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ABSTRACT

Singular theta lifts and near-central special values
of Rankin-Selberg L-functions

Luis E. Garcia

In this thesis we study integrals of a product of two automorphic forms of weight 2 on a
Shimura curve over Q against a function on the curve with logarithmic singularities at C'M
points obtained as a Borcherds lift. We prove a formula relating periods of this type to a
near-central special value of a Rankin-Selberg L-function. The results provide evidence for

Beilinson’s conjectures on special values of L-functions.
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Chapter 1

Introduction

1.1 Statement of the main theorem

Let X be a projective smooth variety over a number field F. Attached to it there are its
motivic L-functions L(H*(X), s) for 0 < k < 2dim(X); they are complex analytic functions
defined by an Euler product converging on a right half plane Re(s) > g + 1. The relations
between algebraic cycles on X and special values of L-functions form one of the deepest

and most fascinating chapters of modern number theory.

We begin this introduction by stating the main result of this thesis (c¢f. Theorem .
The rest of the introduction will be devoted to providing motivation and background for

this result.

Let B be a non-split quaternion algebra over Q of odd discriminant D(B); we assume
that B is indefinite, so that B ® R & Ms(R) and fix a maximal Eichler order R C B. Let
H° = PB* and let m; = Q11 4, T2 = @l T2, be automorphic representations of HO(A) and

assume the following;:
® T 7’? 77'%/,
e If p does not divide D(B), then m; ), is unramified for i = 1,2,

o If p|D(B), then m = m3 = 10,
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e The representations 7; oo of PGLy(R) are discrete series of weight £2.

The reduced norm n : B — Q endows V = B with the structure of a quadratic vector space.
Moreover GSO(V) = G, \(B* x B*) so that m X 79 is an irreducible automorphic repre-
sentation of GSO(V'). We also denote by m K 7y its unique extension to GO(V') appearing
in the local theta correspondence with G'Spy (see [Roberts, 2001]).

Let B the set of elements in B of reduced trace 0. The reduced norm n : B — Q en-
dows V? = BY with the structure of a quadratic vector space and we write H = O(V?)

(note that then SO(V) = H?). For an open compact subgroup K C H(Af), we write:
X = HQ\H(A)/K Ko

where Ko, C H(R) is a fixed maximal compact group.

Consider the even lattice L = R ¢ V° and its dual LY D L. Recall that the metaplec-
tic group SZQ(\/Z) acts on the group ring C[LY/L]; we denote this representation by pr.
For any integer k, let M, /2.p, denote the space of holomorphic functions f : H — C[LV/L)
defined on the upper half plane H of weight k/2 and type pr that are meromorphic at the
cusp i00; such forms admit a Fourier expansion f(q) = > ,cq2rerv/r @na(f)g"A with
an(f) € C. We denote by 5’/,2/27%7Z

ao,o(f) = 0 and ap x(f) € Z for n < 0. Let K C H(Ay) be open compact such that K

cM ;g 2,01 the subgroup defined by the conditions

preserves L ®7z 7, and acts trivially on LY/L. In [Borcherds, 1998|, Borcherds constructs a
homomorphism

f! s \I/f! . S!lfgprvz — C(XK)X ®ZQ

that intertwines the action of H(Ay) and such that div(¥p1) is supported on certain CM

points on X ; we refer to ¥, as a Borcherds lift.

Let K C H(Ay) be the maximal compact subgroup of H(A¢) determined by the order
R. Let f; € m; be holomorphic of weight 2 and level K so that

0o(f) = f1 R fy
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for a certain cusp form f € L?(Z(A)GSps(Q)\GSps(A)) and a certain Schwartz function
0 € S(V(A)?) (see Section for the details). We can now state our main theorem.

Theorem 1. Under the hypothesis[5.2 we have:

/ fi(h) fa(h) log ]\Ilf!(h)]dh =q-L'(m ®mo,0) - lim  I(s,s)
H(Q)\H(A) (5,5)=(0,3

where ¢ € Q* and

N g VOED)VOUE ) L(Lna)i(s)
15 = 3 ool VG A i) G (s)ate) )

m>0,u

Here L(m @ 73, 8) = [[,co0 L(T1,p @ T2, 8) and
Linoo(s, 8"

= S -

Poo (h™ v, ') / U1, (£)(9)(@(g, D)) (01, vy |a(g) |+ 2 dgdlh.

/Hm (R)\H (R) N(R)\Spa(R)

1.2 Outline of the thesis

We now describe the contents of each Chapter of this thesis.

In the rest of Chapter 1, we set the context for the main result of this thesis by giving
a brief description of (one of) Beilinson’s conjectures on special values of L-functions. First
we review the relevant definitions concerning motivic L-functions and motivic cohomology
groups in a general setting and after that we explain what the conjectures predict for the
Rankin-Selberg L-functions considered in this thesis. We then describe an explicit example
of a class in a motivic cohomology group of a product of Shimura curves constructed using
special divisors and meromorpic functions on them with divisors supported on C'M points.

The chapter ends by fixing the notations that we will use throughout the thesis.

Chapter 2 describes some basic facts about the theta correspondence for reductive dual
pairs of the form (Sps, O(V)), where O(V) is a quadratic vector space of dimension 4 and
discriminant 1. The results in this chapter are crucial for the main result, as the com-

putation of the integral in the main theorem relies on the fact that the cusp form in the
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integrand is a global theta lift from Sps. Hence we start the chapter by first reviewing the
local correspondence for unramified representations, including the correspondence of local
L-parameters. Then we discuss some known results about the correspondence for certain
representations with Iwahori-fixed vectors. After that we address the archimedean corre-
spondence and a result of Roberts ([Roberts, 1999]) that ensures the non-vanishing of the
global theta lift. Finally, we discuss a specific choice of Schwartz functions at every place v
ensuring that the theta lift has the right weight and level. We also state the version of the

Siegel-Weil formula that we will need in the proof.

In Chapter 3 we give a very quick review of some of the key results in the theory of singular
theta lifts. Namely, we first review the definition of weakly holomorphic modular forms
valued in the Weil representation of a lattice. Then, after recalling the definition of Siegel
theta series, we state the main results of Borcherds giving a lifting of weakly holomorphic
cusp forms to meromorphic functions on orthogonal Shimura varieties. These results are
formulated here in adelic language closely following [Kudla, 2003]. After that we review the
work of Bruinier, which constitutes a generalization of Borcherds’s work. Again we quote

some key results of Bruinier that will be used in the proof of the theorem.

Chapter 4 starts with a brief review of the local doubling integrals introduced by Piatetskii-
Shapiro and Rallis. Although the main integral does not directly unfold to an Euler prod-
uct of local doubling integrals, its calculation reduces to them. We state the basic result
in [Piatetski-Shapiro and Rallis, 1986] for unramified representations and then review the
results of [Zorn, 2011] concerning doubling integrals for representations of Sp4(Q,) hav-
ing Iwahori-fixed vectors. These results are then used in the second part of the chapter,
where some local computations are performed that allow us to generalize the results in
[Piatetski-Shapiro and Rallis, 1988] for unramified representations to a certain local rami-
fied representation m,, of Sps(Qp). This will be used in the proof of the main theorem to

compute the local integrals at primes dividing the discriminant of the quaternion algebra B.

Finally, Chapter 5 is simply a calculation leading to the formula that consitutes the main
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theorem of the thesis, using tools described and developed in the previous chapters.

1.3 Beilinson’s conjectures

1.3.1 Motivic L-functions

We start by reviewing the definition and expected properties of motivic L-functions. We will

be very brief as there are many excellent sources for this material, see e.g. [Ramakrishnan,

1989], [Rapoport et al., 1988]. Our presentation follows [Rapoport et al., 1988] closely.
Let X be a smooth projective variety over Q. We denote by X@ = X xg Q its base

change to Q. One has then a number of cohomology groups attached to it, namely:

e For any prime number [ and integer k£ with 0 < k& < 2dim(X) one can define an étale
cohomology group Hft(X@, Q). This is a finite dimensional Q; vector space on which

the group Gal(Q/Q) acts linearly.

e For 0 < k <2dim(X), one can consider H g (X&",Q), the singular cohomology group
of the complex analytic manifold attached to X¢. These groups are Q-Hodge struc-

tures of weight k, that is, there is a Hodge decomposition:
Hg(X(‘én’ Q) ®g C = ®py =k H"?
satisfying H9P = HP4,

Choosing a Galois closure Q, of Q, yields an inclusion Gal(Q,/Q,) C Gal(Q/Q); a
different choice of Galois closure will result in a conjugate embedding. Thus for every prime
p there is a well defined conjugacy class of subgroups isomorphic to Gal(Q,/Q,). Denote
by I, the inertia subgroup of Gal(Q,/Q,) and by F'r, the Frobenius element at p (i.e., the
topological generator of Gal(Q,/Q,)/I, = Z defined by Fr;l(x) = zP) and define:

Py(s) = det(1 — Fry - p™°| Hgy (X5, Q)™7)

It is a deep fact (following from the Weil conjectures) that P, is a polynomial in Z[p~*]

when X has good reduction at p (note that this is true for all but finitely many p); in fact
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this is conjectured to be true for all p. Assuming this, the local L-factor at p is then defined

by:

b

Py(s)

and the L-function L(H"(X),s) is defined as the Euler product:

Ly(H"(X),s) =

L(HM(X),s) = [ [ Lp(H"(X), 5)

It is known that the product is absolutely convergent whenever Re(s) > % + 1. Moreover,
it is expected that L(H"(X),s) has a meromorphic continuation to s € C and satisfies a
functional equation. To state it, it is necessary to introduce a local factor L. (H*(X),s)
at the archimedean place. Its form depends on the Hodge decomposition on H E(X ) as
follows. Let h?? = dim¢ HP?. Note that complex conjugation F,, acts on HPP giving a

decomposition HPP = HPt @ HP~; we write h?+ = dime HPE(-D”. Define:
Tr(s) = 70 (s/2)
Le(s) =2-(2m)°T'(s)

Then one defines:

Loo(H2k+17 S) = H F(C(S - p)hp*q

p<q
prq=2k+1

Loo(H™,5)= [] Tels—p)"" Tr(s- )T T(s — k+ )M
p<q
p+q=2k

(In this work, we will only be interested in L-functions attached to even-dimensional
cohomology groups).

Finally, one defines a completed L-function A(H*(X),s) = L(H*(X), s)- Loo(H*(X), s).
It is conjectured that it admits meromorphic continuation to s € C and that (for k =
dim (X)) it satisfies a functional equation relating s and k + 1 — s.

Note that the function Le,(H¥(X),s) is a meromorphic function on C without zeroes.
Its poles lie at integral values of s such that Re(s) < k/2. Especially important for us will

be the order of these poles. Observe that:

—ordsjLoo(H**(X), s) = dim¢ H*(X).
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1.3.2 Motivic cohomology groups

For a smooth quasi-projective variety X over a field K, Beilinson ([Beilinson, 1984]) has
defined motivic cohomology groups ij (X,Q(n)) using the higher K-theory of X. These
groups were later shown by Bloch to agree with the higher Chow groups CH*(X,n) intro-
duced in [Bloch, 1986]. The advantage of higher Chow groups is their concrete nature: they
are obtained as the cohomology groups of a complex built from algebraic cycles on X x A™.
We next recall the expression of szvlkH(X ,Q(k + 1)) for k a non-negative integer in terms

of algebraic cycles following the exposition in [Voisin, 2002].

