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ABSTRACT
Governing Uncertainty: Financial Policies for risk
Tse-Ling Teh

This dissertation determines how to improve the nancial management of natural
disaster risks through better design of risk transfer instruments and insurance. By
analyzing theoretical models, eld surveys and numerical simulations, innovative risk
transfer mechanisms that lead to improvements in welfare are constructed and examined. The chapters of my dissertation contribute to a growing eld of academic
research concerning how to manage natural disaster and extreme weather risks in the
face of climate change.

In designing policies for the changing environment, uncer-

tainty and risk play a large role.

This dissertation recognizes and harnesses these

uncertainties to create a framework for risk transfer in the case of extreme events.
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CHAPTER 1

Introduction

Uncertainty is an unseen force that underlies many aspects of human behavior and
society. Risk provides one measure to rationalize this uncertainty and build it into our
decision making. When small risks are faced, little consequence may arise; however,
when large risks are faced, or many small risks at once, more attention is required.
Natural disasters exist at the limit of human ability to control our environment. The
destructive force and unpredictability of natural disasters has long been associated
with a sense of awe, but also a sense of powerlessness. Continual advancements in
technology and modeling have edged our knowledge closer to understanding, predicting and limiting the impact of disasters. However, it is unlikely that encounters with
natural disasters will ever be destruction free.

The risk of natural disasters is real

and recent developments in risk transfer have broadened the instruments available to
nancially manage this risk.

The focus of this dissertation is on the transfer of the nancial impacts of natural
disasters.

Natural disaster risks dier from other risk classes due to the rarity of

occurrence, inherent uncertainty, limited experience and the potentially large scale of
damage. The transfer of such a special class of risk necessitates not only specic characteristics in its risk transfer instruments, but also in the market of such instruments.
This dissertation considers the distinguishing attributes of natural disaster risks to
uncover the welfare benets, design and pricing of natural disaster risk transfer.

1

The management of natural disaster risks represents one component in the goal of
sustainable development. Disasters have the potential to hinder development and can
have long term impacts on the budgets of governments and households. The economic
losses from natural disasters have been increasing over time, with disproportionate
losses in developing countries (SwissRe 2014). Given the changing climate, it is likely
that the impact of extreme events will rise in the future.

Further, the impact of

disasters on individuals and governments can reduce resilience to future disasters
(IPCC 2012) leading to persistent eects on development.

For these reasons, it is

tting to examine how the nancial impacts of natural disasters can be transferred
to enhance welfare and increase resilience.

Natural disaster risks are currently managed through a mixture of nancing instruments that are sought after a disaster event (ex post), and nancing instruments that
seek to transfer the risk prior to a disaster event (ex ante).

The range of ex post

instruments include borrowing, budget reallocation and aid. Ex ante instruments include insurance, catastrophe bonds and contingent loans that are targeted specically
towards natural disaster risks. In managing a disaster event, it is likely a portfolio of
these instruments will be called upon and utilized. Chapter two provides an overview
of the nancial instruments available to respond to natural disasters. The challenges
to using risk transfer mechanisms against natural disaster risk are also addressed from
both a government and household perspective. In addition, the chapter provides a
brief subsection on catastrophe bonds that provides background to later references in
this dissertation.

The remaining chapters of my dissertation are organized thematically around particular aspects of extreme risks.

The rst aspect considered is the availability of

2

assistance following a natural disaster. Natural disasters are dramatic and emotive
events that entail a humanitarian need, encouraging the provision of aid and charity.
Chapter three concerns how to improve welfare when an expectation of assistance interacts with insurance demand. The availability of assistance can crowd out demand
for insurance leading to net societal welfare losses. This issue is an example of `the
Samaritan's Dilemma' (Buchanan 1975). The chapter describes risk generally to allow
the model's application to a wide range of Samaritan's Dilemma situations including,
health, longevity and natural disaster risks. The concluding result is that the presence
of market-based incomplete insurance products can lead to Pareto improvements in
welfare under the Samaritan's Dilemma.

1

Chapters two and three describe how incomplete insurance and particularly index
based risk transfer, can be used to manage natural disaster risks. Nonetheless, despite
the suitability of these products to natural disaster risk, a major drawback to the
eectiveness of these products is basis risk. Basis risk refers to the risk that the basis
of a contract for an insurance payment (an index trigger), does not match the basis
of loss occurrence. Chapter four addresses basis risk by considering the asymmetry of
the risk and distinguishing between upside and downside basis risk. Upside basis risk
is the risk that there is no loss and there is an insurance payment, whilst downside
basis risk is the risk that there is a loss and no insurance payment. By separating basis
risk into two measurements, the chapter establishes a partial order ranking of indices
for any risk averse individual that can be used for the design of index based products.
An implication of the results is that correlation and covariance are neither sucient
nor necessary measures of index optimality. The chapter concludes by utilizing the

1Incomplete

insurance refers to insurance that does not cover the loss in all states of the loss. Some
common examples are the exclusions of acts of war from homeowners insurance and index based
crop insurance.
3

partial order to rank three years of indices from a rainfall index insurance product in
Ethiopia.

The nal aspect of natural disaster risk that is addressed is the inherent rarity of
natural disasters. The rarity and little experience that individuals have with natural
disasters can lead to a wide dispersion of beliefs on the likelihood of a natural disaster
event. Chapter ve examines how learning in rare risks leads to persistent heterogeneity in likelihood beliefs that can be used to price natural disaster risk transfer. The
chapter compares pricing of risk transfer via aggregation in terms of insurance and
disaggregation in terms of catastrophe bonds. By engaging the heterogeneous opinions of investors, analysis shows that catastrophe bonds are preferred to reinsurance
by both investors and risk transferees. In contrast, for risk classes that do not display
a substantial level of rarity there is no preference between individual contingent bonds
and insurance.

Natural disaster risk is an ongoing challenge to manage nancially for both households
and governments.

The chapters of this dissertation highlight distinctive aspects of

natural disaster risk and how these aspects can be incorporated into the design of
risk transfer instruments. The theoretical analysis provides evidence of the manner
in which the construction of risk transfer products can result in enhancements in
welfare and improve the demand for natural disaster risk transfer. It is hoped that
an improvement in the nancial management of natural disaster risk can lead to
greater resilience and minimize the destructive eects that natural disasters can have
on development.

4

CHAPTER 2

The Market for Natural Disaster Risk

2.1. Introduction
Natural disasters occur sporadically in nearly every country in the world.

These

phenomenon are characterized by their unpredictability, large scale damages and our
inability to control their destructive power. Damages from natural disasters depend
upon the severity of the disaster, the location of the disaster and the speed of recovery
following the natural disaster. The scale of damage created by natural disasters is
not uniform, but can range to billions of dollars.

1

The eect of such damage can

lead to long term economic impacts that hinder development and economic stability
(Cavallo and Noy 2010). Ongoing studies indicate the negative inuence of natural
disaster events on economies at a local and international level (Freeman et al. 2002,
Hochrainer 2009).

Despite the potentially devastating economic consequences of natural disasters, over
the past two decades nancial innovations have been able to provide instruments
for natural disaster risk transfer.

Recent advancements in natural disaster model-

ing and the growing sophistication of nancial markets have untapped the potential

1For

example, the costliest disaster in 2014 was Cyclone Hudhud in India that led to USD 7 billion
of economic losses of which USD 530m were insured (MunichRe 2014).

5
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for natural disaster risk nancing. Previously, only a handful of re-insurers considered the transferability of natural disaster risk and even so, the capacity of these
re-insurers to absorb large risks was limited by their capital.

2

As nancial markets

seek new methods of portfolio diversication, the absorption of natural disaster risk
by capital markets has created a growing market for natural disaster risk management through catastrophe bonds (Pollner 2000).

Large scale natural disaster risks

previously thought of as too risky or too costly for re-insurers to provide insurance
against, can now be insured by capital markets.

3

Natural disaster risk can be nancially managed through a range of instruments. In
general, there are two distinct categories of risk instruments, ex ante instruments and
ex post instruments. The majority of established risk nancing instruments are ex
post instruments, implemented after the natural disaster event. However, a growing
market is in ex ante instruments. These are risk instruments that require purchase
or agreement prior to the natural disaster.

This emerging area has added to the

portfolio of nancial tools available to manage natural disaster risk for both private
households and governments.

4

Popular ex post instruments include humanitarian aid, borrowing, budget reallocation, charity, loans, the transfer of skills and debt forgiveness.

These instruments

require little forward planning and can be sought following a natural disaster event.

2For

example, Hurricane Andrew resulted in the insolvency and closure of nine insurers in 1992
(Kunreuther and Michel-Kerjan 2009b).
3The

World Bank estimates US$100 trillion worth of assets in international capital markets (Zelenki
and Abousleiman 2010).
4For

example, the Sovereign Disaster Risk Financing and Insurance program at the World Bank
helps sovereign nations develop a risk management portfolio against natural disasters.

6
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Nonetheless, ex post instruments do not necessarily meet the nancial needs of recovery and the delivery of aid funds can be unreliable and slow. For example, Ghesquiere
et al. (2004) points to the liquidity constraints faced by the Government of Grenada
following Hurricane Ivan in 2004. Although aid of US$150 million was pledged only
US$12 million was received for immediate recovery needs.

Ex ante instruments include insurance, catastrophe bonds, and contingent loans.
Some examples of these respective products are the National Flood Insurance Program (NFIP) in the United States that provides households with state provided ood
insurance, the 2006 CatMex catastrophe bond issued by the Mexican government
and the World Bank Catastrophe Deferred Draw Down Option.

The focus of this

dissertation is primarily on the risk transfer of natural disaster risk including both
insurance and catastrophe bonds.

Ex ante instruments may have signicant opportunity costs since forward planning
and expenditure on a remote event detracts from present day issues that may be more
politically advantageous. During a period of no natural disasters, the importance of
natural disaster risk tends to wane and naturally becomes less of a concern leading
to even less interest in ex ante risk instruments. Politically, it is dicult to achieve
the necessary support to invest in ex ante instruments (Healy and Malhotra 2009).
On the other hand, after a natural disaster there is often signicant interest and
political custody of the natural disaster risk management topic.

Political impetus

after the Queensland oods in Australia in January 2011 called for a catastrophe pool,
compulsory insurance policies for all households in Queensland and the purchase of
natural disaster insurance by the Queensland Government (Senate (i) 2011, Senate

7
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(ii) 2011, Wilson 2011). Without excessive cynicism, it is likely these demands would
have met with silence had the Queensland oods not occurred.

5

Although the political environment for natural disaster risk nancing is dicult, there
is some evidence that governments are beginning to consider ex ante instruments,
particularly catastrophe bonds, as part of their risk management strategy. The most
prominent example is the Mexican Government's issuance of three consecutive catastrophe bonds in 2006, 2009 and 2012. The Mexican Government transferred earthquake risk in May 2006 via the issuance of the CatMex bond that covered earthquakes
in three regions of Mexico. This initial issuance was prompted by the lack of capital
to cover disaster losses and the need to have better governance through an external
mechanism for disaster transfers to citizens. At the expiration of this bond the Government issued the MultiCat bond in October 2009 for earthquakes on the Pacic
coast and Atlantic and Pacic hurricanes. The 2006 bond had coverage of US$150
million, whilst the 2009 bond had US$290 million in coverage (Cardenas et al. 2007)

6

and the 2012 bond had US$312 million in coverage.

From the perspective of households and individuals, insurance against disaster risk
also faces challenges across several fronts on the demand and supply side.

On the

demand side, there has been documentation of under insurance by households against

5Subsequently,

the Queensland Government purchased reinsurance against natural disasters in November 2011 (Finity Consulting 2012). Since 2012, major insurers have included ood insurance in
the standard home and contents insurance products, although ood insurance is not compulsory for
households.
6These

bonds were combined with reinsurance products to provide more extensive risk coverage.
The value of the 2012 bond was taken from
http://treasury.worldbank.org/bdm/htm/Financing_Noteworthy/
Mexico_Launches_Second_Catatrophe_Bond_Oct2012.html last visited 27 January 2015.
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7

natural disasters.

One explanation for this may be that an individual's perception of

natural disaster risk does not match the true probability of disaster leading to inecient insurance decisions. Reasons for this mismatch between perception and reality
include under or overestimation based on personal experience (Hertwig et al. 2004,
Browne and Hoyt 2000), perceptions based on heuristics rather than facts (Kahneman
and Tversky 1972) and the underestimation of low probability events (Kunreuther and
Pauly 2004, Viscusi and Zeckhauser 2006). Other literature suggests that the demand
for insurance is also hindered by charity provided by individuals and the government
(Raschky et al. 2013, Raschky and Weck-Hannemann 2007).

On the supply side, insurers may be reluctant to oer insurance against natural
disaster risk because of the covariant nature of losses, adverse selection and moral
hazard. The nature of disaster risk results in many policyholders claiming at the same
time. The covariant nature of losses is less of an issue as the pool of policyholders
increases, allowing a diversication of risks. In the case of natural disaster risk, to
achieve such diversication, requires a much broader range of policyholders than is
the case for less covariant risks such as car insurance. Hence a low demand for disaster
insurance tends towards a low level of supply (Schwarze and Wagner 2007).

Adverse selection is common in disaster insurance since it is dicult for insurers
to model disaster risk at a ne level to encompass all possible information.

An

individual may have some additional information that is not apparent to the insurer,
for example that recent developments around their property leads to increased ood
risk.

7For

Moral hazard is also a problem since individuals may change their behavior

example see Kunreuther et al. (1978).
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following the purchase of insurance.

Mitigation that may have been carried out

prior to the purchase of insurance may now be seen as costly and unnecessary, thus
increasing their risk to the insurer.

To overcome these challenges, insurers may issue incomplete insurance. That is insurance that does not entirely compensate an individual for their loss, such as index
based insurance.

Under index based insurance, claims are objectively determined

by an index rather than an individual's loss level.

Examples of such products are

weather derivatives (hot/cold days), catastrophe bonds and crop insurance (Halcrow
1949). Indices avoid adverse selection, as all individuals pose the same level of risk
to the insurer regardless of their private information.

Similarly, moral hazard can

be overcome as the risk of a policyholder depends upon the index rather than their
individual level of risk that can change depending on their behavior.

An example of index based risk transfer that is discussed in later chapters is catastrophe bonds. As these products are relatively new, the next section provides a brief
overview of the market and transactions involved for catastrophe bonds.

2.2. Catastrophe Bonds
Catastrophe bonds were rst introduced in the mid 1990's with the aim of providing
a mechanism for reinsurance providers to transfer their covariant natural disaster risk
to capital markets. Since then the market has grown to include other extreme risks

8

such as medical and lottery jackpot risks.

As of January 2015, the catastrophe bond

8For

example Vitality Re V 2014 covers extreme morbidity and Hoplon II Insurance Ltd. covers
lottery jackpot risk (SwissRe 2015).
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market had a total of USD24.1 billion outstanding and new issuances for the calendar
year of 2014 totaled USD8.29 billion. The rate of issuances suggests a growing market,
although there are still varying opinions on whether the market has stabilized and
matured (Anonymous 2013).

The bonds are implemented through a special purposes vehicle (SPV), that acts
as a deposit holder for funds in the transaction.

The insured/issuer of the bond

releases information about the bond including the size and price of each tranch.
Interested investors can choose to purchase a share of the bond. When the purchase
and contracts are complete, investors will deposit the funds into the SPV where they
will be held until maturity, unless the bond is triggered. The bond is triggered when
a predetermined index is met. These indices are a proxy for the severity and level of
loss created by the natural disaster.

A catastrophe bond is similar to a regular bond in that it has a set term and return.
Usually this term is three to ve years and the return is quoted as the LIBOR (London
Interbank Oered Rate) plus a percentage return. In most circumstances before the
bond can be contracted, the investor (counterparty) and the issuer will both have
natural disaster modeling teams to determine the appropriate return for the bond.

Catastrophe bonds have several advantages over other insurance options.

Beyond

providing the level of coverage required to nance recovery, catastrophe bonds are
also advantageous since they have little credit risk. The SPV is designed such that
the funds within the SPV earn only the risk free rate through investment in safe
assets.

Essentially the SPV guarantees that funds are available in the event of a

natural disaster, thus alleviating credit risk (there may be a little credit risk in the

11
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assets chosen for investment).

From the perspective of the investor there may be

credit risk in the coupon payments.

Further, catastrophe bonds are triggered by an index. In the current market, modeled
or industry loss indices are more common than parametric indices. The most likely
reason being than indemnity style indices are easier to understand and considered
more closely mapped to actual losses.

An index trigger is designed to support a

speedy determination of whether a bond has been triggered, allowing the release of
funds to ensue.

However, in practice few indices have been triggered and of those

that have been triggered, some have taken months to conrm whether a trigger has

9

been met.

Compared to indemnity style insurance where assessors are required to

quantify the damages prior to lodging an insurance claim, this methodology is not
only more transparent but also aims to remove some uncertainty.

Several studies

indicate that the speed of mobilizing of recovery funds reduces the disruption caused
by natural disaster damages (Goes and Skees 2003, Linnerooth-Bayer and Mechler
2007, Freeman et al. 2002).

A political advantage of catastrophe bonds is the enforcement of rules based expenditure. The Mexican Government has issued catastrophe bonds since 2006 as part of
the country's natural disaster policy. The Government has found that catastrophe
bonds oer an externally validated mechanism that improves the governance of the

9For

example, it took eight weeks for the Muteki Ltd. bond to be conrmed as triggered by the
11 March 2011 earthquake in Japan. In another example, it took three months for the MultiCat
Mexico bond to be conrmed as not triggered by the 15 September 2014 hurricane Odile.

12
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disbursement of funds in the event of a natural disaster. The ability to formalize disbursements based on the trigger of catastrophe bonds has improved the accountability
of natural disaster expenditure.

Furthermore, as the catastrophe bond market grows in the next decade there may
be signicant competition with insurance in terms of pricing.

From an investor's

point of view catastrophe bonds are not highly correlated with other asset markets
such as equities, futures, forwards and bonds. This is particularly true for geographically distant catastrophe bonds. As investors seek to minimize the overall variability
of their portfolios, catastrophe bonds oer a substantially dierent investment that
oers diversication not found in other assets.

Currently the investor interest in

catastrophe bonds has been strong as illustrated in the issuance of the 2009 MultiCat
bond (Michel-Kerjan and Morlaye 2008) and recent issuances have shown a decrease

10

in price from the initial prospectus.

Chapter Five of the dissertation considers how

the pricing of catastrophe bonds is aected by the estimation of disaster risk being
highly subjective.

2.3. Conclusion
This chapter has provided a brief background on the existing instruments to nancially manage the impact of natural disasters. In describing these instruments added
emphasis has been placed on ex ante risk transfer instruments. However, the nancial
management of natural disasters will nonetheless depend on a portfolio of instruments.
As a contrast to loss assessment based insurance, there are qualitative arguments that

10For

2013.

example CATMex, Blue Danube II Ltd. (Series 2013-1) Allianz, Travellers, Residential Re

13
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indicate the suitability of incomplete insurance (and in particular index based risk
transfer) as a mechanism to transfer natural disaster risks. The remaining chapters
develop further the idea of incomplete and index based risk transfer by detailing how
these instruments can be constructed to improve welfare.

14

CHAPTER 3

Pareto Improvements under the Samaritan's Dilemma

3.1. Introduction
Assistance is an instinctive and often encouraged response in the face of hardship.
However, this very act of kindness may lead to economic ineciencies and the Samaritan's Dilemma (Buchanan 1975).

The Samaritan's Dilemma poses a challenge for

policy makers wishing to encourage individual responsibility for risk, since societal
welfare losses occur when individuals rely on assistance rather than fully insuring
against risks. The Samaritan's Dilemma indicates that the availability of below fairvalued assistance may limit an assistance recipient's desire to protect themselves
against such risks (Coate 1995).

The impact of assistance on insurance demand has been evident in health insurance
(Gruber and Simon 2008, Herring 2005, Rask and Rask 2000, Hopkins and Kidd 1996),
long term care insurance (Brown and Finkelstein 2008, Sloan and Norton 1997), public
pension schemes (Disney 2000) and disaster insurance (Raschky et al. 2013, Brunette
et al. 2013, Kunreuther et al. 1978). Forms of assistance that are below market value,
crowd out private insurance demand. Such assistance may be free (e.g. charity and
aid) or subsidized (e.g. premium rebates, interest free loans, debt forgiveness) and
may arise from the government, an institution or another individual.

15
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the interdependence between individual behavior and the availability of assistance
hampers the demand for insurance.

Nonetheless, attempting to solve the Samaritan's Dilemma by banning assistance
would be counter-productive to society and promotion of self-interest may not create a harmonious society (Bowles 2008).

Safety nets are an important part of an

integrated society and help build social capital. Indeed, it is not possible to commit
to not providing charity when faced with a social need. Instead, this chapter seeks
an alternative strategy. By increasing the range of risk transfer products available,
Pareto improvements can be realised. These products, termed incomplete insurance,
improve welfare and are preferred when assistance is available.

Incomplete insurance is not a new product. It is a product that exists in the market
today. An insurance product is considered incomplete if it does not compensate an
individual in every possible state of loss.
within an insurance contract.

1

A common example of this is exclusions

Another less common form of incomplete insurance is

index based insurance, as has been described in Chapter two.

Incompleteness in insurance can be used to describe three dierent scenarios. The
rst is when the insurance payout is zero in some states of loss and is how the term
is used here. A second use of the term is where the coverage level is less than the
loss level and the third is when the amount of insurance payout is a function of some
variable that is correlated to the loss. Incompleteness in this chapter focuses on the
rst denition of the term.

1For

example, many homeowners insurance policies exclude ood damage and acts of war.
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The incompleteness in these products stems from the fact that a loss does not entitle
one to a payment. Under complete (indemnity) insurance, the loss is assessed to provide payment to the insured. In contrast, under incomplete insurance, the assessment
of the loss is secondary to the assessment of the mechanism for triggering payment.
For example, under index insurance, losses that occur despite an index not being
triggered are excluded from payment. The chance that this occurs is referred to as
basis risk. In other words, this is the risk that the basis of the insurance contract is
not matched to the experience of loss.

2

Although incomplete insurance is not a new product, it has not been described in
theoretical models with the Samaritan's Dilemma. Previous models in the literature
(Lewis and Nickerson 1989, Kaplow 1991, Coate 1995) have considered the Samaritan's Dilemma under complete insurance.

The new innovation in this chapter is

the introduction of an incomplete insurance product to compete with a complete
insurance product.

The results determine that within a charitable society, vulnerable parties will continue
to purchase incomplete insurance even when complete insurance has been crowded
out by assistance. Thus, incomplete insurance can reduce the ineciency caused by
the Samaritan's Dilemma. Correspondingly, when complete insurance is crowded out,
benefactor and vulnerable party welfare is enhanced by incomplete insurance.

The implications of these ndings are three fold. Firstly, the ndings oer a method
to improve welfare in the face of the Samaritan's Dilemma.

2The

In situations where

risk that no loss occurs but there is a payment is termed upside basis risk and the risk that a
loss occurs but there is no payment is termed downside basis risk. In this chapter, the incompleteness
cause by downside basis risk is considered.
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assistance crowds out insurance demand, an alternative incomplete product results in
an improvement in welfare for both individuals and benefactors. The introduction of
incomplete insurance aims to complement existing charitable assistance by allowing
the transfer of some risk and generates demand when none would otherwise exist.

Secondly, the ndings suggest an additional reason for the current format of markets
with incomplete insurance.

The reasons in the literature for the development of

incomplete products have tended to rest on the supply rather than the demand side.
For example, incompleteness alleviates risks faced by the insurer associated with
adverse selection and moral hazard (Doherty and Richter 2002), as well as covariant
losses (Jaee and Russell 1997).

Even so, this chapter illustrates that the prevalence of incomplete insurance is also
demand driven. When provided the opportunity to purchase complete or incomplete
insurance a vulnerable party with access to assistance will prefer incomplete insurance.
In other words, when assistance crowds out complete insurance, incomplete insurance
remains competitive since it is cheaper in utility terms.

The disaster insurance market illustrates the preference for incomplete insurance.
The prevalence of coverage exclusions is in keeping with this theoretical demand of
vulnerable parties when there is anticipation of assistance.

For instance, consider

earthquake insurance in California. The large majority of residential property owners
could extend their insurance policies to cover earthquakes and increase the completeness of their insurance. However, even though the Californian Earthquake Authority
(CEA) provides actuarially fair earthquake insurance as an extension to homeowners
insurance, few choose to extend coverage. In fact, despite the attractive rate, only
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12% of policies extend to earthquake insurance (Pomeroy 2010). Nationally the gure
for earthquake insurance penetration is 7% in 2014, 10% in 2013 and 13% in 2012
(Insurance Information Institute 2014).

3

Thirdly, the ndings indicate that as incomes of vulnerable parties rise, there is a
shift in preference from incomplete to complete insurance, ultimately ending the dependency on assistance. Unlike other policy interventions that are dicult to wind
back, this intervention naturally reaches a point of fully insured risks.
parison, consider the eect of premium subsidies to encourage demand.
lower the price of insurance, thereby increasing demand.

As a comSubsidies

However, the articially

cheap insurance may also have changed people's perception of the risk, and stimulated over-insurance. Further, it may be very dicult to reduce or eliminate subsidies

4

once in place.

The long term eects of changes in perception and distorted insurance

demand can be problematic to reverse.

This chapter focuses on the impact of assistance when benefactors can not commit
to not providing assistance. Buchanan warned `A species that increasingly behaves,
individually and collectively, so as to encourage more and more of its own members to
live parasitically o and/or deliberately exploit its producers faces self-destruction at
some point in time' (Buchanan (1975): 84). This chapter brings to light incomplete
insurance as a market-based solution to this dilemma and steers society away from

3This

is not withstanding the other reasons for low levels of demand. For example, inconsistencies
between perceived and true levels of risk due to personal experience (Hertwig et al. 2004, Browne and
Hoyt 2000), perceptions based on heuristics rather than facts (Kahneman and Tversky 1972) and
the underestimation of low probability events (Kunreuther and Pauly 2004, Viscusi and Zeckhauser
2006).
4This

problem arose when the National Flood Insurance Program attempted to reduce subsidies on
premiums (Knowles and Kunreuther 2014).
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the development of such `parasitic' behavior, without diminishing the importance of
assistance.

Although the chapter utilizes natural disaster insurance as an example, the theoretical
results are equally applicable to other situations where an expectation of assistance
diminishes individual responsibility. The chapter is organized as follows: Section two
situates the model as an extension of the current theoretical models of insurance and
assistance, Section three provides a description of the model, Section four provides
the results and Section ve concludes.

