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ABSTRACT

The Coupled Ricci Flow and the Anomaly Flow over
Riemann Surface

Zhijie Huang

In the first part of this thesis, we proved a pseudo-locality theorem for a coupled Ricci flow,
extending Perelman’s work on Ricci flow to the Ricci flow coupled with heat equation. By use of the
reduced distance and the pseudo-locality theorem, we showed that the parabolic rescaling of a Type
I coupled Ricci flow with respect to a Type I singular point converges to a non-trivial Ricci soliton.
In the second part of the thesis, we prove the existence of infinitely many solutions to the Hull-
Strominger system on generalized Calabi-Gray manifolds, more specifically compact non-Kéhler
Calabi-Yau 3-folds with infinitely many distinct topological types and sets of Hodge numbers. We
also studied the behavior of the anomaly flow on the generalized Calabi-Gray manifolds, and reduced
it to a scalar flow on a Riemann surface. We obtained the long-time existence and convergence

after rescaling in the case when the curvature of initial metric is small.
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CHAPTER 1. INTRODUCTION

Chapter 1

INTRODUCTION

During the past years, many extraordinary works have been done in the fields of geometric analysis,
especially in geometric flows such as Ricci flow. Let M be a compact Riemannian manifold. The
Ricci flow

99

5, = —2Ric (1.1)

was first introduced by R. S. Hamilton [30] in 1982. In this pioneering work, he showed that if
the dimension of M is 3, and if the initial metric go has positive Ricci curvature, then the rescaled
flow exists for all time and converges to a metric ¢ of constant sectional curvature. A few years
later, R. S. Hamilton [31] extended the above result to the case of four-manifolds with positive
curvature operator (PCO) (where the curvature is considered as a selfadjoint operator on 2-forms).
In particular he shows that the only compact four-manifolds which admit PCO metrics are the
four-sphere and real projective four-space. Since the introduction of Ricci flow, many works have
been done in this fields. H.-D. Cao [6] studied the case of Ricci flow on the Kihler manifolds,
i.e., Kahler-Ricci flow, showing the long time existence and the convergence to a Kéhler-Einstein
metrics when the first Chern class c¢;(M) < 0. This gave a parabolic proof of Yau’s solution [78] of
the Calabi conjecture. In early 2000s, G. Perelman solved the long-standing Poincaré conjecture in
dimension three using Ricci flow in [55; [57; [56], where, building on the ideas of Hamilton in [31],
he introduced a modification of the Ricci flow, called Ricci flow with surgery, to continue the flow
after the development of singularities. In 2008, C. Bshm and B. Wilking [4] extended the results
of Hamilton in [31] to PCO manifolds of arbitrary dimension. In 2009, S. Brendle and R. Schoen
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[5] proved the 1/4-pinching differentiable sphere theorem using Ricci flow, which says a complete
simply connected n-dimensional Riemannian manifold, for which the sectional curvatures K are
strictly between 1 and 4 (i.e., 1 < K < 4,) is diffeomorphic to an n-sphere. A key ingredient in
their proof is so-called (weakly) positive isotropic curvature (PIC) condition that is preserved under
Ricci flow and the strictly 1/4-pinching implies weakly positive isotropic curvature condition.

The Ricci flow can be viewd as the parabolic and Euclidean version of Einstein’s equation in
the vacuum. In the presence of matter fields, Einstein’s equation becomes a coupled system, thus
we should also consider Ricci flow coupled with other flows. In this thesis, we consider the case
Ricci flow coupled with a heat equation for some scalar field ¢, which is a special case of the Ricci
flow coupled with the harmonic map flow. More specifically, let M be a compact manifold, we are

interested in the following system of equations for a metric g;;(t) and a scalar field ¢(t) on M,

% = —2Ric, + 20,dd @ do,

ot = Dy, (1.2)

9(0) = go, (0) = ¢o.
where gg and ¢ are some given smooth initial data, a,, > 0 is some constant, which we will normal-
ize to 1. This type of flows has been first studied extensively by B. List [45] who established criteria
for its long-time existence and obtained extensions to this case of Perelman’s monotonicity formula,
non-collapsing results and an extension of Hamilton’s compactness theorem. In connection with
general reality, B. List [45] also showed that the coupled Ricci flow preserves strong asymptotically
flatness and the ADM mass. Similar results for the more general case of the Ricci flow coupled with
the harmonic map flow were subsequently obtained by R. Miiller [49]. The coupled Ricci flow also
arises as dimension reduction of the Ricci flow in higher dimension and the coupling scalar field ¢
arises in particular in the Ricci flow on warped product [46].

Our goal of the first part in the thesis is to establish a Perelman pseudo-locality theorem for
this coupled Ricci flow and use it to show that a complete, k-noncollapsing solution (M, g, $) to
(1.2) with a Type I singularity at time 7' < oo will converge to a non-trivial Ricci soliton after
parabolic rescaling with respect to a Type I singular base point. This is joint work [29] with B.

Guo and D. H. Phong in 2015. More precisely, let

Sicg,¢ = Ricy — do ® do (1.3)
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and denote its components by S;; = R;; —$;¢; and its trace by Sy 4 = gijSij = Ry— |V¢]3. Later we
shall omit the sub-script g, ¢ if it is clear from the context. We prove the following pseudo-locality

theorem:

Theorem 1 (Pseudo-locality, [29]). Given o € (0, 1), there ezist € = (n, o, C),6 = 6(n,a,C)
with the following property. For any solution (M,g(t),o(t),p), t € [0,(er0)?] to the Ricci flow
coupled with a scalar field ¢, which has complete time slices and satisfies

(1) S(g(0)) > —rg on the ball Byo)(p,70);

(2) Areagy(g)(IN)™ > (1 —0)c, Vol(Q)" L, for any Q C By (p, ro), where ¢, is the isoperimetric
constant in R,

(3) |go| < C on the ball By)(p,r0) for some constant C,

we have

Rm(z,t)| < at™' + (er) 72, (1.4)
Jfor any (x,t) such that dyy(z,p) < erg and t € (0, (ero)?].

A very important task in the study of Ricci flow is to understand the behavior of the solution
near singularities. R. S. Hamilton [33] studied the singularities in the Ricci flow and introduced
the concept of Type I and Type II singularities. A well-known conjecture of Hamilton is that the
blow-ups of Type I singularities in the Ricci flow should converge to a non-trivial gradient Ricci
soliton. This was first proved by G. Perelman [55] in dimension n = 3 and later by A. Naber [51]
in all dimension. As an application of Perelman’s pseudo-locality theorem, J. Enders, R. Miiller
and P. Topping [11] showed the blow-ups of Type I singularity converges to a non-trivial soliton as
t approaches the maximum existence time T'. We extend their arguments to the coupled Ricci flow
as follows. First, List [45] has shown that the maximum time of existence T of the coupled Ricci
flow must satisfy

li R t)[* = oc. L5
fim, sup [Rmg ) (z, 8)|7 = o0 (1.5)

Hence, in analogue with Ricci flow, we have the following definition of Type I singularity and

singular point.

Definition 2. A solution (M,g,®) to the coupled Ricci flow with maximal existence time
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T < oo is called of Type I singularity if there exists some constant Cy such that

sup |[Rmg (2, )] < Co Vtelo,T). (1.6)

zeM T—t

A point p is said to be a Type I singular point if there ezists a sequence (zi,t;) — (p,T) such that

C
[Rmg ) (w4, )| > g

(1.7)

for some constant ¢ > 0. Any other solution with mazimal existence time T < oo is called of Type

11 singularity.
Similarly, we have the definition of gradient soliton for the coupled Ricci flow.

Definition 3. A manifold (M, gij, ¢, f) is called a soliton to the coupled Ricci Flow if it satisfies
Sic + V2f — pg =0, A¢—(Vf,Ve) =0, (1.8)
for some constant p. The soliton is called trivial if the metric g;; is flat.

As an application of the above pseudo-locality theorem (I, we have then

Theorem 4 (Blow-up of Type I Singularities, [29]). Let (M, g(t), ¢(t)) be a solution to the coupled
Ricci flow with |¢o| < C, and assume that it has a Type I singularity at time T < oo, with
a Type I singularity point p. Let \; — oo be any sequence of numbers, and define a sequence of

coupled Ricci flows by
gi(t) = Mg\t 4+ T), ¢i(t) = o\t +T), Vte[-NT,0) (1.9)

Then there exists a subsequence of (M, g;, ¢;, ) which converges to a non-trivial gradient shrinking
soliton (Moo, §oo(t), ooy Poo).  The function ¢y is actually constant, so that this soliton for the

coupled flow actually reduces to a Ricci soliton for the usual Ricci flow.

The second part of this thesis focuses on the Hull-Strominger system, which was first proposed
by C. Hull [36; [37; [38] and A. Strominger [69] in 1986 independently for compactifications of
superstring theory satisfying the key physical requirement of N = 1 supersymmetry. From the
mathematical point of view, this system of equations is of remarkable importance since it combines

the Calabi-Yau metrics and the Hermitian-Einstein metrics on holomorphic vector bundles. More
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precisely, let X be a compact 3-manifold with holomorphically trivial canonical bundle. Fix a
nowhere vanishing holomorphic (3,0)-form € on X. Let w be a Hermitian metric on X and denote
by [|9||., the norm of € with respect to the metric w. Let (E,h) be a holomorphic vector bundle
over X. Denote by Rm and F' the endomorphism-valued curvature 2-forms of the holomorphic
tangent bundle 71°X and E respectively. Let o’ be a constant. The Hull-Strominger system can

be written as follows [43]:

FAw?=0, F?=F02=y, (1.10)

/
00w = %(Tr(Rm/\Rm) — Te(F A F)), (1.11)
d(]|Q]. - w?) = 0. (1.12)

The equations ((1.10[), (L.11)) and (1.12) are known as the Hermitian Yang-Mills equation, the

anomaly cancellation equation and the conformally balanced equation respectively. The first math-
ematically rigorous solutions to the Hull-Strominger system were found by Li-Yau [43] and Fu-Yan
[24: [25]. Many other solutions have been found since, please see e.g. Fei-Yau [20], Fernandez et
al. [21}; 22, Garcia-Fernandez [26], and references therein. In 2016, D. H. Phong, Sebastien Picard
and Xiangwen Zhang [60; [61] studied the Fu-Yau generalization of the Hull-Strominger system and
provided C°, C?, C*® estimates for the equation. In a sequential paper, they [58] also proposed to
study a geometric flow of (2,2)-forms, called Anomaly flow, whose stationary points are solutions

to the Hull-Strominger system.

