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ABSTRACT
Constant Scalar Curvature of Toric Fibrations

Thomas William Nyberg

We study the conditions under which a fibration of toric varieties, fibered over a flag variety,
admits a constant scalar curvature Kahler metric. We first provide an introduction to toric
varieties and toric fibrations and derive the scalar curvature equation. Next we derive
interior a priori estimates of all orders and a global L*-estimate for the scalar curvature
equation. Finally we extend the theory of K-Stability to this setting and construct test-

configurations for these spaces.
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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

Complex projective manifolds admit two very rich structures. On one hand, they are
Kéhler manifolds and can be described in differential geometric terms. On the other hand,
by Chow’s theorem, they are projective algebraic subvarieties, and can also be described in
algebraic-geometric terms. In particular, at the most intrinsic and fundamental level, there
should be a complete correspondence between differential-geometric properties, such as
whether they admit a constant scalar curvature metric, and algebraic-geometric properties,
such as their stability in the sense of geometric invariant theory. This is the essence of the
well-known conjecture of Yau [Yau, 1993], formulated first for Kihler-Einstein metrics, and
extended since to constant scalar curvature metrics by Donaldson [Donaldson, 2002]. A
corresponding notion of stability, called K-stability, has been proposed in different versions
by Tian [Tian, 1997] and Donaldson [Donaldson, 2002]. The necessity of K-stability for the
existence of a metric of constant scalar curvature has been proved by Donaldson [Donaldson,
2005b] and Stoppa [Stoppa, 2009]. For a survey of other notions of stability, the reader is
referred to [Phong and Sturm, 2009].

Fix an integral Kahler class ¢;(L), where L is a positive holomorphic line bundle over a
compact manifold X, and fix a representative Kihler form wq € ¢(L). By the 99 Lemma,
a Kihler metric w is in the class ¢;(L) if and only if w = wy + 00y, for some smooth

function ¢ on X. Since the scalar curvature R(w) is just

R(w) = —gﬂaja,; logw™, (1.0.1)
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the equation of constant scalar curvature is the following fourth-order non-linear elliptic

equation in the potential ¢
—g7* 0,05 log det ((go)pq + g0pp) = A, (1.0.2)

where A is a constant. As such, it can be viewed as a composition of a complex Monge-
Ampere equation with a linearized complex Monge-Ampere equation. Real analogues of
such equations have arisen independently, in different contexts, in works of Trudinger and
X.J. Wang [Trudinger and Wang, 2000; 2002], and of Caffarelli and Gutierrez [Caffarelli
and Gutiérrez, 1997]. But the complex version required by the constant scalar curvature
problem in Kéhler geometry is still largely unexplored in its most general form. It is
also important to note that the constant scalar curvature problem admits a variational
formulation, namely, there exists a functional ¢ — K(¢), called the Mabuchi K-energy, so
that the equation (1.0.2) holds if and only if

(Zj =0. (1.0.3)
This variational formulation also suggests a basic link between the existence of metrics
of constant scalar curvature, and the behavior of the functional K (), as ¢ tends to the
boundary of the space of Kédhler potentials in ¢;(L).

There is however a particular class of Kahler manifolds in which a lot of progress has
been made, namely toric manifolds. A toric manifold X is an n-dimensional compact Kéahler
manifold admitting a (C*)™ action with a dense, fixed point free orbit. As such, it admits
a moment map g which maps it into a convex polytope P in R". A key simplifying feature
of toric manifolds is that each invariant K&hler metric w on X can be characterized by
its symplectic potential u, which is a smooth strictly convex function on the polytope P,
smooth in the interior of P. Guillemin [Guillemin, 1994] has identified the precise conditions
under which a smooth strictly convex function u on P arises from a Ké&hler metric on X
which we now explain. Delzant [Delzant, 1988] showed that for each face F' of P one can

choose a minimal vector [r, inward-pointing normal to F', such that Ap € Z™. Let [r be the

affine linear function whose derivative is Ap and such that [p(F) = {0}. Guillemin showed
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that u arises from a Kéahler metric on if there exists a smooth function [ on P such that
u E rlogilr + U.
F 7

such that wu is strictly convex on the interior of P as well as when restricted to any of the
faces of P. Furthermore, Abreu [Abreu, 1998] has shown how the scalar curvature R(w)

can be expressed in terms of u,

S(u) = —%(uﬂf)jk. (1.0.5)

Here u/* is the inverse of the Hessian uj, of w and here (as well as throughout this thesis)
we use Einstein’s summation notation. This means in particular that, for toric manifolds,
the constant scalar curvature problem can be transformed into a differential equation for a
symplectic potential u on a polytope with the Guillemin boundary conditions. Furthermore,
the form (1.0.5) of Abreu’s equation also allows a direct use of the works of Trudinger-Wang
[Trudinger and Wang, 2000; 2002] and Caffarelli-Gutierrez [Caffarelli and Gutiérrez, 1997]
for related real equations.

In a series of papers [Donaldson, 2002; 2005a; 2008a; 2009], Donaldson makes an essential
use of the reformulation of the constant scalar curvature problem in terms of symplectic
potentials to solve the problem for toric varieties in dimension dim|, X = 2. Namely, he
showed that the K-stability of the toric surface X implies the existence of an invariant
constant scalar curvature Kéahler metric on X. Now, in analogy with the Hilbert-Mumford
numerical criterion of geometric invariant theory, the condition of K stability is formulated
as positivity of a certain invariant, the Futaki invariant, for all non-trivial test configurations
(see [Tian, 1997] and [Donaldson, 2002]). A first task, accomplished in [Donaldson, 2002],
is to complete the translation of the problem from Kéahler metrics on toric varieties to
symplectic potentials on polytopes by showing that the K-energy can also be expressed

directly in terms of the symplectic potential u,

M(u) = —/P log det(u;)dp + L(u),

where L is a certain linear functional. The functional M is a convex functional whose critical
points are solutions to (1.0.5). Similarly, the K-stability conditions also admit a completely

equivalent and explicit formulation in terms of u, with test configurations corresponding to
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piecewise linear functions on the polytope. With the reformulation of both the equation
and the solvability conditions now complete, Donaldson can then complete the proof by
producing a series of difficult a priori estimates, some building on [Trudinger and Wang,
2000; 2002; Caffarelli and Gutiérrez, 1997], but many others requiring novel arguments
making full use of the formulation of K-stability in terms of piecewise linear functions.
Even with this success for two-dimensional toric varieties, the general case seems out
of reach at the present time. In [Donaldson, 2008b], Donaldson suggests studying an in-
termediate class of manifolds, namely those which can be viewed as toric varieties fibered
over flag varieties, more precisely fiber products G xp M, where G is a compact semisimple
Lie group and T' C G is a maximal torus. The related problem of Kéhler-Ricci solitons has
been considered by Podesta and Spiro [Podesta and Spiro, 2010]. Building off the work of
Raza [Raza, 2006], Donaldson noted that the scalar curvature S of a toric metric on such a

fibration should be given by

Su) = — g W (Wad*) e + fo, (1.0.6)

where W is the Duistermaat-Heckman polynomial and fg is a smooth function given locally
by 42?:1 %(log W). Thus the constant scalar curvature problem for such fibrations
reduces to a twisted version of Abreu’s equation for toric varieties.

The goal of this work is to extend Donaldson’s approach for toric surfaces to the setting
of toric fibrations. For this purpose, we found it useful to provide a complete derivation of
the expression (1.0.6) for the scalar curvature of such fibrations. The reason is that Raza
[Raza, 2006] did not determine the function fg, while Donaldson [Donaldson, 2008b] just
wrote down the formula. Our main results consist of extending to the case of toric fibrations
the expression for the K-energy in terms of the symplectic potentials; necessary conditions
for the solvability of the equation (1.0.6); how to interpret these conditions as K-stability;
and some a priori estimates resulting from K-stability. They are contained in Theorems 1-5

below.

Theorem 1. Let (G xp M, Q) be a toric Kdhler fibration and let (M,w) be the restriction

to the identity fiber. There exists a unique moment map pu: M — P C R™ for w such that
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the push-forward of the scalar curvature S(Q2) under u is given by
1 B )
p(8) = =5 WL W) + o, (1.0.7)

where u is the symplectic potential on P corresponding to w and fq = 2 Z?:j %(log W).
J

Theorem 2. Define the convex functional F on symplectic potentials v by the equation

F(u) = —/P log;det(ujk)Wdu_|_/8

uWdo — / (a — fo)uWdp. (1.0.8)
P P
Then F is the Mabuchi functional for symplectic potentials u. Hence a symplectic potential
u is a critical point of F if and only if u corresponds to a G-invariant Kdahler metric on

G xp M of constant scalar curvature.

Theorem 3. Assume n = 2. Let u be a normalized solution to S(u) = A and assume that
u satisfies Condition 1. Let K CC P. Then there exist uniform constants C and C;, for

7 =0,1,... such that C~1 < (u;),) < C and ||u||cx < C) on K.

Theorem 4. Let p € P be fired and assume that u is normalized at p. Furthermore,
assume that u solves S(u) = A and that (P, o0, A) satisfies Condition 1. Then there exists a
universal constant C, such that ||u||p~ < C, where C depends only on on the geometry of

(Pa 0)7 HAHLOO(P)a HWHL‘X’(P); and the point p € P.

Theorem 5. Let (G x7 M, L) be a G-invariant polarized pair and assume that (G x7 M, Q)
is a toric fibration with Q € c¢1(L). Let P be the corresponding polytope. Given any rational
piecewise linear function f on P, there exists a test-configuration X for G xp M with

Futaki-Invariant F' given by

1 1

Theorem 6. Let P C R" be an integer polytope and let h be a convex function in C?(P).

Then we have

S hp) = </P hdu> K+ <; /MD hda> F1 4 ok ). (1.0.9)

pEPNLZ"



CHAPTER 1. INTRODUCTION

This thesis is organized as follows. In Chapter 2, we provide an introduction to toric
varieties. This introduction is mostly from a metric differentiable viewpoint, and is self-
contained. The material there is very classical, but we hope that our presentation will still
be useful. In particular, we provided a program written in Python for how to compute
the relations in the algebraic construction of a toric variety from a polytope. Chapter 3
explains how to construct toric fibrations from toric varieties. It explains how to extend toric
metrics to the fibrations and then explicitly derives (1.0.6). Chapter 4 finds the Mabuchi
functionals corresponding to (1.0.6) and gives certain necessary conditions for the solvability
of the equation. Chapter 5 uses the restrictions imposed by K-stability to derive a-priori
estimates on solutions to (1.0.6). Finally, Chapter 6 explains how to realize these necessary

conditions as an extension of Donaldson’s K-stability.
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Chapter 2

Toric Varieties

Toric varieties lie in the intersection of algebraic, symplectic, and complex geometry and
can therefore be studied from many different perspectives. This thesis concerns complex
geometry and PDEs and therefore takes the perspective of a smooth compact Kahler
manifold as the starting point. For other perspectives, the reader is recommended any
number of other great expositions on the subject (c.f. [Fulton, 1993; da Silva, 2001;
Audin, 2004]). We take the opportunity to stress that the material in this chapter is
not original. If there is any merit, it lies rather in the presentation and style.

The most important result from toric geometry is that to any n-dimensional toric Kahler
manifold M with fixed Kéhler form, there exists a convex polytope P C R™ and a moment
map p: M — P. As we will see, much of the geometry of M can be understood in terms of
P and the main goal of this chapter is to understand how M and P are related. The major

results we present are the two theorems of Delzant, the first being the following:

Theorem (Delzant 1988). The polytope P corresponding to a smooth, compact Kdhler toric

variety satisfies the following properties:
(i) There are n edges meeting at each vertex of P,
(ii) The edges meeting at a vertex p are all of the form p + tu;, t > 0, with u; € Z",

(iii) For each vertex p, the corresponding ui, ..., u, can be chosen to be a Z-basis of 7.
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Delzant also considered the converse. The second of his results that we present is the

following:

Theorem (Delzant 1988). Let P be a polytope satisfying properties (i) — (iii) of Theorem

2. Then there exists a smooth, compact Kdhler toric variety whose moment polytope is P.

The chapter is outlined as follows. In the first section, we derive as much structure
as possible by only considering the compact holomorphic properties of M. In the second
section, we consider Kéhler properties of M and show how to construct the moment map
and the moment polytope P. Furthermore, we show how to identify Kéhler metrics with
smooth convex functions on P called symplectic potentials. In the third section, we give a
proof of Delzant’s theorem and study the algebraic properties of the polytope. In the final
section, we provide the source code for a convenient program that can be used to compute

algebraic relations of toric varieties coming from P.

2.1 Complex Differential Aspects of Toric Varieties

Let (M,w) be a compact n-dimensional Kéhler manifold with Kahler form w. Let T¢
denote an n-dimensional commutative complex Lie group and let T' C Tz denote a maximal

compact real torus.

Definition 2.1.1. (M,w) is a compact Kdhler toric variety if there is a holomorphic
group action of Tt on M which has a dense, free orbit, and such that the mazimal real torus

T preserves the form w.

Remark 2.1.2. By choosing bases for the Lie algebras t := Lie(T") and t¢ := Lie(1¢), we can
identify tc with C", t with R” (the imaginary part of C"), Tc with (C*)", and (S1)" with
T. We will almost always do this, but there are times when we will need to change bases

and hence it is more natural to give Definition 2.1.1 in an invariant fashion.

In this section we explore the geometry of a toric manifold M without yet making use
of the Kéahler metric. The fixed points of the action of Tz on M will turn out to be very

important. The main results are the following three propositions:
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Proposition 2.1.3. Let ¢ € M be a fired point. Then there is an open set X C M,

containing q, and a biholomorphism x : X — Ty (M), such that x is Tc-equivariant.
Proposition 2.1.4. The set of fized points of the action of Tc on M is finite.

Proposition 2.1.5. Assume that g1 and qo are two fized points of M. Then for each fized
point q;, there exists a trivialization vy, : Xq — C", and coordinates identifying Tc with
(C*)™ such that the action of Tc on X, is identified with the standard action of (C*)™ on C".
Moreover, U C Xg,, where U is the open, dense complex torus in M, and vg,(U) = (C*)".
Finally, if one restricts the transition mapping Ty g = Vg © (Vg) ' to (C*)", then the

mapping takes the form

(21, vy 2m) > (201 e ziin L el e ) (2.1.1)

where (a;;) is a matriz in GL(n,7Z).

2.1.1 Coordinates on the Open Torus

Definition 2.1.1 requires M to have an open, dense, free orbit of 7. In this section we will
construct a natural coordinate system to understand its structure. Following Remark 2.1.2,
let us work in a basis. If we choose a point p € M such that U = (C*)" - p is a dense, free
orbit, then we have a holomorphic embedding (C*)" «— M, (z!,...,2") — (z',...,2") - p,
whose image U is dense in M. If we identify U with (C*)™ by this embedding, then the

action of (C*)™ on M restricts to the standard multiplicative action of (C*)™ on itself. Let

us use this to understand the geometry of the complement of U in M.

Lemma 2.1.6. The set D := M \ U is an analytic subvariety of M. Consequently, around
any point p € D, there is a ball B in M containing p, such that B NU is connected.

Proof. Let Vi, be the holomorphic vector field on M generated by the action of the one-
dimensional complex subgroup C*, given by C* 3 z — (1,...,2,...,1) € (C*)" (where
z is mapped to the k" coordinate). In local coordinates, Vi is given as 2k %. Let s €

(M, KA_/}) be the section given by
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We see that s is everywhere non-zero on U. If there were some point ¢ in D where s did
not vanish, there would necessarily be a ball contained entirely in D containing q where s
also did not vanish. But this would contradict the requirement in Definition 2.1.1 that U
be dense. Therefore we have concluded that s~!(0) = D and hence that D is an analytic

subvariety. O

The lemma tells us that our embedding (C*)™ < M not only captures the group struc-
ture, but also covers all but a complex subvariety of M. Unfortunately, our embedding’s
choice of a point ¢ to realize the free, dense orbit of (C*)" is a little ad-hoc. This con-
struction quickly allows one get an explicit handle on the geometry of M, but there are
downsides to such an approach. By its very construction, this open set contains no fixed
points of the action of Tr and it is unclear if and how they relate to this set. Though we
do not yet know it, the action actually has fixed points. Therefore we would like to have
an open trivialization that both respects the action of (C*)™ and contains a fixed point,

supposing such a point exists.

2.1.2 Local Geometry of M Near a Fixed Point

In this section we prove Propositions 2.1.3 and 2.1.4. We will assume that ¢ € M is a fixed
point of the action of T¢ and try to find a nice local trivialization of M which contains ¢
and respects the action of Tr. It will be easier to step back and once again work in an
invariant fashion, and therefore we will write T instead of (C*)™. In order to understand
the action near a fixed point, we will pick an arbitrary trivialization and “linearize” it. This
linearization argument can be found in [Ishida and Karshon, 2012], but we reproduce it for

completeness below.

