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ABSTRACT

Robustification and Optimization in Repetitive Control
For
Minimum Phase and Non-Minimum Phase Systems

Pitcha Prasitmeeboon

Repetitive control (RC) is a control methduhat specifically aims to converge to zero
tracking error ofa control systems that executpaiodic command or hayeriodic disturbance
of known period It uses the error of one period back to adjust the command in the present period.
In theory, RC can completely eliminate periodic disturbance effects. RC has applications in many
fields such as higprecision manufacturing in robotics, computer diskesjandactive vibration
isolation in spacecratft.

The first topictreated in this dissertatiatevelops several simple RC design methods that
are somewhat analogous to PID controller design in classical control. From the early days of digital
control, emiation methods were developed based on a Forward Rule, a Backward Rule, TustinOs
Formula, a modification using prewarping, and a f#@® mapping method. These allowed one
to convert a candidate controller design to discrete time in a simpléNeynvedigateto what
extent they can be used to simplify RC design. A particular design is developed from modification
of the polezero mapping ruleswhich is simple and sheds light on the robustness of repetitive
control designs

RC convergence requires lebsn 90 degree model phase error at all frequencies up to
Nyquist. A zerephase cutoff filter is normally used to robustify to high frequency model error

when this limit is exceeded. The resulsstabilization at the expense of failuae cancel errors



above the cutoff. The second topic investigates a series of methods to usendakareal time
updates of thérequeng response model, allowing one to increase or eliminate the frequency
cutoff. These include the use of a moving window employing a seurdiscrete Fourier
transform (DFT), and use of a real time projection algorithm from adaptive control for each
frequency. The results can be used directly to make repetitive control corrections that cancel each
error frequency, or they can be used tdatp a repetitive control FIR compensaidre aim is to
reducethe final error level by using real time frequency response model updates to successively
increase the cutoff frequency, each time creating the improved model needed to produce
convergenceetro error upto the higher cutoff

Non-minimum phase systems present a difficult design challenge to the sister field of
Iterative Learning Controllhe third topidnvestigates to what extent the same challenges appear
in RC. One challenge is that thigrinsic nonrminimum phase zero mapped froontinuous time
is close tahepoleof repetitive controller at1 creating behavior similar to pekero cancellation.
The nearpole-zero cancellation causes slow learning at DC and low frequeitieMin-Max
cost function over the learning rate is presenfBte Min-Max can be reformulateds a
Quadratically Constrained Linear Programming problem. This approach is shown to be an RC
design approach that addresses rtien challengeof nonminimum phase systents have a
reasonable learning rate at DC

Although it was illustrated that usirtige Min-Max objectiveimproves learning at DC and
low frequencies compared to other desjgthe method requires model accuracy at high
frequencies. Irthe real world, modelsisually have error at high frequencies. The fourth topic
addresses how one can merge the quadpataltyto the Min-Max cost function tancrease

robustness at high frequencies. The topic also condidatsg the Min-Max optimization to



some frequenesintervaland applyingn FIR zerephase lowpass filter to cutoff the learnirfgr

frequencies above that interval.
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Chapter 1

Introduction

1.1 Background

Repetitive Control (RC) is a relatively new field in control that aims to converge to zero
error for systems that execute a periodic command, or have a periodic disturbance, or both with
the same period. RC is specifically designed to take advantage of the information that there is a
known period of the periodic command and periodic disturbance. The repetitive control law can
be implemented as an extra loop around an existing feedback control system. Each time step, it
examines the error in the previous period and uses this information to update the command to the
feedback control system. It aims to converge to that command that eliminates the error produced
by the disturbance, or that command that produces the desired output. Unlike other methods that
do not specifically use knowledge of the period in such applications, it is theoretically possible for
repetitive control to completely eliminate the effects of a periodic disturbance, and a deterministic
tracking error in following a periodic command. Repetitive control was initially developed to
eliminate residual 60Hz related errors in physics particle accelerators [1-2]. Other early works in
the field are References [3-10]. Reference [11] gives an overview of the methods for designing
repetitive control systems recommended by the control research group at Columbia University and

Reference [12] presents various earlier design methods.



The simplest form of RC uses the following thinking. If at some point during the last period,
the output was 2 units too small, then add 2 units (or 2 units times a repetitive control gain) to the
command at the appropriate point during the current period. A particularly simple RC design
method (and a similar iterative learning control method) is generated in Reference [12]. An
analogy is made with PID control design in classical control systems where one tunes three gains,
and one can do the tuning in hardware without involving a model. The approach in Reference [12],
again involves tuning only three parameters, and again they can be tuned in hardware. A linear
phase lead is used as a compensator for the phase lag of the system. The amount of phase lead is
one parameter, and the overall gain is a second parameter. A smaller gain allows a higher cutoff
frequency. Experimentally observing the frequency content of the error signals as iterations or
periods progress allows one to tune these two parameters to produce convergence to the highest
possible frequency for this compensator, and then one uses a zero-phase low-pass filter to cut off
the learning above this point. This simple design process usually allows one to substantially
improve the performance of exciting feedback control systems that repetitively perform the same
task. The simplicity makes it possible to create a self tuning version as discussed in References
[13-14].

If the transfer function of the feedback control system from command to output were unity,
then the simplest RC law discussed above could immediately eliminate the error in the second
period in a deadbeat fashion (or it can eliminate a given fraction of the error if the gain is not
unity). This suggests the use of a compensator that is the inverse of the feedback control system
transfer function. However, this is nearly always impossible to use in practice because the inverse
of a discrete time transfer function is nearly always unstable. Instead, what is done in Reference

[15] is to design a compensator whose frequency response aims to be the same as the inverse of



the frequency response of the feedback control system. In this way cancellation of the system
dynamics is accomplished after transients have become negligible. The recommended design
method is based on a cost function fit of the frequency response using a finite impulse response
filter (FIR) as presented in Reference [15]. This filter can also be thought of as a compensator that
the RC designer must create.

For stability one needs reasonably good knowledge of the system dynamics, and to mimic
this inverse of the frequency response of the dynamics with the compensator, up to Nyquist
frequency. In practice, one also includes a zero-phase low-pass filter to cut off the learning at high
frequencies, when the model and/or the compensator becomes too inaccurate for the learning
process to converge [16-17]. The cutoff must be adjusted in the real world application, after
observing the hardware performance and the frequency content of the error signals with time,

because one does not know what is wrong with one’s model.

1.2 Thesis Outline

This dissertation presents methods to simplify and robustify RC designs. The content of
this dissertation contains four topics. The first two Chapters give approaches for application in
minimum phase systems. Chapters 4 and 5 specifically shed light on the challenges of RC designs
for non-minimum phase systems.

Chapter 2 investigates to what extent the emulation methods can be used for RC design.
The emulation methods that are considered here are a Forward Rule, a Backward Rule, Tustin’s
Formula, a modification using prewarping, and a pole-zero mapping method. Reference [18]
presents the emulation methods. It is shown that the first two methods are simple and can work
when using an appropriate cutoff of the learning process, but the methods similar to PID in

Reference [12] would be preferable. The other methods fail in this application. However, making



use of knowledge obtained in RC compensator design, thezememapping rules can be
modified to produce a particularly simple and effective RCgaesiethod.

Chapter 3 proposes methods that address the problem when systems have unmodeled high
frequency dynamics, often described as parasiticsmmleesidual modes. As a result, the real
world model and the system model might be sufficiently diffetenreate instabilityequiring a
cutoff. This chapter develops several approaches that have an adaptive process to improve the
performance while the system is runninhe new methodsperform real timeupdates of
magnitude and phada the RC law proposd by Reference [19-20], allowing higher cutoff
frequency or an elimination of the cutoff

The vast majority of repetitive control methods are designed for minimum phase systems.
Non-minimum phase systems have unusual characteristic that complicatesdbadk design for
such system<hapter 4nvestigats how effective theexistingRC methodsrom Reference§l5,

21, 23, perform o nonminimum phase systenmandaims to findeffective method for non
minimum phase systemghe improved design of Taylgeries approach originally developed by
Reference2?] is proposed. However, theethodrequiresthatthe information of pole and zero
locatiors is known. A newmethod is proposetthat minimizes the maximum of the erraver all
frequencies to NyquisiThis method cameal withthe problem oflow learning rate at DC and
low frequenciesn nonminimum phase systenadonly requires knowledge ofsystem steady
statefrequencyresponse

Although the MinMax approach addresses the most fundamental diffitritR C of non
minimum phase systems, it introduces some extra difficulfies. purpose of Rapter5 is to
improve theperformance of the design methanat ircrease robustnessnadel errorslit proposes

a new design that includes the optimizadmuadatic cost into the MirMax design to increase



robustness at high frequencies where models usually have error. Another solution to the problem
that this dissertation considers is to optimize the Min-Max design up to some frequencies and apply
the FIR zero-phase low-pass filter from References [16-17] to stop learning after cutoff. These two
approaches can improve learning at low frequencies and become more robust at high frequencies.
The materials presented in Chapters 2, 3, 4, and 5 also appear in References [23], [24], [25], and
[26], respectively.

Finally, Chapter 6 presents the conclusions of the dissertation.
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Chapter 2

Investigation of Discrete Time Emulation
Techniques to Simplify Repetitive Control

2.1 Introduction

Historically, in the 1950’s and 1960’s, classical control system designers have developed
considerable expertise in the design of continuous time systems, and as discrete time digital control
became a practical approach, people wanted some simple method of converting a design based on
continuous time thinking to discrete time. Reference [1] presents a set of such simple conversion
methods which we examine for use in the RC problem. The purpose of this chapter is to examine
whether discrete time control emulation methods can be helpful in producing particularly simple
design methods, i.e. can these methods be used to design the compensator needed in RC. Reference

[1] has a particularly good treatment of emulation methods.

2.2 Repetitive Control Background

A repetitive control system can have the block diagram structure as shown in Figure 2-1.
Generally, the feedback control system can be considered to be totally digital and given by the z-
transfer function G(z). The repetitive controller R(z) adjusts the command U(z) given to the
feedback controller. The Yj, (2) is the desired output, which is either a constant or is periodic with
period p time steps. The V(s) is any periodic disturbance considered to have a period measured in

time steps equal to integer p steps. Reference [2] indicates what to do when the period is not an



integer number of steps. The purpose of the repetitive controller is to eliminate the influence of
this disturbance, and/onmlinate error in following a command of the same period. Of course, the
command could be a constant. The actual periodic disturbance can occur anywhere around the
closed loop of the feedback control system, but it results in a periodic disturbance utptiie o

and we write it in terms of this equivalent disturbance. The discrete time equations only need the

disturbance at the sample times and this sequencetrasform! "#3$

Y(2)
A/D
I "#Y
P Yoo
Nen SN
»( ) >

Figure 2-1. Block diagrams of a repetitive control system where the repetitive controller
modifies the command to a feedback control system in continuous time and equivalent
block diagram in discrete time.



The simplest form of repetitive control adjusts the comm#kd) in the time dorain
according to
LC#) S (" %&#) () ((" %&' *)#) (2-1)
where( is a repetitive control gaitk,is the time stepl is the sample time interval, apds the
number of time steps in a peridthe command in the current period are adjddiased on error
of one period back, adjusted for the assuomagltime step delay through the system. In the
transform domain of (1) becomes-(,) $ [(, -(,- %*)]/ 0, L

Thegenerakepetitive control law has the form

3(,)401
2008 20 (22)
+(,)%$,%>4014+()" 3() 017 (2-3)

In words, this says that the command used at the current time step is the command used in the
previous period plus the error observed in the previous period after it has gone through the
compensator30, L The4 0, 1is a finite impulse response zgubase lowpass filter designed to

minimize a cost summed over a discrete set of frequencies between zero and Nyquist

8

4()% Z 67, (2-4)
B E5F
<)L wa(= O wa (=9 ) [40= 909 @9
B9 D B9 B

The first term in the sum tries to make the FIR filter output look like unity for frequencies in the
passband, and the second term tidehake it look like zero for frequenciesthre stopband. See
Reference$2-4], and note the possible subtleties discussed in ReferEtjcs], [6]. The low

pass filtersconsidered in this dissertatideveloped bfreferencg4], and include an inegglity

constraint to prevent any amplification in the passband, which allows a higher cutoff.
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From the block diagram one can write the difference equation governing the performance
of the repetitive control system
[(zP — H(2)) + ¢H(2)F (2)G(2)]E (2) = (2P — H(2))[Yp(2) — V(2)] (2-6)
Note that if there is no frequency cutoff, then the right hand side is zero since the desired trajectory
and the disturbance are periodic with period p time steps. In any case, stability is determined by
the homogeneous difference equation which can be written as
zPE(z) = {H(2)[1 - ¢F (2)G(2)1}E(2) (2-7)
This form suggests that the expression in the curly brackets is a transfer function from one period
to the next. Convert this to a frequency transfer function by setting z = e'“T, and this suggests
that if the magnitude of this frequency response function is less than unity for all frequencies from
zero to Nyquist, then every frequency component of the error decays from one period to the next,
and the error decays either to zero, or to the particular solution created by the forcing function
when there is a cutoff frequency. This thinking is not rigorous, but one can rigorously prove that
the conclusion of convergence is correct [2]. The repetitive control system of Figure 2-1 is
asymptotically stable for all possible initial periods p, if and only if
|H(eT)[1 - ¢F(e*T)G(e*T)]| <1 Vo (2-8)
The aim is to find F(z) whose frequency response is close to the reciprocal of the frequency
response of G(z) for all frequencies, making the square bracket term near zero. For high

frequencies when our model error in the G (z) used for design is too large, or our design of F(z)

is not accurate enough, the cutoff filter H(z) is employed to satisfy this stability condition.

2.3 Emulation Methods

For simplicity of understanding, we now consider that the feedback control system G (z) is

a continuous time control system G (s) fed by a zero order hold. As before the periodic disturbance

11



somewhere in tki continuous time feedback lo@an be converted to an equivalent periodic
disturbance "#$to the output of the feedback control system at the sample times. Then our design
objective is to use emulation methods to find a simple discrete time transfer function that emulates
the continuous time behavior, and then invert it foidéegign of the RC compensator. We consider

the following emulation methods from Reéncd1].

0] The Forward Rule: Replagén the Laplace transfer function P& "#' (9 * to produce

a discrete time-transfer function. Lef be the sample time interval. @nelationships are

#I
%08 *—(HHHH#& (, "% (2-9)
(i) The Backward Rule:
#( (
0 Y 2-10
/a& *# & ( ' *% ( )
(i) The Trapezoidal Rule, also known as TustinOs formula, erphene (an example
of a bilinear transformation):
98 2 g g & 97 (2-12)
L (" %-

This rule is sometimes modified by prewarping in order to place thg@baiér point at frequency
. ; by modifying the formula fos to be

. J.}#' (
01. ,*)-)/#, (

%8 ( (2-12)

The conclusions made below will be the same with or without the use of prewarping.
(iv) PoleZero Mapping
(1) Given the Laplace transfer function, find the zeros and the poles (assumed to have more

poles than zeros).

12



(2) For every factor s — s;, of the denominator of G (s), create a corresponding factor z —
7, in the denominator of G (z), where z;, = exp (s T).

(3) Do the same for every factor in the numerator.

(4) Introduce as many factors z + 1 into the numerator as needed, such that the highest
power of z in the numerator is one less than the highest power in the denominator.

(5) Find the DC gain of G (s) by setting s = 0. Find the current corresponding gain of the
z-transfer function by setting z = 1. Then introduce the reciprocal of this gain as a
constant multiplying the z-transfer function so that its DC gain now matches that of the
original G (s).

We will find that the first two methods, (i) and (ii), can be used provided that one has a
sufficiently low cutoff frequency in the zero-phase low-pass filter. The third and fourth methods,
(ii1) and (iv), create a compensator that if infinite at Nyquist frequency. To make (iii) work, we
create a new cutoff filter with the property that its output is zero at Nyquist frequency. But in
implementation one might have difficulties ensuring that the filter zero times the compensator
infinity produces zero or something smaller than unity. Hence, the approach is not recommended.

The pole zero mapping approach above from Reference [1] also produces an infinite
compensator response at Nyquist, but we examine the pole-zero mapping rules in light of insight
gained in RC design. From this we are able to create a new pole-zero mapping procedure that is
simple to use and will produce a simple RC design that will nearly always be a stable design
relative to the given model. The cutoff filter can stabilize in the presence of model error as always.
These results are also of importance in that they shed light on the stability robustness properties

associated with different aspects of RC compensator designs.
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24 PoleZero Mapping by Emulation Method (iv)

First we examine the poleero mapping emulation method (iv) to examine its behavior.
Then we will create a new related palero mapping method to fix theffitculties. Throughout

this chaptemwe consider a third order system

. $ &f
L O# (ro5) ("< %) *& " %&(>+HF (213

where$ is equal to 8.8% is 37, and is 0.5. We will also consider other transfer function"a 2

order system that eliminates the one real root abov8 cadér systenthat squares the complex
conjugate pair term, and & Brder transfer function formed by squaring the second factor on the
right including the real root. Directly applying the palero emulation method (iv) above to the

third order model produces the gmétude|, - . (/°12)! (/912)| shown inFigure 22. Because

rule (4) places two zeros &, the compensator(/ °2) goes to infinity as goes to infinity,

which guarantees that the system is unstable (for all pepjpdEhe plot is truncate before
reaching Nyquist frequency of 5{z. To make a RC system stable for all periods requir8/af
designed to cut off the learning process before this curve reaches unit, a bit above 30Hz. In other
applications of emulations methods this issughtnot arise, but having this plot tend to infinity

is fatal in RC unless the cutoff filter can bring the infinity to below +1. Hence, the cutoff filter
needs to have two zeros atn order to be a candidate for design, and this constraint may adversely
influence performance in the passband and stopband.chhgerdevelops a new poleero
mapping method that avoids this issue, making use of more complete knowledge about the zeros

introduced by discretization.
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Figure 2-2. The magnitude |1 — F(e!“T)G(e'“T)| using the pole-zero mapping (iv).