3.2. Assistance and Insurance Demand in Natural Disasters
The interaction of insurance and assistance when dealing with risks has been considered from a theoretical perspective as well as documented in practice. This section
outlines relevant literature on charitable assistance and models of insurance and assistance in the context of natural disaster risk.

Buchanan (1975) appropriated the phrase `the Samaritan's Dilemma' to describe the
situation where reliance on assistance leads to inecient outcomes.
evidence of this phenomenon is mixed.

The empirical

Supporting the existence of a Samaritan's

Dilemma, Raschky and Schwindt (2009) identify empirical evidence of the crowding
out eect of foreign aid on disaster preparedness; utilizing death tolls from disasters
they nd increases in the level of foreign aid implies higher death tolls for storms.
Similarly, Raschky et al. (2013) nd that the greater the certainty of disaster relief, the
greater the crowding out of insurance demand. van Asseldonk et al. (2002) determine
that individuals believe assistance will be available in the event of a disaster and
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subsequently decrease their insurance demand. This is even despite being told that
no disaster assistance will be available.

However, contrary to the Samaritan's Dilemma several papers have found positive
correlation between disaster relief and insurance demand. Browne and Hoyt (2000)
and Petrolia et al. (2013) nd in the United States a positive correlation between
disaster relief and the National Flood Insurance Program (NFIP) insurance demand.
Nonetheless, both authors do not suggest this positive correlation leads to nullify
the Samaritan's Dilemma. Browne and Hoyt state `Exposure to the ood peril may
increase both purchases of ood insurance and receipt of disaster assistance, thus
explaining the positive relationship.' Whilst, Petrolia et al. notes their measure of
disaster relief, the expectations of eligibility of disaster relief, `are somewhat dierent than intentions to utilize disaster assistance'. A further reason for the positive
correlation between disaster relief and NFIP demand, is that despite regulations that
require federally insured mortgages to include ood insurance, this regulation is not
well enforced.

Thus, if a disaster event occurs both ood insurance purchase and

the receipt of disaster assistance would occur, leading to a positive correlation. The
mixed empirical evidence elucidates the diculty in determining the impact of the
Samaritan's Dilemma and provides mixed evidence of the dilemma in the context of
natural disaster assistance.

Nevertheless, the impact of the Samaritan's Dilemma has been studied in several
theoretical models. An application of the Samaritan's Dilemma to natural disaster
risk is provided in Lewis and Nickerson (1989). Lewis and Nickerson illustrate that
self-insurance is at sub-optimal levels due to the articial limited liability created by
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5

government disaster assistance.

However, their paper does not allow for market-

based insurance and thus diers from the model in this chapter. Market insurance,
government assistance and moral hazard are considered in Kaplow (1991). Kaplow
examines an individual with market insurance and government assistance nanced
by lump sum taxation. Individuals vary their probability of loss by mitigating at a
cost. The paper nds that a positive amount of government assistance induces moral
hazard whether or not mitigation is observable by insurers.

The model in Coate (1995) includes market insurance and donor provided charity.
Coate analyzes a model with a government, two donors and an aected individual
in a market with indemnity (complete) insurance against the risk.

In the model

the possibility of charity results in an individual either insuring their entire loss or
not insuring at all. The level of insurance depends upon the transfer level from the
government and level of charity from the donors. The paper also concludes that in
kind transfers (i.e. free insurance) by the government can overcome any ineciencies
caused by the Samaritan's Dilemma by inducing individuals to purchase sucient
insurance. The provision of in-kind transfers crowds out charitable transfers reducing
the benets of foregoing insurance.

This chapter utilizes a model analogous to that in Coate (1995). Unlike Lewis and
Nickerson (1989), market insurance is available and a central component of the model.
In contrast to Coate (1995) and Kaplow (1991), the government is external to the
model with a donor providing charity directly to the vulnerable person, rather than
through a centralized body. The term assistance is used within this chapter to refer

5Self-insurance

is a reduction in the size of the loss through some expenditure.
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to a broad range of provisions from charity, welfare and below market valued assistance. The benefactor of assistance could include foreign governments, institutions,
individuals and governments.

The main extension of the model beyond the exist-

ing literature is to introduce an incomplete insurance product that does not provide
perfect indemnity coverage. This chapter shifts the focus beyond the current literature by considering the comparative welfare eects of an incomplete and a complete
(indemnity) insurance product.

3.3. Model of the Interaction Between Assistance and Insurance Types
The model is based on the expected-utility framework and is simplied to include a
vulnerable party who is at risk (denoted by the subscript
who is not at risk (denoted by the subscript

d).6

v ) and a donor (benefactor)

The vulnerable party is risk averse,

able to purchase insurance at an actuarially fair rate and receive assistance.

The

donor provides assistance if it is of benet to them and it is assumed that it is not of
benet to the donor to provide assistance if no disaster occurs.

7

As in Coate (1995),

the donor is risk neutral and the donor is empathetic towards the vulnerable party.

As in many of these types of models the order of decisions is important in determining
the outcome of the model. In this model, the timing of decisions is as follows:

1. The vulnerable party chooses their level (z ) of insurance coverage.

6In

Coate (1995) the vulnerable individual is termed the poor person and the donor is termed the
rich person.
7In

Coate (1995) there is a government that allows transfers from the rich to poor to ensure that
this is true.
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2. Nature chooses whether the risk occurs or not. That is, loss or no loss. In the case
of a risk materializing, a cost of loss (L) is inicted on the vulnerable party.

3.

Nature chooses how the loss is incurred, that is whether the insurance claim is

paid (for example, does the loss fall within the exclusion? or is the index triggered?).

4. The donor decides how much assistance (τ ) to provide.

5. The payos are concluded.

The main points of this sequence are that when the donor provides assistance they are
aware of the level of income facing the vulnerable party and the state of the world,
but when the vulnerable party chooses their level of insurance they are unaware
of the future state of the world.

This aims to create a realistic scenario as often

assistance is pledged following a disaster.

Furthermore, this avoids the situation

where an individual makes an insurance decision based on exogenous limited liability
as in Lewis and Nickerson (1989). In this model, the level of assistance depends on
the individual's level of insurance and the empathy of the benefactor. This implies
an endogenous form of limited liability, thereby taking into account a range of charity
levels.

Within the model, there are two probabilities of interest.
the probability that there is a loss; this is denoted

π.

The rst probability is

The second probability is the

probability that the claim is excluded (or the index is not triggered), this is denoted

γ .8

The intersection of these probabilities creates three possible states of the world:

8Note

that γ is a conditional probability. That is conditional on a loss, the probability the claim
excluded.
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state one where there is no loss (probability
and a claim is paid (probability
claim is paid (probability

πγ ).

1 − π ),

state two where there is a loss

π(1 − γ)) and state three where there is a loss and no
Within these states of the world, it is assumed that

the donor may provide charity in state two and state three only. When

γ = 0,

the

insurance is complete.

Under incomplete insurance (γ

> 0),

the expected utility/welfare of the vulnerable

party is dened as:

 
E uIv = (1 − π)u(yv − π(1 − γ)z)

(3.3.1)

+π(1 − γ)u(yv − π(1 − γ)z + z − L + τa )
+πγu(yv − π(1 − γ)z − L + τb )

where

τa

and

τb

are the assistance levels provided in state two and three respectively.

The vulnerable party's welfare aects the donor's welfare at a rate of
has a marginal cost of one.

The welfare of the donor is dened as:

(3.3.2)

WdI = yd − τ + δuIv
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where

τ

is the level of assistance,

the donor, and

uIv

δ

is the level of empathy for the vulnerable party by

is the utility of the vulnerable party under incomplete insurance.

Under complete insurance there is full compensation through the insurance.
implies

(3.3.3)

γ=0

This

and the expected utility of the vulnerable party becomes:

 
E uC
v = (1 − π)u(yv − πz) + πu(yv − πz + z − L + τ )

And equivalently the welfare of the donor is:

(3.3.4)

WdC = yd − τ + δuC
v

The complete model follows a similar framework to Coate (1995). However, since the
focus of this chapter is on welfare comparison between insurance types the model has
been simplied. In particular, the government and government transfer found in the
Coate model have been removed.

The description of the complete and incomplete models in this section creates the
framework for analysis in the following section. The complete model is derived directly
from the incomplete model by setting

γ = 0.

It nonetheless represents the more

commonly described model of insurance in the literature since it reects an indemnity
insurance product. In these models the prices of insurance are set at an actuarially
fair rate which is also common in the literature.
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3.4. Results
The results are separated into four subsections.

The rst subsection considers the

vulnerable party and their actions; whilst the second considers the welfare of donors.
The results of these subsections provide the main theorem of the chapter. Notably,
the resolution of the vulnerable party's insurance choice proves that when complete
insurance is rst crowded out, any incomplete insurance product still appeals to
the vulnerable party.

This result leads to the main theorem that illustrates how

incomplete insurance is Pareto improving.

The third subsection illustrates that both the vulnerable party and assistance providers
have aligning interests when it comes to what size of loss to exclude from an incomplete product. Both parties prefer large losses to be excluded over small losses when
there is a preference for incompleteness.

The fourth subsection provides an analysis of results as the income of the vulnerable
party rises. This subsection describes the comparative statics of the model that lead
to the vulnerable party fully insuring their risk. As vulnerable party income increases,
the incomplete product becomes less attractive as compared to the complete product and hence the vulnerable party shifts their preference to the complete insurance
product. A consequence of this shift is that the vulnerable party is no longer reliant
on assistance as the complete product fully insures their risk. Nonetheless, as income
increases, a mismatch between the optimum level of incompleteness exists between
the donor and the vulnerable party. Assistance receivers are slower to move towards
complete insurance than assistance providers would wish.
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Lastly, Subsection ve extends the results to subsidies and subjective beliefs of the
vulnerable party. As described in the introduction, premium subsidies are a common
policy intervention to increase demand for insurance. Subsidization in general leads to
distortions in the market and negative externalities by changing the level of perceived
risk, and is hard to reverse. This subsection compares a policy of subsidization of the
complete product against the introduction of the incomplete product.

Similarly, subjective beliefs that lead to a misperception of risk are also a widely
noted phenomenon when vulnerable parties are faced with an insurance decision.
The results indicate that even with overestimation of coverage and underestimation
of loss due to the exclusion, incomplete insurance maintains Pareto improvements.

3.4.1. The vulnerable party's insurance demand.
Proposition 3.1.

The donor provides assistance to ensure the vulnerable party has

a target wealth level, w, corresponding to their level of empathy, δ .
Proof. The donor's welfare function is

Wd = yd −τ +δuv .

The level of assistance

provided by the donor, will match the marginal cost of assistance with the marginal
benet of assistance. That is

δu0v (w) = 1,

where

w

is the target wealth level.



Proposition 3.1 reects that the donor is altruistic and concerned about absolute
poverty rather than relative poverty. This means that regardless of the pre-loss income of a vulnerable party, if that vulnerable party's income falls below a threshold
following a loss event the donor will provide assistance. Eectively, the donor does
not take into account the pre-loss income of the vulnerable party. A donor with a
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dierent welfare function could consider the pre-loss income of the vulnerably party
to vary the level of charity.

Proposition 3.2.

Under incomplete insurance, the vulnerable party optimizes by

purchasing no insurance or more than sucient insurance when assistance is anticipated.
Proof. See Appendix.



The term sucient insurance is used to describe insurance coverage equal to the
level of loss, that is

z > L.

z = L.

More than sucient insurance refers to the case where

Under incomplete insurance a vulnerable party will optimize by purchasing

no coverage or more than sucient insurance (z

> L).

In situations where assistance

crowds out insurance coverage, zero coverage will be purchased. On the other hand
if insurance coverage is not crowded out, the optimal level of coverage is more than
sucient coverage since in eect, assistance subsidizes incomplete insurance purchase.
In the event of a loss, an individual improves their welfare by purchasing more than
sucient incomplete insurance in the state where there is a payment. If there is no
payment, assistance will ensure the vulnerable party receives assistance. As such, the
expected net payment from more than sucient insurance compensates above the
increase in the amount paid in premium.

For example, consider the application of Proposition 3.2 in the case of index insurance.
Under index insurance, payments are determined by an index. When index insurance
is not crowded out by assistance there will be positive purchase of insurance coverage.
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With positive coverage, the impact of each additional unit of coverage can be described
in each possible state.
premium is incurred.

In the state without a loss, an additional cost equal to the
In the state with a loss and the index is triggered, there is

an additional benet from a higher insurance payment.

In the state with a loss

and the index is not triggered (downside basis risk is realized), assistance is received.
Regardless of the level of insurance coverage purchased, this third possible state results
in assistance to the vulnerable party to ensure a net wealth level.

9

Since wealth in

the third state is protected by the donor, the vulnerable party can purchase greater
than sucient insurance to increase their expected utility. This can be seen in Figure
3.4.1.

Proposition 3.3.

Under complete insurance, the vulnerable party optimizes by pur-

chasing no insurance or sucient insurance when assistance is anticipated.

Proof. This can be easily shown by setting

in the proof of Proposition



3.2.

9As

γ =0

determined by the donor's level of empathy, δ .
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Figure 3.4.1. Expected utility under varying levels of insurance coverage

Figure 3.4.1 illustrates Proposition 3.2 and 3.3. The Figure shows the expected utility
of the vulnerable party over varying levels of insurance coverage for dierent levels
of incompleteness (γ ). The darkest curve represents complete insurance

γ = 0,

and

incompleteness increases (γ increases) as the curve becomes lighter. Each curve represents a dierent insurance product and the optimal level of coverage is found by
nding the highest point on each curve. From Figure 3.4.1 (for this particular case),
it can be seen that the optimum level of coverage is initially zero for complete insurance and some levels of incompleteness. However, for some levels of incompleteness,
it becomes optimal to purchase insurance.

The initial downward trend in utility is caused by the crowding out of assistance by
insurance purchase. The turning point in the curve is the point at which insurance no
longer crowds out assistance and expected utility begins to increase with insurance
coverage. The shape of the curve following this turning point represents the traditional response to insurance purchase. For complete insurance (γ
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point represents the point when there is zero provision of assistance. Insurance coverage has completely crowded out assistance. For incomplete insurance (γ

> 0),

the

turning point represents the point at which assistance has been crowded out in the
second state. However, there is still charitable provision in the third state. The uninsurability of the third state, determines that charitable assistance will be provided
when incomplete insurance is purchased. Hence, incomplete insurance may provide
higher expected utility across all levels of insurance coverage.

Lemma 3.1.

When the level of assistance rst precludes the purchase of complete

insurance, the vulnerable party would purchase incomplete insurance.



Proof. See Appendix.

At actuarially fair rates, the utility cost of a unit of incomplete insurance is cheaper
than a unit of complete insurance.

The vulnerable individual balances reliance on

assistance with protection through insurance purchase. At the point when complete
insurance becomes less attractive than assistance, the cost of complete insurance does
not match the utility gained from relying on assistance. In comparison, the protection
from incomplete insurance still provides adequate value when weighed against reliance
on assistance. The availability of assistance minimizes the loss of utility in the state
without a payout and thus encourages the individual to assume some responsibility
for their own risks.
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Figure 3.4.2. Comparison of the utility between complete and incomplete insurance

Dene the target wealth level

w

as the level of minimum wealth that the donor would

ensure the vulnerable party has, given their level of care

δ.

That is,

Figure 3.4.2 illustrates that for a target wealth level of assistance above

δu0v (w) = 1.

w∗ , assistance

crowds out all insurance in both incomplete (dashed curve) and complete (solid curve)
insurance. For the section

(w∗∗ , w∗ ),

assistance crowds out complete insurance but

not incomplete insurance (that is if both products are oered only the incomplete
product will be purchased). For

(w0 , w∗∗ )

assistance no longer crowds out insurance,

however incomplete insurance provides higher utility as compared to the complete
insurance.

For a target wealth level of assistance below

w0

complete insurance is

preferred.

Lemma 3.2.

The level of assistance to induce the purchase of complete insurance is

less than the level of assistance to induce the purchase of incomplete insurance.
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Lemma 3.2 is implied by Lemma 3.1. Figure 3.4.2 indicates that complete insurance
is purchased up to the point where assistance provides a target wealth level of

w∗∗

and incomplete insurance is purchased up to the point where assistance provides a
target wealth level of

w∗ .

Combining Proposition 3.2, 3.3 and Lemma 3.1 provides the following summary of
optimal behavior.

For a target wealth level

1. For

w > w∗ :

insurance (z

2. For

C

the vulnerable party optimizes to have zero coverage under complete

= 0)

and zero coverage under incomplete insurance (z

For

I

= 0).

w ∗ ∗ < w < w∗

: the vulnerable party optimizes to have zero coverage under

C

= 0) and more than sucient incomplete insurance (z I = L̃).

complete insurance (z

3.

w:

w < w∗∗ :

the vulnerable party optimizes to have sucient coverage under

complete insurance (z

C

= L) and more than sucient incomplete insurance (z I = L̃).

This behavior is summarized in Table 3.4.1.

Table 3.4.1. Summary of Vulnerable Party Behavior
Target assistance level

∗

w>w
∗
w > w > w∗∗
w∗∗ > w

w

Complete insurance

C

z =0
zC = 0
zC = L

Incomplete insurance

zI = 0
z I = L̃
z I = L̃

An implication of Lemma 3.2 is the current format of the disaster insurance market. In numerous countries including the United States and Australia, homeowners
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insurance is designed so that natural disasters are excluded from generic insurance.
The literature often points to these exclusions as supply driven. However, Lemma 3.2
suggests that such exclusions can be seen as both a result of demand in the market
and the result of savvy insurance companies.

If insurance companies are aware of

the existence of assistance in the face of natural disasters, it is more protable to
provide an incomplete insurance product than a complete insurance product. Thus
the specic exclusion of natural disasters from these insurance products can be seen
as an example of the application of Lemma 3.2.

3.4.2. The donor's welfare.

The donor's welfare depends upon the welfare of

the vulnerable party and the cost of assistance, as dened in Equations 3.3.2 and
3.3.4.

Proposition 3.4.

Under either type of insurance, donor welfare is higher with suf-

cient insurance than with zero insurance.
Proof. Under complete insurance, Proposition 3.4 follows since insurance directly compensates the vulnerable individual for losses, thereby reducing the amount
of direct relief necessary from donors.

See Appendix for the proof under incomplete insurance.

Proposition 3.5.



Under incomplete insurance, the donor's welfare is lowered by the

allowance of more than sucient insurance.



Proof. See Appendix.
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Proposition 3.5 establishes that donor welfare strictly decreases if vulnerable individuals are provided the opportunity to purchase more than sucient insurance. The
rationale behind this proposition is that in the event of a loss without a claim the
donor is forced to compensate the vulnerable individual for their loss of premium since
they cannot commit to not providing assistance. When provided the opportunity to
purchase more than sucient insurance, vulnerable individuals can exploit assistance
to gain greater benets in the state with a payout. The benet of purchasing excessive
insurance in this state is greater than the harm in other states.

In the following results, the level of coverage will be limited to sucient coverage
for ease of calculation. This limitation is not material to the results since the design
of the insurance product can be altered to ensure that more than sucient coverage
is undesirable.

10

However, the consideration of more than sucient coverage would

be unusual since more than sucient coverage is not often permitted by insurance
providers and is unlikely when premiums are not actuarially fair. In the case of more
than sucient coverage, analogous results depend upon the balance of

Lemma 3.3.

π

and

γ.

Comparison of welfare under varying levels of assistance.

(i) If w > w∗ , the welfare of the donor is independent of the type of insurance.
(ii) If w∗∗ < w < w∗ , the welfare of the donor is higher when incomplete insurance is available rather than complete.
10Equivalent

results can be found leading to either sucient or zero coverage under the incomplete
product by altering the payments in state two of the world. In this case, an insurance payment
would be net of premium and thus the actuarially fair premium would be set to (1−γ)π
1−πγ z . Thus the
limitation to sucient insurance can equally be obtained by design of the insurance product.
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(iii) If w < w∗∗ , the welfare of the donor is higher when complete insurance is
available rather than incomplete.



Proof. See Appendix.

In case (i), the vulnerable party has zero insurance coverage and relies entirely on
assistance and thus the welfare is the same under either type of insurance. In case (ii),
the vulnerable party has sucient incomplete insurance but zero complete insurance,
under Proposition 3.4 the purchase of insurance is welfare enhancing for the donor.
In case (iii), the vulnerable party purchases sucient insurance coverage. Under complete insurance the vulnerable party does not rely on assistance at all, whereas under
incomplete insurance the vulnerable party still relies on assistance in the situation of
no payout. Hence, the donor's welfare is higher when they do not need to provide
assistance, that is, when complete insurance is purchased.

Theorem 3.1.

When the level of assistance rst precludes the purchase of complete

insurance, any type of incomplete insurance is welfare enhancing and Pareto improving.

Theorem 3.1 follows directly from Lemma 3.3. Lemma 3.3 indicates that for
welfare is higher under incomplete insurance. Since

w > w∗∗ ,

w∗∗ is the level of assistance under

which the individual chooses not to purchase complete insurance, Theorem 3.1 follows.
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Theorem 3.1 determines that within a charitable framework, donor welfare is enhanced by making available an incomplete insurance product.
pleteness of the product depends upon the amount of empathy,

The level of incom-

δ,

the donor exhibits

and the ratio of loss size to wealth of the vulnerable party.

The key dierence between this chapter and existing papers on the Samaritan's
Dilemma and insurance, is the inclusion of an incomplete insurance product. This
product is driven by the parameter

γ

that links the probability of coverage exclusion

to premium levels. Theorem 3.1 illustrates that an incomplete insurance product can
be designed to induce insurance purchase when complete insurance is rst crowded
out by assistance and that such a product is welfare enhancing. Naturally, the importance of

γ

leads to interest in the optimal levels of incompleteness. The following

two subsections consider how to determine the optimal level of incompleteness from
the perspective of the vulnerable party and the donor. Subsection 3.4.3 determines
optimal incompleteness by size of loss and subsection 3.4.4 considers how the optimal
level of incompleteness changes, as the income of the vulnerable party rises.

3.4.3. Optimal incompleteness by size of loss exclusion .

In the chapter

so far, incompleteness has been framed by the states of loss that are excluded from
an insurance product. This concept is now extended to consider what size of loss is
optimal to exclude. In many situations, insurance products exclude claims by the size
of loss. Large claims may be excluded by a cap on the size of loss covered; for example
annual caps on medical insurance. Whilst, small levels of loss can be excluded through
deductions. For example, travel insurance against theft often requires a copayment
on claims, exposing the futility of small claims. Since such exclusions are a common
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feature of insurance, the question here is what size of loss is optimal to exclude from
incomplete insurance when both assistance and insurance are available.

Previous to this section, loss was considered as a scalar.

Here, the concept of loss

is extended. As before, the likelihood of a loss (L) occurring is given by the probability,

π.

In order to compare varying levels of loss, it is now necessary to dene

the conditional cumulative distribution function,
size of loss given a loss occurs.
the smallest possible loss,

L

F (L), that is the distribution of the

This distribution is dened over nite losses, with

and the largest possible loss,

L̄.

The completeness of an

insurance product can now be characterized by the probability of receiving a payment
conditional on the size of the loss. Let
conditional on a loss of size

g(L)

be the probability of getting a payment

L, where g : [L, L̄] → [0, 1].

The function

1 − g(L) assigns

a probability to the likelihood that a loss is excluded from payment. For example,
under complete insurance
than

L̃

are insured then

g(L) = 1 for all L ∈ [L, L̄].

g(L) = 1

for all

L ∈ [L, L̃)

The size of a loss and the level of incompleteness

g(L).

(3.4.1)

and

g(L) = 0

for all

L ∈ [L̃, L̄].

γ are now linked through the function

Describing incompleteness in this way allows

ˆ

Alternatively, if only losses less

γ

to be dened as:

L̄

γ =1−

g(l)f (l)dl
L

For simplicity, assume

δu0 (yv − L) > 1.

This assumption ensures that even when a

loss is small, the donor would provide some assistance in the event of a loss (if the
recipient does not have any insurance). This assumption simplies the mathematics,
but is not necessary to the results.
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From Proposition 3.2 and 3.3, it has been shown that the vulnerable party chooses
to insure either suciently (z

= L)

or not at all (z

= 0).

By utilizing this result, it is

assumed that the purchase of insurance results in the purchase of sucient insurance,
regardless of the type of insurance product when claims are net of premiums. That
is, the vulnerable party does not pay premiums if there is a loss and no payout.

11

The actuarially fair premium is calculated as:

p=

(3.4.2)

π

´ L̄
L

From Equation 3.4.2, it is clear that if
zero as no losses are covered.

Also, if

lg(l)f (l)dl

1 − πγ

g(L) = 0
g(L) = 1

for all
for all

L,

L,

then the premium is
Equation 3.4.2 results

in the actuarially fair premium for complete insurance. Given this framework, it is
now possible to consider the optimal loss exclusion from both the perspective of the
vulnerable party and the donor.

As before, the vulnerable party's expected utility

is given by Equation 3.4.3 and the condition for purchasing insurance is Inequality
3.4.4.

(3.4.3)

E[uv ] = (1 − γπ) u (yv − p) + γπu (w∗ )

(3.4.4)

(1 − γπ) u (yv − p) + γπu (w∗ ) ≥ (1 − π) u (yv ) + πu (w∗ )

11As

pointed out in Section 3.4.2, the claim amount can be made net of premiums to avoid the
problem of more than sucient insurance.
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In order to obtain the optimal incompleteness by size of loss, the vulnerable party
will maximize expected utility, subject to the type of incompleteness,

g(L).

Thus, the vulnerable party's maximization can be written as

maxg(L) E[uv ]

subject to

0 ≤ g(L) ≤ 1
Proposition 3.6.

If incomplete insurance is purchased, it is optimal for the vulnera-

ble party to include small losses and exclude large losses from the insurance contract.


Proof. See Appendix.

Proposition 3.6 demonstrates that the vulnerable party if given the option, would exclude large losses from the insurance contract. This can be explained by considering
the value of insurance for the vulnerable party. The availability of assistance represents a form of free insurance up until the target wealth level,

w∗ .

benet a vulnerable party receives from an insurance payment is

The additional

u(yv − p) − u(w∗ ).

Although an insurance premium covers the entire loss, in practical terms it also covers
the assistance that would have been free. For a large loss, the purchase of insurance
crowds out a large amount of assistance.

Whereas in the case of a small loss, the

purchase of insurance crowds out only a small amount of assistance.
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terms of expected utility, the value of the same premium is larger for small losses
than large losses. Leading to the result that it would be optimal for the vulnerable
party to exclude large losses.

