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ABSTRACT

Bifurcation of localized eigenstates of perturbed
periodic Schrodinger operators

Iva Vukiéevié

A spatially localized initial condition for an energy-conserving wave equation with periodic coef-
ficients disperses (spatially spreads) and decays as time advances. This dispersion is associated
with the continuous spectrum of the underlying differential operator and the absence of discrete
eigenvalues. The introduction of spatially localized perturbations in a periodic medium leads to
“defect modes”, states in which the wave is spatially localized and periodic in time. These modes
are associated with eigenvalues which bifurcate from the continuous spectrum induced by the per-
turbation.

This thesis investigates specific families of perturbations of one-dimensional periodic Schrodinger
operators and studies the resulting bifurcating eigenvalues from the unperturbed continuous spec-
trum. For Q(z) a real-valued periodic function, the Schrédinger operator Hg = —02 4+ Q(z) has
a continuous spectrum equal to the union of closed intervals, called spectral bands, separated by
open spectral gaps. We find that upon the introduction of a bounded, “small”, and sufficiently
decaying perturbation W (x), the spectrum of Hg w has discrete eigenvalues (with corresponding
eigenstates which are exponentially decaying in |z|) which lie in the open spectral gaps of Hg.

Our analysis covers two large classes of perturbations W (x):
1. W(x) =AV(x), 0 < A< 1, and V() sufficiently rapidly decaying as x — +oo;

2. W(x) = q(z,z/e), 0 < € < 1, where x — q(z,y) is spatially localized, ¢(z,y + 1) = q(z,y)

for z € R, and y — ¢(z,y) has mean zero.

In Case 1. W (z) corresponds to a small and localized absolute change in the medium’s material
properties. In Case 2. W(z) corresponds to a high-contrast microstructure. Q(z) + W (z) may

be pointwise very large, but on average it is a small perturbation of Q(x).
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Chapter 1

Introduction

The Schrodinger equation is the scalar partial differential equation:
i) = (—02+ Q(z) + W(z)) ¥ = Hy,, ,, ¥, (1.1)

governing ¢, a complex-valued function of position x, and time t. The initial value problem for
with data 1(0,2) = vo(z) is discussed in [Pazy, 1983; Reed and Simon, 1978]. Here Q(x) is
a bounded and smooth periodic function called the background potential and W (z), assumed to be
real-valued and sufficiently smooth, is viewed as a perturbation of the background potential. We
shall focus on time-harmonic and spatially localized one-dimensional solutions 9 (z,t) = e~ *Ftu(x),

which yield the eigenvalue problem for the time-independent Schrodinger equation:
H,, yu= (=024 Q(z) + W(z))u= Eu, ue L*(R). (1.2)

Equations (1.1)) and (1.2)) arise in the following settings:

1. Quantum Mechanics: The solution ¢(z,t) of equation (1.1)) denotes the wave function of a
quantum particle. [, |¢(z, t)|?dz is the probability that the particle is in the subset A C R

at time t.

2. Electromagnetism: The propagation of light through an electromagnetic waveguide is gov-
erned by the Maxwell’s equations. In dielectric media whose material properties (e.g. re-
fractive index) depend only on variations in one or two spatial dimensions, time-harmonic

transverse magnetic (TM) and transverse electric (TE) solutions can be found. In the TM
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case, the electric field is governed by a scalar Helmholtz equation. The eigenvalue solutions
of can be used to construct guided TM mode solutions to Maxwell’s equations that are
localized in the z-direction and propagating in the z-direction. The potential Q(x) + W (x)
is expressible in terms of the refractive index, a property of the material of propagation. See

Appendix [A] for more detail.

The main focus of this thesis is the study of equation (|1.2)) with specific families of spatially
localized perturbations W (x). Assume Q(x) is periodic, the unperturbed operator H, has no dis-
crete spectrum and only a continuous spectrum. We analyze the bifurcation of discrete eigenvalues
from its continuous spectrum due to the perturbation W (z). Associated with these eigenvalues are
localized eigensolutions of the eigenvalue problem .

A localized perturbation of the form W(z) of a background periodic potential Q(x) may phys-
ically model an engineered or a random “defect” in a periodic medium, [Joannopoulos et al.,
2008]. Periodic media have applications in many fields, only one of which is electromagnetism
(see Appendix . In such media, a spatially localized initial condition is known to spatially dis-
perse and decay in amplitude as time advances, [Brown et al., 2012; Cuccagna, 2008; (Cai, 2006
Firsova, 1996]. The introduction of a localized perturbation in a periodic medium leads to “de-
fect modes,” solutions which are spatially localized and time-periodic. In this thesis we study the
emergence of these defect modes via the bifurcation of eigenvalues from the continuous spectrum

induced by the perturbation W (x).

Outline of the Introduction: We begin with a summary of basic spectral theory in Section 1.1
We are then set up to give a summary of the results of this thesis in Section Section is
devoted to a discussion of results related to this thesis and Section [[.4] considers future research

directions. We end with an outline and brief summary of the chapters found in this thesis in Section
1.1 Background: Spectral Theory
In this thesis, we study detailed aspects of the spectrum of the Schrédinger operator:

Hypw = =07+ Q(z) + W(x)
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for appropriate choices of Q(x) and W (x). We take some time in this section to define and discuss
the notion of a spectrum of an operator and its properties. For a much more detailed and thorough
discussion, consult [Reed and Simon, 1978; Hunter and Nachtergaele, 2001} Eastham, 1973], from
which the following summary was modified.

Consider a Banach space S.

Definition 1.1.1. The resolvent set of a bounded operator A:S — S, denoted by p(A), is the set
of complex numbers, w, such that (A — pl) : S — S is one-to-one and onto. The spectrum of A,

denoted by spec(A), is the complement of the resolvent set in C, spec(A) = C\p(A).

There are various types of elements that can belong to the spectrum of A. We separate them

into two disjoint sets with the following definition.
Definition 1.1.2. Suppose that A is a bounded linear operator acting on a Banach space S.

(a) The discrete spectrum of A consists of all isolated points j € specys(A) such that p is an
eigenvalue of A of finite algebraic multiplicity.

A) such that p is not in the discrete

ess(

(b) The essential spectrum of A consists of all p € spec

spectrum of A.

A fundamental problem is to determine the effect of perturbations of an operator on its spec-
trum. A basic result is Weyl’s Theorem ([Reed and Simon, 1978]) on the stability of the essential

spectrum.

Definition 1.1.3. Let A be self-adjoint. An operator C' is called relatively compact with respect to
A if and only if C(A — zI)~' is compact for some z € p(A).

We can now state Weyl’s Theorem, which says that a relatively compact perturbation of an

operator does not change its essential spectrum:

Theorem 1.1.4 (Weyl’s Theorem, Cor 3, pg 114 in [Reed and Simon, 1978|). Let A be a self-adjoint

operator and let C' be relatively compact with respect to A. Then specqg(A + C) = specqe(A).

In fact, Definition of the spectrum of an operator can be refined. We can partition the

spectrum into three disjoint sets:
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Definition 1.1.5. Suppose that A is a bounded linear operator acting on a Banach space S.

(a) The point spectrum of A consists of all i € spec,s(A) such that A— pl is not one-to-one. In

this case u is called an eigenvalue of A.

A) such that A — pul is one-to-one

(b) The continuous spectrum of A consists of all p1 € Specqu(

but not onto, and ran(A — ul) is dense in S.

(¢) The residual spectrum of A consists of all p € spec,.(A) such that A — pl is one-to-one but

res

not onto, and ran(A — ul) is not dense in S.
For self-adjoint operators A, one has

Theorem 1.1.6 (Cor. 9.14 in [Hunter and Nachtergaele, 2001]). If A is a self-adjoint operator,
then spec,os(A) = 0. Therefore, spec(A) = spec o (A) U specys(A).

1.1.1 Spectrum of Periodic Schrodinger Operators

A major part of this thesis considers perturbations of the second order self-adjoint differential
operator (Schrédinger operator):

H, = —83 + Q(x).

Here, Q(z) is a continuous, real-valued, 1—periodic potential:
Rz +1) = Q).

The spectrum of H, is continuous. In fact, it is the union of closed intervals called spectral
bands [Reed and Simon, 1978} Eastham, 1973]. The complement of the spectrum is a union of open
intervals called spectral gaps.

The spectrum is determined by the family of self-adjoint eigenvalue problems parametrized by

the quasi-momentum k € (—1/2,1/2]:

Hyu(xs k) = E u(z; k), (1.3)

u(z + 1; k) = 2 Fu(z; k). (1.4)
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That is, we seek k-pseudo-periodic solutions of the eigenvalue equation. For each k € (—1/2,1/2],
the self-adjoint eigenvalue problem — has discrete (eigenvalue) spectrum (listed with mul-
tiplicity):

Ey(k) < Ey(k) <--- < Ey(k) <... (1.5)

with corresponding k-pseudo-periodic eigenfunctions uy(x; k), b > 0. The b** spectral band is given
by:
By, = U B (1.6)

ke(—1/2,1/2]
The spectrum of H, is given by:

spec(H,) =By, = Ey(k). (1.7)

b>0 b>0 ke(—-1/2,1/2]
Since the boundary condition is invariant with respect to k — k + 1, the functions FEy(k)
can be extended to all R as periodic functions of k. The minima and maxima of E,(k) occur at
k = k. € {0,1/2}; see Figure In cases where extrema border a spectral gap, we have that
O2Ey (k) is either strictly positive or strictly negative [Eastham, 1973; Reed and Simon, 1978]. See
Appendix [B| for a more detailed analysis of spec(H,) and its properties.

2 0 12

Figure 1.1: Sketch of spectrum associated with the operator H,. Eigenvalues, Ey(k), k €

(=1/2,1/2],b=0,1,2,..., are displayed in green. The continuous spectrum is in blue.
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Example 1.1.7. Consider the case Q = 0, Hy = —0? acting on L>(R). We wish to solve the
equation
~0(z) = ().

The only bounded solutions to this problem are 1(x) = et VI for 1 > 0. Furthermore, if p1 < 0
then the operator —02 — u = —02? + || is invertible on L?(R) (by the Fourier Transform) and hence
the resolvent set p(Hy) = (—00,0). Therefore, the spectrum of Hy is continuous and can be written
explicitly as spec(Hp) = [0, 00).

We wish to show that for W (z) € L?(R), one has specqn (H,, ) = Speceont(Ho). We need to
establish that W (z) is a relatively compact perturbation of Hy. That is, we need to show that
W (Hp — 2I)~! is compact for some z € p(Hg) = (—o0,0). Without-loss-of-generality, take z = —1

and note that from Fourier analysis we can write

W (@)(Ho + 1) f(2) = W(a)(=07 + 1) f(2) = /_ W) S Y i)y,

which is an integral operator with kernel
Loyl
k(x,y) = W(x) 3¢ Yl

An integral operator is compact if its kernel satisfies: k¥ € L2(R x R) (Thm. 9.21 in [Hunter and
Nachtergaele, 2001]). Note that for W (z) € L?(R), k(x,y) € L*(R x R) and thus W (Hy + I)~!
is compact. We have shown that W (x) is relatively compact with respect to Hy and therefore, by

Weyl’s Theorem SpPeCeont (Hyy ) = SPeCeont (Ho)- O

Remark 1.1.8. Consider the operator H

Q+wW -

L?(R). One can show by Theorem that speceont(Hy, ) = SPeCeoni(H,) (Reed and Simon,
1978; |Christ and Kiselev, 1995]. Therefore, the effect of a localized perturbation of the operator

H,

L3(R) is real-valued, H,

Q+wW

Here, Q(z) is real-valued and periodic, and W (z) €

is to possibly introduce discrete eigenvalues into the open spectral gaps. Note that if W €
does not have discrete eigenvalues embedded in its continuous spectrum;

see [Rofe-Beketov, 1964); |Gesztesy and Simon, 1995].

1.2 Statement of Results

The main results in this thesis concern spectral analysis of operators of the form H,_ .

Here, Q(x)

is real-valued and periodic, and W (x) is sufficiently localized is space. These results are presented
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in Section A second set of results concerns scattering properties (eg. transmission coefficient,
local energy time-decay) of the operator H,, for a particular choice of localized potential W (x).

These results are presented in Section [I.2.2]

1.2.1 Spectral analysis of the operator H,_

We are interested in analyzing the eigenvalue problem:

Hypw (@) = (=03 + Q(x) + W(2))p(z) = By(z), ¢ € L*(R), (1.8)

for specific choices of the perturbing potential W (x). Here, Q(x) is a real-valued periodic function.
We approach the problem by first transforming into energy space via the Gelfand-Bloch
transform (see Appendix |B|for a presentation of Floquet-Bloch theory). Using a Lyapunov-Schmidt
type reduction [Nirenberg, 2001] by projecting the resulting equation onto energies near the (b,)™
band edge (uppermost or lowermost), and far from this edge, we derive a closed equation for the
near-band-edge energy components of the eigenfunction (see Appendix |C| for a discussion of the
standard Lyapunov-Schmidt reduction). An appropriate rescaling of the latter equation yields
an effective operator for the rescaled near-energy components of the eigenfunction of the original
problem . The effective operator is of the form

d d
Hy, off = *dfyAb*,effdfy — By, ot 0(y).

Here, Ap, of is the inverse effective mass associated with a band edge of the (by)t spectral band
of spec(H,, ), and By, of 0(y) is an effective potential well with coefficient By, o depending on the
perturbation W (z).

We now give a brief description of our results for particular choices of W (x).
1.Q=0, H_, = —02 + A\V(x) : Consider the potential W(x) = AV(x) such that V(z) is suffi-
ciently smooth and localized, —co < fR V(x)dr < 0, and 0 < A < 1. We seek eigenpair solutions

(EM4™) to the eigenvalue problem:
H,, 9MNx) = (=02 + AV (@) () = XN (@),  MNx) € L*(R).

In Chapter 2 we prove in Theorem [2.2.T| that there exists Ag > 0 such that for all 0 < X\ < Ao, H,,,

has a simple discrete eigenvalue,

E* = X2, + O(\®), for some p, <0,
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and corresponding eigenfunction 1*(z). The eigenfunction *(x) is well-approximated in L>°(R)

by 1, (Az), where (py, ¥4« (y)) denotes the unique eigenpair of the effective operator:

d2
Howt = =5+ [ V x5(0). (19)
dy R

Here, 6(y) denotes a Dirac delta mass at y = 0. Since [V < 0, Hp o has a delta function potential

well. The unique eigenvalue of Hy e is

P = —i (/R V(x)dm>2.

The corresponding one-dimensional eigenspace is spanned by

ot = |5 ([ 1]

2.Q=0, Hy, =02 +q(x,x/¢) : Consider the potential W(z) = ¢(x,z/e) which is spatially

localized on the slow scale z, and periodic with zero mean on the fast scale y = z/e:

1
q(z,y +1) = q(z,y), /O q(z,y)dy = 0. (1.10)

By expanding with respect to the Fourier coefficients of the fast variable, one can write

q(z,y) = qu(x)e%ijy' (1.11)
J#0

We seek eigenpair solutions (E€,1¢) to the eigenvalue problem:
Hy 4 (2) = (0% + q(z,z/e))¢ () = BY(x), ¥ (z) € L*(R).

In Chapter [d, we prove in Theorem that there exists ey > 0, such that for all 0 < € < ¢, Hy,

has a simple discrete eigenvalue,
E¢ =t + OMNT), for some py <0, o >0,

and corresponding eigenfunction ¢¢(z). The eigenfunction ¥(x) is well approximated in L>(R)

by . (€2x), where (i, 14 (y)) denotes the unique eigenpair of the effective operator:

d? 1 1 9
Hoon = =3z = [ Aa % 3(0), An(o) = 3 > ol (112)
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ftx is the unique eigenvalue of Ho cf,

o= ([ rara)’

with the corresponding one-dimensional eigenspace spanned by

buly) = exp [ (/ Aeff> Iy@

3.Q#0, Hy, ,, = —02+ Q(x) + AV(x) : Consider the potential W (z) = AV (z) where V(z) is
spatially localized and sufficiently smooth. We make no assumptions on the sign of the integral
JgV(2)dz as we did in case 1. above (Q = 0). We seek eigenpair solutions (E*,¢*) to the

eigenvalue problem:

Hy, o 0M(2) = (=02 + Q(x) + AV (2)) () = BM (2),

Let Ey(ky), k« € {0,1/2}, denote an endpoint (uppermost or lowermost) of the b*" spectral band,

bordering a spectral gap. In Chapter [2, we prove in Theorem that under the condition:
OrEy(k / |up(z; ki )|* V(z) de < 0, (1.13)

the following holds: There exists A\g > 0, such that for all 0 < A < Ag, H,

o+ has a simple discrete

eigenvalue,

E* = Ey(k) + Mpe + ON), for some a > 0, (1.14)

which bifurcates from the edge, Ey(k) of By, into a spectral gap.

1. If 02 Fy(ky) > 0 and [ |up(z;ke)|? V(z) do < 0, then p, < 0 and E* lies near the lowermost
edge of By; see the left panel of Figure

2. If 02Ey(ky) < 0 and [ |up(2;ks)|? V(z) dz > 0, then y1, > 0 and E* lies near the uppermost
edge of By; see the right panel of Figure

For 0 < A < Ag, ¥ (x), the eigenstate corresponding to the eigenvalue E*, is well-approximated

in L by 1, (Az), where 1,(y) denotes the unique eigenstate of the effective operator:

d d
Hyof = —— Ape — + Bpeg % 6(y), 1.15
b,eff dy b,eff dy + Byer X 6(y) ( )
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[ [
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Q Q
o] o)
Q Q

V <0 V>0

Figure 1.2: Sketch of spectrum associated with the operator H, The left panel (resp. right)

Q+AV®

corresponds to spec(H,,_,, ), where AV is small, localized negative (resp. positive).

with constant effective parameters Ay g and By . Here,
L
Apeft = 8?fikEb(/ak), (1.16)

is the inverse effective mass associated with the spectral edge Ey(ky), and

mﬁ::/hMavawom. (1.17)
R
The unique eigenvalue of Hy ¢ is
_ Bl?,eff
i 4Ab,eff '

The corresponding one-dimensional eigenspace is spanned by

Bb,eﬂC >
* = €ex .
ats) = exp ()

4.Q#0, Hqiq = 02+ Q(x) + qc(x) : Consider the potential W(z) = gc(r), where gc(z) is
spatially localized in x, and localized at high frequencies in the frequency space. Note, while in
results 1. and 3. the perturbation AV (x) tends to zero in L>®(R) N L?(R) as A — 0, q.(x) tends to
zero weakly as ¢ — 0. Equations —, represent a family of such potentials.
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We seek eigenpair solutions (E€, 1) to the eigenvalue problem:

HQ+q 9" (2) = (=03 + Q(2) + qe(2)y"(x) = B9 (2), ¢(z) € L*(R).

Assume that the b** band has left-endpoint Ej(k,), k« € {0,1/2}, bordering a spectral gap. Then
agEb(k*) > (; see the left panel of Figure In Chapter 4, we prove in Theorem that there
exists €g > 0 such that for all 0 < € < €y, Hg44 has a simple discrete eigenvalue which bifurcates

from the band edge, Ey(k.) of By, into a spectral gap:
E¢ = Ey(ky) + €'y + O(e*), for some p, <0, o> 0. (1.18)

see the right panel in Figure
We show that for 0 < € < ey, (), the eigenstate corresponding to the eigenvalue E€, is
well approximated in L> by 1, (e?z), where 1,(y) denotes the unique eigenstate of the effective
operator:
d d

Hyet = —-2 Ay = — Byeg x 0(), 11
beff ay et g beff X 6(y) (1.19)

with constant effective parameters Ay g and By eq. Here,
L
Apeft = 8?mEb(k*), (1.20)
is the inverse effective mass associated the the spectral edge Ejp(ky), and
‘Bb’eﬂ‘ — 6_2/ lup (23 k) |2 qe(2)Qc(x) dzz| < O(e%T), for some oeg > 0, (1.21)
R

where Q¢(z) is defined by:

~

Q) = rarge@)
For the specific case of ¢.(z) as in —, one can show that
1
Bb,eﬁ" = /0 |ub(x; k*)|2 Aeff(x) diL‘, Aeff('x) = ﬁ Z ']12|QJ('$)|2 (122)
J#0
The unique eigenvalue of Hp o is
[y = — Bb2,eff )
4Ap o

The corresponding one-dimensional eigenspace is spanned by
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Es ()
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Eq (k)
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-1/2 0 1/2

Figure 1.3: Sketch of spectra. Eigenvalues Ey(k), k € (—1/2,1/2], b = 0,1,2,..., are displayed
in green. The continuous spectrum, is in blue, and discrete eigenvalues are indicated through

cross markers. Left panel corresponds to spec(H Q), () periodic. The right panel corresponds to
spec(HQq. )-
1.2.2 Scattering properties of the operator H, .,

In Chapter [3, we prove results concerning the scattering properties of the operator:
qu = _83 + Qav(x) + q(x, .1‘/6)
In particular we study

(a) the transmission coefficient t% (k) of H, as e — 0, and

(b) the time evolution operator e~*#Hac,

Here, gav(x) is a localized background potential and g(x,z/€) is as described in equations (1.10)-

(L.11)): it is spatially localized on the slow scale x, and periodic with zero mean on the fast scale

y=ux/e.

Remark 1.2.1. More generally, our results hold for potentials which are aperiodic. For example,

we allow for real-valued potentials:

g(z,y) = ) gilx) ™Y, (1.23)
70
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where {)‘j}jeZ\{O} s a sequence of non-zero distinct frequencies for which there is a constant 0 > 0
such that
inf [A\; = Ag| >80 >0, inf|\;|>6>0. 1.24
j#:’J k‘_ ].GZ’]‘— ( )

The scattering problem for the Schrodinger equation with a general localized potential V (z):

(Hy — k)¢ =0, Hy=-02+V(x), (1.25)
is the question of the scattering field in response to an incoming plane wave e***:
etk 4V (k)e= ke, T — —00,
laik) = (1.26)
tV(k)eth®, T — o0.

The functions ¢V (k) and r" (k) are respectively called the reflection and transmission coefficients
for the potential V' (z).

In Theorem we prove that there exists an ey > 0 such that for all 0 < € < €q, t% % (k),
the transmission coefficient of the scattering problem - with potential

Ve(z) = gav(z) + (2, 2/€),
is well-approximated by the transmission coefficient flav—€* Nt (k) corresponding to the potential

Ve,eff(x) = Qav(x) - 62Aeff(£)> Aef‘f(x) = %ﬂg Z .]12|QJ('T)‘2

J#0
Specifically, we prove that for an appropriate set K C C,
k k
su — = O().
ooty ~ | ~ O

In Corollary we show that for g,y () = 0, (more generally, Corollary for gav(x) # 0)

there is a universal scaled limit depending on a single parameter fR Aesr:

2
t% (2 k) — t* (m;/ Aeg> = + as e—0 for k# i (/ Aeg) .
R K= 5 [g Aot 2 \Ur

Moreover, in Corollary we prove that the transmission coefficient t% (k) has a pole at

k. = s </ Aeﬁ‘> +0(?), €—0,
2 \Ur
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and therefore the operator H,, has a simple eigensolution (E€, ) such that

4 2
Ee=k2=-% </ Aeﬂ> +0(%), e—0,
4 \Jr
P(x) =0 (e_\’ |E6Hm|> ;x> 1.

See Figure for an example of an oscillatory potential g.(x) and its effective behavior along with
plots of the transmission coefficients ¢% (k) and ¢~ (k) for various values of e.
Finally, using the results on the transmission coefficient, we obtain time decay estimates for

solutions to the time-dependent Schroédinger equation,

Zatw = qu¢7 ¢(07 .%') = ¢0($)

In Theorem for ¢o(x) sufficiently localized and in the continuous spectral part of H, , that

is ¢ L ¥° in L2(R), 1 the eigenfunction of Hy,_, we prove the bound
-1

2
e X BT (1 e ([ ) |t\> 13+ 1) 60(Q) g
(1.27)
Here, P, denotes the projection onto the orthogonal complement of the eigenspace, span{y°},
corresponding to the bifurcating eigenvalue E€. Note that for |t| < 1 the decay rate is as for the

free Schrodinger evolution, e~#9t, while for |t| > e=* we have enhanced decay.

1.3 Related Previous Results

1. In [Simon, 1976], Simon analyzes the operator Hyyy = —A + AV(z) in one and two spatial
dimensions for 0 < A < 1 and V (z) sufficiently smooth and localized. It is shown that in
one dimension, Hyy has an eigenvalue of order A? while in two dimensions Hyy has an ex-
ponentially small eigenvalue of order exp[—a/A?], for some a > 0. Our results in Chapter
(Theorem generalize Simon’s one-dimensional results to small perturbations AV (x)
of a periodic background potential Q(x) # 0 using a Lyapunov-Schmidt type of reduction.
Furthermore, we find asymptotic expansions of the eigenfunctions corresponding to the bi-

furcating eigenvalues induced by the perturbation \V (x).

2. In [Gesztesy and Simon, 1993|, Gesztesy and Simon analyze localized perturbations to the

operator H, = —02 4+ Q(x) for periodic potentials Q(z). They give sufficient conditions for
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Figure 1.4: Plots of potentials g.(z), (a), and the corresponding effective potential —e2Aqg(z), (b).
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the bifurcation of eigenvalues into the gaps of the continuous spectrum of H,. We extend
this result in Chapter [2| (Theorem [2.2.4)) by giving asymptotic expressions of the bifurcating

eigenvalues and their corresponding eigenfunctions.

3. In [Parzygnat et al., 2010], Parzygnat et. al. analyze small and localized perturbations to the
operator H, = —A+Q(x) in one and two spatial dimensions for periodic potentials Q(x) and
study the emergence of eigenvalues in the spectral gaps of H,. They use formal trial function
arguments to show the existence of such states and, by formal asymptotic arguments, they
obtain the condition for the case of the first spectral gap. We make these results rigorous
for the one-dimensional case in Chapter [2| (Theorem . Furthermore, we generalize to all

band gaps, not just the first band gap.

4. In [Deift and Hempel, 1986, Deift and Hempel consider operators of the form Hoaw =
—A + Q(x) + AV (z), where Q(x) is real, periodic, and bounded, A is constant, and V(x) is
real and bounded. Using the Birman-Schwinger principle, they determine requirements on A
and V' (z) such that spec(Hg4ayv) has point spectrum components. In Chapter [2| (Theorem
, we obtain conditions for which the one-dimensional operator spec(Hg4xy) has bifur-
cating eigenvalues in the spectral gaps of spec(Hg) and furthermore, find explicit asymptotic

expansions for them and their corresponding eigenfunctions.

5. In [Bronski and Rapti, 2011, Bronski and Rapti consider operators of the form H 0w =
—924+Q(z)+W (x), where Q(x) is periodic and W (z) is globally supported and not necessarily
localized (and therefore does not necessarily satisfy Weyl’s Theorem . Using a homotopy
argument, they determine conditions on W (x) under which a point spectrum is found in the

gaps of spec(H,, ). They also obtain results on the number of eigenvalues in the spectral gaps.

6. In [Hoefer and Weinstein, 2011], Hoefer and Weinstein consider operators of the form H, QreV(e) =
—A + Q(x) + €2V (ex) in one, two, and three dimensions. Here Q(z) is periodic on R? and
V(y) is localized. Using a Lyapunov-Schmidt argument, they prove that for sufficiently small
0 < € < 1, there emerge eigenvalues from the bands of spec(HQ). We apply a similar
Lyapunov-Schmidt technique in Chapters [2| and E| to the operators Hgiyy and Hgyg,, re-

spectively.
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7. In [Duchéne and Weinstein, 2011], Duchéne and Weinstein consider operators of the form
Hy,tq. = —024qay(7)+q(z, /€), where gay (7) is a localized background potential, 0 < € < 1,
and ¢(z, x/e) is localized in the z-variable and 1-periodic in the z/e-variable. Using a method
developed in [Golowich and Weinstein, 2005, they derive a detailed and rigorous expansion
of the transmission coefficient, t%v1% (k). In this work, singular potentials are also admitted.
Potentials with singularities, e.g. jump discontinuities or Dirac delta singularities, give rise to
interface-effects which require the inclusion of interface corrections, not captured by standard
bulk homogenization theory, in the expansions. For generic potentials, these expansions hold
for any fixed k£ € R and ¢ — 0, but for nongeneric potentials, they require k£ to be bounded
away from 0. In Chapter 3| (Theorem , we extend these results for sufficiently smooth
potentials by finding an approximation for the transmission coefficient t%v+4 (k) even for k
close to zero. In particular, for nongeneric potentials gy (), we find that t%v+9 (k) has a pole

at k, = O(e?) along the positive imaginary axis and therefore H,, 1, has a eigenvalue at k2.

8. In [Borisov and Gadyl’shin, 2008], Borisov and Gadyl’shin consider the operator H, =
—%p(aj)% + q(x) + €L, where p(z) and ¢(x) are sufficiently smooth periodic functions,
p(x) > po > 0, and for 0 < € < 1, L, is a compactly supported operator. Using spectral
theoretic results, the authors determine the conditions on L. which induce the emergence of
a point spectrum to the spectrum of the unperturbed operator, spec(Hp). With a Birman-
Schwinger like argument, they also construct the eigenpair solutions for a particular family
of perturbations L.. In [Borisov, 2011, Borisov studies a two-dimensional version of the
operator H.. Here L. is not necessarily compact, but it is localized and bounded uniformly
with respect to €. The author proves necessary and sufficient conditions for the bifurcation
of eigenvalues from the continuous spectrum of Hy and constructs an asymptotic expansion
for these discrete eigensolutions. Using a Lyapunov-Schmidt like argument In Chapter [2], we
study the spectrum of the related operator Hg4 v for Q(x) a periodic background potential
and V(x) localized with 0 < A < 1. Using a Lyapunov-Schmidt like argument, we prove

results similar to those found in [Borisov and Gadyl’shin, 2008] except that we allow for

non-compact perturbations of Q(z).

Furthermore, in [Borisov, 2007], Borisov considers operators of the form Hgi, = —02 +

Q(z) + q(z,x/€) where Q(x) is periodic and ¢(x,z/€) is compact in the slow z-variable and
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periodic with zero mean in the fast z/e-variable. These results extend those found in [Borisov
and Gadyl’shin, 2006 where the Q(x) = 0 case was considered. Borisov finds conditions
under which eigenvalues bifurcate from the band of spec(Hg) into the spectral gaps. He also
finds asymptotic expansions of these eigenvalues and their corresponding eigenfunctions. In
Chapter [4| (Theorem , we extend these results to non-compact localized perturbations of
the operator Hg which converge weakly to zero. A special case would include perturbations

of the form found in [Borisov, 2007].

1.4 Future Directions

In this section, we briefly outline some possible future directions for the work presented in the

thesis:

1. For the operator H,, = —02 + q(z,z/¢), we derived local time-decay estimates for localized
initial conditions orthogonal to the bound state, see equation and Chapter 3. In
particular, the decay rate is O(t~1/2) for times t < ¢4 and O(t=3/2) for t > ¢~*. We believe
that our methods can be extended to give detailed properties of the resolvent (—92 + Q(z) +
AV (x) — BE)7! (and (-0% + Q(z) + q(z,7/€) — E)~!) and therefore the spectral measure
[Reed and Simon, 1978] near the band edges. Such information could be used to derive the
detailed dispersive time-decay behavior. However, the decay estimates of the type obtained
in can be expected to hold only for initial conditions which are spatially localized near
band edges. Initial conditions with spectral components away from band edges can sample a
regime where, for ) non-zero, the dispersion relation has higher degeneracy, yielding different

(slower) dispersive time-decay [Firsova, 1996; (Cai, 2006; Cuccagna, 2008].

2. It would also be of interest to extend the results obtained for the operators Hg v and Hgyq,
in higher dimensions. In spatial dimension d = 2 and case Q = 0, Simon [Simon, 1976] proved
that the bound states generated by a multiplicatively small perturbation is exponentially close
to the edge of the continuous spectrum. Such results have been extended by Borisov [Borisov,
2011 in the periodic (Q nontrivial) case. Formal asymptotics were obtained by Wang et. al.
[Wang et al., 2007|. In spatial dimensions d > 3, it is well know that for sufficiently small
A, —A 4+ AV(z) does not have a discrete spectrum, by the Cwikel-Lieb-Rozenblum bound
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[Hundertmark, 2007]. Finally, Parzygnat et. al. [Parzygnat et al., 2010] also treat the case of

dimensions d > 3, where the defect potential, V' (x), is localized in one or two dimensions.

3. Another problem of interest would be to consider operators of the form H,,, = —V-w,(z)V for
appropriate potentials wc(x). In [Figotin and Klein, 1997; Figotin and Klein, 1998|, Figotin
and Klein consider operators of the form H, = V x %Vx on R” for periodic potentials
Q(z), in the context of acoustic and electromagnetic waves. They consider perturbations to
the potential Q(x) and show that the essential spectrum does not change while the emergence
of localized modes in the spectral gaps occurs under specific conditions using a Berman-

Schwinger type method.

4. In [Moskow and Vogelius, 1997|, Moskow and Vogelius, and in [Santosa and Vogelius, 1993,
Santosa and Vogelius, consider the operator H, = —V - a(x/€)V where a(y) is periodic and a
symmetric positive definite matrix. Using standard homogenization techniques, they derive
an effective expression H, ; = —V - a.gV and expansions for the eigenvalues of the problem

Hyou = Mu, z € Q C R?, with the boundary condition u = 0 on 9.

Similarly, in [Gérard-Varet and Masmoudi, 2012, Gérard-Varet and Masmoudi consider the
operator H, = —V - a(z/e)V where a(y) is periodic and sufficiently smooth. They seek to
homogenize the system Hou = 0, 2 € Q C R?, d > 2, with boundary conditions u(z) =
o(x,z/€), © € 68, ¢ sufficiently smooth and periodic in the fast variable. They prove that
there exists a solution u¢ to the above problem that is well approximated by u” which solves

the effective problem —V - a’Vu = 0, z € , and u’(x) = ¢.(z), x € 5Q.

1.5 Thesis outline

This thesis is structured in four chapters, three appendices, and an extensive bibliography. Chapters
and 4| are adapted from peer-reviewed publications and can be read independently: [Duchéne
et al., 2014a; Duchéne et al., 2014c; Duchéne et al., 2014b|. Please note that the notation used
throughout the thesis may not be consistent, but each chapter is consistent in and of
itself. Each chapter begins with a list of notation used for that section.

The summary of each chapter is given below. References are given for chapters where the initial

content has been published elsewhere.
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Ch. [[l The current chapter presents a brief introduction to this thesis. It introduces and motivates

the spectral problem and presents a summary of the results.

Ch. 2 The analysis of localized and small in amplitude perturbations to the periodic, one-dimensional,
time-independent Schrodinger operator, Hg v, is presented. Using a variant of the Lyapunov-
Schmidt reduction technique, we prove the emergence of a discrete spectrum from the un-

perturbed spectrum of H,, which consists of only a continuous spectrum. (I[Duchéne et al.,

2014al)

Ch. Bl We investigate scattering, localization, and dispersive time decay properties for the one-
dimensional Schrodinger operator with rapidly oscillating and spatially localized potential,
H,,.+q.- Here gav(x) is a spatially localized background potential and ¢ = g(x, x/€) where

q(x,y) is periodic with zero mean with respect to y. ([Duchéne et al., 2014c|)

Ch. [ Using a Lyapunov-Schmidt type of reduction again, we study the effect of localized oscilla-
tory perturbations to the periodic, one-dimensional, time-independent Schrodinger operator,
Hgyy.. We prove the emergence of a discrete spectrum from the unperturbed spectrum of

H,,, which consists of only a continuous spectrum. ([Duchéne et al., 2014b])

Ap. [A] We demonstrate how solutions of the eigenvalue problem for the Schrédinger equation can be

used to construct guided wave modes for Maxwell’s equations.

Ap. [B] We review properties of Floquet-Bloch theory and derive some bounds that are necessary in

the proofs in Chapters [2| and

Ap. [C] For completeness, we present the standard Lyapunov-Schmidt reduction as described in

[Nirenberg, 2001].
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Chapter 2

Small and localized perturbations of

Hy

2.1 Introduction
In this chapter, we consider the Schrédinger operator:
Hyw = —0:+Qx)+AV(z), 0<A<1 (2.1)

Here, Q(x) is continuous, real-valued, and 1-periodic, Q(x + 1) = Q(z), and AV (x) is taken to be
localized and sufficiently smooth. In particular, we consider @(x) to be a background potential and
AV (x) a localized perturbation of the operator H, = —0? + Q(z). We thus begin with the analysis

of the spectrum of H,.

As discussed in Chapter (1| (Section , the spectrum of the Schrodinger operator H, is con-
tinuous and is the union of closed intervals called spectral bands [Reed and Simon, 1978]. The
complement of the spectrum is a union of open intervals called spectral gaps. The spectrum is

determined by the family of self-adjoint eigenvalue problems parametrized by the quasi-momentum

ke (—1/2,1/2):

Hou(z; k) = E u(x; k), (2.2)

u(z + 1; k) = 2 Fu(x; k). (2.3)
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That is, we seek k-pseudo-periodic solutions of the eigenvalue equation. For each k € (—1/2,1/2],
the self-adjoint eigenvalue problem — has discrete eigenvalue-spectrum (listed with multi-
plicity):

Ey(k) < Ey(k) <--- < Ey(k) <... (2.4)

with corresponding k-pseudo-periodic eigenfunctions uy(x; k), b > 0. The b** spectral band is given
by:
By, = U Bk (2.5)

ke(—1/2,1/2]

The spectrum of H, is given by:

spec(H,) =By, = Ey(k). (2.6)

b>0 b>0 ke(—1/2,1/2]

Since the boundary condition is invariant with respect to k — k + 1, the functions FEy(k)
can be extended to all R as periodic functions of k. The minima and maxima of Ej(k) occur at
k = k. € {0,1/2}; see Figure In cases where extrema border a spectral gap, we have that
O2Ey(k+) is either strictly positive or strictly negative [Eastham, 1973} Reed and Simon, 1978]; see
Lemma in Appendix

Consider now the perturbed operator H, ., where W (z) is sufficiently localized in space.
By Weyl’'s Theorem on the stability of the essential spectrum, one has speceout(Hy, ) =

SpeCeont (Hy ) [Reed and Simon, 1978|. The effect of a localized perturbation is to possibly introduce

discrete eigenvalues into the open spectral gaps. Note that in our setting, H does not have

Q+w
discrete eigenvalues embedded in its continuous spectrum; see [Rofe-Beketov, 1964; |Gesztesy and
Simon, 1993|.

