An Alternative Proof of Genericity for the Unitary
Group in Three Variables

Chongli Wang

Submitted in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy
in the Graduate School of Arts and Sciences

COLUMBIA UNIVERSITY

2016



(© 2016
Chongli Wang

All rights reserved



Abstract

An Alternative Proof of Genericity for the Unitary Group in Three Variables

Chongli Wang

In this thesis, we prove that local genericity implies globally genericity for the quasi-split
unitary group Us for a quadratic extension of number fields E/F. We follow [F1i1992] and
[GJR2001] closely, using the relative trace formula approach. Our main result is the existence
of smooth transfer for the relative trace formulae in [GJR2001], which is circumvented there.
The basic idea is to compute the Mellin transform of Shalika germ functions and show that

they are equal in the unitary case and the general linear case.
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Chapter 1

Introduction

In this thesis, we give an alternative proof of the following result for the quasi-split unitary group G in three
variables relative to a quadratic extension E/F in [GJR2001]: a cuspidal automorphic representation 7 of
G is globally generic if and only if 7, is generic at every place v. We use the same approach as in [GJR2001]
and [Zha2014b], via the comparison of two relative trace formulae. Our new result is the general existence of
smooth transfer for the relative trace formulae in [GJR2001]. The authors in [GJR2001] circumvented this
existence problem.

In general we consider a reductive group G, defined and quasi-split over a number field F'. We denote
its adele ring as A = Ap. Let 7 be a cuspidal automorphic representation of G(A) with central character ¢,

and fix an embedding m — LZ(G(F)\G(A), (). For ¢ € 7>, define the Whittaker functional

W) = / o(n)B(n) dn,
N(F)\N(AF)

where N is the maximal unipotent subgroup of G, and 6 is a generic character on N(F)\N(Ap). 7 is called
generic with respect to 6 if W is not zero. If W exists, it is unique up to a scalar by the uniqueness of

Whittaker functional. When this is the case, define the Whittaker function of ¢ on Gy by

Wy(g) = W(plg)®) = /N o, A0 i

Then the map ¢ — W), is not trivial. In our case when G = Us we have multiplicity one ([Rog1990, Theorem
13.3.1, page 201]) and therefore the embedding is unique. It is a general conjecture that inside a tempered

L-packet of an automorphic representation, there is exactly one component which is generic with respect to
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any given #. We prove this result in the quasi-split case when G = Us, and then the main result follows as

a corallary to this result.

For a general space X, we denote C(X) = &(X) to be Schwartz functions on X. Throughout this paper,
we make an assumption on the unitary group G similar to [Zha2014b] for the weak base change as follows. An
automorphic representation IT = ®,1I, of GL3(Afg) is called the weak base change of 7, and denoted BC(7),
if TI,, is the local base change of 7, for all but finitely many places v where m, is unramified. Throughout the
thesis, we use the following result. For every cuspidal automorphic representation 7, the weak base change
exists and satisfies the following local-global compatibility at all split places v: the v-component of BC(7)

is the local base change of ,, more precisely if v;, vy are two places of E over v, then BC(w),, = m, and

Remark. In our case when G is quasi-split, this result is true by the work [Mok2015] of Mok following

analogous work of Arthur on endoscopic classification.

We choose an arbitrary f € C(G(A)) and define the global Bessel distribution by

Te(f) = D Wr(He)W(9),
peB(T)
where ¢ goes through an orthonormal basis B(x) of 7. Similarly we can define the local Bessel distribution
by
I, (fo) == Z Wo (0 (fo) b0 )Wa (b)),

P EB(y)
where ¢,, goes through an orthonormal basis B(m,) of 7,, and W, is the local nontrivial Whittaker functional

which is unique up to a scalar. Suppose f = ®, f,. Then the main result is that
Te(f) = e(m) [T 72, (f2)

for some non-zero constant ¢() independent of f, where J2 (f,) is the normalization of J, (f,), in the sense
that we normalize it to be 1 over unramified places to make sense of the product. Note that the existence
of such a constant follows from the uniqueness of Whittaker functional. We would like to prove an explicit
formula for ¢(m) in terms of the nonvanishing of certain L-functions and hopefully the new result on the
existence of general smooth transfer can help us to tackle this problem.

Now let us give some heuristics as to how we can prove the nonvanishing of J,. We can first define a

corresponding distribution Iy for the general linear group by considering the base change (which translates
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to distinguishedness) and the Whittaker functional. Now by summing over different 7 and II, we obtain

I and J defined as distributions. Both I and J admit geometric decompositions and can be written as a
sum over orbital integrals. Thus by using smooth transfer we can somehow identify I(f’) and J(f). The
central part of this paper is to show the existence of such smooth transfer (matching) between f and f’.
But the decomposition of Iy is classical and well-known, and therefore by choosing each local component
carefully we are able to choose Ii(f’) # 0. Hence the nonvanishing for J follows. In Section 2, we will give
a more detailed explanation of this relative trace formula approach.

We want to point out at this stage that this result shares the same philosophy with many other works
connecting period integrals of automorphic forms with special values of L-functions. The pioneering example
we consider is Waldspurger’s work [Wal1985] on a formula relating toric periods and the central value of
L-functions on GLy. Later Gross and Prasad formulated a conjecture generalizing Waldspurger’s work to
higher rank orthogonal groups in [GP1992] and [GP1994]. As in our case we would like to calculate c(m)
explicitly there are similar refined versions of conjectures of Gross and Prasad formulated by Ichino and
Ikeda in [I12010]. Later Gan, Gross and Prasad generalized the conjectures to cover unitary groups and
symplectic groups in [GGP2012]. A refined conjecture for unitary groups following this was formulated in
[Har2011]. Zhang proved both the Gan—Gross—Prasad conjecture and the refined conjecture for the case of
Upn—1 X U, under mild conditions in [Zha2014b] and [Zha2014a]. Later Xue proved the GGP conjecture for
U, x U, using similar approaches in [Xue2014].

The plan of the paper is as follows. Section 2 gives an outline of the proof following [GJR2001] closely.
Section 3 reviews some basics of Asai L-functions and quotes a result connecting the property of being a
base change and distinguishedness. There is also a nonvanishing result for Iy in that section. Section 4
proves the existence of smooth transfer for split places of F. Sections 5 to 8 prove the existence of smooth
transfer for non-split places of F' by computing the Mellin transforms of Shalika germ functions. Section 9

gives a result on the separation of spectrum and concludes our results.



Chapter 2

Outline of the proof

Now we give an outline of the proof of the result. Let E/F be a quadratic extension of number fields with

Galois group {1, "}, and G be the quasi-split unitary group over F of three variables, i.e.

G(F) = {g € GL3(E) | 'gwg = w},

0 0 1
where w =wg =0 1 0. Let 7 be a cuspidal automorphic representation of G. Consider II, its weak
1 00

base change to G’ = GL3 over E. Regard G’ as a group over F' and denote H' to be GL3 over F. Define
the Flicker—Rallis period by

B(e) = ¢(h) dh

/Z(A)H’(F)\H/(A)
(we remark that when n is even, there is a character involved for U, but we will not consider this case).
We call an automorphic representation Il of G distinguished if 5 # 0. We have the following distinction
property.

Proposition 2.1. IfII is the weak base change of w, then 11 is distinguished.

This is proved by connecting both arguments with the existence of a pole at s = 1 for the partial Asai
L-function of II.
We also have a local period defined as
Ggh

W, dh,

5w = [
N3 (Fy)\GL2(Fy) 1



where W, € W(II, ) is a Whitakker function, e; = diag(72,7) for 7 + 7 = 0. By [Zha2014a, page 17], we

can calculate (8, at the unramified places: if we normalize W, (1) = 1, then

Bu(Wy) = vol(K)L(1,11,, As).

So we can define the normalized local period by

BWa)

Bi(W) = L(1,11,,As)’

Now we state a product decomposition for the global Flicker—Rallis period.

Proposition 2.2. We have an explicit decompostion

n - Ress=1L(s,II, As) Hﬁh

Blo) = vol(F*\Al)

where in our case n =3 and W = W, = @, W, € W(I,¢g). For a bad place v, [, B%(W,,) is defined as in
[Zha2014a, Remark 6].
Proof. This is exactly the result in [Zha2014a, Proposition 3.2]. O

We define the corresponding global Bessel distribution with respect to G’ by

In(f) = > BI(f)$)W(e),

$EB(II)

where ¢ goes through an orthonormal basis B(II) of II. We similarly define the local Bessel distribution by

In,(fo) == > BoIu(f0)du)Wa(60),

PvEB(IIy)

where ¢, goes through an orthonormal basis B(IL,) of II. Then we have the following product decomposition

of It(f) as a result of the product decomposition of 5(¢).

Proposition 2.3. We have an explicit decomposition

n - Ress=1L(s,II, As) b
IH(f): VOl FX\Al HI f’U

where n = 3 and Ilh-lv (fv) is the normalized I, (fy), i.e. 1 at all unramified places, and at ramified places,



we replace B, by ﬁf, to get our normalized version.

