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1 Introduction

Large dimensional factor analysis has been found to be useful in an increasingly large number of
applications, and the theoretical properties of the estimates obtained by the method of principal
components are quite well understood. The method of principal components estimates the space
spanned by the latent factors instead of the factors themselves. Thus, if F} is the » x 1 vector of
latent factors, and ﬁt is the vector of factor estimates, there exists an r x r invertible matrix H
such that ﬁt estimates H'F;. Asymptotic results are stated in terms of ﬁt — H'F;. Similarly, if \;
is the vector of factor loadings and Xz is the corresponding estimate, asymptotic results are known
for Xl — H ).

In some instances, the object of interest is the conditional mean, and interpretation of the
parameters that determine the conditional mean is not necessary. For example, in diffusion index
forecasting analysis of Stock and Watson (2002), the object of interest is the value of the dependent
variable. In factor augmented regressions, the factors are merely present to control for latent
common effects. In problems with errors-in-variables or endogeneity such as considered in Bai and
Ng (2010), one only needs the factors to be strongly correlated with the endogenous regressor to
validate the factors as instruments. In all these cases, we are not interested in the coefficients on
the factors per se and being able to estimate a rotation of F; suffices.

There are, however, cases when the parameters of interest are the coefficients associated with
the factors, or even the factors themselves. For example, in arbitrage pricing theory, one might be
interested in the sensitivity to different risk factors, and knowing whether the factors are related
to real macroeconomic activity, to inflation, or to financial markets is useful. This would involve
putting restrictions on the factor loadings. In factor augmented regressions of the form y, =
o Fy + W/ + €1, one might be interested in testing hypothesis concerning «. Since the asymptotic
theory is only available for vT(a& — H™'a), the test is uninformative except when « is zero.

To be able to give meaningful interpretation to the factor estimates within the principal com-
ponents framework, one would need to know H. In general, H is unrestricted and need not be a
diagonal matrix. However, the more assumptions we impose on the data generating process, the
more we know about H. In the important case when the assumptions imply that H is an identity
matrix, the principal components estimator will directly estimate F', instead of a rotation of it. This
case is important because ﬁt can be treated as though they were the latent F;. In factor-augmented
regressions, & can be given economic interpretation.

We study three sets of restrictions on F' and A such that H is an identity matrix asymptotically.

We also derive the asymptotic distributions for the estimated factors and the loadings under each set



of the restrictions. After presenting the results for factor models with no deterministic components,
the analysis is extended to allow for (i) additive individual effects, (ii) common time effects, and

(iii) heterogeneous time trends in the panel of data.
2 Factor Models and Identification

Let T and N denote the sample size in the time series and cross-section dimensions, respectively.

Fori=1,...N and t =1,...T, the observation X;; has a factor structure represented as
Xit = A;Ft + €;¢-

As written, there are no deterministic terms. Individual fixed effects and time trends will be

considered subsequently. Let X and e be T' x N matrices. The factor model in matrix form is
X=FA +e

where F' = (F1, Fy, ..., Fr)" is the T x r matrix of factors and A = (A1, Aa, ..., Ax)’ is the N x r
matrix of factor loadings. Our objective is to estimate both F' and A. We make the following

assumptions:

Assumption A: There exists an M < oo, not depending on N and T, such that

a. E||F||* < M and %Zthl F,F]-25%p > 0is a r x r non-random matrix.
b. \; is either deterministic such that ||\;|| < M, or it is stochastic such that E||\||* < M. In
either case, N-IAA-L%, > 0is a r x 7 non-random matrix as N — oo.
ci E(ey) =0, Elexy|® < M.
cil E(eiejs) = 0ujts, |0ijius| < 045 for all (t,s) and |oyj4s] < 746 for all (4,7). Furthermore,
Zi]il gij < M for each j, Zthl Tis < M for each s, and ﬁ > |oijes| < M.

c.iii For every (t, s), E|N_1/2 Zi\;l eiseir — Fleiseq) ||t < M.

’j7t7's:1

d. {N}, {F:}, and {e;}, are three mutually independent groups.
e. (i) N"V2N New—5N(0,Ty); (i) T-Y2 ST | Freu—5N(0, 0)).

Assumptions (A.a) and (A.b) imply the existence of r factors. The idiosyncratic errors e; are
allowed to be cross-sectionally and serially correlated, but only weakly as stated under condition
(A.c). If e are iid, then A.c(ii) and A.c(iii) are satisfied. Assumption (A.d) allows within group
dependence, meaning that F; can be serially correlated, A; can be correlated over i, and e; can

have serial and cross-sectional correlations that are not too strong so that (A.a)-(A.c) hold. We



assume no dependence between the factor loadings and the factors, or between the factors and the
idiosyncratic errors, which is the meaning of mutual independence between groups. Part (e) of
Assumption A defines the limiting covariance of the factors. Although both F; and e;; are allowed
to be dynamic processes, the model is a (generalized) static factor model as opposed to a generalized
dynamic factor model. For the latter, the readers are referred to Forni et al. (2000).

The method of principal components minimizes the objective function tr[(X — FA') (X — FA')]
by choosing the normalizations that F'F/T = I, and A’A is diagonal. The estimator for F,
denoted F = (ﬁl, ...,ﬁT)’ , is a T' x r matrix consisting of r unitary eigenvectors (multiplied by
VT) associated with the  largest eigenvalues of the matrix X X’/(TN) in decreasing order. Then
A=(,...,A\n) = X'F/T is a N x r matrix of estimated factor loadings. The estimators F and
A satisfy the normalization restrictions since F'F /T = I, holds by construction. It is also easy to
show that A’ K/N =Visa diagonal matrix, where Visarxr diagonal matrix consisting of the r
largest eigenvalues of X X'/(TN).

While the restrictions used by the principal components estimator identify the space spanned
by the columns of F' and the space spanned by the columns of A, they do not necessarily identify

the individual columns of F' or of A. To be precise, let H be an r X r matrix whose transpose is
H' =V~Y(F'F/T)(AN'A/N). (1)

Under Assumption A, Stock and Watson (2002) and Bai and Ng (2002) showed that H is invertible
and F estimates F'H (a rotation of F) and A estimates AH'~* (a rotation of A), though the product
FA estimates FA'.

We are specifically interested in conditions under which we can identity the columns of F' and
the columns of A from the product FA’. Notice that FA’ = FRR™'A’ for any r xr invertible matrix
R, and R has r? free parameters. Thus we need at least 72 restrictions in order to identity F and A,
see Lawley and Maxwell (1971). We consider restrictions that will lead to exact identification, under
which we show that H is asymptotically an identity matrix.! The H = I, case is of special interest
because the factor estimates can be treated as though they were the latent factors underlying the
data, and not just the space spanned by them.

We consider three sets of restrictions that lead to exact identification. One can also use more
than 2 restrictions. Examples of over-identifying factor models in economics can be found, for ex-

ample, in Heaton and Solo (2004) and Reis and Watson (2010). However, the principal components

method is not suitable for imposing over-identifying restrictions.

!By symmetry, three different sets of identification restrictions can be obtained by switching F and A. For example,
%F 'F is diagonal and %A'A = I,. Since the asymptotic results still hold by switching the role of F' and A, we only
consider the three sets of restrictions given above.



Identifying Restrictions:

Restrictions on F' Restrictions on A
(2.1): PC1 +F'F =1, A’A is a diagonal matrix with distinct entries
AMi O - 0
Aot Moo - 0
(22): PC2 |  LFF=1 |A= <ﬁ1> M= 7T T A0 =1,
2 : : R
)\1'1 A'r2 co /\'r"r
(2.3): PC3 unrestricted A= (1{T>
2

PC1 requires that the diagonal elements of A’A are distinct and positive. PC2 assumes that diagonal
elements of A; are nonzero so that Ay is of full rank. PC3 also requires F'F/T to be invertible,

which is a requirement of r factors.

