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ABSTRACT

Convex Optimization Algorithms and Recovery Theories fpaiSe Models in Machine Learning

Bo Huang

Sparse modeling is a rapidly developing topic that arissguently in areas such as machine learn-
ing, data analysis and signal processing. One importaricagpipn of sparse modeling is the re-
covery of a high-dimensional object from relatively low nioen of noisy observations, which is the
main focuses of the Compressed Sensing [14,22], Matrix Cetiop(MC) [13, 34, 68] and Robust
Principal Component Analysis (RPCA) [12]. However, the powaf sparse models is hampered by
the unprecedented size of the data that has become more ae@wadable in practice. Therefore,
it has become increasingly important to better harnessiagbnvex optimization techniques to
take advantage of any underlying “sparsity” structure whbbpems of extremely large size.

This thesis focuses on two main aspects of sparse modeliogh #he modeling perspective, it
extends convex programming formulations for matrix cortipieand robust principal component
analysis problems to the case of tensors, and derives tiebiguarantees for exact tensor recov-
ery under a framework of strongly convex programming. Ondpgmization side, an efficient
first-order algorithm with the optimal convergence rate @sn proposed and studied for a wide
range of problems of linearly constraint sparse modelirdplams.

In Chapter 2, we generalize matrix completion and matrix RPtdels and rigorously study
tractable models for provably recovering low-rank tensbislike their matrix-based predecessors,
current convex approaches for recovering low-rank tenlsased on incomplete (tensor comple-

tion) or/and grossly corrupted(tensor robust principallgsis) observations still suffer from a lack



of theoretical guarantees, although they have been usedrioug recent applications and have
exhibited promising empirical performance. In Chapter & attempt to fill this gap. Specifically,
we propose a class of convex recovery models (includingngtyoconvex programs) that can be
proved to guarantee exact recoveries under certain conditi

In all of the sparse models for low-rank tensor recovery [@ois discussed in Chapter 2,
the most popular convex relaxations currently being usedmize the sum of the nuclear norms
(SNN) of the unfolding matrices of the tensor. In Chapter 8,skow that this approach can be
substantially suboptimal: reliably recoverindkaway tensor of lengtim and Tucker rank from
Gaussian measurements requiggsn—1) observations. In contrast, a certain (intractable) non-
convex formulation needs onl®(rK + nrK) observations. We introduce a simple, new convex
relaxation, which partially bridges this gap. Our new fotation succeeds witlD(r.5/nl%))
observations. The lower bound for the SNN model follows froam new result on recovering
signals with multiple structures (e.g. sparse, low rank)iclv demonstrates the significant sub-
optimality of the common approach of minimizing the sum afisidual sparsity inducing norms
(e.g. I1 norm, nuclear norm). Our new formulation for low-rank tensecovery shows how the
sample complexity can be reduced by designing convex rageia that exploit several structures
jointly.

In Chapter 4, we propose and analyze an accelerated liedaBzegman (ALB) method for
solving the sparse models discussed in Chapter 2 and 3. dd¢eteaated algorithm is based on the
fact that the linearized Bregman (LB) algorithm first propdsy Stanley Osher and his collabora-
tors is equivalent to a gradient descent method applied éotain dual formulation. We show that

the LB method require®(1/¢) iterations to obtain ae-optimal solution and the ALB algorithm



reduces this iteration complexity @(1/./€) while requiring almost the same computational effort
on each iteration. Numerical results on compressed seasidgnatrix completion problems are
presented that demonstrate that the ALB method can be sigmify faster than the LB method.

In Chapter 5, we extend the arguments of Chapter 4 and apglirbarized Bregman (LB)
method to solving linear programming problems. Numericgdeziments show that neither the
LB method or the accelerated LB method works well on lineagpemming problems, especially
on real data sets. Inspired by the observation that therlzezhBregman, when solving linear
programming problems, can be viewed as a sequence of bastraored quadratic minimizations
that are restricted to different supports of the solutionakde, we propose new algorithms that
combine the Conjugate Gredient/BFGS update with the liredrBregman method. Numerical
experiments on both synthetic and real data sets were ctadjuend the new CGLB algorithm
not only significantly outperformed the accelerated linest Bregman proposed in Chapter 4, but

was also comparable with the MATLAB solver on small-mediwale real data sets.
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Chapter 1

Introduction

1.1 Background and Motivation

Sparse modeling is a rapidly developing topic which arisegquently in areas such as machine
learning, data analysis and signal processing. One imptoagaplication of the sparse modeling
is to recover a high-dimensional object from relatively Iommber of noisy observations, which
are main focuses of the Compressed Sensing [14, 22], thed\Gampletion(MC) [13, 34,68] and
the Robust Principal Component Analysis (RPCA) [12]. Hogrethe power of the sparse models
is hampered by the data of unprecedented size more and maitabde in practice. Therefore,
it becomes to an appealing topic on better harnessing theeg@mptimization techniques to take
advantage of the underlying “sparsity” structure of thebtem.

This thesis focuses on two main aspects of the sparse mgdekrom the modeling per-
spective, it extends convex programming formulations i@ matrix completion and the robust

principal component analysis problems to the case of tensmid derives theoretical guarantees



for the exact tensor recovery under the framework of stipighvex programming. Specially,
As modern computer technology keeps developing rapidhytirdimensional data (elements of
which are addressed by more than two indices) is becominglam in many areas such as com-
pute vision [85] and information science [25, 77]. For im&t®, a color image is a 3-dimensional
object with column, row and color modes [66]; a greyscaleswits indexed by two spatial vari-
ables and one temporal variable; and 3-D face detectioning@sation with column, row, and
depth modes. Tensor-based modeling is a natural choiceegetbases because of its capability
of capturing the underlying multi-linear structures. Altlgh often residing in extremely high-
dimensional spaces, the tensor of interest is frequentiyrémk, or approximately so [41]. Con-
sequently, low-rank tensor recovery or estimation is ggyrsiignificant attention in many different
areas: estimating latent variable graphical models [Zssifying audio [53], mining text [18],
processing radar signals [19], to name a few. Lying at the cdrhigh-dimensional data anal-
ysis, tensor decomposition serves as a useful tool to revieah the tensors can be modeled as
lying close to a low-dimensional subspace. The two commoséd decompositions are CANDE-
COMP/PARAFAC(CP) [15, 36] and Tucker decomposition [88]phrticular, based on the Tucker
decomposition, a convex surrogate for tensor rank, which ive refer asum-of-nuclear-norms
(SNN) has been proposed in [50] and serves as a more tractableim@edshe tensor rank in
practical settings. This thesis focuses on the low-rangdeastimation under partial or corrupted
observations. More specifically, an underlying low-ranksia can be recovered by minimizing the
SNNover all tensors that obey the given data which may be incetamr corrupted by arbitrary
outliers. This idea, after first being proposed in [50], hasrbstudied in [28, 75, 76, 79, 80], and

successfully applied to various problems [27,42, 44, 4674B Unlike the matrix cases, the re-



covery theory for low-rank tensor estimation problems idifam being well established. In [80],
Tomioka et. al. conducted a statistical analysis on theorethscomposition and provided the first
theoretical guarantee f@\Nminimization. The above result has been significantly enbdimn a
recent paper [55], in which it is not only proved that the céerjty bound obtained in [80] is tight
when using th&SNNas the convex surrogate, but also proposed a simple impevetimat works
much better in cases of high-order tensors. Unfortunabelth) of the aforementioned results as-
sume Gaussian measurements, while in practice the proldé&mgs are more often similar to
matrix completion [13, 34,68] or robust PCA [12,89] probkrMimicking their low-dimensional
predecessors, the tensor-based completion and robusté@Alations have been applied to real
applications where their empirical performances have ppeemising. However, to the best of our
knowledge, it is still an open question that what are therigtézal guarantees for exact recovery
in tensor completion and tensor RPCA problems.

Once we established a set of sufficient conditions for lomkr@nsor recovery problems, the
next natural question is that whether we can do better, oerfmsmally, is the complexity bound
we achieved optimal under the current convex programmingditation? The answer is “No”
when we are considering recovering a low-rank tensor uridestandard random Gaussian mea-
surements. In particular, we show that although the bouriglis as long as we are using the
SNN as the convex surrogate, it can be substantially subaptwith respect to the actual “degree
of freedom”: reliably recovering &-way tensor of lengtin and Tucker rank from Gaussian
measurements requir€rnX—1) observations. In contrast, a certain (intractable) namsex for-
mulation needs onlY(rK + nrK) observations. We introduce a simple, new convex relaxation

which partially bridges this gap. Our new formulation stetewithO(rl5/nlz]) observations.

3



The lower bound for the SNN model follows from our new resultrecovering signals with mul-
tiple structures (e.g. sparse, low rank), which demoresdrite significant sub-optimality of the
common approach of minimizing the sum of individual sparsitiucing norms (e.d.1 norm, nu-
clear norm). Our new formulation for low-rank tensor reagv&hows how the sample complexity
can be reduced by designing convex regularizers that ebg@weeral structures jointly.

From the optimization perspective, efficient algorithmsdzhon Augmented Lagrangian func-
tion or splitting techniques have been designed for lovkit@msor recovery problems, e.g., [28,
31,40, 91]. However, in the matrix settings, instead of g\the original convex programming
directly, some algorithms, e.g., [11, 24, 39, 89], have bemposed to solve thstrongly convex
problems by adding a smd}l perturbatiort|] - ||§ to the original objective. It is well known that
the Lagrangian dual for a strongly convex objective is ddfeiable [71]. Therefore this leads to
an unconstraint smooth dual problem which makes a wide dfs#icient methods applicable.
In [94], the L-BFGS algorithm and gradient methods with Isearch were studied. The major
issue with the strongly convex approach is thaeeds to tend to zero in order to obtain the ex-
act recovery. On the other hand, the empirical convergepeedsof most of the aforementioned
algorithms depend on. In general, a larger leads to a faster convergence rate. Fortunately, it
has been proved that a finiteis sufficient for the purpose of low-rank matrix recovery. the
thesis, we extend this conclusion to the case of tensorsrawep provable convex programming
formulations for tensor completion and tensor RPCA prolslem

Itis also well known that most of the sparse modeling prolslean formulated as the following



general constraint convex programming

minJ(x) s.t. Ax=Db, (1.1.2)
XeRN
where A € R™" b c R™ and J(x) is a norm function (e.g.| - ||z, || - [« or S [l). The

linearized Bregman (LB) method was proposed in [93] to stivebasis pursuit problem where
J(x) := ||x||1 in (4.1.1). The method was derived by linearizing the quécii@enalty term in
the augmented Lagrangian function that is minimized on éacation of the so-called Bregman
method introduced in [64] while adding a prox term to it. Threarized Bregman method was
further analyzed in [8, 10, 92] and applied to solve the matampletion problem in [8]. The
linearized Bregman method depends on a single parameted and, as the analysis in [8, 10]
shows, actually solves the problem

min gu(x) ::J(x)+iy|xy|§, s.t. Ax=b, (1.1.2)

XeRN

rather than the problem (4.1.1). It has been shown in thsdhkat, for low-rank tensor recovery
problem wherel(x) is defined as th&um of Nuclear Norms (SNNje solution to (4.1.2) is also
a solution to problem (4.1.1) as long ass chosen large enough. Furthermore, it can be shown
that the linearized Bregman method can be viewed as a gtadisicent method applied to the

Lagrangian dual of problem (4.1.2). This dual problem is aoamstrained optimization problem



of the form

[ 1.1.

where the objective functio,(y) is differentiable since,(x) is strictly convex (see, e.qg., [72]).
Motivated by this result, some techniques for speeding epctassical gradient descent method
applied to this dual problem such as taking Barzilai-Borw@B) steps [3], and incorporating it
into a limited memory BFGS (L-BFGS) method [48], were pragobén [92]. Numerical results
on the basis pursuit problem (4.1.1) reported in [92] shaat the performance of the linearized

Bregman method can be greatly improved by using these tgoési

1.2 Preliminaries and Notations

Throughout the paper we denote tensors by boldface Eulgt $etters, e.g.,X. Matrices are
denoted by boldface capital letters, eX}, vectors are denoted by boldface lowercase letters, e.g.,
X; and scalars are denoted by lowercase letters, e.g., x. MamyKtensorX € RM*M2xxK " jtg
mode-ifiber is a nji-dimensional column vector defined by fixing every index e ith of X.

The mode-iunfolding(matricization) of the tensak is the matrix denoted by ;) € RMWX MM

is obtained by concatenating all the mode-i fibersxohs column vectors. We denorfél) =

max{ni, [j.Nj} andni(z) = min{n;, [ nj }. The vectorizatioved X) is defined aveq X 1)).



1.2.1 Tensor Norms

Here we extend norm definitions for vectors to tensors. Thd&mius norm of any tensof is

defined as

X1 = [[vedX)]2.

Similarly, thel1/l. norm of a tensoX is defined by its vectorization, i.e.,

1X1[1/e0 = [[v€AX) | 1/c0-

Tensor-matrix Multiplication: The mode-i product (matrix) product of with tens6mwith matrix

A of compatible size is denoted 85= X x; A, where thath mode ofY is

Xy = AX -

1.2.2 Linear and Projection Operators

e [Matrization] We denote the tensor-to-matrix operator by capital lettecalligraphic fond,

e.g.,. 4, and4; transforms a tensox to its mode-i unfolding, i.e.,

and the adjoint o3, denoted byd’, is defined by* (X ;) = X.

e [Support] For atensox € R"*"2>1k 'let Q be any subset of indices, i.€,€ [ng] x [ny] x



x [nk]. Then a projection operator af, is defined by

Xigig ik (i1,ip,---ik) € Q
(PalX))iyig, ik =
0 otherwise

The projection operataPy can be extended to tensor matricization. Specifically, wmee
the P, be the operator that projects tkidd unfolding.X  onto the suppoi®, i.e.,

P [X )] = (AP ) [X (k)

Also for simplicity, we denot&y to be the suppo® applied to thekth mode when there is

no confusions in using this notation; thus

Poy [X (0] = (PalX]) - (1.2.1)

1.2.3 Tensor Decomposition

e [CANDECOMP/PARAFAC(CP)] The CANDECOMP/PARAFAC(CP) rank of a tensor is
defined as

rankp(X) :=min{r | X = Zir:la(li) o~-oai(<i)}.

Unlike the matrix rank definition, the numerical algebraerigors is fraught with hardness

results [38], and even computing tensor’'s(CP) rank is Nifekha



e [Tucker] The Tucker decomposition [82] approximatésas

X = CX]_A]_ ><2A2~-~ XKAK,

where C € R"t*"2¢'k js called thecore tensor and the factor matricegA; € R"*"i} are
column-wise orthonormal. Note tha{ is the matrix of the left singular vectors of the
th unfolding X ), and the Tucker rank (also called n-rank).ofis a K-dimensional vector

whosei-th entry is the (matrix) rank of the mode-i unfolding;), i.e.,

rankc(X) = (rank(Xy)),rank(X z)), - - -rank( X ;))-

1.2.4 Low-rank Matrix Recovery Models

In this section, we review the existing convex programmirggeis for Matrix Completion (MC)
and Robust Principal Component Analysis(RPCA) [12, 891thBoblems demonstrate that a low
rank matrixXo € R™*"2 (n; > ny) can be exactly recovered from partial or/and corruptedmbse
vations via convex programming, under certainoherence conditionsn Xg’s row and column

spaces.

¢ [Matrix Incoherence Conditions] It is well known that exact recovery becomes tractable
when the matrix is not in the null space of the sampling operdthis requires the singular
vectors of the low-rank compone to be sufficiently spread and not highly correlated

with any standard basis. This motivates the following daéni



Definition 1. Assume that e R™*™ is of rank r and has the singular value decomposition
Xo=UxVT =5I_ aiuv', whereoj, 1 <i <r are the singular values ok, and U and
V are the matrices of left and right singular vectors. Themiticoherence conditions with

parameter p are:

max [UTe[* < &, max |V el* < ¥, (1.2.2)

UV < (/. (1.2.3)

where{g} is the standard matrix basis.

From (1.2.2) and (1.2.3), it follows that

r

max|valf < (12.4)
r

max|#vel3 < B (12.5)

whereR; (A, ) is the orthogonal projection onto the column spadd ¢f ). Thus (1.2.4) and
(1.2.5) indicate how spread out the singular vectors ark mispect to the standard basis.
Note that for any subspace, the smallgstan be is 1, which can be achieved whéns
perfectly evenly spread out. The largest possible valugiism; /r when a standard basis
vector lies in the subspace spanned by the columisafdV. A well-conditioned matrix
for the recovery is expected to have small incoherence peteapn Although other condi-

tions such as theank-sparsity incoherence conditiofts/] have also been investigated, the

10



above conditions (1.2.2)-(1.2.3) are those most commosdyl dor both matrix completion

and RPCA problems.

e [Matrix Completion (MC)] In MC problems, we would like to recover the matky, given
that only entries is the suppdit are observed, whe@ C [n1] x [nz]. Namely, we observe

Po [Xo] where

0, otherwise

Clearly, this problem is ill-posed for generdéh. However, the low-rankness o, greatly
alleviates the difficulty here. Here one minimizes the naicieorm|| - ||, the sum of all
the singular values, to recover the original low-rank nxatAs proposed in [13], and later
further studied in [34, 68], even when the number of obseerddes, i.e.|Q|, is much less
than the ambient dimensianny, X with small rankr can still be exactly recovered by the

following tractable (convex) approach:

min  [|X]|, (1.2.7)

S.t. Po[X] = Pa[Xo)

Guarantees for exactly recovering by solving (1.2.7) were first studied in [13], and later

simplified and sharpened in [34, 68].

e [Robust Principal Component Analysis (RPCA)]In RPCA problems, the goal is to re-

11



cover the low-rank matriXo from observation8, which is a superposition of the low-rank
componeniXp and a sparse corruption componéit In [12], the following convex pro-

gramming problem was proposed

min  AJX]| + [l (12.8)

st X+E=B.

