Purity of the stratification by Newton polygons and Frobenius-periodic

vector bundles

Yanhong Yang

Submitted in partial fulfillment of the
requirements for the degree
of Doctor of Philosophy

in the Graduate School of Arts and Sciences

COLUMBIA UNIVERSITY

2013



©2013

Yanhong Yang
All rights reserved



ABSTRACT

Purity of the stratification by Newton polygons and
Frobenius-periodic vector bundles

Yanhong Yang

This thesis includes two parts. In the first part, we show a purity theorem for
stratifications by Newton polygons coming from crystalline cohomology, which says
that the family of Newton polygons over a noetherian scheme have a common break
point if this is true outside a subscheme of codimension bigger than 1. The proof is
similar to the proof of [1J099, Theorem 4.1].

In the second part, we prove that for every ordinary genus-2 curve X over a
finite field x of characteristic 2 with automorphism group Z/2Z x Ss, there exist
SL(2, k[s])-representations of 7;(X) such that the image of 7;(X) is infinite. This
result produces a family of examples similar to Laszlo’s counterexample [Las01] to a
question regarding the finiteness of the geometric monodromy of representations of

the fundamental group [dJO1].



Table of Contents

Acknowledgments

1 Introduction

I Purity in crystalline cohomology
2 Introduction

3 Preliminaries on crystalline cohomology
3.1 Basic definitions and statements . . . . . .. ..o 0000
3.1.1 Crystallinesites . . . ... .. ... ... ... 0.
3.1.2 Crystals . . . . . o
3.1.3 Base change theorem and finiteness theorem . . . . . .. . ..
3.2 Crystalline cohomology over a p-adic base . . . ... ... .. .. ..
3.2.1 Crystalline cohomology revisited . . . . . . . .. .. ... ...
3.2.2 Crystals revisited . . . . . .. ... L oo

4 H!.(X/S)is an (F,V)-module
4.1 Preliminaries . . . . . . ... oL
42 A o-linear map Fon Hi, (X/S) . . ... .. L
4.3 A connection V on HériS(X/g) ......................
4.4 The compatibility of F with'V . . . ... ... ... ... ...

iv



5 Newton polygons and specialization theorem 29

5.1 Basics about Newton polygons . . . . . . . ... ... ... ...... 29
5.2 Comparison of Newton polygons . . . . . . . ... .. ... .. .... 31
5.3 Specialization theorem for F-prelattices . . . . . . . .. .. ... ... 33
5.4 F-Crystals isogenous to H'. (X/S) . . ... .. ... ... ..., .. 35
5.5 Specialization theorem of crystalline cohomology . . . . . . .. .. .. 39
6 Representations and purity theorem 41
6.1 Rank-1 representations associated to F-modules . . . . ... ... .. 41
6.2 Criteria for unramified representations . . . . . .. .. ... ... .. 44
6.3 Purity theorem of crystalline cohomology . . . . . . .. .. ... ... 46

II Representations and Frobenius-periodic vector bundles
51

7 Introduction 52
8 Frobenius-periodic bundles 55
8.1 Definitions and basic properties . . . . . . . ... ... 55
8.1.1 Smooth étale k[s]-sheaves . . . . . ... .o 55

8.1.2 Frobenius-periodic bundles . . . . . . ... ..o 56

8.2 Frobenius-periodic bundles over a projective smooth base . . . . . .. 60
8.3 An equivalence between vector bundles and representations . . . . . . 62

9 The Verschiebung map on Mx(2,0) 64
9.1 General facts on the Verschiebungmap . . . . .. ... .. ... ... 64
9.2 Mx(2,0) over a genus-2 curve in characteristic 2 . . . . ... .. .. 66
9.2.1 Agroupaction . ... ... ... 66

9.2.2 The Verschiebungmap . . . . . ... ... ... .. ...... 68

9.3 A non-trivial family of vector bundles . . . . . . . .. ... ... ... 69

i



10 An invariant constructions of bundles 70

10.1 A family of G-bundles & . . . . . . ... oo 71
10.2 Propertiesof & . . . . . . ... 73
10.3 Frobenius pullback of & . . . . . . . ... ... oo L 76
Bibliography 76

il



Acknowledgments

First of all, I would like to express my great gratitude to my thesis advisor, Aise
Johan de Jong, for his constant instructions and inspirational discussions over my
Ph.D. years at Columbia University. Without his guidance, this thesis would never
have come into existence.

I am also very thankful to many people in and outside Department of Mathematics,
Columbia University for useful discussions and suggestions. In particular, I would
like to thank Mingmin Shen, Weizhe Zheng, Yifeng Liu, Zhengyu Xiang, Hang Xue,
Xuanyu Pan, Jie Xia, Zhiyuan Li and Tong Zhang for many helpful conversations
during the long-term preparation.

I am deeply indebted to Professors Mingwei Xu, Sen Hu, Kang Zuo, Xi Chen
and E. Javier Elizondo for their generous support when I got in a difficult situation.
Without their support, I would not have overcome with the difficulty so soon.

For my Ph.D. life at columbia, I must thank all the staff, faculty and students
at Department of Mathematics for making it enjoyable. I also deeply appreciate the
hospitality of the Hausdorff Research Institute for Mathematics (HIM), Bonn. During
my stay at HIM, I made the final revision of this thesis.

Finally, I would like to thank my parents and my husband for their everlasting

love.

v



To My Parents and My Husband



CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

This thesis includes two topics. The first topic is purity of the stratification by Newton
polygons from crystalline cohomology; the second topic is Frobenius-periodic vector
bundles and the induced representations over Fy[s]. On the one hand, both topics
are closely related to Artin-Schreier coverings; on the other hand, both topics are
independent from each other. Therefore, in the following we will focus on Frobenius
structures that are trivializable by Artin-Schreier coverings; for each topic, we will
give a separate introduction at the beginning of each part.

Artin-Schreier theory is a branch of Galois theory, specifically in positive charac-

teristic. A typical Artin-Schreier polynomial is as follows:
falz) =2 —2x + a for a € F, (1.0.1)

where k is a field of characteristic p. Artin-Schreier coverings are étale covers defined

by equations of the following form:
X9 =X+ A, (1.0.2)

where A is a given matrix with entries to be regular functions, ¢ is some power of p,
X = (z;;) is a matrix of variables and X (@ = (zf;).
The key reason for Frobenius structures inducing representations is that Frobenius

structures can be trivialized under Artin-Schreier coverings. As we will see, two types
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of representations arise from this point, i.e. representations over W (F,) and over
[F,[s]. Both types come up to be an inverse limit of a sequence of representations p,,
over W(F,)/(p"™) (vesp. F,[s]/(s"*!)). When n > 0, the reason for p,_; liftable
to p, is exactly because some Artin-Schreier covering trivializes the given Frobenius
structures after modulo p™*! (resp. modulo s"™'). The initial term p, comes to
existence because the given Frobenius structures after modulo p (resp. modulo s) is

trivializable by an étale covering defined by equations of the following form:
AX@ = X, (1.0.3)

where A is an invertible matrix with entries to be regular functions.

Consider py over a one-point space Speck. Assume that the field £ D F, and
o : k — k is the ¢*"-power Frobenius morphism. The Frobenius structure over Spec k
modulo p or s is none other than a o-linear endomorphism ¢ : V. — V of a k-
vector space V' defined by an invertible matrix, i.e. over a basis {ej, -+ ,e,} of V,
¢ is defined by {ey, - ,e.} = {e1, - ,e,}A with A € GL(r, k). Clearly Equation
(1.0.3) has a nontrivial solution X in a separable closure kP of k. Take a basis of
V ® k*P to be {e1,---,e} = {e1, -+ ,e} ® X. Obviously {e,---,¢.} is fixed by
1 ® k*°P. This is exactly the proof in [Kat73b, Proposition 1.2] of the fact that every
finte-dimensional vector space over a separably closed field of characteristic p with
a Frobenius-linear endomorphism whose linearization is an isomorphism has a basis

fixed by the endomorphism. The associated representation is defined as
po : Gal(k*?/k) — GL(r,F,), g~ X 'g(X). (1.0.4)

Clearly the key point in the definition of pg is that the Frobenius structure v :
V' — V becomes trivialized after base change to an étale cover of Speck. This idea
has been applied extensively to many kinds of Frobenius structures on locally free
sheaves. We first list the most basic ones in each type.

We start with the W (F,)-case. Let k be a perfect field containing F, and X/k be
a connected smooth scheme. Let X' /W (k) be a formally smooth lifting of X/k with a



CHAPTER 1. INTRODUCTION 3

q'"-power Frobenius lifting o : X — X. Then every locally free sheaf £ over X /W (k)

satisfying that ¢*& ~ £ induces a representation
p:m(X)— GL(r, W(F,)), where r =1k &. (1.0.5)

In the FFy[s]-case, let X be a connected smooth scheme over SpecF,. Let o :
X x SpfF,[s] = X x SpfF,[s] be a ¢""-power Frobenius lifting such that ¢*(s) = s.
Then every locally free sheaf £ over X x SpfF,[s] satisfying that 0*€ ~ £ induces a

representation
p:m(X) — GL(r,F,[s]), where r =1k £. (1.0.6)

In general, we and many others are interested in representations coming from
unit-root F-(iso)crystals, overconvergent unit-root F-isocrystals, Frobenius-periodic
vector bundles and so on.

In the W(F,)-case, the sheaf £ that induces p in (1.0.5) is called a unit-root F-
lattice. It has been proved in [Kat73a, Prop 4.1.1] (also refer to [Cre87, Theorem 2.2]

) that there is a natural equivalence of categories
Repyy g,y (m1(X)) € (Unit-root F-lattices on X'/W (k)). (1.0.7)
Based on the above equivalence, [Cre87, Theorem 2.1] has set up another equivalence
Rep s (m1(X)) < (Unit-root F-isocrystals on X/K). (1.0.8)

For discussions on overconvergent unit-root F-isocrystals, we refer to [Cre87] and
[Cre92].

Besides unit-root F-(iso)crystals, isoclinic F-crystals (i.e. all Newton slopes equal)
can also be associated to representations. Particularly, we investigate rank-one rep-
resentations decided by break points of Newton polygons of F-crystals, see Definition
6.1.2. A key fact in proving Theorem 6.3.4 is Proposition 6.2.2, which claims an equiv-
alent relation between the unramified property of representations and the coincidence

of break points.
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In the F,[s]-case, the sheaf £ that induces p in (1.0.6) can be viewed as a family
of Frobenius-periodic vector bundles on X. In the case of a single vector bundle, it
is known from [LS77] and [BD07] that Frobenius-periodic vector bundles correspond
bijectively to representations of algebraic fundamental groups over finite fields. A
similar idea of [LS77, Prop 1.2] can be applied to the family case and set up an
equivalence, see Propostion 8.1.8. [Las01, Lemma 3.3] makes use of torsors to obtain
representations and that is equivalent to the notion of the lisse F,[s]-sheaves in (8.1.2).

When restricted to projective smooth varieties over a finite field, we obtain in
Proposition 8.2.7 a stronger equivalence between representations with an infinite ge-
ometric monodromy and a non-constant family of slope-stable Frobenius-periodic
vector bundles. Therefore, the search for representations with an infinite geometric
monodromy is converted to looking for Frobenius-periodic vector bundles. Specifi-
cally, by showing the existence of a family of Frobenius-periodic vector bundles over
a family of genus-2 curves in characteristic 2, we obtain examples of representations
with an infinite geometric monodromy in Theorem 9.3.1. Particularly, the example

in [Las01] is re-discovered.



Part 1

Purity in crystalline cohomology
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Chapter 2

Introduction

In this part, we show a purity theorem for stratifications by Newton polygons coming
from crystalline cohomology, which is analogous to [Yanll, Theorem 1.1], a purity
theorem for stratifications by Newton polygons coming from an F-crystal. Both
theorems follow from a similar proof to [1JO99, Theorem 4.1] and state a common
property of stratifications by Newton polygons, which says that the family of Newton
polygons over a scheme have a common break point if this is true outside a subset of
codimension bigger than 1.

First we introduce the stratification by Newton polygons coming from crystalline
cohomology. Given a proper smooth morphism f : X — S, every point e € S is re-

lated to an F-module (H!

cris

(X./W (kPH)), F) and thus associated to a Newton polygon
(see Definition 5.1.1). In this way, we obtain a stratification of S. We are interested
to investigate the properties of this type of stratifications. What is already known is
an analogue of Grothendieck’s specialization theorem [Kat79, Theorem 2.3.1], proved
in [Cre86, Theorem 2.7 via a specialization theorem for convergent F-isocrystals. We
would like to know whether other results for F-crystals, such as the purity properties
in [dJO99, Theorem 4.1], [Yanll, Theorem 1.1] and [Vas06, Main Theorem B] and
so on, have an analogue for crystalline cohomology. The topic of this part is to prove

an analogous purity theorem of crystalline cohomology to [Yan11, Theorem 1.1].
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One would ask whether properties regarding stratifications by Newton polygons
in the case of crystalline cohomology can directly and naturally follow from that
in the case of F-crystals by establishing some relation between crystalline coho-
mology groups of the fibers of f and the higher direct image of crystalline sheaves
R fm-s*OX/Zp, just like what we do with Zariski cohomology. Or more directly one
would ask whether Rf,,;s.O x/z, 18 an F-crystal. The answer to the above questions
is negative. The key reason is that the most that the base change theorems in crys-
talline cohomology can guarantee is that R*f.s«Ox/z, is a “crystal in the derived
category” (see [BOT7S, Cor 7.11]), therefore, in general each relative cohomology sheaf
R frisn O x/z, 1s not even a crystal on the crystalline site Cris(S/Z,).

Our solution is to investigate the Zariski sheaf R*f / Oy /8 rather than the crys-
talline sheaf R’ ferisxOxyz,. As we work on affine bases shown in Situations 4.1.0.1
and 4.1.0.2, it is more convenient to formulate in terms of modules. We focus on the
crystalline cohomology group H! . (X/ S ), a finitely generated module over F(§ ,Og).
We first see that H’, (X/S) is an (F, V)-module in Proposition 4.1.2; then we show
that over an open subscheme, the Newton polygons induced from H' . (X/S) are iden-
tified with those of F-modules (H! , (X./W (kP)), F), see Corollary 5.2.2; moreover,

over bases in Situation 4.1.0.2, we see that H’ . (X/ S ) not only completely records the

Newton polygons of (H! . (X./W (kPY)), F') at every point e, but also is isogenous to an
F-crystal P;, as shown in Lemma 5.4.5 and Proposition 5.4.6. The above results make
it possible to apply the known results for F-crystals to prove both specialization and
purity theorems of crystalline cohomology. A key fact in proving [Yanll, Theorem
1.1] is an equivalence between unramified representations and coincidence of Newton
polygons in [Yanll, Prop 4.4]. A similar fact in the coholomology case is shown in
Proposition 6.2.2 via the F-crystal P;, which carries the same Newton polygons and
representation as the cohomology does (see Corollary 6.1.9). As a byproduct, we

reprove the specialization theorem in Theorem 5.5.2.

This part is organized as follows. In Chapter 3, we recall basics about crystalline
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cohomology. In Chapter 4, we show that H . (X/S) is an (F, V)-module. In Chapter
(X/S) and relate them to those of F-

=

5, we study the Newton polygons from H'.,
modules (H’

(H: .. (X./W(kPY)), F) and prove the main result — Theorem 6.3.4.

(X /W (kPY)), F). In Chapter 6, we study representations coming from
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Chapter 3

Preliminaries on crystalline

cohomology

We recall some basic concepts and statements about crystalline cohomology.

3.1 Basic definitions and statements

In this section, all schemes will be assumed to be of a finite characteristic, unless

other specified. Assume that (S,Z,) is a PD scheme and p™Og = 0 for some p™.

3.1.1 Crystalline sites

We first recall the definitions of the crystalline site and topos.

