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ABSTRACT
Tradeo s and Limits in Computational Imaging
Oliver Cossairt

For centuries, cameras were designed to closely mimic the man visual system. With the
rapid increase in computer processing power over the last ¥e decades, researchers in the
vision, graphics and optics community have begun to focus thir attention on new types
of imaging systems that utilize computations as an integralpart of the imaging process.
Computational cameras optically encode information that is later decoded using signal pro-
cessing. In this thesis, | show three new computational imaigg designs that provide new
functionality over conventional cameras. Each design has &en rigorously analyzed, built
and tested for performance. Each system has demonstrated d@ncrease in functionality over
tradition camera designs. The rst two computational imagi ng systems,Di usion Caoding
and Spectral Focal Sweepprovide a means to computationally extend the depth of eld of
an imaging system without sacri cing optical e ciency. The se techniques can be used to
preserve image detail when photographing scenes that sparery large depth ranges. The -
nal example, Gigapixel Computational Imaging uses a computational approach to overcome
limitations in spatial resolution that are caused by geometic aberrations in conventional
cameras.

While computational techniques can be used to increase optal e ciency, this comes at
a cost. The cost incurred is noise ampli cation caused by thedecoding process. Thus, to
measure the real utility of a computational approach, we mugsweigh the bene t of increased
optical e ciency against the cost of ampli ed noise. A compl ete treatment must take into
account an accurate noise model. In some cases, the benet manot outweigh the cost,
and thus a computational approach has no value. This thesis ancludes with a discussion

on these scenarios.
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for di erent lighting conditions. The center column shows the same values
in terms of photons/ m?=s. The right column shows the photon counts
calculated using Equation 5.133 assuming a re ectivity ofR = :5, quantum
eciency of = :5, and exposure time oft = 1=50 seconds. Even for living
room lighting conditions, enough photons are collected sohat the bounds in

Table 5.1 are correct to within four tenths of one percent. . .. . .. .. .. 149

6.1 Tradeo s in computational imaging. Each tradeo is liste d along with the

corresponding sections in this thesis where the tradeo is tbcussed. . ... 155
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Chapter 1

Introduction

At a fundamental level, all computer vision research is centred around measuring the
visual world. We use image sensors to measure the brightnes$ scenes, and we use these
measurements to infer radiometric and geometric propertis. As humans, we organize this
visual information to build on our understanding of the visual world, and a great deal of
computer vision research is focused on extending this capdity to machines. In this thesis
we focus on the low-level mechanisms underlying the process image formation, with the
goal of developing novel sensing techniques that will betteassist in machine driven image
understanding. There are two main components of image formi#on: 1) The optical devices
that condition the light as it propagates from the scene towads the optical sensor. 2)
The optical sensor that converts the light energy into a meaarable signal. Here, we focus
primarily on the geometric properties of light, so the meansof conditioning are re ection,
refraction, transmission and absorption. We are now in the ge of the digital camera, and
so we focus on the use of digital image sensors such as CMOS aB@D sensors. The choice
of optical conditioning and sensing can have a dramatic e ecton the information that is
captured. A good choice of optical conditioning requires ceeful consideration about what
information content in the scene is most valuable. The digial sensor is a highly complex
electrical system, wrought with several sources of unceriaty that corrupt captured images
with noise and limit the performance of the imaging system. Athorough treatment of the
imaging process jointly considers the optical conditionirg and digital sensing together.

For centuries, the human visual system has been a model for ngentional cameras.
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Figure 1.1. Conventional cameras map 3D scene points onto al2sensor via perspective

projection, mimicking the human eye.
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Figure 1.2: Computational cameras include a decoding stepsapart of the imaging pipeline.

A conventional image is recovered o ine via signal processig.
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Figure 1.3: In many computational imaging systems, multiple scene points are mapped to

the same pixel, which can increase optical e ciency.



CHAPTER 1. INTRODUCTION 3

Conventional cameras use perspective projection to form avto-dimensional irradiance pat-
tern from the inherently three-dimensional distribution of light intensity (see Figure 1.1).
Conventional cameras have the advantage that they producennages that can bedirectly
interpreted by humansbecause, in many cases, they mimic the images produced by oawn
eyes.

The core idea of a computational imaging system is to utilizea clever combination of
optics and sensors to optically encode scene information € Figure 1.2). What is actually
captured by the sensor may not be anything like the images thawe are used to seeing. In
many cases, there is a conventional image embedded within éhcaptured image that can
be recovered computationally. Part of the imaging pipelineis a step where the captured
image is decoded o ine via signal processing. Computationhimaging systems may employ
a many-to-one mapping between scene and pixel coordinatesde Figure 1.3), a phenomena
known as image blur. These systems can increase optical e ency because the sampling
basis has a much larger support, and much more energy is capted per pixel. This type of
computational imaging system is studied extensively in ths thesis.

There are two main reasons why we use computational imagingystems. The rstis that
they o er increased functionality relative to a conventional imaging system. The increase in
functionality translates to the ability to capture new type s of visual information. There is a
whole plethora of functions that computational cameras enéle which are not accessible via
conventional cameras { including depth estimation, digital refocusing, digital perspective
adjustment, multispectral capture, motion blur removal, and defocus blur removal. How-
ever, new functionality is not the only reason we use computdonal cameras. The second
reason is that they can o er a performance advantage relativeto a conventional imaging
system, which translates directly into greater delity in m easurement and robustness to
noise. When computational cameras increase optical e ciery, they increase the strength
of captured signals, and often times this can lead to an incrase in performance.

In this thesis we look at the design and implementation of a nunber of di erent compu-
tational imaging systems. We start by looking at the problem of defocus blur. Defocus blur
is depth-dependent blur that removes important scene detds. For conventional cameras,

the only way to remove defocus blur is to stop down the lens ap¢ure. In Chapter 2, we
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introduce the Diusion Coding technique for computationall y extending Depth Of Field
(DOF). This technique can recover details that would otherwise be lost due to defocus blur,
without stopping down the aperture. This is done by placing acustom optical di user in the
aperture of the lens that codes the blur in a manner that is in\ertible via post-processing.

In Chapter 3 we approach the problem of removing defocus blufrom a di erent angle.
We introduce the spectral focal sweep technique, which takeadvantage of chromatic aber-
rations in the camera lens to computationally extend DOF. The lens used in a spectral focal
sweep camera is actually simpler than for a conventional caera, and it is this simplicity
that we take advantage of to code defocus blur. The chromati@berrations serve the same
purpose as the diuser in di usion coding: to code the defocus lur in a way that can be
inverted via post-processing.

In Chapter 4 we switch over from talking about defocus blur to talking about the blur
caused by geometric aberrations in lenses with imperfect faus. We introduce a gigapixel
computational camera that takes advantage of geometric abmations to create a very high
resolution camera with a very compact form factor, and very ample optics. As in di usion
coding and spectral focal sweep, the geometric aberrationsode the image blur in a way
that is invertible, however, this time the purpose of the codng is to simplify the optical
system instead of extending DOF.

To understand how these imaging systems operate and what bens they a ord, let us
go back and formalize the notion of a computational camera. Br this, we rst describe the

plenoptic function, a fundamental concept in imaging.

1.1 Plenoptic Function

Digital cameras map visual information to digital numbers that can be processed by comput-
ers. But exactly what visual information is measurable? Adéson coined the term \Plenoptic
Function" to encompass the set of all measurable visual infomation [Adelson and Bergen,
1991. The plenoptic function is a complete description accordig to the geometric optics

model of light. One parameterization of the plenoptic function is
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P(Xy; ;tuv;z); (1.1)

where (x;y) are 2D spatial coordinates on the sensor, is the wavelength of light, t
is time, and (u;v;z) are 3-D spatial coordinates of the aperture of the optical gstem.
Together, these variables are the plenoptic coordinates. & usually refer to the 2D aperture
coordinates (u;v) as angular coordinates because they determine the angle & rays are
incident on the detector surface.

The plenoptic function essentially measures the radiance @ unit wavelength at every
3-D spatial location. With the full plenoptic function, you would be able to watch a multi-
spectral movie showing any scene from any location on earthtany point in time. However,
we do not measure the plenoptic function directly. Our optical sensors measure optical
energy converted to a voltage di erential. Sensors averageveay information because they
integrate over space, time, angle, and wavelength.

We measure the plenoptic function indirectly through a plenoptic sampling basis[Ihrke et
al., 201d. Formally, the sampling basis are a set oM sampling functionss;(x;y; ;t;u;v;z ).
De ning the vector valued plenoptic coordinate p = (x;y; ;t;u;v;z ), the it" plenoptic

sampleg; is then given by the inner product

O TZP(IO) > si(p)i (1.2)

P (p)si(p)dp; (1.3)

p

where  is the entire plenoptic domain. Typically the plenoptic basis is orthogonal so that
ksi(p); sj(p)i = j, where j is the Kronecker delta function. Due to physical constraints,
the sampling functions have nite support in each of the pleroptic coordinates, and, in
many cases, the sampling bases are separable. Take, for exalsy a camera system located
at depth zy with aperture size ( u; V), with a 1D sensor that has a pixel size and spacing
( x; y), collecting light uniformly over the wavelength range , with an exposure time

of t. The sampling basis for this camera is
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X+i X u v
u Y u — u — u — u — ; (1.4)
u v t

si(p) = (zo0) u

where u(x) is the box function,

u(x) =

8
§ 1 ifjxj< 3

(1.5)
2

0 otherwise

The pixel measurementsy; are eventually converted to a digital number with a limited
dynamic range. There is a xed number of bits/second that cone out of a sensor that
limit the total measurement bandwidth, which essentially limits the information capacity
of the imaging system. Capturing the plenoptic function directly would require an enor-
mous amount of computational resources. We therefore typially capture only slices of the
plenoptic function, and we have di erent names for di erent slices. We call a 2D spatial
slice (x;y) an image, a 3D spatio-temporal slice X;y;t) video, a 3D spatio-spectral slice
(x;y; ) a multispectral volume, a 4D spatio-angular slice &;y; u;Vv) a light eld, and so on.

The plenoptic function is a useful theoretical tool becausat encompasses the space of
measurable visual information. We do not discuss it in this hesis, but the concept can
be extended to include measurable properties of optical was (e.g. the mutual coherence
function [Brady, 2009), all possible lighting conditions (e.g. light transport [Kajiya, 1986]),
and so on. We do mention, however, that there is a large classfaobust methods for
estimating geometric and material properties that cannot be analyzed directly using the
plenoptic function because they either depend explicitly @ lighting conditions or wave
properties of light. Examples of these techniques includetsuctured light [Nayar et al.,
20064 [Gupta et al., 2009, BRDF estimation [Sun et al., 2007[Matusik et al., 2004, and
optical coherence tomography{Brady, 2009 .

1.2 What is Computational Imaging?

Conventional cameras are restricted to have a very speci cytpe of sampling basis: the basis

must consist of regularly spaced orthogonal sampling funebns. Formally, the sampling
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basis can be written ass; = w(p i xy), where ., is the sample spacing in thex and y
coordinates, andw is the sample function. The key property is that this produces a one-to-
one, distance preserving map between spatial plenoptic codinates and pixel coordinates.
This allows the spatial information in the plenoptic functi on to be interpreted directly from
pixel measurements once the scale and orientation of the cagna are determined. In this
way, a conventional camera produces an image that is identad to what what would have
been seen by a human observer. Note that by this de nition, coaventional cameras can
only measure spatial information, and a computational camea is the only way to measure
spectral, temporal, or angular slices of the plenoptic funtion.

A computational camera can have much more general samplingdsis. In fact, one of
the core elements in designing a computational camera is thehoice of sampling basis.
From the computational imaging perspective, the optics andsensor form a channel that
transmits visual information from the scene to the measurenent made by an individual
pixel. The choice of optics and sensor then determines the sapling basis, which, in turn,
also determines the way that visual information is coded in he pixel measurements. From
this perspective, we may choose to take advantage of any redidancies in the signals that
will be transmitted by choosing our coding strategy appropliately. However, we do not have
unlimited exibility in choosing our coding strategy becau se we are limited by the space of
realizable optical elements and devices. Beyond purely ptsical constraints, we are further
limited by taking into account the complexity, weight, size, and cost of manufacturing optical
elements. For instance, we can currently do a good job at craing arbitrary surface pro les
out of a single material, but it is quite di cult to arbitrari Iy control material properties (i.e.
index of refraction, absorption, etc.) within a 3D volume. In short, while the computational
imaging perspective brings new light to the use of unconvenbnal optics, we are currently
restricted to considering the use of optical elements that @ not di er too drastically from
those that can be realized using current technology.

Computational cameras are allowed to have much more exiblemappings between spa-
tial plenoptic and pixel coordinates. For instance, camera with radial distortion are simple
types of computational cameras { geometric distortions co@ captured images in a way that

is recovered by resampling the image in post-processing. @Gwutational cameras can also
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capture di erent slices of the plenoptic function. Another simple type of computational
camera is a camera with a Bayer Iter. A Bayer lter spatially multiplexes color informa-
tion onto a single 2D sensor by applying a mapping that reordes plenoptic samples from a
3D wavelength-space volume to 2D spatial locations on a seas Recovering the 3D samples
is merely a matter of permuting the captured data.

An important point to make is that the plenoptic function is a purely radiometric quan-
tity, and is completely agnostic to the geometric properties of the world. Information about
spatial relationships is embedded within di erent radiometric features such as texture and
color. The plenoptic function does not contain any explicitinformation about 3D spatial re-
lationships. All cameras projectively map 3D scene coordiates to two or fewer dimensions.
Projective geometry causes information about the distanceof objects from the camera to
be lost. As a result, spatial relationships in a conventionhimage can only be measured
accurately in two or fewer dimensions. Three dimensional sgtial relationships can only be
recovered from the plenoptic function computationally by using triangulation techniques
that inherently take advantage of both angular and spatial plenoptic coordinates. For in-
stance, stereo and depth-from-defocus (DFD) methods denkesample angular coordinates
together with two or more spatial samples (i.e. translating or changing the size of the lens

aperture).

1.2.1 Signal Models and Image Formation

We come back to a discussion about what information contentm the scene is most valuable.
Formally, we can de ne a representation basisfor the class of input signals that we will be
imaging. The representation basis is de ned by a set oN representation functionsr; (p),

each of which is a di erent slice of the plenoptic function. An input signal f (p) can be

represented by a discrete set oN coe cients in this basis:

X
fp)= fjrj(p): (1.6)
j
We often refer to the N representation coe cients f; collectively as the signalf, sincef (p)

can be recovered directly from these coe cients using Equabn 1.6, and we note thatN
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may be countable or in nite. Note Equation 1.6 allows us to write the image formation
equation as a linear equation relating the vector ofN signal coe cients f to the vector of

M samplesg

g= ?f; 1.7)

Hi = rj(p)si(p)dp: (1.8)

P
H is the system transfer matrix, and its conditioning tells us how well we can estimate the
unknown signal when using a given sampling method. The uncgginty in the estimation is
determined by the assumptions we make about the signal and th algorithm used to invert
Equation 1.7.

As an example, consider the representation basis for the saif band-limited signals.

Band-limited signals can be represented using a sinc basig(p) = sinc(p | p), where
p is the sample spacing. When the delta sampling basisj(p) = (p | p) is used, the
sampling and representation basis are orthogonal andis;(p); rj(p)i = . Then H is the

identity matrix, and Equation 1.7 does not need to be inverted. This is just another way
of stating the Nyquist theorem: band-limited signals can berecovered directly from delta
sampled measurements.

The representation basis may make more general assumptiorabout the set of input
signals. Whenever possible, we will choose the sampling daso that it is orthogonal to the
representation basis. For instance, we can choose the sanmy basis to be the same as the
representation basis, which allows us to sample features iictly. However, for conventional
cameras, we do not have much exibility in choosing our samphg basis, so we are limited in
terms of what features we can measure directly. This is a cleaadvantage of computational
imaging techniques { it allows us to consider a more generalapresentation basis, and choose
a sampling basis that is tailored for the capture of speci c gatures.

In some cases, we may have prior information about the statiscs of the unknown
signal f that can be used to reduce uncertainty in the measurement proess. For instance,
the Fourier coe cients of images are known to decay followirg a 1=! law when averaged

across a large set of natural image§Weiss and Freeman, 200]{Srivastava et al., 2003.
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When the Fourier coe cients of a measured signal deviate fran this aggregate behavior,

we may choose to attribute it to uncertainty in the measurement process. We can modify
our estimation algorithm to take into account this prior kno wledge and use it to achieve
an improved estimate for the unknown signalf. The danger in this approach is that the

observed deviation may have been the result of detecting anremalous signal. Nevertheless,
this approach will, on average, reduce the uncertainty overa large set of measurements. We
use priors on the Fourier coe cients of natural images to evduate the performance of the

computational imaging techniques introduced in Chapters 2 3, and 4.

Throughout this thesis, we assume that the number of plenoptt samplesM is equal
to the number of unknown representation coe cients N. Then image formation for a
computational imaging system can be written as a fully detemined system of equations.
If the conditioning of the system is su cient, the unknowns can be recovered via linear
inversion. Under certain conditions, it is feasible to sole the system of equations when the
number of unknown signal coe cients is larger than the numbe of measurements. Such
an imaging system is referred to as compressive because thigrsal is more compact in the
measurement basis than it is when measured directly. This tpic will not be treated in this
thesis, except for brief discussions in Chapters 5 and 6.

We also mention that in certain cases the captured images mawyot be intended for
human consumption. In this case it may not be necessary to dede images at all, and
algorithms can be developed to deal with encoded images dicdy. It is even possible to
design the imaging system so that it is tailored to work e cie ntly with a speci ¢ algorithm.
This can be useful if, for instance, the algorithm inherenty transforms the data to some
embedded lower dimensional space. Then the number of sampleused directly by the
algorithm may be less than the number of samples captured byhe imaging system. In
this case, the most e cient sampling scheme will make measuwements directly in the lower
dimensional space. This strategy will maximize the samplig e ciency, so that all captured
information can be used directly by the algorithm. This technique is sometimes called \task-
speci ¢" imaging because the imaging system is closely codgd with the computational task
at hand. Task-speci c imaging systems have been developedif image classi cation tasks

such as face detection and recognitior{Nayar et al., 2006d[Nayar et al., 2004[Pal and
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Neifeld, 2003[Ashok et al., 2004. Most of this thesis deals with images that are intended

for human consumption, but task-speci ¢ imaging is discused again in Chapter 6.

1.3 Functionality, Resolution, and Blur

We have broadly de ned functionality as the ability to exib ly sample the radiometric and
geometric properties of a scene. An important aspect of sanlimg is the resolution that
we can sample at. For conventional imaging, choosing the sapting resolution amounts to
choosing the size of the support of the sampling basis. We typally want to sample at as
high resolution as possible, which would indicate that we wat to choose small support.
However, the choice of sampling resolution has a large impaon the amount of image blur
exhibited by the imaging system.

Image blur is a result of coupling between plenoptic coordiates in the representation
basis. For instance, suppose we know that objects are movingt a speed ofs in direction

and we can write our representation basis as

] x st t

— X .
P)=u = u (1.9)

where we consider only a 2D space-time volume for simplicitylf we use the sampling basis

from Equation 1.4, the transfer matrix H becomes

Z 1 . .
Hij = u u u u dx (110)
1 X X+ s t

If the exposure duration t is small enough so thats t < X, the transfer matrix
H becomes the identity matrix. However, if the exposure duraton is larger, the matrix
becomes a banded diagonal matrix. This matrix will be ill-canditioned, so that the signal
cannot be recovered without the aid of prior information. Even with the aid of prior
information, the conditioning may still be poor enough to result in a large amount of
uncertainty in the recovered signal. Thus, we are left with wo possible ways to ensure a
robust signal measurement: either ensure that t is small enough, or choose a sampling

basis that ensures the system transfer matrixH is well conditioned. This thesis focuses



CHAPTER 1. INTRODUCTION 12

extensively on this problem. In Chapters 2, 3, and 4, we focusn the choice of sampling
basis that results in a well-conditioned transfer matrix.

In Equation 1.9, there is a coupling between angular and tempral coordinates that
resulted in the transfer matrix H being a blur matrix. The blur is caused by the motion of
objects in the scene. We see the same type of coupling betweangular and spatial coor-
dinates for defocus blur. Then the blur is the result of objets spanning a range of depths.
This type of blur is discussed in Chapters 2 and 3. We also see@upling between angular
and spatial coordinates when lenses exhibit geometric abeations, which is discussed in

Chapters 3 and 4.

1.3.1 Shift Invariant Blur and Convolution

Equation 1.7 is a general expression for the image formatiof any computational tech-
nique. We have left ourselves open to the possibility that on sampling scheme is arbitrarily
complex, and as a result, we must consider a system transfer atrix must have a general
form. However, in many cases, the sampling scheme takes a s form that allows us to
rewrite the image formation equation in simpler terms.

In the previous section, we discussed scenarios when the s transfer matrix is banded
diagonal. This type of blur is unique because it is shift invaiant: the amount of blur is
identical for each pixel. Shift invariant blur leads to a special relationship between the
measured imageg and the input signal f. The vector of measured valuegy are samples of an
underlying continuous energy distribution that is incident on the sensorg(x;y). When the
blur is shift invariant, we can relate the input signal to the blurred signal in the continuous

domain

Z, 2,

g(x;y) = f (y)h(x® xy® y)dxdy (1.11)
1 1

Equation 1.11 is a convolution between a shift invariant blu function and the input
N
signal, sometimes written asg(x;y) = h(x;y) f(x;y). The function h(x;y) is referred to
as the Point Spread Function (PSF) of the imaging system. If hie input image is a single

point, the blurred image will be equal to a shifted version ofthe PSF.
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Convolution has the unique property that it can be represened compactly by rst
performing a transformation on the functions g, h, andf . We de ne the functions G(! ;! y),
H(! x;!y), and F(! x;!y) as the Fourier transform of the functions g, h, and f , respectively.
The coordinates ( ;! y) are spatial frequency coordinates. In the Fourier domainEquation

1.11 can be written as a multiplication.

G(!x;!'y)= F(lx;ly) H(x:ty) (1.12)

The function H is referred to the Optical Transfer Function (OTF), and its m odulus
is referred to as the Modulation Transfer Function (MTF). Th e OTF and MTF indicates
the amount that di erent frequencies are suppressed by the inaging system. For imaging
systems,H is usually a low-pass Iter. Note that Equation 1.12 gives a smple way to solve

for the unknown signal f (x;y). The Fourier transform of the signal can be found as

G(!x;!y).
H(!x;!y)’

and then an inverse Fourier transform can be applied to recaer the signal. This process

F('x;!y)= (1.13)

is referred to as deblurring the captured imageg(x;y). The process of deblurring is compli-
cated by two factors. The rst is the possibility of zero values in the OTF that will result
in incorrect values calculated in Equation 4.19. The seconadtomplication is the presence of
noise in the imaging system, which prevents the imagé (x; y) from being calculated exactly.
In this case, Equation 4.19 will not give the best estimate, ad other deblurring techniques
should be used instead.

Chapters 2 and 3 analyze the shift invariant blur caused by déocus. Chapter 4 analyzes
shift invariant blur caused by geometric aberrations. Di erent techniques for deblurring
images are used throughout this thesis. In some cases, we dabimages directly using
Equation 4.19. In other cases, deblurring is done assumingome structure in the Fourier
transform of the signal F(! x;!y), as discussed in Section 1.2.1. In other cases, dierent
assumptions are made about the signal to assists in robust esiation of the unknown image.

In Chapter 5, we return to the form of generalized multiplexing expressed by Equation 1.7,
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and we analyze the performance of both general and shift inv@ant transfer functions within

a uni ed framework.

1.4 Tradeo s in Imaging

According to the computational imaging paradigm, we jointly consider the optics and sensor
as an information channel that transmits information about the plenoptic function. There
are physical limitations on this channel that prevent us from achieving an arbitrarily high
information capacity. We seek to capture some information &#out the plenoptic function,
be it angular, spatial, wavelength, or temporal information, but we are limited in how we
can capture this information. We are forced to make tradeo s in how we capture data.
This thesis discusses ve main areas where we are forced to ketrade-o s when designing
computational imaging systems: plenoptic resolution, e ciency vs. functionality, best case

VS. average case performance, resolution vs. scale, and figmance vs. complexity.

1.4.1 Plenoptic Resolution

Digital imaging sensors are highly parallel sensing mechasms. They can sample light
energy at millions of di erent spatial locations within a fra ction of a section. Each sample is
converted to a digital number with a xed amount of precision. Ultimately the information
capacity of the sensor is determined by the number of bits/seond that can be shued
around and passed on for further digital processing. Becawsour sensors have a limited
bandwidth, we have a xed number of samples that we can distrbute among plenoptic
coordinates, and a xed amount of dynamic range that we can reresent each sample with.
So there is a trade-o in sampling resolution between spacetime, and so on. The same
trade-o exists between sampling resolution and dynamic range.

Ultimately we need to map our plenoptic samples to spatio-tenporal information cap-
tured by a 2D sensor (see Figure 1.4). Methods can be dividedto techniques that employ
spatial multiplexing to capture all the information in a sin gle frame, and methods that
employ temporal multiplexing and therefore require multi-frame capture. Examples of the

former include the use of Bayer lters, assorted pixels for Hgh Dynamic Range (HDR)
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Figure 1.4: One of the main tradeo s faced in imaging. Becauseur sensor has a limited
bandwidth, we have a xed number of samples that we can distrbute among plenoptic
coordinates. So there is a tradeo in sampling resolution béveen space, time, angle and

wavelength.

[Nayar and Mitsunaga, 200Q and multispectral imaging [Narasimhan and Nayar, 2003,
light eld capture [Adelson and Wang, 1992 [Ng et al., 2005 [Veeraraghavanet al., 2007
[Lanman et al., 2004, and compressive video capturdHitomi et al., 2011 [Reddy et al.,
2011. Examples of the latter include sequential HDR capture[Debevec and Malik, 1997
[Hasino et al., 201d, panoramic cameras[Wilburn et al., 2009 [Nomura et al., 2007,
superresolution[Ben-Ezra et al., 2004 [Ben-Ezraet al., 2004, sequential multispectral cap-
ture [Chakrabarti and Zickler, 2011] [Berns et al., 2009, and time-multiplexed light eld
capture [Liang et al., 2009.

1.4.2 E ciency vs. Functionality

Conventional cameras typically decrease in functionalityas they increase in e ciency. For
instance, smaller pixels sample at higher spatial resolutin, but collect less light. Narrow
bandwidth wavelength Iters sample at higher spectral resdution, but are less e cient
as a result. Some computational imaging techniques aim to icrease resolution without
sacri cing e ciency. For instance, superresolution techniques recover images with small
pixels from images captured with larger pixels[Ben-Ezra et al., 2004 [Ben-Ezra et al.,

2004. Hadamard spectroscopy recovers narrow band spectral sartgs from a set of highly
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Figure 1.5: The tradeo between optical e ciency and functi onality for large DOF cam-
eras. Conventional cameras decrease in DOF as they increasee ciency. Computational
technigues to extend DOF, such as Spectral Focal Sweep (seeh@pter 3) and Di usion

Coding (see Chapter 2) increase e ciency without sacri cing DOF.

e cient spectral Ilters [Harwit and Sloane, 1979 [Hanley et al., 1999.

We see the same tradeo between functionality and e ciency when dealing with image
blur. For a conventional imaging system, defocus causes biuhat is depth dependent. The
range of depths that produce defocus blur smaller than a pixeis referred to as the Depth
Of Field (DOF) of an imaging system. Defocus blur increases #h increasing aperture
size, causing a decrease in DOF. In other words, conventioh@ameras lie on a curve in an
E ciency vs. DOF trade-o space, as seen in Figure 1.5). The Di usion Coding technique
introduced in Chapter 2 and the Spectral Focal Sweep technige introduced in Chapter 3
are examples of Extended DOF (EDOF) techniques. EDOF technjues use computations
to simultaneously achieve high e ciency and a large DOF.

We see a similar trade-o0 between e ciency and resolution in cameras that use lenses
with signi cant geometric aberrations (In fact, we can thin k of defocus blur as a specic

type of geometric aberration). All aberrations produce blur that depends on the size of the
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Figure 1.6: The tradeo between optical e ciency and functi onality for high resolution
cameras. The resolution of conventional cameras which exhit geometric aberrations de-
crease as e ciency increases. The Gigapixel ComputationaCamera introduced in Chapter

3 increases e ciency without sacri cing resolution.

aperture. The size of the blur limits the resolution of images created by the lens. We can
always decrease the size of the blur, and hence increase riegion, by decreasing our aper-
ture size. However, decreasing our aperture size decreagbge amount of light collected by

the camera. The gigapixel camera introduced in Chapter 4 usea computational approach
to remove blur, and consequently is able to maintain high e ciency at high resolutions (see

Figure 1.6).

1.4.3 Best vs. Average Performance

Often we are faced with a dilemma where we want to optimize thgerformance over a given
domain, but there are some constraints that do not allow us tosimultaneously maximize
average and best case performance. The dilemma is that one erhand, we want perfor-
mance to be as large as possible, but we want to ensure that prmance does not vary
signi cantly over the domain. We are forced to make a tradeo between best case and

average performance. This is the case for the EDOF technigeintroduced in Chapters 2
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Figure 1.7. EDOF cameras sacri ce best case performance faverage case performance.

The performance is measured as the MTF of the camera system asfunction of depth.

and 3, where the domain of interest is the range of object depis in the scene.