2.5 Precise Conversion — Continuous to Discrete

2.5.1 Converting Homogeneous Equations

The denominator of a Laplace transfer function is the characteristic polynomial of the
associated differential equation. Similarly, the denominator of a z-transfer function is the
characteristic polynomial of the associated scalar difference equation. The roots of these
polynomials determine the solutions of the associated homogeneous equations.

Consider a differential equation and its characteristic equation in factored form

dzy dy (2'14)
a2 T Mg

+a,y=0
s+a;s+a,=(-5)(—5)=0
Then the general solution can be written in terms of continuous time ¢ and at sample times kT as
y(t) = Cies1t + Ce52t  y(kT) = Cy(e51T)k + C,(es2T)k (2-15)
We can find a difference equation
y((k +2)T) + ayy((k + 1)T) + a,y(kT) = 0 (2-16)

whose solution is the same at the sample times, by making the coefficients from the following

polynomial
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2t z+a, =(@z—eT)(z—e%2T) =0 (2-17)
Thus the conversion from s to z for poles of Laplace and z-transfer functions satisfies the rule z; =

eSiT.

2.5.2 Exact Conversion for Systems Fed by a Zer@rder Hold

When there is a forcing function, one must know what the input is doing between sample

times. If the input is held constant, then one can convert transfer functions according to

G(z) = (1 —z7HDZ{G(s)/s} (2-18)
where the large Z indicates taking the z-transform of the samples of the time function specified by
the argument, which is the unit step response of the continuous time system. In this formula it is
specified by its Laplace transfer function.

Another approach to the conversion is to convert the scalar differential equation to state
space form, and then convert the state space differential equation to the equivalent state space
difference equation

x(t) =Ax(@+Bu®) 5 y@) = Cx(0)

x((k + 1T) = Agx(kT) + Bau(kT) ; y(kT) = Cx(kT) (2-19)

T
Ad = eACT ; Bd = f eACTdT BC = (Ad - I)A;lBC
0

Taking the z-transform of this state space difference equation produces the transfer function and
the scalar difference equation in the forms
Y(2) = [C(al = Ag)*BalU(2) (2-20)
|zI — AylY (z) = Cadj(zl — Ay)(Ag — DA1B.U(2)
The adj indicates the adjoint matrix. When using state space equations, it is not obvious how to

observe the zeros of the transfer function. In controllable canonical form or observable canonical
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form, the coefficients of the zero polynomial can be found in the input or output matrices, B and
C. However, the last equation above is an expression for the numerator polynomial of the z-
transfer function, and it is clear that there is dependence on the poles of the transfer function, i.e.
the eigenvalues of the 4 matrix, both discrete and continuous. Hence, the zeros do not have the

same simple mapping that the poles had.
2.5.3 Locations of Zeros and Poles o6(2)

Reference [7] developed the following understanding of the locations of the zeros and poles
of the discrete time transfer function ! "#$ for a transfer function with more poles than zeros
(Reference [8] gives an alternative proof of the asymptotic zero locations):

(1) The poles of | "% transform to the poles of | "#$according to % ' ()**.

(2) Any finite zeros of | "Utransform to zeros of | "#$approximately according to# ' (?**. The
actual location of each zero matches the Taylor series expansion of this exponential up through
powers of T equal to the number of poles in the system.

(3) The pole excess of ! "% is the number of poles minus the number of zeros. Additional zeros
are introduced in ! "#$to create a pole excess of one, i.e. the number of zeros is one less than the
number of poles. These new zeros are on the negative real axis. The asymptotic locations as T’
tends to zero for the zeros outside and on the unit circle are given in Table 1. There are additional
zeros, for each zero outside the unit circle there is a corresponding zero inside the unit circle at the

reciprocal position.
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Pole Excess Zero Locations
2 -1.0000
3 -3.7321
4 -9.8990, -1.0000
5 -23.2039, -2.3225
6 -51.2184, -4.5419, -1.0000
7 -109.3052, -8.1596, -1.8682
8 -228.5110, -13.9566, -3.1377, -1.0000
9 -471.4075, -23.1360, -4.9566, -1.6447
10 -963.8545, -37.5415, -7.5306, -2.5155, -1.0000
11 -1958.6431, -59.9893, -11.1409, -3.6740, -1.5123

Table 2-1. Asymptotic zero locations for zeros outside and on the unit circle as a function of
the pole excess df (")

2.6 Continuous Time and Discrete Time Frequency
Response
To find the frequency response of a Laplace transfer function, one sub#tifugginto
the transfer function and computes the magnitude which represents the amplitude response. The
pha® change through the system is given by angle this complex number makes with the positive
real axis. To find the frequency response afteansfer function, one substitutes$s (7** , and
again finds the magnitude and phase in the same way. Théuabatr to the overall phase from
a zero inside the unit circle and a zero outside the unit circle, can be visualizeeidtom 23.
At Nyquist frequency, i.e. when$ , -, a zero inside contributes +180 deg, e;g.and a zero
outside contributes @eg, e.g. o. Similarly, a pole inside contributed80 deg, and we consider

only stable feedback control systeri#Z3so there cannot be any poles outside the unit circle.
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Figure 2-3. The phase angle contribution of a zero inside and a zero outsithe unit circle.

2.7 A New Simple Pole Zero Mapping Design Method

In this section we modify emulation method (iv), in particular we modify step (4) making
use of the understanding above of the zero locations introduced by the discretization process. We
divide the mapping into 4 different cases, depending on whether there are zetés iand

whether the pole excess is odd or even. The subsections below treat these different cases.

2.7.1%'& Has Odd Pole Excess, More Poles than Zeros, All Zeros in
Left Half Plane

() For every polé of stable transfer function"#$introduce a zero i6") $ at the locatior). *
+ - . Introduce a pole (") $for each zero inside the unit circle using the same formula.
(2) Introduce a number of poles at the origin equéd §¢dl 2)34 where/ j is the pole excess.
(3) Determine the reciprocal of the DC gain d#$by setting#* 5. Then adjust a gain in") $
so that( "2$matches this reciprocal.
The main objective is to create @h) $that cancels the phase change thrdugjt$ so that
the productl ") ") $is real and positive. Then the stability condition is satisfied (unless one

decides to use a gain greater than 2). The approach cancels the po!¢$ dut the zeros
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introduced in the discretization remain. Asymptotically there are an equal number of zeros outside
the unit circle as inside, and they are reciprocals of each other.

Consider a pair of zeros, one at —a, and the other at the reciprocal location —1/a, for a
positive, i.e. a zero on the negative real axis. For each such pair, Step (2) puts a zero at the origin.
Then the transfer function and its zero phase frequency response obtained by setting z = e!“T are

given by

(z+a)(z+1/a)
z

= (a+1/a) + 2coswT (2-21)

This magnitude response is always positive and bounded, so that one can keep it less than 2 for
stability. For future reference, note that if the zero is on the positive real axis, one must introduce
a minus sign in the equation for stability. Since this is a positive quantity up to Nyquist, the
placement of a pole at the origin has accomplished the desired phase cancellation. Reference [9]
makes deliberate use of this concept to cancel the phase influence of zeros outside the unit circle.
Here we rely on nature to supply zeros at approximately reciprocal locations, so that all we have
to do is supply to pole at the origin. This pole at the origin can be thought of in a different way, it
simply represents adjusting the number of time steps delay through the system. Hence, the
adjustment of this delay is all that one needs to do to stabilize the influence of zeros outside the
unit circle, provided the zeros are sufficiently close to being reciprocals. We will see that they
usually are. The gain adjustment is not critical.

Asymptotically as same time T goes to zero, the zeros are reciprocals of each other
cancelling phase perfectly, but as the sample time interval increases they need not stay perfect
reciprocals. Figure 2-4 presents this for the third order model, giving the two zero locations as a

function of the sample rate, and compares the location of the zero inside the unit circle to the
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reciprocal of the zero located outside the unit circle. We can watch these two curves converge to

the same curve. They are reasonably close for all but very low sample rates.

zero location
[\

0 100 200 300
Frequency (Hz)

Figure 2-4. Locations of zeros introduced by discretization for third order model as a
function of sample rate.

Note that the phase of any factors in the numerator of a transfer function are additive, and
the phase of any factors in the denominator subtract to form the overall phase of a transfer function.
In the case of a third order system considered here, we have the zero inside, the zero outside, and
the pole at the origin. The other poles and zeros are essentially cancelled. Figure 2-5 gives the
corresponding phase for sample rates from 25 Hz to 300 Hz. The zeros are not quite reciprocals so
that there are phase contribution from these terms, but the maximum contribution observed for the
slow sample rate is about 18 degrees, and this sample rate is about as slow as one would be willing
to use for this system. The stability condition, when the repetitive control gain gets small, is able
to tolerate a maximum of plus or minus 90 degrees phase in the product G (z)F(z). We see that
the phase from this term in the 3™ order case is well within such a tolerance. The 5™ order system
has two pairs of zeros, and for particularly slow sample rates can produce more that 40 degree
error. This is still within the convergence limit. The magnitude plots are an indication of the
learning rate, i.e. the decay per period for each frequency, as suggested by the form of the

homogeneous difference equation give previously, and made rigorous in References [2] and [8].
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The learning rate is similar to that produced by the compensator design method of Reference [9],
the learning becomes slower at high frequencies. The design method of Reference [10] nominally
creates a learning rate that is more uniformly at all frequencies. This is a price that we pay for

using the simple design technique.

2.7.2 G(s) Modification of 2.7.1 for Even Pole Excess

The extra consideration associated with even pole excess is that there is an odd number of
zeros introduced, all but one is paired at reciprocal location, and the remaining zero asymptotically
approaches z = —1. This approach is normally from inside the unit circle. From Figure 2-3 we
know that a zero near —1 will produce a fast phase change near Nyquist frequency. When the
frequency puts z straight above the zero, the phase contribution is 90 degrees, and it becomes 180
degrees when reaching Nyquist. One can take several approaches to deal in a simple way with the
phase contribution of this zero.

It is possible that the phase error from this zero remains small enough for convergence up
to a relatively high frequency. And then one may be quite willing to use the zero-phase low-pass
FIR filter to cut off the learning when the phase becomes too large. This cutoff can be tuned in
hardware. One may want the cutoff for other reasons related to energy consumption, actuator
limits, etc. Figure 2-6 studies the phase contribution for different sample rates for a second order
system obtained by deleting the first order factor in the third order model. It also gives results for
a 4™ order system that is just the square of the quadratic factor. We observe again that the phase

error can be tolerable, but is perhaps larger than one would like.
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Figure 2-5. Phase deviation from zero and corresponding magnitude |1- F'G |as the sample
time is changed for the 3" order system (left) and the 5™ order system (right).

Another very simple thing that one can do is simply place a pole near -1 to nullify the
effects of the zero without particular concern for the actual zero location. Figure 2-7 considers the
4" order system, and simply places a pole at -0.9 as a way to nullify much of the phase contribution.
Of course, one could aim to put the pole underneath the zero, but the design process we are
developing designs the digital RC directly from the continuous time transfer function without
finding the actual zero location. This location is -0.541, -0.741, -0.862, and -0.952 for 25, 50, 100,
and 300 Hz, respectively. Remember that 25 Hz and even 50 Hz are rather slow sample rates to

use for this system. The numbers are very similar for the second order system. The design produced
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by this process is stable and converges to zero error.
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Figure 2-6. Phase contribution and the corresponding magnitude of |1- FG | from the zero
that tends to z = —1 for the second order (left) and the 4™ order (right) systems.
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Figure 2-7. Phase contribution and the corresponding magnitude of |1- FG | from the zero
that tends to z = —1 for the 4™ order system when a pole is placed at -0.9.

2.7.3 G(s) Has a Zero or Zeros in the Left Half Plane

If there is a zero s; of G(s), then one can place a pole at z; = e®J T Technically, this is an

approximate cancellation because the actual zero location is also a function of the pole locations
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as described above. Howewis approximate mapping is good through poweiBinfthe Taylor
series expansion equal to the order of the system. A third order system sampled at 100Hz will start
with in the! " term in theTaylor series wherk” # $% . Thus, this approximation will be quite

accurate in most applications.

2.7.4 ( )*+Has a Zero or Zeros in the Right Half Plane

When we have a non minimum phase system, we should know that it has this property.
Knowing the zero location in the right half of tiseplane, we can pick from three approaches.
Figure 28 considers a systen)- +consisting of a single zero outside the unit circle on the positive
real axis at 1.1. It is interesting to note that if we pigk+as-1 times a normalizing gain that
makes the maximum value of the positive produett, )- +equal to unity, then we get curvas
in Figure 28. The left plot shows that the phase §f+, )-+stays less than 30 degrees, and the
right plot showsthat the resulting RC system is stable. The second method makes use of the
technigue discussed above that eliminates phase for zeros introduced by discretization that are
outside the unit circle on theegative real axisAgain, take the reciprocal of ttzero and supply
a pole at the origin. Because the zero is on the positive real axis we need to muliplyf ivgn
we find the maximum value, this time at Nyquist instead of at DC, and introduce a normalization
to unity of the product )-+ )-+at this frequency. This is platin Figure 28. it does a perfect
job of cancelling the phase, but does not produce a reasonably uniform learning rate at all
frequencies. In fact, the right hand side of the plot indicates that the lear@rgpes to zero at
DC. The thirdapproach following Referendé1] imitates the zero in multiple locations evenly
spaced around a circle of the radius of the zero image mpla@e. Again one needs to multiply
by -1, and then normalize. One finds thexamum magnitude over all frequencies for the product

with, )-+ and introduces a normalization so that the maximum valug-ef )- +becomes unity.

25



Figure 28 considers three cases of repeating the zero so that there is a total number of zeros equal
to 4, 8, and 16 (plots, d, e in Figure 28 respectively) The more times the zero is repeated, the
closer the phase stays to zero phase. The right plot shows the magnitude plots. Each plot goes to
zero at a frequency that could be used for the normalization. The advantage of this approach is that
the magnitudelot gives a more uniform learning at all frequencies, and the more zeros used the
closer the plot stays to the ideal zero value of learning as fast as possible. The first approach is the
simples, but the last approach can give the best result ovemaléfreies. To use this thinking on

more general systems, note that the phase of the zero term considered here is adtitie #$

with any other factors, and the gain!0#®6'#$is multiplicative.Chapter 4 and furtherstudy
nonrminimum phaseystemsin Chapter 4, we investigate how methods proposed here and other
existing method perform o several nomminimum phase systemghe solutions irplotsa, c, d,

ande, are equivalent to Appach 4 andthe methodn plot b is the same as Approa6hn Chapter

4. Chaptes 4 and Spropose methods to deal with slow learning at low frequemtiesh perform

well even when the image of the zero location getschosthe unit circl¢han the example studied

in this section
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Figure 2-8. Canceling the phase contribution of a non minimum phase zero at z = 1.1.
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2.8 Comments on Other Emulation Methods

2.8.1 Relationship to z = e*7

Recall that the mapping of poles and zeros from continuous time to discrete time follow
the exponential formula

1 (2-22)

s= Tlnz

The second expression is not one that could be substituted into a Laplace transfer function to
produce a z-transfer function of a difference equation. The emulation methods need this property,
and note that the first 3 methods are all approximations of this exponential.
The Taylor series expansion of this exponential is
1 1 (2-23)
z=1+sT+ Z(ST)Z + E(ST)3+. .
Emulation method (i) is just the first two terms in this expansion. Using the Taylor series expansion
result (1 —x)"1 =1+ x + x% + x3+... on emulation method (ii) produces
(2-24)
z=1+sT + (sT)* + (sT)3*+...
For method (ii), again the first two terms match, but later terms do not. Then using the same

expansion for the denominator of emulation method (iii) and multiplying produces the following
1 1 1
z=1+sT+ 5 (sT)? + E(ST)3 +52 (sT)*+... (2-25)

For emulation method (iii), the first 3 terms match. However, we comment that these relationships
go from Sto zfor all S, which is different than mapping just poles and zeros using the exponential

relationship, and the Taylor series expansion properties only establish a close approximation for
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sufficiently small sample tim&. We need an approximation that is goo#llyguist frequency in

terms of phase, or otherwise we cut off the learning.

2.8.2 Stability

It is very desirable that the emulation method produces a stable discrete time system if it is
emulating a stable continuous time system. This means we woulddikeftinalf of thes-plane
to map inside the unit circle in tlzeplane.Figure 29 shows the image of the left halplane in
the z-plane using the emulations methods (i), (ii), and (iii). The forward emulation can easily
produce instability in discretane. The backward guarantees stability but seriously constrains the
possible dynamics. And the trapezoidal rule which coincides wit-tin@nsformation does what
this transformation is designed to do. It maps the closed left half plane onto the dibsadla.

In this respect the trapezoidal rule appears far superior.

Imag Imag Imag

7 k. A

Real Real Real

Y

)

Forward Backward Trapezoidal

Figure 2-9. The image of the left hals-plane in thez-plane for Forward, Backward, and
Trapezoidal emulation methods.

2.83 Time Delay Issues

When a continuous time transfer fulocti "#3$is fed by a zero order hold and the output
sampled, generically there will be a one time step delay from the time step at which the input is

changed to the time step at which the sampled output first changes. This means that the correct
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I "#$ musthave one more pole than zero. Our RC applications need a zero order hold input to the
physical world, so our compensator which tries to be the inverse afytem, will need to have
a onetime step phase lead.

