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A problem i. &aid to be ill-po8ed if the aolution of the problem does not depend continuoualy on the input 
data.. In this survey paper, we consider two different information-baaed settings for the optimal computation of 
approximate solution of ill-po8ed lineal" problems, namely the worat case and average case settinp. These settings 
are studied for two different error criteria, namely, the abaolut.e error and the residual error criteria. The main 
result for the absolute-error criterion ia thAt algorithms having finite error exiat for a given setting if and only if the 
solution operator is bounded in thai setting. In the wont case setting with an absolute error criterion, this meana 
that there is no algorithm for aolving ill-poeed problema having finite error. In the average case setting with an 
absolute error criterion, this means that algorithms having finite error exiat if and only if the solution operator is 
ubounded on the average." Furthermore, when this holda, we exhibit optimal informaiion of cardinality n, finding 
that the nIh minimal average error goe. to 7.era as n - 00. The main result for the residual error criterion ill 
that the problem may be formally reduced to the approximation problem. Hence, finite-error algorithms always 
exillt. We exhibit optimal information of cardillAllty n. In the worst caae setting, we give a necessary and lIufficient 
condition for the nIh minim&l error to go to uro as n -+ 00; in the average case setting, thill always occurs. We use 
these resultll to determine the ~-complexity of ill-posed problems. The ~-complexity is infinite for any e> 0 in the 
worst case setting with the absolute criterion. However, in the average case setting with either error criterion and 
the worst case setting with the residual error criterion, we detennine necessary and sufficient conditions for the 
e-complexity to be finite for all e > 0; moreover, we find algorithms yielding e-approximations with almost-minimal 
cost. 

Presented at the Second Symposium on the Complexity of Approximately-Solved Problema held at Columbia University, New 
York, NY, April, 1987. 
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1. INTRODUCTION 

The concept of a well-posed problem was introduced in Hadamard (1952). A problem is said to be 
well-posed if it its solution exists, is unique, and depends continuously on its data; a problem that is not 
well-posed is said to be ill-posed. Hadamard gives the impression that any well-formulated physical problem 
must be well-posed, and that ill-posed problems were merely problems that had not been formulated correctly. 
However, in the years since the appearance of Hadamard's treatise, many important practical problems have 
been found to be ill-posed. Examples of such problems include the following: 

• inversion of the Laplace transform, whether the "usual" transform defined over [0,(0) or the finite 
transform whose inversion is discussed in Dunn (1967), 

• Fujita's equation relating molecular weight distribution to the steady-state concentration or optical 
density in a centrifuged sample, see Gehatia (1970). 

• problems in computational vision. such as edge detection, optical flow, surface reconstruction, and 
determining shape from shading, see Poggio (1985). and 

• problems in remote sensing, see Twomey (1977). 

These problems are examples of the Fredholm problem 0/ the first kind, in which one is trying to solve a 
problem of the following form: 

Let L: U - V be a compact linear transformation of an infinite-dimensional normed linear space U 
into a normed or serninormed linear space V. Let D denote the range of L. For / E D, find u E U 
such that 

Lu= /. (1.1) 

In this paper, we will assume that L is an injection, so that for any / E D, there exists a unique u E U 
satisfying (1.1). This will allow us to talk about the solution of the problem (1.1). 

To help fix our ideas, it will be useful to consider the following example, which we will follow throughout 
this paper. 

EXAMPLE 1.1. The problem of inverting the finite Laplace transform arises in the "measurement of the 
distribution of an absorbing gas (such as ozone in the earth's atmosphere) from the spectrum of scattered 
light;" see pp. 12-13 of Twomey (1977) for details. 

For the sake of normalization, we let I denote the unit interval [0,1]. We take U = L2(1), the usual space 
of (Lebesgue) square-integrable functions on I. Given a non-negative integer r, we choose V = Hr(1), the 
Sobolev space consisting of those functions whose (r - 1)st derivative is absolutely continuous and whose rth 
derivative is in L2(1). The space Hr{I) is a Hilbert space under the usual Sobolev norm II . IIw(1). (See 
Ciarlet (1978) for further discussion of Sobolev spaces and norms.) 

We define an operator L: L2 (1) - Hr(J) by setting 

(Lu)(s) = 11 e-"u(t) dt (0 $ s $ 1) 

for u E L 2(1). It is straightforward to verify that L is a compact operator. Moreover, Marti (1983) shows 
that the operator L is injective. 0 

Since the inverse of a compact linear transformation with infinite-dimensional domain is always unbounded, 
this means that the solution of a Fredholm problem of the first kind does not depend continuously on its 
data. Thus, the Fredholm problem of the first kind is ill-posed. Most of the important ill-posed problems 
arise as Fredholm problems of the first kind. Hence. we limit our discussion of ill-posed problems in this 
paper to such problems. We do this partially for expository purposes; many of the results described below 
hold for more general kinds of ill-posed problems. 

There is a huge literature dealing with the calculation of approximations to solutions of ill-posed problems; 
see. e.g., Carasso and Stone (1975), Hammerlin and Hoffmann (1983), Tikhonov (1963), and Tikhonov and 
Arsenin (1977), as well as the references contained therein. One successful technique is regularization, in 
which the ill-posed problem to be solved is replaced by a (well-posed) minimization problem: 

Let / E D. Given A > 0, find u.>. E U such tha.t 

E.>.(u.>.) = inf E.>.(w), 
wEU 
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where 

E>.(w) = IILw - fll2 + >'J(I), 

J being a qua.dratic "penalty functional." 

See, e.g., Tikhonov (1963), Tikhonov and Arsenin (1977) for further discussion. 
Clearly, the success of a regularization methods depends on the choice of the regularization parameter >. 

and the penalty functional J. Note that a careful balance must be maintained in the choice of >.: if>. is too 
large, the error of the method will be large; however, as >. gets small, the minimization problem becomes 
less and less well-posed. This problem seems to be well-addressed in the literature. Perhaps one of the most 
successful techniques for choosing>. is generalized cross validation, as described in, e.g., Wahba (1985) and 
Wahba (1986). Unfortunately, good criteria for choosing the penalty functional are harder to find. A typical 
choice is to let J(I) be the rth-order Sobolev seminorm of f, for some value of r. 

