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ABSTRACT
Quasi-local energy and isometric embedding
Karsten Gimre

In this thesis, we consider the recent definition of gravitational energy at the quasilocal level pro-
vided by Mu-Tao Wang and Shing-Tung Yau. Their definition poses a variational question pred-
icated on isometric embedding of Riemannian surfaces into the Minkowski space R*!; as such,
there is a naturally associated Euler-Lagrange equation, which is a fourth-order system of partial

differential equations for the embedding functions. We prove a perturbation result for solutions of

this Euler-Lagrange equation.



Table of Contents

[List of Tables

T Motivation and Background|

(1__Introduction|

2 Wang-Yau quasilocal energy|

(II' Local solvability|

3 Introduction|

[4 Linearized equation|

4.1  Quantitative comparison estimatef. . . . .
4.2 Solvability| . . . .. ... ...

[4.2.1  TInvertibility ot DP.| . . . . . . ..
4.3  Local solvability] . . . ... ... ... ..
4.4 Regularity| . . . ... ... ... ...

[6  Estimates for the linearized equation|

b.3  Weyl problem estimates| . . . . ... ...

iii

10

11

14
16
19
22
23
23



[5.3.2  Estimate for the linearized problem| . . . .. ... ... ... ... ... .. 29

5.4 Estimate for pseudodifferential part ot linearization|. . . . . . . . .. .. .. ... .. 33
[5.5  Estimate for linearized operator|. . . . . . . . . .. ... oL 37
[5.5.1 Elliptic part|. . . . . . . . . 38

[5.5.2  Pseudodifferential part|. . . . . . . ... oo oo 38

b.o.d  Estimatel . . . . oL 41
(Bibliography| 47

ii



List of Tables




Acknowledgments

I am greatly indebted to my advisor, Mu-Tao Wang, for incredibly much helpful insight and guid-
ance. Over my years as a graduate student, I am also grateful to Simon Brendle, Toti Daskalopou-
los, Mikhael Gromov, Richard Hamilton, Sergiu Klainerman, Duong Phong, and Ovidiu Savin for
teaching me most of what I know about geometry and analysis.

I'm also very grateful to Connor Mooney, Ye-Kai Wang, Alex Waldron, Pei-Ken Hung, Sebastien
Picard, Rahul Krishna, Zhijie Huang, Xuan Wu, and Dan Rubin for helpful conversations related
to this thesis, and for many other illuminating conversations about other mathematical topics. I'd
also like to thank my friends Noah, Stephane, Rob, Ioan, Joao, Andrea, Jordan, Thomas, Vivek,
Natasha, Petr, Andrey, and Sara for making my time as a grad student so enjoyable.

For the last twelve years, my undergraduate advisor Christine Guenther has been a consistent
source of support, as well as a valued collaborator.

Lastly, I'd like to thank my family for much support.

v



Part 1

Motivation and Background



CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

In this thesis we will study quasilocal gravitational energy. This will be in the physical context
of classical general relativity and in the mathematical context of geometric partial differential
equations.

In 1982, Penrose [28] asked for a definition of quasilocal gravitational energy, as a quantity
to be associated to two-dimensional surfaces within (3 4 1)-dimensional spacetimes. In the years
since, there have been many proposed definitions, each of which satisfy various properties and have
various uses. For example, the Hawking mass, although not considered to be a physically viable
energy, plays a fundamental role in the proof of the global nonlinear stability of the Minkowski
space [7], as well as in the proof of the Riemannian Penrose inequality [18].

In recent years, there has been a new definition proposed by M.-T. Wang and S.-T. Yau [36].
The precise definition will be reviewed in the following chapter. For now, we will only say that the
definition is based on the minimization of an integral quantity over an open class of solutions of
the isometric embedding problem.

There are now many reasons to consider the Wang-Yau definition as a ‘good’ definition of

quasilocal energy, namely (all true under some restrictions):
e it is positive [36]
e it is zero for any surface in Minkowski space [36]

e it recovers classical [1; 2] definitions of total energy [37; 4]
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e it can be extended to definitions of quasilocal linear momentum, angular momentum, and

center of mass (6]

We remark that the integral quantity in the Wang-Yau definition is closely related to a well-known
quasilocal energy proposed by J. Brown and J. York [3], with the significant distinction that there
is no minimization present in the Brown-York definition, where there is a uniquely determined
isometric embedding for which the corresponding integral quantity is evaluated. As an artifact of
this, the Brown-York energy will usually not vanish for surfaces in Minkowski space. Moreover, the
value of the Brown-York energy depends on the identification of an initial data set, which could
be considered to be an artificial piece of information. There is a modification due to C.-C. Liu
and S.-T. Yau [20] of the Brown-York energy which does not require this extra data, although for
the same reason as for the Brown-York energy, it will also usually be nonzero for surfaces in the
Minkowski space.

The minimization in the Wang-Yau definition is thus key for its viability as a physically plausible
definition. It is this minimization problem that we study in this thesis.

In particular, we will prove a perturbation result for the solvability of the local minimization.
That is to say, if there is a surface in a spacetime whose submanifold geometry is close to the
submanifold geometry of another surface in another spacetime for which the minimum is attained,
then the minimum is also attained for the nearby surface. This will be stated more precisely in the
third chapter. As will be discussed there, this is a generalization of a result of P. Miao, L.-F. Tam
and N. Xie [22].

There are a few natural contexts for a result of this type. One is to compare the gravitational
energy contained by a membrane under small perturbations of the ambient spacetime metric —
for example, during the course of the propagation of a gravitational wave. Another is to study
the asymptotic geometry of initial data sets with general asymptotics. The now-classical positive
energy theorem of Schoen-Yau and Witten [30; 31; 38] gives the nonnegativity of the ADM and
Bondi energies for asymptotically flat spacetimes [1; 2]. The validity of the positive energy theorem
requires certain decay rates for the metrics and second fundamental forms of initial data sets. A
perturbation result of this type could be useful for studying more general asymptotics, by viewing
large coordinate spheres as small perturbations of spheres in Minkowski space, or of spheres in even

more general model spaces. This would involve a generalization of the limiting process involved
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in the aforementioned recovery of the ADM and Bondi energies by the Wang-Yau energy [37:
4].

At the very end of this thesis, we collect some of the notations used, for ease of reference.
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Chapter 2

Wang-Yau quasilocal energy

Let (N*!,9) be a spacetime, i.e. a (3 + 1)-dimensional Lorentzian manifold. We restrict our
attention to spacetimes satisfying the dominant energy condition, which is to say that, for any
timelike vector v, T'(v,v) > 0 and T'(v, -) is non-spacelike; here T' is the 2-tensor given by Ric —%Rg
where Ric and R are respectively the Ricci and scalar curvatures of g. This is a standard restriction
to make [34]. In particular, it is automatically satisfied for any vacuum spacetime (one which is
Ricci-flat).

Let ¢ : S?2 < (N,g) be an embedding inducing the Riemannian metric o on S?, which has

spacelike mean curvature vector H. Let aj denote the 1-form on S? given by
(= H 2
ag(X)=-g VL*XH,J (X €eTS?)

where J is the future-directed unit timelike normal vector field along +(S?) which is orthogonal to
H. Altogether we refer to (o, |H|,ap) as the physical data of our problem, and as shorthand we
also denote this triple by . Crucially, 3 contains information about the submanifold geometry of
L(S?) C N.

We are concerned with isometric embeddings of (S%,¢) into the Minkowski space R*!. The

fundamental solution of the “Weyl problem,’” due to Nirenberg |26] and Pogorelov [29], is as follows:

Nirenberg-Pogorelov theorem. Let o be a positively curved Riemannian metric on S2, of Holder
reqularity C*® (with k > 4 and 0 < o < 1). There is an isometric embedding of (S%,0) into R>
equipped with its Euclidean metric, uniquely determined up to rigid motions of R3, and it is of

reqularity C*.
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Due to the uniqueness of the resulting isometric embedding, there is a well-defined second
fundamental form and mean curvature of the embedded surface.