Here, we measure performance in terms of the MTF of the imagig system, which relates
directly to the performance of the computational technique For a conventional camera, the
MTF reaches the ideal maximum when objects are located in thdfocal plane. However,
the MTF decreases rapidly when objects are located away fronthe focal plane. A large
variation in the MTF as a function of depth translates to a poor average performance. For
an EDOF camera, the MTF does not reach the ideal maximum when bjects are located at
the focal plane, but the MTF remains constant at other depths, and the average performance
is improved (see Figure 1.7).

Ideally we would like the best and average performance to behe same. Then, we
could achieve the same performance for an EDOF system as for @mera at best focus.
Ultimately, we are forced to make a trade-o due to physical mnstraints in the imaging
system. This means that we cannot create an EDOF camera withle same performance as
a conventional camera at best focus { we have to sacri ce bestase performance to improve

average performance.

This EDOF example demonstrates the trade-o between creatng an MTF that is both
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Figure 1.8: Resolution scales rapidly with camera size fordieal diraction limited lenses.
However, in practice, resolution reaches a plateau due to genetric aberrations. The Gi-
gapixel Computational Camera introduced in Chapter 3 breals the aberration limit so
that resolution continues to increase with camera size, dgste the presence of geometric

aberrations.

maximal and invariant to depth. This example relates to the problem of removing defocus
blur, but we see the same trade-o for systems that exhibit mdion blur. An EDOF camera
is designed to create a depth independent blur that can be rewved computationally. Mo-
tion invariant cameras create motion invariant blur that can be removed computationally.
Chapter 5 discusses performance limits for computational ameras that are invariant to

blur.

1.4.4 Resolution vs. Scale

The resolution of a camera system depends on both the amountf dlur caused by the optics,
and the size of pixels in the sensor. Since the optical resdion is the limiting factor, it
usually makes little sense to use pixel sizes greater than thoptical blur. The total number
of resolvable points of the camera then becomes the opticalllx size divided by the size of

our sensor. We can usually resolve more points when we unifally scale up our camera, so
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Figure 1.9: Performance vs. Complexity for the Spectral Foal Sweep camera (see Chapter
3). A conventional camera achieves higher performance thathe Spectral Focal Sweep

camera, but at the cost of a signi cant increase in complexiy.

that the sensor size increases and the FOV and F/# remain xed.

In the ideal case, blur is only caused by di raction from the lens aperture, is independent
of scale, and resolution scales rapidly with camera size (sd-igure 1.8). However, in practice,
lenses exhibit geometric aberrations that determine the klr size of the lens. When a lens
exhibits geometric aberrations, these aberrations begind dominate di raction as the scale
increases, causing resolution to reach a plateau. The Gigael Computational Camera
introduced in Chapter 3 breaks the aberration limit so that resolution continues to increase

with camera size, despite the presence of geometric aberiahs.

1.4.5 Performance vs. Complexity

From a practical point of view, there are cost factors in building a camera, for instance the
size and weight, the power consumption, the number of lenseand so on. There is a tradeo
between the performance we can achieve and the cost we are i to accept. For instance,
in Chapter 3, we intentionally use a lens which exhibits chranatic aberrations to extend

DOF. Because the lens is uncorrected, it is much less complgkan a conventional lens (see
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Figure 1.10: The performance of computational cameras wittspherical optics as a function
of lens complexity. As the complexity increases from left toright, more spherical shells are

used in the lens, and the performance increases.

Figure 1.9). The DOF is increased with the uncorrected lensbut the best case performance
decreases as a result, as discussed in Section 1.4.3. In tlise, we see only a relatively
small decrease in performance resulting from a relativelydrge decrease in complexity. The
loss in performance may be acceptable if the cost in manufagting lenses with increased
complexity is signi cant.

We also see a trade-o between performance and complexity irChapter 4, where we
discuss the performance of computational cameras with sphigal optics. Figure 1.10 shows
that, as the complexity of spherical lenses increases fronett to right, the performance of
the computational camera increases. However, the increase performance is sub-linear, so
there is less performance bene t with increasing complexit. Depending on manufacturing,
tolerancing and alignment considerations, the small perfanance advantage o ered by lenses

with large complexity may not warrant the dramatic increase in cost.
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function that is an identity matrix.

1.5 Performance Limits for Computational Imaging

In Section 1.3, we discussed how computational cameras cape images encoded by the
system transfer matrix, and how image blur can be removed bynverting Equation 1.7, or
in the case of shift-invariant blur, Equation 4.19. Computational cameras allow blur to be
removed, and at the same time maintain high optical e ciency. However, we can always
remove blur by using a conventional camera that is less optial e ciency (i.e. we can reduce
exposure time for motion blur, or reduce aperture size for d@cus blur). Therefore, when
we evaluating the performance of a computational camera, waeed to compare against the
performance of a conventional camera.

As an example, consider the problem of defocus blur. A pinha camera exhibits no
defocus blur, and thus the system transfer function is an idaetity matrix (see Figure 1.11).
A pinhole camera is extremely ine cient because it has a verysmall aperture through which
light is allowed to pass before hitting the sensor. The lessmiically e cient the imaging
system, the weaker the signal that is captured by the sensorBecause we want our signal
to be as strong as possible, we may consider opening up our apge to collect more light.
However, defocus causes a coupling between spatial and adgucoordinates that results in
a transfer matrix that is banded diagonal (see Figure 1.12).

The system transfer matrix is no longer an identity matrix, and there is no longer a

one-to-one mapping between sample and signal coe cients. & are left with two choices.
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Figure 1.12: Increasing the aperture size increases the eiency, but it also produces defocus

blur that results in a poorly conditioned system transfer matrix.

We remain in the conventional imaging paradigm by changing b a lower resolution signal
representation. Then the mapping becomes one-to-one, butus resolution has decreased.
Alternatively, we can stick with the same signal representdion and adopt a computational
approach. We can estimate the signal by inverting Equation 17. However, in this case,
the system transfer matrix is ill-conditioned, and therefore the unknown signalf cannot be
estimated from the plenoptic samplesg without the use of prior information.

All is not lost, however, because we have the exibility of cloosing a new sampling
strategy. For instance, we can \code" the aperture using a tansparency pattern (see Figure
1.13). Depending on the choice of aperture pattern, this samling strategy can produce a
transfer matrix with much better conditioning [Levin et al., 2007[Veeraraghavan et al.,
2007[Zhou and Nayar, 2009.

Both the pinhole camera and the coded aperture camera can poduce an image that
is free of blur, however, the coded aperture camera capturean image with much greater
optical e ciency. We have a vague sense that greater opticale ciency is desirable because it
increases the signal strength of captured images, but we #thaven't determined concretely
which technique produces better performance: the pinholerocoded aperture camera. There
are two determining factors in evaluating performance: theconditioning of the transfer
matrix and the noise model. When we code the the aperture, wenicrease the conditioning
of the transfer matrix so that blur can be removed without saai cing optical e ciency.

However, depending on the noise model, an increase in e ciesy may actually increase the
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Figure 1.13: By placing a transparency pattern in the apertue of the lens, we can improve

the conditioning of the transfer matrix without a signi can t sacri ce in e ciency.

noise level as well as increasing the signal strength. So weeed to be more speci ¢ about
the the noise model before we can make any concrete statemanabout the performance of
computational cameras. In Chapter 5, we introduce a detaild noise model, and we derive
bounds on the maximum performance advantage that a computabnal camera can have
over a conventional camera. The results are somewhat surging { we will see that an

increase in optical e ciency does not always produce the bost in performance that might

be expected, and that there are some concrete limits on the pformance we can get out of

computational cameras.
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Chapter 2

Di usion Coding

2.1 Introduction

In Chapter 1 we discussed the trade-o between e ciency and Depth Of Field (DOF).
The amount of defocus blur depends on the aperture size and #thdistance from the focal
plane. To decrease defocus blur and increase DOF, the aperm size must be decreased,
reducing the signal strength of the recorded image as well. élvever, stopping down the lens
aperture is not always an option, especially in low light corditions, because it it decreases
the Signal-to-Noise Ratio (SNR) and corrupts the signal.

The fundamental problem with increasing the DOF of conventional cameras is that
defocus blur is depth dependent. If the depths of objects inhie scene are known, it is possible
to remove the blur computationally. However, high precisian depth estimation is error prone,
and di cult (if not impossible) without the aid of additiona | hardware, such as that used in
structured light or laser scanning systems. We are interestd in simultaneously maximizing
performance averaged over depth, and producing depth-inw@ant blur, so that we can deblur
captured images without knowing depth ahead of time. The cosof maximizing average
performance however, is that we must sacri ce best case pafmance.

Two well-studied techniques that produce a depth-invariart Point Spread Function
(PSF) are wavefront coding [E. R. Dowski and Cathey, 1999, which uses a cubic phase
plate, and focal sweepNagaharaet al., 2009 [Hausler, 1977, where either the object, sen-

sor position, or lens focus setting is mechanically varied gring exposure. Recently, Baek
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compared the degree of depth-invariance of these two techgiles, and observed that fo-
cal sweep gives a near-optimal tradeo between Modulation Tansfer Function (MTF) and
depth-invariance at all frequencies[Baek, 2010, while wavefront coding is only guaranteed
to be optimal at a single frequency.

Typically, when deblurring a noisy image, a larger magnituce MTF will result in less
deblurring reconstruction error. However, this is only the case if the PSF is completely
depth-invariant. This consideration is of utmost importance in the context of Extended
Depth Of Field (EDOF) cameras because, in practice, it is ony possible to produce a PSF
that is approximately depth-invariant, and the amount of variation determines the severity
of the artifacts that are introduced in the deblurring process.

In this chapter, we introduce a new di usion coding camera tha produces near identical
performance to focal sweep, but without the need for moving prts. This is achieved by
using optical diusers placed in the pupil plane, which scatter light in such a way as to
produce a depth-invariantblurred image. This image can th& be deblurred to create an
EDOF image, just like the focal sweep cameras offlNagaharaet al., 2009 [Hausler, 1974,
but with without the need for moving parts. Like phase-plates, di users have the advantage
of being almost completely non-absorptive, and thus do not acri ce signal intensity. We
coin the term di usion coding to mean a camera with a di user placed in the pupil plane.
We characterize diusers as kernels that operate on a 4D light eld propagating from a
camera lens to sensor. As a result, we are able to obtain an alydical solution for the PSF
of our di usion coded camera, which is given in Section 2.4.

Levin et al. show that wavefront coding produces better resilis than focal sweep if
variation in the PSF is not taken into account [Levin et al., 2009. As can be seen from
Figure 2.1, wavefront coding recovers more detail than othemethods for objects at the focal
plane when the correct PSF is used for deblurring. However, he method also introduces
noticeable artifacts for objects at di erent depths becausethe PSF varies signi cantly with
depth. To measure the degree of depth-invariance of a camerave compute the deblurring
reconstruction error for objects at di erent depths. The result is shown in Figure 2.2, where
a atter curve signi es more similarity between PSFs at di er ent depths. We note that the

focal sweep camera produces a PSF that is more depth-invama than wavefront coding,
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Figure 2.1: Simulated image performance for three EDOF cantas. An IEEE resolution
chart is placed at di erent depths. The aperture size A and defocus slope in light eld space
sp are chosen so that the maximum defocus blur diameter is 100 pels. The center PSF
is used for deblurring, producing the images shown in (b). Gbse-ups in (c) show that the
sharpest image is produced by wavefront coding at the centedepth (spA = 0). However,
wavefront coding produces signi cant deblurring artifacts for defocus values as small as
spA = 33 pixels, while di usion coding produces near identical results for the entire depth

range.

and furthermore that our di usion coded camera produces nearidentical results to that of
focal sweep. The comparison of EDOF Cameras is discussed faer in Section 2.5.

We focus our attention on the use of di users with prede ned sattering properties,
and do not address the task of diuser design. Much work has bagdone in recent years
to develop custom di users with tailored scattering pro les. These di users are frequently
used in lighting and display applications to produce unifom illumination or arbitrary beam
shaping. The popularity of these di users has also led to muchinnovation in replication

techniques, so that today several companies sell o -the-shiedi users reproduced onto plas-
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tic sheets up to 36" wide [Luminit, 2011] [RPC, 2011]. In Section 2.6, we introduce our
implementation of a di usion coded camera using a custom di user manufactured by RPC
Photonics [RPC, 2011. We conclude with examples of EDOF images taken with our im-

plementation in Section 2.7.

2.2 Related Work

Optical di users and other random surfaces have been used tossist in a variety of imag-
ing tasks, including super-resolution[Ashok and Neifeld, 2003[Ashok and Neifeld, 2007,
lenseless imagingFreeman et al., 2004, and extended DOF [Garca-Guerrero et al., 2007.
In this work, we focus on the task of using di users to extend DCF.

Several radially symmetric phase masks have been introdudeto extend DOF [Chi and
George, 200} [Ojeda-Castanedaet al., 2009[Garca-Guerrero et al., 2007. The work most
similar to ours is by Garcia-Guerrero et al., who also use a rdially symmetric di user. To
design their di user, the authors take a completely di erent approach than the technique
described in Section 2.6. They derive a random surface thatroaverage produces a PSF

whose value at the center is constant over a large depth rangevhile we derive a di user

Deblurring Error at Different Depths
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Figure 2.2: The deblurring error (based on simulations in Setion 2.5) as a function of depth
for three EDOF cameras. A atter curve denotes less PSF variéion. The di usion coding

curves are very similar to that of focal sweep.
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whose entire PSF is approximately depth-invariant. The Garcia-Guerrero di user consists
of annular sections of quadratic surfaces, where the widthfathe annulus decreases quadrat-
ically with distance from the optical axis. This design requres the feature size to decrease
from the center to the edge of the di user. The minimum feature size is limited by the fab-
rication technology that is used to make the di user. In Section 2.6 we consider the use of
laser machining technology that has a minimum spot size on tke order of 10 m. The result
is that the performance of one instance of the Garcia-Guerm® di user varies signi cantly
from the expected performance while the di user we introducein Section 2.6 performs very
close to the expected performance (see Figure 2.11). This drence is discussed further in
Section 2.6.

Wavefront coding was introduced by Dowski and Cathey[E. R. Dowski and Cathey,
1994, who place a cubic phase plate (CPP) in the pupil plane of a camra system. Dowski
et al. show analytically that a camera with a cubic phase plae produces a PSF that
is approximately invariant to defocus. Although the CPP does produce a PSF that is
approximately depth-invariant, the PSF is not as invariant as the focal sweep camera or
our di usion coded camera (see Figures 2.1 and 2.2).

Focal sweep cameras produce a depth-invariant PSF by sweayj either the object[Hausler,
1977 or sensor[Nagaharaet al., 200§ along the optical axis during exposure. The PSFs for
these techniques preserves high frequencies because eablect is instantaneously in focus
at one point during exposure. Focal sweep techniques requdrthe use of moving parts and
introduce limitations on the minimum exposure time.

Levin et al. compare the performance of focal sweep and wawent coding cameras with-
out considering the e ect of depth-invariance [Levin et al., 2009. Hasino et al. analyzed
the SNR characteristics of both focal sweep and wavefront ating cameras when multiple
exposures with di erent focus settings are usedHasino et al., 2009, and Baek compared
the MTF and depth-invariance of focal sweep and wavefront cding cameras[Baek, 2014.

Other works exist in the vision community which recover an EDOF image after rst
estimating scene depth[Levin et al., 2007 [Levin et al., 2009 [Zhou and Nayar, 2009. The
guality of these techniques, however, is closely coupled tthe precision of depth estimation,

since each region in the image is deblurred using an estimadedefocus PSF.
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Figure 2.3: The geometry of an image point focused at a distace dy from the camera lens
aperture. A sensor is located a distancé, from the aperture. A ray at piercing the aperture

at location u intersects the sensor at locationx ~ sou. wheresg = %It

We use a light eld [Levoy and Hanrahan, 1996 parameterization to understand the
properties of imaging systems. Several researchers haveayrzed the image formation of
camera systems as projections of light elddNg, 2009[Veeraraghavanet al., 2007[Levin et
al., 2009. In addition, several authors have looked at light elds in the frequency domain,
including image formation and interactions between transnissive and re ective objects[Ng,

2004[Durand et al., 2009[Veeraraghavanet al., 2007.

2.3 Light Field Analysis

A light eld I(u;x) can be used to represent the 4D set of rays propagating fromraideal
lens with e ective focal length (EFL) f, to a sensor. The vectoru = (u;v) denotes the
coordinates on theu-v plane, which is coincident with the exit pupil of the lens. The vector
X = ( X;y) denotes the coordinates on thex-y plane that is coincident with the sensor. Note
that this is a slightly di erent convention than used by Levin et al., where the x-y plane is
de ned in object space[Levin et al., 2009. The irradiance g(x) observed on the sensor is

simply the light eld integrated over all ray angles:
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z
g(x) = I(u;x)du; (2.1)

where, | is the domain ofu. For a scene with smooth depth variation, locally, the captued
image g(x) can be modeled as a convolution between a depth-dependentSF kernel h(x)
and an all-in-focus imagek(x). The EDOF goal is to shape the camera PSF so that the
entire image f (x) can be recovered from the captured imageg(x) by deblurring with a
single PSF h(x). We analyze the depth-dependence of the camera PSF by comwl&ring
the image produced by a unit energy point source. Consider a @nt source whose image
comes to focus at a distancealy from the aperture of the lens (see Figure 2.3). Assuming a

rectangular aperture of width A, the light eld produced by this point is

1 u
I (u;x) = ﬁu A (x  sou); (2.2)
where so = 2.1 is the defocus slope in light eld space, andu is the multi-dimensional

box function

X
u — =
W

8
§ 1 ifjxij< %;8i

(2.3)
2

0 otherwise

The image of this point is the camera PSF at the depthdy, which is the familiar box

shaped PSF with defocus blur width spA:

1 X

h(X)= ——Uu —
(x) SCZ,A2u SoA

(2.4)

We now analyze the e ect of a general kernetl applied to a light eld [, which represents
the e ect of a di user placed in the aperture of a camera lens. Tte kernel produces a new

ltered light eld 1 from which we can derive the modi ed PSF h®
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Z Z

1Qu; x) = d(u; u® x; x91(u®x%Ydux® (2.5)
20 x0

h9%) = 1%u;x)du; (2.6)

u

where  is the domain ofx. This approach allows us to express a large class of operatis

applied to a light eld. For instance, consider a kernel of the form

x x9

w

d(u;u®x;x9 = % (u ulu (2.7

Note that here D takes the form of a separable convolution kernel with nite support
in the x domain. The geometric meaning of this kernel is illustratedin Figure 2.4. Each
ray in the light eld is blurred so that, instead of piercing t he sensor at a single location,
it contributes to a square of width w. In order to understand the e ect of the di user, we
compare an imageg(x) captured without the di user to an image gYx) captured with it.

For this di user kernel, substituting Equation 2.7 into Equa tions 2.5 and 2.6 gives:

1 X

h9qx) = v h(x); (2.8)

where denotes convolution. The modi ed PSF is simply the camera P blurred with a
box function. Therefore, the e ect of the di user is to blur the image that would be captured
were it not present. Introducing the di user given by the kernel in Equation 2.7 is clearly
not useful for extending depth of eld since it it does not increase depth independence or
preserve high frequencies in the camera PSF. We note that, igeneral, the kernel for any

di user that is placed in the aperture takes the form

diu;u®x;x9= (u u9k(u;x x9; (2.9)

wherek is called the scatter function. That is, the di user has no e ect in the u domain,
but has the e ect of a convolution in the x domain. For the di user given by Equation 2.7,

the scatter function is the 2D box function k(u;x) = % u .



CHAPTER 2. DIFFUSION CODING 34

_________

diffusion X XTI
(%)

Lens Sensor Kernel

Figure 2.4: For the di user de ned by the kernel in Equation 2.7, the di usion angle does
not vary across the aperture. Each ray is blurred so that it cavers an area on the sensor

determined by the the di user parameter w.
2.4 Radially Symmetric Light Fields

We now change from rectangular coordinatesy; v; x; y) to polar coordinates (; ;r; ) using
therelationsu= cos ,v= sin ,x=rcos ,andy = rsin . We consider a polar system
where ;r 2 (1 ;1)and ; 2 (0; ) and a circular aperture with diameter A. The light
eld representing a unit-energy point source located at disance dp in this new system can

be written as

oy 4 (r so).
I(,r)—ﬁu A T,

(2.10)
which is independent of both and because the source is isotropic. Note that verifying
unit-energy can be carried out trivially by integrating | (;r ) in polar coordinates (see
Section A.2). Comparing the parameterizations for the light eld of a point source in
Equations 2.2 and 2.10, we can see that a slice ¢f(x;u) represents a single ray, while a
slicel( ;r ) represents a 2D set of rays. In the radially symmetric paraneterization, a slice
of the light eld represents a conic surface connecting a ctle with radius in the aperture
plane to a circle of radiusr on the sensor (see Figure 2.5).

We now consider the e ect of a radially symmetric di user on the camera PSF. Some-

what surprisingly, a di user that is parameterized in these reduced 2D coordinates produces
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Figure 2.5: The geometry of a radially symmetric light eld u sing reduced coordinates. The
light eld consists of a point source focused a distancaly from the lens aperture. Because
the point source is on-axis and isotropic, the light eld can be represented as a 2D function
I(;r). A 2D slice of the light eld I(;r ) represents the set of rays traveling from a circle
with radius  in the aperture plane to a circle with radius r on the sensor. This set of rays

forms a conic surface.

a drastically di erent e ect than the di user given by Equation 2.7. When a radially sym-
metric di user is introduced, neither the di user nor the lens de ects rays tangentially, and
therefore we can represent the di user kernel and modi ed lidgit eld using the reduced

coordinates (;r ). Equations 2.5 and 2.6 then become

z 7

1%;ry= 2 d(; %rr9¢ %r)j 9d Gr9ar® (2.11)
Z r

A= 1) id; (2.12)

and the general form of the di user kernel becomes

(9K %)

R (213)

d(; %rr9=

We use the same box-shaped scattering function as we did fohé diuser kernel in

Equation 2.7:
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Figure 2.6: Simulated photographs taken of of a light eld |tered by the di user kernel in
Equation 2.14. The parameterw of the di user kernel is varied across the columns. The

rightmost gure shows a deblurred di usion coded image with a 10 increase in DOF.

1 r.
Su () (2.14)

k(r; )=

However, the physical interpretation of this diuser is drastically dierent than for the
previous di user. For the previous one, each ray in the light eld is scattered so that it
spreads across a square on the sensor. The e ect of the scatiteg function in Equation 2.14
is illustrated in Figure 2.7. In the absence of the di user, light from an annulus of width
d and radius in the aperture plane projects to an annulus of width dr and radius r
on the sensor. The e ect of the scatter function in Equation 214 is to spread the light
incident on the sensor so that it produces an annulus of widthw instead. We can also
consider the scattering from the perspective of a single rayas illustrated by the pink and
red volumes in Figure 2.7. In polar coordinates, a ray is a snlhannular section that travels
from the aperture plane to the sensor plane, illustrated by he red volume in Figure 2.7.
The pink volume illustrates the e ect of the di user, which is t o scatter a ray along a radial
line of width w. We note that a box-shaped scatter function is used here for otational
convenience, but we found that a Gaussian scattering functin is superior for extended DOF
imaging (see Figure 2.10(d)).

The light eld of a point source Itered by this di user kernel and PSF can be shown

to be (see Section A.3 for a complete derivation)
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Aperture Sensor Sensor
\"

Figure 2.7: The geometry of a radially symmetric di user. The di user scatters light only
in the radial direction, and has no e ect in the tangential dir ection. A thin annulus of light
is emitted from the aperture of width d and radius . In the absence of the di user, the
emitted light projects to an annulus on the sensor of widthdr and radius r. When the
di user is present, the width of the annulus on the sensor becmesw, the di user scatter

width.

oy 4 u(—>).

4 1 r r
h = ——— — — jrj 2.16
Q) s 3AZwjrj "W ) SoA It (2.16)

The analytic solution for the PSF is a piecewise function dueto the contribution from
the term in brackets, which is a convolution between the two ect functions (one weighted
by jrj). Note that as the scattering width w is reduced to zero, the rst rect (combined with
%) approaches a delta function and the result is the familiar pllbox shaped defocus PSF.
Also note that if a di erent scattering function is used, the rst rect is simply replaced with
the new function. However, the convolution term is far less gni cant than the J%J term,
whose e ect dominates, resulting in a PSF which is strongly deth-independent while still
maintaining a strong peak and preserving high frequencies.

The solution for the PSF may be interpreted in the following way. Please refer to
Figure 2.7. Suppose we have a pillbox defocus PSF, and we watw know how a small
annular region of width r and radius r will be a ected by the di user. Light incident on

this region emanates from an annulus in the aperture, and itsenergy will be proportional

to or equivalently r=sg. This explains the presence of thgrj multiplier within the term
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in brackets. The term in brackets states that the energy in the PSF annulus is spread
uniformly along radial lines of width w, as shown on the right hand side of Figure 2.7. The
jrlj term in Equation 2.16 can be attributed to the fact that the energy density becomes
larger for light that is scattered closer to the center of the PSF.

Figure 2.8 shows several PSF/MTF pairs for a camera with and \ithout the di user
given by Equation 2.16. The defocus blur diameterspA varies from 0 to 100 pixels. The
scatter function of Equation 2.14 is a Gaussian instead of a &x function, and the di user
parameter w (the variance of the gaussian) is chosen so thatv = 100 pixels. Note that
when the diuser is present, there is little variation with de pth for either the PSF or
MTF. Introducing the di user also eliminates the zero crossings in the MTF. For smaller

defocus values, the di user suppresses high frequencies ihég MTF. However, because the

sl All=101pixels sl Ali=1251pixels sl Ani=1501pixels sl All=11001pixels

— diffuser
— noldiffuser

j k
_ _ _
r r r r
(a)!'The!PSF!as!al!function!ofldepth
sl Ani=l01pixels sl All=1251pixels sl All=1501pixels sl All=1100!pixels
(0] 0 0 0
2 2 2 2
4 4 4 4
6 6 6 6

-1 -2/3 —1_/3 0 113 2831 -1 -2/3-1/3 0 1/3 2/3 1 -1 -2/3-1/3 0 1/3 2/3 1 -1 -2/3-1/3 0 1/3 2/3 1
Normalized!Frequency Normalized!Frequency Normalized!Frequency Normalized!Frequency

(b)!'The!MTF!as!alfunction!ofldepth!(log!scale)

Figure 2.8: PSF plots (top) and MTF (bottom) plots for a camer a with (red) and without
(green) the di user kernel de ned in Equation 2.14. The defoaus blur diameter spA is varied
across columns from 0 to 100 pixels, and the di user parametew = 100 pixels. Both the

PSF and MTF exhibit negligible variation when the di user is p resent.
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di user MTF does not vary signi cantly with depth, high frequ encies can be recovered via
deconvolution. Figure 2.6 shows a simulated light eld Itered by the radially symmetric
di user given by Equation 2.14. On the far right of the gure, w e show a high contrast,

extended depth of eld image that is recovered after deconviution is applied.

2.5 Comparison between EDOF Cameras

All EDOF cameras sacri ce MTF response at high frequenciesn order to achieve depth-
invariance. High frequencies in captured images are recoked via deconvolution, but this
process also ampli es sensor noise which degrades the reeosd image. In addition, any
variation in the PSF/MTF as a function of depth will result in deblurring artifacts due to a
mismatch between the actual PSF and the PSF used for deblurrig. The quality of an edof
camera can be represented by the deblurring reconstructioerror, which takes into account
the camera MTF, the degree of depth-invariance of the PSF/MTF, and sensor noise. To
calculate the deblurring error we compute the Mean Squared Eor (MSE) of deblurred
images. TheMSE is given by the L2 norm on the di erence between the ground truth
(focused) image and the captured image deblurred by a PSKy(x;y). The captured image

is the ground truth image f (x;y) blurred by a PSF hy(x;y) plus noise (x;y).

MSE(d)= (f(xy) he(xy)+ (xy)) hyt(xy) f(xy) 2. (2.17)

This measure takes into account the camera MTF, since it inaides the term (Xx;y)
hy L(x;y), which represents the ampli cation of sensor noise due to mall MTF values.
In addition, the measure takes into account the degree of ddp-invariance of the camera
PSF/MTF because it includes the term f (x;y) (f (x;y) hp(X;y)) hg(x;y) 1, which is
the di erence between a ground truth image and the same image lorred by one PSF and
then deblurred by another.

To evaluate the performance of an EDOF camera, we calculatehe deblurring error over
a range of depths. If an EDOF camera performs well, it will hae a small deblurring error
over all depths. For each camera, we calculated the camera HSat a variety of discrete

depths and used this as the blurring PSFhy(x;y). For the deblurring PSF hy(x;y), we used
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the camera PSF at the center of the depth range. In all simulaions, (x;y) was set to be
Gaussian white noise with standard deviation = :005. Since the deblurring error can vary
with f (x;y), we compute the value over a variety of natural images and t&e the average.
In Figure 2.2, we show the deblurring error for three EDOF mehods. Wavefront coding
achieves the minimum deblurring error for all cameras when tie defocus blur diameterspA
= 0 pixels. This is because the wavefront coding MTF is greate and therefore preserves
more information when deblurred with the correct PSF. Howeer, both di usion coding and
focal sweep produce a atter curve that results in less deblering error at all other depth
locations.

