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ABSTRACT

A Spacetime Alexandrov Theorem

Ye-Kai WANG

Let > be an embedded spacelike codimension-2 submanifold in a spherically symmetric
spacetime satisfying null convergence condition. Suppose X has constant null mean curva-
ture and zero torsion. We prove that > must lie in a standard null cone. This generalizes
the classical Alexandrov theorem which classifies embedded constant mean curvature hyper-
surfaces in Euclidean space. The proof follows the idea of Ros and Brendle. We first derive
a spacetime Minkowski formula for spacelike codimension-2 submanifolds using conformal
Killing-Yano 2-forms. The Minkowski formula is then combined with a Heintze-Karcher type
geometric inequality to prove the main theorem. We also obtain several rigidity results for

codimension-2 submanifolds in spherically symmetric spacetimes.
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Chapter 1

Introduction

1.1 Alexandrov Theorem

The main goal of this work is to study the properties of constant normalized null curvature
(CNNC) surfaces, a generalization of constant mean curvature (CMC) surfaces, in spherically
symmetric spacetimes. We start by reviewing some history and notions of classical theory of
CMC surfaces and general relativity which motivate this work. In this work, all submanifolds
are assumed to be connected.

CMC hypersurfaces arise naturally as the stationary points of the isoperimetric problem

in calculus of variations:
inf {H"71(X) : ¥ = 0Q,Q C R" is a smooth region with £"(Q) =V} (1.1)
Here H"™! and L" denote the (n — 1)-dimensional Hausdorff measure and the Lebesgue

measure on R”.

Definition 1.1. Minimizers of the isoperimetric problem (1.1)) are called the isoperimetric
hypersurfaces. A closed CMC hypersurface X is stable if H"~1(X)” > 0 for any variation that

preserves the enclosed volume.



It is a natural question to characterize the minimizers and (stable) stationary points of
(1.1). Besides the early work of Delauney on CMC surfaces of revolution in 19th century,

the first breakthrough was made by Alexandrov in 1950’s.

Alexandrov theorem. [1] Let ¥ C R™ be a closed (compact without boundary), embedded

CMC hypersurface. Then ¥ is a round sphere.

Alexandrov theorem is remarkable in that it holds in all dimensions and requires no
topological and stable assumptions for the hypersurface. The immersed stable stationary

points were classified by Barbosa-do Carmo.

Theorem 1.2. [2, Theorem 1.3] Let ¥ C R" be a closed, orientable immersed stable CMC

hypersurface. Then ¥ is a round sphere.

There are many proofs of Alexandrov theorem nowadays. Here we present the one, due

to A. Ros, that is the most relevant to us. We start with the classical Minkowski formula.

Theorem 1.3. Let ¥ C R™ be a closed immersed hypersurface. Let X,v and H be the

position vector, normal vector and the mean curvature of . Then

(n—nlﬁuzéfﬂxwmw (1.2)

The next step is a sharp geometric inequality.

Theorem 1.4. Let > C R™ be a closed, embedded hypersurface with positive mean curvature.

Then

é%@zéuw@. (1.3)

Moreover, the equality holds if and only if X is a round sphere.

(1.3) was proved in [26] by Reilly’s formula. Later Ros-Montiel [22] gave another proof

inspired by the paper of Heintze-Karcher.



For a CMC hypersurface, the Minkowski formula implies

<n—1)/2%duz/z<x,y>du.

Hence the equality in (|1.3)) is achieved and ¥ is a round sphere.
It turns out that Ros’ idea generalizes to other rotationally symmetric manifolds. Con-

sider the rotationally symmetric manifold (M, g) with the metric given by

1

g = Wd?"2 + ngsn—l

where f : (rg,71) — R, called the static potential, is a positive function with lim, ., f(r) =0
and lim,_,,, f'(r) > 0. Here o > 0 and 7 can be taken to be co. The Minkowski formula is
readily generalized to (M, g) thanks to the observation that the position vector of ¥ C R™
can be replaced by the restriction of the (global) conformal Killing vector r% to X. Since
(M, g) carries a conformal Killing vector X = rf %, the same proof of Minkowski formula

gives

(n—l)/zfdu:/EH(X, Wiy

On the other hand, Brendle was able to generalize (|1.3) to a large class of rotationally
symmetric manifolds.
Theorem 1.5. [5] Let ¥ C (M, g) be a closed, embedded hypersurface with positive mean

curvature. Suppose f satisfies

(Ayf)g — Hessyf + fRic(g) > 0. (1.4)



Then

/Eédu2/2<X>V>du- (1.5)

Moreover, the equality holds if and only if ¥ is umbilical.
An important class of rotationally symmetric manifolds arises in general relativity. For
example, the Schwarzschild manifold with mass m given by

1
gS = Tﬁwdr2 + 7"25”_1, re (2m, OO)

satisfies (Ays f)g° — Hessys f + fRic(g°) = 0. As a consequence, Brendle proves the Alexan-

drov theorem for Schwarzschild manifolds.

Theorem 1.6. [J] Let ¥ be a closed embedded CMC hypersurface in Schwarzschild manifold.

Then ¥ is a sphere of symmetry.

Another motivation for studying CMC hypersurfaces comes from general relativity. In
general relativity, we study four (more generally, n + 1) dimensional Lorentzian manifolds

(V, g) that satisfy the Einstein equation
N
Ric(g) — 5 R(9)g = 87T, (1.6)

where 7' is the stress-energy tensor of matter. When T = 0, is called the vacuum
Einstein equation and is equivalent to Ric(g) = 0. Shortly after Einstein posed his equation,
Schwarzschild discovered a solution to the vacuum Einstein equation that describes the
gravitational field outside a static star. The metric of the Schwarzschild spacetime with

mass m

2 1
g=- (1——m> dt* + g dr? + 1gs:
7"’ _ =

is static and spherically symmetric. 'When m = 0, Schwarzschild spacetime reduces to



Minkowski spacetime. Note that Schwarzschild spacetime has an (n + 1)-dimensional gener-

alization (found by Tangherlini) with the metric given by

_ . 1
g=— (1 — 2mr 2) dt2 —I— TTWCZT2 + 7"2‘(]57»71.

Given a spacelike hypersurface M C V, the Gauss and Codazzi equation impose con-
straints on the induced metric g and the second fundamental form p of M, called the Einstein

constraint equations:

(R(9) + (trgp)* = Ipl7) = (1.7)

V7 (piy — (trgp)gij) = Ji (1.8)

DO | —

where p = T'(7, 1), J; = T(7i, 0;) for the unit timelike normal 7i of M.

Definition 1.7. An initial data set consists of a manifold M, a Riemannian metric g and a

symmetric (0,2)-tensor p on M that satisfy ((1.7) and (L.8]).

It is well-known that the Einstein equation admits an initial value formulation [30, Chap-
ter 10]. Given an initial data set of the vacuum Einstein constraint equation (u = J = 0),
there exists a spacetime (V) g), called the maximal Cauchy development of (M, g,p), sat-
isfying the vacuum Einstein equation (7' = 0) and M is embedded in (V, g) with induced
metric g and second fundamental form p. It is thus natural to study the geometric and
physical problems on the initial data set. For example, in the time-symmetric case, p = 0,
the dominant energy condition reduces to R(g) > 0. Problems motivated by physics provide
interesting geometric questions on Riemannian manifolds with nonnegative scalar curvature.

Recall that we call the ¢ = 0 slice of Schwarzschild spacetime Schwarzschild manifold

with mass m, (Sch, g%). Tt is useful to express the metric in the conformally flat coordinates

_4

m n—2
ngj = (1 + m) 5ij (19)



Bray initiated the study of isoperimetric surfaces in Schwarzschild manifolds. In [4]
Theorem 8|, he proved that in Schwarzschild manifold with m > 0, the spheres of symmetry

are isoperimetric surfaces and any isoperimetric surface must be a sphere of symmetry.

Definition 1.8. An n-dimensional Riemannian manifold (M, g) is C*-asymptotic to Schwarzschild
of mass m if there exists a bounded open set U C M such that M \ U ~ R™ \ Bi(p), and

such that in the coordinates,

k
ZT”_2+Z|8I(9 — g%yl < Cforallr>1

=0

where v = /)", 7 and gf) is given in (1.9).

In their seminal paper [I8], Huisken-Yau showed that outside a bounded set, a three-
dimensional Riemannian manifold (M, g) that is C*-asymptotic to Schwarzschild of mass
m > 0 is foliated by strictly stable CMC spheres. Moreover, the leaves of the foliation are
the unique stable CMC spheres within a large class of surfaces. The result is strengthened
in [25, 17, 21]. Finally, Eichmair and Metzger [14] proved the uniqueness of the stable CMC

constructed by Huisken-Yau. More precisely,

Theorem 1.9. [1], Theorem 1.1] Let (M, g) be an n-dimensional Riemannian manifold that
is C%-asymptotic to Schwarzschild of mass m > 0. There exists Vy > 0 such that for every

V >V, the infimum in
inf{H)~'(09) : @ C M is a smooth region with L} (Q) =V} (1.10)

is achieved by a unique smooth minimizer (hence isoperimetric) 3y = 0y .

CMC surfaces play an important role in studying the conserved quantities of initial data

sets. The first example contains two results on the behavior of the Hawking mass

my(X) = @(1 - 1;/2[{2@) (1.11)




in a three dimensional time-symmetric initial data set. Christodoulou-Yau [12] showed that
the Hawking mass is nonnegative for stable CMC surfaces. In addition, Bray [4, Lemma 1]
proved that the Hawking mass is non-decreasing along an isoperimetric foliation.

