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ABSTRACT

Approximation Algorithms for
Demand-Response Contract Execution and Coflow Scheduling

Zhen Qiu

Solving operations research problems with approximatigorgdhms has been an important
topic since approximation algorithm can provide nearfoptisolutions to NP-hard problems while
achieving computational efficiency. In this thesis, we cdastwo different problems in the field of
optimal control and scheduling theory respectively ancetigvefficient approximation algorithms
for those problems with performance guarantee.

Chapter 2 presents approximation algorithms for solvireggdptimal execution problem for
demand-response contract in electricity markets. Demigledoarticipation is essential for achiev-
ing real-time energy balance in today’s electricity grider@and-response contracts, where an
electric utility company buys options from consumers toummtheir load in the future, are an
important tool to increase demand-side participation.hla thapter, we consider the operational
problem of optimally exercising the available contracterhe planning horizon such that the to-
tal cost to satisfy the demand is minimized. In particulag,a@nsider the objective of minimizing
the sum of the expectefd-norm of the load deviations from given thresholds and thereat ex-
ecution costs over the planning horizon. Bog o, this reduces to minimizing the expected peak
load. The peak load provides a good proxy to the total coshelutility as spikes in electricity
prices are observed only in peak load periods. We presentaldaen near-optimal algorithm for

the contract execution problem. Our algorithm is a sampéFae approximation (SAA) based



dynamic program over a multi-period planning horizon. Weviie a sample complexity bound
on the number of demand samples required to comp(e-&)-approximate policy for ang > 0.
Our SAA algorithm is quite general and we show that it can kegpset to quite general demand
models including Markovian demands and objective fundtidfor the special case where the de-
mand in each period is i.i.d., we show that a static solusaptimal for the dynamic problem. We
also conduct a numerical study to compare the performancarddAA based DP algorithm. Our
numerical experiments show that we can achieyg-a€)-approximation in significantly smaller
numbers of samples than what is implied by the theoreticahtds. Moreover, the structure of the
approximate policy also shows that it can be well approxéaddty a simple affine function of the
state.

In Chapter 3, we study the NP-hard coflow scheduling probleddzvelop a polynomial-time
approximation algorithm for the problem with constant apmation ratio. Communications
in datacenter jobs (such as the shuffle operations in MapiRealoplications) often involve many
parallel flows, which may be processed simultaneously. Higisly parallel structure presents new
scheduling challenges in optimizing job-level performabjectives in data centers. Chowdhury
and Stoica [13] introduced the coflow abstraction to captilese communication patterns, and
recently Chowdhury et al. [15] developed effective hetgssto schedule coflows. In this chapter,
we consider the problem of efficiently scheduling coflows sdaminimize the total weighted
completion time, which has been shown to be strongly NP-fieBH Our main result is the first
polynomial-time deterministic approximation algorithor this problem, with an approximation

ratio of 64/3, and a randomized version of the algorithm, with a ratio ¢fi#%./2/3. Our results



use techniques from both combinatorial scheduling and majctheory, and rely on a clever
grouping of coflows.

In Chapter 4, we carry out a comprehensive experimentaysisadn a Facebook trace and ex-
tensive simulated instances to evaluate the practicabpeénce of several algorithms for coflow
scheduling, including our approximation algorithms depeld in Chapter 3. Our experiments
suggest that simple algorithms provide effective appratioms of the optimal, and that the per-
formance of the approximation algorithm of Chapter 3 istreddy robust, near optimal, and

always among the best compared with the other algorithnimtimthe offline and online settings.
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Chapter 1

Demand-Response Contracts Execution

1.1 Introduction

1.1.1 Background and Motivation

Due to an increasing integration of renewable sources suialral and solar power on the grid, the
supply uncertainty in the electricity market has increasigdificantly. Demand-side participation
has become extremely important to maintain a real-timeggriealance in the grid. There are sev-
eral ways to increase the demand-side participation forghletime energy balance including time
of use pricing, real-time pricing for smart appliances amdriruptible demand-response contracts.
In this chapter, we focus on the interruptible demand-respaontracts as a tool for increased
demand-side participation. A demand-response contractantract or an option that an electric
utility company can buy from the customers to interrupt aluee their load by a specified amount,

a specified number of times until the expiration of the casttra



Typically an electric utility forecasts the day-ahead lead buys the forecast load in the day-
ahead market. If the actual load turns out to be higher tharfdtecast, the utility can buy the
difference in the real-time market by paying the real-tipetgrice that can be significantly higher
than the day-ahead price, especially when the supply isscalternatively, the utility can ex-
ercise the available demand-response contracts (if anyifget the imbalance instead of paying
the real-time spot price. Therefore, these contracts leefrhieve the real-time supply-demand
balance by increasing the demand-side participation girdlie actions of the utility company.

In this chapter, we consider the operational problem ofroglly exercising the demand-
response contracts over the planning horizon from the petse of the utility. At each time
period in the planning horizon, the goal is to decide on thalmer of contracts to exercise, if any,
such that the total cost of satisfying demand is minimizeslis®he case with all option exercising
problems, there is a tradeoff between exercising the optiomv or saving them for future periods.
In order to minimize the total cost one needs to model the uhycgfor the real-time electricity
price in addition to the uncertainty in demand. The reaktipnice of electricity at any location,
also referred to as thecational marginal priceis computed from the optimal dual prices of the
energy balance constraint corresponding to that locatitimg linearized power flow problem. This
makes modeling the real-time price dynamics quite challenglin order to avoid this, we use a
different objective function that provides a good proxyhe total cost. The real-time electricity
price is high typically when the demand is high. Therefore, a@nsider the objective of mini-
mizing the expecteds norm of demand deviations above a threshold. Wpienc, the objective

reduces to minimizing the expected peak load. This provédgeod approximation to minimiz-



ing the total cost. Moreover, this allows a data-driven apph with minimal model assumptions
where historical demand data can be used to model the uimckrtare demand.

Interruptible load contracts have been considered in thealiure for improving the reliability
of power systems. The literature is divided in two broad feots: i) designing and pricing of
interruptible load contracts, and ii) optimal dispatch gereising of these contracts to minimize
costs or improve reliability. In the regulated markets ie gast, these contracts were used mainly
to improve system reliability in situations of supply-demambalances (see [35] and [10]). With
deregulation, these contracts are used as an ancillariceeanwvas an equivalent price-based gen-
erating resource (see [47], [49], [50]).

The problem of designing and pricing such contracts has lzdem studied extensively (see
[18], [25], and [34]). Strauss and Oren [45] proposed a nalay for designing priority pricing
of interruptible load programs with an early notificationtiop. Oren [34] proposed a double-
call option which captures the effects of early notificatadnnterruptions. Kamat and Oren [25]
discussed the valuation of interruptible contracts witHtiple notification times using forward
contracts and option derivatives, for the supply and pre@ent of interruptible load programs.
Baldick et al. [6] discussed both the design and executioblpm and provide a good overview
of the literature. Most of this work made assumptions ableeitdemand model and the real-time
price dynamics. In this chapter, we consider a data-driy@raach where we make minimal

assumptions about the model of demand uncertainty.



1.1.2 Basic Notation

We consider the demand-response contract execution pndioleninimizing the sum of the ex-
pected/g-norm of the observed load deviations from given threshalitthe contract execution
costs over the planning horizon. We formulate the contraetation problem in terms of the

following quantities.

S = number of contracts available in peritd
Xt = random load in periotl

't = threshold base load in period

& = execution costin period

n(Xe—y) = number of contracts to exercise at time

Here, Xy = (X1,X2,---,%) denotes the historical demands up to petiodVe assume that the
demand is realized at the end of each period and the conttactigon decision is made at the
beginning of the period. Therefore, the number of contracts exercise at timémust only be a
function ofXy_y). Each contract reduces load dyThe threshold base lodd denotes the power
the utility has procured in the day-ahead market for perida satisfy demandy; in periodt, the
utility can either buy(X —I't)+ from the real-time market or exercise a demand-respongeacdn

to reduce the load. L&; denote the total number of demand-response contractabheih period



1. Therefore, we can formulate the optimal execution prolds follows.

T

T 1/B
min Ex, [(tzlort (X —Te— nt(XﬂJ_])é)i) + Zigt (ne(Xe—17))

= } (1.1.1)
.
s.t. n(Xp_q) < § as.

t; (Xi—1)

The/g-norm objective captures the fact that the price grows fast¢he power demand increases.
We also include the functiog (nt(X;;_1))) that models the cost for each execution of the contract.
Note that wherg; = 0, we can consider the objective as sum of the load deviataiesd to the
power off3 and ignore the A3 exponent on the sum. F@r= «, the/zg-norm objective reduces to
the peak load and we obtain the following special case ofmizing the sum of expected peak

load and the execution cost.

min Ex,

.
nax o (%=t —m(Xe-1)0) , + Z\gl (nl(x[t—l}>)]
(1.1.2)

T
sty m(Xp_qy) <S as.
2. Xy

1.1.3 Our contribution

Our main contributions in this chapter are the following.

Optimal policy for exchangeable demand

We consider the special case where the demand isi.i.d. beegeable, and the contract execution
costs are zero. We show that a static solution is optimah@diynamic problem of minimizing the
¢p norm objective of the load deviations from given thresholdsarticular, we show that execut-

ing an equal number of contracts evenly across the planrarigdn is optimal irrespective of the



realized demand. When either the demands are not exchdageahere is a non-zero contract

execution costs, we present examples to illustrate thaiti sblution is no longer optimal.

Approximation for General Demand and Extension

We present a data driven near-optimal algorithm that isdasea sample average approximation
(SAA) dynamic program assuming that the demand is Markowéamprovide a sample complexity
bound ofO(T?/€?) on the number of demand samples required to comp(tei)-approximate
policy for a planning horizon off periods. The dynamic program is based on an appropriate
polynomial discretization of the state space and approtimgahe expectation using a sample
average. The main challenge is to show that the samplingiancetization error remains bounded

in the multi-period problem. Our SAA algorithm is quite gemleand we show that it can be

adapted to quite general demand models including Markayesmand and objective function.

Computational Study

We also conduct a computational study to compare the pedioceof our SAA based DP algo-
rithm. In particular, we compare the performance of our atgm with respect to the number of
samples. In our numerical experiments, we observe that webtain a(1+ €)-approximation
for significantly smaller number of samples that the boun@¢F?/£?) given by the theoretical
analysis. This is indicated by a fast convergence of theevAluction and the cost of policy as
the sample size increases. We also analyze the near-ogiotiey computed by our algorithm
and observe that the policy can be well approximated by aepiise affine function of the states
with appropriate rounding to obtain a integer decision @rttmber of contracts. Since piecewise

affine approximation adds complexity to the problem, we mage of a simple affine function



of the loads to approximate the policy and show that the tost ender the approximated affine
policy is close to the optimal.

Outline. The rest of this chapter is organized as follows. We firgbuhiice the model notations
and formulate the problem under certain assumptions. Itidde2, we show the equivalence
of static and the dynamic solution for exchangable demaindpaak load objective function. In
Section 3, we present the SAA approximate DP based algouwthainthe analysis of the sample
complexity bound used in our algorithm. We present extarssto more general demand models

and objectives in Section 4 and present numerical resueation 5.

1.2 Optimal Policies for Exchangeable Demand

In this section, we study the structural property of optieetcution policies for a special setting
when the demand sequenfX :t > 1} is exchangeable and the cost of executing the contracts
g =0forallt=1,...,T. We prove that a static solution is optimal in this case. Tiniglies that
the optimal dynamic solution does not depend on the histbdgmand.

Without loss of generality, we assume that= 0 anda; =1 forallt =1,..., T (otherwise, we
can appropriately change the demand distribution). Theeefat each period, we can formulate

the optimization problem as follows.

-
M (S) = minEx t<u<T [Z{ (Xu - nu(x[u—l})é) i]

s.t. Z[nu(x[u_l}) <8S, (1.2.1)



where$§ is the number of contracts available at tim&Ve can reformulate (1.2.1) as follows.

VE(S) = min Bxg [ (%~ k)% + Vi (S~ )]

st.n <SS (1.2.2)

Theorem 1.2.1.Suppose demand; ¥ exchangeable and the execution castd for all t =
1,...,T. Then a static solution is optimal for the dynamic probfdn2.1) Furthermore, for each

period, the optimal solution is

. S
Ny (Xe—17) = T o1 VX1

Proof. We denote (X;_1;) asn; for simplicity. We prove the claim by a backward induction.

Base Case For periodj = T, since there is only one period left, we execute all the oytio

available. Fortimg =T — 1, the problem is equivalent to solving

min By, xr [(XT—l —nr18)f + (Xr — (Sr-1—nr)d);

Nr—_1,nt

st.nr_1<Sr1
i.e., we need to balance between today and tomorrow. Note tha

(Xr_1—nr_18)% + (Xr — (Sr_1—n7)d)R



is a convex function imr_1. The expectation preserves the convexity, and excharlgg&nisures
that the functiorf (s) = E[(X — S5)E] is independent af. Thereforenr_; = Sr_1/2 is an optimal

solution.

Induction Step. Suppose the induction hypothesis holdsffort + 1. For period,

V(S) = min_ Ex, [(Xt—nT 16) +Vi+1 (S - nt)}

o< <§

T N B
= min E nt_10 E Xi——90
oMin_ Bx | (X —nr_ 18)} + Exs.- ]_ZH<J T )+

T B
S—n
= min ]Ext xT[X[ r\[5§+z< T_ t6)

o<n<S§

where the second equality follows from the induction hypsts. We can show that the above

function is convex imy. Thereforep = T_LIH is an optimal solution. O

The peak load objective is a special casézaform objective witl3 = «. The above arguments
can be used to show static policy is optimal if we want to mimarthe expected peak realized
load. Theorem 1.2.1 indicates that if the demands are ickdhtidistributed and there is no cost
of execution, we shall exercise the available contractoaunify over the remain time periods. The

optimal decision is static and independent of the historgeshand.

1.2.1 Examples for Non-optimality of Static Policy

A static solution does not remain optimal if the assumptwidemand being exchangeable or the
execution cost being zero is not satisfied. We present aanostof a 3-period problem where

demands are independent and there is no execution cost,dbati@solution is not optimal. In
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particular, we consider the following instance. Demandsanods 1 and 3 are i.i.d. as follows.

60 w.p.0.55
X1, X3 =

100 w.p. 0.45

and demand in period X, = 78. Let the total number of contrack = 40 andd = 1. Note that
X1 and X3 are exchangeable. Suppose the objective is to minimizexpected peak load. An

optimal static solution is of the forrm; = n3 =a,n, = $; — 2a. Define

f(@) = Ex,xx [Max{(X1—a),,(Xo—(S1—2a)),,(Xz—a), }].

It is easy to verify that the optimal static solutiomis= nz = 20,n, = 0.

Suppose the static solution is also an optimal dynamic isolufrherefore, we have; = 20
andS, = 20. Suppose the demand in periodXk,= 60 and the peak load after period 1 is 40.

Therefore, in period 2, the goal is to minimize

(b) = Ex, x; [max{40, 0%~ b) ., (X~ (S~ ). }].

It can be easily verified thdi = np = 0 is not optimal in this scenario. Therefore, the cost of
the dynamic solution is strictly better than the static solu Therefore, the static solution is no

longer optimal for the dynamic optimization problem whee tlemands are not exchangeable. We
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can also construct instances with exchangeable deman@bt#aro execution cost where a static

solution does not remain optimal.

1.3 Approximate Dynamic Program for General Demand

In this section, we consider the general demand-responmgeacb execution problem. From the
previous section, we know that a static policy is not optiarad computing an optimal dynamic
policy is often intractable. We present an efficient datsedr near-optimal algorithm for the exe-
cution policy problem under mild assumptions. For expogsipurposes, we consider the objective
of minimizing the sum of expected peak load and executiot) émsthe case of i.i.d. demand. We
later relax these assumptions and show that our algoritmbeadapted for more general demand
models and objective functions.

We give an efficient sample average approximation basedwignaogram (DP) for the prob-
lem that computes a near-optimal execution policy. Our ritlgm is based on an appropriate
discretization of the state space, similar in spirit to thepsack problem. We also approximate
the expectation by the empirical mean in a data-driven ambroTherefore, we have two sources
of error in discretization and sampling, and the main cimgjéeis to show that the error propaga-
tion remains bounded in the multi-period dynamic prograne give a bound on the number of
samples such that the approximation error remains boungerdigperiods.

To formulate the problem, let us introduce a few notatioret.Y}.denote the peak realized load
up to timet. i.e.,

Y= max (X —nj(X;-1)),.
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Let n:(Y;,S) denote the number of contracts to exercise in periatien the current peak load is
Y; and the number of contract availableSs We can assume without loss of generality that the
optimal decision in periodis a function ofy; andS. The optimization problem in periddcan be

formulated as

minEx,t<u<T L:ngng (Xu—nu(Su, Yu)d) (1.3.1)

-
st. Znu(SbYu) <§

We define the value functiowt (S, ;) as the minimum sum of increase in peak realized demand
aboveY; and the execution cost. For simplicity, iqtdenotem(x[t_l}). Therefore, we can refor-

mulate (1.3.1) as follows.

M(S %) = min_ Ex, | (X —ned—Y), +0(n) +Vera (S—m, Y+ (X —nd-Y),) |-

(1.3.2)

fort=1,2,---,T. We make the following three mild assumptions.

Assumption 1. DemandX; is bounded for any.
This assumption is without loss of generality if we allow aatifailure probabilityn. Fix M

such thatP (Xmax> M) < n, whereXmax= 1@24)({, is the peak demand.
Assumption 2.P(% >M/2) >1/T, t=1,....T.
We require a lower bound on the probability that the demarat igast half the maximum

demand. This assumption is not too restrictive as the lowend is only ¥ T and is easily satisfied
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for largeT. It allows us to get a lower bound on expected peak load,

P (Xmax>M/2) > 1_(1_})T21_}
E(Xnw) > (1_}) M

Assumption 3.58/T < aE(Xmax), for somea < 1.

We assume that the average amount of reduction from exgadintracts is a small constant frac-
tion of the expected maximum demand. This assumption i®nedde because demand-response
contracts are used to manage only peak loads and randorhilgrighich is only a small fraction

of the total demand.

1.3.1 Sample Average Algorithm (SAA)

Now we are ready to present our data-driven SAA based atgorfor the contract execution
problem.
We first discretize the state space. Ket- eM/T. We consider discrete valuesgfandX; on

[0,M] in multiples ofK. Forallt =1,...,T, let

Note that there are onl@(T /¢) possible values of; andX;. We define our approximate value
function,\Z(S(, Y;), on the discrete state space where we approximate the atpecwith the

sample average. The detailed description appears in Alhgor2.2.
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Algorithm 1.1 FPTAS for ac - optimal solution
1: Givene > 0, letK =eM/T.
2: Define the terminal valuér 1 1(Sry1,Yr+1) =Vr41(Sra1,Yr41) = 0.
3:fort=T —1do
3:  solve the following DP for the optimal strategy by SAA:

o<n<s | Ny &

Vi (S,%) = min {i i [(Xﬁ” —mé—\?t)++gt(nt)

Vi1 (s e, o (R —ntS—?t)+> } (L3.3)

where
N: : number of samples of;.
X1 - ith sample ofX.

4: end for
5. Return:{n{ :t=1,--- T}.

1.3.2 Analysis of algorithm

We make two approximations for an efficient computation & tlynamic solution. First, we
discretize the state space such that the total number esdb@icome polynomial. Secondly, we
approximate the expectation in each period by a sample geerdhese two sources of error
can propagate in the multi-period computation and pos$#algt to a highly suboptimal decision.
We show that if the number of samples is sufficiently largentthe solution computed in Algo-
rithm 2.2 gives g1+ €)-approximation of the optimal execution policy with higtopability. In
order to analyze the performance of Algorithm 2.2, we inimeltwo more value functions. For
allt=1,....T, let\; denote the optimal dynamic solution on the discrete staftescan compute
\4 as follows.

Vr41(Sro1,Yr41) = Vra(Sri1, Y1),
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andforallt <T,

A ~

Vi (S, %) = o min, {]Ext [(Xt —nd—Y%), +0i(n) +\7t+1<s — e, Y+ (% —ntS—\?m)} }1-3-4)

Also, letU; denote the true cost of approximate solution computed bypitlyn 2.2. Therefore,

Ut1(Sr+1,Yr41) = Vr41(Sr41, Y1),

andforallt <T

GiSY) = Bx [ (%~ 8=, + () + U1 (S — ., %+ (% —R8-%).) .

wheren{ is the optimal solution computed by Algorithm 2.2. We prote following sample

complexity bound for Algorithm 2.2.

Theorem 1.3.1.Suppose the number of samples=ND(T2/€2). Then the cost of the execution
policy computed by Algorithm 2.2 is(& + O(g))-approximation of the dynamic optimal solution,
ie.,

U1(S1,0) < (1+O())V4(S1,0).

with probability at leastL — O(1/TS) —n.

We first show that the discretization error is small. In pautér, we can prove the following

lemma.
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Lemmal.3.2.ForallS and¥,t=12---,T,

V(S %) — K(T —t+1) <V (S, %) <W(S,%)

Proof. First, we show tha¥; (S, %) <V (S, %) forall § and. Attime T +1,Vr1(Sri1, [Yri1lk) =

Vr41(Sr+1, Yr41) = 0. Suppose the statement holds for t+1. iyebe the optimal solution to DP

(1.3.2), then
Vi (S, Y)

< Ex | (% -8—¥), + () +Veea (S -1, Yok (Re—ni8-%) )]

< By | (% =08 Y. +a(m) +Vhea (S -, Yo+ (K-8 Yt>+>}

< Ex [(%—nf8—Y), +0(n) +Vesr (S —nf, e+ (%~ 8—Y),)]
= (& ).

Here, we use the fact that

by considering the following 3 cases:
(i) X —nyd—Y% > 0 andX —nyd—Y; >0,
+ ()(t—rltti—Yt>+ =X—-no=Y+ (Xt_nta_Yt>+;

(i) X —nfd—Y, < 0andX —nid—Y; <0,
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Yk (Re-n8-%) =% =%+ (R-n3-%) ;
(i) X —nyd—Y; < 0andX —nfd—Y; >0,

Vi (%-ns-%) —%

||
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%
(o]
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On the other hand, we verify thét(S, %) > W (S, Y1) —K(T —t+1) for all § and¥;. At time
T+ 1,\7T+1(ST+1, [Yri1]k) = Vr+1(Sr+1, Yr+1) = 0. Suppose the statement holds for t+1. Let

ny be the optimal solution to DP (1.3.4), then
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Therefore, we have

Vi (S, ) — K(T —t+1) <%(S, %) <M(S,M)

for all § andY;. O

This lemma indicates thaf/t -V <K(T-t+1) <eM for all S,Y;. Therefore, the two

value functions are close point-wise. Next, we show thatettier in using the sample average
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as opposed to the expectation with respect to the true ldision is small. In particular, we use

Chernoff bounds to prove the following lemma.

