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ABSTRACT

Properties of Hamiltonian Torus Actions on Closed
Symplectic Manifolds

Andrew Fanoe

In this thesis, we will study the properties of certain Hamiltonian torus actions on closed symplectic
manifolds.

First, we will consider counting Hamiltonian 7™ actions on closed, symplectic manifolds M 2"
so that dim(H?(M)) = 2. In particular, all such manifolds are CP" bundles over CP* for some
r,s. We use cohomological techniques to show that there is a unique toric structure if r < s.
Furthermore, if r > s, we show that there is a finite number of toric structures on M that are
compatible with some symplectic structure on M. Additionally, we show there is uniqueness in
certain other cases, such as the case where (M, w) is monotone.

Finally, we will be interested in the existence of symplectic, non-Hamiltonian circle actions on
closed symplectic 6-manifolds. In particular, we will use J-holomorphic curve techniques to show
that there are no such actions that satisfy certain fixed point conditions. This lends support to the

conjecture that there are no such actions with a non-empty set of isolated fixed points.
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Chapter 1

Introduction

1.1 General Introduction

We say that (M?",w) is a closed symplectic manifold if M?" is a closed manifold and w is a 2-form
on M satisfying dw = 0 and w" > 0. Now, consider a smooth action of S' on M. Such an action
is determined by a vector field £ which is obtained by differentiating the action. We say that the

S1 action is symplectic if

where L¢(w) denotes the Lie derivative of w with respect to £. Applying Cartan’s identity, this
gives

0= L¢(w) = dig(w) + te(dw) = die(w),

where the last equality holds since dw = 0. In particular, we calso say that an S' action is
symplectic if 1¢(w) is closed. Furthermore, we will say an action is Hamiltonian if (¢ (w) is exact.
In particular, there is a function H with dH = 1¢w, and a specific choice of such an H is called a
moment map for the action. Correspondingly, an action of T% on (M?",w) is called Hamiltonian
if it can be written as an action of S! x ... x 8! with each S! action being Hamiltonian. Such
an action is determined by a moment map u : M — R¥ which comes from piecing together the
moment maps on each coordinate action. Furthermore, if the action is effective, the sets u~!(x)
are isotropic submanifolds for regular levels z € R*. In particular, we can never have an effective
Hamiltonian torus action T* with k > n.

Hamiltonian torus actions are of particular interest because they can be used to study properties

of the symplectic manifolds they act on. Of particular interest to us is the minimal dimensional
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case of a Hamiltonian S' action and the maximal dimensional case of a Hamiltonian 7" action.
We will consider these two cases separately and will use different techniques to examine them.
First, we will consider the case of a 7™ action on a closed symplectic manifold M?". Symplectic
manifolds with such actions are called symplectic toric manifolds. In [I0], Masuda and Suh discuss
the topology of symplectic toric manifolds. A question they raise in this paper can be loosely

paraphrased as follows:

Question 1.1.1. Given a symplectic toric manifold (M,w,T), to what extent does the cohomology
ring H*(M) determine the toric manifold.

One way to study this question is to consider how many different toric structures can be put
on the same symplectic manifold, up to symplectomorphism. In particular, if there happens to be
a unique toric structure, then we have reduced this question to asking how H*(M) determines the

symplectic manifold. In [I5], McDuff proved the following theorem related to this question.

Theorem 1.1.2. Let [w] € H?>(M;Z) be given. Then up to equivariant symplectomorphism, there
are at most finitely many toric symplectic manifolds (M,w,T) for which there is a ring isomorphism

U taking the symplectic class to the fized class |w].

In addition to the above version assuming |w] is integral, Borisov-McDuff proved a version using
more general ring coefficients that also fixes the cohomology classes of ¢; and cy. In the first case,
we conclude that the cohomology ring of the manifold together with the integral symplectic class
determines that there are finitely many toric structures on a given symplectic manifold. In the

same paper, McDuff proves the following theorem.

Proposition 1.1.3. ([17], Prop 1.8) Let (M,w) = (CP" x CP*,w, X A\ws) with A\ > 0. Then if
eitherr >s>2, orr>s>1and A<1, orr=s=1 and A\ =1, there is a unique toric structure

compatible with this symplectic structure. In all other cases, the toric structure is not unique.

This proposition shows in particular that if we have CP" x CP?® satisfying one of the above
assumptions, then H*(CP" x CP?®) together with the symplectic class determines a unique toric
structure. In the first half of the paper, we will generalize the above Proposition by considering
these counting questions for manifolds M?" which are CP" bundles over CP*. We will prove several

results about such bundles, and the results we will prove are outlined in Section 3.1.



CHAPTER 1. INTRODUCTION 3

In the second half of the paper, we will consider the case of an S! action on a closed symplectic

manifold M?". A general question one can ask about such an action can be stated as follows.

Question 1.1.4. Given a closed symplectic manifold (M,w) and a symplectic S* action, what

conditions on the action will guarantee that it is a Hamiltonian S action?

An obvious necessary condition is that the action should have some fixed points. In particular,
if the action is Hamiltonian, we saw above it was determined by ¢ : M — R. But then ¢ is a map
from a closed manifold to R, so it must have a maximum and a minimum, which would be critical
points of ¢ and hence fixed points of the action. However, in [[4], McDuff showed that this is not

a sufficient condition. More specifically, she proved the following.

Theorem 1.1.5. There is a closed symplectic manifold (M®,w) with a symplectic, non-Hamiltonian

S action which has fized points and whose fized point sets are 2-tori.
The above theorem has led to the following conjecture.

Conjecture 1.1.6. If (X% w) has a symplectic S' action which has a non-empty set of isolated

fized points, then the action is Hamiltonian.

In the second half of this thesis, we will rule out a certain class of counterexamples to the above
conjecture using J-holomorphic curve techniques, which is a method that has not previously been

applied to this conjecture.

1.2 Symplectic Toric Bundles of Projective Spaces

We say M is a symplectic bundle if M is an M bundle over M so that M has a symplectic structure
wp and the structure group of the bundle is Symp(ﬁ ). In particular, this implies that each fiber
F, over a point = € M has a symplectic structure w, so that i*(w,) = wy where i is the inclusion
of the standard fiber.

If HI(J\/I\) =0, as it is if M= CP?, we can piece the forms w, together into a closed form 7
on M so that 7 is non-degenerate on the fibers of M. If also (]/W\ ,w) is symplectic, then there is a

closed form w on M, defined by
w=1+ Kn*(©),
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where 7 : M — M is the projection and K € R. It is well known that w is symplectic for sufficiently
large K.

Now further assume that we have Hamiltonian torus actions f, T, and T on M , M, and M
respectively, making them each symplectic toric manifolds. Then we say that M is a symplectic
toric bundle if there is a short exact sequence

T—T— f,
such that i : (M, T) — (M,T) and 7w : (M, T) — (1\7, T\) are equivariant.

In the first half of this paper, we will consider toric structures on closed symplectic manifolds
which have dim H?(M) = 2. By Lemma B=32 below, any such manifold is a CP" bundle over CP?*.
Furthermore, any such toric structure can be realized as the projectivization P(L_q @& L_q, &+ - &
L_,,) of a sum of complex line bundles L_,, over CP* with the obvious action of the torus T"*%,
where L. is the line bundle over CP* with first Chern class ¢ times a generator of H?(CP*). By
tensoring with L. where ¢ = — maxa; we may assume that ag = 0 < a7 < ... < a,. Moreover,
the symplectic form w restricts to the standard Fubini-Study form on the fiber, and so may be
normalized by requiring that w(f) = r + 1, where ¢ is the homology class of a line in the fiber.
Since H?(M) has rank 2, the above normalization still leaves [w] with one free parameter. We call
this parameter x, and it can be easily seen to be determined by Vol(M,w), as in Lemma 22272
Thus from the above we see that the tuple (a; k) := (ay,...,a,; k) determines a toric structure on
a symplectic toric manifold (M,w) with dim H2(M) = 2, where 0 < a; < ... < a, are integers and
K is a real number related to the symplectic volume of M.

We denote the resulting toric manifold by (Ma,ws,Ta). By Definition 2221 and Lemma 2223
below, for each tuple a there is a number K,(s) such that M, admits the structure described above
for all kK > Ka(s) = o1(a) — s, where o;(a) is the sum of the components of a. Furthermore, we

have the following fundamental result, which is proven in Section 3.3.

Theorem 1.2.1. Let (M,w,T) be a toric symplectic manifold with dim H?(M) = 2. Then there is
a unique tuple (a; k) with 0 < ay < ... < a, such that (M,w,T) is equivariantly symplectomorphic
to (Ma,wh, Ty).

Thus, to count toric structures on closed symplectic manifolds with dim H?(M) = 2, it suffices

to count toric structures on the manifolds M,.
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The following result is based on Theorem 6.1 of [3] and is instrumental to the proofs of many of
our results. Due to its important role in the rest of the paper, we will give the details of the proof

using our notation in Section 3.2.

Proposition 1.2.2. Let M, and My be CP" bundles over CP® as above for some vectors a and

b. The following are equivalent:
1. H*(Ma;Z) is isomorphic to H*(My;Z) as a ring.

2. P(Lo® L_q, ®---P® L_g,) is isomorphic to P(Lo @& L_p, ©---® L_p,) as a projective vector
bundle.

3. My is isomorphic to My, as a symplectic bundle.

4. There is C' € Z such that
0,(C,C+a) :=0;(C,a1+C,...,a,+C) = 04(0,b1,...,b.) =: 04(0,b), 1<i<min{r+1,s},
where o; denotes the ith elementary symmetric function.

It is natural to conjecture that if (Ma,wy) is isomorphic to (Mp,wfy) as a symplectic bundle,
i.e. there exists a diffeomorphism ¢ : My — My, preserving the fiberwise symplectic structure, then
they are symplectomorphic for all k > max(K,, Ky). However this is not yet known except when
s =1 or, as in Lemma 28 below, when k > 0. In fact, we have the following theorem, proven in

Section 4.1.

Theorem 1.2.3. Let (Ma,w?s) and (My,wf) be CP" bundles over CP' as above with 1 > max(Ka, Kp).
Then (Ma,wy) is symplectomorphic to (My,wy) if and only if (Ma,wy) is isomorphic to (My,wy),)

as a symplectic bundle.

Since this is not known in the general case s > 1, we will consider the following weaker notion

of equivalence.

Definition 1.2.4. We say that two symplectic manifolds (M,w), (M',w') are deformation equiv-
alent if there is a diffeomorphism ¢ : M — M’ and a family we,t € [0,1], of symplectic forms on
M such that
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Remark 1.2.5. In contrast to the usual definition of deformation equivalence, we have required
¢*([w']) = [w]. Thus the deformation starts and ends in the same cohomology class, even if it leaves

this class for some ¢.

The following lemma says that (Ma,wy) and (Myp,wy) are isomorphic as symplectic bundles if

and only if they are deformation equivalent, and it will be proven in Section 4.2.

Lemma 1.2.6. Let a = (a1,...,a,), b = (b1,...,b,) be non-negative integer vectors and Kk a
real number determine the bundles (Ma,wy) and (My,wy,). Then My and My, are isomorphic as
symplectic bundles if and only if (Ma,wy) and (Myy,,wp,) are deformation equivalent. Moreover,

for k>0, we also have that (Ma,wy) and (Myy,wp,,) are symplectomorphic.

Given the class of manifolds (Ma,w}), we can ask how many different toric structures we can
put on the same deformation class. Given symplectic toric manifolds (M, w,T) and (M',w’,T"), we
recall that the toric structures are called equivalent if there is an equivariant symplectomorphism
from one to the other, and are called inequivalent otherwise.

The following result uses the fact that two toric manifolds are equivalent if and only if their

moment polytopes are affine equivalent, and is proven in Section 3.3.

Lemma 1.2.7. Let a = (a1,...,a,) and b = (by,...,b.) be integer vectors with 0 < a; < ... < a,
and 0 < by < ... < b, and let k and k" be real numbers. Then (My,wf, Ta) is equivalent to

(Mb,w’g/,Tb) < (a;k) = (b;K/).

Using this we can now state the main question we will be considering in the first half of the

paper.

Question 1.2.8. Given a tuple (a; k), what is Ny (a; k), the number of inequivalent toric structures

K

on the deformation class of (M2", wf

)? In particular, for fired a and n, how does it depend on k,

and for which (a; k) do we have N,(a;k) =17

If a = 0, the manifold M, is just a product CP" x CP? and this question was answered in [I5]
by Proposition II=3 above. As such, we will focus on the case where a # 0, and hence assume
some a; # 0.

We now briefly state two of the main results of the first half of the paper and give an idea of

how they will be proven. There are several other smaller results that we will discuss and a complete
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list of results is given in Section 3.1, while the proofs of all the results are given in Section 5.1. The

first main theorem is a uniqueness result.

Theorem 1.2.9. Let (M?",wf) be determined by a = (ay,...,a,) and x, as before. If r < s and

a # 0, we have
0 if k < Ka(s)
1 if k> Ka(s),

Np(a;k) =

where Ka(s) :=o1(a) — s.

This gives a complete characterization for N, (a; ) with r < s and has the following obvious

corollary.

Corollary 1.2.10. Let (M,w,T) and (M',w',T") be non-trivial toric CP" bundles over CP*® with
r < s. If (M,w) is deformation equivalent to (M’ "), then (M,w,T) is equivariantly symplecto-
morphic to (M',w', T").

The case where r > s is more complicated. We will give detailed results for the r > s case in
Section 3.1, but for now, we will state the main theorem for r > s, which describes the behavior of

Ny, (a; k) for large k.

Theorem 1.2.11. Let a = (ay,...,a,) and b = (by,...,b) be as before and let C' be an integer,

as in Proposition Z2. Furthermore, assume that
O'Z'(O,b):O'Z'(C,C—{-a), 1=1,...,s,

with r > s > 2. Then we have

—H%O'l(a) <C< %10'1(&).

Moreover, this implies
k1,k2 > (r+1—2)o1(a) — s = Nyu(a; k1) = Np(a; k2).

In particular, we have

Nyp(a;00) := lim Ny(a;k) < 0o

K—00
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Remark 1.2.12. This result is surprising at first glance. The condition N,,(a;00) < oo implies that
there are at most finitely many toric structures which are compatible with an arbitrary symplectic
structure on the given deformation class of M,. This is stronger than the finiteness result proven
by Borisov and McDuff in [15], which relies on fixing a symplectic structure to get finiteness.

However, if r = s = 1, this does not happen. Indeed, in that case, a = a and b = b are just
numbers, and the manifolds (M, w)) are the well known Hirzebruch surfaces. It is known for the
Hirzebruch surfaces that if b—a is even, then (M,, wy) is deformation equivalent to (My,,wy), which
shows that for any a, we have

lim Na(a; k) = oc.
K—r 00O

We now briefly summarize the general techniques we will use to prove these theorems and the
theorems in Section 3.1. The main technique we use combines Proposition 22 with Lemma 24
and Lemma 2. Namely, combining Proposition 22 with Lemma X4, we see that if we have

positive integer vectors a = (a1, ...,a,) and b= (by,...,b,) and a positive integer C' so that
0:,(C,C + a) :=0;(Cya1 +C,...,a, +C) =0;(0,b1,...,b,) =:04(0,b), 1<i<min{r+1,s},

where o; denotes the ith elementary symmetric function, then for any , (Mg, w)) and (My,w},) are
isomorphic as symplectic bundles, and hence they are deformation equivalent. However according
to Lemma 270, we know that (Mg, w}, Tq) and (Mpy,wg, Tp) represent different toric structures if
a # b. Thus, if we can find integers integers r, s, and C, and integer vectors a # b satisfying the
above equation, this will correspond to (Mg, w!) having a non-unique toric structure. Additionally,
if this never happens for any choice of C' and b, then (Mg, w%) has a unique toric structure. In
Section 5.1, we will consider possible solutions to this equation in order to prove our above results

and those in Section 3.1.

1.3 Symplectic, non-Hamiltonian S' Actions

We now introduce the main topic of the second half of the paper. Consider a closed symplectic
manifold (X%, w) with a symplectic S* action. The second half of this paper will focus on Conjecture
4.

In order to prove this, we will consider the case where we have a symplectic, non-Hamiltonian

circle action. In this case, McDuff noticed that if the symplectic class is integral, the circle action



CHAPTER 1. INTRODUCTION 9

is determined by a moment map with values in S'. By perturbing the original symplectic form w,
we can assume that |[w] is rational so that a large multiple of [w] is integral. In particular, we can
always assume have such a moment map for a symplectic S* action on (X% w) so that a critical
point of the moment map corresponds to a fixed point of the S action. Moreover, we also have no
critical points of index or co-index 0 since the action is Hamiltonian, and we don’t have any critical
points of odd index since the action is symplectic. In particular, we only have critical points of
index 2 and 4, and furthermore, as in Lemma 11 of [I7], there is an equal number of each, so that
there is an even total number of critical points.

Let ® denote the above S! valued moment map. We can use this to define the notion of a

reduced space.

Definition 1.3.1. Let (M,w) be a closed symplectic manifold with a symplectic S* action, and let
® denote the S' valued moment map of the action. The for each A € S, we can form the reduced
space (My,w)) as follows:

(My,wy) = ®7H(N)/S!

The resulting space will in general be a four dimensional symplectic orbifold with orbifold
singularities corresponding to non-trivial isotropy of the S' action. We will assume that all such
orbifold singularities are isolated points. We will resolve these singularities by successive blowups,
which adds curves of self intersection —2 or less. We denote the resulting space M, A, and we call it
the resolution of M. For more details on these resolutions, see Section 6.2.

We will use the following theorem of Cho, Hwang, and Suh from [2] to prove a special case of

Conjecture [CI4 above.

Theorem 1.3.2. Let (X% w) be a closed symplectic manifold with a symplectic S* action which
has non-empty fized point set. If there exists a reqular value \ of the S* moment map such that the

reduced space My satisfies b;r(M,\) =1, then the action is Hamiltonian.

Remark 1.3.3. Since the blowup operation has no effect on b5, it is sufficient for us to consider
the resolutions M. y instead of M) in order to show bj = 1 at some regular level. In particular, we

always have b;(MA) = by (M)).

We will prove a special case of Conjecture I8 where our S' actions have isolated fixed points

which satisfy various technical conditions. In particular, since the action has isolated fixed points
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and the manifold X is closed, there will be a finite number of fixed points, which we call z1, ..., za,.
Some of the technical conditions give restrictions on the type of fixed points we are considering,
namely they are what we call good fixed points. Some examples of good fixed points include fixed
points with isotropy weights +(p, ¢, —1), or more generally +(p, g, —r) with p > r or ¢ > r. Another
example of a good fixed point is +(5,4, —11), although fixed points of the form +(p,q, —r) with
p < r and ¢ < r usually tend to fail to be good fixed points. A full definition of a good fixed point

is given in Definition BZ3.

Theorem 1.3.4. Let (X% w) be a closed symplectic manifold. Then there does not exist a sym-
plectic, non-Hamiltonian S' action with a non-empty set of isolated fized points such that all fized
points are good, there is no codimension 2 isotropy, and such that there exists a fixed point with
weights (p, q, —1) with p,q > 0 such that the only other fixed points with isotropy weights either +p

or +q are of one of the following 2 forms:
1. :l:(pa q/7 _1)
2. :l:(pla q, _1)

Remark 1.3.5. This remark is based largely on a private communication with Sue Tolman. The
above theorem can be independently proven using the Atiyah—Bott—Berline—Vergne localization
theorem (see [0]) in all of the known cases where the set of fixed points satisfy the assumptions of
Theorem =34 above. Namely, for dimensional reasons, the integral over X of the first equivariant
chern class of (X, w) with respect to the S' action must vanish. If each fixed point z; has isotropy
weights (p;, gi,r;) for non-zero integers p;, ¢;,7;, ABBV localization computes this integral in a

different way to get the relation
2n

pitqitri
ok — . (ABBV1)
=1

In the case where all of the fixed points are of the form +(p;, g;, —r;) with p;, ¢;, 7 > 0 and either
p; or q; > 1, every term in this sum is a non-zero negative number, so that the above sum can
never vanish. In particular, if all r; = 1, this implies that there are no symplectic actions so that
all fixed points are of the form +(p, g, —1).

Now consider the S! action with the four fixed points +(5,4, —11) and 4-(220,219, —1). It can

be shown that this set of fixed points does in fact satisfy the assumptions of Theorem =34 and
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. : : 1 1 1 1 _
furthermore, a simple computation shows that the above sum gives 175 + 175 — 170 — 115 = 0> SO

that this set of fixed point data satisfies Equation (ABBV1). However, ABBYV localization applied

to equivariant K-theory also implies that

2n
Z (l—epi)(l—leqi)(l—eTi) =0. (ABBV2)
i=1

A simple computation shows that our above example does not satisfy Equation (ABBV?2).

