Developments in the Theory and
Applications of the Variability Response
Function Concept

Kirubel Teferra

Submitted in partial fulfillment of the
Requirements for the degree
of Doctor of Philosophy

in the Graduate School of Arts and Sciences
COLUMBIA UNIVERSITY

2012



© 2012
Kirubel Teferra
All Rights Reserved



ABSTRACT

Developments in the Theory and Applications of the Variability Response Function Concept
Kirubel Teferra

Uncertainty quantification in Civil Engineering applications is crucial to the decision making
process in the analysis, design, and retrofitting of infrastructure. The consensus amongst
researchers is that deterministic approaches to problem solving can lead to very misleading
results, and the assessment of infrastructure performance needs to be addressed within a
probabilistic framework. As a result, there is great demand to identify and acquire probabilistic
information about uncertain system parameters which affect the performance of a structure.
Unfortunately, it is difficult to obtain a full probabilistic description of uncertain system
parameters, specifically their spatial correlation structures.

In response to this limitation, researchers have sought a means to circumventing the need
for a full probabilistic description of system uncertainties in determining structural response
statistics. One approach is the Variability Response Function(VRF) concept, introduced
by Shinozuka, which decomposes the variability of a response quantity into a deterministic
function that is solely dependent on the deterministic components of the structure and
the Spectral Density Function (SDF) of the uncertain system parameters modeled as a
homogeneous random field. The deterministic function is called the VRF and is analogous to
the Green’s function of a differential equation.

This dissertation explores the limits of the applicability of the VRF concept in Structural
Mechanics problems. The VRF concept is applied to nonlinear statically determinate and
indeterminate beams as well as plane stress structures where the flexibility is considered
to be a random field. In the latter part of the dissertation the VRF concept is applied to
the problem of stochastic characterization of homogenized effective properties through an

equivalent energy based homogenization technique. The final chapter of this dissertation



presents a novel methodology to rapidly generate sample microstructures for random two

phase materials.
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Chapter 1

Introduction

1.1 Introduction

This dissertation contributes to the theoretical development and extends the applicability
of the Variability Response Function(VRF) concept. The VRF is a means to assess the
variability of the response of a structure with very limited information of the probabilistic
characteristics of uncertain system parameters. There are many uncertainties that exist in
Civil Engineering systems which profoundly affect the systems’ performance. Uncertainties
often times exist in the following system parameters: distribution and magnitude of applied
loading, geometry of a structure, boundary conditions, material properties, morphology of
heterogeneous structures, data from sensors, and assumptions in computational models. The
failure of a structure is strongly dependent on the realization of specific threshold quantities
of the uncertain system parameters. Thus, an important area of study is the quantification of
the uncertainties in Civil Engineering systems in order to establish probabilistic information
of critical response quantities that identify failure modes.

Probabilistic Engineering Mechanics is a general area of research dedicated to analyzing the
effects of uncertainties in Civil Engineering within the framework of probability theory. Two

sub-topics are Stochastic Finite Element Analysis, which deals with incorporating probabilistic



analysis into Computational Mechanics, and Structural Reliability, which specifically deals
with obtaining the probability of failure of structures given a specified exceedance threshold.
Seminal texts on these subjects are references [2), 3], 4 [5, 6] [7].

The major difficulties in quantifying uncertainty are a lack of available data and the
inability to accurately simulate complex random fields. The lack of available information
is due to expensive costs of detailed instrumentation, time limitations of collecting data,
and infrequency of occurrence of the event being recorded. Consider, for example, recording
earthquake ground motion using a seismometer. In order to acquire spatial correlation data
of ground motion near a particular fault, many seismometers need to be located in the nearby
region. Since ground motion is strongly dependent on soil properties, the data recorded is
site and event specific and may result in misguided conclusions if used for another location.
Furthermore, the infrequency of occurrence of large earthquakes at a site makes it difficult to
ascertain distributional and spectral characteristics for ground motion in that region.

Brute force Monte Carlo simulation is the most universal approach to acquiring prob-
abilistic information of a response quantity. This requires the ability to simulate random
fields describing the uncertain system parameters. The accuracy of the results depends on
the accuracy of the simulation algorithm of the random field considered. Although there are
a number of random field models which can be accurately simulated, recorded data suggests
that real random fields are oftentimes more complicated than the available mathematical
models. The simulation of random fields, particularly non-Gaussian and inhomogeneous
fields, is an active and ongoing research area.

In light of the aforementioned limitations, the VRF concept, introduced by Shinozuka
[8], provides information of the variability of a structure’s response with no information of
the spatial/temporal correlation structure of the uncertain system parameters. The VRF is
a deterministic function dependent on the structure, its boundary conditions, and loading.
It is independent of the distributional and spectral characteristics of the uncertain system

parameters. It identifies the sensitivity of the correlation structure of the uncertain parameters



on the variability of the response. With only knowledge of the variance of the uncertain system
parameters, the VRF can be used to determine the supremum of the response variability.
There are two major drawbacks to the VRF concept. First, the VRF concept is only
applicable for statistically homogeneous random fields. No theoretical developments have
been made with regards to establishing VRF's for structures with statistically inhomogeneous
uncertainties. The second drawback is that the existence of VRFs has only been derived
for statically determinate linear structures. A recent methodology, termed the Generalized
Variability Response Function (GVRF) Methodology [9] [10} [I1], is a Monte Carlo based
approach that has been used to establish approximate VRFs for statically indeterminate, linear
structures where the stochasticity is modeled as a one-dimensional random field. The aim of
this dissertation is to expand the applicability of the VRF concept to more general conditions
in Structural Engineering. This thesis specifically addresses the latter drawback mentioned
above. In this thesis, applications of the VRF concept are expanded to include nonlinear
statically determinate and indeterminate beams as well as two-dimensional structures.
According to [2] stochasticity in the operator (structure) is more complicated than
stochasticity in the input (loading). In the studies of this dissertation, the compliance or

flexibility is considered to be a homogeneous random field.

1.2 Dissertation Outline

There are five main accomplishments of this dissertation:

i The existence of the VRF for statically determinate structures of materials having a

specific class of nonlinear constitutive laws is analytical derived.

ii The GVRF methodology is used to establish approximate VRF's for a statically inde-
terminate beam of a material having one of the nonlinear constitutive laws mentioned

above.



iii The GVRF methodology is formulated when the stochasticity of the structure is modeled
as a two-dimensional field. In a numerical example, approximate VRFs are established

for a plane stress linear structure.

iv. The VRF concept is applied to the problem of stochastic upscaling of material properties.
In [12], the existence of the VRF for homogenized effective properties is proven for linear
statically determinate structures. The GVRF methodology is employed to established
approximate VRFs for homogenized effective properties for statically indeterminate

beams and plane stress problems.

v A novel methodology for the simulation of two phase random heterogeneous morphologies

is developed. Two numerical examples are presented.

In chapter [2, the VRF concept is introduced. An up to date literature review on the
theory and applications of the VRF is given. The original derivation of the VRF for statically
determinate beams with flexibility modeled as a random field is presented [13]. The chapter
concludes with a numerical example. In chapter [3| the existence of the VRF is proven for
a class of nonlinear statically determinate structures. In two numerical examples, closed
form expressions for the VRF for a cantilever having a square root constitutive law is
analytically derived. It should be noted that this is the first analytical development of the
VRF concept since it was first introduced. All research prior to this dissertation focuses on
numerical techniques, such as first order perturbation or Monte Carlo simulation, to establish
approximate VRF's.

In chapter , the GVRF methodology developed in [9] [10] [11] is formulated in detail for
statically indeterminate beams with a square root constitutive law. The translation field
theory and its analogous associated field theory is presented as well as algorithms to simulate
Gaussian, U-beta, and translated fields. Chapter [5| contains two numerical examples. The
GVRF methodology is used to reproduce the exact VRF for the statically determinate beam

in an example in chapter 3} and then is used to establish approximate VRFs for a fixed-pinned



nonlinear beam.

Chapter [6] formulates the GVRF methodology for linear structures where the stochasticity
is modeled by a two-dimensional random field. It is a straight forward extension from the
one-dimensional case. In a numerical example, approximate VRFs are established for the
displacement response of a plane stress problem.

In Chapter [7], the VRF concept is applied to determining the variance of homogenized
material properties. The homogenized material properties are considered to be the response
quantity of interest analogous to that of the displacement response. The derivation of the
VRF for homogenized material properties for linear, statically determinate linear structures,
first shown in [12], is presented. Two numerical examples are presented using the GVRF
methodology: approximate VRF's are established for the homogenized flexibility of a statically
indeterminate beam and for the homogenized compliance of a plane stress structure.

In Chapter [§ a novel approach to generating virtual samples of microstructures of two
phase random media is developed. Typically the morphology of two-phase heterogeneous
materials is modeled by the indicator function and a specified two-point correlation function.
In this methodology, an underlying Filtered Poisson Field is translated into a Binary random
field by performing a level-cut. This theory is developed by Grigoriu in [14, [15]. The novelty
of the approach presented in this dissertation is that the parameters of this model are
optimized to match pre-specified two-point correlation functions using Genetic Algorithms.
Two numerical examples are presented.

The dissertation concludes with a discussion on the limitations and accomplishments
of the VRF concept in a theoretical and application sense. The work presented in this

dissertation is summarized and the potential direction of future research is contemplated.



Chapter 2

Variability Response Function

Concept

2.1 Introduction

The Variability Response Function (VRF) is a deterministic function that identifies the
sensitivity of a response quantity to the correlation structure (or spectral contents), of a
property of the structure that is modeled as a homogeneous random field. The VRF is defined
as

Var [u(z)] = / S/ (k)V RF (x, v)dr, (2.1)

where S¢(k) is the spectral density function (SDF) of the homogeneous random field f(z)
modeling the system stochasticity. The VRF concept is analogous to the Green’s function for
differential equations. For a differential equation, with solution u(x) and forcing function

f(x), defined as £ [u(x)] = f(x), the solution is given by

u(x) = /O T G(x,8)f(3)ds. (2.2)



The Greens function is a function of the domain variable x and a dummy variable of integration
s whereas the VRF is a function of the domain variable and the frequency domain. The
SDF is analogous to the forcing function and the variance of the response is analogous to
the solution. More conceptually, analogies to the VRF are often drawn from the Frequency
Response Function encountered in Structural Dynamics. The Frequency Response Function
is a transfer function which expresses the structural response (displacement, velocity, or
acceleration) due to an applied dynamic force [16]. The most important quality of the VRF
is its independence of the SDF and PDF of the random field, f(z). It only depends on
the structure and its boundary conditions (ie displacement and loading), and the response
quantity of interest. Thus, once the VRF is known for a structure, performing only a simple
integration gives the variance of the desired response quantity. The VRF also provides a
“spectral distribution-free” upper and lower bound on the variance of the response. Given a
variance of the input stochasticity, an SDF defined by the delta function at the peak of the
VRF provides the supremum of the response variance. Figure [2.1] provides graphical insight
into the significance of the VRF. Consider two different potential SDFs describing the spatial
variation of a structure’s stochasticity: it can be determined just by visual inspection that

SDF; produces a larger variance than SDF,.

—VRF
—— SDF1}]
SDF2

0. 18}
0.16¢

Figure 2.1: Visualization of the VRF: Example of VRF with Hypothetical SDF's

An excellent review of the literature can be found in the PhD. thesis of Manuel Miranda



[9]. The concept of the VRF has been introduced by Shinozuka [§] and later developed by
Deodatis and Shinozuka [I3]. The VRF is been established for statically determinate beams
and trusses with the flexibility and compliance modeled as a random fields, respectively. The
VRF only has a closed-form and exact analytical solution for statically determinate structures.
However, Deodatis [17] developed the VRF within a finite element framework by performing
a first-order Taylor expansion of the stiffness matrix with respect to a stochastic random
field. The stiffness matrix is a summation of a deterministic stiffness matrix, consisting of
mean value of the random field, and the stochastic stiffness matrix, which can be efficiently
calculated using the Weighted Integral Method [18] [19, 20} 21]. Following this methodology,
first-order approximations of the VRF has been established for plane stress/strain models,
trusses, and frames for stochastic material properties, geometrical imperfections, and loading
[22, 23, 24), 25], 26], 27]. Tt is important to note that these results using first-order expansion

are approximate and only sufficient for small variances of the stochastic system properties.

2.2 Random Field Model for Beam Flexibility

Although the stiffness formulation is commonly used in stochastic mechanics, in some
cases it is advantageous to consider the flexibility or compliance in the equilibrium equations.
The compliance of a material can be measured as easily as its elastic modulus. It has been
found that closed form expressions are only possible by modeling the beam flexibility in
determining response variability of statically determinate trusses and frames [8, 20} [13] (17, 2§].

The homogeneous random field model for the flexibility takes the following form

1 1
_ 1+ @) (2.3)
El(z) Ely
where ELIO is the average flexibility and f(z) is a zero-mean, homogeneous random field

describing the fluctuations about its mean value. In order for the problem to be well-posed,



the bounds for the flexibility are

1 1 1

0 < <
S Elpew = EI(@) = Elyp

< 00. (2.4)

The strictly positive and bounded requirements ensure that the problem is well posed,
following from the Babuska-Lax-Milgram theorem [29, [30, B1]. It should be noted that in
[29, 30} B1], the theory proving the well-posed conditions of the problem corresponds to a
stiffness formulation. Thus, the upper bound in equation corresponds to the stiffness
being strictly positive, and the lower bound corresponds to the stiffness being bounded. The
bounds also ensure that all realizations of the flexibility are physically meaningful.

It is important to note that the Lognormal distribution violates these conditions. However,
the Lognormal distribution can be used in numerical studies with caution. Since simulation
techniques cannot simulate a realization of infinity, the sample functions will alway be
bounded. Attention must be paid to whether the correlation functions/statistical moments
affecting the response statistics of interest are accurately represented by the simulation

algorithm.

2.3 Exact VRF for Statically Determinate Beams

Consider the statically determinate beam in figure 2.2f with deterministic distributed load,

q(x), and heterogeneous, random flexibility, ﬁ(@ defined in equation (2.3). The governing

differential equation for the displacement field, u(x), for an Euler-Bernouli beam is
d? d*u

Since the moment distribution, M (z), is only dependent on the boundary conditions and

loading for a statically determinate beam, it is therefore deterministic. The differential
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q(X)\‘
= |
ﬁ% \LE"X) 7777

Figure 2.2: Statically determinate, pinned-pinned, beam.

equation reduces to
d>v M(x)

dz?  El(z) (2.6)

This allows u(z) do be described by a Green’s function independent of M (x) and EI(x),

T

u(x) :/Efl(xl)G(x’x/)M($,)dx/

. (2.7)
1
_ / i+ F@))Gla, )M (@)
0
Taking expectation of displacement gives
f 1 / / / /
Bfule)] = [ 5 (1 + @G ) M)
0 (2.8)
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and the mean squared

E [u o //]E (14 F(@)(1 + (@) Gz, 2,)Glz, 2h)
M () M (), d o
E12// 1+E[f )] G, 2))G(x, 4)
M () M(2h)de, dosy.
The variance is then given by
Var [u(z)] = ELISZO/IE [f (1) f(23)] G(, 21)G(3) 210

Utilizing the fact that f(x) is statistically homogeneous, the Wiener-Khinchin transformation
is applied

oo T

Var [u ///Sf k)exp (ik(zy — ) G(z, )G (z, 25)

(2.11)
M (z)) M (z4)dx' dxlydk.
Defining V(z, r) as
V(z,k) = %/G(m,x')M(w')exp (ikax') da’, (2.12)
0

0
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then

Var [u(z)] = /Sf(H)V([E,Ii)V*(I7I€)dIi

—0o0
o0

= /Sf(fi)|V(:L’,fi)|2dl€ (2.13)

—0o0

= /Sf(m)VRF(x,m)dm,

with the VRF defined as
VRF (2, %) = |V (z,5)|"
1 x x
oz | [ Gle. G s et .14
°0 %0
exp (ik(zy — ) dr' dzs,.

It is important to reiterate that the closed form solution of the VRF is only possible because the
moment distribution is independent of the stiffness of the structure, enabling a simplification
of the beam equation from equations (2.5)) to such that the ratio of the moment to
stiffness is the forcing function of the differential equation. This condition cannot be obtained

for statically indeterminate structures.

2.3.1 Numerical Example

Consider the cantilever shown below with the following properties: Fly = 1.5F6, q(z) =
q(L —x)/L, My =10, L = 20. Since the structure is statically determinate, equation ([2.6|
can be used to determine the displacement. The Green’s function can be derived from its

definition, continuity constraints, and boundary conditions, as outlined in reference [32].
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/q(X)
}
\ El(x)

L

ANMNAN

Figure 2.3: Statically determinate cantilever beam.

A general first order linear ODE with homogeneous boundary conditions takes the form

dn dn—l d
U @) a1 ()2 an(e)u = Lu= f(2)
dant dz (2.15)

Bu =0,

and its Green’s function satisfies the differential equation

L.G(z,y) =0(x —y) (216)

BG(z,y) =0

with the subscript  denoting the variable of differentiation. The following n equations are

needed to satisfy continuity

T=y-+e€
=1

e (2.17)

=0, (k=0,1,2,...n—2).

T=y—e¢

_d"'G(x,y)
lgg dxnfl

dk
i &6 (z,y)

e—0 dxk

A common approach to solve for the Green’s function is to split the ODE into two conditions,

x <y and x > y, resulting in two homogeneous ODEs from which a piece-wise solution can
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be obtained
LGT =0, z>y
G(z,y) : (2.18)
LG =0, z<uy.
The continuity constraints of equation (2.17)) are be applied to solve for the constants of

integration

"Gty tey) d'G(y—ey)

li =1

EI_I}’(I) dxn—l dxn—l (2 19)
_ d"GT(y+ey) dG(y—ey) '
lim e — e =0, (k=0,1,2,...,n—2),

and the boundary conditions are applied to provide the additional n equations needed for a
unique solution.
For the cantilever shown in [2.3] the governing equation for displacement is
d*u  M(x)
dx?2  FEl

_du
- dx =0

(1+ f(z))
(2.20)

u(0) =0,

with M(x) = My — % + qLTz + % + %i;. Defining the Green’s function as

TELD) g0y

dx?
G(O,y) — M — 07

dx =0

(2.21)

the aforementioned method can be applied to get

PEe) — 0= GH(x,y) = A(y)r + Bly), = >y

G(z,y) : (2.22)

de_(m,y) — 0 = Gf(x’y) = C(y)l‘ —+ D(y)’ T < Y.

dx?

Observe that C(y), and D(y) must equal zero to satisfy the boundary conditions. Applying
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the continuity equations give

dGT
limﬂ =1=Ay) =1
e—0 dx —
v (2.23)
lim G(z, y) o 0= B(y) = ~y.
Thus the Green’s function is
T—Y, T>UY
G(r,y) = (2.24)

0, T <.

From equations (2.12)) and ({2.14), the VRF can be solved for. The function V(z, k) is

3

x L2 L 2
Viz, k) :/0 (o= 5)(My — L=+ 222 2 D e ks

AT {—8 sin (kz)q 4+ 2kxq +3kqL — 1/2qeL*k* — 1/6 ¢L*k?
0

+My Lk + L?sin (kx) gk* — 3 cos (kx) kqL + 1/2 cos (kz) k*q2*L
+6 cos (k) kxq — 1/3 cos (kz) k*qx® + 1/6 cos (kx) qL*k*

—cos (kx) My Lk® — 1/2 cos (kz) quL*k* + 2 sin (kz) 2°gk® (2.25)
i :

ElyLk?

