-direction are assumed to remain in the
same plane after deformation, translating to the simplification that |uy,x |  |ux,y | (Nairn
and Mendels, 2001; Yin et al., 2007). Therefore, it is assumed that
uy,x ∼
= 0.

(3.2.1)

This is the so-called plane assumption, which will be used to simplify the shearing strain and
stress. The constitutive law for linear thermoelastic materials while using the assumption of
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Eq. (3.2.1) is written as









σxx =

Ei αi
Ei
(1+νi )(1−2νi ) [(1 − νi ) ux,x + νi uy,y ] − 1−2νi T,

σyy =

Ei
Ei αi
(1+νi )(1−2νi ) [νi ux,x + (1 − νi ) uy,y ] − 1−2νi T









τxy =

,

(3.2.2)

Ei
2(1+νi ) ux,y ,

or disregarding any change in temperature,
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σxx
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(1+νi )(1−2νi )

h

σi =

 yy

Ei
(1+νi )(1−2νi )
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i =
τxy

i

(1 − νi ) uix,x + νi uiy,y ,
i

νi uix,x + (1 − νi ) uiy,y ,

(3.2.3)

Ei
i
2(1+νi ) ux,y ,

where the subscript i = 0, 1, ..., n denotes the material layers, and αi is the thermal expansion
coefficient and T is the applied temperature. The equilibrium equation in index notation is
σji,j + bi = 0, or in Cartesian coordinates (for the x and y directions) in the absence of any
body forces is





σxx,x + τxy,y = 0,





τxy,x + σyy,y = 0.

(3.2.4)

Substituting the constitutive law of Eq. (3.2.3) into the equilibrium equations of (3.2.4)
yields the governing equations as
1 − νi i
1
ux,xx + uix,yy = 0,
1 − 2νi
2

(3.2.5)

1
(1 − νi ) uiy,yy + uix,xy = 0.
2

(3.2.6)

Notice that Eq.(3.2.5) is a decoupled partial differential equation of uix . Once uix is obtained,
uiy can be solved for through Eq. (3.2.6). The solution of uiy can be used to evaluate the
accuracy and applicability of the assumption in Eq. (3.2.1).
In the x-direction, the general solution for Eq. (3.2.5) can be obtained by the method of
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separation of variables by using the following simplification

uix (x, y) = X (x) Y (y) + εux x,

(3.2.7)

where the unknown constant εux is introduced as a uniform strain caused by the force P .
Plugging this assumed solution into the governing equation (i.e. (3.2.5)) produces
X 00 Y (1 − νi ) XY 00
+
= 0.
(1 − 2νi )
2

(3.2.8)

Two independent equations can be set equal to an independent constant ci
Y 00 (1 − 2νi )
X 00
=−
= c2i .
X
Y 2 (1 − νi )

(3.2.9)

Two ordinary differential equations can be extracted from Eq. (3.2.9) such that
X 00 − c2i X = 0; Y 00 + 2c2i

1 − νi
Y = 0.
1 − 2νi

(3.2.10)

The general solutions for the ordinary differential equations in (3.2.10) are written as





Y (y) = Ai sin (di y) + Bi cos (di y) ,





X (x) = Ci sinh (ci x) + Di cosh (ci x) ,

(3.2.11)

where the constant di is given as
s

di = ci

2 (1 − νi )
.
1 − 2νi

(3.2.12)

Therefore, the general solution for ux in Eq. (3.2.7) can be rewritten as
uix (x, y) = [Ai sin (di y) + Bi cos (di y)] [Ci sinh (ci x) + Di cosh (ci x)] + εux x

(3.2.13)
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It will later be shown in the applications of this theory, that the constant ci for each layer
is the same (due to the displacement continuity along the interface). Now consider the
governing equation in the y-direction shown in Eq. (3.2.6). By using the general solution
for the x-direction shown in Eq. (3.2.13), the displacement in the y-direction can be shown
to be
uiy

1
=−
2 (1 − vi )

ˆ
uix,x dy + fi (x) y + gi (x) ,

(3.2.14)

where fi (x) is a function to be determined by the boundary conditions of each layer.
The parameters Ai , Bi , Ci , and Di and the unknown functions fi (x) and gi (x) in the
general solutions of Eqs. (3.2.13) and (3.2.14) are different for each layer. For each layer, a
series form solution may be needed to satisfy the boundary conditions exactly. In that case,
a set of parameters for the asymptotic solution may be used for each layer. However, the
applications of this analysis will demonstrate that a closed form solution with one function
reaches an acceptable accuracy.
For boundary conditions in terms of stresses, both uix and uiy may be used through Eq.
(3.2.3), and thus the constants in Eqs. (3.2.13) and (3.2.14) should be solved by the boundary
conditions and the interfacial continuities with combined terms of uix and uiy .

3.3

Summary and Discussion

The preceding analysis is a very simplified application of the proposed theory of stress
transfer. Based on the decoupling of the shear stress that comes from Eq. (3.2.1) (which
is not unlike that taken in the shear-lag model of Nairn and Mendels (2001)), the Navier
equations are significantly more simple. The displacement field in the x-direction is first
determined, and is later used to calculate the displacement field in the y-direction by using
the remaining equilibrium equation. The from the displacement fields, the stress fields for
every layer that makes up the structural system of Figure 3.2.1 can be determined.
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Though the structural systems that follow do not exactly resemble the one presented
in Figure 3.2.1, they follow the same assumptions and basic analytical approach as the one
taken here. The displacement equations for ux and uy found in Eqs. (3.2.13) and (3.2.14) are
used for the structural systems that are analyzed. By developing this theory for the general
planar case of linear-elastic materials, the basic theory that is developed can be extended
to more complex structural systems, considering different material properties and various
geometric constraints. Though not presented in this chapter, the solution for the unknown
constant ci –that is given for the first time in Eq. (3.2.9) and again in the definition of di –is
solved for by the continuity of shear stress along the interfaces of the different layers. That
is, the constant ci is solved in the planar case by a very similar governing equation as the one
used in Chapter 2 in Eq. (2.2.36). Certainly the relationship between the two material layers
is unique to each structural system, but a similar algorithm can then be used to calculate
the value of ci numerically.
While the general theory has been presented in this chapter, different structural systems
will require different assumptions and boundary conditions. Chapters 5, 6, and 7 are each
based on the theory presented in this chapter, but are each unique in their application.
The following Chapter will revisit the cylindrical application of this theory and apply it to
adhesive anchoring systems.
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Chapter 4
Adhesive Anchor
4.1

Overview

While epoxy based adhesive anchors – by virtue of their rapid curing and early strength
development – have been widely used effectively in concrete anchoring systems, their longterm performance has drawn significant attention due to the viscoelastic response of the
epoxy (Doerr and Klingner, 1989; Ferry, 1980; ICC, 1995). In fact, the cause of the I-90
connector tunnel ceiling collapse – in Boston, MA on July 10, 2006, where 26 tons of concrete
and associated suspension hardware collapsed shown in Figure 4.1.1– has been attributed to
the creep behavior of the epoxy binder used in the adhesive anchor system (NTSB, 2007).
A full elastic analysis of the stresses in and around such an anchor is important in design,
not only for a more complete understanding of the stress state, but also to provide the basis
for a viscoelastic analysis that can predict the long-term creep response. To date, the state
of the art has relied on many simplified analysis and on experimental data, such as the one
dimensional elastic analysis (Cook et al., 1993) and the elasto-plastic analysis of the uniform
bond stress (Schutz et al., 1992; Cook et al., 1998; ICC, 1995; McVay et al., 1996).
A tensile load applied at the exposed end of an anchor rod is transferred to the concrete
through shear stress along the lateral surfaces of the rod and through tensile stress at the
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Figure 4.1.1: Post-accident scene with the crushed passenger car barely visible under the
wreckage on the I-90 connector tunnel. The open area in the ceiling is the original location
of the concrete panels (NTSB, 2007).
embedded end of the rod – resulting in several different failure mechanisms. The bond along
the lateral surface of the rod will fail if the shear stress is greater than the shear strength
of the epoxy while debonding at the embedded end will occur if the tensile stress is higher
than the interfacial tensile strength of the epoxy (Prieto-Muñoz et al., 2010). Moreover,
failure can occur in the concrete or the adhesive layers, which is influenced by the thickness
of the adhesive – more so when considering progressive deformation over time. Significant
experimental and numerical data is available in the literature, specifying the ultimate load
capacity of specific anchor designs with various geometric and material parameters (Wu
et al., 2009; Cook et al., 1998; Eligehausen et al., 1998). Progressive deformation from
creep however, mainly occurs in the adhesive layer, and its prediction relies on a complete
knowledge of the elastic stress distribution rather than the results of short-term tests.
Existing elastic bond stress models derive the critical load based on a simplified onedimensional elastic analysis using energy minimization (Colak et al., 2001; Cook et al., 1993;
Zamora et al., 2003; Cook and Konz, 2001; Doerr and Klingner, 1989). These models address
the lateral debonding of the adhesive-anchor interface and the adhesive-concrete interface,
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treating the shear stress through the usually thin adhesive layer as being uniform. In cases
where the adhesive layer is not very thin – since the hole diameter can be as much as 1.5 times
the anchor diameter – a uniform shear stress assumption will violate the force equilibrium
conditions for the layer. The one-dimensional model will therefore cannot account for the
thickness of the adhesive layer (Zamora et al., 2003; Cook et al., 1993). Most of the existing
analytical models (Cook et al., 1993; Wu et al., 2007, 2009; Zamora et al., 2003) assume that
the embedded end of the anchor is fully debonded from the concrete hole, which may not
be so for the early stages of creep. Therefore, the stress analysis considering a fully bonded
embedded end is of significance for further creep analysis for anchor systems with large
deformations, just as it is necessary to know the full elastic stress distribution at the onset
of the anchor’s use. By means of extensive experimental calibration however, the existing
model has been extended with some success beyond the elastic range (Colak, 2007; Cook
et al., 1998; McVay et al., 1996; ACI 318, 2011).
A closed-form elastic solution – besides giving a foundation for inelastic analysis – will
reduce the need for experimental calibration in design as well as provide better guidelines
for quality control tests. A plane strain solution for layered materials (Yin et al., 2008b) was
adapted to obtain an axisymmetric solution for the adhesive and the anchor layers (PrietoMuñoz et al., 2010) while still considering a 1D anchor core. The results indicated that a full
elastic solution was only achievable with a calibration parameter to account for the stress
transfer across the anchor-adhesive interface.
Since the ceiling collapse of the I-90 connector tunnel and the subsequent NTSB report
that identified the cause of failure as creep, research has aimed at considering the timedependent effects caused by a viscoelastic adhesive epoxy. Ocel et al. (2007) conducted an
experiment based on the very same adhesive anchors used in the I-90 connector tunnel. In
search for a more fundamental difference between the two epoxies used, Chin et al. (2010a,b)
explored the material differences between a fast-set epoxy and a standard-set epoxy in a
series of tests. The creep compliance predicted by Chin et al. (2010a) is a good basis for
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characterizing the viscoelastic properties of the adhesive.
The Burgers viscoelastic material model has been used extensively to model polymers and
epoxies (David et al., 2011; Majda and Skrodzewicz, 2009). The creep compliance obtained
from experiments with the adhesive was used to determine the material parameters, which
can then be used to extend an elastic solution (developed previously) to the inelastic timedependent formulation by the elastic-viscoelastic correspondence principle (EVCP) (Findley
et al., 1989).
The formulation of the time-dependent response of an adhesive anchoring system is based
on a closed-form elastic solution using elastic-viscoelastic correspondence. With this solution, most adhesive anchoring systems can be analyzed considering any valid viscoelastic
representation for the adhesive material. Following a brief introduction of the viscoelastic
theory, the closed-form elastic analysis is extended to the viscoelastic case considering a
viscoelastic model represented by its creep compliance; existing experimental data is then
used to apply the analysis to an adhesive epoxy used in a finite element model and in the
analytical model presented. Implications of the solution for the time-dependent long-term
performance are discussed by comparison with existing models and experiments.

4.2

Elastic Analysis

The proposed model provides a powerful tool for understanding the stress distribution
in adhesive anchoring systems. Using the formulation developed in Chapter 2, the design
method for adhesive anchors can be revamped to improve safety and material efficiency. In
order to develop the boundary value problem based on the proposed stress analysis, three
assumptions are made:

1. The stress transferred to the concrete through the adhesive anchor is small enough so
as to not pose a significant deformation in the concrete layer. A viscoelastic adhesive
is far more compliant than the concrete that embeds it. Therefore, all deformation is
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assumed to be in the adhesive and the anchor layers, having a fixed boundary condition
along the concrete interface. Furthermore, all bonds along the adhesive-anchor and the
adhesive-concrete interfaces are considered fixed.
2. Due to the rigid concrete boundary, the adhesive and the anchor are confined in the
r-direction, so all deformation is assumed to be in the z-direction, which is equivalent
to Eq. (2.2.1).
3. The embedded end of the anchor and the adhesive is either fully debonded or fully
bonded. Both boundary conditions are considered, as was the case in Chapter 2.

4.2.1

Basic Formulation

In an adhesive anchoring system–schematically shown in Figure 4.2.1(a)–a hole is first
drilled within the concrete material. Adhesive, such as epoxy, vinylester, or polyester, is
pumped into the hole. An anchor rod is then pushed into the hole and bonds to the concrete
through the adhesive layer. Typically, the rod diameter is 13 or 16 mm, the hole diameter
is 3.2-12.7 mm larger than the rod diameter, and the embedment depth is at least 10 times
the rod diameter (Colak, 2007; Schutz et al., 1992).
Consider that a hole of diameter 2b and length L is drilled into a large concrete block
(simulating a tunnel ceiling or a concrete floor). After being properly cleaned, adhesive is
injected and a steel anchor of diameter 2a is inserted such that there are no voids within the
adhesive anchor assembly. Once the adhesive cures, a load P is applied to the exposed end
of the anchor. In reference to Figure 2.2.1, Layer I is the anchor core, with shear modulus µc
and Poisson’s ratio νc . Layer II is the adhesive layer, with shear modulus µa and Poisson’s
ratio νa . The scenario described is that for a general adhesive anchoring system, and is
idealized in Figure 4.2.1(b). In order to understand the effects of the applied pull-out load,
the displacement fields of both the anchor and the adhesive layers are necessary.
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(a) Typical adhesive anchoring system
from the I-90 connector tunnel (NTSB,
2007)

(b) Axisymmetric idealization of a typical adhesive anchoring system

Figure 4.2.1: Typical adhesive anchoring system
The boundary-value problem has already been solved for, considering a general geometric
system in Chapter 2. By replacing the material properties for Layers I and II with that of
the anchor core and the adhesive layer, the displacement and the stress fields are already
known.
Assumption 3 elaborates on the existence of two boundary end conditions, bonded and
debonded. Though the bonded end condition is used to determine the stress state when the
anchoring system is operating at a low load, the debonded end condition is used to describe
the anchoring system under loads that cause creep failure.
The full solution is presented in Chapter 2, while the results are presented below, where
the superscript (c ) designates the anchor core and the superscript (a ) designates the adhesive
layer. The solution is based on linear-elastic material properties, resulting in the constitutive
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equation for the anchor core to be









c =
σzz

2µc (1−νc ) c
(1−2νc ) εzz ,

c =
σrr









2µc νc c
(1−2νc ) εzz ,

(4.2.1)

c = µ γc ,
τrz
c zr

whereas the constitutive equation for the adhesive layer is









a =
σzz









2µa (1−νa ) a
(1−2νa ) εzz ,

a =
σrr

2µa νa a
(1−2νa ) εzz ,

(4.2.2)

a = µ γa .
τrz
a zr

Fully Bonded Embedded End
Initially when an adhesive anchoring system is installed, the technician must ensure that
there are no voids within the adhesive layer. Therefore, the adhesive bonds the anchor core to
the entirety of the concrete hole. Moreover, a small amount of adhesive Subsequently, when
there is very little load, the anchor transfers some of that load through the bond made by
the adhesive at the embedded end of the anchoring system. Until said load is large enough,
this boundary remains intact.
The displacement field for the anchoring system is given by Eqs. (2.2.20) and (2.2.29),
or









where

ucz (z, r) =
uaz (r, z) =

P dc (1−2νc ) sinh(cz)J0 (dc r)
4πacµc (1−νc )J1 (dc a) cosh(cL) ,

P dc (1−2νc )J0 (dc a) sinh(cz) [Y0 (da r)J0 (da b)−J0 (da r)Y0 (da b)]
4πacµc (1−νc )J1 (dc a) cosh(cL) [Y0 (da a)J0 (da b)−J0 (da a)Y0 (da b)] ,






dc





da

r

2(1−νc )
1−2νc c,

r

2(1−νa )
1−2νa c.

=
=

(4.2.3)

(4.2.4)

Recall that the constant c is found through the continuity requirements along the adhesive-
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anchor interface, resulting in
J0 (dc a) [J1 (da a) Y0 (da b) − Y1 (da a) J0 (da b)] µc dc
+
= 0.
J1 (dc a) [Y0 (da a) J0 (da b) − J0 (da a) Y0 (da b)] µa da

(4.2.5)

A numerical solver is needed to find the roots of this equation to obtain the values of the
parameter c which is seen to depend solely on the material parameters embedded in da and
dc , and on the geometric parameters a and b. The value of c will be independent of the load
P and the embedment depth L. By the very nature of the Bessel functions in Eq. (4.2.5),
a series solution is implied with multiple possible roots of the equation. Only the first root
will be used in the following solution which will be seen to give very good agreement with
a finite element solution. With the root of c determined, the parameters in Eq. (4.2.4) are
determined and the displacements will be fully determined by Eq. (4.2.3). A MATLAB code
is provided in Appendix B.1 to solve for c based on Eq. (4.2.5).
The stress fields for the anchor core are found in Eq. (2.2.37) or
















c (r, z) =
σzz
c (r, z) =
σrr

P dc
c
2πaJ1 (dc a) cosh(cL) cosh (cz) J0 (d r) ,

P dc νI
c
2πa(1−νc )J1 (dc a) cosh(cL) cosh (cz) J0 (d r) ,

(4.2.6)

c 2

P (d ) (1−2νc )
c (r, z) = −
c
τrz
4πac(1−νc )J1 (dc a) cosh(cL) sinh (cz) J1 (d r) .

The stress fields for the adhesive layer are found in Eq. (2.2.38) or
















a (r, z) =
σzz

P dc (1−2νc )µa (1−νa )J0 (dc a) cosh(cz) [Y0 (da r)J0 (da b)−J0 (da r)Y0 (da b)]
2πaµc (1−νc )(1−2νa )J1 (dc a) cosh(cL) [Y0 (da a)J0 (da b)−J0 (da a)Y0 (da b)] ,

a (r, z) =
σrr

P dc (1−2νc )µa νa J0 (dc a) cosh(cz) [Y0 (da r)J0 (da b)−J0 (da r)Y0 (da b)]
2πaµc (1−νc )(1−2νa )J1 (dc a) cosh(cL) [Y0 (da a)J0 (da b)−J0 (da a)Y0 (da b)] ,

a (r, z) =
τrz

(4.2.7)

P da µa dc (1−2νc )J0 (dc a) sinh(cz) [J1 (da a)Y0 (da b)−Y1 (da a)J0 (da b)]
4πacµc (1−νc )J1 (dc a) cosh(cL) [Y0 (da a)J0 (da b)−J0 (da a)Y0 (da b)] .

The maximum shear stress in the adhesive layer occurs at z = L and r = a. At this point,
the shear stress is equal in both the adhesive and the anchor, so the maximum shear stress
is:
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τrz (r = a, z = L) = −

P (dc )2 tanh (cL) (1 − 2νc )
.
4πac
(1 − νc )

(4.2.8)

If the adhesive has a maximum shear stress of τmax , then the maximum load that can be
applied before the adhesive fails under shear is:

Pmax = −

4πacτmax coth (cL) (1 − νc )
.
(dc )2 (1 + νc ) (1 − 2νc )

(4.2.9)

By looking at Eq. (4.2.9), it is evident that the ultimate strength varies with respect
to L as coth (cL). This implies that as L goes to zero, the maximum load diverges to
infinity. Physically, this is impossible, as the length of the anchor decreases, the stress at the
embedded end of the anchor will cause the adhesive to fail under tension, causing a different
stress field than is shown in Eq. (4.2.8). There is therefore an embedment depth for a given
physical anchor, where any shorter of a depth would cause the anchor to fail under tension
before it fails under shear. It is therefore important to also show how the maximum load is
dependent on the allowable tensile strength of the adhesive.
The maximum normal stress of the anchor occurs when z = 0, therefore showing what
the stress is in the small amount of adhesive that connects the embedded end of the anchor
to the concrete layer. The normal stress is at a maximum when z = 0 and at the line of
axisymmetry i.e. r = 0. The maximum allowable load of Pmax in terms of the tensile strength
of the adhesive, σmax is

Pmax =

2πa (1 − νc ) J1 (dc a) cosh (cL) σmax
.
dc

(4.2.10)

Eqs. (4.2.9) and (4.2.10) help determine how the embedment depth can influence if the
anchor begins debonding at the embedded end or along the lateral interface.
Fully Debonded Embedded End
The previous section covers the case where the bond along the embedded end of the
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adhesive anchoring system remains intact throughout the life of the anchor. When the load
is sufficiently large so as to cause failure, the bond along the embedded end of the adhesive
anchoring system will fail. Therefore, for failure analysis using creep, it is necessary to
consider this debonded case.
The fully debonded embedment end was again solved for in Chapter 2, and the results
are given here. The displacement field (differentiated by the other end condition with the
added



−deb



in the superscript) is given as









(z, r) =
uc−deb
z

P dc (1−2νc ) cosh(cz)J0 (dc r)
4πacµc (1−νc )J1 (dc a) sinh(cL) ,

P dc (1−2νc )J0 (dc a) cosh(cz) [Y0 (da r)J0 (da b)−J0 (da r)Y0 (da b)]
(r,
z)
=
ua−deb
z
4πacµc (1−νc )J1 (dc a) sinh(cL) [Y0 (da a)J0 (da b)−J0 (da a)Y0 (da b)] ,

(4.2.11)

where the constants dc and da are given in Eq. (4.2.4). Due to the same adhesive-anchor
interface continuity requirement, the constant c is solved for by the same equation given
in (4.2.5). The stress fields for the debonded embedment case are calculated through Eq.
(4.2.11). The stress fields for the anchor core are
















c−deb (r, z) =
σzz
c−deb (r, z) =
σrr

P dc
c
2πaJ1 (dc a) sinh(cL) sinh (cz) J0 (d r) ,

P dc νI
c
2πa(1−νc )J1 (dc a) sinh(cL) sinh (cz) J0 (d r) ,

(4.2.12)

c 2

P (d ) (1−2νc )
c−deb (r, z) = −
c
τrz
4πac(1−νc )J1 (dc a) sinh(cL) cosh (cz) J1 (d r) .

The stress fields for the adhesive layer are
















a−deb (r, z) =
σzz

P dc (1−2νc )µa (1−νa )J0 (dc a) sinh(cz) [Y0 (da r)J0 (da b)−J0 (da r)Y0 (da b)]
2πaµc (1−νc )(1−2νa )J1 (dc a) sinh(cL) [Y0 (da a)J0 (da b)−J0 (da a)Y0 (da b)] ,

a−deb (r, z) =
σrr

P dc (1−2νc )µa νa J0 (dc a) sinh(cz) [Y0 (da r)J0 (da b)−J0 (da r)Y0 (da b)]
2πaµc (1−νc )(1−2νa )J1 (dc a) sinh(cL) [Y0 (da a)J0 (da b)−J0 (da a)Y0 (da b)] ,

a−deb (r, z) =
τrz

(4.2.13)

P da µa dc (1−2νc )J0 (dc a) cosh(cz) [J1 (da a)Y0 (da b)−Y1 (da a)J0 (da b)]
4πacµc (1−νc )J1 (dc a) sinh(cL) [Y0 (da a)J0 (da b)−J0 (da a)Y0 (da b)] .

Much like that for the fully bonded case, the maximum shear stress and the maximum
normal stress occur in the same location of the adhesive anchoring system.
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4.2.2

Finite Element Simulation

Due to the assumptions made in its formulation, this closed-form analytical solution
remains an approximate solution. A finite element model (FEM) made in ABAQUS is used
to obtain another solution for comparison. The parameters used in the FEM simulation are
for a methylmethacrylate (MMA) adhesive used to bond a steel rod in a concrete hole (Colak,
2007). The material constants are: Ec = 210 GP a, Ea = 3.92 GP a, νc = 0.3, and νa = 0.4. For
each model, a uniform mesh of about 20,000 nodes is assembled with quadrilateral elements
using quadratic formulation. A uniform stress is applied at the free end of the anchor,
corresponding to the load P used in the analytical analysis. Furthermore, the adhesiveconcrete interface is fixed. The embedded anchor end is fixed for the fully bonded condition
and free for the fully debonded condition.
Three adhesive anchor configurations are considered. In all cases, a = 10 mm and b =
15 mm, with an applied tensile load of P = 1000 N . In Case I L = 100 mm, while in Case II
L = 500 mm, and in Case III L = 1000 mm. Case I is representative of a relatively standard
assembly. Figure 4.2.2 illustrates the distribution of the r and z-displacement components
for a ≤ r ≤ b, when z = L for Case II in both bonded and debonded conditions. Since
the embedment depth is relatively large in this particular case, the stress in the vicinity of
the embedded end is very small with little variation in the stress field near z = L so that
both 4.2.2a and 4.2.2b are very similar. Furthermore, the displacement in the z-direction
is significantly higher than that in the r-direction for both bonded and debonded cases.
For thinner adhesive layers, the displacement in the r-direction becomes smaller, thereby
approaching more closely the assumption that ur is zero in Eq. (2.2.1).
Figures 4.2.3a and 4.2.3b compare the normal stress and the shear stress distribution
along the adhesive-anchor interface surface for Case II at r = a for z ≤ L, and then for all
three cases for a fully bonded condition. As the embedded depth increases, the major part of
the pullout load, as expected, is transferred to the concrete through the shear stress, which
dominants in the adhesive layer. As the length of the anchor decreases however, the normal
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(a) Bonded embedded end

(b) Debonded embedded end

Figure 4.2.2: Displacements from analytical and FEM models for Case II, where L = 500 mm
stress along the embedded end becomes more significant. In Figure 4.2.3b, the shear stress
distribution changes from zero at the embedded end to its maximum at z = L. When the
maximum shear stress is higher than the critical shear strength, the interface may debond,
so that the effective embedment depth reduces and the maximum shear stress also reduces
to stabilize the debonding process. Therefore, even for deeper anchors, the normal stress
at the embedded end may increase with the reduction of the effective embedment depth or
shear stress relaxation. When the normal stress increases to a critical level, debonding will
occur and the stress distribution will shift to the debonded case.

(a) Normal stress and shear stress for Case II

(b) Shear stress distribution for Cases I – III

Figure 4.2.3: Stresses at the adhesive-anchor interface (r = a) for the fully bonded case
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Using Case I as an example of a shallow anchor, Figures 4.2.4a-4.2.4c show the normal
stress distribution along the axis of symmetry r = 0, shear stress distribution along the
anchor-adhesive interface at r = a, and the shearing stress distribution along the adhesiveconcrete interface at r = b, both for the fully bonded and debonded embedment end conditions. At the free surface of z = L, the FEM results indicate the shear stress rapidly decreases
from its maximum to zero, whereas in the preceding analytical solution it does not. Due to
the assumption in Eq. (2.2.1), this model cannot fully characterize the stress condition on
this surface.

(a) Normal stress and shear stress for Case II

(b) Shear stress distribution for Cases I – III

(c) Shear stress distribution for Cases I – III

Figure 4.2.4: Normal and shear stress distributions for Case I

Figures 4.2.2 - 4.2.4 aid in the justification of the assumptions made during the analytical
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formulation, while indicating different possible failure mechanisms. The displacements along
the adhesive-anchor interface for Cases I – III are plotted in Figures 4.2.5a and 4.2.5b for
both bonded and debonded embedment end conditions. Because the displacement variation
within the concrete and the steel anchor is very small, the solution is governed mainly by
the displacement along the adhesive-anchor interface. Once the embedment depth of an
anchor is sufficiently large, there is very little difference between the displacement fields of
the bonded and debonded cases.

(a) Bonded embedment end

(b) Debonded embedment end

Figure 4.2.5: Axial Displacement at the adhesive-anchor interface (r = a) for Cases I-III

4.2.3

Results and Discussion

The closed-form solution determines stress distributions for both the anchor and the
adhesive layers. Existing models such as (Cook et al., 1993), which assume 1D anchor
and a uniform shear stress distribution across the thickness of the adhesive cannot give full
stress distributions. Case II considered here, shows the difference between the shear stress
distributions at the adhesive-anchor interface from that at the adhesive-concrete interface
obtained with this model, illustrated in Figure 4.2.6, considering fully bonded embedment
end conditions. The analytical and the FEM solutions show a shear stress that varies through
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the thickness. At the embedded end, the stress decays to near zero. Therefore, deep anchors
will have similar stress distributions whether or not the embedded end is fully bonded. This
also indicates that for an appropriately installed anchor with sufficiently deep embedment,
the failure process will not initiate by the debonding of the embedded end, which may play
a role at a later stage of the creep response. Since the present model doesn’t use a 1D
assumption, both tensile stress transfer at the embedded end and the shear stress transfer
at the lateral surface can be predicted.

Figure 4.2.6: Shear stresses at the adhesive-anchor interface (r = a ) and the adhesiveconcrete interface (r = b ) for Case II compared to the results from Cook et al. (1993)
While existing models can predict the classical failure modes (with some experimental
calibration) they cannot predict the long-term performance of adhesive anchors without
direct experimental calibration. The present elastic model serves as the baseline for studies
of adhesive anchors based on actual material constitutive characterization, which is in the
following section. The excellent agreement between the proposed solution and the FEM
results in Figures 4.2.2-4.2.5 gives a measure of confidence in this analytical solution and its
prediction of the elastic fields in both the adhesive layer and the elastic core of an adhesive
anchor. Knowledge of the full elastic fields is necessary in understanding various short-term
elastic failure mechanisms and developing appropriate quality control and quality assurance

58
tests.

(a) Bonded embedment end

(b) Debonded embedment end

Figure 4.2.7: Shear stress distribution at r = a and r = b for different anchor diameters (with
a constant adhesive thickness t = 1.55 mm; ab = 7.95 mm)
The effects of geometric parameters, such as anchor diameter, embedment depth, and
thickness of adhesive layers, on stress transfer in the adhesive layer are investigated. Cases
I-III illustrate the effect of varying embedment depths. Figures 4.2.7 and 4.2.8 show the
effects of changing the anchor diameter and the adhesive thickness respectively. Consider
the anchor geometry used in the I-90 connecter tunnel of Boston’s big dig. The anchor has
a diameter of 2ab = 15.9 mm, a hole diameter of 2b = 19 mm and an embedment depth
of L = 127 mm (NTSB, 2007). Figure 4.2.7 shows this anchor for three different anchor
diameters (while maintaining a constant adhesive thickness of t = b − a). The shear stress is
plotted for both r = a and r = b, illustrating how the shear stress reduces along the boundary.
A wider anchor has a smaller shear stress, since there is more surface area to transfer the load.
Notice however, that despite the change in anchor diameter, the difference between the inner
and outer surface stresses follows the same trend for each case since the adhesive thickness
is the same. Figure 4.2.8 shows the same anchor configuration, but the adhesive thickness
is increased relative to the anchor diameter while the anchor diameter is held constant at
2ab . For a very thin adhesive layer, there is very little difference between the stresses along
the two surfaces. But as the adhesive layer increases in thickness, the shear stress greatly
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reduces along the outer bond surface. Moreover, for a thinner adhesive layer, shear stress is
concentrated in the vicinity of the loading end and rapidly reduces toward the embedment
end.