Lemma 1.3.3.If the number of sample N O(T2/¢2), then forany Sand ¥, t=1,2,---, T,
Ve(S,%) = 2K(T —t+1) <M(S,%) <V(S,%) +2K(T —t+1)

with probability at leastl — 1/T3S}.

RecallChernoff bound:

N
Let Xy,---,Xn be i.i.d random variables witK; € [0,1], Vi and defineX = lei. Let E[X] = .
i=

ull

Then

Z| X

— u‘ > e) <26 N whereE[X] = ,Vi.

Proof. Attime T,

Vr(Sr,¥r) = Ex [(XT—ST6—?T)_J

— . 1 Nr (i .
GCAUIEIT=DY (%) —sr5-¥) |

Note that if we do not execute any contract, the total exeoutdst is zero and the value function
V1 is equal to the peak loaXax Which provides an upper bound df under the optimal policy.

It follows that

PM>M)<PVi>M) <P(Xnax>M)<n, 1<t<T.

This shows thai is an upper bound on the value function at tinvath a failure probability ofy.
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We prove the induction hypothesis: for aByandY;, with the number of samples stated in the

lemma,

o 2ZM(T—t+1) o o oo 2eM(T—t+1
Us, %) - 2D s %) < Vs + 2T

with probability at least 1 Tz;%l

TakeNt = %ﬁlog(szl). We know from Chernoff Bound that,

d

ThereforeVr (Sr, ¥r) — M <V (Sr,¥r) < Vr(Sr,¥r) + 2 with probability > 1 —

Vr (Sr,¥r) Vi (S, W)
M

) < gee/Tt o 1

€
>
-T) T 4TSS

_1
2T3s}"

For any strategy, define

WS 2 Ex [ (—nd—Y), +Vha (S, %+ (6—nd-%), | )],

W3 [ no=) (5o o (40 n0-5) )]

lI>

\2(37%)71

Note thatV;(S, %) = Vi (S, %) andVi(S, %) = V(S %), whererf andr are the optimal



solutions to DP (1.3.4) and (1.3.3) respectively. For §gndY;,

V(S %) — V(S Yo)n
B 0) 5), (e
" Wii\zu (5_”“ [\N(‘Jr()(‘(i)_nté_\?t)JrJ

Gafs o [l xonow). )|

IA

_Ext

1

Ex 1 (S [+ (- —¥), | )]

(s o 0o 9|

eM  eM  2eM(T —t)
TrT T
2eM(T —t +1)

T

IN

with probability > 1 — 2?%13 4T%S:f 4T3S:f >1- Zngll We thus have

L 2M(T—t+1)

V(S %) = V(SR V(S Y%)r V(S W)y

2eM(T —t + 1)
T

T

WS% = V(S 2 %S N)r -

2eM(T —t+1)

> (S Y — T

with probability> 1 — ZT%} Therefore, for all§ andY;,

A 5 2eM(T —t+1 — - - ~ 2eM(T —t+1
V(s.%) - = <T Y Gs <%+ 2 <T +1)

20
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1

with probability> 1 — g 0J

Therefore, if the number of sampliss sufficiently large, then with high probability, the SAA
sampling error is smallV; — V4| < 2K(T —t + 1) < eM. Note that by taking a union bound over
all states, we have that the value functidhandV are close point-wise with probability at least
(1—1/(TS)). Finally, we prove that approximated true cost funclifiis a good approximation

of 4, i.e., the errotU; — V4| is small. In particular, we have the following lemma.

Lemma 1.3.4.1f the number of sample N ON(Z—ZZ), then forany Sand ¥,t=1,2,---,T,
V(S %) —K(T —t+1) <U(S, %) V(S %) +2K(T—t+1)

with probability> 1—1/T3S}.

Proof. We prove the induction hypothesis: for aByandY;, with the number of samples stated in

the lemma,

Vi(S, Y) —K(T—t+1) U(S, %) <M(S, ) +2K(T—t+1)

with probability > 1 — Tz;tggfl. Attime T 41, Ut 1(Sry1, Yri1) = Vrea(Sret, [Yrialg) = 0.
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Suppose the statement holds for t+1. hebe the optimal solution to DP (1.3.3), then

Ui(S, %)
= Ex [%—W8-Y), +0(F)+U1 (S -7, i+ (X% —md—%), )]

Ex [(% —M8—Y0), +a(M) +Vis1 (S — 1%, [Yi+ (X —m8—Y), ], )] +2K(T -1)

IA

Ex |(%—W8—Y%), +a(W) +Veer (S, [%+ (% —%8-%), | )]

IA

+K(2(T-1t)+1)

. . Tt
with probability> 1 — oToS Let

= Bx | (%~ %8—%), + (W) +Veur (S, %+ (%-78-%) | )]

Also, we know from definition that

By Chernoff bound,

VS flo ) _peen o L
M M -

M|=T ~4T3S}

d
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Therefore, for anyg andy;,

eM — ~ eM
f—— <V Yo) < f+—
T = t(37 t)— + T

with probability> 1 — ngl; Recall thaK = 21 We have for anyg and;,

Ul(S, ) < F+KRT =) +1) <W(S, %) +2K(T—t+1)

. - Tt 1 T-t4+1
with probability > 1 — 2T~ S >1-— oToS >1

_ 1
28"
We can prove the other direction analogously. Attifne1, Ut 1(St1, Yri1) =Vri1(Sri1, [Yreil) =

0. Suppose the statement holds for t+1. For 8nY;,

Ui(S, %)

> Ex [(%—8—Y), +6(R) +Verr (S —1F, Y+ (X —md—Y), ] )] —K(T-1)
> By [(%—R8—%), + () +Ven (S, [+ (6 -w8-%),] )] -K(T-1)
= f-K(T-1t)

> V(S Y) —K(T-t+1)

with probability> 1 — Tz;ggfl >1-—

1
T2S "

We are now ready to prove Theorem 1.3.1.
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Proof. Attimet =1,Y; = 0. We know from Lemma 2 that for a8,
Vi(S1,0) < Vi(S1,0) +2KT
with probability at least +1/(TS). Similarly, from Lemma 3 we have that for &,
U1(S1,0) < V4(S1,0) +2KT
From Lemmas 1, 2 and 3, we have
U1(S1,0) < Vi(S1,0) +2KT < Vi(S1,0) +4KT < Vi(S1,0) +4KT

with probability at least +-2/(TS) for all S;.
Letvlo(.) be the value function when there is no execution costpie0. We havé/;(S;,0) >
VQ(S;,0). From Theorem 1.2.1 and Assumptions 2, the expected pedidatleastl —1/e)M/2

and the average amount of reduct®®/T is at mosiaM.

Vi($1,0) > VP(51,0) > E [Xma — 25> cM,

for some constart. With K = &M /T, we conclude that with probability at least2/(TS) —n,

U1(S1,0) < (1+O(g)) W (S1,0).
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1.4 Extensions to More General Demand

In this section, we show that our algorithm can be easily tthfo more general demand models

and objective functions to give near-optimal executiongyol

1.4.1 Markovian Demand

A Markovian model of deman@)(t}tT:’Ol is more realistic since demand in peribé 1 is signifi-
cantly related to demand in peribdWith the Markovian assumption, the demand distribution in
periodt + 1 only depends on demand in periodTherefore, we can add one more state variable
X; for the demand in current period in the dynamic programmargitilation to track the future
demand distribution.

The total number of states is still polynomial and we can ugeS®\A approximate DP based
approach as in Algorithm 2.2 to compute the near-optimateatyy.

We make the following four mild assumptions for the case Witirkovian demand.

Assumption 1.DemandX; is positive, i.e X >t for T > 0, and is bounded for arty

The bound assumption is without loss of generality if wewalbbsmall failure probabilityn.
Let C = max E [X]. By Markov inequality, we hav@ (X > M) < E[X] /M. LetM =TC/n. It
follows thatP (Xmax> M) < 5iP(X > M) < S{E[X] /M < TC/M = n, whereXmax= lrgt%xt,

is the peak demand.

Assumption 2. P (Xmax> M/2) > c for somec > 0.
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Algorithm 1.2 FPTAS for ac - optimal solution (Markovian Demand)
1: Givene >0, letA =eM/T.
2: Define the terminal valu®t 1 1(St+1, Y711, X7) = Vr+1(Sr+1, Y141, X7) = 0.
3:fort=T —1do
3:  solve the following DP for the optimal strategy by SAA:

N

— . 1 (i)
\A(S,%,Nfl)—ogrp}tlgs {Ei;[@({ _r]té—Yt)++gt<r}t)

+ Vi1 (s —me+ (0 —nta—vt)+,><§”>] } (14

where

N: : number of samples of;.

X[(i) ~ X[ Xe—1: ith sample ofX; based on the Markovian demand process.

4: end for
5: Return: {nf :t=1,--- T}

We require a lower bound on the probability that the peak dehnsat least half of the maximum
bound of the demand. This assumption is not too restrictivalows us to get a lower bound on

expected peak load,
M
EXmay > C§~

Assumption 3.58/T < alE(Xmax), for somea < 1.

We assume that the average amount of reduction from exgadintracts is a small constant frac-
tion of the expected maximum demand. This assumption i®nedde because demand-response
contracts are used to manage only peak loads and randorhilgrighich is only a small fraction

of the total demand.
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Assumption 4. The Markovian demany; have the following property,

min<xt*17 Xt/fl)
max(Xt_l, Xt/—1>

max(Xt,l, Xt/fl)

min(X[_]_, Xt/—1> f (X|Xt/fl>'

FxIXq) < F(X|X-1) <

If X;_1 andX/_; are close to each other, the conditional distribution fiomst are also close. This
characterizes the fact that the demand at tinreeexpected to depend heavily on the demand at
timet — 1.

We can prove the following theorem for the SAA algorithm.

Theorem 1.4.1.Suppose the number of sample=ND(T?/¢?) in computing the optimal strategy

for the discretized DP, then the cost of this optimal strateg1+€) - optimal, i.e.,
U1(S1,0) < (1+€)V4(S1,0)

with probability at leastL — O (%) -n.

The proof of the theorem is similar to the case with i.i.d. deoh We provide the details of

the proof in the Appendix.

1.4.2 Multiple Period Contracts

We can also offer contracts where an execution of a contearcteduce load for multiple consecu-
tive periods. Since contracts provide reduction in moréogist, previously executed contracts can
last up toy— 1 periods. The state space of the DP needs to maintain theanhéctive contracts

for each ofy— 1 future periods. The state variable in this setting3sY;, Ay, ), whereAp € RY1
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is a vector which tracks the active contractyil periods. Therefore, for constanthe number
of states is polynomial and Algorithm 2.2 can be easily agldypd obtain near-optimal execution
policies for this case.

After we define thisy+ 1-dimension state variable, we can have the DP formulatorthfe

problem and use the SAA approximate DP based algorithm.

1.4.3 Rejected Execution and Lead Times

We can also consider contracts where the customer can tejeatiuce load with certain proba-
bility and pay a penalty. For instance, if the rejection isd@led as a binomial process, we can
introduce a binomial random variakiig ~ bin(n;, p) to indicate the number of the contracts that
get executed and actually reduce load. Then we can comprigxpected realized load condition-
ing onB; and our algorithm can be adapted in a straightforward mansercan also incorporate
lead times between the contract execution request and thal d@ad reduction. In this case, we
compute decision for period t in perivd- L. There is no change in the state space of the DP.
Therefore, our SAA based dynamic programming approach i guowerful and can be

adapted to handle many operational constraints that caa iarpractice.

1.5 Computational Study

In this section, we present a computational study to tegieh®rmance of our SAA based dynamic
programming algorithm and contrast with the theoreticalrzts. We also analyze the structure of

the near-optimal policy computed by our algorithm.
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N VE(S,0) | RE. JUE(S,0) | RE. N VE(S,0) | RE. [UE(S,0) | RE.

100 42.99 | 0.20%| 43.41 | 0.67% 100 43.10 | 0.21%| 43.06 | 0.16%
200 43.09 | 0.02%| 43.24 | 0.26% 200 43.10 | 0.20%| 43.28 | 0.34%
400 43.14 | 0.14%| 43.19 | 0.16% 400 43.14 | 0.12%| 43.26 | 0.28%
800 43.05 | 0.07%| 43.17 | 0.10% 800 43.19 | 0.01%| 43.21 | 0.19%
1600 43.11 | 0.05%| 43.11 | 0.05% 1600 43.18 | 0.02%| 43.13 | 0.02%
3200 43.09 | 0.02%| 43.13 | 0.02% 3200 43.20 | 0.02%| 43.18 | 0.10%
6400 43.11 | 0.05%| 43.14 | 0.03% 6400 43.20 | 0.02%| 43.15 | 0.04%

12800| 43.08 - 43.13 - 12800 43.19 - 43.13 -
Table 1.1: Relative Error of Value Function Table 1.2: Relative Error of Value Function
and True Cost fog = 0.1 and True Cost fog = 0.05

1.5.1 Dependence on the Sample Size

We show that witrﬁ(Tz/ez) samples, Algorithm 2.2 guarantee¢lat €)-approximation of opti-
mal policy with high probability. In practice, we may be albeobtain a(1+ €)-approximation
with significantly smaller numbers of samples. We conduchgotational experiments to study
the effect of number of samples on the performance of ourighgn. In particular, we compare
the value function of SAA approximated Df’-],(Sl,O), and the cost of the policy computed by the
DP, U_l(Sl, 0), with respect to the sample size. For our numerical experimnee use the following
parametersS; = 30, T = 30,0 = 1 and there is a linear execution cost d®D per contract. The
load" 5" Unif (0,45).

Tables 1.11 and 1.2, show the value function and cost fum@sthe sample size increases
for different level of accuracg. We consider the value corresponding to the highest number o
samplesN = 12800 as the best approximation of the true value and contphateelative error
with respect to the best approximation for different sangtes. Tables 1.11 and 1.2 shows that

both the DP value function and the true cost function of theddkcy converge rapidly as the
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sample size increases. The relative error is less than 1%hwhismall compared with. This
indicates that the approximation algorithm performs wedirewith a smaller sample size. From the
theoretical bound, we would require around 1000000 santplesmpute &1+ €)-approximation
for e = 0.01. Thus, we can use much smaller number of samples in our $hPorimated DP

base algorithm to obtain a (&-approximation of the optimal policy in practice.

1.5.2 True Cost Distribution

Given a near-optimal policy, the cost of poliﬁy(sl, 0) might be different from the value function
of SAA approximated DR/;(S;,0). Table 1.3 presents the comparison between the true cost und
the approximated policy with the approximate DP value fiomcfor differente. We also give the

99% confidence interval of true cost function and comparh thié DP value function.

e | VE(S,0) [Uf(S,0)| 99%Cl. | RE.
0.15| 42.90 | 43.11 | (39.39,46.83) 0.49%
0.10| 43.05 | 43.11 | (39.37,46.85) 0.15%
0.05| 43.18 | 43.12 | (39.32,46.93) 0.14%
0.02| 4322 | 43.11 | (39.35,46.88) 0.02%
0.01| 4321 | 43.11 | (39.48,46.74) 0.02%

Table 1.3: True Cost Distribution

Table 1.3 shows that the relative error between the valuetiftmand the true cost is at most
0.493% and is much smaller than accuracy levéle also observe that the relative error decreases
ase decreases. This result agrees with Lemmas 2 and 3 for ouitalgowhich indicate that the

error\\7t —\7t\ and\U_t —\7t\ are both small with respect to the level of accuracy. Therdiszed value
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function\71(Sl,O) is inside the confidence interval in all the cases and is a gppdoximation of

the true cost of the DP policy.

1.5.3 Structure of Policy

We also study the structure of the near-optimal policy cotegiy our approximate SAA based
DP algorithm. We plot the approximated decisigmwith respect to the state varialffeandy; for
t=T—1andT —2in Figures 1.1 and 1.2.

We observe from Figure 1.1 and 1.2 that the optimal numbeobfracts to execute is almost
linear in§ andY; and remains constant after it reaches a threshold. Therefercan approximate
the policy by a affine function of the states with some rougdim obtain a integer decision on
the number of contracts. Such a functional approximatiauite useful as it provides a compact
representation of the approximate execution policy. Meeeat provides important insights into

valuation, pricing and designing of the demand-respons&acts.

1.5.4 Affine Approximation

Based on our observation of the policy structure, we consideaffine approximation of the ap-
proximate near-optimal policy. For any sample pathwe define the approximate decision func-

tion n;(w) as an affine function of the sta¥g(w), j =1,--- ,t,

t—1
M (w) =ap+ Y aXj(w),
=1
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Figure 1.1: Near-optimal Policy at Period T-1

Figure 1.2: Near-optimal Policy at Period T-2
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wherea’jsare the unknown coefficients. The approximate executiorsibeconly depends on the
previous demands. Our goal is to solve for the coefficiag"ssuch that the total expected execu-
tion cost is minimized. Since we are working with sample patte approximate the expectation
by sample average and formulate the optimal execution enolals follows,
. 1
min - < (Yr (@) + (e (w)) (1.5.1)
t-1
st. m(w) =ay+ > al Xj(w),
=1

.
n(w) <9,

t=
Y (@) > X (w) — ne(w),
Yi(w) > Yi-1(w),

Yi(w) > 0.

We compare the true cos_tl(sl) with DP approximation and affine approximation for i.i.d.
demand. Recall that the true cost is the sum of the peak vallitha total execution cost. For our
numerical experiment, we approximate up to the accugae®.05 and fix the time period, = 15,
and the number of sample pathé,= 1000, which is sufficient according to the computational
experiment in previous section. We use a linear executighfomction, so there is an execution
cost of p per contract. We test for different value §f and the per unit execution copt p is
chosen to achieve both the trivial and non-trivial optinahtegies. To be more specific, in our
instance, ifp = 0.08, we will not execute any contract as the marginal costghkdr than the peak

reduction. On the contrary, g= 0.04, we will use up all the contracts to reduce the peak load. We
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show the results in Table 1.4 for loads ~ Unif|[0,5], in Table 1.5 forX; '~ N(2.5,2) truncated

ii.d.

on[0,5] and in Table 1.6 foX; ~ N(2.5,0.4) truncated on0, 5].

TATT

(S1,p) UPP(S1) (S.E.)| U7 ' (S1) (S.E.)| Rel. Err.
(45,0.08)| 4.64(0.29) 4.70(0.29) | 1.29%
(45,0.06)| 4.34(0.31) 4.41(0.31) | 1.61%
(45,0.04)| 3.47(0.32) 3.51(0.31) | 1.15%
(30,0.08)| 4.64(0.30) 4.70(0.29) | 1.29%
(30,0.06)| 4.43(0.33) 451(0.31) | 1.81%
(30,0.04)| 3.87(0.32) 3.91(0.31) | 1.03%
(15,0.08)| 4.64(0.30) 4.70(0.29) | 1.29%
(15,0.06)| 4.54(0.33) 4.61(0.31) | 1.54%
(15,0.04)| 4.27(0.32) 4.31(0.31) | 0.94%

Table 1.4: Comparison dﬂ_l(Sl) with DP approximation and affine approximation for uniform

load.

TATT

(S1,p) UPP(S) (S.E.) (S1) (S.E.)| Rel. Err.
(45,0.08)| 4.38(0.39) 4.41(0.41) | 0.68%
(45,0.06)| 4.03(0.40) 4.13(0.42) | 2.48%
(45,0.04)| 3.19(0.44) 3.20(0.44) | 0.31%
(30,0.08)| 4.37(0.39) 4.42(0.40) | 1.14%
(30,0.06)| 4.14(0.39) 4.25(0.45) | 2.66%
(30,0.04)| 3.61(0.40) 3.63(0.41) | 0.55%
(15,0.08)| 4.37(0.39) 4.42(0.40) | 1.14%
(15,0.06)| 4.25(0.41) 4.34(0.44) | 2.12%
(15,0.04)|  3.98(0.43) 4.04(0.43) | 1.51%

Table 1.5: Comparison d»jTl(Sl) with DP approximation and affine approximation fd(2.5,2)

truncated ono, 5].

We see from Table 1.5 and Table 1.4 that the true costs with fipfPogimation and affine

approximation are very close to each other for both distidms, although the peak values and the

total execution costs may not be close respectively undetvib strategies. This is reasonable as

we are approximating the execution strategy using a linffisegfunction, instead of a piecewise

affine function. Note that in the case if the optimal strategiyivial, the affine approximation is
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(SL,p) | UPP(s) (SEE)| U (S)) (S.EE.)| Rel. Err.
(45,0.08)] 3.58(0.34) 3.61(0.36) | 0.84%
(45,0.06)| 3.24(0.33) 3.32(0.36) | 2.48%
(45,0.04)| 2.34(0.33) 2.35(0.36) | 0.43%
(30,0.08)] 3.58(0.34) 3.61(0.35) | 0.84%
(30,0.06)| 3.31(0.33) 3.41(0.34) | 3.02%
(30,0.04)| 2.76(0.33) 2.81(0.36) | 0.55%
(15,0.08)] 3.56(0.34) 3.60(0.33) | 1.12%
(15,0.06)| 3.44(0.34) 3.52(0.33) | 2.33%
(15,0.04)| 3.17(0.33) 3.21(0.35) | 1.26%

Table 1.6: Comparison m?l(sl) with DP approximation and affine approximation f¢2.5,0.4)
truncated ono, 5]

even closer to the DP approximation. Since affine approxonatoes not depend anwhile the
running time of DP approximate increases significantlg aecreases, affine approximation is a
good alternative to compute the execution strategy whenadl sns required.

Note that we allow execution of fractional contract in théraf approximation. In order to
make a more fair comparison, we round the solution from a#p@oximation algorithm in the fol-
lowing way. Given the number of contract in tihey, we executdn,| with probabilityn; — ||,
and|n |, with probabilityny — [n;]. Further, in the true execution of the contracts, we asshate t
the number of contracts available at the very beginningagriaximum multiple of the time period
which is not greater than the actual number of contractss Wi ensure that we won't use up
more contracts than needed because we could take the a#iling affine approximation solution.
We call this heuristic randomize rounding of affine approdimn with modified contracts.