The second example concerns the center of mass.

Definition 1.10. For a three dimensional Riemannian manifold (M, g) that is asymptotic

to Schwarzschild with mass m > 0, the ADM center of mass is defined by, for a = 1,2, 3,

.flji
C* = lim / ¢ gz — Gii g ) dH / (gza — GiiT ) dH
16mm rﬁoo[ \z|=r Z 7 7] ’ x:rzi: || || ’

(1.12)

Here dH3 denotes the area element with respect to the Euclidean metric.
Huisken-Yau defined a geometric center of mass using the CMC foliation.

Definition 1.11. Let {Xy }y>y, be the CMC foliation constructed by Huisken-Yau. The
Huisken-Yau center of mass is defined by, for a =1, 2, 3,

1
o = lim [ 22 1.1
Crv =/ 7050 /va s (1.13)

The expression in has the advantage that it is easy to compute once we have a
CMC foliation. Moreover, in [16], Huang proved that the definition of Huisken-Yau coincides
with that of ADM for a wide class of physical relevant asymptotics (see also [14, Theorem
6.1]).

1.2 Statement of the Main Theorem

Codimension-2 submanifolds play a special role in general relativity. Their null expansions

are closely related to gravitation energy as seen in Penrose’s singularity theorem [24] and



the definition of quasilocal mass [32]. It is desirable to characterize when a codimension-2

submanifold lies in the null hypersurface generated by a round sphere.

Definition 1.12. A null hypersurface in a static spherically symmetric spacetime is called

a standard null cone if it contains a sphere of symmetry in some static time slice.

The main result in this work is a spacetime Alexandrov-type theorem. The CMC condi-

tion for hypersurfaces is replaced by the constant null normalized curvature condition.

Definition 1.13. A spacelike codimension-2 submanifold ¥ of an (n+ 1)-dimensional space-
time is said to have constant normalized null curvature (CNNC) if there exists a future null

normal vector field L such that (H, L) = constant and (DL)* = 0.

We give a characterization of spacelike codimension-2 submanifolds in the standard null

cones of the Schwarzschild spacetime.

Main Theorem. Let ¥ be a future incoming null smooth (see Definition @ closed em-
bedded spacelike codimension-2 submanifold in the Schwarzschild spacetime. Suppose ¥ has
(H,L) = constant and (DL)* = 0 for its future incoming null normal L. Then ¥ lies in a

standard null cone.

The main theorem holds for a class of static spherically symmetric spacetimes (see Chap-
ter 4 for precise statement). For simplicity, we state our results on Schwarzschild spacetimes.
We follow Ros’ idea to combine Minkowski formula and a Heintze-Karcher type inequality.
First of all, we derive a spacetime Minkowski formula using conformal Killing-Yano 2-forms

which generalize conformal Killing vectors.

Definition 1.14. [I9, Definition 1] Let () be a 2-form on an (n + 1)-dimensional pseudo-

Riemannian manifold (V (,)) with Levi-Civita connection D. (@ is said to be a conformal



Killing-Yano 2-form if

(DxQ)(Y, Z2) + (DyQ)(X, Z)

_ % ((X, Y&, 2) - %(X, Z)E,Y) — %(Y, Z><5,X>) (1.14)

for any tangent vectors X, Y, and Z, where £° = (divQ)” = D,Q".

Schwarzschild spacetime admits a conformal Killing-Yano 2-form ) = rdr A dt with
&= —n%.

We have

Theorem 1.15. Let ¥ be a closed immersed oriented spacelike codimension-2 submanifold

in Schwarzschild spacetime. For any normal vector field L of 3, we have

—(n—1) / (O Lydut / QUA. L) dy + / Q0w (D°L) Y du=0.  (L15)

Secondly, we show that there is a monotonicity formula, Proposition [4.1, when we evolve
the surface along its incoming null hypersurface. The idea comes from Brendle’s work. In
particular, we learned a preliminary version of the monotonicity formula in Minkowski space-
time from Brendle. As a consequence of the monotonicity formula, we obtain a spacetime

Heintze-Karcher inequality.

Theorem 1.16. Let X be a future incoming null smooth closed spacelike codimension-2
submanifold in Schwarzschild spacetime. Suppose (F[,L) > 0 where L is a future incoming

null normal. Then

BTN ¢ 19 ) S|
(n 1>/2<ﬁ,£>dlu Z/EQ(L,L)duzO, (1.16)

for a future outgoing null normal L with (L, L) = —2. Moreover, the equality holds if ¥ lies

in a standard null cone.
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The main theorem follows from the spacetime Minkowski formula and the Heintze-
Karcher inequality. Suppose ¥ satisfies (H, L) = constant and (DL)* = 0. Note that
H= —%(F[,L)L — %(ﬁ, L)L and the Minkowski formula implies

(& L)

o) o1 _
—(n—l)/E &’L)du 2/ZQ(L,L)CM—O-

Hence the equality in the previous theorem is achieved and ¥ lies in a standard null cone.
Another natural substitute of CMC condition for higher codimension submanifold is the

notion of parallel mean curvature vector. Yau [33] and Chen[§] proved that a closed immersed

spacelike 2-sphere with parallel mean curvature vector in Minkowski spacetime must be a

round sphere. We are able to generalize their result to Schwarzschild spacetime.

Corollary 1.17. Let ¥ be closed embedded spacelike codimension-2 submanifold with par-
allel mean curvature vector in Schwarzschild spacetime. Suppose ¥ is both future and past

incoming null smooth. Then X is a sphere of symmetry.

Now we describe the organization of this work. In Chapter 2, we set up the notations
and derive the Gauss, Codazzi, and Ricci equations for spacelike codimension-2 submanifolds
in Lorentzian manifolds. In Chapter 3, we derive two spacetime Minkowski formulae. We
discuss how they recover classical Minkowski formulae. The first is the one needed in the
proof of the spacetime Alexandrov theorem. The second one concerns the integral of null
expansions which serves as a measure of gravitational energy. The main theorem is proved
in Chapter 4. We first derive a monotonicity formula. Next we discuss the CNNC condition.
In mean curvature gauge, it can be cast into a single equation. We then flow the submanifold
into the totally geodesic slice where Brendle’s result takes over. We thus get the spacetime
Heintze-Karcher inequality and Alexandrov theorem. The characterization of submanifolds
with parallel mean curvature vector would be a direct consequence. In the final Chapter
5, we discuss three rigidity results on codimension-2 submanifolds in spherically symmetric

spacetimes. First of all, we show that codimension-2 submanifolds in the standard null cone
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is infinitesimally rigid in the sense of CNNC. The result is relevant to the construction of
CNNC foliation in asymptotically Schwarzschild initial data set. Secondly, we show that a
codimension-2 submanifold in the standard null cone with constant mean curvature vector
norm must be a sphere of symmetry. In particular, our argument for the Minkowski space-
time provides a unified proof of the classical Liouville theorem (in 2-dimension) and Obata
theorem (in higher dimension). At last, we show that a codimension-2 submanifold that
has zero connection 1-form in the mean curvature gauge and satisfies a starshaped condition
must lie in a totally geodesic slice. For all results, the energy condition comes in. It is

reminiscent of how positivity of mass supports the uniqueness of CMC foliations.
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Chapter 2

Preliminaries

Let F : (XY o) — (V™1 () be a closed immersed oriented spacelike codimension-2
submanifold in an oriented (n+1)-dimensional Lorentzian manifold (V™! ()). We assume
the normal bundle is also orientable. Fix a point p € 3. We choose a local orthonormal frame
€1,€2,...,6n,en11 in V such that, when restricted to 3, eqy,...,e,_1 are tangent to X and
€n,y €ns1 are normal to X with (e, e,) = 1, {en, en11) = 0, and (e, 41, €,41) = —1. Moreover,
e1Nes N+ -Ney_1, enNeps1, and eg Aeg A+ - - Ae,_1 Ne, Aeyiq coincide with the orientation on

T, NX, and TV. We also choose a coordinate system {u®| a = 1,2,--- ,n—1} for ¥ near p.

We identify g 5; with aiw which is abbreviated as d,. We use the following convention on the
range of indices: 1 < a,b,c,... <n—1,1<a,B,7... <n+1 and agree that repeated indices
are summed over the respective ranges. Let D and V denote the Levi-Civita connection of
V and ¥ respectively and let Raﬁ,y& Ra@, and R (Raped> Ray, and R respectively) denote the
Riemann curvature tensor, Ricci curvature, and scalar curvature of V(X respectively). Let

ha = haay = (Dgeq, Op) be the second fundamental form with respect to e,, a0 = n,n + 1.

We recall the Gauss, Codazzi, and Ricci equations.