Proof of Proposition 2.1.3. First, let n : U — C" be a holomorphic trivialization mapping
q to 0. The domain of 1 has an action of T, but the range does not. We rectify this by
considering the derivative of n at ¢ given by dn, : T4(M) — C", where we identify Tp(C™)
with C". Since dr), is invertible, we define a new map v : U — T,(M) by v := (dn,) "' on.
The important properties of v are that both its domain and range have an action of 1,

that dy, : — 1s the 1dentity mapping, that v(g) = 0, that ¢ an are fixe
hat dv, : T,(M) — T,(M) is the identi ing, that v(¢) = 0, th d 0 are fixed

10
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points of their respective actions, and finally that v is holomorphic.

The action of T on the domain and range of v need not be related in any way. We
would like to fix this by somehow averaging v over T¢. This, however, would require for U
to be closed under Tr. Considering that Tt has a dense, open orbit in M, it is unlikely that
U is closed under its action. Furthermore, since T¢ is not compact, any averaging procedure
would be fraught with difficulties. However, the maximal torus T C T¢ is compact and will
be enough for our purposes. Employing this idea, we define a new set V' by

V= ﬂ g(U).
geT
Since q is a fixed point, we certainly know that ¢ € V. Let U¢ be the complement of U in M
and note that it is closed and hence compact. This means that 1" x U¢ is a compact subset
of T x M. Since the group action is continuous, the image of T' x U¢ under the action is
compact as well. But this image is exactly V¢ and hence V is open.

If we now restrict the map v to V', we have a holomorphic map whose domain and range

are both preserved by the action of T C T¢. This allows us to integrate v over this action,

to get a T-equivariant holomorphism. More specifically, let T" act on maps like v by

(g-v)(@)=g" v(g- ),

for g € T. Next let dg be a left-invariant measure on 7'. Since the range of v, Ty (M), is a

vector space, it has a linear structure which we can use to integrate. Define the map x by

x(z) = /ET g v(g-x)dg.

By construction, y satisfies the property that x(¢g-z) = g-x(z), for all z € V. Furthermore,
since dyg, is the identity map, d(g - v), is the identity for all ¢ € T. This implies that dy,
is the identity map. As a result, by restricting V' to a smaller T-invariant neighborhood if
necessary, we have that x : V' — T,(M) is a T-equivariant holomorphic embedding.

Now that we have that x is T-equivariant, we’d like to take this one step further. Since
X is holomorphic, we have that dy o J = J o dy, where J is the complex structure on T¢
and T, (M) respectively. Let V € J(t) and let g; = eV - 2 be the infinitessimal action of V/

at z. Let W = —J(V) and let hy = ¢ be its corresponding infinitessimal action. Then

11
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the T-equivariance and holomorphicity of x tell us that

E0d00) = T () = TS - (x(a))) = S X)),

Hence x infinitesimally respects the action of all of T¢. Since Tt is simply-connected, this
tells us that x(g-x) = g x(x) for all 2 such that g-z € V.

The final step is to extend the action of x beyond V. Let X = T - V—i.e. all points in
M that are reachable by the action of T¢ on elements of V. Extend the map x to all of X
by Tr-equivariance. The commutativity of Tr guarantees that this is a well-defined map. If
the mapping were not injective, the original mapping on V' would not be either. Finally the
Tc-equivariance gives us that this mapping is still a holomorphism. Since Tt acts linearly,
and the image contains an open set around the origin, the mapping must be surjective and

is hence a biholomorphism. In conclusion, we have proved Proposition 2.1.3. O

2.1.3 An Example

A corollary of the above argument is the following: Any holomorphic map from C" — C"
that fixes the identity and is invariant under the action of (S*)" must be a linear map. This
may be a bit surprising so it is good to consider an example. Let f(z) = z + 22. Then we

have that
o , m . 27 .
/ e f(e - 2)dt = / e (e 4 €2022)dt = / (2 +€2%) = 21z,
0 0 0

The case of multiple variables is similar. In fact, one can see that this result even applies
to meromorphic functions as well.
The construction of the previous proposition allows to deduce more properties of the

fixed points.
Lemma 2.1.7. The set X of the previous proposition contains no fived point other than q.

Proof. Consider the possibility that T,(M) has a fixed point other than 0. In that case, by
linearity, the action would fix an entire line L C T,(M). Since T C Tt is compact, we can
pick a Hermitian metric on T, (M) which is invariant under 7'. Let L+ be the perpendicular

set to L with respect to this metric. Since the metric is T-invariant, we have that T fixes

12
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L+, Since L™ is a complex subspace of T, q(M) and is preserved by T', it must be preserved
by all T¢ for the reasons as in the proof of the previous proposition.

Hence we have that L ® L+ = T,(M) and that the action of T respects this decom-
position. Next let x € T(M) and let * = x; + 22 with x; € L and x3 € L+. Then
we have that for any @ € Tp, a2 = - (x7 + x2) = 21 + - 2. This means that
a(ry + LY) C 21 + a(Lt) = 21 + L+ which implies that the orbit of any point in T,(M)
is at least of codimension 1. This, however, contradicts the fact that M has a free, dense

orbit of T¢. O

Proof of Proposition 2.1.4. Since the set X is open, the previous lemma implies immediately
that the set of fixed points of M is discrete. Since M is compact, we have that the set of

fixed points must be finite. O

Proof of Proposition 2.1.5. Much of this proposition was contained in Proposition 2.1.3.
The coordinate description follows directly from general Lie theory. The fact that the sets
X cover all M is a result of the polytope description in Lemma 2.2.8. The fact that U C X,
for all ¢ is due to the fact that X, is open and that it is closed under Tr. The image of
U in C™ must be (C*)™ given our local description of the action. Finally the mapping
Tqq  (C*)" — (C*)™ is a biholomorphic automorphism of (C*)™ and hence must be of the

form (2.1.1) for some matrix (a;;) € GL(n,Z) by general theory. O

This entire section is predicated on the assumption that there exists a fixed point in
M. All of our conclusions are the result of purely topological and holomorphic properties
of Te and M. In the next section, we will make use of Kéahler properties to prove that fixed

points do exist and we demonstrate their importance to the overall structure of M.

2.2 Metric Properties of Toric Varieties

In the previous section, we studied toric varieties without considering any extra conditions
that we get from the metric. We now study the properties of the Kéahler form of our

toric variety. We will employ a tool from symplectic geometry called a moment map (see

13
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Definition 2.2.4) to better understand the symmetries of the metric. Our first important

result is the following:

Proposition 2.2.1. Let (M,w) be a toric variety. Then there is a moment map p of w.
The image of this moment map is a convex polytope P in R™. Furthermore, except for an

additive constant, the polytope is uniquely defined by the Kdhler class [w].

By using the moment map, we are finish up the work in the previous section involving

fixed points:

Proposition 2.2.2. The action of Tc on M has a non-empty finite set of fixed points. The

moment map sends the fixed points bijectively to the extreme points of the moment polytope.

The moment map allows us to understand the geometry of V in terms of data on P.
The most important idea will be use the Legendre transform to associate to w a smooth
convex map on P called the symplectic potential (see Definitions 2.2.9 and 2.2.11). The

most important result is the following which tells us the form of such potentials:

Proposition 2.2.3. Let (M,w) be a toric, Kdhler manifold and let P be its polytope. Then
the space of symplectic potentials corresponding to metrics in the class [w] is given by the
set of functions up + f, where up is a fived function defined by (2.2.10) and f is a function

smooth function on P such that the derivatives of f are continuous up to the boundary.

2.2.1 Constructing the Moment Map

Consider the open, dense torus U in M and choose coordinates identifying U with (C*)™
and T¢ with (C*)™ so that the action is standard. (See the construction in the beginning of
the previous section.) As a reminder, since we do not yet know that M has any fixed points,
we cannot extend this trivialization U to a set isomorphic to C™ as done in the latter part
of the previous section.

Let z = (z1,...,2n) be the coordinates on (C*)". Working in these local coordinates,
we have that w is a Kéhler form on (C*)™ which is invariant under the compact action of
(SH™ C (C*)™. Then w takes the form w = ijidzj AdZ*. To simplify the action, we instead

use log-coordinates on M. Define the holomorphic covering map exp : C" — (C*)™ by

exp(yt, ..., y") = (e¥,...,e¥") = (21, ... 2"). (2.2.2)
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Let n = exp*w be the pull-back of w under this map. In local coordinates, n = 7z jidyj A
dy®. Let 37 = w’ + i#7 be the standard real coordinates. The fact that w is invariant
under the multiplicative (S')™-action implies that 7 is invariant under the additive action
of (91,...,6™). Since 7 is a Kihler form on C™, it has a Kihler potential. This means that
there exists a smooth function ¢ : C* — R such that

2

ayja@kidyj/\dyk' (2.2.3)

nEjidyj A d@k =2

Since 7 is invariant under the additive #-action, we can assume that ¢ is independent of 6.
Now since we have a f-invariant Kéhler potential ¢ of n, the push-forward ¢ := exp .(¢) is

well-defined and is an (S!)"-invariant Kihler potential for w on (C*)".

By changing to real-coordinates with dy’ = dw’ + id6? and aiyj = %(% — i%), one
can use the f-invariance of ¢ and anti-symmetrization to compute that
9*¢ : 8¢ :
=2———idy! Ndy" = ————duw’ A dbF. 2.2.4
1= Zogiog" " Y T gwiowr ™ (2.2.4)
- . . . . - ) . -
Next let fi : C* — R"™ be the gradient map of ¢ in the w-coordinates—i.e. fi; = ngj. Since [

is f-invariant, its push-forward is a well-defined (S!)"-invariant map exp «(f) : (C*)® — R™.
Note that (2.2.4) says that —L%(n) = %dwj = d(fir;). Since ¢ is only determined by its
Hessian, i is only determined up to a constant.

Now fix k and consider the smooth function g := (exp (1)) : (C*)™ — R. Let Vi be
the vector field on M defined in the proof of Lemma 2.1.6. We have that V} is a globally-
defined vector field on M and hence —uy, (w) is a globally-defined 1-form. Thus py is a
smooth function defined on U such that d(u;) = —ty, (w)|y. Next let p € D. By Lemma
2.1.6 there is a ball B C M containing p, such that BN U is connected. Therefore —vy, (w)
has a local potential f on B and df = duy on BNU. But the connectedness of BNU means
then that uix and f differ by a constant on BN U and hence ui can be extended locally to
a smooth function on all B. Since this holds for any point in D, we have that p; can be
extended to a smooth function on all of M.

In this section, we have followed Remark 2.1.2 and used a specific basis in our local

computations. Let us now consider the invariant nature of this problem. The moment map

u=Vo= (%, L2 ) is the same as the exterior derivative d(¢) in the basis given by

» Qwm™
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dw', ..., dw". The complex structure J on C" satisfies J(dw’) = d6’ for all j. This means
that p in our local coordinates is the same as the mapping J(d¢) in the basis given by
df', ..., do"—which is certainly an invariant global object whose range is t*.

Hence let us think of 4 as a mapping M — t*. Given any V € t, let V# be the real
vector field on M generated by the infinitessimal action of V. Let (-,-) denote the natural
pairing between t* and t. Then (u, V') is a smooth function on M. In this setting, we still

have the fundamental equation d(u, V) = —ty%(w). This leads to the following definition.

Definition 2.2.4. Let (M,w) be a symplectic manifold with a left-action by a compact
commutative Lie group T which preserves the symplectic form w. A moment map of
(M,w), is a smooth function pu : M — t* satisfying the property that for any X € t,

d(p, X) = —tx#(w)—where (-,-) is the natural pairing between t* and t.
Thus, we have shown:

Lemma 2.2.5. Any smooth, compact Kdihler toric variety (M,w) has a moment map L

which is unique up to the addition of an additive constant.

2.2.2 Example: P

The standard example for all these computations is n-dimensional projective space. Choose
coordinates (z!,...2") s [1: 2! :...: 2" € P". Next take w to be the Fubini-Study metric.
Le. w=140dlog (1 +|2'[>+ -+ |z"%). This means that ¢(w?,...,w") = $log (1 + e2w' 4
-« +¢e2"). The gradient map then gives the relation to the 2-coordinates:

0¢ 2w’

f]}'] = aw] = 1 n €2w1 T 6211)" . (225)
Hence the moment map in the z-coordinates is given by
1
u(z) Szl lzal), (2.2.6)

T 1t APt
which shows that the image of u is the standard n-simplex of R™.

Remark 2.2.6. In the previous example , we saw that the image of the moment map of P™
with the Fubini-Study metric is the standard n-simplex in R™. This is no accident and a
similar geometric result will, in fact, hold in the general case as well. We next study the

geometry of pu(M) for general (M, w).

16
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2.2.3 Geometry of the Image of the Moment Map

Let us return to the mapping g : (C*)™ — R™. Since [ is the gradient map of a strictly
convex function, the image i(R™) = u(U) C R™ is a convex set. The fact that p is smooth
and M is compact means that (M) is compact as well. Next we would like to better

understand the boundary of (M) in R™. The goal is to prove the following:

Lemma 2.2.7. Let p € D and let O, be the orbit of p under the action of (C*)". Then O,
is biholomorphic to (C*)* for some integer k and 11(O,) is a convex set in R", contained in

an affine subspace of dimension k.

Proof. Let W C C" be the subspace of holomorphic tangent vectors whose infinitessimal
actions fix p and let k be the complex dimension of W. Hence exp (W) =: S C (C*)" is a
holomorphic subgroup. S can be identified as the image of a mapping (C*)¥ — (C*)" given
by

(31, . ,sk) — ((sl)a11 -~~(sk)a1k, ol (sl)a”1 -~~(sk)a”k),

where a := (apq) is a matrix of integers. Furthermore, when a is viewed as a linear mapping
from CF — C™ it takes the standard basis vectors in C* to a minimal integral basis of
W < C™. This minimal integral basis can be completed to a complete integral basis of C™.
Le. there is a matrix A € GL(n,Z) such that the first & columns of A coincide with a.
After using A to change coordinates, we can assume that the stabilizer of the (C*)"-
action on M at p is given by {(a1,---,a,) € (C*)" | a; = 1, for all j > k}. This means
that the mapping (C*)" % «— (C*)* x (C*)"* — U is a holomorphic embedding with
image Op. Under this embedding, the standard (C*)"~* action agrees with the action on
Op. This means that (Op,w|o,) is an open (n — k)-dimensional Kéhler manifold such that
O, is biholomorphic to (C*)"* and such that (C*)"~* acts by the standard fashion and
(SHE c (C*)"=* preserves the form w|o,. Le. (Op,w|o,) satisfies all the conditions of
a Kahler toric manifold as before except that it is not compact. Regardless, all of the
analysis at the beginning of the section can be redone exactly to produce a moment map
pp for wlo, which maps O, to a convex set in R™* (compactness was never used up until
that point). Next note that p, agrees with the final n — k coordinate functions of pu. The

first k coordinate functions of © map O, to a constant in R". Taken together, this implies
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that 1(Op) is a convex set contained in an affine subspace of codimension k in R™ which is

what we needed to prove. O

We can apply this lemma to break down and understand the geometry of u(M). The
compact convex set (M) is the convex hull of its extreme points. The previous lemma
implies that if p € M is not a fixed point, then pu(p) is not an extreme point. As a result,
we have that p(M) is the convex hull of the image of the fixed points of the action on M.

This proves Proposition 2.2.2. Furthermore, we have concluded to the following;:

Lemma 2.2.8. The image of the moment map u of a compact Kdhler manifold is a compact
convez polytope P in t*. The polytope P is the convex hull of the image under u of the fired

points of the action of T¢.

The next natural question is how much of our construction depends upon the specific
metric w? Let wy € [w] be an (S1)"-invariant metric cohomologous to w. By the 9-Lemma,
there is a real, smooth (S!)"-invariant function f on M such that wg = w + i200f. Let uo
be the moment map constructed similarly as above except now with respect to wy. This
means that (fig)r = fx + ;Tf; + ¢, where f = exp*(f) as with previous notation and
(c1,...,¢,) is a constant vector coming from the fact that our construction of i from w is
only well-defined up to a constant. For the time being, let us assume that ¢ = 0. Hence on
M we have that (uo)r = ux + Vi(f), where Vj, = exp*(a%). The vector fields Vi,..., V4
all vanish at the fixed points of the (C*)™-action on M. Since f is smooth and globally
defined on M, this means that Vi(f) = 0 for all k at those fixed points. But this means
that p and po agree at the fixed points. Since the images of both maps is the convex hull
of the images of the fixed points, we have that (M) = uo(M). As a result, we have proved
Proposition 2.2.1.

2.2.4 Space of Symplectic Potentials

Let us return our attention to equation (2.2.4). If we restrict ¢ to the w-coordinates, then ¢
is a smooth strictly convex function on R"™. Similarly, if we restrict ji to the w-coordinates,
then i : R” — R™ is the gradient map of ¢. Since ¢ is strictly convex, i : R™ — a(R"™) is a

diffeomorphism onto its image. Next we consider a concept from convex geometry:

18
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Definition 2.2.9. Let ¢(w) be a smooth, strictly conver function on R™. The Legendre
Transform u of f is a function defined on V f(R™)—the image of the gradient mapping of
f—defined by the requirement that u(z) = sup,ern(w - — ¢(w)), for any x € V f(R™).

Remark 2.2.10. Since ¢ is smooth, we have that the supremum of (w -z — ¢(w)) occurs at

the point w where the gradient vanishes. This occurs at the point w where z; = % = [ij,
for all j. This means that u(z) = w-x — ¢(w(z)), where we implicitly define w as a function

of x by way of the diffeomorphism given by /.

