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ABSTRACT
Macroeconomic Volatility and Asset Prices
Andrey Ermolov
This dissertation investigates, both theoretically and empirically, how does the macroeconomic volatility, in particular, consumption growth, GDP growth and inflation volatility,
affect asset prices in equity, bond and currency markets. In all three chapters of the
dissertation I use the Bad Environment-Good Environment structure of Bekaert and Engstrom (2014) to model macroeconomic volatility. The key advantage of the approach
is that it allows to model non-Gaussian features important in macroeconomic dynamics
while yielding closed-form asset pricing solutions and being relatively efficient to estimate.
In the first chapter of the dissertation I show that an external habit model augmented
with a heteroskedastic consumption growth process reproduces well known domestic and
international bond market puzzles, considered difficult to replicate simultaneously. Domestically, the model generates an upward sloping real yield curve and realistic violations
of the expectation hypothesis. Depending on the parameters, the model can also generate a downward sloping real yield curve and predicts that the expectation hypothesis
violations are stronger in countries with upward sloping real yield curves. Internationally,
the model explains violations of the uncovered interest rate parity. Unlike a standard
habit model, the model simultaneously features intertemporal smoothing to match domestic real yield curve slope and bond return predictability and precautionary savings to
reproduce international predictability. The model also replicates the imperfect correlation
between consumption and bond prices/exchange rates through positive and negative consumption shocks affecting habit differently. Empirical support for the model mechanisms
is provided.

In the second chapter, coauthored with my advisor Geert Bekaert and Eric Engstrom
of Board of Governors of the Federal Reserve System, we extract aggregate supply and
demand shocks for the US economy from data on inflation and real GDP growth. Imposing
minimal theoretical restrictions, we obtain identification through exploiting non-Gaussian
features in the data. The risks associated with these shocks together with expected
inflation and expected economic activity are the key factors in a tractable no-arbitrage
term structure model. Despite non-Gaussian dynamics in the fundamentals, we obtain
closed-form solutions for yields as functions of the state variables. The time variation in
the covariance between inflation and economic activity, coupled with their non-Gaussian
dynamics leads to rich patterns in inflation risk premiums and the term structure. The
macro variables account for over 70% of the variation in the levels of yields, with the bulk
attributed to expected GDP growth and inflation. In contrast, macro risks predominantly
account for the predictive power of the macro variables for excess holding period returns.
In the final chapter, I embed the macroeconomic dynamics from the second chapter into
an external habit model to analyze the time-varying stock and bond return correlations.
Despite featuring flexible non-Gaussian fundamental processes, the model can be solved
in closed-form. The estimation identifies time-varying ”demand-like” and ”supply-like”
macroeconomic shocks directly linked to the risk of nominal assets and matches standard
properties of US stock and bond returns. I find that macroeconomic shocks generate sizeable positive and negative correlations, although negative correlations occur less frequently
and are smaller than in data. Historically, macroeconomic shocks are most important in
explaining high correlations from the late 70’s until the early 90’s and low correlations
pre- and during the Great Recession.
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My first academic advisors Janne Nikkilä and Samuel Kaski, who served as my thesis
supervisors at the Department of Computer and Information Science at Helsinki University of Technology (now a part of Aalto University), cultivated my interest in academic
research through their enthusiastic attitude, immediate availability and incomparable professionalism. This dissertation would have never seen its light without Matti Suominen,
my thesis supervisor at Helsinki School of Economics (now also a part of Aalto University)
who, in addition to sharing his invaluable expertise, encouraged me to apply and, largely
by his individual effort, placed me into one of the best doctoral programs in finance.
I am the most thankful to my family: my mother Natalia, my father Vladimir, and my
brother Kirill. Their continuous support, love and believe in me, of the strongest kind one
could imagine, have made me an much stronger person at all stages of my life. I could
not imagine my life without their contributions. I have been extremely fortunate to enjoy
deep love and support of my grandparents Yuliya, Alexander and Irina and, in particular,
x

my grandfather Professor Yuri Nikolaevich Bakaev, who put unimaginable amount of time
and effort into my personal and professional development and who will always be my role
model.

xi

To my familyMy mother Natalia, my father Vladimir, and my brother Kirill,
For all their hard work ahead of me, patience, and love over the years,
All I have achieved is your achievement.

xii

Chapter 1
A Unified Theory of Bond and Currency Markets
Andrey Ermolov

1.1

Introduction

Bond markets present both domestic and international puzzles. In the United States
the real yield curve is upward sloping and the expectation hypothesis is violated: the
high slope of the yield curve predicts high returns on the long-term bonds over the life of
short-term bonds.

1

At the same time, for instance, in the United Kingdom, the real yield

curve is downward sloping and the expectation hypothesis is not violated: the high slope
of the yield curve predicts low, instead of high, returns on the long term bonds over the
life of short-term bonds. Internationally, the uncovered interest rate parity seems to be
violated: a high differential between foreign and domestic interest rates strongly predicts
high returns on borrowing in domestic bonds and investing in foreign bonds.
This paper shows that a simple consumption based term structure model is able to explain
the phenomena above. Replicating both domestic and international bond dynamics within
the same simple model is appealing, because most existing models explaining domestic
bond markets produce counterfactual implications internationally, likewise most models
addressing international bond markets produce counterfactual implications domestically.
As modern domestic and international bond markets are closely integrated, this inability
1

For instance, if the difference between the yields on 5 years and 1 year Treasury bonds is high, the 1
year return on holding a 5 years bond has historically been relatively high in US.

1

to explain them jointly constitutes one of the major puzzles in theoretical asset pricing.
The proposed model is a habit model. In habit models the utility of an agent is determined by the difference between the current and habitual consumptions. The habitual
consumption (habit) is an aggregate of the past consumption history, which varies slowly
over time. As the fluctuations in the difference between the current and habitual consumptions are percentually larger than fluctuations in the absolute consumption, in habit
models the agent is more sensitive to consumption shocks than in models where the utility is determined by fluctuations in the absolute consumption alone (e.g., CRRA-utility
based models). The key difference to standard habit models (Abel 1990; Cambpell and
Cochrane, 1999) is that the model in this paper features a heteroskedastic consumption
growth process. This can be interpreted as a time-varying amount of risk. At the same
time, in contrast to the recent habit models (Campbell and Cochrane, 1999, Wachter,
2002, Verdelhan, 2010), the price of risk in the model is constant. I show that, unlike the
standard habit specification, my specification allows to simultaneoulsy have intertermporal smoothing effect to match domestic term structure and precautionary savings effect
to reproduce international bond market dynamics.
The main puzzles explained by the model are different slopes of the real yield curve,
violations of the expectation hypothesis and violations of the uncovered interest rate
parity. In the model, the average slope of the real yield curve is determined in the
interaction between the intertemporal smoothing effect and the precautionary savings
effect. If the intertemporal smoothing dominates: in times of low consumption the agent
wants to consume more and not save, thus, the bond prices will be low. As a result, longterm bonds are a poor hedge against consumption shocks and should earn a premium
against the short-term bonds: the real yield curve slopes upwards. If the precautionary
savings effect dominates, in times of high consumption volatility the agent wants to save,
2

thus, bond prices will be high. Consequently, long-term bonds are a good hedge against
consumption volatility shocks and (assuming the agent dislikes volatility), should trade
at a discount against the short-term bonds: the real yield curve slopes downwards.
The violation of the expectation hypothesis is an observation that holding returns on
long-term bonds over the life of short-term bonds are high when the slope of the yield
curve is high. Thus, there are two parts in the expectation hypothesis: a time-varying
slope of the yield curve and time-varying returns on long-term bonds versus short-term
bonds. Theoretically, the slope of the yield curve consists of two components: the expected
change in the short rates in the future and the risk premium on holding a long term bond
over the life of the short-term bond. The first term corresponds to the fact that if in the
future short-term rates are expected to increase, the slope of the yield curve is higher. The
second term corresponds to the fact that holding a long-term bond over a short period of
time is risky because, until the payoff date, its price will fluctuate, and these fluctuations
might be correlated with investors’ marginal utility. Consequently, if investors require a
compensation for holding a long-term bond over a short period of time because of these
fluctuations, the yield on the long-term bond will be relatively high increasing the slope
of the yield curve.
In the model, violations of the expectation hypothesis arise because an increase in the
consumption growth volatility increases the risk premium on holding a long term bond
over the life of a short-term bond. This requires that the intertemporal smoothing is
the dominant effect over precautionary savings. Indeed, if the intertemporal smoothing
dominates, in times of low consumption the agent wants to consume instead of saving.
This decreases the bond prices. Consequently, long-term bonds are a bad protection
against conusmption shocks and thus the required risk premium for holding them is high
when the magnitude (volatility) of these shocks is high. As explained above, this risk
3

premium is the second component of the slope of the yield curve. Thus, the increase in
this risk premium also increases the slope of the yield curve. Consequently, the slope of
the yield curve positively predicts returns on long-term bonds over the life of short-term
bonds.
Finally, in the model, violations of the uncovered interest parity are the result of the the
time-varying consumption growth volatility. The strategy of borrowing in country 1 and
lending in country 2 is a poor hedge against the consumption shocks in country 1. To see
this, suppose that a bad consumption shock realizes in country 1. The consumption in
country 1 becomes relatively scarce. Consequently, the agent who exchanges country 2’s
consumption for country 1’s consumption will receive relatively little of country 1’s consumption when she needs it the most (after negative consumption shocks). Because the
strategy is a poor hedge against consumption shocks, the higher the magnitude (volatility)
of these shocks, the higher premium the agent requires. Note that the higher consumption volatility in country 1 both decreases the interest rate in that country through the
precautionary savings motive and increases the expected return on the strategy above.
The model in this paper addresses several problems of the main term-structure models:
the classic habit model, a long-run risk model, and a rare-disaster model. In particular,
the model is able to simulateneously replicate three major bond market puzzles: an
upward sloping real yield curve, violations of the expectation hypothesis, and violations
of the uncovered interest rate parity. The classic habit model by Wachter (2006) closely
replicates US bond market dynamics: in particular, an upward sloping real yield curve
and violations of the expectation hypothesis. However, a critique towards that model
(Verdelhan, 2010, Bansal and Shaliastovich, 2013) is that the uncovered interest rate
parity still holds. Additionally, the effective coefficient of risk-aversion of 30 in the model
is relatively high. Verdelhan (2010) proposes an alternative habit model which is able to
4

explain the violations of the uncovered interest rate parity. However, in his model the
real yield curve is downward sloping and the expectation hypothesis holds. Thus, it is
not consistent with US bond markets. Additionally, in Verdelhan (2010) there is a strong
correlation between the exchange rate changes and the consumption growth differentials,
which is not the case in the data.
I also present a habit model. The main contribution over the previous habit-based term
structure models is showing the importance of time-varying volatility in consumption
growth for bond prices. Introducing a heteroskedastic consumption growth process into
a habit model leads to the separation of the intertemporal smoothing and precautionary
savings effects and thus allows to simultaneously match key domestic and international
bond market puzzles.

2

Under my specification, the effective coefficient of risk-aversion

is constant and is below 10 (which Mehra and Prescott, 1985, refer as an upper bound
of realistic values and which is low compared to the previous habit literature), and the
correlation between the exchange rate changes and the consumption growth differentials
is weaker than in Verdelhan (2010).
A long-run risk model (Bansal and Shaliastovich, 2013) is able to simultaneously explain
return predictability in domestic and international bond markets. Nevertheless, some of
the model’s implications are not completely clear. First, the long-run risk framework
generally implies a downward sloping yield curve. Empirically, some countries (e.g., US)
have an upward sloping real yield curve. Additionally, long-run risk models rely on the
negative correlation between the consumption growth and inflation and/or the expected
consumption growth and the expected inflation to generate an upward-sloping nominal
2

Heyerdahl-Larsen (2012) and Stathopoulos (2012) start from a constant mean homoskedastic endowment processes and are able to generate some time variation in the mean and volatility of consumption
growth through international trade, but this is not enough to sufficiently replicate bond returns predictability in either domestic or international markets (or both).
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yield curve. Such negative correlation has been observed in US during the twentieth
century. However, Hasseltoft and Burkhardt (2012) and Fleckenstein, Longstaff, and
Lustig (2013b) show that for the past decades this has not necessarily been the case. At
the same time, the nominal yield curve still remained mostly upward sloping during this
most recent period.
Second, in Bansal and Shaliastovich (2013) the real yield curve is downward sloping and
the expectation hypothesis is strongly violated. However, anecdotal evidence suggests
that countries with downward sloping real yield curves feature relatively weak violations
of the expectation hypothesis (UK).3 The model in this paper generates, depending on
the parameters, both upward- and downward sloping real yield curves. Furthermore, the
model predicts that the expectation hypothesis violations are stronger in countries with
upward sloping yield curves.
At the first glance rare-disaster models (Farhi and Gabaix, 2010; Gabaix, 2012; Tsai, 2013)
provide a good fit for both domestic and international bond market dynamics.4 The main
problem is that they heavily rely on the extremely low consumption growth outcomes
not observed in many developed countries. Furthermore, in rare-disaster models, the
real yield curve is either downward sloping or flat. In this paper extreme consumption
outcomes are not needed to reproduce the observed asset pricing dynamics. In addition
to the downward or flat real yield curves, the model in this paper can also have an upward
sloping real yield curve.
3

This critique generally applies to the most long-run risk models trying to explain the US bond market
dynamics such as, for example, Hasseltoft (2012).
4

Gabaix (2012) and Tsai (2013) do not explicitly analyze international puzzles but back-of-theenvelope calculations show that their models are able to address some of the international phenomena
such as violations of the UIP.

6

The paper also makes two methodological contributions into the habit literature. First,
I show that a heteroskedastic habit model allows to disentangle intertemporal smoothing
from precautionary savings effects, unlike standard homoskedastic habit models (e.g.,
Abel 1990, 1999; Campbell and Cochrane, 1999; Wachter, 2002; Verdelhan, 2010). In that
sense, the paper extends the heteroskedastic habit literature started by Bekaert (1996),
who only analyze international bond markets, and Bekaert and Engstrom (2009), who only
analyze basic asset pricing moments, such as the levels of the risk-free rate and the equity
premium. The result has implications for the specification of habit models. Currently,
there are two main specifications. The first and the most widespread specificiation is with
i.i.d. consumption growth shocks and the habit’s time-varying sensitivity to these shocks.
This is approach taken, for instance, by Campbell and Cochrane (1999), Wachter (2002),
and Verdelhan (2010) and can be interpreted as a time-varying price of risk and a fixed
amount of risk approach. The second approach proposed by Bekaert and Engstrom (2009)
features heteroskedastic consumption growth shocks and the habit’s constant sensitivity
to these shocks. This approach can be interpreted as a time-varying amount of risk and
a fixed price of risk approach. Verdelhan (2010) argues that the first approach is not
able to simultaneously explain US bond market dynamics and violations of the uncovered
interest rate parity. I show that the second approach is able to address this task (due
to the separation of the intertemporal smoothing from precautionary savings) and thus
appears to be more general. Additionally, an advantage of the time-varying amount of
risk is its computational simplicity: all solutions are available in closed form. At the same
time, solving external habit models with a time-varying price of risk usually requires
computationally heavy numerical procedures on a high precision grid (Wachter, 2005).
Second, I provide a potential explanation for why the consumption and asset prices are
relatively weakly correlated in data (e.g., Backus and Smith, 1993, for the international
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finance case). I find empirical evidence suggesting that positive and negative consumption
shocks affect habit differently. In particular, the intertemporal smoothing effect seems to
be driven exclusively by negative consumption shocks. In habit models prices are determined by both habit and the consumption growth. If habit is imperfectly correlated with
consumption (that is, for instance, negative consumption shocks affect habit differently
than positive shocks), then the prices will be imperfectly correlated with consumption as
well.

1.2

Bond and Currency Market Puzzles

This section provides qualitative and quantitative evidence on the real yield curve and its
slope, the expectation hypothesis and the uncovered interest rate parity across countries.

1.2.1

Slope of the Real Yield Curve

Slope of the real yield curve is the difference between interest rates on long-term real
bonds and short-term real bonds. Are these rates different? Although the trading history
of inflation adjusted bonds in the US is relatively short (starting from 1997), Piazzesi
and Schneider (2007) document that the real yield curve seems to be upward sloping. As
time passes by, there accumulates more support for this conclusion. For instance, taking
monthly US inflation adjusted rates from January 2004 to August 2013 from the extended
appendix of Gurkaynak, Sack, and Wright (2009), the average difference between the 5
years yield and the 2 years yield is 0.41% (0.77% versus 0.36%) and is significant at the
1% significance level. A concern is that there are some liquidity issues in trading the
inflation adjusted bonds in US (Fleckenstein et.al. 2013a). However, the slope is still
economically large and statistically significant.
8

Although the trading of inflation adjusted bonds in the US has started only in 1997,
several studies suggest that the average slope of the US real yield has been positive for
a long time. These studies extract the real yield cruve from the nominal yield curve,
inflation forecasts, and estimates of the inflation risk premium. For example, Chernov
and Mueller (2012) show that the average difference between the 5 years and the 1 years
real yields in US has been around 0.30% from 1971 to 2002. Ang and Ulrich (2012)
estimate that the average difference between the 10 years and the 5 years US real yields
has been around 0.45% from 1982 to 2008.
Internationally, there is also evidence of downward sloping real yield curves. For UK,
Evans (1998) and Piazzesi and Schneider (2007) document a downward sloping yield
curve: the difference between the 5 years yield and the 1 year yield is -0.30% (0.32%
versus 0.62%).
Unfortunately, the further international evidence on the slope of the real yield curve is
very limited, because inflation adjusted bonds are issued in relatively few countries and
issues are mostly irregular and not very liquid (see Appendix A in Fleckenstein, 2013, for
a good overview of international inflation adjusted bonds markets). Among a very few
studies concentrating on the international real yield curves, Ejsing et.al. (2007) document
that the real yield curve for France and Germany has been either flat or upward sloping.
Overall, it is puzzling why the real yield curve is upward sloping in some countries (US)
and downward sloping in others (UK).

1.2.2

Expectation Hypothesis

The expectations hypothesis (EH) states that all variation in long-term risk-free rates is
due to the variation in the future short-term risk-free rates. Informally, this means that
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if the slope of the yield curve is high, the short-term rates in the future are expected to
rise and so will the yields on long-term bonds. Consequently, according to this theory,
holding long-term bonds for the lifetime of short-term bonds when the slope of the yield
curve is relatively high should result in relatively low returns.
Econometrically, the expectation hypothesis can be tested in several ways. In this paper,
I follow the approach of Campbell and Shiller (1991)5 . They run the following regression
on the yields:

yn−1,t+1 − yn,t = β0 + βn

1
(yn,t − y1,t ) + t ,
n−1

(1)

where y is the logarithmic yield, n is the number of periods to maturity, and t is the
time index. The expectation hypothesis implies that coefficients βi should be equal to
1. However, Campbell and Shiller (1991) find that the coefficients are negative and
decreasing with bonds maturities. This pattern has hold over time. Using the nominal US
government bonds from June 1960 to June 2013, the coefficient in regression is gradually
decreasing from -0.75 for the two years bonds to -1.57 for the five years bond (using the 1
year bond as the reference). Thus, the expectation hypothesis is violated. Economically,
this means that long-term bonds deliver high, instead of low, returns when the slope of
the yield curve is high.
Interestingly, the expectation hypothesis holds quite well for UK bonds. For instance,
for regression (17) Bansal and Shaliastovich (2013) report positive regression coefficients
which approach 1 at longer horizons.
5

Another popular approach is as in Fama and Bliss (1987).
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1.2.3

Uncovered Interest Rate Parity

Uncovered interest rate parity (UIP) states that the difference in the risk-free rates between two countries should be equal to the expected change in the exchange rate between
the currencies of the countries. Economically, this means that an investor should not be
able to make profits from borrowing in country 1, exchanging the currency, lending in
country 2, and then exchanging the currency back the next time period.
Econometrically, the UIP can be tested in the following way. Let et be the logarithm of
the real exchange rate (the number of country 1 real consumption units given for a country
∗
be the real
2 real consumption unit) and define ∆et+1 = et+1 − et . Finally, let y1,t and y1,t
∗
FX
+ ∆et+1 is the
= −y1,t + y1,t
interest rates in countries 1 and 2, respectively. Then, rt+1

return from the strategy of borrowing in country 1 and lending in country 2 mentioned
above. The UIP implies that in the regression:

FX
∗
rt+1
= α0 + αF X (y1,t − y1,t
) + t ,

(2)

the coefficient αF X should be equal to 0. However, numerous studies starting from Hansen
and Hodrick (1980) have shown that the coefficient is negative and often less than −1.
For instance, Backus, Foresi, and Telmer (2001) document that for the US dollar-British
pound pair the coefficient is -1.84, for the US dollar-Japanese yen pair -1.71, and for the
US dollar-German mark pair -0.74. Thus, the UIP is violated.
The reported coefficients are stable at the prediction horizons from 1 month to 1 year.
Some studies suggest that the UIP holds better at horizons longer than one year (Alexius,
2001, and Chinn and Meredith, 2004). However, this evidence is not conclusive (Bekaert,
Wei, and Xing, 2007). Economically, this means that borrowing in low-interest rate
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countries and lending in high-interest rate countries generates profits. This is a so called
carry trade strategy.

1.3

Model

The model belongs to the class of external habit models. The key difference to the
standard external habit models (Abel, 1990, 1999; Campbell and Cochrane, 1999) is that
consumption growth shocks are heteroskedastic (which corresponds to a time-varying
amount of risk in the economy) but the sensitivity of the habitual consumption to these
shocks is constant over time (which corresponds to a fixed price of risk).
I only model the real side of the economy. This is because including money and inflation
does not add much economic intuition. Calibrations show that including a consumption
non-neutral inflation process into the model somewhat improves the empirical fit.
Modeling only the real side of the economy implicitly assumes that violations of the expectation hypothesis and uncovered interest rate parity are at least partially real phenomena.
This assumption is empirically justified. Bansal and Shaliastovich (2007) in their Table
II report that in US the inflation-adjusted expectation hypothesis violations are weaker
than nominal expectations hypothesis violations but are still economically strong, statistically significant, and follow the same time pattern. Pflueger and Viceira (2011) document
strong violations of the expectation hypothesis in inflation-indexed bonds. Hollifield and
Yaron (2003) estimate that the uncovered interest rate parity violations should be attributed almost exclusively to real risks.
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1.3.1

Preferences

A representative agent maximizes the expected utility:

E0

∞
X
t=0

β

( Ct )1−γ
t Ht
1−γ

,

(3)

where Ct is the consumption at time t and Ht is the exogenous habit level (habitual
consumption). The motivation for using the habit preferences in the model is that the
agent becomes sensitive to relatively mild fundamentals’ fluctuations.
Unlike the most of the recent literature (Campbell and Cochrane, 1999; Wachter, 2002;
Bekaert and Enstrom, 2009; Verdelhan, 2010), I use the ratio habit utility instead of a
difference habit utility. This is done for two reasons. First, in the ratio habit the coefficient
of risk-aversion is constant, γ, which allows to concentrate on the core mechanism of this
paper: the heteroskedasticity of the consumption process. Second, in the ratio habit
framework, the habit has a straightforward interpretation of being a weighted average of
past consumption shocks. The difference habit framework allows this interpretation only
after the approximation around the steady state. Other papers which employ the ratio
habit utility are, for instance, Abel (1990, 1999) and Chan and Kogan (2002). Generally,
as shown in the calibration section, all results in the paper can be replicated with the
difference habit.6
6

In fact, the calibration results with the difference habit are even stronger than with the ratio habit,
as the countercyclical risk-aversion amplifies the asset pricing dynamics.
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1.3.2

Fundamentals Dynamics

, is a constant mean heteroskedastic
The logarithmic consumption growth, gt+1 = ln CCt+1
t
process:

gt+1 = ḡ + t+1 ,

(4)

where ḡ is a constant and t+1 is a mean 0 heteroskedastic shock. In this paper, t+1 is
modeled as a mixture of two demeaned gamma-distributed shocks, ωp,t+1 and ωn,t+1 :
t+1 = σcp ωp,t+1 − σcn ωn,t+1 ,
(5)

ωp,t+1 ∼ Γ(p̄, 1) − p̄,
ωn,t+1 ∼ Γ(nt , 1) − nt ,

where p̄ and nt are shape parameters of the gamma distributions. ωp,t+1 roughly corresponds to the right tail and ωn,t+1 to the left tail of the consumption growth distribution.
Economically, the consumption shock in the model has two components: one coming from
a good regime (ωp,t+1 ) and another coming from a bad regime (ωn,t+1 ).
Gamma distributions are used instead of more standard Gaussian distributions for purely
quantitative, not qualitative, reasons. Indeed, all main theoretical results in the paper
can be straightforwardly replicated with heteroskedastic Gaussian consumption shocks,
t+1 ∼ N (0, σt ). However, as it will be discussed in the calibration section, quantitatively
matching predictability patterns observed in the data is much easier with gamma distributed shocks. This is because gamma shocks have fatter tails than Gaussian shocks.
Thus, they increase the sensitivity of the agent to the shocks, which makes matching asset
prices easier. It should be also pointed out that gamma shocks are not simply a fancy
14

technical tool but are empirically well justified: Bekaert and Engstrom (2009) show that
gamma shocks describe the consumption dynamics better than Gaussian shocks.
At the first glance, the model might look like a rare disaster model but it turns out not
to be the case. In equation (5) the right tail has a constant shape while the shape of
the left tail varies over time. This indeed reminds a time-varying probability/size of a
disaster dynamics as, e.g., in Gabaix (2010) or Tsai (2013). However, in the calibration
the probability of an extreme consumption growth outcome in the model is very low:
much lower than in actual US data and by magnitudes lower than in rare disaster models.
In the model, the time-varying shape parameter of the left tail is used to model the
time-varying volatility of the consumption growth: the volatility of the ωn,t+1 shock is
indeed nt .7 Thus, instead of a rare disaster model a more appropriate title for the model
is a habit model with time-varying volatility of the consumption growth. Consistently
with this logic, in the remainder of the paper, I will refer to nt and p̄ as to the volatility
parameters.
The shape parameter of the ωn,t+1 shock follows a lag 1 autoregressive process:

nt+1 = n̄ + ρn (nt − n̄) + σnn ωn,t+1 .

(6)

The role of the state variable nt , corresponding to the time-varying volatility of the consumption, is to determine the strength of the precautionary savings effect.
In equations (5) and (6) the negative shock to the consumption growth and the shock
7

It is also possible to make the right tail of the consumption growth distribution time-varying. This is
not implemented for parsimony. Calibrations show that a model with a time-varying right tail instead of
a time-varying left tail performs quantitatively approximately as well as a model with time-varying left
tail, although the predictability patterns are weaker and fundamentals more volatile.
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to the volatility are the same. This corresponds to the observation that the volatility is
higher during recessions.
Finally, in line with the earlier work on the external habit formation, for the brevity of
Ct
exposition, I choose to model the logarithm of the consumption-habit ratio, st = ln H
t

instead of the habit itself. Similarly to the previous literature, the logarithm of the
consumption-habit ratio follows a lag 1 autoregressive process:

st+1 = s̄ + ρs (st − s̄) + σsp ωp,t+1 + σsn ωn,t+1 .

(7)

Under this specification, the habit has an economically appealing interpretation of being
a weighted average of past consumption shocks. To see this, note that ln Ht = gt − st =
ḡ + σcp ωp,t − σcn ωn,t − s̄ − ρs (st − s̄) − σsp ωp,t − σsn ωn,t .. Plugging the process st from (7),
P
p
p
n
n
the habit is ln Ht = constant + ∞
i=0 (αi ωp,t−i + αi ωn,t−i ), where αi and αi are constants.
The difference habit utility allows this interpretation only as an approximation around
the steady state.
Similarly to Campbell and Cochrane (1999), the consumption growth and the consumptionhabit ratio in equation (7) are driven by the same shocks.8 However, equation (7) allows
positive and negative shocks to affect the habit in different way than they affect consumption: generally σsp and σsn are not linked to σcp and σcn . Quantitatively, this assumption
is only important for replicating the weak correlation between consumption growth and
asset prices: prices are affected by the habit which in this specification is not perfectly cor8

Cambpell and Cochrane (1999), Wachter (2002), Bekaert and Engstrom (2009), and Verdelhan (2010)
use the difference habit utility. For that reason, they are modeling the inverse surplus ratio instead of the
consumption-habit ratio. The inverse surplus ratio and the consumption-habit ratio are technically different specifications to model the economically same thing. Thus, to avoid the confusion with terminology,
in the paper I will refer to both of them as to the consumption-habit ratio.
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related with the consumption. All other moments can be approximately reproduced from
the model where the shock to the consumption growth and the shock to the consumptionhabit ratio are perfectly correlated (that is, σsp = ασcp and σsn = −ασcn for a constant
α > 0). However, in Section 5 I show that the assumption of positive and negative consumption shocks affecting habit differently enjoys some empirical support and thus it is
justifiable to include it into the model.

9

Note that the consumption-habit ratio, st , in equation (7) plays a different role than the
consumption-habit ratio in Campbell and Cochrane (1999). In my model, the role of st
is purely the intertemporal smoothing (determining how valuable is consumption today
compared to consumption in the future), the risk-aversion is constant. In Cambpell and
Cochrane (1999) the consumption-habit ratio, in addition to intertemporal smoothing,
also determines the risk-aversion (which in their model is time-varying).
Economically, positive shocks should increase the consumption habit ratio and negative
consumption shocks should decrease the consumption-habit ratio (corresponding to the
situation where positive consumption shocks increase utility and negative consumption
shocks decrease it). Thus, σqp is expected to be negative and σqn is expected to be positive.
The key difference between the model in this paper and the standard habit model by
Cambpell and Cochrane (1999) is that in this paper the consumption growth shocks
are heteroskedastic, but sensitivity of the agent’s consumption-to-habit ratio to these
shocks is constant, in contrast in Campbell and Cochrane (1999) the consumption growth
shocks are homoskedastic, but sensitivity of the consumption-to-habit ratio to these shocks
9
A different sensitivity to negative and positive shocks can be related to reference point-utility preferences (Koszegi and Rabin, 2009), where bad consumption ouctomes hurt more than good consumption
outcomes benefit. There is empirical evidence in favor of such preferences (Crawford and Meng, 2009,
Pope and Schweitzer, 2011, Sydnor, 2010, among others) and thus they are not simply a convenient
technical tool.
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is time-varying. This turns out to be very important because this paper’s specification allows to disentangle the intertemporal smoothing and precautionary savings effects from each other. Indeed, the intertemporal smoothing process is governed mainly
by the consumption-habit ratio process (7), while the precautionary savings are driven
by the volatility process (6). In the standard habit model (Campbell and Cochrane,
1999; Wachter, 2002; Verdelhan, 2010), there is no time-varying consumption volatility.
Both the intertemporal smoothing and precautionary savings effects are driven by the
consumption-habit ratio process. Depending on the specification of that process, either
the intertemporal smoothing or the precautionary savings effect is dominant all the time.
This severely restricts term structure dynamics and, in particular, precludes explaining
domestic and international bond markets dynamics simultaneously: in Wachter (2002) the
intertemporal smoothing dominates and the uncovered interest rate parity holds, while in
Verdelhan (2010) the precautionary savings dominate and the real yield curve is downward
sloping and the expectation hypothesis holds. The model in this paper disentangles the
intertemporal smoothing and precautionary savings effects and allows them to operate to
some extent independently. As shown in the next section, this allows to simultaneously
match domestic and international bond market dynamics.

1.4

Asset Pricing Implications

This section explains how the model is able to generate bond market predictability patterns often considered puzzling. To clarify economic intuition, I concentrate on the examples with one and two period bonds and then discuss how the results are generalized
for longer term bonds. All asset prices in the model are closed-form and thus easy to
interpret. For brevity, in this section I only discuss the formulas necessary for intuition.
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All other equations are relegated to the appendix.
In line with the previous external habit literature, the agent only maximizes her utility
with respect to consumption and takes the habit as given. Consequently, the stochastic
discount factor, Mt+1 , is equal to the ratio of marginal utilities of consumption at t + 1
and t:

Mt+1

Ct+1 1−γ
Ct ( Ht+1 )
= βe−gt+1 +(1−γ)(st+1 −st ) .
=β
Ct 1−γ
Ct+1 ( H
)
t

(8)

Risk premia on the assets are determined by the covariance of their returns with the innovations to the stochastic discount factor. The innovations to the (logarithmic) stochastic
discount factor are:
mt+1 − Et mt+1 = ap ωp,t+1 + an ωn,t+1 ,
(9)

ap = (1 − γ)σsp − σcp ,
an = (1 − γ)σsn + σcn .