Consider first the group Z¥T1(X,1): an element of this group is given by a finite formal
sum > n;(Z;, i, fi) with n; € Q and where Z; is a normal variety of dimension dim(X) — k&,
fi is a meromorphic function on Z; and ¢; : Z; — X is a generically finite proper map such

that
> ni(¢i)s(div(fi)) =0

as a codimension k + 1 cycle on X.

Some elements of this group can be constructed using tame symbols as follows. Let
¢ : W — X a generically finite proper map with W a normal variety of dimension
dim(X) 41—k and let fi, fo be meromorphic functions on X. Given an irreducible subva-
riety D C W of codimension 1 with normalization v : D — D C W, we define the tame

symbol

dp(f1)ordp (f2) priv () -
. (_1)or or * X
T o= (GO, | oy ) € FP)

Note that T'(f1, fo)p # 1 only for a finite number of subvarieties D. It is easy to check that

the formal sum
T(W, fi, f2) == Y (D, ¢ovp, T(f1, f2)p)
D

is an element of Z¥*1(X,1). The subgroup generated by elements of the form T(W, f1, fo)
will be denoted by B¥T1(X,1). We define:

ZE(X 1)
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(This group is also denoted by C H¥+1(X,1)). In other words, denoting by X (™ the set of

points of X of codimension m, the group CH*+1(X, 1) is the H' of the Gersten complex

D Kk) = P k)™ P z

zeX(k=1) zeX (k) e X (k+1)
where Ky stands for the Milnor Ks-group and where the arrows are given by the tame

symbol and divisor maps.

Let us now consider the case of varieties X defined over Q. Even for such varieties, the
groups we have just defined can be infinite-dimensional over Q, e.g for X = Spec(Q) one
finds H},(X,Q(1)) = Q*®zQ. A (conjecturally) better behaved subspace HﬁH(X, Q(k+
1))z C Hile(X ,Q(k+1)) of integral motivic cohomology classes can be defined as follows.
Assume first that the variety X is projective, smooth and that it admits a regular proper flat
model X over Z. One can then similarly define a group H/Q\]flﬂ(é\,’ ,Q(k+1)) by considering

cycles and meromorphic functions on X. Restriction to the generic fiber defines a map
H (X, Qe + 1) = HEH(X,Q(k + 1))

and we define Hiﬁ“(X,Q(k + 1))z to be its image. For X smooth and projective, it
was shown by Beilinson ([Beilinson, 1984} 2.4.2]) that HY,(X,Q(j))z is independent of the
choice of model X. A definition of H}VI(M ,Q(4))z for any Chow motive M defined over Q
generalizing this was given later by Scholl in [Scholl, 2000] using J. de Jong’s alterations.

The following conjecture (a special case of conjectures of Bass on K-theory) is wide open.

Conjecture 1. The motivic cohomology groups H}Vt(M, Q(4))z are finite dimensional over

Q.

For an integer n, we define R(n) := R - (27i)" C C. To a projective smooth variety X
defined over R one can attach a bigraded cohomology theory H% (X,R(n)) known as Deligne
cohomology (see [Rapoport et al., 1988] for the definition). These cohomology groups lie in

a long exact sequence

o= Hop(X) = Hp(X,R(n)) — F"Hpp(X) @ H(X,R(n)) — Hpp(X) — ...
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where H% (X)) stands for the algebraic de Rham cohomology of X and H'(X,R(n)) is
singular cohomology of the analytic space over R associated with X. It follows that one
can think of classes in H%)(X ,R(n)) as singular cohomology classes of degree i lying in the
n-th step of the Hodge filtration. We are interested in the case where 2n — ¢ = 1; then an
application of Hodge theory (see |[Rapoport et al., 1988, p. 8]) shows that this long exact

sequence simplifies to:
0 — FFUHYL(X) — H?(X(C),R(k) D" — HEL(X,R(k)) — 0 (1.1)

where the superscript (—1)F indicates the sign of action of complex conjugation. It follows

that Deligne cohomology groups have the simpler description in terms of Hodge theory:
HR (X R(k + 1)) = HPH(X(C))F

(see [Ramakrishnan, 1989]). Here the superscript stands for invariants under complex con-
jugation.

Let X be a projective smooth variety over Q. In [Beilinson, 1984], Beilinson defines a
regulator map

rp « Hj(X,Q(n)) — Hp(X, R(n)).
When 2n—i¢ = 1, this map sends a cycle Y n;(Z;, ¢i, fi) € HJQ\Z“(X, R(k+1)) to the current
D (Z ni(Zi, ¢i, fi)) = " ni(¢i).(log| fildz,) € (H* " F(X(C)))"

where 07 is defined to be the current given by integration on Z. Note that this current
is 00-closed by the condition " n;(¢;)«(div(f;)) = 0 and hence its cohomology class in
HFE(X(C))* is well defined.

Denote by C}’fom(X ) the group of algebraic cycles on X of codimension k£ modulo homological
equivalence. Then Beilinson also defines an extended regulator map

7p : Hy ™ (X, Q(k + 1))z ® (Chop(X) © Q) = HHH(X(C))*

as the direct sum of the map rp (restricted to H' (X, Q(n))z) and the usual cycle class map.
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Note also that since X is defined over Q, the first two terms in the short exact sequence

(1.1) have a natural Q-structure; this way we obtain a Q-structure
Bag k1 = det(H¥(X(C),Q(k)) V") @ (det(FF HEf (X))

on det(H%k'H (X,R(k))). After these preliminaries, we can now state Beilinson’s conjectures

for the near central points.

Conjecture 2. [Beilinson, 1984, 6.5.7] Let X be a smooth projective variety defined over Q
and let k > 0. Denote by L*(H?*(X), k) the first non-vanishing coefficient of the expansion
of L(H?**(X),s) around s = k. Then:

i) The image of 7p is a Q-lattice in Ha ™ (X, R(k +1)).
it) Ker(fp) = 0.
i) det(Im(7p)) = L*(H?**(X), k)Bok kr1-
Remark 1. Parts i) and ii) can be combined into the claim that

Fp @R : (HU (X, Qk + 1))z ® R) @ (CFopn (X) @ R) — HF (X, R(E + 1))

is an isomorphism. Note that the Tate conjecture predicts that dimg wam(X) ® Q is equal
the order of the pole of L(H?**(X),s) at s = k + 1. Hence, in order to be compatible with

the Tate conjecture and the expected functional equation of L(H?**(X),s), we must have:
dimg H35 (X, Q(k + 1))z = ords—x L(H**(X), s).

Remark 2. Note that the ring of correspondences on X acts on motivic cohomology groups
and on Deligne cohomology and the requlator map intertwines these actions. As a conse-
quences, one can define motivic cohomology of pure motives and state an analogous conjec-

ture for motivic L-functions.

1.4 The case of Rankin-Selberg L-functions

Let us describe more precisely the statement of the conjecture in the case of Rankin-Selberg

L-functions. Let m; = D; be a discrete series representation of G = G L2(R) of even weight [
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and consider the local Rankin-Selberg L-function L(7 x 7, s). Note that (see e.g. |Shimura,
1975, p. 80])
L(ﬂ'l X T, S) = P@(S +1— 1)FR(S)FR(S + 1)

where we write Ir(s) = 77%/2'(s/2) and Ic(s) = 2- (27)~*T(s).

Remark 3. One way to see that this is the right L-function is to use Serre’s recipe for the
factors at infinity of motivic L-functions as follows. Let f be a holomorphic cusp form of
weight I and some level N. The Hodge structure Vy attached to f has type {(I—1,0), (0,1 —
1)}. Then L(f x f,s) = L(V; ® V¢, s) and the L-function on the RHS is determined by the
type of the Hodge structure Vy @ Vy as in (Rapoport et al., 1988, , p. 4/, giving:

L(V; @ Vy,s) = De(s)Ta(s — (L — 1)Tr(s — (1 — 1) + 1))

Note that the variable s here is normalized following the convention for motivic L-functions,
so that the global L-function should satisfy a functional equation relating s to 21—1—s. Thus
we need to shift s to change to the automorphic normalization (where the global functional

equation will relate s to 1 — s) and we get
L(m xm,s)=L(fxf,s+1—-1)=L(V;®@Vy,s+1—-1)=Tc(s+1—-1)I'r(s)I'r(s+1)
as claimed.

Now consider two automorphic representations 71, m of GL2(A). Assume that (i) both
have trivial central character, (ii) m; 2 72 and that Tloo = T200 = Do, the discrete series
representation of GL(R) of weight 2. Let L(m ® w2, s) = [[, L(m1,p ® m2p, s) be the global
Rankin-Selberg L-function. Then L(m ® 72, s) is regular and non-vanishing at s = 1 and
L(71 00 ® T2,00, 5) has a pole of order 1 at s = 0. By the functional equation, it follows that
ords—oL(m ® ma,s) = 1. Beilinson’s conjecture predicts the existence of a non-trivial class

in H3,(X,Q(2))z where X is a product of modular curves of appropriate level.

We now describe some of the previous work on this conjecture, with the goal of provid-
ing context for this work. We will focus on the cases where the underlying variety X is a
Shimura variety. In the paper |Beilinson, 1984] where he first made his conjectures, Beilin-

son considers the self-product X = X;(N) x X1 (V) of the modular curve X;(N). Using the
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Manin-Drinfel’d theorem (which states that the difference of any two cusps P,Q € X;1(N) is
torsion in Jac(X1(N)), he is able to produce motivic cohomology classes in H3(X,Q(2))z.
Using these classes and the Rankin-Selberg method for GL(2) x GL(2), he is able to prove
part of Conjecture

In [Ramakrishnan, 1986], Ramakrishnan considers the case where X is a product of two
Shimura curves attached to an indefinite (non-split) quaternion algebra over Q. Note that
these Shimura curves are compact, so that there are no cusps and hence no direct analogue
of Beilinson’s construction. Using the Jacquet-Langlands theorem and Faltings’s Isogeny
Theorem, he managed to prove part of Conjecture [2| for X by reducing to the case consid-
ered by Beilinson. However, note that his solution does not produces any explicit motivic
cohomology elements and leaves open the question of finding them. Moreover, this method

does not seem to generalize to products of Shimura curves over a general totally real field F.

In fact, Shimura curves come with a dense collection of special points: these are defined over
ring class fields of quadratic imaginary fields and are dense in X. In |[Ramakrishnan, 1990),
Ramakrishnan raised the question whether it is possible to use meromorphic functions on
Shimura curves whose divisors consist of special points to construct motivic cohomology
classes. At that time, no systematic construction of such functions was known and hence
the question remained difficult to approach. However, in his seminal papers [Borcherds,
1998], [Borcherds, 1995|, Borcherds showed how to construct many such functions using

theta functions. We will review Borcherds’s work in Section B.11

1.5 An example

Consider an indefinite, non-split quaternion algebra B over Q and let Xp the associated
Shimura curve. As a Riemann surface, it is obtained as follows: let (’)%3 be the group
of elements of reduced norm 1 in a maximal order Op C B and fix an isomorphism ¢ :

B ®g R — M(R). Then t(O%) C SLy(R) is a discrete subgroup and we define:

X@ .= (OL)\H
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where H is the Poincaré upper half plane endowed with its usual action of SLs(R). This
is a compact Riemann surface and Shimura’s theory of canonical models shows that the
corresponding algebraic curve over C has a model Xp over Q. The curve Xp has a special
abelian subgroup Wp C Aut(Xp) of involutions known as the Atkin-Lehner group; if 2r is
the number of primes dividing the discriminant of B, one has Wy = (Z/2Z)?" with gener-
ators wi,...,ws.. For w € Wp, we will denote by X,, C Xp x Xp the graph of w. One
can try to construct cycles of the form >, ny,(Xy, f) € CH?*(X%,1); this is sometimes
possible when one can find f € Q(Xp)* supported in the fixed points of some Atkin-Lehner

involutions.