Now we recall the relative trace formulae in [GJR2001]. First let us consider the RTF in the unitary
case. Recall G = Us is quasi-split with maximal unipotent subgroup N. We notice that G contains a large
open double coset NwAN of N, where A is the subgroup of diagonal elements in G, and we call this set the
union of all regular orbits of N x N. We say f = ®,f, € C(G(A)) is nice if there exists one place v such
that f, is supported on the union of regular orbits. For such an f and a character ( on Zg(A)/Zg(F) we

consider (the (-part of) the kernel function

T = “Lyvy2)C(2) dz
Ksa)= | o Z)f(z )2 dz,

YEG(F

and the distribution

J(f) = / Ky(n1,n2)8(n1)0(n2) dnq dng,
[N]x[N]

where [N] = N(F)\N(Ap), and 6 is the generic character of [N] given by

1 o t—%

0lo 1 -z | =ve().
0 0 1

Now for v = ud,, where u € U;(A) and d, = diag(a, 1,a'), we define the global orbital integral as
o0.h= [ Fn wym2)6(m1)0(ns) dny ds.

Similarly we can define the local orbital integral as

O(v, fv) :=/ fo(ny twyng)0,(n1)0, (ng) dny dns.
N(F,)xN(F,)

Then we have a trivial decomposition O(y, f) = [[, O(vv, fo) when v = (7w, f = Q4 fo.

Proposition 2.4. For every nice f, J(f) converges absolutely and we have

=3 | R

acEX

which is a finite sum over a.



Proof. For nice f the kernel function can be written as

Ky(x,y) = /[Uﬂ > > flam v yrey)d(u) du,

YEN(FN\G(F)/N(F) v1,72€N(F)

where the sum over «y is only over the regular orbits, therefore the stabilizers of «; and v, are trivial. Now

making a change of variables = — iz, y — 72y, we have

J(f) = $ /U 0 )

YEN(F)\G(F)/N(F)UL(F)
and on the regular orbits

N(F)\N(F)ywA(F)N(F)/N(F)U,(F) ~ E*. 0

Now we consider the general linear case. Recall G’ = Resp,rGL3 as an F-group and H' = GLj3 over F.

For f' € C°(GL3(Ap)) and w(z) = ((22~1) we consider (the w-part of) the kernel function
Kp (2,y) = / > JaT () dz,
Z(Ag)/Z(E) YEGL3(E)

and the distribution

I(f'): K (h,n)0' (n) dn.dh,

- /H’(F)ZHI(AF)\H/(AF) /N(E)\N(AE)

where 6’ is the character on N(E)\N(Ag) defined by

1 = =z
010 1 y|=vel-y).
00 1

We would like to simplify the integral as follows. Define & to be the symmetric space as a variety over F
with F-points
S(F)={s e GL3(FE) | ss =1}.

By Hilbert Satz-90, we have an isomorphism of affine F-varieties

V. GLg’F\ReSE/FGLg - S



g=g 'y
This gives rise to a bijection of F-points
GL3(F)\GL3(E) ~ S(F).
Now we define a new function f’ € C(S) for each f" by
f(s) = / f'(ha)dh, v(z) = s.
H'(A)

The map f’ — f’ gives a surjection C(G’) — C(S). Consider the right N-action on S by s" = 2~ sn. Notice
that S has a large open set consisting of the N-orbits of wA,,, where A,, = {a = diag(a,u,a™!) | uti = 1}.
We also call this set the regular orbits. Let n € GL3(E) such that v(n) = w. Then the regular orbits
translate into regular orbits of GLs(E) as GL3(F)nN3(E). Similar to the unitary case, we say f' = ®,f/ is
nice if for any one place v, f/ is supported on the regular orbits of G'(E,). This translates to saying that f’

is nice if f] is supported on the regular orbits of S(F,). Now we have the following

Proposition 2.5. For nice f' we have

I(f) = / / > F (T ynw)d (n) dn ¢(u) du.
N(B\N(ag) JUL(FN\UL (&) &5 ()

Remark. We will also denote the left hand side as I(f’) since it depends on f’ rather than fr.

Proof. This follows by integrating f’ over the group H’ (Ar) and substituting the formula for f’ as a function
on S(Ap). O

Now for v = ud,, where u € U;(A) and d, = diag(a,1,a~!), we define the global orbital integral as

Oy, f') = /N(A )f/(ﬁ_lw’yn)H’(n)dn.

Similarly we can define a local orbital integral

O, 1) = /N o S ) )

Then we have a trivial decomposition O(v, f’) = [[, O, fi,) when v = (7,)v, f = @4 f,-



Proposition 2.6.
(=3 /U . O ()

acEX
Proof. This is simply because our test function f is supported on the regular orbits and the proof is similar

to Proposition 2.4. O

Therefore by comparing Proposition 2.4 and Proposition 2.6, the question of I(f’) = J(f) reduces to
that of having identical orbital integrals over all v = ud,. We call f and f’ smooth transfers (or smooth
matchings) of each other if they have this property. Furthermore by factorization we can reduce this property
to each local component. In particular, we need to have identical orbital integrals over all local orbits of
Vv, 1.€. local smooth transfers. Now the question reduces to the fundamental lemma and the existence of
smooth transfers. Notice at first that for f or f’ that are supported on the regular orbits, the existence of
smooth transfer of each one is automatic simply by the matching of regular orbits. The fundamental lemma
is proved in [Jac1992] and [Ma01993]. In [Mao1993] the smooth matching of the entire two Hecke algebras
is proved. We prove the existence of smooth transfers for arbitrary smooth functions, even though to prove
the result we only need the existence for some special (smooth) functions.

In order to establish the result we need to have spectral decompositions of I and J, i.e. the spectral
sides of relative trace formulae. In [GJR2001] Jacquet proved the relative trace formulae in both cases. We
first recall some notations introduced in [Rog1990]. Let (M, o) be a pair consisting of a Levi subgoup M
of G and a cuspidal automorphic representation o of M. A cuspidal datum is an equivalence class of pairs
k= {(M,0)}. We can decompose the kernel function K(z,y) = >, K.(x,y) and define the corresponding
Ji. and I;. The detailed definition can be found in [GJR2001].

Proposition 2.7. We have an absolutely convergent spectral decompostion of J(f) as follows:

J(f) = Ju(f),

where the sum is over all cuspidal data k. Implicitly all associated automorphic representations in the sum
have central character C.

Proof. This is the result of [GJR2001] proved in Section 10. O

Proposition 2.8. We have an absolutely convergent spectral decompostion of I(f') as follows:

discrete

I(f)= > L(M+> L,
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where the first sum is over the cuspidal data k (corresponding to the discrete spectrum), and the second sum

is over all idele class characters py of E (corresponding to the continuous spectrum). Implicitly all associated

automorphic representations in the sum are distinguished and have central character (.
Proof. This is the main result of [GJR2001], stated in Section 9, page 64. O
By the separation of spectrum we have the following

Proposition 2.9.

In(f") =Y J=(f),
where the sum is over all members of the tempered L-packet with weak base change II.

From this proposition we can deduce our main results.
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Chapter 3

Distinguishedness and nonvanishing of

local Bessel distributions

Let E/F be a quadratic extension of number fields with Galois group {1, }, G = Resg,/pGL,, and H =
GL,(F). The L-group of G is
LG .= (GL,(C) x GL,(C)) = {1, }.

The Asai L-function is the Langlands L-function attached to the representation r : *G — GL(C" ® C")

where

r(91,92)(v @ w) = (g1v) @ (g2w0),

r(vew) =wew.

Let IT be a cuspidal automorphic representation of G where n = 3. Fix Sy as before so that II is
unramified outside S. Denote by L5°(s,II, As) the product of the local factors of the Asai L-function over

places outside Sp.

Proposition 3.1. Let IT be a cuspidal automorphic representation of GL, with n odd. Suppose the central

character w of 11 is trivial on Aj. Then the following are equivalent:
1. 11 is distinguished by H.
2. L(s,11,As) has a pole at s = 1.

3. Tl ~TI°.
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Proof. This is exactly [GJR2001, page 12, Proposition 1]. O

Now we consider a non-split place vy of F' and state a nonvanishing result of local Bessel distributions

Iy,

v

Proposition 3.2. IfI1, is distinguished by H(F,,), then I, (f,) # 0 for some f. supported on the regular

orbits.

