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ABSTRACT 

The Effects of Mastery of Writing Mathematical Algorithms on the Emergence of Complex 

Problem Solving 

Tsambika Mersina Fas 

I tested the effects of mastery of writing mathematical algorithms on the emergence of 

complex problem solving using a time-lagged multiple probe design across matched pairs of 

participants. In Experiment 1, 6 participants enrolled in third grade, ranging in age from 8 to 9 

years, were selected because they were unable to write mathematical algorithms despite 

mathematical proficiency. The dependent variables were pre and post algorithm instruction 

probes consisting of verbally governing algorithm probes and abstraction to complex problems. 

Abstraction to complex problems was defined as solving untaught complex problems by 

applying taught algorithms. Verbally governing responses were defined as a functional algorithm 

on how to complete the mathematical problem. The independent variable was algorithm 

instruction which consisted of two teacher antecedent models for less complex problems, using 

an algorithm to complete the problem, then writing the algorithm, followed by learn units to the 

participants who served as writers. A peer-yoked contingency was implemented to teach the 

functionality of writing algorithms by providing an establishing operation for participants. The 

writer solved a mathematical problem and then wrote the algorithm on how to solve the problem. 

If, after one attempt, the reader solved the problem correctly, both participants moved up on the 

game board, however, if the reader was unable to solve the problem correctly, the experimenter 

moved up a space on the game board. In Experiment 2, the effects of the algorithm procedure 

were further tested with 4 new participants enrolled in second grade and ranging in age from 7 to 

8 years. The differences between Experiment 1 and 2 were the age and grade level of the



participants as well as the mathematical content taught. The mathematical content taught in 

Experiment 1 was fractions and multiplication and addition and fractions in Experiment 2. 

Results of the study show all participants acquired the capability to abstract more complex 

mathematical skills and write functional algorithms for mathematical problems solved. 

Participants’ overall mathematical skills increased from skill levels prior to algorithm instruction. 

After serving as a writer, participants were able to abstract two more complex mathematical 

problems without receiving additional instruction. 
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Chapter I 

INTRODUCTION AND REVIEW OF THE LITERATURE 

Research in Mathematics and Abstraction 

When teaching mathematics, it is vital to address prerequisite skills and research in 

mathematics. The National Research Council (2001) explains that the difference in mathematical 

performance of U.S. students in comparison to other areas of the world is the lack of more than a 

mere understanding of basic mathematical concepts. Furthermore, U.S students have a notable 

deficit “…in their ability to apply mathematical skills to solve even simple problems” (p. 4). 

Students are lacking the educational opportunities needed to achieve higher levels of 

mathematical proficiency (2001). 

Samuelsson, (2011) tested arithmetic ability in the beginning of lower secondary school 

as a predictor to student arithmetic performance at the end of lower secondary school in Sweden. 

Analysis suggests that concept of numbers and operations with numbers (or procedural fluency) 

are strong predictors of arithmetic performance, but operations with numbers is a slightly higher 

predictor because students must implement a solution algorithm. “Only when they are going to 

solve a more complex task, concept of numbers seems to predict their achievement more than 

operation with numbers,” (p 23- 24). 

Results obtained were implemented on a national test which contained four subtests: oral 

tasks testing the student’s adaptive reasoning, problem solving, complex problem solving, and 

arithmetic tasks testing the student’s arithmetic ability. Arithmetic tasks testing the student’s 

arithmetic ability evaluated operations with numbers and concept of numbers. In the three other 

subtests, students were asked to provide explanations or evidence. In both problem solving and 

complex problem solving, students must provide evidence of mathematical knowledge, make 
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conclusions, solve the problem correctly, and present their work with evidence. In the oral tasks 

testing students’ adaptive reasoning students must not only provide evidence of understanding 

the problem but also a clear explanation to solve the problem by using mathematical language 

while solving the problem correctly. Furthermore, students must participate in a discussion with 

a peer in which they respond to their peer’s ideas and argue for their own. Perhaps the need to 

explain and provide evidence allows students to solve more complex problems. As suggested by 

Samuelsson, “…skills in carrying out procedures flexibly, accurately, efficiently, and 

appropriately…have a stronger impact on grades at the end of lower secondary school than 

student’s comprehension of mathematical concepts, operations, and relationship,” (p.20). 

Lynch and Cuvo (1995) also tested students’ mathematical skills more efficiently. 

Through the implementation of stimulus equivalence instruction using a computer, Lynch and 

Cuvo taught fraction-decimal relations. Participants were taught to match pictorial fractions to 

fraction ratios and printed decimals to pictorial representations of fractions in order to test for the 

emergence of matching printed decimals to fraction ratios using a computer. Pre and post-tests 

were implemented to test for the emergence. Generalization paper and pencil tests were 

implemented to convert familiar fractions to decimals and decimals to fractions without 

comparison stimuli and also tested new combinations to previously taught stimuli. A post-

experiment interview was conducted across four different stimuli combinations in which students 

vocally explained why they selected a stimulus. While all participants matched equivalent 

decimals to fraction ratios and vice versa, generalization tests were not conclusive. The results 

showed limited generalization, which the authors suggest may be due to needed modification of 

match-to-sample generalization tests or through additional training procedures such as teaching 

students through the use of algorithms. 
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Abstraction 

Cognitive Views 

Badre, Kayser, and D’Esposito (2010) hypothesize that human beings use prior 

experiences to solve novel problems through abstract behavioral rules. Similarly, Gray and Tall 

(2007) argue that abstraction is a process that occurs naturally when learning. They believe that 

abstraction is a human mechanism that works as a process, property, and concept. In other 

words, abstraction occurs with the development of mathematical thinking at different stages and 

in different ways. Gray and Tall argue that there are three widespread occurrences of abstraction 

in mathematics: properties of perceived objects, actions on objects, and concept definition. When 

abstraction occurs with a focus on the properties of perceived objects, one categorizes what 

objects, problems, and pictures have in common. 

There is a hierarchy of classifications which enable one to conceptually describe each 

category. For example, when classifying shapes in geometry, categories can be made based on 

size, color, types of shapes, different kinds of triangles, and even differentiating between 

quadrilaterals and polygons. Abstraction focusing on actions on objects is described as 

“computable symbols in arithmetic” in which numerical symbols serve as a basis for wider 

concepts. Numerical properties such as odd or even extend to mathematical concepts in fractions, 

decimals, and algebra. The third form of abstraction that Gray and Tall suggest is the concept of 

definition. The concept of definition uses definitions in math to describe a concept using 

mathematical proof. In other words, when learning what makes a triangle different than other 

shapes we learn that a triangle is a closed figure with three sides. When presented with different 

size triangles, different colored triangles, and triangles with different angles, Gray and Tall 

suggest abstraction is used to create the concept of what a triangle looks like. Gray and Tall 
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argue that abstraction is needed to solve more complex problems and therefore, curricula in 

schools should be framed around abstraction and not merely proficiency in completing 

algorithms. 

Although Sloutsky, Kloos, and Fisher (2007) use the terminology of induction and 

induction generalization, the beliefs of how knowledge is acquired are very similar to theories of 

abstraction instruction described by Gray and Tall. Like abstraction, induction generalization is 

new information acquired based on prior knowledge and appears in early development. This 

acquisition of new information is similar to the capability of Naming (Horne & Lowe, 1996, 

Greer & Ross, 2008). Sloutsky et al (2007) argue that people learn through two different 

approaches, the knowledge- based approach and the similarity-based approach. When using the 

knowledge-based approach, people generalize categories by identifying properties similar to the 

entity of the category first learned. For example, once a child learns what one puppy looks like, a 

child can see other dogs and know which ones are puppies and which ones are not puppies. 

Through the similarity-based approach, learning occurs by comparing shared properties within 

the group to derive a label. “…labels affect induction because they contribute to the perceived 

similarity of items and similarity derives induction” (Sloutsky et al p. 180). When studying 

which approach participants relied on, Sloutsky et al. found that participants relied on 

appearance similarity to perform induction. 

Williamson, Jaswal, and Meltzoff (2010) found that through observation, children were 

able to produce a categorization strategy. In their study, 36-month-old children watched adults 

sort objects by visual properties (i.e. color) and nonvisible properties (i.e. sounds) and then were 

asked to sort objects into categories. The adults never discussed how they sorted the objects, the 

participants merely observed. Results suggest that through observing adults, the participants 
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were able to abstract the category sorted (2010). Please see the definition of terms for a more 

detailed description of key terms used through out this paper.  

Behavioral Analytic Views 

In a behavior analytical perspective of abstraction, a single stimulus property controls 

verbal discrimination (Catania, 2007). An example of abstraction is when a person is able to tact 

a ball regardless of the size or type of ball or particular stimuli or classes of stimuli. The person 

tacts or responds as a listener to a ball when seeing a basketball, football, soccer ball, bouncy 

ball, volleyball etc. In the classroom, abstraction can occur when a student is taught addition 

problems with sums of ten and can then subtract from ten to find the difference of numbers used 

in the addition problems taught, (i.e. 3 + 7 = 10, 10 – 3 = 7) (Greer, 2002). Abstraction occurs 

when an overarching operant is formed from exposure to multiple exemplars across contexts 

(Hayes et al, 2002). For example, a student is taught to tact letter sounds separately and when the 

student sees the letter sounds presented in one word, the student is able to textually respond to 

the word without direct instruction. 

Relational frame theory explains how abstraction can occur. Relational frame theory is a 

"behavior analytic approach to human language and cognition" in order to explain untaught 

emergent behavior and the development of verbal relations and derived relational responding 

(Hayes, Barnes-Holmes, & Roche, 2001, p. 141). Relational frame theory (RFT) builds on 

Sidman’s (1994) research on stimulus equivalence and how individuals are able to match 

equivalent classes. Hayes, Barnes-Holmes, and Roche (2001) explain how untaught relations 

emerge through “derived stimulus relations” because they emerge without being directly taught. 

"Derived relational responding" refers to the "ability to relate to stimuli in a variety of ways even 

though one has never been reinforced (i.e. directly trained) for relating those stimuli in those 
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specific ways" (Blackledge, 2003, p. 425). Although RFT builds upon stimulus equivalence 

theory, the three properties of stimulus equivalence are redefined to become “more generic, and 

applicable to all possible derived stimulus relations” (p.29). 

There are three properties of RFT. Mutual entailment is the first property of RFT. Under 

mutual entailment, one event responds to another event and vice versa. Meaning, if A is related 

to B, then B is related to A. Combinatorial entailment is the second property of RFT. During 

combinatorial entailment, two or more stimulus relations mutually combine. If A is related to B 

and B is related to C, the prior experience results in the derivation that A is related to C. 

Transformation of stimulus functions is the third property of RFT. Under the transformation of 

stimulus function, a stimulus of one contextual control may have several different functions. An 

example of a relational frame is Naming (Gilic and Greer, 2012; Greer and Keohane. 2005, 

2007; Hayes, et al.; Catania, 2007). If a student is able to match colors and is able to point to the 

colors, tact the names of the colors, and respond to a question about name of the colors, he or she 

has the relational frame of Naming, especially if only one of those responses was taught. 

To date numerous studies have built upon the theory of RFT to teach novel skills by 

using the properties of RFT. Luke, Greer, Singer-Dudek, and Keohane (2011) implemented 

multiple exemplar instruction to test for the emergence of autoclitic frames for spatial relations 

for novel tacts and mands. Abstraction probes were conducted prior to and following treatment 

to test for abstraction to 3-D functional mands and tacts. Results suggest that participants were 

able to abstract 3D functional mands and tacts through the merging of two “families” of 

relational frames, spatial and deictic relations, using the multiple exemplar instruction procedure. 

In spatial relations the “arrangement of objects or aspects of objects in space, are relative to each 
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other,” (Hayes et al, 2001, p 38). Deictic relations used the perspective of the speaker to specify 

a relation. 

Rein and Markman (2010) used relational representations of visual objects to teach 

participants pattern identification. In the study participants viewed visual objects formed into 

relational patterns. Experimenters manipulated the relational patterns so that there were physical 

transformations, despite the transformations, participants were asked to select the same type of 

pattern. During training, participants saw visual objects and were asked to tact a pattern of left 

justified vertical line or top horizontal line. In the experiment, there were three different types of 

pattern changes: 1) cross-mapped: same objects were moved around, but with the same pattern, 

2) novel configuration: same objects were moved around but with an inverse pattern, and 3) 

novel objects: same setup as novel configuration but the objects were switched, the objects were 

the same in training, but the shapes were assigned an opposite pattern. Initial results suggested 

difficulty in abstraction patterns when objects were unchanged, however, with additional training 

participants were then able to abstract patterns. 

McHough and Reed (2008) argue that implementing RFT to teach grammatical control 

over verbal behavior is more effective than teaching artificial grammar procedures. By 

implementing RFT, procedures are taught in writing hierarchical control thereby allowing for 

more generalization of skills. In contrast, artificial grammar procedures are taught without a 

hierarchical control, thus making generalization much more difficult.  McHough and Reed 

suggest that by teaching grammar in a controlled sequence using relational frames, students are 

able to generalize more skills and also acquire skills without being taught. 
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Verbally Governed and Verbally Governing Behavior 

Behaviors controlled by rules or verbal statements are considered verbally governed 

(Greer, 2002; Greer & Ross, 2008, Vargas, 1978). Often, students and teachers use verbally 

governed behaviors for problem solving. For example, a teacher may use verbally governed 

behavior when he or she applies scientific terms and tactics to guide his or her teaching 

(Keohane & Greer, 2006). Teachers emit verbally governed behavior when confronted with a 

student’s learning problem to analyze the problem and apply a teaching tactic by using a series of 

verbal statements. Students often emit verbally governed behavior when completing a math 

problem. Students will often follow verbal or written directions to complete the problem or use 

their textbook, notes or other resources to help them solve the math problem. Due to the reliance 

on rules to verbally govern, verbally governed behavior is often referred to as rule-governed 

behavior (Hayes, Blackledge, & Barnes-Holmes, 2001). 

Through verbal functions of speaking or writing, humans are able to verbally govern the 

behavior of others. Verbally governing behavior affects the behavior of someone else (Greer & 

Ross, 2008, Vargas, 1978). For example, if a parent provides his/her child with a specific 

detailed written list of chores, the parent is asking the child to change his/her behavior by 

following a written list. Similarly, if a person gives directions to a friend on how to get to his/her 

house, he/she is verbally governing his/her friend’s behavior. When comparing verbally 

governed behavior and verbally governing behavior, it helps to think of whether someone is 

being affected by a behavior or is affecting someone else’s behavior. 
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Observational Learning 

According to Greer , Singer-Dudek, and Gautreaux (2006),  observational learning is 

"learning or changes in the emission of behaviors in repertoire as a function of observation of 

contingencies received by others” (p. 496). Although observational learning requires one to 

observe and learn from the behavior of others, it is not simply imitation (Catania, 2008). Often, 

observational learning is confused with modeling and imitation, but learning through the 

observation of others’ behaviors is a different phenomenon. Through observing another 

individual receive direct contingencies of reinforcement and/or corrections, one acquires new 

operants or higher order operants as a function of observing the contingencies of another 

individual. 

Function of Observational Learning 

As a function of observation, several different changes of behavior may occur including: 

performance behaviors, new operants, higher order operants, conditioned reinforcers, and the 

emergence of the observational learning capability itself (Greer & Singer-Dudek, 2008; Greer, 

Singer-Dudek & Gautreaux, 2006; Greer, Singer-Dudek, Longano & Zrinzo, 2008; O'Rourke, 

2006; Singer-Dudek, Greer, & Schmelzkopf, 2008). 

Acquiring Observational Learning 

Observational learning can be acquired through peer tutoring, peer monitoring, and peer-

yoked contingencies. A combination of the aforementioned procedures, observational system of 

instruction (OSI), can be used to also increase skills in observational learning. 

As tested by Greer, Pereira, and Yuan (2004), students who were taught to observe and 

monitor their peer’s learn unit responses, acquired observational learning. An additional study, 

Pereira-Delgado and Greer (2009), experienced similar results of invoking the capability of 
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observational learning through peer monitoring. The experimenters taught participants to 

monitor the instruction of new operants to their peers. At the onset of the study, the peer 

monitors did not have the observational learning capability in repertoire, but at the conclusion of 

the study observational learning was induced. 

Stolfi (2005) and Davies-Lackey (2005) induced observational learning through a peer 

yoked contingency by implementing a board game procedure in which participants observed 

each other to move up spaces on a game board. The participants selected were preschoolers with 

special needs. Both experimenters implemented a peer-yoked contingency by having two 

participants observe each other to compete against the teacher. The game board had two sides 

(one for the experimenter and one for the participants) and each team had a game piece. The 

experimenter delivered a direct learn unit to one participant while the other participant observed. 

The experimenter then delivered an indirect learn unit of the same material to the participant who 

originally observed. If that participant then answered the question correctly, the participants were 

able to move up a space on the game board. If that participant then answered incorrectly, the 

experimenter moved up a space on the game board. Whichever team reached the end of the game 

board first won the game and thereby won the reinforcer. By creating a contingency in which 

students had to observe each other’s responses, Stolfi and Davies-Lackey induced observational 

learning. 

Gautreaux (2005) and Yuan (2005) induced the capability of observational learning 

through peer tutoring procedures. During peer tutoring, one participant served as the tutor and 

the other served as the tutee. The tutor delivered learn units to the tutee on material that was new 

and not in repertoire for either the tutor or tutee. Both Gautreaux and Yuan found that peer 

tutoring was an effective procedure for inducing observational learning for the tutors because the 
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tutors acquired the operants being taught to the tutee because of the requirement to monitor the 

tutee’s responses. In addition, Gautreaux found that self-monitoring and listening skills for the 

participants also improved. 

