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ABSTRACT
On theEquivalencebetween théAdditive Hypo-Elasto Plasticity andMultiplicative Hyper
ElastoPlasticity Models andAdaptivePropagation oDiscontinuities
YangJiao

Ductile and brittlefailure of solids are closely related to their plastic and fracture behavior,
respectively.The two most common energy dissipation mechanisms in solids possess distinct
kinemaic characteristicsi.e. large strain and discontinuous displacement, both of wiusk
challenges to reliable, efficient numerical simulation of matéailire in engineering structures.
This dissertation addresses the reliabibtyd efficiency issues associated with the kinematic
characteristicsf plasticity and fracture

At first, studies areonducted to understand the relation between two neetignizedarge
strain plasticity models that enjoy widespread popularity in numerical simulatiqgriastic
behavior of solids. These two models, termed the additive-blgsteplasticity and multiplicative
hyperelasteplasticity models, respectively, aregardedas twodistinct strategies for extending
the classicalnfinitesimal deformation plasticityheory into thelarge strain regimeOne of the
most recent variasdf the additive models, which features the logarithmic stresssatieownto
give rise to nonphysical energy dissipatthning elastic unloading. A simple modification to the
logarithmic stress rate is accordingly made to resolve ayattysical inconsistencyfhis results
in the additive hypeelastaeplasticity models based on the kinetic logarithmic stress rate in which
energy dissipatioffiree elastic response oducedwhenever @stic flow is absentt is then
proved that for isotropic materials thaultiplicative hyperelastaplasticity models coincide with

the additive ones if a newly discovered objective stress rate is adopted. Such an objective stress



rate, termed the modifiekinetic logarithmic rate, reduces to the kinetic logarithmic rate in the
absewge of strairinduced anisotropy which is characterized as kinematic hardening in the present
dissertation.

In the second part of the dissertatithe computational coplexity of finite element analysis
of the onset angropagatiorof interface cracks in layered materials is addressed. The istudy
conducted in the context tdminatedcomposites in which interface fracture (delamination) is a
dominant failure moddn order toeliminate the complexities of remeshing for constant initiation
and propagation of delamination, two hierarchical approaches, the extended finite element method
(XFEM) and thes-version of the finite element methostriethod) are studied in terms of their
effectiveness in representidgplacement discontinuity across delaminatedriates.With one
single layer of 2hode serendipity solid elements resolving delamindtiea response of the
layered materigl it is proved that the delaminatioepresentionsbased on the-method and the
XFEM result in the samédiscretizationspace as the conventional Aloierarchical plyby-ply
approach which employs one &yof solid elements for each pBs well asdoublenodes on
delaminated interfaces. Delaminationdicators based on the-method representationf
delaminatiorarethenproposed to detect the onset and propagatialelaimination An adaptive
methodology isaccordinglydevelopedn which the ssmethoddisplacement fiel&enrichment for
delamination isadaptively added to interface areas with higtelihood of delamination
Numericalexamples show that the computational cost of the adagtivethod is significantly
lower than that incurred by the conventional-plyply approach despite the fact thhe two

approaches produce practically identical results.
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Chapter 1. Introduction

Chapter 1

Introduction

1.1 Overview

Responsible for ductile and brittle failure modes of solids, respectively, plasticity and fracture have
been attracting intense interest among not only industrial practitioners but also academic
researcherdn particular,significart reserch efforts have beenundertakerio deweop predictive

plastic and fracturebehavior simulation framework The enormous interest in predictive
simulation toolsstems from the facthat the simulationsare typically faser and lower cost
compared to their experimental counterparts amateoverhavein generamuch less limitations

than andytical approache®n geometric shapes of structurégpes of constitutive (material)
modelsandsetupof boundary conditions

Despitetheir accessibilityand generalittasmentioned abovenumerical approachds studying

ductile andborittle failures of solidg§acechallenges posed lige physicalcomplexityof plasticity

and fractureln fact, somef the challengesf realizirg reliable, efficieninumericalprediction of
material failurein engineering structuregsult fromthe respectivekinematic characteristics of
plasticand fracturdehavior ofsolids It is well knownthatplasticity is one of the mosbmmon
energy disgpation mechanisms featuring largeran while fractureis an energy dissipation
mechanismcharacterized bynitiation and propagation of cracks (i.e. discontinuities of the

displacement field)ln numerical simulation of plastic behavior of solidse fresence of large

1



Chapter 1. Introduction

strain requires geometric nonlinearityo beinvolved in theconstitutive modelsSuchconstitutive
modelsare oftendeveloped througbxtension othe correspondinglassical constitutive model
for infinitesimal deformation into the laggstrain regimeDistinct largestrain plasticity models
howevercan beobtainedasgeneralizations dhe samelassical infinitesimatieformation model

to the large strain regimélnderstanohg of therelation between thes#fferent modelsfor the
sane purposeis therefore of crucial importanctr ensuring reliability of the numerical
approaches tstudying plastic behaviaf engineering structure®nthe other handhekinematic
charactestic of fracture requiresaccurate identification and regentation ofinitiation and
propagation of crack surfaces (across which displacement is discontinmous)merical
simulation of fracture in solidsSincelocations ofthe onset otracks are usually not knowa
priori, excessive computational castay beincurredto identify crack initiationthroughouta
structure This may pose a seriow®mputationalefficiency problem in fracture analysis of
practicalstructureswvhich areusuallyon relatively large scalesAs a result, it i9of considerable
significarce to realizenumericalmethods capable of identifying and representing crack initiation
and propagatiom an efficient manner especially flarge scale structures.

The above two aspects of enhancing reliability or efficiency of numerical simulatioatefiah
failure are addressed in two parts of the dissertation for plastic and fracture behavior of solids,
respectively.

In the first partsomewell-recognizedargestrain plasticity mode]svhich arewidely adopted in
numerical simulation of plastic havior of solids are analyzedvith relation between them
revealed Through proposin@ nové objective stress rate (termed the kinetic logarithmic rate in

the following developmentjmprovements are made @ocategory ofnodelsbased on additive



Chapter 1. Introduction

decomposion of the rate of deformation tensor ingtastic and plastic partén addition, it is
revealed that another category of laggeain plasticity modelsh whichthe deformatiomgradient

is assumed to be multiplicatively decomposed into elastic argfiglaarts,coincide withthe
formeroneswith a specific objective stress rate (termed the modified kinetic logarithmic rate in
the following development) employed.

The second padddressesomputational complexitegf analyzing initiation and propagatiaf
interface cracksin large structural components made lajfered materials exemplified by
laminated composite3.0 this end, attention is focused loerarchical approaches to representing
interfacecraclks (i.e. delaminationjn finite element analysisf suchstructural component#\
salient feature othese approaches thatfinite element meshedo not need t@onform tocrack
surfaces This eliminateshe complexities ohdaptingmeshedo represent constantly changing
geometric configurations of ackscaused bytheir propagatn or initiation. Two hierarchical
approaches (the extended finite element method armgivlision of the finite element method),
are shown to beeliablein representing delamination the sense that they are equivaleith the
conventional approacivhich is based on remeshirgurthermore, an adaptive methodology for
finite element analysis of delaminatignopagation and initiatiors developed based on tke
version of the finite element methdd addition to its strikng accuracythe methodology incus

significantly less computational experibanits conventional counterpart
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1.2 Dissertation outline

The aforementioned advances in numerical simulation of plastic behavior of solids are presented
in Chapter ZandChapter 3wvhile those for fracture behavior elaboratecCimapter 4andChapter

5. The outlineof the dissertation isummarizeds follows.

In Chapter 2 the well-known classical largestrain plasticity models based on additive
decomposition ofhe rate of deformation into elastic and plastic pamsritically examinedlt is

shown that evena relatively recent selfcorsistencyorientedvariant of such models exhibits
physical inconsistency in an unloading process. A remedy is then proposed through a simple
modification to thebjective stress rafeeferred to as the logarithmic rashployed by tamodel

The resultiig objective stress rate is termed the kinetic logarithmic rate in the sense that it is
dependent on stress.

Chapter 3nvolves another category of larg&rain plasticity modela/hich assumenultiplicative
decomposition of thdeformation gradient into elastic and plastic p&tsspite the fact that these
models are usually considered todigtinct from their additive counterparts (which are studied in
Chapter 2, relationis revealedetweenthes two categories of largstrain plasticity modeldn

fact, it is mathematically proved and subsequently demonstrated on several model problems that
the multiplicative models déncide with the additive onesafnewly developed objective stress rate

is enployedin the latter. This objective stress ra@ermed the modified kinetic logarithmic rate,
reduces to the kinetic logarithmic rate in the absence of dtrdirted anisotropy (which is
characterized by kinematic hardenimgyeir).

Chapter 4studies reliability of wo hierachical approacheshe exteded finite element method

(XFEM) and thes-version of the finite element methéstmethod) in representing delamination
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in laminated compositedt. is proved thathe two apppaches havéhe samaliscretizationrspace
(i.e. approximation space) as the conventionakimerarchical approacim which delamination
must berepresentedhrough double nodes on material interfaddse ssmethodand XFEM are
therefore effective in modely delaminatiorin laminated compositda addition to the fact that
the complexities of remeshirigr constantly propagating delaminatiareeliminateddue to the
hierarchical naturef the two methoddMoreover, thessmethod is shown to be ableliong about
more straightforward transition from strong to weak discontinuity of displacemenhtaREM.
Since such transitiois featured innterface craclproblemsthes-method based representation of
initiation and propagation of delamination may berenconvenient to implement than that based
onthe XFEM.

Chapter 5presentsan adaptivemethodology of analyzingnitiation and propagation of
delamination in large structural components made of laminated compdsieemethodlogy is
based on the-version of the finite element methadd a newly proposeabtion of delamination
indicators. While the former leads to hierarchicapresention of delamination the latter
pinpoint locationswith high risk of interface debonding(i.e. delamination) throughout the
structural componentsOnce such locatiors have been identified, the s-method based
representation of delaminationimplementedhereinto model thecorrespondingnterface areas
where the possible debonding behavsodéscribed by cohesive zone model (CZMYumerical
examplesshow that the adaptive methodology leads to accurate simulation of initiation and
propagation of delamination iaminated composites. Furthermore, the computational cost of such
simulation issignificartly lower than that incurred by a conventional apprdaeturingply-by-

ply spatial discretization (i.e. meshing) of the structural components.
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Finally, in Chapter 6the conclusions of this dissertation along wittmsodirections of future

research are presented.
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Chapter 2
Additive Hypo-Elasto-Plasticity Models Based on

the Kinetic Logarithmic Stress Rate

This chapter critically examines a half a century old idea of decomposing the rate of deformation
into elastic and plastiparts. It is shown that even the most recent additive variant based on the
logarithmic stressrate [1,2] is inconsistent with the notion of elasticityarso-called unloading
stress ratchetting obstacle tesinobjective stress rate, termed tkiaetic logarithmic stress rate

due to its sess dependency, is accordingly proposkds proved that additive hypelaste
plasticity models based on the proposed kinetic logarithmic aedeable toproduce elastic
responsealuring any unloading processes. These models can therefore pasddding stress
ratchetting obstacle tesin addition, such models are shown to weakly invariant under
isochoric reference change for simple materials in the sense of [BlolIThis chapter is
reproduced from the pap@t] coauthoredwith Professodacob Fish whose inpsiaire gratefully

acknowledged.

2.1 Introduction

Large strain plasticity, as observed in various matenslene of the wetknown phenomena
requiring combined geometric and material nonlinear analysis of sélidsyriad of strategies
have been developed tatend a welestablished infinitesimal elastoplasticity theory to large

7
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deformation regimg5]. Various approaches can be classified itvto main categories. These
include (i) the additive hypelasteplasticity based on additive decomposition of the rate of
deformation tensor, and (ii) the multiplicative hyjmasteplasticity. These approaches differ
significantly in how the total defmation or motion is decomposed into elastic and plastic parts.
The former is a natural extension of ttlassical infinitesimal theorf6]. By this approach, the

rate of deformation tensor, rather than the strain rate in the infinitesimal deformation theory, is
additively decomposed into elastic and plastic pamtsdlition, the time derivative of stress in

the infinitesimal theory is replaced with an objective stress rate in order to ensurénivanance
(objectivity) of the constitutive modelThis typically results in hypoelastic relation for
representation of astic response. These models are thus referred herein to as the additive hypo
elastoplasticity models.The additive approaches include the classical theories employing
conventional corotational objective stress rates, such as the Jaumann anb#&gtedinates| 71

14], and more recently developed logarithmic r@&d5 18]. The multiplicative hypeelaste
plasticity models are based on the assumption that the total deformation gradient is multiplicatively
decomposed into the elasaad plastic deformation gradierji®i 23]. Due totheir adoption of
hyperelastic relations in representing elastic response, these models are referred herein to as the
multiplicative hyperelasteplasticity modelsNoteworthy are other additive variants based on the
additive decompositions of the Grekagrange strairj24i 27], the Biot strain27, 28] and the
logarithmic strairf30i 32] into elastic and plastic parts.

The additive hypeelastoplasticity models are widely if not exclusively adopted in commercial
finite element cdes due to simplicity of implementation and the fact that small deformation

material models can be reused for large deformation problems within the widely adopted
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corotational framework. Models based on the additive decomposition of the rate of deformation
tensor, however, are known to suffer from a number of shortcomings. In the additivelasteo
plasticity models, the elastic rate of deformation tensor is related to an objective stress rate whose
definition is not uniqu¢l2,33 36]. To address the multiplicity issue, an appropriate choice of the
objective stress rates is required to satisfy certainist@nsy requirements (other than the frame
invariance) imposed on the additive hyglasteplastic split. One of the earliest and wietiown
consistency requirement i s [3nh38] TRis citgriemrbdirgys yi el d
about the preference of the corotationajeotive stress rate formulatigf39]. Consequently,
corotational objective stress rates, such as the Jaumann rate and thbl&gyledirate, have been
widely adopted in the additive hymastoeplasticity formulations. Some abnormal responses
exhibited by these models, howevenggestd for the need addditional consistency conditions

to further narrow down the choice of objective stress rates. These abnormalities include the
oscillatory stress response in the simple shear problene icontext of thenost commonly used
Jaumann ratfl1,40,41]and the nofphysical energy dissipation dugmpure elastic deformation
[42,43]

As aremedyBruhns[2] proposed a selfonsistency condition stating that an additive hgfasto
plasticity model should produce a dissipatfoge hyperelastic response irethbsence of plastic

flow. The corotational logarithmic raféd,44i 46] was accordinglyadoptedsince a hypoelastic
model with constant material stiffness can be integrated to obtain a hyperelastiqporovatkd

that the logarithmic ratés employed[47,48] (see[49,50] for another remedy combining the
Jaumann rate and hyperelastic relatigkg a result, the goesponding elastoplastic models are

capable of representing energy dissipafte® elastic responsesithin the initial pure elastic
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rangeprior to yield In addition, he use of logarithmic stress rate rather than the classical Jaumann
stress rate, elimates the oscillatory stress response in the simple shear prigh®ntor this
reason, many constitutive relations based on the logarithmic stress rate have been developed in the
past two decadd®,15 17,51 59].

In the presenthaptemve firststudy the performance of the objective logarithmic stress rate based
formulation on the elastic response in the gastre regimeln fact, any unloading process after

the initial yield shouldalsobe elastic and therefore free from energy dissipawording to the
aforementioned selfonsistency conditianA natural question may thus arise of whether the
additive hypeelastaoplasticity models based on the objective logarithmic stress rate are still elastic
and dissipatiofiree throughout the unloadingocesses? We demonstrate that the logarithmic
stress rate formulatioj2,51155,60]d i ssi pates energy t hrdawgdr out
unloading from the initial yieldT he selfconsistency conditiois therefore notompletely fulfilled

with the logarithmic rate employed in the additive hyghasteplasticity modelsThis has been

first illustrated on a model problem in whichalting, unloading and cyclic reloading are applied
sequentially. The observed abnormal response, herein referred to amldaeing stress
ratchetting reveals a nonphysical energy dissipatiorirduunloading processes aftgeld. The

cause of the abnomhresponse is examined. It is shown that the spin tensor associated with the
logarithmic stress rate is not integrable in the sense that the resulting rotation tensor is deformation
pathr-dependent. This fact is shown to be responsible for the unloadesg satchetting.

To alleviate the unloading stress ratchetingmoreoverachieve complete fulfillment of the self
consistency conditiong new spin tensor, hereafter referred to as the stegmndent okinetic

logarithmic spinis proposed. On onehd, the kinetic logarithmic spiobtained through a simple

10
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modification made to the logarithmic spogincides with thdéogarithmic spinprior to yieldand
therefore inheritsts remarkable integrability properties in tinétial elastic regime. On thether

hand, the stress response in the fyadtl unloading regime is no longer influenced by the
deformationpath-dependent rotation tensor due to the consideration of the-Besatermediate
configuration. The response is shown to be independeheadeformation path and, moreover,

free from energy dissipation.

We further show that the additive hyptasteplasticity formulation based on the proposed kinetic
logarithmic spin tensor possesses weak invariance of the elastoplastic constitutivesratader

the isochoric change of the reference configuration. The notion of the weak invariance of a simple
material in the sense of N¢B] has been recently introduced by Shutov and lhlenfi8jnas an
extenson of Nol | 0 s [6%]tlthas bhegn demmorstated18]ihat@) except for those
employing the Jaumann rate, none of the additive f&yasteplasticity corotational formulations
including the logarithmic stress rate based models are, unfortunately, weakly invariant under
isochoric reference change, and (ii) othg framework of multiplicative hypeslasteplasticity

can be formulated under certain conditions to be weakly invariant.

The chapteris organized as follows. In Secti@®2, a brief review of the existing adiie hypo
elastoplasticity models is presented. The nonphysical behavior of the objective logarithmic stress
rate is illustrated in an unloading stress ratchetting obstacle test and the cause of it is discussed in
Section2.3. Theobjective kinetic logarithmic stress rateintroduced in SectioB.4to alleviate
nonphysical behavior in the pegeld unloading regime. In Sectidh5, we show that such a

modification renders the additive elastoplastic models based on the kinetic logarithmic stress rate

11
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weakly invariant under isochoric reference change. Conclusions are drawn in Sz6étion

Algorithmic details are given iAppendix A

2.2 Survey of existing additive hypeelastoplasticity models

2.2.1 Kinematics

Consider adeformablebodywhose initial configuration is denoted WY, in a threedimensional

Euclidean spac&®.. Each particleof thebody can be identifiedith its initial position vectorX .

Let x denote the position vector of a particke in the current deformed configuratioi of the

body. The motion or deformation of the body can thus be described as a mapvpi('(gX,t)

with t denoting the physical or pseudo time. The deformation gradient is then defined as

F=X 2.1
X (21)

with its determinant restricted to positive values, Ues det(F) >0. In light of the polar
decomposition, the tensér can be decomposed as

F=RQ@-=V K (2.2)
where R is a proper orthogonal tensdd; andV are symmetric second order tensors known as

the right and left stretch tensors, respectively.fidte and leftCauchyGreen deformation tensr

denoted as<C and B, respectively, ardefined as

C=F'" B W, B FF'"¥? (2.3)

12
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The velocityv of a particle X is the material time derivative of the position vector i.e.

V= % The velocity gradient. can be expressed as

L= ¥ Fo (2.4)
X

The rate of deformation tens@ and the vorticity, or Jaumann spin, tengérare the symmetric

and skewsymmetric parts of the velocity gradient, respectively, dencted a

D =sym(L) %(L 1) (2.5)
W =skw(L) %(L ") (2.6)

2.2.2 Additive decomposition of the rate of deformation tensor
The main hypothesis behind the finite strain additive hslpstoeplasticity is the additive

decomposition of the rate of deformation tensor

D= 5°+ D% 2.7)
where 5° and [5° denote the elastic and plastic parts of the rate of deformation t&€nsor

respectively. The stress power with respect to the initial configuration caxpbessed as

p=U: I (2.8)
where U is the Kirchhof stress defined by the product of the Cauchy stéemsd the deformation
gradient determinand , i.e. U=J 1. The assumptio(®.7) can be therefore expressed in the form

of the additive decomposition of the stress poywer

p=U B+ U0E (2.9)



Chapter 2. Additive Hyp&lastoPlasticity Models Based on the Kineticdasithmic Stress Rate

where p® and p” denote the elastic and plastic parts of the stress ppweaespectively. The
additive split (2.9) of the stress power states the stress power can be decomposed into a
conservative (recoverable) and dissipative (irrecaivie) parts[5]. For an elastoplastic
deformation in the context of purely mechanical response, which is the focus of the present
dissetation the conservative part of the stress power contributes to the rate of change of the elastic

energy while the dissipative part characterizes the rate of energy dissipation.

2.2.3 Classical formulations of finite strain additive hypo-elastoplasticity
An elastic domain is defined in the space of the Kirchhoff sttéas
(0 Uhco (2.10
where U, termed the back stress, is an objective Eulesiaesslike variable that describes
kinematic hardeningk is a scalar variable for isotropic hardening. Bashand & are regarded
as internal variables. The domain in which equa(@dt0) is satisfied is referred to asastic
domain in the sense that its interior points represent stress states which do not induce any plastic
flow. The yield condition is thus expressed as the following boundary surface of the elastic domain:
(0 U4=0 (2.11)
The elastic part’Ee of the rate of deformation tensor is related to the KirchhoélssU via the

hypoelastic relation

@ Z( )oF (2.12)

14



Chapter 2. Additive Hyp&lastoPlasticity Models Based on the Kineticdasithmic Stress Rate

where Z(U) is a fourthorder stiffness tensor that may depend on stiess” is an objective rate
of the Kirchhoff stresgJ). Let & (U) denote the fourtlorder compliance tensor, which is the

inverse ofthestiffnesstensorZ (U) satisfying
H(O):L( =1 (213
I*®in (2.13) is the fourthorder symmetric identity tensor whosemponentsn the Cartesian
coordinate system argy, :%(q’k 7+ dq )4. The hypoelastic relatiof2.12) can then be written
in the following alternatig form:
B¢ =m(0): © (2.14)
The plastic parﬂﬁ’ of the rde of deformation tensor is determined by the flow rule

5P = QM (2.15)
V0]

where the scalavalued function p(U, (k) represents the flow potential arg the plastic

multiplier [62] or consistency parartex [63].
The evolution equations of the back strésand the isotropic hardening parareetsc can be

expressed as
F=gA4A .0 U (2.16)
k="¢(0 0) (2.17)
where A(U, k) is asymmetricseconeorder tensor valed function andJ® an objective stress

rate of the back stredd; K (U k) is ascalar valuedunction.
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The plastic multiplierg is assumed to satisfy the Kuffiucker complementarity conditions

92 0 f0 U)ko, " €965 VU C (2.18)

and the consistency requirent
9f0 U)ko (2.19

2.2.4 Considerations of choice of objective stress rates

In principle, there are infinite number of ways to define objective stress [Bteg5] The
elastoplastic model outlined in Secti®i2.3is incomplete withoudlefining an objective stress rate

in (2.12) and(2.16). Thee are two main considerations in adopting a specific objective stress rate.
First, bythePr ager 6 s ¢ o n 437,38} thenobjgctive stress ratm {2.62hand(2.16)
should (i) be identical and (ii) corotatior{@9,66] The coroational rate of an objective Eulerian

secondorder tensofl can be written as

T°=T-q @ + T (2.20)
where q , termed the spin tensor, is a skeymmetric secondrder tensor satisfying = -q'.
The most commonly used corotational objective stress rates are the JanddareerNaghdi

rates. The spin tensors corresponding to the Jaumann and -Gleggrdi rates (respectively

denoted byq ’ and q ®" herein) are defined as

qQ’=W (2.23)
q®=RCR (2.22
Secondly, the physical soundness of the additive split of the stress po{#e3) irequires the

energy dissipation to be absent whenever the plastic part of the rate of deformation vanishes, i.e.