Therefore, perturbations of the form AV (z) to the operator H,, can only result in the bifurcation

of localized bound states into gaps of the continuous spectrum of H, and spec.,,(H,,,,) =

SP€Ceont (Hp)-

Before giving a summary of results, let us discuss the physical importance of the above phe-
nomenon. In a periodic medium, a spatially localized initial condition for an energy-conserving wave
equation disperses (spatially spreads) and decays in amplitude as time advances. This (Floquet-
Bloch) dispersion is associated with the continuous spectrum (extended states) of the underlying dif-

ferential operator and the absence of discrete eigenvalues (localized bound states) [Kuchment, 2001}
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Reed and Simon, 1978]. The introduction of localized perturbations in a periodic medium leads
to defect modes, states in which energy remains trapped and spatially localized. The process by
which the system undergoes a transition from one with only propagating delocalized states to one
which supports both localized and propagating states is associated with the emergence or bifurca-
tion of discrete eigenvalues from the continuous spectrum associated with the unperturbed periodic

structure.

We next turn to a summary of our results. See Theorem and Theorem for detailed

statements.
Let Ey(ky), ke € {0,1/2}, denote an endpoint (uppermost or lowermost) of the b*" spectral
band, bordering a spectral gap. We show that under the condition:
02 Ey (k) x / lup(2; ki) |? V(z) doz < 0, (2.7)
R

the following holds: There exists a positive number, Ao, such that for all 0 <X < g, H,,, has a

simple discrete eigenvalue,
E* = Ey(k) 4+ Mu, + ON\*?), for some a > 0. (2.8)
which bifurcates from the edge, Ey(k.) of band By, into a spectral gap.

1. If 32 Ey(ky) > 0 and [ |up(z;ke)|? V(z) dz < 0, then p, < 0 and E* lies near the lowermost

edge of By; see the center panel of Figure [2.1

2. If 97 Ey(k.) <0 and [ |up(z;ks)? V(z) dz > 0, then p, > 0 and E* lies near the uppermost
edge of By; see the right panel of Figure

For 0 < A < Mg, ¥*(z), the eigenstate corresponding to the eigenvalue E?*, is well-approximated in

L by 1, (Ax), where (14,1« (y)) denotes the unique eigenpair of the effective operator:

d d

Hyot = — 2 Ape — + Byog x 3(y), 2.
beff ay et g + Bpeg x 0(y) (2.9)

with constant effective parameters Ay g and By . Here,

n

3 0 Ey (k) (2.10)

Ab,eﬁ =
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is the inverse effective mass associated to the spectral edge Ep(k.),
Brar = [ lulai k)P V() da, (2.11)
R

and d(y) denotes the Dirac delta mass at y = 0. The unique eigenpair (g, 1,) of the eigenvalue

problem Hj og1) = p1p can be written as:

El?eﬂ“ Bb eff
= — 2 = d . 2-12
M 1 ]b,eff’ ¢*(y) exXp <2 4b,eff |y|) ( )

Remark 2.1.1. For the case Q =0, H, = Hy = —0?2 and its spectrum consists of a semi-infinite

interval, spec(Hy) = [0,00), the union of touching bands with no finite length gaps. Furthermore,
lup(z; k)| = 1, for all |k] < 1/2 and b > 0. The only band edge which borders a gap is located at
Ey(0) = 0, where we have: k. = 0, Eg(k) = 4n%k? and 02Eo(k.) = 8n2. In this case, our results
describe the bifurcation of an eigenvalue from the edge of the continuous spectrum of Hy induced
by a small and localized perturbation: H,, = —8% + AV (x), under the condition fRV < 0. The

effective operator is:

d2
=—— . 1
Hoor =~ + [ Vx50 (213)

2.1.1 Outline and remarks on the proof

In Section we give precise technical statements of our main results: Theorem and Theo-
rem 2.2

Our strategy of proof is to transform the eigenvalue problem using an appropriate spectral trans-
form (Fourier or Floquet-Bloch) to a formulation in frequency (quasi-momentum) space. Antici-
pating a bifurcation from the spectral edge, we express the eigenvalue problem in terms of coupled
equations governing the frequency components located near the band edge and those which are far
from the band edge. The precise frequency cutoff depends on the small parameter, A. We employ
a Lyapunov-Schmidt reduction strategy [Nirenberg, 2001 in which we solve for the far-frequency
components as a functional of the near-frequency components. This yields a reduction to a closed
bifurcation equation for the near-frequency components. In contrast to classical applications of this
strategy, our reduced equation is infinite dimensional. For A small, in an appropriate scaled limit,
the bifurcation equation is asymptotically exactly solvable; it is the eigenvalue problem for the

effective operator Hyp .
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1/2 0 17 K

Figure 2.1: Sketch of spectra. Eigenvalues, Fy(k),k € (—=1/2,1/2],b = 0,1,2,..., are displayed in green. The
continuous spectrum, is in blue, and discrete eigenvalues are indicated through cross markers. Left panel corresponds
spec(Hgq), @ periodic. The center (resp. right) panel corresponds spec(Hg4 v ), where AV is small, localized negative

(resp. positive).
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In Section [2.2] we state the results of this chapter, Theorems and In Section we
prove a general technical lemma, crucial to the analyses of Sections [2.4] and covering the kinds
of bifurcation equations which arise. Finally, in Section [2.6] we give proofs, by a bootstrap method,
of Corollary and Corollary which contain more detailed expansions and sharper error
terms for the bifurcating eigenstates than those in Theorem and Theorem

2.1.2 Definitions and notation

We denote by C' a constant, which does not depend on the small parameter, A. It may depend on
norms of Q(x) and V(x), which are assumed finite. C((1,(2,...) is a constant depending on (i,
C2,.... Wewrite ASBIf A<C B,and A~ Bif AS Band B S A

x and Y are the characteristic functions defined by

N N

X5 (&) = x (|6l < 0) = )
0, [£[=¢

X5 (6) =x([§] <0) =1 —x(l¢] <9) . (2.14)

For f,g € L*(R), the Fourier transform and its inverse are given by

~

FUHO) = () = /R () de, FM ghe) = gla) = / T (£ .

R
T and 7! denote the Gelfand-Bloch transform and its inverse; see Appendix

LP*(R) is the space of functions F : R — R such that (14 |- |*)¥2F € LP(R), endowed with the
norm

|| zeosry = (T + ] \2)8/2FHLP(R) <oo, 1<p<oo. (2.15)

WHP(R) is the space of functions F : R — R such that JF € LP(R) for 0 < j < k, endowed with

the norm i

1Fllwro@ = Y 102F || o) < 00, 1<p < oo.
§=0

2.2 Bifurcation of defect states into gaps; main results

Consider the eigenvalue problem:
(=07 + Q) + AV (2)) * = EY*, ¢ € L*(R),

where Q(x) is continuous, 1—periodic, A > 0 is small, and V(z) is spatially localized. Our first

result concerns the case where ) = 0:
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Theorem 2.2.1 (Q = 0). Let V be such that V € WL (R); thus S (L4 |2V (2)] dz < oo suffices.
Assume ‘/}(O) = [gV < 0. There exists positive constants Ao and C(V, o), such that for all

0 < X\ < Ao, there exists an eigenpair (E*, ™), solution of the eigenvalue problem
(=02 + AV (2)) YMz) = EMAx) (2.16)

with negative eigenvalue of the order \*. Specifically,

BN — [—Aj (/ﬂ@v)ﬁ ‘ < ON? (2.17)

YMNz) — exp @ (/RV> |x|>‘ < COAV2 (2.18)

The eigenvalue, E*, is unique in the neighborhood defined by ([2.17), and the corresponding eigen-

sup
zeR

function, ¥, is unique up to a multiplicative constant.

Remark 2.2.2. Theorem shows, and is essentially proved by demonstrating, that for small
positive X\, the leading order behavior of the eigenstate (E/\, 1/)’\($)) s a scaling of the unique eigen-

state of the attractive Dirac delta potential:
(B, '@ ) = (N6}, go(Aa) )

where 6y = —% gV >0 and go(y) = el satisfy

[—65 AR 5<y>] a0(y) = —0 go(w). (2.19)
R

The error bounds in Theorem [2.2.1| are not optimal. However, the bootstrap argument of Sec-
tion can be used to recover a higher order expansion on E*, similar to that obtained in [Simon,

1976).

Corollary 2.2.3. Assume (1+ |z|2)V € L*, and V(0) = JgV(2) dz < 0. Then E*, as defined

in Theorem (2.2.1], satisfies the precise estimate:

EN = X2 [0(N))?, with O(\) = —;/RV — i A//RZ V(x)|z—y|V(y) dedy + ON?) . (2.20)

Simon [Simon, 1976] and Klaus [Klaus, 1977] prove expansion (2.20)), under the conditions:
(1+|z)V(z) € L'(R) and [ V < 0, with the error term o()). Corollary gives a sharper error
term under a more stringent decay condition on V. That Theorem [2.2.1] implies Corollary [2.2.3] is

proved in Section [2.6
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Theorem 2.2.4 ( @) non-trivial, 1—periodic). Let Q be continuous, 1—periodic, and let V be such
that [(1+|z|)V (z)dz < oo and V € L™. Let Ey, : k € (—1/2,1/2] — R denote the band dispersion
function associated with the (by)™" band of the continuous spectrum of —0% + Q(x). Fizx a spectral
band edge of the (by)" band; thus E, = By, (ky), where ky = 0 or k, = 1/2 (see Lemma in
Appendix @

Assume either

O2E, (k) >0 and / lup. (23 k) 2V (2)dz < 0, (2.21)
R

or

2B, (k) <0 and / up, (k) [2V (2)dz > 0. (2.22)
R

Then, there is a positive constants, Ao and C = C(\g,V,Q), such that for all X < Ao, the following

assertions hold:

1. There exists an eigenpair (E*,W(a;)) of the eigenvalue problem

(=02 +Q(z) + \V(2)) ¥ (z) = EMMz), ¢* e L*(R). (2.23)
o e 12 up, (o3 k) PV (2)d
) oo [ub (T R x)dx

o = 7 E, () < 0, (2.24)

where the inequality holds by (2.21) and (2.22). Then, E* and 1 (x) satisfy the following

approxrimations:

‘EA — ( By (k) + NEy) (

IN

CNZH/A (2.25)

IN

sup ‘w’\(m) — ub*(m;k*)exp()\ao\:d)‘ C)\l/4, (2.26)

z€R

where
|50 o, (@3 ) PV (2)da

02 B, (k)

‘ 2

By (2.27)

Note that the direction of bifurcation of E* is given by:

sgn (Ep) = —sgn (0pEy, (ki) .
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3. The eigenstate, (E*,¢™), is unique (up to a multiplicative constant for 1) in the neighborhood
defined by [2.25), [2:20).

Remark 2.2.5. By Theorem the bifurcating eigenvalue E* lies in the spectral gap of —02 +
Q(z) at a distance O(X?) near the spectral edge E,; see Figure . Moreover, Ey is the unique
eigenvalue and go(y) = e is the unique (up to multiplication by a constant) eigenfunction of the

effective (homogenized) Hamiltonian:

_ d 1 2 d > . 2
ot =~ ga0iBuli) T+ [l @k) PV @) x 3(0).

The following refinement of Theorem can be proved via the bootstrap argument presented
in Section

Corollary 2.2.6. Assume [,(1 + |2[*)V(z)dz < oo and that the hypotheses of Theorem (2.2.4)
hold. Then,

{72

E* — By (k) = M(Ey+ \E N4y 2 O%
b (Fs) (B2 + AE3) + O( ) 2B, ()

SICYIE (2.28)
where Ey is as in (2.27)),

By = @g];f?k)) ([ otz kopvee) a )

X (//R2 V(@) |up, (23 k) [Pl =yl (y; k) PV (y) da dy> ,

and
O\ = — ;/R|ub*(x;k:*)|2‘/(:c) de (2.29)

1 87 . 2 . 2 1+1/4
- Z)\ azEb*(k*)//R? V() up, (25 k)| %2 — yl|up, (y; k) |7V (y) dz dy + O(X )-

Remark 2.2.7. For the case Q = 0, the spectrum consists of only one semi-infinite band which we
can label the b = 0 band. In this case, up(x; ke = 0) = 1 and Eo(k) = 4n°k?. Therefore, to leading
order, relation (2.29) simplifies to the result of Corollary and the two results are consistent.

2.3 Key general technical results

In this section, we study the operator Lo [0], defined by:

F&) = Lolo)f(€) = (4n*A€% + %) F(&) — B x (Ie] < A7) /R x (Inl < x77) Fm) dn. (2:30)
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Here, A, B and (8 are fixed positive constants. The operator 20[0] appears in the bifurcation
equations we derived via the Lyapunov-Schmidt reduction; see Section [2.1.1]

In z-space, we have that £y[0] is a rank one perturbation of —A@S + 62
2B /2 . (2« [ 2my
_ 2, p2
Lol0)f = (A9, +0°)f(y) — V <)\ﬁ sinc <)\6 ) ,f(')>L2 sinc ()ﬂ) , (2.31)
where sinc(z) = sin(z)/z. Lo[0] is a band-limited regularization of the operator:
(HAP + 6%) f = (A9 — Bi(y) + 6°) f, (2.32)

appearing in the effective equations governing the leading order behavior of bifurcating eigenstates;

see Remarks 2.2.2] and 2.2.5]

2.3.1 The operator 20

Lemma 2.3.1. Fiz constants A >0, B > 0 and 8 > 0. Define, for 6> > 0, the linear operator

~ ~ ~

F(&) = Lol0)f() = (4n*A +6%) F(&) — B x (I€] < A7) /R x (Inl < A7) Fln) dn. (2:33)
Note that Lo[0] : L} (R) — LY=2(R).
1. There exists a unique 63 > 0 such that /30[90] has a non-trivial kernel.

2. The “eigenvalue” 9% 1s the unique positive solution of

x (gl <Axb)y

3. The kernel of Lo [0o] is given by:

5 - oo x(Eg <A
kernel (L‘g[@o]) = Span{fo(f)}, where fo(f) = m . (235)
4. 0o = 0p(N\) can be approximated as follows:
B 0y B
Oy — ——| <= = N\ 2.
0TS/ S22 A (2:36)
5. Define g(x) = exp(ap|z|), with ag = —% < 0. Then one has
—1 N 1 ,6’
swp| F7H{fo} (@) = Zg@) | <CABN. (2.37)
zeR
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Proof. First note, by rearranging terms in the equation L [6o]g = 0, that any element, g(£), of the
kernel of Lo[], is a constant multiple of the function ]?,\(f; 0) = x(|¢] < A7P) x (4m2 A€ + %)~ L.
Thus, if g is non-trivial then it is strictly positive or strictly negative and therefore [, g # 0. Next,
note that a necessary condition for § to lie in the kernel of Lo [0] is that equation holds.
To see this, divide the equation EO[OO]§ = 0 by (4r2A&+ 902), multiply by x (|| < )\_5), and

integrate d¢ over R. This yields:

IRCITIE IR Mdf] . 9

By the above discussion, if g is non-trivial then [, g # 0. Hence 62 satisfies

> x (g <A™

Since J : (0,00) = R is smooth, J'(X) > 0, lim J(X) = —cc and lim J(X) = 1, the function J
X—=0 X—o00
has a unique positive root, which we denote by 3. One can check by direct substitution and the

condition J(6#2) = 0, that any multiple of
fo©) = Aa&60) = x(IEl < X77) x (4m°A¢® +6) ! (2:39)

satisfies Lo[60]fo(€) =0 .
The approximation to (A), (2-36)), is obtained as follows. Let 63 denote the unique solution

of J(62) = 0 and 6 its positive square root. Then,

_ [xle <) o i+ (lE <af) 1)
_/R47F2Af2+98d§_/ﬂ% wAg R

B 1 x (¢ <A7P) -1
= 75 +/R AR de . (2.40)

The last term can be bounded as follows:

1- A8 B
/ x (€] < i )d§ _ / d§ _ < / ds < A (2.41)
g Am2AEL + 63 el>a-s 4n? A £2 + 6 el>a-s 4m? A €2 212 A

Relations (2.40)), , after rearrangement of terms, yield (2.36]).
Finally, let us turn to the asymptotic expression for F~! {fo} (z) given in (2.37). By residue

1
B
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-~ —2&0 B
computation, one has = = . It follows that
g(‘f) 47T2‘§’2 —I—OJ(Q) 47T2A’§‘2 + 43%2

sp| FH{Ro} @) - o) | < | o - 53|

T€R Lt
<A 1
< / * (|2§‘ 2 2) o B2 dg
R | 472 AE? 4 05 Am2 Alg|2 + B2
1 1 1—x (|l < A7)

de.

< /}Rx(\ild‘ﬁ) de +/R

A bound on the second term follows from ([2.41)). The first term is easily bounded, using (2.36), by
C(A, B)A?, with some constant C'((A, B) > 0. Estimate (2.37)) follows, and the proof of Lemma

AmPAE + 05 amrAlE2 + B Am2AE 4 B

is now complete. O

We shall also require a result on the solvability of the inhomogeneous equation

(Zol60]) () = h(e), (2.42)
where Lo[6o] is defined in (2.33).

Lemma 2.3.2. The equation (2.42)) is solvable if and only if h is such that x (1€l < )\_5) ﬁ(f) = E(ﬁ)

and satisfies the orthogonality condition
fouh) =0, 2.4
(For1) sy =0 (2.43)
where ]/CE), displayed in (2.35)), spans the kernel of Lo [0o]. In that case,

1. any solution of the inhomogeneous equation (2.42)) is of the form

T = x (g < A7)

(&) = (C+h(§))fo(§) = (C+h(Q)) AnPAE 1 g2 (2.44)
for some constant C.
2. The unique solution of such that fR @ =0 is obtained by choosing C = 0:
2&) = h(©) fol®) (2.45)

Proof. The solvability condition x (|¢] < A7) h(€) = h(€) is straightforward, and (2.43) is obtained
by taking the inner product of (2.42) with fo, and using that Lo [0o] is symmetric, and Lo [Go]ﬁ) =0.
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To show that ([2.44) solves the inhomogeneous equation (2.42) we simply insert the func-
tion ([2.44]) into (2.42), and use the properties: EO(GO)fO =0 and <]?0,?L>L2 = 0. This gives

~

(Zolonlg) (© = (424 + RO Ro©) — B x (1 < 1) [ FaFota)an

—0o0

AR PR ~
— (4n2 A€ + 62) X(ﬁi o +)93(§) = Bx (g <n ) (foh) 0 = B

The converse clearly holds by Lemma [2.3.1} since the difference of solutions of the inhomoge-

neous equation solves the homogeneous equation (2.33). Finally, using the orthogonality condition
<f0,h>L2 =0, one has that [ = C [ fo = 0if and only if C' = 0. O

2.3.2 A perturbation result for 20

As discussed in the introduction, our strategy is to obtain a reduction of the eigenvalue problem
for Hgyay to an eigenvalue problem (the bifurcation equation) for functions supported at energies
near the band-edge. These reduced equations have a general form which we study in this section.

Let Z; and Z, denote Banach spaces with Z1, Z5 C Llloc. Assume that for any (f,g) € 21 x 25,

(ool SISl llellzy Wallz, S Az l9llws  and [|A+E)7 ], S1IF]2,- (2:46)

Furthermore, we also assume that ]?0 € Z1 N Zy, where (98, ﬁ)) is the unique normalized solution

of the homogeneous equation Lo [G]f: 0; see Lemma m

Remark 2.3.3. In order to prove Theorems[2.2.1] and [2:2.4, we shall apply Lemma [2.5.4), below,

with
o Case Q=0: (21,29 = (Loole); and

e Q) non-trivial, 1—periodic: (21, 22) = (L2’*1, L2’1), where L** is the space of locally integrable
functions such that

1l e = NA+IER 2] oy < oo
It is straightforward to check that such spaces satisfy (2.46), and ]% € Z1N 2.

We seek a solution of the equation:

Lole)f = R(F) (247)
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where 20(9) is the operator defined in and the mapping f|—> R(f) is linear and satisfies the
following properties:

Assumptions R, 3:

There exist constants a > 0, 8 > 0 and Cr > 0 such that for any ]?6 Zy

< Cr\®

Z1

(I <A ) R(© = R(© . and ||R(T)] (2.48)

1.

In the above setting we have the following

Lemma 2.3.4. Let (62, ﬁ)(é)) be the solution of 20(00)]% =0, as defined in Lemma where
A, B and 8 > 0 are fized. Let R : f € Zy — Zq be a linear mapping satisfying assumptions
R, g displayed in , where Z1, Z9 satisfy . Then there exists Ag > 0 such that for any
0 < A < Ao, the following holds:

1. There exists a unique solution (9, ]?(5) ) € RT x Zy of the equation (2.47)), such that

with C' = C(A, B,CRg, ), independent of X.

~

2. Moreover, one has f(ﬁ) = x(|¢] <A )f ) and |02 0(2)‘ < COX™ .

Proof. Our strategy is to use a fixed point argument. We seek a solution (62, f) to (2.47)) of the

form

02 = 02 + 607 and f f f
Clearly, any solution f of (2.47)) satisfies f(f) = x (¢l <A™ ) ( ). Therefore, since one has, by
definition, fo(€) = x (|€] < A7) fo(€), it follows that f1(€) = x (|€] < A™F) f1(€). Substitution of

these expressions into (2.47)) yields

(4n24g* + 0% (16l < 27) (fo+ F1) ©)

X<I€I<A_B>B/_OO

e}

x (Inl < 27) (Jo+ F1) (myn = R (fo+ i) (&).
Rearranging terms yields the following equation for fl, in which 6? is a parameter to be determined:

(Zolbol i) (©) = =63 (Fo+ F1) (€ + R (Fo+ 71) (&), (2.49)
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By Lemma (2.49)) is solvable in L? only if the right hand side is L2-orthogonal to Jo:

(it (i) (7 5)), =

2

Solving for 2, we obtain

62 = <%’R(ﬁ)+ﬁ>>ﬂ . (2.50)

<f0, fo>L2 + <f0, f1>
In summary, equation (2.47) can be rewritten equivalently as two coupled equations in terms of f/’\l

and 63 (E09)-(250).
Substitution of 7 in (2.49), or equivalently projecting the right hand side of (2.49)) onto the

L2

orthogonal complement of span{fg}, yields the following closed equation for ﬁ:
(i (),
foifo) ,+ (o i),

(Zol6ol 1) (&) = T (fo+ 1) ©+R(fo+ ). (2.51)

By Lemma fl is a solution of (2.51) with [ fl = 0 if and only if :

f&) = G(f)(©), (2.52)

N v (|€] < AP Jo, R { fo+ /1 PO PN
aive = 1S - o 2(B 7)), (h+R)©@+R(h+A)©). @5
™ o\ (fofo),,+ (B 1i),
We solve the fixed point equation (2.52)) by the contraction mapping principle. Once fl has been

obtained, 67 is determined using (2.50)).

Introduce

s ={fez i ||fll; <Cux}, for some fixed Cy > 0. (2.54)

Note that S is a closed subset of the Banach space Z5. We next show that there exists Ag > 0 such
that for all 0 < A < A\g: G : S — S and G is a contraction mapping. As a consequence, it will follow

that for 0 < A < A, there is a unique solution .]?1 € S of the equation fl =g (fl) and therefore
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of (2.51)). Moreover, Hﬁ” 2z, S A% by definition of S, and one can check:

R

= | ) ( i) o). (fo+h)@©+R(fo+ ) <§>) e

It then remains to obtain an estimate of 6,2 = 6> — 62. From , one has
1

<J?O’ﬁ)>L2 + <ﬁ)7ﬁ>L2

where we used (12.46|) and , and the fact that for A sufficiently small, <ﬁ),f0>L2 >c>0,

where c¢ is independent of A\. Lemma [2.3.4] is proved. O

il < |(ir (),

S A%

2

Proof that G : S — S is a contraction mapping: The result will follow from the two following claims,

proved below:
Claim 2.3.5. There exists Cy = C (00,A, Cr, “%“ZQ> > 0 such that |G(0)] z, < 1CHA .

Claim 2.3.6. There exists \og > 0 such that if 0 < X\ < A, then Hg(ﬁ) - g(ﬁ)‘

<i||h-7

22 ZQ ’

It follows that G maps S = {f € 2y Hﬂ’zg < CH)\OC} into S since
1 1
6], < 16) - GO, + 1600, < 2170, + Lo < cun.
Therefore, by Claim G :S — S is a contraction mapping.

Proof of Claim[2.3.5: By definition, one has

G(0)(¢) = M (- ("R (D)), Fo©) + R (%) (©).

It follows, from our assumptions (2.46|) on functional spaces (21, Z3):

m . <'}?O’R (ﬁ)>>L2 H]?OH%
(i)

X (€l <Af) 1+
42 AE? + 62 L4

160z, <

L Zy

(@), 100+ 2 ()], -
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Claim is now obvious, using the smallness hypothesis on the operator R, (2.48)) . O

Proof of Claim[2.3.6 Let us decompose the mapping G as follows:
o (en(oe )
Am2 AE? + 62 <ﬁ)’ ﬁ)>L2 i <'}%7E>L2
(B4 5),
<f0’f0>L2 + <']%7f2>L2

SRl — sifle) | el <3 R(Ai- ) ©
42 AE? + 602 * 42 AE? + 62 ‘

G(fi—F2) = (fo+5)©

+

(b2 + n(- 7))

The following estimate follows from our assumptions (2.46)) on the spaces (21, Z2):

(el < AP) R (- ) ()
42 AE? + 62

la(F - 72)

wm@—&@mw
42 AE? + 62

Zy
Z9

x (1] < A7P)
42 A2 + 602

N

|11 - si72)
.

|L°Q

. |m (5= %)

Zo
R(fi-F)
L+

X (€l <A7) (1+¢)

A ey

Zo

N

|11 = su172)

. (2.56)

The second term in ([2.56) is estimated using assumptions R, g, ([2.48):

HR (fl _ fg)‘ < CpA° (2.57)

fi- Bl

Z Zy )



CHAPTER 2. SMALL AND LOCALIZED PERTURBATIONS OF H,, 40

Let us now turn to the first term in (2.56).
. <fo,1“3(fo+f1)>L2 SN

Silfil = Silfol :_<%’%>L2+<ﬁhfl> 2 f0+f1)+ <ﬁ)’ﬁ)>L2+ A(LA2> 2 <f0+f2)
~ (r(A-R)), (h+h)  (Br(h+R)), (A-F)
N P (S W SN

(o 2)),. (4 5)
1 1
) (<J?O’f0>L2 - <f0’f1>L2 : <f0’f0>L2 * <J?O’f2>L2)

=T+ II+1II (2.58)

The result is a consequence of the following estimates:

(Forg) , < ClllI, lgllz, < Cullgllz, . (ForR(9)) , < Cllollz, IR @z, < C2A g,
with C7 = C(HfOHZl) and Cy = CQ(H]:‘E)HZQ, CR). Using the above, one checks that for sufficiently
small A,

Mz, S Cx [ = R, (If]lz, + Carr),

Iz, S CoA*([|Foll 5, + Cur®)

~

7= 2],

)
2

111l 5 |7 = R cox* (|15l 5, + Cux)?.

Thus if C1A* < 1/2, one has

Hsl[ﬁrsl[fz]\) o S My 12, + 102202, S0 |7 - R (2:59)

2
Plugging (2.57) and (| into ( , it follows the existence of a constant, Cy > 0, such that
1G(f1) — G(f2)|lz, < Co)\aHfl — fallz,- Thus for 0 < A < Ag < Cy O‘, we obtain a contraction and

Claim is proved. ]

2.4 Proof of Th’m [2.2.1; Edge bifurcations for —9? + AV (z)

In this section we prove Theorem [2.2.T] the special case: @ = 0 of our main result, Theorem [2.2.4]

In this case we study the bifurcation of solutions to the eigenvalue problem

(=02 + 2V (2)) ¢ (x) = B (x), € L*(R) (2.60)
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into the interval (—oo,0), the semi-infinite spectral gap of Hy = —6%, for V' a spatially localized
potential, and A > 0 sufficiently small. Here, the Floquet-Bloch eigenfunctions are exponentials.

Hence, calculations are more straightforward and error bounds on the approximations are sharper.

2.4.1 Near and far frequency decomposition

Taking the Fourier transform of (2.60|) yields

(472~ BN PO+ [ V(€= 0(c) dc =0, (261)
We shall study via the equivalent system for the
near frequency components: {7,7;‘(5) (€] < A"} and
far frequency components: {@7};‘(5) €] > AT Y of Y
Let r be a parameter, chosen to satisfy: 0 < r < 1. Recall the cutoff functions, y and %,
introduced in and 1 = x,,(§) +X,,(§). Multiplying by this identity we get
0= (47202 - BY) (x,, +%,,) (€) (¢
+ A 7

)
/_ T e 4% (O TE— O (o + %) () P,

Introduce notation for the near- and far-frequency components of 1>

— o~

Ynear(§) = X, (€) YA€) and  Pur(€) =X, (€) YAE). (2.62)

Then, the eigenvalue equation is equivalent to the following coupled system:

(47(2‘&2 - E/\) Jnear(‘f) + /\X)\T (f) /Oo ‘7(5 - C) ({b\near(C) + "Zfar(g))dc = 07 (263)

—00

(472162 = B) dra(€) + XX, (6) / V(& = ) (near($) + drar(Q))dC = 0. (2.64)
In what follows we shall set F* = —\262, where 6 = () is expected to be O(1) as A | 0. This
anticipates that the bifurcating eigenvalue, E*, will be real, negative and O(\?).
2.4.2 Analysis of the far frequency components

We view (2.64]) as an equation for 'lZfar, depending on “parameters” (@Znear;/\). The following

proposition studies the mapping (@near; A) — IZfar.
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Proposition 2.4.1. Let Jnear € L'. There exists Ao > 0, such that for 0 < X\ < Xg, the following
holds. Set E* = —X26%, with |0 < «X"~', r € (0,1) . There is a unique solution {b\far =
{/;far [@near; )\} of the far frequency equation . The mapping (@near; A) — ifm« [zﬁnem; )\} maps
L'(R) x R to L*(R) and satisfies the bound:

[Dparll 1 < CUV o) M nearll 1 (2.65)

Proof. We seek to solve ([2.64)) for Q/b\far as a functional of zznear. Since |£] > A", with 0 < r < 1,
and |0] < wA""!, we have |47%[¢]? — E)‘| = |47?(¢)? + )\292} > 372)\?", which is bounded away from
zero for any fixed A > 0. Dividing (2.64) by 47262 — E* = 472¢% + A\262, we obtain that (2.64) is

equivalent to the equation:

(1+7) Dtar(©) = = (Tathuear ) (©) (2.66)

where

X (§)

(53)© = [KEOFO K ad K260 = Ao SV (€0

We next show that the integral operator ’7}\, viewed as an operator from L' to L' has small
norm, for A small. This implies the invertibility of I + ’7} and the assertions of Proposition m
Let g € L'. One has

. 1 . R PN R
738l < CA/ ¢ |Vl il S AV 9] 21

[€[>Ar 477'2|§‘2+)\202

~

Thus ’7A'>\ is bounded from L' to L' with norm bound: H,?\-)‘HL1—>L1 < A H\A/HLOO For r € (0,1),

H’ﬁH 11,1 — 0as A — 0. Therefore I + ’7\} is invertible, for A sufficiently small. Moreover,

[

=TT Tienr) |, < 1T o I T e

which implies the bound (2.65]). Proposition is proved. O

2.4.3 Analysis of the near frequency components

Now that we have constructed 'l)/b\far as a functional of inear and A (Proposition , it is possible
to treat (2.63)), for X small, as a closed equation for a low frequency projected eigenstate, Jnear(ﬁ; A),
and corresponding eigenvalue E*. Substitution of T]J\far = Jfar [Q,/Z)\near, A] into (2.63)) yields:

(471¢> = B) Brcar(€) + Axar (€) /< V(€ = Othnear (S + Axar (R(E) = 0, (2.67)
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where R is defined by
E(é) = /C‘//\v(g - C) {Z)\far[aneara)‘] (C) dC . (268)

Recall that ifar [@near, Al is in L', and of size O ()\1” H@nearHU) by Proposition [2.4.1}

Our next goal is, via appropriate expansion, reorganization and scaling, to re-express
as a simple leading order asymptotic equation plus controllable corrections. The terms in
are supported in the near (low) frequency regime. Note that for [{] < A" and [(| < A" we have
€ = ¢l < J&] + I¢] < 2X". Taylor expansion of V(€ — ¢) gives V(§ —¢) = V(0) + (£ = OV (). for
some 1 = n(¢, &) such that |n| < 2\". Using this expansion in the second term of yields

(47212 = B*) dear (&) + 2xar ()7 0) /C Bear (O)AC = Mr (OR [neari A] (€), (2:69)
where R [@near;)\} = R1 + Ro, with
Rl(&) = _E(f) = _/C‘/}(g - C) 7:b\far[{b\neam )\](C) dg,

Ra(€) = — /< (€ — OOV (1) thnear() dC -

We now introduce the scaled near-frequency Fourier component, d X, by

Ynear(§5 A) = %@ (i) : (2.70)
Note that
Wnear(-;k))ﬂ = Hi@ <X) LT H@’Ll. (2.71)

We also denote E* = —)\202, and restrict to § = §()) satisfying the constraint in the hypotheses of
Proposition Substitution of (2.70) into (2.69), defining £’ = A\¢ and dividing by A yields the

following rescaled near-frequency equation:
(47(€]7 + 6%) @A () + X1 (§)V(0) / B (A = xa1 (€)R (21)(€) (2.72)

where R/(3,)(¢') = R [inear; )\] (\E) = RY(€)) + R (€', with

RUE) = - /< T = ¢) Dt [Brears (O) dC (2.73)
Ry(¢) = — / (A = OV () thnear(C) dC = —A / (& =W () @r(¢)d¢ (2.74)
¢ ¢
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Equation (2.72)) is in the form of the class of equations to which Lemma applies. We
shall use Lemma to obtain a non-trivial eigenpair solution ( ®y,0()\) ) of (2.72). Toward
verification of the hypotheses of Lemma we next bound the right hand side of (2.72]).

Proposition 2.4.2. Let V be such that H‘A/HWLOO = H‘A/HLOO + H‘/}/ < oo . Then, the right

I
hand side of the rescaled near-frequency equation (2.72)) satisfies the bound

o= ©R'@)| . < CP ) W +27) 8] - (2.75)
Proof. We proceed by estimating each term individually.
Estimation of Ry (¢'), given by (2.73): By Proposition one has
[t [Pncars M| 1 gy < CUV ) A [ tnear| 1 gy - (2.76)

Plugging (2.76)) into (2.73)), and making use of (2.71)), we have

IR}

\/R‘/}()\fl - C){b\far[qz)\neara A](C) dé_

o = |
1

V1w || taelPncars Al [l < CCUV o) X7 (1841 -

IN

Estimation of R5(¢'), given by (2.74): We have the bound
a1 (€)RE o = [xar-1(€) /C AME =WV A < 2N V][9] 1

using that ®(¢') = xy—1(C")PA(C'), so that ¢/ — ¢'| < 2A7~L. Proposition is proved. O

Remark 2.4.3. We expect that by using a higher order Taylor approximation of 17(5 — () in the
second term of equation (2.67)), it should be possible to obtain a variant of Proposition with a

bound which is higher order in A. This would require a higher order variant of Lemma|2.5.4].

2.4.4 Completion of the proof

We now prove Theorem by an application of Lemma to equation ([2.72), using the

remainder estimate of Proposition [2.4.2

Proof of Theorem [2.2.1] We construct zp)‘, solution to (2.61)) as zzj\ = afar + @near, where @\far, {p\near
satisfy (2.63)—(2.64). The far-frequency component, QZfar, is uniquely determined by Jnear and
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A sufficiently small; see Proposition [2.4.1f Now set &J\near(ﬁ) = %/IS,\ (%) Since V € Wwhoee,
Proposition implies that the rescaled near-frequency equation (2.72)) can be written as

~

(4m2[€']> + 6%) DA(E) + xar-1(E)V(0) / B,(¢)d¢" = X1 (EYR(BA)(E), (2.77)

!/

with |R(u)|| ;e < C X ||lu||f1, where @ = min(1 —r,7) and C = C(||V|lw1e). From now on, we
set

r=1/2=«

as this yields optimal estimates. Applying Lemma to (2.77) with A=1, —B = 17(0) =RV

(assumed to be negative), we deduce that there exists a solution (92, o A) of the rescaled near-

frequency equation ([2.77)), satisfying
1Br—follr < CAz  and 02— 62 < C Az, (2.78)

Here (9(2]()\), j‘B) is the unique (normalized) solution of the homogeneous equation

-~

Eos (00.10) = (6 + 0o+ x (16 < A74) 700 [ x (1l < A7) Fotman =0,

as described in Lemma [2.3.1] Thus @noar(ﬁ) = %Cfb\ (%) and E* = —)\262%(\) are well-defined.

