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Abstract 

We pre:sent an implementation of the generalized minimal residual (gmr) algorithm (or 

finding an eisenpair 01 a larbe symmetric matrix. We report some numerical results (or this 

algorithm and compare them with the results obtained for t.he Lanc~ algorithm. A Fortran 

implementation ot the gmr algorithm is included. The input of this subroutine is a matrix 

which has been partially reduced to tridiagonal form. Such a form can be obtained by the 

Lanczos proce~. The Fortru :subroutine ~ also available via anonymO\l3 FTP as 

~ pub/gmrval" on Columbia.edu [128.59.ltU) on the Arpanet. 
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1. Introduction 

The u~ual proeedure (or finding an elgenpalr o( a large symmetric matrix A i~ to 

approximate eigenpairs of A from its behaviour in a given ~ubspa.ce of small dimension. The 

most popular method of this type is the Lanczos algorithm which glve~ approximation~ of 

eigenvectol"3 in the Krylov sub~pace. h is known, see Parlett [80], that the Lanczos 

algorithm does not produce an approximate eigenpair o( A with minimal residual. The 

generalized minimal residual algorithm (the gmr algorithm) was introduced in Kuczyil~ki [851· 

It rinds the eigenpair with minmimal residual in a Krylov subspace. The gmr algorithm 

enjoY' certain theoretical optimality properties. The residu&!.s of the gmr algorithm &re never 

greater tha.n the residu&!.s of the Lanczos algorithm and sometimes they are much ·smaller. 

Since the cost of both algorithms is essentially the S&IIle the gmr algorithm seems preferable. 

In this paper we present an implement.ation of the gmr algorithm (or· real Symmetric 

matrices. Applying k steps of the Lanczos process, a symmetric matrix A i~ p&rtially reduced 

to tridiagonal form, i.e., Qk+1 T AQk-Dk' where Qk is an n.x.k matrix with orthonormal 

columns and Ok i~ (k+l)x.k tridiagonal mat.rix. We assume that coefficients of the matrix Ok 

have been 'already computed. We pre~ent a Fortran implementation o( the gmr algorithm (or 

given coefficients of Ok' 

The implementation wu tested for ma.ny matrices. We report results (or matrices with 

specifically ehcMll eoeffieient.3 as well as Cor random mat.rices. Numerical te~t.3 confirm the 

theoretical aGna'-Ces of the gmr algorithm over the Lanczos algorithm. For all matrice~ the 

computed residuals 01 the gmr algorithm &re never greater than the corresponding re!iduals 

of the La.nczos algorithm and sometimes they are much smaller. The sequences of residuals 

generated by the gmr algorit.hm &re always nonincreasing, while the sequences produced by 

the Lanczos algorithm do not enjoy this property. Often the Lanczos algorithm significantly 
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Increases the residua/' from one step to the next. 

For matrices with specifically chosen coefficients, the gmr algorithm is significantly more 

efficient. than the Lanc~ algorithm. For ra.ndom matrices the gmr algorithm is only slightly 

better than the L&ncros algorithm. 



2. The gmr algorithm 

In thi:s :section we define the gmr algorithm and introduce some of its properties which a.re 

useful (or implementation. 

Let A be an DXD real symmetric matrix. For a given vector bERa, Ilbll-I, (II \I-II 11 2), 

consider the k-th Krylov subspa.c:e 

Kk =- span{b.Ab •... ,Ak-1b) , k > 0 . 

Let 

~ - { (x,p): x E Kk, IIxll - 1, PER }. 

The gmr algorithm produces·a pair (xk'Pk) given by 

• b • Ab+ +. Ak lb • xk =- c 0 +c 1 ... C k-l . , Pk =- P . 

In other word:s. the gmr algorithm find:s the normalized vector xk from the subspace Kic 

and the re~1 number P,& for which the residual 

ric =- min{ /lAx - px\l: (x,p) E ~ } ... IIAx,& - P~k\l (2.1) 

is as small loS passible. 

• 
We now pneent the properties of the gmr algorithm which are useful for its 

implementUioa. Without loss or generality, &Mume that the vectors b,Ab •... ,Akb &re line&rly 

independent. Let ql,q" ... Clk+1 be u orthonormal basis, the :so called Lucros basis, of the 

subspace Kk such that 
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Let Qj - [q .. ~, ... ,qJ and ek - [O .... ,OljT. Then the (k+l)xk matrix Dk 

o 

-L~: .. J (2.2) 

o 

is tridiagonal. 

II: 

For x E Kk, we thus have x - ~ cj<lt, cj eR. Setting Co - ck+1 - ck+2 - 0 we get 
I-I 

k+1 k 

r2k - min{ E (ci-I.8i-I+CjOj - CjP+.BjCi+I)2: peR, cj e R, 2: C2
j - I} 

I-I 1-1 

- min{ min{ II0k(p)cII2: Ilell - 1 } : peR } 

(2.3) 

where 0k(J) - Dk • pI, 0k'is defined .by (2.2) and Xmia(X) denotes the sma.lIest eigenva.lue 

of the matrix X. Hence at the k-th step of the gmr algorithm we want to find a number l 

for which the smallest eigenvalue of the matrix Ok T(p)Ok(P) is minimal. Let c· -

[c·I, ... ,c· kIT be the corresponding eigenvector of Ok T(l)Ok(l). Then the vector x· -
k z:: C ·i~ is a unit vector from Kk for which the minimum in (2.3) is attained. 

I-I 
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In order to find the smallest eigenvalue of Ok T(p}Ok(P} we proceed 80S follows. 

Let Hk(p) - HIE • pl, where Hk is defined by (2.2). Then 

DkT(p)Dk(p) - Hk2(p) + i3k2ekekT. (2.4) 

Thus we want to find the smallest eigenvalue of the matrix Hk2(p) modified by the very 

special rank one perturbation Pk 2ekek T. We shall use Golub's theorem about the eigenvalues 

of a matrix which is perturbed by a rank: one matrix. 

Theorem (Golub [731) 

are distinct, Q is nonzero and all components or the vector z are nonzero then' the 

eigenvalues or G are the zeros or 

• 
X(i) - 1 + Q E %N(.g,. • t). 

