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Rc\l,cd De:~mber I"~ I 

The ':0mpk\Il' of hn~ar pro~rammtng IS di,(u»ed ,n the "Integer" and "real numr.er" modeh "r"'mputal,,'n E,,,n Ih,'u~h 
Ihe tnl.:;.:r mooei ,<"Ideh used ,n Iheorer,,;al ,_,'mput.:r "I~n.·e. Ihc real number m.xld I> mnr': ,,,,:iu, f,'r :'t!11l~lIn~ an 
al~onthm'; runntng lime ,n l"ual (omputatlon 

Althou!h the elhp>Old Jl~onthm I> a po" noml.ll·ume algonthm In Ihe tnte!er mood. · .. e pro' < :~al t h~, wrH','un<.led 
compk\Il' In the real number model We ,onle(ture that there ~\l>t; no pol'nomlal.tlme al~ontnm iN the Ian,'ar IneqU.llalle, 
pr0blem In !h~ real numl>er modd \li~ a\;o conJe~lure that Iln"ar Inequallll<:, arc ,tn:tl,· nan.ler than :,n,· .. r :qu .. ltt,~, 'n ail 
"rea,onabk" model> of computation 

Computatl,)nal (Ompl.:\II\. m0deb "i Cl'mputatlon. elhp,old alg0rllhm. hnear programmm~. linear ;n.:.;u.dlt;.:, p,'I~ nnnl, .. I·t;me 
Jigonthm 

1. Inrroduction 

Whv does the ellipSOid algonthm show that Itne:u 
progrJ.mmmg problems are "easy" and y<!t not prOVide 
us .... lth a useful algonthm for the Itnear programming 
problems whach arise 10 practic<!? In thas article we 
present a pOSSible ans .... er. 

We assume the reader tS fanuhar with the linear 
programmmg problem and with the eilipsoid algonthm 
as ddined. for Instance. tn Aspvall and Stone [:!]. An 
.unuslng account oi the media coverage of "Khaduan'; 
algonthm" IS given by Lawler (9J. The hmory of the 
eilipsold algonthrn was first presented by Traub lnd 
\\' ozruakowskl [II]. A companson of the ellipSOId and 
;Imple., algomhrns may be found tn Lovasz (10]. 

Although the ellipSOid algonthrn does not seem of 
practical importance for linear programming. it .:an be 
useful for SpeCial Instances. It IS a pOII'erful :leW tool for 
other combinatonal Op!lmlZatiOn problems: see. ior ex· 

• Portions oi tlus paper · .. ere [,rsl pre>cnte~ ~I the Pohnoml.lj· 
Time Worlc:h0p. Se .... Y,'rk. Februar. I ,,~O 
ThJ, rC>elr:h .... a' ",pported '" part b, the Sal!on.ll S"en~e 
Foundation under Granl ;"ICS· ;~:J6;6 

ample. Grotschel. Lovasz. and Scht:J'er P]. 
Our theSIS IS that the Widespread coniuslon as to the 

sigruficance of the <!llipsoid aJgomhm siems irom dlsre· 
garding the :rnpiicatlons of Ihe under!\,ng models '>,i 
computatIOn. The linear programmtng problem was 
,hown to be "easy" tn the "tnteger" model often u~ed In 
theoretical computer sCience. nus was done by ShOW'lOg 
that the ellipsoid algoriL'tm IS good In thas model. If · ... e 
Wish to estimate an a1gonthm's runrung !lme on most 
compulers. the "real number" model :ihould be us.:d. In 
tlus second model the ellipSOid aJ~onthm is not a ~Ol.xi 
llgonthm. 

:--';umerous improvementS on the elltpsold algonthm 
have been proposed. We belteve that the the~ts ad­
vanced In tlus paper would :lot be affected b~ these 
var:ants. 

Before stating our vlewpotnt more prec,sel,. we musl 
define whal we mean by models of :omput3Uon. prob­
lem comple:<HY. and easy problem. 

Z. -"Iodels of computation 

The difficulty of a problem .:an 0nl\ be d!;cussed :n 
the .;ontext of a model of computallon. For the purpose 
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of this paper. a mod.: I of computation consists of the 

specification of 

a number system. 
ari thmetic. 
cOStS asSOCiated with amhm.:tlc. 

