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ABSTRACT

Portfolio Optimization with Transaction Costs and Taxes

Weiwei Shen

This thesis is concerned with a new computational study of optimal investment decisions

with proportional transaction costs or capital gain taxes over multiple periods. The decisions

are studied for investors who have access to a risk-free asset and multiple risky assets to

maximize the expected utility of terminal wealth. The risky asset returns are modeled

by a discrete-time multivariate geometric Brownian motion. As in the model in Davis

and Norman (1990) and Lynch and Tan (2010), the transaction cost is modeled to be

proportional to the amount of transferred wealth. As in the model in Dammon et al. (2001)

and Dammon et al. (2004), the taxation rule is linear, uses the weighted average tax basis

price, and allows an immediate tax credit for a capital loss.

For the transaction costs problem, we compute both lower and upper bounds for optimal

solutions. We propose three trading strategies to obtain the lower bounds: the hyper-

sphere strategy (termed HS); the hyper-cube strategy (termed HC); and the value function

optimization strategy (termed VF). The first two strategies parameterize the associated no-

trading region by a hyper-sphere and a hyper-cube, respectively. The third strategy relies

on approximate value functions used in an approximate dynamic programming algorithm.

In order to examine their quality, we compute the upper bounds by a modified gradient-

based duality method (termed MG). We apply the new methods across various parameter

sets and compare their results with those from the methods in Brown and Smith (2011). We

are able to numerically solve problems up to the size of 20 risky assets and a 40-year-long

horizon. Compared with their methods, the three novel lower bound methods can achieve

higher utilities. HS and HC are about one order of magnitude faster in computation times.

The upper bounds from MG are tighter in various examples. The new duality gap is ten

times narrower than the one in Brown and Smith (2011) in the best case.



In addition, I illustrate how the no-trading region deforms when it reaches the borrowing

constraint boundary in state space. To the best of our knowledge, this is the first study

of the deformation in no-trading region shape resulted from the borrowing constraint. In

particular, we demonstrate how the rectangular no-trading region generated in uncorrelated

risky asset cases (see, e.g., Lynch and Tan, 2010; Goodman and Ostrov, 2010) transforms

into a non-convex region due to the binding of the constraint.

For the capital gain taxes problem, we allow wash sales1 and rule out “shorting against

the box” by imposing nonnegativity on portfolio positions. In order to produce accurate

results, we sample the risky asset returns from its continuous distribution directly, leading

to a dynamic program with continuous decision and state spaces. We provide ingredients

of effective error control in an approximate dynamic programming solution method. Ac-

cordingly, the relative numerical error in approximating value functions by a polynomial

basis function is about 10−5 measured by the l∞ norm and about 10−10 by the l2 norm.

Through highly accurate numerical solutions and transformed state variables, we are able to

explain the optimal trades through an associated no-trading region. We numerically show

in the new state space the no-trading region has a similar shape and parameter sensitivity

to that of the transaction costs problem in Muthuraman and Kumar (2006) and Lynch and

Tan (2010). Our computational results elucidate the impact on the no-trading region from

volatilities, tax rates, risk aversion of investors, and correlations among risky assets. To the

best of our knowledge, this is the first time showing no-trading region of the capital gain

taxes problem has such similar traits to that of the transaction costs problem.

We also compute lower and upper bounds for the problem. To obtain the lower bounds

we propose five novel trading strategies: the value function optimization (VF) strategy

from approximate dynamic programming; the myopic optimization and the rolling buy-

and-hold heuristic strategies (MO and RBH); and the realized Merton’s and hyper-cube

strategies (RM and HC) from policy approximation. In order to examine their performance,

we develop two upper bound methods (VUB and GUB) based on the duality technique in

Brown et al. (2009) and Brown and Smith (2011). Across various sets of parameters, duality

1Wash sales mean selling those assets with price falling below their tax basis to get a tax credit and then

purchasing the same assets at the current price.



gaps between lower and upper bounds are smaller than 3% in most examples. We are able

to solve the problem up to the size of 20 risky assets and a 30-year-long horizon.
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CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

Dynamic portfolio optimization problem has received considerable attention in recent years.

The seminal papers by Merton (1969, 1971) offer an explicit solution for the portfolio

optimization problem in idealized environments without transaction costs or taxes. Merton’s

optimal strategy for constant relative risk aversion (CRRA) investors is to hold a constant

fraction of total wealth in different assets. To implement such a strategy, investors must

continually buy and sell assets in order to maintain the target fraction as asset prices

fluctuate. However, in a real market with frictions, transactions are costly and continual

rebalancing can be expensive. Moreover, due to the presence of transaction costs and

taxes, Merton’s trading strategy is actually suboptimal, and explicit solutions have not been

found yet. Therefore, it is important to consider an optimal solution for dynamic portfolio

choice in the presence of market frictions. This dissertation aims to study the optimal

strategies for the portfolio optimization problem Merton considered but additionally with

either proportional transaction costs or capital gain taxes.

1.1 Portfolio Optimization with Transaction Costs

Portfolio optimization with transaction costs has been studied from different perspectives

by a large number of articles. However, research on the problem with more than five assets

is rare. This thesis focuses on the problem with more than ten risky assets. Illustrations

over a wide range of applications and conclusions involving transaction costs may be found
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in the review Cvitanic (2001) and Brandt (2010), and the extensive references therein. In

this section, we briefly overview the relevant papers.

Magill and Constantinides (1976) pioneer the research about how to incorporate trans-

action costs into Merton’s problem. They conjecture there exists a no-trading region in

which investors don’t trade, and the optimal strategy is to bring the post-trade position

back to the no-trading region via enough trades. The papers by Constantinides (1979, 1986)

confirm that there is a no-trading region around Merton’s solution in the case of one risky

asset. Besides, most of the early papers (see, e.g., Davis and Norman, 1990; Dumas and

Luciano, 1991; Shreve and Soner, 1994; Oksendal and Sulem, 2002; Liu and Loewenstein,

2002; Janecek and Shreve, 2004) mainly study the case of a single risky asset. Their stud-

ies explicitly provide pathways to solving Merton’s problem with proportional transaction

costs. In particular, Davis and Norman (1990) first provide a detailed theoretical analysis

of the optimal policy for an infinite horizon investment and consumption decision problem.

They also calculate the optimal policy by numerically solving the associated Hamilton-

Jacobi-Bellman (HJB) partial differential equation. Based on very limited assumptions,

Shreve and Soner (1994) conduct an exhaustive and rigorous analysis of the optimal trad-

ing strategies in an infinite horizon. They prove existence, uniqueness and regularity of

the value function. Janecek and Shreve (2004) derive an asymptotic expansion of the value

function and obtain asymptotic results of a single risky asset problem.

Starting with Liu (2004), Muthuraman and Kumar (2006), and Muthuraman and Zha

(2008), more research appears for the corresponding multi-asset portfolio optimization prob-

lem. This problem is much more challenging to solve. Liu (2004) obtains an almost closed

form solution for fixed and proportional costs in continuous time for constant absolute risk

aversion (CARA) investors by assuming asset returns are uncorrelated. Muthuraman and

Kumar (2006) have developed numerical methods to solve the HJB equation for the case of

infinitely-lived CRRA investors who have access to two risky assets. Their method works

up to ten risky assets before reaching the bound of their computing power. Muthuraman

and Zha (2008) have developed numerical methods based on combining simulation with a

boundary update procedure used in solving the HJB equation in the log utility. It scales

polynomially in dimension and can solve up to seven risky assets within 72 hours. Dai and
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Zhong (2010) solve the similar two risky asset problem as Muthuraman and Kumar (2006)

but in a finite horizon. They consider the cases with and without consumption. Their

value function is governed by a variational inequality with gradient constraints. They pro-

pose a penalty method to deal with the gradient constraints and employ a finite difference

discretization. In addition, for the multiple risky-asset case Akian et al. (1996) show the

existence of a viscosity solution to the HJB equation and the uniqueness of the long-term

expected growth rate. Goodman and Ostrov (2010) carry out asymptotic expansion of the

value function and obtain asymptotic results of the no-trading boundaries for the multiple

risky-asset problem. For uncorrelated multiple risky assets, Atkinson and Ingpochai (2006)

show the no-trading region is a rectangular box for CRRA investors by using asymptotic

analysis. However, the fatal difficulty of using partial differential equation approaches in

multiple asset problems is the lack of effective techniques to solve curse of dimensionality

as the required work grows exponentially with the number of risky assets.

In a discrete time setting Lynch and Tan (2010) and Brown and Smith (2011) conduct a

study of the case in which investors are facing a finite horizon, correlated multi-asset returns

and nonnegative portfolio constraints. In particular, Lynch and Tan (2010) have considered

a similar problem with two risky assets as that in Muthuraman and Kumar (2006) but with

a discrete time finite horizon and predictable returns. Their numerical methods are based

on a grid approximation of the state space for the associated dynamic program. Brown

and Smith (2011) provide heuristic lower bounds via optimizing value functions of Merton’s

problem and upper bounds by a duality method. They obtain small duality gaps for various

examples. Additionally, in a recent series of papers, Kallsen and Muhle-Karbe (2010) and

Gerhold et al. (2011) show the transaction costs problem can be solved by the martingale

method which was only applicable in a frictionless market (see, e.g., Pliska, 1986; Cox and

Huang, 1989). Further, they determine the shadow price process by solving a dual problem

in the case of having one risky asset and logarithmic utility. This research extends the

application of the martingale method to solving problems with market frictions. Recently,

the paper by Choi et al. (2013) further extends the shadow price method to solving the

CRRA utility and releases many restrictions of parameters in Kallsen and Muhle-Karbe

(2010).
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Besides the aforementioned research on proportional transaction costs, there are a vari-

ety of papers related to transaction costs. Morton and Pliska (1995) and Schroder (1995)

consider the problem with fixed transaction costs and illustrate that there is a particu-

lar point to return in the no-trading region. Atkinson, Pliska, and Wilmott (1997) work

on a long-term growth model with transaction costs and without consumption. Balduzzi

and Lynch (1999) and Lynch and Balduzzi (2000) demonstrate the impact of return pre-

dictability and transaction costs on the utility costs and the optimal strategy. Leland (2000)

formulates a cost minimal model where he incorporates proportional transaction costs and

capital gain taxes. In a single risky asset context, Gerhold et al. (2013) study the relation

of transaction costs, liquidity premium, and trading volume.

1.2 Portfolio Optimization with Taxes

Perhaps the most significant friction investors confront in financial markets is taxation,

which has a first-order effect on the portfolio optimization. For example, the magnitude of

the capital gain taxes is quite large, typically from 20% to 50%. Surprisingly, the literature

on the portfolio optimization problem under capital gain taxes is not extensive and is mainly

developed in discrete time lattice return models. As taxation is complicated, we review the

papers focusing on portfolio optimization problems with capital gain taxes in this section.

For comprehensive literature reviews, see Dammon and Spatt (2012) and Brandt (2010).

The challenges of the problem essentially root in the taxation code. In order to calculate

capital gains or losses, taxation code needs to specify the basis to which the price of a

security has to be compared. The question of whether the problem is strongly or mildly path-

dependent depends on how to calculate the basis. The exact tax basis price which is defined

as the purchase price of the security in the U.S. leads to a strong path-dependency. This

choice requires investors to keep track of the basis price for every single transaction along

the investment for tax calculation. As a consequence, the strong path-dependency feature

renders the size of the problem to increase exponentially with the number of rebalancng

periods, which was known as the curse of dimensionality. Moreover, it leads to a non-

Markovian problem to which dynamic programming is inapplicable.
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Constantinides (1983) pioneers the research of portfolio optimization with taxes and

shows the investment and consumption decisions are separable and the optimal strategy

is always to (1) defer gains and (2) realize losses. These conclusions heavily rely on the

assumption of allowing costless short selling of risky assets. The strategy of deferring all

gains referred to as “shorting against the box” reflects that investors prefer to sell short

those assets with embedded capital gains instead of selling them outright. The strategy of

realizing all losses known as a “wash sale” rests on selling those assets with price falling

below their tax basis to get a tax credit and then rebalancing the portfolio by purchasing

the same assets at the current price. However, in practice, short selling is not costless and is

prohibited for many classes of investors; and the wash sale of a security with a loss bought

within 30 days is disallowed by the U.S. tax code.

By considering capital gain taxes and using the exact tax basis, Dybvig and Koo (1996)

formulate the problem as a nonlinear program and numerically solve the problem for four

periods and a single stock. DeMiguel and Uppal (2005) extend this model and solve the

problem with seven periods and two stocks or with ten periods and a single stock. The

strong path-dependency issue makes any further extension of the number of assets and

periods intractable.

Dammon et al. (2001) propose employing the weighted average of purchase price as

the tax basis to tackle with the strong path-dependency difficulty. In the context of a lat-

tice model with short sale constraints and a linear taxation rule, they present numerical

results for a problem with 80 periods and one risky asset and provide extensive character-

ization of the optimal dynamic consumption and portfolio decisions. The main advantage

of the weighted average tax basis lies in that it simplifies the dynamics of the tax basis

to be Markovian. This simplification ameliorates the path-dependency of the problem and

opens the door to attacking the problem via dynamic programming. Similarly, Dammon

et al. (2004) consider how to optimally allocate assets between taxable and tax-deferred

accounts. In addition, numerical examples in DeMiguel and Uppal (2005) show that the

certainty equivalent loss from choosing the weighted average tax basis rather than the exact

tax basis is less than 1% for various parameters in single or two risky asset cases. Using the

same lattice model for return dynamics, Garlappi et al. (2001), Dammon et al. (2002), and
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Gallmeyer et al. (2006) numerically analyze the problem with two risky assets. Garlappi

et al. (2001) analyze the nature of the “no-trading region”. Dammon et al. (2002) concen-

trate on the differences between two risky assets and a single risky asset. They find that

the diversification benefit of reducing the exposure to a highly volatile position can over-

weight the incurred tax cost of selling. Gallmeyer et al. (2006) investigate how short-selling

impacts optimal asset allocation when “shorting against the box” is prohibited. They find

it possible to short one risky asset when there are no embedded gains in the assets.

Recently, Tahar et al. (2010) formulate the continuous time version of the model in

Dammon et al. (2001). In an infinite long horizon, they rigorously derive a first order ap-

proximation of the value function as the lower bound according to the strategy of forcing

realizing all capital losses or gains. They include a discussion of the characterization of

the value function based on the method in Tahar et al. (2007), and numerically show the

related value function is not concave. In another series of papers, Constantinides (1984),

Dammon et al. (1989), Dammon and Spatt (1996), and Dai et al. (2012) study the opti-

mal consumption and trading strategies with asymmetric long-term/short-term capital gain

taxes. Constantinides (1984), Dammon et al. (1989) and Dammon and Spatt (1996) find

that when there exists different tax rates for long-term/short-term investment, it is possible

to realize long-term capital gains to reset the investors’ tax basis, which is known as the

restarting option. Dai et al. (2012) illustrate that by assuming the tax rate for long-term

capital losses is the same as that for long-term capital gains, it is always optimal to realize

all short-term capital losses before they turn into long-term. Besides, by assuming the tax

rate for long-term capital losses is the same as the marginal ordinary income tax rate as the

law stipulates, they show for low income investors it could be optimal to defer long-term

capital losses. Haugh et al. (2014) compute several heuristic strategies for the exact tax

basis problem with limited tax loss deduction. Their framework allows them to provide the

upper bound through a convex optimization problem.
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1.3 Duality Method

On the other hand, a new line of research on the duality techniques developed by Rogers

(2007), Brown, Smith, and Sun (2009) and Brown and Smith (2011), which is an extension

of the work of Davis and Karatzas (1994), Rogers (2002), Andersen and Broadie (2004) and

Haugh and Kogan (2004), can be adopted to evaluate general optimal control problems.

Briefly, these techniques root in relaxing decision-maker’s information constraints thus pro-

viding the upper bounds of optimal control problems. By computing the gaps between

lower bounds and upper bounds, one can evaluate the quality of the lower bounds. In par-

ticular, the value function-based duality techniques developed in Rogers (2007) and Brown

et al. (2009) demand value functions calculated from sub-optimal policies. Alternatively, the

gradient-based duality techniques developed in Brown and Smith (2011) has computational

cost advantages over the value function-based techniques for high-dimensional problems.

More recent applications and developments can be found in Lai et al. (2010), Lai et al.

(2011) and Desai et al. (2012).

1.4 Contribution and Outline

In this dissertation, we consider the problem of dynamic multi-asset portfolio optimization

in a discrete-time, finite-horizon setting. Our general model considers risk aversion, non-

negativity constraints on portfolio positions, and proportional transaction costs or capital

gain taxes. As the model in Davis and Norman (1990) and Lynch and Tan (2010), the

transaction cost is modeled to be proportional to the amount of transferred wealth. As

the model in Dammon et al. (2001) and Dammon et al. (2004), the taxation rule is linear,

adopts the weighted average tax basis price, and allows an immediate tax credit for a capital

loss.

We concentrates on the efficient method to compute and understand the optimal invest-

ment decisions for investors who have access to multiple investment instruments: a risk-free

asset account paying a risk-free rate and several risky assets with stochastic returns. Specif-

ically, the main contributions for the transaction costs problem are as follows:

1. Propose three novel trading strategies that produce tight lower bounds for the problem
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with not less than ten risky assets

The first trading strategy is value function approximation (VF). This method uses

the approximated value functions generated from the associated approximate dynamic

programming backward iteration. It has been noticed that the high-dimensional trans-

action costs problem cannot be solved by a trivial extension of low-dimensional treat-

ments in backward iteration (e.g. Brown and Smith, 2011). Therefore, we carefully

design each step in the backward iteration. Specifically, three key ingredients in each

step are: (1) using the Sobol low-discrepancy sequence to sample grid points in state

space; (2) adopting the complete set of polynomials of state variables as basis func-

tions to approximate certainty equivalents of value functions; (3) applying certainty

equivalent transformation to objective functions in optimization to control numerical

errors. In particular, across different parameter sets, the l2 norm of the relative er-

ror in approximating certainty equivalent functions is about 10−5 and its l∞ norm

is about 10−3. We are able to attain highly accurate results for the problem up to

20 risky assets and 10 periods. To the best of our knowledge, this is the first time

obtaining such accurate numerical solutions for the transaction costs problem with

this size by approximate dynamic programming.

As VF entails step by step optimization along each simulated return trial, it is rel-

atively expensive. To overcome this limitation, after exploring the optimal policy

structure of the problem, we provide two trading strategies motivated from approxi-

mating the associated no-trading region by a hyper-sphere (HS) and by a hyper-cube

(HC), respectively. Typically, they are about 10 times faster than VF. For multiple as-

sets, numerical examples in Muthuraman and Kumar (2006); Lynch and Tan (2010);

Dai and Zhong (2010) and theoretical proofs in Atkinson and Mokkhavesa (2004);

Atkinson and Ingpochai (2006); Goodman and Ostrov (2010) show the no-trading

region is close to a polyhedron. Thus, to achieve computational cost-effectiveness, we

parameterize the no-trading region with one variable. In each time period, HS and HC

require a one-dimensional brute-force search for the optimal size of the hyper-sphere

and the hyper-cube to maximize the final utility, respectively. By covering the main

area of the no-trading region through simple geometries thus approximating closely
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the trading policy, HS and HC also produce tight lower bounds.

To validate the proposed lower bound strategies, we test across diverse parameter

sets and compare the new lower bounds with those from the old methods in Brown

and Smith (2011). We find HS and HC are one order of magnitude faster on average

and the new low bound provides a 6.5% relative improvement in annualized certainty

equivalent return rate in the best case.

2. Reduce upper bounds by a new gradient-based duality method

The gradient-based duality method is originally developed in Brown and Smith (2011)

and offers the best upper bounds in many examples in their study. In this paper, we

propose a new dual method from the motivation that the most significant trading

volume in the transaction costs problem happens in the first period. The critical

requirement that ensures the gradient-based duality method to work is to find a mod-

ified convex problem that is close to the original primal problem and can be solved

to optimality. Our modified problem only incorporates transaction costs in the first

period thus satisfying the requirement. As the largest trading costs have been cap-

tured, we are able to obtain tight upper bounds in examples. The new duality gap,

which is calculated as the relative difference of the annualized certainty equivalent

rate between the lower and upper bound, is nine times smaller than the old one on

average.

3. Reveal the distortion of the no-trading region due to the borrowing constraint

The no-trading region associated with the transaction costs problem has been studied

by many papers (see, e.g., Muthuraman and Kumar, 2006; Lynch and Tan, 2010).

However, to the best of our knowledge, this is the first study of the distortion of

the no-trading region resulted from the borrowing constraint. Campbell et al. (2001)

emphasized that constraints such as nonnegativity of portfolio positions are realistic,

and they affect the form of the solution, but relatively little is known about the

effects of such constraints on optimal strategies, because the constraints make it hard

to find analytical solutions. In the case of two uncorrelated risky assets, the no-trading

region forms a rectangle if the constraints on the asset positions are not binding. We
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demonstrate the course of distortion from a rectangle to a non-convex shape when the

no-trading region gradually touches the borrowing constraint boundary. As investors

generally confront constraints on portfolio positions, this study provides the insight

of the practical shapes of the no-trading region and shines a light on the necessity of

an exclusive study of optimal policy structure given those practical constraints.

The main contributions for the capital gain taxes problem are as follows:

1. Solve the capital gain taxes problem more accurately via approximate dynamic pro-

gramming

By following many other papers for a discrete time setting (see, e.g., Dammon et al.,

2001; Garlappi et al., 2001; Gallmeyer et al., 2006), we formulate the portfolio opti-

mization with capital gain taxes problem as a dynamic program with a continuous

decision space. However, unlike the other studies in the discrete time setting that

build a lattice return model (see, e.g., Dybvig and Koo, 1996; Dammon et al., 2001;

Garlappi et al., 2001; DeMiguel and Uppal, 2005; Gallmeyer et al., 2006), we sam-

ple returns from a continuous distribution directly to produce more accurate results.

