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ABSTRACT

On Fourier-Mukai type functors

Alice Rizzardo

In this thesis we study functors between bounded derived categories of sheaves and how they can be
expressed in a geometric way, namely whether they are isomorphic to a Fourier-Mukai transform.
Specifically, we describe the behavior of a functor between derived categories of smooth projective
varieties when restricted to the derived category of the generic point of the second variety, when
this last variety is a curve, a point or a rational surface. We also compute in general some sheaves
that play the role of the cohomology sheaves of the kernel of a Fourier-Mukai transform and are
then able to exhibit a class of functors that are neither faithful nor full, that are isomorphic to a

Fourier-Mukai transform.
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Chapter 1

Introduction

Derived categories were first introduced in 1963 by Verdier [Ver77] [Ver96], who carried out ideas
by Grothendieck. They were initially designed with the purpose of formulating and proving an
extension of Serre’s duality theorem [Ser54] which was accomplished in [Gro63] and published in
[Har66].

Derived categories have since established themselves as a fundamental tool in algebraic geometry
as well as in a number of other disciplines, including the study of systems of partial differential
equations, microlocal analysis, and representation theory of Lie algebras and algebraic groups.

Concerning algebraic geometry, classical applications include work of Beilinson [Bei78] and
Berstein-Gelfand [Ber78] on relating coherent sheaves on projective space to representations of
certain finite dimensional algebras, as well as work of Rickard on Morita theory [Ric89][Ric91].

Interest in recent years has been renewed by applications to birational geometry in relation to
the minimal model program [Kaw05][Kaw06], and theoretical physics, in particular to string theory
[KLO02].

Grothendieck’s key observation was that the constructions of homological algebra don’t actually
just yield cohomology groups, and in fact passing to cohomology means forgetting a large amount of
information. What we actually obtain are complexes that are well-defined up to quasi-isomorphism,
so that two complexes should be considered the same if there is a map between them inducing an
isomorphism on all cohomology groups.

The derived category D(</) of an abelian category <7 is thus obtained by taking the category

K(47) of complexes of objects of o/, where morphisms are chain maps modulo the homotopy
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equivalence relation, and then inverting quasi-isomorphisms. What we obtain in this way is not
an abelian category, but it is a triangulated category, i.e. a category with a shift functor and
a collection of exact triangles satisfying a number of axioms. Moreover, if our category «/ has
enough injectives, given a left exact functor F' we can define a corresponding derived functor RF
on complexes of D(&/) bounded from below: this is done by first taking a complex of injectives
which is quasi-isomorphic to our original complex, and then applying F' to this complex of injectives.
The same can be done with right exact functors and complexes of projectives.

The Fourier-Mukai transform was introduced in 1981 by Mukai, in his paper [Muk81], as a way
to get an equivalence between the derived category of an abelian variety X and that of its dual X.

To do that, Mukai defined the “Fourier functor” to be
L >k
RS(-) := Rp2.(2 ® Lpi ()

where 2 is the Poincaré bundle on X x X and pr X X X - X, p2: X X X — X. This duality
was used as a tool to study Picard sheaves on X.

Interest sparked from this to investigate equivalences between derived categories of any scheme.
This is a very interesting question to ask especially in light of the fact that, by Bondal-Orlov
[BOO1], if X and Y are smooth projective varieties with ample or anti-ample canonical sheaf and
Db, (X) = DL, (Y) it then follows that there exists an isomorphism X =Y.

In his seminal paper [Orl97], Orlov showed that any equivalence between the bounded derived
categories of two smooth projective varieties is isomorphic to a Fourier-Mukai transform, i.e. a
functor as above where instead of & we can now have any complex F in the bounded derived

category of the product:

Theorem 1.0.1. [Orl97] Let X and Y be smooth projective varieties over an algebraically closed

field k. Consider an exact functor
F: D%oh(X) - D%oh(y)

If F is fully faithful and has a right adjoint, then there exists an object E € Dgoh(X xY') such that

F is isomorphic to the Fourier-Mukai transform with kernel E,

(") = Rpsu(E & Lpi())
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This result has a tremendous variety of applications. First of all it can be applied to the study
of moduli problems, for instance moduli spaces of stable sheaves on K3 surfaces, see for example
Mukai [Muk87] and Orlov [Orl97]. More recent work has been carried out by Bridgeland and
others in birational geometry [BM02], [BKRO1]. Another area of application is given by the study
of Bridgeland stability conditions on the bounded derived category of abelian and K3 surfaces
[Yos01].

Orlov’s result has been generalized by Ballard [Bal] to the case where X and Y are projective
schemes over a field, and by Lunts and Orlov in [LOO01] for the case of X and Y quasi compact and
separated and a fully faithful functor between the unbounded derived categories of X and Y (this
requires X to have enough locally free sheaves).

One can then ask what happens when the functor we are considering is not fully faithful, namely,
will the functor still be isomorphic to a Fourier-Mukai transform in general? If that is the case,
this would allow us to study its action on singular cohomology [Orl97] and Hochschild cohomology
groups, and allow us to deform it along with the varieties [Cal03].

However, not much in known in this direction. For all the functors that can be expressed
geometrically, we know that Orlov’s result still holds even when said functors are not equivalences.
In general, in the algebraic geometric setting there are no known examples of a functor which is
not isomorphic to a Fourer-Mukai transform. The only example known by the author of an exact
functor F : D2, (X) — D, (Y) that is not of Fourier-Mukai type occurs in the non-algebraic
case and is obtained extending to the derived category the equivalence Coh(X) = Coh(Y") obtained
in [Ver08] when X and Y are generic non-projective K3 surfaces.

On the other hand, the uniqueness of the kernel does not hold in general: in fact for every elliptic
curve X over an algebraically closed field there exists Ey, Fo € Db(X x X)) such that Ey # E, but
Op, = Pp,, see [CS10].

In his paper [Orl97], Orlov speculated that the result should actually hold for any exact functor
between bounded derived categories of smooth projective varieties. Orlov’s proof however makes
extensive use of “ample sequences” that mostly behave well only when the functor is full. A

somewhat stronger result was obtained by Canonaco and Stellari:

Theorem 1.0.2 ([CS07]). Let X and Y be smooth projective varieties over a field. Consider an



CHAPTER 1. INTRODUCTION 4

ezact functor F : DY, , (X) — DY, (Y) such that for any two sheaves F and 4 € Coh(X)

Homyp
DCoh

) (F(F), F(@)[j]) =014f j <0 (1.1)

Then there exists a unique object E/ € Dgoh(X xY') such that F' is isomorphic to the Fourier-Mukai

transform with kernel E.

The condition on the functor in the theorem is slightly weaker than fullness. This is however
a bittersweet result: in fact in their later paper [COS11], together with Orlov, they showed that
in the smooth projective case over a field of characteristic zero fullness in fact implies faithfulness.
Therefore, if we want to further generalize Orlov’s theorem, a whole new approach is needed.

In Chapter 2 we present a generalization of a theorem of Bondal and Van den Bergh [BVdBO03]
concerning the representability of a functor Dgoh(X ) — mod;, where X is defined over the field
k, to the case where the functor is to mod, where K is the function field of a curve or of P? over
k. This will allow us to describe the behavior of a functor between derived categories of smooth
projective varieties when restricted to the generic point of the second variety, if the latter has
dimension 0 or 1 or is a rational surface over k.

In Chapter 3 we give an explicit procedure that given a functor F' : Dgoh(X ) — Dbcoh(Y)
computes sheaves on X X Y that are equal to the cohomology sheaves of the kernel whenever the
functor is a Fourier-Mukai transform. These sheaves seem to have in general good properties that
indicate that the functor behaves in many ways like a Fourier-Mukai transform even when we are
unable to prove it is such. By restricting to the case of dim(X) = 1 we can actually exhibit a class
of functors that are not full, nor faithful, nor do they satisfy condition 1.1, and for which we can

still find an isomorphism to a Fourier-Mukai transform.
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Chapter 2

Representability of cohomological

functors over extension fields

2.1 Introduction

Let X be a projective variety over an algebraically closed field k. In this chapter we will generalize
a result of Orlov and Van den Bergh on the representability of a functor H : D%, , (X) — mod,, to

the case of an extension field k C L:

Theorem 2.1.1. Let X be a smooth projective variety over a field k. Let L be a finitely gener-
ated separable field extension of k with trdeg,L < 1, or a purely transcendental field extension of

transcendence degree 2 over k. Consider a contravariant, cohomological, finite type functor
H: DY, (X)— mod;

Then H is representable by an object E &€ D(bjoh(XL), i.e. there exists E such that for every
C € D%, (X) we have
H(C) e MOI.D%O]—L(XL)(]*C’ E)

where 7% : X1 — X 1is the base change morphism.

This will allow us to tackle the question of whether a functor between the bounded derived
categories of two smooth projective varieties is representable by a Fourier-Mukai transform. We

remind the reader of the definition of Fourier-Mukai transform:
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Definition 2.1.2. Given two smooth projective varieties X, Y and an object E € Dgoh(X xY),

the Fourier-Mukai transform associated to E is defined as
L >k
Pp() = Rp2.(E @ Lpi(+))
where p1 : X XY — X and py : X XY — Y are the projection morphisms.

When dim Y < 1 or Y is a rational surface we can answer positively to the question above after

restricting to the generic point of Y:

Theorem 2.1.3. Let X, Y be a smooth projective varieties, where dimY < 1 or Y is a rational

surface over k. Consider a covariant exact functor
b b
H : Dtiop(X) = Don(Y)

let iy : m — Y the inclusion of the generic point of Y. Then there exists an object A € Dgoh(X xY)
such that

iioH =1i]0®y.

2.2 The Base Change Category

In what follows, an abelian category A does not automatically have any limits or colimits apart
from the finite ones.

Given a field K, we will denote with mod - the category of finite dimensional K-vector spaces,
whereas Modj will denote the category of possibly infinite-dimensional K-vector spaces. D(A)
will denote the derived category of an abelian category A.

Given an R-linear abelian category 4 and an inclusion of rings R < S, we can define the base

change category Ag as in [LVdB06, §4]:

Definition 2.2.1. The category Ag is given by pairs (C,pc) where C € Ob(A) and pc : S —
Homy(C,C) is an R-algebra map such that the composition R — S — Hom(C,C) gives back
the R-algebra structure on A. The morphisms in Ag are the morphisms in A compatible with the

S-structure.
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Definition 2.2.2. For each element C € A, the functor
C®pr—:mod(R) — A

is the unique finite colimit preserving functor with C @ R = C.