For simplicity, I only consider the case where positive consumption growth shocks decrease
the stochastic discount factor (corresponding to good times) and negative consumption
growth shocks increase the stochastic discount factor (corresponding to bad times). In
(57), this corresponds to ap < 0 and an > 0.
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1.4.1

Yield Curve

All bonds are real risk-free zero-coupon bonds. It is covenient to work with the continuously compounded yields defined as:
1
yn,t = − ln Pn,t ,
n

(10)

where t is the time index, n is the number of periods to the payoff, and P is the bond
price.
Let us first analyze the one period risk-free rate. Using the formulas for expectations of
gamma distributed variables from the appendix, (56) yields:

y1,t = − ln β + ḡ − (1 − γ)(1 − ρs )s̄ + f (ap )p̄ + (1 − γ)(1 − ρs ) st + f (an ) nt ,
|
{z
}
| {z }
<0

(11)

<0

where:

f (x) = x + ln(1 − x).

(12)

Note that in (12) function f (x) is always negative.
The risk-free rate in equation (11) consists of two components: the intertemporal smoothing and precautionary savings. First, the risk-free rate loads negatively on the consumptionhabit ratio st .10 This is the intertemporal smoothing effect: in times of low consumption
(low st ) the agent wants to consume now and not in the future and thus needs to be
compensated for transfering consumption into the future. Second, the risk-free rate loads
10

Throughout the paper I assume that the risk-aversion coefficient, γ, is greater than 1.
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negatively on the consumption growth volatility nt . This is the precautionary savings
effect: in times of high consumption growth volatility (high nt ) the agent wants to save
to hedge the uncertainty.
To understand how the average slope of the yield curve is determined, let us consider an
example with only one and two period zero-coupon bonds. The return on holding a two
period bond over one period is R2,t→t+1 =

P1,t+1
.
P2,t

Taking logs:

r2,t→t+1 = −y1,t+1 + 2y2,t .

(13)

Rearranging and taking unconditional expectations of (13) results in:

E(y2,t − y1,t ) =

1
2

E(y1,t+1 − y1,t )
|
{z
}

+

expected change in the short rate

1
2

E(r2,t→t+1 − y1,t )
|
{z
}

,

risk-premium for holding a 2 period bond over 1 period

1
E(y2,t − y1,t ) = E(r2,t→t+1 − y1,t ).
2
(14)

The left hand side of (14) is the average slope of the yield curve in our two bonds example.
In the first line it consists of two parts. The first part corresponds to the expected return
on holding a two period bond once the one period bond expires: from time t + 1 to
time t + 2. This correponds to the expected change in short rates. The second part is
the expected excess return on holding a two period bond over the life time of the one
period bond. Note that this return is not necessarily 0, because the two period bond is
only riskless at the two period horizon, at the one period horizon its price will fluctuate
and these fluctuations might be correlated with the agent’s marginal utility (stochastic
discount factor). From the second line of (14), this risk-premium determines the average
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slope of the yield curve. This is because on average the 1 period yields today and the
next period will be equal and thus the first term cancels out.
By definition, the risk-premium on holding a two period bond over 1 period, E(r2,t→t+1 −
y1,t ), is determined by the covariance of r2,t→t+1 with the stochastic discount factor:
f
t+1 R2,t→t+1 ) 11
. In logs:
E(R2,t→t+1 − Rt→t+1
) = − cov(MEM
t+1

E(r2,t→t+1 − y1,t ) ≈ −cov(mt+1 , r2,t→t+1 ) = cov(mt+1 , y1,t+1 ),

(15)

where the first part is an approximation, because there is also a Jensen inequality term
due to the concavity of the logarithm function.
The logic behind (15) is that if a future short yield (y1,t+1 ) is positively correlated with
the stochastic discount factor holding a two period bond is risky. This is because if the
next period the stochastic discount factor will be high (a bad situation for the agent), the
short term yield is likely to be high as well, implying a low bond price. Consequently, the
agent needs to be compensated for holding a two period bond. From (14), this implies a
positive average yield curve slope.
In the model, the average slope of the yield curve is determined in the interaction of
the intertemporal smoothing and precautionary savings effects. To see this, note that
11

This follows from substituting the definition of the covariance into the definiton of the stochastic
discount factor: E(Mt+1 R2,t→t+1 ) = 1.
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plugging (15) into (14) yields:

1
1
E(y2,t − y1,t ) = E(r2,t→t+1 − y1,t ) ≈ cov(mt+1 , y1,t+1 )
2
2
precautionary savings, ∝covt (mt+1 ,nt+1 )

intertemporal smoothing, ∝covt (mt+1 ,st+1 )

=

z
}|
{
−S1 σsn an V ar(nt )
|
{z
}
>0

+

z
}|
{
N1 σnn an V ar(nt )
|
{z
}

,

<0

(16)

where the second line is computed by substituting in (57) and (11). The first term
in (16) is the intertemporal smoothing term, which comes from the covariance of the
stochastic discount factor with consumption-habit ratio. If a negative consumption shock
is realized, the consumption-habit ratio drops, increasing the short-term yield (equation
(11)) and consequently decreasing bond prices. Thus, a two period bond is a bad hedge
against consumption shocks and should trade at premium. Indeed, the first term in (16)
is positive.
The second term in (16) is the precautionary savings term, which comes from the covariance of the stochastic discount factor with consumption growth volatility. If a negative
consumption shock is realized, the consumption growth volatility rises, decreasing the
short-term yield (equation (11)) and consequently increasing bond prices. Thus, a two
period bond is a good hedge against consumption shocks and should trade at discount.
Indeed, the second term in (16) is negative.
Overall, the slope of the yield curve will be determined by which of the two effects is
stronger:
1) Long-tem bonds are a poor hedge against the consumption shocks because they decrease
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the consumption-habit ratio decreasing bond prices. Thus, the real yield curve should
slope up.
2) Long-term bonds are a good hedge against the consumption shocks because they increase the consumption growth volatility increasing bond prices. Thus, the real yield
curve should slope down.
For longer horizons, the model can reproduce a very rich set of real yield curves: upwardsloping (as, e.g., for US in Gurkaynak, Sack, and Wright 2009), downward-sloping (as,
e.g., for UK in Piazzesi and Schneider, 2007), hump-shaped (as, e.g., for US in Ang,
Bekaert, and Wei, 2008), or U-shaped. This is because in the model the relative strength
of the intertemporal smoothing and precautionary savings effects are different at different horizons: at some horizons the intertemporal smoothing effect might be dominant
increasing the slope of the yield curve, while at other horizons the precautionary savings
effect is dominant decreasing the slope of the yield curve.

1.4.2

Expectation Hypothesis

To understand the implications of the model for the expectation hypothesis, let us again
consider the two bonds example. Going back to equation (13), rearranging and taking
conditional expectations:

y2,t − y1,t
| {z }

slope of the yield curve

=

1
2

Et (y1,t+1 − y1,t )
|
{z
}

+

expected change in the short rate

1
2

Et (r2,t→t+1 − y1,t )
|
{z
}

.

risk-premium for holding a 2 period bond over 1 period

(17)

The left hand side of (17) is the time t slope of the real yield curve, which consists of two
parts. The first part corresponds to the expected relative return on holding a two period
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bond once the one period bond expires: it is equal to the expected change in the short
rate. That is, if the expected change in the short rate next period, y1,t+1 − y1,t is high,
then the slope of the real yield curve is going to be high as well. This is consistent with
the expectation hypothesis: the high yield curve slope should predict high future short
rates and thus low returns on long-term bonds.
The second part of the time t slope of the real yield curve in equation (17) is the riskpremium for holding a two period bond over the first period (that is over the life of the
one period bond). This risk-premium is not necessarily zero or even constant, because
the price of a two period zero-coupon bond next period is not sure: it will depend on the
short rate next period. Furthermore, this dependance might vary through time. As the
short rate next period might be correlated with the marginal utility (stochastic discount
factor) of the agent, there will be a premium (or a discount) for holding a two period
bond over one period.
The model explains violations of the expectation hypothesis via the time-varying volatility
of the consumption shocks. Suppose that the time t consumption growth volatility is
relatively high. The first component of the real yield curve in (17), the expected short
rate next period, is then relatively high as well. To see this, note that due to the meanreversion in the volatility (equation (6)), the volatility next period is expected to be lower.
Consequently, the precautionary savings effect is expected to be weaker and the expected
short interest rate is high (equation (11)).
If the intertemporal smoothing is the dominant effect, then the second component of the
real yield curve in (17), the risk-premium on holding a two period bond over one period,
is also high in times of high consumption growth volatility. To see this, let us analyze the
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conditional version of equation (16):
precautionary savings, ∝covt (mt+1 ,nt+1 )

intertemporal smoothing, ∝covt (mt+1 ,st+1 )

Et (r2,t→t+1 − y1,t ) =

}|
{
z
−S1 σsn an V art (nt+1 )
|
{z
}
>0

+

z
}|
{
N1 σnn an V art (nt+1 )
|
{z
}

.

<0

(18)

From (6), V art (nt+1 ) is proportional to nt . If the intertemporal smoothing is the dominant
effect, in (18) the first term is more important and the risk premium on holding a two
period bond is high when the consumption growth volatility is high. The intuition is that,
as the two period bond is a bad hedge against consumption shocks, the agent should be
compensated more for holding it when the magnitude (volatility) of these shocks is large.
Thus, as both components of the slope of the real yield curve are high in times of high
consumption growth volatility, the slope is itself high in these times.
To summarize, assuming that the intertemporal smoothing is the dominant effect in the
model, the high consumption growth volatility drives up both the slope of the yield curve
and the holding returns on long-term bonds. Thus, the high slope of the yield curve
predicts high returns on the long-term bonds. The expectation hypothesis is violated.
Assuming that the precautionary savings is the dominant effect, the model can also replicate the non-violated expectation hypothesis, as observed, for example, in UK. To see
this, note from (18) that, if the precautionary savings effect is the dominant effect, the
risk premium on holding a two period bond over one period is low when the consumption
growth volatility is high. The intuition is that, as the two period bond is a good hedge
against consumption shocks, the agent should be compensated less for holding it when
the magnitude (volatility) of these shocks is large. Thus, when the consumption growth
volatility is high, the first term in (17) will be high and the second term in (17) will be
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low. Thus, depending on which of these two terms is more important, in times of the
high consumption growth volatility the slope of the real yield curve will be either high
or low and thus will be positively (the expectation hypothesis is violated) or negatively
(the expectation hypothesis holds) correlated with the expected return on holding a two
period bond over one period.
Comparing this and the previous subsection, note the link between the slope of the real
yield curve and the expectation hypothesis. If the intertemporal smoothing effect is
dominant, the yield curve is sloping up and the expectation hypothesis is likely to be
violated. At the same time, if the precautionary savings effect is dominant, the yield curve
is sloping down and the expectation hypothesis is more likely to hold. This prediction
is in line with the anecdotal two country evidence (US and UK) that the expectation
hypothesis holds better in countries with the downward sloping real yield curve.
In the model, the degree of the expectation hypothesis violations might vary at different
time horizons (as is the case, for instance, in US data). This is because, depending on
the model’s parameters, at each time horizon, the relative strength of the intertemporal
smoothing and precautionary savings effects might be different.

1.4.3

Uncovered Interest Rate Parity

To understand the implications of the theory for the uncovered interest rate parity, let
FX
us analyze the return, rt+1
, from borrowing in country 1 and lending the same amount

in country 2. I assume that there are two countries with one country specific consumption good each.12 Following Backus et.al. (2001), Verdelhan (2010), and Bansal and
12

This assumption is in line with an empirical evidence by Burstein, Eichenbaum, and Rebelo (2006)
that most of the real exchange rate fluctuations are driven by non-tradable goods. Recall that, as shown

27

Shaliastovich (2013), I assume that financial markets are complete and there are no arbitrage opportunities. Under these assumptions, the exchange rate change is equal to the
difference in stochastic discount factors: ∆et+1 = m∗t+1 − mt+1 . Thus:
∗
FX
+ Et (m∗t+1 − mt+1 ) = N1 (nt − n∗t ).
= −y1,t + y1,t
Et rt+1
|{z}

(19)

>0

The intuition behind the return on the cross-country borrowing-and-lending strategy is
as follows. First, the return is independent of the consumption-habit ratio st . This is
because the role of st is intertemporal smoothing. Intertemporally, nothing changes for
the agent: she borrows in country 1 and lends the same amount in country 2, her time t
consumption is unaffected.
Second, the return is higher the higher is the volatility in country 1, nt . This is because
the strategy is a poor hedge against negative shocks, ωn,t+1 , to the stochastic discount
factor and, thus, according to (57) should earn positive returns when the magnitude
(volatility) of these shocks (nt ) is higher. To see why the strategy is a poor hedge against
negative shocks, suppose a large negative shock in country 1 realizes. Then the country 1’s
consumption is scarce compared to the country 2’s consumption. Consequently, the agent
who will be exchanging the country 2’s consumption units for the country 1’s consumption
units will get little consumption when she needs it the most (in the case of large negative
consumption shocks in country 1).
Note that the argument in the previous paragraph is a volatility, not a disaster, argument.
The strategy above is also a poor hedge against positive shocks, ωp,t+1 . To see this,
suppose a large positive shock in country 1 realizes. Then the country 1’s consumption
by Hollifield and Yaron (2003), the real exchange rate fluctuations are the most relevant for the uncovered
interest rate parity violations.
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is abundant compared to country 2’s consumption. Consequently, the agent who will
be exchanging the country 2’s consumption units for the country 1’s consumption units
will get a lot of consumption when she needs it the least (in the case of large positive
consumption shocks in country 1). Thus, the argment for the positive shock is the same
as for the negative shock. As already mentioned before, the time-varying volatility of only
the negative shock is a choice made mainly for the brevity of the exposition: the logic of
the model is replicable with time-varying volatility of positive shocks.
The model’s explanation for the violations of the uncovered interest rate parity is based on
the fact that consumption growth volatility affects both the interest rate and the return
on the cross-country borrowing-and-lending stragegy at the same time. Indeed, from (11)
the interest rate is decreasing in volatility nt due to the precautionary savings. From
FX
(19) Et rt+1
is in increasing in the volatility nt because the trading strategy is a poor

hedge against consumption shocks and thus is riskier when the magnitude (volatility) of
these shocks is higher. Thus, when the agent borrows from a low interest rate country
and invests into the high interest rate country, she has a large exposure to consumption
shocks in the low-interest rate country.13 Thus, on average, she should earn a premium
from such a strategy.

1.4.4

Equity

Similarly to the previous habit literature starting from Campbell and Cochrane (1999),
the equity is modeled as the claim to the each period’s consumption. The price-dividend
13

In (11) the interest rate also depends on the consumption-habit ratio st . As st and nt are negatively
correlated, when nt is high, the risk-free rate might be relatively high, instead of low, due to the low st .
This would make the uncovered interest rate parity hold. However, quantitatively, in the economically
sensible parameter region, the impact of the st on the uncovered interest rate parity seems to be always
smaller than the impact of the volatility driven dependence discsussed in the main text.
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ratio is solved in closed form in the appendix by using the formulas for expectations
of gamma distributed variables. The solution and intuition for equity are largely from
Campbell and Cochrane (1999) and Bekaert and Engstrom (2009) and thus an interested
reader is referred to these papers for a detailed discussion.

1.5

Empirical Evidence and Calibration

I start by demonstrating empirical evidence in favor of main mechanisms driving the
model. Next, I show that under reasonable parameters the model is able to reproduce
bond and equity market dynamics in US and internationally, including different slopes of
the yield curve, violations of the expectation hypothesis and the uncovered interest rate
parity. I also quantitatively demonstrate the link between the slope of the real yield curve
and the violations of the expectation hypothesis established in the previous section.

1.5.1

Empirical evidence

In modeling the domestic term-structure, there are 3 key mechanisms in the model:
1) intertemporal smoothing: interest rates are low when the consumption-habit ratio is
high and interest rates are high when the consumption-to-habit ratio is low
2) precautionary savings: interest rates are low when the consumption growth volatility
is high and interest rates are high when the consumption growth volatility is low
3) different sensitivity of the consumption-habit ratio to positive and negative consumption shocks
The risk-free rate equation (11) is the key equation to empirically evaluate the mechanisms above. In particular, it states that the real risk-free rate should be decreasing in the
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consumption-habit ratio and decreasing in the conditional consumption growth volatility.
These predictions can be tested by regressing a proxy for the real risk-free rate on proxies
for the consumption-habit ratio and the conditional consumption growth volatility. Furthermore, the different sensitivity of the consumption-habit ratio to positive and negative
shocks can be studied by constructing proxies for the consumption-habit ratio where positive and negative shocks contribute differently and investigating if these proxies are more
successful in explaining asset prices than proxies where all consumption shocks affect the
consumption-habit ratio in the same way.
In order to test the mechanisms in data, I need a proxy for the real interest rate as well
as for the consumption-habit ratio and the consumption growth volatility. I approximate
the real interest rate by taking the nominal 3 month Treasury bill rate from the St.Louis
Fed website and reducing the expected inflation for the next quarter from the Survey
of Professional Forecasters. I operate at the quarterly frequency, because ignoring the
inflation risk premium is better justified for short time intervals as the inflation is strongly
predictable.The time period is 1969Q1-2012Q4, because the inflation forecasts are not
available before that.
I approximate the consumption-habit ratio using its evolution process given in (7). First,
assume that the shock to the consumption-habit ratio is the the same as to the consumption growth (mathematically, σsp = ασcp and σsn = −ασcn ). Then, by iterating equation
(7) backwards, the consumption-habit ratio can be expressed as:

st = const + α

∞
X

ρis (σcp ωp,t−i − σcn ωn,t−i ).

(20)

i=0

Note that, under the model’s assumptions, shocks (σcp ωp,t−i −σcn ωn,t−i ) in (20) are simply
consumption growth shocks and are thus directly observable from data. This allows to
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approximate the consumption-habit ratio using the past consumption growth data. In
particular, Wachter (2002) argues that around 40 quarters of past consumption is needed
to approximate habit, and this is the value I use in this paper. ρs is set to 0.97 which
is the average quarterly habit persistence in the previous habit literature (Campbell and
Cochrane, 1999; Wachter, 2002, 2006; Verdelhan, 2010) and this paper.
The general specification in equation (7) allows positive and negative components of
consumption growth shocks to affect the consumption-habit ratio in different ways than
they affect consumption growth (mathematically, σsp = α1 σcp and σsn = −α2 σcn with
α1 6= α2 ). By iterating equation (7) backwards, the consumption-habit ratio can be
expressed as:

st = const + α1

∞
X

ρis σcp ωp,t−i

+ α2

i=0

∞
X

ρis (−σcn ωn,t−i ).

(21)

i=0

Filtering σcp ωp,t−i and −σcn ωp,t−i for equation (26) from data is non-obvious. Thus, as a
first approximation, to simplify the computational burden, I set:
∞
X

ρis σcp ωp,t−i

:=

∞
X

i=0
∞
X
i=0

ρis (gt−i − ḡ)1(gt−i −ḡ)≥0 ,

i=0

ρis (−σcn ωn,t−i )

:=

∞
X

(22)
ρis (gt−i

− ḡ)1(gt−i −ḡ)<0 ,

i=0

where 1 is an indicator function. The interpretation of equation (22) is that positive
components of the consumption growth shocks are simply estimated as the positive consumption growth shocks, and negative components of the consumption growth shocks are
estimated as the negative consumption growth shocks. This is an approximation because
in the model every consumption growth shock is always a mixture of a positive and a
negative component (see equation (5)). As components follow a demeaned gamma distri32

bution, ωp,t might well be negative and −ωn,t positive. In empirically evaluating (22), I
again follow the previous literature and use 40 quarters of data and ρs =0.97.
Finally, I estimate the conditional volatility of consumption growth using two different
ways. First, I assume that the consumption growth follows a constant mean heteroskedastic process, where the error term is following a GARCH(1,1) process. That is I estimate
the following process for the quarterly consumption growth data via maximizing the likelihood:
gt = ḡ + σt t ,
2
σt2 = σ̄ + ρσ σt−1
+ φ(gt−1 − ḡ)2 ,

(23)

t ∼ N (0, 1).

I employ σt in (23) as the first measure of the conditional volatility of the consumption
growth.
Note that (23) is an approximation because as equation (5) states the shocks in the
model are gamma and not normally distributed. To address this issue, I also compute
the conditional volatility using the gamma shocks. In particular, I estimate the following BEGE-GARCH (Bekaert, Engstrom, and Ermolov, 2014) process for the quarterly
consumption growth data (again via maximizing the likelihood):
gt = ḡ + σcp ωp,t − σcn ωn,t ,
ωp,t ∼ Γ(p̄, 1),
(24)
ωn,t ∼ Γ(nt−1 , 1),
nt = n̄ + ρn nt + φn (gt−1 − ḡ)2 ,
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I employ

p 2
2 n
σcp p̄ + σcn
t−1 as the second measure of the conditional volatility of the con-

sumption growth. Note that (24) is still an approximation to the theoretical process in
the paper, because for computational reasons I do not filter ωn,t and ωp,t shocks and,
thus, unlike in the theoretical model, the shock to the volatility (nt ) does not equal the
ωn,t mshock to the consumption growth.
Table 1 illustrates that the model in this paper seems to be roughly consistent with US
data while previous habit models seem to be not. In particular, specification 1 shows that
taken alone, a consumption-habit ratio seems to be positively (albeit statistically insignificantly) associated with risk-free rates. This casts doubt on the traditional habit-based
explanation of an upward sloping real yield curve and the violations of the expectation
hypothesis (Wachter, 2006), as this explanation requires a negative relationship between
the consumption-habit ratio and short-term risk-free rates (in order for long-term bonds
to be risky securities).
Specification 2 in Panel A of Table 1 shows that impact of positive and negative consumption shocks on the consumption to habit ratio is indeed statistically significantly different
(the coefficient of the Consumption-habit− is statistically significantly negative). In particular, while for positive consumption shocks the relationship between the consumptionhabit ratio and risk-free rates is still positive (the coefficient of the Consumption-habit is
positive), the relationship between the negative shocks and the consumption-habit ratio
becomes negative (0.5715-0.8452=-0.2737). This implies that empirically the intertemporal smoothing effect is pronounced for negative consumption shocks and is absent for
positive consumption shocks. Indeed, in data a large in magnitude negative shock to the
consumption-habit ratio leads to higher risk-free interest rates implying that bonds are
a bad hedge for consumption shocks. Interestingly, a large in magnitude positive shock
also implies higher risk-free rate. The results of specifications 1 and 2 in Panel A sug34

gest that in order to justify some kind of the intertemporal smoothing in data under the
habit framework, one should allow negative and positive consumption shocks to affect the
consumption-habit ratio differently.
Specifications 3 and 4 in Panel A of Table 1 show the evidence of the intertemporal
smoothing and precautionary savings effects in data. Specification 3 shows that if positive and negative shocks are not allowed to affect the consumption-habit ratio differently,
there is no evidence of either intertemporal smoothing or precautionary savings effects.
Contrary, both the higher consumption-habit ratio and the higher conditional volatility of
the consumption growth are associated with the higher risk-free rates (coefficients of the
Consumption-habit and Conditional volatility are positive). However, specification 4 indicates that if positive and negative shocks do affect the consumption-habit ratio differently
(and they do affect the consumption-habit ratio differently as the Consumption-habit−
coefficient is statistically significantly negative), there appears to be the intertemporal
smoothing effect for negative shocks (consistently with results in specifications 1 and 2)
and the precautionary savings effect (a negative coefficient for the Conditional volatility).
Thus, in line with specifications 1 and 2, specifications 3 and 4 suggest that once positive and negative consumption shocks are allowed to affect the consumption-habit ratio
differently, there is evidence of both intertemporal smoothing and precautionary savings
effects. Results using gamma distributed shocks (in Panel B of Table 1) are in line with
results obtained with Gaussian shocks.
Overall, the empirical evidence suggests that the positive and negative consumption
shocks affect the consumption-habit ratio differently, and, after accounting for this, there
are intertemporal smoothing and precautionary savings effects.14
14

The intertemporal

Importantly, this also adresses the Hartzmark (2014)’s empirical critique towards the absence of the
link between economic (consumption) growth and interest rates.
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smoothing seems to be driven almost exclusively by negative shocks. Consistently with
this observation, in the calibration of the model negative consumption shocks will have
greater impact on the consumption-to-habit ratio than positive shocks.
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Table 1: Determinants of the Risk-free Rate. Data are quarterly US observations from
$
1969Q1 to 2012Q4. The main regression is rt,t+1
−Et πt+1 = α0 +α1 ·consumption-to-habit +
−
$
is a nominal 90 days
α2 · consumption-to-habit + α3 · conditional volatility + t+1 . rt,t+1
Treasury bill interest rate. Et πt+1 is the expectation of the inflation for the next 3 months
from the Survey of Professional Forecasters. Consumption-habit is a proxy for the total
log consumption-to-habit ratio over
P40pasti 40 quarters assuming shocks to− habit and consumption growth are the same:
is a proxy for
i=1 ρs (gt−i − ḡ). Consumption-habit
the
P40logi consumption-to-habit ratio computed using only negative consumption shocks:
i=1 ρs (gt−i − ḡ)1(gt−i −ḡ)<0 . gt is the time t consumption growth and ḡ is the mean
consumption growth. ρs = 0.97, which corresponds to the average quarterly persistence
of habit in the literature. Conditional volatility is the conditional volatility of the consumption growth for the next quarter. In Panel A, the conditional volatility is computed
assuming that quarterly consumption growth follows a constant mean heteroskedastic
process where the error term is of the GARCH(1,1) structure. In Panel B, the conditional
volatility is computed assuming that quarterly consumption growth follows a constant
mean heteroskedastic process where the error term is a mixture of two gamma shocks.
Standard errors in brackets are 60 lags Newey-West standard errors.

Constant
Consumption − habit
Consumption − habit−
Conditional volatility
R2
Constant
Consumption − habit
Consumption − habit−
Conditional volatility
R2

Panel A: Gaussian shocks
Specification 1 Specification 2 Specification 3
0.0421***
-0.0084
-0.0001
(0.0091)
(0.0146)
(0.0154)
0.1720
0.5715***
0.2270
(0.1674)
(0.2012)
(0.1812)
-0.8452***
(0.2736)
6.2180**
(2.6823)
0.0673
0.3057
0.2098
Panel B: gamma-shocks
0.0440***
-0.0055
0.0218
(0.0077)
(0.0143)
(0.0084)
0.1702
0.5857***
0.2089
(0.1693)
(0.2075)
(0.1654)
-0.8302***
(0.2712)
3.1454*
(1.6165)
0.0653
0.2964
0.1997
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Specification 4
0.0000
(0.0184)
0.8010***
(0.2414)
-1.4544***
(0.2411)
-6.6084*
(3.9976)
0.3341
-0.0037
(0.0165)
0.5994***
(0.2102)
-0.8997***
(0.2200)
-0.8244
(1.4297)
0.3090

Data supports the model’s volatility based explanation for the uncovered interest rate
parity violations. From Panel A of Table 2 it can be seen that, in line with the model’s
mechanism, the consumption growth volatilities for the low interest countries are higher
than for high interest countries.15 Panel B of Table 2 shows that the diffferences are often
statistically significant. Interestingly, the differences in consumption growth volatilities
are smaller in the most recent sample. This is largely in line with the observation that G10
carry trade returns have been economically relatively weak and statistically insignificant
in 1990:s and 2000:s (see, for example, Table 8 in Chabi-Yo and Song, 2013, for the most
recent evidence).
15

Ready, Roussanov, and Ward (2014) report the same empirical evidence in the context of a different
model.
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Table 2: Aggregate Per Capita Consumption Growth Volatilities for G10 Carry Trade Countries.
Data is annual. Portfolio consumption growths are GDP weighted consumption growths of
portfolio countries. In Panel A, Volatilities are computed from the time series of consumption
growths. Bootstrap standard errors are in brackets. In Panel B, in each bootstrap run a time
series of the historical length is sampled for each portfolio, preserving the time relationship
between the time series (that is if the observation for 1996 is sampled for the high-interest rate
portfolio it is also sampled for the mid- and low-interest rate portfolios). Then, volatilities of
these time series are computed. p-value is the proportion of bootstrap runs where the volatility
of a row time series is larger than the volatility of a column time series. 10,000 bootstrap runs are
performed for both Panels A and B. The asterisks, *, **, and ***, correspond to the statistical
significance at 10, 5, and 1 percent levels, respectively.
Panel A: Historical consumption growth volatilities
Low-interest Mid ir coun- High ir counrate
(ir) tries
tries
countries
Australia,
Japan,
Canada,
New
Switzerland
Germany,
Sweden, UK, Zealand,
Norway
US
Whole time period: 1971-2012
1.94%
1.42%
1.18%
(0.22%)
(0.14%)
(0.13%)
Modern time period: 1988-2012
1.42%
1.24%
1.21%
(0.22%)
(0.21%)
(0.22%)
Panel B: Bootstrap p-values for the differences in historical consumption growth volatilities
Whole time period: 1971-2012
Low-ir coun- Mid-ir counHigh-ir rate
tries
tries
countries
Low-ir coun0.9867**
0.9976***
tries
Mid-ir coun0.0133**
0.8881
tries
High-ir
0.0024***
0.1119
countries
Modern time period: 1988-2012
Low-ir coun- Mid-ir counHigh-ir
tries
tries
countries
Low-ir coun0.8217
0.7960
tries
Mid-ir coun0.1783
0.5387
tries
High-ir
0.2040
0.4613
countries
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1.5.2

Calibration

I calibrate the model to match the bond and equity markets dynamics in US. Internationally, I match the uncovered interest rate parity coefficient observed between US dollar
and some common currencies. I calibrate the model at the annual frequency. This is to
avoid the time aggregation issues.
In the calibration, I aim to match the following set of moments:
a) US per capita consumption growth moments: mean, standard deviation, skewness,
excess kurtosis, probabilities of extreme outcomes (¡mean-2×standard deviation, ¡mean4×standard deviation). I obtain these moments from NIPA tables 1.1.6 (the real consumption growth) and 7.1 (the population growth). The time period is 1929-2012.
b) US real interest rates: annual real interest rates for 1,2,3,4, and 5 years and the volatility
of the 1 year interest rate. This data is from the updated appendix of Gurkaynak et.al.
2009 and covers the period from 2004 to 2012. The TIPS data is only available at annual
maturities with the shortest maturity being 2 years. For this reason, I linearly extrapolate
the values for the 1 year real bonds from the 2,3,4, and 5 years bonds. The time period
is relatively short because the history of inflation adjusted bonds trading in US is short.
c) US equity: equity risk-premium, Sharpe-ratio, price dividend ratio. The risk-premium
and Sharpe-ratio are from Kenneth French’s data library. The price-dividend ratio is from
Boudoukh et.al. (2007). The time period is 1929-2012.
16

16

Calibrating the price dividend ratio is somewhat complicated. In the model, the price-dividend ratio
corresponds to the equity payout ratio: that is the ratio of the equity price to the total payout (not only
dividends but also share repurchases and equity issuance). Boudoukh et.al. (2007) show that in recent
years this statistic has gone very small and even negative. This means that the capital have been flowing
from households to firms. The model in this paper is not designed to have such negative dividends. Thus,
instead of the payout ratio I follow most of the asset pricing literature, such as Campbell and Cochrane
(1999) or Bansal and Yaron (2004), and match the price-dividend ratio from Boudoukh et.al. (2007).
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d) US expectation hypothesis coefficients for 2,3,4, and 5 years bonds using the 1 year
bond as a reference short-term security. The expectation hypothesis coefficients are not
directly available for real bonds. Thus, I compute them by running regression (17) for
the nominal bonds. The data on the yields is from the updated appendix of Gurkaynak
et.al. (2006). I do not aim to match these coefficients exactly, because I am operating
with real, not nominal, yields. I aim to match the negativity of the coefficients and that
the coefficients are more negative for the bonds with longer maturities.
e) The uncovered interest rate parity coefficient between US and other major economies.
The uncovered interest rate parity coefficients are not directly available in real terms
because there is not long enough history of real government bonds trading for the most
countries. The uncovered interest rate parity coefficients are from Backus et.al. (2001).
The calibration is the mix of minimizing the weighted squared distance between the model
implied moments and their empirical counter-parts and the hand-calibration. I partially
rely on the hand calibration because it is not feasible to get consistent standard errors
for all the moments of interest: some moments are only available in nominal terms and
time periods for different moments are rather different. For the identification purposes,
the discount factor β is fixed to 0.975. This is the average of the discount factors from
Campbell and Cochrane (1999) and Wachter (2002). The level of the consumption-habit
ratio is set to 1. Unlike in the Campbell and Cochrane (1999)-type models, the level
of the consumption-habit ratio is irrelevant for pricing, because, as it can be seen from
equations (56) and (57), the stochastic discount factor is only dependent on the ratio (not
levels) of the consumption-habit ratios across different time periods.17 Thus, s̄ can have
17

In the Campbell and Cochrane (1999)-type models, the level of the consumption-habit ratio is important, because it affects the habit’s sensitivity to consumption shocks. In this paper this sensitivity is
constant.
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an arbitrary positive value.
The parameters which will fit consumption and asset pricing dynamics reasonably well
are summarized in Table 3. The local relative risk-aversion (which is a rough counterpart to the CRRA risk-aversion in the model) is relatively low compared to other models
which try to explain bond markets predictability such as Wachter (2002) and Bansal and
Shaliastovich (2013).The persistence of the habit might look low, but this is an annual
persistence, not monthly or quarterly persistence used in most other habit models. The
persistence of the habit is roughly in line with the annualized value from Bekaert and
Engstrom (2009). In line with economic intuition, positive consumption shocks increase
and the negative consumption shocks decrease the consumption-habit ratio. The left tail
of the consumption growth distribution is much stronger non-Gaussian than the righttail. This is consistent with US consumption dynamics analyzed in Bekaert and Engstrom
(2009). Figure 1 visualizes the consumption growth distribution in the model.
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Table 3: Parameters of the Model. Preferences and consumption dynamics parameters for
the baseline specification of the model. The parameters are calibrated to match the basic
consumption and asset pricing dynamics. The parameters are for the annual calibration
frequency. The implied local relative risk-aversion, defined as γeqt approximately corresponds to the CRRA-utility risk-aversion. The distribution of the implied local relative
risk-aversion is computed by sampling 100,000 annual observations from the model.
Parameter

Interpretation

Value
Preferences

β
γ
s̄
ρs
σsp
σsn
ḡ
p̄
σcp
n̄
σcn
ρn
σnn

discount factor
risk-aversion
average consumption-habit ratio
persistence of the consumption-habit ratio
sensitivity of the consumption-habit ratio to positive shocks
sensitivity of the consumption-habit ratio to negative shocks
Consumption dynamics
average consumption growth
shape parameter of positive shocks
impact of the positive shocks on the consumption growth
average shape parameter of negative shocks
impact of the negative consumption shocks on the consumption growth
volatility persistence
scale of the volatility shock
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0.9750
6.6865
1.0000
0.7860
0.0001
-0.1604
0.0210
202.2554
0.0017
0.0185
0.0519
0.8758
0.0770

Figure 1: Unconditional Distribution of Consumption Growth in US and in the Model.
The data are annual. The US data is the logarithmized per capita total consumption
growth. The time period is 1929-2012. The model implied distribution is obtained by
sampling 100,000 annual observations from the model.