In fact, there is currently no known example of a set of fixed point data which satisfies the
assumptions of Theorem T34 and also satisfies Equations (ABBV1) and (ABBV2). In this sense,
the current version of the theorem should be thought of as a possible proof technique which could
potentially be generalized to more cases, including some previously unknown cases. In Remark
22 at the end of the paper, we give some suggestions about how one might generalize some of

the arguments in the paper to cover some previously unknown cases.

We now briefly summarize the main points of the argument. For definitions and further details,
see sections 5 and 6.

Let A; be a critical value of the moment map with isotropy weights (£p;, +¢;, Fr;) describing
a good fixed point, as in Definition E239. We will show that at A;, the reduced spaces M) of
the S! action change by a (p;, ¢;)-weighted blowup. We will further show that if we resolve the
corresponding orbifold singularities to form M. \, then this blowup produces two chains Zi1 and ZJ2
of non-generic curves connected by a curve E which has E2 = —1 and is an exceptional divisor. In
particular, E has a non-trivial Gromov invariant, and so this curve persists under perturbations.
We then use holomorphic curve techniques on this curve to demonstrate that the reduced spaces

must satisfy b; =1, so that by Lemma =34, the action is Hamiltonian.

Remark 1.3.6. Using the above argument, we can easily recover the 6-dimensional case of [20]
where the action is semifree and has isolated fixed points. Namely, in the semifree case, there are
no orbifold points and all the blowups are standard smooth blowups. Thus, in this case we do not
have the curves Zij corresponding to the orbifold singularities and all of the curves that appear in
blowups and blowdowns are exceptional divisors, which greatly simplifies the J-holomorphic curve

arguments.
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Chapter 2

Moment Polytopes and Bundles of
Polytopes

In this section, we will discuss the notion of a moment polytope as well as the notion of a bundle

of polytopes.

2.1 Moment Polytopes

Now, let  : M — R™ be the moment map of a Hamiltonian 7™ action on M. Then u(M) is a
polytope which we call the moment polytope of M. It can be shown that any moment polytope is
a simple, smooth, rational polytope, where if dim(A) = n, simple means at each vertex exactly n
facets meet, rational means that the conormal vectors to these facets are primitive integral vectors,
and smooth means that these vectors form an integer basis of Z". We call such polytopes Delzant

polytopes. The well known Delzant theorem from [d] says the following.

Theorem 2.1.1. (Delzant) For each Delzant polytope A, there is a symplectic toric manifold Ma
with moment polytope A. Moreover, (M,w,T) is equivariantly symplectomorphic to (M' ', T") if
and only if Ay and Ay are equivalent under the affine group generated by translations and the

action of GL(n;Z).

Let A be the moment polytope of a toric structure on some symplectic toric manifold (M, w,T).
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We can describe A as

{z € R"|(z,n;) < k; for all i}

where the 7; are the outward primitive integer conormals to the facets of A and the k; are support

constants.

Example 2.1.2. The moment polytope of CP™ will be denoted A,,, and is a copy of the standard
n-simplex when we choose 7; = —e; for 1 <i <mn, n,41 = (1,...,1) and all xK; = 1. Notice that A,

has edges of length n + 1 and has volume equal to

Vol(A,) = & (n+ 1)

2.2 Bundles of Polytopes

We are most interested in the case where the manifold M is a symplectic toric M bundle over M.
To study this, we will discuss the notion of a bundle of polytopes.

The general definition of a polytope A being a A bundle over A given as 3.10 of [I6] is more
complicated than we will need, so we instead summarize some key points. In particular, we only
need the notion of a A, bundle over Aj.

The basic idea is to develop a notion of bundles so that by the Delzant theorem above, a
manifold (M,w,T) is a symplectic toric (CP",w,,T,) bundle over (CP?, ws, Ts) if and only if A is
a A, bundle over A;. At this point, we recall that A C t*, where t is the Lie algebra of T', and
similarly for A, and Ag. Since the moment polytopes are then naturally subsets of the dual spaces
to the Lie algebras of the torus actions, we should expect a A, bundle over Ag to naturally be

fibered by Ag over A,, instead of the other way around. This motivates the following definition.

Definition 2.2.1. We say that a polytope A is a A, bundle over Ay if, for some choice of (a; k)

where a = (ai,...,a,) are integers and k € R with k > K4 := o1(a) — s, A is affine equivalent to

K

the polytope A%, which is defined by setting

¢

—€; if1§i§7"
(1,...,1,0,...,0) ifi=r+1

ni = (2.2.1)
—€i—1 ifr+2§i§7'+8+1
(—a1,...,—ap,1,...,1) ifi=r+s+2,
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with ki =1 for 1 <i<r+s+1, and Kry1s12 = K.

Remark 2.2.2. The polytope A% naturally has the structure of a bundle with the base being a
standard copy of A, with fibers that are all rescaled copies of As. The vector a then has a natural
interpretation as the slope of the increase of the rescaling as we move in the standard directions in
A, while the number s determines the rescaling over the origin. We will now take a few moments
to show this more explicitly by computation.

We obtain relations on the coordinates x; of an arbitrary point of A% by computing (x,n;) for

each i, for 1 <i <r+s. We get the inequalities

xiZ—l,Vi
r1+...+z, <1 (*)

Tyrg1l+ oo T Trgs S K+ 0121+ ...+ arxy.

The first two lines of (%) imply the first  coordinates of z, (x1, ..., z,), form a standard copy of A,
as described in Example ZT2. Also, the first and third lines of (x) show that the last s coordinates
of x, (xy41,...,7r15), form a rescaled copy of Ag. Namely, they form a polytope A5™ described as

a subset of R® by the conormals

—e;,V1<i<s
ni =
(1,...,1),i=s+1

with support constants x; = 1 for 1 <i < s and kg1 = K+a121 +...+a,z,. Thus, AF” is simply
a standard simplex with edge length s + k + a1x1 + ... + ar ;.
Note also that the inequalities (%) justify the restriction that x > oi(a) — s. Indeed, if we

assume that (z1,...,2,) = (—1,...,—1), then the third inequality of () says that
Tryl+ .o T Trys SK—Q1 — ... — Qp.
But on the other hand, the first line of (%) implies that z; > —1, so that
Try1+ ...+ Tpps = —S.

Thus, to avoid contradiction, we must assume that x > o1(a) — s.

Also, note that in our case, we assumed all a; > 0, so that in the inequality

Tyr41+ .o T Trgs S K+ 0121 + ...+ arxy,
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the size of the right-hand side increases as the x; increase. Thus, the A, fiber of the point

(—1,...,—1) is the smallest fiber if we assume a; > 0.

We now have the following lemma, which gives the relation between CP" bundles over CP?® and

A, bundles over A; and discusses the effect of increasing x on the symplectic form w}.

Lemma 2.2.3. Let (M,w,T) be a symplectic toric manifold with moment polytope A. Then
(M,w,T) is a symplectic toric (CP",w,,T;) bundle over (CP*,ws,Ts) if and only if A is a A,
bundle over Ay equivalent to Af for some (a;k). Additionally, we have that (Ma,wf,Ta) has

moment polytope AL. Moreover, for a fived pair (a; k) and a real number K > 0, we have

wEtE = r 4 ;KIW*(wS).

Proof. The first statement is discussed in detail in Remark 5.2 of [[6], but is difficult to prove in
much generality without the full definition of a bundle of polytopes, which we have omitted. The
idea is to use the full definition of a bundle of polytopes to compute M as a complex manifold. In
particular, to compute the moment polytope of (Mg, w?,T,), we notice that in Remark 5.2 of [I6],
it is concluded that if a = (aq,...,a,) and M denotes the symplectic toric manifold corresponding
to A% then

Mp = CP" x¢+ (C5T1\ {0})

for the following C* actions. Let [z1 : ... : z,.41] be standard coordinates on CP". Then if tet?

represents the standard polar form of a number in C*, the action on CP" is described by
te'? . [21 0. .20 0 2p41) = [(te_i‘“a)zl L (te_ia’ﬂ)zq« : er-+1:|.
On C**1\ {0}, the C* action is described by
te . (21,..., 2641) = ((teig)zl, e (t€i9)23+1),
which is the standard C* action. In particular, this shows

MA=P(Lo®L_g &...0L_,) = M,,

as claimed.

Furthermore, we have

(Ma,w) = (CP" xer (€1 {0}), Q) = wr X Alk)u),
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where w, is the standard form on CP", scaled so that w,(¢) = r 4+ 1 with ¢ the homology class of a
line, wp is the standard form on C**!, and A\(k) is a rescaling factor determined by &.

We seek to compute w5, As above, M, is determined as a complex manifold by the relation

M, = CP" x¢- (C¥T1\ {0}).

rk+K

Furthermore, w}

is the reduction of Qy(,4x) by the C* action. Then, an easy computation
shows that
w§+KT_> K K

wy = S_Tlﬂ'*(ws),

where w; is the standard form on CP? normalized so that ws(¢) = s + 1, as before. Reordering the

terms, we get the desired result. ]
The above has an obvious corollary.

Corollary 2.2.4. Let (M,w,T) be a symplectic toric CP" bundle over CP* with moment polytope
A. Then there is some choice of (a;k) so that (M,w,T) is equivariantly symplectomorphic to

(Ma7 w:; Ta) .

Proof. By Lemma P23 above, we know that A must be a A, bundle over Ay, and hence is affine
equivalent to some A’ for some choice of (a;x). Lemma P23 then implies that (M,w,T) is

equivariantly symplectomorphic to (Mg, wt, Ty). O

We now give a helpful condition for detecting when a polytope A is a A, bundle over A;. First,

there is the notion of two polytopes being combinatorially equivalent.

Definition 2.2.5. Two polytopes A and A’ are said to be combinatorially equivalent if there is a
bijection ¢ between the facets F; of A and F} of A" with ¢(F;) = F] such that for each index set I

(Fi# 0= F #0.

i€l iel

McDuff and Tolman prove the following lemma in [T6].

Lemma 2.2.6. ([16] Lemma 4.10) Let A be a polytope which is smooth and combinatorially equiv-
alent to A, x Ag. Then A is a A\, bundle over Ag or a A bundle over A,.
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For the rest of the paper, we will only be interested in polytopes A which are A, bundles over
A for some choice of 7, s, which as in Definition 221 are determined by pairs (a; k).

Using the above presentation we see that the vector a = (a1, ..., a,) determines the underlying
bundle structure of the corresponding manifold M, while the constant x determines how much of
the structure of the base M is pulled back to the total space.

We now reinterpret x in terms of the volume of the polytope to relate the above choice of (a; k)

to the choice given at the beginning of the paper. We have the following lemma.

Lemma 2.2.7. Let r, s be positive integers, let a = (aq,...,a,) be an integer vector and let k be a

real number so that k > Ky(s). Then we have
Vol(Af) = 25 (r +1)"(k + 5)°.

Proof. Consider the polytope Aj. As we saw before, this geometrically looks like a standard copy
of A, with a rescaled copy of A; over each point. The point (0,...,0) is the barycenter of the
standard copy of A,, and the copy of Ay over this point is the rescaled polytope Af discussed in
Remark 222, We recall that it has the form of a standard s simplex with side length s 4+ k. Now,
since the sizes of the side lengths of the rescaled copies of CP? over the base copy of CP" depend

linearly on the coordinates in CP" and A¥ is the A over the barycenter, we know that
Vol(AY) = Vol(A,)Vol(AY).
However, a simple geometric argument shows that

Vol(AL) = %(I{ +5)%, Vol(A,) = %(T +1)".

O]

As the above shows, the tuple (a; k) can be interpreted as a determining the bundle structure
of (Ma,w}), while £ determines the volume of (Ma,wy).

Also, as we see in Section 2.4 of [[H], we can restrict to the case where a; > 0 for all i. To see
this, recall from before that Af has a standard copy of A, with each point having a rescaled A, over
it. Also, we know that for any vertex of A, we can choose cordinates around that vertex so that
the edge directions from that vertex are the standard vectors eq,...,e,. If we choose coordinates

for A around the point of A, with the ”smallest” copy of Ay, then by the interpretation of —a; as
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the slopes of linear changes in the standard coordinate directions, we have —a; < 0 for all ¢, which
means a; > 0 for all 4.

We now prove Lemma [C2Z74, which we recall states that
(MaHUZ, Ta) = (Mbawgva) — (a; K) = (b’ K‘)?
where & denotes the relation of equivariant symplectomorphism.

Proof of Lemma [I.27]. First, we notice that if (a; k) = (b; '), then the manifolds are equivalent.
It remains to show that if the manifolds are equivalent, then (a; k) = (b;x’). In particular, we show
that if Af is affine equivalent to A%, then (a; k) = (b; &').

Since A% is affine equivalent to A’g/ and affine equivalences preserve volume, Vol(A%) = Vol(A’g/).
Then, a simple application of Lemma 2227 shows that x = x’. We now show that a = b.

As in Remark 2229, the polytope AL consists of a standard copy of A, with a rescaled copy
of Ay over each point. Furthermore, as we move in the direction e; in the base copy of A, the
edge lengths of the specific copy of Ay increase linearly with slope a;. Thus, we have exactly r 4 1
different s-dimensional faces of A, which are all copies of A, of various sizes sitting over the r + 1
vertices of this A,.. In particular, combining Remark 2272 with Lemma P24, we can easily compute
that the volume of the smallest such A, is % (k4 s —o1(a))?®, while the volumes of the other s faces

s!
will be & (k + 5 — o1(a) + a;)°.

Similarly, in Af, there are r + 1 different s-dimensional faces which are copies of A, and their
volumes are given by 4 (k + s — 01(b))* and % (k + s — o1(b) + b;)*. Now, if there is an affine
equivalence from A} to Af, it would have to send the r 41 copies of A in A} to the corresponding
copies of Ag in A} while preserving their volumes. In particular, by the above computations, this
implies that oq(a) = o1(b) and furthermore that for each i, there is a j so that a; = b;. But the

assumption that 0 < a; < ... <a, and 0 < by < ... < b, implies that for each 7, we have a; = b;.

Thus, if the polytopes are affine equivalent, then (a;x) = (b; '), as desired. O
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Chapter 3

Statements of Main Theorems and

Technical Lemmas for Torus Actions

3.1 Statements of Main Theorems for Torus Actions

Recall that we are considering the following question.

Question 3.1.1. Given a tuple (a; k), what is Ny, (a; k), the number of inequivalent toric structures
on the deformation class of (M2",wf)? In particular, for fized a and n, how does it depend on r,

a

and for which (a; k) do we have Ny(a;k) =17

Furthermore, recall that if we have r < s, then Theorem 29 says that the toric structure is

always unique. However, the r > s case is more complicated, as the next example shows.

Example 3.1.2. Let r,s = 3,2 and take a = (1,4,4) and b = (2,2,5). For sufficiently large x,
both (Ma,w?) and (Mp,wf) describe CP? bundles over CP? which are deformation equivalent, by
Proposition 22 and Lemma IZ@. However, these are obviously not the same toric manifold by

Lemma I since a # b. In fact, we show in Example b1 that

0 ifr<7
Ns(a; k) =
2 ifk>7,

so that there is no choice of x for which either N5(a; k) = 1 or N5(b; k).

We will give more specific examples of the » > s case in Section 5.2.
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Even though there is not a general uniqueness theorem for the r > s case, there are still some

uniqueness results. In particular, by restricting the size of x, we have the following theorem.
Theorem 3.1.3. Let a # 0 and  be as before with the added assumption that kK < 1. We have

0 if Kk < Ka(s)
1 if Ka(s) <k <1

Ny(a;k) =

This has an interesting application. Recall that we say a symplectic manifold is monotone if
we have [w] = k[c1(M)] for some positive constant k& which is usually normalized to equal 1. Our

notation is chosen so that we have the following, as in Remark 2.2(7) of [IA].
Lemma 3.1.4. (M,,wy) is monotone <— k= 1.

In Question 1.11 of [T5], McDuff conjectures that every monotone symplectic toric manifold has

a unique toric structure. An obvious corollary of the above gives some support for this conjecture.
Corollary 3.1.5. If (M2",wf) is monotone, then Ny(a; k) = 1.

Remark 3.1.6. Recall that a toric symplectic manifold (M,w, T is called Fano if there is a smooth
family of T-invariant forms wy, 0 < t < 1, with wg = w and w; monotone. In our case, we have that
(M2", Wk, T,) is Fano if and only if K,(s) < 1. We will call such vectors Fano vectors. In examples

b1, b2, and b=23 below, we will consider the Fano case in some specific examples.

Although we cannot yet compute Ny, (a; x) for all k, we can say that as a function of k, N, (a; k)
is monotonic and locally constant, with the only jumps possible being at certain integer values of
k. Furthermore, if r = s, these jumps are of size at most 1. More specifically, we have the following

theorem.

Theorem 3.1.7. Leta = (a1, ...,a,) be a non-negative integer vector and let Ky be the minimum

of the set of k with N,(a;k) # 0. Then we have the following:

1. Let £ > 0 be an integer, and let K1, ko be real numbers. Then we have

Ky +Ll(r+1) <rki,ke < Ky+({+1)(r+1) = Ny(a; k1) = Np(a; ka).

2. Ifalsor=sand k= Ky +0(r+1) and 0 <e<r+1,

Ny(a;r) < Np(a;k +€) < Ny(a;k) + 1.



CHAPTER 3. STATEMENTS OF MAIN THEOREMS AND TECHNICAL LEMMAS FOR
TORUS ACTIONS 21

Notice that the number Kj; above need not equal the number K,(s) from before because
there could be a different vector b so that (Ma,wy) is deformation equivalent to (My,wy,) with
Kyp(s) < Ka(s). Then, we would have Ny (a; k) = Ny,(b; k) for all x, while Ky(s) < Ka(s), which
would obviously imply that Ky < Kp(s) < Ka(s).

The above theorem then says that if K, denotes the position of the first jump of N, (a; ), then
all subsequent jumps can only occur at the integers Kps + [(r + 1), and when r = s, these jumps

are of size 0 or 1. An obvious corollary of the above two theorems is another uniqueness result.

Corollary 3.1.8. Let Ky; be as before, and assume that r = s. Further assume we have an

a=(a,...,ar) so that Ko = Kjr. Then we have
Np(ajr) =1, VEKy<w<Kpy+r+1.

Lastly, recall that Theorem ™21 says that for any a, N,ys(a;00) is finite if r > s > 2. A
natural question to ask is what happens if instead of allowing only k to vary, we also allow a to

vary. Namely, we can consider the quantity
sup Nyt s(a;00)
for fixed r > s > 2. We have the following conjecture.
Conjecture 3.1.9. For any positive integers v > s > 2 we have
sup Ny ys(a;00) = 00
where the supremum is over all non-negative integer vectors a.

Although we have not been able to verify this conjecture in full generality, we do have the

following support for our conjecture.

Theorem 3.1.10. For any integer r > s = 2 we have
sup Ny42(a; 00) = oo
a
where the supremum is over all non-negative integer vectors a.

Theorem X1 above has the following interesting corollary.
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Corollary 3.1.11. Let a = (ay,...,a,) be as before, and let r > s > 2. Then there is a constant K
so that for all k > K, the symplectomorphism class of (Ma,w?f) has exactly Ny (a;00) inequivalent

toric structures.

Proof. By Theorem 211, we know that N,(a;00) is a finite number. More specifically, for all
k> (r+1—"1oi(a) —s, Ny(a;k) = Ny(a;00). Also, as in Lemma [CZ8, for each vector b so that
(My,wg) is deformation equivalent to (Ma,w})) for some &, there is a constant C}, so that for all
k > Cp, (Myp,wp) is actually symplectomorphic to (Ma,wy). Furthermore, there is a finite number

of such constants C},, and thus we can define the constant K as
K = max{Cp, (r + 1 — $)o1(a) — s}.

Then as above, for all k > K, the symplectomorphism class of (Ma,,w}) has exactly N, (a; co) toric

structures. O]

3.2 Homological Lemmas

Now we will get into some of the more technical lemmas we will need for the proofs of our results.

Lemma 3.2.1. Letr,s > 1 be integers with r > 1 and let a = (ay, ..., a,) be a non-negative integer
vector with some a; # 0. Assume H*(M;Z) is isomorphic to the graded ring generated by agy and

Bo of H?(M) with relations

T
ait' =0, Bo]](Bo - aico) =0,

i=1

Then if there exist integers A, B so that (Aag + BBo)*T = 0, we must have B = 0.

Proof. This a slight restatement of Lemma 6.2 in [8]. We follow their proof closely. Since (Aag +
BBo)*t! =0, (Aag + BBo)*T! must be a consequence of our other relations. Namely, there exists
C, D so that

(AOéo + Bﬁo)s—H — Ca8+1 = Dfy H(ﬁo — aiozo),
=1

where C' is an integer and D is an integer polynomial in ag and 5y of degree s — r if r < s, and

D=0ifr > s.
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If » > s, we then have (Aag + BBy)**! — Cai™ = 0, which gives B = 0 and C' = A*T!, as
desired.