To demonstrate the performance of our EDOF method, we simulted a scene consisting
of an IEEE resolution chart. Simulated defocused images arehown in Figure 2.1(a), where
the maximum defocus blur diameter isspA = 100 pixels. We apply Wiener deconvolution
with the PSF at the center depth to obtain the EDOF images shown in (b). Close-ups
of the deblurring results are shown in (c). As expected, the lsarpest image is produced
by wavefront coding for the center depth. However, wavefroh coding produces signi cant
deblurring artifacts for defocus values as small aspA = 33 pixels, while di usion coding
produces near identical results for the entire depth range.

To generate the PSFs for Figures 2.1 and 2.2, we used the anaigal solution for the
di usion coding PSF from Equation 2.16. For the focal sweep canera, we numerically
integrated a sequence of defocus discs which, for the cent®&SF, represents a range of
defocus blur diameters from 0 to 120 pixels. We performed a muerical search to nd
the focal sweep range that produces a local minimum in averagdeblurring error for this
simulation. We used the raytracing engine in Zemax to numertally compute the wavefront
coding PSFs without the e ect of diraction. To generate the Ze max raytrace, a cubic
refractive surface was used such that the light eld integraion curve takes the form (x =
au?;y = av?). The optimal value for a was chosen to bea = S=(2A) [Levin et al., 2009,
where S is the maximum value of the defocus parametersy. Furthermore, we performed a
numerical search to verify that this a produces a local minimum in average deblurring error

for this simulation.
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2.6 Implementing the Di user

We consider di users of the \kinoform" type [Caul eld, 1971], where the scattering e ect is
caused entirely by roughness variations across a surfaceuh a di user can be considered
a random phase screen, and according to statistical opticdpr a camera with e ective focal
length f|, and center wavelength , the e ect of placing this screen in the aperture of the

camera results in the following PSF[Goodman, 198%:

hxy) 7 p . v(fil:fil): (2.18)

where  and  are the u and v derivatives of the phase shift induced by the surface, and
P ,;, is the joint probability of these derivatives. The result of Equation 2.18 is that we
can implement a di user simply by creating an optical elementwith thickness t(u; v), where
the gradient of this surface5 t(u;v) is sampled from a probability distribution which is also
our desired PSF. Intuitively, we can understand this equatbn as follows: h ,. , denotes
the fraction of the surface t(u;v) with slope ( y; ). For small angles, all incoming rays
incident on this fraction of the surface will be de ected at the same angle, since the slope
is constant over this region. Thus the quantity h ,. , also re ects the portion of light that

will be de ected by the slope ( x; vy).

u X X u X X
phase plate phase plate

= At(u) ~ 5(u — al) —A At(u) ~ p(¢y)

“e \“ “c \“ | P <{7)
- [

7] §(z — af) ]
7T * U]

\\\/’/“ ‘vr
Lens f Sensor PSF Lens f Sensor PSF

(@) A wedge with thickness t(u) = au (b) A randomly varying surface

Figure 2.9: A wedge can be thought of as a having a slope drawmdm a probability density
function which is a delta function. A diuser can be thought of as a phase plate with a
randomly varying thickness with a slope that is drawn from a more general probability

density function.
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Figure 2.10: An implementation of the di user de ned by the kernel in Equation 2.14. (a),
(b), and (c) show the radial pro le, height-map, and radial scatter function of the di user

surface, respectively. (d) shows the fabricated di user.
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Figure 2.11: The deblurring error as a function of depth for oth di usion coding and the

Garcia-Guerrero diuser. The dotted lines show the deblurring error for a single instance
of the diuser surface. The solid lines show the deblurring eror averaged over 100 real-
izations of the di user surfaces. A single instance of the di usion coding surface performs

signi cantly better than the Garcia-Guerrero di user.
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In fact, kinoform di users can be thought of as generalized plase plates, as shown in
Figure 2.9. In Figure 2.9(a), a wedge with thicknesst(u) = au is placed in the aperture
of a lens system. The e ect of the wedge is to shift the PSF awayrbm the optical axis.
The wedge can be thought of as a having a slope drawn from a pralpility function h( )
which is a delta function. The result of placing a wedge in thepupil plane of a camera is
to shift the PSF, which can be thought of as convolvingh( ) with the PSF. A kinoform
diuser has a randomly varying surface with a more general prdability distribution of
slopes (Figure 2.9(b)).

To implement the di user de ned in Equation 2.14, we follow th e procedure in [Sales,
2004, which simply implements a diuser surface as a sequence of quiratic elements
whose diameter and sag is drawn from a random distribution. e scatter function is
designed to be roughly Gaussian with 0.5mm variance (corrgending to w = 1mm in
Equation 2.16) as shown in Figure 2.10(c). To create a radidy symmetric di user, we
create a 1D random pro le and then apply a polar transformation to create the nal 2D
surface (see Figures 2.10(a) and 2.10(b)). The maximum helig of the surface is 3 m. The
di user was fabricated using a laser machining technology wich has a minimum spot size
of about 10 m. To ensure that each quadratic element was fabricated withhigh accuracy,
the minimum diameter of a single element was chosen to be 20@n, resulting in a di user
with 42 di erent annular sections. The diuser used in all our experiments is shown in
Figure 2.10(d), and was fabricated by RPC Photonics [RPC].

To compare the performance of our di user surface relative tothe analytic PSF from
Equation 2.16 derived using light eld analysis, we calculded PSFs for the di user surface
using wave optics, and used them to create a deblurring errocurve. The resulting curve
is shown as the dotted red line in Figure 2.11, and it is very abse to the light eld curve
shown in solid red.

We also used wave optics to compare the deblurring error forur di user and the di user
proposed by Garcia-Guerrero et al.[Garca-Guerrero et al., 2007. For a fair comparison,
we also restricted the feature size of the Garcia-Guerrero idiser to be 200 m. Since
this design requires features to reduce in size from the ceat to the edge of the di user,

only 21 annular sections could be made to t within a 22mm apeture. The results are



CHAPTER 2. DIFFUSION CODING 44

shown in Figure 2.11. The solid red and green lines show the Bkirring errors for the
di usion coding and Garcia-Guerrero di user, respectively, for PSFs that are averaged over
100 surface realizations. The two curves are very similar, bwever, a single realization of
the di usion coding surface performs much closer to the averge, as seen from the dotted
red and green lines. In short, given the imposed fabricatiorlimitations, di usion coding

signi cantly outperforms the Garcia-Guerrero di user.

2.7 Experimental Results

Figure 2.12 shows the PSFs produced when using the di user sk in Figure 2.10(d). The
PSFs closely resemble the shape predicted by Equation 2.1&as evident from the depth-
invariance shown in the gure. The PSFs are normalized to unf intensity by color channel.
The defocus range is chosen so that the normal lens PSF blur a@ineter ranges between 0
and 1 mm.

Figure 2.14 shows two images taken with a normal lens (Figur@.14(a) taken with /4.5
and Figure 2.14(b) taken with f/29) and two images (Figure 2.14(c) before deblurring, and
Figure 2.14(d) after deblurring) taken with the di user from Section 2.6. All images are
taken with a 50ms exposure time and the brightness in the f/29image is normalized. The
example shows that di usion coding does indeed give far supé@r results in comparison to
stopping down a lens. The deblurred image in Figure 2.14(d) x@ends depth of eld by
roughly a factor of six.

Figure 2.13 compares images taken with a normal lens to di usin coded images taken
with the di user from Section 2.6. The depth range of each scea is chosen so that the
normal lens PSF blur diameter ranges between 0 and 1 mm. Wit each gure, all images
have the same exposure time and aperture setting. In each gte, three images are taken
with the normal lens focusing on the background, middle, andforeground. These three
images are then compared to the di usion coded image(s). In &lexamples, the deblurred
di usion coded images exhibit a signi cant increase in DOF.

All images were captured with a Canon 450D sensor. To capturdi usion coded images,

the 22mm diameter di user from Figure 2.10(d) was inserted irto the aperture of a 50mm
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Figure 2.12: Measured PSFs for a 50mm f/1.8 lens without (top and with di usion coding

(bottom). Almost no variation is visible in the di usion codi ng PSF.

/1.8 Canon lens. Deblurring of all di usion coded images wasperformed using the BM3D
deblurring algorithm [Dabov et al., 2004. The BM3D deblurring algorithm enforces a
piecewise smoothness prior that suppresses the noise ametli by the deblurring process.
Note that, as discussed in Section 2.5, all EDOF cameras amify noise in the deblurring
process, and the amount of ampli cation can be measured by te deblurring error. The
result of using the BM3D algorithm is that while our deblurre d images do not look noisy in
comparison to images captured without the di user, some of tre ne details in the deblurred

images are not preserved.

2.8 Relating Diusion Coding and Focal Sweep

Equation 2.16 gives an analytic expression for the PSF prodeed by a di user with the
box-shaped scattering function de ned by Equation 2.14. InSection 2.7, we experimentally
veri ed that this type of diusion coding produces very simil ar results to focal sweep.
However, it is possible to show analytically that, for a certain type of scatter function, the
di usion coding produces exactly the same performance as fat sweep.

When we move the sensor to a distancal from the aperture plane, the sensor is no
longer located at the (x;y) plane, which is xed at a distance of f|. We de ne the light
eld slope of the sensor planes = (d f|)=d. The PSF for a point that comes to focus at

distance dy from the aperture plane is then
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4 4 r
(s s0)?AZ " (s spA

hs(r) = (2.19)

For a focal sweep camera that integrates over a range of ligheld slopess 2 [ S=2; S=2],

the PSF is given by

1 z S=2
hts () = S o hs(r)ds (2.20)
1482 4 r

S o G A2 5 soA (221)

In Appendix A, we show that, for a point source focused on the écal plane, this PSF can

be written as

4 1 4 r
hts(r) = =5 —

SA irj sA Y sa (2.22)

It possible to nd an analytic expression for the MTF of the fo cal sweep camera by taking
the Fourier transform of Equation 2.22. In radial symmetric coordinates, the MTF Hig (! )

is found using the Hankel transform

Z,
His(!r) =2 Jo('! rr)hts (r)rdr (2.23)
1
z 1 1 z S=2
=2 Jo(! ¢r)= hs(r)dsrdr; (2.24)
1 S s=

(2.25)

where J, is the k" order Bessel function of the rst kind. For point sources loated on the

focal plane, the focal sweep MTF becomes

Z o
17 5% 234( sAl
His(r) = g 52%ds: (2.26)
= =T
= 1F, f1=2g;f3=2;2g; 252p21 2 (2.27)

16
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where pFq is the Generalized Hypergeometric function[Slater, 1964. It is also possible
to derive a slightly more complicated expression for the foas sweep MTF without the
restriction that the point source be located on the focal plae.

We now return to a special form of di usion coding. We again corsider radially sym-
metric di users, but now we consider the case where the scattepro le varies as a function

of aperture coordinates

k(, )= =—u — (2.28)

The physical interpretation of this scatter function is that the amount of di usion increases
with distance away from the optical axis. After passing through the di user, the light eld

of a point source then becomes

4 u (55
O/ .p\ — - ii’.
I(;r) = A2u A 7Sjjjrj' (2.29)

and, as we show in Appendix A, the PSF is also given by the expssion in Equation 2.22.
Furthermore, it is possible to show that the PSF remains idettical even at all depths. This
means that a di user with the kernel given by Equation 2.28 will also have the same MTF
as a focal sweep camera, given by Equation 2.27, and theretialso have exactly the same
deblurring performance. Unfortunately, it is not entirely clear how to produce a di user
with the scatter function given in Equation 2.28, or, for that matter, and scatter function

that varies as a function of aperture coordinates.

2.9 Discussion

The di usion coding technique introduced in this chapter is an attractive method for com-

putationally extending DOF. In Section 2.3, we showed how tomodel a di user as a kernel
applied to a light eld. We then used this notation to guide th e design of a depth-invariant
di user. The radially symmetric di user introduced in Sectio n 2.6 produces a PSF which

achieves a similar performance to a focal sweep camera, butitlvout the need for mechan-
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ical motion. Since focal sweep cameras achieve a near-optintradeo between MTF and
depth-invariance, the introduced di usion coded camera mus also be near optimal.

The fabricated di user introduced in Section 2.6 functions dose to what is predicted
by the theoretical analysis of Section 2.3. The example EDORmages captured using the
di usion coded camera demonstrated a signi cant extension h DOF. However, we have not
given a thorough treatment of the noise model in the analysif this chapter. We compared
the performance of di erent EDOF techniques in Section 2.5, lut the only performance
comparison between EDOF and conventional cameras (i.e. aspped down lens) was given
in Figure 2.14. In this example, the same camera sensitivitysetting was used for EDOF
and conventional cameras. This is a fair comparison when thesignal is very weak, but for
stronger signals, a more fair comparison would be to increasthe sensitivity for the less
e cient system. This will cause a change in the noise characeristics of the captured image.

This chapter began with the assumption that an increase in e ciency will lead to an
increase in performance. This is the case when the noise isgeal independent. Then
an EDOF technique will have a clear performance advantage @r a conventional camera.
However, noise is not always signal independent, and therefe the performance advantage
of an EDOF technique depends on the noise model used. In Chagt 5, we return to the
topic of performance comparison between EDOF and conventimal cameras. We introduce
a more complete noise model, and ask what conditions, if anywill preclude an EDOF

technigue from achieving a performance advantage over a cgantional camera.
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(b) Diffusion coded camera

Figure 2.13: Extending DOF with di usion coding. All images were taken with a 16ms
exposure time. (a) The top, middle, and bottom images were gatured using a a 50mm
/1.8 Canon lens focused on the background, middle, and foground, respectively. The
depth of eld is too narrow for all objects to be in focus simultaneously. (b) The di user
from Section 2.6 is inserted into the lens aperture and deblring is applied to recover the

EDOF image in (b). Di usion coding results in a roughly 10 increase in DOF.
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(b) Normal camera (f/29) (d) Diffusion coded camera (deblurred) (e) Close-ups

Figure 2.14: Noise comparison between a di usion coded camarand a normal camera. All
images were taken with a 20ms exposure time. (a) Image takenith a f/4.5 camera. The
DOF is too narrow for all objects to be in focus. (b) Image taken with the lens stopped
down to /29. All the objects are in focus but the noise is sign cantly increased. (c) Image
taken with the same settings as in (a), but with the di user fro m Section 2.6 inserted into
the lens aperture. All objects are in focus, but the image exlbits a slight haze. (d) Image
obtained by deblurring the one in (c). The image preserves siilar detail as in (b), but with

signi cantly less noise. (e) Close-ups of the images in (alp), and (d).
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focus at background focus on middle focus on foreground captured recovered
(a) Normal camera (b) Diffusion coded camera

Figure 2.15: Images of a scene consisting of several vasesdaerent depths shot with a
50mm /1.8 Canon lens. All images were taken with a 12ms expase time. (a) Images
focused on the background, middle, and foreground from lefto right. (b) Images captured
using the diuser from Section 2.6. The right column shows theresult after deblurring.

Close-ups at the bottom show that the recovered image signicantly increases DOF.
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(a) Normal camera (b) Diffusion coded camera

(Focused on background) (Focused on foreground) (Recovered)
(c) Close-ups from (a) (d) Close-ups from (b)

Figure 2.16: Images of a scene consisting of two statues at dient depths shot with a
50mm /1.8 Canon lens. All images were taken with a 10ms expase time. (a) Images are
focused on the background, middle, and foreground from lefto right. (b) Images captured
using the diuser from Section 2.6. The right image shows the esult after deblurring.

Close-ups at the bottom show that the recovered image signicantly increases DOF.
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Chapter 3

Spectral Focal Sweep

3.1 Introduction

In Chapter 2, we introduced an EDOF technique that computationally increases DOF by
placing a di user in the aperture of the lens. We have seen a nuimer of other techniques for
extending DOF, including the use of coded aperturegLevin et al., 20074[Zhou and Nayar,
2009, phase plates[E. R. Dowski and Cathey, 1993[Levin et al., 2009, or mechanical
motion [Nagaharaet al., 2009[Hausler, 1973. All the EDOF techniques discussed thus far
increase complexity. They require either more optical or mechanicalcomponents than a
conventional lens. This chapter approaches the problem ofxending DOF from another
perspective { by simplifying the imaging system (see Figure 3.2). The main idea is to take
advantage of the dispersive properties of refractive elenms to create depth-independent
blur. This has the advantage of reducing the number of constints placed on the camera
lens, so that a design with reduced complexity will su ce. The disadvantage is that color
imaging performance su ers.

Refractive materials such as glass and plastic bend light igs according to Snell's Law.
According to this law, the bending power of a refractive surfice is a function of the index
of refraction (IOR) of the material. Because the IOR is in turn a function of wavelength,
rays incident on a refractive surface are de ected di erent anounts according to their color.
This phenomena is known as chromatic dispersion. In lens d&m, chromatic dispersion

is considered undesirable because it results in lens abetians which reduce image quality.
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However, chromatic aberrations produce a very useful propy that can be exploited; a lens
with axial chromatic aberrations has a focal length that varies as a function of wavelength.
If such a lens is used with a black and white sensor, the imagmsystem can be thought of as
possessing a continuum of focal lengths simultaneously. Weall such a system a \Spectral
Focal Sweep" (SFS) camera because it uses chromatic aberians to create the same e ect
as existing focal sweep techniqueNagaharaet al., 200g9[Hausler, 1974 with one important
distinction: it can be used to extend DOF with no moving parts.

To design a SFS lens, we use an optimization that intentiondy maximizes axial chro-
matic aberrations while minimizing other aberrations. This approach can greatly simplify
lens design, reducing the cost and size of the design rela@vto a conventional lens de-
sign. We use this optimization to engineer a PSF which is not adelta function, but is
approximately invariant to depth and preserves image detdis over a large depth range.

For a SFS camera, the amount of focal sweep depends on the re®nce spectra of
objects being imaged. The more broadband an object's speaim, the wider the focal
sweep. Thus, to function correctly, the camera requires olgcts being imaged to possess
reasonably broad spectral re ectance distributions. Fortunately, the re ectance spectra of
most real-world objects is su ciently broadband [Parkkinen et al., 1989. We have observed
that the SFS camera can e ectively increase DOF for a wide varety of scenes (see Section
6, Figures 1, 8-11, and supplementary material). To furtherverify our claim that a SFS
camera works e ectively for most real-world spectra, we simiate the performance of our lens
using the Munsell color databasdof Joensuu Color Group, 2011in Section 5. The Munsell
database consists of 1250 spectrophotometer readings ofromon re ectance spectra.

It is interesting to note that the SFS camera bears some simdrity to NTSC and related
video compression techniques. These techniques exploit ¢hfact that the human visual
system relies much more heavily on luminance information tlan color. Before compression
is applied, images are rst transformed to a di erent color space such as YUV or NTSC.
After transformation, color channels in the image can be cormressed more aggressively
without signi cant perceptual degradation. The SFS camera can be thought to apply a
similar compression to an imagebefore acquisition. For this reason, the SFS camera can be

used to capture not only black and white images, but color imges as well. To deblur color
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]

(@) An image captured with a corrected lens

(8ms exposure)

L]

(b) An image captured with a SFS camera (8ms

exposure)

[ ]

(c) The image from Figure 3.1(b) after deblur-

ring

Figure 3.1: Comparison of the SFS camera with a corrected len The image shown in
Figure 3.1(a) was taken with a corrected lens. Images showmiFigures 3.1(b) and 3.1(c)
were taken with a SFS camera. Figure 3.1(c) demonstrates thaafter deblurring, more

detail is visible over a larger depth range when using the SF8amera.

images, we use an approximate method that produces resultshich are not exact but look

good (see Figures 10 and 11, and supplementary material).

3.2 Related Work

There a number of techniques for extending DOF by increasinghe complexity of the imag-
ing system. Examples include all-optical techniques suchsaapodization [Welford, 196d, or
the use of zone-platedOjeda-Castaneda and Berriel-Valdos, 1990and computer-generated

amplitude holograms [Rosen and Yariv, 1994. coded aperture techniques. Other examples
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Corrected Spectral Focal
Lens Sweep Lens

Figure 3.2: A comparison showing the relative sizes and contgxities of a Cosmicar 75mm
F/1.4 lens (left) and our F/4 SFS doublet lens (right). Our le ns is signi cantly lighter and

more compact. The corrected lens is stopped down to F/4 in allexperiments.

include the use of phase plates which produce PSFs that are gpoximately depth invariant
[Chi and George, 200][E. R. Dowski and Cathey, 1993. The focus sweep techniques pro-
duce a depth invariant PSF by sweeping either the sensor or glect along the optical axis
during exposure[Nagaharaet al., 2004[Hausler, 1974.

Other works exist in the vision community which recover an exended DOF image
after rst estimating scene depth [Levin et al., 2007[Levin et al., 2009[Zhou and Nayar,
2009. These techniques also increase complexity by introducinggither phase plates or
coded aperture patterns. Furthermore, the quality of thesetechniques is closely coupled
to the precision of depth estimation, since each region in th image is deblurred using an
estimated defocus PSF.

The work most similar in spirit to the SFS technique is by DxO Optics [Guichard et al.,
2009, which also proposes to extend DOF by exploiting axial chronatic aberrations. This
approach nds the color channel which is best focused and the transfers high frequency
information from this channel to the remaining color channds. The scene details recovered
using this technique are limited by the quality of the best focused channel. We show in the
next section that for a system with axial chromatic aberrations, even the best focused color
channel is blurred. This is because the spectra of real-watl materials and the spectral

response of color lters on the image sensor are broadband. W SFS technique, on the



CHAPTER 3. SPECTRAL FOCAL SWEEP 57

other hand, can be considered analogous to existing focal gep techniques. SFS imaging
creates an approximately depth-invariant PSF. By deconvoling the captured image with
the inverse of this PSF, an extended DOF image is recovered i details very close to what
can be acquired with a corrected lens. In short, the SFS techique is able to recover more

information (and hence DOF) than the frequency transfer mehod of DxO.

3.3 Theory

In this section, we describe the theoretical foundation forthe SFS camera. We rst consider
the imaging properties of a "thin' singlet (single element)refractive lens manufactured out
of glass with IOR n( ), aperture diameter A, and radii of curvature R; and R, respectively.

The focal length of this thin lens is [Smith, 1966

1 1

ferc ()=(n() 1) RTR, 3.1

The dependence of focal length on wavelength is a result of thdispersive property
of refractive materials, and this dependence, referred to @ chromatic focal shift or axial
chromatic aberration, is usually considered undesirablegee Figure 3.3). There are several
well-established strategies for reducing its e ect, e.g., § pairing two or more individual
elements made from materials with complementary dispersie properties [Geary, 2003.

A singlet is usually insu cient for imaging onto a sensor because it exhibits strong
spherical and eld-dependent aberrations. To combat this, more elements are usually in-
troduced to increase the degrees-of-freedom in the lens dgs optimization. The e ective
focal length fgg () of a compound lens can be calculated directly using the foddengths
and positions of individual elements. If a compound lens exibits negligible spherical and
eld dependent aberrations, the irradiance E (x;y; ) of a point source with distanceu from

the lens and spectral re ectanceR( ) can be written as

E(xy; )=R()u (3.2)

.
d( )

P—>0——-< . . .
wherer = = x2+ y2, u is the circ function:
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Figure 3.3: A SFS lens design is shown in the top gure. Belowa Zemax raytrace and PSF

simulations are shown for various wavelengths. The lens exhits strong axial chromatic
aberration.

; (3-3)
0 otherwise

d is the chromatic defocus blur width which is determined fran the gaussian lens law as

d( )= Av 1 11

- (3.4)
ferc () Vv U
Here, v is the sensor-to-lens distance, and\ is the lens aperture diameter. A black and

white sensor with spectral sensitivity S( ) will then measure a sampled version of the image

irradiance E (x;y) averaged over wavelength. If we assume tha8( ) is constant with value
1
2

" between wavelengths 1 and », and zero everywhere else, then we can write our PSF
h(x;y) as
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Figure 3.4: The lens prescription data for the design shownn Figure 3.3.

z

S( )E(xy; )d (3.5)
! ZlR()u LAY (3.6)
1, ac ) '

Thus, the PSF for the SFS camera is a continuous sum of scaledircentric discs. We

h(x;y)

note that if fgrL () varies linearly and the re ectance spectrum happens to be Wite, then
the PSF is identical to the mechanical focal sweep PSF givemi[Nagaharaet al., 2009. If,
on the other hand, the re ectance spectrum is not white, thenthe sum is weighted by the

magnitude of the spectrum for each wavelength.

3.4 Design and Implementation

The top of Figure 3.3 shows a raytrace of the doublet SFS lensasign used in the simulations
of Section 3.5 and the experiments of Section 3.6. The lens wadesigned using Zemax
Optical Design software. To optimize our lens, we maximizedaxial chromatic aberration
over the wavelength range 400-700nm, while also minimizinBSF compactness for the center
wavelength averaged over all eld positions. We ran an optimzation to create an F/4 75mm
focal length lens consisting of two elements, which imagesnto a 1/3" sensor with 10 m
pixel size. We found that a smaller spot size over a larger a of view can be achieved with
a custom lens design. However, we decided to t a design with ethe-shelf components
from stock lens suppliers. The SFS lens design consists of &dmund Optics plano-convex
asphere (part #48184) and a Thorlabs positive meniscus (par#LE1929). The prescription

is shown in Figure 3.4.
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field =0 mm field =1 mm field =2 mm field =3 mm

depth =1512 mm
depth =1658 mm
depth =1837 mm
depth =2061 mm
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depth =2741 mm
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Figure 3.5: The simulated PSF for the lens in Figure 3.3 using white spectrum. The PSF

is shown as a function of depth and eld position.

The bottom of Figure 3.3 shows the simulated PSF as a functiorof wavelength for our
lens design. The wavelength-dependent PSF is shown to be thehromatic defocus disc
given by Equation A.10, where the disc diameter scales as a figtion of wavelength. The
largest disc diameter, about 100 m, occurs at 400nm and 700nm. Because the focal length
is not exactly a linear function of wavelength, the PSF with the smallest spot size is at
500nm, not the center wavelength of 550nm. Figure 3.5 showshe simulated PSF of our
lens when using a black and white sensor with a white point sowwe. The depth values were
chosen so that the defocus blur size for the center wavelengtis 100 m (the same as the
maximum chromatic defocus) at the two extreme depths. Note hat the PSF does not vary
signi cantly with depth and eld positions.

Figure 3.2 shows a side-by-side comparison of our SFS lenstlvia corrected Cosmicar
lens, also designed for use with a 1/3" sensor. The relativeamplexities of the two designs
are obvious from their relative sizes. While the Cosmicar las is capable of imaging at
a smaller F/#, it is signi cantly larger, heavier, and requi res 5-6 elements as opposed to
2. The simplicity of our lens is a direct bene t of the SFS appmach. Conventional lens
designs minimize chromatic aberrations by adding a constriat to the lens optimization.
Optimization with additional constraints requires more degrees of freedom, resulting in
designs with the addition of more surfaces, and thus more eteents. The SFS lens design

does away with this costly constraint, allowing a reductionin complexity of the nal design.
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3.5 Design Veri cation

To verify our claim that our camera is useful for a wide variety of real-world scenes, we sim-
ulated the PSF for an assortment of re ectance spectra captoed with a spectrophotometer.
We downloaded the Munsell database of 1250 di erent recordedpectra and used Zemax to
simulate the PSF of these spectra when imaged through our dam. In our simulations, we
used 50 wavelength samples to simulate the PSRy(x;y) at d =1;2;:::12 depth locations.
Again, the depth values were chosen so that the defocus bluiize for the center wavelength
is the same as the maximum chromatic defocus at the two extrem depths.

Figure 3.6 shows the results of our simulations. Figure 6(cshows a cross section of the
PSF for a few randomly selected spectra as a function of depthNote that all of the PSFs
have a strong peak, an indication that the PSFs preserve higtirequencies. Also note that
the PSF for each spectrum is relatively invariant to depth.

To quantitatively evaluate the quality of the PSFs from the M unsell database, we used
the PSF distance measureD (hi(X;y); ho(X;y)) introduced by Zhou et. al [Zhou et al.,
2011. This measure de nes the similarity of two PSFs as the L2 normof the Wiener
reconstruction error for an image blurred by one PSF and thendeconvolved with the other.
For each Munsell color, we calculate the PSF distance for e&chy(x;y) relative to the
PSF at the center depth location. A plot of PSF distance is shavn in Figure 6(a) for all
Munsell colors, along with the PSF distance for a correcteddns (displayed as a dotted line).
A atter pro le in this plot indicates less variation of the P SF with depth. The relative
PSF distance for all Munsell colors imaged through the SFS les is always less than for
a corrected lens, signi cantly so for most colors. This indcates that the SFS lens always
produces signi cantly more depth-invariant PSFs relative to a corrected lens.

To further evaluate the performance of our camera relative b existing extended-DOF

designs, we computed the average PSF distance:

W2

A= D(h(6Y);Mexiy); @7
d=1

where Rg is the PSF of a white point source at the center depth. The quatity A measures

the average reconstruction error of a spectrum imaged by ouSFS camera when a white
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Figure 3.6: Figure 6(a) shows PSF variation as a function of dpth for all Munsell colors

when imaged through the SFS lens. The dotted line denotes thé’SF variation for all

colors using a corrected lens. Note the atness of all SFS pries compared to the corrected

lens, indicating that the PSF varies little with depth for mo st real-world colors. Figure

6(b) shows the average PSF variation for 95% of the Munsell daset when imaged through

the SFS camera. The dotted line denotes the average PSF vatian for a white spectrum

imaged through the SFS camera. Figure 6(c) shows that PSF shee is relatively invariant

to depth for randomly selected Munsell colors. PSF height ismormalized against the center

PSF for each color.
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spectrum is used for deblurring. To evaluate the deblurringquality of the Munsell colors,
we compare the computedA value to that of a white spectrum. Figure 6(b) showsA for
a large number of Munsell colors. As shown in the gure, for a vhite spectrum, A :005.
The Munsell colors are sorted in order of ascendingd and the bottom 95% percent are
shown. Notice that for 95% of the colors,A :02. Thus 95% of the Munsell colors have a
variation that is within a factor of 4 of a white spectra. This implies that most naturally
occurring spectra will not introduce signi cant deblurrin g artifacts relative to a black and
white scene.