[n t~s pap.:r .l!llhm.:tlc operallon shall m.:ar.: - - • 

E.umples of important models of .:omputallOn are: 

R e<ll lIumber model I Ill/Ill/II! preClS/'PI I 

number system: reals. 
mthmeuc: '::'(3ct. 
cost: urut cost for .:ach operation; 

{",<ger model h'ur/able preCISlOII .fixed PO"III 
number system: integers. 
mthmetlc; exact or approXJmate. 
cost: proportional to length of numbers. 

We comment on these models. (nfirute preCISI)n 
does nOl eXJst m a firute universe. [t is however a 'er.· 
useiul mathematical abstraction. [t is the model wldelv 
us.:d m algebraiC compleXJty. I.e m the famous matn.l( 
multlplication problem. 

Fixed preclSIon iloatlng POlOt IS almost uru'.:rsally 
used for numenCal calculations whether they occur In 

sCience. englneenng. or economics. Comple.l(lty results 
.lre essentially the same as to the mfinite preciSIOn 
model. However only approXJmate results C.lll be com­
puted and algorithm stability tS an important Issue. We 
use the real number model rather than the fixed precI­
sion iloallng pomt model to aVOid bemg distracted by 
round-off issues. 

Vanable preCISion fixed POlOt IS often used In theo­
retical studies. It does not model most numencal calcu­
lallon. In parncular. 1l IS used to Khachian's paper [8J 
(Khachlan uses a Turing machlOe model but that need 
not concern us here). 

The essence of the difference between tOtegt:r and 
real number models IS that In the former the cost of an 
mthmeuc operation depends on number size. while to 

th.: latter !t IS mdependent. 

3. Problem complexity and aJ~orithm comple:-.ity 

Let the model of computation be fixed. Then the 
mirumaJ cost of solvlOg a problem IS called ItS ,'ompuc<J­
flonal comple:wv (or problem complexltvL We often 
write compleXJty for brevity 

Algorllhm comple:r.lII· 1S the cost of l partlcular algo­
nlhm. nus should be contrasted with probl.:m comple.\(­
Ity wIuch IS the mlrumaJ COSt o\'er all pOSSible algo­

nthms. 

The compleuty of most problems I, unknow nand 
w.: have to ..:ontent ours.:l~es · ... tlh IIpper and lo ... t!r 
bounds TyplCallv. an upper bound !~ th.::o~t of th.: best 
algortthm known [or ;olvln~ the problem .". lower 
bound must be established throu;h a theorem that 
states there does not eXist an ll~onthm whose ":OSt " 
I.:ss than the lower bound. :-':Ot >urpnslngl:. k~''''l!r 

bounds Me far harder to estabh,h than upper bl'und, 
Se.: however Traub and WoZruakOWSiO [121 .... herc ,harp 
10,,-er bounds are obtained for Important .:1a:.,':5 ~)f 

problems. 
The models of computation defined In Sect:Qn I 

would have to be more preclsei: specIiled In Nder to 
ngorou:.ly establish lower bound ;heor.:ms. 

We now define .:asy problem In general Let 1/ be .1 

m.:asure of problem size In the real numb.:r model If 
the problem compleulY is a pohnomlal In II. · ... ·e ,.1: thl! 
problem has polynomIal compl.:xlty 

In the Inleger model. let 11 be a measure of problem 
Size and let L be ;1 measure of the number of digits to 

represent the input. If the problem :omplexlIv I> a 
polynomIal In II and L. .... e sa: the problem has pol:­
nomial compleXJty. 

In elther model. we say J problem IS .:asy If It has 
polynomIal compleuty. See Aho. Hopcroft and Ullman 
[I J [or a motivation of tIus definlllon. Ea:.y and hard 
provide a crude dichotomy. If one IS :nterested 10 actual 
running times. the coefficients and degree of the pol\'· 
nomlal are Important. 

We g!ve a Simple example. ConSider the I:near ;\ ,­
tern .~x = b where A IS an II bv II nonslOgular matnx. 
Tlus problem has II: - II Input data and n output .lata. 

ConSider the real number model. The Gauss .:lImma­
tion algorithm costS 0111':) anthmetlc operations. Hence 
the compleXJty of linear systems I that IS. the problem 
eomplexlIY) In tIus model is at most O( II: I I Ind.:.:d. b, 
other argum.:nts we know the ~ompleutv IS less than 
0111:;).1 

Consld.:r ne.'(t the Integer model. Lt!t th.: total num­
ber of dlgJt5 used to represent the Input J.ita be L Then 
there 15 .In algonlhm I Edmonds [JI' 50 that the numera­
tors and denomlOators of th.: ,olullon~ ~.ln be compu:ed 
"'Ith polynom!.ll cOSt in n and L Thl, pro\'~~ that .lho 
in thl, model the probl~m ~ompk ... "ty l> poh nl'ml'u. 