It has been shown that whén= /Ny, solving (1.2.8) yields the exact recoveryXd when

it is low-rank and incoherent.

e [Mixture Model] Suppose in addition to being grossly corrupted, the dataixnB&tis ob-
served only partially (say only entries in the supp@rtC [n] x [n] are accessible). The
exact recovery oKp, which is considered as a combination of (1.2.7) and (1.Z&) be

accomplished by solving the following problem:

min  AJIX], + [El, (12.9)

st.  Po[X+E]=B,

where the corruption matri€ has nonzero entries only on the sulfQetdf its n; x n, entries,

i.e., Py [E] = 0. Model (1.2.9) is equivalent to MC when there is no corropti.e.,E =0,

and it reduces to RPCA whe@ is the entire set of indices. This model has been studied
in [12] and [45]. In particular, the bound established in][#5consistent with the best

known results for both MC and RPCA.
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A strongly convex formulation is obtained by addikgperturbation terms to the objective

function of problem (1.2.9), i.e.,

. T T
min ?\HXH*+\!E\!1+§HXH%+§!\E!\§ (1.2.10)

st.  Po[X+E]=B.

Strongly convex models have been studied for compresseingeMC and RPCA prob-
lems [94-96]. The results are that, instead of vanishingto,z only needs to be reasonably
small for exact recovery. Since an extremely smaiften leads to an unsatisfying conver-
gence rate, this feature ofgreatly benefits optimization algorithms that utilize thesg

convexity property.
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Chapter 2

Provable Low-rank Tensor Recovery

2.1 Introduction

Since, a tensor, generalizes the concept of a matrix, iesusturally in applications of high-
dimensional data analysis. The tensor-based low-rank/eeganodels including tensor comple-
tion [50] and tensor robust PCA [40] problems have been tiya®d and demonstrated encourag-
ing performances in various applications. Besides the eoapstudies, some progresses on their
theoretical guarantees have been achieved recently. InT8Mioka et. al. conducted the statis-
tical study of tensor decomposition and provided the firpp@r)bound on the number of random
Gaussian measurements required for exact low-rank teesovery. In a more recently work [55],
Mu et. al. proved that, under the same settings, the bouradnaat in [80] is tight. However, both
aforementioned works are based on the constraint of randausstgan measurements, while a rig-

orous study on more practical settings such as tensor ctiompknd tensor robust PCA problems
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is still left open. In this section, we extend the model (103.and propose a provable strongly

convex programming model for low-rank tensor recovery feots.

2.2 Tensor recovery models

In this section, we review some most commonly used modelbfoirank tensor recovery prob-

lems.

e [Convexification for tensor ranks] The most commonly used definitions for tensor ranks
are the CANDECOMP/PARAFAC(CP) rank [15, 36] and the Tucleerkr[83]. Many recent
applications focus more on the Tucker rank (n-rank) becafisis bases on matrix rank.
Given all tensors whose corresponding elements match tiea ¢ine incomplete set of ob-
servations, we would like to recovejy by minimizing some combination of the n-vector

Tucker rank, i.e.,

[Completion(non-convex)] m{n . rankc(X) PolX] = Pa[Xo] (2.2.1)
W.I.tRK

[Robust PCA(non-convex)] m{n . ranke(X) + || Ello X+E=3B. (2.2.2)
W.r.tR

+

To convexify the vector optimization problems (2.2.1)2(2) which are NP-hard, it is nat-

ural to replace the above n-rank’s by the weighted sum ofaganaiorms. This leads to the
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following scalar and convex optimization problems

K
[Completion(convex)] rr;(in Z)\i X iyl PolX] = PalXo) (2.2.3)
i=
K

[Robust PCA(convex)] rr;(in Z)\iﬂx(i)H*H\le X+E=38. (224
i=

The idea of using the terrfik | A; [ X(ill+, which here we refer to asum-of-nuclear-norms
(SNN) as a convex surrogate for Tucker rank was first proposedGh [However, in this
work we put possibly different weights to each nuclear nammije in [50] and similar works
that came afterwards, considered only the heuristic of araleqeighted sum of nuclear
norms. This means more model parameters in problems (222)2.2.4) to be tuned.
Fortunately, we will provide an explicit expression #grwhich allows for exact recovery
and only depends on the dimensions of the targeting tekisavioreover, the abov8NN

becomes equal weighted whanhas the same dimension for every mode.

[Strongly convex programming] On the optimization perspective, instead of directly deal-
ing with the original convex programming problem, algomith, e.g., [11, 24, 39, 89], have
been proposed to solve a strongly convex programming proltet approximates it by
adding with a small, perturbatiort| - |2 being added to the original objective. This is not
surprising since in general the strong convexity is a faviergroperty for deriving faster
optimization algorithms. It is well known that the Lagraagidual to the strongly convex
programming is unconstrained as well as differentiablécivmakes it suitable to a much

broader well established efficient algorithms. The maimahack of this class of problems
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sometimes comes from the noise brought by introducing tkwa &xperturbation. The pa-
rametert needs to vanish to zero for exact recovery. On the other Hananost of the

aforementioned algorithms, an infinitely smalill significantly deteriorate the conver-
gence speed. Fortunately, it has been proved that a fingesufficient for the purpose of
low-rank matrix recovery, and we show in this paper that #raes conclusion also holds for

tensor recovery problems.

2.3 Tensor Incoherence Conditions

As in low-rank matrix recovery problems, some incohererwaldions need to be met if recovery
is to be possible for tensor-based problems. Hence, we peapoew set of incoherence conditions
(2.3.1)-(2.3.2) for a tensoxg by extending the matrix incoherence conditions (1.2.22-@) to the

unfoldings ofXp and adding a new “mutual incoherence” condition.

Definition 2. Suppose that for a tensofg € R™*™* ™ its unfoldings{ X ) }i=12.. k have the

singular value decompositions

and let
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Then thetensor incoherence conditions with parameter p are that there exists a mode k such that

2
mavg [[Uyce|* < e, max [Vice|® < et

[k-mode incoherence] (2.3.1)

MUY (e < [,

L Kk

[mutual incoherence] HTKH°° < % (2.3.2)
Ny

where{g} is the standard matrix basis.

Note that the first two inequalities in (2.3.1) are just thgular matrix incoherence conditions
for the low-rank mode (e.g., tHeth unfolding). The second inequality of (2.3.1) is equardlto
Hr

n|((l) n|((2) !

UV} [loo <

sinceAx = \/nl((l). Furthermore, if we defing; := % to be the “rank-saturation” for théh mode,
n:

then from the triangle inequality, it follows that

e < . (233)

wherek := max{K;}. Obviously a larg& means that the tensafy while having some mode (the
kth) with low (Tucker)rank, also has modes with high ranks,, iXo is somewhat “unbalanced”
with respect to its ranks. To compare the newtual incoherence conditiowith the original

matrix incoherence conditions in (2.3.1), we see thafAifUV| [l <  /+% holds for somey,
My
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How restricted is joint incoherence condition

ratio

0 20 40 60 80 100
rank

Figure 2.1: The average rat'| ‘KJ”&Q] as a function of the rank for randomly generated 3-
1 o)

way tensorsx € R100<100<100 with Tucker rank(1,r,r). For each rank € [1,100, we run 10
independent trials and averaged their output ratios

then the biggek is, the harder itis for (2.3.2) to be satisfied. To demonstnatv restrictive (2.3.2)

can be, we randomly generated a 3-way tedsar R100<100<100 yith jts Tucker decomposition
X =Cx1A1x2R2 - XK A,

where a core tensa@? € RY>"™" has entrees generated from i.i.d Gaussian distributiaheanhA;
is a random orthogonal matrix. We gradually increaséwm 2 to 100, so that while we always
hadky, = 1—(1)0, K ranged froml—(z)O to 1. From Figure 2.1, we observe that althougindk were

increased significantly, our mutual incoherence condifi8.2) appeared to be much looser than

[leo/K

—— grew much more slowly thanandk.
U1V [l

what (2.3.3) suggests, since the r "

Although (2.3.2) is not that restrictive in general, as Feg.1 illustrated, (2.3.2) does char-
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acterize a class of tensors on which SNN is a plausible modgdé since it favors tensors whose
Tucker rank is more balanced. More specifically, for proldevherex is significantly larger than
Kk SO that (2.3.2) becomes quite restrictive, SNN minimizateomore likely to perform poorly.
Indeed, Figure 2.2 illustrates the difference between N8l $hodel and the Singleton model,
which minimizes only the nuclear norm of the low-rank mod#&laing, on recovering an incom-
plete tensorXo under different ranks and levels of observations. We ndtma Figure 2.2 that
the SNN model outperforms the Singleton model whehn5, but does worse than the Singleton
model wherr > 5. Specifically, the performance of the SNN model is very glmwcsmallr but
deteriorate as is increased, while the Singleton model usually recov&ysvhen the fraction of
the elements of o that are observed is greater than 0.25, regardless of tkeofaail other non-
low-rank modes. This is not surprising since by minimizihg sum of nuclear norms, we are
enforcing a low-rank structure for all modes simultanep@sien if this may not be the case for
the true solution. Therefore extra conditions are needetsaore that all the non-low-rank modes
are not too far out of line from the well-conditioned low-kamode when we are minimizing their
ranks. In particular, (2.3.2) suggests the average ovia@herence should be on a par with the

incoherence of the low-rankth) mode as measured by the infinity norm.

2.4 Main Results

In this section, we consider recovering a low-rank temsgunder incomplete and corrupted ob-
servations. Lef be the set of entries accessible to us. Out of the entir@ satsubse\ C Q of

the entries ofXg are corrupted byEg, andl" C Q are locations where data are available and clean.
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Single Mode Sum of Nuclear Norms

rank
rank

Figure 2.2: A random tensorg € R30%30%30 with (Tucker)rank(,r,r) was generated. We let
increase from 1 to 10, and the portion of the observed eniresp, to range from 0 to 0.3. For
each pair(p,r), we ran 5 independent trials and plotted the succes&f&tavherek is the number
of exact recovery successes, i.e., relative eerdr0—3. The lighter a region is, the more likely
exact recovery can be achieved under the given choipeaoflr.

As is easily seen, this can be viewed as a combination of thexm@mpletion and the matrix

RPCA, when extended to the case of tensors.

K
. T T
min f(X,Z):= Zl)“”x(”“* +Ell+ §||X||§ + QHEIIE
’ i= (2.4.1)

S.t. PolX+E|=B

Note that the entries af andB are nonzero only in suppadfl, and by the definition of, we also
have

P[E|=0, P[X]=P[B]

Our main result giving conditions under which solving (2)Myields the exact recovery ofg is

contained in the following.

Theorem 1. SupposeXo obeys the same incoherence conditiGa8.1)(2.3.2)with parameters
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M, and the support s€ is uniformly distributed with cardinality ra- pnl((l) nf(z). Also suppose that

each observed entry is independently corrupted with prditaly. Then provided that

—10(2)
re< G k2PH n"l , Y<Cy (2.4.2)

log?n."

and
1
1< , (2.4.3)
2
20 (14 5| Bl

solving(2.4.1)with Aj = 4/ ni(l) yields the exact solutioffy with probability at leastl —Cn~3 for

where C, ¢ and G, are positive numbers.

2.5 Architecture of the Proof

2.5.1 Sampling Schemes and Model Randomness

Theorem 1 is established based on usingraform sampling scheme without replacemémt
choose a set of entre€xs with cardinality m. However, in order simplify our proofd,is more
convenient as is commonly done to work with other sampliffgestes, such aBernoulli sam-
pling. Specifically, in our proofs, we will work witlBernoulli samplingwith a Random sign

model

[Bernoulli sampling] A Bernoulli sampling schemigas been used in previous work ( [13], [12])
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to facilitate the analysis of matrix completion and RPCAlpems. For theBernoulli model we
haveQ := {(i, ) : &j = 1}, where thed;;’s are i.i.d Bernoulli variables taking value one with
probability p and zero with probability + p. Bernoulli samplingcan be written a2 ~ Ber(p)
for short. Being a proxy for uniform sampling, the probaibf failure under Bernoulli sampling
with p= —™__ closely approximates the probability of failure under onifi sampling.

Ny XN2--- XNK

[Random sign model]A standard Bernoulli model assumes that

A ~ Ber(py)

M~ Ber((1-y)p)

Q ~ Ber(p),

\

and that the signs of nonzeros entrieggfare deterministic. However, it turns out that it is easier
to prove Theorem 1 under the stronger assumption that the sighe nonzeros entries @l are

independent symmetric Bernoulli variables. We define tvaependent random subsetSf

N ~ Ber(2yp),

I~ Ber((1-2y)p),

It is convenient to think of

Eo = PrE],

for some fixed tensoE. Consider now a random sign tens@f with i.i.d. entries such that for
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any index vedi] € Ri1xizxik
1
P(Wyegi) = 1) = P(Wyeqi) = —1) = 5.
Now|E| o W has components with symmetric random signs and we define dnwese” tensor
To:=Pn[|E|oW].

By the standard derandomization theory (e.g., TheorennB)), if the recovery oi(xo, E{)) is
exact with high probability, then it is also exact with at $¢a@he same probability for the model

with input data(Xo, Eo). Therefore from now on, we can equivalently work with
N~ Ber(2yp), T ~Ber((1-2y)p),

the locations of nonzero and zero entriesfpf respectively, and assume that the nonzero entries

of £p have symmetric random signs.

2.5.2 Supporting Lemmas

Assume that théeth unfolding X ) has the singular value decomposition

Xiy=UiZV{  i=12- K (2.5.1)
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DefineT; to be the linear space
T = {W\W:UiXT—i—YViT for somex,Y}, (2.5.2)
andT* to be the orthogonal complementBf The orthogonal projectiofr onT; is given by
Pr(2) = Ry, Z+ZR; — Ry, Z Ry, (2.5.3)

andLPTiL is defined as

P (2) = (1 - B,)Z(1 - By), (25.4)

whereR,, andR; are the orthogonal projections orip andV; respectively.

Lemma 1. With the tensofZ defined as in Definition 2, we have, for any mode i,
T €T,

where the subspace i defined in(2.5.2)

Proof. For X = C x1 A1 x2A0--- xk Ak, let L € R« andR, € RMNi#"* pe matrices of the
left and right singular vectors @y, the modek unfolding of C. Then the singular value decom-

position of X i, obeys

X () = (AcLi) IRy ., (2.5.5)
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whereXy € R« is the matrix whose diagonal elements are the singular sati€ ) and
O =Ak R A1 QA1 ®A]
Therefore the subspadgin (2.5.2) corresponding to (2.5.5) is
Tq = {W\W:AkLkXTJrY RI®, for somex,Y}. (2.5.6)

Note that the columns ALk are orthonormal since those Ak are andLy is an orthonormal

matrix. On the other hand can be explicitly written as
T:CT ><1A1X2A2'~'><KAK, (2.5.7)

whereCr = (3 M A*LiR"), and itskth unfolding Ty = Ak (CT) () P is in Ti since we can

chooseX andY in (2.5.6) as
X=L*Ct)pP  Y=0

O

We now state three key inequalities which are crucial forgreof of the main theorem. The
first and third inequalities, i.e., (2.5.8) and (2.5.10)) & found in [13] and (2.5.9) can be found
in [12]. Note that all three inequalities are applied to thetmeization on the&kth mode wheré is

the low-rank mode.
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Lemma 2. Suppos& is sampled from the Bernoulli model with parameieket Z € RM*M2"»*NK
and k is the low-rank mode i{2.3.1}(2.3.2) andQy is the supporf applied to the kth mode as

defined in(1.2.1) Then with the high probability,
o~ P Po, P — Pr || <k, (2.5.8)
and

(0™ Py Py Pr — ) 2 ||, < EllPr B lleo (2.5.9)

. logn'Y " .
provided thafp > Clsfzw for some positive numerical constant,C
Ny

@ jogn®

n
11 =P o) Z || < | = 5 2 lls (2.5.10)

(1
for some & > 0, provided thap > C,"%%%
n

3

for some small constant,C> 0.

2.5.3 Dual Certificates

Lemma 3. If there exists some unfoldingk[K] such that

1

1
H(l ZV) Pr PrPr, — fPTkHSEa
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and a matrix Ye R™*ITi=" satisfying

(

[P lY] = Pr [Sao — T +T(Xo— Eo) ] || < er,(ka

HTTKL Y] — Py (S +T1(Xo— Eo) ) H < >\_2k,
(2.5.11)

P [Y] =0,

k

1
| IVl <3

whereA, = pnl((l) and.s ) is the kth unfolding of

S :=sgnEo),

then(Xo, Eo) is the unique solution of2.4.1)when rﬁl) nl((z) is sufficiently large.