Algorithms and Learning 

As defined by The National Research Council (2001), an algorithm is a “precisely-

defined sequence of rules telling how to produce specified output information from given input 

information in a finite number of steps” (103). In order words, an algorithm is a step-by-step 

procedure for computation. For example, a recipe is an algorithm to cook a meal and directions 

to build a bookshelf is another type of algorithm. The National Research Council Committee on 

Mathematics Learning stresses the importance of algorithms for numerical computations. The 

National Research Council emphasizes that the usefulness of algorithms varies depending on 

student knowledge of how the algorithm works and how well it is understood. Furthermore, 

knowledge of specific algorithms can lead to abstraction of algorithms in other related 

mathematical areas by using the context learned and comparing it with different looking 

problems in order to solve the problem. Specifically, using algorithms for multi-digit number 

computations helps develop proficiency with numbers (2001). Like the National Research 

Council, Gray and Tall (2007) suggest that algorithms are important in learning because they lay 

the foundation to fluency and the ability to later abstract more complex mathematical concepts. 

Algorithms lay the foundation to fluency because students are able to apply previously acquired 

algorithms to more complex problems that use the same or similar algorithms. Once a student 

acquires the function of an algorithm, completing math problems to fluency is simply applying 

previous knowledge at a quicker rate (Gray and Tall, 2007; National Research Council, 2001). 
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To date, three studies, Broto and Greer (2014), Keohoane and Greer (2005), and Marsico 

(1998) have tested the effects of using algorithms on learning. 

Marsico (1998) found that self-editing increased the rate of correct responses to written 

math problems as well as duration of independent work. Marsico also measured the self-editing 

of independent skills by measuring latency between initiation of task and asking for help or 

ceasing to work. In this study the six participants were enrolled in self-contained special 

education classes in grades 3 – 8 and were diagnosed with learning disabilities, emotional 

disabilities, or communication disabilities. Self-editing math scripts were implemented in order 

to complete math problems using written algorithms. The scripts included a sequence of steps for 

solving math problems. Participants used the self-editing scripts to follow the sequence of 

completing a math problem and to self-correct his/her learning. Self-editing scripts were used in 

several content areas such as division of decimals, geometry, and extended multiplication. 

Results showed that after implementing self-editing scripts to complete math problems using 

algorithms, correct responses increased and students worked for longer periods of time with 

more tasks completed and without seeking help or ceasing work. 

In Keohane and Greer’s (2005) study verbally governed algorithms were used with 

teacher decisions and student mastery of objectives. Keohane and Greer found that teachers’ use 

of verbally governed algorithms increased the correct number of novel teacher decisions and the 

number of student objectives met. Verbally governed algorithms measured the ability to apply 

tactics when faced with problems in students’ learning. A multiple baseline with three teachers 

across six students was implemented. Teachers applied verbally governed algorithms with a 

strategic protocol to make decisions when faced with student learning problems that included 

asking a series of questions. Verbally governed algorithms were used by teachers to: identify a 
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learning problem; apply a strategic analysis of the problem; and implement teaching tactics to 

solve problems. Results showed that through the use of the verbally governed algorithms, 

students achieved more learning objectives because correct teacher decisions increased. Not only 

did all of the participants in the study achieve more learning objectives, but all of the teachers’ 

students did as well. 

In studies conducted by Keohoane and Greer, 2005; and Marsico, 1998, algorithms were 

used to improve and increase rates of learning and demonstrated that algorithms were effective in 

increasing learning. It was demonstrated by Marsico that algorithms were effective in increasing 

independence and correct responses to math problems. Keohane and Greer’s study demonstrated 

the effectiveness of algorithms on teacher decisions and achievement of student objectives. 

Research on Writer Immersion Functional and Structural Components of Writing 

In Broto and Greer’s (2014) study, students were taught to write algorithms for their 

peers. Broto and Greer found that verbally governed algorithms were functional after following a 

writing protocol combined with a peer-yoked contingency. The writing protocol was 

implemented with six second grade students matched into three pairs. One student in each pair 

was assigned the role of reader and the other was assigned the role of writer. Writers wrote 

algorithms on how to solve simple word problems, the peer reader then tried to solve the word 

problem based on the writer’s written algorithm without seeing the original problem. Peers 

competed against the experimenters to move up on a game board in order to receive a reinforcer. 

The writers re-wrote the algorithms until the readers were able to solve them. Peers moved up 

when the peer reader was able to solve the word problem. Results suggest that participants, who 

served as writers, were able to write functional algorithms after receiving the functional writing 

procedure with the peer-yoked contingency. There was also an increase in functional writing of 
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algorithms for peer readers even though they never were directly taught by the experimenter; any 

increase was due to observation of the writer. Algorithms increased learning in Broto and 

Greer’s’s study through a functional writing protocol in which peers read and wrote algorithms 

to complete mathematical word problems (Broto and Greer, 2014). 

Vargas (1978) arranged conditions in which students were instructed to write a how-to 

task that they knew how to complete, but that their classmates did not know how to do, and bring 

in any materials necessary to complete the task. The reader followed the provided written 

description in front of the writer so that the writer immediately saw the effects of his/her writing. 

When completing the task, all communication was done through writing and if the reader was 

unable to complete the task, the writer edited his/her written directions until the reader was able 

to complete the task accurately. Additionally, Vargas arranged conditions in which writers 

described their homes and readers drew pictures of the writer’s home while the writer also drew 

a picture. The writer then compared his/her picture to the reader’s picture to again observe the 

effects his/her writing had on the reader. 

Writing instruction can be distinguished as technical writing or aesthetic writing (Greer, 

2002). Technical writing includes specific steps written to complete a task, such as a shopping 

list or science experiment. Aesthetic writing on the other hand has a different purpose because it 

is written to affect the emotions of a reader such as in a letter or a poem (2002). Much instruction 

in writing focuses on form, correcting or identifying structural mistakes, which tends to be 

punishing for students. Instruction should instead be focused on how language functions for the 

reader. When using mands effectively in writing, the reader is able to complete the specified 

task. When using written tacts as description, it reinforces the reader while mands reinforce the 

writer. “The writer of description is more under the control of the stimuli he or she is describing 
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than the writer of directions, who is under the control of a specific deprivation which a reader 

can reduce,” (Vargas, 1978, p 18). When teaching functional writing, it is crucial that the writer 

observes the effect his/her writing has on the reader, this can be done through establishing 

operations and relevant contingencies in the environment that allow for observation. In order for 

the writer to understand the effect his/her writing has on the reader, he/she needs to be able to 

observe the reader and his/her actions. 

The writer immersion package has been implemented in many studies to increase 

structural and functional writing skills in students’ work (Helou, Lai, & Sterkin, 2007; 

Jodlowski, 2000; Madho, 1997; Reilly-Lawson & Greer, 2006; Visalli-Gold, 2005). 

Madho’s (1997) was one of the first studies to implement the writer immersion protocol. 

Madho found the effects of students’ writing on the reader was more functional after 

implementation of the writer immersion protocol. Eight middle school students with 

developmental delays were selected as participants. Participants wrote to describe an object or 

person, or provided written directions to perform an activity or create an item. A naïve reader 

then read the completed writing and performed the task or identified the person/object described 

and identified if the writing was functional. The participants’ writing was functional if the naïve 

reader was able to follow the written directions to obtain the desired result. During intervention, 

the peer reader also read the written directions or written description and attempted to perform 

the task or identify the person/object. If the writing was not functional, the peer reader asked the 

writer questions about his/her writing. The writer then rewrote the directions/description until 

both the peer reader and experimenter found the writing to be functional. After writer immersion 

was implemented, significant improvements in both the writer’s and peer reader’s writing 

effectiveness were apparent, meaning the participant’s writing was more functional. 
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Jodlowski (2000) found the use of a teacher editor, a peer editor, and serving as a peer 

editor on self-editing writing behavior increased the number of student objectives met and 

objectives mastered at a quicker rate. The participants were identified with learning disabilities 

and developmental delays ranging in grades three to seven. Three experiments were conducted to 

increase participants’ self-editing behavior, measured through the number of learn units to 

criterion and the number of corrections required on written essays. The effects of peer-editing, 

teacher editing, or the writer as a self-editor were tested in the first experiment. When the writer 

received peer editing and also served as a peer editor, fewer learn units to criterion were 

required, meaning objectives were mastered more quickly. In the second experiment, participants 

received editing from a peer and a teacher but did not serve as a peer editor. Results from 

Experiment 2 did not suggest any significant difference. In the third experiment, the effects of 

teacher editing and serving as a peer editor were compared by the number of learn units to 

criterion on essays. Interestingly, serving as a peer editor resulted in lower numbers of learn units 

to criterion than in the teacher editing condition. 

In Reilly-Lawson and Greer’s (2006) study, the writer immersion and a self-editing 

package were implemented in two experiments to increase accuracy in structure and function in 

writing assignments. Each participant was given a picture and was asked to write a detailed 

description of the picture so that a naïve reader would be able to recreate the picture without ever 

seeing it. If the naïve reader was able to replicate the picture using the detailed description, the 

participant’s rewrite was considered functional. Structural components were measured by correct 

uses of grammar, spelling, word choice, and punctuation throughout the essay. In Experiment 1 

there were three phases: no feedback, teacher editing feedback, and writer immersion with 

viewing the effects on a naïve reader. In phase one participants wrote a detailed description of 
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the picture given, but never received any feedback. In phase two, teacher editing feedback for 

structure was provided through learn units. The writer immersion sessions were conducted in 

phase three. In phase three participants also viewed the effects their writing had on a naïve 

reader. In the second experiment, the teacher-editing feedback phase from experiment one was 

omitted since the functional components in the participants’ writing did not increase until after 

the writer immersion phase. Teacher feedback through learn units alone did not teach the 

function of writing to the participants. Results from both experiments show the writer immersion 

tactic was effective in teaching both accurate functional and structural components of writing. 

Writing effectiveness significantly improved after the implementation of writer immersion. 

Visalli-Gold (2005) found that the reception of direct learn units and observation of peers 

receiving direct learn unit instruction both increased grammatical and structural components in 

writing. Ten middle school students were assigned to either the receiving learn units or observing 

others receive learn units conditions. Visalli-Gold’s results suggest that participants learned 

directly, but participants who observed peers and did not receive direct instruction from the 

teacher, also improved grammatical and structural components in writing. 

Helou et al. (2007) replicated the results of the previously cited studies and built upon 

them by implementing the writer immersion package with a peer-yoked contingency to increase 

structure and function in participants’ writing. Like previous research, Helou et al. implemented 

pre and post-experimental probes with pictures which included colored shapes, lines, and 

numbers, with 20 components for the reader to draw based on the writer’s instructions. The 

independent variables were writer immersion, peer-yoked contingency with the peer reader, and 

teacher editing of structural components. The dependent variables were the pre and post-

experimental probes. During treatment, writer immersion was implemented along with a peer- 
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yoked contingency and teacher editing for “how to” writing, which included tasks such as: how 

to make a peanut butter sandwich and how to make a snowman. The four written tasks during 

writer immersion each consisted of 20 components to describe. After the participant wrote the 

algorithm, a peer reader sat next to the participant and read the algorithm provided by the 

participant aloud. The participant observed the peer reader following the written algorithm 

provided and therefore the participant immediately observed the effects his writing had on the 

reader. If the peer reader was unable to complete the algorithm, the participant (writer) rewrote 

the directions until the peer reader could complete the algorithm. If the peer reader was able to 

complete the algorithm, the participant met criterion for functional writing components. 

Structural components of writing were taught through learn units provided by the experimenter. 

After the peer reader read the algorithm, structural components were edited by the experimenter 

and the participant rewrote the algorithm with the corrections. 

In these  previously cited studies (Jodlowski, 2000; Madho, 1997; Reilly-Lawson & 

Greer, 2006; Visalli-Gold, 2005), the naïve reader was not in the same location when following 

written directions, therefore, the participant did not observe the effect his/her writing had on the 

reader, but only saw the final effect of his/her writing. However, in Helou et al’s study, the 

participant (writer), observed every step and therefore the participant was able to view immediate 

effects of his or her writing on the reader. The same is true in Broto and Greer’s’s (2011) study. 

Rationale and Purpose of the Study 

With the rise of educational standards and the common core standards initiative, the 

importance of improving mathematical achievement of students in the United States is ever 

present (Common Core States Initiative). Students are required to not only solve mathematical 

problems accurately, but also explain their answer and their thinking. As stated on the common 
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core states initiative webpage, “One hallmark of mathematical understanding is the ability to 

justify, in a way appropriate to the student’s mathematical maturity, why a particular 

mathematical statement is true or where a mathematical rule comes from.”  Students must be 

able to use writing to explain their thinking (NCTM, 2000). 

There is no question that writing to describe mathematical thinking is important, but there 

are questions on how to effectively measure and observe mathematical thinking in writing. The 

National Research Council (2001) also points out that students in the United States are 

outperformed by students in many other countries because of the lack of higher level 

mathematical proficiency and mathematical skills. 

At the same time, the National Research Council Committee on Mathematics Learning 

stresses the importance of algorithms for numerical computations. Furthermore, the knowledge 

of specific algorithms can lead to abstraction of algorithms in other related mathematical areas. 

Like the National Research Council, Gray and Tall (2007), suggest that algorithms are important 

in learning because they are prerequisites to fluency and the ability to abstract more complex 

mathematical concepts. Keohane and Greer (2005) found teachers’ use of verbally governed 

algorithms increased the number of novel teacher decisions and student objectives. Marsico 

(1998) found the effects of self-editing increased the rate of correct responses and decreased 

incorrect responses to written math problems. 

The peer-yoked contingency was implemented to induce observational learning and in 

writer immersion studies to induce the functional components of writing. Stolfi (2005) and 

Davies-Lackey (2005) induced observational learning through a peer-yoked contingency by 

implementing a game board procedure in which participants observed each other to move up 

spaces on a game board. Helou et al (2007) effectively implemented the writer immersion 
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package with a peer-yoked contingency to increase structural and functional writing. Broto and 

Greer (2014) demonstrated the effects of writing verbally governing algorithms through a 

functional writing protocol combined with a peer-yoked contingency. Broto and Greer’s study 

marks the first study to test for the effectiveness of the writer immersion procedure on writing 

mathematically with a peer-yoked contingency so participants can observe the function of their 

writing. The peer readers were able to be verbally governed by observing the responses of their 

peer writers, however, participants were not able to emit verbally governing responses about 

their mathematical thinking. In addition, peer readers made some gains, but abstraction to more 

complex problems and observational learning were not tested in Broto and Greer’s study.   

When teaching functional writing, it is crucial that the writer observes the effect his/her 

writing has on the reader, this can be done through establishing operations and relevant 

contingencies in the environment that allow for observation. In order for the writer to understand 

the effect his/her writing has on the reader, he/she needs to be able to observe the reader and 

his/her actions ad there needs to be joint contingencies. When thinking about mathematical 

writing, is it not crucial for the writer to observe his/her effect on the reader as well? Research in 

applied behavior analysis and verbal behavior is focused more on verbally governed behaviors 

with little focus on verbally governing behavior. There has been little to no research conducted to 

test the effectiveness of a peer-yoked contingency using writing in mathematics on participants’ 

ability to abstract algorithms to solve more complex problems and better understand the function 

of his/her own writing.  
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Hence, the current study sought to answer the following research questions: Will the 

yoked contingency result in the acquisition of functional algorithms for both writers and readers? 

By writing functional algorithms, will the participants abstract those algorithms to solve more 

complex mathematical problems? Does serving as a writer or a reader first, effect the acquisition 

of functional writing? 
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Chapter II 

EXPERIMENT I 

Method 

Participants 

There were six participants selected for this study. The participants were 3rd grade 

students enrolled in public schools located outside a major metropolitan area. The participants 

ranged in age from eight to nine years. Participants were recruited based on word of mouth via 

the experimenter’s professional and personal network. Upon hearing a description of the study 

from the experimenter and/or the experimenter’s network, parents of the participants contacted 

the experimenter to enroll their child in the study. The experimenter then gave parents a written 

and verbal description of the study to see if the parents were interested in volunteering to have 

their child participate in the study. 

Participants were selected based on pre experimental screening tests. Then they were 

matched based on performance on pre-experimental screening tests. Pre experimental screening 

responses were evaluated for error patterns and analyzed for mathematical objectives that were 

and were not in repertoire. Participants who had similar capabilities in repertoire across 

mathematical objectives were matched and placed into Group A or Group B. For example, 

matched pair Participant 1 and Participant 2 were each assigned to a group, Participant 1 to 

Group A and Participant 2 to Group B. In the first phase of the study, Group A worked directly 

with the experimenter and Group B observed participants in Group A and followed the written 

algorithm provided by the matched participant. 

The six participants selected for this study were proficient in basic addition and 

subtraction of math facts, place value and multiplication; all had the capability of Naming. Pre-
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experimental screening scores determined mathematical proficiency. All participants were able 

to add equations with and without renaming with three digit numbers, identify place value of 

numbers through the hundreds, identify fractions, draw matching fractions, multiply single digit 

multiplication equations, and identify missing factors in multiplication problems. Despite 

mathematical proficiency, the participants were unable to describe how they completed a 

mathematical problem nor were they able to complete a task analysis that specified the steps 

needed to complete the problem; the participants were unable to write mathematical algorithms. 

Furthermore, participants could not take component skills in repertoire and solve more difficult 

(composite) mathematical problems through abstraction of the algorithm. In order to be selected 

for the study, participants were required to have basic mathematical proficiency and the 

capability of Naming in repertoire. Table 1 highlights the age of each participant, gender, and 

developmental capabilities present at the onset of the study. 