For a corrected lens,A .5, which is nearly two orders of magnitude greater than for
a white spectrum image through our SFS camera. Figure 3.7 shes that the measured
PSF of a white spectrum source imaged through our SFS cameraogs indeed demonstrate

signi cantly greater depth-invariance relative to a corrected lens.

3.6 Experiments

We now show several examples demonstrating the capabilitieeof our SFS lens. All black
and white SFS images were captured using a Basler A311f VGA B" sensor and the lenses
shown in Figure 3.2. Color SFS images were captured using theame doublet SFS lens
from Figure 3.2 and a Canon 450D sensor. Corrected lens exates were captured using a
Cannon 100mm lens.

Deblurred images were generated using Wiener deconvolutiowith the PSF measured

from a white point source (i.e. the bottom center PSF shown inFigure 3.7).

3.6.1 Black and White Images

Figure 3.8 demonstrates that even for a scene with a variety focolors, image quality is
superior to that achieved by stopping down a lens. Figure 3.@8) shows a scene with plastic
toys captured by a F/4 corrected lens. Details in the foregraind and background are lost
due to defocus blur. Figure 3.8(b) shows an image captured wh the same exposure time
but stopped down to F/16. The depth of eld has been increased but the SNR is greatly

decreased due to weaker signal strength. Figure 3.8(c) shawan image captured with the
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depth 914 mm 965 mm 1016 mm 1066 mm 1117 mm 1194 mm

Figure 3.7: The measured PSF using a white point source as affigtion of distance for both
lenses shown in Figure 3.2 (The corrected lens is stopped dovito F/4). For the corrected
lens, the PSF shape is roughly a disc with diameter proportioal to defocus. The SFS lens

produces a PSF that is approximately depth invariant.

F/4 SFS lens. Image details are clearly preserved over a laey depth range, but have a
light haze due to the soft tail of the PSF. Figure 3.8(d) showsthe results of deblurring
Figure 3.8(c). The haze has been removed to improve contrastesulting in crisp details
over a larger depth range. The SNR is worse than in Figure 3.&(), but signi cantly better

than Figure 3.8(b).

3.6.2 Color Images

We have found that it is possible to use our SFS camera to reste color images using
a simple and inexact approach that produces good visual re$is. We capture an RGB
image with our SFS lens, then perform a YUV color transformafon on the captured image.
The resulting luminance channel closely approximates an imge that would be captured
with a black and white sensor. We deblur the luminance channkonly, and transfer the
image back to RGB space. The method is inexact because it doast account for color
bleeding in the chrominance channels. However, as discusb@ the introduction, blurring

in these channels is much less perceptible to humans, and weve found that the technique
produces satisfactory results for a variety of scenes. Figes 3.10 and 3.11 show details of

color reconstructions, demonstrating the delity of our in exact deblurring technique.
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3.7 Limitations

While our technique does work well for a large variety of natual scenes, some naturally
occurring spectra are not su ciently broadband to produce a large spectral focus sweep
range, and consequently produce a highly depth dependent S The top 5% of Munsell
colors (not shown) in Figure 6(b) have a PSF variationV  :2, some signi cantly larger. If
our SFS lens is used to photograph a scene that contains namdpand re ectance spectra such
as these, a signi cant amount of artifacts will be introduced after deblurring. Furthermore,
while our approximate color deblurring method produces visially pleasing results, it does
not correct for blurring in the chrominance channels, and isthus insuitable for many high

quality imaging applications.

3.8 Discussion

The strategy discussed in this chapter was to increase DOF byeducing complexity. While

conventional lenses are designed taninimize chromatic aberrations, the lens introduced
in Section 3.4 was designed tanaximize them. These aberrations are exploited for the
purpose of extending depth of eld. This approach reduces lens complexity by relaxing

constraints in the lens optimization process. However, it &0 places restrictions on the
scene being imaged. The technique works poorly when imagingarrow band re ectance

spectra. However, our experiments with re ectance spectradatabases and our prototype
camera have indicated that most spectra are su ciently broadband, and the technique
functions well for a wide variety of scenes. The SFS lens intrduced in Section 3.4 was
built using o -the-shelf components, and produced a number 6 examples that demonstrate
reasonable image quality.

The di usion coding technique introduced in Chapter 2 and the SFS technique intro-
duced in this chapter represent two di erent ways of approachng the problem of computa-
tionally extending DOF. The di usion coding technique makes no assumptions about the
spectral re ectance of objects being imaged. The SFS techgiue uses a more restrictive
model for the signal. When input signals obey the model, and @ectral re ectances are

broadband, the performance of the SFS technique is similard di usion coding. Then the
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reduced complexity makes the SFS technique more preferableHowever, the added com-
plexity of the di usion coding technique has a performance adantage associated with it.
Di usion coding will perform better on average over a larger dass of input signals. The
choice between the two techniques really boils down to the & of increased complexity
relative to the bene t of increased performance. In certainsituations, even a small loss in
performance may not be acceptable, and di usion coding is theobvious choice. In other
cases, cost may be a limiting factor, and the reduced complély of the SFS technique may

make it a more attractive option.

(a) Captured with a F/4 corrected lens (8ms exposure) (b) Captued with our SFS lens (8ms exposure)

(c) Captured with a F/16 corrected lens (8ms exposure)  (d) The image in Figure 8(c) after deblurring

Figure 3.8: Comparison of the SFS camera with a corrected lem All images are taken with
an 8ms exposure time. Images on the left are taken with a cormed lens and images on
the right are taken with our SFS camera. As shown in Figure 3.8), the DOF using a F/4
corrected lens is too narrow. Figure 3.8(c) shows that if wetep down to F/16 we achieve
the desired DOF, but our image is corrupted by noise. When usig our SFS camera, we
capture the image in Figure 3.8(b), then recover the extendd DOF image shown in Figure
3.8(d), which has signi cantly less noise. A color thumbnal is included in the bottom-left

of Figure 3.8(a) to show the colors in the scene.
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(@) An image captured with a F/4 corrected lens (b) An image captured with our F/4 SFS lens

Figure 3.9: A scene consisting of three identical resolutio targets placed at di erent depth
planes. Images were captured with an 8ms exposure time and ¢hcorrected lens is stopped
down to F/4. The left image was taken with a corrected lens, am the right image was taken
with our SFS camera (after deblurring). The insets show thatmore detail is visible in the

front and back planes when using the SFS camera.
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(@) An image captured with a F/4 corrected lens (b) An image captured with our F/4 SFS lens

Figure 3.10: A scene consisting of three objects placed at érent depths on a table. Both
images were taken with a 16ms exposure time and the correcteléns is stopped down to
F/4. The image on the left was taken with a corrected lens and a the right is a deblurred
version of an image taken with our SFS camera. The insets shothat more detail is visible

in the front and back objects when using our Spectral Focal Lagth camera.
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(@) An image captured with an F/4 corrected lens  (b) An image captured with our F/4 SFS lens

Figure 3.11. A scene consisting of three people located at drent depths. Both images
were taken with a 16ms exposure time and the corrected lens sopped down to F/4. The
image on the left was taken with a corrected lens and on the rigt is a deblurred version
of an image taken with our SFS camera. The insets show that ma detail is visible in the

front and back faces when using the SFS camera.
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Chapter 4

Gigapixel Computational Imaging

4.1 Introduction

In Chapters 2 and 3, we discussed the problem of computatiorly extending DOF. In the
context of EDOF imaging, we face a tradeo between best and agrage case performance.
When we try to improve performance over a range of depths, weagri ce the best possible
performance at a single depth. In Chapter 3 we also saw a trade between performance
and complexity. We showed that a much simpler lens can be usetb extend DOF, but at
the price of reduced color performance. In this chapter, we xplore this tradeo further in
the context of high resolution cameras. For these camerashere is a tradeo between scale
and resolution. The scale (overall size) of the camera detarines how many pixels we can t
within a given FOV. We can always increase scale to achieve aitger resolution, but there
are costs associated with the size, weight, and power consymtion of our cameras. Thus,
it is attractive to look at the relationship between performance and complexity in order to
determine if the cost of increased complexity warrants the esulting gain in performance.
High resolution cameras enable images to be captured with ghi cantly more details
than the human eye can detect, revealing information that wa completely imperceptible to
the photographer at the time of capture. These cameras allovhumans to explore minute
details of a scene that may have otherwise been overlookedgs Figure 4.2), bene tting a
variety of applications including surveillance, inspectbn, and forensics. Because the per-

formance of low-level automated vision tasks depend highlyn the amount of image detail
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available, greater resolution also helps with computer viion tasks such as object detection,
recognition and tracking. For these reasons and more, theré increasing demand for cam-
eras with ever higher resolution. At present, highly speciized gigapixel imaging systems
are being developed for aerial surveillancéDARPA, 2010].

While CMOS and CCD technologies have improved to the point that imaging sensors
with pixels in the 1 m range have been demonstratedFife et al., 2009, it remains a huge
challenge to design and manufacture lenses which have the selving power to match the
resolution of such a sensor. This is because the number of mgable points for a lens,
referred to as the Space-Bandwidth Product (SBP)[Goodman, 200%, is fundamentally
limited by geometrical aberrations Ideally, all lenses would be di raction limited so that
increasing the scale of a lens while keeping FOV xed would iorease SBP. Unfortunately,
SBP reaches a limit due to geometrical aberrations.

There are two common approaches that are taken to increase 3Bin the face of this
fundamental limit. The rst is to just accept the loss in resolution and increase sensor size.
As an example, consider the commercially available F/8 500mm focal length Schneider
Apo-Symmar lens. If this lens were diraction limited, it wou Id be capable of resolving a
gigapixel image on a 5" 5" sensor. However, because of geometrical aberrations, arssor
size of nearly 12" 12" is necessary to resolve a full gigapixel image.

The second approach taken to increase SBP is to increase cofegity as a lens is scaled
up. Introducing more optical surfaces increases the degreeof freedom in lens optimiza-
tion, which can be used to reduce geometric aberrations andchieve diraction limited
performance. Consider the F/4 75mm focal length lens shownni Figure 4.1. The lens is
di raction limited over a 60 FOV so that a gigapixel image can be resolved on a 75mm

75mm surface, much smaller than for the Apo-Symmar. The incease in performance
comes at a great cost, however. The design consists of 11 dient elements, ranging from
60-100mm in diameter, resulting in a lens that is both expenise to produce and di cult
to align.

We present a new approach to increase SBP - the use of computahs to correct for
geometrical aberrations. In conventional lens design, resution is limited by the spot size

of the lens. For a lens with aberrations, spot size increaseknearly with the scale of
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the lens. For a computational imaging system, resolution isrelated to deblurring error.

We observe, however, that for a lens with spherical aberratns, deblurring error does not
increase linearly with lens scale We use this remarkable fact to derive a scaling law that
shows that computational imaging can be used to develop cammas with very high resolution

while maintaining low complexity and small size. First, we analytically derive a closed form
expression for the Point Spread Function (PSF) and Optical Transfer Function (OTF) of a

lens with spherical aberration. We then use this expressioio derive a closed form solution
for the deblurring error as a function of lens scale. We go ond show how deblurring
performance improves when image priors are introduced.

In Section 4.8 we present an imaging architecture that consits of a large ball lens shared
by an array of small planar sensors coupled with a deblurringstep. Due to our monocentric
optical design, eld-dependent aberrations are suppressk and the primary aberrations are
spherical and axial chromatic, which are known to code imaggin a manner that is invertible
via post-processing[Robinson et al., 2009 [Robinson and Bhakta, 2009 [Guichard et al.,
2009 [Cossairt and Nayar, 2010. We demonstrate a proof-of-concept gigapixel camera that

is implemented by sequentially scanning a single sensor tarlate an array of tiled sensors.

— diffr. limit
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£ =
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[ »l O
e 210 mm > 0 50 100 150 200 25
Spatial Frequency (cycles/mm)
(@) An F/4 75mm focal length lens (b) The MTF of the lens in (a)

Figure 4.1: (a) An F/4 75mm lens design capable of imaging ongjigapixel onto a 75
75mm sensor. This lens requires 11 elements to maintain di ration limited performance

over a 60 FOV. (b) The MTF at di erent eld positions on the sensor.
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I 82,000 pixels >

[€— 22,000 —»

Resistor Dollar Bill 2D Barcode Fingerprint

Figure 4.2: A 1.7 gigapixel image captured using the implementation shown in Fig-
ure 4.13. The image dimensions are 82,000 22,000 pixels, and the scene occupies a 126
32 FOV. From left to right, insets reveal the label of a resistor on a PCB board, the
stippling print pattern on a dollar bill, a miniature 2D barc ode pattern, and the ne ridges

of a ngerprint on a remote control. The insets are generatedby applying a 60 -200

digital zoom to the above gigapixel image.

In addition, we present a single element gigapixel camera c#gn with a contiguous FOV.
In Section 4.9.3 we advocate the use of deblurring to removenht e ects of aberrations.
However the quality of deblurred images depends on the MTF ofhe lens, and a di raction
limited lens always has the best possible performance. Unftunately, achieving di raction
limited performance often requires increasing the complegy of the lens, usually by increas-
ing the number of surfaces. Lenses with greater complexity r@ typically larger, heavier,
more expensive to manufacture, and more di cult to align. We analyze the trade-o be-

tween performance and complexity for the special case of sphical optics.
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4.2 Related Work

4.2.1 Large Format Imaging Systems

A few custom high resolution imaging systems have been dewwed using large format
lenses. These include systems built with commercial lensdhat sequentially scan a large
image plane surfacgBen-Ezra, 201Q [Wang and Heidrich, 2004, as well as a system with a
custom lens that is photographed on Im and later converted to a digital image [Gigapixl,
2007. These are special purpose cameras that are extremely larg&L > 500mm). In
Section 4.8 we show that it is possible to capture images at coparable resolutions with a

much smaller form factor.

4.2.2 Camera Arrays and Multiscale Optics

Camera arrays have been used to capture high resolution ima&g by tiling multiple sensors
paired with a complex lens[Wilburn et al., 2004 [Nomura et al., 2007. However, a camera
array for gigapixel imaging would be prohibitively large and expensive because it would
require tiling an array of long focal length lenses. A relatel approach taken by Brady
and Hagen [Brady and Hagen, 2009 is to use a multiscale optical system consisting of a
large single element lens coupled with an array of smaller djcal elements, each unique and
coupled with a dierent sensor. The advantage of this approat: is that it is a compact
design that can correct for geometrical aberrations. The diadvantage is that the system
requires a large number of di erent optical elements, which nay be di cult to manufacture

and align.

4.2.3 Monocentric Optics and Curved Sensors

Monocentric optical designs are free of eld dependent abeations because they are com-
pletely symmetric: the image plane and each lens surface lagn concentric spheres. Mono-
centric designs date back to the Sutton Panoramic Lens (1899 and later the Baker Ball
Lens (1942)[Kingslake, 1989. Luneburg proposed the use of a monocentric lens with vary-
ing index of refraction to correct for aberrations [Luneburg, 1964. Rim et. al proposed

a small diraction limited camera consisting of a ball lens and curved sensor[Rim et al.,
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2005. Krishnan and Nayar proposed the use of a large ball lens andpéerical sensor to-
gether with deblurring to create a single viewpoint, fully spherical FOV camera [Krishnan
and Nayar, 2009. While several researchers have made progress towards déging curved
sensors|Dinyari et al., 2009 [Ko et al., 2004 [Lee and Szema, 2045 the technology is not
yet ready for commercialization.

Recently, Marks and Brady proposed a 7-element large formamonocentric lens called
the Gigagon [Marks and Brady, 201d, which the authors suggest using with a large array of
planar sensors. To our knowledge this system has yet to be inlgmented, but is similar in
architecture to some of the designs we propost Our approach is fundamentally di erent
in that we show how computations can be used to achieve the died resolution while

reducing complexity.

4.2.4 Computational Imaging

In the 90's, Cathey and Dowski proposed a hybrid optical-sigal processing system which
uses a cubic phase plate to extend depth of eld [Dowski and Cathey, 1995. Later they
showed that the same element can be used to reduce the compigxof infrared cameras
[Dowski et al., 200d. Robinson and Stork observed that spherical aberrations a easily
invertible via image processing, and proposed the use of spiter lens designs based on this
principle [Robinson et al., 2009 [Robinson and Bhakta, 2009 [Robinson and Stork, 2009.
Guichard et. al [Guichard et al., 2009 and Cossairt and Nayar [Cossairt and Nayar, 2010
observed that the e ects of axial chromatic aberrations can ke inverted using a method that

is inexact, but produces images that look good.

4.3 Diraction Limited Resolution

Lohmann originally observed that lenses obey certain scaiig laws that determine how
resolution increases as a function of lens siZé ohmann, 1989. Consider a lens with focal

length f, aperture diameter D, and image size x by y. We introduce a scaling factor

!Similar camera designs are also being pursued by the DARPA MOSAIC project, led by David J. Brady.
Terrapixel Imaging, ICCP '10 Invited Talk, Mar 2010 .
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M, which is de ned such that M = 1 corresponds to a focal length off = 1mm. If we
scale the lens by a factor ofM, then f ,D, x by vy are all scaled byM, but the F/#
and FOV of the lens remain unchanged. If, when we scale the lex) the minimum resolvable
spot size has not also increased by a factor dfl , then we have increased the total number
of points that can be resolved. The number of resolvable pois for a lens is referred to as
the Space-Bandwidth Product (SBP) [Goodman, 200%. SBP is a unit-less quantity that
tells us the number of distinct points which can be measured wer a given FOV.

The minimum spot diameter of a lens due to diraction is ¢ F=#, where is
the wavelength of light. Since this quantity is independent of lens scale, the SBP for a

di raction-limited lens is

M? x y
(F=# 2"
The SBP increases quadratically with the scaling factorM (see the red curve in Fig-

ure 4.3).

Rairt (M) = (4.1)

aberration

/ limit

Space-Bandwidth Product (SBPz

v

Lens Scale (M)

Figure 4.3: A plot showing how Space-Bandwidth Product (SBB increases as a function of
lens size for a perfectly diraction limited lens (Rgits ), a lens with geometric aberrations

(Rgeom), and a conventional lens design whose F/# increases with las size Rconv).
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4.4 Aberrations and Image Quality

Ideally, all lenses would be di raction limited, and resolution would scale quadratically with
lens size. Unfortunately, the resolution of most lenses igrhited not by di raction, but by
geometrical aberrations. This is because there is no lens aphe that can produce a perfect
focus for all points on the image plane. The best we can do is teeduce aberrations to the

point that their e ect is small compared to di raction.

4.4.1 Aberration Theory

The Optical Path Di erence (OPD) generalizes the concept of ens aberrations. The OPD
measures the distance between an ideal focusing wavefronhd the actual wavefront prop-
agating through the lens as a function of normalized coordiates in the pupil plane (see
Figure 4.4). For radially symmetric lenses, the generalizé OPD is a function of 2-D polar
coordinatesf 2 [ 1;1]; 2 [0; ]g in the aperture plane, and the radial coordinater on
the sensor plane. In optical design, the OPDW (; ;r ) is typically expressed as a Siedel

polynomial, where each term in the polynomial represents a derent type of aberration:

Aberrated 4 Lens

Wavefront -+
ey

- \
,>\\
’/
’/

-
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S W) D’/

\-\V/\
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Reference
Sphere

Image Exit
Plane Pupil

Figure 4.4. The OPD W( ) of a lens is the path di erence between an ideal spherical

wavefront and the aberrated wavefront propagating from the exit pupil of the lens.



CHAPTER 4. GIGAPIXEL COMPUTATIONAL IMAGING 78

X o
W(;ir )= Wir' Jcos: (4.2)
[HH
For instance, Wo20; Woas0; W131 represent the amounts of defocus, spherical aberration,
and coma, respectively. For spherical optical systems, th@aberrations become independent

of position on the sensor due to the symmetry of the system. Inhis case, the OPD becomes

X .
W()= W ’; (4.3)
isj;k
in which case defocus and spherical aberration become the ghinant aberrations. For a

thin lens, the spherical aberration coe cient Wosg can be shown to belGeary, 2003

D

_ .
Woso = 153 (4.4)

where D is again the diameter of the lens aperture, and | is the structural coe cient (a

constant that depends only on index of refraction and is usubly in the range | =5 15).

'
L

(a) A singlet with aberrations (b) The rayfan and PSF of (a)

Figure 4.5: (a) A singlet lens with strong spherical aberratons. (b) The rayfan shows ray
position on the sensor plane as a function of position in thedns aperture. The PSF has
a strong peak because rays are concentrated around the centef the image plane. The

PSF's support is enclosed in an area of radius .
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4.4.2 The Aberration Induced PSF

When a lens exhibits aberrations, it can no longer produce a erfect focus. A perfectly
focusing lens produces a Point Spread Function (PSF) that isa delta function, which pro-
duces the sharpest focus possible. Diraction and geometri@aberrations cause the PSF to
deviate from this ideal shape. The OPD can be used to calculat the PSF produced by an
optical system with aberrations. If the aberrations are rehtively small, then the e ect of
di raction needs to be considered and Fourier Optics must be $ed to derive the correct
PSF shape. If the aberrations are large, however, the PSF cahe derived using geometric
optics. Since rays propagate perpendicular to the aberratg wavefront, we can use the OPD
to determine where each ray pierces the sensor plane. The tnaverse ray-aberration curve
r = T( ) gives the position of a ray in the sensor coordinates as a function of coordinates
in the pupil plane . For a point source at in nity, this is given by [Geary, 2003:
dw

T()=2F=# (4.5)

For a lens with spherical aberrations, the transverse abeation curve is given by (see
Figure 4.5(b))

D 3

T()= 6—'4@ (4.6)

= 3 (4.7)

where is the spherical aberration coe cient (usually called SA3). Because is given in
normalized coordinates, the full support of the PSF falls wthin a circle of radius (see
Figure 4.5(b)). From Equation 4.7 it is clear that if we scale the lens uniformly by a factor
of M (such that the F/# remains constant), increases by the same factor.

We can think of the ray-aberration curve as an integration cuve in a radially symmetric
light eld phase space[Levin et al., 2009 [Levin et al., 2009 [Cossairt et al., 2014. That
is, we can write the light eld of a point source propagating through an aberrated lens as
L) 0 TO).

)= Su ()= (4.8)
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where we use a slightly di erent de nition of the tophat funct ion

u( )=

8

5 1 ifjj<1
(4.9)

2

0 otherwise

The advantage of the light eld representation is that the PSF can be found by integrating
over the aperture coordinates. We consider the general momoial OPD W( )= =(n+
1) "1 which leads to the ray-aberration curve T( ) = ", We note that taking the
modulus of the radial coordinate inside the ray aberration @irve sothat T( )= j j" does
not alter the PSF. The Point Spread Function (PSF) of the lens can then be written as (for

a derivation see Appendix B )

VA 1
h(r) = I(r; )j id (4.10)
1

_ 1 r . .o=n 2.
=5 s U — T X (4.12)

The PSF can be shown to be unit normalized so that the integralof the PSF over sensor
coordinates is equal to 1 (see Appendix B). The PSF for a lens ith spherical aberrations

is then written as

h(r) = u Doy e 4.12)

2 23

4.5 Aberrations and Resolution Scaling Laws

45.1 The Classical Aberration Limit to Resolution

For a di raction limited lens, the SBP increases quadratically with the scaling factor M.
However, the SBP of a lens also depends on the diameter of thelur circle caused by
geometric aberrations. We introduce the variable 4, which represents the geometric spot
size at lens scaleM = 1, which we recall corresponds to a focal length off, = 1mm.

Lohmann argues that the combined blur area when di raction and aberration are taken
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into account can be expressed as the sunﬁ + S Since geometric blur increases linearly

with the scaling factor M, the SBP becomeqLohmann, 1989

M2 x vy

(F=#H2+ M2 (4.13)

Rgeom(M) =

In this case, the SBP plateaus at x y= S when the lens is no longer di raction limited and

M 4>> F= # (see the green curve in Figure 4.3). For this reason, lens dggners typically
seek to balance lens aberrations in an e ort to minimize the bur circle. For example, defocus
can be introduced into a lens with spherical aberrations in oder to reduce the geometric blur
circle. From a classical perspective, this strategy increses resolution because it decreases
the spot size of the lens. As we will show in Section 4.6 howerethis strategy is not
desirable from a computational imaging perspective becawsit reduces the conditioning of

the PSF, introducing more deblurring error.

A

Telephoto
F/10 1000mm FL
SLR Lens
F/5 125mm FL
Wide Angle

Microscope
F/1 1mm FL

>

Lens Scale (M)

Figure 4.6: For conventional lens designs, the F/# typically scales with the cube root of

the focal length in millimeters.



CHAPTER 4. GIGAPIXEL COMPUTATIONAL IMAGING 82

4.5.2 The Scaling Law for Conventional Lens Design

The geometric blur size can always be decreased by stoppingo@n a lens. As a result
lens designers typically increase the F/# as a lens is scaledip. A general rule of thumb
is that the F/# is increased such that the focal length in mm is approximately equal to
(F/#) 2. Many commercially available lenses follow this general tend (see Figure 4.6). For
instance, the 500nm focal length Schneider Apo-Symmar operates at F/8, and 8  500.
This heuristic F/# scaling law has a special signi cance for lenses with spherical aberration.
Then the geometric blur size ¢ is proportional to the spherical aberration coe cient , and

from Equation 4.7

- b _ .t
"~ B4F=#2 GAF=#3
Thus, if the F/# increases with the cube root of the focal length, the geometric blur

(4.14)

size 4 becomes independent of the scaling factav . However, the di raction blur size now
increases as a function of scale so thay = M 73, Then (see the blue curve in Figure 4.3)

the SBP becomedLohmann, 1989

M2 x y

RCOHV(l\/I ) = 2M 2=3 + S (415)

Equation 4.15, derived by Lohmann, is a scaling law that tels us generally how SBP in-
creases with lens size for a conventional lens design. The wion says that when M is
large, the diraction spot size dominates geometric blur. In this regime, the scaling follows

the behavior:

Reconv(M) / M 4=3; (4.16)

which overcomes the resolution threshold set by the aberrabn limit, but does not attain

the ideal M 2 behavior of the di raction limited scaling law.

4.6 Computational Imaging

We now revisit the imaging equation introduced in Chapter 1. To recap, conventional

optical systems are based on the centuries old tradition of radeling optical systems as
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isomorphic mappings between scene radiance and pixel inteity. In a conventional camera,
it is assumed that the brightness measured at a single pixelaresponds directly to the
radiance of a single scene point. In the computational imagig paradigm, the imaging system
can be written as a system of linear equations that relate theunknown signal coe cients f
to the measurements made at each pixef). In Chapter 1 we discussed image formation in
the absence of noise. Here we alter the image formation equat slightly to include noisy

measurements

g= Hf+ ; (4.17)

whereg 2 RM is a vector consisting of theM measured pixel measurementsH is an M
N matrix, f 2 RN is a vector of N unknown signal coe cients, and 2 RM is a vector
representing the noise measured at each pixel, typically aamed to be gaussian so that

N (0; 2I). In the context of high resolution imaging, the vector of unknown signal
coe cients f is a discretization of the continuous radiance distribution representing a latent
focused image. We assume that the imaging system is non-comgssive so thatM = N.

In the analysis that follows, we assume the optical system ishift invariant, in which case
the observation can be modeled as a convolution between themhs PSF and the unknown
scene radiance. Convolution can be expressed compactly irheé Fourier domain as the
product between the Fourier transform of the PSF, referred b as the Optical Transfer
Function (OTF), and the Fourier transform of the scene radiance. In our discreet framework,
we denote the PSF by the vectorh and the OTF by the vector A = F h, where F is the Fourier
matrix. Under the assumption of periodic boundary conditions, the matrix A becomes a
cyclic matrix such that Hi; ; = h; with the special property that it can be written as
H = FF, where is a diagonal matrix and ; = i, and the operator denotes complex
conjugate. There is a slight abuse of notation here, becausdor a 2D blur kernel, H is
actually block-cyclic and diagonalized by the 2D Fourier mdrix F op = F N F, where N is
the Kronecker product.

The image formation equation can be written as a sparse set dinear equations in the

Fourier domain:
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g= f+n (4.18)

where the  operator denotes multiplication with the Fourier matrix F.

4.6.1 Image Deblurring

In the conventional imaging paradigm, pixel measurements arrespond directly to scene
radiance values. In the computational imaging paradigm, tre unknown imagef is blurred
by the matrix H. To deblur the captured image g we must invert Equation 4.17. If the
PSF is well conditioned, then the OTF contains no zero crossigs and the matrix H is full

rank and invertible, and we can estimate the unknown radiane f as

p = 1y (4.19)

Equation 4.19 is a sparse set of linear equations such that #hestimatef is found simply

by taking the ratio of Fourier coe cients

fi =g=h: (4.20)

The nal estimate can then be found by simply taking an inverse Fourier Transform. Unfor-
tunately, we cannot recover the unknown image exactly becase the original measurements
were corrupted by noise. In order to quantify the quality of the deblurred image, we use
the mean squared deblurring error 5 as a metric, which is de ned as the expected mean
squared di erence between the deblurred imagd and the ground truth image f. 5 mea-
sures the variance of noise artifacts induced by the debluing process. In our shift invariant

system, this can be written as

2= CEK 1K) @.21)
= %X\I 1. 4.22
SN KAk 4.22)
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where E denotes taking the expectation with respect to the noise . Equation 4.22 says
that, when naive deblurring is applied, the deblurring error is a product between the noise

variance and the average squared reciprocal of the OTF.