Proof. Consider a feasible perturbatidio + A, Eg — Po[A]). We now show that the objective

value f(Xo+A, Eq — Pol4]) is strictly greater thari (Xo, £ unlessA = 0. Since

AUV W € 9] A[Xo]l., foranyi € K

S+7° € 0|1,
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where for each i

we have

f(Xo+A, Eo— Po[h]) — f(Xo, Eo)

v

<-i)\iﬂi* UiV + -i)\i/qi* [W,o] +TXO,A> — <5 + TO—FTfo, Po [A]>

K
= <T+-Zl)\iﬁli*[wio] —I—TX(),A> — <5 + TO+TZ:0,A>

= M| Pr (D] *+Hi”rk Wl + {7 =S +1(Xo— E0),4)
= || ZreBol|| +[|PrlBo]lly + Y = S+ T g +T1(Xo = o), Bg) = (Y- D)
= N||Pr Bl |+ [ PrlBo]lly + (Prc [Y = Sag + T +T(Xo— Eo) o] » P [Bo])

—|—<T-|—kL [Y —Sw+ T(Xo— fO)(k)} ,TTkL [A(k)b + (Y, Pr, [A(k)b

A 1 1
> 3 HTT#[A(")]HQL 5 12 Bl - RENE [EaArey ] (2.5.12)

where the first inequality follows directly from the the cemity of || - ||. and|| - ||1; the second
inequality holds as

Poi [S+ FO+1Eo) =0;
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The third equality requires choosikg® = 0 for all i # k and picking up/Vg and F9 such that

(AWRD) = (Wi, D) = | P [Bo ]Il

(Fo.0) = |Z[AlllL= P Do)l

the last inequality is due to (2.5.11), thus

(Pr [Y =S + Ty +1(Xo— Eo) ], Pri [Drwo])
k "'k

(Prs [Y =S +T1(Xo= o) ], Prx [Bwo])

Y
|
|
s
.
L
=

2 K
1
Y2 D)) = =S [|1Prbwlll,
Recall that we have
! Pr. P Pr. — Pr | <
”(1 2y) k k kH—E?
which impliesﬂﬁﬁkfrkﬂ < /3/2, then
|2 blle < H P B, P [
kLB (k) 1_ 2V kLT LT .
< H 1— 2y TTk M TL[A(k) +2H 1_ 2y T'l'kﬂ_k[

\/j” ool s Il
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5
=
5
N
S
5
>
T
=z

]

F
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Substituting (2.5.13) into (2.5.12), we obtain

f(Xo+A, Eo— Po[h]) — f(Xo, Eo)

A 1 6
- (Ek_nl((l)nl(f) (1_2y)p> | Pr D) |

11 6
'%<§_n@n9 u_zwp>HﬂﬂA®H#-

Whennl((l) nl((2> is large such that

l_ 1 6 -0
2 nl(f)nl((z) (1-2y)p " 7~

(2.5.14)

the inequality (2.5.14) holds if and only #, [A )] = Pr, [A ] = 0. On the other hand, whemis

small such that

3(1-2y)p

HTTkTrkH < 2

<1,

which implies thatpr, Pr, is injective. As a result, (2.5.14) holds if and onlyf= 0.

Proof of Theorem 1:

O

Proof. We apply theGolfing Schemsimilar to that in [45] to construct the dual certificatehat
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satisfies

|125Y = 25 [Swo— Twllle < 502
k "k
Ak
H%Nh8 (2.5.15)
HLPT,(L [5(k)]‘ < %k
Y]l < 3
and verify the following condition fot
. — 1
T || 25 [(Xo—Eo)w] || < PREN (2.5.16)

T HLPTKL [(Xo—Eo) ] H <M

[Proof of (2.5.15) We construcl, which is supported ofi, by gradually increasing the size of
k. Now think of [ ~ Ber((1— 2y)p) as a union of sets of suppdrt, i.e., M = U{_, '’ where
M~ Ber(qj). Defineqy = = “‘sz)p andgs = --- = qp = g, which impliesq > Cp/lognl((l).

Thus we have

2
1-(1-2y)p= <1—w) (1-q)P?
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wherep = |5logn+ 1]. Starting fromYo = 0, we definer" inductively

e

Z° =Py [Sw—Tw) s

YJ = Zijzl QFlfri [Zi_l]7

Zl =270 —pp Yl
\

which implies that

2} = (P — oy ey 2y, ) (27,

Then it follows from Lemma 2 that

. 1 .
1ZMle < 512"

1

- 1
%0, 1120 < ———1Z%e V| > 1,
mll eos (1 Z7]] = Soan® 127l j>

24/logn, logn,

(1 2am) 28] <0 9N iy,

e We first bound|Z°||- and||Z°||,,. By the triangle inequality, we have

124 <

1Z°]leo < 11T oo + 11 S i) o
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. (1), 2
Recall that for anyi, j) € R *", we have

el o < 0, |2y ae] e < |25
k k

By Bernstein’s inequality, we have

N+ Mt/3
where
r
N = 29p- | 2ree] [ < Cyp .
k
and
: T 21
M= ||, < o)
Ny
Then with high probability, we have
1)
prglogn
|Pr[Swllle <C Tk,
Ny
and from the mutual incoherence condition (2.3.2)
Hrk
1T g lleo = 1T |0 < K @

k
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Therefore we have

urelog nl((1>

"2

1Z%% < /nn)1Z0% < CKy/prent lognt® (2.5.18)

0
127l

IN

CK (2.5.17)

e Second, we bouanTkLYpH.

—1 j—1
|2 YR < S oy ie B2
J

< S latE -2
]
(1) 1)
n,’logn i
< C k e A
2\ g
p
(1) 1) 1 L - °
< cynPlogn! : + + [ag]
(jzzmllognf(l)\/q_j 2 Iognﬁl)m @)
2
nf}) M (Iog nlgl))
< CK 2
NP
1
< N
- 8

The last inequality holds whe, is large enough.

e Third, we boundHTTkL[S(k)]H. SinceHTTkL[S(k)]H < ISwl and the sign matrixS =
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sgn‘Ep) is distributed as

1L,  wp vy
(Sw)y=4 0 wp 1-2p
-1, wp.

standard arguments about the norm of a matrix with i.i.diesigive

Ak

<
1Sl < 5

whenC, is sufficiently small.

e Fourth, we boundYP||c.

VPl < 3 ||ar e 22
J

< ;Hqﬁ(fri -nzi7Y

1 _._
< CZEHZJ Yoo
[

<<i I +1)z°m

Ss2-togn ;2 ogng, VE
urlognl((l)

< 7n|((2)p

< ;

~ \ cylogn”

< 1/4
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providedC, is sufficiently large.

e Last, we show that

1

D2

PR YP = Pr [So — Tl || <
2n.’n;

SincePr, YP — Pr, [5(k) — T (] =PrYP- 70 = —7P, we only need to bountizP||, i.e.,

HfPTkYp_fPTk [5(k)_T(k)}}}F = [1Z°lF

1 p
< c(z) 12°
< c(3) 12

-5
< C (nf(l)) urknﬁl) log nl((l)
1

<
2n|((1) n|((2)

[Proof of (2.5.16] To establish the condition farunder which (2.5.16) holds, it suffices to bound

| X0 — Eol|r since

|25 [(Xo— o) ] || < X0 — ol

| 22 [0 Eo) ]| < 17X~ Eolle,

and we require
1

T< .
2n"n? || X0 — Eol|r

We observe that

[Xo—EollF = [[(1 + Pa)[Xo] — Bllr < 2[|XollF +[|B]|F- (2.5.19)
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Since

HTTk PrkTrkPrk”

(1- 2v>

we have

[Xollr < HTkaPrkTTk XO ]HF TWHTTkTFk[@(k)]HFS

L
(1—2y)p

Therefore we have

and it suffices to have

1
- 1) (2
200 (14 iy ) 181
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Chapter 3

Square Deal: Lower Bounds and Improved

Relaxations for Tensor Recovery

3.1 Introduction

In the previous chapter, we consider the problem of recogaaK-way tensorX € RM*M2xxMk
from linear measurements= G[X] € R™. Typically, m< N = |‘|iK:1ni, and so the problem of
recoveringX from zis ill-posed In the past few years, tremendous progress has been made in u
derstanding how to exploit structural assumptions suclpasgy for vectors [14] or low-rankness
for matrices [69] to develop computationally tractable noels for tackling ill-posed inverse prob-
lems. In many situations, convex optimization can estimaeuctured object from near-minimal
sets of observations [1, 16,56]. For examplenann matrix of rankr can, with high probabil-

ity, be exactly recovered froi@nr generic linear measurements, by minimizing the nucleamnor

1X|l, = 3i0i(X). Since a rank matrix hag (2n—r) degrees of freedom, this is nearly optimal. In
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contrast, we show in this chapter that the correct genatadiz of these results to low-rank tensors
is not true. The theoretical guarantees we achieved in thaqurs chapter for tensor recovery prob-
lems can be quite sub-optimal in general. For ease of staegsgts, suppose; = --- = nk = n,

and rank(X) =< (r,r,---,r). Let T, denote the set of all such tensors. We will consider the prob-
lem of estimating an elemenifp of T, from Gaussian measuremerjs(i.e., z = (G;, X), where

G; has i.i.d. standard normal entries). To describe a gerengor in%,, we need at most 4 rnK
parameters. We also show that a certain nonconvex stragggsecover allX € ¥, exactly when
m> (2r)K +2nrK. In contrast, the best known theoretical guarantee for SiNimization, due to
Tomioka et al. [80], shows thafy € ¥, can be recovered (or accurately estimated) from Gaussian
measurementg, providedm = Q(rnk~1). It can be shown that this number of measurements is
alsonecessary accurate recovery is unlikely unless= Q(rn®~1). Thus, there is a substantial
gap between an ideal nonconvex approach and the best krestalite surrogate. Lastly, we intro-
duce a simple alternative, which we call thguare reshapingnodel, which reduces the required
number of measurements @(r%/2/n/K/21), ForK > 3, this improves by a multiplicative factor

polynomial inn.

3.2 Bounds for Non-Convex and Convex Recovery Models

3.2.1 Non-convex models

In this section, we introduce a non-convex model for tenscovery, and show that it recovers
low-rank tensors from near-minimal number of measuremaéfftsle our nonconvex formulation
is computationally intractable, it gives a baseline forleating tractable (convex) approaches.
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For a tensor of low Tucker rank, the matrix unfolding alongteenode is low-rank. Suppose
we observeg[Xo] € R™. We would like to attempt to recoveéfg by minimizing some combination
of the ranks of the unfoldings, over all tensofshat are consistent with our observations. This
suggests &ector optimizatiomproblem:

(Wmi.nm) rankc(X) s.t. G[X] = G[Xo]. (3.2.1)

The recovery performance of program (3.2.1) depends hyeawithe properties of;. Suppose
(3.2.1) fails to recoverXg € T,. Then there exists anothéf’ € T, such thatG[X'] = G[Xo].
To guarantee that (3.2.1) recovensy Xo € ¥, a necessary and sufficient condition is tigats
injective onT, which is implied by the condition nulG) N T2 = {0}. So, if null(G) T = {0},
(3.2.1) will recover anyXg € %,. We expect this to occur when the number of measurements
significantly exceeds the number of intrinsic degrees @&doen of a generic element @f, which
is O(rK 4+ nrK). The following theorem shows that whemis approximately twice this number,

with probability one,G is injective on;:

Theorem 2. Whenever n¥ (2r)K 4+ 2nrK + 1, with probability one,null(G) NT2 = {0}, and

hence(3.2.1)recovers everyo € .
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3.2.2 Convex models

[Sum of Nuclear Norms]

Since the nonconvex problem (3.2.1) is NP-hard for gengtait is tempting to seek a convex
surrogate. We have discussed the SNN convexification fofdloker rank in the previous chapter,

and it leads to the following convex recovery model:

K
min 5 Nlxgl st gl =glxal (3.2.2)

The optimization (3.2.2) was first introduced by [50] and basn used successfully in applications
in imaging [27,42,44,46,73, 74]. Similar convex relaxatidhave been considered in a number
of theoretical and algorithmic works [28, 75, 76, 79, 80]isIhot too surprising, then, that (3.2.2)
provably recovers the underlying tens6g, when the number of measurementss sufficiently

large. The following is a (simplified) corollary of result Tomioka et. al. [79}:

Corollary 3 (of [79], Theorem 3) Suppose thako has Tucker rankr,...,r), and m> CrnK-1,

With high probability X is an optimal solution t@3.2.2) with eachA; = 1. Here, C is numerical.

This result shows that therga range in which (3.2.2) succeeds: loosely, when we undgigam
by at most a factor ai/N ~ r /n. However, the number of observatiams- rnK—1 is significantly
larger than the number of degrees of freedonXi which is on the order of€ +nrK. Is it
possible to prove a better bound for this model? Unfortupates show that in genera(rnX—1)

measurements are alsecessaryor reliable recovery using (3.2.2):

Tomioka et. al. also show noise stability wher= Q(rnK—1) and give extensions to the case where theafik=
(r1,...,rg) differs from mode to mode.
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Theorem 4. Let Xo € T, be nonzero. Set = min {H(X0>(i)Hi/HX0|||2:} x nK~1 Then if the
number of measurementsK — 2, Xg is not the unique solution t(8.2.2) with probability at

leastl — 4 exy — K-M-2"

W>' Moreover, there exist&g € T, for whichk = rnK-1.

This implies that Corollary 3 (and other results of [79]) ssentially tight. Unfortunately,
it has negative implications for the efficacy of the sum oflaac norms in (3.2.2): although a
generic elemenk can be described using at mo&t+ nrK real numbers, we requit@(rnk—1)
observations to recover it using (3.2.2). Theorem 4 is actizensequence of a much more gen-
eral principle underlying multi-structured recovery, waiiis elaborated next. After that, in the
next section, we demonstrate that for low-rank tensor regobetter convexifying schemes are

available.

[Square Deal]

The number of measurements promised by Corollary 3 and €hedris actually the same (up to
constants) as the number of measurements required to rexte@sorXy which is low-rank along
just one mode. Since matrix nuclear norm minimization aglyeecovers an; x np matrix of rank

r whenm > Cr(ny + np) [16], solving
minimize||X(y) |l subjectto G[X] = G[X] (3.2.3)

also recoversto w.h.p. wherm > CrnK—1,
This suggests a more mundane explanation for the difficuitty (8.2.2): the termink—1 comes
from the need to reconstruct the right singular vectors efith nk—1 matrix X y). If we had some
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way of matricizing a tensor th@roduced a more balanced (square) matind alsqreserved the
low-rank property we could remedy this effect, and reduce the overall samgpiquirement. In
fact, this is possible when the ordé€rof X is four or larger.

ForAe R™*M and integersy andn; satisfyingmyni = mpny, the reshaping operator reshéfgm,, n)
returns arp x np matrix whose elements are taken columnwise fl®NThis operator rearranges
elements inA and leads to a matrix of different shape. In the following, neshape matrix( y
to a more square matrix while preserving the low-rank prigpdret X € RM*Mx>k = Select

j€[K]:={1, 2, -+, K}. Then we define matrix j; as?

|5| n.) (3.2.4)

i=j+1

Xij = reshapéx r!n.,

We can viewX ;) as a natural generalization of the standard tensor maiticiz Whenj = 1, X,
is nothing butX ;). However, when some > 1 is selectedX|; could become a more balanced
matrix. This reshaping also preserves some of the algestraictures ofx. In particular, we will

see that ifx is a low-rank tensor (in either the CP or Tucker senge),will be a low-rank matrix.

Lemma 4. (1) If X has CP decompositiol = z{zl)\iai(l) o ai(z) 0---0 ai(K), then

(j+1)
),

”_ZA Ng.. .08 o @ e a

2You can also think of (3.2.4) as embedding ten¥anto the matrixxm as follows: X, i, ... ix = (xm)ab, where

-
b = 1+ % ((iml) nﬁl n|>.

m=j+1 I=j+1
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(2) If X has Tucker decompositidtk = € x1U1 xoU» x3--- xk Uk, then

Xjj=Uj®--oU1)CjUk®---@Uj1)"

Using Lemma 4 and the fact that raikx B) = rank(A) rank(B), we obtain:

Lemmab. Letrankc X = (rq,r, - ,rk), andrankp (X) =rcp. Ther‘rank(xm) <Trcp, andrank(xm) <
min{ Mg ris Mt }
Thus, X}j; is not only more balanced but also maintains the low-ranlp@rty of tensorx,

which motivates us to recovefy by solving
minimize | X(j||, subjectto G[X]= G[Xq). (3.2.5)

Using Lemma 5 and [16], we can prove that this relaxation #yxaecoversX, when the number

of measurements is sufficiently large:

Theorem 5. Consider a K-way tensor with the same length (say n) alonp eamde. (1) IfXy has
CP rankr, using3.2.5)with j = [7, m> Crn/2] is sufficient to recovek o with high probability.
(2) If Xo has Tucker ranKr,r,--- ), using(3.2.5)with j = [X], m> Crlz/nZ1 is sufficient to

recoverXo with high probability.

The number of measureme@ér L5 /n'51) required to recovek with square reshaping (3.2.5),

is always within a constant of the numt@¢rn<—1) with the sum-of-nuclear-norms model, and is

3The mode-i (matrix) productq x; B of tensor.4 with matrix B of compatible size is the tensat such that
Cii) = BAq).
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significantly smaller whenis small anK > 4. E.g., we obtain an improvement of a multiplicative
factor ofnlK/2-1 whenr is a constant. This is a significant improvement.

Our square reshaping can be slightly generalized to groyp amodes (say modes, i, - - -, ij)
together rather than the firstows. Denotd = {iy,io,---,ij} andy = [K]\I = {ij41,ij42, -, ik }.
Then the embedded matri; € RnLlr‘ikX”E:iH”ik can be defined similarly as in (3.2.4) but with
a relabeling preprocessing. Foklk < K, we relabel modé& as the original modg. Denote the

relabeled tensor a&. Then we can define

K

|l|nik, |_| nik>.

Xri= j\(m = reshapté)AC(l), 11 J1
=1

Lemma 5 and Theorem 5 can be easily modified. As suggesteddaydim 5 (after modification),

in practice, we would like to selt that minimizes the quantity,

i K
ranl<()(1)-max{|_| Ni, , |_| i} (3.2.6)
k=1  k=j+1

For tensors with different lengths or ranks, the comparksstween sum-of-nuclear-norms and our
square reshaping becomes more subtle. It is possible taraonhexamples for which the square
reshaping model does not have an advantage over the SNN jneedgalforK > 3. Nevertheless,
for a large class of tensors, our square reshaping is capabrlucing the number of generic

measurements required by SNN model, both in theory and irenical experiments.
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3.3 Numerical Experiments

We corroborate the improvement of square reshaping withemigad experiments otensor com-
pletion for both noise-free case (synthetic data) and noisy case deda). Tensor completion
attempts to reconstruct the (approximately) low-rank eesy from a subsefQ of its entries.
By imposing appropriate incoherence conditions (and nyowifslightly arguments in [33]), it is
possible to prove exact/stable recovery guarantees for daat square deal formulation and the
SNN model for tensor completion. However, unlike the recpygoblem under Gaussian random
measurements, due to the lack of sharp upper bounds, we bareaof that our square reshaping
model is guaranteed to outperform the SNN model here. Netesth, numerical results below
indicate clearly the advantage of our square approach,hahiech complements our theoretical

results established in previous sections.