Definition 2.2.11. Let (M,w) be a Kdhler toric variety and let ¢ : R™ — R be as in

(2.2.3). Then the Legendre transform u of ¢ is called the symplectic potential of w.

Remark 2.2.12. The domain of the symplectic potential u is the range of ¢, however the
range of V¢ is not uniquely fixed by w. Furthermore, if one replaces ¢ with ¢ + k, the
range of V¢ remains the same, but the symplectic potential changes from u to u —k. When

working with the symplectic potential, one must consider these subtleties.

2.2.5 Example: P" Revisited

Let us now pick up the previous example at equation 2.2.6. Equation (2.2.5) can be solved

| T
J = Z1 J :
v 20g<1—$1—~-—xn>

Next we can write out the Legendre transform of ¢ explicitly:

for w’:

u(r) =w -z — ¢(w(x))
:% Za:jlog(a:j)—I—(l—ZIj)log(l_Zl‘j) )

which is a strictly convex function defined on the standard n-simplex in R™.

In the previous section we showed that cohomologous Kéhler metrics give rise to the
same moment polytope. In Definition 2.2.11, associated symplectic potentials to Kahler
metrics which are functions defined on the polytope. The main goal of this section is to

understand how these symplectic potentials are related.
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Let wp and w; be two toric Kahler metrics on M and let P be their corresponding
moment polytope. Let ug and u; be the corresponding symplectic potentials defined on the
interior of P. By the 90-Lemma, we have that wy = wo + 2i00f, for some (S*)"-invariant
function f defined on all M. If we consider the functions ¢y and ¢; as defined in (2.2.3), we
have that ¢1 = ¢g + h, where h = f o exp. Let ¢ = ¢g + th be the linear path connecting
¢o to ¢1. Corresponding to this we have a path of symplectic potentials u;. In [Donaldson,

2002], Donaldson proves the following:

Lemma 2.2.13. Let us, ¢y and h be defined as above. Then we have

|, = ~(Tou)h

Proof. The main difficulty of this proof is the fact that the coordinates x and w are related
implicitly by the gradient of ¢; which makes all of this extremely confusing. We have that
ug(x) = w(t) - x — ¢e(w(t)), where w(t) is defined by the requirement that (¢¢);(w(t)) = ;.
We need to sort out the following limit

i (00) = 0(0) -2 = (@n(w(8)) = do(w(0)))

ug(x) — up(x)

P—% t t—0 t
)y S = n(0(0)
0] gy 0A0) () + u(0(0) — ()
= /(0) - — Jim XD D)y () 00(0)) - (0))
L B0 (0) — ol ()
t—0 t

where in the last step we used that (¢g);(w(0)) = x;. Next note that ¢ = ¢o + th and thus

we conclude that
ug(x) — uo(x)

lim ; = —lim Aw(t)) = —h(w(0)).
Finally, note that (V¢o)«h(x) = h(w(0)), by the definition of w(0), which proves the lemma.
O

We can apply this lemma to any point along the path between ¢y and ¢; to conclude
that %\t:tout(x) = (¢)«f(x), for function f that is smooth and (S')"-invariant on all M,
and where p; is the moment map corresponding to ¢;. Next we would like to understand

how such functions look when pushed forward to the moment polytope.
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Lemma 2.2.14. Given any (S')"-invariant smooth function f on (M,w), the push-forward
w«(f) of f to P under the moment map p is a smooth function in the interior of P and all

of its derivatives are continuous on P.

Proof. The proof of this result makes strong use of Proposition 2.1.5 in order to see exactly
how the moment map looks like at the complement of the open torus. Proposition 2.1.5
allows us to restrict our attention to open sets of the form C™ with the standard action of
(C*)™ and metrics w on C™ which are preserved by (S1)" C (C*)™.

First we consider simplified case of one dimension. Let M = C and let w = idz A dZ +
2i00¢ be an S'-invariant metric. (On C, all metrics are of this form up to scaling.) Written

out, we have

w=1idz NdzZ + 2 a2¢7idz NdZ = <1 +2 82¢> idz A dZ. (2.2.7)
0207 0207
Since ¢ is S'-invariant, 288;8‘2 = %7“*1%(7“%), where 7 = |z|. We have that % exists for
all £ at the origin, and furthermore, % = 0 at the origin for all odd k, due to the S!
symimetry.
To further simplify, let us now assume that ¢(r) = Sr? for some c. In this case,

%r‘lg(r%) = ¢. The restriction that w be a metric tells us that 1 4+ ¢ > 0 and hence
that ¢ > —1. In the case where ¢ is an arbitrary smooth function, the same argument tells
us that the Taylor expansion of ¢(r) = $r? + O(r*), where ¢ > —1 as before (we can safely
assume that ¢’s constant term is 0).

The moment map u corresponding to this metric is given by 7 +— x = 2 + Tg—f. In the
case where ¢ = %7“2, this simply becomes the map 7 — = = (1 + ¢)r?2. The restriction that

¢ > —1 tells us that this mapping is a bijective map from [0, c0) to itself. Furthermore, it

tells us that the pullback of polynomials is given by
w* Z ajr! | = Z a;(1+c)’r¥. (2.2.8)
j=0 j=0

In the case where ¢(r) = %1”2 + O(r*), the pullback of polynomials is instead given by

w* Zajxj = Zaj(1+c+0(r2))jr2j. (2.2.9)
=0 =0
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This means that, (1 + ¢)™"z" pulls back to (1 + O(r?))"r?" = 2" 4 O(r***2). This is
enough to conclude inductively that any polynomial of degree 2n in r which is made up of
only even monomials can be approximated by the pullback of a polynomial of degree n in x
up to order 2n+ 2. This means that for any smooth S'-invariant function f on C, %(u* )
is continuous up to x = 0 for all k£, which proves the result for the one-dimensional case.
This argument extends straight-forwardly to higher dimensions. Since the result is local,

we are done. O

Next let us make use of this lemma. Let ug and u; be the symplectic potentials from
the beginning of this section and let u; be the path that connects them. Lemma 2.2.13 tells
us that %‘t:to (u¢(z)) is the pushforward of a smooth (S!)"-invariant function on M. Next,
Lemma 2.2.14 tells us that this function is smooth in the interior or P and that all of its
derivatives are continuous up to the boundary of P. By integrating this result, we conclude
that ug and wu; differ by a smooth function which is smooth up to the boundary of P.

To finish this story, we would like to find a sort of canonical symplectic potential on P.
Let F' be a face of the polytope P. Let [r be the smallest integral, inward-pointing, normal
vector to F' (i.e. lp is affine linear: Ip(F) = 0). The polytope P = {z | lp(x) > 0,VF}.
Finally define

up(z) = % ; I (2) log (1 (x)). (2.2.10)

The range of the gradient of up is all of R"®. Furthermore, the local arguments of the last
proposition show that up actually is the symplectic potential of some toric Kéhler metric

on M. To conclude, we have proved Proposition 2.2.3.

2.3 Algebraic Structure of the Polytope

In the previous sections, we showed that to any Ké&hler toric variety M there is associated
a polytope P in t*. Proposition 2.2.2, in addition to some basic convex geometry, implies
that the collection {X,}, where ¢ are the fixed points of M, is an open cover of M. Hence

Proposition 2.1.5 immediately implies the following proposition:

Proposition 2.3.1. P satisfies the following properties:
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(1) There are n faces meeting at each vertex q of P,

(2) Given each face F;, there is a corresponding minimal inward-pointing vector \; normal

to F; with \; € Z",

(8) For each vertex q, the n vectors Ai,...,\, corresponding to the n faces meeting at q

generate Z" over Z.

The previous proposition is a linear-algebraic dual version of Delzant’s theorem and
hence we have proved the first of Delzant’s theorems in the introduction. The structure of

P described in Delzant’s theorem is quite rigid and has been named after him.

Definition 2.3.2. Let P be a convex polytope in R™. Then P is said to be Delzant if it
satisfies conditions (i) — (iii) in Theorem 2 or, equivalently, it satisfies conditions (1) — (3)

i Proposition 2.5.1.

Hence in this language, Delzant proved that the polytope corresponding to any toric
Kaéhler manifold is in fact a Delzant polytope. However, as mentioned in the introduction,
he proved more than just this. He showed that given any Delzant polytope P, one can
construct a toric Kéhler manifold whose moment polytope is exactly P. We will prove
this by starting with a Delzant polytope and explicitly constructing a corresponding toric
variety. This construction has the advantage of also equipping the toric variety with a
polarization which we will strongly use later in this thesis. The goal of the rest of this

section is to prove the following:

Proposition 2.3.3. Let P C R™ be a Delzant polytope and assume that the vertices of
P lie on the lattice. Then there exists a polarized smooth n-dimensional variety (V, L),
admitting a compatible (C*)"-action, and an (S)"-invariant Kdhler metric w € c1(L),
such that (V,w) is a toric Kdhler variety and P is the moment polytope corresponding to
(V,w). Furthermore, there is a basis for H'(V, L) given by {sx | A € PNZ"} so that (C*)"
acts on TO(V, L) by

A A
(Q1,...,0p) - Sy =apt - " sx.

As a result, hO(V,L) = #(PNZ").
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2.3.1 Constructing Polarized Varieties from P

First note that properties (i) - (iii) of Proposition 2.3.1 do not uniquely specify P. Not only
is P only fixed up to an arbitrary position in R"™ (which is an ambiguity one must always
accept in this theory), but the “scale” of P is also not specified. The polytope satisfies
P ={x| A > cp,VF}, for some constants cr, but the constants are not uniquely specified.

Assume for the moment that each cp € Z. This restriction implies that the convex hull of
PNZ™is equal to P—i.e. the extreme points of P lie in the lattice Z". Let A = PNZ" be the
integer lattice points in P. Denote the lattice points by vy, . .., vy, where N = #(PNZ")—1.
We define the following relation R by declaring that z;zy = xj2,, if v; + vy = v + vy, as
elements in Z". Define V to be the subvariety of PV cut out by the relations given by R.

The Delzant conditions allow us to conclude the following;:
Lemma 2.3.4. The subvariety V C X is smooth.

Proof. Fix a vertex q of P. Assume that 1y is the lattice point corresponding to ¢ and that

v1,...,v, are the n lattice points lying closest to ¢. Next let X, = (z, # 0) C X. To

simplify the computations, we make the harmless assumption that ¢ is the origin of Z".
Next we parametrize V' N X, explicitly. For each v, € P NZ", we have that v = M Ig vj,

where (M g ) is a matrix of non-negative integers. Consider the mapping

n

n . .

M M

(215 y2n) — |1: sz N sz Nl =lzo:--:zN] (2.3.11)
j=1 J=1

Since M]k = 0j) for j,k = 1,...,n, this is a smooth embedding of C" into V. The set of

such mappings for each extreme point ¢ show that V is a smooth subvariety. ]

2.3.2 Example: The First Hirzebruch Surface

To make this all a little more specific, consider the polytope P given by the convex hull of
the points (0,0),(2,0),(0,1), and (1,1). There are 5 lattice points in P N Z2. In addition
to the extremal points already listed, we also have the point (1,0). Label the lattice points
as follows:

vy <— (0,0), v <— (1,0), vy <— (2,0),
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V3 < (0,1), Vy < (1,1).

Following the general construction from earlier in the section, note that the two relations
we get come from (0,0) + (2,0) = (1,0) + (1,0) and (0,0) + (1,1) = (1,0) + (0,1). Written
in terms of our variables, this says that our relations are xgzy = w% and xz1x3 = rgrg. This

means that the subvariety V we get is
(zoxe — 23, 2123 — 2o24) C PL

which is none other than the first Hirzebruch surface.

2.3.3 Kahler Toric Structure of V

Next let us put a toric structure on the variety V given in Lemma 2.3.4. Notice that the
standard action of (C*)™ on (z1,...,2y,) in (2.3.11) preserves V. Next let L = O(1)|y and

note that we have a section z; for each lattice point v;. Furthermore, (C*)" acts on z; by

(al,...,an)-:cj:< akj)mj,

k=1
then this action lifts the action of (C*)™ on V. Next let w be the restriction of the Fubini-
Study metric on O(1) to V. We have that (C*)™ acts on the polarized pair (V, L) and that
(V,w) is a toric Ké&hler manifold with w € ¢;(L). One can compute locally that the moment
polytope of w is exactly P and hence we have proved Proposition 2.3.3.

2.3.4 Example: The First Hirzebruch Surface Revisited

Consider again the setting of the previous example. Next let U be the set U = {xg # 0} C P*
and consider Vp := V N U. In coordinates (x1,...,x4) +— [l : 21 : -+ : 4], we have that Vj

is given by the equations (z3 — 23, 7173 — 74) in C*. We have that C? embeds by
(21,22) > [L:21: 22 2 29 1 2120].
If we restrict the Fubini-Study metric we see that w takes the form

w = —iddlog (1 + |z1> + |21|* + |22 + |21 *|22]).
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2.4 Appendix: Automatically Computing Toric Relations

In the previous section, we considered an algebraic construction of a toric variety from
a moment polytope. The following is a program written in Python that one can use to
compute the relations used in that construction. There nothing especially complicated
about this procedure, but having a convenient means to quickly compute examples makes

the study of toric varieties a little less painful and less error prone.

#!/usr/bin/env python
from optparse import OptionParser
from collections import defaultdict

from sys import stdin, stdout

def main():
rll nn
DESCRIPTION
Returns the relations of the projective embedding of a toric variety coming

from it toric polytope.

The lattice points of the polytope should be given in an input text file or
they should be piped in (but care must be taken to add newline
characters--i.e. ’\n’--in between the lattice points. The names of the

variables are chosen in the order the lattice points are given.

EXAMPLES
Return the relations for P~1 polarized by 0(2)--which corresponds to the
polytope [0,2]. (The echo function simulates piping in a file.)

$ echo -e ’0\nl1\n2’ | python relations.py

26



CHAPTER 2. TORIC VARIETIES

usage = "usage: %prog [options] dataset"
usage += ’\n’+main.__doc__
parser = OptionParser (usage=usage)
parser.add_option(

"-n", "--variable_start",

help="Start variable count at this number. [default: %default]",

action="store", dest="variableStart", default=0)
parser.add_option(

"-i", "--infile",

help="Filename for input file.",

action="store", dest="infile", default=None)
parser.add_option(

"-o", "--outfile",

help="Filename for output file.",

action="store", dest="outfile", default=None)

(options, args) = parser.parse_args()

assert len(args) <= 1

if options.infile:
infile = open(options.infile)

else:

infile stdin

if options.outfile:

outfile = open(options.outfile, ’w’)
else:
outfile = stdout

relations(infile, outfile, variableStart=options.variableStart)

infile.close()

outfile.close()
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def relations(infile, outfile, variableStart):
latticePoints = loadPoints(infile, delimiter=’,’)
variableDict = getVariableDict(latticePoints, variableStart)
variables = variableDict.keys()
variables.sort ()
relations = getRelations(variableDict)
numRelations = reduce(lambda x, y: x + len(y) - 1, relations, 0)

prettyPrint (outfile, variables, variableDict, relations, numRelations)

def makeStringRep(point):

Convert list of integers to comma-separated string for hashing.
nnn

point = [str(num) for num in point]

rep = ",".join(point)

return rep

def loadPoints(infile, delimiter=’,’):

win
Take a file object whose lines are comprised of delimiter-separated list of
integers and return a list of lists of those lines split at the dilimiters
and convert the strings to integer objects. Check to make sure values are
valid integers and that each line has the same number of items in the
comma-separated list.
win
latticePoints = []
for vector in infile:

point = vector.strip().split(delimiter)

try:

point = [int(num) for num in point]

except ValueError:
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raise Exception("Must input integer vector")
latticePoints.append(point)
dim = len(latticePoints[0])
for point in latticePoints:
if len(point) != dim:
raise Exception("All points must be same dimension")

return latticePoints

def getRelations(variableDict):
i
Return a list of pairs of variables whose corresponding pair of points sum
to the same point. (This probably makes no sense.)
Wi
relationsDict = defaultdict(list)
variables = variableDict.keys()
for varl in variables:
for var2 in variables:
if varl <= var2:

key = addPoints(variableDict[varl], variableDict[var2])

key = makeStringRep(key)
relationsDict [key] .append([varl, var2])
relations = []
for key in relationsDict:
relation = relationsDict [key]
if len(relation) > 1:

relations.append(relation)

return relations

def addPoints(pointl, point2):

Return the vector sum of two lists of integers.

nnn
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result = []
for numl, num2 in zip(pointl, point2):
result.append(pointl + point2)

return result

def prettyPrint(outfile, variables, variableDict, relations, numRelations):

Print out result statistics to outfile.
wn
outfile.write("Variables:\n")
for variable in variables:
outfile.write(’\t’ + variable + ’ <----> )
outfile.write(makeStringRep(variableDict[variable]) + ’\n’)
outfile.write(str(numRelations) + " Relations:\n")
if not relations:
outfile.write(’\tNone\n’)
else:
for relation in relations:
relation.sort ()
tempString = ’\t’
for varl, var2 in relation:
tempString = tempString + varl + var2 + ’ =~

outfile.write(tempStringl[:-3] + ’\n’)

def getVariableDict(latticePoints, variableStart):

i
Take a list of lattice points and return a dictionary mapping a formal
variable to each lattice point.

win

variableStart = int(variableStart)

variableDict = {}

for num, point in enumerate(latticePoints, variableStart):

variableDict[’x’ + str(num)] = point
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return variableDict

if __name__==’__main__"’:

main()
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Chapter 3

Toric Fibrations

In the previous chapter, we reviewed the theory of toric varieties. In this chapter, we
extend the theory to certain spaces called toric fibrations which we now describe. Let M
be a compact toric variety whose open complex torus U C M is of complex dimension n.
Let G be a real compact semi-simple Lie group and let T' C G be a maximal torus of real
dimension n. Consider simultaneously the action of 7' on M and the right-action of T" on G.
The manifold G x7 M is defined as the space G x M modulo the relation (gh,z) = (g, hx)
for all g,h € G and x € M. As will be explained below, G x7 M has a holomorphic Kahler
structure such that the G-action, given by ¢ - [h, x] = [gh, x|, acts by biholomorphisms. It
is therefore natural to consider Kéhler metrics 2 on G x1 M which are invariant under the

G-action. This leads to our main definition.