1-1 

Let Hk(p) - Uk(~ • pl)Uk T be the spectral decomposition of the matrix H,(p), Ak = 

diag().\), where ).j are eigenvalues or Hk. From (2.4) we have 

Let z =- [%l, ... ,~)T - Uk Tek. Then % is the last row of the matrix Uk' It is well known, 

see Parlet~ .. p. 129 and 1241, that if Pj ~ 0, i - l ..... k-l. then all elements of the 

vector z an _Jero and all the ).\' i - 1, ... ,k, &re distinct. Assume also that 13k +- 0 and 

p is chosen in such a way that ().j • p'f ". ().j - p'f ror i +- j. ApplyinS Golub's theorem 

to the matrix (Ak • pl'f and to the vector z we get that the eigenvalues of the matrix 

Dk T(p)Ok(P) are the zeros or the function Xp, 
It 

Xp(t) - 1 + Pk 
2 E %j2/[().j • p'f • tl· 

1-1, 



If we denote by rtp) the sma.llest zero o{ the {unction Xp then (2.3) yields 

ra'J. - mID { ~p) : peR } . 

Thus in order to find the minimal residual it i" suUicient to compute the global minimum 

of the (unction S". The implementation or the gmr algorithm presented in the next section is 

b~ed on th~ property. 
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3. Implementation of the gmr algorithm 

The implementation o{ the gmt algorithm is described as follows. 

Ha.ving matrix Ok defined by (2.2) we compute the global minimum or the (unction ) by 

performing the steps: 

(a) compute all eigenvalues Al'A2, ... ,Ak of the tridiagonal matrix Hk and the last 

components zl'z2'''''zt of all its eigenvectors. Order them such that Al < A2 < ... < Alt· 

(b) define k intervals II: 11 - (-00, (A1+A2)/2), ~ - «>'1+>'2)/2, (>'2+>'3)/2), ... , Ik.1 =­

«>'k.2+Ak.l)/2, (>'k.l +>'11:)/2), Ik - ((>'11:.1 +Ak)/2, +00). 

(c) calculate the limits of the function ) at the endpoints of 1\, 

1 - 1, ... ,k-1. 

(d) for each interval Ii' find the infimum of the function), - 1, ... ,k. 

(e) take as the global mlDlmum of ), the smallest value among numbers obtained In (c) 

and (d); take PII: as the argument of the global minimum. 

We now briefly discuss the steps of the above algorithm. 

To perform step (a) we can use technique described by Golub and Welsch [691. Since we 

are interested in eigenvalues and only in the last components or the eigenvectors we ca.n 

calculate t.hea ill cost proportional to k2• 

Steps (b), (c) and (e) are simple and they do not require the explanation. The cost of 

performing each or them is proportional to k. 

Let us now discuss step (d). In order to rind the minimum ol the function ) In Ii we 



propose uSlOg the iterative par::.bola method. It IS known that ~ satisfies a Lipschitz 

condition with co~tant 411AII and is analytic In a neighbourhood of a minimum point. 

Having computed values ~~i-2)), ~~i-l)), ~~j)), construct an interpolating polynomial w of 

the second degree (parabola) such that 

w(pU» - ~pOl) for j - i-2, i-I, 1. 

Assume that w' is not a constant. Then take ~i+ll as the unique zero of w', 

w'(P(i+ll) ~ 0, i - 0,1,2, ... 

It is well known that if starting points ;'-2), p(-1), 1-0) are sufficiently cl~e to the point Pit. 

in which function ~ attains its minimum &lld r'(h) +- ° then the sequence {P<i)} produced 

by the parabola method converges with order 1.32 to the point p~: 

Consider now the i-th interval Ii - ((~~1+~j)/2, (~j+~I+l)/2) and let p e Ii . Then it is 

easy to see that the smallest zero of the function Xp lies in the interval J j • Here J l """ ((~ 1 

- p)2, (~2 - p)2), J1 - ((~I - p)2, min((~I-' - p)2, (~I+l - p)2)), i-2, ... ,k-l, Jit ::3 ((~It _ p)2, 

().It-l - p)2). Note that the endpoints of the intervals Ji, i - I,2, ... ,k, are the smallest two 

arguments for which the function Xp has poles. In order to rind the smallest zero of the 

function Xp we use bisection on the equation xit) - o. One can also use other methods 

safeguarded with bisection. To find the minimum of the function ~ in the interval Ii we 

perform a few (up to e) steps of the parabola iterative method starting from ).j and two 

other points chOsen close to ~I. If at any step of the parabola method, we obtain the point 

outside of Ii' lheD we terminate and ta.ke a.s the minimum the smallest computed value of 

~p) in the Ii. h i.s easy to see that the cost of this step is proportional to k2. Thus the cost 

of performing all the steps (a.), (b), (c), (d) and (e) is of order k2• 
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technical tricks for performing one step of Wielandt's method without computing 

Dk T(Pk)Dk(P~) eHectively are given in Appendix A. Using this technique we can calculate the 

corresponding eigenvector c· performing O(k) arithmetic operations. The cost of computing 
k 

vector xi: .. E ci<lt is of order nk operations. 
I-I 

We end this section by the following remark. We have a.ssumed that we were given the 

coerricient3 of the matrix Dk and we dealt only with th~ matrix. If the coefficient3 O'l': .. 'O'i: 

and Pl' ... ,Pk are not known, they and the orthonormal ba,.,is ql'~, ... ,Clt+l can be found using 

the Lanczos process applied to the Krylov subspace, i.e., to the. vecto~ b,Ab, .. .Ak+1b. 

Formula,., for 0'" Pi and ~ given in the previoll5 section are, in general, very sensitive to 

roundoU errors and some reorthogonalization prexess is necessary. We will not d~cuss th~ 

subject· here. The re&der ~ referred to the book of Parlett [SOl, where the detailed 

description of the selective reothogonalization technique can be found. We stress that the 

cost of constructing ba.s~ Ql'Q2, ... ,qk+1 and coefficient3 0', and Pi IS proportional to nk, which 

is much more than 1c2 for k < < n. 
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4. )'!umerical results and comparison with the Lanczos algorithm 

In this seetion we present some numerical result.8 for the gOlI algorithm and compare them 

with the results obtained for the Lanezos algorithm. This algorithm. see Parlett [SO.p.257!. 

also uses the. Kry(ov information 

The Lanezos algorithm, in (~t, disregards the last codiagonal element. 13" in (2.2) since /3k 

is only used to estimat.e the aceuracy of the approximat.io~. It. dea13 wit.h t.he resulting leek 

matrix HIc• The algorithm produces pai~ (Qlcui'~i)' i - 1,2 •... ,k, where (ui'~i)' i - 1.2, .... k. 

are all eigenpai~ of the matrix H", as approximatio~ of eigenpairs of A. The cost. 01 the 

Lanczos algorithm is es:sentially the same as the cost 01 the gmr algorithm. It is known .that 

t.he smallest residual ric t. of the Lanczos algorithm satisfies 

ric I. - min{ IIAQlcu\ - ~iQ"udl:l SiS Ie} 

- l.Blcl min{ lu"d: 1 SiS Ie} S l.Blcl, 

where u"i is the last. k-th, component or the vector Uj. 