Definition 3.1.1. Let X be an S-scheme to which v extends. The crystalline site
Cris(X/S) of X relative to S is defined as follows:

1. Tts objects are pairs (U < T,¢), where U is a Zariski open subscheme of X,
U — T is a closed S-immersion defined by an ideal 7, and ¢ is a PD structure
on J compatible with 7. We often abuse notation by writing (U, T, J) or even
T for (U < T,0). T is called an S-PD thickening of U.
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2. A morphism 7 % T" in Cris(X/S) is a commutative square:

w: Ue——sT (3.1.1)

|

U/(é T/
such that U — U’ is an inclusion in the Zariski topology of X and T'— T" is
an S-PD morphism.

3. A covering family is a collection of morphisms {u; : T; — T’} such that each

T; — T is an open immersion and 17" = UT;.

The crystalline topos of sheaves on Cris(X/S), denoted by (X/S)ers, is the full
subcategory of the category of presheaves Cris(X/S) — ((sets)) whose objects satisfy
the sheaf axiom. The structure sheaf Ox/g is defined to be the cofunctor (U,T,d) —
(T, Or).

We would consider ((X/S)eis, Ox/s) systematically as a ringed topos. Note that
the category of Ox/g-modules on Cris(X/S) has enough injectives. We are now in a

good position to introduce cohomology.

Definition 3.1.2. Let e € (X/S)..;s be the final object, the functor of taking global
sections is defined as I'(+) : (X/S)eis — ((sets)), F — Hom(e, F). Then we define
H(X/S, ") to be the i derived functor of T'(-).

Given a commutative diagram of PD-schemes as follows:

X' ! X (3.1.2)
L,
s’ S

A morphism of topoi geris 1 (X'/S)eris — (X/S)eris is given in [BOTS, Proposition
5.8].
Moreover, a natural morphism of topoi: ux/g : (X/S)ais = Xzar is defined in

[BOTS, Proposition 5.18], as follows:
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1. For F € (X/S)uis and j : U — X an open immersion,
(ux/seF)U) = L((U/S)exis; JerisF )
2. For € € X,., and (U, T, 9) € Cris(X/S),

(u/sE)(U, T, 0) = E(U).

3.1.2 Crystals
Definition 3.1.3. A crystal on Cris(X/S) is a sheaf F of Ox/g-modules such that for

any morphism v : (U',T",0") — (U, T, 6) in Cris(X/S), the map w* F,r.s) = Fur 17.57)

is an isomorphism.
There are two alternative ways to describe crystals as follows:

Proposition 3.1.4. ( [Ber7/, IV Proposition 1.6.3] or [BO7S, Theorem 4.12, 6.6])
Let X/S be smooth and p"Og = 0. Then the following categories are equivalent:

1. The category of crystals of Ox;s-modules on Cris(X/S).
2. The category of Ox-modules with an HPD-stratification.
3. The category of Ox-modules with an integrable, quasi-nilpotent connections.

Remark 3.1.5. Proposition 3.1.4 still holds for the case Spec Az, - - ,z4] — Spec A
if the definition of HPD-stratification is adjusted to incorporate the topology of the

structure ring.

As the definition of HPD stratifications will be applied later, we now recall it from
[BOT7S, Definition 4.3H]. We first fix some notations.

Suppose that X is a separated S-scheme and v extends to S. Let (X/S)”*! be the
v + 1-fold Cartesian product of X with itself over S and A : X — (X/S)@*+Y be the

diagonal immersion. Denote by Dy/,g(v) the divided power envelope of X as a closed
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subscheme of (X/S)**Y under A and by Dy,s(v) the structure sheaf of Dx/s(v).
We also have a natural PD algebra homomorphism ([BO78, Remark 4.2])
6 : Dxss(1) = Dxys(1) ®oy Dxys(l), €F Z ¢l @ bl (3.1.3)
i+j=k

where ¢ =1 ® x — x ® 1 for any section x of Ox.

Definition 3.1.6. With the above notations. An HPD stratification on an Ox-
module € is a Dx/gs(1)-linear isomorphism € : Dx/g(1) ® € = £ ® Dx/g(1) such
that: (1) € reduces to the identity mod 7, where 7 is the PD ideal sheaf of Dy/g(1)
generated by the ideal sheaf of the diagonal immersion A : X — X Xxg X; (2) the

following cocycle condition holds:

6% ()

Dyx/s(1) ® Dx/s(1) @ € £ ® Dx;s(1) @ Dxys(1)
Dx/s(1) ® € @ Dxys(1)
(3.1.4)

Remark 3.1.7. For the definition of divided power envelope, see [BO78, Theorem 3.19].
If X/S is smooth with local coordinates {x1,--- , x4}, then Dx/g(1) is isomorphic to
the PD polynomial algebra Ox < &;,---,&; >, where £ = 1 ® x; — x; ® 1 and it is
a flat Ox-module for both projections p; : Ox — Dx/s(1), see [Ber74, T Corollary
4.5.3]

3.1.3 Base change theorem and finiteness theorem

Theorem 3.1.8 (Base change theorem). (see [Ber7/, V Proposition 8.5.2/, [BO7S,

Theorem 7.8]) Suppose that the morphisms f' and f fit into the following commutative
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diagram:

(57 I’ 7)7

(S/’:Z'/’ 7/)

So is quasi-compact, fo is smooth, quasi-compact and quasi-separated, u is a PD mor-
phism and Sy C S and S, C S" are defined by sub PD ideals of T and I' respectively.

Let fx;s and fé('/S/ be the following morphisms of topos:

fX/S : (X/S)cris ui/)S Xzar — Szara (315)

uX//S/
f;(’/S’ : (X,/S,)Cris - X::'ar — S;a'r'

(3.1.6)

Then for all quasicoherent crystals £ with finite tor-dimension on X, there exists a

canonical morphism in the derived category D~ (S.,,., Og’)

Lu*(Rfx/s-€) ™ Rfxrjs.(LgiE). (3.1.7)

Moreover, if X! = X xg 5" and & is a flat crystal, then the morphism in (3.1.7) is

an isomorphism.

Corollary 3.1.9. ([Ber7/, V Corollary 3.5.7]) Under the hypotheses of Theorem
3.1.8, X! = X xgS" and £ is a flat crystal. Assume that S = Spec A and S’ = Spec A'.

Then the canonical morphism
RT(X/S,€) @k A2~ RI(X'/S", g%,..E) (3.1.8)
18 an isomorphism.

The following corollary has been applied extensively and are very useful to deal

with composite morphims.
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Corollary 3.1.10. Consider the following commutative diagram:

X h

EN
(S/’I/’ ,y/)

(S/I I// ’Y”)
Assume that Sy and S|, are quasi-compact, fo and f} are smooth, quasi-compact and
quasi-separated, u and v are PD morphisms, Sy C S, Sy C S" and S{ C S" are
defined by sub PD ideals of Z, T' and I" respectively. Then in the derived category
D—(S”

zar)

Ogn), the canonical morphism ®yo, for goh: X" — X overuov:S" — S

gwen in Theorem 5.1.8

(PUO/U

L(u O U>*<RfX/S*OX/S) I Rf;é,,/s,,* (OXN/SH> (319)

1s the composite of canonical morphisms
* Lv* (P, %
L(U e} 'U) (RfX/S*OX/S) g ) Lv (ng(’/s’*OX’/S’> & ng(”/s”*(OX”/S”)' (3110)

Moreover, if S, S" and S" are all affine, assume that S = Spec A, S’ = Spec A" and

S" = Spec A”, then the canonical morphism
RT(X/S, Ox/5) @k A" 2% RU(X"/S", Oxnyg0) (3.1.11)

1s the composite of canonical morphisms

(bu L,AN
RU(X/S,0) @k A" 247 RO(X'/8",0) @k, A" %8 RD(X"/S",0).  (3.1.12)
Theorem 3.1.11 (Finiteness theorem). (/Ber7/, VII Theorem 1.1.1] or [BO7S, The-
orem 7.16/) Suppose f : X — Sy is a smooth proper map, Sy — S is defined by a
sub PD ideal of Z, and S is noetherian. If £ is a crystal of locally free Ox;s-modules
of finite rank, then Rfx;s.€ is a perfect complex of Og-modules, i.e. locally on S,

Rfx/s:€ is quasi-isomorphic to a strict perfect complex.
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Corollary 3.1.12. [Ber7/, VII Corollary 1.1.2] Under the hypotheses of Theorem
9.1.11, then for all i, R'fx;s.€ is a coherent Og-module. Moreover if S is affine,
assume that A =T'(S, Og), then for alli, H(X/S, E) is a finitely generated A-module.

3.2 Crystalline cohomology over a p-adic base

3.2.1 Crystalline cohomology revisited

Situation 3.2.1.1. Let (21\, I,v) be a noetherian PD-ring together with a sub PD ideal
Iy of I such that I, contains some prime number p, and Ais ly-adically separated
and complete. For each n, we let A, = ?1/[3*1, S, = Spec A,, and S = Spf;l for the

ly-adic topology. And f: X — S is a proper smooth morphism.
The crystalline site Cris(X/ S ) of X relative to S include all objects of Cris(X/S,,)

for all n and can be viewed as a direct limit of the sites Cris(X/S,) with the obvious
inclusions. Denote by (X/S) a4 the topos of sheaves on Cris(X/S). For all n, there
exists a canonical morphism of topoi i, : (X/S,,)eris — (X/ S )eris-

Given a crystal £ of locally free O sg-modules of finite rank, then 7} & is a crystal

over Cris(X/S,). By (3.1.8), for every n, there exists a canonical isomorphism

RT(X/Sp41,05,E) @5 A, —= RI'(X/S,, i%E) (3.2.1)

n+1

When varying n, we obtain a projective system in the sense of derived category.

Definition 3.2.1. Under the assumptions in Situation 3.2.1.1, the i*" crystalline
cohomology of X relative to (A, Iy, ) is defined to be @Hi(X/Sn, Ox/s,), denoted
by Hi. (X/S). For a crystal & of locally free Oy g-modules of finite rank, we set
H(X/S,€) = lim H(X/S,, ).

Remark 3.2.2. In [BO78], another appoach to define Hi(X/g, O) via taking the de-
rived functors of T is applied to deal with the nonproper case. It is proved in [BO7S,
Theorem 7.24.3] that the two approaches are equivalent under the assumption in

Situation 3.2.1.1
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Theorem 3.2.3 (Finiteness theorem). [Ber7/, VII Proposition 1.1.5, Corollary 1.1.6]
Under the assumptions in Situation 5.2.1.1. Let £ be a crystal of locally free OX/§‘
modules of finite rank. Then there exists a strictly perfect complex, i.e. a bounded

complex of projective finite A-modules denoted by RF(X/§, E), such that:

1. For all n, there exists an isomorphism

RI(X/S,&) @4 A, —= RIU(X/S,,it€) (3.2.2)

in the derived category D*(A,,), which is compatible with (3.2.1)

2. For all i, the natural homomorphism

Hi(RT'(X/S,€)) lim H'(X/S,,13€) (3.2.3)

is an isomorphism. In particular, Hi(X/g, E) is a finite A-module.

Proposition 3.2.4 (Flat base change). [Ber7/, Proposition 1.1.8]/ Under the as-
sumptions in Situation 3.2.1.1. Let (A, I,~v) — (A, I',v") be a PD morphism. A" is a
noetherian flat A-algebra PD-ring with a sub PD ideal I}, of I' such that 1} contains
IhA', and A’ is I}-adically separated and complete. For each n, set A, = A’/(1})"!,
S! = Spec A, S = Spf A’ for the Iy-adic topology and X' = X xg, S,. Let € be a
crystal of locally free OX/g—modules of finite rank and &' be its the inverse image on

Cris(X’/:S’\’). Then there exists an canonical isomorphism

Hi(X/5,E) @4 A Hi(X')S,E. (3.2.4)

An analogue of Theorem 3.1.8 over a p-adic base could be true, yet it does not

seem to exist in literature. We are going to show a result for base change to fibers.

Proposition 3.2.5. Under the assumptions in Situation 3.2.1.1. Take a point e :

Speck — Sy, where k is a perfect field. Let X, = X X, Speck. Assume that é is a



CHAPTER 3. PRELIMINARIES ON CRYSTALLINE COHOMOLOGY 17

PD morphism fitting into the following commutative diagram:

X1 =X Speck—> (3.2.5)
! f
Speck —= S, Spf W
Then there ezists a canonical isomorphism of finite W (k)-modules
HY(Xe /W (E), g2isE) H'(RT(X/S,€) ®: W (k) (3.2.6)

Proof. For all n > 0, let W, (k) = W(k)/(p"™') and e, : Spec W, (k) — S,, be the
reduction of é. By Corollary 3.1.9,

RT(X/ Sy, i38) ©F, Wy (k) ——— RT(X. /W, (k). 159

» UnYeris

).
By (3.2.2) and as RI'(X/S, &) is projective, we have

RT(X/S,€) @: W (k) @ww) Wa(k) ——=RU(X/Wa(k), irg2aE). (3:2.7)

£), thus

y UnYeris

As H'(Xo/W (k). gs€) = im H'(Xe/Wa(k), i7.¢

HZ(Xe/W(k)’ g:risg)

lim H(RT(X/S, &) @: W (k) @w Wa(k)) (3.2.8)

(3.2.6) is shown by applying Lemma 3.2.6 to the complex RT'(X/S,€) ®: W (k). O

Lemma 3.2.6. Let C be a complex of free W (k)-modules of finite rank. Then
H(C) = rgnﬂi(c ® W, (k). (3.2.9)

Proof. After a suitable choice of bases, any morphism between two free W (k)-modules

nxXn Onxm

ixn Oixm )7 where A, x, is a diagonal

of finite rank correspond to a matrix of the form ( ’3
matrix whose nonzero entries are powers of p. With this, it is easy to verify Equation

(3.2.9). 0
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3.2.2 Crystals revisited

First we recall a p-adic analogue of Proposition 3.1.4 to describe crystals in terms
of modules with connections. Such an analogue exists in a very general setting, see
[1J95, Proposition 2.2.2] or [dJso, Proposition 40.22.4]. For our purpose of discussion,

we state the following analogy of Proposition 3.1.4.

Proposition 3.2.7. ([BMI0, Proposition 1.5.3]) Given Ay, 121\, A, So same as in Sit-
uations J.1.0.1 or /.1.0.2. Then the category of crystals of quasi-coherent Og,z,-
modules on Cris(Sy/Z,) is equivalent to the category of separated, complete A-modules

with an integrable and topologically quasi-nilpotent connection.

When Sy = Speck for a perfect k field, then a crystal of coherent Og,z,-modules
is a finite W (k)-module, as the condition on connection automatically holds.

Recall that a connection on an A-module is an additive morphism V : M —
M ® Qg )y such that V(fm) = df @ m+ fV(m), where Qg .y = hm g, w,,. We
say that V is topologically quasi-nilpotent with respect to a local coordinate {z;} if for
any section e, there are only finitely many pairs (i, k) such that V¥(e) ¢ p&, where V;
is the %—derivative. For an integrable connection, being topologically quasi-nilpotent
is independent of the choice of local coordinates.

Now we turn to Frobenius structures on crystals. Given a morphism f : X — Sy
in characteristic p, we denote by Fly its absolute Frobenius endomorphism. Consider

the following commutative diagrams, where X' = X x Fs, 90

F 1%% F
X X/So X/ X/So X SO$SO
N P
F
Sp—2% S | T T

where 7" is a PD thickening of Sy and Fr is a lifting of Fg,. T' is p-adically complete
and of positive characteristic or characteristic 0.

By abuse of notations, we respectively denote by Fx,r : (X, So,T) — (X', S, T)
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and Fr: (X', 9,T) = (X, Sy, T) the following two diagrams:

x-Log 7 x' g
o | s feo |
x LT X-Joge—1.

Denote by Fxr : (X, S0, T) — (X, So, T') the composite Fro Fx,r. Clearly I - pulls
back crystals of Ox, r-modules to crystals of Ox/r-modules.