This approach results in a dynamic program with continuous decision and state spaces.

As is known difficult, a dynamic program with continuous decision and state spaces

requires careful error control in approximate dynamic programming solution meth-

ods (see, e.g., Rust, 1996). Therefore, in this work we provide detailed ingredients

for effective error control in commonly adopted approximate dynamic programming

backward iteration. Accordingly, in each step of the iteration, the relative numerical

error in approximating transformed value functions by a polynomial basis function is

about 10−5 measured by the l∞ norm and about 10−10 by the l2 norm. Our numerical

results of lower bounds generated by this method also justify its effectiveness.

2. Explain the optimal trades through the associated no-trading region and reveal a sim-

ilar no-trading region shape and parameter sensitivity to that of the transaction costs

problem

The relevant research by Garlappi et al. (2001) presents a discussion of the no-trading

region in a different state space. However, they have not built a link to the no-
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trading region of the transaction costs problem presented in Muthuraman and Kumar

(2006) and Lynch and Tan (2010). In this thesis, through highly accurate numerical

solutions and transformed state variables, i.e. relative basis prices and realized risky

asset portfolios, we are able to visualize and analyze the no-trading region better.

Specifically, for a single risky asset case, besides illustrating and analyzing the optimal

trades, we quantitatively characterize the selling and purchasing boundaries of the no-

trading region. We obtain mathematical connection between the two boundaries and

two Merton’s problems with different effective risky returns. For a two risky asset

case, we identify the commonalities and differences between the no-trading region of

transaction costs problems and that of capital gain taxes problems. In particular, we

numerically demonstrate the no-trading region of the capital gain taxes problem with

featured optimal trades and show a similar shape and parameter sensitivity to that

of the transaction costs problem. To the best of our knowledge, this is the first time

(1) explaining optimal trading strategies through the no-trading region of the capital

gain taxes problem, and (2) revealing a similar shape and parameter sensitivity of the

no-trading region to that of the transaction costs problem.

3. Develop five lower bound strategies and assess their quality by comparing with upper

bounds

In most of our numerical examples, the duality gaps, computed as the relative differ-

ence between lower and upper bounds, are smaller than 3%. The first strategy, value

function optimization (VF), is based on the approximated value functions produced

by approximate dynamic programming backward iteration. Since the approximation

has a high accuracy, this strategy generates tight lower bounds. Besides, the myopic

optimization (MO) and rolling buy-and-hold (RBH) strategies are heuristic, easy to

implement and represent close approximation to the original model. The former has

been studied by Wang (2008) in single risky asset cases when trading intervals are

approaching zero. The latter has served as a robust benchmark that produces tight

lower bounds in the transaction costs problem in Brown and Smith (2011) and Broadie

and Shen (2013b). However, as these three strategies need step by step optimization

along each return trial, they are computationally expensive. Therefore, we propose
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two strategies motivated from approximating trading policy after exploring solution

structures. They are about two to three orders of magnitude faster than VF, MO

and RBH, and produce comparable lower bounds. Specifically, the realized Merton’s

(RM) strategy captures the intuition that the realized wealth as the nominal wealth

subtracting liquidation taxes perhaps should be distributed according to the original

Merton’s solution. The hyper-cube (HC) strategy approximately parameterizes the

associated no-trading region by a hyper-cube. As the parameterization only involves

one variable, HC is cheap even in high dimensions. In high-dimensional examples,

RM and HC are about three orders of magnitude faster on average, and RM takes

less than a minute to compute.

To evaluate those lower bounds, we compute upper bounds. We provide two upper

bounds based on the duality techniques developed by Brown et al. (2009) and Brown

and Smith (2011), the value function-based and gradient-based upper bound methods

(VUB and GUB, respectively). Across various parameter sets, most of the duality

gaps are smaller than 5%. This result ensures our lower bounds perform well. We are

able to solve problems for both lower and upper bounds up to 20 risky assets and 30

periods.

We study the portfolio optimization with transaction costs in Chapter 2 and study the

portfolio optimization with capital gain taxes in Chapter 3.
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Chapter 2

Portfolio Optimization with

Transaction Costs

2.1 Introduction

In presence of transaction costs, Merton’s solution for a multi-period portfolio optimization

turns to be suboptimal. Therefore, in this chapter, we consider the problem of dynamic

multi-asset portfolio optimization in a discrete-time, finite-horizon setting. Our general

model considers risk aversion, nonnegativity constraints on portfolio positions, and propor-

tional transaction costs. We are concerned with the efficient method to compute the optimal

investment decisions for investors who have access to multiple investment instruments: a

risk-free asset account paying a risk-free rate and several risky assets with stochastic returns.

The balance of the chapter is organized as follows: In Section 2.2, we describe the

investment model. In Section 2.3, we investigate relevant properties. In Section 2.4, we

propose several trading strategies to compute the lower bounds. In Section 2.5 three dual

bound methods are given with some discussion. In Section 2.6, we analyze our numerical

results and illustrate the borrowing constraint impact. Finally, in Section 2.7, we briefly

conclude and discuss some future directions.
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2.2 The Portfolio Optimization Model with Transaction Costs

Time is modeled as discrete and indexed as tk = k∆t, k = 0, ...,m, with t0 = 0 the current

period and tm = T the terminal period. We consider a market that contains one risk-free

and multiple n risky assets. The risk-free asset continuously pays a gross risk-free rate Rf .

The corresponding net risk-free return rate is denoted by rf . The returns of the risky assets

are stochastic and denoted by Rtk = (Rtk,1, ..., Rtk,n)′ where Rtk,i is the gross return of

asset i from period tk−1 to period tk. The return is modeled by a multivariate geometric

Brownian motion:

lnRtk = µ− 1
2σ

2 + etk (2.1)

with µ = (µ1, ..., µn)′ the asset return vector, σ = (σ1, ..., σn)′ the return volatility vector,

and etk the stochastic increments from the multivariate normal distribution with mean

zero, volatility σ, and correlation Σe. All the parameters in the return model are time-

independent.

Investors have an initial investment of x0 dollars invested in a risk-free asset and y0 =

(y0,1, ..., y0,n)′ dollars invested in the n risky assets. The positions in the risk-free and risky

assets at time tk are denoted by xtk and ytk = (ytk,1, ..., ytk,n)′, respectively.

In time, investors can either spend money from the risk-free account to buy risky assets

or add money to the risk-free account by selling risky assets. To model the transaction

we consider buying and selling risky assets separately. Denote Ltk = (Ltk,1, ..., Ltk,n)′ as

an n-vector whose i-th element represents the amount of money spent from the risk-free

account to buy risky asset i before incurring transaction costs. Similarly, denote Utk =

(Utk,1, ..., Utk,n)′ as an n-vector whose i-th component represents the amount of money

obtained from selling risky asset i before incurring transaction costs. Thus, they are both

nonnegative. Buying and selling risky assets incur proportional transaction costs. Let

β = (β1, ..., βn)′ ≥ 0 be the transaction cost factor for buying and selling. More precisely,

buying a risky asset i priced at Ltk,i will cost (1 + βi)Ltk,i in risk-free account, and selling

a risky asset i priced at Utk,i will result in (1− βi)Utk,i in risk-free account.

The controlled evolution of the positions in the risk-free and risky assets can be described
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by the system of equations: xtk+1

ytk+1

 =

 Rf

(
xtk −

n∑
i=1

[(1 + βi)Ltk,i − (1− βi)Utk,i]
)

Rtk+1 · (ytk + Ltk −Utk)

 (2.2)

where · denotes the element-wise product of two vectors. To prohibit short selling and

borrowing, we assume the trades at time tk are restricted to a convex set:

Atk =
{

Utk ,Ltk ∈ Rn+ : xtk−
n∑
i=1

[(1+βi)Ltk,i−(1−βi)Utk,i] ≥ 0,ytk+Ltk−Utk ≥ 0
}
. (2.3)

The wealth Wtk is the sum of the dollar positions across the risk-free and risky assets at

time tk, i.e.,

Wtk = xtk +
n∑
i=1

ytk,i. (2.4)

The objective is to choose a policy (Utk ,Ltk) at each period tk to maximize the expected

utility of the final wealth

max
(Utk

,Ltk )∈Atk
k=0,...,m−1

E[U(WT )] (2.5)

with the constant relative risk aversion (CRRA) utility function:

U(x) =


xγ

γ
γ < 1, γ 6= 0

ln(x) γ = 0
. (2.6)

The CRRA utility function (2.6) has constant relative risk aversion level 1− γ and thereby

a more negative coefficient γ represents a higher risk aversion attitude. The first derivative

U ′(x) > 0 shows investors prefer more wealth than less and the second derivative U ′′(x) < 0

exhibits diminishing marginal utility. A very large body of experiment and survey show

most individuals have risk aversions between one and 10 (see, e.g., Metrick, 1995; Kimball

et al., 2008). Thus, we will use the value of γ between −9 and 0 for the examples in this

thesis.

The portfolio optimization problem can be formulated as a stochastic dynamic program

with state variables consisting of the current positions in the risk-free and risky assets

(xtk ,y′tk). The terminal value function is the utility of terminal wealth VT = U(WT ), and

the early value functions Vtk are given recursively as

Vtk(xtk ,ytk) = max
(Utk

,Ltk )∈Atk
Etk [Vtk+1(xtk+1(Utk ,Ltk),ytk+1(Utk ,Ltk))] (2.7)
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where the expectations are taken over the stochastic return of risky assets Rtk+1 , and Etk [·]

denotes the conditional expectation conditioned on the information up to time tk. Denote

the certainty equivalent of the value function Vtk(·) as a strictly monotonic transformation:

Ctk(·) = U−1(Vtk(·)). (2.8)

2.3 Model Properties and Approximate Dynamic Programming

Approximate dynamic programming is aiming at developing practical and high-quality ap-

proximated solutions when dynamic programming problems are hard to solve exactly. One

of the approaches starts with approximating value functions by regression models and then

goes backward from the second-to-last period to the first. In each period the solution is

found by maximizing the one-step ahead expectation of the approximated value function

derived in the previous recursion step. This approach has previously been applied in various

areas such as option pricing (see, e.g., Longstaff and Schwartz, 2001), risk estimation (see,

e.g., Broadie, Du, and Moallemi, 2011), and portfolio optimization (see, e.g., Brandt, Goyal,

Santa-Clara, and Stroud, 2005).

Specifically, the optimization problem (2.7) does not have a closed-form solution for

Vtk(xtk ,ytk). Without the solution, the recursive steps cannot proceed. Thus, a proxy of

Vtk(xtk ,ytk) is required. In each step of the backward iteration, we compute the current-

period value function Vtk(xtk ,ytk) on a grid of the discretized state space of (xtk ,y′tk) by

optimizing the expectation of the next-period value function Vtk+1(xtk+1 ,ytk+1). Then given

the optimal values on the grid points, the current-period value function over the entire state

space is approximated by regressing on a set of basis functions such as polynomials of state

variables. Since the value function at the last step is given by the CRRA utility function

(2.6), the iteration can keep going until reach the first period. Approximated value functions

are generated in situ with the iteration.

According to this procedure, we will answer three questions in the rest of the section: (1)

How to discretize the state space? (2) Which class of basis functions to choose? (3) How to

reduce approximation errors when we use basis functions to approximate value functions?

For the first question, by using the homothetic property of the portfolio optimization
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problem under transaction costs (see, e.g., Davis and Norman, 1990; Shreve and Soner,

1994), we can adopt wealth fractions as state variables rather than wealth holdings. We

restate the homothetic property as follows:

Proposition 1. Suppose U(x) = xγ/γ or U(x) = ln(x). Then the certainty equivalent

Ctk of the value function Vtk at time tk defined in the equation (2.8) has the homothetic

property: for θ > 0

Ctk(θxtk , θytk) = θCtk(xtk ,ytk) (2.9)

Proof. See Appendix A.1.

Based on the above relation (2.9), by choosing θ = W−1
tk

we can easily compute the

value function or its certainty equivalent at time tk at any positive wealth level by

Ctk(xtk ,ytk) = WtkCtk

(
xtk
Wtk

,
ytk
Wtk

)
. (2.10)

In addition, in high dimensions constructing the discretized state space grid by a tensor

product of each dimension will confront the curse of dimensionality. Therefore, at time

tk portfolio weights (xtk ,y′tk) with unit total wealth are sampled according to a uniform

distribution on the simplex

Stk =
{

(xtk ,y
′
tk

)′ ∈ Rn+1
+ : xtk +

n∑
i=1

ytk,i = 1
}

(2.11)

by the Sobol low-discrepancy sequence (see, e.g., Boyle et al., 1997).

For the second question, we realize that when the dimension of state space is high,

the optimal solution cannot be computed fast by using interpolations (see, e.g., Lynch and

Tan, 2010), radial basis functions or feedforward neural networks (see, e.g., Garlappi and

Skoulakis, 2009, 2010). Moreover, the classic local approximation such as interpolations

suffers the curse of dimensionality as the grid is constructed by a tensor product of each

dimension. Also, Judd and Solnick (1994) point out that in high dimensions multilinear

interpolations and other local approximation methods will not inherit differentiability of

value functions. However, the differentiability is typically needed in an optimization routine

using gradient methods. Therefore, we choose regressions to globally approximate value

functions. Consider a set of K real-valued functions φtk,1(·), . . . , φtk,K(·) on the state space



CHAPTER 2. PORTFOLIO OPTIMIZATION WITH TRANSACTION COSTS 18

Stk , called basis functions. Then we find a linear combination of the basis functions to

approximate the value function at time tk over the entire state space by

Vtk(xtk ,ytk) ≈ Ṽtk(xtk ,ytk) =
K∑
l=1

φtk,l(xtk ,ytk)κtk,l (2.12)

where the coefficient κtk = (κtk,1, ..., κtk,K)′ is a column vector and can be computed by

ordinary linear regression. In the sequel, denote the certainty equivalent of the approxi-

mated value function at time tk as C̃tk(·) = U−1(Ṽtk(·)). Denote C̃tk(ytk) and Ctk(ytk) as

C̃tk(xtk ,ytk) and Ctk(xtk ,ytk) with the total unit wealth condition xtk +
∑n
i=1 ytk,i = 1,

respectively.

Next, to determine the specific form of the basis functions used in the regression (2.12),

we explore the feature of value functions. The analyses about the functional form of the

value function show polynomials of state variables would be a good candidate for the basis

functions (see, e.g., Shreve and Soner, 1994; Liu and Loewenstein, 2002; Janecek and Shreve,

2004; Goodman and Ostrov, 2010). Using tensor products of low-dimensional polynomials

to generate high-dimensional polynomials is a natural idea. However, in high dimensions

the tensor product method still suffers the curse of dimensionality. Moreover, the speed

of computing basis functions brings concerns, as objective functions in optimization use

numerical expectation of approximated value functions, the dominant computational costs

come from the computing speed of basis functions.

Combining all the observations, we either use the complete set of polynomials class

which grows polynomially as the dimension increases or use the polynomials up to a given

order in each dimension that excludes cross terms. We call the second type the principal

set of polynomials class. In general, the k-th order expansion of d-dimensional functions

using monomials in

Pdk =
{
xi11 · · ·x

id
d :

n∑
l=1

il ≤ k, i1 ≥ 0, ..., id ≥ 0
}

(2.13)

is called a complete set of polynomials of total order k in n variables (see, e.g., Gaspar and

Judd, 1997; Judd, 1998). Compared with tensor products, the complete set of polynomials

class retains the asymptotically convergence rate of tensor products, since many of the

elements in a tensor product are redundant. For example, the complete set for the total
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order 3 in 2 variables (ytk,1, ytk,2) is

P2
3 =

{
1, ytk,1, ytk,2, y

2
tk,1, ytk,1ytk,2, y

2
tk,2, y

3
tk,1, y

2
tk,1ytk,2, ytk,1y

2
tk,2, y

3
tk,2
}

(2.14)

and the complete set for the total order 2 in 4 variables (ytk,1, ytk,2, ytk,3, ytk,4) is

P4
2 =

{
1, ytk,1, ytk,2, ytk,3, ytk,4, y

2
tk,1, ytk,1ytk,2, ytk,1ytk,3, ytk,1ytk,4,

y2
tk,2, ytk,2ytk,3, ytk,2ytk,4, y

2
tk,3, ytk,3ytk,4, y

2
tk,4
}
.

(2.15)

For the third question, it is crucial to have an effective control for error accumulation

in the backward iteration. The deterioration of value function iteration observed by van

Binsbergen and Brandt (2007) can be resolved if we (1) apply certainty equivalent trans-

formation to expected approximated value functions before performing optimization and

(2) approximate certainty equivalent functions rather than original value functions. In the

transaction costs problem, certainty equivalent functions are much less nonlinear than orig-

inal value functions, especially for high levels of risk aversion. In addition, original value

functions take values close to zero for certain values of state variables, especially for long

horizons. In contrast, certainty equivalent functions are stable over time and never get

close to zero. Because of these two features, it is much easier to optimize over certainty

equivalent functions and approximate them over the entire state space by a set of basis

functions. Also, the certainty equivalent transformation is a natural candidate for portfolio

choice problems because of its sound economic motivation and its intuitive interpretation.

More examples using certainty equivalents in portfolio choice problems can be found in

Garlappi and Skoulakis (2009, 2010) and Broadie and Shen (2013a).

As discussed, we express the recursive equation (2.7) in terms of the function Ctk(·):

Ctk(ytk) = max
(Utk

,Ltk )∈Atk
U−1

{
Etk
[
U(Wtk+1Ctk+1(ytk+1(Utk ,Ltk)))

]}
(2.16)

subject to the wealth dynamics equation (2.2) and the terminal condition CT (yT ) = 1.

Given grid points (xtk ,y′tk) sampled from (2.11) and the corresponding optimal certainty

equivalents calculated by (2.16), the certainty equivalent over the whole state space is

approximated by

Ctk(ytk) ≈ C̃tk(ytk) =
K∑
l=1

φtk,l(ytk)κtk,l. (2.17)
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To illustrate the approximation accuracy of different classes of polynomials and the

benefit of using certainty equivalent, we provide Table A.1 in Appendix A.2. By comparing

different cases, we have seen approximating certainty equivalent functions produces a higher

accuracy in terms of fitting and predicting errors than original value functions.

To sum up, at each time step from tm to t0, our approximate dynamic programming

procedure involves the following steps:

1. Construct state space grid points by uniform randomly sampling on the simplex Stk
(2.11).

2. Perform optimization as the equation (2.16) and obtain optimal values on grid points

over the state space.

3. Approximate the certainty equivalent function over the entire state space Ctk(ytk)

with computed optimal values on grid points by C̃tk(ytk) as the polynomial regression

equation (2.17).

2.4 Forward Trading Strategies for Lower Bounds

For portfolio optimization problems without available closed form solutions, the goal is

to search for the near-optimal forward trading strategies. In order to get high quality

trading strategies, we can either approximate value functions as we discuss in the previous

section or approximate trading policy that we will discuss in Section 2.4.2 and Section

2.4.3. Accordingly, we propose three trading strategies. The first strategy, value function

optimization in Section 2.4.1, employs value functions approximated by regressions that

we study in Section 2.3 as continuation values. The other two strategies, hyper-sphere

and hyper-cube trading strategies in Sections 2.4.2 and 2.4.3, parameterize the no-trading

region by simple geometries. For comparison, we also include the formulation of the rolling

buy-and-hold heuristic strategy proposed by Brown and Smith (2011) in Section 2.4.5.
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2.4.1 Value Function Optimization (VF)

Approximated value functions given by backward iteration could be used as continuation

values in forward simulation. Hence, if the approximation of value functions has a high

accuracy, we should expect this trading rule to generate a tight lower bound. In each

period tk for each trial VF chooses the trades Utk ,Ltk that solve:

max
(Utk

,Ltk )∈Atk
U−1

{
Etk
[
U(Wtk+1C̃tk+1(ytk+1(Utk ,Ltk)))

]}
(2.18)

where we will use the CRRA utility in the last period. After following the recommended

trades for the current portfolio positions, we generate random returns for risky assets to

calculate the portfolio positions for the next period.

Although it is expensive to perform the optimization period by period in high dimen-

sions, this strategy should be near-optimal if value functions have been approximated accu-

rately. Besides, the complexity of the problem grows linearly instead of exponentially with

dimensions.

2.4.2 Hyper-sphere Policy Approximation (HS)

In the multiple assets case, the no-trading region is close to a polyhedron, according to

numerical examples (see, e.g., Muthuraman and Kumar, 2006; Lynch and Tan, 2010) and

theoretical proofs (see, e.g., Atkinson and Mokkhavesa, 2004; Atkinson and Ingpochai, 2006;

Goodman and Ostrov, 2010). We attempt to find a hyper-sphere for each trading period

to approximate the no-trading region such that the final expected utility is maximized. By

parameterizing the policy with one decision variable, the computational costs will be saved

considerably. In order to find the optimal radius for this hyper-sphere, we need the following

derivation.

In time period tk the current risk-free and risky assets positions are (xtk ,y′tk) and the

no-trading region approximated by a hyper-sphere Ωtk =
{
ztk : ‖ztk − yctk‖2 ≤ rtk

}
is

characterized by the center yctk = (yctk,1, y
c
tk,2, ..., y

c
tk,n

)′ and the radius rtk , where ‖ · ‖2 is the

`2 norm. The center is obtained from the optimal solution of the Merton’s problem and the

radius will be determined according to an optimization algorithm in the end of this section.