(a) Bonded embedment end

(b) Debonded embedment end

Figure 4.2.8: Shear stress distribution at r = a and r = b for different adhesive thicknesses,
while maintaining the same anchor diameter (a = 7.95 mm)

Contained in this model are a number of assumptions and limitations that should be
understood in applications:
• The displacement in the radial (r) direction is confined, so that all the points in one
cylindrical surface remain on the same cylinder during deformation. This assumption causes
a singularity effect along the free surface of the adhesive-anchor interface that cannot be
fully characterized. Therefore, the predicted stress distribution along this free surface may
not be entirely accurate.
• Only one eigenfunction is used to formulate the solution, further limiting how the
pullout load is accounted for, and resulting in inaccuracy in the stress field around the free
end. If needed, this can be improved by using a series form solution (Yin et al., 2007).
• The concrete matrix that houses the anchor is taken to be rigid, so that concrete cone
failure is not considered, which may limit this solution for long-term failure modes.
The stress singularity at the free surface of the adhesive–although not realistic–is not
significant in affecting the overall mechanical response of the anchor system under a pullout
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load. The stress distribution at the free surface of the adhesive layer however, should not
be directly used for strength design. Moreover, although the shear stress dominates in the
adhesive layer, it is not a true simple shear condition because there will be normal stresses,
affecting the value and direction of the maximum shear stress. Future extension of the
present solution can address these additional questions.
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4.3

Viscoelastic Analysis

While the stress transfer analysis presented in Chapter 2 was used to develop the stress
and displacement fields for a typical adhesive anchoring system, only linear-elastic material
properties were considered. Since the adhesive material is more accurately described as a
linear viscoelastic material, the constitutive equation in (4.2.2) can no longer be used. By
following the same structure developed in the stress analysis of Chapter 2, the viscoelastic
solution is developed. Once the constitutive relationship for the viscoelastic adhesive is
defined, the solution is much like the linear elastic solution but conducted in the Laplace
domain using the elastic-viscoelastic correspondence principle.

4.3.1

Viscoelastic Models

Linear-elastic materials are idealized by a simple spring model while fluids are idealized
by a dashpot. Viscoelastic materials–being that they have both solid-like and liquid-like
material properties–are idealized by a combination of springs and dashpots. The most basic
viscoelastic material models are the Maxwell model and the Kelvin model shown in Figures
4.3.1a and 4.3.1b respectively. The Maxwell model is composed of a spring and a dashpot
in series while the Kelvin model is composed of a spring and a dashpot in parallel.
The epoxies used in adhesive anchors can be described as linear viscoelastic materials,
where constitutive equations can be found from creep testing (Ferry, 1980; Findley et al.,
1989; Christensen, 2003). Using the linear elastic solution developed in Chapter 2, the
Laplace transform of the viscoelastic constitutive equation will allow said solution to be
made equivalent to the solution in the Laplace domain. Inversion of that solution will give
the time-dependent response of the system.
For isotropic viscoelastic materials, the mechanical behavior is represented by two timedependent parameters. There are two approximate methods to simplify the time-dependent
material behavior. First it can be characterized to have a viscoelastic response under deviatoric stress while the bulk compressibility remains approximately elastic. This means that
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(a) Maxwell Model

(b) Kelvin Model

Figure 4.3.1: Basic viscoelastic material models
in the viscoelastic formulation, the shear modulus µ becomes an operator with time, while
the bulk modulus K remains a constant. In that case, because Poisson’s ratio is related to
K and µ by
ν=

3K − 2µ
,
6K + 2µ

(4.3.1)

it will be a time-dependent operator.
On the other hand, Poisson’s ratio has often been used as a constant. In what follows,
the viscoelastic model for the adhesive considers a constant Poisson’s ratio ν and a timevarying shear modulus µ. This will simplify the transition from the elastic to the viscoelastic
governing equations (Christensen, 2003; Chen and Worden, 2011; Majda and Skrodzewicz,
2009; Findley et al., 1989). For incompressible materials, both K and ν will be independent
of time as K → ∞ and ν = 0.5. Here however, ν for epoxies is in the range of 0.25 − 0.5
(Spada et al., 2011; Cease et al., 2006).
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Prony Series
The epoxy used in adhesive anchors can be idealized by various viscoelastic material models
based on test results. It is therefore convenient to represent its viscoelastic behavior by
a series form with a number of material parameters to fit the constitutive relations. The
Prony series representation is an approximate means for representing any viscoelastic model
through its time-dependent shear and bulk moduli. The relaxation modulus (either shear or
Young’s) can be represented by a Prony series as (Bergström and Bergstrom, 2005; Betten,
2005; Slanik et al., 2000; David et al., 2011; Kong et al., 2010; Towler et al., 2007)

µ (t) = µ∞ +

n
X

µi e−t/τi ,

(4.3.2)

i=1

where µ∞ is the modulus as time goes to infinity, and the constants µi and τi are calculated
for each model. As the order of the Prony series increases, Eq. (4.3.2) becomes a better
approximation to the experimental shear modulus of the material. The normalized Prony
series is given by dividing Eq. (4.3.2) by the initial shear modulus µ0 , such that

g (t) = g∞ +

n
X

gi · e−t/τi ,

(4.3.3)

i=1

where gi = µi /µ0 . The normalized shear modulus reduction is required as the input in certain
FEM software, such as ABAQUS.
The adhesive epoxy that is often used in adhesive anchoring systems cannot be accurately
modeled by either a Maxwell or a Kelvin material model. The Burgers model however, is
a simple extrapolation of the two basic building blocks to make a material model that can
capture the important viscoelastic effects of the structural adhesive. The two material models
that are presented below are the Burgers model and the Standard solid. It should be noted
however, that the ideal model is that using a Prony series representation, which will be
presented in the FE section.
When defining a viscoelastic material in ABAQUS, the Prony series expansion allows the
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user to differentiate the material response for mechanical deviatoric strains and volumetric
strains. Therefore the coefficient k̄iP corresponds to the volumetric response and the coefficient ḡiP corresponds to the deviatoric strains. The coefficient shown in Eq. (4.3.3) is based
on the relaxation of the shear modulus, and therefore corresponds to the deviatoric response
of the material. Since the Poisson’s ratio is constant however, the ratios of k̄iP and ḡiP will
be the same or k̄iP = ḡiP , so only the shear relaxation modulus ratio needs to be calculated.
The creep compliance J (t) is defined for a linear viscoelastic material under a constant axial stress σ0 as σ (t) = σ0 H (t), where H (t) is the Heaviside function and the time-dependent
axial strain ε (t) is measured as
J (t) =

ε (t)
.
σ0

(4.3.4)

Any viscoelastic material model can be represented by its creep compliance, as defined in
Eq. (4.3.4). The simplicity of the Burgers model can assist in general calculations and
approximate solutions. For a more accurate solution however, a higher order standard solid
or a creep compliance written as a high order Prony series would prove most effective. The
Prony series representation is equivalent to a creep compliance through the integral relation
where

ˆt
J (t − ξ) 2 (1 + ν) µ (ξ) dξ = t.

(4.3.5)

0

By taking the Laplace transform of Eqs. (4.3.3) and (4.3.5) and solving for Jˆ(s), the Laplace
transform of the creep compliance is
1

Jˆ(s) =
2µ0

(1 + ν) s2

g∞
s

!.

+

(4.3.6)

gi
i=1 s+ 1
τ

Pn

i

As will be seen in the viscoelastic solution, the material model of the adhesive epoxy is
accounted for by the Laplace transform of the creep compliance. Experimental data for the
creep compliance of a material can therefore be used to determine the viscoelastic constants
in Eq. (4.3.13) or (4.3.6) for the time and Laplace domains.
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Burgers Model

Figure 4.3.2: Schematic of the Burgers Model
A well known viscoelastic material model is the Burgers model in Figure 4.3.2. It consists
of a Kelvin and a Maxwell model in series, and is capable of modeling the physical properties
of an adhesive better than a Maxwell model or a Kelvin model alone (Majda and Skrodzewicz,
2009; Roseley et al., 2011). The Burgers model simulates an instantaneous elastic response
to a static load, followed by an indefinite increase in strain. The constitutive equation for
the Burgers model can be written in terms of the two different spring coefficients µ1 and µ2
and the two dash-pot coefficients η1 and η2 as
!

!

η1 η2
η1 η2
η1 η1 η2
+ +
τ̇ +
τ̈ = η1 γ̇ +
γ̈,
τ+
µ1 µ2 µ2
µ1 µ2
µ2

(4.3.7)

where τ and γ are the shear stress and the shear strain respectively. Consider the rewritten
constitutive equation (Eq. (4.3.7))

τ + p1 τ̇ + p2 τ̈ = q1 γ̇ + q2 γ̈,

(4.3.8)
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where,













p1 =

η1
µ1

+ µη12 + µη22 ,
η1 η2
µ1 µ2 ,

p2 =

(4.3.9)

q1 = η1 ,













q2 =

η1 η2
µ2 .

The Burgers model from Figure 4.3.2 can be exactly represented by a second order (n = 2)
Prony series. The Prony shear coefficients and the time constants for the Burgers model are
given by
!

!

1
1
µ2
1
µ2
1
g1 =
α−
, and τ2 = ,
− β , τ1 = , g2 =
(α − β) η2
β
(α − β)
η2
α
where

(4.3.10)

q

p1 ∓ p21 − 4p2
,
α, β =
2p2

(4.3.11)

Moreover, the shear relaxation modulus is given by
µ1
µ (t) =
(α − β)

"

!

!

#

µ2
µ2
− β · e−βt + α −
· e−αt .
η2
η2

(4.3.12)

For the Burgers model, the creep compliance is
(

"

1
1
1
+
1−e
Jb (t) =
2 (1 + ν) µ1 µ2



−

µ2 t
η2

#

)

t
+
.
η1

(4.3.13)

where a constant Poisson’s ratio is used to relate the shear modulus to the time-dependent
Young’s modulus in uni-axial creep characterization. The Laplace transform of the creep
compliance for the Burgers model in Eq. (4.3.13) is
(

L {Jb (t)} = Jˆb (s) =

)

1
1
1/η2
1/η1
+ 2 .
+
2 (1 + ν) µ1 s s (s + µ2 /η2 )
s

(4.3.14)
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Standard Solid for k Kelvin Models

(a) Without a dashpot

(b) With a dashpot

Figure 4.3.3: Standard Solid with k = 3

The term standard solid is used to refer to many basic viscoelastic models that have
many Kelvin or Maxwell models in series or in parallel. For this analysis, the standard
solid will refer to a viscoelastic model that consists of a single spring in series with k Kelvin
models–Figure 4.3.3a gives the schematic of a standard solid with k = 3. Moreover, this same
standard solid can be extended to have a single dashpot in series with a spring and the k
Kelvin models–shown schematically in Figure 4.3.3b with k = 3. The constitutive equation
for the standard solid is developed for an axial load applied to the material. Although the
following derivation is for k = 3 and no dashpot, it can easily be extended to any arbitrary
k and a dashpot (Betten, 2005). The total strain at time t is the sum of all the strains:

ε = ε1 + ε2 + ε3 + ε4

(4.3.15)
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where ε1 is the strain of the spring
σ
R0

ε1 =

(4.3.16)

and ε2 − ε4 , or εk is the strain in the Kelvin unit which can be derived from

ε̇k +

Rk−1
σ
ε3 =
.
ηk−1
ηk−1

(4.3.17)

Equations (4.3.15)-(4.3.17) have a total of six unknowns ε, σ, ε1 , ε2 , ε3 , ε4 where ε and σ
are external variables and ε1 − ε4 are internal variables. The constitutive equation is solved
for using the method of Laplace transformations. Assume that εk = 0 at t = 0−. After
transformations, Eqs. (4.3.15)-(4.3.17) become

ε̂ = ε̂1 + ε̂2 + ε̂3 + ε̂4 ,

ε̂1 =

(4.3.18)

σ̂
,
R0

(4.3.19)

!

Rk−1
σ̂
s+
ε̂k =
.
ηk−1
ηk−1

(4.3.20)

Inserting Eq. (4.3.19) and (4.3.20) into Eq. (4.3.18) yields:

ε̂ =

σ̂
σ̂
σ̂
σ̂
+

+

.
+ 
R
R
R0 η1 s + 1
η2 s + 2
η3 s + R 3
η1

η2

(4.3.21)

η3

Multiply both sides by
!

R0 η1

!

!

R1
R2
R3
η2 s +
η3 s +
,
s+
η1
η2
η3

(4.3.22)

to get,
T1 σ̂ + T2 sσ̂ + T3 s2 σ̂ + T4 s3 σ̂ = U1 ε̂ + U2 sε̂ + U3 s2 ε̂ + U4 s3 ε̂,

(4.3.23)
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Taking the inverse Laplace of Eq. (4.3.23) yields the final constitutive equation where
...
...
T1 σ + T2 σ̇ + T3 σ̈ + T4 σ = U1 ε + U2 ε̇ + U3 ε̈ + U4 ε ,

(4.3.24)

The constants T1 − T4 and U1 − U4 shown in Eqs. (4.3.23) and (4.3.24) are given by Eqs.
(C.1.1)-(C.1.8) of Appendix C. They are based on the viscoelastic constants that are determined by the model fitting of the experimental data. These constants are prepared for the
k = 3 case, but could easily be made to consider a higher order solid. The standard solid
creep compliance can be generalized to:


n
X
1
1
Js (t) =
+
1−e
R0 k=1 Rk

"

R

−t η k

#

(4.3.25)

k

The creep compliance for this standard solid can be calculated by Eq. (4.3.25) and using k =
3. Notice that as t → ∞, the creep compliance will eventually stabilize such that

d
dt Js (t) = 0.

This implies that the adhesive will eventually reach a steady state, where it no longer has any
viscoelastic properties. But consider the results obtained from Chin et al. (2010b)’s creep
compliance test. They suggest that (within the time limitations of their test), that the creep
compliance stabilizes to a constant increase, such that

d
dt J (t) = constant.

This implies that

any viscoelastic model used to mimic the behavior of these epoxies, must consider having a
dashpot in series with the model. Adding a dashpot to the standard solid model is shown
in Figure 4.3.3b . When a dashpot is added to any standard solid (take the standard solid
in Figure 4.3.3a), the creep compliance can no longer be written as it is in Eq. (4.3.25). It
must be derived by solving the constitutive equation which the initial condition that σ = σ0
at t = 0 is applied. By adding a dashpot, the new creep compliance Jsd (t) is simply written
as

Jsd (t) = Js (t) +

t
.
η0

(4.3.26)
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Therefore the new creep compliance Jsd (t) is given by


n
X
1
t
1
Jsd (t) =
+ +
1−e
R0 η0 k=1 Rk

"

R

−t η k
k

#

(4.3.27)

,

or in the Laplace domain as




n
X
1
1
1 1
1
.
+
− R
+
Jˆsd (s) =
2
k
R0 s η0 s
R
s
k
+
s
k=1

(4.3.28)

ηk

4.3.2

Analytical Solution

An idealized adhesive anchoring system is developed for this analysis, shown in Figure 4.2.1a.
It is simplified into an axisymmetric problem in Figure 4.2.1b. Because the creep load in the
adhesive anchor is commonly small compared with the load that causes static failure (Ocel
et al., 2007), typical failure modes that consider concrete failure or interfacial debonding
will not be considered in this analysis. Besides the assumptions formed in Section 4.2, the
embedment end boundary of the anchor and the adhesive are fully debonded from the end
of the concrete hole, such that there is no load transferred through the embedded end of the
hole. This assumption is common to most analytical anchor problems, since the assumption
of a one-dimensional anchor forces the embedded end of the anchor to be free. Wu et al.
(2009) have a zero-stress-transfer condition along the embedded end of the anchor, further
justifying this assumption. This is the boundary condition presented in the stress analysis
of cylindrical systems in Section 2.2.2 of Chapter 2.

General Solution
The linear elastic constitutive law for the adhesive material in Eq. (4.2.2) must now be
replaced with the adequate viscoelastic constitutive law. In its integral form, the constitutive
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equation for a viscoelastic adhesive material is generally written as
















a (t) =
σzz
a (t) =
σrr

(1−νa ) ´ t
a
(1−2νa ) 0 2µa (t − ξ) ε̇zz (ξ) dξ,
´t
νa
a
(1−2νa ) 0 2µa (t − ξ) ε̇zz (ξ) dξ,

a (t) =
τrz

´t
0

(4.3.29)

a (ξ) dξ.
µa (t − ξ) γ̇zr

Consider the differences between the linear-elastic constitutive law in Eq. (4.2.2) and the
viscoelastic constitutive law in Eq. (4.3.29). It is difficult to use the integral form of the constitutive law to conduct a stress analysis, so the elastic-viscoelastic correspondence principle
is employed. By taking the Laplace transform of Eq. (4.3.29), the viscoelastic constitutive
equation becomes linear in the Laplace domain









a (s) =
σ̂zz









2sµ̂a (s)(1−νa ) a
ε̂zz (s) ,
(1−2νa )

a (s) =
σ̂rr

2sµ̂a (s)νa a
(1−2νa ) ε̂zz (s) ,

(4.3.30)

a (s) = sµ̂ (s) γ̂ a (s) .
τ̂rz
a
zr

The stress analysis is therefore carried out in Laplace domain. As a result, the constitutive
law for the anchor core must also be transformed to the Laplace domain. The Laplace
transform of the anchor’s constitutive equation is
















c (s) =
σ̂zz

2µc (1−νc ) c
(1−2νc ) ε̂zz (s) ,

c (s) =
σ̂rr

2µc νc c
(1−2νc ) ε̂zz (s) ,

c (s) = µ γ̂ c (s) .
τ̂rz
c zr

(4.3.31)
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The strain-displacement relationships in the Laplace domain are derived from Eq. (2.2.2)
and are









































ε̂izz (s) =

∂ ûiz (s)
∂z ,

ε̂iθθ (s) = 0,
ε̂irr (s) = 0,
i (s) =
γ̂zr

(4.3.32)

∂ ûiz (s)
∂r ,

i (s) = 0,
γ̂zθ
i (s) = 0.
γ̂rθ

Furthermore, applying the elastic constitutive equations for an axisymmetric problem and
Eq. (4.3.32) to the equations of equilibrium (2.2.7) results in the same governing equation
for both the anchor and the adhesive layers, and is
ûiz,r (s)
2 (1 − νi ) i
ûz,zz (s) + ûiz,rr (s) +
= 0.
1 − 2νi
r

(4.3.33)

Much like the elastic solution of Chapter 2, the partial differential equation will be solved
by the method of separation of variables, where the displacement ûiz is assumed to be of the
form
ûiz (s, r, z) = R̂i (s, r) Ẑ i (s, z) .

(4.3.34)

Substituting Eq. (4.3.34) into the equilibrium equation in (4.3.33) yields

−

i
Ẑ,zz

Ẑ i



=

i
R̂,rr

i
R̂,r



1 − 2ν 
 = −ĉ2 .
+
i
i
i
2 (1 − ν) R̂
rR̂

(4.3.35)

Eq. (4.3.35) presents two ODEs, each related to the transformed constant ĉi . Just as it
was in the elastic case, ĉa will be shown to be the same as ĉc , but assume they are different
for now. Rearranging Eq. (4.3.35) exposes the two ODEs as
d2 Ẑ i (z)
− ĉ2i Ẑ i (z) = 0,
dz 2

(4.3.36)
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and
d2 R̂i (r) 1 dR̂i (r)  ˆi 2 i
+ d R̂ (r) = 0,
+
dr2
r dr

(4.3.37)

where
s

ˆi

d =

2 (1 − νi )
ĉi (s) .
1 − 2νi

(4.3.38)

The solution to the ODE of Eq. (4.3.36) is

Ẑ i (z) = Âi sinh (ĉi z) + B̂ i cosh (ĉi z) ,

(4.3.39)

and the solution to the ODE of Eq. (4.3.37)–which is again Bessel’s differential equation
(A.2.1) from Appendix A–is








R̂i (r) = Ĉ i J0 dˆi r + D̂i Y0 dˆi r ,

(4.3.40)








where Âi , B̂ i , Ĉ i , and D̂i are unknown constants, and J0 dˆi r and Y0 dˆi r are the Bessel
functions of the first and second kinds respectively. By inserting Eqs. (4.3.39) and (4.3.40)
into the assumed solution in Eq. (4.3.34), the general displacement field for this axisymmetric
problem is
h

ih







ûiz (s, r, z) = Âi sinh (ĉi z) + B̂ i cosh (ĉi z) Ĉ i J0 dˆi r + D̂i Y0 dˆi r

i

(4.3.41)

.

Anchor Layer
The general displacement solved for in Eq. (4.3.41) can be applied to the displacement of
the anchor core layer such that
h

ih







ûcz (s, r, z) = Âc sinh (ĉc z) + B̂ c cosh (ĉc z) Ĉ c J0 dˆc r + D̂c Y0 dˆc r

i

.

(4.3.42)
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Along the line of axisymmetry, where r = 0, the displacement of the anchor core must be
definite. The Bessel function of the second kind diverges as r approaches zero, or




lim Y0 dˆc r → −∞.

(4.3.43)

r→0

Since the displacement is known to be definite, this term of the solution must vanish,
requiring that the constant D̂c = 0. Furthermore, no stress is transferred to the concrete
along the embedded end of the anchor. The normal stress for the anchor core is calculated
from the displacement field in Eq. (4.3.41), the strain displacement relation in Eq. (4.3.32)
and the constitutive equation in (4.3.29), such that the normal stress along the embedded
end of the anchor is

c
σ̂zz
(s, r, 0) =

i
h

2µc (1 − νc )
ĉc Âc Ĉ c J0 dˆc r .
(1 − 2νc )

(4.3.44)

The only way to satisfy the assumption that no stress is transferred to the embedded end of
the concrete, is by making Âc = 0. Eq. (4.3.41) is therefore simplified to




ûcz (s, r, z) = F̂ c cosh (ĉc z) J0 dˆc r .

(4.3.45)

Along the exposed end of the anchor, a tensile load P is applied. The load is applied
instantaneously at t = 0+ . This is represented by the Heaviside function H (t), which is









H (t − d) = 

1 if t > d,
1

2





 0

if t = d,

(4.3.46)

if t < d,

where d is an arbitrary number and t is time. The load P (t) is therefore represented as
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P (t) = p · H (t). After its Laplace transformation, the load becomes
p
L {P (t)} = P̂ (s) = .
s

(4.3.47)

This boundary traction is satisfied by using a weak-stress boundary condition, where
ˆa ˆ2π
p
c
σ̂zz
(s, r, L) rdθdr = P̂ (s) = ,
s

(4.3.48)

0 0

such that
F̂ c =

dˆc (1 − 2νc )
p

.
s 4saĉc µc π (1 − νc ) sinh (ĉc L) J1 adˆc

(4.3.49)

The adhesive anchor system can now be represented by a single point within the anchor
core, such that the displacement of the anchor is given as ucz (r = 0, z = 0), henceforth referred
to as ua . From Eqs. (4.3.45) and (4.3.49), the displacement of the anchor is given by

ûa (s) =

p
dˆc (1 − 2νc )

.
s 4aĉc µc π (1 − νc ) tanh (ĉc L) J1 adˆc

(4.3.50)

To get the displacement in the time domain, the inverse Laplace transform of Eq. (4.3.50)
has to be taken. Note however, that ĉc remains a function of the Laplace constant s, and
has not yet been solved for.

Adhesive Layer
The displacement of the adhesive layer ûaz is developed in Eq. (4.3.41) as
h

ih







ûaz (s, r, z) = Âa sinh (ĉa z) + B̂ a cosh (ĉa z) Ĉ a J0 dˆa r + D̂a Y0 dˆa r

i

.

(4.3.51)

The lateral sides of the adhesive are fully bonded to the concrete hole, creating a fixed
boundary. By applying this boundary condition at r = b, such that the displacement is zero,
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simplifies Eq. (4.3.51) to
h

ih















ûaz (s, r, z) = Âa sinh (ĉa z) + B̂ a cosh (ĉa z) Y0 dˆa r J0 dˆa b − J0 dˆa r Y0 dˆa b

i

.

Much like the anchor layer, no stress is transferred to the concrete through the embedded
end of the adhesive. This is satisfied by requiring the normal stress distribution along the
embedded end of the adhesive to be zero. In order to satisfy this assumption, the constant
Âa = 0. Therefore, the displacement for the adhesive layer is given by
h















ûaz (s, r, z) = F̂ a cosh (ĉa z) Y0 dˆa r J0 dˆa b − J0 dˆa r Y0 dˆa b

i

.

(4.3.52)

Continuity Conditions
Along the adhesive-anchor interface surface, the two materials are fully bonded. Therefore,
the displacement and the shear stress along this surface must be the same for both materials.
The displacement continuity is satisfied by requiring

ûaz (s, r = a, z) = ûcz (s, r = a, z) .

(4.3.53)

Due to the hyperbolic cosh (ĉi z) relation in the displacement for both the anchor and the
adhesive, the only way to satisfy Eq. (4.3.53) is to require

ĉa = ĉc = ĉ.

(4.3.54)

Furthermore, inserting Eqs. (4.3.45) and (4.3.52) into Eq. (4.3.53) while considering Eq.
(4.3.54) results in


F̂ a = F̂ c h

J0 dˆc a















Y0 dˆa a J0 dˆa b − J0 dˆa a Y0 dˆa b

i .

(4.3.55)
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Similarly, the shear stress must be the same along this surface, requiring

a
c
τ̂rz
(s, r = a, z) = τ̂rz
(s, r = a, z) ,

(4.3.56)

such that (from Eqs. (4.3.29), (4.3.45) and (4.3.52))

F̂ a = −F̂ c



J1 dˆc a

µc dˆc



sµ̂a (s) dˆa J1 dˆa a Y0 dˆa b − Y1 dˆa a J0 dˆa b
h















(4.3.57)

i .

Since Eqs. (4.3.55) and (4.3.57) are equal to one another, they can be combined to solve for
the last remaining unknown, ĉ with




h















i

J0 dˆc a
Y0 dˆa a J0 dˆa b − J0 dˆa a Y0 dˆa b
µc dˆc
i = 0,
 


 
h 
Ĝ (s, ĉ) =   +
sµ̂a (s) dˆa J1 dˆa a Y0 dˆa b − Y1 dˆa a J0 dˆa b
J1 dˆc a

(4.3.58)

which is denoted by the function Ĝ (s, ĉ) which is required to equal zero.

Manipulation
Eq. (4.3.58) is rewritten such that no Bessel functions of the second kind are on the denominator (this is done so that Eq. (4.3.58) can be solved numerically without the diverging
nature of the Bessel function of the second kind on the denominator). That is


Ĝ (s, ĉ) = J0 dˆc a
+

h

µc dˆc
sµ̂a (s) dˆa







h











J1 dˆa a Y0 dˆa b − Y1 dˆa a J0 dˆa b
J1 dˆc a











i




Y0 dˆa a J0 dˆa b − J0 dˆa a Y0 dˆa b

i

.

(4.3.59)

The shear modulus is represented in terms of the Young’s modulus and the Poisson’s ratio
as
µa (t) =

Ea (t)
.
2 (1 + νa )

(4.3.60)
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Moreover, the creep compliance of a material is written in the time domain as
ˆt
J (t − ξ) E (ξ) dξ = t.
0

In the Laplace domain, this relation is simply

sÊ (s) =

1
.
sJˆ(s)

Taking the Laplace transformation of the shear modulus in Eq. (4.3.60) is

L {µa } = sµ̂a (s) =

sÊa (s)
,
2 (1 + νa )

(4.3.61)

or in terms of the creep compliance

sµ̂a (s) =

1
.
2 (1 + νa ) sJˆa (s)

(4.3.62)

By using the value for the transformed shear modulus in terms of the creep compliance of
Eq. (4.3.62), Eq. (4.3.59) becomes




i
 

J0 dˆc a h  a   a 

 J1 dˆ a Y0 dˆ b − Y1 dˆa a J0 dˆa b
Ĝ (s, ĉ) =
J1 dˆc a

 
i
µc dˆc 2 (1 + νa ) sJˆa (s) h  ˆa   ˆa 
Y0 d a J0 d b − J0 dˆa a Y0 dˆa b
dˆa

+

which if both sides are divided by the Laplace constant s (since G is required to be zero),


Ĝ (s, ĉ) =

1
s

+




 
i
J0 dˆc a h  a   a 

 J1 dˆ a Y0 dˆ b − Y1 dˆa a J0 dˆa b
J1 dˆc a

 
i
µc dˆc 2 (1 + νa ) Jˆa (s) h  ˆa   ˆa 
Y0 d a J0 d b − J0 dˆa a Y0 dˆa b
dˆa

(4.3.63)
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Note that the governing equation given in Eq. (4.3.63) is such that the inverse Laplace of the
constant ĉ cannot be written explicitly in terms of s. The final interest is in the displacement
of the adhesive anchor system, given in Eq. (4.3.50), or written explicitly in terms of the
Laplace variable s as:

ûa (s) =

p
dˆc {ĉ (s)} (1 − 2νc )
h
i.
s 4aĉ (s) µc π (1 − νc ) tanh (ĉL) J1 adˆc {ĉ (s)}

(4.3.64)

The inverse Laplace transform of Eq. (4.3.64) may or may not be found through analytical
means, meaning a numerical approaches is needed to solve for ua (t). But despite their
not being a closed form result for ua (t), a numerical inversion technique is sufficient for
the purpose of solving for the time-dependent anchor displacement. By using a numerical
inversion technique, the displacement in the Laplace domain for Eq. (4.3.64) can be inverted
by using a mapping for t → s. Therefore, for every value of s, the value of ĉ (s) can be solved
for numerically in Eq. (4.3.63).

4.3.3

Numerical Approximations

In order to determine the displacement of the anchor in the time domain (i.e. ua (t)), a
numerical inverse Laplace transform needs to be applied to ûa (s). Moreover, this numerical
transformation needs to have a mapping from the time domain to the Laplace domain as
t → s. That way, for every value of s considered, the unknown constant ĉ (s) can be solved for
numerically. As such, Eq. (4.3.63) does not have to be inverted, and the governing equation
Ĝ (s, ĉ) is only used to solve for the unknown constant ĉ (s). The inversion can be done
by finding an approximate solution, such as the Direct Method or the Collocation Method,
which is derived in Christensen (2003) specifically for viscoelastic related problems. More
conventional algorithms have been developed to invert any arbitrary function in the Laplace
domain, such as the Invlap algorithm, the Gaver-Stehfest algorithm, or the NILT algorithm
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(Sheng et al., 2011; Stehfest, 1970a,b; Villinger, 1985; Nellis and Klein, 2009; De Hoog et al.,
1982). Although any number of these techniques would accurately be able to invert ûa (s),
only the Direct method and the Gaver-Stehfest algorithm are presented. Lastly, a problem
specific approximate inversion of Eqs. (4.3.64) and (4.3.63) is presented as a quick means
for calculating the displacement of an adhesive anchoring system subject to creep.

Direct Method
Consider the function ψ̂ (s) is known, and its inverse Laplace transform ψ (t) is desired. The
two functions are related to one other by
ˆ∞
ψ (t) e−st dt.

sψ̂ (s) = s

(4.3.65)

0

Due to its level of complexity, it is impractical to symbolically transform ψ̂ (s) through Eq.
(4.3.65). It will therefore be done numerically. Take a change of variable where

u = log s,

(4.3.66)

where log uses base 10. Being consistent with Eq. (4.3.66), let
sψ̂ (s) = fˆ(u) .

(4.3.67)

Make yet another change of variable as

v = log t

(4.3.68)

ψ (t) = f (v) .

