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ABSTRACT
PROBING STATIC DISORDER IN PROTEIN UNFOLDING AND
CHEMICAL REACTIONS BY SINGLE-MOLECULE FORCE
SPECTROSCOPY

Tzu-Ling Kuo

The work presented in this dissertation focuses on the kinetics of biomolecular reactions
under mechanical force, including protein unfolding and disulﬁde-bond reduction, probed
at the single-molecule level. The advent of single-molecule force spectroscopy has allowed
the direct measure of force-dependent reaction rates, providing a powerful approach to
extract the kinetic information and to characterize the underlying energy landscape that
governs the reaction.
The widely accepted two-state kinetic model for protein unfolding describes that the
protein unfolds by crossing over a single energy barrier, with the implicit assumption of a
single transition state and a well-deﬁned activation energy barrier. Based on this assumption, the ensemble-averaged survival probability is expected to follow single exponential
time dependence. However, it has become increasingly clear that the saddle point of the
free-energy surface in most reactions is populated by ensembles of conformations, leading to
nonexponential kinetics. Here we present a theory that generalizes the two-state model to
include static disorder of conformational degrees of freedom to fully account for a diverse set
of unfolding pathways. Using single-molecule force-clamp spectroscopy, we study the nonexponential kinetics of single ubiquitin proteins unfolding under constant forces. We ﬁnd
that the measured variance in the barrier heights has a quadratic dependence on force. Our
study illustrates a novel adaptation of the classical Arrhenius equation that accounts for
the microscopic origins of nonexponential kinetics. Our theory provides a direct approach
in determining the variance in the barrier heights of a reaction.
We extend our theoretical model to investigate the kinetics of two diﬀerent reactions,

protein unfolding and disulﬁde-bond reduction, both occurring within the same protein
molecule. We measure the variance of the barrier heights, which quantiﬁes the heterogeneity
of the reaction pathway for both reactions. In contrast to protein unfolding, we ﬁnd that
the variance of the barrier heights for disulﬁde-bond reduction is close to zero, reﬂecting the
diﬀerences between these two reactions. These results strongly suggest that the transition
state for a disulﬁde-bond reduction is well deﬁned, as opposed to protein unfolding.
The Bell model assumes that the distance to the transition state is force independent.
However, in many systems, it has been observed that the transition state moves toward the
destabilized state upon perturbation. This eﬀect, known as the Hammond eﬀect, would predict that the distance to the transition state decreases with force. This hypothesis remains
unexplored in protein unfolding under force. To elucidate the conformational plasticity of
the transition state structure upon the application of force, we probe the unfolding kinetics
of ubiquitin and NuG2 over a broad range of forces. We use the force-ramp assay to measure probability distribution of unfolding forces. Based on the standard two-state model,
the force-dependent lifetimes can be obtained by transforming the probability distribution
of unfolding forces. However, this formalism is invalid for proteins exhibiting the dispersed
kinetics, as we observed in ubiquitin. By measuring the lifetimes over a wide range of forces,
we discover that the distance to the transition state for NuG2 exhibits a weak force dependency. The measured value of the distance to the transition state is 0.22 nm, comparable
to the size of a water molecule. The observed non-Hammond behavior revealed an integral
structural role of water molecules bridging the unfolding transition state, constraining the
movement of the unfolding transition state.
Finally, in order to test the Kramers theory that would predict that the distance to
the transition state continuously decreases with force, we explore the kinetics of disulﬁde
bond reduction by hydroxide anions over a wide range of forces. On the contrary to the
Kramers prediction, we observe that the reduction rate exhibits two distinct exponential
dependencies on the pulling force, revealing a discontinuous shift in the distance to the
transition state. The experimental data show that the distance to the transition state is
∼ 0.5 Å in the low-force regime (< 500 pN), and changes to a much shorter value of ∼ 0.1
Å in the high-force regime (> 500 pN). We propose a plausible molecular scenario that

is consistent with our experimental results. We suggest that the substrate disulﬁde bond
undergoes a conformational change under a stretching force above 500 pN. Our results show
the ﬁrst observation that the application of a mechanical force to the protein disulﬁde bond
causes an abrupt change in reactivity.
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1.1

A schematic diagram of the free-energy proﬁle for the two-state kinetic model
of protein unfolding. For a two-state model, the unfolding rate is determined
by the rate of crossing a single energy barrier that separates the native state
and the unfolded state. At zero force, the barrier height ∆Gu is suﬃciently
high compared to the thermal energy. In the presence of force, the freeenergy is tilted by a mechanical potential by F x. According to the Bell
model, the energy barrier is lowered by the amount of F ∆xu , and thus the
unfolding rate is increased exponentially by the force. For the unfolded state,
the energy barrier to refolding becomes ∆Gf + F ∆xf , and thus the folding
rate is decreased exponentially by the force.

2.1

. . . . . . . . . . . . . . . . .

8

Atomic force microscopy. (A) A photograph of a home-made atomic force
microscope (AFM). An AFM detector head, composed of a laser source and
a two-segment photodetector, is mounted on a single axis piezoelectric positioner. (B) A schematic diagram of an atomic force microscopy instrument.
The laser beam is reﬂected on the cantilever, and directed to a photodetector, composed of two segments. The deﬂection of the cantilever can be
measured by the voltage diﬀerence in the two segments of the photodetector,
∆V = VA − VB . A polyprotein is stretched between the tip and the substrate
as the piezoelectric positioner retracts. . . . . . . . . . . . . . . . . . . . . .
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2.2

Single-molecule force spectroscopy. (A) Stretching a poly-ubiquitin protein
at a constant velocity results in a force-extension trace with a sawtooth pattern indicative of protein unfolding. The entropic elasticity of proteins can
be described by the worm-like chain model (WLC) of polymer elasticity. Fitting the WLC model to the force-extension curve between consecutive peaks
yields the contour length increment of ∼ 23 nm between two consecutive
unfolding events. The contour length increment caused by domain unfolding
corresponds to the number of the amino acids that become force-bearing upon
unfolding, thus providing a molecular ﬁngerprint. The unfolding forces peak
around 200 pN, which characterize the mechanical properties of ubiquitin.
(B) Pulling a ubiquitin polyprotein at a constant force results in a lengthversus-time trace with a staircase characteristic pattern. The step size of
∼ 20 nm corresponds to the number of amino acids released upon unfolding
of each monomer, providing a well characterized molecular ﬁngerprint. We
can measure the unfolding time for each protein to study the unfolding kinetics. 16

2.3

Power spectrum. The averaged power spectrum of a cantilever in a buﬀer
solution. The shaded area represents the integration of the fast Fourier
transform (FFT) of |∆V (t)|2 over the ﬁrst vibrational frequency domain,
2
∫ω
A = T1D ω12 ∆Ṽ (ω) dω. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Primer design. The forward primer is designed to have a BamHI restriction
site and a short DNA fragment complementary to the 3′ end of the antisense strand of the template DNA, so that the forward primer can hybridize
to the anti-sense strand of the template DNA. The same idea applies to
the design of the reverse primer. The reverse primer is designed to have a
short DNA fragment complementary to the 3′ end of the sense strand of the
template DNA, so that the reverse primer can hybridize to the sense strand
of the DNA. The reverse primer also contains a Bgl II restriction site, two
cysteine codons, a stop codon, and a KpnI restriction site. Incorporation of
the restriction sites into primers enables insertion of the cDNA sequence into
plasmid vectors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2.5

Polymerase chain reaction (PCR). The purpose of the PCR process is to amplify speciﬁc DNA sequences. Each thermal cycle is composed of three steps:
(1) Strand separation: A double-stranded template DNA is denatured upon
heating, resulting in two complementary single strands, (2) Hybridization of
primers: two primers hybridize to the DNA template strands, and (3) DNA
synthesis: a new DNA strand is synthesized by DNA polymerase in the 5′ -to3′ direction. After 25 − 30 thermal cycles, the sample is then held at 72◦ C for
10 min for the ﬁnal DNA synthesis. The number of PCR products increase
exponentially with the number of cycles. . . . . . . . . . . . . . . . . . . . .
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Recombinant plasmid. (A) The PCR product. According to the primer design, the PCR product is ﬂanked by the BamHI, Bgl II, and KpnI restriction
sites. (B) The pT7Blue vector is a double-helical circular DNA molecule,
which contains the BamHI and KpnI restriction sites. The essential feature
of the vector is that it can replicate autonomously in an appropriate host
cell. (C) Both the PCR product and the pT7Blue vector are digested with
BamHI and KpnI, creating sticky ends in the DNA. The single-stranded
sticky ends in the DNA fragment are complementary to those in the digested
pT7Blue vector. (D) The digested DNA fragment is then inserted into the
digested pT7Blue vector by self-ligation of the BamHI and KpnI restriction
sites, forming a recombinant plasmid containing the monomer of the cDNA
sequence that encodes the protein of interest. . . . . . . . . . . . . . . . . .
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2.7

Forming a dimer from a monomer. (A) Starting with the recombinant plasmid containing the inserted DNA monomer, we then separated the sample
into two fractions. One fraction is digested with the Bgl II and KpnI restriction enzymes, generating the cut vector containing the DNA monomer
(denoted as cut vector). The other fraction is digested with the BamHI and
KpnI restriction enzymes, generating the cut DNA monomer (denoted as
cut insert). Both fractions contain unwanted molecules that were removed
using gel electrophoresis. (B) The single-stranded sticky end generated by
the Bgl II restriction enzyme in the cut vector is complementary to the sticky
end generated by the BamHI restriction enzyme in the cut insert. The cut
insert is then inserted to the cut vector by self-ligation of the restriction sites,
forming a recombinant plasmid that contains a DNA dimer. . . . . . . . . .
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Measuring the survival probability of ubiquitin proteins unfolding under a
constant force. (A) A single poly-ubiquitin molecule is picked up from the surface by the cantilever tip and stretched under a constant force. (B) Stretching
a ubiquitin polyprotein at a constant force of 110 pN results in a series of
20 nm stepwise increments in the polyprotein length, marking the unfolding
of individual ubiquitins in the chain. We measure the dwell time to unfolding, ti , for each unfolding event. (C) A histogram of 2799 unfolding events
measures the probability density of unfolding p (t) at 110 pN. At short dwell
times the distribution deviates signiﬁcantly from a single exponential (black
trace). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3.2

Survival probability for ubiquitin unfolding under force is well described by
static disorder theory. Plot of ln [− ln ⟨S (t)⟩] versus ln t at 90 pN (ﬁlled
circles), 110 pN (open circles), 130 pN (ﬁlled squares), 150 pN (open squares),
170 pN (ﬁlled triangles), and 190 pN (open triangles), respectively. The
slopes of all the curves are less than 1, indicating the nonexponential survival
probability measured at all forces. The solid lines represent the ﬁts of the
static-disorder survival probability (Eq. 3.10) to the data at each force, with
the unfolding rate of crossing the average barrier height, kF , and the variance
2 , as ﬁt parameters. The values of these parameters
of the barrier heights, σ∆E

are compiled in Table 3.1. The errors in the ﬁt parameters were estimated
using the bootstrap method. . . . . . . . . . . . . . . . . . . . . . . . . . . .
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36

The unfolding rate of crossing the average barrier height depends exponentially on the pulling force. A linear dependence between ln kF and the applied force reveals the remarkable result that the most probable unfolding
rate, kF , follows the simple Arrhenius law. Fitting ln kF with the Arrhenius equation (solid line) yields the average barrier height in the absence of
force ∆Gavg = 85.1 pNnm and the average distance to the transition state
∆xavg = 0.23 nm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3.4

38

Force dependency of the variance in the barrier heights to unfolding. Plot
2 , as a function of the
of the measured variance of the barrier heights, σ∆E

square of the pulling force. The solid line corresponds to a ﬁt of the data
2
2
2
from 90 pN to 170 pN with σ∆E
= σ∆G
+ F 2 σ∆x
(Eq. 3.5). The ﬁt gives
2
2 = 6.4 × 10−4 ± 1.6 × 10−4 nm2 . The
σ∆G
= 4.34 ± 2.76 (pNnm)2 and σ∆x
2
measured values of σ∆E
increase linearly with F 2 in this range of forces, in

agreement with the prediction of our model. . . . . . . . . . . . . . . . . . .
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3.5

Steered molecular dynamics simulations reveal the diversity of the unfolding
pathways. (A) The resistance to unfolding is attributed to the backbone hydrogen bonds between β1 and β5 strands. The reaction coordinate for ubiquitin unfolding is therefore deﬁned as the distance between the ﬁrst residue of
β1 strand (Q2) and the last residue of β5 strand (L69). Initially, the protein
elongated slightly due to the straightening of the patch (stage 1), then stayed
at a certain extension, corresponding to the breaking and reformation of the
hydrogen bonds between the two strands (stage 2). During the rupture of
any of these interstrand hydrogen bonds, water molecules entered and formed
the hydrogen bonds with the backbone atoms, leading to a larger separation
of the two strands (stage 3) before the complete of domain unfolding (stage
4). The distance between the length after the initial extension (indicated as
x0 ) and the largest ﬂuctuation before unfolding (indicated as x1 ) is a good
approximation for estimating the distance to the transition state. (B) Three
representative SMD snapshots reveal the distinct unfolding pathways. (C)
The broad distribution of distances to the transition state mainly results from
the diﬀerent ways of water molecules bridging the protein backbone. . . . .
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4.1

Probing the kinetics of protein unfolding and disulﬁde-bond reduction under force. (A) Stretching a (I27)8 polyprotein at 150 pN results in a series
of 25 nm increments in length, which marks the unfolding time for each
individual protein (red). We used the double-pulse protocol to study the
force-dependent kinetics of protein unfolding and disulﬁde-bond reduction,
both occurring in the same protein. Pulling a (I27G32C-A75C )8 polyprotein
at 130 pN rapidly unfolds all the domains up to the position of the disulﬁde
bond, resulting in a series of 11 nm increments in length (blue). After the ﬁrst
pulse, a series of steps of 14 nm were observed in the presence of 1-mercapto2-propanol, corresponding to the extension of the residues trapped behind the
disulﬁde bond (yellow). (B) The probability distribution of unfolding times
for the I27 wild-type protein shows nonexponential time dependence. (C)
The probability distribution of unfolding times for the I27G32C-A75C protein
also exhibits nonexponential time dependence. (D) The probability distribution of reaction times for disulﬁde-bond reduction follows single exponential
time dependence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4.2
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Survival probability for protein unfolding and disulﬁde reduction under force
is well described by our static disorder theory. The colored lines represent the
ﬁts of the static-disorder survival probability (Eq. 4.1) to the data. (A) The
slope of the ln [− ln ⟨S (t)⟩] versus ln t plot for the I27 wild-type protein measured at 150 pN is less than 1, clearly showing the nonexponential unfolding
kinetics. (B) The ln [− ln ⟨S (t)⟩] versus ln t plot for the I27G32C-A75C protein
at 130 pN also shows the dispersed unfolding kinetics. (C) The ln [− ln ⟨S (t)⟩]
versus ln t plot for disulﬁde-bond reduction reveals the single-exponential kinetics. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4.3

The degree of disorder in the unfolding rates does not correlate with the
length of the unsequestered unfolding region. (A-C) The probability distribution of unfolding times for each mutant protein deviates from a singleexponential ﬁt. (D-F) Plot of ln [− ln ⟨S (t)⟩] versus ln t for the three mutant
constructs measured at 130 pN. The measured values of the variance of the
2 , for the three mutant proteins are all diﬀerent, indicatbarrier heights, σ∆E

ing that the heterogeneity of the unfolding pathways is very sensitive to the
position of the disulﬁde bond (Table 4.1). . . . . . . . . . . . . . . . . . . .
4.4

52

Schematics of the transition state structures of the two distinct reactions.
(A) The major barrier to unfolding for the I27 mutant protein originates
from a set of hydrogen bonds between the A′ and G strands (white, inset).
The engineered disulﬁde bond is placed in the region behind the mechanical
clamp. Upon unfolding, the protein structure (blue region) is extended up to
the disulﬁde bond, causing the exposure of the disulﬁde bond to the solvent.
(B) The reduction reaction of the exposed disulﬁde bond requires the backside attack of the 1-mercapto-2-propanol nucleophiles. Such stereo-speciﬁcity
for the transition state structure restricts the degree of freedom in the reaction
pathway, leading to the homogeneity in the reaction rate. . . . . . . . . . .

5.1

54

Force-clamp experiments. (A) Stretching a polyubiquitin molecule at a constant force of 130 pN results in a series of step increments in length. The
step size of 20 nm corresponds to the unfolding of each ubiquitin to a fully
extended conformation, marking the unfolding time for each ubiquitin, indicated as ti . (B) The probability distribution of unfolding times measured
at 130 pN deviates signiﬁcantly from a single exponential ﬁt (black trace),
revealing the nonexponential unfolding kinetics. (C) An eight-domain NuG2
polyprotein is stretched at a constant force of 70 pN, giving rise to a series of
15 nm stepwise increments in the length, providing a molecular ﬁngerprint
and marking the unfolding time for each NuG2 protein. (D) The probability
distribution of unfolding times for NuG2 at 70 pN follows single-exponential
time dependence (black trace). . . . . . . . . . . . . . . . . . . . . . . . . .
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5.2

Plot of the logarithm of the lifetime as a function of force. Plot of ln τ (F )
as a function of force for ubiquitin (ﬁlled circles) and NuG2 (open circles),
respectively. The predicted ln τ (F ) for ubiquitin calculated from the staticdisorder model (black line) agree well with the data (ﬁlled circles). The ﬁt of
the Bell model (red line) and the ﬁts of the microscopic models (the linearcubic model: blue line, and the cusp model: green line) to ln τ (F ) for NuG2
give rise to the huge diﬀerences in the estimates of τ0 and ∆x. (Table 5.1) .
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66

Force-ramp experiments for ubiquitin. (A) Stretching a polyubiquitin protein
at a constant pulling rate of 50 pN/s results in a series of step increases in
length of 20 nm, marking the unfolding force for each ubiquitin, indicated as
F i . (B-D) The probability distribution of unfolding forces at various loading
rates. The ﬁt of the Bell model (solid line) and the ﬁt of the static-disorder
model (dashed line) to the unfolding-force histograms give rise to the comparable results, indicating that ubiquitin proteins unfolding under force-ramp
conditions exhibit the feature of dynamic disorder. . . . . . . . . . . . . . .
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68

Plot of ln τ (F ) as a function of force for ubiquitin. The lifetimes obtained by
transforming the unfolding-force histograms at diﬀerent loading rates (symbols) show the large discrepancies among the three data sets. The lifetimes
directly measured from the force-clamp experiments (diamonds) also show
the signiﬁcant deviations from those obtained from the unfolding-force histograms. These contradictions mainly result from the dispersed unfolding
kinetics, leading to a violation of the assumption expressed by Eq. 5.1. . . .
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5.5

Force-ramp experiments for NuG2. (A) Stretching a single eight-domain
NuG2 polyprotein at a constant loading rate of 70 pN/s results in a series
of 15 nm stepwise increments in length, which marks the unfolding force for
each NuG2. (B) Ḟ ln S (F ) obtained at four diﬀerent loading rates collapse
onto a single curve up to 110 pN. The curves start to deviate at 110 pN,
indicating the breakdown of the adiabatic approximation in the high-force
regime. (C-F) The probability distribution of unfolding forces obtained at
four diﬀerent rates. Solid lines are the global ﬁts of Eq. 5.8 to the unfoldingforce histograms in the force regime below 110 pN. . . . . . . . . . . . . . .
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Plot of ln τ (F ) as a function of force. The lifetimes obtained by transforming
the unfolding-force histograms measured at four diﬀerent loading rates (Eq.
5.9) collapse onto a single curve (colored symbols). The black line represents
the global ﬁt of the theory (ln(Eq. 5.5)) to ln τ (F ) from the force-ramp
(colored symbols) and the force-clamp measurements (diamonds). . . . . . .
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Steered molecular dynamics simulations. (A) Three representative SMD trajectories show a common feature in the unfolding pathways. The protein
elongated slightly (stage 1), and then stayed at a certain extension, corresponding to the concerted breaking and reformation of the hydrogen bonds
(stage 2). While the hydrogen bonds rupture, water molecules formed the
hydrogen bonds with the backbone atoms, leading to a larger separation of
the two strands (stage 3) before unfolding (stage 4). (B) The distribution of
∆x(Q2-L69) during stage 2 (blue) and that during stage 3 (red) show two
distinct peaks, indicative of the discontinuous feature of diﬀusion from the
folded state to the transition state. . . . . . . . . . . . . . . . . . . . . . . .
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6.1

Force-clamp experiments monitor the reduction of individual disulﬁde bonds
in the presence of hydroxide anions. (A) A polyprotein consisting of eights
repeats of the I27 protein with the engineered cysteines at the 32nd and 75th
residues, (I27G32C-A75C )8 , is picked up by a cantilever tip from the surface.
We use the double-pulse protocol to monitor the reduction of individual disulﬁde bonds by hydroxide anions. The ﬁrst force pulse unfolds all the proteins
up to the disulﬁde bond. After the ﬁrst force pulse, the disulﬁde bond in
each domain is exposed to the solvent, allowing the nucleophilic attack and
reduction of the disulﬁde bond to occur. (B) The ﬁrst force pulse rapidly
unfolds all the domains up to the position of the disulﬁde bond, resulting in a
series of ∼ 11 nm increment in the length of the polyprotein (blue trace). In
the second force pulse, individual disulﬁde bonds were reduced by hydroxide
anions, marked by a series of ∼ 14 nm increment in length (grey trace). (C)
The reduction rate is increased with the increased force, as shown from the
trace measured at 300 pN (red), 550 pN (blue), and 1000 pN (grey). . . . .
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6.2

The force dependency of the reduction rate by hydroxide anions exhibits two
distinct reactivity regimes. (A) Cumulative probability of reduction measured at diﬀerent forces. At each force, we averaged and normalized 30 − 50
traces that only include a series of disulﬁde-bond reduction events in the
second pulse. The averaged trace corresponds to the cumulative probability
of reduction, Pr (t). We then ﬁt Pr (t) with 1 − exp (−rt), to extract the
rate of reduction r (dotted lines). (B) Cumulative probability of reduction
measured at diﬀerent values of pH. Similarly, at each pH value, we ﬁt the
averaged trace with 1 − exp (−rt) to obtain the reduction rate for each pH
(dotted lines). (C) Semilogarithmic plot of the reduction rate as a function
of force. We measured the reduction rate (pH 11.4) over a wide range of
forces. The reduction rate shows two distinct exponential dependencies on
the pulling force, with a transition point at ∼ 500 pN. Fitting the Arrhenius
(
)
r
equation, r (F ) = r (0) exp Fk∆x
, to the low-force regime, consisting of the
BT
data up to 500 pN (dotted grey line), gives ∆xr = 0.50 Å, whereas ﬁtting
the Arrhenius equation to the high-force regime (> 500 pN) (dotted red line)
gives a much shorter distance of the transition state, ∆xr = 0.11 Å. . . . .
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6.3

The characteristic reactivity switch at 500 pN is a general mechanism for the
SN 2 reaction. (A) Semilogarithmic plot of the reduction rate as a function of
force at diﬀerent values of pH (11.4, green squares; 12.3, grey triangles; 13.3,
blue circles). The reduction rate increases with the increased pH value. (B)
Plot of the reduction rate as a function of the hydroxide anion concentration measured at a constant force of 500 pN. The reduction rate is linearly
dependent on the hydroxide anion concentration, [OH− ], indicating that the
reaction is bimolecular. The bimolecular reaction can be described by the
ﬁrst-order rate equation, r (F ) = k (F )[OH− ], where k (F ) is the reduction
rate constant. (C) Semilogarithmic plot of the reduction rate constant k (F )
as a function of force obtained at diﬀerent pH values. The reduction rate
constants measured at three diﬀerent pH values collapse onto a single master curve. The reduction rate constants show two diﬀerent exponential dependencies on the pulling force, with a transition point at ∼ 500 pN. The
reduction rate constants measured in the presence of the TCEP reducing
agent (red crosses) also show an abrupt change in the reactivity at 500 pN,
indicating that the reactivity switch is independent of the nucleophile. . . .
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6.4