Examining emulation method (i) we obsertattthe number of time steps delay in the
resulting digital system is equal to the pole exceds't i.e. it is equal to the number of poles
minus the number of zeros. Unless this pole excess is unity, there will be fatal phase errors
approaching Nyquist. At Nyquist frequency there are two samples per period of oscillation. An
extra time step dejaat this frequency corresponds to an extra phase lag of 180 degrees. According
to the stability condition, a 180 degree phase difference betwatrand& ("#$will definitely
violate the stability condition, unlegs"#$ is able to cut off theelarning process at higher
frequencies to stabilize the RC system at the expense of not addressing the error components above
the cutoff.

Examining emulations methods (ii) and (iii) we find that the number of zeros in the
resulting! "#$is equal to theaumber of poles. Thus, the resulting discrete time transfer function
has no time delay in it. The same comments apply again here, that we know that we will not be

able to have a stable design all the way to Nyquist frequency without the use of a cutoff.

2.8.4 Performance of Emulation Methods (i) and (ii)

Consider the third order system and apply emulation method (i), the forward rectangular
rule. The plot of|* + &(#)! (#)| for # on the unit circle from zero to Nyquist is shown on the left
in Figure 210 and we see that it goes above unity somewhere between 15 and 20 Hz. We can
design a cutoff filte) "#$to stabilize this design, resulting in the plotpf{#),"* + &#)! (#)-|
on the right of the figure, which will result in zero error for error frequency components roughly

up to this cutoff (there are subtleties related to the effective d6joftt is reasonably likely that
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eliminating errors up tdis cutoff would eliminate the majority of the error, making this design a

simple and effective design.
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Figure 2-10. The stability condition for emulation method (i) applied to the *§ order
system. Without cutoff (left), and with stabilizing cutoff (right).

The corresponding figures for emulations method (ii), the backward rectangular rule, are
given inFigure 211. Similar comments apply, but note that this time the cutoff frequency must

be considerably lower, making the design less effective.
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Figure 2-11. Plots corresponding to Figure 2L0 for emulation method (ii).

2.8.5 Effectiveness of a Frequency Cutoff Filter

We expect to need to use a frequency cutoff in real world applications because it is hard to
have a good system model at high freques)cyet RC needs to know the model phase to within

plus or minus 90 degrees to be able to guarantee stability. We also may want a cutoff to respect
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the limitations of the hardware, correcting periodic errors far above the bandwidth of the system
can ask for unreasonable actuator output. In cases when we want to obtain zero error up to the
maximum possible frequency, we should use a sophisticated RC design as in References [2] and
[12]. In this case we are forced to tune the cutoff filter H(z) in hardware since we do not know
what is wrong with our model. We let the hardware tell us at what frequency the learning process
no longer works.

The above emulation methods could be convenient to use when we are not concerned to
learn to the maximum possible frequency, and apply the emulation to design the compensator and
then cut off the learning in hardware. This thinking applies to emulation methods (i) and (ii), but
method (iii) has additional difficulties. The denominator of emulation method (iii) has the factor
(z + 1) in the denominator of the expression for s. One sets z = exp (iwT) in the resulting G (z)
to find frequency response, and this term becomes zero when reaching Nyquist frequency where
z = —1. Assuming there are more poles than zeros in G (s), when one clears the fractions in G(z),
there will be a factor of (z + 1) to the power of the pole excess that multiplies the numerator. The
compensator F(z) uses the reciprocal of this transfer function, and therefore has a singularity at
Nyquist frequency. Our FIR design for H(z) will not produce a zero at Nyquist. We could insist
that this filter have the requisite number of zeros at Nyquist frequency to kill the singularity. To
do so, we modify the design of H(z). The design currently is a simple least squares problem and
requires only the solution of a linear set of equations to determine the gains. To impose the
requirement that the FIR filter produce zero at Nyquist, i.e. when z = —1, we need to require that
H(—1) = 0. This means we require the following equality constraint be satisfied

a, —2a, +2a,—...+2(—1)"a, =0 (2-26)

31



This eliminates one unknown coefficient in the design equations, again leaving a linear set of
equations to solve. If one needs two zeros at Nyquist one can produce the corresponding equation
dH(z)/dz|,-_,; = 0. But this is perhaps not a robust process in real world applications, trying to

kill something going to infinity with something that is going to zero.

2.9 Conclusions

When considering the use of emulations methods (i), (i1), and (iii) in the design of repetitive
control compensators, a number of issues appear. None of the methods produces a model that is
good all the way to Nyquist frequency, and hence to be used one must employ a frequency cutoff
filter. This can be practical, but one might conclude that there is not enough benefit of simplicity
of design to motivate one to use this approach.

The original pole-zero emulation method also had related difficulties at Nyquist frequency.
However, we are able to create a modified version that has considerable appeal. One simply
cancels the continuous time images of poles inside the unit circle, and if present we do the same
for any zeros inside in continuous time. Then we simply adjust the time delay through the system,
and in many cases this will create a workable RC law. It is evaluated how effective this very simple
approach is, and one sees that it can be very effective. Some special considerations are used for
even pole excess. The evaluation of how well this design approach works, sheds light on the

robustness properties of more general RC design methods.
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Chapter 3

Repetitive Control Using Real Time Frequency
Response Updates for Robustness to Parasitic
Poles

3.1 Introduction

Chapter 2 proposes a simple method to create repetitive controllers directly from the
continuous time model. Reference [1] develops the mathematical theory saying that this approach
will produce a repetitive control system that converges to zero error if the system model and the
real world model do not differ too much. However, in the physical world, one always expects that
there will be some unmodeled high frequency dynamics, sometimes described as parasitic poles,
other times it represents residual modes. One missing pole at high frequency can potentially
produce a model error approaching the 90 degree limit, and this makes RC subject to instabilities
from missing high frequency dynamics. In practice, this is addressed by introducing a zero-phase
low-pass filter to cut off the learning at frequencies where the model is not sufficiently accurate
for convergence [2-3].

If one wants the minimum possible tracking error, one wants to push this cutoff to as high
a frequency as possible. Then one can aim for zero error at all harmonics below the cutoff, and
must tolerate the remaining error. Note that one cannot design this cutoff frequency before building
the hardware. The needed cutoff frequency is dictated by what is wrong with one’s model. If one

knew what was wrong with one’s model, one would fix it. Hence, one must tune this part of the
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repetitive controller by observing the hardware behavior, and then one can observe how much
error one is able to eliminate.

If a frequency below the cutoff used happens to have too much phase lag, and produces
instability, it is interesting to note that the instability is usually a very slow instability. At high
frequencies the magnitude frequency response can be very low, so the error grows very slowly.
Instability in feedback control systems very often is a sudden catastrophic growth in error, but in
typical RC the instability is slow. This allows us to let the instability grow slowly, bringing error
out of the noise level, and producing data that is precisely the data needed in order to know what
is wrong with the phase information at that frequency. Reference [4] exploits this aspect of
repetitive or learning control. It suggests use of RC to create an alternative to algorithms for
optimal experiment design for purposes of identification. One intentionally uses a model putting
one near the stability boundary of the nominal model. Errors in the model easily produce growing
error data that can be used to correct the model.

The purpose of this chapter is to develop several approaches to producing repetitive
controllers that observe the input and the output histories while repetitive control is running, and
develops the frequency response knowledge needed for convergence. If one applies the inverse of
the system steady state frequency response as a compensator applied to the error history, one
produces a convergent RC law. A series of different approaches are treated.

(1) The first approach uses a moving window of one period of input-output data. One can
perform a real time discrete Fourier transform (DFT) of this window, for each frequency one can
see in the data, DC, the fundamental, and the harmonics. Applied to the input and the output, this
allows one to find the frequency response or the inverse of the frequency response, provided the

data is not changing fast. Then the DFT of the error tells us what signal to apply to cancel error.
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This is a linear constant coefficient version of the repetitivéroblaw created in Referengg]
for RC applied to linear systems with periodic coefficients. Such a moving window has been used
in a number of RC approaches, including Referg¢6kte\ote that the DFT of a moving window
can be performed easily in real time. For each frequency, one needs to add the newest input or
output signal, delete the oldest signal, and multiply the remainder by a constant. Note that one can
easily have a cutbfilter when using this approach, simply do not perform the DFT for frequencies
that one does not want to address. This does not however eliminate the need for a cutoff filter on
the signal applied to the control system, because leakage can produeadresjabove the cutoff
that need to be eliminated from the input before it is applied. This approach is a direct way to
produce the desired compensator that is the inverse of the frequency response of the system, and
for sufficiently slow learning rate ghould converge. At faster learning rates, there will be leakage
effects due tdhe nonstationary nature of the signal.

(2) An alternative method dilnding the frequency response information makes use of the
results obtained in Referen|c@ for matchedasis function repetitive control. This reference seeks
to find input or output components on sine and cosine basis functions. Output basis functions are
shifted relative to the input basis functions by the amplitude and phase change through the system.
In place of the recursive DFT at each frequency, one finds the frequency components updated in
real time from the projection algorithm of adaptive control, using one projection algorithm of each
frequency of interest. This information defines the currentnitade and phase information for
each frequency.

Referencd7] creates the RC law that projects the error onto output basis functions, then
replaces the basis functions with the corresponding input basis functions that have the magnitude

and phase inverte This creates the repetitive control update of the control action for that
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frequency. The equations involved are linear, but make projections onto sines and cosines, and this
produces periodic coefficients. Reference [7] shows by analytical manipulation in Mathematica,
that the resulting equations can be written as constant coefficient linear equations with specific
locations for poles and zeros based on the system amplitude and phase response at the frequency
considered. To make the RC law by this approach one computes the frequency response at the
frequencies of interest using the projection algorithm. The resulting amplitude and phase is
inserted in the equation for the RC pole-zero compensator to obtain the error cancelling control
action based on the most recent model. This RC design approach is good because it allows one to
address any isolated frequency or set of frequencies independently. Experience shows that when
applied to too large a number of frequencies, one may have to keep the overall learning gain low
producing a slow learning rate.

(3) The repetitive control law developed in Reference [8] develops an FIR filter to perform
the compensator representing the inverse of the steady state frequency response. It is observed that
only 12 gains in this compensator, corresponding to multiplying 12 time steps of error in the
previous period, is sufficient to produce an inverse that is good to between 2 and 3 decimal digits
on a third order example system. The 12 gains are obtained by minimizing the square of the
difference between unity and the product of compensator times model, summed over the
frequencies of interest. Hence, this RC law is very easy to apply. To move toward this type of RC
law from that described in (1) above, once we have computed the current frequency response from
the DFT results, one computes the FIR coefficients, as described in Reference [8] or [1].

(4) Finally we consider what may be the real practical problem of interest. Suppose that we
have an initial model from which we perform the simple and effective FIR compensator as in (3)

above. When initially implemented in hardware, one normally will observe the frequency content
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of the error, looking for any frequencies for which the error is growing due to unmodeled high
frequency dynamics, then picks a cutoff filter to cut off the learning before reaching these
frequencies. Suppose one has done this, but is a bit unsatisfied with the final error level, and wants
to raise the cutoff frequency. Instead of trying to learn everything that is wrong with the model
immediately, one learns to raise the cutoff gradually, stopping when satisfied with the error level
reached.

One raises the cutoff some chosen amount to include one or several extra harmonics. While
using an FIR design that is aims to model the inverse of the frequency response, as in (2) above,
one will observe growth of the error at the extra harmonics. By running a separate projection
algorithm on the input and the output for each of these harmonics, one can determine the magnitude
and phase relationships for these frequencies. And this information prescribes the corresponding
pole-zero compensator to use on these frequencies. To do this the projection algorithm is finding
the magnitude and phase difference from command input to the feedback control system, to the
FIR compensated output, i.e. finding what is wrong with the compensated signal at the extra
harmonics. And then one applies the pole-zero compensators for these harmonics to the already
compensated signal. This approach allows one to raise the cutoff successively, quitting when one
is satisfied with the error performance.

This is a particularly attractive new ability. Previously, the performance of a repetitive
control system was limited by the accuracy of the model used in designing it, and how much it
was limited is only known when one applies the RC law to the real world and must pick a cutoff
to stabilize. The result may be disappointing. Normally, to get better results one must work to find
a better model, redesign, and try again. Here, we have an adaptive process that allows one to raise

the cutoff, and improve the performance, while the repetitive control system is running. In the
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following sections, the equations needed for these various approaches are developed, and examples

are produced to examine their behavior and effectiveness.

3.2 Approaches to Real Time Determination of Frequency
Response from Repetitive Control Data

3.2.1 Moving Window

We wish to correct RC designs developed based on a feedback control system frequency
response model, to account for high frequency model errors. One can estimate the steady state
frequency response of the feedback control system using a moving window DFT containing p time
steps, as utilized in various references, such as References [5-6]. One applies the DFT to both the
input and the output, and from the ratio determines the frequency response. The way to propagate
the frequency content to the next time step by using a shifting matrix is presented.

The Vandermonde matrix for a p time step window is

1 =1 _=2 _—(p-1)
<o <o <o

V: l "2 -1 . »—2(p-1) (3'1)

< <0 <0

1 ~—(p-1) ~—2(p-1) oo, o= p=D(p-1)
<0 <0 <0

and its complex conjugate VV* is obtained by replacing the minus signs by plus signs in the
exponents. The frequency components from one period time history of input u(kT) can be

obtained as
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[ %] / (%0 -1,'2)
¥ H;f&' # o, |/ (&0 -132) (3-2)
)
_!*+(0/&'_ / 982'

The recursive form for computation in real time updates of the input frequency compdnoemt

time gepk to time stegk+1 can be propagated as
a1 # 5@ 157 (&1,)2)0/ (@0 - 1,)2)] (33)

where5g # 8% 1<, =g # % and=4 # @=. The recursive form of the frequency components of

the autput and the error can be computed in the same way.
The magnitude responsgk) is then given by

) 1. IDg @
|A"B(o/8gc |# ||B(0/@| (3-4)

and the phase resporis@&’ of the identified system is
FAg(8%c)# FDg((@O F' . (@ (3-5)
If there is a periodic disturbance of perjptime steps, then one needs to apply this approach to

the change in input and change in output from one period back to the present period, in order to

eliminates i$ influence.

3.2.2 Projection Algorithm

The moving window DFT can work well on a steady state signal to determine frequency
content. When applied toptime step window observing some decay of the error, the DFT will
produce a set of sinusoids that reptha signal each time steps. If there is decay during the p

steps, then a discontinuity is produced from one period to the next, reguléiogne inaccuracy.
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Reference [7] uses a projection algorithm for matched basis function repetitive control that projects
the error onto sinusoids and applies the matched sinusoids to the system. Here we use the
projection algorithm to determine the frequency components of the input and the output to compute
the frequency response, i.e. to find the input basis functions that match the output basis functions.
The projection algorithm does not use a window, but does offer a forgetting factor that one tunes.
Hence, some of the difficulties of the moving window are avoided. We use one projection
algorithm for each frequency of the given period, of for each harmonic frequency requiring
adjustment in the model to obtain convergence.
To find the frequency response at frequency ! » # $. % find the components of input & ()
and of output *' () on both sine and cosine of this frequency
w0 (O# [~ 10.() 120.()] (3-6)
The ! « # $. %is the normalized addressed frequencies for n=0,1 ,..., N and range from 0 to 7,

and T is the sample time interval of the digital control system. The coefficients of the output and

3" 1

input components on these sines and cosines at time step k and frequency nare 3. (() # [3 4 E ;]
-

64" ()

and 6 (() # [65'()

], respectively.

The frequency coefficients of the output are updated from time step Kk to step k+1 according

to the projection algorithm

9+i'( 7 8) . ' |
T (7o (7 (OHTHI0] (3-7)

#[=<9+i' (7 8)9+.'(78)]3(()79+i'(78)*(78)

3.(78)#3 ()7

The input components 6. (() are updated similarly. The magnitude response of the system for

frequency n at time step k+1 assuming a one time-step delay through the system is

41



A g+ D)+ Rk + 1) _
ke +1) = j V200 + 1A (0 G-5)

Also, we know that the phase of output and input are equal to atan2(f,s(k + 1), Bnc(k + 1)) and

atan2 (s (k), ¥ne(k)). The estimated phase of the frequency response of the system for frequency

n is equal to

T(k +1) = atan2(Bps(k + 1), Buc(k + 1)) — atan2(yps (k), e (k) (3-9)

3.3 Repetitive Control Laws Based on System Frequency
Response
Without a cutoff filter, Eq. (2-8) in Chapter 2 becomes
|1 - F(e“T)G(e*T)| <1 Vo (3-10)
which suggests designing the compensator F(z) so that the left hand side of the equation is zero,
i.e. the compensator should be the inverse of the steady state frequency response of the feedback

control system.

3.3.1 FIR Compensator RC Design

Reference [8] creates a compensator in the form of an FIR filter that sums a number of
errors in the previous period multiplied by gains
F(z)=a;z™" '+ a,z™ %+ +a,z2° ++a, ,z7 ™D 4q,z-00-m (3-11)
where the gains are chosen to minimize the left hand side of Eq. (3-10) summed over a suitably
chosen set of frequencies from zero to Nyquist frequency

J= 2[1 — G(elMYF ()| W[1 — G(e'T)F (ei@iT)] (3-12)

N
j=0
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where the asterisk indicates complex conjugation. This FIR filter can be a surprisingly good
approximation of the inverse frequency response with relatively few gains. Note that the cost
function can choose to ignore higleduencies where the model is suspect. The lease low

pass cutoff filter is designed similaidg in Eq. (24) and (25)

If one wants to use this approach, and incorporate updated frequency response information,
one can be using the moving window DFAr fundamental and all harmonics and apply the
optimization criterion summed over those frequencies. Alternatively, one can do the same when
using projection algorithms for all frequencies. But both methods do not need to compute an FIR
filter, and can gdlirectly to computing the frequency updates needed in the control action.