Theorem 2.1. Let o5(h,) denote the second symmetric function of the eigenvalues of hy, o =

n,n+1. Let (, = (Dyeyn, eny1) be the connection one-form of the normal bundle with respect
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to the corresponding frame. We have

R=R—2R,, +2Rni1n11 — 2Runs1nnt1 + 202(hy) — 209 (hintr) (2.1)
Vahase = Vohnae = Raven + Ghint1,ac — Cahngtpe (2.2)
Viahniive — Vohnitae = Ravens1 + Cohnae — Calinpe (2.3)
Rapnsin = (dC)ab + g Pnt1pe — Moy Rt 1 ac (2.4)

Proof. For the Gauss equation, we compute

Rabdc - <Dan867 ad> - <DbDaacu ad>
- <Da<vbac - hnbcen + hn+1,bc€n+1>7 ad>
- <Db(va6¢: - hnacen + hn+1,ac€n+l)7 ad>

= Rabdc - hnbchnad + hn+1,bchn+1,ad + hnachnbd - hn+1,achn+l,bd~

Taking trace twice with respect to the induced metric on X, we obtain

R =2 (02(hn) — 02(hnt1)) = 00" Rapac
= Jad(Rad - Randn + Ra,n+1,d,n+1)
= R - Rnn + Rn-i—l,n-‘rl - (Rnn + Rn—i—l,n,n—&—lm,)

+ Rn—l—l,n—i—l - Rn,n—i—l,n,n—H

- R - 2Rnn + 2Rn+l,n+1 - 2Rn,n+1,n,n+l-

For the Codazzi equation, we derive

Vahnbc = <Danen: ac> - (Dvaabem ac> + <Db€n7 (Daac)J_>

where v+ denotes the normal component of the vector v. As (Dyen, (Da0c)t) = CGhnitac
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anti-symmetrizing a, b, we obtain
Vahnbc - Vbhnac = <R(aaa ab)ena ac> + Cbhn+1,ac - Cathrl,bc-

(2.3) is derived similarly. The Ricci equation is derived as follows:

Rab,nJrl,n = <Danen7 en+1> - <DbDaen7 en+1>
= <Da<hnbcac - CbenJrl)’ €n+1> - <Db(hnacac - <a€n+1); €n+1>

= (dC)CLb + hnachn+1,bc - hnbcthrl,ac-

]

Given a spacelike codimension-2 submanifold ¥ in a Lorentzian manifold, it is usually
more convenient to take two null normals instead of one spacelike and one timelike nor-
mal. Let L,L be two future-directed null normals along > such that (L,L) = —2. Let
Xab = (D.L, ) and X, = (D,L,0y) be the corresponding second fundamental form. Let
Crutt(X) = %(DXL,L> be the torsion of ¥ with respect to L, L. When L = ¢,,.1 + ¢, and
L = e,1 — e,, the torsion is the same as the connection one-form defined in Theorem .
We omit the subscript null if there is no risk of confusion. We list the Gauss, Codazzi and

Ricci equations in terms of the null frame without proof.

Theorem 2.2.

_ _ 1_
R+ Rrp + iRLLLL = R+ trytrx — Xax™,

vaXbc - VbXac = RabcL + Xac(b - XbcCay
vaxbc o Vbxac - RabcL B Xacgb + Xbcca7

1_ 1
§RabLL = (dQ)ap + = (Xacx

5 - X;Xw) :

C

To finish the preliminary, we recall the notion of mean curvature gauge from [32].
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Definition 2.3. Let H = 0%®(D,0,)* denote the mean curvature vector of ¥. Suppose H is

H A and the complementing efl, | as the orthonormal frame in

spacelike. We choose e;) = — ¥

the normal bundle. The connection form with respect to such frame is denoted by

o (v) = (Duey,, en).
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Chapter 3

Minkowski formulae

We recall the definition of conformal Killing-Yano 2-forms.

Definition 3.1. [I9] Definition 1] Let @ be a two-form on an n + 1-dimensional pseudo-
Riemannian manifold (V, (,)) with Levi-Civita connection D. @ is said to be a conformal

Killing-Yano 2-form if

(DxQ)(Y, Z) + (DyQ)(X, Z)

=2 (€2 - 5 2NEY) - Y26 X)) (3.)

n

for any tangent vectors X,Y, and Z, where £ = (divQ)® = D,Q*"

In mathematical literatures, conformal Killing-Yano 2-forms were introduced by Tachibana
[29], based on Yano’s work on Killing forms. More generally, Kashiwada introduced the con-
formal Killing-Yano p-forms [20].

The main results of this section are the following two integral formulae.

Theorem 3.2. Let ¥ be a closed immersed oriented spacelike codimension-2 submanifold in

an (n + 1)-dimensional Riemannian or Lorentzian manifold V' that possesses a conformal
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Killing-Yano 2-form Q). For any normal vector field L of ¥, we have

n;1/<§Ldu+/Q d/Hr/Q o, (D"L)") dp = 0, (3.2)

where & = divQ as in Definition |3. 1]
Proof. Let hy, = (D, L, 0,). Consider the one-form Q = Q(9,, L)du® on ¥. We derive
divsQ = 0°Q, — Q(V*0,, L)

= (D“Q)(aa,m +Q(H, L)+ Q(d,, D°L)
— L6 L) + QUL L) + hayQ™ + Q(8a, (D°L)")

<£ L)+ Q(H, L) + Q(ds, (D"L)").

The assertion follows by integrating over X.. O]
The following is a generalization of the k = 2 Minkowski formula:

Theorem 3.3. Let ¥ be a closed immersed oriented spacelike codimension-2 submanifold

in an (n + 1)-dimensional Lorentzian manifold V that possesses a conformal Killing-Yano

tensor Q. Then

n-z /Z<§, j>d/vb = 2/2 (U2<hn) - 02( n+1))Qn n—o—ld,U/ (33)
+ /E (RabanQb,n-‘rl - Raba7n+1an) d,u
o [ R 00)) Qui

Proof. Consider the divergence quantity on >:

Va ([Ul(hn>0ab - hnab}Qb,nJrl - [Ul<hn+1>0ab - n+1 }an) . (34)
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From the Codazzi equations, we derive

Va(01<hn>0ab —h ab) = _Raban - <b01<hn+1> + Cahn—i-lab

! (3.5)
va(01<hn+1>0ab - hn+1ab) = _Raba,n+1 - Cbgl(hn) + gahnab-
On the other hand,
anb,nJrl = (DaQ) (aba en+1) - hnaan,nJrl + chthrl’g - anCa (3 6)
anbn = (DaQ) (aln en) + h'nJrl,aanJrl,n + chhnz - Qb,nJrlCa-
Putting (3.5 and (3.6)) together, we get
Va ((01(hn)0ab - hnab)Qb,n+1 - (Ul(hn+1)0ab - hn+1ab)an)
= _RabanQb,n-i-l
+ (0'1 (hn)O'ab - hnab) ((DaQ) (aba 6n+l) - hnaan,nJrl + chhn+1,2) (37)
+ Raba,n—i—lan
— (O’l(thrl)O'ab — hn+1ab) ((DaQ) (abv en) + thrl,aanJrl,n + chhng)
From the definition of conformal Killing-Yano 2-forms,
(Ul(hn)aab - hnab)<DaQ) (aba en+1) (38)
1
= §(Ul(hn)0ab — 1, ™) ((DaQ) (D, €ns1) + (DeQ) (D €ns1))
1
= E(Ul(hn)aab - hnab)<€7 €n+1)0ab
n—2

Similarly,

n—2

(Ul(hn+1)gab - hn+1ab>(DaQ>(aba €n) = (€, 01(hny1)en)

n
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By the Gauss and Ricci equations, we have

va ((Ul(hn)aab - hnab)Qb,n+1 - (Ul (hn+1)aab - hn+1ab>an) (39)

_ _ n—2
= _RabanQb,nJrl + Raba,n+1an + n <€7 Ul<hn)en+1 - Ul<hn+1)en>

- 202(hn)Qn,n+1 + 202(hn+1)Qn,n+1

+ ch(hn—&—labhnz - hnabhn—l-l,;)
n—2 =

= - <f, J> — Q(Ug(hn) - 02(hn+1))Qn,n+1

pab pab
- R anQb,n+1 + R a,n+1an

- (Rabn+1,n - (dC)ab) Qab

The assertion follows by integrating over .. O]

If we consider the divergence quantity

/E Va[ (trxo® — ) Q(L, dy) — (trxo® — x**) Q(L, ab)],

we obtain the Minkowski formula expressed in null frames.

Theorem 3.4. Let ¥ be a closed immersed oriented spacelike codimension-2 submanifold
in an (n + 1)-dimensional Lorentzian manifold V' that possesses a conformal Killing-Yano

tensor (). Then

(trxtrx — XaX™) Qrrdp (3.10)

I S j dy = —
( ?baaLQLb jabaaLQLb) d,u

+
— o o—

(RabLL - 2(dC)“b) Qapdp
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3.1 Important special cases

3.1.1 Static spherically symmetric spacetime

We consider the case of static spherically symmetric spacetime and show how (|3.3)) recovers
a Minkowski formula proved by Brendle and Eichmair [7]. We start with the existence of

conformal Killing-Yano 2-forms on static spherically symmetric spacetimes.

Lemma 3.5. Let (V,g) be an (n + 1)-dimensional static spherically symmetric spacetime

with the metric given by

1
f2(r)

g = —f*(r)dt* + dr? + r’ggn-1. (3.11)

where ggn-1 is the standard metric on S"~'. Then the two-form Q = rdr A dt satisfies the

conformal Killing-Yano equation with £ = div@Q = —n%.

Proof. The first assertion is proved in appendix A. The second assertion is verified by direct

computation:

& =D"Qu+ D*Qu = nf?
gr = é-a =0

Therefore, & = —n%. m

Consider the manifold M = I x S"~!, where [ is an interval, equipped with a Riemannian
metric of the form g = f%(r)er +12ggn—1 where ggn-1 is the standard metric on S"~1. (M, g)
has a conformal Killing vector field X = r f%. Let ¥ be a hypersurface in M. Let e,
denote the unit normal to X, and let o, denote the p-th elementary symmetric polynomial

in the principal curvatures of ¥. In [7, Proposition 8 and 9|, Brendle and Eichmair derive a
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remarkable Minkowski formula

(n—2) /E for =2 /Z (X, en) s + / Ric(XT, e,) (3.12)

3

where XT denotes the tangential component of X on X..