The reactivity switch is independent of the position of the disulﬁde bond
in the I27 domain. (A) Semilogarithmic plot of the reduction rate as a
function of force for the (I27E24C-K55C )8 construct (pH 12.3). Fitting the
Arrhenius equation to the low-force regime of the data (dotted blue line)
for the (I27E24C-K55C )8 construct gives the distance to the transition state
of ∆xr = 0.46 Å, whereas ﬁtting the Arrhenius equation to the high-force
regime of the data (dotted grey line) gives ∆xr = 0.07 Å. (B) Semilogarithmic plot of the reduction rate as a function of force for the (I27P28C-K45C )8
construct (pH 10.4). Fitting the Arrhenius equation to the low-force regime
of the data (dotted blue line) for the (I27P28C-K45C )8 polyprotein construct
gives the distance to the transition state of ∆xr = 0.43 Å, whereas ﬁtting the
Arrhenius equation to the high-force regime of the data (dotted grey line)
gives ∆xr = 0.11 Å. (C) Semilogarithmic plot of the rate constant of reduction k (F ) as a function of force for the (I27E24C-K55C )8 (red), (I27G32C-A75C )8
(green), and (I27P28C-K54C )8 (blue) construct, respectively. We observed an
abrupt switch in the reduction reactivity at 500 pN in all cases. . . . . . . .
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6.5

Two energy proﬁles that are consistent with the experimental data. (A) Energy proﬁle for the SN 2 reaction composed of two consecutive energy barriers.
The outer barrier at ∆xr ∼ 0.5 Å has a higher energy barrier height which
dominates the reaction in the low-force regime. As the force increases, the
height of the outer barrier decreases more rapidly than that of the inner barrier. Thus, the inner barrier at ∆xr ∼ 0.1 Å becomes rate-limiting in the
high-force regime. (B) Energy proﬁle for the SN 2 reaction limited by a single
energy barrier. In this scheme, the disulﬁde bond substrate undergoes a conformational change at the force above 500 pN, which shifts the ground state
by 0.4 Å closer to the transition state (arrow). From this geometry, the S-S
bond only elongates by 0.1 Å to reach the transition state. (C) Hypothetical
model for the force-induced conformational change of the disulﬁde bond. The
disulﬁde bond (yellow spheres) undergoes a conformational change under a
mechanical force, shifting from the open-chain conformation (χ = 84.9◦ ) to
the trans conformation (χ = 180◦ ), causing the elongation of the Cα -Cα bond
of the cysteine residues. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Chapter 1

Introduction
1.1

Overview

Molecular bonds that mediate interactions among biological molecules play important roles
in a variety of physiological processes. These include ligands binding to receptor proteins,
binding of transcription factors to their target DNA sequences and the stabilization of
the native structures of biomolecules. Single-molecule force spectroscopy has become a
powerful technique to study bond-rupture kinetics under force. For example, nanopore force
spectroscopy is used to study the unzipping kinetics of double-stranded DNA and DNAprotein interactions in the presence of an external electric force [1; 2]. Optical tweezers
have been extensively used to study the folding/unfolding kinetics of RNA [3], the stepping
kinetics of motor proteins [4; 5; 6; 7], and the transcriptional mechanism of RNA polymerase
[8; 9; 10; 11; 12]. Atomic force microscopy (AFM) has been widely used to investigate protein
unfolding and protein-protein interactions, providing a powerful tool to characterize the
mechanical properties of proteins [13; 14; 15; 16; 17; 18; 19; 20] and to measure the rupture
forces of a ligand-receptor complex [21] as well as an antibody-antigen complex [22; 23; 24;
25]. In this dissertation, we mainly focus on the kinetics of protein unfolding and disulﬁdebond reduction under a mechanical force examined at the single-molecule level using AFM.
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Bulk Experiments versus Single-molecule Techniques

Conventional studies of protein folding/unfolding reactions under chemical or thermal denaturing conditions are performed in bulk experiments [26]. For most stable proteins,
hydrophobic residues are found to be sequestered in the protein core, whereas polar and
charged residues tend to be on the surface. Under denaturing conditions, proteins lose
their structures, causing the exposure of hydrophobic residues to the external solvent environment. Tryptophan ﬂuorescence spectroscopy using stopped-ﬂow and temperature-jump
methods have been widely used in the study of protein folding/unfolding kinetics [26]. The
ﬂuorescence spectrum of tryptophan is highly solvent dependent, and thus can be used to
detect the micro-environment of tryptophan residues. In bulk experiments, ﬂuorescence
intensity measures the ratio of population in the native state to that in the unfolded state
under denaturing conditions. Using tryptophan ﬂuorescence spectroscopy, one can measure
the unfolding/refolding rate and the height of the activation energy barrier for protein folding/unfolding processes. However, the ﬂuorescence spectrum averages over a large number
of proteins, and cannot capture the conformational heterogeneity in the proteins, nor can
it distinguish diﬀerent folding/unfolding pathways. Moreover, bulk measurements cannot
extract dynamic information. The measured ﬂuorescence intensity over a large number of
proteins mask the distinct properties among molecules. For example, bulk measurements
cannot reveal the heterogeneity in the unfolding rates among individual proteins, only the
average unfolding rate instead. Furthermore, it is diﬃcult to capture transient conformations owing to their small contribution in the time-averaged distribution.
Many biological processes in cells involve only a few biological macromolecules. Further,
molecules under diﬀerent local environments usually exhibit diﬀerent behaviors. Therefore,
it becomes crucially important to study one biological molecule at a time. Recent studies
in enzyme catalysis probed at the single-molecule level showed that individual enzymes
perform distinct catalytic activities, demonstrating the conformational heterogeneity of the
active sites among individual proteins [27; 28; 29; 30]. The kinetics of ligand binding to
heme proteins revealed nonexponential time dependence at low temperature, demonstrating
a diversity of binding rates [31; 32; 33; 34]. In addition, unfolding of ribozyme under
force by optical tweezers showed distinct unfolding pathways with great heterogeneity [35].
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Therefore, the advent of single-molecule techniques has opened a new avenue to explore a
wealth of dynamic information that cannot be extracted from bulk measurements.
Single-molecule force spectroscopy monitors the time course of a single molecule under
a stretching force, providing the detailed dynamics of the reaction process for individual
molecules. Moreover, the technique measures the end-to-end distance of a molecule, directly
probing the conformational transition of a molecule in a reaction pathway. This approach
has made it possible to capture the conformations of intermediate states as well as to reveal
the conformational heterogeneity of molecules in their reaction pathways [36]. It is also
worth noting that, unlike chemical denaturant, mechanical force tilts the energy landscape
along a speciﬁc pulling direction, providing a well deﬁned reaction coordinate.

1.3

Force-clamp Spectroscopy

In our single-molecule force spectroscopy by AFM, one end of a molecule is attached to a
substrate, mounted on a piezoelectric actuator, while the other end is attached to the tip
of a cantilever. This allows for the direct measurement of the extension of a molecule and
the force applied to the molecule [37]. We will illustrate the instrumental setup in more
detail in Chapter 2. AFM can detect forces down to piconewton sensitivity and measure
distances with sub-nanometer resolution. In a characteristic AFM experiment, a molecule
is stretched at a constant pulling velocity as the length of the molecule and the force is
recorded. This constant-velocity assay measures the unfolding forces of proteins and reveals
the conformational transitions of biomolecules [38; 39; 40]. However, it becomes diﬃcult
to measure the force-dependent reaction rates because the stretching force is constantly
changing throughout the experiment. To solve this problem, we developed a force-clamp
assay, in which a molecule is stretched at a constant force, controlled by an electronic
feedback system [41; 42]. This has revolutionized single-molecule experiments by making
it possible to measure the reaction rates at constant forces [43; 37; 44]. Monitoring the
force dependency of the reaction rates provides a direct approach to study in detail the
energy landscape of a reaction [43; 37; 45; 42; 44]. In the next section, we will introduce
the theoretical framework that has been employed to extract molecular information from
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force spectroscopy data.

1.4

Theoretical Background

The energy landscape of a reaction determines the dynamics of biomolecular interactions.
In the following sections, we will illustrate the two-state kinetic model that has been widely
used to describe the energy landscape of reactions. In addition, we will introduce various
theoretical models based on the two-state scenario that have been developed to extract
the kinetic information and characterize the essential feature of the energy landscape that
governs the reaction. These include the Bell model and Kramers rate theory which will be
discussed in the following sections.

1.4.1

Two-state Reaction

Since many proteins have been shown to follow a simple two-state folding/unfolding process
under the denaturing conditions from the bulk measurements [26], the two-state kinetic
model has been widely used in analyzing single-molecule data. For a two-state reaction, the
rate-limiting step is determined by the rate of crossing a single energy barrier. The essential
feature of the energy landscape that governs a two-state reaction is characterized by the
height of the energy barrier, ∆G, the distance between the well and the barrier, ∆x, and
the critical force of the system under which the barrier vanishes, Fc . Under the application
of force, the energy landscape is tilted by a mechanical potential. The applied force lowers
the energy barrier height, thus increasing the rate to unfolding. In the quasi-adiabatic
approximation, the survival probability S (t) that the protein still remains folded at a time
t under force F (t) then satisﬁes the ﬁrst-order rate equation,
dS (t)
= −k (F (t)) S (t) ,
dt

(1.1)

where k (F (t)) is the time-dependent unfolding rate. This equation explicitly states that
the protein unfolds in a two-state manner, with a negligible refolding rate while the force is
applied. The quasi-adiabatic approximation is valid given that the characteristic relaxation
rate of the system is much faster than the rate of crossing, and thus the applied force or
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the loading rate should not be too high. The solution to Eq. 1.1 is,
[ ∫ t
]
( ( ))
S (t) = exp −
k F t′ dt′

(1.2)

0

The survival probability depends on the dynamics of the force-dependent unfolding rate. In
this dissertation, we mainly used two force protocols, force-clamp and force-ramp, to probe
the kinetics and the underlying energy landscape. Both approaches provide a control force,
allowing quantitative analysis of data.
In our force-clamp assay, a protein is stretched under a constant force. We measure the
unfolding time for each protein and construct the distribution of unfolding times, p (t), to
∫t
reveal the unfolding kinetics. By deﬁnition, the survival probability is S (t) = 1− 0 p (t′ ) dt′ ,
where p (t′ ) dt′ corresponds to the probability of unfolding during the period of time between
t′ and t′ + dt′ . Following Eq. 1.2, the survival probability is expected to follow single
exponential time dependence.

S (t) = exp (−k (F ) t)

(1.3)

Hence, one can obtain the unfolding rate, k (F ), by ﬁtting a single exponential to the
measured survival probability. The simple two-state model predicts a single-exponential
unfolding kinetics, which has been widely used in data analysis.
In the force-ramp assay, a molecule is stretched under force which increases linearly
with time. In this assay, one measures the unfolding force at which the protein unfolds and
constructs the distribution of unfolding forces, p (F ). By changing the variable from time
to force in Eq. 1.2, the survival probability that the protein still remains folded up to a
stretching force F is,
[
]
∫
1 F ( ′) ′
S (F ) = exp −
k F dF ,
Ḟ 0
where Ḟ =

dF
dt

(1.4)

is the constant force-loading rate. By deﬁnition, the probability density

)
distribution of unfolding forces related to the survival probability is given by p (F ) = − dS(F
dF .

Hence, the probability density distribution of unfolding forces is
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[
]
∫
k (F )
1 F ( ′) ′
p (F ) =
exp −
k F dF
Ḟ
Ḟ 0

(1.5)

According to the two-state model, the force-dependent unfolding rate can be obtained from
the measured distribution of unfolding forces [46; 47; 48],
S (F )
=
k (F ) =
Ḟ p (F )

∫∞
F

p (F ′ ) dF ′

Ḟ p (F )

(1.6)

This equation relates the distribution of unfolding forces p (F ) and the force-dependent
unfolding rates k (F ) regardless of the shape of the energy proﬁle.
From the measured force-dependent unfolding rates, k (F ), one can extract the kinetic
information and the underlying energy landscape characteristic using the appropriate theoretical models. We will ﬁrst introduce the phenomenological model in the next section.

1.4.2

Bell Model

The dissociation rate for a ligand-receptor complex under a mechanical force was ﬁrst
introduced by Bell [49],
)]
[ (
∆G − F γ
,
k (F ) = A exp −
kB T

(1.7)

where A is the preexponential factor, ∆G is the height of the energy barrier in the absence
of force, γ is the characteristic distance at which a molecule dissociates, kB is the Boltzmann
constant, and T is the absolute temperature. The Bell model is an extension of the Arrhenius
equation [50], in which the height of the energy barrier is reduced by the amount of F γ
under force. It is worth noting that the Bell model implicitly assumes that γ does not
change with force. The Bell model provides a simple expression for the force dependency of
the dissociation rate, and has been successfully employed to various biomolecular studies [1;
43; 37; 44; 45].
A schematic plot of the free-energy landscape for a two-state folding/unfolding protein
is shown in Fig. 1.1. According to the Bell model, the unfolding rate in the presence of
force F is
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∆Gu − F ∆xu
ku (F ) = A exp −
,
kB T
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(1.8)

where ∆Gu is the barrier height to unfolding at zero force and ∆xu is the distance between
the folded state and the transition state (Fig. 1.1). In the presence of force, the barrier
height for refolding becomes ∆Gf + F ∆xf , and the folding rate becomes:
[ (
)]
∆Gf + F ∆xf
kf (F ) = A exp −
,
kB T

(1.9)

where ∆Gf is the barrier height for folding in the absence of force and ∆xf is the distance
between the folded state and the transition state along a reaction coordinate (Fig. 1.1).
According to the Bell model, the unfolding rate is increased by force exponentially, whereas
the folding rate is decreased by force exponentially. Notably, when the applied force is large,
such that the entropic barrier vanishes, the protein is then in a fully extended state (Fig.
1.1). In this case, the refolding rate is even smaller. Hence, in the presence of force, the
unfolding process becomes dominant. We can rewrite the rate of unfolding as
[ (
)]
(
)
∆G − F ∆x
F ∆x
k (F ) = A exp −
= k0 exp
,
(1.10)
kB T
kB T
(
)
where k0 = A exp − k∆G
is the unfolding rate at zero force and ∆x is the distance to
BT
the unfolding transition state. One can extract the unfolding rate at zero force, k0 , and
the distance to the transition state of a reaction, ∆x, by ﬁtting the Bell model to the
force-dependent reaction rates [48].
The Bell model has been widely used to extract the intrinsic rate and the distance
between the energy minimum and the transition state in various single-molecule studies [43;
37; 44]. However, the model implicitly assumes that the distance to the transition state is
force independent. In addition, the description of the free-energy proﬁle in the Bell model
is lacking.

1.4.3

Kramers Rate Theory

A fundamental description for the bond rupture reaction was based on the Kramers rate
theory [51; 52]. In the Kramers scheme, bond rupture is described as an escape of a
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G0 ( x )
Free energy

∆Gu

Native

∆G f

Unfolded
Entropoic
barrier

G ( x ) = G0 ( x ) − Fx

∆xu ∆x f
Extended

reaction coordinate

Figure 1.1: A schematic diagram of the free-energy proﬁle for the two-state kinetic model
of protein unfolding. For a two-state model, the unfolding rate is determined by the rate of
crossing a single energy barrier that separates the native state and the unfolded state. At
zero force, the barrier height ∆Gu is suﬃciently high compared to the thermal energy. In
the presence of force, the free-energy is tilted by a mechanical potential by F x. According to
the Bell model, the energy barrier is lowered by the amount of F ∆xu , and thus the unfolding
rate is increased exponentially by the force. For the unfolded state, the energy barrier to
refolding becomes ∆Gf + F ∆xf , and thus the folding rate is decreased exponentially by
the force.
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Brownian particle over an energy barrier from a trapped potential well. In the high-barrier
approximation, the Brownian motion is considered purely diﬀusive along a 1-dimensional
energy landscape, governed by the Smoluchowski equation. Based on the Kramers theory,
the reaction rate is dependent on the shape of the energy landscape, as we will illustrate in
Appendix B. In this scheme, a shape of the energy landscape has to be assumed. Recently,
Dudko et al. proposed two microscopic models of the free-energy proﬁle. Based on the
Kramers rate theory, these two microscopic models provide the analytic expressions for the
force-dependent lifetime and the unfolding-force histogram, allowing the global analysis of
experimental data to explore the nature of the underlying free-energy landscape (Chapter
5).

1.5

Aims

In this dissertation, we aim to combine protein engineering with force-clamp spectroscopy
to test the validity of the two-state model in describing biomolecular reactions. According
to the two-state model, the survival probability for protein unfolding under a constant force
is expected to follow single exponential time dependence while assuming that each protein
in an ensemble unfolds at the same rate. Previous single-molecule force-clamp experiments
showed that the measured survival probability for ubiquitin unfolding under a constant
force of 110 pN signiﬁcantly deviates from a single exponential ﬁt. The broadly distributed
rates revealed a great heterogeneity in the unfolding rates among individual ubiquitins. In
Chapter 3, we expand our investigations on nonexponential kinetics of ubiquitin unfolding
over a wide range of forces. Using single-molecule force-clamp spectroscopy, we will measure
whether the survival probabilities show nonexponential time dependence for a wide range
of forces. We will also examine the force dependency of the nonexponential kinetics.
In Chapter 4, we expand our investigations to include a diﬀerent biomolecular reaction; the reduction of a disulﬁde bond. To probe the kinetics of disulﬁde-bond reduction
under a stretching force at the single-bond level, we will engineer a disulﬁde bond that
is embedded in the model protein I27 such that it can only be reduced after unfolding of
the protein. The advantage of this approach is that we can monitor simultaneously these
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two diﬀerent biomolecular reactions (protein unfolding and disulﬁde-bond reduction) both
occurring within the same molecule. We will examine whether the survival probability is
nonexponential in both reactions.
So far, the Bell model assumes that the distance to the transition state is force independent. In Chapter 5, we aim to explore the validity of this assumption. To this purpose, we
will explore the unfolding kinetics of two proteins with the α/β fold; ubiquitin and NuG2 (a
variant of protein G), over a broad range of forces using the force-ramp protocol [43]. In the
force-ramp assay, a molecule is stretched under force, which increases linearly with time.
According to the standard two-state model, we can obtain the force-dependent lifetimes
from the measured distribution of unfolding forces, as described in Section 1.4.1 [47].
Finally, in Chapter 6, we extend our studies in the disulﬁde-bond reduction by hydroxide
anions under a mechanical force at the single-bond level. Kramers theory predicts the
presence of curvature in the semi-log plot of the reaction rates as a function of pulling force,
which would become evident at high forces. To test this, we will measure the reduction
rates over a wide range of forces up to 2000 pN.
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Chapter 2

Experimental Techniques
2.1
2.1.1

Atomic Force Microscopy
Instrumental Setup

A schematic diagram for our home-made atomic force microscope (AFM) is shown in Fig.
2.1. Polyprotein molecules are adsorbed to the substrate, mounted on a highly accurate
piezoelectric positioner. The silicon nitride tip mounted on the cantilever is brought into
contact with a layer of polyprotein molecules by approaching the substrate to the tip of
the cantilever, controlled by the piezoelectric positioner. While in contact, many molecules
can be adsorbed to the tip of the cantilever with nonspeciﬁc interactions. Rarely, a single
polyprotein is picked up from the substrate and stretched between the cantilever tip and
the substrate as the piezoelectric positioner retracts. Extension of a polyprotein molecule
generates an opposing force resulting from the reduction in entropy, which causes the cantilever to bend. The restoring force acting on the cantilever, F , and the deﬂection of the
cantilever, ∆z, obeys Hook’s law, F = −kC ∆z, where kC is the spring constant of the
cantilever. Hence, the calibration of cantilevers is the prerequisite step for the force measurement (Section 2.1.3). The deﬂection angle, ∆z, can be obtained by reﬂecting a laser
beam oﬀ the top of the cantilever tip onto a photodetector, composed of two segments
(A, B in Fig. 2.1B). In the small-deﬂection regime, the deﬂection of the cantilever, ∆z,
is linear dependent on the voltage diﬀerence in the two segments of the photodetector,
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∆V = VA − VB . The atomic force microscopy allows the measurement of the forces in
piconewton sensitivity and the length scale with Ångström resolution.

2.1.2

Force Spectroscopy

In a typical single-molecule pulling experiment, a single polyprotein is stretched at a constant pulling velocity whereas the applied force varies throughout the experiment. As the
distance between the cantilever tip and the substrate increases, extension of the protein
generates a restoring force due to the reduction in entropy of the polymer. The major component of the restoring force is the entropic force, known as entropic elasticity
in polymer physics. In this mode, we measured the force and the end-to-end length (extension) of the polyprotein. Fig. 2.2A shows a typical force-extension trace for unfolding
a nine-domain ubiquitin polyprotein at a constant pulling velocity. At the beginning of
pulling, the force continuously increases with extension and rises steeply as the extension reaches the full contour length of the molecule. Further extension of the polyprotein
causes one of the domains to unfold, resulting in the increment of the contour length of
the polyprotein, relaxing the force to near zero. Continuous extension results in sequential
unfolding of individual domains, resulting in a force-extension curve with a characteristic
sawtooth pattern (Fig. 2.2A). Each peak corresponds to the unfolding of each ubiquitin protein. The force value of the peak varies, exhibiting the stochastic nature of the
thermally-activated unfolding processes. The distribution of unfolding forces measured at
a pulling speed of 400 nm/s peaks at ∼ 200 pN, characterizing the mechanical properties of ubiquitin proteins [20]. The entropic elasticity of proteins can be described by
the worm-like chain model (WLC) of polymer elasticity (Fig. 2.2A, black curves) [53; 54;
55],
kB T
F =
p

[ (
]
)
1
x −2 1
x
1−
,
− +
4
LC
4 LC

(2.1)

where p is the persistence length, x is the extension of a molecule, LC is the contour
length, kB is the Boltzmann constant, and T is the absolute temperature. Fitting the
WLC model to the force-extension curve between consecutive peaks yields the increase in
contour length of ∆LC ∼ 23 nm caused by the unfolding of one domain. The contour
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Silicon nitride tip
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Piezoelectric positioner

Figure 2.1: Atomic force microscopy. (A) A photograph of a home-made atomic force
microscope (AFM). An AFM detector head, composed of a laser source and a two-segment
photodetector, is mounted on a single axis piezoelectric positioner. (B) A schematic diagram
of an atomic force microscopy instrument. The laser beam is reﬂected on the cantilever,
and directed to a photodetector, composed of two segments. The deﬂection of the cantilever
can be measured by the voltage diﬀerence in the two segments of the photodetector, ∆V =
VA − VB . A polyprotein is stretched between the tip and the substrate as the piezoelectric
positioner retracts.
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length increment corresponds to the number of hidden amino acids that become forcebearing upon unfolding, served as a molecular ﬁngerprint (Fig. 2.2A, black curves) [56;
57; 58]. It is worth noting that, in some cases, the force-extension curve shows deviations
from the WLC model of polymer elasticity. These deviations are found in several studies,
including the presence of the intermediate state [59], the non-entropic characteristic of bond
rupture at low forces [18], and the force-induced conformational change [38; 39; 60].
It is important to note that in the force-extension assay, the stretching force, the energy
landscape, and the unfolding rate continuously change with time throughout the experiment.
Thus, it is diﬃcult to extract the kinetic information from the data using this mode. One can
obtain the qualitative estimates of the kinetic information using the Monte Carlo method
[55; 61; 62; 45; 63]
To solve this problem, we developed the force-clamp technique [41; 42]. In the forceclamp assay, a molecule is stretched at a constant force. The advent of the force-clamp
spectroscopy has allowed the direct measure of the force dependency of the reaction rate.
In the force-clamp mode, we constructed an analog feedback system, which is designed
for controlling the cantilever deﬂection at a constant value. As described in Section 2.1.1,
the cantilever deﬂection is measured by the voltage diﬀerence in the two segments of the
photodetector (Fig. 2.1B). The value of the applied force is converted to the corresponding
voltage diﬀerence, as a setpoint value. The feedback system calculates the diﬀerence between
the setpoint value and the measured value, as an error signal. The error signal is ampliﬁed by
a PID (proportional-integral-diﬀerential) ampliﬁer and then fed into a piezoelectric actuator,
adjusting the end-to-end length of the molecule such that the measured value keeps at a
setpoint value throughout the experiment.
Stretching a poly-ubiquitin protein at a constant force of 110 pN results in a extension
versus time trace with a characteristic staircase pattern (Fig. 2.2B). As a protein unfolds,
the sudden increment of the contour length drops the force to near zero. The relaxing force
triggers the downward movement of the piezoelectric actuator controlled by a feedback
system, resulting in an abrupt extension of the protein. The step size corresponds to
the number of amino acids released upon unfolding, providing a molecular ﬁngerprint [37;
43]. Each step increase in the length marks the unfolding time for an individual protein,
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allowing the direct measurement of the survival probability for protein unfolding under a
constant force. For a two-state unfolding process (see Section 1.4.1), one can measure the
unfolding rate at a given force by ﬁtting a single exponential to the ensemble-averaged
survival probability.