The donor's problem is to choose a type of insurance product that maximizes their
own welfare. By Proposition 3.4, the purchase of insurance by the vulnerably party is
welfare improving for the donor. Because of this, the donor will choose an optimal size
of loss exclusion that encourages demand by the vulnerable party, whilst maximizing
their own welfare.

If the vulnerable party does not get a payment and suers a loss
provides net assistance,

τ

where,

τ = w∗ − yv + L

The donor's ex-ante welfare is given by

Wd = yd − E [τ ] + δE [uv ]

where the expectation of

τ

for an insurance product is given by

ˆ

L̄

(w∗ − yv + l) (1 − g(l)) f (l)dl

E [τ ] = π
L

The donor's problem can be stated as

maxg(L) yg − E[τ ] + δE[uv ]
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subject to the condition that the vulnerable party purchases insurance,

E[uv ] ≥ (1 − π) u (yv ) + πu (w∗ )
Proposition 3.7.

If the vulnerable party purchases incomplete insurance, it is opti-

mal for the donor to include small losses and exclude large losses from the insurance
contract.


Proof. See Appendix.

Proposition 3.7 illustrates that from the donor's perspective when there is demand
for incomplete insurance, it is optimal to exclude large losses. The reason for this, is
that by excluding large losses the donor is able to increase the value of the incomplete
insurance product for the vulnerable party and generate demand. The donor's welfare
improvement from encouraging insurance demand outweighs the cost of providing
assistance for large losses, thus resulting in an alignment of the optimal type of
exclusion with the vulnerable party.

3.4.4. Optimal incompleteness as vulnerable party income increases.

As

vulnerable party income rises, two aspects are driving the optimal level of incompleteness. The rst is that the utility of assistance is decreasing for the vulnerable party.
Although the target wealth level of the donor does not vary, the higher level of income
leads to lower utility gains from charitable assistance. The second is the relative cost
of insurance is decreasing. These two competing forces reach a point at which the net
utility gained from insurance outweighs that provided by assistance. When this occurs, vulnerable parties prefer complete to incomplete insurance, since assistance is no
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longer valuable. This is evident in Figure 3.4.3. Figure 3.4.3 illustrates the expected
utility as income of the vulnerable party increases for varying levels of incompleteness
(γ ). In the gure, incompleteness (γ ) increases as curves lighten. The curvature of
expected utility indicates a shift in preference between incomplete insurance (γ
light curves) and complete insurance (γ

= 0,

> 0,

dark curve).

Proposition 3.8 states this result formally and illustrates that the level of risk aversion
determines the speed at which a vulnerable party shifts preference to completeness.
The larger the absolute risk aversion, the faster the vulnerable party shifts towards
completeness. This Proposition relates to a xed target wealth level, that is where
assistance decreases as a proportion of pre-loss income as incomes rise.

Proposition 3.8.

As the income of the vulnerable party rises, their optimal level of

incompleteness tends to zero.


Proof. See Appendix.

expected
utility

ɀൌͲ

income of vulnerable

Figure 3.4.3. Expected utility of vulnerable party (varying incompleteness,

γ)
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Proposition 3.9.

The optimal level of incompleteness for the donor is the lowest

level of incompleteness that the vulnerable party will purchase insurance under.



Proof. See Appendix.

Proposition 3.10.

As income of the vulnerable party rises, the set of insurance

products that would be purchased increases.



Proof. See Appendix.

Proposition 3.9 and 3.10 imply that the optimal level of incompleteness for the donor
also tends to zero as income of the vulnerable party rises. Correspondingly, Figure

12

3.4.4 illustrates the impact of incompleteness on donor welfare.

As previously, in-

completeness (γ ) increases as the curves lighten. Figure 3.4.4 indicates a clear discontinuity when the vulnerable party begins to purchase insurance. Initially, the donor
prefers a higher level of incompleteness to induce the vulnerable party to purchase
insurance.

However, once this initial hurdle is overcome, as income of the vulner-

able party increases the donor moves towards a preference for the vulnerable party
to purchase complete insurance. Figure 3.4.4 also depicts the improvements to the
Samaritan's Dilemma by the benets accrued between the light curves (γ
the dark curve (γ

12Figure

= 0).

3.4.3 and 3.4.4 have the same horizontal axis.
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expected
utility

ɀൌͲ

income of vulnerable

Figure 3.4.4. Donor welfare (varying incompleteness,

Corollary 3.1.

γ)

The optimal level of incompleteness for the vulnerable party is

weakly higher than the optimal level of incompleteness for the donor.

From Proposition 3.9, the optimal level of incompleteness for the donor is the lowest
level that the vulnerable party will insure under.

This implies directly that the

vulnerable party weakly prefers more incompleteness than the donor. Corollary 3.1
results in a mismatch between the optimal level of incompleteness for the donor and
the vulnerable party, as is illustrated in Figure 3.4.5.

46

3.4. RESULTS

optimal
level of
incompleteness

vulnerable
donor

income of vulnerable

Figure 3.4.5. Optimal levels of incompleteness,

γ

Figure 3.4.5 illustrates the optimal level of incompleteness (γ ), from the perspective
of the donor and the perspective of the vulnerable party. Without policy intervention
the value of
optimal

γ

γ

would be established by the insurer and is more likely to reect the

of the vulnerable party than the donor, as this would generate greater

demand for the insurance product. Figure 3.4.5 shows that the optimal

γ

decreases

as wealth of the vulnerable individual increases. However, the speed of decrease diers
between the vulnerable party and the donor.

The donor once satised that the vulnerable party has adequate utility, would improve
their welfare if they could commit to no assistance, thereby encouraging the vulnerable
party to purchase complete insurance. On the other hand, the vulnerable party enjoys
higher utility with a positive gamma for longer than the donor would wish. This result
illustrates the mismatched incentives between the vulnerable individual and the donor
caused by the Samaritan's Dilemma.
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The result that completeness increases with income can be observed in disaster and
health insurance. One example, is ood insurance in the United States. In the United
States, ood insurance is oered primarily through the National Flood Insurance

13

Program (NFIP).

Homeowner's insurance excludes ood damage, but the purchase

of ood insurance can override this exclusion. Within this model, ood insurance can
be considered as increasing the completeness of one's insurance. If this is the case,
then by the comparative statics discussed above, vulnerable parties with higher levels
of income are likely to purchase greater amounts of ood insurance.

Several papers have concluded that income demand for ood insurance rises as income
rises (Browne and Hoyt 2000, Landry and Jahan-Parvar 2011). Halpin (2013) nds at
the time of Hurricane Sandy in 2012, 64% of FEMA individual assistance recipients
in New Jersey did not have ood insurance. However, when the sample is limited to
low income households this gure rises to 90% without ood insurance. Indicating
that incompleteness is more evident in lower income households in line Proposition
3.8.

A similar pattern has been observed in health insurance where dierent insurance
products are available. Cameron et al. (1988) nds signicant dierences in types of
insurance held by individuals in Australia by income group when public health care
is available.

Health care is provided in three types: the rst is free public health

care, the second levied public health care and the third is private health care.

14

With

respect to the model, the rst reects assistance, the second incomplete insurance and

13Around

20% of premiums are subsidized, with the other 80% at a market rate incorporating risk
and administrative expenses (FEMA 2013).
14Free public health care is only available to eligible groups e.g. pensioners, low income individuals.
The levied health care is equivalent to the free public health but there is charge for those ineligible.
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the third complete insurance. As income rises the percentage with complete insurance
also rises. Of low income households 27.5% have complete insurance, middle income
38.2% and high income 59.1%.

3.4.5. The introduction of more than one insurer.

The analysis of incom-

pleteness has so far been silent on the actions of insurers and the competition between
insurers. In this model, insurers oer insurance at an actuarially fair premium, but
have exibility in the levels of incompleteness oered. Essentially, the extension of
multiple insurers allows competition on the dimension of incompleteness.

As there is only one vulnerable party in this model, the vulnerable party will drive
demand. The demand of the vulnerable party will determine the level of incompleteness that is optimal for the insurers to provide. Thus, there will be a single optimal
incomplete contract for the market. However, it should be noted that although this
is a prot maximising contract for the insurer, this contract also has the potential to
lead to welfare losses for the donor since the vulnerable party will also choose this
product over the complete product at target wealth levels within the interval

[w0 , w∗∗ ),

as shown in Figure 3.4.2. Whether the expected welfare loss for the donor outweighs
the expected benets will depend on the utility function of the vulnerable party.

3.4.6. Extensions.

This subsection considers two types of extensions. The rst

is a comparison between subsidized complete insurance and fair incomplete insurance.
Whilst the second allows vulnerable parties to hold subjective probabilities that do
not match the true level of probability of risk.
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Subsidization

An alternative policy may be that a benefactor seeks to subsidize the premium of
complete insurance, reducing the cost for vulnerable individuals. For example, government intervention in the natural disaster insurance markets in Florida and California has seen premiums lowered below the actuarially fair level. Nonetheless, the
policy to subsidize premiums has been heavily criticized, with critics arguing that
subsidization encourages risky behavior (Harrington 2000). In particular, FEMA has
attempted to shift towards risk-based premiums to reect the level of risk and encourage individuals to realize the true level of risk. However, the strongest reforms

15

were repealed within two years of passing (Knowles and Kunreuther 2014).

This

indicates that subsidization is still a tool used by policy makers both to encourage
insurance demand and in response to political pressure.

Within the comparison between complete and incomplete insurance, if only complete
insurance is subsidized, the level of subsidization impacts the eectiveness of incomplete insurance over complete insurance.

w∗∗ < w∗ ,

For low levels of subsidization such that

it is still the case that incomplete insurance is welfare enhancing as in

Theorem 3.1. However, if subsidization is large enough, incomplete insurance is no
longer welfare enhancing. This occurs if subsidized complete insurance is always preferred to incomplete insurance. If the donor chooses to subsidize both complete and
incomplete insurance products at the same rate then Theorem 3.1 is maintained.

15The reforming act is the Biggert-Waters Flood Insurance Reform Act (July 2012) and the repealing

act is the Menendez-Grimm Homeowner Insurance Aordability Act (March 2014).
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Subjective beliefs

The misperception of risk is a common impediment to the assumption of responsibility
for one's own risks. This is true of many types of risks and is well documented in the

16

case of natural disaster risk.

There are two main forms of misperception in natural

disaster risk. The rst is that individual's tend to underestimate the risk of a natural
disaster and the damage that may occur (Viscusi and Zeckhauser 2006).

The second is that individuals tend to overestimate the likelihood of losses to be
covered by insurance. For example, in the event of a hurricane often damage caused
by wind is covered but not damage caused by ooding (Kunreuther and Michel-Kerjan
2009a: 41). Further, the abundance of legal cases illustrates that even when damage
is prima facie excluded individuals still believe that some payment will be received
from an insurer.

Risley (1993) describes the cases surrounding the uncertainty in

landslide exclusions and Kunreuther and Roth (1998) describe how courts expanded
homeowner policy coverage to include damage that may otherwise have been excluded
by the earthquake exclusion clause.

In both these cases, the misperceived level of incompleteness

γ0

is less than the true

γ0 < γ.

probability of risk

γ,

Corollary 3.2.

Misperception: If the vulnerable party underestimates the proba-

such that

bility, that is γ 0 < γ , then they will optimize by purchasing even larger amounts of
insurance.

16For

example similar misperception is found in the risk of long term care (Zhou-Richter et al. 2010).
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In Corollary 3.2 it is assumed that the subjective belief is consistent across states
of the world and only the vulnerable party has a subjective belief.

In the case of

underestimation, the vulnerable individual believes that if a loss occurs it is less
likely to be excluded. This results in the insurance appearing cheaper than it should
be and leads to the excess purchase.

Corollary 3.3.

Misperception: If the vulnerable party underestimates the probabil-

ity, that is γ 0 < γ , Theorem 3.1 holds when insurance coverage is limited to sucient
insurance.

The proof is identical to Theorem 3.1. Misperception only directly aects an individual's choice of insurance coverage. Corollary 3.2 indicates if given the choice of more
than sucient insurance, a vulnerable individual will purchase more than sucient
insurance thus reducing donor welfare by Proposition 3.5. However, when an individual's insurance purchase is regulated, such exploitation does not take place and the
individual's actions will be identical to the case without misperception.

3.5. Conclusion
The provision of assistance to those in need is an instinctive response from individuals,
institutions and governments alike. The motivations for providing assistance, though
varied, are likely to lead to at least ongoing levels of assistance in various forms.
Policy interventions such as social welfare, free health care, subsidized insurance,
bailouts, disaster aid and public pensions all represent below market-priced assistance
prompting a Samaritan's Dilemma. However, these policies exist because it is dicult
to commit to not providing assistance to those in need. Further, these policies provide
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an appropriate social safety net that creates social capital and a more harmonious
society. Therefore, a method to alleviate the Samaritan's Dilemma need complement
assistance whilst providing a transition to shift away from assistance dependency.
Incomplete insurance provides such a mechanism.

Assistance receivers prefer incomplete insurance to complete insurance since incomplete insurance is cheaper in terms of utility. This encourages vulnerable parties to
assume responsibility for a portion of their risks without adding distortions to the
market.

In so doing, incomplete insurance increases the welfare of both the donor

and the vulnerable party and provides Pareto improvements. Such mechanisms are
currently available in the market. However, the development of an additional range of
products can enhance welfare by generating demand in situations where none exists.

One particular example that has not been touched on in this chapter is that of govern-

17

ment bailouts to companies and nancial institutions that would otherwise collapse.

In providing assistance the government is creating an expectation of assistance in the
future and has illustrated its inability to commit to not providing assistance. Whether
these actions are considered right or wrong, they nevertheless create a form of the
Samaritan's Dilemma. Although, the model presented in this chapter is pared back
to fundamentals, it provides the intuition that could lead to market-based solutions.
For instance the introduction of incomplete hedging/immunization mechanisms can
encourage these entities to assume some of the risk that is currently being overlooked
and improve the welfare of the donor (in this case, the government).

17For

example, car manufacturers Chrysler (1980), banks Citigroup (2008).
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This chapter has provided a simple theoretical model to illustrate the welfare impact
of a market with complete and incomplete insurance under the Samaritan's Dilemma.
The surprising result is that Pareto improvements can be achieved through the introduction of incomplete products and incompleteness generates insurance demand that
would otherwise not exist. Indicative evidence of a preference for incompleteness can
be found in the disaster insurance and health insurance markets.

The results also

reveal a preference for the exclusion of large losses rather than small losses and that
as incomes rise, incomplete insurance provides a welfare enhancing transition towards
assistance independence.
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CHAPTER 4

The Better Trigger: Insuring against Disaster Risk

1

4.1. Introduction
In a world of increasing complexity, index triggers oer a simple solution to engage
risk transfer in otherwise untapped markets.

Index based risk transfer is particu-

larly important to develop markets for natural disaster risk because of the limited
availability of other risk transfer options. The growing uncertainty surrounding the
changing state of the natural environment and the increasing nancial losses of natural disasters over the past decades point to considerable risk. At present, this risk
is managed through an ad hoc combination of mitigation, loans, assistance, budget
reallocation and insurance.

2

governmental level.

This is true at both an individual household level and

The potential for index based insurance to play a larger role in

risk management has long been identied (Goes and Skees 2003, Linnerooth-Bayer
et al. 2005, Barnett and Mahul 2007, Ghesquiere and Mahul 2010), but as yet there
is little consolidated theory on how to choose an appropriate trigger.

As described in Chapter two, the supply of insurance against natural disaster risk faces
several obstacles including the covariant nature of losses, adverse selection and moral
hazard.

1This
2See

Index based risk transfer can overcome many of these challenges through

chapter is co-authored with Christopher Woolnough.

Teh (2015) for examples of government level disaster risk management.
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limiting insurance payments to when an index is triggered. This chapter concentrates
on how to choose an appropriate index trigger for an insurance product and how to
compare a range of indices.

An ideal index is designed to be easily veriable and at the same time correspond
to the damage caused by the risk.

An additional advantage of indices is the low

transactions costs of observing an index as compared to assessing individual levels
of loss (Barnett et al. 2008).

However, since index based risk transfer results in

incomplete insurance there are limits to the optimality of the product.

Index based risk transfer does not provide a perfect hedge and basis risk is generated
with the use of an index. These products suers from basis risk in the form of downside
basis risk, the chance that an insurance payout is not received when a loss has occurred
and upside basis risk, the chance that an insurance payout is received when no loss
has been incurred. For example, consider a rainfall index insurance product used to
protect against crop losses. Although the index aims to protect against crop losses by
providing payouts when rainfall is low, this index does not protect against any crop
loss. A form of downside basis risk is crop loss due to pestilence even though there
is high rainfall. An individual insuring against crop loss using an indexed product
would not receive a payout if there is adequate rainfall despite suering crop losses
due to pestilence. A form of upside basis risk is an individual who has a good crop
despite inadequate rainfall. This situation can arise from the use of drought resistant
seed, the storage of water or an alternative non-rainfall based water source. In this
case an individual would receive an insurance payout despite having a good crop.
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Basis risk results in index insurance being incomplete and dierentiates it from indemnity insurance. Another example of an index based risk transfer product is a catas-

3

trophe bond.

A catastrophe bond oers protection from natural disasters through an

index trigger that can be parametric or indemnity based. In the case of a parametric
trigger, the trigger is dened by the physical parameters of the disaster such as the
magnitude and location.

In the case of indemnity based triggers these tend to be

based on modeled losses or industry loss indices for particular types of disasters. If
the index is triggered, then the face value of the catastrophe bond is released to the
bond issuer. A recent example illustrates the importance of the choice of trigger in
these bonds. The Tohoku earthquake that aected Japan in March 2011 is estimated
to have resulted in $200-300 billion in economic losses and cost the insurance industry $21-34 billion (Risk Management Solutions 2011).

The nancial markets held

ten catastrophe bonds ($1.66 billion in total outstanding) indexed to Japanese earthquake triggers. However, the earthquake triggered the full principal loss of only one
catastrophe bond, the USD300 million Muteki Ltd bond issued in 2008 by Munich
Re (MunichRe 2011). Thus despite the potential payment from catastrophe bonds,
the amount received was only a small percentage of outstanding bonds and an even
smaller percentage of the estimated economic losses. In contrast, an indemnity insurance product based on the economic losses would result in a payment reective of
the level of losses and thus is perfectly correlated to losses.

Basis risk aects insurance demand in two ways. Upside basis risk aects demand
by increasing the probability of payout and thus the premium cost.

Downside ba-

sis risk reduces the probability of payout when required increasing exposure to loss.

3See

Chapter two for more details on catastrophe bonds.
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Both upside and downside basis risk directly decrease the eectiveness of an insurance product, since the product includes hidden over-insurance and under-insurance
respectively for each type of basis risk. These competing eects indicate that both upside and downside basis risk need to be considered carefully to determine the quality
of an insurance product and its eectiveness in managing extreme weather risks.

This chapter separates the eects of upside and downside basis risk by treating the
probabilities of these events separately. The chapter then considers how to rank risk
transfer products when the exact preferences of an individual are unknown.

The

distinction between upside and downside basis risk allows a partial ranking of indices under minimal preference assumptions. By assuming risk averse von Neumann
Morgenstern preferences, the ranking system applies to individuals with wide ranging
preferences including discrete and non-dierentiable preferences. Since index insurance products are provided as a single product to a wide range of individuals, allowing
for unknown and heterogeneous preferences provides a more applicable framework.
If an individual's preferences are known a complete ordering of indices can be determined. Thereby, the cost of this generality is that the results determine a partial
order rather than a complete ordering.

By determining a partial order ranking, it can be shown that correlation is neither a

4

necessary nor sucient measure of an index's optimality.

The method of choosing

an index based on correlation can lead to welfare decreasing products when premiums

4A

common method of designing indexed insurance products is to nd an index with a high correlation or high R-squared value between expected losses and expected payouts determined by the
index, see Barnett and Mahul (2007), Barnett et al. (2008).
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are not subsidized. The results provide an alternative method for trigger choice that
reects both upside and downside basis risk.

Section two of the chapter describes the context of these results against existing
literature on disaster risk and insurance. Section three describes the model used to
derive these results and how the model diers from traditional basis risk models.
Section four presents the results and main theorems and Section ve provides an
illustrative example using data from a drought index product in Ethiopia. Section
six provides additional extensions and a discussion of the implications of the results,
while Section seven concludes.

4.2. Index Based Risk Transfer and Choice Theory
This chapter sits at the intersection of several interrelated areas of literature.

As

background, there is signicant literature on the demand for index based risk transfer,
as well as some literature on basis risk measurement and description. Whilst from a
methodological perspective, the paper draws from the theory of choice under risk.

The rst general literature concerns the demand for index based risk transfer. Although there are several types of marketed index based risk transfer products including catastrophe bonds and weather derivatives, the literature on demand described
here focuses on the demand for drought or rainfall insurance at a household level.

This literature points to limited demand despite evidence of risk aversion (Cole et al.
(2009), Binswanger-Mkhize (2012), Gine et al. (2008)). This is contrary to established
risk theory that would suggest risk averse individuals would have high demand for
insurance products if provided at a competitive price.
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demand is basis risk (Hazell and Hess 2010, Miranda and Farrin 2012). Clarke (2011)
provides a theoretical framework to show how low demand can be a result of basis
risk, since upside and downside basis risk dampens demand signicantly in the case
of risk averse individuals.

The second literature concerns the choice of index to minimize basis risk, as well as its
measurement and description. Basis risk is often expressed as the correlation between
the index and the underlying risk (for example, Harrington and Niehaus 1999, Barnett
et al. 2008). Within the nance literature Haushalter (2000) describes basis risk as
`the correlation between the price of the underlying asset being hedged and the price
of the asset underlying the hedging instrument'.

Similarly in the index insurance

literature Barnett et al. (2005) states `The higher (lower) the positive correlation
between the farm and county yield, the lower (higher) the basis risk' when discussing
basis risk in crop insurance. In another variation on correlation, basis risk has also
been measured by the adjusted R-squared in a regression model (Vedenov and Barnett
(2004)).

5

Unlike this literature, in this chapter basis risk is not measured in terms

of correlation since correlation simplies the dierent eects of upside and downside
basis risk.

The concept of downside risk can be found in both the risk and development literature.
A denition of downside risk is found in Menezes et al. (1980) building upon the
concept of increasing risk (Rothschild and Stiglitz 1970). These papers both focus
on uncertain income paths to illustrate the concept of risk. This paper diverges from

5Other

empirical estimations of basis risk include distance from rain gauge and type of crop (Gine
et al. 2008), as well as the expected shortfall from the insurance product (Woodward and Garcia
2008).
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that framework since there is no dened income path. Each individual's income path
is connected by the purchase of some amount of the index based insurance product.
However, each income path is not dened since each individual is free to choose their
amount of insurance.

The concept of an increase in downside basis risk is similar

to the downside risk in Menezes et al. (1980); an increase is downside risk is a shift
of the probability mass to the left tail.

However, the major dierence is that this

paper concerns downside basis risk as opposed to downside risk. The focus is placed
on the joint distribution between the index insurance product and income leading to
downside basis risk.

The development literature is largely concerned with the impact of downside basis risk
on individuals purchasing insurance as a consumption smoothing and risk reduction
strategy.

The literature delivers methods to design insurance contracts to reduce

downside basis risk (Doherty and Richter 2002, Barnett and Mahul 2007) and how
to measure downside basis risk in order to evaluate insurance products (Woodward
and Garcia 2008). However, these papers do not consider that upside basis risk can
also impact an insurance product by increasing the price of the insurance product
beyond the risk needs of an individual. A trade o from decreasing downside basis
risk is often an increase in upside basis risk. Although limiting excessive downside
basis risk is important for implementation, the lack of attention to upside basis risk
can also hinder demand. Furthermore, the design of the insurance product may be
less than ideal when basis risk is not treated holistically.
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The third area of literature that this chapter intersects is ranking risky choices and

6

stochastic dominance.

Hadar and Russell (1969) and Hanoch and Levy (1969) show

that second order stochastic dominance provides an equivalent rank of risky choices
as maximising von Neumann Morgenstern (vNM) expected utility when individuals
are risk averse.

As in Menezes et al. (1980) these papers consider risky choices as

dierent income paths.

As mentioned previously this paper does not have dened

income paths. Nonetheless, the methodology to determine the partial rank is similar
and based on the notion of second order stochastic dominance.

In line with the direction of existing literature this chapter extends the analysis of
basis risk beyond correlation. The importance of basis risk has been shown in previous
studies through its aects on demand. However, a theoretically based methodology for
comparing index triggers has yet to be established. This chapter aims to help ll this
gap by dening a partial order ranking of triggers. By utilizing second order stochastic
dominance results illustrate how upside and downside basis risk aect demand and
optimal decision making within a set of index triggers.

The extension beyond the

measurement of basis risk as a simple correlation allows a more sophisticated analysis
of index based risk transfer products.

4.3. Model of Insurance Demand with Basis Risk
Consider an individual seeking to maximise their expected utility by purchasing index
insurance. This individual has initial wealth

W

and with probability

loss due to disaster. The size of the loss to an individual is the amount

6For

a survey of stochastic dominance literature see Levy (1992).
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are risk averse von Neumann Morgenstern (vNM) expected utility maximizers and

U

denotes the set of all concave utility functions.

The individual can purchase an index based risk transfer product which pays out a
claim when the index trigger equals 1.

7

However, the index is not a perfect hedge;

it suers from both upside basis risk and downside basis risk. The insurance can be
purchased in any quantity at a xed premium loading,
index takes a value of 0 with probability

q + p − r.

r

In this model, a binary

1 − p − q + r and a value of 1 with probability

Further, the index has a probability

(upside basis risk) and a probability

m.

q

of taking the value 1 despite no loss

of taking the value 0 despite a loss occurring

(downside basis risk). Thereby, an index can be dened by a pair
upside basis risk, and

r

(q, r),

where

q

is

is the downside basis risk.

There are four possible events:

(1) No loss is incurred and no claim is paid (Loss = 0 & Index = 0);
(2) No loss is incurred but a claim is paid (Loss = 0 & Index = 1);
(3) A loss is incurred and a claim is paid (Loss = L & Index = 1); and
(4) A loss is incurred but no claim is paid (Loss = L & Index = 0).

These four events are shown below in Table 4.3.1 for the joint probability distribution
of the individual's loss and the index

7The

I = (q, r)

.

index is binary as it is either triggered fully (1) or not triggered at all (0).
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Table 4.3.1. Joint Probability Distribution of the Index and Loss

Index = 0 Index = 1
1−p−q
q
r
p−r

Loss = 0
Loss = L

To purchase the insurance an individual pays a premium,

R for the amount insured S .