Remark 3.6. For the space forms R",H" and S, the upper hemisphere, f(r) = 1,coshr
and cosr respectively. For a hypersurface ¥ in the space forms, (3.12)) recovers the second

Minkowski formula

(n—2)/2f01 :2/202<X,y>,

which can be found in [3].

In the rest of the section, we show that (3.3)) recovers ([3.12]). More precisely, we consider

M as a time slice of the spacetime (V, g) with the metric g = — f2(r)dt* + fQI(T) dr® +r’ggn-1.

Then ¥ can be viewed as a codimension-2 submanifold in V. We show that (3.3) reduces to

(3.12)).

It is clear that M is a totally geodesic slice in V' and thus h,,.; = 0. Let e, be the unit
normal of ¥ in M.

First of all, note that the restriction of ) on a spherically symmetric hypersurface van-

ishes. Take X =rf %, we claim that

Qn,n—H = <Xa 6n> and Qb,n—i—l - <X7 eb)-

By direct computation @, n+1 = (rdr A dt)(en, ent1) = %rdr(en). On the other hand
X = rf% is dual to %Tdr.

Taking Lemma [3.5]into account, (3.3)) is reduced to

=2 [ =2 [t + [ R Qu
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For the left hand side of (3.3)), we have
a —
~n-2) [(5 T =) [ £
2 2

For the right hand side, we compute

n—1

RabanQb,nJrl = Z R(eaa €h, €a, en) <eb7 X)
a,b=1
-1
R(eaa XT: €a, en)

1

Ric” (X7, e,),

3

o
Il

where the Gauss equation and h, ;1 = 0 are used in the last equality.

Putting these together, we obtain
(n—2) / fH = 2/ oo(hn)(X, €n) + / Ric™ (X7, e,)
b ) )

We thus recover (3.12)).
For future reference, we write the Minkowski formula (3.3|) on Schwarzschild spacetime

in terms of Q). In view of the curvature formula (B.1]) on (n + 1)-dimensional Schwarzschild

spacetime, we have

—a nm ., n(n —2)m
R ban = _MQ ann - Tan-len,n-i-l;
—a nm ., n(n —2)m
R ba,n+1 = —TMQQ an,nH - TanQn,n—i—la
— nn—1)m (2 . 1. 1.
R 0= R (gQ "Qnitn — gQ wn @y — gQ nan+1> :

Proposition 3.7. Let Y be a closed immersed oriented spacelike codimension-2 submanifold

in the (n + 1)-dimensional Schwarzschild spacetime. Let @Q = rdr A dt be the conformal
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Killing-Yano 2-form. Then

=2 / (€, Jhdu (3.13)

o / (02(hn) = 02(Frns1)) Qumsr (3.14)

+/z (i:__:ZQaannQb,nJrl + ”(”T;—j)m (_anHQle +anan)> dy
_ /E <n(nrn_—+21)m <§Qaan+1,n _ %QanHan _ %Qanan+1> 4 (dC)ab> Quidyi.

3.1.2 The Kerr family

In Boyer-Lindquist coordinates, the metric is given by

2 2 in’@ 2 9 24in24

g = -1+ ﬂ dt2 . Mdtd(ﬁ—i— p—d'r2 +,02d(92 + TQ +a2 + mra” sin d¢2
P p? A —

(3.15)

where p? = 72 + a® cos? 0 and A = r?> — 2mr + a?. In [31], Walker and Penrose discovered a
conformal Killing-Yano 2-form on the Kerr spacetime. In Boyer-Lindquist coordinates, it is

of the form ([I9, page 2907-2908] our choice of Y differs from theirs by —1)

Y =rsinfdd A [adt — (r* + a*)d@] — acosOdr A (dt — asin® 0dg).
The dual tensor xY is also a conformal Killing-Yano 2-form

xY = acosOsinfdf A [adt — (r* + a*)d¢] + rdr A (dt — asin® 0de).

We have divY = 0 and div(xY') = —3% [19, page 2908]. If we take Q = %Y in our Minkowski

formula, we obtain

Theorem 3.8. Let X be a spacelike 2-surface in Kerr spacetime. Let () = acos@sinfdf A
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[adt — (v + a?)d¢] + rdr A (dt — asin® §d¢) be the conformal Killing-Yano 2-form. Then

o - _
—/(a, >du = /(R+ R3434)Q34du — 8mm (316)
by b
1-
_/E (§Rab34—|— (dC)ab) Qabd,u
Proof. For our choice of ), & = —3% . From the vacuum Einstein equation, we have

RMV43Q;W = Rab43Qab + 2R4b43Q4b + 2R3b 43Q3b + 2R4343Q43
= R™.Qup — 2R 3Qup — 2R™ ,, Q31 + 2 R3434Q34

= R™ ;3Qab + 2R 13Qus — 2R™ ,, Qb3 + 2R3434 Q4.

On the other hand, the Gauss equation implies
R =2(02(hn) — 02(hny1)) — 2R3434.

. . T b T b . .
In view of these equations, the second term R® ,, Q11 — R?, 1@, in equation 1) can

be replaced by other terms to get

0 = 5 L[
—/<a, >du=/(R+R3434)Q34du+§/R“ 13Qudp
5 by 2>

- /2 (%Rab:ﬂ + (dC)ab) Qapdp

Consider the two-form n = R"”, BQWdzvadxﬁ . The conformal Killing-Yano equation, together
with the vacuum Einstein equation and second Bianchi identity, imply dn = d *n = 0 [19]
section 3.3]. Therefore, the integral fz R* ¥ 13Qwdp is the same for any two 2-surface bounding
a 3-volume. The assertion follows by evaluating the integral on a sphere with ¢ =constant

and r =constant [19, equation (53)]. O
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Remark 3.9. We may also arrange the terms to get

0 =
_/Z<a, )dM:/ERQMdu—l&rm (3.17)
+/E(Raba4Qb3 _RabagQM) dﬂ—/z(dg)“anbdu

When there is no angular momentum, a = 0, Kerr spacetime reduces to Schwarzschild
spacetime. With the curvature formula (B.1]), for a spacelike 2-surface ¥ in 4-dimensional

Schwarzschild spacetime, we have

L

)= 00 1)) Qunsadyi — /E (d0)"* Quy

Q3|Q_3

=2 [ (ot
/ Q" Quant1Qundp (3.18)
“J.:

m
_5

3@ n+1@b n+1 + 3@ an + 4Qaanb> Qn nJrld/L
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Chapter 4

A Spacetime Alexandrov Theorem

4.1 A monotonicity formula

In this section, we assume that ¥ is a spacelike codimension-2 submanifold with spacelike
mean curvature vector in a Lorentzian manifold V' that possesses a conformal Killing-Yano
2-form (). We fix the sign of ) by requiring £ := div( to be past-directed timelike. For
example, we choose () = rdr A dt on Schwarzschild spacetime. Let L be a future incoming
null normal and L be the null normal vector with (L, L) = —2. Let ((X) := 2(DxL, L) be
the connection one-form.

Define the functional

A =" [ 22— [ o L (4.1)

Note that F is well-defined in that it is invariant under the change L — alL,L — %L.
Let C, denote the future incoming null hypersurface of ¥ and extend L arbitrarily to a

future-directed null vector field along C, still denoted by L. Consider the evolution of X
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along C,, F': X x [0,T) — C,

o - = (4.2)

for some positive function ¢(x,t).

Proposition 4.1. Let Fy : X — V be an immersed oriented spacelike codimension-2 sub-

manifold in a Lorentzian manifold V' that satisfies either one of the following assumption

1.V is wvacuum (possibly with cosmological constant) and possesses a conformal Killing-

Yano 2-form @ such that £ # 0, or

2. V s static, spherically symmetric and we choose the conformal Killing-Yano 2-form
obtained in Lemmal3.5. Moreover we assume V' satisfies the null convergence condition,
that s,

Ric(L,L) >0 for any null vector L. (4.3)

Suppose that <ﬁ,L) > 0 on X for some future-directed incoming null normal vector field L.

Then F(F(X,s)) is monotone decreasing along the flow.

Proof. Suppose DL = wL for a function w. Let y , = (D,L,0) be the null second funda-

mental form with respect to L. The Raychadhuri equation [30], (9.2.32)] implies

O .1y = ¢ (1xP? + i 1) + Rie(L, 1)

On the other hand,

%@,Q — o (D, L) + w(€, L))



28

If V satisfies assumption (1), by [19, equation (19)], we have

n

<DL€>L> = n—1

RaQ", = 0.

If V satisfies assumption (2), (Dr&, L) also vanishes since ¢ is a Killing vector. By the

Cauchy-Schwartz inequality,

%/E%duz—/zw [<£’L>2|X|2— <£,L>} dp (4.5)

VAN
|
3
o
S
™
=
Y
=

The evolution of [, Q(L, L)dpu is given by

0
> /Z Q(L, L)du

= [ [¢ (D1Q) (1. + QD L. L) + QUL Do.L) = QUL L. L)] .
From the conformal Killing-Yano equation (3.1]), we derive
(DLQ) (L, L) = (&, L)L, L) = ~2(¢. L)
On the other hand, we compute

<D85L7L> = _<L7 @%)

(Do, L, 0a) = —(L, Da(pL)) = 2Vap — (L, DoL).
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Putting these calculations together yields

Q(Do,L, L) + Q(L, Dy, L) — Q(L, L){H, L)

= 2V"0Q(0u, L) + 20Q(0a, (DuL)*) + 20Q(H, L)
2(n—1)

=2V (¢Q(0a, L)) — p(€, L).
Consequently, we obtain
0
5 Q=2 [ € Lu (1.6
Sy b
The assertion follows from (4.5)) and (4.6)). O

4.2 A spacetime CMC condition

Hypersurfaces of constant mean curvature (CMC) provide models for soap bubbles, and
have been studied extensively for a long time. A common generalization of this condition
for higher codimension submanifolds is the parallel mean curvature condition. In general
relativity, the most relevant physical phenomenon is the divergence of light rays emanating
from a codimension-2 submanifold. This is called the null expansion in physics literature.