We approximate the trading policy of the problem as follows: if the risky asset position
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ytk /∈ Ωtk , the optimal trade is the minimal distance from the current position ytk to Ωtk ;

if the current position ytk ∈ Ωtk , the optimal trade is to keep it unchanged. Denote the

post-trade positions of the risk-free and risky assets as x∗tk and y∗tk , respectively. We define

the distance from the pre-trade risky asset position to the center of the hyper-sphere as

dtk =

√√√√ n∑
i=1

(ytk,i − yctk,i)
2. (2.19)

From geometric properties of the hyper-sphere, the post-trade position of the i-th risky

asset is

y∗tk,i =


yctk,i + (ytk,i − yctk,i)

rtk
Rtk

dtk ≥ rtk

ytk,i dtk < rtk

(2.20)

or in a compact form

y∗tk,i = ytk,i + max(1− rtk
dtk

, 0)(yctk,i − ytk,i). (2.21)

The corresponding risk-free asset position is

x∗tk = xtk +
n∑
i=1

(ytk,i − y
c
tk,i
− βi|yctk,i − ytk,i|) max(1− rtk

dtk
, 0). (2.22)

Integrating this formula with the transaction costs model gives the controlled dynamics

from time tk to tk+1 as,

xtk

ytk,1
...

ytk,n


→



x∗tk

y∗tk,1
...

y∗tk,n


→



x∗tkRf

y∗tk,1Rtk,1
...

y∗tk,nRtk,n


=



xtk+1

ytk+1,1
...

ytk+1,n


(2.23)

where



x∗tk

y∗tk,1
...

y∗tk,n


=



xtk + max(1− rtk
dtk

, 0)
n∑
i=1

(
ytk,i − y

c
tk,i
− βi|ytk,i − y

c
tk,i
|
)

ytk,1 + max(1− rtk
dtk

, 0)(yctk,1 − ytk,1)
...

ytk,n + max(1− rtk
dtk

, 0)(yctk,n − ytk,n)


. (2.24)
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To determine a series of optimal radius rtk required in the trading strategy, we implement a

two track policy approximation algorithm. First, by following a predetermined naive strat-

egy to simulate the controlled dynamics step by step, we get the controlled asset position

distribution in each step. Second, by using backward iteration, we determine the best ra-

dius of the hyper-sphere that maximizes the expected final utility from the last step to the

initial step. For example, in the last step we find the best radius for the one period problem

by following the trading rule given in (2.23), and in the step before the last step we carry

out the same search for the best radius for that period but we will use the radius found in

the last step when we simulate one step forward to reach the final period. The process is

similar to a backward bootstrap procedure. To summarize, the algorithm can be described

as:

1. Decide a naive strategy to simulate to the step before the last step. The controlled

asset positions at time t(m−1)∆t serve as the distribution of starting positions for the

last period. The naive strategy can be a hyper-sphere strategy with a fixed size of

radius. The radius is calculated by the distance between the Merton’s solution and

the post-trade position given by VF.

2. Take a search to get the optimal radius at time t(m−1)∆t. We set up the search

bound of the radius from the Merton’s solution to the furthest vertices of the simplex

Stk . This is a nonsmooth optimization with only one decision variable. Thus, we

can perform a brute-force search, which is similar to the policy search for Bermudan

swaption by Andersen (2000).

3. Go back to t(m−2)∆t. Use the simulated paths in step 1 to t(m−2)∆t. Find the best

radius at time t(m−2)∆t that maximizes the final expected utility function by following

the policy given by step 2.

4. Iterate until reaching the first time step t0.

5. Forward simulate according to the series of radius found in the previous steps.
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2.4.3 Hyper-cube Policy Approximation (HC)

The motivation behind of the hyper-cube policy is to approximate the no-trading region

by a hyper-cube instead of a hyper-sphere. Since the shape of the no-trading region varies

with different parameters, the hyper-cube approximation might work better than the hyper-

sphere. In order to derive the formulation, we only need to replace the hyper-sphere by the

hyper-cube in the algorithm given in Section 2.4.2 and calculate the post-trade positions.

To get the post-trade positions for time period tk, we assume the current risk-free and

risky assets positions (xtk ,y′tk) and the no-trading region that is approximated by a hyper-

cube Ωtk = {ztk : ‖ztk−yctk‖∞ ≤ rtk}, which is characterized by the half of its side length rtk
and by the center from the Merton’s model yctk , where ‖ · ‖∞ is the `∞ norm. Accordingly,

we approximate the trading rule as follows: if ytk /∈ Ωtk , the optimal trade is the minimal

distance from the current portfolio ytk to Ωtk ; if the current risky asset position ytk ∈ Ωtk ,

the optimal trade is to keep the current positions unchanged. From geometric properties of

the hyper-cube, the post-trade position of the i-th risky asset is

y∗tk,i =


rtk + yctk,i ytk,i > rtk + yctk,i

ytk,i −rtk + yctk,i ≤ ytk,i ≤ rtk + yctk,i

−rtk + yctk,i ytk,i < −rtk + yctk,i

(2.25)

or in a compact form

y∗tk,i = max(ytk,i,−rtk + yctk,i) + min(ytk,i, rtk + yctk,i)− ytk,i. (2.26)

The corresponding risk-free asset position is

x∗tk = xtk +
n∑
i=1

(ytk,i − y
∗
tk,i
− βi|ytk,i − y

∗
tk,i
|). (2.27)

The series of optimal side length of the hyper-cube in the HC strategy is determined by the

same method in Section 2.4.2.

Further, in order to understand how the hyper-sphere and the hyper-cube approximate

the no-trading region, Figure 2.1 illustrates the approximation of the no-trading region for

a two risky asset problem. From left to right, the correlation between the two risky assets is

increasing. In the first case, when they are uncorrelated, the no-trading region is a square.
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The HC method approximates the region better than the HS method. When the correlation

is non-zero, in the second case, the HS method is more conservative in terms of covering more

area of the no-trading region than the HC method. In the third case, the difference between

them is larger, but they both cover the main part of the no-trading region. Although the

approximation looks crude, in the process of forward trading, controlled portfolio positions

may only concentrate around a particular area of the no-trading region rather than be

uniformly distributed in the state space.

Both HS and HC follow the trades given by VF in the first trading period, and maximize

the expected CRRA utility function in the last period. In the first period optimization can

be taken only once as all simulation trials start from the same initial positions, while in the

last period optimizing the expected CRRA utility function is not expensive and produces

accurate solutions.

2.4.4 Handle Borrowing

We need to formulate a rule when a forward trading strategy needs to finance a purchase

by borrowing cash from the risk-free account. Mathematically, we have to ensure the post-

trade risk-free position x∗tk nonnegative. Since HS and HC derived by the corresponding

geometric properties do not implicitly prohibit borrowing, we have to explicitly set up the

rule to meet the borrowing constraint. Heuristically, we can either sell more or buy less

risky assets. More precisely, purchase-less rule means that investors will buy λ percentage of

the originally suggested purchase Ltk to guarantee exhausting the new post-trade risk-free

asset position, i.e.

0 = x∗tk = xtk +
n∑
i=1

(1− βi)Utk,i −
n∑
i=1

(1 + βi)λLtk,i (2.28)

which yields the scaling factor

λ =
xtk +

n∑
i=1

(1− βi)Utk,i
n∑
i=1

(1 + βi)Ltk,i
(2.29)



CHAPTER 2. PORTFOLIO OPTIMIZATION WITH TRANSACTION COSTS 26

Figure 2.1: Illustration of approximation of the no-trading region by a hyper-sphere and a

hyper-cube.
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Note: y1 and y2 represent risky asset one and two, respectively. The red dots computed

from three different parameter sets represent three types of the no-trading region. The blue

dash line is the approximation result from the hyper-cube method. The black dash line

is the result from the hyper-sphere method. The parameters we use to generate the three

types of no-trading region for the one period problem, from left to right, are: Rf = 110%,

R1 = R2 = 115%, σ1 = σ2 = 50%, ρ = 0.0, β1 = β2 = 2%, γ = −1, T = 1 year;

Rf = 106.5%, R1 = R2 = 115%, σ1 = σ2 = 40.2%, ρ = 0.20, T = 1 year, β1 = β2 = 1.5%,

γ = −1; Rf = 103.5%, R1 = R2 = 115%, σ1 = σ2 = 29.1%, ρ = 0.53, T = 1 year,

β1 = β2 = 1%, γ = −1.
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and the corresponding post-trade i-th risky asset position

y∗tk,i = ytk,i − Utk,i + λLtk,i = ytk,i − Utk,i +
xtk +

n∑
i=1

(1− βi)Utk,i
n∑
i=1

(1 + βi)Ltk,i
Ltk,i. (2.30)

Alternatively, sell-more rule means investors will sell λ percentage of the original suggested

selling Utk to use up the risk-free asset. Similarly, the scaling factor is

λ =
−xtk +

n∑
i=1

(1 + βi)Ltk,i
n∑
i=1

(1− βi)Utk,i
(2.31)

and the rebalanced position is

y∗tk,i = ytk,i − λUtk,i + Ltk,i = ytk,i + Ltk,i +
xtk −

n∑
i=1

(1 + βi)Ltk,i
n∑
i=1

(1− βi)Utk,i
Utk,i. (2.32)

Note due to the homothetic property of the transaction costs model, tuning buying and

selling simultaneously by the same factor will not resolve the issue. According to our

numerical results, there is no significant difference between the two rules regarding to the

final utility. In the sequel, we adopt purchase-less rule in calculation.

2.4.5 Rolling Buy-and-Hold Optimization (RBH)

The idea of the RBH strategy is that in each period investors choose trades in the current

period to maximize the expected utility of wealth at some h horizon period in the future. It

incorporates transaction costs in the current period and the portfolio will follow its dynamics

without any control in the future periods. Its continuation values are approximated by value

functions from the Merton’s model. In each period tk for each trial RBH chooses the trades

Utk ,Ltk that solve:

max
(Utk

,Ltk )∈Atk
U−1

{
Etk [U(Cftk+1

(xtk+h(Utk ,Ltk),ytk+h(Utk ,Ltk)))]
}

(2.33)

where Cftk denotes the certainty equivalent of the Merton’s model and the CRRA utility

function replaces the value function from the Merton’s problem whenever k + h > m. For
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comparison, we will use h = m
2 as Brown and Smith (2011). RBH has the same order

of magnitude of computational costs as VF. Besides, RBH is advantageous because it is

intuitive, it does not require approximating value functions, and it can explicitly incorporate

constraints. However, given the same amount of computing costs it will not converge to the

true optimal solution as the value function optimization strategy.

2.5 Duality Methods for Upper Bounds

After implementing a lower bound strategy, to evaluate how much better we could possibly

reach, we need an upper bound, which is given by the duality methods in Brown et al.

(2009) and Brown and Smith (2011). Briefly, the duality method is based on two elements:

(1) relax the nonanticipativity constraints that require the trading decisions to depend on

the information available when the decision is made and (2) impose penalty that punishes

violations of nonanticipativity constraints. While it is easy to relax constraints, it is not

easy to impose valid penalty. However, it is still crucial to impose penalty, otherwise the

bound is too loose to serve as an informative benchmark.

We now briefly describe the dual formulation by Brown et al. (2009) and Brown and

Smith (2011) which should be consulted for further details and proofs of the results given

below. Between the proposed two types of penalty functions, value function-based penalties

and gradient-based penalties, for high-dimensional problems we will adopt gradient-based

penalties instead of the former. The reason is that penalties are used in objective functions

of optimization, and value function-based penalties require taking expectation in each period

for a proxy of the true value function, which is typically expensive. In contrast, the gradient-

based penalties do not require taking any expectations in each simulation trial. Therefore,

as a guideline, for low-dimensional problems the former might be preferred, whereas in high

dimensions gradient-based penalties are superior in computational costs.

Denote (U,L) = (U0, ...,Utm−1 ,L0, ...,Ltm−1) as a path of trades and R = (R0, ...,Rtm−1)

as the path of returns from time 0 to tm−1. Denote A as the set of feasible trade sequences

in which each entity of (U,L) is feasible, and denote π(U,L,R) as the penalty function

that depends upon the sequence of trades and returns in a given simulation trial. A penalty
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function π is dual feasible if E [π(U,L,R)] ≤ 0 for any feasible trading strategy. The

following proposition plays a central role in the dual bound computation.

Proposition 2. For any feasible trading strategy (U,L) and any dual feasible penalty π,

E [U(WT )] ≤ E
[

max
(U,L)∈A

{U(WT (U,L,R))− π(U,L,R)}
]
. (2.34)

Proof. See Brown et al. (2009).

Notice that the right hand side of the inequality (2.34) gives the dual bound

E
[

max
(U,L)∈A

{U(WT (U,L,R)− π(U,L,R)}
]
. (2.35)

The outer expectation is computed by simulation, while the inner problem is a deterministic

problem along each simulation path of asset returns. In each trial of the simulation, we will

generate a sequence of asset returns, and then solve the inner problem for this particular

trial by optimizing over the whole trades decision set (U,L). Thus, the size of the decision

variables is 2nm, growing linearly with the number of periods.

In order to compute the equation (2.35), the details of how the penalty function π is

computed need to be specified in advance. We choose the gradient-based penalty function

as

π = ∇aU(WT (U,L)∗)[(U,L)− (U,L)∗] = U ′(WT (U,L)∗)(∇aWT )′[(U,L)− (U,L)∗].

(2.36)

where ∇a denotes the gradient on the decision variables for simplicity.

The gradient-based penalty exploits the convex structure of primal optimization prob-

lems. Its motivation lies in the fact that for any feasible strategy a convex primal problem

has the first-order optimal condition as

E[π] = E
[
∇aU(WT (U,L)∗)[(U,L)− (U,L)∗]

]
≤ 0. (2.37)

This implies the yield gradient-based penalty is dual feasible. After incorporating this

penalty term, the dual bound is given by

E
[

max
(U,L)∈A

{
U(WT (U,L,R)−∇aU(WT (U,L)∗)[(U,L)− (U,L)∗]

}]
. (2.38)
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Following (2.16) to reduce numerical errors, we take the certainty equivalent transformation

of the objective function as

E
[

max
(U,L)∈A

U−1
{
U(WT (U,L,R)−∇aU(WT (U,L)∗)[(U,L)− (U,L)∗]

}]
. (2.39)

Notice that if the trade sequence has been selected as the optimal strategy, the penalty

term vanishes so that the duality gap turns out to be zero. In other words, the optimal

trades for the primal problem could be reached if the dual trades are optimal.

Unfortunately, the optimal trades (U,L)∗ are generally unknown, otherwise the problem

would have been solved. However, in order to construct penalty functions, we can seek an

approximation of the primal problem, called a modified problem, and use the modified

problem to compute penalty functions. Theoretically, to come up with a valid modified

problem, we need to meet three requirements. First, the modified problem needs to be solved

to optimality, because this offers the dual feasibility of the associated penalty functions.

Second, if the set of feasible trades for the modified model includes those from the original

model, then the dual feasibility in the feasible set for the modified model will lead to

the feasibility of the original problem. Third, the modified model should be a convex

optimization problem. The corresponding theorems and proofs can be found in Brown and

Smith (2011).

We will consider two types of gradient-based penalty dual method. In order to compute

upper bounds, we need to calculate the controlled positions of risk-free and risky assets at

each time period. Assume all the assets face the same transaction costs factor β. By the

asset dynamics (2.2), at time tk the risk-free and risky asset positions xtk and ytk are

xtk = Rkfx0 +
k−1∑
τ=0

Rk−τf [1′(Utτ
− Ltτ )− β1′(Utτ

+ Ltτ )] (2.40)

and

ytk = (Rtk · · · · ·R1) · y0 +
k−1∑
τ=0

Rtk · · · · ·Rtτ+1(Ltτ −Utτ ) (2.41)

with the final wealth WT = xT +
∑n
i=1 yT,i, where 1 denotes a column vector of n ones.

1. Frictionless gradient method (FL)
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The frictionless model as a well-studied convex optimization problem is the natural

consideration for the modified model. In addition, it can be solved optimally and

includes the feasible set of the original problem.

In order to compute the derivatives used in the penalty function (2.36), since∇aU(WT ) =

U ′(WT )∇aWT and WT = xT +
∑n
i=1 yT,i, we only need to calculate the following gra-

dient:

∇aWT = ∇a

(
m−1∑
τ=0

[Rm−τf [1′(Utτ
− Ltτ ) + Ltτ )] +RT · · · · ·Rtτ+11′(Ltτ −Utτ )]

)
.

(2.42)

To get the explicitly form of this penalty, we need

∇LtkWT = −Rm−kf 1′ +RT · · · · ·Rtk+11′, 0 ≤ k ≤ m− 1

∇Utk
WT =Rm−kf 1′ −RT · · · · ·Rtk+11′, 0 ≤ k ≤ m− 1.

(2.43)

2. Modified gradient method (BS and MG)

The frictionless gradient-based penalty does not take transaction costs into account.

In order to incorporate the effect of transaction costs and satisfy the three require-

ments for a valid gradient-based penalty, we consider two methods as follows. The

first method is proposed in Brown and Smith (2011), termed BS. Instead of imposing

transaction costs on trades, it imposes proportional transaction costs on post-trade

positions and adjusts the transaction costs factor β to β/m. We propose the second

modified gradient method, termed MG. Our method focuses on the effect of transac-

tion costs in the first trading period. In later periods it adopts the frictionless model.

In addition, this convex model can be solved to optimality and we use the feasible set

of the frictionless model to ensure the second requirement.

The formula for the risk-free asset dynamics in the MG method is

xT = Rmf x0 −Rmf β1′(U0 + L0) +
m−1∑
τ=0

Rm−τf 1′(Utτ
− Ltτ ). (2.44)

The corresponding derivatives of the final wealth are expressed by

∇aWT = ∇a

(
−Rmf β1′(U0 + L0) +

m−1∑
τ=0

Rm−τf 1′(Utτ
− Ltτ ) +RT · · · · ·Rtτ+11′(Ltτ −Utτ )

)
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namely,
∇L0WT = −Rmf (1 + β)1′ +αT · · · · ·R01′, k = 0

∇U0WT =Rmf (1− β)1′ −RT · · · · ·R01′, k = 0

∇LtkWT = −Rm−kf 1′ +RT · · · · ·Rtk1′, 1 ≤ k ≤ m− 1

∇Utk
WT =Rm−kf 1′ −RT · · · · ·Rtk1′, 1 ≤ k ≤ m− 1.

(2.45)

We include the formula for the risk-free asset dynamics and derivatives used in the

BS model:

xT = Rmf x0 +
m−1∑
τ=0

Rm−τf [(1 + β/m)1′(Utτ
− Ltτ )− β/m1′ytτ ]. (2.46)

The corresponding derivatives of the final wealth are

∇aWT = ∇a

(
m−1∑
τ=0

[Rm−τf (1 + β/m)−RT · · · · ·Rtτ+1 ]1′(Utτ
− Ltτ )−Rm−τf β/m1′ytτ

)

namely,

∇LtkWT = −Rm−kf (1 + β/m)1′ +
m∏

i=tk+1

Rti1′ − β/m
m−1∑
τ=0

Rm−τf

tτ∏
i=tk+1

αti1′, 0 ≤ k ≤ m− 1

∇Utk
WT =Rm−kf (1 + β/m)1′ −

m∏
i=tk+1

Rti1′ + β/m

m−1∑
τ=0

Rm−τf

tτ∏
i=tk+1

Rti1′, 0 ≤ k ≤ m− 1.

2.6 Numerical Results

In this section, we assess the quality of proposed three lower bounds and upper bounds by

(i) comparing their solutions to the results of a ten risky asset case in Brown and Smith

(2011), (ii) illustrating the solutions of twenty risky asset cases, and (iii) discussing the

impact of the borrowing constraint on the no-trading region. All the results are converted

to annualized certainty equivalent rates of return (termed CER).1

1The optimal certainty equivalent rate of return decreases with risk aversion. This is because a more risk

averse investor allocates less wealth to risky assets and therefore has a lower expected portfolio return and

because even for the same expected portfolio return, a more risk averse investor requires a smaller incentive

to abstain from risky instruments. It is a dual impact from the larger risk averse coefficient (see, e.g., Brandt,

2010).
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For the CRRA utility and a T year long horizon, the annualized certainty equivalent

rate is defined by

CER =
(U−1(E[U(WT )])

Wt0

)1/T
− 1 (2.47)

as the risk-free rate that makes investors indifferent between holding the optimal portfolio

and earning the annual certainty equivalent rate over the next T years.

The results are reported in a 95% confidence interval. All the simulations use the control

variate from the Merton’s model. Our numerical results show that the utilities obtained

by the lower bound strategies or the upper bound methods have a over 90% correlation

with those by the Merton’s model. Forward simulations start with one unit of wealth

in risk-free asset. The duality gap is computed by “(CERupper − CERlower)/CERlower”,

where CERupper represents the annualized certainty equivalent rate computed for an upper

bound and CERlower represents for a lower bound. In the following examples, we choose the

same transaction costs factor β for all the risky assets; denote CER to represent annualized

certainty equivalent rates of portfolio return, CI to represent 95% confidence intervals of

annualized certainty equivalent rates, and NT to represent results of the Merton’s model

with corresponding parameters. The computations are based on the Matlab implementation

and the general purpose nonlinear optimization routine in the NAG library.

2.6.1 Model with Ten Risky Assets

In the ten asset case, for the purpose of comparison we take the return model, the approach

to compute the numerical expectation, and the parameters from Brown and Smith (2011).