In conclusion, the eigenpair solution to (2.61)) (i.e. (2.16))) , (E*,?), is uniquely determined by

B = —)\292()\), and wA = f_l({b\near + &far)-

Estimate (2.17), the small \ expansion of the eigenvalue E*, follows from (2.78)). The approx-
imation, (2.18)), of the corresponding eigenstate, 1* = Vnear + Yfar, is obtained as follows. First,

by (2.78) we have

X\1/2 (77)

- At < A2, 2.79
472 [n|? + \262 ~ (2.79)

Jnear (77)

- Jo- A

2! Lt

The high frequency components are small, as is seen from the following calculation:

dn
A < A2 2.80
N /|n>,\1/2 4m2[n2 ~ (2.80)

X1/2(n)
4m2|n|2 + A2V (0)?2

Lt

Finally, from Proposition one has (with r» = 1/2)

H{p\farHL1 <C (H‘/}”L“) AL/ H{p\near”le (281)



CHAPTER 2. SMALL AND LOCALIZED PERTURBATIONS OF H,, 46

and WﬂearHLl = H(/ISA”Ll — H]?OHLl (as A — 0). Altogether, (2.79), (2.80) and (2.81)) yield

1

A ~1

gy -
| Do)
Note, by residue computation, that F~'{(4n?|- |2+ X202)~1} = 1(A0p) "' exp(—Abp|z|), with

Oy = —% fR V > 0. Thus estimate ([2.18) holds. This completes the proof of Theorem m O

I S < A\1/2
42| - |2 4+ X263 '

~

P — A

S ‘

Le° Lt

2.5 Proof of Th’m [2.2.4; Edge bifurcations of —9? + Q + \V

Let Q(x) denote a non-trivial, continuous, 1—periodic function, Q(x + 1) = Q(x). In this section

we study the bifurcation of solutions to the eigenvalue problem
(=02 + Q(x) + AV (2)) ¥ (z) = EM (@), ¢ € L*(R) (2.82)

into the spectral gaps of —92 + Q(z). We proceed by the same general approach of Section
That is, by appropriate spectral localization, in this case by applying the Gelfand-Bloch transform,
we reduce to an equivalent near-frequency eigenvalue problem supported on frequencies lying
near a spectral band edge of —92 + Q(z).

2.5.1 Near and far frequency components

We take the Gelfand-Bloch transform of (2.82]) and get
— (B + 2miR) PN @ k) + Q@)U k) + A (Ver) (wsk) = MM (wik),  (2.88)

where

(V) (k) = 30 e (Vi) (ke +m) = 32270 (7 4) (o 4 m),

neZ neL

Here, the quasi-momentum, k, varies over the interval (—1/2,1/2].
As in Section we express ¢ in terms of its near- and far-frequency components around a

band edge Ep, (k.), for fixed b, and k,:

Q;Z))\ = wnear + d}far = T_l {Jnear(k)pb* (SE; k)} + T_l {Z Jfar,b(k)pb(x; k)} ) (284)
b=0
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where we define, for b=10,1,... :

Dear (k) = X (k= k| < M) To {8} (k) = X (k= kel < X (po. (- k), 03, )

L2([o,1))’

Draen(B) = x (1% = Bl > N0, ) To{u ) = x (1 = ol > X, 0) (o, ), 07 ’“)>qu0 0

where §; ; denotes Kronecker’s delta function and r a parameter chosen to satisfy » > 0. Equiva-

lently, one has

N 1/2 ([ _ 0o
1/} (.’L‘) = / <¢near(k)ub*(x§k)+Z”(/Jfar,b(k)’l£b($;k)> dk.

—-1/2 b—0

Recall that {py(z; k)}p>0 form a complete orthonormal set in L2_,([0,1]), and satisfy

per

(* (8, + 2mik)? + Q(@) po(z3 k) = Ep(k)po(z; k), x € [0,1], pp(z + 15k) = pp(z; k). (2.85)

Therefore, taking the inner product of (2.83|) with py(z; k), and using self-adjointness of the
operator — (0, + 27rik:)2 + Q as well as the identity (2.85)), yields

(Bsk) = ) (o B0 R) o A (k) (VOR) TR =00 (286)
or equivalently, using notation ,
(Eb(k:) - EA) T {W} (k) + AT, {VW} (k) = 0. (2.87)

We can now decompose equation ([2.86)) into near- and far-frequency equations, around Ejy,_ (k.),

the edge of the b,-th band of the continuous spectrum. The coupled equations for Ynea; and Vg

read:
(B (0) = BX) x (K] < X) (o (R0 03 R)) (2.88)
+ X (k] < A7) (o, (k) [V ($near + Ytan)]™ (5 K)) 120,17 = 0
and for b € N:
(Buk) = BY) x (1M 2 X80 (o B, 0N R (2.80)

+ Ax (‘k| > )\T(Sb*,b) <pb('7 k‘), [V (wnear + wfar)]N ('7 k)>L2([071]) =0.
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Equivalently, we write the near and far frequency equations in the form
(. (k) = B*) Dcar (k) + A (K] < X) (T AV tonear} (8) + To. {Vibrark (R)) =0, (2.90)

(Bb(k) = ) Grar (k) + A (B = N8, ) (T AV thneart (8) + T {Vbue} (1) = 0. (291)

Equations (2.90) and (2.91)) are, for the case of non-trivial periodic potentials, Q(z), the analogues
of (2.63)-(2.64).

2.5.2 Analysis of the far frequency Floquet-Bloch components

In this section we study the far frequency equation . We will show that we can write it in
terms of the near frequency solution and will determine a bound on the far solution in terms of
the near solution. The next result is therefore the analogue of Proposition [2.4.1] and facilitates the
reduction of the eigenvalue problem to a closed equation for the near-frequency components of the
eigenstate.

For clarity of presentation and without any loss of generality, we assume henceforth that we are

localizing near the lowermost end point of the by-th band and that k. = 0. Thus, by Lemma
by is even, k,=0, with FEj (0) = E,.

N.B. For k. =0, note that py(x; k) = up(x; ki) and we use these expressions interchangeably. For

k. =1/2 one has to distinguish between py(x; ky) and up(x; k).

Proposition 2.5.1. Assume b, is even and consider E, = E, (0) the lowermost edge of the b.-th

band. There exists Ag > 0, such that for 0 < XA < Aq, the following holds. Set

1 1
E)=FE, -\ 0< A’”*1§\a,§Eb*(o)\1/2 L 0<r<g. (2.92)

Then for any Ynear € L*(R), there is a unique solution e [Ynear, A| € L2(R) of the far-frequency
system (2.91). The mapping (Vnear; ) +— Yfar maps L2(R) x (0, \o) to H*(R) and Vfar satisfies the

bound

Hwﬁl?‘ [wnear; )‘] ||H2(R) <C (HVHL‘”) >‘1in ||wneaTHL2(R) : (293)
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Remark 2.5.2. Recall that we have assumed (1+ |z|)V (z) € LY(R) and V € L. It is in the proof
of the bound (2.93) that we have used V € L*. We believe it possible to work under the milder
assumption (1 + |z|)V () € L'(R). In this case, we would bound s, in H'(R) and the analysis

that would follow would be a bit more technical. We leave this as an exercise.

Proof. We begin by showing that there exists A\g > 0 such that for all 0 < A < Ag, there is a

constant C7 > 0 such that

|Ey, (k) — E.| > CIN*, A<k <1/2, (2.94)

\Ey(k) — B> C1,  b#b., |k <1/2. (2.95)

Note first that is an immediate consequence of E, being the endpoint of the (b,)*" spectral
gap. To prove recall, by Lemma that E. = Ep,(0), an eigenvalue at the edge of a
spectral gap, is simple, and k — Fp_ (k) — E, is continuous. Therefore, for any Ao, such that
0< A <1/2

i Ey (k) — E,| > C(\) > 0. 2.96
Aoﬁgml b, (K) | > C(No) (2.96)

For |k| < A\, we approximate Ej, (k) by a Taylor expansion. In particular, since Fjp, (k) is smooth
for k near k. = 0, 8 Ep, (0) = 0 and 02 E, (0) # 0, we have Ej, (k)—Ey_ (0)— 302 Ep, (0) k2 = O(|k[?).

Therefore, we can choose Ay > 0 sufficiently small so that for all A < Ay we have
1
| By, (k) — Ep, (0)] > 3 |0k By, (0)| A", for all A" < [k| < Ao . (2.97)
It follows from ([2.96]) and (2.97)) that for sufficiently small Ay > 0,

1
>k >A>0 = \Eb*(k:)—E*]Zmin{B‘8,%]55*(0)‘)\%70(/\0)}'

N | =

Thus if E* = E, — 6%, 0 < X 11|02E,, (0)[*/2, then for 0 < A < Xg sufficiently small, there is

a positive constant C, such that

|Ey, (k) — B > CiA™. (2.98)

By (2.94) and (2.95)), the far-frequency system, (2.91]), may be re-written as

(|| = A"0p, p)
Ey(k) — B

(|1k] > A"6p. )
Ey(k) — B

Dtarn(k) + AX To AV} (k) = —A2 To {Vinear} (k), b>0. (2.99)
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We wish to rewrite this equation in terms of g, (). In order to do so, we multiply (2.99) by
uy(w; k) = pp(z; k)€™ sum over b > 0 and integrate with respect to k € (—1/2,1/2]. This yields

(I + ]C)\) wfar(w) = - (K:)\wnear) (w), (2.100)

where we define

1/2 , |
CUCET NS B TV g} O

We next show that the operator Ky, viewed as an operator from L? to H? has small norm, for

A small. Let g € L?. Using Proposition one has
1/2
— [ SRR g} ()

1/2 >0

1Cxgll72 S

k’ > )\ 5b ) 2
_)\2/ +b2 2X | ;b T Vv k‘

b>0
Now, by (2.98), for |k| > A" one has ‘Eb*(k) — E)‘}_l < 012" and recall 0 < r < 1/2. For b # b,,
we use Weyl asymptotics to write |(Ey(k) — E*)7! ~ (b — E,) 7Y ~ (b + 1)~'. We therefore
have
1/2 )
1KCagl e S A2/ DITAV g} (W) dk + /\2_4T/1/2(1+b*2)2x(\/€! = N) T AV g} (B)[" dk
25>0 -

— ~ 112 — 2 2
SNV 9 50 S X IVIZ llgliz2

~

Thus, since r € (0,1/2), one can choose \g > 0 such that if 0 < A < Ag, then ||[IC)||z2_ 2 < 1. In
particular, Ky is a contraction from L? to L?, and therefore I + K, is invertible. The existence and

uniqueness of ¥r,, € L?(R) solution to (2.91]) is now given through (2.100). Moreover, one has
Worall e = || (2 + K0 Koxttmean) ||, < 1T+ a2 1A 2 (ol 2

SNV oo [nearll 2

which implies the bound ([2.93)). The proof of Proposition is complete. O

2.5.3 Analysis of the near frequency Floquet-Bloch component

With the properties of the map ¥necar = Yfar[Unears A] now understood via Proposition we

now view and study (2.90) as a closed eigenvalue problem for (E*, ¢year):

(Eb* (k) - EA) {/\;near(k)_{')‘XAr (kf)%* {anear} (k)+)\ Xar (k')%* {waar [djnear; )‘] } (k) =0. (2101)
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Equation is localized in the region |k| < A", 0 < r < 1/2. By careful expansion and
rescaling of we shall obtain an equation, which at leading order in ), is a perturbation
of the general class of equations to which Lemma applies. The size of the perturbation is
estimated in Proposition and the perturbed equation is then solved by applying Lemma[2.3.4]

In Lemmata [2.5.3] [2.5.4] and [2.5.5| we expand the first two terms in about k. = 0 using

Taylor’s Theorem, making explicit the leading and higher order contributions.

Lemma 2.5.3. Denote E* = E, — \20? = E,_(0) — A\202, as in Proposition|2.5.1. There exists k'
such that |K'| < A", and

(Bb. (k) = B*) tnear(k) = (;a,%Eb*(m k2+>\202> Gnear(k) + ARo |Dncari A| (kK.

where

k4 8I%Eb* (k/) Jnem’(k)' (2102)

Ry Wnear; A} (k. K') = % %

Proof. Taylor expanding Ep, (k) about k. = 0 to fourth order and making use of E* = Ep_(0) — \26?
and & F,, (0) = 0 for j = 1, 3, one obtains By, (k) — B> = 102, (0)k? + 202 + Lot E,, (K)k?,
which is equivalent to (2.102]). O

Lemma 2.5.4. One can decompose

Too AV tbncar (6) = (.50 0. GOTAVE ™ (b} } 8)) o B [Gnears A] (B),

L2([0,1]
with
Ry [Jnear? )\} (k) = <pb* ('; O), T{Vgl} (‘7 k))LQ([O,l})
+ <pb* (’; k) — Db, ('; 0)7 T{V¢near} ('7 k)>L2([0,1]) ) (2103)
where & = T 1 {{/;near(k) (pb* (z; k) — pp, (x; 0))}
Proof. Let us recall that by definition , one has
Ynear () = T~ {Jnear(-)pb* (z; -)} : (2.104)

Since Jnoar(k) =X (|]€| < )‘T) Jnoar(k)v we decompose:

¢near($) = T_l {'Jnear(')pb* (55; )} (:E) = Db, (ZC; O)I_I{Jnear} +& (l') (2105)
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where

(@) = T {dnear) (. (2:7) = po. (250)) } (2.106)
Above, we used that 7! commutes with multiplication by a 1- periodic function of z, and that
when acting on a function which is localized near k = 0, and which does not depend on =, 7! is

equivalent to the standard inverse Fourier transform; see Appendix B}

The proof of Lemma is now straightforward. O

We next give a precise expression of the leading order term in Lemma

Lemma 2.5.5. One can decompose

(PG00 GOT{VF  card } (5R) (2.107)
([ 0PV @) [ Tt + R[] 1)
with
Ry [Gear] (k) = /_ _dz | @O V() / :( H0RE 1) rear(l) dl. (2.108)

Proof. By the definition of 7, one has

T{VF  {uear} } (i) = 3 ™ F {VF {doeur} |k +m)

nel

i Z 27rmx/ k +n — l){bvnear(l) dl

neZ
Since |k| < A" and thnear(l) is localized on |I| < A", the leading order term is obtained when

replacing V(k +n —1) with V(n). The first term of (2.107) now follows from the identity:

Z<pb* . pb* 0)627rin->L2([0 1] / ‘pb* JI O | ZGQﬂ'anv

nez neZ
_Z/ ipye (2:0)] V:c+n)da:—/ Ippe (3 0) 2V () da:
nez -

Here, we used the Poisson summation formula and that x — pp=(x;0) is 1— periodic.

Similarly, one has

> (P (50), 9 (50)€™™) 1 oy Vi + k= 1) = / [y (3 0) P> ™RV () dar.

neZ %

This completes the proof of Lemma [2.5.5 O
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The rescaled closed equation. Using Lemmata [2.5.3] 2.5.4] and 2.5.5] one can express the near
frequency equation (2.101)) as follows:

(5ORE OF 4 X n(h) + A (b1 <3 ([ 0PV @)de) [~ Tl

(2.109)

—AX (|k| < )‘T) R [@Zjnear; )\] (k‘),
where R [¢near; )\] (k) = %*{waar} + Ry + R1 + Ro.

Seeking to extract the dominant and higher order terms in A, we introduce the scaled near-
frequency components:

~ 1~ [k ~
¢near(k) == X(I))\ <)\> == X(I))\ (H), Where k = )\ K .

Expressing (2.109)) in terms of ® » and K we obtain, after dividing out by A

(308,002 +) x, . ()8 ( L GOPY) i [, 1

(‘ﬁ| <A 1) [thnear; A] (Ak)
Equation is of the form Lo[0]® )

(k) =
parameters

(2.110)

A(m)dn

R(Dy). (2.111)

R(®,), where Lo[f] is given by (2.30) with

520, B=— [ I @O)PV(@)dz, and =17
R

In order to solve (2.111f) via Lemma we need a bound on R((I;)\) of the form

A=

Proposition 2.5.6. Assume that V is such that (14 |- |)V(:) € L' and V € L®. Then R(®))
defined in (2.111)), satisfies the bound

|r@y)|

o = X1 R Bt N ) < 0300 8]

(2.112)
where a(r) = max {5 — 2r, 2r, TH}. The constant C depends on H (I+1-)) VHLI’ HVHLOO as well as
sup ||py, (; k)|l 2o, Sup Z! Po. (- 2’”"'> ol S |Op B, (k)| sup |Okpp. (35| oo
[k|<A” " el ’ Ikl < Ikl <
and is finite by Lemmata B.1.5 and[B.53.1]

Proof of Proposition[2.5.6. Recall that R(Ax), the right hand side of (2.111]) has the form
R [wfar [wnearQ /\] s wnearS )‘] (/\"f) =

x (18] < X7 (To. {Vttar} (A) + Ro [Fneari A| O, 1)
+ Ry [{Z;near; A} (Ak) + Ry [{/;near} ()\”))

() + (II) + (III) + (IV).

(2.113)
We proceed by estimating each of the terms: (I), (II), (III) and (IV)
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(1) Estimation of x (|x| < A"™") 5. {Vtar} (Ar):  We have
r— < x (|g] < AT
I (-1 < A7) To {Vtbgar} ()\.)HiZ,—l = / (’1’+142) 1T, (Ve s O\R)[% die
< N5, {V tar |7 -

We now consider 7p, {V s} (+) in detail. By definition, one has

Tb. {V¢far} (k) = <pb*('; k)a T{waar} (" k)>L2([0,1})

<pb* Z e2min / V(k+n— )i (1)d >
= - £2([0,1))

in. © Vik4+n—1 ~
=D (P (k). €™ 2o /oo g(l MERERTCL

211/2
el (1+ [)
Moreover,
k +n— o
/ 1 2) (1 + W )1/2¢far( dl HVHLoo waarHH2 ~ )‘1 2 meeaurHL2
(14 112V
1-2r || 7 _ 1-2ry -1 |5
S A wnear 12 = A A2 q))\‘LQa
where we used Proposition definition (2.110f) and, by Proposition
~ 2 ~ 2
Hwnear”%2 = HTﬁl{wnear k pb*($§k)}’ 12 g ‘1/}near(k)pb*(m; k)‘ 0
1/2
~ 2
S I IR T 2.114)
Finally, it follows
1 ~
175, {Vdtar}l oo < X272 C H@A‘ on (2.115)
with € = € (|7 e [V e spiese S | G0 ) ).

(II) Estimation of x (|| < A1) Ry [Q/Jnear, } (Ak, k'), given in (2.102)): We have (constants im-
plicit)

I (-1 <X 2080

2 I r—1\ |& 2
L2,71(R) =\ /_OO m}( (|K/| < A ) “P)\(K})‘ dk

4 > 1‘4/8 1 o | 2
—00
8 ~ 12 ~ 12
<A et 2y ST Y
- |H\S%11A13_1 U+ r2)2 | lp2a ~ Mlg2a
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Therefore,

[ (151 < A1) Ro [dhears A] O, K)

1 _
[2-1 HX (I <A™) @%Eb*<k/)/\2%4q’,\(ﬁ)

L2.—1

<A sup |9LE. (K)] HcBA‘ (2.116)

|| <A

.
(I11) Estimation of x (|x| < A\"™1) Ry [ﬁnear; )\} (Ak), given in (2.103): Recall
Ry {Jneaﬁ)\} (k) = (o.(50), T{VEL} (- F)) L2 o,1))
+ (2o () = 1o, (50), T {Vnear} (- 5)) 12(0.1)) - (2.117)

where 51 = T_l {"Znear(k) (pb* (l‘; k) — Db, (l’; O)) }

Let us first obtain an estimate on & . Using Taylor expansion of py, (x;-) around 0, one has

E1(2)| =

1/2 -
/ / 2™ e (k) (o, (23 k) — po, (250)) dk
—1/2

< s (O k)] [ IR (b < ) D ()]
2€R, k! |<AT —0

< sup 10, (5Kl | (sl < X o]
uroNs — 00

IN

1/2
2
K ~
A sup |[Okpy, (-5 K)o / —— dr H@‘
[k/|<A7 l<ar—1 1+ K2

L2,1
1ir , ~
< 2 sup (9w (i)l || 8]
[K/[<A" L%
so that we deduce
14r ~
€1l < 205 sup f0up (@i k) i 1], - (2.118)
|E/|<A™ L
Estimation of the first term of (2.117)) is as follows. One has
2
HX (‘H’| < )\r—l) <pb*(';0)vT{Vgl} ('7)\K)>L2([071])‘ 721 =
<y (k| < A1 2
/ (1+/<;2)’Q’b*(';o)j{vgl}('7M)>L2([o,11> dr.

Turning to the integrand of the above expression, we rewrite the inner product

1
(Po. (50), T{VEL} (- AR)) 2(0,1)) :/0 T Aps. (5 0)E()V ()} (25 Ak)

1
= [ S E (pn (0)EOV O () o

neL

= FA{pp. (:0)61(-)V ()} (Ak),
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where we used that py, (x;0) is 1—periodic, so that it commutes with 7, and the Poisson summation

formula. It follows that
[0 (0. TAVE} (M) o | < 195 (50 OV )| < [161]] / [po. (3 0)||V ()] da.

Using (2.118]), one deduces

1fr
2,-1 < Oaz
Lo~

[ (8 < X771 o, (5.0, T {VED (5 M0)) 2o | O 0 (2:119)

with C = C(supj<xr 0kps. (5 ) [ Loo, [ 1o, (25 0)[ |V (2)| da).

The last term in (2.117]) is estimated as follows. Note that

‘<pb* (3 AK) =P, (30), T {V¥near } (-, )"{»L?([O,I])‘

1
/0 (P, (5 Ak) = pi, (250)) > €™ F{Vpnear } (A + n)dax

ne’

1
/ (pb* ($; )‘K“) — Db, (SL’; 0)) Z(V¢near)($ + n)e_2m(/\"“+")xdm
0

neL

= /OO ’(pb* (x; )\K) ~ P, (I‘; O))V(I)¢near(x)‘ dx

—0o0

<Ak sup [|Okpp. ()| Lo [[¥near | oo | V]| L1
k| <A"

where we used the Poisson summation formula along with the periodicity of py, (z; Ak) — ps, (x;0)

and its Taylor expansion as |Ak| < \". Now, note that

~ PUNS
[nearll oo = I T {¥near (k)pe. (23 k) } |z < sup Hpb*('?@HLOO/AT [Ynear(1)] dl

|k| <A™ -

and

21"

o oo o 1 ~ ~
/ [Ynear ()| dl = / |@A(n)| dn = / (1+?72)1/2(1+772)1/2<I>A(?7)\dnSCH@A’

It follows

[ (151 < A1) o (5 00) = o (500, T {Vibmear (AR 1201

2t

1/2
r2x (Jk| < A™71) JERIPN
L2t </ 1+ K2 SA Hq))‘HL%l  (2120)

< oy
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with C = C (supjujcxr [0, (5 ) [z, supjess [19ups. (5 F)llzoes [VIIza ).

Estimates (2.119)) and (2.120)) yield

[ (5l < X Baldea )|, < C]|8]] ,, A

L2,—1

with C = C (sup\k|<x 1Pe. (-5 B)l oo, supjry<xr |0kpp, (5 B)| oo s HVIIL1>-
(IV) Estimation of x (|s] < \"1) Rs[tnear|(Ak), given in (2.108): Recall

B[] () = [~ @0 Vi) [T (@R )

—00

We now use that !eQ”F (I=k)x — 1| < 2n[l — K||z|. It follows

R[] (00 < 200 [ o (@500 o Vi) [ i sl

We therefore define

76) = —x (il <3 [ =l (] < ) @l

The integral, Z(x), is bounded in L?>~(R) as follows:

o0 k| < Ar71 — nl?
720 < / R ==
1+k In|<Ar—1 1+77

One easily checks that

”{ - 77|2 r—1 r—1 < r—1
1+1€2 )X(\Fa|<)\ )X(|77|</\ )dﬂan)\ ,

so that one obtains eventually

r+1

HX (|6 < A1) R2[Jnear}()\n)H AP

D)

5 5[

1,21

with C = C (sup‘k|<y Ips. (5 k)

|5 — nl” - .
L“// 1+ K2) 1+772)X(|"|<A ) x (In] < X1 drdn.

o7

(2.121)

(2.122)

(2.123)

Altogether, (2.115)), (2.116), (2.121), and (2.123) yield the estimate of Proposition 2.5.60 [
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2.5.4 Completion of the proof of Theorem [2.2.4

We now prove Theorem by an application of Lemma to equation (2.111]), where the

remainder is estimated in Proposition [2.5.6

Proof of Theorem [2.2.J} We seek E* = Ej,_(0) — A\20% and ¢ of the form

1/}>\ = Ynear + Yfar = T_l {Jnear(k)pb*(:v;k)} + T_l {Z Jf&r,b(k)pb(m; k)}
b=0

1/2 . o
= / <¢near(k)ub* (-7;; k) + Z wfar,b(k)ub(x; k)) dk.
b=0

—-1/2

where Q,Znear, Jfar satisfy equations (12.90)—(2.91)); see Section m

By application of Proposition [2.5.1} one has that ¢, is uniquely defined as a function of 9pear

and A, and that waar[lﬁnear; )\]HHQ < )\1’2’"H¢near”L2. Then, defining d, as in (2.110)), one has
D) = 23, (5) = 18, (0), k=2 (2.124)
near = \ A \ - \ AR, = AK. .

By Proposition the rescaled (from (2.90))) near-frequency equation (2.111]) can be written as

(3088007 + 6 ) s, 983000+ ) ([ 0PV ) [,y st

—x (5] <A HR (@) (k), (2.125)

with H7'\’,(</I\>>\)HLQV,1 < oxe) H@,\”Lm, and a(r) = max(f — 2r, 2r, T‘H)

From now on, we set r = 1/8, @ = 1/4, which yield optimal estimates. Applying Lemma
with f=1—r=17/8,

oo

A = ——0FE, (0) and B = —/ lup, (x;0)|*V (x)da (assumed to be positive), (2.126)

82 —oo

we deduce that there exists a solution (02, o A) of the rescaled near-frequency equation ([2.125|),

satisfying

>
IS

By — follpzr < C AT and 02— 92 < C 2.127
0

Here (98, ]%) is a solution of the homogeneous equation

o0

Eon (#0.5) = (2 agt + 007, - 8 x (je < 1) [

—0o0

X (Inl < A‘g) Ffo(n)dn =
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as described in Lemma [2.3.1 Thus ¢pear(€) = %&J)\ (%) and E* = Ej, (0) — A\20%()\) are well-
defined (and satisfy the Ansatz of Lemma , and Vg, is uniquely determined as the solution

of (2.91); see Lemma [2.5.1] It follows that

12
¢>\($) = wfar + ¢near = Ygar + y ¢near(k)ub*(x;k) dk (2128)
—1/2
is well-defined.

There remains to prove estimates (2.25) and (2.26). Recalling that E* = E, (0) — A\262, (2.127)
implies |E* — (Ep, (0) — X262)| < CA\*t1/4, By Lemma|2.3.1} one has ‘60()\) - %’ < C(A4, B))\g,

so that one can set )
B k) PV () dal

By = —— = — - ;

4A WakEb*(k*)

and estimate ([2.25)) follows.
We now turn to a proof of the eigenfunction approximation (2.26]). Recall

1/2

1/2 1~ k 2mikx
wnear(x) = ¢near(k)ub* ($; k) = / *(I))\ T /€ Do, (SL‘; k) dk
~1/2 “12 A A

1/2X N '
= [ (< xE) B © A i x0) ag
—1/2)
=[x (e <X ) e e (w50) dg
R
)\7% &\) 2miNéx Yal: 'k/ d
+ [ (16 < A7) B @ P o, ) e
= . (@:0) [ x (16l < X7F) (e ag
+un(:0) [ x (1€ <x7) (81— o) (@2 ag
)\7% (/I; 2miNéx Yal: 'k?/ d
+ [ (16 < A7) B (@ P )0 ) e
= I(z) + Ix(x) + I3(x),

with |k'| = [K'(A\)] < AS. Now, since y (|£| < )\_%) Fo(&) = fo(€), one has

Ii(z) = wp, (z;0)F 1 {ﬁ)} (A\x).
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By (2.37) in Lemma one has
1 AB
Li(z) — Eub*(x,())exp <_2A’$|) |
~ 1 AB
= sup| up, (z;0 {]—"_1 Ax) — — exp (—x)} ‘< Cllp o NT/8. (2,129
sup | :0) {7 {7} () — oxw (~ 7 b 1. (:0) 1z (2.12)

and ||pp, (+;0)|| L~ is bounded; see Lemma

Let us now estimate I5(x) and I3(z). One has

sup
z€R

L@ = (0 [ 1 (|s|<x%) (8- B) @ g

< Ips.(#:0) / |5| e <1+|s|2>1/2\&a<s>—]%<5>\ de
< Cllpp. (50| = H‘I),\ - fOHLm < C(A, B)||pp, (- 0) | oo A4, (2.130)
where the last inequality comes from . Similarly,
)l = | [ (1 <378 B0 2 000 (i) g
<A 0, ,k oo A8 ) d
< s o (K)o [ x (16 < A7F) Il [Baco)| de

Ik/|<)\177/8

(2.131)

< C sup ||Owpe, (K| L H&)A’

K/ |< AL/ L2

By (2.129)), (2.130) and (2.131]), one has

2 —AB
wnear - Il(x)+12(x)+l3($) = —ub*(:r;())exp ‘$| + Qbrem(m)a
B 2A
with [[threm || < A4

Finally, let us note that by Sobolev embeddings, one has

[Vtarllzee < [ Wsarllaz < CA Y4 ¢hnear || 2 = CAYZ V4| @y |12 < CAM,

where we use Proposition with » = 1/8, and (2.114]).
It follows that ¥ = ¥near + Vgar Satisfies

1
sup @ZJ’\(:U) — —uyp, (z;0) exp(Aag|z]) | < CA\/4 ,  with ag = ——.
z€eR B 2A

Since 1 is defined up to a multiplicative constant, (2.26) holds. This completes the proof of
Theorem 2.2.4 O
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2.6 The bootstrap: proof of Corollary

We give the proof of Corollary [2.2.6] on the refined expansion of the bifurcation of eigenvalues of
Hg + AV = —92 4+ Q(z) + AV (), for Q(z) periodic. Corollary in the case of Q(z) = 0, is
obtained along the same lines, using p(z; k) = 1, E(k) = 472k? for k € R, etc.

Proof of Corollary . We know, by Theorem that there exists (¢, E*) solution of the
eigenvalue problem (Hg + AV )y = EMp*. Moreover, E? is in the gap of the continuous spectrum
of spec(Hg) = spec(Hgyayv ), near an edge E, = Ej, (k). In the following, we assume that k, = 0
(the case where k, = 1/2 can be treated using the same method).

We next seek an integral equation for ¥ by applying the resolvent RQ(EA) to the differential
equation for Y. A construction of the resolvent kernel, Rg(z,y; E*), proceeds as follows. Recall the
discriminant, D(FE), introduced in Appendix as the trace of the monodromy matrix defined
by the linearly independent solutions ¢;(z; E),j =1,2: D(E) = ¢1(1; E) + ¢4(1; E).

Since E, is a band edge and E* is in a gap, we have D(E,) = 2 and D(E?) > 2. Therefore,

there exists k = k(\) > 0 with
EA = BE(idk) = BE(—iAk), D(E) = ™ 472\ 5 2,
Additionally, we define 1 = ¢ (x; E*), the solutions of
(-0 + Q@) ¥z = BNy, yu(z+ L EY) = 2™ (23 BY).

More precisely, ¥4 are defined as

Yi(x) = pp, (23 Fik)eT2 T with (2.132)

(=02 = 272R)* + Q@) py. (w;ir) = E’py, (wik) . py, (@ + 1ik) = py,(z;ir).  (2.133)

which is well-defined for A small enough, by Theorem
With those definitions, the resolvent operator Rg(E*) = (=02 + Q — E*)~! has kernel

M ify>ux

o W] o
Ro(z,y; BY) = M if y <
Withs] '

where W1] = ¥/ (2)¢—(x) — ¢4 (x)¥._(z). Thus, for any bounded function f,

Rolf\ws B = [ Rofe.ys V) 10) d
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we have (—02 + Q — EMRg[f](z; E*) = f. It follows that ¢* satisfies the integral equation

@)+ A [ Rofe.i WV @) w) dy = o
R

Multiplying by wup, (z;0)V (z) and integrating along = yields

[ Vi @0y @de + A [ @0V @ Rolw s YW ) ) de dy = 0. (2130)
R R2

We will deduce from (2.134)) the precise behavior of x (and therefore EA — Ej (0)) as A tends to

zero, using the following

Lemma 2.6.1. Let E, = E, (0) be an edge of the continous spectrum, and let the hypotheses of
Theorem be satisfied, so that E exists. Define RQ(m,y;E’\) as above. Then for A > 0 small

enough, one has

up. (300, (430) —aramja—y| | R (x,y) + MRS (2,y), (2.135)
2\

Ro(e,y: B = 2000 o

where RS) is skew-symmetric: Ré))(a:, y) = —RS)(y,x); and RS), RS) are bounded:
RY (@,9)| + |BY (@ y)| < Cem?mll < ¢
where C' is a constant, uniform with respect to Ak.

In order to ease the reading, we postpone the proof of this result to the end of this section, and
carry on with the proof of Corollary Since up, (x; 0) is uniformly bounded (see Lemma ,
one has the low-order estimate

A up, (x;0)up, (y;0)
92E(0) 2)K

‘ RQ(w,y;EA) — < C(1+ |z —y|+ Ak), (2.136)

where we used ’ e Mle—yl g ’ < Chglx —yl.

Plugging (2.136)) into (2.134) and using (1 + |z|)V € L!, yields

| [ Ve o @ s ] 0@, 40V 00 ) dedy | < €A1

(2.137)

Now we use the fact that by Theorem one has |[v*(z) — w, (z;0) exp (Aag|z]) HLoo < A4

so that /{g%f V(@)up, (2;0)9* (2)dz = [V (z)up, (2;0)% # 0. It follows that for A sufficiently small,
one can divide out [V (z)up, (;0)¢*(x)dz, and deduce from

‘ 27

" REO) /R . (@:07V () da | < Ce(1+ \w),
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from which it follows the low-order estimate of k:

27
a,gE(O)/R“b*(x;O)ZV(x) dx ‘ < O\ (2.138)

K+
Let us now derive higher order estimates. For any z,y € R?, ’6_2”’\"|””_y| — 14 27Ak|z — yH <
472X2K%|z — y|?, so that one has from Lemma [2.6.1

2wy, (2;0)up, (y;0)(1 — 2w A6z — y))
92E(0) AK

'RQu,y;EA)— —Ré?(x,y)\ < O+ Jaf2 + Iy,

(2.139)
Plugging (2.139)) into (2.134)), and using (1 + |z|)V € L', yields

| [ 0V @ @ g ] V@ (050720 2m0wl g 0V (00 ) e dy

// w25 0 R (2, )V (50 (y) dr dy| < CX. (2.140)

Let us now use that by Theorem super (VM) — wpy, (2;0) exp (Aaolz])| < A4 5o
[ M @) — up, (2;0)] < C(AY* 4 A|z|). Thus (2.140) becomes

| ( / ub*<-;0>vw) (1 + iag?(m [ V@ (w07 do )
Aoy ] V0 = sl (20 ) o ay
// 2)un, (23 0) B (2, 1)V (y)up, (y: 0) de dy\ < CAAL (2141

and one deduces from m that ‘ f ub* Vq/)k) + 21 (02 E( ’ < CAY*. Therefore,
multiplying (2.141)) by « ([ us, (- Vw)‘) yields

‘ 32E /V Jup, (x; O) da:—i—)\82E //V x)up, (z;0) ]a;— lup, (y; ) V(y) dz dy

— // x)up, (x;0 Ré)(l‘ DV (y)up, (y;0) da dy| < CATFY4 (2.142)

Finally, we note that since Ré))(:c,y) = —Ré)(y,x) by Lemma [2.6.1, the last term in (2.142])

vanishes. Thus the above estimate, together with the following Lemma, completes the proof of

Corollary [2.2.6] O

Lemma 2.6.2. Let E, = E;, (0) be an edge of the continuous spectrum, and let hypotheses of
Theorem be satisfied, so that E* exists. Then for X\ small enough, one has E* = E(i\k), and
EA—E, = —3\2k%0}E,,(0) + O(\Y).
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Proof. We Taylor expand D(F) about E, = Ej,(0).

D(E) = D(Ey) + D'(E.)(E — E.)+ O ((E — E.)?) =2+ D'(E,)(E — E,) + O ((E — E,)?) .
(2.143)

Let’s first apply to E = Ey, (k) in the spectral band. One has D(Ejp, (k)) = > 4 e=2mk =
2 —4n?k*+ O (k®) . Finally, since 9y Ep, (0) = 03 Ep, (0) = 0, one has Ey, (k) = B, + 102E(0)k*+
O (k*) . Identifying with (2.143), it follows D'(E,)(102E(0)) = —4x?, thus D'(E,) = 82%7:?0).
Next let’s apply to E = E*, recalling D(E*) = 2™\ 472\ = 24472 \262 + O (A4/<a4) .
One has from in Theorem that B — E, = O(A\?), and from that k = O(1).

Consequently, (2.143)) yields

—8m?
Ar’X’k? = D'(E.)(E* - E.) + O(\') = ———(E* - B, (0 A(AY).
RN = D(BJE B + OO = gl (B = B (0) + 00
Finally, we deduce E* — E, = —1X\25?02E, (0) + O(A!) and the lemma is proved. O

We conclude this section by the proof of Lemma [2.6.]]

Proof of Lemma Let us Taylor-expand 1, as defined by (2.132)~(2.133)). One has 14 (x)eF?™ 5 =

2 3

Yy (x)e 7™M = p (2;0) — iXkOpy, (2:0) — ()\g)agp(x;()) + i()\?ﬁzp(m;i%r), (2.144)
2 3

Y@ = @0) + idsn, (1:0) — O p(0) — i (i), (2145

with —Ak <4 <0 < v- < Ak,

Remark 2.6.3. Note that k — py(x; k. +r) € L2(R) is analytic in a complex neighborhood |k| < k1.
By the equation for py, K — pp(z; ks + k) € H*(R) is analytic and thus d3py(x; k) and 0,03 py(z; k)

are well-defined and uniformly bounded for k near k. and x in any compact set.

Since py, (x;0) = up, (x;0), it follows

W] Ro(z,y; EY) =

(
(

up, (5 0)up, (3 0) + ider© (2, y; Ar) + (Ar)2r ! )(ﬂc,y)) 2 AREY) if y > o,
(

(2.146)
(y; 0)up, (x;0) + ikm’(o)(y, T3 AR) + ()\Fd)z’f’_l)(l‘, y)) e2mAn(y—x)  if y < .