—2 sin (kz) gz Lk*} + {k*xMy L + k*qxL + 8 cos (kz) q

—L?*cos (kz) qk* + k*qL? — 3 sin (k) kqL + 1/2 sin (kx) k*qz*L
+6 sin (k) kxq — 1/3 sin (kz) k*qx® + 1/6 sin (kz) ¢L*k*
—sin (kx) My LE* — 1/6 k*zqL?® — 1/2 sin (kx) gz L*k?

—8¢ — 2 cos (kz) 2°qk® + 2 cos (kx) qzLk*} .
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The VRF is

—1

k"2 My Lsin (kx) q — 24 k™2 M, L*sin (kx) g

+72 k" xMy*L?sin (kz) — 504 sin (kx) >z L*k® + 36 k" 2> M, L? sin (kx) ¢
+24 kSq?2x* L sin (kx) — 288 k*xq* cos (kx) L + 144 k*2*¢* cos (kz) L

+72 k*xq? cos (kx) L* — 864 k*xqcos (kx) My L 4 180 k*z%q* cos (kx) L?
—288 k32?¢” sin (kx) L + 432 k*qL? cos (kx) My — 10 ¢*2° L*k® cos (kx)

—12 @2 L*K® cos (kx) — 12 ¢*x L7k cos (kx) + 12 ¢*x* L*k° cos (kx)

+72 qu L*K® cos (kx) My + 60 ¢*2° L?K® sin (kx) + 24 ¢°2*L*k® sin (kx)

—24 qL*k cos (kx) My — 180 My L*k® cos (kx) qz* + 168 My Lk® cos (kx) ga®
+432 My L?k° sin (kx) gz — 4608 ¢* + 4608 cos (kx) ¢* + 4608 sin (kz) ¢*kx (2.26)
—2016 k*2%q? cos (kx) + 48 k*z*q? cos (kx) — 480 k323 ¢* sin (kx)

—504 k*q*L? cos (kx) + 2 ¢*L°K® cos (kx) + 72 My* L*k® cos (kx)

—4 sin (kz) k"¢*x* L? + 2 sin (kx) ¢* L°k"x + 6 sin (kz) k" ¢*2* L*
—6k"2%¢* L’ sin (kx) — 576 M, Lk® sin (kx) 2°q — 36 k'2® My L*sin (kx) g
—36 kS22 M, L?q — 288 k22?¢* + 504 k*¢° L* — 2 ¢*LOkS — 72 M2 L2kS

+288 k2xq? L + T2 K*a?¢*L? + 12 k¥ 2> M,y L*q + 864 k*xzqM, L

—72qx L3k My — 72 k*¢q® L3 — 432 k*qL? M, — 12 ¢?2* L kS + 12 *2 L°k°
+24 gLk My — k8a?¢PLS — 21 kP2t L% + 22 kS¢? 23 L3 — 24 kCqa®* M, L

+12k%¢*2°L — 4 kSq*2® — 36 kP2 M,° L} .

A few observations that can be seen from figure that are worth noting:

e The displacement over the length is a non-stationary random field despite the input
random field being stationary, even for statically determinate structures. This fact
makes the VRF more complex than the frequency response function encountered in

structural dynamics, from which analogies are often drawn.
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x=L
----- x=.8L
1.6 x=.5L
x=.25L

1.2 1

0.6

0.4

Figure 2.4: VRF for example above evaluated at x=.25L, x=.5L, x=.8L, and x=L

e There are certain loading conditions that produce a VRF with its peak away from
x = 0. This motivates the need to consider power of S¢(x) over the full range of wave

numbers.
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Chapter 3

Exact VRF for a Class of Statically

Determinate Nonlinear Beams

The VRF for statically determinate beams following a class of nonlinear constitutive laws
is derived in this chapter. The integral expression defining the VRF contains the SDF as
well as higher power terms of the SDF. The VRF is strongly dependent on the constitutive
law, but closed formed expressions can only be derived for only certain simple constitutive
laws. This chapter begins with a derivation of the VRF. After which an example compares
the VRFs for identical structures where one has a linear constitutive law and the other
nonlinear. The chapter concludes with a discussion on the difficulties encountered when

trying to establish a VRF for an arbitrary constitutive law.
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3.1 Expression for the Displacement of Statically De-
terminate Beams With Power Law Constitutive
Relations

The following derivation follows the formalism of the derivation found in reference [33].

Counsider the constitutive law defined as

o= E(a:)|e|é sgn(e) = %sgn(e), (3.1)

where f(x) is a zero mean and statistically homogeneous random field, « is a positive integer,
and sgn(-) is the sign function. The moment distribution along the length of the beam, m(zx),

which can be determined by statics, is also defined as

h/2 h)2 .
m@) =0 [ otedy = [ Bl isenleludy 32)
—h/2 —h/2

By utilizing the kinematic relationship
y=pe = dy= pde, (3.3)

where p is the radius of curvature, the moment can be expressed by

1+«

m(z) = 2p2bE(x)/ € o de
0

:2p2bE(x)( a )J , o

142«

where € is the strain at the extreme fiber per cross section. Substituting p = h/2¢; gives

m(q;):%h%E(x)( « )61 (3.5)
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Solving for €; gives

o= (X)) sl (o). 3.5)

Using the kinematic relation that curvature is the second derivative of the displacement field,

u(z) can be solved for as

u'(z)=-=

I 2 2 ((142a)m(z)\"
P h ( 20h2E (z) ) sgn(m(z)) =

o) = [ Gy (2O e

(3.7)

G(z, s) is the Green’s function for the structure and its boundary conditions, which can be
derived for any statically determinate Euler-Bernoulli beam. From this integral expression,

the variance of u(z) can be computed in closed form for a given a.

3.1.1 Derivation for Displacement Response for Statically Deter-

minate Structures with a Linear Constitutive Law

In order to validate the derivation of section [3.1] the derivation for the displacement of a

statically determinate linear elastic beam is given. The moment is given by

h/2 h/2
m(z) = b/ o(x,y)ydy = m(z) = b/ E(z)eydy. (3.8)
—h/2 —h/2
Using the relations of equations (3.3)), the moment is
o [ o 2 5 3
m(z) =p b/ Ee’de = 3P bE(z)e’. (3.9)

From the kinematic relation p = h/2¢;, the extreme fiber strain is solved for:

6m(x)
bE(x)h?’

(3.10)

€1 =
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and lastly, the curvature is given by

vy 1 2¢  12m(x) m(x)
V) = = T W ER Bl

(3.11)

3.1.2 Variability Response Function for Statically Determinate

Beams With Square-Root Constitutive Law

Let the constitutive relation for a material be defined as

o = E+/Je|sgn(e) (3.12)

After some algebra following the derivation of section [3.1] the expression for the displace-

ment field can be obtained:

u(z) = /Ow %jésg)sgn(m(s)) (1+ f(s))2 G(z,s)ds. (3.13)

The variance of u(x) is obtained by taking the expectation and expectation squared of

equation (3.13). The expectation is given by

E [u(z)] = ' 50577122(2) sgn(m(s))E [1 4 2f(s) + f3(s)] G(z, s)ds
WO E
0 0 (3.14)

— /05” %Qé?sgn(m(s)) (1+0%) G(z, s)ds.



The expectation squared is given by

/ / o thb4E4 Sgn(m(s))sgn(m(sl))G(x,S)G(x’sl)x
E[(1+2f(s )+f2( )) ( +2f(sl) + f2(s1))] dsdsy
/ / o h10b4E4 Sgn(m(s))sgn(m(81))G(w,S)G(x,sl)x

E[1+2f(s) +2f(s1) + f2(s) + f2(s1) + 4f(s) f(s1)+
21 (5)f2(s1) + 2 (s1) F2(s) + £2(5) f2(s1)] dsdlsy

Defining the following correlation functions as:

Ri(m) =E[f(s)f(s1)]
Rm(T) =E [f(s)fQ(sl)} = R21(7')
Ry (1) =E [fz(S)fz(Sl)} )

where 7 = s1 — s, then the expectation squared becomes
2
0l = [ [ (oo ) momssentm(s)ssn(msn)»
G(x,5)G(x,51) (4R1(T) + 207 + 4R15(7) + Raa(7)) dsds,.
Defining the following power spectra as:
Si(k) = / Ry (T)exp(ikT)dT

Sia(k) = /_ " Rus(r)explinT)dr

SQQ(/Q) = /_OO RQQ(T)eXp(i/ﬁT)dT,

22

(3.15)

(3.16a)
(3.16b)

(3.16¢)

(3.17)

(3.18a)
(3.18b)

(3.18c¢)
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then the variance of the the displacement, Var [u(z)] = E [u?(z)] — E [u(z)]* becomes

Vet = [~ [ [ (eamz ) mmsusmam(ohsgnim(sn e, )7 .
Gz, s1)exp(ir(s1 — s)) (4S1(k) + 4512(k) + Sxa(k) — 6(k)o}) dsidsdr.
The term that all spectra have in common will be denoted as V RF*(x, k), that is

VRF(2,r) = / [ 1 (s ) o santmts)sntm(s)

x,8)G(x, s1)exp(ik(sy — s))dsids.

(3.20)

The variance can be expressed in an integral expression analogous to the linear statically

determinate case as

Var [u(z)] = /_00 VRE*(x,K) [51(/@) + S12(K) + iSQQ(FJ) — }lé(m)aﬁ dk (3.21)

o0

The Si5(k) and Soa(k) terms are lines in the bispectrum and trispectrum. These are higher
order spectra studied in signal processing, and they contain information about the degree of
non-Gaussianity of a signal and the nonlinearity of the operator [34]. A few observations can

be made from the above derivation:

e Certain nonlinear constitutive laws beget higher power correlation functions affecting

the variance of the response.

e A unique and independent VRF exists for statically determinate structures for a class
of nonlinear constitutive laws under monotonic loading. This is the first time such a

proof is provided.

e Each constitutive law has a unique VRF and invokes different scale factors for the

power spectra.

Take the following cantilever in the figure with nonlinear constitutive law mentioned
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in equation ((3.12)).

q(x)

7 A

L

Figure 3.1: Cantilever Analyzed

The parameters are assigned the following values: ¢(x) = 50, M = 3500, L = 16, and
Ey = 3.25 x 10*. The moment is m(z) = M — (L — ). The term VRF*(z, x) is defined as

VEF'(w,r) = /l/ (mmp>(M—%@—@%%M—g@—ﬁfy

SQWW—5@—$Vmeﬁ—;L—ayXx—@@—sﬂ

(3.22)
exp(ik(sy — s)dsds.

In figure[3.2]the VRF* at 2 = L is plotted along with the VRF for the identical structure with

a linear constitutive law (see chapter [2| for VRF for linear statically determinate structures).
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(a) VRF at x=L for Nonlinear Constitutive Law
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(b) VRF at x=L for Linear Constitutive Law

Figure 3.2: VRF's for Deflection at x = L for Cantilever in figure

The VRF's are quite similar in shape, but this is a result of the loading. Another loading

condition is shown in figure 3.3 in which the distributed loading varies linearly and is given

by q(x) = q(L —x)/L.
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q(x)

%m

L

Figure 3.3: Cantilever Analyzed

Keeping all the parameters the same as the previous example but changing the loading
distribution profoundly affects the VRFs. From figure [3.4) which plots the VRF* for the
nonlinear cantilever against that of the linear structure, it is clear that the VRF' is quite

dependent on the constitutive law.
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(b) VRF at x=L for Linear Constitutive Law

Figure 3.4: VRF's for Deflection at x = L for Cantilever in figure

One usage of the VRF is demonstrated below. Consider a random field having an SDF

and higher power SDF's as shown in figure |3.5|
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Figure 3.5: Example SDF and Its Higher Power Terms
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Utilizing only the SDFs in figure and equation (3.21)) the response variance can be

determined once the VRF* term is known. For the example in figure following the

nonlinear constitutive law, the integral of equation (3.21]) is computed numerically to give

the response variance:

Var [u(L)] = 2 Z VRF*(L, k;) |:Sl(/fj) + Sh2(k5) + 3522(/@) Ak

J=1

1 * 4
— JVRF*(L,0)0}

= .1065

(3.23)
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3.2 Discussion of the Displacement Response for Stat-
ically Determinate Beams with Arbitrary Consti-
tutive Law

The derivation for an integral expression for the displacement field in section 3.1]is followed

here for an arbitrary constitutive law. Consider the constitutive law
o= Ef(e). (3.24)

The moment distribution along the length of the beam, m(x), can be determined by statics.

It is also defined as

h/2
m(zx) = b/_h/2 o(z,y)ydy. (3.25)

By utilizing the kinematic relationship

Yy = pe
(3.26)

dy = pde,

where p is the radius of curvature, and by taking a constitutive law, o = E(z)f(€), the

moment is expressed by

m(z) = 202F / " (e)ede = 22 / " he)de, (3.27)
0 0

where € is the strain at the extreme fiber of the cross section, and h(e) = f(e)e. The
constitutive law taken in this derivation shall be constrained to one for which the loading
is monotonic (i.e. no hysteresis curves). Let function H(e) = [, h(e)de. Since either only

positive or only negative values are taken for € in the integration and only monotonic loading
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is considered, function H(e;) is one-to-one. Utilizing the following kinematic relationship

h
= 3.28
P= o0 (3.28)
the moment can be expressed as
hbEH (e7)
m(r) = ——5——. (3.29)
€1

Let H*(e1) = H(e1)/€2. If H*(e;) is also one-to-one, which holds for a large class of constitutive

laws, then its inverse, H*~!, exists. Then €; can be written as

er(a) = H! (m}flf)) . (3.30)

The constraint for which no inverse for H*(e;) exists, requires that 3 €1, €, s.t. €], H*(e1,) =
€1, H*(€1,) which is more easily avoided than obtained. Utilizing the kinematic relation that
curvature is the second derivative of displacement, and equation , the displacement
field can be written as

() = 2—;1 _ %H*l (%) N (3.31a)

u(z) = /0 ’ %H*‘l (%2)) Gz, 5)ds. (3.31b)

G(z,s) is the Green’s function for the differential equation in with its boundary
conditions.

It is difficult to establish a VRF for an arbitrary constitutive law because closed form
expressions rarely exist for H*~!. As a result, the contributions of the SDF and its higher
power terms are unknown. Therefore numerical procedures cannot be implemented to

establish a VREF™ term to the best of the current knowledge.
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Chapter 4

Generalized Variability Response

Function Methodology

4.1 Introduction

The existence of the VRF was formally proven for linear, statically determinate structures
in the chapter 2| and for a class of nonlinear, statically determinate structures in chapter
Bl For all other structures, the VRF’s existence has never been formally proven due to the
condition that there must exist a Green’s function independent of the flexibility in equation
. However its existence has not been disproved either. This chapter details a Monte
Carlo based methodology, proposed by [11], [0} [10], that generalizes the VRF concept such that
it is applicable to indeterminate linear structures. The aim of this methodology is to compute
a Generalized VRF (GVRF) with properties very similar to those of the classical VRF. A
Monte Carlo simulation procedure is developed to determine the validity of the following
desired property: a unique VRF exists for indeterminate structures that is independent of
the marginal PDF and SDF of the uncertain parameters. In references [I1], 9] 0] the GVRFs
are established for statically indeterminate, linear beam structures. The aim of this and the

following chapter is to determine if the methodology is applicable for nonlinear beams.
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Assume that equation (2.1)), rewritten below for convenience, holds in general for any
linear structure

dVRF(z,k)s.t.  Varu(z)] = / S¢(k)VRF(x,Kk)dk. (4.1)

— 00

If computing numerically, the form of the equation becomes
N
Var [u(x)] = 2 Z Si(k)VRE (z, k) AR, K € [0..K,], (4.2)
1=1

which equivalently can be written as

VRF(x, k1)

VRF(x, ko)
Var[u(z)] =2 | Sp(k1) Sp(ka) ... Sy(kn) | AK. (4.3)

VRF(z,kN)

For a given SDF and marginal PDF of f(z) in equation (2.4)), the variance of u(z) can be
computed through Monte Carlo simulation. If this is repeated N times for N different SDF's,
then a system of linear equations emerges where the unknown quantity is the VRF. To
highlight the difference between the VRF computed with that of chapter [2, this VRF is

denoted the Generalized Variability Response Function (GVRF)

Varfun] || Snm) Sp(ke) o Spen) | | GVRF( Ry ]
Var [u(x)s] .y St (k1) Sp(k2) .. Sp(kN) GV RF(x, ko) Ar. (44)
| Var [u(z)n] | | Spy(k1) Spy(k2) o Spy(sn) | | GVRF(2,k8) |

For nonlinear statically indeterminate structures, it is assumed that the following equation
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can be satisfied

Var [u(z)] = 2 /000 VRF*(x,k)S*(k)dk. (4.5)

The term S*(k) is specific to the constitutive law. For a square root constitutive law, S*(k)

was derived in chapter [3 to be
) 1 1
S (Fd) = Sl<l€) + 512(:‘1) + ZSQQ(K/) - gé(lﬁ) (46)

Following the development for the linear case, now the system of linear equations is

Var [u(x)] St (k1) St (k2) . 5% (kN) | GV RF*(z, k1)
Var [u(x)s] ., 5}2(/11) S}Q(lig) 5}2(/@\;) GV RF*(z, ko) Ak (47)
| Var [u(z)N] | I St (k1) St (k2) . St (kN) | | GVRF*(z,kn) |

It is important to note that the S*(k) in can only be determined for a few nonlinear
constitutive laws (see section for discussion). The N SDFs comprising the matrix in
equations and are called set or family of SDFs. They have identical shapes and are
related to each other by a shift in the domain of its argument, x. The details are discussed
in section The GVRF obtained from solving the system of linear equations from a family
of SDFs is one approximation of the VRF. In order to verify its uniqueness, independence,
and existence, this process is repeated for different marginal PDFs and families of SDF's
describing random field f(z).

Since the response variance is determined through Monte Carlo simulation, it is necessary
to describe f(z) as a non-Gaussian random field that can be simulated. This is executed
by either simulating Gaussian or U-beta random fields and transforming them to a desired
distribution. The random field models of f(x) will be constrained such that f(z) is completely

characterized by its second order statistics (finite variance, O']%, and its autocorrelation function,

Ry(7)).
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The remainder of this chapter presents the methodology in detail. In section [4.2] the
Translation Field Theory for transforming Gaussian fields and the Spectral Representation
Method for simulating Gaussian random fields are presented. Section describes U-beta
random fields and the Associated Field Theory. The subsequent sections outline the non-
Gaussian random fields and the SDFs considered for modeling the heterogeneous flexibility
in the numerical examples presented in chapter [} The chapter concludes with a summary of

the GVRF, and numerical and computational issues that need to be taken into consideration.

4.2 Translating From An Underlying Gaussian Field

It is widely accepted that non-Gaussian random field models are necessary to accurately
represent uncertain system parameters in Civil Engineering applications. There is a large
number of researchers trying to efficiently simulate non-Gaussian and non-stationary random
fields, often with application to ground motion simulation, however they mostly involve
Monte Carlo techniques to match prescribed evolutionary power SDFs and marginal PDFs
[35]. There is one widely accepted non-Gaussian random field model whose mathematics
is rigorously developed analytically, and that is the translational field model [36]. In the
translation field model, a Gaussian random field is transformed to a non-Gaussian field, and
expressions can be derived for a complete description of its properties (ie joint probability
density function (pdf), statistical moments, mean up-crossing rates, and distribution of

extremes).