Their return model for risky assets is written as lnRtk = ar + etk , where ar = µ − 1
2σ

2

represents a vector of log return means. The data for parameter estimation is at a monthly

frequency and span a period from 1981 to 2006. All parameters can be found in Appendix

A.7. The monthly net risk-free rate rf = 0.48%. The expectations in this model are

computed by a non-product quadrature rule in Stroud (1971) that includes 2n + 2n points,

which exactly matches the first five moments of a normal distribution. This rule is obligated

to reduce computational costs in the ten asset case.

Table 2.1 illustrates the lower and upper bounds from both new and old methods. The

results of RBH, FL and BS are consistent with those in Brown and Smith (2011). VF,



CHAPTER 2. PORTFOLIO OPTIMIZATION WITH TRANSACTION COSTS 34

HS and HC consistently outperform RBH. Specifically, when the level of risk aversion is

low, γ = −0.5, or the transaction costs factor is small, β = 0.5%, the differences of those

strategies are tiny. When the transaction costs factor is larger, the differences tend to be

wider. Using the BS method as the upper bound benchmark, when γ = −2, −7, −13 and

β = 2%, the new methods about cut the duality gap by a factor of 9. Also, by examining

dual bounds, we realize that the FL upper bound method gives looser upper bounds than

the BS method, but it is better than that by Merton’s model.

To compare the run time for different methods, we normalize the CPU time according

to results of HS. RBH typically takes less time than VF, as the associated optimization

problem is easier. HS and HC perform comparably and are both on average five times

faster than VF and RBH. The dominance is a result of considerable computational saving

from replacing step by step multivariate optimization by a one-dimensional brute-force

search. We note that if the exact utility function optimization in the last step, both HS

and HC work roughly two orders of magnitude faster than RBH. Typically the no-trading

region becomes wider when the investment approaches maturity. Given a short rebalance

time, e.g. monthly rebalance, in many of our examples we find the optimal solutions in the

last period suggests no trades. Thus, we could adopt the approximated HC or HS policy

in the last step to accelerate the computing more by sacrificing some utility. On the other

hand, upper bounds take longer time to compute, as the yield optimization problems are

more difficult when the number of decision variables grows linearly with time periods.
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2.6.2 Model with Twenty Risky Assets

In the twenty asset case, we assume annual adjustment of the portfolio and give two exam-

ples of twenty stocks and two examples of twenty ETFs in a 10-year-long and a 40-year-long

horizon, respectively.

We estimate the return parameter µ for individual stocks by the Fama-French three

factor model and compute market implied returns used as the return parameter µ for ETFs

(see, e.g., Merton, 1980; Broadie, 1993). While using an appropriate factor model could

improve the estimation accuracy of high-dimensional covariance matrices (see, e.g., Fan

et al., 2008), in our examples we use the sample covariance matrices without imposing any

models for simplicity. In particular, we choose the monthly data from 2001 to 2011 of

twenty stocks among the top fifty selected stocks by hedge funds according to the Goldman

Sachs VIP list, and the monthly data from 2009 to 2011 of the twenty ETFs that widely

spread across different asset classes for testing. See Appendix A.8 for parameter details.

The annual net risk-free rate rf = 0.00%. On the other hand, we use the results calculated

by Monte Carlo simulation as a benchmark and compare the results of expected CRRA

utility computed by non-product quadrature rules in Stroud (1971) with those by Sobol

low-discrepancy sequences. Due to the nonlinearity of the CRRA utility function, our

numerical examination indicates that the accuracy of the non-product quadrature rules

deteriorates when risk aversion is large; and Sobol low-discrepancy sequences produce higher

approximation accuracy than the non-product quadrature rules. Thus, the expectations are

computed numerically by the Sobol low-discrepancy sequences.

In general, the new lower bounds strategies consistently outperform RBH; meanwhile

MG outperforms BS in all the examples. In Table 2.2, in the example of a small risk

aversion coefficient and a large transaction costs factor, γ = −0.5 and β = 2%, the duality

gap calculated from VF and MG is about 1.8%; whereas it is about 4.6% when we use RBH

and BS. The gap has been cut by a factor of 2.5. In the example of a medium level risk

aversion and a large transaction costs factor, γ = −2 and β = 2%, combining VF and MG

generates a duality gap of 2.8%; whereas combining RBH and BS gives a duality gap of

8.2%. The gap has been cut by a factor of 3.0. In Table 2.3, we evaluate those methods

across more parameter sets. When γ = −2 and β = 2%, the duality gap from combining
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HS and MG is about 9.5%; whereas that from combining RBH and BS is about 14.5%.

The gap has been cut by a factor of 1.5. When γ = −7 and β = 2%, the duality gap from

combining HC and MG is about 2.1%; whereas that from combing RBH and BS is about

6.9%. The gap has been cut by a factor of 3.3. From Tables 2.2 and 2.3, we find that

the high level risk aversion and high transaction costs examples are most difficult, the VF

method still provides the best results, and the HS and the HC methods work better in the

ETF examples.

On the other hand, duality gaps calculated from the long term investment are larger

than those from the short term investment in general. In Tables 2.4 and 2.5, we compute

the results for a 40-year-long horizon with the same set of parameters used for Tables 2.2

and 2.3. The new forward strategies still consistently outperform RBH; meanwhile MG

outperforms BS in all the cases. Both tables show when γ = −0.5, −2, −7 and β = 2%,

the new methods about cut the duality gap by a factor of 2.5.

The superior new lower bound results come from the fact that HS and HC account for

the effect from transaction costs in each period, whereas RBH only considers the effect in

the current period. For various examples in Tables 2.4 and 2.5, BS even gives looser upper

bounds than those from Merton. The crux is that choosing the number of rebalance times

as the transaction costs factor divisor to incorporate impacts from transaction costs may

not generate the model close to the original one. In particular, in the post-trade model,

increasing the divisor to infinity results in the Merton’s portfolio, while deceasing it to zero

leads to the full investment in the risk-free asset. By choosing the rebalance times as the

divisor, we essentially select a modified model with an optimal solution somewhere between

the aforementioned two extreme portfolios. If this optimal solution is close to the true

optimal solution, we would expect a tight upper bound. Otherwise, the chosen model may

yield worse results than those by the frictionless model. One possible improvement is tuning

the divisor. In Table 2.6, we illustrate the idea of how tuning the transaction costs factor

divisor improves the performance of BS. In upper panel, we see a decrease in the upper

bounds when we increase the size of the divisor. For example, when β = 1%, the best upper

bound given by the BS method has improved from 1.23 to 1.19, which is the same as the

result from the MG method; when β = 0.5% and β = 2%, the best upper bounds given by
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BS have improved from 1.21 to 1.20, from 1.26 to 1.19, respectively, which are still slightly

worse than those by MG. In lower panel, we see an increase in upper bounds following a

trend of decrease while continuously increasing the size of the divisor. For example, when

β = 2%, the result by the BS method decreases from 3.04 to 3.01 and then increases from

3.01 to 3.03. The best result 3.01 is still worse than that by MG, 2.94. This study shows

the possibility of the improvement, the trend of the improvement, and the extent of the

improvement, via tuning the transaction costs factor divisor for BS.

In previous examples, MG gives tighter bounds than BS. The MG model is similar

to the frictionless model and in addition captures the most significant impact from the

transaction costs. To justify this, in Table 2.7, we illustrate the results from five different

initial positions. Except for the last example where the initial position is the optimal

portfolio of the frictionless model, MG still works better than BS. We note the difference

in the last example is small. The trading volume has been dramatically reduced, as the

Merton’s solution lies inside the no-trading region thus suggesting no trade.
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Table 2.6: Results for the change of divisor in the BS method for a 40-year-long investment

horizon example and a 10-year-long investment horizon example.

Parameters Dual Bound BS Dual Bound Divisor

m β γ MG 30 40 60 80 100 120 140 160

40 0.5% -7 CER(%) 1.19 1.23 1.21 1.20 1.20 1.20 1.20 1.20 1.20

CI(%) ±0.00 ±0.00 ±0.00 ±0.01 ±0.00 ±0.00 ±0.00 ±0.00 ±0.00

40 1% -7 CER(%) 1.19 1.26 1.23 1.21 1.20 1.20 1.20 1.19 1.19

CI(%) ±0.00 ±0.00 ±0.00 ±0.00 ±0.00 ±0.00 ±0.01 ±0.01 ±0.00

40 2% -7 CER(%) 1.18 1.34 1.26 1.23 1.21 1.20 1.19 1.19 1.19

CI(%) ±0.00 ±0.02 ±0.00 ±0.01 ±0.00 ±0.00 ±0.01 ±0.00 ±0.00

Parameters Dual Bound BS Dual Bound Divisor

m β γ MG 5 10 15 20

10 0.5% -2 CER(%) 3.10 3.13 3.11 3.11 3.11

CI(%) ±0.00 ±0.01 ±0.02 ±0.00 ±0.01

10 1% -2 CER(%) 3.05 3.12 3.08 3.08 3.09

CI(%) ±0.01 ±0.01 ±0.01 ±0.00 ±0.01

10 2% -2 CER(%) 2.94 3.11 3.04 3.01 3.03

CI(%) ±0.01 ±0.02 ±0.01 ±0.01 ±0.01

Note: We use the same parameters for the return dynamics as Table 2.4 and Table 2.2

respectively for the above two examples. The results of the BS dual bound method are

computed over 28 trials.

2.6.3 Impact From Borrowing Constraint

The borrowing constraint is usually imposed on the portfolio model with transaction costs

to prohibit a negative risk-free asset position. However, its influence cannot be completely

revealed until the no-trading region touches the borrowing constraint boundary. To visualize

the impact on the no-trading region from the borrowing constraint, we demonstrate this

phenomenon by the no-trading region of two risky asset examples with uncorrelated returns

and numerical examples of twenty risky assets.
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Table 2.7: Results for the change of initial position for a 10-year-long horizon.

Parameters Forward Strategies Dual Bounds

m β γ x0 HS HC RBH FL BS MG NT

10 2% -2 x0,1 CER(%) 2.84 2.85 2.81 3.10 3.04 2.94 3.15

CI(%) ±0.03 ±0.03 ±0.02 ±0.00 ±0.01 ±0.01

10 2% -2 x0,2 CER(%) 2.77 2.80 2.74 3.11 3.11 2.98 3.15

CI(%) ±0.02 ±0.03 ±0.02 ±0.01 ±0.01 ±0.01

10 2% -2 x0,3 CER(%) 2.73 2.75 2.70 3.11 3.11 2.96 3.15

CI(%) ±0.02 ±0.02 ±0.02 ±0.00 ±0.01 ±0.01

10 2% -2 x0,4 CER(%) 2.71 2.72 2.66 3.10 3.09 2.91 3.15

CI(%) ±0.02 ±0.03 ±0.02 ±0.00 ±0.01 ±0.01

10 2% -2 x0,5 CER(%) 3.06 3.07 3.01 3.13 3.13 3.14 3.15

CI(%) ±0.02 ±0.02 ±0.02 ±0.01 ±0.01 ±0.00

Note: We use the same parameters for the return dynamics as Table 2.2. The five

different initial positions are x0,1 = (1, 0, ..., 0), x0,2 = (0, 1/20, 1/20, ..., 1/20), x0,3 =

(0, 0, 1/10, 0, 1/10, ..., 0, 1/10), x0,4 = (0, 0, 0, 0, 1/5, 0, 0, 0, 1/5, ..., 0, 0, 0, 1/5), x0,5 = x0,0,

where x0,0 represents the optimal solution from the Merton’s model. All the simulations

are based on the same trials as previous examples.

In Figure 2.2, we illustrate the no-trading region and the optimal trades of a two risky

asset problem. The optimal trades bring the initial portfolio positions to the boundary of

the no-trading region. There are nine regions split by the no-trading region. The north and

east boundaries are selling boundaries. Investors need to sell risky assets to reach them from

the outside. Meanwhile the south and west boundaries are buying boundaries. Investors

need to purchase risky assets to reach the no-trading region from the outside. This is the

generalization of the one risky asset result, which has been studied (see, e.g., Muthuraman

and Kumar, 2006; Lynch and Tan, 2010; Dai and Zhong, 2010).

In Figure 2.3, we illustrate the change of the no-trading region of risky assets by tuning

parameters. As the arrow shows, for example, the lower risk-free rate is, the more investors

tend to invest in the risky assets. However, the borrowing constraint prohibits investors
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Figure 2.2: Illustration of the shape of no-trading region in the uncorrelated two risky asset

case and the corresponding optimal trades.

Note: y1 and y2 represent risky asset one and two, respectively. The red dash line represents

the borrowing constraint where the portfolio only invests in risky assets and has zero cash.

The region surrounded by solid blue line represents the no-trading region. The arrows

represent the optimal trade from initial portfolio positions to the rebalanced positions.
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from leveraging positions, which renders the distortion of the no-trading region. When

the no-trading region touches the borrowing constraint boundary, it cannot drift further

to northeast. The whole region tends to collapse on the borrowing constraint boundary as

the arrow shows in the figure. Particularly, the selling boundary will only be cut off by the

borrowing constraint boundary, while the purchasing boundary will however extend along

it. This change of the no-trading region, from a normal rectangle to a non-convex “tent”,

has not been studied in other papers. We will discuss three relevant cases below.

Figure 2.3: Illustration of the change of no-trading region.

Note: y1 and y2 represent risky asset one and two, respectively. The red dash line represents

the borrowing constraint where the portfolio only invests in risky assets and has zero cash.

The region surrounded by blue line represents the no trading region. The arrow directs the

drift of the no-trading region when some parameters are changed, e.g., a reduction of the

volatilities, a reduction of the risk-free rate or an increase of the risk averse coefficient.
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In Figures 2.4 and 2.5, we illustrate the optimal trades in the cases that the selling

and buying boundaries of the no-trading region have been cut off due to the borrowing

constraint, respectively. Different types of boundaries of the no-trading region touch the

borrowing boundary causes different types of distortion. As shown in Figure 2.4, when

the selling boundaries reach the borrowing constraint boundary, the trades could still be

implemented without borrowing since the recommended trades are to sell more risky assets;

whereas as shown in Figure 2.5, if the buying boundaries reach the borrowing constraint

boundary and the recommended trades are to buy more risky assets, the trades need to

be financed by the risk-free asset account. Once investors are “cash-strapped” and no bor-

rowing is allowed, the no-trading region has to be enlarged along the borrowing constraint

boundary to reduce costs.

In addition, if the return rate of different risky assets is different, the no-trading region

turns out to form a rectangle. In this case, if the borrowing constraint is binding, it is

possible that one buying boundary and one selling boundary are reaching the constraint

boundary simultaneously. We plot the optimal trades and no-trading region of this case in

Figure 2.6 that shows its deformation.

In general multiple risky asset case, investors in principle cannot easily recognize the

deformation of the no-trading region. However, if the optimal portfolio from the relevant

Merton’s model suggests retaining no wealth in the risk-free asset, the no-trading region is

similar to that in Figure 2.5 or 2.4. Therefore, we can conclude that the no-trading region

indeed touches the borrowing constraint boundary.

Table 2.8 shows the results from the case of triggering the borrowing constraint. In the

first three examples parameters are chosen to guarantee the relevant no-trading region is

indeed a hyper-cube. Accordingly, HS and HC perform even slightly better than VF. For

example, when γ = −7, β = 2%, they are 2 basis points higher in CER than VF; when

γ = −7, β = 5%, they are 4 basis points higher in CER than VF. In the next six examples

parameters are chosen to make the no-trading region distort. Therefore, HS and HC work

worse than VF but they are still better than RBH. For example, when γ = −2, β = 1%,

HS and HC are 2 basis points higher in CER than RBH.
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Figure 2.4: Illustration of the optimal trades when the selling boundaries reach the borrow-

ing constraint.

Note: y1 and y2 represent risky asset one and two, respectively. The red dash line represents

the borrowing constraint where the portfolio only invests in risky assets and has zero cash.

The region surrounded by blue line represents the no-trading region.
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Figure 2.5: Illustration of the optimal trades when the purchasing boundaries reach the

borrowing constraint.

Note: y1 and y2 represent risky asset one and two, respectively. The red dash line represents

the borrowing constraint where the portfolio only invests in risky assets and has zero cash.

The region surrounded by blue line represents the no-trading region.
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Figure 2.6: Illustration of the optimal trades when one selling boundary and one buying

boundary reaches the borrowing constraint.

Note: y1 and y2 represent risky asset one and two, respectively. The red dash line represents

the borrowing constraint where the portfolio only invests in risky assets and has zero cash.

The region surrounded by blue line represents the no-trading region.
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2.7 Concluding Remarks

In this work, we have provided three lower bound and one upper bound strategies for

the dynamic portfolio optimization problem in the presence of transaction costs in high

dimensions. The first and second lower bound strategies (HS and HC) parameterize the no-

trading region by simple geometries. The third lower bound strategy (VF) uses accurately

approximated value functions from an approximate dynamic programming algorithm. In

order to evaluate the lower bounds, we propose a modification of the gradient-based dual

method (MG) to compute upper bounds. We test them across various input parameters

and compare their results with those from old methods in Brown and Smith (2011).

We are able to solve the problems up to the size of 20 risky assets and a 40-year-long

horizon. Compared with the old methods, the three novel lower bound methods can achieve

higher utilities, HS and HC are about one order of magnitude faster, and the upper bounds

from MG are tighter in various examples. The new duality gap is ten times narrower than

the old one in the best case.

Campbell et al. (2001) emphasized that constraints such as nonnegativity of portfolio

positions are realistic, and they affect the form of the solution, but relatively little is known

about the effects of such constraints on optimal strategies, because the constraints make

it hard to find analytical solutions. In this work, we demonstrate the distortion of the

no-trading region when it reaches the borrowing constraint boundary. We show how the

rectangular no-trading region generated in uncorrelated risky asset cases transforms into a

non-convex region due to the binding of the constraint. This study expands the scope of

understanding the shape of the no-trading region. To the best of our knowledge, this is

the first study of the deformation in no-trading region shape resulted from the borrowing

constraint.

The future research direction includes but not restricts to exploring other approximation

approaches for value functions, adding consumption and other realistic ingredients to the

portfolio model (Mulvey and Vladimirou, 1992), testing the impact from different return

models, e.g. return models with return predictability (Brandt et al., 2005), with stochastic

volatility (Heston, 1993), and with jump processes (Merton, 1976). For those extensions,

we would expect to encounter a larger state space due to the extra randomness of the
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parameters. The discrete time framework will accommodate the jumps that happen between

the rebalance interval, unless the interval is narrow, such as in a high frequency trading

framework. When the state space is expanded, HS and HC need some refinements such

as interpolation or regression of the optimal radius and center on extra state variables,

as Merton’s solution will change with respect to different return parameters. VF needs

exploiting the shape of the new value functions to choose appropriate basis functions to

control errors. Further, the duality methods developed in Brown et al. (2009) that are

taking path-wise optimization inherently accommodate those extra randomness from the

state variables.



CHAPTER 3. PORTFOLIO OPTIMIZATION WITH TAXES 54

Chapter 3

Portfolio Optimization with Taxes

3.1 Introduction

In presence of capital gain taxes, Merton’s solution for a multi-period portfolio optimization

becomes suboptimal. Compared with the transaction cost problem, portfolio optimization

with capital gain taxes may be even more important and perhaps plays the first order role in

practice (Dammon and Spatt, 2012). In this chapter, we consider the problem of dynamic

multi-asset portfolio optimization in a discrete-time, finite-horizon setting. Our general

model underlines risk aversion, nonnegativity constraints on portfolio positions and capital

gain taxes. The taxation rule is linear, adopts the weighted average tax basis price, and

allows an immediate tax credit for a loss. We allow wash sales, rule out “shorting against

the box”, and prohibit tax forgiveness upon maturity. We are concerned with the efficient

method to compute and understand the optimal investment decisions for investors who have

access to multiple investment instruments: a risk-free asset account paying a risk-free rate

and several risky assets with stochastic returns.

The rest of the chapter is organized as follows: In Section 3.2, we describe the investment

model. In Section 3.3, we discuss the model properties and how we solve the problem via

approximate dynamic programming. In Section 3.4, we investigate the no-trading region

for single and two risky asset cases. In Section 3.5, we propose several trading strategies.

In Section 3.6, we provide two dual methods to complement the lower bounds from Section

3.5. In Section 3.7, we analyze our numerical results. Finally, in Section 3.8, we conclude.
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3.2 The Portfolio Optimization Model with Taxes

Time is modeled as discrete and indexed as tk = k∆t, k = 0, ...,m, where t0 = 0 represents

the current period and tm = T represents the terminal period. Also, t+k denotes the post-

trade time of tk. We consider a market contains one risk-free and multiple n risky assets.

We adopt the assumption in Constantinides (1983) that the risk-free asset continuously

pays a gross risk-free return Rf and behaves as a tax exempt bond. The corresponding net

risk-free return rate is denoted by rf . The returns of the risky assets are stochastic and

denoted by Rtk = (Rtk,1, ..., Rtk,n)′ where Rtk,i is the gross return of asset i from tk−1 to tk.

The return is modeled by a multivariate geometric Brownian motion:

ln Rtk = µ− 1
2σ

2 + etk (3.1)

with µ = (µ1, ..., µn)′ the asset return vector, σ = (σ1, ..., σn)′ the return volatility vector,

and etk the stochastic increments from the multivariate normal distribution with mean

zero, volatility σ, and correlation Σe. All the parameters in the return model are time-

independent. We sample the asset returns from the continuous distribution instead of a

lattice model. The prices of the risky assets are denoted by Stk = (Stk,1, ..., Stk,n)′. Without

loss of generality, we set their initial prices to one, i.e., S0 = (1, ..., 1)′. Investors have an

initial investment of x0 dollars invested in the risk-free asset account and y0 = (y0,1, ..., y0,n)′

dollars in the n risky assets. The positions in risk-free and risky assets at time tk are denoted

by xtk and ytk = (ytk,1, ..., ytk,n)′, respectively.