We also compare our DP approximation with the static satutibthe optimization problem

(1.3.1), which is obtained by solving the integer program.



DP

Affine (continuous)

Affine(randomized)

Static

(S1,p)

UPP(s1)

U_f\”(S])

Rel. Err.

Ul (sy)

Rel. Err.

UZ(Sy)

(70, 0.06)
(65, 0.06)
(60, 0.06)

4.21(0.26)
4.20(0.26)
4.23(0.28)

4.28(0.29)
4.30(0.29)
4.31(0.31)

1.66%
2.38%
1.89%

4.29(0.28)
4.28(0.28)
4.31(0.31)

1.90%
1.90%
1.89%

4.23(0.26)

(59, 0.06)
(58, 0.06)
(57, 0.06)
(55, 0.06)
(53, 0.06)
(50, 0.06)
(45, 0.06)

4.23(0.30)
4.23(0.31)
4.24(0.32)
4.26(0.33)
4.27(0.31)
4.30(0.33)
4.32(0.32)

4.37(0.39)
4.61(0.69)
4.92(0.99)
5.14(1.27)
5.03(1.16)
4.75(0.99)
4.42(0.33)

3.31%
8.98%
16.04%
20.66%
17.80%
10.47%
2.32%

4.38(0.31)
4.38(0.30)
4.39(0.30)
4.40(0.30)
4.39(0.29)
4.38(0.32)
4.42(0.33)

3.55%
3.55%
3.54%
3.29%
2.81%
1.86%
2.32%

4.35(0.30)

(43, 0.06)
(40, 0.06)
(35, 0.06)
(30, 0.06)

4.32(0.32)
4.36(0.33)
4.39(0.31)
4.42(0.31)

4.67(0.67)
4.95(0.86)
4.85(0.82)
4.50(0.33)

8.10%
12.84%
10.48%

2.26%

4.48(0.29)
4.48(0.31)
4.46(0.31)
4.50(0.33)

3.70%
2.75%
1.59%
1.81%

(20, 0.06)

4.49(0.30)

4.56(0.36)

1.56%

4.58(0.3)

2.00%
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Table 1.7: Comparison &f1(S;) with DP approximation and affine approximation fé¢2.5,0.4)
truncated ono, 5].

DP
Urt(sy

Static
UZ(S) [ Rel. Em

(S, p)

(45, 0.09)
(35, 0.09)
(25, 0.09)
(15, 0.09)

4.26(0.41)
4.29(0.49)
4.37(0.52)
4.49(0.54)

4.32(0.37)
4.38(0.49)
4.47(0.51)
4.57(0.51)

1.41%
2.10%
2.29%
1.78%

Table 1.8: Comparison cbj_l(Sl) with DP approximation and static approximation for Marlavi
demand.

1.5.5 Comparison of i.i.d. demand and Markovian stationarydemand.
In this section, we present a computational study to comgrege.i.d. demand and Markovian

stationary demand. We also analyze the structure of theapamal policy computed by our

algorithm. We consider a polynomial number of discretizallig forX; andY; and define Q to be



p=0.06 DP Affine (randomized) Static
S UPP(S) | U(S) |Rel.Em| UZS) | Rel Erm.
90 9.11(1.17)| 9.54(0.91)| 4.72% | 9.70(1.44)| 6.48%
75 9.12(1.30)| 9.57(1.08)| 4.93% | 9.70(1.44)| 6.36%
70 9.13(1.34)| 9.57(1.13)| 4.82% | 9.70(1.44)| 6.24%
60 9.19(1.38)| 9.60(1.25)| 4.46% | 9.70(1.44)| 5.55%
55 9.24(1.42)| 9.60(1.28)| 3.90% | 9.70(1.44)| 5.00%
50 9.29(1.34)| 9.61(1.33)| 3.44% | 9.70(1.44)| 4.41%
45 9.37(1.31)| 9.63(1.36)| 2.77% | 9.70(1.44)| 3.52%
40 9.38(1.29)| 9.64(1.36)| 2.77% | 9.70(1.44)| 3.41%
35 9.43(1.26)| 9.65(1.39)| 2.33% | 9.70(1.44)| 2.86%
30 9.47(1.27)| 9.67(1.42)] 2.11% | 9.70(1.44)| 2.43%
25 9.51(1.27)| 9.68(1.40)| 1.78% | 9.71(1.44)| 2.10%
20 9.56(1.28)| 9.69(1.40)| 1.36% | 9.71(1.44)| 1.57%
15 9.59(1.30)| 9.70(1.44)| 1.15% | 9.71(1.44)| 1.25%
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Table 1.9: Comparison chiTl(Sl) with DP approximation and static approximation for i.i.ce-d

mandX;.

the transition matrix of the discretized demand process.

Qj =PXs1=]jX=10), > Qj=1
]

The demand in the Markovian model is no longer independerd.c@visider a simple example

whereX;’s are all identically uniformly distributed. Since the Ntawr chain is stationary, we shall

havey; Qij = 1 with uniform demand, which indicates th@tis a doubly stochastic matrix. We

further impose the following monotonicity assumption oa thansition matrix,

BQij; < Qij,y Vj1> jo>i

BQij; < Qij,, Vj1 < j2 <i



p=0.06 DP Affine (randomized) Static
S UPP(S) | U(S) |Rel.Em| UZS) | Rel Erm.
90 8.34(0.93)| 8.67(1.06)| 3.96% | 8.77(1.13)| 5.16%
75 8.34(0.97)| 8.67(1.07)] 3.96% | 8.77(1.13)| 5.16%
70 8.34(1.01)| 8.67(1.13)] 3.96% | 8.77(1.13)] 5.16%
60 8.34(1.02)| 8.68(1.13)| 4.08% | 8.77(1.13)| 5.16%
55 8.35(1.00)| 8.68(1.12)] 3.95% | 8.77(1.13)| 5.03%
50 8.37(1.01)| 8.70(1.12)] 3.94% | 8.77(1.13)| 4.78%
45 8.38(1.00)| 8.72(1.14)| 4.06% | 8.77(1.13)] 4.65%
40 8.39(1.02)| 8.72(1.14)| 3.93% | 8.77(1.13)] 4.53%
35 8.41(1.02)| 8.73(1.14)| 3.80% | 8.77(1.13)| 4.28%
30 8.42(1.03)| 8.75(1.14)| 3.92% | 8.77(1.13)| 4.15%
25 8.48(1.03)| 8.77(1.15)| 3.42% | 8.78(1.16)| 3.54%
20 8.53(1.05)| 8.76(1.15)| 2.70% | 8.78(1.16)| 2.93%
15 8.59(1.04)| 8.77(1.15)| 2.10% | 8.78(1.16)| 2.21%
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Table 1.10: Comparison (bfl(sl) with DP approximation and static approximation for i.i.ce-d

mandX;.

N V(S1,0) - i.i.d. demand| V(S,0) - Markovian demand
2000 3.8354624 2.9465

Table 1.11: Comparison of i.i.d. demand and Markovian @tatiy demand.

The monotonicity assumption captures the fact that the ddnraperiodt + 1 is more likely to
stay close to the demand in period

For our numerical experiment, we use the following paramnset§; = 3,T =3,0=1. The
load ~Unif(0,6). The cost of executing one contract is 0.1. We see in tablethat the cost of
the near-optimal policy is lower with the Markovian demahdn with i.i.d demand, because we
get more information about the load level given all the dednlaistory, which helps us to make a
better decision.

In Figure 1.3 and 1.4, we compare the structure of the netaimappolicy from our SAA

algorithm with respect to the current load level. With thene& andY;, we tend to execute the
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policy instead of leaving for the future when the current danhis high, because we know that it

is highly likely that the load will keep at a high level.

Plot of approxmated policy for tire petiod T-1 [Jow demnand) Plot of approxdmated policy for tine petiod T-1 [iid defnand]

Figure 1.3: Near-optimal Policy at Period T-1



Plat of approvimat ed palicy for e period T-2 [low dernand) Plat of approvimated policy fortime period T-2 [mnid dernand)

Figure 1.4: Near-optimal Policy at Period T-2

40
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Chapter 2

Coflow Scheduling

In this chapter, we study the coflow scheduling problem wiscNP-hard and present the first

polynomial-time approximation algorithms for this proive

2.1 Introduction

2.1.1 Background and Motivation

With the explosive growth of data-parallel computationnfeavorks such as MapReduce [16],
Hadoop [1,9, 43], Spark [51], Google Dataflow [2], etc., mwdeata centers are able to process
large-scale data sets at an unprecedented speed. A key ifact@terializing this efficiency is

parallelism: many applications written in these framewgoalternate between computation and
communication stages, where a typical computation stagguges many pieces of intermediate
data for further processing, which are transferred betvggenps of servers across the network.

Data transfer within a communication stage involves a la@jéection of parallel flows, and a
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computation stage often cannot start until all flows withjoraceding communication stage have
finished [14, 17].

While the aforementioned parallelism creates opportesmitor faster data processing, it also
presents challenges for network scheduling. In particaitaditional networking techniques fo-
cus on optimizing flow-level performance such as minimiZiogy completion times, and ignore
application-level performance metrics. For example, theetthat a communication stage com-
pletes is the time that the last flow within that stage finiskest does not matter if other flows of
the same stage complete much earlier than the last.

To faithfully capture application-level communicatiomguerements, Chowdhury and Stoica
[13] introduced thecoflow abstraction, defined to be a collection of parallel flows vétbom-
mon performance goal. Effective scheduling heuristicsawgoposed in [15] to optimize coflow
completion times. In this chapter, we are interested in ldgweg scheduling algorithms with
provable performance guarantees, and our main contribigi@a deterministic polynomial-time
64/3-approximation algorithm and a randomized polynomialet{8 + 16v/2/3)-approximation
algorithm, for the problem of minimizing the total weighteoimpletion time of coflows with zero

release times. These are the figgtl)-approximation algorithms for this problem.
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Coflow Ingress Ports Egress Ports
1|1
B< 8
[2 Y
Bi<_ 112" "B
Mappers Shuffle Operation Reducers

Figure 2.1: A MapReduce application in &2 network
2.1.2 Preliminaries

System Model

The network

In order to describe the coflow scheduling problem, we firsdre specify the conceptual model
of the datacenter network. Similar to [15], we abstract betrietwork as one gianbn-blocking
switch [4, 7, 26, 38] withm ingress portandm egress ports- which we call anm x m network
switch — wherem specifies the network size. Ingress ports represent physieatual links (e.qg.,
Network Interface Cards) where data is transferred fromeserto the network, and egress ports
represent links through which servers receive data. Wenasshat the transfer of data within
the network switch isnstantaneousso that any data that is transferred out of an ingress port
is immediately available at the corresponding egress pidrere are capacity constraints on the
ingress and egress ports. For simplicity, we assume thatoas have unit capacity, i.e., one
unit of data can be transferred through an ingress/egresp@ounit time. See Figure 2.1 for an
example of a % 2 datacenter network switch. In the sequel, we sometimeshestermsnputs

andoutputsto mean ingress and egress ports respectively.
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Coflows

A coflowis defined as a collection of parallel flows with a common penfance goal. We assume
that all flows within a coflow arrive to the system at the sammetitherelease timef the coflow. To
illustrate, consider the shuffling stage of a MapReduceiegipdn with 2 mappers and 2 reducers
that arrives to a % 2 network at time 0, as shown in Figure 2.1. Both mappers neécnsfer
intermediate data to both reducers. Therefore, the shgffiiage consists of 2 2 = 4 parallel
flows, each one corresponding to a pair of ingress and egogts ffror example, the size of the
flow that needs to be transferred from input 1 to output 2 is1gydneral, we use anx m matrix

D= (dij)ir:-:l to represent a coflow, in @ x m network. dij denotes the size of the flow to be
transferred from input to outputj. We also assume that flows consist of discrete data units, so

their sizes are integers.

Scheduling constraints

Since each input can transmit at most one data unit and efght@an receive at most one data unit
per time slot, deasibleschedule for a single time slot can be described ha&chingbetween the
inputs and outputs. When an input is matched to an outputrasgmonding data unit (if available)

is transferred across the network. To illustrate, consadgin the coflow in Figure 2.1, given by

12
the matrix . When this coflow is the only one present, it can be complatetitime
2 1
10 01 01
slots, using matching schedules described by , and . Here entry
01 10 10

1 indicates a connection between the corresponding inpditoatput, so for example, the first
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matching connects input 1 with output 1, and input 2 with atth When multiple coflows are
present, it is also possible for a matching to involve daigsdrom different coflows.

An alternative approach toward modeling the schedulingsttamts is to allow the feasible
schedules to consist ote allocations so thatfractional data units can be processed in each
time slot. This approach corresponds to finding fractionatahnings, and is used in most of the
networking literature. We dootadopt this approach. When rate allocations can vary cootisly
over time, there is a much larger (infinite) set of allowaldbeslules. Furthermore, unless the
time horizon is exceptionally short, restricting decisimaking to integral time units results in
a provably negligible degradation of performance. Integratchings will give rise to a much

cleaner problem formulation, as we see below, without 8eitrg the richness of the problem.

Problem statement

We consider the following offline coflow scheduling probleifhere aren coflows, indexed by
k=12,....,n. Coflowk is released to the system at timg k=1,2,...,n. Let the matrix of

flow sizes of coflowk be denoted by

<di(jk)>.m. X Wheredi(jk) is the size of the flow to be
i,j=

transferred from inputto outputj, of coflowk. The completion time of coflow, denoted by, is

the time when all flows from coflokhave finished processing. Data units can be transferredsacro
the network subject to the scheduling constraints destritaglier. Lety(i, j,k,t) be the number
of data units being served in time sligtwhich belong to coflonk and which require transfer
from inputi to outputj. Then, in each time sldt the following 2n matchingconstraints must be

satisfied. For=1,2,...,m, 3¢, ZTLly(i, j’,k,t) < 1, ensuring that inputprocesses at most one

data unit at a time, and similarly,y_; 3", y(i’, j,k,t) <1, for each outpuj = 1,2,...,m.



46

For given positive weight parametemg, k=1,2,...,n, we are interested in minimizirfgj" ; wiCx,
the total weighted completion time of coflows. In a data certeflows often come from differ-
ent applications, so the total weighted completion timeaffosvs is a reasonable user/application
oriented performance objective. A larger weight indicdtegher priority, i.e., the corresponding
coflow needs to be completed more quickly.

To summarize, we can formulate our problem as the followiagh®matical program.

n

(O) Minimize Zwka subject to
K=1

& K
y(i,jkt) >d, fori,j=1,...mk=1,...n (2.1.1)
t=
n m
y(i,j’ kt) <1 fori=1,...,m, Vt; (2.1.2)
K==
z Z y(i',j,kt) <1 forj=1,...,m Wt; (2.1.3)
k=1i"=1
y(i, J,kt) =0ift <ry, fori,j=1,....m, Vit k; (2.1.4)
y(i, i,k t) binary, Vi, j,t,k. (2.1.5)

The load constraints (2.1.1) state that all processingirepents of flows need to be met
upon the completion of each coflow. (2.1.2) and (2.1.3) aeentlatching constraints. The release
time constraints (2.1.4) guarantee that coflows are beingdenly after they are released in the
system. Note that this mathematical program is not an intigear programming formulation

because variablgg are in the limit of the summation.



a7

The coflow scheduling problem (O) generalizes some wellaknscheduling problems. First,
whenm =1, it is easy to see that coflow scheduling is equivalent tgleimachine scheduling
with release times with the objective of minimizing the totaeighted completion time, where
preemption is allowed. The latter problem is strongly NiPdh&9], which immediately implies
the NP-hardness of problem (O) with general release times.

The coflow scheduling problem (O) is also closely relatedhwhie concurrent open shop prob-
lem [3, 40], as observed in [15]. When all the coflows are gibgrdiagonal matrices, coflow
scheduling is equivalent to a concurrent open shop scheglplioblem [15]. To see the equiva-
lence, recall the problem setup of concurrent open shopt Afsgjobs are released into a system
with m parallel machines at different times. Hoe {1,2,---,n}, jobk is released at timg and

requires pi(k)

units of processing time on machinefor i € {1,2,...,m}. The completion time
of job k, which we denote by, is the time that its processing requirements on all mashame
completed. Let(i,k,t) be the indicator variable which equals 1 if j@hs served on machinke

at timet, and O otherwise. Lety be positive weight parameters= 1,2,...,n. Then, we can

formulate a program (CO) for concurrent open shop scheglulin

(CO) Minimize % Wi Ci

q
subject to Z i,k,t) > pik, Vi, k;

z(i,k,t) =0if t <ry, Vi, Kk t;

z(i,k,t) € {0,1},Vi,kit.
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Now consider the following coflow scheduling problem. Inrarxx m network, each port has unit
capacity, and for eack € {1,---,n}, DK is a diagonal matrix with diagonal entries given by
pi(k), i € {1,---,m}. Then, wheri # j, we always havg(i, j,k,t) = 0. If we rewritey(i,i,kt) as
z(i,k,t), program (O) is equivalent to (CO).

The concurrent open shop scheduling problem has been sbhdverstrongly NP-hard [3]. Due
to the connection discussed above, we see immediatelyhiabtflow scheduling problem is also

strongly NP-hard. We summarize this result in the followlegma.
Lemma 1. Problem (O) is NP-hard for n» 2.

Although there are similarities between the concurrennaglep and the coflow scheduling
problem, there are also key differences which make the cdtdveduling problem a more chal-
lenging one. First, coflow scheduling involvesupled resources the inputs and outputs are
coupled by the scheduling constraints. As a result, the wadlcheduling problem has also been
calledconcurrent open shop with coupled resourae$l5]. Second, for concurrent open shop,
there exists an optimal schedule in which jobs can be predasghe same order on all machines,
i.e., the schedule isgermutationschedule [3]. In contrast, permutation schedules needeopb
timal for coflow scheduling [15]. LP-relaxations based omgdetion time variables, which have
been used for concurrent open shop (see e.qg., [32]) use taramuschedules in a crucial way and

do not immediately extend to the coflow scheduling problem.
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2.1.3 Main Results

Since the coflow scheduling problem (O) is NP-hard, we foaudireding approximation algo-
rithms, that is, algorithms which run in polynomial time areturn a solution whose value is
guaranteed to be close to optimal. I&{OPT) andCy(A) be the completion times of coflow

under an optimal and an approximation scheduling algoritspectively. Our main results are:

Theorem 1. When all the coflows are released into the system at time & éxésts a deterministic

polynomial time54/3-approximation algorithm, i.e.

> ko1 WKCk(A)

64
< —.
=73

Theorem 2. When all the coflows are released into the system at time & #xésts a randomized

polynomial timg(8 + 161/2/3)-approximation algorithm, i.e.

E[S,WG(A)] _ . 16v2
zﬂzlwkCK(OPT)§8+ 3

Our deterministic (described in Algorithm 2.2) and randpaci algorithms combine ideas from
combinatorial scheduling and matching theory along witmemew insights. First, as with many
other scheduling problems (see e.g. [21]), particularlyafieerage completion time, we relax the
problem formulation (O) to a polynomial-sized intervatteéxed linear program (LP). The relax-
ation involves both dropping the matching constraints.@.and (2.1.3), and using intervals to
make the LP polynomial sized. We then solve this LP, and usgpéimal solution to the LP to

obtain an ordered list of coflows. Then, we use this list toveesin actual schedule. To do so, we
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partition coflows into a polynomial number of groups, based® minimum required completion

times of the ordered coflows, and schedule the coflows in tme ggoup as a single coflow using
matchings obtained from an integer version of the Birkhaift Neumann decomposition theorem
(Lemma 5 and Algorithm 2.1).

The analysis of the algorithm couples techniques from theaweas in interesting ways. We
analyze the interval-indexed linear program using toatsilar to those used for other average
completion time problems, especially concurrent open shbp interval-indexed rather than time-
indexed formulation is necessary to obtain a polynomia¢taigorithm, and we use a lower bound
based on a priority-based load calculation (see Lemma 4).aée show how each coflow can
be completed by a time bounded by a constant times the optiomapletion time, via a clever
grouping and decomposition of the coflow matrices. Here dlaringe is to decompose the not

necessarily polynomial length schedule into a polynomighhber of matchings.

2.1.4 Related work

The coflow abstraction was first proposed in [13], althoughdlea was present in a previous paper
[14]. Chowdhury et al. [14] observed that the optimal preoas time of a coflow is exactly equal
to itsload, when the network is scheduling only a single coflow, andtlhwgbn this observation
to schedule data transfer in a datacenter network. Chowdtual. [15] introduced the coflow
scheduling problem with zero release times, and providegt®fe scheduling heuristics. They
also observed the connection of coflow scheduling with coect open shop, established the
NP-hardness of the coflow scheduling problem, and showed gianple counter-example how

permutation schedules need not be optimal for coflow sciveglul
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There is a great deal of success over the past 20 years on ol scheduling to mini-
mize average completion time, see e.g. [21, 36, 37, 44]. lifesof works typically uses a linear
programming relaxation to obtain an ordering of jobs andh thges that ordering in some other
polynomial-time algorithm. There has also been much worklap scheduling, which we do not
survey here, but note that traditional shop scheduling iseancurrent”. In the language of our
problem, that would mean that traditionally, two flows in 8#ne coflow couldot be processed
simultaneously. The recently studied concurrent open ghoblem removes this restriction and
models flows that can be processed in parallel. There havedseral results showing that even
restrictive special cases are NP-hard [3, 12, 20, 46]. Theme several algorithms with super-
constant (actually at least, the number of machines) approximation ratios, e.g., [348048].
Recently there have been several constant factor apprtagimealgorithms using LP-relaxations.
Wang and Cheng [48] used an interval-indexed formulati@vesal authors have observed that a
relaxation in completion time variables is possible [12,31], and Mastrolilli et al. [32] gave a
primal-dual 2-approximation algorithm and showed stromgedness results. Relaxations in com-
pletion time variables presume the optimality of permwotaschedules, which does not hold for
the coflow scheduling problem. Thus, our work builds on thenidation in Wang and Cheng [48],
even though their approach does not yield the strongesozippation ratio.