It is also known that 

The residual of the k-th step of the gmr algorithm is given by 

rko - min{vfllAxli2 - (Ax,x)2': x E Kk, Ilxli - I}. 

It is ea.sy to see that rica S ric t.. Moreover It is known that riG - r 1 L and r 0 G ~ r 01. z= 

o. This and similarity of the formulas for residuals might suggest that r" L should be close to 

r" G for k == 1,2 •...• n. This intuition is incorrect. ~ shown in Kuczynski [85J the small 

difCerence in the formulas leads to completely different values for the residuals of the two 
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algorithrru. See Example 4.1. 

For all examples, both the gmr and Lanczos algorithm are tested for k = 1,2, ... ,n and 

their residuals &re compared. Without 10M of generality we confine ou~elves to tridiagonal 

matrices. ~or simplicity we set the vector b == [1,O, ... ,OjT. Numerical tests were performed 

on a DEC-20 computer with 8 decimal a.ccuracy at the Computer Science Department of 

Columbia Univer'3ity. Some tes~ were also performed on DEC-20 computer at the Computer 

Science Dep&rtment of the Unive~ity of Utah in Salt Lake City and on VAX 750 computer 

at AT&T Bell Laboratory in Murray Hill. We (j~t report the resul~ for the following 

matrix. 

Example 4.1 

Let Q 1 - 0, i - 1,2, ... ,101, Pi - 0.5, i - 1,2, ... ,100, i .,. 1,11,21, ... ,91 and Pl - Pu -

P21 =- ... =- POl =- 0.05. The sequence of residuals of the gmr algorithm is strictly 

decreasing, while the sequence of residua.ls of the Lanczos algorithm does not have this 

property. In fact, only the subsequence {rL
2k• l }, for k ~ 10, of the Lanczos residuals is 

non increasing. The gmr residuals rG
2k•1 are 2 or 3 times smaller than rL2k•1. Both algorithII1.5 

terminate at the 7l·st step by reaching residua!., smaller than 10.8. For even indices larger 

than 16, the Lanczos algorithm does not take full advantage of the available information and 

produced Iqe residuals. For instance rl.e~ - 4.210-4, rl.~ - 3.910.4, rL&I - 5.°10.4, rl.10 _ 

1.210.3, while rLaa - rl.&6 - rl.e1 - rLeo =- 4.9 10.8. This means that at the 69-th step the 

Lanczos alsorithm guarantees 7 correct decimal digi~, while at the next step only 3. The 

Lanczos algorithm Increases the residual more than 24000 times in the 70-th step. By 

contrast, we stress that the residuals of the gmr algorithm are rG &6 :a 2.810.8 ~ rG eG ~ 

rG 81 ~ ra e.a ~ rG eo ~ ra 70 =- 2.0 10.8. 
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Example 4.2 

Let 0i =- 0 a.nd Pi =z 1/2 {or i = 1,2, ... ,n (or n ~ 800. For this matrix both a.lgorithms 

produce decrea"ing ~equences of residuals. Ta.ble 4.1 shows how many steps one has to 

perform using the gmr (G) and Lanczos (L) algorithrru to get residuals not greater than f.. 

The gmr algorithm uses significantly fewer steps. 

£ 510.1 110.1 510.2 110.2 510.3 110.3 510.4 110.4 

*L 1 7 12 36 58 170 270 ;80 

*G 1 6 9 21 30 69 98 221 

Table 4.1 

Example 4.3 

The increase of the Lanczo$ residuals observed in Example 4.1 occurs quite often. For 

insta.nce, for a tridiagonal matrix of dimension 100 defined as follows: 01 == 02 = 1/3, 03 

=- 04 - • 1/3, 05 =- Os =- 1/3, ... , o~~ ::::II 0100 =- . 1/3 a.nd Pi == (·1)i+l1/3, i = 

1.2, ... ,99, the Lanczos algorithm increases the residual error at every fourth step and the 

1.3
10

.3, while all other residual" from the step 49 to 61 va.ry between 4.5 10.7 and 2.2 10.8. 

Example 4.4 . 

One 01 the !oaJs of testin! ~ to establish empirically how fast residuals of the gmr and 

La.nczos algorithms converge ror symmetric matrices. For the gmr algorithm Kuczynski [85] 

proves that for any symmetric matrix A a.nd k < n 
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and ror any Ie < n, there exists ~ real symmetric ma.trix A (or which 

Similarly, (or the Lanczo! algorithm, the bounds a.re 

a.nd for any Ie < n, there exis~ a symmetric matrix A (or which 

We want to (ind out how sharp these bounds are (or specific matrices with norm bounded 

by unity. In order to measure the speed o( convergence define the sequences {Pic: G}, {Pic: L} as 

r G 
Ic: 

r l­
II:: Ie - 2,3, ... ,n-l . 

From theory we know that Pic: G ~ 1 and Pic: L ~ 1/2. We computed Pic: G and Pic: L (or many 

tridiagonal ma.trices with norm bounded by unity. The smallest values o( Pic G and Pic L were 

obtained (or matrices with zeros on the main diagonal and with slighty increasing codiagonal 

elements. We report three examples or such matrices. 

(i) For the matrix of dimension 501 with codiagona.1 elements Pi equal to i/(2(n-l)), the 

gmr re5iduals decrease at every second step, while the Lanczos residuals do not decrease at 

all. Both algorithms begin (rom the same residuals equal to 110-3 and at the 500-th step 

slowly (or Ie ~ SO. For the Lanczos algorithm we obtain pL50 - 0.79, pLZ50 - 0.74, pLsao 

== 0.72. For the gmr algorithm we get: pG50 =- 1.33, pGZ50 - 1.29, pG500 == 1.27. 