Definition 5 (Anomaly Flow, [58]). Let (X,w), Q and (E,h) be as above. A family of metrics
(X,w(t)) and (E,h(t)) is called solution to the anomaly flow if they satisfy

/

2.1 -w?) = 00w — %(Tr(Rm ARm) — Tr(F A F)), (1.13)

hloth = —AF. (1.14)
with some initial condition w(0) = wp and h(0) = hy.

They showed that the flow exists for short time and if the flow exists for all time and converges
to some metric (Weo, hoo ), then the limit metric satisfies the Hull-Strominger system.
In a joint work [18] with Teng Fei and Sebastien Picard, we constructed infinitely many ex-

plicit smooth solutions to the Hull-Strominger system on some compact non-Kéhler Calabi-Yau



CHAPTER 1. INTRODUCTION

3-manifolds, the generalized Calabi-Gray 3-manifolds. Using our ansatz, the anomaly flow reduces
to a parabolic equation on Riemannian surfaces. We [19] also obtain some convergence result
for this parabolic equation for initial metrics with small curvature. More specifically, let ¥ be
a compact Riemann surfaces of genus g > 3 with a basepoint-free theta characteristic. Let M
be a compact hyperkahler 4-manifolds with compatible complex structures I, J, and K such that
I? = J? = K? = IJK = —id. One can construct a twistor space Z of M to be the manifold

Z = CP! x M with tautological almost complex structure J given by

at a point ((,z) € CP! x M, where j is the standard complex structure on CP! with holomorphic
coordinate ¢ and (a, 3,7) are the corresponding point on S? by identifying CP! with S? via stere-
ographic projection. The generalized Calabi-Gray construction gives rise to a compact non-Kéhler
Calabi-Yau 3-manifold X. Indeed the Calabi-Yau 3-manifold X can be constructed in the following
way. The basepoint-free theta characteristic defines a holomorphic map ¢ : ¥ — CP! such that
©*0(2) = Ky, where Ky is the canonical bundle of ¥. The pull back of the holomorphic fibration
7 : Z — CP! over ¢ : ¥ — CP! gives a holomorphic fibration p : X = ¢*Z — . Under the
condition that ¢p*O(2) = Ky, X is non-Kéhler with balanced metrics. Given a metric @ on ¥ and
denote by w’' = awr + fws + Ywk, we consider the metric wy = e?f& + efw’ on X and show that
there exists f such that wy solves the Hull-Strominger system with suitable choice of gauge bundle

E:

Theorem 6 ([18]). Let ¥ be a compact Riemann surface of genus g > 3 with a basepoint-free
theta characteristic. Let M be a compact hyperkdahler 4-manifold. The generalized Calabi-Gray
construction gives rise to a compact non-Kahler Calabi- Yau 3-manifold X, which is the total space
of a fibration p : X — X with fiber M, admitting explicit smooth solutions to the Hull-Strominger
system with gauge bundle E = Qx5 taken to be the relative cotangent bundle of the fibration. If
M =T*, we may also take E to be any flat vector bundle.

Under the above ansatz, the anomaly flow 1' of we(t) = 20y + eI Wy reduced to a

parabolic flow of w(t) = e/ D& as follows:

f_ ez Fe F
e = 770,05 | e +E/€€ —Kkle —1—5/% (1.16)
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where £ = —1||V||? is the Gaussian curvature of (X,d). We show that:

Theorem 7 ([19]). Start the flow with an initial metric satisfying [[o'Rmy,; || <1 (or even

N
[V

weaker that w(0) > 5

o w.) Then the flow exists for all time, and

w(t) Qo

oo Jymw

smoothly ast — 0o, where g > 0 is the first eigenfunction of the operator —Ag—||Vp||2. Moreover,

(1.17)

the normalized metric

~ wy () .
Wy = — prws, (1.18)
% fX HQwaw:jf

where wy, = ¢i& and (X,W5) converges to (X, ws) in the Gromov-Hausdorff topology.

In other words, the anomaly flow will collapse the hyperkéahler fibers after normalization if the
initial metric has small curvature. The phenomenon of collapsing appeared in the Kéahler-Ricci
flow, as pioneered by Song-Tian [66; 67] and further explored by several others [73; [23; [68; |75} 27
79]. Other flows in complex geometry, such as the Chern-Ricci flow and the conical Kihler-Ricci
flow, also exhibit similar collapsing behavior [74% 12; 81} 10].

The behavior of the flow is in fact very sensitive to the initial data. If initially e/(9) is small in
the L' sense, the flow will develop finite time singularity (see Proposition ) This leaves a region
of medium initial data where we have the stationary points of the flow, which are solutions to the
Hull-Strominger system we constructed in [18]. Another subtle issue in this case is that how to
impose the obstruction of “semi-sphere condition” with the flow. We will give a discussion about
the general case in section [3.5] and possible further directions for this case in section [3.7]

The thesis is organized in the following way: In Chapter 2, we will consider the Ricci flow
coupled with heat equation, prove the pseudo-locality theorem and show the non-triviality of the
limiting Ricci soliton of the parabolic rescaling of the type I singularities. In Chapter 3, we will
construct solutions to the Hull-Strominger system over generalized Calabi-Gray manifolds and

study the anomaly flow over the Riemann surfaces.
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Chapter 2

The coupled Ricci flow

In this chapter, we will study the Ricci flow coupled with a heat equation for some scalar field ¢, i.e.,

let M be a compact manifold, (M , i (1), d)(t)) are solutions to the following system of equations,

% — —9Ric, + 2dp ® d = —2Sic, 4,

o = Dy, (2.1)

9(0) = g0, 6(0) = ¢o
We will first list some evolution equations and estimates for the flow. In the first few sections, we
will introduce the reduced distance and reduced volume and use them to show the k-noncollapsing
theorem. In section , we will prove the pseudo-locality theorem. In the last section, we will
prove the convergence to a Ricci soliton of blow-up limit of the Type I singularity and non-triviality

of the limiting soliton.

2.1 Evolution equations for the flow

In this section, we provide some evolution equations and estimates for the curvature and the distance
function, which will be useful in the following sections.
2.1.1 Evolution equations and estimates of curvature

For the convenience of reader, we quote here several evolution equations and estimates for the

curvature proved by B. List [45] and R. Miiller [49].
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Let (M, g;5(t), ¢(t)) be a solution to the coupled Ricci flow (2.1]), then

o .
@Sjk = ASJk + 2RiijSll — Slelk - Sklle +2A¢ - ¢jk- (2.2)
Take the trace with respect to g and we have

%S = AS +2]5;|? + 2(A¢)? (2.3)

Along the flow, the scalar field ¢(x,t) is indeed uniformly bounded [45]:

Lemma 8. (Lemma 5.10 in [45]) Let (g(t), ¢(z,t)) be a solution to the coupled Ricci flow on
M x [0,T) with initial data (go, po). Suppose sup |po| < C, then we have fort > 0,

inf ¢o(z) < ¢(z,t) < sup ¢o(z) (2.4)
zeM zeM
02
sup |V¢\2(:c,t) < —, (2.5)
xeM t

One also has the following derivative estimate along the flow:

Proposition 9. (Theorem 5.12 in [45]) Let (g(t), ¢(z,t)) be a solution to the coupled Ricci flow

. Fizxg € M and r > 0, if
R
sup |Rm| < —20 (2.6)
By (z0,7) r
where Byry(wo,7) is the geodesic ball centered at xo € M with radius v with respect to metric

gij(T). Denote ® = (Rm, V29), then for all m > 0 and for all t € (0,7, the derivatives of ®

satisfy the following estimate

sup |Vm<1>]2 < C(n, m)RB”Jr2 (7“72 + fl)mﬁ

Bg(t) (10,7'/2)

(2.7)
where C' = C(n,m) is a constant depending only on n and m.

2.1.2 Evolution equations of distance function

Let (M, g(t),#(t)) be a solution to the coupled Ricci flow (2.1). Fix xg € M, we can denote by
d(w,t) = dyq(z,70) the distance function of (M, g(t)). In this section, we shall consider some

properties of the evolution equations of distance function.
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Lemma 10. Let (M, g(t),d(t)) be a complete solution to the Ricci flow coupled with scalar field
heat equation. If Ric(g(to)) < (n — 1)K in By, (wo,70), then for any x & By, (zo,70), we have

for d(x,t) = dy)(z, x0)

gd(m,t)‘

2 _
9 - Ag(to)d(m, to) > —(n—1) <K7‘0 + 7 1> (2.8)

3

t=to

Proof. Let v(s),s € [0,d(x,tp)] be a normal minimal geodesic with respect to g(to) joining z¢ and

z. Then
9‘ d(z,t) = — / Sic(v,~)ds > — / Ric(v',)ds (2.9)
Ot lt=t, . ~

where Sic = Ric — d¢ ® d¢ < Ric. Note that Sic is bounded from above by Ric.