The design of our scheduling algorithms relies cruciallyadnndamental result (Lemma 5 in
this paper) concerning the decomposition of nonnegatieger-valued matrices into permutation
matrices, which states that such a matrix can be written amao$p permutation matrices, where
p is the maximum column and row sum. This result is closelyteel#o the classical Birkhoff-von

Neumann theorem [8], and has been stated in different fontigpplied in different contexts. For
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an application in scheduling theory, see e.g., [28]. Foliegfons in communication networks,

seee.g., [11,31,33,42].

2.2 Linear Program (LP) Relaxation

In this section, we present an interval-indexed linear mogrelaxation of the scheduling problem
(O), which produces a lower bound o1f_; wiCy(OPT), the optimal value of the total weighted
completion time, as well as an ordering of coflows for our agpnation algorithms (82.2.1).
We then define and analyze the conceptmakimum total input/output loagdw/hich respect the
ordering produced by the LP, and relate these concefilg(@PT) (82.2.2). These relations will

be used in the proofs of our main results in 82.3.3.

2.2.1 Two Linear Program Relaxations

From the discussion in §2.1.2, we know that problem (O) isHdRd. Furthermore, the formula-
tion in (2.1.1) - (2.1.5) is not immediately of use, sincesitat least as hard as an integer linear
program. We can, however, formulate @uterval-indexed linear prograniLP) by relaxing the
following components from the original formulation. (i)rbi, we develop new load constraints
(see (2.2.3) and (2.2.4)), by relaxing the matching comgg#2.1.2) and (2.1.3) and the load con-
straints (2.1.1), and formulateteme-indexed linear program(The matching constraints will be
enforced in the actual scheduling algorithm.) The timesietl LP has been used many times
(e.q. [5, 21]) but typically for non-shop scheduling prahke Note that in order to use it for our

problem, we drop the explicit matching constraints. We tiah (LP-EXP) below. (ii) Second,
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in order to get a polynomial sized formulation, we divide ¢irffwhich may not be polynomially
bounded) into a set of geometrically increasing intervélls. call this annterval-indexed integer
program and it is also commonly used in combinatorial schedulinglding so, we have a weaker
relaxation than the time-indexed one, but one that can vedah polynomial time. We then relax
the interval-indexed integer program to a linear prograchsoive the linear program.

To implement relaxation (i), let us examine the load and matgconstraints (2.1.1) — (2.1.3).
Constraints (2.1.2) and (2.1.3) imply that in each time sleach input/output can process at most
one data unit. Thus, the total amount of work that can be gs®zEby an input/output by tintes
at mostt. For each time slatand eactkk=1,2,....n, let z[(k) € {0,1} be an indicator variable of

the event that coflow completes in time sldt Then

n

ZZ gd 1289 and ilz Zd,,

k=1j'=1 k=1i"=

are, respectively, the total amount of work on inpand outputj, from all coflows that complete

before timet. Therefore, for each we must have

t n m
S dej",)zé") <t foralli=12....m 2.2.1)
S1k=1i=1
c 5 ¥ gk
d; < t, forallj=1,2,...,m, (2.2.2)
S;kzllgl "]

which are the load constraints on the inputs and outputs.
To complete relaxation (i), we require an upper bound on itine needed to complete all

coflows in an optimal scheduling algorithm. To this end, rib&d the naive algorithm which sched-
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ules one data unit in each time slot can complete procestlitigeacoflows inT = max({rg} +
She1 Zm':l di(jk) units of time, and it is clear that an optimal scheduling &than can finish pro-
cessing all coflows by tim&. Taking into account constraints (2.2.1) and (2.2.2), adxing

the integer constraimék) € {0,1} into the corresponding linear constraints, we can forneula¢

following linear programming relaxation (LP-EXP) of thefloav scheduling problem (O).

n T
(LP-EXP) MinimizeZwkthzt('O subject to
k=1 t=

di(jk,)zgk)gt7 fori=1,....mt=21....T; (2.2.3)
1

N =
Y E

k

1

M- M-

d¥AY <t forj=1,..mt=1..T; (2.2.4)

M =

k=1i'=1

m m
M =0ifre+ > dff >torr+ > d > t; (2.2.5)
i=1 i'=1
< (K
z’ =1 fork=1,...,n
Py

29>0 fork=1,....n,t=12....T.

Since the timd@ can be exponentially large in the sizes of the problem inpiitsnota priori clear
that the relaxation LP-EXP can be solved in polynomial titmeorder to reduce the running time
and find a polynomial time algorithm, we divide the time horiznto increasing time intervals:
(0,1],(1,2],(2,4],...,(2-72,2-71], whereL is chosen to be the smallest integer such that 2 T.
The inequality guarantees that 2 is a sufficiently large time horizon to complete all the cofiow
even under a naive schedule. We also define the followinginatéor time points:tp = 0, and

1, =21 forl = 1,....L. Thus, thdth time interval runs from time _1 to 1.
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Fork=1,...,nandl =1,... L, Ietxl(k) be the binary decision variable which indicates whether
coflow k is scheduled to complete within the interaj_;,T)]. We approximate the completion
time variableCy by Z|L:1TI71X|(k)' the left end point of the time interval in which cofldufinishes,

and consider the following linear program relaxation (LP).

n L
(LP)  Minimize Z Wi z T|,1x|(k) subject to
k=1 1=

n m
SY S A <u fori=1.mi=1..L (2.2.6)
U=1Kk=1j=1
I n m

> d¥xt) <m,forj=1...mI=1..,L (2.2.7)
u=1k=1i'=1
W _ it 3 d¥ S 4> 1 2.2.8
X =0i rk+z i > orrk+z b > T, (2.2.8)

j'=1 i'=1

L
ZX,(k) =1 fork=1,...,n
=

xfk> >0, fork=1,...,n1=1,... L.

The relaxations (LP-EXP) and (LP) are similar, except that time-indexed variabl@k) are

replaced by interval-index variablezg). The following lemma is immediate.

Lemma 2. The optimal value of the linear program (LP) is a lower boundtbe optimal total

weighted completion timg;_, wiCy(OPT) of coflow scheduling problem (O).

Proof. Consider an optimal schedule of problem (O) anckg‘ét: 1 if coflow k completes within
theuth time interval. This is a feasible solution to problem (MA)h the load and capacity con-

straints (2.2.6) and (2.2.7) and the feasibility constréidr.8) all satisfied. Moreover, since coflow
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k completes within therth interval, the coflow completion time is at leagt 1. Hence, the objec-
tive value of the feasible solution constructed is no moaa tine optimal total weighted completion

time y¢_, wiCy(OPT). O

Since the constraint matrix in problem (LP) is of s2&n-+m)logT) by O(nlogT) and the
maximum size of the coefficients@logT ), the number of bits of input to the problengn(m-+
n)(logT)3). The interior point method can solve problem (LP) in polynairtime [27].

From an optimal solution to (LP), we can obtain an orderingaffows, and use this order in
our scheduling algorithms (see e.g., Algorithm 2.2). To dplst an optimal solution to problem
(LP) bexfk) fork=1,...,nandl =1,...,L. The relaxed problem (LP) computes an approximated
completion time

Ce=Y 1-1%? (2.2.9)

for coflowk, k=1,2,...,n, based on which we reorder coflows. More specifically, werteo

and index the coflows in a nondecreasing order of the appaieidncompletion time§, i.e.,
Ci1<C,<...<Cp. (2.2.10)

For the rest of the paper, we will stick to this ordering andixing of the coflows.

Wang and Cheng [48] gave a AB-approximation algorithm for the concurrent open shofpro
lem using a similar interval-indexed linear program. Ogioaithms are more involved because we
also have to address the matching constraints, which dopp®aa in the concurrent open shop

problem.
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2.2.2 Maximum Total Input / Output Loads

Here we define thenaximum total input/output loadsespecting the ordering and indexing of
(3.4.2). For eaclk, k=1,2,...n, define themaximum total input loady) the maximum total

output load ¢ and themaximum total load yby

2 S <
2 2 4y } k= j:”f,?.’fm{iz 2 g }
and  Vx = max{ly, J} (2.2.11)

respectively. For each(eachj, respectively) 5™, zgzldi(ﬁ) (zi”ﬂ:l zgzldi(,gj’), respectivelg is
the total processing requirement on inp(dgutputj) from coflows 12, ... k. Thatis, theotal load
is the sum of the loads of the lower numbered coflows. By thd tmmstraintsyy is a universal
lower bound on the time required to finish processing cofloy&.1.,k, under any scheduling

algorithm. We state this fact formally as a lemma.

Lemma 3. For k=1,2,....n, letC® be the time that all coflows, ...,k complete, where the

indexing respects the ord€B.4.2) Then, under any scheduling algorithm,
Vi <CW (2.2.12)

for all k simultaneously.

The following lemma, which states that with a proper ordgriri the coflowsV is a 16/3-
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approximation of the optim&y(OPT) for all k simultaneously, is crucial for the proof of our main

results in the next section.

Lemma 4. LetCy be computed from problem (LP) by Eq. (2.2.9) and be indexeld that (3.4.2)

is satisfied. Thenk (16/3)C«(OPT), k=1,...,n.

Proof. Proof of Lemma 4 The idea of the proof follows Wang and Cherg].[4Suppose that
Tu_1 < Cx < 1, for some u. We consider the following three cases.

~ 5ty
Case (1Ck < =4=.

Foranyg=1,--- k, we have

Therefore,

ool W

u
—0) >
|le|

Letg" = argmin 4 zf‘zlifg). We know from Eqg. (2.2.11) that

<
I
3
£

——
: _3
Q
X

—N

Il 3

_3
Q
X
—N—
g E
@ @
&Mz— & =
o C
) -
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We then have

Using the constraints (2.2.6) and (2.2.7), we have

Ty 8_ 16 16 —
S g “3uT <3G
211X

Case (24 <Gy < 3%*1

Define a sequenag,,h=1,2,..., by

1
a].:Za
h—1
1—-04
ah:].— Gq—ﬁ,hzz,,w
qzl 1+34-10q

Note that a simple induction shows that for bll a, > 0, and zgzlaq <1/2.
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Furthermore,
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zgzlaq — 1/2 ash — . Thus, there exists sonfeesuch that

h—1 _ h
(1—1— Z qu> Tu_1 <C < <1+ Z aq> Tu_1.
=1 4=1

Foranyg=1,--- k, we have

and
u 1-5h «
Zi‘(g) > Zq 19
=1 2
It follows that,
T 2T 4t
o< T < TS g T T
Sit1X 1-3¢-1% 1-3410q
4C,
< K

(1—Yq10g)(1+ Zgjo‘q) .

By the definition ofag, we have

() (o o)~ (i) (2
~Sa +Sog|=|—7F— +5a
qzl ! qzl ! 1+22;qu qzl !

:1_a17
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Therefore,

Foranyg=1,--- k, we have

Il
=

and hence

Using the same argument as in case (1), we have

Tu+1 16

Vk < W < 2Tu+1 8Tu 1< —Ck

3

We know from Lemma 2 thafk < Cx(OPT) and the result follows.

2.3 Approximation Algorithms

In this section, we describe a deterministic and a randainimdynomial time scheduling algo-
rithm, with approximation ratios of 8 and 8+ 16v/2/3 respectively, when all coflows are re-
leased at time 0. Both algorithms are based on the idea oiegiffig scheduling coflows according

to the ordering (3.4.2) produced by (LP). To fully describe scheduling algorithms, we first
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present some preliminaries on the minimal amount of timenistiprocessing an arbitrary coflow
using only matching schedules (Algorithm 2.1 and3®P). Algorithm 2.1 will be used crucially in
the design of the approximation algorithms, and, as we wd|, & is effectively an integer version
of the famous Birkhoff-von Neumann theorem [8], and hen@ertameBirkhoff-von Neumann
decompositionDetails of the main algorithms are provided in&2, and we supply proofs of the

complexities and approximation ratios in.§3.

2.3.1 Birkhoff-von Neumann Decomposition

For an arbitrary coflow matrio = (dij)m-:l, whered;j € Z, for all i and j, we definep(D), the

load of coflow D, as follows.

o) =max{ s | 5 . o | 5 0 @31

Note that for each, z’jT,‘:l dij- is the total processing requirement of cofl@on inputi, and for
eachj, 3] ; dvj is that on outpuj. By the matching constraintg(D) is a universal lower bound

on the completion time of coflo®, were it to be scheduled alone.

Lemma 5. There exists a polynomial time algorithm which finishes pssing coflow D imp(D)

time slots (using the matching schedules), were it to bedsdbd alone.

Algorithm 2.1 describes a polynomial-time scheduling altpon that can be used to prove
Lemma 5. The idea of the algorithm is as follows. For a giveitowomatrix D = (dij){"_;, we
first augment it to a “larger” matri®, whose row and column sums are all equghtb) (Step 1).

In each iteration of Step 1, we increase one entr gluch that at least one more row or column
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sums top. Therefore, at mostri— 1 iterations are required to gét We then decompos@
into permutation matriceghat correspond to the matching schedules (Step 2). Mofsadly,

at the end of Step 2, we can wrie = Zldzl Quly, so thatf, are permutation matriceg, € N
are such thag‘jzl qu = p(D), andU < n?P. The key to this decomposition is Step 2 (i), where
the existence of a perfect matchidMycan be proved by a simple application of Hall's matching
theorem [22]. We now consider the complexity of Step 2. Irhdtaration of Step 2, we can set at
least one entry db to zero, so that the algorithm endsif iterations. The complexity of finding a
perfect matching in Step 2 (i) ®(m®), e.g., by using the maximum bipartite matching algorithm.
Since both Steps 1 and 2 of Algorithm 2.1 has polynomial-tcoenplexity, the algorithm itself
has polynomial-time complexity.

If we divide both sides of the identit) = 5V, quM, by p(D), thenD/p(D) is a doubly
stochastic matrix, and the coefficierdg/p(D) sum up to 1. Therefore) /p(D) is a convex
combination of the permutation matricEk,. Because of this natural connection of Algorithm
2.1 with the Birkhoff-von Neumann theorem [8], we call thga@ithm the Birkhoff-von Neumann
decomposition. Lemma 5 has been stated in slightly diftei@ms, see e.g., Theorem 1 in [28],

Theorem 4.3 in [42], and Fact 2 in [33].

2.3.2 Approximation Algorithms

Here we present our deterministic and randomized scheglalgorithms. The deterministic algo-
rithm is summarized in Algorithm 2.2, which consists of 2osteln Step 1, we solve (LP) to get the
approximated completion tin@, for coflow ordering. Then, in Step 2, foreakk=1,2,...,n, we

compute the maximum total loagl of coflowk, and identify the time intervlt, k)1, Tr (| that it
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Algorithm 2.1 Birkhoff-von Neumann Decomposition

. m
Data: A single coflowD = (d;j);;_,.
Result A scheduling algorithm that uses at most a polynomial nurobdifferent matchings.

Step 1: AugmenD to a matrixD = (cf.,)lmjz1 WhereJij > djj for all i and j, and all row and
column sums ob are equal tg(D).

Letn = min{mini {z’j‘?:ldij/},minj {zi"ﬂzldi/j}} be the minimum of row sums and column
sums, and lep(D) be defined according to Equation (2.4.2).

D «— D.

while (n < p) do N .
i* argmin Z?:l Dlj’r J* — argmiq Zimzl Di’j'

D «— D+ pE,

Wherep: min{p — ZT,‘Zlf)i*j/,p— Zir/nzlf)i’j*}, Ej=1ifi=i"andj=j* andEj =0

otherwise. 5 N

N min{mini {z?,‘:lDij/},minj {z{,“:lDi/j}}

Step 2:~Decomposl§ into permutation matriced.

while (D # 0) do N

(i) Define anmx m binary matrixG whereG;j; = 1 if Djj > 0, andG;jj = 0 otherwise, for
Lj=21....m

(i) InterpretG as a bipartite graph, where an (undirected) edgp is present if and only if

Gij = 1. Find a perfect matching on G and define amx mbinary matrixI1 for the matching
by Mij = 1if (i, j) € M, andlj; = 0 otherwise, foi, j=1,...,m.
(iiiy D« D —qrl, whereq= min{Dj; : MN;; > 0}. Process coflovd using the matching! for
g time slots. More specifically, process dataflow from inptd outputj for g time slots, if
| (i,]J) € M and there is processing requirement remainingi,fp&= 1,...,m.

belongs to, wherg, are defined in 82.2.1. All the coflows that fall into the sameetinterval are
combined into and treated as a single coflow, and processegl Algorithm 2.1 in 82.3.1.

The randomized scheduling algorithm follows the same saspgbe deterministic one, except
for the choice of the time intervals in Step 2 of Algorithm 2[%fine therandomtime pointst; by
T, =0, andt| = Toa ~1, wherea = 1+ /2, andTo ~ Unif[1,a] is uniformly distributed between
1 anda. Having picked the random time point§ we then proceed to process the coflows in a

similar fashion to the deterministic algorithm. Namelyr &machk = 1,2,...,n, we identify the
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Algorithm 2.2 Deterministic LP-based Approximation
Data: Coflows (di(jk)> Im X fork=1,...,n.
Result A scheduling étlgorithm that uses at most a polynomial nurobdifferent matchings.
Step 1: Givem coflows, solve the linear program (LP). Let an optimal solutre given byq(*), for
=12,....Landk=1,2,...,n. Compute the approximated completion ti@eby Eqg. (2.2.9).
Order and index the coflows according to (3.4.2).
Step 2: Compute the maximum total Ioddfor eachk by (2.2.11). Suppose th¥t € (T, (k)—1, Tr(k)
for some functiorr (-) of k. Let the range of function(-) consist of values; < s; < ... < sp, and
define the set§, = {k: 15,1 <W <1g,},u=1,2,...,P.
u« 1.
while u < P do
After all the coflows in sef, are released, schedule them as a single coflow with transfer
requirementy ycs, di(jk) from inputi to output j and finish processing the coflow using
Algorithm 2.1.
u«—u+1;

(random) time interva{r?,(k)fl,ﬁ,(k)] that coflowk belongs to, and for all coflows that belong to

the same time interval, they are combined into a single cadllosvprocessed using Algorithm 2.1.

2.3.3 Proofs of Main Results
We now establish the complexity and performance propeofiesir algorithms. We first provide

the proof of Theorem 1 in detail. We then establish Theorem 2.

Proofs of Theorem 1 Let C((A) be the completion time of coflow under the deterministic
scheduling algorithm (Algorithm 2.2). The following pragition will be used to prove Theorem

1.

Proposition 1. Forallk =1,2,...,n, when g = 0, the coflow completion time/CA) satisfies

Cu(A) < 4V, (2.3.2)
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where we recall thaty is the release time of coflow k, and the total loagsaxé defined in Eq.

(2.2.11)

Proof. Recall the notation used in Algorithm 2.2. For any coflowS,, Vk < 15,. By Lemma 5, we
know that all coflows in the s&, can be finished processing withig units of time. Defingg =0
andty =Ty-1+Ts, U=1,2,...,P. A simple induction argument shows that under Algorithm 2.2
Ck(A), the completion time of coflow, satisfie<Cy(A) < 1y, if k € S..

We now prove by induction oo thatt, < 21, ), if ke §, u=1,2,...,P. Suppose that this

holds fork € §,. Letk* = max{k: k € §;} such thak* + 1 € S,,1. Then,

'Fu+1 = 'Fu +T5J+l < 2TI’(k*) +Tl’(k*+1)'

Since the time interval increases geometrically and sasisfi; = 21, for | =1,2,...,L, Ty11 <
2T, (e 41) = 2Ty k), If K€ Sup1. This completes the induction. Furthermoret,if)_1 < Vk < Ty(k),
Tr(k) = 2Ty (k1) < 2V Thus,

Ck(A) < 2Ty () < Ak

O

The proof of Theorem 1 is now a simple consequence of Lemmas 2 and Proposition 1.

Proof of Theorem 1.By Proposition 1 and Lemma 4, we have

Cu(A) < AV < 6—34c:k(0F>T).
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It follows that

n n 64
Z Wka(A) < Z Wi §Ck(OPT)>
k=1 k=1
64
= 3 Z Wi Cy(OPT),

>

=1

where the second inequality follows from Lemma 2.

We now consider the running time of Algorithm 2.2. The progi@P) in Step 1 can be solved
in polynomial time, as discussed in 82.2.1. Thus, it sufftoeshow that Step 2 runs in polynomial
time. Since there are onfy(logT ), a polynomial number of intervals of the forfn _1, 1], it now
suffices to show that for eaah= 1,2,...,P, Algorithm 2.1 completes processing all coflows in
the setS, in polynomial time, where we recall the definition §fin Step 2 of Algorithm 2.2. But
this follows from Lemma 5. Thus, Algorithm 2.2 runs in polynial time. O

Before proceeding to the proofs of Theorem 2, let us provimeesremarks on the upper
bounds (2.3.2) in Proposition 1. Recall that Ineq. (2.3@ytsimultaneously for alk. Then, a
natural question is whether the upper bounds in (2.3.2)igihe tWe leave this question as future
work, but provide the following observation for now. By irsgiing the proof of Proposition 1, it
is easy to see that in facE(K) (A) < 4V for all k, whereC ¥ (A) is the completion time of coflows
1,2,...,k under our algorithm. Compared this with the lower bound&.(2) in Lemma 3, we
see that the upper bounds are off by a factor of at most 4. Terlbounds (2.2.12) cannot be
achieved simultaneously for &j this fact can be demonstrated through a simple countanpgba

The counter-example involves 2 coflo®$? andD®@ in a network with 3 inputs and 3 outputs
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(each having unit capacity). Suppose th&Y andD'? are given by

9 0 9 1 10 1
09 0|, and 10 1 10
9 0 9 1 10 1

Define two time point§; = max{l1,J1 } = 18, and> = max{l,,J} = 30. For coflow 1 to complete
before timety, all the flows of coflow 1 must finish processing at titpeBy the structure oD@,
inputs 1 & 3 and outputs 1 & 3 must work at full capacity on coflbwhroughout the duration of
time period 0 ta;. Furthermore, for both coflows to complete before timell ports must work
at full capacity throughout the time period Ot due to the structure @@ + D, Therefore,
at timety, the remaining flows to be transferred across the networtckvaire all from coflow 2,
the amount of which must be exactly—t; = 12 for each pair of input and output. Let matrix
D@ = <d~i(j2)) represent the collection of remaining flows to be transtefrem timet; to timet.
D@ is a 3x 3 matrix with all the row sum and column sum equal to 12 angtesD® < D@,
However, since coflow 1 uses up all the capacity on inputs 1 &@8Bautputs 1 & 3 from time 0
up to timet;, the remaining flowslﬁ(jz) = di(jz) for (i, j) # (2,2). We conclude that such matrix does

not exist becauségzl) + dézg) =20>12.