Recall that an F-crystal £ over Cris(X/Z,) is defined to be a crystal of locally free
Ox/z,-modules of finite rank with a morphism W : F' )*(’ZPS — & such that ¥ ®z Q) is

an isomorphism. We generalize the concept of F-crystal as below:

Definition 3.2.8. Under the assumptions in Situations 4.1.0.1 or 4.1.0.2. An (F, V)-
module over A is defined to be a triple (M, F, V) consisting of a finite A-module M ,
a o-linear morphism F' : M — M and an integrable and topologically quasi-nilpotent
connection V on M such that the linearization ¥ of F’ becomes an isomorphism after

tensoring with @, and V¥ is a horizontal map when assuming M ®, A is endowed with

the induced connection from (M, V). Denoted by (M, F, V).

Remark 3.2.9. By Proposition 3.2.7, an (F, V)-module is the same as a crystal £ of
quasi-coherent, finitely generated Ox/z,-modules with a morphism ¥ : F )*(’Zpé' — &
such that ¥ ®z, Q, is an isomorphism. In particular, an F-crystal is an (F,V)-
module. In Situation 4.1.0.2, an (F, V)-module is usually called as an (F #)-module,

see Definition 5.4.1.
For later use, we now give a description of the horizontal map ¥ : M ®, A—M

in Definition 3.2.8.

Lemma 3.2.10. Under the assumptions in Situations 4.1.0.1 or 4.1.0.2. The mor-
phism ¥ : M ®, A — M in Definition 3.2.8 is horizontal if and only if the diagram
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as below 1s commutative:

v
M ——= M &3 Q3

]F Jror

v
M ——= M@z Q3w

(3.2.10)

where QE/W(k;) = YLHQAH/WM o = @an and Fo, @ Qa,yw, — Qa,w, 5 a

o-linear map induced from o : A, — A,.

Proof. The induced connection on M ®, A is determined by a commutative diagram

as below:

M———= M ®3 Q) (3.2.11)

l‘h qu@FQ

M@, A——M ®; AQz Q3w -

where ¢, is defined by m +— m ® 1. V¥ is a horizontal map if and only if it fits into a

commutative diagram as follows:

M @, A M ©, A0 Uy (3.2.12)

\\ L\I/@ln

\Y4
M M ®3 Q@/W(k) .

By combining (3.2.10) and (3.2.12), we prove the lemma. O
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Chapter 4

(X/S) is an (F,V)-module

CI‘IS

X/S) is an (F,V)-

In this chapter, we are going to show that in some cases, HZ, (

X/S) is similar to an F-crystal, except that it is not

module. In other words, H{, (

locally free.

4.1 Preliminaries

We first list some facts and then propose two situations to be investigated.

Facts 4.1.1. ([Kat79, 2.4]) Let Ag be a smooth finitely generated algebra over a perfect
field k of characteristic p > 0. Then there exists a p-adically complete, flat W (k)-
algebra A and a homomorphism o : A — A such that A\/pg ~ Ay, A, = g/(p”“)
is formally smooth over W,, = W (k)/(p"*™') and o is a (not unique) Frobenius lifting
of the absolute Frobenius morphism o : Ay — Ag. Moreover, there exists a unique

embedding i, : A — W(AL) compatible with Frobenius liftings.

Situation 4.1.0.1. Given Ay, Aando: A — Asameasin Fact 4.1.1. Let So = Spec Ay,
S, = Spec A,, and S = Spf A. Let Fs,; Sy, — Sp, Fg - S — S be morphisms implied

by o.

Situation 4.1.0.2. Given a perfect field k of characteristic p > 0. Let Ay = E[[t]],
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~

A =W(k)[t], A, = E/(p”“) = W,[t] and fix o : W(k)[[t]] — W (k)[[t]],t — tP. Let
Sh, §, Fs,, Fg be similarly defined as in Situation 4.1.0.1.

Our purpose in this chapter is to prove the following statement:

Proposition 4.1.2. Given Sy, S as in Situations 4.1.0.1 or 4.1.0.2. Let f: X — Sy

be a proper smooth morphism. Then for all i, H:  (X/S) is an (F,V)-module.

Proof. The above statement is a summary of Propositions 4.2.1, 4.3.1 and 4.4.1. [

4.2 A o-linear map F on H' . (X/S)

We may refer to Section 3.2.2 for some notations. The purpose of this section is to

prove

Proposition 4.2.1. With the assumptions in Proposition /J.1.2. Then there ex-
X/§) — H! (X/§) such that its linearization U :

cris

ists a o-linear map F : H cm(

Hi (X/S)®, A— H  (X/S) fitting into the following commutative diagram:

cris

X/S)®, A v

X'/8) .

C'I”ZS( CT’LS(X/S> (42'1>

CT"LS(

Moreover, ¥ ®z, Q, is an isomorphism.

Proof. As X/85) = @Hi(X/Sn,OX/Sn), to obtain a o-linear map on X/9),

CI‘IS( CI"IS(

it suffices to find a compatible system of o-linear maps on H*(X/S,,, ©),Vn. Consider

the following diagram of morphisms:

Fx/s,

(X, So, Sn) —L5% (X7, Sp, Sp) —= (X, So, Sn)

Lin,n+l jin,n+1 lin,nqtl

X n+1 / Fn 1
(Xa SO>SH+1) © +<X 5075n+1) ° — (X7 S(]?SnJrl)’
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where 4, 41 1 (X, S0, 50) = (X, S, Sni1) consists of the identity map of f: X — Sp
and the closed immersion S,, — S,+1. By applying Corollaries 3.1.9 and 3.1.10 to

Ox/s,.,» we have a commutative diagram in D°(A,) as follows:

~

RI'(X/S,) RI(X'/S,) = RI(X/S,) ®L A,

T | |

RI(X/Sp1) @Y A, <— RT(X'/Sp41) @F A, == RI(X/S,41) @F A, @F A,
where RI'(X/S,) is RI'(X/S,,Ox/S,) for short. Note that o : A, — A, is flat for

all n. After taking cohomology, we have a commutative diagram of A, ;-modules as

follows:

Hi(X/S,,0) ~—— Hi(X"/S,, O) H(X/S,.0) @, A, (4.2.2)

| | |

H{(X/S11,0) =— H'(X'[Sy1,0) <= H'(X/S,11,0) @ Ay

~

By taking inverse limit of (4.2.2), we get

x/8

Ui HI(X/S,0y5) @ A== HI(X'/S,0,,5) — = HI(X/S,0y5).  (4.2.3)

Moreover, by [BO83, Theorem 1.3, there exists an isomorphism

F)*(/g : Rl‘f;(’/:s‘\*OX’/g ®ZP Qp szx/g*(OX/g) ®Zp Qp (424)
induced by Fy /8 where the functor f /5 s defined as follows:

Ux/5

a fZar o~
fx/§ : (X/S)cris Xzar (S)zar- (425)

Clearly T'(S, Rifx/g*((’)x/g)) = H. (X/S), thus RiFX/g ®z, Qp is an isomorphism,
s0 is ¥ ®z, Q,. O

By applying Proposition 4.2.1 to a fiber X, of f : X — S, at the point e :
Spec k' — Sy, we obtain a o-linear map on H!, (X./W (k)) as follows:

W Higg (Xo/W(R)) @0 W(K) = Higg (X)W (). (4.2.6)

Now we are going to verify that the compatibility of ¥ with W,.



CHAPTER j. H%,(X/S) IS AN (F,V)-MODULE 24

Corollary 4.2.2. With the same assumptions as Proposition J.1.2. Let e : Speck’ —
So be a point of Sy and k" is a perfect field. Let X, = X x.Speck. Leteé : Spt W (k') —

S be a canonical lifting of e such that é* : A W (k') is the composite map of i, in

Fact /.1.1 with the natural homomorphism W (AY) — W (k'). Then ¥ on Hi (X/8)
is compatible with ¥, on H' . (X./W(k)) in the following sense:
H (X)) @, A@: W(K) =25 HY (X/S) ®: W(K) (4.2.7)

| |

(Xe/W(K')) @ W(K) — Hi (X /W(K)) .

cris

Hi

cris

where the vertical maps are induced from (5.2.6).

Proof. Let W,, = W(k)/(p"™') and denote by e, : (X., k', W,) — (X, Sy, S,) the

diagram:
Xe . Spec k'—— Spec W, (4.2.8)
X —L 5 S, .

Consider the following diagram of morphisms:

Fxe/wn

(Xe7 kl? Wn) - (Xéa kl; Wn) ﬂ' (Xe7 kl; Wn)

Len len len
Fx/s,

(Xv SU? Sn) - (X/7 SOv Sn) &) (X7 SOv Sn) 5

By applying Corollaries 3.1.9 and 3.1.10 to Ox/g, , we have a commutative diagram

in D~ (W,,) as follows:

~

RIL(X./W,) RU(X!/W,) = RU(X./W,) @Lw,

| ! T

RT(X/S,) ®L W, ~— RI(X'/S,) @F W, <=— RT(X/S,) @F A, @F W,
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After taking cohomology, we have

~

Hi(X./W,,0) Hi(X!/W,,0) Hi(X. /Wy, O) @y W,
Hi(X/Sp, 0) ®¢c, Wy ~— H(X'/Sp, 0) ¢, Wy <=— HI(X/Sp, 0) ®p An @e, Wi .
(4.2.9)

It is easy to see that (4.2.9) forms a diagram of inverse systems when varying n. By

taking inverse limit, we obtain (4.2.7). [l

By Proposition 3.2.4, H! . (X./W (k)) behaves properly under field extension, as
a consequence of Corollary 4.2.2, we see that the o-linear maps are compatible under

base change.

Corollary 4.2.3. Let X be a proper smooth scheme over a perfect field k of charac-
teristic p > 0. Assume that k" D k is a perfect field extension and X = X X K.

Then we have a commutative diagram as below:

Hi (X)W (k) @ W (k) Qg W(K) — HL (X/W (k) @ww W(K) (4.2.10)

(Xi /W(K)) @5 W(K) Hipi (X [W(K))

cris

Him’s
where the the vertical isomorphisms are given by (5.2./) and the horizontal maps are
isomorphic after tensoring with Q,,.

X/5)

4.3 A connection V on H! _ (

In this section, we are going to introduce an integrable and topologically quasi-

nilpotent connection V on Hf . (X/5S).

Proposition 4.3.1. With the same assumptions as Proposition 4.1.2. Then there

exists an integrable, topologically quasi-nilpotent W (k)-connection

V:H

cris

(X/8) = H.(X/8) @1 Q3w (4.3.1)
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Proof. As Hi . (X/S) = Jim H'(X/S,,Ox/s,), we first introduce an integrable, quasi-
nilpotent connection on H'(X/S,, Ox/s,) for every n. By Proposition 3.1.4, the
data of an integrable, quasi-nilpotent connection is equivalent to the data of an
HPD stratification. Thus it remains to check the existence of HPD stratifications
on H(X/S,,Ox/s,). This will be done by definition, similar to the proof of [Ber74,
V Corollary 3.6.3].

Denote by D, (v) the divided power envelope of S, as a closed subscheme of
(S, /W,,)*1) under the diagonal immersion A : S, — D, (v+1). Let p : D, (1) = S,
for k = 1,2 be the two natural projections. Let Da, w, (v) = T'(Dn(v), Op, 1))

First, to define a compatible system of Dy, sw, (1)-linear isomorphisms

we consider a commutative diagram as follows

(X, So, Sn) =—=— (X, Sy, Dp(1)) —2— (X, Sy, Sn) (4.3.3)

(X, S0, Sut1) == (X, S0, Dug1(1)) == (X, So, Suta) -
By applying Corollaries 3.1.9 and 3.1.10 to , we obtain a commutative diagram as

follows:

RP<X/SH+1) ®£1 DAn+1/Wn+1 (1) — RF(X/DnJrl(l)) ~— DAn+1/Wn+1 (1) ®£2 RF(X/SnJrl)

| |

RI(X/S,) ®% Da,w, (1) —=— RT(X/D,(1)) =<—=— D, yw, (1) ®% RT(X/S,)

As py, po are flat by Remark 3.1.7; after taking cohomology, we obtain the following

commutative diagram with Ox/g, removed from H'(X/S,, Ox/s,) for short:

P

Hl(X/Sn-H) ®p1 DAn+1/Wn+1(1> — Hi(X/Dn-l-l) ~— DAn+1/Wn+1(1) ®p2 HZ<X/S7Z+1)

HY(X/Sn) @py Dy, (1) ———=H'(X/Dp) =—=— D, jw, (1) @p, H'(X/Sy).

(4.3.4)
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Thus we obtain a compatible system of isomorphisms {¢,}. It is routine to verify
that {e,} is a compatible system of HPD stratifications, and we omit the lengthy de-
tails. Note that the connection V,, : H(X/S,, Ox/s,) = H'(X/Sn, Ox/s,) ® Qa, w,
induced from ¢, is integrable and quasi-nilpotent by Proposition 3.1.4, therefore,

V = M V., is integrable and topologically quasi-nilpotent. O

Remark 4.3.2. Recall from Proposition 3.1.4, V,, induced from ¢, is defined as below:

mod j,[?]

HI(X/S,) ~ e H(X/S,) @4, Doy, (U2 H(X/S,) @ @y, (4.35)

where ¢, and ¢; are the natural projection morphisms, J, is the PD ideal of A* :
Da,w, (1) = A, and JI is the PD ideal generated by J2, see definition in [BO7S,
Definition 3.24]

4.4 The compatibility of F with V

Proposition 4.4.1. With the same assumptions as Proposition J.1.2. The o-linear

map F : H! (X/S\) — H!

cris cris

(X/g) gwen in Proposition /.2.1 is a horizontal map
with respect to the connection V given in 4.3.1, i.e. (F,V) fits into (3.2.10).

Proof. As HériS(X/g) = l’&nH’(X/Sm Ox/s,), it suffice to show that for every n, the

diagram as below is commutative:

Hi(X/Sp, Ox/s,) —> H/(X/Sp, Ox/s.) @, Qa,w (4.4.1)
an LFn®FQ,n
. \vS i
where F}, is the o-linear map induced from W, given in Proposition 4.2.1. As V,,

is deduced from an HPD stratification ¢, by (4.3.5), it suffices to show that €, is

compatible with F},. Consider a commutative diagram as below:

(X, So, Sn) == (X, So, D,,(1)) 22— (X, Sy, S,,) (4.4.2)

lFx,sn jFX,Dn lFX,Sn

(X7 SOa Sn) <i (X7 S()a Dn(1>> p—2> (X7 507 Sn) .
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Then apply Corollaries 3.1.9 and 3.1.10 to Ox/s,, we have a commutative diagram:

RIU(X/S,) @F Da,jw, (1) —= RI(X /Dy (1)) <= Da,yw, (1) @5 RI(X/S,)
RU(X/S,) @5 Da,jw,(1) —= RU(X/Dy(1)) <= Da,w, (1) @ RT'(X/S,) ,
(4.4.3)

where Fp, : Da,/w,(1) = Da, w,(1) is a o-linear map induced from o : A, — A,,
the vertical map in the middle is Fp_-linear. As py, py are flat, by taking cohomology,

we obtain

Hi(X/S,) ®Il Dy (1) === Hi(X/ana» = Dy (1) ®L Hi(X/S,)

H'(X/Sn) @py Dy yw,, (1) === H'(X/Dn) == Da, yw, (1) @p, H'(X/Sn) .

(4.4.4)

This completes the proof of the proposition. n

Now we turn to a morphism h : X’ — X of proper smooth Sy-schemes: Then
there is a canonical morphism given by (3.1.7):

Dy,

With a similar proof as Proposition 4.4.1, we see that ®; is a morphism (F,0)-
modules, i.e. ¥, commutes with the o-linear maps and is a horizontal map with

respect to the connections.

Proposition 4.4.2. Given Sy, S as in Situations 4.1.0.1 or 4.1.0.2. Given a mor-
phism h : X' — X of proper smooth Sy-schemes. Then for all i, the canonical

morphism ®p, is a morphism of (F,6)-modules.
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Chapter 5

Newton polygons and

specialization theorem

Given a smooth proper morphism X — Sy, we will introduce two types of Newton
polygons associated to every point e of Sy, one from the crystalline cohomology group
H! (X /W(K'), Ox, jw)) and the other from the base change of H. (X/S)toe. We
will see that on a nonempty open subscheme U C Sy the above two types of Newton
polygons coincide; moreover, in Situation 4.1.0.2, we will show that the above two
types of Newton polygons coincide everywhere and there exists an F-crystal with the

same Newton polygons and isogenous to the (F,V)-module H!  (X/ 3 ). This result

cris

makes it possible to apply the known results for F-crystals to prove both specialization

and purity theorems of crystalline cohomology.