The Nirenberg-Pogorelov result has seen very little improvement since its proof over a half-
century ago. The underlying reason is that any significant extension would require understanding of
a non-elliptic problem. P. Guan and Y. Li [13] have provided an extension to nonnegative curvature,
but as this leads to a degenerate elliptic problem, the regularity of the resulting isometric embedding
is not sufficient for many purposes, in particular for well-definedness of the second fundamental form
of the embedded surface, which will be crucial for the definition of the Wang-Yau energy. Essentially
nothing is known for isometric embedding of higher-dimensional spheres (even in the case of positive
curvature), for the same reason of lack of ellipticity.

Recall that we are concerned with isometric embeddings of (S?,¢) into R%!. The link to the
Nirenberg-Pogorelov theorem is provided by the elementary observation that (T,X ) 8% — R3!
is an isometric embedding of ¢ if and only if X : §? = R3 is an isometric embedding of (the
necessarily Riemannian metric) o 4+ dr ® d7. Hence, provided that we can choose a function 7 such
that o + dr ® dr has positive curvature, we obtain from the Nirenberg-Pogorelov theorem a wide
variety of isometric embeddings of ¢ into R3!, parametrized by all such choices of 7.

Now take as given some smooth physical data ¥ = (o, |H|,ay). Suppose we can choose T €
C>(S5?) such that & = ¢ + d7 ® dr has positive curvature. According to the Nirenberg-Pogorelov
theorem, let X : 82 = R3 be an isometric embedding of 7, with h and H the second fundamental

form and mean curvature of the embedded surface. Define the functional

EX,7)= . Hdji — /52 {coshH\H]\/l + VT2 4+ 0AT — ay(VT)| du (2.1)

where 6 denotes the expression
—AT

-1
[H[/1+ |V7[?

and dpu (resp. dpi) is the volume form determined by o (resp. o).

sinh

We will not motivate the definition [2.1] here, only noting that it is based on an analysis of
the Hamiltonian formulation of general relativity, the starting point being the Hawking-Horowitz
action for the Einstein equations on a manifold with boundary; this provides a key difference
with the classical energies of Arnowitt-Deser-Misner and Bondi, which were based on the classical

Einstein-Hilbert action on a manifold without boundary.
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Remark. Although they will not be relevant in this thesis, here we recall the Brown-York and Liu-
Yau definitions of quasilocal energy referred to in the introduction. Given the additional data of a

spacelike hypersurface M3 in N with boundary 1(S?), we define the Brown-York energy by
E(%, M?) —/ (Ho — H') dp
SQ

where here H' is the mean curvature of 1(S?) C M while Hy is the mean curvature of an isometric
embedding of (S?,0) into R3; according to the Nirenberg-Pogorelov theorem, we should restrict to
the setting of o having positive curvature. We note that this definition depends in a definite way
on the selection of M, as this selection directly influences H. The Liu-Yau energy does not depend

on a choice of M, and is defined by

ﬂﬂZLﬂ%ﬂﬂMu

for Hy defined as for the Brown-York energy. The Liu-Yau energy is generally nonnegative, but is

strictly positive for most surfaces in the Minkowski space.

In order to prove the nonnegativity of E(3,7), Wang and Yau add, in addition to the prior
restrictions of H being spacelike and ¢ = o + d7 ® dr having positive curvature, the additional
restriction that there exist a spacelike hypersurface M of N, with boundary ¢(S?), such that the

boundary value problem for the ‘Jang equation’

g TP DiD;
<g]1_|_|Df2)< 1+’Df‘2 p2]> on M
f

on 1(S%) = oM

is solvable; here g;; denotes the metric induced on M by g, and p;; denotes the second fundamental

form of M C N. We make the final restriction that

—\/1+|V7|2(H,es) — e, (VT) >0

where
(esf)? o5 esf o
1+ |Vr? VIF|VrZ

for es, e4 the oriented orthonormal frame of the normal bundle of +(S?) C N given by e being the

es =4/1+

outward normal of (5%) C M. The one-form oy, is defined by

ag (X) =79 (Vi.xes, ey (X € TS?)
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for e/ defined so that e}, €} is an oriented orthonormal frame of the normal bundle of +(S?) C N.
In the context of the restrictions stated in the previous paragraph, Wang-Yau proved the non-
negativity of E(X, 7). As remarked in the introduction, these restrictions restrict the admissible 7

to an open subset of C*°(S?).
Theorem 1 (Wang-Yau). Under the above restrictions, E(¥,7) > 0.

In order to recover a pure functional of ¥ that does not depend on a choice of 7 (equivalently,
on a choice of an isometric embedding of (52, ¢) into R*!), we can infimize over the restricted class
of 7:

E(3) = inf B(T, 7). (2.2)

It is clear that the infimized quantity inherits the same nonnegativity as E (3, -).

As indicated in the introduction, when N = R%*! and 7 is the time component of ¢, it can be
calculated that E(X,7) = 0. Given the nonnegativity of E(X,-), it is then clear that E(¥X) =0 as
well.

Furthermore, in the setting of asymptotically flat spacetimes, Wang-Yau and Chen-Wang-Yau
have shown that E(3,0) recovers the ADM and Bondi energies at spatial at null infinity. Lastly, the
definition [2.1| can be modified so that the cosmological de Sitter or anti-de Sitter spacetimes are the
inherent reference, rather than R3!. This is to say that the modified energies are still nonnegative,
but vanish when the surface is embedded in de Sitter or anti-de Sitter.

In their paper introducing and [2.2] Wang-Yau calculated the Euler-Lagrange equation of
E(X,-) to be

e = Vi

As written, this is not a partial differential equation for 7 since the terms H and Ecd depend on

~ (5" —5°5"h div| ———== -Vl —an | =0. 2.3
H/\ab ~ac~bd V.Vt cosh 0|H|V7‘ 0

7, but only through the solution of isometric embedding problem, not through partial derivatives.
The Fuler-Lagrange equation can be interpreted as a system of partial differential equations for

the full isometric embedding (7, X ) by coupling it with the isometric embedding equation
—dr @ dr + (dX,dX) = o,

and we take this to be implicit whenever we refer to [2.3] We remark that this system is second

order in X , through the terms H and /l{cd, and fourth order in 7, through the term divVé, 6
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containing two derivatives of 7. Furthermore, at top order in 7 the equation is biharmonic, the

principal symbol being
‘s et |
VIHE(L+[VT) + (A7)?




Part 11

Local solvability
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Chapter 3

Introduction

Suppose we are given some physical data 3¢ = (o, |H|,ay), together with a critical point 7y of
E (X0, -). Given some new physical data ¥ which is close to £y (as measured by closeness in normed
spaces of the constituent parts of 3 and ¥() we would like to find a critical point 7 of E(3,-). This
is naturally posed as an implicit function theorem-type result.

In a relatively recent paper, P. Miao, L.-F. Tam and N. Xie [22] studied this problem in the case
that 79 is the zero function, with ¥ and X being physical data which are literally near to each other
as the submanifold data of some joint ambient spacetime, the ‘nearness’ measured by requiring
to be the graph of small functions over the normal bundle of ¥, via the exponential function of
the ambient spacetime. In this context the linearized optimal isometric embedding equation is a
fourth order scalar elliptic partial differential equation, and can be solved by essentially Hodge-
theoretic means. The implicit function theorem is then applied to the graphing functions in the
normal bundle. A key simplification offered by the restriction that 7g is the zero function is that
the linearized Euler-Lagrange operator becomes particularly simple:

7 N A
v —(HG" — 5°5"heq) Vo Vi + div(|H|Vv) + Aﬁ,

As remarked, this is a partial differential operator in v, and in particular there is no genuine presence
of the isometric embedding problem, except in as much as it is present in the point being linearized
around.

Here we plan to remove these restrictions. Specifically, we allow:

1. 79 to be nearly any critical point, with

11
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2. ¥ and Y’ not required to be the submanifold data of the same ambient spacetime.