We thus impose constancy conditions on the null expansion of codimension-2 submanifolds.

Definition 4.2. A codimension-2 submanifold of a Lorentz manifold is said to have constant
normalized null curvature (CNNC) if there exists a future null normal vector field  such that

(H,1) is a constant and (DI)* = 0.

The CNNC condition can be written as a single equation on the connection one-form in

mean curvature gauge.

Proposition 4.3. Suppose the mean curvature vector field H of ¥ 1s spacelike.
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1. If (ﬁ,L> =c¢ < 0 and (DL)* = 0 for some future outward null normal L and some

negative constant ¢, then ay = —dlog |H|.

2. If (H,L) = ¢ > 0 and (DL)* = 0 for some future inward null normal L and some

positive constant ¢, then ay = dlog |H|

Proof. Recall that the dual mean curvature vector J is future timelike. For (1), the condition

(H,L) = ¢ < 0 is equivalent to

Choose L = @ <‘—§I - ‘—I{;|> such that (L, L) = —2. Since (DL)* = 0, we have
1 q qHY J
0=;(D.L,L) = 8 < ) | |( 2)+<Da <—_> >
2 || H|) " |H]|
_ g\ J
= aalog |H| + <Da <——_.> ,T>
|H|) |H]
Hence oy = —dlog |H|. (2) is proved similarly. O

When ¥ lies in a totally geodesic time slice of a static spacetime, CNNC reduces to the

CMC condition.

4.3 A Heintze-Karcher type inequality

In this and the next sections, we study a class of static spacetimes in which the warped

product manifolds considered in [6] are embedded as totally geodesic slices.

Assumption 4.4. We assume V is a spacetime that satisfies the null convergence condition
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(4.3) and the metric g on V =R x M is of the form

g= —f2(7")dt2 + dr® + rigy. (4.7)

1
F2(r)
where (N, gn) is a compact n-dimensional Riemannian manifold. We consider two cases.

(i) f:[0,r) = R with f(0) =1, f/(0) =0, and f(r) > 0 in the domain.

(ii) f :[ro,r1) = R with f(ro) =0 and f(r) > 0 for r > r.

Here r; can be oo.
In case (ii), V contains an event horizon H = {r = r¢}.

Remark 4.5. Assumption [£.4] covers basic examples of static spherically spacetimes. Tak-
ing f?2 = 1+ k72, we obtain the spacetimes with constant sectional curvature: Minkowski

spacetime (k = 0), anti de-Sitter spacetime (k > 0), and de-Sitter spacetime (x < 0). Taking

fP=1-2m 4 7%2,4, we obtain Reissner-Nordstrom spacetime with mass m and charge q.

rn—2

Lemma 4.6. Let (M, g) be a time slice in V. The null convergence condition of (V,g)

implies that
(Ayf)g — Hess, f + fRic(g) > 0 (4.8)

on M.

Proof. O’Neill’s formula in our case reduces to (see [13, Proposition 2.7])

Ric(g)(v, w) = Ric(g)(v, w) — 2ol (:10)

f
0
Ric(7)(v, ) = 0
o 0 A o 0
Ric(9) (5. 57) =~ 9(55 )
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for any tangent vectors v and w on M. Given a unit tangent vector v on M, we form a null

vector [ = %% -+ v in the spacetime. Null convergence condition implies that
0 < Ric(g)(L, L)
A H
_ 2/ + Ric(g)(v,v) — Hess, f(v,v)
f f
as claimed. n

As in section 3.2, we denote the conformal Killing vector field X on (M, g) by X =rf %.
In [6], Brendle proves a Heintze-Karcher-type inequality for mean convex hypersurfaces in

(M, g). In our context, it is as the follows:

Theorem 4.7. [6] Let S be a smooth, closed, embedded, orientable hypersurface in a time
slice of a spacetime V that satisfies Assumption [{.]] . Suppose that S has positive mean

curvature H > 0 in the slice. Then

(n— 1)/0%@ > /S<X, V), (4.9)

where v is the outward unit normal of S in the slice and X = Tf% is the conformal Killing

vector field on the slice. Moreover, if equality holds, then S is umbilical.

Proof. We first remark that since S is embedded and orientable, S is either null-homologous
or homologous to {rg} x N. Hence 02 = S or 02 = S — {ro} x N for some domain 2 C M.
Inequality is equivalent to the one in Theorem 3.5 and the one in Theorem 3.11 of
Brendle’s paper in the respective cases. For the reader’s convenience, we trace Brendle’s
argument leading to (4.9)).

The assumptions on (M, g) are listed in page 248:

Ricy > (n —2)pgn (4.10)
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and (H1)-(H3) (note that condition (H4) is not used in the proof of (4.9)). While Brendle

writes the metric in geodesic coordinates

dr & dr + h*(F)gn,

dh

°=. As explained in the

it is equivalent to ours by a change of variables » = h and f =
beginning of section 2 (page 252), (H1) and (H2) are equivalent to our assumptions (i) and
(ii) on f. In Proposition 2.1, and (H3) together imply that holds on (M, g).
The condition turns out to be the only curvature assumption necessary to get .
More precisely, is used to prove the key monotonicity formula, Proposition 3.2 (page
256). Inequality is a direct consequence of Proposition 3.2 up to several technical
lemmata, Lemma 3.6 to Corollary 3.10, in which only assumptions (H1) and (H2) are used.
Finally, the inequalities appear in Theorem 3.5 and Theorem 3.11 are equivalent to (4.9)

by divergence theorem. O

Before stating the spacetime Heintze-Karcher inequality, we define the notion of future

incoming null smoothness and shearfree null hypersurface.

Definition 4.8. A closed, spacelike codimension-2 submanifold ¥ in a static spacetime
V' is future(past) incoming null smooth if the future(past) incoming null hypersurface of
¥ intersects a totally geodesic time-slice My = {t = T} C V at a smooth, embedded,

orientable hypersurface S.

Definition 4.9. An incoming null hypersurface C is shearfree if there exists a spacelike
hypersurface ¥ C C such that the null second fundamental form x , = (D,L,3,) of X with

respect to some null normal L satisfies X, = ¥0ab for some function .
Note that being shearfree is a property of the null hypersurface. See [27, page 47-48|

Theorem 4.10. Let V' be a spacetime as in Assumption[4.4]. Let ¥ C V be a future incoming

null smooth closed spacelike codimension-2 submanifold with <ﬁ ,L) > 0 where L is a future
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coming null normal. Then

o [EL, 1
(n—1) / ECE / Q(L, L)d > 0, (4.11)

for a future outgoing null normal L with (L, L) = —2. Moreover, the equality holds if ¥ lies

i a shearfree null hypersurface.

Proof. We could arrange ¢ in (4.2)) such that w > 0 and that F(X,1) = S, the smooth
hypersurface defined in the previous definition. We first claim that S C My has positive

mean curvature, H > 0. Recall that Raychadhuri equation implies

(4.12)

and hence (ﬁ,L) > 0 on S. We choose L =

normal of S with respect to {2, and compute

The claim follows since the positivity of <I—7 , L) is independent of the scaling of L. Next we

choose L = %% + e, on S and compute

0 10
(o) =1
10 10
Q (?a‘i‘@n,?a —Gn) :2<X76n>

Since (V, g) is static and satisfies the null convergence condition, the monotonicity formula,
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Corollary , together with (4.9) imply

(L) 1
1) / e / Q(L, L)dy (4.13)
L

(2.L) 1
(n— TAE P L,L)d
R / L, QD
—(n— dy — Y
(n=1) [ gy /S<X,e>u

T~

> 0.

Moreover, if the equality holds, then S is umbilical. Hence the future incoming null hyper-

surface from X is shearfree. O

4.4 A Spacetime Alexandrov Theorem

We state our main result.

Theorem 4.11. Let V' be a spherically symmetric spacetime as in Assumption [{.4] and %
be a future incoming null smooth, closed, embedded, spacelike codimension-2 submanifold in
V. Suppose ¥ has CNNC with respect to L and (ﬁ,L) > 0. Then X lies in a shearfree null

hypersurface.

Proof. Write H = —%(ﬁ,L)L - %(ﬁ,[&@. From CNNC assumption, (D,L)* = 0, the
spacetime Minkowski formula (3.2)) becomes

(1) / (O Ly~ / (. L)Q(L,L) = 0

Again from CNNC assumption, <ﬁ ,L) is a positive constant function and we can divide

(H, L) on both sides to get
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Hence the equality is achieved in the spacetime Heintze-Karcher inequality (4.11)) and we

conclude that ¥ lies in a shearfree null hypersurface. O]
An example of the spacetime satisfying Assumption [£.4] is the exterior Schwarzschild
spacetime for which the metric has the form

1
- dr? + r2sn1,

g=—(1— andt2 -
g=—(1—mr=")dt" + +—

Since the spheres of symmetry are the only closed umbilical hypersurfaces in the totally

geodesic time slice of Schwarzschild spacetimes [6, Corollary 1.2}, we obtain

Theorem 4.12 (Theorem B). Let ¥ be a future incoming null smooth closed embedded
spacelike codimension-2 submanifold in Schwarzschild spacetime. Suppose ¥ is CNNC with

respect to L and (]?I,Q > 0. Then X lies in a null hypersurface of symmetry.