There is one additional problem with regularization methods. To get a bound on the error of a regulariza­
tion method, it appears to be necessary to make additional a priori assumptions about the solution. Such 
assumptions are often difficult to verify in practice. 

'Why do we need such assumptions for regularization methods? The problem can be traced to one of two 
sources: 

(1) The fault lies with using regularization methods for these problems. That is, we should look at a 
wider class of algorithms. 

(2) There is something inherent in ill-posed problems that causes difficulties. That is, no matter wha.t 
class of algorithms we use, we can expect ill-posed problems to be hard to solve. 

This survey paper describes how information-based complexity has recently been used to analyze ill-posed . 
problems. An expository account of information-based complexity may be found in Wozniakowski (1986); a 
more technical discussion may be found in Traub and Wozniakowski (1980). For more detailed information 
about the results in this paper (including more general statements of those results, as well as proofs of all 
the theorems), the interested reader is referred to Werschulz (1986) and to Werschulz (1987). 

To use the information-based approach, we first specify the problem and the permissible information about 
the problem. Since this information is generally incomplete, in the sense that the information available about 
a particular right-hand side f does not completely determine f, no algorithm using this information can give 
the exact solution for all f. Hence, we must also specify our measure of the accuracy of an algorithm that 
(approximately) solves the problem using this information. Having done this, we may then seek the best 
algorithm for the problem that uses this information, where we sayan algorithm is "best" if its error is 
minimal among all algorithms using the same information. 

Our results will depend strongly on the problem, the available information, and the way in which we 
measure error. In this paper, our problem will be given by (1.1). We shall assume (mainly for expository 
purposes) that the spaces U and V are Hilbert spaces, although many of the results of this paper extend to 
more general normed linear spaces. In a.ddition, we shall also assume that the range D of L is dense in V; 
of course, this is no loss of generality since we can always replace V by the closure D of D in V. 

\Ve assume that the available information about a problem element f consists of the values of a finite 
number of linear functionals at f. Since we are dealing with a Hilbert space setting, this means that we 
assume that there exist 11, ... , fn such that for any f E V, the only knowledge we have of f is the information 
Nf given by 

[
(1,.11)] 

Nf= : ' 
(I,fn) 

(1.2) 

where (-,.) denotes the inner product ofV. The cardinality of information N defined by (1.2) is the number of 
linearly independent elements among {11, ... ,fn}. Thus, information N of cardinality n is a linear operator 
N: V -+ Rn. 

EXAMPLE 1.1 (continued). For the problem of the finite Laplace transform, we assume that for any set 
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{11, ... , In} of linearly independent functions from H-r(I), we can evaluate the information 

NI = [fol '(X)~I(X)dXl 
fol/(x)/n(x)dx 

Clearly, N is information of cardinality n. o 
Once we have determined the available information, an algorithm is merely a function that combines the 

information values for a particular problem element I into an approximation of the solution u of the problem 
Lu = I. Hence, an algorithm using information N of cardinality n is a mapping cp: Rn -- U, and tp(Nf) is 
the approximation to u = L -1 I produced by the algorithm cpo 

Now, we must specify how to measure the error of an algorithm cp using information N. This may be 
conveniently divided into two parts. First, we must choose an error criterion; that is, we must decide how 
to measure the error at a particular problem element I. Then, we must choose a setting that tells us how to 
combine these error measurements at each I into a measurement over the full set of problem elements. In 
this paper, we will consider two error criteria. The absolute error· criterion measures the error of cp at f by 

The residual error criterion measures the error of tp at I by 

erea(tp, N, f) = III - Lcp(Nf)llw, 

Here, W is a Hilbert space containing V such that V is densely embedded in W; that is, V is a dense 
subspace of W, and the inclusion mapping from V into W is continuous. Thus, the norm of the space W 
measures the error in the residual at I, whereas the norm of the original space V measures the smoothness 
of the problem elements. 

EXAMPLE 1.1 (continued). For the problem of inverting the finite Laplace transform, we let W = L2(1) 
when using the residual error criterion. That is, we use the L 2(I)-norm to measure the residual error and the 
Hr(I)-norm to measure smoothness of the problem elements. It is well-known that the inclusion mapping 
from Hr(I) into L2(I) is a dense embedding. 0 

We also consider two settings. Let e denote either of eabe or eret!. First, we give the worst case setting by 
defining the worst case error of cp by 

e wor( tp, N) = sup e( cp, N, f) ; 
JED 

11/11 v 9 

the restriction to problem elements whose norm is at most one being a normalization. Next, we give a.n 
average case setting. Let JJ be a probability measure on V such the range D of L is of full measure, i.e., 
JJ(D) = 1. Then the average case error of tp is given by 

( )

1/2 

e&Vg(tp, N) = L e(tp, N, 1)2 JJ(dl) 

So, we have four possibilities to consider when measuring the error of the algorithm, since the choice of 
setting and the choice of how error is measured at a particular problem element are independent. We will 
denote these four possibilities by e:~:, e;:r, e:~~, and e:;'s, which respectively denote the worst case setting 
with the absolute error criterion, the worst case setting with the residual error criterion, the average case 
setting with the absolute error criterion, and the average case setting with the residual error criterion. 

The crucial idea underlying the results of this paper is the radius of information, which is defined to be 
the minimal error among all algorithms using given information. Note that the radius of information is a 
function only of the problem, the way that the error is measured, and the information. In particular, it 
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is independent of any particular algorithm. Stated differently, the radius is an invariant of the problem, 
depending only on the problem formulation and the resources that are available to solve the problem. 