1.5.3

Results

The model fits both consumption and asset pricing dynamics reasonably well. Table 4
shows that the model implied consumption dynamics is more Gaussian than US consumption in 1929-2012. The probability of the consumption disasters in the model is very low
compared to the rare disaster models: around 2% for the two standard deviations disaster
and almost 0 for the four standard deviastions disaster. For instance, in the rare disaster
literature, Gabaix (2012) requires the probability of the four standard deviation consumption growth disaster to be 3%. Additionally, in his model the disasters are very severe,
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corresponding to around -30% annual consumption growth. This has never been observed
in US (although has been observed internationally). Tsai (2013) requires the probability
of the four standard deviations consumption growth disaster to be 1.8% percent but in
his model the consumption disasters can be significantly larger than in Gabaix (2013).

18

Thus, as already discussed, the model is not a rare disasters-type model.
Table 4: Per Capita Consumption Growth Dynamics in The Model and Data. The US
data is the logarithmized annual per capita total consumption growth. The time period is
1929-2012. The model statistics for disaster probabilities is computed by sampling 100,000
annual observations from the model. ḡ and σg are unconditional mean and standard
deviation of the consumption growth, respectively.
Model
US

Mean
2.10%
2.00%

Standard deviation
2.52%
2.98%

Skewness
-0.20
-0.83

Excess kurtosis
2.02
3.52

P (< ḡ − 2σg )
1.93%
4.96%

P (< ḡ − 4σg )
0.11%
1.20%

Table 5 demonstrates the model’s ability to match the key asset pricing characteristics. In
particular, the model adresses a common critique towards the habit model regarding its
inability to simultaneously explain violations of the expectation hypothesis and uncovered
interest parity (Verdelhan, 2010; Bansal and Shaliastovich, 2013).
18

In Nakamura et.al. (2013) the probability of the four standard deviation disaster is 1.12%, which is
in line with the twentieth century US data, but authors are not concerned about predictability patterns,
they only match basic asset pricing moments.
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Table 5: Asset Pricing Moments. All moments are annual moments. For the international
statistics, it is assumed that two countries have exactly the same model parameters as
reported in Table 3, and shocks are independent across two countries. All model generated
moments are in real terms. All data moments are in real terms except the expectation
hypothesis coefficients and the uncovered interest rate parity coefficients. Real yields
data are US 2004-2012 data. Expectation hypothesis data are US 1961-2012 data. Equity
data are US 1926-2012 data. The uncovered interest rate parity coefficient is the average
UIP coefficient for the US dollar and most common foreign currencies from Backus et.al.
(2001). The correlation between the consumption growth rates differentials and the real
exchange rate changes are from Benigno and Thoenissen (2008). The volatility of the real
exchange rate changes is from Croce and Colacito (2011).
Moment

Description
Model
Data
Real zero-coupon yields
y1
1 year
0.20%
0.23%
y2
2 years
0.48%
0.37%
y3
3 years
0.75%
0.49%
y4
4 years
1.01%
0.63%
y5
5 years
1.26%
0.78%
σ(y1 )
volatility of the 1 year yield
1.65%
1.58%
1
(yn,t − y1,t ) + t
Expectation hypothesis coefficients from the regression yn−1,t+1 − yn,t = β0 + βn n−1
β2
n=2 years
-1.18
-0.71
β3
n=3 years
-1.21
-1.04
β4
n=4 years
-1.27
-1.29
β5
n=5 years
-1.31
-1.48
Equity
rmkt − y1
equity premium
4.45%
5.67%
Sharpe-ratio
0.36
0.29
pd
logarithm of the price-dividend ratio
3.66
3.40
Corr(pdt−1 , pdt )
autocorrelation of the price-dividend ratio
0.81
0.85
International
FX
∗
αF X
from regression rt+1
= α0 +αF X (y1,t −y1,t
)+t
-1.92
[-0.74,-1.84]
19
σ(∆et+1 )
volatility of the real exchange rate
20.12%
11.21%
∗
Corr(∆et+1 , gt+1
− gt+1 ) correlation between the exchange rate changes
-0.49
[-0.55,0.53]
and the consumption growth differentials

19

20.12% is for the case of uncorrelated consumption growth shocks across two countries. For the case
where the correlation between consumption growth shocks in two countries is 0.32, which corresponds to
the correlation between US and UK consumption growths, the exchange rate volatility is 16.46%.
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Consistently with the data, the expectation hypothesis violations in the model are stronger
at the longer horizons (β-coefficients in Table 5 decreasing over time). This is just the
consequence of the deep model parameters. In the calibration, the sensitivity of the yield
curve’s slope to the consumption volatility is mainly determined by the habit and volatility
persistence components, ρs and ρn . At the same time, the sensitivity of the long-term
bonds holding returns to the consumption volatility is mainly determined by the habit
sensitivity parameters, σsp and σsn . In order for β-coefficients in Table 5 to decrease over
time, the parameters should be chosen so that holding returns on long-term bonds are
more sensitive to the consumption volatility than the slope of the yield curve. This is
doable because the slope and the holding returns are largely affected by different model
parameters.
The expectation hypothesis coefficients in the model are not decreasing as fast over time
as they do in the data. This might be partially attributed to the fact that the model is the
real model: non-neutral inflation would apmlify the effects. It should also be pointed out
that in the long-run risk models such as Hasseltoft (2012) and Bansal and Shaliastovich
(2013) the time pattern in the expectation hypothesis coefficients is also somewhat weaker
than in the data.20
Note that the volatility of the real interest rate in the model is realistically low. As
Cambpell and Cochrane (1999) point out, habit models usually generate too high interest rate volatility. In this paper, this is not a problem because the intertemporal
smoothing and precautionary savings effects always drive the risk-free rate in opposite directions reducing its fluctuations. For instance, if a large negative shock does realize, the
20

Hasseltoft (2012) uses a slightly different method to test the expectation hypothesis and the time
pattern in the model is slightly weaker than in data. In Bansal and Shaliastovich (2013) the appropriate
comparision to this paper is the cross-country calibration in Table 7.
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consumption-to-habit ratio goes down increasing the interest rate and the consumption
growth volatility goes up decreasing the interest rate.
The equity premium in the model is a little bit low compared to the data. At the same
time, the equity premium in the model is roughly consistent with the US equity premium
over the longer time period: for instance, for the period from 1889 to 1994 Campbell et.al.
(1997) in their Table 8.1 report the equity premium of 4.18%. The relatively low equity
premium is a general problem of the ratio-habit model (see, e.g., Chan and Kogan, 2002).
In the next section I show that using the difference habit instead of ratio habit addresses
the low equity premium in my model.
An obvious problem with the model is that the exchange rate volatility is too high. This
corresponds to the observation by Brandt et.al. (2006) that it is difficult to reconcile high
domestic Sharpe-ratios with the low exchange rate volatility. The reason is that to fit the
high domestic Sharpe-ratios the variance of the stochastic discount factors should be high
(Mehra and Prescott, 1985). However, the high volatility of the stochastic discount factor
implies high volatility of the exchange rates: V ar∆et+1 = V ar(mt+1 ) + V ar(m∗t+1 ) −
p
2ρ(mt+1 , m∗t+1 ) V ar(mt+1 )V ar(m∗t+1 ). In the habit framework, Verdelhan (2010) solves
this problem by introducing between the countries trading costs. This mechanism can
also be applied to this paper at the cost of losing the intuition provided by closed form
solutions.
The model is to some extent able to match the non-perfect correlation between the exchange rate changes and consumption growth differentials. This weak correlation first
documented in Backus and Smith (1993) is theoretically often considered puzzling. Indeed, Backus and Smith (1993) show that under the no-arbitrage condition in complete
markets with the CRRA utility, the exchange rate changes should be proportional to the
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∗
− gt+1 ). Thus,
consumption growth differentials between two countries: ∆et+1 = −γ(gt+1

the exchange rate changes and the consumption growth differentials should be perfectly
correlated.
The habit model is usually able to match the low correlation between the exchange rate
changes and the consumptiong growth differentials better than CRRA-based models, because the exchange rates are determined not only by the consumption growth but also
by the habit. However, as Verdelhan (2010) points out the correlation in habit models is
generally still too strong (around 0.75 in his model). In this paper the correlation between
the exchange rate changes and the consumption growth differentials is weaker than in the
previous habit models. This is because the shocks to the consumption growth and the
inverse surplus ratio are imperfectly correlated: ωn,t+1 and ωp,t+1 affect the consumption
and habit with different weights.
Table 6 confirms the theoretically predicted ability of the model to produce the downward
sloping yield curve along with ”non-violated” expectation hypothesis. Note that the
main difference between the parameters in Tables 3 and 6 is the higher risk-aversion and
volatility in the later specification. This makes sense, because, as discussed in the previous
section, in order for the yield curve to slope downward and the expectation hypothesis
to hold the precautionary savings effect should dominate. The result is also indirectly
supported empirically as historically the consumption growth volatility in UK has been
higher than in US.
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Table 6: Alternative Model Calibration: Downward Sloping Yield Curve And ”Nonviolated” Expectation Hypothesis. All moments are annual real moments. ḡ and σg
are unconditional mean and standard deviation of the consumption growth, respectively.
yn is the yield for a horizon n risk-free zero-coupon bond. βn is the coefficient from the
1
yn−1,t+1 − yn,t = β0 + βn n−1
(yn,t − y1,t )+ t regression. rmkt − y1 is the equity risk-premium.
pd is the natural logarithm of the price-dividend ratio.
β
0.9700
ḡ
0.0210

Mean
2.10%
y1
0.68%
β2
2.55
rmkt −
y1
4.08%

1.5.4

PANEL A: PARAMETERES
s̄
ρs
σsp
σsn
1.0000
0.8464
0.0001
-0.0449
Consumption dynamics
p̄
σcp
n̄
σcn
ρn
119.5582
0.0023
0.1018
0.0420
0.6669
PANEL B: CONSUMPTION AND ASSET PRICING MOMENTS
Consumption growth
Standard deviation Skewness Excess kurtosis P (< ḡ − 2σg ) P (< ḡ − 4σg )
2.84%
2.97.
-0.53
2.26%
0.27%
Real yields
y2
y3
y4
y5
σ(y1 )
0.43%
0.26%
0.18%
0.17%
2.40%
Expectation hypothesis coefficients
β3
β4
β5
2.27
1.91
1.45
Equity
Sharpe-ratio
pd
Corr(pdt−1 , pdt )
γ
14.9134

0.23

3.62

σnn
0.2755

0.86

Role of Model Ingredients

In this section, I analyze two of the model’s features which are different from the mainstream literature: using gamma shocks instead of Gaussian shocks and using the ratio
habit instead of the difference habit.
Gamma Shocks: the role of gamma shocks in this paper is largely quantitative, not
qualitative. Indeed, the logic of the model is easily replicapable with Gaussian shocks
with time-varying volatility.
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However, calibrating the model with Gaussian shocks is much more challenging. In particular, because gamma shocks have fatter tails than Gaussian shocks, volatility of Gaussian
shocks should be relatively high to generate the same amount of predictability in asset
prices. As it can be seen from Figure 1 and Table 4, the consumption growth in the model
is less volatile than US consumption growth in 1929-2012. With Gaussian consumption
shocks, the unconditional volatility of the consumption growth would be somewhat higher
than in 1929-2012 US in order to generate roughly the same amount of predictability as
reported in Tables 5 and 6. Additionally, the mean effective coefficient of risk-aversion
would be around 20. It is important to emphasize that gamma shocks are not just a
convenient theoretical tool: they are empirically well justified. For instance, Bekaert and
Engstrom (2009) show that gamma shocks match the consumption growth dynamics (e.g.,
conditional consumption growth distributions) significantly better than Gaussian shocks.
The Ratio Habit versus The Difference Habit: I use the ratio habit utility instead of a
more popular difference habit utility as it allows to concentrate on the core mechanism of
the model and is economically better motivated. I show that all the results of the model
can be replicated and even improved using the difference habit utility.
Again there is a representative agent. The agent maximizes the expected utility as in
Campbell and Cochrane (1999):

E0

∞
X
t=0

βt

(Ct − Ht )1−γ − 1
,
1−γ

(25)

where Ct is the consumption at time t and Ht is an exogenously modeled level of habit
(habitual consumption), satisfying Ht < Ct . For computational convenience, instead of
modeling Ht , I follow most of the external habit literature starting from Cambpell and
Cochrane (1999) and model the inverse surplus ratio Qt =
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Ct
.
Ct −Ht

The local coefficient

of relative risk-aversion, which usually roughly corresponds to the CRRA risk-aversion
coefficient, is time-varying and equal to γQt . The exact risk-aversion over wealth is a
complicated function of the agent’s value function and is not analyzed here. In line with
the earlier work on the external habit formation, the logarithm of the inverse surplus ratio
also follows a lag 1 autoregressive process:

qt+1 = q̄ + ρq (qt − q̄) + σqp ωp,t+1 + σqn ωn,t+1 .

(26)

The rest of the model is the same as in the case of the ratio habit utility:
gt+1 = ḡ + σcp ωp,t+1 − σcn ωn,t+1 ,
ωp,t+1 ∼ Γ(p̄, 1) − p̄,
(27)
ωn,t+1 ∼ Γ(nt , 1) − nt ,
nt+1 = n̄ + ρn (nt − n̄) + σnn ωn,t+1 .

Again ωp,t1 and ωn,t+1 shocks affect the consumption growth and the inverse-surplus ratio
with different weights. Again this is only important to generate a non-perfect correlation
between the consumption growth and asset prices (exchange rates): all other moments
can be calibrated to realistic values with the consumption and the inverse surplus ratio
shocks being perfectly correlated.
This version of the model is solved exactly in the same way as the ratio habit version.
All solutions are closed form and the intuitions are similar to the intuitions for the ratio
habit model.
Table 7 shows that the difference habit version of the model is able to match many asset
pricing moments, in particular, equity premium, better than the ratio habit model version.
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This is largely due to the time-varying risk-aversion, which is the key distinction between
the ratio habit and the difference habit models.
Figure 2 shows that the unconditional consumption growth distribution in the difference
habit model is much less volatile than in 1929-2012 US and is in fact very similar to the
postwar US consumption growth distribution. However, the average local coefficient of
risk-aversion in the difference habit version is somewhat higher than in the ratio habit
version. At the same time, the average local coefficient of risk-aversion in the difference
habit version is significantly lower than in the earlier habit models of Wachter (2002) and
Verdelhan (2010). This is because gamma distributions have fatter tails and thus the
agent is more sensitve to the fluctuations in fundamentals than in the case of Gaussian
distributions used by these papers.
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Table 7: The Difference Habit Calibration. All moments are annual real moments. ḡ and
σg are unconditional mean and standard deviation of the consumption growth, respectively. yn is the yield for a horizon n risk-free zero-coupon bond. βn is the coefficient from
1
the yn−1,t+1 − yn,t = β0 + βn n−1
(yn,t − y1,t ) + t regression. αF X is the coefficient from the
∗
FX
rt+1 = α0 + αF X (y1,t − y1,t ) + t regression. rmkt − y1 is the equity risk-premium. pd is
the natural logarithm of the price-dividend ratio.
PANEL A: PARAMETERES
q̄
ρq
σqp
σqn
1.0000
0.8049
-0.0002
0.1956
Consumption dynamics
ḡ
p̄
σcp
n̄
σcn
ρn
0.0210
197.4329
0.0011
0.1095
0.0114
0.8581
Implied local relative risk-aversion
Mean
Median
90th 95th -percentile
99th -percentile
percentile
10.0522
9.6007
10.9753
12.1335
16.1032
PANEL B: CONSUMPTION AND ASSET PRICING MOMENTS
Consumption growth
Mean
Standard deviation Skewness Excess kurtosis
P (< ḡ − 2σg ) P (< ḡ − 4σg )
2.10%
1.62%
0.06
0.19
2.05%
0.02%
Real yields
y1
y2
y3
y4
y5
σ(y1 )
0.55%
0.78%
1.00%
1.21%
1.40%
1.41%
Expectation hypothesis coefficients
β2
β3
β4
β5
-0.87
-0.88
-0.90
-0.94
Equity
rmkt −
Sharpe-ratio
pd
Corr(pdt−1 , pdt )
y1
5.53%
0.37
3.21
0.80
International
∗
αF X
σ(∆et+1 )
Corr(∆et+1 , gt+1
−
gt+1 )
-1.56
38.50%21
-0.46
β
0.9964

γ
3.6740

21

σnn
0.1878

38.50% is for the case of uncorrelated consumption growth shocks across two countries. For the case
where the correlation between consumption growth shocks in two countries is 0.32, which corresponds to
the correlation between US and UK consumption growths, the exchange rate volatility is 31.75%.
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Figure 2: The Difference Habit: Unconditional Distribution of Consumption Growth in
US and in the Model. The data are annual. The US data is the logarithmized per capita
total consumption growth. The time period is 1929-2012. The model implied distribution
is obtained by sampling 100,000 annual observations from the model.

1.5.5

Comparision to Other Models

Table 8 shows that the model in this paper outperforms major existing models along
several dimensions. First, only the model in this paper and the rare disaster model are
using an empirically realistic risk aversion coefficient (based on the literature review in
Mehra and Prescott, 1985). However, the rare disasters model assumes an abnormally
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high (compared to US data) probability of very low consumption growth outcomes. The
model in this paper does not need this assumption.
Second, the model in this paper is the only model which is able to simultaneously replicate
three major bond market puzzles: an upward-sloping real yield curve, violations of the
expectation hypothesis, and violations of the uncovered interest rate parity. The long-run
risk model, the rare-disaster model, and the habit model by Verdelhan (2010) do not
replicate an upward-sloping real yield curve. Additionally, in the model by Verdelhan
(2010), the expectation hypothesis holds. The habit model by Wachter (2002), although
is able to replicate an upward sloping real yield curve and violations of the expectation
hypothesis, is not generating violations of the uncovered interest rate parity.
Table 8: Comparision to Other Models. All values are at annual frequency unless mentioned otherwise. Samples, and thus calibration objectives, are slightly different across
the studies. These differences do not affect qualitative implications of the models (e.g.,
does the expectation hold or not). µ is the average consumption growth. σ is the standard
deviation of the consumption growth. y5 and y1 are 1 and 5 years yields, respectively.
β2 is the regression coefficient from the y1,t+1 − y1,t = β0 + β2 (y2,t − y1,t ) + t regression run with annual data. UIP coefficient is the αF X coefficient from the regression
FX
∗
rt+1
= α0 + αF X (y1,t − y1,t
) + t . A colored cell points out an inconsistency between the
model and the data.

Risk-aversion
Disaster probability (gt < µ − 4σ)
Real yield curve slope, y5 − y1
Expectation hypothesis: β2
UIP coefficient

This
paper

Habit: Habit:
Wachter Verdel(2002) han
(2010)

6.69
0.11%
1.06%
-1.18
-1.92

≈ 30
0.00%
0.89%
−0.97
>0.00
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≈ 30
0.00%
-0.46%
>0.00
-1.99

Longrun risk:
Bansal
and
Shaliastovich
(2013)
20.90
0.03%
<0.00%
−0.45
−2.06

Rare
disasters:
Gabaix,
2012

Data:
US

4
3.63%
0.00%
−1.92
<-1.00

< 10
1.20%
0.55%
−0.71
−2.29

1.6

Conclusion

This paper shows that an external habit model augmented with a heteroskedastic consumption process goes a long way in explaining many domestic and international bond
market puzzles. The key innovation is disentangling the intertemporal smoothing and
precautionary savings effects from each other: the time-varying combination of these two
effects produces a rich and economically intuitive term structure. The model adresses the
popular critique towards the habit model regarding its inability to simultaneously match
violations of expectation hypothesis and uncovered interest rate parity (Verdelhan, 2010;
Bansal and Shaliastovich, 2013). This is because, unlike in a standard habit model, in
this paper there are simultaneously intertemporal smoothing (through the variations in
the consumption-habit ratio) to match domestic term structure and precautionary savings
(through the time-varying consumption volatility) to reproduce international predictability. The model also has some advantages over other popular term structure models such
as long-run risk and rare-disaster models. For instance, the model is able to produce both
downward and upward sloping real yield curves and does not rely on extreme negative
consumption growth outcomes.
It should be emphasized that the role of the habit in the model is very different than in the
mainstream habit literature (Campbell and Cochrane, 1999; Wachter, 2006; Verdelhan,
2010, among others) where it drives the price of risk. In my model, the price of risk is
constant and habit is simply a level factor which makes the agent sensitive to relatively
mild fluctuations in fundamentals and thus makes the levels of standard asset pricing
moments (for instance, equity premium) realistic: qualitatively all the logic of the model
comes from the time-varying volatility and goes through with the CRRA utility.
Results have methodological implications for the habit literature. First, due to its ability
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to generate a richer term structure, a habit model with a time-varying amount of risk
and a fixed price of risk might be a better choice than a more standard habit model
with a fixed amount of risk and a time-varying price of risk. Second, I show that a
habit model where positive and negative shocks are allowed to affect habit differently is
more consistent with US data than a traditional habit model where the impact of both
shocks is the same. Interestingly, in data the intertemporal smoothing seems to be driven
exclusively by negative consumption shocks.
Investigating model’s predictions empirically is a fruitful area for future research. For
example, jointly estimating model’s parameters and filtering the fundamental shocks from
consumption and asset pricing data to evaluate the model’s fit would be interesting. Of
course, this is challenging as the shocks are gamma distributed.
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Chapter 2
Macro Risks and Term Structure of Interest Rates
Geert Bekaert, Columbia Business School and the National Bureau of Economic Research
Eric Engstrom, Board of Governors of the Federal Reserve System
Andrey Ermolov

The expressed views do not necessarily reflect those of the Board of Governors of the
Federal Reserve System, or its staff.

2.1

Introduction

We formulate a no-arbitrage term structure model which links macro-economic factors
to the term structure. The key factors are the risks associated with aggregate supply
and demand shocks for the US economy, which we extract from data on real activity and
inflation and corresponding survey forecasts. The model features non-Gaussian factor dynamics, but the term structure itself is affine in the factors, and hence very tractable. This
tractability arises from using a new framework, the Bad Environment Good Environment
(in short, BEGE) dynamics first introduced n Bekaert and Engstrom (2014).
Our model fills several gaps in the extant term structure literature. At the theoretical level,
the presence of aggregate supply and demand factors naturally implies that the covariance

59

between inflation and real activity changes through time and can switch sign, a stylized
fact we document below.22 In particular, the sign of this covariance also determines the
sign of the inflation risk premium. Such economic behavior could in principle be generated
by DSGE macro models, but these models are at the same time highly stylized and highly
intractable when it comes to implied term structures (see Van Binsbergen, FernandezVillaverde, Koijen, and Rubio-Ramirez (2012), Amisano and Tristani (2010), Andreasen
(2011)). Instead, we impose minimal theoretical restrictions and simply identify aggregate
supply shocks in the textbook macro-fashion as shocks that move inflation and real activity
in the opposite direction and demand shocks as shocks that move inflation and real activity
in the same direction. Blanchard (1989) in fact finds empirically that the joint behavior
of output, unemployment, prices, wages and nominal money in the US is approximately
consistent with such an interpretation of macroeconomic fluctuations.
The reduced-form macro-finance literature has given rise to a large number of term structure models (see Ang and Piazzesi (2003), Dewachter and Lyrio (2006)) but these models
have so far not distinguished between aggregate supply and demand shocks or attempted
to model macro-risks the way we do. Rudebusch and Wu (2009) and Bekaert, Cho and
Moreno (2010) solve for the term structure in a New Keynesian framework with a standard IS equation defining demand shocks and an AS equation defining supply shocks,
but their framework yields Gaussian and homoscedastic interest rates. Instead we introduce a tractable two-shock framework, where the macro shocks follow (adjusted) gamma
distributions with time-varying shape parameters. We show that the bond pricing equations remain affine in the state variables, thus inheriting the tractability of the affine
class of term structure models. However, bond prices also inherit the nonlinearities of
22

Burkhardt and Hasseltoft (2012) document that the correlation between US consumption growth and
inflation changes sign.
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the factors, therefore potentially exhibiting conditional heteroscedasticity and conditional
non-normalities. This latter feature of our model is noteworthy, relative to a large class of
recent models that use Gaussian time-varying prices of risk to model the term structure
(Dai and Singleton (2002), Duffee (2002), Joslin, Singleton, and Zhu (2011)). While these
models are empirically quite successful along some dimensions, they generate homoskedastic interest rates, a feature strongly rejected by the data. It is also likely that failing to
accommodate non-Gaussian aspects in fundamentals exaggerates the movement in prices
of risk required to fit the data.23 In our approach, it is straightforward to add a timevarying price of risk factor to investigate how much variation in prices of risk is necessary
to fit the data, while recognizing the observed non-linearities in the fundamentals.
There are other ways to incorporate non-Gaussian aspects in a term structure model:
quadratic term structure models (Ahn, Dittmar and Gallant, 2002), and regime-switching
models (for example, Bansal and Zhou (2002); Evans (2003), Ang, Bekaert and Wei
(2008), Dai, Singleton and Yang (2007)). We believe our model competes well with these
alternative models in terms of its ability to fit the relevant non-linearities in the data and
in terms of tractability. Technically, our model is related to the general pricing model of
Le, Singleton and Dai (2012), which extends earlier work by Gourieroux, Monfort, and
Polimenis (2002), and also consider gamma distributed state variables (to model volatility
dynamics) which admit exponential affine pricing solution. Our model also fits within the
generalized transform framework of Chen and Joslin (2012) who show how to obtain
moments for a large class of non-linear models.
In line with many recent term structure models, we incorporate information from economic
23

Chernov and Mueller (2012) explicitly try to ”reduce” the variation in risk premiums generated by
their parameter estimates to circumvent that problem. Joslin, Priebsch and Singleton (2014) identify a
persistence bias that also leads to excessively volatile model-implied risk premiums.
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surveys.24 It has been increasingly recognized that observable economic factors do not
adequately present the information sets of economic agents (see Boivin and Bernanke
(2003); Bekaert, Cho, Moreno, 2010) and surveys (such as the Survey of Professional
Forecasters) easily beat a large class of models, including standard no arbitrage term
structure models, in forecasting inflation, see Ang, Bekaert and Wei (2007). We use
forecasts to help set expectations of inflation and GDP growth, finding inflation survey
forecasts to be helpful.
Our main findings lie in the areas of macroeconomic and asset pricing. As the macroeconomic contribution, we develop a new dynamic model for real economic activity and inflation, which accommodates time-varying non-Gaussian features with ”good” and ”bad”
volatility. The shocks are decomposed into ”demand” shocks which move inflation and
GDP growth in the same direction and ”supply shocks” which move inflation and GDP
growth in opposite direction. We find that demand shocks exhibit pronounced skewness,
driven, for instance, by peaks in ”bad demand volatility” during the Great Recession.
Supply shock variances are high during the seventies and again more recently since 2005.
The correlation between GDP growth and inflation is mostly negative but peaks during
the Great Recession when demand shocks are important. In the asset pricing application,
this time variation in the covariance between inflation and economic activity, coupled with
their non-Gaussian dynamics leads to time variation in inflation risk premiums and the
term structure. The macroeconomic variables account for over 70% of the variation in
the yields, mainly attributed to expected GDP growth and inflation. In contrast, macroeconomic risks (volatilities) predominantly account for the predictive power of the macro
variables for excess holding period returns.
24

See, e.g., DAmico, Kim and Wei (2014), Chernov and Mueller (2012), Garcia and Werner (2010),
Christensen, Lopez and Rudebusch (2010).
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The remainder of the paper is organized as follows. In section 1, we set out how we
model macro risk factors and extract them from macro-economic data on inflation, real
GDP growth and surveys for the U.S. We envision this section to be of interest to macroeconomists not interested in term structure modeling. In Section 2, we produce some
preliminary empirical analysis linking the macro-factors to term structure data. We also
assess whether they have predictive power for excess bond returns. In section 3, we set
out the model and provide general term structure solutions. In Section 4 we report on the
estimation of the term structure model and discuss the economic implications in terms of
a decomposition of nominal interest rates in real rates, expected inflation and an inflation
risk premium over time. We discuss the importance and role of the macro-economic
factors.