The first of these is achieved by understanding the linearized Euler-Lagrange operator in a greater
generality than Miao-Tam-Xie. As the linearized Euler-Lagrange operator is very algebraically
complicated when linearized at a general point, we do this by studying the second variation of the
energy functional rather than by studying the FEuler-Lagrange operator itself. The fact that we do
not require ¥ and Y’ to be submanifolds of the same spacetime is a consequence of the fact that we
will apply the implicit function theorem where the parameters are the physical data itself, rather
than graphing functions in the normal bundle, as they are for Miao-Tam-Xie. Our main theorem

is the following

Theorem 2. Let (o, |H|,ap) be some smooth physical data for which there is a smooth critical
point 1o, such that |H| < |Hy|. If X' = (o, |H|',&/y) is sufficiently close to (o, |H|, ap) in C3 x
C?* x OV, then the Euler-Lagrange equation for E(Y',-) has a solution T which is close in C*

to 19. If X' is smooth then T is as well.

The only significant restriction here is |H| < |H,|, which is also a restriction for Miao-Tam-Xie.

We recall [4]

Theorem 3 (Chen-Wang-Yau). If 79 is a critical point of E(X,-) such that |H| < |Hy,|, then 1o

is a local minimum of E(X,-).

We will revisit the proof of this result in proving theorem 2. It will be seen that |H| < |H,|
is a particularly natural condition under which to have the local minimization, although it is not
clear to what extent it is necessary. At any rate, it is satisfied in a number of cases, for example
for large coordinate spheres in asymptotically Schwarzschild initial data sets in the case of 7y = 0.

In theorem 2, we require the data we perturb around to be smooth in order that the linearized
operator is Fredholm. It is not clear that this would be the case if we perturbed around data in
O3 x % x O since in this case the pseudodifferential part of the linearization is of the same
order as the partial differential operator part, and the ellipticity is unclear. This will be explained
further in the next chapter.

We will prove theorem 2 in the next chapter. In the last chapter, we will prove the following

Theorem 4. Let (o, |H|,ap) be some smooth physical data for which there is a smooth critical point

12
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70, such that |H| < |Hy,|. If ¥ is sufficiently close to X in the smooth topology, then the solution of

the Euler-Lagrange equation for E(X',-) can be constructed from the Newton-Nash-Moser iteration.

The solution in the setting of theorem 4 is already known to exist from theorem 2. Thus theorem
4 only provides an alternative construction of the solution. The convergence of the Newton-Nash-
Moser iteration does not follow from the applicability of the implicit function theorem, since the
local solvability does not provide the necessary quantitative estimates for the linearized operator
at nearby points. Thus the last chapter is entirely devoted to proving these estimates. For the
application of these estimates to the convergence of the iteration, we refer to the general literature
on the Nash-Moser theorem [11; [16; 24} 25% [32; 39; 40|, and in particular [14].

We remark that although the implicit function theorem in Banach spaces was applicable, we
need the Nash-Moser modification of the Newton method since, as indicated above, in studying the
linearized problem, we needed the point we perturbed around to be of higher regularity than the

perturbation we take in the inversion of the linearization.

13
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Chapter 4

Linearized equation

In this chapter we establish the general solvability of the linearized optimal isometric embedding
equation. In order to establish the linearized operator as an isomorphism between appropriate
function spaces, we will identify exactly the kernel and cokernel of the linearization. Then we will
establish the invertibility in the smooth category, and will end by finding the general regularity of
the inverted linearization, by invoking Schauder estimates.

We recall that the optimal isometric embedding equation is given by

_ - . L O|H
Plo, | H|, am: 7) = — (5% — 5oegbdh, )~ YaVbT 4 gy <COS||VT — Vo - aH> =0,

where 6 is shorthand for the expression

1 —AT

sinh —_—

[H|\/T+[Vr[>
We also recall that ¢ = 0 4+ dr ® d, so that according to the Nirenberg-Pogorelov theorem there is
an isometric embedding X of & into R3 if the curvature of o, considered as a Riemannian metric,
has positive curvature. So if ¢ is of regularity C*® and 7 is of regularity C*®, then & is of regularity

cmin{kl=1he - According to the regularity statement in the Nirenberg-Pogorelov theorem, X is then

14
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also of regularity C™{*{=1}o Then we also see

1. ~ ~ ~
Zb = 50 (aaO'bd + Oy0ad — aaanb)
c Cmin{k,lfl}*lza
/ﬁab = %aﬁbx
= 0,0 X — T%,0,X

e Cmin{k,l—l}—Q,a

H= Aabhab

c Cmin{k,l—l}—?,a

Going through the constituent parts of P(7), there is:
HAab AaCAbdh d € Cmm{kl 1}—2,«

VoVipr = 0,0s7 — T'5,0c7

c Cmin{k’—l,l—Q},a

(V7|2 = 690,70y T
e Cmin{k,lfl},a
1

V14 |V7|?
(H/\ab /\aCAbdh ) VaVyr e Cmin{k:—2,l—3},a_

VU VAP

For the remaining terms, we also need to place regularity assumptions on |H| and ap; we say

c Cmin{k,lfl},a

15
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|H| € C"™* and ag € C™*. Then:
AT = 0V, Vyr
e Cmin{k—l,l—?},a
0 e Cmin{kfl,le,m},a

cosh0|H| € omin{k—1,1-2,m},a
W c len{kfl,l727m}7a

VIHVT

div cosh0|H|VT

VTP

b
= 0% (Ogwp — Tpwe)
c Cmin{ku,lfS,mfl},a

VoV = 0a0p0 — T, 0.0

c Cmin{k73,l74,mf2},a
A € Cmin{k—3,l—4,m—2},a

divayg = O'ab(aa(aH)b —Iop(am)e)

c Cmin{k’—lm—l},a

So, all put together, P(o,|H|, ap;7) is a map
Ck,a < O ¢ O ¢ Cl,a N Cmin{k—S,l—4,m—2,n—1},a

and is C1.

4.1 Quantitative comparison estimate

To recall the context: let ¥ = (o, |H|, apy) be fixed smooth physical data, together with a smooth
critical point 79 of E(X,-). We are then necessarily equipped with an embedding X : 5% < RS
so that X = (7, X ) : §% < R3! is an isometric embedding of 0. We denote the mean curvature

vector of (9, X) by Hy,.
Assumption/Restriction. |H| < |H|.

As remarked in the introduction, this is a fundamental assumption for us. We will see its

relevance in the following calculations.

16
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We consider also the physical data X5, = (o, |Hr|, o, ) arising from the submanifold data of
X(S?) c R¥L. A key calculation of P.-N. Chen, M.-T. Wang and S.-T. Yau [5] is that

A=EX,1)— E(X,,T)

/\/W f(m)du

_Vn-V71 |H., |2 + (ATo)? \H ATO) d
V14 [Vl TN TNz

where f is the single-variable function (to be precise, it associates to each point of S? a single-

variable function)

. _ xT . _ T . _ ) . _1 Zo
z)=+/|H 2+x2—\/\H\2+x2—x<smhl—smhl—smhl—i—smh )
v | Hr | H| | Hr| |H|

with
AT 0

Ty = — ——.
V14 |V1pl?

The reason for taking the difference E(X, 7) — E(X,,, 7) is that the Riemannian metrics underlying
both ¥ and X, are the same; hence exactly the same isometric embedding problem is considered
in both E(X,7) and E(X,,,7), and in taking the difference there are purely terms to do with 7 and
the physical datas. If we did not have this cancellation, we would have to find a way to compare
the mean curvatures for different isometric embedding problems, and this may be rather involved.

Under the assumption |H| < |H,| as above, it is a straightforward matter of single-variable

calculus to say that f achieves its global minimum at xg. We calculate

1 1
VIHP? + a5 V/|He [P + a3
and we apply Taylor’s theorem to estimate A from below by its quadratic Taylor polynomial. The

f”(xo) =

presence of the quadratic term will allow us to identify the kernel of the linearization DP(0,0, 0, v).