Let us give a concrete example. Let B be of discriminant 74 = 2 - 37; according to [Ogg,
1983], the curve Xp is hyperelliptic over Q with hyperelliptic involution wry := wowsy. Let
Zy = CM(Z[v/=2]) and Z74 = CM(Z[/—T74]) be the divisors of fixed points of wy and wry.
Since they are defined over Q and are stable under w74, one can find a non-constant function
f e Q(Xp)* with div(f) = aZs + bZ74 by pulling back a meromorphic function on IP’}@; this

function is unique up to multiples by a rational number. It is easy to see that the cycle

Zf = (Xluf) - (X27f) - (X747f) + (X377f)
belongs to CH?*(X%,1). Moreover, Z; is essentially an integral class:
Claim 1. One can choose f so that the cycle Zy € CH*(X%,1)y.

Proof. Consider the model Xg/Z of Xp/Q as described in [Kudla et al., 2006] (we take
XB/7Z to be the coarse moduli scheme attached to the moduli problem M described in
op.cit.). Recall that X has good reduction at p for every prime p # 2,37; for p = 2 or
p = 37 the special fiber AF, has two isomorphic irreducible components that are permuted

by the action of some w € Wg.

Note that, since div(f) is invariant under Wp, we have w*(f) = +f. Hence, if we write
divy(f) for the divisor of f on X, we find that divy(f) is invariant under Wp. By the
previous remark on the bad fibers of X, this implies that the vertical part of divy(f) is of

the form a1, +...+ akX]Fpk- The claim follows easily from this. ]
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Moreover (see [Ogg, 1983]), on X one can find two holomorphic eigenforms wy, wy defined

over Q with common Atkin-Lehner eigenvalues as = a74 = —1. For this pair, we obtain:
_ 4 —
<rp(Z),w Rwy >= o w1(2) Awa(z)log|f(2)] (1.2)
YiNA X5

In Chapter |5l we will show that this expression is obtained as a special value of a Rankin-

Selberg integral related to the L-function attached to wy X ws.

It seems possible to construct other motivic cohomology classes supported on graphs of
Atkin-Lehner involutions; it would be interesting to know when these classes are non-trivial.
The main result of this thesis (Theorem computing an integral like can be seen as

a first step in this direction.

1.6 Notations and measures

1.6.1
For any field k, the vector space k* has a standard symplectic structure given by the matrix:

0 1o
-1 O

J =

The group G L4(k) acts on k* by right multiplication (i.e., we consider k* as a space of row
vectors). The symplectic group Spy is the algebraic subgroup of GL,4 defined by:

Spa(F) = {g € GL4(F)|'gJg = J}.

The group GSp, is the algebraic subgroup of GL4 preserving the symplectic form up to a

similitude factor:
Spa(F) = {g € GL4(F)["gJg = Ng)J, Ag) € F*}.
We denote by X, Y C k* the maximal isotropic subspaces:
X ={(f,0) e K*|f € *},

Y ={(0,f) € k'|f € K*}.
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The stabilizer of Y in Spy is a maximal parabolic Py known as the Siegel parabolic; we
denote it simply by P. We write P = M N with N the unipotent radical of P and M a Levi

subgroup. In terms of matrices:

* %
P(k) =
0 =
a 0
M(k) = a € GLy(k)
0 ta—l
1o b
N(k) = | b Syma(k)
0 1,

where we denote by Syma(k) the additive group of symmetric matrices of size 2. For

a € GLy(k), b € Syma(k), we write:

a 0 12 b
m(a) = n(b) =
0 ta-! 0 1o
0 1
w =
-1 0

0 1 0 O
0 1 -1 0 0 O
Wo =M =

-1 0 0 0 0 1
0 0 -1 0

1 0 00

0 0 01

wg =
0O 0 10
0 -1 0 0

If k is a local field with norm ||, using the Iwasawa decomposition Sps(k) = N (k)M (k) K

we define a function |a(g)| : Spa(k) — Rsq by
la(n(b)m(A)k)| = | det(A)]

and one checks easily that this is well defined.
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1.6.2

Let k be a local field of characteristic 0. We denote by 9 : k — S' the additive character

in Tate’s thesis:
e k = Qp: consider the quotient map p : Q, — Q,/Z, = Z[p~'|/Z. Then ¢(z) =
Vg, (z) = e 2P )
e k =R: define ¢(z) := 2™
o k= C: define ¢(z) = e*mifiez)
e k a finite extension of Qy: define ¢ = g, (try/q,(+))
We also fix an additive Haar measure on k as follows:
o If k =R, then dx is Lebesgue measure,
o If k = C, then dx is twice Lebesgue measure,

e [f k is non-archimedean, then dx is the measure assigning to O, the value d,;l/ 2, where

dy is the discriminant of k.

Note that this Haar measure is characterized by being self-dual for the Fourier transform,

i.e. if we define:

B(y) = / (@) () dz

k
then ¢(z) = —p(z).
For a quadratic vector space (V, q) over a local field k # C, we define a space of Schwartz

functions S(V) as follows:

e If k is non-archimedean, then S(V') consists of all locally constant functions f : V — k

with compact support;

e If k is archimedean, then fix an orthogonal decomposition V = VT@ V™~ S(V) with V'
(resp. V™) positive (resp. negative) definite; we will write v = v™ + v~ € V. Define
a positive definite quadratic form by go(v) = q(v") — q(v™) consists of all functions

f:V — k of the form f(v) = p(v)e~27®©(") where p is a polynomial function.
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Note that there is a natural inclusion S(V1) @ S(V2) — S(V4 @ V3); the image is dense
(and surjective when k is non-archimedean).

If (V,q) is a quadratic vector space over a totally real field k, the Schwartz space
S(V(A)) = ®,8(V,) is a restricted tensor product defined as follows. Pick any lattice
L C V; one obtains distinguished vectors gog = 1190, € S(V(ky)) for every prime p. The
space S(V(A)) is the restricted tensor product with respect to these vectors. It is easy to
check that S(V(A)) does not depend on the lattice L.

Representations of p-adic groups will always be assumed to be smooth.

For an abelian group M, we write Mg = M ® Q.
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Chapter 2

Theta Correspondence for (Sp4, Oy)

In this section we review the theory of Yoshida lifts. We start by recalling basic facts about
four-dimensional quadratic spaces and their orthogonal groups over local and global fields.
After that we explain how functoriality and the Arthur conjectures predict the existence of
lifts from automorphic representations of such orthogonal groups to automorphic represen-
tations of GSp4. In the rest of the section we explain how the theta correspondence allows
to construct the expected lifts. To do this, we first recall the formulas defining the Weil
representation of Spy x O(V) in the local Schrodinger model. Next we state without proof
some facts about the correspondence of local representations. Finally, we review a result
of Roberts about non-vanishing of the global theta correspondence; this result confirms the
prediction made by functoriality and gives explicit formulas for the corresponding automor-
phic forms. We finish by describing some specific Schwartz forms of interest used for the

global lift.

2.1 Four-dimensional quadratic spaces and their orthogonal
groups
Assume that & is a local field of characteristic 0 and that k& # C. Let (V,q) be a quadratic

space over k with dim V' = 4 and discriminant 1. Recall that, up to isometry, there are two

such spaces V* and V~ that are classified by their Hasse invariant ¢(V*) = +1.
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More concretely, consider the space Mas(k) of two by two matrices over k and define
q(v) = det(v). Then (V*,q) & (Ma(k),det). Similarly, let B be the unique non-split

quaternion algebra over k and let n : B — k be the reduced norm; then (V—,¢q) & (B, n).

The group GLy(k) x GLo(k) (resp. B* x B* acts on V' (resp. V™) by sending x € V' to

glxg2_1 e VT (resp. z € V™ to glxggl € V7). These maps fit into short exact sequences:
1 — k* = GLa(k) x GLa(k) — GSO(VT) — 1

1=k = B*(k)x B*(k) > GSO(V™) = 1

Hence, defining
(GL2 x GL3)? := {(g1,92) € GL2 x GLz|det(g1) = det(g2)}

(B* x B*)" :={(g1,92) € B* x B*|n(g1) = n(g2)}

one sees that
SO(VT) = G,\(GLy x GLy)°,  SO(V™) =G, \(B* x BX)".

Thus irreducible representations of GSO(V ') are of the form © = m X w9, where m;
and my are irreducible representations of GL(2) with central characters w; and we satisfying
wiwy = 1. Similarly, irreducible representations of GSO(V ™) are of the form 7 = 7 K72,

where P and 72 are irreducible representations of B* with wPwb = 1.

The groups GSO(V') and GSO(V—) admit an automorphism ¢(g1,92) = (g2,91). One
has:
GO(VT) =GSO(VT) x {1,.}
GO(V™)=GSO(V™) x{1,.}
Assume now that k is a totally real number field and let V' be a four dimensional
quadratic vector space with discriminant 1. Then (V,q) = (B,n) for a unique quaternion

algebra over k with reduced norm n. This quaternion algebra is completely determined by

the condition that B ramifies at v if and only if €(V,) = —1.
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2.2 Yoshida lifts

For a given reductive algebraic group G over a field k, denote its dual group by G. This is
a complex reductive Lie group whose root datum is dual to the one of G (see [Borel, 1976]
for details). Let V be a four dimensional quadratic vector space over a field k. Then we

have:

GSO(V) = (GLs(C) x GLs(C))°,  GSps = GSpa(C)

Note that there is an inclusion map:

—

GSO(V) — GSpi = GSp4(C)

ax b1
ar by az by a ba
b
c1 di co  do c1 dq

2 do

The local Langlands conjecture (proved for G:Spy; see [Gan and Takeda, 2011al) yields
the existence, for every irreducible representation 7 = 7 X my of GSO(V)(Qy), of an L-
packet II(7q,m2) consisting of a finite number of representations of GSp4(Q,). In fact,
the local L-packet will always consist of 1 or 2 elements: the latter case will happen pre-
cisely when both m; and w9 are discrete series representations. In that case the L-packet
(71, m2) = {II(m1, ™2) gen, IL(71, T2)ng } Will consist of one generic and one non-generic rep-

resentation.

According to the Langlands functoriality conjecture, this map of dual groups should in-
duce a transfer of automorphic representations from GSO(V)(A) to GSps(A). Moreover,
Arthur’s conjectures give a refinement by specifying the multiplicity with which a given

element of the global Arthur packet should appear in the discrete spectrum of G.Sps(A).

2.2.1

We explain the structure of the L-packet II(71,m2) in a special case relevant to this work.