Proofs of Theorem 2 Similar to the proof of Theorem 1, the proof of Theorem 2 @ the

following proposition, the randomized counterpart of Rysiion 1.

Proposition 2. Let G(A') be therandomcompletion time of coflow k under the randomized
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scheduling algorithm described §2.3.2. Then, forallk=1,2,...,n,
, 3
E[C(A)] < | 5+ V2 ) k. (2.3.3)

Proof. Recall the random time pointg defined byt = 0, andt| = Toa ~1, wherea = 1+ /2,

andTp ~ Unif[1,a]. Suppose thaty € (T;,(k)il,'[;,(k)] and letT, = T;,(k) - T;,(k)il for all k. Then,

L Toa" (W—1 a

T« Ta®1_Ta®2 a-1

SinceTp ~ Unif[1,a], T is uniformly distributed on the intervé(a— 1)Vk/a, (a— 1) V). Thus,

1 -1 1
T

Similar toT, used in the proof of Proposition 1, defit{ginductively byt = 0 andt, =T;,_; +Tg,,

u=12...P.Ifke S, then

r'(k)
ﬂj < Iz T|/ = Tll,/(k) +
=1

Similar to the proof of Proposition 1, we can establish thatd S, thenCy(A') < 1],. Thus, with
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a=1+2,

E[G(A)] < E [6)] < =Bt
a®+a 3
> ka: (é‘l‘\/é)Vk

O

Proof of Theorem 2. By Proposition 2 and Lemma 4, we haZgCy(A')] < (3/2-1— \f2> Wk <

<8+ 16\/2/3> C(OPT). It follows that

n n 16v/2
/
< -
E klekck(A) < k;Wk <8+ 3 )Ck(OPT)
16v2) 2
= <8+ T) klekck(OPT),
where the second inequality follows from Lemma 2. O

2.4 General Network and Capacities

In this section, we generalize our approximation algorghahandle the case where the size of the
inputs and outputs are different and the numipérandm® capacity constraints on the inputs and
outputs are not unit. We consider a genenak m® network, where numbers! andmP specify

the input/output size. Fare {1,2,---,m'}, let A; be a positive integer that specifies the capacity
on inputi. Similarly, for j € {1,2,---,m°}, let Hj be a positive integer that specifies the capacity

on outputj. We also writeA = (Aq,---,Apy) andp= (g, - - - , Hyo) for the capacity vectors. With
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general capacities, problem (LP-EXP) now becomes

(LP-EXP-G) Minimize Z Wi tht

t
subject to;k;jz d(lk) 0 < At Vit

nm'

Z dI | < wt,vj,t;
S—lk—ll

o

K _
Z _Olfrk+Z?\—|>t

.
let(") —1,vk 2% >0,vkt.

Here the index variableranges over the sdtl,2,---,m'}, j ranges ove{1,2,---,m°}, andk
ranges ovef1,2 --- n}.
For eackk € {1,2,---n}, K is the sum of the loads of the lower numbered coflows norndlize

by port capacity and is defined as follows:

m®  k di'
_7 M /::I_g:l

- {.figz "gj}

and Vk = max{ly, Xk}, (2.4.1)

=
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2.4.1 Coflow Matrix Decomposition

We now prove a generalized version of Lemma 5 with generalssit the network and general
capacities on inputs/outputs.
The following notation will be used in the sequel. We dendieith row sum of am’ x m°®

matrix A byl

S(A)= 3 Ay forie (L),

=1

and thejth column sum by
rrlr .
S?(A) = Z Ai’j? for Je {17 ,mC}.
i=1

For an arbitrarym' x m® coflow matrixD = (dij), whered;; € Z.. for all i and j, we definep(D),

theload of coflowD, as follows.

_ (D) S/(D)
p(D)_max{lgilgr)T(]I Y ’132%0 m . (2.4.2)

Note that for each, § (D) is the total processing requirement of cofldwon inputi, and for
eachj, S‘J?(D) is that on outpuf. By the capacity constraintp(D) is a universal lower bound on
the completion time of coflow, were it to be scheduled alone. Sirp®) need not be an integer,
and times are slottedp(D)] is also a (slightly tigher) universal lower bound, whése is the

smallest integer that is no less tharfor anyx € R. Theorem 3 states th&p(D)]| is tight.

We introduce the additional notationi andm®, because we will often manipulate matrices that need nof be o
sizem' x m° in subsequent parts of the paper.
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Theorem 3. There exists a polynomial time algorithm that finishes pssa®y coflow D ip(D) =

[p(D)] time slots (using only feasible schedules fo)nwere it to be scheduled alone.

Algorithm 2.3 describes a polynomial-time scheduling aitlpon that is used to prove Theo-
rem 3. The idea of the algorithm is as follows. For anyx m® coflow matrixD = (dij), we
first augment it to am' +m°) x (m' +mP) matrix D, whose row and column sums are equal
to p(D) times the corresponding capacities. We then decompds¢o a sum ofinteger-valued
matricesthat correspond naturally to some feasible schedules. Bjmeeifically, at the end of the
algorithm, we can writ® = z';:lqpl'l p: SO thatl,, are integer-valued matrices, € N are such
thatzgzlqp = p(D), andP is polynomial in the input size.

To prove Theorem 3, we will use extensively properties dltptunimodular matrices [19, 23,

24,41,52].

Definition 1. A matrix A is totally unimodular if the determinant of eveguare submatrix of A

has value -1, 0 or 1.

A well-known fact is that the incidence matrix of a bipartipeph is totally unimodular [23],
which we collect in Proposition 3 for easy reference. For platenes, recall that the/| x |E|
incidence matriXA of a simple, undirected graph = (V, E) with vertex selv and edge seE is

defined to be
1 ifvee
Av7e -
0 ifvde
Proposition 3. (Heller & Tompkins (1956)) Let G- (V,E) be a bipartite graph, and let A be the

unoriented incidence matrix. Then, A is totally unimodular
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Algorithm 2.3 Generalized Birkhoff-von Neumann decomposition

Data: A single coflowD = (dij :i=1,...,m,j=1,...,m°).

Result A scheduling algorithm that uses at most a polynomial nurobdistinct schedules.
AugmentD to an(m' +mP®) x (m' +m®) matrix D,

5_ D diag{p(D)Ai —§ (D)} \ .
~ \ diag{p(D)n; - (D) | ol '

p—1; _
while p(D) > 1do

. o) . (m|+mo)2 . i
Find an extreme poirk® of a polytoper in R}, defined as follows:

m +mP)?

T:{x:xeR(+ , such that

~ | O | O
X <D, XGRSF”‘”“ )><(m+m)7
S(X)=bf, ke{1,...,m +m°},
SX)=b%, le{l,..,m+m°},

X = veqX)T}.

Construct an(m' + m°) x (m' + m°®) matrix [P from xP such thatx? = veqrP)T,
kle{l-- m+md};

Gp — [mini j {Dw /My Mig > O} |;

Let P be the uppem® x m' submatrices of1P. Transferﬂﬁ data units from inpuitto output
j for gp time slots;

p—p+1;

We also need the following classic result on totally unimeadmatrices [24].

Proposition 4. (Hoffman & Kruskal (1956)) Let A be a totally unimodular matrConsider the
linear program given bynaxc’x : Ax=b, 0 < x < u, where all components of b are integers.

Then, every vertex solution of the LP has all componentghetegers.

We are now ready to present the following result on the deasitipn of an arbitrary coflow

matrix, from which Theorem 3 follows immediately.
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Proposition 5. Let D be an arbitrary rhx m® coflow matrix. Recall the capacity vectors ZT'
and pe ZTO, the loadp(D) defined in(2.4.2) and thatp(D) = [p(D)]. Then, we can write D as

a linear combination of a polynomial number of feasible sitHes, so that

P P
D= Z gpll P, p(D)= Z Ap; (2.4.3)
p=1 p=1

where P is polynomial in input size, and for ever¢ g1, - - - ,P}, qp € Z,.. Furthermore, for each
p, MNP € s is a feasible schedule, i.e., it is a nonnegative«m® matrix with integer entries, and

satisfies §MP) <\ fori € {1,---,m'} and §(NP) <y for j € {1,---,m°}.
Proof. If p(D) = 1, thenD itself is a feasible schedule, so we are done. Wh¢n) > 1, we

augment matriD to an(m' +mP) x (m' + mP°) integer-valued matri® defined as follows.

D diag(p(D)Ai — (D))

diag (5(D)uj - S?(D)) DT

O
I

where for anm-dimensional vectov, diag(v) is them x m diagonal matrix with diagonal entries
given byv. Letb" = (A,W) = (A1,- -, Ay, l1, -, Hyo) @ndb® = (w,A). Then,D has row sums

given byp(D)b" and column sums given ky(D)bC, andp(D) = p(D).
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(m +m°)2:

Consider the following polytope iR}

. I 0)2
?=2(D)= {xe R(j“ +) : X is a nonnegative

(m' +m0) X (m' +mo) matrix,
X < D component-wise
S(X)=bf, ke{1,---,m+m°},
SX)=bf, 1e{l,---,m+m°},

andx = veqX)’}.

Here,veqX) is the vectorization of matriX, whereved-) is a linear transformation that converts
the matrix into a column vector, and for a vecto¥ is its transpose. We can Vieﬁ"(mqmofl)w
as the load variable for ar&,() in a complete{m' +m°) x (m' +mP) bipartite graph, and write

. (m'+m°)2 . - .
the polytoper in the form{x e R} AX=Db,0<x< u}, where A is the incidence matrix
of the graphp = (b",b°®)’ andu = veqD)'. It follows from Proposition 4 that all vertex solutions
of the linear program max0&x = b,0 < x < u are integral, if any exists. Sin&(D/p(D)) = b},
ande(f)/p(f))) = by, the LP is always feasible. Therefore, the polytapkas integral vertices.

Pick an extreme point* of # and define a matrikl* such thaix* = veq1*)’. Then,l1* is a

feasible schedule. We uptiniby subtractingy*[1* from D, whereq* is defined to be

~

q = {min{% A > O}J .
K

The uptimed matriD := D — g*f1* remain nonnegative, becauBg — q*[1}, > 0,Vk,I, by the
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definition ofg*. For eachk andl, Izlﬁ| < Dy by definition, sog* is a positive integer. Sinca*
has row sums equal 1 and column sums equal ti¥, the row sums and column sums of the
uptimed matrix becomép(D) — g*)b" and (p(D) — g*)b°®, respectively. For the uptimed matrix
D, if p(D) > 1, then we can find an extreme point of the polytap®) defined on the newd,
until row sums and column sums become zero. We will then enditlpP feasible schedules

14,15, ,[1p andP positive integer coefficients;, dp, - - - , g, such that
P B P
D=3 qpf®, and p(D)= % dp.
p=1 p=1

We now show thaP is polynomial in input size. Towards this end, claim that atle iteration of
subtractiong*l1* from D, at least one entry i® will get reduced by at least a half and be upper
bounded by the corresponding capacity. To see this, sugpask* and|* are such thay" =

| Dyt /M. | > 0. Sincel1,. < min{bf,,b%}, we must hav®ye- — g*M;,,. < min{bf.,b%} and
Dy — ¥} < Dye1+/2. Therefore, all of the entries B will be reduced to 0 irO((log(bm) +

1) (m' +mo)2) rounds, wherdoy, is the maximum capacity on the inputs and outpuirss thus
polynomial in input. To conclude the proof of Propositiortéke the uppem x m® submatrices

of M4, M, ---, Mp to getMy, Mo, ...,Mp, and we obtain the decompositién= YR LA

We are now ready to prove Theorem 3.
Proof of Theorem 3. Given a coflow matrixD, we can find a decomposition &f = zgzlqpﬂp
by Proposition 5, which gives us a polynomial number of fielesschedules to finish processing
coflow D in p(D) time slots. To be more specific, f@=1,...,P, we transferﬂﬁ data units

from inputi to outputj for g, time slots to finish all the job requirements. Siri¢e satisfies the
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constraint§1P < D, §(MP) < Aj andSj(MP) < ;, the schedule is feasible. See Algorithm 2.3 for
a complete description of the decomposition/scheduliggrahm.

We now consider the complexity of the algorithm. In eachaiten, we solve a linear program
of sizeO(m' +m°) by O((m' +mP®)?) for an extreme point, and the maximum size of the coeffi-
cients is 1, so the running time is polynomial using the intgroint method. Since the number of
iterations is polynomial in input size as stated in Proposib, our scheduling algorithm can finish
processing coflovD in polynomial time. O

To schedule coflows in a general network, we still follow oppximation algorithm de-
scribed in Algorithm 2.2, except that we solve (LP-EXP-G)tlve ordering step, compute the
normalized load/ according to equation 2.4.1 and schedule the grouped cofisivg Algorithm
2.3. The proofs of Proposition 1 and Theorem 1 are exactlys#ime as in §2.3.3, with a mi-
nor modification required in the proof of Lemma 4. We provide proof of Lemma 4 under the

general networks settings in Appendix B for completeness.
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Chapter 3

Experimental Analysis of Approximation

Algorithms for Coflow Scheduling

3.1 Introduction

In this chapter, we carry out a systematic experimentalystundthe practical performance of sev-
eral coflow scheduling algorithms, including our approxima algorithms developed in Chapter
2. Our experiments are conducted on real-world data gattfesen Facebook and extensive sim-
ulated data, where we compare our approximation algoritidrita modifications to several other
scheduling algorithms in an offline setting, and evaluagér ttelative performances, and compare
them to an LP-based lower bound. The algorithms that we densi this chapter are character-
ized by several main components, such as the coflow order ichwthe algorithms follow, the

grouping of the coflows, and the backfilling rules. We study ithpact of each such component

on the algorithm performance, and demonstrate the robashaar-optimal performance of our
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approximation algorithm and its modifications in the offlsedting, under the case of zero release
times as well as general release times. We also considereovdriants of the offline algorithms,
and show that the online version of our approximation atharihas near-optimal performance on

real-world data and simulated instances.

3.1.1 Overview of Experiments

Since our LP-based algorithm consists of an ordering anchadsding stage, we are interested
in algorithmic variations for each stage and the performeaintpact of these variations. More
specifically, we examine the impact of different orderintgs, coflow grouping and backfilling

rules, in both the offline and online settings. In this chgpte conduct a comprehensive study by
considering various ordering and backfilling rules, andn@xéng the performance of algorithms
on general instances in addition to real-world data. We@ssider the offline setting with general

release times, and online extensions of algorithms.

Workload

Our evaluation uses real-world data, which is a Hive/MapRedtrace collected from a large
production cluster at Facebook [14, 15, 39], as well as extersimulated instances.

For real-world data, we use the same workload as descrijé8&jiimhe workload is based on a
Hive/MapReduce trace at Facebook that was collected on @8@ehine cluster with 150 racks,
so the datacenter in the experiments can be modeled as 1HDnetwork switch (and each coflow
represented by a 150150 matrix). The cluster has a 10:1 core-to-rack oversisan ratio with

a total bisection bandwidth of 300Gbps. Therefore, eachesgjegress port has a capacity of
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1Gbps, or equivalently 128MBps. We select the time unit td 28 second accordingly so that
each port has the capacity of 1MB per time unit. We filter thi¢goges based on the number of non-
zero flows, which we denote by’, and we consider three collections of coflows, filtered by the
conditionsM’ > 25,M’ > 50 andM’ > 100, respectively. As pointed out in [15], coflow scheduling
algorithms may be ineffective for very sparse coflows in dethcenters, due to communication
overhead, so we investigate the performance of our algostior these three collections.

We also consider synthetic instances in addition to theweald data. For problem size with
k = 160 coflows anan = 16 inputs and outputs, we randomly generate 30 instandbgiffierent
numbers of non-zero flows involved in each coflow. For instant-5, each coflow consists of
m flows, which represent sparse coflows. For instances 5-1, eaflow consists ofr? flows,
which represent dense coflows. For instances 11-30, eadwcodinsists ol flows, where u is
uniformly distributed on{m, - - - ,m?}. Given the numbek of flows in each coflowk pairs of input
and output ports are chosen randomly. For each pdir, pf that is selected, an integer processing

requirement; j is randomly selected from the uniform distribution fh 2, - - -, 100}.

3.1.2 Main Findings

Our main experimental findings are as follows:

¢ Algorithms with coflow grouping consistently outperfornosie without grouping. Similarly,
algorithms that use backfilling consistently outperformosi that do not use backfilling. The
benefit of backfilling can be further improved by using a baéhbackfilling rule (see §3.2.2

for details).
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e The performance of the LP-based algorithm and its extessi®nelatively robust, and
among the best compared with those that use other simpleringdrules, in the offline

setting.

¢ In the offline setting with general release times, the magieitof inter-arrival times relative
to the processing times can have complicated effects ondHermance of various algo-

rithms. (see 83.3.1 for details).

e The LP-based algorithm can be extended to an online algo@hd has near-optimal per-

formance.

3.2 Offline Algorithms; Zero Release Time

In this section, we assume that all the coflows are releasechatd. We compare our LP-based

algorithm with others that are based on different ordergnguping, and backfilling rules.

3.2.1 Ordering heuristics

An intelligent ordering of coflows in the ordering stage cahstantially reduce coflow completion
times. We consider the following five greedy ordering ruiesaddition to the LP-based order

(3.4.2), and study how they affect algorithm performance.

Definition 1. The First in first (FIFO) heuristic orders the coflows arbitilg (since all coflows

are released at tim@).
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Definition 2. The Shortest Total Processing Time first (STPT) heuristlersrthe coflows based

on the total amount of processing requirements over all théspi.e.,5 ", 51" ; dij.

Definition 3. The Shortest Maximum Processing Time first (SMPT) heuwstiers the coflows
based on the loag of the coflows, wherp = max{i:rrﬂa}mni,

j:rT?.)’(mej}, ni = {3, dij } is the load on input i, an®; = {3, dv;} is the load on output j.
Definition 4. To compute a coflow order, the Smallest Maximum Completime Tirst (SMCT)
heuristic treats all inputs and outputs & independentnachines. For each input i, it solves
a single-machine scheduling problem where n jobs are relgad time0, with processing times
r]i(k), k=1212---,n, Wherer]i(k) is the ith input load of coflow k. The jobs are sequenced in the
order of increasing]i(k), and the completion times(Qk) are computed. A similar problem is
solved for each output j, where jobs have processing tﬁrﬁn‘%sand the completion times (k)
are computed. Finally, the SMCT heuristic computes a cofloleraccording to non-decreasing
values of ¢(k) = rril?x{C(i)(k),C(j)(k)}.

Definition 5. The Earliest Completion Time first (ECT) heuristic genesatesequence of coflow

one at a time; each time it selects as the next coflow the onevihad be completed the earliést

3.2.2 Scheduling via Birkhoff-von Neumann decompositiorhackfilling and

grouping

The derivation of the actual sequence of schedules in thedsding stage of our LP-based al-

gorithm relies on two key ideas: scheduling according to ptintal (Birkhoff-von Neumann)

These completion times depend on the scheduling rule useds, ECT depends on the underlying scheduling
algorithm. In 83.2.2, the scheduling algorithms are désctin more detail.
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decomposition, and a suitable grouping of the coflows. le&sonable to expect grouping to im-
prove algorithm performance, because it may consolitinesvekl coflow matrices to form more
balanced ones that can be scheduled more efficiently. Thuspmpare algorithms with grouping
and those without grouping to understand its effect. Théqaar grouping procedure that we
consider here Step 2 of Algorithm 2.2, and basically grougkows into geometrically increasing
groups, based on aggregate demand. Coflows of the same getneaed as a singleggre-
gatedcoflow, and this consolitimed coflow is scheduled accordmthe Birkhoff-von Neumann
decomposition (Algorithm 2.1).

Backfilling is a common strategy used in scheduling for cotapsystems to increase resource
utilization (see, e.g. [15]). While it is difficult to analgtlly characterize the performance gain
from backfilling in general, we evaluate its performance actgexperimentally. We consider two
backfilling rules, described as follows. Suppose that wecareently scheduling coflo. The
schedules are computed using the Birkhoff-von Neumannrdposition, which in turn makes use
of a related augmentednatrix D, that is component-wise no smaller than The decomposition
may introduce unforced idle time, whenewte4 D. When we use a schedule that matches imput
to outputj to serve the coflow witlDj; < f)ij, and if there is no more service requirement on the
pair of inputi and outputj for the coflow, we backfill in order from the flows on the same péi
ports in the subsequent coflows. When grouping is used, tlaukis applied to the aggregated
coflows. The two backfilling rules that we consider — which vedl backfilling and balanced
backfilling— are only distinguished by treugmentatioprocedures used, which are, respectively,
the augmentation used in Step 1 of Algorithm 2.1 and the lbalhraugmentation described in

Algorithm 3.1.
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Algorithm 3.1 Balanced Coflow Augmentation

Data: A single coflowD = (dij)["_;.

Result A matrixD = (dN.J)ImJ:1 with equal row and column sums, aBd< D.

Let p be the load oD.

pi —p— z’-‘?zldij/, fori=1,2,...,m

g — p_Zi’:ldi’j’ forj=212....m

A—mp—3yT, 3, di.

dij = [dij + pici/A]. )

AugmentD’ = (di’j) to a matrixD with equal row and column sums (see Step 1 of Algorithm 2.1).

The balanced augmentation (Algorithm 3.1) results in I&esved matrices than the augmen-
tation step in Algorithm 2.1, since it first “spreads out” theevenness among the components of

a coflow. To illustrate, let

10 0 O 10 10 10 10 20 O
D=] 10 o 0o |,B=] 10 10 10|,andC=] 10 0 20

10 0 O 10 10 10 10 10 10

Under the balanced augmentati@nis augmented t®8 and under the augmentation of Algorithm

2.1,D is augmented tG.

3.2.3 Scheduling Algorithms and Metrics

We consider 30 different scheduling algorithms, which grectfied by the ordering used in the
ordering stage, and the actual sequence of schedules udezlsnheduling stage. We consider 6

different orderings described in 83.2.1, and the followsngases in the scheduling stage:

e (a) without grouping or backfilling, which we refer to as thesb case;
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¢ (b) without grouping but with backfilling;
e (c) without grouping but with balanced backfilling;
¢ (d) with grouping and with backfilling;
e (e) with grouping and with balanced backfilling.