We now outline the remainder of this paper. In Section 2, we give results for the absolute error criterion. 
Our results for this setting may be summarized by saying that there exist algorithms having finite error for a 
given setting if and only if L -1 is bounded with respect to that setting. In the worst case setting, this means 
that there is no algorithm for solving an ill-posed problem whose error is finite. In the average case setting, 
this means that finite-error algorithms exist if and only if the operator L-1 is "bounded on the average." 
When this holds, we exhibit an optimal error algorithm using N, i.e., an algorithm whose average case error 
is minimal among all algorithms using N. Then, we exhibit optimal information Nn of cardinality n (i.e., 
information such that the average radius of N n is minimal among all information of cardinality at most n) 
and show that the nth minimal average radius (i.e., the radius of Nn ) goes to zero as n -+ 00. Hence, we can 
get arbitrarily-accurate solutions of an ill-posed problem in the average case setting for the absolute error 
criterion if and only if L -1 is bounded on the average. 

In Section 3, we give results for the residual error criterion. Our approach for both the worst case and 
average settings is to reduce the ill-posed problem to the standard "approximation problem" of approximat­
ing F in W. We find that finite-error algorithms always exist for either setting, and we exhibit optimal error 
algorithms. In particular, we show that for any information N, the same algorithm is optimal in the average 
case setting for both the absolute error criterion and the residual error criterion. We also exhibit optimal 
information of cardinality n for either setting. In the worst case setting, we show that the nth minimal radius 
goes to zero as n -+ 00 if and only if the embedding of V in W is compact, whereas in the average case 
setting, the nth minimal radius a/ways goes to zero. 

Finally, in Section 4, we use these results to determine the &-complexity of ill-posed problems, i.e., the· 
minimal cost of finding an &-accurate approximation. In the worst case setting with the absolute error­
criterion, the &-complexity is infinite for any & > O. In the worst case setting with the relative error criterion 
and the average case setting with the absolute error criterion, we find conditions that are necessary and 
sufficient for the e-complexity to be finite for all & > O. In the average case setting with the relative error 
criterion, we find that the &-complexity is always finite for all e > O. Moreover, we find algorithms yielding 
e-accurate approximations with almost minimal cost in all these cases. 

2. THE ABSOLUTE ERROR CRITERION 

In this section, we cite results about the existence of optimal error algorithms when the error at a given 
problem element is measured by the absolute error eaba. In some instances, we sketch the proofs of results 
mentioned in this survey paper, while in others, we omit the proofs. The proofs of all results in this section 
may be found in Werschulz (1986). 

We deal with the worst case and average case settings. In the worst case setting, we find that the error is 
always infinite. Moreover, we find that bad cases happen often, i.e., that the set of problem elements at which 
the error is large is "big." In the average case setting, we show that the error is finite iff L -1 is "bounded on 
the average." Furthermore, when L-1 is bounded on the average, we describe, for any information, a linear 
optimal error algorithm, i.e., an algorithm that is a linear combination of the information it uses whose error 
is minimal among all algorithms using that information. Finally, when L -1 is bounded on the average, we 
describe optimal information of cardinality n for any nonnegative integer n. 

2.1. The worst ClUe setting. 
Recall that we are trying to solve the problem 

Lu = I VI such that 1I/IIv ~ 1, 

where L: U - V is a compact injection whose range D is dense in V. As before, our sole knowledge of a 
problem element I is the information NI, where N: V - Rn is a continuous linear transformation. Hence, 
there exist It, ... , In such that 

[ 

(f,./d 1 
NI = : 

(f,/n) 

VI E V. 
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In this section, the error of an algorithm ep using information N is given by 

e:~:(ep,N)= sup IIL- 1/-ep(Nf)llu. 
JED 

IlJllv$l 
Our main result is 

THEOREM 2.1.1. For any algorithm ep using information N, 

e:~;(ep, N) = +00. 
Sketch of proof. Let 

r::(N) = inf e::(ep, N) 
'P 

denote the radius of information, i.e., the minimal error among all algorithms using the information N. 
Then 

where 
wor(N) IIL- 1hllu 

Paba = sup Ilhll hEDnkerN V 

see, e.g., Traub and Wozniakowski (1980). Assume (without serious loss of generality) that 11, ... , In are 
orthonormal and belong to D. Let 

!l 

h = 1- LU,h)h,· 
i=1 

Then h E D n ker N, from which we easily see that 

1I~1~~~lu ~ ~ IlhllvllL-1 hllu + p::(N). 

Since L- 1 is unbounded, this inequality implies that p::(N) is infinite, which in turn implies that r::(N) 
is infinite. Hence, there exists no finit~error algorithm using the information N. 0 

So, no algorithm can give finite worst case error for our problem. But perhaps we can find an algorithm 
whose worst case behavior (which, by the previous theorem, must be bad) does not often occur. The next 
result quashes that hope. For any information N, define the zero algorithm epo using N by 

epO(Nf) = 0 'VI ED. 

Admittedly, the zero algorithm is about 8.8 naive an algorithm 8.8 one could p088ibly invent. The next theorem 
tells us that no algorithm can be much better than the zero algorithm: 

THEOREM 2.1.2. Let q E [0,1). For any information N and lor any algorithm ep using N, let 

{ 
IIL-1 1- ep(Nf)llv } 

Aq = lED: IIL-11 _ epO(Nf)llv ~ q . 