4.6.2 Spherical Aberrations and Deblurring

In Section 4.4.2 showed that the spherical aberration coe dgent scales linearly with lens
size, and we derived the analytic expression for the PSF of a&hs with spherical aberrations,
given by Equation 4.12. From this expression, we can derivehe OTF of the lens. As
discussed in Chapter 2, for a radially symmetric PSFh(r), the OTF ﬁ(q) can be found by

applying the zero order Hankel transform:

ya
A(q) =2 ' Jo(gr)h(r)rdr; (4.23)
0

whereJg(r) is the zero-order Bessel function of the rst kind. For the PSF given by Equation

4.12, the OTF becomes

OTF Comparison

O/ =5um

— Zemax

OTF

— Analytic

O/ =100um

0 50 100
Spatial Frequency (mm )

Figure 4.7: A comparison of the OTF for a lens with spherical &erration calculated
using Zemax (the blue curves) and using our analytic formula(red curves). The OTF
is calculated at various lens scales corresponding to spheal aberration coe cients of

=f5m; 13m; 100m g
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, Z
A= —5  Jo(anr Hdr (4.24)
0
_ 1 .4 P
- 1F2(f §g1f11§g! T)1 (425)

where 1F,(a; b; g d) is the Generalized Hypergeometric Function[Slater, 1964. Figure 4.7
shows a comparison between the OTF calculated analyticallyusing Equation 4.24 and the
OTF calculated numerically using the Geometric MTF feature in Zemax Optical Design
Software [Zemax, 2019. The OTF is calculated at a variety of lens scales corresporidg
to spherical aberration coecients = f5m; 13m; 100m g, and the results are highly
consistent in all cases.

With an equation for the OTF, it is possible to derive an analytic expression for the de-

blurring error. In the continuous domain, the deblurring error from Equation 4.22 becomes

A
-n

§= ———
2 o Kh(gk2

dq; (4.26)

where the signal is assumed to be bandlimited by the nyquistrequency . Unfortunately,
there is no closed form solution for the expression in Equatin 4.26 after substituting the

Hypergeometric function, so we instead approximate the OTFusing the following equation:

Z,

fi(g) = % ) Jo(gr)r dr (4.27)
= 129(_77?2; (4.28)

where is the gamma function. Equation 4.27 essentially appoximates the PSF as having
in nite support, which is accurate for large amounts of spheical aberration, but decreases
in accuracy as the spherical aberration approaches zero. ire 4.8 shows a comparison of
the OTF calculated using using our analytic formula (red curves) and using the approxi-
mation for the OTF given by Equation 4.27. The OTF is calculated at various lens scales
corresponding to spherical aberration coe cients of = f20m; 50m; 200m g. As the

amount of spherical aberrations increase, the approximatin increases in accuracy.
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Substituting the approximate MTF from Equation 4.27 into th e expression in Equation

4.26 gives us an analytic expression for the deblurring erro

"3 =
3

d= n — (4.29)

2 (7=6)
Since we know from Equation 4.7 that scaling a lens by a factoof M also scales by the

same factor, Equation 4.29 gives us the relation

d= k oM 2=3 (430)

wherek is a constant. Equation 4.30 expresses a remarkable fact: ftenses with spherical
aberrations, while the size of the PSF increases linearly h lens scaleM , the deblurring

error increasessub-linearly. While Equation 4.30 is based on an approximation of the
geometric OTF, it closely approximates the deblurring erra calculated numerically using

the OTF from Equation 4.24 (see Figure 4.9).

Q= 20um O/ =50um (¢ =200um
1 1 1

— Analytic
— Approximate

OTF

0 100 O 100 O 100
Spatial Frequency (mrt )

Figure 4.8: A comparison of the OTF for a lens with spherical d&erration calculated using
using our analytic formula (red curves) and using the approixmation for the OTF given by

Equation 4.27. The OTF is calculated at various lens scalesarresponding to spherical aber-
ration coe cients of = f20m; 50m; 200m g. As the amount of spherical aberrations

increase, the approximation increases in accuracy.
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Deblurring Error vs. Spherical Aberratio

0.08
=
S —
=5 e
= ~
pt e
2004 //
= y .
2 — Analytic
g » / — Approximate
id

0 0.15 0.3
Spherical Aberration in mm (Y )

Figure 4.9: A comparison of the RMS deblurring error 4 as a function of the spherical
aberrations coe cient () with sensor noise ,, = :01 and nyquist frequency =100mm 1.
The red curve shows the error computed numerically using Eqations 4.24 and 4.26. The
green curve is calculated using the closed form expressioarfdeblurring error given in Equa-
tion 4.29. The green curve closely approximates the green cwe, with accuracy increasing

as increases.

4.7 A Scaling Law for Computational Imaging

4.7.1 Deblurring Error vs. Resolution

For the scaling laws given in Section 4.5, it is assumed thathe minimum resolvable spot
size is equal to the blur size due to geometric aberrations,q. For a computational imaging

system (i.e., with deblurring), the resolution is given by the pixel size , and SBP does not
depend directly on the geometric blur radius 4. A more pertinent quantity for measuring

image quality is SNR. In the absence of any noise we can thedreally increase SBP by
decreasing pixel size until we have reached the diraction Init. In order to provide a fair

comparison between any two computational imaging systemsywe must x the SNR.

By xing SNR, we establish a relationship between the debluring error and pixel size.
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To show this, we express deblurring error as a function of les scaleM . Assuming the

deblurring error is proportional to sensor noise, we can wite

d= nS(M); (4.31)

where s(M ) represents the scale-dependent deblurring factors. In afer to force the SNR
to remain constant across lens scale, we must adjust the semisnoise appropriately.

We now relate pixel size to sensor noise ,. Here we assume that pixels receive
su cient light such that poisson noise dominates. Then the measurement noise can be
well approximated by additive gaussian noise with varianceproportional to the mean signal
intensity [Chakrabarti et al., 201d. Scaling by a factor of M increases the pixel's area by
a factor of M 2. For a fully saturated pixel, assuming a shot noise limited gnsor, this will
increase the sensor's full well capacity byM 2 and decrease noise by a factor of=M relative

to the signal. The sensor noise is then inversely proportioal to pixel size so that

1

M=y

(4.32)

Equation 4.32 says that in order to make SNR scale independénthe pixel size should be
increased as a function oM to exactly cancel out scale-dependent deblurring factorsThe

number of resolvable points for a computational imaging syems is then

M2 x vy

Reome(M) = TE=y 2z (M2

(4.33)

4.7.2 An Analytic Scaling Law

Using the expression for deblurring error for a lens with splerical aberrations given by
Equation 4.30, we see that in order to produce a SNR that is inépendent of lens scale, the
pixel size should be scaled according to the relation / M 2=, Plugging this into Equation

4.33 gives an analytic scaling law for computational imagig systems:

M2 x vy
(F=#) 2+ KZM 43

Rana(M) = (4.34)
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where we have gathered proportionality constants in tok,. For large M, the scaling law

has the behavior

Rana(M)/ M %3 (4.35)

As with conventional lens design curveRcony, Equation 4.34 gives a scaling law that
breaks the resolution threshold imposed by the aberrationdimit (see the magenta curve
in Figure 4.11). However, the analytic scaling law does not Bhave as close to the ideal
diraction limited scaling law as the Rcon curve. At the same time, the Rggny curve
assumes that F/# reduces and more light is sacri ced as scalencreases, while theRgna

curve does not make this assumption.

4.7.3 Image Priors for Improved Performance

In the previous section we showed analytically that, when a omputational approach is
taken, the resolution of a lens with spherical aberrations beaks the classical limit that
results when considering geometrical spot size alone. ThBRg4,4 curve given in Equation
4.34, however, does not increase as rapidly with lens scales @oes Lohmann's scaling law
for conventional lens designs. We now show that the scaling éhavior of computational
imaging systems surpasses that of conventional lens desigiwhen image priors are taken
into account.

In Section 4.6.1 we used Equation 4.19 to form an estimate ofus unknown image. This
solution can be seen to be equivalent to the solution found bynaximizing the likelihood for

the probability distribution [Bertero and Boccacci, 1998

h@jf) =exp kg  fk*: (4.36)

The maximum likelihood solution minimizes the probability of error in the estimate when no
information about the the prior distribution h(f) is available a priori. In our case however,
some information abouth(f) is known ahead of time since the unknown quantityf belongs

to the class of natural images. To make a solution to the estiration problem analytically
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tractable, we assume a linear distribution on Fourier coe cients of natural images taking
the form h(f) = exp kBfk2, where B is a diagonal matrix. We de ne the vector of Fourier
coe cients b such that Bj = ﬁ Given a prior distribution, the maximum a posteriori

solution minimizes the probability of error in the estimate. The estimate then becomes

£ =argmax h@jf)h(f) (4.37)
f
—argmax (k§  fk®+ kBfk?) (4.38)
f
=( *+B? ', (4.39)

which can be written as the set of linear equations

= Wq; (4.40)
We de ne the average power spectrumé such that & = E[kf’}kz], where the expectation
is taken with respect to the set of natural images. Then, as Zbu and Nayar showed, the
optimal vector b is such that f§ = 2=4;, and the squared deblurring error becomeg$Zhou

and Nayar, 2009

ZX\‘ 1

2 _ .
d - A - .
f i=1 kﬁik2+ r%:ai

(4.41)

Figure 4.10 shows the deblurring error 4 calculated using Equations 4.24 and 4.41. 4
is shown as a function of spherical aberration for a variety of sensor noise levels in the
range , =[:002:1]. A polynomial is t to each curve, and the best tis found to be in

therange ¢/ ¥™4to 4/ 2. We approximate the deblurring error as

al o (4.42)
[ aM e (4.43)

In fact, this estimate is slightly pessimistic, as the debluring error also increases sub-linearly

with , as well as . From Equations 4.43 and 4.33, we conclude that when image prs
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Figure 4.10: RMS deblurring error as a function of sphericabberration ( ). As increases,

both the PSF size and the deblurring error increase. While tle size of the PSF increases

linearly with , deblurring error increases with 1738, In this experiment, the nyquist

frequency =250 mm 1.

are used for deblurring, the resolution of a computational maging system obeys the scaling

law given by (see the cyan curve in Figure 4.11)

M2 x vy

Rprior (M ) = ( F= #) 2 4 k%l\/l 2=3:8;

(4.44)

where again we have gathered proportionality constants inb k3. While the analytic scaling
law curve Rana does not scale as quickly as the conventional lens design agrRcgony, the
curve Rprior Scales more quickly. From this we conclude that in building acamera at a
desired resolution, when image priors are taken into accouna computational camera can
be built at a smaller scale than a conventional lens design. gain, the R¢gny Curve assumes
that F/# reduces and more light is sacri ced as scale increa®s, while theRpior curve does

not make this assumption.
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Figure 4.11: Scaling laws for computational imaging systers with spherical aberrations.
The Rana, Which was analytically derived, shows an improvement uponthe aberration
limited curve Rgeom, Without requiring F/# to increase with M. Performance is further
improved when natural image priors are taken into account, & the Rpior curve shows. The
Rprior curve improves upon the conventional lens design curvBcony, also without requiring

F/# to increase with M.

4.8 Gigapixel Computational Cameras

According to Equation 4.44, a computational imaging approah can enable a greater reso-
lution to be achieved with a smaller camera size. To demonséte this principle, we show
results from a proof of concept camera that utilize a very sinple optical element. By using
a large ball lens, an array of planar sensors, and deconvolain as a post processing step,
we are able to capture gigapixel images with a very compact gaera.

The key to our architecture lies in the size of the sensors rative to the ball lens. To-
gether, a ball lens and spherical image plane produce a cangewith perfect radial symmetry.
We approximate a spherical image plane with a tessellated grilar polyhedron, such as an
icosahedron. A planar sensor is placed on each surface of thelyhedron. Note that because
sensors are typically rectangular, a di erent polyhedron, sich as a truncated icosahedron,

may provide more optimal sensor packing. Relatively small snsors are used so that each
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sensor occupies a small FOV and the image plane closely appimates the spherical sur-
face. As a result, our camera produces a PSF that is not complely spatially invariant, but

comes within a close approximation.

4.8.1 A Proof-of-Concept Gigapixel Camera

The rst system we demonstrate consists solely of a ball lenend an array of planar sensors.
We use a 100mm acrylic ball lens and a 5 megapixel 1/2.5" Lu57S8ensor from Lumenera
[Lumenera, 2010 (see Figure 4.12(a)). We emulate an image captured by multife sensors
by sequentially scanning the image plane using a pan/tilt mdor. With this camera, a 1
gigapixel image can be generated over a roughly 8840° FOV by tiling 14x14 sensors onto
a 75mmx50mm image surface. When acquiring images with the ptilt unit, we allow a
small overlap between adjacent images.

The PSF as a function of eld position on each individual sensr is shown in Fig-
ure 4.12(b). Note that the PSF shape remains fairly consistet across the FOV of each
sensor. The MTF (shown in in Figure 4.12(c)) avoids zero crosings up to the Nyquist
frequency of the sensor. The plots were generated using Zemaptical Design Software
[Zzemax, 2010.

An implementation of this design is shown in Figure 4.13. Figires 4.2, 4.14, and 4.16
show two gigapixel images captured with this system. Note tle remarkable level of detail
captured in each of the photographs. Zooming in to Figure 4.Zeveals the label of a resistor
on a PCB board, the stippling print pattern on a dollar bill, a miniature 2D barcode pattern,
and the extremely ne ridges of a ngerprint. Closeups in Figure 4.14 reveal ne details
in a watch, an eye, a resolution chart, and individual strands of hair. Closeups in Figure
4.16 reveal details that are completely invisible in the zomed out panorama, including a
sailboat, a sign advertising apartments for sale, the Empie State Building, and cars and

trucks driving on a bridge

48.1.1 Color

Because our cameras do not include any color correcting elants, they su er from ax-

ial chromatic aberrations. For our 100mm diameter ball lensthat we use, the chromatic
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Figure 4.12: (a) Our single element gigapixel camera, whiclkonsists solely of a ball lens with
an aperture stop surrounded by an array of planar sensors. (Because each sensor occupies
a small FOV, the PSF is nearly invariant to eld position on th e sensor. (c) The PSF is

easily invertible because the MTF avoids zero crossings angreserves high frequencies.

focus shift is about 1.5mm over the visible wavelength range However, most of the im-
age blur caused by chromatic focus shift is in the chrominane channel of captured images
[Guichard et al., 2009 [Cossairt and Nayar, 2010. Since humans are less sensitive to blur
in chrominance channels, axial chromatic aberrations do nbcause a signi cant degrada-
tion in perceived image quality. We use the deblurring techique from Cossairt and Nayar

[Cossairt and Nayar, 2010, which is inexact but produces images that look good.
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Figure 4.13: A system used to verify the performance of the dggn shown in Figure 4.12(a).
An aperture is placed on the surface of the ball lens. A gigapiel image is captured by
sequentially translating a single 1/2.5", 5 megapixel sengr with a pan/tilt motor. A nal

implementation would require a large array of sensors with © dead space in between them.

4.8.1.2 Post Processing

The post processing for captured images follows several §tg. First, a transformation from
RGB to YUV color space is applied. Next, Wiener deconvolutio is applied to the luminance
channel only, and the image is transformed back to RGB color gace. A noise reduction
algorithm is then applied to suppress deblurring artifacts We found the BM3D algorithm
[Dabov et al., 2004 to produce the best results. Finally, the set of captured ima@es are
stitched to obtain a high resolution image using the Microsdt Image Composite Editor

[ICE, 2010..

4.8.2 A Single Element Design

The design in Figure 4.12(a) is extremely compact, but impratical because adjacent sensors
must be packed without any dead space in between them. The s&zof this system is limited
by the package size of the sensor relative to the active sensarea. Sensors with a package
size that is only 1.5x larger than the active sensor area arewrrently commercially available.

With these sensors, it is possible to build a gigapixel camer that uses only a single optical
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Figure 4.14: A 1.6 gigapixel image captured using the implementation shown in Fig-
ure 4.13. The image dimensions are 65,000 25,000 pixels, and the scene occupies a 104
40 FOV. From left to right, the insets reveal ne details in a wat ch, an eye, a resolution

chart, and individual strands of hair.

element, as shown in Figure 4.15(a). In this design, each sear is coupled with a smaller
acrylic relay lens that decreases the focal length of the layer acrylic ball lens. The relay
lenses share a surface with the ball lens, which means that iis possible to combine the
entire optical system into a single element that may be manufctured by molding a single

material, drastically simplifying the complexity (and hen ce alignment) of the system.

4.8.3 Capturing the Complete Sphere

A great advantage of using a ball lens is that, because it hasgrfect radial symmetry, a near
hemispherical FOV can be captured. In fact, it can even be usito capture the complete

sphere, as shown in Figure 4.15(b). This design is similar tahe one in Figure 4.15(a)
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with a large gap between adjacent lens/sensor pairs. Light psses through the gaps on one
hemisphere, forming an image on a sensor located on the opptashemisphere. As a result,

the sensors cover the complete 2 FOV at the cost of losing roughly half the incident light.

4.9 Discussion

4.9.1 Limitations of Scaling Laws

In Sections 4.5 and 4.7, we derived scaling laws which expreghe the general scaling
behavior of resolution versus lens scal® , with special attention paid to how the behavior
for increasingly large values ofM . However, because we have chosen to speak in general
terms about the scaling behavior, we have not given attentio to how resolution behaves for

smaller values ofM , which may result in di erent behavior. For instance, when M is large,
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Figure 4.15: (a) A single element design for a gigapixel camna. Each sensor is coupled
with a lens that decreases focal distance, allowing FOV to cerlap between adjacent sensors.
(b) A design for a gigapixel camera with a 2 radian FOV. The design is similar to the
implementation in Figure 4.15(a) with a large gap between aghcent lens/sensor pairs. Light
passes through the gaps on one hemisphere, forming an imaga a sensor located on the

opposite hemisphere.
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Figure 4.16: A 1.4 gigapixel image captured using the implementation shown in Fig-
ure 4.13. The image dimensions are 110,000 22,000 pixels, and the scene occupies a 170
20 FOV. From left to right, insets reveal a sailboat, a sign advetising apartments for

sale, the Empire State Building, and cars and trucks drivingon a bridge.

conventional lens designs outperform computational imagig without priors, as indicated
by the Reonv @and Rgna curves. However, for smallM , Rana may actually be greater than
Rconv, depending on the exact values of the proportionality consant k; and the amount of
spherical aberration 4. These exact values will vary depending on the speci ¢ lens &sign
and sensor characteristics, but the aggregate behavior fdarge values ofM will will remain
consistent across all scenarios. In this way, the scaling \'es encompass the gross behavior
of lenses and sensors, but do not always lend themselves to &ett comparison between

speci ¢ designs.

4.9.2 On Computational Imaging and Scaling Laws

The original scaling laws derived by Lohmann are pleasinglysimple in the sense that they
keep the problem domain constrained to a single variable: th scale parametefM . In some
sense, introducing computational imaging made the problemmore complicated because it
introduced a new variable in the form of SNR. Looking at the problem in a general way,

the resolution scaling behavior of di erent imaging systemscan vary both as a function of
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lens scale and SNR. While Lohmann made no mention of SNR in higriginal analysis, there
was an implicit relationship between SNR and resolution tha was unstated. For exam-
ple, consider the expression for the scaling behavior of lses in the presence of geometric
aberrations given by Equation 4.13. We recall that, for large M, resolution plateaus at

X y=g. However, if we choose to match pixel area to blur area, then igel size increases
linearly with M. Thus, according to the arguments in Section 4.7, if we contiue to scale a
lens beyond the aberration limit, resolution does not incrase, while SNR increases linearly
with M. On the other hand, for di raction limited lenses, pixel size, and thus SNR, remains
constant while resolution scales quadratically with lens sale. This leads to an interesting
observation about the tradeo between resolution and SNR. h some sense, these two exam-
ples are opposite extremes in a two-dimensional design spacWhen geometric aberrations
are present, resolution becomes xed but SNR can increase, hile for di raction limited
lenses, SNR becomes xed but resolution can increase.

This brings us to the scaling laws for conventional lens degh and computational imag-
ing. The conventional lens design curveRcqny, is derived assuming that both F/# and pixel
size increase withM =3, In the photon limited noise regime, SNR is proportional to pixel
size , and inversely proportional to F/#. Thus, while the R¢ony curve is derived assuming
that more light is sacri ced as lens scale increases, the anmumt of photons collected per
pixel remains xed, and thus so does SNR. Similarly, in the conputational imaging regime,
we ask what pixel scaling behavior will produce a deblurringerror, and hence SNR, that is
independent of lens scale.

The scaling laws for computational imaging and convention&lens design represent the
behavior of two competing techniques that are trying to achieve the same goal: maximizing
resolution scaling behavior while xing SNR. Neither technique achieves the ideal scaling
performance of di raction limited lenses. In e ect, both tech niques are complexity reducing
measures, since they aim to maximize performance without itnoducing the added optical
elements required to reduce aberrations below the diractim limit. This brings us to a
third axis in our design space: lens complexity. As we scale di raction limited lens, SNR
remains xed and resolution reaches the maximum scaling pantial, however lens complex-

ity must also increase in an e ort to combat greater amounts ofgeometrical aberrations. In
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Figure 4.17: The MTF for spherical optical systems with varying amounts of complexity.
Complexity is measured as the number of optical surfaces, wibh increases from left to right
as 1 to 6 surfaces. The six surface design is the Gigagon lenssigned by Marks and Brady.
Each design is a F/2.8 280mm FL lens optimized using Zemax. Athe number of surfaces

increases, the MTF improves, improving the SNR as well.

contrast, for the computational imaging and conventional lens scaling laws, both SNR and
lens complexity remain xed, but the maximum scaling potential is not achieved.

In an ideal setting, we would like to maximize resolution and SNR while minimizing
lens scale and complexity. This cannot be achieved in praate, however, and the best that
can be done is to develop a merit function that weighs these nasures in terms of their
relative importance on an application dependent basis. Les optimization based on this
merit function then gives the design which results in the besperformance for this specic

application.

4.9.3 The Performance vs. Complexity Trade-o

According to Equation 4.44, with the aid of computations, the resolution of a lens with
spherical aberrations will, in general, scale more quicklythan for a conventional lens de-
sign. However, a lens which requires deblurring will have armsaller SNR than a di raction

limited lens of the same scale. For the designs proposed in 8mn 4.8, we have chosen

designs that favor simplicity, and as a consequence, alsoselt in a lower SNR. Any com-
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putational imaging system poses an inherent trade-o betwen complexity and SNR. In
practice, exploring this trade-o requires a carefully desgned measure for complexity.

A good complexity measure must take into account many di erert factors: the number
of surfaces, the degree polynomial of each surface, etc. Waiit is di cult to develop a
general measure for complexity that applies to all lens degins, the problem becomes much
simpler when we consider only concentric spherical opticatlements. In this case, complexity
can simply be quanti ed as the number of surfaces used in the esign.

To explore the tradeo between complexity and SNR for the speial case of spherical
optics, we created six spherical optics designs, ranging icomplexity from 1 shell to 6
shells. The six designs were created in an e ort to analyze howhe best case performance
of a computational imaging system scales as a function of lencomplexity. Shells 1-5 were

optimized with Zemax using a custom optimization procedurethat minimizes the deblurring

1 5 SNR= .85
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Figure 4.18: SNR vs. complexity for the lens designs shown ifrigure 4.18, assuming
a computational approach is taken. SNR increases by a factoof 19 when complexity
increases from 1 shell to 2 shells, while SNR only increasey b factor of 4 when complexity

increases from 2 shells to 6 shells.
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error. The six shell design shown is the Gigagon lens desigtidy Marks and Brady [Marks
and Brady, 201d. The six designs and their relative performance are shown ifrigure 4.17.
From the MTF plots shown at the bottom of the gure, it can be seen that the six shell
design performs near di raction limited, and the MTF steadil y decreases with decreasing
complexity.

Figure 4.18 shows how, rather than favoring simplicity, an g@timal design may consist
of more elements than the designs discussed previously in ithchapter. It appears that,
for the special case of spherical optics, there is a law of dimishing returns when it comes
to improving performance by means of increasing complexity In particular, we note that
SNR increases by a factor of 19 when complexity increases frol shell to 2 shells, while
SNR only increases by a factor of 4 when complexity increasefsom 2 shells to 6 shells.
Taking this behavior in to account, an optimal design may be bund by balancing lens
scale and complexity. Such a design would have minimum scakend complexity for a given
resolution, and a xed scale/complexity ratio. Whether or n ot general lens designs also have
similar complexity vs. performance behavior is an open qué®n that is currently under

investigation.

4.10 Conclusion

In this chapter, we have given a comprehensive analysis on thtradeo between the scale
and resolution of a camera. We extended Lohmann's analysisot include the resolution
scaling behavior of computational imaging systems, with spcial attention paid to lenses that
exhibit spherical aberrations. Closed form expressions fathe PSF, OTF, and deblurring
error of lenses which exhibit spherical aberrations have ken derived. In addition, we have
shown that, when image priors are taken into considerationcomputational imaging systems
exhibit superior scaling performance with respect to convetional lens designs.

Our analysis on the scaling behavior of lenses brought us bkdo the tradeo between
performance and complexity for computational imaging sysems. We explored the design
of gigapixel computational imaging systems based on sphexal optical elements, which

primarily exhibit spherical aberrations. A proof-of-concept system that emulates a spherical
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lens surrounded by an array of planar sensors was demonsted. Several examples were
shown which evidence promising image quality with a compactcamera that consists of
only a single optical element. However, the performance offte camera can be improved
by increasing lens complexity. We explored the tradeo between performance and lens
complexity, providing a complete exploration of the designspace of resolution, SNR, lens
scale and complexity for the special case of spherical opsc In the end we see that the
tradeo between scale and resolution is closely related totie tradeo between performance
and complexity.

This chapter concludes our discussion on the tradeo s of comytational imaging sys-
tems. In the last three chapters we have seen that there are aumber of tradeo s that exist
for cameras that computationally extend DOF and increase resolution. However, these are
only a few of the functionalities o ered by computational imaging. In the next chapter we
return to a general discussion on computational imaging, ad focus exclusively on the topic
of performance. We return to a comparison between computatinal and conventional tech-

niques, and ask when computational imaging techniques prode a performance advantage.
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Chapter 5

On the Limits of Computational

Imaging

5.1 Introduction

In Chapters 2, 3, and 4, we discussed a number of tradeo s thatdr computational imaging
systems designed to extend DOF and increase optical resolon. In Chapter 4 we gave a
thorough performance comparison between conventional andomputational imaging sys-
tems. Here the message was clear: a computational approactways reduces performance,
but with the bene t of also reducing complexity. We compared performance for the EDOF
techniques introduced in Chapters 2 and 3, but the analysis &s incomplete. We did not
provide any conclusive answers about how the performance @h EDOF camera compares
to stopping down a lens.

In this chapter we revisit the topic of performance for EDOF, and more generally,
any imaging system that maps a linear combination of signal oe cients to each pixel
measurement. We refer to this many-to-one mapping as a&oding or multiplexing of the
signal, and the process of inverting the mapping aslecoding the signal. As we discussed in
Chapter 1, coding is a very attractive option in many scenarbs because it can be used in
intelligent ways to increase the e ciency of the optical system, and increase the Signal-to-
Noise Ratio (SNR) of captured images. Unless the coding is piectly conditioned, however,

the process of decoding ampli es noise, and to determine thdérue benet of a coding
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technigue we must weigh the bene t of increased e ciency vs. the disadvantage of increased
noise. The purpose of this chapter is to explore the relatioship between e ciency in the
capture process and the conditioning of the coding process.

We have seen a variety of coding applications in the computevision and optics commu-
nities dating back to early work on spectrometry and X-Ray asronomy in the 70's [Skinner,
1989 [Caroli et al., 1987. Coding techniques have been employed to capture variousises
of the plenoptic function, and to measure various propertie of light transport. Coded aper-
ture Gamma Ray telescopes use MURA codes to capture images thout refractive optics
[Gottesman and Fenimore, 1989 [Villela et al., 1995. Mask-based Hadamard multiplex-
ing has been used for spectrometers that capture a spectrumta single spatial location
[Harwit and Sloane, 1979, as well as for imaging spectrometers that capture irradiace as
a function of both wavelength and 2D spatial locations[Hanley et al., 1999. Color Filter
Arrays (CFAs) that multiplex wavelength data have been proposed to capture three color
images with more e ciency [Baer et al., 1999 [lhrke et al., 2014. Masks placed either in
the lens aperture, or near the sensor, have been used to captulight elds [Veeraraghavan
et al., 2007 [Lanman et al., 2009 [Liang et al., 2004. Hadamard codes, as well as newly
optimized codes, have been used to capture the appearanceafjects under di erent light-
ing conditions [Schechneret al., 2003 [Schechneret al., 2007 [Ratner and Schechner, 2007
[Ratner et al., 2007. Coded aperture masks have been used to deblur images that leibit
defocus blur[Levin et al., 2007 [Veeraraghavanet al., 2007 [Zhou and Nayar, 2009 [Zhou
et al., 2011. Temporal shuttering has been used to remove the e ect of motin blur [Raskar
et al.,, 2004. We refer to this family of coding methods asmultiplexing methods and we
analyze the performance limits of this family in Section 5.2

For nearly all examples of coding, there is a correspondingechnique that measures the
signal directly without the need for any decoding, which we efer to as conventional tech-
niques. For example, a Bayer Iter measures RGB colors direity, but less e ciently than
a mask with with Cyan, Magenta and Yellow (CMY) Iters. Narro wband spectral lters
can be used in place of a Hadamard spectrometer. A pinhole aay can be used in place
of mask-based light eld multiplexing techniques. A stopped down aperture can be used

in place of a coded aperture, and so on. These conventional deniques are an important
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baseline for comparing performance. Multiplexing technigies o er an advantage in terms of
increased optical e ciency, but whether or not they o er a per formance advantage relative
to conventional techniques depends on noise characteriss, which in turn depends on light-
ing conditions. In this chapter, we derive limits on the bestpossible performance advantage
that can be achieved. We relate the performance advantage tdi erent lighting scenarios,
and we discover that there is a relatively small set of scendos where an advantage can be
achieved.