At x0, set e; = +/(0), and extend e; to an orthonormal basis {e;}; of T, M. Parallel trans-
porting this basis along 7 gives us an orthonormal basis {E;(v(s))}iv; of T);)M. In particular, we
get an orthonormal basis F;(z) of T, M,

Recall the second variation formula of the distance function. Assume w € T, M, and let Y be

the Jacobi field satisfying Y (z¢) = 0, Y (2) = w. Then
Vid(w,w) = I(Y,Y) < I(W, W) (2.10)
where W is any vector field with W (xg) =0, W (z) = w and I(W, W) is the index form defined by

v, W)z/((V’,W’}—(V’,fy’} (W'Y = R/, V., W) ) ds. (2.11)
Y

Thus

Agiyd(z,t0) = Y V2d(Ei(x), Ei(x))
=1

IA

n
2
> I(F,Fy) = / IV Fi? = (V. Fi,7)" = R(Y,F;,+,Fy)ds  (2.12)
i=1 v
for any vector field F; with F;(xo) = 0 and F;(z) = E;(x). Choosing F; along v as

wEi(v(s) s e0,7]

Fi(y(s)) = (2.13)
Ei(v(s)) s € [ro, d(x, )],
we obtain that for all i = 2,--- n and s € [0, d(z, to)],
(VyF,y'y =0, and |V Fi|? — (V. Ly ) = 0. (2.14)

10
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Hence we have

n

Budlate) < [ > (Vi = RO B Rds
o
8 , d(l‘,to) n , ,
= / Z 7 ,EZ',’}/ aE’L))dS + —R(’}/ ’Ei/y 7Ei)d‘9
"o ro i=2
n—1 0 2 d(x,to) .
- ool / (1= SRicy s = [ Rie(y)ds
7o 0 To 0
n—1 1 0
< CD)K(ro — 210) + —d(x,t ( 2.15
< Tt (= DK (o — o) + ) (215)
This completes the proof. O

By similar argument, we have the following lemma, for which we omit the proof.

Lemma 11. Let (M, g(t), d(t)) be a complete solution to the Ricci flow coupled with scalar field
heat equation. Assume Ric(g(to),r) < (n — 1)K for any x € By, (71,70) U Byy)(72,70), and

dy,(x1,m2) > 2r9. Then we have

0 2 1
- > — —
atdt(xl,xg) A 2(n—1) <3Kr0 + 7 > (2.16)

where di(x1,x2) = dg(t) (1, 2).

2.2 Reduced distance and volume

In this section we provide some background material on the reduced distance and volume for the
coupled Ricci flow 1’ which can be found in R. Miiller [49] and V. Vulcanov [77]. For the

completeness of the thesis, we include the detail here.

Let (gij(t), ¢(x,t)) be a solution to the coupled Ricci flow (2.1) on t € [0,T"). For some fixed

to € [0,T), set 7 =tg — t. In terms of 7, the flow becomes

(9ij)r = 2845,  ¢r = —A0. (2.17)

Definition 12. Let v : [11,7] — M be a path, where 71 > 0. The L-length of the path v is defined

by

L) = [ V(86D + )R dr (218)

T1

where S(y(7)) and the norm |¥'(7)| are evaluated using the metric g;;(t) at time t =ty — 7.

11
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2.2.1 First and second variation formulas of L-length

Proposition 13 (First Variation Formula for £). Assume v : [r1,7] — M is some path on M and
71 > 0. Denote by X = ~' its tangent vector field, then for any variational vector field Y along 7,

we have

5Y£('7) = 2\/7— <X> Y>

7 T 1
— / <Y, 2Vx X — VS + —X + 4Sic(X, )> dr (2.19)
- T

T1 1
With the first variational formula, we can define the £-geodesics to be the critical points of £
and the equation for £-geodesics is as follows:

VX — %vs + 2iX +28ic(X, ) = 0 (2.20)
T

where the connection and the curvature are taken with respect to the metric g;;(t) at corresponding

time ¢ = top — 7 and the 1-form Sic(X, -) is identified with a vector field by the same metric.

The L£-geodesic can be rewritten as follows. Let s = /7 and 7(s) = v(7(s)) = v(s?). Then
setting § = v/7 and X (s) = 7/(s) = 2y/7X (1), the geodesic equation becomes

VX —25VS + 45%Sic(X, ) =0 (2.21)

Henceforth, we assume that the paths v can be extended smoothly to s = 0. With the initial data
2v = 4/(0), we can always solve for the geodesic equation (2.21)) for a short time, yielding a geodesic
7(s). Note also that the L-length for a path 4 : [0, 5] — M becomes, in terms of the parameter s,

LG = [ (R +225(()) ds, (2:22)

where the norm and curvature are taken with respect to the metric g;;(t) with ¢t =tg —7 = to — s2.
For fixed p € M, the L-exponential map is then defined as the map Lexp, : T,M — M sending

v to y(7), where v is the £-geodesic with initial vector v = lir% VT (7).
T—

Definition 14 (L£-Jacobi Field). A vector field Y is said to be an L-Jacobi field of an L-geodesic

v if it is the variational field of a family of L-geodesics y(u,T), i.e., v(u,T) are L-geodesic for any

0
sufficient small u and y(0,7) = v(7), Y(7) = a—Z(O, 7). Moreover, Y solves the following equation
T(Y)=0 (2.23)

where the vector field T(Y') is defined by

1 1
~T(Y) = VxVxY = R(X,Y)X + o -Vy X — o V2S(Y, ) + 2(VySic) (X, ) + 28ic(Vy X, ). (224)

12
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To get the equation for £-Jacobi fields, we assume that X = %(U,T) satisfies the L£-geodesic

equation for each u, and we differentiate with respect to u,
1 1 .
Vy(VxX — §VS + 2—X + 2Sic(X, ) =0, (2.25)
T

that is for any W,
1 1
<Vy (VxX - §V5’ + EX + 2Sic(X, 1)), W> =0.

Since

VyVxX =VxVyX — R(X,Y)X =VxVxY - R(X,Y)X
(Vy(VS),W) =Y (VS,W) — (VS,VyW) = VZ5(Y, W),
(VySic(X, ), W) =Y (Sic(X,-), W) — (Sic(X, ), Vy W) = (VySic)(X, W) + Sic(Vy X, W)

we find that the £-Jacobi field equation can be written as
T(Y)=0 (2.26)
where the vector field T'(Y') is defined by
—~T(Y)=VxVxY -R(X,Y)X + %VyX — %VQS(Y, )4 2(VySic) (X, -) 4+ 2Sic(Vy X, -). (2.27)

We are now in a good position to discuss about the second variation formula for £. We define

the second variation Q(Y,Y) of the L-length by
QYY) =63L — dyyvL. (2.28)

Proposition 15 (Second Variation of £). Let ~y : [0,7] — M be a L geodesic and Y some variation
field along ~, then the second variation Q(Y,Y) is given by
QYY) = [ 27T dr + 2V (VY (7)Y (7). (2.29)
0

where T(Y') is given as in (2.24).

Proof. The first variation of £ is given by

Sy L(7) = / "/ (Y(S) +2(Vy X, X) )dT. (2.30)

T1

13



CHAPTER 2. THE COUPLED RICCI FLOW

Differentiating the first variation formula (2.30) with respect to Y gives

2L = / ﬁ(Y(YS)+2<vyva,X>+2<VYX,VYX>)dT
0

_ /OT ﬁ(Y(YS) +2(VyVyY, X) + zvaXP) dr

- / ﬁ(Y(YS) +2(VxVyY, X) + 2(R(Y, X)Y, X) + 2vaY\2)dT (2.31)
0

Using the formula for Levi-Civita connection, we have

d .
= (VyY,X) = (VxVyY, X) + (VyY, VxX) + 28ic(Vy Y, X) + <va, X>

= (VxVyY, X) + (VyY,VxX) + 2Sic(VyY, X) + 2(VySic)(Y, X) — (VxSic)(Y,Y)
By the first variational formula, we also have

2RO, = [ 2 (VRO X) ar

0

_ /O T F [i (VyY, X) + 2% (VyY, X}} ir

_ /O ’ VT[2{VX VY X) + (T Y)S + 4(VySic) (¥, X) — 2(VxSie)(V, V)| dr
+ /; VT <VyY, 2VxX — VS + %X + 4Sic(X, -)> dr (2.32)
On the other hand, by the first variation formula, we have
o,y L(Y) = 2v/7 (X, VyY) ‘; - /0F <va, WX — VS + %X + 4Sic(X, -)> dr  (2.33)
Thus we obtain
QYY) = /0 VE[VAS(Y.Y) + 2 (R(Y. X)Y. X) + 2|V x Y]
—4(VySic)(Y, X) + 2(VxSic) (¥, Y) |dr (2.34)
Asin , we have
2RV ) = [ 2 (VR @y )ar
— /OT e [i (VxY,Y) + 2% (VxY, Y)] dr
_ /OT \EE (VxY,Y) +4Sic(VxY,Y) + 2[Vx Y2

12 (VxVxY,Y) + 2(VxSic)(Y, Y)}dr (2.35)

14
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Hence, Q(Y,Y) can be expressed as

QYY) = / 27 (Y, T(Y)) dr + 27 (VY (7). Y(7)). (2.36)
0
where the vector field T(Y') was defined in ([2.24). O

It can be verified that an extension of Q(Y,Y) to a symmetric bilinear form Q(Y, Z) for general

vector fields Y and Z is provided by

QY. 7) = / WT(Z,T(Y)) dr + 27 (VXY (7), Z(7)) . (2.37)

0

2.2.2 The reduced distance and reduced volume

Definition 16 (Reduced Distance and Volume). Given p € M, and ty € (0,T), for any q € M
and 0 < 7 < tg, define L(q,T) to be the infimal L-length of all curves v with v(0) = p and v(T) = ¢,

i.e.,

Lyso(a.) =t £0) = iaf { [* VA (S0 + W OR)dri00) =pa =4 (239

v

The reduced distance based at (p,to) is defined by

L ,t (q7 T)
gp,t() (q77—) = p20\/F ) (239)
and the reduced volume by
o(r) = [ (mr)Ee o009y o) (2.40)

where dVyy) is the volume form with respect to metric g;j(t) at time t =to — 7.