2.1 PC1

The standard method of principal components implicitly invokes the first restriction in PC1 but does
not require the diagonal matrix A’A to have distinct elements. Without this restriction, the principal
components estimator cannot identity the individual columns of F' and those of A, and there will be
rotational indeterminacy. The normalization on F' gives r(r + 1)/2 restrictions, since a symmetric
matrix contains r(r + 1)/2 free parameters. The diagonality of A’A gives r(r — 1)/2 restrictions.
Together, the two normalizations lead to exactly r2 restrictions. But will these restrictions uniquely
identify F' and A?

The answer turns out to be yes, if the restrictions defined by PC1 also hold for the underlying
I and A that generate the data. Under this assumption, it is shown in the Appendix that

H = Ir + Op(5]?[?l“)> (2)

where 07 denote min[\/ﬁ , \/T] throughout this paper. That is to say, if the underlying F' satisfies
F'F/ T = I, and the underlying A is such that A'A is a diagonal matrix with distinct elements, then
H can be taken as an identity matrix with the implication that }7} estimates I} without rotation
asymptotically. Distinctness of the diagonal entries of A’A ensures that each eigenvalue of A’A is
associated with a unique unitary eigenvector up to a sign change.

The intuition for (2) is the following. The data generating process implies
XX' = FNAF' + 0%Ir 4 Fé' + eF' + (ee' — o2Ir).

If we divide both sides by NT', we see that the last three terms are negligible (assuming time

series stationarity and weak serial correlation for simplicity). The first r eigenvectors associated



with the first r largest eigenvalues of the matrix X X'/(NT) are thus determined by the matrix

T-'F'(MNA/N)F'. For j =1,2,...,r, let FJ be the jth column of F. Under PC1, we can write
lF(A’A/J\I)F’ N A NLY L A -leFTFT/, (3)
T T T T

where A'A/N = diag(v1, v, ..., v;), with v; > v;41, and Fi/Fj/T =1for ¢ =j and O for ¢ # j. The

j-th unitary eigenvector of the matrix in (3) is either FV or —F7 (no other unitary vector can be

the eigenvector). Thus we can determine the individual columns of F' without rotation.

The assumption that A’A/N is a diagonal matrix is motivated on statistical ground and may

be difficult to interpret. However, consider the following special factor loading matrix?:
A = block-diag(my, 7o, ..., 7)) (4)

where 7; is N; x 1 with N =57 | N;. If r =3,

T 0 0
A= 0 m™ O
0 0 ™3

Under (4), the first factor only affects the first N; variables, and second factor only affects the next
N5 variables, and so forth. Knowledge on which variables are affected by the first factor, which
variables by the second factor, etc is not required. Row permutation is equivalent to multiplying
A by an N x N orthogonal matrix B. So long as B'B = I, (BA)(BA) = A’A is still diagonal.
Note that the above restriction is imposed on A directly, and is a sufficient condition for A’A being
diagonal. But if A is of the form (4), the principal components estimator does not make use of many
of the zero restrictions. However, since the principal components method uses exact identification
restrictions, it is possible to test over-identifying restrictions based on the limiting distributions

derived in this paper.

2.2 PC2

While PC1 is analytically convenient, such a structure is somewhat unusual. A more plausible set
of restrictions is to let the first r x r block of A be a lower triangular matrix, leaving the rest of the
elements unconstrained. This leads to PC2. Let Ay be the unrestricted (N — r) x r submatrix of
A. The r(r — 1)/2 (exclusion) restrictions are now imposed on Aj. The structure of A is similar to
Stock and Watson (2005), though they are interested in identification of shocks to the factors rather
than the factors. PC2 assumes that F'F/T = I,., and knowledge of which variable is affected by

2 An extension of this model is the inclusion of a global factor, see for example, Moench and Ng (2011), Hallin and
Liska (2008) and Wang (2008). However, the factor loading matrix does not necessarily satisfy PC1; it will satisfy
PC2 if there is a cross-section unit which is affected by the global factor only.



the first factor only, which variable is affected by the first two factors only, and so on. The choice
of the first 7 variables of X; and their ordering provide the auxiliary information for identification.?

Given the unrestricted estimates F and 1~\, it is easy to obtain estimators satisfying PC2. Let
F and A denote the estimators that satisfy PC2 so that F'F /T = I, and 7\1 is lower triangular.
Also let A; be the first 7 x 7 block of /NX, the principal component estimator defined earlier. Then

F and A can be obtained as follows.
e Step 1: obtain a QR decomposition of 7\/1 to yield
AM=Q R

where R is an upper triangular matrix with positive diagonal elements, and @ is an r X r

orthogonal matrix such that Q’'Q = I,.. This decomposition is unique for any invertible A;.

e Step 2: define

By construction, ﬁ’ﬁ/T = Q’(ﬁ”ﬁ/T)Q = Q'Q = I,,. The new rotation matrix is H* = HQ.

Since I and A are rotations of the principal component estimates F and K, they are equivalent
in some sense. However, their asymptotic distributions will be different. We show in the appendix
that while H* is asymptotically an identity matrix and Z = /T (H* — I,.) is skew-symmetric up to
an op(1) term? if F and A underlying the data satisfy PC2,

{H* — L = 0y(0y7), r=1
H* — 1, = 0,(T'%), r>1.

This implies that = = VT(H* — I,) = op(1) for r = 1. In fact, when r = 1, PC1 and PC2 are
identical and (2) is consistent with = = o,(1). However, for > 1, the limiting distributions of F,
and \; will be affected by the limit of VT(H* —1,) = Oy(1). Let Z, denote the (k, h)th element
of 2 (1 < k,h <r). We show in the appendix that

(Er AT e +0p(1), k>
Zkh =9 op(1) k=h (5)
—Zne + Op(l), k<h

where 0,(1) holds if v/T/N — 0. The limit of the off-diagonal elements of = are determined by the
limit of the off-diagonal elements of &7(A}) ™!, where &r is defined in (14).

3A variation to PC2 is to normalize the diagonal elements Ay (1=1,2,...,7) to be 1, with F'F/T being diagonal
(instead of an identity matrix).

4A matrix C is skew-symmetric (also known as anti-symmetric) if C + C’ = 0. So the diagonal elements of a
skew-symmetric matrix are zero, and C;; = —Cj;.



2.3 PC3

The third set of identification restrictions specifies the first 7 x r block of A (denoted A1) to be
an identity matrix and leaves the factor process F' completely unrestricted. Unlike PC1 and PC2,
all 72 restrictions are imposed on A under PC3. The restrictions imply that the first variable X1,
is affected by the first factor only, the second variable Xy is affected by the second factor only,
which resembles classical ‘errors-in-variables’ models in which X;; = Fy; +e; for: =1,...7, as in
Pantula and Fuller (1986), and Wansbeek and Meijer (2000, p.148-150). While PC3 requires the
choice of the first r variables, the estimators for A and F' are easy to obtain. Given the principal

components estimates A and F , let
R—RA;l, P AL

The rotation matrix in this case is Hf = HA) because F = FA, = FHA + op(1). If the F' and
A underlying the data satisfy PC3, then HT will converge in probability to I.. It follows that F

estimates F and A estimates A without rotation. We show in the appendix that
VT(H = 1) = & + 0,(1). (6)

where &7 is defined in (14). The fact that v/T(H' — I,.) is not negligible for all » > 1 will affect the

limiting distributions of Xz and ﬁt.

2.4 Local vs. Global Identification

Global and local identifications for factor models are discussed, for example, by Bekker (1986) and
Algina (1980). Both PC1 and PC2 identity F' and A up to a column sign change. Changing the
sign of any column of F' and the sign of the corresponding column of A will leave the product FA’
unchanged. The resulting new F' and new A still satisfy PC1, and hence observationally equivalent
to the original F' and A. Thus PC1 and PC2 are only local identification conditions. However, once
we fix the column signs of A (or F'), PC1 and PC2 become global identification conditions. There
will be no other F and A with the given column signs and the given product F'A’.