5.1 Basics about Newton polygons

In this section, we first recall the definition of Newton polygons associated to F-
crystals over a perfect field &k, and then introduce two types of Newton polygons.
Recall that the notion of an F-crystal over a perfect field k of characteristic p > 0

is equivalent to a pair (M, F') consisting of a finite free W (k)-module M together
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with a o-linear endomorphism F': M — M such that ' ®z, Q, is an automorphism,
where o : W (k) — W (k) is the absolute Frobenius. Newton slopes of (M, F'), roughly
speaking, are the p-adic values of “eigenvalues” of F. Precisely, they can be defined
as follows: choose an integer N > 1 divisible by r!, r = rank M, and consider the

discrete valuation ring

R =W(E)X](XY —p) = W(k)Pp"M], (5.1.1)

where k is an algebraic closure of k. Extend o to R by requiring that o(X) = X and
extend F' to a o-linear map of M ®w ) K, where K is the fraction field of R. By
Dieudonné’s theory ([Man63]), M ®w k) K admits a K-basis {e1,--- ,e,} such that

F(e;) = phie, A € Q. (5.1.2)

The rational numbers {1, -+, \,} are called Newton slopes of (M, F).
We may assume that A\; < --- < \.. The Newton polygon of (M, F'), denoted by
NP(M, F) is the graph of the Newton function on [0, r] defined on integers by

Newtong (i) = Ay + -+ A; for 1 <i <7 and 0 for i = 0. (5.1.3)

Let mult(A) be the number of times that A occurs among (Ay,...,A.). Then by
Dieudonné’s theory,

Yaecomult(A) =7, A -mult(\) € Z

In other words, break points of Newton polygons where Newton slopes jump are
integral.

Similarly we can define Newton polygon of an (F,V)-module over W (k), which
is usually called as an F-module over W (k), since the connection is insignificant. It
is easy to see that Newton polygon is invariant under isogeny, i.e. NP(M;, F}) =
NP (M, Fy) if there exists an isogeny ¢ : (M, F) — (Msy, F5) of F-modules, which
is defined to be a morphism ¢ : M; — M; such that Fhr0¢ = ¢ o F} and ¢ ® Q, is
isomorphic

Now we are ready to define two types of Newton polygons.



CHAPTER 5. NEWTON POLYGONS AND SPECIALIZATION THEOREM 31

Definition 5.1.1. Let f : X — Sy be a proper smooth morphism of schemes in
characteristic p > 0. For every point e € Sy, choose a perfect field &’ such that e
is the image of e : Speck’ — Sy. Recall the notations X., é and ¥, from Corollary
4.2.2. We define a Newton polygon associated to (e, i, f) to be the Newton polygon
of the F-module (H! (X./W(k')),¥,), denote by NP*(e,4). Note that NP'(e,q) is

independent of the choice of k' by Corollary 4.2.3.

To define the second type of Newton polygon, we require the assumptions of
Proposition 4.1.2. With the notations e, X., ¢ same as above. We turn to the (F, V)-
module H: . (X/S). Let M. = ' (X/S) ®: W(K). Note that M; . naturally

X /S)

CI’lS

becomes an F-module with a o-linear map induced from that on H’(

Hiy(X/S) - HiyW(X/S) (5.1.4)

| |

Higo(X/8) @ee W) (=2 My o) —— iy (X/8) @ W(K) (= M) .

Definition 5.1.2. Under the assumptions of Proposition 4.1.2, the second type of
Newton polygon associated to e is the Newton polygon of (M;,, F;.), denoted by
NP?(e,q). Note that NP?(e, ) is independent of the choice of &'

By (4.2.7), we have a commutative diagram as below:

Ve

M, @, W (K ’ M. (5.1.5)

Xs@idl Xe l
‘I’e

eris (Xe/ W (K)) @0 W(K') —= Hiy (Xe/W(K))

CI"IS CI'lb

we will show that for points of an open subscheme, x. ® Q, is isomorphic, i.e. M,

and H!, (X./W(k')) are isogenous and thus NP'(e, i) = NP*(e,1).

cris

5.2 Comparison of Newton polygons

To compare NP!(e, i) with NP?(e, 1), we will need a lemma as follows:
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Lemma 5.2.1. Let A be a noetherian integral domain and C be a complex of finite
A-modules. For a homomorphism 1 : A — k to a field k, we denote by h'(v) the
natural map H'(C) @, k — H'(C ®y k) and identify ¢ with the point defined by
Speck — Spec A. Then for each integer i, there exists a nonempty open subscheme

U C Spec A such that for all points ¢ : A — k of U, h'(y) is an isomorphism.

Proof. Note that for a finite module over a noetherian ring, it is locally free if and
only if it is projective. Let C = (--- — C*1 i 4y ot --+). First, shrink
Spec A to an affine open subscheme U; such that C*~1, % and C**! are locally free
on Uj.

Second, shrink U; to an affine open subscheme U, such that C**!/Im(d") restricted
to U, is locally free. Then there is a split exact sequence of I'(Us, Ox)-modules as

follows:

0 —Tm(d') —— C+ o O T (dF) — 0. (5.2.1)

Clearly Im(d’) is a projective I'(Us, Ox)-module and we have another split exact

sequence:
4 N
0 —— Ker(d') —= € —% Im(d') — 0. (5.2.2)

Thus Ker(d') is a projective module as it is a direct summand of a projective module.

Last, shrink U, to an affine open subscheme Uz such that Ker(d?)/Im(d""!) re-

stricted to Us is locally free. Then there is a split exact sequence of I'(Us, Ox )-modules
as follows:

0 — Tm(d!) —— Ker(d') —— Ker(d') /Tm(d~1) — 0, (5.2.3)

Thus Im(d"™') is a projective I'(Us, Ox)-module and we have another split exact
sequence:

e o~

0 —= Ker(d~1) —= Ci~! — Im(d~1) —— 0. (5.2.4)
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With (5.2.1), (5.2.2), (5.2.3) and (5.2.4), we have a commutative diagram as follows:
i1 di~! Ci dr Ot

= 0id NL =
0 . 00id -
Ker(d'™) & Im (") 22 Im(d ") @ £ed). tn(a 8 @) o o)

Clearly for every point 1) : A — k of Us, the natural map h*(¢)) is an isomorphism. [J

Now we show that NP'(e, i) = NP?(e,4) for points of an open subscheme.

Corollary 5.2.2. With the assumptions of Proposition J.1.2. There exists a nonempty
open subscheme U C Sy such that for all points e : Speck’ — U, the morphism
Xe : Mo — H! (X /W(K)) in (5.1.5) is an isogeny of F-modules and NP*(e,i) =
NP?(e, ).

Proof. We may assume that Sy is irreducible. By Theorem 3.2.3, there exists of a
strictly perfect complex RT'(X/S, Oy/g) such that H'.(X/S) = H(RI'(X/S, Ox/3))
and H'., (X./W(K')) = Hi(RF(X/g, OX/§) ®: W(K')) by (3.2.6).

cris

By applying Lemma 5.2.1 to the complex RF(X/g, Ox/§)a we may assume that
there exists an open affine subscheme Spec E[i] C SpecA\ such that for every point
1) of Spec A\[i], hi(v) is isomorphic. Assume that o = p"f with 8 € A\\ple\ Let
ag = (Bmodp) € Ay and U = SpeCAo[aiO]. Consider the canonical lifting é :
Spf W (k') — S for every point e : Speck’ — U, note that the homomorphism

QA= WE) = W) ®z,Q,

factors through ﬁ[é] and can be viewed as a point of Spec ﬁ[é] Therefore, for every
point e : Speck’ — U, hi(é* ® Q,) is an isomorphism. Moreover, it is easy to see that

h'(é* ® Q,) is exactly x. ® Q, in (5.1.5). This completes the proof. O

5.3 Specialization theorem for F'-prelattices

As the proof of specialization theorem for F-crystals [Kat79, Theorem 2.3.1] only

involves the Frobenius structure, it can be employed to prove similar property for
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objects endowed with only the Frobenius structure, for example, F-prelattices.

Definition 5.3.1. In Situation 4.1.0.1, an F-prelattice over Ais a pair (M, F') con-
sisting of a finite A-module M and a o-linear map F : M — M such that the

linearization W : M ®, A — M becomes an isomorphism after tensoring with Q,.

Denoted by (M, V).

Clearly the (F,V)-module H:

cris

(X/S) is an F-prelattice over A. Given an F-
prelattice, same as defining NPQ(e, i) in Definition 5.1.2, we can associate a Newton

polygon to every point e of Sy, denoted by NP (e, M).

Lemma 5.3.2 (Specialization theorem for F-prelattice). In Situation /.1.0.1, let
(M, F) be an F-prelattice over A. Then there exists an open subscheme U C Sy such
that the family of Newton polygons {NP(e, M) | e € U} is constant.

Proof. Without loss of generality, we may assume that Sy is irreducible. First there
exists an open affine subscheme Spec A\[i] such that M®gﬁ[§] is a free A\[é]—module of
finite rank. Assume that o = p" with 8 € E\pg Let ap = (8 mod p) € Agand U =
Spec AO[%]. It is easy to see that the composite map A —<~ W (AP — W(Agf[aio])[%]
factors through g[é] Let R = W(Agf[aio]). Clearly M ® 3 R[%] is a free R[%]—module

1

of finite rank and the o-linear map F : M ®; R[%] — M ®3 R[] can be expressed

as a matrix with entries in R[%]. We may replace F' by p™ F so that all entries of the
matrix of F' are in R. Let A\ < ... < A, be the Newton slopes of NP (5, M) at the
generic point of Sy. By a similar proof to that of ([Kat79, Theorem 2.3.1]), we see
that for every 1 < i < r, the set of points in SpecAo[aio] at which all Newton slopes

of (NNM,N\'F') are = 22:1 A 1s a Zariski open subset. This proves the lemma. [

Remark 5.3.3. A key step in the proof of [Kat79, Theorem 2.3.1] is to apply basic
slope estimate [Kat79, 1.4.3] to convert the condition on Newton slopes to conditions
on Hodge slopes, which can be described in terms of entries of the matrix of the

o-linear map.
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Corollary 5.3.4. With the assumptions of Proposition /J.1.2. There exists a nonempty
open subscheme U C Sy such that the family of Newton polygons {NP'(e,i) | e € U}

15 constant.

Proof. May assume that S; is irreducible. First, by Corollary 5.2.2, there exists a
nonempty open subscheme U; C Sy such that for all points e € Uy, NPl(e,i) =
NP?(e,i). Then apply Lemma 5.3.2 to H!

cris

(X/S), we obtain an open subscheme
U, C Sy such that the family of Newton polygons {NP?(e,i) | e € Us} is constant.
Thus U = Uy, N U, is as required. O

5.4 F-Crystals isogenous to HiriS(X/g)

C

In this section, we restrict to Situation 4.1.0.2 when Sy = Spec k[t] and show that

there exists an F-crystal over Cris(Sy/W (k)) isogenous to the (F, V)-module H', (X/5S).

cris

In this case, an (F, V)-module is usually called as an (F, #)-module defined as below.

Definition 5.4.1. [dJ98, Definition 4.9] In Situation 4.1.0.2, an (F,f)-module over
A = W(K)[t] is a triple (M, F,8) consisting of a finitely generated A-module, a o-
linear map F' : M — M and an additive map 6 : M — M such that

1. The A-linear morphism M ®,, A — M becomes isomorphic after tensoring with

Qp;
2. 0(fm) = fO(m) + L(f)m, where < : A — A is defined by Sa,t" — Sna,t"" !
3. (F(m)) = ptP~'F(6(m)).

An isogeny of (F,#)-modules is a morphism ¢ : (M, F,0) — (M’', F’,0") such that

)
o)

¢ @3 Kwt] become an isomorphism, where Ky = W (k)]

Note that 6 is the same as an connection, which is automatically integrable.
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Definition 5.4.2. We say that an (F, §)-module (M, F, ) has a topologically quasi-
nilpotent connection if for every m € M, there exists some k > 0 such that 0%(m) €

pM.

Given an (F,6)-module, similarly as Definition 5.1.2, we can associate a Newton
polygon to both points of Sy. Clearly, Newton polygons are invariant under isogeny.

We will first see some properties of (F,#)-modules.

Lemma 5.4.3. Let (M, F,6) be an (F,8)-module over A = W (k)[t] and Ky be the
fraction field of W (k). Then M ®; Kw(t] is a free Ky [t]-module.

Proof. Let Mg = M ® ;3 Kw[t] and M}, C Mg be the maximal submodule of torsions.

To see M} = 0, we first prove by induction on n that if m € M} satisfies that
t"m = 0, then m € tM}.. Note that 0 extends to M. The initial case: n =1, i.e.
tm = 0, then §(tm) = t0(m) +m = 0 and m € tM}. The induction step: if t"m = 0,
then 0(t"m) = t"0(m) + nt"'m = 0. Since t"~'(tf(m) + nm) = 0, by assumption,
td(m)+nm € tM}, thus m € tM}.. By induction, M C tM}.. Then by Nakayama’s
Lemma, Mg = 0. [

Lemma 5.4.4. ([dJ98, Lemma 6.1]) Let (M, F,0) be an (F,0)-module over A =
W (k)[t]. Then there exists an isogeny M — M' to a free (F,6)-module over A. If
(M, F',0") has a topologically quasi-nilpotent connection, so does (M', F,0).

Proof. See [1J98, Lemma 6.1]. As A is regular local of dimension 2, the dual of a
finitely generated A-module is finite free. We may take M’ as below:

M' = Homy(Hom (M, A), A). (5.4.1)

The evaluation map ev : M — M’ has a finite length cokernel. The fact that ev ® 3
Ky [t] is an isomorphism follows from Lemma 5.4.3.
Let K3 is the fraction field of A. M’ can also be viewed as a submodule of

M ®3; K3 consisting of m € M ® 3 K; such that m; = p™'m,my = t">m € M for
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some ny,ne € N and t"2m; = p™'msy in M. From this point of view, it is easy to check
that the (F,0)-actions on M extends to (F’,§')-actions on M’. Moreover, if § on M
is topologically quasi-nilpotent, then for every m € M and every N > 0, there exists
some k > 0 such that 0*(m) € pM M. Thus for every m’ € M’ of the form X, we

have (8")%(m’) € pM’. Therefore, # on M’ is topologically quasi-nilpotent. O

Before replacing H'..(X/S) by an isogenous F-crystal, we would like to verify
that NP'(e, i) = NP?(e, ) for both points e € Spec k[t].

Lemma 5.4.5. Given Sy, S as in Situations 4.1.0.2. Let s and n respectively be the
special and generic point of So = Speck[t]. Let f : X — Sy be a proper smooth
morphism. Then NP'(e,i) = NP*(e,q) for both points of So; NP'(s,i) and NP'(n,1)

have the same endpoints.

Proof. NP*(n,i) = NP?(n,1) follows from Corollary 5.2.2. If e = s, we need to review
the map e in (5.1.5). Note that A = W(k)[t] and §* : A — W (k) is defined by
t — 0. By (3.2.6), x, is given as follows (write RT'(X/S, Oy/5) as RI(X/S) for short
):

H(RT(X/S)) @5 W (k) ——~ H(R[(X/S) @4 W(k)). (5.4.2)

To show that NP'(s, i) = NP?(s,4), it suffices to show x5 ®w ) Ky is an isomor-
phism. Let Ky be the fraction field of W (k). Still denote by §* the map Ky [t] — Kw
given by ¢ — 0. Let C be the complex RI'(X/S, Oy,5) ®3 Kwlt]. As the natural
map A = W(k)[t] — Kw[t] is flat, we have a commutative diagram as below:

XsQ@Kw

HY(RT(X/8)) @5 W (k) ® Ky Hi(RT(X/8) @3 W(k)) @ Ky (5.4.3)

|

H'(C) ®s Kw - H'(C @5 Kw) ,

Then apply the universal coefficient theorem to the complex C of finite free Ky [t]-

modules and §* : Ky [t] — Kw, we obtain an exact sequence

0— H(C) ®s Ky — H'(C @4 Kyy) — Tory (Kw[t]/(t), HT(C)) =0, (5.4.4)
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where Tory (Kw[t]/(t), H'*'(C)) = {m € H™(C) | tm = 0}. Since H"(C) =~
HEH(X/S) ®z Kwl[t] and HtY(X/S) is an (F,0)-module over A, by Lemma 5.4.3,

H(X/S) @7 Kwlt] is free, so is H*1(C). Therefore, y/, is an isomorphism, so is
Xs ®wry Kw. Thus NP'(s,1) = NP?(s, 7).