Participant Age Gender Observational 

Learning 

Naming  Verbally 

Governed 

Verbally 

Governing 

1 9 Female __ + + __ 

2 8 Female __ + + __ 

3 8 Female __ + + __ 

4 8 Female __ + + __ 

5 9 Female __ + + __ 

6 8 Male __ + + __ 

Table 1: Participant Information at the onset of the study ( – indicates not present, + indicates 
present). 
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Table 2 indicates multiplication skills present at the onset of the study. The asterisk indicates 

skills taught prior to algorithm instruction in multiplication. Skills were taught to equalize skills 

in repertoire with matched participants. 
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1 + + + + + - - - - 

2 + + * * * - - - - 

3 + + + + - - - - - 

4 + + * * - - - - - 

5 + +  +  * * * - - - 

6 + + + +  + +  - - - 

Table 2: Participants’ Multiplication Skills Present at the Onset of the Study. 
* skills taught prior to algorithm instruction to equalize skills in repertoire with matched 

participants 
 
Table 3 indicates fractions skills present at the onset of the study. The asterisk indicates skills 

taught prior to algorithm instruction in multiplication. Skills were taught to equalize skills in 

repertoire with matched participants.  
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1 + + + + + + * - - - - - - 

2 + + - + + + * - - - - - - 

3 + + - - * * * - - - - - - 

4 + + - - * * * - - - - - - 

5 + + + + + + * - - - - - - 

6 + + - - + + * - - - - - - 

Table 3: Participants’ Fraction Skills Present at the Onset of the Study. 
* skills taught prior to algorithm instruction to equalize skills in repertoire with matched 

participants 
 

Setting 

All experimental and probe sessions were conducted in a public library. All sessions were 

conducted at either a large rectangular table with participants sitting on one side of the table and 

the experimenter sitting across from the participants or a small circular table with the 

experimenter seated in the middle and participants seated on either side of the experimenter. 

Other circular and rectangular tables were around the room used during the sessions. At times the 

other tables were vacant and at times people were reading or working quietly at the adjacent 

tables. The area in the library allowed for quiet discussion. 
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Materials 

The materials used in the study were pencils and paper for the peer and observer to 

complete the mathematical task and provide each other with written feedback. All tasks were 

presented on paper and probe questions were typed using Times New Roman font 12. The 

experimenter also used a timer on a cellular phone to record the duration of probe trials and learn 

unit sessions. To demonstrate how to complete a mathematical algorithm, the experimenter used 

a pen, paper, and clipboard. Sessions were videotaped for the purposes of interobserver 

agreement using a camera on a cellular phone. All responses were recorded on datasheets created 

by the experimenter. 

During the study, the experimenter implemented a token economy. Participants were 

given points that were exchanged for backup reinforcers. Points were earned for following 

directions, working quietly, and completion of work. In addition, the experimenter implemented 

a token economy with a sticker chart. Participants earned a sticker for every 50 points earned. 

The stickers were then placed on a sticker chart and when the sticker chart was filled, the 

participants earned a larger back-up reinforcer. This token economy used experimenter-created 

point sheets and sticker charts. Participants decorated point sheets and sticker charts at the onset 

of the experiment. See appendixes A and B for experimenter created sticker charts and point 

sheets. 

The experimenter created a game board for use during the algorithm procedure. A game 

board was used to reinforce the participants’ ability to work together and increase motivation. 

The game board was created on a 14.5 by 22.5 sized white poster paper drawn with two columns. 

One column was designated as the experimenter’s side and the other column was designated as 

the participants’ side. The two participants shared a column, thus moving up the game board 
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using the same game piece and competing against the experimenter. The participants’ column 

was decorated using bright colored pencils. The column was separated into boxes of equal sizes 

alternating different designs such as stars, smiley faces, and diagonal lines. There were star 

stickers and sayings (way to go, almost there, keep it up) surrounding the participants’ side of the 

game board. The experimenter’s column was decorated with black and brown colored pencils.  

There were not stickers placed around the experimenter’s column, however sayings (ha-ha, 

almost the winner) did surround the experimenter’s side of the game board. The experimenter’s 

side of the game board was purposely designed to be less reinforcing for the participants. Both 

columns began with an orange start place and ended with a yellow winner place. The columns, 

boxes, and words were outlined with black permanent markers. See Appendix C for a picture of 

the game board used. Using a game board with a yoked contingency has also been used in 

numerous studies (Davies-Lackey, 2005; Gold, 2013; Rothstein & Gautreaux, 2007; Stolfi, 

2005).  

Stimuli for the observational learning probes were created by the experimenter. Stimuli 

for the observational learning probes were laminated printed pictures backed on white index 

cards. Stimuli for the observational learning probes were pictures of landmarks (Taj Mahal, 

Leaning Tower of Pisa, Machu Piccu, Sydney Opera House, Petra, Kuwait City Towers, Castillo, 

and Potala Palace).  

Dependent Variables 

Pre-experimental screening procedures. The experimenter conducted three types of 

pre-experimental screening tests:  observational learning probes, pre-experimental math  probes, 

and verbally governed algorithm probes. To assess verbal capabilities in repertoire, the 

experimenter conducted Naming and observational learning pre-experimental trials. 
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Observational learning probes. Observational learning pre-experimental screening 

probes were conducted using famous landmark stimuli with two participants at a time. Each 

participant received direct learn units on four stimuli and observed his/her peer receiving learn 

units (observed learn units). Four stimuli for direct instruction were assigned to each participant. 

Participant A was asked to tact four different stimuli at a time and then observed Participant B 

receive direct learn units for four different stimuli. Participant B was then shown the stimuli that 

Participant A tacted. Participant A was then shown the stimuli that Participant B tacted. See 

Table 4 for an example of the sequence of an observational learning probe. 

Participant A Participant B 
Direct learn unit: Tact stimulus 1  
Direct learn unit: Tact stimulus 2  
Direct learn unit: Tact stimulus 3  
Direct learn unit: Tact stimulus 4  

 Direct learn unit: Tact stimulus 1 
 Direct learn unit: Tact stimulus2 
 Direct learn unit: Tact stimulus 3 
 Direct learn unit: Tact stimulus 4 
 Observed learn unit: Tact Participant A’s 

stimulus 2 
 Observed learn unit: Tact Participant A’s 

stimulus 4 
 Observed learn unit: Tact Participant A’s 

stimulus 1 
 Observed learn unit: Tact Participant A’s 

stimulus 3 
Observed learn unit: Tact Participant B’s 

stimulus 3 
 

Observed learn unit: Tact Participant B’s 
stimulus 4 

 

Observed learn unit: Tact Participant B’s 
stimulus 1 

 

Observed learn unit: Tact Participant B’s 
stimulus 2 

 

Table 4: Typical Observational Learning Sequence. 
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The sequence noted in Table 4 was rotated until each participant received 20 direct learn 

units and 20 observed learn units. If a participant was able to tact observed learn units accurately 

for 80% correct or higher, the capability of observational learning was present. 

All sets of stimuli for observational learning were probed prior to the experimental 

procedure to ensure that the stimuli were not in the participants’ repertoire. The probes were 

unconsequated, meaning, no feedback was given.  

Pre-experimental mathematical probes. Pre-experimental probes for place value, 

addition facts, multiplication facts, and fractions were created by the experimenter based on the 

sequence outlined in Stein, Kinder, Silbert, and Carnine’s book Designing Effective Mathematics 

Instruction: A Direct Instruction Approach (2006). Stein et al.’s sequence was chosen for this 

experiment based on the research-proven Direct Instruction approach. Pre-experimental probes 

were administered to ensure that prerequisite skills were in repertoire and more complex skills 

(to test for abstraction) were not in repertoire. This allowed the experimenter to control for 

validity of the intervention and learn units to criteria of both the reader and writer participants. 

Both multiplication and fraction skills were probed. In order to begin the study, participants had 

to have the ability to complete less complex mathematical skills in repertoire and not have the 

ability to complete more complex mathematical skills in repertoire. For example, participants 

needed to be able to complete single digit multiplication equations, but not solve double digit by 

single digit equations nor triple digit by single digit equations. See Tables 2 and 3 for a list of 

multiplication skills and fraction skills present at the onset of the study. 

Pre-experimental instruction. Pre-experimental instruction was conducted if 

participants were lacking any prerequisite skills in the mathematical areas tested during the pre-

experimental probes. During pre-experimental instruction, learn units were presented until the 
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participants met criterion (90% x 1) on the prerequisite skill(s). Once the participant acquired all 

necessary prerequisite skills he/she then began abstraction instruction. For example, Participants 

3 and 4 received instruction on adding and subtracting fractions. See Tables 2 and 3 for 

prerequisite skills taught. 

Verbally governed algorithm probes. During the verbally governed algorithm probes, 

participants read a written algorithm in order to complete a mathematical problem. Verbally 

governed algorithm probes were conducted in order to measure each participant’s ability to read 

and follow written algorithms. Results of the verbally governed algorithm probes showed 

participants could complete a simple mathematical task and also read and follow written 

algorithms. The ability to read and follow an algorithm was a prerequisite for participant 

selection. 

Independent Variable 

Algorithm instruction. The algorithm instruction procedure consisted of two teacher 

antecedent models using an algorithm complete the problem and then writing the algorithm, 

followed by learn units to the participants who served as writers. The two antecedent teacher 

models provided instruction on writing the algorithm for less complex multiplication or fraction 

problems. 

A peer-yoked contingency was used to help teach the functionality of writing algorithms. 

In the first phase of the study, participants in Group A served as writers in the peer-yoked 

contingency because they wrote an algorithm on how to solve a mathematical problem. 

Participants were assigned as readers or writers based on the participants’ choice. The 

experimenter explained the different roles to the paired participants and they chose if they 

wanted to be a reader or writer first. If both participants wanted to serve as the same role, their 
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names were placed in a hat and randomly chosen. During the algorithm instruction, participant 

writers were given direct instruction by the experimenter on how to solve mathematical 

problems. The participants who served as writers then wrote an algorithm on how to complete 

the mathematical problems. Writers were given feedback through learn units by the experimenter 

on the accuracy of solving the problem. The number of learn units provided to the writer varied, 

depending on individual needs. Additionally, the experimenter provided learn units on spelling, 

capitalization, and punctuation of the written algorithm, but did not provide learn units on the 

function of the algorithm. 

During the instruction of the writer, participants in Group B (readers) were otherwise 

engaged and never received direct instruction, however, they read the algorithms written by 

participants who served as writers. While writers received instruction, readers were engaged in 

reading a book, solving word searches or drawing a picture. Participants in Group B served as 

peer readers because they read and followed the written algorithm provided by the writer. The 

participants who served as peer readers then followed the written algorithm provided, but never 

saw the mathematical problem. The experimenter never provided feedback on algorithms or 

mathematical problems for the reader. Writers observed peer readers attempting to follow the 

algorithm he/she solved previously. For example, if the peer reader was able to solve the 

algorithm, the writer received an identical solution to the mathematical problem he/she 

completed. If the algorithm was not functional, the peer reader’s mathematical problem was 

completed incorrectly. The writer then corrected any erroneous steps in his/her algorithm. The 

peer reader would then attempt to solve the mathematical problem using the corrected algorithm. 

These steps were followed until the peer reader was able to solve the mathematical problem 
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using the algorithm provided by the writer. After the first phase of algorithm instruction, 

participants in Group A served as readers and participants in Group B served as writers. 

The participants worked together to compete against the experimenter and reach the end 

of the game board first, in order to receive a reinforcer. In order to move a space on the game 

board, the peer reader had to be able to solve the mathematical problem correctly the first time. 

Only if the reader was able to solve the problem correctly the first time did the participants move 

up on the game board. If the peer reader was unable to complete the mathematical problem 

correctly, the writer rewrote the algorithm and the experimenter moved up a space on the game 

board. Due to the effect of writing and following algorithms, participants were required to 

observe each other and work together to earn the desired reinforcer. The procedure for algorithm 

instruction in the second phase was identical to the first phase, but involved multiplication 

problems instead of fraction problems. 

During algorithm instruction, a plus (+) was recorded when the writer correctly solved 

the mathematical problem and when the reader was able to follow the algorithm correctly, 

indicating the algorithm was written functionally by the writer. A minus (-) was recorded when 

the writer incorrectly solved the mathematical problem or when the reader was unable to follow 

the algorithm correctly, indicating the algorithm was not written functionally. Correct or 

incorrect responses for the algorithm were determined by whether or not the algorithm was 

functional. If the algorithm was functional, a plus was recorded. If the algorithm was not 

functional, a minus was recorded. Please see Appendix E for examples of functional and non-

functional algorithms. 

The number of rewrites for each mathematical problem was also recorded.  For example, 

if the writer solved the mathematical problem by adding fractions with unlike denominators 
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correctly, a plus was recorded, but a minus was recorded if the writer did not write a functional 

algorithm as indicated by the reader not being able to follow the algorithm. Criterion for 

algorithm instruction was two consecutively correctly solved mathematical problems and two 

consecutively functional written algorithms. Please see Figure 1 for a detailed explanation of the 

sequence of steps. 
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Figure 1. Flowchart of Peer-Yoked Contingency Sequence. 

Experimental Design 

The design of the study was a time lagged delayed multiple probe design across matched 

pairs to control for maturation and instructional history. All of the participants received pre-

experimental probes and algorithm probes at the onset of the study. If any skills necessary for 

The writer completed the mathematical problem and 
wrote the corresponding algorithm. 

The experimenter provided feedback for completion of 
mathematical problems and corrections for 

capitalization, spelling, and punctuation for the written 
algorithm. 

The writer corrected any grammatical errors in the 
written algorithm. The writer rewrote the algorithm. 

The peer reader read the algorithm and attempted to 
solve the mathematical problem based only on the 

algorithm. 

The peer reader then gave the writer his/her 
problem. If the peer reader was unable to solve the 
problem correctly, the writer rewrote the algorithm 
until the algorithm was functional. If the writer did 
not write a functional algorithm the first time, the 
experimenter moved up a space on the game board. 

The peer reader then gave the writer his/her 
problem. If the mathematical problem was 
correct, the participants moved up a space on 
the game board. 
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participation in the instruction of skills targeted during algorithm instruction were lacking in 

repertoire, instruction was conducted prior to the onset of the intervention. 

After the writer met criterion on the instructional set of problems during algorithm 

instruction, a post-instructional probe was conducted for both participants on writing algorithms 

for Set 2 (same skill, but different exemplars). The mathematical problems used in algorithm 

instruction were controlled so that the same number combinations were not used in Set 2. For 

example, the instructional set of problems (Set 1) used fractions with denominators that ranged 

from 2 to 5 and the denominators in Set 2 ranged from 6 to 9. The participants did not receive 

feedback on the post-instructional probe.  

Once the post-instructional probe was conducted, participants were then given a post-

algorithm instruction probe on more complex mathematical problems and algorithms. The post- 

algorithm instruction probe consisted of writing the algorithm for the complex problem and 

solving the more complex mathematical problem. Participants achieved mastery criterion when 

they were able to provide a functional written algorithm. Another pre-algorithm instruction probe 

session was conducted for Participants 3 and 4 followed by algorithm instruction for Participant 

3. Once Participants 3 and 4 completed algorithm instruction, another experimental probe session 

was conducted for Participants 5 and 6. Please see Figure 2 for the sequence of the experiment. 
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Figure 2. Flowchart of Experimental Sequence. 

All participants (reader and writer) completed pre-
experimental probes. 

Participants were matched into pairs based on pre-
experimental probe results. Participants were assigned 
to either Group A or Group B. Group A participants 
were trained in writing algorithms and Group B 
participants were trained in reading algorithms. 

During algorithm instruction Participant 1 (writer) in 
Group A, received direct learn unit instruction on 
completing math problems and writing algorithms on 
Set 1 of fraction problems. Participant 2 in Group B 
served as the reader and provided feedback to 
Participant 1’s written algorithms but never received 
direct instruction. 

A post-fraction algorithm instruction probe was 
conducted for Participants 1 and 2 on writing 
algorithms for Set 2 of fraction problems. 

Participants in Group B who did not acquire 
abstraction, served as the reader. Group A served as 
the writer. The sequence was repeated for the 
remaining participants. After all participants in Group 
A served as writers, Group B served as writers and 
Group A served as readers for multiplication algorithm 
instruction. The sequence was repeated for 
multiplication algorithm instruction. 

The experimenter scored 
the number of correct and 
incorrect responses in the 
pre-experimental probes. 

 

A naïve adult reader was 
given only the 
mathematical algorithms 
and completed the task 
using the mathematical 
algorithms written by the 
participants. The 
mathematical algorithm 
was functional if the reader 
was able to complete the 
problem correctly. 

Feedback for the 
experimental probes was 
never given to the 
participants. 

A post- fraction algorithm instruction probe, on more 
complex problems and algorithms was conducted once 
participants met criterion on Set 1 of fraction 
problems. A second pre-fraction algorithm instruction 
probe was conducted with Participants 3 and 4. 
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Once participants in Group A acquired the ability to abstract complex mathematical 

algorithms, the sequence was repeated.  However when the sequence was repeated, participants 

in Group B served as writers and Group A served as readers. Group B served as writers because 

the participants did not acquire abstraction by serving as readers. Figure 3 displays the design of 

the study. 

Fraction 
Algorithm 

Instruction for 
Participant 1 

while 
Participant 2 

observed.

Multiplication
Algorithm 

instruction for 
Participant 6 

while 
Participant 5 

observed.

Multiplication 
Algorithm 

instruction for 
Participant 2 

while 
Participant 1 

observed.

 Post 
Multiplication 

algorithm 
instruction 
probe for 

Partcipants 5 
and 6.

Pre probes                                                                        
All 

Participants

Post fraction 
algorithm 
instruction 
probe for 

Partcipants 3 
and 4.

 Post 
Multiplication 

algorithm 
instruction 
probe for 

Partcipants 1 
and 2.