In pricing the insurance, a simple premium loading structure is assumed. The price of
one unit of claim is

m(p + q − r),

m is the premium loading.

where

(p + q − r) is the probability of a payout and

It is assumed that

m is xed for the course of this analysis

and does not depend upon the amount insured. When
fair premium. The premium for a claim of size

S

m = 1,

is then

this is the actuarially

R = mS(p + q − r),

the premium is equal to the amount insured multiplied by

m

that is

and the probability of

a payout.

For a given

p

and

m

let

Ω(p, m)

risk averse individual will insure.

be the set of indices under which at least one
Clarke (2011) shows that when

optimal for a risk averse individual to purchase insurance if

(p−r)
p

m ≥ 1

it is not

≤ m (p + q − r).

This condition reects that the expected value of receiving a payout must be higher
than the expected value of not receiving a payout conditional on a loss. Thus, when

m≥1
(4.3.1)


Ω(p, m) := (q, r) ∈ R2+ : r ≤ p, q ≤ (1 − p) and (p − r) > mp (p + q − r)

The rst two conditions ensure that probabilities are bounded by 0 and 1. The nal
condition,

(p − r) > mp (p + q − r),

excludes indices for which it is not optimal for a

risk averse individual to purchase insurance.
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When insurance is subsidized,

m < 1,

then


Ω(p, m) := (q, r) ∈ R2+ : r ≤ p, and q ≤ (1 − p) .

The nal condition is no longer binding since it is is because subsidization can be
seen as a transfer of wealth.

Dene
claim

vu (I, S, R)

S

as the expected utility of an agent with utility

and premium

R.

u∈U

, index

I,

The expected utility is shown mathematically in Equation

(4.3.2).

vu (I, S, R) = (1 − q − p)u(W − R) + ru(W − L − R)
(4.3.2)

+ qu(W + S − R) + (p − r)u(W − L + S − R)

Throughout the paper wealth
correlated with loss

W

can be considered as stochastic as long as it is not

L.

For an individual who maximizes the expected utility of

I1 , I2 ∈ Ω(p, m).

Index

I1

is preferred,

expected utility under index
utility under index

I1

%,

to index

I2

u∈U

consider two indices

if the individual's maximum

is greater than the individual's maximum expected

I2 .

4.4. Results
The following preliminary results are useful to frame later results in this chapter. For
this section it will be assumed that probability of loss,
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m

are xed. To shorten notation

Proposition 4.1.

Ω

will be used to refer to

Ω(p, m).

If m ≥ 1, then for an index I ∈ Ω it is not strictly optimal to

choose an indemnity S > L.

This result is straight forward and illustrates that a risk averse individual would never
over insure when insurance is not subsidized. The idea is that when

m ≥ 1 insurance

is costly, thus insuring an amount larger than the loss cannot be strictly optimal. The
proof of Proposition 4.1 is given in the Appendix for completeness.

It is intuitive that basis risk in either form has a negative welfare eect.
tion 4.2 and 4.3 show that a decrease in either

Proposition 4.2.

Proposi-

q or r, will lead to an increase in utility.

A decrease in downside basis risk weakly increases an individual's

utility. Namely for I1 , I2 ∈ Ω with r1 < r2 and q1 = q2 , for all u ∈ U we have that
I1 % I2 .

Proof. See Appendix
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Proposition 4.3.

If m ≥ 1, a decrease in upside basis risk weakly increases an

individual's utility. Namely for I1 , I2 ∈ Ω with r1 = r2 and q1 < q2 , for all u ∈ U we
have that I1 % I2 .

Proof. See Appendix.



Proposition 4.2 states that increasing downside basis risk unambiguously decreases
the welfare of a risk averse individual. Proposition 4.3 states that if the insurance is
not subsidized then increasing upside basis risk has an unambiguously negative aect
on a risk averse individual. Increasing upside basis risk may not have a negative eect
when

m < 1.

In these cases increasing upside basis risk increases the probability of

getting a subsidized payout which can be benecial for the individual.

In a sense,

wealth is being subsidized.

The generality of preferences that an individual can have requires the partitioning of
the full set of indices into a set that can be ranked for any risk averse preference function. The denitions below provide a set of conditions that allow the determination
of when one index
dened by some

I1

is preferred to another index

u ∈ U.
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Denition 1A (A ):
(q2 −q1 )
(r2 −r1 )

≥

−q1
or
p−r1

r1 = r2

Denition 1B (B ):
(r2 −r1 )
(q2 −q1 )

≥

For two index products

−r1
or
m−1 −p−q1

and

if

r1 < r2

and

I1 , I2 ∈ Ω, I1 B I2

if

q1 < q 2

and

q1 ≤ q 2 .

For two index products

q 1 = q2

I1 , I2 ∈ Ω, I1 A I2

and

r1 ≤ r2 .

Denition 1A concerns the impact of downside basis risk on utility whilst Denition
1B concerns the impact of upside basis risk. These Denitions are used in Lemma
4.1 and 4.2 to simplify the proof.

Downside basis risk inuences the eectiveness of an insurance product by not providing coverage when a loss occurs. Upside basis risk inuences the eectiveness of an
insurance product by providing coverage when a loss does not occur. Upside basis risk
impacts the price of an index product by forcing the individual to pay for additional
insurance beyond their loss. Since upside basis risk impacts the pricing of the index
product the premium loading

m

is included in Denition 1B, unlike Denition 1A.

Denition 1A and 1B are derived by comparing an existing index to an index with
white noise. Under risk aversion, including white noise will weakly decrease the utility
of an index for any individual. To construct this additional index consider an index

I.

Based on index

I , derive a new index I 0

that incorporates white noise. If

that an individual does not receive a payout then
However, if index

I0

I

I0

If the coin is a heads

determines that the individual receives a payout, if tails then
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payout.

I

I0

does not give a
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For the index

I

I0

it is straight forward to calculate the basis risk,

q0

r0 .

and

q.

the probability of receiving a payout when no payout is required is

probability of receiving a payout when no payout is required is

q0 =

For index
For

I0

the

q
, as it is now half
2

as likely this event will occur. Similarly, we can consider the probability of receiving
a payout when a loss has occurred. For index

I0

for index

this probability becomes

downside basis risk

r0 = p −

I

(p − r0 ) =

this probability is

(p − r).

Whilst,

p−r
. Rearranging this provides the
2

p−r
.
2

This argument can be generalized by using an independent random variable in place
of a coin.

Again start from index

I

above.

Now instead of a fair coin, consider a

bent coin where the probability of getting a heads is
index

I”

in the same way as

index will be,

(q”−q)
(r”−r)

=

q” = qk

and

I 0,

k ∈ (0, 1).

If we construct a new

then the upside and downside basis risk for the new

r” = p − k(p − r).

Rearranging these conditions gives

−q
.
p−r

Combining this condition with Proposition 4.2 provides the basis of Denition 1A.

A similar argument is used to nd the condition used in Denition 1B. The condition
would be found in the same way when

m = 1.

However, when

m>1

the condition

can be tightened.

Denition 1A and 1B partition
for both

I1 A I2

I2 B I1 .

and

Thus, for

I1

Ω

I1 B I2 .
and

I2 ,

if

such that for two indices,

I1 , I2 ∈ Ω,

However, it is not possible that both

I1 A I2

then
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Lemma 4.1.

For two index products I1 , I2 ∈ Ω, if m ≥ 1 and I1 A I2 , then index I1

is weakly preferred to I2 by any risk averse individual, u ∈ U .

Proof. See Appendix


Lemma 4.2.

For two index products I1 , I2 ∈ Ω, if m ≥ 1 and I1 B I2 , then index

I1 is weakly preferred to I2 by any risk averse individual, u ∈ U .

Proof. See Appendix



Lemma 4.1 and Lemma 4.2 are established by utilizing second order stochastic dominance. If one income distribution second order stochastically dominates another then
it provides a weakly higher expected utility for any concave utility function.

By

constructing such an income distribution, the partial order ranking follows.

Denition 2 (? ):

For

I1 , I2 ∈ Ω,

dene

?

by

I1 ? I2

if and only if

I1 A I2

or

I1 B I2 .

Theorem 4.1.

If m ≥ 1, then for two index products I1 , I2 ∈ Ω, I1 is weakly preferred

to I2 by any risk averse individual if and only if I1 ? I2 .
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Proof. See Appendix.

The rst direction of Theorem 4.1 is provided by Lemma 4.1 and Lemma 4.2. That
is, if

I1 ? I2

then

I1

is weakly preferred by all

u ∈ U.

The second direction of the proof provides that if neither

I1 A I2

there exists risk averse expected utility preferences such that

I2

nor

I1 B I2

is preferred to

This is established by constructing a risk averse utility function such that index
strictly preferred to

I1 .

then

I1 .

I2

is

The construction is shown in the Appendix.

Theorem 4.1 allows us to nd for an index

I,

a set of index triggers (insurance prod-

ucts) that are preferred under any risk averse preferences and a set that is considered
worse under any risk averse preferences. The partial order is established in Theorem
4.1 since the set of indices where neither

I1 A I2

nor

I1 B I2 ,

cannot be ranked for

any risk averse preference.

Corollary 4.1.

When m ≥ 1 the relation ? forms a partial order over Ω, namely

? is transitive, reexive and antisymmetric.

Proof. That

?

is reexive comes straight from the denition of

Transitivity is straight forward.

I1 ? I2

and

I2 ? I3 .

Consider a set of indices

This implies that for any
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I1 , I2 , I3 ∈ Ω

index

I1

such that

is preferred to index
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I2

which in turn is preferred to

This implies that

that

then either

I2 A I1

Therefore, if

or

u∈U

thus under

index

I1

is preferred to index

I3 .

I1 ? I3 .

Next we can show that

I1 ? I2

I3 ,

?

I1 A I2

I2 B I1 .

I1 ? I2

is antisymmetric.

then

or

I1 B I2 .

Similarly if

If

For

I1 , I2 ∈ Ω

I1 A I2

I1 B I2

with

I1 6= I2

then if

then it cannot be the case

then neither

I2 A I1

or

I2 B I1 .

I2 ? I1 .


Thus

?

creates a partial order with which we can rank members of

ative statics of the partial order,

?

Ω.

The compar-

are considered in Subsection 4.4.2.

Theorem 4.1 is explained further below in a numerical example.

Example one

Example one provides a numerical example and illustrates the construction of the
partial order.
(m

= 1)

Consider all binary indices for an actuarially fair insurance product

on a risk that has a 0.3 probability of causing loss (p

= 0.3).

Figure

4.4.1 shows the set of binary indices that a risk averse individual would consider as
described in Equation (4.3.1).
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maximum set of indices,

Ω(0.3, 1)

for any weakly risk averse individual

Figure 4.4.1. Set of indices a risk averse individual would consider

Consider an index
1B the set

I.

I := (0.2, 0.1)

within this set

Ω(0.3, 1).

Using Denitions 1A and

Ω(0.3, 1) can be split into a set that is better than or worse than the index

Figure 4.4.2 illustrates the subset of the full set of indices that satises Denition

1A. The better than set represents all indices
than set represents all indices

Ii

that satisfy

by the intersection of the two lines.
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Ii

that satisfy

I A Ii .

Ii A I

Thus the index

and the worse

I

is represented
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set of indices that are better than the index, better than set.
set of indices that are worse than the index, worse than set.

Figure 4.4.2. Sets satisfying Denition 1A

Similarly, Figure 4.4.3 represents the subset of the full set of indices that meet Definition 1B. The better than set represents all indices
worse than set represents all indices

Ii

that satisfy

represented by the intersection of the two lines.
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I B Ii .

Ii B I

and the

Thus the index

I

is
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better than set

worse than set

Figure 4.4.3. Sets satisfying Denition 1B

By combining Figure 4.4.2 and Figure 4.4.3, we can establish a more complete better
than set and worse than set as described in Theorem 4.1. Figure 4.4.4 shows the
set of indices that any risk averse individual would consider better and the set that
would be considered worse. Figure 4.4.4 draw together the three previous gures and
provides the partial order ranking of feasible index triggers.
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better than set

Figure 4.4.4. Better and Worse set for
and

worse than set

I = (0.2, 0.1)

when

p = 0.3

m=1

4.4.1. Correlation as a measure of basis risk.

This subsection illustrates

the shortcomings of correlation as a measure of basis risk.

Corollary 4.2 and 4.3

rene the sets for which correlation as a measure of index optimality is inconsistent
with individual's expected utility maximisation.

These corollaries are grounded in

the partial order for any risk averse utility maximizer established in Theorem 4.1.
Utilizing the partial order, Corollary 4.2 establishes a condition under which there
exists a set of index triggers with higher correlation that are weakly inferior. Corollary
4.3 provides a condition under which there exists a set of index triggers with lower
correlation that are preferred and a set of indices with higher correlation that are
not preferred.

The culmination of these two corollaries illustrates that correlation
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is neither a necessary or sucient condition for the ranking of indices inuenced by
basis risk.

The corollaries also imply that there is no family of utility functions for which correlation would provide a correct ranking of indices. However, for the specic case where
all individuals have a quadratic utility function and premiums are actuarially fair,
an index chosen on the basis of correlation would lead to an optimal index choice.

8

In other words, in this specic case, a ranking of indices based on correlation would
coincide with a ranking of indices based on the expected utility of an individual at
their optimum level of coverage.

Corollary 4.2.

Let I1 be an index with correlation ρ1 <

q

p(m−1)
1−p

. There exists I2

an index with correlation ρ2 ≥ ρ1 such that for all u ∈ U , I1 % I2 .

Corollary 4.2 illustrates that as the premium loading

m > 1

increases, correlation

becomes an increasingly poor measure of index suitability. Corollary 4.2 applies in
one direction and the converse is not true and cannot be used to show when correlation
is a good measure.

Corollary 4.3.

For an index I := (q, r), if

−r
m−1 −p−q

<

A
1+A

then:

(i) ∃ a set of indices IL ∈ Ω with lower correlation than I that is superior (preferred).
(ii) ∃ a set of indices IH ∈ Ω with higher correlation than I that is inferior (not
preferred).
8See

Appendix for proof.
77

4.4. RESULTS

Where A =

− 21 ρ

q

p(1−p)
(p+q−r)(1−p−q+r)

[1 − 2(p + q − r)] − p.

Proof. The proof relates directly to a comparison of the slope of the tangent of the
correlation curve and the slope of Denition 1B.

The rst derivative of the curve of equal correlation is

where

dr
dq

=

A
,
1+A

q
p(1−p)
A = − 12 ρ (p+q−r)(1−p−q+r)
[1 − 2(p + q − r)] − p.

The rst derivative of the Denition 1B bound is

Consider index

I ∗ := (q ∗ , r∗ )

dr
dq

=

−r
.
m−1 −p−q

where these derivatives are equal, at this point the cor-

relation curve is tangent to Denition 1B. If the slope of Denition 1B is steeper than
the slope of the tangent, the correlation curve would be above and below Denition
1B. In so doing, the set

IL

and

IH

are non empty.

This provides the condition in

Corollary 4.3.
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Figure 4.4.5 demonstrates the conditions of Corollary 4.3.

better than set

worse than set

Figure 4.4.5. Correlation curve tangent to Denition 1B

As in Corollary 4.2, Corollary 4.3 applies in one direction and the converse is not
true. Corollary 4.2 and 4.3 illustrate that correlation is not an appropriate measure
for basis risk and can lead to suboptimal index choice. In particular a ranking based
on correlation alone is inconsistent with expected utility maximisation. Considering
upside and downside basis risk separately adds exibility and allows a more accurate
ranking of indexed insurance products. In addition these measures allow a ner ranking between indices that would be ranked equally under a correlation or covariance
measure.
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Example two

Example two provides a numerical illustration of Corollary 4.2. The example depicts
the better than and worse than set for an index
and

m = 1.8.9

I = (0.12, 0.05)

where

10

The correlation of this index is approximately 0.663.

p = 0.4

The curve

through the better than and worse than set illustrates the set of indices with the same
correlation.

As observed on Figure 4.4.1, the line of indices with equal correlation

passes through both the better than and worse than set. This indicates that those
indices with equal correlation can be better or worse than
a set of indices

IL

IH

I.

Furthermore, there exist

with higher correlation that are worse than

with lower correlation that are better than

darker blue and the set of

IL

I.

I

In Figure 7,

and a set of indices

IH

is depicted by a

is depicted by a darker yellow.

9In

practice exact premium loadings are condential, however existing pilot studies suggest a range
of 0.5-2.5.
10The

p−r−p(q+p−r)
formula for the correlation is ρI,L = √p(1−p)(1−p−q+r)(p+q−r)
.
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better than set

worse than set

set of indices with lower correlation that are in the better than set,
set of indices with higher correlation that are in the worse than set,

Figure 4.4.6. Better and Worse set for
and

I = (0.12, 0.05)

when

IL .
IH .

p = 0.4

m = 1.8

This numerical example highlights that correlation and covariance are insucient
measures for ranking indexed insurance products.

Importantly, this example illus-

trates that a ranking based solely on correlation and covariance can lead to an incorrect ranking of indexed insurance products. Example two exposes a situation where
there exist indices with higher correlation that are inferior, but also indices with lower
correlation that are superior.

4.4.2. Comparative statics of the set of comparable indices.

Due to the

generalization of individuals, the order established in Theorem 4.1 is a partial order
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rather than a complete order. This leads naturally to the question of the relative size
of the comparative set. This subsection provides corollaries of how the comparable
set alters when premium loading

Corollary 4.4.

m

changes.

Comparative statics of Ω (p, m)

As m increases the size of set Ω decreases, Ω (p, m0 ) ⊃ Ω (p, m”) for p−1 > m” >
m0 ≥ 1.

Proof. See Appendix.



Corollary 4.4 illustrates that the set of applicable indices for risk averse individuals
changes in

m.

Therefore, in order to determine how the size of the comparable set

changes, it is necessary to dene a measure that takes into consideration the changing
set

Ω.

is if

We will constrain the comparison of sets to the common set of indices. That

Ω1 > Ω2

we will consider the set of indices

Corollary 4.5.

Ω2

for comparison.

Comparative statics of the comparable set.

For m0 and m” such that p−1 > m” > m0 ≥ 1, dene the set Ω̃ as Ω̃ := Ωm” ∩ Ωm0 .
Let m” be ? for m” dened on the set Ω̃, and let m0 be ? for m0 dened on the
set Ω̃.
It follows that m” ⊃m0 . Namely, more indices can be compared as m increases.
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Proof. See Appendix.



4.4.3. Results for a modeled index trigger.

In some circumstances it may

be that the variable on which the index is to be based has an estimated or known
distribution. Provided this information it may be that a trigger is chosen from this
distribution, restricting the range of trigger choices. For example a modeled rainfall
distribution could be used to select a trigger for drought insurance. In this case the
results can be replicated to determine the set of optimal indices based upon this
underlying distribution.

Suppose that

Z

is a real variable that takes on values from an interval

would like to create a binary index for a binary loss of

p

based on this underlying distribution.

[z, z]

L which occurs with probability

The term binary index refers to an index

which either pays out, or does not payout (as is the case in Theorem 4.1).
binary indices can be gathered into a set dened as
if

Z∈A

Let

and no payout is received if

F (z)

and we

A ⊆ [z, z].

These

A payout is received

Z∈
/ A.

be the cumulative distribution function (cdf ) of

Z.

Assume that

F (z)

is

continuous.

Let

g(z)

be dened as

g(z) = P rob(L|Z = z)

To simplify, assume for any

z 0 > z”, g(z 0 ) ≤ g(z”).

lower index value implies a greater chance of loss.
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As stated above, an arbitrary binary index can be described as a subset of
on which the individual receives a payout. As

p−r

A ⊆ [z, z]

is the probability that an insured

receives a payout when needed. This can be written as the following integral

ˆ
p−r =

g(z)dF (z)
A

A subset of these index triggers are cut-o indices.

Cut-o indices are dened as

binary indices where a payo is received if the realization of
o level,

Z

falls below some cut

z̃ .

Lemma 4.3.

For two cut-o indices with cut-o z̃ 0 and z̃”, with z̃ 0 < z̃”, the index

with cut-o z̃ 0 has lower upside basis risk, while the index with cut-o z̃” has lower
downside basis risk.

If you get a payout under index

z̃ 0

then you also get a payout under

z̃”,

so the latter

index must have lower downside basis risk and higher upside basis risk.

Given the range of possible binary indices, Proposition 4.4 establishes that cut o
indices are optimal. This allows the later analysis to focus solely on cut-o indices.

Proposition 4.4.

For every Binary index based on Z there exists a cut-o index

with lower upside and downside basis risk.
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Proof. See Appendix.

Proposition 4.4 implies that based on the partial ordering, all maximal indices must
be cut-o indices. Thereby to nd the set of optimal binary indices, we need only
look for the set of optimal cut-o indices.

The basis risk (q, r) can be determined for each cut o index z̃ as

Proposition 4.5.

q=

´ z̃
0

dF (z) −

´ z̃
0

g(z)dF (z) and r = p −

´ z̃
0

g(z)dF (z).



Proof. See Appendix.

Denition 1A and Denition 1B can now be dened in terms of

Denition
ˆ z1A (A ):
ˆ z
2

2

dF (z)+
z1

ˆ

g(z)dF (z)

≥1− ˆ

z1

z2

For two index products
ˆ z1

z1

1

z1

z1 ≤ z2

and

z1 , z2 ∈ Ω, z1 B z2

if

z2 ≤ z1

and

dF (z)
0
z1

.

For two index products
ˆ z1

g(z)dF (z)
z2

ˆ

≥ˆ

z1

dF (z)+
z2

if

0

Denition
1B (B ):
ˆ z
−

z1 , z2 ∈ Ω, z1 A z2

g(z)dF (z)

g(z)dF (z)

ˆ

z.

g(z)dF (z)
z2

z1

ˆ

.

z1
dF (z)−+m−1

g(z)dF (z)−p−
0

Proposition 4.6.

g(z)dF (z)−p
0

0

If premiums are actuarially fair, that is the premium loading,

m = 1, all indices z cannot be ordered. That is the partial order is empty.

Figure 4.4.7 illustrates that if the premium is actuarially fair, the curve of indices lies
between the sets of comparable indices. This is shown for the same index as used in
Example one

z := (0.2, 0.1) ∈ Z ∈ Ω(0.3, 1).
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better than set

worse than set

Figure 4.4.7. Partial order for the index at actuarially fair rates

Proposition 4.7.

For m > 1, a partial ordering can be determined such that z1 is

weakly preferred to z2 by any risk averse individual if and only if z1 ∗ z2 .

Proposition 4.7 provides the analogous result to Theorem 4.1 under a modeled index
trigger. This provides a useful tool to select indices when based on a modeled random
variable.
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better than set

worse than set

Figure 4.4.8. Partial order for the index when premium loading,

m = 1.5

4.5. Illustrative Example: Rainfall Insurance
The purpose of this illustrative example is to demonstrate how the partial ordering
determined in the theory above may be used to evaluate the suitability of indices. The
example draws on an index insurance pilot in Northern Ethiopia for the insurance
seasons of April 2012-November 2012, April 2011-November 2011 and April 2010November 2010.

Within this example four villages are considered; Adi Ha, Awet

Bikalsi, Hadush Adi and Agazi. Adi Ha and Awet Bikalsi are adjacent villages and
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11

Hadush Adi and Agazi are adjacent villages.

Farmers in this area typically own

12

rain-fed small parcels of agricultural land, but may also have some irrigated land.

4.5.1. Data.

This example collates two separate pieces of data. The rst set of

data is on the indexed insurance product and payments made at the end of the season
in 2010, 2011 and 2012 to farmers. This data is per village within the index insurance
catchment. The insurance product pays a percentage of the maximum payout once
the index is reached. The payout is proportional to the index value that exceeds the
index up until the maximum payout.

Table 4.5.1 displays the historical insurance

payments:

Table 4.5.1. Index Insurance Payments (Percentage of maximum payout)
Village

2012

2011

2010

Adi Ha

4%

0%

0%

Agazi

46%

0%

0%

Awet Bikalsi

4%

0%

0%

Hadush Adi

63%

31%

0%

Each year the index on the insurance product is adjusted, and the product is renewable
annually. For this reason the analysis compares the indices each year by treating each
season as a separate index based insurance product. The premium loading of these
products is 1.57.

13

The probability of payment is dicult to determine since there

is a possibility of partial payment. Considering that the probability of a payment is

11This

experiment is part of a larger index insurance project as described in Norton et al. (2014).

12The

average amount of irrigated land in the sample is 750 square meters and rain-fed land is 5,500
square meters.
13This

is a conservative estimate and represents the wholesale premium loading not the retail premium loading. The retail premium loading is 2.46.
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approximately 0.33, the probability of a substantial payment can be approximated
by 0.3.

The second set of data is survey data collected in November 2012 just before the end
of harvest. This data contains information regarding farmers subjective beliefs about
each season (as shown in Figure 4.5.1). Farmers were asked to point on a pictorial bar
to indicate the amount of rainfall received during the 2012, 2011 and 2010 growing
season.

The bar showed the worst season they can remember on the extreme left,

the best season on the extreme right and an average season in the middle.

These

graphical answers were then converted to numerical answers, 1 being the worst and

14

7 the best.

Their response to this question is used as a proxy for how well the year

went for them. Using this information we can ascertain the farmer's perspective of
the season. A total of 398 randomly selected farmers were interviewed. It should be
noted that not all of these farmers purchased the index insurance product. However,
their beliefs are still important to reect how well the product suits their needs. In
other words, their opinions still provide valuable insight into the basis risk.

14See

survey questions 19-21 in the Appendix to Chapter four.
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Figure 4.5.1. Rainfall beliefs of farmers

4.5.2. Analysis.

To match the index insurance product to the theoretical model

above, the payment data is collapsed into two categories: no payment and substantial
payment.

Specically, in 2012 Adi Ha and Awet Bikalsi will be considered as not

having received a payment. Whilst Agazi and Hadush Adi will be considered to have
received a payment. Similarly in 2011 Hadush Adi received a payment when all other
villages did not. Thus the index is now binary.

Additionally, in order to link the two sets of data, it is necessary to gauge how farmer
beliefs align with insurance payouts. Given the ambiguity of the mapping, we will
assume insurance payments should be made if farmers held belief less than or equal to
3.75. This is a conservative estimate since farmers appear to show signicant optimism
as shown in Figure 4.5.1. This means a belief of less than or equal to 3.75, represents
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a bad year when an insurance payment should be received. Correspondingly, Table
4.5.2 provides the range of beliefs that match the historical insurance payments for
each village. For example, insurance payments in Agazi in 2012, Hadush Adi in 2012
and 2011 correspond to beliefs of less than or equal to 3.75.