4.2.1 Gaussian Random Fields

A homogeneous random field G(x) is a Gaussian random field if the set of any N samples,

(G(x1) = ¢1,G(x2) = g2, ..., G(xN) = gn), is a set of N Gaussian random variables having
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the N order joint pdf, ¢n(g) given by

1 1 T —1
on(g) = (2m)Ndetpoc exp (_5(4‘%’ — pa)” Poc (8 — MG)) 5 (4.8)

where pgqg is the covariance matrix, and pug is the vector of means of the N samples. Its

autocorrelation function defined as

Ra(€) = E[G(1)G (x2)] = / N / " 1920(8)dgndg, (4.9)

depends only on the distance between the two instances, x; and x5. The mean and autocorre-
lation function are invariant of any spatial shift. Therefore, a weakly homogeneous Gaussian
field is strictly homogeneous due to the fact that any N** order joint-pdf is completely
described by its mean and autocorrelation function. Gaussian random fields comprise the
most widely used class of random fields due to the existence of closed form expressions for
complete characterization, the consequences of central limit theorem , and the efficiency of

their simulation [37].

4.2.2 Translation Field Theory

Let x be an n dimensional vector in R” and a function G(x), with mapping G : R” — R,
be a homogeneous Gaussian field with mean, u, equal zero, autocorrelation, Rg(§) =
Elg(x + £)g(x)], and marginal PDF is ®(g) = P(G(x) < g). The lag term, £, between

positions x9 and x; is defined as

(x9, — x1,, X9, — X1,,...,T9, — x1,) for a general anisotropic field
¢ = (4.10)

|zg — a3 for an isotropic field
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Let F(x), with mapping F' : R” — R, be a random field having a monotonically increasing

and continuous PDF, Pr(f). Then

F(x) = P.' o ®(G(x)) = T(G(x)) (4.11)

where T(-) = Pn'o®(-). The constraint that Pr(f) is monotonically increasing and continuous
ensures the existence of its inverse. This is called a memoryless transformation since the
value of F' evaluated at position x is dependent on the value of G at position x and no other

position. The fact that Pr(f) is the marginal PDF of F can be proven as follows

P(F(x) < f) =P(Pp' 0 ®(G(x)) < f) = P(G(x) < ¢~ (Pr(f)))

=®o® (Pp(f)) = Pr(f)

(4.12)

If Pr(f) is not strictly increasing or is piece-wise, then its inverse can be defined so that

it returns the smallest value f of the subset F}, where F}, is defined such that f € F, &
Pp(f) = p:
Pi'(p) = inf {f|f € F,}. (4.13)

The m'™ order joint PDF is

Pe(fi, for - fm) = B(T(G(x1)) < f1, T(G(x2)) < fa, -, T(G(Xm)) < fim)
=P(G(x1) < T H(f1), G(x2) ST H(f2)s s G(xm) < T (fim)) (4.14)
= ®(G(x1) < T (1), G(x2) T (f)s -, G(xm) < T H(fim)s p)

where p is the covariance matrix of the underlying Gaussian field, and 77!(-) = ®~ o Pp(-).
It is observed that the joint PDF of the translated field, F'(x), depends on the covariance
matrix of the underlying field, which is only a function of the relative distance between the
coordinates of the positions. Thus the translated field, F'(x), is shift invariant and strictly

homogeneous. This is also a consequence of the memoryless transformation.
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Moments and correlation functions of the translated field can be defined in terms of the

underlying field
B(F)"] = E[T(GG)" = [ Tl (g (4.5

Any order correlation function can be written as

E[F(x B (%)) = E[T(G(x1))T(G(x2)).. T (G(xm))]

)F(x2)
:/ / / T(91)T (g2)---T (gm) (g1, G2, - Gm; p)dg1dga...dGm.

o0

(4.16)

Similar to the observations made in equation (#.14)), the m' order correlation functions are
dependent on the relative distance between the coordinates of the positions, meaning the
translation field F'(x) is homogeneous as a consequence of the homogeneity of the underlying

Gaussian field.

4.2.3 SDF of Translated Fields

The family of N SDFs (equation (4.4])) of the translated fields must be computed before
solving the system of linear equations to determine the GVRF. The n'" SDF, S} (k), can be

determined by taking the FFT of its autocorrelation function, Ry, (¢), which is defined as

Ry, (§) = E[F(x1) F(xs)] = E[T(G(x1)) T (G (x2))]

0o poo (4.17)
[ | T TR0 02 R, (©)dgsdsn
The SDF then is determined from the Weiner-Khinchin transformation
S0 = [ By, (©esplin) e (4.18)
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The higher power SDF's can be computed in a straightforward manner. Let R;ij) be defined

as

RY(€) = E [F(x1)'F(x:)'] = E [T(G(x1))' T(G(xs))]

T SN (4.19)
= / / T (91)"T (92)? ¢(g1, g2, R, (€))dgrdgs.

Then the higher power SDF's are determined from the Weiner-Khinchin transformation
i (k) = / R (€)exp(ing)de. (4.20)

4.2.4 Simulation of Homogeneous Gaussian Random Fields via

Spectral Representation

Significant work outlining the simulation of Gaussian fields by means of spectral repre-
sentation date back to the works in references [38] 39, [40] and later in [41], 42, 43, 13]. The
theory of spectral representation is developed in references [44], [45]. This section is a brief
review of the simulation methodology outlined in the review article in reference [41].

Consider a zero mean homogeneous random field fy(x) with SDF Sy (x) such that

2/00 St (k)dr < o0. (4.21)

From two mutually orthogonal real fields u(x) and v(k), fo(z) can be defined as

folz) = /O " cos(i)du(x) + sin(k)d(x). (4.22)

The fields u(x) and v(x) and their corresponding increments du(x) and dv(k) are defined for
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k > 0, and satisfy the following conditions:

E [u(k)v(x)] = E [du(x)dv(x)] =0, VY k& (4.23)
E [u(k)?] = E [v(k)*] = 25k (k)
E [du(r)?] = E [dv(k)*] = 25}, (k)dx,

where it is assumed that Sy, (k) is the derivative of the SDF of another field, Fy(x), such that

dSFo (/i)
dk

= Sy (k), for k>0. (4.24)

By discretizing the wave number domain into discrete increments Ak, the integral in equation

(4.22]) becomes an infinite summation where

folx) = Z cos(kjx)du(k;) + sin(k;z)dv(k;) (4.25)

J=1

The incremental fields can be defined as

du(k;) = 2\/@ cos(6;) (4.26)
dv(kj) = —QW sin(),

and the requirements of equation (4.23)) are satisfied. The phase angles #; are independent,

identically distributed uniform random variables between [0 27]. After substituting equation

(4.26]) into (4.22) and a little algebra, fo(z) can be written as

folz) =2 Z \/Sp (k) Ak cos(k;x + 6;). (4.27)

Function fy(x) can be simulated by first truncating the infinite series to a finite one. An
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upper cut-off wave number ,, is determined such that

/ 254, (k)dr < € (4.28)

for some threshold e. Then a simulated sample function, f(x), can be written as the finite

f(z) = 24/ S, (k) Ak cos(kjz + 0;) (4.29)

Jj=0

series

where x; = jAr and Ak = Kk, /N. The simulated field f(z) has following properties
o f(2) is periodic with period Ty = 21/ Ax.
e its ensemble average, E [{f(z)}] = [fo(z)] =
e the autocorrelation function of the ensemble average Rz (&) = Ry, ().

e in the limit as Ty — oo, each sample function, f (i)(:v) is ergodic in mean and autocorre-

lation:

To
li () dr =0
Tognoo TO —1 p; f (xp> . 430
o (1.30)
(4) ()
i =7 2 1) Oy + e = B

e in the limit as N — oo, the sample function f(z) is a Gaussian field because of the

central limit theorem.

The spatial domain is discretized such that z, = pAz, and sample functions f @ (pAx) can
be very rapidly simulated through the use of FFT [46]. Equation (4.29) is rewritten in the

following form:

fO(pAz) = { 24/ S5, (JAK)AK exp [ZQJ(Z)} exp [i (jAli)(pAl’)]} (4.31)

j=0
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where R indicates the real part, and index p =0, 1,...N — 1. Studies on rate of convergence
and degree of Gaussianity and ergodicity can be found in references |41} 9]. The simulations
conducted to establish the GVRFs for the problems studied in this thesis follow the algorithm

of equation (4.31)).

4.3 U-beta Random Fields

A zero mean U-beta random field is a sinusoidal field with a random phase shift, 8 €

Ul0 27|, and deterministic amplitude, described as follows:
U(z) = V20,c08(ksz + 6). (4.32)
The U-beta distribution is a special case of the Beta distribution. Its marginal PDF equals

Py(u) =1 — —arccos( “

™ V20,

), (4.33)

and its marginal pdf is

pul) = — (4.34)

2 2
T/ 205 —u

The autocorrelation function can easily be determined from its definition

E[U(z)U(x+&)] = % i ' V20 ,c08(kst 4 0)V20,c08(ks(x + &) + 0)db 135)

= oycos(k€) = Ry(§)

Following from the Wiener-Khinchin transformation, the power SDF is defined by the Dirac

Delta function, centered at wave number kg,

Sy (k) = % [6(ks — r5) + 6k — Ks)] - (4.36)
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From the definition of the autocorrelation function, the U-beta field is shown to be weakly
homogeneous. Furthermore, the shift invariance of the n* joint PDF is shown in reference
[9], implying the U-beta random field is strictly homogeneous.

The simulation of U-beta random fields is a trivial task since it only involves generating
samples of the uniformly distributed random variable, #. As a result, the ensemble averaged
statistical moments of an ensemble of generated sample functions rapidly converges to
the exact moments. This minimizes the number of Monte Carlo simulations necessary for
convergence to the correct solution. For this reason, the computation of the GVRF from an
underlying U-beta field is denoted as the Fast Monte Carlo Simulation Method. The number
of Monte Carlo simulations necessary to reach the same convergence of that of an underlying

Gaussian field is roughly an order of magnitude lower.

4.3.1 Translating from An Underlying U-beta Random Field: As-

sociated Fields

This section details the simulation of random fields modeling f(z) in equation by
translating from an underlying U-beta field. The transformation from an underlying U-beta
field is identical to the transformation in the translation field theory of section [4.2l However
there does not exist a general theory completely characterizing the transformed field as in the
case for the underlying Gaussian. In order to distinguish transformations from an underlying
U-beta field from the translation field theory, these transformations are denoted as Associated
Fields [26] 27]. The transformation from U-beta to f(x) can be accomplished by the following

operation

f(x) = Pf_1 o Py(u(x)) = A(u(zx)) (4.37)

where Py(u(x)) is defined in equation (4.33)), P¢(f(z)) is the marginal PDF of random fields
described in section [4.4] and A(-) is the notation for an associated field.
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Moments of Associated Fields

An important consequence of the memoryless transformation from the underlying, strictly
homogeneous, U-beta field, is that f(z) is also strictly homogeneous. Moments of the

associated fields can be expressed in the following integral:

E[f(z1)f(z2)...f(z,)] = E [A(ﬁaucos(mgxl + 0))A(V20,c08(kszs + 6))
A(V20,c08(Ksz, + 0))}

" (4.38)
— iﬁ/_ A(V20,c08(ksy + 0))A(V20,c08(kss + 6))

A(V20,c08(ks, 4 6))db

4.3.2 SDF of Associated Fields

The family of N SDFs (equation (4.4])) of the associated fields must be computed before
solving the system of linear equations to determine the GVRF. The process to computing

the n'" member’s SDF, S, (), is given below. The derivation is generalized for an arbitrary

power of the SDF, Sj(ci])(x)

e Express the autocorrelation function RS?Z) (€) in terms of A(u(¢)) and random variable

0.
e Recognize that by a change of variables, Rgfz) (€) is periodic between zero and 27.

e [xpress Rgfz)(ﬁ ) by a Fourier series representation and compute the Fourier coefficients

Ay
e Apply relation between R(ff)(f) and Sj(cij)(/i) to derive an expression for S]({f)(/f)

The derivation is detailed as follows:

R (¢ Al(u (u(z +£)) fo(0)d
/ (4.39)

— AZ(\/_UUCOS( NA (V20,c08(k5 + 60))dO

:27T
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Notice that the term involving x has been dropped due to the shift invariance of U(x). The
nt" SDF in the set, is defined uniquely by ks, where x5 = (n — 1)Ax. Due to the memoryless
transformation, A(u(z)) is periodic with period i—’; implying the same for Ry, (). This implies

that A’(u(z)) is periodic between [O i—:] By making the following substitution of variables
¢ = (n—1)ARE, (4.40)

it is observed that
. R;’Z)(f’ ) is independent of n, thus the n subscript will be dropped.
. Rgfj) (&) is periodic within 27.

Since Rgfj ) (&) is an even function, it can be expressed in the following Fourier series repre-

sentation
R;”)(f’) =ap+ Z amcos(mé’) (4.41)
m=1
where Fourier coefficients, a,, equal

1 2w

- (@) (e qe’
o o J, Ry (PLIS

1 o o i J / /
— R/o /0 A (V20,c08(0)) AP (V20,c08(€ + 0))dOdE i

1 2m (i)
o= [ RO
0

™

e cos(mg’) /0 ' Al (V20,c08(0)) A (V20,c08(E + 0))dAdE'.

9.2
2m2 Jo

The Fourier coefficients can be efficiently computed using Gaussian quadrature or a similar
numerical technique. The independence of Rgfj )(5’ ) of n greatly reduces the computation
costs since the Fourier coefficients a,, apply to all N autocorrelation functions. Once the

Fourier coefficients are solved for, substituting & back in for & gives

Rgfj)(f) =ap+ io: amcos(m(n — 1)AkE). (4.43)
m=1
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Finally the spectral density functions, S](cij)(/@) can be computed by performing an FFT on

equation (4.43)) to give

SUD (k) = agd (k) + /2 [8(r — m(n — 1)Ak) + 8(r + m(n — 1)Ak)]. (4.44)

4.4 Summary of Random Field Models

In order to establish the uniqueness of the computed GVRF, the non-Gaussian random
fields considered must have very different distributional and spectral characteristics. For
the studies conducted in this thesis, all combinations of three classes of PDFs and three
SDFs are considered. Each class of PDF consists of two distributions of different variances,
resulting in a total of 18 random fields considered. The three classes are shifted and scaled
Lognormal(LN), truncated Gaussian(TG), and Uniform(UN) distributions. The inverses of
the marginal PDFs of the target distributions are needed in order to transform from the
underlying, simulated fields. Since the transformations are memoryless, and thus point-wise,
the transformations in the subsequent sections will be discussed for random variables (ie

scalar quantities) for notation purposes.

Uniform Distribution

Let F' be a random variable following the distribution of a Uniform distribution, then the

inverse of its PDF is

Pal(0) = (aw — @) () + a, (4.45)

where q; and a, are the lower and upper bounds, respectively. Translating from an underlying
Gaussian variable gives

T()=Pp' (). (4.46)

The numerical computation of ®(-) is facilitated by the use of the Fortran77 package DCDFLIB

[47]. Similarly, the associated variable, transformed from a random variable following a U-beta
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distribution is

A() = Pp' (Pu()) (4.47)

where Py(+) is the PDF of the U-beta field defined in equation (4.33). The following bounds
on a, and a; are given as

—l<aq<a, <1 (4.48)

The lower bound ensures that the flexibility is strictly greater than zero. Figure [4.1| shows

the cumulative distribution function (CDF) and pdf of a Uniform random variable.

1

0.8

0.6

0.4r

0.2r

—CDF
— pdf

91 -0.5 0 0.5 1

Figure 4.1: pdf and CDF of Scaled Uniform Random Variable

Truncated Gaussian Distribution

Let F' be a random variable following a truncated Gaussian distribution. The PDF is

piece-wise and discontinuous, taking the form

(

07 f <aq
Pr(f) = a{ \/%UFeXp <—%) df, o < f <a, (4.49)

1, ay<f.
\
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Since there is no closed form expression for the inverse of a Gaussian distribution, a cum-
bersome numerical method is necessary to compute Py'(f) due to the jump discontinuities
introduced. However, it is observed that if translating from a Gaussian random variable, G,
F' can be written as

(

a;, sG+m<aq

F:T(G):<3G—|—m, a < sG+m<a, (4.50)

Oy, Ay <SG+ m.

\

The parameters a; and a, are the lower and upper bounds, respectively, while s and m are
the scale and shift factors, respectively. The same bounds of equation are needed for
the parameters of the truncated Gaussian to satisfy the conditions ensuring the problem is
well-posed.

Due to the unavailability of P'(f), the associated variable is computed in two steps.
The U-beta random variable is transformed to a Gaussian random variable, which is then
translated to a truncated Gaussian random variable. If U is a U-beta random variable with
PDF, Py(u), as defined in equation , then truncated Gaussian random variable, F', is
given as

F=T(@" (Pu(u)), (4.51)

where 7(+) is given in equation (4.50)). F' must be computed numerically since there is no
closed form expression for ®~1. Figure shows a typical pdf and CDF of a truncated

Gaussian distribution.
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Figure 4.2: pdf and CDF of Scaled Truncated Gaussian Random Variable

Lognormal Distribution

Let F' be a random variable with a shifted and scaled Lognormal distribution, then the

inverse PDF of F' is defined as

Pp'(:) = exp (m + s®'()) +a, (4.52)

where parameters m, s, and a allow for the shifting and scaling. When translating from an

underlying Gaussian random variable, GG, F' is given as

F=T(G) =exp(m+s® H®(G))) +a
(4.53)

= exp(m + sG) + a.

For a Lognormal random field, a closed form expression exists for its autocorrelation function

Ry (&) = exp (2m + s*(1 + p(¢))) + a”, (4.54)

where p(§) = R,(§)/0, is the normalized autocorrelation function of the Gaussian field. The

value of a is constrained so that the autocorrelation of the Lognormal field equals zero when
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the autocorrelation function of the Gaussian field equals zero. The physical meaning of this
restriction is that two positions far away are uncorrelated (recall the fields considered are

zero mean). Therefore, once the parameters m and s are chosen, a is given by

a = —y/exp (2m + s?). (4.55)

Transforming from a U-beta random variable, U, with PDF Py (u) is done by tranforming

to a Gaussian, and then to a Lognormal:

F=T(@U)) =exp(m + s® ' (Py(u))) + a. (4.56)

The Lognormal distribution has been extensively used to model material properties because
it returns strictly positive values and is related to the Gaussian distribution by a simple
transformation. Furthermore, closed form expressions exist for its joint pdf and autocorrelation
function. Nonetheless, the Lognormal distribution is unbounded and thus violates the
conditions in section to guarantee a well-posed problem. The Lognormal distribution
should be used with caution when modeling constitutive heterogeneity through simulation.
It is important to make sure that the simulation algorithm accurately captures the statistical
correlation functions of interest. For example, for the problems studied in this thesis up to
the fourth order moments of the flexibility affect the response variance. Thus the simulations
must be able to accurately produce the Sy (k) term. Figure shows the pdf and CDF of a

typical Lognormal distribution.
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Figure 4.3: pdf and CDF of Lognormal Random Variable

4.5 Family of SDF's

There are no closed form solutions, in general, for the SDF's of the non-Gaussian associated

or translated fields. The SDFs of the non-Gaussian fields outlined in section .4 must be

computed from the underlying fields as detailed in sections 4.2.3| and [4.3.2] Thus, the family

of SDF's of the underlying fields are first decided upon, and then are transformed to the
family of SDFs of f(x). It is the SDFs of transformed field f(x) that comprise the matrix of

equation (4.4). The requirements of the structure of the family of SDFs are such that

e Each SDF in a family has its power distributed over the wave number domain uniquely
relative to the others such that the effect of power concentrated at each wave number

within a threshold, x,,, is captured when considering the entire family.
e Each SDF has the same variance.

e The SDF's are organized in a way such that the condition number of the matrix is
minimized.
The structure determined to sufficiently satisfy these conditions is one where the SDFs of the

underlying fields have identical shape, and every SDF is related to its adjacent one by a shift
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of the amount Ak, which is the discretization size of the domain. In order for the variance
to be same for every SDF, the SDFs are defined in a circulant manner: as the shifts occur,
the values that would extend beyond the threshold, x,, are carried over to the beginning at
x = 0. This point is clarified in figures [£.4] - [1.9) where the wave number is discretized such
that N = 128 and k, = 27. The general shape that all SDF's in the family have in common
is termed the parent SDF and is denoted as S,. Given a parent SDF, S, the n'"* SDF of the

family is defined as

Sp(Kj+ Ky —nAK+Ak), 0<k; <(n—1)Akx
Suls) =4 ’ (457)

Sp(kj —nAR), nAk < k; < Ky,

for k € [0 k), and is symmetric about k = 0 (ie Sy, (k) = Sy, (—k)). The condition number
of a matrix indicates the degree to which numerical errors are encountered when it is inverted,

and is defined as

Cond(S) = ||S|| - [|S7"|

: (4.58)

where ||-|| is the matrix norm. A low condition number signifies a well behaved matrix whose
inverse can be computed accurately [4§].