Then the relative interior of Aq in D i& empty. 0 

What does this really tell us? For 0 ~ q < 1, the set Aq is the set of all problem elements I at which 

fabe(ep, N, f) ~ q eaba(epo, N, f). 
That is, I E Aq if and only if the absolute error of ep at f is no worse than q times the absolute error of 
the zero algorithm at I. The theorem tells us that Aq has empty relative interior, i.e., that Aq is "small." 
Since q can be arbitrarily close to I, this means that the set of problem elements at which the algorithm ep 
does appreciably better than the zero algorithm is small. Note that this result does not make use of the 
worst case setting; it tells us what happens at an arbitrary problem element. Hence, it tells us that there 
are many problem elements that are "bad cases. n 

So, there is no algorithm with finite worst case absolute error. Moreover, the bad cases occur often. 
One might think that the fault may be found in the class of permissible information, i.e., this class is too 
restrictive. In Werschulz (1986), we show that this is not the case. We can greatly generalize the class of 
permissible information, including such cases as adaptive information, non-continuous linear information, 
and mildly-smooth nonlinear information; in all these cases, there is no algorithm for the Fredholm problem 
of the first kind whose worst case absolute error is finite. 
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2.2. The average case setting. 
We now turn to the average case setting for the absolute error criterion. To do this, we must first put a 

probability measure on the Hilbert space V, see, e.g., Kuo (1975) and Skorohod (1974). Let A: V - V be 
a compact, self-adjoint, positive definite injection whose trace (i.e., the sum of its eigenvalues) is finite. We 
then let Jj be a Gaussian measure whose mean element is zero, i.e., 

I (I, v) Jj(df) = 0 T/v E V, 

and covariance operator is A, Le., 

(Av, w) = I (I, v)(I, w) Jj(df) T/v, wE V. 

Expressed using the characteristic functional, this means that 

T/v E V. 

Alternatively, for any v E V and any d E R, we have 

which gives a relation between Gaussian measures on Hilbert spaces and the familiar Gaussian distribution· 
on the real numbers. In what follows, we will write 51' for the covariance operator A of the measure Jj, to 
emphasize the connection between the measure and the covariance operator. 

Given such a measure Jj on V, we make one further assumption relating Land Jj, namely, that D is 
measurable and Jj(D) = 1. The reason for this assumption is that we are interested in average behavior over 
the domain D of L -1. 

EXAMPLE 2.2.1. Suppose that '\1 ~ '\2 ~ ... > 0 are the singular values of L, and that Ui is the 
eigenvector of L· L corresponding to the eigenvalue Al. Define 

1 
ei = -LUi 

'\i 
i=l,2, .... 

Let Jj be the Gaussian measure whose covariance operator 51' is defined by 

where 

satisfies 

Then D is measurable and Jj(D) = 1. 

i = 1,2, ... , 

with lim 17; = 0 
i-co 

~ l7i 
~ ,\~ < 00. 
i=1 I 

As before, information N of cardinality at most n is a continuous linear transformation 

N: V-R". 

However, an algorithm <p using N is now defined to be a mapping 

<p: R" -+ U 
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such that IIIP(N·)lIl, is measurable. The average case error of IP (under the absolute error criterion) is then 
given by 

e:~~(IP' N) == [!vIlL- 1
/ - IP(Nf)lIb P(df)] 1/2 

Since L is compact, it may be checked that L -1 is measurable, and so e:~~( IP, N) is well-defined. Note that 
the average case error e:~(IP' N) can be either finite or infinite. 

Guided by our experience in Section 2.1, we first ask whether there exist algorithms whose error is finite. 
Let 

r:~(N) == inf e:~~(IP, N) 
:p 

denote the (average case) radius 0/ in/ormation. We need to know when r:~(N) is finite. 
Let us say that L -1 is bounded on the average if 

!vIlL- 1 fll~ p(df) < 00. 

Note that there exist unbounded operators that are bounded on the average: 

EXAMPLE 2.2.1 (continued). With the measure iJ defined above, we find that 

LIIL- 1 fllb p(df) == E ~; < 00. 

Hence, L- 1 is bounded on the average, even though £-1 is unbounded. 

We then have 

THEOREM 2.2.1. The following are equivalent: 
(1) L -1 is bounded on the average. 
(2) For any continuous linear information N, 

r:~(N) < 00. 

o 

o 

So, if L -1 is not bounded on the average, then for any information N, there exists no algorithm using N 
whose average case error is finite. If L-1 is bounded on the average, then for every information N, there 
exists an algorithm using N whose average case error is finite. 

Without" loss of generality, we assume that there exist 11, ... , fn such that 

'Vf E V, 

where 
(1 ~ i, j ~ n). 

Define P: V --+ V by 
n 

Pf == LU, fi) SlJfi 'VfE V; 
i=1 

we say that Pf is the JJ-spline interpolating f E V. Then the JJ-spline algorithm IP' using N is given by 
n 

IP"(Nf) == L- 1 Pf == L(f,/i)L- 1S IJ Ii 'VfE V. 
i=1 

It may be shown that under the assumptions of this subsection, the mapping L -1 S!/2 : V --+ U is a bounded 
linear transformation. From this, it follows that the iJ-spline algorithm is well-defined. The well-defined ness 
of the p-spJine algorithm holds, regardless of whether £-1 is bounded on the average. 

We then have 
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THEOREM 2.2.2. For any information N, the Jl-spline algorithm using N is an optimal error algorithm, 
i. e., 

[ 
n] 1/2 

e:~(<pB, N) = r:~~(N) = lIIL- 1fll& Jl(df) - tt IIL- 1SjJfd1 2 o 

Thus the algorithm <pB is an optimal error algorithm using N in the average case. Note that this optimal 
error algorithm is linear, i.e., it is a linear combination of the information it uses. Hence, the structure of 
this optimal error algorithm is uncomplicated, which makes it easy to implement. 

Now that we know the optimal algorithm using given information, it is only natural to seek optimal 
information of given cardinality n. Let 

r:~(n) = inf{ r:~!(N) : N is information of cardinality at most n} 

denote the nth minimal radius of information. Information N n of cardinality at most n is said to be nth 

optimal information if 
ayg(N ) ayg() 

r aba n = r ab. n . 

If L -1 is not bounded on the average, then 

ayg( )_ 
rabsn -00, 

and 80 any information is (trivially) optimal. We now suppose that L-l is bounded on the average. Let 

Since L-1S~/2 is bounded, its adjoint (L-lS~/2r is defined; however, since L- 1 is unbounded, it is not 

generally true that (L -1 S!f'J r = S!/2 (L -1 r. We find that K is compact and has finite trace. More 

precisely, if we let /Cl ~ /C2 ~ ••• > 0 denote the eigenvalues of K, corresponding to the orthonormal 
eigenvectors ZI, Z:!J ••• , it may be shown that 

We now describe how to find nearly optimal information of cardinality n. Let 6 > O. Choose 

o E (0 min {/C l / 2 16 L:n+1 /Ci }) 
, n '2~" 1/2 

L..Ji=l/Ci 

It may be shown that there exist It, ... , f n such that 

(1 ~ i, j ~ n) 

and 

Define information Nn ,6 of cardinality n by 

'Vf E V. 