(4.3.69)

and the change
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Using Eqs. (4.3.67), (4.3.68), and (4.3.69) into Eq. (4.3.65) gives the simplification where
ˆ∞

v

f (v) e−s10 10v ln 10dv.

fˆ(u) = 10u

(4.3.70)

−∞

Make another notation change where

w = u + v.

(4.3.71)

Note that dv = dw, and insert Eq. (4.3.71) into Eq. (4.3.70) (while using Eq. (4.3.66)) and
ˆ∞

w

f (v) e−10 10w dw.

fˆ(u) = ln 10

(4.3.72)

−∞

Expand f (v) as a power series to obtain
1
f (v) = f (v0 ) + f 0 (v0 ) (v − v0 ) + f 00 (v0 ) (v − v0 )2 + · · · .
2

(4.3.73)

Using Eq. (4.3.73) into Eq. (4.3.72) gives
ˆ∞
fˆ(u) = f (v0 ) + f 0 (v0 ) ln 10

w

(w − w0 ) e−10 10w dw + · · ·

(4.3.74)

−∞

where w − w0 corresponds to v − v0 and w0 = u + v0 . Moreover, the identity obtained from
(4.3.73) with f (v) = ψ (t) = h (t) and fˆ(u) = sψ̂ (s) = 1 is used
ˆ∞
ln 10

w

10w e−10 dw = 1.

(4.3.75)

−∞

Now assume that the terms f 00 (v0 ) and the higher derivatives in Eq. (4.3.74) are sufficiently small such that they can be neglected. This approximation is difficult to asses, but
it will be left to a numerical example to ensure there is adequate accuracy when using this
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method. Using this assumption, Eq. (4.3.74) can be rewritten as
ˆ∞
fˆ(u) ' f (v0 ) + f 0 (v0 ) ln 10

w

(w − w0 ) 10w e−10 dw.

(4.3.76)

−∞

The weight w0 can now be selected such that the second term of Eq. (4.3.76) vanishes as
ˆ∞

w

(w − w0 ) 10w e−10 dw = 0.

(4.3.77)

−∞
w

This relation is satisfied when w0 is the centroid of the area under 10w e−10 specified by
´∞
w0 = ´−∞
∞

w10w e−10w dw
w

w −10 dw
−∞ 10 e

.

(4.3.78)

Using the identity in Eq. (4.3.75), it can be shown that Eq. (4.3.78) is
1
w0 =
ln 10

ˆ∞
ln (τ ) e−τ dτ

(4.3.79)

0

where
w = log τ.

(4.3.80)

The integral in Eq. (4.3.79) is just the negative of Euler-Mascheroni constant, which is
approximately


w0 = −

n
X



1
1
0.5772...
lim 
− ln n ≈ −
.
n→∞
ln 10
k
ln 10
k=1

(4.3.81)

Having w0 evaluated, Eq. (4.3.76) can be rewritten as
fˆ(u) ' f (v0 ) = f (w0 − u) .

(4.3.82)
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Now using Eqs. (4.3.67) and (4.3.69) into Eq. (4.3.82) gives

ψ (t) ' sψ̂ (s) ,

(4.3.83)

w0 − u = v.

(4.3.84)

where

Using Eqs. (4.3.66) and (4.3.68) into Eq. (4.3.84) gives

w0 = log s + log t,

(4.3.85)

where s can be solved for as
s=

10w0
.
t

(4.3.86)

Therefore, the transformed function can be related to its untransformed counterpart as

ψ (t) ' sψ̂ (s) |

s= e

w0 ln 10
t

≈ sψ̂ (s) |s= 0.56 .
t

(4.3.87)

Using the solution for the direct method in Eq. (4.3.87), the displacement ua (t) can be
approximated for every value of t desired. That is, for every value of t, an equivalent value
of s is determined by relation (4.3.86). The value of ĉ is then determined and used in the
transformed displacement ûa (s).

Gaver-Stehfest Inverse Laplace Algorithm
The Gaver-Stehfest algorithm has been shown to be very effective in numerically inverting
any Laplace transformed function. The theory was developed by Stehfest (1970a,b) and
Graver (1966), but it has seen more attention in recent applications. Villinger (1985) used
this algorithm for analyzing cylindrical geothermal problems with much success, while Sheng
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et al. (2011) compared this algorithm (called Gavsteh) to other algorithms, showing its
accuracy. The theory behind this method originates from Graver (1966) who considered the
expectation of f (t) (the actual inversion) with respect to the probability density

fn (a, t) = a

n
(2n)! 
1 − e−at e−nat , a > 0
n! (n − 1)!

ˆ∞
Fn =



F (t) fn (a, t) dt = a
0



n 
X

n 
(2n)!
 (−1)i P ((n + i) a) .


n! (n − 1)! i=0 i 

(4.3.88)

The precise derivation is not included here, but it assumes that fˆ(s) is the Laplace transform
of f (t). Therefore, the inversion can be found numerically by the approximation F as
K
ln 2 X
ln 2
F (t) =
D (j, K) fˆ j
,
t j=1
t

!

(4.3.89)

with
j+M

D (j, K) = (−1)

min(j,M
X )
n=m

nM (2n)!
,
(M − n)!n! (n − 1)! (j − n)! (2n − j)!

(4.3.90)

where K is an even integer whose value depends on the word length of the computer, M =
K/2, and m is the integer part of (j + 1) /2. The word length of the computer used was
K = 16. The algorithm is included in Appendix B.2.

Analytical Approximation
After using the numerical approaches that were just introduced, their results can be compared
to a simplified means for taking the inverse Laplace transform of Eq. (4.3.64). Note that
this is not a mathematically rigorous derivation, but the time-dependent displacement of the
adhesive anchoring system can be taken by assuming that ĉ (s) in fact does not vary with s.
Eq. (4.3.63) can then be inverted since the only dependence on s lies in the first term of 1/s
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and in the creep compliance Jˆa (s).
n

o

G (t, c) = L−1 Ĝ (s, ĉ)

or

G (t, c) = H (t) J0 (dc a) [J1 (da a) Y0 (da b) − Y1 (da a) J0 (da b)]
µc dc 2 (1 + νa ) Ja (t)
+
J1 (dc a) [Y0 (da a) J0 (da b) − J0 (da a) Y0 (da b)] .(4.3.91)
a
d
Using Eq. (4.3.91), the value of c (t) can be determined for every value of t. The displacement of the anchoring system can then be found by inverting Eq. (4.3.64) using the same
assumption, where
ua (t) = L−1 {ûa (s)} = pH (t)

dc (1 − 2νc )
.
4acµc π (1 − νc ) tanh (cL) J1 (adc )

(4.3.92)

It will be shown later that the approximate inversions shown in Eqs. (4.3.91) and (4.3.92)
give very similar results to the correct inversion of Eqs. (4.3.63) and (4.3.64) done numerically
(see Figure 4.3.5.

4.3.4

Displacement of Adhesive Anchor

The displacement of the adhesive anchoring system was solved for in the Laplace domain
and is given in Eq. (4.3.64) in terms of the unknown continuity constant ĉ (s). The constant is solvable only in the Laplace domain by satisfying that Ĝ (ĉ, s) = 0, as shown in
Eq. (4.3.63).Due to its complexity, neither Eq. (4.3.64) nor Eq. (4.3.63) can be analytically inverted, which is why the previous section introduced a number of different approximate techniques for inverting an equation in the Laplace domain (Section 4.3.3). Every
method/algorithm was confirmed with functions whose inverted equation is known analytically. For a comprehensive analysis, the displacement of the adhesive anchoring system
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will now be conducted considering all of these approaches. The added complexity for every
inversion in the s domain to the time t domain is in the calculation of ĉ, which has to be
calculated for every value of s used.
The benefits of using the direct method given in Eq. (4.3.87) are mostly computational.
Certainly the Gaver-Stehfest method is more accurate but requires significantly more computation time. The direct method approximation was tested alongside the Gaver-Stehfest
method in solving Eq. (4.3.64), and it was shown to give very similar results. Figure
4.3.4a compares the results for Specimen #5 from Ocel et al. (2007) while using the direct Method and the Gaver-Stehfest algorithm. Specimen #5 is an adhesive anchor with;
stainless steel anchor with diameter 2a = 15.9 mm, hole diameter 2b = 19 mm, embedment
depth L = 127 mm, a load of P = 8.85 kN , and the adhesive was modeled by the Burgers
model that will be presented in Section 4.3.5. As the relative error between the two solutions increases to its maximum value, Figure 4.3.4b shows the Gaver-Stehfest algorithm is
more accurate but the direct Method provides more than reasonable results with minimal
computation time needed.

(a) Comparison using a regular time-scale

(b) Comparison using a log time scale and indicating
the relative error

Figure 4.3.4: Specimen #5 from Ocel et al. (2007), comparing the Direct method and the
Gaver-Stehfest algorithms for calculating the anchor displacement
The approximate inversion introduced in Eqs. (4.3.92) and (4.3.91) are not rigorous
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proofs for the inverse Laplace transform of the analytically determined solution. But by
taking the assumption that ĉ (s) has a very small dependence on s as it is inverted, the
displacement of the adhesive anchoring system can be known without any numerical approximations, giving a beautiful and simple result. The Gaver-Stehfest inversion of the
analytically determined solution gives results that are within 1% of the FEM results. This
approximate inversion is therefore compared to the correct solution in Figure 4.3.5, showing
a maximum error of only 5% while significantly simplifying the computational requirements
of this analysis.

Figure 4.3.5: Specimen #5 from Ocel et al. (2007), comparing the Gaver-Stehfest algorithm
with the approximate inversion from Eq. (4.3.92) for calculating the anchor displacement

4.3.5

Material Modeling

Experimental data is used to fit the material models proposed to describe the behavior of
epoxy based adhesives. The proposed analytical model is based on the ability to characterize
the adhesive epoxy through a valid viscoelastic material model. Experiments or fundamental
knowledge of the materials would be used to predict the creep compliance of the adhesive.
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The experimental results used here are based on the two epoxies used by Chin et al. (2010b,a),
designated as Epoxy A and Epoxy B. The two epoxies contain the same base chemistry, but
one epoxy contained accelerators to allow for shorter curing times (Epoxy A). By using
spectroscopy, a dynamic mechanical thermal analysis (DMTA), thermogravimetric analysis,
differential scanning calorimetry, and a creep test, Chin et al. (2010b,a) fully characterized
the two epoxy adhesives. Every test showed the physical differences between the two epoxies,
most notably in their creep compliance.
The creep compliances for the two materials were extracted by two techniques, which give
varied results. While the goal was not to give the definitive creep compliance for the two
epoxies, they were successful in presenting how the two differ from one another. Using the
results from the DMTA experiment and frequency-temperature sweeps (Figure 4.3.6 labeled
as DMTA), the creep compliance was obtained for the two epoxies by the inverse Fourier
transformation. From the creep testing (also in Figure 4.3.6, labeled as Creep), the results
were converted to the creep compliance using a time-temperature superposition of the creep
data. Both techniques are accepted methods for predicting the creep compliance of epoxies
in the linear viscoelastic range. Since the creep compliance is used for the material model
properties in this analysis (see Eq. (4.3.63)), the experimental results need to extend to the
limits of the expected experiment.
Figure 4.3.6 presents the creep compliance for the two methods described with the Prony
series approximations used to model these two epoxies following the form of Eq. (4.3.3) (the
value of the Prony series coefficients can be found in Table 4.1). The reference temperature for the creep compliances in Figure 4.3.6 is 51.25o C, which is higher than the ambient
temperature of a typical adhesive anchoring system. The shift factor plot for the DMTA
test data is provided in Chin et al. (2010a), so the creep compliance that is found from
this test method can be shifted to any working temperature when the epoxy is still thermorheologically simple. The Prony series is equivalent to the creep compliance by using
the relation given in Eq. (4.3.5) and then taking the inverse Laplace transform. As Figure
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Figure 4.3.6: Creep compliance curves for Epoxy A and Epoxy B and showing the Prony
approximation curves
4.3.6 illustrates, the Prony series approximation used is an excellent model for the adhesive
epoxies tested. The Prony series parameters used for the Burgers model are taken from the
“Frequency-Temperature” superposition results and are given in Table 4.3. Furthermore,
Figure 4.3.6 also shows that the four-parameter Burgers model does not fully capture the
experimental behavior of the epoxies.
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Eo
g∞
g1
g2
g3
g4
g5
g6
g7
g8
g9
g10
g11
g12
g13
τ1
τ2
τ3
τ4
τ5
τ6
τ7
τ8
τ9
τ10
τ11
τ12
τ13

Epoxy A
Creep Test DMTA Test
3.7237 GP a 6.377 GP a
0.0014615
0.001027
0.066947
0.065512
0.064619
0.076518
0.1043
0.082393
0.1186
0.1428
0.1505
0.1355
0.1686
0.1595
0.1202
0.1242
0.1033
0.087059
0.061225
0.059533
0.029189
0.035904
0.0086908
0.017841
0.0016924
0.0093844
0.00074224
0.0028208
−7
5.27 × 10
5.54 × 10−9
−6
4.33 × 10
2.47 × 10−7
3.09 × 10−5 6.48 × 10−6
0.00028778 8.93 × 10−5
0.0025609
0.000661
0.027676
0.0036617
0.1831
0.0244
1.075
0.1585
7.306
0.9017
59.19
6.573
585.1
75.16
7305
1225
96463
33670

Epoxy B
Creep Test
DMTA Test
5.33652 GP a 6.8288 GP a
0.0113323
0.011238
0.04388
0.054441
0.043413
0.042048
0.061597
0.04367
0.069511
0.048718
0.074695
0.044767
0.095353
0.087549
0.1675
0.1066
0.1781
0.1125
0.1439
0.1725
0.075332
0.1338
0.026021
0.090633
0.0069059
0.038122
0.0024242
0.013473
−8
9.5034 × 10
2.04 × 10−8
−6
1.5451 × 10
3.42 × 10−7
9.4159 × 10−5 5.60 × 10−6
4.0123 × 10−3 5.27 × 10−5
6.0583 × 10−2
0.0011595
0.7589
0.036615
7.203
0.4081
68.27
3.261
408.6
30.72
2651
326.8
23187
3210
531650
54070
89137000
1591400

Table 4.1: Prony series coefficients for the creep compliance results in Figure 4.3.6
The Prony series used to model the experimental results from Chin et al. (2010a) are
plotted in more detail with their respective data based on the Prony coefficients from Table
4.1. These plots show the subtle differences between these two test methods.
Figure 4.3.7 shows the comparison for the creep compliance determined from the DMTA
test. The Prony series is far more capable of capturing the viscoelastic effects that the
adhesive epoxy exhibits. The time scale for these test results end just above a years time,
so the long-term viscoelastic behavior cannot be fully captured from these results.
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(a) Epoxy A Prony series with DMTA test results (b) Epoxy B Prony series with DMTA test results

Figure 4.3.7: Prony series approximation for experimental results obtained from the DMTA
test results at reference temperature of 51.25o C
Figure 4.3.8 shows the comparison for the creep compliance determined from the creep
test. These results are less concrete than those obtained by the other test, as can be seen
by the time scale. The Epoxy A test in Figure 4.3.8a gives the viscoelastic behavior for
just over a day, showing a very different long-term behavior than Figure 4.3.7a. Moreover,
the Epoxy B test in Figure 4.3.8b lasts for more than 10 years, and seems to have unstable
results near the end. Due to the nature of the epoxy adhesives being thermorheologically
simple, shifting the creep compliance curves from a reference temperature of 51.25o C to a
working temperature of 25o C, would extend the time scale beyond the current time limits.
For the Burgers model, the creep compliance in Eq. (4.3.13) is compared to the experimental values in Figure 4.3.6. Using a nonlinear least square method, the four parameters
that make up the Burgers model are selected to best fit the experimental results. Table 4.2
presents the viscoelastic constants derived from said figure.
Epoxy\Material Constant
Epoxy A
Epoxy B

R1 (GP a)
6.377
6.8288

R2 (M P a)
9.4186
155.02

η1 (GP a s)
1.1758 × 106
3.8673 × 106

η2 (GP a s)
4.3564
756.79 × 102

Table 4.2: Viscoelastic Constants Based on data from Chin et al. (2010b)
Since the Burgers model can be exactly represented by a second order Prony series (see
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(a) Epoxy A Prony series with Creep test results

(b) Epoxy B Prony series with Creep test results

Figure 4.3.8: Prony series approximation for experimental results obtained from the creep
test results at reference temperature of 51.25o C
Section 4.3.1 Eqs. 4.3.10-4.3.11), the model represented in Table 4.2 is written in terms of
its Prony series, and its Prony coefficients are given in Table 4.3.

Epoxy A
Epoxy B

ḡiP
g1 = 0.9985252
g2 = 0.00147477
g1 = 0.98653010
g2 = 0.0134698

k̄iP
k1 = 0.9985252
k2 = 0.00147477
k1 = 0.98653010
k2 = 0.0134698

τi
τ1 = 0.6821297
τ2 = 1.250274 × 108
τ1 = 3829.33185
τ2 = 2.0901 × 1017

Table 4.3: Prony series coefficients for the Burgers model from Figure 4.3.2
Using the data from the Tables 4.3 and 4.1, the FE models can be made with any of the
developed analytical models.

4.3.6

Finite Element Analysis

ABAQUS Implementation
The finite element (FE) model was made with the use of an ABAQUS standard/explicit
model. An axisymmetric (2D) model was made to mimic the adhesive and anchor layers of
an adhesive anchoring system. Much like the analytical analysis, the concrete matrix was
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assumed rigid, and served only as a boundary condition for the FE model. The specimens
used in the creep testing of Ocel et al. (2007) were used as models, following their geometry
and loading parameters. The anchor diameter was 15.9 mm, the hole diameter was 19 mm
and the anchor length (which corresponds to the embedment depth for the debonded case)
was L = 127 mm. The anchor was made of Stainless Steel 304, which has material properties
Ec = 193 GP a and νc = 0.3. The adhesive epoxy is considered to have a Poisson’s ratio of
νa = 0.4. For the initial FE comparisons, a single specimen and loading parameter was
modeled, using several different viscoelastic materials. The conditions for Specimen #1
from Ocel et al. (2007), correspond to a load of P = 4.68 kP a.
Mesh
Using an axisymmetric FE model allowed for a very fine mesh to be used. A structured
uniform mesh of quadrilateral elements was assembled, with 3221 nodes and 1000 elements for
the adhesive layer and 4731 nodes and 1500 elements for the anchor layer. The elements were
chosen from ABAQUS’s axisymmetric stress family, using standard quadratic elements with
hybrid formulation (ABAQUS designated as CAX8H - an 8-node biquadratic axisymmetric
quadrilateral, hybrid, linear pressure).
Material Properties
ABAQUS allows a number of ways of inputting a material and its properties. For a
linearly elastic material - such as the stainless steel anchor - only the Poisson’s ratio and
the Young’s modulus are necessary. For a viscoelastic material, the initial Young’s modulus
and the initial Poisson’s ratios are still necessary, but more information is needed. ABAQUS
analyzes viscoelastic materials by modeling them as a Prony series, therefore all input forms
decompose to a Prony series. For this analysis, two methods of input are considered, both
have been mentioned in the previous sections.
The first input method is by directly determining the exact Prony series coefficients. This
can only be done for the Burgers model, and the coefficients are given in Table 4.3. The other

94
input method involves using relaxation test data - which are artificially made since the creep
compliance is known for these material models - and then ABAQUS finds an approximate
Prony series that accurately depicts this data. The results of this approach are presented in
Table 4.1. As will be seen in the coming results, this second input form is not as accurate as
the first; and whenever possible, it is desirable to find the exact Prony series representation
through an analytical approach.
Load
For a viscoelastic analysis, the loading procedure greatly effects the results. The analysis
is composed of three steps: initial, applied load, and quasi-static response to the sustained
load. In the initial step (no time passes), the boundary conditions are initiated (see next
section). The applied load step occurs in one increment of the ABAQUS class of “visco”
steps. The time period of this applied load is 0.001 seconds, which is almost instantly
applied. The final step - the quasi-static response to the sustained load - is also a “visco”
step. Following the time of the creep testing in Ocel et al. (2007), the time period was chosen
to be 82 days, or 7.0848 × 106 seconds. With a maximum increment size of about 70, 000
seconds, and a minimum increment size of 1 × 10−5 seconds, each time step must satisfy a
viscoelastic error tolerance of 5 × 10−5 (as recommended by the ABAQUS help files). It is
in this step that all of the creep and viscoelastic response occurs.
Boundary Conditions
The boundary conditions - which are applied in the initial step - are exactly those applied
in the analytical analysis. The line of axisymmetry is established along the midpoint of the
anchor, where all nodes are restricted from ur and γz . Similarly, the entire body of both the
adhesive and the anchor are given the same axisymmetric restraint, fixing displacement and
rotation as such. Lastly, the lateral side of the adhesive (where r = b), the concrete bond
forces the displacements and rotations in all directions to be zero, or ur = uz = γ = 0.
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Parametric Analysis for Geometric Effects
The analytical solution is developed to help understand how the design of adhesive anchoring systems affects their creep performance. While an FE model is capable of simulating changes to an anchoring system’s geometry or loading conditions, it is very time
consuming–both in creating the model and in the analysis. The proposed model is capable
of instantaneously changing a geometric or material property, while giving the solution in one
computation. In order to show the versatility of this model, several geometric changes are
made from Specimen #5 of Ocel et al. (2007), and a comparison between the FE solutions
will be made with the analytical solution.
Consider Specimen #5 from Ocel et al. (2007), where Epoxy B represented by the Burgers
model is used, and where the anchor diameter is 15.9 mm, the hole diameter is 19 mm and
the embedment depth is L = 127 mm with an applied load of P = 8.85 kN . The material
properties of the epoxy are included in ABAQUS as the Prony series shown in Table 4.1. The
displacement of the adhesive anchor over the 82 days of loading is modeled both analytically
and with the FEM model. Figure 4.3.9 compares these two displacements on a log-scale xaxis, indicating that the two methods correspond with one another with a maximum relative
error less than 1%.

Furthermore, geometry affects the time-dependent displacement of an adhesive anchor.
Often dictated by the location of the installed adhesive anchor, the embedment depth greatly
affects the final displacement of the anchor. As in Specimen #5, a load of P = 8.85 kN is
applied, but the embedment depth varies as 100 mm < L < 500 mm. For each embedment
change, the anchor displacement is viewed at for two times, t1 = 35.4 secs and t2 = 82 days.
For all the comparisons of Figures 4.3.10 to 4.3.12, the FE results match those predicted
analytically. Figure 4.3.10 shows the FE and the analytical solution comparison for the
scenario described. Figure 4.3.10 suggests that increasing the embedment depth decreases
the total anchor displacement. As the analysis stops at L = 0.5 m, the anchoring system
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Figure 4.3.9: Specimen #5 comparison of the anchor displacement from the proposed solution
and the FE results
is leveling out, and there will be a maximum depth Lmax where increasing the depth any
further will not affect the long-term response of the anchor.
Intuitively, the anchoring system was capable of holding more load as the embedment
depth increased. The same cannot be said about the adhesive layer’s thickness. Consider
again Specimen #1, with an anchor with diameter 15.9 mm and embedment depth L =
127 mm. The loads and the load time are the same, but let the thickness of the adhesive
layer vary by 1 mm < t < 3 mm, where t = b − a. Figure 4.3.11 shows the FE and the
analytical solution comparison for changing adhesive thickness. As the thickness of the
adhesive layer increases, so does the anchor’s relative displacement. Seeing as there is more
material to deform, the viscoelastic adhesive causes a higher displacement. This is a positive
quality of adhesive anchors, since it is easier to design and account for anchors that require a
hole just slightly larger than the anchor itself. But this illustrates the importance of having
a well centered anchor.
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Figure 4.3.10:
depth

Proposed solution and FE anchor displacements for changing embedment

As a final geometric study, consider the effect of using a wider anchor, shown in Figure
4.3.12. This is done by considering Specimen #1, where the thickness of the adhesive is left
constant at t = 1.55 mm, and all other values are the same. The anchor itself has a diameter
that varies as 10 mm < a < 30 mm. Furthermore, this comparison also illustrates how the
size of the anchor highly affects the displacement. A larger anchor diameter means there is a
larger bond surface area, resulting in smaller stresses within the adhesive layer. Since there
are smaller loads in the adhesive, there is less displacement. The larger the anchor (both
diameter and length) and the more the adhesive anchoring system can hold–both statically
and quasi-statically.

4.3.7

Experimental Creep Comparison

This analytical model serves as a design tool that accounts for the creep response of
the adhesive. Previously, full-scale experimental results were necessary to predict the creep
response of an adhesive anchoring system. Even in more recent examples, short-term ex-
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Figure 4.3.11: Proposed solution and FE anchor displacements for changing adhesive thickness
perimental results of 82 days were extended to long-term predictions using logarithmic or
polynomial extensions–as specified by ASTM E 1512. Even after conducting a relatively
long test (such as 82 days), its predicted response for a 100 year design life will have many
variations. This analytical model requires a minimal amount of tests, most of which are
already conducted on the materials used in adhesive anchoring systems. Furthermore, creep
compliance tests can be conducted with relative ease by performing a DMTA test and using
frequency-temperature superposition curves.
The proposed solution requires the elastic moduli of both materials, as well as the creep
compliance of the viscoelastic adhesive. By applying these known values to the displacement
equation of the anchor in Eq. (4.3.64) and the function used to determine the unknown
constant ĉ in Eq. (4.3.63), the displacement of the anchor is entirely known for any time
within the known creep compliance of the adhesive–after taking the appropriate inverse
Laplace transformation. Since the creep compliance has to be expressed as a function time,

99

Figure 4.3.12: Proposed solution and FE anchor displacements for changing anchor diameter
it can be entered as the analytically determined creep compliance for a known viscoelastic
material model or it can be represented by a Prony series approximation.
An accurate material creep compliance is vital for this analysis. As is shown in Figure
4.3.6, an adhesive material can have two distinct creep compliance curves when measured
through different experimental techniques. The comparison between the results of a simulated creep test based on the two different creep compliances illustrates the significance of
correctly and consistently modeling the creep compliance, which will be illustrated in Figure
4.3.13 later. The creep compliance determined from the DMTA test and using frequencytemperature superposition will be used since the Prony series fits the results best.
For reference, the test sample geometries and loads from the creep test data conducted
by Ocel et al. (2007) will be studied with this analytical model. The tests were conducted at
the FHWA’s Turner-Fairbank Highway Research Center (TFHRC) using an adhesive anchor
much like those used in the I-90 connecter tunnel. Although different epoxy adhesives were
used in the test conducted by Ocel et al. (2007), the following analysis uses the material
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constants of Epoxy B (the standard-set epoxy) from Chin et al. (2010a) to predict its creep
behavior. The anchors were loaded statically, and the anchor displacements were measured
for 82 days while the load was applied. The temperature in the laboratory varied from 31.9
to 24.5o C over the 82 day test period, so a temperature of 26.4o C is used in the analytical
analysis. The creep compliance from Figure 4.3.6 needs to be shifted from T0 = 51.25o C to
the test temperature of T = 26.4o C using the shift factors provided in Chin et al. (2010a).
At the end of the test, each anchor was fully examined and an effective anchor-concrete bond
area was determined. Therefore, for two identical anchors with identical loads, a difference in
the bond area translated to different creep results. The equivalent effective bond lengths are
given in Table 4.4 (where Specimen #8 has a longer embedment depth than is specified in
the design of the roofing panel). The full details of the experiment can be found in Ocel et al.
(2007). The effective bond area is then translated to an effective bond length by assuming
that the anchors are inserted 127 mm into the concrete hole. For an effective bond area of
Aef f , the effective bond length Lef f is calculated as

Lef f =

Aef f − πa2
,
2aπ

(4.3.93)

where a is the radius of the anchor. All this information is contained in Table 4.4 and used
in the FE analysis and the experimental comparison.
Specimen
5
6
7
8

Average Creep Load (kN)
8.85
8.85
18.13
18.13

Effective Bond Length (mm)
107.3
122.9
122.9
127

Table 4.4: Loading Chart (Chin et al., 2010b; Ocel et al., 2007)
Using the analytical solution, the experiment was simulated using Epoxy B whose material properties were determined by the DMTA creep compliance curves from Chin et al.
(2010a), represented by the Prony series approximation that is given in Table 4.1. Figure
4.3.13 shows the displacement for Specimens #5 and #8, which differ only in the load ap-
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plied and in their effective embedment depths, as shown in Table 4.4. The analytical creep
response is shown for two cases per specimen, where each case uses a different creep compliance curve from Figure 4.3.6. The results that come from the creep compliance taken from
the Creep test analysis seems to level-off after the 82 day test. The results that come from
the DMTA test however, continue to increase after the 82 day test. Figure 4.3.13 illustrates
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Figure 4.3.13: Creep response for Specimens #5 and #8 based on two different experimental
creep compliance curves
the importance of the creep compliance for this analysis. While the same material was tested
by two different experiments, two different material models are developed. The FEM model
results are also included to show how the analytical model compares to the numerical approach using the DMTA material properties. Since the model comparison in Figure 4.3.13
shows that the FEM results agree with the analytical results, the analytical model is used
for the following analysis of creep behavior.
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Figure 4.3.14: Experimental comparisons for Epoxy B using the Prony series representation
of the creep compliance with a linear time scale
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Figure 4.3.15: Experimental comparisons for Epoxy B using the Prony series representation
of the creep compliance with a log time scale

Figures 4.3.14 and 4.3.15 show the experimental results of Ocel et al. (2007) and the
analytical creep response when using the Prony series approximation (taken from the DMTA
test given in Table 4.1). Figure 4.3.14a illustrates the prediction of creep behavior of anchor
systems using Epoxy B (Chin et al., 2010a) for 82 days. As a reference, the test results from
Ocel et al. (2007), using an adhesive that has not be characterized, are included. Notice that
a minor change of the creep compliance of adhesives may produce a significant difference in
long-term deformation, which was shown in Figure 4.3.13. Therefore, the prediction shown
is not comparable to the test results because different materials were studied. However, both
of them provide similar patterns for creep deformation.
Using time-temperature superposition, the proposed model can predict the long-term
performance for over 100 years. Figure 4.3.15 reveals the temperature dependence of the
adhesive using a log-scale. The test results in the 82 day span are also included. Figures
4.3.14 and 4.3.15 reveal the following characteristics of the creep behavior of the adhesive
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anchoring system:
• The temperature effect of the adhesive epoxy is made clear in Figure 4.3.15, where a
slight difference in the epoxy temperature results in significantly different long-term
adhesive anchor displacements.
• With increasing load, the present creep prediction should proportionally increase based
on the linear viscoelastic assumption; however, the test results of the displacement of
the anchor are not linearly related.
• Given an allowed creep deformation, the lifetime of the adhesive anchor can be predicted, but it relies significantly on the temperature and the loading level
Other factors may also significantly affect the test results and contribute to the non-linearity
of the creep behavior, such as: bonding condition, air voids, and temperature fluctuations,
which shall be addressed in future experimental studies.
While the Prony series approximation derived from the experimental creep compliance
tests accurately represents the two epoxies, the Burgers model has been used with some success in modeling adhesive epoxies. Figure 4.3.16 shows a comparison between the analytical
solutions when using the Burgers model and the Prony series as the material models. For
the Burgers model, most of the deformation is very quick and occurs at the very beginning
of the loading process, whereas in the experiments and in the Prony series application the
anchor deformation is evenly spread over the 82 days.
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Figure 4.3.16: Experimental comparisons for Epoxy B using the Burgers model
The significance of the geometric evaluations presented in the previous section can be
applied to this comparison. Any slight offset where the anchor is not perfectly centered
could cause significant changes to the displacement under creep loading conditions, since
the effective adhesive thickness would be greater on one side and smaller on another. Ocel
et al. (2007) used their experimental data to determine when failure would likely occur.
This analytical model could do the same, while more tests to model the adhesive’s creep
compliance should be conducted before any recommendations are made.
This model is an analytical approach to the creep analysis of adhesive anchors based on
the elastic and viscoelastic stress fields within an adhesive anchoring system. The experimental data of actual epoxies are used to illustrate how this model is used to predict the
creep behavior of an adhesive anchor under a constant pullout load, which is placed in the
context of actual creep tests of adhesive anchor systems. As opposed to running expensive
and time-consuming experiments that only give results for a short loading period–rather
than a design life of 100 years–this analytical approach is capable of predicting long-term
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creep deformation up to a limit where the creep compliance results are no longer accurate.
Incidentally, it takes just a series of creep compliance tests in order to fully characterize
the creep response of any adhesive anchoring system. When combined with full scale tests
to further validate its assumptions, this model will eventually be able to reduce or replace
the number of long-term creep tests that need to be done in order to understand the creep
response of a new adhesive or a new adhesive anchoring system.