2.1.3

Calibration of a Cantilever Spring Constant

We calibrate the spring constant of a cantilever using the method suggested by Florin et
al. [64]. According to the equipartition theorem, the mean energy per degree of freedom in
equilibrium is 12 kB T . For a cantilever placed in a solution at equilibrium, the mean energy
of the cantilever is,
1
1
kC ⟨∆z⟩2 = kB T,
2
2

(2.2)

where ⟨∆z⟩2 is the mean square displacement in the z-direction of the cantilever from its
resting position and kC is the eﬀective spring constant of the cantilever. As described
in Section 2.1.1, we can obtain the displacement of the cantilever, ∆z, by measuring the
voltage diﬀerence in the two segments of the photodetector, ∆V = VA − VB . In the regime
of small deﬂections, the linear relationship between the displacement of the cantilever and
the voltage diﬀerence holds,

∆z (t) = S∆V (t) ,
where S =

∆z
∆V

(2.3)

is the slope relating the voltage diﬀerence in response to the deﬂection of

the cantilever. The time average of the square displacement (mean square displacement) of
the cantilever then becomes,
1
⟨∆z⟩ =
TD
2

∫

S2
|∆z (t)| dt =
TD
2

∫
|∆V (t)|2 dt,

(2.4)

where TD is the duration of the measurement. According to Parseval’s theorem, the integration of a function in the time domain equals to the integration of its Fourier transform
in the frequency domain,
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Figure 2.2: Single-molecule force spectroscopy. (A) Stretching a poly-ubiquitin protein at
a constant velocity results in a force-extension trace with a sawtooth pattern indicative of
protein unfolding. The entropic elasticity of proteins can be described by the worm-like
chain model (WLC) of polymer elasticity. Fitting the WLC model to the force-extension
curve between consecutive peaks yields the contour length increment of ∼ 23 nm between
two consecutive unfolding events. The contour length increment caused by domain unfolding
corresponds to the number of the amino acids that become force-bearing upon unfolding,
thus providing a molecular ﬁngerprint. The unfolding forces peak around 200 pN, which
characterize the mechanical properties of ubiquitin. (B) Pulling a ubiquitin polyprotein at
a constant force results in a length-versus-time trace with a staircase characteristic pattern.
The step size of ∼ 20 nm corresponds to the number of amino acids released upon unfolding
of each monomer, providing a well characterized molecular ﬁngerprint. We can measure the
unfolding time for each protein to study the unfolding kinetics.
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∫

2

|∆V (t)|2 dt =

∆Ṽ (ω) dω,

(2.5)

where ∆Ṽ (ω) is the Fourier transform of ∆V (t). Since the the higher-order vibration
modes of the cantilever do not signiﬁcantly contribute to the thermal ﬂuctuation of the
cantilever, the time average of the voltage diﬀerence can be obtained from the integration
of the frequency domain in the ﬁrst oscillatory mode, between ω1 and ω2
∫

∫
|∆V (t)|2 dt =

ω2

2

∆Ṽ (ω) dω

(2.6)

ω1

Fig. 2.3 shows the average power spectrum of the cantilever in a buﬀer solution over 128
measurements. The shaded area represents
∫

1
A=
TD

ω2

2

∆Ṽ (ω) dω

(2.7)

ω1

The mean square displacement of the cantilever becomes,
S2
⟨∆z⟩ =
TD
2

∫

ω2

2

∆Ṽ (ω) dω = S 2 A,

(2.8)

ω1

Hence, according to Eq. 2.2, the spring constant of the cantilever can be readily obtained
by

kC =

2.1.4

kB T
S2A

(2.9)

Performing an Experiment

Single-molecule pulling experiments were performed with the home-made atomic force microscope [43; 42]. The sample is prepared by depositing 3 − 12 µl of protein (0.1 mg/ml) in
phosphate buﬀered saline (PBS) solution onto a freshly evaporated gold coverslide. Each
cantilever (Olympus, Veeco) was calibrated in solution using the equipartition theorem,
as described in Section 2.1.3, giving rise to a spring constant of ∼ 20 pN/nm. Single
polyproteins were picked up from the substrate by pushing the cantilever hardly on the
surface at a force of 500 − 2000 pN. In our force-clamp assay, a single polyprotein was
stretched under a constant force, controlled by the analog PID feedback system [41]. The
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Figure 2.3: Power spectrum. The averaged power spectrum of a cantilever in a buﬀer
solution. The shaded area represents the integration of the fast Fourier transform (FFT) of
2
∫ω
|∆V (t)|2 over the ﬁrst vibrational frequency domain, A = T1D ω12 ∆Ṽ (ω) dω.
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experiments were carried out with a three-dimensional PicoCube P363.3-CD piezoelectric
actuator (Physik Instrumente, Germany). The feedback response time ranges from 5 − 10
ms. We also built an AFM setup equipped with a high-speed S-303 piezoelectric actuator
(Physik Instrumente, Germany), improving the feedback response time up to 1−3 ms. This
high-speed performance of the piezoelectric actuator allows the detection of fast unfolding
events under high forces. The experiments for ubiquitin unfolding pulled at high forces (170
pN and 190 pN) and at a high force-loading rate (1000 pN/s) were carried out using this
instrument. All data were collected and analyzed using the custom software written in Igor
Pro 6 (Wavemetrics).

2.2

Molecular Biology

It is important to note that, when a cantilever is placed in a layer of proteins, many proteins
can be adsorbed to the cantilever tip with nonspeciﬁc interactions. While the piezoelectric
positioner retracts, dissociation of the proteins from the cantilever tip results in several
peaks that resemble the unfolding events. In order to distinguish the true unfolding events
from the nonspeciﬁc rupture events, we construct polyproteins, allowing the precise analysis
of single-molecule data.

2.2.1

Cloning of Complementary DNAs

The complementary DNA (cDNA) sequence encoding the protein of interest is ampliﬁed by
polymerase chain reaction (PCR). PCR is a powerful technique for rapid ampliﬁcation of
the speciﬁc DNA sequences, which was ﬁrst described by Kary Mullis in 1984. The solution
for the PCR process requires the following components: (1) the double-stranded DNA to be
ampliﬁed, in which the target sequence serves as a template in the PCR process, (2) a pair
of custom-designed primers, in which each primer hybridizes with a single-stranded target
sequence, (3) all four deoxyribonucleotide triphosphates (dNTPs), which are the building
blocks for the synthesis of a new DNA strand, and (4) a DNA polymerase, an enzyme
which catalyzes the polymerization of deoxyribonucleotides into a new DNA strand. The
primer sequence is speciﬁc to the sequence of the DNA template and the restriction site.
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Introducing restriction sites into primers allows the insertion of a DNA fragment into a
plasmid vector. In our laboratory, we insert the cDNA segment into the pT7Blue vector
(Novagen) by self-ligation of a BamHI restriction site and a KpnI restriction site. Hence,
we designed the forward primer which contains a BamHI restriction site and a short DNA
fragment complementary to the 3′ end of the anti-sense strand of the template DNA (Fig.
2.4). The same idea applies to the design of the reverse primer. The reverse primer is
designed to have a short DNA fragment complementary to the 3′ end of the sense strand of
the template DNA, a Bgl II restriction site, two cysteine codons, a stop codon, and a KpnI
restriction site (Fig. 2.4). Notably, our main interests focus on a speciﬁc domain of protein,
and therefore the cDNA sequence does not have a stop codon. Hence, we need to introduce
a stop codon in the reverse primer.
Each thermal cycle of the PCR ampliﬁcation process is composed of three steps: (1)
strand separation, (2) hybridization of primers, and (3) DNA synthesis (Fig. 2.5). In the
ﬁrst step, the sample is heated at 95◦ C for 45 s, resulting in the denaturation of a doublestranded template DNA to two complementary single strands. Then, the temperature is
abruptly dropped, set at 5◦ C below the melting temperature of the primer for 45 s, for the
hybridization of the primers to their target sequences. Stable hydrogen bonds form between
complementary base pairs, resulting in the annealing of the forward primer to the 3′ end
of the anti-sense strand and the annealing of the reverse primer to the 3′ end of the sense
strand, respectively. In the last step of the thermal cycle, the sample is heated to 72◦ C, an
optimal temperature for the activity of Taq DNA polymerase. The polymerase synthesizes
a new DNA strand by adding free dNTPs to the 3′ end of the primer in the 5′ -to-3′ direction,
creating the newly-polymerized DNA strand complementary to the template strand. The
time for the completion of the newly-synthesized DNA strand is dependent both on the
activity of the DNA polymerase and on the length of the DNA template. Typically, Taq
DNA polymerase polymerizes a thousand base pairs per minute. After performing the
thermal cycle for 25 − 30 times, the sample is then held at 72◦ C for 10 min for the ﬁnal
DNA synthesis, ensuring that the remaining single-stranded DNA is fully extended. The
resulting PCR product is shown in Fig. 2.5. The sample is then puriﬁed according to the
QIAquick PCR Puriﬁcation Kit.
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Figure 2.4: Primer design. The forward primer is designed to have a BamHI restriction
site and a short DNA fragment complementary to the 3′ end of the anti-sense strand of
the template DNA, so that the forward primer can hybridize to the anti-sense strand of
the template DNA. The same idea applies to the design of the reverse primer. The reverse
primer is designed to have a short DNA fragment complementary to the 3′ end of the sense
strand of the template DNA, so that the reverse primer can hybridize to the sense strand
of the DNA. The reverse primer also contains a Bgl II restriction site, two cysteine codons,
a stop codon, and a KpnI restriction site. Incorporation of the restriction sites into primers
enables insertion of the cDNA sequence into plasmid vectors.
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Figure 2.5: Polymerase chain reaction (PCR). The purpose of the PCR process is to amplify speciﬁc DNA sequences. Each thermal cycle is composed of three steps: (1) Strand
separation: A double-stranded template DNA is denatured upon heating, resulting in two
complementary single strands, (2) Hybridization of primers: two primers hybridize to the
DNA template strands, and (3) DNA synthesis: a new DNA strand is synthesized by DNA
polymerase in the 5′ -to-3′ direction. After 25 − 30 thermal cycles, the sample is then held
at 72◦ C for 10 min for the ﬁnal DNA synthesis. The number of PCR products increase
exponentially with the number of cycles.

CHAPTER 2. EXPERIMENTAL TECHNIQUES

23

The next step is to ligate the DNA of interest into a plasmid for future ampliﬁcation of
the plasmids in host cells. Prior to ligation, both the PCR product (Fig. 2.5, Fig. 2.6A) and
the isolated pT7Blue vector (Fig. 2.6B) are digested with the BamHI and KpnI restriction
enzymes at 37◦ C for 2 hours. Restriction enzymes bind and cut the DNA sequences at the
corresponding restriction sites. In the case of BamHI and KpnI, both restriction enzymes
generate single-stranded sticky ends in the DNA (Fig. 2.6C). The sticky ends in the digested
PCR product are complementary to those in the cut pT7Blue vector (Fig. 2.6C). Thus,
the DNA fragment of interest can be inserted into a pT7Blue vector by self-ligation of the
BamHI and KpnI sticky ends at 16◦ C overnight, catalyzed by the DNA ligase enzyme (Fig.
2.6D). The recombinant plasmid molecules are then transformed into the Z-competent XL1
host cells. Competent cells are bacteria that have high transformation eﬃciency for the
uptake of foreign DNA. The competent cells are incubated with the recombinant plasmids
on ice for 15 min. To increase the uptake eﬃciency, the cells are then heat shocked brieﬂy
at 42◦ C for 30 s, allowing the plasmid molecules enter the cells. After transformation, we
grow the cells in the Luria Bertani (LB) medium at 37◦ C for 1.5 hours and then distribute
the cells on an LB agarose plate containing ampicillin, incubated at 37◦ C for overnight.
Notably, the pT7Blue vector contains a gene for resistance to ampicillin, which encodes
an enzyme that can break down ampicillin. Thus, the bacteria which do not contain the
pT7Blue plasmid cannot survive in this medium. This way ensures that only the cells that
take up the pT7Blue plasmid will grow and form the colonies the next day. To further
conﬁrm whether the recombinant plasmid forms correctly, the plasmids extracted from the
cells according to the Qiagen Miniprep Kit are veriﬁed by DNA sequencing.

2.2.2

Iterative Cloning

Polyproteins are engineered by the concatemerization of DNA monomers using self-ligation
of the sticky ends of the restriction sites. Starting with the recombinant plasmid consisting
of the DNA monomer, we then want to construct the plasmid containing the DNA dimer.
First, we separate the sample into two fractions. One fraction is digested with Bgl II and
KpnI at 37◦ C for 2 hours, resulting in a digested vector containing the DNA monomer,
denoted as a digested vector (Fig. 2.7A). The other fraction digested with BamHI and KpnI
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Figure 2.6: Recombinant plasmid. (A) The PCR product. According to the primer design, the PCR product is ﬂanked by the BamHI, Bgl II, and KpnI restriction sites. (B)
The pT7Blue vector is a double-helical circular DNA molecule, which contains the BamHI
and KpnI restriction sites. The essential feature of the vector is that it can replicate autonomously in an appropriate host cell. (C) Both the PCR product and the pT7Blue vector
are digested with BamHI and KpnI, creating sticky ends in the DNA. The single-stranded
sticky ends in the DNA fragment are complementary to those in the digested pT7Blue
vector. (D) The digested DNA fragment is then inserted into the digested pT7Blue vector
by self-ligation of the BamHI and KpnI restriction sites, forming a recombinant plasmid
containing the monomer of the cDNA sequence that encodes the protein of interest.
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(37◦ C for 2 hours) yields a digested fragment consisting of the DNA monomer, denoted as a
digested insert (Fig. 2.7A). The principle of the formation of a dimer is to ligate the digested
insert into the digested vector (Fig. 2.7B). Notably, the sticky ends generated by the BamHI
and Bgl II restriction enzymes are complementary to each other, allowing the ligation of the
insert into the vector. However, it is worth noting that both fractions contain unwanted
DNA molecules. Mixing the two fractions without removal of the unwanted molecules will
lead to the product consisting of the DNA monomer, interfering the ligation of the insert
into the vector. Hence, we need to remove unwanted DNA molecules before ligation. Using
the agarose gel electrophoresis method, the DNA molecules can be separated according to
their sizes, owing to diﬀerent mobilities in an agarose gel. We then identify the digested
vector and the digested insert by comparing to the size of a standard DNA marker. We
excised the appropriate slices following the Qiagen Gel Extraction Kit. Then the insert is
ligated into the vector by the sticky ends of the restriction sites, kept at 16◦ C overnight.
By consecutive subcloning of the monomers using the BamHI, Bgl II, and KpnI restriction
enzymes, we can obtain the recombinant plasmid with the desired tandem copies of the
cDNA sequence. The resulting plasmid was then conﬁrmed by direct DNA sequencing.

2.2.3

Protein Expression

The resulting recombinant plasmid consisting of the tandem repeats of the cDNA sequence
is then transferred into the expression vector (Qiagen). The polyproteins used for this
study are the nine-domain ubiquitin polyproteins, the eight-domain I27 polyproteins, and
the eight-domain NuG2 polyproteins. The expression vector is then transformed into an
optimized Escherichia coli expression strain for protein overexpression. The poly-ubiquitin
proteins and the poly-I27 proteins were both expressed in the BLR(DE3) expression strain
(Novagen), and the NuG2 polyproteins were expressed in the DH5α strain, respectively.
Bacteria were grown in LB medium at 37◦ C until the optimal density for expression (OD600 ∼
0.6) was reached. The pQE-80L expression vector contains a cis-laclq gene which expresses
the lac repressor protein, a DNA-binding protein that binds to the lac operator speciﬁcally.
Binding of the lac repressor to the operator prevents the RNA polymerase from binding to
the promoter, thus inhibiting the gene expression. Hence, by adding the inducer such as
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Figure 2.7: Forming a dimer from a monomer. (A) Starting with the recombinant plasmid
containing the inserted DNA monomer, we then separated the sample into two fractions.
One fraction is digested with the Bgl II and KpnI restriction enzymes, generating the cut
vector containing the DNA monomer (denoted as cut vector). The other fraction is digested
with the BamHI and KpnI restriction enzymes, generating the cut DNA monomer (denoted
as cut insert). Both fractions contain unwanted molecules that were removed using gel electrophoresis. (B) The single-stranded sticky end generated by the Bgl II restriction enzyme
in the cut vector is complementary to the sticky end generated by the BamHI restriction
enzyme in the cut insert. The cut insert is then inserted to the cut vector by self-ligation
of the restriction sites, forming a recombinant plasmid that contains a DNA dimer.
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IPTG (isopropyl-β-D-1-thiogalactopyranoside) which binds to the lac repressor allows the
RNA polymerase binding to the promoter and transcribing the sequences downstream from
the promoter. We expressed the protein by adding IPTG at a ﬁnal concentration of 1 mM.
Large expression was carried out at least 3 hours to overnight.

2.2.4

Protein Puriﬁcation

The collected cells were lysed in the buﬀer containing 100 mM sodium phosphate (pH ∼ 7.5)
and 300 mM NaCl by sonication on ice. The supernatant was then isolated by centrifugation.
Since the pQE-80L expression vector has a 6xHis-tag coding sequence following the ATG
start codon, the protein is MRGS(H)6 GS-(polyprotein)-RSCC. Using the method described
in Section 2.2.2, each module in the polyprotein chain is connected by two residues, arginine
(R) and serine (S), resulting from the self-ligation of the BamHI and Bgl II restriction sites.
The important feature of the His-tagged proteins is their binding ability to several types of
immobilized metal ions, including nickel, cobalt, and copper under speciﬁc buﬀer conditions.
We puriﬁed the expressed proteins with the metal-aﬃnity chromatography using the BD
Talon cobalt-based resins (Clontech). The principle of protein puriﬁcation using aﬃnity
chromatography underlies the competition of the binding aﬃnity to Co2+ ions. The target
protein with a sequence of six histidines has a much stronger binding aﬃnity than other
proteins. The most commonly used chemical compound for His-tagged protein puriﬁcation
is imidazole, which has a ring identical to the histidine side chain that binds Co2+ ions.
By gradually increasing the concentration of imidazole, it is possible to elute unspeciﬁcally
bound proteins. In the last step, by adding the buﬀer containing 100 mM imidazole, the
tightly-bound target proteins were eluted.
We then further puriﬁed the proteins by gel ﬁltration chromatography using a Superdex
200 HR column (GE Biosciences). Gel ﬁltration separates molecules according to diﬀerences
in size as they pass through a pores matrix. Molecules with a larger size elute earlier than
those with a smaller size. Protein purity was characterized by SDS gel electrophoresis and
Coomassie blue staining.
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Chapter 3

Probing Static Disorder in
Arrhenius Kinetics
3.1

Introduction

In 1889 Svante Arrhenius proposed a simple equation for the temperature dependency of the
(
)
rate of a chemical reaction k = A exp − k∆E
, where A is a preexponential factor, kB is the
BT
Boltzmann constant, T is the absolute temperature and ∆E is the height of the activation
energy barrier [50]. This widely accepted description of a single barrier crossing reaction
can be readily expanded to include the eﬀect of perturbations that alter the height of the
free-energy barrier. For example, when a mechanical force, F , is applied to a molecule,
the free-energy barrier height is reduced by an amount equal to F ∆x, where ∆x represents
the actual distance from the native conformation to the transition state conformation along
the reaction coordinate. As pointed out by Bell [49], the corresponding Arrhenius law
[ (
)]
∆x
then becomes k (F ) = A exp − ∆G−F
, where ∆G is the height of the free-energy
kB T
barrier of reaction in the absence of force. This simple description of the kinetics of a
reaction under force has proven useful in a wide variety of single-molecule studies such as
bond rupture events [65; 66], protein unfolding [43; 45] and chemical reactions [44; 67]. In
this work we will focus our investigation on proteins unfolding under a stretching force.
However, our conclusions can be readily generalized to other reaction schemes. Assuming a
negligible refolding rate, the survival probability that a protein remains folded at a time t
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dS(t)
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29

= −k (F ) S (t). The resulting

survival probability is thus a single exponential. Recent generalizations of the Arrhenius
description also lead to a single-exponential survival probability [68; 48]. The advent of
force-clamp techniques have allowed the direct measurement of the survival probability of
protein unfolding under a constant force. The survival probability is expected to follow
single-exponential time dependence while assuming each protein in the ensemble has a
single native conformation and follows the same unfolding pathway. In sharp contrast with
this simple assumption, thousands of ubiquitin unfolding events observed at a constant
force of 110 pN revealed a nonexponential survival probability [69; 37]. Further, many
other biological reactions, including ligand binding to heme proteins [70; 71; 72; 33; 31;
32], enzyme catalysis [28; 73; 27; 74; 29; 75; 76], and ion channel openings [77; 78], also
exhibit nonexponential kinetics. These results are not surprising given that proteins and
their solvent environment form complex systems with many degrees of freedom. Indeed,
proteins exhibit a large number of conformational substates [79; 34]. The transition state
of a reaction is more generally described as the saddle point of the multidimensional freeenergy landscape for the reaction. Moreover, multiple molecular conformations typically
populate a saddle point, allowing the reaction to proceed through a number of pathways
with comparable energy barriers, but diﬀerent transition state structures [80]. Thus, we
need to develop a generalized Arrhenius equation, k (F ), that takes into account reactions
that proceed through transition state ensembles, resulting in a nonexponential survival
probability.
In a seminal study, Zwanzig investigated the origin of nonexponential kinetics and deﬁned two diﬀerent kinds of molecular scenarios: dynamic disorder and static disorder [81;
82]. Dynamic disorder refers to ﬂuctuations of the reaction rate as a single molecule explores
its conformational free-energy landscape [81; 82]. If the reaction rate changes rapidly, the
value of the reaction rate is an ensemble average, leading to single-exponential kinetics. By
contrast, in the case of static disorder, the interconversion rates among diﬀerent conformations are much slower than the reaction rate, such that individual molecules are “frozen” in
distinct conformations during their barrier crossing reactions. In this case, nonexponential
kinetics results from the diversity of reaction rates among individual molecules, reﬂecting the
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broad distribution of free-energy barrier heights associated with diﬀerent conformers of the
native states and their distinct reaction pathways. Here, we utilize Zwanzig’s approach [81;
82] to develop a generalized Arrhenius term in the presence of static disorder.