Consider the automorphic representations m and 7wy of GLo(A) generated by two cusp
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forms f; and fo of weight 2 and square-free levels Ny and Ny. Let N = ged(Ny, N2) and
let T' = {oo} U T}, where T the set of primes dividing N. The local L-packet at v has 2
elements precisely when v € T It follows that the cardinality of the global L-packet is 2¢+1.
Moreover, for a given element II in the global L-packet, let T'(II) C T the set of places v
where I, is non-generic. Then Arthur’s conjecture predicts that the multiplicity m(II) of

IT in the discrete spectrum of GSps(Q)\GSp4(A) is given by:

1 if |T(II)] is even,
0 if |T(II)| is odd.

m(Il) =

This prediction has been confirmed by Roberts in [Roberts, 1999], where he also explains

how to construct II as a global theta lift.

2.3 Weil representation

Consider k* as a symplectic vector space with its standard symplectic form. Then the vector
space W := k*®V has a natural symplectic structure on it ; this gives an embedding Sp4 x
O(V) — Sp(W). There is a representation w,, of %(W) called the Weil representation;
we denote it simply by w (recall that we denote by v the standard character introduced in
section [1.6.1)). It can be realized in the space S(V?) of Schwartz functions on V2. For a
Schwartz function ¢, the action of Spy x O(V) is given by the following formulas:
w(1, h)p(v) = p(h™ v)
w(m(a), 1)p(v) = det(a)’p(v - a)
1
w(n(b), 1)p(v) = ¢5tr(b(v, v))e(v)
w(w, D (v) =7V, 9)¢(v)

w(1, h)p(v) = p(h™'v)

2.4 Non-archimedean correspondence

Let us now describe some well-known results about the local theta correspondence. For

proofs of the results of this section, see |Gan and Takeda, 2011b].
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Recall that to a character

to
(X1, X25 X0) . — x1(t1)x2(t2)xo0(to)
tot]

toty *

of the standard torus of GSpy4, one attaches a principal series representation IgSp *(x1, X2 X0)

obtained by normalized induction from the standard Borel subgroup of GSp;.

Recall that there is a standard parabolic @ or GSpy (usually called the Klingen parabolic):

,

¥ % ok %
0 x * =x

Q= C GSpy
0 0 x O
0 * x *

with Levi subgroup isomorphic to GL; x GLs. For a representation (x,7) of GL1 x GLa,

we denote by Ig(x,7) the normalized induced representation on G'Spy.

For the proofs of the following facts, we refer to [Gan and Takeda, 2011b].

Proposition 1. Let k be non-archimedean and let m1 = w(x}, x1) and w2 = 7(x5, x2) be

spherical representations of GLa(k). Then

0(m W o) = Jp(Xa/x1, X2/X15 X1)-

Proposition 2. Let k be non-archimedean, 15x be the trivial representation of B* and St
be the Steinberg representation of GLa(k). Then the induced representation Ig(1,St) is a

direct sum of two irreducible tempered representations m,g and Tgen and:
6(1B>< X 1B><) = Tng,

0(St R St) = Tgen.

Here w4 is not generic and mwgen 18 generic.
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2.4.1 Correspondence of local L-factors

Let k be non-archimedean. Recall that to a spherical representation 7 of GSpy(k), the
Satake isomorphism attaches a semisimple class ¢, € (YG)? = GSpy(C). This class is
explicitly given as follows: let 7 = Indg(x1, x2;X), where x1, x2 and x are unramified

characters. Then

x1(@)

d)ﬂ' = e (W)

x(@)x1 (=)™

X(@)xz2(w) ™!

Given a finite dimensional representation (V,p) of GSps(C) and s € C, one defines the

associated local L-factor by:

L(m, p,s) = det(1 — p(¢r)g V).

There is a natural representation of GSp4(C) on a certain 5-dimensional quadratic space;
the resulting map std : GSps(C) — SO5(C) induces an isomorphism PGSps(C) = SO5(C).

The corresponding local L-factor

L(m,std,s) = (1—¢ )" [T (1 = xi(w)a™) (1 = xi(w) ')
1=1,2

is known as the standard L-function of .

The description of the local theta correspondence in the unramified case given above shows

that for m; and 79 spherical representations of GLa(k):
L(6(m W 72), std, s) = C(s)L(m1 K w2, s)
where L(m X 79, s) denotes the Rankin-Selberg L-function of GL(2) x GL(2).

2.4.2 A non-vanishing result

The non-vanishing of global theta lifts for the dual pair (Spys, O(V)) has been established

by |Roberts, 1999]. We quote here his result restricted to our context.
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Theorem 2. [Roberts, 1999, Cor. 1.3] Let V be an even dimensional, nondegenerate
symmetric bilinear space over Q. Suppose that the signature of V' is of the form (2n,2). Let
o be an irreducible cuspidal automorphic representation of O(X,A) with 0 = ®,0,, and let
V, be a realization of o in the space of cusp forms. Assume o, is tempered and occurs in
the theta correspondence for O(V,Q,) and Sp(2n + 2,Q,) for all places v. If L® (o, s) does
not vanish at s =1, then ©,(V,) # 0.

The results described above show that the hypothesis concerning the local components
are satisfied in our case, hence Roberts’s theorem implies that the global theta lift is non-

Z€ero.

2.5 Archimedean correspondence

2.5.1 (Limits of) discrete series on Sp,s(R).

We briefly review some results concerning the Harish-Chandra parametrization of (lim-

its of) discrete series on Sps(R). In this section we write G := Sps(R) and denote by

A B
K the maximal compact subgroup of G defined by K = { € G}. The map
B A

A B

-B A
sification by highest weight of the finite-dimensional irreducible representations of U(2).

Consider the embedding ¢ : SL2(R) x SLy(R) — G given by:

— A + 1B yields an isomorphism K = U(2). Let us briefly review the clas-

a 0 b O
a b a b 0 a 0V
L( ’ ) =
c d d d c 0 d 0
0 & 0 d

cos(f) sin(6

)
—sin(f) cos(0)
that v € 7 has weight (1,1’) if:

Write kg = . Given a representation 7 of U(2) and integers [,1’, we say

T(L(kg, kel))’l) _ ei(l~9+l/9/) i
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We parametrize irreducible representations of U(2) by {(,I') € Z?|l > I'}: we denote by
7(,iry the unique irreducible representation of U(2) having highest weight (,1’). The dimen-

sion of 7y is 1 —1' + 1.

B
Note that Lie(K) consists of matrices of the form where B is symmetric and

-B A
A anti-symmetric. We choose a compact Cartan subalgebra

0 B a 0
H=<Kt= |B = C Lie(K)
-B 0 0 b

and define e;(t) = a and ez(t) = b. Define an inner product (-,-) on H¢ by (e, ej) = ;.
The adjoint action of $c on sp, ¢ defines a root system ® of type Cs given by

o = {:I:(el — 62), :|:(€1 + 62), +2eq, :|:262}.

Note that the compact roots are ®. = {+(e; — e2)}; we define &} = {e; — ea}. There are

four positive root systems ®* containing ®}. They are given by:
<I>}r ={e1 — ez, €1 + €3,2¢1,2¢3}

(I);FI = {61 —eg,e1 + e2,2eq, —262}
(I)}_H = {e1 — e2, —€1 —e2,2e1, —2e2}
(I)}_V = {e1 — ez, —e1 — €2, —2e1, —2e2}
Let J € {I,I1,111,IV}. We identify the lattice of integral weights A =Z-e; @ Z - e5 with

Z* by sending - e1 + 1 - e3 € A to (1,1') € Z?. For each J, let ®F = ®T\®} be the set of

Jne

non-compact roots in ®*. We denote by Ay the set of integral weights A € A such that (i
J

(A\,a) >0 for all a € &7, and (i) (A, e1 — e2) > 0 if e — ey is a simple root in .

According to Harish-Chandra’s parametrization of (limits of) discrete series ([Knapp, 2001,

Thm 12.26]) these are parametrized by the set

{A )A€ s}
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and we write 7 = m(),J) accordingly. If (A\,a) > 0 for all @ € ®7, then J is uniquely
determined by A and 7(A, J) = m(\) is a discrete series representation. Otherwise m(\, J) is
a limit of discrete series. Write d7,. (resp. dx) for half the sum of the non-compact (resp.

compact) roots in CID}'. The K-types of w(\, J) are of the form

A4 0jne — 0K + Z Na O

+
a€¢J

where n, are non-negative integers. Moreover the K-type A + d7,. — 0x has multiplicity

one in 7(\, J) and is known as the minimal K-type of w(\, J).

2.5.2 Archimedean theta correspondence.

We are interested in a limit of discrete series arising in the theta correspondence for the
reductive dual pair (G, O22(R)); here O22(R) is the group of orthogonal transformations
of the split four-dimensional quadratic space V1 over R described in section Consider
the representation 7((2,0)+) of Oz 2(R); it is one of the constituents of the restriction of the
discrete series representation (Dy X Da)™ of GO22(R) = R*\(GLa(R) x GLy(R)) x {1,:}.
For a detailed analysis of the theta correspondence in this case we refer to [Mceglin, 1989).
Recall that the minimal SO2(R) x SO3(R)-type of this representation is of the form (2) X
(—2) + (—2) ® (2) (see [Harris and Kudla, 1992, 4.2]). Then we have

6(ﬂ<(270)+)):: W((170)7II)

and in particular 6(m((2,0)4)) is a limit of discrete series representation of G. It follows
from the previous description of the K-types in 7((1,0), ) that its minimal K-type has
highest weight (2,0); we denote by v, a highest weight vector in this K-type.

Consider now the Schrédinger model S(V(R)?) of the Weil representation of G' x Og5(R).
Recall that the functions in S(V (R)?) are of the form ¢(vi,v2) = P(vy, vg)e (@0 (v1)+40(v2))
where P is a polynomial on V(R)? and qq is a (positive-definite) majorant of ¢. For a non-
negative integer d, denote by S(V(R)?)4 the space of such functions ¢ where the polynomial
P has degree d. Note that S(V(R)?), is stable under the action of K x Ko, ,r)- If Tis an

irreducible finite-dimensional representation of K, we define the degree deg(7) or 7 to be
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the smallest d such that 7 is a subrepresentation of S(V(R)?); (we say that deg(7) = oo
if no such d exists). By [Harris and Kudla, 1992, Prop. 4.2.1], the degree of the K-type
with highest weight (2,0) equals 2. In the next section we will choose a specific Schwartz

function of degree 2 in this K-type.

2.6 Special Schwartz forms

In this section we describe choices for the Schwartz functions ¢, € S(V(Q,)?) for each place
.
2.6.1
Suppose v corresponds to a prime p that does not divide disc(B). Recall that we have fixed
an isomorphism B ® Q, = M>(Q)); via this isomorphism we define:

Po(v1,02) = 1pgy(z,)2 (1, v2) (2.1)

Note that this Schwartz function is invariant under Sp4(Z,).

2.6.2

Suppose v corresponds to a prime p that divides disc(B) and let O be the maximal order

of B® Q,. We define:

oo(v1,v2) = 1p2(v1,v2) (2.2)

Recall that we denote by P; the Siegel parahoric group; thus Pj is defined as the inverse
image of the Siegel parabolic P(F,) C Sp4(F,) under the reduction map Sps(Z,) — Spa(F,):

A B
P=<g= € Spa(Zy) | C =0 (mod p)
C D
Lemma 1. 1. The function @, = 1p2 is Pr-invariant.