4. The ellipsoid alllorithm 

Sine.: linear programmlOg :an b.: reduced to the 
solullon oi hnear mequa!Jlles. "e .... Il! confin.: oursehes 
to a study of the latter. We lSsum~ there are nl equa­
tions In II van abies We! c:omld.:r here only stnct In-
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e:quahues and shall assume a soluuon eXists. 
We descnbe the ellipsoid aJgonthm in qualltatt\e 

terms. A sequence of ellipsoids oi decreaSing ;!olume IS 

constructed such that each dhpsoid cont;uns a soluuon. 
The lrutial .:lIip·iold contalns a solution ;!nd the process 
15 t.:rmlOat.:d .... he:n an dhpsold 15 reached .... hose: center 

15 a >oiuuon. 
Ho .... man\ steps are requIred to soh.: the m.:quah­

ties'.' Let the r:ltIo of the volumes of ,UCCCSSI\e dllpsolds 
bv ,. Then, Je:p.:nds onlv on 11. and Ihe number of 
step', i.;. oi the elJtpsOId ;!Igonthm IS 

.- AI E.,)­
log -:\(S) 

k,;;;;----­
I 

log -, 
.... h.:re ,1.1 E.,) and ,\1 S) ar.: the \olum.:> oi the 100ti:ll 
ellip:>old and of the portion of the ,oluuon s.:t In E" [t 
15 kno .... n that tlus bound l> essentlall~ ,harp. 

5. Comple,il)' of linear s~ ~tems and linear inequalities 

We have now ;!:>5embl.:d the background · ... ·hieh ena­

bles us to dl'cuss :ompl':.'(Jty of lin.:ar tOe"uahu.:s 10 

twO Important models of computallon. "Ii.: .L,O Induct.: 
the comple.'olY of linear s~stems ,tOce il IS tOSlrUCllve 10 

contrast II wllh the complexlIY of hnear tOequallllcs 
ConSIder first Ihe Integer modc!l. 
Lmear nsrems As not.:d abovc the compk~1tv IS a 

pol\ nom lOll to nand L. 
Lillear Inequalltles_ The ellipsoid algonthm prove, 

that In this model of computallon th.: coopl':'IIY of 
lincar inequalities IS a polvnomlal In II, m. md L. This 
15 .... hy the algonthm has aroused much theor~llcaILOt.:r­
cst. 

[I IS Important to realize that the values of II. m. L 
ariSIng In pracllce are very large. DanlZlg [3 I ha.> ':511-

maled that for tYPiCal problems from energy/ economll: 
planrung. the ellipSOid aJgonthm would take some fift\' 
million ~ear5 ..... rule the Simplex aJgonthm performed In 
fixed precIsion floating poin t arlthm.:tic takes haJi an 
hour. 

ConSider next the real number model. 
Lmear systC'ms. As noted above, rhe eomple.~i1v i5 a 

polynomial in n. 

Lmeur inequalITIes. Th.: ellipsoid aJgomhm I, not J 

polynomial algorithm. Indeed .... .: shall sho .... that the 
compleXlty of tlus aJgonthm IS unbounded. \V.: prOVide 
a proof belo .... The complexity oi the Simple., algonthm 
I:' firute. Although 10 the .... or5t case the compl':.'(Jtv of 

the ~Impl.:x algonthm IS at lea.:)! exponen!!al. for prolJ. 
lem, arl5lng In pra't:c.: the 51mph:~ .llgorahm t, ,urpns­
Ingl\ fast tDantzl!; (31). :-';0 pol\:10ml.l[ al~otlthm '" 
known. The comple.'Gty of [inear InequJitues I, op.:n .n 
thiS mod.:l. 

We prove rhatLO th.: real number ml'd.:! thl! I!lhp><'!,j 
algorithm has unbounded :omple'ttv Th.t, !~ .:'tab­
It,h.:d by gl\Ing .l ~ b~ 2 eumple for ~h:ch the r.umb.:r 
of ,teps of the dlipsold ajgonthm IS arbltranl\ large. 
Hen..:.: the ellipsoid algotl!hm cerr:cnh Jo.:, not ha\<! 
comple.'lIv which 15 polynomial tn" lIn :,'ntra,t. the 
'Imple., Jlgonthm would take only a coup!.: l)f ,tep, f,'r 
thiS problem.) 