4.3.8

Analysis Procedure

In order to properly implement this model, the following design procedure is suggested.
1. Determine the geometric, loading, and environmental conditions that the adhesive
anchoring system will be subject to.
2. Select an appropriate adhesive based on the design parameters of Step 1.
3. Determine the viscoelastic material properties of the adhesive by; using information
provided by the manufacturer, or by conducting a DMTA test.
4. Express the creep compliance of the adhesive by fitting a Prony series approximation
or by modeling it as a standard viscoelastic model
5. Take the Laplace transform and the inverse Laplace transform to calculate the creep
displacement of the anchoring system.
6. If the creep displacement does not fit the lifetime structural requirement, change the
geometric parameters, and repeat steps 3-6.
7. If Step 6 fails, change the adhesive type, and repeat steps 2-7.
8. If Step 7 fails, change the distribution number of anchors, so different loading conditions
can be obtained. Repeat Steps 1-8.
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4.4

Summary

While assuming a rigid concrete layer, the boundary-value problem is formulated and the
elastic fields are solved for both the adhesive layer and the anchor core of an adhesive
anchoring system based on the theory of stress transfer developed in Chapter 2. Both bonded
and debonded boundary conditions at the embedded end are considered in the derivation
of the elastic fields. This closed-form solution satisfies the interfacial continuity conditions,
and thus avoids the need to calibrate any parameters beyond the elastic material properties
of the materials used, unlike the existing elastic models, while agreeing well with the FEM
results.
Since the full stress field is derived for the adhesive layer, the proposed model provides a
powerful tool in the stress analysis of adhesive anchoring systems, useful in developing quality
control tests and designing anchors. But beyond that, the solution for the elastic stress
fields is extended to the viscoelastic case by using the elastic-viscoelastic correspondence
principle (Findley et al., 1989), and therefore is able to predict the creep failure of adhesive
anchors. This elastic analysis can also be useful for elasto-plastic analysis of adhesive anchors
to include the nonlinear behavior of adhesive materials. Through the proposed analytical
solution, various viscoelastic material model can be used to describe the adhesive epoxy used
as the anchor binder. Through fundamental material testing, such as a simple creep test or
using a DMTA, the creep compliance of the adhesive can be predicted and used as the input
in both the proposed solution and an FE model. By using the Burgers material model, a
typical adhesive anchoring system’s creep response to a static load was predicted, using both
the proposed analytical model and a standard FE program. While the FE program–using a
time-stepping process–can get the final deformation of the anchoring system, the proposed
model can be used to determine the creep response at any time using a single calculation.
The analytical model proposed can be used for the design and the analysis of adhesive
anchors. By using this model, adhesive anchoring manufacturers can produce comprehensive
data sheets and design specifications for each anchoring system while considering creep.
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Different embedment depths can be paired with different anchor diameters such that they
give the same creep response for the desired life of the anchor. Moreover, by knowing the
maximum allowable anchor displacement, the structural life of the adhesive anchoring system
can be predicted with different material models.
Based on the elastic solution, a viscoelastic model has been developed and verified with
FEM results. The following conclusions can be reached through the parametric analysis and
the demonstration of the creep tests:
• The proposed analytical model is capable of predicting the long-term deformation of
adhesive anchoring systems using the elastic material properties of the adhesive and
the creep compliance of the viscoelastic adhesive.
• A slight change of the creep compliance of the adhesive may result in significant disparity in the creep deformation. Although the Burgers model has been widely used, it
cannot fit the experimental data of the two epoxies very well. A general Prony series
form of creep compliance can produce adjustable accuracy with the number of fitting
parameters and is recommended in future implementation of the proposed model.
• Both the FEM model and the proposed model unanimously show that the anchor creep
deformation decreases with the anchor depth and diameter due to more contact area;
whereas it increase with the adhesive thickness due to more deformable material.
• Using experimental results for the creep compliance of the adhesive material, the analytical model is used to predict the creep response of creep tests that spanned 82 days.
The creep behavior follows the same pattern as another set of anchor tests.
• Given an allowable creep deformation limit, the lifetime of the anchor system significantly changes with the environmental temperature and the loading level.
Although the displacement of the anchor is of the utmost importance, the normal stresses
and the shear stresses for both the anchor and the adhesive layers can be determined for

109
any arbitrary time. Eventually, more sophisticated damage models can be developed considering a visco-plastic material model for the adhesive, better simulating the actual response
considering progressive damage of the adhesive layer under creep.
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Chapter 5
Material Coatings
5.1

Overview

Multi-layered materials and structures are commonly observed in nature or can be used
in advanced material design. Stress transfer through the interface has been a challenging
problem over the past century, resulting in three schools of thought used to solve the problem.
First, Stoney (1909) studied the deformation of thin film/substrate systems with a misfit
strain. Similarly to bending theory, the stress can be calculated from the curvature of the
system. This theory has been extended to multi-layered system with the thickness much
smaller than the length and has been used to study the thermal stress due to temperature
change (Chen et al., 2008; Freund and Suresh, 2003; Hsueh, 2002; Li and Yang, 2007; Tian
et al., 2007; Wang et al., 2007). If one layer is significantly thicker or stiffer however, the
curvature of the multi-layered system can be very small or equal to zero, and thus this theory
cannot be used.
Secondly, the shear lag theory developed in Cox’s pioneering work (Cox, 1952) on stress
transfer between a fiber and a matrix under a tensile load (Waldhoff et al., 2000) has been
widely used in the stress and strength analysis of fiber reinforced concrete. It assumes that
the strong material will carry the tensile load which is transferred to the matrix through
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interfacial shearing stress (Beuth and Klingbeil, 1996). Various assumptions have been
made to simplify the shearing stress distribution along the interface, so that the stress
distribution can be solved numerically or analytically. It has also been extended to multilayered material systems. In general, a displacement discontinuity is assumed to calculate
the stress transfer through the interface (Hsueh, 2001; Laws and Dvorak, 1988; Nairn and
Mendels, 2001). However, those specific assumptions are only applicable to some specific
materials or interfacial conditions. Moreover, the accuracy of the interfacial shearing stress
is questionable.
Thirdly, Hobbs’ work on layered rocks (Hobbs, 1967) has been extended to layered materials. A two-layer system is subjected to a tensile load and opening-mode fractures form
in the weak layer. The stress distribution in the fractured weak layer is obtained by considering a one-dimensional bar. The normal stress is balanced by the distributed shearing
stress along the interface. This theory has also been used in the stress analysis of pavements
(Timm et al., 2003) (to be seen in Chapter 6) and thin films (Xia and Hutchinson, 2000).
Although linear distribution of shearing stress was assumed along the thickness of the weak
layer (Jain et al., 2007), the 1D solution cannot accurately describe the stress distribution.
Moreover, to establish the governing equation, a frictional interface is generally assumed
between the two layers using a spring coefficient, which describes the relation between the
interfacial shearing stress and the displacement at each interface point. The concept of an
interfacial coefficient or compliance is not well established or understood yet, which causes
contradictory formulations in the literature (Jain et al., 2007; Suhir, 1989, 1991; Timm et al.,
2003; Xia and Hutchinson, 2000; Yin et al., 2008b; Yin, 2010a).
Recent research on stress transfer through multi-layered systems–mainly focused on numerical and experimental methods with a fully bonded interface (Bai et al., 2002; Li and
Yang, 2007; Tang et al., 2008)–has shown that when the fracture spacing is small, the stress
in the central region of the weak layer is no longer tensile, but in fact becomes compressive
and thus leads to fracture saturation in layered materials.
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The purpose of this work is to develop a theory of stress transfer for layered materials
with a fully bonded interface. This is done by solving the elastic boundary-value problem
considering in-plane misfit strain and a tensile load. Because the mechanical loading and
mismatch strain are within the layer plane, all points of a layer plane are assumed to remain
in the same plane during deformation. Then the elastic governing equations are decoupled
and the general solution of the in-plane displacement is obtained. Using the boundary
conditions and the interfacial continuities, a closed-form solution is derived. Due to the
plane assumption used in the derivation, the singularity at the edge of the interface (Bogy,
1971; Zhang and Suo, 2007) cannot be exactly illustrated by this formulation. This analysis
is based on the general theory developed in Chapter 3.
This analysis is applied to opening-mode fracture analyses and elastic modulus reduction. Though a closed form solution exists, a series form solution is necessary when the
material coating is significantly thinner than the substrate. An alternative solution based
on a frictional substrate is then presented to analyze thin material coatings. An experiment
is presented for the analysis of aluminum coated with aluminum oxide, showing the process
by which fracture saturation occurs and the effect of the coating thickness with respect to
fracture spacing.

5.2

Stress Analysis of Thick-Coating/Substrate Systems

As a special case of multi-layered materials, Figure 5.2.1 shows two coating layers (thickness h2 , length 2λ, Young’s modulus E2 , Poisson’s ratio ν2 ) fully bonded symmetrically to
the substrate layer (thickness 2h1 , Young’s modulus E1 , Poisson’s ratio ν1 ) subjected to a
load 2P . This analysis is appropriate when the thickness h2 is comparable to the substrate
thickness h1 . Otherwise, refer to Section 5.3 for coatings thicknesses where h2  h1 . The
coordinate system is set up with the origin 0 at the center of layer 1. The x-axis is along
the loading direction, and the y-axis is in the upward direction. Based on the symmetry, a
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quarter of the system can be used to represent the entire coating system (as is highlighted
in red). The boundary-value problem is solved using the theory developed in Chapter 3.

Figure 5.2.1: Stress transfer in a coating system when the substrate is subjected to a tensile
0 = P
stress σxx
2h1

5.2.1

Simplified Displacement Functions

Based on the initial analysis from Chapter 3, the general solution for the x-direction
displacement for the substrate Layer 1 in Figure 5.2.1is written as

u1x (x, y) = [A1 sin (d1 y) + B1 cos (d1 y)] [C1 sinh (cx) + D1 cosh (cx)] + εux x,

(5.2.1)

where, as shown in Eq. (3.2.12),
s

d1 = c

2 (1 − ν1 )
,
1 − 2ν1

(5.2.2)

(see Eq. (3.2.13)). The symmetric conditions along the x and y-axes produce the following
boundary conditions:
ux |x=0 = 0, τxy |y=0 = 0.

(5.2.3)
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Applying the boundary conditions to Eq. (5.2.2) reduces the displacement to

u1x (x, y) = F1 cos (d1 y) sinh (cx) + εux x,

(5.2.4)

where the leading coefficient F1 , is a constant to be determined from the remaining boundary
conditions, and the superscript 1 represents the displacement for Layer 1. This formatting
will be followed for the remainder of the analysis.
Once ux is derived, uy can be obtained through the integral of Eq. (3.2.14) to find
u1y

1
F1 c
=−
sin (d1 y) cosh (cx) + εux y + f1 (x) y,
2 (1 − ν1 ) d1




(5.2.5)

where u1y |y=0 = 0 is considered, and f1 (x) is to be determined by the interfacial continuities
in the next Section. Similar to the derivation in Eqs. (5.2.1) to (5.2.4), the x-directional
component of the displacement in the coating is simplified to

u2x (x, y) = F2 cos [d2 (h1 + h2 − y)] sinh (cx) + eux x,

(5.2.6)

where the constant d2 satisfies
s

d2 = c

2 (1 − ν2 )
.
1 − 2ν2

(5.2.7)

Then uy in the coating can also be obtained through the integral of Eq. (3.2.14) as
u2y

F2 c
1
=
sin [d2 (h1 + h2 − y)] cosh (cx) − εux y + f2 (x) y + g2 (x) .
2 (1 − ν2 ) d2




(5.2.8)

Along the top surface of the coating, the normal stress in the y-direction is zero svyy |y=h1 +h2 =
0), so that using Eq. (3.2.3), the function f2 (x) is found to be

f2 (x) =

1 − 2v2
[F2 c cosh (cx) + εux ] .
2 (1 − ν2 )

(5.2.9)
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Therefore, Eq. (5.2.8) can be rewritten as
(

u2y

)

F2 c cosh (cx) sin [d2 (h1 + h2 − y)]
ν2 u
=
+ (1 − 2ν2 ) y −
ε y + g2 (x) .
2 (1 − ν2 )
d2
1 − ν2 x

(5.2.10)

Here g2 (x) is to be determined by the interfacial continuities between the two layers.

5.2.2

The Closed-form Elastic Solution

The displacements of u1x , u1y , u2x , and u2y have been solved for in Eqs. (5.2.4), (5.2.5),
(5.2.6) and (5.2.10), from which all stresses can be determined using Eq. (3.2.3). The four
remaining constants (F1 , F2 , c, and εux ) and the two unknown functions (f1 (x) and g2 (x)) are
calculated by considering the interfacial continuity of the two layers and the loading of the
system. Since a fully bonded interface is considered, four interfacial continuity conditions
are required when y = h1 :

























u1x |y=h1 = u2x |y=h1 ,
2
1 |
τxy
y=h1 = τxy |y=h1 ,

(5.2.11)

u1y |y=h1 = u2y |y=h1 ,
1 |
2
σyy
y=h1 = σyy |y=h1 .

The first two equations in (5.2.11) can be rewritten as:

F1 cos (d1 h1 ) = F2 cos (d2 h2 ) ,

(5.2.12)

and
−

E1
E2
F1 d1 sin (d1 h1 ) =
F2 d2 sin (d2 h2 ) .
2 (1 + ν1 )
2 (1 + ν2 )

(5.2.13)

Notice that the approximation of the shearing stress in Eq. (3.2.3) is used. Division of both
sides of Eq. (5.2.13) by Eq. (5.2.12), respectively, yields
E1
E2
d1 tan (d1 h1 ) = −
d2 tan (d2 h2 ) .
1 + ν1
1 + ν2

(5.2.14)
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Using the definitions of (5.2.2) and (5.2.7), the constant c can be calculated, followed
by d1 and d2 from Eq. (5.2.14). The constant c is dependent on the elastic constants and
the layer thicknesses and independent of the fracture spacing. There are many solutions for
constant c because of the periodicity of the tan (˙) function, implying a series form solution
for this problem. Only the first root is used to demonstrate this theory. However, as the
thickness of the coating layer becomes significantly smaller than the substrate layer, a series
form solution is necessary. To solve for c, the parameter ξ is defined as
v
u

(1 − 2ν1 ) (1 − ν2 ) h2
d2 h2 u
ξ=
=t
.
d1 h1
(1 − ν1 ) (1 − 2ν2 ) h1

(5.2.15)

Notice that the Poisson’s ratios of the coating and the substrate are assumed to be less than
0.5. Otherwise, the effective stiffness in Eq. (3.2.3) would be infinite. If incompressible
materials are used in the coating, the plane strain assumption in this theory may be invalid
and thus the formulation would need to be reconstructed. Based on the mechanics of the
coating system, the first root of c can be obtained within a range of 0 < d1 h1 < π, which
makes the shearing stress along the interface negative. More specifically, c can be obtained
through the following three conditions:

• When ξ > 1, c is the smallest value that satisfies 0 < d1 h1 < π/2. Typically, a thick
coating on a thin substrate will fall within this category. When ξ → ∞, d2 h2 ∼
= π is
used to approximately solve for c =

π
h2

r

1−2ν2
2(1−ν2 ) .

• When ξ = 1, d1 h1 = d2 h2 = π/2 is used to solve for c =

π
2h1

r

1−2ν1
2(1−ν1 )

=

π
2h2

r

1−2ν2
2(1−ν2 ) .

A representative case is when the coating and the substrate have the same elastic
constants and the coating is half the thickness of the substrate.
• When ξ < 1, c is the smallest solution meeting the constraint where π/2 < d1 h1 < π.
Typically, a thin coating deposited on a thick substrate will fall in this category. When
ξ  1, then d1 h1 ∼
= π, and c can be obtained as c =

π
h1

r

1−2ν1
2(1−ν1 ) .

If h2  h1 , then a
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series form solution is necessary.

Figure 5.2.2: The calculation result of c based on varying values of ξ with h1 = 1,ν1 = ν2 = 0.3.
Figure 5.2.2 illustrates the relation between the first root of c and ξ. With the increase of
h2 from 0.01h1 to 100h1 , the value of c is illustrated in the log coordinate of ξ for the three
cases of E1 /E2 = 100, 1, 1/100. With the increase of ξ, the value of c decreases to zero.
Notice that c has dimension of “length−1 ”, so that its value depends on the length scale of
h1 and h2 .
In addition, Eq. (5.2.12) provides the relation between F1 and F2 as

F2 = F1

cos (d1 h1 )
.
cos (d2 h2 )

(5.2.16)

The last two equations in (5.2.11) are rewritten to determine f1 (x) and g2 (x) as follows:
"

#

sin (d2 h2 )
ν2 u
(1 − 2ν2 )
F2 c cosh (cx)
+ h1 −
ε h1 + g2 (x)
2 (1 − ν2 )
(1 − 2ν2 ) d2
1 − ν2 x


1
F1 c
u
sin (d1 h1 ) cosh (cx) + εx h1 + f1 (x) h1 ,
= −
2 (1 − ν1 ) d1

(5.2.17)
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and
E1
1
1 − ν1
− [F1 c cos (d1 h1 ) cosh (cx) + εux ] +
f1 (x)
1 + ν1
2
1 − 2ν1
E2
F2 c cosh (cx) [1 − cos (d2 h2 )] .
=
2 (1 + ν2 )




(5.2.18)

From Eq. (5.2.18),
E2 (1 + ν1 ) (1 − 2ν1 )
F2 c cosh (cx) [1 − cos (d2 h2 )]
2E1 (1 + ν2 ) (1 − ν1 )
1 (1 − 2ν1 )
+
[F1 c cos (d1 h1 ) cosh (cx) + εux ] ,
2 (1 − ν1 )

f1 (x) =

(5.2.19)

and from Eq. (5.2.17),
"

ν2 u
(1 − 2ν2 )
sin (d2 h2 )
g2 (x) =
εx h1 −
+ h1
F2 c cosh (cx)
1 − ν2
2 (1 − ν2 )
(1 − 2ν2 ) d2


1
F1 c
sin (d1 h1 ) cosh (cx) + εux h1 + f1 (x) h1 .
−
2 (1 − ν1 ) d1

#

(5.2.20)

All that remains are the solutions for the constants F1 and εux . The principle of stationary
potential energy is used to determine these two constants. Because the stresses within the
0 applied in the substrate while no external load
coating system are caused by the load σxx

is applied in the y-direction, it is assumed that the stress σyy  σxx . This assumption may
not be accurate near the edge but is reasonable in the zone away from the edge. Using this
assumption, the stress σxx can be approximated from Eq. (3.2.3) as,
σxx ∼
=

Ei ux,x
, (i = 1, 2) .
1 − νi2

(5.2.21)

0 can be taken as an average stress of the resultant force distributed in the
Notice that σxx

cross section of the substrate. The Saint Venant principle will guarantee the accuracy for
the zone away from the edge. This approximation provides flexibility for application in the
periodic opening-mode fracture analysis that follows, where the stress distribution in Layer
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1 is difficult to obtain, but the resultant force is known.
The strain energy density of a material point in the coating system is from two stress
components, σxx and τxy . Using the third equation in (3.2.3) and Eq. (5.2.21), the strain
energy in the coating system is obtained as

U = 2

ˆh1 ˆλ E u1 2
1
x,x


2 1 − ν12

0 −λ
hˆ
1 +h2ˆλ

+ 2



−λ

+

E2 u2x,x


h1





E1 u1x,y

4 (1 + ν1 )

2

2 1 − ν22



2

dxdy



+

E2 u2x,y

2

4 (1 + ν2 )

(5.2.22)

dxdy.

Substituting Eqs. (5.2.4) and (5.2.6) into the above equation,
U = M F12 + 2N εux F1 + L (εux )2 ,

(5.2.23)

where
#



c2 sinh (2cλ)
E2 h2 cos2 (d1 h1 )
E1 h1 


M =
+ λ 
+
2
2c
1 − ν22 cos2 (d2 h2 )
1 − ν12
"

c2 sinh (2cλ)
E2 h2 (1 − ν2 ) cos2 (d1 h1 )
−λ
+
2
2c
(1 + ν2 ) (1 − 2ν2 ) cos2 (d2 h2 )
#
E1 h1 (1 − ν1 )
+
(1 + ν1 ) (1 − 2ν1 )
"

#"

#

c2 sinh (2cλ)
E1 sin (2d1 h1 )


+
+λ 
4
2c
d1 1 − ν12
"

−



E1 (1 − ν1 ) (1 − 2ν2 ) sin (2d1 h1 )
d1 (1 + ν1 ) (1 − 2ν1 ) (1 − 2ν2 )2
1

#

,

(5.2.24)



d1
 sinh (cλ) sin (d1 h1 ) ,
−
N = 2E1  
2
2
d2 (1 + ν1 ) (1 − ν2 )
d 1 1 − ν1

(5.2.25)

and
!

E1 h1
E2 h2
L=2
+
λ.
2
1 − ν1 1 − ν22

(5.2.26)
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The work done by the external tensile load is written as
ˆh1

"
0 1
ux (λ, y) dy
σxx

W =2

0
= 2σxx

#

εux h1 λ +

0

F1 sin (d1 h1 ) sinh (cλ)
.
d1

(5.2.27)

Using the principle of stationary potential energy Π = U − W ,
∂Π
∂Π
= 0 and u = 0,
∂F1
∂εx

(5.2.28)

or
0 sin (d h ) sinh (cλ)
2σxx
1 1
,
d1

2M F1 + 2N εux =

(5.2.29)

and
0
2N F1 + 2Lεux = 2σxx
h1 λ.

(5.2.30)

Solving the above two equations results in







−1 



F1 

M N 

εux

N


=
 

L






0
2σxx
sin(d1 h1 ) sinh(cλ)


d1





0 h λ
2σxx
1

.

(5.2.31)

Therefore, a closed form solution for the coating system is obtained with the combination
of displacements in Eqs. (5.2.4), (5.2.5), (5.2.6) and (5.2.10) along with the parameters solved
by Eqs. (5.2.31), (5.2.14), (5.2.16), (5.2.19), and (5.2.20).

5.2.3

Verification with Finite Element Results

In order to observe the effects of this solution’s simplifications used to derive the elastic
fields, a FEM model is used as comparison. The basic geometry used for this model is
h1 = 2h2 = λ/5, where h1 is chosen to be 1. A load of 1000 N/m is applied as a uniformly
distributed pressure along the substrate. Moreover, both materials have the same Poisson
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ratio of ν1 = ν2 = 0.3. The effects of material stiffness mismatches is set by having E1 =
200GP a, and the ratio of E1 /E2 varied by: 10, 3, 1, 1/3, and 1/10. The FEM model was
made using ABAQUS. For each model, a uniform mesh of approximately 14,000 nodes is
assembled, using quadrilateral plane strain elements using quadratic formulation.

Figure 5.2.3: Comparison between the displacement in the x-direction for the analytical
solution and the FE model when along 0 ≤ x ≤ λ for y = 0 (h1 = 2h2 = λ/5)
Figures 5.2.3 to 5.2.5 show the FEM and analytical solution comparisons for the distribution of displacement ux along the x-direction at different vertical locations. It is observed
that despite varying the stiffness mismatch from stiffer to a more compliant substrate, the
FEM and the analytical results agree very well. When the coating is compliant, the coating
produces very minor effects on the deformation of the substrate. Therefore, in Figure 5.2.3,
ux is almost linear for the cases that E1 /E2 = 10 and 3. Along the surface, the displacement
in Figure 5.2.5 is almost linear in the central part, but the slopes decrease in the region close
to the fracture end.
Figures 5.2.6 and 5.2.7 show the effect of fracture spacing and coating thickness on the
shearing stress and the x-displacement, when E1 /E2 = 3. For larger fracture spacings, the
shearing stress remains near zero for a long range and then increases significantly in the
region close to the fractured end, which is follows the expected singularity effect due to the
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Figure 5.2.4: Comparison between the displacement in the x-direction for the analytical
solution and the FE model when along 0 ≤ x ≤ λ for y = h1 (h1 = 2h2 = λ/5)
material differences along the fractured end. These results show that the analytical solution
is quite capable of capturing the physical effects of the loading prescribed.
Notice that in Figures 5.2.3-5.2.7, the difference between the analytical solution and the
FEM results in the region close to the fractured end is more considerable than that in the
other regions. This is due to the plane assumption and the use of the principle of stationary
potential energy to determine the unknown constants. If a series form solution were to be
used, the boundary condition could be exactly satisfied. Further studies with regard to the
series form solution are currently underway.

5.2.4

Opening-mode Fractures in the Coating

0 , opening-mode fractures
When a coating system is subjected to an increasing load σxx

(OMFs) form in the coating layer with approximate uniform fracture spacing 2λ (see Figure
0 continues to increase to a critical value σ cr , another opening-mode fracture
5.2.8). When σxx
xx

(OMF) may form along the central line between two original fractures. Figure 5.2.8 shows
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Figure 5.2.5: Comparison between the displacement in the x-direction for the analytical
solution and the FE model when along 0 ≤ x ≤ λ for y = h1 + h2 (h1 = 2h2 = λ/5)
the upper half of the coating system with a unit width in which a new fracture forms in the
cross section of the coating layer between two original fractures under a critical tensile load
cr . Though the coating layer fractures, the substrate layer remains intact. The fracture
σxx

energy released by the new fracture can be calculated by the stress necessary to close a newly
formed fracture. Consider the displacement of the base layer as an average displacement to
find the value of δ. The crack opening displacement can be shown to be
h
ˆ1

δ (y) = 2  u1x

!


!
λ

,y ,

λ
, y dy − ū2x
2
2

(5.2.32)

0

where u1x (λ, y) = F1 cos (d1 y) sinh (cy) + εux λ and ū1x (λ, y) = F̄1 cos (d1 y) sinh



cy
2



+ ε̄ux λ2 , in

which the bars over u1x , ε̄ux , and F1 differentiate the calculation based on the new coating
length λ from those based on the length 2λ. From Eq. (5.2.31), F̄1 can be written as
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=
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0
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0 h λ
σxx
1

.

(5.2.33)
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Figure 5.2.6: Comparison between the shearing stress for the analytical solution and the FE
model when along 0 ≤ x ≤ λ at the interface y = h1 for varying values of λ (h1 = 2h2 )
where
#



E2 h2 cos2 (d1 h1 )
E1 h1 
c2 sinh (cλ)


+ λ 
+
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c2 sinh (cλ)
E2 h2 (1 − ν2 ) cos2 (d1 h1 )
+
−λ
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(1 + ν2 ) (1 − 2ν2 ) cos2 (d2 h2 )
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E1 h1 (1 − ν1 )
+
(1 + ν1 ) (1 − 2ν1 )
"
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c2 sinh (cλ)
E1 sin (2d1 h1 )


+
+λ 
8
c
d1 1 − ν12
"

−



E1 (1 − ν1 ) (1 − 2ν2 ) sin (2d1 h1 )

#

d1 (1 + ν1 ) (1 − 2ν1 ) (1 − 2ν2 )2


1

(5.2.34)

,

!

d1
cλ
 sinh
−
N̄ = 2E1  
sin (d1 h1 ) ,
2
d2 (1 + ν1 ) (1 − ν2 )
2
d1 1 − ν12

(5.2.35)

and
F̄2 = F̄1

cos (d1 h1 )
.
cos (d2 h2 )

(5.2.36)
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Figure 5.2.7: Comparison between FE and analytical results for the x-displacement along
the interface for varying coating thicknesses when h1 = λ/5, and h2 /h1 = 1, 0.3, 0.1, 0.03
The crack opening displacement in Eq. (5.2.32) can be rewritten as
(

δ (y) = (εux − ε̄ux ) λ +

)

!

cλ
2F1 sin (d1 h1 )
− 2F̄2 cos [d2 (h1 + h2 − y)] sinh
.
d1 h1
2

(5.2.37)

The stress necessary to close this crack opening displacement is the normal stress along the
plane of symmetry, or
2
σx (y) = σxx
(0, y) ,

or
σx (y) =

E2 {2εux + cF2 ν2 − cF2 (ν2 − 2) cos [d2 (h1 + h2 − y)]}




2 ν22 − 1

.

(5.2.38)

The energy release rate of the crack front ca be obtained as the work done to close the crack
opening displacement (Beuth, 1992), namely

1
G=
2h2

hˆ
1 +h2

σx (y) δ (y) dy.

(5.2.39)

h1

Notice that the singularity effect of the stress distribution in the intact substrate under
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the fracture is not considered and thus the average stress is used in the above equations.

Figure 5.2.8: Fracture infilling between two original fractures at a critical tensile load (a unit
width of the coating is used)
The energy release rate can therefore be calculated by inserting Eqs. (5.2.37) and (5.2.38)
into Eq. (5.2.39) to get
(

!

cλ

 sinh
G =
d1 (ε̄ux − εux ) h1 λ
2
2
4d1 d2 h1 h2 ν2 − 1
E2

× [d2 h2 (2εux + cF2 ν2 ) − cF2 (ν2 − 2) sin (d2 h2 )] + 2F2 sin (d1 h1 )
× [cF2 (ν2 − 2) sin (d2 h2 ) − d2 h2 (2εux + cF2 ν2 )] +

d2 F̄2 h1
2

× [4 (2εux + cF2 ν2 ) sin (d2 h2 ) − cF2 (ν2 − 2) (2d2 h2 + sin (2d2 h2 ))]} .

(5.2.40)

Although different failure criteria exist in the literature, fracture toughness has been
widely accepted as a material constant and used for fracture analysis. Once the fracture
toughness of the fractured layer material is provided as Γcr , it can be used to determine
whether any new fractures will be induced or not. If the energy release rate of the potential fracture is equal to or higher than the fracture toughness, the fracture will nucleate.
Therefore, the following criterion is used to predict the fracture spacing as the external load
changes:

G ≥ Γcr .

(5.2.41)
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5.2.5

Results and Discussion

The proposed theory does not provide an exact solution. The assumptions and approximations adopted may impose some limitations on the application of the formulation. In
summary, the following aspects are highlighted for the strengths and weaknesses of this
theory:

• Because all the points in the same plane perpendicular to y axis are assumed to keep
in the same plane during deformation as Eq. (3.2.1), the decoupled governing equation
of ux is obtained. This assumption imposes a limitation that this model does not take
into account of the curvature of the layered materials, which can be well addressed
through the Stoney’s theory (Freund and Suresh, 2003; Stoney, 1909). Combination of
these two theories considering both bending moment and axial load may provide some
new perspectives of the stress transfer in layered materials, which will be investigated
in future work.
• To obtain an explicit, analytical solution for the governing equation, the boundary
condition along the end surface of the coating system is not exactly satisfied. Using
the principle of stationary potential energy provides a way to obtain a closed-form,
simple solution without the loss of generality. However, it makes the stress field around
the loading edge inaccurate; whereas the accuracy in the zone away the edge can be
guaranteed by the Saint Venant’s Principle.
• The parameters c, d1 , and d2 are determined by the interfacial continuities. However,
currently only the first root of Eq. (5.2.14) is considered. If a series form solution
is used with all roots, boundary conditions at the loading end can be exactly satisfied. However, the accuracy cannot be guaranteed due to the plane assumption used.
This series form solution is necessary when considering a material coating which is
significantly thinner than the substrate, i.e. h2  h1 .
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• If multiple layers are considered, a series form solution is used to satisfy interfacial
continuity.