Multiplexing methods sacri ce some amount of optical e cie ncy by masking light in
either wavelength, spatial or temporal dimensions. There e a number of coding tech-
niques that do not sacri ce light. Superresolution techniques code high resolution data
within multiple images with sub-pixel shifts by using either sensor motion or arrays of par-
allel imaging systems[Ben-Ezra et al., 2004 [Ben-Ezra et al., 2004 [Tanida et al., 2004
[Tanida et al., 2001. These codes, however, become very poorly conditioned wherying
to increase resolution by more than a factor of 2. We have alredy discussed a number of
well conditioned codes that extend DOF without sacri cing light [Chi and George, 2001
[E. R. Dowski and Cathey, 1999 [Ojeda-Castanedaet al., 200 [Levin et al., 2009 [Hausler,
1974 [Nagaharaet al., 2004 [Cossairt et al., 2010 [Cossairt and Nayar, 2010 [Guichard et
al., 2009. These techniques produce shift invariant blur that is independent of depth, and
can be recovered via deconvolution. There are also analogeunethods that create motion
invariant motion blur that can be removed without sacri cin g light [Levin et al., 2004 [Cho
et al., 201d. Both EDOF and motion invariant techniques aim to produce blur that is
invariant over some domain (in this case either depth or moton). We discuss methods of

coding for invariance in Section 5.3.

5.2 Multiplexing Methods

We return to the general form of multiplexing introduced in Chapter 1. As we did in this
chapter, we use an image formation equation that relates a v&or of signal coe cients to a
vector pixel measurements. However, we want to discuss thegoformance of computational

imaging systems that are corrupted by noise. Our image form@on equation will be the
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same as used in Chapter 4

g=Hf+ : (5.1)

Here we takeg to be the vector of pixel measurements (a vector in<N), and f now
represents the vector of unknown signal coe cients, which nmay represent a number of
possible features contained within the plenoptic function is a per-pixel additive noise
vector, and H is the multiplexing matrix, which may be shift invariant, or it may take a
more general form. For now, we assume that the noise is i.i.dral sampled from a zero
mean Gaussian distribution N (0; 2l), where | is the identity matrix. We relax this
assumption in Section 5.2.1, where we incorporate the e ectsf signal dependent noise. For
noisy images, we measure image quality using the Signal-tdoise Ratio (SNR) as a metric
that quanti es the strength of a signal relative to the amount of noise present. The SNR
measures the amount of variation in the signal due to noise () relative to the average signal

level (J)

SNR = (5.2)

For physical systems, the measurement matrix is usually resicted to be all positive

Hij > 0: (5.3)

Assuming the matrix H is invertible, an estimate of the demultiplexed image can be

found simply as

f =H 1g; (5.4)

f+H 1 (5.5)

Note that here we are assuming a linear decoding process. Inany cases, the estimate
f can be improved by using a non-linear estimation techniquegspecially when statistical

information on the distribution of input signals is accessble ahead of time. We have more
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to say on this matter in Section 5.4, but for know we stick with the assumption that the
estimation is linear to make analysis tractable.

We use the expected Mean Squared Error (MSE) as a metric to qudify the amount
of errors in the estimatef . This is consistent with the performance evaluations perfomed
in Chapters 2, 3, and 4, where we used the MSE to quantify the amunt of deblurring
errors after deconvolution. The MSE will provide us with a cansistent means of comparing
performance for both general multiplexing techniques, as @il as techniques that produce
shift invariant blur, such as EDOF and motion invariant cameras.

The MSE is essentially a measurement of the noise variance ithe estimate f so that

we can write the SNR of the demultiplexed image as

p__
SNR = N‘IJSE : (5.6)
The MSE for the estimate f is given by
1 2
MSE = E ﬁkf fk (5.7)
1 12 .
=E —kH * k° : (5.8)
N
De ning the error vector e= H ! | the MSE becomes
" #
1 X
MSE = E N 5 (5.9)
i=1
1 X
=y E e : (5.10)

De ning the matrix K = H 1, the expected squared error for thef' pixel becomes
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2 3
X
E e =E4 (Fy j)* (5.11)
j=1
X
=  HEE 7 (5.12)
j=1
X
= 2 R (5.13)
j=1
The MSE can then be written as
2
MSE = WTr(H 'H b: (5.14)

Where Tr() is the matrix trace operator. As a point of comparison, we @nsider the

baseline case with no multiplexing. For the baseline casd;l = |, and the MSE becomes
2

MSEb:-ﬁTrUtlly (5.15)

2 (5.16)

S

To measure the performance of a given multiplexing matrixH, we compare the MSE
against the baseline case. We refer to the SNR gai@ as the improvement in SNR of a
multiplexed measurement, relative to a non-multiplexed measurement. De ning ., as the

noise variance for the multiplexed measurement, the SNR gaiis

MSEy

= 5.17
= st (5.17)

§
= oeE (5.18)
S
N g

= 5 5.19
Tr(H tH 1) 2 (5.19)

The SNR gain is maximized when the quantity Tr(H 'H 1) is minimized. When the
noise is signal independent, s = ,, and the matrix that minimizes this quantity is known

to be the Hadamard matrix [Harwit and Sloane, 1979, when negative matrix entries are
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allowed, and the S-matrix when matrix entries are restricted to be non negative. The S-
matrix can be derived from the Hadamard matrix, and its entries consist of only ones and

zeros. The minimum trace for the S-matrix is Tr(S 'S 1) =4(N 1)°=N

N 2
Tr(S's HY=4 — 5.20
4: (5.21)
The SNR gain when the S-matrix is used for multiplexing is then
p_
Q TN: (5.22)

However, when the noise is signal dependent, th&-matrix is no longer optimal, and
the maximum SNR gain that can be achieved is lower.
We note that the trace of a matrix H is the sum of the diagonal elements of the matrix,

which is also equal to the sum of its eigenvalues;

Tr(H) = & (5.23)

= i (5.24)
Since the eigenvalues of the inverse of a matrikl ! are just equal to i 1 we can write

the MSE from Equation 5.25 as

2 (5.25)

N 2
Q= Pg———= (5.26)
i m
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As we discussed in Chapter 4, equations 5.2 and 5.26 are pattilarly useful if the matrix
H is a shift invariant transformation. This is the case when the coding comes in the form of
convolution with a blur kernel h. Then H is Toeplitz or block Toeplitz, and its eigenvalues
are the Fourier coe cients of the blur kernel h. We revisit the topic of convolution coding

in Section 5.3, where we discuss convolution in the continuss domain.

5.2.1 Sources of Noise

Ideally, pixels would would contain no uncertainty in their measurements, and each time
we measures the same signal, we would record the same valuehére are, however, several
sources that cause uncertainty in the measurement of a pixelphoton noise, dark current

noise, and read noise.

5.2.1.1 Read Noise

Read noise is signal independent noise that is generated froelectrical noise in the camera
circuitry. The intensity value of a pixel is generated by rst sending the detected electri-
cal signal through an ampli er then an Analaog-to-Digital C onverter (ADC). The ADC
guantizes the signal into a digital number between 0 andADU , where ADU represent the
maximum number that can be represented after ADC quantization. For instance, for a
12-bit sensor,ADU =212 1. Read noise can be divided into two noise sourcd§chechner
et al.,, 2007 [Healey and Kondepudy, 1994 Noise that is generated upstream of the the
ampli er is magni ed along with the signal, so that the varia nce in electrons increases with
ampli cation, but the variance in gray levels ? remains xed. For a perfect ADC, ; is
simply the variance caused by the uniform quantization of ore Gray Level (GL), so that
1= 1:p 12 GL. Typically, however, 1 is larger so that the ADC can only e ectively quan-
tize to ADU= ; distinct gray levels instead of ADU . Noise that is generated downstream
of the ampli er is remains constant with a xed variance in el ectrons at 3. The total read

noise is then

f=g I+ G (5.27)
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whereg is the camera gain, measured in units of photo-electrons pagray level (e /GL).
The camera gain has an inverse relationship with the sensitity, or ISO. Lower sensitivity
settings correspond to higher gain settings, and vice-veessThe read noise is ane in the
camera gain so that an increase in the camera gain, correspdimg to a decrease in sensitivity,
resulting in an increase in read noise.

We typically adjust the camera gain to avoid saturation, however it makes little sense to
allow the gain to be set arbitrarily. The minimum gain settin g is 1e /GL, since a smaller
gain level cannot change the quantization of photoelectros, and hence will have a null e ect
on the measured signal. It is common, however, to have a miniom gain setting that is
greater than le /GL since, according to the a ne model, there is no point in al lowing the
gain to be set such thatgmin 1 o since the total read noise cannot be reduced below

0-

There is also typically a maximum gain level that is set by the maximum amount of
photo-electrons that can be stored by a single photodetectoelement, referred to as the
Full Well Capacity (FWC) of the sensor. The largest gain value for a sensor is usually
set to be gnax = FWC=ADU, which ensures that the maximum signal level that can be
recorded by the sensor translates to the maximum image intesity. A gain greater than this
would map the maximum signal level to a smaller number, e ectvely reducing the number

of quantization levels in the image.

5.2.1.2 Photon Noise

The energy collected when light is absorbed by a pixel is qudized due to the discreet
nature of photons. Furthermore, the electrical energy thatis generated by the photo-
electric conversion process is also quantized into discreamounts of electrons. The process
of converting photons to electrons is a random counting eveanthat can be described by a
Poisson process. The variance and mean are equal to each otHer a Poisson distribution,
so if J; is the expected number of photo-electrons collected by a p®, the photon noise
variance 2 = J;.

Poisson distributions have the interesting property that when the variance is larger than

around 10, the distribution can be well approximated by a Gawssian. Typically we capture
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more than 10 photo-electrons per pixel, and we can therefor&eat Photon noise as signal-
dependent Gaussian noise whose variance depends on the ambof light in the captured

signal.

5.2.1.3 Dark Current Noise

Photo-electrons are also randomly generated by thermal extation in the sensor. Thermally
generated electrons also follow a Possion distribution, wére the variance is given by § =
Dt. D is referred to the dark current of the camera, andt is the exposure time. Dark current
noise becomes signi cant in applications, such as astronoymwhere very long exposure times
are prevalent. For most cameras, dark current noise is neglible for exposure times less than
one second. From this point on, we focus our attention on cam@as that require relatively

high speed operation so that dark current noise can be ignoce

5.2.1.4 Total Noise

The noise sources are independent so that the total noise vieance for the i pixel becomes

(ignoring dark current noise)

2=+ 2+ 3 (5.28)

If we have an image with N pixels and we de ne the average signal level agd =

P , , , :
- 'L, Ji, the average noise variance of the image is then

=0+ i+ & (5.29)

5.2.2 Optimal Multiplexing

Multiplexing with the S-matrix is optimal when measurement noise is dominated by read
noise, but when photon noise dominates, it no longer becomesptimal. In fact, the multi-
plexing gain is no longer greater than one so that a non-mulplexed measurement actually
has a greater SNR. In practice, however, photon noise is nominitely greater than read

noise. More realistically, di erent imaging scenarios will result in di erent ratios of photon
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to read noise = (= ;. While the S-matrix is no longer optimal when > 0, some other
matrix may be.

The problem of identifying matrices that are optimal under di erent values of was
explored by Ratner et al [Ratner and Schechner, 200l7[Ratner et al., 2007 . We de ne the
optical e ciency C as the number of non-zero elements in a row of the multiplexig matrix

H

C= Hi;j . (5.30)
j=1
Assuming the same camera gain setting for multiplexed and no-multiplexed measure-

ments, referring to Equation 5.19, the SNR gain for the matrk H becomes

N 1+ 2
Tr(H tH H)1+C 2’

Ratner et al. used an optimization routine to search for a matix that maximizes the

Q(C)?= (5.31)

SNR gain for a given value of . In general the trend discovered was that the amount
of photon noise decreases as the optimal value @& decreases. This trend can be seen in
Figure 5.1, which plots the SNR gain vs.C for a variety of values of

Ratner et al. explored this topic further and found an analytic expression for the

minimum trace T (C) that can be achieved for any multiplexing matrix

T(C)=minfTr(H 'H YHg (5.32)
(N C)+ C(N 1)

Equation 5.33 is a very signi cant result because it allows s to derive the maximum
SNR gain that can be achieved for any coding technique that sari ces light. This means
the the same bound holds for all the light masking techniquesmentioned in Chapter 5.1,
including spectral [Harwit and Sloane, 1979 [Hanley et al., 1999 [Baer et al., 1999, light
eld [Veeraraghavanet al., 2007 [Lanman et al., 2009 [Liang et al., 2009, illumination
multiplexing [Schechneret al., 2003 [Schechneret al., 2007 [Ratner and Schechner, 2007

[Ratner et al., 2007, coded aperture defocus deblurrindLevin et al., 2007 [Veeraraghavan
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Figure 5.1: Multiplexing gain (Q) vs. optical e ciency ( C) for various ratios of photon to
read noise variance (2) using a multiplexing matrix with size N = 57. The results are
calculated using Equation 5.33. When =0, photon noise is absent, the optimal e ciency
is C = 29, and the optimal multiplexing matrix is the S matrix. As the amount of photon
noise increases, both the optimal e ciency, and the maximum SNR gain decrease. When

2 = :225, the optimal e ciency is C = 11, and the maximum SNR gain is just Q = 1:75.
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et al., 2007 [Zhou and Nayar, 2009 [Zhou et al., 2011], and shutter-based motion deblurring
[Raskar et al., 2004.

While Schechner et al. explored this problem in detail, theyonly considered the case
where the camera gain is identical for multiplexed and non-mltiplexed measurements.
This scenario only occurs when both the multiplexed and normmultiplexed signals are small
enough to remain unsaturated at the lowest gain setting (hidnest sensitivity). For larger
signal levels, the camera gain will need to be set independtyn for multiplexed and non-
multiplexed measurements, and the read noise for the multifexed and non-multiplexed

measurements will no longer be the same.

5.2.3 Multiplexing Noise and Camera Gain

We now relax the restriction that the multiplexed measurement must remain below satu-
ration at the lowest camera gain setting. We derive the noisevariance for the multiplexed
and non-multiplexed measurements under the assumption thiathe gain is set appropriately
so that each measurement avoids saturation.

The average non-multiplexed image brightnesds = J=gs measured in gray levels (GL)

depends on the camera gairms.

ls = J=0s: (5.34)

The image will have some variation about the average brightessJ. As a measure of the
dynamic range in the image, we denoteD the proportionality constant between the peak

signal brightnessJpeak and the average signall

Jpeak = D J: (5.35)

To avoid saturation for the non-multiplexed image, we set the gain for the non-multiplexed

image so that

D J

Os = m: (536)
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Our multiplexed image is C times brighter than our non-multiplexed image. Denoting
the gain for the multiplexed measurementgm,, the brightness in GL for our multiplexed
measurementid , = C J=gy. In order to avoid saturation for the multiplexed measurement

we set the gain so that

D J
On=C ADU (5.37)
= Cgs (5.38)

where in Equations 5.36 and 5.37 we have assumed that the peakgnal level of our
multiplexed measurement is less than the FWC of the sensorsosthat C D J FWC.
The ratio between the average noise for multiplexed and nomaultiplexed measurements is

then

S = 1T 0. (5.39)
m CJ+Co 1+ §
We also de ne an upper bound on the ratio of the two noise leved
2 34 Y 24 2
s cc 1~ 0. (5.40)
2 Cl+ 2

The expression in the numerator follows from the fact that shce the multiplexed mea-
surement does not saturate at the highest gain setting, the on-multiplexed measurement
must have a gain setting that is at least C times smaller. The expression in the denomi-
nator follows from the fact that as the camera gain decreaseghe total read noise variance

approaches 3.

5.2.4 Multiplexing Limits

We now derive an upper bound on the maximum SNR gain that can beachieved with any
multiplexing matrix H. Using the expression for the minimum trace given in Equatio 5.33,

the optimal SNR gain can be written as
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N 2
2 —
2 C2(N 0©)
S
s = =) (5.42)
2CN 2C+1

5.2.4.1 Large Multiplexing Matrices

The upper bound on Q?(C;N) is a monotonically increasing function. Writing the upper
bound as Q%(C;N), we can be verify this by taking the derivative with respect to N, and

observing that the result is strictly positive

d@%(C;N) _ 2 c*c 1)y
dN = 2 (CN 2C+1)2 >0 (5.43)
As a result, Q reaches a maximum wherN = 1 . Denoting Qn (C) as
Q3 (C)= lim Q?(C;N) (5.44)
2
= C—2s (5.45)
m

Since the multiplexing gain monotonically increases withN , we expect the upper bound
given by Equation 5.45 to decrease for small matrices. The yper bound given holds for
all matrices, but the bound is tightest when the multiplexin g matrices are large (e.g.N >
1000).

We get an upper bound for the SNR gain by substituting the noie bound from Equation
5.40

2

2
+ gmax 2 +
15 0 (5.46)

J+ G
2 C
Qk(C) C

 (C) CJ+

We can now nd the the value Cnax that maximizes this upper bound by taking deriva-

tives with respect to C
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dQ?
C =—a ax — 5.47
max rg mCX ac ( )
- Jgr%nax %+ S. (5 48)
EEEED |

p i . .
wheres = Q2. 7(J20%ax 1+ J &+ 3). Substituting Cmax into Qu gives an upper

bound that is independent of C

Q*C;N) Q& (Cmax) (5.49)
202 23+ 3
S 775 o
2
1+ -2 (5.51)

3
where in Equation 5.51 we have used the fact thats > Jg2,, 2. We rst point out
that the upper bound is always greater than one. However, theamount greater than
one is inversely proportional to the signal levelJ. Therefore the multiplexing gain will
asymptotically approach one for large signal levels. Thuswhile optimal multiplexing can
never hurt you, there will be scenarios where the bene t is maginal. We note for instance
that if we want to achieve a (squared) multiplexing gain that is greater than one, this

puts an upper bound on the maximum signal level

lon

This bound signi cantly decreases the space of imaging scemios that will give the
desired multiplexing gain. As an example consider a Canon 1Mark Il sensor. The total
read noise variance at the lowest gain setting is 16 , which is typical of a high quality
CMOS sensor. For this camera, it is not possible to achieve a aitiplexing gain greater
than P 2 if the non-multiplexed signal level is greater than 1@ . Note that this is only a
minute fraction of the maximum signal level that can be recoded by the system since for
this sensorFW C = 80;000 .

Initially, we assumed that the the sensitivity of the camera was adjusted to avoid satu-

ration and minimize noise for both the multiplexed and non-multiplexed measurements. We
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note, however, that Equation 5.51 is independent of the gairsettings for multiplexed and
non-multiplexed measurements. This means that the same bod holds even if the light
level is su ciently small that it is necessary to set the camera gain to the lowest setting for

both measurements.

5.2.4.2 Interpretation for Large Multiplexing Matrices

The bound given by Equation 5.51 is particularly useful in ealuating the performance of
coded aperture defocus deblurring systemfL_evin et al., 2007 [Veeraraghavanet al., 2007
[Zhou and Nayar, 2009 [Zhou et al., 2011 and shutter based motion deblurring systems
[Raskar et al., 2004. In all of these systems, the number of multiplexed measureents N is
equal to the number of pixels (i.,eN  10), therefore the bound derived in Equation 5.45
is quite accurate. For these systems it is always possible tond a multiplexing strategy
that will give a SNR gain greater than one. However, dependig on the signal level, the
amount that the SNR gain is greater than one may be negligible Furthermore, because
these systems are inherently shift invariant, there are phgical constraints that may prevent
implementation of the optimal coding strategy. Also, sincethe computational technique
will always require more resources, even a small amount of SN gain may not warrant
choosing a computational technique over a conventional oneln summary, we expect that
the scenarios where a computational technique provides a stient performance advantage

is extremely limited.

5.2.4.3 Small Multiplexing Matrices

The upper bound on SNR gain given by Equation 5.51 is a very egsto interpret result
that holds for all matrices. The SNR gain for any multiplexing matrix is never greater
than one plus the ratio of read to photon noise. This bound is ight for large multiplexing
matrices, but it becomes weak for smaller matrices. We know érive a tighter bound for

smaller matrices.

Let us de ne the read noise at the highest signal level as?2.,, = g5 >+ &, andthe
read noise at the lowest gain setting as 2., = g2, 2+ 3. Then we can rewrite Equation

5.42 as
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J+ 2ex C2(N ©)

2/ .
C;N 5.53
QX ) CJ+ rzminCN 2C+1 ( )
J+ 2ax C(N_©C)

: 5.54
CJ+ r2min N ( )

We nd the value for Cax that maximizes this bound by di erentiating

dQ?
C = —_— 5.55
max = argmax -~ (5.55)
s 2

= —___fmn_. (5.56)

J

q
where s =

+ NJ). Substituting the minimizer back into Equation 5.54

2 ( 2
rmin rmin

gives the expression

J+ rzmax S r2min r2min + NJ S . (5 57)
sNJ2 ' '

Q?(C;N)

Equation 5.57 implies an upper bound on the maximum signal leel that can achieve an

SNR gain greater than one

4
ﬁ rmax .
4 2

rmin

Imax < (5.58)

This bound is only meaningful whenJnax < FWC, which requires a relatively small
value forN (e.g. N 1000) and that the maximum read noise variance is not signi @antly
greater than the minimum read noise variance. For instancethe Canon 1D Mark Il sensor
has a large di erence in the maximum and minimum read noise vales. When a multiplexing
matrix of size N = 64 is used with this sensor, the bound becomed;.x < 1024e , which is
greater than the FWC. On the other hand, when a Lumenera Lu570sensor is used instead,
the bound becomesdnhax < 1024 . This limits the maximum signal range to within a
fraction of the maximum signal level that can be recorded by he sensor.

As a nal note, we mention that when both the non-multiplexed and the multiplexed

signal are below saturation at the lowest gain level, the toal read noise is the same for both
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measurements, and then the largest signal that will allow anSNR gain greater than one

becomes

Jmax < 7 rmin : (5.59)

For instance if a Canon 1D Mark Il is used with a multiplexing matrix of size N = 64,
the maximum signal level that will result in a multiplexing g ain is Jmax < 64e , which is a

very weak signal.

5.2.4.4 Interpretation for Small Multiplexing Matrices

We saw that for large multiplexing matrices, there is alwaysa coding strategy that will
result in a multiplexing gain greater than one. However, forsmall matrices, we see that this
is not the case, and there will be a maximum signal level abovavhich it is not possible to
achieve a SNR gain. The bound given by Equation 5.58 is partiglarly useful in evaluating
the performance of color[Baer et al., 1999 [lhrke et al., 2014, light eld [Veeraraghavanet
al., 2007 [Lanman et al., 2009 [Liang et al., 2004 and illumination multiplexing systems
[Schechneret al., 2003 [Schechneret al., 2007 [Ratner and Schechner, 200]7[Ratner et
al., 2007. In all of these systems, the number of multiplexed measureents N is small (i.e
N  16). Therefore the maximum signal level that will result in a multiplexing gain greater
than one is extremely small (i.e. J < 64e ). When the signal level is greater than this,
conventional techniques will exhibit superior performane. We discuss how to map lighting
conditions into photon counts in Section 5.4.1. For now we snply state that, as is the case
whenN is large, the scenarios where these techniques achieve a foemance advantage over

conventional techniques is extremely limited.

5.3 Coding For Invariance

Blur is a common problem in imaging systems. For a perfectly dcusing imager, the Point
Spread Function (PSF) is a perfect delta function. Then, the brightness at a point on
an object maps directly to a point on the image. When an imagiry system exhibits blur,

object points are blurred so that they map to an area on the senor instead of a point. This
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blurring in the image typically suppresses the energy at hig frequencies in the Modulation
Transfer Function (MTF). When the PSF is known, we can apply deconvolution to remove
blur. Then the MTF tells us directly what the SNR of recovered images will be.

The deconvolution problem is analogous to the coding proble discussed in the pre-
vious sections. In the discrete case, blurring a focused inge with a PSF corresponds to
multiplication by a coding matrix H that is block Toeplitz, and the MTF corresponds to
the singular values of this matrix. In the equations that follow, we use the continuous form
of the PSF and MTF to derive the MSE and SNR gain after deconvolition.

In a variety of applications, a conventional camera introduces an undesirable variation in
MTF over some domain, for instance object depth or motion. THs variation is particularly
undesirable when all states in the domain are equally likely Then, the best strategy is
to introduce coding in the imaging system that equally preseves energy in the MTF over
all states. Parseval's theorem, however, dictates that thee is a limit to how much we can
simultaneously maximize MTF and achieve MTF invariance [Levin et al., 2009 [Levin et
al., 2009 [Cho et al., 201d . As a consequence, there is an upper bound on the maximum
domain invariant MTF that can be achieved.

We need to be careful when we talk about domain invariant blur There are two types
of domain invariant blur. For the rst type, both the MTF and P SF are invariant. This is
the most desirable type of invariance because it allows deowolution to be applied without
rst estimating the PSF. Unfortunately it is very di cult to derive upper bounds on the
MTF for this type of invariance. It is however, possible to derive upper bounds for the
second type of invariance, where the MTF is invariant, but the PSF may not be. Of course
if the PSF is not invariant, then we need a way to estimate the FSF before we can apply
deconvolution. However, we can think of these bounds as bejnsomewhat conservative in
the sense that they tell us, assuming the best case where wercastimate the PSF perfectly,
what is the minimum MSE that can be achieved. Furthermore, the upper bounds derived
for the second type of invariance must also apply for the rsttype of invariance (perhaps
weakly) since the rst type is more constrained than the rst.

Here we focus on two application areas: motion and defocus dirring. In both these

scenarios, blur suppresses important scene details, and ¢hamount of blur can vary signi -
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cantly within an image. The amount of motion blur varies depending on object speed, while
the amount of defocus blur depends on object depth. In both cses, their is a tension be-
tween the amount of light captured, and the amount of blur introduced. Increasing exposure
time increases the amount of light captured, but also increaes motion blur. Analogously,
increasing aperture size increases the amount of light capted but increases defocus blur.
Consequently, it is always possible to remove blur by sacricing light: either by reducing
exposure time, or stopping down the lens aperture.

A common strategy that has been used to combat both types of hir without sacri cing
light is to remove the object dependent variation in MTF. For example, parabolic camera
motion can be utilized to create a motion independent MTF, ard translating the sensor
along the optical axis during exposure can produce blur thatis independent of depth. The
MTFs for these techniques have been derived irfLevin et al., 2004 [Levin et al., 2009.
Using the MTF, a lower bound on the MSE can be derived, and usig the machinery from
the previous sections, the maximum SNR gain can be calculatefor these techniques.

The problem of engineering a depth-invariant MTF is closely related to the problem
of engineering a motion invariant MTF. Both problems can be well understood by using a
phase space representation to analyze the problem. For thease of 2D motion blur, we use a
3D space-time parameterization, for defocus blur, we use aDtlight eld parameterization.
In both cases, optimal performance is achieved when energwy iFourier space is maximized
over a restricted domain, subject to conservation of energyconstraints. For motion blur,
energy in Fourier space is restricted to lie within an doublecone whose apex angle is
determined by the range of object speeds. For defocus blur,nergy is restricted to a 3D
manifold within 4D Fourier space. Levin et al. and Cho et al. provide an excellent overview

of these conceptdLevin et al., 2009 [Levin et al., 2009 [Cho et al., 2014 .