Pre probes                                                                        
All 

Participants

Second pre 
probes for 

Participants 3 
and 4

Fraction 
Algorithm 

Instruction for 
Participant 3 

while 
Participant 4 

observed.

Multiplication 
Algorithm 

instruction for 
Participant 4 

while 
Participant 3 

observed.

 Post 
Multiplication 

algorithm  
instruction 
probe for 

Partcipants 3 
and 4.

Post fraction 
algorithm 
instruction 
probe for 

Partcipants 1 
and 2.

Pre probes                                                                        
All 

Participants

Fraction 
Algorithm 

Instruction for 
Participant 5 

while 
Participant 6 

observed.

Second pre 
probes for 

Participants 5 
and 6

Post fraction 
algorithm 
instruction 
probe for 

Partcipants 5 
and 6.

Figure 3. Time Lagged Multiple Probe Design Across Participants. 
 
Response Definitions and Data Collection Procedures 

The dependent variables measured in this experiment were abstraction to complex 

problems and verbally governing behaviors conducted as probe sessions.  

Pre-algorithm instruction probes. During written algorithm probe sessions, the 

participants were asked to write the algorithm or a step-by-step analysis of how they completed 

the math problem following the direction, “Complete the problems. When you complete the 

problems, please write down all the steps that you used to solve the task. Try your best to 

remember each step, but if you don’t know, skip the problem or step or write ‘I don’t know.’” 
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Throughout the probe session, verbal praise and points were delivered contingent only upon 

participation, to reinforce work completion, and not upon correct responses. After the 

participants finished the mathematical problems, the experimental session ended. The 

experimenter then scored each paper but no feedback was given to the participants. 

Post-Algorithm Instruction Probes 

Abstraction to complex problems. Abstraction to complex problems was defined as 

solving untaught complex problems by applying taught algorithms. Once the experimenter taught 

the participants an algorithm, the participants were tested to see if they were able to “apply” the 

algorithm and solve a composite mathematical (more complex) skill or a mathematical skill 

related to a different area in math, without any further instruction. The presence of abstraction to 

more complex problems was measured by correct responses (90% correct of 2 probe trials) to 

higher-level mathematical objectives which were composite problems and their correctly written 

algorithms. For example, if participants were taught how to add fractions with unlike 

denominators, the abstraction to complex problems tested if the participants could add unlike 

denominators with mixed numbers. Abstraction to complex problems was also tested by 

administering the mathematical probes conducted at the onset of the study to test for abstracted 

mathematical skills. For example, prior to multiplication algorithm instruction some participants 

did not know how to multiply three digit numbers by two digit numbers. Abstraction probes 

tested whether participants acquired the ability to not only multiply three digit numbers by two 

digit numbers, but also multiply three digit numbers by three digit numbers, despite never being 

directly taught the skill.  

Verbally governing algorithm probes. During the verbally governing algorithm probes, 

participants wrote the algorithm related to a mathematical problem. Problems included solving 
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mathematical problems such as adding fractions or multiplying one triple digit number by a 

single digit number. After solving the problems, participants wrote the related algorithm. These 

probes were separate from the mathematical problems and algorithms in the abstraction to 

complex problems probes. Verbally governing algorithm probes were conducted in order to 

measure each participant’s ability to emit verbally governing behavior and provide a written 

explanation, or algorithm, on how to complete the mathematical problem. These probes were 

conducted identically to pre-algorithm instruction probes.  

Interscorer Agreement 

Interscorer agreement was measured by an adult reader’s ability to complete the steps in 

the writer’s algorithm. The adult readers were naïve to the objectives of the study. Throughout 

each phase of the experiment, each participant was given mathematical problems to complete 

and write a detailed algorithm in order to complete the problems. The naïve adult reader was not 

given the mathematical problems but instead  had to complete the task solely based on the 

written algorithm provided by the participant (just as the peer reader had). For each step of the 

complex problem the reader was able to complete correctly, a plus (+) was recorded. If the reader 

was unable to complete a step, a minus (-) was recorded. The total number of possible correct 

responses varied depending on the type of mathematical problem. Data were presented as the 

number of correct steps the naïve reader completed based on the algorithm provided by the 

writer. The mathematical algorithm was functional if the reader was able to complete the 

problem correctly. Interscorer agreement was 100% across all permanent products and functional 

components. 

Interobserver Agreement 
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A second independent reader and observer naïve to the experimental objectives provided 

interobserver agreement. The independent reader and observer was trained by the experimenter 

on identifying functional components of written algorithms, recorded correct and incorrect 

responses for mathematical problems and on recording the number of rewrites needed. The 

functional components of each written algorithm were scored using a score sheet (Appendix D). 

Experimental sessions were videotaped and used to calculate interobserver agreement for 

algorithm instruction.  The independent observer viewed the videotapes and recorded data using 

a data form on correctly and incorrectly solved mathematical problems as well as the number of 

rewrites required by the writer to ensure the reader received a functional algorithm. Data were 

then compared for point by point agreements and subtracted by the number of disagreements. 

The results were then divided by the total number of opportunities for agreement. The percentage 

of agreement was calculated by multiplying the figure by 100. Permanent products of probe 

sessions were also scored by an independent reader in the same manner. Interobserver agreement 

for all experimental sessions was 95%. 
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RESULTS 

Dependent Variable: Abstraction to Complex Problems 

The probe results for the abstraction to complex problems are broken into two 

components: a probe that tested for the abstraction of a more complex task one skill level above 

what was taught during the fraction and multiplication skill for each participant, and all fraction 

and multiplication skills probed at the onset of the study.  When analyzing the probes for 

abstraction of a complex task, one skill above what was taught in algorithm instruction, an 

increase in abstraction for complex problems was demonstrated for all participants after the 

writer function.  None of the participants were able to abstract complex problems until after the 

writer function. Meaning, participants did not solve complex problems simply by serving as a 

reader. Participants could now complete mathematical problems at least one skill level above 

where they were prior to algorithm instruction; these operations were extended to the new 

condition in the second phase of algorithm instruction. Table 5 and Figure 4 show the number of 

correct responses for abstraction to more complex problems probes for Group A (writers). Figure 

4 shows the number of correct responses for abstraction to more complex problems probes for 

Group A (writers).  

Participant Pre-Probe (prior to algorithm 
instruction in fractions) 

Post-algorithm instruction 
in Fractions 

(Writer) 

Post-algorithm instruction 
in Multiplication 

(Reader) 
 Mathematical 

Problems 
Solved 

Correctly 

Correct 
Responses for 
abstraction to 
more complex 

problems 

Mathematical 
Problems 

Solved 
Correctly 

Correct 
Responses for 
abstraction to 
more complex 

problems 

Mathematical 
Problems 
Solved 

Correctly 

Correct 
Responses for 
abstraction to 
more complex 

problems 
1 0/2 0/2 2/2 2/2 2/2 2/2 

3 0/2 0/2 2/2 2/2 2/2 2/2 

5 0/2 0/2 2/2 2/2 2/2 2/2 

Table 5: Number of mathematical problems completed correctly and correct responses for 
abstraction to more complex problems probes for Group A (Writers). 
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Figure 4: Number of correct responses to probes for abstraction to more complex problems for 
Group A, who served as writers for fraction instruction and readers for multiplication 
instruction. 
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Table 6 and Figure 5 show the number of correct responses for abstraction to more 

complex problems probes for Group B (readers). Figure 5 shows the number of correct responses 

for abstraction to more complex problems probes for Group B (readers).   

Participant Pre-Probe (prior to algorithm 
instruction in fractions) 

Post-algorithm instruction 
in Fractions 

(Writer) 

Post-algorithm instruction 
in Multiplication 

(Reader) 
 Mathematical 

Problems 
Solved 

Correctly 

Correct 
Responses for 
abstraction to 
more complex 

problems 

Mathematical 
Problems 

Solved 
Correctly 

Correct 
Responses for 
abstraction to 
more complex 

problems 

Mathematical 
Problems 
Solved 

Correctly 

Correct 
Responses for 
abstraction to 
more complex 

problems 
2 0/2 0/2 0/2 0/2 1/2 1/2 

4 0/2 0/2 0/2 0/2 2/2 2/2 

6 0/2 0/2 0/2 0/2 2/2 2/2 

Table 6: Number of mathematical problems completed correctly and correct responses for 
abstraction to more complex problems probes for Group B (readers). 
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Figure 5: Number of correct responses to probes for abstraction to more complex problems for 
Group B, who served as readers for fraction instruction and writers for multiplication 
instruction. 
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The probe results for fraction skills taught suggest that five of the six participants 

increased their repertoires in fraction skills when compared to the onset of the study. For one 

participant, Participant 4, being a reader for fraction algorithm instruction did not have an effect 

on her fraction skills, but for the other five participants, fraction skills increased in repertoire.  

Group A (writers for fractions) had an overall higher number of correctly solved fraction 

problems than Group B. See Table 7 for the percentage of correct fraction problems solved by 

the Group A (writers for fractions) during pre-fraction algorithm instruction probes and post-

fraction algorithm instruction probes. See Table 8 for the percentage of correct fraction problems 

solved by the Group B (readers for fractions) during pre-fraction algorithm instruction probes 

and post-fraction algorithm instruction probes. 

Participant Pre-Probe (prior to 
algorithm instruction in 

fractions) 

Post-algorithm 
instruction in 

Fractions 
(Writer) 

Post-algorithm 
Instruction in 
Multiplication 

(Reader) 
1 84% 89% 93% 

3 65% 87% 76% 

5 62% 71% 85% 

Table 7: Percentage of Correct Fraction Problems Solved by the Group A (writers for fractions) 
during pre-experimental mathematical probes and post-experimental mathematical probes. 
 

Participant Pre-Probe (prior to 
algorithm instruction in 

fractions) 

Post-algorithm 
instruction in 

Fractions 
(Reader) 

Post-algorithm 
Instruction in 
Multiplication 

 (Writer) 
2 75% 75% 87% 

4 85% 69% 84% 

6 76% 85% 87% 

Table 8: Percentage of Correct Fraction Problems Solved by the Group B (readers for fractions) 
during pre-experimental mathematical probes and post-experimental mathematical probes. 
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The probe results for the abstraction to complex problems for multiplication skills 

suggest that all six participants increased their repertoires in multiplication skills when compared 

to the onset of the study. Interestingly, Group B, writers for multiplication skills, had an overall 

higher number of correctly solved multiplication problems than Group A. See Table 9 for the 

number of correct multiplication problems solved by Group A (readers for multiplication) during 

pre-algorithm instruction mathematical probes and post-algorithm instruction mathematical 

probes. See Table 10 for the number of correct multiplication problems solved by the Group B 

(writers for multiplication) during pre-algorithm instruction mathematical probes and post-

algorithm instruction mathematical probes. 

Participant Pre-Probe (prior to 
algorithm instruction in 

fractions) 

Post-algorithm 
instruction in 

Fractions 
(Writer) 

Post-algorithm 
Instruction in 
Multiplication 

(Reader) 
1 79% 79% 81% 

3 39% 43% 51% 

5 62% 51% 72% 

Table 9: Percentage of Correct Multiplication Problems Solved by the Group A (Readers for 
multiplication) during pre-algorithm instruction mathematical probes and post-algorithm 
instruction mathematical probes. 

Participant Pre-Probe (prior to 
algorithm instruction in 

fractions) 

Post-algorithm 
instruction in 

Fractions 
(Reader) 

Post-algorithm 
Instruction in 
Multiplication 

(Writer) 
2 43% 54% 77% 

4 39% 54% 81% 

6 64% 72% 81% 

Table 10: Percentage of Correct Multiplication Problems Solved by the Group B (Writers for 
multiplication) during pre-algorithm instruction mathematical probes and post-algorithm 
instruction mathematical probes. 
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Table 11 shows the number of and which fraction skills were taught and abstracted across 

all participants.  

Participant Function  Fraction Skills Directly Taught Fraction Skills 
Abstracted 

1 Writer x Adding mixed fractions 
 (prerequisite) 

x Adding Fractions with unlike 
denominators 

x Subtracting mixed 
fractions 

x Adding mixed 
fractions with unlike 
denominators 

2 Reader x Adding mixed fractions 
(prerequisite) 

x Subtracting mixed 
fractions 

3 Writer x Adding Fractions with like 
denominators (prerequisite) 

x Subtracting Fractions with like 
denominators (prerequisite) 

x Adding mixed fractions 
(prerequisite) 

x Adding Fractions with unlike 
denominators 

x Subtracting mixed 
fractions 

x Adding mixed 
fractions with unlike 
denominators 

4 Reader x Adding Fractions with like 
denominators (prerequisite) 

x Subtracting Fractions with like 
denominators (prerequisite) 

x Adding mixed fractions 
(prerequisite) 

None 

5 Writer x Adding mixed fractions 
(prerequisite) 

x Adding Fractions with unlike 
denominators 

x Subtracting mixed 
fractions 

x Multiplying mixed 
fractions 

6 Reader x Adding mixed fractions 
(prerequisite) 

x Multiplying fractions 

Table 11: Fraction Skills taught and abstracted across all participants. 

Figure 6 shows the number of fraction skills in repertoire prior to algorithm instruction, 

prerequisite skills taught, and fraction skills acquired during post-algorithm instruction for 

Groups A and B. 
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Figure 6: Fraction Skills Acquired by Group A and B. 
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Table 12 shows the number of and which multiplication skills were taught and abstracted 

across all participants.  

Participant Function  Multiplication Skills Directly Taught Multiplication Skills 
Abstracted 

1 Reader None x Triple digit by two 
digit 

x Triple digit by two 
digit horizontally  

x Triple digit by triple 
digit  

2 Writer x Horizontal single digit by double 
digit (prerequisite) 

x Triple digit by single digit 
 (prerequisite) 

x Triple digit by single digit 
horizontally 
 (prerequisite) 

x Double digit by double digit 
x Triple digit by two digit  

x Triple digit by two 
digit horizontally  
 

3 Reader None x Triple digit by single 
digit  

x Triple digit by single 
digit horizontally 

4 Writer x Single digit by double digit  
(prerequisite) 

x Horizontal single digit by double 
digit (prerequisite) 

x Triple digit by single digit  

x Triple digit by single 
digit horizontally 

x Double digit by 
double digit 

5 Reader x Horizontal single digit by double 
digit (prerequisite) 

x Triple digit by single digit  
(prerequisite) 

x Triple digit by single digit 
horizontally (prerequisite) 

x Triple digit by 
double digit 

6 Writer x Triple digit by single digit  
(prerequisite) 

x Triple digit by single digit 
horizontally (prerequisite) 

x Double digit by double digit 

x Triple digit by 
double digit 

Table 12: Multiplication Skills Taught and Abstracted. 
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Figure 7 shows the number of multiplication skills in repertoire prior to algorithm 

instruction, prerequisite skills taught, and multiplication skills acquired during post-algorithm 

instruction in fractions and multiplication instruction for Groups A and B. 
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Figure 7: Multiplication Skills Acquired by Groups A and B. 
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Dependent Variable: Verbally Governing Algorithms 

Results of the verbally governing algorithm probes at the onset of the study showed 

participants could complete a simple mathematical task, but could not write an algorithm or 

complete more complex problems. For example, participants solved double digit addition 

problems with regrouping, but were unable to write an algorithm on how to complete the steps to 

solve the problem. See Appendix G for participant examples. 

The probe results for the verbally governing algorithm probes across fraction and 

multiplication algorithm instruction conditions suggest that all participants wrote verbally 

governing algorithms after serving as a writer. The probes also suggest that serving as a reader 

increased verbally governing algorithms, but not to the same extent as serving as a writer. Tables 

13 and 14 and Figures 8 and 9, show the number of functional verbally governing algorithms 

during each condition of the study for Groups A and B. 

Participant Pre-Probe (prior to 
algorithm instruction in 

fractions) 

Post-algorithm 
instruction in 

Fractions 
(Writer) 

Post-algorithm 
Instruction in 
Multiplication 

(Reader) 
1 0/6 5/6 6/6 

3 0/6 5/6 6/6 

5 0/6 5/6 5/6 

Table 13: Number of functional verbally governing algorithms for Group A. 
Participant Pre-Probe (prior to 

algorithm instruction in 
fractions) 

Post-algorithm 
instruction in 

Fractions 
(Reader) 

Post-algorithm 
Instruction in 
Multiplication 

(Writer) 
2 0/6 2/6 4/6 

4 0/6 3/6 5/6 

6 0/6 1/6 5/6 

Table 14: Number of functional verbally governing algorithms for Group B. 
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Figure 8: Number of Functional Verbally Governing Algorithms for Group A. 
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Figure 9: Number of Functional Verbally Governing Algorithms for Group B.  
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Observational Learning 

The results of observational learning probes showed that every participant acquired 

observational learning either after algorithm instruction in fractions or algorithm instruction in 

multiplication. Most participants acquired the observational learning capability after two sets of 

algorithm instruction. Matched Participants 1 and 2 both acquired observational learning after 

one session of algorithm instruction. Tables 15 and 16 and Figures 10 and 11 show the 

emergence of the capability of observational learning for all six participants. 