Consider now r < s. Suppose first that A = 0. Since the right hand side has no pure «
terms and A = 0, we must have C = 0 and the left hand side is only a 53“ term. But some
a; # 0, so that the right hand side has a non-zero ﬁg“ term and a non-zero apf; term, which is a
contradiction. Thus, A # 0. Now, since the right hand side has no pure ag terms and A # 0, we
must have C' = A%*t! to cancel the af{H term from the left hand side. If now B # 0, the remaining
terms on the left hand side can be expressed as a polynomial in g and By with no more than 2
linear factors when optimally factored, while the right hand side has at least three linear factors
since r > 1, so that the two polynomials can never be equal. We briefly describe the factorization

of the LHS. First, let Aag = X and Bfy = Y. Then, since C' = At the LHS can be expressed as
(X _ Y)s+1 _ xstl

and this has no more than 2 linear factors, as claimed. This contradiction establishes that B =

0. O
We will now prove Proposition 23, which we use heavily in the proofs of our main theorems.

Proof of Proposition TZ2. If a = b = 0, the result is obvious, thus one of a and b is nonzero.
Without loss of generality, we assume some a; # 0. We will prove that (1) = (2) = (4) = (1) and
also (2) < (3).

First, we prove that (1) = (2). This is the hardest direction of the proof, and we will break it
into three cases. First assume that » > 1. This proof is taken from Theorem 6.1 of [3]. The Stanley-

Reisner presentation of H*(Ma;Z) on A, gives generators g and [y for H*(Ma; Z) satisfying
astt =0 (a0)
T
Bo [ [(Bo — aic) = 0. (Bo)
i=1
Similarly, from the polytope Ap, we get generators « and 8 of H*(My;7Z) with the relations

ot =0 ()
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Since H*(M,) is isomorphic to H*(Mpy), there exist integers A, B, C, D with AD — BC = 1 so that
ag = Aa + B, By = Ca+ Dg.

Using ozé“ = 0 and Lemma B2, we conclude that B = 0, so that A = D = £1. Moreover we can
arrange A = D = 1 by possibly changing the signs of both « and 8. Now we substitute Sy = Ca+
and ap = « into the relation (fy), and since the relation (8y) must equal the relation (/3), we know
that the two polynomials are equal as polynomials in 8. Substituting the specific value g = 1, we

obtain the relation
' I8

[T+ (—ai + C)a) = T](1 = biev), (*)
i=0 =0
where we assume that ag = bg = 0.

But the left hand side is just the total Chern class of the bundle
[Lo@® L_g, ®...0L_4]® L¢,
while the right hand side is the total Chern class of the bundle
Lo®L_y, ®...0Ly,.

Thus, since these two bundles have the same total Chern class and are sums of line bundles, they

are isomorphic as vector bundles, i.e.

[Lo® L g ®...0L_o]®Lc>(Lo®L_y, &...®L_y).
But the above shows that

P(Lo® Lo, ®...0L_q,)=P(Lo®L_q, ®...®L_g,),

as desired.

Now, consider the case r = s = 1. Then a = (a), b = (b), and we know that M, and M), are
just the Hirzebruch surfaces H, and Hy respectively. Repeated application of Lemma BT then
implies that H, is symplectomorphic to Hy if b — a is even. A simple computation shows that
Hy 2 Hi, so that in fact H, is symplectomorphic to Hy, if and only if b — a is even. In particular,
H*(Ma;Z) & H*(My;Z) if and only if b — a is even. But then C' = %3° is an integer. Now let

ag = bgp = 0 and let @ be as before. In particular, o = 0 and a simple computation shows

1 1
H(l +(—a;+C)a)=(1+Ca) 1+ (C—a)a)=14+(2C —a)a=1—ba = H(l — bia),
i=0 i=0
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which implies condition (2) as above.
Lastly, consider the case r = 1, s > 2. This proof is taken from Theorem 6.1 of [3]. As before,
a = (a) and b = (b). Using the Stanley-Reisner presentation, we get ag, By, @ and 8 as before,

with integers A, B, C, and D with AD — BC =1, and
ag = Aa + B, 8o = Ca+ Dg.

Now, recall from equations (8y) and () above that 5y(8y — aag) = 0 and B(8 — ba) = 0. This

implies that %2 = baf. Substituting from the above, expanding, and simplifying, we get

0= (Ca + Dﬂ) ((ca + DB) — a(Aa + B,B))

(O(C - aA))a2 + (C(D —aB)+ D(C — aA))aB + (D(D - aB))BQ

(C(C - at))a® + (C(D - aB) + D(C — ad) + H(D(D — aB)) ) af.
Also, since s > 2, equation () tell us that o # 0. Since also a3 # 0, it follows that
C(C —aA) =0, C(D —aB)+ D(C —aA) = =b(D(D — aB)).

C(C — aA) = 0 implies that either C =0 or C = aA. If C =0, then by AD — BC = 1, we know
that A = D = +1, where by changing signs of o and § if necessary, we can arrange A = D = 1.

Substituting into the above, this tells us that
—a = —b(1 —aB),

so that b divides a.
Now, assume C' = aA. Then AD — BC = 1 implies that AD —aAB =1s0o A(D —aB) =1
which says that A = D — aB = =1, where as before we can arrange A = D — aB = 1. Then

substituting as before, we get

a=—bD,

so that again b divides a. Thus, in either case, we have b divides a. In particular, this implies b # 0,
so by switching the roles of a and b, we clearly also have a divides b, so that a = b, which implies
condition (2). Thus, we conclude that (1) = (2).

We next prove (2) = (4). Now, since we are assuming that P(Lo & L_,, & ... ® L_,,) is

isomorphic to P(Lo@® L_p, & ...® L_y, ) as a projective vector bundle, we know that there is some
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Csothat (Lo® L_q, ®...® L_,,)® L¢ is isomorphic to Lo & L_p, ©...DH L_p, as vector bundles,

which implies that they have the same total Chern class, which gives us the relation

T s

[[Q+ (—ai + C)a) = [J(1 = bia), (*)
i=0 i=0
where we assume that ag = by = 0 as before. Here, we have assumed that « is the standard

generator of CP?, so that L, is the line bundle over CP?® with first Chern class given by a«a. Since
a1 = 0, we know by expanding and comparing coefficients of o that the above equation is true

if and only if:
o, (C,C—ay,...,C —a,) =0;(0,-by,...,—b,) 1<i<min{r+1,s},
which in turn is true if and only if
0i(Cia1+C,...,ar +C) =04(0,b1,...,b),

where we have replaced —C' by C' as the arbitrary constant. This finishes the proof that (2) = (4).
Next we show that (4) = (1). By (4), we know as above that there exists a constant C' so that

s s

[1Q+ (mai + C)a) = T](A — bjer), (*)

i=0 i=0
where « is the standard generator of H2(CP?). As before, this implies condition (2), which implies
condition (1).

It remains to show (2) < (3). In both cases, the manifold M is a smooth CP" bundle over
CP?. The difference is that in (2), we are considering it as a projective vector bundle, so that the
structure group of the bundle is PU(r + 1), whereas in condition (3), we are considering it as a
symplectic bundle, so that the structure group of the bundle is Symp(CP"). Thus, the fact that
(2) = (3) follows immediately from the fact PU(r + 1) C Symp(CP").

It remains to show that (3) = (2). However, as is shown in [I8], there is a natural extension of
the notion of Chern classes to symplectic bundles. Thus, since we have two isomorphic symplectic
bundles, they have equal total Chern classes in the symplectic sense, which implies that they have
equal total Chern class in the projective sense. Thus, there is a constant C' so that the bundles
(Lo®L_g,®...0L_4,)®Lc and (Lo® L_p, &...8 L_p,.) have the same total Chern class, which
as before implies that they are isomorphic as vector bundles. This in turn implies the condition

2). 0
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3.3 Lemmas about Moment Polytopes

Lastly, we need a couple more lemmas to characterize the possible moment polytopes of toric

structures on symplectic toric bundles. First, we recall the following theorem from [I9].

Lemma 3.3.1. ([19] Prop 1.1.1) Let A be a polytope of dimension n with n+2 facets. Then there

exrists k and m with k +m = n so that A is combinatorially equivalent to Ag X Ay,.
We use this to prove the following fundamental lemma.

Lemma 3.3.2. If (M*", w,T) is a symplectic toric manifold with dim H>(M) = 2, then M is a
CP" bundle over CP*, and hence is symplectomorphic to some (Ma,wf) as in Corollary E-Z24.

Moreover, if a # 0, any other toric structure on M is a CP" bundle over CP* for the same 1, s.

Proof. This proof follows the proof of Corollary 6.3 in [3]. By assumption, dim H?(M) = 2, and
therefore Ajp; has dim Aps + rank(H?(M)) = n + 2 facets, which by Lemma B3 tells us it is
combinatorially equivalent to some A, x Ag with r + s = n. Since it is also smooth, Lemma 24
says Ay is a A, bundle over Ay for some choice of r and s with r 4+ s = n, which implies that M
is a CP" bundle over CP? by Lemma 2223. As in Definition 2221, this bundle is determined by a
pair (a; k) where a = (ay,...,a,) can be chosen so that a; > 0.

Now, assume that some a; # 0 and that we have some other toric structure generating a
polytope A’. By the above, A’ is a A bundle over A,, where k +m = n, and hence is determined
by a pair (b; k). Moreover, since (b; k) determines the same toric structure, we know (M, wp) is

deformation equivalent to (My,wy), so that
H*(Ma) = H"(My)

We show that £ = r and m = s. Comparing information about Betti numbers, we can easily
conclude that r +s=m+k and (1+7)(1+s) = (1 +k)(1 +m) so that {r,s} = {k,m}. We show
that we can arrange m = s.

To see this, assume that m = r, so that £k = s. If r = s, there is nothing to prove. First,
assume r < s. Now, since M is a CP* bundle over CP™, there is an element v in H 2(M;7)
so that vt = 0,7 # 0. But /™! = 4"t and r < s, therefore 4 = 0. But M is a CP"

bundle over CP?® determined by the vector a, so as in the proof of Proposition X2, we know that
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H*(M;Z) = H*(Ma;Z) has generators ag and [y with relations

aitt=0, B[ (B0 — aiag) = 0.

i=1
We recall now that we have assumed that some a; is not zero. We claim that an element v as above
cannot exist. Indeed, if it did, then we would have v = A«ag + Bfy with v°* = 0. But then we must
have some degree s — r polynomial in o and Sy, D, so that
r
(Aag + BBo)* = Do [ [ (Bo + aic).
i=1

Since the right hand side has no pure ag term, we must have A = 0, so that the left hand side is
B?35. However, we assumed some a; # 0, so that regardless of the choice of D, the right hand side
will have some terms containing aq, so that the right hand side can never equal the left hand side
for any choice of D. This contradiction implies that m = s and k = r, as required.

Now, consider the case where r > s. Since k = s and m = r, we then have k < m. There are
two cases to consider. First, assume b # 0. Thus, some b; is non-zero, and we can run the above
argument with the roles of a, r, and s replaced by b, k, and m to get the desired result.

Now, if b = 0, then our Ag bundle over A,, is actually Ax X A, = A, X A which is also a

A,, bundle over Ay, hence a A, bundle over A, as desired. O

Using this, we can now prove Theorem 21, which we recall said that any toric symplectic man-
ifold (M,w,T) with dim H?(M) = 2 is equivariantly symplectomorphic to the bundle (Mg, wf, Ty)

for a unique tuple (a;x) with 0 < a; < ... < a,.

Proof of Theorem TZ. Since dim H?(M) = 2, Lemma B=32 implies that Ay is a A, bundle over
A determined by some tuple (a; k) with 0 < a; < ... < a,, and in fact that (M,w,T) is equivari-
antly symplectomorphic to (Ma,w), Ta). Lemma 277 implies that the tuple (a; ) determined in

this fashion is in fact uniquely determined. O
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Chapter 4

Equivalence Relations on Toric

Symplectic Manifolds

4.1 Lemmas about Symplectomorphisms

We now prove Theorem 23, which we recall said that if (Ma,w}) and (My,wf) are CP" bundles
over CP? with s = 1 determined by vectors (a; k) and (b; k), then they are isomorphic as symplectic
bundles if and only if they are actually symplectomorphic. First, we will prove a special case of

this, which will act as a technical lemma.

Lemma 4.1.1. Let a = (aq,...,a,) be a non-negative integer vector and let (a; k) determine the
symplectic bundle (Ma,w?), as before, where we assume that My is a CP" bundle over CP'. Now,
assume that either a’ = (a1+1,...,a;+2,...,a,+1) for somei or thata’ = (ai,...,a;+1,...,a;—

1,...,a,) for somei,j with aj —1>0. Then (Ma,w}) and (My,w’) are symplectomorphic.

Proof. We will prove this theorem in two parts, corresponding to the cases where a’ = (a; +
1,...,a;+2,...,a, +1) for some i or where a’ = (a1,...,a;+1,...,a;—1,...,a,). Both parts will
use the same basic symplectomorphism technique, which we describe below.

Recall as in Definition P21 that A, a A, bundle over Ay, has coordinates (1, ..., x,, z) where
(z1,...,z,) are coordinates on the standard A, and z will be thought of as the vertical direction,
describing the copies of Ay over various points of the base copy of A,. Recall also there is a moment

map, denoted ® : Ma — A which takes Ma to A. Let H be any hyperplane in A transverse to
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the z direction with conormal n; = (b1, ..., by, 1), with b; integers. Consider the intersection of the
hyperplane H with the polytope A. This gives a polytope Ay, which is still Delzant because the
b; are integers.

Since H is transverse to the vertical z direction, Ay effectively splits the polytope A into a
top half and a bottom half. The polytope A is then described by taking the top half and bottom
half and gluing them together along Ay by the identity. Now, consider an affine equivalence of
the polytope Ay, which we will denote ¢/. We can then define a polytope A’ by taking the top
half and bottom half, and gluing them together along Ay by the affine equivalence ¢’ instead of
the identity. Since the map ¢’ is an affine equivalence, A’ is evidently still a Delzant polytope. An
example of this is shown in Figure 1.

We briefly explain why Ma and Ma: are symplectomorphic. To do this, we redescribe the above
process in a way that is the same symplectically, but not torically. Namely, we will look on the
level of the manifolds, not the polytopes. First, we consider the hyperplane Q = ®~}(H) in Ma,
and thicken it by taking @ x {(0,¢)} and intersecting this with Ma. As before, this section of the
manifold effectively divides M into a top and bottom half, with the attaching maps to @ x {(0,¢)}
at @ x {0} and @ x {e} being the identity. We can then symplectically isotop @ x {(0,€)} to a
thickened hyperplane @' x {(0,€)} by an isotopy ¥ where Q' x {€} is equal to @ x {€}, while Q" x {0}
is equivariantly symplectomorphic to @ x {0} by the map ®*¢’, the lift of the affine equivalence ¢'.
By doing this we can produce a manifold M’ by letting M’ = M both above and below @ x {(0,¢)},
but replacing @ x {(0,€)} with @ x {(0,¢€)}, with the attaching map to the top half at Q" x {e}
being the identity as before, while the attaching map to the bottom half at @' x {0} is the map
®*¢/. Ma and M’ are then isotopic, hence symplectomorphic, by the isotopy ¥’ which equals the
identity on the top half and bottom half, and which isotops @ x {(0,€)} to @ x {(0,€)} by the
isotopy ¥. However, by construction M’ is symplectomorphic to Mas, which implies that Ma and
M+ are symplectomorphic, as desired.

To complete the proof, we need only show that we can choose the hyperplane H and affine
equivalence of Ay in such a way that we can obtain A’ = Af,, where a’ is one of the vectors
from before. Before we do this, we first notice that since A is a A, bundle over Ay, if we take H
transverse to the z direction and intersect it with A, then A4 is simply a copy of A,. We will label

the vertices of the standard A, as vy, ...,v, where vg = (—1,...,—1) and v; = (—1,...,n,...,—1)
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Figure 4.1: Example of Lemma B0 with r = s = 1, a =1, and ny = (1,1). The first figure is
A’(‘””l), the dotted line in the first two figures represents the hyperplane H, the second figure is A/,
and the third figure is A’é). Notice that A’ is affine equivalent to A’Fg)

where the n is in the " slot for 1 < i < r.

First, we consider vectors of the form a’ = (a1+1,...,a;4+2,...,a,+1). To show that A’ = A%,
we will consider the hyperplane with conormal vector (1,...,1). Recall from Remark 22272 that a
A, bundle over A; can be thought of as a copy of A, fibered by vertical copies of Ay, where the
value of a; is the slope of increase of the sizes of Ay along the edge from vg to v;. Thus, to compute
the value of a;, we only need to know the size of the vertical edge over each vertex of A,. It can
then be easily computed that if we take the hyperplane described by (1,...,1) as above and take
an affine equivalence of Ay which takes the vertex of Ay over vg to the vertex of Ay over v;, then
this shortens the vertical edge over vy by 1 unit, lengthens the vertical edge over v; by 1, and fixes
all other lengths. This corresponds exactly to changing a to a’.

Consider now the vectors of the form a’ = (a1,...,a; +1,...,a; — 1,...,a,) and take the
hyperplane with conormal vector (0,...,—1,...,0,1) where the —1 is in the j® slot. Then as

above, it can be easily computed that by taking an affine equivalence of Ay which takes the vertex

of Ay above v; to the vertex of Ay above v;, we shorten the vertical edge over v; by 1 unit,
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lengthen the vertical edge over v; by 1 unit, and fix all other lengths. Again, this corresponds

exactly to changing a to a’, which completes the proof. O

Remark 4.1.2. It can be shown that the above argument only works in the s = 1 case. Indeed,
if we try to run the above argument in the s > 1 case, we will find that Ay will correspond to a
certain A, bundle over A;_1 where s —1 > 0. In the s = 1 case, we had Ay as a A, bundle over
Ag, which is just a copy of A,, which has plenty of affine symmetries. In fact, in A,, there is an
affine symmetry which swaps any two vertices. However, A, bundles over A;_1 with s—1 > 0 have
very few affine symmetries. The only time when A will have a symmetry is when some a; = 0
or when some a; = aj. However, in our case it is easy to check that if we arrange our hyperplane
H to have Ay have one of these symmetries, then in fact the polytopes A and A’ from before are
affine equivalent. More specifically, the affine equivalence ¢ of Ay could be extended to a global
affine equivalence of either the top half or bottom half, which obviously would imply that A and
A’ are affine equivalent. In other words, if s > 1, this symplectomorphism technique only picks up

the equivariant symplectomorphisms corresponding to coordinate changes on the polytope A.
We can now use Lemma BE-T1 above to prove Theorem I23.

Proof of Theorem IZ3. First, we will assume that (Ma,wy) is symplectomorphic to (My,wy). If
this is true, then H*(M,) = H*(My,), which by Proposition 22, implies that M, and M}, are
isomorphic as symplectic bundles. Note that the specific choice of symplectomorphism will in
general have nothing to do with the choice of isomorphism of symplectic bundles.

Now assume that M, is isomorphic to M}, as a symplectic bundle. By Proposition I3, there
exists C' € Z so that 01(C,a+ C) = 01(0,b), Thus, we have o1(b) = (r+ 1)C 4 o1(a) for some C.
Without loss of generality, we assume o1(a) < o1(b). We show that any vector b can be reached
from a by the following elementary moves. We will denote by e;(a) the elementary move described
by

ei(a) = (a1 +2,a2+1,...,a, + 1),

and by e; j(a) the elementary move described by

eij(@) =(ar,...,a; —1,...,a; +1,...,a,).
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Lemma E-TT then says that (Ma, wg) is symplectomorphic (M, (a), W}, (a)) and to (Mg, (a); We, ,(a))

€i.j »Veq
for all 4,j with a; —1 > 0. Thus, if we can reach b from a by the elementary moves e; and e; j,
Lemma BT would give a symplectomorphism from (Ma,wy) to (Myp,wy) as desired.
First, we recall that o1(b) = (r + 1)C + o1(a), where by our assumption, C' > 0. Thus, by

repeatedly applying e;, we can get a vector

!/

a’ =ef(a) = (a1 +2C, a2+ C,...,a, + C),
where o1(a’) = 01(b). Next, repeatedly applying e; for j > 2, we can get a vector
a” = (o1(a) + (r +1)C,0,...,0) = (o1(b),0,...,0).
Notice that we can do this since each a; > 0 and C' > 0, so that a; + C > 0 for all j > 2. Next we

can get a vector a' by repeatedly applying 1,2

al = 74P (@") = (by,01(b) - by,0,...,0).

Notice that this is well defined because b; > 0 and o1(b) — by = ba + ...+ b, > 0 since all b; > 0.
Continuing on by induction, we get vectors a’, where
ai —_ ez;‘(ﬁ)—bl—m—bi (ai—l)

:(bl,...,bi,al(b)—bl—...—bi,O,...,()).