To see that NP*(s,i) and NP*(n,7) have the same endpoints, it suffices to show
that NP?(s,i) and NP?(n,4) have the same endpoints. Since N P?(e, ) is based on the
(F,6)-module H'(C) and H'(C) ®; Kw[t] is a free Ky [t][-module by Lemma 5.4.3,
it is not hard to see that NP?(s,i) and NP?(n,i) have the same endpoints (r,n,),
where r = rank H'(C) ® ; Kw[t] and n, is the p-adic value of the determinant of the

o-linear self-map of H'(C). O
Now we are ready to claim that H' . (X/ S ) is isogenous to an F-crystal.

Proposition 5.4.6. With the assumptions in Lemma 5./.5. Then there exists an

isogeny & : Him(X/g) — P, of (F,0)-modules to a free (F,0)-module (P;, F,0) over

A with a topologically quasi-nilpotent connection; NP*(e,) = NP(e, P;) for both points
of So. Denote by P; the F-crystal over Cris(Spec k[t]/Z,) corresponding to (P;, F,0).

Proof. 1t follows from Lemmas 5.4.4 and 5.4.5. O

Corollary 5.4.7. With the notations in Lemma 5./.5. NP'(s,i) lies on or over

NP'(n,1).

Proof. Tt follows from applying Grothendieck’s specialization theorem [Kat79, Theo-
rem 2.3.1] to the F-crystal P; in Proposition 5.4.6. O]

Remark 5.4.8. The above proof also implies that NP'(s,7) and NP'(n,i) have the

same endpoints.
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5.5 Specialization theorem of crystalline cohomol-

ogy

In this section, we reprove the specialization theorem of crystalline cohomology. First

we generalize Corollary 5.3.4 to the case when Sy is not necessarily smooth.

Lemma 5.5.1. Consider a proper smooth morphism f : X — Sy over an affine and
irreducible I'\,-scheme Sy of finite type. Let n € Sy be the generic point. Then there
exists an open subscheme U C Sy such that NP'(e,i) = NP'(n,i) for alle € U.

Proof. Let §0 be the normalization of Sy in its function field. By [Mat80, 31.H],
h : 50 — Sy is a finite and surjective morphism. As §0 is normal, then it has a
smooth open affine subscheme Uj. As Uy is affine, smooth and of finite type over I,
and ' : X xg, Uy — Uy is proper smooth, the assumptions of Corollary 5.3.4 are
satisfied, thus there exists an open subscheme U; C Uy such that the family of Newton
polygons {NP'(e,i)|e € U;} is constant. As h is an open map, then h(U;) C Sp is an

open subscheme as required. O

Theorem 5.5.2 (Speciallization). Let S be an F,-scheme and f : X — S be a
proper smooth morphism. Then there ezists a locally finite stratification S =[], Ua
consisting of locally closed subsets of S such that for every «, the family of Newton
polygons {NP'(e,i)|e € U,} is constant. Moreover, if 1 is a generization of s, then

NP'(s,i) lies on or over NP'(n,4) and they have the same endpoints.

Proof. First, because of the local nature of the theorem, we may assume that S =
Spec A is affine. Second, by EGA IV 8.9.1, 8.10.5 and 17.7.8, there exists an affine
I,-scheme S of finite type, a proper smooth morphism fj : Xy — Sy and a cartesian

diagram:

X —=X, (5.5.1)
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As 7 Hclosed set} = {closed set} and 7 !'{open set} = {open set}, it suffices to
prove the theorem for f;. May assume that S is an affine and irreducible IF)-scheme
of finite type.

By Lemma 5.5.1 and EGA 0;;,9.2.6, we conclude that the stratification by Newton
polygons consists of a finite disjoint union of locally closed subsets.

To see that Newton polygons rise under specialization from 7 to s, we first find a
morphism Spec k[t] — S such that it maps the special and generic point of Spec k[t]
to s and 7 respectively, where k is a perfect field. Then the proof is done by applying
Lemma 5.4.5 and Corollary 5.4.7 to the base change of f under Speck[t] — S. O
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Chapter 6

Representations and purity

theorem

We are going to prove a purity theorem of crystalline cohomology. The proof is similar
as that of [Yan11, Theorem 1.1]. A key point in the proof is to employ an equivalence

between the unramified property of representations and the coincidence of Newton

polygons.

6.1 Rank-1 representations associated to f'-modules

In this section, k& will denote a perfect field of characteristic p > 0, unless otherwise
specified. Set Gal, = Aut(k*P/k). Note that for a perfect field k, the separable
closure k5P is also the algebraic closure k. The following fact will be very useful to

make transitions between a field and its perfect closure.

Facts 6.1.1. ([Rom06, Theorems 3.6.1, 8.6.4]) Let k be a field of characteristic p > 0
and k be its algebraic closure. Let k% and kP’ be the separable and perfect closure

of k inside k respectively. Denote by Galy, (resp. Galyr ) the automorphism group of
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k*eP (resp. k ) over k (resp. kP). Then there exists a canonical isomorphism
Galy, ~ Aut(k/k) ~ Galyy. (6.1.1)
We first define a representation for a rank-one F-crystal.

Definition 6.1.2. Let (M, F') be a rank-one F-crystal over a perfect field k£ and {e}
be a basis. Assume that F'(e) = p™pe for some unit p € W(k). Extend (M, F') to an
F-crystal over k. By Dieudonné’s theory ([Man63]), there exists a unit o € W (k) such
that F(ae) = pmae, i.e. - o(a) = a. With the Galois action Galy on k canonically

lifted to an action on W (k), we can define a representation as follows:
pum = Galy = Zy, g g(a) - at. (6.1.2)

We would like to define representations depending on break points of Newton

polygons. To do this, we first manage to find an F-crystal of rank 1 as follows:

Proposition 6.1.3. ([Yani1, Proposition 2.1]) Let (M, F) be an F-crystal over a
perfect field k of characteristic p > 0. If the first break point of NP(M) is (1, N) for
N € NN, then (M, F) has a unique subcrystal My C M of rank 1 and slope N such
that any subcrystal of slope N is a subcrystal of M.

Proof. See [Yanll, Proposition 2.1]. O

Start with a break point (r, N') of the Newton polygon of an F-crystal (M, F'), we
consider the exterior power (A"M, A"F'), which is an F-crystal with (1, N) as its first
break point. By applying Proposition 6.1.3 to (A"M, A"F'), we find an F-crystal M,

of rank 1 and then obtain a representation from M; by applying Definition 6.1.2.

Definition 6.1.4. Let (M, F') be an F-module over W (k) and § be a break point of
NP(M). Take the maximal free submodule M’ C M. Note that M’ naturally becomes
an F-crystal and NP(M') = NP(M). We define the representation associated to
(M, 3) to be the one induced from (M’, 3) shown as above, denoted by pg) :
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Facts 6.1.5. Given an isogeny (M, F) — (M’ F') of F-modules over W (k) and a
break point B of NP(M) = NP(M'). Then the representations pre) and po g are

the same.
Now we define a representation induced from an (F, §)-module.

Definition 6.1.6. Let (M, F,6) be an (F,6)-module over A = W(k)[t]. Fix a
morphism 7 : Speck((t))?" — Speck[t] to the generic point n € Speck[t] and
take the canonical lifting #* : W(k)[t] — W(k((t)P"). With a break point § of
NP'(n, M) of the F-module M ®z W (k((t)Pf), by Definition 6.1.4, we obtain a map
p : Galyyer — Z;. We define the representation associated to (n, M, 3) to be the
composite map Galg(s) == Galyyer S Z,, denoted by pe ). Note that pe, arp) is

invariant under isogeny of (F,)-modules.
We are interested in representations induced from crystalline cohomology groups.

Definition 6.1.7. Let f : X — Sy be a proper smooth morphism of schemes in
characteristic p > 0. For every point e € S, let k. be the residue field at e and

X

3 of NP'(e,i) of the F-module H!

cris

ot be the base change of f to kP!, a perfect closure of k.. With a break point
(X./W(KkPY)), by Definition 6.1.4, we obtain a
map p : Galpr — Z;. With the canonical isomophism Gal,, ~ Galp in Facts
6.1.1, we define the representation associated to (e, H' ., 3) to be the composite map

C

Galy, ~ Galkgf L Z,, denoted by pe,ip)-
We would like to see how representations are related under base change.

Lemma 6.1.8. With the assumptions in Definition 6.1.7. Let k' D kP be a per-
fect field and €' : Speck’ — Sy. Then p(ip)w is isomorphic to the representation
associated to (¢/, H. .. (X3 /W (K')), B), where

cris

Peipy : Galy — Galy, "5 77, (6.1.3)

Proof. Tt follows from an isomorphism of F-modules in Corollary 4.2.3. m
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Corollary 6.1.9. With the assumptions in Proposition 5./.0. Let n be the generic
point of Sy = Speck[t] and 3 be a break point of NP'(n,i) = NP(n, P;). Then pg, s

and p(, p, 5 are the same representation Galyy — Zy,.

Proof. By Proposition 5.4.6, H’

cris

(X/§) and F; are isogenous, thus p, i (x/5) 5 =

Pn.p;,) by Definition 6.1.6. Apply Corollary 5.2.2 to the generic point 1 : Spec(k((£)))*" —
Sp, we obtain an isogeny of F-modules; by Facts 6.1.5, P (x/8),8) = Pmip) - U

cris

6.2 Criteria for unramified representations

For F-crystals over Cris(Speck[t]/Z,), we have an equivalence between unramified
representations and coincidence of break points; we show an analogous equivalence

for the cohomology case. First we recall the equivalence for F-crystals.

Proposition 6.2.1. (/[Yani1, Proposition 4.4]) Let R be a discrete valuation ring
of characteristic p > 0 with fraction field K and residue field k. Let € be an F-
crystal over Spec R. Let n and s be the generic and closed point of Spec R. Assume
that the first break point of NP(E), is (1,m). Then the following two conditions are

equivalent:

1. the Galois representation associated to € is unramified, i.e., it factors through

¢ Galg — m(Spec R).

2. the first break point of NP(E)s is (1, m).

Proof. See [Yanll, Proposition 4.4] or below for a sketch of the proof for the case
when R = k[t] with k algebraically closed. The general case can be reduced to
this case following similar discussion as the proof of Proposition 6.2.2. In this case,
m1(Spec R) is trivial, thus it turns to show that (1) the associated representation to

€ is trivial if and only if (2) (1,m) is also the first break point of NP(E)s.
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(1)=(2): By [Yanll, Lemma 4.3], Espec x has a trivial subcrystal of rank 1 and
slope m. Then we get an injection ® : Lgpecx — Espec K, Where L is a trivial F-crystal
of rank 1 and slope m over Spec R. Apply [dJ98, Theorem 1.1] to £, £ and ®. We
obtain a nontrivial map £ — &£. Restricting to s,we see that £ contains a subcrystal
of rank 1 and slope m. On the other hand, by Grothendieck’s specialization theorem
[Kat79, 2.3.1], NP(E); lies on or above N P(£),. Hence (1,m) is the first break point
of NP(E)s.

Condition (2)= (1):by [Kat79, Corollary 2.6.2], £ is isogenous to an F-crystal &’
which is divisible by p™, which contains a subcrystal £ of rank 1 and slope m. By
[Kat79, Theorem 2.7.4], & becomes isogenous to a constant F-crystal over k((#)?/,
and therefore the associated representation to & is trivial. As representations asso-

ciated to F-crystals are preserved under isogeny, thus we obtain (1). O
Now we show a similar equivalence for the cohomology case.

Proposition 6.2.2. Let R be a discrete valuation ring of characteristic p > 0 with
fraction field K and residue field k and f : X — Spec R be a proper smooth mor-
phism. Let n and s respectively be the generic and special point of Spec R. Let 5 be a
break point of NP'(n,i). Then B is a break point of NP (s,4) if and only if the repre-
sentation p(yp) @ Galg —Z;, is unramified, i.e., it factors through the canonical

map Galk . m1(Spec R) .
For the proof, we recall a lemma regarding the kernel of Galg e m(Spec R) .

Lemma 6.2.3. ([Yanl1, Corollary 3.4]) Let R be a discrete valuation ring of char-
acteristic p > 0 with fraction field K and residue field k. Let R be the completion of
R and fix an isomorphism R = k[[t]]. Let k be the algebraic closure of k. Then the
kernel of the canonical homomorphism Galg 2. m1(Spec R) is the normal subgroup

of Galg generated by the image of the composition Galyyy — Galy(y) — Galg .

Proof. See [Yanl11, Corollary 3.4]. O
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Proof of Proposition (.2.2. We first prove the case when R = k[t] for a perfect field
k. May assume that  is the first break point, as other cases are reduced to this
one by taking exterior powers. By Proposition 5.4.6 and Corollary 6.1.9, there exists
an F-crystal P; over Sy = Spec k[t] such that NP!(e, i) = NP(e, P;) for both points
of So and pg, p,8) = pn,ip)- Thus the proposition in this case follows directly from
Proposition 6.2.1.

In the general case, let R be the completion of R and fix an isomorphism R = k[[¢]].
Consider the base change of f to Spec kP{[t] and let K; = kP!((¢)). On the one hand,
by Corollary 4.2.3, NP'(n,4) is invariant under base change. On the other hand,
(X ur/W(KP)), B) is the

by Lemma 6.1.8, the representation associated to (7, H:

cris

P(n,i,
(llﬁ)Z

composite map p(,is) K, : Galg, — Galg b Clearly

P(n,i,8),K; is unramified.

> Galj(y) C Galg, is in the kernel of p(,; ) r, -

<= The composite map Galy ) — Galy) — GalKM Z,, is trivial.
<> p(n.i,p) is unramified. (By Lemma 6.2.3)
Thus the general case follows from the case for R = kPI[t]. O

6.3 Purity theorem of crystalline cohomology

The proof of purity theorem (Theorem 6.3.4) applies the same method as [dJO99,
Theorem 4.1] and [Yan11, Theorem 1.1]. We first prove purity theorem in a special
case (Theorem 6.3.3), then complete the proof of Theorem 6.3.4 by reducing the
general case to the case in Theorem 6.3.3. Now we list some facts to be referred to

in the proof.

Facts 6.3.1. ([Neu99, II Propostion 5.5]) Let T, = 1 + p*Z, be a subgroup of
(Zy,*). There exists an isomorphism (T}, *) g (p*Zp,+),1 + z — log(l + z) =
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Yoo %x"“. We fiz an isomorphism (T,,*) ~ (Z,,+) to be log composite with

(p2Zpa +) = (Zyp, +).

Lemma 6.3.2. Let f : X — Sy be a proper smooth morphism of schemes in charac-

teristic p > 0. Consider the cartesian diagram as below:

x-L. So 2 g(€) Spec kg(er) (6.3.1)
L, b |
x I Sy o€ Spec ke

Let ker (resp. ky(ery) be the residue field at €' € Si (resp. g(e’) € Sy). Then we have
1. NP'(e',i) = NP'(g(¢'),1).