We carry this out as follows: let v € C*° be arbitrary, and take 7 = 79 4+ ev to say, denoting
B AT
V1+ [V
and making repeated use of Taylor’s theorem, that

oy ( Av Am<vm,w>>5+0(€2)7

VIt V2 (1+|Vrf2)32

17
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and then

f@) =\ Hoy 2+ 23— /| H]2 + 23

g2 1 1 Av A1y(VT09, V) 3
Ty 2 2 2 .2 z 2)3/2 +0().
VIHE +a5 VIHn P+ ) \V1+[VoP  (1+[V7l)
Substituting this into the Chen-Wang-Yau calculation for A = E(X,7) — E(X,,,7), we find
A= [ |VIFTE (il + a8 - i+
N e2\/1+|Vr|? < 1 1 ) <A ATO<VTO,VU>>2
’l} s

20+ Vol) \VIHP + 23 /[Hr P+ 17 L+[VroP

Vro-VrT <
—_— H |2+ 2% — H2+x2>
/71+]V70]2 \/’ ol 0 \/| | 0

+0(e)

62 1 1 ATO<VTO V'U) 2
> B(S, 7 +/ - (Av’) dy.
R Wi e <¢|H|2+x3 ¢|HTO|2+:E3) T+ vnpE )

The estimation above is as follows: in the second block term of the integrand, we use the Taylor

dp

estimation

V1+|V7]2 = /14 |[Vnl2 +0(e)
to replace the entire term by the integrand appearing in the last line above. The estimation of the
first and third terms to give the F(X, 7p) in the last line is exactly as in Chen-Wang-Yau, which is
to say that we use Cauchy-Schwarz to estimate the factor

T v V1o -Vr S 1

VI VR T VI Vi

with

1
B r) = | ——— (/| H 2+ 22 — H2+x2>d,
)= [ 1+rwzw P+ ad— \JIHR a3 ) du

which can be recognized after rewriting the expression for F(X,7y) using the optimal isometric
embedding equations.

For later reference we state the above as the following lemmas:

Quantitative Comparison Lemma. Let ¥ = (o, |H|, o) be physical data with 19 a critical

point of E(X,-). Let X7, = (0, |Hry|, ap,, ) be the physical data of the isometrically embedded surface

18
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X(¥) c R¥Y. Suppose that |H| < |H,|. Then

2E(%, 7)(v) > 62E(3., 7)(v)

T=T0

A1o(V1p, VU) 2
o (Ay— ST VU g
T—To+/ (” 1+ Vol s

for some strictly positive expression P.

Note that the statement of the lemma is just an infinitesimal version (at second order) of the

previous estimate, where for simplicity we only refer to

1 1 1
2¢/1+ V2 <\/\H2+x3 \/|H702+$3>
as some positive expression.

As remarked in the introduction, we have E(X,,,79) = 0 and E(X,,,7) > 0 for 7 close to 7.

Hence we have

(52E(ETO,T)(U) >0
T=T0
and so it is clear from the lemma that we also have
§°E(S,7)(v) > 0,
T=T0

with equality only if
_ Arg(Vr, Vo)

A
v 1—|—|V7’0|2

By the strong maximum principle, this is the case only when v is constant.

4.2 Solvability

Fix some smooth physical data 3 € C*° x C°° x C*°, and some 7 € C*°. We consider the structure
of the linearization D Py || o:7(0,0,0;v), which for convenience we denote by DP;(v). We do not

suppose that 7 is a critical point of E(X,-). The linearization is

7vavb7 + Ev.
V14 |VT]?

Here the first term on the left denotes the linearization of the mapping

DP,(v) = —5<ﬁaab . aacabdﬁcd) (v)

-~

T o+dr@dr =6~ (6,X) — Ho® — 596,
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which is notably not a partial differential operator in 7; this failure is caused by factoring through
the solution of the isometric embedding problem at & — (7, X). The second term of DP;(v), E,v,
is a fourth order linear partial differential operator with (smooth) coefficients which are nonlinearly

dependent upon our choice of the physical data and 7.
Lemma. DP; : Cb® — C'=%% js a Fredholm map for any choice of | > 1.

We recall that a ‘Fredholm’ map between Banach spaces is one with closed range and finite-
dimensional kernel. We note that, as a fourth order linear elliptic partial differential operator with
smooth coefficients, the E, part of DP; is already known to be a Fredholm map.

So we investigate more closely the term

VoVyr

VI1+ |V

5 (ﬁaab - aacabdﬁcd) (v)

which we denote P o Q, o R; o S;(v) where

S, Che — Symlz_1 o S? is the linearization of 7 — &, i.e. is defined by

v—=drodv+dvodr

R;: Syml{l’ o 5? = C'=19(52 R3) is a solution operator for the isometric embedding problem

52 <5 B3 when linearized at X, i.e. is a right inverse for Y — 2(dX,dY’)

Qr : C12(S2,R3) — Syml;?”a 52 is the linearization at X of the map sending an immersion

7 : 82 <R3 to Ho® — gacgbip, ,

P, : Symb 2%(S52) — C1=3(52) is defined by

T TV V7 '

VTP
We remark that all four of the above are bounded linear maps (bounded with respect to the
indicated Banach spaces with their standard norms). Only this statement for R, is non-obvious,
and it is a result of Nirenberg’s [26]. It also follows from the later, more general, result of Douglis
and Nirenberg [9]. In the context of this thesis, it can be seen from the estimates in the next

chapter.
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Remark. In the above, we used Syle_lja S? to denote the space of C'=H% (2,0)-tensors and

Symj "* S2 to denote the space of C'~1* (0,2)-tensors.

Thus Pro@;oR;0S; is a compact operator, and since E. is a Fredholm operator, we find that

DP; is Fredholm as claimed.

Remark. A naive application of the Schauder estimates may seem to say that R, should map into
Che, as it is the inversion of a first-order operator and according to the usual Schauder estimates,
we should gain one derivative. However we meed to be careful in choosing our spaces in such a
way that R, is the inverse of an elliptic operator. As currently stated, this cannot be the case
since on the symbol level, infinitesimal variations coming from the isometry group of R will lead
to degenerate directions. However, we do have an elliptic operator once we project (via the normal
vector field) every infinitesimal variation of)A( to the tangent bundle, while modding out in Sym?
by the subbundle generated by h. Relative to these spaces, we do gain the expected one derivative;
this is to say that the projection of the inversion to the tangent bundle is in C»*. The recovery of
the full infinitesimal variation from its projection to the tangent bundle involves both zeroth order
terms in the metric variation and first order terms in the tangent-direction variations, either of
which, by themselves, would be enough to place our final variation in C'=1%. In the next section,
where we derive estimates for the linearized equation, we will use the weighted Douglis-Nirenberg
Schauder estimates to avoid these projections, which would cause algebraically messy terms in our
analysis.

This remark may be clearer in the context of the estimates in the next chapter.

Remark. Here we note why we restricted ourselves to perturbing around smooth data. If we were to
suppose T to be a C- critical point rather than a smooth one, then & = o +dr? would be C'~1% and
then X , according to the nonlinear regularity result of Nirenberg [26], would also be C*=1%. Then
according to the regularity of the linearized problem, R, would only map into C'=>% and altogether
P.oQ;o R, oS, would be a bounded linear map C** — C'=*%%. Thus it is not immediately clear
that DP. would still be Fredholm, as the ellipticity of this now-top-order term Py o Q; o R; 0 S, is
by no means clear.

It may become clearer that this difficulty is one that can be circumvented by noting that (as

we have implicitly indicated above) the structure of the operator DP: is such that low-regularity
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variations of high-regularity T fare strictly better than low-regularity variations of low-reqularity T.

This is an artifact of the ‘loss of reqularity’ for the isometric embedding problem.

4.2.1 Invertibility of DP,.

We note that the principal symbol of DP; is

—[¢]*
VIHP+[VTP) + (Ar)?

&

which is evidently homotopic, through symbols which are isomorphisms, to the bilaplacian. So the
index of DP; is zero.

Given that DP; is Fredholm, in order to identify its range we only need to find the kernel of
its adjoint DP}.

Remark. We recall the general principle that, given a C? action functional F(u) and a solution
u of its Fuler-Lagrange equation, the linearization of the Euler-Lagrange equation of F at u is

automatically self-adjoint, as is seen by computing both sides of

0? 0?2
F = F .
pyervi RN (u+ sv + tw) 5 B et (u+ sv+ tw)

However, in our case it is not clear that the integrand of the Wang-Yau functional is C? as a map
between the appropriate Hélder spaces. This is another reason for restricting to smooth data, as it
is C? as a map from C™ to C™. The essential difficulty comes from the presence in the integrand

of the non-local term H.