From now on we will omit the sub-script p, tg if it is clear from the context. We now compute

the derivatives of L and V.

Lemma 17. The first derivatives of L are given by

La(q,7) = 2V7S(q) %L(q,%) + %K (2.41)
and
2 - _ 2 _ 4
IVL|“(¢q,7) = —47S(q) + \FL(C],T) - FK (2.42)

15



CHAPTER 2. THE COUPLED RICCI FLOW

where

K= /0F T2 H(X(r))dr. (2.43)

and H(X) is defined by
H(X) = —S, — %S —2(VS, X) + 2Sic(X, X) (2.44)
Proof. Assume that ¢ is not in the 7 L-cut locus of p and v : [0,7] is the unique minimizing £-
geodesic jointing p and ¢ with L-length L(q,7). For any vector Y (7) in T, M, let ¢ : (—e,e) = M

be a curve such that ¢(0) = g and ¢/(0) = Y (7). Let ¥(u,7) be the L-geodesic jointing p and c(u),
with 5(u, 7) = ¢(u). Let X(7) = 22(0,7) and Y (7) = %(0,7). By the first variation of £, we have

or
(VL Y(7)) = (VL d0) = | Le(u),7) = 207 (X(7), V(7). (2.45)
Since this holds for arbitrary Y (7), we have
VL(q,7) = 2V7X(7) (2.46)
and
VLP(q,7) = ~47S(q) + 47 (S(a) + X (7)) (2.47)
If we extend the L£-geodesic in 7, we get
dL(v(T), T — _ _
DD 2 (sta07) + X)) (2.48)
e
On the other hand, we have
dL(~v(T), T _ _ _
(vd(T) ) Lz(q,7) +(VL(g,7), X(7)), (2.49)
therefore, we obtain
Lz (g, 7) = 2V78(q) — V7 (S(a) + X (7) ). (2:50)
It remains to compute S(v(7)) + | X (7)|?. First we consider its derivative
d
- (5(7(7)) + yX(T)F) = S, +(VS, X) +2(Vyx X, X) + 28ic(X, X) (2.51)

Using the L£-geodesic equation ([2.20)), we get

(SO +IX(E)R) = S +2(V8,X) ~ X[~ 2Sie(X, X) = ~H(X) 1 (S(() +1X (1))

16
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where H(X) is defined in |) Multiplying both side of 1) by 75 and integrating from 0 to

T, we obtain

T osd
/ 73 (S + X () dr = ~K — L(g.7) (2.53)
0 dr
where K is defined in (2.43). On the other hand, if we integrate the left hand side by parts, we
obtain
3 T3 [T 1
LHS =712(5(y(1)) + ‘X(T)’Q)‘O - 2/0 T2 (S(’}’(T)) + \X(T)\Q)dT (2.54)
Hence, we have
3 _ _ 1 _
75 (SO) + X)) = =K + 5 L(a.7) (2.55)
Substituting into the earlier formulas for L; and |V L|? gives the desired formulas. O

Before we move on to the second derivatives of L, let us introduce the notion of weak solution

in the barrier sense.

Definition 18 (Weak Solution in the Barrier Sense). For a continuous function u : M — R,
we say that Au < f at the point p € M in the barrier sense if for every e > 0, there exists a
neighborhood U, of the point p and a C? function u. : U. — R such that u(p) = u:(p) and ue > u
in Uz and Auc(p) < f(p) +e. If Au < f for every point p € M in the barrier sense, we say u is
a weak solution to Au < f in the barrier sense. This notion can be extended to parabolic equation

naturally.
For the second derivative of L, we have the following result:

Lemma 19. The following inequality holds in the barrier sense

La(q,7) + AL(q, 7) < \% _ %L@,f), (2.56)

Proof. Assume first that L is smooth at (¢, 7). For a given vector w € T, M, consider the geodesic
¢(u) such that ¢(0) = ¢,¢(0) = w. Let 7, be the unique L-geodesic from (p,0) to (¢(u),7), then

the Hessian of the distance function L is given by

2
= du? ‘C(’Yu) = Q(Yvy) (2'57)

u=0

V2L(w, w)(q,T)

where Y is the variational vector field of a family of geodesics ~,, hence a L-Jacobi field with

Y(0)=0,Y(7) = w.

17
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Our first claim is that for any vector field W with W(0) = 0, W (7) = w, we have
QYY) <QW,W).

Indeed, write W =Y + Z, where Z(0) = Z(7) = 0. Therefore, we can find a proper variation 7,

(of ) with variational vector field Z. By the minimizing property of v, we have

d2
—_— > 0.
du2£(77u) u=0 0

Q(Z,2) =
On the other hand, by the bilinearity of @), we have
QW W)=QY +2Y +2)=Q(Y,Y)+2Q(Y,2) + Q(Z,2)

Since Y is a L-Jacobi field, T(Y) = 0. We also have Z(7) = 0, hence Q(Y,Z) = 0. The claim
follows now from the fact that Q(Z, Z) > 0.

Let w = W(7) be now a unit vector in T; M, and solve for a vector field W (7) on (0, 7] by
1
VxW = =Sic(W, ) + 3= W. (2.58)
T

Then we have

% (W, W) = 2Sic(W, W) + 2 (Vx W, W) — % (W, W) . (2.59)

hence |W|?(7) = L. Therefore, we can extend W (7) continuously by setting W (0) = 0 to [0, 7]. We
can plug this W into Q(W, W) and get

aw) - [ T VE[VESOV.W) 2 (ROV.XOW, X) + 2V W

AV Sic) (W, X) + 2(V x Sic) (W, W )} dr

7 - 1
— / VT IVES(W, W) + 2 (R(W, X)W, X) + 2| —SiC(W,-)ﬂngl2
o VL

—4(VySic) (W, X) + 2(V xSic)(W, W)} dr

— /T ﬁ{v%*(w, W) +2R(X, W, X, W) — 4(VySic)(W, X) + 2(V xSic) (W, W)
0

+2[Sic(W, )2 — %sm(w, W)+ o bdr (2.60)

2rT
On the other hand, consider 21/7Sic(W (7), W(7)). Note that

diSic(W, W) = Sic (W, W) + (VxSic)(W, W) + 28ic(V x W, W)
-

1
= Sic (W, W) + (VxSic)(W, W) + =Sic(W, W) — 2|Sic(W,-)|?,  (2.61)
T

18
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and hence

WFSic(W (7), W (7)) = /0 ’ 2%(ﬁ8ic(W, W))dT

- / \F{%Sic(W, W) + 2Sico (W, W) + 2(V x Sic)(W, W) + %sm(w, W) — 4fSie(W, ) bdr
0

Adding these two equalities, we get

QUFLIV) + 2l (7)., W (7)) - =
— /T ﬁ{sz(W, W) +2R(X, W, X, W) — 4(VySic)(W, X) + 4(V xSic) (W, W)
0
—2|Sic(W,)|* + %Sic(W, W) + 2Sic, (W, W)}dT (2.62)
We can write this in an easier way
1 _ . _ T
QUW.IV) = = = 2/FSie(W (7). W(7) - /0 JTH(X, W)dr (2.63)

where —H (X, W) is defined to be the integrand above. Let e;(7) be an orthonormal basis of T, M,
then we can solve for W; and L£-Jacobi fields Y; along v such that W;(7) = Yi(7) = e;(7). Note
that W; will remain orthogonal along « by the equation (2.58|) for W. We can normalize W; to get

n
an orthonormal basis e;(7) of T,;)M, then we have ) H(X,e;) > H(X) where H was defined in
i=1

1
2.44)). Since [W|? = Z, we have W; = (;) *e;. Substitute this in the inequality (2.63), and obtain

n

AL(q,7) =Y QYY) < S QWi W;) = %
=1 =1

Noting that H(X,W;) = ZH(X,e;), we have

— /7S — /0% ﬁzn: H(X,W,)dr. (2.64)
=1

_ n = 1 [T
AL(q,7) < V- 2V/78(q,7) — 7_/0 T2 H(X)dr (2.65)

the last term is exactly the K defined in (2.43)). Combining this inequality with Lemma 17| gives

the desired inequality.

We now consider the general case. Let (¢, 7) be any point in the space-time. If L is not smooth
at (¢q,7), then (¢,7) is in the L-cut locus of (p,0). Let 71 be a minimizing L£-geodesic joining
(p,0) and (g,7) (71 does not have to be unique). Given € > 0 small, consider the following barrier

function

=/

L 7) = [ VA(Sa) + i R)dr+int [ VR(SGm) + b () ar
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where the infimum is taken over all curves v with y(¢) = 71(¢) and y(7') = ¢. It’s clear that
L(¢',7) < L.(¢',7"). We claim that L.(¢,7) is smooth at (g, 7). Otherwise, (¢,7) will be in the
L-cut locus of (y1(g),e). Then either (v1(¢),e) is a L-conjugate point of (¢, 7) or there exist at
least two different minimizing £-geodesics joining (v1(¢), ) and (¢, 7). In both cases, 1 fails to be
minimizing between (p,0) and (g, 7).