2. For any break point 3 of NP'(€',1), the representation pei,p) 1S the composite

map of the canonical map Galy_, — Gczlkg(e,> with pg(er),i,3) -

Proof. (1) follows from Corollary 4.2.3 and invariance of Newton polygons under
isogeny; (2) follows from Lemma 6.1.8. They will respectively be referred to as invari-

ance of Newton polygons and compatibility of representations under base change. [

Theorem 6.3.3. Let (A, m, k) be a Noetherian complete local normal integral domain
of dimension 2 and its residue field k be algebraically closed. Assume that Sy = Spec A
and f : X — Sy 1s a proper smooth morphism. Let eg € Sy be the closed point and
U = So\{eo} be the open subscheme. If the family of Newton polygons {NP'(e,i) | e €

U} have a common break point 3, then 3 is also a break point of NP (eq,1).

Proof. Let n be the generic point of Sy and K be the fraction field of A. Consider
Pmip @ Galg — Zy. First, we may assume that pg,;s(Galg) C T, the latter
introduced in Facts 6.3.1. Otherwise we take a finite Galois extension L of K such
that pg,(Galy) C T, replace A by the integral closure A’ of A inside L and f by
its base change to S, = Spec A’. Let e}, be the closed point of S| and U’ = S{\{e{}.

Note that A’ have the same properties as A, the natural map S}, — Sy maps e, to eg
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and U’ to U. By invariance of Newton polygons under base change, the general case
reduces to the case when p(,; 5 (Galx) C T,.

Second, we show that p,; ) factors through the canonical map Galg — m(U).
By [Yanl1, Prop 3.2], it suffices to show that for every e € U, P(n.i,3) factors through
Galg — m1(Spec Op), where Oy is the local ring at e. Consider the base change
of f to Spec Op,, denoted by f.. By Lemma 6.3.2, p(, ) can be viewed as coming
from f,; and the Newton polygon associated to both points of Spec Oy, have the
same break points. By applying Proposition 6.2.2 to f., we obtain that p,; s factors
through Galg — 7 (Spec Op,). Therefore, p, ;s factors through Galgx — m(U).
Consider the composite map

L

Caly —m(U) ——T, =27, (6.3.2)

Next, take a resolution of singularities §0 — Sp; if A happens to be regular, let

§0 be the blowup of Sy with respect to ey. By [dJO99, Theorem 3.2, Helt(go, Q) ~
HL(U,Q,), thus ¢ defined in (6.3.2) viewed as an element of H:(U,Q,) is extended
to an element of HY(Sy,Q,), i.e. ¢ factors through m(U) — m1(Sp). Let o be the
generic point of some connected component of the exceptional fiber and (950’170 be the

local ring at 19. We have the following commutative diagram:

(n,4,8)
Galg /gl(U)\* T, X xg,SpecOg, ,~ (6.3.3)
\ j \ I~ Foo
m(SpecOg, ) — m1(So) Zy, Spec Og, . -

Note that p,;s viewed as the representation associated to the generic point of
Spec Og, I unramified as shown above. By applying Proposition 6.2.2 to f,,,

we see that (3 is a break point of NP (1, i) = NP!(eg, 7). a

Theorem 6.3.4 (Purity). Let Sy be a locally Noetherian scheme of characteristic
p>0and f: X — Sy be a proper smooth morphism. Take a point eg € S. If

the family of Newton polygons { NP*(e,) | e is a generization of ey} have a common
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break point (B, then either the codimension of the Zariski closure of ey in Sy is < 1,

or B is a break point of NP (ey,1).

Proof. Let {eg}~ be the Zariski closure of ey in Sy. May assume that codim({eo}~, Sp) >
2, then it suffices to show that 3 is a break point of NP'(ey,). First, consider the
base change f., of f to Spec Og, ¢,, where Og, ., is the local ring at ey. By invariance
of Newton polygons under base change, it reduces to prove the theorem for f.,. We
may assume that Sy = Spec R of dimension > 2, where R is a local Noetherian ring
and eq is the closed point.

Note that if there exists a morphism of local rings v : R — R’ such that the
induced morphism of schemes ¢ : S| — Sy maps all points other than the close point
to the open subscheme Sp\{eo}, and R’ is a Noetherian complete local normal integral
domain of dimension 2 with an algebraically closed residue field, then consider the
base change f’ of f to S, by invariance of Newton polygons under base change, it
reduces to prove the theorem for f’, which is proved in Theorem 6.3.3.

Therefore, it suffices to find a morphism v : R — R’ satisfying the above assump-
tions. First take the completion Rof R. By Cohen structure theorem, we may assume
that R = k[xyi,...,z4]/I for some ideal I, where k is the residue field. Second, con-
sider Ry = k[z1,...,24]/Ik[x1, ..., 24], where k is the algebraic closure of k. Next,
choose a prime ideal p C Ry such that A = Rj/p is of dimension 2. The existence
of such a prime ideal is shown in [Mat80, Proposition 12.K]. Last, take the integral
closure A of A in its fraction field. So far, we have obtained a chain of morphisms as

below:

El[zy, ..., 2q) /T — K[z, ..., x4]/IK[z1, ..., 24] — Rg/p
(6.3.4)

We claim that ¢ : R — A is as required. First, A is a finite A-module by [Mat80,

Corollary(Nagata)]; as a finite algebra over a henselian ring and also as an integral
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domain, A is a local ring by [Mil80, Theorem 4.2]. It is easy to check that 1) satisfies

all other assumptions. This completes the proof. ]
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Chapter 7

Introduction

It was conjectured by de Jong in [dJO1, Conjecture 2.3] that given a finite field F of
characteristic [ and a normal variety Y over a finite field x of characteristic p # [,
every representation p : m(Y) — GL(r,F((s))) has a finite geometric monodromy.
This conjecture was proved by de Jong in the GLs-case [dJ01], by Béckle-Khare in
the GL,,-case under some mild condition [BK06] and by Gaitsgory modulo the theory
of F((s))-sheaves [Gai07]. Then a natural question comes up: if the hypothesis I # p
is dropped and moreover Y is proper over k, does the conjecture remain true? Note
that when Y/x is not proper, a counterexample has already been given in [dJ01]

In [Las01], Laszlo gave a negative answer to the above question. He showed that
there exists a non-trivial family of rank-2 bundles fixed by the square of Frobenius
over a specific genus-2 curve Cy/Fy. From this he deduced the existence of the desired
representations of 7, (Cy @ Faa). Recently, Esnault and Langer [E1.11] have employed
Laszlo’s example to improve the statement of a p-curvature conjecture in characteristic
p.

It is suspected by de Jong that the representations with an infinite geometric
monodromy are rare. Thus one would like to understand the underlying mechanics
of Laszlo’s example and to obtain such representations in other characteristics.

In this part, we give a geometric interpretation of Laszlo’s example based on the
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study of the action of the automorphism group of the curve; this interpretation allows
us to produce a family of similar examples. Meanwhile, our method also provides some
indication in characteristics 3 and 5, though it does not directly provide examples.

Now we give a brief summary of our results. In [Las01], Laszlo deduced represen-
tations from a non-trivial family of bundles. We show that the converse also holds, see
Theorem 8.3.1. The equivalence between a non-constant family of stable Frobenius-
periodic vector bundles and a representation with an infinite geometric monodromy
is of course well-known to the experts.

Because of the equivalence in Theorem 8.3.1, the question of looking for represen-
tations with an infinite geometric monodromy is converted to studying the fixed point
locus of the rational map V' : My (r,0) > My (r,0) defined by taking pullback of
vector bundles under the geometric Frobenius of Y/k. In [Las01], the expression of
Ve, for the specific curve Cj was applied to locate a projective line A in Mg, (2,0)
such that (V3 )|a is the identity map. Here our observation is that A is the fixed
point locus of the G-action on M, (2,0), where G = Aut(Co®@Fo2 /Fy2) = Z /27 % Ss.
Indeed, this property is common to all genus-2 ordinary curves X in characteristic 2
with a G-action. As Frobenius morphisms commute with the G-actions, it is natural
to consider the restriction of V' to the fixed point locus Mx(2,0)¢ of the G-action
on Mx(2,0). With some trick, we manage to show that some power of V' restricted
to Mx(2,0)¢ is the identity map and thus obtain a family of curves that carry a
non-constant family of stable Frobenius-periodic vector bundles, see Theorem 9.3.1.
Moreover, we give an explicit construction of the family of vector bundle, see Lemma
10.1.1 and Corollary 10.3.3.

Combining with Theorem 8.3.1, for every curve in Theorem 9.3.1, there exist
representations of the fundamental group with an infinite geometric monodromy.

A large part of the proof of Theorem 9.3.1 can be applied to other characteristics,
particularly the application of a group action in locating a sublocus in the moduli

space. However, when considering whether the restriction of the Verschiebung to
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the sublocus is reduced to a linear map, the condition regarding the existence of
a single base point on the sublocus is sufficient only in charateristic 2. In other
characteristics, more is required to ensure that the restriction of the Verschiebung is
the identity. Examples of representations with an infinite geometric monodromy in

charateristic other than 2 remain to be discovered.
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Chapter 8

Frobenius-periodic bundles and

Representations

8.1 Definitions and basic properties

In this section, we establish equivalences among the categories of Frobenius-periodic
vector bundles, smooth étale sheaves and representations.

Notations: « is a finite field of order ¢ = p?, S = Speck[s], S = Spf x[s] and
Sy = Spec k[s]/(s™) for n > 0; Fy is the absolute Frobenius of a noetherian k-scheme

Y.

8.1.1 Smooth étale x[s]-sheaves

Our definition of smooth étale x[s]-sheaves is similar to that of a lisse [-adic sheaf
in [Mil80, Chap.V, §1]. When Y is connected, there is an equivalence between the
category of locally free smooth k[s]-sheaves over Y,; and the category of continuous

71 (Y')-modules that are free x[s]-modules of finite rank, denoted by Cyy,, = Cor,(v)-

Definition 8.1.1. Let Y be a noetherian scheme. An étale k[s]-sheaf (or sheaf of

k[s]-modules) on Y, is a projective system F = (F,)nen of sheaves on Y, such that
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the given map F,41 — JF, is isomorphic to the canonical map F,11 — Fnip1 ®k[q
k[s]/(s") for every n. Implicitly, 7o = 0 and F, is a k[s]/(s")-module. A x[s]-
sheaf is locally constant or constructible if each JF,, has the corresponding property.
A locally constant constructible x[s]-sheaf is also called smooth. A k[s]-sheaf F is

locally free of rank r if each F,, is locally free of rank r over k[s]/(s").

Similarly, the stalk functor F—— F; = 1&1(}})5 defines an equivalence
between the category of constructible, locally constant k[s]-sheaves over Y, and the

category of continuous (Y, y)-modules that are finitely generated.

Facts 8.1.2. Assume that'Y is a connected noetherian scheme with geometric point
y. Then there is an equivalence between the category Cy,, of locally free smooth k[s]-
sheaves over Yy and the category Cr vy of continuous m (Y, )-modules that are free

k[s]-modules of finite rank, given by F——— F; = 1'&1(}})@. Denoted by Cy,, =

Cri(v)-

8.1.2 Frobenius-periodic bundles

Now we turn to Frobenius-periodic bundles.

Definition 8.1.3. Let Y and T be noetherian x-schemes. A vector bundle F over
Y x, T is said to be Frobenius-periodic if 3 an isomorphism & : F — (FZ x idp)*F
(resp. £ : F — (F¢ xidg,)*F), denoted by (F,€). A Frobenius-periodic vector bundle
(F,&) over Y x, S is a projective system ((F, &) )nez+ such that for each n, (Fy, &)
is a Frobenius-periodic vector bundle over Y X, S, the given map F, .1 — F, is

isomorphic to the natural map F,11 — Fny1 Qs £[s]/(s") and compatible with

&)s.

For any morphism 7 EN Y, the pull back of a Frobenius-periodic vector bundle
(F,&) over Y x, T to Z x,, T can be viewed as a Frobenius-periodic vector bundle

over Z x, T, denoted by f*(F,&,) or (f*F, f*€).
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Definition 8.1.4. Given a Frobenius-periodic vector bundle (F,§) over Y x, T. A
section s € T(Y x, T, F) is said to be fized by & if £(s) = (FE x idp)*s; (F,€) is said
to be trivializable if F has a global basis fixed by &; it is said to be étale trivializable
if there exists a finite étale map Z J, ¥ such that f*(F,&) is trivializable. In this
case we also say that Z/Y trivializes (F,§).

Given a Frobenius-periodic vector bundle (F,,, &,) over Y X, .S,,, we define an étale

sheaf (F,)% as follows:
U LY) e Bt (Y)—={s € I(U, f*F)|f*(£)(s) = 1 ® s}. (8.1.1)

We are going to see that (F,)* is a locally free smooth r[s]/(s")-sheaf. In the

following, by a covering space of Y, we mean a finite étale morphism f: 7 — Y and

it is Galois if #Aut(Z/Y") = deg(f).

Lemma 8.1.5. Given a Frobenius-periodic vector bundle (F, &) = ((Fn,&n))nez+ over
Y xS. Then there exists a family of covering spacesY <= Y <~ Yo ¢— -+ Y, - --

such that for alln, Y, /Y trivializes (Fp,&n)-

Proof. According to [Mil80, V Proposition 1.1], a locally constant sheaf with finite
stalks over Y, is represented by a finite étale group scheme over Y. Thus, for every
n, to show that (F,,&,) is étale trivializable, it suffices to show that the étale sheaf
(Fn)t associated to (Fp,&,) is locally constant and has finite stalks.

Prove by induction on n. Case n = 1 is exactly [LS77, Proposition 1.2]. First
there exists an open covering {U,} of Y such that Fi|y, «,s, is free for all o. We are
going to see that for every U,, there exists a finite étale morphism U/, — U, that

trivializes (Fi1,&1)|u,x.s,- let {v1,...,v.} be a basis of Fi|y, «,s,. Assume that
fl{vl, ...,UT} = {(F;/l X idsl)*'Ul, ceny (Fg X idsl)*vr}Ng,

for some Ny € GL(r, Oy (U,)). To find a basis {v},...,v.} of the form {vy, ..., v, } M

eoy Up

that is fixed by &, it is equivalent to find M, = (m;;); ;_, such that

NoM, = Ml(q), where Ml(Q) =(ml), q= pd.

v
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Thus we define U, ; = Spec Oy (U,)[m11, ..., My, 1/det My]/(NoM; —Ml(q)). It is easy
to see that U, — U, is finite étale and trivializes (F1,&1)|u, x.s,- Therefore, the étale
sheaf (F7)% is locally constant and has finite stalk £®".

Induction step: assume that there is a covering space Y,, — Y that factors
through Y,,_; and trivializes (F,,&,). Take an open covering {U,} of Y,, such that
Fot1|Uax, 8o, 18 free for all a. We are going to see that for every U,, there exists a
finite étale morphism U}, — U, that trivializes (Fy41,&n+1)|00xnS0i1- Let {v1,..., 0.}

be a basis of F,11|u, such that it extends to a global basis of F, |y, «,.s, fixed

msrz+l

by &,, i.e.
fn-l—l{vlv T 7UT} = {(Flgn X idSnH)*Ul? B (Fﬁcfln X idSnH)*UT}(I(T) + SnDn)7

for some D,, € Mat(r x r, Oy, (U,)). To find a basis {v], ...,v.} that is fixed by &,41
and of the form {vy, ..., v} (L) + 5" A1) , it is equivalent to find A,y = (m;;) such
that

D+ Apyr = Aq(lqlp

where Aflqll = (my;). Then define U,, = Spec Oy, (Ua)[m11, .., M| /(D + Dpy1 —
Affll). Clearly U], — U, is finite étale and trivializes (Fpni1,&n+1)|vnx08,,,- There-
fore, the étale sheaf (F, 1)+ associated to (Fpny1,&nys1) is is locally constant and

has finite stalks. O

Remark 8.1.6. The family of finite étale maps {U/, — U, } over an open covering {U, }
of Y,, can naturally be glued to a global finite étale map of Y,,.

The trivial line bundle with a non-trivializable Frobenius structure can be triv-
ialized under base field extension and may induce representations with an infinite
monodromy yet a trivial geometric monodrony. To avoid such cases, we give the

following definition.