Up

*
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with
rO (@, y;A6) = pp. (2;0)0pp. (45 0) — Apo, (25 0)pp, (y;0) = —1 O (y, z; Ar),
(1)

and ry’(x,y) is bounded, uniformly with respect to As.

Let us now turn to Wpy] = ¢/, (2)¢— (z) — ¢4 (z)¢"_(x). From (2.144)—(2.145)), one has

Wiwsl = 2x( 2npy, (30)? —ipb*<x;o>axakpb*<m;o>+i(apr*<z;o>)(akpbxx;o»)

+ (6)3w, (23 Ak),

with w,(z) uniformly bounded, independently of z and k.

Since Wt4] is independent of z, one has W fo [¢+] dz and thus

W] = 2Xk /0 1 ( 2y, (2 0)* — ipy, (23 0)0:Okpy. (3 0) + i (Dupo, (x;0)) (Okpo. (x; 0)) ) dw
+ (\s)? /0 1wr(x; k) de.
Using that fol oy, (2;0)2 dz = fol up, (2;0)? dor = 1, one deduces
Whpy] = 2)\/<c<271'+2i/01p(:c;0)axakp(w;0) d:z:) + O ((Ak)?). (2.147)

Now, let us recall that py, (z; ik) satisfies (2.133)). Deriving twice with respect to k = ik, one obtains

(—(0; — 27k)* + Q(z) — E(ik)) O¢p(w;ir) = 20, E(ik)0kp(z;ir) + Of E(ik)p(z;ik)

— 87i(0y — 27K)Opp (s ik) — 82p(x;ik) .

We now apply this identity at x = 0, and take the inner product with pp, (2;0). It follows 0 =
d2E(0) — 8mi fo 7;0)0,0,p(x;0) dv — 872 . Therefore, (2.147)) becomes

Wps] = 2>\/§8'34E7r(0) + O ((\x)%). (2.148)

Finally, (2.146) and (2.148)) clearly imply (2.135]), and Lemma is proved. O



CHAPTER 3. SCATTERING RESULTS FOR Hg,, +o. 66

Chapter 3

Scattering results for Hy, 1,

3.1 Introduction

In this chapter we consider the Schrodinger operator:
anv"l‘QE = _a{% + Qav(-,r) + qf(x)7 € > 07 (31)

where gay () is a spatially localized background average potential and g.(z) = q(x, z/€) is a potential

which is spatially localized on the slow scale x, and periodic and mean zero on the fast scale y = z/e:

1
q(z,y+1) = q(z,y)  and /0 q(z,y) dy = 0. (3.2)

By expanding with respect to the Fourier coeflicients of the fast variable, one can write
a(z,y) = Y gilx) . (3.3)
J#0
More generally, our theory admits potentials which are aperiodic. For example, we allow for real-

valued potentials:

g(z,y) = > qix) Y, (34)
J#0
where {)\;}jez)\ {0} 18 a sequence of non-zero distinct frequencies for which there is a constant > 0

In Chapter [2| we studied an operator similar to (3.1) from the perspective of an eigenvalue

problem. In this chapter, we take a slightly different approach and investigate scattering and
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localization phenomena for the operator (3.1). We find interesting and subtle low energy behavior
and study its consequences for scattering, localization, and dispersive time-decay. Before stating
any results, let us briefly review scattering theory.

The scattering problem for the Schrédinger equation:

(Hy — kK*)u =0, Hy = —-0; + V(a), (3.6)

is the question of the scattered field in response to an incoming plane wave e*?:

e 4V (k)e T x s oo,
u(z; k) = ' (3.7)
tV(k)ek=, x — +00.
Here, tV (k) and 7" (k) are respectively called the reflection and transmission coefficients for the
potential V; see section Considered as a function of a complex variable k, the transmission
coefficient ¢V (k) is meromorphic in the upper half k—plane, having possibly simple poles located
on the positive imaginary axis. If ip, p > 0, is a pole of " then E = —p? is a discrete eigenvalue
of Hy of multiplicity one.

In this chapter, we are interested in the case where V(z) is spatially localized and highly

oscillatory. As defined in (3.1]), we consider potentials of the form:
V() = qav(x) +q(z,2/€), e 1. (3.8)

We ask the following question: What are the characteristics of solutions to the scattering prob-

lem (3.6)), in the limit as € tends to zero?

3.1.1 Motivation and statement of results

For fixed k # 0, this is the regime where averaging or homogenization theory applies; the leading
order behavior in € is governed by the average of V; over its fast variations. To simplify the present
motivating discussion we consider the case where V. is periodic on the fast scale with vanishing

mean, satisfying (3.2)). Then, for any fixed k # 0, as ¢ — 0, we have
tv‘(k) — (k) =1, rv‘(kz) — (k) = 0;

see [Duchéne and Weinstein, 2011], which contains very detailed asymptotic expansions of ¢« (k)
for a general class of V., admitting singularities. Very generally, as k tends to infinity, ¢tV (k) — 1;

the large k transmission behavior of V(x) and its average, qay(z), agree.
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However, the low energy, k ~ 0, comparison between the scattering behavior for g,y () = 0 and
Ve(x) is far more subtle. First of all, the potential V' (z) = 0 has non-generic low energy behavior!
Indeed for generic localized potentials, V', limg_.q tV(k) = 0; see the discussion of and references to
genericity in Section Thus we expect (and our analysis implies for small and non-zero ¢€) that
tVe(k) — 0 as k — 0; see Corollarym

It follows that the convergence of tV<(k), as € tends to zero, to the homogenized transmission
coefficient t%v (k) = t°(k) = 1 is non-uniform in a neighborhood of k = 0. Figure displays
plots of tV<(k) for several successively smaller values of e. Underlying this non-uniformity is a subtle
behavior of tVf(k:) in the complex plane and an interesting localization phenomenon, which we now
explain.

To fix ideas, stick with the case gav(z) = 0 and thus, Hy, = H, , with ¢.(z) = ¢(x,x/€). We
comment below on the case where g,y is non-zero. We clarify the nature of low energy scattering

by proving that there is an effective potential well:
oi(z) = —ehen(a), (3.9)

such that
t%(k) —t%(k) - 0 as e — 0, uniformly in k € R; (3.10)

see Theorem Corollary and Theorem [3.3.3] proved by a “normal form” type analysis
in section Here, Aeg(z) is a positive and localized function defined in terms of the Fourier

expansion of the 2-scale potential, q(z,y):

1 1
Aei(z) = QZV\%(:’J)H (3.11)
3#0 7

For the periodic case, q(z,y + 1) = q(z,y), A\j = j, j # 0 and A.g is given by:

1 1 _
Aegr(z) = RZF|(]]($)|2 = <_ayQQ(xay)aQ(xvy»]}(S;)' (3.12)
J7#0

This particular choice of effective potential well is anticipated by a formal two-scale homogenization
expansion. An example of a mean zero potential Vi(z) = ¢c(x) = ¢(x,z/€) and the associated
effective potential is displayed in Figures and A clue to the source of non-uniformity in

k is offered by a result of [Simon, 1976|, applied to o, Which implies that for e small, the operator
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Figure 3.1: Plots of potentials Vi(x), (a), and the corresponding effective potential cig(x), (b).
Transmission coefficients t"<(k), (c), and t%#(k), (d). Plots (e) and (f) show convergence of scaled
transmission coefficients t"<(e2x) and t%#(€2k) to the transmission coefficient tPa¢(x) =

ok
k=35 [ Aest
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Hge , has a single negative eigenvalue:
€

Eoa — _j </RAeff )2 + O(é9). (3.13)

Since the eigenvalues of Hy are associated with poles of ¢tV (k) located on the positive imaginary

axis (Section [3.2)), the eigenvalue E% is associated with a pole at:

K7 () :f; < /R Aeﬂ) + O (3.14)

The estimates of Theorem and Corollary [3.3.5, comparing t% (k) to t%(k), in a complex
neighborhood of £ = 0 for small €, enable us to conclude, via Rouché’s Theorem, that ¢4 (k) has a

pole k% (e) ~ k% (e). It follows that H,, has a bound state, ug, (z), with energy:

E% = —j (/RAQH >2 + O(é%). (3.15)

Moreover, ug, (z) = O (e_V‘qu‘ \x|> as || — oo (Corollary [3.3.7). Furthermore, by Corol-

lary m there is a universal scaled limit depending on a single parameter, fR Aesr:

t%(2k) — t* </€;/Aeﬁ‘> = + as € =0 form;«é3 /Aeﬁ‘.
R K'_ngAeff 2 R

Note that t* (n; fR Aeff) is the transmission coefficient for the Schrédinger operator with a Dirac-

distribution potential well of total mass fR Aegg > 0:

H = -9 - ( /IR Aeﬁ<<>d<> < 3(a).

Figures and as well as Figure [3.2] illustrate this behavior.
A further consequence concerns the large-time dispersive character of solutions to the time-

dependent Schrodinger equation:

0 = 030 +q(a, /), ¥(0,2) = o (3.16)

In Theorem for 1p(z) sufficiently localized and in the continuous spectrum of H, , that is
Yo L ¥¢ in L3(R), 1¢ the eigenfunction of Hy,_, we prove the bound

2 —1
H(l +af?) e_”quleOHLw(R) <t 12 (1 +¢ (/R Aeff) 75) (1 +1¢?) Yo 1ggy - (3-17)
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Figure 3.2: Plots (a) and (b) are of two mean zero potentials, Vi . and V. (left), and effective
potentials o ¢ and o5 ¢ (right). Potentials chosen so that: [Ajer = [ Ager. Plots (¢) and (d)

illustrate universality of scaled limits: ¢V (e2x) and t%# (¢2x). The cross markers correspond to the
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scaled limit: t*(k)
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Here, P, denotes the projection onto the orthogonal complement of the eigenspace, span{‘},
corresponding to the bifurcating eigenvalue E€. Therefore, the effect of the oscillatory perturbation
on the rate of dispersion is only seen on the time scale t > ¢4,

The above results follow from the non-generic low energy behavior of the average potential
V = 0. Thus we ask:
Question: Are there non-trivial potentials, V(x) = qayv(x), with low energy behavior analogous to
V =0, such that Ve = qay(x) + qc() exhibits similar behavior?

The answer is yes: Such examples need to exhibit the behavior
[t% (k)| — |t%(0)| # 0 as k — 0.

How such non-generic behavior arises is discussed in section [3.3.2l The class of reflectionless
potentials, for which one has [t(k)| =1 for all k£ € R, is a large family of such examples. Our main
Theorem holds for general ¢,y, and shows that the low energy behavior is determined by the
effective potential:

Gav(2) + oeg(z) = gav(z) — €2Aeff($)'
Therefore, if ., is a reflectionless potential, then t%v+9 (k) has a pole, k%v+%(¢), situated on
the positive imaginary axis, and of size O(e?). An application of Rouché’s Theorem yields that

t4avtde (k). has a pole near k%% (e) and a bound state

EQav+Qe(€) ~ Eq'av-i-o'zﬁ(e) — [kq;xv+0'§ﬁ(€)]2 < 0; see Corollary 3.3.9

3.1.2 Outline and remarks of the proof

In Section we review the prerequisite one-dimensional scattering theory. Section |3.3| contains

statements of our main results and is structured as follows:

1. Detailed hypotheses on the class of potentials: Vi(z) = gav(x) + q(z,x/€) are given in Hy-
potheses (V) at the beginning of Section

2. We consider the case where g,y is generic and the case where ¢,y is non-generic. As indicated

above, the non-generic case, i.e. gy = 0, is of greatest interest and we emphasize this case.

3. For non-generic ¢ay, Theorem 3.3.3]and Corollary give precise estimates on the difference

t9avFae (k) — t9av+oeq(k), for k in a complex neighborhood of zero, and € — 0.
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4. For guy = 0, Corollary gives a universal form of the scaled limit of t9v+4(2k) as € — 0.

This limit depends on a single parameter, given by the integral of the effective potential.

5. For g, = 0, Corollary states the potential .y + ¢c, has a bound state with negative

energy ~ O(e?), near the edge of the continuous spectrum.

6. In Section we present non-trivial (non-indentically zero) potentials, ¢ay, which are non-
generic, for which the above results for g,y = 0 also apply. We work out the details for
“one-soliton” potentials gay,(z) = —2p?sech®(p(x — z0)), for which Hg,, , has exactly one
negative eigenvalue at Eo(p) = —p? and continuous spectrum extending from zero to positive
infinity. In this example, our result shows that Hy,, 44 has an eigenvalue of order O(e*),

which bifurcates from the edge of the continuous spectrum. Specifically,

4 2
Elvtae —GZ (/ tanh?(y) Aeg(y) dy ) ; (3.18)
R
compare with (3.15)). A second eigenvalue is O(€?) distant from Ey(p).

7. In Section we deal with the relatively simple case of highly oscillatory perturbations of

a generic potential, gay.

In Section we combine our precise analysis for bounded k with the relatively simple analysis
when k € R is bounded away from zero, and obtain control on the difference t% (k) — t%(k),
uniformly for k € R.

In Section our results on the high and low energy behavior of ¢4 (k) are used to prove the local
energy time-decay estimate; Theorem [3.5.1

The proof of Theorem and the emergence of the effective potential, oig(z), are presented
in Section Appendix contains detailed estimates on Jost solutions for general localized
potentials in an appropriate domain in the complex plane. Appendix presents a discussion of

the potential qay(7) + 053(2) = qav (@) — 2 Aesi ().

3.1.3 Definitions and notation

Various norms are introduced in the analysis of the transmission coefficient, Jost solutions etc.
These norms involve spatial weights of the potential which are algebraic when we analyze scattering

properties for k € R, and exponential when we consider these properties for & € C. Our convention
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throughout this chapter is that spaces with algebraic spatial weights are denoted with calligraphic
upper-case letters, e.g. W»]f P and spaces with exponential spatial weights are denoted with ordinary
upper-case Roman letters, e.g. Wg P The parameters v and 3 define the spatial weight.

We denote by E%(R) the space of measurable functions g such that:

sley = [ lo@I0+ja) dr < .

The space of functions, g, whose derivatives up to order n are in ﬁ}Y is denoted WY 1 and the

associated norm is:
n
‘g‘wﬁ’l =, ‘alg}g'
1=0

For a fixed 8 > 0, we denote by L3” the space of measurable functions g defined on R such that:

|9‘Lg° = {eﬁ'g’Loo = ess supyeg €77 |g(x)| < oo

Wg "> denotes the space of the functions g defined on R, whose derivatives up to order n are in Ly

with associated norm
n

_ !
‘g‘wg"’" = IZ:% ‘6 g‘L;’f'

For a function V of the form:

V(z,y) = qul(@) +a(z,y) = g+ > gilz) ™Y,

jez\{o}
we introduce the following norms:
exponentially weighted: |V| = ‘qav{wl,oo + Z ‘qj"wli,oo;
S 7V C) R
algebraically weighted: ”V” = ‘qa"‘l/\/;’l + Z }qj‘wg,l.
jez\{0}

3.2 Review of 1d scattering theory

In this section we briefly review some of the basics of scattering theory for the one-dimensional

Schrédinger equation:

(—j; + V(z) — k2> u(z; k) = 0, (3.19)
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for localized potentials, V' (z), assumed to satisfy
VeLyR) = {V:(1+z)*V(z) € L'(R)}.

In particular, in section we discuss the Jost solutions, fj‘:/ (z; k), and the reflection and trans-
mission coefficients, 7Y (k) and ¢V (k). An extensive discussion can be found in [Deift and Trubowitz,
1979], [Reed and Simon, 1979|, [Newton, 1986]. Section explains what is meant by a generic
potential. Finally, in Section [3.2.3| we introduce some important tools enabling us to compare the
transmission coeflicients of two different potentials. This is based on the Volterra integral equation

for the Jost solution for a potential, V', viewed as a perturbation of a second potential, .

3.2.1 The Jost solutions, and reflection and transmission coefficients

For k € R, introduce fY (z;k), the unique solutions of (3.19) with
Yz k) ~ eF*  as z— +oo. (3.20)

Observe from the asymptotics as x — oo, we have W[fjr/(, k), f}r/(, —k)] = 2ik, where W[hy, ho]

denotes the Wronskian of functions hi(x) and ha(x):
WIh1, ho] = hy(x)hy(x) — ha(z)R (). (3.21)

Therefore, for k € R\ {0}, the set {f (z;k), fV (z; —k)} is a linearly independent set of solutions
of (3.19).

The transmission coefficients, tY (k), and the reflection coefficients r¥ (k) are defined via the
algebraic relations, among the Jost solutions fY (x;k):

Y (k) 1

Vi _ Ty Vi Vi
f_’_(ilf,k) — tK(k)f—(xak) + tK(k)f—( ’ k)a (322)
T () Lo,
One can check that W[fY, fV] = —2ik[tY(k)]7' = —2ik[tY (k)]~!, and therefore we write
2ik
WY, Y] = —tvz(k) , (3.24)
with tV(k) = tY(k) = tY (k). Furthermore, one has
R+ [PLw)] =1, keRr. (3.25)
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The Jost solutions, fY, and scattering coefficients, ¢V and rY, can be analytically extended
into the upper-half complex k—plane. Note that if k; is a pole of tV(k), with &(k1) > 0, then
WIfY, fY](k1) = 0. In this case, f (z;k1) and fY(z;k1) are proportional and therefore decay
exponentially as z — do0o. Thus, k% is an L%—eigenvalue of Hy .

If the potential V() is exponentially decaying as x tends to infinity, then the Jost solutions
can be analytically extended into the lower half complex k—plane. More precisely, if V' € Lgo (see
Section , then fY(z;k) are defined for (k) > —/3/2 as the unique solutions of the Volterra

integral equations

(k) = e* + /:O WV(y)fX(y;k) dy,

e [ snlhly )

VW) Ly k) dy. (3.26)

FY (s k)

—0o0

Detailed bounds on fY (x;k) and their derivatives are presented in Appendix

Finally, note the following consequences of V(z) being real-valued, the uniqueness of the Jost

solutions as defined above, and (3.22))—(3.23)):

k) = fLwk), (k) = tV(k), ri(-k) = rL(k). (3.27)

In particular, fY (x;0), tV(0), r¥(0) are real.

3.2.2 Generic and non-generic potentials

Using the decay hypotheses of potential V' € L3” and the method of [Deift and Trubowitz, 1979],
page 145, one can check that the transmission and reflection coefficients are well-defined by (|3.22))—
(3.23)) for |I(k)| < B/2, and satisfy the important relations, which follow from (3.24]) and ([3.26]):

N VoV o v
k) ! Qikl (k), thus W(f/, f21(k) = —2ik + I"(k),

where IV (k) = [ V(y)e ¥ f¥ (y; k) dy. Equivalently, one has
2ik 2ik

tV(k) = _W[fX,fY](k) = Sk IV (k)" (3.28)

Recall that if V(x) = 0, then ¢V (k) = 1. Moreover, if

o) = Wil 0 = [ vl 0 a2 o (3.20)
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then by continuity of ¢V (k) and (3.28)), one has

tV(0) = lim tY(k) = 0. (3.30)

The case where (3.29)) and therefore (3.30]) holds is typical. Indeed, it has been shown in Appendix 2
of [Weder, 2000] that for a dense subset of £}, one has I V(0) # 0; see also |Deift and Trubowitz,
1979] and |[Newton, 1986]. Thus we say that ([3.29) and (3.30) holds generically in the space of

potentials.

Definition 3.2.1 (Generic potentials). We say that a potential, V, is generic if one has tV (0) = 0.
Equivalently, V' is generic if and only if

k 1V(0)
k .
R — 5 #0, ask—0

Note that in the non-generic case, where W[fY, fV](0) = 0, we have that Jost solutions fY (z; k)
satisfy f¥ (2;0) ~ 1 as z — Fo00 and are multiples of one another. Thus, non-genericity is equivalent
to the existence of a globally bounded solution of the Schrodinger equation at zero energy. Such

states are sometimes referred to as zero energy resonances. The simplest example is V = 0 where

fL(z; k) = et and fQ(2;0) = 1.

3.2.3 Relations between f! and f}" for general V and W

Our approach is based on associating with Ve(z) = ¢av(z) + ¢e(z) a more accurate (than gay)
minimal model or normal form, Ve cg(x) = gav(x) + 05g(x), of the asymptotic scattering properties
for k bounded and ¢ — 0. An important tool will then be to compare the Jost solutions associated
with the potential, V' = V,, with those of some family of potentials, W = ¢,y + o, parametrized by
o, which is to be determined. This section develops the necessary tools for this comparison.

In the Volterra equation we write fj‘c/ (z; k) as a perturbation of the states e™** which
lie in the kernel of —92 — k2. In the following proposition, we generalize this formula by viewing
fY(z; k) as a perturbation of the Jost solutions f1(x;k) for the problem:

d? 9
<—dx2+W—k)u:0.
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Proposition 3.2.2. Let V,W € L%o and and let f}_f, fiv denote the associated Jost solutions. Then
for |3(k)| < B/2, one has

(k) = ar VW] ¥V (2k) + B[V, W] £V (a5k)
(k) = a VW] f¥V(xk) + B[V, W] f¥ (21k), (3.31)

with ay [V,W|(z; k) and B[V, W](z; k) defined by

WV —w) (V—W)
ar[V,W] = 1+/ f- W fw‘? dy, B[V, W] = —/ 1 Wi fW{+ dy,  (3.32)
+ +
W —w)fY vV -—w)fY
a [V,W] = / /- WY fv)vj]e dy,  B_[V,W] = 1+/ 1 W fv)vj]c dy. (3.33)
+ +

Equivalently, one has the Volterra equation

x; w T Wi,
R R B (S V (VR LD

VZ' W.’E f+ .Tk?)fw(y, ) fW( )f—l— (yv )
1Y (k) = 17 (23 ) / )

(V =W)fY(y: k) dy.
A very useful consequence is:

Corollary 3.2.3. Let VW € L%O and and let fj‘[/, E/ denote their respective associated Jost

solutions. Then for |3(k)| < 8/2, one has
WIFL L) = MV, WIR) WIFY, 12 (k) (3.35)
where M|V, W](x; k) is constant in x, and given by

MV, WI(k) = ar[V,W](z; k)B-[V,W](z; k) — o[V, W](x; k)B[V, W](x; k). (3.36)

By (3.24), and taking the limit as x — —oo of (3.32) and (3.33)) in (3.36), one has

ko k TV-W(k)
(k) tW(k) 2

Cwith 1) = [ - W)Y k) . (337

Remark 3.2.4. The relation (3.37)), applied for V.=V, and a judicious choice of W, is the point

of departure for the proofs of our main results.

Proof of Corollary[3.2.3. Equation (3.35) follows from substituting the expressions (3.31)) into the
definition of W[fY, fV], and using that oy [V, W], B4 [V, W] satisfy the identity: (ax)'f} + (8+) fV

0; see (3.39) below.
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To prove (3.37), we begin by making use of relation (3.24]). One has

koo WL FY(R)
tVik) 2i

We next relate W[fY, f¥] to W[fY, f] by substitution of the expressions (3-31) into the definition
of WIfY, fV] and using (3.32)) and (3.33) to obtain

W W
%b:—MMWWMWMng»:MMWW@m%y

Now, since V,W € L%, the estimates of Lemma yield

xgr_nooﬂ_F[V,W](a;) < oo, lim a_[V,W](z) = 0 and lim B_[V,W](z) = 1.

T—r—00 T—r—00
Therefore,

MV, W](k) = lim as]V,W](x).

T—r—00

Therefore, one deduces from Proposition [3.2.2] that

VW] [(v\w]
i = i lim ay[V,W] = L 14+ ! (k) — ko1 (k)’
tV(k)  tW(k) em—oo tW (k) WY, f2)(k) tW (k) 2
where [ [V’W](k) is given in (3.37)). The proof of Corollary is complete. O

Proof of Proposition[3.2.3. The integral equation governing a Jost solution for the potential V' may
be written relative to the potential W as follows. Start with the equation for uy = fY written in
the form:

(Hy — k) u = (—j; + W — k2> u = (W—V)u. (3.38)

Treating the right hand side of (3.38) as an inhomogeneous term, we now derive an equivalent
integral equations for the Jost solutions . Thus, we seek solutions uy of (3.38]), such that uy (z; k) ~

fj‘[/(a:, k), x — £oo of the form

u(z, k) = oz, k) fY (v,k) + Bx, k)Y (z,k), with o'f}Y + Y = o0.
We obtain v’ = o KV/ + ﬁfﬁvl, u' = IV/ + ﬁ’fEV/ + (W — k?)u and eventually the following
system for (o, 8'):

oY+ B =0

, / (3.39)
T+ B = (2 W - B u = (V=W
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Solving for o/ and 8’ we have:

) — Wz, k) (V(z) — W(2))u(z, k) YV (2, k) (V(2) — W(x))u(z, k)
WY, fY](k) WIFY, f21(k)
The expressions for ay and S+ in (3.32) and (3.33) follow by integrating and imposing the

and [ =

«

asymptotic behavior of uy ~ fY as x — +oo. In particular, one has f (z;k) ~ fIV(z;k) ~ e*®

when z — oo, and fY(z;k) ~ fW(x;k) ~ e ** when © — —o0o. This completes the proof of

Proposition [3.2.2] O

3.3 Convergence of t%(k) for k¥ € C and bifurcation of eigenvalues
from the edge of the continuous spectrum
In this section we state our main results for the Schrodinger equation (3.6) with potential of the

form:

Ve(z) = Vix,z/e). (3.40)

Recall the exponentially weighted norms | g‘Wn,oo introduced in section [3.1.3, The potential
]

V(x,y) is assumed to satisfy the following precise hypotheses:
Hypotheses (V): V(x,y) is real-valued and of the form:

V(z,y) = quwl@) +a@y) = quwl@) + Y gi(z) ™Y (3.41)
J#0
There exist positive constants @ > 0 and 5 > 0 such that the sequence of non-zero (distinct)

frequencies {\;}jez)\(oy satisfies

inf [A\; — | >0 >0, inf |A;|>6>0, 3.42
#k| J k:|— jeZ\{0}| ]| ( )

and the coefficients {q;(x)} ez, satisfy the decay and regularity assumptions
V] = laawvlyroe + D |ailypo= < . (3.43)
s , B
JEZ\{0}
Remark 3.3.1. If V satisfies Hypotheses (V), and o4 18 defined in (13.9),(3.11)), then V. € LF,
Qav + 0gz € I/Vﬁl’Oc> and oz € Wg’oo, and there exists C/( | v | ), independent of €, such that

‘Vf‘L;o < C( | 4 | ) ‘qav +Uzﬁ|w[§’°° < C( | 4 | ) }Uzﬁlwg’” < 0( | 4 | )-
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Our approach is to study the Jost solutions, f¥<(z; k), and scattering coefficients, ¢« (k), r:‘f (k),
for e sufficiently small € € [0,¢(), and for &k in a complex neighborhood of zero. More precisely, we

assume

Hypotheses (K): We assume that the wave number, k, varies in K, a compact subset of C such

that
o K CH{k, |S(k)| <a}, with0 < a < /2, and f is as in Hypotheses (V);
e K does not contain any pole of the transmission coefficient, t9 (k).

It follows that t%v (k) is bounded, uniformly for & € K, and we define

My = max (1, sup [t (k)]) < oo. (3.44)
keK
Moreover, if K C R, then Mg = 1; see (3.25)).

Remark 3.3.2. We can relax the spatial decay assumptions of Hypotheses (V), if we restrict
Hypotheses (K) to the upper-half plane (k) > 0. Our methods apply and only require sufficient
algebraic decay of V(x). Results of this kind for k € R are presented in Section .

We now state our main theorem and its important consequences.

Theorem 3.3.3 (Convergence of the transmission coefficient). Assume V.(z) =V (z,x/€) satisfies
Hypotheses (V), and k € K satisfies Hypotheses (K). Then there exists g > 0 such that for all
le| < o, t9T9(k), the transmission coefficient of the scattering problem (3.6)-(3.7) with

Ve(@) = qav(z) +¢e(2) = qav(@) +q(z,2/e),
1s uniformly approximated by the transmission coefficient, tqav+a§ff(k:), for
Var(z) = qav(z) + ogg(a),

where o g(x) denotes the effective potential well,

_ e g;(@)[”
o) = —&2 Aegi(z) = 2 Z ‘J)EZ’ (3.45)
jez\{oy Y

Specifically, we have the estimate

k k
sup

k) < € Mg C(| V|, sup k), 3.46
kek | o Tos(k) vt (k) x C(] |ke£| ) (3.46)

with C( | V | ) a constant, independent of e.
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The proof of Theorem [3.3.3] is given in section we first present its consequences. A simple
outcome of (3.46) and the genericity of gay 4 o5 for € sufficiently small (which holds for g, generic

and non-generic; see Corollary |3.B.2)) is:

Corollary 3.3.4. Assume V, = qay + ¢ satisfies Hypotheses (V). We allow gay to be either generic
or non-generic in the sense of Definition [3.2.1. Then, there exists ¢ > 0 such that for any

0 < e < eg, Ve is generic.

Theorem holds for both generic and non-generic potentials, ¢.,. In the following section
we explore consequences for the non-generic potential, gq(z) =0, i.e. Vi(z) = q(z,z/€), with

fol q(z,y) dy = 0. In particular, we explain the non-uniformity localization phenomenon discussed

in the Introduction. Results for non-trivial gay(z) are developed in sections and

3.3.1 Results for mean-zero oscillatory potentials: ¢,,(z) =0

The following corollary, comparing t% (k) and t%e(k), is a consequence of Theorem and
Lemma B.B11

Corollary 3.3.5. Let qay =0, so that Ve(x) = q.(x) = q(z,z/€). Let K denote the compact set of
Hypotheses (K). There exists eg > 0 such that if

- 2 00
‘k—lg Ag| > Ce, 7<3, ke K, 0<e<e, (3.47)
then one has for 0 < € < €,
7 (k) 45—
-1 =0 ). 3.48
4 (k) () (3.48)

If in addition to (3.47)), the following condition holds:

k—— Aot

,L'EQ 00
2 ) o

>Clk|l, ke K, 0<e<e

then one has for 0 < € < €,

k

i€z 00
-2 ffoo Aest

(7 (k) — (k)| = O(T), and|te(k) ~ = 08,

Note that in the non-generic case, the condition Jg At () ( f2(y;0))% dy # 0 is always satisfied. Indeed,
f=(-;0) € R by (3.27)), and is non-zero almost everywhere on the support of Aes.
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In particular, if k = €2k, with k # K* = —% [ Aegr, then for 0 < € < e,

170 (€2K) — td 6216‘ :(’)<€|H’> = O(e), [t% Ry —— T | = o). (349
(5) () o) = O (e — e = 09 (349
Proof. Corollary of appendix gives
i k “2/&1& () dy + O(e), e—0 (3.50)
< = —_ — e €), € ) °
7o (6] 5 | Aealy) dy
uniformly for k € K. By Theorem [3.3.3] one has
k i€2 & 3 .
=k - — Ae(y) dy + O (€’), uniformly for k € K . (3.51)
t9e (k) 2 J_
Expansions (3.50) and (3.51]) imply straightforwardly (3.48)—(3.49). O

A direct consequence of Corollary and the expansion of t%# implied by Lemma

is the following result showing a universal scaled limit of %, depending on the single parameter,
fR Aegr-
Corollary 3.3.6 (Scaled limit of t%). Let k = €’k, with k # % Jg Acge. Then one has

K

tie(e?k) — ¢ ;/Ae = : -0, 3.52
(e°k) (Ii . ff) R T T A as € (3.52)

where t* (k;m) is the transmission coefficient associated with the Schridinger operator with attrac-

tive 0— function potential well of total mass m > 0:
H_p5 = —0% — mé(X).

As observed in section the poles of the transmission coefficient in the upper half k—plane,
which must lie on the imaginary axis, correspond to the L? point eigenvalues. From our estimates
on the transmission coefficient, t%(k), we further deduce the existence of a discrete eigenvalue near

the edge of the continuous spectrum.

Corollary 3.3.7 (Edge bifurcation of point spectrum from the continuum).

If € if sufficiently small, then the transmission coefficient, ti(k) has a pole in the upper half plane

2
k€:i€</Aeﬁ‘>+O(€3), e— 0,
2 R

at
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and therefore H,, has the simple eigenpair

4 2
Eezk:f:—ez (/Aeff) + O®), e>0,
R
up,, (1-) = 0O (e*\/|qu‘ ‘$|> , ’(IZ‘ > 1.
Proof of Corollary[3.37: Let us recall Rouché’s Theorem: Let f and g denote analytic functions,

defined on an open set A C C. Let v denote a simple loop within A, which is homotopic to a point.

If |g(k) — f(k)| < |f(k)| for all k& € v, then f and g have the same number of roots inside .

Now let
1:62 00
) =k - [ Ay dy
k k
k) = e, k) = ;
91(k) 17 (k) g2(k) 1 ()
and v = {k: |k— % [Acg| = Ce3} C K. These functions are analytic in k; see [Deift and

Trubowitz, 1979] and our previous discussion. Theorem and Corollary imply, respec-
tively,
g2(k) = f(k) + O(*) and g1(k) = f(k) + O(*).

Therefore, there exist constants ax, bg, such that for k& € :
FE) = gi(B)] < axe',  |f(R) — @) < bxe’,  and |f(k)] = C€

Taking € sufficiently small and choosing C sufficiently large, Rouché’s Theorem implies that both
g1 and g2, have unique roots, poles of t%# and t%, in the set {k : |k — % [Aeg| < Ce3}. By

self-adjointness, these poles lie on the positive imaginary axis. Corollary now follows. O

3.3.2 Non-generic and non-zero ¢,,; example of an oscillatory perturbation of a

reflectionless potential

As seen above, for the case where g, = 0 the transmission coefficient t%(k), does not converge to
t%(k) = 1 uniformly in a neighborhood of k = 0 and the obstruction to uniform convergence is the
approach, as € — 0, of a pole of t%(k) toward k£ = 0. Such non-uniform convergence will occur

whenever t%v(0) # 0. By (3.28)), (3.29)), we can have t%v(0) # 0 if and only if W[f%", f%¥](0) = 0,

the case where ¢, is non-generic; see section |3.2.2
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One may construct non-generic potentials as follows. Let v(z) denote a potential well, v(z) <

0, say a square well, having one eigenstate and which is generic, i.e. W[fY, f*](0) # 0 and

therefore t(0) = 0. Consider the one-parameter family of Schrédinger operators defined as
hg = —02 4+ gv(x), g > 1. As g increases, new eigenvalues of hg appear as g tranverses discrete
values g1 < g2 < ---. These eigenvalues appear via the crossing of a pole of t9¥(k) in the lower half

k—plane, for ¢ < gy, into the upper half plane for g > gn. For g equal to one of these transition
values, gy, one has t9¥?(0) # 0. Thus, gyv(x) is a non-generic potential. Our analysis gives, for
¢av taken to be any such non-generic potential, a precise description of the motion of the pole of
tdav+de a5 it approaches k = 0 for € small.

The following corollary, the analogue of Corollaries and follows as in the case ¢ay =0
from Theorem B.3.3] and Lemma B.B.1l

Corollary 3.3.8 (Oscillatory perturbation of a reflectionless potential).
Let V() = Gay + qe() = qav +q(x, x/€) satisfy Hypotheses (V), let qay be reflectionless, and finally
let k € K satisfy Hypotheses (K). Assume in addition that the following condition holds,

k ie2 [ ., . -
e () _ 2/ T8 (g k) Aegr(y) 2 (y; k) dy‘ > Cmin(|k|,€7), T < 3, (3.53)

then one has for € sufficiently small
‘tqav‘f‘UZﬁ(k) _ tQav+Qe (k)’ — 0(63_7)- (354)

In particular, k = €*k satisfies (3.53), and therefore, by Lemma there is a universal scaled

limit of tdavtae (2p)

Gav
t(Iaerqg (GQH) N : qat (O) K _
Kk — 5t%(0) [p f2(y;0) Aegr(y) f1(y;0) dy
tqav((]) K

T 0O RS 0P At T B

provided r # k* = Lt%(0) [ f% (y;0) Aer(y) f5(y;0) dy. [| The last equality in (3.55) follows
from B3).

“Note that x* lies in the positive imaginary axis. Indeed, f%(:;0) € R and r_(0) € R by (3.27), and one has
r—(0) +1 > 0, since |r—(0)| < 1; see (3.25).
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The transmission coefficient, tq“+gzﬁ(k‘) has a pole in the upper half plane at k:qaergzﬁ the solu-

tion of the implicit equation:

62 fe'e)
b= G ®) [ k) Aal) £k dy + O, (3.56)

It follows that Hy, ¢, has an eigenvalue at E%f = (kqav_i_o.sz(e))2 < 0. Finally, Lemma |3.B.1

and an application of Rouché’s Theorem imply that t9%+9%(k), has a pole near kqav+o§ﬁ(e), on the

positive imaginary axis, and a bound state
+o5 +o¢ 2
EQav‘i’er (6) ~ EQ&V Ueff(ﬁ) — |:k‘]av Ueﬁ(e):| < 0.

We now consider this result in the context of a particular family of potentials. Consider the
family of operators h(g) = —02 — g sech?(z). Let gy = N(N +1), N =0,1,2,.... For gy < g <
gN+1, the operator h(g) has precisely N- bound states. At the transition values, h(gy) has a zero
energy resonance and t"(9%)(0) # 0. The family of potentials for the values gy, N = 0,1,2, ...,
are called reflectionless potentials for which [t(k)] = 1 and r+(k) = 0, k € R; see [Ablowitz and
Segur, 1981]. These potentials are well-known for their role as soliton solutions of the Korteweg-de
Vries equation.