\Ve us.: the v.:rslon of the ellipsoId algonthm for th.: 
inequalilles .4x < h as defined. for .:.,ample. 1O-\,p\all 
and Stone [2J. Th.: aJgomhm generates ,he ,equenc.:, 
,x'''f. (B'''} by 

{'."'!I- I~I I 81'" ,u.TB' .. ':.J - x-;;-=-( a, 

B" -', = n-
n: - I 

(

. 1 (B" ·u. H B",; ) r I 
.: B'" - --- --.......",.....-----

11 - I :J TB"';1 • 

.... here u T IS the I th row of A and a T~ .•. ~ h, 

Define a 2 by :! system of lOequalitles by 

( 
-I 

A = -I ~) . b = ( I-.!. ) s . 
-I 

Let 

t'" = ( I B"" = 21 

(These slartlng values lead to dean formulas. The\' 
differ irom the startIng values of A,p\all and Stone [21 
but our conclUSions >tlil appl\ Ii theIr starting \ alu.:, are 
lls.:d.) For thiS .:,ampk 

I ' . ) . ' : I ~ I = ::; c. _, L-

f) - J . -' 
.... lth ( . = I 

c;' 
.Ina . 

-I. '. ~1. 
5, = 

-I. '. ;.1 

F unhermore 

I l. I) 

I· :. 
8'·' = l. = 21 ~ ) <. = 21 j) 

0 " ,. 

0' 
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Hence 

c, =1-(-ll'4-(i)' 

as long as c" 6: (1.1 - Ii 5). Let ~ b" the smallest Integer 
such that c, ~(1.1 - 1.S! Then 

J.. = : I k1g ~ _ I I ~ log S 

I : log i • log ~ 
...! 

\Ve hav" therefore e~t.lblished the follo"tng: 

Theorem. The ellipsoid u/gOr/lnm 15 '101 <1 POil1lUnliUl 

u/gOr/fnm III fhe re<1II1Umher moJrd. 

:-:0" assume that S IS an :nte~er. ~lultlplying bv 5 

gIves us .nequalllles with Integc!r codficlents Observe 
that L ~ log s. Hence our e,ample ;hows that the num· 
ber of steps of the ellipsoid .lIgon thm land not Ju~t the 
bound I l:Jcrea.>"s as L. 

AlthouYl the dependence on L ,$ e,pe.:ted .lnd 
acceptable In Ihe Integer model. II lS not e'pected In the 
real number model. The fact that the number of steps In 
the dlipsold algonthm Increases as L '· ... hich of ..:Durse IS 
true tn either model) causes the dtificulty .... hen the 

algOrithm is used in numencal computallon. 
[t :5 In.>trucllve to compare the linear transponallon 

problem wllh hnear programming. For the former prob­
lem Edmonds and Karp (5j gJve an algonthm "hose 
runrung !lme also depends on the 51ze of the input 
numbers. Yet theIr algonthm IS of practlcal value. The 
difference IS that for the ellipsoId 31~onthm tvplcal 

runrun .. limes are ~ven bv the upper bound "her~as 
thiS I~ ~ot the case for the Edmonds- Karp algonthm. 

6. Conjectures 

We propose 

Conjecture 1. The Ill/ear lI/equultllt's prohlem Jot's ,!Ol 

hat:e po/rllomlal comple:wv In the reul numher moJe/. 

We believe that a central problem tn mathemaocs. 
. , tain .1 hIerarch\' ot 

d computer SCience IS to as\;t:f . 
an bl . harder than .1 

roblem difficultv. We say a pro em IS . 
P I:f' has hiilier comple:utv. [f probkm 
'econd prob em I It - . 8 d I 
, olvnomial compleXIty while problem oes no . 
A has p. h ~ If both en)OV pol\nomlal 
then 8 IS harder tan. . 

6: 

compkutv we can still .:ompare theIr :omplex!!les b\ 
companng degrees. 

Let the number of vanables In [he liner ;\,stem b\ 
the maumum of II. m In the mequalHIC:S. Gale [61 ,l"ked 
whether Inequal!lles ha\'e higher compie'!!:-. We pro· 
pose 

Conjecture 2. Th~ wllmon oj l/neur Illequuilfles IS 'Irlat. 
h"rJer tnull It"ear SHtC'ms 11/ <11/ "re<1s,)n<1hie" IIloJeis 1)1 

,·onlpUlUUOII . 
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