Now in the case that 79 is a critical point, we use the quantiative comparison lemma from the
previous section, together with the strong maximum principle, to conclude that v is constant if
v € ker DP} .

Let 70 remain a critical point. By making 7 € C»“ sufficiently close to 7y in the Banach norm

topology, we use the index theory for Fredholm operators to say
dimker DP; = dimker DP;, = 1.

Now as DP; has index zero, we also have dimcoker DP, = 1. So coker DP;, consists of exactly

the constant functions. As ker D P, also has dimension one, it is also exactly the space of constant
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functions. Here we recall that the constants are evidently in the kernel since our operator is invariant
under time translations, and constants are in the cokernel due to the fact that we have
/ (5 — gacghdfy )Y aVbT 4, / (5% — 596579y rdfi = 0
VIR
due to integration by parts and the Codazzi equations; hence the image of the Euler-Lagrange
operator, the other part of which is a divergence term, always has average value zero.

We have shown the following:

Theorem 5. Given any smooth physical data ¥ and any critical point 7o of E(X,-), as long as T

is sufficiently close to o in the CH* topology and ¥ is sufficiently close to ¥ in the C™ topology,
l—4,«

the linearization DPTZ/ s a bijection ch = ¢

Here CP* denotes the CP% functions with average value zero.

4.3 Local solvability

According to the derivative counts at the beginning of this chapter, the Euler-Lagrange operator

is a C! map
O3 x C% x CH x C** 5 (0, |H|, ap; 7) — P(o, |H|,am;7) € C.

If we have smooth physical data (o, |H|, ay) for which there is a smooth critical point 7y (such that
|H| < |Hy,)|), then in the last section we have shown that the linearization of P at (o, |H|, am;70)

is an isomorphism. By the implicit function theorem, we can conclude the following theorem

Theorem 6. In the above context, if (o', |H|', /) is physical data which is sufficiently close to
(o,|H|,apr) in C>* x C?* x C1*, then the Euler-Lagrange equation at (o/,|H|',oy) is solvable
with a solution which is close in C*% to .

4.4 Regularity

Here we show the last part of theorem 2, that the solution of Euler-Lagrange equation is smooth

if the physical data is smooth. As a result of the implicit function theorem, we have a classical
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solution 7 of the equation which is C*®. Suppose we have shown that 7 is C*® for some k > 4. We
will show that it is then C**T1he,
Since 7 € C** we have

C=0c+dredre C’k_l’o‘,

so that according to Nirenberg’s regularity result for the Weyl problem, & can be isometrically
embedded in R? by a C*~1* embedding. The mean curvature and second fundamental form of the

embedding is then C*~3<. So

vflvbT e Cka,a.

j_jaab B aacabdﬁ .
( ca) 14 |Vr|?

It is clear that 6 € C*~2, and so referring back to the Euler-Lagrange equation to see that
AQ € CF3e,

Then 0 € C*~1.2 which by definition of  is to say

k—1,a

AT .o
[H|V1+ | Vr[?
Since Vr € CF~19 we have AT € C¥~1% and we conclude 7 € C*¥+1e,

By induction, we find 7 € C*°.
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Chapter 5

Estimates for the linearized equation

5.1 Introduction

In this chapter, we will derive tame estimates for the inverse of the linearization, so that the
Newton-Nash-Moser method will converge to the solution of the perturbed problem [14]. Although
we were able to apply the implicit function theorem in Banach spaces, in following the standard
Newton method we will lose derivatives, since we had to perturb around points with more regularity
than the perturbations we apply to them.

Our estimates will apply in a sufficiently small C* neighborhood of a smooth critical point.
We will shrink this neighborhood as necessary without mention, as we will do so quite frequently;
most of the following estimates would not hold without doing so.

Although the Newton-Nash-Moser method is not necessary in providing solutions of the Euler-
Lagrange equation, there are two reasons to justify the estimates of this chapter. The first is that
the Nash-Moser iteration is very rapidly convergent, so for the sake of numerical approximations it
may be more useful than the Banach space setup. Secondly, it is worth understanding the nature of
the linearized equation even when not at critical points. Such an understanding may very well be
useful, for example, in taking the limit of the Wang-Yau energy at the spatial infinity of initial data
sets with very general asymptotic data. One may hope, for example, to understand a more general
version of the linearization at infinity that takes place within the regime of ADM asymptotics [37].

This chapter is organized as follows: in the third section we will derive estimates for the lin-

earization of the Weyl problem. The key, as in most of our estimates, is to obtain an explicit
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(‘tame’) dependence on parameters in order that the Newton-Nash-Moser method will converge.
In the fourth section, we derive our result of the third section to estimate the pseudodifferential
term in the linearization of the Euler-Lagrange equation. In the last section, we deal with the entire

linearized equation.

5.2 Notations

We essentially follow the setup of Nirenberg’s work [26]. We work exclusively with functions and
tensors on S2, on which we fix, once and for all, two coordinate (disk) regions Ry and Ra, compactly
contained within S? \ {S} and S? \. { N}, which intersect in an annular region around the equator.
Further restrict so that both of their coordinate regions in R? are the unit disk. Thus any smooth
tensor on S2, when represented through the coordinates associated to Ry or R, will be C* with
bounds on all derivatives.

We use these regions to define Holder spaces of tensors. We prefer to define these using fixed
coordinate regions instead of using a choice of Riemannian metric, since in all of the following work
we will have many different metrics in use at any given time, so that it is convenient to have norms
defined independently of any of them.

We say that a tensor T on S2 is C* if its coordinate representation in both Ry and Ry is C*.

We define its corresponding (Banach) Hélder norm

T k0 = |T|crory) + 1T cmo(Ry)-

The norm of the tensor as defined on the unit disk in R?, on the right hand side of the above
definition, is defined by summing the norms of all of its components. Similarly, we also define the
(Fréchet) C* norms
Tlk = |Tlcx(ry) + 1Tk (ry)
with the norms of the tensors on the unit disk in R? being defined as before.
We will make repeated use of the following well-known properties of the Hélder norms (see for

instance the appendix of [16]).

Lemma. 1. [uvlka < Ci(|ulolela + [ulealelo)

2. ilka < Ck(|u]k,a + 1) where Cy depends on |u — 1o
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3. |AY = §j|ja < Ck(|A,-j|k,a + 1) where Cy, depends on |A;; — 0;jlo (AY denotes the inverse of
Aij)

4. luov|pa < Ck(\f|k,a + 9|k + 1) where Cy, depends on | f|1,o and |g]1.q

U’lfa,a) .

5. |u’k,a|v‘l,a < C(|U’kfa,a‘v‘l+a,a + ‘u|k+a,a

5.3 Weyl problem estimates

In this section we focus our attention entirely on aspects of the Weyl problem, i.e. the isometric
embedding of positively curved metrics on S? into R3. For convenience of notation, we drop the
usual hatted notation, i.e. instead of & we say 0. We let oy denote a fixed smooth positively curved

metric on 2, with X : 2 — R3 a (smooth) isometric embedding of oq.

5.3.1 Estimate on second fundamental form

According to Nirenberg [26] (bottom of page 353), there is K dependent upon )?0(52) such that if

. . . . . . ——2
o is a positively curved Riemannian metric on S? with |0 — ool2a < ;K , then
| X — Xol|2,0 < 2K|0 — 00[2,a:

where X : S2 — R3 is an isometric embedding of o (of course, in general a rigid motion of R? is
implicitly understood here).

Translate both X and X, in R? so that the largest balls contained in X (S2) and Xo(S2) are
both centered at the origin. Denoting p = %\XP, the ‘Darboux equation’ [8; [26] which is satisfied

reads
det(Hess p — o)
o]

F(p,0) = — K(o) (2p — Uijpipj) =0.