Consider the case of the one-soliton potential, corresponding to N = 1 in the above discussion.
Here,

Vi(z) = —2p?sech?(p(x — x0)), where z( satisfies C' = 2pexp(2pz0).
In this case, the transmission coefficient satisfies
iy = A e <
As for the Jost solutions, one has (setting xy = 0 for simplicity)

- 21 e "
% k p
+ (k) =™ (1 B k:—}—ipe‘”+e"”) '

Since the Vj is reflectionless, one has by (3.23))

1 1 - 21 e ”
1% . k; _ 1% . 7]{ — —ikx 1 - 10 .
f=H k) = 04 soras (@ =h) = qugye ( “ktipet o=@

In this case, there exists a pole of t"1+7%# (k), and similarly a pole of V119 (k), located around

2 00
k=il / £1(0) Y (3 0) Aest () £ (1 0) dy + O(€%)

2 0o
= 262/ tanh?(y)Aeg(y) dy + O(3), € — 0.
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Finally, Hy, 14, and Hy, 1, have a bound state with energy

4

E = —% </Rtanh2(y)/\eff(y) dy>2 + 0, e—0.

3.3.3 Results for generic potentials, ¢,,, and their highly oscillatory perturba-

tions

In this section, we study the case where g,y is a generic potential in the sense of section In this
case t%v T (k) converges uniformly to t%v (k) in a neighborhood of k = 0 [Duchéne and Weinstein,
2011]. More precise information is contained in the following Corollary, a direct consequence of

Lemma and Theorem [3.3.3

Corollary 3.3.9. Let V() = qav() + q(z) = qav(z) + q(x, z/€) satisfy Hypotheses (V) with qay

generic, and k € K satisfy Hypotheses (K). Then for k and € small enough, one has

‘t(Iav+Uzﬂ(k)’ S Co|k.|’ (357)
|t tae (k)| < Colk], (3.58)
|t (k) — 19t (k)| < Coe®lkl, (3.59)

with Cy = Co(Mk), Mg = max(1,supscg [t% (k)]).

Proof. In the case of generic potentials, .y, we know from [Deift and Trubowitz, 1979 that there

exists a constant agq,, such that
t™ (k) = agk + o(k), ask—0.

It follows that for k sufficiently small, there exists a positive constant Cp such that |k (t%v (k)| >
Co > 0. Estimate (3.57)) follows then straightforwardly from Lemma when ¢ is sufficiently
small. Now, applying Theorem |3.3.3] one has

tQaV"FUZﬁ' (kx) tQav"l‘QE (k»)
k

el — e = | il

) v tae (k)

< Coeg}tQav‘f'(k(k)}‘

Estimate (3.58)) and then (3.59|) follow easily. This concludes the proof. O
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3.4 Behavior of the transmission coefficient, uniformly in k£ € R

In this section we focus on the properties of ¢%(k), which hold uniformly in k£ € R. The results
presented in section are valid for k € R, and under the less stringent condition: V € L3(R) =
{V: (1 +2))?V(x) € LY(R)}. Most of these results can be found in [Deift and Trubowitz, 1979].
Our required bounds on the Jost solutions, fY are given in Lemma

Since k is constrained to the real axis, we find that we can relax the assumption of exponential
decay on the potential V. = V(x, z/e).
Hypotheses (V?): V(x,y) is a real-valued potential of the form

V(z,y) = qa(@) +q(z,y) = qal@) + Y gj(x) 7Y,
J#0

such that the sequence of non-zero (distinct) frequencies {Aj}jeZ\{O} satisfies , and the coef-
ficients {qj(a:)}jez, satisfy the decay and regqularity assumptions

VIl = ‘Qav|w2171 + Z {Qj‘wg,l < 0. (3.60)
JEZ\{0}

We first investigate the difference between the transmission coefficients t%v+% (k) and t%v+%s (k),
where o is defined as in Theorem [3.3.3] The proof of the following theorem is analogous to that
of Theorem [3.3.3] (section [3.6). We omit the proof for the sake of brevity.

Theorem 3.4.1 (Transmission coefficient, t<(k), for k € R). Assume V.(z) = V(z,x/¢) satisfies
Hypotheses (V?). Assume k € R, |k| < 1. Then, the following holds:

1. There exists eg > 0 such that for all || < g, t%v V4 (k) is uniformly approximated by the trans-

mission coefficient, %7 (k), for Hy,toc,- Here og(x) denotes the effective potential well
defined in (3.45]).

Moreover, there is a constant C( ” \%4 ” ), independent of € and k, such that

k k
sup

— < C VvV 1 t%v ([ < 30 174 .
kek, <t |0 (f) et (k) & C([[V[]) max( sup [t (R)) < @ C([[ V1)

(3.61)
2. Assume qqp = 0, so that Hy, = —02 + q(x,z/¢), where y v q(x,y) has mean zero. Then,

applying (3.61) and Comllary we have
k

t% (k) = “10 [ Aa + O (3.62)
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In the following, we are able to control the difference between ¢+ (k) and t%v+oes(k), for large
real wave number, |k| > 1. This allows, in particular, control of the difference between t%v 1 (k)

and tqa"*"éff(k), when the averaged potential g,y = 0, uniformly in k € R.

Proposition 3.4.2. Let V. = V(x,x/€) = qay + qe with V' satisfying Hypotheses (V°), and o¢(x)

denote any potential for which
[le Wi+l dr< e c
Then, for k € R\ {0}, one has
| taatae (k) — et () | < e kTP (|| VL Cs) s (3.63)
where ” 1% || is defined in .
Remark 3.4.3. We shall apply this proposition to o°(z) = ogg(z), for which Co = O( 1V 1])-

Proof. Recall the identity (3.37)), relating the transmission coefficients of any potentials V, W € L3:

k koo IV v < ow %
RO with I (k) = 2y k) (V = W) () £ (ys k) dy. (3.64)
Since tlavTde — fdavto® — [fdavtde — yoav] 4 [¢lav — 9av+o°] we estimate the two bracketed terms

independently. We begin by comparing the transmission coefficients for W = gy and V. = ¢y +0°.

We have by ((3.64))

k k 1 e 1 [ e
— — _iI[Qav"rO' 7(1av] — _/ Gav (,,. € qav+o . ] )
T e 0= =g [ IR I k) e (365)

Using the estimates of Lemma we obtain
o0 €
[ o) 7 ) ay | < e, (3.66)
—00
From ([3.65)) and (3.66|) we have

| 49 (k) — 1% (k) | < € R O 19 (k) 19T ()| (3.67)

Using the general relation [tV (k)| < 1, for any k € R, (see (3.25))), we obtain

[t ) — () | <R
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We now turn to the comparison of the transmission coefficients of V- = qav + ¢ and W = qqy.

Proceeding similarly, we have

k k 1
_ — _7I[qavvq::w+q6] k- h
tQav+QE (k) t4av (k) 21 ( )’ where
I[an7Qav+q€](k) = / fgav (y’ k) ( ) anv+Qe( ) dy . (368)
Two integrations by parts yield
[l =2 / JeHTAWLE FI (y: o) f1 I (s k) dy

- Z (217r/\ ) /_ 8@3 (qj(y)fgav (y; k)fff“*q€ (y: k.))€2i7'r/\jy/5 dy.

Using the estimates of Lemma and Hypotheses (V?’), one sees that the integrand is bounded.

Indeed, one has

2 o)
‘I[Qa\/#]av'i‘qe ’ < (271_A ) /_OO ‘ag(q‘] )fqav(y7 ) an+QE 7k>)‘ dy
2 y (Lt Iyl /°° () Lt 1D
< € C(|Qav‘£l);) [/ ‘ ‘ (1+ [k|)2 dy + _oo‘ay%(y)‘ 1+ || dy
= [ lwwla w2 dy] < E0(amla) Xlnlw
J

Arguing as in (3.67)), we deduce

‘ t‘Zav‘HIe(k) 7t¢]av(k,) ’ S 62 |]€’ 1 ” Vv ” t‘]av tqav‘f“k(kj)’ S 62 |k;|_1 C( || |4 ” )

This completes the proof of Proposition [3.4.2 O

The following corollary follows from Theorem and Proposition [3.4.2
Corollary 3.4.4. Let V. = q. = q(x,z/€) (q =0) satisfy Hypotheses (V*). Then
sup [¢70 (k) — tqe(k)’ = O(e), €—0. (3.69)
keR
Proof. The behavior for k small is controlled as in Corollary Conditions (3.47) and (3.49)
hold in particular when we restrict to real wave numbers, k& € R. Therefore, one sees from (3.50)

and (3.51) that the difference between t% (k) and %< (k) is small, uniformly for |k| <1, k € R:

€3

sup  [t%n (k) — t9 (k)| < Co5—00,
keR, |k|§1‘ | 2 + |k
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where C' = C(Mk), and My = max(1,sup,eg [t°(k)|) = 1. The difference is controlled for |k| > 1
by Proposition [3.4.2] and Corollary [3.4.4] follows. O

3.5 Detailed dispersive time decay of exp (—iH,t) ¢;
the effect of a pole of t% (k) near k£ =0

In this section we use our detailed results on t% (k) to prove time decay estimates of the Schrodinger
equation:

0 = Hyy = = 0% + V(x)y, $(0,2) = v . (3.70)
for initial conditions vy, which are orthogonal to the bound states of H,_.

Let V € £1. Then, it is known that Hy has no singular-continuous spectrum, no positive
(embedded) eigenvalues and its absolutely-continuous spectrum is [0, 00); see, for example, |[Deift
and Trubowitz, 1979]. In general, Hy may have a finite number of negative eigenvalues that are
simple: Ey < --- < Ep < 0. We denote by u; the eigenvector associated to the eigenvalue £},
normalized to have L? norm equal to one. By the spectral theorem, the solution of can be

decomposed as follows:

N
Pz, t) = ey = Ze_itEj(ﬂ)oauj)uj+€_itHVPcZZ)0,
=0

where P. denotes the projection onto the continuous spectral subspace of H.

exp(—itHy )P, is a scattering state which spatially spreads and temporally decays: ‘e_“H v Py —

|1
0 as t — oo. In the case V(z) = 0, we have ¥(x,t) = exp(itd?)y = K; * 19, where |K;(z)| <

(47t)~1/2. From this decay estimate it follows immediately that |e_itH0 Py < C|t|=1/? WJO}LT

e
This ]t|_1/ 2 decay-rate is associated with the potential V' = 0 being non-generic. For generic poten-
‘Lgo = (’)(t*?’/Q); see |Goldberg, 2007], [Schlag,

2009]. In [Weder, 2000], [Artbazar and Yajima, 2000] the time-decay of spatially weighted L? norms

tials the decay estimate is more rapid: ‘e*“HV Py

is studied.

Question: What is the precise behavior of the e~

Py, when q. is a highly oscillatory potential:
qe(x) = q(z,x/€)? In particular, what is the influence of the low-energy bound state induced by the
effective potential well (equivalently, the complex pole of t9(k) near k = 0) on the dispersive decay

properties?
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Using the preceding analysis we can prove:

Theorem 3.5.1 (Dispersive decay estimate for exp(—iHyg.t)).
Let V. = q(z) = q(x,x/€) satisfy Hypotheses (V’) with qay =0, and g € Li. There exists
constants C = C(|| V|| ) > 0 and €0 > 0 such that for 0 < € < €,

1 1

1 =3 (p—itHg, P. , < C —=
(ot (T Pevo) ()] < € g

e Yoy - (3.71)

Remark 3.5.2. We ezpect that an analogous result holds with Ve = qav(x) + q(x,z/€), where qay

s any non-generic potential.
Remark 3.5.3. As a consequence of our proof, a decay estimate like (3.71) holds in the case of
small potentials: V = AQ, with [ Q # 0 and X sufficiently small:

1 1
214N (f,Q)° ¢

Proof of Theorem |3.5.1 We follow the method of [Goldberg, 2007|, [Schlag, 2009]. In particular,

|(1+]z])7? (e M@ Papy) ()] < C

W’O‘Lg'

the starting point of our analysis is the spectral theorem for H: P.¢p = F*F¢, with F and F* the

distorted Fourier transform and its adjoint, bounded operators on L?:

F ¢r—>]:[¢](k‘)E/Rgb(:p)(’)verline\lf(x,k) dz,

+o00
Fro <I>»—>/ O(k)V(x, k) dk
—00

and
1 t(k)fl(x; k k>0,
W) = (k) (i k)
21 | t(—k)f9(z;—k) k <0.
The role of the transmission coefficient, ¢% (k) on the time-evolution on the continuous spectral part

of H,, is made explicit via the representation of 1.(x,t) = Pap(z,t):

Ye(t,x) = e~ Mae p oy = ‘F*e_itkgf%bo
1

—ik?t 2
= — ti(k)|°F(x; k) dk
o | eI P F @i k) dk,

with
mez/mmwwfmm+ﬁWMﬁmm%@@.
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We next decompose ¥.(x,t) into its high and low frequency components, respectively, i.e. com-
ponents respectively near and far away from the edge of the continuous spectrum. Introduce the

smooth cutoff function x defined by
x(k) = 0 for |k| > 2k, x(k) =1 for |k <ko.

Here, we set kg = 1+ || V || , motivated by the high frequency analysis of [Schlag, 2009]. Using

x(k), we decompose into high and low energy components ¥phigh and ¢ioy:

¢c(ta ZE) = wlow(ta :C) + whigh(ty l')

=[x P Pk
0

2t

a
o

/00(1 = X)e T 9 (k)2 F (s k) (3.72)
0

Yhigh, can be estimated without regard to whether or not V' is generic. We refer to Proposition 3

of [Goldberg, 2007] and Theorem 3.1 of [Schlag, 2009], for the following estimate:

‘(1 + ’x‘)ilwhigh‘[‘go = ‘(1 + ’x‘)ileiithe(l - X(H))PCwO‘Lgo < C |t|73/2‘w0‘£}7 (373)

where C' depends on ‘q€| L and is bounded, independent of e.
To estimate the low energy component, o, we make use of estimates on the Jost solutions,
9(2; k) and use the precise behavior of t% (k) obtained in Corollary [3.4.4, We first obtain O(t~1/2)-
decay, uniformly for e. In a second step, we obtain the precise behavior in the statement of
Theorem for € small.

Let us decompose 9y into contributions from frequencies in the ranges:

0<k<-% and 2% <k < 2k.

SIE
SIE

In terms of the cutoff function, x, we have:

Viow = 21/<><> XV x (k) et (k)]> F(a;k) dk
™Jo

+ % T (1= xBVD)x(k) e e (k)2 Fask) db
0
= Yo (@) + i (x,1) (3.74)

Straightforward estimate of wl(;)ﬁ gives:

2ko/V't ko 1
D sup |F(x, k)| . (3.75)
T t2 keR
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To estimate wl(éiz, we integrate by parts:

oo t) = o [0 (0 - xR ()i b)

4t

Note that there is no boundary contribution from k = oo, since x(k) is compactly supported, and

no boundary contribution from k£ = 0, since |t9(0)| = 0; ¢ is generic if € is small enough, by
Corollary
Since x(z,k) =0 for k > 2kg and 1 — x(kv/t) = 0 for k < ko/V/t, it follows that
€ 2 .
)| < ¢ (k)2 F (2 k) [x(k)w] ‘ el wrre |,
t ko /v 2ik k
2k 2kg .
< gsup\F(x,k)| Vi Ix’ (k\[\ Lk 4+ ¢ O [|t% (k | *F(z;k)] .
t ker ko/ Vi ko /VE
Note that i
2ko "k 2koVt |1
k?()/\[ k k’o z
since x’(z) vanishes near 0 and is of compact support. Therefore,
i C(l+ kit C 2k | 9, [|t F(x:k
i (@,1)] < Otk ) o P, )] + / [ WPF@R] | g (376)
3 kER t Jko/viE k

The estimates (3.75)) and (3.76) are bounded thanks to uniform (in e) control of t%(k), F(x; k)
and their k—derivatives, which are given in and Lemma below. It follows then

from ({3.74) that

_ 1
|+ 1) w2 0] < CUIV D 175 o]y (3.77)
We now refine (3.77) by carefully considering the e- dependence for € small at ¢ > 1. In order
to achieve a O(t~3/2) estimate, we first integrate by parts:

—1
47T’Lt 0

—1
47T'Lt 0

Prow = ey (x (k)E1|t% (k)2 F (23 k) dk e Gz k) dk.

Note again, as above, that there are no boundary contributions from k = oo or, for € small, from
k = 0, by genericity of g.. We now decompose 1y further into contributions from frequencies in

the ranges: 0 < k < % and % < k < 2kg. In terms of the cutoff function, x, we have:

—1 co

y— x(EVD)e G (xs k) dk + L 00(1—X(k\/i))e*““2ta(x;k) dk  (3.78)

wlow = Amit

= (@, t) + ¢ (z,1)
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Estimation of wl(jv)v gives:

L et B de < Mol Gz k
t R < — — .
vino] < o [ 1G] k< 2 S awpiGb). (3.79)
To estimate wlfw, we subject it to one further integration by parts:
(2) B S ey X(kv1)
Yooz, t) = e e ak:[ ik G(z; k)| dk.
Since G(x; k) = 0 for k > 2k, it follows that
2ko )
(2) c 0 [1—x(kv) OxG (a3 k)
t) < = k)— | ———— ——| dk
vt < 3 /ko/ﬁ Cleik) 3% [ 2ik T

9 2ho k C [0 | 9,G(x; k
t keR ko/V/t k' t ko/V/1 k
Note again that
2k0 k 2k0\/¥ /
k‘O/f k; k‘o z
since x’(z) vanishes near 0 and is of compact support. Therefore,
C(l+k C [ | 0,G(z:k
[ (@,1)] < COHkD ol G + 2/ OnGla: k) ‘ dk (3.80)
+ kER 2 Sk /e k

We now use the following two bounds, proved below, to complete our estimation of wl(()lvzl(x, t)

and wl(fv)v(x, t):

1+ |x)? 1+ |xf?

!G(w;k)!SC(||V||)k2+E4(fAeﬂ)2 <c(Ivl WWO&M (3.81)
1+ |x3
10:G(z; k) < C(||V ) k2+e4(fACH)2)w0‘ﬁé' (3.82)
Using these bounds in and (| , we obtain:
1
(L+[a?) ! wiijx f) < O t75 ———— olyy ; (3.83)
| ) V1D G ol
and
31 |,(2) 2 2ko 1
1+ - )| < C(|V t~ / dk
ey Jolinen] < CUIVIDE? | s dkluoly
Ve dl
< o(||v / 1
D kotz S P24t ([ Aeg)” t oley
1 Vi
< c(yv / — dl
” || k t2 ]{5(2]+64 (fAeff)2 ¢ 1 l2 WO‘L%
1
< cviD Yol - (3.84)

ko t2 k3 + et ([Aar)? t
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Finally, one has from (3.78]), (3.83]) and (3.84) the estimate

_3/2
‘(1 + ‘x’)73¢low($,t)| < O( “ V || ) W Wo}ﬂﬁ (3.85)

Theorem is a consequence of (3.73)), (3.77)) and (3.85).
We conclude the proof by establishing (3.81))-(3.82)). This requires sharp estimates on the

transmission coefficient and the Jost solutions, as well as their derivatives. These estimates are given
in Lemmata 3.6 and 3.9 of [Artbazar and Yajima, 2000] for any generic V sufficiently decreasing
at infinity. We shall adapt the estimates to Ve = V(x, z/e).
The estimates concerning the Jost solutions are uniform with respect to €. In particular, one
has from Lemma 3.6 of [Artbazar and Yajima, 2000]:
sup 6% (e*ikxff(x; k)) ‘ < C(]%’L})(l + max(0, —z))’ 1,
keR 3

sup 6% (eikxfye(a:;k)ﬂ < C’(‘Ve‘y)(l +max(0,z)) !, j=0,1,2. (3.86)
keR 3

Therefore,

OLF (@5 k)| < C(Velp) (1 + |27 )| j=0,1,2. (3.87)

EW

Estimates ([3.81))-(3.82)) are now a direct consequence of the following Lemma, together with (3.87)).

Lemma 3.5.4. Let V. = V(x,x/€) satisfy Hypotheses (V?), with qay = 0. Then for e small enough,

one has
k=i
k+ e f Acsr

)

o] < ev|

with j = 0,1, 2.

Proof of the Lemma. The estimate for j = 0 is a consequence of Corollary with the esti-
mate (3.116)). Estimates on the derivatives are obtained by deriving identity (3.28)) with respect to
k. We recall

Ve _ 2ik Ve — /OO —iky Ve, .
so that
v 2i 2ik(2i — OpIV<(k)) tVe(k)  (tYe(k))?(2i — OpIV<(k))
Ot 6(]f) = — = — .

2ik — IV<(k) (2ik — IVe(k))2 k 2ik
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Using (3.86)), one controls uniformly d,I"<(k), so that

Ve
o] = 00 apn < ov

1 ’lH—QfAff

The second derivative in k follows in the same way. O

3.6 The effective potential, oig(2); proof of Theorem [3.3.3]

As discussed in the introduction, for small |k|, t%vt9 (k) is not uniformly approximated by the
transmission coefficient of the homogenized (averaged) potential ¢*" fo (z,y) dy, for e small.
In this section we prove for k bounded that a uniform approximation can be achieved comparing

t9av e (k) to the transmission coefficient of an appropriate effective potential well:
VN (2) = qu(z) + oSg(x), where

€2 ()2
oa(z) = —€ Ag(z) = —(271_)22 ’q])ij)‘ . (3.88)

The point of departure for the analysis is the identity (3.37)), with the choices V' = gay + ¢ and

W = gay + o
k k i
— = — I[Qav+Qe:Qav+U] k ith )
tQav“l‘QE (k) t(Iav‘l'O'(k) 2 ( )’ W1 (3 89)
I[Qav+QE7Qav+U](k) = / fgav‘i‘ﬂ'(y; k) ( qe(y) _ O.(y)) (Iav"!‘(Ie (y, k) dy (390)

Here, o(z) is unspecified and to be chosen so that I'%av+dedavtel is sufficiently high order in e. The

main step in the proof is:

Proposition 3.6.1. Let V. = qav(z) + q(x,2/€) satisfy Hypotheses (V), and k € K satisfy
Hypotheses (K). Define the effective potential O'Zﬁ € Lgo, by the expression in (3.88). Then, there
exists eg > 0 such that the following bound holds uniformly for (e, k) € [0,€) X K:

I[qav+"§ff’qav+q€](k) < éc ( | V'], sup \k\) max <1, sup |tq‘“(kz)\> (3.91)
keK keK

Theorem is then a consequence of the bound (3.91]), applied to the right hand side of (3.89)).
We now turn to derivation of the effective potential well ofg, and the proof of Proposition
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3.6.1 The heart of the matter; derivation of the effective potential well, cig(z),

and the proof of Proposition |3.6.1

To prove Proposition we need to bound I9avtoeadavtae] given by the integral expression
in . We seek a decomposition of the integrand into oscillatory and non-oscillatory terms.
Oscillatory terms can be integrated by parts to obtain bounds of high order in e. Non-oscillatory
terms are removed by appropriate choice of o(x).

We begin with fq‘"‘VJFQE Using the Volterra equation with V = ¢ay + ¢c and W = qay, one

has
FIT (@ k) = f(2sk) + Jldav, g (w3K) (3.92)

where

(GRS (ys k) — 2 (G R (53 k)

WIFE f™] FEt (k) dy,  (3.93)

I qav, 4] (¢ k) E/c qe(y) =
Therefore,

(qe(Q) = 0o(€)) FITI(Ck) = qe(O)fP (k) — o(O)FPT(C k) 4 qe(€) I [gav, 6] (G k),

implying that Il%v+odav+aed  given by ([3.90)), can be written as
el — [t (@O G R) = o O GR) + 0.0l g GR) A6 (399)
We next show that there exists a natural choice, o = 0(z) = O(€?) such that the contribution of
_U(C)fj-av—i_qe ((, k) + QE(C)J[an7 QE](C k)
to the integral (3.94) is of order O(e?), for € sufficiently small.

Lemma 3.6.2 (Cancellation Lemma). Let V(z,y) satisfy Hypotheses (V), and k € K satisfy
Hypotheses (K). Define

¢ |4 (@)|” 2
Clr) = — E = —e“Ag(2). 3.95
Jejf( ) (27_[_)2 . )\jz € ff( ) ( )
Then, there exists g > 0 and C(V,K) = C( |V | ,supreg |k|) such that

(C)fq‘w—i_qe (C ) + QE(C)J[QaV) QE](C; k)

_ 62 qu(é—)e2iﬂ'>\jc/e + 62 Z qj’l(c)eﬂw()\j-l-)\l)C/e + 63(]5(C)R6(C;k),

Jj#0 J,1#0
J+I#0
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where the following estimate holds for any (e, k) € [0,¢0) x K:

> (1§ + 1,0 + 1g7,()e”fl)) < C(v, K),

7,10
JHI£0

RG]+ D (13O + 1350 + 1 (e 1)) < OV, K) M (1 4 [¢]*)eld),
J#0
for 8 > 2a.. Therefore, one has

I[Qav+0';ff;Qav+Qe} (k) — / fzav“l‘o'gﬁ(c; ]{7) <q6 (C)f_?_av 4 62 Z dj(<)82iﬂ)\j4/€

J#0
+e D GalQ)e TN T L g (O R(C k:)) dy. (3.96)
J,1#0
JHI#0

Lemma [3.6.2is proved in the next section. We first apply it to conclude the proof of Theorem [3.3.3
In succession, each term in (3.96)) is controlled, for k € K, by the bounds of the following:

Lemma 3.6.3. Let V(z,y) satisfy Hypotheses (V), and k € K satisfy Hypotheses (K), then one

has
’ / anv-l—Ueﬁ C k‘) QE(C) %v(C k) C S 63 C( | Vv | , sSup ’k‘)v
keK

/ qav+0 ) (j (C) e2z‘7r)\](/e dc

IN

€2 My C( | \% | , sup |k|),
J#O keK

Qav+geﬁ ) ~ (() 627/7T(/\]+>\l)</6 dC S 62 C( | V | ):u2|k|)7
S

av“ro'e €
' G a6 R de | < b |V | sup)
keK
where C(| V| ,supgeg |k]) and Mg = max(1, supyc [t% (k)|) are independent of € € [0, o).

Applying Lemma [3.6.3) to (3.96) yields the desired O(e?) bound on Il%v+omdav+ad (k). Propo-
sition and therefore Theorem [3.3.3] follow. We now turn to the proofs of Lemmata [3.6.2

and [3.6.3] in Sections [3.6.2] and [3.6.3]
3.6.2 Proof of Lemma [3.6.2

For ease of presentation, we will use the simplified notation for the expression in (3.93):

T (G F) = 3 / m(C,ysk) 4;(y) €V f(y) dz, (3.97)
J#0
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where ¢ = 2mi, f(y) = fi‘"“’ﬂ‘ (y; k) and

(G h) f2 (g k) — f2Y (G R) Y (y3 k)
WL, f2]

m(C,ys k) =

To make explicit the smallness of certain terms due to cancellations, we shall integrate by parts,
keeping in mind that we do not control more than two derivatives of f = ff"JrqE. To evaluate

boundary terms which arise, we shall use that

{m(C, y; k), 9ym(C, y; k), Oym(C,y3 k)Y _ = {0,1,0}.

We now embark on the detailed expansion. From (3.97)), using integration by parts, one has
. — € \? chjC/e > 2 chjy/e
IGav, 4 (G k) = 2]: (%) [(Ij fe + ) 0y(mg; f)e dy]-

Decompose the integrand by using: 85(111 g f)= 85 (mqj) f+20y(m q;) Oyf +m g Ozf. The first
two terms can be integrated by parts once more. This gives for j # 0:

€

i CA 4 € i CA € € CA 4 €
/ dy(m q5) fe* dy = 0y (0 (m g5) £) €9V dy = 2—=g5(O)F(Q)e™ ",
S

SN e )\
oo ehayle € o0 chiy/e € cAiC/e
/ By(m q5) By eV dy = ——— [ 0y (Dy(m q;) Byf) €V dy — ——q5() S (Q)e V",
¢ CAj J¢ CAj

As for the last term, we use the equation for the Jost solution, f, to express 8; f in terms of f:

85 /= 85 ffVJrqs = (Qav + g — K?) ffv+q€. Thus we eventually obtain:

< G/ € > chjy/e
Tl ad(GR) = (5)2[%’ e / mq;(qay + ge — k%) f €Y/ dy
j#0 Y ¢
€ = m 1 cA\;y/€ ehiC e
+ c)\j{l%:nclmn/c ( o'm 9™ q;0" f ) eV dy —2 (qif) e/ }]7 (3.98)

with 0 <I,m <3, 0<n <2, and ¢;,, € N.
We now study each of the terms of (3.98) separately, beginning with an O(e?) bound on the

curly bracket terms in (3.98)). Using the estimates of Lemmata and one has for any
0<l,m<3, 0<n<2,

Oym(C, y; k)0, a5 (y) Dy 12 (y; k)‘ < M CU+ K[ (1+ ]y = (1 + ) (1 + [¢])ee!!)
< (L4 k™)1 + [yhe 0y ¢ (v)].
Therefore, the contribution to J[gay, g¢| of the sum over all integrals in curly brackets in (3.98) is

bounded by Mg C (| V |, suppex |k]) (1+ |¢])%e?l¢l uniformly for k € K. The boundary term in

the curly brackets satisfy a similar bound. Its contribution is bounded by €2 My C ( | \% | ,SUDc K ]k\)
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We now turn to the first two terms, in square brackets, of (3.98). Using the Fourier decomposi-
tion of gc(x), (3.3), one sees that there are two types of terms: (a) terms where \; = —\; (I = —j),

—2imAjy/e where no oscillations remain due to phase-cancellation, and (b) contributions from

q—je
terms where A\;+\; # 0, which are highly oscillatory for € small. In these latter terms, an additional

factor of € is gained via one more integration by parts. Precisely, one has
/ Mg (qay + ge — k°)f eV dy = / mg;q—;f dy
¢

/ mqj ((Qav _ k2) chjy/e + Z G e c(A+X; )y/e) d
1¢{0,—5}

The last terms can be integrated by parts; the resulting integral and boundary terms are estimated
as above. Finally, recalling that f = f9%vT9_ we obtain
€ 2 av € . A
Tlava)(G: ) = ; () [ oGy e
J

+ /C w(Cy k) 4 (W) (W) (s ) dy| + SRGR),  (3.99)

with [RE(C: k)| < Mg 0(\q\W§,m,supkeK \k|) (14 1¢[?) ekl
Now multiply (3.99) by g¢(¢) = 3.0 @(C) exp(2miNi(/€) and then add the result to —o fITEe 4o
obtain (decomposing again into non-oscillatory and highly oscillatory terms and using the notation

c=2mi):

(Cij)Z 5(Qa-4(Q) | F G

C) Qav+q€ C k + Qe(C) J[Qav, Qe] (C, kj) (3100)
+ Z Z < > |:QZQjeC()\er/\j)C/ﬁfj_av_;’_qe]
1¢{0,—j} 370 ]

+ 2.0, (A]>2 [qzewe /C T (G y) ai(w)as () F (g ) dy

1#£0 j#0
+ Eq(OR(GH).

The first term on the right hand side of (3.100]) is non-oscillatory in ¢ for small e. We remove it by

choosing
€

2
o0 = o0 = ¥ (55) 000 = =X B0 oy

J#0 J#0
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Then

= oig(OSE TG R) + 0e(0) I [davs 4] (G F)
_ 62 Z dl(c)eQiﬂ)\lC/e + 62 Z djyl(c)ezm(/\ﬁ)\l)(/e + e3q€(C)R€((; k),
10 4,10
JH#0
which we’ve written in the form of the statement of Lemma Here, ¢;(¢) and g;;(¢) are given

by

00 = a©Y () [ ™ Pz (i) dy, (3.102)
20 \ZmAy ¢
300 = (g0y) WO (G0 (3.103)

To conclude, we verify the necessary estimates on ¢; and ¢;;(¢), and their first and second

derivatives.

As for (3.102)), we use Lemmata [3.A.2| and [3.A.3| and obtain

‘/ m(¢,y; k)aiq—; (y) 2T (g k) dy' < MgC(] V|,22£|k|)(1+|c|2)ea|<|.
For the derivatives, we use
ag/;om(C,y;k)qjq;-(y) Govtae (y: k) dy—/ Fm(C, v k)qiq—; () FI " (ys k) dy,
o /COO m(C, s k)gja— () F1 T (y; k) dy—/ Fm(C, v k)qia—; () fI T (y k) dy
— 59— (Q) FE (¢ k),

so that the integrals are uniformly bounded in the same way. As these objects are multiplied by

@, g or g/, and since ¢q; € Wg’oo, it follows
13()e ]+ 1g1()e? N + 1 (el < MKC(|Ql|Wg,oo,:uII;!k|)(1 +1¢[%)eel,
€

uniformly for k € K.

As for (3.103|), one has

(a2 8| < Qg £ (G R < Mg g f 0 (51 e

<c(|v] 72112!k\)IQj!Lg\QI\L;?G_Ma
€
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where we used Lemma 2| to estimate fq‘"“’+q‘ The first and second derivatives are bounded in
the same way, and the double series converge.

This concludes the proof of the Cancellation Lemma [3.6.2

3.6.3 Proof of Lemma [3.6.3

The last estimate of Lemma m follows from bounds on R¢ (see Lemma D and fﬁ”*"gff(y; k)
(see Lemma [3.A.2)), and the decay Hypotheses (V) on g.. One has
*° av+0o¢ €
‘/ FET (s k) ge(y) R (y3 k) dy‘
< Mg C(| V|, sup k) / (1+ y)Pe* Mg (y)| dy < Mwx C(| V], sup |k]).
keK keK

To prove the e2-smallness of the second estimate of Lemma we integrate by parts:

2 poo ; .
/ FIET () GBI dy = < - )/ (fT0 (5 ) gs) (y) e v/ dy.

227T)\j —00

The estimate follows as previously from the bounds on §; (Lemma 2) and the ones on f= Gavteq (y; k)
(Lemma [3.A.2)), as well as the hypotheses on \;: (3.42)) in Hypotheses (V).

The third estimate follows as previously, as
oo +O.€ .

/ FETOR (ys k) GBI/ qy

—0o0

2 poo
_ € Gav+oSe AP 2imAjy/e d
(o) |GGz e
The estimate follows, using now the bounds on ¢;; (Lemma 3.6.2). Finally, we use three integration

by parts for the first estimate of Lemma [3.6.3
av+0' - 217r)\
|1 b e dy
iE 3 o0 qav-‘rO'E " 2i7r>\jy
=< )[R e .

271')\]‘ — 00

which is estimated using the third item of Lemma and Hypotheses (V).

3.7 Conclusion / Discussion

In this chapter we studied scattering, localization and dispersive time-decay properties for the

one-dimensional Schrédinger equation with a rapidly oscillating and spatially localized potential,
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qe = q(xz,x/€), where q(x,y) is periodic and mean zero with respect to y. Such potentials model
a microstructured medium. Homogenization theory fails to capture the correct low-energy (k
small) behavior of scattering quantities, e.g. the transmission coefficient, t%(k), as € tends to
zero. We derive an effective potential well, 0Sq(x) = —e*Aeg(z), such that t9 (k) — % (k) is small,
uniformly for £ € R as well as in any bounded subset of a suitable complex strip. Within such a
bounded subset, the scaled limit of the transmission coefficient has a universal form, depending on
a single parameter, which is computable from the effective potential. A consequence is that if €, the
scale of oscillation of the microstructure potential, is sufficiently small, then there is a pole of the
transmission coefficient (and hence of the resolvent) in the upper half plane, on the imaginary axis
at a distance of order €2 from zero. It follows that the Schrodinger operator H, = —02 + g.(x) has
an L? bound state with negative energy situated a distance O(e*) from the edge of the continuous
spectrum. Finally, we use this detailed information to prove the local energy time-decay estimate:
[(L+ |- ])Be o Pajy| .. <C 12 (146 ([ Aeﬁ‘)Zt )71‘(1 + |- *)tbo|,, , where P. denotes

the projection onto the continuous spectral part of H, .

3.A Some useful estimates used throughout the chapter

We recall that the Jost solution is defined through the Volterra equation

- = |

xT

*® sin(k(y — x
S =2y ) 1Y (i) . (3.104)

2ik

A detailed discussion of Jost solutions, fi(x;k), applying to $(k) > 0 can be found in [Deift and

Trubowitz, 1979], where it is assumed that V & E%. We present in the following Lemma the results

holding when k € R, and deal with the analytic continuation in a complex strip around the real

axis afterwards.

Lemma 3.A.1. Ifk € R and V € L}, then one has

[fL (@ k)] < O+ k)L + ), (3.105)

1+ k(1 4+ |x])
R bk . S b VA g 1 Nl
T+ T < C(1+|z)), (3.106)

02 fY (@ k)| < V(@) = K fY (s k)] < CO+ KD+ ), (3.107)

0 fY (a3 k)] < C
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where C = C(‘V|£%). Moreover, if 0,V € L3, then
2 fY (z;k)] < C(A+ [k[*)(1+]|z]), with C = c<\v\w21,1).

Proof. As for the first two estimates, equivalent bounds are given in [Deift and Trubowitz, 1979],
Lemma 1, for the function m4(x;k) = fi(x;k)et™ . The results for fi(x;k) follow straightfor-

wardly. The last two estimates are a direct consequence of (3.104)). O

If e221*lV ¢ L' then fi(x;k) has an analytic continuation to (k) > —a. Some results are
presented in [Reed and Simon, 1979|. In this section we review and obtain the required extensions

of these results. In order to simplify the results, we also restrict k to the complex strip |3(k)| < a.

Lemma 3.A.2. If |3(k)| < « and V € LY, with B > 2a > 0, then one has

L (k)] < C(1+|a])e, (3.108)
0ufY ()] < C(L+ kD)1 + [])e], (3.109)
02fY (23 k)| < V() — K| fY (z5k)] < CQ+ KA1+ |z])e], (3.110)

where C' = C’(’V|L%o). Moreover, if V € Wﬁl’oo, then
03 £Y (3 k)| < CL+[EP)(L+ [z])e®], with C:C(\V]Wé,oo) .