Corollary 4.13. Let ¥ be a closed embedded spacelike codimension-2 submanifold with par-
allel mean curvature vector in Schwarzschild spacetime. Suppose ¥ is both future and past

incoming null smooth. Then ¥ is a sphere of symmetry.

Proof. The condition of parallel mean curvature vector implies |FI | is constant and ay van-
ishes. The previous theorem implies ¥ is the intersection of one incoming and one outgoing

null hypersurface of symmetry. Therefore, ¥ is a sphere of symmetry. O]



37

Chapter 5

Rigidity Results

In this chapter, we prove various rigidity results. We consider (n + 1)-dimensional static
spherically symmetric spacetimes (V, g) satisfying Assumption and the null convergence
condition.

We first discuss the equivalence of null convergence condition and the differential inequal-

ity

fZ_l—f—flgo. (5.1)

72 r

When the equality of (5.1)) holds, we can solve the ODE to conclude that (V,g) has

constant sectional curvature. See Remark [4.5]
Lemma 5.1. Assumption 15 equivalent to null convergence condition.

Proof. We consider the inequality r"~1 f f/ + r"2(1 — f?) > 0, which is equivalent to (5.1]).
Since we have r"~1f f/ + r"=2(1 — f2) > 0 at » = 0 or r = r, it suffices to check that the
quantity has nonnegative derivative.

Let e; be a unit tangent vector on the sphere of symmetry. Null convergence condition
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implies that

— (10 0 !
OSRic(f8t+el’]1”8t 1>:(n— )fj

On the other hand,

U+ (= 2) (- )

(rnflffl + Tnf2(1 o f2)>/ — Tnfl |:(n )fg

ST+ (=251 - ) 20,

This completes the proof. O

Remark 5.2. Assumption (5.1]) is equivalent to assumption (H4) in [6]. Indeed, for metric
g = #er +1%gg2, one has Ric(v,v) = —(n— 1)f7’u and Ric(er,e1) = (n— 2)1;—52 - fo/ where
v and e; are unit normal and unit tangent vector of the sphere of symmetry with areal radius

r. Assumption (5.1)) thus means that the Ricci curvature is smallest in the radial direction.

5.1 Infinitesimal Rigidity of CNNC surfaces

We first verify directly that surfaces in the standard null cone are CNNC surfaces and then
show that CNNC condition is infinitesimally rigid.

It is convenient to work in the Eddington-Finkelstein coordinates. Let r* = f 4 be the
tortoise coordinate and v = t+r*, w =t —r* be the advanced and retarded time. The metric

in Eddington-Finkelstein coordinates is written as [15, page 153]
= — Fdvdw + r?ggn-1.

We compute the Christoffel symbols of g:

10r
I, ===-0,
@ gy O
FZy:é?logf

ov
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The outgoing standard null cones are defined by w = constant. For a spacelike hypersurface
in the standard null cone, we write it as a graph over the sphere of symmetry. That is, the
embedding of ¥ is given by F(6%) = (v(0*),w = constant,0*) where §* are coordinates on
S™=1. Since t = r* + constant on standard null cones, we can write 7(z) = r(v(x)) for points
on standard null cones. From now on we view the restriction of coordinate functions v and

r on X as functions on X.

Lemma 5.3. Let 3 be a spacelike hypersurface in the outgoing standard null cone in (V,g).
Then ¥ has CNNC, i.e. ag = —dlog |ﬁ| In particular, the intersection of a standard light

one and a spacelike hypersurface has CNNC.

Proof. The tangent vectors are given by 2 aea = 5’991; 3+ 30e aea' Let L = go(v)a% be a null normal

of ¥ where p(v) = % We have

,0v 0 ov 0 0
Dol = g5 (aeaDai%+Da?a%>

8?} 0 dv dlog f 0 f_2 s,
Y opa 81} v o oge

8log f N 0
ov 80“ 81} 004

_(2% 2—27‘88—]:)2+2r810gf) 8+ 0
7 72 o0 | o000 " e
2w 0
f2ovo6*ov  06°
_OF
00

Hence (H, L) = —2. Let L be the null normal complement to L such that (L, L) = —2. It is

straightforward to show that

A N N
L_r<2aw+fw S IVelP5- ) (5.2)
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Here V denote the gradient on . We have

H=L+yL
J=L— L
where |H|? = —44). The connection one-form is given by
HY T
(OéH)a = <Da <——_,> ,—_,>
[H| ] |H]
1
=——=—(D, L—i_wL >L—¢L
i (PalL VD) L)
— —0,log |H|.
This completes the proof of the lemma O

Let ¥ be a spacelike hypersurface in the standard null cone given by F(6%) = (v(0*),w =

constant, 0*) with null normals

_2r 0
- f2ov
1 0 f? 0
L=>(22 ¢ r2ve— L w2 L),
- r<8w+fvv 2|VU| 0@)
Consider the incoming null hypersurface C(X) of ¥. Extend L and L to C(X) such that
DyL = 0 and (L,L) = —2. Since CNNC is preserved for variation of ¥ in the standard
null cone, we focus on variations of ¥ in C(X) when we discuss the infinitesimal rigidity of
CNNC. Let F(z,s) : ¥ x [0,e) — C(X) be a variation of X. Let % = %—f(m,O) = u(x)L and
L(s) =(x,s)L, L = iL be the null normals of F(X, s).
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Definition 5.4. We say F(x,s) is an infinitesimal CNNC variation if

s=0 (5.3)

We show that (5.3]) can be written as a scalar equation of u. First of all, we compute the

variation of L.

(Do, L(s),04)|,_, = —(L, Da(uL)) = 2V ,u, (5.4)
(Do, L(s), L(s))|,_, = —(L,¢'L) = 2¢/, (5.5)
where ¢’ = (x 0). We have
55 708,{51")( =0, (—utrx + 2Au — 2" + uc®R(L, Oy, Oy, L)) (5.6)
g ,O<D‘IL(S)’ L(s)) = QXGbeu +uR(L, 0y, L, L) — 2V ¢’ (5.7)

By (B.2), we have

0"R(L, Dy, 0, L) = —2(n — l)f;f, and R(L,0,,L,L) = ;l ( (fr + 17 )

Equation (5.3)) is equivalent to

—V(utry)+2V,Au — 2(n — 1)V, (ff/u>

r

—(n—1)x ,V'u—2(n—1u ((ff) ff/) =0 (5.8)

When the lapse u is a constant multiple of r, it means that ¥ is infinitesimally moved to

neighboring standard null cones. Therefore we have the following definition.

Definition 5.5. A surface in the (outgoing) standard null cone is said to be infinitesimally
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CNNC rigid if all the solutions of (5.8]) are a constant multiple of  unless (V, g) has constant

sectional curvature and the deformation comes from a boost.

Theorem 5.6. Let X be a spacelike hypersurface in the standard null cone of a static spher-

ically symmetric spacetime satisfying Assumption[4.4) and null convergence condition. Then

Y2 is infinitesimally CNNC' rigid.

Proof. 1t is straightforward to show that r is a solution of (5.8). We replace u by u - r in

(5-8) to get

—V(urtry)—2(n — 1)V, (fo/ur> + 2V (A(ur))
s

+2(n— DuV,r ((ff’)’ T) —(n— 1)Xabvb(ur) =0 (5.9)

It suffices to show that u = constant is the only solution of (5.9). On 3, we have

Xap = _,,,% ((f* +[Vr)ow — 2rVaVr) (5.10)
trx = & (0= 1) (72 +97f) - 20r). (5.11)

Combining (5.10) and (5.11]) and the fact that r is a solution of (5.8)), we have

1
0="

" (f2+IVrHVaeu — 2(n — 1) ff'Vau + 2V (Au - 7 + QVbUVbr)

n—1
+

((f2+ |Vr[))ow — 2rV,Vyr) Vou

2 2
=2(n—1) (& — ff’> Vot + 2V (Au - 1) + 4V, VyuVor

+4VPuV, Vyr — 2(n — 1)VaVberu.

Note that the induced metric of ¥ is conformal to the standard metric on S*': o = r25.
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We rewrite the equation in terms of &:

0=(n-1) (72 — ff/) Vau+V, (%) + (n — 1)@a@buvr—zr

Following the suggestion of Po-Ning Chen [9], we multiply the equation by =1V and

integrate over X to get

1

n —

= / [(n — D)2 (2 = rf )| Vul* + r 2V, AuVeu — QAu@a('r’”ﬁ)@“u
b

+ T ) ] Vade
= /E {(n — )" (fP=1—rff) Vu|? — Z : ;T"_2 (|62u|2 — ﬁ(AU)Q)} Vedz.

2

Note that [V?u|? — -1 (Au)? = ‘@Qu — L (Au)g| . Hence u = constant is the only so-

lution unless (V, g) has constant sectional curvature and u = a + bZ where Z is some first

eigenfunction on (S"7!, ). O

5.2 A Generalization of Liouville Theorem and Obata
Theorem

We first review the Liouville theorem in conformal geometry. The stereographic projection

identifies S? ¢ R? and C

1 + 172
1—1’3 .