We will refer to these cases often in the rest of the chapter. L®-based algorithm (Algorithm
2.2) corresponds to the combination of LP-based orderidgcase (d).

For ordering, six different possibilities are consider&te useHa to denote the ordering of
coflows by heuristi@\, whereAis in the se{ FIFO, STPT, SMPT, SMCT, ECJ|, andH, p to denote

the LP-based coflow ordering.

3.2.4 Performance of Algorithms on Real-world Data

We compute the total weighted completion times for all 6 sde the 5 different cases (a) — (e)
described in 83.2.3, through a set of experiments on filteofidw data. We present representative
comparisons of the algorithms here.

Figure 3.1 plots the total weighted completion times as graBges of the base case (a), for
the case of equal weights. Grouping and backfilling both owerthe total weighted completion
time with respect to the base case for all 6 orders. In additidhe reduction in the total weighted
completion time from backfilling, which is up to 7.69%, thether reduction from grouping is up
to 24.27%, while the improvement from adopting the balarzekfilling rule is up to 20.31%. For
5 non-arbitrary orders (excluding FIFO), scheduling withttbgrouping and balanced backfilling

(i.e., case (e)) gives the smallest total weighted congaidtme.
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“ (e}w/ grouping,
balanced backfilling

W {d)w/ grouping,
backfilling

* [c}w/o grouping,
balanced backfilling

“ (b)w/o grouping,
backfilling

& (a)w/o grouping, w/o
backfilling (base)

T7.41%
100,00

0.00% 20.00% 40.00% 60.00% B80.00% 100

.00%

Figure 3.1: Comparison of total weighted completion timesmalized using the base case (e) for
each order. Data are filtered M/ > 50. Weights are equal.

" FIFO = STPT

WEMPT  ®SMCT

B ECT © LP-based order

10.00 -

8.11

9.00

8.00
7.00 +

6.00 -
5.00 +

Time ratio

4,00

3.00

2.00
1.00 -

0.00 -

Figure 3.2: Comparison of 6 orderings with zero releasedioreFacebook data. Data is filtered

by M’ > 50.
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We then compare the performances of different coflow ordstrifrigure 3.2 shows the com-
parison of total weighted completion times evaluated oarBid coflow data in case (e) where the
scheduling stage uses both grouping and balanced badkfil@ompared wittHg o, all other
ordering heuristics reduce the total weighted completimies$ of coflows by a ratio between 7.88

and 9.11, withH,p performing consistently better than other heuristics.

Cost of Matching

The main difference between our coflow scheduling probledthe well-studied concurrent open
shop problem we discussed in 82.1.4 is the presence of mgtcbinstraints on paired resources,
i.e. inputs and outputs, which is the most challenging pathe design of approximation algo-
rithms. Since our approximation algorithm handles maighlionstraints, it is more complicated
than scheduling algorithms for concurrent open shop probl&e are interested in how much we
lose by imposing these matching constraints.

To do so, we generate two sets of coflow data from the Facelvaok.t For each coflow,
let the coflow matriXD ) be a diagonal matrix, which indicates that coflewnly has processing
requirement from inputto outputi, fori = 1,...,m. The processing requiremelhﬂi() is set to be
equal to the sum of all dataflows of cofldwin the Facebook trace that require processing from
inputi. We then construct coflow matr@¥) such thaD® is not diagonal and has the same row

sum and column sum & X, The details of the generation is described as in Algorith2n 3
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Algorithm 3.2 Construction of coflow data

Data: A single diagonal coflovd = (dij)imj:l.

m

=1 such that row and column sums of the two matrices are alll

Result Another coflowd = (dj;)
equal.
Letn(D) = y["_ dj be the sum of all entries iB. Similarly,n(D) = 5, di.

D 0.

while (n(D) < n(D)) do
§ —{i: 371Dy <di}; S — {j: 1 Dyj < djj}. Randomly picki* from set§ and j*

from setS;. D — D+ pE, wherep = min{di+ — $7_; Dj+j1,dj+j — ¥, Dyj-}, Eij = 1 if

i =i"andj = j*, andEj; = 0 otherwise.

| N« Zir?jzldNii

The diagonal structured coflow matrices can reduce the ¢otabletion time of by a ratio up

to 2.09, which indicates the extra processing time intreduzy the matching constraints.

3.2.5 Performance of Algorithms on General Instances

In previous sections, we present the experimental restigeweral algorithms on the Facebook
trace. In order to examine the consistency of the performarfichese algorithms, we consider
more instances, including examples where certain algostbehave badly. See §3.2.5 for in-
stances under which some algorithms have approximatian@dt/m), wheremis the size of the

network.
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General instances

We present comparison of total weighted completion timesforderings and 5 cases on general
simulated instances as described in 83.1.1, in Appendike$ab.1 to C.5, normalized with respect
to the LP-based ordering in case (c), which performs bestloof ¢he instances. We have the
similar observation from the general instances that batkigng and backfilling reduce the com-
pletion time. However, under balanced backfilling, grogpiloes not improve performance much.
Both grouping and balanced backfilling form less skewed icedrthat can be scheduled more
efficiently, so when balanced backfilling is used, the eféégfrouping is less pronounced. It is not
clear whether case (c) with balanced backfilling only is ineyal better than case (e) with both
balanced backfilling and grouping, as we have seen Facelatalod which case (e) gives the best
result. As for the performance of the orderings, on the omelhae see in Table C.3 very close
time ratios among all the non-arbitrary orderings on instar6 - 30, and a better performance of
Hect on sparse instances 1 - 5 over other orderings; on the otimel, ktizere are also instances
where ECT performs poorly (see 83.2.5 for details). Besildes performance, the running times
of the algorithms that we consider are also important. Theing time of an algorithm consists of
two main parts; computing the ordering and computing thedale. On a Macbook Pro with 2.53
GHz two processor cores and 6G memory, the five ordering,raleé®, STPT, SMPT, SMCT and
ECT, take less than 1 second to compute, whereas the LP-besde&dcan take up to 90 seconds.
Scheduling with backfilling can be computed in around 1 menwthereas balanced backfilling

computes the schedules with twice the amount of time, beneskalanced augmented matrices
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have more non-zero entries. Besides improving performaroeping can also reduce the running

time by up to 90%.

Bad instances for greedy heuristics

We consider the following examples which illustrate ins&son which certain ordering heuristics

do not perform well.

10 O
Example 1. Consider a2 x 2 network and n coflows with B , h coflows with D=
0 O
0 O 9 0
, and a n coflows with D= . The optimal schedule in this case is to schedule
0 10 09

the orders with the smallest total processing time first, thee schedule is generated according to

le(ECT&SMCT&SM PT)
ZE:]_ C«(STPT)

. 2 . . . .
it becomesngz‘igﬁ. This ratio reaches its maximum of2 when a= /2.

the STPT rule. The limit of the ratié‘n:

Is increasing in n and when #» oo

We can generalize this counterexample to an arbitrary nuwfdaputs and outputs). To be
more specific, in am x m network, forj =1,2,--- ., m, we haven coflows only including flows to
be transferred to outpyti.e.,dij = 10. We also hava- n coflows with equal transfer requirement

on all pairs of inputs and outputs, i.€i; =9 fori, j =1,2,--- ,m. The ratio

lim > k1 Ck(ECT& SMCT& SMPT) B a4+ 2ma+m
oo >k-1Ck(STPT) T a?+2a+m

has a maximum value of/m whena = \/m. Note that in the generalized example, we need to

consider the matching constraints when we actually scleatiel coflows.
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1 0
Example 2. Consider a2 x 2 network and n coflows with B , and a n coflows with
0 10
10 O
D= . The optimal schedule in this case is to schedule the ordghstihe Smallest
0 0

Maximum Completion Time first, i.e., the schedule is gerdratcording to the SMCT rule. The

ratio ST G (sMcT) IS increasing in n and when #> oo it become% This ratio reaches its

maximum of3L when a— Y5t

This counterexample can be generalized to an arbitrary suofinputs and outputs. In an
m x m network, for each = 2,3,--- ,m, we haven coflows with two nonzero entried;; = 1 and
di = 10. We also hava- n coflows with only one zero entrgy1 = 10. The limit of the ratio

fim SR Ck(STPT)  a?+2(m-1)a
n—e SR C(SMCT)  a2+m-1

has a maximum value of/2+ /m—3/4 whena=1/2+ /m—3/4.

3.3 Offline Algorithms; General Release Times

In this section, we examine the performances of the sams cofadgorithms and heuristics as that
studied in Section 3.2, when release times can be generdlirdextend descriptions of various
heuristics to account for release times.

The FIFO heuristic computes a coflow order according to necrehsing release tinne (Note

that when all release times are distinct, FIFO specifiesguandrdering on coflows, instead of any
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lﬂﬁ.il?gb
B4%
LP 100.00%
Suiios 117.90%
10055%
ECT 10008 {e}w/ grouping,
120.35% balanced backfilling
4%
SMCT | 100.00% . gose | “(dIW/ grouping,
: backfilling
20768 1004
SMPT | 100.-DP95_, 121.60% (c)w/o grouping,
2 balanced backfilling
101153% (base)
8 3%
STPT 100.00% - ;
116.52% (bjw/o grouping,
backfilling
10117%
FIFO 100802

W 121.39%|

0.00% 20.00% 40.00% 60.00% 80.00% 100.00% 120.00% 140.00%

Figure 3.3: Comparison of total weighted completion timesmalized using the base case (c) for
each order. Data are filtered b/ > 50. Weights are equal.

arbitrary order in the case of zero release times.) The SEafistic computes a coflow order ac-
cording to non-decreasing valuesgf ; zﬁ“zl dij +r, the total amount of processing requirements
over all the ports plus the release time. The SMPT heuristicputes a coflow order according to
non-decreasing values pf+r, the sum of the coflow load and release time. Similar to the cas
of zero release times, the SMCT heuristic first sequencesdti@ws in non-decreasing order of
> jrdijs +r on each input and y; di/j +r on each outpuf, respectively, and then computes the
completion time<C() andC;), treating each input and output as independent machineally;i
the coflow order is computed according to non-decreasingegabfC’ = ma>q7j{C(i),C(j)}. The
ECT heuristic generates a sequence of coflows one at a tictetieze it selects as the next coflow
the one that has been released and is after the preceding ¢fishes processing and would be
completed the earliest.

‘ We compute the total weighted completion time for 6 ordgsiinamely, the LP-based order-
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FIFQ S5TPT SMPT ®SMCT BECT ¥ LP-based order
6.00

4.99
5.00 458

4.00

Time ratio
w
(=]
=1

2.00

1.06 1.08 1.00

1.00

0.00

Figure 3.4: Comparison of 6 orderings with general releaseson Facebook data. Data is filtered
by M’ > 50.

ing (3.4.2) and the orderings from definitions with releaset and cases (b) - (e) (recall the de-
scription of these cases at the beginning of Section 3.2d8inalized with respect to the LP-based
ordering in case (c). The results for Facebook data ardrétes] in Figure 3.3 and Figure 3.4. For
general instances, we generate the coflow inter-arrivadifrom uniform distribution [1, 100] and
present the ratios in Tables C.6 to C.9 in the Appendix. As aresee from e.g., Figure 3.3, the
effects of backfilling and grouping on algorithm performarace similar to those noted in 83.2.5,
where release times are all zero. The STPT and LP-basedrayd STPT appear to perform the
best among all the ordering rules (see Figure 3.4), becaesaagnitudes of release times have a
greater effect on FIFO, SMPT, SMCT and ECT than they do on STPT

By comparing Figures 3.2 and 3.4, we see that ECT performfimuacse than it does with
common release times. This occurs because with generalseetlemes, ECT only schedules a

coflow after a preceding coflow completes, so it does not backfthile we have kept the ECT
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ordering heuristic simple and reasonable to compute, néfilacg implies larger completion

times, hence the worse performance.

3.3.1 Convergence of heuristics with respect to release tas

In order to have a better understanding of release timescale the release times of the coflows

and observe the impact of release time distribution on thl®preance of different heuristics. For

general instances, recall that we generated the inteatines with an upper bound of 100. Here

we also consider inter-arrival time distributions that angform over [0, 0], [0, 25], [0, 50], [O,

200], [0, 400], [0, 800] and [0, 1600], respectively. We cantgpthe total weighted completion

time with the adjusted release times in each case for 250lsarapd take the average ratio with

respect to the LP-based order.

As we can see from Figures 3.5 to 3.6, all the heuristics agevi® FIFO as the inter-arrival
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time increases. This is reasonable as the release timesaienthe ordering when they are large.
The speed of convergence is higher in 3.5 where the coflowigratin the instance are sparse and
release times are more influential in all heuristics. On th&rary, when the coflow matrices are
dense, release times weigh less in heuristics, which cgav@ower to FIFO as shown in 3.6. We
also note that for heuristics other than FIFO, the relateéggmance of an ordering heurstic with
respect to the LP-based order may deteriorate and then wepas we increase the inter-arrival
times. This indicates that when inter-arrival times are parable to the coflow sizes, they can

have a significant impact on algorithm performance and tberasbtained.

3.4 Online Algorithm

We have discussed the experimental results of our LP-bagedthm and several heuristics in the
offline setting, where the complete information of coflowsagealed at time 0. In reality, infor-

mation on coflows (i.e., flow sizes) is often only revealechairtrelease times, i.e., in an online
fashion. It is then natural to consider online modificatiofighe offline algorithms considered
in earlier sections. We proceed as follows. For the ordestage, upon each coflow arrival, we
re-order the coflows according to their remaining procegsaguirements. We consider all six
ordering rules described in 83.2. For example, the LP-basger is modified upon each coflow
arrival, by re-solving the (LP) using the remaining cofloes (and the newly arrived coflow) at
the time. For the scheduling stage, we use case (c) the lealdrackfilling rule without grouping,

because of its good performance in the offline setting. Sgerhm 3.3 for an example of online

approximation algorithms which uses LP-base order.
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Algorithm 3.3 Online LP-based Approximation

m
Data: Coflows (di(jk)) - with different release times, f&r=1,...,n.
IvJ:

Result A scheduling algorithm that uses at most a polynomial nurobdifferent matchings.
Step 1: Givem, coflows in the systemmy < n, solve the linear program (LP). Let an optimal solu-

tion be given byqek), forl =1,2,...,Landk=1,2,...,n;. Compute the approximated completion

time Cy by

k)

Ce=S 1_1x". (3.4.1)

M-

Order and index the coflows according to

Q)
IN
)
IN
IN
7

(3.4.2)

Step 2: Schedule the coflows in order using Algorithm 2.1l antrelease of a new coflow. Uptime

the job requirement with the remaining job for each coflonhi@ $ystem and go back to Step 1.

We compare the performance of the online algorithms and wepeoe the online algorithms
to the offline algorithms. We improve the time ratio for akktbrderings except FIFO by allowing
re-ordering and preemption in the online algorithm comgavih the static offline version. Note
that we do not preempt with FIFO order. While several ordgheuristics perform as well as
LP-based ordering in the online algorithms, a natural qoesb ask is how closela’s are to the
optimal, whereA € {STPTSMPT SMCT,ECT,LP}. In order to get a tight lower bound of the

coflow scheduling problem, we solve (LP-EXP) for sparseainsgs. Since it is extremely time
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consuming to solve (LP-EXP) for dense instances, we consideoser lower bound, which is
computed as follows. We first aggregate the job requirememaeh input and output and solve a
single machine scheduling problem for the total weighted@etion time, on each input/output.
The lower bound is obtained by taking the maximum of the tesdlhe lower bounds are shown
in the last column of Table C.11. The ratio of the lower boundrdhe weighted completion time

underH_p is in the range of ®1 to Q97, which indicates that it provides a good approximation of

the optimal.
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Chapter 4

Conclusions

We propose and study several approximation algorithms dbsirsgy demand-response contract
execution and coflow scheduling problems in this thesis.

In Chapter 1, we present a data-driven near-optimal algorfor fairly general variants of the
demand-response contract execution problems under nsidgsions. Our algorithm is a sam-
ple average approximation (SAA) based dynamic programtmeemulti-period planning horizon.
The main theoretical contribution is to provide a sample plexity bound on the number of de-
mand samples required to computgla- €)-approximate policy for the multi-period problem. We
show that our SAA algorithm is quite general and can be easihpted to many different vari-
ants of the objective function. Moreover, our computatl@tady suggests that we can achieve a
(1+ €)-approximation with a significantly smaller number of saegplhan what is implied from
the theoretical bounds. We also study the structure of @bgoalicy for the special case of i.i.d.
demand and no execution cost and show that a static solstimptimal in this case. For the more

general case, our computations experiments show that #reopéimal policy can be well approx-
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imated by a affine function of the state with appropriate thog. This would give a compact
representation of the solution policy that makes it mordiagble in practice as a control policy.

In Chapter 2, we give the fir@(1)-approximation algorithms for minimizing the total weight
completion time of coflows in a datacenter network, whentadl ¢oflows are released at time O.
Beyond the obvious question of proving an approximatioioiatthe presence of general release
time and improving the approximation ratio, this work opepsseveral additional interesting di-
rections in coflow scheduling, such as the consideratioritegranetrics and the addition of other
realistic constraints, such as precedence constraintar&earticularly interested in minimizing
weighted coflowprocessingime (usually calledlow timein the literature), which is harder to
approximate (the various hardness results from single madthedule will clearly carry over),
but may lead to the development and understanding of bétferitams, possibly by considering
resource augmentation.

In Chapter 3, we perform comprehensive experiments to ataldifferent scheduling algo-
rithms for the problem of minimizing the total weighted cdetmn time of coflows in a datacenter
network. We also generalize our algorithms toamline version for them to work in real-time.
For additional interesting directions in experimentallgsia of coflow scheduling algorithms, we
would like to come up with structured approximation aldamits that take into consideration other
metrics and the addition of other realistic constraintghsas precedence constraints, and dis-
tributed algorithms that are more suitable for implemeatain a data center. These new algo-

rithms can be used to design other implementable, praatigalithms.
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Appendix A

Proof of Theorem 1.4.1

There are two sources of error. One error comes from a dizedestate space which allows us to
reduce the state space size to polynomial. The other erdueiso SAA approximation instead of
expectation. We show in Lemma A.0.1 that the discretizagiwar is small. In particular, we show
that |\7t — V4| is close point-wise. Next, we show that sampling error islbn@ particular, if the
number of sampleN = O(T?/£?), we use Chernoff bounds to show that with high probabilitg, t
SAA sampling erroNt —\7t| is small. Finally, we prove in Lemma A.0.3 that approximatieck

cost functiorlJ; is a good approximation o#, i.e., the errotU; — V4| is smalll.

Lemma A.0.1. (Discretization error) Forall §, yand X_1,t=1,2,---, T,

VH(S, Mar X-1]e) (S, ¥, %-1)| < (1+26(T —t+ 1) (S, %, Xe1) +A(T —t +1).
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Proof. Proof of Lemma A.0.1 We prove the lemma by induction. At tilme 1,

Vria(Sria, [Yriala [Xr]e) =Vria(Sria, Yoo, X7) =0.

We first show tha¥ (S, [Yi]a, [Xe-1]e) < (14+28(T —t+1))V(S, %, X_1). Suppose the state-

ment holds for t+1. Lety be the optimal solution to DP with the value functidnthen

Ve (S, Y Xeale)

IA

Fx % 1], | 0% = 8= % 1a), + 6 () +Vkea (& =1, [Wa+ 0% — 08— 1¥1a), |5 X))

IN

Ex 1% 1], [(% =3 =Y, ] + o ()

+Ex e Ve (S =5 Yo+ e —n{8=%), |5, X)) (A1)

IA

(1+8)Exx_; [(% —{d—Y), | +a(n)

+(1+8)Exx_, Vie1 (S, [+ (X —nfd—Y) |, [%]¢)] (change of distribution) (A.2)

IN

(1+8)Exx_, [ —nd—Y), ] +a(n)

+(148)(1+28(T —t) Exx_, M+1(S—n Y+ X —nd—%),, X)] (induction}A.3)

IN

(14 26(T —t+1)V(S, Y, %1)-

where inequality (A.1) follows from the following case aysik:

Case 1% —nfd— [Yi]p > 0 andX —nfd—Y; > 0,

[+ X =m0 —W1a), [y = X —md]y = [+ (X — 8 —Y), |
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Case 2% —nfd— Y], < OandX —nfd—Y; <O,

[TYela+ X =10 Y1a) |y = [TV ]ala = Mla = Y+ =3 —=Y)  |,;

Case 3% —nfd— Y], < OandX —nfd—Y; >0,

[+ X —nid—Yla) [y = [Mlala=Mla= X —n{3]y

= Y+ (% —ni3—Y), ],

and (A.2) can be shown using Assumption 4 for the Markovianated. Given a function h (.) of

X, for all Y;, X_1 andn,

= |/ m00t 04410~ Fx )

VAN
—~—
=

O TFX [ X1 )— f(x|%—1)] dx

(B ) o
< & [nf 0

< SEXt‘xt—l[h(Xt)]'

On the other hand, we verify tha{(S,, [Y]a, [%_1]¢) > (1—28(T —t+ 1))V (S, %, X1) —

A(T —t—l—l) forall §, Y andX_;. AttimeT +1,\7T+1(S|'+1, (YT—i-l—IA, D(T—‘e) :VT+1(Sr+1, Y11, XT) =

0. Suppose the statement holds for t+1. hebé the optimal solution to DP with value function
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\4 , then

Ve (S, Y Xeeale)

+a()

= BExrx_q), [(xt —frd—Mla)y

% %11,

Vis1 <S—f‘ik7 [TV ]a+ (X — A0 — (Yt—‘A)+-‘A’ Dﬂe)]

v

—A+a ()

Exmqﬂskﬂ—4f5—ﬁh-

-HEXtHthﬂe \7t+1 (St—ﬁik, ’—Yt-l_(xl_mé_Yt)-q--‘A, D<t—|e)]

v

— N+ ()

(1=&)Ex x4 [(Xt —fd-Y),

+(1— S)Ext‘xt—l

Vert (S =, Y+ (=AY, | D(Js)]

v

— DN+ ()

(1=&)Exxy [(Xt —fd-¥),

+(1— 8) (Extxtl

(1= 26(T —t+ DI(S, % X 1) — AT —t+1).