3.2

Static Disorder Model

For proteins, conformational heterogeneity of the native-state ensemble [83; 84] as well as
variations in the structure of the transition state ensemble [45] are likely to contribute to a
diverse set of unfolding pathways, implying disorder in the free-energy barrier heights,
∆E = ∆G − F ∆x, under a constant force. Extending from Zwanzig’s approach [81;
82], we consider both ∆G and ∆x as functions of independent disorder parameters, which
characterize conformational degrees of freedom,

∆G (t) = ∆Gavg (1 + u (t)) ;

∆x (t) = ∆xavg (1 + v (t)) ,

(3.1)

where ∆Gavg u is the amount of disorder in ∆G respective to the average value, ∆Gavg , and
∆xavg v is the amount of disorder in ∆x respective to the average value, ∆xavg . In general,
the disorder parameters of u and v ﬂuctuate in time as the protein ﬂuctuates between diﬀer[ ∫
]
t
ent conformers. Therefore, the survival probability S (t) = exp − 0 k (F, u (t′ ) , v (t′ )) dt′ is
dependent on the dynamics of the two disorder parameters, u and v. We assume that the
dynamics of both u and v are governed by the Langevin equation,
du
= −λu u + fu (t) ;
dt

dv
= −λv v + fv (t) ,
dt

(3.2)

where λu and λv are the relaxation rate constants of u and v, and fu (t) and fv (t) are
the Gaussian white noise for u and v, respectively. It is important to note that, if the
interconversion rates among diﬀerent conformational substates are much faster than the
reaction rate (λu and λv are large, ≫ k), the time-averaged reaction rate will show singleexponential kinetics. This situation is a special case of dynamic disorder. By contrast, static
disorder corresponds to slow interconversion rates among diﬀerent molecular conformations
(λu and λv are very small, ≪ k), resulting in nonexponential kinetics. Interestingly, in the
intermediate cases, the kinetics is initially nonexponential and changes to exponential at

CHAPTER 3. PROBING STATIC DISORDER IN ARRHENIUS KINETICS

31

long time scales, as discussed by Zwanzig [82]. Here, we assume conditions of static disorder
throughout.
The Arrhenius/Bell equation for a molecule under force now becomes:
{ [
]}
∆Gavg (1 + u) − F ∆xavg (1 + v)
k (F, u, v) = A exp −
kB T

(3.3)

We deﬁne r = ∆Gavg u − F ∆xavg v and then Eq. 3.3 becomes,
(
)
r
k (F, r) = kF exp −
,
(3.4)
kB T
)]
[ (
∆Gavg −F ∆xavg
is the rate of crossing the average barrier height (a
where kF = A exp −
kB T
non-disordered part) and r is the amount of disorder in the barrier heights with respect
to the average value, ∆Gavg − F ∆xavg . We assume that the disorder parameters u and
v are both normally distributed, centered at zero with a standard deviation of σu and σv ,
respectively. Assuming that u and v are independent variables, it can be shown that the
parameter r obeys a Gaussian distribution with a mean of zero and a variance given by,

2
2
2
σ∆E
= σ∆G
+ F 2 σ∆x
,

(3.5)

where σ∆G = ∆Gavg σu and σ∆x = ∆xavg σv [85]. The mean rate of a reaction is the superposition of the reaction rate for a particular reaction pathway, weighted by the probability
of the corresponding pathway f (r) dr,
∫
⟨k (F )⟩ =
where f (r) = √

1
2
2πσ∆E

∞

k (F, r) f (r) dr,

(3.6)

−∞

(
)
2
exp − 2σr2
is the probability density of r. We can now derive the
∆E

generalized Arrhenius equation for the mean rate of a reaction;
[
⟨k (F )⟩ = kF exp

2
σ∆E

2 (kB T )2

]

[
= kF exp

2 + F 2 σ2
σ∆G
∆x

2 (kB T )2

]
(3.7)

This generalized Arrhenius equation for a reaction under a constant force, readily reverts
back to the simple two-state expression, in the case where there is a single transition state
and no disorder (σ∆E = 0). However, in the presence of disorder, the actual mean rate
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of the reaction becomes diﬀerent from the rate of crossing the average barrier height, kF .
2
Owing to the fact that σ∆E
increases rapidly with force (Eq. 3.5), this diﬀerence becomes

larger as the pulling force is increased.
Here, what is measured in the force-clamp spectroscopy is the ensemble-averaged survival probability, rather than the mean rate of a reaction. The survival probability for any
speciﬁc reaction pathway, as parameterized by r, is now given by
) ]
[
(
r
t
S (t, F, r) = exp −kF exp −
kB T

(3.8)

The ensemble-averaged survival probability is given by the superposition of the survival
probability for each unfolding pathway, weighted by the probability of the corresponding
pathway.
∫
⟨S (t, F )⟩ =

∞

S (t, F, r) f (r) dr

(3.9)

−∞

Then, the ensemble-averaged survival probability for any Arrhenius type reaction in the
presence of static disorder becomes:
[
(
) ]
r
1
exp −kF exp −
t √
k
T
B
−∞
2πσ 2

∫
⟨S (t, F )⟩ =

∞

∆E

(
)
r2
exp − 2
dr
2σ∆E

(3.10)

It is clear that in the absence of disorder (σ∆E → 0; f (r) → δ (r)), the ensemble-averaged
survival probability becomes a single exponential, in good agreement with the standard
usage of the Arrhenius equation. However, in the presence of disorder (σ∆E > 0), the
survival probability becomes nonexponential. Notably, in the special case where the disorder
in the barrier heights is small (σ∆E is small compared to kB T ), the ensemble-averaged
survival probability has an analytic form,
[
⟨S (t, F )⟩ = exp (−kF t) × 1 +

2
kF σ∆E

(kB T )2

]
t ,

(3.11)

clearly showing nonexponential time dependence (Appendix A). Our model predicts that
in the presence of static disorder, the survival probability will be nonexponential and the
measured variance of the barrier heights will show a quadratic dependency on the applied
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force. Here we test these predictions using force-clamp spectroscopy to measure the survival
probability of single ubiquitin proteins unfolding under a stretching force.

3.3

Results

Pulling a single poly-ubiquitin protein (nine repeats) at a constant force of 110 pN (Fig.
3.1A) gives rise to a series of stepwise increments of ∼ 20 nm in the length of the polyprotein,
corresponding to the unfolding of each ubiquitin to a fully extended state (Fig. 3.1B).
The step size of 20 nm marks an extension that is tightly correlated with the number of
amino acids released by the unfolding of a ubiquitin protein, providing a well established
mechanical ﬁngerprint. The step size, which can be directly calculated from the worm-like
chain model of polymer elasticity [53; 55], varies very slowly in the region between 90 pN
and 200 pN. Each step increase in the length marks the unfolding time for an individual
ubiquitin in the chain (indicated as ti in Fig. 3.1B). Ubiquitin unfolding in a polyprotein
was shown previously to be Markovian and not aﬀected by the status of its neighbors [37;
86]. Hence, for a given force F , a histogram of the measured dwell times corresponds to
the probability density of unfolding, p (t) (Fig. 3.1C, F = 110 pN). The nonexponential
nature of the unfolding reaction is readily observed in such a histogram where a single
exponential ﬁt (Fig. 3.1C, solid trace) fails to account for the large deviations observed at
short dwell times. From the dwell-time histogram, we can measure the ensemble-averaged
∫t
survival probability, deﬁned as ⟨S (t)⟩ = 1 − 0 p (t′ ) dt′ , where p (t′ ) dt′ corresponds to the
probability of unfolding during the period of time between t′ and t′ + dt′ .
A clear demonstration of nonexponential behavior of survival probability can be obtained
by plotting ln [− ln ⟨S (t)⟩] versus ln t (Fig. 3.2). We note that in these coordinates a
[ ( ) ]
β
phenomenological stretched-exponential function, ⟨S (t)⟩ = exp − τt
, would appear as
a straight line whose slope is equal to β, which serves as an indication of non-exponentiality.
Using single-molecule force-clamp techniques, the measured survival probabilities over a
range of forces were found to be nonexponential (Fig. 3.2, symbols; 90 pN, 110 pN, 130
pN, 150 pN, 170 pN, 190 pN). We then ﬁt the static-disorder model (Eq. 3.10) to the
2 , using the
survival probability measured at each force, with the ﬁt variables kF and σ∆E

CHAPTER 3. PROBING STATIC DISORDER IN ARRHENIUS KINETICS

A

34

B
180

ƚϴ

Length [nm]

160

ƚϳ

140

ƚϲ

120

ƚϱ

100

ƚϰ

80

ƚϯ

60

ƚϮ

40

ƚϭ

20
0
0

1

2

3

4

5

6

7

Time [s]

C
1.0

p(t)

0.8
0.6
0.4
0.2
single-exponential fit

0.0

0

1

2

3

4

5

6

7

Time [s]

Figure 3.1: Measuring the survival probability of ubiquitin proteins unfolding under a
constant force. (A) A single poly-ubiquitin molecule is picked up from the surface by the
cantilever tip and stretched under a constant force. (B) Stretching a ubiquitin polyprotein at
a constant force of 110 pN results in a series of 20 nm stepwise increments in the polyprotein
length, marking the unfolding of individual ubiquitins in the chain. We measure the dwell
time to unfolding, ti , for each unfolding event. (C) A histogram of 2799 unfolding events
measures the probability density of unfolding p (t) at 110 pN. At short dwell times the
distribution deviates signiﬁcantly from a single exponential (black trace).
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Levenberg-Marquardt least-squares algorithm [87] (Fig. 3.2, solid lines). The integral in the
ﬁtting function (Eq. 3.10) is evaluated by taking a sum of the integrand over the interval
[−6σ∆E , 6σ∆E ], with the interval width of dr = 0.001 pNnm. The measured values of kF
2
and σ∆E
are listed in Table 3.1. The errors in the ﬁt parameters were estimated using the

bootstrap method [88].

3.4

Discussion

From the measured values of kF we observed a linear relationship between ln kF and the
applied force (Fig. 3.3), demonstrating that the most probable unfolding rate kF , corresponding to the rate of crossing the average barrier height ∆Gavg − F ∆xavg , follows the
simple Arrhenius law. Fitting ln kF with the Arrhenius equation using a preexponential
factor of A = 106 s-1 [89] gives an average barrier height of ∆Gavg = 85.1 pNnm and an
average distance to the transition state of ∆xavg = 0.23 nm. The extrapolated value of the
most probable unfolding rate at zero force is kF =0 = 10−3 s-1 . More strikingly, the measured
2
variance of the barrier heights σ∆E
is linearly dependent on the square of the force, in good

agreement with the predictions of our model (Fig. 3.4). In this plot, the intercept at zero
2
2 , demonstrating that the dispersed
force is equal to σ∆G
and the slope corresponds to σ∆x

kinetics of ubiquitin unfolding results from both the disorder of ∆G and the disorder of ∆x.
2
2
A ﬁt of Eq. 3.5 to σ∆E
(Fig. 3.4, solid line) yields the values of σ∆G
= 4.34 ± 2.76 (pNnm)2
2 = 6.4 × 10−4 ± 1.6 × 10−4 nm2 . From these measurements we conclude that the
and σ∆x

probability distribution of barrier heights in the absence of force is a Gaussian distribution
with a mean of 85.1 pNnm and a standard deviation of 2.1 pNnm. Similarly, the probability
distribution of distances to the transition state is a Gaussian distribution centered at 0.23
nm with a width of 0.025 nm. While these measurements show consistency with the theory
up to 170 pN, the data point at 190 pN shows a signiﬁcantly reduced variance from that
predicted by Eq. 3.5. However, the kinetics of ubiquitin unfolding at 190 pN (∼ 36.8 s-1 ) is
near the upper limit of the resolution of our instrument which has a feedback response time
constant of ∼ 1 − 3 ms. Therefore, we are likely to be missing many fast unfolding events
with short dwell times. Alternatively, the abrupt decrease in disorder observed at 190 pN
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Figure 3.2: Survival probability for ubiquitin unfolding under force is well described by
static disorder theory. Plot of ln [− ln ⟨S (t)⟩] versus ln t at 90 pN (ﬁlled circles), 110 pN
(open circles), 130 pN (ﬁlled squares), 150 pN (open squares), 170 pN (ﬁlled triangles), and
190 pN (open triangles), respectively. The slopes of all the curves are less than 1, indicating
the nonexponential survival probability measured at all forces. The solid lines represent the
ﬁts of the static-disorder survival probability (Eq. 3.10) to the data at each force, with the
unfolding rate of crossing the average barrier height, kF , and the variance of the barrier
2 , as ﬁt parameters. The values of these parameters are compiled in Table 3.1.
heights, σ∆E

The errors in the ﬁt parameters were estimated using the bootstrap method.
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could represent an abrupt shift in the dynamics of the transition state ensemble, shifting
from static to dynamic disorder, causing the unfolding kinetics to become more single exponential. Resolution of these questions will have to wait until much faster force-clamp
measurements become possible.
Our theory and experiments support the view that single ubiquitin proteins unfold
through diﬀerent pathways, where both the free-energy barrier height, ∆G, and the distance
to the transition state, ∆x, vary over a Gaussian distribution of values. In the absence of
( 2 )
force, only the variance of the barrier heights at zero force σ∆G
is of consequence for
determining the distribution of unfolding rates (see Eq. 3.5). The standard deviation of
the barrier heights in the absence of force is 0.5 kB T and thus plays only a minor role in
the dispersed kinetics, consistent with the bulk probes of ubiquitin unfolding, which show
mostly single-exponential kinetics [90]. Indeed, using our generalized Arrhenius mean rate
2
equation (Eq. 3.7) and the measured values of σ∆E
(Fig. 3.4) we calculate that at zero force

the mean rate of the reaction is only 13% bigger than the value estimated if one assumes a
simple two-state reaction; ⟨k⟩ = kF =0 × 1.13. On the other hand, at 170 pN, the mean rate
doubles; ⟨k⟩ = kF × 2. These observations resolve the paradox of observing nonexponential
kinetics for single proteins unfolding under force [69], while observing single-exponential
kinetics for the same proteins under bulk conditions at zero force [90].

3.5

Conclusion

We conclude that the dominant factor in the nonexponential kinetics of ubiquitin unfolding
under force is a dispersion in the values of ∆x. Lattice model simulations of mechanical
unfolding have predicted variations in ∆x [91]. Recent experiments have shown that the
value of ∆x measured for proteins unfolding under force is determined by the bridging length
of solvent molecules at the transition state structure of the reaction [45]. We propose that
variations in the way that solvent molecules populate the transition state structure may
explain the distribution of values of ∆x. Here, we performed forced unfolding of ubiquitin
using steered molecular dynamics (SMD) simulations to examine this possibility. Previous
SMD simulations of ubiquitin showed that the key event in mechanical unfolding is the
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Figure 3.3: The unfolding rate of crossing the average barrier height depends exponentially
on the pulling force. A linear dependence between ln kF and the applied force reveals the
remarkable result that the most probable unfolding rate, kF , follows the simple Arrhenius
law. Fitting ln kF with the Arrhenius equation (solid line) yields the average barrier height
in the absence of force ∆Gavg = 85.1 pNnm and the average distance to the transition state
∆xavg = 0.23 nm.
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Figure 3.4: Force dependency of the variance in the barrier heights to unfolding. Plot of the
2 , as a function of the square of the pulling force.
measured variance of the barrier heights, σ∆E
2
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The solid line corresponds to a ﬁt of the data from 90 pN to 170 pN with σ∆E
= σ∆G
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2
2 = 6.4 × 10−4 ± 1.6 × 10−4 nm2 .
(Eq. 3.5). The ﬁt gives σ∆G
= 4.34 ± 2.76 (pNnm)2 and σ∆x
2
The measured values of σ∆E
increase linearly with F 2 in this range of forces, in agreement

with the prediction of our model.
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simultaneous breaking of the four backbone hydrogen bonds bridging the β1 and β5 strands
of the protein [20] (Fig. 3.5A). Therefore, in our studies we deﬁned the reaction coordinate
for ubiquitin unfolding as the distance between the ﬁrst residue of the β1 strand (Q2)
and the last residue of the β5 strand (L69). A total of 100 SMD simulations show that
water molecules can bridge the breaking backbone hydrogen bonds in many diﬀerent ways,
resulting in varying elongations along the reaction coordinate when reaching the transition
state of the reaction (Fig. 3.5B). While the values of ∆x measured in the SMD simulations
are smaller than those observed experimentally, they follow a similar distribution (Fig.
3.5C), supporting the view that a diversity of bridging water conformations could explain
the dispersion in the values of ∆x measured experimentally. These observations predict that
the degree of disorder in ∆x will be dependent on the type of solvent surrounding the protein.
Furthermore, it is likely that the degree of disorder in ∆x varies from protein to protein
following the particular architecture of each transition state ensemble. Indeed, in a beautiful
study using force-clamp spectroscopy, Li and colleagues showed that protein G unfolds
under force following a perfect single-exponential kinetics over the range of 50 − 120 pN
[92], implying either a well deﬁned transition state structure or much faster interconversion
among diﬀerent conﬁgurations at the unfolding transition state of the protein [30]. It is
well established that proteins ﬂuctuate in a broad range of times scales [28; 74; 34; 30;
93]; however, only those motions which interconvert much slower than the unfolding rate
will result in the dispersed kinetics reported in our work. Faster interconversions would
lead to a single exponential survival probability, which is not observed in our work. It is
also possible that at low pulling forces the unfolding rate may become comparable to the
interconversion rate between conformers, reaching a form of dynamic disorder where the
kinetics becomes single exponential.
Our theory provides a direct approach in determining the variance in the height of
the activation energy barrier of a reaction and can be readily generalized to any type
of perturbation. It is now clear that in the presence of static disorder, the eﬀect of a
perturbation is to tease apart transition state conformations with similar energies, such
that they can be identiﬁed. We have so far considered the eﬀect of a mechanical force
on the height of the activation energy barrier, ∆E = ∆G − F ∆x. Excitingly, our theory
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Figure 3.5: Steered molecular dynamics simulations reveal the diversity of the unfolding
pathways. (A) The resistance to unfolding is attributed to the backbone hydrogen bonds
between β1 and β5 strands. The reaction coordinate for ubiquitin unfolding is therefore
deﬁned as the distance between the ﬁrst residue of β1 strand (Q2) and the last residue
of β5 strand (L69). Initially, the protein elongated slightly due to the straightening of
the patch (stage 1), then stayed at a certain extension, corresponding to the breaking and
reformation of the hydrogen bonds between the two strands (stage 2). During the rupture of
any of these interstrand hydrogen bonds, water molecules entered and formed the hydrogen
bonds with the backbone atoms, leading to a larger separation of the two strands (stage
3) before the complete of domain unfolding (stage 4). The distance between the length
after the initial extension (indicated as x0 ) and the largest ﬂuctuation before unfolding
(indicated as x1 ) is a good approximation for estimating the distance to the transition
state. (B) Three representative SMD snapshots reveal the distinct unfolding pathways. (C)
The broad distribution of distances to the transition state mainly results from the diﬀerent
ways of water molecules bridging the protein backbone.
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can be applied to other perturbations such as a membrane voltage acting on the gating
charges of an ion channel, ∆E = ∆G − V q [94; 95], or a chemical denaturant triggering
unfolding ∆E = ∆G−Dm [26]. Then, ion channels kinetics under voltage-clamp conditions
2
2
will show a variance of the barrier heights equal to σ∆E
= σ∆G
+ V 2 σq2 , where V is the

membrane voltage and q is the equivalent gating charge which shows disorder. Similarly,
proteins undergoing chemical denaturation will show a variance of the barrier heights equal
2
2
2 , where D is the concentration of the denaturant and the kinetic
to σ∆E
= σ∆G
+ D2 σm

m-value is the disorder parameter. By replacing the correct expression for the variance of
the barrier heights into the generalized Arrhenius mean rate equation (Eq. 3.7) and the
survival probability (Eq. 3.10) one can predict the kinetics of any type of barrier activated
reaction in the presence of static disorder.
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Force [pN]

kF [s−1 ]

2
σ∆E
[(pNnm)2 ]

90

0.13 ± 0.02

9.07 ± 3.48

110

0.73 ± 0.03

12.01 ± 1.35

130

1.28 ± 0.15

17.23 ± 3.40

150

3.11 ± 0.16

18.54 ± 1.47

170

16.28 ± 2.82

22.89 ± 4.35

190

36.81 ± 2.86

12.42 ± 2.26

43

Table 3.1: Kinetic parameters for ubiquitin unfolding from the static-disorder model ﬁt.
The unfolding rate of crossing the average barrier height, kF , and the variance of the
2 , were obtained by the static-disorder model ﬁt to the data using the
barrier heights, σ∆E

Levenberg-Marquardt least-squares algorithm. The errors of and were estimated using the
bootstrap method.
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Chapter 4

Probing Static Disorder in Protein
Unfolding and Disulﬁde Bond
Reduction within a Single Protein
4.1

Introduction

In general, chemical reactions involving a few of molecules often exhibit the homogeneity
in the reaction pathway, with a well deﬁned transition state structure. On the contrary,
reactions involving more complex macromolecules, such as proteins, ribozyme, and enzymes, often show great heterogeneity in the reaction rates. Indeed, proteins and their
surrounding solvent molecules form a complex system with many degrees of freedom, resulting in a rugged energy landscape. In Chapter 3, we investigated the nonexponential
kinetics of ubiquitin unfolding under force. The dispersed kinetics results from the broad
distribution of the barrier heights, demonstrating the heterogeneity of the unfolding pathways among individual ubiquitins. Our experimental results revealed that the dispersed
unfolding kinetics of ubiquitin under force mainly results from a dispersion in the values
of the distance between the folded state and the transition state, ∆x. Conformational
heterogeneity of the folded proteins as well as the structural variations in the transition
state ensemble both contribute to the disorder in ∆x. However, in contrast to ubiqui-
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tin, the NuG2 protein (a variant of protein G) exhibits perfect single-exponential unfolding kinetics over a wide range of forces [92], indicating the homogeneity in the unfolding
rates among individual molecules. These results show that the degree of disorder in the
unfolding pathways is highly protein speciﬁc. In this Chapter, we expand our investigations to probe disorder in the unfolding pathways for the 27th immunoglobulin-like domain of human cardiac titin (I27) [96], with well characterized mechanical properties [96;
59].
For a two-state chemical reaction, the number of degrees of freedom for the system
composed of a few molecules is greatly reduced. Further, the structure of the transition state
in a chemical reaction often requires a speciﬁc conﬁguration, leading to the reaction pathway
that is highly restricted. Combining protein engineering with single-molecule force-clamp
spectroscopy, here we investigate two diﬀerent reactions, protein unfolding and disulﬁdebond reduction, both occurring within the same protein under force. To study the kinetics
of disulﬁde-bond reduction under force at the single-bond level, we engineered a disulﬁde
bond that is buried in the folded structure of the I27 protein. Upon unfolding of the I27
protein, the disulﬁde bond is exposed to solvent, allowing the nucleophilic attack and the
reduction reaction to occur. Using the double-pulse protocol, we can monitor both reactions
occurring within the same protein. By applying the static-disorder model to the measured
survival probability, we can quantify the degree of disorder in the reaction pathways among
individual molecules for both reactions.