5.3.1 MSE in Continuous Form

At this point, we transition from the discrete to continuous domain, which will provide a
convenient means of calculating the MSE for each of these thoiques. We return to the
analysis of shift-invariant systems introduced in Chapter1. A blurry image g(x;y) is then

the convolution of a latent focused imagef (x;y) and the system Point Spread Function
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h(x;y),

ax;y) = f(x;y) h(xy): (5.60)

This equation can be expressed compactly in the Fourier doma, where convolution

becomes a multiplication

Gl xity) = Flxily) H(xily); (5-61)

where !, and ! y are spatial frequencies in thex and y directions, respectively. The
Fourier transform of the blur kernel H(! «;!y) is the Optical Transfer Function (OTF) of
the camera. The modulus of the OTF is the MTF, which is an indicator of how much
di erent spatial frequencies are attenuated by the system. With this notation, we can then

write the average image intensity as

1 z W=2 Z H=2
J = X;y)dxd 5.62
By Dy e e, 6YIOXOY (5.62)
_ F(0;0)H (0;0)
= —Dx D, (5.63)

where Dy and Dy are the height and width of the image, respectively. Note tha if the
optical system allowsC times more light through so that H (0;0) becomesC H (0;0), the
average signal intensity become<C J. When we capture an image, the blurred image is
perturbed by additive noise, represented by the random funttion (x;y) and its Fourier

spectrum (! ;!y). The captured image spectrumQg is then

Goll xi!y) = Flxily) H(xily)+ ( 1xily): (5.64)

We form an estimate of our focused image spectrurk by dividing the captured image
spectrum Gg by the OTF. Assuming that there are no zero crossings in the OTF, the

estimate becomes
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F it = oy (5.65)
= F(lx!y)+ H (5.66)

The MSE is the expected L2 norm on the di erence between the e@mated image and

the focused image

MSE = E[KF (! x;!y) F#(!x;!y)kz] (5.67)

(1xily) 2

TN (5.68)

When the noise is Gaussian, the MSE becomes

1 2
H( x!y)

Although the assumption that the noise is Gaussian is somewdtt restrictive, the as-

MSE = 2 (5.69)

sumption works quite well for Poisson distributed noise wih variance greater than about
about 10.
We assume that the focused image is bandlimited by the Nyquisfrequency =1 =2,

where is the pixel size. Then the frequencies outside the range j! j;j! yj < do not

contribute to the MSE. De ning the normalized frequency coordinates ! $ = !, and
! 8 =1y, we can write the MSE as
2Z 122 £ 1= 1 0o
MSE = ———d! Jd!' 5.70
1= 1 KH( k2T XY (570)

Note that, if the captured image intensity is measured in temms of photons, according
to this de nition, the MSE is properly normalized so that if t he PSF is a delta function,
h(x;y) = (x;y), the OTF is constant, H(! ;! y) = 1, and the MSE is equal to 2=
J+ g2 2+ 2. This is consistent with the discrete form of the MSE, which dso reduces to

MSE = 2 when the multiplexing matrix is equal to the identity. Also n ote that when the
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optical system becomesC times more e cient so that H (0;0) becomesC H (0;0), and the
camera gain is adjusted to avoid saturation at the increasedight level, the noise variance
becomes 2= 2 = C J+ C2?g2 2+ 32 Thus, the notation for the noise variances is

consistent with the de nitions in Section 5.2.3.

5.3.2 Performance Limits for Motion Blur

Cameras exhibit motion blur when objects move during exposte so that points in the
image are blurred along the direction of motion. A scene may a@nsist of multiple objects
moving at di erent speeds and directions. Levin et al. showedthat, for 1D motion blur,
parabolic camera motion creates a motion invariant PSF that nearly achieves the upper
bound on the MTF [Levin et al., 2004. The technique can therefore be used to be remove
blur without rst estimating motion, while at the same time n early achieving the maximum
possible SNR. However, the technigue is not applicable foraneral 2D motion.

Here we consider the general case where objects motion is a 2@ctor in image space
coordinates. Cho et al. developed a technique that comes ®e to achieving the MTF
upper bound, but the technique requires multiple exposuresand motion estimation. No
techniques currently exist that achieve a motion invariant MTF without also requiring

motion estimation.

5.3.2.1 The Baseline for Motion Blur

For an exposure timeT, an object moving at constant velocity 2D sy, = ('Sx; Sy) in image
space, is blurred along the direction of motion by a box shape kernel with width equal to
bn = jsmjT. Denoting the maximum object speed asS,, so that Sy | Smj Sm, the
maximum blur size for the scene then becomeélsnax = TSy . Motion blur becomes apparent
when the maximum blur size is larger than a pixel so thathnax > . Thus, motion blur

can be removed by setting the exposure timé so that the maximum blur size is equal to

one pixel. We de ne the baseline exposure timdl, as

To= —: (5.71)
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When the exposure time is equal toT,, the motion blur becomes so small that the
PSF e ectively becomes a delta function for all motions. We ug this case as a baseline
for comparing the performance of any motion deblurring tecmique. Here we assume that
the image intensity f (x) is measure in units of power, and the PSFhy; (x) is measured
in units of time, which ensures that J = F(0;0)H (0;0)=(H W) is in units of photons.
Then the D.C. component of the OTF becomesH ., (0; 0) = T,. De ning the average power
P = F(0;0)=(Dx Dy), the average signal becomes = P T,. The MTF for the motion blur

baseline is constant

Hmb(! x;!y) = oy (5.72)

and, using the same notation for the noise in the absence of nitiplexing, s, as used in

the previous section, the MSE is

MSE mp = (5.73)

N
o olon

5.3.2.2 Motion Invariant Blur

When the exposure time is increased by a factor o€ to T = C Ty, the amount of light
captured increases by a factor ofC, but the maximum blur size also increases by the same
factor, causing motion blur to become larger than one pixel. When motion blur is larger
than one pixel, the blur can be engineered to become motion i@riant, allowing it to be
be removed via deconvolution. The question becomes whethar not the combination of

increased light and deconvolution results in a net gain in M&.

5.3.2.3 MSE for 1D Motion Invariant Blur

Levin et al., analyzed techniques that produce an MTF that is motion invariant over a
desired range of 1D velocitiedLevin et al., 2004. They derived an upper bound on the best
possible MTF that can be achieved, and introduced a technige that produces an MTF that
is close to the upper bound, while at the same time producing anotion invariant PSF. In

this technique, constant acceleration is intentionally agplied to the camera during exposure
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so that the camera speed matches the speed of all objects indhscene at least once during
exposure. In this setting, the D.C. component of the OTF isH; (0) = C Ty,. The upper

bound on the squared motion invariant MTF is

CTy

kKH 1p (! )K? 2 -
(! x) 25mi! 1

(5.74)

where!  is assumed to be the direction of object motion. In this setthg, the range of
camera speeds that are spanned during exposure i$4, and the MTF is motion invariant
for moving objects that would otherwise produce a blur kernéwith widths less than or equal
to the maximum blur size byax = CTpSy. Using the same notation for noise in presence of
multiplexing as used in the previous section, the lower boud on the motion invariant MSE

then becomes

Z
MSEipp 2 1Z;d! 9. (5.75)
" 1=szH(! Dk2 X
224Sm " 00
= 1 Ot O: 5.76
CT, 1=21 xJjd! (5.76)
&
= _n 5.77
2CT? ®.77)

5.3.2.4 SNR Bound for 1D Motion Invariant Blur

The maximum gain in SNR Q, that can be achieved when using a 1D motion invariant

technique, relative to using a shorter exposure time, then kcomes

MSEmb'

2 —_—
b  WsE: (5.78)
2
=2C-%: (5.79)
m

Interestingly, the upper bound on the SNR gain for a motion invariant camera is equal
P~ .. , , , . : . :
to 2 times the SNR gain for optimal multiplexing, and hence the gtimal increase in
exposure time is equal to the optimal row sumCp,ax for multiplexing given by Equation

5.48.



CHAPTER 5. ON THE LIMITS OF COMPUTATIONAL IMAGING 132

Substituting for C gives an upper bound for the motion invariant SNR gain in terms of

only signal strength and sensor noise

2 3.

Q3 2+ % (5.80)

In this case, the SNR gain is always greater thanp 2. However, the amount greater
P~ . . : .

than = 2 decreases asymptotically with the signal level, and agaimve have an upper bound

on the maximum signal level that will result in a (squared) SNR gain that is greater than

one

2§,
%

J< (5.81)

Again, the bound signi cantly reduces the space of imaging eenarios that will give the
desired multiplexing gain. In this case, when using the Cano Mark Il, it is not possible
to achieve a multiplexing gain greater than P 3 if the uncoded signal level is greater than
32 .

5.3.2.5 MSE for 2D Motion Invariant Blur

Cho et al., analyzed the problem of producing a motion invarant MTF for the case of
general 2D motion[Cho et al., 2014 . They derived an upper bound on the best possible
MTF that can be achieved, and introduced a technique that praduces an MTF that is close
to the upper bound. However, the technique does not produce anotion invariant PSF
and therefore requires motion estimation. In this technique, two images are captured with
constant acceleration in orthogonal directions.

The upper bound on the motion invariant MTF for 2D motion is

CTp |
2Smij! fJ’

kHap (! x; ! y)k? (5.82)

q
wherej! (j= 12+ 5 the lower bound on the motion invariant MSE for general 2D

motion then becomes
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2 z 1=2 1 0 0
MSE 2D m 12 Wd' Xd' y: (583)
Z .,

2 %Sm 1=2 g ?

= | @4+ 1 @di Oq1 O: 5.84
CTb p 1=2 X Yy X y ( )
23y 2+sinh (1)

—_ m

=T 5 (5.85)
3 &

> -1 5.86
4ACT? (5:86)

5.3.2.6 SNR Bound for 2D Motion Invariant Blur

The maximum gain in SNR Q. that can be achieved when using a 2D motion invariant

technique, relative to using a shorter exposure time, is

MSE
2 mb .
— 5.87
Q2D MSEZD ( )
4 2
= _C—>: 5.88

This upper bound on the SNR gain for 2D motion is only slightly better than the
multiplexing gain given in Equation 5.45, and slightly worse than the SNR gain for 1D
motion blur. As in the case of 1D motion, the optimal increasein exposure time is equal
to the optimal row sum for multiplexing given by Equation 5.48. The upper bound for the

SNR gain is

4 4 3
o =+ =2 5.89
Q2p 3t 33 (5.89)
In this case, when using the Canon Mark Il it is not possible b achieve a multiplexing
. P—— . . :
gain greater than  4=3 if the uncoded signal level is greater than 3@ .
5.3.2.7 Motion Extension for Motion Invariant Blur

There is another interesting way to interpret Equations 5.80 and 5.89. Suppose that instead

of asking what the maximum SNR gain | can get from motion invariant photography, we
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ask instead what is the most we can extend the range of speedsing motion invariant
photography without sacri cing SNR. We derive the result for 1D motion, but the results
are the same for 2D motion as well. Then the range of speeds fahe motion invariant

exposure increases tiMp Sm, and the new MTF HfD becomes

CTy
KHY (1 ke ———2 5.90
00 oM 1o St o (590

which makes the upper bound for the SNR gain

C 2

@ 2 s
b 2y (5.91)

1 2
= —— : 5.92
v Qb (5.92)

Thus, if we want to increase the range of speeds by a factor dfl ;p while also ensuring

the SNR gain Q% remains greater than 1, we nd that

Mip  Q%; (5.93)

so the increase in motion speeds has the exact same bound a®tBNR gain given by
Equations 5.80 and 5.89. These equations summarize the bepbssible performance that
can be achieved using a motion invariant technique. We can timk of these upper bounds
as either the maximum SNR gain that can be achieved for a xed ange of speeds, or as the
maximum increase in the range of speeds that can be achievedrfa xed SNR.

For 1D motion, the upper bound is always greater than one for d signal levels. However,
it approaches 2 for large signal levels. Furthermore, the uper bound is only met when the
optimal motion invariant MTF achieved. The parabolic exposure technique developed by
Levin et al. comes closest, but it only achieves the bound fom nitely large exposures. In
practice, the actual SNR gain will be less thanp 2, and the maximum motion extension will
be less than 2, even for large signal levels. We therefore et that for 1D object motion,
we can achieve at least some performance advantage at all kiglevels when using a motion

invariant technique.
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For the case of general 2D motion, the upper bound is always gater than one for all
signal levels, but, is only slightly greater than one for lage signal levels. The orthogonal
parabolic exposure technique developed by Cho et al.[Cho et al., 201J comes closest,
but it does not achieve the bound. Furthermore, the techniqle requires motion estimation
which may propagate errors in PSF estimation that reduce theSNR gain even further. In
summary, the performance advantage in using either a 1D or 2Dnotion invariant technique
is little to none for large signal levels, even when the optiml MTF is achieved. There is only
hope in achieving a performance advantage when the light lels are very low, as dictated
by Equations 5.52 and 5.81.

Finally, we note that the upper bound was derived under the asumption that the range
of object speeds are distributed uniformly. This is of coure the most general case, but one
can imagine scenarios where this distribution is not entiréy uniform, and for instance, only
two object motions exist that di er signi cantly in magnitud e. When prior information on
the distribution of motions is known, the upper bounds on the MTF in Equations 5.74 and

5.82 no longer hold so that the bounds derived here are no lorg valid.

5.3.3 Performance Limits for Defocus Blur

The discussion on defocus blur will largely parallel the disussion on motion blur. Cameras
exhibit defocus blur when objects are located at depths othethan the focal plane of the
camera. The further objects are from the focal plane, the grater the amount of defocus
blur will be. The problem of defocus blur arises due to the nite size of the camera aper-
ture. Pinhole cameras exhibit no defocus blur, while largeaperture sizes introduce greater
amounts of defocus blur. We can thus always remove defocusunl by stopping down the
aperture. We do so however, at the cost of reducing the amounof light captured by the
sensor. An alternative to stopping down the aperture is to ug an EDOF camera to produce
a depth-invariant blur. Because the blur is depth invariant, it can be removed via decon-
volution. However, deconvolution ampli es the noise in cagured EDOF images. In the
following sections we compare the performance of EDOF techques relative to a baseline

imaging system with a stopped down aperture.
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5.3.3.1 The Baseline for Defocus Blur

For a square aperture of width A, an object located at a depthd will produce a square
defocus kernel with width equal to by, = jsgjA, wheresqy = (d dg)=d, and dp is the
distance from the lens to the object side focal plane of the gaera. When the light eld
is parameterized by the 2D lens aperture coordinatesy;v) and the 2D lens focal plane
coordinates (x;y), image points map to hyperplanes in light eld space with sbpe sq,
according to the two relations x = squ, Y = sqv. As in [Levin et al., 2009, for objects in a
depth range d 2 [dmin ; dmax ], We choose the focal distance to bey = H Then the
range of light eld slopes becomesS4=2 sy Sy=2 and the maximum blur size becomes
bnax = ASq=2, whereSy=2 = rex_fmo_

Defocus blur becomes apparent when the maximum blur size isatger than a pixel so
that bhax > . In the same way that motion blur can be removed by setting th e exposure
time T appropriately, so can defocus blur be removed by setting theperture width A so
that the maximum blur size is equal to one pixel. We de ne the baseline aperture width

Ay as

2
Ap= —: 594
b= g5 (5.94)

When the aperture width is equal to Ay, defocus blur becomes so small that the PSF
e ectively becomes a delta function at all depths. We use thiscase as a baseline for compar-
ing the performance of any defocus deblurring technique. He we assume that the image
intensity f (x) is measure in units of energy per unit area (irradiance muliplied by time),
and the PSF h(x;y) is measured in units of area (in the aperture plane), which asures that
J = F(0;0)H (0;0)=Dx Dy) is in units of photons. Under the assumption that the MTF

is essentially depth invariant, the MTF for the baseline imaging system is constant

Hao(! x;!y) = A& (5.95)

and the MSE is
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MSE g = (5.96)

%
o hON

5.3.3.2 Defocus Blur and Di ractive Blur

Defocus blur is a purely geometrical phenomenon that deperglonly on object depth, aper-
ture size, and the focal length of the lens. However, lensedsa exhibit some amount blur
due to the di raction of light from the aperture. Furthermore , while defocus blur is directly
proportional to aperture size, diractive blur is inversely proportional to the aperture size.
Therefore, the two types of blur compete, and any attempt to remove one type of blur will
increase the other.

To make a fair comparison between the baseline case with theiapped down aperture
and an EDOF system, we need to account for the di ractive blur in both cameras. We have
two choices, we can either assume that the di ractive blur is emoved from both cameras, or
that it is not remaoved from either camera. To make the problemeasier to analyze, we take
the former approach and assume that di ractive blur is removed from the stopped down
camera.

Under the assumption that the MTF is essentially depth invariant for the baseline case,

the MTF for a lens with a square aperture of width Ay is

<

|
Hao(! xily) = AF = A (5.97)

where (x) = (1 | xj) is the tophat function, = Ap=(dyg), and is the average
wavelength of light. The MSE for the baseline imaging systentaking di raction into account

becomes

2 2Z 1=2 ‘ 1=2 1 0 0
MSE 4 = A - - ———d! ud!; 5.98
dT oMt (L] =)@ j xjp2z- v X (5.98)
2 A2 2 2
= whb 5 1 (5.99)

= 2A2 —— (5.100)
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The MSE for the baseline case then depends on the relationghibetween the Nyquist
frequency and the diraction cuto frequency . The expression for the MSE in Equation
5.100 is only correct when < . For any larger values of , the MSE becomes in nite
because the MTF at frequencies in the range ;! x > have zero magnitude. Note that

implicitly puts a constraint on the maximum F/# for the basel ine imaging system

d 2
F#= — —: 5.101
An ( )
For instance, for a pixel size of = 2 m, and assuming an average wavelength of

= :5m, the maximum allowable F/# is F/8. This brings us to an import ant point
about extending DOF. It may be impossible to reduce the apertire to a small enough size
without reducing the di raction cuto frequency below the Ny quist frequency. When this
is the case, so long as it is necessary to maintain some energlyfrequencies larger than the
di raction cuto , the only option available for doing so while at the same time maintaining
the desired DOF is to use an EDOF technique. In this case, the bne t of using an EDOF
technique does not come in the form of SNR gain relative to stpping down the aperture,
it is simply the only way to achieve the desired DOF extensionand at the same time fend

o the negative e ects of di raction.

5.3.3.3 Defocus Invariant Blur

The problem of producing depth invariant blur is analogous © the problem of producing
motion invariant blur. When the aperture width is increased by a factor of pE to A =
P C A,, the amount of light captured increases by a factor ofC, but the maximum blur
size also increases by a factor ol?‘ C, so that the defocus blur is now larger than one pixel.
When defocus blur is larger than one pixel, the blur can be engeered to become defocus
invariant, allowing it to be be removed via deconvolution without the need to rst estimate
depth. As in the case of motion blur, the question becomes whker or not the combination
of increased light and deconvolution results in a net gain inMSE.

While several techniques have been developed to extend DORhere is no way to com-

pletely remove depth-dependent blur from a camera with a nite aperture size. The best
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that can be done is to produce depth-independent blur over sme depth range. Baek ana-
lyzed the tradeo between MTF and depth-invariance [Baek, 201Q. He derived a bound on
the optimal tradeo that can be achieved, and showed that that the focal sweep technique
is nearly optimal in simultaneously maximizing MTF and depth-invariance. Levin et al.

derived an approximate expression for the focal sweep MTF, awell as an upper bound on
the maximum MTF that can be achieved regardless of the degre®f depth-indpendence.

The approximate MTF for focal sweep H+s), and the upper bound for any technique H )

are
CAZ 2(14;1y) ! !
kHes (! x;! )& —R 2 ¥ X 2 5.102
fS( X y) SSJI rj2 C C ’ ( )
C372A3 ! !
kHub(! x; ! y)K? b X S 5.103
Ub( X y) SdJI rj C C ’ ( )
where (!y;!y)= WM,Which has values in the range [:LIO 2]. In this setting, the

range of depths is set bySy,, and the blur is depth invariant for depths that would otherw ise
produce blur widths less than or equal to the maximum blur si2 byax = P CASm=2.

The upper bound in Equation 5.103 is signi cantly larger than the focal sweep MTF
given by Equation 5.103. Levin et al. introduced the lattice focal lens, which comes clos-
est to achieving the upper bound in Equation 5.103. Howeverthe technique does not
produce a depth invariant PSF, and therefore requires depthestimation in order to apply

deconvolution to captured images.

5.3.3.4 SNR Gain for Focal Sweep

The focal sweep technique creates a depth-independent blupy utilizing sensor motion
during exposure. The sensor is translated along the opticabxis during exposure so that
the each object is in focus during at least one instant. In thesetting analyzed here, the
depth range swept by the sensor is equal to the range of objecepth in the scene.

We rst simplify the expression for the focal sweep MTF by ignoring the e ect of di rac-

tion on the opened up aperture
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CAZ

— 5.104
S2max2(j! xj;j! yi) ( )

KHts (! x;! y)k2

This upper bound will be tight when we open up the aperture mud larger than the
baseline case. TherC is large and the new di raction cuto frequency becomes much krger
than the Nyquist frequency (i.e. C and ( (!:—y) 1). Equation 5.104 is a convenient
expression to work with analytically. However, it is important to keep in mind that the
upper bound becomes weak wheg is small.

We observe that the max function can be broken into four quadants which integrate
to the same amount, and that for the quadrant ! , > j!yj, max(! x;!y) = !x. We can
then change MSE so that thex integrand becomes [01=2], and the y integrand becomes

[ !x:!«], and the MSE becomes

Z 1,72 19 1
MSE 42 — —_d! %! % 5.105
Bt kTR (5109
4 252 1=24“ 14
= = ¢ i | 1 R ot & (5.106)
b Y x
Z -
32 2 1=2 ® 0.
= —CAE ) 1 Sar 9, (5.107)
2
m
= _m_ (5.108)
2CA?!
(5.109)
The multiplexing gain for focal sweep is then
2 2
Qs 2¢ —— = (5.110)
m

The SNR gain for focal sweep equal to the SNR gain for 1D motionnvariant photogra-
phy, weighted by a diraction dependent term. When diraction can be ignored, the two
expressions are identical. As a result, the optimal increas in aperture area, the optimal
increase in exposure time for motion invariant photography and the optimal row sum for
multiplexing are all equal to the same valueCnax given in Equation 5.48. The upper bound

on the SNR gain for focal sweep is
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2 2
20

Q7 2+ 5% —— (5.111)

For focal sweep, the SNR gain is always greater tharl? 2. However, the amount greater
than P 2 decreases when either the amount of di raction or the signalevel increases. The
bound signi cantly reduces the space of imaging scenariosh@at will give the desired mul-
tiplexing gain. In this case, when using the Canon Mark Il, it is not possible to achieve a

multiplexing gain greater than 3 if the non-multiplexed signal level is greater than 32 .

5.3.3.5 DOF Extension for Focal Sweep

In the previous section we asked what the SNR gain will be for a EDOF system, relative
to a stopped down camera, when considering a xed range of defps. Now we ask instead
what is the maximum extension in DOF we can achieve for an EDOFsystem, while at the
same time ensuring that SNR is not less than a stopped down caera. We increase the
depth range dmnax  dmin by a factor of M¢g so that the parameter Sy also increases by a

factor of M¢s. Then the bound on the focal sweep MTF becomes

CAZ 2(1 ;1Y)
KHO (1! y)k2 =B X Y. 5.112
fs( X Y) Mfzssgj! r12 ( )
and the multiplexing gain becomes
C 2
QR 23 (5.113)
fs m

and enforcing the constraint that the SNR gain QPS is greater than one gives the upper

bound on the DOF extension

Mis  Qrs: (5.114)

This result is slightly di erent than the result for motion in variant photography. Here

the upper bound on the increase in DOFM¢ for focal sweep is equal to the bound on the
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SNR gain (not the square of the SNR gain). The di erence here isdue to the fact that
the amount of light for the focal sweep system is proportionhto the aperture area, which
is proportional to the square of the DOF. In this case, Equaton 5.111 gives a bound on
both the maximum SNR gain that can be achieved for a xed rangeof depths, and the
maximum increase in the range of depths that can be achievedf a xed SNR. The upper
bound is always greater than one for all signal levels. Whenidaction e ects are negligible,
the bound approachesp 2 for large signal levels so that both the maximum SNR gain and
DOF extensions become equal tc? 2. The bound increases when the amount of di raction
decreases, which happens when the F/# for the stopped down gaera becomes much larger

than the ratio between the pixel size and the wavelength of fjht.

5.3.3.6 Focal Sweep Summary

We summarize the results for focal sweep by considering twoi&rent scenarios that demon-
strate the e ect of diraction on the SNR gain. In the rst scena rio, we assume that
the diraction cuto frequency for the stopped down camera is twice the cuto frequency
( 2). This implies that for the stopped down camera, F/# = = . For instance,
assuming a pixel size of 4n and a center wavelength of = :5m , the F/# is then F/8.
When this is the case, for large signal levels, the DOF extensn for the focal sweep tech-
nique can be no greater than a factor of B?. Thus, when the signal is large, the absolute
best we can hope to do with focal sweep without decreasing th&NR below the stopped
down camera is to open up the aperture to F/2.8. This is a reasoably large extension
in DOF. However, we point out that in order to derive this bound, we accounted for the
e ects of diraction in the uncoded measurement, but not the coded one. Thus, the ac-
tual amount we will be able to open up the aperture will be lessthan F/2.8. A numerical
simulation taking into account diraction in the multiplexe d measurement found that the
optimal aperture setting to be F/3.5 instead of F/2.8.

When the diractive blur is large for the stopped down camera, the benet of focal
sweep is large enough to be attractive. However, the benet dcreases signi cantly when
the diractive blur decreases. For instance, consider the cae when the diraction cuto

frequency is at least four times the cuto frequency ( 8). This implies that for the
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stopped down camera, F/# > =2 ). Then, assuming we have larger 16n pixels, the
F/# remains at F/8. The DOF extension for the focal sweep technique can then be no
greater than a factor of 8=7 p? p?. In this scenario, when the signal is large, the
absolute best we can hope to do with focal sweep without decesing the SNR below the
stopped down camera is to open up the aperture to about F/5.6. This is a relatively
marginal improvement that most likely will not warrant the e ort required in implementing
the EDOF technique.

Since the focal sweep technique is nearly optimal in simultaeously maximizing MTF
and minimizing PSF invariance, we expect that this is the bes possible DOF extension
without requiring depth estimation. Thus, we expect Equation 5.111 to summarize the
best possible performance of any EDOF technique that does naequire depth estimation,
including the di usion coding technique discussed in Chapte 2 and spectral focal sweep
technique discussed in Chapter 3. However, note that the pnaous two examples illustrate
the best possible performance when signal levels are largeThe focal sweep technique
will have maximum performance advantage for small signal leels. In this case, the DOF
extension can increase signi cantly beyond the performane described in the previous two
paragraphs. We also reiterate a point made in Section 5.3.3: when the di raction cuto
frequency is larger than the Nyquist frequency ( > ), the only available option for
maintaining energy at all frequencies, while at the same tine maintaining the desired DOF,
is to use an EDOF technique. This is a particularly important problem when considering
cameras with small pixel sizes that have large Nyquist fregancies.

As in the case for motion invariant photography, the upper baund here has been derived
under the assumption that the range of object depths are digtbuted uniformly. It is of
course possible to imagine scenarios where prior informatn on the distribution of object
depths is known, in which case a depth invariant MTF is no longer optimal, and the upper

bound in Equation 5.110 is no longer valid.

5.3.3.7 SNR Gain for Optimal Defocus Coding

We use the 4D light eld parameterization to analyze light propagating through lenses.

However, neglecting the e ect of occlusions and highly spedar re ectances, the light eld
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produced by a set of image points focused at di erent depths isparameterized by only
3D spatial coordinates. Interestingly, this 3D subspace coesponds to a 3D manifold in
4D Fourier Space[Ng, 2009 [Levin et al., 2009. When a camera maximally preserves
energy along this 3D manifold, it also maximizes the MTF that can be achieved across a
range of depth values, giving an upper bound on the MTFH_,. We emphasize that the
upper bound H, is the maximum possible MTF that can be achieved while maximdly
distributing energy along the focal manifold, regardless bthe degree of depth-invariace.
For instance, for the lattice focal lens, which comes closé$o the upper bound, produces a
highly depth-dependent blur [Levin et al., 2009. We may therefore considerH , as a weak
upper bound for depth-invariant cameras. On the other hand,H , is a tight upper bound
on the maximum MTF that can be achieved over a range of depths Wwen depth is known
a-priori .

The lower bound on the MSE for any camera imaging over a rangefalepths is then

2g, 2157215 q

MSE,, ———23 | @+ 1 &d! Ot 0 (5.115)
u C3‘2Ag ; 1= 1= X y xEty
254 2+sinh (1)
= 5.116
c2A7 5 ( )
ZSd
< T AT E (5.117)

The best possible SNR gain for any camera optimized over a raye of depths is then

MSE
2 db.
Qb MeE, (5.118)
2c3=2 2
= A, - (5.119)
m

Under the assumption that the aperture is su ciently large f or the stopped down camera
that > 2, after substituting the expression for the noise ratio fr om Equation 5.39, the

bound on the SNR gain becomes

I+ 2+ §
CJ+C22 2+ 2

Q?, < 4Cc%? (5.120)



CHAPTER 5. ON THE LIMITS OF COMPUTATIONAL IMAGING 145

This upper bound on SNR gain increases more rapidly with apdure size than focal

sweep. We can solve for the optimal increase in aperture sizZ8,, by taking derivatives

p
J+ 122 292+ )2
Cup = 5 3 Sgs (5.121)
gs 1

J
g5 1
where we have made the approximation based on the assumptiothat the signal is
su ciently large so that J2>> 1292 2 2. Substituting Cyy, into the equation for the upper

bound gives

J+ g2 2+ &
_pil

= (5.123)
JOs 1

Qp 2

Again, assuming the signal is su ciently large, J @ 2+ 3, and the SNR gain
becomes
p_

J .
Os 1

Q% 2 (5.124)

Since we need to increase the gain to avoid saturation as theignal level increases,
the expression in the numerator increases also, until the mdamum gain level is reached.