The parent SDF's considered in establishing the GVRF should be significantly different in
order to establish the GVRF’s independence of the fields’ spectral characteristics. For the
numerical examples in chapters [5] and [7] the following three parent SDFs of the underlying

fields are considered:

Spy (1) = exp(—2]xl)

Sp, () = 16000k%exp(—40 |x|) (4.59)



52

The variance of the three parent SDFs equals one, so that the variances of the non-Gaussian
fields shall be determined by the parameters of their PDF given in section@ S, corresponds
to the underlying U-beta field, while S;, and S,, correspond to the underlying Gaussian
field. The key characteristic that distinguishes the parent SDFs, as can be seen in figures [4.4]
to , is the degree to which power is spread over the wave number domain: S, is slowly
decaying, S,, is moderately decaying, and S, is entirely concentrated at one wave number.
The correlation structure of the different non-Gaussian fields tested will range from one

having no distinct dominant frequency to one where there is only one frequency.

'Note for shifts of the amount nAx(n # 0), the SDF, Sy, = 1 [§(k — nAk) + §(k + nAk)] to keep the
variance equal to 1.
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4.6 Summary of GVRF Methodology

For the sake of the reproducibility of the examples presented in subsequent chapters, this
section concisely presents the methodology for computing the GVRF for a structure. The

procedure outlined below provides a detailed description of the flow chart in figure 4.10]

e Choose the parent family of SDFs, S, from which the GVRF is to be determined. At
this stage, it is necessary to determine upper cutoff wave number, x,, and the number
of discretization points, N. The cutoff wave number should be a value such that the
variance of the response is less than a small tolerance € due to an input field with
dominant frequency k,. It was shown in reference [8] that in the limit of the frequency

going to infinity, the variance of the response converges to zero.
e Choose the non-Gaussian PDF to represent the heterogeneous flexibility.
The following two items can be done in parallel:

e Compute the matrix of SDFs for random field f(x) as detailed in section for the

translation field and section [4.3.2] for the associated field.

e Perform N Monte Carlo Simulation for the N different SDF's of .5,,,.
— Simulate the underlying random field as detailed in section for the translation
field and section [4.3] for the associated field.

— Transform to the desired non-Gaussian field as detailed in section [4.2] for the

translation field and section 4.3.1] for the associated field.

— Solve the deterministic Structural Mechanics problem and save the response

quantities of interest.

— After reaching a desired number of simulations to ensure convergence, compute



the variance of the response, u(z), as follows:

B [ufe)] = —— _ (o)

Var [u(z)] = E [u(z)’] —E [u(z)]”.

60

(4.60)

e Assemble the vector of N response variances for the N SDFs, and solve the system of

linear equations to obtain the GVRF for this particular random field.

e Determine if the chosen values for x, and N are acceptable . If not, change the values

of k, and N and repeat the procedure for the same random field; else repeat the

entire procedure for different PDFs and families of SDFs. Once a sufficient number

of PDFs/SDFs have been tested, it should be examined whether an independent and

unique VRF exists for the structure studied.
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4.6.1 Table of Random Field Models

Table [4.1] contains information of the random fields mentioned in sections [4.4] and [4.5]

as well as the notation which is adopted for the numerical examples for beam structures

(chapter 5| and section [7.4.1)).

d. |PDF|S, Parameters o¢ | Cond(Sy)
a; Ay, m S a
LN3S1 | LN3 | Sy | - | - | —45 |45 [-799 | .60 | 20.4
LN1S1 [ LN1 [ S, | - | - | =103 [+/.22]-399 | 20| 204
LN3S2 [ LN3 | S| - | - | —45 [.45]-798 | 57 | 204
LN1S2 [ LN1 | Sy, | - - | =1.03 | V.22 | -.399 | .20 20.4
LN3S3 | LN3 | Sps | - | - | —45 [ +45[-798 | 57 |  1.30
LN1S3 | LN1 | Sy | - | - | =103 |22 ]-.399 | .20 1.52
TG3S1 | TG3 | S, |-.90 | .90 | - 10 | - [.67] 2244
TG1S1 | TG1 | Sp1 |-90 [ .90 | - [+60| - |.53| 3.96
TG3S2 | TG3 | Sp2 | -.90 | .90 | - 1.0 | - |.67] 3.96
TG1S2 | TG1 | Sp2 [-90 | .90 | - |60 | - |.53| 204
TG3S3 | TG3 | Sp3 | -.90 | .90 | - 1.0 | - |.67] 1.00
TG1S3 | TG1 | S,z |-90 .90 | - |[+.60] - |.53 1.02
UN3S1 [ UN3 | S, [-99] .99 - - - |57 2127
UN1S1 | UNT | S,; |-80 [ .80 | - - - 46| 2127
UN3S2 [ UN3 | S» |-99 ] .99 | - - AN
UN1S2 [ UNT | S, |-.80 | .80 | - - - |46 377
UN3S3 [ UN3 | Sp3 |-.99 [ .99 | - - - |57 1.02
UN1S3 | UNI [ S,3 [-80] .80 | - - - | 46] 1.02

Table 4.1: Parameters of Random Field Models

4.7 Numerical and Computation Issues

Due to the numerical nature of this problem, numerical errors cannot be avoided to some
extent. This procedure is very computationally demanding since for each combination of
PDF/SDF there are N x N,,. simulations, where N is the number of discretization points in
the wave number domain, and N,,. is the number of simulations per Monte Carlo procedure.

If N is reduced, the condition number of the matrix of SDF's increases, which produces more
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error in the solution to the system of linear equations. Furthermore, the vector containing

the variances of the response for the N different SDFs is less smooth with a reduction in N.

It has been observed that numerical errors in the solution arise due to the circulant

structure of the matrix in combination with N not being large enough. If the last value of

the computed GVRF is clearly erroneous, the GVRF can be computed using a subset of the

system of equations as follows:

Sfl(//il)
St (k1)

SfN—k('%l)

Sf1</€2> Sfl(K'N*k)
Sf2(/{2) SfQ(I{N_k')
SfN—k(K:2) SfN—k(HN—k)

SfN(,il)

Sp(kn)
Sp,(kn)

Sfok(K“N)

SfN—k+1 (HN)

SfN(H'N>

SfN—kJrl (’%1> SfN—k+1 (HQ)

SfN(’KQ)

GV RF(x, k1)
GV RF(x, ko)

GVRF($, K'ka)

GVRF(]J, HN7k+1>

GV RF(z,kN)

Sy (Kn_k)

2A K =

St (KN—kt1)

Sty (KN—kt1)

SfN—k (/fN—k-s-l)

SfokJrl (“N7k> SfN—k+1 ("fokH)

SfN (FékaH)

Var{u(x)}
Var{u(x)s}

Var{u(z)n_k}
Var{u(x)y_gi1}

Var{u(z)y}

(4.61)

Solving for the system of equations enclosed in the boxes reduces errors in the computed

GVRF at higher wave numbers. Equation (4.61)) is general, however taking k to be 1 is

usually sufficient.
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Chapter 5

Generalized Variability Response
Function for Nonlinear Beams:

Numerical Examples

5.1 Introduction

In reference [9], the GVRF has been established for statically indeterminate, linear
structures using the methodology outlined in chapter [d This chapter extends upon the work
in reference [9] by investigating if the GVRF methodology is applicable for indeterminate
structures with a nonlinear constitutive law. The following nonlinear constitutive law is

considered for the structures analyzed

o(x,€) = E,(x)\/|e| sgn(e), (5.1)

where is E, is independent of €. The constitutive law of equation (5.1]) is chosen because it is
strongly nonlinear, and the derivative is strictly positive, ensuring convergence of the Newton-
Raphson iterative scheme employed in the analysis. Also the VRF for statically determinate

beams has been proven for this constitutive law in chapter |3[ so the GVRF methodology
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applied to the statically determinate structure is as a validation of the implementation. For

nonlinear problems, the constitutive law is typically written in its incremental form:

do(x,€) = Ey(x, €)de, (5.2)

and the tangent modulus, E;(x, €) is defined as

do(x,€) _ E.(x)
de 2\/€

Ei(x,€) = (5.3)

Since Et} = o0 is unrealistic and incapable of being computed, the following definition

e=0, Vx

of Fy(x,€) is implemented in the finite element analysis:

Bl e <e

ec’ — *C

Et(x7 6) - (54)
E.(x)

27e

€. < €,

where ¢, is taken as 107%. Figure plots the theoretical constitutive law of equation (|5.1]

with that implemented numerically using the tangent modulus of equation ((5.4)).

120

theoretical
100 | _ .. approximate
80
© 60
40+
g
/
20r /¢
/
!
/
;
O L L L L L
0 0.2 0.4 0.6 0.8 1 1.2

Figure 5.1: Nonlinear Constitutive Law: Theoretical Versus FE Implementation



66

After a description of the finite element formulation employed for nonlinear beam struc-
tures, two numerical examples are presented: a statically determinate cantilever (section |5.3)

and a fixed-simply supported beam (section .

5.2 Finite Element Analysis of Beam Structures

The strong form of a linear, elastic Euler-Bernouli beam

(El(x)u")" = q(x) (5.5)

(u’|r = or (EI(z)u(z)") |F = M) and (u‘r = or (EI(zx)u(z)") ‘F =V),

where I' is the boundary, is converted to the weak form by multiplying by a kinematically

admissible displacement field, dw(z),(éw(x)| . = 0) integrating over the domain, and utilizing

T

the divergence theorem

L

L
/ EI(x)u"éw"dx + (E_f(x)u”)/5w|F — EIu"ou'| . = / q(z)ow(x)dz. (5.6)
0 0

Following the Galerkin based finite element method, the virtual displacement field is taken
to be the real displacement field, w(z) = u(x) on the interior of the structure. The energy
functional II is defined such that its partial with respect to u gives the weak form equations,

leading to the expression:

1

M=z /O ’ EI(z)u"dx — /0 ’ q(z)u(z)dx. (5.7)

The beam is discretized into N elements, and the displacement field within each element is

described by a superposition of continuous shape functions scaled by finite nodal displacement



quantities representing the degrees of freedom of the system:

4
u(z) = ZN]- -u;, where

7=1

Ni(z)=1-— 3L—w; 2L_$‘;
No(z) = — QLSUS +:£—Z

L

e

Figure 5.2: Cantilever Analyzed

The energy function can be written as
II=-Ku—-Pu.

The element stiffness matrix, k, is given as

k= /0 B(2)EI(2)B(x)dx,

67

(5.8)

(5.9)

(5.10)



68

where B;(z) = N;(x)"”, and the element nodal load vector, p is given by

p:/0 eq(x)N(x)dx. (5.11)

The global load vector, P, and global stiffness matrix, K, are assembled by transforming the
element nodal quantities from the element coordinate system to the global coordinate system
and using the principle of superposition when applicable. Equating the first variation of the

functional to zero gives the equilibrium conditions
I=Ku—-P=0. (5.12)

For nonlinear constitutive laws, the strong form of equation (5.5)) cannot be obtained in

general. However, the energy functional can be defined, and is expressed as:

=0 /0 ’ / };//22 /0 o (e)deydydz — /0 " g(z)u(z)dz, (5.13)

The element stiffness matrices and load vectors can be assembled to obtain a nonlinear system

of equations

K(U)U = P. (5.14)

Generally the nonlinear system of equations is solved numerically. The nodal displacements

are solved for incrementally by use of the tangent stiffness matrix, defined as

P

K¢, = K(Un) = oU lu=u,,’

n

(5.15)

The global tangent stiffness matrix is assembled from the element tangent stiffness matrices,

k¢

n

L. h/2 do
ke, =b / B(z)"B(z) / — | ydydx (5.16)
0 hy2 de '
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The solution for U is computed using the Newton-Raphson iteration procedure

U, =U,+K;'(P-K,,U,). (5.17)

Details on the Newton-Raphson method, such as derivation and proofs of convergence, can be
found in reference [49]. Proofs for the uniqueness of the finite element solution, convergence
to the exact solution, and detailed derivations can be found in references [50, [51].

An approximation is introduced in the analysis of the following examples: the discretization
is small enough so that the heterogeneous flexibility can be modeled as a piece-wise constant
function and is constant for each element. The need for the approximation is because
the random fields modeling the stiffness are simulated and do not have a functional form.
Substituting the constitutive law of equation (5.I)), the tangent element stiffness matrix

becomes

ke, = b/Le B(z)"B(z) /h/2 Ec(x)ydydx (5.18a)
R “hy2 2V |
Le . 2o
~ bEe/ B(x)" B(z / ydydzx 5.18b
e (5.150)

Convergence studies are presented for each structure for deterministic test functions of the

heterogeneous stiffness.

5.3 Example 1: Nonlinear Cantilever

Consider the cantilever in figure with constitutive law of equation (5.1)), where
q(z) =50, M = 3500, and L = 16. Its width and height are taken as: b = 1, and h = 12'/3,

respectively.
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q(x)

7 A

L

Figure 5.3: Cantilever Analyzed

The boundary conditions for this structure are

u(0) =4'(0) =0, and

bh? h d [on? h (5.19)
—FE (L) =u"(L) =M, — | —E —u" = 0.
The heterogeneous component of the tangent modulus is given by
Eo
E.(z) = ————, 5.20
@) = 157w (520)

where E = 3.25 x 10%, and f(z) is a random field described in chapter [4]

In chapter 3| a closed form expression of the displacement field is derived, and given below:

u(x) :/09C 50(x — s)(M — 4(L — x)*)

q 2
DI E,(s)2 sgn(M — S (L — z)°)ds. (5.21)

The finite element code used for the simulations is first validated for the homogeneous,
nonlinear stiffness (E,. is constant), and it is plotted with the analytical solution of equation
(5.21)) in figure . In order to demonstrate the degree to which the system is nonlinear,

figure [5.5| shows the load versus tip deflection curve. The load is incrementally applied by
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load vector, P = (P, where € € [0 1], and P is the load vector of the total applied load.

0.1
008 |~"""FE 1
0.06 Analytical 7

u(x)

-0.02

-0.04

-0.06

Figure 5.4: Displacement Field of FE Solution Plotted with Analytical Solution for Homoge-
neous, Nonlinear Stiffness

0.9 b

0.81 4

0.7r i

0.61 N

0.5- b

load factor, &

0.4 b

0.3r 4

0.2r i

1 1 1 1 1 1 1 1 1
0 0.01 002 003 004 005 006 0.07 0.08 0.09 0.1
u(L)

Figure 5.5: Load Factor,£, Versus Tip Displacement for Cantilever with Homogeneous,
Nonlinear Stiffness

The finite element solution also needs to be validated due to the piece-wise constant
approximation of the heterogeneous stiffness(see equation [5.18b]). A deterministic test function

is chosen to model the tangent stiffness along the length of the beam. Figure [5.6| shows the
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convergence evolution of the finite element solution using a piece-wise constant approximation

of the stiffness with that of the “exact” solution, obtained by integrating the continuous

modulus function within the element in computing the element stiffness matrix (see equation

5.18a)). The test function for the tangent modulus,

3.25 x 10*

Ey(z,€) = 24/€ (1 4+ .99cos(2mx))’

(5.22)

is chosen so that its frequency equals the upper cut of frequency, k, = 27, of the random

field models describing the heterogeneous stiffness.

0.15 T T T T T T T 0.15

"Exact"

"Exact"

4
0.1+ ) 4 0.1t
- - - - Approximate o - - - - Approximate

u(x)

-0.05f

1 . 1 . 1 . .
16 0 2 4 6 8 10 12 14 16

X X
(a) N=168 (b) N=211
0.15 T T T T T T T 0.15
"Exact" "Exact"
0.1 ) p 01F
- - - - Approximate - - - - Approximate

0.05

u(x)

u(x)

-0.051

(c) N=432 (d) N=745

Figure 5.6: Convergence of FE Solution for Cantilever for number of elements, IV,
tangent modulus of equation ((5.22)

Figures for the GVRFs are located in section [5.5.1]

using
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5.4 Example 2: Nonlinear Fixed-Simply Supported
Beam

The GVREF is computed for the statically indeterminate fixed-simply supported beam

structure in figure 5.7} which has the following boundary conditions:

u(0) =4/(0) =0 and b—ngEc(L) gu”(L) = M,u(L) =0. (5.23)

The values for the parameters are, L = 16, ¢(z) = 50, and M = 3500. E, is defined in

equation (5.20)), and the constitutive law in equation ([5.1]) is followed.

A

M
%
7 %x
2

L

Figure 5.7: Fixed-Simply Supported Beam Analyzed

The degree to which the structure’s response is nonlinear can be seen from the load versus
displacement plot in figure . The displacement considered is located at = = gL, and the

stiffness is homogeneous.



74

0.9r
0.8

0.7r

r

o

[<2)
T

0.5¢
0.4r

load factor, &

0.3r

—8.1 -0.08 -0.06 -0.04 -0.02 0
u(s/8L)

Figure 5.8: Load Factor,£, Versus Displacement at x = % for Fixed-simply supported beam
with Homogeneous, Nonlinear Stiffness

Figure [5.9shows the convergence of the finite element solution to the exact solution as the
number of elements, N increase. The test function heterogeneous stiffness chosen is the same

as for the cantilever, defined in equation (5.22). The load factor is defined in the previous

numerical example.
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Figure 5.9: Convergence of FE Solution for Fixed-simply supported beam for number of
elements, N, using tangent modulus of equation ([5.22))

Figures for the GVRFs are located in section [5.5.2

5.5 GVRF Plots

The notation for the marginal PDFs and SDFs used to model random field f(z) is
described in section m The number of SDF's per family (see section is N =128, and
upper cutoff wavenumber is k,, = 27. The discretization of each SDF is Ax = k, /N = .0491.

In order to display the characteristics of the GVRF's, the plots are organized as follows:

e For each marginal PDF, GVRFs for every family of SDFs are plotted together.

e For each family of SDFs, the GVRFs for all the marginal PDF's are plotted together.
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5.5.1 GVRF Plots for Nonlinear Cantilever
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Figure 5.10: GVRFs For Tip Deflection of Cantilever For Each PDF Tested
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Figure 5.12: ALL GVRFs For Tip Deflection of Cantilever

Figure [5.13| contains plots of the variances of the tip deflection of the cantilever computed
through Monte Carlo simulation for each SDF of the respective family. These functions in

vector form comprise the left hand side of the system of linear equations of equation (|4.4]).
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Figure 5.13: Variances of Tip Deflection of Cantilver For Each PDF Tested
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5.5.2 GVRF Plots for Nonlinear Fixed-Simply Supported Struc-
ture
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Figure 5.14: GVRF's For Deflection at z = % For Fixed-Simply Supported Beam For Each
PDF Tested
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Figure 5.15: GVRF's For Deflection at x = % For Fixed-Simply Supported Beam For Each
SDF Tested
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Figure [5.17] contains plots of the variances of the deflection of the fixed-simply supported
beam at z = %L computed through Monte Carlo simulation for each SDF of the respective

family. These functions in vector form comprise the left hand side in equation (4.4)).