Notice that this is well defined for all 1 < i < r — 1 because the b; are all non-negative, and, for all
i,01(b)—by —...—b; = biy1,...b, > 0 since the b; are all non-negative But then a straightforward

computation shows that
a”t=(by,...,bp_1,00(b) —by —...—b,_1) = (by,...,b)=Db

Thus, we have reached b from a by using the elementary moves e; and e; ;, as desired. O

4.2 A Lemma about Deformation Equivalence

Lastly, we will say more about the deformation class of (Ma,wy). In particular, we will prove Lemma
X4, which says that if M, and M}, are both CP" bundles over CP?, then they are isomorphic

as symplectic bundles if and only if they are deformation equivalent. Furthermore, if the above
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conditions hold, we also have that (Ma,wy) is symplectomorphic to (Mp,wy) if £ > 0. This justifies

our use of deformation equivalence as the equivalence relation on symplectic manifolds.

Proof of Lemma I Z@. First assume that (Ma,w}) is deformation equivalent to (Mp,wfs). Then
M, and My, are diffeomorphic, and in particular, H*(Mj,) is isomorphic to H*(Mp), so that by
Proposition X2, M, is isomorphic to My, as a symplectic bundle.

Now assume that M, is isomorphic to My, as a symplectic bundle. This implies that there is a

diffeomorphism ¢ : My — My, so that

9" (wblF,(,,)) = walr,

where F is the fiber over z and Fj(,) is the fiber over ¢(z). In other words, the diffeomorphism
¢ preserves the fiberwise symplectic structures of M, and My,. We claim that since we also have
the same r, we must have ¢*([wf]) = [wh]. To see this, recall that we have dim H?(M,) =
dim H?(My) = 2, and thus an element of either cohomology is determined by two parameters. Also,
recall that our forms wj are determined by two parameters, where the first parameter determines
the underlying bundle structure, while the second parameter determines the volume. However, by
the above, (Ma,wy) and (Mp,wy) have the same underlying bundle structure and the same volume,

so that in fact we must have

¢"([wp]) = lwal-
We wish to show that M, and My, are deformation equivalent. By the above, it suffices to show
that there is a family of symplectic forms w; so that wy = wj and w3 = ¢*(wfy). We can produce

such a family explicitly. Namely, if 7 is the map from M, to CP® and w; is the standard symplectic

form on CP?, the deformation w; can be chosen explicitly as

wh + Ktr* (ws) ifo<t<l1
we =19 (t—=1)p"(wg) + (2 —twi + Kr*(ws) if1<t<2
" (wg) + (3 —t) Km*(ws) if2<t<3.

Recall that Lemma 27273 says

WK = f 4 S%W*(ws)
For 0 <t <1, this implies that w; = wéﬁ+(s+1)(tK)), and hence is non-degenerate. Also, if K is large

enough, then wy for 1 <t < 2 will all be non-degenerate. Now, recall that since ¢ is an isomorphism
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of symplectic bundles, 7 o ¢ = 7, and hence 7*(ws) = ¢*(7*(ws)). Using this and Lemma P23 as

above, we have for 2 < ¢t < 3 that

wg+(s+1)((37t)K))’

and hence w; is non-degenerate for 2 < ¢t < 3, so that wy is a family of symplectic forms with
wo = wy and wy = ¢*(wy), while [wWf] = ¢*([wg]), so that (Ma,wy) is deformation equivalent to
(Myp,wy), as desired.

Lastly, by the above, for any A > s 4+ K with K sufficiently large, (Ma,w,) is isotopic to
(Mb,wﬁ) by the linear isotopy tw) + (1 — t)wﬁ, and hence they are in fact symplectomorphic, as

required. ]
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Chapter 5

Proofs and Examples for Torus

Actions

5.1 Proofs of Main Theorems

We now give the proofs of the main theorems stated in the introduction. First we will prove
Theorem 29, which we recall stated that if (M2",w?) is the CP" bundle over CP* determined

a

by (a; k), then Ny(a;x) =1 when r < s.

Proof of Theorem IZQ. By Proposition 22, we know M, and My, are isomorphic as symplectic
bundles if and only if there exists a C' € Z such that

0i(C,C+ay,...,.C+a,) =0i0,b1,...,b,) 1<i<min{r+1,s}=r+1,

where min{r + 1,s} = r + 1 since r < s.

If C =0, then (C,C + a) = (0,a). Therefore, 0;(0,a) = 0;(0,b) for all 1 < i < r + 1, which
implies a = b up to reordering, as desired. If C' # 0, then if 0,11(C,C + a) = 0,41(0,b) = 0,
we must have some ¢ where C' 4+ a; = 0, so C = —a; < 0. But then there is no way that
0i(C,C +a) = 0;(0,b), for all 7 since all b; > 0 and C < 0. This contradiction finishes the proof of
the theorem. O

We now focus on proving the theorems stated for the r > s case. Before we do that however, we

give an example of a vector a and constant x so that N, (a; k) > 1. We first note that by Proposition
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22 and Lemma 274, we must only produce two vectors a = (ay,...,a,) and b = (by,...,b;)

and a number C so that
0i(C,C +a)=0;(0,b), 1 <i<min{r+1,s} =s

with a # b. Indeed, then by Lemma 277 they represent different toric structures since a # b, but
by Proposition 22 and Lemma X4, we know that the underlying symplectic manifolds will be
deformation equivalent. But r > s, so min(r + 1, s) = s, which does not force (C,C + a) = (0, b).

We have the following explicit example.

Example 5.1.1. Let a = (1,4,4), b = (2,2,5) describe CP? bundles over CP?. Since o1(a) =
01(b), Ka = Ky, where we recall K, is the number so that A% is a bundle for all K > Kj,. Thus, as
we increase &, the two toric structures (Ma,wy, Ta) and (My, wy, Ty,) will both appear at the same
time, so that the corresponding jump in Nj(a; ), which occurs at £ = 7, will be a jump of size 2.
Also, a fairly simple check will show that there is no other choice of vector ¢ such that (Mc,wy) is
deformation equivalent to (Ma,wy). More specifically, by Proposition 22, the only options would
be vectors ¢ that had o1(c) = 5,1, or o1(c) > 9, corresponding to C = —1 or C = —2, or C > 0.
The C = —1 and C' = —2 cases can easily be checked not to work by hand. If C' =0, (1,4,4) and
(2,2,5) are the only solutions, as a simple computation shows.

Now assume C' = 1. If we take the vector (1,4,4) and look for more examples with C' = 1, we
must compare the vector (1,2,5,5) to an arbitrary vector (0,dy,ds,ds). But o1(1,2,5,5) = 13 and
02(1,2,5,5) = 57, while the biggest that o2(0, d1, d2, d3) could be with ¢1(0,d;,d2,ds) = 13 is when
(0,d1,dz,ds) = (0,4,4,5), which has 02(0,4,4,5) = 56. Note that (0,4,4,5) is indeed the biggest
because it is the vector which is closest to having all terms equal, which an exercise in calculus will
confirm is the biggest. That there are no examples with C' > 2 follows directly from Lemma BT3.

Hence, for the above choice of a = (1,4,4), we have

0 ifr<T
2 ifk>T.

Ns(a; k) =

We will now go back and prove the various theorems we stated for the case r > s, starting with

Theorem B3, which says that N,(a;x) =11if k < 1.

Proof of Theorem BI13. If a defines a toric structure with x < 1, then we know that x > —s +
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o1(a) = Ka, so in particular,

0<oi(a)<s+r<s+1,

since k < 1. Proposition 22 together with Theorem 29 implies that if a determines a bundle
with a non-unique structure, then r > s and there is a vector b = (by,...,b,) and a number C' so
that
o, (C,C+ay,...,C+a,) =0i0,b,...,b,) 1<i<s.

In our case, a and b satisfy a; > 0 and b; > 0, so that o;(a) > 0 and o;(b) > 0. If they are
both to be valid toric structures with x < 1, they must also satisfy o1(a) < s and o1(b) < s, as
we saw above. But 01(C,C +a) = (r + 1)C + o1(a), so putting this all together, we see that if
01(C,C +a) =01(0,b) = g1(b), then C =0 and o1(a) = o1(b) < s.

Now assume a = (aq,...,a,) with a; > 0 and o1(a) = k with 1 < k < s. Then since a; € Z, the
vector a has at most £ < s non-zero terms. Therefore, for any two vectors a and b as above, we
must have o;(a) = 0;(b) = 0 for all i > s. Therefore, if 0;(a) = 0;(b) for all 1 <i < s, we actually

have o;(a) = 0;(b) for all ¢, which means that a = b up to reordering, as required. O

We next prove Theorem B0, which is a simple consequence of the above machinery. Recall
that Theorem BI7 says first that the function N, (a; k) viewed as a function of & is a step function
which can only have jumps at the values K + I(r + 1), and second that if » = s, then these

potential jumps are all of size 1.

Proof of Theorem [B-I]. We first prove statement (1). Recall that Kj; € Z is the largest number
so that N, (a; Kpr) = 0. Recall also that Kj; need not equal K, for every possible a. However,
by the definition of Kj;, there is always some vector b so that Ky, = Kj;. For convenience sake,
we will assume that K, = Kj;. We know from Proposition 22 and Lemma 20 that if there is
another inequivalent toric structure on Mj, there is a vector b so that a # b and an integer C so
that
0i(C,C+ay,...,.C+a) =0i(0,b1,...,b,) 1<i<s<r+1

In particular, we know that C' > 0, since any b determining a toric structure on M, must have
Ky > K); = K, which implies o1(b) > o1(a). Thus, o1(b) = o1(a) + C(r 4+ 1) for some integer

C > 0 and the value of N, (a; k) can only jump at the values of k where

k=Kp=—-s+o01(b)=—s+o01(a)+C(r+1)=Ka+Ll(r+1) =Ky +L(r+1),
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where ¢ = C' > 0, which finishes the proof of statement (1).
We now prove statement (2). Assume that for some &, there is a jump of size 2 or more. Then

there exist two vectors a # b with K, = K} and a constant C so that
o, (C,C+ay,...,C+a,) =0;(0,b1,...,b), 1<i<s<r+l.
But K, = Ky, implies 01(a) = o1(b), which implies that C' = 0, which obviously implies
oi(a) =0;(0,a) = 0;(0,b) =0;(b), 1<i<s=r.
This implies that a = b up to reordering. This contradiction establishes statement (2). O

Next, we prove Theorem I211. Recall that this theorem first gave a bound on the value of C
allowed in the equations

0:(0,b) = 0;(C,C + a)
and further said that
(m, Ko > (r+1—1oi(a) — s) = (Np(a; k1) = Np(a; k2)).
We first prove the bound on C' in the below lemma.

Lemma 5.1.2. Fiz an r > s > 2. Assume we have non-negative integer vectors a = (aq, .. .,ar)

and b = (b1,...,b) as before, and a real number C so that
0i(C,C+a)=0;0,b), VI<i<s<r+1

Then if some a; # 0,

—%Ul(a) < C < %Ul(a)
Proof. First, notice that if C' < —T,J%lal (a), then
o1(b) = (r+1)C+oi1(a) <0

which contradicts the fact that b is a positive integer vector. Thus, we must have C' > —ﬁllal (a).
It remains to show that C' < Loy (a). Since s > 2, it suffices to show that if C > Loy (a),

then any non-negative integer vector b with ¢1(0,b) = 01(C, C + a) satisfies

Ug(o,b) < UQ(C,C'i‘&).
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Indeed, for these values of C, there cannot exist a vector b with ¢;(0,b) = 0,(C,C + a) for all i.

To see this, we will consider the two polynomials

Pa(C) := 05(C,C +a), Py(C) := 0(0, k1) | (rl)Chon(a)y

r r

Notice that any vector b with ¢1(0,b) = 01(C, C+a), has g2(b) < P,(C) as a consequence of basic
calculus. Indeed, the quantity o2(0,b1,...,b,) is maximized by by = ... = b,, and the inequality
follows from this fact. Thus, to prove the theorem, it only remains to show that P,(C)— Py (C) > 0
for all C > "1 (a). We will do this by showing that

(P Pb)(—ol( )) > 0, (P Pb) (70‘1( )) >0, (Pa — Pb)//(C) > 0 VC.

Then since P, — Py, is a degree 2 polynomial, the desired result will follow. We show this by
explicitly computing all three terms.

First, we see that
Pa(C) = 02(C,C +a) = ("}1)C° + (})o1(a)C + 03(a) = 0% 4 ro1(a)C + o3(a).

Next, after some rearranging, we see that

R(C) = 03(0, CHUEERE) | BNCER()) _ (1) (££1)% 02 1 3(;) L a)C + (5) 2452

T T

_ r(r= 1)(r+1) CQ r(r—l)(r—g{—l)al(a)c_{_ r(r—1)o1(a)?

272 22

= (TTQI) ((r+1)( )0 62 4 gy (a )C) + Loy (a)2.

A simple computation gives
(Pa — P)(C) = SELC? + Loy (a)C + 0a(a) — Shoi(a).
Also, taking the derivative of this, we get that
(Pa— P,)(C) = "HLC + Loy (a).
Finally, taking the derivative of this, we get

(Pa—DB)"(C)="tL > 0VC.
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We then have the following computation:

2

(Pa— Po) (Lo (a) = T2 (6, (a))? + 2020 (0 (a))? + 0o (a) — 501 (a)?

273 273 273

= 25801 (a)” + 02(a) = Z5 o1 (a)” + oa(a) > 0.

where the last inequality follows since a; > 0 and some a; # 0 and r > s > 1, which implies that

(2r —1) >0 and r — 1 > 0. We also have
(Pa— By) ("Hou(a)) = (FH 5 + oi(a) > 0.
This computation completes the proof. ]
The following similar lemma is useful in applications.

Lemma 5.1.3. Fiz an integer C > 0 and a non-negative integer vector a = (aq,...,a,). Consider

the inequalities

O'Q(O,b) S UQ(C,C + a), (*0)

and the inequalities

02(0,b) < 02(C +n,C +n+ a) (*n)

where n > 1, and in (x;) with 0 < k < n, b ranges over all integer vectors with 1(0,b) =
o1(C+k,C+k+a). Then

(%0) = (*n) V n > 1.

Proof. An obvious induction shows that it suffices to prove the theorem in the case n = 1. Write
(r+1)C + o1(a) = kr + ¢ for some integers k, ¢, where k > 0 since C > 0 and 0 < ¢ < r. We
will call a’ = (af,...,a,.) = (C,C + a). Then the integer vector b with o1(b) = o1(C,C + a) with
largest value of 02(0,b) isb = (k,...,k,k+1,...,k+ 1) with exactly r — ¢ entries equal to k and ¢
entries equal to k+ 1. Now, consider (C'+1,C+14a). Then 01(C+1,C+1+a) = (k+1)r+4+1
and the vector b’ with this oy and the largest o9 is now b’ = (k+1,...,k+ 1,k +2,...,k + 2)
where here there are ¢+ 1 entries equal to k + 2 and r — £ — 1 entries equal to £ + 1. Then we have
(C+1,C+1+a)=(ay+1,...,a.+1)and b = (by +1,...,b,_¢+2,...,b. + 1), since b,y = k

while b)_, = k + 2. A simple computation shows that

02(C+1,C+1+a) = o2(a)) +ror(a) + ("1).
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Another simple computation shows that

a2(b') = 09(b) + ro1(b) = by—g + ("51) +2r — 2 = 09(b) + roy (&) — k + W
= 3(b) +ro1(a) — k+ T —1 = o9(b) + 1oy (a’) + ("5 + (-1 — k)

< oy(a’) +roy(a’) + (r;rl) =09(C+1,C+1+a),

where the last inequality is true because —1 — k < 0 and o3(b) < 02(a’) since we are assuming g

is satisfied. Thus, we have the desired result. O

Proof of Theorem TZ11. Lemma BT above proves the first statement of the theorem. Thus it

remains only to show that for a non-negative integer vector a = (aq,...,a,),
K1, Ko > (r +1— %) oi1(a) — s = Ny(a; k1) = Np(a; ka).

First, by Theorem 29, it suffices to consider » > s > 1. We will show that for any non-negative
integer vector a, Ny(a; k1) — Ny(a;k2) = 0 when k1, k2 > (r +1— 1)oy(a) — s. Without loss of
generality, assume that k1 > k9. Now, if the result were false, we would have N, (a; k1)— N, (a; ko) >
0, which would mean there was some vector b with ko < Ky, < k1 and a corresponding number C'
so that

o, (C,C+ay,...,C+a,)=0;0,b1,...,b), 1<i<s<r+l.

Also, since Kp, > kg > (r+1— 1)oi(a) — s and Kp = —s + 01(b), we know that

o1(b) = (r+ 1)C +01(a) > (r +1 - Hor(a) = (r + 1)C > Lo (a)

2 _
= C > 7,?7_7_1_%)0'1(&) = %al(a).
But this is impossible by Lemma BT above. O

We will now give a proof of Theorem BT, which says that for any r > s = 2,
sup N, s(a; 00) = oc.
a

Proof of Theorem BII0. First we show that the above can be reduced to the case r = s. A simple

computation shows that for any vectors a and b and any real number x,

oi(a) =0i(b), Vi<i<s, = oi(a+k)=0ib+k), VI<i<s.
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Next, consider a vector a = (a1, ...,a,) with Ny, (a;00) = k. Then there exist vectors by, ..., bg_1

with corresponding constants C1,...,Cg_1 so that
0i(Cj,a+Cj) =0i(0,b;), V1<i<s, 1<j<k-—1
Now consider some r > s. Then r = s + ¢ for some ¢ > 1. We can then define the vectors

b? = (0,...,O,Ck_1 - Cj,Ck_l — Cj —l—bj)

where this vector has ¢ — 1 entries equal to 0. Then, the above computation shows that
0i(0,b}) = 04(0,...,0,C—1,Cr1+a), VI<i<s 1<j<k-—1, £>1.

This shows that if the theorem holds for r = s, then it holds for any r > s.

We now consider the case where r = s = 2. We will show that for any k, there exists a vector
a; = (ag, br) with Ny(ag;00) = k.

To see this, notice that any vector a = (a, b) and any vector b with 01(0,b) = (C,C +a,C +)

can be written as b = (C' 4+ a + ,2C + b — x) for some integer x. Then
02(0,C +a+z,2C +b—1xz) =09(C,C + a,C +b) < bxr — ax + Cz — 2> = bC + C?.

We will look for solutions of the special form C' = Az. Now, substituting for C and solving for x

gives

_ b—a—b)\
T =31

Thus, any choice of a,b and A such that x and C' are both integers will result in a vector b with

b # a, while M, and My, are isomorphic as symplectic bundles, by Proposition ZA. We consider

1
-

the family where A = -=. Substituting for A, we have the following computation

+ Bls

= g = (= Db =na), O = (0 = 1)b = na).

b—a
=711
n? n n2

Thus, if we can find a pair of integers a,b with (n — 1)b —na =0 mod (n? —n + 1), then 2 and
C will be integers as desired. More specifically, if for each k we can find integers ay, by and k — 1

integers nq,...,ni_1 with

(n; — )by —nzap, =0 mod (n? —n; + 1) <=

—bp =ni(ap —br) mod (n? —n; +1),V1 <i<k—1,
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then ay = (ag, by) would have Ny(ay;o00) > k for each k, as desired.

We will solve these equations using the Chinese Remainder Theorem. More specifically, we
restrict our attention to vectors of the form (K, ¢, + K), for a fixed integer ¢j which fixes the
quantity ap — by = —cg. Then, plugging in and simplifying, we have reduced the problem to picking
an integer K so that

K =ci(ni —1) mod n? —n; + 1,

for some collection of integers n;. The Chinese Remainder Thereom then says that this system of
equations will have a solution provided that the collection of integers N; := n? —n; + 1 can be
chosen to be relatively prime. Thus, to complete the proof, we only need to produce a sequence
N; = n? —n; + 1 such that ged(N;, N;) = 1 for all ¢, j. We will produce this sequence by induction.
In particular, we will produce a sequence IN,, such that if ¢ < j, all prime factors of N; are less than
all prime factors of N;. Such a sequence would obviously have ged(N;, N;) = 1.

First, let n; = 2, so that N; = 3. Now, assume that we have such integers Ny, ..., Ny_1 with
corresponding integers nq,...,ni_1 so that N; = n? —n;+1 and such that if ¢ < j, all prime factors
of Nj are less then all prime factors of N;. Let p; be the largest prime number dividing Nj_;. Since
we have assumed Ny = 3, such a number p; will always exist for any k. Now, let np = pg! and let
N = nz — ng + 1. Then if ¢ is any prime such that ¢ < pg, then by construction we have N = 1
mod ¢, and hence the only primes dividing N are bigger than pg, as desired. This computation

finishes the construction of the sequence IV,,, and hence finishes the proof of the theorem. ]

The above techniques show that to prove Conjecture BT for any r» > s > 2, it is enough to
check it for any r = s. However, if r = s > 3, the equations involved are much more complicated

than for the s = 2 case above, and it is not clear how to show directly that sup,(N2,(a;00)) = 0.

5.2 Interesting Examples

We conclude the paper with a few interesting examples which explore Theorem X1 in the Fano

case. First, we explore the case r = s = 2.