Proof. We prove bounds for f}r/ Analogous bounds fY (x; k) are similarly proved and are obtained
from the above by replacing = by —z, and = > 0 by —x > 0 etc.
The estimates follow from the Volterra equation (3.104]) satisfied by the Jost solutions, and

make use of the following bounds: for k € C, and for y > x, one has

|cos(k(y — z))| + | sin(k(y — z))| < CePWI=) < gealzlgalyl (3.111)
sin(k(y — z — X 2% —x alz| a
W < Cme\ BI6—2) < Oy — )eclleals] (3.112)

By Theorem XI.57 of [Reed and Simon, 1979], one deduces from a careful study of the iterates of
the Volterra equation (3.104)), that for x > 0, one has

|FY (k) — etFe| < eclel| Q@ ) < Ceolel) (3.113)

with Qu(x) = [ 7 [V ()] e dy. Equation (B:108) follows for z > 0.
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As for the case z < 0, (3.104]) yields

Yl = et [Ty g gy

< eolal 4 / "y — @)WV ()17 (5 )] dy
< el 4 /0 eV ()17 (5 )] dy
+ (-a) / WV ()] £Y (4 £)| dy]

< MGy + (—2) /oo VIV ()l £ (v k)] dy].

xT

We used (3.112)) for the first inequality; the last inequality follows from (3.113)), with z = 0.

|fY (a3k)|

Therefore, one has with g(z) = Cor (—a))esTel

sl < 1+ [ eIV @lgtuikICo+ (u)e dy .
By Gronwall’s inequality
o@) < e ([ (Cot NV dy) < OV] ).

xT

Finally, one has
Flask) < C(V]e ) (Co+ (ma)e™ < €+ fal)es®,

with C' = C(‘V‘Lw |) This completes the proof of (3.108]).
)
The proof of (3.109)) is similar, and obtained by differentiation and estimation of the Volterra

integral equation (3.104). The bound (3.110) is a direct consequence of 82fY = (V — k?)f} and
the above bounds. O

Lemma 3.A.3. Let gay € W™ and k € K, satisfy Hypotheses (K). Define
B

G (i k) f2 (ys k) — f2 (s k) f1 (y3 k)
W, fo]

m(x,y; k) = )
Then one has, for 0 <[ <3,
Ohm(a,y: k)| + |ohm(e,y: B)| < © Mic (14 (KD (14 |y — o (1 + )@ + e ), (3.114)

where C' = C(‘qav‘wl,oo), and Mg = max(1,sup,cr [t% (k)|) < oc.
8
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Restricting to k € R, and assuming only qay € W21’1, one has for 0 <1 <3
Ohm(, k)| + [0kl i k)| < OO+ IRD2 (1 Ly = 2l(U+ ) (1 + J2)),
where C = C(’qav‘wg,1).

Proof. Let us start with the estimate (3.114) when [ = 0. One can always assume that y > x, since

m(x,y; k) = —m(y, z; k). Using Taylor’s theorem with remainder in the integral form, one has
1 (Y
qav(y7 k) = qav(x k) ( —x)(8 fqav( Y; ))‘y:x + 5 / (82 qav( ’k))’ :t(y - t) dt.

It follows that

m(a;, Y; k) — (y N x) 4 l/y _‘iY_av ({L‘ k)fqav (t.[]})qav ffz‘;g )f_?_av (t k)

/ (s £ K)(gav (£) — K2)(y — 1) dt.

(av(t) = k*)(y — 1) dt

[m(z,y:k)|
le—yl

Therefore, one has with g,(y) =
0:0) < 1+ g oo = tlan® = Klly =t dt < 1+ 5 [ o0l = o () = 7]
since |y —t| < |y — ac] for t € [x,y]. By Gronwall’s inequality, one has
9x(y) < exp ( / |2 — t||qav () — K?|) dt < C(‘qav|L§o)eik2(y—:c)2'

Therefore, we have an estimate on |[m(z,y; k)|, uniformly for k such that |k||z — y| < 1.

When |k||z —y| > 1, one has from Lemma
(1 + lz])el (1 + Jy|)e!

‘m(x7 y’ k)’ S C [ Qav anv]
alz| palyl olz| _oly]
< CMg(L+[z|)(1+ IyI)T < OMg(1+ [z])(1 + [y|)|z — yle*™ e,
where we used that 1 = tqjv &) from (13.24)), and |t%v (k)| < Mk, from Hypotheses (K).
2ik

WY f27] (k)
The estimate (3.114)), when [ = 0, is now straightforward.

Let us now look at d,m(z,y; k). Using

Oy f£ (yik) = (0uf2 (yik))|,—, + / (05 12 (w3 1)), dt,

xT

one has the identity
y
Omayik) = 1+ [ ot B)au(t) ~ 1) d.
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If |k||z — y| <1, we use that m(z,y; k) is uniformly bounded, and obtain
Yy
|dym(z,y; k)| < 1 +/ (@, b k)||gav (t) — K| dt < C(1+ |z —y| + [k’ |z —y[) < C(1+|e—y)(1+ [k]).
When |k||z —y| > 1, one uses the definition of m with Lemma [3.A.2] and one obtains as previously
Oym(z, y; k)| < CMg(1+[k])(1 + |2])(1+ Jy|)|z — yle*lel.

Estimate (3.114) follows for [ = 1, using the symmetry m(z,y; k) = —m(y, z; k).
Estimate (3.114]) for [ = 2 is straightforward when remarking that

Oym(z,y; k) = (qav(y) — K )m(z, y; k),
and the case [ = 3 follows in the same way.

The proof when k € R and qay, 0.qay € L3 is identical, using the estimates of Lemma m

instead of Lemma Note that Mg =1 for k € R, using (3.25)). O
3.B Transmission coefficient of o(z) = —€*A(x)
In this section, we study the transmission coefficient of potentials of the form o(z) = —e2A(x),

where A € LY, is independent of e. We are particularly interested in the special case where o(x)

is the effective potential

derived earlier.

Lemma 3.B.1 (Transmission coefficient ¢%v~<"A(k)). Let quy and A be any functions in L% Then,
for k € K satisfying Hypotheses (K), one has
k k ie? [ q
- (r_ - = = (g K)A(y) £ (y; k) d O(e). 3.115
i ~ (i 5 whA W) &) + 0. @)
Proof. We recall the identity (3.37)), satisfied by the transmission coefficient related to any potential
V.W e L%":

k k TVWI (k)

o = e g w1 = [ e - W)Y i)
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Now, in the case where W = ¢y and V. = ¢ay — €2A(z), one has

k k i€ . .
taav—e2A (k) e (k) _?I (k), I*(k)

/00 £ (g kYA () £2 N (ys k) dy.

Then, the Volterra equation (3.34) with V = .y — €A and W = gay, leads to

762 ‘Iav 3,’ k fCIav (y k) anv (Qf k) qav (y7’1€) 762
Jm N ask) = [ (k) - / A(y) = W, 7] £ M k) dy.

We can then use the estimates of Lemmata [3.A.2 and [3.A.3] so that

W= [T A b

< 0 [T b [ AR w0 de dy
oo y
< eMgC, uniformly for k£ € K.
This concludes the proof. ]

A simple consequence is the following
Corollary 3.B.2. Let ¢,y and A be functions in Lg". Then,

1. If qay is generic, in the sense of Definition then ga.y — €2\ is generic for € sufficiently

small.

2. If quv is non-generic, and f_oooo Ay) (£9 (y; 0)? dy # 0, then qa, — €A is generic for €
sufficiently small.

3. If oy =0, and k € K satisfy Hypotheses (K). Then,

k ie2 [ 4

uniformly in k € K. It follows that if

2 o]
‘k—lg A' > C max(e, |kl]), for T<4, kekK,
then one has
—e2A k 4—
t—¢ k——:OeT. 3.117
\ © - | - O 317
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Proof. As discussed in section [3.2.2] a potential, V', is generic, if and only if its transmission
coefficient satisfies ¢ (0) = 0 or, equivalently, if limy_,q % # 0. Items (1) and (2) are therefore
a straightforward consequence of (3.115). As for item (3), since gay(z) = 0, we have t% =
1 and f¥(x;k) = eT*. The result follows by substitution into , and straightforward

computations. [
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Chapter 4

Oscillatory and localized

perturbations of H

4.1 Introduction

In this chapter, we consider the Schrédinger operator:
HQ+>\V = —85 + Q(SE) + QE(I')- (4.1)

Here, Q(x) is continuous, real-valued, and 1-periodic, Q(z + 1) = Q(z), and ¢.(x) is taken to be
localized and sufficiently smooth. In particular, we consider @ () to be a background potential and
ge(7) a localized perturbation of the operator H, = —02 + Q(z). From this perspective, we study
the spectral properties of the original operator Hg, (»)- We thus begin with the analysis of the

spectrum of H,.

As discussed in Chapter (1| (Section , the spectrum of the Schrodinger operator H, is
continuous and is the union of closed intervals called spectral bands [Reed and Simon, 1978:
Eastham, 1973]. The complement of the spectrum is a union of open intervals called spectral
gaps. The spectrum is determined by the family of self-adjoint eigenvalue problems parametrized

by the quasi-momentum k € (—1/2,1/2]:

Hou(x; k) = E u(z; k), (4.2)

u(z 4 1; k) = e2™Fu(a; k). (4.3)
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That is, we seek k-pseudo-periodic solutions of the eigenvalue equation. For each k € (—1/2,1/2],
the self-adjoint eigenvalue problem — has discrete eigenvalue-spectrum (listed with multi-
plicity):

Ey(k) < Ey(k) <--- < Ey(k) <... (4.4)

with corresponding k-pseudo-periodic eigenfunctions uy(x; k), b > 0. The b** spectral band is given
by:
By, = U Bk (4.5)

ke(—1/2,1/2]

The spectrum of H, is given by:

spec(H,) =By, = Ey(k). (4.6)

b>0 b>0 ke(—1/2,1/2]

Since the boundary condition is invariant with respect to k — k + 1, the functions FEy(k)
can be extended to all R as periodic functions of k. The minima and maxima of Ej(k) occur at
k = k. € {0,1/2}; see Figure In cases where extrema border a spectral gap, we have that
O2Ey(k+) is either strictly positive or strictly negative [Eastham, 1973} Reed and Simon, 1978]; see
Lemma in Appendix

Consider now the perturbed operator H, ., where W (z) is sufficiently localized in space.
By Weyl’'s Theorem on the stability of the essential spectrum, one has speceout(Hy, ) =

SpeCeont (Hy ) [Reed and Simon, 1978|. The effect of a localized perturbation is to possibly introduce

discrete eigenvalues into the open spectral gaps. Note that in our setting, H does not have

Q+w
discrete eigenvalues embedded in its continuous spectrum; see [Rofe-Beketov, 1964; |Gesztesy and
Simon, 1993|.

Therefore, perturbations of the form g¢() to the operator H,, can only result in the bifurcation
of localized bound states into gaps of the continuous spectrum of H, and spec.,ni(Hgtq.(z) =
SP€Ceont (Hg)-

Before giving a summary of results, let us discuss the physical importance of the above phe-
nomenon. In a periodic medium, a spatially localized initial condition for an energy-conserving wave
equation disperses (spatially spreads) and decays in amplitude as time advances. This (Floquet-

Bloch) dispersion is associated with the continuous spectrum (extended states) of the underlying dif-

ferential operator and the absence of discrete eigenvalues (localized bound states) [Kuchment, 2001}
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Reed and Simon, 1978]. The introduction of localized perturbations in a periodic medium leads
to defect modes, states in which energy remains trapped and spatially localized. The process by
which the system undergoes a transition from one with only propagating delocalized states to one
which supports both localized and propagating states is associated with the emergence or bifurca-
tion of discrete eigenvalues from the continuous spectrum associated with the unperturbed periodic
structure.

We next turn to a summary of our results. See Theorem and Theorem for detailed
statements.

Assume that the b** band has left-endpoint Ej(k.), k. € {0,1/2}, bordering a spectral gap.
Then 8,%Eb(k*) > 0; see the left panel of Figure We prove in Theorem m that there exists
€o > 0 such that for all 0 < € < €9, Hg44 has a simple discrete eigenvalue which bifurcates from

the band edge, Ey(ks) of By, into a spectral gap:
E¢ = Ey(ks) + €'y + O(er), for some p, <0, a > 0. (4.7)

see the right panel in Figure

B,

By

VA
NN

k

-1/2 0 1/2

Figure 4.1: Sketch of spectra. Eigenvalues Ey(k), k € (—1/2,1/2], b = 0,1,2,..., are displayed
in green. The continuous spectrum, is in blue, and discrete eigenvalues are indicated through

cross markers. Left panel corresponds to spec(H,), @ periodic. The right panel corresponds to

spec(Hqq,)-

We show that for 0 < € < €y, ¥°(z), the eigenstate corresponding to the eigenvalue E€, is

well approximated in L> by 1, (e2x), where 1), (y) denotes the unique eigenstate of the effective
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operator:

d d

Hyeg = ~I Ap ot i Byt X 0(y), (4.8)

with constant effective parameters Ay g and By og. Here,
L
is the inverse effective mass associated the the spectral edge Ejp(ky), and
‘Bb’eff - 62/ lup (23 k) |2 qe(2)Qe(z) dz| < O (%), for some oeg > 0, (4.10)
R

where Q. (z) is defined by:
~ 1
Qe(&) = W%(‘r)‘

Consider the specific case of g.(x) = ¢(x,z/e) which is spatially localized on the slow scale z,

and periodic with zero mean on the fast scale y = z/e:

1
q(z,y +1) = q(z,y), /0 q(z,y)dy = 0. (4.11)

By expanding with respect to the Fourier coefficients of the fast variable, one can write
q(z,y) =) qj(@)e*™Y, (4.12)
J#0
One then has:

Theorem 4.1.1. Let E, = Ey(k.), k. € {0,1/2} denote the lower edge of the b""— spectral band

and assume that this point borders a spectral gap; see the left panel of Figure [{.1. Assume g,
satisfies (4.11)-(4.12)) and q;(z) decays sufficiently rapidly as x — oo and j — 0.

Let Ay, o and By, o denote the effective-medium parameters

1
Ap, of = W%Eb*(lﬂ*) (inverse effective mass) (4.13)
1
Brai = [ fun@ik)P Y o (@) da. (114)
R 370 (2mj)

Then, there exists g > 0 and 01,09 > 0, such that for all 0 < € < €g the following holds:
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Hgyq. has a simple discrete eigenvalue, E€ < E, (see the right panel in Figure ;
E¢=E, +¢*FEy + 0(64+01); (4.15)

with corresponding localized eigenfunction, °:

sup [¢(z) — up, (23 ki) go(*x)| < Ce™. (4.16)
xeR
Here,
By, eff B} o
= —— Ey = ———— <0
wl) = (<) B = - <o

s the unique and simple eigenpair of the effective operator

d d

Hb*,ef'f — _@ Ab*,eff diy - Bb*,eff X 5(9) ) (417)

where 0(y) denotes the Dirac delta mass at y = 0.

4.1.1 Outline and remarks on the proof

In Section we give precise technical statements of our main results: Theorem and Theo-
rem [£2.3

Our strategy of proof is to transform the eigenvalue problem using an appropriate spectral trans-
form (Fourier or Floquet-Bloch) to a formulation in frequency (quasi-momentum) space. Antici-
pating a bifurcation from the spectral edge, we express the eigenvalue problem in terms of coupled
equations governing the frequency components located near the band edge and those which are far
from the band edge. The precise frequency cutoff depends on the small parameter, e. We employ
a Lyapunov-Schmidt reduction strategy [Nirenberg, 2001 in which we solve for the far-frequency
components as a functional of the near-frequency components. This yields a reduction to a closed
bifurcation equation for the near-frequency components. In contrast to classical applications of this
strategy, our reduced equation is infinite dimensional. For ¢ small, in an appropriate scaled limit,
the bifurcation equation is asymptotically exactly solvable; it is the eigenvalue problem for the
effective operator Hy o

Section reviews general technical results on a class of band-limited Schrodinger operators,
derived in [Duchéne et al., 2014a] and proved in detail in Section which are applied in Sec-
tions [£.5 and The strategy of the proof is explained in Section Finally Appendix gives
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detailed proofs of bounds used in Section [4.6|and Appendix [f.B]has a detailed analysis and calcula-
tion of the effective potential for the particular case of the localized and oscillatory potential g.(x)
as stated in Theorem [4.1.1] Furthermore, Appendix summarizes and proves bounds relating

to the Floquet-Bloch states used in Section

4.1.2 Definitions and notation

We denote by C a constant, which does not depend on the small parameter, €. It may depend on
norms of Q(z) and g.(z), which are assumed finite. C((1,(2,...) is a constant depending on the
parameters (1, (2, .... We write A S Bif A<C B,and A~ Bif A< Band B S A

The methods of this paper employ spectral localization relative to the background operator
—02+Q(x), where Q(z) is one-periodic. For the case, Q = 0, we use the classical Fourier transform
and for Q(z) a non-trivial periodic potential, we use the spectral decomposition of L?(R) in terms
of Floguet-Bloch states; see Appendix [B] The notations and conventions we use are similar to those

used in [Hoefer and Weinstein, 2011].

1. For f,g € L*(R), the Fourier transform and its inverse are given by

FUNO = 7€) = [ e fa)dn,  F o)) = ala) = [ g(e)ae.
2. T and 7! denote the Gelfand-Bloch transform and its inverse. We use the following notation
for the Gelfand-Bloch transform of a function: 7{f}(x;k) = f(a:, s); see Appendix Bl Note
that we will also use the notation f(k:) in Section to represent the projection of f(az, s)

onto a particular Bloch function py(z; k), for fixed b.

3. x and X are the characteristic functions defined by

L [¢l<o _ 0, |¢<é
x ([§l <é) = » x(lgl <o) =1 —x([¢] <9)
0, [{=0 1,  [§]=4¢

We also use the notation, for a parameter A > 0,

X () =x(gl <), X)) =x(I¢] <)

4. L**(R) is the space of functions F' : R — R such that (1+ |z|?)%/2F € L*(R,), endowed with
the norm

HFHL2v5(R) = H(l + ‘$|2)S/2FHL2(Rx) < 0. (418)
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5. Wk°(R) is the space of functions F : R — R such that &F € L>(R) for 0 < j < k, endowed

with the norm

.
[T R > 102 F | oo ) < 00
i=0

4.2 Bifurcation of defect states into gaps; main results

In this section we state our main results on the eigenvalue problem
(=07 + Q(2) + ge(2))y(2) = EY(x), ¢ € L? (4.19)

where Q(x) is one-periodic and g.(x) a real-valued, localized at high frequencies and decreasing at

infinity (precise hypotheses are specified below).

Our first result is for the case where Q(z) = 0.
Theorem 4.2.1. Assume that q.(x) satisfies the following, for e sufficiently small:

(H1a) there exists 0 < Cy < oo, independent of €, such that
1Gel 2+ 1@l oo + 112 oo < Co. (4.20)
(H1b) there exists N > 4 and 0 < Cy < oo, independent of €, such that

sup  |ge(§)] < eVey (4.21)

-1 1
56[76776

(H2) there exists 0 < Begr, Ceft, Oet < 00, independent of €, such that

) 1 -
| g COROK — Bu| < Cae™ (422

Then, there exist positive constants eg, C, depending only on the above parameters, such that
the following holds. For all0 < € < €, there exists an eigenpair (E,1°), for the eigenvalue problem
(=02 + qe(2)) Y (z) = E9(x), o € L? (4.23)

with E€ strictly negative and of the order €*. Moreover, ¥¢ € L™ and we have
‘ 412

B
EC+ % < Cette, (4.24)

sup
zeR

2
Y¢(x) — exp <—€ geﬂ |:c])’ < Ce’, (4.25)
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where 0 = min{1, oex}. The eigenvalue E€ is unique in the neighborhood defined by (4.24), and the

corresponding eigenfunction, V¢, is unique up to a multiplicative constant.
See Remark for a discussion of Hypothesis (H2).

Remark 4.2.2. Theorem [{.2.1) shows, and is essentially proved by demonstrating, that for small
positive €, the leading order behavior of the eigenstate (E€,1(x)) is a scaling of the unique eigenstate

of the one-dimensional Schrédinger equation with the attractive Dirac delta potential of mass Beg:
(B, 9<(x)) = (—€'6, go(*)) ,
where 0y = Beg/2 > 0 and go(y) = e~ satisfy
(=85 — Best 6(y)] 90(y) = —0590(y)-
We now turn to the more general case where Q(z) may be a non-trivial periodic background.

Theorem 4.2.3. Assume @ is one-periodic and satisfies:

(HQ) Q € Wéé?o, so that one has (see Lemma the estimate

Vb >0, Vke[-1/2,1/2], Vxe[-1/2,1/2], |97pp(z;k)] < (1+[b]%)Ca, (4.26)

with a =0,...,6.
Set E, = Ey, (ky), the lower endpoint of the (b*)th band, and assume that the band borders on a
spectral gap. Thus ky« =0 or 1/2 and 03 Ey, (k.) > 0; see Lemma .

Assume q.(x) is localized at high frequencies in the sense that:

(H1’a) there exists 0 < Cy < 0o, independent of €, such that
1Gell 1 + [1el] e < Co: (4.27)

(H1°b) for any 0 < B <6 and 0 < Cg < oo independent of €,

1/(2¢) 1/2
/ GEPde) <. (4.28)
—1/(2¢)

Furthermore, assume q.(x) is such that
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(H2’) there exists 0 < By, off, Cef, Ot < 00, independent of €, such that

62/ |Ub*($;k*)’2q€(ﬂf)Qe($) - Bb*,eﬁ Sceffeaeﬁa (429)
R

where Q¢(x) is defined by @\6(5) = W@e(f)

Then there are positive constants €y, C' and o, depending only on the above parameters, such

that the following assertions hold:

1. For for all 0 < € < €, there exists an eigenpair (E€, 1 (x)) of the eigenvalue problem
(=07 + Q) + qe()) ¥ () = B9 (x), ¢° € L*(R). (4.30)
with eigenvalue E€ in the spectral gap, at a distance O(e*) from the band edge, .

2. Specifically, for 0 = min{1/6, oex} where oo is defined in (4.29): E€ and ¢(x) satisfy the

following approximations:

|E — (B.+ €'By)| < Ce*t (4.31)

sup [V (z) — up, (23 k) exp(62ag|$|)‘ < Ce%, (4.32)
zeR

where Fs < 0 and ag < 0 are given by the expressions:

Bb*,eff
L 02 FEy, (k)

4m2

Bg*,eff
: 3§Eb* (k*)

272

Ey = — <0 and ag=-— < 0.
3. The eigenvalue, E€, is unique in the neighborhood defined in (4.31)), and the corresponding

etgenfunction, V¢, is unique up to a multiplicative constant.

Remark 4.2.4. By Theorem the bifurcating eigenvalue E€ lies in a spectral gap of —92+Q(x)
at a distance O(e*) near the spectral edge E,; see Figure . Moreover, Ey is the unique eigenvalue
and go(y) = el is the unique (up to a multiplicative constant) eigenfunction of the effective

(homogenized) Hamiltonian:

d d
Heg = -2 Ay ot = — By g x 6(y). 4
f dy et g beoff X 0(Yy) (4.33)

1

where Ay, off = WagEb*(k*) represents the inverse effective mass.
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Remark 4.2.5. Assumptions (4.20)—(4.22)) as well as (4.27)—(4.29) hold in particular for potentials
of the form q.(z) = q(x,z/€), with
q(z,y) = ¥g(x),
J#0
under reasonable assumptions on the decay of q;(x) when |x| — co and j — oo. In that case, one

has

Bus = (1/47%) 3572 / g (2)? de;
70 R
and

Bt = (1/45) Y572 | Jun (w0
J#0 R
see Appendiz [[.B.

4.3 Key general technical results

In this section, we state results concerning the operator 2076[0], defined by:

~ ~ ~ ~

J&) = Lol0)f(6) = (47248 + %) F(&) — B x (Il < ) /R x(Inl <€) Fln) dn. (4.34)

Here, A, B and f are fixed positive constants. The operator /3075[9] appears in the bifurcation
equations we derive via the Lyapunov-Schmidt reduction; see Section

In z-space, we have that Lo [f] is a rank one perturbation of —A@g + 62
2B /2 2 2y
— 2, p2 . .
Loel0lf = (A9, +0°)f(y) — 5 <€B sinc <eﬁ z) ,f(z)>L2(RZ) sinc <eﬁ> , (4.35)
where sinc(z) = sin(z)/z. Lo,[0] is a band-limited regularization of the operator:
(HYP + 60 f = (A9} — Bé(y) + 6*) f, (4.36)

appearing in the effective equations governing the leading order behavior of bifurcating eigenstates;
see Remarks [£.2.2] and [£.2.4

We now state two technical lemmas concerning the operator E076[9]. Lemma is proved
in [Duchéne et al., 2014al Lemma 4.1]. Lemma which concerns solvability of the inhomoge-
neous equation below, has the same conclusion as Lemma [Duchéne et al., 2014al, Lemma 4.4]
but is stated with one more condition, , on R.. The arguments presented in [Duchéne et al.,
2014a) are easily adapted to yield Lemma m
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Lemma 4.3.1. Fiz constants A >0, B >0 and 3 > 0. Define, for 6> > 0, the linear operator
F(&) = Lodl01f(6) = (an2Ae? +6%) J(©) - B x (lel < <7) /R x(Inl <€) Fo) dn. (4.37)
Note that 2075[9] : L, (R) = L, (R). There exists a unique 03 > 0 such that:
1. 20,6[00,6] has a non-trivial kernel.

2. The “eigenvalue” 9[2)76 is the unique positive solution of

€] <)
1 - B dé = 0. 4.38
/4772A§2+92 ¢ (4.38)

3. The kernel of 2076[00,6} is given by:

kernel (2076[90,6]) = Span{]?(],e(g)}, where fo,e(f) = m . (4.39)
4. 0o can be approximated as follows:
0(1)76 — 2*}? < 7721/2 e’ (4.40)
5. One has
ilelg F! {ﬁ)e}(:n) - %exp <—£4|x]> ‘ < C(A,B)é. (4.41)

The following result concerns solutions to perturbations of 20,6. Let Z; and Z5 denote Banach

spaces with 21, Z, C Li .. Assume that for any (f,g) € Z1 x 25,

(ool SISl llellzy Wallz, S Az 9lles  and [+, SIF]2,- (442)

Furthermore, we also assume that ]?076 € Z1NZy, where ( o ﬁ),e) is the unique normalized solution
of the homogeneous equation Eo,e[ﬁ]f: 0; see Lemma ‘

We seek a solution of the equation:
Lo o] = ROT (4.43)

where 20,5(9) is the operator defined in (4.37)) and the mapping fr—> R, [O]fis linear and satisfies
the following properties:

Assumptions on R.: There exist constants «, 3,t_,t+, Cr. > 0 such that for e sufficiently small
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° forannyZQ, and 0 < t_ < 02 <ty < oo,
x (el < ) (RIOF)©) = (RIOT)©) . and [|RJOF]|; < Cre|[Fz, - (444)
e for any fe Zy,and 0 < t_ < 62,03 <ty < oo,

|Re[011f = Rel0a]F || 5, < Cree®|0F - 631[|F ], - (4.45)

In the above setting we have the following

Lemma 4.3.2. Let (9376, ﬁ),e(f)) be the solution of 2076[0]]?: 0, as defined in Lemma where
A,B and 8 > 0 are fized. Let R[0] : fe Z9 — Z1 be a linear mapping satisfying the assumptions

displayed in (4.44)-(4.45)), where Z1, Zy satisfy (4.42). Then there exists g > 0 such that for any
0 < € < €, the following hold:

1. There exists a unique solution (96, fe(ﬁ)) € RT x Zy of the equation (4.43)), such that

er_ﬁ),e

L0 ad [ RO Rule) de = o
with C = C(A, B,Cg,, ), independent of €.

2. Moreover, one has

J©) = (|l <) Jue),  anad |02 -63 ] < ce

Remark 4.3.3. To prove Theorems[].2.1 and[}.2.3, we shall apply Lemma[].3.9 to the operators:

1. =02 + q(x) with (21,2,) = (L=, L), and

2. =02+ Q(z) + qc(z) with (21, Z2) = (L*> 1, L*'), where L** is the space of locally integrable
functions such that

1l o = 1O+ 1622 oy < oo

It is straightforward to check that such spaces satisfy (4.42), and ]‘Aigye € Z1N 2.
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4.4 Strategy
The strategy we take in Sections and [£.6] is to reduce the eigenvalue problem

HQuq 0 = B (4.46)

to a homogenized and band-limited Schrédinger equation of the form (4.43). We assume (E, 1))
solves the eigenvalue problem (|4.46|) and show by a long, formal, and reversible calculation that the

rescaled near energy components of ¥ (x), @(ﬁ), and rescaled energies of F, §2, satisfy an equation

of the form (4.43)), namely
Lo, [0]® = R[0]®. (4.47)
We then apply Lemmam to construct solutions (62, </ISE) to (4.47).

The reduction of to for the case @Q = 0 is achieved in Proposition and that
for Q # 0 is achieved in Proposition In Sections and the solution of the original
eigenvalue problem, , is reconstructed from the solutions to .

In particular, we find the that eigenvalue problems Hg4.1 = Ev¢ with Q =0 and @ # 0 have

a bifurcating branch of eigenstates such that, for o > 0,

e € By + O(eY9), for Q =0, and

e By, +'Ey + O(e777), for Q #0,

where B < 0 and FEj, is the lower edge of the (b.)™ spectral band of the eigenvalue problem
Hpu = Eu.

4.5 Proof of Th’m 4.2.1; Edge bifurcations for —9? + ¢.(z)

In this section we study the bifurcation of solutions to the eigenvalue problem

(=02 + ¢e(2)) Y(x) = Ey(z), ¢ € LX(R), (4.48)

into the interval (—oo,0), the semi-infinite spectral gap of Hy = —02, for g localized at high
frequencies and decaying as |z| — oo.
We prove Theorem [£.2.T] which may be seen as a particular case of our main result, Theo-

rem In this case Q = 0 and thus the Floquet-Bloch eigenfunctions are explicit exponentials,
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making calculations more straightforward and error bounds on the approximations sharper. Sec-
tion [4.6] will present a more general argument for the @ # 0 case.

We will begin by transforming equation into frequency space in Section which
we will divide into a coupled system of equations, one pertaining to energies near the expected

bifurcation point, and the other of the energies far from the bifurcating points. Then, in Sec-

tions [4.5.2] and [4.5.3] we will study each part of the system in detail to finally complete the proof
of Theorem [£.2.1] in Section [4.5.4]

4.5.1 Near and far energy components

Anticipating that the bifurcating eigenvalue, E, will be real, negative and of size ~ ¢* ([Duchéne
et al., 2014c]) we set
E=—€%? 0<t_<0*<t, <o, (4.49)

where t_ and t; are constants of O(1) and independent of e. We expect, and eventually prove,
0 — O as € — 0, with 0 < g < o0.

Taking the Fourier transform of (4.48)) yields
e + 00 + [ dle —OR@ac =0 (450)
We wish to study (4.50]) as a coupled system of equations via the

near energy components : {1(€) : |¢| < €'} and

far energy components : {1}\(5) €] > €} of n

Let r be a positive parameter, > 0, to be specified. We denote x the cut-off function:

x(§) =1, [¢§] <1and x(§) =0, [§| = 1.

We also set

X(€) =1—x(§) and x,.(§) = x(e77¢).

Introduce notation for near and far energy components of 1,//}\:

Unear (€) = X ()D(€) and Ppar(€) = Xer (E)D(E). (4.51)
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The eigenvalue equation (4.50)) is equivalent to the following coupled system of equations for the

near and far energy components:
(47°€% + €6%) Pnear () + xr (€) /4 G:(6 = O) (Dnear(Q) + D)) dC = 0, (4.52)
(47°€? + €16%) Vpar(€) +Xer (€) /< G:(6 = ) (Dnear(Q) + D)) dC = 0. (4.53)

The analysis of the far energy equation (4.53)) and near energy equation (4.52)) relies heavily

on some smallness induced by the assumption that g is localized at high frequencies, and that we

encapsulate in the following Lemma.
Lemma 4.5.1. For every € > 0, let f, g € LY(R) N L=(|¢| > ). Then, for . € L*(R), one has

sup
€<%

J/IREG €<ﬂw4<ﬁmmemmmmMMb®

1 (50 0L [0 50 1060 )

|‘45 ‘_46

/Rge(C)qu(f_OdC‘ < |§S‘UP |3e (€ )’HQEHLl(R) + Ha\EHLl(R) ‘Zup 19¢ (€)1, (4.54)

(4.55)

Proof. We start with the proof of estimate (4.54]). Assume |{| < i. We decompose the integration

domain into [¢| < £ and [¢| > 4. For [¢(| < & and [£| < L, we have £ — (| < [¢]+[¢| < £, and
therefore
sw [ 1g(O@E-0ldc < sw (3.6~ O] (456)
|£|<i ICl< 7 l€=¢I<
The integral over (| > £ is estimated as follows,
/ 9(QORE ~ OMC < @1 5w 10c(0). (4.57)
I¢1> 4 I¢12 4

The bound (| now follows from (4.56)) and ( -

To prove estimate , we decompose the integration domain into

Dlz{@,g), c-d<y ) D={Go, k-e2 5}

— 2¢

The contribution from D is controlled by the bound:

‘ J fe(i)gE(C)eTe@—C)dCd&’S sup (36 — Oll|7el 2 N1l - (4.58)
Dy lE—¢l< o
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For (¢,£€) € Dy, we have that either || > L or [£] > &

e

the case || > L is

Assume |£| > i

€ 46’

treated symmetrically. One has

/ dCge(©) / dEL(E)G(E )
R lel>L

< [gel[ 11 siup Gl (4.59)

It follows that

’/D fe(ﬁ)ge(C)qu(f—OdCdf) < H@HLl (HQEHLl sup | fe(§)] + HfEHLI S|1>1p1 ‘fs(()‘) .

l€1>4¢ <> 3¢

The bound (4.55]), and therefore Lemma now follows from (4.58) and (4.59). O

4.5.2 Analysis of the far energy components

We view (4.53) as an equation for {/J}ar depending on “parameters” (zchar,E; €). The following
proposition studies the mapping (@near, E;e) — TZJ\far [@Enear, E;€l.
Proposition 4.5.2. Fiz r € (0,2), and assume E = —€*0% with § € R. Let Jnear e LY, and q.

satisfying (4.20) and (4.21)) of Theorem with N > 2r. There exists ey such that for 0 < e < €p
the following holds.

There is a unique solution l/[)\far[QZnear, 62; €] of the far energy equation ([£.53). Moreover, for any
(6%,€) € R x (0,¢9), the mapping

wnear — wfar[wnem’v 92; 6]

is a linear mapping from L'(R) to L*(R) and satisfies the bound

||17Z/J\QTHLI < C(CO7 CN) (EN_QT + 62_T) H{ﬁ\nearuLl (460)

Proof. We seek to solve (4.53)) for IZfar as a functional of @near. First note that since # € R, one has
for |€] > €, |4n2€2 + €*6%| > 4712%€?" is bounded away from zero for any fixed € > 0. Dividing (4.53)
by 472¢? — E = 47262 4 €*9? and rearranging terms we obtain

Jfar(g) = _471'225—(5)5492 /Cé\e(g - C) (inear(g) + {b\far(g)) d(

Iterating the equation, we have

{b\far(é)— ‘M/ dCqe(§ — C)<¢near(<)

- 471_21{5_(5)640@ /R dnge(¢ —n) (@Znear(n) + Jfar(”)))a
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which we can write as

(I - ﬁ © i) {Z)\far = Twnear + Twnear (461)
Here T is the integral operator defined by
£) = /C K& Q)F(Q)d¢  and  Kc(€,¢) = 47T2>§§f)€492‘7€(5 =0

We will show that the operator (I — 7A; o ’t) is invertible as an operator from L' to itself, using

that H7A; o 7A;HL1_>L1 is small when € is small. Indeed, one has for he LY

S Yo (€ " %o (€ I~
o Tl < [ degis S [ aciae - 0l s [ dnlac — )

€ S Ae C_ 757 C ~
= [ [ asac 5 BT e - o

Defining f. = W% and g, = %, we can apply estimate (4.55) from Lemma [4.5.1}

and hypothesis (H1b), i.e. bound ( on ¢, to conclude

1(7e 0 TRl < 1A 10 [Sﬂp O Fell oy e 1 e

|| 2e

+ H(/]\EHLl(R) < S|up | fe( )|H96HL1(R) + HfGHLl(]R |S‘UP 19¢(C )|)]
C_4€

‘ —45

< C(Co, CN)(EN ™2 + &) ||| 1 (4.62)

The final inequality above comes from noting

sup ‘fe(C)| < 0627 HfEHLl <Ce,

I¢1> 4
sup, 19O < CU|ae]| p)e®s Ngellp < CUIGeN| o)™
4746

It follows that if » € (0,2) and N > 2r, there exists ¢y > 0 such that if € < ¢y, then one has

Hﬁ ) ﬁHLlﬁLl < % and thus (I — T o 72) is invertible as an operator from L' to L', with bound:

I =Teo T Iy <2

We now estimate the right-hand side of (4.61)) in L!, which concludes the proof of Proposi-
tion 4.5.2)
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First, one has immediately from that
1(7c © T)nearll 1 < C(Co, C) (€V 2 + €77 ||thncar | 1
Then, since Pnear(¢) = Xer (()¥near(¢), one has
[Tl < [ degms s [ aclate = OOl uen(©)

— [ doxe Ol [ de 5 e - 0.

128

Defining g. = _Xer®) e can apply estimate (4.54) from Lemma |4.5.1) hypothesis (H1b), i.e

47r2§2+e402 9

bound (4.21)) on g, and using that " < i for € sufficiently small, we conclude

Hﬁ{[)\nearH[; > denearHLl [lsup |q6 |H96HL1(R + HQGH[} sup |ge( )|
§l<

— 2e¢ | | 46

< C(Co,CN)(EN " + )| thnear | 11

The final inequality above comes from noting

sup [ge(Q)| < C, ||ge|[ 0 < Ce”
I<I> 4

Altogether, we proved

[@tar| 2 < (T =T 0 7)Y pas (HmnearHLl +]|(Teo ﬁ)zznearny)

< C(C(), CN) (GN_2T + 62_T) H{Z)\near}lLl .