To understand how global identification is achieved, consider PC2. Observing FA’ implies
observing A(F'F/T)N = AN’ since F'F/T = I,. Let C = AA’. From A’ = (A}, A}), we have

ArAg AlA;} C:{Cn Clz]

I __
AN = [AQA'1 Ao Co Cho

where we also partition the observable matrix C' correspondingly. Suppose for concreteness that



r = 3. Observing (', is equivalent to observing the elements of
AL A A11A31
MAT= | = A5+ A5 Ao + Az
- - N1+ A% + A
If the sign of Ay; is known, then Ai; is identified from )\%1. Since A11 # 0, Ao; and Az can
be identified, which further implies the identification of A3,. If the sign of A\gp is known, then
Aoo is also identified. Since Aoo # 0, this implies the identification of Aszs. The same reasoning
implies the identification of A3, given its sign. In summary, we can identify A; provided that A; is
invertible and the signs of \;; (i = 1,2,3) are known.®> Next, from Cy; = Ay}, we identify Ay from
Ay = Ca1(A})~L. Thus PC2 together with the column signs of A (or F) imply global identification
in the restricted parameter space that ensures invertibility of A;.
PC3 also implies global identification, but sign restrictions are not necessary. To see this, let
C = A(F'F/T)N be given. Under PC3,

(F'F/T)  (F'F/T)Ay

/ ;.
MEF/DN =\ E/TY oA,

Observing C1; is equivalent to observing F'F/T. Thus we identity Ay from Ay = Co1 (F'F/T)~1 =
Cglcil.
3 Asymptotic Theory

We are interested in the implications of using the factor estimates identified using PC1, PC2,
or PC3 for inference. To this end, let Zp; = (F’F/T)_IT_l/2 ZtT:l Fie;;. By Assumption A.e,
ZTiLZi for a zero mean normal vector Zp; as T — oo. To derive the limiting distribution for
ﬁt and Xi, we use the asymptotic representations for F, and Xi, given in Theorems 1 and 2 of Bai
(2003). Specifically, if N /T — 0, then

VN(F,—H'F)=V""! FIFy 1 N)\ 1
(Fim HE) = V(5 g 2o hee + o) (™)
and if VT /N — 0,
T
X H) = e 4o
VTN — H )\l)—H\/TtZ:;Ft it + op(1). (8)

A useful and alternative expression for (7) is

ANA
N

N
VN(F, — H'F) = H’( )1\/% 3" i + 0p(1) (9)
i=1

®Identification of A; alone does not require Ass # 0, but further identification of A2 does need Aszs # 0 so that Ay
is invertible.




because (1) implies V! (%F) —y-! (%F) (NA/NY(A'A/N)~' = H'(NA/N)L.

3.1 PC1

Under PC1, H' = I, + O,(65%). It follows that v N(F; — F;) = VN(F; — H'F,) + VN(H' — I,) =
VN(F, — H'F,) + op(1), provided that v'N /6%, = o(1), or equivalently, vN/T — 0. Thus under

PC1, we can rewrite (9) as

- NAV-1 1 &
VN(F, - F) = ( ~ ) i ; Aieit + 0p(1). (10)
This result says that ﬁt is asymptotically equivalent to the least squares estimator for F; in a
cross-section regression with A as the regressor, as if A were observable. Similarly, if /T /N — 0
and H~' = I, + O,(85>), then

~ FIFN-1 1

VI =) = () 7T 2 Fiewt o) (1)
because F'F/T = I, and VT(H™' — I,) = o0y(1) if VT/N — 0. In view of (11), we can now
interpret Xz as the least squares estimator for ); in a time series regression with F' as regressor,
as though it were observed. These representations and the required relative rate between N and
T are the same as in (7) and (8), except that we replace H by an identity matrix in view of the

identification restrictions.
The fact that H is an r dimensional identity matrix asymptotically simplifies the limiting
distributions for F; and A; because the right hand side of (10) and (11) do not depend on any

estimated quantities.

Theorem 1 Suppose that Assumptions A, B, and PCI1 hold. Let F’t and Xl be obtained by the
method of principal components. Then as N,T — oo with \/N/T — 0, we have

VN(F - F) -5 NO,3;'Tysh. (12)
Furthermore, if VT /N — 0,
VT(Ou —N) -5 N0, ®;). (13)

A formal proof is given in the Appendix. In essence, FV’F/T =1 + Op((i;,lT), and V = NA/N +
0,(8x5%) under PC1. Thus the limit of F'F/T is I, and the limit of V is X5. Since A/A/N — ¥, by
Assumption A.b, and (12) follows from (10). Furthermore, (11) together with F'F/T = I, imply

(13). Theorem 1 sheds light on the role of identification assumptions on the principal components

10



estimator. As H and @) are now identity matrices, the identification assumptions affect not just
where we center the limiting distribution of the factor estimates, but also their asymptotic variances.

Using the limiting result in (13) we can test if A\; or some components of \; are zero. Consider
testing the null hypothesis that R)\; = );, where R is a (¢ x r) known restriction matrix (¢ < r)

and \; is ¢ x 1, a known vector. Under the null hypothesis,
T(RN — N) (R®R)) " (RX; — A)-5x.

We can also test restrictions between \; and A; (i # j). Put 6 = (X, \}) and 5= (Xi, X;)’ . Consider
the hypothesis R§ = &, where R is ¢ x 2r and 4 is ¢ x 1. By the asymptotic representation of (11),
if E(eieje) = 0 for i # j, then \; and Xj are asymptotically independent. So let ® = diag(:f)i, 63)

(a block-diagonal matrix), then
T(RS — §) (ROR') ™ (RS — 6)-Lon2.
If E(eitej) # 0, then @ will not be a block diagonal matrix, but it is straightforward to estimate the

joint asymptotic covariance matrix. Statistics for testing hypotheses concerning F' can be similarly

constructed.

3.2 PC2

To derive the asymptotic distributions of F, and A; for PC2, and PC3, we need the following;:

Assumption B:  (Z);, Zhpy, oo Z0p ) (20, 7)., ZLY'.
Assumption B strengthens A.e to require the joint convergence of Zp; and (Z71, ..., Z7y) to the

joint limit of Z; and (Z1, ..., Z,). Hereafter, we let {7 be an r x r matrix defined by

F'F\N-1 1 &
= — Fe, ..., Frery) = (211, ooy Z1yr). 14
& <T) \/T;(tlt vert) = (27 Tr) (14)

The limiting distributions of the factor estimates under PC2 depend on whether r > 1. If
r =1, PC1 and PC2 are identical, so the limiting distributions ﬁt and /)\\, are given in Theorem 1.
It remains to consider r > 1. The representations for ﬁt and }\\Z each has an extra term because

VT (H* — 1)) is non-negligible. More specifically, for i > r,

TG FIFN-1 1 & .
T(/\i—Ai):( - ) ﬁZFteit—\/T(H — L)\ + 0p(1) (15)
t=1

and for each t,

NA

N
VN(F, - F) = (W) _ljﬁ S Nieit — (N/T)2VT(H" = L) F, + 0y(1). (16)
=1

11



It turns out that (15) also holds for ¢ = 1,2,...;r, not just for ¢ > r. For 1 < i < r, the last
r — 4 components of Xl and of \; are zero. It can be seen from the asymptotic representation of
VT (H* — 1) that the last r — i components of the right hand side indeed have zero limits.

Recall that Xr = I, under PC2, and Z; is the limiting distribution of (#>_1% Zthl Fiejt.
Let veck(A) denote the column vector that stacks the lower triangular elements of A (excluding
the diagonal elements). Note that veck(:) is different from vech(-). For any skew-symmetric matrix
A, there is a duplication matrix D such that vec(A) = D veck(A). Equation (5) implies veck(Z) =
veck(EpATY) + op(1). Since §T(A’1)*1$(Zl, Z3y ey Zp)(A)) ™Y = m and Z; is the limit of the first
term on the right hand side of (15):

VT(H* = L)\ = 2\ =\ ®L)vec(E) = (N, @ I) D veck(Z)
— (/\; ® IT)DT].