2. 1/(-9\2 = p_11D2

Proof. Recall the Iwahori decomposition: we have P, = N~ (pZ,)M(Z,)N(Zy), where

N~ = wNw™! and w is the long element in the Weyl group. Invariance under M (Z,)N(Z,)
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is obvious; thus it suffices to check it under N~ (pZ,). Writing f for the Fourier transform
of f, we have ¢ = 1p2, where D denotes the inverse different of O, defined by:

D :={x € Bltr(z0) C Z,}

The claim then follows from the fact that n(D) = p~'Z, ([Vignéras, 1980, p. 35]), so that

1p2 is invariant under N (pZ,). O

2.6.3

Finally, let us describe the explicit Schwartz forms of interest at the archimedean place.

Recall that Vg = My (R) with quadratic form given by ¢(x) = det(x). Let

10 0 -1
Vvt =< , >
0 1 1 0
1 0 0 1
VT =< , >
0 —1 10
and note that VT is positive definite, V'~ is negative definite and V = V* @& V™~ is an
a b
orthogonal sum. For a vector v € V, we write v = v + v~ accordingly. For v = ,
c d

we define
¢0(v) _ e—27r(q(u+)—q(v’) _ e—ﬂ'tr(vmt) _ e—fr(a2+b2+c2+d2)

)

a Schwartz function in S(V(R)). More generally, let p be the polynomial on V' given by:

a b
o( )=a+ib+ic—d
c d

and for any positive integer [, define

plo(v) = p(v)le ),

Then one checks:

w (ko3 (Ko, , Koy )) oy, = e™OeimO1=02) oL

Define a Schwartz function ¢, € S(V(R)?) by:

Poo(v1,v2) = p(v1)*@o(v1)@o(v2)
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Then ¢ has degree 2 and weight (2,0) under the action of K and moreover the previous

computation shows that

w(l; (k917 k92))9000 = 62i.(61_02)‘»000

2.6.4

We now consider the global correspondence. Let B be an indefinite quaternion algebra over
Q of discriminant D = D(B) and consider automorphic representations 7y, w2 of B(A)*.

For simplicity we assume that D(B) is odd. We assume the following;:

e Both 7 and 79 have trivial central character,

o m ¥ (m2)Y,

e If p|D(B), then m 5, = mo, = lpx,

e If pt D(B), then both 7, and 73, are unramified,

e At the archimedean place both m; and 7o are discrete series of weight 2.

Thus if we denote by (V,q) the 4-dimensional quadratic space over Q attached to B, we
can consider m X 7y as an automorphic representation of GSO(V) = G,,\B* x B* (see

Section . Consider now its theta lift
o =0(m Kmy) = @,0,(r1,, K,

to an automorphic representation of GSps; we will denote by Vi, C L2, (Z(A)GSps(Q)\GSpa(A))
its realization in the space of L?-automorphic forms (note that this is unique as the mul-
tiplicity of o in the discrete spectrum is 1 as proved by Roberts). Recall that we denote

by P C GSps(Qp) the Siegel parahoric subgroup. Consider the open compact subgroup
Ko(D) =1[, Ko(D), C GSpa(Ay) defined by:

GSp4(Zy), if pt D;

Ko(D)p =
"l PicGsm(@,), it plD.

We write

K()(D)/ = K()(D) N Sp4(Af).
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Note that by the local results above, the space of Ko(D)-invariants in o has dimension 1.

Let f € V,, be an automorphic form such that
o f(gh) = f(g) for all k € Ko(D);

e The form f defines a highest weight vector of weight (2,0) in the minimal K-type of

the representation oulg,, A(R)-

Such a form f is then unique up to scalars and for the choice of Schwartz functions given

above we have:
(990(?) = fl @E € m &7‘(2

where f; and fy are holomorphic cusp forms of maximal level and weight 2.

2.7 Siegel-Weil formula

We review the statement of the Siegel-Weil formula in the case we need. This formula
equates a value of an Eisenstein series on a symplectic group with the integral of a theta
function over an orthogonal group. Such formulas were first proved by Siegel and in a more
general form by [Weil, 1964] and were later generalized by Kudla and Rallis and others: see
[Kudla and Rallis, 1988] for the case needed in this thesis.

Let k£ be a number field and V' an orthogonal quadratic space of even dimension m. We as-
sume V to be anisotropic and denote its orthogonal group by H = O(V). Let ¢ € S(V(A)?)
and recall that we denote by w = wy, the Weil representation of Sps(A)x H(A) on S(V(A)?).
For g € Sps(A) and h € H(A), define
Op(g:h) = Y w(g, h)p(x).
zeV?

For s € C, define

(g, 5) = (w(9)¢)(0) - [alg)|*~ € Indyil (x| - )

and let

E(g,®,9)= Y. ®(g,9)

yEP(k)\Spa(k)
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be the Eisenstein series constructed with ®. This series is absolutely convergent for Re(s) >
3. Assuming ¢ is K-finite (here K = [] Sp4(O) x U(2) is a maximal compact subgroup of

Spa(A))), it has a meromorphic continuation to s € C.

Theorem 3. /Kudla and Rallis, 1988] Assume ¢ is K-finite. Let dh be the invariant
measure on H(A) such that Vol(H(Q)\H(A),dh) = 1. Then:
E(g, ®,s0) = f@/ 0,(g, h)dh
H(Q)\H(A)

where k =1 form > 2; k =2 form = 2.



CHAPTER 3. SINGULAR THETA LIFTS 32

Chapter 3

Singular theta lifts

3.1 Borcherds lifts

In this section we review the definition and basic properties of Borcherds lifts. We then

reformulate these properties in adelic language following Kudla’s exposition in [Kudla, 2003].

3.1.1 The Weil representation of a lattice

Let V' be a a quadratic space over Q of dimension m + 2 = dim(V). We assume that the

signature of Vg = V ® R equals (m,2). Let L C V an even lattice and denote by
LY ={veV|wl) €eZvl € L}

its dual lattice. Note that L C LY and that the group LY/L is finite. Its cardinality is

called the discriminant of L. We denote by
SL = (C[LV/L] = @/JGLV/LCQOM
the group ring of LY /L. Here ¢, denotes the characteristic function of the coset u + L €
LV/L.
Recall that the group SLo(Z) admits a non-trivial double cover fitting in an exact sequence:

1— {£1} = SLy(Z) — SLy(Z) — 1
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a b
Denote by j( ,7) = c¢T + d the standard automorphy factor. It is customary

c d
to denote elements of %(Z) by pairs (g,1/j(g,7)), where g € SLy(Z) and /j(g,7)) is a

choice of square root of j(g, ). Multiplication in SLs (Z) is given by:

(91, [1(7)) - (g2, f2(7)) = (9192, [1(g27) f2(T)).

The group %(Z) is known as the metaplectic cover of SLy(Z). It acts on the group
ring Sy, and this representation (which we denote by pr) is known as the Weil representation

attached to the lattice L. Let us quote some explicit formulas for this action.

11 i (f,0)
pL( ), Dy =™,

727”
1 0 \/Lv/ Ae;/L

11 0 -1 ——
Since the elements ( ), 1) and ( ), v/T) generate SLy(Z), these formulas
01 1 0

determine the representation p; completely. Explicit formulas for the action of general

elements of S/’fg(Z) can be found in [Shintani, 1975] and [Weil, 1964).

3.1.2 Vector valued modular forms

Recall the well-known action of the group SLs(Z) on functions f : H — C: given an integer

k, one defines:

a b k0T +0b
e\ o=t

)

A holomorphic modular form satisfying f|rg = f for all g € SLy(Z) is called a weak modular
form of (even) weight k. Using the metaplectic group §I\72(Z), one can also define modular

forms of half-integral weight.

Definition 1. Let k be in 3Z and (V,p) be a complex representation of S\L/Q(Z) A holo-
morphic function f :H — V is said to be a weakly holomorphic modular form of weight k

valued in V it is satisfies:
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e f is holomorphic on H;

2k
p

i f(gT) = j(gvT) (ga ](gaT))f(T) Jor all (ga ](gaT)) S %(Z)f

o The components of f have at most poles at the cusp.

In particular, one can consider weakly holomorphic modular forms of weight k£ valued
in S;. We will denote the space of such forms by S/,!€ ;- Note that for any form f € S/,!C I

there exists a unique vector valued polynomial

Pf(’i‘) _ Z c(—a, M)€_2mm—§0u
a€Q>q
uweLY /L

such all the components of f(7) — P¢(7) are rapidly decreasing as 7 approaches the cusp.

3.1.3 Siegel theta series

The weakly holomorphic forms introduced in the previous paragraph serve as the input for

a regularized theta lift. To describe, we first recall the definition of Siegel theta series.

Recall that V' denotes a quadratic space over Q with signature (n,2). For every place
v of Q, there is a quadratic space V, = V ® Q, over Q,. One can define a space of Schwartz

functions S(V(Q,)) as follows:

e For any prime number p, the space S(V(Q))) consists of all locally constant, complex

valued functions on V(Q,) with compact support;

e The space S(V(R)) consists of all C*° functions f on V(R) such that f and all its

derivatives are rapidly decreasing.
These spaces can be tensored together to give an adelic Schwartz space
S(V(A) = @,S(V(Qu)).

This is a restricted tensor product defined as follows: pick any lattice L C V; one obtains

distinguished vectors ) = 115z, € S(V(Qp)) for every prime p. The space S(V (A)) is the
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restricted tensor product with respect to these vectors. It is easy to check that S(V(A))
does not depend on the lattice L.

Recall that there is an action of the metaplectic cover SLy(R) of SLy(R) on S(V(R).
We denote by SO»(R) the inverse image of SO5(R) in SLy(R) and define a character
X1/2 " %(R) — C* by

X1/2(k97 ¢) = +e'f/?

An element of S(V(R)) transforming under S’AO/Q(R) by x4 /o Will be said to be of weight 1.

Fix a decomposition V = VT @ V= of V into an orthogonal sum of a positive definite
and a negative definite subspace. For a vector v € V(R), we write v = vt + v~. Define the
function

oo (V) = e—2m(q(wt)—q(v7))

and note that it belongs to S(V(R)). It has weight ko := § — 1.

There is a functional on the adelic Schwartz space
0:S(V(A)—-C

defined by
() =D o(x)

veV
called the theta functional. Note that there is an action w of the group O(V)(A) on

S(V(A)) defined by w(h)¢(v) = @(h~ v). Together with the SLa(R) action described above,
this yields a function

0, : SLy(R) x O(V)(A) = C
defined by 0,(g,h) = >, cy w(g, h)¢(v). In particular, given a lattice L C V, we obtain the
Siegel theta series of L by choosing ¢y = 1; so that:

0L(9) =01, 000 (9:1) = > _ w(9)poo(l)
leL

More generally, for y € LY /L one can define

0u(9) =01, ;00w (9, 1) = > w(g)es(l)
lep+L
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Finally, we define 6,(7, h) by pushing down 6,(g,h) to the upper half plane so that we

obtain:

Op(r.h) =Y or(hyto)e(r - a((hagv).1) = 7 - a((h'v):)).

veV
3.1.4 Regularized theta lifts

Given a weakly holomorphic modular form f' in S!_k,O, » one can formally define its theta
lift as a function on O(V(A)) by:
S / 1470, R)du(r),
peLY /L
where 7 = {r € H||Re(7)| < 3, |r| > 1} denotes the standard fundamental domain of
SLy(Z) in H. However the integrals in this expression are divergent. A way to regularize
this lift is described in [Harvey and Moore, 1996] and [Borcherds, 1998] and we recall

it next. For a real number T > 0, consider a truncation of the fundamental domain

Fr = {7 € F|Im(r) <T}. One can then show that the limit

lim /T FL(T)0,(r, )y *dp(r)

T—oo J £

exists for Re(s) >> 0. Moreover, one proves that the resulting functions admit meromorphic
continuation to the whole complex plane. Hence we can define:
reg \
[ @0 () = CTca tin [ (08,7 By ()
F Fr
and a regularized theta lift:
- / S0, (7, )y,
HweELY /L
Borcherds’s main result has been reformulated in adelic language by Kudla; the following

are the main theorems concerning regularized theta lifts and are taken from [Kudla, 2003].