Table 15: Emergence of Observational Learning for Group A (Writers for Fractions). 
Note. * = Emergence of observational learning

Participant Pre-Probe (prior to 
algorithm instruction 

in fractions) 

Post-algorithm instruction 
in Fractions 

(Writer) 

Post-algorithm 
Instruction in 
Multiplication 

(Reader) 
1 6/20 16/20 *  

3 6/20 12/20 19/20 * 

5 11/20 12/20 17/20 * 
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Figure 10: Group A’s Correct responses for probed observational learning tacts during 
experimental probe sessions. 
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Participant Pre-Probe (prior to 

algorithm instruction 
in fractions)  

Post-algorithm instruction 
in Fractions  

(Reader)  

Post-algorithm 
Instruction in 
Multiplication  

(Writer)  
2 7/20 19/20 *  

4 6/20 9/20 18/20 * 

6 5/20 14/20 16/20 * 

Table 16: Emergence of Observational Learning for Group B (Readers for Fractions). 
Note. * = Emergence of observational learning 
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Figure 11: Group B’s correct responses for probed observational learning tacts during 
experimental probe sessions. 
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Independent Variable: Number of rewrites and functional algorithms during Abstraction 

Instruction 

Prior to algorithm instruction, all participants were able to follow a verbally governing 

algorithm, but were unable to complete algorithms of verbally governing tasks. The results of 

algorithms solved by a naïve reader for the verbally governing algorithm probes show that an 

increase in the number of correct responses was evident for each participant. During the 

algorithm instruction training sessions, the experimenter calculated the number of functional 

algorithms. Table 17 shows the number of rewrites, number of correct mathematical responses, 

and number of functional algorithms during algorithm instruction. Figure 12 shows the number 

of rewrites, correct mathematical problems, and functional algorithms for Group A, serving as 

writers during the fraction algorithm instruction. Figure 13 shows the number of rewrites, correct 

mathematical problems, and functional algorithms for Group B, serving as writers during the 

multiplication algorithm instruction.  

Participant Rewrites Number of 
Mathematical 

Problems Completed 
Correctly 

Number of 
Functional 
Algorithms 

Writer Under Fractions 
or Multiplication 

Conditions 

1 7 3 3 Fractions 

2 4 4 4 Multiplication 

3 2 4 4 Fractions 

4 6 2 2 Multiplication 

5 8 5 4 Fractions 

6 10 3 2 Multiplication 

Table 17: Number of rewrites, correct mathematical responses, and functional algorithms during 
Algorithm Instruction. 
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Figure 12: Number of rewrites, mathematical problems completed correctly, and functional 
algorithms for Group A, serving as writers during Fraction Algorithm instruction.  
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Figure 13: Number of rewrites, mathematical problems completed correctly, and functional 
algorithms for Group B, serving as writers during Multiplication Algorithm instruction. 
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Discussion 

For all participants, the effect of writing and following algorithms resulted in the 

acquisition of verbally governing behavior for mathematical algorithms. The effect of writing 

and following algorithms resulted in the ability to complete more composite problems and write 

more complex algorithms for multiplication and, for 5 out of 6 participants, for fraction skills. 

Group B (readers first) did not acquire the ability to produce verbally governing algorithms until 

they served as writers, but Group B did require fewer rewrites than Group A during the 

algorithm procedure. This suggests that the writer function is crucial in producing verbally 

governing algorithms however, the reader function is also important. It appears, since Group B 

served as readers first, they required fewer rewrites as writers. It seems as though serving as a 

reader effects the acquisition of functional writing. 

The fraction algorithm procedure induced new composite skills for all participants, with 

the exception of Participant 4. Most participants acquired more than one complex skill. Perhaps 

Participant 4 did not acquire more composite fraction skills because she had the fewest 

component fraction skills (with the exception of Participant 3) in repertoire at the onset of the 

study. Participants 3 and 4 both had similar prerequisite skills in fractions, but perhaps the role of 

writer induced more complex skills for Participant 3. Interestingly, the multiplication algorithm 

procedure induced new composite skills for all participants. Participants 3 and 4 acquired two 

new composite multiplication skills. Participant 1 acquired three new composite multiplication 

skills. The fact that all participants acquired more composite skills for the multiplication phase of 

the study further suggests that the role of writer is crucial for the induction of more complex 

skills. Interestingly, the participants who served as writers under the multiplication phase (Group 

B) of the study correctly solved more multiplication problems than Group A. Although Group A 
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served as writers first, Group B still correctly solved more multiplication problems than Group 

A. This suggests that serving as a writer, in each condition, induces more composite skills, even 

if the participants served as a writer in a prior condition.  

The peer-yoked contingency induced observational learning for all participants. The 

observation of the writer editing his/her algorithms and re-writing algorithms induced 

observational learning. With the exception of Participant 2, all participants acquired 

observational learning after serving as writers. During the first session, Participant 1 required the 

greatest number of rewrites for functional algorithms. The total number of rewrites required by 

Participant 1 was seven, six of which were needed during the first session. Perhaps due to the 

increased number of observed rewrites in the first session and additional instruction, Participant 

2 acquired observational learning prior to serving as a writer. Participants 1 and 2 may have 

required more algorithm instruction because their initial verbally governing probes were the least 

functional of all the participants enrolled in the first study.  

Rationale and Purpose of the Second Experiment 

The writing of algorithms led to complex problem solving. The instruction in writing 

algorithms involved the peer-yoked contingency, therefore, the peer-yoked contingency led to 

the acquisition of verbally governing behavior. As stated previously, there has been little to no 

research conducted to test the effectiveness of writing and following algorithms using a peer-

yoked contingency to induce more complex problem solving. Furthermore, the amount of 

research studying verbally governing behavior is limited. Due to the lack of precedent in verbally 

governing behavior and the induction of more complex problem solving using a peer-yoked 

contingency, this second experiment sought to replicate the results of the first study.  
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Research Questions for Experiment II 

The second experiment sought to answer the following research questions: Will the 

yoked contingency result in the acquisition of functional algorithms? By writing functional 

algorithms, will the participants abstract those algorithms to solve more complex mathematical 

problems? Does serving as a writer or reader effect the acquisition of functional writing? Does 

the initial functionality of algorithms affect the amount of needed algorithm instruction? 
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Chapter III 

EXPERIMENT II 

Method 

Participants 

There were four participants selected for the second experiment in this study. The 

participants were students ending 2nd grade, enrolled in a public school located in a major 

metropolitan area.  The participants ranged in age from seven to eight years. Participants were 

selected from a general education second grade classroom. Since participants were ending 

second grade, their mathematical skills were closely aligned to the participants’ mathematical 

skills at the onset of Experiment 1.  Based upon hearing a description of the study from the 

experimenter, who was also the classroom teacher, parents of the participants contacted the 

experimenter to enroll their child in the study.  The experimenter then gave parents a written and 

verbal description of the study to see if the parents were interested in volunteering to have their 

child participate in the study. Since the experimenter was also the classroom teacher, she knew 

the participants’ skill levels well and anticipated who had the necessary skills to enroll in the 

study. Despite this knowledge, the experimenter still had to teach prerequisite skills. The number 

and type of prerequisite skills varied and was dependent on each participant. See Table 18 for 

fraction prerequisite skills taught and Table 19 for addition prerequisite skills taught.  
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7 + * - - - - - - - - - - - 

8 * + - - - - - - - - - - - 

9 + + - - - - - - - - - - - 

10 + * - - - - - - - - - - - 

Table 18: Participants’ Fraction Skills Present at the Onset of the Study. 
Note * = taught prior to algorithm instruction because they were prerequisites to participating 
in instruction 
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7 + + + + + + + + + + + + + - - 

8 + + + + + + + + + + * + + - - 

9 + + + + + + + + + + + + + - - 

10 + + + + + + + + + + + + + - - 

Table 19: Participants’ Addition Skills Present at the Onset of the Study. 
Note * = taught prior to algorithm instruction because they were prerequisites to participating 
in instruction 
 

As in Experiment 1, participants were selected based on pre-experimental screening tests. 

Then they were matched based on performance on pre-experimental screening tests. Pre-

experimental screening tests were evaluated for error patterns and analyzed for mathematical 

objectives that were and were not in repertoire. Participants who had similar verbal cusps and 

capabilities in repertoire across mathematical objectives were matched and placed into Group C 

or Group D. For example, matched pair Participant 7 and Participant 8 were assigned to a group, 

Participant 7 to Group C and Participant 8 to Group D. In the first phase of the study, Group C 

worked directly with the experimenter and Group D followed the written algorithm provided by 

the matched participant in Group C. 
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The four participants selected for this study were proficient in basic addition and 

subtraction of math facts, place value, and measurement, and all had the capability of Naming. 

Pre-experimental test scores determined mathematical proficiency. All participants were able to 

add equations with and without renaming with three digit numbers, identify place value of 

numbers through the hundreds place, multiply single digit multiplication equations, identify 

missing factors in multiplication problems, identify fractions and draw the matching fractions.  

Despite mathematical proficiency, the participants were unable to tact how they completed a 

mathematical problem nor were they able to complete a task analysis that specified the steps 

needed to complete the problem; in other words, the participants were unable to write 

mathematical algorithms. Furthermore, participants could not take basic skills in repertoire and 

abstract the algorithm to solve more difficult mathematical problems. Additionally, in order to be 

selected for the study, participants were required to have basic mathematical proficiency and the 

capability of Naming but not have the capability of observational learning in repertoire. Table 20 

highlights the age of each participant, his/her gender and developmental capabilities present at 

the onset of the study. 

Participant Age Gender Observational 

Learning 

Naming  Verbally 

Governed 

Verbally 

Governing 

7 7 Male __ + + __ 

8 8 Male __ + + __ 

9 7 Female __ + + __ 

10 8 Male __ + + __ 

Table 20: Participant information at the onset of the study (- indicates not present, + indicates 
present).  
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Setting 

All experimental and probe sessions were conducted in a classroom after the school day 

had ended. Only the participants, experimenter and observer (for interobserver agreement) were 

in the classroom during the experimental sessions. All sessions were conducted at a large 

rectangular table with participants sitting on one side of the table and the experimenter sitting 

across from the participants. Other rectangular tables were around the classroom used during the 

sessions. The tables remained vacant during the duration of the experiment. 

Materials 
The materials used in the second experiment of the study were the same as in the first 

experiment with the exception of the tests of math skills.  

Dependent Variables 

Pre-experimental screening procedures. The experimenter conducted three types of 

pre-experimental screening tests:  observational learning probes, pre-experimental mathematical 

probes, and verbally governed algorithm probes, which were assessed in the same manner as in 

Experiment 1. 

Observational learning probes. Observational learning probes were conducted under 

the same conditions of Experiment 1. 

Pre-experimental mathematical probes. Pre-experimental probes on place value, 

addition facts, and fractions were administered to ensure that prerequisite skills were in 

repertoire and composite skills (to allow for abstraction) were not in repertoire. This allowed the 

experimenter to control for validity of the intervention and learn units to criteria of both the 

readers and writers. Both addition and fraction skills were probed. In order to begin the study, 

participants had to have the ability to complete less complex (component) mathematical skills in 

repertoire and not have the ability to complete composite mathematical skills in repertoire. 
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Verbally governed algorithm probes. Verbally governed algorithm probes were 

conducted using the same procedure as Experiment 1. 

Verbally governing algorithm probes. Verbally governing algorithm probes were 

conducted using the same procedure as Experiment 1. 

Pre-Experimental instruction  

Pre-experimental instruction was implemented for Participant 8 consisting of identifying 

fractions and adding three 2-digit equations with renaming in the ones column with totals of less 

than 20. Pre-experimental instruction was also implemented for Participants 7 and 10 for 

drawing the matching fraction when presented with a written fraction. For example, Participants 

7 and 10 were taught how to draw the fractional picture for ¾. 

Independent Variable: Algorithm Instruction  

The algorithm procedure was the same as in Experiment 1. 

A peer-yoked contingency was used to help teach the functionality of writing algorithms.  

In the first phase of algorithm instruction, participants in Group C served as writers in the peer-

yoked contingency because they wrote an algorithm on how to solve a mathematical problem. 

During the algorithm procedure, Participants in Group D (readers) were not given direct 

instruction by the experimenter on how to solve mathematical problems. Participants in Group C 

were given feedback through learn units by the experimenter on the accuracy of solving the 

problem. The number of learn units provided to participants varied, depending on individual 

needs. Once the writer was able to solve the mathematical problems correctly, the writers then 

wrote an algorithm on how to complete the mathematical problems. Prior to giving the algorithm 

to the reader, the writer showed the algorithm to the experimenter in order to receive feedback. 

The experimenter provided learn units on spelling, capitalization, and punctuation of the written 
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algorithm, but did not provide learn units on the function of the algorithm. Once the writer 

corrected spelling, capitalization and punctuation and showed his/her corrections to the 

experimenter, the writer shared his/her work with the reader. 

During the instruction of writers, readers were otherwise engaged and never received 

direct instruction however; they read the algorithms written by the writers. Participants in Group 

C observed the reader (participants in Group D) completing the mathematical problem. The 

instruction of writers was conducted in the same manner as in Experiment 1. 

During the algorithm procedure, data were recorded in the same manner as in Experiment 

1. Like in Experiment 1, a game board was used to reinforce the participants’ ability to work 

together and increase motivation.  

Experimental Design 

The design of the study was the same as in Experiment 1. 

Post-Algorithm Instruction Probes 

 All post-algorithm instruction probes were identical to Experiment 1, with the exception 

of the math skills probed (addition and fractions). Please see Figure 14 for the sequence of the 

experiment. 
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Figure 14: Flowchart of Experimental Sequence of Experiment 2.  

All participants (reader and writer) completed pre-
experimental probes.  

Participants were matched into pairs based on pre-
experimental probe results. Participants were assigned 
to either Group C or Group D. Group C participants 
were trained in writing algorithms and Group D 
participants were trained in reading algorithms.  

During addition algorithm instruction Participant 7 
(writer) in Group C, received direct learn unit 
instruction on completing math problems and writing 
algorithms on Set 1 of addition problems. Participant 8 
in Group D served as the reader and provided 
feedback to Participant 7’s written algorithms but 
never received direct instruction.  

A post-addition algorithm probe was conducted for 
Participants 7 and 8 on writing algorithms for Set 1 of 
addition problems.  

Participants in Group D who did not acquire 
abstraction, served as the reader. Group C served as 
the writer. The sequence was repeated for the 
remaining participants. After all participants in Group 
C served as writers, roles were reversed. Group D 
served as writers and Group C served as readers for 
fraction algorithm instruction. The sequence was 
repeated for multiplication algorithm instruction. 

The experimenter scored 
the number of correct and 
incorrect responses in the 
pre-experimental probes.  

 

A naïve adult reader was 
given only the 
mathematical algorithms 
and completed the task 
using the mathematical 
algorithms written by the 
participants. The 
mathematical algorithm 
was functional if the 
reader was able to 
complete the problem 
correctly.  

 

Feedback for the 
experimental probes was 
never given to the 
participants.  

A post-addition probe on more complex problems and 
algorithms was conducted once participants met 
criterion on Set 1 of addition problems. A second pre-
addition probe was conducted with Participants 9 and 
10. 
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Once participants in Group C acquired the ability to abstract complex mathematical 

algorithms, the procedure was repeated; however Participants in Group D who did not acquire 

abstraction received direct instruction for a different mathematical objective and served as the 

writer and Group C served as the reader. The sequence was repeated for the two remaining 

participants. 

Response Definitions and Data Collection Procedures 

Both experiments had the same two dependent variables, abstraction to complex 

problems and verbally governing behaviors. Data collection procedures for abstraction to 

complex problems were the same as in Experiment 1. Data collection procedures for 

observational learning were the same as in Experiment 1. 

Interscorer agreement. Interscorer agreement was collected and calculated in the same 

manner as in Experiment 1. Interscorer agreement was 100% across all permanent products and 

functional components. 

Interobserver agreement. Interobserver agreement was collected and calculated in the 

same manner as in Experiment 1. Interobserver agreement was conducted for 80% of the 

sessions and was 100%. 

Results 

Dependent Variable: Abstraction to Complex Problems 

The probe results for the abstraction to more complex problems are broken into two 

components: all addition and fraction skills probed at the onset of the study and a probe that 

tested for the abstraction of a more complex task one skill level above what was taught during 

the fraction and multiplication skill for each participant. When analyzing the probes for 

abstraction of a complex task, one skill above what was taught in algorithm instruction, an 
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increase in abstraction for complex problems was demonstrated for all participants after the 

writer function.  None of the participants were able to abstract complex problems until after the 

writer function. Meaning, participants did not solve complex problems simply by serving as a 

reader. Participants could now complete mathematical problems at least one skill level above 

where they were prior to algorithm instruction; these operations were extended to the new 

condition in the second phase of algorithm instruction. Table 21 and Figure 15 show the number 

of correct responses for abstraction to more complex problems probes for Group C (writers). 

Table 22 and Figure 16 show the number of correct responses for abstraction to more complex 

problems probes for Group D (readers).  

Participant Pre-Probe (prior to algorithm 
instruction in fractions) 

Post-algorithm instruction 
in Fractions 

(Writer) 

Post-algorithm instruction 
in Multiplication 

(Reader) 
 Mathematical 

Problems 
Solved 

Correctly 

Correct 
Responses for 
abstraction to 
more complex 

problems 

Mathematical 
Problems 

Solved 
Correctly 

Correct 
Responses for 
abstraction to 
more complex 

problems 

Mathematical 
Problems 
Solved 

Correctly 

Correct 
Responses for 
abstraction to 
more complex 

problems 
7 0/2 0/2 2/2 2/2 2/2 2/2 

9 0/2 0/2 2/2 2/2 2/2 2/2 

Table 21: Number of mathematical problems completed correctly and correct responses for 
abstraction to more complex problems probes for Group C (Writers). 
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Figure 15: Number of correct responses for abstraction to more complex problems probes for 
Group C who served as writers for addition instruction and readers for fraction instruction. 
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Participant Pre-Probe (prior to algorithm 
instruction in fractions) 

Post-algorithm instruction 
in Fractions 

(Writer) 

Post-algorithm instruction 
in Multiplication 

(Reader) 
 Mathematical 

Problems 
Solved 

Correctly 

Correct 
Responses for 
abstraction to 
more complex 

problems 

Mathematical 
Problems 

Solved 
Correctly 

Correct 
Responses for 
abstraction to 
more complex 

problems 

Mathematical 
Problems 
Solved 

Correctly 

Correct 
Responses for 
abstraction to 
more complex 

problems 
8 0/2 0/2 0/2 0/2 2/2 2/2 

10 0/2 0/2 0/2 0/2 2/2 2/2 

 
Table 22: Number of mathematical problems completed correctly and correct responses for 
abstraction to more complex problems probes for Group D (Readers).  
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Figure 16: Number of correct responses for abstraction to more complex problems probes for 
Group D who served as readers for fraction instruction and writers for fraction instruction. 
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The probe results for addition skills suggest that all participants increased their 

repertoires in addition skills when compared to the onset of the study. Group C (writers for 

addition) had an overall higher number of correctly solved addition problems than Group D. See 

Table 23 for the number of correct addition problems solved by Group C (writers for addition) 

during pre-addition algorithm instruction probes and post-addition algorithm instruction probes. 