Definition 3.0.1. A Kdhler toric fibration is a pair (G xp M,Q), where the Kdhler

metric ) is tnvariant under the G action.

Consider the projection mapping 7 : G xp M — G/T, given by [g,z] — ¢T'. Equipped
with 7w, Gx7M is a fiber bundle over G/T, each of whose fibers is isomorphic to M. Consider
the embedding ¢ : M — G x1 M given by x — [e,z]. We have that (M) = 71 (eT) and
that t - t(x) = ¢(t - x)—i.e. the action of T' on +(M) agrees with the original action of T" on
M as a toric variety. To simplify notation, we denote ¢(M) by M and the restriction of 2
to M by w. This result of this discussion is that (M,w) is a toric Kahler variety.

We will see that we can understand much of the geometry of (G xp M,Q) by the
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studying (M,w). We make use of this fact to derive the scalar curvature equation for
Q in terms of the toric polytope structure coming from (M,w). Let p : M — P be a
moment map corresponding to w. We define the extension of y to G xp M by requiring
that u([g,z]) = p(z) (to simplify notation, we call the extension p as well). Note that,
by construction, p : G xp M — P is G-invariant. Since the scalar curvature S(Q) is G-
invariant, we may consider its push-forward to P under u. Let N be the complex dimension
of G xp M. Consider the push-forward of Q" (the volume form on G x7 M) under p. We
have that p.(QV) = ¢cWdpu, where dy is the Lebesgue volume form, W is the Duistermaat-
Heckman polynomial, and ¢ is a positive multiplicative constant. Given this setup, the main
result of this chapter is Theorem 1.

Theorem 1 is an extension of Abreu’s well-known scalar curvature equation for toric
varieties (see [Abreu, 1998]). In his thesis, Raza derives a similar equation, but his vari-
ational approach precludes him from determining the function fg (see [Raza, 2006]). In
[Donaldson, 2008b], Donaldson states, but does not prove Equation (1.0.7). For our work it
is very important to know the exact form of the scalar curvature and therefore we explicitly
work out Equation (1.0.7).

The chapter is outlined as follows. In the first section, we will explain some necessary
background from Lie theory and then use it to give a good local trivialization of G x7 M.
In the second section, we will show how to translate the geometry of G xp M to G x P,
giving explicit formulas for both the Duistermaat-Heckman polynomial and the Laplacian.

In the final section, we will give a proof of Theorem 1.

3.1 A Local Description of (G x1 M, )

In the previous chapter, we understood most of the toric geometry of M by restricting to
the dense open complex torus U C M. We will develop an analogue of this to the setting
of toric fibrations. Before continuing, however, we need to explain the Lie theory we will

be using.
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3.1.1 Theory of Semi-simple Lie Groups

The exposition here is not a complete treatment of the subject, but it does set down
terminology and provides a reasonable review. For those interested, see [Humphreys, 1972;
Sepanski, 2007] for a more detailed treatment of the theory.

Let G be a semisimple Lie group and let 7' C G be a maximal torus of dimension n.
Let t C g denote the corresponding Lie algebras. Let gc = g ®r C and t¢ = t ®gr C be the
complexifications of g and t. Let x be the Killing form of gc. Since G is semisimple, & is a

non-degenerate bilinear form, which means that
g=t®th,
where t1 is the perpendicular space to t with respect to k. By C-linearity, we also have
gc = tc © ¢,

Let A C tf be the finite set of roots of gc and let
b tc® (@ ga> ,
aEA
be the weight space decomposition of gc. By choosing a system of positive roots A* and

negative roots A~, we have

gc=tco | Po|o| P gl (3.1.1)

acAt a€EA~

For each o € A there are real elements V,,, Wy, Hy € (g0 ® §—a D [0a, §—a)) N g, such that
(Wa, Vo] = 2H,, Vo, Ho] = 2W,, [Ho, Wo| = 2V, (3.1.2)

Furthermore, a(—H,) = 2, for each a € AT. Let {aq,...,a,} C AT be the set of simple
roots and not that given any a € AT, we have that a = Mg[aj for some non-negative

integers M& Let H; = Haj and note that

H, = MJH;. (3.1.3)

«

These are invariants which uniquely define the Lie algebra G and we will strongly make use

of them in our computations.
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3.1.2 SU(2)-example

Let us elucidate these objects by considering the case of G = SU(2). One computes that
su(2) is given by complex 2 x 2 matrices M such that tr(M) = 0 and M* = —M (where x*
is the conjugate transpose). We have that su(2) is given by matrices N of the form

v | (3.1.4)

—a —if

where # € R and a € C. The space t is given by matrices N given in (3.1.4) with o = 0.
The space su(2) ®g C = sl(2,C) is the space of 2 x 2 trace-free complex matrices. The
space tc¢ is given by diagonal trace-free 2 x 2 complex matrices.

The Killing form x on su(2) is given by k(M, N) = 4tr(M N) and the Killing form on
sl(2,C) is given by the same formula. One can directly compute that the space t* is given
by matrices of the form N in (3.1.4) with @ = 0. This implies that t& is given by 2 x 2
complex matrices with zero diagonal.

To compute the roots of the semi-simple Lie algebra sl(2, C), we need to find the weights
of the adjoint action of t¢c on si(2,C). Define a C-basis {h, e, f} of sl(2,C) by the following

1 0 01
h = ) €= ) f =
0 -1 00 10
One can directly compute that [h,e] = 2e, [h, f] = —2f, and [e, f] = h. This shows that

if oy € . is defined by oy (h) = 2 and o € {{ is defined by a_(h) = —2, then the root

space decomposition of sl(2,C) is given by
sl(2,C)=C-h@C-eqpC- f.
Define H,V, and W in su(2) by

H= . V= . W= . (3.1.5)

One can check that the same relations as in (3.1.2) hold for these vectors.

Remark 3.1.1. The vectors H,V, and W in (3.1.2) are called the standard SU(2) triple.

Hence (3.1.2) is just a reflection of the important fact that such a triple exists for every
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weight in semi-simple Lie algebras. Using (3.1.5), we see that this allows us to identify
subalgebras in g which have the form of SU(2). The SU(2)-triples are commonly used to
extend arguments from SU(2) to arbitrary semi-simple Lie algebras and are of paramount

importance to the theory.

3.1.3 The Complex Structure on G X M

As stated in the introduction, G x7 M and G/T are in fact complex manifolds. To see this
let G¢ be a complexification of G and let T¢ be the corresponding complexification of T

Next let B := T A be the Borel subgroup of G¢, where A defined by

A= exp @ga ,

acAt+

where g, is as in (3.1.1). As differentiable manifolds we have that G/T = G¢/B and that
the left action of G' acts by biholomorphisms. The action of T on M extends to an action
of B on M by requiring g-x = x for all g € A and x € M. With this action we have that
G xp M = G xg M as differentiable manifolds and have once again that the left G-action
acts by biholomorphisms.

Though one can simultaneously employ both descriptions of G X1 M, it is easier to
stay in the real setting. To do that, however, we will need to understand how the complex
structure J on G X7 M acts in terms of the real geometry. This is more naturally worked

out in a nice local description which we will first explain in the next section.

3.1.4 The Local Description of G xr M

The geometry of toric varieties is simplified greatly by the fact that they contain an open
dense complex torus. We use this fact to find a analogous local description of toric fibrations.

Let {H;, Vo, Wa | 1 <j <n,a € At} be the real basis of g as described in (3.1.2). The
elements e!'i € T C G, for t € R, provide coordinates for the T-action on M. Let U C M
be the dense open complex torus, and choose coordinates (z1,...,2,) on U identifying U

with (C*)™ with the extra restriction that

6tH]' . (

zl,...,zn):(zl,...,eitzj,...,zn).
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Using these coordinates, we can identify G x1 U with the space G x (R*)" by the mapping
lg,2] = |g, (rleitl, . ,T"eitn)} > <g et Hi L ot (rt, ... ,r”)).

Note that the G-action on G X7 U becomes the standard left G-action on the first
coordinate of G x (R*)™. This means that we can extend {H;, Vo, Wy |1 <j<n,a € AT}
to left-invariant vector fields on G' x (R*)™. Denote by {v/,dV® dW} the left-invariant
1-forms on G dual to {H;, V,,, W, }. Note that v, ..., v" are called the fundamental weights.
Let T%% and r7dr? be the left-invariant vector fields and one-forms on G x (R*)™ coming
from the second coordinate.

We are now in the position to describe the complex structure J on G xp M. Since G acts

by biholomorphisms, we only need to understand J’s action on the vector fields H;, V,,, W,

1.9

and PR

Local computations result in the following:

Lemma 3.1.2. The complex structure J on G xp M satisfies J(Vy) = W, and J(%%) =
Hj.

Next we would like to better understand the geometry of G xp M coming from the

left-invariant 1-forms.
Lemma 3.1.3. We have that dvi = 2MLdV* A AW, where MY, is given by (3.1.3).

Proof. Let Y1,Ys be two left-invariant vector fields on G x7 U. One can compute that
dvi(V,W) = V(I (W)= ([V,W]) = —17([V, W]), where we used the fact that V (17 (W)) =

0, since /(W) is G-invariant. Next note that out of the vector fields H s Vo, Wa, and Lo

rd Ord?
the only non-zero commutation relations are given by (3.1.2). This means that for a fixed
a?

AV (Vo, W) = =17 ([Viy, Wa]) = =1 (H,) = —/(MFHy) = 2MJ,
which proves the lemma. ]
We are finally in the position to give a local description of €.

Proposition 3.1.4. There exists a moment map p for w such that on G X7 U we have

Q = du; AvI 4+ 2MI p;dVE N dW®, (3.1.6)
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Proof. First let p/ be any moment map for w and extend it to G x¢ U by G-symmetry
as above. Let v = d(u;yj) = dy; N v+ u;dyj. By combining Lemmas 3.1.2 and 3.1.3
we see that v is in fact a G-invariant (1, 1)-form. This implies that x = Q — v is also a
G-invariant (1, 1)-form. Furthermore, x restricts to 0 on U. This means that x = 7*(n)
for some G-invariant (1, 1)-form on G/T. Combining the facts that G/T is a homogeneous
space and our knowledge of the complex structure given in Lemma 3.1.2, we have that
X = cjdv! = chg;dV“ A dW® for some constants ¢;. If we define pn = pi/ + ¢, we have that

Q = d(p;17) which combined with Lemma 3.1.3 proves the proposition. O

3.2 The Geometry of G x P

Our next goal is to extend much of the theory of Section 2.2.1 to the setting of toric
fibrations. In the previous section, we restricted G xp M to G xXp U which allowed us to
conclude many useful properties about 2. However, we can also use p to identify G xp M
with G x P. The goal of this section is to entirely transplant the geometry of G x7 M to
this setting.

= (rl,...,7") as in Section 2.2.1.

Define the mapping exp (w',...,w") = (e¥,...,e

In these coordinates, {2 is given by

o o ,
Q= ﬁdwﬂ A 4 2MD AV A AW

P

— J J J1y-d a
= 8wj8wkdw ANV 4 2M7 p;dVE N dWE,

where ¢(w) is the convex function satisfying ¢;, = %. When pushed-forward to G x P

under the map up = g, € takes the form
Q =dzj AN + 2MIx;dV A dW.

Since €2 is a Kéhler form, the corresponding Riemannian metric g is related to € be
g(-,-) = Q(-,J(-)). Hence we need to understand the complex structure J on G x P°.

Translating Lemma 3.1.2 into the w-coordinates, we have that J (%) = Hj;. The push-

forward of % to P° is given by
0 dx; 0O ¢ 0
* o a— = = T T . -2.
a <8wﬂ> owl dz; l OwlowI dz; (82.7)
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The fact that the final equation involves the function ¢ is not very satisfactory, since we
would prefer to have a result given entirely in terms of the polytope and functions defined
on it. To that end, we have the following simple lemma relating ¢ to its symplectic potential

u.

Lemma 3.2.1. The matrices (awa;%) and (83520 )q are inverse to each other at points p

and q with u(p) =

Proof. Recall by Remark 2.2.10 that u is defined by u(z) = x - w — ¢(w(x)), where w and

x are identified by p. Hence if we differentiate we see that

%—wj x(‘)wl 09 ow' o

ow; Yox;  owl oz ’
where we used that z; = %. Thus if we differentiate again we see that 83287“26 = g%z.
However, we know that gﬁj’; = W Finally, the chain rule tells us that ( ax’“) and (g;”:)
are inverse to each other as matrices and the proof is complete. O

Combining the previous lemma with Equation 3.2.7, we see that on G' x P° the complex
structure is given by J (uﬂ“ Bas ) H; and J(V,) = W,. This allows us to recognize the
Riemannian metric g on G x P which corresponds to €2 by the requirement that g(-,-) =
Q(-,J(-)). This implies that g(am , 3gk) = Q(%,ulel) = wjk. Similarly, g(H;, Hy) = u'*.
Furthermore, we have that g(V.,V3) = g(Wa, Wg) = 0, for all «, 3, and that g(V,, Wp) =
5a52Méwj. From this we conclude that

9= ujdzjdey + Y wPdH dH + 2z, M] VOV + AW dW®) . (3.2.8)
gk Jk

The Duistermaat-Heckman polynomial W satisfies the property that Q"N = ¢cWdp,

where dy is the standard Lebesgue volume form and ¢ is a positive constant. In our case

we can easily compute that

OV =W | N\daj AdHT | A (/\ dve A dW“) : (3.2.9)
i «
where
W= [] Mz, (3.2.10)
aeDt
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giving us the local form of the Duistermaat-Heckman polynomial.

Finally, we would like to find the Laplacian A, for G-invariant functions on G' x P. In
the (a%, H,V,W)-frame we see that \/m = cW, where W is the Duistermaat-Heckman
polynomial and ¢ is a positive constant. Hence the Laplacian A, on G-invariant functions
h is given by
Ay(h) = w9 <Wuﬂf§xhj> . (3.2.11)

3.3 Scalar Curvature Equation

We are finally in the position to employ our work in the previous sections to give a proof
of Theorem 1.

Let g be the Riemannian metric corresponding to €. In local holomorphic coordinates,
the scalar curvature S of g is

2

0z10zF

§=—g* (log det(gg,)).

Working in holomorphic coordinates on G X7 M brings many difficulties and hence we would
like to translate this equation into the real setting on G x P. First recall that the operator

iqu 92 1

5 F = sA,—the Riemannian Laplacian. Next we would like to write the function
2] Z 2 g

log det(g;,) in terms more compatible with the vector fields (H;, Vy, Wa, %). If we let x

be a local, non-vanishing, holomorphic (NN, 0)-form on G x P—i.e. a holomorphic section
of the anti-canonical bundle—then ‘% is a smooth function and

5= LA (logdet(g 1) = 1A, (10 |- (3.3.12)
—290gegga—2g0gx/\y- "o
We computed Q2 in (3.2.9) and A, in (3.2.11) and thus the final piece we need is to find
a candidate for x.

3.3.1 An Explicit Section of the Anti-canonical Bundle of G x M

In order to find a candidate for y, we will first find a holomorphic (V,0) vector field. Note
that on G x7 U, the holomorphic vector fields have nothing to do with any specific metric

g. However, we can use the fact that the metric g is Kahler to find x. To simplify the
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computations we may assume that our original Kéahler form equals wgp = 2?21 idz? A
dz’ corresponding to the standard Euclidean metric. In that case, ¢p(w!,...,w") =

1", e®") and the moment map Dép : G x (RT)* — (R*)" is given by Dép =
(62“’1, oo, €)= (y1,...,yn). (The coordinates are denoted by (y1,...,yn) to stress that
we are no longer working on the original polytope P.) The Legendre transform of ¢p is
given by ug(yi,...,yn) = %Z?Zl(yj log (yj) — y;). The Hessian H(ug) of ug is given by
the diagonal matrix

) 1 1
H(UE‘):Dlag <2y1,,2y> .
n

The moment map sends the vector field % to 2yja%j =:Y}. The vector fields V,,, W, H; all
get sent to themselves. Recall that J(Y;) = H; and J(V,) = W,. In the (Y}, Hj, Vo, Wo)-

frame, we have
gr = 2y;(dY?dY? + dHIdH7) + 2y; MZ(dV*dV® + dW*dW®),

where M is given by 3.1.3.