Table 4.5.2. Matching Farmers' beliefs with the Insurance Payments
Village

2012

2011

2010

Adi Ha

> 3.75
≤ 3.75
> 3.75
≤ 3.75

> 3.75
> 3.75
> 3.75
≤ 3.75

> 3.75
> 3.75
> 3.75
> 3.75

Agazi
Awet Bikalsi
Hadush Adi

Table 4.5.3 indicates the number of farmers whose beliefs fell above, below and within
the range that would be expected by the insurance product. In the case of a farmer
that thought the year fell above the range this farmer is an example of upside basis
risk. In the case of a farmer that thought the year was below the range this farmer
is an example of downside basis risk.

Table 4.5.3. Categorized Farmer's Beliefs
Village

Adi Ha

Agazi

Awet Bikalsi

Hadush Adi

year

above range

within range

below range

total

2012

0

68

13

81

2011

0

67

13

80

2010

0

41

38

79

2012

37

67

0

104

2011

0

67

37

104

2010

0

51

50

101

2012

0

68

30

98

2011

0

90

8

98

2010

0

66

30

96

2012

30

66

0

96

2011

58

38

0

96

2010

0

53

40

93
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By summing across villages the basis risk can be estimated.

For example in 2012,

67 individuals experience upside basis risk where the farmers believed it was a better
year than the index insurance product.
of

67
81+104+98+96

= 0.1768.

This would lead to an upside basis risk

Table 4.5.4 summarizes the basis risk for the indices as

separate products for each year.

Table 4.5.4. Basis Risk of Indices
basis risk

2012

2011

upside (q)

0.1768

0.1534

0

downside (r)

0.1135

0.1534

0.3090

better than set

2010

worse than set

Figure 4.5.2. Example: Ethiopian index insurance product

Figure 4.5.2 illustrates that although the 2012 index is not the poorest index, there
are better indices based on upside and downside basis risk. In particular the 2011
index represents a better product for farmers than the 2012 index. The response of
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farmers on the 2010 product suggests that the product is beyond the set that any
risk averse farmer would be willing to purchase.

Many proponents of index insurance for developing economy contexts consider that
subsidizing insurance will help expand investment opportunities for farmers.

Al-

though not an ideal situation, a similar gure can be created for an actuarially fair
insurance product. Figure 4.5.3 depicts the impact of non-commercial, actuarial fair
insurance. The result is that the ineciency of the index is now disguised by other
indices that were excluded previously.

These indices were previously excluded for

being beyond the set any risk averse individual would choose. In fact, the 2012 index
now appears to be a relatively good option given the relative size of the better and
worse than set of indices.

better than set

worse than set

Figure 4.5.3. Example: Ethiopian index insurance at actuarially fair
rates,

m=1
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4.6. Discussion and Extensions
The relation

?

provides a method to compare indices with dierent levels of upside

and downside basis risk.

The method can be used to improve the design of index

based risk transfer products.

The rst best option for an index will always be a

perfectly correlated index, as this provides no upside or downside basis risk.

This

follows directly from Propositions 4.2 and 4.3. However, in second best situations an
index with basis risk provides the opportunity for an insurance product to be oered
where there may otherwise be complete market failure.

In the event that an imperfectly correlated index must be used, comparisons of indices
can ensure the optimal choice. The partial order developed in this chapter contributes
to the literature by disentangling upside and downside basis risk and moving the
literature towards considering these as separate values in a non xed relationship.
In doing so, the paper highlights that when an index involves basis risk there is a
tradeo between upside and downside basis risk and these trade os should be taken
into account. In particular failure to accurately consider upside and downside basis
risk can lead to the incorrect deduction that the index with the highest correlation is
optimal.

This model is most useful in insurance products based on simple income processes. An
important extension to this model would be to apply the analysis to a broader range
of income and index processes. A specic interesting situation is where income has a
continuous distribution. However, such an extension may lead to weaker conditions
on comparable indices and could potentially lead to a larger set of indices that cannot
be compared.
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4.7. Conclusion
Technology is progressing at a pace to improve the measurement and modeling of
extreme weather risks. Although these measures may not be perfect, the information
collected can be utilized to expand risk transfer markets to these risks through the
use of indices as a basis for insurance claims.

In particular, satellite based data is

producing ner pixels of rainfall data that can be used as an index of crop failure in
developing countries. Despite these market advances, an index will always be associated with a level of basis risk as long as it is not perfectly correlated with income
loss. The predominant measures of basis risk in the literature are correlation and covariance. This chapter nds that correlation and covariance as measures suer from
masking the relationship between upside and downside basis risk, hindering the accurate ranking of indices and thereby indexed insurance products. This chapter suggests
an alternative measure, separating upside and downside basis risk. The results oer a
novel method for the partial order rank of indices based on the separate ineciencies
of upside and downside basis risk. This ranking is further illustrated to distinguish
between indices with the same correlation. Furthermore, the ranking method dispels
the notion that an index with a higher correlation to losses is necessarily preferred to
an index with a lower correlation.

As index based risk transfer markets become more widespread, it is important to
understand the nature of the basis risk underlying these products. Index based risk
transfer is particularly important in situations where damages are dicult to assess
and the underlying probability distribution is not well dened. Extreme weather and
disaster risks fall within this scope and the development of catastrophe bonds and
rainfall insurance markets have begun addressing these risks. However, the survival
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of these risk transfer markets depends on well designed indices. This chapter seeks
to improve the design of indices for insurance and by doing so improve access to risk
transfer products. The results aim to further the discussion of basis risk by oering
an alternative measure to correlation and covariance and by providing a partial order
ranking to enable improved index choice.
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CHAPTER 5

Learning in Rare Risks and Asset Price Implications

5.1. Introduction
Rare events excite the imagination because of their inherent uncertainty and irregularity. The magnitude of impact and the infrequency of event tends to misguide our
sensibilities and lead us to a wide dispersion of beliefs. For instance, consider a national lottery. Although there is an objective probability of winning, it is reasonable
that an average ticket purchaser would provide a probability of winning that diers
from the objective probability.

Unlike a common event such as the toss of a coin,

individuals have a vast range of beliefs over rare events.

One particularly devastating rare event is a natural disaster. Natural disasters occur
infrequently with large impacts on economies and communities (Cavallo and Noy
2011).

To combat these impacts, communities, individuals and businesses seek to

transfer their natural disaster risk through insurance and capital markets. Investors
act as counterparties, trading risk for returns.
are dicult to determine and quantify.

1

However, in rare risks the returns

Further, it is realistic that investors have

diering views on the probability of a natural disaster. `In practice, the very concept
of uncertainty implies that reasonable men may dier in their forecasts' (Miller 1977).

1For

example, the ratings of catastrophe bonds face a dierent methodology to other bonds due to
their inherent uncertainty.
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This chapter aims to connect the attributes of rare risk classes through learning and
the dispersion of beliefs to asset markets. In current asset markets, natural disaster
risk is a rare risk class that is traded in two ways. Firstly, an investor can purchase
a catastrophe bond by providing principal to a bond issuer in return for coupons. In
the event of a natural disaster the investor forfeits the principal and it is provided to

2

the issuer.

If no event occurs during the bond duration the catastrophe bond lapses

and the principal is returned to the investor. Catastrophe bonds are often multi-year

3

bonds of up to ve years in length.

In evaluating the investment value, an investor

is calculating the likelihood of a natural disaster during that period. For the purpose
of analysis, catastrophe bonds are referred to as disaggregated since the likelihood
refers to a single event.

Secondly, an investor seeking to capitalize on natural disaster risk transfer may invest in a reinsurance company that deals in natural disaster risk transfer. Since the
catastrophe bond market is still very small compared to the reinsurance market, there
are many risks that are not traded individually. Instead these risks are transferred
via reinsurance. Indirectly, an investor is absorbing a suite of natural disaster risks
through purchasing a share in a reinsurance company. The investor's return depends
upon a group of natural disaster risks rather than a single event. In this chapter, this
risk transfer asset is referred to as the aggregated asset. The aggregated asset reects
the transfer of a group of risks rather than a single risk.

2The
3A

4

remaining coupons may also be forfeited.

more detailed explanation of catastrophe bonds can be found in Chapter two.

4An

alternative framing is that the aggregated asset constrains each investor to purchase the same
amount of each risk.
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This chapter compares the pricing dynamics of aggregated and disaggregated risks
across risk classes.

By utilizing the rare risk as a base, the chapter explores the

impact of learning through the arrival time of information. The chapter illustrates
that distinguishing between risk classes is important in market price determination.
Further, in the time scale of asset markets the disaggregation benets in rare risk
classes are maintained whereas the disaggregation benets in common risk classes are
negligible. This provides important implications to the design of risk transfer assets
in rare risk classes.

As the transfer of rare risks becomes more prevalent, greater

attention is needed to understand the dierent attributes of rare risk classes. This
chapter takes a preliminary step in elucidating the price impacts due to dierences
in learning for rare risk classes.

Section two of the chapter provides a review of literature in the context of this chapter.
Section three describes and explores the theoretical framework used in the analysis.
For ease of explanation the learning and the pricing model are initially considered
separately in Section three. Following the explanation of each model independently,
the models are integrated to provide the results of Section four. Section ve provides
some numerical examples. Section six provides further applications of the results and
Section seven concludes.

5.2. Areas of literature
This chapter lies at the intersection of several diverse elds of literature. The most
similar literature relates to asset pricing with belief dispersion. This literature uses
the competitive equilibrium of individuals to determine asset pricing. Varian (1985)
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considers the impact of subjective probabilities on asset prices in an Arrow-Debreu
equilibrium and determines that if `risk aversion declines less rapidly than ... in the
case of logarithmic utility, an increase in the diversity of opinion will be associated
with decreased asset prices'.

Varian considers a static model in which individual's

subjective probabilities are unchanging. Morris (1996) illustrates that heterogeneous
priors can result in a persistent speculative premium in asset prices when there is
learning.

Unlike Varian (1985), Morris concentrates on risk neutral traders where

assets are traded indenitely. Whilst Lintner (1969) illustrates the analytical pricing
solution for exponential utility maximising individuals with heterogeneous normally
distributed beliefs.

5

This chapter follows in this vein of the literature by modeling risk

neutral investors with heterogeneous priors. Unlike Morris, the assets in this chapter
are modeled as xed term contingent bonds without resale. Thus, within this model
there is no speculative premium.

A second cluster of relevant papers in the nancial literature focuses on the pricing of
assets under rare disasters and learning. Rare disasters are comparable to rare risks
in this chapter.

However, rare disasters in the nancial literature most commonly

refers to economic and political disasters.

6

The ow on eects of these disasters are

both analyzed in the volume and pricing data and in learning behavior (Cogley and
Sargent (2008)). These papers tend to incorporate rare disasters through parameter
uncertainty in the dividend pricing process and have the aim of explaining asset
pricing inconsistencies (Barro 2006, Gabaix 2012).

5Exponential utility implies constant absolute risk aversion.
6For example World Wars, the Depression, stock market crashes.
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Within the nancial literature, a common method of modeling rare disasters is via a
Poisson process. Koulovatianosi and Wieland (2011) introduce rare downward jumps
through a Poisson process representing rare disasters and nd that investors do not
reach rational expectations about the average likelihood of rare disasters even after
innite time.

Liu et al. (2003) also use a Poisson process to model rare risks to

determine an optimal portfolio strategy. This chapter follows in this tradition and
models rare risks by a Poisson process to allow price comparisons.

In contrast to the rare disaster literature in nance, this chapter focuses directly on
the likelihood of rare disasters as the determinant of risk transfer asset prices. The
uncertainty associated with the rare risk directly impacts the value of the risk transfer
asset rather than having a shifting eect on the mean of the process. Additionally,
this chapter diers from the rare disaster literature since the number of disasters in
each period is uncertain but losses are xed. Many of the papers in the rare disaster
literature focus on binary states such as a high or low state and the uncertainty lies in
extent of loss in the disaster state. Although, methodologically distinct the outcome
of the two frameworks is an equivalent compound random variable of disaster losses.

The third area of literature provides support for the subjectivity and heterogeneity of

7

beliefs in rare risks.

Much of this literature is survey and experimental analysis from

the psychology literature. This literature shows the existence of heterogeneous beliefs
(Tversky and Kahneman 1974, Kahneman and Tversky 1972).

In particular rare

risks have heterogeneity due to personal experiences and can lead to overestimation
or underestimation of risks (Hertwig et al. 2004).

7Beyond

Whilst Viscusi and Zeckhauser

extreme weather and disaster risk, Cameron (2005) illustrates that individuals have varying
beliefs on climate change risk and use information to Bayesian update their priors.
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(2006) provide survey evidence that individuals underestimate the risks of natural
disasters even after they report having been impacted by a disaster.

The intersection of these areas of literature leaves a gap that is lled by this chapter.
The following analysis uses a similar structure to the risk disaster literature to reect
rare risks through Poisson processes and allow updating through Bayesian learning.
However, it seeks to determine asset prices via the competitive equilibrium methods of
earlier papers. Finally, this chapter acknowledges the dierences between rare risks
and common risks as elucidated in the psychology literature and cultivates these
dierences to provide comparative analysis between risk classes.

5.3. Pricing and Learning Models
5.3.1. Preliminaries.

The theoretical framework of this chapter concerns two

risk transfer asset markets. In each market there are
class. The full set of risks is referred to as

K.

k

independent risks in each risk

The rst market is the disaggregated

market where risk transfer assets are based on single risks. The disaggregated market has

k

assets.

The second market is the aggregated market where all risks are

transferred through one asset. The total expected loss of each market is the same.
That is when faced with risk

k , the potential loss associated with k

is equal under the

disaggregated and aggregated case. The exposure per risk is identical in each market.
The only dierence is in the design of the risk transfer instrument.

Investors

i = {1, 2...n}

set the prices in these markets separately. Investors are able

to buy from the aggregated and the disaggregated market.
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prices by maximising their own utility. The market has a xed supply of each asset,
normalized to 1.

The focus of the model is the comparison of the pricing benets from disaggregation
between risk classes. This is dened as the dierence in prices between the aggregated
market price and the disaggregated market price in each risk class. Dierences in risk
classes are modeled though the learning process due to dierences in the frequency
of events.

5.3.2. The learning process: Poisson-Gamma model.

In line with existing

literature, nature's underlying likelihood of an event is modelled using a Poisson
process.

To enable tractability the learning process is represented by a Poisson-

Gamma model.
parameter

λX .

For a risk

X ∈ K,

an investor

i

has beliefs over the Poisson rate

Their beliefs are uncertain and follow a Gamma distribution

Gamma(αiX , βiX ).

The expected mean for an investor given their uncertainty is

the mean of their Gamma distribution
estimate of event

X

λiX ∼

αiX
and this will be used as their likelihood
βiX

occurring. Investor

i

has parameters

αiv

and

βiv

for each risk

v ∈ {1, 2...k}.
The

βiX

parameter in the Gamma distribution represents the rate parameter and

the spread of the distribution; a smaller

βiX

represents a larger variance. The

αiX

αiX ),

left

parameter allows a variety of shapes from logarithmic (smaller values of
skewed (medium range values of

αiX ),

right skewed (large values of

αiX )

and sym-

metric distributions. The Gamma distribution provides a convenient analytic form
whilst allowing a wide dispersion of beliefs.
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Individuals gather information on the rate parameter
time.

λX

as they observe events over

Using Bayes's rule each individual's prior can be updated given the new in-

formation in the current time period to provide the prior for the following period.
The underlying likelihood is modelled as
some number of events

z

X ∼ P ois(λX )

during a time period.

z

and the investor observes

is the information observed by the

investor each period.

Bayes's rules provides the relationship between the prior, posterior and observations:

p(λ = x | z) =

p(λ = x)p(z | λ = x)
p(z)

Using the Gamma and Poisson distributions (dropping subscripts temporarily for
neatness) results in:

xz e−x
z!
β α α−1 −βx
x e
p(λ = x) =
Γ(α)

p(z | λ = x) =

Combining these equations determines the posterior

p(λ = x | z) =

p(λ | z)

β α α−1 −βx xz e−x
x e
Γ(α)
z!

p(z)

∝ xz+α−1 e−(1+β)x

Since this is the kernel of the Gamma distribution,

λ|z ∼ Gamma(α + z, β + 1).

The

Gamma distribution is a conjugate prior of the Poisson distribution; providing an
opportune computation of updating. The new parameters of the Gamma distribution
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can be dened as
new variance is

α̃ = α + z

and

β̃ = β + 1.

Therefore, the new mean is

α+z
and the
β+1

α+z
.
(β+1)2

Generalizing this rst period result, at time t,

αiXt = αiX +

Pt

s=0 zs and

βiXt = βiX +t.

Iterated over time the learning process results in a Gamma distribution for beliefs over

λiX

and a Negative Binomial predictive distribution over the occurrence of an event

with mean

αit (1+βit )
αit
. The Negative Binomial predictive distribution
and variance
βit
β 2it

reects the likelihood of an event from the perspective of an investor utilising all
information until the present. Since investors are interested in the likelihood of an
event to determine their expected returns the mean of the predictive distribution
represents their updated belief for risk return assessment.

In general, at time

t: zt v N egBin(αi +

Pt

1
s=0 zs , βi +t+1 ).

This implies that all

investors observe the same information. Blackwell and Dubins (1962) show that in
such a case investors' opinions will converge.

8

Even though opinions will eventually

converge in all risk classes, the rate of convergence given arrival times of information
will dier.

Proposition 5.1 illustrates that observed information aects investors' beliefs dierently depending on their prior value of

β.

This implies that the arrival of information

is important and the dierences in the rate of information by risk classes will exaggerate this eect.

Proposition 5.1.

Consider n investors where

α1
β1

does not imply, at any point in time t > 0 that
8This

>

α2
β2
Pt

α1 + s=0 zs
β1 +t

result requires absolute continuity which is met in this case.
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αn−1
> αβnn
βn−1
P
α2 + ts=0 zs
>
β2 +t
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5.3. PRICING AND LEARNING MODELS

P
αn−1 + ts=0 zs
βn−1 +t

>

P
αn + ts=0 zs
βn +t

. That is if investors are ranked based on their prior beliefs,

this ranking is not consistent over time given the learning process.


Proof. See Appendix.

The proof follows from Bayesian updating. If an individual has a prior with a larger
variance then more weight will be placed on the observed data rather than the prior.
Due to dierences in prior variance, the rank order of investor's beliefs will shift over
time.

Depending on the value of

λ,

a convergence of beliefs can occur prior to convergence

to the true underlying process.
reinforcing cycle.

This is because the updating process produces a

Koulovatianosi and Wieland (2011) describe beliefs about rare

disasters as having a degree of persistence due to the slow arrival time of information.
Consider an individual updating their beliefs for a rare event. Having not seen a rare
event their probability estimates are updated downwards, this continues until an event
occurs.

The event being rare by denition will occur very infrequently.

Thus it is

more often that an individual's updated beliefs are below the true underlying process.
Since all individuals update downwards, convergence of beliefs can occur faster than
convergence to the true underlying process. In fact once beliefs are close, they will

9

remain close indenitely.

Although this is an interesting result, the consequence of

the convergence of beliefs to a point dierent from the truth has no impact on the
pricing model. This is because the pricing model is a negotiation between individuals,
whom equally ignorant will still arrive at a compatible price.

9This

is because this learning model does not allow for uncertainty in the information and the
information is observed by all individuals.
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The learning process described isolates learning to be only from the observation of
events. This can be justied by considering the heterogeneous priors in this model as
residual beliefs, after knowledge about all other investor's beliefs are known. Thus,
the only new information is if an event is observed. The market clearing price does not
provide any additional information beyond that already incorporated in an investor's
prior and thereby is not included in the learning process.

This form of market is

known as a private value auction, where each investor has a dierent value on the
asset and is not inuenced by other investor's beliefs.

5.3.3. Pricing process.

The pricing process is governed by the beliefs of in-

vestors and their willingness to pay for the risk transfer. Risk transfer is available
in two forms as an aggregated transfer (e.g. share) or a disaggregated transfer (e.g.
catastrophe bond). Since both these markets are incomplete, pricing is determined
by exchange between parties and not by arbitrage.

For illustrative purposes consider the simplest case of two risks

X

and

Y.

Investors

are given the option to be counterparties to these risks and can invest in the risks
individually or in aggregate. There are three prices in the market of interest: price

PX

for risk transfer of

X,

price

PY

for risk transfer of

Y

and the price

P

combined insurance product. The sum insured or principal for each risk is

Y lY ,

where lX and lY are size of loss for events

constants but not necessarily equal.

X

and

Y

X

and

Y

respectively.

lX

for the

XlX

and

and lY are

are random variables representing the

number of events that occur in a time period. Investors choose the holdings of each
risk asset

ηX

and

ηY .
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Proposition 5.2 establishes that in a market of homogenous investors there are no
disaggregation pricing benets. That is the price of risk transfer in the aggregated
and disaggregated markets are identical.

Proposition 5.2.

If investors have the same initial wealth, beliefs and preferences

there is no price dierence between the aggregated and disaggregated risks.



Proof. See Appendix.

Denition 1:

An investor is considered optimistic if they have lower probability

beliefs for every asset at one point in time. That is, investor
only if at some

i

is optimistic if and

t, Eit (V ) < Ejt (V ) ∀ V ∈ K , j 6= i.

Since investors have heterogeneous beliefs, for a large set of assets (K ) and a large
set of investors (n) the likelihood that one investor is optimistic reduces.

Lemma 5.1 establishes the conditions under which there are price dierences between
the aggregated and disaggregated risks for the risk neutral case. Short sale constraints
are required due to risk neutrality to ensure that investors do not demand innite
amounts of each asset. If this were the case there would be no pricing solution.

Under short sale constraints with a nite number of risk neutral investors
and nite number of risks,

Lemma 5.1.

(i) where one investor is optimistic there is no price dierence between
K
X
the aggregated and disaggregated risks, that is P = Pv .
v=1
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(ii) where no investors are optimistic there is a positive price dierence
K
X
between aggregated and disaggregated risks, that is P > Pv .
v=1



Proof. See Appendix.

Lemma 5.1 determines that the most optimistic (lowest probability belief ) investor
will determine the asset price. From an outside perspective this could appear to lead
to a winner's curse situation (Kagel and Levin 1986). However, the winner's curse
is alleviated by the manner in which investors value the asset.

The heterogeneous

priors of investors after incorporating knowledge of other investors' beliefs results in
investors having private values over the asset. Since investors have private valuations,
the winner's curse does not arise.

5.4. Results
This section combines the learning process and the pricing process. Lemma 5.2 and
Proposition 5.3 provide general results for a generic risk class. Propositions 5.4, 5.5,
Lemma 5.3 and Theorem 5.1 in Subsection 5.4.1 provide results for the comparison
of risk classes. Theorem 5.1 is the main result illustrating that the expected pricing
benets due to disaggregation are persistent in rare risk classes.

Lemma 5.2.

Consider investors following a Poisson-Gamma learning process. If

Lemma 5.1 (ii) is satised then the dierence"in price between the aggregated and dis#
aggregated risks at time t is given by Dt =

k
X
v=1

αB
v
βvB +t

−

α bv
βbv +t

+



1
βv +t

−

1
βbv +t

t
X

ψvs lv

s=0

; where the superscript B represents the individual with the lowest probability beliefs
for the aggregated risk, bv represents the individuals with the lowest probability beliefs
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for each disaggregated risk v ∈ K and ψvs represents the number of realizations of
risk v in time period s.


Proof. See Appendix.

Proposition 5.3.

As t → ∞, the price of the aggregated and the disaggregated risks

converge.
Proof. From Lemma 5.2 we have

Dt =

k
X

"
αB
v
βvB +t

−

α bv
βbv +t

+



1
βv +t

−

1
βbv +t

v=1

D→0

as

#
t
X
ψvs lv .
s=0

t → ∞.



5.4.1. Comparison of risk classes.

The following analysis considers the im-

plications of the model for dierent risk classes. Risk classes are distinguished by the
dierences in the frequency of events. To incorporate this dierence in the model, the
rare risk class will have a much lower frequency than the common risk class. Further,
since the comparison focuses on the price of risk assets it is required that the expected
value in each risk class is set to be equal. If the expected value in each risk class were
not equal the prices of assets would not be set to the same base and as a result would
be incomparable.

Dene a rare risk class as having an underlying probability of

j
j
, βRv
)
λjRv ∼ Gamma(αRv

λR , each individual has

as a prior over the assets within this risk class. A common

risk class has an underlying probability of

j
j
λjCv = M λjRv ∼ Gamma(αCv
, βCv
),

λC = M λ R ,

where

M > 1.
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and each individual has priors

This asserts that an investor's
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beliefs are the same in the rare and the common case for a single event. However, in
the common case there are more repetitions of the event represented by

M

resulting

in the scaling of the underlying rate parameter.

The scaled beliefs ensure that the risk classes have dierent orders of magnitude. In
addition, to ensure the same expected value of the assets the level of losses is scaled.
In the case of common risks the loss associated with each asset

v

is

lv .

Scaling this

for the rare risk provides that the loss associated with each rare risk asset is

M lv .

The following example motivates the construction of the common risk. Suppose the
chance of a 1-year drought in a city is the rare risk in the model. This implies that
the probability of this event in a time step

t

is

λRt .

The cycle of drought is linked to

the level of rainfall that follows a physical process that may not be fully understood.
However, it is likely there is some overlap in the process of rainfall on a daily basis
and drought. Suppose the common risk is that there is no rain on one day. This is
a much more likely event than drought conditions over the year. If we consider that
rainfall today is linked to drought conditions, then we could consider the common
event to be

M

times more likely than the rare event. Alternatively, if the risk was

rain on one day during the year there are 365 days in a year and

M

could be set to 365

to reect that each day is a new draw from the distribution. This is an abstraction
from the true meteorological process. Nonetheless the abstraction allows comparison
of risk classes.

In keeping with the motivating example, the

k assets in each risk class could represent

various locations or dierent cities. For instance the set of rare risks can be considered
as the risk of drought in a city where there are
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k

cities. Whilst the set of common
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risks are no rain for a day in a city for

k

cities. The duration of all risk transfer assets

is a single time step (for example a year), but events can occur multiple times (for
instance per day) in a time step. Each time an event occurs the investor suers a
loss on the risk transfer asset. Thereby for each day of rain in city

k , M lk

if there is a drought over the year in city

Proposition 5.4.
j
j
αCv
= αRv

and

j
j
If λjRv ∼ Gamma(αRv
, βRv
)

j
βCv
=

j
βRv

M

mean

λjCv

is

αjCv
j
βCv

is paid and

is paid.

and

j
j
λjCv ∼ Gamma(αCv
, βCv
),

then

.