On the other hand, one can combine the approaches. For example, after increasing the
cutoff frequency such that there is now a harmonic below the cutoff that has growing amplitude
with repetition, one can use the projection algorithm to compute ¢qedncy response of the
productfor this frequency component. Then use this information to make @eaeompensator
forl" #%& ()* #$% () to apply to the error, that addresses this frequency, aiming to now converge

to zero error for this previously unstable frequency.
3.3.2RC Design Directly from Moving Window Data

Once one obtainedh¢ estimated model from methods presented in previous section, one
can adjust input according to current magnitude and phase of the estimated frequency response of
each frequency. In the model, we assume that we sel&c} to produce the desired# / 0)
forn=0, 1, E, p-1. For some systems, with negligible computation time one can modify the
equations to use the¢k) and to produce(k).

Once one obtaing # ) and2 # ), one can compute the needed input by updating the

frequencycontent of the input in the previous time stgpuking the LAW1 in Referend]
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POO#SC &) "

(T # (09,1,

(3-13)

where gain matriy is a diagonal matrix with diagonal elements3g83;53,58 334. 5, (01), is
the last row of the matri@* and$yis a time shifting matrix
St <=>2@5@B 5@ ©'B (3-14)
anddiag indicate a diagonal matrix of the givefements. Given the frequency response of the
system computed from the moving window for fundamental and each harmonic
C()# <=>[D("E'R()FH D" EROIB @y, 5" )EHD] (3-19

the repetitive control matrix representing the inverse of the frequency response is given as

() # 1<=> [ MO M()E HOF M())E BB 5
(3-16)
(M3 (")) E Bar)]

From one tine step to the next, after obtaining erEé(" (") ) one updates the error
frequency components from the previous time step window to the timietdt@pndow according
to

W () @ & SEC &P
' (3-17)
(@"" " GEC ()

Above it is assumed that once the measuremdnt'bf- is available, ,"/ - can be computed fast
without losing a time step. If the system needs one step for computation, one would be required to

compute. ,"/ - based o (" &' ). However, one can still usg,to propagate one step forward

PO#SC &))" & - (3-18)
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If one is using the moving window algorithm alone, without using the FIR compensator, as detailed
here, it is obvious how to ply a cutoff of the update process. One simply does not compute the
frequency components that are not being addressed in the RC law. Mathynahe can write
RC Law (318) with a diagonal matrix that contains ones on the diagonal up to the cutoff
frequency and zeros thereafter

TSR TEHE () A (3-19)

3.3.3RC Design Based on Matched Basis Functions and the
Projection Algorithm

Instead of a moving window, one can use a projection algorithm to compute in real time
an estimatef the error projected onto the frequencies of interest, DC, fundamental, and harmonics
of interest. The projection algorithm data for input and output gives the frequency response
information, which defines the matched basis functions, for each frequéray.one applies the
matched basis function repetitive control theory developed in Refeféh@s the repetitive
control law using these matched basis function. The output basis functions applied to the error
signal to be corrected are sines and cosmesach frequency addressed, and the matched input
basis functions contain the reciprocal of the amplitude change when the input goes through the
system, and the negative of the phase change. As developed in Reféetiee mathematical
operations justlescribed are equivalent to a time invariant fg@e® compensator for each
frequency addressed. The transfer function to comgiydrom e(k) is

3
2/010-2. (3-20)
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D*+( o« - ..)% - 0123..)%4 12K, » - ..)]$
$4(C.-0123,.)$4#- '.-BHY$ - 0123, -)$4 6]

1. HSYR, (—) (3-21)

(-
is a compensator feeach frequency=1, 2, 3, E, N. The compensator contains 2 zeros and 4
poles for every frequency addressed, 'ands gain picked in the projection algorithm. There is a
4" order difference equation needed to be computed in real time. This métiesiane to pick
which frequencies one wants to correct based on the frequency content of the err¢r.aDdly

.« Meed to be updated in ($)For each time step.

34 Adjusting the Learning Gain vs. Frequency and
Producing a Frequency Cubff

The methods proposed above also provide an option to introduce different learning gain
for each frequency. For the moving window method, we can adjus? gdor each frequency in

a diagonal matri8. The new form of matrix becomes

/ / ) / . ! .
L(K) = di O R Y O S (VRN = eI ()
W=09 9 w0° " n® a9 (322

It is necessary that ea@h gain be the same for both terms in the complex conjugate factors that
relate to the same frequency. For the projection algorithm, we can adjust gain similarly.

Three are various choices for these gaimse Gbuld learn each frequency at the same rate,
in which case one can make all gains equal. And picking them equal to unity means one is applying
the inverse of the steady state frequency response or one can use a different constant. The unit
circle conditon discussed in Refereng¢é] indicates that decreasing the learning rate makes
repetitive control more robust to model error, in particular to phase error. As the learning rate
approaches zero, the stability tolerance approaches plus or minus 90 d8greesmodel

uncertainty gets larger at high frequencies, one can choose to use a small gain as the frequencies
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go up. One choice according to this objective, is to make a learning law that only cancels the phase

of the system
L(k):diag;ﬁl g0 ik | e!i-'pu<k)$ (3-23)

or a constant times this. Because the frequency response of physical systems attenuates as the
frequency goes up, this choice is learning more slowly at high frequencies. This choice in ILC
corresponds to the partial isometry law. When usirgy dtojection algorithm to generate the
frequency components, and then applying the-pete transfer functions of Equatior&Z0) and

(3-21), this becomes

[0* (++, -)% , /01Z-.)$3 0124+, -.)]$

Lo AP ' [$ 3 (. . /)011+,,)$3 #, '%[$ ) /OlZ+")$3 5]

(3-24)

In normal applications of repetitive control, it is usually necessary to use a cutoff filter to
prevent updating frequencies for which the model is too inaccurate. Bgemmodeled parasitic
pole at high frequency can be enough to produce instability and error growth at such frequencies.
Many approaches require the design and application of gobase lowpass cutoff filter in the
form of an FIR filter. Observe that teewe can avoid this task. For the moving window algorithm,
one simply sets the alpha gains to zero for all frequencies above the desired cutoff. For the
projection algorithm, on simply sets the associ&etb zeros in Equation ¢(30), i.e. one does

not compute any poleero compensator in Equation23) for such frequencies.

3.5 Raising the Cutoff Frequency in aRepetitive Control
Systems Using an FIRCompensator Based o Nominal
Model

The methoddiscussed above so far consider that one designs the RC law based on

frequency response for all frequencies, or all frequencies up to a cutoff. One can create methods
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to observe the frequency content of the input and the output in real time and usapbet¢athe
frequency response information for each frequency, or for frequencies that require correction to
have error convergence. The expected situation is that the nominal model gives sufficiently good
frequency response information for convergencdrayuencies up to some value. Often at high
frequencies there are parasitic poles or residual modes, i.e. dynamics not present in the model,
dynamics that might be hidden in the noise when using data to identify the nominal model. The
cutoff frequency regjred for stability in the real world is then determined by what is wrong with
oneOs model, and hence must be tuned in hardware after applying the RC design to the hardware.

Using the methods discussed above, one can adaptively update the frequensg igspon
and phase in real time or periodically, watching all frequencies, using either the moving window
or the projection algorithm data being collected in real time. One needs decision criteria to know
when the data for a frequency is sufficient to watrtese in correcting the model.

Another likely scenario, is to have a repetitive controller running, designed from the
nominal model, that uses an FIR filter to mimic its frequyer@sponse invers&][ One might use
frequency response data in real timmeddesign the FIR filter, but this perhaps a bit awkward in
real time. Then it is natural to ask, can mave anncremental raise in the cutoff, observe some
frequency above the original cutoff growing slowly, use the data to design an update by the
projection method or moving window method, and simply apply a correction to the exiting
repetitive control system? For example, using the moving window to determine frequency
response of (")#$'%On has data for the input to the real wdarld), observes the output, then
processes this output through the filt§t), and determines what frequency responses need to be
corrected. The produéiz)G(z) when using the nominal model, aintechave zero phase and gain

of unity. for frequency of interest. The value of coeffici@ntthe element in diagonal matrix
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corresponding to frequeney estimates how much the compens&i@ should to be corrected.

For the moving window methothe needed changes in the input#$%& can be computed as

1" ($% ' §—*+',- /.*.0($) 1 )(—*J;'_ Ao OfB& (3-25)
wherd. * —>—078947965& anqd: - is a fequency corresponding to the conjugate frequency of

|45 65 |
frequencyn, and*,_ is the element g row andn™ column of the matri¥/". For the projection
algorithm, one can compute the value.oAnd< to be the magnitude and phase cege of= >.

at frequencyn.

3.6 Some Numerical Experience

Some computations were performed for a system having a residual mode. The actual
system is fifth order with a second order underdamped factor with undamped natural frequency of

30Hz and dmping ration of 0.5 system that has three poles and a pair of parasitic pole at 30 Hz

>(?)" @ AS Ag (3-26)
Y1 @71 oA, 1 AB||P1 coag 1 AB

where @20, A;=2EF® and Ag=2EIJ . We consider that gbamodel used to design a repetitive
controller fails to include this 30Hz mode. The window iz 100, the sample frequency is 100
Hz, and the desired trajectory is a 10Hz sine wave.

Figure 31 shows the discrete time frequency response plots foygtens model and for
the full system. If one incorporates an overall repetitive control gain times the inverse of the
frequency response of the model as the RC law, then as this gain approaches zero, one can obtain
zero tracking error in the limit for alidquencies where the difference between ther8er model
and the ¥ order system is less than 90 degrees. Figure 3 shows what happens when one applies

the RC designed for thé*®rder system to the real world. The error initial decays substantially,
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corresponding to eliminating low frequency error, but after some time, the slow growing and

initially smaller high frequency error starts to take over.
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Figure 3-1. Left is the phase plot of the B order system, and of the 4 order model. Right
is the RMS error per period versus period when applying the % order RC design to the &'
order system.
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Figure 3-2. Left plot is RMS error per period vs. period when using the moving window
method to update phase for all frequencies. Right plot uses the petero compensator for
10Hz applied knowing the matched basis functions for this frequency.

There are various considerations to address when applying the moving window and the
projection algorithm methods to update the frequency response model for the ftegaencies.
Concerning the moving window there are extra frequencies that appear that disturb the results.
One issue is that the moving window is applied while the RC is running and therefore modifying
the frequency content. The moving window with tigdt period will not have leakage effects on

a steady signal, but the time variation introduced what appear to be errors at additional frequencies

that are not relevant. Looked at another way, the DFT of a signal that is decaying due to learning,
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determing a set of sinusoids to fit the signal in the window. If these sinusoids are extended beyond
the present time, there is a step discontinuity (for the continuous time case) at the end of the current
window to the start of the next period. Hence, the sinissare expecting the start of the next
period to be the same as the earlier start, as if no decay of the error has appeared. For continuous
time one also expect to see the Gibbs phenomenon. These issues go away as the learning proceeds
but they confuse thissue of whether the error at a given frequency might be growing due to a
wrong model, or whether the erronjust appearetb grow at the moment due to these effects. As
a result, one needs to make a decision of how long to watch the growth of eargivan
frequency, and how much growth is needed before one is justified in updating the frequency model.
Concerning the projection algorithm approach, there is no window involved, so the
nonstationary nature is not as important, but the algorithm neelds tlelivering reasonably
current estimates of frequency content. One may need a forgetting factor so that the current
estimate of a chosen frequency component of the error is reasonably current, but still allow enough
time to be averaging through these In addition, if one makes a periodic update of the repetitive
control process, and is modeling the frequency response error in the product of the compensator
times real world response, then one likely needs to restart the projection algorithm. Also,
experience with the matched basis function RC method developed in Refgfeimckcates that
when one is trying to use the approach on many frequencies, the gain may have to small producing

slow convergence.

3.7 Conclusion

Repetitive control initially ans for zero error following a periodic command, or in the

presence of a periodic disturbance. But this asks for zero error all the way to Nyquist frequency,
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and one rarely has a good model at high frequencies. If the model phase error is below 90 degrees
at all frequencies, the RC can converge to zero error for sufficiently small learning rates. But one
unmodeled high frequency mode can produce exponential growth at the associated frequency.
Behavior at this frequency may be buried in the noise level of the data when developing the model
for RC design. When the model is wrong enough for error growth, then the RC action can start
amplifying the error at these frequencies. Normally, RC must use a zero-phase low-pass filter to
stop the learning process at such frequencies. The result is zero error only up to the cutoff needed
for stabilization. The cutoff frequency needed is determined by what is wrong with one’s model.
One does not know in advance of trying to use the RC in hardware what the cutoff must be. The
original aim was zero error, and one is disappointed in the final error, and unable to predict it
during the design process.

The amplification is slow at high frequencies, because the frequency response of the system
is small, but the RC grows the error and eventually it is clearly visible above the noise level, and
has produced data ideal for finding out what is wrong with one’s model. The objective of this
chapter is to investigate methods of using the data developed by this process to modify the model
in real time, reducing the model error successively, allowing one to raise the cutoff frequency.
This makes what one might call adaptive repetitive control. But normally indirect adaptive control
is trying to update a general input-output model. Here we only need to improve the model of the
frequency response, and only at whatever frequency or frequencies are causing convergence
difficulties. This is a very focused objective, and the slow instabilities at high frequencies in RC
are ideally suited to this objective.

We consider trying to update the frequency response model at all frequencies, and present

methods to do this. But perhaps the most practical version of the material presented here uses the
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following scenario. One designs an RC law based on tgroeal of the steady state frequency
response of oneOs model. Then apply the law in hardware and analyze what frequencies are
decaying and what frequencies are growing as time progresses. One then can make a cutoff filter
that stabilizes the learning mess, and results in essentially zero error up to the cutoff. Then one
can move the cutoff up, going above some harmonic or harmonics that exhibit growth. Fix the
phase and maybe amplitude information in the control action, and then repeat, movingfthe cuto
still higher. Learning all the way to Nyquist all at once is maybe not reasonable in many situations,
so this progressively learning at higher and higher frequencies is a natural approach, which can be
terminated whenever one wants. Experience witlbatroontrol system illustrates this point. The
bandwidth of the feedback controllers was 1.4Hz but Nyquist frequency was 200Hz. There was no
way that one could obtain frequency response information anywhere near Nyquist frequency, even
if RC were amplifyig errors at these frequencies. So one still wants a cutoff to ensure that when

RC is operated for a long period it will not be going unstable.
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Chapter 4

Using Quadratically Constrained Quadratic
Programming to Design Repetitive Controllers:
Application to Non-Minimum Phase Systems

4.1 Introducti on

The previous two chapters develop design methods which are simple and robust to model
error at high frequenciehe design methods typicalfyerform well in general R@inimum
phasesystems, buhave difficulty learning at low frequencies in Romnimum phase systems.
Chaptes 4 and 5studyRC designs for neminimum phase systenasidaim for methods thatan
address thiproblem

Non-minimum phase systems in continuous time have Laplace transfer functions with one
or more Laplace transfer functi@eros in the right half plane. Such systems have the unusual
property that they move the wrong direction first and then the right direction in response to a unit
step input. In aerospace engineering, the dynamics of airplane control systems can ebgily exhi
this behavior. The dynamics of a rocket can do so as well. And in a spacecraft, if one wants to
position the tip of an appendage by rotating a spacecraft hub, it can easilymemuam phase.
Hence, a sensor at the end of a flexible element whasgnapis controlled by rotating the base
of the element can be a nrannimum phase problenThe sensitivity transfer functiofrom
command to error, or from output disturbance to error ismimmmum phase when one is

controlling an unstable system.
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Iteraive learning control (ILC) is a sister field within control, that aims for zero tracking
error of a finite time command that is repeated, each time starting from the same initial condition.
The most important difference is that ILC asks for zero trackmgr during the transients of a
finite time trajectory, while RC asks for zero tracking error asymptotically for a periodic trajectory
or disturbanceConsiderable research in ILC has studied the application tonmdmum phase
systems, References-fl. These references characterize the difficulty of the problem, which
results from the fact that the inverse of the continuous time transfer function is unstable. Very slow
learning at DC (zero frequency) and low frequencies is observed. Generally, one anakes
compromise with the requirement of converging to zero tracking error as the iterations progress.

The purpose of thishapteris to investigate the application of RC to ramimum phase
systems, determining to what extent there is a problem relateat encountered by ILC, studying
how the various RC design approaches perform on such problems, and then determining how to
address the diffidties that arise. Referencqd piso considers RC of neminimum phase systems.

In RC there can be two kinds mbn-minimum phase systems: (1) Ones that have a zero outside
the unit circle in thez-plane produced as the image of a zero in the right half of the Laplace
transform plane, (2) And zeros on the negative real axis afplene that are introduced by the
process of converting from continuous time system fed by a zero order hold, to discrete time
equivalent. Standard RC approaches handle the second type of zeros outside the uhiisircle.
the purpose othapters 4 and & address problems of the filghd, i.e. ones which are nen
minimum phase in continuous time before discretizing.

Sixgeneral RC design approaches are studied and evaluated for their usefulness in handling
these norminimum phase systems. In the process, an improved design methedtexlahat

generalizes the existing Taylor series approach. An important contribution is the development of
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effective methods of using a MiMax cost function for design optimization. The resulting design
approach is evaluated, establishing that whileajygroach is not to be preferred for minimum
phase systems, it is likely the preferred method to obtain effective RC performance in non

minimum phase systems.

4.2 Non-Minimum Phase Systems
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Figure 4-1. Polezero locations and resulting unit step responses minimum and non-
minimum phase systems.