Proof. This is exactly [GJR2001, page 18, Theorem 1]. O
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Chapter 4

Smooth transfer at the split places

Let v be a split place of F.. Then S(F,) can be identified with pairs (g1, g2) € GL3(F,) x GL3(F,) such that

9192 = 1, hence with GL3(F,) via (g1,92) — g1. Given f/ = ( Néﬂ ~1’,2), set
fo= [ Fthen i yan
GL3(Fy)

as a function on C(S(F,)). Therefore f] is simply the convolution of f} and f; , where g(z) = g(z~!), and

so the local orbital integral becomes

I(’an{;) = / f;(n;lfynl)ﬁ(nlng) dn1 dng.
N(Fy)xN(Fy)

On the unitary side, G(F,) can be identified with pairs (g1,¢92) € GL3(F,) x GL3(F,) such that go =

wlgy tw, hence with GL3(F,) via (g1,92) — g1. Given f, € C(G(F,)), the local orbital integral becomes

J(v, fo) = / fu(ng_l’ml)@(nlﬂz) dny dns.
N(F,)xN(Fy)

By comparing the two orbital integrals, we see that the smooth tranfer exists.
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Chapter 5

Existence of germ functions

In this section, we are going to prove the existence of Shalika germ functions in the general linear case, or more
precisely in the symmetric space case. The idea of Shalika germ functions was introduced by Jacquet and Ye
in [JY1996] for the quadratic base change of GL3, and was explicitly carried out in [JY1999]. The Shalika
germ expansion formula originated from the group case by Harish-Chandra in [HC1970], and Kottwitz wrote
a beautiful introduction to this formula in [Kot2005].

Let E/F be a quadratic extension of nonarchimedean local fields. Assume their residue fields are of
cardinality gg and ¢ respectively. Let ~ be the nontrivial element in Gal(E/F), N = N3(E), S = S3(F) =
{s € G' = GL3(E) | ss = 1}. N acts on the right on S by s” = n~'sn. Then the N-oribts in S are
parametrized by {wa | w? = 1,wawa = 1}, where w is a Weyl group element and a is a diagonal element.
Let v = ¢ be an additive character of F. For X an F-space, denote C(X) to be the set of compactly
supported locally constant functions on X. Let f’ be in C(.5).

Define the generic character 6’ by

1 = =z
{0 1 y|=vel-y), ve(u) =r(u+ta).
0 0 1

Now we are going to give a full description of the N-orbits of S and define the corresponding orbital

integrals if possible. More precisely, we define orbital integrals for relevant orbits.
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0 0 1 a 0 O
cew=wg=10 1 0|, Av=Ra=10 «u 0 un = 1 p. Its stabilizer is trivial, so all orbits are
1 00 0 0 a!

relevant. Hence we define the orbital integral

I{wa) z/Nf’(ﬁ_lwan)H'(n) dn. (5.1)

It is absolutely convergent and when f’ is fixed, it gives a smooth function on «.

0 1 0 a 0 0
cew=wi=|1 0 0,4, =¢a=]0 a?! 0]||luz=1},. Its stabilizer is

0 0 1 0 0 wu

1 0 =z

0 0 1
so none of the orbits are relevant.
1 00 v 0 0
ew=wy=10 0 1[|[,4A,=<a=1]0 a 0 ut =1 ». Similar to the last case, there are no
01 0 0 0 a!
relevant orbits.
up 0 0
cew=e A, =a=|0 wu, 0 |,wu =1,. Its stabilizer is
0 0 wug
1 =z =z

0 1 y ULT = UT, UY = U3Y, U3IZ = UIZ ; ,

0 0 1
so the relevant orbits are A, = {a € A’ | ug = —uy, uz = uy }. For those o € A, the stabilizer is
1 tl z
Ny = 0 1 tf|ltitti=to+ta=02=2
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Let
1 =z 0 10 ¢
U€: 0 1 y xayeF 7Ve: 0 1 0 t+t_:O )
0 0 1 0 0 1

so that U, x V., 2 N/N,,. Define the orbital integral

I(a, f) :/ y (v vavw)d (u) du dv

up  wr  ui(t—ay/2)
:/f/ 0 —wup ULy Y(z +y) dr dy dt.
0 0 Ul

From now on, w = wg. Notice that in the definition (5.1) of I(wa) for w = wg, replacing ¢ by )y, where

Yp(z) = (bx) for some nonzero b € F, gives

/ f'(n~Ywan)8) (n) dn
N

_ / (0 wan)' (dynd; ) dn

N
=[p| 2 / f(dy 'n fwapnd, )0 (n) dn,
N

where a;, = ady 2. Then the question reduces to finding transfer for the function f'(z) = f(d, ‘xdy) with 1.
Therefore we may assume ¥ = 1 is an additive character of F' of conductor Op. Denote eg = diag(1, —1,1).

A (Shalika) germ function is a smooth function K on Af, . = {b € A, | det(b) = 1} satisfying: for any

f' € C(S), there exists W/ € C(Au, ), such that
I(wa, f)) = Wi (@) + K « W/ (), (5.2)
where W/'(z) = I(z, f') for z € A,, and

K«Wl (o)=Y KO)WS (ueo), (5.3)

a=bu
where a € Ay, and uu = 1. Notice W{;/ is uniquely determined by K and f’.

Lemma 5.1. Suppose K is a germ function. Then for arbitrary g. € C(Ae), gw € C(Awy), one can find
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f e C(S) such that

’

Wf = Ge, W£ = Guw-

€

Proof. Denote Z,, = {X € S| X31 = X390 = Xo1 =0}, Z. = {X € S| X31 =0}, and Q,, (respectively )

to be the complement in S of Z,, (respectively Z.). Then
Zw DA N — A,
gives a surjective map C(Z,,) to C(A.) sending f1 to I(«, f1), and
Q.=NxA, — Ay

gives a surjective map C(€2.) to C(A,,) sending f2 to I(wa, f2).
Now choose f; € C(S) such that I(«, f1) = g.. There is fo € C(Q,) such that

H{wa, f2) = gu — Wd:l'

The function f’ = f; + fo will satisfy the conditions we require. O

Proposition 5.2. Germ functions evist. If K is a germ function, t € C(Aj, ), then H = K +t is also a

germ function and all germ functions come from this way.

Proof. We adopted the similar approach as in [JY1996] Theorem 2.1. For any X an N-invariant F-subspace
of S, define
C(X,0') = the subspace spanned by g(z") — 0’ (n)g(z),

where g € C(X),n € N, i.e. this space is the twisted Jacquet module of the space C(X). Then C(X)y =
C(X)/C(X,8) is the covariant. For fi, fo € C(X), denote f1 ~ fo if they have the same image in C(X)e.
We have a short exact sequence

0—C(y) = C(S) = C(Zy) — 0,

and hence a short exact sequence
0—=C(Qw)e = C(S)g — C(Zw)e — 0,

because taking covariants is an exact functor by [BH2006, P. 56].
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Lemma 5.3. Given f' € C(S), it has image 0 € C(Zy,)o if and only if

I(a, f') =0 for all a € A..
Proof. We only need to consider the “if” part. Denote A = A’,. The N-equivariant map
NxA— Z,
gives a surjective map C(N x A) to C(Z,) mapping 8 to f5. This induces a map
C(Zy)y — C(N x A)y, — C(A)*

mapping 7' to Tyxa then to Ts. Choose 8 such that fj is the restriction of f’ to Z,. Notice that f’ has
image 0 if and only if T'(f3) = 0 for all T"in C(Zy)3.-
Claim. Ty is supported in A..

Suppose 1 in C(A) has support outside A.. Define a smooth function n : A — N such that if « €
supp(71), then n, is in the stabilizer of @ in N and 6'(n,) # 1. Also we require n, = 1 outside a big
compact open set of A. On small compact open sets this is always possible, so we can patch them together
to get a function on A.

Choose &g € C(N) such that
/Jo(n)ﬂl(n) dn =1,

and define

(0, a) = (Go(n) = do(nan))y ().

Then f; = 0 since up to a scalar it is just the integral over stabilizers. Hence,

0="T(f,) = Txa(y) = Ta(va),

where

() = /N Y, )0 (n) dn = (1 — 0 (1)) 71 (1),

Since the choice n, only depends on the support of 41, 74 can be any function supported outside A, on

which T4 vanishes. Therefore the claim holds.
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Now restrict T4 and S to A., which we will still denote T4, and

T(f5) = Ta(Ba) = Ta(I(a, f5)) =0

since all orbital integrals of f’ vanish for orbits in A,. O

Let Gy = {g € S| detg = —1}. Choose fy € C(S) such that

I(eo, fo) =1,

I(jeo, fo) =0 for j>=1,j#1,j€E.

Define f1(g) = >_ fo(h)I(z, f"), where the sum is over g = hu with z = ueg € A, and h € G;. Then

I(ueo, fi) = > I(5 'eo, fo)I(ujeo, f') = I(ueq, ).

*=1

Therefore, f' ~ f; + fo, where fo € C(€,,). Similar to the proof of the previous lemma, C()er = C(Qe)or,

we can assume fo € C(£2e).