See Table 24 for the number of correct addition problems solved by Group D (readers for 

addition) during pre-addition algorithm instruction probes and post-addition algorithm 

instruction probes. 

Participant Pre-Probe (prior to 
algorithm instruction in 

addition) 

Post-algorithm 
instruction in 

Addition 

Post-algorithm 
Instruction in 

Fractions 
7 87% 96% 98% 

9 91% 98% 100% 

Table 23: Percentage of Correct Addition Problems Solved by the Group C (writers for addition) 
during pre-addition algorithm instruction probes and post-addition algorithm instruction 
probes. 
 

Participant Pre-Probe (prior to 
algorithm instruction in 

addition) 

Post-algorithm 
instruction in 

Addition 

Post-algorithm 
Instruction in 

Fractions 
8 67% 93% 93% 

10 87% 96% 98% 

Table 24: Percentage of Correct Addition Problems Solved by the Group D (readers for 
addition) during pre-addition algorithm instruction probes and post-addition algorithm 
instruction probes. 
 
 

Table 25 shows the number of and which addition skills were taught and abstracted 

across all participants.  
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Participant Function  Addition Skills Directly Taught Addition Skills 
Abstracted 

7 Writer x Adding three two digit numbers, 
with the ones column totals at 20 or 
more 

x Adding three, four, 
five multi digit 
numbers, with 
renaming in some/all 
columns, cumulative 
more than 20 

8 Reader x Adding three, two digit numbers 
with renaming in the ones column, 
total less than 20 (prerequisite) 

x Adding three two 
digit numbers, with 
the ones column 
totals at 20 or more 

9 Writer x Adding three two digit numbers, 
with the ones column totals at 20 or 
more 

x Adding three, four, 
five multi digit 
numbers, with 
renaming in some/all 
columns, cumulative 
more than 20 

10 Reader None x Adding three two 
digit numbers, with 
the ones column 
totals at 20 or more 

x Adding three, four, 
five multi digit 
numbers, with 
renaming in some/all 
columns, cumulative 
more than 20 

Table 25: Addition Skills Taught and Abstracted. 

Figure 15 shows the number of addition skills in repertoire prior to algorithm instruction, 

prerequisite skills taught and addition skills acquired during post-algorithm instruction for 

Groups C and D. 
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Figure 17: Addition Skills Acquired for Groups C and D. 
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The probe results for the abstraction to more complex problems for fraction skills suggest 

that all four participants increased their repertoires in fraction skills when compared to the onset 

of the study. Interestingly, Group D, writers for fraction skills, had an overall higher number of 

correctly solved fraction problems than Group C with the exception of Participant 9. At the onset 

of the study, Participant 9 had the highest number of component fraction skills in repertoire, 

which may explain an overall higher number of accurately solved fraction problems at the end of 

the study. See Table 26 for the number of correct fraction problems solved by the Group C 

(readers for fractions) during pre-algorithm instruction mathematical probes and post-algorithm 

instruction mathematical probes. See Table 27 for the number of correct fraction problems 

solved by the Group D (writers for fractions) during pre-algorithm instruction mathematical 

probes and post-algorithm instruction mathematical probes. 

Participant Pre-Probe (prior to 
algorithm instruction in 

addition) 

Post-algorithm 
instruction in 

Addition 

Post-algorithm 
Instruction in 

Fractions 
7 24% 33% 58% 

9 84% 84% 98% 

Table 26: Percentage of Correct Fraction Problems Solved by the Group C (Readers for 
Fractions) during pre-experimental mathematical probes and post-experimental mathematical 
probes. 
 
 

Participant Pre-Probe (prior to 
algorithm instruction in 

addition) 

Post-algorithm 
instruction in 

Addition 

Post-algorithm 
Instruction in 

Fractions 
8 7% 7% 49% 

10 16% 16% 56% 

Table 27: Percentage of Correct Fraction Problems Solved by the Group D (Writers for 
Fractions) during pre-experimental mathematical probes and post-experimental mathematical 
probes. 
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Table 28 shows the number of and which fraction skills were taught and abstracted across all 
participants.  
 
Participant Function  Fraction Skills Directly Taught Fraction Skills 

Abstracted 
7 Reader x Drawing Matching Fraction 

(prerequisite) 
x Adding fractions 
x Subtracting fractions 

8 Writer x Identifying Fraction (prerequisite) 
x Adding Fractions 

x Subtracting 
Fractions 

x Adding mixed 
numbers 

9 Reader None x Equivalency 
x Converting word 

from to fraction form 
x Adding fractions 
x Subtracting fractions 

10 Writer x Drawing Matching Fraction 
(prerequisite) 

x Adding Fractions 

x Equivalency 
x Converting word 

form to fraction form 
x Subtracting 

Fractions 
x Adding mixed 

numbers 
x Subtracting mixed 

numbers 
Table 28: Fraction Skills Taught and Abstracted. 

Figure 18 shows the number of fraction skills in repertoire prior to algorithm instruction, 

prerequisite skills taught, and fraction skills acquired during post-algorithm instruction for 

Groups C and D. 
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Figure 18: Fraction Skills Acquired for Groups D and C.  
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Dependent Variable: Observational Learning 

The results of observational learning probes showed that every participant acquired 

observational learning. Unlike Experiment 1, all participants acquired the observational learning 

capability after one set of algorithm instruction. In Experiment 1, most participants acquired 

observational learning after two sets of algorithm instruction. Tables 29 and Figure 19 show the 

emergence of the capability of observational learning for participants in Group C (writers for 

addition). Tables 30 and Figure 20 show the emergence of the capability of observational 

learning for participants in Group D (writers for fractions).  

Participant Pre-Algorithm 
Instruction Probe 

Post-Addition Algorithm 
Instruction 
 (Writers) 

Post-Fractions Algorithm 
Instruction 
(Readers) 

 
7 6/20 18/20 * n/a 

9 7/20 18/20* n/a 

Table 29: Emergence of Observational Learning for Group C (Writers for Addition). 
Note. * = Emergence of observational learning 
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Figure 19: Group C’s correct responses for probed observational learning tacts during 
experimental probe sessions. 
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Participant Pre-Algorithm 

Instruction Probe 
Post-Addition Algorithm 

Instruction 
 (Readers) 

Post-Fractions Algorithm 
Instruction 
(Writers) 

 
8 7/20 19/20 * n/a 

10 8/20 16/20* n/a 

Table 30: Emergence of Observational Learning for Group D (Writers for Fractions). 
Note. * = Emergence of observational learning 
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Figure 20: Group D’s correct responses for probed observational learning tacts during 
experimental probe sessions.  
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Dependent Variable: Verbally Governing Algorithms  

Results of the verbally governed algorithm probes showed participants could complete a 

simple mathematical task and also read and follow written algorithms. The ability to read and 

follow an algorithm was a prerequisite for participant selection. However, initial results of the 

verbally governing algorithm probes showed participants could complete a simple mathematical 

task, but could not write an algorithm or complete composite problems at the onset of the study. 

The post-intervention probe results for the verbally governing algorithm probes across addition 

and fraction algorithm instruction conditions suggest that all participants wrote verbally 

governing algorithms after serving as a writer. The probes also suggest that serving as a reader 

increases verbally governing algorithms, but not to the same extent as serving as a writer. Tables 

31 and 32 show the number of functional verbally governing algorithms during each condition of 

the study for Groups C and D.  

Participant Pre-Probe (prior to 
algorithm instruction in 

fractions) 

Post-algorithm 
instruction in 

Fractions 
(Writer) 

Post-algorithm 
Instruction in 
Multiplication 

(Reader) 
7 0/6 4/6 5/6 

9 0/6 4/6 6/6 

Table 33: Number of functional verbally governing algorithms for Group C. 
 

Participant Pre-Probe (prior to 
algorithm instruction in 

fractions) 

Post-algorithm 
instruction in 

Fractions 
(Reader) 

Post-algorithm 
Instruction in 
Multiplication 

(Writer) 
8 0/6 2/6 6/6 

10 0/6 0/6 6/6 

Table 34: Number of functional verbally governing algorithms for Group D. 
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Independent Variable: Number of rewrites and functional algorithms during Abstraction 

Instruction 

Prior to algorithm instruction, all participants were able to follow a verbally governing 

probe, but were unable to complete probes of verbally governing tasks. The results of algorithms 

solved by a naïve reader for the verbally governing algorithm probes show that an increase in the 

number of correct responses was evident for each participant. During the algorithm instruction 

training sessions, the experimenter calculated the number of functional algorithms. Table 33 

shows the number of rewrites, number of mathematical problems completed correctly, and 

number of functional algorithms during algorithm instruction. Figure 21 shows the number of 

rewrites, mathematical problems completed correctly, and functional algorithms for Group C as 

writers during addition algorithm instruction. Figure 22 shows the number of rewrites, 

mathematical problems completed correctly, and functional algorithms for Group D as writers 

during fraction algorithm instruction 

Participant Rewrites Number of 
Mathematical 

Problems 
Completed 
Correctly 

Number of 
Functional 
Algorithms 

Writer Under Fractions or 
Addition Conditions 

7 5 3 5 Addition 

8 3 3 2 Fractions 

9 2 2 3 Addition 

10 3 3 4 Fractions 

Table 33: Number of rewrites, correct mathematical responses, and functional algorithms during 
Algorithm Instruction. 
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Figure 21: Number of rewrites, mathematical problems completed correctly, and functional 
algorithms for Group C as writers during Addition Algorithm instruction. 
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Figure 22: Number of rewrites, mathematical problems completed correctly, and functional 
algorithms for Group D as writers during Fraction Algorithm instruction. 
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Chapter III 
GENERAL DISCUSSION 

Overview 

Both experiments were conducted to test for the abstraction of more complex 

mathematical skills and to test for the induction of observational learning using verbally 

governing algorithm instruction involving a peer-yoked contingency. Most studies have used the 

peer yoked functional writing procedure as part of a writer immersion package. Unlike most 

studies, I implemented the functional writing procedure with verbally governing mathematical 

algorithms while also inducing observational learning. In addition, I tested for the functional 

writing and abstraction to more complex mathematical problems for not only the writer, but also 

the reader (Helou, Lai, & Sterkin, 2007; Jodlowski, 2000; Madho, 1997; Reilly-Lawson & Greer, 

2006; Visalli-Gold, 2005). 

The first experiment was designed to test the effects of algorithm instruction involving a 

peer-yoked contingency on the capability to abstract more complex mathematical skills. The 

algorithm procedure consisted of two teacher antecedent models using the algorithm to complete 

the problem and then writing the algorithm, followed by learn units to the writer. The peer-yoked 

contingency consisted of 2 participants, serving as a writer or a reader, working as a team to 

compete against the experimenter and advance on the game board. If the writer wrote functional 

mathematical algorithms and solved the mathematical problem correctly, the pair advanced one 

space on the game board.  However, if the algorithm was not functional or the mathematical 

problem was solved incorrectly, the experimenter advanced a space on the game board. The 

capability of observational learning was tested prior to algorithm instruction, after the first phase 

of algorithm instruction, and after the second phase of algorithm instruction. The second 

experiment replicated the procedure of the first experiment. The only differences in the second 
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experiment were the age of the participants (7 to 8 instead of 8 to 9) and the mathematical 

content (addition and fractions instead of fractions and multiplication).  

Major Findings 

Abstraction to Complex Problems 

For all participants, use of the algorithm procedure resulted in the ability to complete 

more complex mathematical problems and write more complex algorithms for 

addition/multiplication and fraction skills. In both Experiment 1 and Experiment 2, participants’ 

overall mathematical skills increased from skill levels prior to algorithm instruction. This overall 

increase suggests that algorithm instruction resulted in the ability to complete more complex 

mathematical problems. More importantly, specific abstraction probes designed to test for one 

skill level above the skill taught in the algorithm instruction procedure, suggest that the 

abstraction to complex problems is dependent on serving as a writer. In both experiments the 

writers were able to abstract two more complex mathematical problems without receiving 

instruction. However, the readers were not able to solve the same complex mathematical 

problems. After the participants who first served as readers became writers, they too could solve 

complex mathematical problems. In addition, for both experiments the participants who served 

as writers gained the capability to abstract composite skills for both fractions and 

addition/multiplication. Participants could now complete math problems one skill level above 

what they were able to solve prior to algorithm instruction. Those who served as readers didn’t 

gain the capability to abstract composite skills until they served as writers. Therefore, the 

abstraction of complex problems may be dependent on the writer function. The observation of a 

peer’s mathematical problem solving, may possibly have an effect on abstraction of complex 

problems.  
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Observational Learning 
 

The peer-yoked contingency gameboard induced observational learning for all 

participants. In Experiment 2, all participants acquired observational learning after the first phase 

of algorithm instruction. In contrast, in Experiment 1, all participants acquired observational 

learning after serving as writers, with the exception of Participant 2. Perhaps Participant 2 

acquired observational learning prior to serving as a writer due to an increased number of 

opportunities in algorithm instruction during the first phase of the experiment. Participants 1 and 

2 required more sessions to complete rewrites for mathematical algorithms.  

Although all participants acquired observational learning, participants in Experiment 2 all 

acquired observational learning after only one phase of algorithm instruction. Despite the fact 

that participants in Experiment 2 were enrolled in the end of second grade (participants in 

Experiment 1 were enrolled in third grade), observational learning was induced for some prior to 

serving as writers.  

The Peer-Yoked Contingency  

 The peer-yoked contingency for observing occasioned the responding of both the reader 

and writer. In order to receive reinforcement, the peers had to work together and collaborate. 

This collaboration is referred to by Tomasello (2008) as joint intentionality. The need for the 

reader and writer to collaborate to receive the reinforcement subjected the participants to the 

same motivating conditions. Since the reinforcement was yoked, a need for verbal behavior was 

created. In the case of this study, participants were required to write and read (and do) in order to 

attain mutual reinforcement. Participants who read were emitting verbally governed behavior and 

participants who wrote were emitting verbally governing behavior.  
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This joint intentionality of the yoked contingency established observational learning. For 

Participants 2, 8, and 10 observational learning was induced prior to serving as writers and prior 

to emitting verbally governing behavior. Contrarily, for Participants 1, 3, 4, 5, 6, 7, and 9 

observational learning was induced after serving as writers and after emitting verbally governing 

behavior. It is unclear whether participants acquired observational learning or verbal behavior 

first. 

Although it is unclear if participants acquired observational learning or verbally 

governing behavior first, it is clear that serving as a writer first was important. When participants 

first served as writers, they were able to abstract mathematical composite skills under both 

conditions. However, participants who served as readers were not able to abstract mathematical 

composite skills under both conditions; readers didn’t gain the capability to abstract composite 

skills until they served as writers. Serving as a writer first enabled participants to gain an overall 

higher number of abstracted mathematical composite skills and continue to abstract the algorithm 

when serving as a reader. 

Functional Algorithms 

Like Group B in Experiment 1, Group D did not acquire the ability to produce verbally 

governing algorithms until they served as writers, but required fewer rewrites than Groups A and 

C during the algorithm procedure. This suggests that the writer function is crucial in producing 

verbally governing algorithms however, the reader function is also important. It appears, since 

Groups B and D served as readers first, they required fewer rewrites as writers in the second 

phase of both experiments. This further suggests that serving as a writer in the first phase of the 

study allowed the writers to acquire the ability to produce more verbally governing algorithms.  
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Limitations 

One limitation in this study was the lack of a second pre-observational learning probe. 

Although most studies testing for the induction of observational learning only probe for 

observational learning once prior to treatment, it may be beneficial to probe two times prior to 

treatment. A second probe for observational learning prior to implementing algorithm instruction 

would have provided a clearer baseline assessment of participants’ capabilities.  

The range in ages of the participants and the disproportionate number of males and 

females is an additional limitation.  In Experiment 1, participants were enrolled in third grade 

and ranged in age from 8 to 9 years. In Experiment 2, participants were enrolled in second grade 

and ranged in age from 7 to 8 years. Although the ages were closely ranged due to the part of the 

school year the experiments were conducted, participants in Experiment 1 did have more overall 

mathematical skills in repertoire. Also, in Experiment 1, most participants were female. The 

second experiment set to control this by selecting both male and female participants. In 

Experiment 2, three participants were male and one was female.  

Another limitation is the possibility that the additional learn units during algorithm 

instruction may have an effect on abstraction of complex problems. The range in the required 

number of rewrites for functional algorithms was 2 to 6 for the first session of algorithm 

instruction. The present study did not control for exposure in the number of learn units presented 

during algorithm instruction. 

The number of problems to test for the abstraction of solving the mathematical problems 

one skill level above what was taught during algorithm instruction and functional algorithm was 

limited to two in this study. Only two abstraction to more complex problems probes were 

completed due to the length of time participants required to complete the mathematical problems 
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and write the algorithm. If there were more than two abstraction to more complex problems 

probes, the results would be clearer on when participants acquired verbally governing behavior.  