We then have 
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THEOREM 2.2.3. Let L -1 be bounded on the average. For any non-negative integer n, the nth minimal 
average radius is given by 

[
CO] 1/2 E /'OJ 

j=n+l 

Moreover, for any 6 > 0, 
r:~(Nn.6) < VI+"6 r!~~(n), 

and so the infoN71ation N n .6 is nth optimal infoN71otion, to within a factor of Vf+"'6. o 
Note also that this result implies that when L-1 is bounded on the average, 

This means that for any c > 0, one can find information and an algorithm using that information, such 
that the average case absolute error of that algorithm is at most c. In the terminology of Traub and 
Woiniakowski (1980), this means that the problem is convergent. 

We apply these results to our 

EXAMPLE 2.2.1 (concluded). We find that 

Hence. 

Choosing 

f -1/2 
j = (Tj ej (1 SiS n), 

we find that ej = S!/2 Ii. So, we will be able to find optimal information, rather than information that is 
optimal only to within a factor of ...Ii"'+'6 for arbitrary 6 > O. Using the construction of Theorem 2.2.3, we 
define information Nn by 

VIE V. 

Then N n is nth optimal information, i.e., 

avg(N ) avg() r abe n = r abe n . 

Finally, define an algorithm 'Pn using Nn by 

(N ') _ ~ (f,ej) . 
'Pn nJ - ~ A' U,. 

j=1 ' 

Then 'Pn is an optimal error algorithm using N n , i.e., 

avg ( N) avg(N) avg() eabe 'Pn, n = rabe n = rab. n , 

and so 'Pn is an nth minimal error algorithm for this problem, i.e., 

r:~(<Pn' Nn) S r:~('P, N) 

for any algorithm <P using information N of cardinality at most n. 
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3. THE RESIDUAL ERROR CRITERION 

In this section, we cite results about the existence of optimal error algorithms when the error at a given 
problem element is measured by the residual error eres • Our main approach is to show that for the residual 
error criterion, the solution of the problem Lu = I using information NI about the problem element I can 
be formally reduced to the approximation problem of approximating I using information NI. In particular. 
this means that optimal information for the two problems is the same. 

As in the previous section, we deal with worst case and average case settings. The results of the worst 
case setting are taken from Werschulz (1987), whereas the results of the average case setting are new. For 
the worst case setting, we find that the problem is convergent if and only if the embedding of the space V 
(which measures the smoothness of the problem elements) into the space W (in which we are measuring the 
error) is compact. For the average case setting, we find that the problem is always convergent. In each of 
these settings, we characterize nth optimal information. 

3.1. The worst case setting. 
In this section, the error of an algorithm cp using information N is given by 

sup III - Lcp(N!)llw . 
JED 

IIJllv~l 

Here, W is a Hilbert space containing V such that V is densely embedded in W. 

(3.1.1) 

Our first goal is to find the minimal error among all algorithms using information N. This is given by the 
radius 01 information 

The following theorem gives a simple formula for the radius of information: 

THEOREM 3.1.1. For any information N, the radius of information is given by 

where 

denotes the nul/space of N in V. 

r~:.r(N) = sup IIhllw, 
hEkerN 
IIhllv~l 

ker N = { h E V : Nh = 0 } 

(3.1.2) 

Sketch of proof Given information N, we show that the right-hand side of (3.1.2) is a lower bound for 
r-;:r(N). (That it is also an upper-bound for r-;:.r(N) will follow from Theorem 3.1.2.) Let cp be an algorithm 
using N. Choose h E kerNnD satisfying IIhllv $1. Since Nh = N(-h) = 0, we see that 

2e:r (cp, N) ? IIh - Lcp(Nh)lIw + lIe -h) - Lcp(N( -h»)lIw 

= IIh - Lcp(O)lIw + IIh + Lcp(O)lIw 

? 2l1hllw. 

Since h is arbitrary, this implies that 

(3.1.3) 

Since cp is an arbitrary algorithm using N, it follows that r;:~r(N) is bounded from below by the right-hand 
side of(3.1.3). Finally, since D is dense in V, it may be shown that the right-hand sides of(3.1.2) and (3.1.3) 
are equal, which establishes that r;:~r(N) is bounded from below by the right-hand side of (3.1.2). 0 

Note that since V is embedded in W, the radius r;:.r(N) is finite for any information N. Hence, for 
any information, there always exists a finite-residual algorithm using that information. \\'e now exhibit an 
algorithm with almost optimal error. 
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Let N be information of the form 

VIE V, 

where the inner product (.,.) is the inner product in V, and not that of W. Without loss of generality, we 
may assume that II, ... ,In E W have been chosen so that 

(1:5 i,i:5 n). 

Choose 6 > O. Since D is dense in U, there exist Ul, ••• , Un E U such that 

IILUj - /jllw < 2
6 

sup Ilhllw = 26 r-:e~r(N) 
n hEker N n 

(l:5i:5 n ). 

IIhllv$l 

Define the algorithm C{)6 using N by 

rl 

C{)6(NI) = 'L(f,/j)Uj V,/ E V. 
j=l 

We then have the following result: 

THEOR.EM 3.1.2. For any inlormation N, and lor any 6> 0, 

o 

Thus the algorithm C{)6 is, to within a factor of 1 + 6, an optimal error algorithm using N. Note that this 
almost-optimal error algorithm is linear, which makes it easy to implement. 