Example 5.2.1. We claim that if r = s = 2 and (Ma, wY) is Fano, then Ny(a;00) = 1. We recall

from Remark BT@ that if a is a Fano vector, we must have K, < 1. However, since s = 2, a
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simple computation shows that this implies that we must have o1(a) < 2, which gives us the 4
cases a = (0,0), a= (0,1), a=(1,1), and a = (0,2). Recall that Proposition [I=3, proven in [I5],
implies that if a = (0,0), then N4(a;00) = 1. Thus, we only need to consider (0,1), (1,1), and
(0,2). The cases (0,1) and (1,1) are special cases of Example 5522 below, and for a = (0,1) or
a=(1,1), we get Ny(a;o00) =1 as well. Thus, it suffices to check that N4((0,2);00) = 1.

Since r = s = 2, by Lemma BT it suffices to show that there is no vector b and integer C'
such that

O‘i(O,b):O'i(C,C,2—|—C), 1=1,2, —£<C<1,

wiN

so that we only need check the C' = 0 case. However, an obvious computation shows that if C' = 0,

b = a, so that N4((0,2);00) = 1. Thus, if r = s = 2 and (Ma,w}) is Fano, then Ny(a;00) = 1.
Next, we look at some higher dimensional Fano examples.

Example 5.2.2. Consider vectors of the form a = (0,...,0,1,...,1) where o1(a) = k. We will
show that for such vectors, if s > 2, N, s(a; k) = 1 for all K > k—s, and in particular, N, s(a;00) =
1. Further, note that these vectors will be Fano whenever s > k.

If this is false, then by Proposition ™23, there exists some b and C' so that o;(C,C+a) = ¢;(0, b)
where 7 > 2. We will show that for our specific choice of a, this cannot happen.

First, notice that we cannot choose C' < 0 because then oj(a) < 0. Second, we cannot choose
C = 0. Indeed, in that case, any non-negative integer vector b with o1(b) = k has o2(b) < o2(a),
with equality only if a = b. Furthermore, this implies that a satisfies the hypothesis of Lemma
613 with C' = 0. Thus, if C > 0 and o1(b) = 01(C,C + a), Lemma bT3 implies that oa(b) <
02(C,C + a). Since s > 2, the above and Proposition 1.2 then shows that N,;s(a;00) = 1, as

desired.

The next example shows that the general Fano case is not as nice, and in fact there are examples

of Fano toric manifolds which have more than one toric structure.

Example 5.2.3. Let a be the vector a = (0,...,0,2) with » > 3. Note that here r > 3 is
necessary, as is seen in Example B21. Notice that this vector is Fano with s = 2, since K,a(2) =
oi(a) —2 =2—-2 =0 < 1. On the other hand, by choosing C = 1, we can consider the

vector (1,14 a) = (1,...,1,3) with exactly » > 3 entries equal to 1. Then, consider the vector
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b=(1,...,1,2,2,2) with exactly 3 entries equal to 2. First, we see that
oi(b)=r+3=01(1,1+a).
However, we also have
(1,1+a) = (Lby,...,br_3,bp—0 — L,by_1 — 1,b, +1).

Note that for the above to make sense, we must have a b,_o term, which we do since » > 3. So,

using the above substitution, an easy computation shows that

o2(1,14+a) = 02(0,b) + o1(b) — (01(b) — by—2) — (01(b) — b,—1) + (01(b) — b;)

—1—1+1+1—1—1:UQ(b)ﬂ-bT,Q—I—bT,l—br—QZO'Q(b),

so that o;(b) = 0;(1,1+a) for i = 1,2. Thus, Proposition together with Lemma 28 implies
that (Ma,wy) is deformation equivalent to (My,wy), while Lemma [CZ7 implies that these give
different toric structures since a # b. Also, by Lemma BT, we know that if C is to support a

vector b with the desired properties, then

—1 _r=1
C<™=oi(a) ="72<2,

r

so that we cannot have C' > 2. Finally, since we know o1(b) = r + 3, we know that Ky (2) =+ 1.

The above finishes the proof of the following: if » > 3 and a is as above, we have

0 ifx<0
Nyjo(a;r) =< 1 if0<k<r+1
2 ifr+1<k.
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Chapter 6

Definitions and Technical Lemmas for

Circle Actions

In this section, we will build up the tools necessary to prove Theorem I=34. We begin by giving a

general discussion about orbifolds.

6.1 Orbifolds

We first give the definition of an orbifold. To do this, we first define a local uniformizing chart.

Definition 6.1.1. Let M* be a topological space, and let y € M be a point. Then a C* local
uniformizing chart at y is a 4-tuple (U, U,T, @) where U is a neighborhood of y in M, U C R4,
I' is a finite group acting on U by diffeomorphisms, and ¢ : U—=Uisa continuous, equivariant

map so that ¢ : (7/F — U 1s a homeomorphism.

Using this, we can now define an orbifold. Before we do this, we note that the below definition
is not the standard definition of an orbifold. In fact, in Remark BEIZ3 below, we only consider

4-dimensional orbifolds with certain types of singularities.

Definition 6.1.2. Let M* be a compact Hausdorff topological space and let y; € M*, i =1,...N be
points. Then M is a smooth orbifold if there are C™ local uniformizing charts (U;, (~fi, i, ¢:) aty;
so that U;NU; = 0 if i # j and M*\{y1,...,yn} is locally Euclidean. Furthermore, if (U;, U;, T, ®i)

are such local uniformizing charts, a smooth orbifold structure is given by a finite open cover
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C of M by C* local uniformizing charts (Ui,ﬁi,Fi,gbi) fori=1,...N'"> N so that if i > N, I; is
the trivial group and so that if U; N U; # () where i is anything and j > N, then

¢ij = ¢J_1 o ¢; : ¢z_1(UZ N Uj) C [71 — ¢J_1(Uz N Uj) - [7]'
is a diffeomorphism.

Remark 6.1.3. One can define differential forms in this context in the usual way by defining them
on each local uniformizing chart. In this fashion, it can be shown that all the usual theory of
differential forms, including De Rham cohomology and Poincaré duality carries over to the smooth

orbifold case. Additionally, one can define a symplectic orbifold in the obvious way.
This leads to the definition of an orbifold singularity

Definition 6.1.4. Let M* be an orbifold. A point y € M will be called an orbifold singularity
of order r and type (p,q) where ged(p,r) = ged(q,r) = 1 if there is a local uniformizing chart
(U, ﬁ,Zr,gZ)) near y so that Z, acts on UcCR=C? by

(21, 22) = (€P21,8%22),

21
where &€ = e r . Notice that this action is free away from the origin and has an isolated fixed point

at the origin.

Remark 6.1.5. The above definitions are much simpler than the general definitions of an orbifold
and an orbifold singularity. By the standard terminology, the above would be considered an isolated
orbifold singularity. Additionally, it is not necessary in general to require that an order r singularity
has type (p, q) with ged(p,r) = ged(q, ) = 1. There are certainly more general notions of orbifolds

and orbifold singularities, but in our case, these are the only types of orbifolds we will encounter.
We now discuss what it means to say that two orbifolds are the same.

Definition 6.1.6. Let M, M’ be smooth orbifolds, where z; are the orbifold points of M and y; are
the orbifold points of N. Then if i,j =1,...N and (U;, [7},1}, ®;) is a local uniformizing chart for

y; while (U], [71’, Il L) is a local uniformizing chart for y., we will say that
¢ M —s M

1s a diffeomorphism if the following conditions are satisfied.
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1. ¢(yi) = y., up to reordering.
2. ¢: M\ {y1,....,yn} = M'\{y},...,yy} is a diffeomorphism

3. The local uniformizing charts can be chosen so ¢(U;) = U]. Also, ¢ lifts to
ng;i : (72 — ﬁll7

where ¢; is an equivariant diffeomorphism. In other words, there is a group isomorphism

h:T; =T so that

$i(€ - (21,22)) = h(€) - di(21, 22),

for € € Ty and (21, 2) € U;.

Remark 6.1.7. Using the above definition, one can show that given a smooth orbifold M with orb-
ifold points y; for i = 1,... N of orders r; types (p;, ¢;) respectively where ged(p;, ;) = ged (g, i) = 1
is diffeomorphic to a smooth orbifold still called M where we can choose each y; to have type (1, ¢;)
instead. Specifically, if we let ¢; = —¢;a; where B;r; — a;p; = 1, then letting ¢ be the identity gives
such a diffeomorphism.

To see this, let (U, ﬁi,Zr,F) and (Uj, ﬁi,ZT,F’) be local uniformizing charts for y;, where I'
denotes the diagonal action of Z, with weights 1, —¢;a; and I denotes the action with weights

pi, qi- Let h; : Z, — Z, be given by h(§) = £ “. Then we have

(&) (21, 22) = (€21, § T %) = (§7P1%%21, M%) = T'(£7Y) (21, 22) = T (Ri(€)) (21, 22),

where the second equality follows since —p;a; = 1 mod r. This computation shows that we can

always assume our orbifold singularities are of type (1, ¢) for some c.

We finish this section by proving a lemma which discusses the extent to which the type of an

order r orbifold singularity is preserved under such a diffeomorphism

Theorem 6.1.8. Let M, M’ be orbifolds, ¢ : M — M’ a diffeomorphism, and y,vy' orbifold singu-
larities of M, M’ respectively so ¢(y) = v'. In particular, both y and y' have the same order, which
we call r. Then if y is of type (1,c), we must have y' of type (1,¢") where ged(c,r) = ged(d,r) =1
and either ¢ = ¢ mod r or ¢ = +1 mod r. Furthermore, if ¢ is orientation preserving, ¢ = c

mod r orcd =1 mod r
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Proof. As above, if we have such a diffeomorphism ¢ : M — M’ so ¢(y) = v/, then there are
local uniformizing charts (U, U, T',) and (U’,U’,TI",4') at y, y' respectively so that ¢(U) = U’ and
furthermore, there is an isomorphism A : I' — IV and a lift 5 of ¢ so that

P(§ - (21, 22)) = h(§) - (21, 22),

for £ € T and (z1,29) € U where by assumption I' and I are copies of Z, acting diagonally with
weights (1,¢) and (1,c).

Consider the derivative of % at the origin. We can identify T 0(7 and T 0(7 " with copies of C? in
the standard way. Furthermore, the actions I' and T on U and U’ give corresponding actions on

ToU and Tgf]v’ under the identification to C2. In particular, we get a real linear diffeomorphism
RS dqg :C? — 2

so that

(& - (21,22)) = h(§) - P(21, 22),
for ¢ € T and (21, 20) € C2. Additionally, v is orientation preserving if and only if q~5 was orientation
preserving. Now let C2 = R%, and let A, A’ denote the linear symplectomorphisms ¢- and h(€)-
determined by the actions of T" and I, where £ and h(§) are generators of I' and IV. Then A and

A’ have the matrices

R@#) 0 . [R(k0) 0
A == A = ,
0  R(ch) 0  R(k0)

™

where 6 = 27 and for any real number «, R(«) denotes the 2 x 2 rotation matrix with angle «.

Thus, by the above we have a commutative square of real linear maps
R4 L, R4

A A’

4, 4
R ” R*.

Tensoring with C gives a corresponding commutative square of complex linear maps
(C4 ﬂ, (C4

Al

A(C C-

ct T c.



CHAPTER 6. DEFINITIONS AND TECHNICAL LEMMAS FOR CIRCLE ACTIONS o1

A simple computation then shows that the complex linear transformation Ac¢ has eigenvalues
46 and +cf with corresponding eigenvectors vg. Multiplying vg by a complex number if necessary,
the corresponding real vectors vy formed by taking the real part of vg will form a basis of R%.
We denote v; the basis of R* corresponding to the ordering vy, v_g, Veg, V—cp. Similarly, Al has
eigenvalues +k6 and kc’0 with corresponding eigenvectors wf. As before, taking real parts gives
us a corresponding basis of R* denoted w; corresponding to the ordering wig, wW_rg, Wiy, and
W) -

Since ¢ is complex linear and fits into our commutative square, ¥c must preserve eigenvectors
and eigenvalues. In particular, ?/)((:(Uéc) = wf for some A\ = k0, +kc'0. Thus, we must have that one
of kO, —k0, kc'0, or —kc'0 equals 0 mod 27. However, rf = 27, so if § = £kf mod 27, then k = £1
mod 7 and thus, we must also have ¢ = ¢’ mod r from the other eigenvalues. Correspondingly, if
0 equals +kc’#, then we must have k¢’ = 1 mod r and we must also have ¢ = £k mod r from the
other eigenvalues. Thus, the only possibilities are ¢ = ¢ mod r or ¢¢ = £1 mod r, as desired.
It remains to show that if ¢ is orientation preserving, we have ¢ = ¢ mod r or ¢¢ =1 mod r.

To see this, notice that, since we know ¢ preserves eigenvectors and eigenvalues, up to rescaling
there is only a finite number of possibilities for ¢c. Namely, 6 = +kf, £k’ gives 4 choices, and
for each choice, there is a corresponding choice of sign in what happens to the eigenvalues +c6.
Thus, there are 8 total possibilities for the complex linear map 1. An easy computation shows that
exactly 4 of the choices for 1c correspond to an orientation preserving ¢ on R*, where two of them

correspond to ¢ = ¢ mod r and the other two correspond to ¢’ =1 mod r. O

6.2 Resolutions and Almost Complex Structures

In this section, we will discuss resolutions of orbifold singularities. We begin by giving a nice

reinterpretation of a local symplectic orbifold in terms of symplectic reduction.

Lemma 6.2.1. Consider the symplectic manifold C3 with its standard symplectic structure and

consider the standard diagonal circle action with weights (p,q, —r) on C3 given by
A (21, 292, 23) = ()\pzl, /\qZQ, )\_TZ?,),

where X = e2™*. Notice that this action has a Hamiltonian given by H = p|z1|? + q|za|? — r|z3|?
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and define @i to be H=1(\)/S. Then @3 is a symplectic orbifold with an orbifold singularity of

order r and type (p,q) at the origin.

Proof. H71(0) consists of all points (z1, 22, 23) so that p|z1|> + q|z2|? — r|23/> = 0. In particular,

|z3]* = B|21|> 4+ 2|22/, Thus, there is a natural, embedding of C? into H~*(0) given by
(21, 22) <21,22, Plea]? + %|Z2|2)

which is smooth away from (0,0). Furthermore, for any (z1, 22, z3) with H(z1, 22, 23) = 0, there is
a X € St so that 232" = | /E|21]2 + 4|22

Thus, we can identify H~1(0)/S" with the set (z1, 22, y/2[z1]? + 4]22]?)/ ~, where

(21,22, \[Bl21 2+ E]af2) ~ (wr, 0, (2112 + LJ2aP?) 4=

I e St (whwz, Plag |2 + %\22!2> =A- <21722, \/ Blza | + %|Z2’2) .

However, this can only occur if A™"(2]21|? + 4] 25/?) = £|21[*4 2|22|?, which in turn implies A™" = 1,
2mi
so that A € Z, C S! generated by ¢ =e r .
Thus, using our embedding of C? into H~!(0), we can identify H~1(0)/S* with C?/Z,, where

Zy acts by & - (21, 22) = (§P21,£%22), as desired. O

We now use this to show that any isolated orbifold singularity appearing in one of our reduced

spaces M) has a local toric structure.

Proposition 6.2.2. Consider the symplectic manifold C3 with its standard symplectic structure

and consider the standard diagonal circle action with weights (p,q, —r) on C> given by
A~ (21, 22,23) = (W21, A2, A7 " 23)

where \ = e*™ for some angle 0, and let @i be as before. Then @g has a toric structure given by a
torus action T whose moment polytope is the wedge with outward conormals (0, —1) and (—r, —qa),
where —ap + Br = 1 with o, 8 > 0. Furthermore, @? with € > 0 has a toric structure given by
T whose moment polytope is the wedge with outward conormals (0, —1), (—p, —qB), and (—r, —qa)
where a and B are as before. In particular, @z has 1 orbifold singularity of type p and 1 orbifold
singularity of type q.
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Proof. @f for all € > 0 inherits a torus action T by taking the standard torus action 7" on C? and
quotienting by the diagonal S! action with weights (p,q, —r). The moment polytope of this toric
structure on @Z’ has an embedding into t* by taking the moment polytope of the standard action,
R%O C t* = R3 and restricting to the plane px + qy — rz = e. We will call this plane H*(e), and
we will denote its integer lattice in t* by #;(€). This polytope is the piece of H*(e) which has
z,y,z > 0.

If e = 0, we have H*(0) is the plane pz + qy — rz = 0. If z = 0, we have px + qy = 0 which
means ¢ =y = 0. If y = 0, we have px = rz which gives the ray starting at (0,0,0) with direction
(r,0,p). If x = 0, we have qy = rz which gives the ray starting at (0,0,0) with direction (0, r,q).
Our polytope is then clearly given by the wedge between (r,0,p) and (0,r,q).

If € > 0, we have px 4+ qy = rz + €. If z =0, we have pz + qy = € which gives the line segment
in the direction (—g,p,0) between (]53, 0,0) and (0, g, 0). If y = 0, we have px = rz + € which gives
the ray in the direction (r,0,p) starting at (%, 0,0). If x = 0, we have qy = rz + € which gives the
ray in the direction (0,7, ¢) starting at (0, ¢,0). We denote this section of 7*(€) by A(e).

Furthermore, the moment polytope of the action of T' also has an embedding into t* = R2. We
similarly denote by ; the integer lattice of this algebra.

We seek to produce an embedding of T into *(0) so that the wedge between (1,0) and (—qa, r)
maps to the wedge between (r,0,p) and (0,r,q) and furthermore so that the induced map from
to Hz3(0) is an element of GL(2,Z) plus a translation. Similarly, we want an embedding of t* into
H*(e) so that the wedge between (1,0) and (—ga,r) cut by the direction (¢, —p) maps to A(e)
and so that the induced map from , to H3(e) is an element of GL(2,Z) plus a translation.

We claim that producing such embeddings would complete the proof. Indeed, the torus T
is determined both as t/tz; and as H(e)/Hz(e). Thus, dualizing the embedding would give an
embedding from H(¢) into t so that Hz(e) maps by an element of GL(2,Z) plus a translation onto
tz. In particular, this shows that the same torus action T is inducing these two moment polytopes,
which then gives the desired result.

To produce such an embedding, we will complete (p, g, —r) to an integer basis. Since ged(p,r) =
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1, there exist integers a and 3 so that —ap + Sr = 1. Then we have

p q —r
det |0 1 0 | =-ap+pr=1.
6 0 —«

In particular, (p,q,—7), (0,1,0), and (B,0,—«) is an integer basis of Z3. Using this, we can
give a basis of H(0) by giving vectors e; and ez so that e; - (0,1,0) = e; - (p,¢,—r) = 0 and
es - (p,q,—r) = ez (6,0,—a) = 0. We choose e; = (1,0,p) and ez = (qa, 1,¢3). Using this basis,

we define a linear embedding ®, from R? to H*(0) as follows:
®g(a,b) = aey + bey = (ar + bga, b, ap + bgf3).
By construction, ®¢ is an element of GL(2,Z). Now notice that ®o(1,0) = (r,0, p), while
®o(—qar,7) = (=rqa + rqo,r, —pgoc+ rgB) = (0,7, q(—pa + rB)) = (0,7,9).

Therefore, since @ is linear, the wedge between (1,0) and (—qa,r) maps to the wedge between
(r,0,p) and (0, r,q). Thus, M has a local toric structure given by the torus action T whose moment
polytope is given by the wedge in R? with conormals (0, —1) and (—r, —qa), as desired.

Also, notice that #*(e) can be formed from H*(0) by the translation
Te(x,y,2) = (z + oY z).
Thus, we can form an affine embedding ®. from R? to H*(e) as 7. o ®g to get:
Pc(a,b) = aer +bes + (5,0,0) = (ar + bga + 5, b,ap + bgf3).
By construction, ®. is an element of GL(2,7Z) plus a translation. Also, as defined, we have
D ((a,b) + (¢,d)) = ®(a,b) + Po(c,d).
Furthermore, ®(0,0) = (7,0,0) and

B(—L, )= (—pr+eat s 5 —eB+eB)
(—i(,ﬁ’l" - ap) + 57 270)

(_i + 57 270) = (07 270)



CHAPTER 6. DEFINITIONS AND TECHNICAL LEMMAS FOR CIRCLE ACTIONS 95

Lastly, we see that

®o(—qpB,p) = (—=qbr + pga,p, —qBp + paB) = (—q(—pa +75),p,0) = (—¢,p,0).

Combining all this, we clearly see that the polytope with conormals (0, —1), (—p, —¢8) and (—r, —q«)
maps to A(e), as desired.

O]

Next, we will prove a few lemmas relating the local toric structure of an orbifold singularity to

the type of the orbifold singularity

Lemma 6.2.3. Let p,q,r > 0 be positive integers so that ged(p,r) = ged(q,r) = 1 and let « > 0
satisfy Br — ap = 1. Consider the wedge in R? determined by the outward conormals (0,—1) and
(—r,—qa). Then the corresponding symplectic toric orbifold has a unique orbifold point which can

be chosen to be of type (1, —qa).