(1—26(T — 1)) (V2 (S — A Y+ (% — 8= ), , X)) —A(T —t)])

v

Therefore, we have

V(S M [X1le) —M(S, Y Xeon)| < 26(T —t+ D(S, %, %o1) +A(T —t+1)

forall §,Y; andX;_1. O

We use Chernoff bound to show thaandV are close to each other. Since the value functions



110

V andV are only defined for the discretized variablés] , and [ X:_1], on the grid, we writer;

andX;_1 instead for simplicity.

Lemma A.0.2. (Sampling error) If the number of sample N 0(1—22) ,thenforany §Y; and X_1,

2T —t+1)

AT
T

‘\2(37 Yt7 )(t,]_) _\%(37 Yt7 )(t,l)‘ S

with probability at leastl — %

Proof. Proof of Lemma A.0.2 Attimg + 1,

Vro1(Sre1, Yr41, X7) = Vria(Sr41, Yrs1, X7) = 0

Note that if we do not execute any contract, the total exeoutdst is zero and the value function
V1 is equal to the peak loaxax Which provides an upper bound df under the optimal policy.
It follows that

PM>M)<PVi>M) <P(Xnax>M)<n, 1<t<T.

HenceM is also an upper bound on the value function with a failurdphuality of ).

We prove the induction hypothesis: for aByandY;, with the number of samples stated in the

lemma,

2(T —t+1)

‘\Z(S’Yt’mfl)_\%(S7Yt7><tfl)‘ S T

AT
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with probability at least +- Tz;g;fl. TakeN = %Zlog(ZT S1). We know from Chernoff Bound that,
Pr (

Therefore,\\A/T(Sr,YT,XT,l) —\7T(ST,YT,XT,1)| < eM/T with probability > 1 — F%%sf'

Vr(Sr, Yr, Xr-1) Vi (S Y X)) | €
M M -

For any strategw, define

>

Ve(S Y X 1n Exdxtl[(xt—nté—m

1 (S =1 [t (=8 =) | D(Js)]’
N .
A5 [0,

Vi1 (s —n Yo (X -ne ) | [XJ”L) ] -

>

VE(S, Y %y

Note thatVi (S, %, %—1) = Vt(S, %, X—1)n andVi(S, ¥, X—1) = (S, ¥, X—1)i7, wheren} and

n; are the optimal solutions to DP with value functigrand DP respectively. For ar§y , Y; and



X1,
‘\711(37%7)9:—1)& _\Z(Sanl))Q—].)nt}
1N
o
13 () ()
Hig 2 e (s—m, Yo+ (% —nté—Yt)JA, % ])
e M (8 %Y, ], 141)] \
+Ex %+ Mes1 (S —ne, [Ye+ (% —nd—Yt), [ [Xg)]
~Eyx_y Vet (S —ne, [+ % —ned—Y0), ] 50 [%e)] ‘
eM eM  2(T —t)
< T-l-?-l- T AT
C2eM(T—t+1)
N T
C2AT—t+1)
N fm-
with probability > 1 — 2;;13 — 4T%sif — 4T%sif >1— Tz;gg?l. We thus have

V(S Y %) = V(S Y X)) < VIS Y X )w

7 20T —-t+1
< Vt(s,Yt,xtl)ﬁﬁ%AT
Vi Vi ' 2T—t+1
V(S Y %-1) = V(S Y X D)r 2\4(3,%%_1)@—%“
7 20T —-t+1
2 w(Sa%aK—l)ﬁ;‘—gAT

T
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with probability> 1 — Tz;ggi,l Therefore, for anyg and;,

2T —t+1)

AT
T

}\71:(37%7)([—1) _\z(S?Yt))Q—l)‘ S

with probability> 1 — % O

Lemma A.0.3. (True cost of approximation) If the number of sample N 0(1—22), then forany §

Yt and X_1,

Ut(S, Y, Xeo1) =M (S, Y0 X1l < 26(T —t+1M(S, Y, Xe_1) +3A(T —t+1)

with probability > 1 — %

Proof. Proof of Lemma A.0.3 We prove the induction hypothesis: foy & andY;, with the

number of samples stated in the lemma,

U(S, Y, Xe1) —M(S, V1A X1l < 26(T —t+1DM(S, Y, Xe1) +3A(T —t+1)

with probability> 1— Tz;g;;,l. AttimeT +1,Ut;1(Sro1, Yro1, X1) =Vraa(Sraa, Yraalpa [X7],) =
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0. Suppose the statement holds for t+1. hebe the optimal solution to DP, then

Ut(S, Y, X 1)

= Exx [(X—H3=Y) | + 0 (M) + U1 (S =1, Y+ (X —Ad—Y),, X)]

IA

Ex 1% [(Xt —Nd—Yt), +a(ny)

H(A+26(T = )M (S =1, M+ (X —W8—Y) ] 5 [X]e) +30(T —t+1)

IA

(1+8)Ex % 11, | K —ngd—W]a), +A+a(N)

-H1+%ﬂ*4»ﬁﬂ(s—ﬁlH%M+%K—@6—DHM+M7WJQ+3NT—t+D

with probability > 1 — & Let

2T351f

F o= Exxyl, [(Xt ~ 0= la)s + o)

Vi1 <5—r7{, [TY]a+ (X —no— [YJA)JA’ Dﬂs)]

Also, we know from definition that

Vi (S [Yelas [Xe-1le)

=N Zl
(S [ (05 14) ] )

(X" =ni8—T¥1a) , +e(n)
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By Chernoff bound,

g

Therefore, for anyg, Y; andX;_1,

Ve (S, Mlas [X-1l)  F > &) <o < 1
M M|I=T - 4T3s§

eM - eEM
F_? S%(Sa[%1A7 I'Xt_1'|8>§|:+?
with probability> 1 — T3s~f Recall thath = SM. We have for anyy; andX;_1,

U(S, Y, X1) < (14 26(T —t+ D))M(S, [Yla, [%1]e) +3(T —t+1)A

1 T-t+1
with probability> 1 — 2T3s~f ~ IS >1- oIS >1- ﬁ

We can prove the other direction analogously. Attimel, UT+1(ST+1, Y11, XT) :\7T+1(Sr+1, [Yri]a, [XT]
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0. Suppose the statement holds for t+1. For 8nY;,

Ut(S, Y, X 1)

= Exxy [(%—M8=Y), + (M) +Upra (S =17, %+ (X —F3—-Y0), , X)]

> Extxu[(m—ri*a—wtmﬁgt(riw

HA-26(T )V (S, [+ (% —B-Y), ],y m)—sm—t)]
> (L= 8)Exx o, | (%~ 8- [%]a). + &()

H(1-26(T —O)Veen (S =7, [M]a+ (% —F8— 1), ],) —3A(T —t)]
> (1-25(T—t+ DM(S, MMla D-1]e) ~3A(T—t+1)

1>1-—

with probability> 1 — Therefore, for anyy andY;,

s 2T

Ut(S, Y, %eo1) = V(S5 M a X1l <28(T —t+DV(S, %, Xe1) +38(T —t+1)

with probability> 1 — T2$§

We are now ready to prove the main theorem.

Proof. Theorem 1.4.1 Attimé=1,Y; = 0. From Lemma 2, we know that for

Vi(S1,0) < Vi(S1,0) +2TA

with probability at least +1/(TS) for all S;.
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From Lemmas A.0.1 - A.0.3, we have
U1(S1,0) < (14 26T )V4(St,0) +3TA < (1+ 26 T)V4(S1,0) + 6TA < (14 5¢T)V4(Sy,0) + 8TA,

U1(S1,0) > (1—26T)V1(Sy,0) — 3TA > (1— 26T )V4(Sy,0) — 6TA > (1—5€T)V(Sy, 0) — 8TA,

with probability atleast +1/(TS) —-1/(TS) =1-2/(TS) forall §.
LetVY(.) be the value function when there is no execution costpi.0. We have/;(S;,0) >
V2(S1,0). From Theorem 1.2.1 and Assumptions 2 and 3, the expectéd@agis at leastM/2

and the average amount of reduct®®/T is at mos@aM.

V1(51,0) > V2(S1,0) > B [Xna — 25> 1M

for some constart;. Therefore, with probability at least12/(TS) —n

16e

Jl(S]_,O) < <1+ 5eT + ms

)vt<sl,o> < (14 0() (S,0).

16e

U1(S1,0) > (1— 5T — i a"

)vt<sl,o> > (1- O(€))U(S1.0).



Appendix B

Proof of Lemma 4 with general network size

and input/output capacities

Suppose that, 1 < 5k < 1, for someu. We consider the following three cases.

~ 5ty
Case (1)Cx < =4

For anyg € {1,---,k}, we have

-

L

5 ~9)

@ |

I=u+1

i)?f ) :2Tu_1 1- i)?fg))

=1

e

Thus,y 1L 1>?fg >3
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X9 We know from Eq. (2.2.11) that

u

argmin gy

Letg*

X X

©._ ©._ —

S S >
—_—— —— /_\VN|1

S g K

S S X

I I

=

Using the constraints (2.2.1) and (2.2.2), we have

We then have

Ci.

16
3

_ 1<
—3 u-1

<3
*) 3 u

Ty
1%

u
|

2

VI
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Case (2)—

Define a sequenag,,h=1,2,---, by

01 =

1- Gl

1
4’
1= 3 - g h=23
Z iyt

Note that a simple induction shows that for bll a, > 0, and zgzlaq < 1/2. Furthermore,

zgzlaq — 1/2 ash — . Thus, there exists sonfeesuch that

h-1 _ h
<1+ > (xq> Ty1 <G < <1+ > Gq) Ty-1.
g=1 g=1

Foranyg=1,---,k, we have

d S
<1+Zaq> Tu— 1>Ck>cg ZT|—1X|g
=1

L u
—£9) —£9)
> Ty X7 =Tu[1-) X ,
|:§+1 < |; l )

and
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It follows that,

Tu 2Tu 4TU—1
u  otg) < h - h
21=1% 1-3g¢-1%q 1-34-10q
4Cx
(1—3h 109 (1+yq_10q)

Vi <

<

By the definition ofag, we have

(- ) (o o)~ (i) (2
~Sa +Sog|=|—7F— +5 a
qzl ! qzl ! 1+22;qu qzl ;

:1_a17
Therefore,
AC, 16—
Vi —C..
k< T 3™

~ o 3,
Case (3)Cx > ==.

Foranyg=1,--- k, we have

Il
=

and hence
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Using the same argument as in case (1), we have

T 16 —
Ul or,1 =811 < —Ck.

T 3

We know from Lemma 2 thafk < Cx(OPT) and the result follows.



Appendix C

Tables

We present the total weighted completion time ratios wigpeet to the base cases for general

instances in Tables C.1to C.11.
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Table C.1: General instances with zero release time, (&@pwitbackfill and without grouping

Instance| No. of flows in each coflow FIFO | STPT| SMPT | SMCT | ECT | LP-based
1 m 233 222 | 206 | 212 | 215 2.26
2 m 249 | 239 | 2.18 | 2.29 | 2.38| 2.40
3 m 243 | 229 | 215 | 2.24 | 229| 2.36
4 m 241 | 223 | 211 | 221 | 222| 2.28
5 m 247 | 224 | 209 | 2.19 | 219| 221
6 P 128 | 125 | 1.24 | 1.25 | 1.26| 1.26
7 P 126 | 1.25 | 1.23 | 1.24 | 1.26| 1.26
8 P 129 | 1.26 | 1.24 | 124 | 1.26| 1.26
9 P 1.27 | 1.27 | 1.24 | 1.25 | 1.27| 1.27
10 m? 1.27 | 1.26 | 1.23 | 1.24 | 1.26| 1.26
11 Unif[m, m?] 191 | 161 | 160 | 160 | 1.61| 1.61
12 Unif[m, né] 193 | 164 | 163 | 163 | 1.65| 1.66
13 Unif[m, né] 204 | 162 | 161 | 1.62 | 1.63| 1.63
14 Unif[m, né] 198 | 156 | 155 | 156 | 1.57| 1.57
15 Unif[m, né] 1.88 | 158 | 156 | 1.57 | 1.59| 1.59
16 Unif[m, né] 205| 157 | 156 | 1.57 | 1.58| 1.58
17 Unif[m, n?] 197 | 158 | 157 | 158 | 1.59| 1.59
18 Unif[m, né] 203 | 165 | 164 | 165 | 1.66| 1.66
19 Unif[m, m?] 2.04 | 157 | 156 | 157 | 158| 1.58
20 Unif[m, m?] 212 | 166 | 1.65 | 1.66 | 1.68| 1.67
21 Unif[m, né] 194 | 166 | 164 | 164 | 1.66| 1.67
22 Unif[m, né] 208 | 164 | 163 | 163 | 1.65| 1.65
23 Unif[m, né] 198 | 160 | 159 | 1.60 | 1.61| 1.61
24 Unif[m, né] 214 | 169 | 167 | 1.68 | 1.70| 1.69
25 Unif[m, m?] 202 | 165 | 164 | 164 |166| 1.67
26 Unif[m, m?] 217 | 168 | 1.67 | 1.68 | 1.70| 1.70
27 Unif[m, m?] 1.86| 159 | 158 | 158 | 1.61| 1.61
28 Unif[m, né] 190 | 161 | 159 | 1.60 | 1.62| 1.62
29 Unif[m, né] 222 | 172 | 171 | 1.71 | 1.74| 1.73
30 Unif[m, né] 197 | 159 | 158 | 1.58 | 1.60| 1.60
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Table C.2: General instances with zero release time, (i) bétkfill and without grouping

Instance| No. of flows in each coflow FIFO | STPT| SMPT | SMCT | ECT | LP-based
1 m 137 136 | 1.35 | 1.43 [ 1.33] 1.36
2 m 1.58 | 1.40 | 150 | 1.53 | 1.52| 1.41
3 m 150 | 1.36 | 1.41 | 1.44 | 1.41| 1.45
4 m 1.56 | 1.41 | 1.37 | 1.35 | 1.33| 1.48
5 m 159 | 1.44 | 137 | 143 | 1.38| 1.48
6 e 1.04 | 1.01 | 1.02 | 1.02 | 1.01| 1.01
7 e 1.05| 1.03 | 1.03 | 1.02 | 1.01| 1.01
8 v 1.04 | 1.02 | 1.02 | 1.02 | 1.01| 1.01
9 e 1.03 | 1.02 | 1.02 | 1.02 | 1.01| 1.01
10 e 1.03 | 1.03 | 1.03 | 1.03 | 1.01| 1.01
11 Unif[m, n?] 1.35| 1.06 | 1.06 | 1.05 | 1.06| 1.05
12 Unif[m, n?] 1.35| 1.05 | 1.06 | 1.06 | 1.05| 1.06
13 Unif[m, ] 1.45| 1.05| 1.06 | 1.06 | 1.06| 1.04
14 Unif[m, ] 1.42 | 1.05| 1.05 | 1.06 | 1.05| 1.05
15 Unif[m, n?] 1.33| 1.05| 1.05 | 1.06 | 1.05| 1.05
16 Unif[m, n?] 1.48 | 1.05| 1.06 | 1.06 | 1.06| 1.05
17 Unif[m, n?] 1.42 | 1.04 | 1.05 | 1.05 | 1.04| 1.05
18 Unif[m, n?] 1.42 | 1.06 | 1.06 | 1.08 | 1.06| 1.07
19 Unif[m, n?] 1.47 | 1.04 | 1.05 | 1.05 | 1.05| 1.04
20 Unif[m, ] 1.45| 1.06 | 1.07 | 1.05 | 1.06| 1.06
21 Unif[m, ] 1.33| 1.06 | 1.08 | 1.07 | 1.05| 1.06
22 Unif[m, ] 1.47 | 1.06 | 1.06 | 1.06 | 1.07| 1.06
23 Unif[m, n¥] 1.43| 1.05| 1.07 | 1.06 | 1.05| 1.05
24 Unif[m, n?] 1.47 | 1.06 | 1.07 | 1.07 | 1.05| 1.06
25 Unif[m, n?] 1.44 | 1.05| 1.08 | 1.06 | 1.06| 1.06
26 Unif[m, n?] 1.51| 1.07 | 1.08 | 1.09 | 1.08| 1.08
27 Unif[m, n?] 1.30 | 1.05 | 1.07 | 1.06 | 1.05| 1.05
28 Unif[m, n?] 1.46 | 1.08 | 1.38 | 1.38 | 1.45| 1.07
29 Unif[m, ] 1.29 | 1.06 | 1.24 | 1.24 | 1.28| 1.05
30 Unif[m, ] 146 | 1.05 | 1.37 | 1.38 | 1.45| 1.05
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Table C.3: General instances with zero release time, (¢) batanced backfill and without group-
ing

Instance| No. of flows in each coflow FIFO | STPT| SMPT | SMCT | ECT | LP-based
1 m 1.04 ] 1.00 | 1.03 | 098 | 0.89] 1.00
2 m 1.09 | 1.04 | 1.03 | 1.03 | 0.89| 1.00
3 m 1.08 | 1.00 | 1.02 | 1.03 | 0.92| 1.00
4 m 1.11 | 1.01 | 1.04 | 098 | 091| 1.00
5 m 1.10 | 1.03 | 0.97 | 1.00 | 0.89| 1.00
6 e 1.03| 1.01 | 1.01 | 1.02 | 1.00| 1.00
7 e 1.05| 1.02 | 1.03 | 1.02 | 1.00| 1.00
8 e 1.04 | 1.01 | 1.02 | 1.01 | 1.00| 1.00
9 e 1.02 | 1.01 | 1.02 | 1.02 | 1.00| 1.00
10 e 1.03 | 1.03 | 1.03 | 1.02 | 1.00| 1.00
11 Unif[m, n?] 1.31] 1.01 | 1.01 | 1.02 | 1.00| 1.00
12 Unif[m, ] 1.29 | 1.01 | 1.03 | 1.02 | 0.99| 1.00
13 Unif[m, ] 1.42 | 1.01 | 1.02 | 1.02 | 0.99| 1.00
14 Unif[m, ] 1.39 | 1.01 | 1.02 | 1.02 | 1.00| 1.00
15 Unif[m, n?] 1.30 | 1.01 | 1.03 | 1.02 | 1.00| 1.00
16 Unif[m, n?] 1.44 | 1.01 | 1.02 | 1.01 | 0.99| 1.00
17 Unif[m, n?] 1.40 | 1.01 | 1.02 | 1.01 | 0.99| 1.00
18 Unif[m, n?] 1.37 | 1.01 | 1.02 | 1.02 | 1.00| 1.00
19 Unif[m, ] 1.42 | 1.01 | 1.02 | 1.01 | 1.00| 1.00
20 Unif[m, ] 1.41| 1.01 | 1.02 | 1.02 | 1.00| 1.00
21 Unif[m, ] 1.28 | 1.00 | 1.02 | 1.02 | 1.00| 1.00
22 Unif[m, ] 1.42 | 1.01 | 1.02 | 1.01 | 1.00| 1.00
23 Unif[m, n?] 1.38 | 1.01 | 1.02 | 1.02 | 1.00| 1.00
24 Unif[m, n?] 1.42 | 1.00 | 1.02 | 1.02 | 0.99| 1.00
25 Unif[m, n?] 1.40 | 1.00 | 1.02 | 1.02 | 0.99| 1.00
26 Unif[m, n?] 1.44 | 1.01 | 1.02 | 1.02 | 1.00| 1.00
27 Unif[m, ] 1.26 | 1.02 | 1.03 | 1.02 | 1.00| 1.00
28 Unif[m, n?] 1.30 | 1.03 | 1.03 | 1.02 | 1.00| 1.00
29 Unif[m, ] 1.48 | 1.01 | 1.02 | 1.02 | 0.99| 1.00
30 Unif[m, n¥?] 1.41| 1.01 | 1.01 | 1.01 | 1.00| 1.00
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Table C.4: General instances with zero release time, (dh) bétkfill and with grouping

Instance| No. of flows in each coflow FIFO | STPT| SMPT | SMCT | ECT | LP-based
1 m 1.25| 121 | 1.21 | 1.19 | 1.11 1.08
2 m 1.26 | 1.14 | 1.22 1.20 | 1.14 1.04
3 m 1.18 | 1.10 | 1.18 1.20 | 1.14 1.14
4 m 1.31 | 1.19 1.33 1.20 | 1.11 1.07
5 m 1.30 | 1.18 | 1.13 | 1.19 | 1.08 1.05
6 me 1.37 | 1.36 | 1.38 | 1.38 | 1.34| 1.36
7 mé 1.37 | 1.35 | 1.37 | 1.35 | 1.35 1.34
8 mé 1.39 | 1.36 | 1.35 1.37 | 1.35 1.33
9 mé 1.39 | 1.37 1.36 1.36 | 1.35 1.35
10 mé 1.36 | 1.37 1.38 1.36 | 1.34 1.35
11 Unif[m, mz] 1.73 | 1.41 1.39 1.41 | 1.37 1.38
12 Unif[ m, m?] 1.75| 144 | 143 | 1.43 | 1.42 1.45
13 Unif[m, n?] 1.86| 1.40 | 1.41 | 1.43 | 1.38 1.34
14 Unif[m, n?] 1.87 | 1.39 | 1.41 | 1.40 | 1.40 1.37
15 Unif[m, n?] 1.68| 143 | 143 | 1.41 | 1.35 1.37
16 Unif[m, mz] 1.88 | 1.36 | 1.39 1.40 | 1.38 1.38
17 Unif[m, mz] 1.82 | 1.37 1.38 1.41 | 1.37 1.37
18 Unif[m, mz] 1.88 | 1.41 1.43 1.42 | 1.39 1.42
19 Unif[ m, m?] 1.87 | 141 | 141 | 1.41 | 1.40 1.41
20 Unif[m, n?] 1.92 | 142 | 144 | 142 | 141 1.39
21 Unif[m, n?] 1.81| 143 | 145 | 1.47 | 1.40 1.40
22 Unif[m, n?] 191 141 | 143 | 1.39 | 141 1.42
23 Unif[m, mz] 1.80 | 1.42 1.42 1.39 | 1.39 1.37
24 Unif[m, mz] 1.89 | 1.40 | 1.44 1.44 | 1.38 1.40
25 Unif[m, mz] 1.82 | 1.42 1.43 1.42 | 1.41 1.42
26 Unif[m, mz] 200 | 150 | 1.49 1.48 | 1.46 1.44
27 Unif[ m, m?] 1.69| 142 | 144 | 1.41 | 1.39 1.42
28 Unif[m, n?] 1.71| 144 | 143 | 1.44 | 1.38 1.39
29 Unif[m, ] 2.08| 149 | 1.46 | 148 |1.46| 1.43
30 Unif[m, n?] 1.79 | 144 | 142 | 1.43 | 1.38 1.41
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Table C.5: General instances with zero release time, (&)létanced backfill and with grouping