EXAMPLE 1.1 (continued). Let N be information of cardinality n for the problem of inverting the finite 
Laplace transform. Then there exist functions It, ... ,In such that 

NI = [J: !(8){,(8) d8] 

fo l(s)/n(s) ds 

Without loss of generality, we may assume that It, ... , In have been chosen 80 that 

(1:5 i,i:5 n). 

Pick 6 > O. Since Hr(1) is dense in L2(1), there exist functions Ul,"" Un E L 2(1) such that 

Then the algorithm C{)6 defined by 

satisfies 

6 
II LU j - /jIIL,(I) < 2 sup IIhllw. 

n hEkerN 
IIhllv$l 

(0:5 t :5 1) VI E lr(I) 

12 

(3.1.4) 

(3.1.5) 



and so tp6 is an almost-optimal algorithm using N. 
Unfortunately, it may be difficult to explicitly construct such functions. However, this part of the algorithm 

is independent of any particular problem element f E Hr(1). So, finding such Ul, ... , Un may be considered 
as preprocessing that can be done before calculating 'P6(NJ) for any problem element f. 

Alternatively, one can start out with functions Ul, ... , Un E L2(1) and define h, .. . .In E Hr(1) by 

(1 ~ j ~ n). (3.1.6) 

Assume without loss of generality that Ul, ... , Un have been chosen so that (3.1.5) holds. For information N 
of the form (3.1.4), with h, ... , fn given by (3.1.6), we define an algorithm tp0 using N by 

Then 'Po is an optimal error algorithm using the information N. 0 

Knowing the optimal algorithm using given information, we seek optimal information of given cardinality n. 
Let 

r~~r(n) = inf{ r;:r(N) : N is information of cardinality at most n} 

denote the nth minimal radius of information. Information N n of cardinality at most n is said to be nth 
optimal information if 

wor(N) wor() rree n =r~. n. 

To do this, we recall the concept of the Gelfand n-width, Bee, e.g., Pinkus (1985). Let ,An denote the class 
of subspaces of W whose codimension is at most n. For a balanced convex subset X of W, the Gelfand 
n-width dn(X, W) of X in W is defined to be 

dn(X, W) = inf sup IIxllw. 
AE).- rEAnX 

Furthermore, if there exists a subspace An E ,An such that 

d"(X, W) = sup JJxJJw, 
rEA"nX 

then An is said to be a Gelfand ertremal subspace of codimension at most n. 
Using Theorem 2.6.1 of Traub and Wozniakowski (1980), we immediately have 

THEOREM 3.1.3. 

(1) The nth minimal radius is given by 

where BV denotes the unit ball of V. 
(2) Suppose that An is a Gelfand ertremal subspace of codimension at most n. Choose a basis Wl, .•• , WI: 

for the orthogonal complement of An in W, where k = codimAn ~ n. Let (-, ')w denote the inner 
product of W. Then information N n defined by 

[

(/' ~l)W 1 
Nnf= : 

(/, Wl:)w 

'rifE V 

is nth optimal information. o 
Let us say that the problem is convergent if limn_co r;~r(n) = O. Using standard results on n-widths, 

such as Pinkus (1985), we find 
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COROLLARY 3.1.1. The problem is convergent if and only if the embedding of V into W is compact. 0 

\Ve now consider convergent problems in more detail. Let E denote the embedding of V into W, which is 
now a compact dense injection. Denote ~he singular values of E by 

There is a complete orthonormal basis {Vj} ~ 1 for V such that 

j = 1,2, .... 

We then have the following 

THEOREM 3.1.4. For any non-negative integer n, define information N n of cardinality n by 

VI E V. 

Then N n is nth optimal information, and 

wor() wor(N ) rrea n =rrca n = K n+l· o 

We illustrate the ideas of this subsection by their application to our example of inverting the finite Laplace 
transform. 

EXAMPLE 1.1 (continued). Recall that the class of problem elements is the unit ball of Hr(I), and that 
the (residual) error of an algorithm is being measured in the L2 (I) norm. Suppose first that r = O. Then 
the embedding of Hr(I) = L 2(I) into L 2(I) is not compact, and so the problem is not convergent. This 
means that for some positive threshold t:o, there is no a.lgorithm whose residual error is less than t:o. Hence, 
we need only consider the case where r is a positive integer. 

Since r ~ 1, the embedding E: H r (I) .-. L2 (I) is compact. Integrating by parts, we find that the 
eigenfunctions Vj and eigenvalues KJ of EO E are the nonzero solutions v and K2 of the eigenproblem 

r 

~) _1)iv(2i)(s) = K-1V(S) "Is E [0,1], 
i=O 

(0 ~ i ~ r - 1). 

So, we see that the information N n defined by 

VI E Hr(I) 

is nth optimal information, and the nth minimal radius is 

Suppose first that r = 1. We find that 

and that 

wor( ) 
r~ n = l'i: n +l. 

( ) 
1.. 

Vj s = tn=' sm liT'S 
v21r 

1 
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Hence, 
wor( ) 1 

r res n = I:===~====:;:;:; VI + lr2(n + 1)2 
1 

lr(n + 1) as n - 00. 

Unfortunately, exact determination of the eigenvalues and eigenfunctions appears to be intractable for ar­
bitrary r. However, an asymptotic result for arbitrary r may be found in, e.g., Pinkus (1985). Using the 
standard theta-notation of Knuth (1976), we have 

as n - 00. 

Moreover, it is possible to show that inner products with the basis functions of an n-dimensional spline space 
of piecewise polynomials of degree r - 1 taken over a uniform discretization of I is (to within a constant 
factor, independent of n) nth optimal information. 0 

3.2 The average case setting. 
\Ve now consider the average case setting for the residual error criterion. The results of this subsection 

are new, and so we prove them in somewhat more detail than the results of previous sections. 
Since we are dealing with an average case setting, we first need a measure Jj on the Hilbert space V. We 

suppose that Jj has the properties described in Section 2.2. That is, we assume that Jj is a Gaussian measure 
on V with zero mean and positive definite covariance operator SJJ'. Moreover, we also assume that D is 
measurable and that Jj(D) = l. 