Figure 41 presents some of the properties of-nanimum phase systems. Each system
is given initially as a Laplace transfer function, and it is fed by a zero order hold running at 25Hz,
which allows one to conveto a discrete time difference equation model representedtearesfer
function. Then the unit step response of each system is shown.

The first system has 3 polesldt # $% &% ' . These map exactly to poles 0.96, 0.92, and
0.88 in thezplane at()* (#+)%* (#&+)%* ,#' +-, and two zeros are introduced by the

discretization, one inside the unit circle@25, and one outside-@&.51 on the negative real axis.
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Hence, this system is minimum phase in continuous time, but some might want to call it n
minimum phase in discrete time. In spite of a zero outside the unit circle zrptaere, the unit
step response does not first go negative and then decide to head towards the commanded unity
value, i.e. the behavior is that of a iImium phase systeniReference [Bgives the asymptotic
locations of the zeros outside the unit circle introduced by discretization, in the limit as the sample
time intervalT tends to zero. When the pole excess of the Laplace transfer function is 3 and 4
(number of poles mirsithe number of zeros), then one zero is introduced asymptotically located
at-3.732 and at9.899, respectively. For a pole excess of 5, two zeros are introduced outside at
23.322 and2.322. For reasonable sample rates, these zeros have not reacbeabyngstotic
values, but they are nevertheless rather far outside the unit circle.

The second system Iigure 41 removes the pole at" #$ and instead places a zero
there. Hence it is minimum phase both in continuous time and discrete time, and the unit step
response is the expected response, and the zero near the origin has introduced some overshoot. The
third system moves the zero fno! " #$ to ! " %$ making it nomminimum phase. The
magnitude frequency response is unaltered, but the phase response is changed. And the unit step
response shown, has the unsual property of going negative before going positive in response to a
positive contant command. Note that for smallthe zero at " %$ will map approximately to
& ()* +% ..

We comment that the OtrueO-nanimum phase zeros in taeplane, that are images of a
nornrminimum phase zero in tleeplane, will generally be very much clege the unit circle than
the zeros introduced by discretization described above. This property is one source of difficulty in

the design of RC for neminimum phase systems. It is the purpose of ¢haepterto study the
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ability of RC design methods to idle noaminimum phase systems like this third system in the
figure.

As an interesting phenomenon, one can analytically compute the zero location for a system
such as the'8one in the figurel (") # $' %& () [(" %* )(" %*.)], using the standard formula
for zero order hold conversidn(,) # $ %, - (/ {! $'()"}. The resulting image of the zero in

thez-plane is given as

01234 5 61274 5 §1(2923)4 (4-1)
- * 0% %1234(5 6% %1274( 5 8%1274 5 1234(
oy CF5&) . (W.58) o %k 2
TR RN A .

For fast sample rate them location is,. ; <=>$& ?), but for slow sample rates the
location is a function of the pole locatiofsgure 42 shows the zero location as the sample rate
is varied, and we observe that as the sample rate is reduced, the zero locationpesahes
infinity for a finite value, between 1.157 and 1.158Hz, and then the image of the zero starts coming

in toward the origin from negative infinity on the negative real axis.
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Figure 4-2. Discrete time zero location vs. sample frequency.
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4.3 Approaches to Creating RC Compensators

Initially it appears as if picking (") # $& " ( would be an ideal choice. It makes the left
hand side of the stability condition zero. Also, the closed loop transfer function from the block
diagram inFigure 21is)*"* making the error difference equation deadbeat, convergingreo
tracking error in one period. However, as noted previously, the process of converting a continuous
time system fed by a zero order hold into an equivalent discrete time system introduces zeros
outside the unit circle for systems with an original peteess of 3 or more and a reasonable
sample rate. In such cases, this choice' 6f produces an internal instability and cannot be used.

A set of different approaches to develop compensdtbt$ that satisfy the stability
condition are treated here, producing a compensator in the form of a finite impulse response filter
(FIR) that does not introduce internal stability problems. (1) One approach continues to aim for
the inverse by using Taylor series expansion of the inverse transfer fuéfon(. (2) A second
approach makes the FIR filter mimic the inverse of the stetatg frequency response of the
system! (,-. (/01)) 2 $¥%(,-. (/01)). Tis the sample time interval. If this is achieved the left
hand side of the stability condition (8) is zero, and instead of achieving zero grtanasteps,
zero eror is achieved asymptotically as the response approaches steady state. (3) A third approach
tries to maké (,-. (/01 )) minimize the left hand salof the stability condition ¢ (3-10) over
frequencies from zero to Nyquigireviously presented in&en 3.3.1 Based on Reference3, |
10], this objective is trying to maximize the decrease in error from one period to the next, i.e. the
optimization criterion is the learning speed. (4) A fourth approach is less ambitious, and simply
asks that thé ' " ( cancel the phase 8f " ( at all frequencies.

This chapterinvestigates the performance of 6 different design approaches, with some of

the above having two different mathematical formulations. These approaches will be labeled
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Approach 1 through Approbad, and the mathematics for each is discussed in a separate section
below. Note that the numbering for the Approaches is in a different order than the order in the
listing above.

Generdly, the FIR filter has the form

mmng 1 (%# (&) %# ) +) % # ) +) % #) wu)ow (4-3)
which in practice simply asks to compu linear combination of the errors possibly both forward
and backward from the time step thapisteps in the past. The coefficients are computed based
on one of the above objectives. The choica décides that there will kB2 3 zeros in the FIR
filter, and the choice d@f dictates that there will b2 4 poles at the origin. Wheh2 4 $ 5
there are no poles. We comment that if the design is dealing with poles and zeros inside the unit
circle, designs will likely want to put zeros more or less gnotiathe poles, and one should allow
enough zeros for this. And then the total number of zeros inside the unit circle must equal the total
numberof poles in order to satisfy Eq.-{®), and this dictates the number of poles to request at
the origin by chice of4 .

Often it is helpful to make an infinite impulse response filter (1IR), denbted , that
cancels all of the poles and zeros inside the unit circle, and then design an FIR compgr#gator
of the above form using one of the above objectiadsgressing only the zeros that remain after
applying the IIR filter, the zeros outside the unit circle that could not be cancelled. To illustrate, if

Tg(#2 #H)(#2 #y)
#2 :g)(#2 1)#2 1))

6(#) $ (4-4)

and# is a zerainside the unit circle, and, is a zero that cannot be cancelled outside the unit

circle, then the IIR applied to data from the previous period has the form
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(#H%& ) (#H%& ) (# % &) (4-5)

(¥ $ ). Fo%E)

Hence, the most geral form of the compensatbr#, considered here is
L (#)$ - 1.+ (4-6)

The! .+, , if itis used, cancels poles and zeros inside the unit circle.. Fietakes the FIR form
given above. Applying the IlIRIfer to thesysten in Eq. (4-4), makes the produdt (#). (#) $
+# %# ,, and then one needs to deslgn#, to satisfy the stability condition with the effective
. (#) composed of only the zero outside the unit circle

|0 %- (#%#)!. (#)| 1 0ZZZB4>°7 (4-7)
After designing! . #, and! . ##,, one can multiply the result by a gain A reduced gain can be
used to slow down the learning for improved robustness if desired. But a new use of this gain is
presented, which improves therfs@mance near DC of some RC designs for minimum phase

systems without serious penalty at higher frequencies.

4.4 Several System Models

In order to investigate the effectiveness of the various approaches to designing repetitive
control systems, and in pelar, to evaluate how best to design repetitive controllers for non
minimum phase systems, we consider a set of different models for the feedback control systems
whose command inputs are adjusted by repetitive control. These feedback systems are given as
continuous time system transfer functions that are fed by a zero order hold on the repetitive control
command input, with the output sampled synchronously. Five systems are considered, which are

later referred to as Systems 1 to 5:
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($" %&) (System 1

O %0
) *y (System 2
() # ( %))(,,’ T %*+>W) # 0D2., # 312, # &4
($" %&($" %5) (System 3

P #

(" %-)(" %&%56) (" %&$ 56

* * (System 4
!Cj#() )Q, : )(, ! >m4#3127#&4

" 0%) %- % " %* ) \" %-.* ;" %* .

! (") 4 <" %) ) * * (System 5
Y I\ % % )\ % %,

As discussed above, we considesigring8(9) based on the full resulting discrete time transfer

function, and we also consider use of an IIR fier9; to cancel all poles and zeros inside the

unit circle in thez-plane. In the latter case the design of the compensator isdrasatisfying the
stability condition with what remains of the abdved; after cancellation, which is only its zeros
outside the unit circle. Recall that we define a system to beni@imum phase based on whether

the continuous time transfer functioashone or more zeros in the right half plane, which results

in one or more zeros on the positive real axis beyond +1 in-phene (we consider real zeros
only). When a minimum phase system fed by a zero order hold is discretized, zeros are introduced
outside the unit circle in theplane if the original pole excess is 3 or more and the sample rate is
not very slow, but they are on the negative real axis. We study the above 5 systems to illustrate the
possibilities.

System 1: Non-minimum phase with a zewt +1 in thes-plane. A slow sample rate of 50Hz is

chosen to help make distinctions between different approaches more obvious in figures.

63



System 2:A minimum phase system. But when discretized there are two zeros on the negative
real axis, one aB.52outside the unit circle. The other is inside(aR53, and it might be cancelled

by use ofl . #%f desired. The sample rate is chosen as 200Hz partly to illustrate that repetitive
control can easily handle systems that are minimum phase in continuous time, but have zeros
outside the unit circle introduced by discretization. RC of this systehen to be compared to

RC for noaminumum phase systems in continuous time, in order to see the difficulties introduced.
System 3:A non-minimum phase system with two zeros outside the unit circle on the positive real
axis, located at +1.18 and +1.iixhez-plane. A sample rate of 25 Hz is used. As the sample rate
increases the zeros get closer to +1, and the number of gains needed for good performance by
various RC laws increases. 100Hz is also studied.

System 4:A minimum phase system with two zerimtroduced by discretization outside the unit
circle on the negative real axis-44.23 and 1.46 (and two introduced inside(a2997 and

0.322). Sample rate is 50Hz.

System 5:A non-minimum phase system with one zero on the positive real aRi& at)* , and

one zero introduced by discretization outside on the negative real &iB8talso one introduced

inside at-0.205). Sample rate is 100Hz. As previously suggested, thenmomum phase zero

from continuous time is near +1, while the introgldzero is far from the unit circle.

4.5 ApproachesConsidered

4.5.1Approach 1: Optimizing the Learning Rate over Frequencies
Using a Quadratic Penalty Function

This is the approach to designing repegitcontrollers that Reference [9] hedvocated as

the best approacltPreviously discussed in section 3.3tk bbjective is to pick the gains lo$)
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to make the learning fast, i.e. to minimize the magnitude of [! " H#PE O+ Pf O *] over all
frequencies from zero to Nyquist. To do this we pick a quadratic penalty over a suitably dense set
of frequencies , _ in this range
3
. 0 Z[! DA OB 0L #0904 (4-8)
45
The computations made here divide the interval from zero frequency to Nyquist frequency into
180 discrete values, 6 O !78 . The asterisk indicates complex conjugate, and 1_ is a weighting
function usually set to unity for all frequencies, but available to be adjusted to emphasize chosen
frequencies. If one employs +9$&* to cancel everything inside the unit circle, then
#PF O *+ 4 O * is replaced in the optimization criterion by
[+o(% 0 )i (% 0 )[4 (%6 ) 0 #96 O+ 96 O (4-9)
and + $ * is the FIR filer whose gains are being optimized.

For the usual minimum phase systems, the magnitude of #®4 O * is large at low
frequencies, and decays very substantially as the frequency gets high. It should be small
approaching Nyquist frequency when using an appropriately chosen sample rate that has small
aliasing. Hence, this cost function exhibits some extra emphasis on producing fast learning at lower
frequencies. This is in fact quite desirable for most minimum phase systems, making this a good
design approach.

However, non-minimum phase systems with a zero :. outside the unit circle near +1, have
small frequency response at DC and low frequency produced by the small factor in the numerator
|: " :.]0 |%<%£>7)@ /|, and the optimization de-emphasizes the learning rate near zero
frequency, resulting in poor performance for non-minimum phase systems. One can adjust the

weights 1. aiming to improve the performance at low frequency, but examples shown below

65



suggest this is not very effective. Note that this thinking about what frequamneiesnphasized
in the cost function changes when one cancels all dynamics inside the unit circle and dé&igns
for the zero(s) outside the unit circle.

The optimal design for the gains in($) (or in!.#$% are easily obtained for such a
guadratic criterion. Let be the column vector of the gai&sto & in the FIR filter equation 4
3). And write the system transfer function frequency response (& %

I (1) 345(67 o #1,99. Then the cost fustion can be rewritten in the following form

9
8 . —7<; => = ?
_ (4-10)
<T@ . 35> @2 . 35s7 ?2. Dy

9 FGBL,l % M FGHE#L 9%, )

FGEL,l % .
<. Dy E(1,) 777 @ 3 m&ﬂ«mEGQWLJ L%l )

FGHI#KL 9%,1 ) FGH#KL 1%, ) M 9

FGE(HO L 99,1 = 70(1,)) |

> . Dyl o(1,) FGE(#O L :%le - 70(12))((3'

FGH#O L K%l = 7,(12)) |

The optimal gains are the solution of the linear equation in thiknown gains; . >.

4.5.2Approach 2: Matching the Inverse of he Frequency Response
Using aQuadratic Penalty Function

Reference [@] also examined another cost function aiming to mal# match the inverse

of the frequency response of the system
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70
In that reference, the cost function of Approach 1 was preferred for the minimum phase systems
considered there. For minimum phase systems, the frequency response gets very small
approaching Nyquist frequency, and hemée (% ) can be very lage. Then the cost function
will pay particular attention to producing a good FIR design for high frequencies, perhaps at the
expense of poor performance at low frequencies.

Note that this cost function, and the cost function of Approach 1 are equivalene
picks the weight& , in Approach 1 to equdl, # +" 54 O 61 ,+" 5%% O 6, then the cost function
becomes the cost function of Approach 2. In order to find the optimal FIRxdainhe Approach
2 cost function, one could do arplel development to that above, or simply use the weight

function given here to obtain the solution from the abi8/¢ 9 equation using4-10).

45.3 Approach 3: Min-Max Optimi zation of the Learning Rate over
Frequencies

Approach 1 aims to minimize ; +5<=x?@A$<=>5?@A0| in the stability condition,
minimizing the sum of squares for each frequency. This aims for a good learning rate at all
frequencies in a least squares sense. If there is difficulty satisfying the stability condition
making this less than unity for all frequencies from zero to Nyquist, it is very natural to think of
picking the gains irx to minimize the maximum value over all frequencies, trying to get it less
that unity everywhere. The cost used in Approachduadratic and finding the minimum is easy,
one simply solves a linear equatio® # 9. Minimizing the maximum valugenerallyis a harder
optimization problem ancequire more computatioff his sectionalsoshows how one can solve

this Min-Max problem. Now that an efficient method is available to minimize this logical cost
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function,we evaluate whether this is a better design approach than Appréxaekainining its
performance for a range of systems. We discover that the answer is no, for minimum phase systems
this new approach is not preferred, but yes for-mammum phase systemitscan address the
important issues.
The desired optimization is
Lo # $%&5() [+, - .1 22345,/ %234)6| (4-12)
where7gis a weight function, anklis again the column vector of the gafgs(. :< :(= inthe FIR

filter. This optimization problem is equivalent to floeowing
s =, - (192)5(9°) @
= $%&B() e+, -./ 0245, /024 @[+, -./0Ra5. 0" (4-13)

=$%&() =»B°CBDEBDF.

where@ # 6.7. Again we convert to another equivalent formulation
Minimize: $<go8G (4-14)
Subject to: ;;B?’GBD EEBDF H G # J+K< L (4-15)

And finally another equivalent reformulation

Minimize: $%&F B (4-16)
Subject to: ‘;B?’CBD EEBDF H It J+K<:0 (4-17)
where

s [olue [l ex [ 3] Belal Fe
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This final problem formulation is a special case of a Quadratically Constrained Quadratic
Programming problem (QCQP) for which there are efficient algorithms. It is actually a
guadratically constrained linear programgnproblem. Solutions are obtained here using the CVX
programming package, Referencé$-13].

Of course one can apply Approach 3 when one Lsé¥4o cancel all poles and zeros
inside the unit circle. However, just as in Approach 1, one very tigdeature of this approach
is that one can perform the optimization based on experimental frequency response data, without
having to generate the transfer function model with the poles and zeros needed to design the IIR
filter.

This Approach 3 is seeto have some good properties for repetitive control of- non
minimum phase systems. The small feedback control system magnitude frequency response near
DC produced by the zero near +1, creates slow learning, often impractically slow learning, at low
frequendes in the cost function of Approach 1, corresponding to amar of the left hand side
of (3-10). TheMin-Max criterion pushes the maximum value down, improving the originally poor
performance at low frequency. Of course, this is done at the expereee@f learning at higher
frequencies. Some other methods can compete, but the other methods need#®4esed hence

preclude designing directly from frequency response data.