Theorem 2 Suppose that Assumptions A, B, and PC2 hold. Let ﬁt and Xz denote the estimates
with the restrictions of PC2.

i Let Z; =% N(0,®;). Then for each i and as N, T — oo with VT /N — 0,
VTN = M) -5 7 — (X, ® I,) D
where n = veck|(Z1, Za, ..., Z,)AY] and D is a duplication matriz linking vec(-) and veck(-).
i Let Gy =% N(0,%,'T\21 ") and is independent of . If N/T — ¢ with 0 < ¢ < oo,

\/N(ﬁt - Ft)i’Gt + Ve(F{ ® I,.)Dn,

In part (i) of Theorem 2, (N, ® I,)Dn is the limit of /T (H* — I,)\;, which is also normal since 7
is normal. Similarly, for part (ii) of the theorem, G; is the limit of the first term on the right hand
side of (16), and \/c(F; ® I,)Dn is the limit of the second term of (16).

Hypothesis testing can be performed similarly as in Section 3.1.

3.3 PC3

Similar to PC2, the representations for F\t and Xl each has an extra term due to the non-negligibility

of VT(HT — I). Now \; is known for i < 7. Consider i > r + 1. We show in the Appendix that

ST FIFN-1 1 & SR
T()\i—)\i):(7> ﬁ;aeit— T(H' — L)\ + 0,(1) (17)

12



and for each t,

/ _ N
VN(E - F) = (%) 1¢1N S Niei + (N/TYVVT(H — L)' F + 0,(1). (18)
=1

where vT(HT — I,.) is given in (6).

Theorem 3 Suppose that Assumptions A, B, and PC3 hold. Let F, and XZ denote the estimates
with the restrictions of PCS3.

i Let Z; = N(0, E;lq)Z-EZ}l). Then fori>r+1, as N,T — oo with VT /N — 0,
VTN = N)-5Zi — (Z1, ey Z) N
i Let Gy = N(0,Z,'Tv= 1), If N/T — ¢ with 0 < ¢ < o0,
VN(F, — F)-%Gy + Ve 2y, ..., Z,) F,

where Gy is independent of (Z1, ..., Zy).

To understand part (i) of Theorem 2, note that Z; is the limit of the first term on the right
hand side of (17). Under Assumptions A, B, and PC3, the second term in (17) satisfies

VT(H - 1,)-%(24, 2o, ..., Z,),

which is an r x  matrix of random variables.® Although F’F/T (whose limit is ) is not required
to be an identity matrix under PC3, Z; is normally distributed. So (Z1, ..., Z,)\; is also normally
distributed if ); is non-random. It follows that \; is still normally distributed. Similarly, part (ii)
of Theorem 2 comes from the fact that Gy is the limiting random variable for the first term on the
right hand side of (18).

Again, hypothesis testing can be performed similarly as in Section 3.1.
4 Implications for Factor-Augmented Regressions
Consider the infeasible regression model

ye = Fla+ W6+

5The matrix convergence in distribution implicitly refers to the convergence with vectorization. In any event,
\/T(HT — I)); is already a vector, so its convergence to the vector (Z1,...Z,)A; is well defined.
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where F; is not observable and is replaced by ﬁt estimated under one of the three identification
assumptions. Let 6 = (@, B )" denote the least squares estimator of the “factor augmented regres-
sion”

yr = Fla+ W3 +uv =26+, (19)

where vy = g + (F} — ﬁt)’oz, Z = (ﬁt’, W), and 6 = (¢, 8)'. To state the asymptotic behavior of

5\, we also need the following:

Assumption C: For z = (F/,W]), E|z|* < M < oo; E(g¢|zi-1,22,...) = 0; z and & are
independent of the idiosyncratic errors e;s for all 4 and s. Furthermore, %Zle ztzl’tLZzz >0

and T—1/2 Z;le ZtEtLN(O, Y.:¢), where ¥, . = plim % Zle e2z2) > 0.

If F} is observed, then under Assumption C, the asymptotic variance of 5 is given by ¥} DIID Mt
In Bai and Ng (2006), we showed that @ is an estimate of H 'a (and not «) when F} is used in

place of F;. The following theorem studies the properties of § when ﬁt is in place of F;.

Theorem 4 Suppose VT /N — 0 and Assumptions A, B, and C hold. Define L5 = DIt NS Vit
Let &' = (o, 3") and let 5 be obtained by the least squares estimation of factor augmented regression

(19), where F\t s obtained under the restrictions defined by PC1, PC2, or PC3. Then

-~

VT (6 — §)-2N (0, Avar(3))

where Avar(8) = X5 under PC1, Avar(8) = S5 + diag[(¢/ ® I,)D var(n)D'(a ® I,),0] under PC2,
and Avar(g) = Y5 + diag(var[(Z1, ..., Z,)a],0) under PC3. Furthermore, n and D are defined in
Section 3.2, and (Z1, ..., Zy) is defined in Section 3.3; diag(A, B) refers to the block diagonal matriz

with blocks A and B.

Theorem 4 states that under PC1, § has properties as though the latent factors in the data F; were
used as regressors. Although the distribution of B is invariant to identification assumptions used,
the distribution of & does depend on whether PC1, PC2, or PC3 is used.

To understand Theorem 4, note that under PC1,

VT (6 —a)=VT(a—H 'a)—VT(H - I)H ‘.

The first term on the right is analyzed by Bai and Ng (2006). Under PC1, VT (H — I,) = 0,(1)
provided vT/N — 0 since H — I, = O,(05%). As H is asymptotically an identity matrix, @ now
directly estimates . Thus, the limiting distribution for v/T'(@ — H'a) stated in Bai and Ng (2006)
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simplifies to the case of standard least squares as if I} were observed. Under PC1, the asymptotic

variance of 35 can be consistently estimated by

1< Tl T -
ES‘(@@ (T ”) (TZ”)

t=1
which is White’s heteroskedasticity robust covariance estimator using z; as regressors.

Under PC2 and PC3, VT (H*—1,.) (for r > 1) and T (H'—1I,) are not asymptotically negligible.
The asymptotic variance of & under PC2 has an extra term given by the variance of (a ® I.) D).
Under PC3, the extra term in the asymptotic variance of & is due to var[(Z1, ..., Z,)a]. Details on
estimation of the asymptotic variances are given in Appendix A. It is however useful to note that
if e;; are independent for j = 1,2,...,7, then the normal vectors Z; are also independent. In such
a case, var((Z1, ..., Zr)o) = >, Proy, can be consistently estimated by > _; dp.ay,.

It is useful to remark that when F} estimates F} instead of a rotation of F}, we can give economic
interpretation to the coefficients on the regressors ﬁt. For example, in factor augmented auto-
regressions (FAVAR) or for the factor models considered in this paper we can obtain the impulse
responses of each observable Xj; in the panel to the common shocks that drive F;.” Suppose that
F, = A F1 + -+ AyFy—p + Guy, where u; is a vector of structural shocks, and G is an r x r
matrix linking the structural shocks u; to the reduced form shocks v; such that v; = Guy. Observing

F; (with economic interpretations for each component) allows us to use standard structural VAR

analysis to identity G' and compute ag;t"’. It follows that 8)37{;““ = A;% for each i and for all
k> 0.

5 Factor Models with Deterministic Terms
In practice, the data are demeaned and trends are removed before the factors are estimated. Factor
models with determinist terms are of the form

Xit = pi + 0i(t) + N Fy + et

where p; is an individual fixed effect and §;(¢) is a time effect. When 0;(t) = J;, the time effects
are common. When §;(¢) = ¢; - t, we have individual specific linear trends. These treatments of

deterministic terms will be analyzed in the next three subsections.