Once again, our only knowledge of a problem element I is the information N/, where N: V - Rn is 
a continuous linear transformation. An algorithm cp using N is then a mapping cp: Rn - U such that 
IILcp(')II~ is measurable. We then let 

[ ] 

1/2 

e~:.g(cp, N) = 1111 - L(cp(Nf))II~ Jj(df) 

denote the efTOr of an algorithm cp using information N. Since the information N is continuous and V is a 
Hilbert space, there exist It, ... , In E V satisfying 

such that 

NI = [(f,:It)] 
(f,!n) 

(1 ~ i, j ~ n) 

VIE V. 

Our first goal is to find the minimal error among all algorithms using the information N. This is given by 

avg(N) - . f avg( N) r rea - ID ere. cp, , 
'" 

the radiu! of information. In addition, we wish to find an optimal efTOr algorithm using N, which is an 
algorithm cpo using N whose error is minimal, so that 

e~.g(cp· IN) = r~:.g(N). 
To do this, we will reduce our problem to that of approximating the identity injection E of V into W 

(which we call the approximation problem for short). For information N of the form (3.2.1), an algorithm 
for the approximation problem is a mapping 1/;: Rn - V such that 111/;(N')II~ is measurable. The error of 
such an algorithm 1/; for the approximation problem will be denoted by 

Let 

[ ]

1/2 

e:~t(tP, N) = 1111 - tP(Nf)II~ Jj(df) 

r:~~(N) = inf e:~M tP, N) 
VI 

denote the radius of information for the approximation problem. 
Recalling the definition of the Jj-spline algorithm cpa using information N from Section 2.2, we have 
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THEOREM 3.2.1. For any information N, the following hold: 

(1) The radii of information for the Fredholm problem and the approximation problem are the same, i.e., 

avg(N) _ avg(N) rres - rapp . 

(2) The J-l-spline algorithm cps is an optimal error algorithm for the Fredholm problem, i.e., 

eavg (".,. N) = ravg(N) = ravg(N) res .,. , res app' 

Proof. Let N be information of cardinality n. We first show that 

Let cp be an algorithm for the Fredholm problem. Then Ltp is an algorithm for the approximation problem. 
Since D is of full measure, we find 

Since t.p is an arbitrary algorithm using N for the Fredholm problem, we may take the infimum over all such 
algorithms to establish the desired lower bound. 

To complete the proof of the theorem, it suffices to show that 

avg ( • N) - avg(N) eres tp , - rapp . 

\Ve have 
'Vf E V, 

where Pf is the J-l-spline interpolating I. As we pointed out in Section 2.2, PI is in the range of L, and so 
the J-l-spline algorithm tpa using N is well-defined. Now PI depends on I only through NI. Hence we may 
write 

PI = 'V (Nf). 

From the results of Wasilkowski and Woiniakowski (1986), "'* is an optimal error algorithm for the approx­
imation problem, i.e., 

avg (,I.· N) _ avg(N) eapp Y', - rapp • 

Since 

er:;.g(tp", N)2 = [III - L(tp"(Nf))II~ J-l(df) = [III - "'·(Nf)II~ J-l(df) 

the desired result follows immediately. o 
Hence, for any information N, the J-l-spline algorithm is an optimal error algorithm using N in the average 

case setting, regardless of which error criterion (absolute or relative) we are using. 
Knowing the optimal algorithm using given information, it is natural to seek optimal information of given 

cardinality n. Let 

r:ag(n) = inf{ r~;.g(N) : N is information of cardinality at most n} 

denote the nth minimal radius of information. Information N n of cardinality at most n is said to be nth 

optimal information if 
avg(N) avg() rres n =rrea n. 

Moreover, an optimal error algorithm using nth optimal information is said to be an nth minimal error algo­
rithm. since the error of such an algorithm is minimal among all algorithms using information of cardinality 
at most n. 
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The main idea that we use in finding nth optimal information is to reduce the problem to the approximation 
problem, since Theorem 3.2.1 implies that 

avg() avg() rr~ n = rapp n . 

That is, the nth minimal radii for the problems are the same, and the same information is optimal information 
for both problems. 

Let 0"1 ~ 0"2 ~ ••• > 0 be the eigenvalues of the covariance operator S/J' Let e1, e2, . .. denote the 
corresponding eigenvectors, which we assume to be orthonormal without loss of generality. Of course, 

Let 

Then 

Define the information Nn to be 

DO 

trS/J = LO"i < 00. 

i=l 

f -1/2 
i = O"i ei j = 1,2, .... 

i,j=1,2, .... 

"If E V. 

\Ve also define an algorithm IPn using N n by 

n 

IPn(Nnf) = LU, ei)L -Ie,. 
i=1 

Note that the algorithm IPn is well-defined, since the eigenvectors of the covariance operator lie in the range 
of 51" which is a subset of the range of L -1. 

Using the results of Wasilkowski and Wozniakowski (1986), along with Theorem 3.2.1, we immediately 
find 

THEOREM 3.2.2. For any non-negative integer n, the information N n is nth optimal information and the 
algorithm IPn is an nth minimal error algorithm. That is, 

Since the covariance operator has finite trace, Theorem 3.2.3 implies that 

lim r~:.g(n) = O. 
n-oo 

o 

That is, for any positive error tolerance ~, there exists an algorithm whose error is at most~. Hence the 
problem is always convergent when using the residual error criterion in the average case setting. 

4. COMPLEXITY A:-IALYSIS 

The previous sections of this paper dealt with optimal error algorithms for the Fredholm problem of the 
first kind. In this section, we use these results to find the E:-complexity of such problems, i.e., the minimal 
cost of finding an approximation whose error is at most~. Of course, we expect the complexity to depend on 
the error criterion and the setting. Moreover, it will also depend on the model of computation used, which 
defines the cost of any algorithm. 