4.5.4Approaches 4 and 5: Compensator Design Based on Taylor
Series Approximation d Inverse Transfer Function

The original approach to designing RC compensators by Tayless®eference®[14],
do the Taylor expansions separately for the reciprocal of each zero outside the unit circle. It is not

necessary to use an#d%o cancel the poles and zeros inside the unit circle, but here we consider
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that this is done, anmahe only needs to consider the factors that are the reciprocals of zeros outside

the unit circle when designirg #5% Consider the Taylor series expansion
& D ety - D ety en b a2
g5 &8 §) s d® 1) )8 s (4-18)
70

The series is convergent |§| 3 & Consider the reciprocal of one zero outside the unit circle

&4#$) 5%using$ () $45, then

53 (6)&s (+19

and one can now apply the above expansid( I{& the design will face one compensator zero

at the mirror image location to the existing zero. For higher valués mobre zeros are place
evenly spaced around a circle centered at the origin and going through the original zero. This
behavior gave insight into the obsestvy@acement of zeros when applying Approach 1 sgite
compensators. Reference [Bliggests using the remainder term in the Taylor series expansion to
help decide what value @ to use. When there are two zeros outside, each one is treated
independenyl with its own truncated Taylor series expansion, and the compensator is then
obtained by multiplying the two expansions together. One can pick the vaduadd#gpendently

for each zero to produce similar error levels for each, and this is in factirafogtant. Note that

the closer the zero is to the unit circle, the slower is the convergence of the above series, and hence,
one needs more zeros introduced in the compensator to achieve the same level of performance.
This observation is consistent withe observation that one needs more zeros in the compensators
for nonminimum phase systems with zeros near +1 than for systems where zeros are introduced
on the negative real axis by the discretization process, withdosatsually much further from

1. Hence, this is the source of some of the difficulty in achieving good RC performance for non

minimum phase systems.
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One of the contributions of this work is to improve on the above Taylor series expansion
method when there are two or more zeros outside the unit circle, as in Systems 3, 4, and 5 above.

Consider two zeros outside at a; and a,, and everything else is cancelled by F,(z). Then

1 1 1 1
(1-a)A-a) (-a)(-ar) (1 — ai) (1 _Z )
1

a;

1 l z Z\?2 z Z \2
= 1+—+<—) + o 1+—+<—) + o
alaz a1 a1 a’Z a‘Z

=(qya) M1+ (@, +a, VDz+ (a2 +a;, ta, ™ +a,?)z+...

[F,(2)G(D]™ =

(4-20)

Then F; (z) is produced by truncating the last expression at the chosen number of terms. The roots
of the resulting polynomial are not the same as the set of roots from the truncated series in each of
the bracketed terms in the middle line of the equation, i.e. the zeros are not the same as those
obtained by the original Taylor method above, treating each square bracket term separately.
Treating them separately required choice of how many terms to use in each expansion, and there
is guidance concerning how small the truncation error is for each choice. When using the combined
method one does not need to make two separate choices.

The term Approach 5 will be used for this improved Taylor method, while Approach 4 is
used for the original Taylor method described above. Note that if there is only one zero outside the
unit circle, Approaches 4 and 5 are identical. Approach 5 is an improvement over Approach 4

when there are multiple zeros outside.

4.5.5Approach 6: Compensator Design Based on Phase Cancellation
(Tomizuka)

This design approach is perhaps the best known design method for repetitive control,

Reference [15]. It requires use of an IIR filter F,(z) to cancel all poles and zeros inside the unit
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circle. The design only attempts to cancel the phase produced by the zero or zeros outside the unit
circle, and does not attempt to cancel the magnitude change. Eath aaade the unit circle is
handled independently, by introducing a zero at the reciprocal location and a pole at the origin,
followed by normalization. For a factér $ ! ,&one makes # &create the term

) (1S 1S 17O+ ) 1of( $ 1)1 $ 1o O, (4-21)
Set! + -/ @G12&to find the frequency response

YO $ )" (S 1)+ )[3$ 4567214818 (4-22)

When2 + : this equal§ (14,$ 3)°, and wher? + ; or Nyquist frequency, it equa)s(! 4,8 3)°.
Both values are positive, and the derivative is monotonic betweens since the derivative with respect
to 2 is equal td) 7<=2 !y, If the zero is on the negative real axis outside the unit circle, then the
maximum value is a2 + : or DC, and one picks the normalizatiprto give DC gain of unity
which produces fast learning at DC, but slow learning at high frequencies. However, if the zero is
from a nomminimum phase continuous time system, and on the positive real axiszipltme,
then the maximum is at Nyquist frequency and one pigckanake the gain unity at this frequency.
This results in negligible learning near DC which makes this approach not work for typieal non
minimum phase systems. System (5) has a zero on thev@osdl axis and a zero on the negative
real axis, and this situation requires one to use the product of one of the above factors normalized

at DC and another normalized at Nyquist.

4.6 Numerical Studies br Systems 1 Through 5

This section numerically gtlies the performance of the 6 Approaches as applied to the 5
Systems. Each is studied without cancelling the poles and zeros inside the unit circle, and then is

studied with this cancellation with the IIR filter. In the first case, we consider only Agped,
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2, and 3. Approach 6 cannot be used without cancelling. And the Taylor series Approaches 4 and
5 will at least cancel the poles inside the unit circle. They do offer the option of cancelling the
effect of a zero inside by including more zeros iasitstead of placing a pole underneath, but we

do not consider this option. If the zeros and poles are cancelled, the titles of the figures given below
indicates this, and then the plots present the performance for all 6 Approaches.

System (1)Figure 43 shows Approaches 1, 2, 3 performance without canceling poles and zeros
inside the unit circle. Approach 1 has rather fast learning at almost all frequencies, but learning at
DC is very slow. Approaches 2 and 3 fix this with rather uniform learning ralefegquencies.

Figure 44 gives the associated phase 8#34#) which has appreciable oscillations except for
Approach 1, and Figl-5 gives the corresponding polar frequency respdrigeire4-6 examines

the possible benefit of turning down the overall g&ito 0.75. It does not help Approach 1, but

on the average Approaches 2 and 3 improve. This can help somewhat with robustness to model
error also. Note the number of gains being used in these designs. Biguard4-8 give results

when one cancels the two poles inside the unit circle, and useaslditbe19 zeros instead of 29.

All Approaches are plotted. We observe that Approach 6 cannot be used-foimomum phase
systems, and also Approach 2 is not working for 11 zeros. It appears that with enough gains, one
can make Approach 1 work, with falgarning at nearly all frequencies, but slow near DC.
Approach 3 minimizes the maximum error and improve performance at DC but one pays for it
with slower learning everywhere except near DC. Approaches 3, 4, and 5 give similar results.
Decreasing in Fig. 4-9 helps Approaches 2, 3, anéb4Figure 410gives the corresponding zero
locations, with all but Approach 1 being nearly the same, and Approach 1 having the zeros further
from the origin. The cost function for Approach 1 has weight factpr that can give extra

emphasis to minimizing at chosen frequendi@gure 411increases the weight by a factor of 100,
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starting from zero up to 10%, 20%, and 50% Nyquist. We observe that this seems remarkably
ineffective at reducing the plot near DC, and cause trouble at higher frequencies. We conclude

that it is not obvious how one can employ this design parameter to get good performance near DC.
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Figure 4-3. Magnitude frequency response of-E(z)G(2) of System (1) (=30, m=30).
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Figure 4-4. Phase fequency response df(z)G(z) System (1) (=30, m=30).
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Figure 4-5. Polar plot corresponding to Figs. 43 and 44.
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Figure 4-6. Fig. 4-3 with overall gain ¢ = 0.75.
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Figure 4-7. Fig. 4-3 with cancelation poles and zero inside the unit circle (n=12, m=12).
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Figure 4-8. Fig. 4-7 with n=20 and m=20.
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Figure 4-9. Fig. 4-7 with overall gain ¢p= 0.75.

Frquency (Hz)

Figure 4-11. Magnitude frequency response of 1-F(z)G(z) of System (1) using Approach 1
with different weight.

System (2): Figures 4-12 to 4-16 consider System 2 which is a minimum phase system included
to show the difference in ease of designing a good RC for minimum phase compared to the non-
minimum phase experience with System (1) above. Figure 4-12 uses n = 5 allowing 4 zeros in the
compensator. There are 3 poles inside, so the optimization might do something similar to
cancelling these with 3 of the zeros, and this requires using one pole at the originn —m =1 so
that the number of poles inside equals the number of zeros inside. Then there is one zero left over
to try to handle the effect of the zero outside the unit circle at -3.52. Hence, this is a very simple

compensator that requires just adding up 5 gains times 5 errors stored from the previous period,
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and its only action to handle the zero outside the circle is to place one zero outside to
compensaterigure 412 shows that Approaches 1, 2, and 3 all work well (note vertical axis scale),
and Approach 1 works the best up until high frequencies. One usually employsphasedilter

cutoff that stop the learning at high frequencies because of model inaccuracy there. Also, slower
learning usually makes convergence more robust to model error. Hence, Approach 1 is to be
preferred.

Figure 413 introduces the IIR filter to cancel poles and zeros ing\dfair comparison
uses! " # " $ corresponding to two gains producing one zero outside, and the error levels are
similar, but this time one can use Approach 6 that is better up to about 20 Hz, and then becomes
much slower as the frequency goesfigure 414 investigates a new &ipn. If one particularly
wants to have fast learning at DC, we can normalize thelgtrproduce zero error there, just as
Approach 6 does. The result for Approach 1 comes rather near to matching Approach 6 for
frequencies near DC, and is dramaticakiyjter than Approach 6 at all higher frequencies.

Figure 415 considers the same problemFgure 412, without cancelation inside, but
allows the compensator to have 8 zeros. The plots no longer wiggle up and down, but the learning
rate is roughly theame over the full frequency range, and ktia-Max criterion starts to look
like a straight line. On the other harféig. 416 presents the results using the IIR, with the

appropriate number of gains for a fair comparidoh, # " & It is clear that with just 5 zeros,
and this minimum phase system, repetitive control using all Approaches 1 through 5 can give
nearly perfect results, getting close to zero error in one iteration, while Approach 6 has much

slower learning.
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Figure 4-12. Magnitude frequency response of F(z)G(z) of System (2whenn=5 and m=4.
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Figure 4-13. Magnitude frequency response of -F(z)G(z) of System (2when poles and
zeros inside are cancelechE€2, m=2).
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Figure 4-14. Fig. 413 but overall gain at OC is normalized.
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Figure 4-15. Fig.12 with more gain (=9, m=8).
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Figure 4-16. Fig. 413 with more gains (=6, m=6).

System (3)Figure 417 considers System (3) with 2 zeros on the positive real axis, and with a
25Hz sample rate. Approach 2 doesmake a stable system when using 19 zeros, Approaches 1
and 3 do, with 3 substantially better near DC, and substantially worse at higher freqéémaeies.

4-18 cancels the 3 poles inside the unit circle with an IIR, and then uses 16 zeros outside for the
FIR design. Performance is similar for Approaches 1 and 3, and Approaches 2, 4 and 5 (which
now give different results), and 6 produce unstable dedtigmsre 419 increases the sample rate
which one expects will accentuate the problem, making the zaetsisi® much closer to the unit

circle. OnlyMin-Max works at all frequencies when using 30 gains.
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Figure 4-17. Magnitude frequency response of 1-F(z)G(z) of System (3) (=20, m=20).
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Figure 4-18. Magnitude frequency response of 1-F(z)G(z) of System (3) when cancel
inside unit circle and using (=17, m=17).
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Figure 4-19. Same as Fig. 4-18 with high sample rate at 100 Hz and more gains (n=30,
m=30).
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System (4): Figures 4-20 through 4-23 treat minimum phase System (4) with two zeros introduced
on the negative real axis. Figure 4-20 shows the learning rate for Approaches 1, 2, and 3. There
are 4 poles inside the unit circle and 2 zeros, so we let n — m = 2 to allow 4 zeros to approach
cancelling the poles inside, and add two compensator poles inside to make the number of zeros
and poles inside match. One observes that all approaches work, note the vertical axis scale. But
the approach advocated by the authors, Approach 1, works best except very near Nyquist
frequency.

Figure 4-21 compares learning rates for all Approaches. Approach 6 gives the fastest
learning rate near DC, but all other approaches learning faster at somewhat higher frequencies.
Again, among the other approaches, Approach 1 is the best for nearly all frequencies until near
Nyquist. Figure 4-22 again investigates the new option for improving low frequency learning in
minimum phase systems, normalizing the gain ¢ to zero DC error, just as in Approach 6. The
Approach 1 result nearly matches Approach 6 near DC, and is dramatically better than Approach
6 at all higher frequencies. Figure 4-23 shows the locations of the 6 zeros of the compensator
outside the unit circle, showing that the locations are nearly the same for Approaches 2, 3, and 5,

while the zeros for Approach 1 are at a larger radial distance and not on a circle.
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Figure 4-20. Magnitude frequency response of 4 (z)G(z) of System (4) =12, m=10).
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Figure 4-21. Magnitude frequency response of 1-F(z)G(z) System (4) when cancel inside unit
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as Fig. 4-21 but overall gain is normalized at DC.
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Figure 4-23. Zero location of compensators corresponding to Fig. 4-21 using Approaches 1,

2,3, and 5.

System (5): This system has a zero outside the unit circle on both the positive and the negative real

axis. Without cancelling, Fig. 4-24, one can use Approach 2 or the Min-Max of Approach 3 with

6 zeros in the FIR. When the IIR filter is used, and the appropriate number of gains matched, the
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results are shown iRig. 425. Approach 6 of course does not leatrDC, but this time, learning

is slow at high frequencies because of the 2 normalizations needed, one at Nyquist and one at DC.
The two Taylor approaches are distinct, Approach 4 fails, and Approaches 5 and 2 are nearly
equivalent and give relatively gdalesigns. Note that these two are similar but outperform the
Min-Max design at nearly all frequencies and only pay for this with slightly slower learning at DC.
So this example shows that while tln-Max Approach 3 seems generally effective for non
minimum phase systems, allowing reasonably good learning rate at DC, the modified Taylor
Approach 5 as well as the Approach 2 can be competitive, provided one uses the IIR to cancel.
Figure 426 shows the compensator for Approach 5 simply does a mirror ieflaxftthe 2 system

zeros outside the unit circleigure 427 shows where the 2 zeros are placed using the other design
approaches, which are totally different. Again Approach 1 places the zeros furthest from the origin.
Figure 428 shows that with enougtains all approaches work except for Tomizuka, with similar
comments td-igure 427. Figure 429 shows that the new Taylor method chooses to use 7 out of
the 8 zeros to address the zero near +1, and only one zeros to address the & dé-mjure 4

30shows the corresponding zero locatioh&igure 428.
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Figure 4-24. Magnitude frequency response of 1-F(z)G(z) of System (5) (n=7, m=6).
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Figure 4-25. Magnitude frequency response of -F(z)G(z) of System (5Wwhen cancel inside
unit circle and using lownumber of gains =3, m=3).
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Figure 4-26. Zero location of compensator corresponding to Fig.-25 using Approach 4.
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Figure 4-27. Zero location of compensators corresponding to Fig-25 using Approaches 1,

2, 3, and 5.
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Figure 4-28. Magnitude frequency response of I (z)G(z) of System (5Wwhen cancel inside
unit circle and using larger number of gains (=9, m=9).
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Figure 4-29. Zero location of compensator corresponding to Fig.-28 using Approach 4.
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Figure 4-30. Zero location of compensators coasponding to Fig. 428 using Approaches 1,
2,3, and 5.
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4.7 Conclusions

In repetitive control, non-minimum phase systems usually have a problem of slow
learning at low frequencies due to a near pole zero cancellation at +1. In this chapter, five RC
design methods are investigated to determine how well the methods perform in minimum phase
and non-minimum phase systems that contain different locations of poles and zeros. Approach 1,
optimizing the learning rate over frequencies using a quadratic penalty function on the difference
from unity of the product of compensator times the system transfer function, performs well in
minimum phase systems - learns fast at low frequencies and learns slowly at high frequencies, but
has a problem of slow learning at frequencies near DC when applied to non-minimum phase
systems. Approach 2, matching compensator with the inverse of the frequency response using a
quadratic penalty function, can address some non-minimum phase problems but can fail in others.
Approach 3, using a Min-Max optimization over all frequencies, normally provides a rather
uniform learning rate through all frequencies. Thus, compared to Approach 1, the Min-Max design
learns slower at low frequencies for minimum phase systems but improves performance of learning
rate at DC and low frequencies for non-minimum phase systems. Approaches 4 and 5, consider
compensator designs based on Taylor series approximations of the inverse transfer function, and
can compete with the approach 3 in some cases. Approach 5 also behaves similar to Approach 2
with learning gain adjusted. However, approaches 4 and 5 require extra IIR part of the compensator
that requires knowledge of the zero locations inside the unit circle. Approach 6, the compensator
design based on phase cancellation presented by Tomizuka, can learn well for minimum phase
systems, but because of the normalization needed, there is almost no learning at DC for non-

minimum phase systems.
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Among the design methods considered in this dissertation, the Min-Max method is the
most effective method for non-minimum phase systems. The problem can be formulated in QCQP
form and easily solved by using the CVX package. This method is further investigated in Chapter

5 to address practical problems in applications.
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Chapter 5

Min -Max Merged with Quadratic Cost for
Repetitive Control of Non-Minimum Phase
Systems

5.1 Introduction

The previous chapter developed a method to directly address the main difficulty
encountered in designg RC for noAminimum phase systems, namely the slow learning at low
frequencies that is produced by a near{zel® cancellation at DC. The amount of decrease of the
error each period is approximately represented! By #($%¢)( ($”%)| at each frequency ,
and the optimization criterion is converted to minimizing the maximum value of this function over
frequencies from zero to Nyquifteference [1][The approach is reasonably effective at improving
the learning near DC, but is perhajos the ideal optimization criterion at higher frequencies. The
purpose of the investigation in this chapter is to obtain the benefits of thBladiroptimization
criterion near DC, but improve the performance at higher frequencies, especially aiming for
improved robustness. In order to give a detailed and complete understanding of the two approached
developed in this chapter, the next section starts from the most basic considerations in the design
of repetitive controllers, and develops the logic that léatlse approaches investigated here. This

is done in the form of a series of Remarks which culminate in the candidate approaches.
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5.2 The Big Picture and the Problems Addressed

REMARK 1: Consider the general repetitive control system in the lower part of Figure 2-1 and
consider using a repetitive control law R(z) = @G~*(z)/(zP — 1) which uses the inverse of the
discrete time closed loop system transfer function. The transform of the error E(z) satisfies
[(zP — 1) + @G 1G]E = [zP — 1][Yp — V]. This represents a homogeneous difference equation
since the functions on the right hand side are periodic with p time steps. The associated
characteristic polynomial is zP = (1 — ¢). The root locus starts with p roots evenly spaced on the
unit circle when ¢ = 0, and they move radially inward as ¢ increases, all reaching the origin when
¢ = 1. We conclude that this RC law converges for unity gain had deadbeat convergence to zero
tracking error in a finite number of time steps. Use of a repetitive control compensator F(z) =
G~ 1(z) appears to be the ideal design. This RC law performs as intended for some systems, but
for pole excess of 3 or more in G (s) and reasonable sample rates, G (z) will have zeros outside the

unit circle, making the repetitive control law unstable.