(ii) We also tested the 201x201 matrix with codiagonal elemen~ Pi ==...Ji/(n-l) 1/2, == 

1,2, ... 200. The gmr residuals decrease very slowly at every step. For instance, rIG = 3.5 10-2. 
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rG50 - 7.7 10.3, rG
loo =- 5.5 10.3, rG

l50 = 4.5 10.3, rGzoo = 3.9 10.3. the Lanczos residll3.ls are 

constant for all 200 step~, r l
L =- r2

L =- ... == rL:oo == 3.5 10.2. The sequences Pk L and PkG 

are both decreasing. For the Lancros algorithm we obtain: pL20 =- 1.12, pL50 == 0.85, pLlOO 

=- 0.73, 1'Ll5O =- 0.67, pLI75 =- 0.85, pLzco == 0.831; while for the gmr algorithm pGzo == 

1.48, pG 60 =- 1.24, pG 100 =- 1.13, pG 160 = 1.08, pG 176 - 1.06, pG 200 == 1.048. 

(iii) The small value~ of Pic Land Pk G are also obtained for the 200x200 matrix with Pi == 

log(i+l)/(210g(n», i - 1,2, ... ,199, on the codiagonal. A few resul~ for both algorithIll.5 are 

shown in Ta.ble 4.2 

k 25 50 75 100 125 ISO 175 ISO 190 199 

ric L 5.1 10.2 ~.910·2 3.3 10.2 3.010.2 2.710.2 2.5 10.2 2.310.2 2.310.2 2.310.2 2.210.2 

r G 
Ic 2.1 10.2 1.310.2 9.5 10.3 7.4 10.3 6.210.3 5.310-3 4.610.3 4.5 10-3 4.310.3 4.1 10-3 

PkL 0.93 0.83 0.79 0.76 0.75 0.74 0.726 0.725 . 0.721 0.719 

PlcG 1.21 1.11 1.08 1.06 1.05 1.05 1.042 1.041 1.039 1.038 

Table 4.2 

For large k, the sequence Pk G is quite close to 1. We believe that for larger dimension n, 

the sequnce Pk G would be even closer to one. Observe that for the last two matrices the 

Lanczos sequence Pk L is relatively close to 1/2. We believe that there exists a. symmetric 

matrix for which the sequence Pic L approaches 1/2. 

For the same matrix a" before, Table 4.3 ~hows how many steps are needed to reduce the 

first residual riG - r l
L - 6.5 10.2 by a factor of q using the Lanczos or gmr algorithrru. 
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q 2 3 4 5 6 .. 8 I 9 10 11 12 13 14 15 16 

#L 78 200 200 200 200 200 200 200 200 200 200 200 200 200 200 

#G 10 23 38 51 63 77 89 104 117 130 144 156 1"1) . - 186 200 

Table 4.3 

Example 4.5 Random matrices 

We tested many tridiagonal matrices with coefficients generated pseudo randomly with 

uniform distribution in the interval [-1/3, 1/31. We do not observe large diUerences between 

residuals or both algorithIIl.!. However very often the sequence of Lanczos residuals is not 

. 
strictly-~crea:sing. th.ough the increase is rat~er small. In general, the k-th residual rk L -does 

not exceed the (k-l}-st residual multiplied by 3 or 4. However. for a few matrices r k L - 20 

l'Lk• l , for some ie. 

Both algorithms were erricient. For random matrices or dimension 201 they computed the 

residuals smaller than 410-8 after about 25 steps. Fast convergence of both. algorithms for 

random matrices can be easily explained. Indeed, the sequence or numbers generated pseudo 

randomly {rom the interval 1-1/3, 1/31 are unlikely to be increa:sing, and almost surely some 

codiagonal elements are small. These two properties make the residuals of both algorithms 

small. 

Both algorithms were tested for 80 random 201x201 matrices. For each matrix the gmr 

residuals are smaller than the corresponding Lanczos residuals. The differences between them 

are usually insignifica.nt. For each of eighty matrices we compute the number o{ steps 

needed to ,make the residual less than ~_ Table 4.4 presents the average number or steps 

needed by the. Lanczos a.nd gmr algorithms for a few values o( E. 



£ 1
10

.1 1
10

.2 1
10

.3 

A"'erage .L 2.1 5.94 10.09 
number 
of step~ G 2.06 5.44 9.16 

Table 4.4 

,­.. 

1
10

.4 

15.1 

13.88 

110.5 

18.23 

17.95 

110.8 1
10

.7 

20.98 24.04 

20.79 23.6 

These test.s ~ugge~t that (or random matrices the efficiency or both a.lgorithms IS nearly the 

same. 
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.5. Appendix A 

We describe how to perform on!! step of the \Vielandt algorithm in order to find the 

eigenvector of the matrix Dk T(p)Dk(P) corresponding to the smalle5t eigenvalue. Assume that 

we have a suHiciently good approxima.tioll X. X ~ 0, or the sma.llest, eigenvalue of the 

matrix Die T(p)Dk(p). We mwt. solve the system of linear equations 

ror given weRle, 

which appea~ in the Wielandt. algorithm. 

Assume that. the matrices Hk 2(p) - XI and Dk T(p)Dk(P) - XI are nonsingular. Then from the 

formula. or Sherma.n, Morrison and Woodbury 

(A+UVT)-l ... A,l _ l/(l+vTA,IU) A·luvTA·1 

applied to the matrix A - Hk2(p) - XI and the vecto~ u - v = ek, we obta.in 

(DkT(p)Dk(p) - XI)' I - (Hk2(p)· XI+.8k
2ekekT).1 

== [I • l/(l+wk) .8k
2(Hk:'!(p) - XI)·l eke/l (H\/(p) • XI)-I, 

Let s =0 (Hk2(p) • XI)-I.,. - (Hk(p - XI)·I (Hk(p)+ XI)-I w . Then 

.8kek T(Hk 2(p) - XI)-Iw - .8kek Ts - .8ksk, where s == (sl' ... ,sk)T. 