In time, investors can choose to either spend money from the risk-free account to buy

risky assets or add money to the risk-free account by selling risky assets. To model cap-

ital gain taxes, we consider buying and selling risky assets separately. Denote Ltk =

(Ltk,1, ..., Ltk,n)′ as an n-vector whose i-th element represents the amount of money spent

from the risk-free account to buy risky asset i. Similarly, denote Utk = (Utk,1, ..., Utk,n)′

as an n-vector whose i-th component represents the amount of money obtained from sell-

ing risky asset i before incurring capital gain taxes if there is any. Thus, they are both

nonnegative.

In order to compute the tax for a transaction we need to introduce a model to compute

the tax basis price. We adopt the weighted average basis price to reduce path-dependency
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and a linear taxation model allowing immediate tax credit realization without any limit

(Dammon et al., 2001, see, e.g.,).1 Let τ = (τ1, ..., τn)′ ≥ 0 be the tax rate vector for the

risky assets and Btk = (Btk,1, ..., Btk,n)′ be the corresponding tax basis price vector. The

dynamics of the weighted average tax basis for the i-th risky asset is modeled by

Btk+1,i = Btk,i(ytk,i − Utk,i) + Stk,iLtk,i
ytk,i + Ltk,i − Utk,i

, (3.2)

and the linear taxation rule of selling Utk,i dollar amount i-th risky asset is formulated as

Capital Gain Tax = τi
Utk,i
Stk,i

(Stk,i −Btk,i). (3.3)

The tax model implies several useful properties. First, selling a risky asset does not change

its tax basis. Second, when the current asset price is lower than its basis price there exists

a tax credit. Third, the basis price after any trades will keep unchanged until the next

rebalancing time, i.e., Bt+
k
,i = Btk+1,i.2 Fourth, if investors liquidate the entire position for

a risky asset, i.e., Utk,i = ytk,i, the current tax basis price will not affect the basis price when

the same risky asset is bought in the later period. Hence, in this case we can freely choose

the basis price as Btk+1,i = Stk,i. Without loss of generality, we set initial basis prices to

one, i.e., B0 = (1, ..., 1)′.

For convenience, let us define the realized cash from the sale of one share i-th risky

asset:

b(Stk,i, Btk,i) = Stk,i − τi(Stk,i −Btk,i). (3.4)

The controlled evolution of the positions in risk-free and risky assets can be described by

the system of equations: xtk+1

ytk+1

 =

 Rf

(
xtk +

n∑
i=1

[
Utk,i
Stk,i

b(Stk,i, Btk,i)− Ltk,i
])

Rtk+1 · (ytk + Ltk −Utk)

 (3.5)

1The current U.S. tax code limits net deductible capital losses to $3000 per year. Net capital losses in

excess of $3000 can be carried forward indefinitely. Relaxing this full loss usage assumption would increase

the complexity of the problem. For a discussion of the impact from limit use of the loss and wash sale, refer

to Gallmeyer and Srivastava (2011).
2In some countries, e.g. Canada, the weighter average tax basis is used in the tax law. Under current

U.S. tax law, the investor can choose either the specific share identification method or the weighted average

tax basis method.
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where · denotes the element-wise product of two vectors. To prohibit short selling and

borrowing we assume the trades at time tk are restricted to a convex solvency set:3

Atk =
{

Utk ,Ltk ∈ Rn+ : xtk +
n∑
i=1

[Utk,i
Stk,i

b(Stk,i, Btk,i)− Ltk,i] ≥ 0,ytk −Utk ≥ 0
}
. (3.6)

In addition, since investors are not barred from wash sales, they may sell the risky asset

to realize a tax credit when there is a loss and then repurchase the same asset to reset its

tax basis (see, e.g., Constantinides, 1983; Dammon et al., 2001). As a consequence, for the

capital gain taxes problem allowing wash sales, Ltk and Utk can be nonzero simultaneously,

which is one critical difference from the transaction costs problem. In other words, we have

to impose ytk−Utk ≥ 0 instead of ytk +Ltk−Utk ≥ 0 to prohibit short sales. The nominal

wealth at time tk is the sum of the dollar positions across risk-free and risky assets, i.e.,

Wn
tk

= xtk +
n∑
i=1

ytk,i. (3.7)

By taking into account of the liquidation tax, the realized wealth is defined as

W r
tk

= xtk +
n∑
i=1

ytk,i
Stk,i

b(Stk,i, Btk,i). (3.8)

The objective of investors is to choose a policy (Utk ,Ltk) at each period tk to maximize the

expected utility of the final realized wealth:

max
(Utk

,Ltk )∈Atk
k=0,...,m−1

E[U(W r
T )] (3.9)

given the CRRA utility function:

U(x) =


xγ

γ
γ < 1, γ 6= 0

ln(x) γ = 0
, (3.10)

where tax forgiveness upon maturity is prohibited. Further, the portfolio optimization

problem (3.9) can be formulated as a stochastic dynamic program with state variables

consisting of the current positions in the risk-free asset xtk and the risky assets ytk , the

3This solvency set is slightly different from the one in Garlappi et al. (2001) and Tahar et al. (2010)

where the realized wealth is restricted nonnegative. It can be easily shown that their solvency set, which

allows for some leverage, contains our set Atk .
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basis prices Btk and the risky asset prices Stk . The terminal value function is the utility

of terminal realized wealth VT = U(W r
T ), and the earlier value functions Vtk are given

recursively by

Vtk(xtk ,ytk ,Btk ,Stk) = max
(Utk

,Ltk )∈Atk
Etk [Vtk+1(xtk+1(Utk ,Ltk),ytk+1(Utk ,Ltk),Btk+1 ,Stk+1)]

(3.11)

where the expectations are taken over the stochastic return of the risky assets Rtk+1 , and

Etk [·] denotes the conditional expectation conditioned on the information up to time tk. In

the recursive relation (3.11), we explicitly write out the dependence of the value function

with the basis prices and the risky asset prices to show the state space of the capital gain

taxes problem is larger than that of the transaction costs problem. In the sequel, we denote

the certainty equivalent of the value function Vtk(·) as a strictly monotonic transformation:

Ctk(·) = U−1(Vtk(·)). (3.12)

3.3 Model Properties and Approximate Dynamic Programming

In this section, we analyze the relevant properties of the portfolio optimization problem

under capital gain taxes and discuss all the elements needed in the approximate dynamic

programming approach to more accurately solve the dynamic program (3.11). Dynamic

programs with continuous decision and state spaces have been noticed to be difficult and

require careful error control in each step of approximate dynamic programming algorithms

(see, e.g., Rust, 1996). To this end, we split the task into three segments. First, we derive

an equivalent formulation for the problem by incorporating the optimal solution of the case

with capital losses into the original formulas. Second, we further reduce the state space by

the homothetic property of the problem. Third, we discuss how to obtain approximated

value functions with a high accuracy in backward iteration.

Constantinides (1983), Dammon et al. (2001) and Tahar et al. (2010) have shown that

if wash sales are allowed and the taxation rule is linear, it is optimal to realize all capital

losses first and then buy back the corresponding assets. In other words, capital losses will

act as transaction revenues. Hence after reformulating the basis price relation (3.2) and the

controlled evolution equations (3.5), we only need to work on the state space representing
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the region for capital gains. In particular, if there is a capital loss the basis price will be

reset to the current risky asset price; whereas if there is a capital gain the basis price will

change as before. Thus, the basis price for the i-th risky asset can be reformulated as:

Btk+1,i =


Stk,i Stk,i ≤ Btk,i
Btk,i(ytk,i − Utk,i) + Stk,iLtk,i

ytk,i + Ltk,i − Utk,i
Stk,i > Btk,i

, (3.13)

or in a compact form

Btk+1,i = Stk,i + (Btk,i − Stk,i)(ytk,i − Utk,i)
ytk,i + Ltk,i − Utk,i

1Stk,i>Btk,i
. (3.14)

where 1 is the indicator function. In addition, by liquidating the entire position if there is

a capital loss and then rebalance, the i-th risky asset position evolves as

ytk+1,i =


Rtk+1,i

(
ytk,i + Ltk,i − ytk,i

)
Stk,i ≤ Btk,i

Rtk+1,i

(
ytk,i + Ltk,i − Utk,i

)
Stk,i > Btk,i

, (3.15)

and the corresponding risk-free asset position evolves as

xtk+1 =


Rf

(
xtk +

n∑
i=1

[
ytk,i
Stk,i

b(Stk,i, Btk,i)− Ltk,i
])

Stk,i ≤ Btk,i

Rf

(
xtk +

n∑
i=1

[
Utk,i
Stk,i

b(Stk,i, Btk,i)− Ltk,i
])

Stk,i > Btk,i

. (3.16)

In a compact form, the new controlled dynamics is:

 xtk+1

ytk+1

 =

 Rf

(
W r
tk

+
n∑
i=1

[
Utk,i − ytk,i

Stk,i
b(Stk,i, Btk,i)1Stk,i>Btk,i − Ltk,i

])
Rtk+1 ·

(
Ltk − (Utk − ytk)1Stk>Btk

)
 . (3.17)

The corresponding solvency set is rewritten as

Atk =
{

Utk ,Ltk ∈ Rn+ : W r
tk

+
n∑
i=1

[
Utk,i − ytk,i

Stk,i
b(Stk,i, Btk,i)1Stk,i>Btk,i−Ltk,i

]
≥ 0,ytk−Utk ≥ 0

}
.

(3.18)

Tahar et al. (2010) have theoretically proved that using the new formulas will yield the

same results as the original. Garlappi et al. (2001) have noticed the value function of the

taxes problem has a “kink” when it goes from the region in the state space for capital losses

to that for capital gains. The new formulas automatically take the optimal decision when
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there is a capital loss. Hence the state space is reduced to the region representing capital

gains and the difficulty of approximating the value function with a kink has been resolved.

The new formulations will be applied in lower bound strategies. On the other hand, Wang

(2008) and Tahar et al. (2010) rigorously show only the relative value Stk,i/Btk,i matters

for the optimal solution. Therefore, let us define the relative basis price for the i-th risky

asset by

ctk,i = ln Stk,i
Btk,i

, (3.19)

as the risky asset returns follow a geometric Brownian motion. We denote the column

vector ctk = (ctk,1, ..., ctk,n)′. Thus, we can consider the state space (xtk ,ytk , ctk) rather

than (xtk ,ytk ,Btk ,Stk).

For CRRA investors, the homothetic property of value functions from the portfolio

optimization problem with taxes has been proved and applied in many studies (see, e.g.,

Dammon et al., 2001; Wang, 2008; Tahar et al., 2010; Dai et al., 2012). We restate the

property without proof as follows:

Proposition 3. Suppose U(x) = xγ/γ or U(x) = ln(x). Then the certainty equivalent

Ctk of the value function Vtk at time tk defined in the equation (3.12) has the homothetic

property: for θ > 0

Ctk(θxtk , θytk , ctk) = θCtk(xtk ,ytk , ctk). (3.20)

The homothetic property (3.20) states that the certainty equivalent of the value function

of the taxes problem is linear with respect to portfolio positions. Correspondingly, to

compute the certainty equivalent for a portfolio position, we can always normalize the

position with its realized wealth, compute the certainty equivalent for the position with

unit realized wealth, and then scale it by the true realized wealth level. Namely, we choose

θ = 1/W r
tk

and compute the certainty equivalent as

Ctk(xtk ,ytk , ctk) = W r
tk
Ctk

(
xtk
W r
tk

,
ytk
W r
tk

, ctk
)

= W r
tk
Ctk(xtk ,ytk , ctk), (3.21)

where the reduced certainty equivalent Ctk(xtk ,ytk , ctk) is defined as the certainty equivalent

with unit realized wealth. By combining (3.19) and (3.21), we rewrite the recursive relation
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(3.11) as

U(W r
tk
Ctk(xtk ,ytk , ctk)) = max

(Utk
,Ltk )∈Atk

Etk

[
U
(
W r
tk+1
Ctk+1(xtk+1(Utk ,Ltk),ytk+1(Utk ,Ltk), ctk+1

)]
.

(3.22)

Further, we can thereby focus on the case of pre-trade positions unit realized wealth,

i.e., W r
tk

= 1, which builds a relation between risk-free and risky assets. Let us define the

realized i-th risky asset portfolio vtk,i as

vtk,i = ytk,i
Stk,i

b(Stk,i, Btk,i)
W r
tk

, (3.23)

where vtk,i represents the portfolio weight of liquidating the i-th risky asset in the realized

wealth. We now take the realized risky asset portfolio vtk,i and the relative basis price ctk,i
as the new set of state variables, and therefore write each grid point in the state space as

(vtk,i, ctk,i) =
(
ytk,ib(1, e

−ctk,i)
W r
tk

, ctk,i

)
, i = 1, ..., n. (3.24)

Denote the vector vtk = (vtk,1, ..., vtk,n)′. By the choice of W r
tk

= 1, the expression (3.24)

simplifies to

(vtk,i, ctk,i) =
(
ytk,ib(1, e

−ctk,i), ctk,i
)
. (3.25)

The above analysis indicates there are 2n coordinates for each grid point in the state space

when investors have access to n risky assets. Given n pairs of (vtk,i, ctk,i) and W r
tk

= 1, the

asset positions (xtk ,y′tk) are uniquely determined by

xtk = 1−
n∑
i=1

vtk,i, ytk,i = vtk,i

b(1, e−ctk,i)
, i = 1, ..., n. (3.26)

Therefore, the state space can then be denoted by:

Stk =
{

vtk , ctk ∈ Rn+ :
n∑
i=1

vtk,i ≤ 1, ctk ≤ c̄tk
}

(3.27)

where c̄tk is the upper bound vector as the truncation of the unbounded state space. We

choose c̄tk = (µ− 1
2σ

2)tk + 2.6σ
√
tk, and linearly extrapolate the values on the grid points

outside the region in our computation. At time tk we sample the state variables according

to a uniform distribution using low-discrepancy sequences. In particular, we use 212 Sobol

points.
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Next, to control numerical errors in the optimization problem (3.22), we take the cer-

tainty equivalent of the expected value function as a monotone transformation that reduces

the nonlinearity of the objective function, i.e.

Ctk(vtk , ctk) = max
(Utk

,Ltk )∈Atk
U−1

{
Etk [U(W r

tk+1Ctk+1(vtk+1(Utk ,Ltk), ctk+1)]
}

(3.28)

where the transformed state variables serve as the arguments of the reduced certainty equiv-

alent Ctk for simplicity. At each time step, given optimal reduced certainty equivalent values

on the grid from (3.28), we approximate the reduced certainty equivalent function by a set

of K real-valued functions φtk = (φtk,1(·), . . . , φtk,K(·))′ on the state space Stk as

Ctk(vtk , ctk) ≈
K∑
l=1

φtk,l(vtk , ctk)κtk,l (3.29)

where the coefficient κtk = (κtk,1, ..., κtk,K)′ is a column vector and can be computed by or-

dinary linear regression. It has been highlighted in Garlappi and Skoulakis (2009), Broadie

and Shen (2013a) and Broadie and Shen (2013b) that compared to approximating Vtk

directly, approximating its less nonlinear transformation Ctk is easier and yields higher

accurate results. Besides the general advantages mentioned therein, we emphasize the ne-

cessity of choosing the normalization level θ = 1/W r
tk

rather than θ = 1/Wn
tk

. On the one

hand, choosing θ = 1/Wn
tk

indicates each grid point is sampled with unit nominal wealth.

Thereupon, the realized wealth and optimal solutions on grid points change substantially

in different regions of the state space. This change further leads to the difficulty of ap-

proximating certainty equivalents with unit nominal wealth in a high accuracy. On the

other hand, sampling grid points with unit realized wealth θ = 1/W r
tk

mitigates the impact

from embedded capital gains on optimal values so that the corresponding reduced certainty

equivalent function is easier to approximate. We illustrate the certainty equivalent for a

single risky asset case in the state space (ctk,1, vtk,1) that is normalized by the two different

levels in Figure 3.10 and Figure 3.11, respectively. The certainty equivalent function from

θ = 1/W r
tk

in Figure 3.10 has smaller scale than the one from θ = 1/Wn
tk

in Figure 3.11.

More importantly, the former is close to concave whereas the latter is apparently neither

concave nor convex. We use the complete set of polynomials class introduced in Section 2.3

to approximate the reduced certainty equivalent functions. All the computation employs

the complete set of polynomials of total order 7 with the new set of state variables (ctk ,vtk).



CHAPTER 3. PORTFOLIO OPTIMIZATION WITH TAXES 63

Figure 3.1: Illustration of the optimal certainty equivalent of the last period when the

pre-trade positions are sampled with unit realized wealth.

0

1

2

3

4

0

0.2

0.4

0.6

0.8

1

1.060

1.061

1.062

1.063

1.064

1.065

c
1v

1

C
er

ta
in

ty
 E

qu
iv

al
en

t

Note: The parameters are rf = 5.5%, µ1 = 11%, σ1 = 30%, γ = −1, τ1 = 30%, T = 20

year, ∆t = 1 year. Its shape is close to concave.



CHAPTER 3. PORTFOLIO OPTIMIZATION WITH TAXES 64

Figure 3.2: Illustration of the optimal certainty equivalent of the last period when the

pre-trade positions are sampled with unit nominal wealth.
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To sum up, at each time step from tm to t0, our approximate dynamic programming

algorithm involves the following steps:

1. Construct state space grid points by uniform randomly sampling over Stk (3.27).

2. Perform the optimization as the equation (3.28) and obtain optimal values on grid

points over the state space.

3. Approximate the reduced certainty equivalent function over the entire state space

Ctk(vtk , ctk) with optimal values on grid points by using polynomial regression (3.29).

The crucial ingredients include: (1) by the reformulated system (3.14) and (3.17), we only

need to focus on the state space representing capital gains; (2) via the state variable trans-

formation (3.25), we further reduce the size of the state space; (3) by the homothetic

property (3.21), we can work on much less nonlinear transformed value functions, certainty

equivalent functions; (4) by choosing the normalization level θ = 1/W r
tk

, we approximate

functions that are close to concave; (5) by taking certainty equivalent transformation in op-

timization, we reduce numerical errors; (6) by applying the Sobol points and complete set

of polynomials, to some extent we work around the curse of dimensionality. Relying upon

those elements, in each step the relative numerical error in (3.29) measured by the l∞ norm

is about 10−5 and by the l2 norm is about 10−10. The similar study of the approximation

error for the transaction costs problem can be found in Broadie and Shen (2013b). The

results of our forward trading strategy using this approximation in Section 3.7 also prove

its effectiveness.

3.4 No-Trading Region

In this section, we comprehensively investigate the no-trading region of the portfolio choice

problem with capital gain taxes. It has been noticed that the portfolio choice problem with

capital gain taxes also has a no-trading region (see, e.g., Garlappi et al., 2001; Wang, 2008).

We first introduce the tax-adjusted Merton’s solution. We then focus on the no-trading

regions from single or two risky asset cases. In the single risky asset case, we emphasize

the quantitative characterization of the no-trading region boundary and thereby provide
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insight to the cause of the no-trading region shape. In the two risky asset cases, we explain

the associated optimal trades through the no-trading region and reveal a similar no-trading

region shape and parameter sensitivity to that of the transaction costs problem.

3.4.1 Tax-adjusted Merton’s Solution

For the transaction costs problem, the optimal solution is called Merton’s solution when

the transaction costs are zero. For the capital gain taxes problem, we introduce so-called

the “tax-adjusted Merton’s solution”. Wang (2008) and Tahar et al. (2010) show that in

continuous time, after realizing embedded capital losses the final portfolio is optimal for the

situation where the mean return and volatility of risky assets are adjusted by a coefficient

of 1 − tax rate in the fictitious trading environment with no tax and no transaction cost,

i.e., the Merton’s problem. On the other hand, in discrete time, Dammon et al. (2001) and

DeMiguel and Uppal (2005) consider a relevant suboptimal strategy to realize all capital

gains or losses in each rebalance time first and then rebalance back to the continuous time

tax-adjusted solution. In Appendix A.3, we show that the case of forcing realizing all

capital gains or losses in discrete time can also be linked to a fictitious discrete time trading

environment with a tax-adjusted risky return. In the sequel, we call it the “tax-adjusted

Merton’s solution”. In discrete time, the effective closed form solution for the tax-adjusted

Merton’s solution can be easily attained through a myopic optimization problem.

3.4.2 One Risky Asset

Dammon et al. (2001) have an extensive discussion of optimal investment decisions for one

risky asset cases when taxes are reset upon maturity. Wang (2008) has researched the shape

of no-trading region generated by one taxable and one nontaxable asset. We elucidate the

quantitative characterization of the no-trading region boundary to provide insight to the

cause of the shape.

Figure 3.3 displays the no-trading region in the state space (ctk,1, vtk,1) for a single risky

asset. The red dots form the no-trading region. When the initial relative risky portfolio

is outside the no-trading region, the optimal trades will bring it back to the boundary of

the no-trading region. The arrows show the trading trajectories. The blue arrows represent
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the selling trades. As the selling trades do not change the basis prices, the trajectories

are straight. The black purchasing lines are curved due to the change of the basis prices

with the transaction. In the case of having a large capital gain and under-diversification,

investors will buy more risky asset to reach the no-trading region. In this situation, a larger

embedded capital gain results in a more dramatic reduction of the basis price. Namely, the

relative basis price ctk,1 of the head and end of the curved trajectories reduces dramatically.