(Of course, also F'(pg,009) = 0 where py = %\)?0\2.) An immediate consequence of Nirenberg’s

estimate is the following

Lemma (Nirenberg). There is K dependent upon )A(O(SQ) so that if o is a positively curved Rie-

. . . ——2
mannian metric on S? with lo — 00l2,a < %K , then

lp = pol2,a < Clo — 0ol2,a-
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We require |0 —0y|2, to be sufficiently small (denote it less than §) so that the Darboux equation

is uniformly elliptic (the ellipticity constant will depend on oy).
Lemma. If |0 — 0gl2,o 15 sufficiently small, as above, then

k,a)

1Pk < Ck (1 + o

for all k > 2.

Proof. From the triangle inequality, this is an immediate consequence of the previous lemma in the
case k = 2. We then argue inductively. Fix a k and suppose that the stated estimate of the lemma

is true. We differentiate the equation F'(p,o) = 0 to find

o(K(0)(2p — o' pipy))

(Hess p — o) ! Hess(dp) = »
K(0) (20— o' pun; )

where 0 denotes any (first order) coordinate derivative. Fix a neighborhood to make the RHS

bounded in the C® norm, as we will apply the bound (see pg 157 of [14])

9plka < C(IRHS|g 2.0+ |(Hess p — ) 7,0 [RHS|o,0 )

If we did not fix this neighborhood, the induction would give an estimate of the form [p[r, <
Cr(1+|0|3k,q), which would not give a tame estimate. At any rate, we use the inductive hypothesis

to say
[log K (0)(2p — 0 pipj)|k—1.0 < Ch (1 + |03 lk+1,0 + ‘P\k,a) < Ck <1 + !Uz‘j!kﬂ,a)

Also
‘(HGSSp - 0)71’k72,a < C(l + |p‘k,a + ‘U‘kfla) < C(l + |U|k,a>7

as we have already fixed a neighborhood to have uniform ellipticity of the differentiated equation.

Then appealing to the aforementioned bound, we find

9plka < C(1+olksra):

finishing the induction. O
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Lemma. If |0 — 0|2« is sufficiently small (as above) then

|ﬁij|k,a < Cy (1 + ’U|k+2,o¢>
for all k > 0.

Proof. As in Nirenberg [26], we can express the second derivatives of X in terms of the second

derivatives of p through the linear equations

with analogous equations for )A(uv and )A(m,. Via the previous lemma and the estimate for X stated
at the beginning of the section, we have control over the coeflicients and right hand side of the
above system, and we obtain the same estimates for X that we had for p in the previous lemma,

namely that if |0 — 0¢|2,o is sufficiently small, then

Kl < Ce(1+ lolka).

From this the current lemma immediately follows. O

5.3.2 Estimate for the linearized problem

Now we take the following context: let )?0 : 52 = R? be an isometric embedding of the positively
curved C*® metric 5y and we let & be a metric on S2 which is C*® close to 7. Let X : 52 5 R3

be an isometric embedding of . We want to study the linearized isometric embedding equation
2(dX,dY) = 65

for a function Y : S? — R3. As written, this does not appear to be an elliptic system. To recognize

it as such, we decompose Y into a part tangential and normal to X (S?):
Y =A"+ By

for A a 1-form on X(S2) (with AT the vector field dual to A with respect to &) and B a function

on S? (¥ being the normal vector field of X (8?) C R3). Rewritten in terms of this decomposition,

29



CHAPTER 5. ESTIMATES FOR THE LINEARIZED EQUATION

the linearized isometric embedding equation becomes
With respect to any local coordinate system, we claim that this is an elliptic system for (A4, A2, B)
in the Douglis-Nirenberg sense. To do so we recall the definition (not stated in its full generality):

Definition (Douglis-Nirenberg ellipticity). Consider the system of linear partial differential equa-

tions

i (m, D)u1 + Eig(x, D)UQ + fig(x, D)U3 = f;.

Choose integers si, sz, S3,t1,t2,t3 so that {;j(x, D) has order at most s; + t;. Denote by ng the

s; +tj-order terms of £;;. The indicated system is elliptic if det @j(:v, &) #0 for all £ #0.

For us, taking (u1,us, us) = (A1, A2, B), we choose s1 = s9 = s3 = t3 = 0 and t; = to = 1. Thus

26, 0 2211
Ua,8)=| & & 2hp
0 2& 2h
with determinant
N
N hi1 hi2 &1
det £(z,€) = 4det(hiy) (& &) [ -
hiz2  haoo &2

Since we assumed that ¢ has positive curvature, it is clear that this is a strictly positive expression
for £ # 0. We now state the Douglis-Nirenberg estimate (essentially directly quoted from [9], in

the special case of s;,t; as above.
Theorem 7 (Douglis-Nirenberg). Write

a11,0 + a11,: Dy + a11yDy  a120 + a12: Dz + a12,y Dy a130
Uz, D) = [ as0+ an,4Ds + a1,yDy azep + a2euDy + azeyDy  ass

az1,0 +as1,e Dy + ag1yDy  azeo+ase Dy + azs Dy aszp

We suppose that a;10,ai20 € CFtLe that i1,z Qily, Qi2.2, Qi2y € C* and that ai3,0 € CF with

a bound K1 on the corresponding norms. We let Ko denote the constant of ellipticity, i.e. so that

det ¢'(z,€) > Kol¢[?.
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Then there are the estimates
|Uilk+1,0 < K(|U1|o + [uzlo + [€(, D)U|k:+1,a)

firi=1,2,3, where K = K(a, K1, K»).

For us, we have a;1,0 and a;2,0 given by the Christoffel symbols ff], ai1 , and a;o i, constant, a;30
given by the components of E-j, and f; given by the components of §7;;.

From here on, we fix the notation (for an arbitrary positively curved metric & on S?)
lzu = OZA] + 6JAZ — QfZAk + 2B/f;ij, (51)

where for convenience we use u to denote (A1, A2, B). We will also use offj to denote the Christoffel
symbols of 7. (Recall that we always work in a fixed coordinate system as described at the beginning
of the chapter.)

Given the infinitesimal rigidity of convex surfaces in R3, if we normalize our solutions of the
linearized isomeric embedding equation so that Y vanishes at a given point, then we recover the
estimate

[ulpt1,0 < Kllzulpr1,a

still for K = K(a, K1, K2). For our eventual estimates, we need to understand better the depen-

dence of K upon Kj.

Lemma. |ulji1,0 < C’k<\€g(:c,D)u]k+1,a + (|1A“|k+1,a + ]ﬁ\k+17a)]£3(x,D)u|La) where Cy, depends

on k, 0o, and the neighborhood of o9 we are restricting o to.
Proof. We have from the Douglis-Nirenberg estimate
‘u|k+1,a < C|£3’ou|k+l,a-

We emphasize that this estimate is at g, and so we do not care about the dependence of this

constant on anything. From observing
U5 (2, D)u — C5,(x, D)u = 2(TF; — ol'F)) Ay, + 2B (hyj — hY))

we have

05, D~ o (@, D)l < 4(I7% = oF |10 + [hiy — 110 ) lulsa-
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So

[uli,a < Cllsul1,a

< Cllzul1,0 + 4(|FZ — olj|1.0 + hij — h%ha) ul1,a-
So upon supposing that & is sufficiently close to ¢, we have

\u!La < C|£3u|17a.

This provides the k = 0 case of the proposed lemma.
We then proceed by induction: suppose the lemma is true as stated, for some fixed choice of k.
We apply the inductive hypothesis for u replaced by one of its first (coordinate) derivatives, which

we denote u?. In so doing, we say
05 (u?) = (Lzu)? — (OT)u + 2(0h)u
with the effect of

touli1.a < [lsulisza + (100 ki + 10Rlkssa ) lulo + (1080 + [9Rlo ) ulis1a
< [laulpt2,a + C(|f|kz+2,o¢ + |ﬁ|k+27a> [l5ul1,a
+ C(\F\l + Wl) (|56u|k+1,a + (k0 + !ﬁ!kﬂ,a)!ﬁaUh,a)

< Cllsulirza + O (IDlerza+ Blerza ) 5]
and in the same way
tu 10 < Vsulza + (Ploa + [Bloa) 4o
So we obtain

' lir0 < O(Isuliraa + C(Tlirza + Blisza) oulr.a

 (Plsna+ Blesr.a) (IGulsa + (Tloa + Blaa)lula) )
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and we finish with an immediate application of the interpolation inequalities:

Dk 1.0l lsulaa < C(\f!mz,alfaUILa +|T 1,a\%U\k+2,a)

Alist.allulza < C([Bliszaltzulia + Blialfulissa)
Clki1,0/Tl2.a < ClTlkt20/Cl1a

Blisralhlza < Clhlkszalhlia

Plettalblea < C(ITleszalblia + [Plialfliea)

Blisr,alllza < C(Rliso.alTla + [BhalPlis2a)

so that we can say

‘ud|k+1,o¢ < C<|€3U|k+2,a + (’f|k+27a + |h‘k+2,o¢) |€8u|1,a)

to finish the induction. O

5.4 Estimate for pseudodifferential part of linearization

In this section we are concerned with the map

(0, 7:0) 13 S(H5% — 59557, ) (0)— T (),

Vi s
where, as always, ¢ = o + dr ® dr, through which the indicated linearization depends on the
infinitesimal perturbation v of 7.