Thus we have 

Denote t == (tl, ... ,t,)T == (Hk T(p) - XI)·I)eIC It is easy to calculate that wk = PI/tk and 

u == (DkT(p)D~Jp) - XI)·lw == S - .8k2sk/(l+.8k2tk) t, 



where 

S ::::II (Hk(P) - A 1)-1 (Hk(p)+AI)olo,q 

t - (Hk(P) - AI)-l (H,,(p)+AI)oleko 

To solve systems of equations with matrices Hk(p)+Al a.nd Hk(p) - AI we can use a.ny 

numerically stable method (we use Gaussian elimination with pa.rtia.l pivoting) for solving 

systems or linear equations. 
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00100 C 
oo~oo C 
00300 C 
00400 C 
00,(1)() C 
00(;00 
00700 C 

·00800 C 
00000 C 
01000 C 
01100 C 
01200 C 
01300 C 
01400 C 
01500 C 
OHlao C 
01700 C 
01800 C 
01000 C 
<nOOO C 
02100 C 
02200 C 
02300 C 
02400 C 
02500 C 
O2eOQ C 
02100 C 
OZ800 C 
02Il00 C 
03000 C 
03100 C 
03200 C 
03300 C 
03400 C 
03500 C 
03eOQ C 
03700 C 
03800 C 
03Il00 C 
04000 C 
04100 C 
04200 C 
04300 C 
04400 C 
04500 C 
04000 C 
04100 C 
04800 C 
04Il00 C 
05000 C 
05100 C 
05200 C 
05300 C 
05400 C 
05500 C 
oseoo C 
05700 C 
05800 C 
05000 C 
aeooo C 
00100 C 
00200 C 
00300 C 
oe~oo C 
ae500 C 
~ C 
ae100 C 
00800 C 
aegoo C 
01000 C 
07100 C 
07200 C 
07300 C 
07400 C 
01500 C 
01eOQ C 
07700 C 
01800 C 
OJ 000 C 
08000 C 

SUBROUTL"'iE GMRVAL 

SUBROUTINE GMRVAL(K.ALf A.BETA.Z I.V AL, WL.IERR) 

SUBROUTl!'lE GMRVAL IMPLEMENTS THE GENERALIZED MINIMAL RESIDUAL 
ALGORITHM FOR THE REAL SYMMETRIC EIGENPROBLEM DESCRIBED IN (11. IT 
FINDS AN APPROXIMATION OF AN EIGENPAIR OF A REAL SYMMETRIC MATRIX A 
Of DIME!'lSION N USING PARTIAL INFORMATION OF A. INFORMATION OF 
THE MATRIX A IS GIVE.~ BY THE (K+I).ST KRYLOV SUBSPACE. I.E .• 
BY THE I·TH POWER OF A ON THE NONZERO VECTOR B. 1-a.I •••.• K. 
K < N • ASSUME THAT WE HAVE THE ORTHONORMAL BASIS 
Qhl,Qr21 •••.• QIK+1I OF THIS SUBSPACE. THE SO CALLED LANCZOS BASIS. 
WH'ICA PAR'tIALLY REDUCES THE MATRIX A TO THE TRIDIAGONAL FORM, 
I.E •• THE (K+I}XK MATRIX 

D-(Q(I).Q(2) ••••• Q[K+I»· A (Q(I).Q[2) •..•• Q(KIl­

XX 
XXX 0 
XXX 

-
o XXX 

XX 
X 

IS TRIDIAGONAL. HAVING THIS TRIDIAGONAL RECTANGULAR MATRIX THE 
SUBROUTINE GMRVAL FINDS A NORMALIZED VECTOR ZI FROM THE K.TH 
KRYLOV SUBSPACE AND A REAL NUMBER VAL FOR WHICH THE NORM OF THE 
RESIDUAL liSA ZI • VAL ZIIIII IS AS SMALL AS POSSIBLE. THE USER IS 
SUPPOSED TO SUPPLY THE DIMENSION. K • AND COEFFICIENTS OF THE 
TRIDIAGONAL MATRIX D. THE SUBROUTINE GIVES THE NORM OF THE 
RESIDUAL. AN APPROXIMATION OF AN EIGENVALUE AND COEFFICIENTS OF THE 
EIGENVECTOR IN THE BASIS Qh\,Q(21 ..... QIKI. 

THE COEFFICIENTS OF THE t'R DIAGONAL MATRIX D CAN BE COMPUTED 
BY THE LANCZOS ALGORITHM WITH SELECTIVE REORTHOGONALIZA TION APPLIED 
TO THE VECTORS GENERATING THE KRYLOV INFORMATION (SEE [211. THE 
COST OF THE SUBROUTINE GMRVAL IS PROPORTIONAL TO t<"K. 'fHE COST 
OF PRODt.:CNG ORTHONORMAL BASIS Qrrt AND TRIDIAGONAL MATRIX 0 IS 
USU ... LLY MUCH LARGER. SINCE IT IS PRO'PORTIONAL TO N"K. THE 
DET."ILED DESCRIPTION OF THE ALGO~ITHM WHICH FINDS THE VECTOR ZI 
A.-";D THE NUMBER VAL MAY BE FOliNO IN (1\. 

INPUT PARAMETERS 

K INTEGER VARIABLE WHICH IS THE DIMENSION OF THE KRYLOV 
SUBSPACE; K MUST BE POSITIVE BUT NOT GREATER THAN 1000. 

ALFA ONE DIME!'lSIONAL REAL ARRAY OF SIZE K WHICH CONTAINS 
DIAGONAL ELEMENTS OF THE RECTANGULAR (K+I)XK MATRIX D. 

BETA ONE DIMENSIONAL REAL ARRAY OF SIZE K WHICH CONTAINS 
CODlAGONAL ELEMENTS OF THE MATRIX D. 

THE EXECUTION OF THE SUBROUTINE DOES NOT CHA.~GE THE ELEMENTS OF 
THE MATRIX D. 

OUTPUT PARAMETERS 

IERR INTEGER VARIABLE SIGNALING HOW THE CALCULA nONS WERE 
TERMINATED; IF IERR IS EQUAL TO ZERO THEN THE BEST 
APPROXIMATION OF AN EIGENPAIR WAS FOUND. OUR SUBROUTINE 
REQUIRES THE COMPUTATION OF EIGENVALUES AND LAST COMPONENTS 
OF EIGENVECTORS OF THE KXK TRIDIAGONAL SUBMATRIX. IN ORDER 
TO COMPUTE THEM WE USE A SLIGHTLY MODIFIED SUBROUTINE 
IMTQL2 FROM 131 . IF THIS SUBROUTINE DOES NOT GIVE DESIRED 
EIGENELEMENts AFTER 30 STEPS OF THE QL ALGORTIHM THE!'! 
COMPUTATIONS ARE TERMINATED. THE VARIABLE IERR IS THEN 
SET TO ONE. IN THIS CASE. NO RESULTS HAVE BEEN COMPUTED. 
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C ZI 
C 

OSI00 
OS200 
OS300 
OS~OO 
OS.500 
OS600 
08700 
08800 
08:100 
Og()()() 
00100 
Og~OO 
00300 
00400 
00.500 
ooeoo 
00700 
00800 
OOgoo 
10000 
10100 
10200 
10300 
10<400 
10.500 
loeoo 
10700 
10800 
10goo 
11000 
11100 
11200 
11300 
IHOO C 
11.500 
11eOO 
11700 
11800 