Future Research 

Future research may want to control for the exposure in the number of learn units 

presented during algorithm instruction. By controlling the number of learn units during algorithm 

instruction, the experimenter can identify the effect of additional learn units during algorithm 

instruction on the abstraction of complex problems.  

One of the prerequisites for participant selection was the capability of Naming and the 

absence of the observational learning capability. Future studies may select participants without 

the capabilities of Naming and/or observational learning to more clearly identify the capabilities 

necessary for production of verbally governing algorithms. By identifying the necessary 

prerequisite capabilities, educators can identify when they can teach the production of verbally 

governing algorithms and verbally governed algorithms. 

Additional studies may also want to replicate the study in order to identify more clearly 

the effects of serving as a reader and writer. Does the ability to write more complex algorithms 

depend on serving as reader or writer? This study suggests that the ability to produce verbally 

governing algorithms does depend on the role of writer, but these results need to be replicated. 

Due to the limited number of studies testing for verbally governing algorithms, the role of 

readers or writers needs to be further explored.  Also, future studies can explore if participants 

who follow verbally governed algorithms can also produce verbally governing algorithms. 
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Definition of Terms  

1. Operant. An operant is a response that is evoked and learned through three term 

contingencies or antecedent-behavior-consequences. Numerous antecedents and 

consequences control operant behavior, but serve as different functions (Greer, 2002, 

Greer & Ross, 2008). An example of an operant is when a child sees a pear in the grocery 

store (the antecedent), the child says, “It’s a pear!” (the response), and then the response 

is reinforced by the mother (the consequence). Since the response, “It’s a pear” was 

previously reinforced, the likelihood of the emitting the same response in the future when 

seeing a pear, increases. Given the fact that numerous antecedents control operant 

behavior and serve as different functions, the child can take the experience of the pear 

and apply it to another similar concept. For example, the child sees a picture of a pear in a 

book (the antecedent), the child then gets a pear from the kitchen (the response), and then 

the mother reinforces the child for matching the objects (the consequence). 

2. Higher-order operant. A higher-order operant consists of one overarching operant that 

was joined by two or more previously acquired and independent operants (Catania, 2007, 

Greer & Ross, 2008). A higher-order operant or higher-order class of behavior was 

defined by Catania as, “an operant class that includes within it other classes that can 

themselves function as operants” (p. 392). Naming is an example of a higher-order 

operant because a person can be taught a speaker response and emit a listener response 

(or vice versa) without being directly taught. When a person has the Naming capability in 

repertoire, speaker and listener responses are joined (Greer & Keohane, 2005; Greer & 

Ross, 2008; Healy, Barnes-Holmes & Smeets, 2000; Horne & Lowe, 1996). 
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3. Contingency-Shaped Behavior. When behaviors are present in a person’s repertoire, they 

are considered to be contingency-shaped behaviors. Contingencies in the environment 

directly reinforce these behaviors (Greer, 2002). These behaviors are shaped by its 

consequences (Catania, 2007) and are usually “automatically” emitted. An example of a 

contingency shaped behavior is cooking without having to refer to a recipe. A 

mathematical example of a contingency shaped behavior is multiplying two digits 

without having to skip count, draw objects in groups or use a multiplication table. Often 

times, contingency-shaped behaviors are synonymous with behaviors that are fluent. 

4. Verbal Behavior. Unlike traditional study of language, which focuses on structural 

components, verbal behavior studies language as a behavior in order to determine its 

function (Skinner, 1957). In order to understand the function of spoken language, there 

needs to be a combination of listening, imitation and speaking between two people. In a 

conversation, the speaker and listener functions rotate between an individual and another 

or between the individual within his/her own skin (Greer, & Keohane, 2005; Greer & 

Speckman, 2009; Greer & Ross, 2008). Although primates and pigeons can be taught 

components of behavior, more complex verbal behavior can only be possible with 

humans. Humans have more complex verbal behavior due to the fact that their verbal 

behavior as a speaker affects the listener or the listener is affected by the speaker. Vocal 

speech is only considered verbal when the speaker affects the listener or the speaker, not 

solely upon vocal utterances, affects the listener. Since verbal behavior studies the 

function of language, verbal behavior can have many topographies such as sign language, 

smoke signals, vocal, signals, and written responses amongst others (Greer, 2008; Greer 

& Keohane, 2005; Greer & Ross, 2008). Skinner (1957) categorized verbal behavior into 
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six operants: mand, tact, echoic, intraverbal, autoclitic, and textual response. Table 38 

provides descriptions and examples of each operant (Skinner, 1957). 

Verbal Operant Description Example 

Echoic An echoic is a verbal operant in which a 

vocal antecedent model has a point-to-

point correspondence echo.  

A parent says, “Book” 

and the child echoes, 

“Book.” 

Mand A mand is a verbal operant that happens 

under conditions of deprivation or 

aversive stimulation. A mand specifies its 

consequence.  

A child wants a doll. 

The child emits the 

mand, “I want to play 

with a doll.” The child 

receives a doll. 

Tact A tact is a verbal operant controlled by a 

nonverbal antecedent and reinforced by 

generalized reinforcement, such as verbal 

praise. 

A child sees a toy car 

and tacts, “Car.” The 

parent reinforces by 

saying, “Yes, it is a 

car!” 

Intraverbal An intraverbal is a verbal operant that 

occurs between a speaker and listener 

without point-to-point correspondence 

with the verbal stimulus that evokes that 

response.  

A speaker says, “How 

many sides does a 

triangle have?” and a 

listener responds, 

“Three.” 

Autoclitic An autoclitic is a verbal operant that 

modifies a mand or tact by quantifying, 

A child tacts, “I see a 

small green car.” In 
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specifying, affirming or negating the 

mand or tact. 

this example, small 

and green are the 

autoclitics. 

Textual Response A textual response is a verbal operant 

under the control of a printed stimulus.  

Reading text. 

Table 34: Descriptions and Examples of Verbal Operants 

 
5. Relational Frame Theory. Relational frame theory is a "behavior analytic approach to 

human language and cognition" in order to explain untaught emergent behavior and the 

development of verbal relations and derived relational responding (Hayes, Barnes-

Holmes, & Roche, 2001, p. 141). Relational frame theory is often abbreviated as RFT 

and is based on Sidman’s (1994) research on stimulus equivalence and how individuals 

are able to match. Hayes, Barnes-Holmes, and Roche (2001) explain how untaught 

relations emerge through “derived stimulus relations” because they emerged without 

being directly taught. "Derived relational responding" refers to the "ability to relate to 

stimuli in a variety of ways even though one has never been reinforced (i.e. directly 

trained) for relating those stimuli in those specific ways" (Blackledge, 2003, p. 425). 

Although RFT builds upon stimulus equivalence theory, the three properties of stimulus 

equivalence are redefined to become “more generic, and applicable to all possible derived 

stimulus relations” (p.29). There are three properties of RFT. Mutual entailment is the 

first property of RFT. Under mutual entailment, one event responds to another event and 

vice versa. Meaning, if A is related to B, then B is related to A. Combinatorial entailment 

is the second property of RFT. During combinatorial entailment, two or more stimulus 

relations mutually combine. If A is related to B and B is related to C, we can derive that 
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A is related to C. Transformation of stimulus functions is the third property of RFT. 

Under the transformation of stimulus function, a stimulus on one contextual control may 

have several different functions. An example of a relational frame is Naming (Gilic, 

2005; Greer, et al. 2005, 2007; Hayes, et al.; Catania, 2007). If a student is able to match 

colors and is able to point to the colors, tact the names of the colors, and respond to a 

question about name of the colors, he or she has the relational frame of Naming. 

6. Abstraction. In abstraction, a single stimulus property controls verbal discrimination 

(Catania, 2007). An example of abstraction is when a person is able to tact a ball 

regardless of the size or type of ball or particular stimuli or classes of stimuli. The person 

is able to tact a ball when seeing a basketball, football, soccer ball, bouncy ball, 

volleyball etc. In the classroom, abstraction can occur when a student is taught addition 

problems with sums of ten and can then subtract from ten to find the difference of 

numbers used in the addition problems taught, (i.e. 3 + 7 = 10, 10 – 3 = 7) (Greer, 2002). 

Abstraction occurs when an overarching operant is formed from exposure to multiple 

exemplars across contexts (Hayes et al, 2002). For example, a student is taught to tact 

letter sounds separately and when the student sees the letter sounds presented in one 

word, the student is able to textually respond to the word without direct instruction. 

7. Learn Unit. The learn unit is a measure of effective teaching which evaluates the 

interaction between the teacher and student(s) (Greer & McDonough, 1999). The learn 

unit consists of at least two interlocking three-term contingencies between the student and 

teacher. The interlocking three-term contingencies consist of one potential three-term 

contingency for the student and two or more three-term contingencies for the teacher 

(Albers & Greer, 1991; Greer & McDonough, 1999; Greer, 2002; Greer, Keohane & 
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Healy, 2002; Greer & Ross, 2008; Greer, Williams & Mckorkle, 1989; Selinkske, Greer, 

& Lodhi, 1992). The three-term contingency consists of a teacher-presented antecedent, a 

student response, and a consequence provided by the teacher, either a correction or 

positive reinforcement. 

In a learn unit, the attending student is the teacher’s antecedent, the teacher then delivers 

a clear antecedent, for example, “In the number 125, which digit is in the ones column?” 

and then the student emits a response “5,” to which the teacher responds with the delivery 

of a consequence and thereby ends the learn unit. The consequence delivered by the 

teacher depends on the student response; if the student emits a correct response, the 

teacher delivers reinforcement, however; if the student emits an incorrect response, the 

teacher delivers a correction. The learn unit is student driven because student responses 

dictate teacher responses (Greer, 1991). Key components of the learn unit includes: an 

attending student, unambiguous teacher antecedent, opportunity to respond, motivational 

conditions, and a reinforcement or correction operation (Greer, McCorkle, & Williams, 

1989; Greer and Ross, 2008). When the learn unit is implemented effectively, learn units 

are graphed on a regular basis and graphs are interpreted for areas in need of intervention 

or skills mastered (Greer, 1991; Greer, McCorkle, & Williams, 1989; Selinske, Greer, & 

Lodhi, 1992), the learn unit, “may predict instructional effectiveness directly,” (Albers & 

Greer, 1991, p 135). 

8. Verbal Cusps and Capabilities. Verbal developmental cusps are stages of development 

that allow a person to learn or acquire new repertoires and more advanced verbal 

capabilities that could not be previously learned (Greer & Ross, 2008; Greer & 

Speckman, 2009). According to Rosales-Ruiz, and Baer, (1996) verbal capabilities are 
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different from behavioral cusps because the development of a behavioral cusp “once it is 

made, a significant set of subsequent developments suddenly becomes easy or otherwise 

highly probable,” (p. 166). Both a behavioral cusp and verbal developmental capability 

allow for further development; however, when a person acquires a capability he or she is 

able to learn in new ways that were not possible prior to acquiring the capability and new 

repertoires can be learned without direct reinforcement (Greer & Speckman, 2009). A 

verbal developmental capability is also a cusp, but a cusp, may not always be a 

capability. 

9. Naming. According to Horne and Lowe (1996) and Greer and Ross (2008), Naming is a 

verbal developmental capability “through which students acquire tacts and listener 

responses without direct instruction” (p. 297). When an individual has the Naming 

capability, there is a bi-directional relationship between the speaker and listener (Horne 

and Lowe, 1996; Greer & Ross, 2008; Miguel and Petursdottir, 2009). The responses of 

speaker and listener are joined with Naming (Greer & Longano, 2010; Greer & Ross, 

2008; Greer & Speckman, 2009). When a child has Naming, he or she is able to point to a 

stimulus or tact the name of the stimulus after hearing the tact of the name for the 

stimulus by another person. The child is able to tact the stimulus or point to the stimulus 

without any direct instruction. Greer and Speckman (2009), suggest that the Naming 

capability may explain how children acquire vocabulary incidentally by listening and 

attending to caretakers. The child is taught the tact in the response of either a listener or 

speaker and can respond as a listener and speaker without direct instruction, if Naming is 

present. 
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Appendix A 

Example of Sticker Chart 
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Appendix B 

Example of Point Sheet 

 

_________’s 

Point Sheet 
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Appendix C 

Picture of Gameboard Used 
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Appendix D 

Verbally Governing Probe 

Complete the following problems and write down all the steps you need to complete the 
problem.   
 
1.       12 
      +  12    
 
 
Write the steps to solve the problem. 
 
 
 
 
 
 
 
 
2.         5 
      x    2  
 
 
Write the steps to solve the problem.  
 
 
 
 
 
 
 
 
3.      
 
 
 
Write the steps to solve the problem.  
 
 
 
 
 
 
 

1 + 1 = 
4 4 
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4.        525 
     +      79 
 
 
Write the steps to solve the problem.  
 
 
 
 
 
 
 
 
 
5.   10 x  2  = 
 
 
Write the steps to solve the problem. 
 
 
 
 
 
 
 
 
 
6.      
 
 
 
Write the steps to solve the problem.  
 
 
 
 
 
 
  
  

1 1 + 2 = 
8 8 
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Appendix E 

Examples of Functional and Non-Functional Algorithms 

 

(A functional algorithm) 

 

(A nonfunctional algorithm)  
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Appendix F 

Score sheet for functional components of written algorithms 

 

Session date: ___________________________________ 

Equation correctly written: ________________________ 

Number of functional steps: _______________________ 

Number of dysfunctional steps: ____________________ 

 
Session date: ___________________________________ 

Equation correctly written: ________________________ 

Number of functional steps: _______________________ 

Number of dysfunctional steps: ____________________ 

 

Session date: ___________________________________ 

Equation correctly written: ________________________ 

Number of functional steps: _______________________ 

Number of dysfunctional steps: ____________________ 

 
Session date: ___________________________________ 

Equation correctly written: ________________________ 

Number of functional steps: _______________________ 

Number of dysfunctional steps: ____________________ 
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Appendix E  
Script used by experimenter 
 
Pre-experimental probes: 
 

1. Mathematical areas (place value, addition, multiplication, fractions) “We are going to 
do some math work.  Some of the problems you see will be easier than others.  Some of 
the problems will be more difficult. Try your best to complete the math problems. If you 
do not know how to solve a problem, you may skip the problem or write I don’t know. I 
will be timing you while you are working, but I want you to take your time. I cannot help 
you with the problems try your best to solve them “ 

2. Algorithm/Abstraction probes: Writing algorithms “Complete the problems. When you 
complete the problems, please write down all the steps that you used to solve the task.  
Try your best to remember each step, but if you don’t know, skip the problem or step or 
write ‘I don’t know.’” Reading algorithms “Here are some written directions which will 
help you complete math problems. The directions list all the steps needed to solve a math 
problem without even seeing the math problem. Make sure to read all the directions first 
and then follow the directions to solve the problem.” 

3. Naming: “We are going to play a game with pictures. There are two parts of the game. 
The first part of the game is like the game memory where you match pictures to each 
other. The second part of the game is a little more challenging because I want to see if 
you can tell me the names of the pictures.” 

4. Observational Learning: “We are going to play a game with pictures. You will be 
teaching each other the names of pictures. It is really important that you listen to each 
other and look at every picture.” 

5. Reading level probes: “I am going to test your reading level. You are going to read a 
short story aloud to me and then I will ask you some questions about the story. You are 
also going to read some words from a list aloud to me.” 

 
Pre-experimental Instruction: 
 

“We are going to work on different types of math. Each of you has different types of 
math to work on. The directions and an example are written on the top of each page. After you 
read the directions and example solve the problems. We will go over each worksheet together.” 
 
Algorithm Instruction 
 

“We are going to play a game. The first part of the game is me showing you examples of 
how to complete math problems and write down all the directions needed to solve the math 
problems. The second part of the game uses a game board in which the two of you work together 
to win the game against me. If you win the game you get to win the prize you picked out, if you 
don’t win the game, I win the prize you picked out. In order to win the game you both have to 
work together to solve math problems. ______ (name of writer) will solve a math problem and 
then write all the directions on how to solve the math problem. That student then gives the 
problem and directions to me. I will correct any spelling, capitalization and punctuation for the 
written directions. I will give you back the directions for you to correct. Then ________ (name 
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of reader) will read and follow the directions written by ________ (writer) while he/she watches 
you complete the problem. Then, ________ (reader) returns the directions and problem to  
_________ (writer). If _______ (reader) completes the problem correctly, you both get to move a 
space on the game board, but if the problem is not solved correctly, I get to move up on the game 
board. If the problem is not solved correctly _______ (writer) fixes the problem until _________ 
(reader) is able to solve the problem correctly.” 
 
Post-Probes 
 

1. Post-instructional: Set 1 algorithm probe “I am going to give you a worksheet that has 
problems similar to the ones we just worked on. Solve the problems and write down all 
the directions you need to solve the problems. If you do not know how to solve a 
problem, skip the problem or write I do not know. I cannot help you with the problems 
try your best to solve them.” 

2. Post-experimental probes: More complex problems “Now you are going to use 
everything you have learned to solve these problems. Make sure to solve the problem and 
write down the directions on how to solve the problem. Try to remember each step. If you 
do not know how to solve a problem or don’t know a step, skip it or write I don’t know. I 
cannot help you with the problems try your best to solve them.”   

3. Observational Learning: (test for emergence) “We are going to play a game with 
pictures. You will be teaching each other the names of pictures. It is really important that 
you listen to each other and look at every picture.” 
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Appendix F  

An example of a script during algorithm instruction 

 
 

452
x       3

6

     1
452 (3 x 5 = 15)

x       3
56

452
x      3

1356

Step 2: Multiply 3 (the single digit numbert) by the 
number in the tens column in 452 (the triple digit). If 
you have to carry, place the number you are carrying 
above the number in the hundreds column. If you 
carried, don't forget to add the number you carried. 