2.2

Modeling Macro-Risks

2.2.1

GDP growth and inflation

Consider a simple bivariate system in real GDP Growth (gt ) and inflation (πt ):
gt = Et−1 [gt ] + ugt ,
πt = Et−1 [πt ] +

(28)

uπt ,

In a first departure of standard macro-economic modeling, the shocks to output growth
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and inflation are a function of two structural shocks, ust and udt :
uπt = −σπs ust + σπd udt ,
ugt = σgs ust + σgd udt ,

(29)

Cov(udt , ust ) = 0, V ar(udt ) = V ar(ust ) = 1.
The first fundamental economic shock, ust , is an aggregate supply shock in that it moves
GDP growth and inflation in opposite directions, as happens in stagflations. The second
fundamental shock, udt , is an aggregate demand shock as it moves GDP growth and
inflation in the same direction as would be typical in a typical economic boom or recession.
Both shocks are assumed uncorrelated. Macro-economists may dispute the labelling of
these shocks as supply and demand shocks, although it is the ”textbook” definition of
macro-shocks. These shocks do not necessarily correspond to demand and supply shocks
in, say, a New Keynesian framework (see e.g. Woodford, 2003) or identified VARs in
the Sims tradition (Sims, 1980). The classic Blanchard and Quah (1989) paper famously
identifies ”demand like” shocks with shocks that affect output only temporary whereas
supply disturbances are the ones that have a permanent effect on output, with neither have
a long run effect on unemployment. These restrictions allow them to identify a linear VAR
and interpret the shocks economically. However, Blanchard (1989) suggests the short-run
and long-run identification as a temporal implication of the standard ”Keynesian” shock
definition we employ, because supply shocks include productivity shocks which tend to
have a longer run effect on output.
From an empirical perspective, the distinction between supply and demand shocks seems
surely relevant. Nobody would dispute that in the 1970s ”supply shocks” as defined above
were dominant at times or that the Great Recession has been accompanied by a rather
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large negative aggregate demand shock of the type suggested above (see also Mian and
Sufi, 2014). For convenience, we therefore stick to this labeling throughout.
The relevance of such shocks for the term structure and finance is self-evident and was first
suggested by Fama (1981). In an environment dominated by supply shocks, bonds and
stocks are likely to perform equally well or poorly, whereas in a demand shock environment, their returns should correlate negatively. This should cause inflation risk premiums
to be higher in a supply than in a demand shock environment.
Note that the covariance matrix of the empirical shocks only yields three coefficients and
we need to identify 4 coefficients in equation (29) to extract the supply and demand
shocks. Hence, a Gaussian system would yield under-identification. Fortunately, it is
well known that macro-economic data exhibit substantial non-Gaussian features (see e.g.
Evans and Wachtel (1993) for inflation, and Hamilton (1989) for GDP growth). Our
second departure of standard macroeconomic modeling is to assume that the demand
and supply shocks follow a Bad Environment Good Environment (BEGE) structure (see
Bekaert and Engstrom, 2014). Let ωx,t be a time t demeaned Γ-distributed variable with
scale parameter equal to 1 and shape parameter x. With the scale normalized to 1,
the shape parameter for a de-meaned gamma distributed variable determines where the
distribution starts (at minus the value of the shape parameter) and all of its moments.
s
s
ust = σps ωp,t
− σns ωn,t
,

(30)

d
d
− σnd ωn,t
.
udt = σpd ωp,t

Note that the σ parameters determine the scale and the shape parameters are indicated by
either p (for the ω shock with a positive sign) or n (for the ω shock with the negative sign).
This explains the BEGE moniker, which was initially developed for consumption growth
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or stock returns and therefore is most easily explained in the context of GDP growth. Note
that positive supply shocks drive up GDP growth as do the demand shocks. Essentially,
the positive ω shock will be associated with good volatility and positive skewness (a good
environment variable) whereas the bad ω shock will be associated with bad volatility and
negative skewness (a bad environment variable). Of course, this good-bad interpretation
is not applicable for the demand shock in the inflation equation.
We repeat the distributional assumptions for the ω-shocks:
d
ωp,t
∼ Γ(pdt−1 , 1) − pdt−1 ,
s
ωp,t
∼ Γ(pst−1 , 1) − pst−1 ,

(31)

d
ωn,t
∼ Γ(ndt−1 , 1) − ndt−1 ,
s
ωn,t
∼ Γ(nst−1 , 1) − nst−1 .

We denote the shape parameters by p for the good environment variable and by n for the
bad environment variables. These shape parameters are assumed to vary through time in
a simple autoregressive fashion:
d
pdt = p̄d (1 − φdp ) + φdp pdt−1 + σpd ωp,t
,
s
pst = p̄d (1 − φsp ) + φsp pst−1 + σps ωp,t
,

ndt

d

= n̄ (1 −

φdn )

+

φdn ndt−1

+

(32)

d
σnd ωn,t
,

s
.
nst = s̄d (1 − φsn ) + φsn pst−1 + σns ωn,t

Note that by imposing suitable restrictions on the the volatilities of the shocks, the various
shape parameter processes can be kept strictly positive even in discrete time.25
25

The conditions are φdp > σpd , φsp > σps , φdn > σnd , φsn > σns . The model is essentially the autoregressive
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At this point, we have set out 4 shock economy with potentially 4 state variables, which we
collect in Xtmr = [pst , nst , pdt , ndt ]0 . These 4 state variables summarize the macro-economic
risks in the economy. Using the properties of the demeaned gamma distribution, we have,
for example:
Et−1 [ust ] = 0,
2

2

2

Et−1 [ust ] = σps pst + σns nst ,
3
Et−1 [ust ]

=

3
2σps pst

4

−
2

(33)

3
2σns nst ,
4

4

Et−1 [ust ] − 3Et−1 [ust ] = 6σps pst + 6σns nst .

And analogously for udt .
Thus, the BEGE structure implies that the conditional variance of inflation and output
varies through time, with the time-variation potentially coming from either demand or
supply shocks, and either ”bad” or ”good” volatility. In addition, the distribution of
inflation and output shocks is conditionally non-Gaussian, with time variation in the
higher order moments driven by variation in Xtmr . It is the factor structure on higher
order moments that keeps the model parsimonious despite having a very rich non-Gaussian
structure.
The model also implies that the conditional variance between inflation and GDP growth
shocks is time-varying and can switch signs:

Covt−1 [ugt , uπt ] = −σπs σgs V art−1 ust + σπd σgd V art−1 udt .
conditional variance model explored in Gourieroux and Jasiak (2006) paper.
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(34)

Thus, when demand shocks dominate the covariance is positive but when supply shocks
dominate it is negative.

2.2.2

Expected inflation and expected GDP growth

While we empirically estimate the conditional means for inflation and GDP growth, our
model is closed by assuming that these expectations follow a first-order VAR:
Et [gt+1 ] = ḡ + ρgg Et−1 [gt ] + ρgπ Et−1 [πt ] + σge ugt ,

(35)

Et [πt+1 ] = π̄ + ρπg Et−1 [gt ] + ρππ Et−1 [πt ] + σπe uπt .
Note that for now we assume that the macro-shocks and the shocks to expectations are
perfectly correlated. However, as we explain below, this assumption is innocuous for the
term-structure model we develop below. The full model in equations (28)-(35) therefore
has a total of 6 macroeconomic state variables, Xt = [Xtmr , Et [gt+1 ], Et [πt+1 ]].

2.3

Identifying Macro Risks in the US Economy

While there are multiple ways to estimate the system in Equations (28)-(35), the presence
of the gamma distributed shocks makes the exercise non-trivial. We therefore split up
the problem in various manageable steps. First, we use linear projections on a set of
information variables to come up with empirical estimates of the conditional mean of
GDP growth and inflation. Second, we filter the demand and supply shocks from the
system in Equation (29) by essentially estimating a GMM system that includes higherorder moments. The use of higher-order moments is essential to achieve identification.
Third, once the demand and supply shocks are filtered, we can estimate a univariate
BEGE system using approximate maximum likelihood as in Bates (2006). This section
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ends by discussing the empirical properties of the identified macro-risks.

2.3.1

Conditional means

The data consists of the quarterly time series of US real GDP growth and inflation, survey
forecasts of real GDP growth and inflation and the Anxious index. Inflation is defined as
percentage changes in consumer price index for all urban consumers for all items. Real
GDP growth is defined as the percentage change in the seasonally and inflation adjusted
value of the goods and services produced by labor and property in the United States. The
Anxious index estimates the probability that real GDP will decline in the next quarter;
the survey forecasts for inflation and GDP growth are also for the next quarter. For all
three forecast measures, we take the median forecast across panelists. Growth rates are
in natural logs. The CPI data is obtained from the Federal Bank of St. Louis website.
The GDP data is obtained from the NIPA website. The survey and the Anxious index
data is from the Survey of Professional Forecasters. Due to the availability of the survey
forecasts, the data is quarterly from 1969Q1 to 2012Q3.
Our approach is to simply consider all possible combinations up to three lags in linear
projections and use the Bayesian information criterion (BIC) to select the optimal combination. Appendix A reports the top 10 models for each equation. The resulting model
is:

gt+1 =

0.0064∗∗∗

+

0.3401∗∗∗

(0.0014)

(0.0951)

−0.0002

∗∗∗

gt +

−0.1721∗∗

πt

(0.0783)
(36)

πt+1 =

(0.0010)

+

0.9055

∗∗

e
πt,t+1
+

(0.1772)

0.2355

(0.1202)
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πt

Note that the optimal model for GDP growth would be implied by a first-order VAR,
whereas for inflation the median survey forecast enters as an important predictor with
a 0.9055 weight, but past inflation still enters significantly too. Not surprisingly, the
inflation conditional mean is highly but not perfectly correlated with the corresponding
survey forecast, the correlation being 0.8608. For GDP growth, the correlation between
the survey forecast and our conditional mean is only 0.42.
Interestingly, when we use these estimates in equation (37) to derive the residuals for
inflation and GDP expectations, we find these residuals to be highly correlated with the
actual GDP growth and inflation residuals of equation (28). The correlation is 0.9035 for
GDP growth and expected GDP growth residuals and 0.8487 for inflation and expected
inflation residuals. This high correlation rationalizes the implicit assumption in equation
(35) of having the shocks to the macro variables and their expectations identical. However,
economically, we identify the residual coefficients in equation (35) by projecting expected
GDP growth and expected inflation onto the supply and demand shocks we identify next,
leaving room for uncorrelated measurement error that will not enter the term structure
model we develop below.

2.3.2

Identifying supply and demand shocks

The estimation of the conditional means delivers time series observations on ugt and uπt .
Theoretically, it is of course possible to estimate the system (29)-(32) in one step, but
computationally this is a very tall order. There are 4 unobserved state variables (the Xtmr
vector) which have non-Gaussian innovations. However, note that we if somehow can
identify the 4 σ-coefficients in (29), we can actually filter the supply and demand shocks
from the original GDP growth and inflation shocks. Note that the covariance matrix does
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not suffice to achieve identification of these shocks as it only delivers three moments but
there are 4 parameters to identify. In standard macro, additional identification restrictions
would be imposed on VAR; for example, the famous long-run restrictions imposed by
Blanchard and Quah (1989) to identify demand shocks. In our model, identification can
simply be achieved using higher-order moments, which are constrained by the BEGE
system.
The BEGE system implies that the following 7 moments can be written as a function of
3

3

6 parameters (σgs , σgd , σπs , σπd , E(udt ), E(ust )):
2

2
2
E(ugt ) = σgs
+ σgd
,
3

3

3

3
3
E(ugt ) = 2σgs
E(ust ) + 2σgd
E(udt ),
2

2
2
E(uπt ) = σπs
+ σπd
,
3

3

3

3
3
E(uπt ) = −2σπs
E(ust ) + 2σπd
E(udt ),

(37)

E(ugt uπt ) = −σgs σπs + σgd σπd ,
2

3

3

2
2
E(ugt uπt ) = 2σgs σπs
E(ust ) + 2σgd σπd
E(udt ),
2

3

3

2
2
E(ugt uπt ) = −2σgs
σπs E(ust ) + 2σgd
σπd E(udt ).

We use the generalized method of moments (GMM) to estimate this simple moments
system. As the weighting matrix for the GMM optimization, we use the inverse of the
covariance matrix of the moment conditions. We compute this matrix by bootstrapping
10,000 time series of historical length consisting of ugt and uπt , computing the moments
in (37) for each of the time series and calculate the covariance matrix over the 10,000
replications.
Details on the estimation are reported in Table 9. Panel A reports the moments used in the

71

estimation. Note that unconditionally GDP growth and inflation shocks are negatively
correlated, as would be the case in a stagflation environment. Inflation shocks exhibit
negative, not positive skewness, whereas GDP growth shocks exhibit positive skewness,
but it is not statistically significantly different from zero. The parameter estimates for
the σ-coefficients are reported in Panel B; each being very precisely estimated. The test
for the over-identifying restrictions fails to reject. Panel C summarizes the unconditional
properties of extracted demand and supply shocks. The non-Gaussianity is stronger for
demand shocks which are very leptokurtic and exhibit negative skewness. Much of this
behavior turns out to be driven by the Great Recession, as we will show below. Supply
shocks show little skewness but are leptokurtic. The Jarque-Bera normality test rejects
Gaussianity for both shocks.
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Table 9: Extracting Supply and Demand Shocks from GDP and Inflation Shocks. The
data are quarterly GDP growth and inflation data from 1969Q1 to 2012Q3. In Panel A,
standard errors in parentheses are bootstrap standard errors. In Panel B, standard errors
in parentheses are GMM standard errors. *** indicates the statistical significance at the
1% level.
Panel A: Moments used to invert supply and demand shocks from GDP and inflation shocks
Moment
Historical value
GMM fitted value
uπ2
4.14E-05
4.14E-05
t
(1.08E-05)
ug2
5.62E-05
5.06E-05
t
(0.89E-05)
g π
ut ut
-5.88E-06
-5.86E-06
(4.70E-06)
uπ3
-3.70E-07
-3.73E-07
t
(4.29E-07)
ug3
6.48E-08
-14.38E-08
t
(25.86E-08)
g
uπ2
-1.55E-07
-1.44E-07
t ut
(1.28E-07)
g2
uπ
3.00E-08
0.65E-08
t ut
(6.77E-08)
Panel B: GMM parameter estimates
Parameter
Estimate
σgd
0.0020
(0.0005)
σgs
0.0070
(0.0005)
σπd
0.0059
(0.0009)
σπs
0.0025
(0.0008)
p-value of the overidentification test
0.2281
Panel C: Properties of demand and supply shocks
Demand shock
Supply shock
Variance
1.0284
1.1198
Skewness
-1.7792
0.0724
Excess kurtosis
12.4529
1.5959
Jarque-Berra normality test p-value
0.0001∗∗∗
0.0034∗∗∗

2.3.3

Maximum likelihood estimation

The details of the estimation are in Appendix B and here only the informal intuition is presented. Only the demand shock estimation is considered, as the supply shock estimation
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is identical. The system to estimate is:
d
d
udt+1 = σpd ωp,t+1
− σnd ωn,t+1
,
d
ωp,t+1
∼ Γ(pdt , 1) − pdt ,
d
∼ Γ(ndt , 1) − ndt ,
ωn,t+1

(38)

d
d
pdt+1 = p̄d + ρdp (pdt − p̄d ) + σpp
ωp,t+1
,
d
d
ndt+1 = n̄d + ρdn (ndt − n̄d ) + σnn
ωn,t+1
,

where only the time series of demand shock realizations, {udt }Tt=1 is observed. The estimation consists of three stages, following the approach in Bates (2006):
Stage 0. Initialization. At time 0, the distributions of pd0 and nd0 are initialized with the
unconditional distributions of pdt and ndt .
Stage 1. Computing the likelihood. The likelihood of the observation ud1 given the distributions of pd0 and nd0 is computed as in lines 1-3 of (68).
Stage 2. Bayesian updating of the pd0 and nd0 distributions given the value of ud1 . Note
from lines 1-3 of (68), that for some values of pd0 and nd0 the likelihood of observing ud1 will
be higher than for others. The prior distributions of pd0 and nd0 are updated so that these
values yielding higher likelihoods get more probability weight. For instance, if ud1 is very
negative, the expected value of nd0 is likely to go up and the expected value of pd0 is likely
to go down.
Stage 3. Computing the conditional distributions of pd1 and nd1 given the value of ud1 . This
is done using the evolution processes in lines 4 and 5 of (68). The distributions of nd0 and
d
d
pd0 are available from the previous stage, but also the distributions of ωp,1
and ωn,1
are

needed. To compute these distributions, note from the first line of (68) that ud1 is a linear
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d
d
d
d
and ωn,1
. From lines 2 and 3 of (68), the distributions of ωp,1
and ωn,1
combination of ωp,1

depend on pd0 and nd0 , respectively. Thus, given the distributions of pd0 and nd0 , some of the
d
d
ωp,1
and ωn,1
combinations26 will be more likely than others, yielding the distributions of
d
d
ωp,1
and ωn,1
.

Stages 1-3 are then repeated for all the following time points. The total likelihood is
computed as the sum of individual likelihoods from stage 1. Note that from stage 2
the estimation also yields the expected values of the state variables, pdt and ndt . The
d
s
d
s
estimation is conducted under the restrictions that σpp
< ρdp , σpp
< ρsp , σnn
< ρdn , σnn
< ρsn ,

preventing shape parameters from going negative, which ensures the accuracy of the closed
form solutions for the term structure model developed in Section 5. Standard errors are
computed using a parametric bootstrap, where 250 time series of historical length are
simulated using the estimated model parameters and parameters are reestimated for each
time series.
The parameter estimates are reported in Table 10. We report the various parameter
estimates including the unconditional values of the pt and nt variables, which determine
the extent of non-Gaussianity in the shock distributions. For the demand shocks, we
find that, unconditionally, the good demand variable is relatively Gaussian, but the bad
environment variable is very non-Gaussian. This variable is also far less persistent than
the good environment variable, therefore capturing rather short-lived recessionary bursts.
s
For the supply shocks, the estimation failed to discover any time-variation (σpp
is hitting

its 0 lower bound) in the good variance, so pst was set to a constant.
26

It is appropriate to speak about the combinations, because, given ud1 , from the first line of (68) the
d
d
value of ωp,1
defines the value of ωn,1
and vice versa.
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Table 10: Maximum Likelihood Parameter Estimates For Demand and Supply Shocks.
The standard errors in parentheses are parametric bootstrap standard errors and computed by simulating the sampled paths for the shocks of historical length under the optimal
maximum likelihood parameters 250 times and re-estimating the parameters for each of
the simulated time series.
Parameters
σp
p̄
σn
n̄
ρp
σpp
ρn
σnn

Demand shock
0.1925
(0.0744)
20.2846
(1.9108)
5.1541
(1.3974)
0.0137
(0.0192)
0.9493
(0.0550)
0.7752
(0.1688)
0.6844
(0.2000)
0.1332
(0.0717)

Supply shock
0.4501
(0.0825)
1.6567
(0.2942)
0.4534
(0.0944)
4.3830
(0.5636)

0.9912
(0.1508)
0.2327
(0.1875)

Yet, the (time invariant) distribution of the good environment shock is relatively nonGaussian with skewness equal to 1.55 and excess kurtosis equal to 3.26.

The bad-

environment distribution is relatively more Gaussian with the unconditional mean of the
shape parameter equal to 4.38. The bad-environment shape parameter is highly persistent
with autoregressive coefficient equal to 0.99. This could imply, for example, that supply
driven recessions are longer-lived than demand driven ones.
In Table 11 we document that the BEGE system fits the higher order moments of inflation
and GDP growth rather well. We show the fit with the volatility, skewness, excess kurtosis
and left and right tail probabilities and the correlation between inflation and GDP shocks.
With the exception of the kurtosis of inflation, which is estimated to be too high, all model
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moments are well within a two standard error band of the empirical point estimate. This
is also true for the skewness of GDP growth which is, surprisingly, positive in the data
but negative in the BEGE model.
Table 11: Unconditional Moments of GDP Growth and Inflation Shocks. The data are
quarterly GDP growth and inflation data from 1969Q1 to 2012Q3. Bootstrap standard
errors are in parentheses. Std is standard deviation, Skw is skewness, Ekur is excess
kurtosis, and P r is probability.
Moment
Std(ugt )

Data
0.0078
(0.0006)
Skw(ugt )
0.2485
(0.3999)
Ekur(ugt )
2.0482
(1.0337)
g
g
P r(ut < 2Std(ut ))
0.0231
(0.0113)
P r(ugt > 2Std(ugt ))
0.0173
(0.0089)
Std(uπt )
0.0064
(0.0008)
-1.4355
Skw(uπt )
(1.0274)
9.9054
Ekur(uπt )
(5.4129)
π
π
P r(ut < 2Std(ut )) 0.0289
(0.0117)
π
π
P r(ut > 2Std(ut )) 0.0173
(0.0128)
g
π
Corr(ut , ut )
-0.1084
(0.1128)

2.3.4

Model
0.0078
-0.4443
1.2953
0.0323
0.0216
0.0070
-1.9976
24.9804
0.0159
0.0202
-0.0849

Macro-risks in the US economy

Having filtered demand and supply shocks, and their ”good” and ”bad” volatility, the
”macro-risks”, we can now re-interpret the history of real activity and inflation over the
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1970-2012 period.
In Figure 3, we show the extracted demand shocks, and the conditional good (pdt ) and bad
(ndt ) variances. The Great Recession demand shock, occurring in the third quarter of 2008,
is very apparent in the shock panel. For all variance statistics, recall that while the shocks
are normalized to have a unit unconditional variance, the good and bad components may
of course have different relative variances, which in turn may vary through time. The good
demand variance was relatively high in the 70s and the early 80s, and then decreased to
low levels consistent with the Great Moderation. It has increased slightly since, roughly,
2005. However, the bad demand variance is almost constant over time with just a few
peaks, namely one in the mid-80s and 8 quarters during the Great Recession. This pattern
is consistent with the relatively low autocorrelation we estimated for the ndt process.
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Figure 3: Demand Shock. The graph is quarterly. The demand shock is defined as a
shock which moves GDP growth and inflation in the same direction.

Figure 4 performs the same exercise for supply shocks. The shock graph already shows the
higher volatility prevalent during the stagflationary 70s, with volatility recurring over the
last decade. The good variance is time-invariant at a relatively low level. The bad variance
remains high until the early 80s, and then decreases to quite low levels, before rising again
after 2005. Together with a similar pattern uncovered for the demand variance, it appears
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that the BEGE system captures the Great Moderation period of lower inflation and GDP
growth variances rather well. The results in Bekaert et.al. (2015) suggest that the period
roughly lasted from 1980 to 2007. The results here suggest a somewhat shorter period
from 1985 to 2005.
Figure 4: Supply Shock. The data are quarterly US observations from 1969Q1 to 2012Q3.
The supply shock is defined as a shock which moves GDP growth and inflation in opposite
directions.
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Figure 5 super-imposes the conditional demand and supply variances. While most of the
time the contribution of supply and demand variances to the conditional variance is about
the same, the demand variance distribution peaks in the Great Recession (at 500%) and
is also relatively high in the early 70:s and right after 1985.
Figure 5: Demand and Supply Shock Variances. The data are quarterly US observations
from 1969Q1 to 2012Q3. The demand shock is defined as a shock which moves GDP
growth and inflation in the same direction. The supply shock is defined as a shock which
moves GDP growth and inflation in opposite directions.

In Figure 6, we plot the conditional variances of inflation and GDP growth. The inflation
variance is relatively elevated in the 70:s, before declining to quite low levels in the 90:s.
By the mid-2000:s, it starts to rise again and then peaks in the Great Recession. For GDP
growth, the conditional variance follows a similar pattern, but the recent rise in volatility
is more subdued with the volatility remaining high during most of the Great Recession
till the end of the sample. Unconditionally, if we decompose the variance of GDP growth
(inflation) shocks attributable to demand shocks, we find it to be 7.75% (84.91%). So, as
in RBC models real output fluctuations are mostly supply driven and inflation is mostly
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demand driven. This does not mean that GDP growth shocks are always mostly supply
driven as the demand shock is very skewed and can be quite large at times. For example,
in Figure 7, we use our filtered estimates to show the demand component to both inflation
shocks (bottom panel) and GDP growth shocks (top panel). Whole it is obvious that most
of the demand shock identification comes from inflation shocks, the Great Recession does
coincide with large negative demand driven GDP growth shocks. What helps account for
the dominance of supply shocks in explaining GDP growth variation are the seventies,
where demand shocks are tiny.
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Figure 6: Conditional Inflation and GDP Growth Variances. The data are quarterly US
observations from 1969Q1 to 2012Q3.
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Figure 7: Demand and Supply Shock Components of GDP Growth and Inflation Shocks.
The data are quarterly US observations from 1969Q1 to 2012Q3. The demand shock is
defined as a shock which moves GDP growth and inflation in the same direction. The
supply shock is defined as a shock which moves GDP growth and inflation in opposite
directions. The supply shock component is equal to GDP growth/inflation shock - demand
component of GDP growth/inflation shock.

Figure 8 (top panel) plots the conditional correlation between GDP growth and inflation.
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The covariance is predominantly negative, and on average it is -0.1084. In the bottom
panel, we provide some economic interpretation by splitting the conditional covariance
in demand and supply components. Consistent with our main intuition, the demand
component of the covariance is always positive, but is mostly dominated by the negative
supply component. Only in the 2000:s, when demand shocks become relatively more
important, and particularly during the Great Recession do demand shocks increase the
covariance between inflation and GDP growth, making it occasionally positive with a
peak at the height of the Great Recession.
Figure 8: Conditional Correlation between GDP Growth and Inflation. The data are
quarterly US observations from 1969Q1 to 2012Q3.
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2.4

Macro-Risks and the Term Structure: An Initial Look

Having identified the macro-risks and expected inflation and expected GDP growth from
macro-data, we now explore their dynamic correlations with the term structure. To this
end, we use the zero coupon data on nominal US Treasury bonds from Gürkaynak, Sack
and Wright (2010), yielding interest rates with a maturity of 1 quarter, and 1 to 15 years.
We denote these yields as yn,t with n the maturity in quarters. We address two basic
questions. First, how are our macro-economic factors related to the yield curve? Second,
do the macro-shocks capture predictable components in (excess) bond returns?

2.4.1

Macro Risks and the Yield Curve

We start by computing the classic yield curve factors. The level factor is the equally
weighted average of all yields (from the one year to the 15 year maturity); the slope factor
is the difference between the 10 year yield and one quarter yield; and finally, the curvature
factor subtracts twice the two-year rate from the sum of the one quarter rate and the 10
year yield. Table 12 shows regressions of these factors and, in addition, of the 1 quarter, 1
year and 10 year yields on the 5 macroeconomic state variables. We also show regressions
using the one quarter and the 10 year yield. Lets start with examining our findings
regarding the level factor. First, the explanatory power of these pure macro-economic
factors for the level factor is large with the R2 :s exceeding 70%. Figure 9 shows that the
overall explanatory power does not vary much with maturity and is highly statistically
significant. Second, the macro-risks contribute in a statistically significant fashion to this
explanatory power, but their contribution to R2 is far less than that of expected GDP
growth and inflation, with the R2 increasing from about 65% (59%) to about 71% (73%) at
the 1 quarter (10 year) maturity. Thus, the explanatory power of the macro risks is more
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apparent for longer maturities. Figure 9 shows this clearly by also graphing the R2 while
excluding the macro-risk factors. While the R2 increase from including the macro-risk
factors is overall perhaps modest, it is statistically significant at the 1% level as shown by
the p-values of the joint F -test in Table 12. Individually, the coefficients are mostly not
statistically significant, although the signs are mostly consistent across equations Good
demand and bad supply variance risk have a negative effect on yields whereas bad demand
risk has a positive effect. In contrast, the regression coefficients for expected GDP growth
and expected inflation are highly statistically significant. These coefficients are consistent
with a simple Taylor with a weight on expected inflation larger than 1, and the weight
on output growth much smaller (see e.g. Bekaert, Cho and Moreno (2010); Clarida, Gali
and Gertler (2009)). Of course, in standard New-Keynesian models, the inflation target
is subtracted from expected inflation; the output measure is typical the output gap and
the monetary policy equation features interest rate smoothing and a discretionary shock.
Yet, these coefficients seem economically reasonable.
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Table 12: Relationship between State Variables and Yields. The coefficients are ordinary least squares regression estimates. The left-hand side variables in the regression
are quarterly yield properties and the right-hand side variables are state variables. The
Newey-West (40 lags) 95% - standard errors are in parentheses. ***, **, and * indicate
the statistical significance at 10%, 5%, and 1% level. For the R2 :s the statistical significance is for the difference between the models with and without macroeconomic shocks
state variables (pdt , ndt , and nst ) which is determined based on the F -statistic for the joint
significance of the macroeconomic shocks state variables.
Constant
-0.0022
(0.0027)
Constant
-0.0022
(0.0028)
Constant
0.0036*
(0.0022)
Constant
0.0021
(0.0023)
Constant
0.0059***
(0.0008)
Constant
0.0048***
(0.0011)

1 quarter nominal interest rate
Et πt+1
pdt
ndt
nst
R2
1.5208***
-0.0001
0.0193
-0.0008*
0.7074
(0.2205)
(0.0001)
(0.0149)
(0.0004)
1 year nominal interest rate
Et gt+1
Et πt+1
pdt
ndt
nst
R2
0.5645*** 1.6767***
-0.0001
0.0206
-0.0006
0.7174
(0.1936)
(0.2393)
(0.0001)
(0.0178)
(0.0006)
10 year nominal interest rate
R2
nst
ndt
Et gt+1
Et πt+1
pdt
0.5011*** 1.5623***
-0.0003**
0.0261*
0.0001
0.7284
(0.1538)
(0.2100)
(0.0001)
(0.0143)
(0.0004)
Level (average over 1-15 year yields)
Et gt+1
Et πt+1
pdt
ndt
nst
R2
0.5313*** 1.5844***
-0.0003**
0.0242
-0.00013
0.7353
(0.1645)
(0.2176)
(0.0001)
(0.0153)
(0.0005)
Slope (10 year yield - 1 quarter yield)
Et gt+1
Et πt+1
pdt
ndt
nst
R2
0.0068
0.0055
-0.0002***
0.0068
0.0008*** 0.4232
(0.0495)
(0.0777)
(0.0000)
(0.0104)
(0.0001)
Curvature (10 year yield + 1 quarter yield-2×2 year yield)
Et gt+1
Et πt+1
pdt
ndt
nst
R2
-0.2101** -0.3928***
0.0000
0.028
0.0001
0.3934
(0.0942)
(0.0735)
(0.0001)
(0.0118)
(0.0003)
Et gt+1
0.4944***
(0.1849)
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2
Rno
macro factors
0.6483***

2
Rno
macro factors
0.6544***

2
Rno
macro factors
0.5888***

2
Rno
macro factors
0.6180***

2
Rno
macro factors
0.1805***

2
Rno
macro factors
0.3603*

Figure 9: Explanatory Power of State Variables on Yields. Adjusted R2 statistics are
for the ordinary least squares regressions. The data are quarterly US observations from
1969Q1 to 2012Q3. The slope is defined with respect to the 1 quarter nominal bond. The
confidence intervals are bootstrap confidence intervals.
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Figure 10: Impact of State Variables on Yields. The coefficients (solid lines) are ordinary
least squares coefficients from the multivariate regression of the yields on a constant and
state variables. The 95% confidence intervals (dotted lines) are based on the Newey-West
standard errors with 40 lags. The data are quarterly US observations from 1969Q1 to
2012Q3. The slope is defined with respect to the 1 quarter nominal bond. The confidence
intervals are bootstrap confidence intervals.
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The bottom two panels in Table 12 focus on the slope and curvature. For the slope (10
year rate minus 1 quarter rate), the R2 of all macro factors amounts to 42%. Interestingly,
expected GDP growth and inflation do not have a significant effect on the slope, but two
of three macro risks do. Again, an F test rejects the null of the coefficients on the macro
risk factors jointly being zero, and the R2 drops to 18% when they are eliminated. Panel
B in Figure 9 shows the total R2 and the R2 when the macro risk factors are dropped
for the slope over the whole maturity spectrum, that is, we use all yields between the
1 year and the 15 year yield as the long maturity in the slope computation. The total
R2 increases with maturity, but now the relative importance of the macro-risk factors
decreases with maturity.
The final panel in Table 12 shows that the curvature factor is significantly negatively
correlated with expected GDP growth and inflation, but none of the macro risk factor is
significant. The decrease in R2 when they are dropped from the regression is economically
small and only significant at the 10% level.