ONE DrME!'lSIONAL REAL ARRAY OF SIZE K; IF IERR-O IT 

11 goo 
lZOOO 
12100 
12200 
12300 
12400 
12.500 
12600 
12100 
12800 
12000 
13000 
13100 
13200 

'13300 
13100 
13.500 
13eoo 
13700 
13SOO 
I 3 goo 
I~OOO 
14100 
14200 
14300 
14400 
14.500 
14600 
14100 
14800 
\4g()() 
15000 
15100 
1.5200 
1.5.lOO 
1.5400 
IS.5OO 
1.5eOO 
105700 
1S800 
ISg()() 
leooo 
16100 
le200 
1e300 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

CONTAINS THE COMPONENTS OF THE BEST POSSIBLE APPROX~{ATI0N 
OF THE NORMALl7F.D EIC;E!'-IVECTOR [1''; THE K·TH KRYLOV SliBSPACE 
IN THE BASIS Q[tJ.O!?I.···.QIKI . 

VAL REAL VARIABLE; I/" I F:f,R-O IT CONT AI!'lS A.~ APPROXL\{A TION OF 
AN EIGE."'N ALliE. 

WL REAL VARIABLE; IF IERR-o IT CONTAINS THE NORM OF THE 
RESIDUAL IiliA ZI· VAL Ziti!!. 
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INTEGER 1.IERR.I1.J.K.KI,K2.MI 
REAL A.B.BK.C.TO.TOL.TOLO.VAL.WL.WO.WI.W2.X.XL,XO.XI.X2 
DIMENSION ALFA(K).BETA(K).ZI(K) 
DIMENSION BETA I( lOOO).U( 1000), WW( 1000) 
REAL ABS.AMAXl.AMINI.SQRT 
LOGICAL CHECK 

IERR-o 
V AL-ALF A( I) 
Z'Ll)-1.0 
W -ABS(BET A( I)) 
IF (K.EQ.l) RETlJEtN 

C COMPUTE MACHINE PRECISION 
C 

TOL-1.0 
10 IF (1.0+TOL.EQ.1.0) GO TO 20 

TOL-TOL/Z.O 
GO TO 10 

ZO TOL-Z.O"TOL 
C 

DO 30 I-Z.K 
ZUIl-O.O 

30 CONTINUE 
C 
C CHECK IF THE CODIAGONAL. BETA. CONTAINS A SMALL ELEMENT 
C 

MI-K·I 
DO 40 I-I,MI 
J-I 
IF (ABS(BETA(I)).LE.TOL"(A8S(ALFA(I))+ABS(ALFA(I+I)))) GO TO 50 

40 CONTINUE 
J-J+I 

so KI-J 
IF (Kl.EQ.I) RETURN 

C 
C COMPUTE ALL EIGENVALUES AND LAST COMPONENTS OF THE EIGE!'-IVECTORS OF 
C THE LEADING SUBMATRIX. I.E .• COMPUTE WW(I) AND U(I) FOR I-I ..... K. 
C 

MI-KI·I 
DO eo 1-I,Ml 

WW(I}-ALF AlI) 
BETA1(I)-BEtA{I) 
UlIl-O.o 

eo CONTINUE 
U(KII-1.0 
WW(KlI-ALFA(Kll 
CALL QRVAL{KI.WW.8ETAl.U,IERR,TOL) 

C 
C CHECK IF THE MODIFIED EISPACK'S ROUTINE FOUND DESIRED EIGENELEMENTS 
C 

IF (IERR.NE.O) RETURN 
C 

BK-BETA(KW"2 
IF (A8S(BETA(KI)).GT.TOLOAMAXI(ABS(WW(I)),ABS{WW(KI)))) GO TO 10 

C 



C 

WL-SQRT(8K)·U(Kl) 
XL-WW(KIJ 
GO TO leo 

70 DO 80 1-I.KI 
tI(I l-U(l) " "2 

80 CONTINOE 
C 
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le400 
le500 
leeoo 
le700 
le800 
leooo 
17000 
17100 
17200 
Ii 300 

C FINO THE SMALl.EST RESIDUAL IN THE KRYLOV SUBSPACE 
C 

WI-WW(~ 
WZ-WW(2 
XL-(WI+ 2)·.5 
WL-(W I.W2)·(WI.W2)· .25 
IF (Kl.EQ.2) GO TO 100 

DO ~ I-'.Kl 
Wl-WW(I.I) 
W2-WW(Il 
XO-(Wl+WZ)·.5 
wo-(w I·WZ)"(W l·WZ)· .26 
WL-AMINl/Wt.WO) 

17' ~oo 
17500 
17eClO 
17700 
17800 
17000 C 
18000 
18100 
18200 
18300 
18400 
18500 
ISeClO 
18100 
18800 