This gives for each finitely presented R-algebra S a functor
-®85: A— Ag
to the base change category Ag.

Proposition 2.2.3. [LVdB06, Proposition 4.3] The functor — & S is left adjoint to the forgetful

functor

forget : Ag — A
(C,pc) — C

Whenever the context is clear, given an object B € Ag, we will still denote by B the corre-
sponding object of A obtained via the forgetful functor.

For the purposes of this discussion we will need a more general setting for base change - specif-
ically, we need to be able to talk about base change for a bigger category of rings and not just the

ones that are finitely presented over the base. Let us extend Definition 2.2.2 as follows:

Definition 2.2.4. Let A be an R-linear abelian category satisfying AB5. Using the fact that any
R-module is the filtered colimit of finitely presented R-modules, we can extend definition 2.2.2 to

the general case of

-®5: A— Ag
for any R-algebra S.

The notion of base change category can be extended to the case of the derived category D(.A)

of an abelian R-linear category A in the obvious way:

Definition 2.2.5. Given an inclusion of rings R — S, the category D(A)g is given by pairs (C, pc)
where C' € Ob(D(A)) and pc : S — Homp4)(C, C) is an R-algebra map such that the composition
R — S — Homp4)(C,C) gives back the R-algebra structure on D(A). The morphisms in D(A)s

are the morphisms in D(A) compatible with the S-structure.
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Again, we have a notion of tensor product:

Definition 2.2.6. Let R be a ring, let A be an R-linear abelian category satisfying ABS5, and let
M?® be a complex of objects in A:

M= it e
Let S be a ring, with a map R <— S. Then we can define M® ® S, as an object of D(s), as
o i—1 d—1®1 i di®1 i1
M*@S=... > M7 —— M5 — M"T®5—...
The complex M*® ® S can also be considered as an object of D(7)g if needed.

Remark 2.2.7. Suppose that A is a k-linear abelian category satisfying AB5 and k C K is an
extension of fields. In the situation of definition 2.2.4 and 2.2.6, similarly to the case of 2.2.3, it

is easy to show that again tensoring with K is left adjoint to the forgetful functor
e as a functor A — Ag;
e as a functor D(A) — D(Ak);
e as a functor D(A) — D(A)k.

Remark 2.2.8. Let R be a ring, let A be an R-linear abelian category satisfying ABS5, and let M®

be a complex of objects in A,
M® = .. - MV i

Let S C R a multiplicative system. In this case M® @ S™'R, as an object of D(7), is the same
as
o= c](c)ggl vt a7 C?Eén M LR C?Eén vt
where colimcg F~IM? is obtained by taking for every f € S a copy of M* and as morphisms
only the maps

fIMY— (fg)~ M

given by multiplication by g : M* — M.
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Lemma 2.2.9. In the situation of the remark above, if for every element f € S the multiplication

by f is a quasi-isomorphism of M®, then the map
M*— M*®RrS™'R
is a quasi-isomorphism in D(A).
Proof. Since taking cohomology commutes with directed colimits we have
H'(M®*®p S™'R) = c}ggén frHY(M®)

but since multiplication by any g € S is a quasi-isomorphism we get

1%

fTHHI(M®) —5= (fg) ™ H'(M*)

hence the cohomology of M*® ®r S~™'R consists of only one copy of H(M?®), and the map M® —
M® ®r S™'R is a quasi- isomorphism. O

2.3 A result on base change for derived categories

The purpose of this section is to analyze the functor D(Ax) — D(A)x that sends an object in
D(Ag) to the same object considered as an object of D(A), together with its K-action. Specifically,

we will prove the following:

Theorem 2.3.1. Let A be a k-linear abelian category satisfying ABS5, where k is a field. Let
K =k(T) or K =k(T,T"). Then the functor

D(Ak) — D(A)k
C*— (C* pc)

is essentially surjective, where pc: K — Aut(C®) is the obvious map.

Moreover, if L is a finite separable extension of K = k(T') with L = K () = K[T]/P(T) then we
can lift an object (C*, pc) € D(<7)y, to an object N* of D(x) endowed with a map 1) € End(N*®)
such that P(?,ZNJ) is zero on all cohomology groups, and the action of ¥ on N*® corresponds to the

action of a on C*®.
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This comes down to lifting the actions of 7" and 7" on a complex C' € D(A) to actions coming

from morphisms in A that commute with each other.

Lemma 2.3.2. Let A be a k-linear abelian category satisfying ABS, where k is o field. Let L® be
a complex in D(A). Let ¢ € Homp4)(L®, L®). Then there exists a complex M*® € D(Ayp)) and a
quasi-isomorphism L®* — M® as objects of D(A) such that the action of multiplication by T on M®

corresponds to the action of multiplication by @ on L°®.

Proof. The map ¢ : L®* — L*® in D(A) corresponds to a diagram of complexes in D(.A)

where u is a quasi-isomorphism.
Let L*[T] = L* @y, k[T'] as a complex in D(Ar)). Consider the morphism ¢ @ 1 —1® T :
L*[T] — L*[T] in D(Apgpp). This can be represented by actual maps of complexes

The map ¢’ ® 1 —u ® T is injective on all cohomology objects: to prove this we need to show
that ¢’ ® 1 —u® T : H(Q®[T]) — H"(L*[T]) is injective for every r.
Let a € H"(Q*[T]), a # 0, then

n
o= E o; T
i=0

where all of the «; are different from zero in H"(Q*®). If

n n
0=(¢®l-uxT)a= Z O ()T = u(a;) T
i=0 i=0

then the only term of degree n + 1 in T, u(a,)T™*!, must be zero in H"(L®), hence u(a,) = 0,
hence «a,, = 0 since u is a quasi-isomorphism. This contradicts our assumption that a; # 0 Vi, and
so this proves injectivity.

Now set

' R1—ulT
RS b

M*® = Cone(Q*[T] L*[T))
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Then we have a triangle

P’ R1—uxT
RS

Q*[T] LT — M* — (Q*[T){1] (2.1)

and by injectivity of the map ¢’ ®1—u®T on the cohomology objects we get a short exact sequence
in cohomology

0 — H"(Q[T)) LT, gr(L*[T)) — H"(M*) -0

hence we get

' @1—uxT
S

H"(M?*) = Coker(H" (Q*[T7]) H'(L*[T]))

for any r.

Now consider the composition

L* — L*[T] — M*

This map is a quasi-isomorphism; to prove this we just need to show that under the map above,
H"(L*) = Coker(H"(Q°*[T)) ¢/BL-uBT, H"(L*[T])) for every r.

Proceed as follows: first of all, considered as a sub-object of H"(L®[T]) via the obvious map
L* — L°[T], H"(L®) is not in the image of ¢’ ® 1 — u ® T, since, for any element o = Y 1 | o; T"
of H"(Q®[T)), its image > i, ()T — S°I ju(a;)T" is either zero or has a nonzero term of
positive degree. To prove that any term of positive degree =", BT is in the image up to an
element of degree zero, notice that it can be written as an element of lower degree plus an element

of the image as follows:

BT = BT — (¢ @1-u@T)(u  (B)T" )+ (¢ @1 —ueT)(u ' (8,)T" ") =
i=0 i=0
= BT = (wH (B))T" 4 BT+ (¢ @1 —u® T)(u(8,)T" )
i=0
n—1 '
= BT =@ (BNT" T+ (P @1 —u@T)(w " (B,)T" )
i=0
Hence we found a complex M*® € D(Ayr)) which is quasi-isomorphic to L® as an object of D(A);

moreover the action of multiplication by ¢ on L® corresponds to the action by multiplication by T’

on M*°. O

Lemma 2.3.3. Let A be a k-linear abelian category satisfying ABS, where k is a field. Let L® be

a complex in D(A).
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Let o € Homp4)(L®, L®) such that f(y) is an isomorphism for all f € k[T| monic. Then there
exists a compler N* € D(Ay)) and a quasi-isomorphism L* — N*® as objects of D(A) such that
the action of multiplication by T on N® corresponds to the action by multiplication by @ on L°®.

Likewise, let ¢, € HomD(A)(L',L') such that ¢ and Y commute with each other and such
that f(p,) is a quasi-isomorphisms for all f € k[T, T'] nonzero. Then there exists a complex
N*® € D(Ayrr) and a quasi-isomorphism j : L®* — N* as objects of D(A) such that the action
of multiplication by T (resp. T') on N*® corresponds to the action by multiplication by ¢ (resp. 1)

on L°®.

Proof. By Lemma 2.3.2 we can find a complex M*® € Ay ) and a quasi-isomorphism j : L® — M*
as objects of D(A) such that the action of multiplication by 7" on M*® corresponds to the action by
multiplication by ¢ on L°®. This implies that multiplication by f(7") gives a quasi-isomorphism of
M?* for all f monic.

Now let N*® := M*® @y k(T) as in Definition 2.2.6 above. This is a complex in D(Ayry) and it
is quasi-isomorphic to L® as objects of D(A), by Lemma 2.2.9. The action of ¢ on L® corresponds
to the action of 7" on N°.

For the second case, again by Lemma 2.3.2 we can find a complex M*® € Ay and a quasi-
isomorphism j : L®* — M?* as objects of D(A) such that the action of multiplication by 7" on M*
corresponds to the action by multiplication by ¢ on L°.

Moreover, we have an exact triangle

PR1-18T
_—

L*[T] L°[T] — M*

in D(Agzy), see (2.1).

Then, since ¢ and 1) commute with each other, we get a commutative diagram in D(Akm)

L°[T] PR1—1QT Lo[T]
w®1l llﬂ@l
[T PR1—1QT Lo[T]

By the axioms of the derived category we can find a map ¥ on M* so that the following diagram
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commutes:
Lo[T]) 220 Do) — Mo — (L*[T))[1]
d@ll ld@l li llﬂ@l
L1 225 Lo [T — M — (L*[T))[1]

As before we can then construct P® = M*® ®7) k(T'), which is quasi-isomorphic to M* and hence
we get a corresponding map zﬁ . P*— P°.

So we are in the following situation: we have a complex P* € D( A7) and a map Y : P*— P*
so that f(¢) is a quasi-isomorphism for all f € k(T)[T"] monic. By Lemma 2.3.2 again, we get a
complex Q* € D((Ayr))i(r)r) = D(Akryz) which is quasi-isomorphic to P*.