Proof. Combining Lemma 623 and Proposition 222, we know that our given moment polytope
arises as the moment polytope of a local toric structure near an orbifold singularity of order r and
type (p,q). Hence, for geometric reasons, we know that this wedge corresponds to a symplectic
toric orbifold with one orbifold singularity of order r and type (p, q). But then, as in Remark 612,

we can instead choose the singularity to have type (1, —ga) where fr — pa = 1. O

Lemma 6.2.4. Consider the symplectic manifold C3 with its standard symplectic structure and

consider the diagonal circle action with weights (p,q, —r) on C3 given by

A (21,22, 23) = (AWP21, X209, A" 23)

where A = €™ and ged(p,r) = ged(q,r) = 1, with Br — ap = 1 for some o, 3 > 0. Recall from
Proposition that for e > 0, @:’ has an orbifold singularity of order p and an orbifold singularity
of order q, denoted y, and y, respectively. Then y, is of type (1,¢cp) and yq is of type (1,¢cq), where

¢p = —qf mod p and —pcy =17 mod q.

Proof. As in Proposition 22, C2 has a toric structure with outward conormals given by (0, —1),
(=p,—qpB), and (—r, —qga). In particular, the order p singularity is determined by the polytope

with outward conormals (0, —1) and (—p, —¢3) while the order ¢ singularity is determined by the
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polytope with outward conormals (—p, —¢f) and (—r, —qa). In particular, Lemma G223 above
implies that the order p singularity can be chosen to have type (1, —gf), as desired. Furthermore,

if we find an integer matrix

A=
c d

so that det(A) =1, A(—p,—qpB) = (0,—1), and A(—r, —qa) = (—¢, —x), then Lemma 623 above
would imply that the type of the order ¢ singularity would be (1, —z). Thus, to complete the
proof of the lemma, we only need to show that —pc, = px = r mod ¢q. To see this, notice that
A(—r,—qa) = (—q, —z) implies that cr+dga = x, while A(—p, —¢f) = —1 implies that cp+dgs = 1.

Combining these, we have
px = cpr + dgpa = r — rdgf + dga = r + q(da — rdf3)

so that pr = r mod ¢, as desired. This shows that the order ¢ singularity has type (1,c,) where

—pcg =r mod ¢, which completes the proof of the lemma. O
We can also use Lemma EZ22 to give a local toric structure to one of our orbifold singularities.

Corollary 6.2.5. Let M* be a symplectic orbifold with orbifold singularity y of order r and type
(p,q). Then a neighborhood of y has a toric structure with moment polytope determined by the

outward conormals (0,1) and (r,—k) where —pa+rB =1, k= —qa mod r and 1 <k <r.

Proof. As in Lemma B2, a neighborhood of such an orbifold singularity y can be obtained as the
reduced space Eﬁ at level 0 of the diagonal S! action with weights (p, ¢, —r) on C3. Furthermore,
Lemma B2 says that this has a toric structure with moment polytope determined by the conormals

(0,—1) and (-7, ga). Consider the following transformation
A=

Then A - (0,—1) = (0,1), and A - (—r,—qa) = (r,qae — rc). There is a unique choice of ¢ so this

equals (r, —k) where k = —ga mod r and 1 < k < r. This completes the proof. O

Remark 6.2.6. We can use the above theorem and the techniques of Fulton in [6] to resolve these

singularities as follows. In [6], Fulton shows that a resolution of the polytope with outer conormals
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(0,1) and (m, —k) with 0 < k < m is given by a string of integers a; so that

=3

Then there is a resolution of this singularity by a series of blowups which produces a chain of classes
Z; so that
—a; ifi=3j
ZiZj=1q 1ifli—jl=1
0 else
Furthermore, Fulton shows there is a unique choice of the a; so that a; > 2 for all 7. Hence, using
the above theorem, we can apply these techniques with m = r and k = —ga mod r with 0 < k < r

as above to get a resolution of any isolated orbifold singularity of order r and type (p, q).
We can use the above to give the following definition.

Definition 6.2.7. Let M* be an orbifold with singularities as in Definition B.1.4. Then M has a
finite set of isolated orbifold singularities, y1,...,yn. As in Remark above, we can get a sym-

plectic manifold M, called the resolution of M by resolving each of these singularities separately.

Remark 6.2.8. Using the above techniques, it is easy to see when two isolated singularities v,y of
orders r and types (p,q) and (p',q’) respectively have the same resolution. In particular, Remark
B2 implies that we can assume y,y’ are of types (1, —qa) and (1,—¢'a’) respectively, where
Br—ap=1and 8'r —a'p’ = 1. Now, if x is resolved as above by the integer string a;, i =1,...,n,

then 2’ will have the same resolution only if ' is resolved by the same string a;, or by the reversed

string @;, where @; = apy1-4, @ = 1,...,n. However, a simple induction shows that if
m o 1
EF a1~ T
as— T
Tan
then
1 m
Qp — = P
an—1— T

...—al

where kK’ =1 mod m. Thus, y and vy’ will have the same resolution if and only if either —ga =

—¢'@’ mod r or (—qa)(—¢'a’) =1 mod r, where —ap + Br =1 and —a/p’ + f'r' = 1.

Combining the above remark with Lemma B8 gives us the following useful lemma.
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Lemma 6.2.9. Let (X,w) be a closed 6-dimensional manifold with an effective, symplectic S*
action with no codimension 2 isotropy and only good fized points, as in Definition 6239, and consider

the family M) of reduced spaces of this action. Let ¢ be any orientation preserving diffeomorphism
¢ : M)\ — M)\/.

Then ¢ lifts to a diffeomorphism
;51 M)\ — M)\/.

Proof. First, notice that since we are assuming there is no codimension 2 isotropy we know that
the reduced spaces M) will have only finitely many isolatedorbifold points. Furthermore, the
assumption that the fixed points are good implies that if we have an orbifold singularity of order r
and type (p, q), then we must have ged(p,r) = ged(gq, ) = 1. In particular, the reduced spaces M)
are orbifolds which only have orbifold singularities as in Definition EI4. The proof of the lemma

is then an immediate consequence of Lemma GE1T8 and Remark G223. ]

In the above discussion, we showed that given a symplectic orbifold (M*, w) with a finite number
of orbifold singularities, there is a corresponding symplectic manifold (]\7 4 @) which is obtained
from M by successive blowups near the singularities. Moreover, this implies that in M , there
are some homology classes with self intersection < —2 which are represented by symplectically
embedded spheres. We finish this section by discussing which almost complex structures on M can
be blown down to almost complex structures on M. This discussion is largely based on [I2]

More specifically, if M* has the singularities 1, ..., yn, there are classes Z; A in M which are

all represented by symplectically embedded spheres C; 4 and which satisfy

—aia<-2 ifi=k A=B
Zia-Zpp=1 1 ifi=k |[A-B|=1

0 else.

Moreover, near a singularity ¥;, we can blow up any almost complex structure J which is integrable
near y; to get an almost complex structure J defined in a neighborhood of UC; 4 which by definition
can be blown down to J in a neighborhood of y;.

With the above in mind, we can give the following definition.
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Definition 6.2.10. Let (M4, w) be the resolution of a symplectic orbifold with singularities y; and
a corresponding set Z = {Z; o} of homology classes that are represented by symplectically embedded
spheres satisfying
—aia< -2 ifi=k, A=B
Zia-Zpp=4 1 ifi=k, |[A—-B|=1
0 else.
Then we define J(Z) := J(Z,@) to be the space of all &-tame almost complex structures which

arise as the blowup of an almost complex structure J which is integrable near each y;.

Remark 6.2.11. The set j(Z) is defined to be isomorphic to the set J(y1,...,yn;w) of w-tame
almost complex structures on M which are integrable near y;. Namely, each JeJ (Z) corresponds

to a unique almost complex structure J € J(y1,...,yn;w) in the sense that J blows up to J.
We finish this section by giving the definition of a J-holomorphic orbisphere

Definition 6.2.12. Let (M,w) be a symplectic orbifold with orbifold points yi,...,yn, let J €
T 1, .., yn;w) and let v : S? — M be a map so that the points x1, ..., 2y, in S? satisfy u(x;) is
an orbifold point of M so so that the x; are the only points on S% which map to orbifold points.

Then we say that u is a J-holomorphic orbisphere if the following conditions are satisfied:
1. u:8*\x1,...,2m — M is a smooth, J-holomorphic embedded sphere.

2. For each x;, there is a neighborhood N (xz;) and a local uniformizing chart (U;, ﬁi,Fi, ®;) of
u(z;) so that u|N(x;) lifts to a map

ﬂN(.’L‘Z) — ﬁz‘,

so that ¢; o u = u, where we can choose the local uniformizing chart so that u(z) = 2" where

r; is the order of the singularity u(z;).

6.3 Weighted Blowups and Blowdowns

We will next discuss ellipsoid blowups. We will let E(q,p) = {(z1, 22)|% + % < 1}, where p > ¢

and ged(p, q) = 1.
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Definition 6.3.1. Let (M*, w) be a symplectic manifold, and let y be a point, and let p, q be integers
with ged(p, q) = 1. Then the (p,q) weighted blowup of size € at y, denoted (M,fu), is given by

TEMOVINg

.z

2
Int(:£ E(q,p)) = {(21, 22) : B+ 20 < €3 = (21, 2) 1 plaa 2 + gl 2] < ¢}

and collapsing the resulting ellipsoid boundary along the characteristic flow to produce a curve CF

in the class E, called the (p,q)-weighted divisor. The form & can be chosen to be w outside of

w=E¢.
CE

In general, this procedure will not result in a symplectic manifold, but rather in a symplectic

p—‘c‘qE(q,p) and to satisfy

orbifold which has two singularities, one of which has order p, and the other of which has order
q. Furthermore, the (p,q)-weighted divisor E will intersect both of these singularities. To see an
example of this, we can look at Int(F(q,p)) in the toric picture in the case where y is a smooth
point. Under the standard torus action of C2, E(q, p) has the moment polytope A(q,p) given by a
triangle determined by the conormals (—1,0), (0,—1), and (—p, —¢q), which can be transformed to
the triangle determined by (—1,0), (0,—1), and (—q, —p). This obviously has a smooth vertex at
(0,0). Thus, we can give a neighborhood U of pin(q,p) a toric structure so that éE(q,p) maps to
the corresponding rescaled triangle and the blowup corresponds to cutting out this triangle. In the
polytope, this removes the smooth vertex (0,0) which corresponded to the point y and replaces it

with vertices (p,0) and (0, ¢) which represent orbifold singularities of orders ¢ and p respectively.

Remark 6.3.2. In the case where y is a smooth point, we can resolve these two singularities using
the techniques of Fulton, as in Remark E224. The result of this procedure is two families of classes,
denoted Z! and Z, each corresponding to resolving one of the singularities.

We cannot directly apply the techniques in [6] for either vertex, but up to some affine trans-
formations we can apply the techniques. At the vertex (0,q), we have the conormals (—1,0) and

(=g, —p), which map to the conormals (0,1) and (p, —(p — ¢)) under the transformation
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Hence, as in Remark 628, we get a chain of spheres Z? where (Z7 )2 = —a; where

P 1
A S—
P—q ag— 11

Additionally, at the vertex (p,0), we have the conormals (0, —1) and (—¢, —p), which map to the

conormals (0,1) and (¢, —k) under the transformation

where p —cq = —k, so that k = —p =g —p mod ¢, with 1 < k < ¢. Again, as in Remark E28, we

get a chain of spheres Z! where (Z1)? = —b; where

ENS
Il
>
S
|
-

Defined in this way, Z7 - qu = 0. Also, as we will show in the below remark if y is a smooth point
and the weighted divisor is given by a curve C¥ in the class E, then the proper transform CF in
the class E will be an exceptional divisor in the usual sense. Furthermore, CE - v =1, CE.z8 =1,

and CE . Zf = 0 for all other choices of i, 1.

Remark 6.3.3. The above procedure produces a symplectic manifold M which is the resolution of
the (p, ¢)-weighted blowup of a symplectic manifold M which is obtained by a sequence of blowups,
the first of which is the (p, ¢) weighted blowup itself. However, as McDuff shows in Section 3 of [I3],
if y is a smooth point the same manifold M can be obtained from M by a sequence of standard
blowups, the last of which corresponds to the (p,q) weighted blowup. We will demonstrate the
general technique by showing how this works for E(4, 7).

First, we write down a sequence of numbers according to the following rule. First, we let g1 = ¢
and write down a; copies of g1, where a1q1 < p < (a1 + 1)q1. Next, we let go = p — a1q1 and write
down ay copies of g2 where asga < g1 < (a2 + 1)g2. We continue this procedure inductively until
there is an integer n so that a,q, = ¢,—1. For E(4,7), this gives us the sequence 4,3,1,1,1. We
then cut the moment polytope of C? successively a; times down from the vertical edge, as times
up from the horizontal edge, as times down from the last of the a; blowups, a4 times up from the
last a2 blowup and so on.

In our case, this gives us the cuts (1,1), (1,2), (2,3), (3,5), and (4,7), as in Figure 1.
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Figure 6.1: Resolution of (4,7) weighted blowup

Remark 6.3.4. The above remarks deal with resolving weighted blowups of smooth points. How-
ever, as in lemma B2 below, we could certainly have (p, ¢)-weighted blowups of orbifold singular-
ities. However, we will see in Section 7.2 that the assumptions of Theorem =34 guarantee that we
will never have to consider the weighted blowup of an orbifold singularity in our arguments, so that
the above remarks are sufficient for our case. We proceeded by noting that the weighted blowup
of a smooth point y has a toric structure with moment polytope determined by the conormals
(—=1,0), (0,—1), and (—¢, —p). The key point now is to notice that we can interpret the resolution
as arising from a series of smooth blowups of symplectic manifolds, which for example is how we

prove Lemma B33 in Section 6.5.

We conclude this section by discussing weighted blowdowns of weighted exceptional divisors.

To start off, we first must discuss exactly what we mean by a weighted exceptional divisor.

Definition 6.3.5. Let (M*,w) be a symplectic orbifold and let yp and yq be orbifold singularities
of order p and q and types (1,c,) and (1,¢q) respectively with 1 < ¢, < p and 1 < ¢g < q. We will
say that a curve CF in the class E is a (p,q)-weighted divisor of type r for positive integers

P, q, T with ged(p, q) = ged(p, ) = ged(q,r) = 1 and r < pq if the following conditions are satisfied:



CHAPTER 6. DEFINITIONS AND TECHNICAL LEMMAS FOR CIRCLE ACTIONS 63

1. C¥ is a J-holomorphic orbisphere through xp and x4, as in Definition BZ 2.
2. r = —pcy mod q

3. If k is the smallest positive integer so % := B is an integer and a, b are the smallest positive

integers so that b3 —ap =1, then r =b mod p.

Remark 6.3.6. Assume we have a symplectic orbifold (M,w) with orbifold singularities y, and y,
of types (1,¢,) and (1, ¢q) respectively and assume that we have a (p, ¢)-weighted divisor of type
as above, denoted CF. In particular, gcd(p, q) = ged(p,r) = ged(g,r) = 1 and r < pg. Then since
r < pq, we can use the Chinese Remainder Theorem to say that there is a unique r so that r» = pc,
mod ¢ and 7 = b mod p. In particular, if < pq, then the type of a (p, q)-weighted divisor is well
defined.

Now assume we have a symplectic orbifold (M’ w’) with an orbifold singularity of order r at the
point y,. Lemmas 6270 and 6222 together imply that if we take the (p, ¢)-weighted blowup of y,,
denoted (]\/4\ , W), then (]\//.7 ,w) will have a local toric structure in a neighborhood of the corresponding
weighted divisor whose moment polytope will have the conormals (0, —1), (—p, —¢f3), and (—r, —qa)
where o and 3 are the smallest positive integers satisfying r8 — pa = 1, where the edge with
conormal (—p, —¢qf3) corresponds to the weighted divisor. We know that M has orbifold points y,
and yg4, and using the above toric model we can compute that they have types (1,¢p,) and (1,¢,)
respectively, where ¢, = ¢8 mod p and pc, = r mod ¢q. Moreover, since ¢, = ¢ mod p, we can
compute the value of £, and then r = b mod p where b8 — ap = 1 for some a, b. Furthermore, if J
is an almost complex structure on (M’,w’) which is integrable near y,., it can be pulled back to an
almost complex structure J which is integrable near the weighted divisor and for which the weighted
divisor is a j—holomorphic orbisphere. In particular, this shows that we can choose coordinates
near the weighted divisor so that it is exactly the curve C¥ from before.

This shows that the definition of a weighted divisor given in Definition 62373 agrees with the
definition that appears in Definition G231, and moreover that any (p, q)-weighted divisor of type
r can be blown down so that C¥ is replaced by an order r orbifold singularity. We will call this
process the (p, q)-weighted blowdown of type r. We notice that the above implies that as long as
r < pq, the type of a (p, q)-weighted blowdown is well defined.
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Definition 6.3.7. Let (M*,w) be a symplectic orbifold with orbifold singularities yp and y, and
let CF be a (p,q)-weighted divisor of type v, as in Definition GZd. Then, we will say that CF is
a (p, q)-weighted exceptional divisor of type r if the curve C¥ in M* lifts to an exceptional

divisor CE in the resolution M of M.

Remark 6.3.8. Given a weighted exceptional divisor CF of type 1 as above, Remark B33 implies
that we can successively blow down cE , ZP and qu in M by smooth blowdowns of exceptional
divisors to obtain a manifold M which we call the (p, q) weighted blowdown of M , or just the (p, q)
weighted blowdown of M. Notice that this agrees with the above notion of the (p,q)-weighted
blowdown of type 1.

We now will give a definition of a good fixed point, as seen in Theorem 3.

Definition 6.3.9. Let (X5 w) be a closed symplectic manifold with a symplectic, non-Hamiltonian
St action, and let x € X be a fived point of this action with isotropy weights (£p, +q,Fr) for
p,q,r > 0. We will say that x is a good fixed point if the following are satisfied:

1. ged(p, q), ged(p, ), ged(g, r) = 1.
2. Any (p, q)-weighted divisor of type r is actually a (p, q)-weighted exceptional divisor of type r.

We now give some examples of good fixed points. We start by stating a useful lemma, which

was actually already proven in Remark B3R, although we never stated it as a lemma.

Lemma 6.3.10. Let p,q,r,a,3 > 0 be integers so that ged(p,q) = ged(p,r) = ged(q,r) = 1,
r < pq, and Br —ap = 1. Then any (p, q)-weighted divisor of type r has a local toric structure with
outward conormals given by (0,—1), (—p, —¢B), (r, —qa).

Proof. As noted above, this was already proven in Remark BZ3=3. O

This lemma shows us the main way to figure out if a fixed point is good. Namely, assuming that
the integers p, q,r satisfy the required numerical conditions, for a fixed point to be good, we only
need to know that a (p, ¢)-weighted divisor CF is actually a (p, ¢)-weighted exceptional divisor. For
that, we need to compute the self intersection number of CE , the proper transform of C¥ under
the blowups forming the resolution. To compute this, we first see how we can use the above toric

structure to compute the resolution.
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Lemma 6.3.11. Let Ay, By > 0 have ged(Ag, Bo) = 1 and consider an orbifold singularity with
a local toric structure with outward conormals (0,—1) and (—Ap,—Bo). Then the resolution of
this singularity is given by blowups in the directions (—A;, —B;), ending with (—A,,—B,) where

A, =1, and where A;, B; are the unique integers so that
Ai1B; — B 14; =1,
where 0 < A; < Aj—1 and 0 < B; < B;_1, with B; = B;_1 if and only if B;_1 = 1.

Proof. By the definition of (—A;, —B;), it is clear that the vertex between (—A4;_1,—B;_1) and
(—A;,—B;) is a smooth vertex. Furthermore, as noted we also always have A; < A;_; and either

B; < B;_1if B;_1 >1or B;_1 = B; = 1. In particular, this implies that

det [ M7 P2 A B - B s 1.
A; B;
This follows since A; 1, B;_1 are the smallest positive integers so that A; 9B; 1 — B; 24, 1 =1,
whereas we have A; < A;_1, so that the above determinant cannot possibly be 1 and hence must
be greater than 1. Thus, to see that the cuts (—A4;, —B;) form the resolution of the singularity, it
remains only to be seen that some A, = 1 so that the process terminates.