1

Now if ¢ = 2~ wan is equal to 7~ wbnu for b € Ag,,» u € Uy, then a = bu and thus

f1(a fwan) = Z Jo(n™ wbn) I (ue, f').

a=bu

Hence,

I(wa, f1) = K % Wef,(oz)7

where K (b) = I(wb, fp). Finally, we have

IHwa, f) = Hwa, f1) + I{wa, fo)

=K« Wl (@) + W] (o),

where W1 (o) = I(wa, f2) € C(Ay). This completes the proof of existence.
Given H = K +t where t € C(AS),

I(wa, ') = K« W (@) + Wi (a) = Hx W (@) + WL %(a) - t + W ()]

So for H we can choose W/ H (o) = W/ K (a) — t * W/ (o) € C(Ay) to make H a germ function.

w



Conversely, if H and K are both germ functions, then

IH{wa, fo) = K(a)

when « is outside the support of Wf’H and W£'>K.

H(a),

20
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Chapter 6

Germ functions in the general linear

case

In this section and the next section we are going to calculate the Mellin transforms of the corresponding
Shalika germ functions. The idea is very similar to the computation in [JY1999], i.e. to write the Shalika
germ functions as orbital integrals of carefully chosen characteristic functions, and then to compute their
Mellin transforms. This computation is very close to the ones in [JY1999], [Jac1992] and [Mao1993].

We assume in this section and the next section that the residue characteristic of F' is not 2. Substituting
a

o = m € A¢

wa

and [’ = fo € C(S) satisfying

l

I(GOa fO) = ]-7

I(j@o,fo) =0 for j3 = 17] 7é 17] € E7

into the germ equation (5.2), and letting a — 0 or a — 00, we see that

K(a) = I(wa, fo) for a large or small enough.

By Proposition 5.2, germ functions are unique up to compactly supported functions, so we can assume

K(a) = I(way fo) for all a. To choose such an fj, we fix a sufficiently large even integer m and let f be the



restriction to S of the characteristic function of

X5 <1, i <
1Xi;] < g™, i>j;
| Xs1] < gqp®™ '

| X11] = [ X33] = 1;

| Xoo + 1| < ¢5™;

where e = 0 if F/F is unramified, and e = 1 if E/F is ramified.

Denote z’ = 2y — z, and consider a € A, for the integral

22

Vi (x —y) dedydz

Vp(e —y) dzdydz

Ye(r —y)|ry|drdydz,

1 -z 2 a! 1 = =z
= / fo 1 —y u 1 vy
1 a 1
az’  —uZ at 1 =z =z
= / fo —ay u 0 1 y
a 0 0 1
azl  —uT +axz @' —uTy + azz!
= /fo —ay u— axry uYy — ayz
a ax az
aZ'TY —uT 4+ axZTY a ' —uTy + az2'TTYY
= /fo —ay u — axry uYy — ayzry
a ax azzry

where in the last step we replace z by zzy and write 2’ =1 — z.

Now we fix u, and consider the Mellin transform of I,

I(x,u) = /¢E(x —y)|zy|x(a) dz dy dz d*a.



a

-, we have
zy

Changing a to

over the domain

I(x,u) = /ww —ylzylx " (zh)x(a) dv dy dz d*a

242 =1,]az| =|a| = 1;

lu—az| < |z|7Y Ju—az| < |y~

1|.

ladzz’ —ua + 1| < |az~ty~Y;

22| > g™, lzy| > qF", |2wy| = g5 G

lu—a+1] <qg™.

6.1 Computation for ramified characters

Suppose Y is a ramified multiplicative character of conductor 1 + p'.

Lemma 6.1.

/|_ ) Yp(z)x z)dr =0,

l, if E/F is unramified,

unless t =

l+1, if E/F is ramified.

Proof. We only prove the ramified case; the argument for the unramified case is similar.

following two cases.

e Case 1: t <[+ 1. There exists u € 1+ p'~! such that y(u) # 1. Changing variables  — ux, we get

because |ux — z| < ¢~

e Case 2: t > [+ 1. There exists u € p~2 such that ¢ g(u) # 1. Changing variables = + = + u, we get

1

/| |—t wE(x)Xfl(:c) dx
= X_l(u) /|x—qt wE(ux)X_l(x) dx

=) [ @

implies ¢¥g(ur — ) = 1. We conclude it is zero.

/ - Yp(z)x (z)de

23

Consider the



wE(u)/ th(x)xfl(quu)d:E

= vst) [ dplen e

because [“E2 — 1| < ¢~ implies x(“££) = 1. We conclude it is zero.

Proposition 6.2. If E/F is an unramified extension, then we have

2
T w) =x(-u)(1 - g5) ! ( /. wE<a:>x<a:1>da:>

0, if L <m and |1+ u| > qz™;

b

X
[x '3 +ByT)dB, otherwise;

where the integration domain for [ is:

o |8]> g2 when | <m and |1 +u| < ¢g™;
o 181> g5 " and u(=% + BVT) + 5 + VT < 455 + BV/T| when m <1 < 2m;
o [u(~L + By + § + BT < a5} + By/F| when 1> 2m.

Proof. By Lemma 6.1 one can assume |x| = |y| = ¢},. Then

Hocw =30 [ wsex e [ vewn ) dyx A

lyl=d%
where
A:/X(a)dxadz,
over
ot = Llaz] = 1,]¢ = |1 - 2l
lu—az| < g5 Ju— a?’| < g5
2l > g5
ladzz' —ua + 1| < |a|q152l§
lu—a+1| < qgg™.
Note

u—az| < qg'

24



is equivalent to

|24+ 2 — 1] < g5')2l.

e Case 1: | < m. The conditions become

2| =1 —z|, |z + 2 — 1| < g5'|2[;
lu —az| < qgl;
2m—1,

|Z‘ > qg )

laz(az —u) + (1 — aazz)z| < g5

lu—a+1] < gg™.
Note that |a| = ﬁ < ¢ < g™, s0 |1 +ul < gg™. Making a — au/z, the conditions become

2m—1,

|2l = 1= 2|, |2+ 2 = 1| < q5'|z], 12| > a5" 7

[1—al < qu7 [(a—1)a+z(1—aa)| < qEQl.
Suppose z = a + /7, a = 1 + @' (z + y/7), where 7 is a unit and o is a uniformizer in F'. Then

A= x5 ! [ X7 + 8V dadidr

over
18l = a5 la = 3| < a5 1B];

| — 2+ a2z + @l (2? — y?7)| < g5
|y + B2z + @' (22 — y*7)| < g’

[z <1, [yl < 1.

1Later in the ramified case, 7 will denote a uniformizer of F, and w? = 7.

25



Changing = to 2z + @' (22 — y%7), this becomes

18l > 7" o — 3| < ¢85
—1
‘(O‘ - 1/2)37| < qdr

ly + Bz| < gz

2| <1, Jy] < 1.
Changing = to 37!, we have

A= X1 =gz [ 183G + By dadB dady,

over

18l > 7" o — 3| < ¢85

o < 18], la = 1/2/|x] < q5'1Bl. Iy + 2| < a5, |yl < 1.

Replacing = by x — y and simplifying, we get

18] = g2 o — 3| < q5'|B);

) < gl ly] < 1.

In conclusion,

A= ()1 = gz") g [N + BV .
Hence

if |1+ u| < ¢™™, and zero otherwise.

I(x,u) = x(—u)(1 = q5") ™" </| - wE(:v)x(xl)dx> x /|/3> . Xfl(% +BVT)dB

26



e Case 2: m <! < 2m. The conditions become

lz|=11—z,]z+z-1| < qu|z|;
lu—az| < qg;

2| = g5

laz —a+1| < q5™.

Changing a — “*, we get

I1—al <qzh
EE=

ja(a—1) + (1 - aa)z] < g5

lau(l = 2) +1] < g™

|az(az —u) + (1 — aazz)z| < (JEQ

|2l = 1= 2]l + 2 = 1] < q5|z];

27

Suppose z = a + B/7, a = 1 + @!(z + y/7). Notice |1 — % + £ < qu implies 1 — % is a unit, so in

the last condition a can be replaced by 1, i.e.
lu(z — 1) + z| < g™zl

Notice |z| > ¢2™~" > 1. Those conditions becomes

18] > a5l — 3| < |Blgg’
| — 2+ a2z + @ (22 — y?7)| < qu;
ly + B2z + @' (2% — y?7)| < g5

lz| < 1,0yl < 1

u(=3 + BVF) + 4+ 8yl < 45" |} + BV

Notice the first four conditons are similar to Case 1 and the final condition is purely in terms of 5.
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Similarly we have

2
F(x,w) = x(—u)(1 — g5") ! ( | wE<x>x<x1>dx> < [+ Bvas,

where the domain of integration over (8 is

18] > g2

[u(=3 +BVT) + 3 +BVTI < a3 + BVTI.

e Case 3: | > 2m. This is similar to Case 2, except now |z| > qiﬂmfl becomes vacuous. Hence first two
conditons give either

1 -
181> 1,la - 5| < |Blaz’

or

1 _
Bl <1 la— 3] < a5

For the first case, the computation is similar to Case 2 and gives the contribution

2
x(-u)(1 - g5") ( /. ¢E<m>x<m1>dz> < [x71G + By as.

where the domain of integration over § is

(=3 + BVT) + 5 + BYTI < ap™ 5 + BVl
For the second case, after applying a similar change of coordinates, we arrive at

18] <1,|a— 3| < 55
(o= 1/2)z| < q';
ly + Bz| < q5';

lz] <1, |y < 1

[u(=5 + BVT) + 5 + BYT] < a5™(5 + BV
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Changing y to y — Sz and simplifying, this becomes

18] < L]a— 3 < qgh 2] < 1,]y| < q5h

(=3 + BVT) + 5+ BVTI < ap™5 + BVl
This gives the contribution
’ 1
A1 - g ( [T dm) < [+ avds.
T|=qy
where the domain of integration over (8 is

1Bl < 1;

lu(=1 + BvT) + %+ BVT| < a5 L + BVT

Combining everything, we see

2
I(x,u) = x(—u)1 —gqp")~" (/ - ¢E(x)x(x1)dx> x /x’l(%ﬂtﬁﬁ)dﬁ,

where the domain of integration over § is

ju(—5 +BV7) + 5 + BVl < a5 + BV =

Proposition 6.3. If E/F is a ramified extension, and m is an even integer, then we have

2
I(xu) =x(~w)(1 = ¢ )" </| . wE(Jj)X(x_l)dx) x A,

where A is given as follows.