The cross point of the two branches of the boundary represents the tax-adjusted Merton’s

solution. In Appendix A.5, we derive the solutions of the models that characterize the two

boundaries for the no-trading region. Both models can be solved to optimality as they are

linked to the Merton’s problems with two effective risky returns, respectively. Accordingly,

the selling boundary can be constructed by a Merton’s problem with the effective risky

return R̂tk+1,1, where

R̂tk+1,1 =
b(Stk,1Rtk+1,1, Btk,1)

b(Stk,1, Btk,1) . (3.30)

As tax forgiveness is prohibited and sales do not change the basis price, the effective return

(3.30) is the ratio of liquidating one share of risky asset one step ahead and liquidating that

immediately. The purchasing boundary can be approximately constructed by a Merton’s

problem with R̃tk+1,1, where

R̃tk+1,1 = b(Rtk+1,1, 1). (3.31)

The purchasing trajectories in Figure 3.3 show the relative basis price will decrease dras-

tically when investors purchase more risky asset. Also, purchases do not incur tax. The

effective return (3.31) embodies this observation by simply subtracting the tax from the net

return, as tax forgiveness is disallowed. Also, note that the optimal portfolio solved in the

selling boundary problem represents the fraction in realized wealth, whereas the one solved

in the purchasing boundary problem represents the fraction in nominal wealth. Figure 3.4

illustrates the no-trading region and the two branches of the boundary solved by the above

two effective models. We observe they match closely with the numerical solutions for the

original problem.

Indicated by (3.30) and (3.31), the shape of the boundary is determined by the trade-off

between embedded capital gains and risky returns. On the one hand, as the effective return

R̂tk+1,1 is increasing with the relative basis price ctk,1 = ln(Stk,1/Btk,1), the optimal deci-
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Figure 3.3: Illustration of the no-trading region and the optimal trades.

Note: The red dots form the no-trading region. The blue cross is the tax-adjusted Merton’s

solution. The black lines represent the purchasing trajectories. The blue lines represent the

selling trajectories. The parameters are rf = 5%, µ1 = 10%, σ1 = 20%, γ = −1, τ1 = 35%.
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sion will suggest investing more in the risky asset when the capital gain increases. In the

limit of ctk,1 → ∞, R̂tk+1,1 → Rtk+1,1, where the corresponding optimal solutions from the

limit return value represent the upper bound of the selling boundary. Intuitively, when the

embedded capital gain is large, almost no difference exists between liquidating immediately

and liquidating one step ahead. Hence, the first effective risky return R̂tk+1,1 becomes the

original risk return Rtk+1,1. In the limit of ctk,1 → 0, R̂tk+1,1 → (1− τ1)Rtk+1,1 + τ1, which

yields the forcing realization solution. On the other hand, although the effective return

R̃tk+1,1 does not depend upon ctk,1, the corresponding optimal portfolio ỹt+
k
,1 represents the

optimal fraction of the nominal wealth. Hence, the optimal realized risky asset portfolio

ṽt+
k
,1 is decreasing with respect to ctk,1. In the limit of ctk,1 →∞, ṽt+

k
,1 → (1−τ1)ỹtk,1/W r

t+
k

,

which gives the lower bound of the purchasing boundary. Intuitively, when investors are

underexposed to the risky asset, purchase generally reduces the relative basis price consid-

erably. The trade-off as (3.30) is relatively small compared with this dramatic reduction

of the basis price. The limit is simply the consequence of large relative basis price in the

realized risky portfolio expression. In the limit of ctk,1 → 0, ṽt+
k
,1 → ỹtk,1/W

r
t+
k

, which is the

forcing realization solution. As a summary, both selling and purchasing boundaries need to

balance tax payments with diversification. In particular, the selling boundary focuses on the

benefit of deferring tax gains from the interval [tk, t+k ] to the interval [t+k , tk+1], whereas the

purchasing boundary mainly focuses on the impact from changing the relative basis price

in the interval [tk, t+k ]. Those analyses are consistent with the limits of the two boundaries

in Figure 3.4.

3.4.3 Two Risky Assets

For the two risky asset case, the most relevant research on the no-trading region is by

Garlappi et al. (2001). In a lattice model, they present a discussion of the no-trading

region. However, the no-trading region therein have not shown a clear analogy to that of

the transaction costs problem presented in Muthuraman and Kumar (2006) and Lynch and

Tan (2010). Two risky assets generate a four dimensional state space. Hence, we focus on

visualizing its projections. The no-trading region on (vtk,1, ctk,1) or (vtk,2, ctk,2) by fixing the

other two variables is similar to the pattern for the single risky asset shown in Figure 3.3.
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Figure 3.4: Illustration of the no-trading region and the optimal solution from two effective

models.
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Therefore, in the sequel we primarily present no-trading regions in (vtk,1, vtk,2) as the cutting

planes by constant ctk,1 and ctk,2 of the four dimensional space (vtk,1, vtk,2, ctk,1, ctk,2).

Figure 3.5 illustrates the no-trading region with the optimal trades for different pre-trade

positions. The shape of the no-trading region is close to a parallelogram. The outside region

falls into two categories. Its east, south, west and north represent the trades involving one

asset to bring the position to the no-trading region. In the rest domain, it is impossible

to transact only one asset to reach the no-trading region. Hence, two assets are traded

to reach a corner. These features are similar to those of the transaction costs problem

in Muthuraman and Kumar (2006) and Lynch and Tan (2010). The unique traits for

the taxes problem exhibit in three aspects. First, it is the tax-adjusted Merton’s solution

rather than the classic Merton’s solution that lies within the no-trading region. Second, the

trades involving purchases are disparate from those only involving sales. After following

optimal trades, post-trade positions will reach the no-trading region in the four dimensional

state space. The post-trade positions involving purchases are however reaching different

cutting planes in the four dimensional space. In Figure 3.5, the dash arrows represent those

trades involving purchases and thereby their post-trade positions are not lying on the same

(vtk,2, vtk,2) plane. Specifically, we choose four of those typified pre-trade positions, labeled

by a, b, c and d, to demonstrate this salient difference. Figure 3.6 shows the four no-trading

regions for the post-trade positions of a, b, c and d, respectively. a represents the case of

purchasing both risky assets. b and c both represent the case of only purchasing one risky

asset but for different purchasing amount. d represents the case of purchasing one risky

asset and selling another. The four no-trading regions are distinct from the one in Figure

3.5, as the no-trading regions on which post-trade positions stay are cut by different ctk,1
and ctk,2. In particular, the sub-figures for c and d are the same. This is because the optimal

purchase trade for d is the same as that for c and meanwhile the optimal sale trade for d

does not change the relative basis price. Third, Figure 3.7 illustrates the no-trading regions

on (vtk,1, vtk,2) with different relative basis prices ctk,1 and ctk,2. Similar to the change of

the no-trading region discussed in Section 3.4.2, the no-trading region shrinks in size when

the relative basis price decreases. In the following, we conduct the parameter sensitivity

analysis of the no-trading region.
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Figure 3.5: Illustration of shape the no-trading region and the optimal trades in the last

period.

Note: The (v1, v2) plane is the cutting plane of c1 = c2 = 2.84 for a four dimensional space

(v1, v2, c1, c2). The red dots form the no-trading region. The blue cross is the tax-adjusted

Merton’s solution. The black solid line arrows represent the optimal trades with post-trade

positions on the same (v1, v2) cutting plane. The black dash line arrows represent the

optimal trades with post-trade positions on other cutting planes. Four pre-trade positions,

a, d, c and d are chosen to illustrate the no-trading regions to which their post-trade

positions belong in Figure 3.6. Their coordinates are (0.05, 0.05), (0.25, 0.05), (0.42, 0.05)

and (0.90, 0.05), respectively. The other parameters are γ = −1, rf = 5%, µ1 = µ2 = 11%,

σ1 = σ2 = 25%, ρ = 0.3, τ1 = τ2 = 30%, ∆t = 1 year, m = 10.
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Figure 3.6: Illustration of the no-trading regions for different post-trade positions.
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c2 = 0.28, c1 = 2.84 and c2 = 0.28, respectively. The coordinates of the four post-trade

positions a, d, c and d are (0.32, 0.32), (0.25, 0.32), (0.42, 0.25) and (0.42, 0.25), respectively.

The other parameters are the same as those in Figure 3.5.
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Figure 3.7: Illustration of change the no-trading region with respect to the relative basis

price.

0 0.5 1
0

0.2

0.4

0.6

0.8

1

v
1

v 2

0 0.5 1
0

0.2

0.4

0.6

0.8

1

v
1

v 2

0 0.5 1
0

0.2

0.4

0.6

0.8

1

v
1

v 2

0 0.5 1
0

0.2

0.4

0.6

0.8

1

v
1

v 2

0 0.5 1
0

0.2

0.4

0.6

0.8

1

v
1

v 2

0 0.5 1
0

0.2

0.4

0.6

0.8

1

v
1

v 2

Note: The red dots form the no-trading region. From upper left to lower right, c1 =

c2 = 4.26, 2.84, 1.42, 0.47, 0.28 and 0.20. The other parameters are γ = −1, rf = 5%,

µ1 = µ2 = 11%, σ1 = σ2 = 25%, ρ = 0.3, τ1 = τ2 = 30%, ∆t = 1 year, m = 10.
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Figure 3.8 shows the no-trading region at different time steps. We analyze the observa-

tion from three aspects. First, it reveals that the no-trading region becomes smaller when

the investment approaches maturity, which is opposite to the results in the transaction costs

problem (see, e.g., Lynch and Tan, 2010). Dammon et al. (2001) find that with manda-

tory realization of capital gains or losses at maturity the benefit of deferring capital gains

is limited to the time value of the capital gain tax, which is small for elderly investors.

Hence, elderly investors become more concerned about maintaining an optimally diversified

portfolio, which leads to a smaller no-trading region. Also, the change of its size is not

linear. The size is almost fixed when investors are several time steps away from maturity,

as young investors are relatively insensitive to the treatment of embedded capital gains at

maturity. Thus, in early stages the no-trading region mainly represents a steady balance

between diversification and tax payment such that it does not vary considerably in different

time steps. Second, as we have shown in the appendix, the tax-adjusted Merton’s solution is

fixed, but this result does not hold if tax forgiveness is allowed upon maturity. To illustrate

the consistency of the analysis for the tax forgiveness cases with those in Dammon et al.

(2001) and Garlappi et al. (2001), Figure 3.9 displays the no-trading region at different time

steps with tax forgiveness upon maturity. The model uses the same parameters as those in

Figure 3.8. Early papers highlighting tax forgiveness at maturity have documented the fact

that the size of the no-trading region of the capital gain taxes problem expands when it

approaches maturity. This is because the closer investors are to the time of tax forgiveness

the stronger the incentive to defer is.4 Besides, the no-trading regions in the tax forgiveness

case are larger than those without tax forgiveness. This is because if investors are eligible

to tax forgiveness, especially when they confront a short investment horizon, the diversifi-

cation benefits cannot exceed the tax losses if they trade much. This effect can propagate

back to the trading decisions in early stages of investment. In contrast, if investors are not

eligible to tax forgiveness, diversification benefits are dominant given they cannot obtain

the benefits of deferring tax gains. Further, the size of the no-trading regions indicates the
4Note the upper left and right sub-figures have been cut by the short sale constraint of the risky-free

asset, which indicates the no-trading region will distort when the no borrowing constraint is binding. When

we reduce the tax rate, we have seen the shape of the no-trading regions are still close to a parallelogram.

That is similar to the results presented in Broadie and Shen (2013b) for the transaction costs problem.
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benefits of tax forgiveness upon maturity can impact more time steps back than that with-

out. Third, the change of the tax-adjusted Merton’s solution along the time steps echoes

the discussion for the one risky asset case in Dammon et al. (2001). In Dammon et al.

(2001), because of allowing tax forgiveness upon maturity, the “forced realization solution”

is disparate from the “unconstrained optimum”.5 When tax forgiveness is prohibited, these

two solutions become identical. The “forced realization solution” is called the tax-adjusted

Merton’s solution in this paper, which is represented by the blue cross in Figure 3.8, whereas

the unconstrained optimum in Figure 3.9 is different from the tax-adjusted Merton’s so-

lution in Figure 3.8. The unconstrained optimum is increasing with age until a few years

prior to maturity. This is because young investors typically realize more to achieve better

diversification, but for the deferred capital gains, they have the risk of being overexposed

to the risky assets in the later stages. To balance these two parts, they limit the risky asset

exposure in the early ages. The observation that the optimal holdings of risky assets decline

in the last period shown in the upper left sub-figure of Figure 3.9 comes from that fact of

having no chance to realize capital losses upon maturity.

Figure 3.10 displays the no-trading region for various values of tax rates. First observe

that the no-trading regions are approximately squares, as we choose the same expected

returns and volatilities for the two risky assets. When the tax rate increases investors

would prefer to trade less. This indicates a trading policy that has a larger no-trading

region. The figure shows this enlarging trend of the no-trading region. More importantly,

it demonstrates the change of the location of the no-trading region. This is different from

the transaction costs problem, where the center of the no-trading region is always the Mer-

ton’s solution. As we illustrate in the previous section, although the tax-adjusted Merton’s

solution lies inside the no-trading region, it does not represent the center either. As we

show in Appendix A.3 about the tax-adjusted Merton’s solution, a larger tax rate results

in a smaller effective risky return, which suggests investing less in the risky asset. This is

consistent with the trend in Figure 3.10. In general, we have not found a particular meaning

for the center of the no-trading region.
5The unconstrained optimum in Dammon et al. (2001) is defined as the optimal portfolio for the risky

assets when there are no capital gains or losses.
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Figure 3.8: Illustration of change the no-trading region with respect to the time step.
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Note: The red dots form the no-trading region. The blue cross represents the tax-adjusted

Merton’s solution. From upper left to lower right, the time step is k = 10, 8, 6 and

1. The other parameters are γ = −1, rf = 5.55%, µ1 = µ2 = 11%, σ1 = σ2 = 30%,

ρ = 0.3, τ1 = τ2 = 35%, ∆t = 1 year, m = 10. With mandatory realization of capital

gains at maturity the benefit of deferring capital gains is limited to the time value of the

capital gain tax, which is small for elderly investors. Hence, elderly investors become more

concerned about maintaining an optimally diversified portfolio, which leads to a smaller

no-trading region.
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Figure 3.9: Illustration of change the no-trading region with respect to the time step for

the tax forgiveness case.
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Note: The red dots form the no-trading region. The blue cross represents the unconstrained

optimum. From upper left to lower right, the time step is k = 10, 8, 6 and 1. The

other parameters are γ = −1, rf = 5.55%, µ1 = µ2 = 11%, σ1 = σ2 = 30%, ρ = 0.3,

τ1 = τ2 = 35%, ∆t = 1 year, m = 10. The region expands when it approaches maturity. It

is because the closer the investor is to the time of tax forgiveness the stronger incentive to

defer is, i.e. the shorter the investment horizon.
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Figure 3.10: Illustration of change the no-trading region with respect to the tax rate in the

last period.
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Note: The red dots form the no-trading region. From upper left to lower right, the tax

rate is τ1 = τ2 = 20%, 30%, 40% and 50%. The other parameters are γ = −1, rf = 5.5%,

µ1 = µ2 = 11%, σ1 = σ2 = 30%, ρ = 0, ∆t = 1 year, m = 10. The higher tax rate causes

investors to trade less as a result of the trade-off between better diversification and more

tax cost. Hence, the no-trading region enlarges with the increase of the tax rate.
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Figure 3.11: Illustration of the change no-trading region with respect to the risk aversion

coefficient in the last period.
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Note: The red dots form the no-trading region. From upper left to lower right, the risk

aversion coefficient is γ = −7, −5, −3 and −1. The other parameters are τ1 = τ2 = 35%,

rf = 5.5%, µ1 = µ2 = 11%, σ1 = σ2 = 30%, ρ = 0, ∆t = 1 year, m = 10. As investors

becomes more risk averse they would invest less in risky assets, and trade more to keep the

positions around the no-trading region.
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Figure 3.11 shows the no-trading region for various values of risk aversion coefficients.

As investors becomes more risk averse they would invest less in risky assets, and trade more

to keep the positions around the no-trading region. Hence, the no-trading region moves

towards to the origin and shrink in size. Figure 3.12 illustrates the no-trading region for

various values of volatilities. As investors are risk averse they would invest less in risky assets

when the volatility increases, and trade more to keep the positions around the no-trading

region. Hence, the trend is similar to Figure 3.11.

Figure 3.12: Illustration of the change no-trading region with respect to the volatility in the

last period.
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Note: The red dots form the no-trading region. From upper left to lower right, the volatility

is σ1 = σ2 = 60%, 50%, 40% and 30%. The other parameters are τ1 = τ2 = 35%, rf = 5.5%,

µ1 = µ2 = 11%, ρ = 0, γ = −1, ∆t = 1 year, m = 10. As investors are risk averse they

would invest less in risky assets when the volatility increases, and trade more to keep the

positions around the no-trading region.

Figures 3.13 and 3.14 display the no-trading region for various negative and positive
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values of correlation coefficients, respectively. In the negative correlation cases, the no-

trading region shrink along (1,−1) direction and enlarge along (1, 1) with the increase in

negative correlation. When the correlation is negative, investors would be able to tolerant

more deviation along the (1, 1) direction, since one risky asset serves a good hedge to the

another. In the positive correlation cases, investors would take opposite trading decision as

a hedge to the another.

Figure 3.13: Illustration of the change no-trading region with respect to the negative cor-

relation in the last period.
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Note: The red dots form the no-trading region. From upper left to lower right, the corre-

lation coefficient is ρ = −0.4, −0.3, −0.2 and 0. The other parameters are τ1 = τ2 = 35%,

rf = 5.5%, µ1 = µ2 = 11%, σ1 = σ2 = 30%, γ = −1, ∆t = 1 year, m = 10. When the

correlation is negative, investors would be able to tolerant more deviation along the (1, 1)

direction, since one risky asset serves a good hedge to the another.
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Figure 3.14: Illustration of the change no-trading region with respect to the positive corre-

lation in the last period.
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Note: The red dots form the no-trading region. From upper left to lower right, the cor-

relation coefficient is ρ = 0.4, 0.3, 0.2 and 0. The other parameters are τ1 = τ2 = 35%,

rf = 5.5%, µ1 = µ2 = 11%, σ1 = σ2 = 30%, γ = −1, ∆t = 1 year, m = 10. In the positive

correlation cases, investors would take opposite trading decision as a hedge to the another.
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3.5 Forward Trading Strategies for Lower Bounds

For portfolio optimization problems, as there are typically no closed form solutions, the

focus is on searching for the near-optimal forward trading strategies. In order to get high

performance trading strategies, we can approximate value functions through dynamic pro-

gramming, consider heuristic strategies that embody sound intuition, or parametrize the

policy motivated from solution structures. To illustrate those ideas, we will propose five

novel forward trading strategies in the section. The first strategy VF in Section 3.5.1, is

based on the approximate dynamic programming method discussed in Section 3.3. The RBH

and MO strategies in Sections 3.5.2 and 3.5.3 are heuristic and easy to implement. The last

two strategies RM and HC in Sections 3.5.4 and 3.5.5, are based on policy approximation.

They characterize the optimal trading policy and are computationally economic.

3.5.1 Value Function Optimization (VF)

Approximated value functions given by backward iteration can serve as the continuation

functions in forward simulation as an unbiased estimate of performance. If the approxima-

tion has a high accuracy, we should expect this trading rule generates a tight lower bound.

In each period tk for each trial VF chooses the trades Utk ,Ltk that solve:

max
(Utk

,Ltk )∈Atk
U−1

{
Etk [U(W r

tk+1Ctk+1(vtk+1(Utk ,Ltk), ctk+1)]
}
. (3.32)

After following the recommended trades for the current portfolio positions, random returns

for risky assets are generated to calculate the portfolio positions in the next period. Al-

though it is expensive, this strategy yields near-optimal solutions if value functions has

been approximated in a high accuracy. Also, the complexity of the problem grows linearly

instead of exponentially with dimensions.

3.5.2 Rolling Buy-and-Hold Optimization (RBH)

For the rolling buy-and-hold strategy, in each rebalance time investors will follow the strat-

egy obtained by an optimization problem. The optimization problem incorporates tax

impact into the current period, imposes no control on the portfolio in future periods until
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maturity, and therefore maximizes the CRRA utility of final realized wealth. In each period

tk for each trial RBH chooses the trades Utk ,Ltk that solve:

max
(Utk

,Ltk )∈Atk
U−1

{
Etk
[
U(W r

T (xT (Utk ,Ltk),yT (Utk ,Ltk),BT ,ST ))
]}
, (3.33)

where the basis price will only change with the current trading. It serves as a robust and

close to optimal strategy for the transaction costs problem (see, e.g., Broadie and Shen,

2013b).

3.5.3 Myopic Optimization (MO)

The myopic optimization strategy treats each period as the last time period thus optimizing

over the expected realized wealth in CRRA utility. When the no-trading region does not

change dramatically in different periods, the approximation works well. Wang (2008) shows

the myopic solution in a single risky asset case is near-optimal when trading intervals are

small. In each period tk for each trial MO chooses the trades Utk ,Ltk that solve:

max
(Utk

,Ltk )∈Atk
U−1

{
Etk
[
U(W r

tk+1(xtk+1(Utk ,Ltk),ytk+1(Utk ,Ltk),Btk+1 ,Stk+1))
]}
. (3.34)

3.5.4 Realized Merton’s Strategy (RM)

The realized Merton’s strategy (RM) introduced in this section aims to improve the “forced

realization” approach in Dammon et al. (2001) and DeMiguel and Uppal (2005). In the se-

quel, let us denote the “tax-adjusted Merton’s solution” by yc,tax
tk

= (yc,tax
tk,1 , y

c,tax
tk,2 , ..., y

c,tax
tk,n

)′.

RM chooses the known optimal strategy when there exists capital losses, and rebalances

the portfolio such that the post-trade realized risky asset portfolio vt+
k

equals to the tax-

adjusted Merton’s solution yc,taxtk
. In discrete time, the effective closed form solution for

the tax-adjusted Merton’s solution can be easily attained through a myopic optimization

problem.