By the Euclidean algorithm, we clearly have that either some A, = 1 or some B, = 1. If

A, =1, we are done, so assume B,, =1 and A,, > 1. Then for 0 < k < A,
(_An—I—Im _Vn—l-k) - (_(An - k)u _1)
Thus, (—Ap+4a,-1, —Bn+a,-1) = (—1,—1) so that A, p,—1 =1, as desired. O

Remark 6.3.12. Lemma BG=3T1 above gives a method for computing the self intersection number
of CF where CF is a (p, q)-weighted divisor of type r as before. Namely, by Lemma 62310, any such
curve C¥ has a toric structure with outward conormals (0, —1), (—p, —¢3) and (—r, —qa) where
pr — ap = 1 where C¥ corresponds to the edge (—p, —¢g3). Then, using the above lemma, we can
compute the outward conormals of the edges adjacent to (—p, —¢[3) in the resolution, which we can

use to compute the self-intersection of CE.

Example 6.3.13. If we have » = 1, then we already showed in Remarks 6232 and 62373 that a

(p, q)-weighted divisor of type 1 is actually a (p, ¢)-weighted exceptional divisor, although we did
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not phrase it in that language. Additionally, using Lemma BZ3T1 above, one can show that if we
have p > r or ¢ > r, then any (p,q)-weighted divisor of type r is a (p,q)-weighted exceptional
divisor of type r. However, the proof of this fact is just a lengthy, straightforward computation, so
we do not give it here.

As a specific example, we will verify that a (5,4)-weighted divisor of type 11 is a weighted
exceptional divisor, while a (5, 3)-weighted divisor of type 11 is not. This shows in particular that
if p<r and ¢ < r, it can be quite tricky to tell when a fixed point is good or not.

First, consider the (5,4)-weighted divisor. In this case, we have p = 5, ¢ = 4, and r = 11.
In particular, using our earlier language we can pick @« = 2 and § = 1, since 11 — 2 x5 = 1.
In particular, our (5,4)-weighted divisor of type 11 has a toric structure with polytope given by
the outward normals (0, —1), (=5, —4), and (—11,—8). A direct computation shows that the cut
(—1,—1) resolves the vertex determined by (—5,—4) and (0, —1) and that the cut (—4, —3) resolves
the vertex determined by (—5, —4) and (—11, —8). In particular, this shows that the self intersection
of the proper transform of the divisor is given by the determinant

—det = -1,
1 1
so that the (5, 4)-weighted divisor of type 11 is an exceptional divisor.

Next, consider the (5, 3)-weighted divisor. As before, we can choose a = 2 and § = 1. In this
case, that gives us the polytope (0, —1), (=5, —3), and (—11, —6). According to Lemma B3, the
first cut in the resolution from (—5,—3) in the direction of (0, —1) is given by (—3, —2), whereas
it can be shown that the first cut from (-5, —3) to (—11,—6) is given by (=7, —4). In particular,
we could see this by using an affine transformation to transform the vertex between (—11, —6) and
(=7,—4) to the vertex between (0, —1) and (—3,z), then applying Lemma G311, then applying
the inverse affine transformation. Using the above, we see that the self intersection of the proper
transfrom of the divisor is given by the determinant

det = -2
3 2

so that the (5, 3)-weighted divisor of type 11 is not an exceptional divisor.

We now say more about almost complex structures. Specifically, we want to discuss which

almost complex structures on M or M can be blown down in the above sense. The following
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theorem is based on Theorem 1.2.5 and Remark 1.2.6 of [12], and describes a certain set of almost

complex structures.

Theorem 6.3.14. Let (M* w) be a symplectic orbifold with singularities at y1,...,yn, and let

(M4,a~u) be its resolution. In particular, we have homology classes Z = {Z; o} fori=1,...,N on
M so that
—aia< -2 ifi=k A=B
Zian-Zrp=1{ 1 ifi=k, |[A-B|=1
0 else.

Let j(Z,@) and J(y1,-..,yn;w) be defined as in Definition EZID and Remark BZZI1. Also, let
Abea finite, disjoint subset ofg C Hg(]\?; Z), the collection of all standard exceptional classes on
M. Further assume that for A € A, we have A-Z; >0 for alli and A-E >0 for all E € 8~\ {g}

Then, under these assumptions, there is a subset ffv(Z,.,Z) of j(Z,@) which is path connected
and residual in the sense of Baire so that for all J e j(Z;./Z), all the classes A and Z; are
represented by embedded, j—holomorphic spheres so that all intersections are positive and transverse,
and a corresponding subset J(y1,...,yn;A) of T(y1,...,yn;w) which is also path connected and

residual in the sense of Baire.

Remark 6.3.15. Let M* be a symplectic orbifold with singularities at yp and y, and let CF be
a (p, q¢)-weighted exceptional divisor of type r, as defined in Definition 62370. Then, in particular,
we have classes Z; 4 obtained from resolving y, and ¥, as well as an exceptional divisor E so that
E- Zi 4 > 0 for all 7. Then, given any Je j(Z, E’), there is a corresponding J € J (yp, yq; ), and
furthermore, there is also an almost complex structure Jon M , the (p, ¢)-weighted blowdown of
CF. In other words, any such J and J can be blown down in the (p, q)-weighted sense described
above. Note that since we will only be considering good fixed points, we will not need to consider

blowdowns of weighted divisors that are not weighted exceptional divisors.

6.4 Topology of Reduced Spaces

Now, let (X,w) be a closed, 6-dimensional symplectic manifold with a symplectic S! action. We
will consider the resulting reduced spaces M), which form a family of closed symplectic orbifolds.

In particular, as we move A counterclockwise around the circle, we will examine how the topology
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of My changes. The below theorem shows how the reduced spaces change as we move through a

critical level. The statement and proof are based on Theorem 6.1 of [[]

Lemma 6.4.1. Let (X,w) be a closed symplectic manifold with a symplectic S* action which has
an isolated fixed point at xy € X with isotropy weights (p,q,—r) at the moment map level Ny with
ged(p, q) = ged(p, ) = ged(q,r) = 1. Then My,—. has an orbifold singularity of order r for alle > 0

and Myt is the (p, q) weighted blowup of size é of M), at the corresponding order r singularity.

Proof. Since the S' action has isolated fixed points, there is a neighborhood of the (p,q, —r) fixed

point which maps equivariantly to C* with the action

27IA 27TPIA 2T qiA —27ri\
™A ( P 9iX e ).

21,22,23) = (z1€ , Z€ 23

A moment map for this action is given by
H = plz1]? + qlza|* — =3

Clearly, 0 is the only critical value of the moment map. For € > 0, we examine the structure of the
reduced spaces @?ie and @f.

First, consider @?16 for e > 0. For e = 0, Lemma B2 gives that @3 &~ C?/Z, where Z, acts
in the standard way with weights p,q. In particular, this is a symplectic orbifold with a unique
orbifold singularity of order r and type (p, q) at the origin. For € > 0, the same argument works by

using the embedding of C? into H~!(—¢) given by

B A e )

. =3 . .
Now, consider C.. Recall from Lemma E2T that there is a moment map for our S! action

given by H = p|z1|> + q|22]? — |23/, and therefore, @f can be computed by taking the manifold
rlzsl® + e = plz1* + gl 2|
and quotienting by the S' action. Thus, H!(¢) consists of all points (21, 22, 23) satisfying
2 2 1 2
EE+ BE =0l + o).

Reordering terms we see there is an embedding from C2\ (Int 2 E(a,p)) into H ~1(¢) defined as

follows:

(21,22) = (21, 22, \/%\2’1!2 + 2|22 - £).
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Now, consider H~1(¢)/S!. As in Lemma E2, using the above embedding, we can identify this
with the set of points

{(21,22,/Bl21]2 + Llaaf2 = )}~ = [C2\ (Int 5 E(q,p)))/ ~
where (21, 22) ~ (w1, ws) if and only if there is A € S so that
AT (plz1 P + glz2f? =€) = plwi]? + glwa|? — €.

This gives two cases: either p|z1|? + q|22|?> — € = 0 or p|z1]? + ¢|22|? — € > 0. With respect to our
earlier embedding, p|z1/? + ¢|22|?> — € = 0 corresponds to the boundary of C2\ (Int 2 (a,p)), while
p|z1)? + q|22|* — € > 0 corresponds to the interior.

If p|z1|? + q|22|? — € > 0, then as in Lemma E2ZTwe must have \ € Z,.

Now consider p|z1|2 + ¢|z2|> — ¢ = 0. In this case, any A € S* preserves this, since 0 is a fixed
point of the S' action. In particular, along this ellipsoid boundary, we collapse the entire S! action.
However, our S' action restricted to this ellipsoid boundary is exactly the action which generates the
characteristic flow. Combining this with the above, we see that @f is formed from @g by removing
the interior of ﬁE(q,p), quotienting by the action of Z, with weights (p,q), and collapsing the
boundary along its characteristic flow. However, the action of Z, is free on C} \Int(éE(q, p)) since

we have removed the only fixed point, so that

Int(C?\ (Int -£ E(q, p)))/Zr = Int(C \ (Int < E(q, p))),

so that up to isomorphism, we can choose not to quotient by the Z, action. In particular, the above
procedure gives an orbifold which is isomorphic to the (p, ¢) weighted blowup of size € at the origin
of @3, as claimed.

This all shows that there are open sets N(\) in M) so that Ty € N(\o) and furthermore,
N (Ao + €) is the (p, q) weighted blowup of size .. of N'(Ao) at Zo € N'(Ao). In particular, we have
a blowdown map pe : N'(Ag + €) = N (Xg) so that

pe: N (o +e) \{CK 1} — N\ {To}

is a diffeomorphism, where C/{E is a representative of the weighted divisor. Thus, Lemma 624

below shows that we can extend p. to a map

Pe - M)\0+e — M)\o
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so that the restriction
Pe - M>\o+e \ C)i-i-e — M)\O \ {fo}

is a diffeomorphism. The map p, then clearly identifies M) 4. as the (p, g)-weighted blowup of M),

at Ty, as desired. ]

Remark 6.4.2. An exactly analogous computation for a fixed point with isotropy weights (—p, —q,r)
would show that locally, we have M), is the (p, ¢) weighted orbifold blowdown of type r of My,_..
Equivalently we could read the argument backwards to get that M),_. is the (p, ¢) weighted orbifold
blowup of My,.

The above discusses how the reduced spaces change when we move across a critical point of
the moment map. The following theorem says that if we move across an interval without critical

points, then we do not change the reduced spaces. This theorem is proven in the introduction of
Lemma 6.4.3. Let (X,w) be a 6-dimensional symplectic manifold with an effective, Hamiltonian
S action with a proper moment map H. Consider the family My of reduced spaces of this action.
Then if Ao, A1 lie inside of an interval of reqular values of the moment map, there is an orientation-

preserving diffeomorphism

(b:M)\O —)M)\l.

Using this, we can prove the following technical diffeomorphism extension lemma which we used

in Lemma BEZ1 and which we will use below.

Lemma 6.4.4. Let (X,w) be a 6-dimensional symplectic manifold with an effective, Hamiltonian
St action which has isolated fized points and a moment map H with image [\ — e, A + €|. Further
assume that X\ is the only interior critical value, which corresponds to a fixed point x) € X and
further corresponds to a point Ty in the reduced space M.

Now, assume that we have open sets N (t) in Myyy for all t € (—e,€) so that T, € N(0).
Furthermore, assume that there is some (possibly empty) closed set U(t) C N (t) fort € (—e,¢€) and
diffeomorphisms

¢ s N(H)\U(t) — N(0)\ T(0).
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Then by possibly shrinking N'(t) in a way so To is still in N'(0), there are extensions
1/Jt : M)\+t \U(t) — My \U(O)
so that vy is a diffeomorphism.

Proof. We can define the manifold X (A, €) by taking

X\ e)=H! U My \ U(t)

te[—e,€]
Then X (A, ¢€) is a compact, symplectic, 6-dimensional manifold with a Hamiltonian circle action
with moment map H. Further, H is proper since X (), €) is compact. Also, since we assumed x)
was the only fixed point an that T, € A (0), the moment map of X (), €) has no interior critical

points. Thus, by Lemma EZ3, for all ¢t € (—¢, €), we know that there is a diffeomorphism
Gy + Mgy \ N (t) — My \ N(0)
Extrapolating between ¢} and ¢; gives diffeomorphisms
P My \U(t) — My \T(0)
Possibly shrinking the size of N (t), we can further assume that 1); restricts to ¢, as desired. ]

We can use this diffeomorphism extension lemma to prove the following.

Lemma 6.4.5. Let (X,w) be a closed, 6-dimensional symplectic manifold with an effective, sym-
plectic S' action with moment map ® and isolated fived points. Then if Ao and/or A1 are the only
critical values in [N, A\1] and My, does not differ from My, by a weighted blowup as in Lemma

bZ-1, we have an orientation preserving diffeomorphism
qﬁ : M)\O — M)\l.
Furthermore, for any A, X' € [Ao, A\1] where [Ao, A1] is an interval as above, there is a diffeomorphism

&SZM)\—)M)\/.
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Proof. To prove the first half of the statement, note that if [\g, A1] has A\g and/or A; as the only
critical values and the reduced spaces do not differ by weighted blowups as in Lemma 62, then
as in the proof of Lemma B4, there is an € and neighborhoods N (t) inside of M)+ for ¢ € [0, 2€]
such that the fixed point at Ao is in N(0), and N (0) is diffeomorphic to N(¢) for all t£. Then
choosing the closed sets U(t) = () for all ¢, Lemma EZ4 above implies the existence of orientation

preserving diffeomorphisms

0.
¢p + My, — Myg4+.
By a similar argument near A1, there is an orientation preserving diffeomorphism
1
(bt : M)\I,t — M)\l.

Then, by assumption, [Ag + 2¢,A\; — 2¢| has no critical values, so by Lemma BZ33, there is an

orientation-preserving diffeomorphism
/
@t Mygpe — My, —e.

Defining ¢ := ¢! o ¢' 0 ¢?, we get the desired diffeomorphism, which finishes the proof of the first
statement.
To prove the second statment, we notice that by the above statement and Lemma BEZ4=3, there

is an orientation preserving diffeomorphism
(25 : M)\ — M)\/

which then lifts to
51 M)\ — M)\/

by Lemma 6=29. O

6.5 Some Intersection Theory

In this section, we will prove some useful results pertaining to intersection theory. First, we will
give a useful criterion for determining when a closed, symplectic 4 manifold has b = 1. We recall

Theorem 1.4 from [I1].
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Theorem 6.5.1. Let (M,w) be a closed symplectic 4-manifold and assume that there exists a
symplectically immersed 2-sphere C' with only positively oriented transverse double points. Then if

c1(C) > 2, (M, w) is rational or ruled. In particular, by = 1.

We can use the above theorem to prove the following lemma.

Lemma 6.5.2. Let (M,w) be a closed symplectic 4 manifold. If M contains two embedded J-
holomorphic —1 spheres C¥ and C¥ with Ey - By =k > 1, then by = 1.

Proof. To prove this, we resolve exactly 1 of the intersection points of C¥ and C¥ to get a single
sphere C' in the class F; 4+ F» which is immersed with & — 1 positive transverse double points.
Notice that the immersion points of C' come from unresolved intersections of C¥ and C¥ which are
all positive transverse intersections by positivity of intersections in dimension 4. Thus, it remains

to show that ¢1(C) > 2. In fact, we have
a(C)=c(Er+ E2)=c1(E1)+c1(Ey)=1+1=2
as desired. O
We now prove a similar lemma in the case where (M ,w) is the resolution of an orbifold (M, w).

Lemma 6.5.3. Let M4 be a symplectic manifold which is the resolution of M*, a symplectic
orbifold. Recall from Definition that if M has a (p,q)-weighted divisor of type 1, C¥, then
M* has classes E and Zg for j = 1,2 represented by curves CF and ézj so that E is the class of

an exceptional divisor, E- Zf =1, E- le =0141l>1, and
Zi-Zy =4 Vifl=m, li—jl=1
0 else.
Then zfﬂ has an exceptional divisor CE' in a class E' # E so that either E'-E #0 or ’E'V’Zl]é’ #£0
for some ig, jo, by (M) = 1.
Proof. First, notice that Lemma G52 above implies that b3 (M )=1if E-E = (. Since M differs

from M by a sequence of blowups, this implies that b;(M ) = 1 as well. Thus, we can assume that

there is some (i, jo) so that B Zz](()) 7 0.
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Now recall that since our divisor CF is of type 1, Remark 6238 says that the collection CE and
5’3 can be successively blown down by smooth blowdowns of exceptional divisors starting with CE
to form the (p, ¢)-weighted blowdown of the weighted exceptional divisor CF.

Thus, if we begin performing these successive blowdowns, there will be some intermediate stage
where we have a closed symplectic 4-manifold M so that the proper transform of Cfoo to M is an
exceptional divisor, which we denote 6{3. Then by our assumptions CF has a proper transform
to a curve éEl so that éEl N 6‘178 # 0. Furthermore, if we assume that (ig, jo) is the first pair of
indices so that this intersection is non-zero, 6}3/ will be an exceptional divisor as well.

But then M has two intersecting exceptional divisors, so that by Lemma 655 above, b;r (]\7 )=1.
Now, since M differs from M by a series of blowups and blowdowns, this implies that b;(M ) =1

as well. O
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Chapter 7

Proof of Main Theorem for Circle

Actions

7.1 Generalized Bundles

In this section, we will give a technical definition which will be useful to our proof of Theorem 3.

Definition 7.1.1. Let {Va}aca be a finite open cover of S' by intervals so that all triple intersec-
tions are empty. Furthermore, assume that A has a partial ordering so that if Vo := Vo N'Va # 0,
then either Vo, < Vg or Vg < V,. Then a generalized bundle over St is given by topological
spaces Fo with projections ma : Fo — St such that if Vo NVs £ 0 and V, < Vg, there is a fiberwise
inclusion

bap ﬂgl(Vag) — WEI(VQ ).

Furthermore, a section of a generalized bundle is a collection of maps sq : Vo — Fo satisfying

Sa = 53 © Pap whenever Vog # 0 and Vo, < V.

Remark 7.1.2. This definition differs from the standard definition of a bundle primarily in the
fact that the fiber F}, over a point z € S! is allowed to change its topological type as we change z.
However, a section of a generalized bundle still gives us a notion of a smoothly varying family of
elements of the F,, with one for each x € S'. This notion of section is the main reason we gave

this definition.
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Example 7.1.3. The family of reduced spaces corresponding to a symplectic S action on (X, w)
gives a trivial example of a generalized bundle. Namely, we can consider the cover of S' just given
by all of S', and we can let

Foi:= X/Sh

We will now show how one could put a more complicated generalized bundle structure on the

family of reduced spaces.

Example 7.1.4. Let (X% w) be a closed symplectic manifold with a symplectic, non-Hamiltonian
S1 action. Then as before, this has an S! valued moment map and a family of reduced spaces My
for A\ € S'. By our earlier assumptions, the fixed point set of this action is a finite set of isolated
fixed points, which, perturbing w if necessary, we can assume all happen at different moment map
levels. We denote these levels Aq, ..., Aop.

Define U; = (Aj, A\i+1) for i =1,...2n—1, and U, = (A2n, A1). Also, define I; = (\; — €, \; +¢€),
and assign the partial ordering I; < U; foralli =1,...n, [, < U;_1 if i =2,...2n, and I} < Us,.
This cover gives the reduced spaces the structure of a generalized bundle. Indeed, we can define

Fu,= | My, Fr = My
MeU; AEI;
Then Lemma B270 and Lemma G473 give that the spaces Fy, and Fj; are topological spaces which
are fibered over A\ by smooth orbifolds, while on all overlaps they are equal to each other, so that

the fiberwise inclusions can just be chosen to be the identity.

Remark 7.1.5. The generalized bundle J that we eventually construct in the below proof will
be very similar to the above example. In particular, it will use the same cover U; and I; with the
same ordering. However, ﬁUi and F, 1; will not be fibered by M), but rather they will be fibered by

carefully chosen spaces of almost complex structures of M. )

7.2 Proof of Main Result

We will now prove our main result, which we restate here for convenience.

Proposition 7.2.1. Let (X% w) be a closed symplectic manifold. Then there does not erist a

symplectic, non-Hamiltonian S* action with a non-empty set of isolated fized points such that all
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fized points are good, there is no codimension 2 isotropy, and such that there exists a fized point
with weights (p, q, —1) with p,q > 0 such that the only other fized points with isotropy weights either
+p or £q are of one of the following 2 forms:

1. (£p, £, F1)
2. (xp,+q,F1).

Proof. We will assume that we do have a symplectic, non-Hamiltonian action with such a set of
isolated fixed points and derive a contradiction. Recall from before that since we have a symplectic
circle action which is not Hamiltonian, we can assume we have an S* valued moment map and that
we can form the corresponding reduced spaces M) for A € S!.

Furthermore, as in Example 14 above, our moment map can be assumed to have 2n critical
levels which correspond to the isolated fixed points. We can define the sets U; and I; as in Example
1.

Also, since we assumed that the original S! action has no codimension 2-isotropy, we know that
each reduced space M) is a symplectic orbifold with a finite number of isolated orbifold singularities,
denoted yl)‘ We then have M ), the unique resolution of these singularities as in Definition B=24.
As in Remark B228, there are homology classes ZZ-A’ 4 coming from the blowups used to resolve the

singularities 3. We have

k< -2 ifi=j, A=B
Zda-Zp =1 1 ifi=j, |[A—B|=1
0 else.
We will let Z) denote the union of all these classes over i, j.