Due to the above-mentioned assumptions, the singularity effect at the fracture tip cannot be
exactly included, and the stress and strain distributions along the fractured surface cannot be
accurately obtained. Therefore, when the fracture distribution is very dense–such as λ/h <
0.5–this solution may not be accurate because of the end effect. Despite these limitations,
this model can be used for various structural analyses associated with layered materials, such
as the effective modulus reduction due to opening-mode fractures.

Elastic Modulus Reduction Due to Opening-mode Fractures
When a layered material is subjected to an increasing tensile load, the elastic modulus
may decrease when opening-mode micro-cracks are induced with a uniform pattern, as investigated with the shear lag model (Nairn and Mendels, 2001). The proposed theory can
be used to predict the elastic modulus reduction due to OMFs. Consider the coating system
in Figure (5.2.2). From the relation between P and ux (λ, 0) in Eq. (5.2.4) for a uni-axial
loading condition, the effective Young’s modulus E ∗ can be obtained as

∗

E =

P
h1 +h2
.
F1 sinh(cλ)
u
+
ε
x
λ

(5.2.42)

For a long layered material (λ → ∞), the effective Young’s modulus, namely E 0 , can be
written as

E0 =

P
h1 +h2
εux

.

So that the modulus reduction ratio due to OMFs can be written as

(5.2.43)
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E0
F1 sinh (cλ)
,
= 1+
∗
E
εux λ

(5.2.44)

where F1 and εux are given in Eq. (5.2.31). Shear lag models have been widely used to
solve this problem by introducing some predefined shape functions of the shear stress in the
thickness direction, and the modulus reduction ratio is written in the form of (Nairn and
Mendels, 2001)
E0
h2 E2 tanh (βλ)
,
= 1+
∗
E
h1 E1
βλ

(5.2.45)

where β is typically determined by the shape function of shear stress distribution or calibrated
by the FEM. Nairn and Mendels (2001) showed that a linear shape function has provided
good agreement with FEM results where the difference of shearing moduli between two layers
are not very large. In that case, β can be written by

β

v
u 1
u
u
= t E1 h1
h1
3G1

+ E21h2
h2
+ 3G
2

(5.2.46)

.

Notice that Eq. (5.2.45) is based on the plane stress problem; whereas Eq. (5.2.44) is
based on the plane strain problem. To compare both equations, Eqs. (5.2.45) and (5.2.46)
should be based on the Young’s moduli for plane strain problem as Ēi =

Ei
.
1−ν12

Because the

proposed theory does not impose any assumption to the shear stress distribution, it should
be applicable to more general situations. Figure 5.2.9 shows the modulus reduction for the
same coating system in Figure 5.2.10. The substrate has a thickness of 2h1 = 5 µm, a unit
width, and the coating has a thickness of h2 = 0.25,1,and 4 µm, respectively. For each case
of the coating thickness, the results of Eqs. (5.2.44) and (5.2.45) have been compared with
the FEM results.
Interfacial Compliance of Bilayered Materials and Parameter c
One popular method to study the stress transfer in bilayered materials is to assume a
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Figure 5.2.9: Modulus reduction curves for analytical, numerical and experimental simulations with a log scale on the y axis
frictional interface, through which the shear stress is proportional to the displacement. A
spring constant or an interfacial compliance–which are reciprocals to one another–has been
introduced to describe the constitutive relation of the interface. For example,

ux (x, h1 ) = −kτxy (x, h1 ) ,

(5.2.47)

where k is the interfacial compliance. Due to the continuity along the interface of the shearing
stress, the results in Eq. (5.2.6) and the third equation in Eq. (3.2.3) can with no loss of
generality result in
2 (1 + ν2 )
k=
E2

"s

#

1 − 2ν2 x cosh (cλ)
1
−
.
2 (1 − ν2 ) h2 d2 sinh (cx) d2 tan (d2 h2 )

(5.2.48)

In general, the interfacial compliance is not constant along the interface. However, the
interfacial compliance can be written in a polynomial form as
"

#

 
2 (1 + ν2 ) cosh (cλ)
1 2 2
1
k=
1
−
c
x
+
O
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2
E2
h2 d2
6
d2 tan (d2 h2 )




(5.2.49)
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When c is small, such as a thin film deposited on a thick substrate with dense OMFs, it is
approximately c →
of

x
h1 ,

π
h1

r

1−2ν1
2(1−ν1 )

and d2 =

π
h1

r

(1−2ν1 )(1−ν2 )
(1−ν1 )(1−2ν2 ) .

Disregarding higher order term

results in
"

#

2 (1 + ν2 ) cosh (cλ)
1
k=
−
.
2
E2
h2 d2
d2 tan (d2 h2 )

(5.2.50)

Notice that the interfacial compliance is also related to the loading condition. If the load
is applied at the coating layer and transferred to the substrate, a similar type of interfacial
compliance can be derived, where the material parameters and geometries would be switched.
When this solution is superposed with a uniform tensile or compressive deformation, the
shearing stress keeps the same while the displacement will independently change with the
uniform deformation. This makes the interfacial compliance difficult to be defined for general
cases. Previous models based on the frictional interface Yin et al. (2008b) disregarded the
deformation in the substrate and provided the equivalent interfacial compliance equal to the
second part of Eq. (5.2.50). If a uniform deformation is applied with equivalent strain −εux
in Eq. (5.2.6), the interfacial compliance is obtained as it was in the previous one. In this
case, the interfacial compliance can be correlated to the parameter c. In Yin et al. (2008b),
c was defined in a slight different way that it is dimensionless. If it is transformed to the
same physical mean of c here, written as c̃, its form should be

c̃ =
where g (α, β) ≈

1.258−0.4α−0.26α2 −0.3α4
1−α

2
,
πg (α, β) h2

with α =

E2 (1−ν12 )−E1 (1−ν22 )
E2 (1−ν12 )+E1 (1−ν22 )

(5.2.51)
(Beuth, 1992; Yin et al.,

2008a). However, c is obtained by Eq. (5.2.14), which depends on the elastic moduli and
thicknesses of both the film and the substrate. Figure 5.2.10 illustrates the comparison of
the parameter c obtained by Eqs. (5.2.14) and (5.2.51). Here using h2 = 1, ν1 = ν2 = 0.3, c
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Figure 5.2.10: Value of c calculated from Eq. (5.2.14) versus the value of c̃ calculated from
Eq. (5.2.51), as the ratio of E2 /E1 increases
is drawn changing with E2 /E1 for three cases h1 = 1, 10, and 100.

5.3

Stress Analysis of Thin-Coating/Substrate Systems

The stress analysis for the coating/substrate system in Section 5.2 is only valid for cases
where the coating thickness is comparable to the substrate thickness. For the special case of
h2  h1 , the substrate layer is more accurately modeled as a semi-infinite body. Therefore,
a one-body analysis needs to be conducted based on a frictional interface between the two
surfaces while disregarding the substrate thickness. This formulation is not as accurate as the
two-body solution developed in Section 5.2 for thicker coatings, but it is very effective when
considering the fracture of a thin material coating. The coating/substrate is still analyzed
as a 2D plane strain problem.
Consider a thin coating of thickness h, Young’s modulus E1 and Poisson’s ratio ν1 attached to a substrate with Young’s modulus E0 and Poisson’s ratio ν0 (shown schematically
in Figure 5.3.1). A lateral strain ε0x causes the coating to form parallel opening mode fractures spaced by 2λ. Due to the periodicity of the fractures, only a simplified section of this
system needs to be analyzed, shown in Figure 5.3.1 as body a. Using superposition, this
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Figure 5.3.1: Schematic for the the thin-coating/substrate analysis
simplified body is divided into a uniform analysis (indicated as body b) and a constrained
analysis (indicated as body c). The displacement fields of the coating layer are analyzed
for the two individual bodies, and then combined by using superposition. Body b yields a
simple uniform strain, where the displacement in the x-direction is given by ux (x) = ε0x x.
The derivation for the constrained body–i.e. body c–is more involved. Since this formulation
only considers the material coating (where the substrate is only taken into account through
the interfacial compliance), the displacement in the y-direction is independent of x. That is,

uy (x, y) = uy (y) ,

(5.3.1)

note that there is no need to differentiate between the layers since deformation is only looked
at in the coating layer. Due to this simplification, only the equilibrium equation in the xdirection of Eq. (3.2.5) needs to be considered. As such, the displacement in the x-direction
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for the coating can be solved by


ux (x, y) = A1 e

cx
h

+ A2 e

− cx
h



"

!

dy
dy
B1 sin
+ B2 cos
h
h

!#

,

(5.3.2)

where A1 , A2 , B1 , and B2 are constants decided by the boundary conditions. Moreover,
r

d=





E1 /µ1 c 1 − ν12 (where µ1 is the shear modulus of the coating), and the variables x and

y are normalized by the coating thickness. Similar to the previous analysis, the displacement
at x = 0 and the shear stress at y = h are assumed to be zero. This simplifies Eq. (5.3.2) to
1−y
cx
cos d
ux (x, y) = F sinh
h
h




 



(5.3.3)

.

Since the strain is applied to the fractured surface of the coating, this boundary is satisfied
by a weak form boundary condition where
1
h

ˆh
σx (λ, y) dy = −
0

E1
ε0 .
(1 − ν1 ) x

(5.3.4)

Therefore, the constant F is given by

F

v
u
u 2 (1 + ν1 )

= −t 

hε0x

1 − ν12 cosh



cλ
h



sin (d)

(5.3.5)

.

Combining the solutions for body b and body c gives the final displacement of the coating
layer as
ux (x, y) = ε0x x + F

y
cs
cos d 1 −
sinh
h
h




 



(5.3.6)

.

Using the constitutive law from Eq. (3.2.3), the normal stress and the shear stress within
the coating are

σxx (x, y) =

E1


1 − ν12




ε0x +

Fc
cx
y
cosh
cos d 1 −
h
h
h




 



,

(5.3.7)
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and
µ1 F d
cx
y
τxy (x, y) =
sinh
sin d 1 −
h
h
h




 



.

(5.3.8)

The last remaining unknown is the constant c. In the previous solution, c came from
the continuity of the shear stress along the interface of the two materials. Since a frictional
interface is considered, the shear stress is assumed to be related to a constant, or

τxy (x, 0) = µ1 ux,y (x, 0) = kux ,

(5.3.9)

where k is the spring coefficient. While the parameter k can be directly solved for by inserting
Eq. (5.3.6) into Eq. (5.3.9) to get

d tan d =

kh
; and c =
µ1

v

u
u 1 − ν2
1
t

2 (1 + ν1 )

d,

(5.3.10)

the parameter c is solved for in Eq. (5.2.51) by comparing the subsequent fracture analysis
to a benchmark problem where λ → ∞, or

c=

2
.
πg (α, β)

(5.3.11)

A detailed formulation for the meaning of this constant can be found in Yin et al. (2008b).
With Eqs. (5.3.6), (5.3.5) and (5.3.11), the specific thin coating solution is complete.

5.3.1

Opening-mode Fractures in the Coating

Though the stress and displacement fields can be shown to be quite accurate, this analysis
is intended for understanding the fracture mechanics of a thin material coating. When the
external mechanical loading in the substrate increases, a steady-state channeling crack will
initiate at the middle section between two adjacent fractures (see Figure 5.2.8). Following
the same fracture analysis as for the thick case, the stress necessary to close a newly formed

136
fracture is calculated to be the tensile stress along the plane of symmetry, or from Eq. (5.3.7),
h 



σx (0, y) = 1 −

d cos d 1 − hy
cos



cy
h
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sin d



E1 ε0x
1 − v12

(5.3.12)

.

Far behind the crack front, the section is cracked into two pieces, and the elastic field is
solved by replacing λ for λ/2 in Eq. (5.3.6). Therefore, the crack opening displacement is
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u
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u
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 hε0x
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(5.3.13)

Following the formulation shown in Eq. (5.2.39), the energy release rate of the crack front
can be obtained to be


G=

h ε0x
c

2 "

!

cλ
cλ
2 tanh
− tanh
2h
h

!#

.

(5.3.14)

Experimental Comparison
In order to show the capability of this formulation, consider a PrBa2 Cu3 O7−x film bonded
to a SrTiO3 substrate, which was investigated in Thouless et al. (1992); Yin et al. (2008b).
The substrate SrTiO3 has elastic constants E1 = 267GP a and ν1 = 0.24. The coating
PrBa2 Cu3 O7−x has elastic constants E2 = 102GP a and ν2 = 0.32. Through the deposition process of the coating, the substrate was subject to a residual strain of ε0x = 0.02. The
fracture toughness of the material coating was estimated to about Γf = 6.5 Jm−2 . The
thickness of the substrate was about 1 mm while the coating thickness was on the order of
0.1 µm. With an order of 1 × 10−4 difference between the two layers (which certainly constitutes h2  h1 from Section 5.2), the formulation in section 5.2 would be unable to account
for the thin film properties. Therefore, it is necessary to use the previous solution where the
substrate is only considered through its misfit elastic properties and not its thickness.
The coating was deposited in different thicknesses, resulting in different fracture spacings.
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It was observed that as the material thickness decreased, so did the fracture spacing (as is
expected). But, there exists a critical thickness, where a coating lower than this thickness
would not fracture. Using the formulation for the energy release rate in Eq. (5.3.14) and
adhering to the criteria in Eq. (5.2.41), this model is used to predict the relationship between
coating thickness and crack spacing for three different fracture toughnesses. Figure 5.3.2
shows the experimental results from Thouless et al. (1992) superposed above the analytical
results obtained through use of this solution. The vertical black line indicates the estimated
critical thickness of the material coating, where no new fractures form below this value. Note
that the analytical solution provides a very similar estimate for the critical thickness when
the fracture toughness is set to Γcr = 6.5 Jm−1 .

Figure 5.3.2: Comparison of experimental data from Thouless et al. (1992) and the proposed
analytical solution
This model approximates the previous two-body solution by only considering an interfacial friction as the interaction between the coating and the substrate. As a result, this model
can account for significantly thinner material coatings without serious loss of accuracy.
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5.4
5.4.1

Anodized Aluminum Experiment
Overview

An experiment is designed to further explore the fracture analysis developed in Section
5.3. A ductile plate is coated with a thin brittle material, and then subject to a uniform
tensile load. The proposed theory of stress transfer will be used to explain the opening-mode
fractures that form perpendicular to the direction of loading within the material coating.
Moreover, the phenomenon of fracture saturation and the coating’s critical thickness will
also be explored in the context of this new formulation.

Figure 5.4.1: 2D Profile for test specimen
This experiment uses an Aluminum plate with a brittle Aluminum Oxide (Al2 O3 ) coating
(also called Alumina) grown through the process of anodization. The basic geometric system
is idealized in Figure 5.4.1. As will be seen in the initial results however, the thickness of
the alumina coating is significantly smaller than the substrates, meaning that the solution
of Section 5.3 needs to be used, considering a geometry much like that in Figure 5.3.1.
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Figure 5.4.2: Three dimensional schematic of layered material testing

5.4.2

Experimental Parameters

Anodization
This experiment relies on the process of anodization, which is the controlled corrosion of
aluminum. Anodization creates a thin brittle alumina coating, forming a layered composite
similar to that in Figure 3.2.1. For anodization, a highly pure aluminum alloy (AA1050,
which is 99.5% Al) serves as an anode while lead serves as the cathode in an electrolyte bath
often composed of sulfuric acid and water. With a standard current and voltage, the rate
upon which the alumina grows varies with time. For a typical anodization process, the rate
upon which the alumina grows has been estimated to be about νmean = 2.27 ± 0.09 µm · h−1
(Zaraska et al., 2010). This rate is not absolute and is independent of the sample thickness.
Therefore, by varying the time of anodization, the brittle material coating thickness can be
controlled. Once the alumina layer has been grown to its final thickness, the assembly will
look something like that in Figure 5.4.2.
Electrolyte
Composition (wt.)

Current

V

Temp.
(o C)

Treatment
Time (min)

H2 SO4 20%

d.c. 1-2

14-22

18 - 25

Up to 60

A/dm2

Color
Transparent,
Colorless

Film
Thickness
< 35 µm

Table 5.1: Parameters for “Alumilite”
The process of anodization used in this experiment is called “Alumilite, Eloxal GS”,
whose anodization parameters are explained further in Table 5.1. It has been suggested that
the anodization process creates an alumina layer in two forms. That is, from the original
border of the aluminum, there is a growth of alumina shown as a thickness of dgrowth . The
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other layer is called penetration, where the alumina layer extends into the original aluminum
boarder, this thickness is dpenetration . In most cases, it is assumed that there is a 1:1 ratio of
these two thicknesses, where dgrowth = dpenetration . Therefore, if the original thickness of the
aluminum is H, and after anodization the thickness is H 0 , then the thickness of the alumina
layer is simply





halumina = 2 H 0 − H .

(5.4.1)

Eq. (5.4.1) can indeed be used to approximate said alumina layer thickness; however,
more precise methods exist.

Coating Thickness Determination
A pulsed eddy-current instrument, or PEC, is a device that can determine the thickness of
a non-conducting layer above a non-ferrous substrate (Tai et al., 1996). Since the aluminum
substrate used in this experiment is non-ferrous and the alumina coating is non-conducting,
the PEC device can accurately determine the coating thickness to a resolution of about
0.01µm. Using a Fischer DUALSCOPE-FMP20 (see Figure 5.4.8) PEC device, these alumina
layer thicknesses are determined.
Loading Process
Once the plate samples have been made, the tensile loading process is critical for the
development of the measured opening mode fractures. Based on Ochiai et al. (2005), the
plate should be loaded until the ultimate strength of the composite is reached. Since the
alumina layer will fracture through its entire layer, the entirety of the stress will be carried
through the in tact aluminum layer. That is, when the aluminum layer has thickness h1 , the
ultimate stress of the composite σcU will be written in terms of the ultimate stress of the
aluminum σAU and the volume fraction of aluminum to alumina VA , or
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σcU = VA σAU .

(5.4.2)

Despite the prediction made in Eq. (5.4.2), Ochiai et al. (2005) found that the alumina
layer added a small strengthening effect despite the multiple cracking. This is though to
stem from the constraint (tri-axial stress) effect, as seen in Al2 O3 /Al composites and FeAl
coatings. The literature also suggests that the interfacial strength of this union is about
90 M P a. Figure 5.4.9 shows a specimen being loaded. In this experiment, the samples
will be loaded to a set stress, ensure fracturing of the coating but without approaching the
ultimate stress of the aluminum substrate.
Experimental Materials

Figure 5.4.3: Materials used in anodization process
The materials used are shown in Figure 5.4.3 and are indicated by the numbers given
below:

1. Power supply - around 15 V and 1 Ampere

(a) about 12 V and about 12 A per square foot
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2. 4 Aluminum Alloy 1100 plates (304 mm × 304 mm) with varying thickness of: 4.8 mm,
3.0 mm, 2.2 mm, and 1.4 mm.
3. Sulfuric Acid (H2 SO4 ) - using a 20% by weight mixture with filtered water.
4. Large glass container
5. 2 Lead cathode - with a surface area exceeding 2.2 dm2
6. Sulfuric acid resistant tape (to keep Al ends pure for Instrom device) - use polyester
masking tape
7. Connecting cables to anode and cathode - use 12 gauge Al wire, tap into plate sample
8. Multimeter to current and voltage of anodization
9. Thermometer to monitor electrolyte temperature
10. Acetone to clean aluminum plates
11. Polish and 1200 grit sandpaper to smooth aluminum plates
12. Instrom 5984 34k Universal Testing Machine
13. Hitachi 4700 Scanning Electron Microscope (SEM)
14. Fischer DUALSCOPE-FMP20 PEC device

Specimen Parameters
The aluminum alloy is oxidized to create a thin layer of Aluminum Oxide. The material
Properties of each material is given in Table 5.2.
Aluminum Alloy 1100
Young’s Modulus,
Poisson’s Ratio,
Aluminum Oxide
Young’s Modulus,
Poisson’s Ratio,
Fracture Toughness,
Yield Stress,

Material Property
E1 = 68.95 GP a
ν1 = 0.33
Material Property
E2 = 51.6 GP a
ν2 = 0.25
√
KIC = 4 M P a m
σY S = 32 M P a

Table 5.2: Material properties of aluminum sublayer and aluminum oxide coating (Acccuratus Ceramic Corporation, 2011; Ochiai et al., 2005; McMaster-Carr, 2010)
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Each plate has a width of B = 0.5 in or B = 12.7 mm. Therefore, a total of 24 samples
are made for each aluminum plate available. For a given aluminum thickness, four plates are
kept in the anodizing bath for the same duration, making six possible sets of four, resulting
in 96 different samples. Table 5.3 gives the names of each sample given the original thickness
of the plate and the time left in the anodizing bath. For each case, there are four different
samples, labeled a - d. That is H3 t2 b is the second sample from the plate of original thickness
2.2 mm that was left in the anodizing bath for time t2 . With that, all test samples should
be kept track of in this fashion. The time left in the anodizing bath will be further explored
and discussed in the following section.
Thickness\Time
H1 = 4.8 mm
H2 = 3.0 mm
H3 = 2.2 mm
H4 = 1.4 mm

t1 = 5 min

t2 = 30 min

t3 = 15 min

t4 = 120 min

H1 t1 (a − d)
H2 t1 (a − d)
H3 t1 (a − d)
H4 t1 (a − d)

H1 t2 (a − d)
H2 t2 (a − d)
H3 t2 (a − d)
H4 t2 (a − d)

H1 t3 (a − d)
H2 t3 (a − d)
H3 t3 (a − d)
H4 t3 (a − d)

H1 t4 (a − d)
H2 t4 (a − d)
H3 t4 (a − d)
H4 t4 (a − d)

Table 5.3: Nomenclature for samples made for testing, where for a given time in anodizing
bath and original material thickness, there are four samples.

5.4.3

Test Procedure

Aluminum Plate Preparation
The four plates are stacked on top of one another and are cut into 0.5 in wide sections (or
12.7 mm) with a stationary bench saw. The remaining part of the plate is too thin for this
saw, and it must be finished with a standard bench saw. The thinner plates are sliced with
a shearing bench. Each bar is labeled carefully with colored tape, and then covered with
acid-resistant tape (see Figure 5.4.4).
A small hole is drilled into the top of the plate, allowing the anode to be connected to
the power source through an aluminum wire. The hole must be small enough such that
Saint-Venant’s principle holds and the far field stress from this hole is that of the uniform
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plate when loaded. The aluminum wire also serves as a means for suspending the sample
while being anodized.

Figure 5.4.4: Sample labeling

Anodization
The anodization process is developed with the assistance of Wernick et al. (1987); Na et al.
(2009); Newman (2011), and shown in Figures 5.4.5-5.4.7. The electrolyte solution is composed of 20% Sulfuric Acid and 80% distilled water by weight making a total of 5 liters.
It is left to cool since the process of adding the acid to the water causes the electrolyte
solution to heat up quickly. Sodium bicarbonate is kept near the solution to neutralize any
spills. A anodization tank is prepared by using a 5 liter glass beaker with Teflon supports
manufactured to hold the anode and the cathode in place. The Teflon ensures that the lead
cathodes are symmetrical spaced around the aluminum anode, thereby creating a uniform
alumina layer during anodization.
The previously prepared aluminum samples are polished and cleaned with 1200 grit sand
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paper. Acetone is then rubbed on the surface of the aluminum samples, and each sample
is then rinsed in distilled water. The aluminum bars are labeled with regular masking tape
and then covered with acid resistant tape such that three inches on the bottom and three
inches on the top of the sample are covered (these three inches correspond to the grip length
that will be used by the Instron Universal Testing Machine).

Figure 5.4.5: Anodization workstation
The sulfuric electrolyte solution is placed inside the test beaker followed by the two
lead cathodes that were previously prepared. The aluminum sample is suspended in the
electrolyte solution by use of the aluminum wire. The aluminum anode and the lead cathode
are held in place by the Teflon supports previously assembled. The positive connection of the
power supply is connected to the aluminum wire attached to the aluminum anode as is shown
in Figures 5.4.5 and 5.4.6. The negative connection is split and connected to the two lead
cathodes in the electrolyte solution. The power supply is turned on to 15 volts. Immediately
after turning the power on, bubbles begin to form on the lead cathode, where the water
molecules are broken into hydrogen and oxygen molecules–Figure 5.4.7 shows the bubbles
forming. The current is monitored by a multimeter that is connected in series with the
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Figure 5.4.6: Anodization beaker and specimen during anodization
circuit. The power supply is run for as long as that particular sample is set to be anodized,
and the current drawn is dependent on the size of the sample and the level of anodization
achieved. The electrolyte is kept at a temperature of about 240 C, but the temperature rises
after each sample is anodized. If the temperature rises too much, the electrolyte is left to
cool between anodization runs.
Once the prescribed time has passed, the power supply is shut off and the aluminum
sample is removed from the electrolyte and rinsed in distilled water. The acid resistant tape
is removed and the sample is dried and cleaned with a very soft white cloth.

Layer Thickness Determination
Each specimen is divided into 7 2 cm wide sections indicated with a marker and labeled a - g.
For each section of the sample, the PEC device is used to measure five different thicknesses
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Figure 5.4.7: Bubbles formed on the lead cathode during anodization
that are averaged for each individual section. Figure 5.4.8a shows the calibration of the
PEC device on the un-anodized portion of the aluminum sample. Figure 5.4.8b shows the
measurement of the alumina thickness after the PEC device is calibrated.

(a) Calibration of device on un-anodized aluminum

(b) Measuring Alumina thickness

Figure 5.4.8: Fischer DUALSCOPE-FMP20
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Tensile Testing
An Instrom 5984 34k Universal Testing Machine is used to apply a uniform tensile load on
every sample, see Figure 5.4.9. The load applied is dependent on the stress desired, and it
is calculated in terms of the yield stress. The load is applied at a strain rate of 0.02 in/min.
As the alumina layer fractures, it is common to hear a high-pitched snap for every newly
formed fracture.

Figure 5.4.9:
Machines

Tensile testing of a sample using the Instrom 5984 34k Universal Testing

SEM
The sample is removed from the Instron Universal Testing Machines and all geometric properties (i.e., thickness, color, width, apparent cracks, discontinuities) are recorded. Each
sample is sliced with the bench saw into the seven previously marked sections (see Figure
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5.4.4), where the size of each section is small enough to fit on an SEM saucer. Photos are
taken with a Hitachi 4700 SEM, and the fracture spacing can be deduced from the fracture
density in the images.

Critical Thickness Study
It is our desire to understand the theory of critical thickness. That is, for a given load P ,
there is a thin film thickness for the geometric and physical problem where no fractures
will form. A very thick thin film will produce fractures, albeit very widely spaced. As that
thickness is reduced, and the load is kept constant, the fracture density will increase, and
the spacing between two fractures λ will decrease. However, when this critical thickness is
reached, or hcr , no new fractures will form. This is tested by creating a slew of samples,
each with slightly different anodization times (i.e. coating thicknesses), and subjected each
sample to the same load. The existence of fractures will then indicate whether or not a
thickness is above or below that critical thickness.

5.4.4

Test Results and Analysis

The anodization process was monitored throughout the experiment. It was observed that
temperature played a significant role as to the surface of the material coating. As expected,
the time of anodization is directly correlated to the thickness of the material coating. The
alumina coating thickness ranged from as small as 0.23 µm to as high as 33.46 µm, based
on anodization times from 1 minute to 2 hours. The load applied for each sample varied,
but the stress was maintained constant for each series of specimens. For the analyses that
follow, the strain applied will be used as the input for the analytical comparison, so it will
be presented for each case.
Note in the SEM images that follow, the bottom of each image contains information
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about the date taken, the magnification, the SEM current and voltage used, and a scale
bar. Therefore, the magnification and the scale bar are crucial for estimating the fracture
spacing.

Anodization Process
Though the alumina coatings appear solid under an optical microscope, the SEM images
reveal the porous nature of the ceramic coating. Figure 5.4.10 shows two SEM images
revealing the porous nature of the brittle alumina coating. It is this porosity that allows
the electrolyte solution to continue to penetrate the electrically insulating alumina layer and
reach the alumina anode during anodization.

(a) Pores within alumina coating surface

Figure 5.4.10:

(b) Angled view of a h = 19.4 µm thick porous
alumina coating surface with parallel fractures

20k and 1k zoomed SEM image of the porous nature of the alumina coating

The anodization of the samples was very stable, having only slight variation in layer
thickness within the individual samples. In some samples, “island cracking” was observed
(see Figure 5.4.11), similar to that described in Jen et al. (2011) and Li et al. (2011). These
multi-directional cracks form relatively evenly sized “islands”, and have been attributed to
shrinking. While anodizing, the electrolyte solution would naturally increase in temperature.
Although the temperature rise may not be significant, the sample is typically cleaned in a
slightly cooler water. Due to the mismatch in thermal expansion coefficients for the two ma-
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terials, this decrease in temperature causes a compressive force within the alumina coating,
therefore causing compressive fracturing. While most samples did not have these compressive fractures. The effect that these compressive fractures have on the fracture toughness of
the coating was not explored further, but should be considered in future research.

Figure 5.4.11: “Island Cracking” likely due to compressive fractures

Fracture Spacing
The experiment was designed to ensure that periodic opening-mode fractures form when a
uniform tensile load is applied. By maintaining a uniform coating thickness, opening-mode
fractures were successfully induced, and were both periodically spaced and perpendicular to
the direction of loading. Figure 5.4.12 shows a typical SEM image of a fractured specimen.
This particular specimen was anodized for 30 min and has an alumina coating with thickness h = 20.31 µm. For these tensile tested specimens, the stress applied to the aluminum
substrate was beyond its yield stress. When an elastic stress is applied and then removed,
the fractures that form close, and are very difficult to observe with an optical microscope
or with an SEM. Therefore, the aluminum was subject to plastic deformation, leaving the
fracture separation visible. This specimen has no compressive fractures, so the opening-
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mode fractures are very clear. Figure 5.4.13 however, shows a specimen affected by thermal
shrinking. The alumina layer is shaded in yellow, leaving the aluminum substrate visible in
the space between two adjacent fractures. Notice that despite the visible “island cracks”,
the opening-mode fractures are far more pronounced, and the process of fracture saturation
can still be considered for this specimen.

Figure 5.4.12: Sample specimen showing the distinct load induced fractures perpendicularly
spaced from the direction of the applied load
The measurement of the fracture spacing can be done in two ways. First, each individual
fracture spacing can be measured for every SEM image taken, as is shown in Figure 5.4.14.
This method is both time-consuming and prone to error. The second approach is based on
a fracture density. The width of the image is known (i.e. around 1 mm for a 150X image)
and the number of fractures can be calculated for that image. Therefore, in Figure 5.4.14, 6
fractures are within this screen-shot, therefore corresponding to a specific fracture density.
Images with different magnification levels can therefore be used to analyze each sample.
Since samples were loaded with the same strain and only have their coating thicknesses
vary, the correlation between the coating thickness and fracture spacing needs to be documented. Figure 5.4.15 shows the progression of fracture density for three different coating
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Figure 5.4.13: Sample specimen showing both compressive fractures and load induced
opening-mode fractures
thicknesses, where the density ρf is measured in fractures per millimeter. Figure 5.4.15
shows a clear increase in fracture density as the coating thickness decreases. This same
characteristic can be seen even clearer in Figure 5.4.16. The data acquisition is done manually. First the layer coating thicknesses are recorded for each sample. Then, each sample
is photographed with the SEM or an optical microscope with a scale bar, facilitating the
estimation of the fracture density. Then, the average fracture spacing is calculated from the
various fracture densities recorded from the images. This data is organized and compared
to the results obtained from the analytical analysis.