Theorem 4. Let f' € SLkO,L be a weakly holomorphic modular form and assume that the

Fourier coefficients c,(m) form < 0 are integers. Then there exists a meromorphic modular

form Wy on O(V)(A), of weight k = 3¢0(0) such that

0:1(h) = —2log |¥ y1(h)| — co(0)(21log |y| + log(27) +T'(1))
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Borcherds also described the divisor of the modular form W it turns out to be deter-
mined by the principal part Py and to be a sum of special divisors whose definition we recall
next. We denote by D the space of negative oriented 2-planes in R; this is the Hermitian
symmetric space associated with the group H(R), where H denotes the group O(V'). For

x € V a vector with positive norm, let
D, ={z¢€ D|z L x}.

Denote by H, the stabilizer of x in H. For h € H(Ay) and K C H(Ay) open compact,

consider the map of Shimura varieties
Hy(Q\Dy x Hy(Ay)/(Hyo(Ap) NRER™) — H(Q\D x H(As)/K = Xk

sending (z, h') to (z, h'h) whose image defines a divisor in X that we denote by Z(z, h) k.
The divisors of the meromorphic functions ¥ ;1 on Xk constructed by Borcherds are certain
weighted combinations of the Z(z, h)x defined as follows. For a positive rational number
m, let

Qn(Ay) = {v € V(Aj)lg(v) = m} C V(Af)

and assume that Q,,(Ay) # 0. The group H(Ay) acts on ,,(A) and the number of orbits
under any compact open subgroup K C H(Ay) is finite. Thus choosing zg € ,,(Ay) we

can write

Qm(Ag) =[] K - bj "o
il
where [ is a finite set and h; € H(Ay) for all ¢ € I. For m a positive rational number,
K C H(Ay) open compact and ¢ € S(V(A) )X, define
Z(m7 QO)K - Z w(hi_le)Z(xou hl)K
icl
(This is assuming Q,,(Af) # 0; otherwise define Z(m,p)x = 0). We can now state

Borcherds’s theorem describing the divisor of ¥ 4.

Theorem 5. Let f' € S_y, 1 be as in the statement of Theorem . Let K C O(V(A)f)

be a compact open subgroup such that the image of C[LY/L] — S(V(Ay)) is contained in
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S(V(Af)X. Denote by V1 the Borcherds lift of f' regarded as a meromorphic function on
Xg. Then:

d“)(\:[]?') = Z C(_aa [,L)Z(CL,,M,K)
ueaL>VO/L

3.2 Harmonic Whittaker forms

To compute integrals of automorphic forms against the Borcherds lifts defined in the previ-
ous section, it will be more convenient to use as an input a class of functions more general
than that of weakly holomorphic modular forms. These functions are known as harmonic
Whittaker forms. We briefly review their definition and the main properties of the associ-
ated regularized theta lift; see [Bruinier, 2012] for a more detailed exposition and proofs of

all the facts in this section.

We start by defining Whittaker functions that will depend on a complex parameter s.
Consider Kummer’s hypergeometric function:

+oo

M(a,b,z)zz

n=0

(a)n 2"

(b)p, n!”

where (a), =T'(a +n)/T'(a) and (a)g = 1. We then define the function:
1
MV7/J'(Z) = 6_2/221/2+HM(§ + M=V, 1 + 2#) Z)

This is a solution of the Whittaker differential equation

d*w 1 v u?-1/4
dz2+<_4+z_22>w_0

characterized by its asymtptotic behaviour, given by:

M, ,(2) = 2#TV2(1 4 0(2))  when z — 0,

(14 2p)
MNp—v+1/2)
For s € C and v € R, define:

M, ,(z) = e?27(1+0(z7"),  when z — o0

Ms(”) = |v‘7k/2Msgn(v)k/2,s/2(‘U’)
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For a positive rational number m, we define the Whittaker function fp,(-,s) : H — C of
parameter s as

fon(T,8) = (s + 1) "My (—4mmu)yg (—m7)
=T(s+ 1)_1MS(_47.‘.mU)e—27rm(v+iu)

where we write 7 = u + v. We would like to define the theta lift of such a Whittaker

function as
ﬁ Jm(7,8) - 08, (T, h)du(T).
Foo\H

However, this integral does not converge due to the exponential growth of f,,(7, s). Bruinier
shows that it can be regularized by writing it as an iterated integral. We will be especially

interested in the value of this lift at

dim(V) —2
50 1= ————.
0 2
Definition 2. Let u € LY/L and m € q(u + L) be positive. The reqularized theta lift
Py u(h, s) is defined for Re(s) > so + 2 by:
reg

B (B 5) = /F ERACBRTETE

:/ Jm(7,8)0,(T, h)du d—v
Rso JZ\R

v

Theorem 6. |Bruinier, 2012][Thm. 5.2] For Re(s) > so+2, the integral defining @y, ,(h, s)
converges outside a set of measure zero and defines an integrable function on Xg :=

H(Q\H(A)/K K.

Note that for s as in the theorem, we have

O pu(hys) = D Gu(h,v,s) (3.1)

VEVm
where ¢, (h,v,s) = (w(hf)pu) (V) - poo(hzv, s) and
+oo . B dy
boo(v,8) =T (s +1)7" M (—dmmy)e2mmy e~ 2mylav)=a(v™) 22,
0 Y
In fact, the sum Y . ¢, (h, v, s) converges to an integrable function on Xy for any s with

Re(s) > so ([Bruinier, 2012, Thm. 5.3]).
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Theorem 7. [Bruinier, 2012, Thm. 5.12] For any h € Xg\Z(m,p)k, the function
@y u(h, s) admits a meromorphic continuation to s € C with a simple pole at s = sg

with residue
deg(Z(m, 1))
Vol (XK) '

Outside the set of poles the resulting function ®(-,s) is real analytic in Xx\Z(m, )k .

A(m, p) := ReSs—gy P p(h, 5) =2

Let Y be a Cartier divisor Y in a complex manifold X. We say that a function F' on
X\Y has a logarithmic singularity along Y if for every y € Y there is a neighborhood U of
y and a local equation G of Y NU such that F' — log |G| extends to a continuous function

onU.

Definition 3. Let f =" c¢(m, u)q™ ¢, be a polynomial valued in C[LY /L] with coefficients
c(m,u) € Z. Define:

(I)f(hv S) = Z C(’I?’L, [L)(I)m"u(h, 8)
The regularized Green function ®¢(h) is defined as the constant term in the Laurent expan-

sion of ®¢(h,s) at s = sp:
(I)f(h) = CTSZSO(ﬁf(h, S).

By [Bruinier, 2012, Thm. 5.14], ® a real analytic function on Xx\Z(f)x with a loga-

rithmic singulariy along —2Z(f)g.

The relation with the Borcherds lift defined above is as follows. Let f' & S!_ko, ; be a
weakly holomorphic modular form of weight —kq valued in C[LY /L] with ¢(0,0) = 0. Then
its principal part Pf' = >~ c(—a, u; f)g%p, is a polynomial valued in C[LY/L] and for a

certain constant C € R we have:

1

This follows from the fact that both sides define harmonic (by [Bruinier, 2012, Remark
5.17]) functions on X with the same logarithmic singularity and hence their difference is

constant. It follows that for f' € S* ko.L We can write

1
log [ ¥ ()| = =5 CTu=sy > e(=m, )@ pu(h, s) + C
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(for a constant C' € R) and since in fact the residue of the right hand side vanishes by

Theorem [7] this can be written simply as:

1
log [V i (h)| = —5 lim c(—m, p) P, (b, ) + C. (3.2)

2 s—so
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Chapter 4

Local Zeta integrals

4.1 Doubling Integrals

We will now briefly describe the doubling method for admissible representations of Spa, (K))
and the main result in [Piatetski-Shapiro and Rallis, 1986 relating these zeta integrals to

local L-functions.

Let k be a non-archimedean local field of characteristic 0. Let V = k?" be endowed with
its standard symplectic form (see Notations) and let G = Sp(V') be the group of symplectic
transformations of V. Fix a polarization V = X @Y (here X and Y are as in and
let @ C G be the parabolic subgroup fixing Y; we write @ = MN with Levi subgroup
M = GL, (k) and unipotent radical N = Sym,, (k). Consider the vector space W =V &V

endowed with the symplectic form

((U17U2)7 (Ullﬁvé)) - (vbv/l) - (Uvié)'

Let H = Sp(W) and denote by ¢ : GXG — W the natural embedding given by ¢(g1, g2)(v1,v2) =
(g1v1,92v2). We denote by P C H the parabolic subgroup of H fixing Y @Y C H. For
a character y : kX — C* and s € C, consider the representation IndH (y|-|%): this is the

space of functions ® : H — C satisfying

(n(b)m(a)g) = x(det(a))| det(a)|*+"+2 d(g)
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and the action of H is given by (p(h)®)(h') = ®(h'h).

Now let 7 be an irreducible representation of G and denote by 7" its contragredient. For
vemvY enY and ®(-,x,s) € IndE (x| - |*), consider the integral:
Z0,0",0.5) = [ ((g)o.0")(Fu(g. 1), x. 5)dg
G
where the left-invariant measure dg is chosen so that the maximal compact subgroup K =

Sp2n(O) has measure 1 and

0 0 —il, 31,
5 31, 31, 0 0
L, -1, O 0

This integral is known as the doubling zeta integral. Its value for the spherical matrix
coefficient of an unramified representation 7 was computed in [Piatetski-Shapiro and Rallis,

1986]; we include it for the convenience of the reader.

Theorem 8. [Piatetski-Shapiro and Rallis, 1986] Let m be an unramified representation of
G, vo € m and vy € 7 be vectors fived by K such that (vo,vy) = 1. Let ®° € Indi(]-|*)
the unique Span(O)-fived vector such that ®°(1) = 1. Then:

L(m,std,s + 1)
d(s)

Z(UOaU(\)/v (I)Oa 5) =

where L(m, std, s) denotes the local Langlands L-function attached to the standard represen-

tation of *G° and
n—1

d(s) = C(s+n+ %) [T ¢@s+2i+1).
j=0

One can construct functions ® € Ind¥(] - |*) using the Weil representation as follows.

Consider a quadratic vector space V of even dimension m over k. There is a quadratic

character xy attached to V' defined by

xv (@) = (2, (=1)% det(V))s,
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where (-,)x = denotes the Hilbert symbol of k and det(V) € k% /(k*)? is the determinant

of the matrix ((vj,v;))1<i,j<m for any orthogonal basis (v;)1<m.