By the definition of desired inequality in the barrier sense, we need to show that

1
- —L(¢,7)+ Ce

0 . n
(57 +8)1ed.7) < 5 - o2

o7

But we have by the previous calculation

0 Io~t 1 - n -
(g7 +2)Leld 7)< 7 = 5= (L@ 7) — Lin().2) ) < o = 55 Lld.7) + Ce
and hence the desired inequality. The proof of Lemma [19|is complete. O

As a simple consequence, the function L(q,7) = 2,/7L(q, 7) satisfies the following inequality in

the barrier sense

L.+ AL < 2n, (2.66)

Note also that, applying the maximum principle to ([2.66]), we have min L(-,7) < 2n7, and hence

('77-) <ﬁ'
4 — 2

!

min £(-,7) = min

(2.67)

Proposition 20 (Differential Equations for Reduced Distance). Recall that the reduced distance is

defined by £(q,T) = %Lﬁ} then it satisfies the following differential equations in the barrier sense,

(o= §- %E + #K (2.68)
V{? = —S+ %z - #K (2.69)
Al < % —S— %%/QK (2.70)
and
ZT—A£+\V£|2—S+% >0 (2.71)
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2.2.3 Monotonicity of the reduced volume V

Proposition 21 (Monotonicity of Reduced Volume). Assume (M, g;;(t), p(x,t)) is a solution to
the coupled Ricci flow and M is compact. Then the reduced volume ‘7(7') defined in 18

monotonically non-increasing in 7.

Proof. If we let v = (4n7)~"/2¢~¢, then we have

Uy n Av

T, =AY (2 2.72
v 2T v +1ve (272)
Hence v; — Av+ Sv < 0. Since V() = [,,(4r7) "2~ 47dV, ) = [,,vdV,(,), we have

d ~

EV(T) = /M(’U.,- + Sv)dVg(T) < /M A’UdVg(T) =0 (2.73)
i.e., V(7) is monotonically non-increasing in 7. O

Remark 22. In the case when M is complete noncompact, the same statement holds. By a change
of variable using the L-exponential map Lexp,, we can rewrite the reduced volume as an integral
over the tangent space T,M. One can show that the integrand is monotone non-increasing in T,

see for example section 23 in [39).

2.3 A k-noncollapsing theorem

The r-noncollapsing theorem of Perelman [55] has been generalized to the coupled Ricci flow by B.
List [45] and R. Miiller [49]. We include the statement and proof here for completeness, using the
key properties of reduced distance and volume in the previous section. Recall Perelman’s definition

of k-noncollapsing:

Definition 23 (k-noncollapsing). We say that a solution (M, g, ) to the coupled Ricci flow
on an interval [0,T) is k-noncollapsing at the scale p, if for each r < p, and all (xo,tg) € M x[0,T),
the following holds: if |Rm|(z,t) < =2 for all (z,t) € P(x0,t0,7) = Byty)(x0,7) X [to — 2, t0], then

Vol(By(y)(z0,7)) = k™. P(w0,t0,7) is called the parabolic neighborhood of (xo,t0) with radius 7.

Theorem 24. Given constants n, Ry, p, c there exists k = k(n, Ry, p, c) such that for any solution
(M™, g(t), d(t)) to the coupled Ricci flow on M x [0,T), T < oo with (M,g(0)) complete,
|Rmg | + ]V2¢(0)|3(0) < Ry, and inj(M, g(0)) > ¢ > 0, then the solution is k-noncollapsing at the

scale p.
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Proof. The proof is by contradiction. Suppose that we can find a sequence of the coupled Ricci
flow solutions (M, gk, ¢x) such that |[Rm|+|V2¢|? < Rg on (M}, gx(0)) and inj( My, gx(0)) > ¢ > 0,

and a sequence of (zy, 1) and 7 so that [Rm| < r_? on Byt (@e, ) X [tx — 7, tr] but

. Vol(Bgyu,)(wk, 7))
«Sk =

) 0. (2.74)
Tk

By the short time estimate on curvature and M has bounded geometry at time ¢ = 0, we know
that there exists some ¢ such that M has uniformly bounded geometry on [0, ], hence in particular,
we can assume that t; > t.

Now, for each k, denoting 7 = t; — ¢, we can define the reduced distance and volume as above
(with respect to the reference point x.) To deduce a contradiction, we consider V (gjr7) and V(t;,)
and show that

0<C™'< lim V(tg) < lim V(gpri) = 0.
k—o00

k—o0
The inequality in the middle follows from the non-increasing property of V and the fact that e — 0
as k — o0o. Thus we need to show that we have both klim V(err?) =0, and V(t;) has a uniformly
—00

positive lower bound.

Part I. Let us first show that klirilo f/(akr,%) = 0. Note that 7 = gxr? corresponds to time
t = tp — exr2, which is very close to t; when k large. Let v(7) be a L-geodesic with v(0) = p
and initial vector v = }11)% VTX (1), where X (7) = ~/(7). We claim that if |v| < %0521/2, then the
L-geodesic will stay inside B = Bg(tk)(xk, 7)) in time skrz. Indeed, along the L-geodesic, we have

the geodesic equation ([2.20)),

1 1 , B
VxX — 5V5’+ EX + 2Sic(X,-) =0

hence
1
di|X(r)|2 = 2Sic(X,X)+2(X,VxX) = —;|X|2 + (X, VS) — 2Sic(X, X) (2.75)
-
SO
d
E(T|X|2) = —27Sic(X, X) 4+ 7(X,VS) (2.76)

By the curvature estimate, we have

Sic|(z,t) < Cr; 2 and |VS|(z,t) < Cr; 3 2.77
k k
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for (z,t) € By, (wk, 7k/2) X [tk — r2/2,tx]. Hence we have

d 1/2 1/2 of T 1/2
—— X ‘ <C X C —s 2.78
ey & VAR < Cae VXD + Cet (2.78)
In particular, on the interval _*5 € [0,1] with initial condition lin% 5,16/ U7X < &, we have
EkTg T—
5,1/2ﬁ\X\ < § for all 7 € [0,e,77] and large k, and hence
EkTi EkTi 1 1 2
12,

A ‘X(T)|d7' < o ng dr = §Tk (279)

From the flow equation that g, = 2Sic, it follows that the metrics g(7) between 7 = 0 and 7 = gxr}

are e““k-biLipschitz close to each other. Thus

Ekri ELTE 1
dy(r) (@r, V(ERT7)) = /O X (7)|goydr < € /0 [ X (T)lg(rydr < g7 (2.80)

for k large enough. Hence the contribution of V(akr,%,) coming from those v € T, M}, such that
lv| < 1—106,;1/2 is at most ka (47?8;@7',%)*”/26*5(‘1’5’6’"%)dq.
We derive now a lower bound for ¢(q, 51#";%) on By. For ¢ € By, assume 7 : [0, €k:7“;%] — M is the

L-geodesic with 7(0) = zj and y(egr?) = ¢, then

EkTQ EkTZ
L(y) > ' VTS(y(7))dT > — ' Vrn(n — 1)r; 2dr > —Ceimrk (2.81)
0 0
hence
| 2 = L S ¢ (2.82)
9 EkTE) = (epri)t/2 = Ek- .

Now, the contribution from this part is at most

By) < CeM? (2.83)

2 _
/ (47r5kr,%)_”/2e_e(q’€“k)dq < C¢, n/Zr;"eCEkvoltk%kT’%(
By,

where we used that g(ty — exr?) is close to g(t;) when k large and Vol(By) = i,
To estimate the contribution to V (xr?) coming from those v € Ty, M}, such that |v| > %5;1/2,
we first do a change of variable by Lexp, and rewrite the integral in T}, M}, then we can use the

monotonicity of the integrand in 7 (see section 23 in [39].) We claim that as 7 — 0, we have
(47T7')_”/26_€(£ eXpT(”)’T)J(v, T) = o 2e I,

The proof of the claim follows the same line of the arguments in [9]. Recall that in terms of the

parameter s = /7 and 7(s) = y(7(s)) = 7(s?), the reduced length is given by

L(3(s),5) = /0 8 (émsn? +2525(3(s)) ) ds. (2.84)
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Therefore, by L’Hospital’s rule, we have

i ¢5(2)5) =l “O) i 5 (SR #2256 ) =l (289

50 50 5
Let us study now the limit of the Jacobian J(v,7) as 7(or s) approaches to 0. Recall, let v(u) be
a curve in T, M, with v(0) = v and v/(0) = e;, where ¢; is a orthonormal basis for T, M. Solving
the L-geodesic equation with initial value 4,,(0) = 2v(u) gives a family of £-geodesics 7, (s). The

variation of this family of geodesic gives a Jacobi field, J;(s). Therefore
dLexpy : Ty M — Ty )M, e;+— Ji(s)
Let h;j(v, s) = (Ji(s), J;(s)), then we have
J(v,8)? = det(hi;)(v, s).

Note that +,,(0) = 2v(u), and hence

201} B 0%y

%(0) = %(070) = J;(0)

ie., J/(0) = 2e;. Let E;(s) be the parallel transport of e; along the £-geodesic. L’Hospital’s rule

gives
lim 2108 = 25Eils) _ (2.86)
s—0 S
So we have
lim 5~ det((.;, J;)) = det ( (25, 2Ej>) = 92,
5—
hence
: —n/2 n
ll_r}r(l) sV I (v, s) — 2 (2.87)

and by the monotonicity,
(4mr) 2L ()T J(y 1) < g/ 20— 1017
Using the change of variable ¢ = Lexp, v, we have

(47TT)7n/2efZ(£expT(v),T)J(uT)dv < / /210l < B_ﬁ,
—1/2

—1/2
/Tszk\B(o Lo -1/2 To, Mi\B(0, ¢ /%)

10%k

Combining this estimate with the previous estimate (2.83)) , we obtain

lim V(gpr?) = 0. (2.88)

k—o0
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Part II. Let us show that V(tk) > C~! for some C' > 0. Choose a point g at time %_ such that
0(qg, ty, — g) < %. (This can be done since we have shown in 1j that min /(-,7) < § for any 7.)

Consider a curve 'y%k); [0,tr — t/2] — M with 7§k)(0) = xp, and ,Ak’) (tx — t/2) = qx and another

curve ng) : [tk — t/2, t)] with initial point 'yék) (tr —t/2) = qi. Note that M has uniformly bounded
geometry on [0,7/2]. Thus the distance from (g, tx — t/2) to (q,t;) for any ¢ in a region around
gk is uniformly bounded, and #(-,t;) < C on some region of g;. Hence, integrating e~ t0tk) gives a
positive lower bound on V (t3), where we used t;, > ¢ > 0.
Asepr? — 0 as k — 0o, we have g2 < t;, for large k, and by the (non-increasing) monotonicity
of V(7),
Viepr?) > V(ty).