Substituting the expression for camera gain from Equation 536, the SNR gain becomes

Q2 2%: (5.125)
1

So, once the once the signal level is large enough so that plwt noise dominates read
noise, the bound on the SNR gain actually decreases monotardlly with increasing signal
level until the signal saturates. Unless the dynamic ranges exceptionally large, the bound
will always be larger than one. For instance, we consider thease whenD = 8, which
is a typical value for natural images. Then, if a Canon 1D Mark Il is used, the signal
will saturate when J = 10;000 . The read noise at the largest camera gain setting is

Os 1 306e , sothe SNR gain would beQy, < 2:5 for a saturated signal.
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5.3.3.8 Upper Bound on DOF Extension

Following the same procedure as in Section 5.3.3.5, we nd tht for a DOF extension of

M b that does not sacri ce SNR,

Muw Q2 (5.126)

Thus, Equation 5.124 gives an upper bound on both the maximunsquared SNR gain,
and the maximum DOF extension that can be achieved with any tehnique. This upper
bound applies to all EDOF techniques, including both techngues that do and do not require
depth estimation. The MTF for the lattice focal technique from Levin et al. comes close
to the upper bound in Equation 5.124, but it requires depth egimation, which propagates

errors in the deconvolution process that increase the MSE ahreduce the SNR gain.

5.3.3.9 EDOF Upper Bound Summary

In summary, The upper bound on the SNR gain for any EDOF techngue given by Equation

5.124 is clearly greater than the upper bound for focal sweepgjiven by Equation 5.110.
Therefore, an EDOF technique that comes close to the upper bund, such as the lattice
focal lens, will maintain a performance advantage even at lager signal levels. However, the
focal sweep is near optimal at maximizing MTF and depth-invaiance. We therefore expect
that an EDOF technique which comes closer to the bound given % Equation 5.124 will

require depth estimation, and errors in the estimation will e ectively reduce the SNR below

this bound.

5.4 Conclusion

In Section 5.2 we found a bound on the maximum SNR gain that anymultiplexing technique
can achieve. In Section 5.3 we found bounds for motion invagint and EDOF techniques.
The performance of all these techniques depends on the signavel. At small signal levels,
all techniques do well. At large signal levels, the SNR gainspproach a maximum. We
summarize the results in Table 5.1, where we show the upper limd on the performance at

large signal levels for all techniques.
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SNR Gain Extension
Multiplexing G 1 -
1D Motion Invariant Qpp < p? Mip < p?
2D Motion Invariant Qap < = Mop < =
Focal Sweep| Qss < pé— Mis < p?—
P= 1=4 Py Z
EDOF Upper Bound | Q< 2 = M yp < 295—1 —_—

Table 5.1: The SNR gain for several techniques at large sighdevel. From top to bottom,
the techniques are multiplexing, 1D motion invariant photography, 2D motion invariant
photography, focal sweep, generalized EDOF. The middle caimn shows the SNR gain, and
the right column shows the motion extension for motion invarant photography, and the

defocus extension for focal sweep and generalize EDOF.

Summarizing Table 5.1, there is no SNR gain for multiplexingtechniques. The maximum
SNR gain for 2D motion invariant photography is only P 4=3. This means that any extension
of motion for 2D motion invariant photography will be neglig ible if the SNR gain is at least
one. It is possible to get a rather negligible SNR gain or motin extension ofp 2 for 1D
motion invariant photography, but this requires motion to b e restricted along a line.

Analyzing the performance of the EDOF techniques is slighty more complicated. When
the e ects of di raction can be ignored, the SNR gain and DOF extension for focal sweep is
P 2, which is negligible. This happens when the di raction cuto frequency is much larger
than the Nyquist frequency, which only occurs when the F/# is much smaller than the ratio
of the pixel size to the wavelength of light. Since focal swaeis near optimal at maximizing
MTF and depth invariance, we expect that the performance of bcal sweep is an upper
bound on any depth-invariant technique. The performance ca be signi cantly increased
if the EDOF technique is allowed to exhibit depth-dependene, as indicated by the EDOF

upper bound, which outperforms focal sweep at all signal less.
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5.4.1 Signal Levels and Lighting Conditions

While the performance of most coding techniques reaches a tbeshold at large signal levels,
the performance is always greater at smaller signal levelsThe reason is that the amount of
photon noise decreases at smaller signal levels so that readise dominates in the non-coded
measurement. Assuming a read noise value ofy = 4e , which is a typical value for today's
high quality CMOS sensors, the upper bounds in Table 5.1 arearrect to within four percent
when the signal is greater than 106 . To give an idea of what lighting conditions will result
in a signal of J = 100e , we derive the relationship between illumination irradiance and
the number of photons collected by a pixel.

For convenience, we will work with photometric units, which are equivalent to radiomet-
ric units weighted by the spectral response of the standard lman observerS( ). This will
allow us to derive an expressions for the number of photons #lected by a pixel in terms of
standard illumination conditions. Let us assume that the s@ne being photographed is lam-
bertian with re ectance R, and is lit by a source with illuminance Eg. Then the luminance

of the object is

— R ESTC_

L (5.127)
The illuminance falling on the detector is [Horn, 1986
1 1

We assume that the detector spectral respons¥ ( ) is matched to the spectral response
of the standard human observerS( ). For most color cameras, this will be the case for the
luminance channel of captured images. Letting the quantum eiency of the detector be

, the irradiance collected by the detector in Joules/n/s is

1 1 1
680 lumens/watt 4 F=# 2

Idet = EsrcR (5129)
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The energy in Joules of a single photon is given byic= , whereh is Planck's constant,
and c is the speed of light. Assuming a mean wavelength of = :55m , the energy per unit

photon collected by a pixel can be approximated as

he 36 10t (5.130)

The irradiance in photons/ m2/s is then

1

| photon 104@EsrcR : (5.131)

So that for a pixel with area 2 in m 2 and exposure timet seconds, the total number

of photons collected is

1
J 104@EsrcR 2t (5.132)

As the F/# is increased, and the aperture is stopped down, the number of photons
collected by a pixel decreases. However we typically don'tllow the F/# to increase so that
the diraction cuto frequency increases beyond the Nyquist frequency. The minimum
number of photons collected then occurs when the diraction aito frequency and the

Nyquist frequency are equal, which means thatF=# =2 = . The minimum photon count

is then

2
Jmin 104ZEsrCR t: (5.133)

Typical illumination conditions and the corresponding photon counts are shown in Table
5.2. In the last column, we calculate the photon count assunmig a re ectivity of R = :5, and
a quantum e ciency of = :5 (typical of a high quality sensor). The number of photons
increases with exposure time, but we assume that the camerehsuld be able to operate at
video rates, which limits the maximum exposure time that canbe used. Here we use the

maximum exposure time that will achieve video rates, which ve assume to bet = 1=50
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seconds. From the table, we can see that even for very weakdlnination conditions (living
room lighting), the largest possible F/#, and the longest possible exposure time, enough
photons are collected so that the bounds in Table 5.1 are coerct to within nearly four tenths

of one percent.

lumens/m? | photons/ m2/s | photons

Starlight 10 4 5 <1
Full Moon 1 5 10¢ 19
Living Room 50 25 1P 965
O ce Lighting 4 107 2 10 7.7 10°
Overcast Day 10° 5 10 19 10
Daylight 10 5 10° 19 10°
Direct Sun 10° 5 10° 1.9 1¢°

Table 5.2: Lighting conditions and their corresponding illuminance in terms of photon
counts. The left-most table shows typical illuminance valtes in lumens/n? for di erent
lighting conditions. The center column shows the same valug in terms of photons/ m?=s.
The right column shows the photon counts calculated using Egation 5.133 assuming a
re ectivity of R = :5, quantum e ciency of = :5, and exposure time oft = 1=50 seconds.
Even for living room lighting conditions, enough photons are collected so that the bounds

in Table 5.1 are correct to within four tenths of one percent.

5.4.2 Discussion

In Chapter 1 we discussed that computational imaging systera o er advantages in terms of
increased functionality and performance. In chapters 2 an®, we introduced new techniques
to provide increased functionality in the form of computationally extending DOF. However,
this work left many questions open about the performance adantages of computational
imaging systems. In this chapter, we have introduced a commhensive framework for an-
alyzing the performance of a large class of computational imging systems. We used this

framework to derive performance limits for a variety of computational imaging techniques.
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The analysis in this chapter provides insight into the sceng@ios where a computational
technigue provides a performance advantage. However, thenalysis itself is somewhat re-
strictive, and it should be understood that there are some Imitations to the conclusions
that can be made. We have used the MSE as a metric to quantify e@ors in the decoding
process of computational imaging systems. We have also assed a linear decoding process.
A linear decoding process makes the MSE a convenient measub&cause analytic calcula-
tions, such as the bounds derived in Sections 5.2 and 5.3, b@mme tractable. However, a
linear decoding process is not always optimal, and MSE is noalways the best measure of

performance.

5.4.2.1 Image Priors

In many cases, we have access to useful information prior togsforming the decoding process
that is useful in reducing decoding errors. For instance, inChapters 2 and 4, we took
advantage of the fact that the distribution of Fourier spectra for natural images decays
rapidly with increasing spatial frequency. This property is also closely related to the fact
that the distribution of gradient magnitudes of natural ima ges also decays rapidly. Both
of these properties have been exploited to increase the aaacy of the decoding process
[Levin et al., 2007 [Zhou and Nayar, 2009 [Cho et al., 201d. In some cases, the decoding
process is still linear, in some cases it is not. However, initer case, it no longer becomes
analytically tractable to calculate the MSE.

Prior information on the distribution of the class of input signals provides information
on how compactly signals can be represented. The concept ohamage prior is general-
ized by the concept of sparse modeling and compressed sergirin compressed sensing, we
operate under the assumption that measured signals can be peesented as a sparse set of
coe cients in some prior basis. This assumption works well when the signal coe cients in
the prior basis decay rapidly. Then the signal can be reconsticted faithfully from only a
small set of the coe cients. For instance, natural images ae typically sparse in the Haar
Wavelet basis. When the assumption of sparsity is correct, anon-linear reconstruction
technique can be used to decode captured images with bettergpformance than a linear re-

covery process. Compressive imaging systems have been deped for a variety of imaging
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modalities, including superresolution[Marcia and Willett, 2008] [Duarte et al., 2004, imag-
ing spectrometry [Wagadarikar et al., 2009 [Wagadarikar et al., 2004, space-time volumes
[Reddy et al., 2011 [Hitomi et al., 2011, 3D measurements of transparent objectdGu et
al., 2009, and light transport matrices [Peerset al., 2009. However, the non-linearity in
the recovery process makes it di cult to compare the performance of a compressive imaging
technigue to a non-compressive one.

While the bounds derived in Sections 5.2 and 5.3 are only stckly applicable to the case
when a linear decoding process is used, we do expect that thewill still be strongly infor-
mative in all cases. The reason is that, in our analysis, we hg compared the performance
of coded and uncoded imaging systems. While the multiplexegberformance will certainly
improve when image priors are taken into account, the non-mitiplexed performance will
improve also. The question becomes: \what will the ratio of performance improvement
be?". This is a very deep question that depends strongly on th amount of sparsity, the
prior basis, and the multiplexing matrix, and is therefore di cult to make generalizations
about. One approach may be to use the coherence between theipr basis and the mul-
tiplexing matrix as a performance metric, since the quantity bounds the MSE. Then the
performance could be quanti ed in terms of the sparsity of the signal. The bounds derived
in Sections 5.2 and 5.3 would hold for non-sparse signals, drthe bounds would increase

with increasing sparsity (i.e stronger image priors).

5.4.2.2 Limitations of the MSE Metric

To quantify the quality of a decoded image we need a single repsentative value that takes
into account all the errors in a recovered image. In reality ach pixel will have a di erent
error and we will have a distribution of errors in our recovered image. When we use the MSE
to calculate the performance, we choose the mean error ac®all pixels as the representative
value. This may give us a biased result, particularly if there is a large variation in the error
at each pixel. For instance, if there just a few pixels with vay large error, the average error
calculated by the MSE may be quite large, when in fact most of he image has been decoded
faithfully. In this case, the MSE will not be a desirable metric for evaluating performance.

Other metrics, such as the L1 norm, would be more suitable in his case. The L1 norm



CHAPTER 5. ON THE LIMITS OF COMPUTATIONAL IMAGING 153

would choose the median error as the representative value @tead of the mean. Since the
median is more robust to outliers, this performance metric vould eliminate bias created by

small groups of pixels with large errors.
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Chapter 6

Conclusions on the Computational

Imaging Advantage

In this thesis we have given a thorough analysis of computatinal imaging systems. In
Chapter 1, we established that the general goal of any imagig system is to capture a slice
of the plenoptic function. Conventional cameras are extrerely limited in the way they
can sample the plenoptic function. In contrast, computational cameras open up a world of
possibilities by allowing for more exible sampling strategies. We can use computational
cameras to estimate depth, or correct for geometric distoribns in the lens. We can also
use a computational approach to measure more of the plenoptifunction at once { we can
capture hyperspectral volumes, space-time volumes, andght elds with just a 2D sensor.
We can also create a many to one mapping between plenoptic saies and pixels, such as the
blur produced by defocus blur and geometric aberrations, with were studied extensively
in Chapters 2, 3, and 4.

In Chapters 2, we introduced the di usion coding technique fa capturing Extended
Depth Of Field (EDOF) images. The technique works by placing a radially symmetric
di user inside the aperture of a lens. The di user codes the light propagating to the sensor
in such a way that blur becomes depth-independent. The restlis that an EDOF image
can be recovered by deblurring without the need for depth estation. Diusion coding

produces nearly identical performance to the most optimal BDOF technique known today:
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focal sweep. However, focal sweep requires the use of movipgrts, while di usion coding
does not.

In Chapters 3, we introduced the spectral focal sweep techgue for capturing EDOF
images. This technique uses a lens that has intentionally nobeen corrected for chromatic
aberrations. These aberrations produce a focal length thais dependent on wavelength,
essentially imaging onto multiple focal planes simultaneasly. When objects with broadband
re ectance spectra are imaged through a spectral focal sweelens onto a black and white
sensor, the captured images exhibit depth-independent bluin a manner that is identical to
a focal sweep camera. Spectral focal sweep enables EDOF ineagto be captured without
the use of moving parts, and at the same time reduces lens corgxity. While the technique
works best when re ectance spectra are perfectly broadbandt works well for more general
scenes that consist of naturally occurring re ectance speca.

In Chapter 4, we introduced the gigapixel computational imaging technique for compu-
tationally increasing optical resolution. Increasing the optical resolution of a camera is a
challenging problem because resolution is fundamentallyimited by geometric aberrations.
Conventional cameras stop down the lens aperture to reducehie amount of aberrations, but
this increases the amount of di ractive blur, which forces camera size to increase. On the
other hand, some aberrations can be removed via deblurring ithout signi cantly reduc-
ing image quality. We showed that, by taking a computational approach, high resolution
cameras can be built with a very compact size, and a very simgl lens.

Chapters 2, 3, and 4 introduced three new coding techniquesFor each technique, we
compared the performance of our computational imaging imptmentations to convention
cameras wherever applicable. However, the comparisons veelimited to a few imaging con-
ditions, and did not give conclusive answers about the perfamance over all possible imaging
conditions. This led us to pursue a deeper analysis on the liits of computational imaging
systems in Chapter 5. Here we considered computational imagg systems that use coding
to increase optical e ciency. From a naive perspective, an ncrease in optical e ciency
translates directly to an increase in performance, since iincreases the signal strength of
captured images. However, an increase in optical e ciency @es not always translate di-

rectly to an increase in performance. To properly analyze pdormance, we must take into
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account a detailed noise model that takes into account signiadependent noise. We also must
take into account the conditioning of the imaging system. InChapter 5, we analyzed a wide
variety of computational imaging techniques using the genmal imaging model introduced
in Chapter 1, including general multiplexing techniques that code information by masking

light, as well as fully e cient, shift invariant techniques that code for invariance.

6.1 Tradeo s in Computational Imaging

Tradeo Where Discussed

E ciency vs. Functionality Sections 2.1, 3.1, and 4.5

Best vs. Average Performance  Sections 2.1 and 3.1

Resolution vs. Scale Section 4.7

Performance vs. Complexity Sections 3.1 and 4.9.3

Table 6.1: Tradeo s in computational imaging. Each tradeo is listed along with the

corresponding sections in this thesis where the tradeo is @cussed.

Looking closer at the coding techniques in Chapters 2, 3, andl led us to a number
of tradeo s that reappeared throughout this thesis (see Tabk 6.1). Perhaps the most
signi cant tradeo we saw was between optical e ciency and functionality. In Chapters
2 and 3, functionality came in the form of increased DOF. In Chapter 4, functionality
came in the form of increased optical resolution. We saw a trdeo between best case and
average case performance for EDOF systems. Our EDOF systenatempt to maximize
the performance averaged over a range of depths, which premts them from achieving
the best possible performance at a single depth. In Chapter,4we saw that functionality,
performance, and complexity are closely interlinked. We eplored the tradeo between
resolution and camera scale, and we said that simpler opticgould be used to increase
resolution, but at the cost of decreased performance. Thiseld us to further investigate
the relationship between performance and complexity. We sd that complexity has a cost

associated with it, and the cost of increased complexity is at always warranted by the
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achieved performance gain. In Chapter 3, we introduced themectral focal sweep camera,
which extends DOF by reducing the complexity of the lens. We $ed a simple lens to
increase DOF, but the cost was reduced color imaging perforance. In Chapter 4, we
explored the tradeo between complexity and resolution in the context of spherical optics.
We saw that there is a law of diminishing return { an increase n complexity does not always

result in an equal increase in performance.

6.2 The Limits of Computational Imaging

In Chapter 5, we analyzed the performance of computational maging systems using a
detailed noise model, and the conclusions were somewhat guising. The lighting conditions
must be extremely dim in order to achieve a performance advalage for a computational
technique. For instance, if the lighting conditions are sinilar to a typical living room, the
best possible SNR gain for a multiplexing technigue is only draction of a percent. When the
lighting conditions are similar to the light cast by a full mo on, the best possible SNR gain
is only forty percent. This has signi cant implications for computational technigues that
capture hyperspectral volumes, color images, light eldscoded aperture defocus deblurring,
and shuttered motion deblurring. In general, we see that thee techniques are only useful
when the average signal level of captured images is about theame as the read noise.
This is only the case when the lighting conditions are extrenaly dim. In all other cases, a
conventional imaging technique will perform at least as wd| regardless of the e ciency of
the computational imaging system.

We also saw some surprising results for the performance lirs of techniques that code for
invariance. We saw that the performance limit for 1D and 2D mdion blur is only marginally
better than for multiplexing techniques. We therefore draw the same conclusion that any
motion invariant technigue is only useful when the average ignal level of captured images
is about the same as the read noise. The performance of EDOF siems is not quite as
straightforward to analyze. When we ignore di raction, the p erformance of techniques that
produce a depth-invariant PSF is the same as for 1D motion blu. We see a performance

advantage of about forty percent at large signal levels, andhe advantage increases when
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the average signal level is about the same as the read noise. oklever, when we take
di raction into account, the performance advantage can becone signi cant, depending on
the combination of F/# and pixel size. In some cases, the onlyway to extend DOF and also
preserve information at all spatial frequencies is to use aamputational techniqgue. When

we remove the restriction that the PSF must be depth-invariant, the performance limit

signi cantly increases, and it becomes possible, in theoryto achieve a signi cant increase
in performance even at very large signal levels. However, vam the PSF is depth-dependent,
it is necessary to perform depth estimation before deblurmg, and errors in the estimation

will reduce performance.

6.2.1 Measuring Performance

The conclusions drawn from the analysis on performance lints from Chapter 5 may seem to
be largely negative, but we should keep in mind the assumptios made in the analysis before
we develop strong convictions about the bene t (or lack therof) of computational imaging
as a whole. At rst glance, it may be tempting to conclude that computational imaging
rarely has any performance benet. However, we should keepnimind that we have used
MSE as a performance measure. The MSE metric is biased towasderror measurements
that are evenly distributed. When error measurements are wilely distributed, large errors
in a few measurements will strongly penalize performance.

In essence, the MSE is implicitly making assumptions about he imaging model. When
images have a large dynamic range, photon noise is large for small number of pixels.
The MSE for these images will be large even though the errorsra concentrated at a
few measurement locations. The MSE may indicate that a comptational technique will
not have a performance advantage, when in fact, this will notbe not be true for most
measurements in the image { the error might be greater at a fewpixels but signi cantly
less at most pixels. The diculty in using MSE as an error metric is that it gives large
importance to a few errors that may have little importance.

At the end of the day, if we want a metric to compare performane across di erent
measurement strategies, we need a way to represent the errat each pixel using a single

number. The MSE is a convenient metric because, in many case& simpli es analysis.
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Other metrics may be less biased, and consequently may resuh di erent conclusions
about the performance limits of computational imaging tecmiques.

The other important drawback of the performance analysis in Chapter 5 is that it
assumed only linear inversion techniques. This excludes thuse of non-linear reconstruction
technigues that use image priors to improve performance. Heever, we do need to keep in
mind that priors apply equally to images captured by both cornventional and computational
cameras, so we do not expect that priors will have a dramatic mpact when comparing
performance. More precise conclusions will require sped information about the type of
prior and sampling method used. This is certainly a topic tha deserves further attention.
There are a number of image prior models worth exploring furher, including the sparsity
models discussed in 5, that may be lead to superior performare for computational imaging

methods.

6.2.2 Computationally Increasing E ciency

In this thesis, we have focused on techniques that produce a amy-to-one mapping between
the input signal and pixel measurements. This was central tothe performance analysis of
Chapter 5. It was also a critical part of the coding schemes itroduced in Chapters 2 3, and 4.
One general conclusion of this thesis is that we need to maiain a healthy skepticism when
considering the e ciency bene t that results from a many-to -one mapping. As we've seen
in this thesis, the decoding process can cause a surprisiyglarge decrease in performance.
We have given a thorough treatment of sampling the plentopicfunction, paying spe-
cial attention to techniques that encode signals using muliplexing and shift invariant blur.
However, there are many applications of computational imagng that do not require a many-
to-one mappings such as this. In Chapter 1, we discussed a gemal image model, where
signals are represented as coe cients in a representation dsis. We can think of this ba-
sis as a type of image prior. The representation tells us whateatures embedded within
the plenoptic function are most useful to measure. When usig a computational imaging
technique, we have the exibility to adapt our sampling to measure these features directly,
without any explicit coding. This may be the greatest bene t of computational imaging sys-

tems. Not that we have the exibility in sampling to make expl icitly coded measurements
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that can be decoded o ine, for, as we have seen, the decodingrpcess can be problematic.
Rather, the crucial di erence may be that we have the exibility in sampling needed to
directly record implicitly coded measurements. In Chapter1, we referred to this strategy
as \task-speci c" imaging. From the task-speci c perspective, we begin to ask the question
\what is the most e cient sampling strategy for measuring th e speci c features we are inter-
ested in?". This is clearly related to compressive imaging échniques discussed in Chapter
1, where we attempt to recover a large number of signal coe cents from a small number
of pixel measurements. Both task-speci ¢ and compressiveechniques focus on recovering
the desired signal from as few measurements as possible. Fhis a natural extension of
the computational imaging perspective, where we considertte imaging system as a channel
that transmits visual information. This discussion on e ci ent measurement techniques is

an interesting starting point for continued research on thetopics covered in this thesis.
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Part IV

Appendix
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Appendix A

Di usion Coding Derivations

In this appendix, we give derivations for several equationghat were provided in Chapter

2, which analyzed the di usion coding technique.

A.1 Derivation for Di user with constant 2D Scatter Func-

tion
The rst derivation we give is for the PSF of a Di usion Coded camera with a constant 2D
scatter function, as described in Chapter 2. From Equation A1, the kernel for this di user
is

x x9

w

d(u;u®x;x9 = % (u ulu (A1)
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z2z 1 x x9
1%(u; x) = = (u udu — 19(u® x 9 du%ix® (A.2)
u Z 0
= % u X | (u;x9dx® (A-3)
2z
h9x) = % u 2 | (u;x%dx%u (A.4)
Z 2 Z 3
1 x x°
=z U 4 | (u;x9dud dx° (A.5)
1 X

Which is the same result as Equation A.6, the result being tha the e ect of the di user

is to blur the image E that would be captured were it not present.

A.2 Radially-Symmetric Light Field Derivation

In this section we verify mathematically that Equation 2.10 represents the light eld of a

unit energy point source. The equation for the light eld is

(r So):

|(;r):%u X = (A7)

In polar coordinates, the energye of a light eld is calculated by integrating over all

variables

Z7Z
e= 2 | (;r)j jd jrjdr (A.8)

or equivalently

Z
e= h(r)jrjdr; (A.9)
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where h(r) is the PSF resulting from the image of the point sourcel . The PSF for the

point source is

Z
_ 4 (r sop). .
h(r) = A2 u A 7] j jd (A.10)
z
4 1 L

The integral in Equation A.11 is just a convolution between u SOLA jrj and a delta

function. Thus, the resulting PSF takes the familiar shape d a pillbox with diameter spA

4 r
h(r) = —— — A.12
(0= 222" 5oa (A12)

The energy for the point source light eld is then

z

4 r
= — — jrjd A.13
e S SAZ u SoA jridr ( )
gA:Z
-4 jrjdr (A.14)
sgAZ Ir) .
SpA=2
=1; (A.15)

which veri es that the point source has unit energy.

A.3 Radially-Symmetric Di user Derivation

We now give a derivation for the PSF of a Di usion Coded camera ing the di user kernel
from Equation 2.14. The light eld of a point source ltered by the radially symmetric

kernel is
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Z Z
1°;r)= 2 d(; Srr9(%nj 9d Gr9ar® (A.16)
0 0
Z Z 0
_4 ( %U(%) O (r% s 9. 0
by T win u X TJ 9d GrYar (A.17)
0 0
z
_ 4 1 0 o o
= A7 u A Wi (r¥ sp)u dr (A.18)
_ 4 u(=>).
The PSF for the light eld Itered by this di user is
Z
hqr) = 1°C;1)j jd (A.20)
z
_ 4 u(—=>2) .
VA
_ 4 r So -
= AZupr u( W Ju A jijd (A.22)
z
4 r
= —— j jd A.23
s 3A2wjrj “ow SoA I (A.23)
4 1 r r S
" s2AZwjrj U W u SoA irj (A.24)

which is the same result as the PSF given by Equation 2.16.

A.4 Focal Sweep Comparison

In this section, we derive the expressions used to compare ¢hfocal sweep and a special
form of di usion coding discussed in Section 2.8. First we dawe the expression for the focal
sweep PSF given by Equation 2.22. For a point source locatedmothe focal plane,s = 0,

and the focus sweep PSF can be written as

Z o
1752 4 r
hfs (I’) - § s —S 2A2 u J dS. (A25)
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Using the change of variabless®= sA, the PSF becomes

Z o
4 “SA2 r

his (1) = SA SA:ZEU = ds® (A.26)
8 S~ 1 r

= ——u — ds¢ A.27

SA se o ® (A-27)

From the de nition of the box function, u & =1 when s® 2jrj SA, which allows us

to rewrite the PSF as

Z cn
8 r SA=2 1

h = —u — —ds® A.28

is(N= s U ga 2O (A.28)

- 4 14, (A.29)

SA jrj SA SA
which is the same expression given by Equation 2.22. We now efv that the scatter function
given by Equation 2.28 results in the same PSF as focal sweeplVe derive the di usion
coding PSF from the light eld given by Equation 2.29. For a point source located on the
focal plane, the PSF is

Z
hqr) = 19C;r)j jd (A.30)
Z r
_ 4 u(ss) . .
= a2 u A 5 jjer d (A.31)
Using the change of variable °= S , the PSF becomes
0( 4 z SA=2 a
h4r) = 55 u —= d*™ A.32
)= s 2A%jr] sa=2 19 (A-32)
8 z SA=2 r a

By de nition, u x u (#o;) =1when2jrj j 9 SA. This allows us to rewrite the PSF

as
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38 ! r YA SA=2
- S 2A2jrj g 2irj

4 1 4 r
= = — == ~ A.35
SA jrj SA ! SA ( )

d?® (A.34)

which proves that, for point sources located at the focal plae, the di usion coding and focal
sweep PSFs are the same. Although the analysis becomes a biidky, the same approach

can be taken to prove that the PSFs are the same at all depths.
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Appendix B

Gigapixel Computational Imaging

Derivations

In this appendix, we give derivations for several equationghat were provided in Chapter 4,
which analyzed the performance of computational imaging sstems that exhibit spherical

aberrations.

B.1 Appendix A: PSF Derivation

From Equations 4.8 and 4.11, the PSF produced by a lens with a mnomial OPD is given
by

Z1 (r ny.
h(r) = u( )———j jd (B.1)
1 Ir)
(B.2)
We introduce a change of variablez = ", giving the relations
.. 1=n
- 4 (B.3)

i 1=n 1
d = ni 12| dz: (B.4)
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After substitution, the PSF becomes

Z, . 1=n 1=n 1
hr)= — w2 ¢ it 3 12 dz (B.5)
I 1Z
= — — (r — dz B.6
T (r 2) (B.6)
..o 2=n 1
1, m (B.7)
Jrin
_ 1 r.2=n 2.
= s U — jrjet o (B.8)
B.2 Appendix B: PSF Normalization
The energy for the PSF given in Equation 4.11 is
Z,
e= P, (r)jrjdr (B.9)
Zl
! 1 [ oen 2
= s U — rj jridr (B.10)
1N -
_ 1 L 2n 1
= jri=" dr (B.11)
— 1 EL 12=n
= o zjrjjl’j (B.12)
_ 1 2=n _ .
= N no=1;: (B.13)

which veri es that the PSF is properly normalized,
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