Proof. For a Gamma distribution variance

The mean of

k , lk

αj

= M βRv
j

and the variance is

Rv

relationship of mean and variance,

= β.

j
βCv
=

j
βRv

M

and

αjCv
(β jCv )2

αj

= M 2 (β jRv)2 .

Using the

Rv

j
j
αCv
= αRv
.



Proposition 5.4 implies that although the variance of an individual's beliefs are the
same in the rare and the common for a single incident, the scaling up of the incident
parameter in the common case leads to more variance. This is due to the cumulative
uncertainty. The variance of a single incident is now multiplied by

M.

However, when

the loss is taken into account, the variance of the loss of the common case is smaller
than that of the rare case.

Proposition 5.5 below establishes a baseline for comparison. Both risk classes begin
without any disaggregation pricing benets.

That is the price dierential between

aggregated and disaggregated markets is zero within each risk class at

Proposition 5.5.

t = 0.

Given the two risk classes, Dtcomm = Dtrare at t = 0. That is the

price dierential is identical in both risk classes at t = 0.
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Proof. See Appendix.

Lemma 5.3.

At t → ∞, E[Dtrare ] − E[Dtcomm ] → 0. That is the expected price

dierential between risk classes asymptotically converges to zero.

Proof. By direct application of Blackwell and Dubins (1962) the beliefs within
each risk class will converge eventually due to learning. If beliefs of individuals converge then the price dierential between aggregated and disaggregated risks in a risk
class also converge, implying

E[Dtrare ] → 0

and

E[Dtcomm ] → 0.

Thus

E[Dtrare ] −

E[Dtcomm ] → 0.



Theorem 5.1.

When no investor is consistently optimistic, for suciently large ∞ >

t, E [Dtrare ] − E [Dtcomm ] > 0 . The expected dierence in prices Dt is larger in the

case of rare risks than common risks.



Proof. See Appendix.

Suciently large

t

is required due to the risk neutrality of investors. In the case of

risk neutrality the pricing function

E [Dtrare ] is not a monotonic function.

to the extremity that one investor purchases all of each asset. If
at small

t there is a small possibility that E [Dtrare ] < E [Dtcomm ].

nature of Theorem 5.1, it is true for suciently large
is inversely related to

M.

t.

M

This is due

is small enough,

Given the stochastic

The size of the required

t

A numerical example demonstrates this in the following

section.
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5.5. Numerical Examples
This section provides numerical examples to illustrate Theorem 5.1. The section also
provides evidence that with large enough

M,

the constraint of suciently large

t

in

Theorem 5.1 is not restrictive.

Figure 5.5.1 displays a numerical example for ve investors and two risks with xed

  
 

βjRV = βiRV .
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Figure 5.5.1. Price dierence for common and rare risks

Figure 5.5.2 shows the non monotonicity of the pricing function for ve investors and
two risks. The price dierence for rare risks is non monotonic due to the diversity of
beliefs between investors. Although the observation of events is public, investors use
this information to update dierently due to their divergent beliefs. The persistence
of the diversity of beliefs maintains the non-monotonic nature of the pricing.

114

  
 

5.5. NUMERICAL EXAMPLES

ͳʹͲ


ͳͲͲ



ͺͲ
Ͳ
ͶͲ
ʹͲ
Ͳ
Ͳ

ʹͲ

ͶͲ

Ͳ

ͺͲ

ͳͲͲ


ͳʹͲ

ͳͶͲ

ͳͲ

ͳͺͲ

Figure 5.5.2. Expected price dierence for common and rare risks

Figure 5.5.3 uses the same parameters as Figure 5.5.2 apart from the changing degree
of rarity,

M.

The large the value of

that as long as

M

M , the more rare the event.

Figure 5.5.3 indicates

is suciently large the expected pricing benets from disaggregation

are consistently larger for rare risks over time. In the event that a rare risk is not
suciently sporadic, the pricing benets are still maintained after suciently large t,
as expressed in Theorem 5.1.

The reason for this clarication is that the pricing benets from disaggregation vary
with time and depend on the arrival of information.

In the case of a rare event

occurring early in the learning process, investors updated beliefs can initially be
closer than in the common case. The degree of rarity determines whether Theorem
5.1 holds for all

t

or alternatively for suciently large
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M = 1000
Figure 5.5.3. Theorem 5.1 and the degree of rarity
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5.6. Discussion
The results of this chapter are generalizable to dierent learning models and to risk
aversion. The risk neutrality and no short sales assumptions are required for tractability and closed form solutions.

Similarly the Poisson-Gamma learning model is not

necessary to establish Theorem 5.1. The model was chosen in line with literature and
to simplify calculations.

In the case of risk averse investors, short sales are allowed and investors are able to
purchase proportions of each asset rather than one individual holding the whole of
an asset.

To ensure a price is reached, a limited supply of each asset is available.

The level of risk aversion plays a signicant role in the nal price of the assets and
whether pricing is more favorable under aggregation or disaggregation.

As yet little attention has been given to nature's underlying probability of an event.
The results of Section 5.4 hold for situations where the intensity of events is stochastic
or deterministic. It is not necessary for the underlying true probability to be known or
constant. It is only necessary to know that the event is possible and it has a non zero
probability. In this model, investors bargain amongst themselves for the appropriate
price and whether that price is related to the true probability of an event is irrelevant.

Furthermore, this model as a description of the catastrophe bond market indicates
that bond prices cannot be taken as reecting the true probability of an event. The
capital market provides little guidance to determine the true probability of a natural
disaster. An attempt to backwards deduce the probability of a natural disaster from
the price of a catastrophe bond could be misleading. Recent issuances of catastrophe
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bonds has illustrated the subjectivity and wide range of valuations for catastrophe
bonds. For example, the Tramline Re II Ltd (Series 2014-1) bond for named storms
and earthquakes in the United States and European windstorms, was issued with an
initial price guidance of 10% to 10.75% for Class A notes. However, the deal closed
with Class A notes at 9.75% coupons, outside and below the lowest point of the
guidance.

10

This illustrates investor demand for catastrophe bonds, as well as the

subjectivity in the manner of pricing and valuing risk.

5.7. Conclusion
Rare risks are inherently dierent to common risks. Risk modelers have highlighted
this by creating increasingly complex models of natural disasters, terrorism, stock
market crashes and epidemic risks. Taking an alternate path this chapter attempts to
address the dierences in a simpler and tractable model. In an eort to underpin the
dierences between risk classes this chapter focuses attention on the rate of learning.
As a key distinction between risk classes, learning reects the uniqueness of rare
risks and drives the dierences between risk classes. Pricing dierences are derived
analytically for risk classes allowing for comparative analysis.

Recent issuance of catastrophe bonds suggests that signicant demand is pushing
prices below initial price guides.

11

This provides evidence that investors have diering

views to bond issuers on the level of risk associated with the bond and the level of
return required to match the risk. This chapter suggests that these diverse opinions

10Incidentally,

the deal also upsized from USD150 million to USD200 million.
http://www.artemis.bm/deal_directory/tramline-re-ii-ltd-series-2014-1/ last visited 3 March
2015.
11For example Tramline Re II Ltd (Series 2014-1), Blue Danube II Ltd (Series 2013-1) Allianz,
Travellers, Residential Re 2013. Prices are found on http://www.artemis.bm/deal_directory/.
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related to rare risks can be harnessed to improve pricing of risk transfer. In particular,
issuers can take advantage of the diversity of beliefs by issuing risk transfer assets in
disaggregated form.

In contrast, such a benet is not aorded in the case of common risks. The high frequency of information leads to little dierence between the price of the disaggregated
and aggregated risks. Thereby, given non-negligible transactions costs, any pricing
benets due to disaggregation will be quickly expended within the time scale of asset
markets.

In the growing market of risk transfer assets, rare risks are playing an increasingly
important role. Rare risks are transferred by the issuance of catastrophe bonds and
the purchase of reinsurance. The infrequent and erratic nature of rare risks results in
a persistent diversity of beliefs. A market of disaggregated risks, such as catastrophe
bonds, allows investors to invest directly based on their beliefs. Whereas a market of
aggregated risks, such as insurance, limits the ability of investors to incorporate their
beliefs into their investment strategy.

Although the range of investor beliefs decreases over time, the time scale of rare events
is on a magnitude very dierent to that of asset markets. This ensures that within
the framework of asset markets the variety of investor beliefs and the availability of
pricing benets through disaggregation are maintained.
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CHAPTER 6

Conclusion

Natural disasters represent rare risks with the capacity to impact livelihoods in a
sudden, severe and sensational fashion. The manner in which these risks are managed
has the potential to have long lasting eects on individual lives, government budgets,
and societal cohesion. This dissertation has considered how to manage the nancial
impacts of natural disaster risks through risk transfer mechanisms.

Each chapter

of the dissertation has highlighted a distinctive aspect of natural disaster risk that
aects the way in which it is managed. In examining these distinguishing aspects,
the theoretical results seek to enhance welfare whilst taking into consideration the
unique features of disaster risk.

The uncertainty of impact following a natural disaster was canvassed in Chapter two
with respect to the variety of existing nancing instruments. Particular emphasis was
placed on how index based risk transfer may be an appropriate insurance mechanism
for extreme weather and natural disaster risk. A number of hurdles were identied to
the widespread engagement of ex ante risk transfer including a lack of political impetus, limited household demand and potentially high opportunity costs for purchasing
insurance. These underlying obstacles underscore the diculty of incorporating risk
transfer into the management of natural disaster risks at both a government and
household level. In the face of these obstacles, Chapters three, four and ve suggest a
framework for how to encourage the use of risk transfer instruments through design.
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A rational impediment to the purchase of risk transfer instruments and insurance,
is the expectation that other forms of assistance will be available.

Assistance may

hinder insurance demand, since market based insurance is costly.

This leads to a

trade-o that may favor dealing with a risk only if it materializes. However, such a
result can lead to net welfare losses since the burden of protection is shifted to another
member of society. The results shown in Chapter three nd that by increasing the
range of products available in the market this net welfare loss can be reduced and
in so doing increase the welfare of both potential assistance recipients and providers.
By designing insurance as an incomplete rather than complete product, demand can
be encouraged through a cheaper product.

The existence of several forms of incomplete insurance is testimony to the protability and viability of incomplete insurance.

However, this protability is yet to be

harnessed on a large scale through the availability of market based insurance against
extreme weather and natural disaster risk. The advancement of models and scientic
understanding will continue to improve the forecasting and estimated likelihood of
natural disasters, helping quantify these risks and impacts.

Using this expanding

knowledge base, it is increasingly feasible to construct incomplete insurance contracts
based on indices. The transparency of indices creates an attractive opportunity for
both insurance providers and potential insurees.

Nonetheless, the selection of an index for risk transfer is still arduous. This issue is
considered in Chapter four and guidance is provided on how to rank binary indices.
A partial order, for any risk averse individual, can be determined using two measurements of basis risk, upside and downside. The cost of generalizing the rank to any
risk averse individual is that the order is partial. However, this trade o is warranted
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because of the character of index based risk transfer. As described in Chapter two a
key component of index based risk transfer is that the index represents an objective
determination of insurance payment that applies to all insurees. Therefore, it is necessary that the index chosen is suitable for a wide range of individuals with various
forms of risk aversion.

A nal consideration is how to market such natural disaster risk transfer instruments.
These risks could be dealt with in aggregate, such as through reinsurance, or separately, such as through catastrophe bonds. A distinct aspect of natural disasters is
the rarity of occurrence. Chapter ve employs the rarity of natural disasters in distinguishing the pricing patterns of common and rare risks. In doing so, the analysis
suggests that the variety of likelihood opinions determines that the pricing of natural
disaster risk is substantially dierent from that of more common risks.

In drawing these chapters together, this dissertation contributes new analysis of risk
transfer instruments that relate directly to natural disaster risk. In an era of changing
climate, increasing vulnerability and exposure to natural disasters, this dissertation
provides a timely examination of how to design risk transfer mechanisms to enhance
welfare. The theoretical foundations established in this dissertation advance the policy discussion and assist in the development of a new perspective on the transfer of
natural disaster risk.
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APPENDICES
Chapter Three

Proposition 3.2. Under incomplete insurance, the vulnerable party optimizes by
purchasing no insurance or more than sucient insurance when assistance is anticipated.

Proof. The level of optimal insurance depends upon the level of anticipated
assistance. First consider the assistance in state two of the world. In this case, the
vulnerable party receives an insurance payment for the amount insured, but may also
receive assistance. The donor will only provide assistance if it is of benet to them.
Thereby, the optimal level of assistance is,

τa∗ = argmax{yd − τa + δu(yv + (1 − π(1 − γ))z − L + τa )}
Let

wδ

be dened by

δu0 (wδ ) = 1. wδ

is the target wealth level (the minimum level of

wealth) that the donor would ensure the vulnerable party has, given their level of care

δ.

The target wealth level sets the donor's marginal utility of assistance gained equal

to the marginal cost. At this point, the donor is indierent between providing and
not providing assistance. For notational convenience, the
since each

w

corresponds to a particular

δ

subscript will be removed

δ.

The optimal assistance level in state two of the world depends upon the extent of
insurance coverage purchased by the vulnerable party, and is dened as

max{0, w − yv + L − (1 − π(1 − γ))z}.
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τa∗ (z) =

Next consider assistance in state three of the world. In this case even if the vulnerable
party purchased insurance since it is incomplete, no payment is received despite being
aected by the disaster.

Analogously, the optimal level of assistance is
Since

w − yv + L + π(1 − γ)z ≥ 0,

π(1 − γ)z .

τb∗ (z) = max{0, w −yv +L+π(1−γ)z}.

this can be simplied to

τb∗ (z) = w − yv + L +

In state three, the vulnerable party always receives assistance and the

amount depends upon the vulnerable party's insurance coverage. This is because the
donor is concerned with the net level of the vulnerable party's wealth, and hence will
compensate for loss of premium.

Based on these anticipated assistance levels, the optimal level of insurance coverage
(z

∗

)

for the vulnerable individual can be determined.

z ∗ = argmax{(1 − γ)πu(yv + (1 − π(1 − γ))z − L + τa∗ )
+γπu(yv − π(1 − γ)z − L + τb∗ )

(A.1)

+(1 − π)u(yv − π(1 − γ)z) : z ≥ 0}

Consider

z

for

w−yv +L
z ∈ [0, 1−(1−γ)π
].

In this interval assistance crowds out insurance purchase one for one in loss states
and in the no loss state insurance purchase decreases utility. For

z

in this interval

an increase in the purchase of insurance decreases utility, so the vulnerable party will
not purchase insurance.
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Consider

z

for

w−yv +L
z ∈ ( 1−(1−γ)π
,L̃)

where

In this interval charitable transfers

z

L̃ > L.

τa∗ = 0.

In the loss state with payment, increasing

improves utility. In the loss state without payment, assistance ensures a set level

of utility. In the good state increasing insurance decreases utility. The improvement
in utility in the loss state increases at a faster rate than it decreases in the good
state. Thereby, an increase in insurance increases expected utility. Since an increase
in

z

increases expected utility, it is evident that the vulnerable party will at least

suciently insure. However, due to the incomplete nature of the insurance, it is of
benet to insure beyond sucient insurance as shown by the rst order conditions
below.

Consider when

γ>0

and the insurance is incomplete.

The rst order condition with respect to

du
dz

z

is:

= −(1−π)(1−γ)πu0 (yv −π(1−γ)z)+(1−π(1−γ))π(1−γ)u0 (yv −L+(1−π(1−γ))z)

At sucient insurance

du
dz

> 0.

(1 − γ)π [(1 − π) (u0 (yv − L + (1 − π(1 − γ)z) − u0 (yv − π(1 − γ)z))]
+(1 − γ)π [γπu0 (yv − L + (1 − π(1 − γ)z))] > 0
for

z = L.
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L̃

is dened as the point at which

du
dz

= 0.

From above it is clear that

L̃ > L,

hence

the optimal insurance for the vulnerable party is either no insurance or greater than
sucient insurance.



Lemma 3.1. When the level of assistance rst precludes the purchase of complete
insurance, the vulnerable party would purchase incomplete insurance.

Proof. The donor will choose to provide assistance up to the point where the
marginal cost is equal to the marginal benet of providing assistance. This ensures
that the amount of assistance will satisfy:
income of the vulnerable party in state

As previously, let

w

be dened by

δu0 (yv (s) + τ ) = 1,

where

τ

δu0 (w) = 1. w

is the minimum level of wealth the

is dened by:

τ∗ =

is the

s.

donor would ensure the vulnerable party has, given their level of care

Now assistance

yv (s)




w − yv (s) if

yv (s) < w



0

yv (s) > w

if
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δ.

This indicates that

w

is the lower bound on the amount of income a vulnerable party

receives. Thus in every state of the world assistance will ensure that the vulnerable
party has at least

w.

From Proposition 3.2 and 3.3, the optimal insurance level for the vulnerable party
under incomplete insurance is

Under Jensen's inequality if

(A.2)

Pick

{0, L̃}

u0 (.) > 0

and under complete insurance

and

{0, L}.

L > 0, γ > 0, π > 0.

u(yv −π(1−γ)L) = u(γyv +(1−γ)yv −π(1−γ)L) > γu(yv )+(1−γ)u(yv −πL)

w∗∗

such that

u(yv − πL) = (1 − π)u(yv ) + πu(w∗∗ ).

the utility from sucient insurance and no insurance.

This equation equates

Thereby

w∗∗

is the amount

of assistance in the loss state that makes the vulnerable party indierent between
purchasing sucient and no insurance under complete insurance.

Consider

w∗∗

in the case of incomplete insurance.

Assume the vulnerable party purchases sucient incomplete insurance, the expected
utility is now:
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E[uIv ] = (1 − π)u(yv − π(1 − γ)L)
+π(1 − γ)u(yv − π(1 − γ)L)
+πγu(w∗∗ )

Using Equation (6) provides:

E[uIv ] > (1 − π)[γu(yv ) + (1 − γ)u(yv − πL)] + π(1 − γ)u(yv − π(1 − γ)L) + πγu(w∗∗ )
= π(1 − γ)u(yv − π(1 − γ)L) + (1 − γ)(1 − π)u(yv − πL) + γu(yv − πL)
= π(1 − γ)u(yv − π(1 − γ)L) + (1 − π(1 − γ))u(yv − πL)
> u(yv − πL)
= E[uC
v ]z=L

This indicates that the expected utility under incomplete insurance is higher than
complete insurance at the same level of assistance. From above, the optimum level
of insurance under incomplete insurance is
at the optimum level of insurance

{0, L̃},

where

E[uIv ] > u(yv − πL)

for

L̃ > L.
w∗∗ .

So it must be that

Therefore, there is a

level of assistance for which it is optimal to purchase incomplete insurance but not
complete insurance.
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Proposition 3.4. Under either type of insurance, donor welfare is higher with sucient insurance than with zero insurance.

Proof. Let

w

be the level of target wealth level in the loss state.

With zero

insurance

I
Wd,z=0
= yd − π(w − yv + L) + (1 − π)δu(yv ) + πδu(w)

= yd − π(w − yv + L) + (1 − π)δu(yv ) + (π − πγ)δu(w) + πγδu(w)

Using Jensen's inequality on the conditional expectation we have:

(1 − π)yv + π(1 − γ)w = (1 − πγ)x
x=

(1−π)yv +π(1−γ)w
1−πγ

I
Wd,z=0

= yv +

π(1−γ)
(w
1−π

− yv )



π(1 − γ)
(w − yv )
≤ yd − π(w − yv + L) + πγδu(w) + (1 − πγ)δu yv +
1 − πγ


π(1 − γ)
(w − yv )
= yd − π(w − yv + L) + πγδu(w) + (1 − πγ)δu yv +
1 − πγ
+(1 − πγ)δ [u (yv − π(1 − γ)L) − u (yv − π(1 − γ)L)]
≤ yd − π(w − yv + L) + πγδu(w) + (1 − πγ)δu (yv − π(1 − γ)L)


π(1 − γ)
π(1 − γ)L(1 − πγ)
+(1 − πγ)
(w − yv ) +
1 − πγ
1 − πγ
I
≤ Wd,z=L
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Since

δu0 (x) ≤ 1

when

x > w.



Proposition 3.5. Under incomplete insurance, the donor's welfare is lowered by the
allowance of more than sucient insurance.

Proof. From Proposition 3.2, it has been shown that at the optimal a vulnerable
party would choose to insure more than sucient incomplete insurance.

Thus, by

continuity, when restricted to only purchase up to sucient insurance a vulnerable
party would choose to purchase sucient insurance.

Consider two levels of welfare:

W˜dI :

The level of welfare when the vulnerable party is able to purchase more than

sucient insurance.

WdI :

The level of welfare when the vulnerable party is limited to purchasing no more

than sucient insurance.

W˜dI = yd − πγ(w − yv + L + (1 − γ)π L̃) + γπδu(w) + π(1 − γ)δu(yv − L + (1 − (1 −
γ)π)L̃) + (1 − π)δu(yv − (1 − γ)π L̃)
And

WdI = yd − πγ(w − yv + L + (1 − γ)πL) + πγδu(w) + π(1 − γ)δu(yv − (1 − γ)πL) +
(1 − π)δu(yv − (1 − γ)πL)
Taking the dierence:
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W˜dI − WdI = π 2 γ(1 − γ)(L − L̃) + π(1 − γ)δu(yv − L + (1 − (1 − γ)π)L̃) + (1 − π)δu(yv −
(1 − γ)π L̃) − (1 − πγ)δu(yv − (1 − γ)πL)
Noticing that

and

u(yv − L + (1 − (1 − γ)π)L̃) > u(yv − (1 − γ)π L̃),

u(yv − (1 − γ)πL > u(yv − (1 − γ)π L̃)

Substitute

u(yv − L + (1 − (1 − γ)π)L̃)

for

u(yv − (1 − γ)π L̃)

to create the inequality

below:

W˜dI − WdI < π 2 γ(1 − γ)(L − L̃) + π(1 − γ)δu(yv − L + (1 − (1 − γ)π)L̃) + (1 − π)δu(yv −
L + (1 − (1 − γ)π)L̃) − (1 − πγ)δu(yv − (1 − γ)πL)
= π 2 γ(1−γ)(L− L̃)+(1−πγ)δu(yv −L+(1−(1−γ)π)L̃)−(1−πγ)δu(yv −(1−γ)πL)
Since

yv − L + (1 − (1 − γ)π)L̃ > w

δu0 (.) ≤ 1

(A.3)

and

yv − (1 − γ)πL > w

such that:

δ

u(yv − L + (1 − (1 − γ)π)L̃) − u(yv − (1 − γ)πL)
≤1
yv − L + (1 − (1 − γ)π)L̃ − yv − (1 − γ)πL

Now using (A.3):

W˜dI − WdI < π 2 γ(1 − γ)(L − L̃) − L + (1 − (1 − γ)π)L̃ − (1 − γ)πL
= πγ(L − L̃)(π(1 − γ) + 1 − πγ)
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Since

πγ(L − L̃)(π(1 − γ) + 1 − πγ) < 0,

W˜dI < WdI



Lemma 3.3. Comparison of welfare under varying levels of assistance.
(i) If w > w∗ , the welfare of the donor is the same.
(ii) If w∗∗ < w < w∗ , the welfare of the donor is higher when incomplete insurance is available rather than complete.
(iii) If w < w∗∗ , the welfare of the donor is higher when complete insurance is
available rather than incomplete.

Proof. (i) can be achieved directly by noticing that neither insurance product is
desirable. The assistance level compensates the vulnerable individual adequately to
make insurance purchase unnecessary.

(ii) requires some manipulation of welfare functions and the utilization of Jensen's
inequality. Let

w

be the level of target wealth level in the loss state.

WdC = yd − π(w − yv + L) + (1 − π)δu(yv ) + πδu(w)
= yd − π(w − yv + L) + (1 − π)δu(yv ) + (π − πγ)δu(w) + πγδu(w)

Using Jensen's inequality on the conditional expectation we have:
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(1 − π)yv + π(1 − γ)w = (1 − πγ)x
x=

(1−π)yv +π(1−γ)w
1−πγ

WdC

= yv +

π(1−γ)
(w
1−π

− yv )



π(1 − γ)
(w − yv )
≤ yd − π(w − yv + L) + πγδu(w) + (1 − πγ)δu yv +
1 − πγ


π(1 − γ)
= yd − π(w − yv + L) + πγδu(w) + (1 − πγ)δu yv +
(w − yv )
1 − πγ
+(1 − πγ)δ [u (yv − π(1 − γ)L) − u (yv − π(1 − γ)L)]
≤ yd − π(w − yv + L) + πγδu(w) + (1 − πγ)δu (yv − π(1 − γ)L)


π(1 − γ)
π(1 − γ)L(1 − πγ)
(w − yv ) +
+(1 − πγ)
1 − πγ
1 − πγ
≤ WdI

Since

δu0 (x) ≤ 1

when

x > w.

(iii) can be shown using a similar technique to (ii).

For the same

δ, w

will be the

target wealth level for the assistance provider.

WdI = yd − πγ (w − yv + π(1 − γ)L + L) + δ [(1 − πγ)u (yv − π(1 − γ)L) + πγu (w)]
≤ yd − πγ(w − yv + π(1 − γ)L + L) + δu ((1 − πγ)(yv − π(1 − γ)L + πγw)
< WdC
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Proposition 3.6. If incomplete insurance is purchased, it is optimal for the vulnerable party to include small losses and exclude large losses from the insurance contract.

Proof. Taking the rst order condition with respect to

g(L),

where

L

is a par-

ticular level of loss,

(A.4)

dE[uv ]
dγ
dp
dγ
= −πu(yv − p)
+ πu(w∗ )
− (1 − γπ) u0 (yv − p)
dg(L)
dg(L)
dg(L)
dg(L)

Derivatives of

γ

and

p

are given by

dγ
= −f (L)
dg(L)
π (L − p) f (L)
dp
=
dg(L)
(1 − πγ)
Filling these in,

(A.5)

dE[uv ]
= πf (L) [u(yv − p) − u(w∗ ) − u0 (yv − p) (L − p)]
dg(L)

From this, it can be seen that

dE[uv ]
does not depend on
dg(L)

First consider the extremes. If

g(L) = 0 and

not insure at all. Alternatively, if

dE[uv ]
dg(L)

g(L) = 1 and

g(L)

directly.

≤ 0 for all L,

dE[uv ]
dg(L)

then it is optimal to

≥ 0 for all L,

then it is optimal

to completely insure (and purchase sucient insurance).