4.2

Results

Stretching a polyprotein composed of eight tandem repeats of the wild-type I27 domain
at 150 pN results in a series of well characterized step increases in length (Fig. 4.1A, red
trace). The step size of 25 nm corresponds to the extension caused by protein unfolding,
which marks the unfolding time for each I27 protein. The distribution of unfolding times
collected from 2298 unfolding events clearly shows nonexponential time dependence (Fig.
4.1B), as a single exponential function with the rate of k =

1
τ

= 1.2 s-1 obtained from the

measured mean lifetime fails to account for the distribution (Fig. 4.1B, black trace). To
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probe the kinetics of two diﬀerent reactions, protein unfolding and disulﬁde-bond reduction,
both taking place within the same protein, we engineered a single disulﬁde bond in the
I27 protein. The engineered cysteines at the 32nd and 75th residue spontaneously form a
disulﬁde bond that is solvent-inaccessible in the folded protein. For the single-molecule force
spectroscopy study, we constructed and expressed polyproteins consisting of eight identical
repeats of the I27 protein with the engineered cysteines, (I27G32C-A75C )8 . We used a doublepulse protocol to study the force-dependent kinetics of protein unfolding and disulﬁde-bond
reduction, both measured in the same protein. The ﬁrst pulse (130 pN) rapidly unfolded all
the proteins up to the disulﬁde bond, resulting in a series of stepwise increments of ∼ 11 nm
in length (Fig. 4.1A, blue trace). We call this initial elongation as unsequestered unfolding.
After unsequestered unfolding, the disulﬁde bond in each domain is exposed to the solvent,
allowing the nucleophilic attack and reduction of the disulﬁde bond to occur. The second
force pulse at 300 pN was applied to the molecule shortly after the ﬁrst pulse, resulting
in a series of steps of ∼ 14 nm in the presence of 10 mM 1-mercapto-2-propanol (Fig.
4.1A, yellow trace). The step size of 14 nm corresponds to the extension of the amino acids
trapped behind the disulﬁde bond, which marks the reaction time for the SN 2 reaction. The
diﬀerences in the step size caused by unsequestered unfolding (11 nm) and by disulﬁde-bond
reduction (14 nm) provide a clear molecular ﬁngerprint for the two diﬀerent reactions, both
taking place in the same protein. The distribution of unfolding times for the I27G32C-A75C
construct (Fig. 4.1C) also shows nonexponential time dependence. The single exponential
function with the unfolding rate of k =

1
τ

= 1 s-1 , in which τ is the mean lifetime measured

from 1269 unfolding events, cannot account for the distribution (Fig. 4.1C, black line). In
sharp contrast to protein unfolding, the distribution of reaction times for the disulﬁde-bond
reduction collected from 897 individual events follows single-exponential time dependence
(Fig. 4.1D). Fitting a single exponential function to the distribution yields the reaction rate
of 0.99 s-1 , which is consistent with the mean reaction time. The unfolding kinetics for the
wild-type protein and for the mutant protein both revealed nonexponential time dependence,
indicating the heterogeneity in the unfolding rates for individual proteins in the ensemble,
resulting from a diverse set of unfolding pathways. In the case for the SN 2 reaction, the
measured ensemble-averaged reaction kinetics is single exponential, demonstrating a great
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homogeneity in the reduction rate for individual disulﬁde bonds.
As pointed out in Chapter 3, the plot of ln [− ln ⟨S (t)⟩] versus ln t provides a clear
demonstration of showing nonexponential kinetics. In this representation, a phenomeno[ ( ) ]
β
logical stretched-exponential function, ⟨S (t)⟩ = exp − τt
, will show as a straight line,
whose slope β serves as an indication of non-exponentiality. In Chapter 3, we designed a
theoretical model based on Zwanzig’s approach, which fully accounts for the nonexponential
kinetics for ubiquitin unfolding under force [81; 82; 97]. The conformational heterogeneity
of the molecules and the variations of the structures in the transition state ensemble are
likely to contribute to a diverse set of pathways. In our theoretical model, we consider
both the energy barrier height in the absence of force, ∆G, and the distance to the transition state, ∆x, are independent disorder parameters, which characterize the conformational
degrees of freedom for a molecule in the reaction pathway. Here, we assume that the interconversion rates among diﬀerent conformers are much slower than the rate of reaction.
In this molecular scenario, nonexponential kinetics results from the variations of the reaction rates for individual molecules, resulting from a diverse set of reaction pathways. The
ensemble-averaged survival probability is the superposition of the survival probability for
each particular pathway weighted by the corresponding reaction pathways, given by
(
) ]
r
1
⟨S (t, F )⟩ =
exp −kF exp −
t √
kB T
−∞
2πσ 2
∫

∞

[

∆E

)
(
r2
dr,
exp − 2
2σ∆E

(4.1)

where r is the disorder of the barrier heights respective to the average height, kF is the
2
rate of crossing the average barrier height, and σ∆E
is the variance of the barrier heights.

This model provides a direct approach in determining the variance of the barrier heights
2 , which characterizes the degree of disorder in the reaction
under a constant force, σ∆E

rates, resulting from the heterogeneity in the pathways. From the probability distribution
of unfolding times, we measured the ensemble-averaged survival probability ⟨S (t)⟩ = 1 −
∫t
′
′
′
′
0 p (t ) dt , where p (t ) dt corresponds to the probability of unfolding during the period of
time between t′ and t′ + dt′ . We then ﬁt the static-disorder model (Eq. 4.1) to the survival
probability for the I27 wild-type protein (Fig. 4.2A) and for the I27G32C-A75C protein (Fig.
2 . The integral in the ﬁtting function (Eq. 4.1)
4.2B), with the ﬁt parameters kF and σ∆E
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Figure 4.1: Probing the kinetics of protein unfolding and disulﬁde-bond reduction under
force. (A) Stretching a (I27)8 polyprotein at 150 pN results in a series of 25 nm increments
in length, which marks the unfolding time for each individual protein (red). We used
the double-pulse protocol to study the force-dependent kinetics of protein unfolding and
disulﬁde-bond reduction, both occurring in the same protein. Pulling a (I27G32C-A75C )8
polyprotein at 130 pN rapidly unfolds all the domains up to the position of the disulﬁde
bond, resulting in a series of 11 nm increments in length (blue). After the ﬁrst pulse, a series
of steps of 14 nm were observed in the presence of 1-mercapto-2-propanol, corresponding to
the extension of the residues trapped behind the disulﬁde bond (yellow). (B) The probability
distribution of unfolding times for the I27 wild-type protein shows nonexponential time
dependence. (C) The probability distribution of unfolding times for the I27G32C-A75C protein
also exhibits nonexponential time dependence. (D) The probability distribution of reaction
times for disulﬁde-bond reduction follows single exponential time dependence.
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is evaluated by taking a sum of the integrand over the interval [−6σ∆E , 6σ∆E ], with the
2
interval width of dr = 0.001 pNnm. The measured values of kF and σ∆E
are listed in

Table 4.1. The errors in the ﬁt parameters were estimated using the bootstrap method
[88]. For comparison, we also include the single-exponential ﬁt in the plot (Fig. 4.2, black
2
2
line). The measured value of σ∆E
for the I27 wild-type protein (σ∆E
= 17.5 ± 1.7 (pNnm)2 )
2
and for the truncated I27G32C-A75C form (σ∆E
= 7.7 ± 1.3 (pNnm)2 ) both show disorder

in the barrier heights, indicating the heterogeneity in the unfolding pathways. In contrast
to protein unfolding, the static-disorder model ﬁt to the measured survival probability for
2
the disulﬁde reduction yields the value of σ∆E
= 3.41 × 10−5 ± 0.2 (pNnm)2 , indicating a

relatively precise reaction pathway with a single well deﬁned transition state structure for
the SN 2 chemical reaction.
To examine whether the position of the disulﬁde bond in the I27 protein aﬀects the
degree of the dispersed unfolding kinetics, we engineered a disulﬁde bond at diﬀerent positions in the I27 protein. We constructed and expressed three polyprotein constructs,
I27G32C-A75C , I27E24C-K55C , and I27P28C-K54C , in which the subscript denotes the position
of two cysteine residues in the I27 protein. Notably, the number of residues being extended
upon unfolding up to the disulﬁde bond (the unsequestered residues) for the three constructs
are all diﬀerent. The number of the unsequestered residues is 45 for I27G32C-A75C , 57 for
I27E24C-K55C , and 63 for I27P28C-K54C , respectively. The distribution of unfolding times for
the I27G32C-A75C , I27E24C-K55C , and I27P28C-K54C constructs measured at 130 pN all show
nonexponential time dependence (Fig. 4.3A, B, C). We then examined whether the extension of the unsequestered region is correlated with the degree of disorder in the dispersed
kinetics. We then ﬁt the static-disorder model to the survival probability for the three
mutant constructs (Fig. 4.3D, E, F). The ﬁt parameters are listed in Table 4.1. The mea2
sured values of σ∆E
from the three constructs are signiﬁcantly diﬀerent. The I27G32C-A75C

construct with the shortest unsequestered unfolding region exhibits the smallest value of
2
2
σ∆E
= 7.7 ± 1.3 (pNnm)2 ; however, the largest value of σ∆E
= 21.3 ± 2.4 (pNnm)2 is

observed in the I27E24C-K55C construct, which does not correspond to the longest length of
the unsequestered region. Thus, we do not observe a correlation between the degree of the
dispersed kinetics and the length of the unsequestered unfolding region. Previous studies
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Figure 4.2: Survival probability for protein unfolding and disulﬁde reduction under force is
well described by our static disorder theory. The colored lines represent the ﬁts of the staticdisorder survival probability (Eq. 4.1) to the data. (A) The slope of the ln [− ln ⟨S (t)⟩]
versus ln t plot for the I27 wild-type protein measured at 150 pN is less than 1, clearly
showing the nonexponential unfolding kinetics. (B) The ln [− ln ⟨S (t)⟩] versus ln t plot for
the I27G32C-A75C protein at 130 pN also shows the dispersed unfolding kinetics. (C) The
ln [− ln ⟨S (t)⟩] versus ln t plot for disulﬁde-bond reduction reveals the single-exponential
kinetics.

CHAPTER 4. PROBING STATIC DISORDER IN PROTEIN UNFOLDING AND
DISULFIDE BOND REDUCTION WITHIN A SINGLE PROTEIN

51

have shown that the primary barrier to unfolding for the I27 protein originates from a set
of the hydrogen bonds between the A′ and G strands, encompassing amino acids 9 − 15 and
83 − 87 [98]. For all the three constructs, the disulﬁde bond is placed in the region behind
the mechanical clamp. These remarkable results reveal that the presence of the disulﬁde
bond, even placed away from the mechanical patch, aﬀects the degree of the dispersed kinetics. We suggest that the presence of the disulﬁde bond modiﬁes the conformations of
the folded proteins, altering the degree of disorder in the unfolding pathways.

4.3

Discussion

Here, we investigated the kinetics of protein unfolding and disulﬁde-bond reduction, both
taking place within the same protein by single-molecule force-clamp spectroscopy. The
measured ensemble-averaged survival probability for the wild-type I27 protein and for all
the three mutant proteins studied in this work all show nonexponential time dependence,
revealing the dispersed unfolding kinetics, resulting from the heterogeneity in the unfolding
pathways. In sharp contrast to protein unfolding, the kinetics for disulﬁde-bond reduction
is perfect single exponential.
Combining single-molecule force spectroscopy techniques with solvent substitution, Dougan
et al. investigated the eﬀect of solvent substitution on the protein unfolding kinetics.
By measuring the force-dependent unfolding rate at diﬀerent glycerol concentrations, they
found that the distance to the transition state increases with the glycerol concentrations
in a highly nonlinear way. The distance to the transition state as a function of glycerol
concentrations can be expressed by the resulting occupancies of a combination of water
and glycerol molecules bridging between the β-strands. Steered molecular dynamics (SMD)
simulations showed that the primary barrier to unfolding for the I27 protein originates from
a set of the hydrogen bonds between the A′ and G strands (Fig. 4.4A) [98], and the complete of domain unfolding requires the simultaneous rupture of the hydrogen bonds between
the β strands. SMD simulations revealed that solvent molecules actively interact with the
backbone atoms, occupying the exposed hydrogen-bonding sites between the β-strands before domain unfolding. We suggest that the diﬀerent ways that solvent molecules populate
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Figure 4.3: The degree of disorder in the unfolding rates does not correlate with the length
of the unsequestered unfolding region. (A-C) The probability distribution of unfolding times
for each mutant protein deviates from a single-exponential ﬁt. (D-F) Plot of ln [− ln ⟨S (t)⟩]
versus ln t for the three mutant constructs measured at 130 pN. The measured values of
2 , for the three mutant proteins are all diﬀerent,
the variance of the barrier heights, σ∆E

indicating that the heterogeneity of the unfolding pathways is very sensitive to the position
of the disulﬁde bond (Table 4.1).
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the transition state structure may explain the disorder observed in the I27 unfolding under
force. Our results also demonstrate that the position of the disulﬁde bond, even placed
away from the mechanical patch, aﬀects the degree of the dispersed unfolding kinetics. We
suggest that the presence of the disulﬁde bond might restrict the motions of the protein
backbone atoms, and thus aﬀects the conformational heterogeneity of the folded proteins as
well as the structural variations in the transition state. In contrast to protein unfolding, the
transition state structure for the SN 2 chemical reaction involving the nucleophilic back-side
attack is highly conserved (Fig. 4.4B). Indeed, the high degree of directionality imposed by
the back-side attack is the key event for the SN 2 chemical reaction to occur. Such stereospeciﬁcity constrains the variations in the structure of the transition state that are likely
to account for the homogeneity of the SN 2 reaction pathways for individual disulﬁde bonds
that we observe in our experiments.

4.4

Conclusion

Combining protein engineering with force-clamp spectroscopy, we investigated the static
disorder of the reaction rates in two diﬀerent reactions, protein unfolding and disulﬁdebond reduction, both measuring within the same single molecule. Our results show the
capability of single-molecule force-clamp spectroscopy to capture the static heterogeneity
of the reaction pathways that are obscured in the ensemble measurements. By applying
the static-disorder model to the ensemble-averaged survival probability, we can measure
the variance of the barrier heights, σ 2∆E , which quantiﬁes the degree of disorder in the
reaction rates. The unfolding kinetics for the I27 wild-type protein and for all the three
mutant proteins all show great heterogeneity in the unfolding rates, revealing a diverse set
of unfolding pathways. Remarkably, the degrees of disorder in the dispersed kinetics for
the three constructs are signiﬁcantly diﬀerent. These results demonstrate that the position
of the disulﬁde-bond, even placed behind the mechanical patch, aﬀects the conformational
heterogeneity in the folded proteins and in the transition state ensemble. In sharp contrast
with protein unfolding, the kinetics of disulﬁde-bond reduction is single exponential, indicating a well-deﬁned transition state in the reaction. The diversity of conformations in the
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B

Figure 4.4: Schematics of the transition state structures of the two distinct reactions. (A)
The major barrier to unfolding for the I27 mutant protein originates from a set of hydrogen
bonds between the A′ and G strands (white, inset). The engineered disulﬁde bond is
placed in the region behind the mechanical clamp. Upon unfolding, the protein structure
(blue region) is extended up to the disulﬁde bond, causing the exposure of the disulﬁde
bond to the solvent. (B) The reduction reaction of the exposed disulﬁde bond requires the
back-side attack of the 1-mercapto-2-propanol nucleophiles. Such stereo-speciﬁcity for the
transition state structure restricts the degree of freedom in the reaction pathway, leading
to the homogeneity in the reaction rate.
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transition state populated by the solvent molecules in protein unfolding contrasts with the
structural speciﬁcity of the transition state in the SN 2 chemical reaction.
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Force [pN]

kF [s-1 ]

2
σ∆E
[(pNnm)2 ]

I27wild-type unfolding

150

1.1 ± 0.1

17.5 ± 1.7

I27G32C-A75C unfolding

130

1.2 ± 0.1

7.7 ± 1.3

I27G32C-A75C reduction

300

1.0 ± 0.1

3.4 × 10−4 ± 0.2

I27E24C-K55C unfolding

130

1.9 ± 0.1

21.3 ± 2.4

I27P28C-K54C unfolding

130

3.5 ± 0.2

15.7 ± 2.1

I27E24C-K55C reduction

300

1.0 ± 0.1

9.8 × 10−4 ± 0.7

56

Table 4.1: Kinetic parameters from the static-disorder model ﬁt. The unfolding rate of
2 , were
crossing the average barrier height, kF , and the variance of the barrier heights, σ∆E
2
obtained by the static-disorder model ﬁt to the data. The errors of kF and σ∆E
were

estimated using the bootstrap method.
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Chapter 5

Discrete Diﬀusion in Mechanical
Unfolding of Protein
5.1

Introduction

Free-energy landscape is crucial to understand the dynamics, structure, and biomolecular interactions. For a two-state reaction, the rate-limiting step is dominated by the rate
of crossing a single energy barrier. In single-molecule pulling experiments, the essential
feature of the underlying free-energy landscape for a two-state reaction is characterized
by the distance from the well to the barrier, ∆x, the energy barrier height, ∆G, and
the critical force of the system under which the barrier vanishes, Fc . Remarkable advances in single-molecule force spectroscopy have made it possible to extract the kinetic
information and probe the energy landscape characteristic by measuring the force dependency of the escape time, or the lifetime of a system, τ (F ) [43; 44; 45; 37]. The
widely used Bell model gives a simple expression for the force-dependent lifetimes, τ (F ) =
)
(
[49], where τ0 is the intrinsic lifetime, kB is the Boltzmann constant and
τ0 exp − FkB∆x
T
T is the absolute temperature.

Notably, Bell model implicitly assumes that the dis-

tance to the transition state and the curvatures of the free-energy surface are not altered
by force. This phenomenological model provides a good approximation for the kinetics
probed in the low-force regime, in which the combined free-energy surface is slightly perturbed. However, it becomes inadequate in the high-force regime, causing unreliable es-

CHAPTER 5. DISCRETE DIFFUSION IN MECHANICAL UNFOLDING OF
PROTEIN

58

timates of the intrinsic lifetime and the underlying energy landscape characteristic. Indeed, the movement of the position of the transition state toward the destabilized state
upon perturbation, known as the Hammond eﬀect, is commonly observed in a chemical
reaction of organic molecules [99; 100]. Recently, both experiments and simulations have
demonstrated the force-induced shift in the location of the transition state in biomolecular reactions, such as unzipping of DNA hairpins at constant voltages in a nanopore [1;
46] and mechanical unfolding/refolding of RNA hairpins [101]. Moreover, numerous experiments also revealed the signiﬁcant temperature-induced, denaturant-induced, and mutantinduced transition state movement in protein unfolding/folding reactions [102; 103; 104;
105; 106; 107; 108; 109]. However, the Hammond eﬀect in protein unfolding under force
remains unexplored, and a complete understanding of the eﬀect of mechanical force on the
structure of the transition state is still lacking.
To elucidate the structural plasticity of the unfolding transition state in response to force
as a denaturant, we determine the force dependency of the distance to the transition state
by measuring the lifetimes over a broad range of forces. The nature of the transition state
structure is intrinsically linked to the characteristic of the secondary structure [110; 111;
112]. Here, we explored the unfolding kinetics of two small proteins with α/β fold, ubiquitin
[113] and NuG2 [114], as model systems using single-molecule force-ramp spectroscopy. In
the force-ramp assay, a protein is stretched under a mechanical force which increases at
a constant rate, and one measures the probability distribution of unfolding forces. As
pointed out by Dudko et al., the force-dependent lifetimes can be obtained by transforming
the probability distribution of unfolding forces in a model-free way [46; 47]. However,
this formalism is invalid for proteins which exhibit the dispersed unfolding kinetics. The
diversity of unfolding rates among individual proteins leads to a violation of the fundamental
assumption in the formalism, and therefore the resulting values obtained by transforming
the unfolding-force histograms at diﬀerent loading rates show great discrepancies. Here,
we carefully examine the validity of the formalism and illustrate the detailed analysis of
experimental data.
Within the framework of Kramers theory [51; 52], Dudko et al. proposed the microscopic
models of the free-energy proﬁles and derived analytic expressions for the force-dependent
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lifetime and the probability distribution of unfolding forces [46; 48]. We performed the global
analysis of experimental data by ﬁtting the unfolding-force histograms and the lifetimes
from both the force-ramp and the force-clamp measurements with the model to extract
the intrinsic lifetime, τ0 , the distance to the transition state, ∆x, and the barrier height,
∆G. By measuring the lifetimes over a broad range of forces, we discover a weak force
dependency of the average distance to the transition state for the NuG2 protein. This is
the ﬁrst observation of non-Hammond behavior in protein unfolding under force examined
at the single-molecule level. The measured value of the distance to the transition state
compares well to the size of a water molecule [115], revealing that water molecules actively
form hydrogen bonds with the backbone atoms between the load-bearing β-strands. The
non-Hammond behavior demonstrates that solvent molecules bridge the β-strands over a
broad range of forces, playing an integral structural role in the unfolding transition state.

5.2
5.2.1

Theory
The Microscopic Models of the Free-energy Proﬁles

The classical picture of bond rupture kinetics is described as an escape of a Brownian
particle over an energy barrier from a metastable well, governed by the Langevin dynamics.
In the presence of an external force F (t) along the reaction coordinate x, the combined freeenergy landscape becomes G (x) = G0 (x) − F (t) x, where G0 (x) is the bare free-energy
surface. The barrier crossing is activated by thermal ﬂuctuations, giving rise to a stochastic
process. If the process is quasi-adiabatic, the survival probability S (t) that the protein still
remains folded at time t then satisﬁes the ﬁrst-order rate equation,
dS (t)
S (t)
=−
,
dt
τ (F (t))

(5.1)

where τ (F (t)) is the time-dependent lifetime. This equation explicitly states that the protein unfolds in a two-state manner, with a negligible refolding rate while the force is applied.
In the high-barrier approximation, the Brownian motion is considered purely diﬀusive in a
free-energy landscape, governed by the Smoluchowski equation [51; 52]. According to the
Kramers’ high-barrier approximation, the lifetime is
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)
,

(5.2)

where D is the diﬀusion coeﬃcient, ωW (F ) and ωB (F ) are the square root of the curvature
of the free-energy proﬁle at the well and at the barrier, respectively, and ∆G (F ) is the
free-energy diﬀerences between the transition state and the folded state in the presence of
force [51; 52] (see Appendix B). The lifetime is therefore strongly correlated with the force
dependency of the energy barrier height and the shape of the energy landscape. Recently,
Dudko et al. proposed two microscopic models of the free-energy proﬁle [48]: the linearcubic surface
( x )3
( x )
3
− 2∆G ∆x
,
G0 (x) = ∆G ∆x
2

(5.3)

and the cusp surface,

(

∆G
G0 (x) =


−∞,

)
x 2
,
∆x

x < ∆x
(5.4)
x ≥ ∆x

Based on the Kramers theory, the force-dependent lifetime for the two microscopic models
can be expressed by a uniﬁed form,
{
[
(
) 1
(
) 1 ]}
νF ∆x 1− ν
∆G
νF ∆x ν
τ (F ) = τ0 1 −
exp −
1− 1−
,
∆G
kB T
∆G
where ν =

2
3

and ν =

1
2

(5.5)

corresponds to the linear-cubic free-energy surface and the cusp

free-energy surface, respectively [48]. For ν = 1 or ∆G → ∞, the expression reduces to the
Bell model. Notably, the derivation of Eq. 5.5 is based on the high-barrier approximation,
and therefore it becomes invalid when the force is close to the critical force, Fc =

∆G
ν∆x ,

at which the energy barrier vanishes. By applying the model to the measured lifetimes,
one can extract ∆G without making a further assumption for the preexponential factor.
Notably, ν is a factor associated with the free-energy proﬁle; however, one can also ﬁt ν as
a ﬂoating parameter to probe the nature of the underlying energy landscape [46].
Following the Kramers theory, the ﬁrst derivative of ln τ (F ) with respect to force is
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(5.6)

where ⟨∆x (F )⟩ is the average distance between the well and the barrier [47]. The slope of
the ln τ (F ) versus F plot provides a direct measure of how the distance to the transition
state changes with force. Thus, the force dependency of ⟨∆x⟩ can be characterized by
measuring the lifetimes over a wide range of forces.