By computing the Christoffel symbols of the Levi-Civita connection D, one sees that
Dy, Yy = d;1Yj, Dy, Hy, = Dy, Y; = 0 Hj, Dy, Hy = —01Y;. (3.3.13)

Further computations show (here k and « are fixed!)

Mk MF
DYk(Va) = %Va7 DYk(Wa) = %Wa (3314)
Zj Mayj Z]‘ Mayj
This shows that
Dis vy (Vo) =Va, D v))(Wa) =Wa, D vy Ha = Ha. (3.3.15)

The vector fields Hj, V,, Wg do not commute, and hence the Christoffel symbols involving

them depend on the Lie algebra structure. One can compute that (j and « are fixed!)

My; My,
Dy, Hj = . W,,  Dw,H;=— .
T My, T e My
Next we use that J(Y;) = H; and J(V,) = W, to define smooth sections s; and ¢, of

the holomorphic tangent bundle of G x (RT)" by s; = Y; —iH; and t, = Vo — iW,. A

V. (3.3.16)

smooth (N, 0)-vector field is given by p = (A; s;) A (A, ta). We would like to find a smooth
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function f on G x (RT)™ such that fp is holomorphic. Since g is Kéhler we have that the
Chern and Levi-Civita connections coincide. Hence we need to find a function f such that
Ds,;(fp) =0 for all j and D; (fp) = 0 for all a.

Equations (3.3.13)-(3.3.16) show that Ds;sx = D; s = 0 for all j and all a—i.e. that
the sections s; are holomorphic. Further computations show that Ds,(to) = J[Hj, Vo] +
i[H;, V,]. Inspection of the Christoffel symbols shows that for all o # /3, there exist smooth
functions A7, with h? = 0, such that D; (tg) = h't,. Furthermore, D; (to) = —254 =:
—2) 1. sk- Taken together, these facts imply that D; (p) = 0 for all a and that Ds;p =
cjp for some constant c¢;. This means that the function f must satisfy the requirement
that 5;(f) = —c¢;f for all j and that {,(f) = 0 for all a. If we prescribe that f be H-
invariant, what we need is for 2ng—yfj = —c;f. The function f = e~ Zielog (W) gatisfies
these requirements.

To compute ¢; we need to better understand J[H;,V,]. We have that J[H;,V,] =
—Ja(H;j)Wy = a(H;)V,. Hence we have that Ds;t, = a(H;)t,. This means that c¢; =
Y acar a(Hj). But we have that ) A+ a = 2p, where p is the Weyl vector. Since

p(Hj) =1, for all j, we have ¢; = 2, for all j. Hence we have
f=e Zils@), (3.3.17)

The dual of this form gives us a candidate for xy. This means that

XAXI=F2 NdYndH | Aon [\ dVa AdW,
Jj=1 aeAt

If we pull this form back to G x P and write it in (a%, H,V,W)-frame, we see that

X AX] = det(ujr) f 2| N\ da? AdH | A-on | N dVandWG | (3.3.18)
7=1 acAT

3.3.2 Finishing the Computation

By inserting (3.2.9), (3.2.11), and (3.3.18) into (3.3.12), we see that the scalar curvature S

is given by

_ 11 9 ik 0 _
5=—5w D (Wu gz, (1081 — logdet(ua) +2log (1) ).
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First note that

_W_lgck (Wujkai(log W)> = W)W = W W (3.3.19)
J

Next note that

9 , :
W (W“]kam <logdet<uab>>> = W Wi u g + (@ u gy (3.3.20)
J

Finally note that in (3.3.17), f is written in the é%—frame. In the a%—frame,
2log (f) = —ZZ log (y') = —4Zwl.
l l

Furthermore, the operator ujk% transforms to % and hence
J

uﬂgijmog (/) = —4.

This means that

N ik 0 - Kl
2 o <Wu o, (210g(f))> = 2%: 5oy o8- (3.3.21)

If we sum (3.3.19) and (3.3.20), we get —W ~1(Wu/¥) ;.. Hence the scalar curvature is given
on P by the equation
1. ,
§=-gW Y W) i + fa (3.3.22)

where fa =2, % log W, which proves Theorem 1.

3.4 Line Bundles Over G x7 M

Let P C t* be a Delzant polytope. In Section 3.1.4, we used the fundamental weights
vl,...,v" as a basis to identify t* with R®. Next assume that the extreme points of P
lie on the lattice Z™ C R™. This means that we can apply Proposition 2.3.3 to construct
a smooth toric manifold (M,w) and a positive line bundle L over M with a compatible
linearized action such that w € ¢;(L). Furthermore, we can find a compatible moment map
w: M — t* whose image is exactly P.

Next we would like to fit G into this picture. We have an action of 7" on M and a

compatible action of T" on L. This means that G xp L is a line bundle over G xp M
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such that the pair has a compatible holomorphic G-action. Note that w = —iddlogh for
some T-invariant metric h on L. We can extend this to a metric H on G xp L by G-
invariance. Let 2 = —id0log H on G x7 M and note that Q|y; = w. We claim next that
Q=duj Ndvl + 2M£,ujdva A dW<. We have immediately the following lemma:

Lemma 3.4.1. The line bundle G X7 L is positive if and only if P C R™ lies in the first

quadrant.

Proof. The line bundle G x¢ L is positive if and only if € is positive. Since M = ik if

a = o is a simple root, we see that  is positive if and only if 5 is strictly positive on all

of G x7 M. O

Next we would like to understand the space H(G x1 M, G x7 L) and more specifically
its dimension. Note that H°(G xp M, G x1 L) is a G-representation. As G-representations,
we have that

HY(G x7 M,G xp L) = @ H(G x1 M,G xr L), (3.4.23)
AeP

A

where Ly C L spanned by x) on which T acts by a - x) = a”z). We now cite the Weyl

Dimension Formula (see [Sepanski, 2007] Theorem 7.32):

Theorem (Weyl Dimension Formula). Let G be a compact connected Lie group with a

mazximal torus G. If V(X) is the irreducible representation of G with highest weight A, then

K(p+ A )

dimV(x) = [] g )

acAt

, (3.4.24)

where k is the Killing form and the Weyl vector p = Z?Zl v is the sum of the fundamental

T0018.

Note that x(v’,a*) = d;5. Also note that H°(G x7 M,G xr L)) is the irreducible
representation of highest weight A\. Hence combining (3.4.23) and (3.4.24) we conclude the

following:

Proposition 3.4.2. Let P C t* be a Delzant polytope. Identify t* with R™ by taking the

fundamental weights v*, ..., V" as a basis and assume that the extreme vertices of P lie on
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the lattice Z". Let (G xp M, G xp L) be the toric fibration and line bundle constructed from
P. Then we have

1+ M) M
W(Gxr M,GxrL)=> | ] %
AEP \acA+ Hj:l Ma
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Chapter 4

Mabuchi Functional

The culmination of the previous chapter’s study of toric fibrations is the scalar curvature
equation given in Theorem 1. The purpose of the rest of the chapters is to make partial
progress in solving it. A common first strategy when studying a PDE is to find a functional
whose critical points necessarily solve the PDE in question. In the context of the complex
constant scalar curvature equation, Mabuchi found such a functional in [Mabuchi, 1986]
for general compact Kéahler manifolds. The theory in his work applies to our problem, but
since we are formulating the scalar curvature equation in terms of symplectic potentials, we
need to write the Mabuchi functional purely in terms of the polytope. P and the symplectic
potentials . In [Donaldson, 2002], Donaldson does exactly this for the case of toric varieties.
In this chapter, we extend Donaldson’s work to the case of toric fibrations.

Let S = —W_I(Wujk)jk + fa be the scalar curvature of u as in Theorem 1. As we
will show, the vector field (ujk)j is smooth up to the boundary of P. Given a face F' of
P, let vp be the smallest integral, inward-pointing normal vector to F. We will show that
the restriction of (vr)g(u/¥); to F is a constant op. Finally define do to be the positive
measure on P given by the requirement that dvp A do = £du when restricted to the face
F', where du is the standard Lebesgue measure on R™.

We will show that [, SWdp = [,, Wdo + [, feWdp which is a constant independent
of u. This implies the average scalar curvature a = [ p SWdp/ / p Widyp is independent of u
also. Hence the functional F in 1.0.8 is well-defined. The main result of this chapter is the

proof of 2.
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The theorem points towards one possible method of solving this equation, which is
to find the conditions under which F is guaranteed to have critical points. A necessary
condition for a convex function to have a critical point is that it be bounded below. The
boundedness properties of F are critically linked to the linear functional £ defined for any
smooth function f by

L(f) = fWdo — / (a — fa)fWdp. (4.0.1)
P P
We will show that the boundedness of F breaks down to certain vanishing conditions posi-
tivity properties of L.

The chapter is outlined as follows. In the first section, we give a slightly more general
analytic description of the constant scalar curvature problem. In the second section, we
collect some basic computations necessary to study F and L. In the third section, we give
a proof of Theorem 2. In the fourth section, we present some necessary and some sufficient

conditions for the boundedness of F.

4.1 Analytic Setup

We know by Theorem 2 (Delzant’s Theorem) that the polytope corresponding to (G X
M, Q) satisfies certain algebraic conditions. However, for our current purposes, these condi-
tions are unnecessarily strong. It is for this reason that, in this chapter, we put no algebraic
restrictions on P. The only requirements on P are that it is a convex polytope in R" such
that at every vertex there are n edges of P meeting there.

Proposition 2.2.3 that if Q corresponds to the symplectic potential © on P, then u is
of the form up + f, where up is a fixed convex function with certain degeneracy at the
boundary and where f is a smooth function on all of P. However, after dropping the
algebraic assumptions on P, we no longer have such a natural choice of up. Therefore we
will next specify a new reference potential to use in our work.

Let Fi,...,Fn, be the faces of P and let ¢ = (01,...,0n) be a vector of positive real
numbers. For each k, let doj be the measure on Fj given as orduy, where duy is the
standard (restriction of the) Euclidean measure on Fj. Let do be the measure on P which

is given by doj, when restricted to each face Fy.
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For each face F},, we let [, be the affine linear function defined by the requirements that
Fi. C l,;l(O), l;, > 0 on P, and the derivative of D,, [}, = U,;l, where vy, is the inward-facing
norm 1 vector orthogonal to Fj. Hence, we have that P = {z € R" | ly(z) > 0,Vk}. Using

these functions [, we define the function u, by
uq () = Z I (z)log Ik (x). (4.1.2)
k

The function u, is a smooth, strictly convex function on the interior of P whose deriva-
tives degenerate at the boundary of P. We next define S, as the set of all functions
u = uy + f, where f € C°°(P) is smooth up to the boundary, with the additional require-
ment that the restriction of v to P and to any facet of P have strictly positive Hessian.
With this setting in place, our goal is to find analytic conditions under which there exists
a function u € S, solving

W= Wui);; = A,
W, A € C*=(P), (4.1.3)
W >0on P.

Remark 4.1.1. If P is a Delzant polytope corresponding to (G x1 M, §2), u is the symplectic
potential corresponding to 2 (which fixes o), W is the Duistermaat-Heckman polynomial,

and A = 2(a — fg), then Equation (4.1.3) is the regular scalar curvature equation.

4.1.1 Example Given by P?

Let P C R? be the interior of the convex hull of the points (0,0), (1,0), and (0,1). As we
computed in the examples in Chapter 2, this is the moment polytope of P? corresponding

to the Fubini-Study metric. The corresponding symplectic potential on P is given by

1
u—2(wlogm+ylogy+(l—x—y)log(l—x—y)).

Denote the faces by: F; C (x =0), F» C (y =0), and F3 C (z+y = 1). In this case, one
can compute that the corresponding weights are given by o1 = 09 = 2 and 03 = v/2. Note

that while the weights are different, | F, do; =2, for all i = 1,2, 3.
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4.2 Some Basic Computations

Before studying general properties of Equation 4.1.3, we first use this section to gather some

necessary technical tools.
Lemma 4.2.1. Let u € S,. Then u” € C°°(P) up to the boundary for all i, j.

Proof. Near a vertex p of P, we choose local coordinates given by the inward unit nor-
mal vectors orthogonal to the faces meeting at p. Assume for convenience that the faces
Fy, ..., F, meet at p. In these coordinates, u is given by
n
u=> o; wlog (x;) + f(x),
i=1

where f(z) is smooth up to the boundary of (R™)"™. The Hessian of u is given by

orteT + f fi2 fin

fi2 oy eyt 4 fag - f2

Hess(u) = 2 "
L fln f2n Uﬁlxﬁl +fnn_

The cofactor matrix I/ has the property that
U” = H Jf1$;1 hZJ’
Galtd
if ¢ # j and

uii — Hal_lxl_l hii,
1#£i
where the A% are functions that are smooth up to the boundary of the polytope. The

determinant D of Hess(u) is given by

D= (H al_lfz:l_1> A,
=1

where A is a positive function that is smooth up to the boundary. We have that the inverse

of the Hessian, u%, is given by u” = D~'1{%. Hence we have

uij = O'Z'ijiwjhij, (4.2.4)
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if ¢ # 7 and we have

u' = oyrh ™. (4.2.5)

Hence, given any vertex p of P, there is an open neighborhood U of p such that u% is
smooth up to the boundary of UNP. To finish the proof one needs to consider the behavior
of u near the faces away from the vertices. This proof can be adapted straight-forwardly to

that situation as well. O
Next we give a lemma which explains the choice of normalization of .

Lemma 4.2.2. Define the vector field v¥ = —W =Y (Wui*);. Then v* is smooth up to the
boundary of P. Furthermore, if we restrict v to OP, then the dot product v - v, = doy in

the sense of measures, where vy, is the unit outward normal vector to F},.

Proof. The fact that v* is a smooth vector field on all of P is a result of the previous lemma.
Next we consider local coordinates near a vertex p as in the previous lemma. On the face
Fy we have that 1 = 0. Equation (4.2.4) shows that %(ulj) = 0 on the face Fy if 1 # j.
Furthermore by equation (4.2.4), we see that %(ull)m = o1h!|p,. The same equations
show that u/|p, = 0 for all j and hence we have that v!|p = —u;j |F,. Close inspection of
the defining equations of h¥/ shows that h''| = 1. The minus sign in the definition of v
is canceled by the minus sign coming from 14 being the outward normal vector and hence
we’ve shown this to be true on the face F; near the vertex p. Since this argument works
for all faces, we have proved the lemma near any vertex. Similar arguments can be used to

show the lemma holds on the other portions of the face F3. ]
Lemma 4.2.2 lets us integrate by parts to find invariants of (4.1.3).

Lemma 4.2.3. Let u € S,, f € C*°(P) be smooth up to the boundary, and let v be defined
as in Lemma 4.2.2. We have that

—/ W‘l(Wuij)iijdu:/ dea—/vjfdeu
P oP P

and

[ etwan= [ w g wap.
P P

20



CHAPTER 4. MABUCHI FUNCTIONAL

Proof. Use the previous Lemma and integration by parts to conclude that
= [ty wdn = [~y fa
P P

= [ wal v [ ova g
oP P

= [ fWdo— / ol [, Wdp.
oP P

Next for the second equality we see that
[ e awan=— [ wtwad)fwa
P P
o

:/ Wuijfijdu—/ Wuijfjui,
P oP

and we note that u% fjvi = 0 on P which can be seen by similar computations as in the

previous lemma. O

Remark 4.2.4. If we choose f =1 in the previous lemma, we see that fP AWdy = faP Wdo
which puts a restriction on the total mass of A. Hence when studying (4.1.3) one knows that
the total mass of A is independent of u and instead determined by the boundary conditions
coming from ¢. This is simply a manifestation of the fact that the total scalar curvature of

a Kéhler manifold is a constant.

4.3 The Mabuchi Functional

After the setup and basic results derived in the last couple sections, we are in the position
to provide a proof of Theorem 2. Define the three functionals £4, N, and F4 on the space

S, by

La(u) = /ap uWdo — /PAqu,u, (4.3.6)
N(u) = —/P log det(u ;) Wdp, (4.3.7)
Fa(u) =N(u) + La(w). (4.3.8)

The local computations in the previous section show that these are all well-defined for any

o and A.
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First we study the variational properties of these functionals. Since all functions in S,
differ by a smooth function, we need only consider linear paths u; = u + téu where u € S,
and du € C*®°(P). L4 is a linear functional and hence 6£4 = L 4. Using the linear path, it

is straight-forward to compute the first and second variations of N:

9 N(ug) = — / u Sui W, (4.3.9)
ot|,_o P

82 ia by

a5 Nw) = [ uSugpu™ dui;Wdp. (4.3.10)
ot t=0 P

This shows that A (and therefore also F4) is a convex functional on S,. Next we assume
that u is a critical point of Fy4. If we vary F by u; as earlier, we can apply Lemma 4.2.3 to

conclude

0=2

a7| Tl

t=0
= —/ u' §ui; Wdp + L 4(6u)
P

:—/ W_I(Wuij)iﬁqu,u—/ OuAWdp.
P P

Since du is allowed to be any smooth function on P, this shows that if u is a critical point
of F4, then u must satisfy (4.1.3). Since the function F in Equation 1.0.8, is just a special

case of F4, we have proved Theorem 2.