The most interesting case arises when there is an interior solution. As
decreasing in

L,

it must be that there is a some
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L̃

such that

g(L) = 1

1 dE[uv ]
is
πf (L) dg(L)

for

L < L̃

and

g(L) = 0

for

L > L̃.

So the vulnerable party chooses to include small losses and rely



on assistance for large losses.

Proposition 3.7. If the vulnerable party purchases incomplete insurance, it is optimal for the donor to include small losses and exclude large losses from the insurance
contract.
Proof. First consider the situation when the constraint is not binding.

The rst order condition with respect to

g(L),

taken at a particular loss

L

is,

dWd
dE [τ ]
dE [uv ]
=−
+δ
dg(L)
dg(L)
dg(L)
From Equation A.5,

And

dE[τ ]
dg(L)

dE[uv ]
is obtained.
dg(L)

= −π(w∗ − yv + L)f (L)

Combining these provides,

dWd
= πf (L) [(w∗ − yv + L) + δu(yv − p) − u(w∗ ) − δu0 (yv − p)(L − p)]
dg(L)

Since

w ∗ − yv + L ≥ 0

and

u(yv − p) − u(w∗ ) > u0 (yv − p)(yv − p − w∗ )

aversion.

Now

dWd
dg(L)

> πf (L) [(w∗ − yv + L) + δu0 (yv − p)(yv − p − w∗ − L + p)]

And

dWd
dg(L)

> 0,

since by denition

1 − δu0 (yv − p) > 0
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from risk

By denition

0 ≤ g(L) ≤ 1.

Since

Wd

is increasing in

the maximum welfare for the donor occurs at

g(L)

g(L) = 1.

it must be the case that

Thus, when the constraint

is not binding, the vulnerable party will purchase complete insurance and assistance
will not be necessary. This provides the maximum welfare for the donor.

Now consider if the constraint is binding, that is,

E[uv ] = (1 − π) u (yv ) + πu (w∗ )

and the vulnerable party does not purchase complete insurance.

Now the donor's problem can be restated as,

ming(L) E[τ ]

subject to

E[uv ] = (1 − π) u (yv ) + πu (w∗ )

Setting up the Lagrange gives

L = E[τ ] − λ (E[uv ] − (1 − π) u (yv ) + πu (w∗ ))

The rst order condition with respect to

g(L)

is given by

dL
dE[uv ]
= −πf (L) (w∗ − yv + L) − λ
dg(L)
dg(L)

If it was the case that

dE[uv ]
dg(L)

> 0,

then it would increase both the donor and the

vulnerable party's welfare to purchase complete insurance. Therefore, when complete
insurance is not purchased, it must be the case that

146

dE[uv ]
dg(L)

< 0.

To nd the minimum,

dL
is set to zero.
g(L)

Also note in this case the constraint is binding and therefore,

λ > 0.
Rearranging the rst order condition provides:

1
dL
= − (w∗ − yv + L) − λ [u(yv − p) − u(w∗ ) − u0 (yv − p) (L − p)]
πf (L) dg(L)
= (λu0 (yv − p) − 1) L + (yv − w∗ ) − λ [u(yv − p) − u(w∗ ) + pu0 (yv − p)]

In order to determine whether small or large losses are optimal to exclude, it is
necessary to determine whether
determine this, the coecient of

dL
1
is increasing or decreasing in
πf (L) g(L)

L, λu0 (yv − p) − 1

Consider an interior solution and set

1
dL
πf (L) g(L)

=0

L.

In order to

is examined.

for some

L.

Then

0 = (w∗ − yv + L) + λ [u(yv − p) − u(w∗ ) − u0 (yv − p) (L − p)]

By risk aversion,

u(yv − p) − u(w∗ ) > u0 (yv − p) (yv − p − w∗ ).

From this it follows that

0 > (w∗ − yv + L) + λ {u0 (yv − p) [(yv − p − w∗ ) − (L − p)]}
0 > (w∗ − yv + L) − λu0 (yv − p) (w∗ − yv + L)
λu0 (yv − p) (w∗ − yv + L) > (w∗ − yv + L)
λu0 (yv − p) > 1
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Since the coecient on
a large loss,

L

L is positive,

1
dL
is increasing in
πf (L) dg(L)

greater than some threshold

L̃,

dL
1
πf (L) g(L)

welfare is maximized by excluding the loss and setting
loss,

L smaller than some threshold L̃,

and set

g(L) = 1.

1
dL
πf (L) g(L)

< 0,

>0

L. This means that for

and consequently, donor

g(L) = 0.

And, for a smaller

so it is optimal to cover the loss

Thus, from the donor's perspective it is also optimal to exclude



large losses.

Proposition 3.8. As the income of the vulnerably party rises, their optimal level of
completeness tends to zero.

Proof.
dE[uIv ]
dγ

E[uIv ] = (1 − πγ)u(yv − π(1 − γ)L) + πγu(w)

= −πu(yv − π(1 − γ)L) + (1 − πγ)u0 (yv − π(1 − γ)L)πL + πu(w∗ )

L(1 − πγ ∗ )u0 (yv − π(1 − γ ∗ )L) + u(w) − u(yv − π(1 − γ ∗ )L) = 0 where γ ∗

is the optimal

level of incompleteness.

Dierentiate with respect to

yv .
∗

u0 (yv − π(1 − γ ∗ )L) − u0 (yv − π(1 − γ ∗ )L) = 0
L(1 − πγ ∗ )u00 (yv − π(1 − γ ∗ )L) − Lπ dγ
dyv
∗

L(1−πγ ∗ )u00 (yv −π(1−γ ∗ )L)−u0 (yv −π(1−γ ∗ )L)
u0 (yv −π(1−γ ∗ )L)

∗

L(1−πγ ∗ )u00 (yv −π(1−γ ∗ )L)
u0 (yv −π(1−γ ∗ )L)

Lπ dγ
=
dyv
Lπ dγ
=
dyv

This indicates that

dγ ∗
dyv

< 0

−1

and the optimal level of incompleteness decreases as



vulnerable party income rises.
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Proposition 3.9. The optimal level of incompleteness for the donor is the lowest
level of incompleteness that the vulnerable party will purchase insurance under.

Proof. Under Proposition 3.4 , the donor's welfare is increased when the vulnerable party purchases insurance.

Consider

γ

such that the vulnerable party purchases insurance.

E[Wd ] = yd − πγ(w − yv + L + π(1 − γ)L) + δ {(1 − πγ)u(yv − π(1 − γ)L) + πγu(w)}
Dierentiating with respect to

γ

provides,

dE[Wd ]
= −π(w − yv + L + π(1 − γ)L) + π 2 γL
dγ
+δπL(1 − πγ)u0 (yv − π(1 − γ)L)
+δπ {−u(yv − π(1 − γ)L + u(w∗ )}

Using

δπ[u(w) − u(yv − π(1 − γ)L)] < δπu0 (yv − π(1 − γ)L)[w − yv + π(1 − γ)L],

determines that

dE[Wd ]
< −π(w − yv + L + π(1 − γ)L − πγL)
dγ
+δπu0 (yv − π(1 − γ)L)(w − yv + L + π(1 − γ)L − πγL)
= −π(w − yv + L + π(1 − γ)L − πγL)(1 − δu0 (yv − π(1 − γ)L))
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Since the donor it is only of benet for the donor to provide assistance when a loss
has occurred,

δu0 (yv − π(1 − γ)L) ≤ 1.

A sucient condition for donor welfare to be decreasing in

γ)L − πγL > 0.
Thereby,

dE[Wd ]
dγ

This will occur when

γ≤

1
, or if
2

γ>

γ

is

1
, then
2

w − yv + L + π(1 −

L>

yv +−π(1−γ)L−w
.
(1−πγ)

< 0.

This shows that the donor's welfare rises as incompleteness decreases once the vulnerable party insures. By continuity, this implies that the donor's optimal level of
incompleteness is the lowest level that the vulnerable party will choose to purchase



insurance.

Proposition 3.10. As income of the vulnerable party rises, the set of insurance
products that would be purchased increases.

Proof. By Proposition 3.4, donor welfare is enhanced by the purchase of insurance. The donor's optimum level of incompleteness will therefore be the lowest level
of incompleteness that induces the vulnerable party to purchase insurance. Based on
this it can be shown that the donor's optimal level of incompleteness decreases as the
income of the vulnerable party rises. This is equivalent to proving that the set of
that supports insurance purchase increases with

Fix

γ

yv .

γ̄ .

Without insurance a vulnerable party has expected utility,

πu(w).
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E[uz=0 ] = (1 − π)u(yv ) +

With insurance a vulnerable party has expected utility,

E[uz=L ] = (1 − πγ̄)u(yv −

π(1 − γ̄)L) + πγ̄u(w)
If

E[uz=L ] > E[uz=0 ]

then the vulnerable party would insure.

dE[uz=0 ]
dyv

= (1 − π)u0 (yv )

dE[uz=L ]
dyv

= (1 − πγ̄)u0 (yv − (1 − γ̄)πL)

Now

dE[uz=L ]
dyv

>

dE[uz=0 ]
. This implies that the set of
dyv

ensure under is increasing in

yv .

γ

that a vulnerable party would

If insurance is purchased under

insurance will be purchased for some

γ < γ̄ .

incompleteness for the donor tends to zero.
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Thus, as

yv

γ̄ ,

then as

yv

rises

rises the optimal level of



Chapter Four

Proposition 4.1. If m ≥ 1, then for an index I ∈ Ω it is not strictly optimal to
choose an indemnity S > L.

Proof. Set

S > L and let S 0 = L, with R = mS (p + q − r) and R0 = mS 0 (p + q − r).

Now

(p + q − r) [S − R − (S 0 − R0 )] =

 −1

m − (p + q − r) (R − R0 )

(p + q − r) [S − R − (S 0 − R0 )] ≤ [1 − (p + q − r)] (R − R0 )

It follows from this that

0

)−u(W −R)
vu (I, S 0 , R0 ) − vu (I, S, R) = r [R − R0 ] u(W −RR−R
+ (1 − p −
0
0

0

−R )
)−u(W −L−R)
q) [R − R0 ] u(W −L−RR−R
− (p − r) [S − R − (S 0 − R0 )] u(W +S−L−R)−u(W
−
0
[S−R−(S 0 −R0 )]
0

0

+S −R )
≥0
q [S − R − (S 0 − R0 )] u(W +S−R)−u(W
[S−R−(S 0 −R0 )]

So setting

S>L

is weakly dominated by setting

S = L.
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Proposition 4.2. A decrease in downside basis risk weakly increases an individual's
utility. Namely for I1 , I2 ∈ Ω with r1 < r2 and q1 = q2 , for all u ∈ U we have that
I1 % I2 .

Proof. Fix a utility function

S1 =

R2
and
m(p+q−r1 )

indemnity

S1

R1 = R2 .

u∈U

and pick

S2 .

Now,

R2 = mS2 (p + q − r2 ).

Let

I1

and

It can be shown that the utility obtained with

is weakly greater than that obtained with index

I2

and indemnity

S2 .

The dierence in utility is written as:

vu (I1 , S1 , R2 ) − vu (I2 , S2 , R2 ) = (r2 − r1 ) [u (W + S1 − L − R2 ) − u (W − L − R2 )]
+ (p − r2 ) [u (W + S1 − L − R2 ) − u (W + S2 − L − R2 )]
+ q [u (W + S1 − R2 ) − u (W + S2 − R2 )]

Dene A = [u (W + S1 − L − R2 ) − u (W − L − R2 )] /S1 . As u is concave the slope of
utility is decreasing with income, so:
A ≥ [u (W + S2 − R2 ) − u (W + S1 − R2 )] /(S2 − S1 ) &
A ≥ [u (W + S2 − L − R2 ) − u (W + S1 − L − R2 )] /(S2 − S1 )

Substituting this into the equation above we obtain:
vu (I1 , S1 , R2 ) − vu (I2 , S2 , R2 ) ≥ A [(r2 − r1 )S1 − (S2 − S1 )(p + q − r2 )]



R2 (r2 − r1 )
R2
(p + q − r2 )
= A
−
1−
m (p + q − r1 )
m
(p + q − r1 )
= 0
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Hence, for any choice of indemnity, S2 , under index I2 , it is possible to nd an indemnity
S1 such that vu (I1 , S1 , R2 ) ≥ vu (I2 , S2 , R2 ). Thus the maximum expected utility must be

weakly greater under index I1 than index I2 .


Proposition 4.3. If m ≥ 1, a decrease in upside basis risk weakly increases agent's
utility. Namely for I1 , I2 ∈ Ω with r1 = r2 and q1 < q2 , for all u ∈ U we have that
I1  I2 .

Proof. Choose a utility function
maximized for index

S1 − R1 = S2 − R2

I2 .

and

If

S2 = 0

u ∈ U

and pick

R2

and

S2

we are done, otherwise pick

R1 = mS1 (p + q1 − r).

Note that

such that utility is

S1

and

R1 < R2 .

R1

such that

The change in

utility can be written as:

vu (I1 , S1 , R1 ) − vu (I2 , S2 , R2 ) = − (q2 − q1 ) [u (W + S1 − R1 ) − u (W − R1 )]

Dene

+

(1 − p − q 2 ) [u (W − R1 ) − u (W − R2 )]

+

r [u (W − L − R1 ) − u (W − L − R2 )]

A = [u (W + S1 − R1 ) − u (W − R1 )] /S1 .

As

u

is concave the slope of utility

is decreasing with income, so:

A ≤ [u (W − R1 ) − u (W − R2 )] /(R2 − R1 ) &
A ≤ [u (W − L − R1 ) − u (W − L − R2 )] /(R2 − R1 )
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Substituting this into the equation above we obtain:

vu (I1 , S1 , R2 ) − vu (I2 , S2 , R2 ) ≥ A [−(q2 − q1 )S1 + (R2 − R1 )(1 − p − q2 + r)]

Combining

S1 − R1 = S2 − R2

m(q2 −q1 )
(q2 −q1 )
S1 1−m(p+q
≥ S1 1−p−q
.
2 −r)
2 +r

0.

Thus index

I1

and

Ri = mSi (p + qi − r)

Substituting this we nd

is preferred to index

we determine

R2 − R1 =

vu (I1 , S1 , R2 )−vu (I2 , S2 , R2 ) ≥

I2 .



Lemma 4.1: For two index products I1 , I2 ∈ Ω, if m ≥ 1 and I1 A I2 , then index
I1 is weakly preferred to I2 by any risk averse individual, u ∈ U .

Proof. When

r1 = r2

and

q1 ≤ q2

the proof follows straight from Proposition 4.3.

r1 < r2 < p

Next let us consider the borderline case where
this case index

I1

and

(q2 −q1 )
(r2 −r1 )

=

−q1
. In
p−r1

represents an index with less downside basis risk than index

I2 , but

more upside basis risk.

The probability of payout for each of the indices is

p + q1 − r1 > p + q2 − r2 ,
Fix an indemnity

as

r1 < r2

S2 ∈ [0, L]

and

p + qi − ri ∀i = 1, 2.

Note that

q1 > q2 .

and the premium

R = S2 m (p + q2 − r2 ).

an indemnity and associated premium for index
the agent is weakly higher than for index

I2 .
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I1

We can nd

such that the expected utility of

Set the premium to be equal for both insurance products
and

S2 =

R
, it follows that
m(p+q2 −r2 )

I1 and I2 .

S2 =

Now it is possible to show that,

since

´t
−∞

p − r1
q1
S1 = S1
p − r2
q2

Fq1 ,r1 (x) ≥SSD Fq2 ,r2 (x)

,

[Fq2 ,r2 (x) − Fq1 ,r1 (x)] dx ≥ 0.




0







r1




Fq1 ,r1 (x) = p







1 − q1






1




0







r2




Fq2 ,r2 (x) = p







1 − q2






1

S1 =

R
m(p+q1 −r1 )

S2 > S1 .

Combining the condition above and the relationship between

(A.6)

So

x ∈ [0, W − L − R)
x ∈ [W − L − R, W − L − R + S1 )
x ∈ [W − L − R + S1 , W − R)
x ∈ [W − R, W − R + S1 )
x ∈ [W − R + S1 , ∞)

x ∈ [0, W − L − R)
x ∈ [W − L − R, W − L − R + S2 )
x ∈ [W − L − R + S2 , W − R)
x ∈ [W − R, W − R + S2 )
x ∈ [W − R + S2 , ∞)

This is most easily seen in Figure A.1 .
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S1 and S2

provides that

Figure A.1. Second order stochastic dominance: Denition 1A

F (t)
1
D

1 − q2
1 − q1

C

p
B

r2
r1

A

W −L−R
W − L − R + S2
W − L − R + S1

W −R

Payo

W − R + S2
W − R + S1

Figure A.1 shows the cumulative distribution function of the index products

(q1 , r1 )

in black and

dominates

I2

I2 = (q2 , r2 )

in gray. The index

F I1

second order stochastically

if the area under the cumulative distribution function

or equal to the area under the cumulative distribution
under

I1

and

F I2

dier by the areas marked
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I1 =

FI2

A, B , C , D .

from

−∞

FI1 is
to

t.

less than
The areas

Using Equation A.6, we can show that area A equals area B

ˆ

W −L−R+S1

[Fq2 ,r2 (x) − Fq1 ,r1 (x)] dx

A =
W −L−R

= (r2 − r1 )S1
ˆ

W −L−R+S2

[Fq2 ,r2 (x) − Fq1 ,r1 (x)] dx

B = −
W −L−R+S1

= (p − r2 ) (S2 − S1 )


p − r1
= (p − r2 )
S1 − S1
p − r2
= (r2 − r1 )S1

We can also show that area C equals area D.

ˆ

W −R+S1

[Fq2 ,r2 (x) − Fq1 ,r1 (x)] dx

C =
W −R

(q1 − q2 )S1
ˆ

W −L−R+S2

D = −

[Fq2 ,r2 (x) − Fq1 ,r1 (x)] dx
W −L−R+S1

= q2 (S2 − S1 )


q1
S1 − S1
= q2
q2
= (q1 − q2 )S1
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It follows from this that

´x
−∞

[Fq2 ,r2 (t) − Fq1 ,r1 (t)] dt =




0







(r2 − r1 ) (x − (W − L − R))








A − (p − r2 ) (x − (W − L − R + S1 ))




0







(q1 − q2 ) (x − (W − R))








C − q2 (x − (W − R + S1 ))






0

x ∈ [−∞, W − L − R)
x ∈ [W − L − R, W − L − R + S1 )
x ∈ [W − L − R + S1 , W − L − R + S2 )
x ∈ [W − L − R + S2 , W − R)
x ∈ [W − R, W + S1 − R)
x ∈ [W − R + S1 , W − R + S2 )
x ∈ [W − R + S2 , ∞)
≥ 0

Thereby, vu (I1 , S1 , R1 ) ≥ vu (I2 , S2 , R2 ). As the choice of S2 was arbitrary, for every S2 it
is possible to nd a feasible S1 such that this inequality holds. This means that index I1
will be preferred to index I2 for every risk averse individual.
So far the proof has shown the result for the case where r1 < r2 and

(q2 −q1 )
(r2 −r1 )

ever, applying Proposition 4.2 extends this result to all the cases r1 < r2 and

=

−q1
p−r1 .

(q2 −q1 )
(r2 −r1 )

≥

How−q1
p−r1 ,

thus proving the Lemma.

Alternative proof of Lemma 4.1: Here we consider the case where
This implies that

I¯2 = (q̄2 , r2 ).

(q2 −q1 )
(r2 −r1 )

≥

−q1
and
p−r1

r1 ≤ r2 .

Using Proposition 4.3,

I¯2

Dene

index

q1
q̄2 = q1 − (r2 − r1 ) p−r
1

is preferred to

Otherwise, we can show that for a utility function

I2 .
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I1 A I2 .

I2 .

u ∈ U,

If

r1 = r2

index

I1

and let

we are done.

is preferred to

Dene

k = (r2 − r1 )/(p − r1 ),

now

q̄2

and

r2

can be written as:

q̄2 = q1 (1 − k)
r2 = r1 + k (p − r1 )

Let
If

S2

be the optimal level of claim under index

S2 = 0

then we are done. Otherwise pick

S1 < S 2 .

straight forward to see that

R = mS1 (p + q1 − r1 )

S1

I¯2 ,

and set

such that

R = mS2 (p + q̄2 − r2 ).

R = mS1 (p + q1 − r1 ).

Further, combining

R = mS2 (p + q2 − r2 )

we get:

S1
p + q2 − r2
=
S2
p + q1 − r1
=

p + q1 − kq1 − r1 − k(p − r1 )
p + q 1 − r1

= 1−k
Thus,

kS2 = (S2 − S1 ).

We now compare utility under the two indices:


vu I¯2 , S2 , R − vu (I1 , S1 , R)

=−

kq1 [u (W + S2 − R) − u (W − R)]

−

k (p − r1 ) [u (W − L + S2 − R) − u (W − L − R)]

+

q1 [u (W + S2 − R) − u (W + S1 − R)]

+

(p − r1 ) [u (W + S2 − L − R) − u (W + S1 − L − R)]

Dene A = [u (W + S2 − L − R) − u (W + S1 − L − R)] / (S2 − S1 ) and
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It is
and

B = [u (W + S2 − R) − u (W + S1 − R)] / (S2 − S1 ). By the concavity of u:
A ≤ [u (W − L + S2 − R) − u (W − L − R)] /S2 &
B ≤ [u (W + S2 − R) − u (W − R)] /S2 .

Substituting in A and B we get the following inequality:

vu I¯2 , S2 , R2 − vu (I1 , S2 , R2 ) ≤ −kS2 q1 B − kS2 (p − r1 ) A
+ (S2 − S1 ) q1 B + (S2 − S1 ) (p − r1 ) A
= 0

Therefore, vu I¯2 , S2 , R2 − vu (I1 , S2 , R2 ) ≤ 0. Since S2 and R2 were chosen optimally for


index I¯2 it must be that I1 is preferred to I¯2 under utility function u. Thus index I1 is
preferred to index I2 .


Lemma

4.2:

For two index products I1 , I2 ∈ Ω, if m ≥ 1 and I1 B I2 , then index

I1 is weakly preferred to I2 by any risk averse individual, u ∈ U .

Proof. Consider the case where

This implies that
show that

I1 B I2 .

(r1 − r2 ) [1 − p − q1 + (1 − m) /m] − r1 (q2 − q1 ) ≤ 0.

I1 = (r1 , q1 ) is preferred under u to I2 = (r2 , q2 ).

of claim under index

I2 ,

and set

R2 = mS2 (p + q2 − r2 ).
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Let

If

We can now

S2 be the optimal level

S2 = 0

then we are done.

Otherwise pick

S1

and

R1

such that

S1 − R1 = S2 − R2

and

R1 = mS1 (p + q1 − r1 ).

vu (I2 , S2 , R2 ) − vu (I1 , S1 , R1 ) = (q2 − q1 ) [u (W + S2 − R2 ) − u (W − R2 )]
+ (r1 − r2 ) [u (W − L + S2 − R2 ) − u (W − L − R2 )]
− (1 − p − q1 ) [u (W − R1 ) − u (W − R2 )]
− r1 [u (W − L − R1 ) − u (W − L − R2 )]

Dene A = [u (W + S2 − L − R2 ) − u (W − L − R2 )] /S2 and,
B = [u (W + S2 − R2 ) − u (W − R2 )] /S2 . By the concavity of u:
A ≤ [u (W − L − R1 ) − u (W − L − R2 )] /(R2 − R1 )
B ≤ [u (W − R1 ) − u (W − R2 )] /(R2 − R1 ) &
A ≥ B.

Substituting in A and B we get the following inequality:
vu (I2 , S2 , R2 ) − vu (I1 , S1 , R1 ) ≤ S2 B (q2 − q1 ) − (R2 − R1 ) (1 − p − q1 ) B
+S2 (r1 − r2 ) A − (R2 − R1 ) r1 A
= xS2 B + yAS2

Where x = (q2 − q1 ) − (R2 − R1 ) (1 − p − q1 ) and y = (r1 − r2 ) − (R2 − R1 ) r1 . To show
that v (I2 , S2 , R2 ) − v (I1 , S1 , R1 ) ≤ 0 it suces to show that y ≤ 0 and x + y ≤ 0.
Combining S1 − R1 = S2 − R2 and Ri = mSi (p + qi − ri ) we get:
(R2 − R1 ) =

m (q2 − q1 ) + m (r1 − r2 )
1 − m (p + q1 − r1 )
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Substituting these we determine y and x:
y=m

(r1 − r2 ) [1 − p − q1 + (1 − m) /m] − r1 (q2 − q1 )
≤0
1 − m (p + q1 − r1 )

x=m

(r1 − r2 ) [1 − p − q1 ] + ((1 − m)/m − r1 ) (q2 − q1 )
1 − m (p + q1 − r1 )

From this it is shown x + y =

1−m
1−m(p+q1 −r1 )

[q2 − q1 + r1 − r2 ] ≤ 0. Thus I1 is preferred

under u to I1



Theorem 4.1. If m ≥ 1, then for two index products I1 , I2 ∈ Ω, I1 is weakly
preferred to I2 by any risk averse individual if and only if I1 ? I2 .

Proof. The rst direction of the proof of Theorem 4.1, that
for any risk averse individual if either

I1 A I2

or

I1 B I2

I1

is preferred to

is shown by Lemma 4.1

and Lemma 4.2. The second direction shown here, will prove that if neither
nor

I1 B I2

preferred to

I1 A I2

then there exists risk averse expected utility preferences such that

I1 .

I2

I2

is

The proof is by construction.

First we note that when a utility function

u∈U

is dierentiable at

W

and

W −L

the condition required for some insurance to be optimal is:

[(p − r) − m (p + q − r)] u0 (W − L) > [(p − r) − m (p + q − r) + (m − 1)q] u0 (W )
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So if

u0 (W − L)

is large enough relative to

u0 (W )

it will be optimal to select some

positive insurance.

Consider the case where

q1 < q 2

and

−(r2 −r1 )
(q2 −q1 )

>

r1
. Let
1−p−q1 +(m−1 −1)

u(c)

be dened

as follows:


 α1 (c − W + L − )
u(c) =
 α (c − W + L − )
2
Where

α2

For index

.

is large relative to

α1

and



f or

W −L+≤c

f or W − L −  ≤ c < W − pL

is small relative to

W

and

L.

I1 the optimal insurance is to set the claim and premium such that S1 −R1 =

For index

I2

again pick

S2 − R2 = .