Recall that we have both the physical data and solution we are perturbing around, here the
only relevant parts being og and 7, and the perturbed data and ‘solution’ ¢ and 7. There is the
corresponding ¢ = ¢ + d7 ® dT and 0y = o9 + d1y @ d7g. Let X and )?0 denote the isometric
embeddings of these metrics into R?, with corresponding mean curvatures and second fundamental
forms H ,/f\L, I?Io,ﬁo denoted in the obvious way.

Corresponding to the neighborhoods we needed to choose to have our estimates in the context

of the Weyl problem, we need to make 7 to be C*® close to 19 and o to be C%® close to 0y.

Lemma. In this context, we have

|hijlk,a < C<1 + [0ijlkt2,0 + ‘T|k+37a>.
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Proof. This is an immediate consequence of the tame estimate we proved for the second fundamental

form of the Weyl problem, giving

hijlka < 0(1 + |3z'j|k+2,a)-

O
Lemma. There are the formulas
Sty = ey A 1 By AF + APy — 0,9, B + Bhit
§H = 2hy V' AF + A*V H — AB + BJh|* — 765,
Proof. This is a direct calculation. The calculation for §H is included at the end of [36). O

Lemma. There are the estimates
Gijlia < loijlka + ClTlk+1,0

Proof. Use 6;; = 0;j+7;7; and restrict to a C I neighborhood of 7y for 7; the constant C' will depend

on this neighborhood.. O
Lemma. There is
K o < C(Iaz’j!kﬂ,a + |7 lkt2,0 + 1)
Proof. Using 0,;; = 0;; + 7;7; we calculate
ok oilrn

G =gV — Kl
14 o%1m

and then
ffj = Pfj + aklaiajTalT

by a direct computation. In the following we will use the C' bound on ¢ and the C? bound on 7.

Using the Hdélder estimate for inverses, we say

0l < Ci (I 1 +1).
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Using this and the Holder estimate for compositions, we say

1

1+ Jlele k

< C(’Jlele‘k7a + 1)

,

< CJoMlalr} + 711710 + 1)
< C(’Uz’j!k,a F7ler1a + 1)'
Putting both of these together, from the above computation of %, we find
0 |j0 < C(‘%’\k,a +ITlkt10 + 1)'

Given our estimate of 0/, it is rather easy to see from the definition of the Christoffel symbols that

we have

\Ffﬂk,a < C(!Uz'j!kﬂ,a + 1)-

Putting the last two estimates together into the computation of ff], the lemma statement follows.
O]
Lemma. There is
hijles1a < C(l + |oijlk+3,0 + |T|k:+4,a)
T% k410 < C(l + |oijlkt2,0 + |T|k+3,a>
16045]1,0 < Clv[2,a
65iilkr1.0 < C (|02 + 7lkrzaltlia)
Proof. Restating the above. O
Lemma. There is
4, Bliria < O(Iolerza + (1+ |oylisa + I7liria)lol2a)
Proof. Combination of the previous lemma and the lemma from the previous section. O

Lemma. There is

[0Rlka < C(1+ [olksan + Tlirsa ) lol2a + Cloliiaa

6 ta < C(1+ lolirsa +I7lit5a) o]0 + Clolissa.
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Proof. Schematically, from the previous calculation, we have
oh ="' (h+0A+AxOh+T sl A) +0*B+T+0B+5 "« Brhxh.

First we consider the A terms (the first three terms):

6hl < Cl6 ko (1+ 10150 + 7110 ) [0]2.0 + C(lis1.0 + Plea ) (14 0l + 7laa) o2
+ C(Jolkrza+ (4 lolkssa + Ilsaa)vla)

< C(Jolka+ Irlir1.a+ 1) ol + C(1+ olkraa + I7liraa ) 2
+ C‘U’kw,a + C(l +|ok+3,0 + \T’k+4,a> |v]2,a

< C(1+ lolkssa + 7lrrta) [olza + Clolisza:

Similarly we estimate the B terms (the remaining three terms):

0hIF o < 1Blerza + (IDlea+ 67 ko + [Flka ) [v2a

< O(Ivlessa+ U+ lolisaa + Tlrs.a)lvlza) + C(1+ [0lkrza + I7liraa ) lv

2,
< O(1+ loliraa +I7ls5a ) [ol20 + Clolissa-

So overall

’(ﬁl‘k,a < C<1 +[0]kta,0 + ’T\k+5,a> v

2.« + C”U’kJrB,ow

Similarly, schematically
SH=5"'%6h+5 " %5 ' xhx (dr ® dv).
So we find
0 k0 < C(Iolka + [7lksra + 1) [olsa + C (14 [olkssn + Iliss.a) [0].a + Clolkssa

+C(1+ lolsaa + I7lks30) [ola + Clolisa

< O(1+ loliraa +I7lt5a ) [ols.0 + Clolissa
as stated in the lemma.

Lemma. There is

B(HE ~ 55" hog) ()l < C(1+ okt + [rliesa ) [olsa + Clolissa
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Proof. We have

5% = —gacghlss
with §0;; = 7,05 4+ Tjv;, so that

66" ko < C (10l + I7lkrra) ol + O (olksra + I7lernalvlia)
< C(|0|k,a + |T|k+1,a> 10|10 + Clv[k+1,a-
Putting this together with the previous lemma, we obtain
0(H5 = 55" hes) (0) o < C(1+ [0lksaa + Plessa ) s + Clolkssa
as stated. O
Lemma. There is
Wor(Wlka < O(1+ lolisaa + I7lrsa) ol + Clolissa.

Proof. From the previous lemma, it is immediate that we have

VVT
’\PU,T(U”k,a < 0(1 + ‘G|k+4,a + |T|k+5,a> |U|3,a + C‘U|kz+3,a + C’U|3,a ——
V14| V72 N
,Q
So we just need to say
VVr
——| < C|7|g42
‘ 1+]V7'|2k 7lk+2.
Ne'

to finish. O

5.5 Estimate for linearized operator

To estimate the linearized operator we will follow the same outline of argument as for our estimate
of the linearized Weyl problem. In particular, we begin by saying that, having identified the kernel

and cokernel, there is

[vlkta,a < ClDPoy | 11y,a8570) (V)] k0

where C depends upon the center point (oo, |H|o, a%; 79). Now we need to estimate the dependence
of Po|H|ay:7)(v) on a perturbation of (o, |H|,ay; 7). As before, this is naturally split into two

parts, that of the elliptic partial differential operator part and that of the pseudodifferential part.
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5.5.1 Elliptic part

Recall that this part refers to the operator

. ho|H|V
E(J,‘HLQH;T)(v) =4 <d1v (COS||T — Vo — aH) (v))

JTHVT

where 6 denotes the expression
1 —AT

sinh I
[H|\/1+ VT

This is a fourth order partial differential operator in v. We go through the coefficients carefully:

e in the fourth order coefficients, there is one derivative of o, zero derivatives in |H|, no ap-

pearance of oy, and two derivatives in 7

e in the third order coefficients, there are two derivatives of o, one derivative of |H|, no ap-

pearance of ay, and three derivatives of 7

e in the second order coefficients, there are three derivatives of o, two derivatives of |H|, no

appearance of ag, and four derivatives of 7

e in the first order coefficients, there are three derivatives of o, two derivatives of |H|, no

appearance of ap, and four derivatives of 7

the zeroth order coefficient is zero.