This completes the proof of Proposition 4.5.2

4.5.3 Analysis of the near energy components

By Proposition we have @ar = QZfar [z/ﬁ\near, 62; €], where we recall assumption (#.49): E = —¢*6?
with 0 < t_ < 6? < t, < oco. Substitution into the near energy equation (4.52)), we obtain a closed

equation for Yyear (&):

(47°€% + €16%) Vnear (€) + X, (6) /< G:(€ = Q) (Prear(€) + Dtaelthnear, 0% €](0) ) dC = 0.

The following Proposition reveals the leading order terms in (4.63]).

(4.63)
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Proposition 4.5.3. Set r € (0,2). Assume that q. satisfies (4.20) and (4.21) of Theorem
with N > 2,N > 2r, and E = —€*0?, with 0 < t_ < 6% <t < co. Then there exists g > 0 such

that for any 0 < € < €y one can write (4.63) as

(472 & 6°) Dar(€) = X (OBt [ Doar i = (O (RINDar) O (160
where the remainder term, R, satisfies the bound
IR 6] Ynear| o < C(Co,Chy Cottst— s t4)|[mear] | 12 X Ko, (4.65)
with K. = (eN_2 + 62) (eN_QT + 62_7") + €' x (eN—2 + 62) + 2V 4 N2 4 2Hoen,

Proof. Using equations (4.52)) and (4.53)) to iterate once the near energy equation (4.63)) and inter-

changing the order of integration, we obtain

(457 + €6) Tnen(©) = X0 (€) [ e = O) (PaerlO) + Fr(0) ¢
¢

30 [ 36 =0 | a5 g [ ) () + D)

+ 47(225—(!2%/ qu(C - 772) <7Znear(772) + ifar("?Z)) d772:| dC

©) | B | g€~ QR = )i
/ Brax () / 2(2 e g€ — O (¢ - n)dc}
We rewrite this equation as
(47%€% + €*0%)hnear(€) = (Q0]mear) (€) + (Q[0)¢1ar) (€), (4.66)

where we recall the mapping (zﬁnear, 02;¢) Q,/Z;far [Jnear, 62; €], and denote

) =X €) | 90 [ o g€~ O (¢~ mpan.
n

In what follows, we first show that the contribution of Q[a]{/}\far is small, and then extract the

leading order term from Q[G]@near.

L bound of Q[Q]zﬂfar. First note

s | v a6~ OB~ i [l B

HQ wfarHLoo < sup
neR

-
l¢]<er L
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Using " < 4% for e sufficiently small, we can bound the factor multiplying H(Zfar[qznear,E; e]HLl
using estimate (4.54)) of Lemma [4.5.1 with the choice g.({) = % and applying hypothesis
(H1b), i.e. bound (4.21) of g.. Noting that

sup [ge(C)] < ClGell)e®,  Ngellpr < CUITll o )e 21017,
I<1> 4

one has the bound
H Q[G]TZfarHLoo < C(Co, CN) (|‘9‘_1€N_2 + 62) H{Z)\far[anear» E; 6] HLl
< C(Co, Cn, t,) (6N_2 + 62) (6N_2T + 62_T) HJnearHLla (4'67)
where the last estimate follows from Proposition and 0 <t_ <0 <t, <oo.

Leading order expansion of Q[H]Jnear. Let us first recall that @near(n) = X.r (n)@near(n), and conse-

quently rewrite
(QU0 ) (€) = [ () % e (€ ()a(E: ) (1.68)
with
1 ~ ~
06 = | e g€ — R~ e
Our aim is to expand the pointwise first order term (in €) of q(&,n) for (£,1) € [—€", €], We

write

(QUODear) (€) = /R Annear () X X.r (). (1)(0,0)
4 / A acar (1) % X, (€).0 (1) [a(6, ) — 9(0,0)]
R

_ /R Annear(n) X X (€)X () [ / Mdc]

r 4m2¢2+1
+ /R dipprear(n) X Xr (€)X (1) [ / 47T§C2 +6492 d¢ — / «C 2(2 &l }
(4.69)
[ dnducar(n) 5 x, (O3, () a(€m) = a(0.0). (4.70)

We will now bound the last two terms in the above sum. Firstly, using the Mean Value Theorem,

one has

sup |a(6,n) —a(0,0)| S € sup <'j£q(§,n)‘+’;7q(§m)’>.

(EmEl—e,er)? (EmEl—e,em)?
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Using the symmetry properties of ¢, it suffices to estimate

d 1 ~ )
'dWQ(ﬁ;"?)' < /}RMI%(S—C)H% (¢ —mn)ldc.

Using estimate (4.54)) in Lemmal.5.1|with g.({) = %, and hypothesis (H1b), i.e. bound (4.21])

on g., one obtains

d N N
‘dnq(é,n)‘ < sup 2O loel i + 181 50D 166

l€1< 52 I¢I> 4

< O(Co,Cn) (0] 71N 2+ €2)
where we note that

ls‘upl |9¢(C)] = C(HEILHLOO(R))GQ’ HQEHLl(R) < C(HiHLw(R))fiQ’Hrl‘
="

Therefore, term (4.70) can be bounded as

~
Q;Z)near

2

L B0 5 (€3 () ) = 200,00 < CLCoCo) € ¢ (7262 4.2
(4.71)

As a second step, we study term (4.69)). In particular, we bound the integral

/RQe(_OQE(C) |:47r2C2 + 4p2 B 47.‘-2C2 +1 dg.

To do so, we consider the above integral under two domains: || < i and |¢| > i. Notice that

since ¢, satisfies hypothesis (H1b), i.e. bound (4.21)), one has

1 ~ .
/<|<1/(4 : m%(—oqe(od( < CJQ\fsz

1 Qe J. - —
/|C<1/(4 ) m%(—f)qe@)d( <210tV 2,

Furthermore,

/C|>1/(46)

and we conclude

1 1

422 +1 - 4m2(2 + €462 |3e(=€)qe(O)]dC < 0(6492)64“@“L1 H@HLW

~ 3e(—€)ge(¢) 3e(—¢)ge(¢)
/Rdm/fnear(ﬁ) X Xr (f)XEr () [/R de - /R 47T2C2+1d<”

< C(Co,Cn) (N + 10|71V 72 1 C(e40%) ) ‘

Dnear (4.72)

Lt
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Altogether, plugging estimates (4.71)) and (4.72) into Q[f]¢near as defined in (4.68)), yields

(@01} ) = 1 (O ([ EETECa) [ Fuvslii + o (O (Ral0ar) @), (473

where the remainder R satisfies the bound

| Rulblneas |, < ClCon) (7 % (017N 24 2) + N 410722V 4 C(40%)e?) || |
Furthermore, by Hypothesis (H2), expression (4.22)), we can write
2 240,
— B < eff
’/ 47T2C2 + 1 C € Deff| > Ceff‘E
Therefore, we can rewrite (4.73]) as
(Q[g]{b\near) (&) = Xer (5)62Beff /R Vnear (1)dn + Xer €3] (RQ [ﬂ&near) (6), (4.74)
where the remainder R9 now satisfies the bound
| Rolblneas |, < ClCorCv,Ctttot) (7 ¢ (N2 4 €2) 4 N 4 V2 g 200) |G|
(4.75)

where we used 0 < t_ < 6? < t; < oo.

We conclude the proof of Proposition by plugging in expression (4.74)) and estimates (4.67))

and (4.75) into (4.66])). O

Rescaling the equation. We now proceed with the analysis of the near equation with the rescaling

& and @Enear in such a way as to balance both terms on the left hand side of (4.64). Thus we define

> 5 1~ /
Qpnear(&) 62(1) <€2> 72(1)(5) §= 625 .

Note that
[¥near| 5 = (|2 -

Equation (4.64) then becomes, after dividing out by €2,

/ €

(1572 4 %) B() s (€)Bn [ BN =~ (€) <R[9] {;a;}) (¢,

By estimate (4.65) and choosing carefully the parameters r and N, we can ensure that the right

hand side is small. The following Proposition summarizes our result, with N =4 and r = 1.
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Proposition 4.5.4. Assume that the assumptions of Proposition[{.5.3 hold with r =1 and N = 4.

Then one has

@Hw+ﬂ%&g%ﬂgﬂwBﬁl$WMdz&1@NRM®@% (4.76)

where R[O]® : &'+ 6_2)(6_1 & (R[G]{%(/I\D(GQ)D( 2¢) satisfies the bound, for o = min{1,o.g},

ORI O oy < € CCo,Cx,Corm,t—t1)[|]] 1. (4.77)

4.5.4 Conclusion of proof of Theorem 4.2.1

Proposition is a formal reduction of the eigenvalue problem

(=07 + q)¢ = By, ¢ € L*(R), (4.78)

for (E¢,v°) to an equation for (62, ®.) of the form:

Loc[0)f = (e + 0°) f — x (¢ < €7Y) ﬁ/f x (€1 <Y (RIOIF)(E);  (4.79)

(see (4.76)) where @ is the rescaled near-energy component of 1).. We now apply Lemma m
to obtain a solution of (4.79). We then construct the solution (E€ 1) of the full eigenvalue
problem (4.78]). This will conclude the proof of Theorem m

We apply Lemma m to equation || with A = 1 and B = Beg > 0, and R, = R. By
Proposition R, satisfies assumption (4 with 8 =1 and @ = 0 = min{1, oeg}. Following

the steps of its proof, and using

1 1
AT2C2 4+ 402 Ax2(2 + 402

_ |67 — 63| 167 — 65] 1
(422 + €407)(4m2¢2 + €102) — 02 4m2(2 + €462’

one easily checks that assumption (4.45]) also holds.
By Lemma 2| there exists a solution (62, ® 0 ) of (4.79 -, satisfying

|@c — foelln < Ce©  and |26 < C e . (4.80)

Here (9(2),57 ]?0,6) is the unique (normalized) solution of the homogeneous equation

~

Lo [0 = (4m2€? +62)f — x (1€ <eh) BeH/RX (I <€) F(¢had = o,
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as described in Lemma Specifically,

> xél<e™)

B%,
fO,e(g) - 47T2§2 + 0(%76’ =

and 9(2),6 T

+ O(e). (4.81)
We next construct the eigenpair solution (E€, 1°) of the Schrédinger equation . Define,
using Proposition [4.5.2]
Y = Ypear T Vkars E = —¢'6Z,
where T = 58 (5 ). and Dia(©) = Pl B )
Then (E€,1°) is a solution of the eigenvalue problem . Indeed, the steps proceeding from

to (4.79) are reversible solutions of ¢ € Z = {f € C(R), fe L'(R)} of (4.78), respectively, solu-

tions ®. € Z of (4.79).

We now prove the estimates (4.24) and (4.25)). Estimate (4.24]), the small € expansion of the

eigenvalue E*, follows from (4.80]), (4.81) and the triangle inequality. Specifically, since we defined

E¢ = —¢*02, we have

2 2
’Ee+€4Beff _ A4 Qz_Bsz <64

4

<|9§ 2|+

The approximation, (4.25)), of the corresponding eigenstate, ¢ = ¥pnear + Wtar, is obtained as

B2
05 — f‘) < C et

follows. One has, by triangular inequality,

sup
z€R

We will look at the bounds in (4.82) separately.

Recall,
wnear /¢near 27TZ$§ dé— / ( ) 2mixé d€

= [ Bemeiconay
= [ Roctme= e ane [ (@) = Focn)) =i an

. (482)

2 B
e (x) — B oXP (—62263]360' < sup
eff z€R

2 Bes
o) — = oxp (D) o

For A=1 and B = Bt > 0, one has from estimate (4.41)) in Lemma

(o) = 7 {ac (€)= o exp (55T + 000 (43)
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Using the first bound in (4.80)), one has

HIQ = sup

zeR

From estimate (|4.83])-(4.84)), we can write

P

[ G = Fac) @ g < Bl <o s

sup
z€R

wnear (.%') -

BH
—e2—= Se? 4.85
B. exp( - |x]>‘,ve (4.85)

To bound the second norm in (4.82), we note that from Proposition with N =4 andr =1,

Since H{b\;earHLl = H&\)GHIA — Hﬁ),EHLl = O(l) (as €— O)
Since ¢ is a unique solution of up to a multiplicative constant, we can conclude

from (4.82)) and the estimates (4.85))-(4.86)), that

one has

<€

~
¢€
near L1 ~

qzz)far

<

Pl Pocar B[, S €|

, (4.86)

Lt Lt

sup
zeR

B
Y(x) —exp (—6226ﬁ]x\>‘ <C €, o =min{l, g }.
This completes the proof of Theorem [4.2.1

Remark 4.5.5. Note that above we conclude that ¢, ®. € Z = {f € C(R), f € L*(R)} while we
are in fact studying the eigenvalue problem (.78)) with ¢ € L*(R). Notice that, by definition, @ZE

is solution to

~

(4n2€% — E)JE(€) + /< GE—OF(Qdc =0, ¢ € I\(R)

and therefore satisfies the following inequality (recall E€ < 0):

G [ 2

1
D —
’ - 47-[-2527EE

One deduces immediately ¢ € L*(R).

4.6 Proof of Th’m 4.2.3} Edge bifurcations for —9? + Q(z) + ¢.()

We now prove Theorem concerning solutions of the eigenvalue problem

(—02 + Q@) () + ge(x)(x) = Byp(x), ¢ € L*(R). (4.87)
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Here @ is one-periodic and satisfies Hypothesis (HQ), i.e. assumption ; and ¢, is localized
at high frequencies, and decaying as |x| — oo in the sense of Hypothesis (H1’a-b), i.e. assump-
tions and , and satisfies additionally Hypothesis (H2’), i.e. assumption . Without
loss of generality, we assume thereafter Cp < --- < Cg and C; < -+ < Cg.

Following the analysis of Section we divide the problem into a coupled system for a “far-
energy” component and a “near-energy” component (here, “near” refers to E being close to Ey, (k)
a lowermost endpoint of a spectral band of —92 + Q(x) bordering a gap. See our discussion of the
strategy in Section [£.4]

In order to spectrally localize we use the Gelfand-Bloch transform, introduced in Section
For fixed k. € {0,1/2} and b, € N, we define

w = d}near + Q/Jfar = T_l {Jnear(k)pb* (l'; k)} + T_l {Z 7J;far,b(k)pb(x; k)} ) (488)
b=0
with

Drear () = x (1 = ol < ) T {0} (k) = x (% = bl < ) (pu. (2 ), D, 1))

2:(0,1]2)

Utarp (k) = X (k= k] > € 8,0) To {0} (k) = X ([k = k| = €76p..1) <pb(w, k), ¥(x, k)>L2 (o)

and where §; ; denotes Kronecker’s delta function. Equivalently, one has
1/2 [ _ o
D) = / (T, ) + S Graep(R)us(z; k) | dk.
-1/2 =0

In Section we introduce the coupled system of equations, equivalent to (4.87)), in terms

of gy and Ynear- In Sections [4.6.2] and [4.6.3] we analyse the far and near energy components,

respectively, in more detail. Finally, in Section we complete the proof of Theorem

For clarity of presentation and without any loss of generality, we assume henceforth that we are

localizing near the lowermost endpoint of the (be)™ band and that k. = 0. Thus, by Lemma
by is even, thus k.=0, and Ep, (0)= E,.

N.B. For k, =0, note that py(x; ki) = up(x; ki) and we use these expressions interchangeably. For

k. = 1/2 one has to distinguish between py(x; ky) and up(z; k).
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4.6.1 Near and far energy components
We first take the Gelfand-Bloch transform of (4.87)). We obtain
— (9n + 2mik)* Y (; k) + Q)i (w3 k) + (qe0)™ (i k) = B (a; k). (4.89)

Recall that {py(; k)}p>0 form a complete orthonormal set in L2,.([0, 1],), and satisfy

per

(— (0 + 2mik)? + Q(f)) po(xsk) = Ep(k)po(w3 k), po(x +15k) = pp(wsk), z € R (4.90)

Taking the inner product of (4.89) with py(x; k), and using self-adjointness of — (9, + 2m'k)2 +Q
and (4.90), it follows ¢» € L?(R) satisfies (4.87) if and only if

(Eb(k) - E) <pb($, k)a 77’/;('%'1 k)>L§er([011}1) =+ <pb(w7 k)? (QEw)N (:Ca k)>L§er([071]x) =0 (491)
for all b € N and k € (—1/2,1/2]. Equivalently, using notation (B.36),
(Ep(k) = E) Ty {9} (k) + Ty {qec'} (k) =0, VbeN, ke (-1/2,1/2]. (4.92)

We now decompose (4.92)) into near- and far-energy equations relative to the band edge Fyp, (k).
In the notation introduced in (4.88]):

(By. (k) = E) thear (k) + X ([k] <€) (Tr, {getbncar} (k) + Tr. {qetbiar} (k) = 0, (4.93)
(Eb(k) - E) {Efar,b(k) + X (‘k| > 67”65)*,1)) (7;) {QGwnear} (k) + 77) {Qewfar} (k)) =0. (4'94)
Equations (4.93) and (4.94) are, for the case of non-trivial periodic potentials, Q(x), the analogue
of (4.52)-(4.53).
4.6.2 Analysis of the far energy components

We view the system for {Jfaryb(k)}bzo as depending on “parameters” (¢near, F; €) and construct the

mapping (Vnear, £ €) = Yar[Unear, F; €] in the following proposition.

Proposition 4.6.1. Assume b, is even and consider E, = Ej, (0) the lowermost edge of the (b,)™"
band and at the boundary of an open gap in the spectrum. Let E < E, vary over a subset of the

gap which is uniformly bounded away from the (b — 1)%* band (note: E may be arbitrarily close to
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E, ). Assume q. € L> N L™ is bounded and localized at high frequencies in the sense of (&.27)),(4.28))
with > 2. Let Yncar = T~ { Grcar(K)ps. (33 ) } with

1 1

Fnar(l) = K] < ) B € 22 (= 5005 ])- (1.95)

Then for any 0 < r < 1/2, there exists ey > 0, such that for 0 < e < €, the following holds.

There is a unique solution {Jfanb(k‘)}bm, and Yoy = T-1 {szo Jfar7b(k)pb(x; k:)} € L*(R) of
the far-frequency system . For any E, € as above, the mapping VYnear = Var [Unears €] s a
linear mapping from L*([—€",€"]) to L*(R) , and satisfies the bound

[far [nears 3 ) || 12 < C(Co, Ca, b)Y || near] | 2- (4.96)
Moreover, for any s € (%, %), and for e sufficiently small, one has g, [wnew, E; e] € H*(R) and
[©far [nears B €] || o < C(Co,Cg, bs, )20 |gh | . (4.97)
Proof. We begin by showing that there is a constant 0 < C'; < co, independent of ¢, such that

|Ey, (k) — E| > C1e¥, € < |k| <1/2, (4.98)

|Ey(k) — E| > C1,  b#b., |k <1/2. (4.99)

Note first that is an immediate consequence of the assumption on E. To prove recall,
by Lemma that E, = E,(0), an eigenvalue at the edge of a spectral gap, is simple, and
k — Ey, (k) — E, is continuous. Therefore, for any k1, such that 0 < ky < 1/2,

klgrﬁ}rgll/Q |Ey, (k) — Ey| > C(ky1) > 0. (4.100)
For |k| < k;, we approximate Ey, (k) by Taylor expansion. In particular, since Ej, (k) is smooth for
k near k, = 0, 9y Ep, (0) = 0 and 02Ep, (0) # 0, we have |Ey, (k) — Ep, (0) — $02Ep, (0)k| < C|k[3.
Therefore, we can choose 0 < k1 < %W;%Eb* (0)], so that for all €" < ky we have

1
i E, (k) —E,| > = |02E, (0)| €. 4.101
o doin | B, (k) W = 3 |0k B (0)] € (4.101)

Finally, notice that since £ < FE,, and E, is the lowermost edge of the (b.)"® band, we have
|Ey(k) — E| > |Ep(k) — E4|, and therefore (4.99) follows from (4.100) and (4.101)).
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Thanks to the above, we can rewrite the far-frequency system, (4.94)), as

X ([k[ = €, )
Ey(k) - E

Vtarp () + To{ge (Ynear + Vrar)} () =0, b>0,k € (=1/2,1/2).  (4.102)
Multiplying (#.102) by uy(z; k) = py(x;k)e? ™ summing over b > 0 and integrating with

respect to k € (—1/2,1/2] yields (by (B.37))
(Id + Ke) Ytar(7) = — (Kethnear) (2), (4.103)

where we define

V2 X (k] > €6, )
Ey(k) — E

(Keg) () = / Tr {aca} (K)py(a: k)27 d. (4.104)

-1/2 335

Thus we need to solve equation (4.103). As in Proposition [4.5.2] it is not clear that (Id + K)

is invertible. However, by bound (with s = 0) of Lemma stated and proved just

below, one has that for 0 < r < 1/2, one can chose € small enough so that the operator norm

HIQ o ICGHLQHL2 < 1/2. Therefore, (Id — K. o K.) (as an operator from L? to L?) is invertible.
The solution to is therefore uniquely defined as

Vpar(2) = — (Id — Ke 0 K) ™ (Id — Ko) (Ketgear) (). (4.105)

Indeed, it is clear that, if it exists, g, satisfying (4.103) is uniquely defined by (4.105) (after
multiplying the equation by (Id — K¢)). Conversely, when multiplying (4.105)) by (Id + K¢), and

since (Id+ K.) and (Id — K. 0 K¢)~" commute, then g, as defined by (4.105), solves ([.103).
Thus g, is uniquely defined from pear € L? (or, equivalently, Jnear(k‘) € L?; see (4.109)

below). ’(Zfar’b = Tp{ttar } is then easily seen to satisfy (4.94)), by (4.113). This concludes the first
part of the proposition.

We now turn to estimates (4.96)-(4.97). By bound (4.111) of Lemma for any s € {0} U

(1,2), one can choose 0 < € < € small enough so that HIC6 o IC€HHSHHS <1/2, and therefore

<2. (4.106)

H (Id =Ko ’CE)_I HHS~>H3 >

Moreover, by estimates (4.110) and (4.112)) of Lemma one has for any 0 < s < %,

et |57 <€ (€42 [near 0 + €= [nearl[52) (4.107)

H(ICE © ’Ce)@bnearHiIs <cC <€4_4TH7/)near”iIo + 58_25_4TH¢nearH§{2) . (4108)
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Finally, we remark that by definition (4.95)) and Proposition one has for any s > 0

Hd}near ’ i]s

1/2 ~ ~
~ /1/2(1 + 04 %) % [thnear (k)| di = Wnear”iz' (4.109)

It is now straightforward to obtain (4.96)-(4.97)), applying the estimates (4.106])—(4.108)) and (4.109)
o (4.105)). This completes the proof of Proposition O

To complete this argument we now prove:

Lemma 4.6.2. Let Q,q.,r, ¢ and E be as in Proposition . Then, for 0 < s < %, the operator
Ke: H¥(R) — H*(R), defined by

1/2 ) ‘
o) )= [ S A Z TRt g ) (s 7 an

~1/2555 Ey(k) —
satisfies the bounds,

3
1ol <€ (€ [lgllfpo + €= 32 - 0<s<3  (4110)

s 1 3
H(ICEOICE)gHZS <C s Hg‘zs s=0 or 5 <s<j (4.111)

3
(e Kally <€ (Aol + &> gl ves<d @y

with C = C(Co,Cgs,bs) a constant.

Proof. In this proof, we will make repeated use of Proposition [B:2.1] We first note that we can
write, by (B.36) and since {p,(z; k)}p>0 is orthonormal in L?([0, 1]) for each fixed k € (—1/2,1/2],

i (Keg) (0) = 2027 (g 1) (4.113)

Therefore,

IKCesll

2. / S0+ 82 T3 {Keg) ()]

b>0

1/2 k 5
=) Sa+n S—X’ ‘,;)6 -2) 175 {aco} ()

1/2 >0

Using bounds (4.98]) and (4.99)), as well as Weyl’s asymptotics (Lemma |B.1.4), we have

1/2

pe NZ/ 1+bz = | To {acg} (B)? dk+e47"/ |To. {qeg} (B)* dk,  (4.114)

b>0 —1/2

| Kesll
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which will be used several times in the proof.
First we estimate the right hand side of (4.114) as
=12 < —Ar||~ 2
1Keglly: 5 e Nlacal -+ (4.115)
and use (£.163) in Lemma with 6 =2 — s > 1 to obtain
3
2—5-2
1Kegl e <C €77 lgl o 0S5 <3 (4.116)

In order to obtain (4.111|), we iterate (4.116f), and deduce

1Ko Kellg < € 2 et o <€ o] 5 <5< 5 (4.117)
As for the case s = 0, we use first , then
e o Kegll o < € 2 [[Keg]| o < € @ [lgeall 30 < € gl (4.118)

and finally H(j:gHXo ~ HquHLQ < quHLmHgHLQ yields the desired result.
Let us now turn to estimates (4.110) and (4.112). First we estimate the right hand side of

as

Kegll v < llaeally-co + e llacg]l - (4.119)
Using in Lemmaon both terms of the right-hand side with (respectively) § = 2—s > %
and § = 2 yields

3
IKeallye <€ (gl + ¢ lall7e) . 0<s <5, (4.120)

This completes the proof of bound . Note that in order to estimate when s = 2, we
can use ||cj:qHX0 R qugHL2 < HqEHLOOHgHLZ and in Lemmawith 6 = 2 to deduce

Kool <€ (ol + el (1.121)
We now turn to the operator K. o .. We apply the now proven bound to get
3
[(Ke o Ke)g|[5. <€ (62(2*@”/@9“?{0 + 64*4"“/@9”22) L 0<s< . (4.122)
Using again with s = 0 to bound HICEgHHO, and to bound HICegHHQ, we conclude
0o KogllZe <€ (2 + ) lalPn + =2 g]2). (1.123)

This proves bound (4.112f), and completes the proof of Lemma m O
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4.6.3 Analysis of the near energy components
In this section we study the near equation , that we recall:
(. (k) = E) tnear (k) + x (|| <€) (To. {aetbnear} () + To, {getar} (k) = 0,
with the aim of extracting its leading order expression. We also make the following ansatz:
E=FE,—€%* 0<t_ <#*<t,<oco, E,=F,/0), (4.124)

where ¢t~! and t4 are independent of e. Recall also that, by definition,

Unear + Ytar =¥ with Vb eN, (Ey(k) — E) Ty {9} (k) + To {qc'} (k) = 0. (4.125)
Therefore iterating using in Proposition we can write

To.{qcv} (k) = /1W@(x;k) dx
01 1/2 ~
= [ m [ sk =i d e

—-1/2

1 1/2
- /0 o (@ B) / Tk =) pa(s DTafw} (1) dl da

-1/2 a>0
1 1/2 1
= — k ge(x; k — 1 ozl ofqe}(l) dl dx.
Jeny et ) Sl ) gy e Tl YO

We then use Fubini’s theorem and rewrite the near equation (4.93)) as
(B, (k) — By + €0%) Gncar (k) + x([K] < ) (3[00near + IB]t65ar) (k) = 0, (4.126)

with the notation

1/2
(3[]y) (k) = — / 227;{%1!)}@) Ea(l)—;E* g Iy, ol (K; 1) dl, (4.127)

-1/2 ;>0

where we define for a > 0, b > 0:
1
Iy algel (ks 1) = / (25 k) Ge (25 k — Dpa(w; 1) da. (4.128)
0

Note that (4.126]) is the analogue of (4.66) for the case @ = 0.
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Proposition 4.6.3. Let g. be such that G, € L' N L™ and assume q. is concentrated at high
frequencies in the sense of . Assume Q € WM with N sufficiently large, so that
applies. Then for e sufficiently small we can write the near energy equation as
~ /2 _
(Bp. (k) — Bx + €0 Vnear(k) — x(|k| < €)e* By, o X o Vnear(s) ds

= x(|k] < ") (R[0)Pnear) (k), (4.129)

where By, of is as defined in Hypothesis (H2’), equation (4.29)), and R[0|Ynear, defined in (4.131),
satisfies the bound

| R0 mear| oo < CE | Whnear| 11 + CET [ near] | - (4.130)

Here, 0pear = min{1/2,r,0cg}, with oeg defined in (4.29), ofor = 1/2—2r, and C = C(Cs, Cs, Co, by)

1S a constant.

Proof. Adding and subtracting the anticipated dominant contribution to J[@]t¢near, We may rewrite

the near-energy equation (4.126)) as

~ 12 _
(B, (k) — Ex + €0 ¥near (k) — x(|k| < €")€*By, et % Unear(s) ds
—1/2
/2 _
= —x(|k[ <€) [ By, o * . Unear(s) ds + (3[9]¢near)(k)] = x (k] <€) (3[0)ebrar) ()
= X(|k] < ) (Ra[0)¢mear) (k) + X(k] < €) (Ra[0]dnear) (k) = x (|| <€) (R[0]tnear) (k)
(4.131)
The proof of the bound is given in Lemmata 4.6.4] 4.6.5[ and [4.6.6| below. O

Lemma 4.6.4. Under the assumptions of Proposition there exists g > 0 such that for

e € (0,€e0), one has

IXCkL <€) (Ral6near]) )| o sy = XK < €Y GIO) )| ey < €2 [ o
with C = C(CG, CG,C(), b*)

Proof. Using Cauchy-Schwarz inequality in (4.127)), one has

1/2 ) 1/2
} [ ¢far /
1/2 5

Ib*,a[qe](k‘; 1)
_ E* + 6402

1/2
/ Z ‘T{QG ¢far} ’ dl

a>0

(4.132)
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The second factor of (4.132]) is estimated as follows, using Proposition and Hypothesis (H1’a),
estimate (4.27]),

1/2

1/2 _
/ D1 Telae Yt O b | = actil| o < [lael] o e 2 S Coe® ™ e ] 2

a>0
As for the first term of (4.132)), we treat differently the cases a = by, a # b, and a < af and a > af,
where a{ = max{a > 0 such that \/E,(k) < 7/(3¢)}.

Case a = b,. By [E124)), |Ey, (k)—E,+¢*0%| > t_€*. Together with estimate (4.173)) of Lemmam

with a = b,, we can bound

/1/2 Iy, b, [qe) (ks 1)
~1/2

Case 0 < a < af, a # b.. By Weyl’s asymptotics (Lemma , one has m <1/(a®+1) for
a # b,. Therefore, applying estimate (4.174)) of Lemma one has the bound

1/2 I, [q](k‘l) 2 1 1/2
el S| LS [ el
0<a<a azb. /—1/ 2| Bal) = Bi+ €02 ogagz:,a#* (a*+1)* o1y

2 1/2
dl < 06—8/ Do [0 (ks D)2 dl < C(1 + b, |V )2E2N 5,
—1/2

SEA+067)%

Case a > a$, a # b,. In this case, one has m < €2, and therefore

~

V21 Iy, algd (k50)
L dl<4 / Ty, alged] (ks D)2 dl < €4,
2 Lol e | 15 2
where we used estimate (4.170) of Lemma m
Thus

T T T 1) [l ) e N

Choosing N = 11/2 and defining og,, = 1/2 — 2r, we obtain

1] <€) (Ro)ness) ()] = x| < €) (308 tae) ()] < CEX 7 [ .
with C = C(Cg, Cs, Co, by) which completes the proof of Lemma [4.6.4] O

To complete the proof of Proposition it suffices to bound x(|k| < €")(Ry [9]1;) (k), defined
n (4.131). The asserted bound in (4.130]) is a consequence of the following two Lemmata and the

triangle inequality.
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Lemma 4.6.5. Under the assumptions of Proposition[{.6.3, one has
12 1/2
sup (j[g]wnear) (k) + / ds ¢near(3) / di Z Ib*,a[Qe](kS Z)Ia,b* [Qe](l; 3)
k| <er —1/2 -2 >

< C | Ynear| 10 (4.133)

where

Qu(6) = =)

= — 4.134
1+ 4m2|¢|? ( )

Here C = C(Cy,C4,Cop,by) is a constant.

Lemma 4.6.6. Under the assumptions of Proposition[{.6.5, one has

1/2
swp | [ Y T al@ D [0 1:5) — By

|k|<em,|s|<em |/ —1/2 a>0

< C(C2,Co,by) (277 4 21oer), (4.135)

Here, By, of is defined in (4.29) and C(Co,Co, by) is a constant.

The proofs of Lemma and Lemma appear at the end of this section.

Rescaling the equation. The next step consists in rescaling the equation so as to balance terms

on the left hand side of (4.129)). We therefore define

~ 1~/k 1 o~
b=, Tner(l) = 58 () = x(le] < 200 (4136)

€

Note also that one has the following estimates:
e e L e s 1 % (4.137)

These follow from the definition HE)HiN =/ 1+ ‘KD|2)|‘/I\)(/€)|2 dr, and the following bounds:

o0
[e.9]
o0

H%@b:/wh%Kﬁﬂ@MﬁM=/ (k| < e 2)B(k)| dre < ]|,

— 00 —0o0

~ S ~ 2 ~ ~
Hwnearuiz = /OO ‘X(’M < Er)wnear(k)‘ dk = 672H(I)H12 < 672“(1)“12»1'

The next proposition extracts the leading order terms in (4.129)), in terms of the variable x and

unknown &.
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Proposition 4.6.7. Assume the hypotheses of Proposition hold. Then, the rescaled near-

energy components solve the equation:

oo

(5028 02+ 6 ) 800~ x(lnl < 2B x [ 80 de = (RIF ), (1139

—00

where R,[0)® satisfies the estimate

| Ry 01| o < C (7 + €7 4 €%} || B | - (4.139)

Here C = C(Cs, Cs, Co, b, SUD|jpr| < |E(f)(k’)|) is a constant, and we recall that oeqr = min{l/2,r, oeg }
and o = 1/2 — 21 (see Proposition [§.6.3).
Proof. Substituting the rescalings (4.136]) into (£.129)) and dividing by €* yields:

o0

By (k) — By + *0)Be(x) — (5] < &) By, et X / B(&)de

—0o0

= x(|&] < €72 e 2(R[B)hnear) (k). (4.140)
The estimate on R[G]Jnear in (4.130)), together with (4.137)), yields immediately

|2 (RO near) (20 < Clle 2 RI0) Pucar | (4.141)

L2-1(R,)

< C ea'near

Frcar| 1 + Cel o

wnear HLQ

< C (eancar + eo'far)

D[ 2, (4.142)

There remains to expand e~ 4(Ey, (¢2k) — Ey + ¢%0?). Taylor expansion of Ej, (€2k) about k£ = 0

to fourth order yields

4 2 6/63 8

Ey. (€%) = By (0) + () By, (0) + —5—E}.(0) + ——E{) (0) +

(4)
5 5 E,, (K,

where k' is such that |k'| < |e2k| < €”. Since Eéz)(O) =0 for j =1, 3, we obtain

4,2
By, (€2k) — By + 0% = %Eg? (0) + 6% + 84 9. (4.143)

Therefore, provided supj|<er Eéf)(k’ )| < oo, one has

(e - v oty - (G20 +62) ) 30

L2-1(R,)

g 1/2
< Alld "4’7 < 21| &
Sl (e ) SN
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Plugging estimates (4.142)) and (4.144) into (4.140]) immediately yields (4.138]) with bound (4.139))
on R, [9]:13 This completes the proof of Proposition m O

We now give the proofs of Lemmata [£.6.5] and [£.6.6]

Proof of Lemma[{.6.5 Let us first manipulate J[0]¢near. Using Proposition and definition
wnear (.T) = f_1{32 ezmys{/;near(s)pb* (1’; S)dS, one has

1/2 .
— (3[0)¢bnear) (k) = / s dlY - Ta{ge Yncar} () 3 E) B, 5 age relad (1)
- a>0
1/2 1/2 - -
:/_1/2 dlaz:>0 (/ dy pa(y;1) /_1/2 ds qe(y; 1 — s)pw, (y; g)qpnear(s))

Ib*,a[Qe](kJ)
Ea(l) - * + 6492

1/2 1/2 Ib QE k l)
:/ ds Ypear(s / dlz AT

—-1/2 /2 530 Eq(

X (/01 dy pa(y; 1)ge(y; L — s)po. (v 8)>

vz~ 12 Iy, alge] (k5 D) Lo, [ge] (I 5)
= ds Ynear(s / dl iy 4.145
/—1/2 (#) ~1/2 ; Eq(l) — Ex + €*6? ( )

Note that (4.145]) is the analogue of (4.68)) in the case @ = 0.

Our aim is now to prove that, to leading order, as € — 0:

Ib*,a e](k; l)Ia,b* [Qe] (l7 8)

[q q.(§)
E.(l) — E, + ¢*62

1+ 4mw2|€)?”

~ Iy, o[Q) (k: D Iap. [gd) (1 5),  Qe(€) =

To this end, we proceed in a manner similar to the proof of Lemma Decompose the sum over

a into the cases: a = by, a # b, and a < af, and a > a$, where

ai = max{a > 0 such that \/E,(k) < 7/(3€¢)}

By Weyl’s asymptotics (Lemma , one has \/E,(k) ~ a and therefore a, ~ 1/e.
Let us first notice that Q. € L? and clearly satisfies (4.28). Therefore, the bounds of Lemmam

apply with g. replaced by Q.. Moreover, one has HQ€H m < quu 2, thus , in particular,

applies.
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Case a = b,. We use that m < t~te~*. By the Cauchy-Schwarz inequality, the triangle
inequality, and (4.173)) (noting that Iy, . [qe](k; 1) = I, b, [qe] (K3 1)), one has

1/2 Iy, b, gc) (k3 1) . .
/ L | — B QA | B a9

< etV (4.146)

with C = C(Cny1/2,Cny1/2s HqGHLQ,b*), uniformly with k,s € (—1/2,1/2].