This is a contradiction. O

2.4 The localized VW-functional and conjugate heat equation

Denote by O = 0; — A. The formal adjoint O* of O is then defined by the relation

oz/ab /M D(p-d)dVd?f—/(f /Mgp.m*wdvczt (2.89)

for any a,b € [0,T], p,¢ € C§°(M X (a,b)). It is readily recognized that 0* = -9y — A+ S.
Let u = (4w (T — t))_%e*f be a solution of the conjugate heat equation O%*u = 0. Set
v = <(T—t)(2Af— ny\2+S)+f—n)u. (2.90)

Then by direct calculations, we have

2

0% = —2(T — t) (

9ij
Sij + ViV f — 72(,1_, ]_ )

+ (A¢ — (Vo, Vf>)2> u (2.91)

and in particular we have O*v < 0. We remark that the integral of v over M is the W-functional

introduced by Perelman (see e.g. [55; [7: 53])

Wigig£.T = 1) = (T =)0 [ (@ =009 1F +5)+ £ =n)eav,

in case the integration by parts holds.
Similar to the Ricci flow case (see [55; 53]), we have the following differential Harnack estimate

for the fundamental solutions to the conjugate heat equation.
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Lemma 25. Let u be the fundamental solution based at (p,T), namely O*u = 0 and u(x,t) — op(x)

ast — T. Then we have v < 0 for allt < T, where v is defined as in .

Proof. For any fixed to € (0,7") and any positive function hg, solve the equation Oh = 0 with initial
h(tg) = hg. Then we have

d

L heav = / ((Dh)v - h(D*v)>dV - —/ h(O*v)dV > 0.

dt Jy M M

Hence, [ 2 hvdV s increasing in ¢ € (to,T'). Moreover, as stated by Perelman (155], see also [53])

li h(z,t t)dV, i =0 2.92
t_lfj{L " (l‘, )U($, ) g(t) ) ( )
hence we have
/ h(z,to)v(x, to)dVe () < 0. (2.93)
M

Since h(z,ty) and ty are arbitrary, we have v(z,t) < 0 for any ¢t < T.

2.5 Pseudo-locality theorem

We will now give the proof of the pseudo-locality theorem Without loss of generality, we can
assume rg = 1. Assume that the theorem is not true, that is, there exists e, 0 — 0 such that
for each k, there exists a complete solution (Mg, g, ¢k, pr) to coupled Ricci flow , such that
S(gx(0)) > =1 on ball By, o)(pk, 1), |¢r0l < C, and Areagy, )(0Q)" > (1 — 6x)cnVolg, () ()" for
any Q C By, 0)(pk, 1), and (x, tx) such that dyq, ) (zx, pr) < € but

IRm (g, )| > ot ! + e, 2.
Moreover, we can choose a smaller ¢ such that
Rm(z,t)| < at, ! + 2¢; 2 (2.94)

for all t € (0,£2) and dg,.(t)(x,pr) < €. We divide the argument into several steps.

2.5.1 A point selection lemma

The first step is to choose some other point (Z,t), such that the Riemannian curvature tensor can
be controlled by |Rm(Z,?)| in a parabolic neighborhood of (Z,t), provided there exists an (z,t)
satisfying the above hypotheses.
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The following point-selection lemmas can be proved in the same way as the Ricci flow case, so

we omit the proof and refer to that of claim 1 and claim 2 in section 10 of [55] (see also [39]).

Lemma 26. For any large A > 0 and any solution (M, g(t), ¢(t),p) to coupled Ricci flow ([2.1), if
there is a point (zo,t0) € M x (0,£%] such that |Rm(zo,to)| > aty' + 72 and dyy(v0,p) < €, then

there is a point (Z,t) € My such that dg(Z,p) < (1 +2A)e and
|[Rm(z,t)| < 4|Rm(z,1)]; (2.95)
for any (x,t) € M,, 0 <t <t such that
di(z,p) < di(7,p) + ARm(z, 1) '/,
where
My, = {(z,t) € M x (0,€%] : |Rm(z,t)| > at™'}.
Lemma 27. Under the same assumption as previous lemma, the point (Z,t) selected above satisfies

[Rm(z,t)| < 4Q =: 4Rm(z, ?)| (2.96)

for any x € By (2, %AQ‘UQ) X [t — %aQ_l,ﬂ.
Applying Lemma we can find (Zy,tr) € My x (0,£%] with A, (5) Tk, pk) < (1 + 2Ak)ek,
satisfying the above properties, i.e.,
[Rmg, ) (2, 1) < 4Q) = 4|Rm(zy, i) (2.97)
for any (z,t) € Q, where Qj is defined by

1 -1 _
Q. = {(x,t); dy, (2,71) < ToAkal’ e — ianl <t<t} (2.98)

2.5.2 A gap lemma

For each k, let ug be the fundamental solution at (Zy,t;) of the conjugate heat equation, i.e., uy is
the solution of

Ojup =0
with initial condition Dirac function dz, (z) at time ¢;. Define as in

vp = (B = (S + 28 fi = [Vfyf2) + fi = n )

_ —n/2
where we have set uy = (47T(tk - t)) eI,
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Lemma 28. There exists a uniform constant b > 0 (independent of k) and a t;, € (ty, — %aQ;l,tk)

for each k, such that
By

where By, = ng(fk)(jk’ \ fk — Ek)

Proof. The proof is by contradiction. Assume that it is not true, which means that for any #; €

(tx — %aQ;l, i), there exists a subsequence, still denoted by k, such that

lim inf > 0. 2.1
imin /Bk vpdVy, 7,y = 0 (2.100)
Consider the following rescaling,

9(t) = Qrae(Qp 't + k), 1 (t) = du(Qy 't + Ty) (2.101)

for t € [—~Qulx,0]. Then (g (t), dr(t)) also satisfies the coupled Ricci flow (2.1). Note that under

the parabolic rescaling 2, becomes

~ 1 1
Q= BQ(O) (fk, EAk) X [—*Oé, 0] (2102)

Now, we consider the following two cases: either along a subsequence the injective radius of

Jx(0) at Ty has positive lower bound, or there is no such a lower bound along any subsequence.

Case I. By List’s compactness theorem (Theorem 7.5 in [45]), we can find a subsequence, again
denoted by k, such that (Mg, gx(t), gZA)k(t),pk) converges in the pointed C*°-CG (Cheeger-Gromov)
sense to a new complete coupled Ricci low (Moo, goo, Poo, Poo) for t € [—3a, 0], and [Rmy_ (z,t)| < 4
for all (z,t) € Moo X [—3a,0] and [Rm(2zs,0)| = 1. For each My, we have the fundamental solution
Uy based at (T, tx), and iy converge to us in the same sense, where uq, is a fundamental solution
to the conjugate heat equation on (Mo, goo, Poos Too) based at (20, 0). So vy converge to v in the
same sense, and Vo, < 0 by Lemma By the assumption , for any fixed tg € [—%a, 0], we
have

/ oo (5 20)dVy (1) = 0, (2.103)
Byoo (1) (To0,v/—0)

thus veo(,20) = 0 on By (44)(Too, v/—t0). By the similar argument in the proof of lemma we
can show that

Voo =0 on My X (to,0] (2.104)
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The formula (2.91) for Ofvs shows that (geo(t), ¢oo(t)) is a complete extended Ricci soliton,

ie.,
Sicgw(t)+V2foo(t)—g°_°2(? =0 (2.105)
Aps = (Vooo, V) = 0 (2.106)

for all ¢t € (tp,0). We require the following version for the coupled Ricci flow of a result of Zhang

[80],

Theorem 29 (29]). Let (Mso, goo(t), doo, foo) be as in (2.105) and (2.106), then S (t) > 0 and

the gradient vector —V,_ foo is a complete vector field, i.e. it generates a one-parameter family of

diffeomorphisms p(t) : Moo — Moo for all t € (—00,0).

We can now apply T heorem The completeness of g (t) implies that of V f. Thus the vector
field —V fo can be integrated to give a family of diffeomorphisms ¢(t) : Moo — Moo, to <t < 0,
such that

2 6lt) =~V foelt) 0 0(1)

Consider §(t) = —t ¢(t)*goo(t). We have

59 = t70(1) g0 (t) =t 0(t) (L fu goo(t) — 2Sice ()

— 2 lp() (-smgw(t) — V2 (t) — 9‘3?)) = 0. (2.107)

Hence g(t) is independent of t € (g, 0), the Riemannian curvature of §(t) is bounded and |Rmg(z )| #
0. On the other hand, [Rmg;)| = (—t)|Rmy__ |, therefore |[Rm,_ 1) (Too)| = (=) 7! Ry (z00)] >

1 when ¢ is close to 0. This contradicts [Rmg__ )(7c0)| = 1.