2.4.2

Macro Risks and Bond Return Predictability

The literature on bond return predictability is quite voluminous, but mostly focuses on
using information extracted from the yield curve to predict future holding period returns
(e.g. Cochrane and Piazzesi (2005)). Ludvigson and Ng (2009) find that ”real” and
”inflation” factors, extracted from a large number of macro-economic tomes series, have
important forecasting power for future excess returns on U.S. government bonds. Moreover, this forecastability is above and beyond the predictive power contained in forward
rates and yield spreads. Also, the bond risk premia have a marked countercyclical component. Cieslak and Pavola (2015) uncover short-lived predictability in bond returns by
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controlling for a persistent component in inflation expectations.
In Table 13, we explore the link between bond returns and our macro factors. We focus on
excess holding period returns relative to the one quarter yield. Because we use overlapping
quarterly data, all standard errors use 40 Newey-West (1987) lags.27 In the most general
regression, we use the 5 state variables as predictive variables but we also include the
actual macro shocks as regressors. If the predictability reflects risk premiums, it would
be logical to see opposite signs on the predictive and contemporaneous coefficients.
27

This is the (rounded) optimal number of lags according to procedures discussed in Newey and West
(1994) given the autocorrelation structure and the length of our data.
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Table 13: Relationship between State Variables and 1 Quarter Excess Bond Returns.
The coefficients are ordinary least squares coefficients from the multivariate regression
of the 1 quarter excess holding return on a constant, state variables and macroeconomic
innovations. The Newey-West (40 lags) 95% - standard errors are in parentheses. ***,
**, and * indicate the statistical significance at 10%, 5%, and 1% level. For the R2 :s the
statistical significance is with respect to the R2 on the line above it determined based on
the F -statistic for the joint significance of the regressors not included in the model but
included in the model above it.
Constant
Et gt+1
Et πt+1
pdt
ndt
nst
d
ωp,t+1
d
ωn,t+1
s
ωn,t+1

R2
2
Rno
ω:s
2
Rno macro factors and ω:s

Excess return on 2 year bond
-0.0003
(0.0012)
0.1810**
(0.0846)
0.0967
(0.1252)
-0.0002***
(0.0001)
-0.0150
(0.0103)
0.0006*
(0.0003)
-0.0005***
(0.0001)
0.0092***
(0.0012)
-0.0009**
(0.0004)
0.1380
0.0496*
0.0071***

Excess return on 10 year bond
0.0228***
(0.0081)
0.1797
(0.8231)
-0.8669
(0.5974)
-0.0012***
(0.0003)
-0.2448***
(0.0719)
0.0055***
(0.0014)
-0.0033***
(0.0006)
0.0984***
(0.0300)
-0.0076***
(0.0022)
0.2402
0.1051***
0.0274***

Excluding the contemporaneous variables, the predictive R2 increases from about 5%
for two year maturity bonds to about 10% for 10 year maturity bonds. The bulk of
this predictability is coming from the macrorisk factors and not from expected GDP
growth and inflation. As can also be seen from Figure 12, expected GDP growth is only
statistically significant at low horizons and expected inflation never is. Figure 11 shows
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that the predictive R2 raises until about maturity 8 and then stays relatively flat. Adding
the innovations increases the R2 to about 14% at the 2 and 24% at the 10 year horizon.
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Figure 11: Explanatory Power of State Variables and Macroeconomic Shocks on 1 Quarter
Excess Bond Returns. The data are quarterly US observations from 1969Q1 to 2012Q3.
Adjusted R2 statistics are for the ordinary least squares regressions. The confidence
intervals are bootstrap confidence intervals.
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As Table 13 and Figure 12 show, the coefficients on the macro risks have consistent
signs across maturity but increase and become more statistically significant the longer
the maturity of the bond considered in the predictive regressions. The coefficients on
the demand risk (pdt and ndt ) are negative whereas the coefficient on the nst is positive.
For the bad environment variables, the coefficients on the macro risk innovations are
opposite to that of the predictive coefficients. Hence, if bad demand (supply) volatility
increases, bond prices increase (decrease) and expected returns decrease (increase). This
is consistent with the intuition that in demand (supply) environments bonds are good
(poor) hedges against general macro-economic risks. For the good demand volatility the
signs of the predictive and innovation coefficients, however, are the same.
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Figure 12: Impact of State Variables on 1 Quarter Excess Holding Returns. The coefficients (solid lines) are ordinary least squares coefficients from the multivariate regression
of the excess holding return on a constant, state variables and macroeconomic innovations. The 95% confidence intervals (dotted lines) are based on the Newey-West standard
errors with 40 lags. The data are quarterly US observations from 1969Q1 to 2012Q3. The
confidence intervals are bootstrap confidence intervals.
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2.5

A Term Structure Model with Macro Risks

This section develops a reduced-form term structure model, which allows to decompose
the fluctuations in nominal yields into the fluctuations in real yields, expected inflation
and inflation risk premium. The real log risk-free rate is assumed to be:

y1,t = a0 + ag Et gt+1 + aπ Et πt+1 + apd pdt + and ndt + ans nst + zt ,

(39)

where a0 , ag , aπ , apd , and , and ans are constants and zt is a latent factor, which follows
an AR(1) process:

zt = ρz zt−1 + σz zt+1 ,

(40)

where ρz and σz are constants and zt+1 is assumed to be a unit variance zero-mean
Gaussian shock.
The implied real log stochastic discount factor is:
mt+1 =(−a0 + f (λps )p̄s )
−ag Et gt+1 − aπ Et πt+1 − zt + (−apd + f (λpd ))pdt +
(−and + f (λnd ))ndt + (−ans + f (λns )nst +

(41)

d
d
s
s
λpd ωp,t+1
+ λnd ωn,t+1
+ λps ωp,t+1
+ λns ωn,t+1
+ λz zt+1 =

b0 − ag Et gt+1 − aπ Et πt+1 − zt + bpd pdt + bnd ndt + bns nst +
d
d
s
s
λpd ωp,t+1
+ λnd ωn,t+1
+ λps ωp,t+1
+ λns ωn,t+1
+ λz zt+1 ,

where f (x) = x + ln(1 − x), λpd , λnd , λps , λns , and λz are constants, and b0 , bpd , bnd , bps ,
bns are implicitly defined.
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By recursively taking the expectations of the stochastic discount factor, it follows that
the price of a real risk-free zero-coupon n period bond at time t, Pt,n is:

Pt,n = exp(Cn + Gn Et gt+1 + Πn Et πt+1 + Pnd pdt + Nnd ndt + Nns nst + Zn zt ),
C1 = −a0 ,
G1 = −ag ,
Π1 = −aπ ,
P1d = −apd ,
N1d = −and ,
N1s = −ans ,
Z1 = −1,
d
Cn = Cn−1 + b0 + Gn−1 ḡ + Πn−1 π̄ + Pn−1
p̄d (1 − ρdp )+

(42)

d
s
Nn−1
n̄d (1 − ρdn ) + Nn−1
n̄s (1 − ρsn )−

1
f (λps + Gn−1 σge σgs σps − Πn−1 σπe σπs σps )p̄s + (λz + Zn−1 σz )2 ,
2
Gn = −ag + Gn−1 ρgg + Πn−1 ρπg ,
Πn = −aπ + Gn−1 ρgπ + Πn−1 ρππ ,
d
d
d
− f (λpd + Pn−1
σpp
+ Gn−1 σge σgd σpd + Πn−1 σπe σπd σpd ),
Pnd = bpd + ρdp Pn−1
d
d
d
Nnd = bnd + ρdn Nn−1
− f (λnd + Nn−1
σnn
− Gn−1 σge σgd σnd − Πn−1 σπe σπd σnd ),
s
s
s
− Gn−1 σge σgs σns + Πn−1 σπe σπs σns ),
Nns = bns + ρsn Nn−1
− f (λns + Nn−1
σnn

Zn = −1 + ρz Zn−1 .

(43)

Instead of bond prices, logarithmic yields, defined as yt,n = − n1 ln Pt,n , will be used.
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As usual, the nominal stochastic discount factor is m$t+1 = mt+1 − πt+1 . Again, the price
$
, can be obtained by
of a nominal risk-free zero-coupon n period bond at time t, Pt,n

recursively taking the expectations of the nominal stochastic discount factor:
$
Pt,n
= exp(Cn$ + G$n Et gt+1 + Π$n Et πt+1 + Pnd$ pdt + Nnd$ ndt + Nns$ nst + Zn$ zt ),

C1$ = b0 − f (λps + σπs σps )p̄s ,
G$1 = −ag ,
Π$1 = −aπ − 1,
P1d$ = bpd − f (λpd − σπd σpd ),
N1d$ = bnd − f (λnd + σπd σnd ),
N1s$ = bns − f (λns − σπs σns ),
Z1$ = −1,
$
d$
Cn$ = Cn−1
+ b0 + G$n−1 ḡ + Π$n−1 π̄ + Pn−1
p̄d (1 − ρdp )+

(44)

d$
s$
Nn−1
n̄d (1 − ρdn ) + Nn−1
n̄s (1 − ρsn )−

1
f (λps + G$n−1 σge σgs σps − Π$n−1 σπe σπs σps + σπs σps )p̄s + (λz + Zn−1 σz )2 ,
2
G$n = −ag + G$n−1 ρgg + Π$n−1 ρπg ,
Π$n = −aπ − 1 + G$n−1 ρgπ + Π$n−1 ρππ ,
d$
d$
d
Pnd$ = bpd + ρdp Pn−1
− f (λpd + Pn−1
σpp
+ G$n−1 σge σgd σpd + Π$n−1 σπe σπd σpd − σπd σpd ),
d$
d
d$
− f (λnd + Nn−1
σnn
− G$n−1 σge σgd σnd − Π$n−1 σπe σπd σnd + σπd σnd ),
Nnd$ = bnd + ρdn Nn−1
s$
s$
s
Nns$ = bns + ρsn Nn−1
− f (λns + Nn−1
σnn
− G$n−1 σge σgs σns + Π$n−1 σπe σπs σns − σπs σns ),
$
Zn$ = −1 + ρz Zn−1
.

The estimation is conducted via maximizing the likelihood of observed bond yields assuming that all bond yields are observed with independent zero-mean Gaussian errors
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with bond specific variances, which are constant over time. This is implemented using
standard Kalmant filtering where zt is a latent state variable and bond yields are noisy
observations.
The data consists of quarterly observations of 1, 5, and 10 year nominal zero-coupon
Treasury yields from the online appendix of Gürkaynak, Sack and Wright (2007) from
1969Q1 to 2012Q3 and 2, 5, and 10 year real zero-coupon yields constructed using data
from the online appendix of Gürkaynak, Sack and Wright (2010) from 2004Q1 to 2012Q3,
as there were serious liquidity issues in the TIPS markets before that.
The use of the real yields is essential for the identification, because we are interested
in decomposing the difference between the nominal rate and the expected inflation into
the real rate and the inflation risk premium. Both of these components are unobserved
and depend on the stochastic discount factor parameters which we need to estimate.
Empirically, this leads to the situation where the likelihood function becomes flat as it is
possible to fit the time-varying difference between the nominal yields and the expected
inflation (two observables) either through the time-varying real rates or time-varying
inflation risk premium, depending on the parameters of the stochastic discount factor.
Thus, without using the real rates a number of maxima could be identified.
The TIPS real yields reported in Gürkaynak, Sack and Wright (2010) must be adjusted
for liquidity. We use the approach similar to Gürkaynak, Sack and Wright (2010) for
this purpose. In particular, we regress the ”inflation compensation” variable reported in
Gürkaynak, Sack and Wright (2010) on a constant and three measures of TIPS liquidity.
The first measure is the relative trading volume of TIPS compared to nominal Treasuries.
This is obtained from the FR-2004 forms available on the Federal Reserve Bank of New
York website. The second and third measures are the Pastor and Stambaugh (2003)

101

aggregate and traded liquidity factors. Although these are equity liquidity factors, the
large literature starting from Chordia, Sarkar, and Subrahmanyam (2005) suggests that
there is a strong commonality in liquidity across markets. The regressions of the ”inflation
compensation” on liquidity factors give the time-variation in liquidity but not its absolute
levels. To pin down the absolute levels, we follow Chen, Lesmond, and Wei (2007) and
Gürkaynak, Sack and Wright (2010) and set the liquidity premium to 0 at the time point
it achieved its lowest value. Figure 13 illustrates the results. We can see that the liquidity
premium patterns and levels are very similar to the ones reported in Gürkaynak, Sack and
Wright (2010): the liquidity premium for all bonds have been relatively low and spiked
during the Great Recession (over 200 basis points for the 2 year real bonds) and the
liquidity premium is higher for the bonds with shorter maturities (for instance, for the
10 year bond the spike during the Great Recession had been less than 100 basis points).
After the Great Recession, the liquidity premium in TIPS has returned to and below the
pre-crisis period, consistently with the evidence in D’Amico, Kim, and Wei (2014).
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Figure 13: Real Yields. The figure plots annualized zero-coupon interpolated TIPS yields
from Gürkaynak, Sack and Wright (2010) and their liquidity adjusted counterparts.

Table 14 reports the maximum likelihood parameter estimates. Estimates of ag (around
0.5) and aπ (above 0) are in line with the Taylor rule dynamics. ans is negative, which
might be corresponding to the precautionary savings effect. apd and and are positive but
insignificant. As ndt behaves like a rare-disaster type variable, the positive coefficient on and
might be attributed to the intertemporary smoothing effect. λnd and λns are positive and
significant, which might be attributed to negative shocks increasing marginal utility. λpd
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and λps are positive, but insignificant. Positive λpd might be related to positive inflation
shocks decreasing marginal utility (as, e.g., in Ang and Piazzesi, 2003, and Moneta and
Baludzzi, 2012).
Table 14: Term Structure Model: Maxium Likelihood Parameter Estimates. Parameters
are estimated using Kalman filtering. The sample is quarterly from 1969Q1 to 2012Q3
for nominal yields and from 2004Q1 to 2012Q3 for real yields. The nominal yields are 1
year, 5 year and 10 year yields. The real yields are 2 year, 5 year, and 10 year yields.
Standard errors in parentheses are inverse information matrix standard errors.
Parameter Estimate
Real interest rate
a0
0.0039
(0.0036)
ag
0.5433
(0.2694)
aπ
0.0376
(0.0390)
0.0002
apd
(0.0002)
and
0.0074
(0.1685)
ans
-0.0006
(0.0003)
Latent variable
ρz
0.9956
(0.0094)
σz
0.0023
(0.0009)
Prices of risk
0.0310
λ pd
(2.2437)
λ nd
21.7673
(9.9818)
λ ps
0.4052
(4.7303)
λ ns
4.7812
(2.3985)
λz
0.0594
(1.0828)

Figure 14 shows that the model fits the 5 year yields accurately: the correlation between
the data and the model is 0.99, implying the R2 of over 98%. Table 15 confirms this fit for
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other yields. The fit for the real yields is slightly worse than for nominal yields because,
as can also be seen from Figure 14, 2000:s seem to be a slightly more difficult period to fit.
Short yields are also more difficult to fit than long-term yields as they are more volatile.
Figure 14: Historical 5 Year Nominal Yield Fit. The yield is a zero-coupon annualized
yield.
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Table 15: Model Fit. The correlations for the nominal yields are from quarterly observations from 1969Q1 to 2012Q3 and for the real yields from 2004Q1 to 2012Q3.
Yield
1 year nominal
5 year nominal
10 year nominal
2 year real
5 year real
10 year real

Correlation(Model, Data)
0.9660
0.9946
0.9873
0.8974
0.9910
0.9700

Figure 15 decomposes the 5 year nominal yield into real yields, expected inflation, and
inflation risk premium. From the top panel, we can see that the real yields had been
around 1-2% in the 1970:s, went up to 7-8% in the first half of the 80:s and had been
3-4% until the early 2000:s when they started to decline hitting 0 in 2004 and during
and post the Great Recession. The expected inflation has been 6-8% throughout the
70:s and the early 80:s and stayed at around 2-3% after that, plummetting during the
Great Recession. The inflation risk-premium has been over 1.5% in the 70:s and early
80:s, but has remained around 0 after that. This declining pattern is consistent with the
economy shifting from the supply environment into the demand environment documented
in previous sections.
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Figure 15: Decomposition of the Historical 5 Year Nominal Yield. The yield is decomposed
into the real yield, expected inflation and the inflation risk premium. All yields are zerocoupon annualized yields.

Table 16 summarizes the unconditional properties of the three term structure components.
In terms of both levels and volatility, expected inflation and real yields are most important.
Although on average the inflation risk premium is less important, as the bottom panel of
Figure 15 shows, its contribution to the yield is strongly time-varying. Our estimates of
inflation risk premium are in line with the recent studies using TIPS, such as Grischenko
and Huang (2013) and Fleckenstein, Longstaff and Lustig (2014) and are somewhat lower
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than in studies which do not use real yields such as Buraschi and Jiltsov (2005) and Ang,
Bekaert, and Wei (2010). However, as described above, using the real yields is essential for
accurate decomposition of the difference between nominal yields and expected inflation
into real yields and inflation risk premium.
Table 16: Decomposition of the Historical 5 Year Nominal Yield. The yield is decomposed
into the real yield, expected inflation and the inflation risk premium. All yields are zerocoupon annualized yields.
Component
Real rate
Expected inflation
Inflation risk premium

Average level
2.31%
4.06%
0.25%

Standard deviation
2.03%
1.40%
0.46%

Figure 16 illustrates that model implied nominal and real yield curves are upward sloping.
The top panel shows that the model accurately replicates the nominal yield curve, albeit
the model implied curve has slightly higher slope. The real yield curve slope is also positive
but smaller than the nominal yield curve slope (around 1 percentage point versus around
2 percentage points) indicating the the term structure of inflation risk premium is upward
sloping as well. The estimated real yield curve is consistent with other recent estimates
in the literature, such as Ang and Ulrich (2012) and Chernov and Mueller (2012).
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Figure 16: Zero-coupon Real and Nominal Yield Curves. All yields are annualized.

Figure 17 plots the time series of the latent factor expected values, which is instructive
about episodes difficult to explain using the purely macroeconomic model. In particular,
the figure suggests that the high interest rates observed during the Volcker experiment
(the latent variable achieves its highest values during that period) and the low interest
rates during the Great Recession (the latent variable achieves its lowest values during that
period) are difficult for purely macroeconomy driven model, indicating that economically
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the latent factor might be related to unconventional monetary policy.
Figure 17: The Historical Dynamics of the Latent Variable. The graph is the expected
value of the latent factor filtered using Kalman filtering.

2.6

Conclusion

In this article, we provide three main contributions. First, we develop a new dynamic
model for real economic activity and inflation, where the shocks are drawn from a Bad
Environment-Good Environment model, which accommodates time-varying non-Gaussian
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features with ”good” and ”bad” volatility. The shocks are decomposed into ”demand”
shocks which move inflation and GDP growth in the same direction and ”supply shocks”
which move inflation and GDP growth in opposite direction. We find the demand shocks
to exhibit marked skewness, driven, inter alia, by peaks in ”bad demand volatility” during
the Great Recession. Supply shock variances are high during the seventies and again more
recently since 2005. The correlation between GDP growth and inflation is mostly negative
but peaks during the Great Recession when demand shocks are important. Second, we
link the macro factors extracted from the dynamic macro model, expected GDP growth
and inflation and the macro risk variables represented by the conditional variances (shape
parameters) of the shocks, to the term structure. The macro variables explain a little
over 70% of the variation in the levels of yields, but the proportion of explanatory power
accounted for by the macro risk variables rises from 8.4% at the one quarter maturity
to 19.2% at the 10 year maturity. When we run predictive regressions of excess holding
period returns onto the macro variables, the R2 rises from 5% for 2 maturity bonds to
10% for 10 year maturity bonds with the bulk of it accounted for by the macro-risk
variables. Third, we build a term structure model in which the macro factors feature as
state variables in addition to one latent variable. Despite the non-Gaussianities in the
state variables, the term structure model is affine in the state variables.
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Chapter 3
Time-varying Risk of Nominal Bonds: How Important
Are Macroeconomic Shocks?
Andrey Ermolov

3.1

Introduction

The correlation between aggregate stock market and government bond returns in the
United States has varied significantly over time. As illustrated in Figure 18, while the
unconditional correlation is essentially 0, the correlation has been as low as -0.78 in the
first quarter of 2009 and as high as 0.75 in the third quarter of 1994. Furthermore, while
correlations were predominantly positive before 2000, they switched to being negative
thereafter. The primary importance of stocks and bonds in portfolios of institutional and
individual investors makes understanding the economic sources of this correlation and its
time variation an important input for asset allocation.
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Figure 18: Correlation Between Returns on the US 5 Year Treasury Bond and the Aggregate Stock Market. Correlations are computed quarterly from daily data. Expectations
are the long-run (quarterly) conditional correlations from the MIDAS-dynamic conditional
correlation model of Colacito, Engle, and Ghysels (2011). The unconditional correlation
between returns is 0.05.

Explaining stock and bond return correlations has been a challenge for asset pricing
models. Shiller and Beltratti (1992) argue that it is difficult to reproduce these correlations
in a stylized present value framework. More recently, Bekaert, Engstrom, and Grenadier
(2010) show that a consumption-based asset pricing model with habit utility also does
not replicate substantial variation in stock-bond return correlations. Even an empirical
dynamic factor model (Baele, Bekaert, and Inghelbrecht, 2010) has difficulties to match
stock and bond return correlations. Particularly difficult to generate, both theoretically
and empirically, are the sign changes in the correlation.
In this article, I propose and estimate a structural model to evaluate the impact of macroeconomic shocks (consumption growth and inflation) on the time variation in stock and
bond return correlations. The model is an external habit model (see, e.g., Campbell and
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Cochrane, 1999) augmented with novel macroeconomic dynamics. The habit utility delivers realistic asset pricing moments, in particular, a realistic term structure. However,
it is the novel macroeconomic dynamics that, at least in theory, generate both positive
and negative stock and bond return correlations.
In particular, I model consumption growth and inflation to depend on two shocks directly
related to the risk of nominal assets: the first shock moves consumption growth and
inflation in the same direction (in real terms, such shocks are often referred to as demand
shocks), while the second shock moves them in the opposite directions (in real terms, such
shocks are often referred to as supply shocks). It is natural to think that in a demandshock environment nominal bonds are a better hedge against stock market fluctuations
than in a supply-shock environment, because in a demand-shock environment inflation is
procyclical implying higher bond returns in recessions.28
To identify the model econometrically and provide a realistic and economically intuitive
description of macroeconomic shocks, I use the Bad Environment-Good Environment
(BEGE) dynamics of Bekaert and Engstrom (2009).29 Using that framework, I model
both demand and supply shocks as a combination of a good component generating positive skewness and a bad component generating negative skewness. The components are
modeled with demeaned gamma distributions which, as Bekaert and Engstrom (2009)
28

My definition of demand and supply shocks follows Blanchard (1989), who also provides empirical
support for the terminology. There are several other meanings associated with demand and supply
shocks. For example, Blanchard and Quah (1989) define supply shocks as shocks which permanently
affect output and demand shocks as shocks which do not. In a New Keynesian setting (e.g., Woodford,
2003), the demand shock is a shock to output in the aggregate demand equation, while the supply shock
is a shock to inflation in the aggregate supply equation.
29

In a concurrent complementary paper, Bekaert, Engstrom, and Ermolov (2014c) use the same dynamics to build a term structure model using GDP and inflation data. However, their analysis is reduced-form
and they do not consider equity and the time-varying stock and bond return correlations, the main topic
of this paper.
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show, deliver empirically flexible and theoretically tractable distributions. In my model,
the BEGE structure has furher economic appeal as, for instance, for supply shocks, it
is intuitive to think that commodity crises mainly come from the bad component and
technological progress predominantly from the good component.
My results are twofold. First, the novel macroeconomic structure allows characterizing
the history of the US consumption growth and inflation in terms of demand and supply
shocks. I find that the demand shock consists of a persistent Gaussian component and a
rare-disaster type negative shock, which was most pronounced during the Great Recession.
The supply shock consists, roughly speaking, of a good component generating positive
skewness during periods of low commodity prices and technological innovation and, on
average a more important, bad component generating negative skewness during periods
of high commodity prices.
Second, using the model, I establish a direct link between time-variation in macroeconomic risks and time-variation in stock and bond return correlations. To the best of
my knowledge, this article is the first showing that macroeconomic shocks alone (shocks
extracted from macro data only) generate large positive and negative stock and bond
return correlations. However, negative correlations are less extreme and frequent than
historically observed in the US, although still very economically significant during, for
instance, the Great Recession. Historically, macroeconomic shocks are the most important in explaining high stock and bond return correlations from the late 1970’s until the
early 1990’s, which is identified as a supply environment, and low correlations pre- and
during the Great Recession, which is identified as a demand environment. The role of
macroeconomic shocks in explaining stock and bond return correlations is time-varying
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and other effects dominate during certain periods.30
I contribute to the recent literature on the importance of macroeconomic shocks for timevarying stock and bond return correlations, which has delivered very disparate results
regarding the importance of such shocks.31 In a reduced-form model, Baele, Bekaert,
and Inghelbrecht (2010) find very few links between macroeconomic variables and timevarying stock and bond return correlations. However, Campbell, Pflueger, and Viceira
(2014), using a habit model, argue that macroeconomic shocks are important during
certain periods, mostly in the 1970’s. Finally, the long-run risk models of Burkhardt and
Hasseltoft (2012) and Song (2014) and a reduced-form model of Campbell, Sunderam,
and Viceira (2013) suggest that macroeconomic shocks might be the main driver of the
time variation in stock and bond return correlations.
The difference in results between my work and the extant literature is not surprising as
I take a substantially different approach to model macroeconomic shocks and stock and
bond return correlations. First, my approach combines flexible non-Gaussian dynamics
with exact closed-form asset pricing solutions. Most of the previous literature (Baele,
Bekaert, and Inghelbrecht, 2010; Campbell, Sunderam, and Viceira (2013); Campbell,
Pflueger and Viceira, 2014) assumes conditional Gaussian dynamics for the macroeconomic series.32 While Burkhardt and Hasseltoft (2012) and Song (2014) employ regime30

Other proposed explanations include flight-to-quality (Connolly, Stivers, and Sun, 2005; Bansal, Connolly, and Stivers, 2014), liquidity (Baele, Bekaert, and Inghelbrecht, 2010), preference shocks (Bekaert,
Engstrom, and Grenadier, 2010), learning and money illusion (David and Veronesi, 2013), and monetary
policy (Campbell, Pflueger, and Viceira, 2014). My work is complementary to these studies.
31

Although the idea that macroeconomic shocks can be related to stock and bond return correlations
has been proposed by Fama (1981), its formal evaluations have not been conducted until very recently.
32

For example, Bekaert and Engstrom (2009) document the key role of non-Gaussian dynamics in US
consumption growth and Brunner and Hess (1993) and Evans and Wachtel (1993) in US inflation.
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switching models of the Hamilton (1989)-type and therefore embed non-Gaussian aspects
of the data, they obtain pricing solutions using the Bansal and Zhou (2002) approximation and do not provide an economic interpretation of the shocks. Importantly, Burkhardt
and Hasseltoft (2012) and Campbell, Pflueger, and Viceira (2014) identify macroeconomic
regimes by explicitly setting breakpoints in data using different auxiliary assumptions. I
estimate the dynamic macroeconomic environment directly from macroeconomic data.
Furthermore, in Campbell, Pflueger, and Viceira (2014), the agent is surprised about any
regime change, whereas regime changes are likely to be anticipated and such anticipated
changes might contribute significantly to asset prices (Veronesi, 1999).33 My model does
not have this restriction.
Second, my model is based on the habit utility which reproduces a realistic term structure.
In particular, the model reproduces on average an upward-sloping real yield curve, an
important feature of two most studied financial markets, the US and the UK.34 The
long-run risk models (Burkhardt and Hasseltoft, 2012; Song, 2014) imply on average a
downward-sloping real yield curve.
Third, I estimate macroeconomic shocks from consumption and inflation data only. Thus,
my model minimizes the reliance on unobservable fundamentals dynamics (see the Chen,
Dou, and Kogan (2014) critique on the use of such unobservable factors) and provides a
conservative assessment of the role of macroeconomic shocks. In contrast, Song (2014)
jointly estimates the macroeconomic dynamics and asset prices, allowing for measure33

For example, Ang and Bekaert (2002) show this empirically for US Treasuries.

34

The US real yield curve is directly observed from 2004 to 2014 and has on average a positive slope
(Gürkaynak, Sack, and Wright, 2010b). Chernov and Mueller (2012) and Ang and Ulrich (2012) argue
that the average slope of the real yield curve has been positive starting from the 1970’s. For the UK,
Heyerdahl-Larsen (2014) shows that from 1985 to 2011, the average real yield curve slope is positive.
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ment errors in consumption and inflation data. This might lead to situations where large
fluctuations in asset prices, which are in reality unrelated to macroeconomic shocks, are
accounted for by large unobserved fluctuations in consumption hidden behind observational errors, thereby overstating the importance of macroeconomic shocks.35 Burkhardt
and Hasseltoft (2012) are also subject to this critique as they explicitly calibrate macroeconomic parameters to match stock and bond return correlations. Additionally, although
Campbell, Pflueger and Viceira (2014) formulate their model as a consumption-based
model, it is estimated from GDP, not consumption, data, which is theoretically questionable.
Finally, my model is structural with an economically motivated utility function, allowing
to analyze economic effects driving time-variation in stock and bond return correlations.
The reduced-form models of Baele, Bekaert, and Inghelbrecht (2010) and Campbell, Sunderam and Viceira (2013) are more flexible but are silent with respect to the underlying
mechanisms.

3.2

Model

The economy consists of a representative agent with external habit formation preferences
as in Campbell and Cochrane (1999). The key innovation is introducing macroeconomic
dynamics from Bekaert, Engstrom, and Ermolov (2014c), which allows for a tractable
analysis of risk transmission mechanisms from the macroeconomy to asset prices, with a
particular focus on nominal asset prices.
35

Campbell, Sunderam, and Viceira (2013) and David and Veronesi (2013) pursue similar approaches.
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3.2.1

Consumption and Inflation

, is a constant mean process:
The logarithmic consumption growth, gt+1 = ln CCt+1
t
gt+1 = ḡ + gt+1 ,

(45)

where gt+1 is a heteroskedastic shock specified in the next subsection. Unlike in the longrun literature started by Bansal and Yaron (2004), there is no persistent component in
the consumption growth, because in habit models it is usually of secondary importance
(refer e.g., Wachter (2002) versus Wachter (2006)). Heteroskedasticity of the consumption
growth is documented by numerous empirical studies starting with Ferson and Merrick
(1987).
Because there is substantial evidence about inflation being persistent, logarithmic inflation
is modeled with a persistent component:

πt+1 = π̄ + xπt + πt+1 ,

(46)

where xπt is a zero-mean persistent component following the dynamics specified in subsection 2.3 and πt+1 is a heteroskedastic shock explained in the next subsection. The persistence and heteroskedasticity of inflation are motivated by voluminous empirical work
starting with Engle (1983).
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3.2.2

Preferences

The representative agent maximizes expected utility as in Campbell and Cochrane (1999):

E0

∞
X
t=0

βt

(Ct − Ht )1−γ − 1
,
1−γ

(47)

where Ct is the consumption at time t and Ht is a slow moving aggregate of past consumption, satisfying Ht < Ct . The motivation behind the habit preferences is that the
agent becomes sensitive to relatively mild fluctuations in consumption, because, due to
the slow moving nature of the habit, fluctuations in the surplus Ct − Ht are percentually
larger than fluctuations in absolute consumption.36
The main reason for using the habit utility instead of the Epstein-Zin utilty, popular in the
previous literature on the topic (Burkhardt and Hasseltoft, 2012; Song, 2014), is that, as
shown by several papers starting with Wachter (2006), unlike most models with EpsteinZin utility, habit models produce a more realistic term structure: in particular, they
generate on average an upward-sloping real yield curve, as discussed above, an important
feature of the US and the UK term structure.
Instead of modeling habit, Ht , following most of the external habit literature starting
from Campbell and Cochrane (1999), in order to ensure that the condition Ct > Ht
36

Following most of the habit literature after Campbell and Cochrane (1999), the difference habit (that
is the utility is determined by Ct − Ht ) is used instead of the ratio habit (that is the utility determined
Ct
by H
) used, for instance, in Abel (1999), although its economic interpretation is less obvious: it allows
t
to interpret the habit as a weighted average of past consumption shocks with weights declining over time
only as an approximation. This is because, as Chan and Kogan (2002) point out, replicating modern
asset pricing moments using the ratio habit utility is difficult and this paper deals with the relatively
recent data starting from 1970.
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always holds, the inverse surplus ratio Qt =

Ct
Ct −Ht

is modeled. In this setting, the local

coefficient of relative risk-aversion is equal to γQt . Following Campbell and Cochrane
(1999) and Bekaert and Engstrom (2014), the inverse surplus ratio is an autoregressive
process with its innovations being the same as innovations to the consumption growth:

qt+1 = q̄ + ρq (qt − q̄) + γq gt+1 ,

(48)

where q̄, ρq , and γq are constants.
The specification in (48) differs from the Campbell and Cochrane (1999)’s. In (48) the
sensitivity of the inverse surplus ratio to the consumption shocks, γq , is constant, and
the action comes from the time-varying volatility of the consumption growth. This specification can be interpreted as a ”time-varying amount of risk” specification. Instead in
Campbell and Cochrane (1999), the volatility of the consumption growth is constant, and
the sensitivity of the inverse-surplus ratio to consumption growth shocks is time-varying.
This specification can be interpreted as a ”time-varying prices of risk” specification. Ermolov (2014) shows that the ”time-varying amount of risk” specification has important
advantages in terms of the term structure modeling. Economically, positive consumption
shocks are expected to decrease the inverse surplus ratio, and thus the coefficient γq is expected to be negative. I also experimented with a component unrelated to consumption in
(48), as in Bekaert, Engstrom, and Grenadier (2010), but it was empirically insignificant.
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3.2.3

Macroeconomic Shocks

The consumption and inflation shocks are modeled as a linear combination of two independent shocks:
gt+1 = σgd udt+1 + σgs ust+1 ,
πt+1 = σπd udt+1 − σπs ust+1 ,

(49)

V ar(udt+1 ) = V ar(ust+1 ) = 1, Cov(udt+1 , ust+1 ) = 0,
where σgd , σgs , σπd , and σπs are positive constants. udt+1 is a shock which moves consumption
and inflation in the same direction. In real terms, it is intuitive to refer to such shocks as
”demand shocks”. ust+1 is a shock which moves consumption and inflation in the opposite
directions and thus makes nominal bonds a riskier asset. In real terms, it is intuitive to
refer to such shocks as ”supply shocks”. V ar(udt+1 ) = V ar(ust+1 ) = 1 is just a scaling
assumption necessary for the empirical identification.
Note that, if udt and ust are heteroskedastic, specification (49) will imply a time-varying
conditional covariance between consumption growth and inflation shocks, as is observed
in the data (Burkhardt and Hasseltoft, 2012):

Covt (gt+1 , πt+1 ) = σgd σπd V art (udt+1 ) − σgs σπs V art (ust+1 ).