Critical Thickness Study
The critical thickness study was done for the specimens using H3 , which are the aluminum
substrates with thickness 2.2 mm. Seven different specimens were anodized for different
amounts of time (1, 2, 4, 8, 15, 30, and 120 minutes), corresponding to different aluminum
coating thicknesses. Then four different loads were applied to each specimen. After every
applied load, the specimen was removed from the test stand and reviewed under an optical
microscope (or under an SEM), noting whether or not fractures are present. If fractures were
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Figure 5.4.14: Measuring the fracture spacing in an SEM image
not present, then the critical load had not yet been reached. Conversely, the critical thickness
can be determined by applying the same load to different coating thicknesses.. Observe Table
5.4, which gives the results of the seven samples tested. This analysis indicates that for a
load of σ = 70.2 M P a, the critical thickness is between 1.59 µm and 2.26 µm. Moreover,
for the three loads below σ = 52.74 M P a, the critical thickness is larger than 30.36 µm.
Although the exact thickness cannot be determined experimentally, this is a good guide for
comparison with the analytical results.
Anodization
Time (min)

Layer
Thickness

1
2
4
8
15
30
120

0.59µm
1.59µm
2.26µm
6.31µm
10.38µm
16.58µm
30.36µm

σ=
17.6 M P a
No
No
No
No
No
No
No

Fractures
Fractures
Fractures
Fractures
Fractures
Fractures
Fractures

σ=
35.2 M P a
No
No
No
No
No
No
No

Fractures
Fractures
Fractures
Fractures
Fractures
Fractures
Fractures

σ=
52.74 M P a
No
No
No
No
No
No
No

Fractures
Fractures
Fractures
Fractures
Fractures
Fractures
Fractures

σ=
70.2 M P a

Critical
Load

No Fractures
No Fractures
Fractures
Fractures
Fractures
Fractures
Fractures

> 70.2M P a
> 70.2M P a
66.26M P a
65.32M P a
64.33M P a
62.25M P a
57.211M P a

Table 5.4: Critical thickness and critical load study
The strain that the samples are subject at σ = 70.2 M P a is about ε0x = 0.02, and the
fracture toughness of the alumina layer is approximately Γcr = 4 Jm−2 , but this is not
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Figure 5.4.15: Fracture spacing based on coating thicknesses
necessarily the case for the anodization state for these specimens. Figure 5.4.17 shows that
for the applied strain, the critical thickness must be below 2.26 µm, as indicated in Table
5.4. Moreover, using Eq. (5.3.14), the analytical solution can be used to predict the critical
thickness. For a fracture toughness of Γcr = 4 Jm−2 , the analytical solution predicts a critical
thickness of about 1.76 µm, which is greater than the lower bound set in Table 5.4.
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(a) Alumina coating thickness of h = 15.67 µm

(b) Alumina coating thickness of h = 28.24 µm

Figure 5.4.16: Different fracture densities for two different coating thicknesses
Analytical Comparison
The remaining fracture analysis considers all the specimens subject to similar strains. Therefore, only the thickness of the alumina coating and the fracture spacing are compared. The
particular conditions (i.e. material properties and geometries) for the test are then incorporated into the analytical solution of Section 5.3, based on the formulation for the energy
release rate of Eq. (5.3.14). Consider first the thickest plate specimens using H1 . These
samples where subject to an average strain of about ε0x = 0.01. Figure 5.4.18 shows some of
the experimental results superposed over the analytical analysis based on the experimental
parameters. The expected fracture toughness of Γcr = 4 Jm−2 produces the best results,
which is the fracture toughness predicted by Acccuratus Ceramic Corporation (2011). Notice that for this case, the critical thickness is around 5 µm. The critical thickness increases
because of the decrease in the applied strain. This is mostly due to the lower strain applied.
Figure 5.4.19 shows the experimental results for specimens made with H4 , which is the
thinnest aluminum plate, subject to an average strain of about ε0x = 0.02. The experimental
results and the analytical results agree nicely. There is some deviation as the aluminum
thickness decreases, but there is an overall agreement between these two results.
The experimental analysis provides a physical interpretation of the theory of stress trans-
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Figure 5.4.17: Critical thickness prediction developed analytically compared to the experimentally determined maximum value of the critical thickness
fer proposed. Through the comparisons of the analytical and experimental results, it can be
seen that this theory can capture the physical response these coating systems have under an
applied load, forming opening-mode fractures. The slight deviation between these results can
be caused by the very nature of the experiment. During anodization, the material properties
of the porous alumina layer changes as the thickness increases. When the alumina layer is
very thin, the outer surface of the coating remains porous enough to allow the electrolyte to
penetrate to the substrate. As a result, the material properties of a thinner alumina layer
may be different than a thick alumina layer, most notably in the fracture toughness. Despite
these limitations, the results are very promising, showing a clear relationship between the
proposed theory and the experimental results.

5.5

Summary

A general elastic solution for bilayered coated materials is derived to predict the stress transfer when the substrate is subjected to a load. A coating that is comparable to the substrate
thickness is first analyzed, developing the closed-form solution by using the principle of sta-
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Figure 5.4.18: Fracture spacing compared to the alumina coating thickness for experimental
and analytical results with ε0x = 0.01
tionary potential energy. The analysis is then validated with a FEM model. Furthermore,
this model is compared to existing coating/substrate models by studying the modulus reduction caused by the formation of opening-mode fractures. The formulation is applied to
opening-mode fracture analysis by calculating the energy release rate for a new fracture to
form. For applications to very thin material coatings, this formulation needs to be reevaluated as a series form solution. However, a simplified one-body solution is then introduced
for this special case.
For very thin material coatings, a frictional interface is used to account for the thick
substrate layer. A one-body analysis is therefore conducted for the thin material coating
layer. Using the newly formulated displacement and stress fields, the solution is extended to
opening-mode fractures and compared to existing experimental results. The formulation is
successfully able to predict the existence of a critical thickness for the material coating layer.
Under a particular loading condition, a coating thinner than this critical thickness, will not
fracture.
An experiment is designed to use anodized aluminum to test how the brittle aluminum
oxide coating forms opening mode fractures. Based on a strain criteria, the coating thickness
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Figure 5.4.19: Fracture spacing compared to the alumina coating thickness for experimental
and analytical results with ε0x = 0.02
is compared to the fracture spacing. The experiment agrees with previous research and the
analytical solution where, a decrease of the coating thickness results in a decrease in the
spacing between adjacent fractures. Moreover, the critical thickness of a specimen under a
constant strain was explored. The critical thickness that was found experimentally agrees
well with the one predicted analytically.
The analytical formulation presented in this section is based on the theory of stress
transfer developed in Chapter 3. The model is compared to existing models, a FEM model,
and experiments conducted by the author. While a two-body analysis is preferred, the
experiments had to be compared to the idealized one-body system that considers a frictional
interface between the two materials. A series form solution is currently being studied in
order to study the thin coating problem with more accuracy. Nonetheless, this formulation
is an excellent tool for understanding stress transfer in coating/substrate materials and in
predicting opening-mode fractures of the coatings.
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Chapter 6
Pavements
6.1

Overview

Hot Mix Asphalt (HMA) pavements are typically overlay/substrate systems with one
or more asphalt concrete layers constructed upon a base layer. Various empirical and
mechanistic-empirical models (Fromm and Phang, 1972; Haas et al., 1987; Roque et al.,
1995) have been proposed, in which various field observations and laboratory experiments
were conducted to predict crack spacing in asphalt pavements. Although empirical models
have been shown to provide reasonable predictions of crack spacing in asphalt pavements–
the thermal stress distribution in pavements, a dominant factor controlling thermal crack
development–has not been directly investigated in those models. To analyze the elastic fields
of pavements, the finite element method has been widely used to calculate the local stress
and strain fields (Davids and Turkiyyah, 1997; Shalaby et al., 1996; Waldhoff et al., 2000;
Yang and Lin, 1995). Analytical solutions however, are a valuable tool for model verification
and to gain a better understanding of the mechanical responses and damage mechanisms of
pavements. In this Chapter, the basic theory of stress transfer–developed in Chapter 3–is
extended to consider a typical overlay/substrate pavement system. To understand how this
theory can be applied to pavements, current models for evaluating pavements need to be
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considered.
One-dimensional models have been developed to predict the tensile stress distribution
in pavements while considering a frictional constraint (Chen and Baker, 2004; Timm et al.,
2003; Shen and Kirkner, 1999). The frictional force from the substrate is balanced by a
uniform tensile stress along the thickness of the overlay. Because the friction forces are
driven from the bottom of the pavement, significant shear stress will be induced along the
bottom of the overlay, while vanishing along the free surface. Since a 1D model can neither
solve the shear stress distribution in the overlay nor consider the temperature field along the
thickness, a two-dimensional model is necessary to accurately describe the thermal stress
distribution.
Yin et al. (2005); Yin (2010c); Yin et al. (2007) developed an explicit elastic solution
for an overlay resting on a granular base considering a frictional boundary condition and
cross-depth thermal discontinuities. This theory was used to investigate fracture saturation
patterns in asphalt pavements, shown in Figure 6.1.1a. Fracture mechanics showed that once
OMFs initiate in an asphalt pavement, the increase of tensile stress in the asphalt overlay
will cause initial crack development to be rapid. When crack spacing reaches a certain
level, the development speed of OMFs slows down. Eventually, fracture saturation will cause
OMFs to stop forming, since no new fractures can be induced even if the tensile stress
keeps increasing. In existing approaches, the base layer is typically constrained through
a spring coefficient (Timm et al., 2003) or an interfacial compliance (Yin, 2010a). While
this assumption is a mathematically convenient, it overly simplifies the interfacial continuity
conditions. Moreover, no experiments have been established to validate the spring coefficient
of a frictional interface. Despite being able to understand the fracture mechanisms of the
system, fracture spacing cannot be predicted from the material test results nor can the stress
in the base layer be obtained.
Moreover, from construction and field observations, the asphalt overlay is often seamlessly
constructed upon the base layer–see Figure 6.1.1b–being more realistically modeled as a fully
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bonded interface. Therefore, the frictional interface is a simplification that can significantly
alter the stress analysis in the pavements.
The theory of stress transfer in layered materials is applied to an asphalt pavement system, solving for the elastic stress fields by solving the boundary-value problem. The elastic
solution can then be extended to include the viscoelastic material properties of a typical
asphalt pavement (such as was done in Chapter 4) using the elastic-viscoelastic correspondence principle. Finally, the elastic solution is used for a fracture analysis in order to predict
the critical fracture spacing for OMFs. The theory is supported by a FEM model used to
simulate a typical overlay/substrate pavement system.

Figure 6.1.1: Opening mode cracking in asphalt pavements: (a) Top view of fracture saturation and (b) elevated view of a core sample with a fracture. Both photos were taken in
Urbana, IL in 2006

6.2

Elastic Formulation

Consider an asphalt pavement structure as in Figure 6.2.1. An asphalt overlay (thickness
h2 , length 2λ, Young’s modulus E2 , Poisson’s ratio ν2 ) is fully bonded to a base layer
(thickness h1 , Young’s modulus E1 , Poisson’s ratio ν1 ) subjected to an ambient temperature
drop. The thermal contractive strain in the asphalt overlay layers will be larger than that in
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the base layer due to the different thermal expansion coefficients and temperature changes
in the two layers, and thus periodic thermal cracks are induced across the thickness of the
asphalt overlay. Commonly the crack spacing is very uniform as seen in Figure 6.1.1a.
Considering the periodic cracks, one section from Figure 6.2.1b can be used to represent the
deformation and stress field of the pavement in Figure 6.2.1a. The coordinate system is set
up with the origin 0 at the center of the interface, with the x-axis along the longitudinal
direction, and with the y-axis upward.

Figure 6.2.1: An asphalt overlay bonded to a rigid substrate with uniformly distributed
cracks: (a) elevation view of pavement model with periodic discontinuities; and (b) one
representative section between two cracks.
The problem formulation and the analysis of the elastic fields are based on the following
assumptions:

• Assumption 1 : The width and length of the pavement is constrained. During the
ambient temperature change, the size of the pavement in the horizontal plane will not
change. Therefore, if no cracks are induced, only the thickness of the pavement will
change with temperature.
• Assumption 2 : Due to low temperature cracking in the asphalt overlay, a crack will
propagate across the thickness and the width of the overlay and stop at the interface.
Only transverse cracking in the width direction is considered. Therefore, the strain in
the width direction is always zero, so the plane strain problem in the x − y plane will
be considered.
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• Assumption 3 : In this analysis, only a temperature load is considered, the surface of
the asphalt overlay is free and the bottom of the base layer only provides a support
force in the y-direction to keep the bottom in the same plane. Therefore, the thermal
stress in the y-direction is significantly lower than those in the longitudinal and the
width directions.
• Assumption 4 : Due to the ambient temperature change T , the thermal strain in each
layer depends on its temperature distribution and thermal expansion coefficient. In
this paper, only the average thermal strains are considered as α1 δij and α2 δij in the
base layer and the asphalt overlay respectively.

Notice that although this analysis only considers two layers, this model can be extended to
multiple layers, so that the temperature variation in the thickness direction can be evaluated
in a more accurate fashion.
Using Assumption 3, all points in one layer normal to the y-direction will approximately
remain in the same plane after deformation, where Eq. (3.2.1) holds true. From Assumption
2, the constitutive law of a thermoelastic plane strain problem is given in Eq. (3.2.2), where
the subscript i = 1, 2 denotes the asphalt overlay and the base layer respectively. Substituting
the above equations into the equilibrium equations (with the absence of a body force) given
in (3.2.4), the governing equations are exactly written in Eqs. (3.2.5) and (3.2.6). Following
the same derivation as in Chapter 3, the general solution to Eq. (3.2.5) is given in Eq.
(3.2.13), or more simply written as

ux (x, y) = Ci sinh (cx) [Ai sin (di y) + Bi cos (di y)] + εux x,

(6.2.1)

where
s

di = c

2 (1 − νi )
.
1 − 2νi

(6.2.2)

Due to the governing equation in the y-direction shown in Eq. (3.2.6) the displacement
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in the y-direction is given in Eq. (3.2.14), or specifically
1
uy = −
2 (1 − νi )

ˆ
ux,x dy + fi (x) y,

(6.2.3)

where fi (x) is a function to be determined by the boundary conditions of each layer.
The parameters Ai , Bi , and Ci and the unknown function fi (x) in the general solutions
of Eq. (6.2.1) and Eq. (6.2.3) are different for each layer. In what follows, the elastic field
in the two layers are solved for, respectively using the boundary conditions.

6.2.1

Elastic Solution in the Base Layer (y < 0, i = 1)

Based on Assumption 3, the sub-base layer only provides a support force in the y-direction
so as to keep the bottom of the base layer stable, it is also required that τxy (x, −h1 ) = 0.
Therefore, Eq. (6.2.1) can be reduced to

u1x (x, y) = F1 cos [d1 (y + h1 )] sinh (cx) + εux x,

(6.2.4)

where the leading coefficient F1 is a constant to be determined, the superscript 1 in u1x
denotes that it is layer 1 (the base layer), and
s

d1 = c

2 (1 − ν1 )
.
1 − 2ν1

(6.2.5)

At the bottom of the base layer, the displacement should be zero. Based on Assumption
4, an average displacement condition is used since requiring it to be zero along the entire
´0
surface is too stringent of a condition, such that −h1 u1x (λ, y) dy = 0. Using Eq. (6.2.4),

F1 = −

εux λd1 h1
.
sin (d1 h1 ) sinh (cλ)

(6.2.6)

Now two unknowns remain, c and εux , which will later be solved for by the interfacial
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continuity conditions. Once ux is derived, uy can be obtained through the integral of Eq.
(6.2.3). Using Assumption 3, u1y (x, −h1 ) = 0,

u1y = −

1
F1 c
sin [d1 (y + h1 )] cos (cx) + f1 (x) · (y + h1 ) ,
2 (1 − ν1 ) d1

(6.2.7)

where f1 (x) will be determined by the interfacial continuity conditions.

6.2.2

Elastic Solution in the Asphalt Layer (y ≥ 0, i = 2)

The asphalt overlay has a free surface, namely, τxy (x, h2 ) = 0. Therefore,
u2x (x, y) = F2 cos [d2 (h2 − y)] sinh (cx) + εux x,

(6.2.8)

where the leading coefficient F2 is a constant to be determined, and
s

d2 = c

2 (1 − ν2 )
.
1 − 2ν2

(6.2.9)

At the end of the asphalt overlay, the normal stress σxx should be zero due to the low
temperature cracking. However, due to the assumption in Eq. (3.2.1), the displacement
in Eq. (6.3.27) cannot be used to make the boundary condition exactly satisfied. A weak
´h
form boundary condition is used as 0 2 σxx (λ, y) dy = 0. Based on Assumption 3, σyy  σxx .
Using Eq. (3.2.2), the stress σxx ∼
=
s

F2 =

E2 ux,x
1−ν22

2 α2 T
− E1−ν
, so that
2

2 (1 − ν2 ) (1 + ν2 ) α2 T h2 − εux h2
.
1 − 2ν2 sin (d2 h2 ) cosh (cλ)

(6.2.10)

Now, u2y can be obtained through the integral of Eq. (6.2.3) as

u2y

1
F2 c
=
sin [d2 (h2 − y)] cosh (cx) − εux y + f2 (x) y + g2 (x) ,
2 (1 − ν2 ) d2




(6.2.11)
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where f2 (x) can be obtained by the free surface boundary condition σyy (x, h2 ) = 0, i.e.

f2 (x) =

1 − 2ν2
1 + ν2
[cF2 cosh (cx) + εux ] +
α2 ,
2 (1 − ν2 )
1 − ν2

(6.2.12)

and g2 (x) is to be determined by the interface continuities.

6.2.3

Interfacial Continuity Conditions (y = 0)

In summary, all the displacements of u1x , u1y , u2x , and u2y are solved for in Eqs. (6.2.4),
(6.2.7), (6.3.27), and (6.2.11), from which all the stresses can be solved for by using Eq.
(3.2.2). However, there still are two constants, c and εux , and two functions, f1 (x) and g2 (x),
that need to be determined by the interfacial continuities.
The final four equations necessary are derived from the interface between the two layers.
Since a fully bonded interface is considered, four interfacial continuity conditions are required
when y = 0:
























u1x (x, y = 0) = u2x (x, y = 0) ,
1 (x, y = 0) = τ 2 (x, y = 0) ,
τxy
xy

u1y (x, y

= 0) = u2y (x, y

(6.2.13)

= 0) ,

1 (x, y = 0) = σ 2 (x, y = 0) .
σyy
yy

From the first two equations in (6.2.13), the constants c and εux can be solved for:

F1 cos (d1 h1 ) = F2 cos (d2 h2 ) ,

−

E1
E2
F1 d1 sin (d1 h1 ) =
F2 d2 sin (d2 h2 ) .
2 (1 + ν1 )
2 (1 + ν2 )

(6.2.14)

(6.2.15)

If both sides of Eq. (6.2.15) are divided by Eq. (6.2.14) respectively, then the constant
c can be solved for using the following relationship:

−

E2
E1
d1 tan (d1 h1 ) =
d2 tan (d2 h2 ) .
(1 + ν1 )
(1 + ν2 )

(6.2.16)
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Recall from Eqs. (6.2.5) and (6.2.9) the definitions for d1 and d2 are dependent on the
unknown constant c and the Poisson’s ratios for the layers. Therefore, the constant c can
be solved for using Eq. (6.2.16). If the pavement and the substrate have the same material
properties, then Eq. (6.2.16) can be simplified to solve for c explicitly as
v
u
u (1 − 2ν)
c=t

π
.
2 (1 − ν) (h1 + h2 )

(6.2.17)

Inserting Eqs. (6.2.6) and (6.2.10) into Eq. (6.2.14) yields an equation letting us solve for
εux ,

εux = 

(1 + ν2 ) α2 h2
h2 −

r

1−2ν2 λd1 h1 tan(d2 h2 )
2(1−ν2 ) tanh(cλ) tan(d1 h1 )

(6.2.18)

.

Now the last two equations in (6.2.13) need to be used to solve for f1 (x) and g2 (x). By the
continuity of the normal stress in the y-direction,
E2 (1 + ν1 ) (1 − 2ν1 )
· [cF2 cosh (cx) ·
2E1 (1 − ν1 ) (1 + ν2 ) (1 − 2ν2 )



2ν2 + 1
1 + ν2
1−
cos (d2 h2 ) + 2α2
2ν2 − 1
1 − 2ν2


(1 + ν1 ) (1 − 2ν1 ) E1 α1
E2 α2
+
−
E1 (1 − ν1 )
1 − 2ν1 1 − 2ν2

f1 (x) =



− cF1 cosh (cx) cos (d1 h1 )

ν1 − 21



(1 − ν1 )

−

ν1 εux
.
(1 − ν1 )

(6.2.19)

Now setting the displacements in the y-direction equal to one another yields:
F1 c sin (d1 h1 )
1
F2 c
−
sinh (cx) + f1 (x) h1 =
sin (d2 h2 ) cosh (cx) + g2 (x) . (6.2.20)
2 (1 − ν1 ) d1
2 (1 − ν2 ) d2




So the final unknown function can be solved for in Eq. (6.2.20) to be:
"

#

c cosh (cx) F2 sin (d2 h2 ) F1 sin (d1 h1 )
g2 (x) = f1 (x) h1 −
+
.
2
d2 (1 − ν2 )
d1 (1 − ν1 )

(6.2.21)
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6.3

Viscoelastic Formulation

Consider now that the pavement materials are no longer elastic and in fact are viscoelastic
materials. For isotropic viscoelastic materials, the mechanical behavior is represented by
two time-dependent parameters. There are two approximate methods to simplify the timedependent material behavior. First it can be characterized to have a viscoelastic response
under deviatoric stress while the bulk compressibility remains approximately elastic. This
means that in the viscoelastic formulation, the shear modulus µ becomes an operator with
time, while the bulk modulus K remains a constant. In that case, because Poisson’s ratio is
related to K and µ by ν = (3K − 2µ) / (6K − 2ν), it will be a time-dependent operator.
On the other hand, Poisson’s ratio has often been used as a constant. In what follows, the
viscoelastic model for asphalt pavement considers a constant Poisson’s ratio ν and a timevarying Young’s modulus E (see Section 4.3 of Chapter 4). In this analysis, ν for asphalt
will be assumed to be constant. The constitutive law from Eq. (3.2.2) no longer applies.
The revised constitutive law is written in its integral form as









σxx (t) =
σyy (t) =









´t
1
(1+νi )(1−2νi ) 0 Ei (t − τ ) (1 − νi ) ε̇xx (τ ) + νi ε̇yy (τ ) − (1 + νi ) αi Ṫ (τ ) dτ,
h
i
´t
1
E
(t
−
τ
)
ν
ε̇
(τ
)
+
(1
−
ν
)
ε̇
(τ
)
−
(1
+
ν
)
α
Ṫ
(τ
)
dτ
xx
yy
i
i
i
i
i
(1+νi )(1−2νi ) 0
´
t
1
τxy (t) = 2(1+ν
Ei (t − τ ) γ̇xy (τ ) dτ,
i) 0
h

i

,

(6.3.1)
where the subscript i = 1, 2 denotes the asphalt overlay and the base layer respectively. The
elastic viscoelastic correspondence principle is employed by taking the Laplace transform of
Eq. (6.3.1). The constitutive law becomes linear in the Laplace domain as









σ̂xx (s) =

sÊi (s)
(1+νi )(1−2νi )

h

σ̂yy (s) =



sÊi (s)
(1+νi )(1−2νi )

h







i

(1 − νi ) ε̂xx (s) + νi ε̂yy (s) − (1 + νi ) αi T̂ ,
νi ε̂xx (s) + (1 − νi ) ε̂yy (s) − (1 + νi ) αi T̂

τ̂xy (s) =

sÊi (s)
2(1+νi ) γ̂xy (s) ,

i

,

(6.3.2)
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or by considering the strain-displacement relationship









σ̂xx (s) =

sÊi (s)
(1+νi )(1−2νi )

h

σ̂yy (s) =




sÊi (s)
(1+νi )(1−2νi )

h






i

(1 − νi ) ûx,x (s) + νi ûy,y (s) − (1 + νi ) αi T̂ ,
νi ûx,x (s) + (1 − νi ) ûy,y (s) − (1 + νi ) αi T̂

τ̂xy (s) =

i

,

(6.3.3)

sÊi (s)
2(1+νi ) ûx,y (s) .

Substituting the above equations into the equilibrium equation in the x direction (with the
absence of a body force), the governing equation becomes
1 − νi
1
ûx,xx (s) + ûx,yy (s) = 0,
1 − 2νi
2

(6.3.4)

which is virtually the same as the elastic governing equation shown in (3.2.5). Once ûx is
solved for, then ûy can be solved for by the equilibrium equation given in the y-direction
shown for the elastic case in Eq. (3.2.6). Similar to Eq. (6.2.1), the displacement in the
x-direction in the Laplace domain is
h







ûx (x, y, s) = Ĉi sinh (ĉx) Âi sin dˆi y + B̂i cos dˆi y

i

+ ε̂ux x,

(6.3.5)

where
s

di = c

2 (1 − νi )
.
1 − 2νi

(6.3.6)

For the y-direction, the elastic solution can be used to show
1
ûy (s) = −
2 (1 − νi )

ˆ
ûx,x (s) dy + fˆi (x, s) y,

(6.3.7)

where fˆi (x, s) is a function to be determined by the boundary conditions of each layer. All
the unknown parameters will be solved for each layer of the pavement/sublayer system.

6.3.1

Viscoelastic Solution in the Base Layer (y < 0, i = 1)

Based on Assumption 3, the sub-base layer only provides a support force in the y-direction
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so as to keep the bottom of the base layer stable, it is also require that τ̂xy (x, −h1 ) = 0.
Therefore, Eq. (6.3.5) can be reduced to

i

h

û1x (x, y, s) = F̂1 cos dˆ1 (y + h1 ) sinh (ĉx) + ε̂ux x,

(6.3.8)

where the leading coefficient F̂1 is a constant to be determined, the superscript 1 in û1x
denotes that it is layer 1 (the base layer), and
s

2 (1 − ν1 )
dˆ1 = ĉ
.
1 − 2ν1

(6.3.9)

At the end of the base layer, the displacement should be zero. Based on Assumption
4, the displacement is averaged since requiring it to be zero along the entire surface is too
´0
stringent of a condition, such that −h1 û1x (λ, y) dy = 0. Using Eq. (6.3.8),

F̂1 = −

ε̂ux λdˆ1 h1

.
sin dˆ1 h1 sinh (ĉλ)


(6.3.10)

Since ûx is derived, ûy can be obtained through the integral of Eq. (6.3.7). Using Assumption
3, û1y (x, −h1 ) = 0,
û1y (s) = −

h
i
1
F̂1 ĉ
sin dˆ1 (y + h1 ) cos (ĉx) + fˆ1 (x, s) · (y + h1 ) ,
2 (1 − ν1 ) dˆ1

(6.3.11)

where fˆ1 (x, s) will be determined by the interfacial continuity conditions.

6.3.2

Viscoelastic Solution in the Asphalt Layer (y ≥ 0, i = 2)

The displacement field in the asphalt overlay has a free surface, namely, τ̂xy (x, h2 ) = 0.
Therefore,
h

i

û2x (x, y, s) = F̂2 cos dˆ2 (h2 − y) sinh (ĉx) + ε̂ux x,

(6.3.12)
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where the leading coefficient F̂2 is a constant to be determined, and
s

2 (1 − ν2 )
dˆ2 = ĉ
.
1 − 2ν2
At the end of the asphalt overlay,

´ h2
0

(6.3.13)

σ̂xx (λ, y) dy = 0. Based on Assumption 3, σ̂yy  σ̂xx .

Using Eq. (3.2.2), the normal stress can be approximated by σ̂xx ∼
=

sÊ2 ûx,x
1−ν22

2 α2 T̂
− sÊ1−ν
, such
2

that
s

F̂2 =

2 (1 − ν2 ) (1 + ν2 ) α2 T̂ h2 − ε̂ux h2


.
1 − 2ν2 sin dˆ2 h2 cosh (ĉλ)

(6.3.14)

Now, û2y can be obtained through the integral of Eq. (6.3.7) as
"

û2y (s) =

#

i
h
1
F̂2 ĉ
sin dˆ2 (h2 − y) cosh (ĉx) − ε̂ux y + fˆ2 (x, s) y + ĝ2 (x, s) ,
2 (1 − ν2 ) dˆ2

(6.3.15)

where fˆ2 (x, s) can be obtained by the free surface boundary condition σ̂yy (x, h2 ) = 0, i.e.
i 1+ν
1 − 2ν2 h
2
fˆ2 (x, s) =
ĉF̂2 cosh (ĉx) + ε̂ux +
α2 T̂ ,
2 (1 − ν2 )
1 − ν2

(6.3.16)

and ĝ2 (x, s) is to be determined by the interface continuities.

6.3.3

Interfacial Continuity Conditions (y = 0)

In summary, the displacements of û1x , û1y , û2x , and û2y have been solved for in Eqs. (6.3.8),
(6.3.11), (6.3.12), and (6.3.15), from which all the stresses can be determined by using Eq.
(6.3.1). However, there still are two constants, ĉ and ε̂ux , and two functions, fˆ1 (x, s) and
ĝ2 (x, s), that need to be determined by the interfacial continuities.
The final four equations necessary are derived from the interface between the two layers.
Since a fully bonded interface is considered, four interfacial continuity conditions are required
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when y = 0:
























û1x (x, y = 0) = û2x (x, y = 0) ,
1 (x, y = 0) = τ̂ 2 (x, y = 0) ,
τ̂xy
xy

(6.3.17)

û1y (x, y = 0) = û2y (x, y = 0) ,
1 (x, y = 0) = σ̂ 2 (x, y = 0) .
σ̂yy
yy

From the first two equations in (6.3.17), the constants ĉ and ε̂ux can be solved for:








F̂1 cos dˆ1 h1 = F̂2 cos dˆ2 h2 ,

−

(6.3.18)





E2
E1
F̂1 d1 sin dˆ1 h1 =
F̂2 d2 sin dˆ2 h2 .
2 (1 + ν1 )
2 (1 + ν2 )

(6.3.19)

If both sides of Eq. (6.3.19) are divided by Eq. (6.3.18) respectively, then the constant
c can be solved for using the following relationship:

−





E2 ˆ
E1 ˆ
d1 tan dˆ1 h1 =
d2 tan dˆ2 h2 .
(1 + ν1 )
(1 + ν2 )

(6.3.20)

Recall from Eqs. (6.3.9) and (6.3.13) the definitions for dˆ1 and dˆ2 are dependent on the
unknown constant ĉ and the Poisson’s ratios for the layers. Therefore, the constant ĉ can
be solved for using Eq. (6.3.20). If the pavement and the substrate have the same material
properties, then Eq. (6.3.20) can be simplified to solve for ĉ explicitly as
v
u
u (1 − 2ν)
ĉ = t

π
.
2 (1 − ν) (h1 + h2 )

(6.3.21)

Inserting Eqs. (6.3.10) and (6.3.14) into Eq. (6.3.18) yields an equation letting us solve for
ε̂ux ,

ε̂ux = 

(1 + ν2 ) α2 T̂ h2
h2 −

r

ˆ
1−2ν2 λdˆ1 h1 tan(d2 h2 )
2(1−ν2 ) tanh(ĉλ) tan(dˆ1 h1 )

.