By Theorem 32, if for some regular level A we have b (M)) = 1, the action is Hamiltonian
which is a contradiction. Hence, by (M) > 1 for all regular levels A, and thus also b3 (M A) > 1 for
regular levels A.

We will use this to derive a contradiction in 4 steps. In steps 1 and 2, we will construct specific
families of almost complex structures J(A) and J(\) on M), and M), respectively. In step 3, we will
use Lemma BEZ to construct certain J| (M\)-holomorphic curves on M. \. In step 4, we will then use
J-holomorphic curve techniques with the curves constructed in step 3 to argue that for some Ag,

we must have b;(ﬁ Ao = 1, which contradicts Lemma [Z372.
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First, we will use the language of generalized bundles to find a preferred family J(A) of almost

complex structures on M.

Step 1 (Constructing the generalized bundle J ). In this step, we will prove the following

claim.

Claim 1. There is a generalized bundle J over St with the open cover U; and I; so that the fiber

over \ is a certain nice set of almost complex structures on M.

First, consider Uy,. We will first define a set J (M) of almost complex structures on M. A by using
Lemma E314. By Lemmas EZ70, 643, and 629, there is a X' € U, and a smooth family of

orientation-preserving diffeomorphisms

éx: My — M,
for all A € U, which have lifts to diffeomorphisms

b : My — My,

Recall from Definition EZI0 that we have the set J (Z,) defined so that any JeJ (Z,) satisfies
the property that for any i, A, Zi): 4 is represented by an embedded, jA—holomorphic sphere, denoted

C{\ 4 Furthermore, up to a reordering of the ¢ indices,
Tx (7 Y
¢§(Zi,j) = Zi,j'

Since U contains no critical values, we know by Theorem =32 that for all A € Uy, b; (M \) > L
This implies that the set & of homology classes of exceptional divisors on M » is finite. Furthermore
by Lemma E53, if E # E' € £, then E - E' = 0. Consider the finite subset A, C &, defined by
the property that any A€ .Z,\ satisfies A - Zi),\j > 0. Then, as in Theorem B34, there is a
subset J (25, Ax) C J(£,) which is path connected and residual in the sense of Baire so that for
any JeJ (Z,\,JZA), Ae ﬁ)\ is represented by a smooth, embedded j—holomorphic sphere which

intersects each curve Ci):j transversally in A- Ci):j distinct points. We define
J(A) == T (25, AN).

Also, each JeJ (M) is pulled back from an almost complex structure J on M), so that we get a

corresponding family 7 (\) in this fashion.
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We further define

AEUR
We can use the isomorphisms gg,\ to identify j':Uk with an open subset of the set of almost complex
structures J so that J € J (XN, @) for some smooth path of symplectic forms @; on M. v, which is
a topological space. Hence, ‘ka is also a topological space, as desired.

Consider now I, = (A — €, A\ + €) for some €. To define F 1., we will first construct an explicit
family J(A) of almost complex structures on M, for all \ € (Ak — 2€, A + 2¢) and then let ‘%Ik be
this path restricted to Ij.

By Lemma 6471, and Remark 6472 we know that if \; has isotropy weights (pk, gk, —7k), then
M), ++ is the (pg, g )-weighted blowup of M), at an orbifold point of order 74 for all t € (0, 2¢],
while if A has isotropy weights (—pg, —qx, %), the same is true with the signs reversed. We will
first assume that rp = 1, so that we are doing a (p, qx)-weighted blowup at a smooth point which
we will denote y**.

Recall from Lemma G273 that we have orientation-preserving diffeomorphisms
O :M)\k — My, M€ ()\k_2€7)‘k]7

as well as corresponding lifts
o : My, — My,

where ¢,, = id and qz~5)\k = id. Furthermore, since M), has isolated orbifold singularities, we have
neighborhoods in M), denoted N (y;\ #) and N(A) of the orbifold points yl’\ * and of y™ respectively
so that N'(\) NN (z*) = 0 for all d.

Now, consider the resolution M, Ar- This resolution has its corresponding set of homology classes
Z), - Notice that since Y™ stays away from yz)‘ *_there is a corresponding point y** € M .- Consider
the set j(ZAk,@Ak) as above.

For all ¢ € [0, 2¢), we can define a smooth family of symplectic forms on M, Ae DY
(’,Jt = (;S;k—t(a)\k—t)v

so that we can form j(Z/\k,Uut).
Now choose a J € j(Z)\k,@,\k) so that jequals Jo near y™ and so that there is a neighborhood

N (y)‘k) so that no JNA holomorphic exceptional divisors intersect N (y’\k), which we can do since
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there are finitely many exceptional classes. Then since the taming condition is open, we can choose
¢ depending on J small enough so that for all ¢ € [0, 2¢), Je j(Z,\k,fut. Thus, for each ¢ € [0, 2¢),

we can push J forward by qASJ,\k_t to an almost complex structure J (A — t) to get a family

J(A) € T(2x,@2), A€ (M — 26, M.

Also, we can choose J(\g) so that
TN € TN, Ae X\ —2¢ M),
where 7 ()) is as before. Furthermore, there is a family
JO) € T yniwa)

of almost complex structures on M) so that J(Az) = Jo near y™ and so that J(\) € J(\) for
A€ (N — 2€, \g).

Now, since for each t € (0,2¢), My, 4+ is equal to the (pg, qx) weighted blowup of M), at the
point y™ and J(\) equals Jy near y™, we get corresponding almost complex structures I+t
which are integrable near the (pg,qx) weighted exceptional divisor. Also, any orbifold point on
M)y, 1+ either corresponds to some yj‘ * on M), , or lies on the weighted exceptional divisor. Thus,
A+t

I+t is integrable near all the orbifold points y;

27", and we have

Tk +1) € T, yn T wn 1)

Also, as before, we can choose J(\) so that J(\) defined in this way satisfies J(\) € J(A). Thus,
we can blow these almost complex structures up to get almost complex structures J(A) € J () for
all A € (Mg, A\x + 2¢).

In particular, for all A € (A\y — 2¢, A + 2€) D I, we have constructed a family J(\) of almost
complex structures on My, such that if A # A, J(A) € J()), in the case where rj, = 1.

If now r, > 1, we can run a very similar argument. In particular, as before we can assume we
have isotropy weights (pk, gk, —7%). However, now that r; > 1, we have that MMH is the (pk, qx)-
weighted blowup of an order r; orbifold singularity. Up to reordering, we can assume this orbifold
singularity is yi\’“. Now, letting yi‘ ¥ play the role of y,ﬁ‘ and ignoring the added assumptions about
exceptional divisors on M, A, We can choose a family J (M) of almost complex structures on M, \ SO

that if A # A\, we have
J(A) € T(N).
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In particular, regardless of what (py, g, —ri) is, we will always have such a family of almost complex

structures J(A).

‘We now define

Fro=J IW.

Ay

Then F, 1, is diffeomorphic to an open interval, hence it is obviously a topological space. Further-
more, since for A # A we have J(A) € J()) there is a natural fiberwise inclusion from the piece of
fjk over I, N U; into j':U” whenever I, N U; # ().

This completes the construction of a generalized bundle over S* which we will denote J.

Step 2 (Showing that the generalized bundle J has a non-zero section). In this step, we

will prove the following claim.

Claim 2. The generalized bundle J has a non-zero section. In particular, there is a consistent

choice of J(\) € T ().

We will prove the claim by taking sections on each I; and patching them together over the Uj.

First, consider I; = (\j — €, Aj + ¢€). Recall from the definition of Fj, above that for each
X € (A\j —2¢,Aj +2¢€) D I, we have an almost complex structure J(X\) on M, so that if A # A,
J(A) € J(\). In particular, this defines a section on I; which has already been extended a little
past I;.

Next consider Uy,. We seck to find a section of J over Uy, which equals J (A) on UpNI; whenever

this intersection is non-empty. Using the diffeomorphisms 5 » from before, we can define

TN =BT = T(N;N).

Notice that any J € J(X;A) is an almost complex structure on My so that

(@2)+(J) € T(N)

Thus, to find a family J(A) € J(A) over Uy, it suffices to find a path J(A) € J (A3 A).
Now, for A € (A, A + 2€) U (Ags1 — 26, A1), we already have a choice of J(\) on My, which

as above gives us a choice of J(A) € J(N;)). Consider the interval

U \ {(Zx U Lp1) N UL} = A + €, Aig1 — €]
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and define the set
Ti = U T3 A).

AENE+€ A1 —€]
This set is obviously fibered over [Ax + €, Ap11 — €] by J (N5 A), which is a path connected set of
5; (wy)-tame almost complex structures on M, Ao~ Thus, since the taming condition is open, the set
jk defined in this way is path connected. Also, as pointed out before, we already have two almost
complex structures J(A; + €) and J(App1 — €) defined on Jy, so that we can choose a path J())
connecting them so that

J(N) € T\ ),

which we can then push forward to a family
J(A) e TN,

for all A € [Ag + €, A\g+1 — €.

In particular, this gives a path J(\) on Uy which agrees with the previous choice of J(A) on I;

whenever Uy, N I; # () as desired.

For the rest of the proof, for A € S*, let J (M) denote a specific choice of a section of J , and
J(A) the corresponding family of almost complex structures on M)y which pull back to J (A\) under
the blowup maps. To derive a contradiction, we will produce specific exceptional divisors on the

spaces M » and use J-holomorphic curve techniques using the family J (M) above.

Step 3 (Constructing exceptional divisors on Uy,). In this step, we will first prove the following

claim.

Claim 3. If xy is a fized point with isotropy weights (pk, qx, —7x) and moment map level \i, then

for all A € Ug, ]\7)\ has an exceptional class E2+ so that (I),\(EQJF) s increasing with .

Recall that we have the resolution M. \ with its corresponding set of homology classes
zy=\J2z\
1,A

Now consider I;. As in Lemma BZ, we can choose € small enough so that the interval
I, = (\k — €, A\, + €) satisfies that given any \ € (Mg, A\, + €), M), is the (pg, gr) weighted blowup of

size A — A\ of M), at either a smooth point y)‘k if r, = 1 or at an orbifold point of order ry, yi\k if
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r > 1. In either case the condition that the fixed point is good implies that for all A € (A, A +¢€),
there is a (pg, qx) weighted exceptional divisor in the class E,?’Jr which passes through two isolated
orbifold singularities of M. Thus, as in Remark there is an ordering of the classes Z% 4 from
step 1 and a choice of indices z}g =1,m1 and Zi = 1,mo where Z; 4 has i =1,...,m4, and a class
E‘,i"JF satisfying the following properties.

1. E,i‘Jr is an exceptional class in M » which is the pullback of E,i"Jr under the natural projection

from ]\7,\ — M.
_ At 2N
2. For A=1,2, E, -Zl.?’1 =1.
3. E,;\Jr . ZZ-AA = 0 for all other i, A.

Furthermore, as A € (Ag, A\x + €) increases, G,\(Eé‘ﬂ also increases, while c~u,\(ZZ-)"A) can be fixed to
be as small as desired for all i, A and A. Furthermore, the classes E,i‘Jr and Zi): 4 all correspond to
El;\/’+ and Zf:;l under the diffeomorphisms 5)\ from Step 1. As such, we will omit the As from the
notation, and simply refer to the classes as E,j and Zik, 4- We can also use these diffeomorphisms to
extend the classes E,j as being defined over all of Uy, and we will still have that cNuA(E,j) increases
with \ while c~u,\(Zi’f ) can be fixed as small as desired. This completes the proof of the claim.
Now, consider a fixed point x; which has isotropy weights (—p;, —q;, 7). By a similar argument,
we can produce classes El_ and indices ifl = 1,m4 satisfying properties (1) and (2) above and so

that wy(E, ) decreases with .

Step 4 (Deriving a contradiction). Let A; correspond to a fixed point of the form (p,q, —1)
satisfying the assumptions of the theorem. Namely, the only other fixed points with isotropy
containing either p or ¢ is of the form (+p,+¢’,F1) or (+p', £q,F1), where here we could have

p' = p or ¢ = q. Consider the class Ef as above. We will show the following.

Claim 4. For all X € S, the exceptional class Ef has a representative C~'/'\E by a smooth, embedded

J(X)-holomorphic sphere such that wx(CE) is an increasing function of A as A moves counterclock-

wise around St.

Before we prove this claim, we show how we can use this claim to prove the theorem. Picking

a base point \g € S' and using the claim repeatedly, we would obtain exceptional spheres 5)‘?0 o



CHAPTER 7. PROOF OF MAIN THEOREM FOR CIRCLE ACTIONS 84

for all 7. Also, since (I))\(éf ) is an increasing function of A\, we would have
~ (OE\ _ ~ (AE ~ (AE
o (Cg) < Wrg(Cxgpar) <o < WA (O)jiopr) <o

so that all these exceptional spheres would represent different homology classes. In particular, this
would imply that the set £y, of exceptional classes in (M Ao» Wo) Would be infinite where by all our
previous assumptions, M, Ao 18 a closed, symplectic 4 manifold with b;r > 1, and thus has a finite
number of exceptional classes. This contradiction would then finish the proof of the theorem.
Thus, it only remains to prove the claim. We will split this up into cases. Namely, we claim

the following, which implies Claim 4.

Claim 5. o If E'fr s represented by an embedded j()\)-holomorphz’c sphere in M,\/, for some

N € Uy, then the same is true for all X € Uy,.

o [If Ef‘ is represented by an embedded j()\)—holomorphic sphere in ]\/ZX, for some X' € I, then

the same is true for all A € I,.

We first prove Statement 1. In particular, for some \ € Uy, E'fr is represented by an embedded

J (M) holomorphic sphere CE. By Lemma 623, we have diffeomorphisms
gb)\:M)\/—)M)\, QZA:M)\/—>M>\

for all A € Ug. Thus, if Ef is represented by an embedded, J (\') holomorphic sphere 55, we can
push forward by q~5,\ to obtain embedded, J (A\)-holomorphic sphere 6)? representing Ef , as desired.

We now prove Statement 2. In particular, for some \ € I, Ef is represented by an embedded
J (M) holomorphic sphere 5/1\5, Without loss of generality, assume the fixed point corresponding to

I, has isotropy weights (pk, gk, —7k). Lemma BZ4H implies that there are diffeomorphisms
O My — My,, &x: My — My,

for all A € (A —e, Ag]. Thus, pushing forward by 5 A, We see that Ef is represented by an embedded
J(\) holomorphic sphere 5{\5 in M, for all \ € (Mg — €, A] if and only if it is represented by an
embedded, .J (Ak)-holomorphic sphere 6;\5}; in M. A.- Thus, to prove statement (2), it suffices to show
we have spheres éf as desired for all A € (Ag, A\x +¢€) if and only if we have a sphere ai as desired

for \g.
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Since we assumed our critical point is of the form (pg,qr, —7%), we know that for all A\ €
(Mo, Ak + €), M, is the (py, g )-weighted blowup of M), at a point y* which is an orbifold point
of order rg, or is smooth if r, = 1. In particular, if C’f;: is a curve representing the weighted

exceptional divisor E,j as a J(A) holomorphic weighted exceptional divisor, there is a map
px s My — My,

so that the restriction

pe: My\ Ot — My, \ {y™)

is an orientation preserving diffeomorphism for all A € (Ag, Ay + €). This means we have to show
two things. In particular, if we have C’i defined as desired, we need to show that y** ¢ C’/’\Ek while
if we can define C/]\E for all A € (A, A + €), we must show that C)\E N C’i}: = (). Indeed, this would
show that we can define Cf along all of Iy, so that by taking the resolution, we can define é/\E
along all of Iy, thus proving statement 2.

According to the assumptions of our theorem, there are now 2 cases to consider. Namely, either
r, > 1 and none of pg, g, or 7 are equal to either p or ¢, or rp, = 1. We will consider these cases
separately.

First, assume 7 > 1, so that none of pg, qg, or rp equals p or ¢. Now assume we have C’i
defined as desired. In this case, the blowup point y* occurs at an orbifold point of order r;, with
ri # p and 7 # q. In particular, since C’i only intersects two orbifold points, one of order p and
one of order ¢, we clearly have y* ¢ C’Ek , as desired.

Now, assume we have Cf defined for all A € (Ag, A\x + €). In order to show C/’\E N Ci}:r = 0,
we must consider two cases. Namely, either these two curves intersect at an orbifold point or they
intersect at a smooth point. However, the only orbifold points on C’f have orders p and ¢ while the
only orbifold points on Cg}:r have orders p; and ¢, and we assumed that neither p; nor g; equals
either p or ¢, so that clearly these curves do not intersect at an orbifold point. Furthermore, if they
intersect at a smooth point, then in the resolution M A, the corresponding exceptional divisors 5)]\5
and 6’5}: would satisfy

CYNCyF#0
which, by Lemma BBH3, contradicts the fact that b;r (M A) > 1. In particular, we must have

C’f N C’fk’Jr = () as desired.
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Next, consider the case where r, = 1. Since in this case r; = 1, we know that y™ is a smooth
point which does not intersect any orbifold points and hence corresponds to a point 7 in the

resolution M A.- Thus, the map p, lifts to a diffeomorphism
= . T €,+ AT ~>\k
Pe * M)\k—i-e \ Sk — M)\k \ {y }

where SZ’+ is the nodal curve in M Ar+e formed by taking the resolution of Ci}j as in B232. This
breaks the proof of this case into 2 subcases. Namely, if we can define éfk as desired, we must
show that 7™ ¢ éfk , while if we can define C~'f as desired for all A € (Ag, A\x + €), we must show
that CF N Syt = 0.

Consider first the case where we have éfk defined as desired. Recall from step 1 that the almost
complex structure J () was chosen so that g does not intersect any exceptional spheres so that
in particular, g™ ¢ 5Ek , as desired.

Next, consider the case where we have éf defined as desired for all A\ € (Mg, \x + €). Now,
unless we have py = p and g = ¢, we will obviously have that the exceptional classes EA and E;k
are different classes. Then, since bj (M) > 1 for all A and since in this case r; = 1, Lemma 5.3
implies that 55;: NCFE = () and that @)‘ A NCE = (0, where @)‘ 4 are representatives of the resolution
curves of C’f }j as in B2332. Thus, combining these facts we get éf N S,i"+ = () as desired.

The case where pr = p and g = ¢ and we have 55 defined as desired for all A € (Mg, A, +¢€) can
safely be ignored since in this case, we would also have A € Uy and we could apply the arguments
of that case to get éf defined for all A in the interval (A1 — €, Ag+1) and then use the previous
techniques in I;41. There are no such difficulties in the case of (—pg, —qx, 1), since in this case the
exceptional classes Ey and E;k are obviously different since as is shown below, w(\) is increasing
on the first class while it is obviously decreasing on the second class.

Lastly, we will use Statements 1 and 2 to prove Claim 4. Since we assumed A; has isotropy
weights (p, ¢, —1), we know from step 3 that for each A € U there is a J(\) holomorphic weighted
exceptional divisor C’f in the class Ef. Resolving C’f as in Remark BZ32 gives in particular
an embedded j—holomorphic sphere 6')\E in the class E’f so that @A(é’f) increases as A moves
counterclockwise around S'. Then, since Uy N I # (), we can extend this family to I. Similarly,
I,NU;y # (), so we can further extend the family to Us. A simple induction shows that we can define

6')]\5 for all A\ € S'. Furthermore, since it comes from a blowup at A1, we will still have &A(éf )
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increases as A moves counterclockwise around S!, as required. This completes the proof of Claim

4 which in turn completes the proof of the theorem.

O]

Remark 7.2.2. Note that the above argument only works under our assumptions that the fixed
points are all good and that there is fixed point (p, ¢, —1) so that any other fixed point (+p;, £q;, Fr;)
with an isotropy weight equal to p or ¢ has r; = 1. First, the assumption that we never have r; = £p
or +q implies that we never have to deal with the case of blowup up an orbifold point that lies on a
weighted divisor. In particular, the good assumption implies that all weighted divisors arising from
fixed points are weighted exceptional divisors, which we use in step 4 to rule out the possibility
of two weighted divisors intersecting at a smooth point. Also, the assumption that r; = 1 if there
is a shared isotropy weight is important because presently the only method we have to rule out
weighted divisors intersecting at an orbifold point is Lemma 6573, which requires that r; = 1.
There are several possible ways to generalize these techniques. Namely, one could try to come
up with more general intersection theory techniques to come up with new reasons why a chosen
weighted exceptional divisor can not intersect various other weighted divisors either at a smooth
point or an orbifold point. Additionally, one could try to compute conditions under which the
blowup up an orbifold singularity on a weighted exceptional divisor still results in an exceptional
divisor in the resolution. Additionally, one could try to consider weighted divisors on M) instead of
lifts of weighted exceptional divisors on M » if one were to learn more about orbifold Gromov-Witten

theory and corresponding facts about intersection theory.
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