1. Ifl is even, then

0, fl<m-—1and |14+ u|l>q¢g™;
A:

[x~YE 4+ 8y7)dB,  otherwise;

where the integration domain for [ is:
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o B >¢*" " whenl<m—1and |l +u| <qg™;

o |8 > ¢* " and |u(—3 + BVT) + 5 + BVT| < g5 + BVT| when m —1 <1< 2m—1;
o 8] >1 and [u(—5 + BV/T) + 5 + ByT| < g7 ™[5 + ByY/T| when I > 2m — 1.

2. If l is odd, then

0, ifl < 2m—1;
A:

[x MR+ By7), dB  otherwise;

where the integration domain for 3 is:
1 1 — 1
Bl < L lu(=5 + BVT) + 5+ BVTI < ¢ 7[5 + BVl

Proof. By Lemma 6.1 one can assume |z| = |y| = ¢!*.

Suppose [ is odd.

e Case 1: [ < m — 1. We use the same notations as in Case 1 in Proposition 6.2, except [ is replaced by

[+ 1. Then we arrive at

1
A= gt [ 18]G + By dads do dy,

over
6] = ¢®" " Ja = 3] < ¢ PB);
2l < g hlyl <1
e+l <qm

Therefore

_ 1
A=t [ X5 + BVT) 6.
1Bl zq2m =1

Lemma 6.4. Fort > 1,

[ xigesvnas=o
181=q*

Proof. For | > 3, choose v' = 1 + w!~!(ug + wuvg) such that y(v') # 1, |ugl, |vo| < 1, so that

v = (14 @' tug) + wlvo.
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Therefore, x(v) # 1, where v = 1 + @' ~1ug. Notice

R LA Lo
(3 + Bw)v (3 + Bw)v

Now changing 8 to Sv in the integral,

—1 1 _ -1 -1 1
[ iGravns=xio) [ xGrsvads

|Bl=q*
which gives that the integral equals 0.
For | = 1, choose v' = ug + wuvg such that x(v') # 1, |ugl, |vp] < 1, so that v = up satisfies x(v) # 1.

Now everything is the same as above. O

Applying this lemma, we get that in this case the integral is 0.

Case 2: m—1 <1< 2m —1. Since m is even, [ is odd, so [ > m + 1. Following the same computation

as in Case 2 in Proposition 6.2, we get

Ayt /X_l(% + By/7) dB,

where [ is over

18] > g2+,

u(=3 + BVT) + 5 + BTl < a5 + BV
Lemma 6.5. Fort>1,

1
[xiGrevnas—o

where (B is over

18l = d";

[u(=4 + By/7) +  + BTl < 14 + BT

Proof. Choose v as in Lemma 6.4. FEverything goes through except we have to check that under

B +— ' = Pv, the second condition is unchanged. Notice the difference is given by

(u(—% +8VT) + % +BAVT) - (u(—% +BVT) + % + BVT) = Bt uou + B'u,
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whose absolute value is smaller than or equal to ¢=™*|3|(l > m + 1), which is the right hand side in

the second condition, so it is unchanged and the integral is 0. O
Applying this lemma, we get that in this case the integral is 0.
e Case 3: | > 2m — 1. Similar to Case 3 in Proposition 6.2 when E/F is unramified, we have two parts:
LBI>1, Ja— 3| <[Blg~""%
2. Bl <1 -5l <qgh

Similar to Case 2 which we just computed, the integral over the first part vanishes. The second part
gives

A= [xG+svnas,

where [ is over

Now suppose [ is even.

e Case 1: [ <m — 1. We use the same notations as in Case 1 in Proposition 6.2, except [ is replaced by

l+1,and a =1 — o't (z — y\/7). Then

1
A=gt /x—1(§ + B/7) dadB da dy,

over
18] = > — 5| < 28]

|z + @?B(2y — @' (x? — y?7))| < ¢ 7%

ly — a2y — @ (a? — y27))| < g7

2] <1, ]y < 1.

Changing y to 2y — @' (2% — y27), the conditions become

18] = ¢* L o — 5| < g2 |85
|z +@?By| < ¢ 7%

(o —1/2)yl < ¢

o] <1, ]yl < 1.
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Now changeing y to WLZ)/% we get

_ 1
A= [ 121G 4 By dadBdo

over

18] = > o — 5| < 7285
lyl < q 28], |(e—1/2)y| < ¢! 7218, |z| < 1, |z +y| < ¢7'72

Changing = — x + y and simplifying, we arrive at
1
4= x5 + BV dB.
|B|>q2m !
Case 2: m — 1 <l < 2m — 1. Similar to Case 2 in Proposition 6.2, we have

A= x5+ 8V s,

where [ is over
18] > a3
[u(=3 + BVT) + 5+ BVTI < a5 + BV
Case 3: | > 2m — 1. Similar to Case 3 in Proposition 6.2 when E/F is unramified, we have two parts:

L IBI>1, Ja—3| <[Blg~""%

2. 1Bl <1 o -5l <qg %
As in Cases 1 and 2, the first part contributes
1,1
X (5 + BVT)

to A, where [ is over

18] > 1;

lu(=5 + BVT) + 5 + BT < a5 + YT

For the second part, we work similarly as in Case 1 and denote its contribution to A as As. Then

1
A=t [+ BV dadsdu
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over

Bl <L la—3[<q'7%
|z + @Byl < ¢

(@ —1/2)y[ < q7%

2| <1, [yl < 1

lu(=5 +BVT) + 5+ BVT < a5 + BV

Making the change of variables * — = + w?By and simplifying, we get

1
Ay =g~ ! -1z .
2=¢q (/;Slx (24—ﬁvG3dﬁ

Lemma 6.6.
.1
[xiG+evnds—o
over
1Bl < 1,

u(=3 +BVT) + 5 +BVTI < a5 + BVTI.
Proof. Choose v =1+ @'~ (ug + wwvp), |uol, |vo| < 1, such that x(v') # 1. Then

1
+ (B + iwlﬂuo)w mod p.

| —

1
(= + o) =
2
If we make B+— 3 = B+ %wl_2u0(l > 2), the difference is
1 / 1 / 1 1 1 -1 1 -1 -1
(u(—§+ﬂ \ﬁ)+§+5 ﬁ)—(u(—§+ﬂﬁ)+§+ﬁﬁ):§w uug + 5@ g €P

Since [ — 1 > 2m — 2 > m, its absolute value is less than or equal to ¢~"*, which is the right hand side

of the second condition. Therefore,
1 1 —1 1 / -1/, -1 1
X HBVTdB = [ XS +AVT) B =xT() [ XTHG + BVT)dB,
which implies the integral is 0. O

By this lemma, we conclude A; = 0 and hence the proposition. O
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6.2 Computation for unramified characters

Now, assume x(z) = |2|% is an unramified multiplicative character. Denote X = ¢®. Recall the conditions

above are

z+2 =1 laz| = |az'| = 1;
lu—az'| < x|t Ju—az| < |y~
laazz’ —ua + 1| < laz~'y '3

zx| > qF", |2y| > qF", 2wy > g

lu—a+1] <gz™.

Proposition 6.7. If E/F is an unramified extension, then

A 771X27n+1 . _
. It‘*‘(q—l)%, if [1+ul < g™
I(x,u) =

0, otherwise;

where )
=g ( [ e dr) <[ xG AR s,
jal=az Blzaz" 2
Proof. We restrict to the case |z| < qg, |y| < ¢g.
Notice |2| > ¢2™ ! implies |a| < g, *™ < ¢5™. Hence the final condition is equivalent to

11+ ul < gp™.