We can now nd the change in utility:

vu (I2 , S2 , R2 ) − vu (I1 , S1 , R1 ) = (q2 − q1 ) [u (W + S2 − R2 ) − u (W − R2 )]
+ (r1 − r2 ) [u (W − L + S2 − R) − u (W − L − R2 )]
− (1 − p − q1 ) [u (W − R1 ) − u (W − R2 )]
− r1 [u (W − L − R1 ) − u (W − L − R2 )]

Substituting for the utility we get:

vu (I2 , S2 , R) − vu (I1 , S1 , R) = (q2 − q1 ) α1 S2 − (1 − p − q1 ) α1 (R2 − R1 )
+ (r1 − r2 ) α2 S2 − r1 α2 (R2 − R1 )
= xS2 α1 + yS2 α2
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Since

α1 is small relative to α2 , to show that vu (I2 , S2 , R)−vu (I1 , S1 , R) > 0 it suces

to show that

y > 0.
y=m

Thus

I2

R2 − R1 =

Using

m(q2 −q1 )+m(r1 −r2 )
we get:
1−m(p+q1 −r1 )

(r1 − r2 ) [1 − p − q1 + (1 − m) /m] − r1 (q2 − q1 )
>0
1 − m (p + q1 − r1 )

is strictly preferred to

I1

under

Alternatively consider the case where

u(c).

r1 < r2

and

q1 −q2
(r2 −r1 )

>

q1
. Let
p−r1

u(c)

be dened

as follows:



α1 (c − W + pL)



u(c) =
α2 (c − W + L − )




≈ −∞
Where

α2 − α1 > 0

small relative to

For index
index

I2

I1

W

f or W − L −  ≤ c < W − pL
c<W −L−

f or

is suciently large to make positive insurance optimal and
and



is

L.

the optimal insurance is to set

again pick

W − pL < c

f or

R=

and set

R = 

and

R = S2 (p + q2 − r2 ).

R = S1 (p + q1 − r1 ).

For

We can now nd the change

in utility:

vu (I2 , S2 , R) − vu (I1 , S1 , R) = − (q1 − q2 ) [u (W + S2 − R) − u (W − R)]
−

(r2 − r1 ) [u (W − L + S2 − R) − u (W − L − R)]

+

q1 [u (W + S2 − R) − u (W + S1 − R)]

+

(p − r1 ) [u (W + S2 − L − R) − u (W + S1 − L − R)]
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Substituting for the utility we nd:
vu (I2 , S2 , R) − vu (I1 , S1 , R) = − (q1 − q2 ) α1 S2 + q1 α1 (S2 − S1 )
− (r2 − r1 ) α2 S2 + (p − r1 ) α2 (S2 − S1 )

Next substitute S2 − S1 =

(q1 −q2 )+(r2 −r1 )
p+q1 −r1

to obtain:

vu (I2 , S2 , R) − vu (I1 , S1 , R)
= S2 (α2 − α1 ) [(q1 − q2 ) (p − r1 ) − (r2 − r1 ) q1 ] > 0
1 − p − q1 + r1

Thus I2 is strictly preferred to I1 under u(c).


Quadratic utility and actuarially fair premiums as a special case

The quadratic utility is given by

γ
U (c) = c − c2
2

Let

l

be a random variable that represents the loss, and let

I

represent the index.

The agents maximization is given by

maxS

h
i
γ
E W − l + S (I − E[I]) − (W − l + S (I − E[I]))2
2

This reduces to

maxS


γ 
W − E[l] − E (W − l + S (I − E[I]))2
2
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The rst order condition is

γ
0 = − E [(I − E[I]) (W − l + S (I − E[I]))]
2
0 = E [(I − E[I]) (W − E[l] − (l − E[l]) + S (I − E[I]))]
0 = E [(I − E[I]) (− (l − E[l]) + S (I − E[I]))]


0 = −E [(I − E[I]) (l − E[l])] + SE (I − E[I])2

This implies that

S∗ =

Now we can ll in the optimal

Cov (I, l)
V ar(I)

S∗


γ 
U ∗ = W − E[l] − E (W − l + S ∗ (I − E[I]))2
2

γ 
γ
= W − E[l] − (W − E[l])2 − E (− (l − E[l]) + S ∗ (I − E[I]))2
2
2
γ
= U (W − E[l]) − [V ar(l) − 2S ∗ Cov(I, l) + S ∗ V ar(I)]
2


γ
Cov(I, l)2
= U (W − E[l]) −
V ar(l) −
2
V ar(I)


γ
Cov(I, l)2
= U (W − E[l]) − V ar(l) 1 −
2
V ar(l)V ar(I)


γ
= U (W − E[l]) − V ar(l) 1 − Cor(I, l)2
2

This illustrates that in this special case, correlation can be used to rank indices.
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Corollary 4.2. Let I1 be an index with correlation ρ1 <

q

p(m−1)
1−p

. There exists I2

an index with correlation ρ2 ≥ ρ1 such that for all u ∈ U , I1 % I2 .

Proof. Correlation is dened by

ρ= √

p−r−p(p+q−r)
p(1−p)(p+q−r)(1−p−q+r)

by virtue of the joint

distribution. The set of indices a risk averse individual would consider is dened by


Ω := (q, r) ∈ R2+ : r ≤ p, q ≤ (1 − p) and (p − r) > mp (p + q − r)
The index

IB := (0,

1
m

− p)

lies on the (non-inclusive) boundary of the set

The correlation of this index is

Dene

I1

as having correlation

ρB =
ρ1 <

q

q

such that

ρB .

ρ2 > ρB

The curve

and

ρB

Ω(p, m).

p(m−1)
.
1−p

p(m−1)
.
1−p

Since the curve of equal correlation is a convex function when
above the curve

.

intersects the boundary of

(p − r2 ) > mp (p + q2 − r2 ).

Thus

ρ > 0, the curve ρ1
Ω

at

IB .

Thereby

lies

∃ I2

I1 % I2 .


Corollary 4.4. Comparative statics of Ω (p, m)
As m increases the size of set Ω decreases, Ω (p, m0 ) ⊃ Ω (p, m”) for p−1 > m” >
m0 ≥ 1.
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Proof. For

m ≥ 1, Ω(p, m)

is dened by Equation (3.1):


Ω := (q, r) ∈ R2+ : r ≤ p, q ≤ (1 − p) and (p − r) > mp (p + q − r)

If

(q, r) ∈ Ω (p, m”)

then

r ≤ p, q ≤ (1 − p),

and

(p − r)
> m”p > m0 p
(p + q − r)

This implies that

To show that

r̄ = 0.

(q̄, r̄) ∈ Ω (p, m0 ),

Ω (p, m”)

so

is a strict subset of

Ω (p, m0 )

let

q̄ = 0.5 (m0 + m”)−1 − p

and

It follows that

m”p >

So

Ω (p, m0 ) ⊇ Ω (p, m”).

(q̄, r̄) ∈ Ω (p, m0 ),

but

(p − r̄)
> m0 p
(p + q̄ − r̄)

(q̄, r̄) ∈
/ Ω (p, m”).


Corollary 4.5. Comparative statics of the comparable set.
For m0 and m” such that p−1 > m” > m0 ≥ 1, dene the set Ω̃ as Ω̃ = Ωm” ∩ Ωm0 .
Let m” be ? for m” dened on the set Ω̃, and let m0 be ? for m0 dened on the
set Ω̃.
It follows that m” ⊃m0 . Namely, more indices can be compared as m increases.
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Proof. Let

A,m”

dened on the set

B,m0

be

B

for

be

Ω̃.

m0

A

for

B,m”

B

be

for

Ω̃,

m”

and let

be

dened on the set

? thatm0 =A,m0 ∪ B,m0

A

A,m0

A
Ω̃,

for

m0

and let

Ω̃.

dened on the set

The conditions for denition

implies that

and

A,m0 =A,m” ,

m” =A,m” ∪ B,m” .

as

A

does not depend

m.

Now, consider two indices,

If

dened on the set

Similarly, let

If follows from the denition of

on

m”

I1 B,m0 I2

q1 = q2

and

then either

r1 ≤ r2

then

I1 = (q1 , r1 )

q 1 = q2

and

I1 B,m” I2

I2 = (q2 , r2 ),

and

r1 ≤ r2

or

q1 < q2

. Alternatively, if

where

and

q1 < q2

I1 , I2 ∈ Ω̃.

(r1 −r2 )
(q2 −q1 )

≤

r1
. If
m0−1 −p−q1

then

(r1 − r2 )
r1
r1
≤ 0−1
≤
−1
(q2 − q1 )
m − p − q1
m” − p − q1
which implies that

I1 B,m” I2 .

From this we can conclude that

To show that

q1 > 0

and

m0

r1 > 0.

B,m” ⊇B,m0

is strict subset of
Now pick

I2 (q2 , r2 )

m” ,

and

m” ⊇m0 .

pick any index

so that

q2 = 0

I1 (q1 , r1 ) ∈ Ω̃

such that

and



1
r1
r1
r2 = r1 + q1
+
2 m0−1 − p − q1 m”−1 − p − q1

It is simple to check that

I2 B,m” I1 ,

but

I1 B,m” I2 ,

rable under Denition 1A. So it follows that

and

I1 and I2

are not compa-

m” ⊃m0 .
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Proposition 4.4. For every binary index based on Z there exists a cut-o index with
lower upside and downside basis risk.

Proof. Consider an index based on

Z.

Let

A ⊆ [z, z]

the index pays out. Now create a cut o index with cuto

z̃

be the values for which
such that

F (z̃) = P rob (Z ∈ A)

We can now show that the index created with the cut-o
downside basis risk. Dene sets

B, C

and

D

z̃

has lower upside and

as follows

C = A ∩ [z, z̃]
B =A\C
D = [z, z̃] \ C

As

P rob (Z ∈ A) = P rob (Z ∈ [z, z̃])

Now for all

z0 ∈ D

and

it follows that

z” ∈ B , z 0 < z”

this

which implies that

ˆ

ˆ
g(z)dF (z) ≥

g(z)dF (z)

D
which implies that

P rob (Z ∈ B) = P rob (Z ∈ D).

B

ˆ

ˆ
g(z)dF (z) ≥

D∪C

g(z)dF (z)
B∪C
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g(z 0 ) ≥ g(z”).

So from

So we know that
As

p+q−r

p−r

is greater under the cut o index as compared the index

A.

is the same for both indices it follows that the cut o has lower upside



and downside basis risk.

Proposition 4.5. The level of basis risk q and r, can be determined for each cut o
index z̃ as r = p −

´ z̃
0

g(z)dF (z) and q =

´ z̃
0

dF (z) −

´ z̃
0

g(z)dF (z).

Proof. Using the joint probability distribution from the basis risk paper, redene

q

and

r

in terms of the continuous random variable

Z.

The probability of a loss when the index is triggered is:

ˆ

z̃

p−r =

g(z)dF (z)
0

and the probability of the index being triggered is:

ˆ
p+q−r =

z̃

dF (z)
0

Rearranging these two equations provides the proof.
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Table A.1. Survey Questions from 2012

Follow-up Survey 2012 Oct/Nov
Research Assistant: ____________________________________
Preliminary Questions
1.
2.
3.
4.
5.
6.

Are you the head of household?
Yes
No
Head of household
Male
Female
Occupation
Farmer
Other: _____________
How many adults live with you?
_____________________
How many children live with you?
_____________________
What is the highest level of educational attainment for the head of household?
No Education
Secondary incomplete
Primary incomplete
Secondary complete
Primary complete
Tertiary

Assets and wealth
7. What other sources of income do you have?
Own business
Remittances
Regular job
Machinery/Farming rent
Land rent
Other: ______________________
8. How many rooms do you have in your dwelling? _____________________
9. Do you have a separate kitchen?
Yes
No
10. What is your main cooking fuel?
Wood
Dung
Coal
Other: ______________________
11. How many timad of irrigated land does your household own? ___________ timad
12. How many timad of rainfed land do your household own? _____________ timad
13. How many of the following assets do your household own?
Oxen
Chickens
Goats
Sheep
Donkeys
Hoe
Plough

Watch/ clock
Mobile phone
Radio
Jewelry
Pairs of shoes
Shovel

14. Type of floor material in your home
Earth floor
Dung floor
Carpet floor

Wood floor
Cement floor
Other: _____________________________
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Follow-up Survey 2012 Oct/Nov
Questions about last season
15. How much seed did you plant in Spring/April? _______________________ kg
16. How much fertilizer did you use in Spring/April? ______________________ kg
17. If you received money last game what did you use it for?
Seed
School supplies
Fertiliser
Clothing
Pay off debt
Purchase food
Chicken
Goat
Saving
Coffee
Other: _________________
Cannot remember
18. Have you harvested?

Yes

No

Currently

Questions about beliefs
19. On the bar below mark (X) the amount of rainfall you received this season just ending.
Worst year

Average

Best year

20. On the bar below mark (X) the amount of rainfall you received last season.
Worst year

Average

Best year

21. On the bar below mark (X) the amount of rainfall you received two seasons ago.
Worst year

Average

Best year

22. How did the rainfall for this season just ending compare to your expectations?
Much better than expected
Worse than expected
Better than expected
Much worse than expected
As expected
23. If you receive money at the end of today what will you use it for?
Seed
School supplies
Fertiliser
Clothing
Pay off debt
Purchase food
Chicken
Goat
Saving
Coffee
Other: _______________________________
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Chapter Five

Proposition 5.1 Consider n investors where

α1
β1

does not imply, at any point in time t > 0 that
Pt

αn−1 + s=0 zs
βn−1 +t

>

Pt

αn + s=0 zs
βn +t

. This

α2
n−1
> ... > αβn−1
> αβnn
β2
P
P
α1 + ts=0 zs
α2 + ts=0 zs
>
>
β1 +t
β2 +t

>

... >

. That is if investors are ranked based on their prior beliefs,

this ranking is not consistent over time given the learning process.

Proof. Proof by example

Consider two investors 1 and 2 with prior parameters

At time

t = 0,

α1
β1

<

α1 = 1, β1 = 5, α2 = 5, β2 = 11.

α2
.
β2

However, suppose at time

t = 1 the investors have seen 10 events.

provides that investor 1 has

α1 = 11

and

β1 = 6

Bayesian updating

and investor 2 has

α2 = 15

and

β2 = 12.
Thereby at

t=1

we have

α1
β1

>

α2
and the rank order has been reversed.
β2



Proposition 5.2 If investors have the same initial wealth, beliefs and preferences
there is no price dierence between the aggregated and disaggregated risks.

n investors who have identical beliefs and preferences. Investor
X
j seeks to maximise their expected value Ej [Uj ] = Ej [Uj (w+
ηjv (Pv −Lv ))]. Where
Proof. Consider

w

is initial wealth,

risk

v

occurs and

Pv

ηjv

is the price of the risk

v , Lv

v∈K
is the loss incurred in the event

is the share of the risk that the individual absorbs. Set
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K

is

the set of all assets available in the market. Since investors have identical beliefs and
preferences the subscript

Let
n
X

ηv =

j

1
for each asset
n

can be dropped.

v ∈ K.

This satises the market clearing condition since

ηjv = 1.

j=1
The proof is shown for a market where

K = {X, Y },

however this is easily extended

to a market of many assets. The price of assets in the disaggregated market will be
determined rst.

Utilizing the rst order condition for the rst investor with respect to

E[U 0 (w + n1 (PX − XlX ) + n1 (PY − Y lY ))(PX − XlX )] = 0.
1
(PY
n

Similarly for

ηX

provides

ηY , E[U 0 (w +

− Y lY ) + n1 (PX − XlX ))(PY − Y lY )] = 0 is satised for the rst investor.

these equations simultaneously provides the solutions

PX

and

Solving

PY .

In order to show that this is a unique equilibrium price for the disaggregated market
these prices must satisfy the rst order conditions of all investors.
have the same rst order conditions,

PX

and

PY

1

Since investors

provide a market equilibrium.

The second part of the proof concerns the price of the asset in the aggregated market.
The single risk asset is

Since

1
(P
n

X

and

Y

L = XlX + Y lY .

are independent, the rst order condition can be written as:

E[U 0 (w +

− XlX − Y lY ))(P − XlX − Y lY )] = 0.

Substituting

P = PX + PY

(the prices from the disaggregated market) provides

E[U 0 (w + n1 (PX + PY − XlX − Y lY ))(PX + PY − XlX − Y lY )].
1Uniqueness

requires weak concavity.
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Rearranging this expression results in:

E[U 0 (w + n1 (PX + PY − XlX − Y lY ))(PX − XlX )] + E[U 0 (w + n1 (PX + PY − XlX −
Y lY ))(PY − Y lY )] = 0
This illustrates that
and

P

P = PX + PY

satises the rst order conditions of all investors

provides a market equilibrium in the aggregated market.

Hence there is no pricing dierence in the equilibrium price between the aggregated
and disaggregated markets when investors have the same beliefs and preferences.



Lemma 5.1 Under short sale constraints with a nite number of risk neutral investors
and nite number of risks,
(i) where one investor is optimistic there is no price dierence between
K
X
the aggregated and disaggregated risks, that is P = Pv .
v=1

(ii) where no investors are optimistic there is a positive price dierence
between aggregated and disaggregated risks, that is P >

K
X
Pv .
v=1

Proof. If investors are risk neutral their expected utility can be written as

Ej [Uj ] = w + ηj P − ηj Ej [L] for the aggregated risk.
the result that

P = Ej [L].

The rst order condition provides

Similarly for the disaggregated risks

PX = Ej [LX ]

and

PY = Ej [LY ].
Under short sale constraints each investor has a reservation price set by

P = Ej [L].

The price of the market will be based on the investor with the lowest reservation price
since for this investor

P − Ej [L] = 0,

but for all other investors
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P − Ej [L] < 0.

If (i) is satised then one investor is optimistic (has the lowest probability beliefs)
and has the lowest reservation price for all assets. Suppose investor
optimistic then

Ej [.] < Ei [.]

for all assets and investor

The aggregated price will be

is consistently

will purchase all assets.

P = Ej [XlX + Y lY ] = Ej [X]lX + Ej [Y ]lY .

The disaggregated prices will be

PY = 0

j

j

PX = Ej [X]lx

and

PY = Ej [Y ]lY .

Thus

P − PX −

and there is no dierence in the prices between the aggregated and the

disaggregated prices.

Alternatively if (ii) is satised, then consider an investor
beliefs about asset

X

Ei [Y ] ≤ Ej [Y ] ∀i 6= j .
So we have

but not asset

Y.

Now

j

Ej [X] < Ei [X] ∀i 6= j

In the aggregated market

and

∃i s.t.

PY = Ei [Y ]lY .

P = EB [XlX + Y lY ]

where

B

the lowest probability beliefs over the random variable
and

but

This ensures that no investor is optimistic.

PX = Ej [X]lX

Ej [X] < EB [X]

with the lowest probability

represents the investor with

XlX + Y lY .

By denition

Ei [Y ] ≤ EB [Y ].

P − PX − PY

= EB [X]lX + EB [Y ]lY − Ej [X]lX − Ei [Y ]lY
> 0
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Lemma 5.2 Consider investors following a Poisson-Gamma learning process. If
Lemma 5.1 (ii) is satised then the dierence"in price between the aggregated and dis#
aggregated risks at time t is given by Dt =

k
X
v=1

αB
v
βvB +t

−

α bv
βbv +t

+



1
βv +t

−

1
βbv +t

t
X

ψvs lv

s=0

; where the superscript B represents the individual with the lowest probability beliefs
for the aggregated risk, bv represents the individuals with the lowest probability beliefs
for each disaggregated risk v ∈ K and ψvs represents the number of realizations of
risk v in time period s.

Proof. The proof follows directly by combining the learning process with the
pricing process. For each asset, the investor with the lowest reservation price will set
the market price for that risk.

The proof is shown for a market where

K = {X, Y },

however this is easily extended

to a market of many assets.

Using the Poisson-Gamma learning process and Lemma 5.1(ii):

P − PX − PY



= EB [X]lX + EB [Y ]lY − EbX [X]lX − EbY [Y ]lY
P
P
P
P
αyB + s ψys
αxB + s ψxs
αbY + s ψys
αbX + s ψxs
=
l
−
lX
l
+
l
−
Y
Y
X
βyB + t
βxB + t
βb Y + t
βbX + t
!
P
P
P
 B P

αyB + s ψys
αbY + s ψys
αx + s ψxs
αbX + s ψxs
=
−
lY +
−
lX
βyB + t
βb Y + t
βxB + t
βb X + t
≡ Dt

Proof. Since lX and lY are constants,

Dt is a function of the information observed

and the starting priors of investors.
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This is easily generalizable to

Dt =

k
X

"
αB
v
βvB +t

−

α bv
βbv +t

+



k

1
βv +t

assets:

#
t
X
ψvs lv .
− βb 1+t
v



s=0

v=1

Proposition 5.5 Given the two risk classes, Dtcomm = Dtrare at t = 0. That is the
price dierential is identical in both risk classes at t = 0.

Proof. By construction the individuals with the lowest probability beliefs in the
set of common assets and the set of rare assets is the same. Thus these individuals
will determine the prices in both risk classes.

Let

B

be the individual with the lowest probability beliefs in the common aggregated

asset market.

Let

bv

be the individual with the lowest probability beliefs in the common disaggre-

gated asset market for asset

Dtcomm =

k
X

"

v=1

Dtrare =

k
X
v=1

"

M αB
Rv
B
βRv

αB
Rv
B
βRv

−

−

M αbRv
βbRv

αbRv
βbRv

+



v.
+

1
B
βRv



M
B
βRv

−

−

1
βbRv

M
βbRv

#
t
X
ψvs lv

t
X

s=0

#
ψvs M lv

s=0

∴Dtcomm = Dtrare



Theorem 5.1 When no investor has consistently lower probability beliefs, for suciently large ∞ > t, E [Dtrare ] − E [Dtcomm ] > 0 . The expected dierence in prices Dt
is larger in the case of rare risks than common risks.
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Proof. Consider

E [Dtcomm ] = E

( k "
X
v=1

(

E [Dtcomm ]
αB
Rv
B
βRv /M +t

−

and

rare
E [DM
t ].

αbrv
βbrv /M +t

+



Under Lemma 5.2, we know:

1
B /M +t
βRv

−

1
βbrv /M +t

# )
t
X
comm
lv
ψvs
s=0

"

#
)

X
Mt
B
α
α
1
1
b
rv
rare
rare
Rv
E [DM
−
+
−
ψvs
M lv
t ]=E
B + Mt
B + Mt
β
+
M
t
β
+
M
t
β
β
b
b
rv
rv
Rv
Rv
v=1
s=0
"
( k
#
)

X
Mt
B
X 1
αbrv
1
αRv
1
rare
−
−
+
ψ
=E
M lv
B /M + t
B /M + t
M βRv
βbrv /M + t
βbrv /M + t s=0 vs
βRv
v=1
# )
( k "

X
Mt
B
X
1
αbrv
1
αRv
rare
+
−
−
ψ
lv
=E
B /M + t
B /M + t
βbrv /M + t
βbrv /M + t s=0 vs
βRv
βRv
v=1

Note that

k
X

t
X

comm
∼ P ois(M tλ)
ψvs

and

Mt
X

rare
ψvs
∼ P ois(M tλ).

Therefore, both

s=0
s=0
random variables follow the same distribution.

Consider an arbitrary individual
class and a set of individuals

j

the price setter for the aggregate risk in the rare

{ir1 , ir2 , ...irk } who are the price setters for the individual

risks in the rare class.

Suppose

VrM t ≡

Mt
X

rare
ψvs

=

rare
0. DM
t

=

Vct ≡

t
X

αjRv
j
βRv
/M +t

v=1

s=0

Suppose

k h
X

−

αirv
βirv /M +t

i

comm
ψvs
= 0.

s=0

comm
Now, Dt

=

k h
X
v=1

Similarly suppose

αjRv
j
βRv
/M +t

−

αirv
βirv /M +t

i

lv .

So,

Vct = VrM t = 1.
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rare
comm
DM
.
t = Dt

lv .

rare
Now, DM t

k h
X

=

v=1

Dtcomm

=

k h
X
v=1

αjRv
j
βRv
/M +t

αjRv
j
βRv /M +t

−

−

αiRv
βiRv /M +t

αiRv
βiRv /M +t

It is easy to induce that when
identical. Since
investors

j

and

+

+





1
j
βRv
/M +t

1
j
βRv
/M +t

Vct = VrM t

−

−

1
βiRv /M +t

1
βiRv /M +t

i

i

lv .

lv

and

Again,

rare
comm
.
DM
t = Dt

the price dierentials of each risk class is

{ir1 , ir2 , ...irk } were chosen arbitrarily this is true for any set of

(j, {ir1 , ir2 , ...irk }).

Expected value is dened as:

E [X] =

∞
X

xP r(x).

We can rewrite the expected price

x=0
dierentials as:

E

[Dtcomm ]

=

∞ X
k h
X
Vct =0 v=1

rare
E [DM
t ] =

αjRv
j
βRv /M +t

∞
k h
X
X
VrM t =0 v=1

αjRv
j
βRv
/M +t

−

αiRv
βiRv /M +t

+



−

αiRv
βiRv /M +t

+



From above we have shown that
noted above that

P r(VrM t = x).

Vct

and

VrM t

1
j
βRv
/M +t

1
j
βRv
/M +t

comm
rare
DM
t = Dt



i
Vrct lv P r(Vct )



i
VrM t lv P r(VrM t )

−

1
βiRv /M +t

−

1
βiRv /M +t

when

Vct = VrM t .

share the same distribution, thereby

Thus combining these two notions provides that

The second part of the proof shows that

It was also

P r(Vct = x) =

comm
rare
].
E [DM
t ] = E [Dt

rare
E [Dtrare ] > E [DM
t ].

As mentioned in Lemma 5.3, it is clear that
must be the case that at a suciently large
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E [Dtrare ] → 0

as

t → ∞.

rare
t, E [Dtrare ] > E [DM
t ].

Thereby, it



Numerical Examples:
Figure 5.5.1 parameters: ve investors, two assets,

λ1 = 0.003, λ2 = 0.005, M = 100

and expected loss=1000.

Table A.2. Parameters for Figure 5.5.1

α1

β1

α2

β2

0.02

8

0.042

12

0.016

8

0.048

12

0.012

8

0.036

12

0.0136

8

0.0336

12

0.0176

8

0.03

12

Figure 5.5.2 parameters: ve investors, two assets,

λ1 = 0.003, λ2 = 0.005, M = 100

and expected loss=1000.

Table A.3. Parameters for Figure 5.5.2

α1

β1

α2

β2

0.065

26

0.042

12

0.036

18

0.072

18

0.045

30

0.033

11

0.0255

15

0.056

20

0.0484

22

0.0225

9
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