Then define

N* = Q°® @y k(T,T")

By Lemma 2.2.9, since f(T, 1) is a quasi-isomorphisms for all nonzero f € k(T)[T"], the complex
N*® € D(Ayr) is quasi isomorphic to Q*® as objects of D(Ayr)irv) hence it is quasi-isomorphic to

L* as objects of D(A). The action of ¢ and v correspond to the action of T" and T” respectively. [

Lemma 2.3.4. Let A be a k-linear abelian category satisfying ABS, where k is a field. Let L® be
a complex in D(A).

Let o, € Hompa (L®,L*) such that ¢ and ¢ commute with each other and such that f(p)
is a quasi-isomorphisms for all f € k[T] monic and there exists an irreducible P € k[T,T'| with
P(p,) = 0.

Then there exists a complex N® € D(.Ak(T)) and a quasi-isomorphism j : L® — N® as objects of
D(A) such that the action of multiplication by T on N°® corresponds to the action by multiplication
by ¢ on L®. Moreover there is a morphism Ve End(N°®) such that the action of ¥ on L*® corresponds
to the action OfTZJ on N*® and P(T,zﬁ) induces the zero map on all cohomology groups of N°®.

Proof. By Lemma 2.3.2 we can find a complex M*® € A7) and a quasi-isomorphism j : L* — M?*
as objects of D(A) such that the action of multiplication by 7" on M*® corresponds to the action by
multiplication by ¢ on L°.

Moreover, we have an exact triangle

eR1-1T
—_—

L*[T] L°[T] — M*
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in D(Agz), see (2.1).

Then, since ¢ and ) commute with each other, we get a commutative diagram in D (A7)

e®1-18T

L°[T) L°[T]
w®1l llﬂ@l
[T PR1—1QT Lo[T]

By the axioms of the derived category we can find a map ¢ on M*® so that the following diagram

commutes:
Lo[1]) 220 Lo —— e — (Le[T))[1]
w®1l lu@l LJ, l¢®1
Lo[1]) 220 Lo — e — (Le[T))[1]

As before we can then construct P® = M*® @) k(T'), which is quasi-isomorphic to M* and hence
we get a corresponding map 1/; : P* — P° and the action of ¢ on L® corresponds to the action of
1/; on P°.

Finally, P(T, 1) = 0 on cohomology since P(T, ¢ ® 1) = 0 on L°[T]. O

Now that we have lifted the actions of the two variables T" and T” we are almost done in lifting

the action of the whole k[T, T'] because of the following lemma:
Lemma 2.3.5. Let €"D(A) be the category whose

1. Objects are pairs (E,p1,...,¢n) where £ € Ob(D(A)), ¢; € Endpa)(E) for all i, and ¢;

commutes with ¢; for all i,7;

/

2. Morphisms a : (E,1,...,0n) — (E', ¢}, ..., ¢,) are elements a € Hompa)(E, E') such that
aopi=¢joa.
Consider the full subcategory e"D'(A) C €™ D(A) whose objects consist of those pairs (E,¢1, ..., ¢n)
such that for every nonzero f € k[Ty,...,T,] the map f(p1,...,¢n): E — E is an isomorphism in
D(A).
The category D(A)k(Tl,...,Tn) is equivalent to the category € D'(A). The equivalence is given by

the functor

D(A)yry,..my — €"D'(A), (E,pg)vr— (E,pp(T1),...,pp(Th)).
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Proof. The equivalence is given by the inverse functor

e"D'(A) — D(A)k(ry,... 1)
p:k(Th,...,T,) — Aut(E)

(E7§017”'7¢H)H E7
T, —

We are now ready to prove Theorem 2.3.1:
Proof of Theorem 2.3.1. By Lemma 2.3.5, we just need to show that the functors

D(Ag) — e'D'(A)
C* s (C*,T)

and

D(Ag) — €2D'(A)

C* — (C*,T,-T)

are essentially surjective.

Let (E,¢) € €' D'(A). Then by Lemma 2.3.3 there exists N* € Ay such that N is quasi
isomorphic to £ and the action of ¢ on E°® corresponds to the action of 7" on N°®. This proves the
case ¢ = 1.

Similarly, let (E, ¢, ¢’) € e2D'(A). Then by Lemma 2.3.3 there exists N* € Ayr 7y such that
N is quasi isomorphic to E and the action of ¢ and ¢’ on E® correspond to the action of 7" and T’
respectively on N°®. This proves the case i = 2.

The last part follows from Lemma 2.3.4. O

Let us now apply this theorem to the case A = QCoh(X), where X is a quasi-compact, separated
scheme over a field k. This is possible since QCoh(X) satisfies AB5. Before we do that, however,

we need to prove a technical lemma:

Lemma 2.3.6. Let k C K be a field extension, X a quasi-compact and separated scheme. Let

Xx L X the base change morphism. Then there is an equivalence of categories

Docon(Xx) 2 D(QCoh(X)k)
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under this equivalence, the functors
Lj*, QK : DQCoh(X) — D(QCOh(XK))

and

Ry, forget : Docon (XK ) — D(QCoh(X))

coincide.

In other words,

R]* = forget o ¢ : D(QCOh(X)K) — DQC’oh(X)

YolLj"=—®K:Docon(X) — (Dgcon(X))k
This is summarized in the following diagram:

Dgcon(X)

forgot( )M
R (Dgcon(X)) K Lj*
|»
Dgcon(Xk) = D(QCoh(Xk))
Proof. There is an equivalence of categories induced by j, between quasi-coherent Ox,-modules
and quasi-coherent j,Ox, -modules on X. But j,Ox, = Ox ® K and an (Ox ® K)-module is the
same thing as an Ox-module with a K-structure which is compatible with its k-structure.

Hence we get an equivalence

1 : QCoh(Xg) — QCoh(X) g

Cr (]*07 pC)

where pc is the composition K — Ox ® K — End(j.C).

Under this equivalence, the two functors j, and “forget” coincide; moreover, always under the
same equivalence, both j* and — ® K are left adjoint to j., hence they also coincide.

Thus all of this also holds for the corresponding derived categories; hence the statement follows

from the fact that for a quasi compact, separated scheme X we have Dgcon(X) = D(QCoh(X)). O
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Corollary 2.3.7. Let X be a quasi compact, separated scheme over a field k.
Let K = k(T) or K = k(T,T").
The map

Dqcon(Xk) — (Dgcon(X)) K

C* > (forget(C*), pc)

is essentially surjective, where pc is the obvious K-structure on C.

Moreover, if L is a finite separable extension of K = k(T) with L = K(«) = K[T]/P(T) then
we can lift an object (C*, pc) € (Dgcon(X))r to an object N* of Dgcon(Xk) endowed with a map
¥ € End(N*®) such that P(1) induces the zero map on all cohomology groups of N°*.

Proof. By Lemma 2.3.6, there is an equivalence between Dqcon(Xk) and D(QCoh(X)k ), hence it

is sufficient to show that the map
D(QCoh(X)k) — (D(QCoh(X)))x

C* s (forget(C*), pc)

is essentially surjective.

Let A = QCoh(X). This category satisfies AB5, hence theorem 2.3.1 applies in this case. [

2.4 A representability theorem for derived categories

The results of the previous section will become handy to study functors from D%, (X), where X

is defined over a field k, to a vector space over a bigger field in light of the following theorem:

Theorem 2.4.1. Let k be a field, A be a k-linear abelian category satisfying AB5, T = D(),
and let k — K an inclusion of fields.

Consider an exact contravariant functor
F AT — mody
Let Ty be the base-change category. Then there exists an S € T such that
F(C) =Morgz, (C®K,S)

for all C € T°.
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To prove this we will use the ideas from [CKNO1, Lemma 2.14] where the version of this theorem

with k£ = K has been proved.

Proof of theorem 2.4.1. Let D be the functor taking a K-vector space to its dual. Then G = Do F
is exact and covariant.

Let G : 7 — Mod x be the Kan extension of G to 7. G is exact and commutes with coproducts,
hence D o G is exact and takes coproducts to products. Hence by [Fra01, Theorem 3.1] the functor
D o G is representable, as a functor to Mod,,, by an object Y € 7.

The K-action on Mody induces a K-action p on D o G = hy, hence by Yoneda we get a K-
action p on Y, given by K % Nat(hy, hy) = Aut(Y). Therefore we obtain an object (Y, p) € Jk.
We need to show that

Do G(C) = Morz, (C®K,(Y,p))

for all C € 7°.

To do so, first of all notice that as k-vector spaces
Do G(C) =Morz(C,Y) = Morz, (C®K,(Y,p))

because K ®; — is left adjoint to the functor forgetting the K-structure. By our definition of the
K-action on Mor(C,Y), this is the same as the K-action on D o G(C); moreover the k-vector

space map
Mor 7 (C,Y) % Mor 7, (C ® K, (Y, p))
R

is compatible with the K-action since, for any o € K,

V(- f)=~v(pla)f) =pla)f @p(-) = f@pla)p(-) =a- (f @p())

hence we found that the two actions coincide and so

DoG(C) = Morg, (C® K, (Y,p))
Let S = (Y, p). Now since F' is of finite type, we get

F(C)=(DoDoF)(C)=(DoG)C)=(DoG)(C) = Morgz,. (C® K, E)
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Lemma 2.4.2. Let k and K be two fields, k — K.

Consider the equivalence of categories
D" (mod(A)) % D"(Coh(P}))

as described in [Bei78].

Then there is also an equivalence of categories
Db(mod(A ® K)) 5 D¥(Coh(PL))

and the diagram

D(mod(A)) ——= D(Coh(P}))

| |

DM (mod(A ® K)) —~ D"(Coh(P},))

1S commutative.