0.012

0. 008

0. 006

0. 004}

0.002¢

0 20 40 60 80 100 120 140
K
(a) Variances For TG1
-3
7210 : :
—S1
—S2
—S3
60 80 100 120 140
K
(¢) Variances For UN1
-3
15 X 10
—S3
1
05 f
% 20 40 60 80 100 120 140

(e) Variances For LN1

Figure 5.17: Variances of Deflection at z =
PDF Tested

L

2

© oo 9 0 92 92 0 0

33

0.014

—s1
—s2
33

0.012\

0. 008}

0. 0061

0. 004\

0. 0021

/)

100 120

0 20 40 60

K

80 140

(b) Variances For TG3

0.01

—s1
—s2
33

009
008
007

006\
005
004+
003

OOZX

001t

40 60 80 100 120 140

(d) Variances For UN3

0.02
0. 018} —S3
0.016
0.014
0.012

0.01

0. 008}/
0. 006}
0. 004t
0. 002}
o 20 40 60 ) BOW

0 140

(f) Variances For LN3

of Fixed-Simply Supported Beam For Each



84

5.5.3 Validation of GVRFs

In this section the validity of the GV RF™*s are tested. A Monte Carlo simulation is
performed to compute the exact response coefficient of variation(COV) for selected marginal
PDFs and a specific underlying SDF. This exact response COV is compared with the response

COV that is determined by computing the integral expression defining the GV RF*, that is

Var [u(L)] = / " GVRF(L, k) 51<ﬁ)+512(,{)+}1522(ﬁ)—2045(@ de,  (5.24)

—Ka

and then solving for the COV as

Var [u(x)]

V=B

(5.25)

The SDF of the underlying Gaussian field, denoted S4(k) is defined to have a variance of 1
and is given as

S4(k) xp(—3k?). (5.26)

~ 10233678
Figure plots the underlying SDF (equation ) along with the SDFs and their higher
power terms for the three marginal PDFs tested(TG3, BE1, LN3). BE1 refers to a shifted
and scaled beta distribution with a = 3.26, 8 = 323.01, 0 = .6. The lower and upper bounds

are —.99 and 99, respectively.
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Figure 5.18: SDFs of Underlying Field and Translated Fields for Validation

In figure the red line indicates the COV of the tip displacement of the cantilever from
Monte Carlo simulation. The blue diamonds indicate the calculated COV by computing the
integral in equation ([5.24)). Note that the COV’s are very large because the mean of the tip

displacement is small due to the concentrated moment counteracting the distributed loading.
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Figure 5.19: Validation Plots for Cantilever: The red line indicates the response COV due to
MCS. The blue diamonds indicate the predicted COV by the GVRF's by computing equation
. Note that the COV’s are very large because the mean of the tip displacement is small
due to the concentrated moment counteracting the distributed loading.

As expected, the results are close since the GV RF™s are very close to the exact solution.
It is safe to conclude that the errors are strictly numerical. Note that the number of elements
chosen in the finite element analysis is N = 168 due to computational cost considerations.
See figure for the discrepancy associated with this solution and the exact solution.

For the fixed-simply supported beam the errors are too large to be considered only
numerical. Figure [5.20] plots the results of the validation tests. The red line indicates the

COV of the midspan displacement computed through Monte Carlo simulation, whereas the
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blue diamonds are the COVs predicted by computing equation (5.24). The underlying SDF's

and marginal PDFs are the same as those used for the validation tests for the cantilever.
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Figure 5.20: Validation Plots for Fixed-Simply Supported Beam: The red line indicates the
response COV due to MCS. The blue diamonds indicate the predicted COV by the GVRFs

by computing equation ([5.24)).

5.5.4 Discussion of Results

The GVRF methodology is shown to be capable of reproducing the exact VRF* for
the statically determinate structure with minor numerical discrepancy. The GVRFs for
each combination of SDF and marginal PDF are virtually identical in shape and slightly

different in magnitude. When validating the results, there are discrepancies between the
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exact COV computed through Monte Carlo simulation and the response COV determined
from performing the integration of the definition of V RF*. Since it is known that V RF™ is
exact, it is safely concluded that the errors are due to numerical issues in the implementation
of the methodology. These discrepancies provide insight into the errors encountered in the
validation of the statically indeterminate case.

There are convergence issues in the LN3 case which contribute to the errors in its GVRF,
as can be seen in figures and . The LN3 distribution requires an excessive
number of Monte Carlo simulations for convergence due to its large variance and unbounded
positive limit. In addition, since the structure is nonlinear (with decaying stiffness), the
response statistics takes longer to converge than the input random field. The GVRFs are
computed using 409600 deterministic analysis per Monte Carlo simulation, and the results
are not as smooth as desired. In order to accurately compute a GVRF from the system of
linear equations in the response variance of the N Monte Carlo simulations should be a
smooth function. Only the fast Monte Carlo method is employed to establish the GVRF for
the LN3 distribution since its convergence is much faster than that of an SDF having power
distributed over a range of wave numbers. The number of simulations required for the latter
case to converge is not practical.

However it is clear from the validation tests in figure [5.20] as well as the GV RF™* plots in
figures and that there are discrepancies that are not entirely explained by the slow
convergence of the Monte Carlo simulations. It is observed that there is more of a marginal
PDF dependence than a spatial/spectral dependence. In figure the predicted COV of
the S3LN3 case is much more accurate than the other cases. For a specific marginal PDF,
the dependence of the GV RF*s from the SDF increases as the higher power terms, Sis(k)
and Sas(k), increase relative to Si(k). The explanation of the statements above is given next.
The Uniform and truncated Gaussian distributions produce a GV RF* that has properties
essentially identical to a VRF. This is also the case for LN1, but errors become obvious for

the LN3 case. For the Uniform, truncated Gaussian and LN1 cases, the Sia(k), Sao(k), and
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010(k) terms are quite small in comparison to the S;(k) term. In the case of the Uniform and
truncated Gaussian distributions, this is because these distributions are bounded between
[0 1], so higher power terms are lower in magnitude than the second order term. Also
since both these distributions are symmetric about their means, the term Si2(k) is zero by
definition (it is a measure of the skewness of the distribution). For the LN1 distribution, the
variance is small enough such that the Sia(k), Sao(k), and o*6(k) terms are small relative to

Si(k). For these cases, the GV RF* can approximated as

Var [u(x)] =~ /00 GV RF*(x,k)S1(k)dk. (5.27)

oo

This is the same form encountered for the linear case [9].

For the LN3 distribution, the Sia(k) and Sa2(k) terms dominate the Si(k) term. Figure
confirms this observation. In figure the response variance of the LN3 case is
significantly off from the predicted variances of the GV RF*s. Furthermore the discrepancies
between the predicted variance from the S3LN3 and the exact solution (figure[5.20(c)) is worse
than the TG3 case . It is concluded that the static indeterminacy of a nonlinear
structure creates a coupling of the applied loading and the SDF/PDF of the input random

field which mostly involves the higher power SDFs. Therefore, a few conclusions can be made:

i In general, a unique VRF does not exist for statically indeterminate nonlinear structures
for the sake of accurate prediction of response variances. However suitably approxi-
mate GV RF™s can be computed with the following categorical information about the

SDF/PDF of the input random field:

(a) Approximate GV RF™*s can be computed for random fields with the same marginal
PDFs. It must be kept in mind that the GV RF™*s dependence of the spatial
correlation increases with increasing relative magnitudes of the higher power terms

with respect to the SDF.

(b) In general, approximate GV RF*s can be computed for random fields that have
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similar relative magnitudes between the SDF and higher power terms.

ii. The general shape of the GV RF*s are similar, which implies that information of the

effect of correlation length scales on the response variance can be inferred in general.

iii More study is needed to draw firmer conclusions regarding the PDF dependence as well

as the effect of the higher power SDFs on the computed GV RF™s.
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Chapter 6

Generalized Variability Response
Function Methodology for

Two-Dimensional, Linear Problems

6.1 Introduction

In this chapter, the GVRF methodology presented in chapter 4] is extended for structures
whose stochasticity is defined in R?. Since a vast number of structures fall into this category
(i.e. plane stress/strain, plate bending, or membrane structures) the applicability of the VRF
concept is largely expanded. As there are very few statically determinate two-dimensional
structures, numerical techniques are necessary to compute their VRFs. In references [26, 27]
the fast Monte Carlo method is utilized to compute VRF's for the two dimensional structures.
The independence of the PDF/SDF of these computed VRFs have not been evaluated. This
can be accomplished through the concepts of the GVRF methodology.

The organization of this chapter is as follows. The two dimensional extension of the
GVRF methodology is described followed by a discussion of its limitations. The specific

random field models chosen for the numerical example is presented. This is followed by
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some mathematical details that the methodology requires: the algorithm for simulating two
dimensional Gaussian and U-beta fields is presented, as well as the expression for the SDF's of
the translated and associated fields. The chapter concludes with an example for a structure
subject to plane stress conditions. The finite element analysis is detailed, and the GVRF's

are presented.

6.2 GVRF Methodology in R?

Consider a heterogeneous body 2 with uncertain material properties whose geometry is
described by coordinates x € R2. Let its displacement response under a given set of loading
and boundary conditions be u(x), then the goal is to establish a VRF defined in the following

integral expression

Var [u(x)] = /_OO /_OO VRF (%, k1, k2)S¢(K1, ke)dk1dks (6.1)

that is unique and independent of the distributional and spectral characteristics of random
field f(x). f(x) is a statistically homogeneous random field modeling the system stochasticity.
The domain, (K1, k2) € [0 K] X [0 K] is discretized into N x N points, such that Ax; =

Aky = Ak = Kk, /N. The integral is computed numerically such that

Var [u(x)] = 4(Ak)? Z > VRF(x, k;, k1) (kK1) (6.2)

Jj=1 Il=1

Analogous to the one-dimensional case, a family of SDFs is formed to create a system of linear
equations relating the variance and the VRF. The structure of the family of SDF's is such that
the effect of power concentrated at each discrete wave number (k;, ;) is considered, each SDF
in the family is equal in shape and in variance, and they are defined in a circulant manner.

See section {.5 for more details. Given a parent SDF, S, (1, k2), the (n,m)™ member in the



family is defined as

Snm("{'j} HZ) =

(

\

93

Sp(Kj + by — NAK + AR, Kk + Ky — MAK + Ak),

0<k;<(n—1)Ak, 0<K <(m—1)Akr
Sp(kj — nARK, Ky + Ky, — MAK + Ar),

nAk < kj < Ky, 0 <k < (m—1)Ak (6.3)
Sp(kj + Ky — NAK + AR, K| — MAR),

0<k; <(n—1)AkK, mAk <k < Ky

Sp(kj — nAk, Ky —mARK), nAk < kj < Ky, MAK < K < Ky

The indices n, m are integers € [1 N|. Figure shows selected members of a family of SDFs

of an underlying Gaussian random field corresponding to family S, in the example in section

6.4l
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(b) S3.8(kz, ky)

(a) S1,1(Ka, iy)

(d) Ss,s(kiz, kiy)

(f) Si3,13(Kas Ky)

(e) Si2,4(Ka, ky)

Figure 6.1: Selected SDF's from a family of an underlying Gaussian Random Field

One way is to create a 3D matrix,

There are two ways to organize the matrix of N? SDFs.

S such that

(6.4)

Sjlp - Snm("ija "il)v
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where p = N(n — 1) +m. The set of linear equations relating the GVRF to the variance is
Var [u(x),] = 4S;,GV RF (x, k;j, ;) (Ar)? (6.5)

Alternatively, the matrix can be a two-dimensional matrix defined as
Spa = Snm(Kjs 1), (6.6)

where p = N(n — 1) +m, and ¢ = N(j — 1) + [. The system of equations to determine the
GVRF becomes
Var [u(x),] = 4S,,GV RF, (Ak)? (6.7)

with GV RF, = GV RF (kj, k).

The procedure for computing the GVRF in two-dimensions is essentially identical to
that of the one-dimensional case. The non-Gaussian fields representing the uncertain system
parameters are transformed from simulated Gaussian or U-beta fields. The transformation is
identical to the one-dimensional case since the transformations are memoryless. The response
variance is computed through Monte Carlo simulation N? times for each combination of
marginal PDF and family of SDFs. The simulation of two-dimensional Gaussian and U-beta
fields and the computation of the non-Gaussian SDFs are straightforward extensions from
the one-dimensional case. The simulation of two-dimensional Gaussian fields is discussed
in section [6.2.3| and the computation of the SDF for translated fields is given in section
6.2.4] The simulation of the two-dimensional U-beta field is given in section [6.2.5] and the
computation of the SDF for associated fields is given in section [6.2.6]

The biggest issue encountered in the two-dimensional extension of the methodology is
solving the system of linear equations( or ) for the GVRF. The two matrices defined
in equations and cannot be inverted because there are no inversion techniques

available for three-dimensional matrices, and the condition number of the matrix in equation
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is too large. However, there are various solvers available that can be implemented
to compute the GVRF without matrix inversion. The solution for the GVRF using the
three-dimensional matrix of equation can be determined from the MATLAB routine
"FSOLVE’.

For the example presented in section , the matrix of equation is used to compute
the GVRF. A least-squares solution technique is implemented from MATLAB’s library of
functions called “LSQNONNEG”, which takes advantage of the fact that the VRF is by
definition nonnegative. The convergence of both solution techniques is dependent on the
number of discretization points in the wave number domain. '"FSOLVE’ does not perform
well for the number of points, N = 16, chosen in the analysis. When a larger /N is chosen,
although computational costs rise, the performance of 'FSOLVE’ improves. The routine
'LSQNONNEG” performs much better for the chosen discretization. However, this least
squares approach can lose accuracy as the number of equations becomes large. Thus the
choice of N is not only determined by the computational cost, but also due to the performance

of the equation solver employed to compute the GVRF.

6.2.1 Computational Implementation

The GVRF methodology is quite computationally expensive for two-dimensional problems.
The number of Monte Carlo simulations is N2, where N is the number of discretization
points for each dimension. In addition, the deterministic finite element analysis is more time
consuming for two-dimensional problems than one-dimensional problems as the size of the
stiffness matrix can become large. For the example presented in section the wave number
domain is discretized into a 16 x 16 grid. Despite being coarser than desirable, it nonetheless
leads to 256 Monte Carlo simulations per family of SDFs. The Monte Carlo simulations are
implemented in a parallel Fortran90 code and run on a IBM Bluegene super computer owned
by Brookhaven National Laboratory using 4096 processors for 102400 deterministic analyses

per Monte Carlo simulation. The average time for all the Monte Carlo simulations for a
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family of SDF's is about 5 hours for the linear analysis of the plane stress structure given in

section [6.4]

6.2.2 Random Field Models Chosen

Two families of SDFs and marginal PDFs are chosen to model the random field. The two

SDF's of the underlying fields are

Sp1 (K, Ky) = %exp (—2(k2 +£3)) (6.8a)
Sp3(Kay y) = 6(Ka, ky )T} (6.8b)

where 0(ky, k) is the two dimensional Dirac delta function. Sy (ky, ky) and Sps(ky, k) refer
to the underlying Gaussian and underlying U-beta, respectively. The two marginal PDFs are
the shifted and scaled Uniform(UN) and truncated Gaussian(TG) distributions described
in section [4.4] For this problem the wave number domain is discretized on a 16 x 16 grid
between [0 k,| X [0 k], where k, = 1.27. Table contains information and notation
of the random fields models used for the numerical example in this chapter and the two

dimensional example in section [7.4.3]

Id PDF | S, Parameters o
a | a, |m| s

TG3S1 | TG [ Spi | -9 | 9]0 [1.0].60

UN3S1 | UN [Sp [-99 99| — | — | .20

TG3S3 | TG |[Spzs| -9 | 9 | 0| 1.0 .57

UN3S3 | UN [Sp3 [-99 99| — | — | .20

Table 6.1: Parameters of Random Fields Tested

Note for shifts of the amount (mAr,nAx) for n # 0 and m # 0, the SDF, S; =

1 [6(ke — MAE, ky — NAK) + §(ky — mAK, Ky, — nAk)] to keep the variance equal to 1.
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6.2.3 Simulating 2D Gaussian Fields Through Spectral Represen-
tation

The simulation of multidimensional Gaussian fields by means of the Spectral Represen-
tation Method is thoroughly described in reference [52], and is a straightforward extension
from the simulation of one dimensional Gaussian fields outlined in section [£.2.4l An overview
of the method is given below. Let fo(x1,z2) be a two-dimensional univariate homogeneous
Gaussian field with mean value equal to zero and SDF Sy, (k1, k2), which is symmetric about
ko = 0. Extending the spectral representation theory of [44] 45] to two-dimensions, fo(x1, z2)

can be written as

fo(zy,x0) = / / cos(Kk1x1 + Koxo)du(ky, ko) + sin(k1xy + Kexe)dv (K1, Ka), (6.9)
—o0 JO

where u(k1, k2) and v(k1, ko) are mutually orthogonal real fields along with their orthogonal
increments, du(ky, ko), dv(ki, k2). These fields and their increments are defined over k; €

[—00 o], kg € [0 o0], and the following equations hold:

E [u(k1, k2)] = E [v(k1, k2)] = 0 (6.10a)

E [u(k1, k)] = E [V (K1, k2)] = 28k, (K1, k2) (6.10Db)

E [du(k1, k)] = E [dv(k1, k)] = 0 (6.10c)

E [du®(k1, k2)] = E [dv?(k1, k2)] = 28, (K1, k2)dridrs (6.10d)
E [u(k1, k2)v(K), k)] = 0 if K1 # K, or ks # K, (6.10¢)

E [du(ky, k2)dv (K, 155)] = 0 if 11 # K, or Ky # ) (6.10f)
E [du(ky, o) du(r), k5)] = 0 if k1 # K, or ks # K) (6.10g)

E [dv(k1, ke)dv(ky, k)] =0 if ki # K] or ko # Ky (6.10h)
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where it is assumed that fy(z1,x2) is associated with a derivative field Fy(z1,z5) such that

825}7’0 (lil, HQ)

= . 11
8/‘%1852 Sfo("{’b KQ) (6 )

It can be shown that fy(z1,x2) defined in equation has mean value equal to zero, and
autocorrelation function Ry, (&1, &), defined as the inverse Fourier transform of Sy, (k1, k2).

The integral in can be replaced by an infinite summation given by

o0 o0

fo(x1,xe) = Z Z cos(K1,,T1 + Ko, T2)du(k1,,, Ko, ) + sin(ki,, 1 + ko, T2)dv(k1,,, K2, )
m=—oo n=0
(6.12)
where k1, = mAky, and kg, = nAky. It is observed that if the incremental fields are defined

as

du(ky,,, Ka,) = 2\/Sf0 (K1,,, Ko, )AK1 Aky cos®,,, (6.13a)

dv(ky,,, ke, ) = —2\/5]00(/{1"“ Ko, )AKk1 ARy sin®,,, (6.13b)

where ®,,,, are independent identically distributed Uniform random phase angles between

[0 27] that the requirements of equations (6.10al) to (6.10h)) hold and that fo(xq,x2) is zero

mean with SDF Sy (k1, k2). Utilizing trigonometric identities, fo(z1,22) can be written as

[e.e] o0
folwr, @) =2 ) > "\ Sp (K1, fan) €081, 1 + R, @5 + D))+
m=—o00 n=0 (6.14)

\/Sfo (K1,,, —Ka, ) cos(ky,,T1 — K, T2 + @5,2121)

In order to simulate fo(z1, x2), the infinite summation must be truncated to a finite summation.