5.2.2

Analysis of Force-ramp Experiments

An eﬀective way to explore the kinetics of protein unfolding over a broad range of forces
is through the use of the force-ramp protocol where a molecule is stretched under force
which increases linearly with time. By deﬁnition, the probability density of rupture forces
)
is related to the survival probability by p (F ) = − dS(F
dF . Following the ﬁrst-order rate

equation (Eq. 5.1) and transforming the variable from time to force, the probability density
of rupture forces is

p (F ) =
where Ḟ =

dF
dt

[ ∫ F
]
df
1
exp −
,
τ (F ) Ḟ
0 τ (f ) Ḟ

(5.7)

is the force loading rate. An important advantage of the force-ramp spec-

troscopy is that the applied force increases linearly with time, controlled by the electronic
feedback system, assuring that the loading rate, Ḟ , is constant throughout the experiment.

Hence, the loading rate can be taken out of the integral, thereby simplifying

the integration and yielding an analytic expression for Eq. 5.7. According to the microscopic models (Eq. 5.5), the probability distribution of rupture forces becomes [46;
48],

1
exp
p (F ) ∆F =
τ (F ) Ḟ

(

kB T
τ0 Ḟ ∆x

)

[

kB T
exp −
τ (F ) Ḟ ∆x

(

νF ∆x
1−
∆G

)1− 1 ]
ν

∆F,

(5.8)

where ∆F is the bin size of the unfolding-force histogram. Thus, one can also extract
the kinetic information and the energy landscape characteristic by ﬁtting Eq. 5.8 to the
unfolding-force histogram.
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Transforming the variable from time to force, Eq. 5.1 becomes,
∫∞
τ (F ) =

F

p (f ) df

p (F ) Ḟ

(5.9)

The force-dependent lifetimes can be obtained by transforming the distribution of unfolding
forces from the force-ramp experiments [46; 47; 48]. This remarkable formalism connects
the force-clamp and the force-ramp measurements in a model-free way. It is worth noting
that, the derivation of this formalism is on the basis of the ﬁrst-order rate equation (Eq.
5.1). The implicit assumption of the ﬁrst-order rate equation underlies the quasi-adiabatic
approximation, which indicates that the characteristic relaxation rate of the system is much
faster than the rate of crossing, and thus the applied force or the loading rate should not
be too high [47; 48]. More importantly, if proteins in an ensemble show a diversity of
unfolding rates at a constant force, then the ensemble-averaged survival probability does
not follow single exponential time dependence [97; 69; 81], leading to a violation of the
assumption expressed by Eq. 5.1. Thus, Eq. 5.9 does not apply to proteins exhibiting
the dispersed unfolding kinetics [47]. For these two cases, the transform is invalid and
the interpretation of the transformed value to lifetime is inappropriate. One can test the
validity of this formalism by examining whether the product of the loading rate and the
logarithm of the survival probability, Ḟ ln S (F ), is independent of the loading rate [46;
116].

5.3
5.3.1

Results
Force-clamp Experiments

Pulling a single polyprotein containing tandem repeats of monomers at a constant force
gives rise to a series of stepwise increments in the length of the polyprotein. The step size
corresponds to the number of amino acids released upon unfolding of each protein, providing a well characterized mechanical ﬁngerprint. The observed step size of 20 nm and 15 nm
corresponds to the extension caused by domain unfolding to a highly extended conformation
for ubiquitin and NuG2, respectively (Fig. 5.1A, C). The unfolding time, deﬁned as the time
it takes to unfold since the application of force, is marked by the step size (indicated as ti in
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Fig. 5.1A, C). Ubiquitin and NuG2 monomers unfolding in a polyprotein were shown to follow Markovian dynamics [37; 86; 92], indicating that each monomer unfolds independently
of one another in a polyprotein chain. Therefore, the histogram of the measured dwell times
collected from a large pool of data represents the ensemble-averaged probability distribution of unfolding times. Although ubiquitin and NuG2 adopt a similar fold, they exhibit
remarkably distinct unfolding behaviors. The probability distribution of unfolding times
measured at 130 pN for ubiquitin reveals the non-exponential kinetics, as the distribution
clearly shows the signiﬁcant deviations from a single exponential ﬁt (Fig. 5.1B, black trace).
Nonexponential kinetics of ubiquitin unfolding under a constant force reveals the conformational heterogeneity of the folded proteins and their distinct unfolding pathways [97;
69]. Furthermore, we discovered that the dispersed kinetics exhibits the feature of static
disorder in ∆G and ∆x, indicating the interconversion rates among diﬀerent conformers
are much slower than the unfolding rate [97]. In sharp contrast with ubiquitin, the probability distribution of unfolding times at 70 pN for NuG2 follows single exponential time
dependence, as shown in Fig. 5.1D (black trace). As pointed out previously [97; 81; 82;
30], if the interconversion rates among diﬀerent conformers ﬂuctuate rapidly, such that
the molecule visited all the conformational substates during the barrier crossing reaction,
then the time-averaged rate corresponds to the ensemble-averaged rate, leading to singleexponential kinetics. This is an extreme case of dynamic disorder. Thus, the microscopic
origin of single-exponential kinetics results from either no signiﬁcant signature of static disorder in the unfolding rate or dynamic disorder with a rapidly ﬂuctuating rate. Although
we cannot discern these two diﬀerent molecular scenarios from the dwell-time histogram, it
is certain that NuG2 proteins in an ensemble show great homogeneity of the unfolding rate.
Fig. 5.2 shows the force dependency of ln τ for ubiquitin (ﬁlled circles; 90 pN, 110 pN,
130 pN, 150 pN, 170 pN, 190 pN) and NuG2 (open circles; 53 pN, 66 pN, 70 pN, 76 pN,
89 pN, 94 pN, 106 pN), respectively. The lifetime at each force is obtained by calculating
∫∞
the integral τ = 0 tp (t) dt, where p (t) dt is the probability of unfolding during the period
of time between t and t + dt. Since ubiquitin exhibits the dispersed unfolding kinetics, the
lifetime directly obtained from the measured dwell-time histogram is the ensemble-averaged
lifetime, corresponding to the superposition of the lifetime for each pathway, weighted by
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Figure 5.1: Force-clamp experiments. (A) Stretching a polyubiquitin molecule at a constant
force of 130 pN results in a series of step increments in length. The step size of 20 nm
corresponds to the unfolding of each ubiquitin to a fully extended conformation, marking
the unfolding time for each ubiquitin, indicated as ti . (B) The probability distribution
of unfolding times measured at 130 pN deviates signiﬁcantly from a single exponential ﬁt
(black trace), revealing the nonexponential unfolding kinetics. (C) An eight-domain NuG2
polyprotein is stretched at a constant force of 70 pN, giving rise to a series of 15 nm stepwise
increments in the length, providing a molecular ﬁngerprint and marking the unfolding time
for each NuG2 protein. (D) The probability distribution of unfolding times for NuG2 at 70
pN follows single-exponential time dependence (black trace).
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the probability of the associated pathway. It is worth noting that, the rupture dynamics
implicit in Eq. 5.6 is on the basis of a speciﬁc 1-dimensional free-energy proﬁle, implying that
proteins in an ensemble follow the same unfolding route. Hence, the force dependency of ln τ
for ubiquitin cannot be simply expressed by Eq. 5.6. Notably, the conventional description
of 1-dimensional energy landscape cannot account for a diverse set of unfolding pathways
and the development of rupture dynamics on multidimensional energy landscape becomes
essential [47; 97; 117; 68]. Indeed, the transition state for a reaction is more generally
described as the transition state surface, composed of an ensemble of conﬁgurations, on
the multidimensional free-energy landscape [118; 80]. Recently, we proposed a theoretical
model which provides intriguing insights into the microscopic origin of the dispersed kinetics
[97]. In our static disorder model, multiple pathways are characterized by a set of 1dimensional projected energy landscapes. Explicitly, we consider both ∆G and ∆x are
independent disorder parameters, as each set of {∆G, ∆x} characterizes each particular
unfolding pathway. According to the static disorder model, the probability distribution of
∆G and the probability distribution of ∆x are both normally distributed, and therefore
the ensemble-averaged lifetime can be expressed by a numerical integration (Appendix C
Eq. C.3). The predicted lifetimes (Fig. 5.2, black trace), obtained from the numerical
integration (Eq. C.3) with the parameters from the static disorder model ﬁt (Table C.1)
[97], show excellent agreement with the data (Fig. 5.2, ﬁlled circles).
In contrast with ubiquitin, the probability distribution of unfolding times for NuG2
follows single exponential time dependence. Single-exponential unfolding kinetics reveals
the homogeneity in the unfolding rates, indicating that NuG2 proteins unfold through the
same pathway. The slope of the ln τ versus F plot for NuG2 provides a direct measure of
the force dependency of the average distance to the transition state. Fitting ln τ (F ) with
the Bell model (Fig. 5.2, red line), the linear-cubic model (Fig. 5.2, blue line), and the
cusp model (Fig. 5.2, green line) yields the ﬁt parameters, listed in Table 5.1. The ﬁtting
results obtained from the microscopic models and the Bell model show the diﬀerences in the
estimates of τ0 and ∆x. In order to probe the underlying energy landscape characteristic,
we explore the unfolding kinetics over a wide range of forces using force-ramp spectroscopy.
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Figure 5.2: Plot of the logarithm of the lifetime as a function of force. Plot of ln τ (F ) as
a function of force for ubiquitin (ﬁlled circles) and NuG2 (open circles), respectively. The
predicted ln τ (F ) for ubiquitin calculated from the static-disorder model (black line) agree
well with the data (ﬁlled circles). The ﬁt of the Bell model (red line) and the ﬁts of the
microscopic models (the linear-cubic model: blue line, and the cusp model: green line) to
ln τ (F ) for NuG2 give rise to the huge diﬀerences in the estimates of τ0 and ∆x. (Table
5.1)
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Force-ramp Experiments

Stretching a nine-domain ubiquitin polyprotein at a constant rate of 50 pN/s results in a
series of step increases in length. The step size of 20 nm marks the unfolding force for
each ubiquitin, indicated as F i in Fig. 5.3A. The probability distribution of unfolding
forces measured at the loading rate of 50 pN/s, 300 pN/s, and 1000 pN/s are shown in
Fig. 5.3B, C, and D, respectively. Remarkably, the lifetimes obtained by transforming the
unfolding-force histograms (Eq. 5.9) at three diﬀerent loading rates show the substantial
contradictions among the three data sets (Fig. 5.4, symbols). In addition, the lifetimes
directly measured from the force-clamp experiments (Fig. 5.4, diamonds) also reveal the
signiﬁcant deviations from the resulting values transformed from the unfolding-force histograms. These discrepancies mainly result from the dispersed unfolding kinetics, leading
to a violation of the fundamental assumption in Eq. 5.1 [116]. Hence, the transform is
invalid and the interpretation of the transformed values to lifetimes is inadequate. We
ﬁt the unfolding-force histograms with the static-disorder model (Appendix D Eq. D.7;
Fig. 5.3B, C, D, solid lines) and the Bell model (Appendix D Eq. D.8; Fig. 5.3B, C,
D, dashed lines), yielding the ﬁt parameters, listed in Table D.1 and Table D.2, respectively. Interestingly, we found a much lower degree of disorder in ∆x, implying that ubiquitin unfolding under force-ramp conditions exhibit the signature of dynamic disorder [81;
30].
Pulling a polyprotein composed of eight tandem repeats of the NuG2 protein at a
constant rate of 70 pN/s gives rise to a series of step increases in length of 15 nm, marking
the unfolding force for each NuG2 (Fig. 5.5A). We then test the validity of Eq. 5.9 for
NuG2 by examining whether the product of the force-loading rate and the logarithm of the
survival probability, Ḟ ln S (F ), is independent of the pulling rate [46; 116]. As shown in
Fig. 5.5B, Ḟ ln S (F ) obtained at diﬀerent loading rates collapse onto a single curve in the
force regime below 110 pN. The deviations begin to emerge at 110 pN, which might arise
from the breakdown of the quasi-adiabatic approximation in the high-force regime. This
indicates that the formalism (Eq. 5.9) is invalid above 110 pN. The probability distribution
of unfolding forces measured at the loading rate of 28 pN/s, 70 pN/s, 350 pN/s, and 550
pN/s are shown in Fig. 5.5C, D, E, and F, respectively. The lifetimes obtained from the
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Figure 5.3: Force-ramp experiments for ubiquitin. (A) Stretching a polyubiquitin protein
at a constant pulling rate of 50 pN/s results in a series of step increases in length of 20
nm, marking the unfolding force for each ubiquitin, indicated as F i . (B-D) The probability
distribution of unfolding forces at various loading rates. The ﬁt of the Bell model (solid line)
and the ﬁt of the static-disorder model (dashed line) to the unfolding-force histograms give
rise to the comparable results, indicating that ubiquitin proteins unfolding under force-ramp
conditions exhibit the feature of dynamic disorder.
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Figure 5.4: Plot of ln τ (F ) as a function of force for ubiquitin. The lifetimes obtained
by transforming the unfolding-force histograms at diﬀerent loading rates (symbols) show
the large discrepancies among the three data sets. The lifetimes directly measured from
the force-clamp experiments (diamonds) also show the signiﬁcant deviations from those
obtained from the unfolding-force histograms. These contradictions mainly result from the
dispersed unfolding kinetics, leading to a violation of the assumption expressed by Eq. 5.1.
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four loading rates collapse onto a single master curve, further demonstrating that NuG2
follows the two-state kinetic model and most importantly, the homogeneity in the unfolding
rate (Fig. 5.6, symbols). Here, we performed the global analysis, which allows us to ﬁt
multiple data sets with various ﬁt functions, implemented in Igor Pro 6 software. We
globally ﬁt Eq. 5.8 to the unfolding-force histograms (< 110 pN) and ﬁt the logarithm of
Eq. 5.5 to ln τ (F ) from the force-ramp together with the force-clamp measurements (Fig.
5.6, diamonds), with the same set of the ﬁt parameters, ν, τ0 , ∆G, and ∆x. Remarkably,
the model ﬁts all the data sets extremely well (Fig. 5.5C, D, E, F, Fig. 5.6, solid lines),
yielding the ﬁt parameters of ν = 0.96, τ0 = 14.4 s, ∆G = 22.5 pNnm (5.5 kB T ), and
∆x = 0.22 nm, summarized in Table 5.2. Remarkably, the scaling factor is ν = 0.96,
revealing that the distance to the transition state exhibits a much weaker force dependency
compared to the two microscopic models. We can also characterize the critical force for
NuG2, Fc =

∆G
ν∆x

= 107 pN, under which the energy barrier vanishes. When F > Fc ,

the barrier to unfolding disappears completely, driving the protein toward the favorable
unfolded state in an energetically downhill manner. Hence, the theory described above
cannot apply to the probability distribution of unfolding forces in the force regime above
110 pN measured at 350 pN/s and 550 pN/s, due to the breakdown of the high-barrier
approximation.

5.4

Discussion

Here, we observed a weak force dependency of the distance to the transition state for
the NuG2 protein, demonstrating an extremely sharp energy barrier [106]. Of particular
interest is the molecular perspective associated with the non-Hammond behavior. Steered
molecular dynamics (SMD) is a powerful tool to capture the unfolding trajectory at the
atomic level, providing new insights into the structural basis for the mechanical stability
in combination with the single-molecule pulling experiments [110; 111; 112]. The nature of
the unfolding transition state structure is intrinsically connected to the topological features
of the native structure [110; 111; 112] and the pulling direction [20; 119]. For proteins
with the β-sandwich, β-grasp, or α/β topology, previous SMD simulations showed that the
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Figure 5.5: Force-ramp experiments for NuG2. (A) Stretching a single eight-domain NuG2
polyprotein at a constant loading rate of 70 pN/s results in a series of 15 nm stepwise
increments in length, which marks the unfolding force for each NuG2. (B) Ḟ ln S (F ) obtained at four diﬀerent loading rates collapse onto a single curve up to 110 pN. The curves
start to deviate at 110 pN, indicating the breakdown of the adiabatic approximation in the
high-force regime. (C-F) The probability distribution of unfolding forces obtained at four
diﬀerent rates. Solid lines are the global ﬁts of Eq. 5.8 to the unfolding-force histograms in
the force regime below 110 pN.
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Figure 5.6: Plot of ln τ (F ) as a function of force. The lifetimes obtained by transforming the
unfolding-force histograms measured at four diﬀerent loading rates (Eq. 5.9) collapse onto a
single curve (colored symbols). The black line represents the global ﬁt of the theory (ln(Eq.
5.5)) to ln τ (F ) from the force-ramp (colored symbols) and the force-clamp measurements
(diamonds).
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primary barrier to unfolding originates from a set of the hydrogen bonds between the loadbearing β-strands and a complete of domain unfolding requires the concerted breaking of
the hydrogen bonds between the strands, as observed in I27, ubiquitin, and Af1521 [98; 120;
121]. Interestingly, these simulations also revealed that during the rupture of any of these
interstrand hydrogen bonds under locally hydrophilic conditions, water molecules entered
and formed the hydrogen bonds with the backbone atoms between the β-strands. NuG2 is a
computationally designed mutant of the GB1 protein, which adopts a α/β fold. Therefore,
it is anticipated that NuG2 exhibits the similar architecture of the unfolding transition state
as I27 and ubiquitin. Here, we probed the unfolding trajectory for ubiquitin as a model
example to reveal the microscopic origin of non-Hammond behavior. Previously, we showed
that the backbone hydrogen bonds between the β1 and β5 strands are the dominant barrier
for the forced unfolding of ubiquitin [97]. Therefore, we deﬁned the reaction coordinate
for ubiquitin unfolding as the distance between the ﬁrst amino acid of β1 strand (Q2) and
the last amino acid of β5 strand (L69), ∆x(Q2-L69). Fig. 5.7A shows three representative
unfolding trajectories. During the early stage of pulling, the protein elongated slightly due
to the straightening of the patch (green, stage 1), and then reached at a long plateau region,
corresponding to the occasional breaking and reformation of the hydrogen bonds between
the two strands (blue, stage 2). During the rupture of any of these interstrand hydrogen
bonds, water molecules entered and formed hydrogen bonds with the backbone atoms,
leading to a larger gap between the β-strands (red, stage 3), before the complete of domain
unfolding (black, stage 4). From a total of 100 unfolding trajectories, we observed that
water molecules bridge the breaking backbone hydrogen bonds before unfolding, implying
that water molecules are part of the structure of the transition state. The hydrogen bonding
of water molecules with the backbone atoms leads to a larger separation of the two strands,
as revealed a jump in the distance between Q2 and L69 (Fig. 5.7A). The distribution of
∆x(Q2-L69) during the stage 2 and the distribution during the stage 3 are well separated,
indicating a discontinuous feature of diﬀusion from the folded state to the transition state
(Fig. 5.7B). This discontinuous characteristic results from the hydrogen bonding of water
molecules with the backbone atoms. Notably, the measured value of ∆x for NuG2 is 0.22
nm, comparable to the size of a water molecule [115], demonstrating that water molecules

CHAPTER 5. DISCRETE DIFFUSION IN MECHANICAL UNFOLDING OF
PROTEIN

74

actively interact with the backbone atoms, occupying the exposed hydrogen-bonding sites
between the β-strands. The non-Hammond eﬀect observed in the NuG2 protein reveals the
integral structural role of solvent molecules bridging the unfolding transition state which
constrains the movement of the transition state.

5.5

Conclusion

Here, we probed the unfolding kinetics of two proteins with similar fold but entirely distinct
unfolding behaviors, ubiquitin and NuG2, using single-molecule force-clamp and force-ramp
spectroscopy. For proteins showing the signiﬁcant heterogeneous unfolding pathways, the
widely used description of rupture dynamics on a speciﬁc 1-dimensional energy proﬁle becomes inappropriate. Moreover, the force-dependent lifetime cannot be simply obtained
by transforming the unfolding-force histogram using Eq. 5.9, owing to the violation of the
fundamental assumption. All these controversies arise from the oversimpliﬁed picture of
1-dimensional energy proﬁle, which cannot account for a diverse set of unfolding pathways.
On the other hand, for proteins exhibiting the homogeneity in the unfolding rate, the description of 1-dimensional energy proﬁle is satisfactory. The slope of the ln τ (F ) versus F
plot provides a direct measure of the force dependency of the average distance to the transition state. Here we report the ﬁrst observation of non-Hammond eﬀect in protein unfolding
under force examined at the single-molecule level. The values of ∆x are comparable to
the size of a water molecule, implying that water molecules actively form hydrogen bonds
with the backbone atoms between the load-bearing β-strands. The integral role of solvent
molecules bridging the transition state signiﬁcantly constrains transition state movement,
leading to the non-Hammond behavior observed in the NuG2 protein.
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Figure 5.7: Steered molecular dynamics simulations. (A) Three representative SMD trajectories show a common feature in the unfolding pathways. The protein elongated slightly
(stage 1), and then stayed at a certain extension, corresponding to the concerted breaking and reformation of the hydrogen bonds (stage 2). While the hydrogen bonds rupture,
water molecules formed the hydrogen bonds with the backbone atoms, leading to a larger
separation of the two strands (stage 3) before unfolding (stage 4). (B) The distribution of
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indicative of the discontinuous feature of diﬀusion from the folded state to the transition
state.
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2
3

ν

τ0 [s]

∆G [pNnm]

∆x [nm]

1 (Bell model)

96.4 ± 14.6

75.6 ± 0.6 (A = 106 [s-1 ])

0.30 ± 0.01

1228 ± 669

48.9 ± 1.3

0.55 ± 0.05

1325 ± 1090

56.2 ± 1.4

0.59 ± 0.09

(linear-cubic model)
1
2

(cusp model)
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Table 5.1: Kinetic parameters for NuG2 unfolding from the Bell model ﬁt, the linear-cubic
model ﬁt, and the cusp model ﬁt.

ν

0.96 ± 0.02

τ0 [s]

14.4 ± 1.0

∆G [pNnm]

22.5 ± 0.7

∆x [nm]

0.22 ± 0.01

Table 5.2: Kinetic parameters for NuG2 unfolding from the global ﬁt of the theory to the
unfolding-force histograms and the lifetimes from the force-ramp and force-clamp measurements.

CHAPTER 6. FORCE-ACTIVATED REACTIVITY SWITCH IN A BIMOLECULAR
CHEMICAL REACTION
77

Chapter 6

Force-activated Reactivity Switch
in a Bimolecular Chemical
Reaction
6.1

Introduction

During the course of chemical reactions, reactant molecules must collide in the correct
orientation with enough energy to overcome the energy barrier to form products. The energy
required for a chemical reaction to occur has been widely studied using heat, light, electric
potential or pressure [122; 123]. A diﬀerent and less explored way to activate chemical
reactions is the application of force. Mechanical force is a unique probe that can deform a
molecule in a speciﬁc direction, providing a well deﬁned reaction coordinate. Indeed, recent
studies by Hickenboth et al. have revealed that activation of covalent bonds under the
application of force using ultrasound biases reaction pathways, yielding identical reaction
products that are diﬀerent from those in the purely thermal or light-induced reactions
[123]. However, in these experiments, the magnitude and direction of applied force remains
unknown.
Combining the protein engineering techniques with single-molecule force-clamp spectroscopy, we can monitor the reduction reaction of individual protein disulﬁde bonds under
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force in the presence of nucleophiles at the single-bond level [44; 58]. Previously, Wiita et
al. explored the reduction rate promoted by a reducing agent over a range of forces up to
500 pN, and showed that the rate of reduction is exponentially dependent on the pulling
force, in good agreement with the Arrhenius rate equation. These experimental results also
showed that the disulﬁde bond reduction by a nucleophile is a SN 2 reaction, dominated by a
single energy barrier [44]. The advent of single-molecule force-clamp assay has allowed the
direct measure of the distance to the transition state and the determination of the structure
of the transition state for a chemical reaction in the sub-Ångström resolution. The measured disulﬁde-bond elongation at the transition state by a nucleophile is in an excellent
agreement with the quantum chemistry calculations for a SN 2 reaction [67]. Furthermore,
we also showed that the rate of reduction by a variety of nucleophiles all exhibit the exponential dependence on the force, demonstrating a single transition state for a SN 2 chemical
reaction [67].
Here, we explored the kinetics of disulﬁde-bond reduction by hydroxide anions over a
broad range of forces up to 2000 pN. Surprisingly, we discover a drastic reactivity transition
at ∼ 500 pN, marked by two distinct values of the distance to the transition state. The
experimental data show that the distance to the transition state is ∼ 0.5 Å in the low-force
regime (< 500 pN), and changes to a much shorter value of ∼ 0.1 Å in the high-force regime
(> 500 pN). Our results provide the ﬁrst observation that the application of a mechanical
force to the protein disulﬁde bond causes an abrupt change in reactivity. The reactivity
switch occurs at a force of 500 pN resulting from the shifting of one transition state to the
other, indicating that the substrate disulﬁde bond undergoes a force-induced conformational
change above 500 pN.