Proof. By [Bei78], we have A = End(M) where M = @ Opr (i). Set My = D, Opr. (i), then

Endpy (M) = Endpy, (@ om(i)) = (D Endry (0p;.(3), Op (7)) =

i=0 i,j=0

= @ K[x()v"'axn]j—i: @ k[x())axn]]—?,@K

i,j=0 ,j=0
= (@ k[xo,...,xn]ji) ®K:A®K
i,j=0

Moreover, the equivalence 6 is induced by the map

mod(A) —2AM, Con(P})

and if we let h : P — P} be the base change morphism, we obtain the following commutative

diagram:
—QAM n
mod(A) Coh(P})
o | |
mod(A ® K) —22KME _ qon(pr)

this proves the last assertion. O
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We are now almost ready to prove Theorem 2.1.1, but first we will prove the version of the
theorem for the purely transcendental case. The following proof uses ideas from [BVdB03, Theorem

A,

Theorem 2.4.3. Let X be a smooth projective variety over a field k. Let K = k(T) or K =

k(T,T"). Consider a contravariant, cohomological, finite type functor
H : Deop,(X) — mod
Then the complex S of Theorem 2.4.1 lifts to a complex S € Dgoh(XK) such that H is representable
by S, i.e. for every C € Dgoh(X) we have
H(C) = MorDz,Coh(XK)(Lj*C, S)
where j : Xg — X 1is the base change morphism.

Proof. By Lemma 2.4.1, the functor H is representable by an element S € (Dgcon(X))k, ie.
H(C) = Mor(pge,,(x)x (C® K, 9)

Let S be a lift of S to Dgcon(Xr) (this is possible by Corollary 2.3.7). Let C' be an element of

Dgoh(X). By applying the functors in Lemmas 2.3.1 and 2.3.6 we get a K-linear map

. P(- % =
MOTDQCO}L(XK)(LJ C, S) L MOT(DQCOh(X))K(l/JOL] C, S)

and, since by Lemma 2.3.6, ¢ o Lj*C = C' ® K, we have

MOr (Do (x)) (¥ 0 Lj*C, ) = Mor e (C®K,S) =H(C)

Dgcon

Hence to show that H is represented by S we just need to show that ¢(-) is an isomorphism.
It suffices to show that it is an isomorphism of k-vector spaces, which follows from the following
diagram of k-vector spaces:

¥(-)

MOYDQCO}L(XK) (Lj*C,S)

MOYDQCoh(X)(Ca Rj.S) Mor(DQCoh(X))K(C ® K, 5')

Mor p, ., (x) (O, forget ((5))) == Mor(p g eon () (C, forget(S))

Mor(DQCoh (X)x (Yo Lj*C, S)
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here we used the fact that Rj, = forget o v, again from Lemma 2.3.6.

21

So 9(-) is an isomorphism, and hence H is represented by S € Dgcon(Xk). We still have to

show that S is actually in D%, _, (Xf).

Choose an embedding 7 : X — P?. Let H' = H o Lz*. Let 6 : D’(mod(A)) — D(Coh(P}))
and O : D’(mod(A ® K)) — DP(Coh(P%)) as defined in Lemma 2.4.2 above. Let H” = H' o 0.

Let h : P — P} be the base change morphism.
Consider the following diagram:
Hll

Hl

DP(mod(A)) D¥(Coh(P})) =" DY, (X) — = Vect

L) ST Lf‘l

DY(mod(A ® K)) > DY(Coh(P)) — Db, (X)

and let A € D(Coh(P?)).

H'(A) = H(L7*(A)) = Mot py,,,, (x,) (Li* LT A, §) =

= MOI“DQCO}L(XK)(LTI';(}‘L*A, S) = MorDQCoh(P?() (h*A, RTI’K*S)

so H' is represented by RS € Docon (P ).
Let G = 0, (Rm«(S)) so that H” is represented by G. Then

H”(A) = MOI‘A®K(A ® K, é)
and
Z dimH"( Z dim Mor(A[n] ® K,G) =

= Zdim Mor((A ® K)[n],G) < o0

since H” is of finite type. Therefore G € D*(mod(A ® K)).
This implies that Rm.S € D?(Coh(P?%)) hence S € D*(Coh(Xk)).

O

proof of theorem 2.1.1. The case where L is purely transcendental of degree 2 over k was treated

in Theorem 2.4.3. Let L be a finitely generated separable field extension of k with trdeg, L < 1.
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There exists a field K such that K is a purely transcendental extension of k of degree less than or

equal 1, and K C L is a finite extension. Set L = L(a) = K[T]/P(T). Consider the composition

H/

b H forget
DCoh(X) - modK —— > modj,

By theorem 2.4.3, H' is representable by an object S € D%oh(X k). Moreover, following the
proof of Corollary 2.3.7, S is endowed with a map ¢ such that P(y) = 0 is zero on all the cohomology
groups of S.

First of all, this implies that there exists an n such that P(p)™ = 0. In fact, consider the good
truncations 7<;9,

Y Ut SN/ AN

then since P(y) is zero on cohomology, it is actually zero on Z* so that P(y) : 7<;S — 7<;S factors
through 7<;_1S. Hence the claim follows inductively using the fact that S is a bounded complex.
Now let h : X; — Xk be the base change morphism, and consider the pullback Lh*S €
DY, (X1). It has a L[T] action induced by the morphism Lh*p, and P(Lh*p)" = 0 so Lh*S has
in fact an L[T]/P™(T)-action.
Since, over L, P(T) factors as P(T) = (T — «)Q(T), we get that

L[T]/P*(T) = LIT]/(T = )" x L[T]/Q"(T)

This means we can find two elements ey, ey of L[T]/P"(T) such that €? = ey, €2 = ez, e1e9 = 0,
e1 + ex = 1. But since L[T]/P™(T) acts on Lh*S, this gives two idempotent operators ej,eg in
AutDbCoh(XL)(Lh*S) such that ejes =0, e; + e9 = idpp+g.

Now since Dbc on(X1) is Karoubian by [BN93, Proposition 3.2] we have obtained that Lh*S =
E @ Sy and Lh*p acts as multiplication by « on E.

We claim that Rh,FE = S. Consider the map

S — Rh.Lh*S 2% Rh.E

Under the identification Dgcon(X1) 2, D(QCoh(X)r) this corresponds to S — S ® L —

forget(FE), so this is actually the identity map on S.
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Then for every C € Dgoh (X) we have a map of L-vector spaces
MO Do (x,) (L5 Cy B) — Mor (o, (x)), (C® L, §) = H(C)

where j : X7, — X is the base change morphism, since F is a lift of S to D%, , (X) with the correct

L-action. This map is an isomorphism because it is an isomorphism of K-vector spaces:

Mor pg,e,,p,(x,) (Ld*C, B) = Mor (pge,,,, (x ) (Li”C; Rh. E)
= Mor (g (x40 (Li°C, 5) = H'(0)

where i : X — X is the base change morphism. O

proof of theorem 2.1.3. Consider the composition

H iy HO D
Dgoh (X) Dgoh(y) — Dgoh(n) - m—Odk(Y) - m—Odk(Y)

F

where H(—) = H%(n,—) and D is the dual as k(Y)-vector space. F' is an exact contravariant
finite type functor, hence by theorem 2.1.1 it is representable by E € Dg oh (Xk(v))-

Now consider the following diagram:

Xy ——

p
2 (51
T

Il X xY ——

NS

1

X

Let BV = RHomy (E,Ox,). Let us construct a complex A € Db, . (X x Y) such that Li;A =
EY @ wy, [dimX,].

First of all, note that io is a flat map, so the derived pullback is just regular pullback in
every degree. Also, iy is an affine map so that pushforward is also exact. Moreover, Dgoh(X ) =
D*(Coh(X)) and every complex here is isomorphic to a complex that is nonzero only in a finite
number of degrees. Since X and Y are projective varieties, there exists a line bundle £ € Coh(X xY")

such that EY ®@wx, [dim X, |@i5 L% is generated by its global sections in each degree. Let {s; 4} be a

set of generators in degree d. Consider the complex iz, (EY ®wyx, [dimX,|®i5L%") on DL, (X xY).
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Then take the subcomplex generated in each degree by {i2.s; 4} U {i2.ds; 4—1}, and twist it down
by £~™. This gives the desired complex A € D% _, (X x Y).

Then we get the following;:

HY0i} 0 ®4(C) = HY%} Rmo, (A ® wiC)

= HRp,(i5A ® is7;C)  (by flat base change)

= H°Rp.(EY ® wx, [dim X, ® j*C)

= Mor (O, Rp.(EY ® wx, [dim X,] ® j*C))

= Mor(p* Oy, EY @ wx, [dim X,] @ j*C)

= Mor(Ox,, E¥ ® wx, [dim X;] ® j°C)

= Mor(E, wx, [dim X,] ® j*C)

= D oMor(j*C, E)

= Do F(C)

= HY0i} 0 H(CO)

for every C € DY, , (X).
Now since H is an exact functor,
H'oijo H(C)= H} o H(O)[i]) = H°(i} o H(CJi])) =

= HO(i1 0 ®4(Cli])) = H"(if 0 ®4(CO)[i]) =
=H'oilo®y(C)

Hence, since all cohomology groups agree and Dgoh(k:(Y)) is equivalent to the category of

graded vector spaces over k(Y'), H and ® 4 agree after restricting to the generic point of Y. O
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Chapter 3

On the existence of Fourier-Mukai

kernels

3.1 Introduction
Let X, Y be projective varieties over an algebraically closed field k. Consider an exact functor
F: D%oh(X) - D%oh(y)

In this chapter we will computes sheaves on X x Y that are equal to the cohomology sheaves of

the kernel whenever the functor is a Fourier-Mukai transform.:

Theorem 3.1.1. Let X, Y be projective varieties over an algebraically closed field k, I : Dbcoh(X) —
D(bjoh(Y) and ezact functor. There exist a sequence of sheaves B*, BT ... BN on X x Y and
maps

H(F(E(n))) — pos(B' @ pié&(n))
for any coherent locally free sheaf &, for eachi = L,..., N and for eachn € Z that are isomorphisms

for n sufficiently high (depending on &), with

H(F(£(n))) =0
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fori ¢ [L,N], n> 0. Moreover, given a map & — &, we have a commutative diagram

HA(F(&1(n))) — pau(B' @ piéi(n))

l |

A (F (8(n))) — p2u(B' @ piéa(n))

We are then able, in a special case, to construct an isomorphism between a class of functors

that are not full or faithful and a Fourier-Mukai transform:

Theorem 3.1.2. Let X andY be two smooth projective varieties of dimension one, F' : Dgoh(X) —
Dgoh(Y) an ezact functor. Assume that the corresponding %' = 0 for i # M, and that B =
@521 k(pi,qi). Let ® be the Fourier-Mukai transform associated to the sheaf BM placed in degree

M. Then there exists an isomorphism of functors s : & — F.

Even when we don’t know how to build a kernel out of the sheaves %' that we construct
in Theorem 3.1.1, these sheaves will turn out to have good properties in their own right. As an
example, we will show that the analogue of the Cartan-Eilenberg Spectral Sequence converges when
the dimension of X is one.