In each period, given the pre-trade position of the risky assets as ytk and their tax

basis prices Btk , in which the positions with capital losses have already been liquidated

and included in the risk-free asset position xtk , we first calculate the realized risky asset

portfolio vtk , and then rebalance to the tax-adjusted Merton’s solution yc,tax
tk

. At time tk,
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for the i-th risky asset the post-trade position:

yt+
k
,i =


W r
tk

(yc,tax
tk,i

+ ytk,i
W r
tk

− vtk,i) vtk,i < yc,tax
tk,i

yc,taxtk,i
ytk,i

vtk,i
vtk,i ≥ y

c,tax
tk,i

(3.35)

and the tax basis price:

Btk+1,i =



Btk,iytk,i + Stk,iW
r
tk

[
yc,tax
tk,i
− vtk,i

]
W r
tk

(yc,tax
tk,i

+ ytk,i
W r
tk

− vtk,i)
vtk,i < yc,tax

tk,i

Btk,i vtk,i ≥ y
c,tax
tk,i

. (3.36)

To get the post-trade risk-free asset position, we note the post-trade position of the i-th

risky asset can also be calculated by

yt+
k
,i = ytk,i + Ltk,i − Utk,i. (3.37)

which implies

Ltk,i = max(yt+
k
,i − ytk,i, 0), Utk,i = max(ytk,i − yt+

k
,i, 0). (3.38)

Relying on the above relation, we can get the post-trade risk-free asset position xt+
k

from

yt+
k
,i through

xt+
k

= xtk +
n∑
i=1

(
Utk,i
Stk,i

b(Stk,i, Btk,i)− Ltk,i

)
. (3.39)

The above results depend upon the fact that in general the pre-trade and post-trade realized

wealth is equal in each period, i.e., W r
t+
k

= W r
tk

. Refer to Appendices A.3 and A.4 for the

detailed derivation of the formulas.

3.5.5 Hyper-cube Strategy (HC)

As we show in Section 3.4, the portfolio optimization under capital gain taxes has the similar

feature of existing a no-trading region to the problem under transaction costs.

The hyper-cube strategy introduced in this section follows the known optimal strategy

when there exists capital losses and rebalances the portfolio according to the current position

in state space. In each period, if the current realized risky asset portfolio vtk lies inside
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a hyper-cube Ωtk = {ztk : ‖ztk − yc,tax
tk
‖∞ ≤ rtk} centered at the tax-adjusted Merton’s

solution yc,taxtk
with rtk the half of its side length,6 HC suggests no trade. If it is outside

the region, HC suggests making the trades such that the post-trade realized risky asset

positions touches the boundary. The radius rtk is determined by the algorithm in the end

of this section.

In each period, given the pre-trade position in the risky assets as ytk and the tax basis

prices Btk , we calculate the realized risky asset portfolio, and then rebalance according to

rule we discussed above. The post-trade position of the i-th risky asset at time tk is given

by

yt+
k
,i =



W r
tk

(yc,taxtk,i
− rtk + ytk,i

W r
tk

− vtk,i) vtk,i ≤ y
c,tax
tk,i
− rtk

ytk,i yc,tax
tk,i
− rtk < vtk,i < yc,tax

tk,i
+ rtk

(yc,taxtk,i
+ rtk)ytk,i
vtk,i

vtk,i ≥ y
c,tax
tk,i

+ rtk

(3.40)

and the tax basis price can be computed by

Btk+1,i =



Btk,iytk,i + Stk,iW
r
tk

[
yc,tax
tk,i
− rtk − vtk,i

]
W r
tk

(yc,taxtk,i
− rtk + ytk,i

W r
tk

− vtk,i)
vtk,i < yc,tax

tk,i
− rtk

Btk,i vtk,i ≥ y
c,tax
tk,i
− rtk

. (3.41)

We can get the post-trade risk-free asset position xt+
k

from the post-trade risky asset po-

sitions yt+
k
,i by the same method in RM. Refer to Appendix A.4 for the derivation of the

formulas.

To determine a series of optimal radius rtk required in the trading strategy, we implement

a two track policy approximation algorithm. First, by following a predetermined naive

strategy to simulate the controlled dynamics step by step, we get the controlled scenarios

distribution in each step. By using backward iteration, we determine the best radius of the

hyper-cube that maximizes the expected final utility from the last step to the initial step.

For instance, in the last step we find the best radius for the one period problem following

the trading rule given in (3.40) and (3.41), and in the step before the last step we carry out

6We call it radius for simplicity in the sequel.
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the same search for the best radius for that period but we will use the radius found in the

last step when we simulate one step forward to reach the last period. To summarize, the

algorithm can be described as

1. Decide a naive strategy to simulate to the step before the last step. The controlled

asset positions at time t(m−1)∆t serve as the distribution of the starting positions for

the last period. The realized Merton’s strategy serves as the naive strategy.

2. Search for the optimal radius at time t(m−1)∆t. We set up the search bound of the

radius from the realized Merton’s solution to to the furthest vertices of Stk . This is

a nonsmooth optimization with only one decision variable. Thus, we can perform a

brute-force search, which is similar to the policy search for Bermudan swaption by

Andersen (2000).

3. Go back to t(m−2)∆t. Given the simulated paths in step 1 to t(m−2)∆t, find the best

radius at time t(m−2)∆t that maximizes the final expected utility function by following

the policy given by step 2.

4. Iterate until reaching the first time step t0.

5. Forward simulate according to the series of radius found in the previous steps.

Figure 3.15 displays the no-trading region with the trading polices obtained from RM and

HC for a one period problem. It shows the RM strategy typically trades too much, but

it ensures the post-trade relative risky asset portfolio is in the no-trading region. In high

dimensions, when constraints are binding, the shape of the no-trading region will not be

so regular, and our numerical results show RM performs well. The HC strategy suggests

trading less than the optimal. Since the no-trading region is not so symmetric in general,

its performance is not ensured better than RM.

3.5.6 Handle Borrowing

We need to formulate a rule when a forward trading strategy needs to finance purchase by

borrowing cash from the risk-free account. Mathematically, we have to ensure the post-

trade risk-free position x∗tk nonnegative. Since HC which is derived by the corresponding
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Figure 3.15: Illustration of the no-trading region and trading policy from RM and HC.
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Note: The red dots form the no-trading region. The black dash line represents the policy

of RM. The blue dash line represents the policy of HC. The parameters are rf = 5%,

µ1 = 10%, σ1 = 20%, γ = −1, τ1 = 35% ∆t = 1 year.
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geometric properties does not implicitly prohibit borrowing, we have to explicitly set up

the rule to meet the borrowing constraint. Heuristically, we can either sell more or buy less

risky assets. More precisely, purchase-less rule means that investors will buy λ percentage

of the original suggested purchase Ltk to guarantee exhausting the new post-trade risk-free

asset position, i.e.

0 = xt+
k

= xtk +
n∑
i=1

[
Utk,i
Stk,i

b(Stk,i, Btk,i)− λLtk,i
]

(3.42)

which yields the scaling factor

λ =
xtk +

n∑
i=1

Utk,i
Stk,i

b(Stk,i, Btk,i)

n∑
i=1

Ltk,i

(3.43)

and the corresponding post-trade i-th risky asset position

yt+
k
,i = ytk,i − Utk,i + λLtk,i = ytk,i − Utk,i +

xtk +
n∑
i=1

Utk,i
Stk,i

b(Stk,i, Btk,i)

n∑
i=1

Ltk,i

Ltk,i. (3.44)

3.6 Duality Methods for Upper Bounds

After implementing a lower bound strategy, to evaluate how much better we could possibly

reach, we need an upper bound, which is given by the duality methods in Brown et al.

(2009) and Brown and Smith (2011). We follow the same outline and theorem used in

Section 2.5, and we will not repeat here. We will discuss two upper bound methods in this

section. One is the gradient-based upper bound method (termed GUB) and another is the

value function-based upper bound method (termed VUB).

We compute two types of gradient-based penalty dual method. One is based on the

frictionless model, and the other is based on the forcing realization model. The latter has

been proved in Appendix A.3 that it is equivalent to a fictitious frictionless model with tax-

adjusted returns and can be solved to optimality as well. We need to calculate the controlled

positions of risk-free and risky assets at each time period. In the case of the Merton’s model,
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the risk-free and risky asset positions are xtk and ytk at time tk respectively

xtk = Rkfx0 +
k−1∑
j=0

Rk−jf [1′(Utj
− Ltj )] (3.45)

and

ytk = (Rtk · · · · ·R1) · y0 +
k−1∑
j=0

Rtk · · · · ·Rtj+1(Ltj −Utj ). (3.46)

In the case of the forcing realization model, we only need to change the risky return Rtk,i

above to be (1− τi)Rtk,i + τi.

To compute the derivatives from the Merton’s or the forcing realization model, we

calculate the following gradient

∇aWn
T = ∇a

m−1∑
j=0

[Rm−jf [1′(Utj
− Ltj ) + Ltj )] + RT · · · · ·Rtj+11′(Ltj −Utj )]

 . (3.47)

To get the explicitly form of this penalty, we need

∇LtkW
n
T =−Rm−kf 1′ + RT · · · · ·Rtk+11′, 0 ≤ k ≤ m− 1

∇Utk
Wn
T =Rm−kf 1′ −RT · · · · ·Rtk+11′, 0 ≤ k ≤ m− 1.

(3.48)

On the other hand, the value function-based penalty function is written as

π =
m−1∑
k=0

(Vtk+1 − Etk [Vtk+1 ]). (3.49)

Typically, value functions of primal problems are unknown and require a proxy at each

time period that approximates the difference Vtk+1 − Etk [Vtk+1 ] to characterize benefits

from future information. Our implementation is based on the value function from the

frictionless model or from the forcing realization model as the proxy. Both of them can

be effectively solved to optimality. We apply the Gauss-Hermit quadrature method to

compute the expectations numerically. For all the computation, we use 19 nodes in each

dimension. Since the optimization problem is more difficult to solve after incorporating the

value function-based penalty function, we only implement it for single and two risky asset

cases. For GUB, the frictionless model without the constraint on the cash position have a

larger feasible set than the taxes problem in general. The forcing realization model that

is actually based on a heuristic trading strategy uses the original tax model, so its feasible
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set is the same as the original primal problem. For VUB, the dual feasibility of the value

function-based penalty has been shown in Brown et al. (2009).

Garlappi et al. (2001), Wang (2008), and Tahar et al. (2010) have shown the value

function for this model is non-convex. Therefore, the constructed upper bound optimization

problem is non-convex. Haugh et al. (2014) propose a convex relaxation for this issue and

point out that besides this convex relaxation extra reformulations and relaxations are still

needed to attain a tractable solution method. In this work, first, we run global search

optimization starting from 20 different initial points for the upper bounds in single or

two risky asset cases. Second, we take the solution from RM as the initial point for the

optimization in twenty risky asset cases. As Wang (2008) proves the primal problem of

a one risky asset case is convex provided investors only take a one way trade, i.e., no

simultaneous purchase or sale, the non-convex issue roots in the fact that investors may

take a two way trade of realizing their loss first and then repurchasing. Intuitively the RM

solution should not lie far away from the true optimal and it always realizes losses first. We

compare testing results in twenty risky asset cases from running global optimizations and

those from local optimizations given initial solutions from RM in Appendix A.2. We find

the solutions are close. For high dimensions, we leave the investigation for a full solution

such as convex-relaxation in future work.

3.7 Numerical Results

In this section, we assess the quality of the lower and upper bounds by (i) computing

solutions of the basis examples in DeMiguel and Uppal (2005) for single and two risky asset

cases; (ii) illustrating solutions for more parameter sets; (iii) providing solutions for twenty

risky asset examples. All the results are converted to annualized certainty equivalent rates

of return.

For the CRRA utility and a T year long horizon, the annualized certainty equivalent

rate is defined by

CER =
(U−1(E[U(W r

T )])
W r
t0

)1/T
− 1, (3.50)

as the risk-free rate that makes investors indifferent between holding the optimal portfolio
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and earning the annual certainty equivalent rate over the next T years.

All the results are reported in a 95% confidence interval. All the simulations use the con-

trol variate from the frictionless model. All the computations start with one unit of wealth

in risk-free asset. The duality gap is computed by “(CERupper − CERlower)/CERlower”,

where CERupper represents the annualized certainty equivalent rate computed for an up-

per bound and CERlower represents for a lower bound. In examples, we adopt the same

tax rate for all the risky assets; denote CER to represent annualized certainty equivalent

rates of portfolio return, CI to represent 95% confidence intervals of annualized certainty

equivalent rates, and NT to represent results obtained from the frictionless model with

corresponding parameters. For upper bounds that are based on the frictionless or forcing

realization model, we only report the better results.7 For comparison, we normalize the av-

erage CPU time of different methods according to that of RM. As a benchmark, RM takes

less than a minutes to compute. The results for lower and upper bounds are computed by

29 to 216 numbers of trials to reach a comparable accuracy, whereas the results for the CPU

time comparison are according to 26 trails. All the computations are based on a Matlab

implementation.

3.7.1 Model with One Risky Asset

For the one risky asset cases, we apply our new methods to the basis examples in DeMiguel

and Uppal (2005) in Table 3.1 and include more challenging parameter sets to fully test

the performance in Table 3.2. According to the results, the VF, MO, HC and RBH lower

bound methods are comparable and near-optimal, whereas VUB always represents the best

upper bound method. Among the lower bound methods, VF offers the best results in most

of the cases. RM gives lower CERs than the others when the tax rate is higher than 10%,

but it is computationally cheap, about two orders of magnitude faster than VF, MO and

RBH. As HC has to implement a two track algorithm, it takes more time than RM, but

it is still one order of magnitude faster than the previous three methods. In the case of a

short horizon, as the cases in Table 3.1, the duality gaps are almost negligible. In the case
7We have not found any guidance of which model to choose. The results based on the frictionless model

are better in most of time. The forcing realization model improves the results in several cases.
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of a long horizon, especially for shorter rebalancing intervals, as the examples of m = 30

in Table 3.2, the gaps are a little wider. In Table 3.1 and Table 3.2 all the cases have the

duality gaps smaller than 3%.

3.7.2 Model with Two Risky Assets

For the two risky asset cases, we apply our new methods to the basis examples in DeMiguel

and Uppal (2005) in Table 3.3 and use more challenging parameter sets to fully test the

performance in Table 3.4. Accordingly, the VF, MO, HC and RBH lower bound methods

are comparable and near-optimal and VUB gives tight upper bounds. Among the lower

bound methods, RBH gives the best results in most of the cases. Its dominance is a

result of considering the effect from multiple periods. As is shown in Section 3.4, the no-

trading regions vary with time steps. Similar to the results of the one risky asset, RM is

computationally cheap, about two orders of magnitude faster than VF, MO and RBH; and

HC is about one order of magnitude faster than them. Table 3.3 shows the impact of the

correlation and the length of the investment horizon on the performance. The negative

correlation and long horizon case represents the most difficult condition in terms of the

width of the duality gaps. The largest gap is about 10%. The rest are all smaller than

5%. Table 3.4 illustrates the impact from asymmetric returns. Therein, MO works the

best, indicating even in large trading intervals the limit solution proposed in Wang (2008)

is near-optimal. The gaps on average are wider than those in Table 3.3.

3.7.3 Model with Twenty Risky Assets

In the twenty asset cases, we assume annual adjustment of the portfolio and give two

examples based on twenty stocks in a 10-year-long and a 30-year-long horizon, respectively.

We use the model parameters of the twenty stocks as transaction costs problem.

According to Table 3.5 and Table 3.6, MO exhibits robustness and produces the best

lower bounds in many examples. Both HC and RM are much faster than the rest and do

not sacrifice CER much. Typically, RM does not take more than a couple of minutes to

compute to achieve the precision shown in the tables. Since the nonnegativity constraints

will bind in those cases, similar to the transaction costs problem the shape of the no-trading
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region of the capital gain taxes problem will distort (see Broadie and Shen, 2013b). Hence,

the performance of HC may not be better than RM in general. The same reason can be

applied to the observation that it is different from the one and two risky asset cases where

RBH works better than MO. In some cases of the 10-year-long example, GUB gives looser

upper bounds than NT. That is reasonable because given the linear taxation rule and a

particular path of return, the problem with capital gain taxes could produce higher wealth

than the frictionless model. Brown and Smith (2011) show this situation leads to a looser

upper bound than NT. In the 30-year-long horizon examples, GUB provides better upper

bounds than NT. This comes from the fact that the problem with a longer horizon and the

same length of rebalancing intervals has lower CER than the Merton’s model for almost all

the returns trials. In the 30-year-long horizon example all the duality gaps are smaller than

3%.
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3.8 Concluding Remarks

In this thesis we carry out a computational study of optimal investment decisions with

taxes over multiple periods to maximize the expected utility of terminal realized wealth.

Our general model considers risk aversion, nonnegativity constraints on portfolio positions,

and capital gain taxes. The tax model is similar to the one in Dammon et al. (2001).

We allow wash sales, rule out “shorting against the box”, and prohibit tax forgiveness at

maturity.

After formulating the problem as a dynamic programming problem with continuous

decision space, we sample returns from the continuous distribution directly, which leaves

us a dynamic program with continuous decision and state spaces. We provide detailed in-

gredients of effective error control in each part of the approximate dynamic programming

backward iteration algorithm. Accordingly, in each step of the iteration the relative numer-

ical error in approximating the value function by a polynomial basis function measured by

the l∞ norm is about 10−5 and by the l2 norm is about 10−10.

Relying on the highly accurate numerical solution and choosing relative basis prices and

realized risky asset portfolio as a set of two new state variables, we visualize and understand

the no-trading region better and find very close relation to the transaction costs problem.

Specifically, for the single risky asset case, besides illustrating the optimal trading, we

quantitatively characterize the selling and purchasing boundaries by using two Merton’s

problems with effective risky returns. For the two risky asset case, we numerically show the

no-trading region that has similar shape and parameter sensitivity to that of the transaction

costs problem.

We also propose five lower bound strategies and assess their quality by comparing with

upper bounds. In most of our numerical examples, the duality gaps are smaller than 5%.

We are able to solve problems for both lower and upper bounds up to 20 risky assets and

30 periods.

The future research direction includes refining the tax model to embody tax rules that

are closer to the reality such as limited use of capital losses, enriching the return model as we

mentioned in Section 2.7, and exploiting proper optimization reformulation that converts

the non-convex problem to a convex one.
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Appendix A

Appendix

A.1 Homotheticity and Scaling

Proposition 4. Suppose U(x) = xγ/γ or U(x) = ln(x). Then the certainty equivalent Ctk
of the value function Vtk at time tk has the homothetic property: for θ > 0

Ctk(θxtk , θytk) = θCtk(xtk ,ytk) (A.1)

Proof. Recall the feasible set Atk of the equation (2.3). Denote Atk(xtk ,ytk) the feasible set

for the pre-trade positions (xtk ,y′tk).

From the equation (2.2), for any θ > 0 and tk we have

Atk(θxtk , θytk) = {(θLtk , θUtk) : (Ltk ,Utk) ∈ Atk(xtk ,ytk)} (A.2)

Thus, in the last time step the value function is

VT−∆t(θxT−∆t, θyT−∆t)

= max
AT−∆t(θxT−∆t,θyT−∆t)

ET−∆t[U(θxT + θ1′yT )]

=


θγ maxAT−∆t(xT−∆t,yT−∆t) ET−∆t[U(xT + 1′yT )] γ ≤ 1, γ 6= 0

ln θ + maxAT−∆t(xT−∆t,yT−∆t) ET−∆t[U(xT + 1′yT )] γ = 0

(A.3)
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Using the relation (A.2) and the Bellman principle gives

Vtk(θxtk , θytk) = max
{(Lts ,Uts )}T−∆t

ts=tk

Etk{U(θxT + θ1′yT )}, k = 0, ...,m− 1

= max
(Ltk ,Utk

)
Etk

 max
{(Lts ,Uts )}T−∆t

ts=tk+1

Etk+1{U(θxT + θ1′yT )}


= max

(Ltk ,Utk
)
Etk

 max
(Ltk+1 ,Utk+1 )

Etk+1 [ max
{(Lts ,Uts )}T−∆t

ts=tk+2

Etk+2{U(θxT + θ1′yT )}]



=


θγVtk(xtk ,ytk) γ ≤ 1, γ 6= 0

ln θ + Vtk(xtk ,ytk) γ = 0
.

Recall Ctk(xtk ,ytk) = U−1(Vtk(xtk ,ytk)). Hence Ctk(θxtk , θytk) = θCtk(xtk ,ytk).

We prove the homothetic property for the last period in the equation (A.3) and by

backward induction we obtain the conclusion. A similar proof can be found in many relevant

papers (see, e.g., Constantinides, 1986; Davis and Norman, 1990; Shreve and Soner, 1994).

A.2 Approximation Accuracy with and without CE Transforma-

tion

To illustrate the approximation accuracy of different types of polynomials and the benefit of

using certainty equivalents, Table A.1 investigates the approximation accuracy calculated

by different methods. Refer to the caption of Table A.1 for the relevant definition. Approx-

imating certainty equivalent functions is better than approximating value functions directly

in terms of prediction errors. The level of the risk aversion coefficients γ determines how

well approximating certainty equivalent functions perform. In upper panel γ = −2. For

CS(3), using the transformation cuts the mean squared relative predicting error by a factor

of 4 and cuts the maximum relative predicting error by a factor of 2. The middle panel

is based on γ = −7. For PS(4), using the transformation cuts the mean squared relative

predicting error by a factor of 45 and cuts the maximum relative predicting error by a factor

of 6. In bottom panel γ = −13. For CS(3), using the transformation cuts the mean squared

relative predicting error by a factor of 4727 and cuts the maximum relative predicting error
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by a factor of 30. On the other hand, by comparing prediction errors yield by various

polynomials in left panel, it is hard to conclude the general winner. However, when the

risk averse coefficient γ is large, CS(3) works the best; and PS(4) and PS(5) methods beat

CS(3).