5.1 Individual Fixed Effects

We first assume that the time effect is absent. The model in vector form is written as

Xt =p+AF; + e

"Similar issues have been considered by Stock and Watson (2005) and Forni et al. (2009).
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The model is observationally equivalent to the following model
Xt = N* +AFt* + e

where p* = p+AF, and F} = F; — F. We impose the restriction F' = % Z?:l F; = 0. Equivalently,

with ¢ = (1,1,...,1), a T x 1 vector, the restriction is®

T
P =Y F=0 (FE1)
t=1

In the absence of fixed effects, the principal components estimator is based on the N x T data
matrix X' X, where X = [X1, X2, ..., X7]. To account for the fixed effects, we need to demean the
data. Equivalently, we can estimate p by X = % Zthl X; and use the residuals to estimate A and

F. The demeaned data matrix is
7z = [Xl —X,...,XT —X] =X —XL/T

The principal components of F', denoted ﬁ, corresponds to the eigenvectors (multiplied by \/T) of

the r largest eigenvalues of the data matrix Z’'Z. That is,
(NT)"'Z'ZF = FV. (20)

where V is r x r diagonal matrix consisting of the first r largest eigenvalues, arranged in decreasing
order. The factor loading estimator is A=ZF /T. By construction, F' and A already satisfy PC1,
namely, that F'F/T = I, and A’A = diagonal. We now want to show that (i) these estimates also
satisfy the constraint FE1 and (ii) that X; has the same expression with or without demeaning.

To see (i), first note that /2" = X' — (U)X’ = X' — TX' which equals zero by the
definition of X. Multiply ¢/, on each side of (20), we have

0=102'2 = & FV.

Since V is an invertible (diagonal) matrix of eigenvalues, it follows that Lf[ﬁ = Z;le F, = 0, which

is FE1. The principal components estimator for A can now be rewritten as
A=ZF)T = (X — X/)F/T = XF/T

where the last equality makes use of the result L’Tﬁ = 0. Therefore, the expression for \; has the

same form with or without demeaning the data.

8This restriction may be replaced by E(F;) = 0 if F}; is a random process without affecting the limiting result.
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To show (ii) that the limiting distribution for X is of the same form with or without fixed effects.

Since F; = F; — F, and F = 0 by assumption, the model in demeaned data is
Xy —Xi=NF +ew—é

Replacing e;; with e;; — & in (11) and since 32| Fie; = (Y, Fy)é; = 0,

T

) Z Fieir + Op

This representation coincides with (11). Thus under Assumptions A and B, PC1 and FEI1, the
limit is again VN (X — A;) ~ N (0, ®;), which is (13). The limiting distribution for F; also has the

same form with or without demeaning. Replacing e;; with e;; — €; in (10), we have

\/N(XZ —\i) = (F;F)l 1 i Fi(eir — &) +0p(1) = (

VN(F, — F,) = (A];[A> \ﬁZA eit — &) + op(1)

=1 t=1
NAN-T 1
= (W> \/N;)\ieit—i-op(l)

The second term on the right hand side is O,(T~'/2) because (NT)~1/2 Zfil Zle Aieir = Op(1).

The asymptotic representation for ﬁt is thus the same as when fixed effects are absent. This implies

that the limiting distribution has the same form.
The estimators under identification restrictions PC2 and PC3 are constructed exactly the same
way as when fixed effects are absent, but using the newly defined principal components estimators F

and A. Thus when FE1 holds, the expression for XZ and ﬁt are the same with or without demeaning.

5.2 Common Time Effects

We now allow for common time effects.
Xit = pi + 0¢ + N Fy + ey

For identification, we now need the additional restriction?

1 N
~ > =0 (FE2)
=1

9The restriction may be replaced by E(X;) =0 if each ); is considered to be a vector of random variables.
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To estimate the model, we first remove the cross-section mean and time series mean from the
data. Let Xit = X —X; — X+ X, where X;. is time series mean for each i, X ; is the cross-section
mean for period t, and X is the overall mean of X;;. The variable Xit is the usual within group

transformation of X;;. By similarly defining é;;, the demeaned model is
Xit = N.Fy + é44.

This is now in the form of a pure factor model without individual and time effects. We can again
estimate the model using the data Xj;, with any of the three sets of identification restrictions, PC1,
PC2, and PC3. There is no need to directly impose the fixed effects restrictions FE1 and FE2.
When (within-group) transformed data are used, these restrictions are automatically satisfied.
The limiting distributions can again be derived using representation (11) with e;; replaced by

éit = ey — €;. — €4+ €. Specifically,

T T r
T2 Z Fi(ejx — €. —es+e.) = T2 Z Fiey — T/ Z Fiey
t=1 t=1 =1

T N T
= T7'2Y Fey— 177
t=1 =1

Z Fiei

1
VNT &

)

T
T_1/2 Z Fteit — Op(T_1/2)
t=1

where the first equality follows from (3.1, F})&;. = 0 and (Y]_, F})é. = Osince Y./, F; = 0. Thus
the limiting distribution is still determined by the limit of (F'F/T)~ T~1/? Z?:l Fie;. Similarly,

N N
NTV2N " Niew = N7V23 " New + Op(N712).
i=1 i=1
It follows that the limiting distribution for the factor loadings is of the same form as when fixed
effects are absent. The values of the limiting variances will, however, be general different. If
there are no fixed effects in the true model but demeaned data are used in estimation, the resulting
estimates for the factors and their loadings will, in general, have larger variances than those without
demeaning the data.
To see this, recall that under PC1 or PC2, the estimated factor loadings in the fixed effects

model are represented by
T

VIG =20 = () 75 o e o)
t=1
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whether or not the fixed effects are estimated. If e;; ~ (0,02), F} is a stationary vector, then the
limiting distribution is

VNG — X)) -5 N (0, 2 [E(EF)] ).

Now estimation of the fixed effects will also remove the mean from F;.!% Although the representation
looks the same, the limiting variance of A; is then o2[var(F;)]~!. As F; can have non-zero mean, the
second moment E(FF/) is in general larger than the variance of Fy. As E(FF/) > var(F}) implies
[E(F.F))]! < [var(F,)]™!, the limiting variance of ); is smaller when fixed effects are known to be

absent and are not estimated.

5.3 Heterogeneous trends

Instead of common time effects, consider a model with heterogeneous coefficients on the linear
trends:

Xit = p; + 0t + NoFy + e

We now assume that F; is a zero mean process that does not contain a linear trend because in the
presence of u; + d;t, we cannot separately identify the heterogeneous trends and the factor process.
For example, suppose that F; = ¢ + dt + 1, where 1, is a zero mean process, we can rewrite the
model as X = pf + 0/t + Njne + e with pf = p; + Nc and 8 = J; + N;d. We can only identify n.

We focus on the identification restriction PC1, i.e., F'F/T = I, and A’A is diagonal. Let X,

denote the residuals from the least squares detrending for each series i. We have
w =N+ e,

where F] and e]; are also the residuals from the least squares detrending (no actual detrending is
performed on them since they are unobservable). Let ar and br be the OLS coefficients when Fy

is regressed on [1,t], and a;. and b; . are similarly defined, we have
eit = €it — ai,e — bi7et.

While FY is not equal to F}, one can easily show that Fy = F; —i—Op(T*l/Z). Note that F'F/T = I,
implies that F™ F7/T = I + O,(1/T) because F} is a zero mean sequence by assumption in this

0Qur assumption that F = 0 is asymptotically equivalent to E(F) =0.
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section. Together with diagonality of A’A under PC1, we can use earlier arguments to show that

Ll 2N T
VNGi=2) = () m T Fe o)

T
t=1
’ T
FT FT>71 1 Z
= ( — Fley + op(1).
TJoVT I

Note that we can replace e], by e;: because {F[ } is orthogonal to the sequence {1,t}. Similarly,

VN(F, - F]) = (AIA) Z)\ezt—i—op

N

- (A ZA% (A)1\/%2Ai(ai,e+bi,et>+op(1)

i=1

ANAN-
_ <W) 1\/1NZ/\ieit+0p(l).
=1

The last equality follows from the fact that a; . + b;t is a linear combination of %Zgzl eis and
(+ ZST:1 *eis) %, each of which is O,(T~1/?). Since e;; is zero-mean and is weakly cross-sectionally
correlated, we have N~1/2 Zf\il Ni(@ie + biet) = Op(T~Y/?). Asymptotic normality for VT(\i —
;) and for \/ﬁ(ﬁt — FT) follows from the fact that T-1/2 23;1 Fle; and N-1/2 Ef\il A€ are
asymptotically normal. Once the data are demeaned and detrended, the estimation procedure is
identical to the case with or without linear trends. The asymptotic representation and covariance
matrix estimates for XZ and ﬁt also have the same form as when deterministic terms are absent.
In the preceding discussion, we have focused on the limiting distributions under PC1, showing
that the limiting distributions have the same form as the case without deterministic intercepts or

trends. The same results hold for PC2 and PC3. The details are omitted.