Our first step in defining our model of computation is to decide how much to charge for basic operations. 
As in Traub and Woiniakowski (1980), we assume that 

(1) the cost of evaluating any linear functional is c > 0, and 
(2) any arithmetic operation has unit cost. 
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Next, we determine the cost of evaluating an algorithm <p using information N at a particular problem 
element I as follows. Let cost(N!) denote the cost of evaluating the information N/, and let cost(<p, N!) 
denote the cost of combining this information to find '{I(N!). Then 

cost(<p, N,!) = cost(N!) + cost(<p, N!). 

That is, the cost of evaluating an algorithm using given information at a particular problem element is the 
sum of its informational cost and its combinatory cost. Finally, we define the cost of an algorithm <p using 
information N to be 

cost(<p, N) = sup cost(<p, N,!). 
lED 

IIlIlv$l 

\Ve can now define the complexity of the problem. Fix a particular error criterion (absolute or residual) 
and setting (worst or average case). This, of course, determines the error e( <p, N) of an algorithm <p using 
information N. For e > 0, we define the e-complexity of the problem to be 

comp(e) = inf{ cost(<p, N) : <p and N such that e(<p, N) ~ e}. 

Note that there are four ways of defining comp(e), depending on the error criterion and the setting. 

REMARK 4.1. Note that we are using a worst case model of computation, i.e., cost(<p, N) is given by 
a worst case of cost (<p(N!)) over all problem elements I. One can also consider an average case model of 
computation, in which we take 

cost(<p, N) = 10 cost(<p, N,!) !J(d!). 

Since we are dealing with information of fixed cardinality (i.e., the cardinality of the information is indepen­
dent of the problem element), it is easy to see that the results of this section are the same for either model 
of computation. From the results of Wasilkowski (1986), we find that this will also be true for information 
of varying cardinality (in which the cardinality can vary with the problem element). 0 

Our main goal is to find conditions that are necessary and sufficient for comp(e) to be finite for all e > O. 
To do this, we define the e-cardinality number to be 

m(e) = inf{ n: r(n) ~ e}. 

Then 
comp(e) ~ em(e). 

Moreover, if there exists a linear m(e)th minimal error algorithm, then 

comp(e) ~ (e +2)m(e) - 1. 

Since e ~ 1 in practice, we see that the e-complexity is roughly equal to e m(e). Of course, m(e) will depend 
on the setting and the error criterion, and so there will be four different e-cardinality numbers. 

\Ve first look at the absolute error criterion. For the worst case setting, it is easy to see that the results 
of Section 2.1 imply that m::-(e) = +00 for any e > O. This immediately gives us 

THEORDf 4.1. For the worst case setting in the absolute error criterion, 

'Ve> O. o 
Hence, it is impossible to find an e-approximation using the absolute error criterion in the worst case 

setting, no matter how large e is. 

EXA~IPLE 1.1 (continued). For the problem of inverting the finite Laplace transform with problem 
elements in the unit ball of Hr(I), we have comp:~:(e) = +00 for any e > O. This means that it is 
impossible to find a finite-error approximation to this problem with finite cost. Note that this result is true 
for all r, no matter how large (where, as before, r denotes the smoothness of the class of problem elements).D 

Next, we turn to the average case setting: 
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THEOREM 4.2. For the average case setting in the absolute error criterion, the following alternatives hold: 

(1) If L -1 is not bounded on the average, then for any ~ > 0, 

comp:~~(e) = +00. 

(2) If L -1 is bounded on the average, then 

m:~!(~) = inf{ n: f: Kj ~ ~2 } , 

j=n+1 

where Kj is the jth-largest eigenvalue of the Hilbert-Schmidt operator (L -1 s;/2 r (L -1 S;/2) . Hence, 

cm:~(~) ~ comp:~~(~) ~ (c+2)m:~(~) -1 V~ > O. 0 

Thus the ~-complexity is finite for all ~ > 0 if and only if L -1 is bounded on the average. When this holds, 
we can find an almost-optimal complexity algorithm as follows. Let n = m:~~(~), and let Nn be nth optimal 
information. (Of course, if N n does not exist, we can use the approximation techniq ues of Section 2.2.) Then 
the IJ-spline algorithm using N n is an almost-optimal complexity algorithm. 

\Ve now turn to the residual error criterion. Recall that E denotes the embedding of V into W. In the 
worst case setting, we have 

THEOREM 4.3. The following alternatives hold for the worst case setting using the residual error criterion: 

(1) If E is not compact, then there exists ~o > 0 such that 

(2) If E is compact, then 

wore ) comPrea ~ = +00 ifO<~~~o. 

m~~r(~) = inf{ n : "n+1 ~ ~} , 

where Kn is the nth-largest singular value of E. Hence, 

cm=r(~) ~ comp~~r(~) ~ (c + 2)m:r(~) - 1 V t: > o. o 

Thus the t:-complexity is finite for all t: > 0 if and only if V is compactly embedded in W. In that 
case, we can find an almost-optimal complexity algorithm as follows. Let n = m~.:r(~), and let Nn be nth 

optimal information. Then a linear optimal error algorithm using N n will be an almost-optimal complexity 
algorithm. 

EXAMPLE 1.1 (continued). We find that for our problem of inverting the finite Laplace transform with· 
problem elements in the unit ball of Hr(I), 

if r > O. Of course, when r = 0, then the problem is not convergent. Hence, 

for sufficiently small t: > 0 

if r = O. o 
Finally, we consider the average case setting: 

THEOREM 4.4. For the average case setting using the residual error criterion, the e-cardinality number is 
given by 

m~:.g(e:) = illf{ 11 : . f: (7; ~ ~2 } , 
.=n+1 

where (7j is the jth-largest eigenvalue of the covariance operator SI-" Hence, the ~-complexity is given by 

cm~:ag(~) ~ comp~;:(e) ~ (c+2)m~g(~) -1 'tit: > O. 0 

In particular, this means that the e-complexity is finite for all ~ > O. We find an almost-optimal complexity 
algorithm as follows. Let n = m~;sg(~), and let Nn be nth optimal information. Then the Jl-spline algorithm 
using N n will be an almost-optimal complexity algorithm. 
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