(6.3.22)

Now the last two equations in (6.3.17) need to be used to solve for fˆ1 (x, s) and ĝ2 (x, s). By
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the continuity of the normal stress in the y-direction,
h
Ê2 (s) (1 + ν1 ) (1 − 2ν1 )
· ĉF̂2 cosh (ĉx) ·
2Ê1 (s) (1 − ν1 ) (1 + ν2 ) (1 − 2ν2 )




1 + ν2
2ν2 + 1
ˆ
cos d2 h2 + 2T̂ α2
1−
2ν2 − 1
1 − 2ν2
!
(1 + ν1 ) (1 − 2ν1 ) T̂ Ê1 (s) α1 Ê2 (s) α2
+
−
1 − 2ν1
1 − 2ν2
Ê1 (s) (1 − ν1 )

fˆ1 (x, s) =




− ĉF1 cosh (ĉx) cos dˆ1 h1



ν1 − 12



(1 − ν1 )

−

ν1 ε̂ux
.
(1 − ν1 )

(6.3.23)

Now setting the displacements in the y-direction equal to one another yields:








F̂1 sin dˆ1 h1
ĉ cosh (ĉx)  F̂2 sin dˆ2 h2
ˆ
.
ĝ2 (x, s) = f1 (x, s) h1 −
+
2
dˆ2 (1 − ν2 )
dˆ1 (1 − ν1 )


(6.3.24)

Consider the special case where the time dependent temperature is represented by the
Heaviside function H (t) (see Eq. (4.3.46)), where at time t = 0+ , there is a change of
temperature ∆T . Therefore, the time dependence of the temperature is

T (t) = ∆T H (t) .

(6.3.25)

The Laplace transform of Eq. (6.3.25) is therefore T̂ = ∆T /s. The displacements in
the Laplace domain in Eqs. (6.3.8) and (6.3.12) can now be returned to the time domain
through an inverse Laplace transform (while considering Eqs. (6.3.21) and (6.3.22)). The
displacement equations in the time domain are therefore

u1x (x, y, t) =
×

and

H (t) ∆T α2 h2 (1 + ν2 )
h2 −
h

r

1−2ν2 ˆ
2(1−ν2 ) d1 h1 λ cot

h







dˆ1 h1 coth (ĉλ) tan dˆ2 h2
i






i

x − dˆ1 h1 λ cos dˆ1 (h1 + y) csc dˆ1 h1 csch (ĉλ) sinh (ĉλ)

(6.3.26)
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u2x (x, y, t) =

H (t) ∆T α2 h2 (1 + ν2 )
h2 −

r

1−2ν2 ˆ
2(1−ν2 ) d1 h1 λ cot







dˆ1 h1 coth (ĉλ) tan dˆ2 h2





h



i

dˆ1 h1 λ sinh (ĉx) sec dˆ2 h2 cos dˆ2 (h2 − y) 


×
x−
.


sinh (ĉλ) tan dˆ1 h1



(6.3.27)

Notice that Eqs. (6.3.26) and (6.3.27) are provided for the case that the two layers with
the same relaxation modulus, so that the constant ĉ in Eq. (6.3.21) does not change with s in
the Laplace domain. For general cases, an inverse Laplace transform should be numerically
conducted to obtain the displacements in the time domain (much like what was done in
Section 4.3).

6.4

Fracture Analysis

During the service life of an asphalt pavement, the asphalt overlay is exposed to various
environmental distresses, such as oxidation, radiation, aging and fatigue; as a result, the
effective fracture toughness can be significantly reduced. Moreover, due to ambient temperature change, the asphalt overlay is subjected to a much higher thermal strain than the
base layer, and thus much higher thermal stress can be induced, which causes low temperature cracking in the overlay. With the increase of the thermal strain, more cracks will form
to release the increasing thermal stress, and the crack spacing will thus be reduced. An
opening-mode fracture may nucleate along the central line of the section in Figure 6.2.1b
due to the maximum normal stress. Following (Yin et al., 2008b), the energy release rate
of the OMF can be calculated by the work done by the normal stress along the central line
before cracking on the fracture opening after cracking as in Eq. 6.4.1 indicates.

1
G=
2h2

ˆh2
σxx (0, y) δ (0, y) dy.
0

(6.4.1)
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Although different failure criterions exist in the literature, fracture toughness has been
widely accepted as a material constant and used for fracture analysis. Once the fracture
toughness of the asphalt overlay is provided as Γcr , it can be used to determine whether
any new fractures will be induced or not. If the energy release rate of the potential fracture
is equal to or higher than the fracture toughness, the fracture will nucleate and propagate.
Therefore, the following criterion is used to predict the fracture spacing changing with the
external loading:
G = Γcr ,

(6.4.2)

where G is given in Eq. 6.4.1. Therefore, once fracture toughness of the coating Γcr is given,
the fracture initiation and its spacing is determined.
This elastic solution can be used to calculate the energy release rate as indicated in Eq.
6.4.1. The energy release rate is therefore simplified to

G =

E2

u
 [2ε̄u
x λ {d2 h2 m [εx − α2 ∆T (ν2 + 1)] + cF2 sin (d2 h2 )}



4d2 h2 ν22 − 1
!

cλ
{cF2 [2d2 h2 + sin (2d2 h2 )]
+ F̄2 sin
2
−

4 sin (d2 h2 ) [α2 ∆T (ν2 + 1) − εux ]}] ,

(6.4.3)

where
(1 + ν2 ) α2 ∆T h2
,
r
ε̄ux = 
1−2ν2
λd1 h1 tan(d2 h2 )
h2 − 2(1−ν2 )
tan(d1 h1 )
2 tanh( cλ
2 )

(6.4.4)

and
s

F̄2 =

2 (1 − ν2 ) (1 + ν2 ) α2 h2 − εux h2
 .
1 − 2ν2 sin (d2 h2 ) cosh cλ

(6.4.5)

2

Other methods for determining the stress conditions for fracture exist, such as finding
the spacing upon which the stress at the top of the pavement between two adjacent cracks
transfers from a tensile to a compressive stress. This spacing would then predict that despite
any further decrease in temperature, no new fractures would nucleate between the existing
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two fractures. The energy release rate calculated in Eq. (6.4.3) will be used in the subsequent
analysis while considering the fracture criteria of Eq. (6.4.2).
Although the closed form solution is provided for elastic fracture behavior, the Eqs.
(6.4.1) and (6.4.2) are also applicable to viscoelastic fracture behavior once the stress and
potential fracture opening are solved in viscoelastic analysis. However, in the actual application, because the thermomechanical properties are temperature dependent, which typically
change with time, numerical simulation will typically be required.

6.5
6.5.1

Results and Discussion
Verification of the Elastic Solution

To demonstrate the application of this formulation and conduct analysis for fracture saturation, an asphalt pavement is considered as follows (Song et al., 2006): E1 = 14.2GP a,
ν1 = 0.35, h1 = 0.3m, α1 = 0.001, E2 = 14.2GP a, ν2 = 0.35, h2 = 0.1m, α2 = 0.002, and for
the asphalt overlay Γcr = 344 J/m2 .
The fracture spacing used was chosen to be larger than the fracture spacing predicted
analytically, where two separations are used, λ = 1.5 m and λ = 5 m. A uniform mesh using
quadrilateral thermal plain strain elements was assembled. The analytical model was developed for a general case, where the thermal expansion coefficients combined with the change
in temperature yielded the thermal strain αi , used in the formulation. In the FE model, the
boundary conditions were for the most part the same as those for the analytical models. The
free surfaces of the model had zero stresses applied. However, although in real applications
the x-displacement of the sublayer at x = λ should be restrained to ux (x = λ, y) = 0, the
analytical formulation cannot make such a strong assumption, and must use an equivalent
integral. The FE model makes the fixed end assumption, therefore varying the two models in
this boundary condition. The proposed formulation will never be able to force the displacement to be zero along the “free-end”. Therefore, a certain difference between the proposed
solution and the FE results is anticipated, from which the applicability and limitation of this
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model can be evaluated. In the FE model the materials were assigned thermal expansion
coefficients α1 = 0.001 and α2 = 0.002, and then a negative uniform temperature change of
1o was applied to the entire model. Figure 6.5.1 shows the x-direction displacement along
the interface between the two layers for both the FE model and the proposed simulation.
As is to be expected, the results vary significantly. The proposed formulation will never be
able to force the displacement to be zero along the “free-end”.
Although the displacement may not be exact along the interface due to this assumption,
this solution is able to very accurately predict the shear stress along the interface. Figure
6.5.1 and Figure 6.5.2 show the shear stress along the interface as calculated by the FE
model and the proposed formulation. Figure 6.5.1 shows a model that has a fracture spacing
of λ = 5 m where Figure 6.5.1(a) shows the shear stress when the overlay and substrate have
the same material properties, and Figure 6.5.1(b) shows the shear stress when the substrate
is two times stiffer than the pavement. The shear stress increases from the center to the
end along the interface and mainly concentrates in the neighborhood of the ends of the
pavement. The change of the Young’s modulus of the base layer does not affect the shearing
stress significantly because the substrate layer keeps intact and the overall displacement
remains zero.
The shear stresses obtained from two methods disagree only near the boundary where
the two models differ. Figure 6.5.2 shows the same shear stress comparison as Figure 6.5.1,
except a larger fracture spacing of λ = 1.5 m is used. The weakest assumption of this
formulation is the zero displacement integral of the right hand side of the substrate section.
Subsequently, as the fracture spacing increases, due to the less end effect, the accuracy of
this formulation in predicting the stress of the pavement structure becomes more accurate.
This is most apparent when looking at the normal stress in the x-direction along the line of
symmetry (see Figure 6.2.1), as is seen in Figure 6.5.3 and Figure 6.5.4. Figure 6.5.3 shows
the normal stress in the x-direction along the axis of symmetry for the pavement layer for
a fracture spacing of λ = 5 m and a varying substrate stiffness. At such a separation, the
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(a) Shear stress when E1 = E2 = 14.2GP a

(b) Shear stress when E1 = 2E2 = 28.4GP a

Figure 6.5.1: shows the shear stress τxy distribution along the interface of the two layers
when the fracture spacing is λ = 5 m. Both the proposed solution and the FEM model
results are presented.
error is relatively high, when compared to the FE model. As the separation increases, the
accuracy improves to a relative error less than 3%.
Due to assumption 1, the governing equation is decoupled and thus the solution is significantly simplified. Unfortunately, the singularity effect of the elastic field at the end of
the interface is also disregarded. Therefore, the elastic field at the neighborhood of the end
will not be very accurate. When crack spacing is very small, the proposed formulation may
provide inaccurate results. Future work will seek to superpose a singular solution to the
proposed solution, so that the boundary condition at the ends of pavements can be satisfied,
and thus high accuracy can be obtained for general cases.
Figure 6.5.3 and Figure 6.5.4 show the normal stress σxx distribution along the y-axis
when the fracture spacing is λ = 5 m and 1.5 m, respectively. Both the proposed solution
and the FEM model results are presented. Because of the difference of thermal strains
between the asphalt overlay and base layer, a discontinuity of normal stress at the interface
is observed. Due to the displacement relaxation at the end of a very short pavement section
with λ = 1.5 m, Figure 6.5.4 shows that the proposed model provides a considerable lower
stress than the FEM results. However, when the pavement section is not that short, Figure
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(a) Shear stress when E1 = E2 = 14.2GP a

(b) Shear stress when E1 = 2E2 = 28.4GP a

Figure 6.5.2: shows the shear stress τxy distribution along the interface of the two layers
when the fracture spacing is λ = 1.5 m. Both the proposed solution and the FEM model
results are presented.
6.5.4 illustrates excellent agreement between two methods. When the base layer is stiffer,
the normal stresses in both layers are higher due to the stronger constraint.

(a) Normal stress when E1 = E2 = 14.2GP a

(b) Normal stress when E1 = 2E2 = 28.4GP a

Figure 6.5.3: shows the normal stress σxx distribution along the y-axis when the fracture
spacing is λ = 5 m. Both the proposed solution and the FEM model results are presented.
Overall, the proposed model provides very accurate prediction of stresses in the two layers
of an asphalt pavement when the crack spacing is large. With the decrease of the crack
spacing, the proposed model may under-estimate the stresses because of the end effect. The
proposed formulation has been used in fracture analysis and prediction in asphalt pavement.
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(a) Normal stress when E1 = E2 = 14.2GP a

(b) Normal stress when E1 = 2E2 = 28.4GP a

Figure 6.5.4: shows the normal stress σxx distribution along the y-axis when the fracture
spacing is λ = 1.5 m. Both the proposed solution and the FEM model results are presented.
However, considering viscoelastic behavior of asphalt pavements, the stresses within asphalt
pavements may even lower than the elastic analysis. Therefore, fracture analysis based
on the proposed model may only be applicable for low temperature cracking with a large
crack spacing and occurring in a short time. To accurately analyze extremely dense low
temperature cracking, the singular and viscoelastic effects should be rigorously evaluated
and taken into account.

6.5.2

Verification of the Viscoelastic Solution

In order to validate and observe an application of the viscoelastic analysis presented, a
comparison with a FEM viscoelastic solution is provided. Based on a similar structure
as the one used elastically, a sublayer with thickness h1 = 0.3 m and pavement overlay
with a thickness of h2 = 0.1 m. The fracture spacing is set at λ = 5 m. The material
properties of the pavement and the sublayer are assumed the same except the pavement layer
is subject to a larger temperature change. Both layers have Poisson’s ratio ν1 = ν2 = 0.35
and α2 T = −0.002 and α1 T = −0.001. Therefore, the temperature loading can be treated as
a Heaviside function, which has been discussed before. The viscoelastic material properties
are based on the model developed by Ahmed et al. (2012), where the material’s viscoelastic

182
response is characterized by a generalized Maxwell model, given in Table 6.1. The relaxation
modulus is expressed as a Prony series as (Marasteanu et al., 2007), much like in Section 4.3
N
X

t
E (t) =
Ei exp −
τi
i=1

Maxwell Unit
1
2
3
4
5





Ei (MPa)
6301.7
3261.8
5300.7
3842.2
3556.9



.

(6.5.1)

τi (s)
8.9
121.4
1117
10915.7
374487.4

Table 6.1: Generalized Maxwell model parameters for the pavement and the sublayer (Ahmed
et al., 2012)

Since both layers are composed of the same viscoelastic material, the displacement field
can be also described by the Heaviside function, which shares the same form as the elastic
solution, and thus the time effects will be confined to stress relaxation. The time-dependent
analysis was conducted for a span of 6 hours, and was done both analytically and with
ABAQUS. Figure 6.5.5 shows a comparison of the normal stress distribution over time along
the line of symmetry of the pavement layer. Notice that the analytical solutions and the
FEM results correspond very well.
Figure 6.5.6shows the stress distributions along the interfacial surface of the two layers.
Figure 6.5.6(a) shows the normal stress, showing a similar distribution as that in Figure
6.5.5. Figure 6.5.6(b) shows the shear stress along the interface at the fracture surface. Due
to the weak-form boundary conditions applied to this surface, the stress distribution is not as
accurate along this surface (which can also be seen in Figures 6.5.1 and 6.5.2. Nonetheless,
Figure 6.5.6(b) shows the stress relaxation effect caused by the viscoelastic behavior of the
asphalt concrete pavement.
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(a) At the top surface of the pavement y = h2

(b) At the middle of the pavement y =

h2
2

Figure 6.5.5: Time-dependent normal stress distribution for the pavement overlay along the
line of symmetry where x = 0

6.5.3

Fracture Analysis

To demonstrate the application of the models to conduct fracture analysis, since the base
layer keeps intact during low temperature cracking, the fracture toughness can be considered
to be infinitely high. For the purposes of this analysis, a predicted fracture saturation was
required. Based on the energy release rate calculated in Eq. (6.4.3), the critical fracture
spacing is determined. For the parameters listed above, this occurs at λcr = 0.1081 m. When
the substrate is two times stiffer than the pavement, or E1 = 28.4 GP a, this separation
becomes λcr = 0.0993 m. This formulation suggests that even as the thermal strain α2
increases, this fracture spacing will remain the same. The spacing is not considered to
be the critical spacing, but this value is necessary in preparing meaningful FE models to
compare with the analytical solution.
Since the saturation crack spacing is much smaller than the width of the pavement (pavement lanes are generally 4 m wide), the solution suggests a mechanism for the development
of cracks in orientations other than transverse to the direction of traffic. Rectangular or
hexagonal crack patterns are common in many areas of the United States, and are generally
termed as block cracks and often occur in conjunction with thermal cracks, see Figure 6.5.7.
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(a) At the line of symmetry x = 0

(b) At the fracture surface x = λ

Figure 6.5.6: Time-dependent normal stress and shear stress distribution for the pavement
overlay along the interface of the two layers where y = 0
Although the study of block cracking is beyond the scope of this study, the present results
suggest a mechanism for this common overlay distress mode to form in a variety of pavement
configurations involving overlays.

Figure 6.5.7: Example of pavement with transverse cracks formed across the entire lane and
block cracks are near the bottom of the image.
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6.6

Summary

An analytical closed form solution has been formed to determine the fracture initiation for a
thin pavement layer fully bonded to a thick substrate. The elastic fields have been derived for
both layers based on a uniform thermal strain applied individually to each layer. The elastic
solution was then extended to consider viscoelastic material properties. The meaningful
results have been compared to a finite element model based on realistic boundary conditions
in order to simulate the two dimensional plain strain problem. The FE comparison illustrated
the accuracy of the solution in being able to predict the shear stress along the interface of the
two materials, as well as the normal stress required to close a crack that is formed. The FE
comparison also illustrated the ability of the to predict the stress relaxation of the pavement
system due to viscoelastic material properties. Based on the basic material properties of a
pavement/substrate assembly and an applied temperature strain, a critical fracture spacing
can be calculated, predicting a spacing between two adjacent fractures where no new fractures
will form. This new formulation requires no calibration and no FE model in order to find the
elastic fields of the pavement structure. The versatility of this model lies in its ability to alter
every parameter of a pavement structure, in order to optimize its design and response to a
change in temperature. By forming a closed form analytical solution for the elastic fields,
this formulation has been extended to include the viscoelastic effects of the asphalt pavement
layer using the elastic-viscoelastic correspondence principle . The quasi-static response can
therefore be extended to predict a more accurate critical fracture spacing model considering
stress relaxation.

186

Chapter 7
Layered Rock
7.1

Overview

Opening-mode fractures are commonly found as faults and joints in layered sedimentary rocks
that are confined by their layer boundaries (Helgeson and Aydin, 1991; Wu and Pollard, 1992;
Bai and Pollard, 1999; Bai et al., 2000a,b; Bai and Pollard, 2000; Li and Yang, 2007; Tang
et al., 2008). Field observations have shown that fracture spacing can be measured as the
distance between two adjacent fractures along a perpendicular line in the direction of the
fracture set (Narr and Suppe, 1991; Gross, 1993). When the layered rocks are subjected
to a lateral tensile strain and an overburden stress, fractures may form in the direction of
the tensile strain to release the accumulated strain energy (see Figure 7.1.1). As the tensile
strain increases, additional fractures continue to form until a fracture spacing saturation is
reached (Bai et al., 2000a; Jain et al., 2007).
The prediction of fracture development and saturation is of great interest to both geologists and engineers (Larsen et al., 2010). In the past, stress-transfer theory (Hobbs, 1967)
has been used to predict and understand fracture development in layered rocks. In the region
between two adjacent fractures, the stress is transferred through the interface of the intact
layers. As the applied tensile strain increases, the stress in the area between two adjacent
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Figure 7.1.1: Schematic illustration of a three-layer model with a weak layer embedded between two stronger layers. Uniformly distributed opening-mode fractures run perpendicular
to the applied horizontal stress.
fractures reaches the tensile strength of the material, and a new fracture forms. This theory
predicts that as the applied tensile stress goes to infinity, the distance between two adjacent
cracks will decrease to an infinitesimal size. Therefore, stress-transfer theory fails to explain
the fracture saturation described earlier. Other models have been developed to explain this
phenomenon (Bai et al., 2000a), such as the shadow model (Lachenbruch, 1961), energy
balance theory (Hu and Evans, 1989), and the one-dimensional approximation (Jain et al.,
2007).
Bai and Pollard (1999); Bai et al. (2000a); Bai and Pollard (2000); Bai et al. (2002)
conducted a comprehensive experimental and numerical investigation and found that indeed
the stress-transfer theory fails to satisfy the equations of equilibrium for an elastic boundary
value problem. It was shown in their numerical investigation that when the fracture spacing
is small, the stress in the region between two adjacent fractures is no longer tensile, but in fact
becomes compressive, thus satisfying the notion of fracture saturation in layered materials.
Therefore (Bai et al., 2000a) suggested that “the stress-transfer theory should be abandoned
in future studies of fracture spacing in layered materials. To completely understand fracture
spacing, full solutions that are based on the complete set of governing equations for the elastic
boundary-value problems should be used.”
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The elastic fields due to an opening-mode fracture are often solved by a following a twodimensional (2D) plane strain analysis. Linear elastic fracture mechanics predicts that there
is a point of singularity at the crack tip located at the interface between layers, therefore
many fracture analysis have focused on the local neighborhood of that point, especially
for thin film/substrate systems. (Beuth, 1992) presented solutions for fully and partially
cracked film problems for elastic films bonded to elastic substrates. (Beuth and Klingbeil,
1996) extended this work to elastic-plastic substrates by using the simple shear lag model (Hu
and Evans, 1989). (Liu et al., 1998) and (Yu et al., 2001) investigated the elastic field due to
edge effects. Although these solutions are very useful in the study of fracture propagation,
they cannot be directly applied to this study. New fractures form in the middle between
two adjacent fractures, and these past local solutions cannot be used to predict fracture
initiation, fracture spacing or to study the interaction between fractures. The overall elastic
field is necessary to provide a complete picture of cracking in layered materials.
(Xia and Hutchinson, 2000)and (Shenoy et al., 2000) each proposed an elastic solution in
integral form. Moreover, various numerical simulations have been conducted to understand
the entire elastic field (Bai and Pollard, 1999; Bai et al., 2000a, 2002; Tang et al., 2008).
Although numerical simulations are very good tools for solving the elastic fields, their quality
depends heavily on the quality of the meshing, numerical algorithms and approximate methods. However, the elastic field depends entirely on the material properties, the interfacial
properties, and the geometry of the problem. Thus, a closed-form analytical solution is a
far better tool for researchers and engineers to understand and predict fracture behavior of
general rock layers.
The purpose of this work is to develop an explicit, analytical solution for the elastic
boundary-value problem of layered rocks proposed by (Bai et al., 2000a) and to provide a
method to predict fracture infilling and saturation. A weak, thin layer embedded within
two layers of stronger materials is subjected to a uniform tensile strain (as seen in Figure
7.1.1). The three layers are assumed to be fully bonded, even during the formation of the

189
fractures, and thus no delamination along the interface is considered. Because the middle
layer is weaker (lower fracture toughness), fractures will initiate and cross the thickness of
this layer. Using a simplified set of boundary conditions, derived from Figure 7.1.2, a general
closed form solution for the elastic fields of the three layers is derived. The normal stress
along the central line between two adjacent cracks undergoes a transition from tensile to
compressive when the fracture-spacing-to-layer-thickness ratio is reduced to a certain range
around 1. Comparison of this solution with a finite element solution illustrates the capability
and accuracy of this solution. Further comparison to existing numerical solutions (Bai et al.,
2000a; Bai and Pollard, 2000; Tang et al., 2008) shows very similar results. Given a loading
condition and a geometric configuration of a three layered material, the proposed model can
predict the fracture spacing and fracture saturation by using a stress condition.

Figure 7.1.2: Schematic illustration of the generalized boundary-value problem, where due
to symmetry, a simplified two-layer section can be analyzed.
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7.2

Analytical Solution

Consider a layered rock system containing two strong layers (thickness H, Young’s modulus
EI , and Poisson’s ratio νI ) with a weak layer (thickness 2h, Young’s modulus EII , Poisson’s
ratio νII ) fully bonded between them, as illustrated in Figure 7.1.1. The rock system is
subject to a tensile load controlled by a uniform strain ε0xx (which corresponds to a normal
0 ) and a uniform overburden stress σ 0 along the top layer, where the effect of the
stress σxx
yy

rock’s body force is not considered. With the increase of the tensile load, some uniformly
distributed opening-mode fractures form across the thickness of the weak layer. Given an
in-situ condition, the weak rock layer will eventually reach a fracture saturation, where no
new periodic fractures will form. The goal of this analysis is to predict what the critical
fracture spacing is for any physical parameters, geometry and loading conditions.
The problem is formulated using the plane strain formulation outlined in Chapter 3. The
plane assumption of Eq. (3.2.1) is again used. By using the general formulation of Chapter 3,
the displacement in the x-direction for both rock layers is generally written in Eq. (3.2.13).
Note that due to the symmetry in the x-direction, the constant Di = 0. Moreover, the
displacement in the y-direction is given again in Eq. (3.2.14). Using these basic results, the
displacement fields for both the strong and weak rock layers are developed.

7.2.1

Strong Rock Layer (Layer I )

Based on Eq. (3.2.13), the displacement in the strong rock layer is written generally as

uIx (x, y) = CI sinh (cx) [AI sin (dI y) + BI cos (dI y)] + εux x,

(7.2.1)

where the constant dI comes from Eq. (3.2.12) and is specifically
s

dI = c

2 (1 − νI )
.
1 − 2νI

(7.2.2)
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Along the top surface, the shear stress of the strong rock layer is zero. In order to satisfy
this, Eq. (7.2.1) is rewritten as

uIx (x, y) = FI sinh (cx) {tan [dI (h + H)] sin (dI y) + cos (dI y)} + εux x,

(7.2.3)

where the constants εux , FI , c and dI will be determined by the boundary conditions for this
layer. The displacement in the y-direction is calculated by using Eq. (3.2.14) on Eq. (7.2.3)
to get
uIy (x, y) = −

cFI cosh (cx) sin [dI (h + H − y)]
+ fI (x) y + gI (x) .
2dI (νI − 1) cos [dI (h + H)]

(7.2.4)

0 is applied. This requirement is exactly
Along the top surface, the overburden stress σyy

satisfied by requiring the function fI (x) to be


fI (x) =



0
EI εux νI − 2νI2 + νI − 1 σyy

EI (νI − 1)

+

cFI (2νI − 1) sec [dI (h + H)]
cosh (cx) .
2 (νI − 1)

(7.2.5)

Moreover, the lateral strain ε0xx that is applied to extend the strong layer is related to
an equivalent load P . The load P can be made equivalent to the lateral strain ε0xx by using
the plane strain constitutive equation where

P =H×

EI (1 − νI ) ε0xx
,
(1 + νI ) (1 − 2νI )

(7.2.6)

where a unit width is considered. This boundary is satisfied using a weak-stress boundary
condition, where

ˆλ
I
σxx
(λ, y) dy = P.

(7.2.7)

0

Therefore the constant FI is
h

FI =

i

0 cos [d (h + H)]
2dI P − EI εux H − P νI2 + HνI (1 + νI ) σyy
I

cEI [dI HνI − (νI − 2) sin (dI H)] cosh (cλ)

.

(7.2.8)
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The remaining unknowns found in Eqs. (7.2.3) and (7.2.4) will be determined by the interfacial continuity conditions.

7.2.2

Weak Rock Layer (Layer II )

Similar to that of the strong layer, Eq. (3.2.13) gives the simplified displacement for the
weak rock layer, which is

u
uII
x (x, y) = CII sinh (cx) [AII sin (dII y) + BII cos (dII y)] + εx x,

(7.2.9)

where the constant dII comes from Eq. (3.2.12) and is specifically
s

dII = c

2 (1 − νII )
.
1 − 2νII

(7.2.10)

Eq. (7.2.9) can be simplified by absorbing the constant AII into BII and CII to get
u
uII
x (x, y) = FII sinh (cx) [sin (dII y) + BII cos (dII y)] + εx x.

(7.2.11)

Therefore, using Eq. (3.2.14) for Eq. (7.2.11), the displacement in the y-direction can be
written as

uII
y (x, y) =

cFII cosh (cx) [cos (dII y) + BII sin (dII y)]
+ fII (x) y.
2dII (νII − 1)

(7.2.12)

Notice that gII (x) = 0 since it is required that uII
y = 0 at y = 0. The shear stress along the
x = λ surface should be zero. Due to the plane assumption however, this boundary condition
cannot be exactly satisfied. Therefore, in order to force the resultant shear stress to zero
´ h+H
(or 0
τxy (x = λ, y) dy = 0) along this surface, the resultant vertical normal force at y = 0
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0 λ based on the equilibrium of the rock system. That is
should be σyy

ˆλ
0
II
λ.
(x, 0) dx = σyy
σyy

(7.2.13)

0

By applying Eq. (7.2.13) to Eqs. (7.2.12) and (7.2.11), the constant BII is solved for as
!

BII

EI FI (1 + νII ) [cos (dI H) − 1]
dII h
− cot
= sec [dI (h + H)]
.
EII FII (1 + νI ) [cos (dII h) − 1]
2

(7.2.14)

Note that the solution for BII is actually calculated after fII (x) is determined in Eq. (7.2.21).
For symmetry, this boundary condition would more accurately be set to τxy = 0, but this
would in turn create significant shear stress along x = λ. That is why it is necessary to fix
the normal stress along y = 0.
The final boundary for this weak rock layer is formed on the fracture surface, where the
integral of the normal stress is zero. That is
ˆh
II
σxx
(λ, y) dy = 0.

(7.2.15)

0

Since the desire of this analysis is to determine the normal stress at x = 0 and y = 0 (i.e. the
midpoint between two adjacent fractures), this weak stress boundary condition should not
significantly affect the stress around this area. Using Eq. (7.2.15), the constant εux is solved
for (again, after the functions fII (x), gII (x) and the constants c and FII are solved for) and
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is given by

εux =

(1 + νI )


EI HdII h cos

dII h
2



1

×




(νII 
−2)

(1+νI )

νI EEIII (1+ν
) + νII −
II

dII h cot

dII h
2





(νII − 2)
csc

("

×

EII (1+νI )
EI (1+νII )

sec(dI H)





× 

1−



dII h
2



i

h

2EII (1+νI )
 1 − E (1+ν )

0
P (νI − 1) − HνI σyy


I

II

sec (dI H)



− 1 +

EII (2+νI −νI2 ) sin(dI H)
EI dI H(1+νII )



− 1 +


dII hνII
sec



dII h
2



0
0
P (νI − 1) − HνI σyy
(νI − 2) σyy
EII (1 + νI )
−1
+ P (νI − 1) −
EI (1 + νII )
sec (dI H)
dI csc (dI H)

#

"

#)!

.(7.2.16)

An important feature of Eq. (7.2.16) is its independence of the fracture spacing λ. This is
important for the fracture analysis yet to come. Since the fracture saturation is dependent
on the fracture spacing, it highly simplifies the process by which the spacing that causes
fracture saturation is determined.

7.2.3

Interfacial Continuity (at y = h)

Much like the interfacial boundary conditions for the Pavement problem of Chapter 6, both
displacements and stresses need to be conserved along the surface connecting the strong and
weak rock layers. Therefore, along the boundary of y = 0, it is required that
























uIx (x, h) = uII
x (x, h) ,
I (x, h) = τ II (x, h) ,
τxy
xy

(7.2.17)

uIy (x, h) = uII
y (x, h) ,
I (x, h) = σ II (x, h) .
σyy
yy

The first two equalities of Eq. (7.2.17) are used to solve for FII and c respectively. The
proceeding two equations are used to solve for gI (x) and fII (x) respectively. Using the first
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equation in (7.2.17), the constant FII is found to be



FII = FI

[cos(dII H)−1]


)  tan

EI (1 + νII
EII (1 + νI )

dII h
2

− ddIII sin (dI H)

cos [dI (h + H)]





.