Fractional linear transformations

az+b
cz+d’

ad —bc=1
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on C provide a family of conformal transformations on S2. Liouville theorem says that all
conformal transformations on S? arise in this way.
Under a conformal transformation, the canonical metric on S? is changed by a conformal

factor

1 1 1
|dwl? [ =1t ldaf,

— — |d — _
1+ w2 (|cz+d12+\az+b|2)2’ "aTEp

and the conformal factor satisfies

1 Jez+dP? + |az +b]?
T L+ |2
(Jal? + e[z + [b]* + |d|* + Re (2(ab + cd))

14|22

= (|la]* + |b]* + |c|* + |d|*) + Re(ab + cd)x1 + Im(ab + cd)zy + (|a®| + |c|* — [b]* — |d|?*)zs.
On the other hand, we have equation of constant Gauss curvature equation on S2
Aw + Ee* =1 (5.12)

where F is a positive constant and ~ denotes the operator with respect to the standard metric

on S%. Let r = ¢ and (5.12) becomes
1—Alnr = Er?. (5.13)

From the above discussion Liouville theorem is equivalent to saying all solutions of (5.13))

are of the form where a is some constant and ¢ is some first eigenfunction of A.

1-¢

We now present an analytical proof of this fact. Let u = % The equation becomes

u? + uAu — |Vul|? = E. (5.14)
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(5.14]) is equivalent to
A (u2 + ulu — WuP) = 0.
By the Bochner formula, we have
2ulu + (Au)? + uA?u — 2|V?u|? = 0,

which is equivalent to

u - A<A + 2)16 — (UH — U22)2 =0.

The maximum principle implies that (A + 2)u doesn’t have a local maximum unless it is a
constant function.

The constant Gauss curvature equation has an interpretation in the geometry of Minkowski
spacetime. Let X C R*! be a spacelike topological 2-sphere in the outgoing standard null
cone. Suppose Y is given by the embedding F' : S? — R F(0,¢) = (r(0,¢),7(0,9),0, ).

26 and the norm of the mean curvature vector of ¥ is

Then the induced metric of X is r
given by \ﬁ ?=3 (1 — Aln 7") . Hence having constant Gauss curvature is the same as hav-
ing constant mean curvature vector norm for surfaces in the standard null cone. Liouville
theorem says those surfaces can only arise as the intersection of the standard null cone and

hyperplanes.

We could generalize the Liouville theorem to Schwarzschild spacetime.

Theorem 5.7. Let X be a spacelike topological 2-sphere in the standard null cone in Schwarzschild
spacetime. Suppose the mean curvature vector of X2 has constant norm. Then ¥ is a sphere

of symmetry.
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Proof. The equation becomes

(1= _ Alnr = Br? (5.15)
T

The same argument applying to u = % leads to
u- A(A + 2 = 3mu)u — 6mu?|Vaul? — (u1y — ug)* = 0. (5.16)

Maximum principle implies that u is a constant function. O

Po-Ning Chen [10] generalizes the above theorem to (n+ 1)-dimensional static spherically

symimetric spacetimes.

Theorem 5.8. Let X be a spacelike hypersurface in the standard null cone of a static spher-
ically symmetric spacetime (V,g) satisfying Assumption and null convergence condition.
Suppose the mean curvature vector of 3 has constant norm. Then Y is a sphere of symmetry
unless (V,g) has constant sectional curvature and 3 is the intersection of a totally geodesic

slice and standard null cone.
Proof. With our choice of L and L, try =n — 1. Since |H|? = trxtry, the equation we want

to investigate is

E=L <(n — )2+ |VrP?) - err) (5.17)

r

for some constant E. As in the proof of infinitesimal CNNC rigidity, we express the equation

with respect to the standard metric & on S"~ ! and let u = % We obtain

W?) )

&)

Il
‘iwl —_
D

S
=

-~

—

[\

+
= ‘<|*
| 3

T

~_—
|

)

/N
=
no

+
£

|
o
<
w
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Taking A and using the Bochner formulas we get

0= A((n - 1)) —2(n—1) <\@2u\2 — (Au)z) — (2n — 6)VAu - Vu

—2(n —1)(n — 2)|Vu|? + 2uA?u.

We multiply 42" and integrate by parts over ¥ to get

0— /Z [(n —1)(n — 2)@a(f2u2)@au _ Q(n—;l) (|@2u|2 — ﬁ(ﬁuf)

unfl un
2 1 2) =
=V =252 | Voda
n—1)(n—2
-/ [< e AR R Tk
» u
2(n —1) | =, I e
— 2 ‘ u — Tl(AU)O' \/gdl'
Hence u = constant is the only solution unless % — foI = 0 and u = a + bz where 7 is
some first eigenfunction on (S™!, ). O

We observe that the argument above gives a new proof of the Obata Theorem [23].

Theorem 5.9. Suppose (X", 0) is a closed Einstein manifold with dimension n > 3. Let

= 120 be a conformal metric with constant scalar curvature, where r is a positive smooth

SY

function. Then r must be constant unless (X, 0) is isometric to the standard sphere (S™, 0,)

and

r(z) = (c; + cor-a)”!
for some constants ci,co and point a € S™.

Proof. Suppose Ric(o) = co. Let u = % The scalar curvature under conformal transforma-



tion satisfies [30, (D.9), page 446]

2
R=u’ <nc+2(n— 1) <% _ [vu

U u?

Simplify the formula and we get

R
- u? + 2ulAu — n|Vul?
n—1 n-1

) == 1-2

[Vul?

u2

)
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By the assumption, R = constant. Taking Laplacian to both sides and using the Bochner

formula, we get

ne
n—1

0=

ne
n—1

= —n(|V?ul]* — %(Auf) + (2 = n)Vu - VAu + ul®u +

Mutiplying by !~ and integrating by parts, we obtain

2

Vi — l(Au)a
n

This completes the proof.

(uAu + (2 — n)|Vul?).

(uAu + |Vul?) 4+ (Au)? 4+ 2Vu - VAu + uA?u — n(|V2ul* + Vu - VAu + c|Vul?)

5.3 Codimension-2 Submanifolds with Vanishing Con-

nection 1-From

In [I1], we show that a spacelike 2-surface with oy = 0 in 4-dimensional Minkowski spacetime

must lie on a totally geodesic slice. Using the integral formula, we generalize the result to

all dimension with additional starshaped assumption.

Theorem 5.10. Let ¥"~! C R™! be a spacelike codimension-2 submanifold with spacelike

mean curvature vector. If ag =0 and Q(e,efl ) > 0 on X, then X lies in a totally geodesic
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slice.

Proof. We write e, e,41 for el efl. . Consider the divergence quantity

Ve [(01(hni1)0™ = 1y ) Qo]
By the assumption ay = 0 and the Codazzi equation,

Va (Ul(hn+1)aab - hn+1“b) =0.
By the conformal Killing-Yano equation,

va(Q(eny ab)) = - (DGQ(aba en) + hn+1,aan+1,n + chhnac)

0
= Oab <&’ €n> - hn+1,aan+1,n - chhnac

We have

1
chhnachn+1ab = §ch (hnachn+1ab - hnabhn—i-lac) =0

by the assumption ay = 0 and Ricci equation. Combining these facts together with

01(hny1) = 0, we get

0= / Ve [(01(ns1)0™ = By ) Qo] di
>

- / |hn+1|2Qn+1,ndﬂ-
b

Hence h,41 = 0. The assertion follows from [33, Theorem 1, page 351]. O]

The result holds for the static spherically symmetric spacetimes satisfying the null con-

vergence condition.

Theorem 5.11. Let X" ! be a spacelike codimension-2 submanifold with spacelike mean cur-
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vature vector in a static spherically symmetric spacetime satisfying Assumption[4.4] and null

convergence condition. If ag = 0 and Q(e el ) > 0 on X, then the second fundamental

n?

. H .
form in e, vanishes.

Proof. We write e, e,11 for e, e, ,. Consider the divergence quantity

Va [(Ul(hn+1)gab - n+1 ) an}

By the assumption ay = 0, the Codazzi equation and the conformal Killing-Yano equa-

tion (3.1]), we get
Va (Ul(thrl)Uab - hn+lab) = _Raba,n+17

and

0

va<Q<en7 81;)) = Oab <a7 en> - h'nJrl,aanJrl,n - chhnac-

By the assumption ay = 0 and Ricci equation, we have

c a 1 na
chhna hn+1 b= §QbCLR bn+1,n‘

Using the curvature formula (B.2)), we have

_ 1 21 Ff 1 — f?
R 1 = 3 ((ff’)' JAE ] ) Q" Quni
Lo (£ L r

) ( an+1+Q an—i—l)

72 r r2
_ 1 21 1 — f? 1 1
Rabn—i-l,n = _2 ((ff) ];f 7" f > ( Qaan-i-ln - gQan+1an - gQanan+1) 5
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and

_ 1_-
Rab Rab
- a,n+1an +3 n—i—l,nQba

1

7“2

/ _ f£2
{ < Qaann+lan 4 Qaanann+l) ((ff/)/ B 2,];.]0 . 1 T2f )

r2

—Q(f_f’ 1 f2

/ _r2
- (n - 2) (ff ! f ) ( Qaan n+1an + Q an@n n+1) }

72 r r2

) ( Qaanan nt+1 + Q an@n n+1)

where we use (B.3)) in the last equality. Combining these facts together, we obtain

0= [ Vul(orhaet)or™ = ) Qo]

_ / _r2
_ / thﬂmnﬂz (ff LS, )( 00+ O an)) _—

From the remark after Lemma , null convergence condition implies that foI + 1;2f : > 0.