Definition 8.1.7. A Frobenius-periodic vector bundle (F, ) over Y x T is said to be
strictly Frobenius-periodic if (det(F), det(§)) is trivializable, denoted by (F, &, det =
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1); A Frobenius-periodic vector bundle (F,&) over Y x, S is said to be strictly

Frobenius-periodic if every (F,,&,) is.

Note that the determinant bundle of a strictly Frobenius-periodic vector bundle

(F, &) is trivial.

Proposition 8.1.8. (1) Let Cy,, be the category of locally free smooth k[s]-sheaves
over Yo and Cy,, be the category of Frobenius-periodic vector bundles over Y X, S.
Then there 1s an equivalence Cy,, = Cy,,, .

(2) Asssume that Y is connected. Let Cfrll(y) be the full subcategory of Cr vy whose
objects are SL-representations of w1 (Y) and C§¥" be the full subcategory of Cy.,,, whose
objects are strictly Frobenius-periodic vector bundles over Y x,.S. Then there is an

equivalence

Chon =Gl por (Fpbpdet=1) or pag ¢ (F.& det=1).

)

Proof. (1)May assume that Y is connected. The functor Cy,,, — Cy,, is given by
{(Fna gn)}nGZ"‘% {(Fn)gn}nez+ (812)

By the proof of Lemma 8.1.5, (F,)% is a locally constant and locally free x[s]/(s")-
sheaf.

The functor Cy,, — Cy,,. is defined as below: let {F,},ez+ € Ob(Cy,,). For
every n, JF, over Y is equivalent to a finite and free k[s]/(s™)-sheaf F] over a
Galois covering Y,,/Y with an Aut(Y,,/Y)-action; the latter can be viewed as the
étale sheaf in 8.1.1 associated to a trivializable Frobenius-periodic vector bundle &,
over Y,, x S, with an equivariant Aut(Y, /Y )-action; by descent theory (e.g. [Mum74,
§12, Thereom 1]), &, is the pullback of a Frobenius-periodic vector bundle &£ over Y.
The functor Cy,, — Cy,,, is defined by {(F,,&,)}—{E.} and clearly we have an
equivalence of categories.

(2) We only need to show that (F,,&,,det = 1) induces a SL-representation. Let

Y, Iy be a Galois covering space that trivializes (F,, &, ) by Lemma 8.1.5. Then the
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induced representation is the composition m (Y,7) — Gal(Y,,/Y) — GL(r, s[s]/(s™));
with a basis {e,--- ,e;'} of fF, preserved by f&,, the latter is defined by g — M1,

where (¢7! x idg, )*{ef, -+ ,el'} = {e}, -+ ,el}M 1. Thus M, € SL(r,[s]/(s")).
[

8.2 Frobenius-periodic bundles over a projective
smooth base

Now we turn to the case when Y is a projective smooth geometrically connected
scheme over k. Let & be the algebraic closure of k and ¥ = Y ®, k. Note that
by Grothendieck’s existence theorem, the category of vector bundles over YV x, S
is equivalent to the category of vector bundles over Y X, .S. There exists an exact

sequence of profinite groups:

l—m(Y)—m(Y)—Gal(k/k) — 1. (8.2.1)
We now recall some definitions and facts.

Definition 8.2.1. We call a Frobenius-periodic vector bundle (F, &) over Y x, T to
be constant if it is isomorphic to the pullback of a Frobenius-periodic vector bundle

under the projection Y x, T — Y.

Definition 8.2.2. [HL10] A vector bundle F over Y is said to be geometrically slope-

stable if F ®,, k is slope-stable over Y.

Facts 8.2.3. [Isa76] Let K be a field. A continuous representation p : w1 (Y) —
SL(r, K) is said to be (absolutely) irreducible if and only if p is (absolutely) irreducible
as a representation of the abstract group m (Y). Note that a representation of an
abstract group p : H — SL(r, K) is absolutely irreducible < p @k L is irreducible for
every field extension K C L < p ®k L s wrreducible for every finite field extension
K CL.
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Lemma 8.2.4. [dJ01, Lemma 3.15] Let p: H — GL(r, K[s]) be a representation of

a finite group H, where K s a field. If pg = p mod s is absolutely irreducible, then
p =~ po @k K[s].

Lemma 8.2.5. [dJ01, Lemma 2.7] Let 1 =T — H — 7 — 0 be an ezact sequence
of profinite groups. Suppose that p : H — SL(V') is a continuous representation such

that p|r is absolutely irreducible. Then #p(I') < co & #p(H) < oo.

Lemma 8.2.6. Let (F,&, det = 1) <> p be a pair under the equivalence in Proposition
8.1.8. If (F,€) is constant, then #p(m(Y)) < 0o. If p mod s is absolutely irreducible,
then (F,§) is constant < #p(m(Y)) < o0.

Proof. As a Frobenius-periodic vector bundle over Y is étale trivializable by Lemma
8.1.5, thus if (F, &) is constant, then #p(m(Y)) < oc.

If p mod s is absolutely irreducible and < #p(m(Y)) < oo, by Lemma 8.2.4,
p =~ po @k K[s]. By descent theory, (F,¢) is constant. O

Proposition 8.2.7. Let (F,&, det = 1) < p be a pair under the equivalence in
Proposition §.1.8. Let Fqy be the pullback of F under the closed immersion Y — Y x,.S
and po be the composite map m (Y) % SL(r, k[s]) mog s SL(r, k) . Then the followings

are equivalent:

Fo is geometrically slope-stable (g.s.s.) (8.2.2)

& (p0)|xy(v) s absolutely irreducible (a.i.). (8.2.3)

If one of the above equivalent conditions hold, then F is non-constant < #p(m(Y)) =

Q.

Proof. (g.s.s.) = (a.i.): The reducibility of pol., v) ® K implies the existence of a
proper subbundle of Fy ® k with slope 0.
(a.d.) = (g.s.8.): As Fy is étale trivialized, it is geometrically slope-semistable. Since

a slope-zero subbundle of a trivial bundle is trivial, then the existence of a proper
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slope-zero subbundle of Fy ® & over Y implies the reducibility of 0l (v) ® F.

Since the absolute irreducibility of (po)|r, 7y implies the same property for p|., ) and

|7r1(

po, then the second equivalence follows from Lemmas 8.2.6 and 8.2.5. O

8.3 An equivalence between vector bundles and
representations

Recall from [HL10] that the geometric Frobenius map of a scheme Y over a finite field

K of characteristic p is defined to be FZ, where d = [ : ).

Theorem 8.3.1. Let Y be a projective smooth geometrically connected curve over a
finite field k and My (r,0) be the coarse moduli space of rank-r semistable bundles over
Y =Y ®,k with trivialized determinant. Denote by V : My (r,0) > My (r,0) the
rational map defined by [E] — [F*E] with respect to the geometric Frobenius map F
of Y over k. Then the following are equivalent:

(1)There exists a finite extension K of k and a representation p : ™ (Y &, K) —
SL(r,K[s]) such that (p mod s)|, vy is absolutely irreducible and #p(m (Y)) = oo.
(2) There exists some positive integer N such that the Zariski closure of the fized point
locus Fiz(VN) is of positive dimension and contains a stable point in a connected

component, where Fiz(VN) consists of closed points x € My (r,0) such that VN (z) =

x.

Proof. (1) = (2): By Proposition 8.1.8, there exists a strictly Frobenius-periodic
rank-r vector bundle (F, ¢, det = 1) over (Y ®,K)xzSpec k[s]. Locally, (F, &, det = 1)
is defined by transition matrices and linear maps. Note that there exists a finitely gen-
erated k-algebra A C K[s] and a a strictly Frobenius-periodic bundle (F, ¢’ det = 1)
over (Y ®,K) xzSpec A such that its pullback to Y x, Spec k[s] is exactly (F, &, det =
1). As F' can be viewed as a family of bundles over Y fixed by the geometric Frobenius

map of Y ®, & over &, i.e. the N*"-power of the geometric Frobenius map of Y over
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k, where N = [k : k]. Thus the image of the modular morphism Spec A — My (r,0)
is in Fix(V"). By Proposition 8.2.7, F' is a non-constant family and consists mostly
of stable bundles, thus Fix(V*) has the required properties.

(2) = (1): Let Z C Mx,(2,0) be the connected component of the Zariski closure of
Fix(V™) that contains a stable point. Using the construction of My, (2,0) as a GIT
quotient, then there exists a quasi-projective scheme T over some finite extension '
of k and a strictly Frobenius-periodic vector bundle (F, &) over (Y,/) X, T such that
the image of the modular morphism 7' — M, (2,0) is dense in Z. Then pick up a
stable point ¢ € T. Let K be the residue field at ¢ and fix an injection Or; — K[s].
The pullback of (F,&) under (Yy) X T — (Yz) Xz Speck[s] is a strictly Frobenius-
periodic vector bundle over (Y%) xz Speck[s]. By Propositions 8.1.8 and 8.2.7, we

obtain a representation p : m1(Yz) — SL(r, K[s]) as required. O

From now on, in order to obtain representations with an infinite geometric mon-

odromy, we turn to study the fixed point locus of the Verschiebung.
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Chapter 9

The Verschiebung map on M x(2,0)

Notations: For a scheme X over a field k£ of characteristic p > 0, let 0 : £ — &k
be the absolute Frobenius map; denote by X (n) the scheme deduced from X by the

extension of scalars k -2 k: let F, : X(n) — X(n+ 1) be the relative Frobenius.

9.1 (General facts on the Verschiebung map

Let X be a smooth algebraic curve of genus 2 over a field k of characteristic p = 2
and k be the algebraic closure of k. Let Mx(2,0) denote the moduli space of rank 2
semi-stable vector bundles over X with trivialized determinant. Let J5 be the space
of line bundles of degree 1 over X}, and denote by © the divisor denoted by Xj C Jk.

We first recall from [Ray82] the theta characteristic B of X. Consider F_; :

X(—1) — X, we have an exact sequence as below:

0 OX (F,I)*Ox(_l)—>B—>0 (911)

Clearly B is a line bundle of degree 1 and it is shown in [Ray82] that B? ~ Q.
As in the complex case [NR69], there also exists a regular morphism in character-

istic p = 2 by [Ray82]:

D : Mx(2,0)

20, (9.1.2)
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which maps the class of the semi-stable bundle E to the divisor D(E) with
suppD(E) = {L € Jx|H*(E® B® L) # 0}.

A proof of that D is an isomorphism is given by M.S. Narasimhan along the lines of
the original paper [NRG9]. It is also proved in [L.LP02, Proposition 5.1].
Proposition 9.1.1. [LP02, Proposition 5.1] D : Mx(2,0) —=P3 ~ |20 is an iso-
morphism.

Consider the Kummer morphism ¢ : Jx — Mx(2,0),L — [L & LY.

Proposition 9.1.2. [LP02, Proposition 4.1] In a canonical Theta basis of H°(Jx,20),

the Kummer surface Kmyx = ¢(J) C |20)| is defined by a quartic equation.

Now we turn to the Verschiebung map. Consider the relative Frobenius Fj : X —

X(1). The Verschiebung map is defined as below:

VX(l) : ./\/lX(l)(Q, O) MX(2, 0), [E]Q [F(TE] (9.1.3)

The Verschiebung map Vy ) can be identified with a rational map P? - P3

via D.

Proposition 9.1.3. [LP02, Proposition 6.1] Let X be an ordinary genus-2 curve in
characteristic 2. The Verschiebung map V(i) : P? - ~P3 s defined by quadratic

polynomials.

1. Vx@y maps the Kummer surface of X (1) to the Kummer surface of X.

2. There emists a unique stable bundle E° destabilized by the Frobenius map, i.e.,

F;E° is not semi-stable. We have E° = (Fy).B~ .

Proof. See [LP02, Proposition 6.1). As deg(B) = 1, E° = (Fp).B " is destabilized by

the Frobenius map following from the exact sequence:

0—=B—— (Fy)*(Fy).B} B! 0.
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9.2 Mx(2,0) over a genus-2 curve in characteristic

2

In this section, G = Z /27 x S5 and X is a projective smooth ordinary curve of genus 2
over a field k of characteristic 2 with Aut(X/x) = G. Except in Theorem 9.3.1, k can
be infinite. Consider the relative Frobenius F : X — X (1). Note that the G-action

on X deduces a G-action on X (1) such that Fy commutes with the G-actions.

9.2.1 A group action

In this subsection, we study the fixed point locus of the G-action on the Kummer
surface Kmy of X and the coarse moduli space M x(2,0).
Let mx : X — |Kx| = P! be the canonical morphism of X. As X is ordinary, the

double covering mx has three ramification points according to Fact 9.2.1.

Facts 9.2.1. Let Y be a projective smooth curve of genus 2 over an algebraically
closed field of characteristic p > 0. Assume that £ € Pic”(Y). Then L is of the form
Ox(P — Q), where P,Q are closed points of Y. Moreover, if L?> = Oy, then L is
of the form Oy (R; — Rs), where Ry, Ry € Y are ramification points of the canonical

morphism my : Y — |Ky| = P

We assume that the image of the ramification points of mx are {0,1,00}. The
7./27-action on X is generated by the hyperelliptic involution of 7y, denoted by ¢;
the Ss-action on X induces an action on the canonical linear system |K x| and hence
can be identified as the permutation group of the branch points {0, 1, 00}. Fix such
an identification and denote by 791 (resp. o) the automorphism of X corresponding
to (01)(c0) (resp. (01c0) ).

The G-action on X induces a G-action on the Jacobian Jx and thus a G-action

on the Kummer surface Kmy of X. We first study the fixed points of G on Kmy.
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Lemma 9.2.2. Let Q € X is a fived point of o. Then The set of the fized points
(Kmx)Y of the G-action on Kmyx consists of three points: (9_??2, Eix = Ox(Q —
7'01(@)) D OX(7'01(Q) - Q); Eyx = OX(Q — Lo 7'01(@)) S OX(L © 7'01(@) - Q)-

Proof. Tt suffices to find all line bundles £ € Pic’(X) such that ¢g*£ ~ £ or L~ for
g = To1, Tose and 0. By Fact 9.2.1, £ ~ Ox(Q1 — Q2) for Q1,Q, € X. The lemma is
proved by a case-by-case analysis according to the three types of points: (I) the three
ramification points; (II) the four fixed points of o; (III) all the others. O

Note that o fixes four points on X, yet the definition of E) x and Ej x is inde-
pendent of the choice of Q. Take a fixed point Q; of o on X (1), we similarly define
ELX(l) and E2,X(1)- We have

Lemma 9.2.3. For j=1,2, FgE; xq0) = Ej x.

Proof. Take a fixed point Q of o on X, then Q; = Fy(Q) is a fixed point of o on X(1).
Since Iy [Ox1)(Q1—101(Q1))] = Ox(2Q — 2701 (Q)) and FF[Ox1)(Q1 —roT01(Q1))] =
Ox(2Q — 2t 0 191(Q)), it suffices to prove that 3Q) ~ 370:(Q) ~ 3¢ 0 791(Q). This
follows from that @, 701(Q), ¢(Q), toT01(Q) are the ramification points of the finitemap
X — X /(o) ~ P! with ramification index 3. O

The following lemma will be useful to find (Mx(2,0))¢.

Lemma 9.2.4. Let H be a subgroup of Aut(P}/k), where k is a field of characteristic
p. Assume that H is generated by elements with order of the form p”. Let Py, P, € P}
be fized by H, then the projective line PPy is fized by H.

Proof. Identify points Py, P, with vectors vy, vy € k"L, Let h € H have order p” and
h € GL(n+1,k) be a preimage of h. Then h?" = pul, ;1. By assumption, h(vy) = iy
and h(vs) = povs. Thus it = pf = 1 = po. Therefore, h fixes the line P, Py. O

By ([LP02]), Mx(2,0) is isomorphic to [20| ~ P3 and the Kummer surface Kmx
is a quartic hypersurface. To find the fixed point locus (Mx(2,0))¢, we need the

following.
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Proposition 9.2.5. The fized point locus of the G-action on Mx(2,0) is a projective

line, denoted by Ay, which intersects with the Kummer surface of X at 3 points.