4.4 Conditions Implying Boundedness of the Mabuchi Func-

tional

In the previous section, we demonstrated that a critical point of the convex functional F4
necessarily solves (4.1.3), but we still do not know what conditions might guarantee that
F 4 actually has a critical point. Due to convexity, a basic necessity would be for F4 to be

bounded below. Note then that if du is an affine-linear function and u € S,, then
Fa(u+ tou) = Fa(u) +tLa(0u).

However, the fact that u + tdu € S,, for all ¢, implies £4(du) must vanish for all affine

functions, if F4 is to be bounded below. This proves the following:
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Proposition 4.4.1. Letu € S, solve Equation (4.1.3). Then LA(f) = 0 for all affine-linear
functions f.

Note, however, that the definition of £4 makes no reference to the function w. This
means that the previous proposition provides an obstruction to the existence of constant

scalar curvature solutions on toric fibrations. This leads us to the following definition:

Definition 4.4.2. Let (P, A,0) be a polytope, a smooth function on P and a vector of
positive weights (one for each face of P). Let L4 be defined by Equation (4.3.6). Then we
say that the Futaki Invariant of (P, A,o) vanishes, if Lo(f) = 0 for all affine linear

functions f.

Hence in this language, Proposition 4.4.1 simply says that a necessary condition for there
to exist a solution to Equation (4.1.3) is for the Futaki invariant of (P, A, o) to vanish.
Now let us continue trying to understand when F4 is bounded below. Assume that
du € C(P) is strictly convex. This implies that u; = u + tdu € S, for all t > 0. We have
that
La(ut) = La(u) +tLa(Su).

Le. L4(uy) is just a line with slope £4(du). Next we compute
N(u) = —/P log det((u + tou);; )Wdp
= <—n/PWdu> logt — /P logdet(tfluij + Su;j ) Wdp.
This implies that as ¢t — oo,
F(ut) ~ Blogt+ Ct + D,

where

e B=—n [, Wdy,

o C = L4(du),

o D=Ly(u)— [p logdet(du;;)Wdp.
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Since B is negative, and the linear term dominates the logarithmic term, we see that the
only way for F4 to be bounded below is for B = L 4(du) to be positive.

Hence another necessary condition for u to solve Equation (4.1.3) is for £4(f) > 0 for
all non-affine strictly convex functions f. For many arguments one would like to have even
more control over this lower bound than this provides. First note that if the Futaki invariant
of (P, A, o) vanishes, we see that L4(f + g) = La(f) for any affine linear function g. We

can use to property to normalize our functions:

Definition 4.4.3. A smooth convex function f is said to be normalized at a point p € P

if f(p) =0 and (Vf)(p) = 0.

With this normalization on hand, we can specify the desired positivity condition on L4.

Definition 4.4.4. Let p € P be fized. P is said to satisfy Condition 1, if there exists a
constant X > 0 (depending on p), such that for any convex function f which is normalized

at p, we have

La(f)=X] [Wdo.
oP

The first reason one might expect Condition 1 to be important is its relationship to the

Mabuchi Functional:

Proposition 4.4.5. Let A be a smooth function such that the Futaki Invariant of (P,o,A)

vanishes and assume L 4 satisfies Condition 1. Then F is bounded below on S, .

Remark 4.4.6. In the following proof, we will use the fact that F4 and £ 4 are well-defined
for all o to make certain scaling arguments. Hence the fact that the scaling cu of a function

u € S, does not stay inside the space S, does not cause any problems.

Proof. Let u € S, be fixed and assume that it is normalized. Choose any v € S, and let

B=-W1(Wu¥ )ij and consider the functional g on S,. Hence we have set it up so that
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Fp(v) is the minimum of the functional Fp on all S,. Next we compute
Fp(v) < Fp(u)
= Fp(u) — Fa(u) + Fa(u)
=Lpu) — La(u) + Fa(u)
= / (A— B)uWdp+ Fa(u)
P
< |4 - B~ / WWdp + Fa(u)
P
< C||A = Bl|1~ / WWdo + Fa(u)
opP
< ATICONA = Bl|zeLa(u) + Fa(u)

=rLa(u) —/ log det (u;;)Wdp.
P
where r = 1 + A71C||A — B||~. We continue computing
rL(u) — / log det(u;; )Wdp = Fa(ru) + nVoly (P)log (r),
P

and hence F4(ru) > Fp(v) — nVoly (P)log (r), and note that r is independent of u. Next

use the fact that u is normalized—and hence that £4(u) > 0—to conclude that

di‘i (Falru)) = —nVolW(P)% b La(u) > —nVolW(P)%,

which is independent of u. Furthermore,

d? 1

meaning that F4(ru) is convex as a function of r. Taken together, these facts as well as

the fact that » > 1 imply that F4(u) is bounded below by some constant independent of u

and hence we are done. ]

4.4.1 Independence of Condition 1 on Choice of Where to Normalize

Here we ask the question of how dependent Condition 1 is on the choice of the point p € P.

In this section we let p. denote the center of mass of (0P, Wdo).
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Lemma 4.4.7. Assume that the Futaki Invariant of (P, o, A) vanishes and that it satisfies
Condition 1 with a constant X > 0 for functions normalized at p.. Let q € P be arbitrary.
Then (P,o0,A) also satisfies Condition 1 with a constant Ay which we can estimate in terms

of A\. Furthermore, this constant A\, approaches 0 as q approaches the boundary of P.

Proof. Let f be normalized at p.. Let [, be the affine supporting hyperplane of f at the point
q. Note that l;(¢) > 0 and note further that there is a positive constant C;, depending
only on the geometry of (P,o) and the location of the point ¢ such that [(Vi;)(q)| <
Ci1 [yp fWdo. This means that l4(p.) > —C [,p fWdo, for some positive constant C

depending only on (P, o) and ¢. Define A\, = (14/—\0)‘ Next we have

[ =tgwas = ([ gwao 00

P
§M<ijw+c fWM)

0

oP
— [ fwie
oP
< La(f)
=La(f =1),

where in the last step we used that the Futaki Invariant vanishes.
The size of A\, is dependent on a bound of |(V f)(g)|, but this final bound gets worse
even for our model functions u, as ¢ approaches 0P and hence A, degenerates to 0 at the

boundary. n

The previous proof shows in fact that if Condition 1 is satisfied at a single point ¢ in
P, then it must also be satisfied at the point p. (with an even better constant). This fact

allows us to conclude the following:

Proposition 4.4.8. If the Futaki Invariant vanishes and (P,o,A) satisfies Condition 1
at one point q in P, then it satisfies Condition 1 at every point in P. Furthermore, the

constants Ay can be estimated in terms of each other for different q € P.
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Chapter 5

A Priori Estimates

In the previous chapter, we showed that the scalar curvature equation given in the form of
(4.1.3) is the Euler-Lagrange equation of the convex functional F4 defined in (4.3.8). We
then showed in Propositions 4.4.1 and 4.4.5 that if the Futaki Invariant of (P, o, A) vanishes
and Condition 1 holds, then F4 is bounded below. We will take these results as a starting
point in an attempt to solve (4.1.3). More specifically, in this chapter we derive a priori
estimates for u solving (4.3.8) under the assumption that the Futaki invariant of (P, o, A)
vanishes and that it satisfies Condition 1.

The chapter is organized as follows. In the first section we focus deriving interior esti-

mates culminating in the proof of Theorem 3. In the second section prove Theorem 4.

5.1 Interior Estimates

Before restricting ourselves to the interior, we have the following L'-bound on a normalized

solution of (4.1.3).

Proposition 5.1.1. Let u be a normalized solution to (4.1.3) and assume (P, A, o) satisfies
Condition 1. Then
/ uWdo < X 'nVoly (P).
oP
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Proof. Applying Condition 1 and integrating by parts as in Lemma 4.2.3 gives

)\/ uWdo < L4(u)
oP

:/ qua—/ AuWdp

P P

:/ qua+/(Wuij)ijud,u
oP P

_ / WWdo — / WWdo + / W Wp
oP oP P

= nVolW(P) ]

Due to convexity, Proposition 5.1.1 can immediately be used to derive interior gradient

bounds:

Proposition 5.1.2. Assume that Condition 1 holds and let u be a normalized solution to
(4.1.3). Then there exists a constant C' depending only on P,W,n, and X\ such that Vu
satisfies

Vu| < Cd~ "),
where d is the distance to the boundary of P.

Proof. Let x be some point in the interior of P. Due to convexity, the supporting hyperplane

to u at = remains below u. Hence there is a constant x depending on P such that

|Vu| < /fdx("ﬂ)/ udj.
P
Next note that again due to convexity, [, udy < C [;,udo, for some C' depending on P,

o, and the choice of where u is normalized. Thus if u also satisfies (4.1.3) we can apply

Proposition 5.1.1 to get

|Vu| < /ﬁdx(”ﬂ)/ udjs
P
< kd; O | uWdo
oP

< kd; "D OAInVoly (P),

which proves the result. O
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5.1.1 Interior Estimate For Lower Bound of the Determinant

Next we will derive an interior estimate for the lower bound of the determinant of the

Hessian of a syplectic potential u solving (4.1.3).

Proposition 5.1.3. Suppose that u solves (4.1.3) for some bounded function A. Then we
have that
det(u;;) > C(sup A)™",
P

throughout P, where C' is a constant depending on n, P, and W.
Proof. We will focus on getting a lower bound for L := log det(u;;). One can compute that
A= -WHWu), (5.1.1)
=u(Lij — LiLj + (log W), L; + (log W), L; — W~1W;;). (5.1.2)
Let ¥ be any function satisfying the properties:
(1) M;; = )i — inp; is positive definite throughout P,
(2) L =1 — 400 at OP
(3) logdet(My) > v.

For example, let ¢ = %|x!2 — ¢ and note that ¢ can be chosen small enough (depending on
P) so that (1) and (2) hold, and that ¢ can be chosen large enough to make (3) hold as well.

Let p be a minimum of the function f = L — logW — 4. Thus at p we have L; =
i + (log W); and that L;; > 15 + (log W);;. We can use these two facts to cancel out all

of the terms involving W in (5.1.1) when computing at p:

A=u"(Lijj— LiLj + (logW);L; + (log W), L; — W1W;;) (5.1.3)
> u (Vi — Pindy) (5.1.4)
= u M. (5.1.5)

Thus we conclude that u* (p)M;;(p) < A(p). Since u* and M;; are both positive definite,

this forces A(p) > 0. By the arithmetic-geometric inequality we have

(det(u'?)det(M;;)) ™ (p) < n~'u' My;(p) < ntA(p).
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Using the fact that det(u) = e~ we see that
e M) det(M;;(p)) < (A(p)/n)",

L(p) > log det(M;;(p)) — nlog (A(p)/n).

For any other point ¢ we have

(L =1 — logW)(q) > (L —1 — logW)(p)
(logdet(M;;) — nlog (A(p)/n) — ¢ — log W)(p),

> —nlog (A(p)/n) — log W(p),

v

where we used the fact that logdet(M;;) > 9. If we rearrange and exponentiate the previous

inequality we see that

det(ui;(q)) > n”A(p)_”%ew(Q) > C(s%p A",

where C = n™infp W (supp W)t infp e¥. If we choose 9 to be ¢ = 5|2?| — ¢ as explained

above, we are done with the proof. O

5.1.2 Interior Estimate For Upper Bound For The Determinant

Proposition 5.1.4. Let u solve (4.1.3). Assume that D = {x € P | u(z) < 0} CC P and
that the boundary 0D is smooth. Then we have

(det(ugg)) /™ < C(—u) ™,
in D, where C depends on maxp(—u), maxp(0,—A), |Vul?, and |V log (W)|%.

Proof. We use once again the scalar curvature equation as given in (5.1.1) and initially
follow the same path as the proof of Proposition 5.1.3. In that proof we studied functions
of the form f = L — logW — ¢ and chose 9 in such a way so as to guarantee that f would
have a minimum in P where we could apply the maximum principal. In this case, to get the
upper bound we instead choose 1 in a way to force f to have a maximum (and this time

inside D). Assuming f takes its maximum at a point p € D, at that point we have that
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L; = ¢; + (logW); and that L;; < 4;; + (log W);;. The same computation as in (5.1.3)

and (5.1.4) (but with the opposite inequality) allows us to conclude that

A(p) < u”(p)(Wi(p) — i(p)¥i(p))- (5.1.6)

We need to find a class of 1 which forces a minimum. Note that since D is bounded away
from the boundary of 0P, L (and log W) is bounded on D. Furthermore, u; is bounded
by a universal constant on D by Proposition 5.1.2. Thus we can make use of u; in our
computations. Let g;; be any constant Euclidean metric with det(g;;) = 1 and let a be

some number that will be specified later. We define
¥ = —nlog (~u) — aguu;,

and note that with this ¢ we have that f(z) - —oo as © — 9dD. To make use of (5.1.6),

we need to compute the derivatives of :

2

Uij%j = %Uijuiuj — % — 2009 uqp, — 2ag“buijgaubij, (5.1.7)
uij@biwj = Ziuijuin + 4OéTngabuaub + 402 g™ g ucupg. (5.1.8)
Note that at the point p, we have
iz = Ly = ¥y + (log W)y,
and hence at p we have
P i, = —ngpq% — 2agabgpquaubqup + g"(log W) qup. (5.1.9)

If we combine equations (5.1.7) - (5.1.9), many terms cancel out and we see that

A < (Yij — i)
2 2
n—n® .. n 2an
= uuiuy — o 2000 ugp — 0 g uquy, — 2ag"(log W) up,

at the point p. First note that ";—Qzuzj u;u; is a negative term which can be dropped. Next

choose o = % and let g be the Euclidean metric. Hence our inequality becomes

2

n® n
Au) < —A(p) — — — — 2 log W) u;.
(0 % ~A0) = 5 = IVl = 3 (1og Wy
Using the fact that det(u;;) < A(u)", we are done. O
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5.1.3 Higher Order Estimates

In this section we explain how to combine Propositions 5.1.2, 5.1.3, and 5.1.4 to arrive at a
proof of Theorem 3. Throughout this section we assume that K = B; C By CC P and that
u is a normalized solution to (4.1.3) such that u(0) = 0. Define the operator Q(f) = U* f;y.,
where U7* is the cofactor matrix of u. One can compute that (4.1.3) is equivalent to the
equation

UFF) =g, (5.1.10)
where F' = Wdet(ug,) ! and ¢ = —WA. Note that by Proposition 5.1.3, we have that
||F||ree < C for some universal constant. Equations of the form Q(F) = 0, ||F||z~ < C,
were studied in [Caffarelli and Gutiérrez, 1997], where the authors showed that there is a
C“ bound on F' at the end of Section 4 of their paper. Trudinger and Wang explained
that one has a similar bound in the case where Q(F') = g, if one has a bound on ||g||z»

[Trudinger and Wang, 2008]:

Corollary (Trudinger-Wang). Assume u € Bj solves Equation 5.1.10 and that Cy <
det(ujr) < Ci. Then there exist constants o and C depending only on n,Co,Ci such
that
[Fllca(B, ) < CUIF LBy + 19lln(81))-
The upper bound on det(uj;) that this result requires does not follow directly from
Proposition 5.1.4. However, in dimension 2, an old result of Heinz ([Heinz, 1959]) provides

the lower bound (see also Lemmas 2.2 and 2.3 in [Mooney, 2013]).

Lemma (Heinz). Let u be smooth and conver in By C R? such that det(uj;) > 1 and

assume that u is normalized at the origin. Then u|gp, > ¢ for some c.

We apply this result by letting @ = u — § and D = {z |u(x) — § < 0}. We have that
% < 0 on D and note that by convexity, By C D. Proposition 5.1.4 can be applied to 4 to
get an upper bound for det(ug) at . This means we can apply Trudinger-Wang to get a
C® bound on F' which in turn implies a C* bound on det(u;k).

Next we apply Theorem 2 in [Caffarelli, 1990] to get a C%® bound on u. This means
that we have C® control of the coefficients of ) which means that we have C*% control of

F. Finally, the techniques of Schauder theory complete the proof of the Theorem 3.
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5.2 L*°-Estimate

In this section we will prove Theorem 4. We provide essentially the same proof as Donaldson
does in [Donaldson, 2009]. The modifications are quite straightforward. One really just
needs to verify that the addition of the function W does not cause problems in his proof.
We present the entire proof for completeness.

Before jumping into the proof, we need to set the stage. First, by replacing W with
W/|IW||gee(p), we can assume that |[W||pec(p) = 1. Second, if we replace u by [|Al| e (pyu
(which also forces us to replace o with HA||Z§O(P)J), we can assume that ||Al|pep)y = 6
(the reason for this odd choice will become clear later). Note that neither of these changes
affects the Futaki invariant or Condition 1 (in fact, the constant A remains the same).

Next let ¢ be a vertex of P. Choose linear coordinates on P, mapping (0,0) to ¢, so
that P C (R")?, and so that u = x1log (1) + z2log (x2) + f, where f is smooth in a
neighborhood of (0,0). Let I; > 0 be defined by the requirement that the intersection of
P with the xj-axis is given by the interval (0, 2l1) and define /s similarly. Hence the points
(11,0) and (0,l2) are the centers of the edges adjacent to (0,0).