REMARK 2: To address this stability problem Reference [2] adjusts the RC law to aim for the
inverse of the steady state frequency response of G ~* (e ~*“T) where T is the sample time interval,

instead of the inverse of the transfer function. The cost function is the J,

of Chapter 4
N
J, = Z[G—l(eiij) — F(em)|[6-1(e'T) — F(eim)| (5-1)
=0

In order to create an implementable compensator F(z), it is chosen in the form of an FIR filter in

Equation (3-11) that sums a set of errors from the previous period each multiplied by a gain
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chosen by the optimization. Since all poles are at the origin, this creates a stable RC compensator.
As seen in th&€hapter 4his approach can work, but it has an implicit weighting on frequencies
that might not be dasble. Consider the'Border minimum phase Laplace transfer function of
Equation (213). The gain at DC is unity, but at 100 Hz itl®d34 °. The! -". tries to match the
reciprocal of this at 100 Hz asking for a very large number. It is clearahat¢h systems, the

compensator must put much more emphasis on matching the high frequency behavior than the low

frequency behavior when minimizing the cost.

REMARK 3: Referencel] converts the cost functidi to cost functior,in Equation (411) in

Chapter 4and observes better behaviowarious problems
?
B # 2[37 8-97 <.1-97 <. |[37 8-97 <.1 -9 <] (5-3)
@+

Of course, both cost functions produce the same minimum of the invetee steady state
frequency response if there is full freedom to mhk8 ** <. do whatever is needed at each
frequency. But one would like to have a relatively small number of gains in the FIR filter in order

to limit the number of computats made each time step. And this means that the cost functions
produce different results. Experience with this cost function andtredr system with pole
excess of 3, indicates that using only 3 termis-ih is sufficient to produce stability dhe RC

design. This relationship between number of terms needed and pole excess is fairly general. When
12 gains are used the square bracket terms in Equét®)nafe zero to a few decimal places, so

the compensator can be very effective.
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Observation 1: The optimization criterion J; can be rewritten as
N
J, = Z[G‘l(ei“’fT) — F(e'M)|[G ()G (e |[6 (T — F(e'iT)| (5-4)
j=0
By comparison to J,, the weight function G(e'“/")G (e'®i")* has been introduced. For systems
with small output at high frequencies, this squares the small number, and makes the optimization

put much less emphasis on making F (e ~*?/T) look like G ~* (ei“’fT) at high frequencies.

Observation 2: Following Remark 1, but with the G ~1(2) replaced by F(z), produced Equation
(2-7)

zPE(z) = [1 - ¢F(2)G(2)]E(2) (5-5)
If one makes a quasi-static assumption of the convergence process, then substituting z = e =T
into the square bracket creates a frequency transfer function from one period of p time steps to the
next. Its magnitude for any w is the factor by which the amplitude at that frequency is multiplied
from one period to the next. If all such magnitudes are less than one, it suggests that all error
frequency components decay with periods. Reference [3] shows that this predicted decay for each
frequency is in fact quite accurate for very fast error decay, in spite of the quasi-static assumption.
This is the result of the usual relatively large value of p in practical problems. The conclusion is

that cost function Equation (3) can be interpreted as a quadratic penalty over all frequencies to

Nyquist aiming to produce the fastest learning speed, or convergence rate.

Observation 3: Reference [3] proves that

|1 - ¢F(e“T)G(e“T)| <1 Vuw (5-6)

92



is a necessary and sufficient condition of stability for all possible pepods RC using
compensatot "#3$ (see Equation ¢8)). And only for very small and usually not practical values

of p, can the RC be stable without satisfying this inequality.

Consider the implications of this condition. The desigk afms to cancel the magnitude
change of5, and it aims to cancel the pleashange made going through transfer funcko#b. If
the phase is right, then the magnitude of the product can be anywhere between zero and two, so
magnitude errors are not normally very important in achieving stability. On the other hand, phase
errors are very important. Suppose the magnitudbeoproduct of F and G is unity at a given
frequency, then the maximum phase error allowed before inequalityuation(5-6) is violated,
is&'() .If one chooses to converge more slowly at that frequency, then as the gain of the product
approaches zerand the absolute value approaches unity, the maximum phase error approaches
&*+). Thus, reducing the learning speed at any frequency improves the stability robustness to
model error at that frequency. And since model inaccuracy increases when one goés to h

frequency, we conclude we would like the design process to have slow learning at high frequency.

REMARK 4: For any frequency that violates the inequality in Equatios-§), the absolute
value indicates the increase in the amplitude of any ertbatfrequency from one period to the
next according to Equation{%. In order to prevent error growth, we modify the learning law to
use a low pass filter "#$ to cut off the learning process at such frequencies. The filter must be
zero phase so th# does not disturb the phase of the compensator, as in Equatidparfd (2

5). The learning law becomes(#) / #°1- "#¥. (#) 2 ! (H3"#9$], and the error propagation

difference equation becomes
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[ #3%8" ($ % (*(MI+(), (" #$%Y-, (H#0()1 (5-7)
Frequencies above the cutoff mean $h#i&is not unity and the right hand side is no longer zero.
This makes a nonhomogeneous equation and above the cutoff the right hand side is a forcing
function producinghnonzero error after convergence. Convergence is a property of the solution of
the homogeneous equation, and its solution converges at all frequencies provided the cutoff
satisfies |$ (234%)-6 # () (2345)* (2%4°)1] 7 68at all frequenciesip to Nyquist. One must
expect to need to use this cutoff for long term stability robustness. Having a good phase model all
the way to Nyquist frequency is often not possible. The cutoff frequency must be tuned in hardware
application by observing what fyaencies grow, i.e. violate Equatid®), because one does not
usually know what is wrong with one®s model. A somewhat extreme exampitotderanodel
in Equation (213) models the behavior of one link of a robot. It has a 1.4 Hz bandwidth to reduce
excitation of the lowest frequency vibration mode produced by flexibility in the harmonic drives.
Magnitude response at 100 Hz9is6; <~. It is clear that there is no way one can make a good
model that far above the bandwidth of the system, and thikteevea number of higher frequency
vibration modes if one could identify them. However, if the phase is wrong RC will build the
amplitude of the error and eventually bring the instability out of the noise level. Note that if
approaching frequencies for wh instability will occur, by using a slower learning rate one is

able to have a higher frequency cutoff, and eliminate the tracking error up to a higher frequency.

REMARK 5: Consider the typical behavior as a function of frequency of minimum and non
minimum phase systems.
Minimum Phase: One expects the transfer functiohnto have its largest magnitude response at

DC, except if there is some resonant peak, or there is a compensator design involved that introduces
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a phase lead. And as frequency gets l#niganagnitude response decays, for the continuous time
model decays by 20 dB times the pole excess for every decade. With thefagtghnh optimality
criterion Equation 6-4), the design df will put emphasis on matching magnitude response at low
frequencies, and allow to have slow convergence at high frequendtesmREMARK 3, this is

a desirable property for robustness to model eff@ure 51 compares the performance of
l.#ersus the MifMax on the minimum phase system in Equatieh32 The Min-Max method

learns more uniformly at all frequencies. The quadratic cost is preferred for robustness to model
error at high frequencies and faster learning at low frequencies.

Non-Minimum Phase:A zero%, in transfer functior&' () fed by a zew order hold, maps to zero

$. in the discrete time transfer functi@h$) approximately according & + ,~-/? (the Taylor

series expansion matches to the power equal to the number of poles). If the zero is a real zero on
the positivereal axes in the plane, one expects that it is not too far from the origin, and it will
map to the positive real axis in th@lane to a point relatively close to +1. Théb) hasp poles

around the unit circle and the first one is at +1. This indgcah approximate pole zero cancellation
near +1, making a small gain from input to output for constant inputs, and for low frequency inputs.
This produced slow learning from one period to the next according to Equat®nfqr low
frequencies, unlesslarge gain is used if localized to low frequencies and the gain decays
quickly as the frequency gets beyond this region. Otheniviadl precipitateinstability at higher
frequencies. If the number of gains use# i limited, the weight factor inast function Equation

(5-4) will choose to sacrifice the learning speed near DC. One needs a very large number of gains
in F to fight this trend. We conclude that the near @ cancellation is a challenge for RC

design of normminimum phase systems.
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REMARK 6: The maximum value of the left hand side of Equation (5-6) occurs at some
frequency, and represents is the slowest decay per period over all frequencies up to Nyquist. The
Min-Max optimization criterion minimizes the maximum value over all frequencies, and hence
must address this slow learning near DC. Observation of the behavior of Min-Max solutions is
that the design attempts to produce approximately the same learning rate at all frequencies. This
behavior is undesirable if one is interested in having slow learning at high frequencies for stability

robustness.

REMARK 7: One advantage of the RC designs using cost functions based on frequency response,
is that it is possible to design RC based only on frequency response test data, without having to
create a differential or difference equation model. One applies a rich and long input signal and
processes the input output data to determine frequency response directly. However, the results get
more and more inaccurate at frequency goes up, and does so in a very noisy way, making the phase
model from one frequency to the next jump around. This kind of noisy behavior is a serious
difficulty when one is minimizing the maximum value. One needs to stop the Min-Max
optimization before the data starts to exhibit such behavior, or one must use some smoothing
process. This difficulty is much less serious when using the quadratic optimization criterion of
Equation (5-3). One purpose of this chapter is to study how these issues affect the various possible

RC designs.

REMARK 8: From the above REMARKS, one concludes that the Min-Max optimization criterion

is particularly good at handling non-minimum phase systems that have slow learning near DC

(similar thinking applies if the non-minimum phase zeros are complex, and the slow learning
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applies to some higher frequency). But the fax will try to learn at similar rates at all
frequencies, and this increased learning rate at high frequencies is Widdsiranodel error
robugness Figure 52 shows this behavior faepetitive control of the following"4order non
minimum phase system

165.95(4 — s)
s* 4+ 21.5s3 +170.285% + 2{w,s + w?

G(s) = (5-8)

This represents a rotary mechanical system of inertias, dampers, torsional springs, a timing belt,
pulleys and gears, and comes from Reference [6]. The sample irtasvatjual to 0.02, and

andm in the quadratic cost compensator are equal toER@mining the learning at DC, the
guadratic cost gives 0.8907, and the Miax design is able to reduce this to 0.79@#e main
purposeof this chapteris to create an RC design method that transitions from-Nir
optimization for low frequencies to quadratic cost of the form of Equat#e8) (at high
frequenciesThe aim is to obtain the advantages of both designs simultaneously, without the

disadvantages.

REMARK 9: An alternative design process is also considered. We note that the difficulty under
consideration is that the Milax approach is not desirable agjtn frequencies. Observing that

we expect to need to cut off the learning process above some frequency anyway, perhaps one can
simply use the MirfMax optimization applied only to frequencies from zero to some chosen
frequency. This can improve the performa near DC. Above the chosen frequency the design is
free to go wild, and we need to apply an effective pdrase cutoff filter. Probably this approach

is sacrificing performance at higher frequencies, but it represents a simple and perhaps effective

desgn approach. We study the effectiveness of this approach with various numerical studies.
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5.3 Formulation of Objective Function to Transition from
Min-Max to Quadratic Cost as Frequency Increases

In this section, we develop an optimality criterion that can emphasize the Min-Max at low
frequencies and quadratic cost ! at high frequencies. The gains in #$/&are chosen to optimize the

objective function

Q - YT #0507 e[ 1 #(0F )5 (07 ) w5

Subjectto [ / #(023)5(023)4; 5[. / #(025)5(023)4° <~ +mg:+
where = contains all compensator gains > 2>g?A 2>, the asterisk indicates complex conjugate,
; 7’s are weighting factors for the Min-Max cost function chosen to be non-zero for DC and low
frequencies, 6;’s are weighting factors for the quadratic penalty chosen to be non-zero for high
frequencies.

The cost function of this new method contains two objectives. The first objective is to try
to minimize the weighted maximum error on selected frequencies by finding feasible X that
satisfies the weighted constraints , for every frequency :. This part is simply the Min-Max design
from the Chapter 4 but with limited frequency range by using ; ;’s. The other objective is the
second term of the minimization that is the weighted sum of the quadratic penalty over high
frequency range, aiming to increase robustness to high frequency.

The objective function can be reformulated in the QCQP form as

'() =*C=- D=+ (5-10)
Subject to 4;-@54 E=- F'=- G<, +

where
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_ X = A; 0O - b;
culi)  aewly o -u)
N
2 0 0 1

which can be solved by using CVX programming package, References [4] and [5].

The MATLAB spline-based curve function that maps

( 0, wj < ay )
4?_%f,as@s%;m
_ 4y 3
Vj_v <1 2<a)j_av)2 <Clv+bv)< <b ( (5 11)
b, —a,/ ' 2 =@ =0
\ 1, (l)] = bv )

is used to define V;’s . Similarly, W;’s are mapped according to

( 1, Wi < ay, )
1—4?_?f,%s%s%;%
Wi = wj —Waw 2 a, + b, (>-12)
2G—ar) (7)==
L 0, w;j = b, ),

For simplicity, in this work a,, and a, are set to be equal to a, and b,, and b,, are set to be equal
to b. The function allows the weighting functions V; and W; to smoothly increase and decrease,
respectively. There are three parameters that one can adjust in the cost function to tune the

repetitive control for desired performance, a, b, and v.
The a,, represents the frequency, as a fraction of Nyquist frequency, at which the weighting

function for the Min-Max cost function W; starts decreasing from unity. The b, controls how fast
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the weight ! . decreases. Then the difference #g %&¢ represents the transition band, or the
frequency interval to make the transition. On the other hand, & is where (- starts increasing from
zero, i.e. where we start applying the quadratic penalty to the objective function. The # is where
the penalty (- reaches its final value of ) . By making & and & both equal to a, and #g and #

equal to b, one of the weights starts down at the same frequency that the other weight start up, and
they both finish their transition at the same frequency. The value of ) is the quadratic penalty
coefficient indicating the relative importance of the Min-Max cost in its frequency range versus
the quadratic cost minimization in its frequency range. At high frequencies, slower decay from
one period to another is desirable, the magnitude of the frequency transfer function from period to
period being close to +1 is desirable. Hence, we need to adjust the value of ) for this purpose, but

ensure that the magnitude remains below unity all the way to Nyquist.

5.4 Evaluating the Performance of the Merged Cost
Function — Adjusting the Cost Function Parameters

Figure 5-3 compares the learning rate for Min-Max, for quadratic cost, and for Min-Max
merged with quadratic cost when applied to the following 4™ order non-minimum phase system of
Equation (5-8). The figure demonstrates that the Min-Max merged with quadratic penalty
accomplishes the modifications of the learning rate as a function of frequency shifting in the
desired direction. There is in fact, faster learning rates at nearly all frequencies except for
frequencies near Nyquist. The DC learning rate for Min-Max is 0.7974 while the merged cost
function reduces this to 0.6134. Figures 5-4 and 5-5 show weighting factors ! » and (- used for
Figure 5-3, respectively, that are chosen to make a fast transition from the Min-Max cost function

to the quadratic cost function. The ! +’s are equal to unity until 50 percent of Nyquist and the

transition band is 10 percent of Nyquist, and then ! .’s are equal to zero from 60 percent of Nyquist
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up to Nyquist. The ! is equal to 0.007, and " and # are equal to 50 and 60 percent of Nyquist,
respectively.

The design parameters to use in tuning the cost function are the frequencies for the start
and the end of the transition zones ", #, as well as the transition frequency interval, or transition
band, a Db, and the relative importance of the quadratic cost minimization versus the Min-Max,
I'. Figure 5-6 studies the behavior when the transition band is held constant at 10%, but the
frequency at which the band starts, @, is varied 30%, 50%, and 70%, and compared to Min-Max
alone. The DC values are 0.6134, 0.6481, 0.7002, and 0.7974, respectively. The number of gains
$%& %'( ,and! is equal to 0.005. We conclude that reducing the frequency when the Min-
Max cost weight starts its descent to zero, improves the learning rate at DC and low frequencies,
but the quadratic penalty takes over at a lower frequency resulting in the magnitude of ) *
+,-1 0123 -/ ol 2starting to grow at lower frequencies.

Figure 5-7 fixes the value of b at 50% Nyquist, and adjusts the value of a. In other words,
the figure examines the effect of varying the transition band width a Db values of 50%, 40%, 30%,
20%, 10%, and 0%. Figures 5-8 and 5-9 give the corresponding 4 5 and 6 plots to Figure 5-7. The
values at DC are 0.5672, 0.5797, 0.5963, 0.6129, 0.6275 which are all very close to the same

values. When the transition band is longer, the weighting functions 4 g start decreasing earlier. As

aresult, the magnitude of ) * +,-/ 0123 -/ ol 2starts growing at lower frequencies, but the lower
and higher frequencies are remarkably similar for each transition band width. It appears that the
transition band width is not very effective at modifying learning behavior.