Upper wave numbers are specified such that

/ / Sfo(/fl,lﬁlz)d/ﬁlld/ﬁg—/ u/ quO(Kl,KQ)dKldK2<E (6.15)
—0 J0 - 0

K1y
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where € is an arbitrarily small number. Then 3 and 2, are two-dimensional arrays of

length M x N, and the discretized wave number domain is given by
Aky =R, /M = Ky, = mAkr; (6.16a)
Aky = Ko, /[N = K1, = nAk;. (6.16b)

The summation in equation (6.14]) is truncated to give

M N
flz1,z2) =2 Z Z Sty (K1, Kom) co8(K1,, T + kg, To + B )4
m=—M n=0 (6.17)

\/Sfo('flma —Ka,) €O8(R1,, 21 — Ko, T + D)),

where the simulated field is denoted as f(x1,22) to distinguish it from the actual field

fo(z1,x2). The spatial domain can be discretized into an (M, x N,) array, where

2w 2w
€1, = A_ﬁ;l and o, = A_@ (618&)
Az =z, /M, and Azy = xs,/N,. (6.18b)

By taking advantage of the relationship between cosine and the exponential function, equation

(6.17) can be written as

M N
f(1Azy, ppAxy) =R <2 >/ Snlkn, ka,) exp(ioh))

m=—M n=0
2mmpy | 2Tnp; (6.19)
exp <z M, +1 N, ) +

2mmp; .2Tnpo

\/Sfo(K’lma _'%Qn) exp(wg;)exp (Z M, —1 N, )) )

where R denotes the real part. The form of equation (6.19) is suitable for rapid computation

using the Fast Fourier Transform technique. It can be shown that in the limit as N, M — oo,
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each sample function f(p1Azy, p2Axs) is ergodic in the mean and autocorrelation. Also the
collection of N, sample functions is ergodic in the mean and autocorrelation as N, — oo.
Equation (6.19)) is implemented in the generation of sample functions for the fluctuating

component of the heterogeneous compliance modulus.

6.2.4 SDF of Translated Fields

The process of computing the SDF of the two-dimensional translated field is identical to
the one-dimensional case in section [4.2.3, The (m,n)" autocorrelation of the translated field

is given by

Ry, (&1,82) = E[f(x1, 22) f (21 + 71,22 + 72)] = E[T (g9(21, 72))

o oo (6.20)
T(g(er + 71,22+ 1))] = / / T (00T (92)6(01, 92 Res, () dgdg,

where ¢(z1,x2) is the underlying Gaussian field and the non-Gaussian translated field

f(x1,22) = T (g(x1,22). Then the SDF is given by

Sfmn (Fdl, /12) = /OO /Oo Rfmn (fl,£2>eXp(i/€1£1 + iliQfg). (621)

The autocorrelations and SDFs can be computed by any numerical technique after the

integrals are truncated to a finite domain.

6.2.5 Simulating 2D U-beta Fields

A two-dimensional U-beta random field is a zero mean sinusoidal field with a random

phase shift, 8 € U[0 27], and deterministic amplitude, described as follows:

w(xy, 29) = V20,008(ks, 71 + Keyx1 + 6). (6.22)
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The marginal PDF and pdf are defined in section [.3] The autocorrelation function can easily

be determined from its definition

1 2
E [u(zy, zo)u(zy + &1, 20+ &)] = . \/iaucos(/i(;lxl + kg, o + 0) X
0
V20,c08(k5, (21 + €1) + s, (22 + &) + 0)dO (6.23)

= O'UCOS(Ii5lf1 + /i52§2) = RU(gl’ 52)

Following from the Wiener-Khinchin transformation, the SDF is defined by the Dirac Delta

function, centered at wave numbers (kg,, Ks, ),

Su(k1, k) = = [0(K1 — Reyy Ko — Kay) + 0(K1 + Koy, Ko + Ksy)] - (6.24)

o
2
Notice that the SDF is nonzero only in the first and fourth quadrant, and this is reflected in the
sample function of equation . Similar to the one-dimensional case, the two-dimensional
U-beta distribution is strictly homogeneous due to the shift-invariance of its n'"-order joint
pdf.

The simulation of two-dimensional U-beta random fields involves generating samples of a
uniformly distributed random variable, #. There is no increase in difficulty by expanding to
higher dimensions when dealing with U-beta fields. As a result, it has the same convergence

properties as the one-dimensional case.

6.2.6 SDF of Associated Fields

The family of SDFs of the associated fields must be computed before solving the system
of linear equations in (6.7)) to determine the GVRF. The process is outlined in section m

The derivation is slightly different for the two dimensional case and is detailed below. The
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autocorrelation function of the non-Gaussian associated field is

Ry (61,6) = / ' A<u<x1, 12)) Al + 6,22 + &) fo(0)d0

| (6.25)
— A(\/_aucos( NAV20,c08(ks,E1 + Ks,E2 + 0))d6.

:27T

Notice that the term involving (z1,x2) has been dropped due to the shift invariance of
u(r1,9). The (m,n)™ SDF of the underlying field, is defined uniquely by (s, , #s,), such that
(Ksy s ksy) = ((m — 1)Ak, (n — 1)Ak). Due to the memoryless transformation, A(u(xy,z2))
follows the periodic structure of u(zy, z2) implying the same for Ry, (&1,&2). By making the

following substitution of variables

& = (m —1)Ak,
& = (n — 1)Ar&

(6.26)

the same observations noted in section hold for Ry(&;,&,) and is expressed in the

following Fourier series representation

Ry(§,8) = ago + Z ag,jcos(j&s) + Z ajocos(j&y) + Z Z ajicos(j€y +1&),  (6.27)

j=1 Jj=1 [l=1

where Fourier coefficients, a;; equal

1 2 27
00 = 13 / / Ry(&), &) desde

(6.28a)
=3 / / / A(V20,c08(0)) AV 20 ,c08(€, + € + 0))dOdeLde!

27 21
Goj = = / Ry (€')debde,

27r2
~ i / / Jéz/ A(V20,uc08(0)) A(V2a,008(6] + & +0)  (6:28D)

dbdesde,
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21 27
=5 [ [ Re)dgas
75 27T2 0 0 2 1
1 2 2

=13 i cos(jﬁi)/o cos(1&5) QW.A(\/ﬁaucos(Q))A(\/ﬁgu (6.28¢)

0
cos(& + & + 0))d0dE,d¢;

and by symmetry, ap; = a;o. The Fourier coefficients can be efficiently computed using

Gaussian quadrature or a similar numerical technique. R¢(&1,&)) is independent of (m,n),

and the coefficients in equation apply to all N? autocorrelation functions. The SDFs

can be computed as

[e.9]

Sfmn(ﬁh lig) :a0705(ﬁ1, Iig) + Z (10,]6(/{1, Ko — ](m — 1)Ali)+
j=1
> aj00(k1 — j(n — 1) Ak, k) + (6.29)
j=1
Z Z(@ﬂ(/ﬁ —j(n —1)Ak, kg — l(m — 1)Ak)
j=1 1=1

The infinite summation is truncated to a finite one such that wave numbers greater than x,

are not considered.

6.3 Finite Element Analysis of Linear Elastic Plane
Stress Problem
For a given body (2, the following equilibrium, constitutive, and compatibility laws hold
point-wise:
V-o+b=0 (6.30a)
oc=D:e€ (6.30b)

€=Vu. (6.30¢)
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for stress o, constitutive tensor D, strain €, and displacement u. The displacement and
traction boundary conditions, u € I', and o - n =t € ', respectively, on the boundary 02

are assumed to be disjoint sets, meaning

r,Nnl'y=0, and I', UT; = 0. (6.31)

If Q2 is subject to plane stress conditions, the approximations below hold

Ouy = Oy, = 0y, = 0, (6.32)

leading to the stress, strain, and displacements vectors and constitutive tensor given by

Umx €$$
Uy ()
g = Oyy , €= €yy , u= (633&)
uy(x>y)
Oy 264y
1 v 0
E(z,y)
D="CU 1, |, (6.33)
00 13

where F(z,y) is the heterogeneous elastic modulus and v is Poisson’s ratio. The strains in
the z direction are given by
—v

€2z = f(o-zx + Uyy) (634&)

€y = €5, = 0. (6.34Db)

The weak form of the equilibrium condition is derived by multiplying equation (6.30a)) by a
kinematically admissible virtual displacement field, v, (that is v =0 € I'},), integrating over

the domain, and employing the divergence theorem. Assuming the body force is zero, the
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weak form is derived as such

/V-a-de:a-n-v
Q

—/0'~VVdQ:>
e Ja (6.35)

/a-Vde—t-Vzo
Q

The energy functional, II, defined such that OI1/0v recovers the weak form, is given by

1
1= 5 / Vv :DVud) —v - t. (6.36)
0

The domain is discretized into quadrilateral elements and the displacement field within each
element is described by 4 nodal displacement quantities (degrees of freedom) for each direction
and 4 C° shape functions. The virtual displacement field, v is taken to be the same as the
real displacement field. Figure[6.2|shows the nodal displacement quantities. As can be seen in

the figure, the gradient of the displacements are expressed in the natural coordinate system,

& m).

_(1,1)

N €

|
(1,-1)

Figure 6.2: Physical Coordinate System Mapped to Natural Coordinate System for A
Quadrilateral Element
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The gradients of the physical and natural coordinate system relate by the Jacobian, given

as
Xl Oz Oy 9 9
N Pl . (6.37)
9 Oz Oy 9 9
on on on Jy dy
The strain is the given by
e = Vu=Bu=AJ;,,Ngqu, (6.38)
where
1 000
A=11000 1 (6.39a)
0110
0 0
Jfl
0 0
Jinv = (6.39Db)
0 0
Jfl
0 0

oM g 9N g 9Nz g 8Ns

ON7 0 ONs 0 ON3 0 ON4 O

Ng=| on on on (6.39¢)
ON- ON: ON: ON.
0 20 o= o s 0 U
ON ON. ON: ON.
L 0% 0 % 0 % 0 %]

The shape functions can be seen in figure 6.3 and are defined in the natural coordinate

system as
Ni(&m) = W (6.40a)
Ny (&,m) = W (6.40b)
Ns(&,m) = d+ 52(1 1) (6.40c)
N, n) = L= 51(1 ) (6.40d)
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(a) N1(&,m) (b) Na(&,m) (c) N3(&m)

(d) Na(&m)

Figure 6.3: Shape Functions for Four-Node 2D Elements

The displacement field can be defined in the natural coordinate system as

u=Nu (6.41)

where

U= | iy U3 U Us U Ur g (6.42a)

Nl(éﬂ?) 0 NQ(&?U) 0 N3(€777) 0

0 Nl(f»ﬁ) 0 N2(£777) 0 N3(€a77>
(6.42b)
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or can be expressed in the physical coordinate system by making use of the following relation

TS s | UL (6.43)
y(éun) J gj

where 7 and gy are the x,y nodal coordinates of the quadrilateral element. The energy

functional formulated as

1
= ;4K — P, (6.44)

where K, and P are the global stiffness matrix and load vector respectively. By taking the
variation with respect to 1 and setting to zero, the system of linear equations for the solution

of the nodal displacements quantities a1 is given by
Ku=P (6.45)

The global stiffness matrix is formulated by superimposing the element stiffness matrices at

common degrees of freedom. The element stiffness matrix is

1 1
k = / / B DB|J|d¢dn. (6.46)
-1J-1

Similarly, the global load vector is formed by superimposing the element load vectors, defined

as

1
p= / N*|. t(d0, /00, )dTs, (6.47)
—1 "

where t is the traction loading. The boundary of the element in the physical coordinate

system, I'y, such that I'g, € I'y, is transformed into the natural coordinate system as I, .



110
6.4 Numerical Example

Consider the membrane shown in figure (/6.4)) with its loading and boundary conditions
subject to plane stress conditions, where L, = L, = 10, ¢ = 100, and the thickness is equal

to one.

Ly

/ S LSS S S

Lx

Figure 6.4: Plane Stress Structure Analyzed

The heterogeneous compliance is defined as

I 1+ f(z,y)
E(z,y) Ey

: (6.48)

where f(z,y) is a homogeneous, zero mean random field. The SDF of f(z,y) is defined over

a two-dimensional wave number domain discretized such that

Koy = (J — 1)AR (6.49a)

Ky, = (j —1)Ak (6.49Db)
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At = % (6.49¢)

where k, = 1.27 and N = 16. The implementation of the finite element code approximates
the elastic modulus to be constant within each element. The convergence of the finite element

code due to the piece-wise approximate of the elastic modulus is tested for an elastic modulus

defined as
1+ .99sin(kyx 4 Kyy)

E(z,y) (6.50)

Figure [6.5] contains plots of the displacement of the membrane for three different mesh sizes,
14 x 14, 25 x 25, and 41 x 41. The blue mesh is the finite element solution assuming constant
elastic modulus for each element, whereas the red mesh considers equation exactly
within the mesh. The displacements are scaled by a factor of 50 in order to display the
differences clearly. Notice that the solution considering the exact elastic modulus differs

amongst the different mesh sizes and converges to the exact solution. This is because the

meshes size in figures [6.5(a)| and [6.5(b)| are too coarse to smoothly represent the elastic

modulus of equation ((6.50)). By a mesh size of 41 x 41, the exact solution converges, and the

piece-wise solution converges to the exact solution.
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=
Y Wi Y I
01
|
/ i ]
| Lv
Lv
— piecewise —— piecewise
| — "exact" — "exact"
- 11
Lx X L)( X
(a) Ny = N, = 14 (b) Ny = N, = 25

Lv

[}
1, . :'u'
R

eoant [
L]
[T H

(¢c) N, = N, =41

Figure 6.5: Displacement of FE solution scaled by 50 of the piece-wise approximation of
E(z,y) in (6.50) versus considering E(z,y) exactly within the elements

6.4.1 Results

Referring to section for notation of the random fields, the GVRFs are plotted
individually in figure [6.6] for displacement at (L,/2, L,). The variances of the response at

this point are plotted in figure for the respective random field models of f(z,y).



113

(¢c) GVRF:S1TG3 (d) GVRF:S1UN3

Figure 6.6: Computed GVRFs for 2D Example at (L,/2, L,)

The GVRF plots above are plotted again in figure at section cuts in order to better
visualize the discrepancies amongst the GVRFs. They are plotted along cuts x, = 0, k, = 0,

Ky = Ky.
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-7
14 X10 ‘ ‘ ‘ 14 X10 ‘ ‘ ‘
—S1TG3 —S1TG3
— S1UNS| — S1UNS|
12} f S3TGY 12} f S3TG3
——S3UN3| —S3UN3|

4 %0 3 4
X y
(a) GVRFs:ik; =0 (b) GVRFs:ky =0
-7

1.4 X10 : : :
—SI1TG3
—S1UN3

12 S3TG3|
—S3UN3|

1
1 2 3 4
K =K

(c) GVRFsik, = Ky

Figure 6.7: Computed GVRFs for 2D Example at (L,/2, L,) at Various Section Cuts

The variances of the Monte Carlo simulations are plotted below in figure
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(¢) Variance:S1TG3 (d) Variance:S1UN3

Figure 6.8: Variances for 2D Example at (L,/2, L,)

6.4.2 Validation of Results

The GVRF methodology is validated by computing the coefficient of variance (COV) of
the displacement response at (%, L,) by Monte Carlo simulation for a translated random

field with an underlying SDF given by

1
1.045

S4(rg; hy) = exp(—3(ky + k), (6.51)
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and comparing the results to the COV predicted by the GVRFs through the following

integration

Lx Ry Ryuy Lx
Var |:u(7,Ly):| :/ / S4(/ix,/<ay)GVRF(7,Ly,m,/{y)d%d/{y, (6.52)

and then applying the definition of the COV

COV = yVar [l Lyi} . (6.53)

The marginal PDF chosen is LN3 (defined in section [4.4)) because from experience it results in
the worst case scenario in terms of errors compared to other distributions tested (see section

5.5.3)). Refer to section for notation.

0.6/ ¢ ¢
J ¢
0.5¢
0.4F CQV from MCS
0.3f
0.2r
0.1
0 (90} C"’) (9] (92]
(O] pd (O] pd
— ) = >
— | ™
n n n n

Figure 6.9: Validation Plots for example in section : The red line indicates the response

COV due to MCS. The blue diamonds indicate the predicted COV by the GVRFs by
computing equation (6.52]).
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6.5 Conclusions

It appears that the GVRF methodology is applicable to two-dimensional problems since
the GVRFs computed exhibit some degree of independence from the distributional and
spectral characteristics of f(x,y). They are the same in shape and slightly off in magnitude.
Due to the computational expense, the mesh used is too coarse. This is a likely explanation
for the lack of smoothness in the results for the fields translated from an underlying Gaussian.
The fast Monte Carlo approach does produce very smooth results because the SDF has its
power almost entirely concentrated at one point, implying that the solution is accurate so long
as the mesh includes these points. Once the GVRF methodology is deemed to be applicable

for a class of structures, the fast Monte Carlo approach should be used to compute GVRFs.
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Chapter 7

Stochastic Characterization of
Effective Properties for Linear
Structures via the Variability

Response Function

7.1 Introduction

In this chapter the VRF concept is applied to the homogenization of elastic material
properties. Homogenization of randomly heterogeneous material properties into effective
properties occurs, often implicitly, when conducting standard tests such as tensile tests,
direct shear tests, v-notch test, creep tests, and others. This is because most materials
consist of random, heterogeneous morphologies at the meso- and microscales. Much work has
been done to establish bounds of effective properties. The most commonly cited pioneering
scientific inquiry into the bounds of effective properties are the works of Voigt and Reuss,
both published in German in 1889 and 1929, respectively, from which the famous Reuss

and Voigt bounds orginate. The Voigt bound is also called the isostrain average because it
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gives the ratio of average stress to average strain when the material is uniformly strained.
This gives the upper bound of the elastic modulus. The Reuss bound, called the isostress
average, is the ratio of average stress to average strain when the material undergoes constant
stress. This establishes the lower bound of the elastic modulus. There is a large body of
literature published between the 1960s through the 1980s attempting to establish bounds
of effective properties of heterogeneous materials, and a few seminal works are mentioned
next. In references [53] a variational approach is used to determine bounds of the elastic
and shear moduli of spherical inclusions for very low or high concentrations. The variational
theory is further developed in [54] 55] to establish formulas for the bounds of effective elastic
moduli for multiphase materials. In [56] the theory of two-phase random media is developed
as well as an early explanation of the representative volume element(RVE). In [57, 58] exact
infinite series solutions of the bounds of the effective elastic modulus of spherical inclusions
for periodic structures are derived.

It is shown in [59] that effective properties are deterministic when the structure considered
is sufficiently larger than the correlation length scale of uncertain heterogeneities modeled
as ergodic random fields. The size of the structure where the effective properties become
deterministic is the RVE. When the structure considered is within the RVE, the effective
properties are random variables [60], 611 [62] 63, 64, [65]. With the growing interest in microscale
mechanics, characterizing the probabilistic information of effective properties has become
an important research topic. The development of multiscale finite element analysis has
provided a means, such as through upscaling techniques, to evaluating the scale-dependence
of effective properties [66, (67, 68, [69] (70, [71), [72] [73], [74], [75]. In order to quantify response
stochasticity due to uncertainties at finer scales, techniques need to be developed in order to
obtain probabilistic information of homogenized effective properties.