The fact that (P, o, A) satisfies Condition 1 gives us an a bound on |, op uWdo by Propo-
sition 5.1.1. If one applies the same argument as in Proposition 5.1.2 to each of the two edges
adjacent to ¢, we get a bound for aa—;‘l at (11,0) and a bound for % at (0,l2). Therefore, by
adding an affine linear function to u, we can assume that minp(u) = 0, %(1170) = %‘2](0,[2)
and, very importantly, we still have a bound on |, op uWdo.

Now that we have u and (P, o) in a convenient form, the goal will be to get a bound on
1(0,0). Since u is maximized at one of the vertices, this is enough to get the L> bound we
seek. Let h, be the affine supporting hyperplane of u at the point ¢. Define the set X (h)
by

X(h) ={q € P | he(0,0) <h}.
Note that X (h) C X(h') if h < b’ and that X (h) = P if h > u(0,0). Define h; = u(l1,0)+11
and hy = u(0,l5) + lp. This means that if b > h;, for i = 1,2, then X (h) contains (I,0)
and (0,l2). Due to this we define h = max(hy, hy) and h = u(0,0), and we will restrict our

attention to h in the range (h, h).
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Next define Q(h) = P \ X (h) and define &; by the requirement that {2(h) intersects the
x1-axis in the line from the origin to (£1,0) and define & similarly. Next let 71 (t) be the
function of one variable whose graph is the supporting hyperplane of the restriction of u
to the x1-edge at the point £1(h) and define 75 (t) similarly. Le. 71 4(t) = u(t,0), 71 ,,(t) =
%kt,o)’ and 715,(0) = h.

We introduced most of this formalism in order to better understand the following func-
tion:

&1 (h)
Gi(h) = / (u(t,0) — T 4(t)) Wit, (5.2.11)
0
and we define Go similarly.

Definition 5.2.1. Let X CC P be an open set with piecewise smooth boundary. Define ux

to be the smallest convex function which agrees with u on X.

Using this notation, we can rewrite (5.2.11) as

/ (u —uxpy)Wdo = Gi(h) + Gz(h).
or

We want to relate this integral to an integral on the interior of P. To that end we need the

following lemma.

Lemma 5.2.2. We have

/ (u—uy)Wdo < 2Area(P \ X) +/ A(u — ux)Wdp.
oP P
Proof. For any smooth function f on P we can integrate by parts to get

fWdo = / (u fi; + Af)Wdp. (5.2.12)
oP P

For € > 0 small let ux . be a convolution of uy. Note that uy . is now smooth and convex
and that it agrees with uy on X., where X, = {z € X | dist(z,0P) > €}. Thus taking

J =u—uyx,. we have that
u fij = u (uij — ux i) < uug = 2.
Hence plugging f into (5.2.12) we get
/BP(u —ux . )Wdo < 2Area(P \ X.) + / Alu —ux )Wdp.

P

Letting € go to zero gives the lemma. O
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Thus Lemma 5.2.2 tells us that
G1(h) + Ga(h) < 2Area(Q2(h)) + / Au = ux ) Wdp. (5.2.13)
Q(h)

Next we would like to better understand the right-hand side of Inequality (5.2.13). For h >
h, write f, = u — ux () which is positive and supported in Q(h). If we set a = ||A]|z~ =6
and define J(h) by
= [ pdn
Q(h)
then we have that

/ AR Wdp < 6.J(h).
o)

Hence with this notation our main Inequality (5.2.13) becomes
G1(h) + Ga(h) < 2Area(Q2(h)) + 6J(h). (5.2.14)
First we relate J(h) to Area(S2(h)).

Lemma 5.2.3. We have that

dJj(h) 1
= —§Area(Q(h)).

Next note that J(h) = 0 and hence that — fhﬁ J'(h) = J(h). This means that we can
rewrite (5.2.14) as
h
Ga(h) + Ga(h) < 2Area((h) +2 [ Area(@(1))a. (5.2.15)
h
We will estimate Area(£2(h)) by considering a larger set that is easier to work with. De-

fine D;(h) to be the point where 7;; vanishes. Let Aj be the triangle with vertices
(0,0), (D1(h),0), and (0, Da(h)). We have the following lemma by convexity:

Lemma 5.2.4. For any h € (h, h), we have Q(h) C Ay,

Hence we have that Area(Q(h)) < Area(A),) = 1Dy D,. Equipped with this, Inequality
(5.2.15) becomes

h
G1(h) + Ga(h) < Dy (h)Da(h) + /h D1 (h)Da(R)dh. (5.2.16)
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Our goal is now to produce a differential inequality involving each G; separately. To that
end, we will employ the basic fact that D1 Dy < % (D? + D3) . We define new functions
Ii(h) = f: D;(s)?ds, for i = 1,2. Hence we can rewrite Inequality (5.2.16) as

Gr(h) + Ga(h) < Dy (h)Da(h) + %(Il(h) + I(h). (5.2.17)

We will next define some quantities that will help us get control over the previous inequality.
Definition 5.2.5. Fori = 1,2, define \;(h) by the equation

2 1
= ——=D;(h)* + ili(h)' (5.2.18)

Using the definition of \;, Inequality (5.2.17) results in

M
2

A2

D? + 7D% < Dy Do,

which then gives

1 Dq Do
A=+ X—| <1
2<1D2+2D1>_’

from which we can conclude:
Lemma 5.2.6. Assuming both A\, Ao > 0, we have A\ Ay < 1.

Remark 5.2.7. In the following computations, we drop the subscript ¢ and write, e.g. A for

i, ete.

Note that A(h) is in fact a differentiable function of h. This can be seen by tracing all
the definitions backwards to see their dependence on u which is smooth. Hence Equation

(5.2.18) can be differentiated to get

1 1
G' =\DD' + §A’D2 - 5D2. (5.2.19)

(Note that I’ = —3D%.) We can also compute G’ explicitly by looking back at its definition:

E(hte)
G'(h) = lim (Th(t) — Thoe(t)) Wdt.

e—0 0

By drawing a picture of this limit, it is easy to see that

G'(h) < ~ minp(W)

< 5 €(h). (5.2.20)
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Combining Equations (5.2.19) and (5.2.20) we get

minp(W)

1 1
—fg > A\DD' + 5X172 —

—D2. 5.2.21
5 ( )

First we would like to relate & back to D.

Lemma 5.2.8. We have that
D2

§(h)

Proof. We restrict u to the x; (or z2)-axis and consider it a convex function of one variable.

Then we compute that
h =u(§) — & (). (5.2.23)

If one differentiates Equation (5.2.23), then one see that

—1 = &84 (¢). (5.2.24)
Next one computes that
_&ud(§) —u(§)
D= (&) . (5.2.25)

Then one plugs Equation (5.2.25) into the right side of (5.2.22) and uses (5.2.24) to prove

the lemma. O

Using the lemma, we can rewrite (5.2.21) as

o >c(app' + ixp2 - Lp? (5.2.26)
2(hD’' — D) — 2 27 ) -
where C' = minp (W)L
Next if we define z(h) = D(h)/h, then D" = 2’h + z. Note that since D is decreasing in

h, z is as well. If we plug this into Equation (5.2.26) we get

2oty Neh(2'h + 2) — 2222
2z — 2 2 ’
which we can rewrite as
z A1 N
< C ! 4= 2.2
2h2_Cz (Az—i—z(h 2+2>>, (5.2.27)

where we used the fact that 2’ is non-positive.
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Next we use the fact that K+ AB < %(KQA—I—B), for any K, A, B > 0. Choose A = —2/
and B = — ()\z’ +2(3 -5+ %)) and then get

ggm¢z/<Az/+z<;_;+;’))

VG 5 , A1N
< — (|- — 4= .
< 2K< Kz ()\z +z<h 2—1— 2)))

A1 N V2K \/Z
2/ / AT < _ Y2 vE
Kz—l—()\z-i—z(h 2—1-2))_ JC h

We take advantage of the uneven scaling in z in this equation, to replace the term z with

Rearranging, we get

the term 2/C. Since C = minp(W)~! is fixed, this will not affect our analysis. Hence, the

previous inequality becomes

K%/ + <)\z' +z <2 —c+ /2\)> < —\/EK\{LE (5.2.28)

where ¢ = % and K may be any positive number. Now we quote Proposition 2 of Donaldson’s

paper [Donaldson, 2009]:

Proposition 5.2.9 (Donaldson). Suppose z(h) and A(h) are functions defined on an inter-

val (ho, h) with the following properties:
1. z(h) > 0 and Z'(h) < 0 for all h.
2. z and X\ satisfy the differential inequality 5.2.28 for some ¢ > 0 and all K > 0.
3. For some C > 0, and all h, we have z < Ch™2.

4. z(h) and \(h) tend to 0 as h — h.

Let b = 2v2 — 1. If we fix any K > 2¢v/C and if we set hy = max(hy, 3Kg@), then we have
K2+ Xh) >0 for all h > hy and
h
/m W‘ZL < 22 () (K2 4 M) (5.2.29)
We need to show that all the requirements of this proposition are satisfied. We have
already noted that the first property is true and the second property holds by design. Next
we show that the third property holds.
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Lemma 5.2.10. Assume that hg > 2u(l1,0). Then we have that

z1(h) < 2n72 / udo.
oP

The same bound holds similarly for zo.

Proof. First note that z1h?/2 = hDy(h)/2 = [ 7y j(t)dt. Since ho > 2u(ly1,0), Di(h) <
20y which means that 71 () < u(t,0) for all ¢ in [0, Dy (h)]. Hence fODl(h) Tip(t)dt < [op udo

and we are done. O

Finally we show that the fourth property holds. It is clear that z — 0 as h — h. The
following lemma implies that A — 0 as h — 0 as well.
Lemma 5.2.11. We have

(i) limy, 5 Hgge =0

(i) Tim, 5 iz =0

Proof. For (i) note that (here we use that maxp(W) = 1)

1

0 < G(h) < z(h—h)&(h),

|

which can be seen by drawing a picture of what G(h) represents and noting that the region

of the integral is contained in the triangle with vertices (0, k), (0,h), and (£(h),u(é(h))).

Note also that D(h) = _#(h))' Locally u is given by u(z) = zlog (z) — z + f(z) for some

f smooth up to the boundary. Thus u/(£(h)) = log (£(h)) + f/(£(h)) and hence

G(h 1 (h — h)E(R)(log (£(h "(€(h)))?
D((}l))2 < 5( )E(h)( ggg( )+ f'(€(h))) ' (5.2.30)
(

We have that £(h)log ({(h)) is bounded and hence (5.2.30) converges to 0 as h converges to
h.

For (ii) that D(h) is decreasing as h increases to h. Hence

I(h) B 1 h 1 h =
0< D(h)? ~ D(h)Q/h Di(s)%ds < D(h)Q/h Di(h)2ds =T — h.
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Hence we are in the position to apply Proposition 5.2.9. In order to apply Lemma 5.2.10,
we need to assume that hg > 2u(l1,0). However, as noted at the beginning of this section,
u(l1,0) < C [,pudo, for some constant C' depending only on the geometry of (P,o). We
will make this assumption henceforth.

Next note that 8‘%(7&,0) < —1 for all t € (0,1;) and hence we have that z;(h) < 1
for h € (ho,h). This holds similarly for zo as well. Hence we have that z2(K? + )\;) <
K? 4+ 22X\, = K% + D?)\;h 2. However, since I; is positive, if we look back at (5.2.18), we
see that )\iDi2 < 2G;. Hence

(K2 +)\) < K?4+2h72 /6 , uWdo.

Since the right hand side of (5.2.29) only refers to h = h;, we can conclude that

[,
h1 (K2+)‘)3/4 h =7
where L = K2 + 2h > JspuWdo is a constant depending only on (P,o) and K. If one

changes variables by writing h = e and h = ¢!, etc., then one sees that

t
1
oy dt < L.
/tl (2 4 )3T~

Let S; = {t € (t1,t) | Ai(t) < 1}. Then the previous inequality tells us that

t 1 1 |S;]
L> —_ > = .
—/tl (K2 + \)3/4 —/S K2+1 K2+1
Hence the measure of |S;| < L(K?2+ 1). This means that if £ —¢; > 2L(K? + 1), then there

must be a point ¢ where both A;(¢) and A2(¢) are strictly greater than 1. This contradicts

the previous lemma and we are done.
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Chapter 6

The Donaldson-Futaki Invariant

In the last chapter, we derived a priori estimates for symplectic potentials satisfying the
scalar curvature equation (4.1.3) under the assumption that the Futaki invariant of (P, o, A)
vanishes and that it satisfies Condition 1. While the generalized setting introduced in
Section 4.1 was convenient for our analytic work, we return now to the standard setting as
described in Remark 4.1.1. In this case, the vanishing of the Futaki invariant can readily be
seen as a purely algebraic condition on P. The main goal of this chapter is to demonstrate
that Condition 1 is an algebraic condition as well.

The idea of relating the solvability of a PDE to an algebraic stability condition has
a long history. Yau first suggested this avenue in the setting of K&hler-Einstein metrics.
Tian contributed many results and defined a notion called K-Stability. In [Donaldson,
2002, Donaldson gave a slightly different definition of K-Stability of polarized varieties.
To check whether a polarized variety (X, L) is K-Stable, one needs to construct algebraic
degenerations called test configurations for (X, L). For each test configuration, one then
computes a Donaldson-Futaki invariant. The pair (X, L) is defined to be K-Stable, if
the Donaldson-Futaki invariants of all non-trivial test configurations of (X, L) are strictly
negative. In [Donaldson, 2002, Donaldson conjectured that a smooth polarized projective
variety (X, L) admits a Kéhler metric of constant scalar curvature in the class ¢1 (L) if and
only if the pair (X, L) is K-stable. In the series of papers [Donaldson, 2002; 2005a; 2008a;
2009], Donaldson verified the conjecture in the case of two-dimensional toric varieties.

In order to extend these results, we need to understand K-Stability in the setting of
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toric fibrations. In this chapter, we assume that (G xp M, L) is a polarized pair with a
compatible holomorphic G-action and that €2 is a G-invariant Kéhler metric in the class
c1(L). Let P be the corresponding polytope and recall as explained in Section 4.1 that o is
fixed by P. Furthermore, the average scalar curvature is fixed by a = |, ap Wdao/ i) p Wdp.
Note that all the parameters P,a,o, W, and fg are algebraic depending on (G xp M, L).
The main result of this section is Theorem 5.

The proof of Theorem 5 will require understanding the asymptotics of a weighted sum
of the lattice lattice points kP N Z" as k approaches infinity. The key step is to prove
Theorem 6 which is a generalization of Pick’s Theorem, relating the boundary measure o
to the asymptotics of our sum.

The chapter is outlined as follows. In the first section, we review the general theory of
K-Stability. In the second section, we show how to construct test configurations for toric
fibrations. In the third section, we assume Theorem 6 to compute the Donaldson-Futaki
invariant of our test configurations, proving Theorem 5. Finally in the fourth section, we

give a proof of Theorem 6.

6.1 Donaldson-Futaki Invariants and K-Stability

Let X be a smooth compact complex manifold and let L be a positive line bundle over
X. A test configuration for (X, L) is a scheme X with a C*-action, a C*-equivariant line
bundle . — X, and a flat C*-equivariant map 7 : X — C, where C* acts on C by standard
multiplication. Furthermore, for any fiber A, = 77 1(p), where p # 0, we require that
(Xp,-Z,) be isomorphic to (X, L).

Given a test configuration (X, .Z) for (X, L), note that the C*-action on (X, %) restricts
to an action on the zero-fiber (Xp, %p). One produces a numerical invariant of (Xp,.%p) as
follows. For each positive integer k, let Hy, = H%(Xp, ,,fok), let dy, = dim(Hy), and let wy, be
the weight of the induced C*-action on A% Hj,. Write F(k) = 1%2 and note that by general

theory, F'(k) is a rational function for large k. We have the expansion
F(k)=Fy+Fk 4., (6.1.1)

for large enough k. The Donaldson-Futaki invariant F' of the test configuration (X,.Z) is
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defined to be the rational number Fj in this expansion.

Given any polarized pair (X, L), one can define ¥ = C x X and 7 : X — C as the
projection onto the first coordinate. Next one defines . = 7*(L) and lets C act trivially on
the left by standard multiplication. One can compute that the Donaldson-Futaki invariant

of this test configuration is equal to 0. This leads us to the definition of K-Stability.

Definition 6.1.1. A smooth polarized pair (X, L) is called K-Stable if the Donaldson-

Futaki invariant of any non-trivial test configuration is strictly negative.

6.2 Test Configurations for Toric Fibrations

In this section, we show how to construct test configurations for polarized G-invariant
pairs (G xp M, L). Let P be the polytope corresponding to a G-invariant Kéhler metric
Q € ci(L). Let Lp be the line bundle over M corresponding to the polytope P. We have
that L = G X7 Lp.

Let f be a convex, continuous, piecewise-linear, rational function defined on R™ and R
a fixed number such that f(z) < R — 1, for all z € P. Define @ to be the convex polytope

in R"*! given by
Q={(x,t) eR"xR|z€ePand 0<t < R— f(x)}.

P can be identified with the “bottom” face of Q).