(50)

From (50), in the demand shock environment the conditional covariance between consumption growth and inflation is relatively high (relatively large V art (udt+1 )), while in
the supply shock environment (relatively large V art (ust+1 )) the covariance is relatively
low, making nominal bonds riskier. Depending on the estimated model parameters, the
covariance could also switch the sign.
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The key innovation of this paper compared to the previous structural literature investigating the macroeconomic risk of nominal assets (Burkhardt and Hasseltoft, 2012; Campbell,
Pflueger, and Viceira, 2014; Song, 2014) is twofold. First, demand and supply shocks are
modeled directly instead of modeling consumption growth and inflation, which, as will be
shown in the next session, clarifies the economic intuition behind macroeconomic risk of
nominal bonds. Second, macroeconomic shocks are modeled using the BEGE dynamics
of Bekaert and Engstrom (2009). Under this framework, both demand and supply shocks
consist of two zero-mean shocks: the first ”good environment” shock is bounded from
the left and generates positive skewness, while the second ”bad environment” shock is
bounded from the right and generates negative skewness. These shocks have time-varying
higher order moments which, as shown by Bekaert and Engstrom (2009), help to generate
rich fundamentals dynamics capturing important conditional non-Gaussian features in
the data.37
Formally, the demand and supply shocks are modeled as a component model of demeaned
gamma shocks:
d
d
udt+1 = σpd ωp,t+1
− σnd ωn,t+1
,
s
s
ust+1 = σps ωp,t+1
− σns ωn,t+1
,
d
ωp,t+1
∼ Γ(pdt , 1) − pdt ,
d
ωn,t+1

∼

Γ(ndt , 1)

−

(51)

ndt ,

s
ωp,t+1
∼ Γ(pst , 1) − pst ,
s
ωn,t+1
∼ Γ(nst , 1) − nst ,

37

Bekaert, Engstrom, and Ermolov (2014a,b) find empirical evidence in favor of BEGE dynamics in
the time series of US aggregate stock returns. This supports the fundamental dynamics, because in
the model, as will be shown in the next section, stock returns under a first-order approximation of the
equilibrium price-dividend ratio expression are a component model of gamma shocks.
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where Γ(x, y) denotes a gamma-distributed random variable with the shape parameter
x and the scale parameter y. Figure 19 illustrates the construction of the BEGE distribution from its good and bad components. Top panel of Figure 19 plots the probability
density function of the good component corresponding to σp ωp,t+1 in equation (51). The
distribution is cut from the left and has a right tail generating positive skewness. The
middle panel of Figure 19 plots the probability density function of the bad component
corresponding to σn ωn,t in (51). The distribution is cut from the right and has a left tail
generating negative skewness. The bottom panel of Figure 19 plots the probability density
function of the component model of the good and bad components from top and middle
panels. The distribution has now both tails and, as will be shown below, the skewness
can be both positive and negative and will be determined by scale and shape parameters
of the two demeaned gamma distributions.
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Figure 19: Components of the Bad Environment-Good Environment (BEGE) probability
density function.

The heteroskedasticity of the shocks is modeled through the time-varying shape parameters of the gamma distributions38 , which follow an autoregressive square-root-type volatil38

Alternatively, heteroskedasticity of the shocks can be modeled through the time-varying scale parameters, but in this case the empirical fit tends to be worse and the theoretical expressions more complicated.
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ity processes, as in Gourieroux and Jasiak (2006):
d
d
,
ωp,t+1
pdt+1 = p̄d + ρdp (pdt − p̄d ) + σpp
d
d
ndt+1 = n̄d + ρdn (ndt − n̄d ) + σnn
ωn,t+1
,

pst+1

s

= p̄ +

ρsp (pst

s

− p̄ ) +

(52)

s
s
σpp
ωp,t+1
,

s
s
.
ωn,t+1
nst+1 = n̄s + ρsn (nst − n̄s ) + σnn

In (52) the volatility shocks are the same as the shocks to realizations in (51) capturing
volatility clustering in data. Also note that in (52), assuming ρp/n > σpp/nn ensures strict
positivity of the shape parameters. This is one of the advantages of the BEGE dynamics
over the traditional discrete square-root processes. Figure 20 illustrates the volatility
dynamics in the model. The top panel shows the BEGE probability density function
for the case where the good component is relatively more important (large pt ): this
corresponds to the case where the good component, as graphed in the top panel of Figure
19, is more important and the distribution is positively skewed. The bottom panel plots
the BEGE probability density function for the case where the bad component is relatively
more important (large nt ): this correponds to the case where the bad component, shown
in the middle panel of Figure 19, is more important and the distribution is negatively
skewed.
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Figure 20: Bad Environment-Good Environment (BEGE): time-varying volatility.

Using the properties of gamma distributions, under the BEGE dynamics, the covariance
between consumption growth and inflation innovations is:

Covt (gt+1 , πt+1 ) = σgd σπd (σpd )2 pdt + σgd σπd (σnd )2 ndt − σgs σπs (σps )2 pst − σgs σπs (σns )2 nst .
| {z }
| {z }
| {z }
| {z }
>0

>0

>0

(53)

>0

The intuition in (53) is the same as in (50): demand shocks push consumption growth and
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inflation in the same direction, and, thus, higher volatility of these shocks (which in the
model consists of a good and a bad component proportional to pdt and ndt , respectively) increases the conditional covariance between the consumption growth and inflation. Supply
shocks push consumption growth and inflation in opposite directions, and, thus, higher
volatility of these shocks (which in the model again consists of a good and a bad component proportional to pst and nst , respectively) decreases the conditional covariance between
consumption growth and inflation.
The BEGE framework has several attractive features. First, economically having a good
and bad component is intuitive in characterizing demand and supply shocks (think,
e.g., of high commodity prices as a bad supply environment and low commodity prices
as a good supply environment). Second, compared to the regime-switching literature,
which predominantly relies on Bansal and Zhou (2002)’s approximation to compute asset prices, BEGE provides intuitive closed-form solutions. Third, as will be shown in
section 4, BEGE dynamics can be estimated in a relatively efficient manner providing,
unlike Burkhardt and Hasseltoft (2012) and Campbell, Pflueger, and Viceira (2014), an
endogeneous identification and estimation of the macroeconomic environment.
In addition to driving consumption growth and inflation shocks, demand and supply
shocks also determine the dynamics of expected inflation in (46):
π

xπt+1 = ρxπ xπt + γπ (σπd udt+1 − σπs ust+1 ) +γπd σπd udt+1 + σxπ xt+1 ,
{z
}
|

(54)

=π
t+1

where γπ and γπd are constants. In (54) demand and supply shocks can affect the expected
π

inflation differently. I also introduce xt+1 ∼ N (0, 1), a shock unrelated to demand and
supply shocks.
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3.2.4

Financial Assets

The two main financial assets considered are nominal bonds and an aggregate equity claim.
The bonds are risk-free zero-coupon securities with a prespecified nominal payment of 1$
at maturity.
Aggregate equity is modeled as a claim to aggregate dividends. The log aggregate real
dividend growth follows a constant mean heteroskedastic process:

∆dt+1 = ḡ + γd (σgd udt+1 + σgs ust+1 ) +γdd σgd udt+1 + σd dt+1 ,
{z
}
|

(55)

=gt+1

where γd , γdd , and σd are constants and dt+1 ∼ N (0, 1).
There are four dividend modeling assumptions in (55). First, following the most of the
habit literature, starting from Campbell and Cochrane (1999), the mean of the dividend
growth is the same as the mean of consumption growth. Second, following numerous
papers starting with Campbell (1986), the dividend claim is priced instead of the consumption claim to compare the model predictions with equity data. This implicitly corresponds to the fact that the agent has additional sources of income, such as labour income.
Third, demand and supply shocks can affect the dividend growth differently. Finally, dt+1 ,
a shock unrelated to demand and supply shocks, is also included.

3.3

Asset Pricing Implications

This section derives bond and equity prices and shows how the model can generate timevarying stock and bond return correlations. The stochastic discount factor is standard for
an external habit model: the agent does not take into account the impact of her consump-
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tion choice on the habit stock. Thus, the stochastic discount factor, Mt+1 follows from
the first order conditions of maximizing the utility in (47) with respect to consumption
at times t and t + 1:

Mt+1 = βe−γgt+1 +γ(qt+1 −qt ) .

(56)

The economic interpretation of (56) is that the marginal utility is low in times of high
consumption growth and a low inverse surplus ratio.
Risk premia on all assets are determined by the covariance of their returns with the
innovations to the stochastic discount factor. In the model, the innovations to the real
log stochastic discount factor are:
d
d
s
s
mt+1 − Et mt+1 = adp ωp,t+1
+ adn ωn,t+1
+ asp ωp,t+1
+ asn ωn,t+1
,

adp = σpd σgd γ(−1 + γq ) < 0,
adn = −σnd σgd γ(−1 + γq ) > 0,

(57)

asp = σps σgs γ(−1 + γq ) < 0,
asn = −σns σgs γ(−1 + γq ) > 0,
where the signs are for the calibrated region. The interpretation of equation (57) is that
shocks which increase consumption or the surplus ratio decrease marginal utility and
shocks which decrease consumption increase marginal utility.
As usual, the nominal stochastic discount factor is a linear transformation of the real
stochastic discount factor:

m$t+1 = mt+1 − πt+1 .

(58)
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3.3.1

Bonds

In the model, the logarithmic price of a bond with maturity n at time t can be written
as an affine function of the state variables:

$
lnPn,t
= Cn$ + Xnπ xπt + Q$n qt + Pnd$ pdt + Nnd$ ndt + Pns$ pst + Nns$ ndt ,
|{z}
|{z}
|{z}
|{z}
|{z}
|{z}
<0

<0

>0

>0

>0

(59)

>0

where Cn$ , Xnπ , Q$n , Pnd$ , Nnd$ , Pns$ , and Nns$ are constants defined in Appendix A.
The price of a bond in equation (59) reflects three economic effects. First, the loading
on expected inflation, Xnπ , is negative, because higher inflation reduces the value of the
nominal payout. Second, the loading on the inverse surplus ratio, Q$n , is also negative.
This is an intertemporal smoothing effect: when the inverse surplus ratio is high, it is
expected to decrease in future so that marginal utility is relatively high today, therefore
the agent prefers to consume now instead of saving for the future and thus bond prices are
low. Finally, the volatility loadings Pnd$ , Nnd$ , Pns$ , and Nns$ , are positive corresponding
to the standard precautionary savings effect: in times of high uncertainty, the agent is
willing to hedge uncertainty through investing in bonds.
For convenience, from now on I focus on continuously compounded yields:
1
$
$
yn,t
= − lnPn,t
.
n

(60)
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3.3.2

Equity

In the model, the price-dividend ratio can be written as:
∞

X
Pt
=
exp(Cne + Qen qt + Pnde pdt + Nnde ndt + Pnse pst + Nnse nst ),
|{z}
|{z}
|{z}
|{z}
|{z}
Dt
n=1
<0

>0

>0

>0

(61)

>0

where Qen , Pnde , Nnde , Pnse , and Nnse are constants defined in Appendix A.
Equity pricing reflects two economic effects. First, the loading on the inverse-surplus ratio, Qen , is negative. This is the same intertemporal smoothing effect as for bonds: when
the inverse-surplus ratio is high, the agent wants to consume now instead of saving for
the future and thus equity prices are low. Second, the Pnde , Nnde , Pnse , and Nnse coefficients
are positive corresponding to the precautionary savings effect. In the model, increased
volatility (higher pdt , ndt , pst , and nst ) has two effects on equity prices. First, it decreases
risk-free rates increasing equity prices. Second, it increases the risk-premium decreasing
equity prices. The intuition is that as consumption growth volatility increases, the covariance between the consumption growth and dividends also increases, making the dividend
stream covary more negatively with the stochastic discount factor and thus riskier. This
implicitly assumes that in equation (55) the loading γd is greater than a certain threshold
and the loading γdd > 0. This is later shown to be true in the data. The first effect is the
dominant effect in the model.39
39

There is no conclusive evidence on the role of volatility for equity prices. Theoretically, Wu (2001)
and Bansal, Kiku, and Yaron (2010) argue in favor of a negative relationship, while Pastor and Veronesi
(2006) or Bekaert, Engstrom, and Xing (2009) suggest a positive relationship. Empirically, results in
Poterba and Summers (1986) imply an insignificant relationship, while Segal, Shaliastovich, and Yaron
(2014) find that both relationships are possible.
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3.3.3

Stock and Bond Return Correlation

The main focus of this paper is the time-varying conditional correlation between stock
and bond returns:
b
e
Covt (rn,t+1
, rt+1
)
b
e
,
Corrt (rn,t+1
, rt+1
)= q
e
b
)
)V art (rt+1
V art (rn,t+1

(62)

b
where rn,t+1
is the logarithmic return on holding an n period bond from time t to time

t + 1, ln

$
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$
Pn,t

e
is the logarithmic return on holding the aggregate equity claim
, and rt+1

from time t to time t + 1, ∆dt+1 + ln(1 +
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)
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− ln D
.
t

The term of the primary interest in (62) is the time-varying conditional covariance,
e
b
), as it determines the sign of the stock and bond return correlation:
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The unexpected return on holding an n period bond from time t to time t + 1 in the
b
b
, consists of four terms corresponding to the basic macroeconomic
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where the signs are for the region estimated later in the paper.
d
)
As can be seen from the first line of (64), the impact of a good demand shock (ωp,t+1

on the unexpected bond return consists of three components. The first component,
π
(γπ + γπd )σπd σpd , corresponds to the increased expected inflation decreasing nomiXn−1

nal bond prices and thus returns on nominal bonds. The second component, Q$n−1 γq σgd σpd ,
corresponds to the increased intertemporal smoothing motive (note from (48) that a positive good demand shock decreases the inverse surplus ratio) increasing bond prices. The
d$
d
final component, Pn−1
, corresponds to the increased precautionary savings motive (see
σpp
d
increases future volatility) increasing bond prices. The impact
equation (52), where ωp,t+1
d
) on the second line of (64) follows the same logic.
of a bad demand shock (ωn,t+1
s
) on the unexpected bond return also conThe impact of a good supply shock (ωp,t+1

sists of three components illustrated on the third line of (64). The first component,
π
−Xn−1
γπ σπs σps , corresponds to the decreased expected inflation increasing bond prices.

The second component, Q$n−1 γq σgs σps , corresponds to the increased intertemporal smooths$
s
ing motive increasing bond prices. The final component, Pn−1
σpp
, corresponds to the

increased precautionary savings motive increasing bond prices. The impact of a bad
s
supply shock (ωn,t+1
) on the fourth line of (64) follows the same logic. The indepenπ

dent expected inflation shock on the last line of (64), xt+1 , is negatively related to the
unexpected bond return through the higher inflation decreasing the bond prices.
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The logic above allows to sign the impact of macroeconomic shocks on the unexpected
bond returns. The unexpected bond return loads positively on the bad demand and good
supply shocks and negatively on the good demand and bad supply shocks. Thus, nominal
bonds are a good hedge against demand shocks and a bad hedge against supply shocks.
Panel A of Table 17 summarizes the effects.
Table 17: Loadings of Unexpected Stock and Bond Returns on Macroeconomic Shocks.
s
s
d
d
are good and bad
and ωn,t
are good and bad demand shocks, respectively. ωp,t
and ωn,t
ωp,t
π
x
supply shocks, respectively. t is the shock to expected inflation unrelated to demand
and supply shocks. dt+1 is the shock to dividend growth unrelated to demand and supply
shocks.
Panel A: Unexpected Bond Return Loadings
Shock Sign
Dominant effect(s)
d
ωp,t
expected inflation
d
+
expected inflation, precautionary savings
ωn,t
s
+
expected inflation, intertemporal smoothing, precautionary savings
ωp,t
s
ωn,t
expected inflation, intertemporal smoothing
xπ
expected inflation
t
d
t
0
Panel B: Unexpected Equity Return Loadings
Shock Sign
Dominant effect(s)
d
ωp,t
+
dividend growth, intertemporal smoothing, precautionary savings
d
dividend growth, intertemporal smoothing
ωn,t
s
+
dividend growth, intertemporal smoothing, precautionary savings
ωp,t
s
ωn,t
dividend growth, intertemporal smoothing
xπ
t
0
dt
+
dividend growth
Panel C: Contribution to Conditional Stock and Bond Return Covariance
Shock Sign
d
ωp,t
d
ωn,t
s
ωp,t
+
s
ωn,t
+
xπ
t
0
dt
0

The unexpected return on holding the aggregate equity claim from time t to time t + 1
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where K2q , K2p , K2n , K2p , K2n are constants specified in Appendix A and where the signs
are for the region estimated later in the paper. Note that, in order to clarify the intuition,
(65) is a log-linearization of the equilibrium solution.

40

d
)
As can be seen from the first line of (65), the impact of a good demand shock (ωp,t+1

on the unexpected equity return consists of three components. The first component,
(γd + γdd )σgd σpd , corresponds to the increased dividend payments increasing equity returns.
The second component, K2q γq σgd σpd , corresponds to the increased intertemporal smoothing
motive (note from (48) that a positive good demand shock decreases the inverse surplus
40

It is important to point out that (65) is a log-linearization of the exact equilibrium solution taken in
order to clarify the economic intuition and in that sense is very different from the vast majority of the
literature following Campbell and Shiller (1988), where the return definition is log-linearized BEFORE
computing the equilibrium.
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d

d
, corresponds to the increased
ratio) increasing equity prices. The final component, K2p σpp
d
increases future volatility)
precautionary savings motive (see equation (52), where ωp,t+1
d
) on the second line
increasing equity prices. The impact of a bad demand shock (ωn,t+1

of (65) follows the same logic.
s
The impact of a good supply shock (ωp,t+1
) on the unexpected equity return also consists

of three components illustrated on the third line of equation (65). The first component,
γd σgs σps , corresponds to the increased dividend payments increasing equity returns. The
second component, K2q γq σgs σps , corresponds to the increased intertemporal smoothing mos

s
tive increasing equity prices. The final component, K2p σpp
, corresponds to the increased

precautionary savings motive increasing equity prices. The impact of a bad supply shock
s
) on the fourth line of equation (65) follows the same logic. The independent div(ωn,t+1

idend shock on the last line of (65), dt+1 is positively related to the unexpected equity
return through the higher dividend payoff increasing the equity return.
The logic above allows to sign the impact of macroeconomic shocks on the unexpected
equity returns. The unexpected equity return loads positively on the good demand and
supply shocks and negatively on the bad demand and supply shocks. Thus, equity is a
bad hedge against both demand and supply shocks. Panel B of Table 17 summarizes the
effects.
By combining the conclusions of (64) and (65), it can be seen that demand shocks decrease
and supply shocks increase the conditional covariance between stock and bond returns:

b
e
) ≈ αpd pdt + αnd ndt + αps pst + αns nst .
Covt (rn,t+1
, rt+1
|{z}
|{z}
|{z}
|{z}
<0

<0

>0

(66)

>0

where αpd , αnd , αps , and αns are constants, which can be computed from the coefficients
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in (64) and (65) and, as all coefficients in this section, are signed for the economically
sensible region. Note from (66) that the time-variation in covariance is driven purely by
macroeconomic state variables (pdt , ndt , pst , nst ), while the preference parameters affect the
sensitivity of the covariance to these fluctuations through constant α-coefficients. Panel
C of Table 17 summarizes the effects.

3.4

Estimation

The estimation is conducted in two stages. First, the macroeconomic dynamics is estimated purely from macroeconomic data (no financial data). Second, given the dynamics
of macroeconomics shocks, preference parameters are estimated using the generalized
method of moments (GMM) in order to fit asset prices.

3.4.1

Data

The data is standard US macroeconomic and financial data. The Working (1960)-autocorrelation
adjusted per-capita consumption growth of non-durables and services is from the National
Income and Product Accounts (NIPA) website. Inflation is the change in the seasonally
adjusted consumer price index for all urban customers from the Federal Reserve Bank of
St.Louis website. The inflation forecasts are from the Survey of Professional Forecasters (SPF) obtained from the Federal Reserve Bank of Philadelphia website. The bond
prices are from Gürkaynak, Sack, and Wright (2010a). Excess stock returns are from the
Kenneth French’s data library. The sample period is quarterly from 1970Q1 to 2012Q4,
because the inflation forecasts are not availabe before that.
Following Longstaff and Piazzesi (2004), the unsmoothed dividends are used. The economic motivation for using the unsmoothed dividends is, as is discussed in details in
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Longstaff and Piazzesi (2004), that firms artificially smooth dividends for reasons such
as signaling content or resolving agency conflicts. Because dividends only affect equities,
modeling their dynamics accurately is important for producing realistically low stock and
bond return correlations. The motivation for this is that dividends are a very volatile
cash flow channel which affects only equities (not bonds) and thus modeling the dividend
dynamics accurately might be important for reproducing imperfect stock and bond return
correlation.
Quarterly unsmoothed after-tax seasonally adjusted per-capita dividends are constructed
in three stages. First, the average tax rate for each year is computed as τ = 1 −
Corporate Profits After Tax
,
Corporate Profits Before Tax

where seasonally adjusted corporate profits before and after tax

are from NIPA. Second, quarterly corporate profits before tax from NIPA are adjusted
using the corporate tax rate for this year and the population for the corresponding quarter (also from NIPA). Third, following Lee, Myers, and Swaminathan (1999), Bakshi and
Chen (2005), and Longstaff and Piazzesi (2004), the unsmoothed dividend growth is computed from the after-tax per-capita corporate profits assuming a constant profit payout
ratio of 50%, which is close to the historical average. Real dividend growth is computed
by adjusting nominal dividend growth for inflation.

3.4.2

Macroeconomic Dynamics

The macroeconomic dynamics in the model consists of the consumption growth, inflation,
expected inflation, and dividend growth processes. While all 4 time series are driven by
d
d
s
s
the same fundamental shocks (ωp,t+1
, ωn,t+1
, ωp,t+1
, ωn,t+1
), computational complexity

prevents joint estimation and the dynamics in equations (45), (46), (49), (51), (52), (54),
and (55) are estimated in two stages. First, the dynamics of demand and supply shocks
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are estimated from consumption growth and inflation time series: this includes the estimation of the system parameters, values of demand and supply shocks, and filtering the
expected values of tje macroeconomic state variables (pdt , ndt , pst , nst ). Then the demand
and supply shock time series are used to estimate the dividend growth and expected
inflation processes.
The consumption growth and inflation dynamics in equations (45), (46), (49), (51), and
d
d
, p̄s ,
, n̄d , ρdn , σnn
(52) are governed by 18 parameters: ḡ, π̄, σgd , σgs , σπd , σπs , p̄d , ρdp , σpp
s
s
, n̄s , ρsn , σnn
. Due to the computational complexity of the system (observations
ρsp , σpp

being component models of 4 gamma distributions), the parameters are estimated in
three stages: estimating consumption growth and inflation shocks (gt and πt ), obtaining
demand and supply shocks (udt and ust ) from consumption growth and inflation shocks,
and estimating the parameters of demand and supply shock dynamics.
First, consumption growth shocks (gt+1 ) are obtained, following equation (45), by regressing the observed consumption growth on a constant. This directly gives the estimate of
the consumption growth mean, ḡ. Inflation shocks, πt+1 , are filtered, following equation
(46), by regressing the observed inflation on a constant and the demeaned expected inflation. This also produces the estimate of the inflation mean, π̄. Expected inflation is
constructed as the linear ordinary least squares (OLS) projection of quarterly inflation
realizations on the previous quarter inflation forecasts for that quarter from the SPF and
the realized inflation value from the previous quarter.41 This set of predictors minimizes
the Bayesian infromation criterion in a forecasting exercise described in Appendix B.
Second, the demand and supply shocks are extracted from the consumption growth and
inflation shocks by matching unconditional moments of consumption growth and inflation
41

The use of SPF forecasts is motivated by Ang, Bekaert, and Wei (2007).
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using GMM. The match is performed based on the unconditional second and third order
moments (including the cross-moments) of consumption growth and inflation. Given the
structure in (49), the values of the moments are:

s 2
d 2
E(ug2
t ) = (σg ) + (σg ) ,
d 3
d
s 3
s
E(ug3
t ) = (σg ) U skw(ut ) + (σg ) U skw(ut ),
d 2
s 2
E(uπ2
t ) = (σπ ) + (σπ ) ,
s
s 3
d
d 3
E(uπ3
t ) = (σπ ) U skw(ut ) − (σπ ) U skw(ut ),

(67)

E(ugt uπt ) = σgd σπd − σgs σπs ,
d
d 2
d
s
s 2
s
E(ugt uπ2
t ) = σg (σπ ) U skw(ut ) + σg (σπ ) U skw(ut ),
π
d 2 d
d
s 2 s
s
E(ug2
t ut ) = (σg ) σπ U skw(ut ) − (σg ) σπ U skw(ut ),

where U skw is the unscaled (by variance to the power of three over two) skewness. The
weighting matrix for the GMM optimization is computed by bootstrapping 10,000 time
series of historical length consisting of ugt and uπt and computing the moments in (67) for
each of the time series. The inverse of the obtained covariance matrix is then used as
a weighting matrix. The GMM is performed using the full covariance matrix. Because
there are 7 moments in (67) and only 6 parameters to match (σgd , σgs , σπd , σπs , U skw(udt ),
U skw(ust )), an overidentification test can be performed. Given the estimated parameters
σgd , σgs , σπd , and σπs , at each time point t demand and supply shocks are extracted from
consumption growth and inflation shocks:
  
−1  
d
d
s
ut  σg σg   gt 
 =
  .
ust
σπd −σπs
πt
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Note that if demand and supply shocks would be modeled using static Gaussian distributions, demand and supply shocks would not be identified from consumption growth and
g π
π2
inflation shocks, because there would be only three moments (E(ug2
t ), E(ut ), E(ut ut ))

to use and four parameters (σgd , σgs , σπd , and σπs ) to estimate.
The third and the final stage is estimating the parameters of demand and supply shocks:
s
s
d
d
. This is done for demand and supply time
, n̄s , ρsn , σnn
, p̄s , ρsp , σpp
, n̄d , ρdn , σnn
p̄d , ρdp , σpp

series separately (as they are independent) using maximum likelihood estimation (MLE).
The maximum likelihood estimation is used instead of a moment matching technique,
such as GMM, because in order to compute conditional covariances and correlations in
equations (62) and (66), the values of the state variables at each time point are needed,
and moments matching techniques do not directly provide them.
Each of the demand and supply time series follows a stochastic volatility model, where
each observation consists of two gamma distributed components.42 Because the exact
likelihood function is not available in closed form, the characteristic function domain
approximate maximum likelihood (AML) estimation of Bates (2006) is used. This is a
fast but still a relatively accurate numerical method.
The details of the estimation are in Appendix C and here only the informal intuition is
presented. Only the demand shock estimation is considered, as the supply shock estima42

Note that this econometric specification is different from Bekaert, Engstrom, and Ermolov (2014a),
who use the GARCH-version of the model. The advantages of the stochastic volatility model over the
GARCH model include the better data fit, the more straightforward economic interpretation and the
closed-form asset pricing solutions. The disadvantage is the more time-consuming estimation.
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tion is identical. The system to estimate is:
d
d
udt+1 = σpd ωp,t+1
− σnd ωn,t+1
,
d
ωp,t+1
∼ Γ(pdt , 1) − pdt ,
d
∼ Γ(ndt , 1) − ndt ,
ωn,t+1

(68)

d
d
pdt+1 = p̄d + ρdp (pdt − p̄d ) + σpp
ωp,t+1
,
d
d
ndt+1 = n̄d + ρdn (ndt − n̄d ) + σnn
ωn,t+1
,

where only the time series of demand shock realizations, {udt }Tt=1 is observed. The estimation consists of three stages:
Stage 0. Initialization. At time 0, the distributions of pd0 and nd0 are initialized with the
unconditional distributions of pdt and ndt .
Stage 1. Computing the likelihood. The likelihood of the observation ud1 given the distributions of pd0 and nd0 is computed as in lines 1-3 of (68).
Stage 2. Bayesian updating of the pd0 and nd0 distributions given the value of ud1 . Note
from lines 1-3 of (68), that for some values of pd0 and nd0 the likelihood of observing ud1 will
be higher than for others. The prior distributions of pd0 and nd0 are updated so that these
values yielding higher likelihoods get more probability weight. For instance, if ud1 is very
negative, the expected value of nd0 is likely to go up and the expected value of pd0 is likely
to go down.
Stage 3. Computing the conditional distributions of pd1 and nd1 given the value of ud1 . This
is done using the evolution processes in lines 4 and 5 of (68). The distributions of nd0
d
d
and pd0 are available from the previous stage, but also the distributions of ωp,1
and ωn,1

are needed. To compute these distributions, note from the first line of (68) that udt+1 is
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d
d
. From lines 2 and 3 of (68), the distributions of
and ωn,1
a linear combination of ωp,1
d
d
ωp,1
and ωn,1
depend on pd0 and nd0 , respectively. Thus, given the distributions of pd0 and
d
d
nd0 , some of the ωp,1
and ωn,1
combinations43 will be more likely than others, yielding the
d
d
distributions of ωp,1
and ωn,1
.

The stages 1-3 are then repeated for all the following time points. The total likelihood is
computed as the sum of individual likelihoods from stage 1. Note that from stage 2 the
estimation also yields the expected values of the state variables, pdt and ndt . The estimation
d
s
d
s
is conducted under the restrictions that σpp
< ρdp , σpp
< ρsp , σnn
< ρdn , σnn
< ρsn , preventing

shape parameters in equation (52) from going negative, which ensures the accuracy of the
closed form solutions for the asset pricing model. Standard errors are computed using a
parametric bootstrap, where 250 time series of historical length are simulated using the
estimated model parameters and parameters are reestimated for each time series.
Because Bates (2006) is an approximate likelihood technique, the accuracy of the likelihood function and parameter values in the economically sensible region is verified by
computing the likelihood on the grid of the state variables, as in Section 13.3.3 of Zucchini and MacDonald (2009). Accurately computing the likelihood function on the grid
requires a very high grid precision and thus optimization using that method is practically
infeasible.
Given the dynamics of demand and supply shocks estimated in the previous subsection,
the dividend growth loadings on supply and demand shocks (γd and γdd ) are computed
following equation (55) by regressing the real dividend growth on a constant, σgd udt + σgs ust ,
and σgd udt . The volatility of the dividend growth shock unrelated to supply and demand
43

It is appropriate to speak about the combinations, because, given ud1 , from the first line of (68) the
d
d
value of ωp,1
defines the value of ωn,1
and vice versa.
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shocks, σd , is computed as the standard deviation of the residuals from this regression.
The expected inflation loadings on supply and demand shocks (γπ and γπd ) are computed
following equation (54) by regressing the demeaned inflation expectation on its lagged
value, σπd udt − σπs ust , and σπd udt . The volatility of the expected inflation shock unrelated to
supply and demand shocks, σxπ , is computed as the standard deviation of the residuals
from this regression. The standard errors for the dividend growth and expected inflation processes parameters are computed using a bootstrap, where 10,000 time series of
historical length are simulated.

3.4.3

Preferences

Given the macroeconomic fundamentals parameters, the preference parameters are estimated using the GMM to match asset prices. The preference parameters to estimate
are: γ (the coefficient of local risk-aversion), ρq (inverse surplus ratio persistence), and
γq (sensitivity of inverse surplus ratio to the consumption shocks). The discount rate β
is fixed to an economically sensible value used in the literature, because, if estimated, it
obtains unrealistically low values (around 0.97 quarterly). The value of q̄ can be without
loss of generality fixed to an arbitrary positive value because it not identified in the model.
Note that this does not restrict the level of risk-aversion, as γ is not restricted.
The GMM moments used for the estimation can be divided into 3 groups: bond moments, equity moments, and joint equity and bond moments. The bond moments are the
quarterly nominal risk-free rate and its variance, the 5 year bond expected excess holding
return and the variance of this return. The equity moments are the price-dividend ratio
and its variance, the equity premium mean and the variance of excess equity returns. The
cross-moment is the unconditional covariance between 5 year bond and stock returns.
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The weighting matrix for the GMM optimization is computed by bootstrapping 10,000
time series of historical length and computing the covariance matrix of the moments across
these bootstrap samples. The inverse of this covariance matrix is then used as a weighting
matrix. I use a diagonal weighting matrix, because it leads to a more balanced moments
fit: using the full matrix the p-value of the overidentification test is even slightly higher,
but some moments tend to be further away from the data counterparts while others are
essentially at their historical values.