16
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B = 0. This is referred to as a sebnsistency condition by Bruhns et []. It is evident that
vanishing 5 indicates vanishing plastic muydtier (i.e. g= () as described in Secti@2.3 This

in turn reduces the elastoplastic relations to

P =( )0 (223
U =0 (2.24)
k= (2.29)

Consequently, the hypoelastid¢atton (2.23) should represent purely elastic respdsg9,48] A

proper objective stress rate is thus necessary to prevent energy dissipation result{@@8om

2.2.5 Integrability of the hypoelastic equation and the logarithmic rate

The considerations above necessitate adoption of corotational stress rates that render the
hypoelastic equatioif2.23) capable of representing elastic response that is free from energy
dissipation.

In fact, it is possible to integrate the rate form rela{b@3) to obtain an equivalent elastic form

that explicitly represents elastic response prior to yield provided that certain conditions are

satisfied. These conditions have begminted out by Berrstein [67,68] in the context of the

Jaumann rate ilR23) as t he Bernsteinbs integrability cr
trivial to obtain the fourtforder tensor valued functio(U) t hat ful fi | | abiliBer nst e
criterion.

Another noteworthy consideration is that the relat{@23) is usually applied with constant
stiffness tensotZ that is independent of the stredsand thus renders the hypoelasticity model of
grade zero. However, it has beesntbnstrated by Simo and Pis{éB] that such a hypoelastic

17
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model of grade zero is not able to represent an elastic respdhseomimonly known objective

stress rates. This can be readily observed from a nonphysical stress ratchetting response, i.e.
accumulation of residual stresses that accompanies each cycle throughout a cyclic deformation
path, which results from these hypatia models and exhibits obvious inconsistency with the
notion of elasticity{69i 73].

The above elastic integrability issue of the classical hypoelastic modddeleassuccessfully

addressed by a relatively recent discovery of the logarithmic corotation§l pa4246,64] The

corresponding logarithmic spin tensqf®® is defined so that thiellowing relation holds:
Bog 1 D 00 |0 |
D=(Inv)™ 1E(Inv) q° In® In v 'Y (2.26)

wherelnV is the Hencky (or logarithmic) strain[%(-) and (+)> denote the material derivative

and the logarithmic corotational rate, respectively.

With the logarithmic stress rate, the general hypoelastic relgidg) is written as:
D=m(0): ¥ (2.27)
where (P denotes the logarithmic sg rate of the Kirchhoff stress and the rela@da3) has

been utilized.

It can be shown thdR.27) can be integrated to represent an elastic response prior to yield if the

compliance tensof (U) is written ag2,47]

(2.29)

18
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whereyc(U) denotes a scalar valued isotropic function of the Kirchhoff stdetbst represents

the complementary energy potential of a hyperelastic material. The integrability cr{izé8n
appears to be more succincttharet gener al Bernsteinds integrabi
of the logarithmic stress rate stems from the fact that the con@®@8) permits theuse ofthe
hypoelastic model of grade zefeaturingthe most commonly usecbnstant compliance and
stiffness tensors if t h 4] d eonsidergdd B this ggseethee | a s t
complementary energy potential can be written as

y?(0)=i§eﬂ Q/—g;( ))°0 (2.29)

4 3/+ 2

where/ and m are theLaméconstantsir (+) denotes the trace of the corresponding terisor.

view of (2.28) and(2.13), the corresponding compliance and stiffness tensors are expressed as

H=H" 1 / | |A51+zfs (2.30)

2m(3 1+ 2)yn n
L=L" /1 B 2+ (2.31)
with | denotingthe secongrder identity tensor. Give2.31), the hypoelastic relatiof2.23) can

be integrated to obtain the wélln o wn He n c k y 6usive equaéiant i ¢ constit

U=L"In VFtr(n V &/ (232
for the elastic regime prior to yielt.isna ewor t hy t hat the Henckyds |

demonstrated competence in representing hyperelastic responses of a wide class of materials

undergoing moderately large deformat[@B].
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2.2.6 The logarithmic spin
Being one of the corotiainal rates, the logarithmic rate of an Eulerian seemngiér tensoil is

defined by(2.20) with the spin tensor expresseda2]

q“=wW +WM B [ (2.33
whereW ( B, D) is a skewsymmetric secondrder tensor, which is a function tbie left Cauchy
Green deformation tensd@ and the rate of deformation tensbr, given by

W (B,D)= é{ c(b,,b)P ,O P (2.39)

S, tE
s, t

wherem is the number of distinct eigenvalues®f b, is the sth distincteigenvalue o8 and
P, the corresponding eigenprojection (#emendix Bor [76] for thedefinition and propertiesf

eigenprojections); the scalar valued functt:(rbs : b,) is given by

b +b 2
h,b)=2tPs 23
o(0.B) = in(b /b)), (239

In addition, considering the expressi{®.9) of eigenprojections iAppendix B the function

W (B, D) can befurtherexpresseds

}eo, h b s =
W(B,D)=i2¢skw(B O), b b h, = (2.36)
i 28sskw(B) eskw(B? DP c,skw(B2 D BPGO b b b
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where skw(-) denotes the skesymmetric part of the corresponding secander tensorp

(i =1, 2,39 denotethe three eigenvalues of the left Cau€Breen deformation tensd ; the scalar

parameters, (i=0,1,2,3 are expressed as

oo 1 a1+(b1/bz) , 2
*"h-b & {(b/b) (/D)

with

60 40, B)(b B)(n b)
=b,/b;, ¢ b/bs ,eb/b

2.2.7 Unloading stress ratchetting obstacle test

(2.37)

(2.39)

(2.39)

Due to its merits in constructing dissipatifvae hypoelastic relations as described in Se&idr

the logarithmic Bess rate has been frequently applied in various constitutive models based on

additive hypeelastoplasticity [2,15 17,51 60]. In these models, the relati¢q@.12) is usually

employed with the logarithmic stress raf&* of the Kirchhoff stress appearing on the-ledind

side of the equation to describe the elastic response. It is evident that such a relat@minesoap

representing dissipatiefinee response within initial pure elastic range prior to yield as long as the

condition(2.28) is satisfied5]. The physical soundnesthe stress powesplit (2.9) is therefore

guaranteed at least in the initial elastic regime where the plastidﬁbia absent, indicating the

total stress powerp. must be conservative. Hence a natural question arises asetbewlhe
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hypoelastic modgPR.12) remains energy dissipatidree after the initiation of plastic flow, which
is often the case in the pegeld regime.

In the following model problem, herein referred to as thieading stress ratchetting obstacle,test
we will investigate the postield response of the hypoelastic mo@2IL2) in the context of the
logarithmic stress rate formulati@®.33)-(2.39).

The selfconsistent addite hypeelasteplasticity model[2] based on the J2 flow theory is

employed in the model problem. The yield conditiof2ri 1) is thus of the Von Mises pe:
£(0 og:H( )O- H Uk - (2.40)

where|T|=+T:T for any seconarder tesor T ; (T)i=T %tr(T)l denotes the deviatoric

part of a secondrder tensoil . Considering the stiffness tenso(#131), the hypoelastic relation

(2.12) is written as

P =/ 1r E_B) 1 mt (2.41)

The following associative flow rule is considered herein

@:guf(Q”D/) :-_7( )U- (2.42)

nJ (O)i- [

Consider theArmstrong Frederick mode]77] for kinematic hardeningf the back stresb

P =cB g (2.43)
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where the scalars and b are kinematic hardening parameters. WiwenO, the Armstrong
Frederickmodel reduces to the classical linkamematic model. The evolution of the state variable
k for the isotropic hardening is assumed as

k=K' (2.44)

where the scalaK is an isotropic hardening modulus. The initial value of the state varkalde

J%sy with s denoting the yield stress.

t=0s t=1s t=2s t=3s t=4s t>4s

Stage 1 Stage 2 Stage 3

Figure2.1.  Schematics of the three stages of the deformation inrtleading stress

ratchetting obstacle test

In the unloading stress ratchetting obstaclet,tes13 1 block of material is subjected to a
homogeneous deformation history consisting of 3 stages as shévwguia2.1. At first, the block

is stretched along the vertical direction. Once the blockhhesgichesh = 3 at time instant = 2s,

the blockstartsto return to its initial configuration along the same deformation path as stage one.
After the block reaches its initial configuration at time instan#s, the third stage of deformation

starts by subjecting the block to a cyclic deformation path. In this stage, the bottom edge of the
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block is fixed as before while each material point on the upper edge moves along a circular path.
Themotion pathof a material poinatthe upper right corner of the block is shown by a grey dashed
circle inFigure2.1. The radius of the circular pathis=0.7 and the rate of change of the angle

J isj = w= md <. Thus the period of the cyclic deformation is 2s.

The components of the deformation gradient in the Cartesian coordinate system skmunein

2.1 can be written as

el 0 g
F=Z < 2.4
& 1+t ta (249
el 0 g
=z N t 4 2.46
& 5.1 U (2.46)
el 0.7sirglt- 4p a
F=¢ o . I ut 4 (2.47)
€ 1+0.71-cogt Yo Jgl

The material parameters are listedable2.1whereE andn denot e t he Youngds

t he P o ats, segpacbvely. r

Table2.1. Material parameters
E n S, c b K
1.95 16" 0.3 93 10° 43 10° 0 63 10°

The stress response of the material block is computed througlirtierical integration detailed

in AppendixA.1.
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We will also investigate the ability of the additive hyglasteplasticity formulation based on the

logarithmic stress rate to predtbe total amount of plastic energy dissipator secalled plastic

work WP, defined by

We (1) = ;30: s (2.48)
Figure2.2 depicts the stress response and plastic work of the etestrectly plastic material block,
which is modeled using vanishing hardening parameterss #& =K &. It can be seen that
stressratchetting appears &t 4s (especially for the shear components) right after the material
block starts undergoing the cyclic deformation path. The plot of the normalized plastic work
(W”/sY) in Figure 2.2, however, suggests that plastic dissipation does not occur until certain

amount of time has elapsed since the beginning of the cyclic deformatierat (marked by

yellow background irFigure 2.2). This means that there is no plastic ro@(:O) and the
material behavior is governed only by the rela{i23) with the logarithmic stress rate adopted.
It is, nevertheless, within this period of time that the material block experiences the first two cycles

of the deformation pat(14$¢t <8$ exhibiting stress ratchetting.

For comparison purposes, theess responses for a purely hypoelastic material block subjected to
the same deformation history (as illustratedrigure2.1) are shown irFigure2.3. The material
parametersg andn, for the logarithmic stress rate based hypoelastic relation are the same as
those inTable2.1. Such hypoelastic relation has been shown to be elastic and free from energy

dissipation in Sectio2.2.5 In fact, the stress responses exhibit perfect periodicity during cyclic

loading (t >4s) as shown irFigure2.3. The absencef stress ratchetting is consistent with the

notionof elasticity.
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In contrast, theasponse of elastoplastic bloakcyclic loading Figure2.2) contradicts the notion
of elasticity. For the formulation to be physically sound in the seng29)f there should be no
stress ratchetting which is inconsistent with the notion of elasticity in absence of plastic dissipation;

the stress ratchetting, as most obviously evidenced by thensesjf the shear componeny,

does take place without any plastic dissipation. The conclusion can thus be drawn that the
hypoelastic relatiofR.27) based on the logarithmic stress rate can no longer guarantee dissipation
free response without plastic flow once the initial yield takes place. Moreover, as observed from
the evolution of plastic work iRigure2.2, the nonphysical unloading stress ratchetting may even
incur plastic flow and therefore plastic dissipation in the subsequent cycles once sufficient residual
stresses have been accumulated to satisfy the yield condition.

Figure2.4 shows the stress response and plastic work for an elastoplastic block with both isotropic
and kinematic hardening (with the hardening parameters listédbte 2.1). In comparison to
elasticperfectly plastic material blogkthere are more cycles without plastic flow, but with

unphysical stresgatchetting. This may be attributed to the hardening models that enlargieifand

the yield surface in the stress space after yield occurs in the initial Ioading(@sige <2$.

More loading cycles are therefore needed in the cyclic loading p(ltlas@) to accumulate

sufficient residual stresses to expand and shift the yield surface. This is shown by a wider yellow

area inFigure2.4 compared to that iRigure2.2.
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Figure2.2.  Stress responses and plastic work of the elastifecty plasic material block
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Figure2.3.  Stress responses of the pure hypoelastic material block
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Figure2.4.  Stress responses and plastic work of the elalststic block with isotropic and
kinematic hardening
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2.3 Path dependacy of the logarithmic rotation tensor
In this section, the cause of the unloading stress ratchetting observed in the previous section is
investigated. It is shown that such nonphysical responses are attributed to the deformation path

dependency of the ration tensor associated with the logarithmic spin.

2.3.1 Integration of the hypoelastic equation based on the logarithmic rate

Unloading process is characterized by vanishing plastic flowlﬁ?ec. 0 and thereforeD = [5°.
For this reason, unloading responses are governed by the rétafidnalong with(2.28) for a
hypo-elasteplasticity model based on the logarithmic stress rate. The unloading stress responses
resulting from(2.27) can be better understood if the rate equation is written in an integrated form,

which is the focus of this section.

Due to the isotropy of the scalar valued funcior(U) in (2.28), the following relation holds

y.(Q® @) yA ) (2.49)

for any orthogonal tensd which satisfiesQ@Q" #.

Let h*(U) denote the derivative of .(U) with respect to the Kirchhoff stress i.e.

(2.50)

According to the isotropic property of, (U) described in(2.49), the seconarder tensor valued

function h* (U) is also isotropic in the sense that

h(Qd @) 9w U (2.5)
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for any orthogonal tensa® . In addition, the farth-order tensor valued functio® (U) in (2.28)

is also isotropic with respect 19 satisfying

HO:( @TOR WO Q ) @ (2.52)
for any orthogonal tensd@ and symmetric secorarder tensoil . As a skewsymmetric second

order tensor, the logarithmic spi®® can be expressed as

qe = @’ (253
where Q is a proper orthogonal tensor and is referred to as the logarithmic rotation tensor.

Combining(2.53) and(2.26), the following relation holds

— log D logT = |ogH og T,
D=Q Oﬁ(Q I QY QT (2.54)

Similarly, the logarithmic ratéP* of the Kirchhoff stress can be expressed as

l'})mg: @ §E( I@T @Iogp IogT‘ (255)

Inserting(2.54) and(2.55) into (2.27) yields

Qlog Gg_t(ngT oY Qm@ QlogTo:H—(U):g @g %( QT L”Jlog 'e) |og© (2.56)
Since # (U) satisfie(2.52), (2.56) can be rewritten as
%(QlOgT (D,]V @g) :H(QIOgT U @g)og( @T Ulog):' (257)

Due to(2.28) and(2.50), the righthand side 0f2.57) can be written as
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PoD oDy wp ken e
— = : S U=g " B¢ 2.58
uo pu Dtg 0 th () Dt@ Q “Oh (258

whereG = '@ O @ andthe isotropic property2.51) of h*(U) is utilized.
Let us assume that the plastic multiplge= (at" t i]t,,t,]. Consequently, equatid®.57) (or
equivalently(2.27)) holds for" t i[to,tl] . After integrating(2.57) in conjunction with(2.58) from

t=t, to t=t, we obtain

PTany, @ QT h(@) @ & in (VEQ BQ(-h £ (259
where Q¢ andV, denote the logarithmic rotation tensor and the left stretch tensor at,time
9 andV, are the corresponding counterparts at timeéDenoting an incremental logarithmic

rotation byDQ"® =Q°® @', equation(2.59) can be written as

nV,- h(0) = o Oy “f,) § 0 (2.60)

Note that in the initial elastic range prior to yielhV = h* (U) This can be shown by simply

assuming the material is in the stré®® initial configuration at =t, and therefore remains in

P

the initial elastic range dt=t, becausey= (for " t i[t,,t,]. In this casdnV, =h*(U,) = and

(2.60) resultsin InV, = h* (q) . However, once the yield have already occurred at attkte, we

usually haveinV, - h* (Uo) .0 and the difference is not necessarily isotropic. ke case in

the unloading stress ratetting obstacle test dt=4s t, when the cyclic deformation starts
Equation (2.60) relates two conservative (patidependent) second @ tensors, i.e.
InV, - h“(0,) computed withn=0,1, by orthogonal transformatioBQ"®". In Section 3.2, we
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will show that the orthogonal transformati@®Q®" is pathdependenaind thus equatio(2.60)

can be only satisfied if and only djis pathdependent

2.3.2 lllustration of the path dependency of the logarihmic rotation tensor

Two examples considered in this section illustrate the path dependency of the logarithmic rotation
tensorQ" as defined ir(2.53).
In two-dimensional problems, the components of an orthogonal te@i€oin the Cartesian

coordinate system can be written as

A ; log + ~ Jog
og _ €COY - siny/
log

€ . g (2.61)
asiny coSs/

where the rotation angle'™is a single independent variable determining the rotation tensor. Let

the initial value of/ '° be 0. From(2.53), we obtain the components of the logarithmic spif?

as

&0 -l

log — 7

gl.. log 0 (2.62)

In the first model problem, two deformation paths between the sameanttifinal configurations

are investigated. The first deformation path is expressed as

g 0 o

F=¢ u ¢t g 2.63
€ 1+1t U (263)
é 2 U

The second deformation path is expressed as
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sl + O g
T é y tole ¢
E %SO L (2.64)
=i, . : :
1163 ¢ t -
11g ot yg snk - g
i

g singo(t-) g 3-cos & 1 pg
For Path 1, it is trivial to show that the rotation angle does not change, i.e.

r

j9=0, t @

(2.65)
Consequently, we have
j =0 (2.66)
which indicatesho logarithmic rotation for this deformation path.
As to Path 2, the same conclusion can be readily obtainddl ibr X, i.e.
/=0, t @ (2.67)
For1l¢t 2, the rate of deformation and vorticity matrices can be written as
. & singo(t - cos -
5-¢ et ) geos & 3 (269
8 gcosgo(t- ) g sin & -]
- 20 1
w=2¢ (2.69)
81 O
The left CauchyGreen deformation matriB is expresséas
. 16+3coxo(t - 3sin -
g-ler3cowlt ) g ") 270
2g 3singo(t-1) g 5-3cos M I

The eigenvalues o8 areb =4 andb, =1.

According to(2.33)-(2.39), the logarithmic spin matrix ®® is given by
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a3 g0 1

(ee=Pe° 4 ¢ 2.71
T8 T 81 0 @7
In light of (2.62), we have
jro=Piy 30, 2.72)
8¢ In2 =+
Combining(2.67) and(2.72), we obtain
~log _p é- 3 6 —log O 2 73
/ _534 o 9 J (273

Thus, the Path 1 and Path 2 result in different logarithmic rotation tensors.
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Figure2.5.  Logarithmic rotation angle in the material block shown in Se@i@r

In the second model problem, the logarithmic rotation ajfecorresponding to the logarithmic

rotation tensorm ' of the material block in SectioR.2.7is investigated through the numerical

integration introduced in Appendi&.2. The logarithmic rotation angle vs. #mmesponse is shown
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in Figure2.5. It can be seen that after each full deformation cycle a residual value of the rotation
angle is accumulated.

The above two model problems clearly demonstrate the path dependency of the lagarithm
rotation tensoiQ'®, which gives rise to the path dependency and thus unloading ratchetting of the

stress as observed in the previous section.

2.4 Kinetic logarithmic spin

A modification is proposed to the selbnsistent additive Ipo-elasteplasticity mode([2] in order

to eliminatethe unloading stress ratchetting. It will be shown that the modification renders the
hypo-elastoplasticity model capable of characterizing energy dissipdtemresponses not only

within the initial elastic range but at any instance of the deformatamepses in absence of plastic

flow, i.e. wheneve@D =0.

2.4.1 Formulation of the kinetic logarithmic spin

A closer look at the definitio(2.33) of the logarithmic spirng ', suggests that;®® depends on

a reference configuration since the left Cau@rgen deformation tensdd in (2.33) necessitates

a reference definition. This reference configuration is evidently the initial configurétjon
according to the definitions @& and F in (2.3) and(2.2), respectiely. Consequently, the hypo
elastic relation(2.12) and the back stress evoluti16), both containing the logarithmic stress
rate, depend o and therefore¢heinitial configurationW, . In fact, the fluidlike characteristic
of pl astici ty riteribnhaad tie ddrdenind Mmechasigmiwpuld @ll imply that it is

the current stress along with its rate and the state variables that constitute the physical cause of the
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plastic deformation and state chari§g Thus, formulating finite deformation elagitasticity
models with respect to any fixed reference configuration {&,9.is questionable.

Moreover, in congnction with the deformation path dependency of the logarithmic rotation tensor
Q"¢ (see Sectio.3), the reference configuration dependency of the logarithmic stress rate results

in the unloading stresratchetting illustrated in Secti@2.7. In fact, the relatiori2.60), which is

obtained by integrating the hypoelastic re@ati(2.27), can represent elastic behavior if

,r e

InV, - h*(,) =0 . In this case(2.60) simply reduces ténV, =h“(U) and the deformation path
dependenDQ has no effect on the relatiomV, andInV,, however, have to baefined with

respect to the same reference configuration 8% so that(2.60) holds (see the proof ¢2.26) in

[1]). Since thisreference configuration is the strdese initial configuration gnV, - h*(Q,) is

not necessarily zero onggeld occurred at an earlier time<t,. The spin tensoq'®® may
therefore be modified to eliminate its dependency on the initial configurétjon

As a remedy, the followingtressdependent sacalledkineticlogarithmic spinis proposed:

Q9 = W +\7v( B( W ) (2.74)
where he left CauchyGreen deformation tensd@ in the original definition(2.33) is replaced by
a stresslependent tensd8® with the following definition:

B*(0)=¢ V()G (2.75)

and

V*(U)=expg h( )C (2.76)
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wherethe symmetric secondrder tensor valued function' (U) is alreadydefined in(2.50) as
the derivative of an isotropic scalar valued functjor(U) with respect toU. In (2.76), the

exponential functiorexp(T) of a symmetric secondrder tensofl can be written as
exp(T)=4 €'E, (2.77)
i=1

wherem is the number of nique eigenvales of T while/, and E, denote theth eigenvalue

and eigenprojection of , respectively.B*(U), V*(U) and h*(U) in (2.75) and (2.76) are

referred to as the kinetic left Cauct®yeen deformation tensor, kinetic left stretch tensor and
kinetic Hencky strain, respectively.

It will be shown that the additive hygalasteplasticity model based on the kinetic logarithmic
spin is phgically consistent in the sense that there is no energy dissipation both in the initial elastic

range and throughout any unloading processes.
Theorem 2.1.Given U= [ and F =F, at instantt =t,, then thehypo-elastic rate form
D=m(0): O (279

is equivalent to the following hypetastic relation

K (1" _Hyc(o)

h*(0) = 0 4n v (279
where

ve=( B B FC'));Z (2.80)

with DF = FQ', By =B*(U,) =xpg2 h( ,)J, and # (U) defined in(2.28).
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The above theorem is proved as follows. The relaf@org) is assumed to hold throughout the

time interval [t,,t,] . Let U and F, denote the values of the Kirchhoffrets U and the

deformation gradienE at the time instant =t , repectively.

A reference configuratioV is defined so that the corresponding positiortae® satisfies
a=(v)" B ¢ (2.81)

with V/ =v* ({) =xpg h( ,)J0.