6.2

Results

To study the kinetics of disulﬁde-bond reduction by hydroxide anions, we engineered a
single disulﬁde bond in the 27th immunoglobulin-like domain of human cardiac titin (I27)
[96], as its mechanical properties have been well characterized [96; 59]. Using the directsite mutagenesis techniques, we engineered two point mutations at two closely positioned
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residues in I27 (the 32nd and 75th residues), allowing the formation of a disulﬁde bond
between two proximal cysteine residues under oxidative conditions [44]. For the singlemolecule force spectroscopy study, we constructed a polyprotein consisting of eight tandem
repeats of the I27 protein with engineered cysteines, (I27G32C-A75C )8 , as a substrate protein
to monitor the reduction of individual disulphide bonds by nucleophiles under a stretching
force (Fig. 6.1A). As shown in the previous work, each folded I27G32C-A75C domain contains
a single disulﬁde bond, which is buried and inaccessible to the solvent [44]. As introduced
by Wiita et al. [44], we used a double-pulse protocol to study the force-dependent kinetics
of disulﬁde-bond reduction by hydroxide anions (Fig. 6.1B). In the ﬁrst pulse (180 pN),
we observed a series of well deﬁned stepwise increments of ∼ 11 nm in the length of the
polyprotein, which corresponds to the unfolding of each I27G32C-A75C domain up to the
disulﬁde bond (Fig. 6.1B, blue trace). After the ﬁrst force pulse, the disulﬁde bond in
each domain is exposed to the solvent, allowing the nucleophilic attack and reduction of the
disulﬁde bond to occur. As shown previously, when a single disulﬁde bond is reduced, the
trapped region behind the disulﬁde bond is fully extended without mechanical resistance,
giving rise to a ∼ 14 nm increment in the length [44]. In the presence of hydroxide anions
(∼ 0.25 mM, pH 11.4), individual disulﬁde bonds were reduced by hydroxide anions, marked
by a series of ∼ 14 nm increment in the length (Fig. 6.1B, grey trace).
By varying the force of the second pulse, we then explored the force dependency of the
rate of disulﬁde-bond reduction by hydroxide anions. As shown in Fig. 6.1C, the rate of
reduction increases as the applied force is increased from 300 pN (red) to 1000 pN (grey). To
determine the reduction rate quantitatively, we averaged and normalized 30 − 50 individual
traces that include a series of disulﬁde-bond reduction events in the second pulse. The
average trace corresponds to the ensemble-averaged cumulative probability of reduction.
For a single-exponential kinetics, the cumulative probability is Pr (t) = 1 − exp (−rt), where
r is the reaction rate. Hence, we obtained the rate of reduction by ﬁtting 1 − exp (−rt)
to the average trace at a particular force or hydroxide anion concentration (Fig. 6.2A, B).
Here, we measured the rate of reduction by hydroxide anions (pH 11.4) over a wide range
of forces up to 2000 pN. The error of the reduction rate is estimated by the bootstrapping
method [88]. Previously, Wiita et al. showed that the force dependency of the reduction
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rate by the thiol-based reducing agent DTT (1,4-DL-dithiothreitol) can be described by an
(
)
r
Arrhenius term, r (F ) = r (0) exp Fk∆x
, where r (0) is the reduction rate at zero force,
BT
∆xr is the distance to the transition state of the reaction, kB is the Boltzmann constant,
and T is the absolute temperature [44]. Surprisingly, the rate of reduction as a function of
force in a semilogarithmic plot shows two distinct regimes, revealing that the reduction rate
exhibits signiﬁcantly diﬀerent exponential dependencies on the pulling force (Fig. 6.2C).
Hence, the rate of disulﬁde-bond reduction by hydroxide anions cannot be simply described
by a single Arrhenius term. We then ﬁt the Arrhenius equation to the low-force regime,
consisting of the data up to 500 pN, yielding ∆xr = 0.50 Å and r (0) = 8.2 × 10−4 s−1 .
Interestingly, ﬁtting the Arrhenius equation to the high-force regime (> 500 pN) gives a
much shorter distance of the transition state, ∆xr = 0.11 Å, and a much faster reduction
rate at zero force, r (0) = 0.13 s−1 .
We also explored the rate of reduction at diﬀerent OH− concentrations. As shown in Fig.
6.3A, the rate of reduction increases as the concentration of hydroxide anions increases. At
a high pH value (pH ∼ 13.3), the rate of reduction at a force of 500 pN reaches the upper
limit of the setup (10 − 20 s−1 ), owing to the limit of the current force-clamp feedback
system. On the other hand, at a low pH value (pH ∼ 11.4), the rate of reduction measured
at 300 pN approaches the lower limit of the instrument (∼ 0.05 s−1 ), due to the detachment
of the molecule from either the tip or the surface. Remarkably, the rate versus force curves
obtained at diﬀerent pH values presented in a semilogarithmic plot all show two distinct
force regimes, with a transition point near 500 pN (Fig. 6.3A). Furthermore, Fig. 6.3B
shows that the reduction rate is linearly dependent on the hydroxide anion concentration,
demonstrating that the reaction is bimolecular. The reaction can be described by the ﬁrstorder rate equation, r (F ) = k (F )[OH− ], where k (F ) is the rate constant of reduction.
Hence, dividing the reduction rate by the hydroxide anion concentration, we obtained the
force-dependent rate constant of reduction k (F ). The measured k (F ) as a function of force
obtained at diﬀerent values of pH collapse to a single master curve, all showing two distinct
force regimes (Fig. 6.3C).
To further examine whether the biphasic force dependency is universal to the disulﬁdebond reduction, we measured the rate of reduction by tris(2-carboxyethyl)phosphine (TCEP)
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Figure 6.1: Force-clamp experiments monitor the reduction of individual disulﬁde bonds
in the presence of hydroxide anions. (A) A polyprotein consisting of eights repeats of the
I27 protein with the engineered cysteines at the 32nd and 75th residues, (I27G32C-A75C )8 , is
picked up by a cantilever tip from the surface. We use the double-pulse protocol to monitor
the reduction of individual disulﬁde bonds by hydroxide anions. The ﬁrst force pulse unfolds
all the proteins up to the disulﬁde bond. After the ﬁrst force pulse, the disulﬁde bond in
each domain is exposed to the solvent, allowing the nucleophilic attack and reduction of the
disulﬁde bond to occur. (B) The ﬁrst force pulse rapidly unfolds all the domains up to the
position of the disulﬁde bond, resulting in a series of ∼ 11 nm increment in the length of the
polyprotein (blue trace). In the second force pulse, individual disulﬁde bonds were reduced
by hydroxide anions, marked by a series of ∼ 14 nm increment in length (grey trace). (C)
The reduction rate is increased with the increased force, as shown from the trace measured
at 300 pN (red), 550 pN (blue), and 1000 pN (grey).
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Figure 6.2: The force dependency of the reduction rate by hydroxide anions exhibits two
distinct reactivity regimes. (A) Cumulative probability of reduction measured at diﬀerent
forces. At each force, we averaged and normalized 30 − 50 traces that only include a series
of disulﬁde-bond reduction events in the second pulse. The averaged trace corresponds
to the cumulative probability of reduction, Pr (t). We then ﬁt Pr (t) with 1 − exp (−rt),
to extract the rate of reduction r (dotted lines). (B) Cumulative probability of reduction
measured at diﬀerent values of pH. Similarly, at each pH value, we ﬁt the averaged trace with
1 − exp (−rt) to obtain the reduction rate for each pH (dotted lines). (C) Semilogarithmic
plot of the reduction rate as a function of force. We measured the reduction rate (pH 11.4)
over a wide range of forces. The reduction rate shows two distinct exponential dependencies
on the pulling force, with a transition point at ∼ 500 pN. Fitting the Arrhenius equation,
)
(
r
, to the low-force regime, consisting of the data up to 500 pN
r (F ) = r (0) exp Fk∆x
BT
(dotted grey line), gives ∆xr = 0.50 Å, whereas ﬁtting the Arrhenius equation to the highforce regime (> 500 pN) (dotted red line) gives a much shorter distance of the transition
state, ∆xr = 0.11 Å.
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over a wide range of forces. We found that the molecule in TCEP at neutral pH is readily
detached under a stretching force higher than 700 pN, and thus it becomes diﬃcult to obtain
the reduction rate at high forces. Previously, we showed that the disulﬁde-bond reduction
promoted by TCEP is bimolecular [67]. Dividing the measured rate by the TCEP concentration yields the reduction rate constant. Remarkably, the force-dependent reduction rate
constant by TCEP also shows an abrupt reactivity switch at 500 pN, revealing that the
characteristic two-regime proﬁle is a general mechanism for the SN 2 reaction (Fig. 6.3C).
We also examined whether the abrupt reactivity switch is speciﬁc to the position of
the disulﬁde bond in the I27 domain. Thus, we engineered a disulﬁde bond at diﬀerent
positions in the I27 protein. We expressed two polyprotein constructs, I27E24C-K55C and
I27P28C-K54C , where the subscript denotes the location of two engineered cysteines in the
I27 domain. As shown previously, the disulﬁde-bond reduction is marked by a ∼ 10.4 nm
increment in length for the I27E24C-K55C construct and a ∼ 8.8 nm increment in length for
the I27P28C-K54C construct, respectively. Remarkably, the reduction rate for both constructs
also show two distinct force regimes (Fig. 6.4A, B). Fitting the Arrhenius equation to the
low- and high-force regime of the data for the I27E24C-K55C construct yields the distance to
the transition state of ∆xr = 0.46 Å and ∆xr = 0.07 Å, respectively (Fig. 6.4A). For the
I27P28C-K54C polyprotein construct, the distance to the transition state is ∆xr = 0.43 Å
and ∆xr = 0.11 Å in the low- and high-force regime, respectively (Fig. 6.4B). Interestingly,
the reduction rate constant, k (F ), obtained from the three constructs do not overlap,
demonstrating that the reduction reactivity is sensitive to the position of the disulﬁde bond
in the I27 domain (Fig. 6.4C). This indicates that the disulﬁde-bond reduction activity is
highly aﬀected by its local environment.

6.3

Discussion

Using single-molecule force-clamp spectroscopy, we probed the kinetics of disulﬁde-bond
reduction by hydroxide anions under a mechanical force. Here, we explored the force dependency of the reduction rate over a wide range of forces up to 2000 pN, and found an
abrupt reactivity switch at ∼ 500 pN. The force-dependent reduction rate exhibits two

CHAPTER 6. FORCE-ACTIVATED REACTIVITY SWITCH IN A BIMOLECULAR
CHEMICAL REACTION
84

A

B

C

Figure 6.3: The characteristic reactivity switch at 500 pN is a general mechanism for the
SN 2 reaction. (A) Semilogarithmic plot of the reduction rate as a function of force at
diﬀerent values of pH (11.4, green squares; 12.3, grey triangles; 13.3, blue circles). The
reduction rate increases with the increased pH value. (B) Plot of the reduction rate as
a function of the hydroxide anion concentration measured at a constant force of 500 pN.
The reduction rate is linearly dependent on the hydroxide anion concentration, [OH− ],
indicating that the reaction is bimolecular. The bimolecular reaction can be described
by the ﬁrst-order rate equation, r (F ) = k (F )[OH− ], where k (F ) is the reduction rate
constant. (C) Semilogarithmic plot of the reduction rate constant k (F ) as a function of
force obtained at diﬀerent pH values. The reduction rate constants measured at three
diﬀerent pH values collapse onto a single master curve. The reduction rate constants show
two diﬀerent exponential dependencies on the pulling force, with a transition point at ∼ 500
pN. The reduction rate constants measured in the presence of the TCEP reducing agent
(red crosses) also show an abrupt change in the reactivity at 500 pN, indicating that the
reactivity switch is independent of the nucleophile.
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Figure 6.4: The reactivity switch is independent of the position of the disulﬁde bond in
the I27 domain. (A) Semilogarithmic plot of the reduction rate as a function of force for
the (I27E24C-K55C )8 construct (pH 12.3). Fitting the Arrhenius equation to the low-force
regime of the data (dotted blue line) for the (I27E24C-K55C )8 construct gives the distance
to the transition state of ∆xr = 0.46 Å, whereas ﬁtting the Arrhenius equation to the
high-force regime of the data (dotted grey line) gives ∆xr = 0.07 Å. (B) Semilogarithmic
plot of the reduction rate as a function of force for the (I27P28C-K45C )8 construct (pH
10.4). Fitting the Arrhenius equation to the low-force regime of the data (dotted blue line)
for the (I27P28C-K45C )8 polyprotein construct gives the distance to the transition state of
∆xr = 0.43 Å, whereas ﬁtting the Arrhenius equation to the high-force regime of the data
(dotted grey line) gives ∆xr = 0.11 Å. (C) Semilogarithmic plot of the rate constant of
reduction k (F ) as a function of force for the (I27E24C-K55C )8 (red), (I27G32C-A75C )8 (green),
and (I27P28C-K54C )8 (blue) construct, respectively. We observed an abrupt switch in the
reduction reactivity at 500 pN in all cases.
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distinct exponential dependencies on the pulling force, indicating a change of the distance
to the transition state at a critical force of 500 pN. The distance to the transition state
corresponds to the elongation of the disulﬁde bond at the transition state. Our force-clamp
assay allows the direct measure of the distance to the transition state with the sub-Ångström
resolution. The distance to the transition state is ∆xr ∼ 0.50 Å in the low-force regime and
changes to ∆xr ∼ 0.10 Å in the high-force regime. Here, we consider two energy proﬁles
that are consistent with the experimental results.
The ﬁrst scenario considers the free-energy surface, composed of two consecutive energy
barriers. From the experimental data, the inner barrier has a lower energy barrier height
at 0.1 Å and the outer barrier has a higher energy barrier height at 0.5 Å, respectively
(Fig. 6.5A). As the applied force increases, the height of the outer barrier decreases more
rapidly than that of the inner barrier. Thus, in the low-force regime, the outer barrier height
is higher and acts as the rate-determining step of the reaction. At ∼ 500 pN, the outer
barrier has a similar barrier height as the inner barrier. In the high-force regime (> 500
pN), the outer barrier is relatively low, and thus the inner barrier starts to dominate the
reaction. Given the extrapolated reduction rate at zero force, r (0), we can obtain the height
(
)
of the activation energy barrier, ∆G, by the Arrhenius equation, r (0) = A exp − k∆G
,
BT
where A is the preexponential factor. Assuming that the preexponential factor is A = 1012
s-1 , the inner barrier height is 73.5 kJ/mole and the outer barrier height is 86.1 kJ/mole,
respectively. The molecular perspective of this model indicates that a nucleophile collides
with the disulﬁde bond and forms a weak reactant complex, which elongates the disulﬁde
bond by ∼ 0.1 Å. After the formation of a reactant complex, the reaction then proceeds
through the second energy barrier, where the reactant complex elongates the disulﬁde bond
even further by ∼ 0.4 Å. This reaction scheme is in a good agreement with our experimental
data. However, this model is inconsistent with the bimolecular nucleophilic substitution
(SN 2) reaction, in which only a single energy barrier is involved [124; 125].
Another more plausible explanation for the experimental results is that the disulﬁde
bond undergoes a conformational change at a critical force of 500 pN. This force-induced
conformational change alters the ground state of the disulﬁde bond that is closer to the
transition state structure (Fig. 6.5B). From the experimental data, we suggest that the
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shift of the ground state causes the shortening of the distance to the transition state by
∼ 0.4 Å. Notably, the eﬀect of force on the conformation of the disulﬁde bond requires
the calculation based on the quantum chemistry theory, which is not available at present.
Nevertheless, the quantum chemistry calculations show that the CS-SC dihedral angle of
the disulﬁde bond, χ, in the open-chain conformation is ∼ 85◦ [126; 127]. Changing χ
from 85◦ to 0◦ (cis conformation) or 180◦ (trans conformation) causes the S-S bond to
elongate by ∼ 0.07 Å [128; 129; 130]. We suggest that under a stretching force above 500
pN, the disulﬁde bond changes to the trans conformation with a longer Cα -Cα distance of
the cysteine residues, causing the shortening of the distance to the transition state in the
high-force regime (Fig. 6.5C).
Although both reaction schemes described above are consistent with the experimental
results, another reaction scheme is also worth noting. Since what we measured is the
extension of the polyprotein upon the rupture of the bond, it is also plausible that a C-S
bond ruptures promoted by hydroxide anions, rather than the S-S bond. Cleavage of the
C-S bond in the presence of strong bases is compatible with the E2 elimination mechanism
[131]. In this reaction scheme, the rupture of the C-S bond is dominant in the low-force
regime. As the force increases, both the bond angle and the dihedral angle increase, making
the rupture of the S-S bond more prevailing. However, this scheme is in contrast with the
observation that the reactivity switch also occurs in the presence of TCEP as a nucleophile
for the SN 2 reaction.

6.4

Conclusion

Using single-molecule force-clamp spectroscopy, we explored the kinetics of disulﬁde-bond
reduction by hydroxide anions over a wide range of forces. The reduction rate exhibits two
signiﬁcantly diﬀerent exponential dependencies on the pulling force, revealing two distinct
values of the distance to the transition state. The profound two-regime proﬁle is also
observed in the presence of the TCEP reducing agent, indicating that the abrupt reactivity
switch at a force of 500 pN is a general mechanism in the SN 2 reaction. Our experimental
results give the ﬁrst demonstration that a mechanical force causes an abrupt change in the

CHAPTER 6. FORCE-ACTIVATED REACTIVITY SWITCH IN A BIMOLECULAR
CHEMICAL REACTION
88

A

B

C

Figure 6.5: Two energy proﬁles that are consistent with the experimental data. (A) Energy
proﬁle for the SN 2 reaction composed of two consecutive energy barriers. The outer barrier
at ∆xr ∼ 0.5 Å has a higher energy barrier height which dominates the reaction in the lowforce regime. As the force increases, the height of the outer barrier decreases more rapidly
than that of the inner barrier. Thus, the inner barrier at ∆xr ∼ 0.1 Å becomes rate-limiting
in the high-force regime. (B) Energy proﬁle for the SN 2 reaction limited by a single energy
barrier. In this scheme, the disulﬁde bond substrate undergoes a conformational change
at the force above 500 pN, which shifts the ground state by 0.4 Å closer to the transition
state (arrow). From this geometry, the S-S bond only elongates by 0.1 Å to reach the
transition state. (C) Hypothetical model for the force-induced conformational change of
the disulﬁde bond. The disulﬁde bond (yellow spheres) undergoes a conformational change
under a mechanical force, shifting from the open-chain conformation (χ = 84.9◦ ) to the
trans conformation (χ = 180◦ ), causing the elongation of the Cα -Cα bond of the cysteine
residues.
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reactivity of the SN 2 reaction. Force-clamp spectroscopy shows a powerful ability to detect
the sub-Ångström changes in the structure of the transition state in a chemical reaction.
Two plausible free-energy proﬁles are proposed in this work; however, the molecular origin
still remains unclear. The development of the simulations based on the quantum chemistry
theory will provide more insights into the molecular mechanism of a chemical reaction under
force [132; 133; 134; 135] and will shed light on the force-activated reactivity switch observed
in this work.
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Chapter 7

Conclusions
In sharp contrast with the two-state kinetic model, using single-molecule force-clamp spectroscopy, we discovered that the ensemble-averaged survival probability for ubiquitin unfolding under force exhibits nonexponential time dependence. We developed a theoretical
model which provides physical insights into the nonexponential unfolding kinetics. Extending from Zwanzig’s approach [81; 82], we consider both the barrier height at zero force,
∆G, and the distance to the transition state, ∆x, as functions of independent disorder parameters, which characterize the conformational degrees of freedom for individual proteins
in their unfolding pathways. In the presence of a constant force, F , the barrier height
becomes ∆E = ∆G − F ∆x. Hence, the disorder in ∆G and the disorder in ∆x will both
contribute to the disorder in the barrier height at a constant force, ∆E. In our theoretical model, we assume that the interconversion rates among diﬀerent conformers are much
slower than the rate of unfolding, indicating that the barrier height ∆E is time independent
during barrier crossing. In this scenario, each protein follows the single-exponential kinetics,
whereas diﬀerent proteins unfold at diﬀerent rates, leading to nonexponential kinetics [81;
30]. In other words, the dispersed kinetics essentially results from the static heterogeneity (static disorder) of the unfolding pathways. This assumption is valid given that the
measured ensemble-averaged survival probability is nonexponential [82].