(3 x 4 = 12 + 1 = 
13)

Step 3: Multiply 3 (the single digit numbert) by the 
number in the hundreds column in 452 (the triple 
digit). If you carried, don't forget to add the number 
you carried. 

Written directions: Write the equation 452 x 3 vertically. Multiply 3 (the single digit) by the 
number in the ones column in 452 (the triple digit). Multiply 3  by the number in the tens column 
of 452. Carry the one by placing a one above the 4 in 452. Multiply 3 by the number in the 
hundreds column of 452. Since you carried in the last step, don't forget to add 1. You should 
now have your final answer. 

When you are solving multiplication problems that have three numbers multiplied by one 
number, there are a series of steps you can follow to solve the problem. First, multiply 
the single digit number, by the number in the ones column in the triple digit. Then, multiply 
single digit number  by the number in the tens column in the triple digit.  Finally, multiply 
the single digit number, by the number in the hundreds column in the triple digit.

(3 x 2 = 6) Step 1: Multiply 3 (the single digit numbert) by the 
number in the ones column in 452 (the triple digit). If 
you have to carry, place the number you are carrying 
above the number in the tens column.



122 

 
 
 

Here is another example:

      2
124

x      5
0

    1
124 (5 x 2 = 10 + 2 = 12)

x      5
20

124
x      5

620

When you are solving multiplication problems that have three numbers multiplied by one 
number, there are a series of steps you can follow to solve the problem. First, multiply 
the single digit number, by the number in the ones column in the triple digit. Then, multiply 
single digit number  by the number in the tens column in the triple digit.  Finally, multiply 
the single digit number, by the number in the hundreds column in the triple digit.

Written directions: Write the equation 124 x 5 vertically. Multiply 5 (the single digit) by the 
number in the ones column in 124 (the triple digit). Carry the 2 by placing the 2 above the 2 in 
124. Multiply 5 by the number in the tens column of 124. Carry the 1 by placing a 1 above the 
1 in 124. Multiply 5 by the number in the hundreds column of 124. Since you carried in the last 
step, don't forget to add 1. You should now have your final answer. 

(5 x 4 = 20) Step 1: Multiply 5 (the single digit numbert) by the 
number in the ones column in 124 (the triple digit). If 
you have to carry, place the number you are carrying 
above the number in the tens column.

Step 2: Multiply 5 (the single digit numbert) by the 
number in the tens column in 124 (the triple digit). If 
you have to carry, place the number you are carrying 
above the number in the hundreds column. If you 
carried, don't forget to add the number you carried. 

(5 x 1 = 5 + 1 = 6) Step 3: Multiply 5 (the single digit numbert) by the 
number in the hundreds column in 124 (the triple 
digit). If you carried, don't forget to add the number 
you carried. 
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	Gautreaux (2005) and Yuan (2005) induced the capability of observational learning through peer tutoring procedures. During peer tutoring, one participant served as the tutor and the other served as the tutee. The tutor delivered learn units to the tut...
	Algorithms and Learning
	As defined by The National Research Council (2001), an algorithm is a “precisely-defined sequence of rules telling how to produce specified output information from given input information in a finite number of steps” (103). In order words, an algorith...
	To date, three studies, Broto and Greer (2014), Keohoane and Greer (2005), and Marsico (1998) have tested the effects of using algorithms on learning.
	Marsico (1998) found that self-editing increased the rate of correct responses to written math problems as well as duration of independent work. Marsico also measured the self-editing of independent skills by measuring latency between initiation of ta...
	In Keohane and Greer’s (2005) study verbally governed algorithms were used with teacher decisions and student mastery of objectives. Keohane and Greer found that teachers’ use of verbally governed algorithms increased the correct number of novel teach...
	In studies conducted by Keohoane and Greer, 2005; and Marsico, 1998, algorithms were used to improve and increase rates of learning and demonstrated that algorithms were effective in increasing learning. It was demonstrated by Marsico that algorithms ...
	Research on Writer Immersion Functional and Structural Components of Writing
	In Broto and Greer’s (2014) study, students were taught to write algorithms for their peers. Broto and Greer found that verbally governed algorithms were functional after following a writing protocol combined with a peer-yoked contingency. The writing...
	Vargas (1978) arranged conditions in which students were instructed to write a how-to task that they knew how to complete, but that their classmates did not know how to do, and bring in any materials necessary to complete the task. The reader followed...
	Writing instruction can be distinguished as technical writing or aesthetic writing (Greer, 2002). Technical writing includes specific steps written to complete a task, such as a shopping list or science experiment. Aesthetic writing on the other hand ...
	The writer immersion package has been implemented in many studies to increase structural and functional writing skills in students’ work (Helou, Lai, & Sterkin, 2007; Jodlowski, 2000; Madho, 1997; Reilly-Lawson & Greer, 2006; Visalli-Gold, 2005).
	Madho’s (1997) was one of the first studies to implement the writer immersion protocol. Madho found the effects of students’ writing on the reader was more functional after implementation of the writer immersion protocol. Eight middle school students ...
	Jodlowski (2000) found the use of a teacher editor, a peer editor, and serving as a peer editor on self-editing writing behavior increased the number of student objectives met and objectives mastered at a quicker rate. The participants were identified...
	In Reilly-Lawson and Greer’s (2006) study, the writer immersion and a self-editing package were implemented in two experiments to increase accuracy in structure and function in writing assignments. Each participant was given a picture and was asked to...
	Visalli-Gold (2005) found that the reception of direct learn units and observation of peers receiving direct learn unit instruction both increased grammatical and structural components in writing. Ten middle school students were assigned to either the...
	Helou et al. (2007) replicated the results of the previously cited studies and built upon them by implementing the writer immersion package with a peer-yoked contingency to increase structure and function in participants’ writing. Like previous resear...
	In these  previously cited studies (Jodlowski, 2000; Madho, 1997; Reilly-Lawson & Greer, 2006; Visalli-Gold, 2005), the naïve reader was not in the same location when following written directions, therefore, the participant did not observe the effect ...
	With the rise of educational standards and the common core standards initiative, the importance of improving mathematical achievement of students in the United States is ever present (Common Core States Initiative). Students are required to not only s...
	There is no question that writing to describe mathematical thinking is important, but there are questions on how to effectively measure and observe mathematical thinking in writing. The National Research Council (2001) also points out that students in...
	At the same time, the National Research Council Committee on Mathematics Learning stresses the importance of algorithms for numerical computations. Furthermore, the knowledge of specific algorithms can lead to abstraction of algorithms in other relate...
	The peer-yoked contingency was implemented to induce observational learning and in writer immersion studies to induce the functional components of writing. Stolfi (2005) and Davies-Lackey (2005) induced observational learning through a peer-yoked cont...
	When teaching functional writing, it is crucial that the writer observes the effect his/her writing has on the reader, this can be done through establishing operations and relevant contingencies in the environment that allow for observation. In order ...
	EXPERIMENT I
	Participants
	Materials
	Pre-experimental screening procedures. The experimenter conducted three types of pre-experimental screening tests:  observational learning probes, pre-experimental math  probes, and verbally governed algorithm probes. To assess verbal capabilities in ...
	Observational learning probes. Observational learning pre-experimental screening probes were conducted using famous landmark stimuli with two participants at a time. Each participant received direct learn units on four stimuli and observed his/her pee...
	Table 4: Typical Observational Learning Sequence.
	The sequence noted in Table 4 was rotated until each participant received 20 direct learn units and 20 observed learn units. If a participant was able to tact observed learn units accurately for 80% correct or higher, the capability of observational l...
	All sets of stimuli for observational learning were probed prior to the experimental procedure to ensure that the stimuli were not in the participants’ repertoire. The probes were unconsequated, meaning, no feedback was given.
	The participants worked together to compete against the experimenter and reach the end of the game board first, in order to receive a reinforcer. In order to move a space on the game board, the peer reader had to be able to solve the mathematical prob...
	During algorithm instruction, a plus (+) was recorded when the writer correctly solved the mathematical problem and when the reader was able to follow the algorithm correctly, indicating the algorithm was written functionally by the writer. A minus (-...
	The number of rewrites for each mathematical problem was also recorded.  For example, if the writer solved the mathematical problem by adding fractions with unlike denominators correctly, a plus was recorded, but a minus was recorded if the writer did...
	Or
	Figure 1. Flowchart of Peer-Yoked Contingency Sequence.
	The design of the study was a time lagged delayed multiple probe design across matched pairs to control for maturation and instructional history. All of the participants received pre-experimental probes and algorithm probes at the onset of the study. ...
	Response Definitions and Data Collection Procedures
	Interscorer Agreement
	Interscorer agreement was measured by an adult reader’s ability to complete the steps in the writer’s algorithm. The adult readers were naïve to the objectives of the study. Throughout each phase of the experiment, each participant was given mathemati...
	Discussion
	For all participants, the effect of writing and following algorithms resulted in the acquisition of verbally governing behavior for mathematical algorithms. The effect of writing and following algorithms resulted in the ability to complete more compos...
	The fraction algorithm procedure induced new composite skills for all participants, with the exception of Participant 4. Most participants acquired more than one complex skill. Perhaps Participant 4 did not acquire more composite fraction skills becau...
	The peer-yoked contingency induced observational learning for all participants. The observation of the writer editing his/her algorithms and re-writing algorithms induced observational learning. With the exception of Participant 2, all participants ac...
	Rationale and Purpose of the Second Experiment
	The writing of algorithms led to complex problem solving. The instruction in writing algorithms involved the peer-yoked contingency, therefore, the peer-yoked contingency led to the acquisition of verbally governing behavior. As stated previously, the...
	Research Questions for Experiment II
	The second experiment sought to answer the following research questions: Will the yoked contingency result in the acquisition of functional algorithms? By writing functional algorithms, will the participants abstract those algorithms to solve more com...
	Participants
	Table 20: Participant information at the onset of the study (- indicates not present, + indicates present).
	Setting
	Dependent Variables
	Pre-experimental screening procedures. The experimenter conducted three types of pre-experimental screening tests:  observational learning probes, pre-experimental mathematical probes, and verbally governed algorithm probes, which were assessed in the...
	Observational learning probes. Observational learning probes were conducted under the same conditions of Experiment 1.
	A peer-yoked contingency was used to help teach the functionality of writing algorithms.  In the first phase of algorithm instruction, participants in Group C served as writers in the peer-yoked contingency because they wrote an algorithm on how to so...
	During the instruction of writers, readers were otherwise engaged and never received direct instruction however; they read the algorithms written by the writers. Participants in Group C observed the reader (participants in Group D) completing the math...
	During the algorithm procedure, data were recorded in the same manner as in Experiment 1. Like in Experiment 1, a game board was used to reinforce the participants’ ability to work together and increase motivation.
	The design of the study was the same as in Experiment 1.
	Once participants in Group C acquired the ability to abstract complex mathematical algorithms, the procedure was repeated; however Participants in Group D who did not acquire abstraction received direct instruction for a different mathematical objecti...
	Both experiments had the same two dependent variables, abstraction to complex problems and verbally governing behaviors. Data collection procedures for abstraction to complex problems were the same as in Experiment 1. Data collection procedures for ob...
	Interscorer agreement. Interscorer agreement was collected and calculated in the same manner as in Experiment 1. Interscorer agreement was 100% across all permanent products and functional components.
	Both experiments were conducted to test for the abstraction of more complex mathematical skills and to test for the induction of observational learning using verbally governing algorithm instruction involving a peer-yoked contingency. Most studies hav...
	The first experiment was designed to test the effects of algorithm instruction involving a peer-yoked contingency on the capability to abstract more complex mathematical skills. The algorithm procedure consisted of two teacher antecedent models using ...
	Major Findings
	Abstraction to Complex Problems
	For all participants, use of the algorithm procedure resulted in the ability to complete more complex mathematical problems and write more complex algorithms for addition/multiplication and fraction skills. In both Experiment 1 and Experiment 2, parti...
	The peer-yoked contingency gameboard induced observational learning for all participants. In Experiment 2, all participants acquired observational learning after the first phase of algorithm instruction. In contrast, in Experiment 1, all participants ...
	Although all participants acquired observational learning, participants in Experiment 2 all acquired observational learning after only one phase of algorithm instruction. Despite the fact that participants in Experiment 2 were enrolled in the end of s...
	The Peer-Yoked Contingency
	The peer-yoked contingency for observing occasioned the responding of both the reader and writer. In order to receive reinforcement, the peers had to work together and collaborate. This collaboration is referred to by Tomasello (2008) as joint intent...
	This joint intentionality of the yoked contingency established observational learning. For Participants 2, 8, and 10 observational learning was induced prior to serving as writers and prior to emitting verbally governing behavior. Contrarily, for Part...
	Although it is unclear if participants acquired observational learning or verbally governing behavior first, it is clear that serving as a writer first was important. When participants first served as writers, they were able to abstract mathematical c...
	Functional Algorithms
	Like Group B in Experiment 1, Group D did not acquire the ability to produce verbally governing algorithms until they served as writers, but required fewer rewrites than Groups A and C during the algorithm procedure. This suggests that the writer func...
	Limitations
	One limitation in this study was the lack of a second pre-observational learning probe. Although most studies testing for the induction of observational learning only probe for observational learning once prior to treatment, it may be beneficial to pr...
	The range in ages of the participants and the disproportionate number of males and females is an additional limitation.  In Experiment 1, participants were enrolled in third grade and ranged in age from 8 to 9 years. In Experiment 2, participants were...
	Another limitation is the possibility that the additional learn units during algorithm instruction may have an effect on abstraction of complex problems. The range in the required number of rewrites for functional algorithms was 2 to 6 for the first s...
	The number of problems to test for the abstraction of solving the mathematical problems one skill level above what was taught during algorithm instruction and functional algorithm was limited to two in this study. Only two abstraction to more complex ...
	Future Research
	Future research may want to control for the exposure in the number of learn units presented during algorithm instruction. By controlling the number of learn units during algorithm instruction, the experimenter can identify the effect of additional lea...
	One of the prerequisites for participant selection was the capability of Naming and the absence of the observational learning capability. Future studies may select participants without the capabilities of Naming and/or observational learning to more c...
	Additional studies may also want to replicate the study in order to identify more clearly the effects of serving as a reader and writer. Does the ability to write more complex algorithms depend on serving as reader or writer? This study suggests that ...
	Definition of Terms
	1. Operant. An operant is a response that is evoked and learned through three term contingencies or antecedent-behavior-consequences. Numerous antecedents and consequences control operant behavior, but serve as different functions (Greer, 2002, Greer ...
	2. Higher-order operant. A higher-order operant consists of one overarching operant that was joined by two or more previously acquired and independent operants (Catania, 2007, Greer & Ross, 2008). A higher-order operant or higher-order class of behavi...
	3. Contingency-Shaped Behavior. When behaviors are present in a person’s repertoire, they are considered to be contingency-shaped behaviors. Contingencies in the environment directly reinforce these behaviors (Greer, 2002). These behaviors are shaped ...
	4. Verbal Behavior. Unlike traditional study of language, which focuses on structural components, verbal behavior studies language as a behavior in order to determine its function (Skinner, 1957). In order to understand the function of spoken language...
	Table 34: Descriptions and Examples of Verbal Operants
	5. Relational Frame Theory. Relational frame theory is a "behavior analytic approach to human language and cognition" in order to explain untaught emergent behavior and the development of verbal relations and derived relational responding (Hayes, Barn...
	6. Abstraction. In abstraction, a single stimulus property controls verbal discrimination (Catania, 2007). An example of abstraction is when a person is able to tact a ball regardless of the size or type of ball or particular stimuli or classes of sti...
	7. Learn Unit. The learn unit is a measure of effective teaching which evaluates the interaction between the teacher and student(s) (Greer & McDonough, 1999). The learn unit consists of at least two interlocking three-term contingencies between the st...
	In a learn unit, the attending student is the teacher’s antecedent, the teacher then delivers a clear antecedent, for example, “In the number 125, which digit is in the ones column?” and then the student emits a response “5,” to which the teacher resp...
	8. Verbal Cusps and Capabilities. Verbal developmental cusps are stages of development that allow a person to learn or acquire new repertoires and more advanced verbal capabilities that could not be previously learned (Greer & Ross, 2008; Greer & Spec...
	9. Naming. According to Horne and Lowe (1996) and Greer and Ross (2008), Naming is a verbal developmental capability “through which students acquire tacts and listener responses without direct instruction” (p. 297). When an individual has the Naming c...
	Gold, L.D. (2013) A Functional Analysis on the Effects of an Observational Intervention using a Peer-Yoked Contingency Game Board on the Induction of Observational Performance, Observational Acquisition and Naming (Doctoral Dissertation) Available fro...

	Example of Sticker Chart
	Appendix B
	Example of Point Sheet
	Appendix C
	Picture of Gameboard Used
	Appendix D
	Verbally Governing Probe
	Appendix E
	Examples of Functional and Non-Functional Algorithms
	(A functional algorithm)
	Appendix F
	Score sheet for functional components of written algorithms
	Session date: ___________________________________
	Equation correctly written: ________________________
	Number of functional steps: _______________________
	Number of dysfunctional steps: ____________________
	Session date: ___________________________________
	Equation correctly written: ________________________
	Number of functional steps: _______________________
	Number of dysfunctional steps: ____________________
	Session date: ___________________________________
	Equation correctly written: ________________________
	Number of functional steps: _______________________
	Number of dysfunctional steps: ____________________
	Session date: ___________________________________
	Equation correctly written: ________________________
	Number of functional steps: _______________________
	Number of dysfunctional steps: ____________________
	Appendix E
	Script used by experimenter
	Appendix F
	An example of a script during algorithm instruction