Proof. By Proposition 9.1.1, Mx(2,0) ~ P3; as G is generated by 2-torsion elements,
by Lemma 9.2.4, the fixed point locus (Mx(2,0)) of G on Mx(2,0) is a projective
subspace. Since (Mx(2,0))¢ intersects with the Kummer surface Kmy at three

points by Lemma 9.2.2, thus dim(Mx(2,0))¢ = 1 and it is a projective line. O

9.2.2 The Verschiebung map

Recall that X (n) is the scheme deduced from X by the extension of scalars x 4 k.
As X is a projective smooth ordinary curve of genus 2 over a field x of characteristic
2 with Aut(X/k) = G, so is X(n). For all n, the G-action on X (n) is deduced from
the G-action on X such that the relative Frobenius F), : X(n) — X(n+ 1) commutes
with the G-actions.

Denoted by V,, the Verschiebung map
Vi = Vx(nt1) : Mx(ni1)(2,0) o= Mx)(2,0) , [E] = [F E].

Clearly, the previous results for (X, Vx()) also holds for (X (n),V,). Therefore, the
fixed point locus of G on M x(,y(2,0) is a projective line by Proposition 9.2.5, denoted
by Ax(n)-

As F, : X(n) - X(n + 1) commutes with the G-actions, the pullback of a G-
bundle is a G-bundle, hence V,,(Axmi1)) C Dxm).-

Lemma 9.2.6. The restriction of Vn|Ax<n+1) P A X (ng1) > Ax(m) can be identified

with a linear map P! ——P! .

Proof. As Ax(y is a projective line of Mx,)(2,0) for all n, then Vn|AX(n+1> is iden-
tified with a rational map P! - ~P! . As V, is defined by quadratic polynomials by

Propositon 9.1.3, thus V,|a,,,, is given by two quadratic polynomials {hs, s} in
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two variables. Note that V,, has a base point (F},).B, !, where B, is the theta char-

acteristic of X (n) defined by a similar exact sequence as (9.1.2). Clearly (F},).B, " is
a G-bundle, i.e. [(F},).B;'] € Axn+1)- Thus hy and hy have a common linear factor

and V,,| Ax(ns1y 18 Teduced to a linear map. O

9.3 A non-trivial family of vector bundles

Theorem 9.3.1. Let X be a projective smooth ordinary curve of genus 2 over a finite
field K of characteristic 2 with Aut(X/k) = Z/27Z x S3 = G. Consider the rational
map defined by taking pullback of bundles with respect to the geometric Frobenius map
of X over k, denoted by V : Mx(2,0) - > Mx(2,0) . Then the fized point locus of
the G-action on Mx(2,0) is a projective line, denoted by N x, which intersects with

the Kummer surface of X at 3 points and V|a, = ida .

Proof. Assume that #r = 2¢. Note that X(d) = X. Note that the rational map
V is a composite map Voo Vio---0 V1. As Vn|AX("+1> C A X (ng) > AN x(n) s
linear for 0 < n < d — 1 by Lemma 9.2.6, thus V|, is linear. Moreover, Lemma
9.2.3 holds for every X (n), i.e. there are semistable bundles E; X(n)> F2,x(n) such that
VillEj x(me1)]) = [Ejxm] for j = 1,2. Thus V| has three distinct fixed points, i.e.
[O%3], [E1.x] and [E, x]. Therefore, V|, is the identity map. O

Next chapter we give an explicit construction of the vector bundles represented

by Ax.
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Chapter 10

An invariant construction of

Frobenius-periodic vector bundles

In this chapter, X; is a projective smooth ordinary curve of genus 2 over a field x of
characteristic 2 with Aut(X,;/k) = G = Z/2Z x S5. We give an explicit construction
of the bundles over X; parametrized by the projective line Ay, in Proposition 9.2.5.
Let & be the algebraic closure of x and X; = X; ®,, &.

Recall from [Anc43] that an ordinary curve of genus 2 in characteristic 2 is deter-

mined by the equation
y? + (22 + 2)y + A\r° + pr® +vr = 0. (10.0.1)

Among the three-parameter family of curves, there is a one-parameter family of curves

with a G-action defined by
Xo: V4@ +a)y+E+t)(° +a)+22° =0, tex, t#£0,1. (10.0.2)

Let (xo : x1) be the homogeneous coordinates of P! and identify = = 5. Then
the projection (z,y) — z extends to a double covering m; : X; — P!. Denote by

Pot, Pit, Pooy € X, the ramified points of m; over 0, 1,00 € P! respectively. Near oo,
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Ly_ =yx=3, then X, is given by

let x_ =2~
Xy + (@2 4+ o)y + () +) 22 =0, (10.0.3)

It is not hard to see that Aut(X;/k) = Z/2Z x Ss.

X, - X M(z) = =x,

\\Pl/

The Z/2Z-action on X; is generated by the hyperelliptic involution of 7, denoted

Gly) =y +a?+

by ¢; the Ss-action on X; can be identified as the permutation group of the branch
points {0, 1,00} of m;. Fix such an identification and denote by 7o, (resp. 7peo) the
automorphism of X; corresponding to (01)(co) (resp. (0oc0)(1) ). Explicitly, the

Ss-action on X; and P! are defined as below ( in terms of structure sheaves):

o e atl, yeytrt@i o +1); mo a0, x> w0+ (10.0.4)

Toso ' THT_, Yrry_; Tor> Ty, X1 Tp. (10.0.5)
The Ssz-action on P? induces a canonical Sz-action ¢ on Op1(n) as follows:

Gror - T010p1(n) = Opi(n), 75, ([6]) = 6], 761 ([27]) = [(zo +21)"]; (10.0.6)

Prone * T Op1 (1) = Opr(n), - 7o ([26]) = [27], Tono([27]) = [25]. (10.0.7)

where [z], [z}] denote global sections of Op:i(n).

10.1 A family of G-bundles &;

In this section, we define a family of G-bundles over X; parametrized by A, =
Spec k[\]. By a G-bundle, we mean a vector bundle with an equivariant G-action.
Recall that an equivariant G-action ¢ on a vector bundle &£ is a set of isomorphisms

{¢y: g°€ = E|g € G} with some compatible conditions.
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Denote by w; the canonical sheaf of X;/k. Note that w; ~ 77 Op1(1). Consider the

exact sequence as follows:

0w @w 2 2 9w, D, @ 0, ——0, (10.1.1)

where 14,1y are defined by tensoring with the section 7z ® ) (zg + 1) @ mjz1 €
['(X;,w?) and the quotient sheaves Q; = Qy, which is the structure sheaf of 2P, +
2P, + 2P, as a closed subscheme of Xj.

Let A; = Spec k[A] and p; : Xy X, Ay — X; be the natural projection to X;. As p;
is flat, the pullback of (10.1.1) under p, is still exact:

« « —o(i1 ) ( ) "
Oﬁ'pﬂ"-)t D piw, 2! plwt @ pjw tﬂ'p1Q1 ®p192—>0, (10.1.2)

Note that Aut(X; x, Ai/A;) ~ Aut(X;/k) = G and piw] = pin;Opi(n) has an
equivariant G-action that is compatible with the action ¢ on Opi(n) in (10.0.6) and
(10.0.7).

Now we define a family of G-bundles as below.

Lemma 10.1.1. There exists a unique rank-2 bundle & over X; X, Ay with an equiv-

ariant G-action ¢ such that

1. The diagram as below is commutative:

0—pjw; ' @ pjw; P — & LB Yo Y 0 (10.1.3)

H LCQ lsH(O,s)

. (z i2)
2 —=pi Q1 ®p; Qs —0.

* (q1,92)
O_)plwt @ piw; - —— plw ?@plwt —

2. (1 and (o commute with the G-actions.

3. The two rows in (10.1.3) are exact.

-1 G C2

4. The sequence 0 Piwy Ein

piwy —=0 s exact.
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5. Locally on the open neighborhood U = p;* (X\{Px.}) of by (Pos), & identified

with a sub-sheaf of piw? & piw; is generated by
Etlv = (w(z + Dlg), (y + N)[g] + [wo]), (10.1.4)
where [xf] is identified with pim;([xy]) and viewed as a global section of piwy'.

Proof. Consider the open subscheme U’ = pl_l(Xt\{P()’t,Pl,t,Poo7t}). Because the
rows in (10.1.3) are exact, &y =~ (pjw? @ piwy)|pr. To determine &, it suffices
to define & around p; ' (Pos),p; (Pis) and p;'(Psy). To endow & with a G-action
such that ¢, commutes with the G-actions, the definition of & around p;'(Py;) as a
subsheaf of piw? @ pjw; determines the definition of & around p; ' (P ;) and pj ' (P )
as a subsheaf of pfw?@®pjw;. Thus &; is uniquely determined by the above assumptions.
It suffices to verify that there exists a G-action on &; as required. This is routine and

implicit in (10.0.4)~(10.0.7), thus omitted. O

10.2 Properties of &

We will show that & in Lemma 10.1.1 is a non-constant family of stable bundles over

X

Lemma 10.2.1. let £ be a line bundle on X; with an isomorphism ¢ : *L — L
s.t. poi*¢ = 1. Consider the exact sequence 0 — m} (L) — L — Qp — 0, then

Supp(Qr) C {Post, Pit, Pt} and Qr has length 1 at each point in its support.

Proof. First n}(mu L)' |y ~ L|y for U = X, \{FPoy, P, Py} Take Py, for example.
Assume that Lp,, = Ox, p,,(€) and ¢(c*e) = pe with p € O%, p . then p(c'p) = 1.
By Hilbert’s Satz 90, 4 = - for v in the fraction field of Ox, p,,; as v can be

L*v

chosen to have order 0 or 1. Thus 7} (7. L)!|p,, = Ox,.p,,(ve) and Qr p,, is of length

<1. O
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Lemma 10.2.2. Let Y be a projective smooth scheme over an algebraically closed
field K of characteristic p > 0. Let H C Aut(Y/K) be generated by elements with
order of the form p™. Let F be a slope-stable vector bundle over Y. Then there is at

most one way to lift the action of H on'Y to an equivariant action on F.

Proof. Suppose that there are two equivariant H-actions on F, denoted by ¢; and
¢9. It suffices to show that ¢y, = ¢y for h € H with ord(h) = p™ for some n. Let

0 =¢apn0 gbf}b Since F is slope-stable, then § € K*. Consider the following diagram:

id

~— N F<——h"" h>* . hP"*F =

7 1,h h*é1,n fh2*¢1,h 4 =7

lid Lid Lid lid Lid
®2,h h*¢2 p, h?* ¢

Fllp F g F Ly e~ W F=F

id
Note that the largest square is commutative and it is split into p™ small squares, the

commutator of which are all §. Therefore, *" = 1 and hence § = 1. O

Proposition 10.2.3. Let & be the vector bundle in Lemma 10.1.1. For every A € k,
denote by & » the pullback of & under X, — X; x,. Ay defined by \. Then

1. & is a semistable vector bundle over X; and & # Og’%f for all \ € k.
2. If NF#t, t+1, & is stable.

3. For M\, o #t,t+ 1, then & 5, = &, if and only if Ay = A

4. As points of Mx,(2,0), [Eri1] = [Er x5 [Ere] = [Eax,]-

Proof. (1) Suppose that & ) is unstable and let £ be its maximal line subbundle.
Because of the uniqueness of Harder-Narasimhan filtration, ¢,(:*£) = £. By Lemma
10.2.1, 77 (7 L) (C L) is of degree > —3, thus 7} (7. L)" C w; ' As w; ' is saturated
and of negative degree, contradiction with that L is of positive degree. Similarly,
EiN F (9_%2, because whatever G-action is given on (93’?3, the (-invariant part always

contains a trivial bundle as its subbundle.
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(2) Because of Lemma 9.2.2, it suffices to show that when X\ # t,t + 1, & is not
isomorphic to E) x, or Es x,. To do this, we consider the action of ¢, and ¢,,, on the

stalk at P «. By (10.1.4),
(&) p, = (@@ + D[ag), (y + t(@® + 2 + 1) + A)[ag] + [20]) = (€1, ).
By computation, ¢,{c*€,. 6} = {€1,&} (1), and
Orooo {T000C1s Tomo P2} = { €1, 82}((1) ”1’\) mod mx, p, ,- (10.2.1)

Let Q € X; be a fixed point of o = 7o © 701 and clearly 701(Q) = T (Q). As

H(O(Q = (@) = O(u(Q) = Q) 76(O(Q = 01(Q))) = O(101(Q) — Q);
H(O0(Q = 1o (Q))) = O o (Q) — @),
T00o(O(Q — 10 701(Q))) = O(Q — 1 0 T01(Q))-

Therefore, whatever G-action ¢ is given on E) x, = O(Q — 101(Q)) @ O(101(Q) — Q)
or By x, = O(Q —1o7101(Q)) ® O(o191(Q) — @), there exists a local basis such that

on (El,Xt)Pl,t ® R, gbb = ((1) %)a ¢TO,00 = ((1) %) mod MX,,Pys (10'2'2)

on (Eox,)p, @R, ¢.= (1), on.=(49) modmy,p,,. (10.2.3)

Then (2) is clear by comparing the matrices of ¢,__.

(3) It follows from Lemma 10.2.2 and the matrices of ¢, in (10.2.1).

(4)Let Ax, C Mx,(2,0) be the projective line in Proposition 9.2.5. Consider the
modular morphism 4, : Ay, — Ax, \{[OF’]} defined by &,. Because of the above, 4
restricted to A;\{¢,t + 1} is an isomorphism, so is 7;. Thus & ; and & 441 are in the

S-isomorphism class of E x, or Fs x,. Then it is done by comparing the matrices of

Proee - O

Corollary 10.2.4. The modular morphism given by & in Lemma 10.1.1 is an iso-

morphism i, : Ay = Ax,\{[OF]}.
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10.3 Frobenius pullback of &;

We will show that & is Frobenius-periodic over X; X, A; if x is finite. We first
consider the Verschiebung map Vx,. Note that the scheme deduced from X; by the
extension of scalars K — & is X;2. Then the relative Frobenius of X is a morphism
Fy,/x + Xt — X2 and the Verschiebung map is Vi, : Mx,(2,0) ~> Mx,(2,0) .
By Lemma 9.2.6, the map VXt|Axt2 VA > Ay, is linear. With the isomor-
phisms ¢; and iz in Corollary 10.2.4, we consider the restriction of Vy,|a X to A,
denoted by f; : A2 — A;. Clearly f; is linear. Note that for almost all A\ € &,
F%, /Hé't; » is stable; moreover, as Fg, /Hgtz’ \ has a G-action deduced from the G-action
on &p y, F;‘(t/ﬁé’tz’,\ is isomorphic to some &, . By Lemma 10.2.2 and the matrices of

Groo. 0 (10.2.1), N = X + ¢ + t2. Therefore, we arrive at the following result.

Theorem 10.3.1. Let k be a field in characteristic 2. For allt € kK and t # 0,1,
let Xy be an ordinary curve defined by (10.0.2) , & be the bundle over X; X, N\
defined in Lemma 10.1.1, Fx,;. : Xy — X2 be the relative Frobenius of X; and
g : N2 — Ay be a linear map defined by X\ — X+t +t2. Then there exists a morphism
Xt & — (Fxt/,@xgt)*é’tz that becomes an isomorphism on an open subscheme X; X Uy,
where Ay \U; has a unique point corresponding to the unique stable bundle destablized

under Frobenius pullback.

Remark 10.3.2. Theorem 10.3.1 can be proved directly by finding the explicit expres-

sions of x;. When ¢ € Fy2\Fs, we recover Laszlo’s example.

Now we turn to the case when « is finite . Assume that [k : Fy] = d, then the
geometric Frobenius of X, is F j‘ét I the composite map g,,a-1 0 ---0 g o g; is the
identity map of A; and we obtain a composite morphism ng) & — (Ft(d) X idy,)*E;.
Corollary 10.3.3. With the assumptions in Theorem 10.3.1. Moreover, assume that
[k : Fo] = d. Let X\ : & — (F\Y x idy,)*& be the morphism defined as above.
Then ng) is an isomorphism on an open subscheme X; X, U{, where U] is obtained

by removing d closed points from A;.
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