According to

our static-disorder model, the variance of the barrier heights in the presence of force is
2
2 + F 2 σ 2 , where σ 2
2
σ∆E
= σ∆G
∆x
∆G is the variance of the barrier heights at zero force and σ∆x

is the variance of the distances between the folded state and the transition state. Hence, by
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2 , we can determine both σ 2
measuring the force dependency of the barrier heights, σ∆E
∆G
2 , which characterize the degree of disorder in ∆G and the degree of disorder in ∆x,
and σ∆x

respectively. The measured variance of the barrier heights in ubiquitin unfolding shows a
quadratic dependence on the applied force, demonstrating that the dispersed kinetics results
from the disorder both in ∆G and in ∆x.
Notably, in the absence of force, only the variance of the barrier heights at zero force
contributes to the dispersed kinetics. The standard deviation of the barrier heights at
zero force is 0.5 kB T and thus plays a minor role in the dispersed kinetics. This result
is consistent with the bulk measurements for ubiquitin unfolding probed at zero force,
which show mostly single-exponential kinetics [90]. On the other hand, as the applied force
2 ,
increases, any non-zero value of the variance of the distances to the transition state, σ∆x

will greatly enhance the degree of the dispersed kinetics. We concluded that the dominant
factor in the nonexponential kinetics of ubiquitin unfolding under force result from the
dispersion in the values of the distance to the transition state. From a total of 100 SMD
simulations, we found that water molecules entered and formed the hydrogen bonds with
the protein backbone atoms in diﬀerent ways. We propose that the variations in the way
that solvent molecules populate the transition state structure result in the distribution of
∆x observed in ubiquitin unfolding under force.
Using single-molecule force-clamp spectroscopy, we can capture the static heterogeneity
of the reaction pathways that are obscured in the bulk measurements. Combining protein
engineering with force-clamp spectroscopy, we expand our investigations in probing the
static disorder of the pathways for protein unfolding and disulﬁde-bond reduction, both
occurring within the same molecule. The ensemble-averaged survival probability for the I27
wild-type protein as well as its three mutants all show nonexponential time dependence,
further revealing the disorder in the unfolding pathways. As opposed to protein unfolding,
2
the measured value of σ∆E
in disulﬁde-bond reduction is close to zero, revealing that the

distribution of the reaction pathways is highly localized in chemical reactions.
The Kramers theory describing the bond-rupture reaction as a Brownian particle diffusing along a continuous free-energy landscape predicts that the distance to the transition
state would change with force. Using single-molecule force-ramp spectroscopy, we examined
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the force dependency of the distance to the transition state in protein unfolding. In the
force-ramp assay, the force-dependent lifetimes can be obtained by transforming the distribution of unfolding forces based on the two-state model [48; 47]. For ubiquitin, the lifetimes
transformed from the unfolding-force histograms at diﬀerent pulling rates do not collapse
onto a single master curve. These signiﬁcant contradictions result from the dispersed unfolding kinetics for the ubiquitin protein, leading to the violation of the fundamental two-state
assumption in this transform. Although ubiquitin and NuG2 (a variant of protein G) adopt
similar fold, they exhibit entirely distinct unfolding behaviors. In contrast with ubiquitin,
NuG2 proteins show the homogeneity in the unfolding rate at a constant force, as revealed
by the single-exponential distribution of unfolding times. The force-dependent lifetimes for
NuG2 obtained from four diﬀerent rates collapse to a single master curve. Remarkably, we
found that the distance to the transition state for the NuG2 protein exhibits a weak force
dependency over a broad range of forces, which contradicts the Kramers prediction that
the distance to the transition state would continuously decrease with force. Combining the
measurements with the SMD results, we suggest that the integral role of solvent molecules
bridging the transition state signiﬁcantly constrains transition state movement, leading to
the non-Hammond behavior observed in the NuG2 protein.
We also tested the Kramers prediction in disulﬁde-bond reduction which occurs with a
much shorter length scale by measuring the reduction rates over a wide range of forces. We
found that the reduction rate exhibits two signiﬁcantly diﬀerent exponential dependencies
on the pulling force, demonstrating two distinct values of the distance to the transition
state. These results also show contradictions from the Kramers theory. The distance to
the transition state exhibits an abrupt change, shifting from one value to the other. Our
experimental results give the ﬁrst demonstration that a mechanical force causes an abrupt
change in the reactivity of the SN 2 reaction.
In summary, we probed the static disorder in the reaction pathways for protein unfolding
and disulﬁde-bond reduction using single-molecule force-clamp spectroscopy. We conclude
that the nonexponential kinetics of protein unfolding result from the heterogeneity in the
2
unfolding pathways. The measured σ∆E
increases with F 2 , revealing that the dispersed

kinetics in ubiquitin unfolding under force mainly results from the disorder in ∆x. SMD
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results suggest that the diﬀerent ways of water molecules bridge the unfolding transition
state lead to the variations in ∆x. In contrast to protein unfolding, the kinetics of disulﬁdebond reduction is single exponential, demonstrating the homogeneity of the transition-state
structure in the SN 2 chemical reaction. The reduction reaction of the disulﬁde bond requires
the back-side attack of the nucleophiles. Such stereo-speciﬁcity for the transition state
structure restricts the degree of freedom in the reaction pathway, leading to the homogeneity
of the reaction rate. The diversity of conformations in the transition state populated by
the solvent molecules in protein unfolding contrasts with the structural speciﬁcity of the
transition state in the SN 2 chemical reaction.
The measured distance to the transition state ∆x provides direct insights into the molecular perspective of the transition state of a reaction. In a protein unfolding process, ∆x is
the bridging length of solvent molecules at the transition state structure. For a disulﬁdebond reduction reaction, ∆x is the elongation of the S-S bond at the transition state in
a chemical reaction. To test the Kramers prediction, we examined the force dependency
of ∆x in protein unfolding and disulﬁde-bond reduction over a wide range of forces. Our
experimental results show deviations from the Kramers prediction for both reactions. Regarding protein unfolding, the individual unfolding pathways are dictated by the integral
role of water molecules bridging the unfolding transition state. Rather than a continuous
diﬀusive process, the role of water molecules quantizes the value of the distance to the
transition state due to the ﬁnite number of water molecules that can bridge the unfolding
transition state. Regarding disulﬁde-bond reduction, ∆x shows a discontinuous change at
a force of 500 pN. We suggest that disulﬁde bond undergoes a conformational change above
500 pN, shifting ∆x from one value to another. Using single-molecule force spectroscopy, we
can determine the distance to the transition state in the sub-Ångström resolution, allowing
us to uncover the ﬁne details of the transition state of a reaction that were inaccessible
previously.
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Appendix A

Derivation of the
Ensemble-averaged Survival
Probability (the disorder in the
energy barrier heights under force
is small compared to kB T )
When the disorder of the barrier heights under a constant force respective to the average
barrier height, r, is small compared to kB T (r ≪ kB T ), the rate constant of a reaction for
a particular pathway can be approximated as
[
k (F, r) ≈ kF

1
+
1−
kB T
2
r

(

)2 ]

r

(A.1)

kB T

The survival probability for a speciﬁc pathway now becomes:
{
S (t, F, r) = exp −kF

[

r

1
1−
+
kB T
2

(

r
kB T

)2 ]

}
×t

(A.2)

The ensemble-averaged survival probability is given by the superposition of the survival
probability for each pathway, weighted by the probability of the corresponding pathway,
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∫
⟨S (t, F )⟩ =

∞

S (t, F, r) f (r) dr

(A.3)

−∞

Combining Eq. A.2 and Eq. A.3, one can obtain
∫
⟨S (t, F )⟩ =

{

∞

−∞

[

exp −kF

1
+
1−
kB T
2
r

(

)2 ]

r
kB T

}
√

×t

1
2
2πσ∆E

(
)
r2
exp − 2
dr
2σ∆E
(A.4)

⟨S (t, F )⟩ = √

1
2
2πσ∆E

∫
exp (−kF t)

(

∞

exp
−∞

)
{ [
] }
kF t
1
kF t
r exp −
+ 2
r2 dr
kB T
2 (kB T )2 2σ∆E
(A.5)

⟨S (t, F )⟩ = √
(
Since

σ∆E
kB T

)2

1
2
2πσ∆E

≪ 1, exp

√
exp (−kF t) π
[

[

kF t
1
2 + 2σ 2
2 (kB T )
∆E

2
(kF t)2 σ∆E
2 +2(k T )2
2kF tσ∆E
B

]

[

]− 1
2

exp

]

2
(kF t)2 σ∆E
2
2kF tσ∆E
+ 2 (kB T )2

(A.6)
→ 1, the ensemble-averaged survival probability

becomes:
[
⟨S (t, F )⟩ = exp (−kF t) × 1 +

2
kF σ∆E

(kB T )2

]− 12
t

(A.7)

From above, when the degree of disorder in the barrier heights is small, the ensembleaveraged survival probability has an analytical expression, clearly showing non-exponential
time dependence.
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Appendix B

Kramers Rate Theory
B.1

Smoluchowski Equation

Within the framework of the Kramers rate theory, the bond rupture mechanism is described
as an escape of a Brownian particle over an energy barrier from a metastable potential
well [51]. The Langevin equation for a Brownian particle subjected to an external force
F (x) = − dUdx(x) is,
mẍ = −γ ẋ + Γ (t) −

dU (x)
dx

(B.1)

The total force acting on the Brownian particle by the surrounding particles is partitioned
into a frictional force γ ẋ and a ﬂuctuating force Γ (t). The ﬂuctuating force is characterized
by the Gaussian white noise, in which the ﬁrst and the second moment of the ﬂuctuating
force are,

⟨Γ (t)⟩ = 0,

⟨
( )⟩
(
)
Γ (t) Γ t′ = σ 2 δ t − t′ ,

(B.2)

where the bracket ⟨⟩ denotes the ensemble average and σ 2 is a measure of the strength of
the ﬂuctuating force. According to the Gaussian white noise of the ﬂuctuating force and
the equipartition theorem, one can obtain the ﬂuctuation-dissipative theorem,

σ 2 = 2kB T γ,

(B.3)
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which relates the magnitude of the frictional force and the strength of the ﬂuctuating force.
Kramers discussed the Brownian motion in the weak friction, the intermediate friction,
and the strong friction regimes [51; 52]. Here, we focus on the strong friction regime in which
the Brownian particle is purely diﬀusive in a force ﬁeld. In the limit of strong friction, we
may neglect the inertia term and the Langevin equation becomes,

γ ẋ = Γ (t) −

dU (x)
dx

(B.4)

Eq. B.4 is a stochastic diﬀerential equation, owing to the stochastic nature of the ﬂuctuating force. The trajectory of a Brownian particle, x (t), varies from system to system in
an ensemble. Of particular importance is the conditional transition probability density distribution p (x, t|x0 ), in which p (x, t|x0 ) dx gives the probability of the particle at position
x at time t, given that the particle is initially at x0 . The probability density distribution p (x, t|x0 ) corresponding to Eq. B.4 is governed by the Smoluchowski equation [51;
52],
∂
p (x, t|x0 ) =
∂t

(

∂ 2 σ2
∂ F (x)
−
2
2
∂x 2γ
∂x γ

The diﬀusion coeﬃcient deﬁned by D =
∂
∂
p (x, t|x0 ) = D
∂t
∂x

σ2
2γ 2

(

)
p (x, t|x0 )

(B.5)

is spatially independent, and Eq. B.5 becomes,

∂
1 dU (x)
+
∂x Dγ dx

)
p (x, t|x0 )

(B.6)

According to the ﬂuctuation-dissipative theorem (Eq. B.3), Dγ = kB T = β −1 , one can
obtain
∂
∂
p (x, t|x0 ) = D
∂t
∂x

(

∂
dU (x)
+β
∂x
dx

)
p (x, t|x0 )

(B.7)

We can rewrite the Smoluchowski equation as,
∂
∂
∂
p (x, t|x0 ) = D e−βU (x) eβU (x) p (x, t|x0 ) = L (x) p (x, t|x0 ) ,
∂t
∂x
∂x

(B.8)

∂ −βU (x) ∂ βU (x)
where L (x) = D ∂x
e
is the Smoluchowski operator.
∂x e

With the initial probability distribution W (x0 ), the probability distribution W (x, t) at
the later time t can be determined by
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∫
W (x, t) =

p (x, t|x0 ) W (x0 ) dx0

(B.9)

Thus, given the initial condition and the transition probability density, one can determine the time evolution of the probability distribution W (x, t). The importance of the
Smoluchowski equation is providing the time evolution of the probability distribution of the
system.

B.2

Mean First Passage Time

Consider a system has a reﬂecting boundary at x = a and an absorbing boundary at x = b.
Under these boundary conditions, eventually the molecule will leave the diﬀusion domain.
The ﬁrst passage time is the time at which the Brownian particle ﬁrst arrives at the absorbing boundary and leaves the domain. Since the Brownian motion is a stochastic process, the
ﬁrst passage time varies from system to system in an ensemble. It is therefore important
to characterize the mean ﬁrst passage time. In section B.1, we introduced the conditional
transition probability density distribution p (x, t|x0 ), in which p (x, t|x0 ) dx represents the
probability to ﬁnd a particle at position x at time t, given that the particle started diﬀusion
at x0 . The survival probability that the molecule is still in the diﬀusion domain V = [a, b]
at time t is
∫
S (t, x0 ) =

V

p (x, t|x0 ) dx,

(B.10)

which is dependent on the initial position x0 . The diﬀerence S (t, x0 ) − S (t + dt, x0 ) corresponds to the probability that the particle leaves the domain during the period between t
and t + dt,

S (t, x0 ) − S (t + dt, x0 ) = w (t, x0 ) dt,

(B.11)

where w (t, x0 ) dt corresponds to the probability that the molecule is still in the boundary at
time t and leaves the domain in the time interval between t and t + dt. Combining Eq.B.10
with Eq. B.11, the probability density distribution of ﬁrst passage times is
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dS (t, x0 )
=−
dt

∫
V

∂p (x, t|x0 )
dx
∂t

(B.12)

The mean ﬁrst passage time is deﬁned by,
∫

∞

τ (x0 ) =

tw (t, x0 ) dt

(B.13)

0

Before deriving a general formula for the mean ﬁrst passage time, we want to focus on the
moments of the ﬁrst-passage time distribution, given by
∫

∞

τn (x0 ) =

tn w (t, x0 ) dt

(B.14)

0

Following Eq. B.12, the moments of the ﬁrst-passage time distribution become:
∫

∫

∞

τn (x0 ) = −

t
0

n
V

∂p (x, t|x0 )
dxdt =
∂t

∫
V

fn (x, x0 ) dx,

(B.15)

in which fn (x, x0 ) is deﬁned by,
∫

∞

fn (x, x0 ) = −

tn

0

∂p (x, t|x0 )
dt
∂t

(B.16)

By performing the integration by parts in Eq. B.16, fn (x, x0 ) can also be expressed by
∫
fn (x, x0 ) = n

∞

tn−1 p (x, t|x0 ) dt

(B.17)

0

for n ≥ 1, given that at large times (in the limit of t → ∞) the probability that the molecule
is still in the boundary is zero, p (x, ∞, x0 ) = 0. Operating the adjoint Smoluchowski
operator L† on the moments of the ﬁrst-passage time distribution gives

†

L (x0 ) τn (x0 ) =

∫
V

∫

†

L (x0 ) fn (x, x0 ) dx = n

∞

tn−1 L† (x0 ) p (x, t|x0 ) dt

(B.18)

0

Notably, the backward Smoluchowski equation is,
L† (x0 ) p (x, t|x0 ) =

∂p (x, t|x0 )
∂t

Following from Eq. B.15 through Eq. B.19, one can obtain

(B.19)
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L† (x0 ) τn (x0 ) = −nτn−1 (x0 )

(B.20)

for n ≥ 1. Therefore, applying the adjoint operator to the mean ﬁrst passage time yields
L† (x0 ) τ1 (x0 ) = −nτ0 (x0 )
By deﬁnition,

(B.21)

∫
τ0 (x0 ) =

V

f0 (x, x0 ) dx

(B.22)

From Eq. B.16,
∫
f0 (x, x0 ) = −

∞

0

∂p (x, t|x0 )
dt = p (x, 0|x0 )
∂t

(B.23)

Given that the molecule is initially at x = x0 ( p (x, 0|x0 ) = δ (x − x0 )), the value of τ (x0 )
is
∫
τ (x0 ) = τ0 (x0 ) =

V

δ (x − x0 ) dx = 1

(B.24)

Therefore,
L† (x0 ) τ (x0 ) = −1

(B.25)

∂ −βU (x) ∂
From Eq. B.8, the adjoint Smoluchowski operator is L† (x) = DeβU (x) ∂x
e
∂x . We

rewrite Eq. B.25 as,
∂ −βU (x0 ) ∂
e
τ (x0 ) = −1
(B.26)
∂x0
∂x0
(d
)
Integrating Eq. B.26 twice with the boundary conditions, dx
τ (x) |x=a = 0 and (τ (b) = 0),
DeβU (x0 )

one can obtain
1
τ (x0 ) =
D

∫

∫

b

dye
x0

βU (y)
a

y

dze−βU (z)

(B.27)
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Mean First Passage Time (High-barrier Approximation)

In the high-barrier approximation (or the temperature is low), the Brownian motion is
purely diﬀusive in a force ﬁeld, governed by the Smoluchowski equation. Consider that the
system has a reﬂecting boundary at x = a and an absorbing boundary at x = b. From Eq.
B.27, the mean ﬁrst passage time that the particle arrives at the barrier xB from x0 is
1
τ (x0 ) =
D

∫

∫

xB

dye

βU (y)

x0

y

dze−βU (z)

(B.28)

a

When kB T is small (β is large) or in the high-barrier limit, the integral over z is dominated
by the potential near the well. The Taylor series for the potential at the well xW is
1 2
U (z) = UW + ωW
(z − xW )2 + · · · ,
2
2 =
where UW is the potential at the well and ωW

d2 U
|
dz 2 xW

(B.29)

is the curvature of the potential

at the well. Using the method of steepest descent, one can obtain
∫

y

−∞

dze−βU (z) ≃ e−βUW

√
]
[
2π
1 2
dz exp − βωW (z − xW )2 = e−βUW
2
2
βωW
−∞

∫

∞

(B.30)

Similarly, when kB T is small, the integral over y is dominated by the potential near the
barrier. The Taylor series for the potential at the barrier xB is
1 2
U (y) = UB − ωB
(y − xB )2 + · · · ,
2
2 =
where UB is the potential at the barrier and ωB

d2 U
|
dy 2 xB

(B.31)

is the curvature of the potential

at the barrier. By applying the steepest-descent approximation, the integration becomes,
∫

xB

dyeβU (y) ≃ eβUB

x0

The factor

√
]
1 2
2π
1
dy exp − βωB (y − xB )2 = eβUB
2
2
2 βωB
−∞

∫

1
2

xB

[

(B.32)

arises because only half of the Gaussian integral is included. Combining Eq.

B.30 with Eq. B.32, the mean ﬁrst passage time to the barrier is,

τ=

πkB T
exp
DωW ωB

(

∆U
kB T

)
,

(B.33)
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where ∆U = UB − UW . Notably, when the particle arrives at the barrier, it has equal
probability of going either side. Therefore, the mean ﬁrst passage time of crossing the
barrier is two times the mean ﬁrst passage time of arrival at the barrier,
2πkB T
τ=
exp
DωW ωB

(

∆U
kB T

)
(B.34)

In the presence of force, the combined energy landscape is altered by force. The lifetime of
the system becomes:
2πkB T
τ (F ) =
exp
DωW (F ) ωB (F )

(

∆U (F )
kB T

)
(B.35)

The lifetime in the presence of force is dependent on the energy barrier height, ∆U (F ),
and the square root of the curvature of the potential at the well ωW and at the barrier ωB ,
respectively. The force dependency of the lifetime in the Kramers scheme therefore requires
the assumption of the energy proﬁle.
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Appendix C

The Lifetime for the
Static-disorder Model
Previously, we demonstrated the nonexponential kinetics of ubiquitin unfolding under force
using single-molecule force spectroscopy, revealing the diversity of unfolding rates among
individual ubiquitin proteins [69; 97]. The microscopic origins of nonexponential kinetics
result from the conformational heterogeneity of the folded proteins and their distinct unfolding pathways. In the case of static disorder, the interconversion rates among diﬀerent
conformations are much slower than the rate of crossing. During the barrier crossing reaction, the unfolding rate is time independent, and thus the unfolding kinetics for each
particular unfolding pathway is single exponential. Therefore, nonexponential kinetics results from a diverse set of unfolding pathways, implying disorder in the free-energy barrier
heights ∆E = ∆G − F ∆x under a constant force, where ∆G is the barrier height at zero
force and ∆x is the distance to the transition state, respectively. In our static disorder
model, we consider both ∆G and ∆x as functions of independent disorder parameters [97],

∆G = ∆Gavg (1 + u) ;

∆x = ∆xavg (1 + v) ,

(C.1)

where ∆Gavg u is the amount of disorder in ∆G respective to the average value, ∆Gavg , and
∆xavg v is the amount of disorder in ∆x respective to the average value, ∆xavg . According
to the Bell model [49], the lifetime of the system in the presence of a mechanical force F
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associated with a particular unfolding pathway is,

τ (F, u, v) = A

−1

[

]
∆Gavg (1 + u) − F ∆xavg (1 + v)
exp
,
kB T

(C.2)

where A−1 is the preexponential factor. The ensemble-averaged lifetime is given by the
superposition of the lifetime for each pathway, weighted by the probability of the associated
pathway. Assuming that both u and v are normally distributed, both centered at zero, with
a variance of σu2 and σv2 , respectively, the lifetime is
∫

u=6σu

∫

v=6σv

τ (F ) =

τ (F, u, v) f (u) f (v) dudv,
u=−6σu

where f (u) = √ 1

2
2πσu

v=−6σv

(
)
u2
exp − 2σ
and f (v) = √ 1
2

2πσv2

u

(C.3)

(
)
v2
exp − 2σ
is the probability density
2
v

distribution of u and v, respectively. The kinetic parameters obtained from the force-clamp
measurements are listed in Table C.1 [97]. Plugging the measured parameters to Eq. C.3
yields the predicted lifetimes (Fig. 5.2, black line), which are in excellent agreement with
the data (Fig. 5.2, ﬁlled circles).

∆Gavg [pNnm]

σu

∆xavg [nm]

σv

85.1 ± 3.2

0.02 ± 0.01

0.23 ± 0.02

0.11 ± 0.02

Table C.1: Kinetic parameters for ubiquitin obtained from the static-disorder model ﬁt to
the survival probability from the force-clamp measurements.
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Appendix D

The Probability Distribution of
Unfolding Forces for the
Static-disorder Model and the Bell
Model
In the quasi-adiabatic approximation, the survival probability S (t) that the protein still
remains folded at time t follows the ﬁrst-order rate equation,
dS (t)
S (t)
=−
dt
τ (F (t))

(D.1)

The survival probability depends entirely on the dynamics of the lifetime,
[ ∫
S (t) = exp −

t

0

1
dt′
τ (t′ )

]
(D.2)

In the force-ramp assay, the applied force increases linearly with time. By transforming the
variable from time to force, the survival probability S (F ) that the protein remains folded
up to force F becomes,
[

1
S (F ) = exp −
Ḟ

∫

F
0

]
1
df ,
τ (f )

(D.3)
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where Ḟ =
by p (F ) =

dF
dt is the force-loading
)
− dS(F
is,
dF

rate. The probability density of unfolding forces deﬁned

[
]
∫
1
1 F 1
p (F ) =
exp −
df
τ (F ) Ḟ
Ḟ 0 τ (f )

D.1

(D.4)

Static Disorder Model

In the presence of static disorder, the probability density distribution of unfolding forces
associated with a particular pathway is (see Eq. D.4),

p (F, u, v) =

[
]
∫
1
1 F
1
exp −
df
Ḟ 0 τ (f, u, v)
τ (F, u, v) Ḟ

(D.5)

Combining Eq. C.2 and Eq. D.5 yields

p (F, u, v) =


 −∆G

A
exp

Ḟ


[ F ∆xavg (1+v)
]
AkB T e
avg (1 + u) + F ∆xavg (1 + v)
kB T
−
e
−1

kB T
Ḟ ∆xavg (1 + v)
−

∆Gavg (1+u)
kB T

(D.6)
The ensemble-averaged probability of unfolding forces is the superposition of the probability
of unfolding forces for each speciﬁc unfolding pathway, weighted by the probability of the
corresponding pathway,
∫

u=6σu

∫

v=6σv

p (F ) ∆F =

p (F, u, v) f (u) f (v) dudv∆F,
u=−6σu

where f (u) = √ 1

2
2πσu

v=−6σv

(
)
u2
exp − 2σ
and f (v) = √ 1
2
u

2πσv2

(D.7)

(
)
v2
exp − 2σ
is the probability density
2
v

distribution of u and v, respectively, and ∆F is the bin size of the unfolding-force histogram.

D.2

Bell Model

The probability distribution of unfolding forces for the Bell model is [49] (see Eq. D.4),

p (F ) ∆F =

[
(
)]
F ∆x
1
F ∆x
kB T
exp
−
e kB T − 1 ∆F
kB T
Ḟ τ0
Ḟ τ0 ∆x

(D.8)
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Results

Fitting the unfolding-force histograms with the static-disorder model (Eq. D.7) and the Bell
model (Eq. D.8) yield the ﬁt parameters, listed in Table D.1 and Table D.2, respectively.
Surprisingly, the value of σv is much smaller than that from the force-clamp experiments
(Table C.1), showing the signature of dynamics disorder under force-ramp conditions [30;
97].

Rate [pN/s]

∆Gavg [pNnm]

σu

∆xavg [nm]

σv

50

80.1 ± 20.6

0.07 ± 0.09

0.17 ± 0.17

0.0002 ± 2 × 10−6

300

69.6 ± 3.4

0.02 ± 0.04

0.13 ± 0.02

0.0002 ± 2 × 10−6

1000

66.3 ± 3.8

0.03 ± 0.03

0.15 ± 0.03

0.0002 ± 1 × 10−6

Table D.1: Kinetic parameters for ubiquitin unfolding obtained from the static-disorder
model ﬁt to the unfolding-force histograms from the force-ramp measurements.
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Rate [pN/s]

∆G [pNnm]

∆x [nm]

50

70.5 ± 0.9

0.09 ± 0.01

300

69.2 ± 1.1

0.13 ± 0.01

1000

64.2 ± 0.9

0.13 ± 0.01

Table D.2: Kinetic parameters for ubiquitin unfolding obtained from the Bell model ﬁt to
the unfolding-force histograms from the force-ramp measurements.