6 An Application

Stock and Watson (2005) analyzed 132 series over the sample 1959:1 to 2003:12. The predictors
include series in 14 categories: real output and income; employment and hours; real retail, man-
ufacturing and trade sales; consumption; housing starts and sales; real inventories; orders; stock
prices; exchange rates; interest rates and spreads; money and credit quantity aggregates; price
indexes; average hourly earnings; and miscellaneous. The series are transformed by taking loga-
rithms and/or differencing so that the transformed series are approximately stationary. The IC}
and ICy criteria developed in Bai and Ng (2002) find 7 static factors explaining over 40 percent of

the variation in the data.
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Stock and Watson (2005) performed variance decompositions and reported that the first factor
explains much of the variation in production and employment related series, while the second
factor explains movements in interest rates, consumption, and stock prices. Variation in inflation
is mainly explained by the second and third factor. Factor four is highly correlated with interest
rate movements, factor five with employment, factor six with exchange rates, stock returns, and
hourly earnings.

We use the Stock-Watson data extended to 2007:12 by Ludvigson and Ng (2011). After deleting
a series that is no longer published, the new dataset has 131 series. We first transform the data
to be stationary. The demeaned and standardized data are then used to estimate the factors. The
first 7 factors still explain 45% of the variation in the data, though the ICy criterion now finds the
optimal number of factors to be 8.

An important aspect of PC2 is to use the ordering of the variables in the data in identification
of the factors. We reorder the data such that the first eight series are (1) ces002, total employees
on non-far payroll; (2) ips10, industrial production total index; (3) sfygtl, spread between one-year
T-bill rate (fygtl) and fed funds rate; (4) puxhs, CPI excluding shelter; (5) fygtl, one year T-bill
rate; (6) hsbr, housing units authorized; (7) fmrra, total reserves; (8) fspcom, S&P 500 index.
Under PC2, employment responds to the first factor only while industrial production responds to
the first two factors. The interest rate spread responds to factors one to three, while inflation
responds to factors one to four, and so on. This in turn implies that shocks to ﬁl are shocks to
employment, while shocks to ﬁg are industrial production shocks orthogonal to employment, and
so forth.

Table 1 reports the marginal R?, defined as R?(k) — R*(k — 1), where R?(k) is the R? in a
regression of the series in question on k rotated factors. The (i, j)th entry in the table is computed
as follows. We first regress the ith series on the first j rotated factors to get R2(j), and then regress
the same series on the first j — 1 rotated factors to get R*(j — 1). The (4, j)th entry equals the
difference between the two R?s. The results conform that under PC2, the first two factors are real
activity factors while factor four is inflation. Factors three and five are related to interest rates,
while factor seven is a monetary factor. Factor six is a housing factor, and factor 8 is that of stock

market.

Table 1: Marginal R? : ]*A} rotated under PC2
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series | factor 1 2 3 4 5 6 7 8

1 ces002 0.789  0.000 0.000 0.000 0.000 0.000 0.000 0.000
2 ipsl0 0.564  0.349 0.000 0.000 0.000 0.000 0.000 0.000
3  sfygtl 0.034 0.043 0.794 0.000 0.000 0.000 0.000 0.000
4  puxhs 0.002  0.000 0.000 0.769 0.000 0.000 0.000 0.000
5  fygtl 0.068 0.016 0.007 0.004 0.797 0.000 0.000 0.000
6

7

8

hsbr 0.154 0.005 0.006 0.000 0.019 0.739 0.000 0.000
fmrra 0.000 0.001 0.000 0.009 0.000 0.001 0.648 0.000
fspcom | 0.003  0.029 0.020 0.001 0.050 0.000 0.001 0.602

It is useful to compare the marginal R%s obtained by regressing these same series on the standard
principal component estimates, ﬁt. This is reported in Table 2. The results are in line with what
was reported in Stock and Watson (2005) that the first two factors highly correlated with output

and employment data. However, the remaining factors load on a variety of other variables.

Table 2: Margianl R?: F,
series | factor 1 2 3 4 5 6 7 8
1 ces002 0.695  0.005 0.000 0.017 0.050 0.004 0.001 0.016
2 ipsl0 0.662  0.032 0.002 0.076 0.092 0.001 0.008 0.041
3 sfygtl 0.113 0.385 0.005 0.025 0.162 0.139 0.038 0.004
4  puxhs 0.003 0.028 0.701 0.035 0.000 0.001 0.002 0.000
5 fygtl 0.196 0.144 0.018 0.257 0.242 0.003 0.011 0.022
6
7
8

hsbr 0.288 0.005 0.010 0.173 0.188 0.218 0.024 0.017
fmrra 0.000 0.001 0.028 0.007 0.001 0.142 0.477 0.003
fspcom | 0.002  0.170 0.004 0.009 0.027 0.064 0.003 0.426

Using the PC2 rotation, the eight factors are much more concentrated on variation in eight series
which facilitates the interpretation of these factors. This is useful in subsequent factor augmented

regressions in which economic interpretation of the coefficients on F' is warranted.
7 Conclusion

The principal components estimator uses the restrictions that F'F/T = I, and A’A is a diagonal
matrix. In general, the method only estimates the space spanned by the factors. This paper
considers three sets of restrictions under which the factors and the loadings can be estimated
without rotations. Limiting distributions are derived, and the asymptotic covariance matrices are
obtained for each case separately. Other restrictions might also imply a rotation matrix H that is
an identity matrix. Their asymptotic properties can be derived using the analysis for PC1, PC2,

and PC3 as guide.
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Appendix A

This appendix shows how to consistently estimate the asymptotic covariances under PC1-PC3.

PC1. This is straightforward. We estimate X5 by 5 A= A K/N . To estimate ®; and I';, we can
use one of the three methods given in Bai and Ng (2006). Let ‘51 and ft denote these estimates.
Then ZXW}E? is estimated by Exlftixl.

PC2. To estimate the asymptotic variance of /):i, first consider the case when e; are cross-
sectionally independent, so that Z; are independent over i. This implies that Z; (i > r) is in-
dependent of 7 (the latter depends on (Z1, ..., Z,.)). Noting that (F'F/T) = I, under PC2,

Avar(\;) = ®; + (N, ® I,)D var(n) D' (A @ I,.)

which is the sum of the variances of Z; and of (A, ® I,)Dn. To estimate the variance of 1, we
let ¢; = veck[Fy(eyy, ...,ert)All_l]. Then 7 is the limit of T-1/2 Zthl (;. In the absence of serial
correlation in ej; (j = 1,2,...,7), the variance of 7 is equal to the probability limit of % Zle G¢;,
and is estimated by var(n) = % Zthl Z}Z{ with @ = Veck[ﬁt (€1ty .-y ’e}t)f\/l_l]. With serial correlation
in ej;, the variance of 7 is the limit of % Z?zl ZST:1 E(¢iCl), and it is estimated by the Newey-West
method using the series (; (t=1,2,..,T). Given var(n), we estimate Avar(//\\i) by
Avar(\) = &; + (N, @ I)Dvat(n) D' (v ® L)
where &% = % Z::F:l ﬁtﬁ{é\?t in the absence of serial correlation in e;;, and (T)Z is constructed by the
Newey-West method based on the series ﬁ’{e}-t in the presence of serial correlation.