3.5

Results

First, macroeconomic shocks (demand and supply) are characterized. Then I discuss the
general fit with respect to asset prices and explore model-implied stock and bond return
correlations.

3.5.1

Properties of Macroeconomic Shocks

A major advantage of the methodology in this paper is that, unlike regime-switching
models used in the prior literature, it allows to characterize demand and supply shocks
in an economically intuitive way. In the first stage of the estimation, demand and supply
shocks are extracted from consumption growth and inflation shocks. Table 18 shows
the loadings of consumption growth and inflation shocks on demand and supply shocks
suggesting that, in line with the real business cycle theory, consumption growth shocks
are supply driven (σgs > σgd ).44 Inflation shocks tend to be more demand driven. The
overidentification test fails to reject (p-value=0.87).
44

Recall that V ar(udt+1 ) = V ar(ust+1 ) = 1. Thus, the coefficients in Table 18 directly reflect the relative
importance of the two types of shocks.
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Table 18: Consumption Growth and Inflation Loadings on Demand and Supply Shocks.
Data are the US quarterly observations from 1970Q1 to 2012Q4. The parameters are
estimated via GMM. The standard errors are in parentheses.
σgd

0.0015
(0.0003)
σgs
0.0037
(0.0003)
σπd
0.0055
(0.0010)
σπs
0.0032
(0.0006)
p-value of the overidentification test 0.8964

Figure 21 illustrates the model implied variances of demand and supply shocks over time
indicating that supply shocks are most pronounced during commodity crises (such as the
oil crises in the 1970’s, early 1990’s, and late 2000’s to present). At the same time, the
importance of demand shocks has increased in early and mid 2000’s.
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Figure 21: Properties of the Macroeconomic Shocks. The graph is quarterly. The demand shock is defined as a shock which moves the consumption growth and inflation in
the same direction. The supply shock is defined as a shock which moves the consumption
growth and inflation in the opposite directions. The shocks are filtered from the US consumption growth of non-durables and services and the changes in the CPI index for all
urban customers. Good and bad demand and supply variances are conditional model implied variances filtered using the characteristic domain approximate maximum likelihood
methodology of Bates (2006).

The properties of demand and supply shocks are now analyzed in more detail. Panel A
of Table 19 shows that the demand shock consists of a Gaussian good component and a
strongly non-Gaussian bad component: the good component has a large shape parameter
(p̄d ) and a small scale parameter (σpd ) and the bad component has a small shape parameter
(n̄d and a large scale parameter (σnd ), which statistically generates a rare-disaster type left
tail.45 The bad component is also clearly less persistent than the good component (ρdp is
0.97 and ρdn is 0.76). This is in line with the common wisdom that disaster-type events
are relatively short-lived.
45

This ability to incorporate both a Gaussian (through the combination of large shape and small scale
parameters) and a rare disaster-type (through the combination of small shape and large scale parameters)
dynamics is one of the strengths of the BEGE methodology.
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Table 19: Demand and Supply Shock Parameter Estimates. Data are the US quarterly
observations from 1970Q1 to 2012Q4. The shocks are inverted from the US consumption
growth of non-durables and services and the changes in the CPI index for all urban
customers. The parameters are estimated using the characteristic domain approximate
maximum likelihood methodology of Bates (2006). The log-likelihood for the demand
time series is -214.5901 and the log-likelihood of the supply time series is -235.9547. The
standard errors in parentheses are parameteric bootstrap errors computed by simulating
the 250 time series of historical length using the estimated model parameters.
Panel A: Demand shock
Good variance Bad variance
0.0675
5.3873
σpd
σnd
(0.0344)
(1.3268)
0.0077
p̄d
139.8355 n̄d
(7.1719)
(0.0060)
ρdp
0.9649
ρdn
0.7594
(0.0308)
(0.2008)
d
d
σnn
0.0830
σpp
0.9649
(0.1418)
(0.0404)

Panel B: Supply shock
Good variance Bad variance
0.1445
0.2602
σps
σns
(0.0273)
(0.0732)
p̄s
7.6912
n̄s
18.1701
(0.7131)
(1.1222)
ρsp
0.9171
ρsn
0.9926
(0.0902)
(0.1463)
s
s
σpp
0.9169
σnn
0.3976
(0.2904)
(0.2057)

Panel B of Table 19 shows that both good and bad supply shock components are relatively
Gaussian (large p̄s and n̄s , small σps and σns ). Also both good and bad components are
relatively persistent, although the bad component is more so (ρsp =0.90 and ρsn =0.99).
Figure 22 shows the extracted demand shocks and the ”good” and ”bad” demand variances. The bottom panel illustrates that the good demand variance has been high in
1970’s and then again during early and mid-2000’s. The bad demand variance is characterized by a pronounced peak during the Great Recession, but also by smaller peaks
during some other recessions (such as the early 1990’s recession) and periods of weaker
economic growth such as in 1986 (e.g., Cacy, Miller, and Robert, 1986). Most of the time,
however, good demand variance is relatively more important (has a larger variance) than
the bad variance.

149

Figure 22: Properties of the Demand Shock. The graph is quarterly. The demand shock
is defined as a shock which moves the consumption growth and inflation in the same
direction. The demand shock is filtered from the US consumption growth of non-durables
and services and the changes in the CPI index for all urban customers. Good and bad
demand variances are conditional model implied variances filtered using the characteristic
domain approximate maximum likelihood methodology of Bates (2006).

Figure 23 repeats the exercise for the supply shocks. It illustrates that the bad supply
component is most pronounced during the commodity shocks of 1970’s, early 1990’s and
late 2000’s. The good supply component, although on average less important, is dominant in the periods of low commodity prices (late 1980’s, late 1990’s, early 2000’s) and
technological progress (late 1990’s and early 2000’s).
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Figure 23: Properties of the Supply Shock. The graph is quarterly. The supply shock
is defined as a shock which moves the consumption growth and inflation in the opposite
directions. The supply shock is filtered from the US consumption growth of non-durables
and services and the changes in the CPI index for all urban customers. Good and bad
supply variances are conditional model implied variances filtered using the characteristic
domain approximate maximum likelihood methodology of Bates (2006).

In order to gain further economic intuition about the nature of macroeconomic shocks,
Figure 24 plots the correlation between filtered shocks and excess returns on 10 FamaFrench industry portfolios.46 Correlations with the bad supply shock are negative for all
industries. This is not surprising because, as the results in Tables 18 and 19 indicate, consumption growth is supply shock driven and the supply shock is bad supply shock driven.
46

Others-portfolio is excluded, because it contains stocks from many industries not related to each other,
making the interpretation of the results difficult. Results with a higher number of industry portfolios (17
and 49) are economically and statistically similar.
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Thus, large realizations of the bad supply shock are likely to correspond to economic
recessions, when most of the firms do poorly. Energy sector returns have the highest (the
least negative) correlation with the bad supply shock: this is consistent with the previous
observation that bad supply shocks correspond to commodity crises and energy companies
may benefit from high commodity prices (for example, oil companies benefit from high
oil prices). The returns on utilities stocks are also relatively highly correlated with the
bad supply shock. This might be explained by the fact that many of the prices in the
sector (for instance, wholesale electricity prices) are linked to commodity prices and thus
firms suffer less from high commodity prices. The shops (wholesale and retail) industry
does relatively poorly when a bad supply shock realizes, which could be attributed to its
heavy dependence on transportation, which is hurt by high commodity prices.47 Correlations with the good supply shock are positive for all industries: as the consumption
growth shock is supply driven, large good supply shocks are likely to correspond to economic expansions, where most of the industries perform well. The shops industry has the
highest and utilities and energy industries the lowest correlations with the shock, which,
in line with the discussion above, could be related to the dependence of these industries
on commodity prices. Overall, the correlations of industry portfolio returns with supply
shocks provide evidence in favor of a commodity driven nature of the shocks.
47

This is indirectly supported by the fact that if 49 instead of 10 industry portfolios are used, the
transportation industry has the lowest correlation with the bad supply shock.
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Figure 24: Correlation between Macroeconomic Shocks and Industry Portfolio Returns.
Data are quarterly. Industry portfolio returns are Fama-French 9 industry (10 industry
excluding ”Others”-industry) excess returns from Kenneth French’s data library. Macroeconomic shocks and portfolio returns are contemporaneous.
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Return correlations with the bad demand shock are negative for all industries. This
can be explained by the fact, that, as Figure 22 suggests, the bad demand variance
tends to increase (implying large ωn,t s) during recessions, when the economy performs
poorly as a whole. Non-durables, shops and healthcare industries have the highest (closest
to 0) excess return correlations with the bad demand shock. These industries provide
everyday goods for which it is plausible to assume a relatively inelastic demand. At the
same time, durables and manufacturing have the most negative correlations with the bad
demand shock. This makes economic sense as durables are on average more expensive
and longer-term purchases and thus are likely to be more affected by demand fluctuations.
Manufacturing might suffer because it is likely to be a supplier for durable good producers.
Correlations of industry portfolio returns with the good demand shock are puzzling. In
particular, the energy industry, which is commonly thought of as a supply industry, has
the highest correlation. This might be linked to the fact that, as can be seen from Figure
22, the good demand variance had increased (implying large ωp,t :s) during the 1970s and
then during the mid-2000s which also coincided with the period of increasing commodity
prices, benefitting the energy sector. Industries with the next highest correlations with the
good demand shock (manufacturing, high tech, durables) are more easily interpretable.
Figure 25 plots implied correlations between consumption growth and inflation innovations
(see equation (53)). The proportion of positive correlations was historically high between
2000 and 2010. According to the logic of the model in this paper, nominal bonds were
less risky securities during this period.
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Figure 25: Model Implied Conditional Consumption Growth and Inflation Correlation.
The correlation is the model implied correlation based on the filtered values of conditonal
macroeconomic state variables.

For completeness, Table 20 reports the rest of the macroeconomic parameter estimates.
Consumption (and thus dividend) growth has a quarterly mean of 42 basis points. The γd
parameter roughly (as there is an additional loading on the demand shock, γdd ) measures
the dividend growth ”leverage” coefficient, which is noisily estimated to be 1.35. This is
in between values used in the literature: e.g., Campbell and Cochrane (1999) and Wachter
(2006) use the value of 1, Burkhardt and Hasseltoft (2012) the value of 2, and Bansal
and Yaron (2004) and Song (2014) the values of 2.5-3.5. Dividend growth shocks are
economically strongly more sensitive to demand shocks (γdd ) but this coefficient is also
estimated without much precision. Expected inflation is not surprisingly quite persistent
with an autocorrelation coefficient of 0.93. This coefficient governs the decay in the
autocorrelogram of inflation itself. Expected inflation shocks load significantly on inflation
shocks (γπ =0.22) but load relatively more on demand shocks than does actual inflation
(γπd =0.09).
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Table 20: Consumption, Dividends, and Inflation Dynamics. Data are the US quarterly
observations from 1970Q1 to 2012Q4. Parameters are OLS parameter estimates. Standard errors in parentheses are bootstrap standard errors computed from 10,000 bootstrap
samples of historical length.
Consumption and dividends growth
ḡ
0.42%
(0.04%)
γd
1.35
(1.73)
γdd
4.24
(5.83)
σd
0.06
(0.03)

Inflation
π̄
1.06%
(0.07%)
ρxπ
0.93
(0.03)
γπ
0.22
(0.03)
γπd
0.09
(0.04)
σxπ 0.0011
(0.0005)

Because I use maximum likelihood estimation instead of a moments matching technique
(as, for instance, in Burkhardt and Hasseltoft, 2012, or Campbell, Pflueger, and Viceira,
2014) to estimate the fundamentals dynamics, Table 21 verifies that the model replicates
unconditional moments. To do so, I simulate a 100,000 quarters long time series at the
estimated parameters described in Tables 18-20. The data standard errors are computed
via the bootstrap. The vast majority of the model implied moments are inside one standard deviation of the data counterparts. The only moment missed by more than two
standard deviations is the probability of a 4 standard deviations positive consumption
shock, which is 0 in data with the standard error of 0 and in the model is 0.03% (but
statistically insignificant with the standard error of 0.05%).
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Table 21: Implied Consumption Growth and Inflation Moments. Model implied moments
are obtained by simulating a long time series of 100,000 observations using the estimated
parameters. Bootstrap standard errors in parentheses are computed from 10,000 bootstrap
samples of the historical length.

Mean
Standard deviation
Skewness
Excess kurtosis
Pr(≤mean-2·Standard deviations)
Pr(≤mean-4·Standard deviations)
Pr(≥mean+2·Standard deviations)
Pr(≥mean+4·Standard deviations)
Corr(gt , πt )

3.5.2

Consumption growth
Data
Model
0.42%
0.42%
(0.04%)
0.41%
0.44%
(0.03%)
-0.41
-0.37
(0.26)
1.24
1.75
(0.56)
2.91%
3.11%
(0.97%)
0.00%
0.00%
(0.12%)
2.91%
2.05%
(1.04%)
0.00%
0.03%
(0.00%)
-0.14
-0.22
(0.11)

Inflation
Data
Model
1.06% 1.06%
(0.07%)
0.86% 0.86%
(0.08%)
0.11
-0.55
(0.78)
4.68
7.17
(2.53)
0.58% 1.62%
(0.60%)
0.58% 0.19%
(0.60%)
5.54% 2.71%
(1.64%)
0.00% 0.03%
(0.14%)

General Asset Pricing Fit

Table 22 presents preference parameters estimated via GMM. They turn out to be fairly
similar to those usually reported for heteroskedastic habit models (Bekaert and Engstrom,
2009; Ermolov, 2014). The inverse surplus ratio process is highly persistent with an
autoregressive parameter of 0.9890, which is very similar to the parameter in Campbell
and Cochrane (1999). The risk aversion coefficient is 4.12 but of course does not represent
risk aversion at all. Table 23 shows properties of the unconditional distribution of local
risk aversion, γQt . The distribution is skewed to the right and has the median is only
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10.58. The median local risk aversion smaller than in most of the Gaussian habit literature
(e.g., Wachter, 2006; Bekaert, Engstrom, and Grenadier, 2010). This is because gamma
distributions have fatter tails than Gaussian distributions with equal variance, making
the agent more sensitive to economic fluctuations due to her concave utility function.
Table 22: Preference Parameter Estimates. Data are the US quarterly observations from
1970Q1 to 2012Q4. Parameters are estimated with GMM using a diagonal weighting
matrix. The moments are quarterly nominal risk-free rate and its variance, the 5 year
bond expected excess holding return and the variance of this return, price-dividend ratio
and its variance, the average equity premium, he variance of excess equity returns, and
the unconditional covariance between 5 year bond and stock returns. The standard errors
are in parentheses.
β
γ
q̄
ρq
γq

0.9920
(fixed)
4.1222
(0.5125)
1.0000
(fixed)
0.9890
(0.0249)
-9.5067
(0.8402)

Table 23: Unconditional Local Risk-aversion Distribution. Unconditional local riskaversion is defined as γeqt . The unconditional distribution is computed from simulated
time series of 100,000 observations.
Percentile
Value

1%
6.33

5%
7.30

25% 50%
8.99 10.58

75%
13.02

95%
19.85

99%
29.23

Table 24 shows that the model fits GMM moments very well: 7 out of 9 moments are
within 1 standard deviation of their data counterparts (and all moments are inside 1.5
standard deviations of their data counterparts), and the model is not rejected at any
conventional confidence level. Therefore, the model is consistent with standard salient
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facts of asset returns: a high equity premium, a low nominal risk free rate, and the
variability of bond returns, price-dividend ratios and equity returns.
Table 24: Asset Pricing Moments Fit: Moments Used in the GMM Estimation. Data
are US quarterly observations from 1970Q1 to 2012Q4. Parameters are estimated using
GMM with a diagonal weighting matrix. The standard errors in parentheses are computed
$
from 10,000 bootstrap samples of historical length. y1q
is the nominal 1 quarter interest
bx
rate, r5y is the excess holding period return on the 5 year nominal bond, pd is the log
price-dividend ratio, and the rex is the excess holding period return on equity.
Moment
$
)
E(y1q
$
V ar(y1q
)
bx
)
E(r5y
bx
V ar(r5y
)

E(pd)
V ar(pd)
E(rex )
V ar(rex )
bx
)
Cov(rex , r5y

Overidentification test p-value

Data
Model
1.33%
1.53%
(0.18%)
6.48E-05 7.74E-05
(2.00E-05)
0.49%
0.62%
(0.24%)
0.0011
0.0008
(0.0003)
5.01
5.09
(0.10)
0.18
0.12
(0.04)
1.08%
0.90%
(0.58%)
0.0085
0.0074
(0.0013)
0.0002
0.0007
(0.0005)
0.2406

Table 25 shows that the model also reproduces many static and dynamic features of
bond and equity markets, such as autocorrelation and predictability, not included in the
estimation reasonably well. Importantly, the model replicates on average the upwardsloping real yield curve, as observed in the US and the UK, which is difficult to reproduce
in long-run risk models (such as Burkhardt and Hasseltoft, 2012, or Song, 2014). The
model also reproduces a positive nominal term spread. To assess the bond predictability,
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I ran a Fama-Bliss (1987) regression of the log excess holding return on the excess log
forward rate. As in the historical sample, the model coefficient is negative. However,
its magnitude is underestimated. Similarly for equities, a univariate regression of the log
equity excess return on the log price dividend ratio yields a slope which is negative but
has a smaller magnitude than in data.
Table 25: Implied Pricing Moments. Data are the US quarterly observations from 1970Q1
to 2012Q4. In-sample standard errors are in parentheses. y are the real yields. Data real
yields are from Chernov and Mueller (2012) for 1971-2002 and from Gürkaynak, Sack,
and Wright (2010b) for 2003-2012. y $ are the nominal yields. pd is the log price-dividend
ratio. In Fama-Bliss (1987) the log excess holding return is regressed on a constant and
the excess log forward rate. AC1 is the lag 1 autocorrelation. rex is the equity premium.
$
y5y

−

$
y1y

y5y − y1y
Fama-Bliss (1987) slope: 5 year bond vs 1 year bond
AC1 (pd)
ex
wrt pdt
Slope rt+1

3.5.3

Data
Model
0.18%
0.12%
(0.04%)
0.11%
0.09%
(0.02%)
0.77
0.13
(0.36)
0.98
0.99
(0.03)
-0.0204 -0.0056
(0.0171)

Time-varying stock and bond return correlations

Table 26 shows that macroeconomic shocks are able to generate large positive and negative
stock and bond return correlations. Indeed, the maximum correlations of 0.60 in the
data and 0.55 in the model are very close to each other. The minimum correlation in
the model is -0.48, which is mathematically larger than the minimum correlation of 0.71 in data, but is economically significantly negative. The distribution of conditional
correlations suggests that the model reproduces large positive correlations well (97.5th
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and 99th percentile of the model and data distribution are very similar) and is able to
generate negative stock and bond return correlations (1st and 2.5th percentiles of the model
implied conditional correlation distribution are negative) which, however, are larger than
in data. The unconditional correlation in the model is higher than historically, but within
2 standard deviations of the data counterpart. Possible reasons for this will be discussed
later in the section.
Table 26: Stock and Bond Return Correlations. Data are the US quarterly aggregate
stock and 5 year Treasury bond return correlations from 1970Q1 to 2012Q4. The min
and the max are the minimum and the maximum from the historical time series for both
the data and the model. The percentiles for the data are from the historical time series
and for the model from the unconditional distribution. Data expectations are the longrun (quarterly) conditional correlations from the MIDAS-dynamic conditional correlation
model of Colacito, Engle, and Ghysels (2011). Bootstrap standard errors obtained by
sampling 10,000 time series of historical length are in parentheses.
Conditional correlations
Data (expectations)
Min
-0.71
Max
0.60
st
1 percentile
-0.68
(0.05)
2.5th percentile
-0.60
(0.04)
97.5th percentile
0.55
(0.02)
99th percentile
0.57
(0.03)
Unconditional correlation
Data
0.05
(0.13)

Model
-0.48
0.55
-0.19
-0.10
0.56
0.62

Model
0.30

Figure 26 plots the model implied stock and bond return correlations over time suggesting
that macroeconomic shocks are able to replicate the general low frequency temporal patterns in stock and bond return correlations but their explanatory power is time-varying.
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During the 1970’s, the 1980’s, and the 1990’s, in line with the data, the model predicts
on average positive correlations. In the model, as can be seen from Figures 21 and 25,
supply shocks are dominant during these periods naturally implying positive stock and
bond return correlations, as discussed in the asset pricing implications section. In terms
of the time pattern, the fit of the model is very accurate in replicating the increase in
the correlations from the late 1970’s until the mid-1980’s and then the drop from the mid
1980’s to the early 1990’s. During the early and mid-1970’s the macroeconomic shocks
implied correlations are somewhat too high and during the mid-1990’s they are too low.
However, the positive sign of the macroeconomic shocks implied correlation is correct
during both of these intervals.
Figure 26: Macroeconomic Shocks Implied Stock and Bond Return Correlations. The
graph is quarterly. Realized correlations are computed quarterly from daily data. Data expectations are the long-run (quarterly) conditional correlations from the MIDAS-dynamic
conditional correlation model of Colacito, Engle, and Ghysels (2011). Model correlations
are conditional correlations computed using macroeconomic state variables.
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The problematic periods for the model start to occur in late 1990’s. During 1998-2000 the
model implied correlations are clearly too high. This might be partially attributed to the
fact that in this period, characterized by the LTCM and Asian crises, there were significant
capital inflows into the US bond market and outflows from the US stock market due to
flights to safety considerations (which are not in the model), but in terms of consumption
barely anything happened. Another possible explanation is that during this period there
were significant discretionary monetary policy shocks (setting the interest rate differently
from what would be usually implied by the macroeconomic fundamentals) by the Federal
Reserve (as shown in Baele et.al., 2014a), which significantly affected the bond returns
but are also not in the model.
Similarly to the data, after 2000, Figure 26 indicates that the model implied correlations
decrease, although the model misses the strong negative correlations during 2001-2004.
Again this period (2001-2004) is characterized by the fears that the Dot-com bubble could
spread to other sectors of economy, motivated by a number of large corporate frauds (e.g.,
Enron). These considerations might have leaded to purely liquidity driven flights to safety
phenomena, which is not visible in the consumption growth data and is thus outside the
scope of the model. Also, as shown in Baele et.al. (2014a), there were large discretionary
monetary policy shocks during this period, affecting bond returns.
The model matches well the low stock and bond return correlations between 2004 and
2010 including the strong negative correlations during the Great Recession. Indeed, as
illustrated in Figures 21 and 25, this period is characterized by the growing importance of
first good and then bad demand variance (Figure 22), which in the model implies low stock
and bond return correlations. While the stock and bond correlations in data stayed low
after the Great Recession, the model implied correlations have increased considerably due
to the increase in the supply variance (which might be related to high commodity prices)
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as in Figure 21. This discrepancy between the macroeconomic shocks implied correlations
and the data might be attributed to the non-conventional policy of quantitative easing,
which is a textbook example of a discretionary monetary policy. Also, given the high
general uncertainty during this period, flights to safety might have played a role.
Table 27 shows that the macroeconomic risk driven model implies, as in data, that the
stock and bond return correlations have been statistically significantly smaller after 2000
than before 2000. However, the difference between correlations is less pronounced than
in data. The model is able to closely replicate the correlation during 1970-2000, but is
not able to generate low enough correlation during the early 2000’s and 2010’s, which are
likely to be related to non-macroeconomic factors.
Table 27: Changes in Historical Stock and Bond Return Correlations. Data are the US
quarterly aggregate stock and 5 year Treasury bond return correlations from 1970Q1 to
2012Q4. Data expectations are the long-run (quarterly) conditional correlations from the
MIDAS-dynamic conditional correlation model of Colacito, Engle, and Ghysels (2011).
The standard errors are in sample standard errors. The difference test (1970-2000 versus
2001-2012) is the Student’s t difference in means test assuming unequal variances for the
subsamples. *** indicates the significance at the 1% confidence level.
Data: expectations
Model

1970-2000
0.27
(0.17)
0.30
(0.09)

2001-2012
-0.32
(0.22)
0.06
(0.15)

Difference
-0.59***
-0.23***

In order to quantify these seemingly macroeconomy unrelated effects driving stock and
bond return correlations in 1998-2004 and 2011-2012, a binary flights to safety proxy as in
Baele et.al. (2014b) is used.48 Baele et.al. (2014b) show that their proxy identified from
48

Ghysels, Plazzi, and Valkanov (2013) use a similar proxy. I thank Lieven Baele for providing the
data. The proxy is available only starting in 1980. By reconstructing the first component of the proxy, I
show that flights to safety were historically rare during the 1970s and, thus, set the value of the flights to
safety variable during this period to 0. Using any values greater than 0 only improves the results below.
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high-frequency data is correlated with periods of extreme stress in financial markets and
argue that it is unlikely to be related to macroeconomic events. Thus, it does not have
a counterpart in this paper’s lower frequency macroeconomic model. Because the proxy
in Baele et.al. (2014b) is at daily frequency and my analysis is at quarterly frequency, I
compute the quarterly value of the proxy by counting the number of the days inside the
quarter for which the flights to safety dummy is on and divide it by the number of days
in the quarter.
Top panel of Figure 27 plots the flights to safety variable indicating that flights to safety
episodes are relatively infrequent (consistently with Baele et.al., 2014b) and coincide with
the episodes of poor performance by the macroeconomic stock and bond return correlations model in Figure 26 (1998-2004, 2011-2012). Indeed before 1998, there are on only
two non-zero flights to safety values, corresponding to the episodes such as Black Monday
of 1987. However, during 1998-2004 and from the beginning of the Great Recession onwards several large values of the flights to safety variable are observed. Bottom panel of
Figure 27 plots the results of the regression of the stock and bond return correlation not
explained by macroeconomic shocks on a constant and the flights to safety variable. This
formally shows that flights to safety episodes indeed explain the episodes most problematic
for the macroeconomic shocks (1998-2004, 2011-2012) fairly well.49
49

A disadvantage of the used proxy is that it can not directly disentangle the economic sources of the
flights to safety phenomena, as it is likely to capture both fear and sentiment driven episodes, such as
during the Enron case, and unconventional monetary policy regimes, such as quantitative easing.
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Figure 27: Explaining Macroeconomy Unrelated Stock and Bond Return Correlation with
Flights to Safety. Graph is quarterly. Top panel plots the flights to safety variable from
Baele et.al. (2014b). Bottom panel plots residual stock and bond return correlation
defined as the difference between macroeconomic shocks implied conditional and data
expected correlations. Data expectations are the long-run (quarterly) conditional correlations from the MIDAS-dynamic conditional correlation model of Colacito, Engle, and
Ghysels (2011). Residual correlation implied by flights to safety in the bottom panel is
computed by regressing the residual correlation on a constant and the flights to safety
variable.

Excluding the flights to safety periods (1998-2004, 2011-2012), the correlation between the
model implied and data stock and bond return correlations in Figure 26 goes from 0.39 to
0.58 and the unconditional stock and bond return correlation in data becomes 0.27, which
is very close to the model implied unconditional correlation of 0.30 in Table 26. Generally,
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the results in this section suggest that, although many of the negative stock and bond
return correlation episodes are not macroeconomic in their nature, purely macroeconomic
shocks are able to generate strong negative stock and bond return correlations and are
important in doing so during important historical periods such as the Great Recession.

3.6

Conclusion

I provide an empirically flexible and theoretically tractable framework for analyzing the
macroeconomic risk of nominal assets. Estimation of the model allows to characterize
the macroeconomic shocks in an economically intuitive way. The demand shock has a
persistent Gaussian component supplemented with a rare-disaster type component. This
component becomes most pronounced during the Great Recession. The supply shock
consists of a good component emerging during times of low commodity prices and technological innovation and a bad component dominating during periods of high commodity
prices.
Macroeconomic shocks produce large positive and negative stock and bond return correlations, comparable to the historically observed values. However, the model implied
negative correlations are smaller and less frequent than in data, although the model identifies macroeconomic shocks as an important driver of the large negative correlations
during periods such as the Great Recession.
There are at least two promising directions for future research. First, given the tractability of the framework, it can be applied to study the role of macroeconomic risk in other
important nominal assets. For instance, Ermolov (2014) shows that a similar model can
be easily extended to an international setting, allowing to analyze differences between
term structures of different countries. An interesting extension is applying the frame167

work to study the comovement of government bond returns with the stocks of different
firms (Baker and Wurgler, 2012): correlations between macroeconomic shocks and industry portfolio returns analyzed in this paper are the first step in this direction. As the
model features loglinear preferences and fundamental dynamics, pricing under both physical and risk-neutral measure is straightforward, enabling the analysis of inflation options
(e.g., Fleckenstein, Longstaff, and Lustig, 2013). The impact of macroeconomic conditions on the risk of corporate bonds and capital structure decisions (Bhamra, Kuehn,
and Strebulaev, 2010; Bhamra, Fisher, and Kuehn, 2011; Kang and Pflueger, 2014) is
another important application area. As unexpectedly low inflation increases real liabilities and thus default risk, in a demand shock environment the default risk becomes more
countercyclical making the corporate bonds riskier.
Second, the results have implications for the research on the time-varying stock and
bond return correlation. In particular, my findings indicate that although macroeconomic
shocks explain some important episodes of negative return correlations, such as the Great
Recession, they generate much less negative correlations than observed in the data. Thus,
the future theoretical and empirical research should pay particular attention to these
episodes of the low stock and bond return correlations.
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Appendix
Appendix to Chapter 1
The appendix contains the solutions for the consumption and asset pricing moments for
the first chapter of the dissertation.

Properties of gamma distributions
Suppose X ∼ Γ(a, 1), where a is the shape parameter. Then all consumption and asset
pricing formulas below can be obtained using these formulas:
E(X) = a,
V ar(X) = a,
2
Skw(X) = √ ,
a
6
Excess kurtosis(X) = ,
a
E(ebX ) = e−a ln(1−b) .

Consumption growth moments
Egt+1 = ḡ,
2
2
p̄ + σcn
n̄,
V ar(gt+1 ) = σcp

Skw(gt+1 ) =

3
3
2(σcp
p̄ − σcn
n̄)

,
3
V ar(gt+1 ) 2
4
4
6(σcp
p̄ + σcn
n̄)
− 3.
Kur(gt+1 ) =
2
V ar(gt+1 )
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Domestic bond markets
Second moments of the state variables:
2
σnn
n̄
V ar(nt ) =
,
1 − ρ2n
2
2
σsp
p̄ + σsn
n̄
,
V ar(st ) =
2
1 − ρs
σsn σnn n̄
Cov(st , nt ) =
.
1 − ρs ρn

Price of a 0-coupon n-period bond at time t:
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Pn,t = eCn +Sn st +Nn nt ,
Cn = Ḡn + S̄n s̄ + P̄n p̄ + N̄n n̄,
Ḡ1 = ln β − γḡ,
S̄1 = −(γ − 1)(1 − ρs ),
P̄1 = −f (ap ),
N̄1 = 0,
S1 = (γ − 1)(1 − ρs ),
N1 = −f (an ),
Ḡn = ln β − γḡ + Ḡn−1 ,
S̄n = −(γ − 1)(1 − ρs ) + S̄n−1 + Sn−1 (1 − ρs ),
P̄n = P̄n−1 − f (ap + Sn−1 σsp ),
N̄n = N̄n−1 + Nn−1 (1 − ρn ),
Sn = (γ − 1)(1 − ρs ) + ρs Sn−1 ,
Nn = ρn Nn−1 − f (an + Sn−1 σsn + Nn−1 σnn ).

Variance of the one period risk-free rate:

V ar(y1 ) = (1 − γ)2 (1 − ρs )2 V ar(st ) + f (an )2 V ar(nt ) + 2(1 − γ)(1 − ρs )f (an )Cov(st , nt ).

1
(yn,t −
Expectations hypothesis coefficient from the regression yn−1,t+1 − yn,t = β0 + βn n−1
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y1,t ) + t :
βn =

Cov(Et (yn−1,t+1 − yn,t ), yn,t − y1,t )
V ar(yn,t − y1,t )

= 1−
(ρn Nn−1 − Nn + N1 )(− n1 Nn + N1 )V ar(nt ) + (ρn Nn−1 − Nn + N1 )(− n1 Sn + S1 )Cov(st , nt )
.
(− n1 Sn + S1 )2 V ar(st ) + (− n1 Nn + N1 )2 V ar(nt ) + 2(− n1 Sn + S1 )(− n1 Nn + N1 )Cov(st , nt )

International bond markets
Two countries are assumed to have the same parameters. The shocks are assumed to be
uncorrelated across two countries.
FX
∗
The uncovered interest rate coefficient from the regression rt+1
= α0 + αF X (y1,t − y1,t
) + t :

αU IP =

∗
∗
Cov(−y1,t + y1,t
+ Et (m∗t+1 − mt+1 ), y1,t − y1,t
)
∗
V ar(y1,t − y1,t )

=

−N12 V ar(nt ) − S1 N1 Cov(st , nt )
.
S12 V ar(st ) + (N12 )V ar(nt ) + 2S1 N1 Cov(st , nt )

Variance of the changes in the real exchange rates:

V ar(∆et+1 ) = V ar(m∗t+1 − mt+1 ) = 2((1 − γ)2 (1 − ρs )2 V arst + a2p p̄ + a2n n̄).