The proof of the relatiorf2.26) in [1] suggests that this relation holds with respect to arbitrary

referance configurations. The rate of deformatibncan therefore be written as
D==(InV)- 4 BV IV e (2.82)
Dt

with V' and q'® denoting the left stretch tensor and logarithmic spin with respect to the

configurationW, respectively, which can be writtea a

1
2

V=(F §'BOF,¢ ") (2.83)
qQe=W +\7v( B y (2.84)
where B = (Vl")2 and B=V?.
Taking time derivative of both sides @51) and utilizing(2.52), yields
H(O):( 0 g- qOC“Eh UO df ) (2.85)

with q = Q@ @ for arbitrary orthogonal tens@@ . Note hat the relation# (U): L;t% “f)is

used in obtaining2.85).
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As a result, according {@.82) and(2.85), (2.78) can be written as

%(InV)- 30 BV I v BQt' “(h) 0% () (O +H (286

At instantt,, (2.86) can be written as

%(W) Q" BY Y BDE (R O 8 (Y “0)+ e (287

t=t, ty
where q;*, V, and q /' denote the values af®®, V and g * at instantt,, respectively.

Evaluation of(2.83) and(2.84) at instantt, yields

V, =V, ==expgh* (U) (2.89)
Q= o (2:89)

The relation(2.87) is therefore reduced to

D, D .
—(InV) =—=n"(U 2.90
oe (™) =) (290
In light of (2.76) and(2.75), (2.90) can be written as
D, = D. . .
—(InB)] =—IngB*(U 291
o("B) =& (O g (291

According to Equation (29) if¥8] (see alsdl], [76] or Equation(3.53) in Lemma 3.2), (2.91)

can be further written as

—+

3 Fg(bs,bt)P sc?iDRgé B*(0) %‘u Fé';9 ) (2.92)

s, =1 =t
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wherem is the number of unique eigenvaluesRBjf while b, and P, arethe sth eigenvalue
and eigenprojection, respectivelyee Appendix Bor [76] for the definition and propertiesf

eigenprojections The functiong(h,, b,) is written as

ginb, - Inb,
“bob 7 !
! (2.93)

2, s 1
b

S

g(b.b)=

— =) ——> (D:

Premultiplying and postultiplying both sides 0f2.92) by P, and P, (a, £=1,...m) yield

P, c§’_6|3 B‘(U s ®o fa, b 1..m) (2.94)

=t
Note that in obtaining the above equation it is kept in mind gj(hg, bb) , 0 according tq2.93)

and

a

N £
PP, F (2.95)
|

m 5D .= ~ b fam 5 o ganm,.
a FP Ji—aB B“(U) %u I?DP S’ea EgEDgBk(B) Udas A
aeaf 1Dt L,y ¢a Ot (sYG & (2.96)

where the propertyy P, = | of eigenprojections is utilize@ased or{2.83), (2.96) can be further

a=1

written as
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?%glr FrBYF,OFT OF B B F %{3 0 (2.97)
| Ly,
Consequently, the following expression is obtained

B 6T g o (2,99

t=t,

Sincet, is arbitrary,(2.98) holds at any instant wheneV@78) holds. The following expression

can therefore be obtained by integra{f2®8) from t, to the current instartt:

Frt)@ (0) &"(t) £ “B)0," (2.99
Rearranging 0f(2.99) yields the hypeelastic relabn (2.79), which completes the proof of
Theorem 2.1
Remark 2.1. In the additive hypealasteplasticity model based on the kinetic logaritbrairess
rate,(2.78) and (2.79) hold whenever plastic flows absent regardless of whether the yield has
occurred.
Remark 2.2. The hypeelasticity mode(2.27) based oithe logarithmic stress rate|[ib,2,47]can

be regarded as a special case of that describ@i7#). In Theorem 2.1let U, =0 andF, =1 .

w.(9

- 3n \.
[V0)

Equation(2.80) thus reduces t&° =V in which casg2.79) reduces toh* (U) =

Substituting(2.80) into (2.74) yields q“*° = q° suggesting that th&inetic logarithmic rate

reduces to its original form within the initial elastic range.

Remark 2.3. An alternative to equatio(®.74) is to define the spin with respetct the axes of
plastic anisotropy. Deformation induced plastic anisotropy may arise, for instance, as a result of

formation of crystallographic textures and residual stresses introduced by nonhomogeneous
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deformation (or s@alled Bauschinger effect). To alewith the deformation induced plastic
anisotropy Besselm[79] introduced an orientation of an intermediate reference state by means of
an orthogonal triad defining the directions of anisotropy eradled substructure. For instance, in
polycrystalline materials, directions of anisotrogmg defined with respect to an average grain
orientation[80]. Similar intermediate configurations in a slightly different framework, were
proposed byandel[81], Dafalias[82], Kratochvil [83], Loret[84], Paulun and Pecherd@5],

Van Der Giesse{B6] and othersTo distinguish between the spin of the material (as defined by

W in the above references), and the spin of the triad defining the directions of anisotropy, or

substructure, the concept of plastic spin oed® was introduced by Dafalia82]. By this

approach, the plastic spin is defined as the spin of the material relative to the micécio
anisotropy or substructure and thisin (2.74) is replaced wae =W -WE, where assuming a

simple flow rule(2.42), the plastic spir\/&IO is given[82,84,85,87py Vi =/ skW(D Cbﬁ In this

case the kinetic logarithmigmm is modified as

a“r=w-w W B )0) (2.100
Micromechanical aspectsf the internal site variableU for a sngle crystal and polycrystal
deformationsamong others were given [j80,86] Dafalias[82] and Loret[84] consideredr to
be constant. For otheariants ofr seePaulun and Pecherdid5] and Aifantis[88].
Remark 2.4. In case of mid plasticity with either isotropic or kinematic hardening,
V\_/(Bk, D) =0, which coincides with a substructure spin considémeskveral previous studies

[82,85 87]. In absence of plastic spinych a formulation with linear kinematic hardening (rather

thanArmstrong Frederickkinematic hardening considered herein) gives rise to the classical stress
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oscillation under (monotonic) simple shear. It is also instructive to point out that a multiglicati
decomposition of the deformation gradient into elastic and plastic deformation gradients with
linear kinemat hardening has been showrn&®] to exhibit similar stress oscillations.

Remark 2.5. The numerical integration algorithm based on the kinetic logarithmic spin

formulation is given ilAppendixA.3.

2.4.2 Verification of the kinetic logarithmic stress rateformulation

We first study the kinetic logarithmic rate formulation in the unloading stress ratchetting obstacle
test outlined in SectioR.2.7. The stress response and the plastic work are shokigure2.6 for

a perfectly plastic material. It can be seen that all three stress components exhibit periodic response
during the cyclic deformation stage> 4s. There is no unloading stress ratchetting amspurious

plastic flow is induced.

We now proceed to the classical simple shear problem for which the deformation gradient matrix

F can be written as

(2.10)

_n
"

B %

o Fr Y

o O

The material parameters are taken from Dettmer and R&#¥send are summarized TFable2.2.

The stress responses normalizedshyare shown irrigure2.7 andFigure2.8 for elastieperfectly

plasticity (c=0 and b=0) and elastoplasticity with kinematic hardeningc£1 310 ),
respectively. It can be seenkigure2.7 that the kinetic logarithmic rate formulation yields perfect
plastic response for both the normal and shear stresses while the conventional logarithmic stress

rate shows softening for the normal stress compoRégire 2.8a depicts shear stress responses
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assuming linear kinematic hardening<1 31G and b=0). Both the kinetic logarithmic rate

formulation without plastic spin/ = () and the multiplicative hypeslasteplasticity formulation
(Model A in [89]) give rise to an oscillatory shear stress response. It caredse that by
incorporating plastic spiMEp with 7 = 0/. gt (seeRemark 2.3n Section2.4.]) the oscillatory
shear response vanishes, but subsequent stiffeémobserved.

The shear stress responses based otimstrong Frederickkinematic hardening model are

depicted inFigure2.8b with the hardening parameters1 30 andb=2.7. It can & seen that
the kinetic logarithmic rate formulation and the multiplicative hygasteplasticity formulation

give rise to very similar results with close stable values of the shear stress.
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Figure2.6.  Stress response and plastic work as obtained with the kinetic logarithmic stress

rate formulation for the perfectly plastic material block
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Table2.2. Material Parameters for the Simple Shear problem
E n S, c b
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’ 07
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Figure2.7.  Simple shear responses with elagigrfectly plasticity: (a) normalized normal
stress; (b) normalized shear stress
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Figure2.8.  Shear stresses in a simple shear problem assuming (a) linear kinematic hardening

with and without plastic spin; (lBArmstrong Frederickkinematic hardening (without plastic

spin)
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2.5 Weak invariance of the elastoplasticity model based on the kinetic

logarithmic rate
Herein we firstintroduce the notion of strorf§1] and weal18] invariance followed by a proof
of weak invariance of the proposed additive elastoplasticity model based on the kinetic logarithmic
rate with respedo an isochoric reference change. As a prelude, it is instructive to point out that
with the exception of the Jaumann rate, which suffers fromdeeilmented anomalies in a simple
shear test, none of the commadditive hypeelastaplasticity corotatiorml modelsis weakly

invariant under an arbitrary isochoric reference transformation as has been demongit&{ed in

Consider a seminfinite deformation historyF (s), sl (- pf and let P be an arbitrary
transformation of the reference configuration, such that

Fr(s)=F (9@ * (2.102
F”ew(s) can be interpreted as a deformation gradient tensor with respect to a new reference

configuration in which the position vectot™" satisfies
dx"™ =p @x (2.103
Noll [61] defined the (strong) invariance as

( "(9) (2.104)

t
where F gF (s)) denotes the response functional of the mateFta. strong invariancg.104)

under arbitrary isochoric transformations, ichat(P) =1, of the reference implies a fluike

material behavior. Describing the state of an elastoplastic solid, unlike fluid, segp@eification

48



Chapter 2. Additive Hyp&lastoPlasticity Models Based on the Kineticdasithmic Stress Rate

of a set of state variables herein denotedpyhat define the state of the material at titpeln

this case, a general constitutive relation of a simaéeerial in the sense of N¢8] can be written

as

a(t) =F ( &), o). (2.105

Following [18], the constitutive relatio2.105) is considered to be weakly invariant under an

arbitrary isochoric change of the reference configuration provided that for any constant unimodular

secongorder tensorP (i.e. det(P) = 1) there exist a new set of initial state variakif&8" so that

the following relation hold§18]:

F(F(s). o)ZF FE™(9 &) (2.109

with F""(s) defined in(2.102.

It has been shown that the setinsistent additive hypelasteplasticity model based on éh

logarithmic rate proposed [2] can be written in the following compact form

== 1 D, Ck) (2.107)
Po = 4 D, Uk) (2.108
k=H%D,0 U (2.109

Note that in[2] the set of state variables at the initial instgnare defined as

z,={0, [kq (2110

with U, U, and &, denoting the values df, U and & at the initial ime instantt, , respectively.
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For elastieperfectly plastic materials, botA(D,U, (k) and &D,U, U4 vanish withU and &

equal to zero and comstt, respectively. In this case, equatii$07)-(2.110) reduce to
0= = 1 D) (2.113)

Z,={0} (2.112
It has been deamstrated iM18] that the model described {8.111) and (2.112) is not weakly
invariant under isochoric change of the reference configuration.
We will now show that the additive hygastoeplasticity model based on the kinetic logarithmic
rate outlined in Sectio2.4, however, possessesush weak invariance. Following the same
procedure as that in obtaining the compact f2rh07)-(2.109) in [2], it is shown that the plastic

multiplier ¢ in the model based on the kinetic logarithmic rate can also be expressed as

g="60,0 U) (2.113
With the expressiol2.113) inserted into the flow rul€2.15), the compact form of the additive

hypo-elasteplasticity model based on the kinetic logarithmic rate is readily obtained as follows:

B = 1 D, k) (2114
== £ D, Uk) (2115
k=HD,U U ) (2.116

The definition(2.74) leads to the following expression of tkiaetic logarithmic spin:

qklog — qklog( W D )l (2.117
Considering the definition(2.20) of the corotational rate along wit2.117), the kinetic

logarithmic rates of the Kirchhoff stresésand the back stredd are given by
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B =062 W (2119
P =0{£C WD (2119
where Z (W, D,U) and C(W, D,U, U are seconarder tensor valued functions.

Substituting(2.118) and (2.119) into (2.114) and (2.115), respecitiely, the following compact

form is obtained for the additive hyjgastoplastic model based on the kinetic logarithmic stress

rate:
U="1 w.D, (k) (2.120
U= A w D, Uk) (2.12))
k=HD,U U ) (2122
Z,={0, Lk (2123

where T (W, D,U, Uk) and A(W,D,U, tk) are seconarder tensor valued functions. &h
relations(2.120)-(2.122 constitute a system of ordinadjfferential equations with the initial
conditions given by2.123).

We will now show that the constitutive relation described2$20)-(2.123) is weakly invariant
under isochoric reference change. Let us assumththegference configuration is subjected to an

isochoric transformation described (&/103. The deformation gradient with respect to the new

reference conduration is then expressed :102). The new velocity gradiert™" can thus be

written as

Lnew — | new ((B neW)_l F=F "L (2.129
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Consequently, in this case the new vortiay®" and rate of deformatio®"™"tensors are given
by
W =skw(L"™) W (2.125
D™ =sym(L"™") D (2.126)
wheresym(+) and skw(+) denote the symetric and skeveymmetric parts of the corresponding

secondorder tensor, respectively. Equatio(&125 and (2.126) suggest that the ordinary
differential equation$2.120)-(2.122) remain the same after the isochoric change of the reference
configuration. The same solution is obtained if the corresponding initial conditions are identical to

those given ir{2.123), i.e.

zme =7, (2.127)

Consequently, the new Kirchhoff streg&" satisfies

ge = (2129
In addition, the unimodular tens® leads to the following identity
3 = det(F ™) = de(F )=J (2.129
The relationg2.128) and(2.129) suggest that the Cauchy stress is not influenced by the reference

change, i.e.

arev = ¢ (2.130
with ™" denoting the Cauchy stress obtained by the model with the isochoric change of the

reference configuration.
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We conclude that the additive hyptesto-plasticity model(2.120)-(2.123) basedon the kinetic
logarithmic rateis weakly invariant under the arbitrary isochoric change of the reference

configuration.

2.6 Conclusions

An additive hypo-elastaeplasticity model basean the logarithmic stress rateas been shown to

give rise tononphysical energy dissipatiamthe form ofunloading stress ratchettimgthe post

yield unloading regime. The reason for such a physical inconsistency stems from the fact that the
spin tensor associated with the logarithmic stress rate is not integrable. This fact renders the
resuting logarithmic rotation tensor to be deformatjpeth-dependent, and in turn, causes the
unloading stress ratchetting.

To alleviate the unloading stress ratchetting a stilepgndent kinetitogarithmicspin tensor has

been introduced. The kinetiogarithmic spin tensoand the corresponding objective stress rate
have been shown to possess the weak invariance of constitutive equationtheridechoric

reference change.
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Chapter 3

A Link between Multiplicative Hyper-Elasto-
Plasticity and Additive Hypo-Elasto-Plasticity
Models: the Modified Kinetic Logarithmic Spin

Through two theorems presented in this chgptes prove and subsequently demonstrate in
several numerical examples involving homogeneous deformation that for isotropic materials,
hyperelasteplasicity models based on the multiplicative decomposition of deformation gradient
coincide with additive hypelastaeplasticity moded that employthe modified kinetic logarithmic
stress rate. In the absence of straduced anisotropy (characterized by kimatic hardening
herein), this objective stress rate coincides with the kinetic logarithmic rate developkdpter

2. We also show that other wédhown additive decomposition models, such as those basee on th
Jaumann and logarithmic rates, may considerably deviate from the multiplicative rbadel.
chapter is reproduced from the papander review[90] coauthored with Professor Jacob Fish

whose inputs are gratefully acknowledged

3.1 Introduction
The complexity of modelling large sin plasticity lies in the fact that large deformation of these

materials usually involvesiot only irreversible plastic deformation, but also simultaneous
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reversible elastic deformation. These two processes with contradictory characteristics are closely
coupled in an inextricable manner with geometric nonlinearity. Quantifying elastic and plastic
portions of the total finite deformation has been a subject of intensive research in both academia
and practicing worldAs introduced inChapter 2one of the common approaches is to split the

rate of deformation into elastic and plastic parts in an additive m@tizjeand another widely
recognized approach is to consider the deformation gradient as the multiplicative product of elastic
and plastic deformation gradief€sli 94].

The multiplicative decomposition of the deformation gradient finds its roots in the slip theory of
crystals[95i 97]. It has been recently shown that such a kinematic assumption is a natural result of
homogenization of crystalline slig98,99] Consequently, the elastic and plasteformation
gradients resulting from such a decomposition can be considerddraslistate variables and the
corresponding elastoplasticity models can be formulated in a thermodynamically consistent
manner. Numerous elastoplasticity models have been developed based on the multiplicative
decomposition of the deformation gradient (§63%20,23,100112] among others).

The additive split of the rate of deformationnclhe regarded as a direct generalization of the
additive split of the strain rate in the classical infinitesimal elastoplasticity theory. It is therefore
straightforward to extend the waktablished infinitesimal theory into the large deformation
regimebased orthis kinematic assumptio(seeChapter 2. Due to the simplicity and clarity of

the constitutive equations, the hyplasteplasticity models have been enjoying popularity in both

the academic research ($26.3,14,118120]among others) ancmmercial finite element codes.

The additive hypeelastoplasticity modelsand multiplicative hypeelastoplasticity models

which are based on the two aforementioned kinematic assumptions, respeatigelgually
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known as two distinct categes of elastoplasticity modefs,62,63,121and several comparative
studies have been aducted to investigate the difference between the [08022,122,123] In
these studies, several specific objective stress rates are employed in the additietastgpo
plasticity models.

In the presenthapter it is shown that a typical multiplicative hypelastoplasticity model for
isotropic materials coincides with an additive glasteplasticity modelif a newly developed
objective stress rate, termelde modified kinetic logarithmictress rateis employed in the
hypoelastic relation. In absence of straiduced anisotropy characterized by kinematic hardening
herein, the modified kinetic logarithmic stress rate reduces to the kinetic logarithmic stress rate
proposed irChapter 2

Thechapteiis organized as followsSome additionabasic kinematic definitions and relations are
introduced inSection3.2 In Section3.3, a summary othe typical structuref multiplicative
hyperelasteplasticity models for isotropic materials outlined. After making some comments
regarding the relation between the multiplicative hyglestoplasticity and additive hypelaste
plastcity models in SectiorB.4, the link between the additive and multiplicative models is
demonstrated in Sectidh5. In Section3.6, numerical studies are conducted for an elatdstic

solid subjected to large homogeneous deformation. Conclusions are drawn in $&ction

3.2 Kinematics
The strain measure of interest in the presdrapteris the Eulerian Hencky strain with the
following definition:

h=InV (3.1
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For finite strain elastoplasticity, the deformation gradeam bemultiplicatively decomposed into
the elastic and plastic deformation gradieRtsand F " [91i 94]:
F=F° R (3.2)
The kinematic definitions based ¢h expressed b¥quations(2.2)-(2.6) in Section2.2.1 are
assimed to apply td=° and F” as well which resultin the elastic and plastic counterparts of
those quantities defined (8.2)-(2.6). The polar decomposition & ° and F” thus yields
Fe=R°@°=V° R (3.3
FP=R@P"=V" RY (3.4)
where the proper orthogonal tensoRs, and R”, are referred to as the elastic and plastic rotation
tensors, espectively; the positive definite tensdw$ andV ° are the elastic right and left stretch
tensors, respectively, whilg” andV " denote their respectivdgstic counterparts. The elastic
and plastic Cauch@reen deformation tensors are then defined as
C°=F°T B® =2 B® F °F <V ¢t (3.5)
CP=FPT B? U B? FPFPTV X (3.6)
Similary to the Eulerian Hecky strainh defined in(3.1), the elastic Eulerian Hencky straini
is written as
he =Inv e (3.7)
The elastic Eulerian Hencky strain® can be expressed in tesnof the eigenvalues and

eigenprojections o¥ °, i.e.
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mE

h°=§ InveP¢ (3.9)

s=1

wherem® denotes the number of distinct eigenvalue¥ df v; and P, represent thes th distinct

eigenvalue and the mesponding eigenprojection ¥f°, respectively{seeAppendix Bor[76] for
thedefinition and propertiesf eigenprojectionsNote that the Einstein summation conveni®n
not employed for subscriptienoted by Greek letters such &as ¢ and r throughout the present
chapter.

The elastic and plastic velocity gradient, rate of deformation and vorticity tensors are defined as
L°=F°®°. D° symlLY W ° skwlL } (3.9)

LP=FPR"% D symlL8 W * sknl" (3.10)

3.3 Typical Structure of the multiplicative hyper-elastoplasticity models
Multiplicative hyperelasteplasticity models are based on the assumption that the deformation
gradientF is multiplicatively decomposed according to the expres@d) [91i 94]. The stress

is determined by the following isotropic hyperelastic relafictdi 126]:
Nz HI(38) &

where U is the Kirchhoff stress defined as the Cauchy sttessultiplied by the determinani

U=2

(3.11)

of the deformation gradient, i.eJ=J 1; B*=F° B is the elastic left Cauch@reen

deformation tensor. The scalar valued funcgio(*Be) represents the elastic potential energy per
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unit reference volume. The above equation iegpthaty (Be) must be an isotropic function of

B°so that such a constitutive relation is frameariant. Consequently3.11) represents an
isotropic hyperelastic response only.

No plastic flow is induced if the stresscorresponds to an interior point of the elastic domain in
the Kirchhoff stress space. The boundary of the elastiaohgrtermed the yield surface, can be

expressed as
(G UA=0 (312

where U, known as the back stress, is an objective Eulerian dikessiternal variable that

characterizes kinematic hardening. The sc#lais an internal variable describing isotropic

hardening;f (U U4 is a scalar valued function, which must be isotropic with respect to its

Eulerian tensoevalued independent variabled,and U, due to frame invariance.

Once the plastic deformation developkstic flow is characterized as

(U k)

DP =4 -
g 0

(3.13
where the scalar valued fuian p(U k), representing the flow potential, must also be isotropic
with respect toU and U, similarly to 7 (U, U4; ¢ is a plastic multifier; D is a kinematic
description of the plastic flow which can be definedic23

D =R® D" RE (3.14)
There are various kinematic definitions of the plastic flol (the reader may refer to the works

of Simo[124]; Simo and Hughef63]; Lion [127]; Dettmer and Reeg89]; Shutov and Kreil3ig
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[128] and Vladimirov et al.[109] among othens Some of the definitions can be proved to be
equivalent in isotropic cas¢$29]. In particular, the plastic flow et employed by Dettmer and
Reesd89] (see also Vladimiroet al.[109] andBrepols et al[123]) and that developed &imo
[124] are shown iMAppendicesC.1 and C.3, respectively, to be equivalent to that described by
(3.13) in conjunction with(3.14).

Evolution of the internal variableg) and &, are governed by

U=g4 0 & (3.15)

k=4(0 D) (319
where A(U (k) is a symmetric secorarder tensor valued function whereU, (k) is
scalar valued. Frame invariance requires that #eftt, (k) and K (U k) should be isotropic

with respect toU and U; (P denotes an objective stress rate of the back stbeFhe hardening
laws employed by Eterovaend Bathdg102]; Lubarda[130]; Neto et al[62] and Simaand Hughes
[63], fall into the category of evolution equations describg@3.15) and(3.16). In addition, it is
shown inAppendixC.1that a hardening model codsered by Dettmer and Reg88] can also be
writtenin the form of(3.15).