Given that the dependence on these derivatives is all through elementary functions, compactly
contained within their domains of dependence, we can then say from the estimate in [14] (see

lemma 11.3.3.2)

Lemma. There is
[V]ktd,0 < C(!E(a,m\,a,{;f) ()lka + (1 + olrtsa + 1 H | k2,0 + [ TIk+a,0) [ E (o H o) (U)!O,a)‘

5.5.2 Pseudodifferential part

Here we want to estimate

\IJG',T(’U) - \IJUO,TO (U)
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for nearby o and o¢ and nearby 7 and 7. Denoting ¥, -(v) by A;, B and ¥, -, (v) by A, B° by

(2

definition we have
0;Aj + 9;A; — 2T, Ay, + 2Bhij = vj + 7jv;
B A%+ 0;A? — 20T AY + 2B°RY; = 100 + 0v;.
Subtracting these equations, we have

0,(Aj—AD)+0;( A= AD)—20T (A= AD+2(B—B°)1° = 2T =0T ) A +2B(h0=R)+ (770 Yo +(m =77 i

That is to say,

Woir (V) = Vo my (V) = Waro (2T = 0T Ag + 2B(R = ) + (i = 700 + (75 — 70)ws).

According to our estimate for the linearized Weyl problem, we then have

Wy 7 (1) = Wogmo (V)] 1.0 < C’Q(ffj — oK) A+ 2B(h° — h) + (73 — m2)vj + (15 — 70)v;

< C([6 = Bolkraal¥or (v)

Lo+ 15 = GolzaWor (v) kr10)
+ C|7 — 70lkt2,0]v[1,0 + C|T — T0l1,0[V k42,0

We say
’6'\ - a\-O|k:,0c < |J - JO’k,a + ’d7_2 - dTg’k,a < ’O- - 00|k,a + C|7— - TO’k—l—l,oz

and also recall our linearized Weyl estimate

Wor()lksra < C(Ivsles1.0 + (Tlita+ Blena)lmivsla)

2,a>

< C(vlksaa + rlirzalvlie + (14 [olkssa + Pl aa)lv
< 0(1 + |0 |k13,0 + ’T\k+4,a> 1|2,0 + C|v|k+2.0

to conclude

[W0,7(0) = Yoo (0)ls1,0 < C (10 = G0lksza + |7 = Tolkssa) o]0

+C(lo = olaa + 17 = Tolsa ) (1 + [olkssa + [7lksaa)lvlza + [Vlerza)

+ Clm = 1olk+2,0lv1,0 + C|T — T0l1,a]v]k+2,0
< C(\U —00lk+2,0 + |7 — TO’kJrB,a) |v]2,a

+C(Jo = Gola.a+ |7 = Tolsa) (1 + [olss.a + Pleraa) D]za + [oler2.) )
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Lemma. We have
Q5 (Tivj + iji)d — @3(7}1}? + ij;i) =d; (Tid’Uj + T]‘-ivi — QBE% - 2Ak(ffj)d>
where (A;, B) = ®5(1v5 + 7j0;).
Proof. This is a direct computation as follows. Denote (A;, B) = @3(731}51 + 7jv¢). By definition
BiAj + 9j A + 2T, Ay, + 2Bhyj = Tyvj + Ty,
0iA; + 9;A; + 2T Ay, + 2Bhy; = Tl + ol

Differentiate the first equation and subtract the second equation to get

0i(Ad — Aj) + 9;(A¢ — A)) + 2TK(AY — Ay) + 2(B? — B)hyj = tilv; + v, — 2Bh; — 2(TF)4 4y,

which proves the lemma. ]

Lemma. There is

e < C<1 + [0 kt4,0 + |T|k+5,a) [v|2,0 + C|v|k42,0-

)

O (rvj + i)t — @3(7}1}? + 7jv8)

Proof. We apply our estimate for the linearized Weyl problem, noting

|ritv; + T — 2Bh; — 2A45(T5)  kt1,a0 < C’<|T|k+3,a Ve + |V|k+2,0
+ C(|h|1a + |T5]1,0) |25 (7305 + Tj03) k11,0
+ C(hlks2,0 + 15 kt2,0) |5 (Tiv; + 750i) 1,0

U’l,a + |v‘k+2,a)

< C(\T|k+3,a
+C([olksza+ (14 [lkssa + [rlisa)lvla)

+ C(‘/H|k+2,a + |f%\k+2,a) [v]2,a

< C'<1 + 10|kt d0 + |T!1~c+5,a) [v]2,0 + Clv[k42,a

and

7ty + 7iv; — 2BhE; = 244(05) 10 < C(Iola + 195 (7305 + 7j0) |10 )

< O|U‘2,a
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so that according to our Weyl estimate,

@3(7’,’7)]‘ + iji)d — (I)g(TiU;-i + ijfl)

< O(1+10lkraa + 75 ) [0a + Clolisza:

k1,0
O
Lemma. There is
Woir () = V(0o < C(1+ [0lksa + [Tlirsa) llsa + Clolitsa
Proof. As in the previous section. O
5.5.3 Estimate
As indicated in the beginning of the section, we begin with the estimate
[Vl4.0 < CID7Poy 11]o,08:m0) (V) 0.0
By the triangle inequality, this implies
[Vl < O Pyt anir) )l C| Bt amir) (0)~ B oy (0] O] Yo (0) oo (0)]

According to the previous section, if we make o sufficiently close to o¢ in C*® and 7 sufficiently
close to 79 in C>?, then the last term on the right can be absorbed on the left. According to the
derivative counts in the previous previous section, if we make o sufficiently close to oo in C3%, |H|
sufficiently close to |H| in C*®, and 7 sufficiently close to 79 in C*®, then the other term on the

right can also be absorbed on the left, and we have

”U’47a < C‘DTP(U,\HLQH;T)(v)’(),a'
Upon applying this to a derivative v? of v, we find
‘vd’47a < C|DTP(U,\H|,01H;T)(Ud)’(),a
< C|DTP(U,\H|,01H;T) (U)dIO,Ol + C|E(U,\H|;T) (U)d - E(U,|H\;T) ('Ud)|070t + C|\I]U7T(v)d - \IJUJ('Ud”U,a

< CID: Py pain) (0) oo + COL+ [0l + 120 + I7laa) [0lta + C(1+ lols.a + Irloa) o

3,a
Using the previous estimate we obtain
vl5,0 < ClD7Plo |y (V)10 + 0(1 +lols,a + [[Hl[2,0 + \Tl&a) | D7 Po, 1 H],0z57) (V)]0,0-

Continuing inductively we get the following estimate
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Lemma. There is
[V|kta,0 < ClD7 Py (V) |ka + C(l + |olk+a0 + [[H|[k+1,0 + |T!k+5,a) | D Po,|H|,am7) (V) ]0,a-

This provides a tame estimate for the inverse of Dr P, | ay:r), considered as a map C°° x
C® x C® x C* — C>. According to the Nash-Moser implicit function theorem [14], this provides

the convergence of the Newton-Nash-Moser iteration.
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Table 5.1: Notations

Notation Meaning

00 a fixed Riemannian metric on S2

o a Riemannian metric on S? which is close to og

T0 a fixed function on S2

T a function on S? which is close to 7

00 oo + dmp ® dm

o o+dr®dr

)A(O an isometric embedding of &y into R3

X an isometric embedding of & into R?

Eo,ﬁ the second fundamental forms of )?0 and X

fAIO, H the mean curvatures of )?0 and X

A;, B the decomposition of a function Y = AabAag—ﬁ + Bv
U, . (v) S(H5b — Gocgbdh, ) (v)— oV T

O5(00) solution of the linearized Weyl problem at & in direction do
P(o,|H|,ap;7) FEuler-Lagrange operator for Wang-Yau energy
Ee)mim) (V) DP 1)) () + Yo r (v)

0 sinh™! —AT

0

|H|\/1+ |VT|?

some coordinate derivative of the expression O
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