From now on, X and Y will be smooth projective varieties over an algebraically closed field k.

F:D% ,(X)— Db, (Y) is an exact functor. Ox(1) will be a very ample line bundle on X.

3.2 Determining the cohomology sheaves of the prospective kernel

Consider our functor F : D% ,(X) — D& _,(Y). If we know that F is isomorphic to a Fourier-
Mukai transform @, then we are of course able to compute the cohomology sheaves %' = # (E)
corresponding to . Even if we don’t know what F is, or even if it exists, we are able to compute
some sheaves on X x Y such that if the functor comes from a Fourier-Mukai transform, then those
sheaves will turn out to be the cohomology sheaves of the corresponding kernel.

We recall the following definition from [Har77];

Definition 3.2.1. The graded module I'.(.%) is defined as

I.(F) =T, #(n)

neL
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Lemma 3.2.2. Let X, Y be smooth projective varieties over k = k, Z a very ample invertible
sheaf on X. There exists an equivalence of categories between the category of coherent sheaves on
X XY and the category of graded coherent I',(Ox ) ® Oy -modules M = @ My, such that y>p M), is
finitely generated for some m, where two coherent sheaves are identified if they agree in sufficiently
high degree.

Moreover, if this correspondence associates a sheaf &My, on'Y to a sheaf BB on X XY, there

exists a functorial map of graded I'v(Ox) @ Oy -modules
DMy — Sp2 (B R L)
which is an isomorphism on the nt" graded piece for n sufficiently high.

Proof. Since £ is a very ample invertible sheaf on X we have an immersion i : X x Y — P{’ so
that X x Y = Proj(¥) with ./ =T',(Ox) ® Oy
By [Gro61, 3.2.4, 3.3.5, 3.4.3, 3.4.5] we have a functor

Graded coherent I',(Ox) ® Oy-modules A4 = @4,

such that ®y>,, 4, is finitely generated for some n |/~ — {Coherent Ox yy-modules}

M M

where ®.4), ~ ®.N;, if there exists an integer n such that 4, = A4} for all £ > n. Moreover,
by [Gro61, 3.3.5.1] we know that

—

(%) > 7

e

Hence to show that .# — .4 gives an equivalence of categories we just need to show that
o My — Uy (M)

is an isomorphism in large enough degree, which can be checked locally and hence follows by [Ser07,
§65, Proposition 5]. The last assertion follows from the fact that as we just saw we have a graded

isomorphism

M =T (M) = @ p2u(A (n)) = D p2n(B(n) = P pon(B 0 L7

nel nez neZ
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proof of Theorem 3.1.1. By [Orl97, Lemma 2.4], we can assume that F'is bounded, i.e. that F'(&) €
Dgo’}]:” (Y) for all coherent sheaves & on X, i.e. S (F(&)) =0 for i ¢ [L, N].

We will proceed by descending induction on the cohomology degree i. We can take ¥+ =0
in what follows since 7V T1(F(&)) = 0 for all coherent sheaves &.

Assume we found the sheaves 2, BN~ ..., %! satisfying the conclusions of the Theorem
and let’s compute the sheaf %'. To do this we will proceed in two steps: first we will construct

sheaves %ga for all coherent locally free sheaves & as well as maps
H(F(&(n))) — pas( By ® piOx (n))
that are isomorphisms for n sufficiently high, depending on & and 7. Then we will show that
Bl = By, OPiE

For the first step, the key is showing that the sheaf H(F(&(n))) on Y is finitely

n>no
generated for each ng as a I',(X,Ox) ® Oy-module. To do this, proceed as follows: let s be an
integer such that we have a surjection OF° — Ox(1). Let & be a coherent locally free sheaf on
X. Then by tensoring the map above with & and twisting by n we have a short exact sequence of

locally free sheaves

0—>K(n)—>é"@s(n)—>é"(n—|—1)—>0

Hence

0 — pi(E(n) — pi(&(n)*) = pi(&(n+1)) = 0

is also a short exact sequence of locally free sheaves, and tensoring with %! will yield another

short exact sequence:
0— BT @piK(n) —» BT @pi&Y - BT @pi&n+1) =0

moreover, since pjOx is very ample with respect to X x Y — Y, for n high enough (depending on

K) the pushforward to Y will still be exact:

0 = pou (B @piK(n)) — pau(BT @ piOx (n)**) — pou (BT @ piOx(n+ 1)) — 0
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Hence we get a diagram

AP (K (n)) ——= A F(E(n))) ——= A (F(E(n + 1))
| | |
0 —= pou (B @ piK (n)) —= pou (B @ pi&(n)®*) — pou (B @ pi&(n+1)) —0
and for n high enough depending on K and &, the vertical arrows are isomorphisms by the induction
hypothesis; therefore the top sequence is also exact. Hence for n sufficiently high we also get a
surjection
H(F(E(n)))® — A (F(E(n+1))) — 0

since each J#/(F(&(n))) is coherent, this is enough to conclude that the sheaf

P ' (F(Em)

n>no

is finitely generated for each ng as a I'.(X, Ox ) ® Oy-module, where the I', (X, Ox)-action comes

from the action of I',(X, Ox) on @& (n) which gives a corresponding action on & F(&'(n)) and hence

on @ (F(&(n))). By Lemma 3.2.2, this corresponds to a sheaf %% on X x Y such that the map
H(F(E(n))) — p2e(Be © p1Ox ()

is an isomorphisms for n sufficiently high.

Now consider the functor
B : Coh(X) — Coh(X xY)
& — B
The functor B is additive, and it is right exact on the full subcategory of locally free sheaves on

X. In fact, given two coherent sheaves & and &5,
DA (F(( + &) () = P A (F(éi(n) & P A (F(&(n))

hence the functor is additive. Moreover, given a short exact sequence 0 — &1 — & — &3 — 0 with
&; locally free, we get a triangle F(&1) — F (&) — F(&3) hence for n > 0 we have (by induction

hypothesis)

HHF (61 (n)) ——— HTHF(63(n)) —— A1 (F(5(n)))

! | !

0— p2. (BT @ pi&1(n)) —= p2u (BT @ pia(n)) — pau (BT @ pi&3(n)) —=0
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and for n sufficiently high, all of the vertical maps are isomorphisms hence the top sequence is also
exact for n high, say n > ng. Note that this is the only part of this proof where we need to be
dealing with locally free sheaves, because we are using that the bottom sequence is exact on the
left.

Hence we get

P 7' (F(&w) —» P H(F(&n) — D A (F(&n) —0

n>ngo n>ngo n>no

and so (by the equivalence of categories) get
%2»1 — %’2»2 — %’}3 —0

hence the functor is right exact on the full subcategory of locally free sheaves.

Moreover, for every n, for m > 0 (depending on n) we have
H(F(E(n)(m))) = pau(Blgy @ p1Ox (m))
but also

HA(F(E(n)(m))) = A" (F(&E(n+m)))
= pou (B @ piOx(n +m))

= p2. (B @ p1Ox (1)) @ pjOx (m))
hence it follows from the equivalence of categories that
Bioiy = B @ Ox(n)
Now let & be a coherent, locally free sheaf on X. Then there exists a sequence

®0x (bj) — ®@Ox(a) — & — 0
therefore since the functor B is exact we get

50x () = B0 (@) — Bis — 0
and since B is additive and compatible with twists we can write

BB, ®pi0x(bj) — &Bly, @ piOx(ar) — B — 0
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hence
b= Bo, OPiE
the Proposition then follows by taking %' = %@X. Since there is a finite number of steps in the
induction, we can find an ng such that for n > ng the maps above are isomorphisms for all 7.
The commutative diagram in the statement of the Proposition follows from the fact that the

map in 3.2.2 is functorial. O

While Theorem 3.1.1 gives a map 2 (F(&)) — pou (B’ @ pié&), for all n, in general it is only
an isomorphism for n sufficiently large. In the case of the first M such that 7 (F(&)) is nonzero

for some locally free sheaf & we can actually say more:

Proposition 3.2.3. In the situation of Theorem 3.1.1, choose, M, N such that F (&) € D[C{\;[;LN](Y)

for all & coherent locally free sheaf on X. Then the maps
HM(F(&)) — pac(BY @ pi&)
are isomorphisms for all coherent locally free sheaves & .

Proof. Let d = dimX. Choose sections si,...,s4+1 of Ox (1) such that the corresponding hyper-
planes have empty intersection. Then for any m € N we have short exact sequence

(5T 1)

0— Ox (’)X(m)d'Irl — K,, —» 0

where K, is a locally free sheaf.
Let & be any coherent locally free sheaf. Then by tensoring the above short exact sequence
with & we get
0—&— &M LK, 08 —0

and so

0 ——=M(F(&)) AM(F(&(m)™) HM(F(Kp ® &)
0 —— pou(BY @ pi&) — p2u (B @ ;& (M) ) —— po(BY @ P} (K @ &))
Let m be high enough so that the center map is an isomorphism (this is possible by Proposition

3.1.1). Then the map on the left must be injective. Thus we showed: for every coherent, locally

free sheaf &, the map M (F(&)) — po.(B™ @ pi&) is injective.
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Now let’s go back to the diagram above. By what we just showed, the map on the right
HM(F(Kyp ® &) — poun(BM @ pi(K,, @ &)) is injective. Hence we have

0

AM(F(S)) AM(F(&(m)H1)) HM(F(Knm @ &)

| - |

0 — pou (B @ pi&) — pau(BY @ pi&(m)™) — po (B @ P} (K © &)

then by the 5 Lemma the left arrow is an isomorphism, i.e.
AN (F(E)) = pon( B © pi6)
O

Similarly to Proposition 3.2.3, we also have a stronger result than the one in Theorem 3.1.1 for
the largest N such that 2’ # 0. In this case, the map SN (F(&(n)) — po. (BN @ pi&(n)) can

be constructed for all coherent sheaves on X instead of just the locally free ones:

Proposition 3.2.4. In the situation of Theorem 3.1.1, let N’ be the largest i such that ZB° # 0.

Then for all n € Z, for any coherent sheaf F we have a map
AN (F(F(n)) — pau(BY @ pi.F (n))
which is an isomorphism for n sufficiently high.