For o € S(V?") and s € C, consider the function ®(-, s) defined by

®(g,5) = (w(g)®)(0) - [alg)]”~™*

where so = %

— "TH The assignment ¢ — ®(-, s9) defines a map
A:S(V™) — Indg(XV’ - [%0)

intertwining the action of H.

The following result was proved in [Li, 1992a].

Proposition 3. [Li, 1992a] For ¢,¢' € S(V™), let ®(-,s) = M @ ') € IndZ (x| - |*).
Then:

®(de(g, 1), 50) —7;”/ (w(g)e) ()¢’ (—x)da.

n

Proof. Note that

0o 0 —31, 11,
1 1
51, 351 0 0 0, -1 1 -1
T = T o)
l, -1, 0 0 1, O, 11, 11,

Hence
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4.1.1 Representations of Sp,(k) with Iwahori-fixed vectors

We will denote by I the Iwahori subgroup of Sps(k) given by:

( 3\

O 0O 0 O
O O O
I =< g€ Spa(k)lg € C Sp4(O).
p p O p
{ pp O 0OJ)

Note that I is just the inverse image of the standard Borel subgroup B(F,) C Sp4(F,) under
the reduction map Sps(O) — Spa(Fy).

We will be interested in studying some representations V' of Sp4(k) having Iwahori-fixed vec-
tors. Such representations can be studied through the action of the Iwahori-Hecke algebra

H(G, T).

Definition 4. Let X C G be a bi-I-invariant subset of G. We denote by H(X,I) the
algebra of compactly supported, bi-I-invariant functions on G, with multiplication given by

convolution:
(e £2(9) = [ Al path™ )
I

where dh is the Haar measure on Spy(k) giving I measure 1. The algebra H(G,I) is called
the Twahori-Hecke algebra.

Note that this is a unital associative algebra with unit ¢; := char(I) (characteristic
function of I). There is an inclusion of algebras H(K,I) — H(G,I). Recall the Bruhat

decomposition:

K = ]_[wa

weWw
where the disjoint union is over the Weyl group W = Ng(T')/T. Thus the algebra H (K, I)

has dimension |WW| and a natural basis (as a vector space) indexed by W and given by
¢ = char(fwl). We will consider ¢,, also as an element of H(G, I) via the inclusion given

above.

The main interest of Iwahori-Hecke algebras in the theory of admissible representations

of p-adic groups is the following fundamental fact due to Borel.
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Theorem 9. [Borel, 1976/ Let G be the group of rational points of a connected semi-simple
algebraic group G defined over a locally compact non-archimedean field k and let I C G be an
Twahori subgroup. Denote by Adm(G)! the abelian category of admissible representations
of G over a fized field of characteristic 0 having non-zero Iwahori-fized vectors and by

H(G, I)-mod the abelian category of finite-dimensional H(G, I)-modules. Then the functor

Adm(G)! — H(G,I) —mod
Vi I’dd

s an exact equivalence of categories.

4.1.2

We next review some results concerning the representation g of Sps(k) (see Section [2.4)).

Let B the non-split quaternion algebra over k; The reduced norm n : B — k makes V = B
a quadratic vector space. We would like to have an explicit model for the theta correspon-
dence for the reductive dual pair (Sps,O(V)). For a detailed description of this explicit
correspondence see [Li, 1989]. Fix an irreducible representation 7 of O(V') and consider the

Spa x O(V') x Spy x O(v)-equivariant map:
I:7@S(V)er' @S(V)— C®(Sp(k))
given by

(v, 00", &) (g) = /O o (Tl R

Note that the integral converges since O(V') is compact.
Proposition 4. 1. The map I factors through m @ S(V) @ ¥ @ S(V) — 0(7) @ (7).
2. If 0(m) # 0, then I # 0.

Proof. This is Prop.16.1 in [Gan and Ichino, to appear|, combined with Prop. 8.1 in [Gan
and Takeda, 2011b] which implies that ©(7) = (r) in this case. O

Using this explicit construction, we can study vectors of minimal level in m,,. The

following result. can be found in the literature (Ree {g(’hmidt; ‘)()07] or [Rnhertﬂ and Schmidt,
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2007], for example), but the proof given here is shorter and we have decided to include for

the sake of completeness.
Proposition 5. Let 7 = m, = 0(1px K 1px) and pg = 1p2 € S(V?).

1. The function
flo) = | (wla)en)@poayts

is a mon-zero matrixz coefficient of .

2. The space T of vectors fized by the Siegel parahoric has dimension 1; the action of

the Hecke algebra H(K,I) on a non-zero vector vy € w! is given by
waa Vo = Vo,
Pusvo = —q 0.

Proof. The first statement follows directly from the previous Proposition. Lemma [1| shows
that the matrix coefficient f(g) is bi-Pj-invariant, hence the space 7f' contains non-zero
vectors and f(g) = (m(g)vo,vy) for vy € 7t and vy € (7V)F1. Let us compute the action

of H(K,TI) on f(g). Since w(wq)po = @o,we find:

f(wa) = f(1>
and
flwn) = [ (@lwseo)(e)en(e)ds =
! / (lowp) (@)po(x)dz = —g~1f(1)
V2
and the claim follows. ]
4.1.3

In the paper [Zorn, 2011], Zorn studies representations 7 of Spy(k) (for p # 2) with Iwahori-
fixed vectors and finds explicit test vectors v, vV, ® such that Z(v,v", ®, s) equals L(, std, s)
up to an explicit product of degree 1 L-functions (where L(m, std, s) was defined in [Lusztig,
1983]). We review his result here and then state the detailed result for the particular rep-

resentation 7y,g.
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Let H be a hyperbolic plane: the quadratic vector space underlying the quadratic form

represented by @) = . Choose a basis {e, f} of H of isotropic vectors such that
10

(e, f)=1 and let Ly = Oe ® Of. Given a quadratic vector space V and a non-negative
integer r, define a quadratic vector space V, := V @ H" (orthogonal direct sum). For a
Schwartz form ¢ € S(V4), let (") = p (122)%* € S(Vh). Let s = w and define a

function P (1) € Inalip8 (xv,s0+7) by

0 (9) = (w(9)e)(0).

Note that @ ) (-) is the special value at s = r of the standard section @ (-, s) € I?’Lallsf8 (xv,$)
given by
®y(9,5) = (w(9)@)(0) - [alg)[*~*.

Theorem 10. [Zorn, 2011 Let 7 be a representation of Sps with non-zero Iwahori-fized
vectors. Denote by p' : W] — PGSps(C) its local Langlands parameter and let std :
PGSps(C) — GL5(C) be the standard representation of PGSps(C). For an unramified
quadratic character x, there exists a siz-dimensional quadratic space (V,Q) with xy = x
and explicit choices of ¢ € S(V*) and v € ©!, vV € (7¥) such that for all non-negative
integers r we have:

L(r+1,ky ® (stdop))
dq)’ﬂ-(r-i- %)

/S (n(g)0, 0"} oy (52(g, 1))dg =

where ky : Wy — C* is the character of Wy, associated with xy by class field theory and

do . 1s an explicit product of degree 1 L-factors.

We focus now on the representation 7 = m,4 of Sps. Recall (see [Gan and Takeda,
2011b]) that 7 is the theta lift of the trivial representation of O(V) for the 4-dimensional
quadratic vector space V with xy = 1 and Hasse invariant € = —1. Thus V' can be identifed
with the non-split quaternion algebra B over k and there is a natural lattice L = Op in
V given by the maximal order of B. It can also be described as the non-generic direct

summand of the representation Igp *(1, St) induced from the Klingen parabolic subgroup.
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In Proposition [5| we have defined Iwahori-fixed vectors vg € 7! and vy € (7¥)! affording a

certain representation of H(G, I). Consider the Schwartz function g = char(0%).

Zorn’s result shows that with these choices one has, for 7 = 7,4, and an explicit constant

CeQ*:
L(r,m, std)

Y @ i 5 71 d = C ' '
/Sm(ﬂ'(g)voavo) (po®p0)( )(0u(g,1))dg d(r — %)

where:

L(s,m, std) = ((s)%¢(s + 1) = ¢(s)L(St x St, s)
d(s) =((s+ %)C(% +1).

Remark 4. An explicit formula (generalizing MacDonald’s formula for spherical functions)
for the matriz coefficient (m(g)vo,vy) has been established by Jian-Shu Li in [Li, 1992b/;

this provides an alternative way of proving Zorn’s result.

4.2 Non-unique models

Let us first recall the main result of |[Piatetski-Shapiro and Rallis, 1988], specialized here to

the group Spy. Let k be a non-archimedean field with ring of integers O and consider the

representation [ ndff(’zgk)ﬂ - |*) with normalized standard spherical vector ®(-, s) defined by:

O(n(X)m(A)k, 5) = |det(A)|*3
for any k € Sps(O). For a symmetric two-by-two matrix T' € Syms(k), define:

ir() = [ Bwon(X),s)u(-tr(TX)x
N(k)
where wg denotes the long element of the Weyl group of Spy.

Theorem 11. [Piatetski-Shapiro and Rallis, 1988/ Let k be a local non-archimedean field, O
its ring of integers and w a uniformizer. Consider an irreducible unramified representation
(m, V') of Sps(k) and denote by vy an unramified vector in V. Let lp be a linear functional

on V satisfying:

lr(m(n(X))v) = d(tr(TX))v, veV, X eSyma(k),
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where T € Syma(O) is a fixed integral two by two matrix of rank 2 such that T ¢ wSyms(O).

Then:
L(m,p,s+3)

/MQ,Q(ok)mGLg(k) Jr(s)d(s)
where p is the standard representation of *Spy = SO5(C) x Wy, in GL5(C) and dy(s) is

lr(m(g)vo)| det(g)|* 2dg = Ir(vo),

given by
d(s) =((s+ g)C(ZS +1)¢(2s + 3).

If T is unimodular, then

. 3

gr(s)d(s) = Llwr, s + 5)¢(2s + 1)
where wp = (-, —det(T)) is the quadratic character attached to T.

Using Zorn’s result and the uniqueness of Iwahori-fixed vectors for the representation

Tng We can generalize Lemma (11| to the ramified representation .

Proposition 6. Let vy be an Iwahori-fized vector in (m,q, V). Let lp be a linear functional

on V satisfying:

lp(r(n(X))v) =¢vtr(TX))v, veV, X & Symsy(k),

1 0
where T € Syma(O) is of the form T = k- Lk fork € GLy(O) and d € O* UwO*.
0 d

Let v1,vq € Op such that Q[(vi,vq)] = T. Then, for s with large enough real part we have

L(s,mpg, std
/ 12 (9)u0) - ()20 (01, va)la() g = C - bn(ug) 2T 1)
N(k)\Sm(k) jT(S _ i)d(S _ 5)

where C € Q* and

L(s, 7tng, std) = C(s)L(St x St.s),  d(s) = (s + g)((Zs +1),

jr(s) = / Dy, iy (06(n(X), 1), $)(—tr(TX))dX.
N(k) B B

Proof. Let ¢ = Po2,- For r a large positive integer, consider the integral

I(r) = /S R (G4 1)y
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where the measure dg is normalized by Vol(I) = 1. Due to the uniqueness of Iwahori-fixed
vectors, we have for such a measure:
/lT(W(kg)vo)dk = Ir(vo) - (m(g)vo, vy ).
I

where vy € (m),)! and (vo,vy) = 1. Hence, for a constant C' € Q*:

L(r,m, std)

I(r) = C - lp(vo) - dr— 1)
2

Now we compute I(r) using the Iwasawa decomposition. Writing Sps(k) = NMK with
K = Spy(0), we find:

r)= m(m v w(nm ) SNVeb(—Tn)dn o _3

Since both vy and ¢ are eigenvectors for the Hecke algebra H(K, I), to prove the claim for

s = r it suffices to show that

w(m(A))e(vr,vq) - |det(A)[" - jr(s) = / (w(nm(A))e"), o) (=Tn)dn
N(k)
for any A € GLo(k). Note that

0, if A ¢ M(0);

w(m(A))p(vy,vq) = { .
|det(A)|?, if A e My(O).

w0

0 ww™m

or m < 0; we assume that m < 0 from now on (the case when n < 0 is similar). Then:

Assume first that A ¢ M»(O). We can assume in fact that A = ( ) where n < 0

[ om0~ Tr)dn
N(k)
= a0 ) A (e Q)Y Trdrdn

1 0 1 0

But the inner integral is invariant under N(O) and hence this ex-
0 w! 0 w!

pression vanishes.