3.3.1 Simulation

We generate a 4-way tenséiy € R™M™ "N as Xg = Cp x1U1 x2U2 x3U3z x4Uy4, where the
core tensoiCy € R1¥1%2x2 has j.i.d. standard Gaussian entries, and mattiges), € R"*1 and
matricesU3, U € R"2, satisfyingU;U; = |, are drawn uniformly at random. The observed
entries are chosen uniformly with rapo We compare the recovery performances between

K
min ;Hx(i)ﬂ* s.t. Po[X] = Pao[Xo], (3.3.1)

n}(in HX{J-Z}H* s.t. Po[X]| = PqlXo]. (3.3.2)
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Figure 3.1:Tensor completion. The colormap indicates the fraction of correct recoveryictwh
increases with brightness from certain failure (black) éstian success (white)Left: square
reshaping modeRight: SNN model.

We increase the problem sindrom 10 to 30 with increment 1, and the observation ratfoom
0.01 to 02 with increment 1. For eachp,n)-pair, we simulate 5 test instances and declare a
trial to be successful if the recoverad satisfies|.X* — Xo||g /|| Xollg < 1072

The optimization problems are solved using efficient firsteo methods. Since (3.3.2) is equiv-
alent to standard matrix completion, we use the Augmenteudragian Method (ALM) proposed
in [47] to solve it. For the sum of nuclear norms minimizat{@m3.1), we implement the acceler-
ated linearized Bregman algorithm [39] to solve it (whichwi# discuss in the appendix).

Figure 3.1 plots the fraction of correct recovery for eacin (ldack = 0% and white= 100%).
Clearly much larger white region is produced by square navirich empirically suggests that

(3.3.2) outperforms (3.3.1) for tensor completion prohlem
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3.3.2 Video Completion

Color videos can be naturally represented as 4-mode te(isagthx widthx channels frames).
In this part, we compare the performances of our square filation and SNN model on video data

completion from randomly missing pixels. We consider threkeo datasets here:

1. The first video, referred to as the Ocean video is of sizex1180x 3 x 32. It records
the movements of ocean and has been used in [50] to demenisteaefficacy of the SNN

model.

2. The second video, referred to as the Face video is of sizé96 3 x 994. Itisa YOUTUBE

video that records the face of a lady aging from young to old.

3. The third video, referred to as the Escalator video isz# 96x 128 x 3 x 30. It records an

escalator in the airport with passengers travelling altvegeiscalator.

For our square reshaping, we det {1,4} for the Ocean and the Escalator videos, and set
I = {1,2} for the Face video, to form the embedded mafix Due to the existence of noise in

real data, as in [50], we would solve the norm regularizedtlequare problems:

. 1 4
min 2| Za[X] - D¢ +i;m B (3.3.3)

. 1
min 2| Za[X] = DE +M X/ .. (3.3.4)

where D = Pq[X(] is the observed tensak; > 0 andA > 0 are tuning parameters. Since the
purpose of our experiment is to compare the efficacy betw&ih &d square reshaping, to make

the comparison fair and meaningful, we should tune thosanpeters as optimally as possible.
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That is not an easy task, especially for SNN model (3.3.3)¢chvimvolves four tuning parameters.
As a remedy, here we solve the nuclear norm constrained matiion problems. Specifically, we

compare the recovery performances between

min L PalX] - DIE st|xqll, <Bi.vVie [, (3.3.5)

min 3| ZalX] - D st|Xq], <B. (3.3.6)

In our experiments, we sgf andp to their oracle values, i.@; = ||(Xo))||, andB = ||(Xo)|l,-
By doing that, the solutions to (3.3.5) and (3.3.6) can bpeetvely regarded as the best achievable
results from (3.3.3) and (3.3.4) in terms of recoveriig

Figures 3.2 and 3.3 display the results of recovery usirgig§pand (3.3.6). For the Ocean and
the Face videos, our square reshaping clearly outperfdrenSKN model. We expect the benefits
of using our square formulation will be much magnified in mafiectral video data, where the
number of channels could be much larger than 3. In such daayitieo tensor tends to be low
rank in both the wavelength and the temporal modes. Thus wgroaip these two modes to form
our low-rank matrixX ;. When the technique of taking multi-spectral data becomatsira in the
future, we believe our square reshaping model will be moegulland more significant for the

completion task.
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Figure 3.2: Sample snapshots from our datasets: Ocean, EsxaatorLeft: sampled video (20
% for the Ocean video, 2% for the face video and 30% for the IB8wavideo). Middle: video
recovered by SNN modeRight: video recovered by square reshaping.
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Figure 3.3:Video Completion. (relative) recovery error vs. sampling rate, for the thrigle@s in
Figure 3.2.
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Chapter 4

Accelerated Linearized Bregman Method

for Sparse Modeling problems

4.1 Introduction

It is well known that many the sparse modeling problems caméitated and solved as the follow-

ing convex program

minJ(x) s.t. Ax=Db, (4.1.1)
XeRN
where A € R™" b c R™ and J(x) is a norm function (e.g.| - ||z, || - [« or S, [l). The

linearized Bregman (LB) method was proposed in [93] to stivebasis pursuit problem where
J(x) := ||x||1 in (4.1.1). The method was derived by linearizing the quéci@enalty term in

the augmented Lagrangian function that is minimized on @acation of the so-called Bregman
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method introduced in [64] while adding a prox term to it. Threehrized Bregman method was
further analyzed in [8, 10, 92] and applied to solve the matdmpletion problem in [8]. The
linearized Bregman method depends on a single parameted and, as the analysis in [8, 10]
shows, actually solves the problem

- ._ 12 _
)@ﬁqgu(x) ._J(x)+ZleH2, s.t. Ax=b, (4.1.2)

rather than the problem (4.1.1). It has been shown in thsighat, for low-rank tensor recovery
problem wherel(x) is defined as th&um of Nuclear Norms (SNNhe solution to (4.1.2) is also
a solution to problem (4.1.1) as long ass chosen large enough. Furthermore, it can be shown
that the linearized Bregman method can be viewed as a gtadi@sieent method applied to the
Lagrangian dual of problem (4.1.2). This dual problem is aoamstrained optimization problem

of the form

[ 4.1.

where the objective functio,(y) is differentiable since(x) is strictly convex (see, e.qg., [72]).
Motivated by this result, some techniques for speeding epcthassical gradient descent method
applied to this dual problem such as taking Barzilai-Borw@B) steps [3], and incorporating it
into a limited memory BFGS (L-BFGS) method [48], were pragobén [92]. Numerical results
on the basis pursuit problem (4.1.1) reported in [92] shaat the performance of the linearized

Bregman method can be greatly improved by using these tgobsi
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Our starting point is also motivated by the equivalence betwapplying the linearized Breg-
man method to (4.1.1) and solving the Lagrangian dual prol{1.3) by the gradient descent
method. Since the gradient &,(y) can be shown to be Lipschitz continuous, it is well-known
that the classical gradient descent method with a propbadgen step size will obtain aroptimal
solution to (4.1.3) (i.e., an approximate solutighsuch thatGu(yk) — Gu(y*) <€) in O(1/¢) it-
erations. In [58], Nesterov proposed a technique for acathg) the gradient descent method for
solving problem of the form (4.1.3) (see, also, [59]), anoMed that using this accelerated method,
the number of iterations needed to obtaireasptimal solution is reduced ©(1/+/€) with a neg-
ligible change in the work required at each iteration. Nestalso proved that th©(1/+/€) com-
plexity bound is the best bound that one can get if one usgsaffirst-order information. Based
on the above discussion, we propose an accelerated lisddizgman (ALB) method for solving
(4.1.2) which is equivalent to an accelerated gradientet@sniethod for solving the Lagrangian
dual (4.1.3) of (4.1.2). As a by-product, we show that thedoasd the accelerated linearized Breg-
man methods requi®(1/¢) andO(1/+/€) iterations, respectively, to obtain aroptimal solution

with respect to the Lagrangian for (4.1.2).

4.2 Bregman and Linearized Bregman Methods

The Bregman method was introduced to the image processmgioaity by Osher et al. in [64]

for solving the total-variation (TV) based image restaatproblems. The Bregman distance [7]
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with respect to convex functiad(-) between pointsi andv is defined as

DY (u,v) := J(u) — I(v) — (p,u—Vv), (4.2.1)

wherep € dJ(v), the subdifferential ofl atv. The Bregman method for solving (4.1.1) is given
below as Algorithm 4.1. Note that the updating formulaf5r(Step 4 in Algorithm 4.1) is based

on the optimality conditions of Step 3 in Algorithm 4.1

0€ (L) — pk+ AT(AXKL — ).

This leads to

pk+l _ pk_AT(A)é(—b—l . b)

It was shown in [64,93] that the Bregman method (Algorithd) 4onverges to a solution of (4.1.1)

in a finite number of steps.

Algorithm 4.1 Original Bregman lIterative Method
1: Input: X0 = p® = 0.
2: fork=0,1,--- do
3: Xl = argmin Df])k(x, X)+ 3| Ax—b
4 pk+l — pk _AT (AXI<+1 o b);
5. end for

2.

It is worth noting that for solving (4.1.1), the Bregman nuths equivalent to the augmented

Lagrangian method [37,67, 70] in the following sense.
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Theorem 6. The sequence&X} generated by Algorithm 4.1 and by the augmented Lagrangian
method, which computes fork0, 1, - - -

XHL = argminJ(x) — (A, Ax—Db) + 3|/ Ax— b]|2
4.2.2)

)\k—i-l — )\k_(Axl<+l_b>

starting fromA® = 0 are exactly the same.

Proof. From Step 4 of Algorithm 4.1 and the fact that= 0, it follows that

From the second equation in (4.2.2) and usifig= 0, we geft\* = — 7%_; (Ax) — b). Thus,p* =
ATAKfor all k. Hence it is easy to see that Step 3 of Algorithm 4.1 is exdh#ysame as the first
equation in (4.2.2) and that th&+1 computed in Algorithm 1 and (4.2.2) are exactly the same.

Therefore, the sequencég} generated by both algorithms are exactly the same. O

Note that forJ(x) := a||x||1, Step 3 of Algorithm 4.1 reduces to &pregularized problem:
- k 1 2
min allx/|1— (p ,x>+§]|Ax— b||“. (4.2.3)

Although there are many algorithms for solving the subpeob(4.2.3) such as FPC [35], SPGL1
[84], FISTA [4] etc., it often takes them many iterations tosb. The linearized Bregman method
was proposed in [93], and used in [9, 10, 65] to overcome tificwty. The linearized Breg-

man method replaces the quadratic teJfii\x— b||2 in the objective function that is minimized
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in Step 3 of Algorithm 4.1 by its linearizatiofA" (AX‘ — b), x) plus a proximal termy[|x —x*2.
Consequently the updating formula foff is changed since the optimality conditions for this min-

imization step become:
0€ (1) — pF+ AT(AX —b) + l—i (XL k).

In Algorithm 4.2 below we present a slightly generalizedsian of the original linearized Bregman
method that includes an additional paramet#rat corresponds to the length of a gradient step in

a dual problem.

Algorithm 4.2 Linearized Bregman Method
1: Input: X2 = p® = 0, u > 0 andt > 0.
2: fork=0,1,--- do
3: X1 —=argmin Dﬁ’k(x, X) + T(AT(AX = b), X) + 35X —X€1%;
4 A= pr—TAT(AX —b) — 2 (X —X9);
5. end for

In [92], it is shown that whem|A||? < 2, where||A|| denotes the largest singular valuesgf
the iterates of the linearized Bregman method (Algorithmth w= 1) converge to the solution of

“XHII S-t- A b- 4. .4

We prove in Theorem 7 below an analogous result for Algorithfior a range of values of.

However, we first prove, as in [92], that the linearized Bragmmethod (Algorithm 2) is equivalent
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to a gradient descent method

Y= y* —10G, (Y9 (4.2.5)

applied to the Lagrangian dual
maxmin{J(w) + i||w||2 — (y,Aw—b)}
y w 2'_1 y7
of (4.2.4), which we express as the following equivalentimimation problem:

min - Guly) i= ~{IW)+ el 7~ (v A b)), (4.26)

where

. - 1 2
w" ;= arg nv1v|n{J(w) + ﬁ”w” —(y,Aw—Db)}.

To show thaG(y) is continuously differentiable, we rewri@®,(y) as
Guly) = —Pu(MATY) + S [ATY|2 by,

where

Dy(v) = min{J(w) + %HW—VIIZ}

is strictly convex and continuously differentiable wittagrentJd,(v) = ¥ *HW, andw = arg min,{J(w) +

%JHW—VHZ} (e.g., see Proposition 4.1 in [5]). From this it follows thi®,,(y) = Aw* —b. Hence

the gradient method (4.2.5) corresponds to Algorithm 4l8vie
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Algorithm 4.3 Linearized Bregman Method (Equivalent Form)
1: Input: p> 0,7 > 0 andy® = tbh.
2: fork=0,1,--- do
30 Wit i= argminy{J(w) + = ol lWi®— (Y, Aw—Db)};
4y gk t(ankt ).
5

: end for

Lemma 6 and Theorem 7 below generalize Theorem 2.1 in [92]llbwiag a step length
choice in the gradient step (4.2.5) and show that Algoritdr@sand 4.3 are equivalent. Our proof

closely follows the proof of Theorem 2.1 in [92].

Lemma 6. X1 computed by Algorithm 4.2 equal&w computed by Algorithm 4.3 if and only if
ATyK = pk—TAT (A —b) + %lxk. (4.2.7)

Proof. By comparing Step 3 in Algorithms 4.2 and 4.3, it is obvioustik is equal toxkt1 if

and only if (4.2.7) holds. O

Theorem 7. The sequences®} and {wX} generated by Algorithms 4.2 and 4.3 are the same.

Proof. We prove by induction that equation (4.2.7) holds forkat 0. Note that (4.2.7) holds for
k =0 sincep® = xX° = 0 andy® = tb. Now let us assume that (4.2.7) holds for alkk < n—1;

thus by Lemma &K1 = X1 for all 0 < k < n— 1. By iterating Step 4 in Algorithm 4.3 we get

=)

y' =yl 1AW —b) = Z)r (AX) — (4.2.8)

J
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By iterating Step 4 in Algorithm 4.2 we get

n—1 - ) 1
p"=—Y 1A' (AX —b) — =X,
j;) H

which implies that

k .
p"—TAT (AX' —Db) + lo__ Z)TAT(AXJ —b)=ATy",
H i=
where the last equality follows from (4.2.8); thus by indant(4.2.7) holds for alk > 0, which

implies by Lemma 6 that = wK for all k > 0. O

Before analyzing Algorithms 4.2 and 4.3, we note that by diegin® = A"y and algebraically
manipulating the last two terms in the objective functioistep 3 in Algorithm 4.3, Steps 3 and 4
in that algorithm can be replaced by

WAL = argming J(w) + 55 |w— |2
(4.2.9)

VL = WK TAT (AW — D)

if we setV® = tATb. Because Algorithms 4.2 and 4.3 are equivalent, convegyesults for the
gradient descent method can be applied to both of them. Thusawe the following convergence

result.

Theorem 8. Let J(w) = ||w|[z. Then G(y) in the dual problem(4.2.6)is continuously differ-

entiable and its gradient is Lipschitz continuous with thgsthitz constant I< pj|Al|2. Conse-
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quently, if the step length< W, the sequencels} and{wX} generated by Algorithms 4.2 and

4.3 converge to the optimal solution ¢£.2.4)

Proof. WhenJ(x) = ||x||1, Wt in (4.2.9) reduces to

WAt = 1 shrink(VK, 1),

where the/1 shrinkage operator is defined as

shrinkz, a) := sgnz) omax{|z| — a,0},vVze R", a > 0. (4.2.10)

Gyu(y) is continuously differentiable sinag(x) is strictly convex. Since for any poigt G (y) =
Aw— Db, wherew = - shrink ATy, 1), it follows from the fact that the shrinkage operator is non-
expansive, i.e.,

||shrink(s,a) — shrinkt,a)|| < [[s—t||, Vs t,a

that

10Gu(Y") — OGu(Y?)[| = [[u- A-shrinkA'y*, 1) — - A-shrink ATy?, 1) |
<p- A [IAT Y =y

< WIAIPIY =Y,

for any two points/! andy?. Thus the Lipschitz constahtof 0G(-) is bounded above k| A||2.

2

Whent < —%:>,
H|A[12

we haverl < 2 and thugl—tL| < 1. It then follows that the gradient descent
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methody*™ = y* — 10Gy,(Y¥) converges and therefore Algorithms 4.2 and 4.3 converg, tine

optimal solution of (4.2.4). O

Before developing an accelerated version of the LB algoriih the next section. We would
like to comment on the similarities and differences betwiéenLB method and Nesterov’'s com-
posite gradient method [61] and the ISTA method [4] appleedroblem (4.1.1) and related prob-
lems. The latter algorithms iterate Step 3 in the LB methol¢#thm 4.2) with pk = 0, and
never compute or update the subgradient veptor More importantly, their methods solve the
unconstrained problem

1
min  [|x|[1 + —[|Ax— b||%.
| Hl+2uH |

xeRN

Hence, while these methods and the LB method both linedrezguadratic ternjAx— b||? while
handling the nonsmooth terfix||1 directly, they are very different.
Similar remarks apply to the accelerated LB method preseimtéhe next section and fast

versions of ISTA and Nesterov’s composite gradient method.

Remark 1. The Algorithm 4.2 and 4.3 can be viewed as the primal and daplementations for

the linearized Bregman. The variables x and p are primalafale while y is the dual variable.