Proof. The proof is exactly the same as the proof of Theorem 3.1.1. In this case we don’t need

to ask for .Z to be locally free because since Z' = 0, given a short exact sequence 0 — & —

F1 — Fo9 — 0, the sequence

AN (F(&(n))) — AN (F(F1(n) — AN (F(Fa(n))) =0
is always exact for n > 0 if & is locally free, and this is all we need to conclude that 935;“ =
BN @ pi-# for any coherent sheaf 7. O
3.3 A special case

In this section we will assume that X and Y are smooth projective varieties over an algebraically

closed field k, and F : D% _, (X) — D, (Y) is an exact functor. In this section we will give an
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example of a class of functors for which we can always find an object E € D% , (X x Y) and an

equivalence F' 2 ®p. The sheaves %' will be the ones defined as in Theorem 3.1.1.

Proposition 3.3.1. Let F: D%, (X) — D%, (Y), dim(X) = 1 and assume that the sheaves %'
defined as in Theorem 3.1.1 are zero fori # M. Assume also that B™ is a coherent sheaf supported
at finitely many points of X x Y.

Then for any coherent sheaf .F on X we have S (F(.F)) =0 for i # M,M — 1 and for any
locally free sheaf & we have S (F(&)) =0 fori# M.

Moreover, for each coherent sheaf .7 on X there is a functorial isomorphism
AM(F(F)) = pou(BY @ pi )

Proof. Consider any torsion sheaf ). Then we have a short exact sequence 0 — & — & — Q — 0
with &, & locally free. Twist & and &’ by n > 0 so that S (F(&'(n))) = 4 (F(&(n))) = 0 for
i # M. Since 0 — &’(n) — &(n) — Q — 0 is still an exact sequence, from the long exact sequence
on cohomology we can conclude that J#(F(Q)) = 0 for all i # M, M — 1.

Now consider a locally free sheaf & on X. Let 7 be large enough so that we know 2 (F(&(n))) =
0 for all ¢ # M. Then we have a short exact sequence 0 — &(n — 1) — &(n) — T — 0 where T is

a torsion sheaf. A portion of the long exact sequence in cohomology gives
HTHE(T)) — AHF(E(n— 1)) — A (F(&(R)))

and " Y(F(T)) = A (F(&())) = 0 for i # M, M + 1 hence S (F(&(n — 1)) = 0 for i #
M, M + 1. By descending induction on 7 we then obtain that J#*(F(&(n))) = 0 for all n and
i# M, M + 1. We will show at the end of the proof that J#M+1(F(&) = 0.

By Proposition 3.2.4 we know that for any coherent sheaf . on X we have a functorial map

e

HM(F(F)) = pou(BY @ p1.F)

which is an isomorphism by Proposition 3.2.3 if .7 is locally free (notice that the hypotheses of 3.2.3
are satisfied by the first part of this Proposition). Moreover we also know, again by Proposition

3.2.4, that for any coherent sheaf .# the map

e

HAM(F(F(n))) = p2u(BY @ piF(n))
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is an isomorphism for n sufficiently high. But when .% is a sheaf supported at a point twisting

doesn’t affect the sheaf, so we get that

p2:(B" @ pF)

e

AN (F(F))

is also an isomorphism for torsion sheaves, and hence it is always an isomorphism since any coherent
sheaf on X is the direct sum of a locally free part and a torsion part.

Now let’s show that s#M+1(F(&)) = 0: consider the diagram

AM(F(& () —— AN (F(T)) —= AMHF(E(n - 1)) = A MTHF(E () =0

lg lg

p2u (B @ pi&(R)) = por (B @ piT)

0

where the bottom sequence is right exact because 2 is a flasque sheaf. From the five Lemma it

follows that s#M+1(F(&(n —1))) = 0. So we can again proceed by induction on 7. O

Proposition 3.3.2. Let F': D2, , (X) — D&, (Y), dim(X) = 1 and assume ' = 0 for i # M.
Assume also that BM is a coherent sheaf supported at finitely many points of X x Y. Let ® be the
Fourier-Mukai transform associated to the sheaf M placed in degree M.

Then there is an isomorphism of §-functors

o

H(F() — H(2())
on the category of coherent sheaves on X, which gives an isomorphism of functors F' — ® for the

full subcategory of Dgoh(X) consisting of locally free sheaves placed in degree zero.

Proof. The fact that there is a functorial isomorphism

o

HAM(F()) = AM(®())
on the category of coherent sheaves on X follows immediately from Proposition 3.3.1 given that
HM(®(F)) = pau(BY @ i F).
Moreover, for any locally free sheaf &, since the only nonzero cohomology sheaf of F(&) is in
degree M and pushforward is exact for flasque sheaves,
F(&) =M (F(&)|-M] = M (9(8))[-M] =

— pou (B @ )~ M] = Rpau (BM[—M] & Lpi&) = B(&)
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This gives the isomorphism of functors on the full subcategory of DbC on(X) of locally free sheaves
placed in degree zero.
Let us now construct the isomorphism

o

AMTHE()) = M 2()

Consider a coherent sheaf () on X which is not locally free. Then there is a short exact sequence
0> A —- A — @Q — 0 where A’ and A are locally free. Then we get a long exact sequence in
cohomology

0 —— AN (F(Q)) —> HM (F(A')) —> M (F(A))

l l

00— (D(Q)) —= M (D(A) —= M (D(A))

so we get an isomorphism JZM~1(F(Q)) — M~ 1(®(Q)).
We still need to show that this map is functorial and that it does not depend on the choice of

a short exact sequence. Consider a map (Q — T of coherent sheaves. Then we can construct two

short exact sequences

0 A’ A Q 0
Lo
0 B’ A T 0

with A, A’, B and B’ torsion free. Then we get the following diagram on cohomology:

0 AN @(Q)) A (B(A)) AM(B(A)) (3.1)

0 — M (F(Q)) J %”M(ﬁz(A’))%%M(F(A))
\ .

AMH(T)) AN (2(B"))

M(a(
/ ((’

0— M-Y(F(T)) HM(F(B") HAM(F(B

B))

and since the two rightmost diagonal squares commute, the leftmost diagonal square will also
commute. This shows functoriality.
To show that the maps we chose do not depend on the choice of a short exact sequence, notice

that given two short exact sequences 0 — A’ — A — Q — 0and 0 - B’ — B — Q — 0 there
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is a short exact sequence 0 — C' — A® B — () — 0 mapping to both of them. So we just need
to prove this statement for two short exact sequences with maps between them. But then we are
again in the situation of diagram (3.1), where 7' = @) and the two rightmost maps in the diagram
are the identity. So this follows again from the commutativity of the leftmost diagonal square.

Finally, we have to show that for every short exact sequence 0 — B’ — B — @ — 0 the diagram

AN F(Q)) — M (F(B'))

| |

AN (D(Q)) —= M (2(B))

is commutative. This follows immediately by the construction when B’ and B are locally free.

Otherwise, construct a diagram

0 A’ A Q 0

]

0 B’ B Q 0

with A, A’ locally free. Then we get a diagram as in (3.1) with 7" = @ and where everything
commutes except possibly for the bottom leftmost parallelogram, but that follows immediately

since the leftmost arrow is the identity. O

Theorem 3.3.3. Let X and Y be two projective varieties, dim(X) =1, F: D%, (X) — D%, (V)
an ezact functor. Assume that the corresponding %' =0 for i # M, and that B™ is a skyscraper
sheaf supported at a finite number of points, BM = @3':1 k(pi,qi). Let ® be the Fourier-Mukai
transform associated to the sheaf BM placed in degree M. Restrict the two functors to the full
subcategory of sheaves supported in degree 0 (here the only triangles are short exact sequences of

sheaves). Then there exists an isomorphism of triangulated functors s(-) : ®(-) — F(-).
Before we prove the Theorem, let us prove two technical Lemmas that we will use in the proof.

Lemma 3.3.4. Let X be a projective variety and Ox (1) be a very ample invertible sheaf on X.
Consider a surjective map o : ®:Ox — Q where Q) is torsion sheaf. Then there exists an integer

h, depending on @, such that for all m > h(Q) and for any map 5 : Ox(—m) — Q there exists a



CHAPTER 3. ON THE EXISTENCE OF FOURIER-MUKAI KERNELS 37

map v : Ox(—m) — &:Ox making the following diagram commute:

Proof. We have a short exact sequence
0 — Ker(a) - ®0x — Q — 0
Twist by Ox(m) to get
0 — Ker(a)(m) — &Ox(m) — Q(m) — 0

A map §: Ox(—m) — @ is the same thing as a map Ox — Q(m), hence as an element (3(m) €
HO(X,0x(m)). By Serre vanishing, there exists an h > 0 such that H'(X, Ker(a)(m) = 0 for all
m > h. Hence 3 lifts to a section «y(m) of H°(X,Ox(m)). Twist down by m to get the desired

map v : Ox(—m) — ®Ox. O

Lemma 3.3.5. Let X be a smooth projective variety over an algebraically closed field, let p1,...,p; €
X and let & be a locally free sheaf of rank r generated by global sections. Then there exist and open
set U containing p1,...,pr and global sections si,...,s, of & that generate the stalk &, at each

point p € U .

Proof. Assume we found sq,...,s; € I'(X, &) that are linearly independent at each stalk at py, ..., p;

so that we have
0— OE'?Z — & L Q—0
€j— 84
Let’s find a global section of & such that its image in () doesn’t vanish at p1,...,p;. Letu; € T'(X, &)
such that f(u;) doesn’t vanish at p; (we can do this because f is surjective on stalks and & is

generated by global sections). Then uq,...,u; form a sub-vector space V of I'(X, &) of dimension

[ for some [ and, for each i, dim({u € V : f(u)(p;) =0}) <1 — 1. Hence

{u eV : f(u)(p;) =0 for some i} = U{u eV f(u)(p;) =0}

(2



CHAPTER 3. ON THE EXISTENCE OF FOURIER-MUKAI KERNELS 38

is a union of subsets of dimension less or equal to [ — 1 and hence it is strictly contained in V' since

our field of definition is infinite (because it is algebraically closed). So we can find a section s;41

in V that doesn’t vanish at any of the p;. Then s1,..., ;41 are linearly independent at each p; as
sections of &. We can keep doing this as long as rk@) > 0. Then the sections s1, ..., s, will generate
the stalk &, at each point p in an open set % containing p1,...,p;. O

Proof of Theorem 3.3.3. We will first construct the isomorphism on objects, starting with the sub-
category of locally free sheaves and torsion sheaves. This will a priori involve making non-canonical
choices, but as it later turns out, the choices we are making are actually unique. Then we will
prove that the isomorphisms are compatible with morphisms and this will allow us to define said
isomorphism on a general coherent sheaf. Lastly, we will show that the given isomorphisms induce
maps of triangles when applied to a short exact sequence of sheaves.