The plastic multiplierg is assumed to satisfy the following Kufiincker complementarity

conditions[62,63]

920, (0, U)k0, ¢gb P C (3.17)
Remark 3.1. The hyperelastic relatiaf3.11) is obtained following thermodynamical argument

as shown bysimo[124] and Lin et a[126] in the thermodynamickamework of Coleman and
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Noll [131] and Coleman and Gurtji32]. Following the same thermodynamical considerations,
several alternative, but equivalent expressions of the hyperelastic relatldh have been
employed. Vladimirov et al[133], for instance, employ the descigst of the isotropic
hyperelastic relation in the reference configuration, i.e.

s=2(F")’ d/m(:i) (k)" @19
with S denoting the second Piekarchhoff stress tensor. Simo and Hugh&3]; Lubarda[134];
and McAuliffe and Waismaf22] employ the corresponding Eulerian description, namely the

pushforward of(3.18) into the current configuration with the deformation gradiénkeading to

U=2 F %Vuéi) 6 (3.19

Another noteworthy equivalent expression of the hyperelastic rel(@tibl) is based on the elastic

Eulerian Hencky straimh® =InV © %In B ° (Neto et al., 2008Lin et al., 200%

g=" (h) (3.20)
ph
Wherey(he) is an elastic potential energy function that satisfies
y(h°)= ¥(B°) :)(exp(Zhe)) (3.21)

Lemma 3.1. According tothe kinematicdefinitions (3.2), (3.3), (3.4), (3.9) and (3.10), the

definition (3.14) of the plastic flowD" is equivalent to the following expression
DP =sym(Ve ' DV OV =V 9 (3.22)
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whereV ¢ denotes the material derivative of the elastic left stretch tevi€ofFurthermore, the

expression(3.22) is equivalent to

Ve= 3§ —

e e
S,[Zl\ls +Vt

(PO PO VR LPO2OVRSD PN (329

where m® denotes the number of distinct eigenvalued/df v and P; represent thesth

distinct eigenvalue and the corresponding eigenprojection®ofrespectively.
Proof. It is first shown thaf3.14) is suficient for (3.22). ConsideringF? =F ¢ * © (see(3.2)) in

the definition of D" in (3.10), the following expression is obtained:

DP =sym(F** OF OF *'F 9 (3.29)

Note that the relation[%(Fe 1)(]F ® =F-*'F ‘has been used in obtaining the equation above.

Substitutirg (3.24) into the definition(3.14) of D” and considering the polar decomposition
Fe=V*° R°in (3.3) yield

DP =sym(Ve ! DV OV =V 9 (3.25)
with sym( R‘”CRE) £ utilized.
Following a similar argument, it can be proved {{3at4) is also necessary §8.22).

The equatior{3.22) is next shown to be sufficient f¢8.23). Premultiplying both sides 0f3.22)

by P¢ (s = 1 ,nt) and posimultiplying both sides 0f3.22) by P (¢ = 1 ,nv) yield

Pee RS —-—e—Jlr (vePLLTB TR P2V O, D-P)(s, & Om) (326)
VS V[
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Note that the following properties of the eigenprojections (see the expredi@n of

eigenprojections il\ppendix B have been utilized in obtainir{g.26):
Pedye w° PO VRS (r m) (3.27)

e ARy € e E > 1 e
Pedyet ¥elpH V—e:Pr(r m ) (3.28)

r

In addition, the eigenprojectior?® satisfies that (se@.6) in Appendix B

=3

P*=1 (3.29
r=1
As a resultV ¢ can be written &
7e éme e 6"e meé_ e 69 e\7 e Y\
Ve=ad P #° @P° o8PV R (3.30)
gs=1 - tgl st =1

Substituting(3.26) into (3.30) yields(3.23) in Lemma 3.1

The necessity 0f3.22) for (3.23) can be readily shown by substituting the expressiov %oin

(3.23) into the righthand si@ of (3.22). It is therefore proved th#8.14), (3.22) and(3.23) are

equivalent to each other.

Remark 3.2. The expressioli3.22) suggests that the itic flow tensorD” can be interpreted
as the rate of deformation of the intermediate configuration which is determined by the following

decomposition of the deformation gradient:
F=Ve PP (3.30)

In fact, with [* defined asi® =F ° ©" like L” in (3.10), (3.22) indicates thaDP =sym(L*).
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Remark 3.3. In a kinematic hardening model investigated by Dettmer and H86$gsee

AppendixC.1for description of the model in the current configuration), the objective stress rate

U’ of the back stresbl in (3.15) is defined as
O ="0- q&0 + (3.32)
with

Q=R &® R W °l (3.33)
Following a kinematic derivation similar to that for obtaini{32) from (3.14), (3.33) can be

written in tre following equivalent form (£2AppendixC.2):
q=skw(V* & © v'9 (3.34)
After substituting(3.23) in Lemma 3.1into (3.34) and utilizing the relatiorB® =V ®2, q can be

expressed as a function of the elastic left Cat@hgen deformatin tensorB*®, velocity gradient

L and the plastic flonD", i.e.
a(B, L D= w (w@ E—)p)) (3.35)
where the skeveymmetric second order tensor valued functﬂm(u Be,( D+ f)p)) IS written as

e

3

J.
N:

W(B®,(D+D%)) =4 c(bsbf)Ps(D DY P (3.36)

(O
~

where m® is the number of distinct eigenvalues®f; bt =v¢* is the sth distinct eigenvalue of
B® and P; is the corresponding eigenprojection. It is noteworthy tBatshare the same

eigenprojections witlv ©. In (3.36), the scalar valued functio@(bj, b‘,?) is expressed as

64



Chapter 3.A Link between Multiplicative HypédtlastoPlasticity and Additive Hyp&lasto
Plasticity Models: the Modified Kinetic Logarithmic Spin

¢k, 1) AL (3.37)

Remark 3.4. The kinematic hardening modatlopted byNeto et al[62], employs an objective

stress ratdf with the same form as that (8.32). The spin tensoq therein is defined as

q=R &R (3.39)
Since the plastic vorticity tens®W® is assumed to be zero bieto et al[62], the spin tensoq

satisfies(3.33) as well. As a resultq can also be expressby (3.34) and thereforg3.35).

3.4 Comments regarding therelation between the multiplicative hyperelasto

plasticity and additive hypo-elastaplasticity models
As introduced inSection2.2.4 the objective stress rates may not be uniquely specified in the
classical formulation of the adide hypo-elasteplasticity models. Some known inconsistencies
of these models, however, can be eliminated by defining appropriate objective stress rates in such
a framework (see Sectis@.2.5and2.4). A number of efforts have been made to pursue objective
stress rates that can best fit into the constitutive framework without inconsistencies (e.g. the work
by Prage[37]; Lee[38]; Szalh and Balld36]; Yang et al[135]; Bruhns et al[2]; Xiao et al[39];
Jiaoand Fish4]). Due t o t he Prager 6s [31], edstbiithe gffortssfoeus i onar
on elastoplasticity models emplag corotational objective stress ratethe hypoelastic relation

(2.12), i.e.

=0 qOU+ (3.39

in (2.12) with q denoting a skeveymmetric second order tensor.
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On the other hand, the multiplicative hygdastoplasticity models (see Secti@i3), rooted in a
thermodynamically consistent framework, appear to exhibit fewer inconsistermiesrning
energy dissipation. In particular, it is evident that the-sffsistency conditioproposed by

Bruhns et al[2,5] can be automatically satisfied in the models if the plastic s regarded

as a natural counterpart tie plastic parﬂ’_'s_jp of the rate of deformatio® in the additive models

(see Sectio2.2.4for description of the selfonsgstency condition)

With the two seemingly distinct elastoplasticity frameworks, a series of questions may therefore
arise including: Is it possible that the multiplicative hypkasteplasticity models reduce to the
additive hypeelasteplasticity modelsvith some yet undiscovered objective stress rate? Does the
kinetic logarithmic rate, whicls shownin Chapter 2to completely fulfill the sekconsistency
condition, provide the missing link between the two elastoplastreitgdworks? And if not, under

what conditions does such an objective stress rate coincide with the kinetic logarithmic rate? Since
there are numerous constitutive models formulated based on each of the two frameworks, such

guestions regarding their relateownill be investigated in Sectiod.5.

3.5 Bridging the multiplicative hyper-elasteplasticity and additive hypo-

elastoplasticity models

3.5.1 General relations
We start by comparing the multiplicative hygdasteplasticity and additie hypoeelasto
plasticity models for brevity hereafterreferred to as the multiplicative and additive models,

respectively) which will be investigated in thection
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Table3.1. Comparison between the muligative hyperelastoplasticity and additive hypo
elastoplasticity model$'
Multiplicative HyperElasto ” e
Plasticity® Additive HypoElastePlasticity
Eqgn. , . Eqgn.
NoO. EXxpression EXxpression No.
Kinematic y = :
Assumption | &2 F=F°BP D=0 ot (2.7)
5*=m(0): ¥ (2.14)
Elastic (3.20) . uy(he) § ( )
Response ' - uh° i o
=0 qOU+ (3.39
Yield < E b
Condition | 312 £(G DA=0 2.11)
(3.13) BP = g”p(a” ) L
Plastic Flow p0 B = (0 k)
Rule =g G (2.15
(314 B°=R° O° R6 W
Kinematic - -
Hardening (315 U=04 U4 (2.16)
Isotropic .
Harderl?ing (3.16) k="&(0 D). 2.17)
Kuhn-Tucker . - ) Y
Conditions (3.17) 920, (U U)ko, "¢(g6 P C (2.18)

a. See SectioB.2 for definitions of the kinematic quantitie® , h®, R®, D" in this table.
b. See SectioB.3for more details.

c. See SectioB.2.3for more details.
d. SeeRemark 3.1n Section3.3for other equivalent forms of the hyperelastic relation.

It will be shownin the remaining of Sectio®5.1that the additive model ifable3.1 can produce

the same material respee as the multiplicative model if (i)
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AL
H(0)= 0 0 (3.40
in the hypoelastic ration(2.14) and (ii)
a=d ¢ W'g)F) (341

in the definition(3.39) of the corotational objective stress rafe.

In equation(3.40), y, (U) denotes the complimentary elastic energy potential corresponding to the

hyperelastic materialescribed by(3.20) in the multiplicative modelln equation(3.41), q “ is
termed thenodified kinetic logarithmic spjnﬁ is the plastic part dhe rate of deformation tensor;

q“, as the abbreviation fay “*° in the present chaptaterotes the kinetic logarithmic spin which

is definedas(see als@2.74) in Chapter 2

a“=w+W B( )0 ) (342

with
B*(U)=exp(2 h( ) (343
() =&~ Ljéo) (344

The skewsymmetric secondrder tensor valued functidN(Bk(O), ) in (3.41), which is

defined in a manner sihar toV\_/(B, D) employed byXiao [1] for the logarithmic ratgsee

Section2.2.6), is written as
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mk

W (B (0), B)= & ¢(1.B) RO® € (3.45)

where m denotes the number of distinct eigenvalue8bf b! is the sth distinct eigenvalue of
B* while P* is the corresponding eigenprojection; the scalar valued funﬁ(d:fn,ki‘,) is

defined as

_2ofs 2

- . 3.46
b - b, In(bt/0}) (349

Remark 3.5. As discussed in Sectidh2.5 the conditior(3.40) for the compliance tensoﬁ'ﬂ(u)

permits use of constant compliance tensor. In the present context, this implies it is possible for the

additive model employing constant compliance tenddt' (see (2.30)) to deliver material

response that is identical to the multiplicative madehp | oyi ng t he Henckyds h

Remark 3.6. It will be shown in Sectio.5.2.1that in the absence of kinematic hardening the

termVV(Bk(U), ) in (3.41) vanishesrendering the modified kinetic logarithmic spm®

identical to the kinetic logarithmic spin“ . This indicates that the additive models, which employ

the kineic logarithmic sping* and the corresponding integrability conditi@®28) as suggested
by Jiao and Fish4], are indeed equivalent to the corresponding multiplicative models in the

absence of kinematic hardening.

Remark 3.7. It can be seen that there is no specific definition givéralle3.1 for the objective
stress ratef' of the back strest). The conclusion drawn herein applies to a general definition of
the objective stress raté which can be written g89]
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r=0e@ 0 LB oL G, 0kb) (347)
wheret( U ,L, Fk)and ﬂ( U.,L, F,kLJJE”) denote two symmetric seed-order tensor valued

function; 5" denotesD® and B in the multiplicative and additive models, respesiyv The

dependency oﬁ( U,L, F,kﬁ) on 6" is considered in the presedissertationso that the

general expressio3.47) is able to describe the kinematic hardening law adopted by Dettmer and

Reesd89] andNeto et al[62] (seeRemark 3.3andRemark 3.4n Section3.3). In addition, the
function G( U,L, F,k@) is assumed to satisfii| U ,L, F,klaEp)#Df( , G U ,kaﬁ

for an arbitrary scalaa.
For subsequent derivation, wefine the followingsecondorder tensor

De=D -D° (3.48)
Comparing the flow rule§3.13) and(2.15) (seeTable3.1) as well as the kinematic relatiof848)
and (2.7), D” and D® in the multiplicative models are the counterparts@f and 5 in the

additive models. With this in mind, the kinematic propertiebfare further investigated in a

manner inspired b}iao et al.[1] and Hill[136].

Lemma 3.2. The ensor D° defined in(3.48) satisfies

PegD° B PO O, 5 m (3.49)
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where m® is the number of distinct eigenvalueshst P, is the eigenprojection cogsponding to

the sth distinct eigenvalue ofi°(seeAppendix Bor Carlson andHoger[76] for the definition

and properties of eigenprojections).

Proof. According to the expressidB.22) of DP in Lemma 3.1and the definitior{3.48), D° can

be written as
D°=D -sym(Ve®* L& *Ov ° WV § (3.50)

Note hatV ® andV® * share the same eigenvectors and eigenprojectionshivitinV ¢. As a
result, the expression8.27) and (3.28) hold (see the propertyB.8) of eigenprojections in
Appendix B.

Pre and postmultiplying both sides of3.50) by P? (s = 1 ,nt) yield

O U | . o . y
PeCD® Ry P= D B, sfimaR®, L Pes\_/{gpwe Peas O © (351
¢ s -
SinceL=D W andP; (s =1 ,me) is symmetric(3.51) reduces to

PeD° 3 —le=P§\'/e®i; Ce) m (352
\"

s

Furthermore, the identity given by Equation (29]48] (see alsq76] andEquation (24) in[1])

(3

suggests that the time derivative of a funct&(rve) =qf (V;)Pse can be expressed as

e= g g(v.v) Ps®° Pt (353
1

where g(x, y) is defined as
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B1(0- 1) |
g(xy) =l x-y (354)
bEi(x), Xy

Sinceh® =InV*® { Inv;P S, substitutinge for h® in (3.53) and considering the proper(B.7)

s=1

of eigenprojectiong Appendix Byields

Peh® Y =PeVe®S O m! (355
V.

Combining(3.55) with (3.52) yields the relatiorf3.49) in Lemma 3.2
Theorem 3.1.The tensorD® defined in(3.48) can be written as the following corotational rate
of the elastic Hencky straih®:
D°=h® q H & (3.56)

with the skewsymmetric seconrdrder tensorq expressed as

arwW+W B b -WeB?) (357)
where B® is the elastic éft CauchyGreen deformation tenso\rf,\_/(Be, D) andVV(Be, D") are
two skewsymmetric secondrder tensor valued functionS/,\_/(Be, D) , Which is expressed in

(2.34) with the independent variabléddand D, is employed in the definitioaf the logarithmic

spin[137]; W(Be, f)p) is defined in a way similar t\b\_/(Be, D) as

b)) P OF PC (3.58)
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where m® is the number of distinct eigenvalues Bf; b and P; denote thesth distinct
eigenvalue and its corresponding eigenprojectionBdf respectively; the scalar coefficient
C(bj, b‘;‘) iS written as

2bbs, 2

ot 1) =T G

(3.59)

Proof. The relation(3.56) in Theorem 3.1s a tensor equation for the skeswmmetric second
order tensorg as the unknown. Following an argument simt@athat given in Equations (14)
(23) of [1], the equality(3.49) given inLemma 3.2ensures existence of as the solution of the

tensor equatio(B.56) in Theorem 3.Jand moreoveryg can be written as

~_mepe s e M 1 ed " e 9 n.e
q—gl, MBSW J:( De) = (360)

Note thatV ®, B® =V **and h® =InV © share the saeeigenprojection®® (s =1, ...,me) :

The solution given by3.60) can be readily verified by substituting it into therresponding
eqguation(3.56) and by utilizingLemma 3.2andthe properties of eigenprojectioriscan be seen
that in case of iply coalescenkigenvalues o¥/© and B® (i.e. m° =1, P°=1 and therefore
h®=Inv{l ), the expressiong3.57) and (3.60) both reduce tag = W and the corresponding
equation(3.56) is trivially satisfied in view otL.emma 3.2 Consequently, the rest of the proof only
focuses on the cases of multiple distinct piggues (i.e.n® >1).

Applying (3.53) to the time derivative oh® =InV ° yields
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e Ijv/v)
P’ R Y PeVe®S D ¢t st ,m, (3.61)

t
where the property* (P; 6 (s , l) has been consideredabtaining(3.61).
In addition, pre and posimultiplying both sides of the expressi25) of D” by P® and P°

(s ., L s ZL,.,.,me:}, respectively, gives

e e VIZHVE?
PeQY® A== Pe D IEDe P° p°
SR (@ v Bew -
2 V’ PS DP P, s t st .m°
Ve + VS

where the propertie3.27) and (3.28) of the eigenprojection®; (s =1 ,me) as well as the

relationL=D % have been utilized. Combinir{8.62) and(3.61) yields

L opede s YetVeipeppr BRSO O

e e s e2 e2 s t

In (vs /vf) veR- Ve 363
622V Py DP P, s t, st .m°
VS t

After substituting3.63) and D® =D -D” into (3.60), the following expression of the spin tensor

q is obtained:

" apesp, 2 0
W + qj D P
@ a% b°, In(be/be) o
; i (3.64)
m a2 b*’be 2 0 -
j & R D" P3

SLE o (b)) ¢
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where b = Vv%? (s :1,...,me) denote the distinct eigenvalues &°, which shars the same

eigenprojections witlv © and h®. In obtaining the ternW on the righthand side 0{3.64), the
following relation has been utilized:
L A oa”, o "h,,
arav i ArP.W 0O, L PV =
r=1 g{ =

st =1 s =1-
S ¢

8
o) (3.65)

It is evident that the solutiof3.64) of the equatior{3.56) is identical to the expressi¢B.57) in
Theorem 3.1nd the proof is therefore completed.

Remark 3.8. With the spin tensoqg as the unknown, the tensor equaid36) in Theorem 3.1
has an unique solution only i (or equivalentlyv ® or B®) has three distineigenvalues (i.e.

m® =3) (se€[78]). In addition, repeated eigenvalueshsf(i.e. m® <3) lead to infinite number of
solutions of the equatio(8.56). In these cases, the soluti@57) provides values of the spin
tensorq that ensure continuity off when originally distinct eigenvalues coalesce (i.e. become
identical). This is shown iAppendixC.4.

Theorem 3.2.Assume thatie hyperelasticelation (3.20) is invertible.The hyperelasticelation
(3.20) and the kinematic definitio(B8.14) of the plastic flowin the multiplicativehyperelaste

plasticity modebre equivalent to the following equatisin

D=DB° B° (3.66)
5= A(0): © (367)
R C (3.68)
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where (U) is a fourthorder tensor valued function of the Kirchhoff stréswith the following

definition:

wy . (U
pU po

SN—"

H(0)= (3.69)
wherey . (U) denotes the complementary energy potential of the hyperaiasterial described
by (3.20). P« in (3.67) denotes the modified kinetic logarithmic stress ratendeffias
g1 0 “q OU+X (3.70
with themodified kinetic logarithmispin tensorq © expressed as
a“rw -+ B b WEB”) (3.70)
wherethe skewsymmetric scondorder tensor valued functiond/ («,+) andW (-,+) are givenin

(2.34) and(3.58), respectively B is the kinetic left Cauch@reen deformation tensatefined in
(3.43).
Proof. Let us first show that equation(8.66)-(3.68) in Theorem 3.2are necessary for the

hyperelastic relatiorf3.20) and kinematic definitior(3.14) of the plastic flow. Sinc€3.20) is

invertible, there exists a complemant energy function () satisfying that

7.(0)=170 " hy(") (372
where U and h" are symmetric secoratder tensors satisfying the invertible relation

. 7(h
J :W—(*). The inverse of the hyperelastic relat{@®0) can therefore be written as
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RAC) 373

u

Taking the time derivative of both sides of the hyperelastic rel&3ian) yields

G= uy (h) B (3.74)
Llhe he

Since the elastic potential energy functjﬁlﬁhe) is assumed to be isotropic with respecht,

the following expression holds for an arbitrary skeymmetric secondrder tensory~ (seethe
derivation of(2.85)):
2 e
- qOU+UOqu—yeL—e):(e ho2q °B7) (3.75
vh® h
Let q " in the above guation be equal to the spin tensprexpressed by3.57) in Theorem 3.1
The following relation is thsiobtained:
2 e
o~ e e h o~ o
U- "qoU +uo‘é@:( ° h *-q°®) (3.76)
Hh® h
According to the kinematic definitio(8.14) and its equivalent forn§3.22), Lemma 3.2and

Theorem 3.Xan therefore be applied to obtain the following relation:
D°=h® q © (3.77)
De=D -D° (3.78)
In addition, die to the relatiori3.72) and the mvertibility of the hyperelastic relatiof3.20), it is

evident that the following holds:
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.(0) (4 _

N (3.79

. a0
with the invertible relatiorJ = WT() satisfied. Applying3.79) and(3.77) to the relatior(3.76)

yields
De:z@(@:('(’}~ qoU +~} (3.80)
with the notation in(3.69) utilized. In addition, theequation(3.73) indicates thath® =h* and

therefore thaB® = B*. As a result, the definitio(B.71) of q* suggests thai = " in view of

(3.57). The equatior3.80) can therefore be written as

De=m(0): © (3.81)
with P« expressed by the expressi@i70) in Theorem 3.2
The obtained relation.73), (3.78) and (3.81) suggest tha(3.66)-(3.68) are necessary for the
hyperelastic relatio(B3.20) and the kinematic definitio(8.14).

The sufficiency of the equatio3.66)-(3.68) will be investigated next. The following hyperelastic

relation is obtained as the inversg&68):

a=" (h) (3.82)
th
where the functioly (+) is expressed as
y(h)=0:"n-3(" ) (3.83)
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for symmetric secondrder tensordJ andh” satisfying the invertible relatioh” =

Due to isotropy of the functiojr, (U), the equatioif3.67) can be rewritten as (s¢285))

5e:DRM oq X Bl W ),,UqK (3.84)
tg (V10 A— puU V19)

Substituting(3.66) and(3.68) into (3.84) yields

h*=D -D° &* KO h- X (3.85)
Note that the definition$3.57) and (3.71) in conjunction with the relatio3.68) indicate that

a“ = q. The equatiorf3.85) is therefore rewritten as
h*=D D° ¢ HO h- (3.86)
Premultiplying both sides of3.86) by P; (s =1, me) and postmultiplying both sides 0f3.86)

by P* (= 1 ,nt) yields

Pedv RS PE(DODY) P, In(rfy9Pq PP s&r O m (3.87)
According to the expressions off in (3.57)-(359), (2.34 and (235, PG B

(s, t = 1me). in (3.87) can be written as

PG B

0 D AL
v K,

— —
U
9 Il

s t

. e t . L .
where the property?y P;  F ; of eigenprojections has been utilized.
i
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Substituting(3.88) along with(3.55) and(3.61) into (3.87) yields

[ERN

(VPG RS, v LB VR D PP, @
Vi (3.89)

cP:gD D) PO s 1

xﬁ,,

Pe("D'/e Rj

S

é
i
i
1
i

where the relationd =D W andL' =D W have been utilized.

me
Noting thatg P; =1, V°® can be written as

s=1

@_Pe dZ) &3 o&) Ve R, O& (3.90
gss1  + = S S

Substituting(3.89) into (3.90) yields

=qVvP:® D) PO +

a VP (® b)

. (3.91)
- e2pe T e edime Ap € e PH e
Ekvswi(vs PELTPS v LD v VPR D D)
s, t

The expression(3.91) of V° is the same a$3.23) in Lemma 3.1which indicates that the

expression$3.22) and(3.14) of the plastic flow must also hold. It is thus proved that the equations

(3.66)-(3.69) is sufficient for the hyperelastic relatig®20) and the kinematic definitio(8.14) of
the plastic flow in the hypeglasteplasticity model.