If A € M5(O), then we have:

/ (w(nm(A))p™, o) (~Tn)dn
N(k)
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=t [ ) A (e (@) Ty
= [t ()P (r)

and this proves the claim for s = r. Since both sides define bounded analytic functions on

271

Tog(q)’ this implies the result

Re(s) > N for large enough N that are periodic under s — s+

for all s with large enough real part.

O

Remark 5. Using the results in [Zorn, 2011], it seems straightforward to generalize this
result to other representations of Spa(Qp) having a one-dimensional space of Iwahori-fized
vectors. This would allow us to state the main result in this thesis (Theorem for a larger
family of representations w1 and o including the case (for p|D(B)) where m; p fori = 1,2 is
the sign representation of B* or the case (for p not dividing D(B)) where m; j, is a Steinberg

or quadratic twist of Steinberg representation.



CHAPTER 5. GLOBAL COMPUTATION 93

Chapter 5

Global computation

Our goal is to compute the integral
R= / o h) f2(h) log |V 1 (h)|dh (5.1)

where fi X fo = 8 (f) are certain holomorphic eigenforms of weight 2 with trivial character
and maximal level on B*(A) obtained as a global theta lift from Sps (see Section |2.6.4)
and W is the Borcherds lift of a weakly holomorphic modular form f ' (see Section .

By equation ([3.2)), we have:
1
]Og ‘\I/fl(h)‘ = —§¢Pf!(h, 86) + C

with C' € R a constant, sj = 3 and where for Re(s') > s, we write

Pppi(h,s) Z A (f) P (B, 8.
,LLEWIL?VO/L
By (3.1)), for every m € Qo and g € LY/L, the function ®,,,(h,s’) is integrable on

H(Q)\H(A) and given by:

m,u,hs Z¢'uh’08

’UEVm

For m # 0 and assuming V},, # (), choose a vector v, € V;,, and let H,, = Stab,,, (H). Then

we can write:

D, (b, s') = Z Su(Yh, vm, 8').

YEHm (Q\H(Q)
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Substituting this expression in ([5.1)) (note that the contribution of the constant C' vanishes

since Hompg(a)(m1 ® w2, C) = 0 by assumption), we find that R = —1R(s{)) where

R(s") = a mulf) Gu(Pyvm, s') fr(h) fa(B)dh
— Hyn(Q)\H(A)
= (! By U, S R'R) fo (W h)dh' dh.
mz,ua #tf) Hm(m\H(A)d)“( ° S)/Hm<@>\Hm<A)fl( J20h)

Denote by I,,,(h) the inner integral:

In(h) = Sr(W'h) fa(h'R)dR.

/Hm(Q)\Hm(A)

Next recall that the form f; X f5 is obtained as a global theta lift; for (h1, hg) € (B*(A) x
B*(A))°, we have:

fi(h) f2(he) = 1(9)0,(g, h1, ha)dg

/5174(‘@)\51?4(A)
where ¢ is given explicitly in Section Interchanging the integrals, we can thus rewrite
I, (h) as:

L(h) = / 79 / Bt (1)
Spa(Q)\Spa(A) Hipn (Q\Hm (4A)

The inner integral can be computed using Theorem

Lemma 2. Let V(m) = Qui ® Quy, C V be the (positive-definite) quadratic space spanned
by v1 and vy, and let n be the quadratic character attached to V(m). For ¢ € S(V(A)?),
define

lges)= Y. (@O v)lalg) e,

YEP(@)\Sp4(Q) (v,v')EV (m)?
Then the sum converges for Re(s) > % and the function admits meromorphic continuation

to s € C. Let dh' be the Tamagawa measure on H,,. Then we have:

1

9w (h/)dh/:L(lan)I(gﬂOv—*)
/Hm(@\Hm(A) ¢ 2

Proof. Write V' = V(m) @ V(m)" where V(m)' is the orthogonal complement of V(m) in
V. First assume that ¢ = ¢! ® p? where ¢ € S(V(m)(A)?) and @3 € S(V(m) (A)?). In
that case we have

ew(g)@(hl) = ew(g)tpl (h/) ’ ew(g)apZ(l)
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for every h' € H,,(A), so that:

Hw(g)q,(h’)dh/ = Ou(g)p2 (1) - / Gw(gwl(h’)dh’.

/Hm(@)\Hm(A) Ho (Q\Hm (A)

By the Siegel-Weil formula (Theorem D this is the value at s = —% of the expression

1
= L(Lnbuge(D) Y (w(9)9'(0) [a(rg)[**2.
+€P@\SPa(Q)

Since 0,,(g),2(1) is left invariant under Sp4(Q), we can rewrite this as

LA Y b (D@(9)91)(0) la(vg)+2
YEP(Q)\Sp4(Q)

=Ly > ST wh9eh)0)(wvg)e?) (v, ') al(vg)* 2

YEP(Q)\Sp4(Q) (v,v')EV (m)?

=Ll Y S w9)e)(w,) lalyg) .

YEP(Q)\Sp4(Q) (v,v')€V (m)?
By linearity, this proves the claim assuming ¢ € S(V(m)(A)?) @ S(V (m)'(A)?); this suffices

as both sides of the equation depend continuously on ¢ and S(V(m)(A)?) @ S(V(m)' (A)?)
is dense in S(V(A)?). O

Thus the lemma shows that I, (h) = I,,(h, —%) where we define:

In(hs) = L) [ 1) (g, w(h)p, 5)dg.
Spa(Q)\Spa(A)
For Re(s) > 3, this can be rewritten unfolding the sum:
1
In(hs) = L{Ln) [ M) S (@leh)e)w)lalg) Edg.
P(Q)\SZM(A) (ﬂ,v’)GV(m)Z

Next note that we can write V (m)? as a disjoint union V (m)? = (V(m)?),x=2U(V (m)?), k<2
where

(V(m)*)pk=2 = {(v,v') € V(m)*Span(v,v') = V(m)},
(V(m)?) k<o = {(v,0") € V(m)?|Span(v,v') € V(m)}.

Arguing as in [Piatetski-Shapiro and Rallis, 1988], one shows that the contribution of

(V(m)?)pk<2 to Iy (h,s) vanishes since f is a cusp form. The Levi subgroup M (Q) (=
GL2(Q)) acts simply transitively on (V(m))?, _,; since M = P/N, we can unfold further to

In(h,s) = L(lm)/ F(9)(@(g, h)) (v1, v a(g)|** 2 dg.
N(Q)\Spa(A)
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where v,y = dv,, is a rational multiple of v, such that q(v,,) = m/ = d*m is a square-free
positive integer.Let T}, = be the matrix representing the quadratic form on V' (m)

0 m
in the basis {v1, dv,, }. Then

(wW(n(X)g, h)p)(v1, vm) = Y(tr(TmX))

and this gives the expression

I (h,s) = L(1,1) / 1 (F)(9) (@(9, B)2) (01, v a(g) |+ dg
N(A)\Spa(A)

where for a matrix 7" € Syma(Q) we define

lr(f)(g) = / F(ng)v(tr(Tn))dn.
N(@\N(4)

5.0.1

Note that, if D = D(B) denotes the discriminant of the quaternion algebra B (note that
we assume D odd), then when considering divisors Z(m, x) we can assume that m - 2D is
an integer (otherwise Z(m, pu) = 0 for every p since LY does not contain vectors of norm

m). To simplify the final expression, we will assume from now on the following condition:
a—mu(f) # 0= mD is a square-free integer. (5.2)

Interpreting Z(m, ) as a divisor consisting of CM points, this amounts to considering
Borcherds lifts whose divisor is supported on CM points of conductor 1.

Note that under this hypothesis, every vector v € LY of norm m is primitive, hence the
set Vi, (A)N (LY @ Z) forms a single orbit under the action of the maximal compact group
K;=(R® Z)* of B(Af)*. Since ¢ is invariant under Ky, we have:

/ ¢u(h7vmasl)Im(h, S)dh
Hp (A)\H(A)

= Vol((K; N Hy(Ap)\K . dh) - / Sy (B Vm, ) I (h, $)dh
Ho (B)\H (E)

where Vol ((KfNH,,(Af)\Ky,dh) denotes the volume of (K NH,,(Af))\Ky C Hy(Ap)\H(Ay)

with the measure induced by the Tamagawa measures on H and H,, (see Notations).
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0
Recall that for T' = and any prime p there is a local factor jr,(s) defined in

0 m
Propositions [L1] (when p { D(B)) and [6] (when p|D(B)). Similarly, for every prime p there

are local factors d,(s) defined by:

d,(s) = Cp(3+%)<p(23+1)gp(28+3), if pt D(B);
’ Gp(s + 3)Gp(25 + 1), if p|D(B).

Define:
d(S) = H dp(s)»

p<oo
jr(s) = H JTp(8)-
p<oo
Theorem 12. Under the hypothesis[5.4 we have:

R:/ A Fa(h) log | ¥ p(R)|dh = q- I'(my ©72,0) - lim _ I(s,s)
H(Q)\H(A) (s,8")—(0,3)

where g € Q* and
Vol(Ko(D))Vol(Ky) L(1,1m)¢(s)

I(S, S/) = mg(;ua—m,u(f!) VOZ(Kf N Hm(Af)) ' JT(m)(s)d(s)

I oo (s, 3/).

Here L(m @ 73, 8) = [[,co0 L(T1,p @ T2, 8) and
I oo (s, s’)

:s-/ qﬁoo(hlvm,S’)/ 173, () (9) (@ (9, h)oo) (01, 0 alg) |** 2 dgdh.
Hpn(R)\H(R) N(R)\Spa(R)

Proof. This follows from the unfolding described above, together with the local computa-
tions in Proposition and Proposition |§| that show that there is a constant ¢ € Q* (a

product of the local constants in Proposition |§| for all primes p dividing D(B)) such that:

L(1,1m)¢(s) L(m1 @ 2, 5)

I (h,s) =q-Vol(Ky(D)) - - I oo (h,
(h,s) = q- Vol(Ko(D)) o )0) oo(hys)
with
I oo(h,s)
- / oo (B 0, 8) / 17, (1) (9) (@ (9, h)oo) (01, 0 )| alg) "+ 2 dgdh.
Hyp (R)\H (R) N(R)\Spa(R)

O]
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