Correlation between the exchange rate changes and the consumption growth differentials:
2(σcp ap p̄ − σcn an n̄)
∗
∗
.
Corr(∆et+1 , gt+1
− gt+1 ) = Corr(m∗t+1 − mt+1 , gt+1
− gt+1 ) = p
2V ar∆et+1 V ar(gt+1 )

181

Equity
Assuming, following Cambpell and Cochrane (1999) and Bekaert and Engstrom (2009),
that dividends equal consumption, the price-dividend ratio is:
∞

X e e
Pt
e
=
eCi +Si st +Ni nt ,
Dt
i=1
Cie = Gei + S̄ie s̄ + P̄ie p̄ + N̄1e n̄,
Ge1 = ln β + (1 − γ)ḡ,
S̄1e = −(γ − 1)(1 − ρs ),
N̄1e = 0,
P̄1e = −f (ap + σcp ),
S1e = (γ − 1)(1 − ρs ),
N1e = −f (an − σcn ),
Gen = Gen−1 + ln β + (1 − γ)ḡ,
e
e
S̄ne = S̄n−1
+ Sn−1
(1 − ρs ) − (γ − 1)(1 − ρs ),
e
e
P̄ne = P̄n−1
− f (ap + σcp + Sn−1
σsp ),
e
e
N̄ne = N̄n−1
+ Nn−1
(1 − ρn ),

Sne = (γ − 1)(1 − ρs ) + ρs Sn−1 ,
e
e
e
Nne = Nn−1
ρn − f (an − σcn + Sn−1
σsn + Nn−1
σnn ).

Note that the expression above is non-linear in the state variables nt and qt , which is not
very convenient to compute the expected returns. The first order Taylor approximation
of the logarithm of the price dividend ratio around the steady state is:
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pdt ≈ ln

∞
X
i=1

e

Cie +Sie s̄+N1e n̄

P∞ C e +S e s̄+N e n̄ e
1 S
i
i
i
i=1 e
+ P
e +S e s̄+N e n̄ (st − s̄)+
∞
C
1
i
i
e
i=1

P∞ C e +S e s̄+N e n̄ e
1 N
i
i
i
i=1 e
P
(nt − n̄)
e
e
e n̄
∞
C
+S
s̄+N
1
i
i
i=1 e
≡ K1 + K1s st + K1n nt .

Similarly:
P∞ C e +se s̄+N e n̄ e
∞
X
1 S
e i i
Pt
Cie +Sie s̄+N1e n̄
i=1
P∞ C e +S e s̄+N ie n̄ (st − s̄)+
ln(1 +
) ≈ ln(1 +
e
)+
1
Dt
1 + i=1 e i i
i=1
P∞ C e +S e s̄+N e n̄ e
1 N
e i i
i=1
P∞ C e +S e s̄+N ein̄ (nt − n̄)
1
1 + i=1 e i i
≡ K2 + K2s st + K2n nt .

Using the linear approximations above, the equity premium is:
Et (rmkt,t+1 − y1 , t) =Et (ln(1 +

Pt+1
Pt
) − ln
+ gt+1 − y1,t )
Dt+1
Dt

≈K2 − K1 + K2s (1 − ρs )s̄ + K2n (1 − ρn )n̄+
ln β − (γ − 1)(1 − ρs )s̄ − f (ap )p̄+
(K2s ρs − K1s + (γ − 1)(1 − ρs ))st + (K2n ρn − K1n − f (an ))nt .
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Appendix to Chapter 2
Appendix A - Models of GDP growth and inflation expectations
This appendix compares the optimal linear models of expected GDP growth and inflation.
The predictors used are the lagged GDP growth and inflation values, the median survey
forecasts of GDP growth and inflation over 1, 2, and 3 quarters ahead and the Federal
Reserve Bank of Philadelphia anxious index over 1, 2 and 3 quarters ahead. The table
below reports the top 15 optimal linear models in terms of the Bayesian information
criterion (BIC).
Optimal Linear Models for GDP Growth, Inflation and Inflation Expectations. The data
are quarterly US inflation and real GDP growth. Inflation is defined as percentage changes
in consumer price index for all urban consumers for all items. Real GDP growth is defined
as the percentage change in seasonally and inflation adjusted value of the goods and
services produced by labor and property in the United States. The data is logarithmised.
The time span is from 1969Q1 to 2012Q3. BIC is Bayesian information criterion.
Panel A: GDP growth
Predictors
GDP 1 lag, inflation 1 lag
GDP 1 lag
GDP lag 1, inflation lag 3
GDP lags 1,2
GDP 1 lag, anxious 1
GDP forecast 1, inflation 1 lag
GDP lag 1, inflation lag 1,3
GDP lag 1, anxious 2
anxious 1
GDP lags 1,3
Panel B: Inflation
Predictors
Inflation lag 1, inflation forecast 1
Inflation lag 1,2,3
Inflation lag 1, inflation forecast 1,2
Inflation lag 1,3, inflation forecast 1
Inflation forecast 1,2
Inflation lag 1, GDP growth lag 1, inflation forecast 1
Inflation forecast 1
Inflation lag 1,2,3, inflation forecast 1
Inflation lag 1, GDP growth lag 2, inflation forecast 1
Inflation lag 1, GDP growth lag 3, inflation forecast 1
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BIC
-1646
-1644
-1644
-1644
-1643
-1642
-1642
-1642
-1640
-1640
BIC
-1723
-1718
-1715
-1714
-1714
-1710
-1709
-1709
-1709
-1709

Appendix B - Maximum likelihood estimation of demand and supply shock
dynamics
The estimation procedure is a modification of Bates (2006)’s algorithm for the component
model of two gamma distributed variables. Below the step-by-step estimation strategy
for the demand shock is described. The estimation for the supply shock is identical.
The methodology below is an approximation, because, in order to facilitate the computation, at each time point the conditional distribution (conditioned on the previous realizations of udt of state variables pdt and ndt is assumed to be gamma, although the distribution
does not have a closed form solution. The choice of the approximating distributions is
discussed in details in section 1.3 of Bates (2006). Here the gamma distributions are used,
because they are bounded from the left at 0, which ensures that the shape parameters
of the gamma distribution in the model (pdt and ndt ) will always stay positive, like they
should.
The system to estimate is:
d
d
udt+1 = σpd ωp,t+1
− σnd ωn,t+1
,
d
ωp,t+1
∼ Γ(pdt , 1) − pdt ,
d
ωn,t+1
∼ Γ(ndt , 1) − ndt ,
d
d
ωp,t+1
,
pdt+1 = p̄d + ρdp (pdt − p̄d ) + σpp
d
d
ndt+1 = n̄d + ρdn (ndt − n̄d ) + σnn
ωn,t+1
.

The following notation is defined:
Utd ≡ {ud1 , ..., udt } is the sequence of observations up to time t.
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d

F (iφ, iψ 1 , iψ 2 |Utd ) ≡ E(eiφut+1 +iψ

1 pd +iψ 2 nd
t+1
t+1

|Utd ) is the next period’s joint conditional

characteristic function of the observation and the state variables.
Gt|s (iψ 1 , iψ 2 ) ≡ E(eiψ

1 pd +iψ 2 nd
t
t

|Usd ) is the characteristic function of the time t state vari-

ables conditioned on observing data up to time s.
At time 0, the characteristic function of the state variables G0|0 (iψ 1 , iψ 2 ) is initialized. As
mentioned above, the distribution of pd0 and nd0 is approximated with gamma distributions.
Note that the unconditional mean and variance of pdt are E(pdt ) = p̄d and V ar(pdt ) =
2
σpp
p̄d ,
1−ρd2
p

respectively. The approximation by the gamma distribution with the shape

parameter k0 and the scale parameter σ0p is done by matching the first two unconditional
moments. Using the properties of the gamma distribution, k0p =

E 2 pdt
V ar(pdt )

and θ0p =

V ar(pdt )
.
E(pdt )

Thus, pd0 is assumed to follow Γ(k0p , θ0p ) and nd0 is assumed to follow Γ(k0n , θ0n ), where k0n and
θ0n are computed in the same way. Using the properties of the expectations of the gamma
p

p

variables, G0|0 (iψ 1 , iψ 2 ) = e−k0 ln(1−θ0 iψ

1 )−k n
0

ln(1−θ0n iψ 2 )

. Given G0|0 (iψ 1 , iψ 2 ), computing

the likelihood of UTd is performed by repeating the steps 1-3 below for all subsequent
values of t.
Step 1. Computing the next period’s joint conditional characteristic function of the
observation and the state variables:
d

d

d

d

F (iΦ, iψ 1 , iψ 2 |Utd ) = E(E(eiΦ(σp ωp,t+1 −σn ωn,t+1 )+iψ
= E(eiψ

1 d

p̄

1

d
d
d
2
d
d
d d
d
d
(p̄d +ρd
p pt +σpp ωp,t+1 )+iψ (n̄ (1−ρn )+ρn nt +σnn ωn,t+1 )

Utd )
= eiψ

1 d

|Utd )

2 d
d
1 d
d
1 d
d
1 d
d
2 d
d
2 d
d
2 d
d
(1−ρd
p )+iψ n̄ (1−ρn )+(iψ ρp −ln(1−iΦσp −iψ σpp )−iΦσp −iψ σpp )pt +(iψ ρn −ln(1+iΦσn −iψ σnn )+iΦσn −iψ σnn )nt

2 d
d
p̄ (1−ρd
p )+iψ n̄ (1−ρn )

·

d
d
d
d
d
d
Gt|t (iψ 1 ρdp − ln(1 − iΦσpd − iψ 1 σpp
) − iΦσpd − iψ 1 σpp
, iψ 2 ρdn − ln(1 + iΦσn
− iψ 2 σnn
) + iΦσn
− iψ 2 σnn
).
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Step 2. Evaluating the conditional likelihood of the time t + 1 observation:

p(udt+1 |Utd )

1
=
2π

∞

Z

d

F (iΦ, 0, 0|Utd )e−iΦut+1 )dΦ,

−∞

where the function F is defined in step 1 and the integral is evaluated numerically.
Step 3. Computing the conditional characteristic function for the next period:

1

2

Gt+1|t+1 (iψ , iψ ) =

1
2π

R∞

d

F (iΦ, iψ 1 , iψ 2 |Utd )e−iΦut+1 dΦ

−∞

p(udt+1 |Utd )

.

As above, the function Gt+1|t+1 (iψ 1 , iψ 2 ) is also approximated with the gamma distribution via matching the first two moments of the distribution. The moments are obtained
by taking the first and second partial derivatives of the joint characteristic function:
Et+1 pdt+1
V

=

art+1 pdt+1

Et+1 ndt+1 =
V

art+1 ndt+1

2πp(udt+1 |Utd )
=

−∞
∞

Z

2πp(udt+1 |Utd )
Z

2πp(udt+1 |Utd )

d

Fψ1 (iΦ, 0, 0|Utd )e−iΦut+1 dΦ,

1
1

=

∞

Z

1

d

2
Fψ1 ψ1 (iΦ, 0, 0|Utd )e−iΦut+1 dΦ − Et+1
pdt+1 ,

−∞
∞

d

Fψ2 (iΦ, 0, 0|Utd )e−iΦut+1 dΦ,

−∞

1
2πp(udt+1 |Utd )

Z

∞

d

2
Fψ2 ψ2 (iΦ, 0, 0|Utd )e−iΦut+1 dΦ − Et+1
ndt+1 ,

−∞

where Fψi denotes the derivative of F with respect to ψ i . The expressions inside the
integral are obtained in closed form by derivating the function F (iΦ, iψ 1 , iψ 2 |Utd ) in step
1, and integrals are evaluated numerically. Using the properties of the gamma distribution,
p
=
the values of the shape and the scale parameters are kt+1

2 pd
Et+1
t+1
V art+1 pdt+1

p
and θt+1
=

V art+1 pdt+1
,
Et+1 pdt+1

n
n
respectively. The expressions for kt+1
and θt+1
are similar.

The total likelihood of the time series is the sum of individual likelihoods from step 2:
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L(YT ) = ln p(ud1 |k0p , θ0p ) +

PT

t=2

ln p(udt+1 |Utd ).

188

Appendix to Chapter 3
Appendix A - Asset prices
Properties of gamma distributions
Suppose X ∼ Γ(a, 1), where a is the shape parameter. Then all consumption and asset
pricing formulas below can be obtained using these formulas:
E(X) = a,
V ar(X) = a,
2
Skw(X) = √ ,
a
Excess kurtosis(X) =

6
,
a

E(ebX ) = e−a ln(1−b) .

In order to simplify the notation, define the following function: f (x) = x + ln(1 − x).

Real Bonds
The time t price of an n period zero-coupon bond paying one unit of consumption at
maturity can be obtained by recursively computing the expectations of the real stochastic
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dicsount factor Pn,t = Et (Mt+n ):
Pn,t = exp(Cn + Qn qt + Pnd pdt + Nnd ndt + Pns pst + Nns nst ),
C1 = ln β − γḡ + γ q̄(1 − ρq ),
Q1 = −γ(1 − ρq ),
P1d = −f (adp ),
N1d = −f (adn ),
P1s = −f (asp ),
N1s = −f (asn ),
d
d
Cn = Cn−1 + C1 + Qn−1 (1 − ρq )q̄ + Pn−1
(1 − ρdp )p̄d + Nn−1
(1 − ρdn )n̄d
s
s
+ Pn−1
(1 − ρsp )p̄s + Nn−1
(1 − ρsn )n̄s ,

Qn = −γ(1 − ρq ) + ρq Qn−1 ,
d
d
d
Pnd = ρdp Pn−1
− f (adp + Qn−1 γq σgd σpd + Pn−1
σpp
),
d
d
d
Nnd = ρdn Nn−1
− f (adn − Qn−1 γq σgd σnd + Nn−1
σnn
),
s
s
s
Pns = ρsp Pn−1
− f (asp + Qn−1 γq σgs σps + Pn−1
σpp
),
s
s
s
Nns = ρsn Nn−1
− f (asn − Qn−1 γq σgs σns + Nn−1
σnn
).

Nominal Bonds
The time t price of an n period zero-coupon bond paying one nominal unit at maturity can
be obtained by recursively computing the expectations of the nominal stochastic dicsount
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$
$
):
= Et (Mt+n
factor Pn,t

$
Pn,t
= exp(Cn$ + Q$n qt + Xnπ xπt + Pnd$ pdt + Nnd$ ndt + Pns$ pst + Nns$ nst ),

C1 = ln β − γḡ + γ q̄(1 − ρq ) − π̄,
Q1 = −γ(1 − ρq ),
X1π = −1,
P1d$ = −f (a$dp ),
N1d$ = −f (a$dn ),
P1s$ = −f (a$sp ),
N1s$ = −f (a$sn ),
$
d$
d$
Cn$ = Cn−1
+ C1$ + Q$n−1 (1 − ρq )q̄ + Pn−1
(1 − ρdp )p̄d + Nn−1
(1 − ρdn )n̄d +

1 π
s$
s$
(1 − ρsn )n̄s + Xn−1
(1 − ρsp )p̄s + Nn−1
Pn−1
σxx2 ,
2
Q$n = −γ(1 − ρq ) + ρq Q$n−1 ,
π
Xnπ = ρxπ Xn−1
− 1,
d$
π
d$
d
Pnd$ = ρdp Pn−1
− f (a$dp + Q$n−1 γq σgd σpd + Xn−1
σπd σpd (γπ + γπd ) + Pn−1
σpp
),
d$
π
d$
d
Nnd$ = ρdn Nn−1
− f (a$dn − Q$n−1 γq σgd σnd − Xn−1
σπd σnd (γπ + γπd ) + Nn−1
σnn
),
s$
π
s$
s
Pns$ = ρsp Pn−1
− f (a$sp + Q$n−1 γq σgs σps − Xn−1
σπs σps γπ + Pn−1
σpp
),
s
π
s$
s$
σnn
),
σπs σns γπ + Nn−1
Nns$ = ρsn Nn−1
− f (a$sn − Q$n−1 γq σgs σns + Xn−1

a$dp = adp − σπd σpd ,
a$dn = adn − σπd σnd ,
a$sp = asp + σπs σps ,
a$sn = asn − σπs σns .
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The excess holding return on an n-period bond over 1 period is:
d$
d$
bx$
− Nnd$ + N1d$ )ndt +
− Pnd$ + P1d$ )pdt + (ρdn Nn−1
=constbx + (ρdp Pn−1
rn,t+1
s$
s$
− Nns$ + N1s$ )nst +
− Pns$ + P1s$ )pst + (ρsn Nn−1
(ρsp Pn−1
π
d$
d
d
(Xn−1
(γπ + γπd )σπd σpd + Q$n−1 γq σgd σpd + Pn−1
σpp
)ωp,t+1
+
π
d$
d
d
(−Xn−1
(γπ + γπd )σπd σnd − Q$n−1 γq σgd σnd + Nn−1
σnn
)ωn,t+1
+
s
s
s$
π
σpp
)ωp,t+1
+
(−Xn−1
γπ σπs σps + Q$n−1 γq σgs σps + Pn−1
π
s$
s
s
(Xn−1
γπ σπs σns − Q$n−1 γq σgs σns + Nn−1
σnn
)ωn,t+1
+
π

π
Xn−1
σxπ xt+1 .
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Equity
The price-dividend ratio can be computed by recursively pricing the dividend claim in
each period of time and summing these prices over time:
∞
X
Pt
e
=
exp(Cn
+ Qen qt + Pnde pdt + Nnde ndt + Pnse pst + Nnse nst ),
Dt
n=1

C1e = ln β + (1 − γ)ḡ + γ q̄(1 − ρq ) +

1 2
σ ,
2 d

Qe1 = −γ(1 − ρq ),
P1de = −f (aedp ),
N1de = −f (aedn ),
P1se = −f (aesp ),
N1se = −f (aesn ),
e
e
de
de
se
se
Cn
= Cn−1
+ C1e + Qen−1 q̄(1 − ρq ) + Pn−1
p̄d (1 − ρdp ) + Nn−1
n̄d (1 − ρdn ) + Pn−1
p̄s (1 − ρsp ) + Nn−1
n̄s (1 − ρsn ),

Qen = −γ(1 − ρq ) + ρq Qen−1 ,
de
de
d
Pnde = ρdp Pn−1
− f (aedp + Qen−1 γq σgd σpd + Pn−1
σpp
),
de
d
de
d
Nnde = ρdn Nn−1
− f (ad ne − Qn−1 γq σgd σn
+ Nn−1
σnn
),
se
se
s
Pnse = ρsp Pn−1
− f (aesp + Qn−1 γq σgs σps + Pn−1
σpp
),
se
s
se
s
Nnse = ρsn Nn−1
− f (aesn − Qn−1 γq σgs σn
+ Nn−1
σnn
),

aedp = adp + σgd (γd + γdd )σpd ,
d
aedn = adn − σgd (γd + γdd )σn
,

aesp = asp + σgs γd σps ,
s
aesn = asn − σgs γd σn
.

Pt+1
Pt
e
The logarithmic return on equity, rt+1
= ln(1+ D
)−ln( D
)+dt+1 , can be computed as a
t
t+1
linear function of state variables and fundamental shocks by log-linearizing the equilibrium
Pt+1
Pt
solutions for ln( D
) and ln(1 + D
) around the steady state values of the state variables
t
t+1
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qt , pdt , ndt , pst , nst :
∞
X

e
exp(Cn
+ Qen q̄ + Pnde p̄d + Nnde n̄d + Pnse p̄s + Nnse n̄s )+
n=1
P∞
se s
se s
de d
de d
e
e
e
n=1 Qn exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ )
P
(qt − q̄)+
∞
s
s
se
d
se
d
de
de
e
e
n=1 exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ )
P∞
de
e
e
de d
de d
se s
se s
n=1 Pn exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ ) d
P
(pt − p̄d )+
∞
e + Qe q̄ + P de p̄d + N de n̄d + P se p̄s + N se n̄s )
exp(C
n
n
n
n
n
n
n=1
P∞
de
e
e
de d
de d
se s
se s
n=1 Nn exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ )
P
(ndt − n̄d )+
∞
e + Qe q̄ + N de p̄d + N de n̄d + P se p̄s + N se n̄s )
exp(C
n
n
n
n
n
n
n=1
P∞
se
e
e
de d
de d
se s
se s
n=1 Pn exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ ) s
P
(pt − p̄s )+
∞
s
s
se
d
se
d
de
de
e
e
n=1 exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ )
P∞
se
e
e
de d
de d
se s
se s
n=1 Nn exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ )
P
(nst − n̄s ) =
∞
e
e
de
d
de
d
se
s
se
s
n=1 exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ )

pdt ≈ ln

d

s

d

s

K1 + K1q qt + K1p pdt + K1n ndt + K1p pst + K1n nst ,

d

s

d

s

where K1 , K1q , K1p , K1n , K1p , and K1n are implicitly defined. Similarly:
ln(1 +

∞
X
Pt
e
) ≈ ln(1 +
exp(Cn
+ Qen q̄ + Pnde p̄d + Nnde n̄d + Pnse p̄s + Nnse n̄s ))+
Dt
n=1
P∞
e
e
e
de d
de d
se s
se s
n=1 Qn exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ )
P∞
(qt − q̄)+
e
e
de
d
de
d
se
s
1 + n=1 exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nnse n̄s )
P∞
de
e
e
de d
de d
se s
se s
n=1 Pn exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ ) d
P∞
(p − p̄d )+
e
e
de
d
de
d
se
s
se
1 + n=1 exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄s ) t
P∞
de
e
e
de d
de d
se s
se s
n=1 Nn exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ )
P
(ndt − n̄d )+
e + Qe q̄ + N de p̄d + N de n̄d + P se p̄s + N se n̄s )
1+ ∞
exp(C
n
n
n
n
n
n
n=1
P∞
se
e
e
de d
de d
se s
se s
n=1 Pn exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ ) s
P
(pt − p̄s )+
e + Qe q̄ + P de p̄d + N de n̄d + P se p̄s + N se n̄s )
1+ ∞
exp(C
n
n
n
n
n
n
n=1
P∞
se
e
e
de d
de d
se s
se s
n=1 Nn exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄ )
P∞
(ns − n̄s ) =
e
e
de
d
de
d
se
s
se
1 + n=1 exp(Cn + Qn q̄ + Pn p̄ + Nn n̄ + Pn p̄ + Nn n̄s ) t
d

s

d

s

K2 + K2q qt + K2p pdt + K2n ndt + K2p pst + K2n nst ,

d

d

s

s

where K2 , K2q , K2p , K2n , K2p , and K2n are implicitly defined. The excess one period
Pt+1
Pt
ex
) − ln( D
) + dt+1 − y1,t can now be expressed
holding return on equity, rt+1
= ln(1 + D
t
t+1
as:
ex
rt+1
≈constex +
d

d

d

s

s

s

d

(ρdp K2p − K1p + P1d )pdt + (ρdn K2n − K1n + N1d )ndt +
s

(ρsp K2p − K1p + P1s )pst + (ρsn K2n − K1n + N1s )nst +
d

d

d
d
d
d
d
d
((γd + γdd )σgd σpd + K2q γq σgd σpd + K2p σpp
)ωp,t+1
+ (−(γd + γdd )σgd σn
− K2q γq σgd σn
+ K2n σnn
)ωn,t+1
+
s

s

s
s
s
s
s
s
(γd σgs σps + K2q γq σgs σps + K2p σpp
)ωp,t+1
+ (−γd σgs σn
− K2q γq σgs σn
+ K2n σnn
)ωn,t+1
+ σd dt+1 .
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Appendix B - Constructing inflation expectations
The inflation expectation for quarter t + 1 at quarter t are modeled as the fitted values
from the regression:

e
OLS
πt+1 = α0 + α1 πt,t+1
+ α2 πt + πt+1
,

e
is the expectation of quarter t + 1 inflation
where πt is the quarter t inflation, πt,t+1

in quarter t from the Survey of Professional Forecasters, α0 , α1 , and α2 are constant
e
OLS
. The
coefficients and πt+1
is a zero-mean noise term independent from πt and πt,t+1

estimated coefficients are below.

α0
α1
α2

OLS coefficient
0.0000
0.8856
0.2477

Newey-West standard error (4 lags)
(0.0010)
(0.1758)
(0.1181)

The set of predictors is optimal in terms of minimizing Bayesian information criterion. The
summary of considered predictor specifications with corresponding Bayesian information
criteria is below.
Predictors (in addition to a constant)

Bayesian information criterion

e
πt,t+1
, πt

-1723

e
πt,t+1
, πt , πt−2

-1722

e
e
πt,t+1
, πt−1,t+1
, πt

-1722

e
πt,t+1
, πt−2

-1720

e
πt−1,t+1
, πt , πt−2

-1720

e
πt,t+1

-1719
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e
, πt , πt−1
πt,t+1

-1719

e
, πt , πt−1 , πt−2
πt,t+1

-1719

e
e
, πt−1,t+1
πt,t+1

-1719

πt , πt−2

-1718

e
πt−1,t+1
, πt , πt−1 , πt−2

-1717

πt , πt−1 ,πt−2

-1716

e
, πt
πt−1,t+1

-1716

e
, πt−1
πt,t+1

-1715

e
, πt−2
πt−1,t+1

-1711

e
, πt , πt−1
πt−1,t+1

-1707

e
πt−1,t+1

-1705

e
πt−1,t+1
, πt−1

-1704

πt , πt−1

-1702

πt

-1695

πt−2

-1693

πt−1

-1677
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Appendix C - Maximum likelihood estimation of demand and supply shocks
parameters
The estimation procedure is a modification of Bates (2006) algorithm for the component
model of two gamma distributed variables. Below the step-by-step estimation strategy
for the demand shock is described. The estimation for the supply shock is identical.
The methodology below is an approximation, because, in order to facilitate the computation, at each time point the conditional distribution of state variables pdt and ndt is assumed
to be gamma, although the distribution does not have a closed form solution. The choice
of the approximating distributions is discussed in details in section 1.3 of Bates (2006).
Here the gamma distributions are used, because they are bounded from the left at 0,
which ensures that the shape parameters of the gamma distribution in the model (pdt and
ndt ) will always stay positive, like they should.
The system to estimate is:
d
d
udt+1 = σpd ωp,t+1
− σnd ωn,t+1
,
d
ωp,t+1
∼ Γ(pdt , 1) − pdt ,
d
ωn,t+1
∼ Γ(ndt , 1) − ndt ,
d
d
pdt+1 = p̄d + ρdp (pdt − p̄d ) + σpp
ωp,t+1
,
d
d
.
ndt+1 = n̄d + ρdn (ndt − n̄d ) + σnn
ωn,t+1

The following notation is defined:
Utd ≡ {ud1 , ..., udt } is the sequence of observations up to time t.
d

F (iφ, iψ 1 , iψ 2 |Utd ) ≡ E(eiφut+1 +iψ

1 pd +iψ 2 nd
t+1
t+1

|Utd ) is the next period’s joint conditional
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characteristic function of the observation and the state variables.
Gt|s (iψ 1 , iψ 2 ) ≡ E(eiψ

1 pd +iψ 2 nd
t
t

|Usd ) is the characteristic function of the time t state vari-

ables conditioned on observing data up to time s.
At time 0, the characteristic function of the state variables G0|0 (iψ 1 , iψ 2 ) is initialized. As
mentioned above, the distribution of pd0 and nd0 is approximated with gamma distributions.
Note that the unconditional mean and variance of pdt are E(pdt ) = p̄d and V ar(pdt ) =
2
σpp
p̄d ,
1−ρd2
p

respectively. The approximation by the gamma distribution with the shape

parameter k0 and the scale parameter σ0p is done by matching the first two unconditional
moments. Using the properties of the gamma distribution, k0p =

E 2 pdt
V ar(pdt )

and θ0p =

V ar(pdt )
.
E(pdt )

Thus, pd0 is assumed to follow Γ(k0p , θ0p ) and nd0 is assumed to follow Γ(k0n , θ0n ), where k0n and
θ0n are computed in the same way. Using the properties of the expectations of the gamma
p

p

variables, G0|0 (iψ 1 , iψ 2 ) = e−k0 ln(1−θ0 iψ

1 )−k n
0

ln(1−θ0n iψ 2 )

. Given G0|0 (iψ 1 , iψ 2 ), computing

the likelihood of UTd is performed by repeating the steps 1-3 below for all subsequent
values of t.
Step 1. Computing the next period’s joint conditional characteristic function of the
observation and the state variables:
d

d

d

d

F (iΦ, iψ 1 , iψ 2 |Utd ) = E(E(eiΦ(σp ωp,t+1 −σn ωn,t+1 )+iψ
= E(eiψ

1 d

p̄

1

d
d
d
2
d
d
d d
d
d
(p̄d +ρd
p pt +σpp ωp,t+1 )+iψ (n̄ (1−ρn )+ρn nt +σnn ωn,t+1 )

Utd )
= eiψ

1 d

|Utd )

2 d
d
d
2 d
d
2 d
d
1 d
d
1 d
d
2 d
d
1 d
(1−ρd
p )+iψ n̄ (1−ρn )+(iψ ρp −ln(1−iΦσp −iψ σpp )−iΦσp −iψ σpp )pt +(iψ ρn −ln(1+iΦσn −iψ σnn )+iΦσn −iψ σnn )nt

2 d
d
p̄ (1−ρd
p )+iψ n̄ (1−ρn )

·

d
d
d
d
d
d
Gt|t (iψ 1 ρdp − ln(1 − iΦσpd − iψ 1 σpp
) − iΦσpd − iψ 1 σpp
, iψ 2 ρdn − ln(1 + iΦσn
− iψ 2 σnn
) + iΦσn
− iψ 2 σnn
).
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Step 2. Evaluating the conditional likelihood of the time t + 1 observation:

p(udt+1 |Utd )

1
=
2π

∞

Z

d

F (iΦ, 0, 0|Utd )e−iΦut+1 )dΦ,

−∞

where the function F is defined in step 1 and the integral is evaluated numerically.
Step 3. Computing the conditional characteristic function for the next period:

1

2

Gt+1|t+1 (iψ , iψ ) =

1
2π

R∞

d

F (iΦ, iψ 1 , iψ 2 |Utd )e−iΦut+1 dΦ

−∞

p(udt+1 |Utd )

.

As above, the function Gt+1|t+1 (iψ 1 , iψ 2 ) is also approximated with the gamma distribution via matching the first two moments of the distribution. The moments are obtained
by taking the first and second partial derivatives of the joint characteristic function:
Et+1 pdt+1
V

=

art+1 pdt+1

Et+1 ndt+1 =
V

art+1 ndt+1

2πp(udt+1 |Utd )
=

−∞
∞

Z

2πp(udt+1 |Utd )
Z

2πp(udt+1 |Utd )

d

Fψ1 (iΦ, 0, 0|Utd )e−iΦut+1 dΦ,

1
1

=

∞

Z

1

d

2
Fψ1 ψ1 (iΦ, 0, 0|Utd )e−iΦut+1 dΦ − Et+1
pdt+1 ,

−∞
∞

d

Fψ2 (iΦ, 0, 0|Utd )e−iΦut+1 dΦ,

−∞

1
2πp(udt+1 |Utd )

Z

∞

d

2
Fψ2 ψ2 (iΦ, 0, 0|Utd )e−iΦut+1 dΦ − Et+1
ndt+1 ,

−∞

where Fψi denotes the derivative of F with respect to ψ i . The expressions inside the
integral are obtained in closed form by derivating the function F (iΦ, iψ 1 , iψ 2 |Utd ) in step
1, and integrals are evaluated numerically. Using the properties of the gamma distribution,
p
=
the values of the shape and the scale parameters are kt+1

2 pd
Et+1
t+1
V art+1 pdt+1

p
and θt+1
=

V art+1 pdt+1
,
Et+1 pdt+1

n
n
respectively. The expressions for kt+1
and θt+1
are similar.

The total likelihood of the time series is the sum of individual likelihoods from step 2:
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L(YT ) = ln p(ud1 |k0p , θ0p ) +

PT

t=2

ln p(udt+1 |Utd ).
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