Instance| No. of flows in each coflow FIFO | STPT| SMPT | SMCT | ECT | LP-based
1 m 118 1.14 | 1.15 | 1.13 | 1.07| 1.04
2 m 1.19 | 1.09 | 1.16 | 1.15 | 1.10| 1.00
3 m 1.13 | 1.05 | 1.12 | 1.16 | 1.10| 1.09
4 m 1.23 | 114 | 1.21 | 1.15 | 1.07| 1.05
5 m 1.23| 1.12 | 1.08 | 1.13 | 1.05| 1.01
6 e 136 | 1.35 | 1.35 | 1.35 | 1.33| 1.34
7 me 1.35| 1.34 | 1.36 | 1.35 | 1.33| 1.32
8 v 1.38 | 1.36 | 1.35 | 1.36 | 1.34| 1.33
9 e 1.37 | 135 | 1.35 | 1.35 | 1.33| 1.33
10 e 1.35| 1.36 | 1.36 | 1.36 | 1.33| 1.34
11 Unif[m, mé] 1.69 | 1.36 | 1.35 | 1.37 | 1.35| 1.34
12 Unif[m, n?] 1.70 | 1.38 | 1.39 | 1.39 | 1.37| 1.36
13 Unif[m, n?] 1.83| 1.34 | 1.36 | 1.37 | 1.35| 1.32
14 Unif[m, ] 1.83| 1.35| 1.37 | 1.36 | 1.36| 1.34
15 Unif[m, n?] 1.65| 1.35 | 1.37 | 1.37 | 1.33| 1.33
16 Unif[m, mé] 1.86 | 1.32 | 1.35 | 1.34 | 1.33| 1.33
17 Unif[m, mé] 1.77 | 1.34 | 135 | 1.36 | 1.33| 1.33
18 Unif[m, mé] 1.84| 136 | 1.38 | 1.36 | 1.35| 1.37
19 Unif[ m, m?] 1.85| 1.36 | 1.35 | 1.36 | 1.35| 1.36
20 Unif[m, ] 1.87 | 1.38 | 1.42 | 1.40 | 1.39| 1.36
21 Unif[ m, mé] 1.77 | 1.38 | 1.40 | 1.41 | 1.36| 1.36
22 Unif[m, ] 1.88| 1.36 | 1.37 | 1.35 | 1.36| 1.37
23 Unif[m, ] 1.78 | 1.37 | 1.37 | 1.36 | 1.35| 1.34
24 Unif[m, mé] 1.85| 135 | 1.38 | 1.39 | 1.35| 1.37
25 Unif[m, mé] 1.79 | 1.39 | 1.39 | 1.40 | 1.38| 1.37
26 Unif[m, mé] 1.98 | 1.44 | 1.44 | 1.45 | 1.43| 1.40
27 Unif[m, n?] 1.67 | 1.37 | 1.38 | 1.36 | 1.37| 1.35
28 Unif[m, n?] 169 | 1.40 | 1.39 | 1.39 | 1.37| 1.35
29 Unif[ m, mé] 2.04| 143 | 141 | 143 | 1.41| 1.39
30 Unif[m, n?] 1.78 | 1.38 | 1.37 | 1.38 | 1.34| 1.36
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Table C.6: General instances with general release timpwjith backfill and without grouping

Instance| No. of flows in each coflow FIFO | STPT| SMPT | SMCT | ECT | LP-based
1 m 133 1.28 | 1.32 | 1.32 | 1.33] 1.30
2 m 1.32 | 1.34 | 1.33 | 1.32 | 1.32| 1.33
3 m 1.37 | 1.38 | 1.37 | 1.36 | 1.37| 1.34
4 m 1.28 | 1.27 | 1.24 | 1.31 | 1.30| 1.29
5 m 1.31| 1.26 | 1.34 | 1.32 | 1.37| 1.33
6 me 1.04 | 1.03 | 1.04 | 1.04 | 1.03| 1.01
7 me 1.03| 1.02 | 1.03 | 1.03 | 1.03| 1.01
8 v 1.03 | 1.02 | 1.03 | 1.03 | 1.03| 1.01
9 e 1.02 | 1.02 | 1.02 | 1.02 | 1.02| 1.01
10 e 1.03 | 1.03 | 1.03 | 1.03 | 1.03| 1.01
11 Unif[m, mé] 1.44 | 1.07 | 1.36 | 1.36 | 1.44| 1.06
12 Unif[ m, m?] 1.45| 1.08 | 1.38 | 1.36 | 1.44| 1.05
13 Unif[m, n?] 1.37 | 1.06 | 1.29 | 1.29 | 1.32| 1.04
14 Unif[m, n?] 1.43| 1.07 | 1.38 | 1.37 | 1.43| 1.07
15 Unif[m, n?] 1.38| 1.07 | 1.31 | 1.32 | 1.37| 1.05
16 Unif[m, mé] 142 | 1.05| 135 | 1.35 | 1.41| 1.05
17 Unif[m, mé] 1.37 | 1.07 | 1.29 | 1.29 | 1.36| 1.04
18 Unif[m, mé] 1.33 ] 1.05 | 125 | 1.26 | 1.31| 1.04
19 Unif[ m, m?] 1.25| 1.04 | 1.21 | 1.21 | 1.24| 1.03
20 Unif[m, ] 1.43| 1.06 | 1.36 | 1.36 | 1.44| 1.06
21 Unif[m, ] 1.38| 1.04 | 1.30 | 1.30 | 1.38| 1.04
22 Unif[m, ] 1.40 | 1.06 | 1.30 | 1.31 | 1.38| 1.05
23 Unif[m, ] 1.35| 1.05 | 1.30 | 1.29 | 1.34| 1.05
24 Unif[m, mé] 1.36 | 1.04 | 1.28 | 1.28 | 1.35| 1.04
25 Unif[m, mé] 1.45| 1.06 | 1.36 | 1.37 | 1.40| 1.06
26 Unif[m, mé] 1.45| 1.06 | 1.35 | 1.37 | 1.42| 1.04
27 Unif[m, n?] 1.38 | 1.08 | 1.29 | 1.30 | 1.36| 1.06
28 Unif[m, n?] 1.39 | 1.07 | 1.31 | 1.31 | 1.38| 1.05
29 Unif[m, n?] 1.42 | 1.07 | 1.38 | 1.37 | 1.42| 1.05
30 Unif[m, n?] 1.38| 1.05| 1.32 | 1.31 | 1.37| 1.05
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Table C.7: General instances with general release timgsyi(lec balanced backfill and without
grouping

Instance| No. of flows in each coflow FIFO | STPT| SMPT | SMCT | ECT | LP-based
1 m 1.03 | 1.10 | 1.07 | 1.06 | 1.03| 1.03
2 m 1.03 | 1.07 | 1.07 | 1.04 | 1.03| 1.06
3 m 1.09 | 1.08 | 1.09 | 1.09 | 1.09| 1.07
4 m 1.03 | 1.02 | 1.05 | 1.01 | 1.03| 0.99
5 m 1.02 | 1.07 | 1.09 | 1.05 | 1.06| 1.05
6 e 134 | 1.34 | 1.34 | 134 | 1.33| 1.32
7 v 1.33 | 1.31 | 1.33 | 1.32 | 1.32| 1.33
8 e 1.32 | 1.33 | 1.32 | 1.32 | 1.32| 1.32
9 e 1.32 | 1.31 | 1.32 | 1.32 | 1.32| 1.32
10 e 1.31| 133 | 1.31 | 1.32 | 1.31| 1.32
11 Unif[m, n?] 1.75| 134 | 168 | 168 | 1.76| 1.31
12 Unif[m, ] 1.73| 1.36 | 1.68 | 1.67 | 1.76| 1.36
13 Unif[m, n?] 1.70 | 1.36 | 161 | 1.60 | 1.59| 1.31
14 Unif[m, ] 1.79 | 1.33 | 169 | 1.69 | 1.74| 1.33
15 Unif[m, ] 1.68 | 1.36 | 1.60 | 1.60 | 1.67| 1.33
16 Unif[m, mé] 1.75| 140 | 165 | 1.69 | 1.73| 1.36
17 Unif[m, mé] 1.67 | 135 | 158 | 158 | 1.66| 1.35
18 Unif[m, mé] 1.63 | 1.34 | 158 | 159 | 1.64| 1.34
19 Unif[m, ] 153 | 135 | 150 | 1.49 | 1.53| 1.33
20 Unif[m, ] 1.75| 1.38 | 165 | 1.65 | 1.74| 1.35
21 Unif[m, ] 1.73| 1.33 | 161 | 159 | 166| 1.30
22 Unif[m, ] 168 | 1.34 | 162 | 161 | 1.68| 1.34
23 Unif[m, mé] 1.66 | 1.35 | 161 | 1.61 | 1.66| 1.36
24 Unif[m, mé] 1.64 | 134 | 158 | 158 | 1.64| 1.29
25 Unif[m, mé] 1.75| 1.36 | 1.64 | 1.65 | 1.66| 1.33
26 Unif[ m, m?] 1.73| 1.38 | 166 | 1.65 | 1.70| 1.32
27 Unif[m, ] 1.71| 136 | 1.60 | 159 | 1.66| 1.34
28 Unif[m, n?] 169 | 1.36 | 159 | 1.60 | 1.69| 1.35
29 Unif[m, ] 1.77 | 135 | 1.70 | 1.71 | 1.75| 1.33
30 Unif[m, ] 1.68 | 135 | 162 | 1.60 | 1.68| 1.33
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Table C.8: General instances with general release timpwiiifal backfill and with grouping

Instance| No. of flows in each coflow FIFO | STPT| SMPT | SMCT | ECT | LP-based
1 m 1.03 | 1.10 | 1.07 | 1.06 | 1.03| 1.03
2 m 1.03 | 1.07 | 1.07 | 1.04 | 1.03| 1.06
3 m 1.09 | 1.08 | 1.09 | 1.09 | 1.09| 1.07
4 m 1.03 | 1.02 | 1.05 | 1.01 | 1.03| 0.99
5 m 1.02 | 1.07 | 1.09 | 1.05 | 1.06| 1.05
6 me 1.34| 1.34 | 1.34 | 1.34 | 1.33| 1.32
7 me 1.33| 1.31 | 1.33 | 1.32 | 1.32| 1.33
8 v 1.32 | 1.33 | 1.32 | 1.32 | 1.32| 1.32
9 e 1.32 | 1.31 | 1.32 | 1.32 | 1.32| 1.32
10 e 1.31] 1.33 | 1.31 | 1.32 | 1.31| 1.32
11 Unif[m, mé] 1.75| 134 | 168 | 168 | 1.76| 1.31
12 Unif[m, n?] 1.73 | 1.36 | 1.68 | 1.67 | 1.76| 1.36
13 Unif[m, n?] 1.70 | 1.36 | 161 | 1.60 | 1.59| 1.31
14 Unif[m, ] 1.79 | 1.33 | 169 | 1.69 | 1.74| 1.33
15 Unif[m, n?] 168 | 1.36 | 1.60 | 1.60 | 1.67| 1.33
16 Unif[m, mé] 1.75| 1.40 | 165 | 1.69 | 1.73| 1.36
17 Unif[m, mé] 1.67 | 135 | 158 | 1.58 | 1.66| 1.35
18 Unif[m, mé] 1.63 | 1.34 | 158 | 159 | 1.64| 1.34
19 Unif[ m, m?] 153 | 135 | 150 | 1.49 | 1.53| 1.33
20 Unif[m, n?] 1.75| 1.38 | 165 | 1.65 | 1.74| 1.35
21 Unif[m, ] 1.73| 1.33 | 161 | 159 | 166 1.30
22 Unif[m, ] 168 | 1.34 | 162 | 161 | 1.68| 1.34
23 Unif[m, ] 1.66 | 1.35 | 161 | 1.61 | 1.66| 1.36
24 Unif[m, mé] 1.64 | 134 | 158 | 158 | 1.64| 1.29
25 Unif[m, mé] 1.75| 1.36 | 1.64 | 1.65 | 1.66| 1.33
26 Unif[m, mé] 1.73| 138 | 166 | 1.65 | 1.70| 1.32
27 Unif[m, n?] 171 136 | 1.60 | 159 | 1.66| 1.34
28 Unif[m, n?] 169 | 1.36 | 159 | 1.60 | 1.69| 1.35
29 Unif[m, n?] 1.77 | 135 | 1.70 | 1.71 | 1.75| 1.33
30 Unif[m, ] 1.68 | 135 | 162 | 1.60 | 1.68| 1.33
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Table C.9: General instances with general release timesjtfebalanced backfill and with group-
ing

Instance| No. of flows in each coflow FIFO | STPT| SMPT | SMCT | ECT | LP-based
1 m 097 | 098 | 0.96 | 0.96 | 0.97| 0.95
2 m 095| 0.96 | 097 | 096 | 095 0.98
3 m 1.02 | 1.02 | 1.02 | 1.02 | 1.02| 0.97
4 m 092 | 091 | 091 | 091 |092| 0.91
5 m 0.97 | 098 | 0.98 | 0.97 | 0.98| 0.96
6 e 134 | 1.33 | 1.34 | 134 | 133 131
7 e 1.33| 1.31 | 1.33 | 1.32 | 1.32| 1.33
8 e 1.32 | 1.32 | 1.31 | 1.32 | 1.32| 1.32
9 e 1.31| 1.30 | 1.31 | 1.31 |1.31| 1.31
10 e 1.31| 1.32 | 1.32 | 1.32 | 131 1.31
11 Unif[m, n?] 1.72 | 1.32 | 166 | 1.66 | 1.74| 1.29
12 Unif[m, ] 1.74 | 135 | 166 | 1.64 | 1.74| 1.32
13 Unif[m, n?] 164 | 1.35| 160 | 1.60 | 1.58| 1.32
14 Unif[m, ] 1.76 | 1.32 | 1.67 | 1.67 | 1.72| 1.30
15 Unif[m, n?] 1.68 | 1.34 | 160 | 1.60 | 1.67| 1.31
16 Unif[m, n?] 1.74 | 1.37 | 164 | 167 |1.72| 1.31
17 Unif[m, n?] 1.65| 1.32 | 158 | 1.58 | 1.65| 1.32
18 Unif[m, n?] 1.63 | 1.31 | 153 | 1.53 | 1.64| 1.32
19 Unif[m, ] 152 | 135 | 1.49 | 1.49 |152| 1.31
20 Unif[m, ] 1.74 | 134 | 165 | 165 | 1.74| 1.30
21 Unif[m, ] 1.72 | 1.31 | 160 | 159 | 1.65| 1.29
22 Unif[m, ] 166 | 1.31 | 1.60 | 1.60 | 1.66| 1.30
23 Unif[m, n?] 1.67 | 1.33 | 161 | 1.60 | 1.67| 1.32
24 Unif[m, n?] 1.63 | 1.32 | 157 | 157 | 1.60| 1.28
25 Unif[m, n?] 1.73| 1.35 | 163 | 1.63 | 1.64| 1.31
26 Unif[m, n?] 1.71 | 134 | 165 | 164 |169| 1.31
27 Unif[m, ] 1.68| 1.32 | 158 | 158 | 1.65| 1.31
28 Unif[m, n?] 166 | 1.33 | 155 | 156 | 1.64| 1.33
29 Unif[m, ] 1.78 | 1.34 | 170 | 1.69 | 1.75| 1.30
30 Unif[m, n¥?] 1.68 | 1.34 | 161 | 1.60 | 1.67| 1.31
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Table C.10: Offline algorithm on general instances withaséetimes, (c) with balanced backfill
and without grouping

Instance| No. of flows in each coflow FIFO | STPT| SMPT | SMCT | ECT | LP-based
1 m 099 098 | 0.98 | 0.98 | 1.00| 1.00
2 m 099 | 0.99 | 099 | 099 | 099 1.00
3 m 1.01| 099 | 1.00 | 0.99 | 1.01| 1.00
4 m 0.97 | 097 | 0.97 | 0.98 | 0.97| 1.00
5 m 0.98 | 097 | 0.97 | 0.98 | 0.98| 1.00
6 e 1.02 | 1.02 | 1.02 | 1.02 | 1.02| 1.00
7 e 1.02 | 1.02 | 1.02 | 1.02 | 1.02| 1.00
8 e 1.04 | 1.02 | 1.03 | 1.03 | 1.03| 1.00
9 e 1.02 | 1.02 | 1.02 | 1.02 | 1.03| 1.00
10 e 1.04 | 1.03 | 1.04 | 1.04 | 1.04| 1.00
11 Unif[m, n?] 140 | 1.01 | 1.33 | 1.33 | 1.39| 1.00
12 Unif[m, ] 1.32| 1.01 | 1.25 | 1.25 | 1.31| 1.00
13 Unif[m, n?] 1.39 | 1.01 | 1.31 | 1.31 | 1.38| 1.00
14 Unif[m, ] 1.35| 1.02 | 1.29 | 1.29 | 1.34| 1.00
15 Unif[m, n?] 1.40 | 1.02 | 1.33 | 1.33 | 1.40| 1.00
16 Unif[m, n?] 1.27 | 1.01 | 1.20 | 1.20 | 1.26| 1.00
17 Unif[m, n?] 1.42 | 1.01 | 1.33 | 1.33 | 1.40| 1.00
18 Unif[m, n?] 1.33 | 1.01 | 1.27 | 1.27 | 1.33| 1.00
19 Unif[m, ] 1.42 | 1.02 | 1.34 | 1.34 | 1.41| 1.00
20 Unif[m, ] 1.40 | 1.02 | 1.34 | 1.34 | 1.40| 1.00
21 Unif[m, ] 1.35| 1.01 | 1.27 | 1.27 | 1.34| 1.00
22 Unif[m, ] 1.30| 1.03 | 1.25 | 1.25 | 1.30| 1.00
23 Unif[m, n?] 1.35| 1.02 | 1.29 | 1.28 | 1.35| 1.00
24 Unif[m, n?] 1.34| 1.02 | 1.28 | 1.28 | 1.33| 1.00
25 Unif[m, n?] 1.30 | 1.01 | 1.24 | 1.24 | 1.29| 1.00
26 Unif[m, n?] 1.30 | 1.02 | 1.24 | 1.24 | 1.29| 1.00
27 Unif[m, ] 1.28 | 1.01 | 1.22 | 1.22 | 1.27| 1.00
28 Unif[m, n?] 1.35| 1.01 | 1.27 | 1.27 | 1.34| 1.00
29 Unif[m, n?] 1.32| 1.02 | 1.25 | 1.25 | 1.31| 1.00
30 Unif[m, n¥?] 1.28 | 1.01 | 1.23 | 1.23 | 1.28| 1.00
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Table C.11: Online algorithm on general instances withasdetimes, (c) with balanced backfill
and without grouping

Instance| No. of flows | FIFO | STPT | SMPT | SMCT | ECT | LP-based Lower bound
1 m 099 095| 0.94 | 0.97 | 093] 0.96 0.88
2 m 099 | 0.98 | 097 | 097 |094| 0.96 0.89
3 m 1.01 | 098 | 096 | 0.97 | 0.93| 0.97 0.88
4 m 097 | 096 | 0.95 | 0.96 | 0.92| 0.94 0.88
5 m 098 | 095| 0.94 | 0.94 | 091| 0.93 0.87
6 13 1.02 | 1.00 | 1.01 | 1.01 | 0.99| 0.99 0.94
7 ne 1.02 | 1.01 | 1.02 | 1.02 | 1.00| 1.00 0.94
8 na 1.04 | 1.01 | 1.02 | 1.01 | 1.00| 1.00 0.94
9 na 1.02 | 1.01 | 1.01 | 1.01 | 0.99| 0.99 0.94
10 na 1.04 | 1.01 | 1.03 | 1.02 | 1.00| 1.00 0.96
11 Uniffm, nm?] | 1.40 | 1.00 | 1.00 | 1.00 | 0.99| 0.99 0.92
12 Uniffm,m?] | 1.32 | 1.00 | 1.01 | 1.01 | 0.99| 1.00 0.91
13 Uniffm,m?] | 1.39 | 0.99 | 1.01 | 1.00 | 0.98| 0.99 0.90
14 Uniffm,m?] | 1.35 | 1.00 | 1.01 | 1.00 | 0.99| 0.99 0.92
15 Uniffm, n?] | 1.40 | 1.00 | 1.01 | 1.00 | 0.99| 1.00 0.94
16 Uniffm, m?] | 1.27 | 1.00 | 1.01 | 1.02 | 1.00| 1.00 0.95
17 Uniffm, m?] | 1.42 | 1.00 | 1.00 | 1.00 | 0.99| 1.00 0.91
18 Uniffm, m?] | 1.33 | 1.00 | 1.01 | 1.01 | 0.99| 0.99 0.93
19 Uniffm,m?] | 1.42 | 1.01 | 1.02 | 1.01 | 1.00| 1.00 0.91
20 Uniffm,m?] | 1.40 | 0.99 | 1.01 | 1.00 | 0.99| 0.99 0.92
21 Uniffm,m?] | 1.35| 0.99 | 1.00 | 1.01 | 0.99| 0.99 0.91
22 Uniffm,m?] | 1.30 | 1.00 | 1.02 | 1.02 | 1.00| 1.00 0.93
23 Uniffm, m?] | 1.35| 1.00 | 1.01 | 1.01 | 0.99| 0.99 0.94
24 Uniffm, m?] | 1.34 | 1.00 | 1.01 | 1.01 | 0.99| 0.99 0.93
25 Uniffm,m?] | 1.30 | 1.00 | 1.00 | 1.00 | 0.99| 0.99 0.91
26 Uniffm, n?] | 1.30 | 1.01 | 1.02 | 1.02 | 0.99| 1.00 0.94
27 Uniffm,m?] | 1.28 | 1.00 | 1.01 | 1.01 | 0.99| 0.99 0.93
28 Uniffm,m?] | 1.35| 1.01 | 1.01 | 1.01 | 0.99| 0.99 0.94
29 Uniffm,m?] | 1.32 | 1.01 | 1.01 | 1.01 | 0.99| 1.00 0.93
30 Uniffm, n?] | 1.28 | 1.00 | 1.02 | 1.01 | 0.99| 0.99 0.93