Based on the above results, we proceed by showing that the multiplicativechagieplasticity

and the additive hypelasteplasticity models inTable 3.1 can result in the same system of

ordinary differential equations with respect to the state varidlhldsg and & provided certain

conditions are satisfd.
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In light of Theorem 3.2the hyperelasticelation(3.20) and the kinematic definitio(8.14) of the

plastic flow in the hypeelasteplasticity models can be replaced with their equivalents shown in
(3.66)-(3.69). It is clear inTable 3.1 that such replacement of constitutive equations renders the
multiplicative models in the same form as their additive counterparts. Furthermore, the following

evolutionequationanbe written with respect to the state variablesU and 4 :

OZ(){ -o°)B* @ O~ (3.92
U=g A 0 §-( 6,0 L)e=0, , d, 04 (393
k="¢&(0 D) (3.94)

The equatior(3.92) is obtained by substituting.66) into (3.67). The fourthorder tensorZZ(U)
is determined by

L(O):@( P=1 (3.95)
The equatior§3.93) results from combination ¢B.15) and(3.47).
The plastic flowDP in the ordinary differential equations above depends on the state vatigbles
U and & as well aghe plastic multiplierg through the flow rulg3.13). The spin tenson *, as
expressed i1f3.71), is dependent o®, W , B* and D” while B* :exp( 21“) is dependent on

the stresdJ according to the definitio(B8.68).
It is evident that the righttand sides of the ordinary diffeteal equationg3.92), (3.93) and(3.94)

all dependon the plastic multipliey in addition toU, U, &, F and L . In fact, the plastic

multiplier g itself is also dependent on the state variablet) and & as wellas on the kinematic
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guantitiesF and L due to the&Kuhn-Tucker condition$3.17). The value of the plastimultiplier
g is thendetermined according to the different loading cases as indicated by theTkiaker
conditions(3.17).

When thestressU is located within the elastic domain, i&(U UA<O0, the KuhATucker
conditions(3.17) require the plag multiplier tovanish(i.e. §=0). When the strestl is on the
yield surface, i.ef (U UA=0, the plastic multipliery can be either a positiver zerovalue
accordingto the KuhnTucker conditiong3.17). In fact, the condition§3.17) imply that the time

derivative of the yield functionf (U, U4 must also be nonrpositive at this moment (i.e.

f¢0if £ 0)which serves as an additional consistency condifibe time derivative’ of the

yield function can be written as

f'=“f(q,,0/):6 +“(f’g )Jku +‘(' .9 5 (3.96)
Hu Hu ku

Sulstituting the rate form expressiof®92), (3.93) and(3.94) into (3.96) and utilizing the plastic

flow rule (3.13) yield
f=A(G L F.¢-8f, O,LF (3.97)
where A(U L F. A andB(U L F,&) are scalar valued functiorgiven in Appendix C.5.

The functionB(U, L F,A) is assumed to be positive.M{U Uh=0and A(U L F ,AJ¢O,

the material undergoes unloading or neutral loading and therefore the plastic multiplier is zero (i.e.
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¢=0).1f /(U UA=0and A(G L F.&)> 0, the aforementioned consistency condi(i887)

AU L F.A

is active requiringhat g = B(U L F /\{)

Given the loading cases above, the plastic multighean be expressed in the following unified

manner (see ald@)):

. 2 ew<Al L FA
g=H{ (U V) BEQ L ,F,g

(3.99)

where H () and <. :, denoting the step function and tMacaulay bracketrespectively, are

defined as
&0, 0
H(x)=3 3.99
() L % 0 (3.99
80, x O
<x >g (3.100
iXx, x O

With the expression of the plastic multipligrgiven in(3.98), equationg3.92), (3.93) and(3.94),
along with some initial conditions df, U and &, comprise the system of ordinary differential
eqguations with respect to the state varialided) and & .

Following the procedure similar to that in equati@®92)-(3.100), it is evident that the additive

hypo-elasteplasticity model shown iffable3.1 produces the same system of ordinary differential

~—

~ Wy (0
equations ag3.92), (3.93) and (3.94) provided that: (i)H(U) = “y(JC( ¥ in the hypoelastic
HU 1

relation(2.14) and (i) q = ¢ *W 4_\/(/ g )0 ) D-( W( B, E’q in the definition (3.39) of
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the corotational objectivstress ratdf . It is evident that the above two conditions igentical
to those introduced in equatiof®40) and(3.41) suggesting that the statement corresponding to

(3.40) and(3.41) is true.

3.5.2 Consideration of specific cases

3.5.2.1 Absence of straimduced anisotropy
In the elastoplastic constitutive models considered in the preléssgrtation strairinduced

anisotropy is represented by kinematic hardening, which is characteritieel lbgck strest). In

the absence of strainduced anisotropyconsttutive functions 7#(U U4, p(U k) and

K(U (k) can be written a¢ (U, 4, p(Uk) andK(Uk), respectively. Note that the plastic

flow rule is accordingly written as

(3.10)

The frame invariance requires the functip(U &) to be isotropic with respect to its only Eulerian
tensor valued independent varialle Consegently, the flow rulg3.101) suggests thal5® must
be coaxial withU. In addition, the definition§3.43) and(3.44) suggest that the Kirchhoff stress

U is coaxial with the kinetic left Cauck@reen deformation tensd@* . The plastic flow5® can

thus be written as

B = § d°p* (3.102

r=1
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where d? denotes the eigenvalue dr corresponding to theth eigemprojection P* of B*.

After substituting(3.102) into the expressio(B.41) of the modified kinetic logarithmic spig “
and utilizing the properties of eigenprojections, the IWI(IBK(U), %) vanishes and3.71)
reduces to

= q (3.103
This indicates that the modified kinetic logarithmic spifi coincides with the kinetic logarithmic
spin q * [4] in the absece of kinematic hardening.

3.5.2.2 J2 Plasticity with associative plastic flow

In J2 plasticity the yield functiori (U U 4 is written as
£(0 o/):H( )0- H U (3.104)
where |T|=+T:T for any seconarder tensorT and (T)i=T %tr(T)l denotes the

deviatoric part of a secormtder tensofT . The initial value ofU and & is 0 and %sy,

respectively, withs , denoting the yield stress. Since the plastic flow is associative, the flow

- -

potential p(U k) in the plastic flow rulg2.15) is equal tathe yield functionf (U, U 4. The

plastic flow (5 is therefore written as

§ oW (0 ) _ ()0 109

85



Chapter 3.A Link between Multiplicative HypédtlastoPlasticity and Additive Hyp&lasto
Plasticity Models: the Modified Kinetic Logarithmic Spin

Since (U)i is coaxial withB* (U), following an argument similar to that in Sect®5.2.1yields

W(Bk(o),( p):o (3106

Substituting(3.105) into the expressio(B.41) and considering3.106) yields

q* = g mw( 8( )0) (3.107)

3.6 Numerical lllustration

The stress response predicted by the multiplicative model and its additive equivalent are studied
herein for J2 plasticity with associative plastic flow rule. In addition, two otherkmelivn
additive models, based onetBaumann rate and logaritienrate [2], respectively, are also

considered herein

3.6.1 Elastoplastic isotropy
The case without straimduced anisotropy (i.e. kinematic hardening) is considered first. Note that

the condition(3.41) for the eqivalence between the multiplicative and additive models reduces to

q =g =d in this case (see Secti@5.2.). The additive model with the kinetic logarithmic

rate is therefore equivalent the multiplicative model. e numerical integration methods
presented i\ppendix Aareused to integrate the additive models. The multiplicative models are
integrated through the numerical methodag].

In addition to stress response, the plastic work done by the stress is investigated. For the additive

models, the plastic power is defined as
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wP=0: B (3.108

As to the multiplicative models, the plastic power can be written as (see Equation (1{6@3) in
WP =U: P (3.109

The numerical approximation to the plastic power is briefly discussédpendixC.6.

Il n the present section, the Henckyds hyperela

function K (U, k) in the isotropic hardening law described (ByL6) or (2.17) is considered to
be a constant, i.e.

k=K (3.110
Two sets of materigarameters, which differ only in the yield stressand hardening modulus

K, are considered herein so that the aforementioned elastoplastic models can be compared for
both small and large elastic strains. The material parameters are shoalid.2 andTable3.

for small and large elastic strains, respectively. In the two taBlemydn denot e t he You
modul us and the Poissonds ratio, respectively

Table3.2. Material parameters for small elastic strain

E n S, K
1.95 16" 0.3 7.5 10 63 10
Table3.3. Material parameters for large elastic strain
E n S, K
1.95 16 0.3 93 10° 7.2 10

87



Chapter 3.A Link between Multiplicative HypédtlastoPlasticity and Additive Hyp&lasto
Plasticity Models: the Modified Kinetic Logarithmic Spin

3.6.1.1 Simple shear
The classical simple shear problem is investigated with the multiplicative and additive models.

The deformation gdient matrixF for this problem can be written as

& b 0
F=0 1 0 (3.111)
0 0 1
“ 0.04
003
0.024 ~'~..
~"0.01 B R T S
0.00 . ; . .
0.6
~" 0.4 —Mumplcave | . 0.6 — iplcatve
o ] = = = Additive, Log N 0.4- ___ :ﬁgg!t!"e’ E'Og
o 0.2-_ + +  Additive, Jaumann - 0_2_: . Add:::x:: Jggmam
0.0+—m—mF—7———— 0.0 . . . .
n 6 »n 8
5_ i
> 4 > 61
= 3'_ 4 -
o 2] @ o]
= 1 = 2
0 T T T T 0 T T T T
0 2 4 6 8 10 0 2 4 6 8 10
b b
@ (b)

Figure3.1.  Stress response and plastic work (normalized by #ld gtresss, ) of the simple

shear problem with small elastic strain (see material paramefEable3.2): (a) perfect

plasticity (K =0); (b) elastoplasticity witlhsotropic hardening
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(a) (b)
Figure3.2.  Stress response and plastic workrmalized bythe yield stress ) of the simple

shear problem withargeelastic strain (smaterial parameters frable3.): (a) perfect plasticity

(K =0); (b) elastoplasticity with isotropicandening
It can be seen frofigure3.1 that with rather small elastic strain all models delnesirlyidentical
stress response and plastic work except that the additive model with the logarithmic rate produces
softening response of the normal stress compongnT his is true for both perfect plasticity (with
K =0 in Table3.2) and elastoplasticity with isotropic hardening. If the eladtiairs is large,

however, only the additive model with the kinetic logarithmic rate is in good agreement with the

multiplicative model as shown frigure3.2. Comparing-igure3.2b with Figure3.2a, it appears
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that the difference between the results of the multiplicative model and those of the additive models
with the Jaumann and logarithmic rates becomes more pronounced if isdteogening is
considered.

3.6.1.2 Cyclic deformation featuring unloading and reloading

In the simple shear problem, the material is subjected to continuous loading with the plastic work
increasing once yield occurs (ségure 3.1 and Figure 3.2). Herein, a problem involving

unloading and reloading is considered.

*1

o ]

e

Figure3.3. Cyclic homogeneous deformation of a unit square matanak and the
trajectory of the material point on thperleft corner
Figure3.3 shows a unit square material block subjected to a cyclic homogeneous deformation in
which the motion of each material point on the upper eddeedblock forms a circular trajectory
while those on the bottom edge are fixéte radius of the circular trajectory is denotedrbgnd
the positionof the material point moving along this path is determined by the gngkeshown
by Figure3.3. The deformation gradient matrix can be expressed as
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el r sing 0
F=2 1+(1 eog) O (3.112)
&0 0 1

The value of the radius is set tol.2.

0.6
7)) 0_4- ,:’ * R "‘ '0‘.“ )
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Figure3.4.  Shear stress response and plastic wotk@tyclic deformation problem with

largeelasticstrain and perfect plasticity (adopting the material parametdighle 3. with

K =0)

The shear stress response and the plastic work normalizeg dmg shown inFigure 3.4 and

Figure 3.5 for perfect plasticity and elastoplasticity with isotropic hardening, respectively. It can
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be seen from the two figures that the multiplicativedel and the additive model with kinetic
logarithmic rate yield identical results while considerable deviation from the multiplicative model

can be observed for the other two additive models, in particular for the plastic work.

0.6
»n 0.4
0.2-
> 0.0
0.2
i '0.4'_
= -0.6- | | | | |
— Multiplicative ]
16_- - Additri)ve, Klog JROETE .
n 124 Additive, Log 1. e

-+« Additive, Jaumann .-’

> ’
0.8- i
L 04] /7

< 7
0.0 e S S S T
Op 2P 4 p 6p 8p 10p 12

Figure3.5.  Shear stress response and plastic work of the cyclic deformation problem with
largeelasticstrain and isotropibardening (adopting the material parameterBahble3.)

3.6.2 Strain-inducedanisotropy in the form of kinematic hardening

In addition to the isotropic elastoplasticity discussed above, strdirted anisotropy is
investigated herein in the form of kinematic hardenseg[138] for analternative representation
of straininduced aniswopy).
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Following a finite strain extension of the ArmstreRgederick hardening law, the kinematic

hardening equation(8.15) and(2.16) can be written as

U=cD -gb (3113
wherec and b are material parameters. The objective stresslfaia the present additive model
(based on the modified kinetic logarithmicirspm ) is adopted as that i[89] and [62]. Its
expression in thpresent context is given (8.32) in conjunction with(3.35)-(3.37). Note thatB®
therein is dependent on the stress through the inverse of the hyperelastic({@R@)oBuch stress
dependency oB° is utilizedin the additive modddased on the modified kinetic logarithmic spin
In addition, the two welknown additivemodels based on the Jaumann and logarithmic objective
stress rates are also investigated. In these models, the spin tensor employed to define the
corotational objective stress rates of the back stress in the kinematic harderéng(3.113) are
the same as those for the Kirchhoff strelsm the hypoelastic relation®.12). These additive
models are integrated through the numerical integration mettextribed il\ppendix A
In contrast to the previous isotropic cate modified knetic logarithmic sping “, as given in
the expressiolf3.41) for the equivalence between the multiplicative and additive modeis, is
general not equal to the kinetic logarithmic spifi because the arguments in Sectob.2.1are
not applicable herein and thus the additional téviris nonezero. A corregonding numerical
integration method (se@ppendix C.7) is employed to obtain approximations to the material
response produced by the additive model based on the modified kinetic logarithmic stress rate.
The shear stress resmes obtained through the various elastoplasticity models are investigated
for the classical simple shear problem. At first, with small elastic strain t(eeenaterial
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parameters ifable3.4) the shear stress responses are shiowigure3.6. It can be seen that the
results from the additive models exhibit very good agreement with those from the multiplicative
one [62] except that the additive model based on the logarithmic rasu@es significantly
different results under large shear strain. In fact, small elastic strain indicate®® tfeatB* )

should be quite close to the identity tensorin this casethe modified kinetic logarithmic spin
tensorq® = W +\7V( B, )D - (/VkB~p)I in the additive model (og defined in(3.57) for the
equialent multiplicative model) should be rather close to the Jaumann spin Y&nsorce both

V\_/(Bk, D) andV\7(B", f)p) are continuous functions and vanish wih =1 . The spintensor

q? =W +W B [(see the definitioin (2.33)) for the logarithmic rate, however, is dependent

on B rather thanB®. Since the difference betweeB and | increases with the shear

deformation, the spin tensoq® may significantly deviate fromW under large shear
deformation. This may result in the discrepancy between the results from the additive model with

the logarithmic rate and those from the othéfigiure 3.7 shows the shear stress responses
prodwced by these models with moderately large elastic straithseterial parameters ifable

3.5). It can be seen that only the additive model basethe modified kinetic logarithmic stress
rateprovides resuft that are close to thoBem the multiplicative modgB9]. The small difference

between the results from suah additive model and those from the multiplicative model may be
attributed to the fact that the Nétbokean hyperelasticity is assumed in tdtiplicative model
developedy Dettmer andReesd89lwhi | e t he Henckyds hyperel ast.i
additive model based on the modified kinetic logarithmic stressSimee the elastic deformation

is not excessively large, this fact does not result in large difference between the two models.
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Table3.4. Material parameters for small elastic strgig]

E n s, C b
210 0.3 0.45 % J6
Table 3.5. Material parameters for moderately large elastic s{&th
E n s, c b

2.2154 16 0.38¢ 3.5 10 1310 2.7
1.04 L iaeeeesaeam
0.8

7y
. 0.6 ——
— — Multiplicative (Neto et al., 2008)
] == = Additive, Present
: 0.4 = = = Additive, Log
+— » +  Additive, Jaumann
0.2-
0.0 . . :
0 2 4 6 8
b

Figure3.6.  Shear stress respong®rmalizedby the yield stress ) of the simple shear

problem withsmallelastic strain (sene materialparameters ifable3.4)
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~ 0.6 —— Multiplicative (Dettmer and Reese, 2004)
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Figure3.7.  Shear stress response (normalized by the yield sérgssf the simple shear

problem with moderately large elastic strain (deamaterial parameters ifable 3.5)

3.7 Conclusions

It has been mathematically proved and demonstrated on several numerical examples that for
isotropic materials, a hyp&lastaeplasticity model based on the multiplicative decomipasiof
deformation gradient coincidesth an additive hypeelasteplasticity model that employs the spin
tensor based on the modified kinetic logarithmic rate. In the absence ofisthaced anisotropy
(kinematic hardening), this objective stress cai@cides with the kinetic logarithmic rate recently
proposed by Jiao and Fi¢f]. It hasbeen also shown that other wktlown additive models

basedon Jaumann and logarithmic rates considerably deviate from the multiplicative model.
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The focus of the preseahaptemwas on the theoretical aspects. The corotational models based on
the additive split of the rate of deformation are attractive from dipah@oint of view as they

offer a systematic framework of extending a library of infinitesimal inelastic materials models to
large deformation regime. Yet, the additive models, much more than their multiplicative
counterparts, are known to suffer fronrieas shortcoming documented herein and elsewhere.
The theoretical link established herein between the multiplicative framework and one of the
models based on the additive decomposition framework, may provide a firm footing for

developing both efficient @haccurate corotational algorithms for large deformation plasticity.
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Chapter 4
Analysis of Hierarchical and Non-Hierarchical
Approaches to Representing Delamination in

Laminated Composites

In this chapter,wo hierarchical approaches, theversion of the finie element method-(aethod)

and the extended finite element method (XFEM), are compared to the classitararchical
ply-by-ply discretization approach in terms of their effectiveness in modeling delamination in
laminated compositesThe two hierarcital methodsare shown to have approximation
(discretization) spaces which are identical to that ofthe classical phby-ply discretization
approach. These approaches therefore produce the same rasudelamination analysis of
laminated compositeFhischapter is reproduced from tipaper[139] coautored with Professor

Jacob Fish whose inputs are gratefully acknowledged

4.1 Introduction

Since the first commercial application of composites in the NASA/Boeing 737 Grajpute/
horizontd stabilizer in 19804140], composites have become increasingly papin design of
major components of large aircrafts. Today more than 50% of Boeing 787 and 53% of A350 XWB

are made of composites. Laminated composites winggkane dimensionareseveral orders of
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magnitude larger than their thickness, are most commadgl composites architecture for these
structural components. Conventional shell or plate elements deployed in aircraft industy are
capableof reliably predicing the onset and propagation of delamination, which is a dominant
failure mode inlaminatel composite§141i 143]. On the other hand, an alternative -plyply
discretization of individual layers practicéat delamination studiei® small coupons or elements

is computationally not feasible for large scaleoapace components. Thus, the challenge is to
develop a practical approach for delaminatinalgsis of largescale aerospace components.
Delamination usually initiates and evolves in localized areas along one or more interfaces in
laminated composite stttures. Schematics of a delamination in a laminated composite structure
is illustrated inFigure4.1lawhere a portion of the laminated structure is depicted in a-ssz$®n.

The most common approach to modeling delaminatiigu¢e 4.1a) using finite elements is
illustrated inFigure 4.1b. By this soacalled plyby-ply discretization approach, the ingly
interfaces are explicitly resolved by inelement boundaries. The diapement (strong)
discontinuity across the delaminated interface areas is modeled using double nodes coming from
the elements above and below the interface.

It is evident that this classical pby-ply discretization approach is in principle adequate @do@h

any delamination in any laminated composite as long as the finite element mesh is properly tailored.
In practice, however, this plyy-ply discretization illustrated iRigure4.1b suffers from a number

of shortcomings. Firstthe plyby-ply discretization approach is ndmerarchical in nature and

may lead to excessive computational cost. Laminated composite structures are typically modeled
using plate or shell elements whose thickness is considerably smaller thapltre idimensions.

Plate or shell elements are typically adequate to resolving the responses of composites if there is
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no delamination. An alternative to plate or shell elements is a solid laminated element, which is
typically a quadratic or higher order sodittment, that contains multiple plies through its thickness
direction. Clearly, neither of the two approaches possesses the necessary kinematics to resolve

delamination.

Ply

Delamination Interface

(a) Delamination in a portion of a laminated composite plate
————— Element boundary

(b) Ply-by-ply finite element discretization of Bamination
————— Element boundary

(c) Laminateby-laminate discretization of delamination

Figure4.1.  Non-hierarchical finiteelement representation of delamination in laminated
composites: (a) localized delamination; (b)-Blyply discretization of delamination; (c)
Laminateby-laminate discretization of delamination.

One possibility to at least partially remedy computationamplexity of the plyby-ply

discretization is illustrated iRigure4.1c. The computational cost can be reduced if thebgiply
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discretization is replaced by a stack of laminated solid elements connected at the delamination
interfaces as shown ifigure 4.1c. Caution must be exercised to ensufecGntinuity of
displacements across adjacent laminated solid elements as illustifaiguares.2. One possibility

to ensure the Tcontinuity is to employ multiple point constraints. This, however, introduces
additional bookkeeping. Computational complexity is further amplified with initiation and

evolution of delamination that requiresntinious remeshing.

_ _ Element
Boundary

/ \

~ N\
<

Interface
Delaminated \Incompatible
Interface Deformation

Figured4.2.  Displacement compatibility in nehierarchical representation of delamination in

laminated composites

The computational complexity can be addressed using hierarchical representation of delamination.
By this approach, amooth approximation fieldasedon the mesh of a single layer of through
thethickness solid laminated elements is first introduced to resolve a delamifiagamesponse
of the composite structure. Delamination is then modeled by enriching the smpiaiki@yation
space. The hierarchical approach has the following advantages:

() It may substantially reduce computational cost if the enrichment is used only where it is

neededseeChapter Sor [144]).
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(i) The compatibility of the displacement field can be readily assured by enforcing the
enrichment to vanish at the interface between delaminated and delamfregioegions
Consequently, multiple point constraints are not needed.
(i) Remeshing is avoided.
The s-version of the finite element methgdmethod)[145] and the extendkfinite element
method (XFEM)[146] provide two possible hierarchical frameworks in modelling delation
in laminated composites since both tilsemethod and the XFEM feature hierarchical
decomposition of the approximation space in the finite element meitnedorigin of such a
hierarchical decomposition is often attributed to the glédad! finite eement method oMote
[147]. Comprehensive review of the early works t@nfound in the papers of Nofir48] and
Dong [149]. Most of the early attempts employ global functions in enriching finite element
approximations. Such global enrichment functions idelarack tip asymptotic field450] and
shear band weak discontinuitiglb1]. Due to the global nature of the enrichment functions, these
methods give rise to dense stiffness matrices and are often referred to as global enrichment
methods (GEM). Local enrichment methods (LEM) and sparse global enrichment sn&GdtM)
were therefore developed in order to enhance the sparsity pattern of the stiffness matrices.
Enrichment functions in LEM are limited to individual elements so that they can be condensed out
at element level. These enrichment functions have beghoged torepresent discontinuous
strains [152,153] curvatures[154], and displacement§l55,156] By contrast, enrichment
functions in SGEM are not limited to individual elements. Methods belonging to the category of
sparse global enrichment methods includem(ijitigrid-like scale bridging method457i 160];

(ii) the extended finite element method (XFEM%6,161 163] or the generalized finite element
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method (GFEM]164i 166], which are based on the partition of unity con¢&p?,168] and (iii)

the sversion of the finite element method-rfethod). Thes-method has been applied to
hierarcchical representation of strofi9,170]and weal{171i 174] discontinuities.