A.3 Extra Properties and Forcing Realization Model

In Section 3.5.4 and 3.5.5, the derivation rests on the fact that the pre-trade and post-trade

realized wealth is equal regardless of what the trades are, i.e., W r
tk

= W r
t+
k

. Intuitively, it

must be true by virtue of the self-financing feature of the model. Let us prove it explicitly

in the section. To this end, recall the controlled dynamics is

 xt+
k

yt+
k
,i

 =

 xtk +
n∑
i=1

[
Utk,i
Stk,i

b(Stk,i, Btk,i)− Ltk,i
]

ytk,i + Ltk,i − Utk,i

 . (A.4)

The realized wealth before trading is

W r
tk

= xtk +
n∑
i=1

ytk,i
Stk,i

b(Stk,i, Btk,i). (A.5)

If we immediately liquidate the entire position after any trading, the post-trade realized

wealth can be calculated as

W r
t+
k

= xt+
k

+
n∑
i=1

yt+
k
,i

Stk,i
b(Stk,i, Bt+

k
,i) (A.6)

where

Bt+
k
,i = Btk,i(ytk,i − Utk,i) + Stk,iLtk,i

ytk,i + Ltk,i − Utk,i
. (A.7)

Simplifying the expression for the post-trade realized wealth gives

W r
t+
k

= xtk +
n∑
i=1

[
Utk,i
Stk,i

b(Stk,i, Btk,i)− Ltk,i
]

+
n∑
i=1

[
ytk,i + Ltk,i − Utk,i

Stk,i
b(Stk,i, Bt+

k
,i)
]

(A.8)
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Table A.1: Fitting and predicting errors for different basis functions with or without CE

transformation.

CE Transform Value Function

γ CS(2) CS(3) PS(4) PS(5) CS(2) CS(3) PS(4) PS(5)

MSRPE -2 2.1e-07 4.0e-08 9.3e-08 8.8e-08 3.9 4.0 4.0 4.0

MaxRPE 4.1e-03 1.1e-03 2.0e-03 1.6e-03 2.0 2.1 2.0 2.0

MSRPE -7 1.3e-06 5.0e-07 1.1e-07 1.3e-06 19.2 48.0 45.5 4.7

MaxRPE 5.3e-03 3.3e-03 5.1e-03 4.8e-03 5.8 7.9 6.3 5.4

MSRPE -13 8.5e-12 1.1e-12 6.2e-08 6.2e-08 1529.4 4727.3 177.4 177.4

MaxRPE 4.6e-05 2.7e-05 1.2e-03 1.3e-03 13.3 30.4 13.1 12.9

Note: We use the same transaction costs factor β = 2% for all the risky assets in all the three

cases. The first two cases use the return parameters in the twenty stock example, the last

one use the return parameters in the ten risky asset example. The left panel labeled as “CE

Transform” denotes the results by approximating the certainty equivalent transformation of

the value function; the right panel labeled as “Value Function” represents the factor of error

increased by approximating the value function without taking the transformation. MSRPE

represents the mean squared relative predicting error. MaxRPE represents the maximum

relative predicting error. PS represents “Principal Set” and CS represents “Complete Set”

from Section 2.3. CS(2) means using the basis functions from the complete polynomial

set up to the second order. CS(3) represents using the basis functions from the complete

polynomial set to the second order and plus the third order principal terms. PS(4) denotes

using the basis functions from the complete polynomial set up to the fourth order without

any cross terms. PS(5) represents using the basis functions from the complete polynomial

set up to the fifth order without any cross terms. We use 210 training data and 210 predicting

data to compute the error.
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where

ytk,i + Ltk,i − Utk,i
Stk,i

b(Stk,i, Bt+
k
,i)

= b(ytk,i + Ltk,i − Utk,i,
Btk,i
Stk,i

(ytk,i − Utk,i) + Ltk,i)

= (ytk,i − Utk,i)b(1,
Btk,i
Stk,i

) + Ltk,i

= ytk,i − Utk,i
Stk,i

b(Stk,i, Btk,i) + Ltk,i.

(A.9)

Hence

W r
t+
k

= xtk +
n∑
i=1

[
Utk,i
Stk,i

b(Stk,i, Btk,i)− Ltk,i
]

+
n∑
i=1

[
ytk,i − Utk,i

Stk,i
b(Stk,i, Btk,i) + Ltk,i

]
= W r

tk
.

(A.10)

In discrete time, the forcing realization model as a common heuristic strategy has been

implemented for comparison in many papers (see, e.g., Dammon et al., 2001; Garlappi et al.,

2001; DeMiguel and Uppal, 2005). This strategy realizes all capital gains or losses in each

rebalance time first and then rebalance back to a continuous time tax-adjusted solution. In

the following, we will show that this model is linked to a fictitious frictionless discrete time

trading environment with tax-adjusted risky returns. To this end, as the initial position

will be converted to risk-free asset by realizing all the capital gains or losses, the controlled

dynamics can be written as

 xt+
k

yt+
k
,i

 =

 W r
tk
−

n∑
i=1

Ltk,i

Ltk,i

 . (A.11)

By introducing the portfolio weight of the risky asset for the realized wealth as ωtk =

(ωtk,1, · · ·ωtk,n)′, we rewrite the above system as

 xt+
k

yt+
k
,i

 =

 W r
tk

(1−
n∑
i=1

ωtk,i)

W r
tk
ωtk,i

 , (A.12)
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and notice the basis price Btk+1,i = Bt+
k
,i = Stk,i. Hence the realized wealth at time tk+1 is

W r
tk+1 =xtk+1 +

n∑
i=1

ytk+1,i

Stk+1,i
b(Stk+1,i, Btk+1,i)

=RfW
r
tk

(1−
n∑
i=1

ωtk,i) +
n∑
i=1

W r
tk
ωtk,ib(Rtk,i, 1)

=W r
tk

[Rf +
n∑
i=1

ωtk,i((1− τi)Rtk,i + τi −Rf )].

(A.13)

By defining the tax-adjusted risky excess return Rtax
tk,i

= (1− τi)Rtk,i + τi − Rf , we end up

with the expression for the final realized wealth as

W r
T = W r

0

m−1∏
k=0

(Rf + ω′tkRtax
tk+1). (A.14)

The feasible set in this case is just to keep the portfolio weight ωtk,i ∈ [0, 1]. As the

formula above is equivalent to the classic Merton’s portfolio optimization problem with the

tax-adjusted return, the problem can be solved to optimality.

A.4 Derivation of RM and HC Strategies

In this section, we derive the formulas in Section 3.5.4 and 3.5.5. For RM, given the pre-

trade positions, we first compute the realized risky asset portfolio vtk,i = ytk,i
Stk,i

b(Stk,i,Btk,i)
W r
tk

.

If vtk,i ≥ y
c,tax
tk,i

, investors will sell to reach yc,tax
tk,i

, i.e.,

yt+
k
,i

Stk,i

b(Stk,i, Btk,i)
W r
tk

= yc,tax
tk,i

(A.15)

or the post-trade position is

yt+
k
,i =

yc,tax
tk,i

ytk,i

vtk,i
. (A.16)

If vtk,i < yc,taxtk,i
, investors will buy more risky asset to reach yc,tax

tk,i
, i.e.,

yt+
k
,i

Stk,i

b(Stk,i, Bt+
k
,i)

W r
tk

= yc,tax
tk,i

(A.17)

and therefore this trade will change the basis price as well, i.e.,

Bt+
k
,i =

Btk,iytk,i + Stk,i(yt+
k
,i − ytk,i)

yt+
k
,i

= Stk,i + (Btk,i − Stk,i)ytk,i
yt+
k
,i

. (A.18)
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Plugging it into (A.17) and simplifying yields

yt+
k
,i − τi(1−

Btk,i
Stk,i

) = yc,tax
tk,i

W r
tk

(A.19)

or the post-trade position is

yt+
k
,i = W r

tk
(yc,tax
tk,i

+ ytk,i
W r
tk

− vtk,i). (A.20)

In the purchasing case, the basis price is computed by

Bt+
k
,i =

Btk,iytk,i + Stk,i(yt+
k
,i − ytk,i)

yt+
k
,i

=
Btk,iytk,i + Stk,iW

r
tk

[
yc,tax
tk,i
− vtk,i

]
W r
tk

(yc,tax
tk,i

+ ytk,i
W r
tk

− vtk,i)
. (A.21)

The similar derivation applies for HC except that the selling and buying boundaries are

yc,taxtk,i
+ rtk and yc,taxtk,i

− rtk , respectively. Since selling does not change the basis price, the

basis price will only be split into two regions by yc,tax
tk,i
− rtk .

A.5 Derivation for Two Effective Merton’s Models

In the section, we will give the derivation of the formulas in Section 3.4. The solutions of

the two models represent the buying and selling boundaries of the no-trading region for a

single risky asset case. Assume the optimal trade is to buy certain amount of risky asset.

The system of the dynamics is xtk+1

ytk+1,1

 =

 Rf

(
xtk + Utk,1

Stk,1
b(Stk,1, Btk,1)

)
Rtk+1,1 (ytk,1 − Utk,1)

 (A.22)

and the basis price keeps unchanged. Hence the realized wealth at time tk+1 is calculated

as

W r
tk+1 = xtk+1 +

ytk+1,1

Stk+1,1
b(Stk+1,1, Btk,1). (A.23)

Recall the post-trade positions are denoted by xt+
k

and yt+
k
,1, respectively. The realized

wealth can be simplified by

W r
tk+1 = Rfxt+

k
+ yt+

k
,1b(Rtk+1,1, Btk,1/Stk,1)

= Rfxt+
k

+ yt+
k
,1b(1, Btk,1/Stk,1)

b(Rtk+1,1, Btk,1/Stk,1)
b(1, Btk,1/Stk,1) .

(A.24)
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Note there is a relation:

xt+
k

+yt+
k
,1b(1, Btk,1/Stk,1) = xtk+Utk,1

Stk,1
b(Stk,1, Btk,1)+(ytk,1 − Utk,1) b(1, Btk,1/Stk,1) = W r

tk
.

(A.25)

Similar to the method in Appendix A.3, if we introduce the new decision variable, portfolio

weight of the risky asset ωtk,1 ∈ [0, 1], i.e., xt+
k

= (1− ωtk,1)W r
tk

and yt+
k
,1b(1, Btk,1/Stk,1) =

ωtk,1W
r
tk

, we end up with the dynamics of the realized wealth:

W r
tk+1 = W r

tk

[
Rf (1− ωtk,1) + ωtk,1R̂tk+1,1

]
(A.26)

where we denote the first effective risky return as

R̂tk+1,1 =
b(Stk,1Rtk+1,1, Btk,1)

b(Stk,1, Btk,1) . (A.27)

Comparing it with the Merton’s problem, the only difference is the risky return and therefore

the above problem can be solved to optimality. On the other hand, if we only buy certain

amount of risky asset to reach the no-trading region, the system of the dynamics is xtk+1

ytk+1,1

 =

 Rf (xtk − Ltk,1)

Rtk+1,1 (ytk,1 + Ltk,1)

 (A.28)

and the basis price in this case changes as

Btk+1,1 = Btk,1ytk,1 + Stk,1Ltk,1
ytk,1 + Ltk,1

. (A.29)

We need to maximize the expectation of the realized wealth

W r
tk+1 = Rfxt+

k
+ yt+

k
,1b(Rtk+1,1, Btk+1,1/Stk,1)

= Rfxt+
k

+ yt+
k
,1(Rtk+1,1(1− τ1) + τ1) + τ1(Btk,1

Stk,1
− 1)ytk,1.

(A.30)

Note there is a relation:

xt+
k

+ yt+
k
,1 = Wn

tk
. (A.31)

Having the third term in the realized wealth expression (A.30), the model cannot be linked

to the classic Merton’s solution. Hence, we drop the last term and denote the second

effective risky return as

R̃tk+1,1 = Rtk+1,1(1− τ1) + τ1 = b(Rtk+1,1, 1), (A.32)
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which implies

W r
tk+1 ≈ Rfxt+k + yt+

k
,1R̃tk+1,1. (A.33)

By following the similar approach as the selling case we realize the system is similar to the

Merton’s problem but with the second effective risky return R̃tk+1,1. The effectiveness of

the approximation depends on the size of the third term dropped. In the state space with

unit realized wealth, the third term typically is not large as the purchasing rebalance will

considerably reduce the basis price as we see in Figure 3.3. Note the portfolio weight in the

above derivation for purchasing boundary represents the fraction of the risky asset in the

nominal wealth.

A.6 Optimization Test for Twenty Asset Taxes Problem

Table A.2 indicates the difference between using global and local optimizations is small.

The average relative difference of the twenty scenarios is about 0.3% when m = 10 and

0.1% when m = 30. The largest difference is about 0.07% when m = 10 and 0.02%

when m = 30. For twenty assets, the optimization problem has to handle 400 decision

variables when m = 10 and 1200 decision variables when m = 30. Without a good guess

of the initial point, finding such a close result for a non-convex problem with this scale is

difficult. Therefore, the results with small differences in the table enhance our confidence

of using local optimization with RM solutions generates near-optimal solutions. We leave

the investigation for a full solution such as convex-relaxation in future work.
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Table A.2: Annualized return rates (%) for upper bounds by global or local optimization.

m = 10 m = 30

Path Global Local Global Local

1 1.01 1.01 3.07 3.07

2 8.21 8.25 3.55 3.55

3 7.58 7.58 1.07 1.07

4 0.48 0.48 5.50 5.50

5 7.06 7.06 3.40 3.40

6 0.91 0.98 2.37 2.37

7 2.17 2.17 2.54 2.54

8 2.76 2.76 4.39 4.40

9 2.76 2.76 1.85 1.88

10 1.18 1.23 3.92 3.94

11 5.35 5.35 4.24 4.24

12 2.89 2.89 4.55 4.55

13 5.51 5.51 5.14 5.14

14 2.60 2.62 2.79 2.79

15 2.16 2.16 2.30 2.30

16 4.52 4.54 1.52 1.53

17 3.74 3.75 5.27 5.27

18 3.82 3.82 2.57 2.58

19 0.17 0.17 2.45 2.45

20 6.21 6.21 2.80 2.80

Note: The results represent the annualized return rates in twenty different scenarios for the

twenty risky asset model in a 10-year-long horizon or in a 30-year-long horizon. “Global”

means the results in the column underneath are computed by multi-start global optimization

with 200 different starting points. “Local” means the results in the column underneath are

computed by a local optimization with the solution from RM as the initial point. The

values in bold show the cases that global and local optimization generate different results.

γ = −3, τi = 30%, ∆t = 1 year, and the return parameters are from Table A.4.
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A.7 Return and Covariance Model for Ten Asset Problem

We use the ten assets return model with no predictability given in Brown and Smith (2011).

See Table A.3. These parameters were estimated as the means and covariances of historical

returns for these indices using monthly return data from 1981 − 2006. The indices are,

from left to right, 5 stock indices: the S&P 500, the Russell 1000 Value Index, Russell

MidCap Index, Russell 2000 Value, and MSCI World Gross index; Lehman Brothers’ US

government and corporate bond indices; Lehman Brothers’ Fixed Rate Mortgage Backed

Securities Index, a real estate index trust (NAREIT), and a composite index of 1− 5 Year

US Treasuries.

A.8 Return and Covariance Model for Twenty Asset Problem

We adopt the Fama-French three factor model for the twenty stock case and adopt implied

expected returns from equilibrium for the twenty ETF case. The latter was originally

introduced in Sharpe (1974) and broadly applied in Black and Litterman (1992).

The Fama-French factors are constructed by using the 6 value-weight portfolios formed

on size and book-to-market.1 The excess return of the asset in the three factor model is

describes as

E(Rtk,i −Rf,tk) = c1,iE(SMBtk) + c2,iE(HMLtk) + c3,iE(Rm,tk −Rf,tk). (A.34)

SMB (Small Minus Big) is the average return on the three small portfolios minus the average

return on the three big portfolios,

SMB = 1/3(Small Value + Small Neutral + Small Growth)

−1/3(Big Value + Big Neutral + Big Growth)

HML (High Minus Low) is the average return on the two value portfolios minus the average

1One can find three factor data and details of how to construct the three factors from Kenneth R. French’s

website:

http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/Data_Library/f-f_factors.html

http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/Data_Library/f-f_factors.html
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return on the two growth portfolios,

HML = 1/2(Small Value + Big Value)

−1/2(Small Growth + Big Growth)

Rm,tk − Rf,tk the excess return on the market, is the value-weight return on all NYSE,

AMEX, and NASDAQ stocks (from CRSP) minus the one-month Treasury bill rate (from

Ibbotson Associates).

To estimate the coefficients c1,i, c2,i and c3,i in the model, given the monthly three

factors and risk free rates provided by the aforementioned website, we take the regression

of

Rtk,i −Rf,tk = αi + c1,iSMBtk + c2,iHMLtk + c3,i(Rm,tk −Rf,tk) + etk,i (A.35)

on the monthly data for the twenty stocks from 2001 to 2011.2 After attaining the regression

coefficients, we compute the mean of different assets by (A.34), with the eight year data of

three factors from 2003 to 2011 and the available risk-free rate rf = 0% in December, 2011.

Explicitly, the mean µ in the lognormal return model is estimated by

µ̂i = ln(R̂t,i + 1)
∆t (A.36)

with

R̂t,i = rf + c1,i
m

m−1∑
j=0

SMBj∆t + c2,i
m

m−1∑
j=0

HMLj∆t + c3,i
m

m−1∑
j=0

(Rm,j∆t −Rf,j∆t). (A.37)

In order to estimate the volatility and correlations in the return model, we compute

the sample volatility and correlations by the monthly asset price data Sj∆t,i, j = 0, ...,m.

Explicitly, the volatility parameter for the i-th asset is estimated by

σ̂i =

√√√√√ 1
(m− 1)∆t

m−1∑
j=0

(
ln
(
S(j+1)∆t,i
Sj∆t,i

)
− µ̄i∆t

)2

(A.38)

2The complete list of the Goldman Sachs VIP stocks could be found from the website:

http://tradewithpete.com/2012/01/17/goldman-sachs-hedge-fund-vip-list-for-wednesday-33/

http://tradewithpete.com/2012/01/17/goldman-sachs-hedge-fund-vip-list-for-wednesday-33/
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and the correlation parameter between the i-th and k-th asset is estimated by

ρ̂i,k =

m−1∑
j=0

(
ln
(
S(j+1)∆t,i
Sj∆t,i

)
−∆tµ̄i

)(
ln
(
S(j+1)∆t,k
Sj∆t,k

)
−∆tµ̄k

)
√√√√m−1∑

j=0

(
ln
(
S(j+1)∆t,i
Sj∆t,i

)
−∆tµ̄i

)2 m−1∑
j=0

(
ln
(
S(j+1)∆t,k
Sj∆t,k

)
−∆tµ̄k

)2 (A.39)

where µ̄i is the i-th asset sample mean

µ̄i = 1
m∆t

m−1∑
j=0

ln
(
S(j+1)∆t,i
Sj∆t,i

)
. (A.40)

In the ETF case, we use the same approach to estimate the variance and the correlations

of the asset returns. However, to estimate the means of returns, we appeal to “reverse

engineering”. Namely, under the assumption that equilibrium defines a neutral benchmark

of returns, we back out asset returns as

µ̂ = ln(R̂EQ + 1)
∆t , (A.41)

with the implied expected return

R̂EQ = Rf + (1− γmkt)V wMCAP (A.42)

where γmkt is the risk aversion coefficient of the market, V is the variance-covariance matrix

of the linear return of the market data and wMCAP is the market capitalization weight of

assets.

All the parameters are included in Table A.4. The indices of stocks are, from left to

right, Apple (AAPL), EMC (EMC), Bank of America (BAC), Yahoo (YHOO), JPMor-

gan Chase (JPM), Microsoft (MSFT), Intel (INTC), Apache (APA), Wells Fargo (WFC),

CVS Caremark (CVS), Amazon (AMZN), Hewlett Packard (HPQ), Monsanto (MON), Hess

Corporation (HES), Cisco Systems (CSCO), Macy’s Inc (M), Oracle (ORCL), Qualcomm

(QCOM), Exxon Mobil (XOM), Ebay (EBAY).

The indices of ETFs are, from left to right, SPDR S&P 500 ETF (SPY), First Trust

Dow Jones Select MicroCap ETF (FDM), S&P MidCap 400 SPDR ETF (MDY), iShares

S&P Small Cap 600 Index ETF (IJR), Vauguard Total Stock Market ETF (VTI), iShares

iBoxx High Yield Corporate Bond Fund (HYG), Emerging Markets Sovereign Debt Port-

folio ETF (PCY), iShares S&P National Municipal (MUB), iShares Barclays TIPS Bond
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Fund (TIP), Vanguard REIT ETF (VNQ), United States Oil Fund (USO), StreetTRACKS

Gold Shares ETF (GLD), iShares Silver Trust Fund (SLV), ELEMENTS Rogers Interna-

tional Commodity-Energy Index ETN (RJN), iShares MSCI Emerging Index Fund (EEM),

PowerShares QQQ Trust (QQQ), PowerShares DB Commodity Index (DBC), iShares MSCI

Brazil Index Fund (EWZ), iShares FTSE China 25 Index Fund (FXI), iShares MSCI Japan

Index Fund (EWJ).
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