In a recent paper [12], the VRF is analytically derived for the effective flexibility for hetero-
geneous, statically determinate structures. The formulation is a straightforward extension of

the derivation of the VRF for the displacement response of statically determinate structures.
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The VREF for effective properties has the same properties as that for the displacement response:
it is independent of the spectral and distributional characteristics of the random field, it
identifies the sensitivity of the variability of the effective properties to the correlation/spectral
characteristics of the random field, and it provides a least upper bound on the variance
of the effective properties if the variance of the random field is known. The VRF concept
for effective properties is also limited to heterogeneous structures described by statistically
homogeneous random fields.

The organization of this chapter is as follows. Commonly used homogenization models
are presented. Then the existence of a VRF for effective properties for statically determinate
beams is derived. The GVRF methodology developed in chapters [4 and [6] is applied to linear,
statically indeterminate structures in order to establish the GVRFs for effective properties of
these structures. Numerical examples are provided for a fixed-simply supported beam, and a
plane stress 2D structure. The chapter concludes with a discussion of the applicability of the

GVRF approach for this type of problem.

7.2 Homogenization

Considering a heterogeneous body Q described by coordinates x € R3, the strong form of

the boundary value problem is written as

Oijj + bz =0 (71&)

o'ij = Cijk:l(x)ekzl (71b)
1

€y = 5 (Wi + ) (7.1c)

oijn; = 1_31 el (71d)

u, =u; € Fu (716)
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[ UT, =092 and TyNTy = 0. (7.1f)

The constitutive tensor, C(x), is a function of position due to random fluctuations of
the elastic modulus or Poisson’s ratio. Let a homogenized counterpart of 2 be a body
where its constitutive tensor, C, is constant within  but is a function of the displacement
boundary conditions, traction, and an integral expression of C(x). The effective properties

are determined such that the strain energy of the homogenized body equals the strain energy

of Q) under the same set of loading, that is

%/Qeo(x) .G eo(x)dV = %/Qe(x) . C(x) : e(x)d

(7.2)
= /F u(x)t(x)dl,

where €y(x) is the strain of the homogenized body. Consider the case where the Poisson’s
ratio is constant and only the elastic modulus, E(x), is heterogeneous. Then the effective

elastic modulus, F is written as

Jr, u(x)t(x)dry  Joe(x) : C(x) : e(x)d

be %fQ €o(x) : C': €(x)dV B fQ €(x): C': g(x)dV

(7.3)

where C’ = LC. The effective elastic modulus is bounded by the Reuss and Voigt bounds

1
E

E.<E<E, (7.4a)
B= L [/ B )%zv]_l (7.4b)

r — VQ o X .
B, = Viﬂ [ Bexjav (7.4¢)

The variance of the homogenized elastic modulus is

Vmwki%wﬂﬁf@WQWJ, (7.5)
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where C1 = 1 [, €9(x) : C' : €y(x)dV. If the fluctuations of the elastic modulus about its
mean value are described by a statistically homogeneous, zero mean random field, f(x), then

the goal of the VRF concept is to establish the following relationship

Var / / / St(k1, ko, k3)V RFg (K1, ke, k3)dk1dredks. (7.6)

Only for specific cases of statically determinate structures can equation (7.6)) be proven
because, in general, the displacement cannot be described by a function that is separable

with respect to the applied traction and the parameters of the constitutive law.

7.2.1 Effective Flexibility for Beam Structures

It is more convenient to describe the constitutive law in terms of the flexibility for beam

structures, that is

D) = g7 = 7o+ /@) (7.7

The external work due to the loading on the heterogeneous beam, W, and that on the
homogeneous beam, Wy, under distributed load ¢(z), concentrated load P at z,, and

concentrated moment M at x,; are given by

W = / z)dx + Pu(z,) + M6O(x) (7.8a)

Wy =D {/L uo(z)q(z)dx + Pug(z,) + MOy(zp)| = C1D, (7.8b)

where ug(x) is the displacement of the homogenized beam with the flexibility factored out,

and 0y(z) = dug( %) is the slope of the deflected shape with the flexibility factored out. The

homogenized flexibility is defined as

| L
D= c [/ u(z)q(x)dx + Pu(zp) + Mob(zrs) | - (7.9)
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7.3 Derivation of VRF for Effective Flexibility for Stat-

ically Determinate Structures

The following derivation is an extension from the derivation in [I2]. For a statically

determinate structure, the displacement and its derivative can be written as

u(z) = /Off Gu(m,s)%(l + f(s))ds (7.10a)
0(z) = /0 ' Gg(x,s)]\é((j)(l + F(s))ds. (7.10b)

The expected value of the effective flexibility is

CE [D] =E {/OL q(z) /Ox Gu(x,s) ]\ééj) (1+ f(s))dsdz + P/Oxp Gu(zp, s)x

T (s + 3 [ Goters ) R0+ (o0

:/OL g(z) /035 Gu(x,s)]\é(j) dsdz + P/Ozp Gu(:vp,s)]\ééj) ds+

0
T Mo M(s)
M, G ——=d

(7.11)
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and the expected value squared is

CiE [D

// (z1)g x2/ / u(1,51)Gu(9, 5 2)%

E[(1+4 f(s1))(1+ f(s2))] dsedsidxadry

+2P/0 q(a:)/o/o Gl 51)Chu (2, 52)

%E (14 F(s0))(1+ f(s2))] dsadsada + 2Mo /O a(r)

/ /xMO (z,51)Go(T 1y, S2) (( 1) )(32)

E[(1+ f(s1))(1 4 f(s2))] dsedsidz+ (7.12)

[ [ uter s Gutor s B 1+ )

(14 f(s2))] dsads; + PMO/ / (TP, $1)Go(2 0y, $2)

M(Sl)M(Sz)
EoI)?

"

E{(1 4 f(s1))(1 + f(s2))] dsads:.

E[(1+ f(51))(1 + f(s2))] dsadsi+
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The variance is then give by

Cy 2Valr

// (z1)q J172// u(z1,51)G (x2732)%

E[f(s1)f(s2)] dsadsidsdary + 2P / / / (5 51)

Gu(xp,sg)%E[f(sl)f( )]dsgdsldx—l—ZMo/o q(z)
[ [ cutesiGotions s g 1) s -

dSstldx—i—P/ / S(zp. )G (:CP?SQ)M(&)%@)

E [£(51)(52)] dsads, + PMy / / (29 51) Gz 52)

( ) (82) 9 I]\/I(]
WE [f(s1)f(s2)] dsadsy + M /0 /o Go(2 sy, 51)
M(Sl)M(Sg)

(Eol)? E[f(s1)f(s2)] dsads;.

Go(7 g, S2)

Using the Wiener-Khinchin relation to replace the SDF with the autocorrelation function,

the variance can be written as

Var [D] = /_OO VRFp(k)St(k)dk, (7.14)

o0
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where

[ [ [

T prp
exp(ik(sy — s1))dsedsidxadr; + 2P/ q(x)/ / Gu(x,s1)
0 o Jo

GQ@pﬁﬁﬁﬂﬁg%gﬁam@H@y—ﬁ”&@kﬂx+2kﬁzfq@)
/‘/”% (@, 51)GolTa, 52) iggy@kmxmgg—&» -
d@dadx+aPl/ h/ J(py51)G (xﬂsgﬁﬁ%%%%ﬁﬁ
wp@d&—sﬁﬂ&¢ﬁ+FW%/ﬁl/ W25y 51)Go(@a, 52)
%%%ﬁkmmWﬂmmm+WA%A°ammw
(¥9Ctnh,SQ)Z%KEé%gééfzzexp(im(SQ—-51))d52dsL

7.3.1 Cantilever Example

Consider the cantilever in figure [7.1| with length L, distributed loading ¢(z) = qo(L —x)/L,
average flexibility, ELOI, and the concentrated loads and moments are equal to zero with no

loss of generality.

u(x)

A

q(x)

%m

L

Figure 7.1: Cantilever Analyzed
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The Greens function for the displacement derived in section [2.3|is

G(z,s) = (7.16)

The moment is determined from statics to be M (z) = — %2k "+ wolr 5q%w2, and the coefficient

of C} is solved to be C; = ¢?L?/120. The variance of the homogenized flexibility can be

described by equation ([7.14]) where the VRF is given by

120 \* [* L go(L — 21)qo(L — x e
(G2 [ [ [

_qoL? | qoLsy _ 590s7\/_qoL?® | qoLss _ 5qos3
( 6 + 2 6 )( 6 + 2 6

(Eol)?

(7.17)

exp(ik(sy — s1))ds1dsedxidxs.

The integral expression of equation ([7.17)) is solved for analytically with the help of MAPLE,
and it is plotted in figure [7.2] using the following values for the parameters: L = 15, ¢ = 1000,

1 o —
E—OI—3.2><10 6,

VRF

Figure 7.2: VRF for Effective Flexibility of Cantilever in figure
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7.4 VRF of Effective Properties for Statically Indeter-

minate Structures

7.4.1 Fixed-Simply Supported Beam

The GVRF methodology outlined in chapter {4 for one dimensional problems is employed
to determine the existence of the VRF for the effective flexibility for a statically indeterminate

beam, meaning the validity of the following expression is tested

Var [D] = /_OO Sr(k)VRFp(k)dk. (7.18)

[e.9]

For each deterministic analysis in the Monte Carlo simulations, the effective flexibility is
determined by performing the computation of equation . The variance of the effective
flexibility is computed and a GVRF is established by solving the linear system of equations
in . Consider the fixed-simply supported beam in figure with ¢ = 1500, L = 16,
Eyl =1.25 x 107, and M = 7000.

u(x)

A

M
7
7 %x
%

L

Figure 7.3: Statically Indeterminate Fixed-Simply Supported Beam Analyzed

The GVRFs are plotted in figure [7.4] It is observed that the GVRFSs are very similar for
quite different SDFs and marginal PDFs. Refer to section for notation.
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—S3LN3
—S3TG3
—S3UN3}
---S1LN3
---S1TG3
---S1UN3}

Figure 7.4: VRF for Effective Flexibility for Fixed-Simply Support Beam in Figure [7.3

The variances of the effective flexibility computed from the Monte Carlo simulations for
the various tested random field models are given in figure [7.5 It should be noted that the

variances are very small because the mean value is too. The largest coefficient of variation is

o V2.9 x 1015
v =] 8 x 108 (7.19)
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x 10

—S3LN3
—S3TG3 |,
—S3UN3

---S1LN3
---S1TG3
---S1UN3

Figure 7.5: Variances of Effective Flexibility for Fixed-Simply Support Beam in Figure
for the Test Random Fields

7.4.2 Validation of GVRF Methodology

The validity of the GVRFs is tested by computing the coefficient of variation (COV) of
the effective flexibility by Monte Carlo simulation for a different random field model than
what was used to determine the GVRFs and comparing this to the predicted COV determined
by the GVRFs. The random field model chosen is a translation field, where the SDF of its

underlying Gaussian field given by

S4(k) exp(—3k?). (7.20)

~ 1.0233678
The predicted COV from the GVRF's are determined by performing the integration of the

definition of the GVRF, that is

Var [D] = [ GVRE(r)S;()dr, (7.21)

—FKay
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where S¢(r) is the SDF of the translated field, and solving for the COV

cov=Y____ - (7.22)

The two tested marginal PDFs are LN1 and LN3. Refer to section for notation of the
probability distributions. Figure 7.6 plots the results of the validation. The red line is the
COV of the effective flexibility computed through Monte Carlo simulation, and the blue
diamonds are the COVs predicted by performing the integration of equation for each
GVRF computed.

0.14
¢ ¢ 0.4r ¢ ¢ ¢ ¢
0.12 * ¢ * ¢
. 0.35¢ a
0.1 0.3} 1
T
0.08F COV from MCS : ] 0.25f COV from MCS
0.06Ff 1 0.2t
0.15f
0.04
0.1
0.02 0.05l
0 : 0
o ™ o (a2} ™ o o ™ o o ™ o
= V] = = O] = = V] =1 = O] =
= e ) = =] j} — = ] = =] )
™ ™ o Ll — — ™ ™ ™ Ll Rl —
w0 wn wn wn 0 n wn n wn wn 0 n
(a) LN1 (b) LN3

Figure 7.6: Validation Plots for Fixed-Simply Supported Beam. The red line is the exact
COV determined by Monte Carlo Simulation. The blue diamonds are the predicted COVs by
the GVRFs from the computation of equation ([7.21)

7.4.3 Plane Stress Problem: Plate Tension

Consider the plane stress structure in figure with parameters ¢ = 100, Ey = 1.25 x 107,
L, =L, =10, and the width equals 1. The VRF for the displacement response is established

in chapter [6]
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Figure 7.7: Plane Stress Structure Analyzed

The GVRF methodology for two dimensional stochastic fields is employed to establish
GVRFs for the effective compliance for this structure. For this problem the wave number
domain is discretized on a 16 x 16 grid between [0 k,] x [0 &, where s, = .247. The
system of equations in fails to converge when considering the underlying Gaussian cases.
Only the fast Monte Carlo method(underlying U-beta) is used to computing the GVRFs.
This allows an evaluation of the PDF independence only, and not the SDF independence.

The validation tests, as performed in section [5.5.3] and [7.4.2] use a random field model that

is translated from an underlying Gaussian field. The SDF independence can be evaluated

from the validated tests.

Figure [7.8| plots the GVRFSs of the effective effective compliance.
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(c) S3UN3

Figure 7.8: GVRF's for Effective Compliance for Plane Stress Structure in Figure
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The GVRF plots above are plotted again in figure at section cuts in order to better

visualize the discrepancies amongst the GVRFs. They are plotted along cuts s, = 0, k, = 0,

Ky = Ky.

'—s3Ng
—S3TG3]
S3UN3

'—s3Ng
—S3TG3]
S3UN3

o 02 04 06 08

(a) GVRFs:k; =0

x10 ™

0.8

(b) GVRFs:ky =0

'[—S3LNg
—S3TG3|
S3UNJ

0.6 0.8

(c) GVRFs:k, = Ky

Figure 7.9: Computed GVRF's for 2D Example at Various Section Cuts

Figure [7.10] plots the variances computed through Monte Carlo simulation of the effective

compliances.
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(c) S3UN3

Figure 7.10: Variances of Effective Compliance for Plane Stress Structure in Figure

7.4.4 Validation of GVRF Methodology for Plane Stress Structure

The validity of the GVRFs is tested by computing the coefficient of variation (COV)
of the effective compliance by Monte Carlo simulation for a different random field model
than what was used to determine the GVRF's and comparing this to the predicted COV
determined by the GVRFs. The random field model chosen is a translation field, where the

SDF of its underlying Gaussian field given by

S4(Ky, ky) = 12.62626exp(—40(k2 + K..)), (7.23)
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The predicted COV from the GVRF's are determined by performing the integration of the

definition of the GVRF, that is
Var [D] = / / GV RFp(Ky, ky)S4 (K, Ky)dRdiy, (7.24)

where S¢(r) is the SDF of the translated field, and solving for the COV

Var [D}
COV = Y———x——. (7.25)
[E (D]
The three tested marginal PDF's are LN3, TG3, and UN3. Refer to section for notation

of the PDFs. Figure [7.11] plots the results of the validation.
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Figure 7.11: Validation Plots for Plane Stress Structure in Figure The red line indicates
the exact COV through Monte Carlo Simulation. The blue diamonds are the predicted COVs
by the GVRFs through the computation of equation (|7.24]).

7.5 Conclusions

In this section the GVRF methodology for one and two dimensional structures is employed
to compute the GVRF's for effective properties. For the one dimensional stochasticity, GVRFs
for the effective flexibility are computed. For the two dimensional stochasticity, GVRFs for
the effective compliance are computed. In both cases, the GVRFs are approximately equal
in magnitude and shape. For the beam example, the GVRF's are essentially independent of

the SDF and dependent on the PDF. The plane stress structure also shows a dependence
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on the PDF. Due to numerical issues with computing the GVRFs from the underlying
Gaussian random field, it is difficult to determine the degree of dependence of the SDF.
However, through the validation tests, it can be concluded that the fast Monte Carlo method
produces GVRFs that sufficiently predict the response variance of random field models with

significantly different spectral content.
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Chapter 8

Simulation of Two-Phase
Microstructures Using Filtered
Poisson Fields and Genetic

Algorithms

*This chapter is part of a paper with Professor Eleni Chatzi published in the proceedings
of the 11" International Conference on Applications of Statistics and Probability in Civil
Engineering(ICASP) [76]. The establishment of VRFs for effective properties as discussed in
chapter [7| considers the material properties to be smoothly varying random fields. However,
a rigorous homogenization technique should first consider the scale where the individual
constituents can be distinctly identified. The uncertainty in the fine scale morphological
structure is one source from which uncertainty in macroscopic material properties propagate.
This chapter specifically deals with the simulation of random morphologies. Future work
can be to investigate establishing VRF's for effective properties at this scale, and incorporate
these VRFs into an upscaling technique to bridge this scale with that where the properties

are smoothly varying.
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8.1 Introduction

Probabilistic characterization and simulation of morphological structures of random
heterogeneous materials is an interdisciplinary research topic spanning the fields of Biology,
Medicine, Structural Mechanics, Electrophysics, and many more [77, [78]. Once morphological
structures are characterized, various physical phenomena, such as fluid and contaminant
transport, structural mechanical behavior, or chemical reaction processes, can be analyzed
[79, 80, 81]. It is often the case that random morphological structures exist at micro- and
nano-scales, and attempts have been made to determine Representative Volume Elements
(RVESs) through characterization of the random morphologies [82] 62, 83]. Furthermore, a field
of micromechanical analyses of heterogeneous materials is emerging in order to quantify the
effects that phenomena occurring at the microscale have on observed macroscopic responses,
such as the propagation of microcracks [84]. In multi-scale finite element analysis microscale
mechanics is implemented to determine the size of RVEs as well as the stochastic properties
of homogenized material properties [85], [71] [72, [73], [74], [75], [66), (67, 68].

The work that has been done to generate sample microstructures that match specified
correlation functions can be divided into one of two categories. One approach is to apply
a perturbation method such as the Metropolis, Markov-Gibbs, Stochastic Optimization,
or Simulating Annealing methods [86 BT, 87, [77], while the other method is to translate
an underlying and easily simulated random field to a Binary field by applying a level-cut
[1], 88, [14] [15]. The advantage to the perturbation methods is that they are quite flexible in
their capability to match higher order target correlation functions since there is no reliance
on an underlying random field. However the major disadvantage to this approach is that a
perturbation method must be applied for each sample generated, which is computationally
expensive making Monte Carlo simulation impractical. On the other hand, level-cut translation
field models only need to apply a perturbation method once to identify the properties of the
underlying random field that lead to the corresponding target correlation functions when

translated. The underlying field is usually a Gaussian field since it is efficiently simulated,
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thus yielding the method suitable for Monte Carlo simulation. The drawback to this approach
is that since Gaussian fields are completely characterized by their mean and autocorrelation
functions, they cannot match more than two target correlation functions. It is well known
that third and higher order correlation functions are necessary to accurately characterize
many heterogeneous materials [77, [86].

Grigoriu has developed a level-cut filtered Poisson field model that is capable of matching
higher order correlation functions due to its ability to incorporate an arbitrary number of
parameters [36, 14] [I5]. In reference [14], he develops the theoretical framework for level-cut
filtered Poisson fields and pseudo-analytically matches a target mean and 2-point probability
function using a specific filtered Poisson field. In reference [15], he outlines a Monte Carlo
based procedure to simulate homogeneous and inhomogeneous filtered Poisson fields.