In the presenthapter a global mesh of laminated gbklements, (consisting of a single layer of
throughthe-thickness 2éhode serendipity elements), is initially employed to model delamination
free response of the composite structure. The discontinuity of displacements across-fitg inter
interfaces of d&aminate is embedded by either gamethod or the XFEM. The equivalence of the
two hierarchical approaches and the standardhmenarchical plyby-ply approach are proved.
Although the two hierarchical approaches are equivalent and the XFEM has prbeeceftective

in modelling delamination in laminated composites5i 178], thes-method is still an interesting
and promising approach in this corttébecause of its sparser matrix structure and seamless
transition from weak to strong discontinuity.

The outline of thehapteris as follows. A representation of discontinuity in displacements across
the interply interfaces using themethod andhe XFBM is outlined in Sectiod.2 Incorporation

of cohesive behavior into int@ly interfaces idriefly introduced in Sectiod.3. In Sectiord.4,

we prove that the enrichments introduced bysheethod and the XFEM are equivalent to the
ply-by-ply discretization approach with double nodes across the delaminateglynieterfaces.

A numerical example in Sectigh5 demonstrates the equivalence between #method and the

classical plyby-ply (or laminateby-laminate) discretization approach.
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4.2 An Overview of representation of discontinuity via thes-method and the
XFEM

4.2.1 The smethod

Figure 4.3(top) depicts a structured superpositionwb t20-node hexahedral elements over an
underlying (hereafter to be referred as the globah@fe hexahedral element containing multiple
plies. The two superimposed elements are positioned below and above the delaminated interface,
respectively. The formation of the laminated hexahedral elements is detailégppendixD.1.

Note that the 2Mode laminated hexahedral element rather than a simpied@& laminated

hexahedral element is employed due to its ability to resolveirtogn

T \
Composite Ply /I /} X
| | ! -
|
+ i+
| |
Jm————f ]
7 v
/ %
Delaminated  Global Lower Upper
Interface Laminate Superimposed Superimposed
Element Element Element

Global Node (s-method)

Unconstrained Superimposed
Node (s-method)

Constrained Superimposed
Node (s-method)

Normal Finite Element Node

Equivalent
Laminate-by-Laminate
Model

Figure4.3.  Superpositiorof displacement discontinuity at the delaminated interface (hidden

nodes are not shown)

The overall discretized displacement fieltl can therefore dwritten as

U =uC S FS()dS A Ax)dS,in © (4.)

a=1 b2
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where W® represents the daeain of theeth global element and denotes the spatial coordinates;

e (x) is the shape function of theth global node in the global (or underlying) elemend a
f5(x) is the shape function of théth superimposed nodef> andd$ denote the displacement

vectors of theath global andbth superimposed nodes, respectivaty; and n® represent the
numbers of global and superimposed nodes, respectively.

Remark 4.1. It is necessary to constrain certain nodes in the superimposed elemergsréeo e
that the subspaces reproduced by the global and superimposed meshes are linearly independent.
Figure 4.3 depicts which nodes in the superimposed elements are constrained to avoid linear

dependency-or more details see Semti4.4.1

Remark 4.2. The overall displacement field obtained via Equaftbh) will be shown inSection
4.4.1to be equivalent to that of the gby-ply (or laminateby-laminate) discretization approach
consisting of two 2thode elements (identical to the two superimposed elements) with all their
nodes unconstrained as shownFigure 4.3(bottom). The element superposition illustrated in
Figure4.3 can be generalized to model multiple delaminated interfaces in a single global element.
Each delaminated interface would correspond to a pair of sypesed elementshich areabove

and below the interfaceespectively

Remark 4.3. While Figure 4.3 focusses on superposition of displacement (or strong)
discontinuity, a similar framework can be employed to superimpose displacement graeat (
discontinuity. The attractive feature of thengthod is that the weak discontinuity across the
interface can be imposed by simply constraining the degfeigsedom corresponding to the
displacement jump across the interface of intefldst issuds further discussed iBection4.4.2
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4.2.2 The extended finite element method

The extended finite element method (XFEM) incorporates enrichment functions, such as the
Heaviside function or any other analytical smuns of choice, in addition to the global finite
element shape functiond61,179,180] If a displacement field is chacterized by strong

discontinuity across the delamination, the enrichment functions are constructed through the

Heaviside functiorH (a) defined as

H(a)

e @
=] (4.2)
|

1, a
Such an enrichment function in a solid laminated element is depictadure4.4 where a 20

node hexahedral element i28m with a delaminated intgrly interface in its parametric space.

7%
Delaminated » .
Inter-ply Ry L
Interface I IR S
& L ] 'rl
£—£°=0 PN ? .
' { ' Ql
+H//V

LS

&
L4

Figure4.4.  20-node hexahedral laminate element with a delaminated interface in its

parametric space

The delaminated interfacexpresseds z - 2z 9, is a plane perpendicular to tre axis in the
parametric space (s@@pendixD.1). The discretized displacemeut (x, /) depicted irFigure

4.4 can be written as
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0 20
(b &S X zA S+ F)HE A Ha - B0 (43
a=1 bz

where 7 ( x h) is the element global shape function associated with dtie node;

20
a faG( X /z)dza represents the standard finite element approximation on a single element; and

a=1

20
ar’(x /z)lir( f-)ag denotes the displacentendiscontinuity across the delaminated

b=1

interface.

4.3 Incorporation of cohesive behavior at the interfaces

A cohesive zone model is used to simulate the-piemterfacial behavior. A cohesive traction
separation relation is employed to model the intertaglgavior between the upper and lower
superimposed elements shownHigure 4.3. Since incorporation of such a relation does not
directly influence the kinematics of the solid elements, it is not showgure4.3. The three

point NewtonCotes formula in each spatial direction is adopted to integrate the weak form at the
interfaces[181]. The integration scheme results in nine integration points at a delaminated
interface. Eight of these integratipoints coincide with the superimposed nodes at the interface
and the ninth one resides at the interface centroid.

The cohesive zone model used in the present work is outlirdgopendix E
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4.4 Comparison of thes-method, the exended finite element method and the
ply-by-ply discretization

It will be shown in this section that both teenethod and the XFEM are equivalent to the Ipyy

ply discretization in representing strong discontinuity of displacement field across thecegerfa

in laminate elements. As for the weak discontinuity of the displacement field across the interfaces,

the ssmethod provides the displacement discretization that is equivalent tplyHgy-ply

discretization With the XFEM, on the other hand, it is notvial to reproduceweakly

discontinuous displacement fidldat is equivalent to thely-by-ply discretization(See Sections

4.4.2and4.4.3for details.

4.4.1 Relationsbetweenthe smethod, extended finite element method anthe ply-by-ply
discretization approach in characterizing strong discontinuity

Thes-method and the XFEM discretize displacement field in laminate elements with delaminated

interfaces in two differerbut equivalent ways. In fact, both of these methods are equivatéet to

ply-by-ply discretization approacdh terms of discretization of displacement fields in delaminated

elements.

The displacement field discretized through any of the aforementiorettiods is a linear

combination of basis functions of the corresponding method. The basis functions-meh&d

are the shape functions associated with the global and unconstrained superimposed mesh nodes,

while in XFEM, thebasisfunctions are thosassociated with thetandard (global) finite elements

and the enrichment, which in the presdigsertation is the product of the shifted Heaviside

function and the standard finite element shape functions (see Eq#BQnThe three methods
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are equivalent in that their basis functions span the same function space. In other words, any
discretized displacement field in one of the methods can be exactlyuepdody the other two.

In order to prove the equivalence of the three methods, a general case with multiple delaminated
interfaces is studiedrigure 4.5 shows the representation of multiple delaminatittmeughthe
ply-by-ply discretization approach, the XFEM, attes-method The three methods are illustrated

with n interface cracks taking place along interfaces, respectively, within the global
delaminatiorfree 20node isparametric serendipity element. Note that the three methods are
considered in the parametric space of the global solid laminate element where the interfaces are

planes perpendicular to tlze axis. The delaminated interfaces arewhered from bottom up as
shown inFigure4.5 wherez = Zdenotes the position of théh delaminated interface.

In the plyby-ply discretization approac{seeFigure 4.5b), the domainW® is discretized by

(n+1) elements. The discretized displacement figldon W can thus be expressed as

n+l 20
=3 &V in © (4.4)

i=1la 2
where(n+1) is the number of througthethickness local elements!) andd!) represent the
shape function and nodal displacement vector of dltle node in theith local element,
respectively. Herein both" and dg) are13 3 row matrices. It should be noted that the value of

the shape functiomf) is zero in any local element other than ttre local element. Tls leads to

a potential discontinuity of the displacement field across the delaminated interfats ifihe

concise matrix form of Equatigd.4) can be written as
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u"=Nd in © (4.5)

where N is the row matrix consisting ttie 20(n+]) basis functions and is the corresponding

matrix of nodal values having the size28(n+1) 33.N can be written as thi@llowing block

row matrix:

N=g® P o P (4.6)

dT = gj(l)-r d(Z)T (X1} d(n ])-T (47)

In Equationg4.6) and(4.7), f") andd"” (i =1,2,..n +} are defined as

=g P .. lrdi 1250 ) (4.8)
d=gl" T L dT i 12,0 ) (4.9)

The relation between the discretized displacement field and the basis functions inlizeply

discretization approach can therefore be clearly expressed via Eqddijon

In the XFEM (sed-igure4.5¢c), the displacenr# field in the domain\f® is discretized as follows:

20 n 20 _
u =g rid +4 &fH( z-7)a,in © (4.10)
a=1 ix bE

where the superscript denotes XFEMy? is the global finite element shape function associated
with the ath node in the global element oA ; dX denotes the vector of coefficients of the

shape functiorf?; n is the number of delaminated interfaces atithe coordinate of théth
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delaminated interfaceH (z- 2), which is the shifted Heaviside function, serves as the
enrichment function for theth delaminated interfacea(j,) is the vector of coefficients
corresponding to the enrichmeﬁjH( z f‘}. Note thatuX, d¥, anda) are13 3 row matrices.

It is evident from Equatiorg4.10) that the basis functions of the function spaceidfare 7°
(a=12,..,20 and f,‘fH( z f‘}' (i=1,2,.n6 %2,.,2f. Similarly to the previous

standard nothierarchical approach, Equati¢h10) can be written in matrix form as

u =N*d* in © (4.12)

where N* is the row vector of the20(n+1) basis functions and* is the corresponding

coefficient matrix having the size @0(n+1) 33. The two matrices can be expressed in the

following block form:
N =&° H(z -¢) P H( z3z% ... H( ¢ 4 (412
and
() =ga>)" &7 &7 AT (4.13)
wheref ¢, defined in a manner similar ') (i =1,2,..n +]) in Equation(4.8), is the row matrix
of the 20 standard shape functions of the global elenﬁd?ff;)T anda)" (i=12,..n), which

are similar tod"" (i=1,2,...n +} in definition (see Equatio4.9)), are the3? 20 matrices
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containing the coefficigs corresponding to the basis functions fifi and H(z- 12)fG,
respectively.
Similarly to the XFEM, the basis functions in thenethod (se€igure4.5d) comprise of the shape

functions ofthe global element i/, and the shape functions associated with the superimposed

patches of elements:

20 n 20 i .
=3 7%d® +3 afd¥) in © (4.14)
a=1 i3 bE

where the superscrif® denotes thessmethod; 7S and d°° are the shape function and nodal
values corresponding the ath node of the global element We | respectively fj(‘) and df,(i)
denote the shape function and nodal values corresponding fethh&uperimposed node in the
ith superimposed patch of two elementsich characterizahe ith delaminated interfaceu®,
d®® and di(i) are13 3 row matrices. The local numbering of nodesaisuperimposed patcis
shown inFigure4.5d (on the second patch from the righthe basis functions comprising the
function space ol are ¢ (a=12,..,2Q andf;") (i=12,.n;6 %2,..,2[. Equation
(4.14) can be expresdan matrix form as

uW=Nd% in © (4.15)
where N°® is the pw matrix consisting of the20(n+1) basis functions andi® is the
corresponding coefficient matrix having the sizeQO(nH) 33. N® andd® canbe written as the

following block row matrices:

112



Chapter 4. Analysis of Hierarchical and Néherarchical Approaches to Representing
Delamination in Laminated Composites

Ne =g B L ¥F (4.16)

and
(olS)ng(olGS)T T g9IT | g¥T (4.17)

wheref® and ) (i=1,2,..n) are thel® 20 matrices containing the global shape functions of
the global element and superimposed shape functions dhtrseiperimposed patch, respectively;

(a°)" and a7 (i=1,2,...n), which aresimilar to d’" (i=1,2,..n +} in definition (see

Equation(4.9)) are the3® 20 matrices of coefficients correspondingfté and £ s respectively.

With the concise discrete forms of the three methods (see Equ@tiong4.11), and(4.15)), the
equivalence of the three methods will be subsequently proved. In order to prove that the function

spaces of the discretized displacement fields are the same in the three methods, one only needs to

prove tte existence of two invertible matrice; and T, defined as

N =N T (4.19)

and

N°=NT® (4.19
where he superscriptX andS indicatethe correspondingansformation matricasansformthe
basis functions of the standard HAwmerarchical approach into the XFEM and thenethod,

respectively.
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Let us first assume the two invertible megs exist. Equatio(.19) can therefore be inserted into
Equation(4.15) yielding

u*=N%° {NT9d° NEd ) in © (4.20)
The equation above suggests that aliscretized displacement field® with an arbitrary

coefficient matrixd® in thes-method can be reproduced by the-biyply discretization approach

with the corresponding coefficient matrix beiigdS. In addition, sinceTl® is assumed to be

invertible, Equatior{4.19) can be rewritten as

N=NS(T®)" (4.21)

Substituting Equatiof¥.21) into Equation(4.5) yields
h — : ‘1 s\ 'y ing (©
u" = Nd :gNS(TS) g N° (E;) d inf (4.22)

The above equation suggests that any discretized displacementuffieldth an arbitrary

coefficient matrixd in the plyby-ply discretization approach can be reproduced bg-thethod
with the corresponding coefficient matrix be(ﬁj‘ )'1d . Consequently, the function spaces in the

two methods are identical since any function from eittiehe two spaces is always a member of

the other. It is evident that the same conclusion can be made regarding the equbetieaea

the XFEM and the phpy-ply discretization approach provided that the invertibility assumption
aboutT* holds.

Having validated the sufficiency conditions regarding the equivalence of the three methods, we

now proceed with the proof that such conditions can be indeed satisfied. The proof is presented in
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two steps. First, it will be shown that teexist two matricesT* and T°, which satisfy Equations

(4.18) and(4.19), respectively. Secondly, we will prove thEf and T® are invertible.

For the first step of the proof, it will be shown that any shape fanabf the global 2hode
isoparametric serendipity element can be exactly reproduced by local elements of the same type if

the nodal coordinates of the local element in the parametric space of the global element satisfy

& =a ¥ 8
1/7,L=blﬁ H, (i 1,2,..5720 (4.23)
%ZiL:ClE B

where(xf, A, i% and ()qL, h, iL% are the coordinates of thth nodes of the global and local

elements, respectively, in the parametric space of the global elemeath), b, g, g are
constants an@,, b, ¢, are not zero. The proof of thssatement is given in Appdix D.2.

It can be readily verified that nodal coordinates of any local element in the+plly discretization
approach and the global element have the relation expressed by E¢u@®pm the parametric

space of the global element. Furthermore, the same relation exists between the nodal coordinates
of any local element in the plyy-ply discretization approach and any sup@ased element in
thes-method in the parametric space of the superimposed element. €lsgms are shown in
AppendixD.3.

It is evident that the global shape functions adopted by both the XFEM agsdnitod can be

written as
=3 A g( (i# (i),ﬁ (i))7z(i) Af 1,23=,20 (4.29)
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where (xf,') }’i (%) denote the coordinatesf the Hth node of theith local element in the

parametric space of the global elementt? . Note that in Equatio4.24) the basis function
fS( x h) is reproduced by all thgn+1) local elements in their respective domains.
In addition, based on the definition of the Heaviside function, the \&luike basis function

H(z- £) ${ .x) in XFEM equals zero below théth delaminated interface and
5 ( x h) above it. The following expression can therefore be written:

n+l 20 . ) ) )
H(z- &) or=a a s+, P2 (i nz.a; 1262 (429
j=i tg =
Furthermore, based on the proofs in Appendiz&sandD.3, the shape functions corresponding

to the superimposed nodes can be written as

&5 o e 0
raa(y % Uy 1a.51
= (i 12.=n) (4.26)
X! a8, YO L 1zm,.L2)
= tg ¥

Note the numbering of the superimposed nodes in the superimposed pakgus=e5d) where

the first twelve nodes are below the corresponding delaminated interface.
Equationg4.24)-(4.26) suggest that each basis function in both the XFEM and-thethod can

be written as a linear combination of the basis functions in thbypply discretization approach.
This validates the existence of the two matriceS,and T°, that satisfy Equation@.18) and
(4.19), respectively.

With the existence proved;* and T° will be now shown to be invertible. Instead of investigating
the two matrices directly, the invertibility of the matrices will be proved by validating the following
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sufficiency conditions: all the basigrfctions in either of the two methods (XFEM anaahethod)
are linearly independent.
At first reduction to absurdity is used to readily prove the sufficiency condition. Let us assume the

basis functions in, for example, tlsamethod are linearly independebut the corresponding
transformation matrixr® is not invertible. Accordingly, there must be a fmmmo column matrix
v® satisfying TSv® €. After postmultiplying both sides of Equath (4.19) by v°, one obtains
NV =NT<% ® 0. Itis evident that the expressiditv® =0 contradictste definition of linear

independence of the-method basis function¥® since v® is nonzero column matrixT®,

therefore, must be invertible if tteemethod basis functions are lar¢y independent. Similarly

linear independence of the XFEM basis functions assure invertibilify of

Next, the linear independence of the basis functions can be verified in betm#tbod and the
XFEM. Consider two column mates,c* andc®, of constant coefficients satisfying*c* =0

and N5cS=0 in W® . Based on the definition of linear independenceXifand ¢ can only be
zero column matriced\* and N° are row vectors containing linearly independent basis functions.
In the following we will show that® must indeed be zero satisfy N°c®=0 proving that the
basis functions are linearly independent ingineethod. Similar proof can be made for the XFEM.
Consider thes-method. It is evident that the entriesd3fare coefficients associated with all the
global and local shape functions. The element superposition schéngiia4.5d is depicted in
Figure4.6 along a vertical edge (ig direction) of the global element. Note that the numbering
of the global and superimposed nodeg&igure4.6 is consistent withrigure4.5d. The indexa

in Figure4.6 can be either 1, 2, 3, or 4 corresponding to a vertical element elligeiied.5d. Let
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us denote the vertical element edge passing throughtt’ne(a :1,2,3,49 global node byG".

Since NSc® equals zero on the whole doma® of the global elementNSc® must vanish on the

four vertical element edges. Considerindyaime shape functions associated with nodes on the
vertical edge (seEigure4.6), N°c® can be written as

NS =cF & €% 7S 6% Fy

A (0D A o B n (4234

i=1

(4.27)

where cj(‘) and c2° represent the coefficients ¥ corresponding to thath superimposed node

in the ith superimposed patch and tlah global node, respectively. The shape functions
appearing in Equatiof®.27) are shown irrigure4.6. Accordingto the proofs given in Appendis
D.2andD.3, each shape function in teenethod has the form degwed in Equatior{D.2) within
their corresponding elements in the parametric space of the global element. It is thus evident that
the expressions of all trehape functions in Equatidqd.27) are quadratic polynomials ia on
their respective supports i&"* (a :1,2,3,1) where the values ot and/ are fixed. We will
denoteNc®in G* (a= 1, 2) by f,(z2).

It is evident that among all the shape functions appearing in Equéi@d), only f°
(a= 1, 2)arenotzeroirG™atz= - as shown ifFigure4.6. By evaluating the expression
in Equation(4.27) for z= -, it can be readily seen thaf*=0 (a=1,2,3,4 . Similarly,
evaluating f,(z)=0 for z= yields ¢, =0 (a=1234 . Furttermore, f,(2)

(a=1,2,3,9 is continuous everywhere in its domain resultingli'mg f,(z)=1im f,( 3 for

Z g2
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any z, in (-1,1) . It can be clearly seen froffigure 4.6 that only the basis function&"’
(i=1,2,..na %23, %are discontinuous along the corresponding element e&{j¥s They

exhibit jump discontinuity across the corresponding delatathinterfaces, namelyjrri]? fj(i) =0
but Iimé_fj(‘) =1 on G™ with a= 1, 2andi=L12,..n. As a result, by applying the

conditions Iirr} f,(z)=1lim f (¥ (a=1, 2] 3,2.4n) to the expression in Equation

-z {7z

(4.27), one obtaingX!) =0,

Crack 1 Crack 2 Crack n

Figure4.6.  Thesmethod shape/basis functions along a vertical element edge passing through

the ath global node(a =1,2,3,9

Based on the discussion above, Equafbp?) can be simplified as

NSc3=¢SS, £ . *a( Pl 4o ¥ in="8( 22G4 (4.29)

a

It is evident that in Equatior(4.28) only £X) and FX), (a=12,3,4i %2,.n) have

discontinuousifst and second order derivatives with respect tat z = £ on G*°as shown in
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Figure 4.6. In fact, the expressions ¢f!) and F), (a=1,2,3,4i %2,..n) in G* can be

expressed by Lagrangian polynomials as

e +1 -
T . (Z )(NZ '% ' . Z 13 <

)= %ae—zc_ 1884 . ¢ in e

a+8 19 2 _(? ? i 9 a (429)
to, z& z1< <

(@a=12,34i %2,.n)
€0, -z1 ¢ <
i

i | - A ; edge

fii6=: 3 (Z 2)(~ ) , Z z1 4 <
1dzf+1 . 0A4 0 (4.30)
tee , 4 E 6
}g 2 f?? e

Despite the discontinuous derivatives of

the functions in Equaib®8) and (4.30), N°c® has

continuous derivatives to any orders. It should therefore follow Iilna?gt fi(z)=lim f_(i ¥ and
z- -z §z

Iirr% fi(z)=1lim fj(iy (a=1, 2 3,2,4n). Applying the above conditions to the

expression in Equatiof#.28) and considering Equation4.29) and(4.30), the following systems

of linear equations can be obtained:

a+8 at6

(z+1) (79

ecl i)
TZ +1 ? -1

} ¢ )
1

i

(a 1284 12.8 (4.31)
=3)
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The determinants of the coefficient matrices of the above systems of linear equations are

N -2
- Zng)2 -1 S (j =1, 2,...n). Since-1 <ch %, the determinants of the coefficient matrices are

nonzero. As a result, botb™) and cj(jl)ﬁ (a =1,2,3,4;j 1:72,..n) can only be zero. Equation

48
(4.28) can thus be simplified aN°c®=c>5, f 25, 0 on G*° with a =1,2,3,4. Evaluating the
expressions ar = (in G™ yields ¢, =0 (a=12,3,94. It is now proved that all the
coefficients of the basis functions associated with the global and superimposed nodes on the four
vertical edgesG ™ (a =1,2,3,4 must vanish.