Divide the domain of integration into the following four regions:
L |z = |yl = q&;

2. [z <1, Jy| = gm;

3. |zl =qm, lyl <1

4. Jz[ <L [yl <1

The first region is similar to Case 1 in Proposition 6.2 (where [ = 1) and gives the contribution

2
fi= (- gz ( | x1<x>wE<x>dx> S XGRS



The contribution of the second region is

Lo = /¢E(x —)|zylx  (zy)x(a) de dy dz d* a,
which is the sum over r of the contributions JA} over

lz| = q5", [yl = q&,7 > 0;
|lu —az| < qu;

2| > gzt

laz(az —u) + (1 — aaz2)z| < ¢y '

Then

I = —(1-qg' gy X' /x(a) d*adz.

Changing a to au/z,

I =—(1—qg")qp X" /x(a)x’l(Z) d*adz,

over
11—a| <qgh
2| > ¢t

a(a—1) + (1 - aa)z] < g

The third condition simplifies to

[(1—aa)z] < q}:;_l.
2777,Jr7"+s7 s 2 0.

Suppose |z| = g

Lemma 6.8. For b > 1, the integral

/dxa

I1—a| <qz',[1—aal < qz°

over

is equal to (1 — qgl)*lq’lfb,

Proof. This is [Jac1992, Lemma 1].
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Applying this lemma with b = 2m + s + 1, we get

Ir _ _(1 _ qgl)q272rX1—r Z(l _ qgl)—lq—Q—s—QmXQm-&-r—&-s(q2Em+r+s _ qéer'rJrsfl)
s>0
1

- (1 - -1 7nX1+27rL

—r
qE )

and

R R mX1+2m
Imlzzjr:*QEl_ X
r>0 q

By symmetry, the contribution Lo from the third region is equal to Ini.

Finally, we compute the contribution I, from the fourth region:

o= [ ele = eyl @p)x(a) dody dz da,

over
lz| <L lyl <1, az| = 1;
2] > gz Myl
laz(az — u) + (1 — aazz)z| < |z|~ty| !
Changing a to au/z, these become
Iz < 1|yl < 1,]a[ = 1;

|2 = a5yl
11— aal < |zyz|™

and the integral becomes

fb=/|xy|x_1(a:yz) drdydzd*a.

/dxa

la = 1,]1 - aa] < g5

Lemma 6.9. For b > 1, the integral

over

is (1—q~ 1) 1q".
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Proof. This is [Jac1992, Lemma 2]. O

Now we set

|£C‘ _ qE'T’ |y‘ _ qu7 |Z| _ q2Em+1+S+r+t,T,S7t 2 0’

and apply this lemma with b = 2m + ¢+ 1 to get

fb — Z(l _ q—l)—lq—Zm—t—1q2Em+t+1(1 _ qgl>3qgrst2m+t+1

7,8,t

_ q%zX?m-‘rl Z(l _ q—l)—lql—i-tXt(l i qgl)i’) qusft
t

s,t
m y2m—+1
qp X
=1 =
(1+4q) e

Combining everything we have

f:ft+fm1+fm2+jb

R 1+2m quZm—&-l
=1 —2q5 —— + (1 =
t QEl—qX+( +q) 1— X
R qu2m+1
=1 e
t + (q ) 1— qX ’
where
’ 1
== ([ ews@ds) [ G svnds.
lz|=q5 1Blzaz" !
This finishes the proof of the proposition. O

Proposition 6.10. If E/F is a ramified extension, then

X2m+3qm+3

A _ 2 )
Iuy=4 179X

0, otherwise.

if |1 +ul <q™;

Proof. We restrict to the case |z| < ¢?, |y| < ¢°.

Notice |z| > ¢*>™~2 implies |a|] < ¢>~2™ < ¢~™. Hence the final condition is equivalent to

14 ul <¢g ™.

By symmetry between x and y, it suffices to consider the following six regions:
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el =yl = ¢%

—_

[\

. ‘$| = q27 |y| =dq;
3. ‘(ﬂ| = q27 |y| <L

4. |zl =q, ly| = ¢

(31

Czl=q Yy <1
6. x| <1,y <1

Denote the contributions of these regions to f(x, u) as jzg, fgl, fgo, fll, flo, Ioo respectively.

For I, the calculation is similar to Case 1 in Proposition 6.2 (with { = 1), and it gives

2
b= - ( / sz(m)x(x-l)dx) [ XGRS
_ (1 _ q—l)—qu4 % qu+‘g(l _ q—l)X2m+2s—1

qm+1X2m+3
1—¢X2

For j11, the calculation is similar to Case 1 in Proposition 6.2 (with [ = 0), and it gives

2
Li=(@1—¢hH™! ( Yp(@)x(@™h) dw‘) X / X’l(% + By/T)dB
lzl= 16> q2m+2

=(1-q¢ X% x qu+s+1(1 _ gl x2mr2s
s>0
(qm+3 _ qm+2)X2m+3

1—¢gX2

=(1-q¢7")

For I»1, we make a similar change of variables and end up with

f21

[ sl @ [ veli ) dy A

lyl=q

=—¢’(1—q )X’ x A,

where

A= /xil(z) d*adz
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over

|Z‘ 2q2m—1;
1—al <q 2 |z+2—1] <qgYz;
la(a — 1)+ (1 —aa)z| < q73.

Setting 2z = a + fw, a = 1 + @w?(z + yw), |z|, |y| < 1, the conditions become

18] = ¢*™, o — 3| < ¢72|B];
|| <1,y < 1;

|7 — (22 + @?(2? — y*w?))| < ¢ %

B2z + w*(2? — y*w?))| < 15

and the integral becomes

A= / z)d*adz

=(1—-q Y~ 1q72/X71(z)dxdydadﬁ.

Making the change of variables = — 2z + w?(2? — y?w?),

18] > ¢*™, |la — 3| < q72|B];

(= 3)z] < ¢ 2, |Ba| < 1|2 < L Jyl < L.

Making = — x/8, we have
A= (=7 [ 18173 :) dedy dads

over
18] = ¢*™, | — 3] < q72IB;

[z <1, [yl < 1.

Therefore, we get

1

A= (1 _ q—l)—lq—B ZX2m+2s—1qm+S(1 _ q—l) — qm—3X2m—1 - X27

s>0
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and hence
R B qm+2x27n+2
Iy = —(1—g~H)2— 2
21 (I-q¢7) 1—gx2

For I, we consider the contribution fgo of |z| = ¢ ", |ly| = ¢%, r > 0. As above, we have

= [ ve@lhC M@ [ vswli 0 dyx A

ly|=q>

_ 7q372r(1 o qfl)X27r % A,

where
A:/X_l(z)dxadz
over
2] > ¢*™
1—al <q%

la(a — 1)+ (1 —aa)z| < ¢" 2

The last condition simplifies to

(1 —aa)z| < g%

Lemma 6.11. Let b > 2 be an even integer. Then the integral

/dxa

over

|1 —a| < g2, |1 —aal < q_b

1S
1N — _b_
(1—qg H g 2h

Proof. This is very similar to Lemma 6.8 and Lemma 6.9. We provide the proof here for completeness. If

we write a = 1 + w?(z + yw), |z|, |y| < 1, then the conditions become

2] < 1,Jyl < 1,022 + @ (2® — y’w))| < ¢



Now under x +— 2z + w?(z? — y?w), the integral becomes

_ 1N — 1N — _b_
q2(1—q1)1/ dedy=(1-q ") g 27N
|2z <q—b

2m—+r+2s+1

Now assume |z| = ¢*™+"+2% or ¢ , 8§ > 0. According to the lemma,

A :ZX2m+r+25q2m+r+25(1 _ qfl) % (1 _ qfl)fququmfsfl
S

+ ZX2m+r+2s+lq2m+r+2s+1(1 _ q—l) % (1 _ q—l)—lq—lq—m—s—2
S

:X2m+rqm+r—2 Z(l + X)XQqu

_X2m+rqm+r—2(1 +X)
N 1—gX?2 ’

Therefore, we have

R 5 X2m+2 1 —|—X m _ . X2m+2 1 —|—X qm+1
I R T ) DY e i Lt 9

1—¢gX2 1—¢X?2

For o, we consider the contribution of I7, of || = ¢~", |y| = ¢, r > 0. As above we have

Ty = (1- g PP X7 x A,

where
A:/X_l(z)dxadz
over
2| > g2mHrH,
1—al <q™h

(1 — a@)z] < g7 1.