IF (WO.EQ.YlLJ XL-XO 
~CONTINUE 

C 
I 8 goo 
I g()()() 
UHOO 
Ir.tlO 
IQ300 
IQ400 
lQ500 
lQeOO 
lQ100 
lQ800 
IQgoo 
20000 
20100 
20z00 
20300 
20400 
20500 
2~ 
20700 
20800 
2Ogoo 
21000 
21100 
21200 
21300 
21400 
21500 
21eClO 
21100 
21800 
21goo 
ZZOOO 
22100 
~~~oo 
22300 
~400 
22500 
22eClO 
~700 
ZZSOO 
~g()() 

23000 
23100 
23200 
23300 
23400 
Z3S00 
23&00 
23700 
23800 
23goo 
24000 
24100 
24200 
24300 
24400 
24500 
Z4eClO 

100 DO ISO 11-1,Kl 
C 
C PERFORM A FEW STEPS OF THE INTERPOLATING METHOD TO G€T BETTER 
C (SMALLER) RESIDUAL (SEE 11)) 
C 

1-11 
XO-WW(I) 
TOLO-TOL"(ABS(XO)+1.0) 
Xl-XO+2.0"tOLO 
CALL READYIX1.Kl.I,WW,WI.WL,XL.U.BK. TOL) 
X2-XQ.Z.O"TCLO 
CALL READY(X2.Kl.I.WW,W2.WL.XL,U.8K. TOL) 
K2-1 

110 CALL READY(XO.Kl.I.WW.WO,WL,XL.U,BK. TOL) 

A-W2mXQ.X21/~Xl·X21 . 8-WI/ XQ.XI / X2·Xl 
C-WO XI·XO I X2·XO 
X-A" O+Xl)+ ·(XO+X2)+C"(Xl+X2) 
A-A+8+C 
A-A·Z.O 
IF (A8S(A).LE.0.Ol·TOL) GO TO ISO 
X-X/A 
TO-TOL "(A8S(X)+ 1.0) 
IF (AMINI(A8S(X.XO).ABS(X.Xl».LT.AMAXI(TO.TOLO). 

" OR.KZ.GT.e) GO TO 150 
IF (I.NE.I) GO TO 120 

CHECK-X.GE.(WW( I )+WW(2))·0.5 
GO TO 140 

120 IF (J.NE.Kl1 GO TO 130 
CHECK-X.LE.(WW(Kl}+WW(Kl.I))"0.5 

GO TO 140 
130 CHECK-X.LE.(WW(I)+ WW(I-I ))"0.6.0R.)('GE.(WW(I)+ WW(I+ I ))"0.5 
140 IF (CHECK) GO TO 150 

K2-KZ+1 
X2-XI 
W2-WI 
XI-XO 
WI-WO 
XC-X 
TOLa-TO 
GO TO 110 

ISO CONTlMJ E 
C 

VAL-XL 
WL-SQRT(WL) 

C 
C CALCULATE AN EIGENVECTOR 
C 

leo DO 170 I-I.KI 
ZIWI-I.O 
U -0.0 W (I)-ALFA(I)-XL+WL 
BETAI(II-8ETA(I) 

170 CONTIN'UE 
U(Kl)-1.0 
CALL SOL~Kl.WW.8ETAl.Zl.U.TOL) 
DO 180 I-I.KI 

WW(I}-ALF A(I)-XL-WL 



ZHOO 
-::4800 
Z4000 
·~~OOO 

... 25100 
~5Z00 
25Joo 
25100 
ZSSOO 
2Seoo 
25700 
ZS800 
25000 
2~ 
2el00 
zezoo 
Ze300 
-::e400 
zesoo 
z~ 
ze700 
::a800 
2eooo 
21000 
21100 
21 zoo 
Z1300 
21400 
Z7500 
27eoo 
Z1100 
27800 
21000 
28000 
28100 
2~ 
28300 
28400 
28500 
28800 
28100 
28800 
28000 
2~ 
2'1100 
211200 
20300 
20400 
2Q500 
zoeoo 
20700 
Z1I800 
ZOOOO 
30000 
30100 
30ZOO 
30300 
30400 
30500 
30eoo 
30100 
30800 
30000 
31000 
31100 
31200 
31300 
31400 
31500 
31eoo 
31100 
31800 
31000 
32000 
32100 
32Z00 
32300 
32100 
32500 
32eoo 
32700 
32800 
32000 

BETAI(I)-BETA(I) 
180 CONTINUE 

CALL SOLVE(KI,WW,8ETAI.ZI,U,TOL) 
8-0.0 
8K_8KOZI(KI)/(1.0+8K"U(KI)) 
DO 1;0 1-1.KI 
ZI(Il-~1 1~8K.U(I) 
8-9+Z1 I 0·2 

1;0 CONT 
C 
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C NORMALIZE THE COMPUTED EIGENVECTOR ZI 
C 

8-SQRT(8) 
DO 200 1-1 KI 

Z1(O-ZI(II/B 
ZOO CONTINUE! 

C 
C 
C 

RETURN 
END 

C A~L~RYSUBROUT~ 
C 
C 
C 

SU8ROUTINE READY(X,K,I,WW,W,WL.XL.U,BK. TOL) 
C 
C SUBROUTrNE READY FINDS THE MINlMAL NORM OF THE RESIDUAL 
C 1111 A X • RO X sa FOR FIXED RO. 
C 

C 

INTEGER I,II.J,K 
REAL A,Al.A2,B,BK,C,F.TOL,TI.T2,W,WL,x.xL 
DIMENSION U(IOOO).WW(IOOO) 
REAL ABS,AMtNl.SQRT 

TI_8.00 TOL 
T2-TOL °TOL °0.& 
Al-{WW(I}oX)OOZ 
IF (I.NE.I) GO TO 10 

AZ-{WW(Z}oX)"Z 
GO TO 30 

10 IF (I.NE.K) GO TO 20 
A2-1WW(K.l }oX)OOZ 
GO TO 30 

-;:0 A2-AMINl«WW(l.I}oX)"Z,(WW(I+l}oX)OOZ) 
C 

30 IF «A2·Al).LE.TloA2.0R.A2.LE.TZ) GO TO eo 
A-{Al+A2)OO.S 
F-O.O 
8-SQRT(A) 
DO 40 11-l,K 
J-ll 

g:~~(J~~B} 
IF (ABS{C .GT.Tz) GO TO 34 
IF (I.EQ.J GO TO 60 
GO TO .. 

35 F-F+U(J}/C 
40 CONTINUe: 

F-1.0+8KoF 
C 

C 

IF (F.OT.a.O) GO TO 60 
46 AI-A 

GO TOao 

50 A2-A 
GO TO ao 

C 

C 
C 
C 

eow_~ 

WL-AMJNlCWL, W) 
IF (WL.EQ.W) XL-X 
RE'l'URN 
E.~D 

SUBROUTINE QRVAJ..{N,D,E,Z.IERR,TOL) 
C 
C SU8ROUTrNE QRV AL FINDS ALL EIGENVALUES AND LAST COMPONENTS OF ALL 
C EIGENVECTORS OF A TRIDIAGONAL MATRIX. THIS IS A MODIFICATION OF 
C SU8ROUTINE IMTQL FROM 131 • 
C 