All the basis functions not shown Figure 4.6 are associated with nodes located on the four
vertical straight lines (along the direction) passing tlough the 9th, 10th, 11th, and 12th global
nodes, respectively, as shownFigure4.5d. Let us denote the vertical line passing through the

bth (b =9,10,11,12 global node byG;* . Similarly toFigure4.6, Figure 4.7 depicts the element
superimposition scheme Figure4.5d along one of the line&,* (£ =9,10,11,12. It should be

noted that only the shape functions associated with the no@%¥ ii6 =9,10,11,12 are plotted

in Figure 4.7. According to the expressions of the shape functions of th@@@ serendipity

element, some nodes on the aforementioned vertical element edges shégaréy.6 can

contribute to the value oN°c® in G;°. The discussion above, however, provbkat the

coefficients associated with these nodes must be zero. This indicates that the \Nifoe af

G,° (£=9,10,1112 is determined only by the nodes @&° as shownin Figure 4.7.

Consequently, the value &§c® on G (b =9,10,11,12 can be expressed as
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N°c®=c °Fp €5, 15 +
a(crdl ¥ Al in "y 59,1011:4)

i=1

(4.32)

where ¢, and c2° are the coefficients im® associated with thés- 4th node in theith
superimposed patch and tiigh node of the global element, respectively. Note that all the shape

functions in Equation(4.32) are linear functions of on their respective supports @,"°

(£=9,10,11,12. One can readily verify the statement through the expressibtize shape

functions of the global element in its parametric space and the linear coordinate transformations

between the parametric spaces of the global element and sppseinelements shown in

Appendies D.2 and D.3. It is thus appropriate to denote the value Nfc® on G)°
(=9,10,11,12 by g, (z) which, based on the discussion above, are piecewise linear function
of z. It is evident that only’y (4=9,10,11,12 are not zero irG,* for z= - as shown in
Figure 4.7. Evaluating the xpression in Equation(4.32 for z= - vyields c;°=0
(6=9,10,11,12. Similarly, g, (1)=0 assures that;;, =0 (£=9,10,11,12. Note that the
shape functions/X} and 73} (4=9,10,11,12 %2,.n) are discontinuous across the

corresponding delamination cracks shown ifrigure 4.7. The linear combination of the shape

functions N, however, is zero everywhere oB,* (/=9,10,11,12 with continuous

derivatives to any order€onsequentlyg, (z) should satisfy Iirr; 9,(z)=lim g, 7 and
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Iirr; gi(z)=1lim g, 7 (j=12,...n). Combining the above conditions with Equat{e82)
yields the following systems of linear equations:

FCS( J CS( J

Lo 20)t) (1 o)cq) ol 9IS 12 (433

It is evident that the unique solutions to the above systems of linear equatmnﬁ(é21 a!@res(J 23]

(£=9,10,11,12j £2,.n). All the entries inc® have now been shown to be zero.

»
\=

G
I e¢ﬁ+4

#

| S(n
\ - ¢/7(<4)

—=8----

S(n
=g,

Crack 1 Crack 2 Crack n

Figure4.7. Thes-method shape/basis functions associated with nodes on a vertical straight

line passing through théth global node(b :9,10,11,12

With ¢® shown to be a zero vector, tlsemethod basis functions ilN® must be linearly

independent. This validates the selection of unconstrained superimposed rfeidasai.3 (see

Remark 4.1n Sectior4.2.7).

As for the XFEM, the same procedures can be used to readily pfove.
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Following the proof of linear independence of the basis functions in the two methods, the

transbrmation matricesT* and T*, as stated above, must be invertible. This concludes the proof

that the three methods have the same approximation space.

4.4.2 Representation of weak discontinuity using the-snethod

The subdomain of a weak discontinuity as a wrapper around the subdomain of a strong
discontinuity is necessary to improve solution accuracy in the vicinity of strong discontinuities.
As stated irRemark 4.3Section4.2.]), the weak discontinuity can be effectively represented by
thes-method Figure4.8 shows the representation of the weak discontinuity across an interface of
the 20node isoparametric serendipity elemeniténparametric spac&y comparingFigure4.8

with Figure4.3, it can be seen that all the degreé$reedom responsible for strong discontinuity
across the interface iRigure 4.3 are constrained irfrigure 4.8. This include the degreed-
freedom corresponding to the relative displacement between each pair of double superimposed
nodes at the midide of horizontal interface edges and those correspgialitne displacement of
superimposed corner nodes at the delaminated intetfatiee situation showby Figure 4.5d,

such constraintacross thath interfacecan be expressed as
d)=0 (a 1239 (4.39)

¢ =at) (b =) (439
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Figure4.8.  Representation of weak discontinuity throughgimethod across an interface

within the 2Gnode solid laminate element in its parametric space

Constraining the degreed-freedom does not only leave the total degi&efseedom the same as
in the plyby-ply discretization approach as showrFigure4.8 but also nakes the function space
identical to that of the pHpy-ply discretization approach. This can be further clarified usiggre
4.5d. By constraining the degree$-freedom corresponding to the strong discontinuity shown in

Figure 4.5d, one changes the basis functions of the approximation space. The original basis

functions, £, £X), and £), (£=1,2,3,4i %2,.n) are replaced wh (ff(21+ fglz)
(b =1,2,3,4] 1:72,..n) while the remaining basis functions are unchanged. The resulting basis

functions arei&, £\ £X)

and (7, + A)) (a=12,.,20;b ¥2,34; 1Zn). Itis

evident that the new basis functions remain linearly independent. This can be readily proven

through reduction to absurdity. Furthermore, the new set of basis functions are continudfls on
and based o\ppendicesD.2 and D.3, each of the basis function can be written as a linear

combination of the basis functions in the correspondingherarchical approach with single
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nodes at thenterfaces (as illustrated Figure4.8). Based on the proof in the previous section and
the discussion above, we conclude that the function spaces spanned by the basis functions in the
s-method and the plpy-ply discretizationapproach are the same when weak discontinuity is

present.

4.4.3 Advantages of the smethod

It is evident that both themethod and XFEM, in which remeshing is not needed, have advantages
over the plyby-ply discretization approach. Herein we enumerate adves@ighes-method over

XFEM in modeling strong and weak discontinuities.

Thes-method gives rise to sparser matrix structure in case of strong discontinuities. For example,
in Figure4.5d the strong discontinuity at a delaminatetkrface is governed by 12 superimposed
nodes while in XFEM the strong discontinuity is determined by all 20 nodes. Furthermore, the
displacement jumps at the superimposed nodes irs-thethod at delaminated interfaces are
directly described by the inface nodes. In XFEM, however, one has to evaluate the
corresponding enrichment terms shown in Equatibi0) to obtain the displacement jumps at
these posions. Consequently, when cohesive zone models are employed, the cohesive forces only
influence the residuals corresponding to the superimposed nodes at the delaminated interfaces in
thes-method.

Thes-method provides an easy pathway to switch from a weeakstrong discontinuity. As stated

in Section 4.4.2 the weak discontinuity can be readily characterized in stheethod by
constraining the degreed-freedom corresponding to strong discontinuity. The resulting function

space is equivalent to the phy-ply discretization approackn XFEM, however, it is not trivial
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to constrain the relative displacement at an interface[{®%). A weak discontinuity can be
enforced inplicitly using Lagrange multiplierd 83] or by penalty methadAn alternative method

of representing weak discontinuity in XFEM is to introduce enrichment functions with weak
discontinuity [184,185] By this approach if a weak discontinuity is needed across material
interfaces in a global element, all element nodes should have additional eEHgreesiom
corresponding to the enrichment functions. Comparetids-method illustrated irFigure 4.8,

more degreesf-freedom are indeed needed by the XFEM based on such an enrichment approach.
Furthermore, the XFEM does not provide an explicit framework to convert a weak discontinuity
into astrong discontinuity by simply changing the enrichment functions. This transition is crucial

in propagating delamination frongseeChapter %.

4.5 Numerical validation

In order to study the accuracy of teanethod, a referenceolution based on the plyy-ply
discretization of individual layers with double nodes and cohesive elements placed along all the
interfaces is constructed. The mesh for both methods is chosen appropriately to represent the same
discretization space as disssed in Sectioh.4.

The composite plies are assumed to be transversely isotropic. The elastic properties of the
unidirectional fibesreinforced composites are listedTable4.1. Cohesive law paragters (see
AppendixD.1) considered in this study are givenTliable4.2.

Table4.1. Elastic single ply properties

E, (MPa) E, &(MPa) n,= I} My, G, S;(MPa)
55000 9500 0.33 0.45 5500
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Table4.2. Cohesive law parameters
S (MPa) S (MPa) S+ (MPa) /o
3.2 3.2 3.2 0.001
G(Nnmn') G, (Nndn') G,(Nnon') m m
0.64 0.64 0.64 0.1 0.1

The onset of interface damage is controlled hy(see AppendiD.1), which isa critical value of

the nondimensional effective interface separation indicating damage initidtiote that a very
smdl value of / , may affect conditioning, while a large value may not be physical. Analysis of a
beam problem is conducted to first obtain a nearly optimal valdg ¢ghown inTable4.2). The
same valuef /, is then adopted for subsequent studies.

Visualizations in this section are realized through Gfh8B].

4.5.1 Numerical experiment configuation

A laminated beam subjected to mode | loading as showgure 4.9 is considered. The beam
consists of six layers of unidirectional fibeinforced composites with initially five intact
interfacesi.e., the model has nwitial delaminationThe beam is fixed at the two horizontal edges

at the left end. The right end of the beam is subjected to mode | prescribed displacement. The

dimensions of the beam aB&®® 6 33mni. A total separation o2mm is applied at the right end

of the beam. Each layer has the same thickness. The layup configuration of the laminate is

(45/- 45/0/90/45/- 4%. Fibers in theD' ply are aligned along thg, direction.
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d =1mm
o -

~
6mm \ f
¥

3mm—

d=—-1mm

Figure4.9.  Configuration of the numerical experiment of the beam problem

/ / i
-
EBe———1=—
\ I { f 1
Vertical Displacement
i -0.8 -0.6 -0.4 02 0 02 04 06 08 1
]
P (a) Reference simulation: plgy-ply discretization
X
\ \ \ \ ) | |
Vertical Displacement
g -0.8 -0.6 -0.4 0.2 0 02 0.4 06 0.8 1
I

|
(b) ssmethodsimulation underlyirg mesh

Figure4.10. Final deformation for/ , =0.001: (a) reference simulation based on 4ly-ply

discretization; (b) the underlying mesh in tamethod simulation.
The mesh of the plpy-ply simulation and the global mesh of thenethod are shown iRigure
4.10, which depicts their dermed shapes at the end of the simulations Wi+ 0.001. The ply
by-ply beam model consists @73 2 36 20-node hexahedral elements (d&gure 4.10a) and
173 2 35 16-nodequadrilateral cohesive elements having zero thickness. The global mesh in the
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s-methodsimulation consists af 73 2 3120-node hexahedral elements as showhRigure4.10b.

Each of the 34 global elemeritasfive superimposed patches representing strong discontinuities

across all the five interfaces as exemplifiedHmyure4.5d.

4.5.2 Determination of /

The influence of the value df, is investigated in this sectiofrigure4.11 depicts the relations
between the resultant reaction forces and the displacements at the upper loading edge for different
values of/ .

It can be seen that for vakief / , smaller than 0.008 the solution practically does not change.

For subsequent studi¢s, has been selected 8€001.

354 —7»” =0.001
— —2,~0.008
ced =01

304

254

20

Reaction Force (N)

0.0 0.2 0.4 0.6 0.8 1.0

Displacement (mm)

Figure4.11. Relations between reaction force and displacement at the upper loading edge for

different values of/
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4.5.3 Simulation results

Figure4.12 depicts the comparison of the resultant reaction fdrsplacementurves in thes-

method and the pipy-ply simulations. At both the upper and lower loading edges, the reaction

forces in thessmethod simulation are practically identical to those in thebgiply simulation.

354

= = Reference simulation

—— s-method simulaton

304

254

204

Reaction Force (N)

T T T T
0.0 0.2 0.4 0.6 0.8

Displacement (mm)

(a) Upper loading edge

Reaction Force (N)

354

304

254

204

= = Reference simulation
—— s-method simulation

0.0

T T T T
0.2 0.4 0.6 0.8 1.0

Displacement (mm)

(b) Lower loading edge

Figure4.12. Comparison of resultant reaction forces ingteethod and reference

simulations: (a) reaction force at the upper loading edge; (b) reaction force at the lower loading

edge.

Besides reaction forces at the loading end, further compassoade regarding the damage state

of the interfaces of the laminated beam. The damage state at interfaces is characterized by the

damage variable in the present cohesive zone modehAfgmndix B. A damage variable value

of one indicates totally delaminated interface while a value of zero represents intact state of the

interface.
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Reference simulaih s-method simulation
-\3
Damage State at Interface 1 Damage State at Interface 1
0.0998 0.2 0.3 0399 0499 0599 0699 0799 0899 0998 0 0.0098 0.2 0.3 0399 0499 0599 0699 0799 0899  0.998
O
(@) d=0.14mm
Damage State at Interface 1 Damage State at Interface 1
0.0998 0.2 0.3 0399 0499 0599 0699 0799 0899 0998 0 0.0998 0.2 0.3 0399 0499 0599 0699 0799 0899  0.998
L —
(b) d=0.42mm
Damage State at Interface 1 Damage State at Interface 1
0 0.0998 0.2 0.3 0399 0499 0599 0699 0799 0899 0998 O 0.0998 0.2 0.3 0399 0499 0599 0699 0799 0.899  0.998
S
(c) d=0.82mm
Damage State at Interface 1 Damage State at Interface 1
0.0998 0.2 0.3 0399 0499 0599 0699 0799 0899 0998 0O 0.0998 0.2 0.3 0399 0499 0599 0699 0799 0899  0.998
S T —

(d) d=Imm

Figure4.13. Damage state of Interface 1 in the-plyply discretization and-method

simulationsfor various prescribed displacemesht

The interfaces in the beam are numbered from the bottomNaitp that all the five interfaces are
intact without any damage at the beginning of the simulations. Botkitethod and refereec
simulations suggest that interface damage develops primarily in Interfaces 1 and 5 while the other
three interfaces are only slightly damaged throughout the simulaEwokition of damage at the

first and fifth (i.e. lowermost and uppermost) interfaokthe beam in the-method simulation

are compared to that of the reference simulattogure 4.13 andFigure4.14 show the contour

plots of damage state at Interfaces 1 and 5, respectively, in otlefédrence and-method
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simulations as functianof prescribed displacement. It can be seen that the results of damage
evolution obtained bthes-method are practically identical to that of the reference solution. In the
two simulations, damage first trates at the loading end of the beam at both Interfaces 1 and 5.
With further increase of prescribed displacement, it develops a nonsymmetric pattern, which

shows faster groth in Interface 5.

Reference simulation s-method simulation

x x

Damage State at Interface 5 Damage State at Interface 5
0.3 0.4 0.5 0.6 0.7 0.3 0.4 0.5 06 0.7

------- -------
(@) d =0.14mm
Damage State at Interface 5 Damage State at Interface 5
0.3 0.4 0.5 0.6 0.7 0.3 0.4 0.5 06 0.7
_

(b) d 0. 42mm

Damage State at Interface 5 Damage State at Interface 5
0.3 0.4 0.5 0.6 0.7 0.4 0.5 0.6 0.7

(c) d 0. 82mm

Damage State at Interface 5 Damage State at Interface 5

0.3 0.4 0.5 0.6 0.7 0.3 0.4 0.5 0.6 0.7
-------

(d) d=Imm

Figure4.14. Damage state at Interface 5 in the-piyply discretization and-method

simulations for various prescribed displacement
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4.6 Conclusiors

The ssmethod and XFEM are investigated in resolving delamination in laminated composites. It
has proved that both of these hierarchical methods are equivalent to-thegtyydiscretization
approach in modelling strong discontinuities across delaminated interfaces even though the s
method gives rise to sparser matrices. ¥heethod, howeversiadvantageous in modeling weak
discontinuities and in straightforward transition from weak to strong discontinuity across interfaces.
The equivalence between tsemethod and the pipy-ply approach has been also validated
through a numerical example.

Since the strong discontinuity is introduced at all the five interfaces in Seéckore., no weak
discontinuity is present, the advantage of thmeshod over XFEM is only due to sparsity or
roughly 10% speedp in the examg@ considered. Weak discontinuities are only required for
problems involving propagation of strong discontinuities that are wrapped around by weak

discontinuities region. This aspect is studied in the next chapter.
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Chapter 5
The Adaptive S-Method for Delamination

Analysisin Laminated Composites

In this chapter, a methodology aimed at addressing computational complexity of analyzing
delamination in large structural components made of laminated composites is proposed. The
chapterfeaturesdelamination indicatorshat pinpoint the onset and propagation of delamination
fronts with striking accuracy. Once the location of delamination has been identified, the discrete
solution space of the classical laminasadid element is hierarchically enriched by a combination

of weak and strong discontinuitigerough the smethod (se€hapter 4 to adaptively track the
evolution of delamination fronts. Numerical examples suggest that despite an overhead that comes
with adaptivity, the adaptivemmethods computationally advantageous over the classicabply

ply discretization especially as the problem size increalas. chapter is reproduced from the

paper[144] coauthored with Professor Jacob Fish whose inputs are gratefully acknowledged.

5.1 Introduction
Cohesive zone models (CZMs), originated by Dug{ie85] and Barenblatf188], proved to be
effective and convenient in modelling initiation and propagation of delamination in laminated

composites especially in conjunction withite elementd176,181,189196]. In finite element
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codes, cohesive zone models are most often employed through either interface (cohesive) elements
or mixed boundary contions at interfaces that aregarded as internal boundarj@87].

Cohesive zone modefall into two cdegories: (i) intrinsic modelgl98,199]and (ii) extrinsic
models[197,200,201] The two categories differ in whether the damage initiation is inherently
cortained in the model (with intrinsimitiation criterig or a separate (extrinsic) criterion for
damage initiation is required. Extrinsic cohesive zone models equate damage initiation to the
interface separatiomndtherefore, provide tractieseparatiorrelation only after the damage has
already initiated. By contrast, intrinsic models include initial elastic (or hardening) traction
separation response prior to damage initiation. Consequently, intrinsic cohesive models have to be
typically in place prioito onset of damage at an interface, while extrinsic cohesive zone models
have to fAburst intoo the position at the int ¢
cohesive zone models have to be implemented in an adaptive manner so that onlyddamage
interface areas have cohesive elementiseoaforementionechixed boundary conditions. Intrinsic
cohesive zone models, on the other hand, can be placed anywhere at the interfaces regardless of
their damage state. The plausible convenience of intrimdiesive zone models lies in the fact

that they require no adaptive features in finite element codes.

For delamination analysis of largeale laminated composite structures consisting of multiple
plies, adaptive simulations could be very appealing, noemathether intrinsic or extrinsic
cohesive zone models are used. If the interply interfaces are intact, there is usually little incentive
to explicitly represent these interfaces in the finite element models and therefore, plate or shell
elements are idealhoices for such structures. Existence of interface delamination, however,

necessitates explicit representation of damaged or delaminated interfaces. In conventional CZM
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based approaches, all the interfaces are explicitly represented together withskayervalyby-

ply) discretizatiorby solid elements (See Sectur). Moreover, if intrinsic cohesive zone models

are used, all interfaces have to be equipped with degfdesedom representing interface
separation even if ost of them may be intaft93]. Typically, finite element meshes have to be
sufficiently refined to discretize each ply with solid elements. Considering the fact that
delamination usually initiates and evolves in localized areas along very few interfaces, the numbers
of degreesf-freecdbm in conventional CZM based approaches are often excessively large,
especially for laminated composites with numerous plies. For example, in the joregaetwe

show that more than 60% of the degreéfreedom might be redundant in a ragaptive intinsic

CZM based simulation. It is also noteworthy to point out that most of the cohesive zone based
finite element analyses of delamination in the literature are aimed at validation of cohesive zone
models rather than at studying computational viabilitthhese models in the context of largeale
structural systems. Consequently, these numerical studies typically focus on benchmark layup
configurations that are much simpler than those in practical applications. In summary, there is an
obvious need for agitive CZM based finite element analyses that would enable viable
delamination analyses of largeale laminated composite structures.

Various methods were developed to addtassissue of adaptive mesh refinementadaptive
displacement field enrichmeint the vicinity ofmoving cohesive zondhkat track evolving crack
fronts. These methods incled but are not limited to, adaptive hierarchical enrichment of
polynomial functiong202], use ofstandardinite elementg4203], adaptivemesh refinement and
coarsening204], and adaptive mesh refinement in conjunction with the extefidite element

method (XFEM)[205].
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In the presenthapteythe discontinuity of displacements across the delaminated interply interfaces
in laminated composites is resolved using the adaptivethal. Initially, a global mesh of typical
plate or shell elements should be first employed without consideration of imperfect interply
interfaces to resolve a delaminatifvae response of the corresponding composite structure. Each
global element may contaimultiple throughthethickness plies. The 20ode laminated
serendipity elementésee AppendiXD.1) serve as an alternative to the laminated plate or shell
elements in the preseahapter Once the likelihood of delaminatiora$ been detected by a so
called delamination indicator at some positon in some interface, a patch of discontinuous local
meshinvolving a cohesive zone model in this interface (Shapter 4is superimposed onto the
underlyingglobal mesh to resolve the potential discontinuity.

The outline of theehapteris as follows. InSection5.2, we formulate the delamination indicators
and adaptive strategy based on thmethod. Numerical exaptes in Section5.3 study the
accuracy and computational efficiency of the adaptireethod in comparison to the classicalply

by-ply discretization approach. Conclusions are outlinegeiction5.4.

5.2 Adaptive delamination strategy

5.2.1 Notion of superimposed node set

For adaptive simulations considered leré is convenient to group the superimposed nodes into
node sets each of which influences discontinuity of displacement field in a specific interface
location.Figure5.1 depicts the two types of superimposed node sets, pasitievhichareshown

within their respective patches of adjacent globah@0e elements. The first type of superimposed

node setsrelocated on global element edges parallel to the stack diredtiolies as shown in
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Figureb.1la. The second type of superimposed nodea®isistof double nodes positioned on the
global element faces parallel to the stdalection as shown ifigure5.1b. Hereinthe first and
the second tymsof superimposed node sets are referred to as the edge and face superimposed node

sets, respectively. Examples of the two types of superimposed node sets are depicted in the second

superimposed patch iffigure 4.5d where superimposed nodes, (b+8) and (b +16)

(b:1,2,3,4) comprise four edge superimposed node sets and the four pairs of double nodes

comprise four face sugerposed node sets.

* Superimposed Node Stack Direction » Superimposed Node Stack Direction

‘\\ ‘\
& N N X \\ \ ~ /

Interface Area Influenced by Interface Area Influenced by
the Superimposed Node Set the Superimposed Node Set
(a) Edge superimposed node set (b) Face superimposed node set

Figure5.1.  Two types of superimposed node sets representing strong discontinugge)

superimposedode set; (b) Face superimposed node set.

A superimposed node set can be addeshtth global element edge or face that is parallel to the
stack direction. It is thus necessary to number the element edges and faces in the global mesh. Note
that any edge superimposed node set may correspond to a ardguedpair of integers in the

global mesh. The first integer corresponds to the element edge carrying the superimposed node set,

whereas the second integer points to the interface across which the discontinuity may take place
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because of the current edge superimposed node set. Simitarligce superimposed node set is
identified by a pair of identifiers with the first denoting the element face carrying the superimposed
node set and the second pointing to the corresponding interface. The two integer pair sets including

all the positions bedge and face superimposed node sets in a model, respectively, are denoted by

P fili 2} {plj Zz} andP*E{i|i %} {Flj Z}.

5.2.2 Combining weak and strong discontinuities

The superimposed node sets shownFigure 5.1 represent strong discontinuities in the
corresponding interface areas. The weak discontinuity can be also introduced by constraining
displacements of the middle node in the edge superimposed node set and the relative displacement
between the doubles nodeshe face superimposed node set (see Equaddd¥) and(4.35)).