If the eys are cross-sectionally correlated, Z; can be correlated with n. KEspecially for the
case of ¢+ < r, Z; is correlated with 7. To account for this correlation, we let 7 be the vector
that stacks Fie; and ¢; so 7, is an r + r(r — 1)/2 dimensional vector. Then \/T(XZ —\) =
I, —(\, ® 1',1)D]T*1/2 Zthl 7t + 0p(1). In the absence of serial correlation in ej, we estimate the
variance of T-1/2 Zle 7t by V. = %Zthl 7¢7,; in the presence of serial correlation, V, is the
Newey-West estimator using the series 7. Finally,

Avar(\;) = [I, —(X; ® ) D]V, [I, —(\; © I,) D"

Consider now estimating the asymptotic variance of ﬁt. Whether or not e;; are cross sectionally

correlated, Gy is independent of 1 since G} is obtained by the CLT with the entire cross sections,

and 7 only depends on ey for ¢ < r. Thus
Avar(Fy) = 57Ty + ¢ F @ 1) D var(n) D'(F, @ 1,).
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It is estimated by
Avar(Fy) = ST, + (N/T)(F) © 1) D var(n) D' (Fy @ 1,,)

where S, = (K’]A\/N), and T is given by any one of the three methods in Bai and Ng (2006)
using the series \iéy (1t = 1,2,...,N). Furthermore, Our earlier discussion on estimating var(n)
does not assume ejy, ..., e, to be uncorrelated, so var(n) given earlier is valid whether or not e;; are

cross-sectionally correlated.
PC3. We separately discuss whether or not e;; is cross-sectionally independent.

Case i: If e¢;; are cross-sectionally independent, then Z; are independent over ¢ and

Avar(\;) = ! (q)i + Zr: ‘I)kAzzk> D
k=1

which is the sum of variance of Z; and that of (Z1, ..., Z,)\;. Furthermore, as Gy is the limit from

the central limit theorem applied to all the cross section units, G is independent of Z1, ..., Z,.. Thus
R k
Avar(Fy) = S 'TyS 0 + 2 ) 8 F. (21)
r=1

An estimate of Avar(F}) is given by ixlftixl + (N/T)> g &Jkﬁi, and an estimate of Avar(\;)
is i;l(@ + > &)kX?k)Egl, where Sp = F'F/T, S5 = (MA/N), and T; and ®; have the same
form as under PC1 and PC2 but using the new F and A.

Case ii: If e;; is cross-sectionally correlated, then combining (17) and (6), we have

VT(i — N) = (F;F) -1 QT ET: Fy @ bi) + 0p(1)
t=1

where b;; is a 2 by 1 vector with e; as the first element and (e, ..., er¢)\i = D1y €keAik as the

second element. Thus the limiting covariance is given by
Avar(\;) = S2' (L, — 1)ULy, —L)'S3!

where ¥; = lim & 37 S°T_ | E(F,F! @bybl,), which specializes to ¥; = plim ~(3°/_, (F.F @ bibl,)
in the absence of time series correlation. To estimate ¥;, apply the Newey-West estimator to the

sequence ﬁt ®3it. The asymptotic variance is estimated by @(X,) = i}l (I, —Ir)lfli(fr, —IT)@;}.
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Although G is still independent of Z1,...Z, (because Gy is obtained from averaging the entire
cross sections), Z1, ..., Z, are dependent among themselves. Under PC3 and cross section depen-

dence,

L

VT

T
S Fle as> +0y(1) -5 (F} @ L)vec[(Z1, ..., Z,)]

s=1

VNH — L) F, = (Fl @ Ir)vec<

where a; = (e, ..., er¢)". Let

T T

Z Z Elvec(F; ® as)vec(F; ® ay)]

s=1 t=1

T = Avar(vec[(Z1, ..., Z,)']) =

Nl =

which simplifies to T = + ZST:1 E[vec(F!®as)vec(Fs®al)] in the absence of time series correlations.

Let ¢ be the limit of N/T. The limiting variance of v’ N (ﬁt — F}) becomes
Avar(Fy) = 27027 + A(F @ L)Y (B ® 1,).

To estimate Y, apply the Newey-West estimator to the sequence F " ®as. The asymptotic variance
of F} is estimated by m(ﬁt) = ixlftixl + CQ(E’ QL)Y (F @ 1,).

Appendix B
Proof of (2). Rewrite

F'F/T =(F - FH)F/T + H'F'F/T = HF'F/T + 0,(5%) (22)
because (F — FH)'F = Op(d5=), see Bai (2003, Lemma B.2). Right multiply H to both sides,

F'FH/T = H'(F'F/T)H + O,(532).
Rewrite the left hand side of above as
F'FH/T = F'(FH — F 4+ F))T = 0,(03%) + I,
because F'(FH — F)/T = 0,(65%) and F'F/T = I,. Equate the above two equations we obtain
I, = H(F'F/T)H + O,(555).- (23)

Thus if (F'F/T) = I, we have
I, = H'H + Oy(637). (24)
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Ignore the O,,((SKET) term, the above shows that H is an orthogonal matrix so that its eigenvalues

are either 1 or -1. We need to show that H is a diagonal matrix. From the definition of H
H' =V Y F'F/T)(NA/N) =V LH (NA/N) + 0,(53%)

where we use the fact that F'F/T = H' + O,(05%) under F'F/T = I,., see (22). Multiplying V on
both sides and taking the transpose

(MA/N)H = HV 4 O,(63%). (25)

This equation implies that H (up to a negligible term) is a matrix consisting of eigenvectors of
(AM'A/N). The latter matrix is diagonal and has distinct eigenvalues by assumption. Thus, each
eigenvalue is associated with a unique unitary eigenvector (up to a sign change) and each eigenvector
has a single nonzero element. This implies that H is a diagonal matrix up to an O,(Jy) order.
It is already known that the eigenvalues of H are 1 or -1, H is a diagonal matrix with elements
of 1 or -1 as its elements. Without loss of generality, we can assume all elements are 1 (otherwise
multiply the corresponding columns of F and A by -1). This implies H = I, + Op(5;,2T). Moreover,
from (25) we obtain
(NA/N) =V + Op(d37)-

Proof of Theorem 1. Result (2) leads to representations (10) and (11). The theorem is a direct

consequence of these representations and Assumptions A and B.

Proof of (5). Note H* = HQ is the rotation matrix under PC2. Under PC2, F'F/T = I, thus
(24) holds. This implies that H is an orthogonal matrix, up to a negligible term, and so is HQ
since @ is also orthogonal. Furthermore, left multiply (24) by @' and right multiply it by @, and
use Q'Q = I, we have

I, = Q'H'HQ + O,(535). (26)

We next show H(Q is a diagonal matrix, up to an Op(T_l/Z) term. By (8), for each i, Ni—H 1)\ =
0,(T~Y/2), we have
A=Ay M) = H YA o Ay 4 O (T2,

That is, 7\,1 = H7'A} + 0,(T~/?). By the QR decomposition, we have QR = A = H AL+
0,(T~%/2). Since A} is also an upper triangular matrix (an assumption of PC2) and H~' is an

orthogonal matrix up to a negligible term, by the uniqueness of the QR decomposition, we have
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Q = H™' + 0,(T~'/?). Right multiply H on each side we have HQ = I + O,(T~'/?). When
r =1, HQ is a scalar, and combined with (26), we strengthen the rate to HQ = I, + O,(dn7>).
For general 7 > 1, the rate cannot be improved. Let A = HQ — I, = O,(T~"/?). Equation (26)
implies (A + I,)'(A + I,) = Op(dy3). That is, A’A + A’ + A = O,(5y5). But A’A = 0,(1/7T),
so A’ + A = 0,(0y%). This implies that the diagonal elements of A are all O,(6y5) and A is
skew-symmetric up to an Op(dy7) term (and especially for r = 1, A = O,(5y5)).

We next derive the asymptotic representation for A. Using (8), we can write
K/ IA/ H/ ZFt €1t7-- Ert +Op( 71/2)

Left multiplying H and using HH' = I + O,(05%) = (F'F/T)™" + 0,(55%) [see (24), which still
holds under PC2|, we have
~ FIFN-11 ¢
HR =N = () 3 D Fuletss s ert) +0,(T712)

The first term on the right hand side is T~'/2¢p, where &7 given in (14), so that
HA, — Ay = T7Y2¢p + 0,(T7V/2).