4.3 The Accelerated Linearized Bregman Algorithm

Based on Theorem 7, i.e., the equivalence between theilzeddBregman method and the gradient
descent method, we can accelerate the linearized Bregnthodigy techniques used to accelerate

the classical gradient descent method. In [92], Yin considieseveral techniques such as line
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search, BB step and L-BFGS, to accelerate the linearizegnBae method. Here we consider the
acceleration technique proposed by Nesterov in [58, 59is fthnique accelerates the classical
gradient descent method in the sense that it reduces th#igtecomplexity significantly without
increasing the per-iteration computational effort. Fag tinconstrained minimization problem
(4.1.3), Nesterov’s accelerated gradient method repldeegradient descent method (4.2.5) by

the following iterative scheme:

XL = YK 1OG(Y)

Yl = g (1 - o) XK,

(4.3.1)

where the scalargy are specially chosen weighting parameters. A typical @é@coy is ax =
- If Tis chosen so that < 1/L, wherelL is the Lipschitz constant ffiG,(-), Nesterov's ac-
celerated gradient method (4.3.1) obtainsaptimal solution of (4.1.3) if0(1//€) iterations,
while the classical gradient method (4.2.5) tak¥4/¢) iterations. Moreover, the per-iteration
complexities of (4.2.5) and (4.3.1) are almost the sameestoenputing the gradiemiGy(-) usu-
ally dominates the computational cost in each iterationst&lev’s acceleration technique has
been studied and extended by many others for nonsmooth imation problems and variational
inequalities, e.qg., see [4,29, 30, 32,57,60, 61, 81].

Our accelerated linearized Bregman method is given belodgsithm A.1. The main dif-
ference between it and the basic linearized Bregman metkigdrithm 4.2) is that the latter uses
the previous iterateX and subgradienp® to compute the new iteraté*, while Algorithm A.1

uses extrapolation& andpk that are computed as linear combinations of the two pretetstes
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and subgradients, respectively. Carefully choosing tlypiesece of weighting parametefsi}

guarantees an improved rate of convergence.

Algorithm 4.4 Accelerated Linearized Bregman Method

T Input: Xl =R =p°=p°=0,u>0,1>0.

2: fork=0,1,--- do

3 Xt = argminDS (x, %) + T(AT (AR — b),x) + A [|x— 2
4 pk+1:f)k—TAT(A)N(k—b)—%l(XkJrl—)?k);
5. XL = ood L (1 — o)X
6
7

: f)k+1:akpk+1+(l_ak>pk_
. end for

In the following, we first establish the equivalence betwienaccelerated linearized Bregman
method and the corresponding accelerated gradient desethod (4.3.1), which we give explic-
itly as (4.3.2) below applied to the dual problem (4.2.6)s@&#on this, we then present complexity
results for both basic and accelerated linearized Bregnethads. Not surprisingly, the acceler-

ated linearized Bregman method improves the iteration dexitp from O(1/¢) to O(1/+/€).

Theorem 9. The accelerated linearized Bregman method (Algorithm &.g&jjuivalent to the ac-

celerated dual gradient descent methdd3.2)starting fromy° = y° = tb:

;

WAL= argmind(w) + 4[| w2 — (¥, Aw—b)
Yyl = K 1AWt — D) (4.3.2)
)7k+1 = cxkyk+1+(1—ak)yk.

\

More specifically, the sequend&¥} generated by Algorithm A.1 is exactly the same as the se-

quence{wX} generated by4.3.2)

64



Proof. Note that the Step 3 of Algorithm A.1 is equivalent to
. 1
XL = argmind(x) — (B*,x) + T(AT (AR — b), x) + Zl”x_ 2. (4.3.3)
Comparing (4.3.3) with the first equation in (4.3.2), it isg#o see that“"1 = w1 if and only if

14

AT =+ TAT (b— ARK) + l—li . (4.3.4)

We will prove (4.3.4) in the following by induction. Note th@.3.4) holds fok = 0 sincey® = tb

andX? = p° = 0. As a result, we have* = w!. By definingw® = 0, we also have® = wP,
AT = AT (agyt + (1—ag)ATY?) = apA P + aptAT (b— Awh) + (1 —ag)ATY?.  (4.3.5)
On the other hand,
pt = ﬁ°+rAT(b—A>z°)—$(x1—>z°) =AY - xt, (4.3.6)

where for the second equality we used (4.3.4)Ker 0. Expressingpt andx® in terms of their

affine combinations op?, p% x! andx?, then substituting fop! using (4.3.6) and using the fact
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thatx? = p® = 0, and finally using/* = tb and (4.3.5), we obtain,

pt+TAT (b— AR + %1)?1 = agpt+ (1—ag)p? +aotA’ (b— Axt) + (1 —ag)TAT (b— AX)
- ﬁ(aoler (1—0g)x0)
= ag(ATY? — %lxl) +0gtAT (b— Ax) + (1 —ag)TATb+ ;—hdoxl
= oA PP +aptAT (b— Axt) + (1—ag)ATyP
= 0pA PP +aetA’ (b— AW!) + (1—ag)ATyP

— ATyl.

Thus we proved that (4.3.4) holds fo= 1. Now let us assume that (4.3.4) holds fot@ <n-—1,
which impliesxX = wX,v0 < k < n sincex? = wP. We will prove that (4.3.4) holds fdc= n.

First, note that
n_ an-1 T -1y L.on on-t Ton-1 Lon
p'=p""+1A (b—AX )—n(x —XH =AY —ﬁx, (4.3.7)

where the first equality is from Step 4 of Algorithm A.1 and fiseond equality is from (4.3.4) for

k=n-—1. From Step 6 of Algorithm A.1 and (4.3.7), we have

" = an_1p"+ (1—ap_g)p™?
= an 1 (ATF = X+ (L—dpg) (ATF2 - 0 (4.3.8)

= Un 1A (L-an ) ATY 2R
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where the last equality uses Step 5 of Algorithm A.1. On tliiephand, from (4.3.2) we have

ATy = AT(an-1y"+ (1 —an-1)y" )
= O AT T(b—AWY)) + (1— o 1)AT (P2 +1(b— AW 1))
(4.3.9)
= O AT (1—an ) AT 2 TAT b — A(an_ X"+ (1 —ap_1)x" )]

= o AT T (1—ap 1) AT 2+ 1AT (b— AR,

where the third equality is from” = x" andw"1 = x*"1, the last equality is from Step 5 of

Algorithm A.1. Combining (4.3.8) and (4.3.9) we get that3(4) holds fork = n. O

Like the linearized Bregman, we can also use a simpler impigation for accelerated lin-
earized Bregman method in which the main computation at stighis a proximal minimization.

Specifically, (4.3.2) is equivalent to the following threess.

(

WAL = argmind(w) + 5 || w — p||2

Vo gk TAT (AwkL ) (4.3.10)

P o A (1 gk

\

As before this follows from lettingX = ATy and\® = ATy and completing the square in the
objective function in the first equation of (4.3.2).

Next we prove iteration complexity bounds for both basic acdelerated linearized Breg-
man algorithms. Since these algorithms are standard giadescent methods applied to the
Lagrangian dual function and these results have been wableshed. For the completeness, we

provide the proofs in the appendix.
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Theorem 10. Let the sequencgx*} be generated by the linearized Bregman method (Algorithm
4.2) and(x*,y*) be the pair of optimal primal and dual solutions for Probléh2.4) Let {y<}
be the sequence generated by Algorithm 4.3 and supposeehdesigtht < £, where L is the

Lipschitz constant foflGy(y). Then for the Lagrangian function

Lu(xy) = I(X) + %luxuz ~ ly,Ax—b), (4.3.11)

we have

_ 2
Ly(X',y) = Lu(XHLy) < % (4.3.12)

Thus, if we further have > B/L, where0 < B < 1, then (X**1,y¥) is an -optimal solution to
Problem(4.2.4)with respect to the Lagrangian function itk [C/€], where C.= LWT’BVW

Before we analyze the iteration complexity of the accetgtdinearized Bregman method, we

introduce a lemma from [81] that we will use in our analysis.

Lemma 7 (Property 1 in [81]) For any proper lower semicontinuous functign R" — (—oo, +o0]
and any z= R", if

_ 1
2, =argmin{(x) +5/x— 2%},

then

1 1 1
W)+ 5l =27 2 W(ze) + 5llze — 2P+ SIx -z | vxe R
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The following theorem gives an iteration-complexity redai the accelerated linearized Breg-

man method. Our proof of this theorem closely follows theopaf Proposition 2 in [81].

Theorem 11. Let the sequencg} be generated by accelerated linearized Bregman method (Al-
gorithm A.1) andx*,y*) be the optimal primal and dual variable for Proble@.2.4) Let{oy}

be chosen as

k1 = 1+6k(B Y - 1), (4.3.13)
where
0_1:=1, andby = 2 vk>0 (4.3.14)
—1.= 1, k—k—l—Z’ = U. 0.

Let the sequenciy*} be defined as i4.3.2)and the step length < &, where L is the Lipschitz

constant of1G,(y) and G,(-) is defined byA.1). We have

* 2
Gu(Y") — Gu(y") < w (4.3.15)

Thus, if we further have > B/L, where0 < B < 1, then (X**1,y¥) is an e-optimal solution to

Problem (4.2.4) with respect to the Lagrangian functidd.3.11)if k > [/C/¢€], where C:=
2Ly —y°|?
R

Remark 2. The proof technique and the choiceBafused here are suggested in [81] for acceler-
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ating the basic algorithm. Other choices@&fcan be found in [4, 58,59, 81]. They all work here

and give the same order of iteration complexity.

4.4 Extension Problems with Additional Convex Constraints

We now consider extensions of both the LB and ALB methods ¢blems of the form

min  J(X) s.t Ax=Db, (4.4.1)
xeX

whereX is a nonempty closed convex setli!. It is not clear how to extend the LB and ALB
methods (Algorithms 4.2 and A.1) to problem (4.4.1) sincecar no longer rely on the relation-

ship
0€ () — p*+ AT(AX —b) + %1 (X1 —xK)

to compute a subgradiepkt! € 0J(x<t1). Fortunately, the Lagrangian dual gradient versions of
these algorithms do not suffer from this difficulty. All thiatrequired to extend them to problem
(4.4.1) is to include the constraimtc X in the minimization step in these algorithms. Note that

the gradient of

- _ 1
®y(v) = min{J(w) + ﬁlHW—VHZ}
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remains the same. Also it is clear that the iteration complersults given in Theorems 10 and
11 apply to these algorithms as well.

Being able to apply the LB and ALB methods to problems of thienfof (4.4.1) greatly expands
their usefulness. One immediate extension is to compressesing problems in which the signal
is required to have nonnegative components. Also (4.4r&ctly includes all linear programs.
Applying the LB and ALB to such problems, with the goal of oolgtaining approximated optimal

solutions, will be the subject of a future paper.

4.5 Numerical Experiments

In this section, we report some numerical results that destnate the effectiveness of the acceler-
ated linearized Bregman algorithm. All numerical expemtsevere run in MATLAB 7.3.0 on a

Dell Precision 670 workstation with an Intel Xeon(TM) 3.4GIEPU and 6GB of RAM.

4.5.1 Numerical Results on Compressed Sensing Problems

In this subsection, we compare the performance of the aetetk linearized Bregman method
against the performance of the basic linearized Bregmahadein a variety of compressed sens-
ing problems of the form (4.1.1).

We use three types of sensing matriées R™". Type (i): A is a standard Gaussian matrix
generated by theandn(m,n) function in MATLAB. Type (ii): A is first generated as a standard
Gaussian matrix and then normalized to have unit-norm cotunype (iii): The elements ok

are sampled from a Bernoulli distribution as eithelr or —1. We use two types of sparse solutions
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x* € R" with sparsitys (i.e., the number of nonzeros xi). The positions of the nonzero entries
of x* are selected uniformly at random, and each nonzero val@erpled either from (i) standard
Gaussian (theandnfunction in MATLAB) or from (ii) [—1, 1] uniformly at random (2rand—1
in MATLAB).

For compressed sensing problems, whkre = ||x||1, the linearized Bregman method reduces

to the two-line algorithm:

X<t = p-shrink\K, 1)

VL = K TAT (b — AXHL)

where thef; shrinkage operator is defined in (4.2.10). Similarly, theederated linearized Breg-
man can be written as:

(

X1 = - shrink(¥, 1)

VKL = K TAT (b — A

gl CXka+l—|-(1—CXk)Vk.

\

Both algorithms are very simple to program and involve omlg Ax and oneA'y matrix-vector
multiplication in each iteration.
We ran both LB and ALB with theseedused for generating random number in MATLAB

setting as 0. Here we sat=2000m=04xn,s=0.2x mu=>5 for all data sets. We set

2

T= —xm.
WA

We terminated the algorithms when the stopping criterion

|AX —b| /||b]| < 1075 (4.5.1)

72



was satisfied or the number of iterations exceeded 5000. tRat€4.5.1) was also used in [92].

We report the results in Table 4.5.1.

Table 4.1: Compare linearized Bregman (LB) with accelerétesarized Bregman (ALB)

Standard Gaussian matux Number of Iterations Relative error|x—x*||/||x*||
Type ofx* | n(m=0.4n,s=0.2m) | LB ALB LB ALB
Gaussian 2000 5000+ 330 5.1715e-3] 1.4646e-5
Uniform 2000 1681 214 2.2042e-5 1.5241e-5
Normalized Gaussian matr& | Number of Iterationg Relative error|x — x*|| /||X*||
Type ofx* | n(m=0.4n,s=0.2m) | LB ALB LB ALB
Gaussian 2000 2625 234 3.2366e-5| 1.2664e-5
Uniform 2000 5000+ 292 1.2621e-2 1.5629e-5
Bernoulli +1/-1 matrixA Number of Iterations Relative error|x—x*||/||x*||
Type ofx* | n(m=0.4n,s=0.2m) | LB ALB LB ALB
Gaussian 2000 2314 222 4.2057e-5 1.0812e-5
Uniform 2000 5000+ 304 1.6141e-2] 1.5732e-5

In Table 4.5.1, we see that for three out of six problems, Ldrdit achieve the desired con-
vergence criterion within 5000 iterations, while ALB ségsl this stopping criterion in less than
330 iterations on all six problems. To further demonstrhgedignificant improvement the ALB
achieved over LB, we plot in Figures 4.1, 4.2 and 4.3 the Heelh norms of the residuals and the
relative errors as a function of the iteration number thatewabtained by LB and ALB applied to

the same data sets. These figures also depict the non-manbétravior of the ALB method.

ALB and other fast implementations

We compare our results with the implementations used in, [92] (BB+LS) kicking+BB line-
search, (LB) L-BFGS. We use the randomly gener&®ehdx*. The stopping criterion (4.5.1) is
used.
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In Table 4.5.1, we report the number of iterations beforehaw the stopping criterion. For
fairness of comparison, we record the numbeA@ndA™ multiplications at each iteration. The
choices ofA andx* are stated in the table. We get 5 uniformly for all tests and exact regulariza-
tion holds for all of the tested problem. This can be seen filoeriow relative errors o®(10°)
achieved by ALB method. Increasiogwill maintain exact regularization but make the algorithms

take more iterations

4.5.2 Numerical Results on Matrix Completion Problems

There are fast implementations of linearized Bregman [8]&her solvers [51,52,78,88] for solv-
ing matrix completion problems. We do not compare the lizear Bregman and our accelerated
linearized Bregman algorithms with these fast solvers.hBagher our tests are focused only on
comparing ALB with LB and verifying that the acceleratiortwadly occurs in practice for matrix

completion problems. The nuclear norm matrix completiarbpem (1.2.7), i.e.,
min X[ st Ba(X) = Ba(M), (4.5.2)

where[Pq(X)]ij = Xij if (i, ]) € Q and[Pq(X)];; = 0 otherwise. When the convex functid() is

the nuclear norm of matriX, the Step 3 of Algorithm 4.2 with input$, PX can be reduced to

. 1
Xkl .= arg min p\yxy\*+§\yx—(xk—p(rfg(%xk—fg(M)) —P)|I2. (4.5.3)

eRmxn
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It is known (see, e.g., [8,52]) that (4.5.3) has the closwdifsolution,

XKL — Shrink(XK — (T 2o(PoaXX — 2o (M) — PX), ),

where the matrix shrinkage operator is defined as

Shrink(Y,y) := UDiag(max(c —y,0))V ",

andY = UDiag(o)V " is the singular value decomposition (SVD) of mat¥ix Thus, a typical
iteration of the linearized Bregman method (Algorithm 4&jth initial inputs X°® = P% = 0, for
solving the matrix completion problem (4.5.2) can be sunizedras

Xkl = Shrink XK — pu(tPq (Po XX — Po(M)) — PX), 1)
(4.5.4)

Pkl = PR q(poXK— PoM) — (XK1 - XK) /.
Similarly, a typical iteration of the accelerated lineadzBregman method (Algorithm A.1), with
initial inputs X% = P? = X% = P2 = 0, for solving the matrix completion problem (4.5.2) can be

summarized as

(
X<+l = Shrink(XK — W(T2a(PoXK — Po(M)) — PX), )
PKHL = PR q(PoXK— PoM) — (XK1 XK /u
(4.5.5)
XKL = o XK 4 (1 — ) XK
Pl = o P4 (1—ay)PX,
\
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where the sequenax is chosen according to Theorem 11. We compare the perfoenaincB
and ALB on a variety of matrix completion problems. We crdateatricedM € R™" with rankr

by the following procedure. We first created standard Gangsiatriced!. € R"™" andMg € R"™*'
and then we seé¥l = M_Mg. The locations of the known entries ifM were sampled uniformly,
and the values of theggknown entries were drawn from an iid Gaussian distributidhe ratio
p/n? between the number of measurements and the number of eintriies matrix is denoted
by “SR” (sampling ratio). The ratio between the dimensiornhef set ofn x n rankr matrices,
r(2n—r), and the number of samplgsis denoted by “FR”. In our tests, we fixéeR to 0.2 and
0.3 andr to 10. We tested five matrices with dimensioa-= 100,200, 300,400,500 and set the
numberp tor(2n—r)/FR. The random seed for generating random matrices in MATLARB wa
set to 0.pwas set to B (a heuristic argument for this choice can be found in [8]). 8&tthe step
lengtht to 1/p since for matrix completion probleni®®, || = 1. We terminated the code when the

relative error between the residual and the true matrix essthan 10, i.e.,

|2a(X*) — Za(M)le /|| Za (M) < 1074 (4.5.6)

Note that this stopping criterion was used in [8]. We alsdlsetmaximum number of iteration to
2000.