The weak discontinuity is introduced to provide a gradual transition from a strong discontinuity
region to the discontinuitfree glolal elements as shownhigure5.2. The twedimensional mesh

in Figureb5.2 depicts the crossection of the thredimensionallobal hexahedral elementsaat

interply interface. The dots shown in the mesh denote the positions of the superimposed node sets
representingither strong or weak discontinuity at the nfdee. The green dots correspond to the
superimposed node sets representing strong discontinuity while the blue dots represent weak
discontinuity.

We will distinguish between three types of interface solutions: (a) perfectly intact interply solution
and (B weakly intact interply solution, and (c) discontinuous interply solution. The perfectly intact
interply solution is a higher order througte-thickness continuity solution provided by global
elements. The weakly intact interface solution is thth@ugh-the-thickness continuous solution

provided by the phby-ply discretization approach. It corresponds to continuous displacement
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field but discontinuous strain field. Finally, the discontinuous interply solution corresponds to the

C! throughthe-thickness continuous solutiopresentinglelamination.

]

r . . 71
| » Superimposed Node Set Representing

} Strong Discontinuity
\

|

« Superimposed Node Set Representing
Weak Discontinuity

}- Strongly Discontinuous Interface Area

'[Z_1 Weakly Intact Interface Area

}EZJ Perfectly Intact Interface Area

B8l Totally Delaminated (Traction-Free)

L Interface Area ]

Figure5.2.  Combining weak and strong interply discontinuities for delamination modeling

5.2.3 Adaptive delamination algorithm

Consider first a classicattrinsic cohesive zone modfdr delamination analysis where cohesive
elements are placed at all interply interfaces even though interface daraadge limited to local
areaq193]. Thedisplacemenjump is typically very small at the intact interfaces since the elastic
response is very stiffntact interfaces thus undergo stiff elastic tracteparation response until
the separation becomes sufficiently large to reachltimate interface strength.

In the beginning of an adaptive simulation, there are initial superimposed node se{sr#sainte
initial delamination. Throughout the simulation, the proposed delamination indidatdye
formulated inSection5.2.4 attempt to identify the interface locations where the separation may

reach critical value correspdimg to the interface strength. Such interface locations are then
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equipped with corresponding superimposed node sets representing strong discottatuity
enables incorporation of tleehesive zone model

The adaptive cohesive interface insertiomgedue is outlined inFigure 5.3. Assumethat a
converged discrete solution on a global megh a number of superimposed node sets have just
been obtained for a certain load increment. All applicable positions at the intact irst@radteen
probed by the delamination indicators for potential new delamination positions. Probes are
conducted over all neaxisting superimposedode sets and all existing superimposed node sets
corresponding to weadliscontinuities (se&ection5.2.2. Once all the applicable positions have
been probed, the analysis proceeds to the next load incremgmab# results show thato
additional strong discontinuities are needed; othentheeorresponding new superimposed node
sets are added anlde new converged discrete solutisraccordinglyobtainedat the same load
incrementsince the finite element discretization has been changed by the addition of the new
superimposed node sefter the new converged discrete solutisnobtained,delamination
indicators are again invokewd the manner described above

Figure5.3 summarizes the flowchart of the adaptive delamination analysis. Theheesa@nique
elements (highlighted in yellow) exclusivettee adaptive strategy whitee remaining steps are
standargproceduresn anonlinearfinite elementcode. The three unique steps are:

1. Invoke delamination indicators to test for potential delamination at every applicable
position;

2. ldentify positions in ped of superimposed node sets where delamination may take place;
and

3. Dynamically allocate storage for newly generated superimposed node sets consisting of:
a. Superimposed node sets representing strong discontinuities at the positions predicted

by delamin&ion indicators (see Sectidn2.4); and
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b. Superimposed node sets representing weak discontinuities at the newly developed

delamination fronts (see Secticn2.2.

linc=1

> e < M, 7‘ End
\Yes‘v/

Allocate storage spaces for tl
newly generated sugeposed

nodes in a dynamic data struct
A

Form and solve the discrete
nonlinear system of equations

Q=i +1 Y

A Test for delamination using
delaminationindicators

New superimposed no
sets are needed?

Figure5.3.  Flow chart of the adaptive delamination simulation
5.2.4 Delamination Indicators
Let R*°] P*“and P™°1 P™*be the two sets (Sectidn?2.]) corresponding to edge and face

superimposed node sets at the intact interfaces, respectively. The two node sets represent all the
perfectly intact (depicted inyen in Figure5.2), weakly intact (yellow irFigure5.2) areas. The

superimpsed node sets depicted by the blue doEgare5.2 represent delamination front. Note
that the two integepair sets,P** and R, correspond to the collection of all not yetssgit

superimposed node sets and those representing weak discontinuity at the interfaces in the model.
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Consider an edge superimposed nsefedepicted ifrigure5.4alocated on theth element edge

in the dobal mesh capable of representing discontinuity at jtireinterface intersecting the
element edge so thé, j )i P,*°. Likewise, consider a face superimposed node $&gime5.4b
identified by an integer paifk,1)i B**. The numbering of the nodes within the superimposed

node sets is illustrated Figure5.4.

ElementEdgei ° Superimposed Node Stack Direction » Superimposed Node Stack Direction

% %%Nouez Element Face &
|
KT |

Interface j ————f ¢~ rgedge”
J S AT S Interface / Node 2
& 5
\j\ Sk N
> Node 1
N Node 1
Interface Area Influenced by Interface Area Influenced by
the Superimposed Node Set the Superimposed Node Set
(a) Edge superimposed node set (b) Face superimposed node set

Figure5.4.  Representation of a pattal separation at a bonded interface in the surrogate

problems for the (a) edge superimposed nodé§isg}li P,;“°and (b) face superimposed node set
(k1) B,
The basic idea of the proposed delamination iridisas adollows. First, estimate the tractidp

at an intact interface position corresponding to a superimposed node set whosepaiteger

identification (D) is included in eitheiR®** or P™*. The likelihood of delamination can then be
assessed by inserting the estimated tractjost that positioninto a tractiorbased damage
initiation criterion denoted a&(t,)=0. If f(t,)2 O delamination is likely to occur and a

superimposed node set is deemed to be necessary in the corresponding location. Note that in this
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caseof the presenthapteythe intrinsic cohesive zone model will be incorporated at the originally

intact interface ais surrounding the superimposed nodeTd&ttractiont, is obtained through

the tractiorseparation law which is defined Appendix E

The formulation of the delamination indicators is postulated sequence of surrogate problems.

A surrogate problem is constructed for each superimposed nodeREt;iand R***. Consider

an edge or face superimposed node set whose iftagdD (m, n) belongs td™. Note that the
superscript fiseto can be either fiedged or Af ac
node sets illustrated Figure5.4. Let W' denote the domain of the patch around thia element

edge or face. Such a patch is composed of all adjacent global elements corresponding to either a
global element edge or face as showfigure5.4. The undary of the domailV" is denoted

as G and the potentially discontinuous interface of interest is denot&H3.

We further introduce various partitions G and " G based on the position of the pate#".

If one of the patch boundaries intersects with the natural bour@érgf the global problem

domain as shown iRigure5.5a, G*' is partitioned into naturdiG:' and essential G boundaries,

such that'G® = ¥ X and "G = ¥\ . Furthermore, if"\G* intersects with the
delaminatiorfront boundary (sethe patches arourile blue dots ifrigure5.2), then a portion of
"G is not intact, i.e. delaminated. In this ca8&G* is defined as"G® = ©J ° & ¢ °
with °\G*N G =, *G*N G = and IG*N > G = (seeFigure 5.5b). Heren, "G
denotes the perfectly boundiedact interface area around the superimposed nodgGet) ¢ &

denote the portion of the interface with strong discontinuity wii&# is elastic andG*' has
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irreversible damage. The sagate problems for different superimposed node sets will be
described for the most general case assuming all types of the patch boundaries and the interface

partitions exist.

® Existing (Unconstrained) Superimposed Node
® Absent (Constrained) Superimposed Node

(m,n)e %
Element Edge m Stack Element Edge m — Stack
¢ Direction ¢ Delamination | pyrection
e PatE N / Front
“Fm £ : Essential [ | /ﬂ ) o g
Boundary > [ amage:
| et | N L] | ST : Cohesive
Interface # SRS ntertace 1 = N ——-f— NS Interface
External J//i—_
TF?E gr;m - Natural Lé — Undamaged
Boundary - el—'edge . Elastic
Bonded 4 Bonded " m " Cohesive
intyedge __ byoedge . b yedee | Interface
nl“m = nl“m . Intact nl"m . Intact
Interface Interface
tyedge uyedge _ yoedge byedge eedge dy-edge _ inty-edge
rm U 1—‘m - l—‘m nrm U nrm U nFm - nrm
(a) Natural boundary patch (b) Delaminationfront pach

Figure5.5.  Two special globa¢lement patches corresponding to the edge superimposed node

sets(m, ) F**: (a) a natural boundary patch; (b) a delaminafiont patch

et

A surrogate problem corresponding to eitheedge or face superimposed node(satn)i 4

is stated as follows. Given the converged discrete solutiomer the entire problem domaiind

the local perturbatioii S in W' such that for' W [ S the following discrete weak form

holds:
ﬁﬁtDs\Tv:udW- t(;tfw@i Ginn[-ﬁetﬁ wd tO ‘:tg(’eaj-ﬁdv t (?ﬁ” @ 1jv0 (5.0

where the functionmace S is defined as

nSﬁft:{v(x)|v(x)|' Co(nV\Zf‘i ; V}Zet),v(x) O=on “ ¥v(x) diontinous on}' j}e‘ (5.2)
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where C° (,WE", | W) denotesC® continuous functions in the patch abdya\:*") and below
(nV\frjt') the discontinuous interfac®G*'; u is stresst® the prescribedurfacetraction on the

natural boundaryG®; "G and ""\G** are the positive and negative sides of the interface
"G, respectively. A side of an interface is considered positive if its outward normal vector points
in the stacking direction of plies;” andt” are the tractions acting ofG** and "G*" ,

respectively;b is the prescribed body force; the symmetric gradient operadQwins defined as

L 1a
D 2 ~eBW { @) ! (5.3)

whereb is the gradient operator.
Dependence of stressn the prior converged solutiom and theunknown perturbatiort is

denoted as

0= {,(" w)juon ¥ (5.4)

m

Tractionst® andt™ at the interfacé! G*' are functions of the separatign namely

ét° (o = f’( u-""Ju on P
t'= - }teqa ﬁ( u~ -*U)tu n ° (5.5
1[t“(cp) f( uf - 0-)* u on o

whereT* and G* are the values ofi and 0 on "G*", respectively;i" and " represent the

corresponding values offG: . On the intact interfackG', O=q *u =1 resulting in

= " u *'; tb(fp) represents the tractieseparation relation at the intact interfad&s’”,
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such thatt® (0) =0;t°(qp) andt”(qgpare elastic and inelastic (with preexisting damage) traction

separation relations, respectively.

The trialand tesftunctions, i and W, of the surrogate problem are defined as

?0 - _i Ngedge_i d edge e . .
:Ifw _]iNedge]iW edge on idg for WJ) Pb “ (56)
T

and

D

~ knyface  kpnjfacel k4 face
u= (|N1 '|N2 )Id

NI

on [ for (W) R"™ (5.7)

W = (Ierface _Ik szace) IkW face

—_— =) ——>)
N~

where(i, j ) Ps%° denotes the integerair ID (seeSection5.2.]) of the edge superimposadde
set at the intact interfacx#Ng?dQ’e is the shape function of the third node in the edge superimposed
node set andd®** is the corresponding nodal displacement @Egare5.4a); |w** denotes the
nodal values of the test functiofk, )i B** is the integespair ID of the face superimposed node
set representing the intact interface argak>* and ‘N are the shape functions of the first and
second superimposed nodes, respectively, in the face superimposed nof#*&dg the

corresponding nodaisplacement (seEigure 5.4b) and ‘w™* denotes nodal values of the test

function.
Inserting(5.6) and(5.7) into the weak form of the surrogate problésil) and taking advantage

of the arbitrariness of the nodal values of the test functions yields:

(e m ) Ecte gLt R, Y for (mn) R (58)
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For the edge superimposed node(sgit) i Py, the residuals iif5.8) are given as

() = N N 5.9
jreoe(id <) = P Na™F° o oa N8 oY (5.10)
jre®e(jd ) = Pl INGE [ et PN, P (5.11)
(0 )= (18 EB(ug N oY (5.1

1502 Pl NSE 8 G+ /N, B0 (513

where | B5™ is the Bmatrix corresponding to the shape functidf*. & in (5.12) is the 6% 1
stress matrixvritten intheVoigt notation.

For the face superimposed node [det)i R**°, the residuals if5.8) are given as

ITr. tf)ace( Il<d face) - ﬁqﬁcw Ik leaef: k( _Ik N1 facléa faje d (51 4)
e NF @ N Y (519
I|<r (;ace — ﬁqf(aw Ik leaCf d(LT gt ||£ leacelkd fac) d (516)

l<r.face:0.5~ace l|<Blface _lkB 2fac T & ‘DS u 8. Ikleace Iszfa Ik da d (517)
M

I %int

krface — 05~ (Ikleace _lszfacjt a GO‘]‘5 v{’i;e{lk leace Ik Nz fan)b d (518)

| ' ext rtE'Kace

where ‘B and B2* arethe B matrices corresponding to the shape functidt$® and  N2**°,

respectively & in (5.17) is the 63 1 stress matrixvritten inthe Voigt notation.
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Equation(5.8) represents a nonlinear system of three equations with three unkfjdinfor
each edge and face superimposed nodé(m;in)l' Fg‘et). Further simplification follavs from the

perturbation analysis assuming that (&F O(g) where 0 g L 1, and (b) the stiffness of

undamaged interfaceatisfies thatpi~ —‘LP: K*® :O(g' 1): due to infinitesimality of the

interface thicknes Consider the Taylor series expansions(fEQ(U+ﬂ)), td(ﬁ +~),

te(I_D + ): tb(D) arounddi =0 and D=0, respectively.

s(B(+a) = ¢ &) L= ®.+ (=s(@) 0oy

“D C O(9)
o()
d
D+ D 2* (P T Datf) o
uDO(g) o)
o@)
. (5.19
0+ 2 (p £ ¥ )ms D
ol ————
o™ o
- u® -~ ~
t°(D)=t*(0) += D KD
O(9) o
o)

Inserting(5.19) into (5.8) yields a linear system of equation for three unknofat$' for each

edge and face superposed node seé(m, n)i be“).

KR -TD) £0) ) for (m) BT (520

where

IK edoe = ﬁqedgeU Gdge( 'i Edgj d & °for (I’ J) Pb e (521)
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K™= e IN) d B fOr (K1) R™ (522

It is possible that not all quadrature points in a cohesive element are uniformly elastic or uniformly

damaged, and thus classificationo either °G* or {G* need further definition. Hereafter, a
cohesive element isonsideredo be belonging t§G* if the damage variable at the centroid is

nonzero. Otherwise, a cadiee element is considered to be elastic and belongif@ o The
likelihood of delamination at the position of a superimposed node set is typically related to a certain

damage initiation criterion that can be expresseﬂ(a%) =0. The delamination is assumed to

take place wherf (t'“(”rjd'se‘))2 0. In the present chapter, the damage initiation criterion is

assumed to be the same as that employed by the intrinsic cohesive zone model dAfzpkenidix

E.

5.3 Numerical examples

In this section two numerical examples with increasing complexity are presented to study the
accuracy and computational efficiency of the adaptinethod for delamination analysis. All the
laminatedstructure consideretiereinhave nanitial delamination. The initiation and subsequent
propagation of delamination are guided by the adaptive strategy outlinedpireti@us section.

To assess the accuracy and computational efficiency of the proposed methodueeerical
example is accompanied with a reference solution in whicloplly discretization is adopted

with double nodes and cohesive elements placed along all interfaces. Since the discretization space
reproduced by the-method is identical tdhe gy-by-ply discretization (se€hapter 4, the

adaptive anethod should be able in principle to reproduce the reference solution provided that the
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adaptive strategy is capable of identifying the onset and propagation of deilamfrants. The
computational efficiency of the adaptiverethod in comparison to the brute force approach of
placing cohesive elements at all interfaces currently exercised in practice depends on the adaptive
smet hodds abil ity ndadesetpononeasidenand the ltenmputational overledd
that comes with adaptivity on the other. In principle, if the adaptiweethod is capable of
significantly reducing the problem size with little overhead and without sacrificing accuracy, it
would provde a viable alternative to conventional practices.

The composite plies are assumed to be transversely isotropicelds$tec properties of the
unidirectional fibesreinforced composites are listedTable5.1. Cohesive law paraaters gsee
Appendix B considered in this study are givenTiable5.2.

Table5.1. Elastic single ply properties

E (MPa) E, £/(MPa) n,= Ny, G, 6,(MPa)
55000 9500 0.33 0.45 5500

Table5.2. Cohesive law parameters

S., (MPa) S. (MPa) S (MPa) /

cr

3.2 3.2 3.2 0.001
G (N ') G (Nnwn') G, (Nnmn') m m
0.64 0.64 0.64 01 01

All the meshrelated visualizations in this section are realized through Gh&$).
5.3.1 A laminated plate problem

An originally intact laminated plate with 10 layers of unidirectionafiteinforced composites is

subjected to Mode | loading as showrFigure5.6. The size of the plate 303 24 32mm. All
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the plies in the plate have the same thickness. The stacking sedrgncihe bottom ups

(-90/45/0/ -45/ 90/45/0/ 45/ 90/%. Fibers in0' plies are aligned along the axis.

The plate is fixed at the two horizontal edges on the left. The vertical displacenieminaind

- Imm are prescribed at the upper and lower edges on theregpgctively. In the reference (ply
by-ply) simulation the plate model consists2®® 16 31( 20-node hexahedral laminated elements
each of which contains onlgne ply. In addition,20% 16 3€ 16-node quadrilateral cohesive
elements of zero thickness are inserted ahalhine interply interfaces. The global mesh in the
adaptive simulation contains one layer2t® 16 31 hexanedral laminated elements each of which

contains all ten plies.

Figure5.6.  Geometry, layup and loading of the plate problem

The final deformedhapes of the foregoingeshes corresponding to the refereacd adaptive

simulations are shown iRigure5.7. Thecontour plots denote vertical displacement. It is evident
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that the total number of integration points associated wétbulk material (see Appendix1) in
the reference simulation is identical to that in the adaptive simulation at all time. Thus, the CPU

time used for element integrationre@ughlythe same in both simulations.

Vertical Displacement
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Vertical Displacement
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

(b) Global mesh in the adaptive simulation

Figure5.7.  Final deformed meshes: (a) reference simulation; (b) the global mesh in the

adaptive simulation

The resultant reaction forces in the adaptive simulation are compared to those of the reference
simulation inFigure5.8. It can be seen th#te reaction forcelisplacement responses as obtained
with the adaptive-snethod and the reference solution are very close. The maximum relative error

in the reaction forces i8.9% while mosly the relative errois belowl%.
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40 354

354 304

304
25+

254

---- Reference Simulation
—— Adaptive Simulation

20

---- Reference Simulation

Reaction Force
Reaction Force
ol
o
1

—— Adaptive Simulation

10 1 104
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Displaccment (mm) Displacement (mm)
(a) Upper edge (b) Lower edge

Figure5.8.  Comparison of the reaction forcksplacement curves as obtained by the
reference and adaptive simulations: (a) reaction force at the upper edge; (b) reaction force at the

lower edge.

The damage state at the interfaces in the two simulations is subsequently compared. Interfaces are
numbered from bottom up. Interfaces 1 and 9 are selected for detailed comparison since the two
interfaces are most damagedgure 5.9 depicts the contour plots of damage in Interface 1 at
different loading stagedrigure 5.9 also shows the positions of adaptively generated edge
superimposed node sets that characterize either strong or weak distpritican be seen that

the results obtained from the adaptive simulations agree very well with the reference simulation in
terms of the delamination initiation and propagation at Interface 1. Similar observation can be
made for Interface 9 as can bersé®m Figure5.10. Smaller areas of damaged zones are found

in Interfaces 2 and 8 and good agreement is again observed between the reference and adaptive

simulations as shown iRigure5.11.
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- Superimposed node set witrongdiscontinuity

Superimposed node segith weakdiscontinuity

Reference simulation Adaptive simulabn

Damage State at Interface 1 Damage State at Interface 1
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Damage State at Interface 1 Damage State at Interface 1
0 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
| ] [
(b) d=0.35mm
i

X2

L

Damage State at Interface 1 Damage State at Interface 1
0 0.1 0.2 0.3 0.4 0.5 06 07 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

| - IS |
(c) d =0.6mm
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Damage State at Interface 1 Damage State at Interface 1
0 0.1 0.2 0.3 0.4 05 06 07 0.8 0.9 1 0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

———— | e Saa——
(d) d=Imm

Figure5.9. Damage state in Interface 1 for different prescribed displacermeiis reference

and adaptive simulations: (&)= Om; (b)d= O0mm; (c)d= 6m; (d) d = min.
In the remaining of this example, we study computational efficiency of the adaptive method.
Clearly adaptive models contain considerably fewer degrereedom than the reference ply
by-ply discretizationFigure5.12 compares the numbers of degreédreedom in the two models.
Note that while the reference simulation has a fixed number of degfréezdom (reflected in a
horizontal line inFigure 5.12), in the adptive simulation, the number of degreddreedom
increases throughout the simulation. The number of degfefiesedom in the adaptive simulation
reaches21,52¢ by the end of the simulation. This is less than one third of the nushdegrees
of-freedom in the reference simulatidrigure’5.13 shows the increasing watlock time of the
two simulations with increasing prescribed displacements. The same running environment and
solution control are used footh simulations. The simulations were conducted on an idle Intel®
Xeon® E5506 CPUIntel Corporation, CA, USAand 6GB RAM desktop. It can be seen that the
amount of time for the adaptive simulation is considerably smaller than that of the reference
simulaion. With the completion of the loading process, the adaptive simulation provided the wall
time saving of aroun®.82hours, which is36.5% of the total wall time consumed by the reference
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simulation. For presdsed displacements equaldd 05mm, the relative time saving wa&l.1%;

more than half of the time is saved until the prescribed displacement réagdBmn. Further
speedup gains can be obtalriereduced integration is employed. The breakdown of the wall time

is detailed inFigure5.14. It can be seen that solving the linear systems of equations is the most
time-consuming operation@.37 hours @ 82.5% of the total running time) for the reference
simulation. In the adaptive simulation, the linear system of equations is solved in less than one
fourth of the time required by the reference simulation due to the much smaliemsysf
equations. The overhead in the adaptive simulation is primarily attributed to the increased number

of NewtonRaphson iterationsi, 62€ in the adaptive method vers@)1 in the reference

simulation. Theeason lies in the iterative nature of the adaptive algorithm as shéiguire5.3.
Furthermore, while the number of degreédreedom is considerably reduced by the adaptive
model, the number of integration points associatid the bulk material remains the same. Due

to increased number of iterations, reducing the CPU time of the integration process, such as by
employing reduced integration instead of full integration considered in this study, would further

increase the advéage of the adaptive model.

159



Chapter5. The Adaptive $1ethod for Delamination Analysis in Laminated Composites

- Superimposed node set with strong discontin@

Superimposed node set with weak discontinui

Reference simulation Adapive simulation

Damage State at Interface 9 Damage State at Interface 9
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 06 0.7 0.8 0.9 il
I B I 4 I— |
(a) d=0.2mm
X3 X2

L.

x;

Damage State at Interface 9

0 0.1 0.2 0.3 0.4 05 0.6 07 0.8 0.9 1
I B

(b) d =0.35mm

X3 X2

L.

x

L.

x;

Damage State at Interface 9
0 0.1 0.2 0.3 0.4 0.5 06 07 0.8 0.9 1

(c) d=0.6mm
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