I. On the subcategory of locally free sheaves: Let & be a locally free sheaf on X. Then
by Proposition 3.3.2 there is a functorial equivalence s(&) : ®»(&) — F(&).

II. On torsion sheaves: Consider a torsion sheaf () on X. There exists a short exact

sequence 0 — K — O?@t 2 Q — 0, with K a locally free sheaf. Then we have a diagram

O(K) — 2(0F") — q’(lQ)
qisls(K) ls(@?t) |

\
F(K)— F(0%) — F(Q)

so there exists a dotted arrow ®(Q) — F(Q) which is a quasi-isomorphism (this dotted arrow is
not necessarily unique). Choose one such arrow and call it s(@Q). Notice that s(Q) will induce
on cohomology the maps that we found in Proposition 3.3.2 because the maps induced on the
M™ cohomology are the same as the ones in Proposition 3.3.2, and the maps #M~1(®(Q)) —
HM(®(K)) and #M-YF(Q)) — #M(F(K)) are injective.

ITI. s(—) is compatible with maps & — @, & locally free, () torsion: First of all we will

prove the following: for any map Ox (i) — @, the diagram

@(Ox (i) — (Q)
lS(Ox (@) lS(Q)
F(Ox() — F(Q)
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commutes. In fact, by Lemma 3.3.4, for every map 3 : Ox(—m) — @Q with m > h(Q) we have a

diagram

so by applying the functors F' and ¢ we obtain the following diagram:

®(Ox(—=m)) —=2(Q)

¢(0F) — 2(Q) s(Q)

F(OY) —=F(Q)
and the bottom left square commutes, hence the top right square will also commute.

Now let i > —h(Q) and consider v : Ox (i) — Q. Then pick any map § : Ox(—h(Q)) — Ox(7)
such that § is an isomorphism on an open set containing p1, ..., p:, and let n = vo04d. Then the map
O(9) : 2(Ox(—h(Q))) — ®(Ox(7)) is an isomorphism: in fact the map pi(J) : pi(Ox(—h(Q))) —
p;(Ox (7)) is an isomorphism on an open set containing (p1,q1), ..., (pt, ¢:) and hence we will get
an isomorphism when tensoring with a sheaf supported at (p1,q1),...,(pt,q). So once again we

get a diagram

y
B(Ox (—h(Q))) 2 a(Q)

F —
F(OX(-h(@)) —= F(@)

since ®(4) is invertible and the bottom left square is commutative, the top right square will also

(Ox (1)) —= 2(Q)
id
(Ox(4)) FQ)

comimute.
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Now consider any map & — @ with & locally free. Let m € Z* such that &(m) is generated
by global sections, and let n = rk&. By Lemma 3.3.5 we can find sq,...,s, global sections of
&(m) that are linearly independent at each stalk of an open set % containing p1,...,p;. Then the
corresponding map @, Ox — &(m) is injective and it is an isomorphism on % . Twisting down by
m we get a map @, Ox(—m) — & which is an isomorphism on % . Hence we get again a diagram

like the above one,

D, 2(Ox(-m)) — 2(Q) s(Q)

@D, F(Ox(—m)) — F(Q)
and since the diagonal maps are quasi isomorphisms and the bottom left square commutes, the top
right square will also commute.
IV. s(—) is compatible with maps @ — T, Q and T torsion: We need to show that for

any map between torsion sheaves () — T, the corresponding diagram

is commutative. To do this, consider a locally free sheaf A = @, Ox with a surjection f: A — Q.

For consistency we will represent this situation with a square diagram as before
A——

T
f lid
T

Q——
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Then we get the following diagram:

(Q) —=@(T)

/i
—— (7))

F(Q) —
)

where the bottom left square commutes by III. Hence the top right square will also commute after

F(T)
F(A) = F(T

pre-composing with the map ®(A4) — ®(Q). But then we can conclude that the top right square
also commutes - in fact it commutes on cohomology because of Proposition 3.3.2, so we can apply
Lemma 3.3.6 below.

V. On a general coherent sheaf on X: Let .# be any coherent sheaf on X. Then we have
a decomposition .F = % @ Fr where %7 is the canonical summand consisting of the torsion part
of # and Zp corresponds to the torsion free part (this summand is not canonical). Then define
s(F) = s(Fr) @ s(Fr). We need to show that this map doesn’t depend on the choice of the
decomposition. So consider two such decompositions .# = .Zpr @& Fp and .F = Fr & F, and call
s(F) and §'(.F) respectively the two induced maps on ®(%#). Then the identity .# — % induces

amap «: Fp — Fp & Fr, and by 1. and IIL the following diagram is commutative:

O(Fp) — ®(Fr)
l s(Fr) l l (ZF)
F(Fp) — F(7}) @ F(Fr)

whereas the diagram for the torsion part is clearly commutative because the induced maps are just

the identity, hence every square in the following diagram is commutative

id

O(F) e (Fr) @ 0(Fp) D0 (Fp) @ &(FY) —2 B(F)
suﬂl s%)l ls%) s%)l lswf"p) ()
F(F) == F(Fr) & F(Fr) 2O F(#r) & F(F}) —== F(F)

id
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Hence the external rectangle commutes, which proves precisely that s(.%) = s'(%).

VI. s(—) is compatible with any maps A — B, for A and B coherent sheaves: Given
amap f: A— B, write A= Ap ® Ap and B = Br @ Br. Then s will be compatible with ®(f)
and F(f) because it is compatible with the maps Ap — Bp, Ap — Bp, and Ap — Br.

VII. s(—) is compatible with triangles of the type 0 - A —- B — C — 0 for A and B
locally free: The last thing to show is that given a short exact sequence of coherent sheaves on

X,0—-A— B — C — 0, the maps s(A), s(B) and s(C) give a morphism of triangles

®(4) ®(B) (C) —=2(A)[1] (3.2)

lS(A) lS(B) lS(C) lS(A)[l}

F(A) F(B) F(C) —= F(A)[1]

First of all we will analyze the map ®(B) — ®(C). We know that ®(B) is supported in degree
M, whereas ®(C') is supported in degrees M and M — 1 hence, by [Dol60], as a complex we have
®(C) = #M(p(O))[-M] & H#M(p(C))[~M + 1] (in a non-canonical way). The situation looks as

follows:

A M (®(B))[-M] ——— 2 (2(C))[-M]
T ] T
HAM=L(D(C))[-M + 1] —= M (®(A))[-M + 1]
We will now show that the induced maps ®(B) — M1 ®(C))[~M+1] as well as M (®(C))[-M] —
®(A)[1] are zero in DY, , (Y) for some choice of a decomposition ®(C) = #M~1(®(C))[-M + 1] &
HM(®(C))[~M]. In fact, consider a locally free resolution of piC, C_; — Cp. Then the map

B — C induces a map of complexes

(Co © BM)[-M]

|

(C1 @ ZM)|—M +1]

(riB © 2M)[-M]

now since the complexes are direct sums of complexes of vector spaces over k(p;, ¢;), we can write
the complex on the right as a direct sum of its cohomology groups and get a map of complexes
" M . s &
(PiB ® %) [-M] (M (p7(C) @ 2M))[-M]
S
L
(M (pi(C) @ BM)[-M +1]
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and by pushing forward to Y we get a map of complexes

o(B)

Do (M (p1(C) & BM))[—M] = M (B(C)) [~ M]
D

Pou (A} (C) & BM))[-M + 1] =AM B(O))[-M + 1]
this proves precisely that the first map in question is zero (pa. is exact here because the sheaves are
flasque). For the second map we can reason as follows: since the map ®(B) — M ~1(¢(C))[-M +
1] is zero, it follows that the composition ®(B) — M (®(C))[-M] — ®(A)[1] is zero, the result

follows if the map
Hom (s (@(C))[-M], ®(A)[1]) — Hom(®(B), ®(A)[1])
is injective, i.e. the map
Ext! (27M(9(C)), M (2(A))) — Ext! (A ((B)), 2 (2(A)))
is injective. A short computation shows that the map in question is

EBEB%M /mqf%ﬂM EBEB%M /mqf%ﬂM( (4))

=1 7

where j; < r and there exists a basis such that o =

where 7 is an equalizer at (), hence it is injective as desired.

We're finally ready to show that

(C) — @(A)[1]

L

F(C) —= F(A)[1]
commutes. To do this, take the same decomposition ®(C) = M =1(®(C)) [~ M+1]@M ((C)) [~ M]

as above. We will show that the two diagrams

AM(@(C))[-M] — <I>(/I)[1] and MU B(C))[-M + 1] — @(11)[1]
F(C) F(A)] F(C) F(A)1]
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are both commutative. Notice that the composition ®(B) — M (®(C))[~M] — F(C) — F(A)[1]
is zero, because we already know that the central square in (3.2) commutes. By the same compu-

tation as above, we get that
Hom (M (8(C))[~M], F(A)[1]) — Hom(®(B), F(A)[1])

is again injective hence the composition s#M (®(C))[-M] — F(C) — F(A)[1] is zero. In the same
way, we know that M (®(C))[-M] — ®(A) — F(A)[1] is also zero. This shows that the first

square commutes.

To show that the second square above is commutative, we just need to show that the square

AN D(C))[-M +1] —= 2(A)[1]

| |

AV (E(C))[-M + 1] — F(A)1]

is commutative. But this follows from Proposition 3.3.2.
VIII. s(—) is compatible with triangles of the type 0 - A — B — C — 0 for any A

and B: in this situation we can find A’, B’ locally free and a diagram

0 A B’ C 0
L
0 A B C 0
Then we get
®(A) ®(B) (C) —2(A)[1]

F(A) F(B) F(C) —=F(A)[1]

where the top and bottom right squares commute because ® and F are functors, the middle square
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by part VII, and the semi-circle by part III. Therefore the boundary maps commute:

B(C) — D (A)[1]
J/S(C) lS(A)[ll
F(C) — F(A)1]
O

Lemma 3.3.6. In the setup of Theorem 3.5.3, let A, B be two torsion coherent sheaves on X.