We report the number of iterations needed by LB and ALB tol€dcs.6) in Table 4.5.2. Note
that performing the shrinkage operation, i.e., computm§¥D, dominates the computational cost
in each iteration of LB and ALB. Thus, the per-iteration cdexities of LB and ALB are almost

the same and it is reasonable to compare the number of desatieeded to reach the stopping

77



Relative Error (n=200) Relative Error (n=300)
T T T T

10° 10°
- — — LB - — — LB
~ - ALB _2 - ALB
T~ 1071 ~ - |
10° b I [
107 -
10710 L L L L 1076 L L L L
0 100 200 300 400 500 0 100 200 300 400 500
o Residual (n=200) o Residual (n=300)
10 T T 10 T T
- - — LB
-~ ALB §
~— e 10
10° S ITm— e
107
10710 L L L L 1076
0 100 200 300 400 500 0 100 200 300 400 500
Relative Error (n=400) Relative Error (n=500)
0 0
10 . . 10 - . . .
- — LB R - — LB
- - ALB Time—l L ALB
1075 L L L L 10 5 L L L L
0 100 200 300 400 500 0 100 200 300 400 500
o Residual (n=400) o Residual (n=500)
10 T T 10 T T
- — LB
ALB
10° 107 ‘
0 100 200 300 400 500

Figure 4.4: Comparison of LB and ALB on matrix completioniplems with rank=10,FR=0.2

criterion. We report the relative errerr := || XX — M| /|[M||r between the recovered matixt
and the true matriM in Table 4.5.2. We see from Table 4.5.2 that ALB needed sigamfly fewer
iterations to meet the stopping criterion (4.5.6).

In Figures 4.4 and 4.5, we plot the Frobenius norms of thelueds and the relative errors
obtained by LB and ALB for iteration 1-500 for the tests invaly matrices with dimension =
200,300,400 and 500. Note that the non-monotonicity of ALB is far lessnounced on these

problems.
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Table 4.2: Compare accelerated linearized Bregman (ALB) B line search (BB+LS) and the

original linearized Bregman (LB)

H=5

Normalized Gaussian matrix

Total A andAT multiplications

Relative errof|x— x*|| /[[x||

Type ofx* | n(m= 0.4n,k = 0.2m) LB BB+LS ALB LB BB+LS ALB
Uniform 1000 2000+ | 1014 538 9.999e-003) 5.755e-007| 1.538e-006
Uniform 2000 2000+ | 990 582 8.304e-003) 4.309e-007| 1.638e-006
Uniform 4000 2000+ | 1852 702 7.202e-003| 2.997e-007| 1.563e-006
Gaussian 1000 1486 242 320 3.747e-006| 1.066e-006| 1.403e-006
Gaussian 2000 2000+ | 632 374 1.475e-003| 2.976e-006| 1.436e-006
Gaussian 4000 2000+ | 2000+ 888 2.817e-003| 5.839e-004| 1.229e-006
Gaussian matrid Total A andAT multiplications Relative erro|x — x*|| /||x*|]
Type ofx* | n((m=0.4n.k=0.2m) | LB BB+LS ALB LB BB+LS ALB
Uniform 1000 2000+ | 1768 622 4.688e-003| 1.169e-006| 1.474e-006
Uniform 2000 2000+ | 2000+ 1116 7.061e-003| 1.526e-004| 1.429e-006
Uniform 4000 2000+ | 1626 532 5.488e-003 1.268e-006| 1.504e-006
Gaussian 1000 2000+ | 492 448 1.347e-004| 3.845e-006| 1.419e-006
Gaussian 2000 2000+ | 1832 736 9.450e-003) 4.329e-006| 1.317e-006
Gaussian 4000 2000+ | 2000+ 738 3.396e-003] 2.079e-004| 1.189e-006
p=10
Normalized Gaussian matrix Total A andAT multiplications Relative errof|x — x*|| /|| x*||
Type ofx* | n(m= 0.4n,k = 0.2m) LB BB+LS ALB LB BB+LS ALB
Uniform 1000 2000+ | 1772 624 2.641e-002| 6.812e-007| 1.420e-006
Uniform 2000 2000+ | 1728 616 1.652e-002| 4.393e-007| 1.443e-006
Uniform 4000 2000+ | 2000+ 778 1.122e-002| 2.151e-003| 1.406e-006
Gaussian 1000 1580 222 302 2.498e-006| 7.572e-007| 1.481e-006
Gaussian 2000 2000+ | 752 420 1.169e-003| 6.956e-007| 1.435e-006
Gaussian 4000 2000+ | 2000+ 808 2.503e-003| 4.236e-004| 1.383e-006
Gaussian matriA Total A andAT multiplications Relative errof|x— x*|| /||x*||
Type ofx* | n(m= 0.4n,k = 0.2m) LB BB+LS ALB LB BB+LS ALB
Uniform 1000 2000+ | 2000+ 690 3.142e-002| 2.778e-003| 1.504e-006
Uniform 2000 2000+ | 2000+ 1562 1.220e-002| 4.865e-005| 1.276e-006
Uniform 4000 2000+ | 1618 730 1.463e-002| 6.519e-004| 1.561e-006
Gaussian 1000 1622 264 426 3.218e-006| 1.369e-006| 1.425e-006
Gaussian 2000 2000+ | 1874 584 9.626e-003| 8.747e-007| 1.502e-006
Gaussian 4000 2000+ | 2000+ 836 2.796e-003| 6.113e-004| 1.251e-006

Table 4.3: Comparison between LB and ALB on Matrix Compiefvoblems

FR=0.2,rank= 10 FR=0.3,rank= 10
n SR | iter-LB | err-LB | iter-ALB | err-ALB SR | iter-LB | err-LB | iter-ALB | err-ALB
100 || 0.95 85 1.07e-4 63 1.11e-4 || 0.63 294 1.75e-4 163 1.65e-4
200 || 0.49 283 1.62e-4 171 1.58e-4 || 0.33| 1224 | 3.76e-4 289 1.83e-4
300 0.33| 466 1.64e-4 261 1.60e-4 || 0.22 | 2000+ | 3.59e-3 406 1.93e-4
400 || 0.25 667 1.79e-4 324 1.65e-4 || 0.17 | 2000+ | 1.12e-2 455 1.80e-4
500 || 0.20 831 1.76e-4 398 1.65e-4 || 0.13| 2000+ | 3.14e-2| 1016 7.49e-3
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Chapter 5

Fast Linearized Bregman Algorithms On

Linear Programming Problems

In this chapter, we discuss how to apply the linearized Biegmethod to linear programming

problems. Consider the following standard form linear pangming problem:

min  c¢'x
st Ax=b (5.0.1)
x>0

It is equivalent to (4.1.1) with

J(X):=c"x+1(x>0),
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wherel(x > 0) is the indicator function:

Under the framework of the linearized Bregman method, #maiive steps are

XL = (Kt — pe— prAT (AX — b))+

(5.0.2)
pk+l — pk—TAT(AXk—b) _ %l(XkJrl—Xk).
wherepX € aJ(xX). If we definep® = p¥— ¢, then (5.0.2) can be written as
X = ()4 ppf — prAT (A — b))
(5.0.3)

ﬁkJrl — f)k—TAT(AXk—b) _ r]i(xk+1_xk),

wherep* is the subgradient of the indicator functidfx > 0). We also have the corresponding

simpler implementation with'= B + xX.

X1 — p(\7k)+
(5.0.4)

P = K _tAT (AL D).

5.1 A New Convergence Analysis for the LB Method

Although the convergence for the general LB method has bed#irstudied, we propose a new way

of analyzing the LB method on LP problems. It becomes cleard#ris analysis why the regular
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LB method converges slowly, and how we can improve it. Firstimtroduce the notation to be
used throughout this section:

[Notation]
o UC:=AT(AX—Db);

e a>"Y(<Y)bfortwo vectorsa,b € K" if and only if |aj| > (<)|bj| and sgifa;) = sgn(b;) for

all j;
e Letly be the support of the variabi andly be the complementary set lpf
e For simplicity, we assume that the suppqiis the first|ly| elementg41,2, - - -|Ix|) of {1,2,---m}.

o Let Ac:= A, be the sub-matrix of that contains only columns iig, andA_\k be the rest of

the sub-matrix ofA other thard,. Hence we have

A
i

Al =

e Let the rangéA) and rangéA’) be the subspaces spanned by the columns ahd A,

respectively.

Lemma 8. If the linearized Bregman method (e.@.2.9) is applied to the compressed sensing

and the linear programming problems, we have

XE— X< <V (5.1.1)
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Proof. For the compressed sensing problems, we have

XL = peshrink(Vk,1).

Using the update

we get

XK X = (shrink V<1, 1) — shrink(\X, 1))
<Vt

<V pruk

Similarly for linear programming, we have

YL — U(Vk)+-
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Therefore

XX (L ()
<Vt =V

<V pruk

O

Theorem 12. When applied to the compressed sensing and linear progragiproblems with

2

T< =%,
WA

the linearized Bregman algorithm (Algorithm 4.2) has thkofving properties.
1 V= pf+ X< e spa{AT}
2. [|AXFL —b||? < ||AX —Db||?

3. If {xX<} — x* and AX = b, then x is the optimal solution to

1
min 300 + 5 x|

st Ax=Dh.

Proof. 1. From step 4 of Algorithm 4.2, we have

ptl 4+ %lxkﬂ =+ %lxk —1AT (A —D).
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Furthermore, sincg® + :x° = 0 € spa{A'}, the claim is true since the incrementpib-+

1

uxk on each iteration is also in the subspace spannedl by

. Letpr (X be the actual increment a1 overx, i.e.,

XL = 5K —

From Lemma 8, we know that

=]
~
IA
<
c
X

which means the magnitude of each componenkd$ dominated by that af¥.

Next we show that if

T<2/(WIAI?),
the update

XL — K ek

will lead to a decrease iAx— b||%, namely,

|AXHL — b||? < [|AX — b]|%.
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If we define
F(a) = |AX< — apd®) — b2,
then we have

Fl(a) = 2(AT) T (A —apd®) —b)
= 2(A0) T (AX — b) — 20u(ATK) TAGK

= 200 Tk — 20u(d) T (AT A K.
ThereforeF’(a) = 0 implies

a = (@ /)T ATA)T)
k|2
u(d) T(ATA)K
1
= AP

where the second equation is true becarfse"" Uk which implies

—~
]
~
N—
-
c
~
v
—~
]
~
N—
-
—~
]
~
N—
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Therefore, if the step lengthis chosen to be no more thao d.e.,
T<——>5
HIA2
andx<t = xk — tpdk, we will have

AL —b||? < | A —b]|2.

. For any other feasible soluti@such thatAz= b, let us check the optimality conditions
* * * 1 kK
(I(X),x' =2 = (p"+ X -2),

where p* is the subgradient ad(x*) with {p*} — p* and {x<} — x*. Sincep* + %lx* €

spanfA'}, i.e.,
1
pr+ X =AY,
M
for somey*, then the optimality conditions can be written as

(0J(X"), X" —z) = (p*+$x*,x* —2)

= (', AX' — A2
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which implies thak* is the optimal solution.

O

Remark 3. In the original linearized Bregman method, the iterativelafe for = p* -+ x“is

VL — K 1AT (A —b).

On the other hand, from Theorem 12, we know that any updateedbtm

Vk+1 _ Vk . dk, Xk+1 _ “<vk+l>+

leads to the optimal solution as long as

d® e spar(A"),

and

AXE s D,

Indeed, we could have a much better choice fotitan TAT (AX< — b). In the next section, we
demonstrate scenarios wherd' (AX — b) results in an inefficient update, and how a smarter

choice of ¢ can significantly accelerate the convergence rate.
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5.2 A new fast linearized Bregman method for the linear pro-

gramming

In this section, we first discuss the Kicking technique whicks originally proposed for solving
the compressed sensing problem. Here we show that it carshe &aplied to the linear program-
ming problem. Besides the Kicking technique, we also ca@rsidmbining it with theConjugate

Gradient (CG)andBFGSmethods to further accelerate the convergence rate.

5.2.1 The Kicking technique

The so-called Kicking technique was proposed by Osher. ¢68] to accelerate the linearized
Bregman method for solving the compressed sensing problentse following, we present some
important observations that motivate the use of the Kickeaahnique, as well as the features of
the Kicking technique that enable it to be extended to sglvitore general problems. These

observations are mostly based on the primal implement({idlgorithm 4.2 and A.1).

1. The relationship between the primal variabtesd p and the dual variablesandv is:

W=ATYK = pktly ﬁxk“. (5.2.1)

2. The dual variableX is the subgradient of the objective function in the regatzdiproblem

(4.2.4),ie,

1 1
V= pitt 4 ﬁxk“ = 8300 + 5 X b (5.2.2)
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3. The current iterat&® is the unique optimal solution of (4.2.4) whenever it sagsfrimal
feasibility, i.e.,AX = b. Therefore the convergence rate of the linearized Bregnmethaud

highly depends on how fast the residjak — b||? decreases.

4. In step 3 of Algorithms 4.2 and A.1, when the differencensamx*+1 andx (% in Algo-

rithm A.1) is small and they share the same support,lies=,lx.1, then

IO — J3(xK) — (P, R — X = 0. (5.2.3)

Therefore at that iteration, the linearized Bregman iterateduces to a gradient descent

step for minimizing the residugia, x — b||?, i.e.,

X = X — A (AX = b),

wherely = {i : X > 0} denotes the set of indices of the nonzero componenté,af;,
denotes a vector iR/ containing only the elements gin I andA,, is the sub-matrix oA

corresponding taf .

However, when the magnitude of descent direct@@A%‘ —b) is so small that

XL~ XK

] j jelk

Xh=xf=0jel,
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and

IAXHE — b ~ [|AX —bl],

stagnation will occur. Therefore itis not efficient to conte to solve fox within the same support
lx. To get around this problem, the Kicking technique creatssaat-cut leading to the new active
setli,1. More specifically, in Algorithm 4.2 the Kicking techniqueds the variable®*?® := xk

while updating only thep variable by

pl L= pk— At [AT(Axk— b)] ek (5.2.4)
pit = pf jelk (5.2.5)

whereAt is defined as
At :=max{t : pt € 03(xX¥)}. (5.2.6)

In other wordsAt is the time when condition (5.2.3) is about to be violatede Thmputation on
the r.h.s of (5.2.6) is easily performed wh#{x) is a piecewise linear function such jag|;. More
broadly speaking, besides the compressed sensing pralthet&cking technique is also applica-
ble to problems witlpiecewise lineaobjective which naturally includes the linear programming
problem, i.e.,

J(x) :=c'x+1{x>0},

wherel{-} is the indicator function.

92



As explained above, the Kicking technique is invoked whendéve support séf of the iterate
x€ does not change for many iterations due to the the small radmof the gradient descent step.
Generally speaking, the slower the suppprthanges, the more likely the Kicking technique will
be invoked. For linear programming problems, simple sitnutes presented in the next section
show that the support st changes even less frequently than in compressed sensibpm®
This implies that the Kicking technique can be also usefullifeear programming problems to

avoid stagnation in the vicinity of the optimal solution ofmjA;, x— b)|2.

Remark 4. Note that by calling the Kicking technique, extra small esrwill be introduced. This

is because, when applying the Kicking technique, we aratig the condition

Vvl e spanfA"}

since we addedby the partial vector E instead of the whole vectoKuThis introduces an error
to the final solution % On the other hand, the error can be neglected if we use thkingwnly
when ( is very small, which is exactly the case whén’x~ x. Sometimes it limits the use of
the Kicking technique which means that, in order to make tha aegligible, it can not be called

freely unless the residual is decreasing extremely slowly.

5.2.2 The linearized Bregman method with conjugate gradietnsteps

In [65], it has been demonstrated that the Kicking technwprebe effective for compressed sens-
ing problems. In contrast, for linear programming problethe numerical experiments suggest
that “stagnation” is in general not the only reason for tleevstonvergence. Therefore accelera-
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Figure 5.1: Linearized Bregman method on Netlib data’ADLLT.mat'. Left: || AX —b||3, Right:
Xt —x<|13

tion techniques other than “Kicking” need to be developed.ilAustration of this is the following.
We applied the linearized Bregman to the data seADLITTLE.matin Netlib, and we set the

following criterion for calling the Kicking technique.

XL —xK|| < 0.1,

From Figure 5.1, we see that the overall convergence ratdanasslow. As the main indicator
of the convergenceAX¢ — b|3, decayed slowly to around 18 after 1¢ iterations. Surprisingly,
within 10* iterations, which is much larger than the criterion we seiaibthe Kicking procedures,
the Kicking technique was never invoked since the diffeeebetween two consecutive iterates,
i.e., || X1 —xX||3, was always 30. This implied that there was no “stagnati@shite of the slow
convergence rate. On the other hand, for the above probtenactive sely change only 38 times
throughout 10,000 iterations. As is mentioned in the presisubsection, within the same active
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setly, the linearized Bregman method reduces to the straighiggradescent method with the
fixed step length for minimizing the residuallA, x — b||2. Therefore we know the main reason
for the slow convergence is due to the inefficient gradiespist

The above arguments provide us with the important clues antbgpeed up the convergence.
Instead of using the gradient as the descent direction, wasathe conjugate gradient steps which
converge im steps to the minimizer of an unconstraint quadratic fumabin variables. Algorithm

5.1 is the standar@onjugate Gradient Methotbr minimizing ||Ax— b||%. The algorithm keeps

Algorithm 5.1 Conjugate Gradient Method
0= —AT(AX - D),
w0 = rO,
o = Ik )12
A2

XKL — kU,
rktl — rk_ g ATAWK,
if u“t1is smallthen

EXIT
else o 1no

Bk = [Ir |

[Irk|12

- end if

=

e kR Wb

el
B o

track of the last descent directign®} and residual(gradienty®}. The steps (3) and (4) perform
a conjugate gradient descent step. Note that (3) and (4)raciatto makerk perpendicular to
past iterates so that the same property will hold for the destent directiont1, The steps (9)
and (10) generate the new descent directibft which is conjugate to all the previous descent
directions and residuals.