Lemma 6.12. Let b > 2 be an even integer. Then the integral

/dxa

over

1 —a| < gt |1 —aal < qg®

42
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18

o

(1- q_l)_lq_f.
Proof. This is similar to Lemma 6.11. O

Now assume |z| = ¢?mFT7 1128 op ¢2m+r+2+2s 5 > (). Then

A= ZX2m+r+1+2sq2m+T+l+25(1 _ q—l) % (1 _ q—l)—lq—m—s—l
s
+ ZX2m+r+2+2sq2m+r+2+25(1 _ qfl) > (1 _ q71)71q7m7372
s
:X2m+1+rqm+r Z(l + X)X2sqs
s
_X2m+1+7‘qm+r(1 +X)
N 1—¢gX?2

Hence,

(1 _ q—l)X2m+2<1 + X)qm+2
1—gX?2 '

7 rr (1 - q_1)2 —1
S S SR

S

For Ioo, we consider the contribution Iy of |z| = ¢~ |y| = ¢~*, 7,5 > 0. As above we have

jg(,)s — (1 _ q—1)2q—2r—2sX—r—s x A

)

where

A= /X_l(z) d*adz

over

2] = g#mrrrrs,
lal =15
(1 —aa)z| < ¢

Lemma 6.13. Let b > 2 be an even integer. Then the integral

/dxa



over

la| = 1,]|1 —aa| < q®

8

o

2(1—q¢ ") g 2.

Proof. aa =1 mod p impliesa =1 or —1 mod p. Hence the integral is twice the result of Lemma 6.12.

Now assume |z| = ¢?mH+2+r+s+2t op ¢2m+24r+s+142t ¢ > (). Then

A= 22X2m+2+r+s+2tq2m+2+r+s+2t(1 _ qfl) ~ (1 _ qfl)fqumftfl
t

+9 ZX2m+3+r+s+2tq2m+3+r+s+2t(1 _ q—l) % (1 _ q—l)—lq—m—t—Q
t

— 2X2m+2+r+sqm+r+s+1 Z Xtht(l + X)
t

_ 2X2m+2+r+sqm+r+s+1 11 + XQ )
_ qX

7 7Tr,s
Ipo = E Ioo
r,s

1+ X
— 2X27n+2qm+1 + (1 _ q—1)2 Zq—r—s

1—gX?2 —
B 2x27rz+2qm+1(1 +X)
N 1—qgX2

In conclusion, by symmetry between x and y, we have

I(x,u) = Ing + Iy + Ioo + 2(Iao + T10 + In1)
X 2mt2gmt1

1—¢gX?2
X2m+3qm+3

1—¢gX?2

(X +(q—1>2X 42X +242[-X -1+ (¢g— D)X +1) = (¢—1)])

This finishes the proof of the proposition.

44
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Chapter 7

Germ functions in the unitary case

For the unitary case, denote G to be the standard unitary group of rank 3, i.e.
G ={g € GL3(E) | ‘guwcg = wg}.

The unipotent subgroup N consists of matrices of the form

Define

Consider the action of N x N on G by
(o) = nflxng.

By the (relative) Bruhat decomposition, the N x N-orbits have representatives given by wa, where w is an
element of the (relative) Weyl group and « is a diagonal matrix. Now we give a complete description of the
N x N-orbits.
0 0 1 a 0 O
cew=wg=|0 1 0], 40v=<Sa=10 uw 0 ut =1 p. For a given «, its stabilizer is trivial,

100 0 0 at
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so all orbits are relevant. We define the orbital integral

J(wa, f) = /N N f(nflwang)ﬁ(nlng) dni dns.

a 0 0
ew=e A,=<a=1]0 u 0 uu =1 p. For a given «, its stabilizer is
0 0 at
Loa t— 5
(ni,ne) Ini=10 1 —; ,aTe = ux1,t1 = aate,t; +t; =0,i=1,2 3,
0 0 1

so the relevant orbits are A, = {a = diag(uy, —u1,u1) | uruy = 1}. For a € A, the stabilizer is

1 xZ; ti — Li;i

(NXN)y=<(n,na)|lu; =10 1 —; , 1+ 20 =0,t1 =19
0 0 1
Let
1 o t—2% 1 o —t—2%F
m=|[0 1 -z [,n2=]0 1 -z |[,t+t=0,
0 0 1 0 0 1

and define the orbital integral

J(a, f) = /f(nflang)H(nlng)dxdt

up wax —ui(t+ %)
:/f 0 —u T Ye(x)dedt.
0 0 U1

We similarly have a Shalika germ function L on Af, _, i.e. a function satisfying: for any f € C(G), there

exists WS € C(Ay,), such that

J(wa, f) = Wi(a) + LxWi(a), (7.1)

where W/ (z) = J(z, f) for z € A., and L x W/ (a) is defined in the same way as (5.3).
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Let f} be the restriction to G of the characteristic function of the following set K,,:
| Xu| = [Xs3| =1,
|Xij| < 1,4 <
| Xi5] < qg™™1 > 3

|Xs1] < qg”™ '

[ X920 + 1] < q5™;

where € = 0 when E/F is unramified and € = 1 when E/F is ramified. By the germ equation (7.1), we have
L(a) = J(wa, ff).
We compute that

J(wa, f}) = / fo(ny fwans)0(ning) dny dng
N/X N

= /H(nflng) dny dno,

where the integral is over

niwang € K,,.

We make the change of variables

niwa = kn'

where k € K,,, and n’ € N’, so that

J(wa, f) = /Gfl(nln’) dny,

where nywa = kn' as above.

Suppose



Then the condition

njwo = —Za ” 0o | € K,,N'
a 0 0
is equivalent to
|(t = &F)al = 1;

laz| < g5 la] < g7

[+t 22| < g™

Under these conditions,

(t—%)a 0 0 1 b ¢
njwa = —az u+ 2L 0 0 1 —b
2
ux 1
a i e 0 0 1
where
uzT
b= —
a(t — %)
1
C = —
aa(t — %)’
so that
¢+ ¢= —bb.

We conclude that

J(wa, f§) = /¢E <:c - wﬁ%) dz dt.

2

Substituting ¢ — txZ, this becomes

J(wa, f7) =/wE (—x— “ - >|mdwdt,
ax(t — 3)
over
|(t — %)ax:ﬂ =1;
—2m—1—c¢,

\am| S quma |a| S QE )

L+u+ | <qg™
2

€ K,,N’,

48
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Now fix u, take a multiplicative character x, and consider the Mellin transform of J

u) :/J(wa)x(a) d*a

Making the change of variables x — —z, a — — —t, we have

(u 1)’
Jow) = x(=0 =) ! [velan @ de [onlanci@da [ e g

over

la] = [«f;

la(t + 3) > q"

laz(t+ 3)| > a5

1+u— <qE

7.1 Computation for ramified characters

Suppose Y is ramified of conductor p,

Proposition 7.1. If E/F is an unramified extension, then we have

J06w) =x(-w)(1 = g5") ( /| wE(x)x(xl)dx>

0, if l <m and |1 +u| >q5™;
X

[x71(3 + ByT)dB,  otherwise;
where the integration domain for 3 is:
o 8] > q2m U when | <m and 11+ ul <gg™;
o 18> 2 and u(—1 + ByT) + & + BYT| < qz™ |3 + BVT| when m < 1 < 2m;
o [u(—L+Bv7) + b+ BVl < qg" L + By when 1> 2m,
Proof. We can restrict to the case |a| = |z| = ¢};. Let t = B/T.

e Case 1: | < m. We observe that |t + = | > q2m b> ¢, hence |1+ u| < ¢z™ and the integral for 3 is
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taken over || > ¢2" . We obtain

2
J(xu) = x(-u)(1 - g5) ™! </ - wE(I)X(Il)dI> x /|6|> . x’l(% + BT dp.

e Case 2: m <1 < 2m. We observe that |t + %| > q%’”_l > 1, hence the integral for 3 is taken over

18] > g

lu(—3 + BVT) + 5 + BVTI < g5 5 + BVTI.
‘We obtain

J(xu) = x(—u)(1 —qg') " </| - wE(x)x(w‘l)dx> x /x‘l(% + BV/T) dp

over

18] > g

u(=3 + BV7) + 4+ Byl < 45" |} + BV

e Case 3: [ > 2m. The only remaining condition over S is
1 1 —n 1
(=5 +BVT) + 5 + VT < a5™ |5 + BV

‘We obtain

J0xu) = x(-u)(1 = g5) ! ( /. ¢E<w>x<w-1>dm> < [ +pvRas

over

ju(—5 +BV7) + 5 + BVl < a5 + BVA

Proposition 7.2. If E/F is a ramified extension, and m is an even integer, then we have

T u) =x(—u)(1—-q¢ )" (/

where A is given as follows.



1. Ifl is even, then

0, ifl<m—1and |1 +u|l>qg™;
A:

[ x5+ BYT)dB,  otherwise;
where the integration domain for [ is:
o B >¢*"whenl<m—1and |l +u| <qg™;
o |8 >¢* ! and [u(—% + BvT) + L+ BT < ¢7™|5 + BYT| whenm —1 <1< 2m—1;
o 181> Land [u(=1 + B/7) + 3 + BT < I3 + By when | > 2m — 1,
2. If l is odd, then

0, ifl < 2m —1;
A:

[x Y& +BYT)dB,  otherwise;

where the integration domain for (3 is
1 1 o1
Bl < L lu(=5 + BVT) + 5+ BVTI < a5 + BV7l.