Consider a coherent sheaf A’ on X with a surjection A" — A. Consider a map
®(A) — F(B)

that induces the zero map on all cohomology groups. If the composition ®(A") — ®(A) — F(B) is

zero, then the map is zero to begin with.
Proof. We know that
®(A) = pou(Tor' (B, p} A)[~M + 1] © p2.(B @ piA)[~M]

(since 4 is supported at a finite number of points and hence is flasque). Moreover, we know that
F(B) is isomorphic to ®(B) (even if we haven’t already established an isomorphism of functors

yet) so we also know that
F(B) = pau(Tor (2,91 B))[-M + 1] @ p2.(B © pi B) [~ M]

Fix two isomorphisms as above. Now if we know that the given map ®(A) — F(B) is zero on

cohomology, the map can be represented by a map
p2+(% @ piA)[—M] — pa.(Tor' (2, piB)) [~ M + 1]
i.e. an element of Ext!(po.(# @ piA), pau(Tort (%, piB))). Then it suffices to show that the map
Ext! (po. (B @ piA), pas(Tor' (B, pi B))) — Ext!(p2.(Z @ pi A'), po.(Tor' (£, pi B)))

is injective.
But since A’ surjects onto A, we have a surjection pg, (A’ ® B™) — pa. (A ® Z™) and both of
these sheaves are supported at the points ¢, ..., g, hence this is a surjection of vector spaces and

therefore it splits. Hence the map on Ext! above is injective. ]
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Theorem 3.3.7. Consider a functor F' : Dgoh(X) — Dgoh(Y) and assume that dim(X) =1 and
that there exists an isomorphism of triangulated functors s : ® — F on the full subcategory of

coherent sheaves placed in degree zero. Then s extends to an isomorphism of triangulated functors

on the whole DY, , (X).

Proof. Consider a complex C* € DY, (X). Then by [Dol60] C* = &H'(C*®)[—i], in a non-canonical
way. Choose one such isomorphism for each C*®. By Theorem 3.3.3, since both functors are
compatible with shifting, we immediately get an isomorphism s(C*®) : ®(C*) — F(C*).

Now consider a map C* — D®. This is the same as a map ©H*(C*®)[—i] — ©H(D*)[—i], and
again since the two functors are compatible with shifting, and X has dimension 1, it is enough to
show that s(—) is compatible with maps .# — ¢ and % — ¥[1], where .# and ¢ are sheaves.
The first case follows from the fact that s is an isomorphism of triangulated functors. A map

o :F — 9[1] corresponds to an element in Ext!(.#,%) so we have a short exact sequence
0—-Y—->H —F —0

and by Theorem 3.3.3 we get an isomorphism of triangles

DY) —= O(H) — (F) — L o)1)
)

F
s(9) ls(%) ls(f‘" ls(‘f)[l]
F(G) — F(H) —= F(F) L P[]

hence s is compatible with a. The fact that s is compatible with triangles is immediate. O
Proof of Theorem 3.1.2. This follows immediately from Theorem 3.3.3 and Theorem 3.3.7. O

Remark 3.3.8. Notice that any functor satisfying the hypothesis of 3.1.2 will not be full and will
not satisfy

for all F,9 € Ox (take for example F to be supported at one of the p;’s). Hence this improves
the result of [CS07].
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3.4 A Spectral Sequence

Even when we don’t know how to build a kernel out of the sheaves %' that we constructed in
Theorem 3.1.1, these sheaves still satisfy some good properties. As an example, we will show that
the analogue of the Cartan-Eilenberg Spectral Sequence converges when the dimension of X is one.

Consider a Fourier-Mukai functor ®p with £ € DY, (X x Y). Then for each locally free sheaf

& € Coh(X) the Cartan-Eilenberg Spectral Sequence gives
B! = RPpa (H(E) @ pi&) = AT (Dp(8))

Now assume F is an exact functor D% , (X) — D%, (Y), and suppose we computed the coho-
mology sheaves %' of the prospective kernel in Dgoh(X x Y') as in Theorem 3.1.1. Then we have

the following:

Proposition 3.4.1. For any X, Y smooth projective and & a locally free sheaf on X the following

sequence is exact:

0= R'pp(BM @ pi&) — HMH(EF(8)) —
— p2u (BT @ pi€) — RPpo(BY @ pi&) — AV (£))
Proof. Assume that there is an embedding X — P?. Then for every m > 0 we have a short exact
sequence 0 — Ox — Ox(m)@(dﬂ) — K,, — 0 where K,, is a locally free sheaf.
Let & be a locally free sheaf on X. Then by tensoring the sequence above with & we get a short

exact sequence

0—&— &M LK. 9&—0

Choose m high enough so that R'pa.(Z™ @p;(&(m))) = 0. Assume that F(&) € D[C{\;[;LN](Y) for all
coherent locally free sheaves & on X (again, we can do this by [Orl97, Lemma 2.4]). By applying

the functor F' and then taking cohomology we get a long exact sequence
0 — AM(F(8)) — AM(F(&(m))PH) — M (F(K, @ 8)) — M (F()) — ...
By Proposition 3.2.3, for any coherent locally free sheaf .7 we have a functorial isomorphism

P2 (B @ p1F)

e

AM(F(F))
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Then we get the following diagram:

c =AM (F(E(m))) I ——— AN (F (K ® 6)) ——= AT F(E)) — -+

| -

= p2u (B @ piE(m)F D) — py (BN @ p (K @ &) — Rlpon (Y @ pi&) —0
so there exists a map
R'pau(BM @ pi&) — A MTH(F(6))
By Theorem 3.1.1 we also have a map ML F(&)) — po.(BMHL @ pi&). The fact that the

sequence

0 — R'pou(BM @ pi&) — AMTUF(E)) — pou (B @ pi&)

is exact follows from diagram chasing. This is the first part of our sequence.
Now since the sequence above is exact for any & coherent locally free sheaf on X, it will also

be exact for K,, ® &. So we have the following diagram:

|
R'pos(BM @ pi (K @ &))

!

o HOHE(6)) —m A F(E ()P e NPy @ 6))

} = !

s Dok (BMTL @ prE = pou (BT @ pi& (m)2EHD)) = po (BMT @ Pl (K, @ &) > -+ -

by diagram chasing we get a map

P2 (B @ piE) — Rlpon(BY @ pi (K © &)
This has an obvious map to M 2(F(&)) given by the composition

Rlpou(BM @ pt (K @ &) — AMYNF(K,, @ &)) — AMY2(F(&))

but since R'po. (2" @ pi&(m)) = R?pa(BY @ pj&(m)) = 0, we know that

Rlpo(BM @ pi (K @ €)) = RPpau(BY @ pi&)
this gives the second part of our sequence,

p2(BYT @ piE) — RPpa (B @ pi&) — AMTH(F(E))

Exactness of the whole sequence again follows by diagram chasing. O
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Proposition 3.4.2. Let X, Y smooth projective varieties over an algebraically closed field with
dim(X) = 1, F : D%, (X) — D&, (Y) an exact functor, and consider the sheaves %' as in

Theorem 3.1.1. Then for all locally free sheaves & on X there is a spectral sequence
By = RPpyu(#1 @ pi&) = APTUF(8))

Proof. The only nonzero terms of the spectral sequence are Eg’q and E21’q. Therefore all the

differentials are zero and to show that the SS converges we need to show:
e There exists a map F1H? = E21’q_1 = R'po. (B @ pi&) — A#IF(&))
o By = pou(B ® pi8) = HUF(E))/R pau (BT @ pi)

Since dim X = 1 we have R%py.(%? @ p;&) = 0. Therefore the exact sequence of Proposition

3.4.1 becomes a short exact sequence
0 — R'po(BY @ pi&) — AP (E)) — pon( BT @ pi&) — 0 (3.3)

Choose m high enough so that RPps.(#? @ pi(&(m))) = 0 for all ¢ and all p > 0, and such that
A (F(E(m))) = pou (B @pi&(m)) for all i (this can be done by Theorem 3.1.1). Then using again

the short exact sequence in the proof of Proposition 3.4.1
0—&— &M LK, 08 —0

we get that
R'p2 (B @ pi(E @ Kip)) = RPpou(#' @ pi&) = 0

for all i.
Now assume by induction that we get the same short exact sequence as (3.3) starting with

BMFn=1 for any locally free sheaf &:
0 — R'po(BMT L @ pi &) — AMTF(E)) — pau( BT @ pi&) — 0
then the same exact sequence will hold if we substitute & with K,, ® &:

0 — R'pou (BT L @ pi (K, @ &) — AMTNF (K @ ) — pou( BT @ pt (K @ &) — 0
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But since R'po. (%' @ pi(& @ K,,)) = 0 this gives an isomorphism
AMTE(Ky ® 6)) = pon (B pi (K @ 6))

Hence from the diagram

e MANE(K,, ® &) MNP (£)) — -

- |

o >p2*(<@M—i—n b2y pT(Km X é")) = R1p2*(<@M+n ®p>{éa) =0 0 >P2*(<@M+n+l ®p>{£)) =

we get a sequence
0 — R1p2*(%M+n ®p>{ ) N c%pM—i-n—H(F(éa)) _ p2*(%M+n+1 ®p>{éa) (34)

which is exact by diagram chasing. Again, we also have the corresponding exact sequence for the

locally free sheaf K,, ® &:
0 — R'pou(BYH" @ pi(Kip @ ) — AMTHF (K @ 6)) — pau( BT @ pl(Ki @ 6))

and the first term of the sequence is zero, i.e. the map Mt (F(K,, @ &)) — po (BTl

P (K, @ &)) is injective. This is reflected in the following diagram:

e %M+n+l(F(g)) — ,%”MJF"H(F(é"(m)))@(dH) . ,%”MJF"“(F(Km ® g)) - ...

| 5 |

0 9p2*(€%M-i-n+l ®p>{éa))p2*(%M+n+l ®p’{éa(m)@(d+1))>p2*(,@M+n+l ®p’{(Km ® (9[0))) L

By diagram chasing this tells us that the map
AMTIE(E)) = pon( BV @ pi6)

is actually surjective, hence (3.4) becomes a short exact sequence, and this completes the proof. [
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