Recall that our goal is to accelerate the decrease of thduasjA, x — b||3 with 1, being

the support ok; therefore steps (3) and (9) in Algorithm 5.1 need to be siygmodified when
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combined with the linearized Bregman. Suppose #fat has the same support #& Then

although we update‘ by
VKL = KUk,

the actual increment ix€ is U with a step siza, i.e.,

X =+ Tl

Therefore to generate a conjugate gradient direction, wepabeo, andfk in Algorithm 5.1 by

oax = Iri (5.2.7)
< AE -
ek 2
By = T (5.2.8)
k

If we can perform the above CG updates (5.2.7)-(5.2.8) witlsbanging the suppoli, the resid-
ual ||Ax— b|| will decrease quickly in the subspaxe l,. However, the major issue that limits its

effectiveness is that the support setx@ind p change. Note that in the updatexpf ; and px. 1,

i.e.,

UK
Ik
Xer1 = X0k
0
Ok 0
Pr1 = Px+— ;
M s
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Next we describe in detail the procedures of incorporatmgugate gradient steps along with the

Kicking technique in the linearized Bregman method.

1. We setrg = W(or a lower estimate of it), and start with = 0; thusx® andp® can be also

computed. The initial descent directiabhand the residua® are

P =w=AT(b—AX)

2. Suppose at thith iteration, we have obtained a descent directirthen the step sizeis

computed as

(o (% if ag <Aty
T= (5.2.9)

max{Aty, To} 0.W.

whereay is computed by (5.2.7) anfi is the time when some nonzero componentat

about to change its sign, i.e.,
Aty := max{s|V¥ - (V+su) > 0 for Vj: ¥+ 0} (5.2.10)

The idea behind (5.2.9) is that we try to take a full exact §iearch stepy without changing

the supports ofk and p, characterized by the step lengit. If this is possible, i.e.,

ok < Aty,
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we use the next descent directigfi! as a conjugate gradient direction. Otherwise when

ok > Aty, we take the largest step length without violating

AT —b)|2 < || A — b)) (5.2.11)

It is obvious thatAty leads to (5.2.11) sinafsty < ay by definition, and it has been shown in

the second conclusion of Theorem 12 that (5.2.11) holdsragds the step size is less than
2
WA

. Perform the regular linearized Bregman steps with thestewlength, i.e.,

X+ = pomax(,0)
L = Kk,

and the residual is computed as

rk—O—l _ AT(b_A)é(—O—l).

. When||r:‘kﬁ]| < g, wheree is a pre-defined small value, we know thét? is close to the
optimal solution to

min ||Ax—b||2.
XE 41

Therefore we switch to the new active set by applying the Kigkechnique.
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5. Now we compute the next descent directibh! as follow.

o If T= qy, this implies that a full steepest step is taken without giamthe active set

of XK. Therefore the next descent direction should be conjugatetprevious one, i.e.,

Ut =kl gk

wherefy is computed by (5.2.8).

e If T+ ay, we cannot generate the conjugate gradignt and we set¥*! to the regular
gradientr*+1, i.e.,

Ut = AT (b— A,

The above procedure is described in Algorithm 5.2. From fiéigul, we already see that, without

Algorithm 5.2 Conjugate Gradient Linearized Bregman (CGLB)
1: Setv? =0 andx’ = (—p-c)*.
2: Setr®=ul = AT(b—AX), 10 = 2/(H||A||?) ande = 1078,
3: fork=1,2,--- do

4: Tis computed by (5.2.9).
5. yktl— H- (Vk)+,
6: VKL =Ktk
7 = AT (b — AXD),
g if " }[> < e then
9: Call theKicking procedure.
10: else
11: if T=oa,then
12: uktt = rk+1 4 B, uk wherepy is defined as (5.2.8).
13: else
14: uk—b—l — rk—i—ZI.
15: end if
16: endif
17: end for
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the CG updates we discussed above, the linearized Bregmtaodngan be fairly inefficient even
with the Kicking technique. Next, we apply our CGLB methodd@rithm 5.2) to both synthetic
and real data sets and demonstrate the great improvemdm oetv CGLB algorithm over the
original linearized Bregman method. In Table 5.1, we coraplae CGLB method with the Matlab
solver on the synthetic data sets. The componengs bfandc are randomly generated from the
standard Gaussian distribution. In order to make the besbfithe linearized Bregman method
which performs only matrix and vector multiplications, wakeA sparse by zeroing out all but a

fractionk of its components.

The Random sparsity matrix | Cpu time(sec) Residual||Ax— b2
(n,m k) Matlab | CGLB Matlab CGLB
(10%,1000Q0.05) 11.7 5.1 | 4.851432e-011 7.068521e-012
(10%,20000.02) 86.2 | 17.5 | 3.330402e-011 1.146507e-011
(50001000 0.02) 11.6 3.0 |1.437937e-011 0.911005e-011

Table 5.1: CGLB v.s. Matlab on synthetic data sets with |ange sparsé'’s.

In Figure 5.2, we demonstrate the significant inprovmertttth@ CGLB method exhibits over
the straight linearized Bregman method on several real sitgafrom the Netlib data base. As
we know, the residud|Ax— b|3 is the major indicator of the convergence for both methods, w
compare their decay rate ¢@x— bj|3 in Figure 5.2.

In Table 5.2, we compare our CGLB method with the Matlab sadveseveral real Netlibs data
sets. It is worth mentioning that, because of the ebgtmarturbationziuﬂxﬂg, the CGLB method is
not solving the original linear programming. In order togweoe the correct solutiop,is required
to be large enough. However, if the original linear prograngrproblem is unbounded, CGLB

fails to give the correct answer no matter how lapgs.
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Figure 5.2: The decay of the residual Jgi§Ax— b||3 over the iterations. Here we compare three
different algorithms. The green curve is the straight limesl Bregman method, the blue curve
is the accelerated linearized Bregman from the previousosgeavhich is based on the Nesterov
accelerating technique, the red curve is the CGLB method.

Table 5.2: CGLB v.s. Matlab on Netlib data sets

Netlib Datas | Matrix Size Cpu time Residual|Ax— b|| Error
Name (n,m) | Matlab | CGLB Matlab CGLB lle” (oot B~ Xmauanll
llc” Xmatiapl]

AFIRO.mat (51, 27) 0.3 0.1 3.940887e-014 9.740180e-013 6.1483e-010
ADLITTLE.mat | (138, 56) 0.5 0.4 | 3.153577e-014 4.297251e-005 0.0065
ADLITTLE.mat | (138, 56) 0.5 0.4 | 3.153577e-014 4.297251e-005 0.0065

SC50B.mat (78, 50) 0.3 0.1 1.611010e-014 1.898189e-011] 3.8775e-014

SC50A.mat (78, 50) 0.3 0.1 8.534108e-013 9.489085e-005 4.6645e-006

GROW22.mat | (946,440) | 0.5 1.1 | 3.266052e-008 1.789332e-010 NA
FIT1D.mat (24,1049) | 0.4 0.5 | 9.581569e-008 9.355395e-005 NA
BEACONFD.mat| (173,295) | 0.4 0.3 | 2.572157e-012 3.547562e-005 0.0078
Remark 5. In our algorithm, we use a step sizews= WZ\HZ when a full step conjugate gradient

update is not achievable, since this always guarantees ¢lceesdse on the norm of the residual
|| AX— b||§. Moreover, it changes the support by one or more indices.réThee other possible
support transition schemes. For instance, one could chogszbeAt, so that each time only one

index is allowed to enter or leave the support.

Remark 6. In Algorithm 5.2, within each support,lwe solve a nonnegativity-constrained (i.e.,
x > 0) quadratic minimization problem. At the mean while, thepgrply changes over iterations.
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There are similar algorithms on box-constrained quadrgiogramming problems such as [20,
21,26,54,63,90]. The major difference in our work is theaxréquirement that all the descent

directions must lie the subspace spanned by columns of A

5.2.3 The BFGS Linearized Bregman Method

As is discussed in the previous section, within in the subsmietermined byy, the linearized

Bregman method reduces to the quadratic subspace miniamzaé.,

min [ A b3,

In this section, we discuss how to apply BFGS steps insteddeotonjugate gradient steps to
accelerate the decrease in the residlded — b||? within the supporty.

The BFGS method is given by Algorithm 5.3.

Algorithm 5.3 BFGS Algorithm

1: Setx® =0andH® =1.
2: fork=1,2,--- do

3 g¢=0f(x),
4. pf=-H"g,
5.  Compute the step lengtky through either the exact or inexact line search.
6: X =Koy p,
70 =X XK
8. yK=DOf (X)) —Of (xK).
9: Update the inverse Hessi&tf by
it i, ST OGO THYE ) SO THE Y

10: end for

Next we apply the BFGS updates in the exactly the same wayeseipied in Algorithm 5.3,
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which solves the unconstraint least square problem wvithAx whereAy contains the columns of
A that correspond téx. However, when the suppdit changes, we propose a novel approach to
proceed with the BFGS Hessian update within the new suppste that the variable can be

written as

Xt /M

V=X/U+p=

wherex, andp_ are positive and negative sub-vectors of variaklaad p, respectively, i.e,

XK
K== |
0
and
0
=) =
pk

We denotev-null to be the set of components wthat are equal to 0. We first discuss the case
wherev-null is empty. It is more complicated whennull is not empty and we leave a discussion

of this to the end of this section. As we show below, like CGLigz BFGS update also generates

a sequence ofx<} such that

X € rangéA’).
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Theorem 13. The BFGS algorithm (Algorithm 5.3) generates a sequentg and approximate

inverse Hessian matricggd*} such that
1. ForVk, X € range{A"}.

2. There exists a sequence of symmetric matrft#s,, such that M = 0 and

HK =1 +ATM*A.

3. The update for Msatisfies

T _NGINGT

G

where

th = ay[(b—AX) +MKAAT (b— AX)]

NK = KAL) T (1 +AATMK)

[How to guarantee thatv € range{A" }?]
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We assume that-null is empty so at th&th iteration with the current suppdi, we have

| K

pX

wherexX € R/l and p¢ € %/, Within the same suppotf,, we update the variabl by

minimizing || Awx — b||? using the BFGS method (Algortihm 5.3), i.e.,

¢ = AJ(AX<—D)

d< = —(I+A MKA) -k (5.2.12)
XL = XK faydk

\

whereM € ® ™™ and we have implicitly used the third conclusion of Theorehidlrepresent the
approximate inverse Hessiaff.

Note thatdX is obviously in the range spaceAf, i.e.,

d* = Ag - [(b— Awxk) — M*Ad¥] (5.2.13)

Therefore in order to make sure théit* € range{AT} assuming that € range{A"}, we update

pX by replacingd, in dby A}, i.e.,

P = pf oAy - [(b— AxX) — MKALGY
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whereA = [Ag|Ax]. Hence the we have
VL = K g AT (b — Ax€) — MRAL Y, (5.2.14)

and starting with® = 0, we always have* < range{A" } due to Theorem 13.

[How to choose the step lengtiu?]

Next we discuss how to determine the step lergtim the update for the variabig i.e.,

VL = K AT (b — AexX) — MKAGY]

= Vo ad

In the case of the unconstrained least square problem, BR@Sexact line search behaves
better than the one with inexact line search, and the exaetskearch itself is faster than inexact
line search for the quadratic objective functions. Thefave use exact line search with respect
to the function||Axx — b||> whenever it does not change the current support. Howevenahe
exact line search is about to change the current suppovie proceed to the next iteration in the

following way.

(P1) We perform the inexact line search whenever the exact liaeckefails to maintain the

current support. We can always choose the step size to be

o - 2
K= a2
HIIA[2
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and, as discussed in the previous section, it will alwaysantae a decrease filAx— b|3.

(P2) Because of the non-smoothness of the functidp,..o)x — b||? at the turning point between
different supports,y andly» (or more precisely, whem-null is not empty and/ has com-
ponents equal 0), inexact line search may have difficultyndifig a point that satisfies the
Curvature condition The other idea which does not require using inexact lineckeahen

the support is about to changes is to let

oy = max{t : (V+t-d¥>0) =1}

Hence the support just starts to changeatwith the set of positive components either
expanding or shrinking. Then within this new support, wettare proceeding with the

BFGS steps and exact line search.

[How to choose the starting inverse Hessian matri¥d when the support changes?Note that

the inverse Hessian matrix we are talking about here is teausad to update , i.e.,

X=X~ |+ A MRA S

so we havéd = | + Al M*A, € g 'K*I andM* = ® ™™ Suppose at thkth iteration, the support

changes fronhy to Iy, 1, and the current inverse Hessian matrix is written as

HK =1+ A MKA.
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Then for the next iteration, we ked* unchanged and start with the

Hk+1 — I +A|1—+1MkAk+1-

This update ensures thek*?! inherits most of the "curvature information” frok¥. For instance,
if 1,1 expanddy by one component, tharX is exactly the sub-matrix dfi*t1 that corresponds
to lx. Similarly, if I 1 shrinksl, by one component, ther*+1 truncates fronHK the information

that corresponds tig ;1\ Ik

In short, the rule of updating the inverse Hessian madrix | +A[M"Ak is that
1. UpdateMX if the supporty is unchanged;
2. UpdateA if the support changes.

[The BFGS Linearized Bregamn Method] Our approach for applying BFGS steps within the
linearized Bregman method is described in Algorithm 5.4pStl1-3 initialize the variables as well
as the inverse Hessian matk® = | + Al M°Aq = I. The while loop terminates when we obtain a
feasible solutioxX. Step 6 computes the gradient of the function of the pagizitiual|| Ax — bl|2.
When||g¥||? is small, then the currext is already nearly optimal within the current suppirtso
Kicking needs to be applied in Step 7 and the support will lEngled. Steps 10-11 implemented
an exact line search with respect to the functjéqpx — b||?> andd¥ corresponds to the sub-vector
of d that aﬁect9<'_i. Steps 12-15 apply when the exact line search does not chiaaegeipport,

thus a full BFGS step is taken anK is updated accordingly. Steps 17-19 apply when an exact

108



line search is about to change the current support, therafahat can be computed by either (P1)

or (P2) which will possibly change the supportf?.

Algorithm 5.4 BFGS Linearized Bregman
1: GivenW’ andx? = p-max(\* — ¢, 0).
2. The supportg := (W > 0) ande = 1078,
3: SetM?=0 (H® =1).
4: while ||[AX—b||2 > e do

5. Compute the gradieng® = A} (AX — b);
6: if |g¥|? < ethen
7 Apply the Kicking technique.
8: else
9: Compute the descent directiodf = AT[(b— Ax¥) — MKAgH anddy = df;
10: Compute the exact step lengthy = ﬁdA'X;LT,X(ﬁZ;
11: if (V+ayg-d<>0)=I then
12: VL =Ky - dk;
13: ComputeM**+1 from MK as stated in Theorem 13.
14: (The supportk. 1 remains unchanged)
15: else
16: Computeay by either(P1) or (P2) stated in section 5.2.2.
17: VL =K ay - dk.
18: Determine the new suppdit,1 depending o<t
19: end if
20: endif

21: end while

[The nonempty set ofv-null and restarting the BFGS method]

When the set of-null is not empty, which means thathas components exactly equal to 0,
the situation becomes much more complicated. For instaupgose that we have a zero iterate
VK = 0 and some inverse Hessian matrix is giverH&sthen with the current gradient vectgf,

the direction generated by the BFGS method is

d¥ = —H¥g
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which is descent direction KX is positive definite, i.e.,

d<. g¢ < 0.

However only the positive componentsafwill contribute tox<t* := - max(V¥ + axdX, 0) since
all other components will be eventually zeroed out. Theretbereal increment that is made to

the variable is

Butitis likely that after zeroing out all the negative compot,d)'ﬁ is no longer a descent direction!
In fact, this has been an issue for most of the projected N#&stygpe of algorithms for a long
time. A possible solution to this, proposed in [6], is to r#ithe inverse Hessian matrix in the

form that is positive definite and diagonal with respect ®gbtv-null, i.e.,

H* 0 0
0 dg+? 0
Hk =
o . 0
0 0 d"
wherevk, ; = ---\§ = 0. However, if we use thil* of this form and update® by
VL= K HkgK

then it will be in general extremely hard to make sure tat range{A"} unless we choose
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HK = I, which is equivalent to abandoning all previous curvatmfermation and restarting the
BFGS steps.

For a non-sparsd, thev-null is mostly empty sinceX € range{A" }. Therefore in this case,
we use inexact line search fai; (P1) when exact line search will change the current support.
However, if we use (P2) to computg, then we have at least one componentagqual to 0 every
time the support changes. In practice, wiremull is not empty and the projected directidfis no
longer a descent direction, we restart the BFGS by seliingO(H = 1). In general, the set-null
can be large in the beginning and decreases quickly as watrdst BFGS several times, but we
can also be extremely unlucky thanull never quickly shrinks and our algorithm degenerates to

the steepest descent method.