(7.2.18)

It is because of this continuity of the displacement ux that the constants cI and cII are equal
to one another, and are simply referred to as c. Moreover, using the continuity of shear
stress, and the solution for FII in Eq. (7.2.18), the constant c must satisfy
EI (1 + νII ) − EII (1 + νI ) + EII cos (dII h)
dI
= 1+
sin (dII h) sin (dI H) .
EI (1 + νII ) sec (dI H)
dII

(7.2.19)

Eq. (7.2.19) is therefore used to find the constant c, which is taken as the first root of the
equation. Eq. (7.2.19) has many roots, by the nature of the solution derived in Chapter 3,
which by its very nature is a series solution. However, only the first root of the equation is
considered here, and will be shown to give sufficient accuracy.
The third equation in (7.2.17) is the continuity of the y-directional displacement. Satisfying this requirement requires that the unknown function gI (x) be

1
{2hfII (x) − 2hfI (x) + c cosh (cx)
2"
#)
FII [cos (dII h) − BII sin (dII h)]
FI sin (dI H)
×
+
(7.2.20)
dII (1 − νII )
dI (νI − 1) cos [dI (h + H)]

gI (x) =

The final equation in (7.2.17) is the continuity of the vertical normal stress σyy . This is
satisfied by requiring the unknown function fII (x) to be
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"

(1 − 2νII ) (1 + νII ) cEII FII [BII cos (dII h) + sin (dII h)]
fII (x) = −
2EII (1 − νII )
sech (cx) (1 + νII ) (2νII − 1)
I H) cosh(cx)
EI 2εux νI − 2 (νI − 1) fI (x) + cFI (2νI − 1) cos(d
cos[d (h+H)]

h

+
−

i

I

(1 + νI ) (2νI − 1)
#
u
2EII νII [εx + cFII cosh (cx) [BII cos (dII h) + sin (dII h)]]
.
(1 + νII ) (2νII − 1)

(7.2.21)

By having solved for all the unknown constants (FI , FII , BII , εux , and c) as well as the
three unknown functions (fI (x), gI (x), and fII (x)), the displacement and the stress fields
for both the weak rock layer and the strong rock layer have been solved for. Using these
results, the fracture analysis of layered sedimentary rocks can be conducted.

7.3

Fracture Analysis

In previous applications of this theory of stress transfer, the energy release rate of an opening
fracture was used to determine the conditions for fracturing (see Chapters 5 and 6). The
widely accepted cause of fracture saturation in layered sedimentary rocks is the transformation of the tensile stress between two adjacent fractures into a compressive stress (Bai et al.,
2000a; Bai and Pollard, 2000). This theory was proposed after an in-depth study of in-situ
fracture patterns, as well as a detailed stress analysis conducted with a FEM software. By
studying the stress fields in the weak rock layer, it was found that at a fracture spacing (i.e.
the ratio of the fracture spacing λ over the height of the weak rock layer h, or λ/h) of nearly
1 causes the tensile stress to transform to a compressive stress. Due to the compressive
stress, the fracture infilling arrests, and no new fractures form.
The FEM analysis limits the prediction of the fracture saturation to a guess-and-check
method. A proposed fracture spacing ratio is modeled, and the stresses are observed. Depending on the stresses located at the midpoint between two adjacent fractures, certain
conclusions can be made about the fracture spacing ratio chosen. This analytical solution
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however, is capable of analytically showing what the fracture spacing should be, based on
the fundamental material and geometric properties of the layered sedimentary rock system.
II
Using the constitutive law from Eq. (3.2.3) and the solutions for uII
x and uy in Eqs.

(7.2.11) and (7.2.12), the equation for the stress located at this point can be calculated
analytically. Because of this ability, the critical fracture spacing can be explicitly written as

λsat =

1
c

×


h


i


0 ν + ν 2 − E εu
 sec (dI H) (1 + νI ) σyy
II
II
x
II


arcsech


0

σ


εux H + EPI νI2 − 1 − HνI EyyI (1 + νI )
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Where it once would take multiple FEM models in order to zero-in on the fracture spacing
that causes saturation (i.e. λsat ), Eq. (7.3.1) can now be used in conjunction with Eqs.
(7.2.19) and (7.2.16) to solve for the fracture spacing in a single calculation.

7.4

Results and Discussion

The proposed theory of stress transfer is applied to a layered rock system, in order to
understand the process of fracture saturation. The stress fields are determined given an
arbitrary geometry and arbitrary material properties. Being that the most accepted analysis
for the fracture saturation of layered rocks, the specific rock system analyzed by Bai and
Pollard (2000) is considered here. The basic structural system is composed of a strong
rock layer (Layer I) with stiffness EI = 40 GP a, Poisson’s ratio νI = 0.2, and thickness
H = 0.3m. The weak rock layer (Layer II) has the same stiffness EII = 40 GP a and Poisson’s
ratio νII = 0.2 as the strong rock, but with thickness 2h = 0.2 m. Though the elastic
material properties are the same for the two materials, the weak rock is assumed to have
a significantly smaller fracture toughness, therefore acting as a brittle rock. Following the
FEM analysis presented in Bai and Pollard (2000), a lateral average strain of ε0xx = 0.002,
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0 = 200 M P a is applied. The FEM analysis that Bai and
and an overburden stress of σyy

Pollard (2000) conducted, was based on displacement boundary conditions. So the lateral
strain and the overburden stress was converted to a physical displacement.

7.4.1

FEM Model

A FEM model was made for the purposes validating the analytical analysis developed. Using
ABAQUS, the structural system presented in Figure 7.1.2 was modeled. The boundary
conditions were virtually the same. However, due to the discretization of the FEM model,
it was possible to have the stress boundary conditions exactly satisfied. This was the key
difference between the analytical model and the FEM model. Following the geometric and
material properties described before, three different structural systems were analyzed. Since
understanding the fracture spacing ratio (i.e. λ/h) is the desired outcome of this analysis,
three different spacings where used, where λ = 0.7, 1.0, and 1.3.

7.4.2

Fracture Analysis

Bai et al. (2000a) use a FEM model in order to determine the fracture-spacing-to-layerthickness ratio, and determined that the spacing which no new fractures form for the geometric and material parameters mentioned earlier, is just below 1. In Bai et al. (2000a),
a schematic showing the stress fields (σxx ) within the weak rock layer is presented. Figure
7.4.1 shows this schematic, where the light green color indicates a zero stress condition. The
portion of the weak rock shown in Figures 7.4.1-7.4.3 is highlighted in red in Figure 7.1.1.
As the spacing ratio decreases from 1.3 down to 0.7, the transformation from tensile stress
to compressive stress is evident (the sign convention is positive for tension and negative
0 = 200 M P a and an
for compression). Figure 7.4.1 is based on an overburden stress of σyy

average lateral strain of ε0xx = 0.002.
The proposed analytical model was used to display the same stress fields within the weak
rock layer, shown in Figure 7.4.2. Though the stress color correspondence is not the same
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Figure 7.4.1: Stress field (σxx ) for weak rock layer with different fracture spacing ratios based
on the numerical model from Bai et al. (2000a)

Figure 7.4.2: Stress field (σxx ) for weak rock layer with different fracture spacing ratios based
on the analytical model proposed herein
for the two figures, the stress fields displayed by the analytical model successfully show the
transformation of stress from tensile to compressive at a fracture-spacing-to-thickness-ratio
of just under 1.0. The stress fields were calculated from the constitutive equation in (3.2.3),
while using the solution shown in Eqs. (7.2.11) and (7.2.12). Figure 7.4.3 shows the same
contours as Figure 7.4.2, but in only two-tones, where blue corresponds to a compressive
stress and red corresponds to a tensile stress. Figure 7.4.3 shows clearly how the stress
transforms in this region between two adjacent fractures from tension to compression as λ/h
decreases.
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Figure 7.4.3: Stress field (σxx ) for weak rock layer with different fracture spacing ratios in a
two-tone field, red is tensile and blue is compressive
When using a FEM model to determine the fracture spacing that causes saturation, Bai
and Pollard (2000); Bai et al. (2000a); Tang et al. (2008) use the stress field along the line
of symmetry y = 0 between two adjacent fractures. By doing this, different fracture spacing
ratios can be observed, and a spacing ratio that causes saturation can be hypothesized by the
tensile stress response at the midpoint between two fractures. Figure 7.4.4 shows the FEM
results obtained by Bai and Pollard (2000) while Figure 7.4.5 shows the analytical stress
results obtained with this proposed analysis. Although the trend is very similar–where the
decrease in fracture spacing transforms the tensile (i.e. positive) stress to a compressive stress
just below a ratio of 1.0–the fracture surface stresses differ significantly. This is due to the
application of the boundary conditions, where the analytical analysis requires a weak-form
stress boundary condition, the FEM analysis can exactly satisfy a zero stress boundary.
With this closed-form analytical analysis, the calculation of the fracture-spacing-tothickness-ratio that causes no new fractures to form can be calculated analytically through
Eq. (7.3.1). Therefore, a slew of different spacings do not need to be tested in order to
hypothesis what the this ratio is. For the material and geometric properties discussed, the
fracture-spacing-to-thickness-ratio that causes no new fractures, or λsat , is calculated by
using Eq. (7.3.1), to find
λsat
= 0.987,
h

(7.4.1)
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Figure 7.4.4: Stress distribution along the line of symmetry y = 0 for different fracture
spacing ratios based on a numerical model from the literature (Bai and Pollard, 2000)
which falls in line with the experimental results presented in Bai and Pollard (2000). Figure
7.4.6 shows the stress fields within the space between two adjacent fractures within the weak
rock layer for both a color contour and a two-tone contour.
This saturation ratio would fall in Range II (0.8 ≤ λ/h ≤ 1.2), as it is defined in Bai
and Pollard (2000), meaning the “spacing at or near the saturation level”(Bai and Pollard,
2000). This ratio is defined to be dependent on the Young’s modulus, the Poisson’s ratio, the
overburden stress, and the thickness of the strong rock. However, this ratio is independent
of the applied average strain. Figure 7.4.7 shows this independence. 7.4.7b shows the results
from Bai and Pollard (2000), where normal stress is shown for the point between two adjacent
fractures as the spacing to thickness ratio changes. When the saturation ratio is reached, the
average applied strain does not affect the stress at this point, illustrating this independence.
Figure 7.4.7a shows the same results, but by using the analytical solution proposed. While
Figure 7.4.7b can only guess what this saturation ratio is, the analytically produced response
in Figure 7.4.7a is capable of showing the exact ratio that causes this independence.
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Figure 7.4.5: Stress distribution along the line of symmetry y = 0 for different fracture
spacing ratios based on the analytical model

7.5

Summary

Using the proposed theory of stress transfer proposed in Chapter 3, a closed-form analytical
solution is developed for a typical layered sedimentary rock system. By solving the elastic
plane strain boundary-value problem, the displacement fields for both the strong and weak
rock layers are determined. The weak rock layer embedded between two stronger more
compliant layers, is often more brittle and periodic fractures form due tectonic strains.
Other analyses of layered sedimentary rocks rely on FEM models, determining the state of
stress between two adjacent fractures. Bai et al. (2000a) was the first to propose that there
exists a fracture spacing where no new fractures will form under the same strain because
the stress between two adjacent fractures transforms from tensile to compressive. With the
proposed analysis, it was shown that the analytical model can be used to explicitly solve for
this fracture spacing, while an FEM model would need to follow a guess-and-check method
to determine the correct ratio that causes saturation.
The closed-form solution proposed can analyze multiple different geometric or material
systems, determining the likely fracture spacing ratio that causes saturation. Although this
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(a) Stress field for fracture saturation

(b) Two-tone stress field for fracture saturation, where blue is compressive stress and
red is tensile stress

Figure 7.4.6: Stress field distribution when λ = λsat
analysis only considers the 3-part layered rock system, it can be used to study the fracture
behavior of more complex systems by increasing the number of layers, following the base
work of Chapter 3 and applying a more complete set of boundary conditions.
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(a) Based on analytical solution

(b) Based on FEM model of Bai and Pollard
(2000)

Figure 7.4.7: Normal stress in the direction perpendicular to the fractures at the midpoint
between two adjacent fractures at various fracture spacing to layer thickness ratios
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Chapter 8
Conclusions
8.1

Summary

The need to fully understand the structural response and the structural integrity of bilayered
systems is vital for their use in everyday structures. Most of the systems analyzed here have
already been fully integrated into common practice (such as adhesive anchors and pavement
overlays). Since previous models of these systems are limited to their linear-elastic material
properties or are made through empirical test results, models and design criteria are based
on incomplete analyses.
The theory of stress transfer proposed can be applied to virtually any bilayered structural
system composed of two fully bonded structures. While the assumptions and the boundary
conditions used to develop the analytical solution have been shown to have success in previous
applications, the theory developed is based on a simple fixed interfacial boundary condition.
By solving the generalized geometric systems presented, the basic results for the displacement
and stress fields for these bilayered systems can be applied to various structures.
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8.2

Key Results

The theory of stress transfer proposed is more accurately described as an analytical approach
for determining the stress and displacement fields of a bilayered system. Based on a general plane assumption–where the equilibrium equations are decoupled from one another–the
displacement fields for bilayered materials are determined. By having acquired the general
solution for a basic bilayered material (following the cylindrical system and the planar system
shown in Chapters 2 and 3 respectively), it can be extended to various structural systems,
solving for the unknown constants and unknown functions based on the structure’s specific
boundary and interfacial continuity conditions. Moreover, the analysis is based on linearelastic material properties; however, the formulation is just as easily extended to include
viscoelastic material properties as well as fracture propagation and other failure criteria.

Adhesive Anchors
The creep behavior of adhesive anchors has not been fully analyzed analytically, indicating
a void in the understanding of their long-term creep performance. Using the theory of stress
transfer for cylindrical structures developed in Chapter 2, adhesive anchors are analyzed. By
using a linear-elastic material assumption, the stress and strain fields for a basic adhesive
anchoring system are developed. Previous adhesive anchor analyses idealized the anchor core
as a one-dimensional component, significantly simplifying the stress distribution through the
adhesive binder. The proposed theory of stress transfer analyzes the axisymmetric problem
(which is a 2D problem), determining the entire stress distribution in both the adhesive layer
and the anchor core. By knowing the full stress distribution, the results are extended with
use of the elastic-viscoelastic correspondence principle to consider a viscoelastic adhesive
binder.
The viscoelastic adhesive’s relaxation modulus can be modeled by an appropriate viscoelastic model (such as the Burgers model or the standard solid), but it is more generally
modeled by a Prony series approximation. Experimental creep results for the bulk adhesive
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material allows the viscoelastic material model to be developed, and used in both the proposed analytical analysis and a FEM model. The time-dependent displacement of a typical
adhesive anchoring system was explored with the analytical solution and the FEM model
made with ABAQUS, showing an excellent agreement between the two.
The proposed theory of stress transfer allows for the development of both the linearelastic and the viscoelastic stress and strain fields for both the adhesive layer and the anchor
core for a general adhesive anchoring system. Though only the static analysis and the timedependent creep analysis are shown, these results can be incorporated into more complex
failure analyses that consider plasticity and damage.

Material Coatings
Using the proposed theory of stress transfer, a generalized coating system is analyzed when
subject to a tensile load. The fully bonded material coating is therefore subject to stress
through the transfer of stress along the interface of the two materials. Using this basic
analysis with the principle of potential energy minimization, the stress and displacement
fields for the material coating and the substrate are determined. The results are compared
to a FEM model, that validates the assumptions used in developing the analytical model.
The analytical stress and displacement fields are used to conduct the fracture analysis
of the material coating. The stress analysis can therefore be used to explain the process
of fracture saturation with regards to fracture infilling. The analytical results are then
compared to existing methods for analyzing thin material coatings subject to tensile loads.
The analysis is shown to agree well with the literature by reproducing the phenomenon of
fracture saturation and of modulus reduction as fractures continue to form.
Anodized aluminum is used for an experimental exploration of the physical process of
fracture saturation. Aluminum plates with thin alumina coatings (grown through anodization) were subject to a tensile load, causing opening-mode fractures to form periodically and
perpendicular to the direction of the load. By comparing the fracture spacing to the coating
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layer thickness, a critical fracture spacing is determined.

Pavements
Pavements subject to extreme temperature loads often develop fractures within its asphalt
overlay, while the substrate remains fully intact. A thermoelastic asphalt overlay pavement
system is analyzed when an arbitrary temperature load is applied. Based on the stress
transfer theory developed, the stress and displacement fields of the pavement overlay and
its sublayer are fully determined. Using the elastic-viscoelastic correspondence principle, the
elastic solution is extended to consider viscoelastic material behavior for the asphalt overlay
and the substrate. The elastic analysis is then used to determine the energy release rate for
a fracture forming between two existing fractures.
A FEM analysis is used to validate both the elastic analysis and the viscoelastic analysis,
showing the solution’s ability to determine the stress and displacements both statically and
quasi-statically. The viscoelastic asphalt is modeled with a Prony series representation of the
relaxation modulus, whose parameters are determined from experimental data. The model is
then used to predict the fracture saturation of the asphalt overlay by calculating the energy
release rate analytically.
This theory of stress transfer is successful in describing the stress and displacement fields
within a typical pavement cracking under a temperature load. By including the viscoelastic
analysis with the fracture analysis, the stress relaxation and the creep characteristics of
the asphalt material can eventually be incorporated into predicting the process of fracture
infilling. These results can be used to give a more detailed description of the fracturing
phenomenon of pavement systems.

Layered Rocks
The three-part layered sedimentary rock system–where a brittle rock layer is sandwiched
between two stronger rock layers–is often subject to a tensile strain, causing the weak brittle
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rock layer to form periodically spaced opening-mode fractures. Based on Bai et al. (2000a)’s
call for an analytical analysis of the stress fields for the three-part layered sedimentary rock
system, a closed form linear-elastic solution is derived by the theory of stress transfer developed in Chapter 3. Though the standard stress transfer theory would suggest that as
the tensile strain increases, so would the process of fracture infilling between two adjacent
fractures–with no arrest as long as the strain continues to increase–Bai et al. (2000a) suggests that there exists a critical fracture-to-layer-thickness ratio where an increase in strain
would cause no new fractures to form. The cause for this fracture saturation ratio is the
transformation of a tensile opening stress to a compressive stress at the midpoint between
two adjacent fractures.
While taking the plane assumption–which decouples the equilibrium equations–the boundary value problem for a simplified periodic section of a cracked rock system is analyzed. The
displacement and the stress fields were determined for both the weak brittle rock layer and
the stronger outer rock layer. As a result, the stress can be calculated within the likely location of future fracture nucleation. Using this stress analysis, the fracture-to-layer-thickness
ratio that causes fracture saturation was determined for a specific example often used in
the literature. This ratio was found to be just below 1.0, which is consistent with those
predicted in Bai et al. (2000a). Though the same result was reached as the one found in the
literature, it is based on a closed-form analytical solution. Therefore, previous methods of
guess-and-check coupled with a FEM model, can be replaced with a single calculation for
this critical ratio.
The proposed theory of stress transfer is successfully extended to the layered rock problem. By analytically showing the same results as those found experimentally and numerically,
the solution can be used for further exploration as to the phenomenon of fracture saturation.
The solution can be extended to include more rock layers, following a similar derivation as
to the one developed in Chapter 3.
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8.3

Significance of Research

The purpose of this research is not to determine a definitive load that causes failure for a
particular structural system. Rather, it is aimed at fully understanding how stress transfers
within bilayered structural systems. When applied to a particular structure, the critical
loads that cause failure can be deduced. But more fundamental is the understanding of
the stress and displacement fields of these systems, from which many different mechanical responses can be determined. As opposed to a FEM analysis, the analytical solution
facilitates the understanding of how different geometric and physical properties affect the
structural response of bilayered systems. By determining the non-dimensional parameters
of these systems, future design can incorporate known geometric and physical requirements
for a structurally sound system.
This research presents a method for solving for the displacement and stress fields of a
typical bilayered structural system composed of two fully bonded materials. Based on the
unique approach to conserve continuity along the interfacial boundary of the two materials,
a closed-form solution is possible. Each structural system analyzed here, can be further
explored by considering more complex and realistic failure criterion, since the entire stress
and displacement fields are known.

8.4

Future Research

Though this theory of stress transfer has been shown through various structural applications to agree well with FEM models and existing research, physical validation through
comprehensive experimental tests is invaluable. Currently, the viscoelastic material characterization of the adhesive epoxy used in adhesive anchors is underway in the Carleton Lab
at Columbia University. A standard set epoxy adhesive–Hilti HIT-RE 500–and a fast set
epoxy adhesive–Hilti HIT-HY 150 Max–are being tested with a Malvern Gemeni Rheometer, fixed with torsional rectangular fixtures used to characterize the creep compliance of
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solids. Assuming that the adhesive epoxy is thermorheologically simple, time-temperature
superposition can be used to determine the creep compliance of the adhesive for a specific
reference temperature. These same adhesives will be used to test various adhesive anchors
with different geometries and loads, while changing the embedment end boundary condition.
These results will be compared to the analytical solution developed with this theory of stress
transfer.
The remaining applications will be further studied with reference to experimental analyses. Existing pavement samples taken from cracked asphalt overlays can be incorporated
into the viscoelastic and fracture analysis of pavement structures. Moreover, though the
applications introduced here have been supported with FEM analyses and existing results,
a complete analysis would incorporate an analytical analysis, a FEM analysis, and an experimental analysis.
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Nomenclature
1D

One-Dimensional

2D

Two-Dimensional

3D

Three-Dimensional

a

Radius of adhesive anchor core

Al2 O3 Aluminum oxide, or Alumina
B

Width of section

b

Radius of adhesive anchor concrete hole

c

Constant derived from SOV solution. Solved by the continuity of shear
stress between layers

Ei

Young’s modulus for material designated by i

ε0ii

Applied normal strain in the i direction

εii

Normal Strain along the i direction

εux

Linear component of strain for u solution

FEM Finite element method
Fi

Constant for layer i determined by the boundary conditions

fi (x) Function for the solution of layer i
G

Energy release rate

γij

Shear Strain along the ij direction

Γ

Fracture toughness

gi (x) Function for the solution of layer i
H (t) Heaviside function
HMA Hot Mix Asphalt
Jˆ(s) Creep compliance in the Laplace domain
J (t)

Creep compliance in the time domain
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Jn (x) Bessel Function of the first kind of order n
Embedded length of the adhesive anchor

L

L {F (t)} Laplace transform of F (t)
n

L−1 F̂ (s)

o

Inverse Laplace transform of F̂ (s)

MMA Methylmethacrylate - Adhesive epoxy used in adhesive anchoring
systems
µi

Shear modulus of material designated by i

νi

Poisson’s ratio of material designated by i

ODE Ordinaryl Differential Equation
OMF Opening-mode fracture
P

Applied load (typically in N)

PDE Partial Differential Equation
PEC Pulsed eddy-current device
SEM Scanning electron microscope
σii0

Applied normal stress in the i direction

σii

Normal stress in the i direction

τij

Shear stress along the ij direction

ur

Displacement in the r-direction

Yn (x) Bessel Function of the second kind of order n
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Appendix A
Bessel Functions
A.1

Bessel’s Differential Equation

The partial differential equation–Eq. (2.2.8)–solved for in the stress analysis of cylindrical
systems in Chapter 2 is solved by the method of separation of variables. Two independent
ordinary differential (ODE) equations are derived as a result, Eqs. (2.2.11) and (2.2.12). The
second ODE in Eq. (2.2.12) is a special case of Bessel’s Differential Equation (Haberman,
2004). The r-dependent separation of variables solution is in general

r2


d2 f
df  2
2
+
r
+
r
−
m
f = 0,
dr2
dr

(A.1.1)

where f is the function that needs to be solved for, and m is an integer that results in the
separation of variables manipulation. The general solution for Bessel’s differential equation
(A.1.1) is
f = c1 Jm (r) + c2 Ym (r) .

(A.1.2)

Jm (r) and Ym (r) are the Bessel functions of the first and second kind respectively, of order
m. The Precise definitions of Jm (r) and Ym (r) can be found in Haberman (2004), while for
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asymptotic properties for small r or (r → 0),





Jm (r) ∼

m=0



 m1 r m m > 0
2 m!



2

ln r

m=0

π

Ym (r) ∼





A.2

1

−2

m

(m−1)! −m
r
π

(A.1.3)

.

m>0

Zero Order Bessel’s Differential Equation

The zero order Bessel’s differential equation is one unique case, which is
2φ

dφ
+ z 2 φ = 0,
dz

(A.2.1)

φ = c1 J0 (z) + c2 Y0 (z) .

(A.2.2)

z

2d

dz 2

+z

which has the general solution of

The solution in Eq. (A.2.2) for Bessel’s zero order differential equation in (A.2.1) is composed
of J0 (r) and Y0 (r), which are the Bessel functions of the first and second kind respectively
and of order zero. The zero order Bessel functions are defined as

J0 (r) =

∞
X



k=0

− 41

k

k! (1)k

and
−
Y0 (r) =

P−1 r2k (−1−k)!
k=0

4k k!

+π

r2k

P∞

k=0

π

(A.2.3)

,

(−1)k (21−2k r2k −ψ(1+k))
(k!)2

,

(A.2.4)

where ψ (x) is the digamma function. The full definition of the Bessel functions used can be
found in Haberman (2004). By using this solution to Bessel’s differential equation, the ODE
in Eq. (2.2.12), or
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d2 R (r) 1 dR (r)
+ d2 R (r) = 0
+
dr2
r dr
has general solution
R (r) = c1 J0 (d · r) + c2 Y0 (d · r) .

A.3

(A.2.5)

Differentiation of Bessel Functions

Through the formal definition of Bessel functions, they can be manipulated as dictated by
the boundary value problem. When deriving the normal stress of the cylinder in Chapter 4,
the Bessel functions used for the definition of the displacement fields must be differentiated.
Take for instance the general solution derived in Eq. (A.2.5), and take the derivative to find
dR (r)
= −dc1 J1 (d · r) − dc2 Y0 (d · r) .
dr

(A.3.1)
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Appendix B
Algorithms
B.1

Calculation of c Code

Solution of Eq. (4.2.5) from Chapter 2 using a nonlinear numerical solver in MATLAB
(fzero):

Algorithm B.1 Calculation of constant c

function [FII, FI, c, dII, dI] = Constant_calc(EII,EI,vII,vI,a,b,L)
%% C_calc
% Find the value for the constant ’c’
% Where di = c*sqrt((2*(1-vi))/(1-2*vi)))
coeII = sqrt((2*(1-vII))/(1-2*vII)); % These two are the coefficients where coeI*c is equal
to dI
coeI = sqrt((2*(1-vI))/(1-2*vI)); % This ratio is invariant to ’c’, that way it is the same
ratio = (EI*(1+vII)*coeI)/(EII*(1+vI)*coeII);
% Now find the zeros
search = 100; % Number of guesses
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guess = linspace(0.01,40,search); % Look for zeros between 0.01 and 40, this can be changed
c = zeros(1,search);
for i = 1:search
c(i) = fzero(@(c)(ratio*besselJ(1,coeI*c*a)*(besselY(0,coeII*c*a)*...
besselJ(0,coeII*c*b)-besselJ(0,coeII*c*a)*besselY(0,coeII*c*b))+...
besselJ(0,coeI*c*a)*(besselJ(1,coeII*c*a)*besselY(0,coeII*c*b)-...
besselY(1,coeII*c*a)*besselJ(0,coeII*c*b))),guess(i));
end
residual = (ratio*besselJ(1,coeI*c*a).*(besselY(0,coeII*c*a).*...
besselJ(0,coeII*c*b)-besselJ(0,coeII*c*a).*besselY(0,coeII*c*b))+...
besselJ(0,coeI*c*a).*(besselJ(1,coeII*c*a).*besselY(0,coeII*c*b)-...
besselY(1,coeII*c*a).*besselJ(0,coeII*c*b)));
% Calculates the residual to see if c(i) indeed is a zero
for i = 1:search
if abs(residual(i))>1 % Eliminates c(i) that is not a zero
c(i) = 100;
elseif c(i)<0

% Eliminates c(i) that is negative

c(i) = 100;
end
end
c = min(c); % Takes lowest root
%% Constants Calc
% Using all previous parameters, all unknowns are calculated
dI = coeI*c;
dII = coeII*c;
FI = P*dI*(1+vI)*(1-2*vI)/2/pi/c/a/EI/(1-vI)/cosh(c*L)/besselJ(1,dI*a);
FII = FI*besselJ(0,dI*a)/(besselY(0,dII*a)*besselJ(0,dII*b)-...
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besselJ(0,dII*a)*besselY(0,dII*b));

B.2

Gaver-Stehfest Method - Inverse Laplace Transform

Algorithm described by Eqs. (4.3.89) and (4.3.90):

Algorithm B.2 Gaver-Stehfest algorithm for finding the inverse Laplace transform of a
known function using MATLAB (Villinger, 1985; Stehfest, 1970a,b; Graver, 1966)

%% Gaver-Stehfest Algorithm
% ilt=gavsteh(funname,t,L)
%
% funname The name of the function to be transformed.
% t The transform argument (usually a snapshot of time).
% ilt
%L
%

The value of the inverse transform
number of coefficient —> depends on computer word length used
(examples: L=8, 10, 12, 14, 16, so on..)

function ilt=gavsteh(funname,t,L)
nn2 = L/2;
nn21= nn2+1;
for n = 1:L
z = 0.0;
for k = floor( ( n + 1 ) / 2 ):min(n,nn2)
z = z + ((k^nn2)*factorial(2*k))/ ...
(factorial(nn2-k)*factorial(k)*factorial(k-1)* ...
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factorial(n-k)*factorial(2*k - n));
end
v(n)=(-1)^(n+nn2)*z;
end
sum = 0.0;
ln2_on_t = log(2.0) / t;
for n = 1:L
p = n * ln2_on_t;
sum = sum + v(n) * feval(funname,p);
end
ilt = sum * ln2_on_t;
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Appendix C
Viscoelasticity Simplifications
C.1

Standard Solid Constitutive Equation Simplification

The constitutive model for the standard solid with k = 3 in Chapter 4 is defined as
...
...
T1 σ + T2 σ̇ + T3 σ̈ + T4 σ = U1 ε + U2 ε̇ + U3 ε̈ + U4 ε ,

(see Eq. (4.3.24)) where the constants Ti and Ui are defined as

T1 = E0 E1 E2 + E0 E1 E3 + E0 E2 E3 + E1 E2 E3 ,

(C.1.1)

T2 = η2 E0 E1 + η3 E0 E1 + η1 E0 E2 + η3 E0 E2
+ η3 E1 E2 + η1 E0 E3 + η2 E0 E3 + η2 E1 E3
+ η1 E2 E3 ,

(C.1.2)
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T3 = η1 η2 E0 + η1 η3 E0 + η2 η3 E0
+ η2 η3 E1 + η1 η3 E2 + η1 η2 E3 ,

(C.1.3)

T4 = η1 η2 η3 ,

(C.1.4)

U1 = E0 E1 E2 E3 ,

(C.1.5)

U2 = η3 E0 E1 E2 + η2 E0 E1 E3 + η1 E0 E2 E3 ,

(C.1.6)

U3 = η2 η3 E0 E1 + η1 η3 E0 E2 + η1 η2 E0 E3 ,

(C.1.7)

U5 = η1 η2 η3 η4 E0 .

(C.1.8)