Figure 5-10 shows learning rates with different values of !. Figure 5-11 is the
corresponding plot of ! . The choice of the value of ! adjusts how important it is to reduce the

value of the quadratic penalty function at high frequencies. The lower the value of ! is, the faster
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the learning at low frequenciasd the slower leaing rate at high frequenciebhe lowest value

of v that keep the magnitude ofl — F(e®/")G (e'“iT) below unity for all frequencies up to
Nyquist is 0.005, the lowest value for which the repetitive control system is asymptotically stable.
Aiming to increase robustness at high frequencies, one needs alslameng rate close to unity.

One allows values approaching unity to improve robustness to expeaciel error at high
frequenciesFor v equal to 0.004, 0.005, 0.006, 0.007. 0.008, the DC values are 0.5989, 0.6481,
0.6992, 0.7562, 0.8245 respectively.

Figure 512 repeats Figurg-3 using a faster sample rate of 100 Hz instead of 50 Hz, and
also examines the influence of changing the number of gains in the compéiisatdhe faster
sample rate makesmore difficult to learn fast at DC. With the samember of gains as before
in Figure 53, Min-Max gave 0.7974 andavith double the sample ratié is 0.9856. The
corresponding merged cost function comparison goes from 0.6134 to 0.8132. Increasing the
number of gains in F(z) improves learning at i8Ing the faster sample ratke Min-Max value
reduces to 0.8959 and the merged cost function value reduces to 0.7509.

We conclude that thenerged cost function camprove the learning rate substantially
compared tdvin-Max and at the same time produihe slower learning rate desired for robustness
at high frequency. The numerical results suggest using a moderate vafuanidp, learning
slower at high frequency for robustness but adjusted to preventing instability at high frequency,
and then thidacilitates faster learning in the low frequency range. There appears to be no
substantial benefit to have a large transition hand, so this value can be a moderate value as
well. If one wants faster learning at low frequency, one can ltlveefrequecy « at which the
transition starts. And using a smaller valuevoélso can increase the learning rate at low

frequencies, at the expense of slower learning at high frequencies.
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55 Alternative Approach: Use Min-Max up to Chosen
Frequency and Apply Zero-Phase LowPass Filter
Cutoff
We can consider a simpler alternative to the merged cost function approach. TiaMin

objective function normally would be applied to all frequencies to Nyquist. But perhaps one is

really interested in improved leargimate for norminimum phase systems at low frequencies,

and is not concerned about learning at high frequency. Because of model error one might need to

cut off the learning at high frequency and forgo the attempt to get enough robustness for
convergence sing a slow learning rate. This attempt is limited to producing stability for model
phase error between plus and minus 90 degvéksn the model error exceeds this value one will

still need to use a cutoff filter when applying the merged design, anid icese the benefit of the

merged cost design is that the cutoff can be made at a higher freqRefenences [7] and [8]

present designs for zero phase low pass filters to use to cut off the learning above a chosen cutoff

frequency.
To study this alterative, we can start with the MiMax cost function of Equation {#2)

andset the weight8V; to zero above some valuejaforresponding to the chosen frequency. There

is an option of making use of Equation-1%) to phase out the importance of frequescie

approaching the zero cutoff, again having a transition bda
We investigate how the cutoff and transition band of weighting funtti@snfluence the

learning rate when the lopass filter is not appliedtigures 513 shows the learning rate using

the MinrMax compensator withutoff of thelearningstartingat 30%, 50% and 70% Nyquistnd

using a 10% transition band, reaching weight zero at 40%, 60%, and-Bfi¥e 514 presents a

detailed view of this figure. aweling the cutoff frequencyproducedaster learning ratet dow
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frequencies compared to using Min-Max to Nyquist. But note that the resulting learning rate at
low frequencies seems to be nearly the same for all 3 cutoff values. Also, note that the magnitude
of 1— F(e'®/™)G(e'*iT) sharply increases above unity right after the transition band, i.e. when
W; reache zero, at 40%, 60% and 80% Nyquist. Figures 5-15 and 5-16 present figures
corresponding to 5-13 and 5-14, examining the influence of the size of the transition band. The
value of b at which the weight W; reaches zero is 70% for all plots in the figure, but the decay of
the weight starts at a, which is 0, 30%, and 70% corresponding to no transition zone. In this setting,
0% transition band performs best since the magnitude of 1 — F(e!?iT)G(e*“iT) is the lowest at
almost all frequencies. Note that the learning rate is very substantially improved by limiting the
Min-Max to 70% of Nyquist, suggesting that this is an effective design method if one’s primary
interest is learning at low frequencies, but its usefulness is predicated on one’s ability to have an
effective cutoff filter to cancel the sharp growth above 70%.

The ideal cutoff filter is equal to one in the passband and equal to zero in the stopband. For
this application, the design of cutoff filter needs to be very effective in the stopband. The FIR zero-
phase low-pass filter design developed in Reference [8] allows one to put emphasis on the stopband
by adjusting the value of y in Equation (2-5), but that is done at the expense of accuracy in the
passband, and the accuracy of the repetitive control can only be as good as the filtered value of the
error signal. Inaccuracy in the passband can be amplified when going from the forcing function in
the difference Equation (2-6) to the resulting particular solution to the difference equation. The
error response to all frequencies is obtained by getting the transfer function from disturbance to
error, i.e. the sensitivity transfer function S(z) in Equation (5-13), going from desired output Y*(z)

and disturbance V (z) to the corresponding error E (z)
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Aiming to accurately fix error ithe passband, one should not put the weiglit tif be too high.

(") # (5-13)

The cutoff frequency of the FIR lopass filter should be equal or less than the learning cutoff
where the errors start to grow rapidly.
Figure 517 shows the resulting magnitude®@'1[+' - (*). 0'1] using different cutoff
frequencies for weighting functidh; (Figure 518) andfor FIR low-pass filter* 0'1 (Figure 5
19). The weighting functiong ;Osisea = b, with cutoffat 30%, 50% an@0% of Nyquist The
FIR low-pass filters* 0'1 are designed with the passband starting 10% below the above cutoffs,
and ending at the above cutofffie cutoff design uses 51 gains, and equal weighting of passband
vs. stopbandlt is clear that using a low frequency of the cutoff in the MMiax costfunction,
makes the cutoff filter unable to produce small values above the cutoff, and the values at the higher
frequencies produce a forcing function in the difference equatrahdcerror that could result in
large total error. On the other hand, one should not have the cutoff in the forcing function too high,
for example, to avoid the noise in the frequency response model discussed in the next section.
Again, we comment that the learnirage at the low freqgncies seems to be rather independent of
the percent Nyquist in the cutoff for 30%, 50%, and 70%.
5.6 Evaluating Performance of Both Approaches wen
Designingfrom Noisy Frequency Response &ta
A very desirable property of the repetitive control desigrthmds presented here, is that
they do not require a mathematical model of the system, but instead can be designed based only

on frequency response information that can be obtained experimemta#lysection considers
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designing from such data and addresses how one should adjust the parameters to address the
influence of noise in the frequency response data.

Consider computing the system frequency response from experiments using rich input data. A rich
input containing all frequencies is applied to the system, the resulting output is recorded, and the
two are used to compute frequency response. We use Welch’s average periodogram method, the
TFE algorithm in MATLAB, Reference [9].

When the data is noisy, the quality of the identification of magnitude and phase
deteriorates as the frequency goes up and the signal to noise ratio gets small. We examine up to
what frequency one can trust the computed frequency response and study implications for
adjusting frequency range used for weighting function and penalty coefficients.

The system in Equation (5-8) fed by a zero order hold is used as a model with 100 Hz
sample rate. The input is generated using normally distributed pseudo-random numbers with unity
standard deviation, generated for various data lengths. A pseudo random noise is also generated
normally distributed, unity standard deviation, is chosen and then scaled so that when added to the
output it produces a signal to noise ratio of 100 producing noisy measurement data.

Figure 5-20 and 5-21 show the estimated phase and true phase response of the system when
1,000,000 and 10,000,000 time steps of data are used, respectively, in the TFE algorithm with
default window size, and default overlap. Extra curves are shown for adding and subtracting 360
degrees from the phase of the system. Phase error of +90 degree or more in the phase cancellation
in F(z)G(z) causes instability. Error in the gain is less critical. As the frequency increases,
identified phase plots start to contain substantial influence from noise and no longer reflects the

true behavior.
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Figure 522 investigates how well the Midlax merged with quadratic penalty works when
frequencies response data is noisy using data in FigBtelbis clear that the one does not want
to use MinMax all the way to NyquisfThe DC value is 0.9858he solid curvdor the merged
cost uses = 40 andb = 100 withv = 0.006. This is adjusted to get stability all the way to Nyquist.
The third curve usesi¢ merged cost function wid=50,b = 60,v=0.008, and introduces a zero
phase lowpass filter cutofivith passband to 50% and transition band of 10%. Having the cutoff
means that one is no longer constrained to try to produce stability to Nygushassolid curve,
an better performance is obtained below the filter cutoff. The DC values for the merged cost is
reduced to 0.8480, and when the cutoff filseidded the DC value is 0.3293, which is dramatically
reduced.

Figure 523 repeats Figure-324 but using the noisy frequency response data. This time the
70% curve is much worse than before, and the learning rates for the other curves are not as similar
as before.Figure 5-24 examines the behavior when one introduces theg®aee lowpass filter
to stabilize the curves in Figure -83, presenting themagnitude frequency response of
H(z)[1 — F(z)G(2)]. Thevaluesof W, correspond to cutoff starting at 20%, 40%, and 60% with
10% transition to zero.he FIR low-pass filtes are given irFigure 525. Due to phase error at
high frequencies near Nyquist, the resulting magnitudé ofF (z)G(z) using theMin-Max
approachall the way to Nyquistesults in almost no learning approaching Nyquist as well as at
DC. The results show that limiting leang cutoffin W, can improve learning rates at low
frequencies. As the learning cutoff decreases, the learning rate bdesteest low frequencies
at theexpense of no learning above the cutoff. This learning cutoff should not exceed the frequency
range where the phase identification is accuerteughto avoidinstability frommodel error at

high frequencies.



Figures 5-26 and 5-27 correspond to Figures 5-16 and 5-15, respectively, which study the
influence of transition band of the weighting function for the Min-Max optimization when all
weighting functions become zero at 70% of Nyquist frequency. The cutoff of the FIR zero-phase
low-pass filter is designed to be lower than 70% Nyquist. The plots show that longer transition
band can improve learning rates at DC and low frequencies but might need a lower cutoff
frequency for the low-pass filter. Otherwise, the magnitude of ! " #($)%b' can grow above unity
at low frequency and become unstable. The transition band of 70% Nyquist, which means the
weight () that starts decreasing from unity at DC and completely equal to zero at 35 Hz, needs a
cutoff frequency for low-pass filter before 25 Hz while the transition band of 40% Nyquist needs
a cutoff frequency at 33Hz. The one with transition band 0% grows above unity at 39 Hz which is
higher than the frequency range that we try to optimize. Figure 5-28 shows the magnitude plot of
* & [! #($)% | when the corresponding FIR low-pass filters in Figure 5-29 are applied.

In the real world when data is noisy and phase frequency response at high frequencies
becomes inaccurate due to noise, excessively long data sets can be required for accurate phase
response identification at high frequencies. Min-Max design all the way to Nyquist is very
sensitive to the noise at high frequencies. One might want to use some smoothing technique trying
to smooth through the noise. The merged cost function allows one to decrease this influence very
substantially. But it still may not be able to guarantee convergence to Nyquist because of the phase
error in the computed frequency response. One may introduce a zero-phase low-pass filter to cut
off the learning when the frequency response model becomes too highly influenced by noise. One
can then consider the alternative design which does not try to learn to high frequencies, resulting
in much better learning at low frequencies, but this time requiring an effective zero-phase low-

pass filter to produce stability. In practice, one might might tune this cutoff in hardware by picking
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a desired trajectonyhait contains all frequencies and run for a number of petamgeewhich
frequenciesare growing from one period to the next period. This process is possible since the
instability in RC grows slowly. But we comment that when using the alternative deémgslow
instability may not apply. One might need to start with a cost function aiming for learning to

Nyquist and reduce the frequency range gradually.

5.7 Conclusions

The combined optimization criterion presented here introduces significant design choices
in generating repetitive controllers for romnimum systems. When usinget pure MinMax
criterion for all frequencies up to Nyquist, the speed of learning at DC is very much improved over
the quadratic cost approach, but is still limited. And the performance at high frequencies can be
asking for higher learning rates than anght want based on robustness to model error. When
transitioning to a quadratic cost as the frequencies increase, the performancevdxXvihlow
frequencies can be improved. If the quadratic cost is furthenghasized relative to the Min
Max using he weights, then one obtains further improvement in-Max low frequency
performance, and can still maintain stability for the given model up to high frequencies. One can
choose to go still further, and simply ask for Mitax up to some chosen frequencydause a
cutoff filter to ignore everything above this frequency. This can produce particularly good
performance near DC for naninimum phase systems, and is easy to design. But it sacrifices all
attempt to learn at high frequencies. Thus, the methodsmtexl represent a spectrum of choices
for the designer. We conclude that in practice, instead of using the puldimpproach to
address nominimum phase systems, one should prefer to use one of the two methods developed

here when designing repetiticentrollers.
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Chapter 6

Conclusion

Several methods have been developed in this dissertation to create repetitive control laws
with improved performance and increased robustness for minimum phase systems and non-
minimum phase systems. In repetitive control, the command to be executed and the disturbance
are periodic functions of time. Typical feedback control has limited performances because it does
not make use of knowledge of the periodic nature of the command and disturbance. Repetitive
controllers use error from the previous period to adjust the command in the present period. In
theory, repetitive control can completely eliminate the effects of a periodic disturbance. This
dissertation is separated into four major topics. Chapter 2 and 3 present solutions to general RC
systems. Chapter 4 and 5 present optimization methods that specifically work well for non-
minimum phase systems but might not be preferred for minimum phase systems.

The first topic in this dissertation studies to what extend the emulation methods can be used
to implement RC compensators. The pole-zero mapping method is modified to create an effective
RC approach using only the continuous time models. The new method uses the exact images of
the pole locations, approximate images of any zero locations, and supplies poles at the origin to
address the phase influence of the asymptotic zeros introduce by the discretization process. This
method is simple and provides insight into stability robustness of RC compensator designs. The

results of the methods will almost always be stable.
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The ideal performance for a repetitive control system is to have zero tracking error.
Because of model error at high frequencies from parasitic poles or residual modes, one normally
requires a zero phase filter to cutoff the process above some frequency. This stabilizes the RC
system at the expense of no longer addressing the error above the cutoff. The instability just above
the needed cutoff frequency is normally slow, and this allows one to use real time data to correct
the model error for such frequencies. This allows one to raise the cutoff, and perhaps eliminate the
need for a cutoff entirely. Chapter 3 develops real time model update methods that adaptively
update the frequency response model for the chosen frequencies allowing one to successively raise
the cutoff frequency in real time. The methods considered to identify frequency response are the
moving window approach and the projection algorithm. These methods allow one to compute and
use the magnitude and phase response adjustments needed to the input command for each
frequency independently while the systems are running.

The later part of this dissertation focuses on designing RC compensators for non-minimum
phase systems, having a zero or zeros in the right half of the complex plane for the continuous time
system. Such systems exhibit unusual behavior in response to unit step inputs, with the output
initially going in the opposite direction from the step before moving in the commanded direction.
The zero is usually mapped to discrete time on positive real axis close to +1 creating behavior
similar to pole-zero cancellation at DC and low frequencies. The behavior causes slow learning at
DC and low frequencies for existing RC design methods. Chapter 4 investigates the performance
of existing approaches on non-minimum phase systems and proposes the optimization criterion to
minimize the maximum of the error over frequencies in order to push the maximum value down.
The Min-Max design approach improves the originally poor performance at low frequencies at the

expense of slower learning at higher frequencies. A Taylor series expansion design method can
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sometimes compete, but it needs an extra IIR part to exactly cancel poles and zeros inside the unit
circle. The Min-Max can be designed directly from frequency response data. The Min-Max method
is not to be preferred for minimum phase systems, but it is effective in most non-minimum phase
systems because it directly addresses the basic pole-zero cancellation difficulty. To design RC
controllers for this cost function, the problem statement is reformulated as a QCQP problem and
solved by using CVX package.

The use of the Min-Max cost design method for non-minimum phase systems is furthered
studied in Chapter 5. Although the method can effectively push down the maximum error, the
method requires model accuracy up to high frequencies. In real world applications, signals at high
frequencies can be decaying into the noise level due to their low magnitude frequency response.
When one designs using frequency response obtained directly from long data runs with a rich
input, the influence of noise on the model at high frequency, creates unwanted sensitivity to noise
at high frequencies with the Min-Max design. Normally, the quadratic cost criterion results in slow
learning at high frequencies, and this improves the robustness to model error at high frequencies.
This chapter develops two methods to address the poor behavior of Min-Max at high frequencies.
The first uses the Min-Max objective at low frequencies and transitions to the quadratic cost at
high frequencies. This combination has the advantage of Min-Max that it addresses poor learning
at low frequencies, and the advantage of the quadratic penalty function for improved robustness at
high frequencies. A zero-phase low-pass filter to cutoff the learning at high frequencies can still
be needed due to high frequency model error or actuator limitation. The other approach considered
in Chapter 5 is to use the Min-Max objective up to some frequencies and apply a learning cutoff
to frequencies above this frequency. Such an approach will not be able to address as large a

frequency range, but it is seen to be simple and effective. The methods studied in Chapters 4 and
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5 aimed specifically for good performance for non-minimum phase systems, are usually not to be

preferred when designing RC for minimum phase systems.
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