This work is essentially an extension of the work of references [14] [T5] as it proposes
a general methodology to optimize parameters of a filtered Poisson field to match target
correlation functions of a Binary random field. This is done through a Monte Carlo based
methodology which avoids having to calculate the n'*-order PDF of the underlying filtered
Poisson field since it is algebraically and numerically cumbersome to calculate. The parameters
of the Filtered Poisson Field are determined using a Genetic Algorithm. Genetic Algorithms
have been applied to this problem before, in which case the approach was that of the
perturbation methods [89]. Genetic Algorithms are suitable for level-cut translation models
since they have few parameters, and it is known that the performance of Genetic Algorithms
decreases as the number of parameters increases [90].

The outline of the paper is as follows. Statistical characterization of Binary random fields
will be developed followed by that of filtered Poisson fields. The modularity of filtered Poisson
fields will be demonstrated. The level-cut translation field model for filtered Poisson fields will
be developed. After which, a novel Monte Carlo based procedure to match target correlation
functions of a Binary random field is detailed. The procedure entails translating a filtered

Poisson field to a Binary field by performing a level-cut, and optimizing the parameters of
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the filtered Poisson field through a Genetic Algorithm. The paper concludes with numerical

examples.

8.2 Binary Random Field Model for Two-Phase Ran-
dom Materials

Consider a two-phase random material occupying space D = VD UV € R? where V)
indicates the space occupied by phase 7, and d = 1,2, or 3. Two-phase random materials can
be described probabilistically by a Binary random field through the indicator function I¢ )(t),

where j is either phase 1 or 2, such that

, lift e VO
I9(t) = ; (8.1)

0 otherwise

where t € VIUV? = D € R? for d = 1,2,0or 3. Its mean and autocorrelation functions
are p(t) = E[I(t)] and R(t1,t2) = E[I(t1)I(t2)], respectively dropping the superscript for
convenience. For homogeneous isotropic materials mean and autocorrelation functions simplify
to p(t) = p is constant and R(tq,t2) = R(|t1 —t2|) = R(7) where 7 is the Euclidean distance
between points t1 and to. Higher order correlation functions can be defined similarly although

the mean and autocorrelation functions sufficiently describe a number of materials.

8.3 Filtered Poisson Fields

This section closely follows the work of Grigoriu [14]. A filtered Poisson field is a summation

of deterministic functions centered at arrival locations of a Poisson process and scaled by a
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random variable, and is of the form
(D')
X(t)= > Xh(Ri(t—T})), te DC D' CR, (8.2)
i=1

where N, A > 0 € R is the number of arrivals and the rate of a Poisson process, respectively,
with arrival locations I'; € D'. {&;} C R is a set of independent identically distributed
random variables, and {R;} C R? is a set of independent identically distributed rotation
matrices. The function h : R — R is a deterministic function that is bounded and thus
compact. If the random variable X; is in L, and h is square integrable in R?, then the mean

and covariance functions of X(t) are

E[X(t)] = AE[}] / E[h(R, (¢ — €)))de

D/

(8.3)
Cov[X(t2), X(6)] = NEI) [ Eh(Ra(t: ~ (Rt — €))de,
which, since h is compact, can be rewritten as
BIX(t)) = AELY:) [ Elh(R(t - €))d¢
Cov[X(t1), X (ta)] = AE[X2] / E[h(Ry (t; — £))h(ts — €)]de (8.4)
= \E[X?] / E[h(Ria)h(Ry(a + 7))]dE.
4

With the change of variables & = t; — & and 7 = to — ty, it is clear that X(t) is weakly homo-
geneous due to h being compact (i.e. E[X(t)]) does not depend on t, and Cov[X(t;)X(ts)]
depends on 7). For the purposes of this study, the rotation matrix R is not necessary and

will be dropped from the definition of X(t). The n'*-order PDF

TX ()X (t2).. X (60) (X1, X2, ... Xp) (8.5)
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of X(t) is needed to establish the n'"-order statistical moments of the translated field (i.e.

Binary field) and will be discussed in the following two sections.

8.4 Level-cut Filtered Poisson Field

A filtered Poisson field can be translated to a Binary field by applying a level-cut, meaning
values above a threshold, a, are assigned to one phase and values below a to the other. The

indicator function can be described as

BII(®)] = PI(t) = 1) = POX(6) = @) = [ o (o) do
E[I(t)I(ty)] = P (I(t)) = 1NI(ty) = 1) = P(X(ty) > anNX(ts) > a) (8.6)

://fX(tl)X(tz)(xlaxz)dﬂfldﬂ?z-
a a

Higher order correlation functions can be derived similarly.

8.5 Probability Density Function of Filtered Poisson

Fields

One can calculate the PDF of the filtered Poisson field through recursive conditional

probability, the characteristic function, or brute force Monte Carlo Simulation.

8.5.1 Recursive Calculation of CDF of Filtered Poisson Field

Equation shows that one needs P(X(t) > a) to get the average of the Binary field.
Using the definition of the filtered Poisson field in equation (8.2]) then



where

= P(X1h(t = T1) + Xoh(t — To) + .. Xh(t —T,) > a|N =n)P(N =n)
= P(X, > (a — x2h(t —72) — ...xyh(t — v,))/h(t — 71)

IN=n,T1 =,y =7, .1, =y, Xo = 29, ...X, = 2,) P(N = n)
Py =v)PTy=m)...P(T,, = 7)) P(Xy = z3)...P(X,, = x,,)

v n, 71,72y - VYny L2, - Ty
AN

x /---/AOO Tx(x1) fx(@2)... fx () dwrds.. dydydys...dyy,

00
ne

n=0 Ypr

A=a—zh(t — ) — .xh(t — 1))/ h(t —7),
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(8.7)

(8.8)

and fxy(x) is the pdf of the scaling random variable X and vp is the volume of the domain

D' in equation ({8.2)). The objective is to find the value a that corresponds to a target mean

value for the Binary field. The computation of this equation involves 2n integrals per value

of n per location. The number of arrivals n can be in the thousands resulting in an excessive

computational burden, especially when considering the autocorrelation function.

8.5.2 Characteristic Function

The n'"-order pdf of a random field can be determined by calculating the n'*-order

characteristic function and then by taking the Fourier transform. The n'"-order characteristic

function is defined as

@X(tl)X(tz)...X(tn)(Mh 2oy fin) = E

exp [Z Z MkX(tk)] ] )

k=1
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and the n'"-order pdf

1
TX(E0)X (62). X (60) (X1, X2, .. Xp) = o o | Ox )X (b2) X () (H15 H2eees fl) X

—00 —O0

(8.10)

exp (—i(pu1X1 + poXo + . finXy,)) dpgdpis...d,.

In general, calculating the characteristic function requires numerical computation. The
characteristic function often times will have very high curvature and needs to be highly
discretized to produce a numerically accurate Fourier transform, which can exceed computer
memory limitations. If the scaling random variable A is Gaussian and the deterministic
kernel function h(7) = exp {—B7?} with constant B > 0, then the characteristic function for

the filtered Poisson field is

ox)(p) = exp{—AvD [1 - ,ULD / / exp [ipexp (—B7?) ] fX(:U)da:dTl }, (8.11)
where vp is the volume of the domain D in , and fx(x) is the pdf of the Gaussian scaling
variable. Figure |8.1| shows the pdf for different values of parameters B and oy, highlighting
the numerical issues. Figure shows fx)(z) for X ~ N(-3.66,9.69), B = 1.22, and
figure shows fx)(z) for X ~ N(—3.66,1.69), B = .75. In each case the characteristic
function domain variable g € [0 3] is discretized with 4096 points, the pdf domain variable z
is discretized with 2'* points, and the Fast Fourier Transform is performed using the Fortran
IMSL library. As the variance of X reduces the characteristic function gets sharper and
harder to accurately integrate. Integrating the pdf in figure to determine the level-cut
a will produce incorrect values due to the unrealistic negative values of the pdf. As with the

previous section, the difficulties escalate when considering higher order pdfs.
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8.5.3 Monte Carlo Simulation

Alternatively, the level-cut of the filtered Poisson field can be calculated by simulating
numerous samples and taking the statistics of the sample. The computation of the pdfs of the

underlying field can be avoided since the value of the level-cut threshold can be determined

by

. N,

Fxw(a) = + (8.12)
samp

where N, is number of realizations and X(t) > a Vt, with O denoting the simulated field.
Niamp is the number of samples simulated. Once the level-cut threshold is determined and

performed, the autocorrelation of the simulated Binary field can be calculated as

R(r) = —= (8.13)

where N, is the number of realizations such that X (7) > a with an assumption of stationarity
but not isotropy (i.e. 7 = {71, 72, 73}). This approach is advantageous as it implements a
rapid and low cost simulation of the underlying filtered Poisson field, it directly calculates the
moments of the Binary field without having to calculate the pdfs of the underlying field, and
does not restrict the underlying field to be one with minimal algebraic or numerical difficulties
associated with computing its pdfs. Finally this approach is the most easily adaptable to

parallel computing since it involves brute force Monte Carlo Simulation.

8.6 Novel Approach to Generate Two-Phase Media

Genetic Algorithms are an efficient tool widely used in search and optimization problems
and are suitable for parallel computing. The main concept is derived from the theory of
evolution and survival of the fittest. The set of parameters to be optimized are coded into one
binary string which is termed a chromosome or individual. Multiple individuals are generated

(i.e. multiple sets of parameters) to form a population. The fitness of each individual is tested
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with a target function. A set of individuals are selected by a probability proportional to their
fitness, then they are mated with each other by randomly switching elements of their strings.
The new strings, termed offspring, are mutated by a random perturbation, and their fitnesses
are tested. The discriminatory selection process ensures that the characteristics of the best
fit individuals propagate through each generation, hence enforcing survival of the fittest.

The procedure to generate best fit parameters is outlined figure [8.2] An initial generation
of parameters of the filtered Poisson field is created. Numerous realizations of the filtered
Poisson field are simulated in order to calculated the value of the level-cut threshold, a, such
that the volume fraction of the phases is satisfied. The field is again simulated numerous
times and level-cut to create a Binary field. The correlation functions of the simulated Binary
field are computed and compared to the target correlation functions, establishing a fitness for
the associated individual. The Genetic Algorithm generates a new population as mentioned

above and the process is repeated for a pre-determined number of generations.
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Figure 8.2: Flowchart of methodology

8.7 Numerical Examples

In the following examples target autocorrelation functions are matched using the method
developed above for real and hypothetical two-phase random media. Since only up to the

second moment is considered, the scaling fuction X follows a Gaussian distribution.

8.7.1 A note on computational demand

The following examples utilize David L. Carroll’s Genetic Algorithm driver simulating
200 generations each with a population size of 7. The computation was done through remote
access of Brookhaven National Laboratory’s IBM Bluegene/L supercomputer using a partition

of 1024 processors, each having 512 mb RAM and 700 MHz processor speed. The computation
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of each example takes about 10 hours for code written in Fortran90.

8.7.2 Example 1

The following example matches a two-phase, homogeneous and isotropic, material having

autocorrelation function

Ry(7) = ¢(1 — p)exp (—Ti) + ¢ (8.14)

0
where 79 = 6.67, and volume fraction,¢,=.15. This autocorrelation function is an approx-
imation of the experimentally determined 2-point correlation function for Fontainebleau
Sandstone by Yeong and Torquato [91]. The form of the filtered Poisson field that is evolved

through the Genetic Algorithm is

X(t) =Y Xexp{—Cl(t; — 1) — C2(t» — 2)} (8.15)

i=1

with X being Gaussian. Table shows the best fit value of the parameters where a is the
level-cut threshold, py, oy are the mean and standard deviation of X'\ is the rate of the

Poisson random variable, along with the error, E, defined as

S (R(r) — Ru())?
Jo (8.16)

N,

> Ri(7i)

i=1

FPP Parameters Error

a Ihx Ox C1 C2 A E

-1.483E-10 | -3.747 | 2.986 | 1.9435 | 1.7934 | .008247 | .00049

Table 8.1: Example 1 Best fit Parameters
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Figure 8.4: Example 1 Simulated Autocorrelation
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Figure 8.6: Example 1 Sample Realization

Figures [8.3] and [8.4] show the target and simulated autocorrelation function, and figures
and show an image of Fontainebleau Sandstone and a sample realization of the translated

field.

8.7.3 Example 2

The following example matches an anisotropic medium with autocorrelations function

Ri(71,72) = ¢(1 — @)exp (—@ — @> + ¢? (8.17)

To1 T02
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where 191 = 2.15 and 799 = 1 and ¢ = .185. The form of the evolved filtered Poisson field is
the same as equation (8.15)). Table shows the best fit value of the parameters where a is
the level-cut threshold, uy,ox are the mean and standard deviation of A’ )\ is the rate of the

Poisson random variable, along with the error, E, defined as

NTI NTQ

Z Z (R(Tlﬂ 7—21) - Rt(Tlm 7—2]'))2

i=1 j=1

E-= - (8.18)
Z Rt(le T2j)
=1

FPP Parameters Error
a %% ox C1 2 A E
.0003194 | 3.8258 | .7123 | 1.0301 | 4.9808 | .0196 | .000482

Table 8.2: Example 2 Best fit Parameters

Figures |8.7] and show the target and simulated autocorrelation functions. Figure |8.10
shows a sample realization and is compared with figure which is a sample realization

based on the methodology developed in reference [1].

20 20 1

Figure 8.7: Example 2 Target Autocorrelation
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8.8 Conclusion

A novel method to simulate two-phase random media that matches specified correlation
functions has been developed. It was shown that brute force Monte Carlo simulation is the
most feasible method to generate correlation functions since it places no restrictions on the
parameters of the underlying filtered Poisson field, and it is most easily parallelized. In the
examples shown, only the first two statistical moments were matched, so the scaling variable
was chosen to be Gaussian. When attempting to match higher order correlation functions,
non-Gaussian scaling variables and various forms of the kernel function should be investigated.
The flexibility of this model is that this can be done with no additional computational or
algebraic costs. Future work will be to match higher order correlation functions, and extend

to three dimensions.
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Chapter 9

Conclusions/Future Work

9.1 Research Contributions

The development of the VRF concept is motivated from practical considerations because
it is rare for the spatial correlation structure of uncertain parameters to be available. Usually,
at best, estimates of the mean and variance are available. From this information, the VRF
can be utilized to compute the supremum of the response variance, which is very useful
information for design purposes. The limitation to the VRF concept is that it exists for a
small classes of structures. This thesis expands the applicability of the VRF concept to a
much broader range of problems in Structural Mechanics than what has been established to
date. In chapter [3] the existence of the VRF is proven for a class of nonlinear structures for
the first time. The GVRF methodology is implemented in chapter [5[ to demonstrate that
approximate GVRFs for indeterminate nonlinear structures can be computed. The GVRF's
exhibit a dependence on the PDF but nonetheless have the same shape in general.

The GVRF methodology is expanded to linear structures where the stochasticity is defined
over two dimensions in chapter [ff The methodology developed is applicable to plate bending,
plane strain, and plane stress problems. In an example, GVRF's for response displacement are

computed for a plane stress structure and show good agreement. The validation procedure
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conducted in section demonstrates the ability of the GVRF's to predict the response
variance for an arbitrary PDF/SDF combination.

In chapter [7] the VRF concept is applied to stochastic characterization of effective
properties for linear structures. This concept is developed in reference [12] and is applied to
statically determinate structures. This is a straightforward extension from the VRF concept
for response displacement. The VRF not only identifies the effect of correlation structure
on variability of effective properties but also identifies the RVE for this structure and its
loading. The GVRF methodology is applied to a fixed simply supported beam to establish
the effective flexibility for this structure and its loading. Then the two dimensional GVRF
methodology is applied to a plane stress structure to determine the effective compliance.

Chapter [§| presents a methodology for simulating microstructures of random two-phase
materials. A modular formulation is developed which utilizes Monte Carlo simulation through
parallel computation to optimize parameters. Once the parameters are optimized, sample
microstructures can be rapidly generated. In two numerical examples, the methodology
is employed to match the autocorrelation function of two dimensional slices of microscale

morphologies of real materials.

9.2 Future Work

An important finding from the derivation of the VRF for nonlinear structures is that
higher power terms of the SDF enter into the integral expression that relates the VRF and the
response variance. It is necessary to know the specific higher power terms and their coefficients
in order to employ the GVRF methodology for statically indeterminate structures. Therefore,
in order for the VRF concept to be applicable for a broad range of nonlinear, indeterminate
structures, VRFs need to be established for their statically determinate counterparts. It is
very likely that VRFs exist for many nonlinear statically determinate structures despite the

unavailability of analytical expressions: the decomposition of the response variance into a
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deterministic VRF and the SDF is due to the determinateness of the internal forces/moments,
not the constitutive law. However, closed form expressions cannot be derived for many
nonlinear structures because the constitutive law cannot be integrated and inverted. An
interesting research direction is to develop a numerical procedure to determine the V RF*
and the higher power terms of the SDF affecting response variance for statically determinate
structures having widely used constitutive laws, such as a bilinear one.

The two dimensional extension of the GVRF methodology presented in this dissertation
can be further developed in two ways. The first is to apply this methodology to more structures.
Although it is conjectured in this thesis that the methodology applies to any case where
the stochasticity is defined in R?, only a plane stress structure is studied. The methodology
ought to be applied to plate bending problems as well as plane stress/strain structures with
various loading conditions. Secondly, the main challenge to the two dimensional extension
involves finding a convergent solution technique to the system of linear equations from which
the GVRF is computed. The solution techniques employed in this thesis do not converge for
a family of SDF's for computing the GVRF for effective compliance (section . Different
solvers for systems of linear equations should be investigated as well as alterations of the
GVRF methodology in order to improve the ability to solve the system of equations. It is
anticipated that this is imperative for three dimensional problems.

Although the methodology to simulate random two phase materials presented in chapter
is modular and flexible, only autocorrelation functions are matched in the numerical examples.
The methodology should be employed to match three point correlation functions (this will be
the first time a level-cut translation field model matches three point correlation functions
of two-phase materials). Once the parameters are optimized sample microstructures can be
rapidly simulated. Therefore Monte Carlo simulation of Structural Mechanics problems can
be performed. An example study would be to determine the variance of effective properties of
a particular two phase material. Then determine GVRF's for effective properties of two phase

materials, and compare the predicted variance from the GVRFs with that computed through
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Monte Carlo simulation. Furthermore, other stochastic homogenization methods can be
studied and compared. This will be the first time a Monte Carlo simulation is performed for a
two phase random material with the purpose of identifying the most accurate homogenization
model.

The majority of research today still deals with second order statistics, and very few
researchers study higher order statistical moments due to a shortage of data and mathematical
tools. However, the mean and variance of response quantities are generally not enough
information to predict the probability of exceeding a given threshold. Consider the linear
fixed-simply supported structure studied in section Figure shows the histogram for
the displacement response at the midspan for a fairly simple random field model describing
the flexibility: a Uniform PDF transformed from an underlying U-beta field with SDF,
S(k) =1 [6(k — 107/128) + &(k + 107/128)]. It is clear from the histogram that the response
can have a very complicated distribution due to uncomplicated system stochasticity. It
is important to conduct research towards quantifying higher order statistical moments of
structural response, and it is worth investigating the applicability of the VRF concept to this

problem.
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Figure 9.1: Example Histogram of Midspan Displacement for Fixed-Simply Supported Beam
Analyzed in Section
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