Proof. By Lemma 6.1 one can assume |z| = |y| = ¢!t

Suppose [ is odd.

e Case 1: | <m — 1. Similar to Case 1 in Proposition 7.1 (with [ replaced by ! + 1), we arrive at

J00u) = x(-u)(1 g7 ( Lo wE<x>x<x-1>dm> X GBS,

but by Lemma 6.4,
1
/ X (2 + BYF) dB = 0.
1BlZqz"™ 2

Hence the integral vanishes.

o1

e Case 2: m—1 <1< 2m— 1. Similar to Case 2 in Proposition 7.1 (with [ replaced by [ + 1), we arrive

at

JOu) = x(—u)(1—q ") </| - wE(x)x(x‘l)dx> x /X_l(% + BV/T) dpB,



where [ is over

‘/8| > qQ’m—l-‘,—l;
[u(=3 +BVT) + 5+ BVT < 4715 + BVT;
but by Lemma 6.5,
4,1
[xiGrovnas—o
So the integral vanishes.

e Case 3: | > 2m — 1. Similar to Case 3 in Proposition 7.1 (with [ is replaced by [ 4 1), we arrive at

2
J0ow) = x(-uw)(1 - g7 ( / wE<x>x<x1>dx> < [+ Bvas,
where [ is over
1 1 1
(=5 + BVT) + 5 + BV < a7 "5 + BV

but by Lemma 6.5,

[xG +svas=o.

over

Bl >1;
[u(=3 +BVT) + 3+ BVTI < a3 + BVTI.

So the integral is over
1 1 |
1Bl < L Ju(=5 +BvV7) + 5 + BVT <75 + BV

Now suppose [ is even.

m

e Case 1: | < m — 1. Similarly, we require |1 + u| < ¢~™, under which we get

2
J 06 u) = x(~u)(1 = g™ ( / wE<x>x<x1>dx> x /W Rt ar

e Case 2: m—1 <1< 2m — 1. Similarly we get

Jou) = x(-w)(1 g ) ( Lo ww)x(x-l)da:) < [ X7+ By as.



where [ is over
18] > ¢

[u(=3 +BVT) + 3+ BVTI < a5 + BVTI.

e Case 3: [ > 2m — 1. Similarly we get

2
T u) = x(-u)(1 g7 ( | wE<x>x<x-1>dw) < [ X7+ sy as.
where [ is over
Iu(—% +BVT) + % + BV < q*mlé +6v7l.

By Lemma 6.6,
1
/x‘1(§ +Bv7)dB =0

over

1Bl <1,
(=% + BVT) + 3 + BVTI < ™5 + BVTI.

Hence the integral is over

1Bl > 1;

[u(=4 + BV7) + 3 + BVl < a4 + By,

This finishes the proof of the proposition.

7.2 Computation for unramified characters

Now let x = |z|5, be an unramified character and X = ¢°.

Proposition 7.3. If E/F is an unramified extension, then

~ nLX2m,+1 . _
. Jt+(q—1)%, if [T+ ul < gg™;
J(x;u) =

0, otherwise;

93



where

Proof. We can restrict to the domain |a| = |z| < gp. Note that in this case |t + 1| > ¢

the fourth condition becomes |1 + u| < ¢z™.

Denote by J; the contribution from |a| = |#| = ¢g. Similar to Case 1 in Proposition 7.1,

Ji=(1—-qz")? <[T|_q Yp(z)x () dx) X /B|>q2’"1 X HBVT + %)dﬂ.

The contribution .J, coming from |a| = |z| = ¢5", where 7 > 0, is

(1—gp" )X g™ XLt +1/2) dt

— (1 _ qEI)X—quEZT Z X2m+2r+1+sq2m+27'+1+3(1 _ l/q)

$>0
= X" (g —1) ;); (igll a5
Summing over r, we deduce
Jy = (q— l)q%§MI1

In conclusion,
m yv2m+1
qg X

. _ .
J(x;u) =Ji + (g )qX_17

where

Ji=(1-gg" ( / i w<x>x-1<x>dx> RSN

Proposition 7.4. If E/F is a ramified extension, then

77L+3X2m+3 . _
. (IPW, if 1 +ul <q™™

0, otherwise.

o4

, and therefore

Proof. We can restrict to the domain |a| = |z| < ¢*. Note that in this case [t + 1| > ¢*™~2, therefore fourth

condition becomes |1 4+ u| < ¢g=™.
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Denote by J; the contribution from |a| = |#| = ¢2. Similar to Case 1 in Proposition 7.1,

2
Jo=0-q) ( L en <m>dx> o R G TR

_ (1 _ q71)71q2X4 > ZX2m+2371qm+s(1 _ qfl)
qm+2x2m+3

1—¢X?2

Denote by J, the contribution from |a| = |z| < ¢, and by J{ the contribution from |a| = |z| < ¢~", where

r > —1. Similarly we have

2
J=0—-q¢H! (/ o V() (x) dm) X /|5> taia X HBVT+1/2)dp

_ (1 _ q—l)q—QrX—2r % ZX2m+3+2r+28qm+2+r+s(1 _ q—l)
s>0

_ (1 _ q—1)2q7rL+2—7-X27n+3 Z Xqus
s

(1 o q71)2qm+27rX2m+3

1—gX?2
Summing over r, we get
R R " qm+3X2m+3
Jy = J=01-q¢g ) —
7‘;1 ’ 1- qX2
In conclusion,
R qm+3X2m+3

1—gX?2
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Chapter 8

Comparison of germ functions

Comparing all the previous cases, in particular, comparing Proposition 6.2 with Proposition 7.1, Proposition
6.3 with Proposition 7.2, Proposition 6.7 with Proposition 7.3 and Proposition 6.10 with Proposition 7.4 we

conclude with the following.

Proposition 8.1. For every fized u,

I(x,u) = J(x,u).

Thus,
I(wa, fo) = J(wa, f).

In particular, if we take u = ¢ where a € A¢,_, we have the

wa?

Corollary 8.2. For all o € Aj, ., we have

Given f" in C(S), we say that f in C(G) is the smooth transfer of f’ (and vice versa) if they satisfy
I(wa, f') = J(wa, f)

for all & in A,,.

Proposition 8.3. For any f in C(S), its smooth transfer f' in C(G') exists, and vice versa.
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Proof. By the unitary analogue of Lemma 5.1, given f we can find f’ such that

wl=wl" wl=wl.

Now by Corollary 8.2 we know that the germ functions K and L are the same. Combining this with the

identical germ equations (5.2) and (7.1), we see that f’ is the transfer of f. O
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Chapter 9

Conclusion

Lemma 9.1. Suppose we have two matching functions f = @, f, € C(G(Ar)) and f' = ®,f), € C(G'(AF)).

If 11 is the weak base change of one stable L-packet of G, then we have

In(f') = J= (1),

where the sum is over all w in the same L-packet.
Proof. This is the result in [F1i1992, Proposition 28]. O

We refer to [Rog1990, page 201] for the definition of stable L-packets and the result [Rog1990, Theorem
1.3.3] that the bage change of a stable tempered L-packet of a cuspidal representation is a single cuspidal

automorphic representation.

Theorem 9.2. Fvery stable tempered L-packet of a cuspidal representation of G = Us contains a generic

representation.

Proof. Consider the weak base change I to G’ = GL3(Ag). By Proposition 3.1 we see that IT is distinguished,
and hence Iy;(f’) # 0 for some ' = ®, f, € C(S(AF)). By Proposition 3.2 and the factorization of I (f’) into
local components, we can modify f/ at the archimedean places and even places v such that f/ is supported
on the regular orbits and Iry, (f,) is not zero. Therefore we maintain the nonvanishing of Ii(f’). Take
f = ®ufo € C(G(AF)) to be the transfer of f’. By Lemma 9.1, we see that the sum > _J:(f) is not zero,

and thus J(f) is not zero for some 7 in the L-packet, which means 7 is generic. O]

Using a similar approach by considering the noncuspidal discrete part of the RTF in Proposition 2.8, we
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can prove that the same result holds for the endoscopic L-packets of a cuspidal representation. Now we are

in a position to prove a local statement.

Theorem 9.3. Consider a quadratic extension E'/F’ of local fields. Then every tempered local L-packet of

G(F) contains exactly one generic component.

Proof. By [GRS1997] the only unknown case is when the local L-packet reduces to a single supercuspidal
representation. Say E' = F, and F’' = F,, for a quadratic extension of number fields E/F. Consider any
irreducible cuspidal representation 7 of G(Ap) with m,, equal to this supercuspidal representation. By the
previous theorem we know there is a generic cuspidal 7’ inside the L-packet containing 7, so in particular

Ty = T, is generic. O
Finally we prove that local genericity implies globally genericity.

Theorem 9.4. Suppose that 7 is a cuspidal automorphic representation of G(Ar), such that m,, is generic

for every place vg. Then 7 is globally generic.

Proof. Let 7' be a generic cuspidal automorphic representation inside the L-packet of w. By the local result

of Theorem 9.3 we know that ,, = 7, for all vo. Thus 7 = 7’. O
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