Hence h,,.1 = 0. This completes the proof. O]

We note that when X lies in a standard null cone, ay = 0 is equivalent to |]—:i | = constant.
Hence ¥ lies in a time slice unless (V, g) has constant sectional curvature and ¥ lies in a

totally geodesic slice by Theorem
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Appendix A

The Existence of Conformal
Killing-Yano Forms

In this appendix, we show the existence of conformal Killing-Yano form for a class of warped
product manifold. We have the following equivalent definition of conformal Killing-Yano
p-forms using the twistor equation |28, Definition 2.1].

Definition A.1. A p—form @ on an n—dimensional pseudo-Riemannian manifold (V, g) is
said to be a conformal Killing-Yano form if () satisfies the twistor equation

1 1

DxQ — ——X.d ——g(X)ANd' Q=0 Al
$Q = K@+ ———a(X) A d'Q (A1)

for all tangent vector X.
The main result of the appendix is the following existence theorem.

Theorem A.2. Let U C R™ and V C R™ be two open sets. Let G be a warp-product metric
on U xV of the form

RQ(y)Uab(m)dﬁadmb + gij(y>dyidyj-

Then Q = R™ ! (y)/det ogpdz! A -+ Ada™ and xQ = R(y)+/det g;;dy* A -+ A dy™ are both
conformal Killing-Yano forms.

Proof. By [28, Lemma 2.3], the Hodge star-operator * maps conformal Killing-Yano p—form
into conformal Killing-Yano (n+m—p)—form. It suffices to verify that () satisfies the twistor
equation. Let w® o = 1,...,n+m be a local orthonormal coframe for G such that w!, ..., w"
is an orthonormal coframe for R%(y)o(x)dx®dz® on each slice U x {c;} and w™tt ... w™™
is an orthonormal coframe for g;;(y)dy’ A dy’ on each slice {co} x V. Let E, be the dual
frame to w®. If we write Q = w! A--- Aw™, then Q = RQ. From the structure equations

dw® = —w A’ —w® AW =dRA 0" — Ry Ao®
n+i ., nti b, n+i n+j
dw™™ = =W AW — W AW,
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we solve for the connection 1-forms

n-ti — T , wab — ,yab
where v, are the connection 1-forms with respect to the metric aab(:)s)dx“d:vb.
We compute each term in the twistor equation.

DxQ = X(R)Q+ RVxQ = X(R)Q =Y E,i(R)w"™ A (X1Q).

=1

m
XdQ= X Z(—w1n+i/\w"“/\w2/\~--/\w”—i—wl/\in/\w"H/\---/\w”—---)
i=1

X Zn (%w”“ A Q)
i=1

TLZJFTfXJ(W TAQ)

=0y E"+T§‘(R) (WH(X)Q — W™ A (X))

This implies that

X1dQ = X1(dR AN Q + RdQ)

= X(R)Q—dRA(X1Q)+n i Eni(R) (0" (X)) — ™™ A (X1Q)).

=1

On the other hand, d*@Q) = 0 since R only depends on y. Putting these facts together, we
verify that @) satisfies the twistor equation

1 1
Dx@Q — ——X —g(X)ANd"
¥Q = — 5 X3dQ+ ——g(X) A dQ

= X(R)Q =D Epu(Rw™ A (X2Q)
i=1
1
n+1
1

- X(R)Q— ——
n+1 (R) n+1
b arA(xL0) -

n+1 - n+1

=0.

<X(R)Q —dRA(X.Q)—n i Epi(R) (@™7(X)Q — 0™ X Q) )

=1

Epri( R)w™ ™ A (X 1Q)

Epei(R)w™(X)0

We use the fact that R only depends on y in the last equality. O]
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We have the following existence result, generalizing the fact that rdr A dt is a conformal
Killing-Yano 2-form on the Minkowski and Schwarzschild spacetime.

Corollary A.3. Let (V,g) be a warped product manifold with
g = gu(t,r)dt* + 2g,.(t,r)dtdr + g..(t,7)dr* + r*(gn)ada"dz’ (A.2)

where (N, gn) is an (n — 1)—dimensional Riemannian manifold. Then the two-form

onrf

is a conformal Killing-Yano 2-form on (V,g).

det(g” Ger )‘ dr A dt

Grt  Grr
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Appendix B

Curvature tensors in terms of
Conformal Killing-Yano Tensor

We consider (n + 1)-dimensional (exterior) Schwarzschild spacetime. The metric is given by

2m 1
g = — (1 - rn_2> dt2 + 1 — 2m d7‘2 + T2gSn—1
rn—2

The spacetime admits a conformal Killing-Yano tensor
Q =rdr \Ndt

Let Q? be the symmetric 2-tensor given by

(@)as = Q' Qnp
Lemma B.1. The curvature tensor of Schwarzschild spacetime can be expressed as

2m n(n—1)m

— o o 2 1 1
— o Ya - Ya - n+ « - a - «
Raopys . (Gar3ps — Gas95+) — <§Q 5Qns g@ +Qsp §Q 5@,@)

nm /_ 2)
— @)
rnt2 (g Q aByd

where (g o Q2)a,8'y§ = goa'y(Qz)B(S - gaé(Q2)/3’Y + gﬁ&(Q2)a7 - gb”y(QQ)aé

Proof. Denote f? =1 — 2% Let E;, Es, ..., E,; be the orthonormal frames for g with

rn—2

E,. = %%, E, = f% and F;,7=1,...,n — 1 tangent to the sphere of symmetry. We have

(B.1)

m(n—1)(n—2)

R(En-‘rla E’m En—',—l, En) = -

rn
_ m(n — 2
R(En+17Ei7En+17Ej) - % i
_ -2
rn

_ 2m

R(E;, By, By, Ey) =~ (0i0j1 — 0udje)
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Except for the symmetries of the curvature tensors, the other components are zero.

On the other hand, we have Q(E,,, E,.1) =T, (QQ)( ity Bng1) = —r? and (Q*)(E,, E,) =
r?. Let b(Q) = gQaﬂQw 3Qa7Q55 3QQ5Q57. The following table lists the nonzero com-
ponents for the (0, 4)-tensors involved.

T 9oy 955 — Gas 95y b(@) (g © QQ)aﬂﬁ’J
T(En+1, E, E, .1, En) -1 r? —2r?
T(EnJrl, Ei; En+17 Ej) _5i_j 0 —7"251']‘
T(En, Ei, En, E]) 5ij 0 261']'
T(Ei, E;, By, El) 5ik5jl — 5z‘l6jk 0 0

Suppose Ropys = A2 (GayGss — JasTsy) Bz (3QapQqs — 3QayQss — 3QasQsy) +C == (go
Q2)a575. We can solve for A =2, B=—n(n—1), and C = —n. ¥

The same proof applies to any (n+ 1)-dimensional static spherically symmetric spacetime

(V, g) with the metric given by

1

The conformal Killing-Yano tensor has the same form

Q =rdr Ndt

As above, let Fy, Fs, ..., E,.1 be the orthonormal frames for g with F,,; = f aw =fZ o

and E;,1=1,...,n — 1 tangent to the sphere of symmetry. Denote % by f'. We compute

R(Epi1, En, Eni1, Ey) = (1)
[

R(Eni1, Ei, Enir, E;) = 75@'
/
R(E,, By, Bn, By) = 115,
T
1— f2

R<Eza Eja Ek7 El) = T—2(51k5]l - 5il(sjk>

Comparing with the table we obtain

Lemma B.2. The curvature tensor of (V,g) can be expressed as

_ 1 o o
Raﬁ'yd = ﬁ <<1 - f2) (ga’ygﬁ6 - gaégﬁ’y)

/ _f£2
w0y =20 28 (G0~ 30mQu - 30uQs ) (B2

ff 1=\
_(T+ 2 )(90@2)a5y5>
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The following lemma is useful in simplifying R“bam 41 and Rabnm 1

Lemma B.3.

a 1 al
Q an,n—l—lan = _éQ anan,n-H (BS)
Proof. Let By, Es, ..., E, = f%, E,.1= %% be the standard frame of (V, g) where Fy, ..., E,
are tangent to the sphere of symmetry. Let w!, ... w™ be its dual coframe. Let

n+1

€a = Z AagEﬁ.
B=1

Since Q = rw"™ A w™*! only sees the component in F,, and F,,; directions, we have

b 3
Qa Qa,n—l—lle =r Qab(AanAn+1,n+1 - Aa,n+An+1,n)<AbnAn,n+1 - Ab,n—i—lAnn)
= 7ASC)CLb(_AanAb,nJrlAnJrl,nJrlAnn - Aa,n+1AbnAn+1,nAn,n+1)

where in the last equality we use the antisymmetry of a,b. On the other hand,

Qn,n—i—l = T(AnnAn—i-l,n—‘rl - An,n+1An+l,n)> Qab = T(AanAb,n-i-l - Aa,n—i—lAbn)

Using the antisymmetry of a, b again, we get

1 1
Qaan,n—i—lan = §T3Qab (_AanAb,n—l—l (;Qn,n—&—l + An,n+1An+1,n) - Aa,n—l—lAbnAn-l—l,nAn,n—i-l)

2

7,2

= _3Qab (AanAb,n+l - Aa,n+1Abn) Qn,n—H
1

= - 5 Qaanmen-{-l

1 1
+ _rgQab (_AanAb,n+1An+1,n+1Ann + Aa,n+1Abn (;Qn,n—&—l - AnnAn—i—l,n—i-l))
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