By the QR decomposition of A}, HA, = HQR = (HQ — )R+ R = AR+ R. Thus HA! — A} =
AR+ (R — A}). Tt follows that

A=—(R—A)R Y4+ T V2R 4 0,(TV?).

Since both R and A are upper triangular matrices, the below diagonal elements of A are equal to the
corresponding elements of T~ /2¢rR™1 + 0,(T~1/2). Since A is skew-symmetric up to an Oy (553
order, the elements of A above the diagonal are also given. That is, A;; = T-1V2(¢&rR™ )
0p(T7/2) for i > j, and Ay; = —Aj; + Op(57) for i < j, and Ay = 0,(05%) (4,5 = 1,2,...,7).
Furthermore, we can replace R by Aj. To see this, by the uniqueness of QR decomposition,
R = A} 4+ 0,(1). So T~V2¢rR™" = T126(N) ™ + TV2¢10,(1) = T=V2¢0(A)) ™! + 0,(T~1/?).
Finally, (5) is obtained by noting Z = vTA.

Proof of (15). Using \; = Q'\;,

Xi—Ai=QN—XN=QN—H '\ +QH(I-HQ)\
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Multiplying V7,
VT = N) = QVT(Ai — H ') — QH WT(HQ — I)\i

Since Q'"H™! = I, + 0,(1), the second term on the right hand side is —/T(H* — I,.)\;. Using (8),
the first term on the right hand side is Q'H'T~/2 3. Fiey + 0,(1). But Q' H' = I, + 0y(1) =
(F'F/T)™! + 0,(1) under PC2. Combining the results yield (15). This argument holds for all
i=1,2,..,N.

Proof of (16). Using F;, = Q'F},
—F,=QF,-F,=Q(F,—HF)+ (QH —I,)F,
Multiplying v'N,
VN(F, — F,) = Q'V'N(F, — HF) + (N/T)*T(Q'H' — I,)F,

From (9), the first term on the right is Q"H'(A'A/N)"' SN Neir + 0p(1); but Q'H' = I, 4 0,(1).
For the second term on the right, vT'(Q'H'—1I,)F; = —/T(HQ—1I,) F;+0,(1) because vT(HQ—1,)

is skew-symmetric up to an o,(1) term. Combining the results yield (16).
Proof of Theorem 2. This is a direct consequence of (5), (15), (16), Assumptions A and B.

Proof of (6). Note H t=H K’l is the rotation matrix under PC3. Since the principal components

estimator satisfies A\; — H~1)\; = O,(T~1/?), we have

K/l - (Xla "-7)\7") = H_1(>\1, "'7)‘7“) + OP(T_1/2)'

Left multiply H to obtain HA, = I, + 0,(T~%/2) because (\1,...,A\,) = I, under PC3. That is,
H' = I, + 0,(T~'/?) so HT 251, Using representation (8), we have

T
VT(H' - 1,) HH’TZ Fret, ..., Freps) + op(1)

However, (23) implies HH' = (F'F/T)~" + O,(d5>). This proves (6).



Proof of (17). Recall that

N— A=A =N = AT = H W)+ (ATTH T = L)AL
Multiply /T on each side

VT = N) = NTWT(Oy — HUO\) + A H-WT (L, — HY A,

For the first term on the right hand side, using (8),
- - - 1 «
ATIWVT( = H7'N) = (ATTH Y (HE) =Y~ Feey + 0p(1).
VTS

Since HA' = I, + op(1) its inverse is also I, 4+ op(1). Furthermore, as argued earlier, HH'
(F'F/T)~' + 0,(5y%). Thus

AWTOG - H'N) (F/F)_l ! ZT:Fe +op(1)
i i — i) = — tCit D .
T/ VT

The second term on the right hand side equals vT'(I, — HT)\; + 0,(1). This proves (17).

Proof of (18). First note that
F,— F, = AF,— F,=A(F,— HF,) + A\H'F, — F,
= AN(F, — H'F) + (H" - I)F,

It follows that
VN(F, — F,) = M\VN(F, — H'FE,) + (N/T)\*>YT(H' = I)'F,

From (9), and using MH =1, + op(1), the first term on the right hand side is
X VR(F B NAy-1 1
MVN(F, — H'F) = (W) il Z; Aeit + 0p(1).

Combining the two equations leads to (18).

Proof of Theorem 3 . This follows from (6), (17), (18), and Assumptions A and B.
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Proof of Theorem 4 . We first consider the case of identification under PC1 so that we use ﬁt

in place of F} in the regression model. We can rewrite the model as in Bai and Ng (2006)
~ ot ~
v = (F; Wt’) ( P O‘) Ve + (F/H— FYH o
= Z0te+a

where 2, = (F/,W}), 6* = (o/H~', '), and a; represents the last term on the right hand side.
When vT/N — 0, Bai and Ng (2006) shows that the error a; is negligible, and the least squares
estimator ¢ has the standard limiting distribution as if E contains no estimation error (as if H'F}

were observable). More specifically,
VT (G - 6) -5 N (0, 85'S) sn o X.. D5 1)

where ®g = diag(V~1QX4,I) and V~1QX, is the probability limit of H, where @ represents the
probability limit of F F/T. In our case, the limit of H is an identity matrix (also follows from

Q = I, and V = ¥, in the present case) so that ®¢ is an identity matrix. This implies that
VT (5 — -5 N(0,55)
where ¥5 = 3 1%,. 271 Furthermore,
VT(5 —6) = VT (6 - 6*) +VT[(a — H 'a),0)

But VT(a — H 'a) = VT(H — I,)H 'a = 0,(1) provided that VT /N — 0 because H — I, =
0,(63%). Tt follows that under VT /N — 0, VT'(5 — 5)-N(0, Sy).

We next consider PC3. We use ﬁt in place of F;, where ﬁt is defined in the main text. Since
F, is an estimate of H'Fy, we define 61 = [(Ha), #')]". Then y, = 20" 4+ &, + a], here a] =
(F/H'! — F'YH'~'a. The same argument in Bai and Ng (2006) leads to

VTG - 6H-5N (0,0, . 5..05 )

where &y = diag(plim HT, I). Under PC3, plim HT = I,. Thus, vT'(5 — 61)-%N(0, £5), where I

is defined earlier. Next,
VT (5 —6) = VT(6 — ") + VT[(a — H " ), 07
But the term

VT (o — H' " 2a) = VT(H' — 1) H o
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is not negligible and vT(H' — IT)i>(Z1, s Zy) and H7'a = o+ 0,(1). Tt follows that

VT - 8)-5N(0,35) + [(Zl’ o Z’”)O‘} .

Since the normal random variable N(0,Xs) is derived from the central limit theorem (CLT) in-
volving {e;}, while (Z1,..., Z,) are derived from the CLT involving {e; }, these normal variables
are independent of each other under Assumption C. Therefore, the asymptotic variance of 5 is
equal to Xs + diag(var[(Z1, ..., Zr)a],0), where diag means block-diagonal. Under the assump-
tion that ej; are independent over j = 1,2,...,r, then Zi,...Z, are also independent so that
var((Z1, ..., Zy)a) = > 1 Pray. For dependent ej; over j, (Z1,..., Zy)a = (¢! @ I )vec(Z, ..., Zy).
Consistent estimation of var(vec(Z1, ..., Z,)) is discussed in Appendix A.

Finally consider PC2. Define 6* = [(H* '), 3')]’. The same analysis as in PC3 gives
VT(6 —6) = VT (6 —6%) +VT[(a — H a), 0]

with VT'(6 — 6*)—25N (0, Zs). Furthermore, vVT(a — H* ‘o) = VT(H* — I,)H* 'a = VT(H* —
I)a + o0y(1) = (o/ ® I,)Dveck(érA™) + 0,(1), which converges in distribution to (o’ ® I,.)Dn.
Thus the asymptotic variance of 8 is equal to $5 + diagla’ ® I,)D var(n)D'(a ® I,.), 0], where diag

means block-diagonal.
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