Case II. Suppose now that there is a subsequence so that the injectivity radii of the metrics

at Ty tend to zero, w.l.o.g., assume rp = inj(Zg, gx(0)) — 0. Rescale (Mg, gi, gzgk,pk) by

ae(t) = 20(r}t),  dw(t) = dulrit). (2.108)

where ¢ € [—~3ar;2,0]. The region Q4 becomes

_ 1 _ 1
dgk(o)(l“,xk) < EAkrk ' o, te [—§ark2,0] (2.109)
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Then the injectivity radius of gx(0) at Zj is 1. On €y, the Riemannian curvature tensor is bounded
above by 47“,%,, hence we get a subsequence converging in C'"*°-CG sense to a complete coupled Ricci
flow (Moo, 9o, Poos Poo) for t € (—o0,0]. Moreover, the uniform curvature bound on Qj implies
that the solution (M, goo) is a flat metric. Hence, by similar arguments as in the first case, we

get a family of solitons (M, goos Poos foo) satisfying (2.105) and (2.106). Since Rmg_ ) = 0, by
Theorem Sgoo = —| Vg thoo|® > 0, we have ¢oo = const. Therefore,

2 _ goo(t)
Vifeo="5, " (2.110)

By the uniformization theorem in Riemannian geometry, the universal cover of (M, gso) is iso-

metric to (R™, gean), ™ : R™ — M. Pulling back to the universal cover, we get

gcan
V20 foo = >0
e = T

Hence, 7* f is a strictly convex function in R™. Since a strictly convex function on R™ can never be
periodic, 7 has to be trivial. Therefore, we have (Mo, goo(t)) = (R™, ¢(t)gcan), but this contradicts
the fact that inj,_ (o0, 0) is finite. The proof of Lemma [28|is complete. O

We establish next another version of the preceding gap lemma, but with the volume form dV%(fk)
replaced by dVj, (o). For this, we need the assumption on the initial metrics, which we had not used

as yet.

Let ¢ be a smooth function on R which is one on (—o00, 1], decreases to zero on [1,2], and is
zero on [1,00), with (/)2 < 10¢ and —¢” < 10¢.

The following construction is done for each individual (My, g, b, pr). Let dy(x,t) = dy(2,t) +
200n+/t where dy(x,t) = dg,.(t)(Pk; ), and define a function hg(z,t) by

et = o ot

Lemma 30. If the constants Ay are chosen to be large enough, then we have for all k

/ hivrdVyg,
M

where b is the constant in Lemma [28.

1
- . 2.111
o~ 2 <0 ( )

t=
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Proof. We suppress the subindex k for notational simplicity. It is easy to show that

1 100n d(z,1t) 1 d(z,1t)
Oh(z,t) = —— (d — Ad ! ) — " ’ 2.112
(@) = o7z ( ! T >‘/’ <1OA5> (1042)2% <1OA5 (2.112)
We claim that, if A is large enough, then
1 d(z,t)
Oih(z,t) < — ! . . 2.11
h(@, 1) < — 527 <1OA5> (2.113)

For this, it suffices to show that if A is large enough, then on the support of go’(ci(ac,t)(lOAs)*l),
i.e., when 10A4e < J(J:, t) < 20Ae, we have

100n
di — Ad+ ——— > 0. 2.114
’ 2 ( )

Indeed, for t € [0,£?], we have 200n+/t < Ae if A is large enough, and hence
9Ae < d(z,t) < 21Ae.

Let 79 = v/%. Since 79 < €, we obviously have x & B(p,r). Moreover, from (2.94)), we know that
|Rm|(z,t) < at~ +2¢72 for x € B(p, ). Thus we can apply Lemmato get

di—Ad > —(n—1) <§(at1 + 27212 4 t1/2>

= —(n—1) <§a + §€_2t + 1) t=Y2 > —100nt1/2, (2.115)

This establishes the claim.

Recall that Ojv <0 and v <0, thus

% (/M h(—v)dV> = /M (Dh(—v) + hg*v)dV < /M Oh(—v)dV
(1025)2 /M —¢"(—v)dV < (101145)2 /M 10¢(—v)dV

(101;1)5)2 /M h(—v)dV (2.116)

IN

IN

and hence

d 1
) o)AV < ——— 2.117
dt Og/M M=0)dV < ey (2.117)

Integrating from 0 to ¢ yields (here f is from Lemma
Iy h(—v)dV’t
Ju h(=v)av |

=L < eT0a%7 < eToa? (2.118)

=0
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where we used t < £2. Hence, we get

/h(—v)dV’_ ze—quz/ h(—v)dV],_;. (2.119)
M =0 M

It suffices to show that h = 1 on the ball B = B (z, \/fff), and then the desired inequality
follows from Lemma 28
To see this, it suffices to show for any x € Bg(g) (z, \/t_ff), it holds that d (x,p) < 3Ae.
Recall by Lemma 27, |[Rm(y, t)| < 4Q = 4|Rm(z, )], for all
(y,t) € By (7, %AQ*V?) x [t — %anl,ﬂ.
And by distance comparison argument we have

dg(f) (yvi) < 64Q({it)dg(f) (yvf) < 62adg(f) (yaj)

For z € By (2, Vit — t), we have

IN

dyi (@, p) dy) (. 2) + dyg) (P, T)

A

t—t+ €2adg(g) (p, )

-1
\/ % +e2¥(1+24)e

e+ (14+2A4)e < 3A¢,

A

2

if A is large enough and we use the estimate Q) > at~! > ae 2. Hence the desired statement

follows. O

2.5.3 Logarithmic Sobolev inequalities

In 1975, L. Gross proved the following logarithmic Sobolev inequalities in [28]:

Theorem 31 (Logarithmic Sobolev Inequality, [28]). Let v denote the Gauss measure on R™.
Specifically,
dv(z) = (21) ™2 exp(—|z|?/2)dx (2.120)

where dx denotes the Lebesque measure on R™. Then for any function satisfying f € L?(v) and

V1] € L2(v),
| @R og f@lav() < [ 1V5@Pv(a) + 171 log 1120 (2.121)

where || fllp2() is the L? norm of f with respect to the measure v.
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By a change of variable and integration by parts, one has the following equivalent version of

logarithmic Sobolev inequality used by G. Perelman in [55]:

Theorem 32 (see Beckner [3] 1.(8)). For any compactly supported function U = (2r)~"/2e=F
satisfying fRn Udzx =1, we have
1
/ <—2|VF|2 —F+ n> 2m) e Fdr <0 (2.122)

If we write U,(x) = r"U(rz) and define F,(x) in a similar way, then apply the logarithmic
Sobolev inequality to U,(x) and maximize the integrand with respect to r, we have the following

version of logarithmic Sobolev inequality

Theorem 33 (Logarithmic Sobolev Inequality). For compactly supported function U = (2rr) "/ 2e=F
satisfying fRn Udzx =1, we have
2
/ |VF|?Udz > nexp <1 — / Fde) (2.123)
Rn n n

Using symmetrization arguments, we can show that the same inequality holds on a Riemannian
manifold, provided the isoperimetric inequality holds for domains on that Riemannian manifold.

More precisely,

Theorem 34 (Logarithmic Sobolev Inequality on Riemannian Manifolds, see [52] Proposition 4.1).
Let (M, g;j) be a compact Riemannian manifold. Assume that Area(99)" > (1—6)c, Vol(Q)"~1 for
any Q C B,(p), then for any U = (2x)~"2e~F with compact support in B, (p), with [, Udvy, =1,
we have

2
/ IVFI2UdV, > (1 — §)*™nexp (1 - / FUdVg> (2.124)
M nJm

2.5.4 Proof of pseudo-locality theorem

We finish the proof of pseudo-locality theorem by showing first that the gap inequality in Lemma
can be expressed in a form closer to that appears in log-Sobolev inequalities. The contradiction
will be easily seen subsequently.

We continue to suppress the subindex k for notational simplicity. Set u = (4 (t — t))~"/2e~/,

and v = ((f— (S +2Af — |Vf2) + f — n)u Then we can write

/M r(-v)av| _ = /M ~(E(S + 287 — [Vf?) + £ — ) (4md) "/ ?he S av (2.125)
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In terms of @ = uh, f = f — log h, this can be rewritten as
/M h(—v)dV’tzo - /M - (Z(S +2Af +2Alogh — |[Vf+ Viegh|?) + f +logh — n) (4nd)2e~Fav
- /M (f(—2Af+ IVF?) - F+ n) (4r)~2ef av
+ /M ( — 1S +t|Vlogh|> — log h) (4rt) "2 qy (2.126)

after an integration by parts.
The second term in the above right hand side can be estimated as follows. At time ¢ = 0, we

have S, 4(0) = Ry — |[V¢|> > —1. Thus

/ —tSadV < / tadV < / tudV <t <& (2.127)
M M M

From the definition of h, it follows immediately that

1 <p’2 < 110
(10A4e)2 2 ~ (10A4¢)?

|Vlogh|> =

Since 1 < ¢ < 2 on the support of ¢, we have then

i |
< < — .
/ IV log h?hudV < " 2/ wdV < (2.128)

For the last term — [, hlog hudV, it’s non-zero only on the region B(p,20A4e)\B(p,10Ae) by the

defitnition of h. Since —zlogx < % <1 on (0,1}, we obtain

/(—hlogh) udVﬁ/ udVﬁ/ udV—/ udV (2.129)
M B(p,20Ae)\ B(p,10A¢) M B(z0,10A¢)

Finally, a similar argument as above shows that

d(z,1) 2
udV > / udV >1—cA™~,
/B(p,loAs) sp( 5Ae )

for some constant c¢. Putting all these together, and applying Lemma we obtain

/ (V2 = F+n)rt) ™2 Fdv > (1 - A2 — (1+c)A2 &% > g (2.130)
M

if A is large and ¢ is small enough.
Define § = 2g, then dV = (26)7"/2dV, ﬂVﬂg = %|Vf\§ Now we restore the subscript k, and

normalize the function 4 as follows

g, (28)" Py,

Up = — k) Uk

(2.131)
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Define then the function Fj by
Up = (2m) " 2e Tk, (2.132)

Lemma 35. Let Fj, and Uy be defined as above, then we have for k large
1 ~ 1
/ <**IVFk|2*Fk+n)deVt(}k > =-b>0. (2.133)
M 2 2
Proof. Write Z—i = (4xty,) "/ 2e Pk where o, = ka rdVy, — 1, as k — oo. From the definition
of fk, we have Fj, = fk + log o.. Plugging this into the inequality ([2.130)), we get
1 -
/ ( - i\VFkIQ — Fy + logoy + n) UropdVy, > (1= A2 — (1 + )AL 2 — e (2.134)
M,
Since A — o0, € — 0 and o, — 1 as k — oo, the lemma follows. O

We return now to the setting of g = 2%9, then dV = (21?)*"/2dV, with the functions Uy and Fj

defined as in (2.131]) and (2.132). The equations ([2.133]) and (2.124)) imply that

2 ~ ~ b
(1-— (5k)2/ngexp <1 — n/ FkdeVk) + F.U,dV;, — n < 5 (2.135)
M, M,

Let g =1— % ka F,Ui,dV, the left hand side term can be written as

_n 52/ 1 < _é

However, consider the function (1 — 6;)%/"e* — 1 — z. Its minimum occurs at z( given by (1 —

6,)?/"e™ = 1, and hence its minimum is —z = %log(l — dx). Thus, we have
2
LHS > g - Zlog(1— &) = log(1 — ) — 0, as k — co. (2.136)
n

This is a contradiction, and the proof of the pseudo-locality theorem is complete.