INTEGER 1,IERR,I1,J,K,L,M,MML,N 
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33000 REAL D(N),~~,Z(N) 
33100 REAL S,C,F, , ,R,S:r,TOL 
33200 REAL ABS,SQRT 
33300 C 
33400 IERR-o 
33500 IF (N.EQ.l) GO TO 1001 
33eoQ C 
33700 5bN}-o.O 
33800 240 L-1,N 
33000 J-o 
HOOO loa 00 110 M-L.N 
34100 IF ~.EQ.N) GO TO 120 
34200 IF A~~)).LE. TOL"(ABS(D(M»)+ABS(D(M+I»))) 00 TO 120 
34300 110 CO T 
34400 120 P-~ 
34500 IF fM. .Ll 00 TO 240 
34eoo IF J.EQ,ao GO TO 1000 
34700 J-J+l 
34800 C 
34000 O~~~P64.2.0·~L)) 3SOOO R T(· 1.0) 
Ml00 T-l.0 
36200 IF (G.LT.o.o) T-l.0 
~ G-D(M).P+~L)/(G+T·R) 
35400 S-I.0 
3MOO C-l.O 
3MOO P-o.O 
M700 ·--MML-M·L 
M800 C 
36000 00 200 1I-I,MML 
aeooo I-M·II 
3el00 F-S~lp 3e200 

, ).LT.ABS(G)) GO TO '60 3&300 
3e400 
~ R R!f.C·C+l.0) 
3&eOO E(1+1 F R 
3e700 S-l.UR 
U800 c-c S 
3egoo 00 TO leo 
37000 

160 S-~G 37100 R-S RT(S"S+I.O) 
37200 E(1+I-o"R 
37300 C-t.~R 
31400 5-S" 
31600 leo G-~I+If.P 37eoQ ~~~).G ·S+2.0·C·S 
37100 
37800 D(1+IJ-o+P 
37000 G-C R·B 
38000 C 
38100 F-Z(I~ 
38200 Zg+IJ "Z(J)+C·p' 
38300 Z l)-C·~~"F 
38400 200 C NTIN 
38.500 C 
38eoo 

~E~).P 38100 
\. 38800 

38000 GO~l06 
30000 240 CONTlNtIE 
3g100 C 
30200 00 aoo 11-2.N 
31J3OO 1-11-1 
3g400 K ... 
3Q600 

bo~J-n,N 30e0cJ 
3g100 ~~Q&P) GO TO 2eO 31l1OO 
3QOOO K-.I 
40000 2eO CONT1NUE 
40100 C 

iF kK.~.I) GO TO aoo 4<nOO 
40300 ~ )- I) 40400 I)-P 
40.s00 C 
40e00 P-Z(~ 
40700 Z!I)- ~K) 40800 ZK)-
40000 C 
41000 300 CONTlNtIE 
41100 C 
41200 GO TO 1001 



"" 

C 
1000 IERR-I 
1001 RETURN 

END 

..,. 
w.) 

C 
C 

41300 
41400 
41500 
41eoo 
41700 
41800 
411lOO 
42000 C 
42100 C 
42200 C 
42300 C 
42400 
42500 
42eOO 
42700 
42800 C 
42 GOO 
43000 
43100 
43200 
43300 
43400 
43600 
4aeca 
43700 
43800 
4aGOO 
<44000 
<4·4100 
<4<4200 C 
404300 
440400 
404600 
4~ 
404700 
H800 
.o4GOO 
.6000 
4&100 
.6200 
.6.100 
46<400 
.5&00 
o4seoo 
46700 
o4UOO 
46DOO 
4&000 
48100 
.8200 
4&300 
48400 
4e600 

SUBROUTINE SOL VE{K.ALF A,BET A,Z 1,Z2, TOL) 

4 eeoc 
.8700 
4e300 
48DOO 
41000 
47100 
47200 
.7300 
47400 
47600 
47800 
47700 
47800 
41DOO 
48000 
48100 
48200 
4~ 
<48.00 
48600 
48eOO 
48700 
48800 
48 GOO 
4QOOO 
<4QlOO 
.Q200 
<41lJOO 
413400 
4~ 

SUBROUTINE SOLVE SOLVES A SYSTEM OF Ln-."EA.R EQUATIONS WITH A 
TRIDIAGONAL MATRIX FOR TWO RIGHT-HAND VECTORS. 

INTEOER I.I1,J.K.Kl.M 
REAl.. TOL. TOLI.)QCl,X2. Y 
DIMENSION ALF A{K),BET A{K),GAM( lOOO),Z I(K),Z2(K} 
REAl.. SQRT 

TOLI-TOL-TOL-5.0 
XI-8ET~ll 
IF (K.EQ.2 00 TO 60 
X2-8ET 2) 
J-K-2 
DO 101-1,.1 

GAM(I)-O.O 
10 CON1'INUE 

C 
DO 40 1-1,.1 

11-1+1 
Y-ALFAlI) 
IF (ABS(XI).LE.ABS(Y)) GO TO 20 

X-V 
V-Xl 
ALFAlI)-Y 
XI-X 
X-BETA{I) 
8ET~)-iALF A{II) 
ALF 1 X 
x-a I) 
GAMil SETA(Il) 
BET I)-X 
X-ZII) 
ZI(I)-tl(ll) . 
ZI(Il)-X 
X-Z2(J) 

. __ Z2(I)-Z2(fl) 
Z2(Il)-X 

C 

C 

20 IF (Y.~.O.O) GO TO 30 
X-x~ ALFA I~ALFA(II).X.BETA(I) 
8ET 11 8ETAlIl).X·GAM(l} 
ZMIl,.. l(Il).X·ZI(f) 
Z I1)-Z2(Il).X·Z2(I) 

30 X-X2 
IF (I.NE.J) X2-BETA{I+2} 

40 CONTINUl!: 
60 KI-K·l 

Y-ALFAlKl) 
IF (ABS(XI).LE.ABS(Y)) 00 TO eo 
X-V 
V-Xl 
ALFAlKI)-Y 
Xl-X 

~fter;r~l ~A{K} 
All X 
x-z 
ZI(X1 lex) ZE 
~~f-x~ 

eo IFCY.EQ.O.O) GO TO 70 
X-'XI/Y 
ALFA(K>-ALFAlW~BETA{KI) 
Zl(Kl-ZI(K).X·ZI 1) 
Z2(K)-Z2(K).X·Z Kl) 

10 Y-ALFA{K) 
1I::}J.~.0~ V-TOLl 

~~K=zll~~rlY 
Y-ALFA{kl 

• 



IFW·EQ.O.W Y-TOLI 
ZI I)-(ZI Kl).8ETA(Kl)"ZI(K))!y 
Z Kl)-(Z Kl).8ETA{KWZ2(K))/y 
M-K·2 
I' (W.EQ.O) RETURN 
00101-1).( 
J-"+I·I 
Y-ALrA/J) 

28 

IF~EQ.O·{)t Y-TOLI 
Zl J .t~J 8ETA{WZ1(J+l).OAM(J)"ZI(J+2»[y 
Z J Z J BETA{J)"Z2(J+l).OAM(J}"Z2(J+2})/y 

lOCO 
RETURN 
END 
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