5.2.4 Comparison with the CGLB method

Finally in Figure 5.3, we compare the Linearized Bregmaretldse BFGS update with the CGLB
method. Since each iteration for BFGS update is much more ¢omsuming, we only compare
their number of iterations Note that to accelerate run tiheazh iteration, we can mimic the
update in the limited memory BFGS algorithm [49]. Howevlg generalization is not straight

forward since we also need to guarantee that

VK e sparfAT).
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Figure 5.3: The decay of the residual Jgi§Ax— b||3 over the iterations. Here we compare three
different algorithms. The blue curve is the straight linead Bregman method, the red curve is
the LB+CG method, and the green curve is the LB+BFGS method.
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On the other hand, it can be expected its number of iteratdlhbe slightly larger than that of the
above BFGS based method since the L-BFGS algorithm magwaioarser approximation for the

Hessian matrix.

113



Chapter 6

Conclusions

We established provable models for several sparse tenstglimg problems as well as theoretical
guarantees for exact recovery. We also proposed efficiamhization algorithms for solving
large-scale sparse modeling and linear programming prale

In Chapter 2, we established a theoretical bound for therbowk-tensor recovery model, i.e.,
(2.4.1), based on SNN convexification. The model (2.4.1fgreking both matrix completion and
matrix RPCA models to the case of tensors, employs a stragiyex programming formulation.
Its reduced form, i.e.T = 0, has been repeatedly used in practice with an excellentriealp
performance. Thisis, to the best of our knowledge, the fysrous study on theoretical guarantees
for the aforementioned problems. Simulations suggesthiegiensor model (2.4.1) is not superior
to the matrix model unconditionally; thus we propose a netwotéensor incoherence conditions
under which using high-order tensor models based on SNNwmzation is plausible.

Although we established a set of sufficient conditions faatly recovering a low-rank tensor,

it remains unclear how to derive necessary conditions éxoephe generic settings with random

114



Gaussian measurements, which is discussed in detail int&hdp It would be more interesting

to extend the similar arguments to the more practical tecsmpletion and tensor RPCA models
discussed in this work. Furthermore, the bound achievedchgoiiem 1 does not explain why the
SNN model is superior to the Singleton model, as suggesteuilmerical simulations, when the
Tucker ranks of all modes are simultaneously low. This nexgua sharper bound for the SNN
model, which is an unaddressed issue in this work and ses/as anteresting topic for future

research.

In Chapter 3, we establish several theoretical bounds fiptbblem of low-rank tensor re-
covery using random Gaussian measurements. For the nancamdel (3.2.1), we show that
((Zr)K +2nrK + 1) measurements are sufficient to recover iy <, almost surely. We high-
light that though the nonconvex recovery program is NP-iaggneral, it can serve a baseline for
evaluating tractable (convex) approaches. For the comraitconvex surrogate sum-of-nuclear-
norms (SNN) model (3.2.2), we prove a necessary conditian®irn<—1) Gaussian measure-
ments are required for reliable recovery. This lower boundedrived from our study on multi-
structured object recovery under a very general settingztwtan be applied to many other sce-
narios (e.g. signal processing, metric learning, compugon). To narrow the apparent gap be-
tween the non-convex model and the SNN model, we unfold tisotanto a more balanced matrix
while preserving its low-rank property, leading to our sgueeshaping model (3.2.5). We prove
thatO(rl5/n % 1) measurements are sufficient to recover a tengpe T, with high probability.
Though the theoretical results only pertain to Gaussiarsorements, our numerical experiments
for tensor completion also suggests that the square reghapdel outperforms the SNN model.

Compared wittQ(rnk—1) measurements required by the sum-of-nuclear-norms mibeesample
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Table 6.1: Theoretical guarantees for different models.

| Model | sample complexity |
non-convex | (2r)X42nrK+1
SNN Q(rk-1
square reshaping  O(rl2Inl21)

complexity,O(r'2/n21), required by the square reshaping (3.2.5), is always walionstant of

it, much better for small andK > 4. Although this is a significant improvement, compared with
the nonconvex model (3.2.1), the improved sample comple@dhieved by square norm model
is still suboptimal. It remails an open problem to obtainragatimal convex relaxations for all
K> 2.

In Chapter 4, we analyzed the iteration complexity of thedinzed Bregman method, which
applies naturally to sparse modeling problems such as @saed sensing and matrix(tensor) com-
pletion. Specifically, we showed that for a suitably chogep &ngth, the method achieves a value
of the Lagrangian of a quadratically regularized versiothefbasis pursuit problem that is within
€ of the optimal value ifD(1/¢) iterations. We also derived an accelerated version of tieatized
Bregman method whose iteration complexity is reduce®(td/+/€). Numerical experiments re-
sults demonstrate the great improvement of the acceleliatatized Bregman method over the
original method.

In Chapter 5, we extended the arguments of Chapter 4 andedpible linearized Bregman
method to linear programming problems. We demonstratedumyenical experiments that the
previous accelerating techniques including “Kicking” ¢enquite ineffective when handling linear
programming problems. Inspired by the fact that the liresttiBregman method can be viewed

as a sequence of box-constrained quadratic minimizatiatsare restricted on different supports
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of the solution variable, we proposed new algorithms thatlwoes the Conjugate Gredient/BFGS
update with the linearized Bregman method. Numerical expents on both synthetic and real
data sets are conducted, and the new CGLB algorithm not aghyfisantly outperformed the
accelerated linearized Bregman proposed in Chapter 4|dmsas comparable with the MATLAB
solver on small-medium scale real data sets. We also estialdlisome theoretical fundamentals
on combining the BFGS updates with linearized Bregman. Hewéhe empirical performance is
not quite satisfying due to some unaddressed issues sucheatsondo if there is a the non-empty

v-null set and choosing the step size at the support transiti
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Appendix A

Appendix

A.1 Proof for Theorem 2

The proof of Theorem 1 follows from a covering argument, wihiee establish in several steps as
below.
Let

Sa = {D|DeTar,| D] = 1}. (A1)

The following lemma shows that the required number of meaments can be bounded in terms
of the exponent of the covering number 8p,, which can be considered as a proxy for dimen-

sionality:

Lemma 9. Suppose that the covering number &g, with respect to Frobenius norm, satisfies

N(Gar, |-l ,€) < (B/e)?, (A.2)
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for some integer d and scal@rthat does not depend @n Then if m> d + 1, with probability one

null(G) N &2 = 0, which implies thatull (G) N T = {0}.

Proof. The arguments we used below are primarily adapted from [2Bgre their interest is to
establish the number of Gaussian measurements requiretdger a low rank matrix by rank
minimization.

Notice that everyD € &4, and every, <gi, Q)> is a standard Gaussian random variable, and
SO

vt>0, P[[(GD)|<t]<2t-—==ty/=. (A.3)

Let 91 be ane-net for Sy in terms of||-||z. Because the measurements are independent, for any

fixed D € Gy,

PGl <t] < (tv2/m)". (A4)

Moreover, for anyD € G, we have

161211l = max{[|GID]]l = IG e [ 2~ D¢ } (A.5)

v

min {[| G[D)]]} €1 Gl oo (A.6)
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Hence,

| it 1612l <clog(1/e)|
< | minlGloll. < 2clog(1/e)| + P (116l > og(1/e)]
< #x (2y/2fmxelog(1/e)) +P (|Gl . > log(1/e)]
< BU2v2/mme™ og(1/e)"+ P [||Gllr_. > log(1/e)]. (A7)

Sincem>d+1, (A.7) goes to zero as™\, 0. Hence, taking a sequence of decreasinge can

show thafP [infpeg,, || G[D]|l,, = 0] <t for every positive;, establishing the result, O

Following Lemma 9, it just remains to find the covering numbie®,,. We use the following
lemma, which uses the triangle inequality to control the@fbf perturbations in the factors of the

Tucker decomposition
[[C;U1,Uz, -+ ,Uk]] := C x1U1 x2Uz x3--- xk Uk, (A.8)

where thanode-i (matrix) produocdf tensor4 with matrix B of compatible size, denoted gisx; B,

outputs a tensof” such thatC;) = BA;).

Lemma 10.LetC, ' € Rk, and U, U] e R™M*" . Uk, U} € R with UfU; =U{"U] =

|, and||C|| = ||C’|| = 1. Then

K
[[[C;U1,....Uk]] = [[C;UL, .. Ukl < Hc-c’HF+;Hui—ui’Hl (A.9)
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Proof. This follows from the basic fact that for any tensbrand matrixJ of compatible size,
X xkUlle < [UI[IX][E (A.10)
which can be established by direct calculation. Write

GV, .Ukl = [[C5 U, U]

< H[[C’UL?UK” _[[C/;Ulv"wUK”HF

K
.Z“C/;U/""’Uf’u”l"“u"” —[[CUY,... U1, Ui,...UK]]

_|_

F

< fle= e+ 5, Iui-uil,

where the first inequality follows from triangle inequaldpnd the second inequality follows from

the fact that|C||r =1,

Uj|| =1,UfU; =1 andu{"U{ =1. O

Using this result, we construct amet forSy by buildinge/ (K + 1)-nets for each of th& + 1

factorsC and{U;}. The total size of the resultingnet is thus bounded by the following lemma:
Lemma 11. N(&ar, |- ,€) < (3(K+1)/g)?)" 2

Proof. The idea of this proof is to construct a net for each compoofthie Tucker decomposition
and then combine those nets to forrma@ampoundet with the desired cardinality.

Denote¢ = {C € RZ*2>x20 | Ic|lc = 1} and O = {U € R™" |U*U =1}. Clearly, for
any C € €, |C||g =1, and for anyU € O, ||U|| = 1. Thus by Prop. 4 of [86] and Lemma

5.2 of [87], there exists aﬂﬁ-net ¢’ covering€ with respect to the Frobenius norm such that

128



#o' < (M)(”)K, and there exists agt5-net 0’ coveringO with respect to the operator norm

such that #’ < (322 construct

&Y = {[[C’;UL,...,UK]] | C' e €, Ul € O'}.

(2r)%+2nrk ) o )
) . The rest is to show thab’, is indeed are-net coveringSy,

Clearly #5), < (S(Kjl)
with respect to the Frobenius norm.

For any fixedD = [[C;U1,---,Uk]] € &2 whereC € ¢ andU; € O, by our constructions
above, there exist’ € ¢’ andU! € O such that]| ¢ — || < 2™ and Ju; —uj|| < 3,
Then?' = [[C';U, - ,Uk]] € &Y is within e-distance fromD, since by the triangle inequality

derived in Lemma 2, we have
K
|2= 2l = iU, Ul = €308 idl e < fle =l + 3 lUi-Uill <e.
1=

This completes the proof. O

With these observations in hand, Theorem 1 follows immedtiiat

A.2 Proof for Lemma 4

Proof. (1) By the definition ofx|;, it is sufficient to prove that the vectorization of the rigiaind

side of (3.2.4) equals vex'y)).
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SinceX = z{zl)\iai(l) o ai(z) 0---0 ai(K), we have

vedX(y) = veq -ZA@(” JCRET M BT S)
= Z}\Ivec(al(l) o (aI(K) ® ai(K_l) R ® a|(2)))

= Yn@YeaVe-0aoq’),

where the last equality follows from the fact that {@cb) = b a. Similarly, we can derive that

the vectorization of the right hand side of (3.2.4),

(K-1)

oo () o - Dy A(K) (j+1)
veo(;%i(aq’m‘ @@ )o(a ©a 08 )
r . . .
_ _Zlhi"ec(("’”(” 2l V. .ga)o(@ oa®Y...0al+D))
r

_ ZM@K) 2 Vg...ga® ga®)

= veqX ).

Thus, equation (3.2.4) is valid.

(2) The above argument can be easily adapted to prove thadetaim. SinceX = C x3
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Ui x2U2 x3--- xk Uk, we have

ved X)) = VEC(U1C(1) (UK®UK1®~“®U2)*)

= (Uk®Uk_1®---®U1) ved Cpy),

where the last equality follows from the fact that y&BC) = (C* @ A)vedB). Similarly, we can

derive that the vectorization of the right hand side of .2.

VeC((Uj ®Uj_1®---®U1) ([ (UK®UK1®-..®U]‘+1)*)
= (Uk®Uk 1®---®U1) ved ()
= (Uk®Uk_1®---®U1) vedCp))

= vec(x(l)).

Thus, equation (3.2.5) is valid. O

A.3 Accelerated Linearized Bregman Method

1. The proof of Theorem 10.

Proof. From (4.2.6) we get

Gu(Y¥) = —Lu(X",y). (A.1)
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By using the convexity of functiofs(-) and the Lipschitz continuity of the gradienGy(-),

we get for anyy,

GuY) —Gu(y) < Gu¥ L)+ (0Gu(Y1),y* — ¥ 1) + §lIyk =y 22— Guly

Gu(y¥ 1) + (OGu( 1), ¥~y 1) + &y — 12— G
(G ), Y —y) + {0 1)y =y )

+ < -y 22 (A-2)
= (OGU 1),y —y) + E K~y 12

= HYLoy YKy Y Y2

2y =y = lly—y 2.

IN

IN

IN

Settingy = y*1 in (A.2), we obtainG,(y¥) < G,(y*!) and thus the sequené&,(y¥)} is non-

increasing. Moreover, summing (A.2) oMee= 1,2, ..., nwith y = y* yields

N(Gu(y") —Gu(y")) < Y (Gu(y") — Guly)) < %IW YIIP = Ily* — Y”II)SEHW yoII%,

and this implies (4.3.12). O
2. The proof of Theorem 11.

Proof. Let

2=y L -y (A.3)
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and denote the linearization G{,(y) as

lG, (X Y) = Gpu(y) + (HGu(Y), x—y) < Gu(X). (A.4)
Therefore the second equality in (4.3.2) is equivalent to
= argmin G + (0GP, y— 99 + 5 Iy~ 52
= argmin I, (y;¥) +2—1T||y—>7k||2-
Definey® := (1— 6,)y*+ 6,y*, we have
(A.5)

Gu(Y*1) < Gu(F) + (DG Y7~ ) 45 I+ 52
S 1e, () + oyt P
16y (5599 + o 19— 2 o~y P
= 6, (1 B0Y*+ 0159 + o (1~ By + " — |
L8y -+ By 2
oy (L= B By ) Sy + B~ )~
. O
oy (L= B+ By'i9) + Sy — 22— ey — 212
(100l (79 + B 19+ Sy~ 27— Sy —

2 2
< (L 80Gu() + BGuly) + Ky~ 27— Xy~ 212,
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where the second inequality is from (A.4) anel 1/L, the third inequality uses Lemma 7 with
P(x) :=Tlg, (X% 7€), the third equality uses (A.3), (4.3.2) and (4.3.13) andldisé inequality uses
(A.4).

Therefore we get

2 (i)~ Guly ) < F G -Gy ) ¢ -2l 2

From (4.3.14), itis easy to show thgi < - for all k > 0. Thus (A.5) implies that
k k—1

1—06kp1

2
ek+1

16
0

(Guy™™) —Gu(y")) <

(Guly¥) ~ Guly) + o Iy 21— Iy~ 2712, (A6)

Summing (A.6) ovek=0,1,....,n— 1, we get

1-6, 1 1
e—%(Gp(y”) —Gu(y")) < Z—THW —2)?= Z—THW Y%,
which immediately implies (4.3.15). O
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A.4 Accelerated linearized Bregman algorithm for low-rank

tensor recovery problems

In the section, we will address our numerical algorithmssolving optimization problems such

as (3.3.1) and (3.3.2). For model (3.3.1)
K
minimizey Zle(i)H* subjectto Pq[X] = Po[Xo]. (A.1)
i=

By introducing auxiliary variablgt’ and splittingX into X1, X, ---, Xk, it can be easily verified

that problem (A.1) is equivalent to

K
Min 1 gy 1 (Xi) iy«
(i) i; i) i)
st Xi=W, =12 K, (A.2)

Po[W] = PalX0),

whose objective function is now separable.

The accelerated linearized Bregman (ALB) algorithm, psgabin [39], is an efficient first-
order method designed for solving convex optimization fEwis with nonsmooth objective func-
tions and linear constraints. It has been successfullyiggppd solve! and nuclear norm mini-
mization problems [39]. The ALB algorithm solves nonsmoptbblem by firstly smoothing the
objective function (e.g. adding a smhllperturbation), and then exploiting Nesterov’s accelerate

scheme [62] to the dual problem, which can be verified to be@nsitained and Lipschitz differ-
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Algorithm A.1 Accelerated linearized Bregman algorithm for SNN model)5.

Initialization: 7%=, =0 foreachi € [K], Z°=Z"=0,u>0,1> 0,1t = 1;
fork=0,1 2, --- do
fori=1 2 -, Kdo
XK1 = - Shrinkagéy ¥, 1);
end for
W= <fPQ [Zk} =2 9/=(>;
fori=1,2 ---,Kdo
9“/ik:9f=<_r,<xr+1_‘wk+1>;
grlld for
2= 2 g [ W x|,
MR CSVAEY
k+1— — 32
fori=1,2 ---,Kdo

K ~k 1~k k-1
=g (-5
end for . . 1
kil = t—1 [k k1Y,
R e |
end for

entiable. In Algorithm A.1, we describe our ALM algorithmagated to problem (A.2). Algorithm

A.1 solves exactly the smoothed version of problem (A.2):

K
i N 10 2y, 1 2
MiNxy, ) izl(H(x'>(')H*+2UH(X')(')HF)+2HHWHF
s.t. Xi=W, i=12--- K, (A.3)
Po[W] = PalXo],

where we denotegy; as the dual variable for the constraikit = ' and denotez as the dual
variable for the last constraitiy [ W] = Pq[Xo]. Since the objective function in (A.3) is separable,

each setup of the ALB algorithm is easy to solve as we can seeAlgorithm A.1%.

1The Shrinkage operator in line 4 of Algorithm A.1 performs tiegular shrinkage on the singular values ofithe
unfolding matrix ofy’¥, i.e. (7°F) i), and then folds the resulting matrix back into tensor.
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For our numerical experimen(= 4), we choose smoothing parametet 50| Xo||r and step

sizet1 = %1 Empirically, we observe that larger valuesoflo not result in a better recovery

performance. This is consistent with the theoretical tesedtablished in [43, 96].
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