2.6 Convergence of parabolic rescaling to a soliton

The goal of this section is to establish Theorem We will first deduce some estimates for the
reduced distance under the Type I singularity assumption, and show that the reduced distance and
volume in fact can be extended to the space-time point (p,T’), where p is a type I singular point
and T is the maximum time of existence. We will then use them to show that in presence of a
Type I singularity, the parabolic rescalings of the coupled Ricci flow will converge to a soliton. The
non-triviality of the soliton will be established in the last subsection by applying the pseudo-locality

theorem.
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2.6.1 Estimates for the reduced distance

Suppose the solution (M, gi;(t), ¢(x,t)) on M x [0,T") to the coupled Ricci flow satisfies the Type I
condition |D then for any 7" < T', we have sup |[Rmgyq(,1)] < TCO [0,7"). For any
zeM

fixed tg € [0,7"), take r> = T — t¢, and by the Type I assumption

C
sup 2[Ry (z,8)| < sup ("~ to),io = Cy,
t€[0,to],z€By 1) (pr) t€(0,to] -t

thus by the derivative estimates (12.7)), it follows that

4+ 1 IN1+%
sup  |[V"Rmy)(z,t)] < C(n,m)Cy * + - , VYt e (0,to].
By(t)(pr/2) ! (T/ —to t>

In particular, at (p,tp), we have

C(TL, Co)

C(n,C C(n,C
(. o) [V?Rm(p, to)| < (m, o) (T — 1)

i, Co) C(n, Co) -
(T — 19)3/2’ ST ) |0 Rm(p, to)| <

[VRm(p, to)| < (2.137)

and since p € M, ty € [0,7") are arbitrary, the above estimates hold on M x [0,7").

Set 7 = 7(t) =T' —t. We will denote g(7) = g(T" — 7). By the higher order estimates ([2.137)),

we have

C(n, C())

. C(n, C
max([ S50, Siclyy) < TP max (w2 e Co).

|8~,—S|g(7)) < ) (2.138)

g(r)
We are now ready to establish the following estimates for the reduced distance, which are obtained

by A. Naber (|51]) in the Ricci flow case.

Lemma 36. There exists a constant C(n,Cy) depending only on n and the Type I constant Cy
such that

TG a2, (p,
1. O, o) WA C(n, Cy) < H(q,7) < Cln, Co) 8" 4

2, |VI2 < nCo) <1+ gm(pq))'

C’(n, CO)

32 ‘34 C’(nCo)< (pq)+1>

where € is the reduced distance with base space-time point (p,T").
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Proof. We apply the estimates in (2.69)). For this, we estimate the quantity K in (2.43) as follows,
T X X 2
K| < C'(n,Co)/ 7'3/2< _|_7‘ | +7| | )dT
0

2
3/2 X
C’(n,Co)/O <7‘2 T ) T

C(n,Cy) /OT VT(S +|X3)dr + C(n, Co)V7
= C’(n, Co)ﬁf + C’(n, Co)\ﬁ,

IN

IN

Substituting the above estimates into (2.69)), we get the estimate

Ve <

C("Tco)e +C(n,Cy). (2.139)

Next, we claim that there exists a constant Cy = Co(n, Cp) such that
[U(p, 7)| < Ca, V7 € (0,T7],

Indeed, consider the constant map -y : [0, 7] — M defined by v(7) = p. The L-length of this curve
is bounded above by

£(7) < /0 vrAE s < e, oV,

T

then the claim follows at once from the definition of ¢(p, 7).

Thus from we have
VVTH Cilgiy < S22, (2140)
The mean value theorem implies
Vg, 7) +C1 = I(p,7) + C1 < C(n, Co)dg(f\)f(f(n,
which is 9
Uq,7) < C(n, Co)dgL_(p’CD + C(n, Cy). (2.141)

This is the desired upper bound for ¢(q, 7).

To derive the lower bound, we begin by showing that, for any minimal geodesic ¢ with respect

/SIC '(s))ds < O(T\l’ﬁ__co).

to the metric g(7), we have
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—

f Ly (o) < 24/7, this integral inequality follows directly from the curvature assumption Sic <

NISE-

Ric <

If d := Ly (o) > 2¢/7, take an orthonormal basis {E;}j_; of vector fields which are parallel
with respect to g(7) along the geodesic o, and E, = ¢’'(s). Choose a function ¢(s) satisfying
gb(s):%forse[o,ﬁ],qb( s) =1for s € [\/7,d— /7], and ¢(s) = &= forse[d V/7,d]. By the
second variational formula of the distance function (applied to each varlatlonal vector field ¢F; for
1<i<n-1), we have

an—1

og/ Zvan OE;)| / ¢*(s)Ric(Ep, Ey,)ds.
Consequently,

o, o _2(n—=1) n-—1 ¢ ,_2n—1)  4n—1)Cy
/URlc(U,a)S NG + - 00/0(1 ¢*)ds = NG + N

The claim follows now from Sic < Ric.

Choose now two L-geodesics 71 and 7, : [0,7] — M connecting the space-time points (p,0)
with (p,7) and (g, 7), respectively. Let o : [0,dg(r)(71(7),72(7))] — M be the minimal geodesic

connecting the points 71 (7) and 72(7) under the metric g(7). Then

d .
L dgnn(r),72(r)) = (V) + (V) / Sic(o'(5), o' (5))ds
. C’n
< Bl + el + “n

Integrating the above inequality from 7 € [0, 7] yields
dyn0.0) < [ (1l + bl Jr +Cln, o) V.
The first term on the right hand side can be estimated by
[ lar < [* VAP + CONVE < 2780, 7) + Cln, ColVF < Ol Co) V.
0 0

while the second term can be estimated by

/OT |y2|dT < (/OT \EW1|2>1/2(/0T \%)1/2 < C(n, C’o)\ﬁ@(q,?) + C(n,C’o)>l/2,

Combining with these estimates we get

a0 ) < VF(C(0.C0) + O, Co) (8(0.7) + Ol 1)) 7))
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that is 2 .0
(0, q
C(n, Cp)~ ' 20—

7

— C(n,Co) < U(q, 7).

This is the desired lower bound for ¢(q, 7). The remaining estimates in Lemma [36| follow from the
equations (2.68]) and (2.69)), so the proof is completed. O

We restate the lemma above in terms of the original extended Ricci flow.

Proposition 37. For any T' € (0,T), there exists a constant C = C(n,Cy) such that (denote

Cipry(q;t) = £(q, T" —t) as in the previous notation)

L2 pa) d2 (P, q)

C(n,Cy) T 7 C(n,Cy) < g(p,T’) (q,t) < C(n,Coh) T ¢ + C(n,Cy), (2.142)
C’(n C()) d2(t) (p7 Q)
2 ) g
Vo b (a0 < == ( T 1), (2.143)
2
0 C(n,Cy) d (t)(p, q)
ag(p’T/) (q, t) S TI — t ( gT/ — t + 1)7 (2144)
and the following inequality hold in the distributional sense,
o 9 n
= — - _<o. ,
En + Ayl — VL= + S 2T —1) = 0 (2.145)

Take a sequence of times {7;} such that T; increases to 7', and we have the corresponding

reduced distance functions

ez(Q7t) = E(p,Tﬂ(Qat) : M % [07112] — Ra

and each ¢; satisfies the estimates (2.142), (2.143), (2.144)) and (2.145) with the same constant

C(n,Cp). In particular on any compact subset Q C M x [0, T), the functions ¢; satisfy uniform C?,

C(in both space and time) estimates. In addition,
14ill w2y < C(n, Co, Q).
Thus up to a subsequence and a diagonal argument we may assume that

U — Lo € W,2H(M % [0,T))
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weakly in VV&)E(M x[0,7")), and on any compact subset 2 C M x [0,T), the convergence is uniform
in C%(Q) norm. Moreover, it is not hard to see the limit function is locally Lipschitz, so the limit

loo € WE? and lo satisfies similar estimate as ¢; in (12.142)).

loc

We define

Vio(t) = (4n(T —t))~™/? /M e @y, . (2.146)

Lemma 38. The function Vo (t) satisfies the following properties:
(1) Voo(t) <1, YVt € [0,T).
(2) Voolt1) < Vo(t2), for t1 <tz € (0,T).

Proof. In view of Lemma we have for each ¢; and t € [0,T),

g(t (p ) (t)(l’ ,q)

e 4@ < C(n, Cyle” 0T < C(n,Co)e” T T

Thus the function on the right hand side in integrable with respect to dV ), so by the Lebesgue

dominated convergence theorem

lim V;(t) = lim (47 (T} — t)) /2 / e DAV, 4y = Vio (t) (2.147)
M

1—00 1—00

where V;(t) = V;(T; —t) is the reduced volume. It follows from (2.85)) and (2.87) that tlir% Vi(t) =1
—4s

(see also [55]) and Vj(t) is nondecreasing in ¢ (since V(7) is nonincreasin