Corresponding to @, there is a (possibly singular) polarized toric variety (NN, Lg). Note
that M embeds into N and that (Lg)|ys = Lp. Let G’ := G x S* and let T' = T x S'.
Consider the space G’ x7» N and the line bundle G’ x7» Lg over it. Note that there is a
natural G-equivariant embedding ¢ : (G xp M, L) — (G’ xp N,G' X1/ Lg).

Proposition 6.2.1. There is a C*-equivariant map p : G' xp N — P with p~1(c0) =
L(G xp M) such that if we define X := G' xp» N \ «(G xp M) and define £ as the
restriction of G' xpr Lg to X, then (X,.Z) is a test configuration for (G x1 M, L).

Proof. As explained in section 3.4, a basis for the sections of G' X7 Lg — G’ xq+ N is given by
s, where X is a lattice point in PNZ", 0 <i < R—f(A),and 1 <j < dim H(G¢ xg Ly).

Note that the action of 7" on sections s Aij and sy ;41 5 only differs in the last component
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of T" =T x S'. Choose a point p € G’ x7+ N where none of these sections vanish. Next
rescale the sections to all take the same value in G’ X7/ Ly over the point p. Define the
map p: G x N = P! by

T [sx45() 1 sx 41,5 ()]

This gives a C*-equivariant map G’ x7v N — P!, mapping i(G x1 M) to [1,0]. Define
X =G xp N —i(G xp M) and we have that G/ xpv Lo|x — X — C,z % e,
i »J

is a test configuration for G xp M. O

6.3 Donaldson-Futaki Invariants for Toric Fibrations

Proposition 6.2.1 gives a nice way to construct test configurations for toric fibrations purely
in terms of data on the polytope P. In this section we will see how to compute the
Donaldson-Futaki invariant of such test configurations giving a proof of Theorem 5. As
mentioned in the introduction to this chapter, in this section we will assume that Theorem
6 holds and then prove that result in the final section of the chapter.

Let (X,.Z) be a test configuration for (G x1 M, L) as constructed in Proposition 6.2.1.
To compute its Futaki invariant—given by the number F} in (6.1.1)—we need to compute

dp and wy. We require the following two lemmas.
Lemma 6.3.1. We have that dy = h°(Xy, Z|k) = h%(G x1 M, L*¥).

Lemma 6.3.2. The only sections sy ; j of H(G' <7/ N, G’ X Lq) which are not identically

0 when restricted to Xy are the sections of the form sy gp_y(y) ;. Consequently, the number

;e
wy, s given by the sum of the weights on each section sy g_s() j, for 1 < j < dim(Ly), and

each weight is f(A) — R.

To compute the numbers d and w; we will make use of Proposition 3.4.2. That result

tells us that

dj, = Z hO(GXTL)\):Z Hw

n J
AEEPNZM AekP \aeA+ Hj=1MO‘
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and that the number wy, is given by

wp= Y h%G xr L)k(f(\k) - R)

AekPNZn
= Z hY(G x1 Ly) — Z hO(G x7 Ly)
AekQnzn+1 AekPnzn
- 1 A+ A)MLY ST (14 1) M3
sero \aear G2 ME )G \aear TTj=i M2
where 7 : Z"T! — 7 is the projection map (A1, -+, Ant1) = (A1, -+, An), given in coordi-

Wk

nates. We are interested in the ratio 77~ and hence the common factor of H?Zl MY, in the

denominator of these formulas can be ignored. This leads us to define the polynomial g(\)
by
g\ = T C+3)Md = T (1Ml + 203,

acAt acAt

where [Mq| =37, M. Note that g(\) is an N** degree polynomial in A—where N is the

number of positive roots. The goal is to compute the number Fj in the following expansion

Z,\ekQ a(A) = > rerp a(N)
kY oackp @A)

This is where we will apply Theorem 6. To apply this this theorem, we need to decompose

=Fy+Fk 14+,

q into its homogeneous parts. Let g; be the homogeneous part of ¢ of order I.

g = [T (1Mal+x022)

aEAT
= II MM+ DO (Mgl T (M) | +r(0)
aceAt BeAT a#f

=gnv(A) +Fan—1(A) +7(N),

where r is a polynomial of degree N — 2. Note that gy is convex in the positive quadrant.

We compute:

dr=> (av(N)+av1(N) +7r(N)

AekPNZ"
=EN Y avN)+HENT YT v+ DD (k)
AePNLZ™ AePNLZ™ AePNLZ™

1
_kN+”/ gndp + KNt </ qN_ld,u—i—/ qua> +o(N +n—2),
P P 2 Jop
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and note that we used Theorem 6 in the final equality. Similarly, we compute wy:

wp= Y @)= > eV

AekQNzZnt1 AekPNZn
1
= Nl </ QNdM> + N (/ an—1dp —/ andp + 2/ qucr)
Q Q P oQ
+o(K +n—1).

The Fubini Theorem tells us that fQ gndp = [pan(R — f)dp and that fQ gN_1dp =
Jpan—1(R — f)dp. Furthermore,

1 1
—/ ‘]Ndﬂ+/ qzvdaz/ qN(R — f)do.
J2 2 Jaq 2 Jop

Hence we have that

d, = CEN*" 4 DENT=L L (N + 1 — 2)

and

wy, = AN L CENT L o(N 40— 1),
where the constants A, B, C, and D are given by:
A= [pan(R— f)du
B= [pan-1(R— f)dp+ 3 [opan(R — f)do
C = [pandp
D= [pqn—1dx + %fap gndo

To compute the Futaki invariant, we need to compute the term Fy = C~2(BC — AD).

Straight-forward computations yield

-1 1
Fl=——— _1d —I—/ do
1 fPCJNd,u{/Pqu vl + 3 6Pqu

qn—1dp + & gndo
_fP 2f8P /Pqud:u}

fp QNdN
First note that gy is the same polynomial as W given by (3.2.10). Next note that

aN-1 = %p = ipfc, where fg is given by (3.3.22).
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Lemma 6.3.3. We have that

Jpav-1dp+ 3 [ypando

IPQNd:u 2’

where a is the average scalar curvature of any metric.

Proof. Let u be the symplectic potential of any metric. Then

a/Pp(:L‘)d:n:/PSp(:U)d:U

= ;/P(p(x)ujk)jkdxﬁL/Ppr(x)dx

1
/ p(a;)2da+2/ gn-1dx
2 Jop P

2 (; /8Pp(m)da+/PqN_1dx).

Which is what we needed to show. O

Hence we have proved that the Futaki invariant of the test configuration we constructed

is equal to

1
gty U o [ i [ ).

and hence the proof of Theorem 5 is complete.

6.4 Proof of Asymptotic Pick Theorem

The definition of do given in the beginning of Chapter 4 agrees with that given in [Donald-
son, 2002] to avoid possible confusion. However, for our purposes, an equivalent but more

useful formulation is given in the following lemma.

Lemma 6.4.1. The measure do(F') of a face F of the polytope P is given by

H#(F N L)
do(F) = lim ——%—= 6.4.2
o(F) = lim —— 27—, (6.4.2)
where #(S) is the number of points in the set S.
Proof. We can assume that P is given as the convex hull of the extreme points (0, ...,0),

(p1,0,...,0),...,(0,...,0,p,), where the p; are positive integers and p; and p; are coprime
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for ¢ # j. To verify the lemma, we only need to show that the equation is satisfied for the
face F' of P that does not include the origin. (The other faces are entirely contained in
the standard subsets (x; = 0) where this lemma is clearly true.) The primitive outward

orthogonal vector v to face F' is given by

n

U:Z Hp] €i,

i=1 \j#i
where the e; are the standard basis vectors of R". Hence the measure dop is given by the

following form on R™ restricted to F":

n—1 -1
dop = (H]%) dri N Ndxp—1.
=1

This form can be integrated over the face P given by (z,, = 0) and yields the result

dor(F) = 7 (6.4.3)

Next we would like to verify that we get the same result from equation (6.4.2). The fact
that p; and p; are coprime for ¢ # j tells us that the set F'NZ" has exactly n points and

that those are the extreme points of F. This means that the “projection” map 7 defined

by

T Tn—1
W(xl,...,xn_l,xn):< ),

pT’ " Pn-1
maps the lattice points of F'NZ™ to the lattice points of the standard (n — 1)-simplex S in
R”~!. This mapping shows that the number of lattice points in F'N %Z” is the same as the
number of lattice points in .S N %Z”_l. But the final number is simply £"Vol(S) to highest

order. One can verify that Vol(S) agrees with (6.4.3) which proves the lemma. O

Equation (6.4.2) says that the measure of F' is given asymptotically by the number of
lattice points in kF. Note that this makes it clear that the measure is invariant under
transformations in GL(n,Z).

We will prove Theorem 6 by comparing the sum on the left side of (1.0.9) to the integrals
on the right side of the equation. This requires some care and leads us to make quite a few

definitions. Let Py be the set of points P, = PN %Z”.
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For a given point p € Py, let Ok(p) = Ok(p1,- -+, pn) be the bozx defined by

1 1
Ok (p1,---0n) = [p1,p1+k} X oo X [pn,anrk] C R™.

Given a box Oy (p), we will call p the corner point of Oy (p) and call py, p, := (p1+i, ey Pnt
2—116) the midpoint of Ok (p). Furthermore, we will need to partition Py into the disjoint sets

of interior, face, and exterior points as follows:
Iy ={p € Py | Ox(p) N P =0x(p)}
Er={pePu|Dk(p) NP ={p}}
Fr =Pr \ (Zx U Fr)

Note: Zj contains points on the boundary of P. Next, define (non-convex) subsets of R" as

follows
Pry= Upe;z,C Ok (p)
Pri = Uper, Br(p)
Pej = Upegk Ok (p)
Figure 6.1 illustrates these definitions.

Lemma 6.4.2. Let h be a C? function on B = 0g(0,...,0) and pgm the midpoint of B.
Then

n 1
k (/B hdﬂ) - h(pk,m)’ < ﬁCthH(ﬂ(B),

where C, only depends on the dimension n.

Proof. First consider the one-dimensional case where B = |0, %] Integrating by parts, we
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-

~I0

~I0

.

Figure 6.1: The polytope in this example is a triangle with height 1 and base 3. Furthermore,

k = 4. The dots correspond to lattice points in P3. The white squares correspond to the set
Py 3, the light gray squares correspond to the set Pr 3 and the dark gray squares correspond

to the set Pg 3.

see

1
3%
where A, B,C, and D are constants that we can choose freely. By choosing A = B = 0,

C = —%, and D = ﬁ, we see that

% 1, /1 % 22 oz —1)?
—— _ o " k) gn
/O M) = 7h (%) +/0 - (a:)d:v+/21k L)

Hence we have .

3 1 1
k hiz)de —h| — )| < —= h .
/0 (w)dz (%)‘ < omz 05, M)
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The proof is completed by induction. Assume the lemma is true for the n-dimensional
case. Let h be a function of n + 1 variables. Define h(z) = h(z1,...,x,,z) and apply the

previous argument and the induction hypothesis to get the desired result. O

Lemma 6.4.3. Let h be a C? function on P and Pk,m the midpoint of box Oy (p). Then we

have

b [ ha)de = Y o) | < KK Bllcaey
PI,k pEIk

where Cy, is the same constant as the last lemma, and Kp is a constant depending on the

geometry of P.

Proof. Sum up the previous lemma over the points in Zj. ]

These lemmas yield a sort of asymptotic estimate for

k"/ h(zx)dx,
Pr g

but in order to estimate the right side of (1.0.9), we still need an estimate for

k”/ h(z)dz. (6.4.4)
P\ Pry

We will compare (6.4.4) to the sum

> h(zpp), (6.4.5)

PEFE

where x, 1 is some arbitrary point in B = O (p). Note that if x,, leo,k € Uk (p), then

vn
(e — bl )| < L hllen . (6.46)
Now let m(p) € Og(p) be such that ming, (,) b = h(m(p)) and define My(p) similarly to
be where h takes its maximum. We have then that

> o)) <K [ ha)ds < 3 hOA(), (6.4.7)

PEF Pr ok PEF

Lemma 6.4.4. There exists a constant C' depending only on the dimension n, the geometry

of P, and ||h||c1(py such that

1
K" / hdp — = Y h(zp)| < CE" 2,
P\ P 2 '
\ L.k PEFi

where, as before, x, 1 is any point in Oy (k).
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Proof. Given (6.4.7) and (6.4.6), we need only show

1
k" / hdy — ~k" / hdy
P \ IDI’]C 2 P]—‘,k

The idea of this proof is the following observation: Assume we are given a rational plane

< CE" 2. (6.4.8)

H C R" through the origin which cuts R” into two pieces S; and S;. Furthermore, assume
we are given a hypercube B = [J;(p) such that H intersects the interior of B. If B’ is the
hypercube given by reflecting B about the origin, then the pair (B, B’) has the property
that Vol(B N Sy) + Vol(B'NS1) = 1. We will use this idea to prove (6.4.8) by considering
each of the different lattice points in Fj as our “origin”.

We would ideally like to proceed as follows. Let p € Fj be a lattice point and let g € &
be the unique point in £ which is closest to B = g (p). Then let p’ be the corner point of
the box B’ given by reflecting B about the point q.

There are two problems with this approach. The first is that the corresponding point
p/ may not lie in Fi. This will be true for the boxes B which are close to the boundary of
F. We deal with this problem by not considering the points p which have no corresponding
point. The second problem is that the point ¢ need not actually be unique. This could
be handled multiple ways, but the easiest seems to be to do the following: Let d be the
distance from B to the lattice &. Let Qp be the set of ¢ € & such that dist(B,q) = d.
Let Np the number of elements in @p. Finally consider Np pairs (B, B')—one for each
different ¢ € @p—and in the end weight each pair by the fraction N%g‘ This allows us to

compare the two integrals in (6.4.8) with the desired precision. O
Taken together, these lemmas result in the following:

Lemma 6.4.5. There is a constant C' depending only on the geometry of P, ||h||c2, and

the dimension n so that

i /P ha) = [ 3 hpem) +% S hlapr) || < okn2, (6.4.9)

pEL} pEF

where xp 1 is an arbitrary point in Oy(p) as before.

We are finally in the position to prove Theorem 6.
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Proof. To prove this we may assume that P is a “stretched standard simplex”. l.e. that
there is a vertex v of P, such that if one chooses v as the origin, then P is given as the
convex hull of the origin v and the points pies, ..., pnen, where p; > 0 and e; is the standard
basis vector. Any polytope P can be deconstructed into such stretched standard simplices
and then if one applies Theorem 6 to each piece, one gets the result for all of P.

The asymptotic sum Sj we need to approximate is given by
Sk=Y_hp)=>_ hp)+ > h(p)+ > hp) (6.4.10)
PEPy pELy pEF pEs

The main idea of the proof is to compare (6.4.10) with the “midpoint rule” for integrals.

Given (6.4.9), we only need to understand the asymptotics of the difference Sy — My, where

My = Y h(prm) +é > hprm) | - (6.4.11)

pELy, pEFK

Now let p be any lattice point in 0P \ F. Let l,x(j) = p+ 5:(j,---, ). Le. L, x(0) = p,
lp.k(1) = prm, etc. Let Ly, = I, x(R) be the line through p parallel to the vector (1,...,1).

Now for each p, we will define an alternating sum A, as follows. If p € 0P N F, then
define A, = h(p). Otherwise, if L, ; N P is a line segment connecting p to an element of &,

define A, ;. as
Ap i = h(lp(0)) = h(lp k(1) + h(lpk(2)) — h(lpk(3)) £ + h(lpk(N)),

where we have [, (V) € & is that final terminating point. Finally, if p satisfies neither of

the preceding requirements, define
Apk = h(lpr(0)) = h(lp (1)) + h(lpk(2)) — h(lpk(3)) £ -
1
et h(lp,k(N - 1)) - §h(lp,k(N))>

where [, (V) is the midpoint of the box Uj(q) and ¢ is the point in Fj, which lies on the
line Ly .

With this setup, we have that

S — My, = Z Ay
pEOP \ F
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Now if L, N P is a line terminating in a point in &, then we have that

Ay = Shllp(0)) + ;{[hap,k(o» — Wl (1)] = [l (1)) = Bl 4(2))]
o [l k(N — 1) - hup,k(mn} + 5hllpr(N).

Due to convexity, the middle terms form an alternating series, and hence A, = 1[h(l,x(0))+
h(l,x(N))] + %, for some constant C' depending on the derivative of h. Going back to the
case where L, N P does not terminate in a point in &, similar arguments show that
Ap i = $h(lp1(0)) + €, with C once again depending upon [[llcr(py-

Combining these results we have that up to highest order Sy — My = % Zpe ap h(p). If
we apply Lemma 6.4.1, the proof of Theorem 6 is complete. 0

Remark: In the preceding proof we essentially only used the fact that h is convex along
lines parallel to the vector (1,---,1). One may be tempted to conclude that that is all that
is necessary for Theorem 6. However, in the previous proof we assumed that P was in the
form of a stretched standard simplex. If P is arbitrary, we would need to decompose it
into stretched standard simplices and apply this result to each one individually. On those
other simplices, we would most likely have to change orientations and consider lines that
are going in other directions. Hence in general we do need h to be convex in all directions

for Theorem 6 to be true.
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