Case a < af, a # b,. We now use estimate (4.174) for the contribution of Iy, ,[¢c|(k;1), and
estimate (4.175) for the contribution of I, 4[Qc](k;1): It follows

1/2
/QJmamwmfmsa@mﬂmmmmé

1/2
/ ol @< 001, fa 2,0

Similar estimates apply of course to I, p, [qe] (I 5) = I, o[qe](s;1). By Weyl’s asymptotics (Lemma ,

one has | Ea(ll)— 7l ST +|1a|2 and a, ~ 1/e. Using the triangle inequality and the Cauchy-Schwarz

inequality, it follows

S [ D i) i)

aF#by,a<ax 1/2 — Bt €t6?

with C = C(Cy, Cy, HqEHLQ,b*), uniformly with k,s € (—=1/2,1/2].

<Cé, (4.147)

Case a > ay. Let us study in detail

! k—1+mn)
I, W Q) (k) = | py, (z3k) e2mine % oz 1) da.

ne’l

By Lemma there exists Bib* (z;k,1) and B_, (x;k,l) such that
mpa(m; l)e%i(l_k) = B;fb* (z; K, l)em\/ Ea(l) 4 B;b* (x; k, l)e_im E‘l(l),

and Bf:b* (x; k, 1) satisfies
by)

)

(1w
1+ |al

1Bz Gk Dllwzee < CUIQIwgeeob)  and (10285, (5k,D| oo <

per

uniformly with respect to a, k, (.
After integrating twice by parts, one has (here and thereafter, we abuse notations and write Fy
for F'y + F)
-1 [t , Ge(k—14n) :
I, ,[QJ(k;1) = 92 B k.l 2mi(n+k—1)x € +izy/Eaq(l) dz.
b, [Q]( ) ) Ea<l)/0 x{ a,b*($7 ) ) (Ze 1+47r2(k7—l+n)2 € x

neL
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We then make use of the identity

82 B;t,b* (IL’; k, l)€2m(n+k—l)r
) 14+ 4n2(k — [+ n)?
By, + 0By, (w;k,1) + dmi(n + k — )0, By, (x;k, z>> mi(n kD

a,bx

= [ B, (2:k,1
( “’b*(x’ 4 - 1+ 4m2(k — 1+ n)?

and deduce from the above estimates

Iy, a[Q] (K3 1) = Ib*’b[yqe(]l /ZJ (3, D)Ge(k — 1+ n) da,
@ ne”L
with
1 1
In (5 S oo , (4.148
17k D e, < CU Q0 b (1+47r2(l<:—l+n)2+ Ea(z)(1+27r\k—l+n!))( :

uniformly with respect to a, k,l and n.
In order to estimate the latter, we decompose the sum over |n| < 1/(3¢), and |n| > 1/(3¢). For

the former, we have, thanks to assumption (4.28]) and the Cauchy-Schwarz inequality,

2

1/2 1 1
+ k—1+mn)| dl
/1/2 n<1z/<3€> (it Bt amie = )™ )

1/2
5/ Yo Gk =1+ n)’ < (Cpef)”.
12 nj<1/(3¢)

For the latter, one has

2

1/2 1 1
+ k—Il+n)l d
/1/2 n;l:/(ga (e Ea(D)(1+ 2|k —1+n|>> i )

<o |

Altogether, we conclude that

/1/2 Ib*,a[(k](k;l)
—1/2

Eqo(l) — Ev + €462
with C = C(Cg, [|Q|| 1,00, b)-

2
1 1

+
1+ 4m2n2 E,(1)(1 + 27|n|)

€
5 quuLQ X (63+ Ea(l)).

1/2 |n|>1/(36

2
) 1 2928, 3 € 1
— Do al Qi D) dl < O (CRHT + € 4 "+ ).

E.(l)  E.(1)?
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Finally, summing over a > a, (and recalling that, by Weyl’s asymptotics, a. ~ 1/€ and E,(l) <

Z /1/2

a>as 1/2 | B

|a|?), one has
2

I
” dl < Cé,

qe] (k1)
E + €462

* 5

- Ib*,a[Qe](k; l)

with C = C(

and (4.172)) of Lemma we have

1,00, by ), uniformly with & € [—1/2,1/2]. Using Cauchy-Schwarz inequality
per

s Ib alad)(k:1) 52
S [ | G s = o al@ ki) a0 < 6 (4.149)
a>ax
Bounds (4.146) with N = 7/2, (4.147), and (4.149)) imply (4.133]) and complete the proof of
Lemma [4.6.5 O
Proof of Lemma[{.6.6, Using the identity (4.168) of Lemma one can write
1/2 1/2
[ healQAsD L ladts) = [ d S Tl GRQT (W) Tl (5 5)ac ()10,
-1/2 >0 172 4>0

Expanding the term 7g{up, (-; k)Qc(+)} via the definition (B.36]), one has

1/2
[ 3 Tl GRG0 Tadun, (5 )}

—-1/2 a>0
1/2 -
B /1/2 . ; | s T QG o, (3 5)ac )0

Finally, using the completeness of the Bloch functions, (B.37)), one has

1/2
[ Y [ dvues i R . ().}

-1/2 >0

_ / dzuy, (13 k)up, (23 8)Qe () g ().

—0o0
Therefore, we can write

1/2 00
[ S halQAsD L la(ts) = [ dolu. (5:0) PO

—-1/2 a>0 —o0

n / " Q. @ac(x) [ R, (1) — w, (w50)up, (@:0)] . (4150)

—0o0

Recalling that {/;near(s) = Jnear(s)xer(s), we bound the term (4.150)) by Taylor expanding about
s =0 and k = 0. From Lemma one has for any k,s € [—€",€"],

[ Qo) R (a59) = G0, 0500 < €[l 02) [ ol
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One checks using Hypothesis (H1’b), (4.28)), that

| i@ < a2 Q] < o@]al

to write

[e.9]

1/2
/ dS” Iy, o Q) (ks DL [ (1 5) = / daluy, (23 0)*Qe(@)ge () + O(7)

—-1/2 a>0 —00

:€2Beﬁ+0(62+r)+0(62+eﬁ),

by the definition of Beg in Hypothesis (H2’), (4.29). This completes the proof of Lemma O

4.6.4 Conclusion of the proof of Th’'m

Proposition is a formal reduction of the eigenvalue problem

(=07 + Q(z) + ()Y = By, ¢ € HX(R), (4.151)

for (E€,v°) to an equation for (2, ®) of the form:
1 - ~ o -
(26;%&*(0)# +92> ®(r) — x(|k] < €7?) By, e % / O(&) d& = Ry [0]®(r); (4.152)
— 0o
(see (4.138) where @, is the rescaled near-energy component of ¢¢. We now apply Lemma m
to obtain a solution of (4.152)). We then construct the solution (E€,v°) of the full eigenvalue

problem (4.151)). This will conclude the proof of Theorem

We apply Lemma to equation (4.152)), with A = #BiEb* (k) and B = By, o and R = R,.
By Proposition [4.6.7, R, satisfies assumption (4.44) with 8 = 2—r, @ = 01 = min{oes,r,1/2—2r}.

Following the steps of its proof, and using

1 - 1 B e'|6f — 63]
E () = Ex+¢%0?  E.(1) — By +€203|  (Eu(l) — By + €207)(E,(1) — Ex + €16?)
_ 16263 1

one easily checks that assumption (4.45)) also holds.
Thus by Lemma |4.3.2| there exists a solution (9527 <T>€> of (4.152)), satisfying

|@e — foell o < C € and |02 02| < C e (4.153)
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Here (98’6, ]?g,€> is the unique (normalized) solution of the homogeneous equation

~ -~

. 1 B oy
Ea 017(€) = (GOREw (8)€% + 0)7(€) +x (Il < %) Buga [ x (1l < ) Flahan =0,
as described in Lemma Specifically,

—~ r—2 B2
fo,e(€) = x(fé] < ) and 02, = =L __ 4 o). (4.154)

20R B, (k)&% + 6 5wz 0p B, (k)

We next construct the eigenpair solution (E€,1°) of the Schrodinger equation (4.30]). Define,

using Proposition [4.6.1]

we = Ielear + djfar? Ec = Eb* (k'*) - 64062,

where Tia(€) = 58 (5] ol 0ia(©) = Vil B O)

€

Then (E€, 1) is a solution of the eigenvalue problem . Indeed, the steps proceeding
from ([(.151)) to (4.152) are reversible for solutions ¢ € H'(R) of (4.151]), respectively, solutions
o, € H'(R) of (IL152).

We now prove the estimates (£.31)) and (4.32)). By (4.40) in Lemma[4.3.1] and recalling
E¢ = Ey, (ki) — €'6?, one has

B} B}
E€ — Eb* (k*) o 64 - 2b*7eff — 64 - 2b*,eff _ 63
272 akEb* (k*) 272 8kEb* (k*)
By o
<t | 02 | 0 - 07| S o
271r2 a}%Eb* (k:*) 0, ‘ 0, ‘

This shows estimate (4.31]), the small € expansion of the eigenvalue E*.
The approximation, (4.32), of the corresponding eigenstate, ¥¢ = 95, + ¥f,,, is obtained as
follows. For A = 8%8,§Eb* (k) and B = By, s, one has

|

B
ar(0) + V) — . (230) 5 xp (- 1o

L ‘

@) = un (a30) g xp (- 1o

2 B
< [[dhcrte) = w00 F ex (~ 570

|

Vtar () HLOO (4.155)

We look at each of the norms in (4.155)) separately.
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Recall,

1/2 -
) = / XU < € a5

1/2 . )
:/ x (k| < 67")%@E (IZ) eXmikey, (x1k) dk
-1/2 € €
- / X(E] < €28, ()3T, (2: %) de
— up, (2:0) /R (€] < @) Foc(€)?me g
-0 r—2 &\)e 7 . omie?éx d
+un(:0) [ (€< ) (B~ oul9)) 27 de
" /quér < )8, (€)M py, (2 ¢2€) — py, (2:0)) dE

We study each of these pieces in more detail. By {.154), x(|¢] < €72) fo.(€) = fo.(€). Therefore,
for A = S%BI%EL,* (k) and B = By, e, one has from estimate (4.41)) in Lemmam7

1) =, (500 { o } (@) =, (250) 3 exp <—eZBrx\) +O(E™). (4.156)

Using the first bound of (4.153)), one has

2] o = 00 [, 230 [ (il < €2) (Bu(6) - Fo©)) ¥ df'
z€R R
<C Hub* (:U; O)HLOO(]RQC)H(/I\)E - fO,EHL2,1 <C et (4.157)
Similarly,
251l o = sup /R XEL < €2)D(&)e™ 8 (py, (w3 €%€) — py, (230)) df‘

<C & sup Op, (k)| /R x(€] < €2 [€]1B.(6)] de

K| <er

< C P ons (4.158)

where we used that dgpp, (x; k') is well-defined and bounded by Lemma Finally, notice that

HZI\)EHLM — H]?o,eHLQ,1 as € — 0, and H]?o,eHLQ,l is bounded uniformly with respect to €. Therefore,

from estimates (4.156)-(4.158)), and noting that min{o1,2,2 — r} = o3, we can write

2 B
fear(0) = 0 (@50) 5 0 (= 1ol ) + Vhaian (@) [Vmsenllye <C €t (0159
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We return to the first norm in (4.155)):

B
Van(a) = un 2:0)exp (2 1ol

Lo

2 B 2 B
. 030) 050 (=51l ) + Vheansone) = 0. (230) 0 (=€ 1o
LOO

< C €. (4.160)

The second norm in (4.155)) can be bound using (4.96) in Proposition and (4.137):

where we again note that HE%HLQJ — HJ?Q,GHLZ1 as e — 0, and Hﬁk

¢§ar(x)HLoo§ Hd}farHHs 5 62—5—27‘ H@ZnearHllz 5 El—max{s,?r} H(/I\)6HL2,1 5 El—max{s,?r}’ (4161)

H 2.1 18 bounded uniformly with
respect to e.

Since ¢ is a unique solution of (4.151) up to a multiplicative constant, we can conclude

from (4.155)) and the estimates (4.160))-(4.161f), that

This completes the proof of Theorem with the choice r = 1/6 and s = 2/3.

< C €%, oy = min{oeg, r, 1 — max{s,2r}}.

LOO

o)~ . (as0)exp (- el

4.A Bounds used in Section 4.6

To study the near- and far-energy equations (4.93) and (4.94)), we will make use of the following

Lemmata.

Lemma 4.A.1. Let ¢ € L> N L™ and assume q. is concentrated at high frequencies in the sense

of (4.28): There exists f > 2 and a constant Cg such that
1 1/2
2e
</ ) Iae(i)!Qdf) SCpe’, for 0<e< 1. (4.162)
3¢

Then, for any ¢ € H® with % < 6 <2, we have

lactll-s < Claell oo el e Co) 191 (4.163)

If, moreover, 1 € H?, then we have

laet 135 < Olaell o el oe: Co) (111150 +€* 1191132 - (4.164)
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Proof. The norm X? is defined in . By Proposition one has
— 12 < 2 < # ‘2
Jacb s 5 Nacblis 5 | e

e (€)

de.

Bound the above by estimating the integral separately over the ranges: || > i and [¢]| < i. For

€] > L, one has

/5|>41€

For [¢| < 4%, we begin with a pointwise bound of @(5)

1

— 2 —
ey )] ‘ de < g )% < ¥|act|s < X llaelPu|e]s. (4.165)

w(E) = /; (¢~ OB de

~

- / G~ () d¢ + / &~ D) dC.
[¢]<1/(4e) [¢]>1/(4e)

Since ¢, satisfies (4.162)), one has for any ~ € [0, 2]

sup [ac0(€)] < Csw]] 2 + /|< >1/(4€)(q€<<—5> (L4 [CPY72(¢) de

lel< L 1+ [¢[2)/2

< Cal¢ll 2 + € laell 2 1] -

Since > 2 and § > %, one deduces

/§|<416

Estimate (4.163) follows from (4.165) and (4.166) with v = §. Estimate (4.164]) follows
from (4.165) and (4.166)) with v = 2. Lemma is proved. O

1

— 2 —
g [0 | a6 5 s @O £ Ol o) €0l ). (2106
l¢l< 4=

We now turn to the study of
1
Lolad(6) = | pa@ R ok~ Op(ai) da, (4167)
0

Lemma 4.A.2. Let g € L*(R) and Q be continuous. Then for any k,l € (—1/2,1/2], one has

Taplael (ks 1) = Tafun (5 1)ge(-) } (k) = Tofua (-5 F)ge(-) } (D). (4.168)

For each fixed b > 0, we have the bounds:

1/2
[ MasladsDP k< @l )l (4.169)
a>07 ~1/2 per
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and

1/2 )
S [ Hsaladsdf b < Cl@lg (4170)

per
a>0

Note: The order of (a,b) with respect to the variable of integration is important.
Proof. Note that, by definition (B.34)), we can write

@ik —1) =T {ac(@)} (esk — 1) = T {2 q.(2) } (21 k).
Furthermore, one has

Qs k= Opy(asl) = T { g () } (s K)po(a:1)
= T { ™ py w3 ge(x) (w3 k)
= T {up(w;1)ge(2)} (25 k).

Therefore,
Lo plgel( k)ge(z; k — Dpp(x;l) do
= k)T {up(z;1)ge(2)} (25 k) dz
= Ta{up(w;1)ge(2) } (), (4.171)
which implies (4.168).

We now complete the proofs of the bounds (4.169))-(4.170). On the one hand,

Iz

s (23 D ge(2) 172 g, <Sup Jup(2: 1) [|ael . < < €« HQHL%)
where we used Lemma, On the other hand, by Proposition

(05 D) ge (@) 72k, = I T {un( Dae(-)} o

1/2
—Z/ 0k | T (- y_z/ dk | L plae) (ks )2

a>0 1/2 a>0

where we used (4.171). This implies (4.169)). The bound (4.170]) follows by applying similar
arguments to Ip [qc](k; 1) = To{un(-; k)qe () } (). O
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Lemma 4.A.3. Set N > 0. Assume that ¢ € L? and assume g, is concentrated at high frequencies
in the sense of (4.28) with f > N + 1/2. Assume Q is such that (4.26) holds with o € N, >
N+1/2. Let k € (-1/2,1/2], and a,b > 0. Then

1.
1/2 \
| alads ) di < (G a2, (4.172)
and
1/2
/ | Toalge) (k: D) dl < Ce2N(1+ [a*)(1 + [b]**), (4.173)
~1/2
where C = C(Cg, Ca, “kHL?)'

2. If a > 2 and a is such that \/E,(k) < m/(3¢) (a < e t), then

1/2
[ Ialads 0P v < e+ pl (4.174)
~1/2

where C = C(Ca, Cy,

‘QEHLQ)'

Furthermore, if gc € H?, then

1/2
[ ihalads)? di < e, (4.175)
—1/2

where C = C(Cy4, Cy, H‘JEHH2)‘
All of these estimates are uniform in a,b, k, € and hold, symmetrically, for ffl{?? o plael(k: l)|2 o

Proof. Estimate (4.172)) is a straightforward consequence of Lemma m
Let us turn to ({.173)). Fix k € (—1/2,1/2]. We recall that gc(z; k—1) = >, ., €2 q.(k—1+n),

therefore

1
Iy algel (ks 1) = /0 po(; k) (Z AT (k — 1+ n)) pa(x;l) do

nel

1
[ @B (Y e | o) de
0 In|<1/(3€)

1 —_— .
+ / py(z; k) Z (e%mwcfg(k -1+ n)) pa(x;l) dx
0 In[>1/(3¢)

= I00qc) (ks 1) + 1) [ae) (ks D).
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We now bound IIﬁQ ‘Ib 1 (k; l)‘ dl.

2

1/2 (i) 2 1/2 1
/ ’fbfa[qg}(k;l)‘ dl:/ / (k) [ D G (k—1+n) | pa(asl) dz| di
172 -1/2]/0 In|<1/(3¢)
2
1/2
<sup (xkpaxl‘ / Z Ge(k—1+n)| dl.
Y2 |inj<1/(3¢)

By Cauchy-Schwarz inequality, one has
2

< (%H) Gk —1+n)P

In|<1/(3€)

Y 1xG(k—1+n)

In|<1/(3€)

Therefore, by assumption (4.28)), one has

1/2 (7,) 2 ) 1/2 N ) ,
[ i a<cenat X [ jgg-tenpa @=n-u
—1/2 Inj<1/(3¢) Y ~1/2

1/(20)
gC(Co)el/ p )|q:<k+z')\2 di' < C(Co,Cs)e?P 1,
—1/(2¢

which concludes the first part of the estimate.

Turning to f 172 ‘Ib 1 (k; l)‘ dl, we have for any a € N,
2

/2 9 2| 1
[ e a= [ w6 ( > ek l+n>) pa(asl) de| di

i/ 1z}l Inl>1/(3¢)

1/2 1 ?
1 . S
:/ Z é\e(k—l—i—n)/ —— e2mine g (pb(x;k:)pa(a:;l)> dz| dl.
-1/2 o (2min)
In|>1/(3€)
By Cauchy-Schwarz inequality, one has for oo > 1:
2
1 1 ~
Y. axak—t+n) <( D> ) > lak—1+n)P)
In|=1/(3€) In|=1/(3€) In|=1/(3€)
SE N @k =1+ n)%
In|=1/(3€)

It follows, using ({4.26))

/2, . 1/2
[ o] as cias e peest S [ e - tenPa ' =n-y

—-1/2" 7 1/2

In|>1/(3¢)

< CA+ [l (14 b6 e
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Estimate (4.173) follows with a, 8 > N +1/2.

In order to obtain (4.174]), we shall use the above estimate concerning f 1/2 ‘Ilgla (k; l)‘ dl

2
with 8 = 2), and the refined analysis of Lemma [B.3.2| below for [ 12 I(” dl. More
1/2

precisely,

1/2 (id) 9 1/2 1
/ \Ibf; [qe](k;l)\ dl:/ /Opb(a:;k) > g (k—1+4n) | pa(a;l) dz| di

~l/2 172 Inl>1/(3¢)
172 | p1
— [ [ nEh Y ak-tew
120 In|>1/(3¢)
2
(A(—l&—(x;l)eix(\/Ea(l)—le-i-%rn) +A;(x;l)e—im(\/Ea(l)—&-QTrl—an)) dz! dl.
One deduces, after integrating by parts twice and using Lemma (since @ € Wgé(;o (R)),
2
1/2 ) ) by [V 1
g kl‘ dl < C2(1+ |b / Gk —1+n)—— | d,
[ B ascza e [ D T
with ng = \/Eq(l) — 2wl < 7(1/(3¢) + 1). Once again, by Cauchy-Schwarz inequality, and since

|n| > 1/(3€), one deduces
/1/2‘1;; g (k; Z)) dl < EC21 + 12)2|ge 2

and (4.174)) is proved.

Estimate (4.175) is proved similarly, but using that ¢. € H? implies

2

1/2 1

/2151736
2
/1/2 > U+[k—1+n)q(k—1+n) L dl
= +lk=l+nP)ak—1+n
12 |n>1/(3¢) (L+ [k = L4 nf?)(2mm —no)?
S el

Estimate (4.175) follows as above, and Lemma is proved. O
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4.B Proof of Theorem [4.1.1]

In Theorems[4.2.1] and [£.2.3] we have shown that the bifurcation of localized states into the spectral

gaps is controlled by an effective operator of the form

_Aeff 85 - Beﬁ 5(3/)7 Aeff > O, Beff > 0’

see Remarks [4.2.2 and |4.2.4] In this section we compute Beg for the particular case of ¢.(z) =

q(z,x/€) that is 1-periodic and mean zero in the fast variable:

1
q(z,y +1) = q(z,y), /0 q(z,y)dy = 0. (4.176)

In other words, on can expand gc(z) = ;. qj(z)e¥™i%/¢. This yields the results claimed in

Theorem [4.1.1]

We recall that Qc(x) is defined with C/Q\e(f) = %'

Lemma 4.B.1. Assume that qc is as defined in (4.176|); that is q(x) = Z#O qj(a:)e%’rjm/ﬁ, with
sup,izg [|(1+ 1€1°) 35 ()| oo re) < C < 00 and 3= 40 (1 + [€1*)G5(§) [l L2(re) < C < 00. Then one has

2
€ 1mix/€
Qc(z) = 747T2|j’2%'(37)62 Jelell < €3, (4.177)
j;é() L2

from which we deduce, for any f € WH2(R),

/ f(2)qe(2)Qc(x) dz — 6224ﬂ_ m2/ f(@)|gm|*(z) dz| < €. (4.178)

The case f(x) =1 corresponds to the case Q = 0 (Theorem and f(x) = |up, (;0)|? to the
case Q #Z0 (Theorem|4.2.5). In particular, since ffooo qe(2)Qc(x) = ffooo c]}(()@e((j) d¢, one has

/ mdc_ 22421712/ lgm|?(z) dz| < €.

Remark 4.B.2. For simplicity we have focused on the case where y — q(z,y) is periodic on R.

Our arquments apply to the more general case of perturbations for which y — q(z,y) is almost

periodic of the form:

2miN; L : .
T) = (x)e*™%e, inf | A; — N| >8>0, inf|X;|>60>0
) ;)%( ) j;él| J 1l ].#0‘ il
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where § > 0 is a constant. Indeed, in [Duchéne et al., 2014c] we obtained results in this more

general setting for the special case QQ = 0, by one-dimensional scattering methods.

Proof of Lemmal[{.B.1 Since q(z) = >, 40 (z)e2™%/¢ one has G.(€) = > j204;(§—j/€). There-

fore,
S\ G(E—d/e)
QE@)—#O;HW%Q.

Similarly, denoting QI( Y =€y 40 47r2 e2™ir/€ one has

224 25 2qJ —j/e)-
Jj#0

/\

Defining R.(z) = Qc(x) — Ql(az), one has by Parseval’s identity,
2

1 €
= —_ d
L2 /OO 246~/ [14—4%252 47r2j2] §

Jj#0

2
HR6HL2 =

2

oo 1 14 4n2(e? - 2/
264/ ZWQJ@—J/G)[ Tiiﬁﬁg/ﬁ)] “

T 5#0

We consider the above integral over two domains: || < 1/(2¢) and || > 1/(2¢). For || < 1/(2e¢),
one has |1 4 47%(¢% — j2/€?)| < j?/€*. By assumption, sup, [|(1 + |£’3)@(£)||L00(R5) < C < 0.
Therefore,

2
4 1 1+47T2(€2—j2/€2)]
‘ /|5|g1/(2e) Z 42 ,72%(5 ile) [ 1+ 4m2¢2 ds

2

1
</ — IS G- de
~ 1+ 4m2¢2 !

jel<1/2e) |1+ 4]

2

2
1
§1+|£—j/6|3( + 1§ —3/el*)q (€ —j/e)| d
2

2
1
—| dt.
2 Tl *

1
N /|£s1/<2e> 1+ dr2g?

1
Ssup [[(1+ € oo / ‘
j;é() H( ’ ‘ ) ( )HL (Rg) |§|§1/(25) 1 + 471-252

For |£] < 1/(2€) and j # 0, one has |£ — j/¢| > C |j|/e and thus ZH&O jQW Se Z#O 1573,
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which implies
2

4 1 14 472(£2 — j2/¢2)
€ /|£<1/(2€) sz ]2(1](5 1/6)[ 1+ 4m2e2 } deE ?ipn(l-ﬂﬂ )q; (& )HLOO(R&)
(4.179)

For |£] > 1/(2¢), one has |1 + 472£2| > €2 which implies that 1/|1 + 472¢2| < €2. Therefore,

2

4 1 1+ 472(€2 — j2/€2)
‘ /I€|>1/(26) Z el [ 1+ 4r2¢2 } &

2

1 . . . 1+ 4n2(&2 — j2/€%)
sé [ .1+f]€2Q'€J€[ . .
€[>1/(2¢€) ]%4%2]2( | el /e) L+[€—j/el?
Now, one has
202 272 . . .
L ant(€ =€) 1+ (€= 3/9E+3/) i
L4 [§ —j/¢ L+ [§—j/¢l €
Therefore, one obtains
2 2
1 1 447°(&% — 5°/€)
“f Qi€ —i/e) de <& [ SN +1EPTE) e
|§|>1/(26) ;47‘(’ j2 J 1+47T2£2 J%g 3
(4.180)

Bounds (4.179)) and (4.180) complete the proof of estimate (4.177)).
Estimate (4.178]) is deduced as follows. By the triangle inequality, one has

| 1@t @()dw—ﬁzwmz/ F@gnl*(z) da

<|[" aston @@ - dw)

00 1
[ assw (%(x)@(x) - eQn;)qu2<x>)

As a straightforward consequence of Cauchy-Schwarz inequality, one has

[ st @~ Q)| 5 17l alelloc— Qe 5

There remains to show that

| dxf(x)( (@)Ql() ~ 622 ol )) <é

—00
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We write

ZZ 2l2qj ) 2i7r(j—l):n/e‘

J#0 1#0

One recovers the desired expression from the diagonal terms j = I(= m), and note that if j # [,

then one has

€3

‘/ dxf 2l2qﬂ( )QI( ) 2im(j—l)z/e 871_3|l2]l’/ dz0, (f(l,)qj(l,)@(x))emﬁr(jfl)w/e

< (£l [T ey

12(j = 1)
The proof is now complete, since HqJHW1 . S H (1 + |€])g; H 12(Re)? and by assumption, one has

>0 [+ 1€ a5 HL2(R§) < 00 =
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Appendix A

Maxwell to Schrodinger

Maxwell’s equations are a set of coupled vector partial differential equations that describe how
electric and magnetic fields are generated and altered by each other. In this appendix, we derive

the Schrodinger equation from a specific set of solutions to the Maxwell’s equations.

A.1 Maxwell’s equations and TM wave solutions

In this section, we analyse a specific subset of solutions to the Maxwell’s equations. Begin first by
studying a non-magnetic material, ie. the magnetic permeability is constant, p = pg, with electric
permittivity depending on the z1 and x directions, € = €(x1,x2). This is the physical setting up
to first order corrections for a photonic crystal; see |Joannopoulos et al., 2008] for more detail. The

Maxwell’s equations are:

VXE= —m@tH, V- 6(.7}1,.7}2)]3 = 0,
(A1)

v xH:e(xl,xg)atE, V'HZO,
where E and H are the electric and magnetic fields, respectively. See Figure for an example of
an idealized photonic crystal depending only on the xo direction.
The specific solutions that we seek to the Maxwell’s equations are those which propagate in
the (z1, z2)-plane only, implying that the electromagnetic field is z3-independent. It can be shown

that such solutions come in two groups (see Chapter 7 of [Bao et al., 2001| for more detail):

e Transverse electric (TE) polarized solutions in which the magnetic field is directed along the
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e < (

%
X
X

Figure A.1: Idealized sketch of a periodic photonic crystal with electric permittivity depending

only on one direction, € = €(z2), and extending to “infinity” in the z; and x3 directions.

xs-axis and the electric field is normal to this axis,
H=(0,0,H) E=(E,E>,0); (A.2)
and

e Transverse magnetic (TM) polarized solutions in which the electric field is directed along the

rz-axis and the magnetic field is normal to this axis,

H = (Hy, H»,0) E = (0,0,E). (A.3)

From here on out we consider TM polarized solutions to the Maxwell’s equations. Taking
the curl (Vx) of the first Maxwell’s equation and applying the vector identity V x (V x V) =
V(V-V)— AV to E, we have from the description of the curl of the magnetic field in (A.1)),

V(V-E) — AE = —pge(x1, 72)07E. (A.4)

Since we are assuming that E = (0,0, E'), the Maxwell’s equation V - €(z1,z2)E = 0 implies that
92,E = 0. Therefore, V-E = 0, AE = (0,0, AE), and 07E = (0,0,0?F), with which equation
becomes

AE(t,x1,19) — poe(xy, 2)02E(t, x1,15) = 0, (A.5)

where A = 92 + 92,. Note that this is a scalar equation with two spatial variables and one time

variable.

We rewrite (A.4) slightly by defining 1/c(x1,z2) = \/poe(x1, z2), where c(x1,x2) is the speed
of light through the medium described by the material tensors pg and e(x1,x2). We thus get the
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more familiar wave equation:

1

AE(t,x1,22) — m

6,52E(t,1‘1,l‘2) =0. (AG)

We summarize the above derivation of the wave equation: Beginning with the Maxwell’s equa-
tions in a non-magnetic medium, assume that the electric permittivity depends only on the (z1, z2)
variables. Considering propagating waves in the (z1,z2)-plane only, we have two sets of possible
solutions - TE or TM polarized solutions. Seeking TM polarized solutions to the Maxwell’s equa-
tions, we find that the electric field must satisfy the wave equation . After solving for the

electric field we can find the magnetic field using the Maxwell’s equations.

A.2 Time harmonic solutions to the wave equation

In this section we study time harmonic solutions to the wave equation (A.6). We first rename the

spatial variables, 1 = z and x5 = = to get the equation

1

2 2 B
(836 + 3Z) E(x,z,t) 2(z.2)

O?F(z,z,t) =0, (A.7)
where c(z, z) is the speed of light in the material of propagation. We seek time harmonic solutions
E(x,z,t) = e™u(x, 2), (A.8)

which, upon substitution into (A.7)), yield the Helmholtz equation for u(z, z),

2
2 | o2 w _
(07 4+ 07) u(z, 2) + 20z, Z)u(w, z) = 0.

Labelling the speed of light in a vacuum by ¢y, we define

2 2
w € 2 2

w
-~ = —&5 = wh = — and =
22 - @ A, ) von®(z, z), ere v « and n(x, z) @.7)

[\

(A.9)

Note that since ¢g > ¢(z, z) for any material, n(x, z) > 1; we have equality, n(z,z) = 1, only in a
vacuum. The function n(z, z) is called the refractive index of the material.
We conclude by saying that time harmonic solutions of the wave equation yield the Helmholtz

equation,

(03 + 83) u(z, z) + v2n?(x, 2)u(zx, z) = 0. (A.10)
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A.3 Derivation of the Schrodinger equation

In the two following subsections we will derive the Schrodinger equation from the Helmholtz equa-
tion in two different cases. In we will assume that the refractive index depends on the
z-direction only and seek solutions propagating in the z-direction. In we will go back to a
refractive index depending on both x and z and seek z-propagating solutions by applying the
paraxial approximation. The latter section is more physically intuitive while the former is more

mathematically straightforward.

A.3.1 2x-dependent refractive index and the time-independent Schrodinger equa-

tion

In this section we will link particular solutions of the Helmholtz equation with those of the time-
independent Schrédinger equation.

Assuming that the refractive index depends on x only, the Helmholtz equation is
(02 + 02) u(w, 2) + v*n*(z)u(z, 2) = 0. (A.11)

Begin by nondimensionalizing (A.11)) and consider a change of variables by rescaling 2’ = va and

2 = vz. This gives the equation

/ / / / /
(92 +02%) u (x Z> +n? <x) u <x Z) ~0. (A.12)
v v 1% | 2 %4

Assume z-propagating solutions u of the form u (%’, %) = %2 U (z). With this ansatz, the

Helmholtz equation (A.12)) becomes

xT

82U (') — k2T (a') + n? (i) U(2') = 0. (A.13)

Furthermore, assume a background refractive index, ng, so that we can write the equation for W,

xl

— 93V () + <n3 —n? ()) U(2') = (—k2 +nd) U(2)). (A.14)
v
This is the time-independent Schrodinger equation and can be rewritten as

— 02U(2") + V(2)¥(z) = EV(a)), (A.15)
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with potential V(z') and energy parameter E given by

Vi) =g -n(2).

14

E=—k>+n}.

We conclude that if E is an eigenvalue of (A.15) for which k2 = —E+n3 > 0 with corresponding
localized eigenstate ¥(z'), then k, = £1/—FE + n3 is real and

u(z, z) = eV —E4ng VI (v) (A.16)

is a propagating in z, localized in z, guided mode for the Helmholtz equation (A.25). From these
solutions we can solve for the electric field of the system described in Section which has the

form

E(z, z,t) = etttV —Bng I (v). (A.17)

and then the magnetic field as well. Therefore, solving equation (A.15)) is of great interest in

applications.

Remark A.3.1. We use the formulation (A.15) of the Schridinger equation in Chapters 2 and 4

with special coices of the material of propagation described by V (z').

A.3.2 (z,z)-dependent refractive index and the time-dependent Schrédinger

Equation

In this section we will study a refractive index that depends both on z and z. In order to derive
the time-dependent Schrodinger equation, we will use the paraxial approximation.

The Helmholtz equation in this setting is
(02 + 02) u(w, ) + v*n*(z, 2)u(z, z) = 0. (A.18)

We seek solutions to equation (A.18) which are paraxial waves travelling in the z-direction.
In order to gain an intuitive understanding of what a paraxial wave is, let us consider a constant

background medium of propagation, n(z,z) = ng. Define the solutions u(z, z) as

u(z, 2) = Az, 2)e™"0, (A.19)
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which propagate with wave length A = 27 /vng and have amplitude |A|. Mathematically, one defines

a paraxial wave such that the amplitude satisfies
|02A] < vngld. A| < (vng)?|Al, (A.20)
but we would like to go into detail to understand what this means physically.
We define a paraxial wave by

Definition A.3.2. Paraxial waves have wavefront normals which are parazial rays, that is rays
which make small angles, 8, with their axis of propagation. Small in the sense that we can approx-

imate sin(f) ~ 0; see Figure[A.3

Wavefronts

/

Figure A.2: Sketch of paraxial wavefronts and their respective rays. Note that the rays make small

angles with respect to the z-axis, the axis of propagation.

One way to envision what a paraxial wave looks like is to take a plane wave propagating in
the z-direction, u(z,z) = Ae®”™? and modulate the envelope A by making it a slowly varying
function of position, A(x, z). By “slowly varying” we specifically mean that A(z,z) changes only
slightly with respect to the direction of wave propagation, z, within the distance of the wavelength,
A = 27w /vng. See Figure We thus consider solutions of the form with slowly varying
envelope and derive the mathematical requirements ({A.20)).

To see the consequences of the “slow varying” assumption, let us consider z € [zg — A, zp + AJ.

We first note that the change in A within this region will be much less than the value of A itself, ie.
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u(0,2)

,,,,,, e |A(0,Z)]

Figure A.3: Profile of a paraxial wave propagating in the z-direction. Note that the amplitude,

|A(0, 2)|, is slowly varying within a A-distance with respect to the z-axis, the axis of propagation.

AA < |A]. Second, since A does not change drastically within this interval, we can Taylor expand

in the z-variable about the point zy. Keeping x constant, we get

A(z) = A(z0) + 0. A(20) |2 — 20| + %GEA(ZONZ’ — )%,
for some 2’ such that |2/ — zo| < A and z € [z0 — A, 20 + A]. We rewrite this as

A(z) — A(z0) = 0. A(20)|z — 20| + %8§A(zo)\z’ — 22
For z € [z0 — A, z0 + A], we can conclude

AA > |A(z) — A(z0)| > |0.A| X — % |02A| X%,
Since we have AA < |A|, we conclude that
‘%: < ’f‘ + O(N) = vnglA|.

The derivative 9, A must also vary slowly within the distance A, ie. A[9,A| < |0,A|. Therefore,

by the same argument applied to 9, A instead of A, we have
|02A| < vng 0. A] < (vno)?|Al. (A.21)

This last set of inequalities is relation (A.20)) and is what is often stated in mathematical texts as

the paraxial approximation.
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Experimental set-up. There is an alternative way of thinking about the requirement (A.21]) in
D?A| < vng 0. Al

terms of an experimental set-up. Namely, we want to interpret the first bound,
in terms of physical quantities. The amplitude A and the parameter v intrinsically depend on an
incoming wave or beam of light, so we wish to non-dimensionalize this relation in terms of beam
parameters. (Recall, v = w/cy where w is the time harmonic frequency which is determined by the
incoming wave to the system.)

Consider an incoming beam travelling along the z-axis with radial symmetry in the x, y-plane,

i.e. instead of ([A.19)) consider a wave function of the form

u(r, z) = ™% A(r, z), r=+/x%+y?, (A.22)

where we now generalize to three dimensions. We non-dimensionalize r and z by

/ r / z
r = — z =
7’0’ 2LDF7

(A.23)

where 7 is the initial beam width and Lpp = kr3 is the diffraction length. If we want (A.21) to

hold, we would require

2
( ! >|a§,A\<<yaZ,Ay. (A.24)

2rovny
If we have no assumptions on the envelope A, we would require (1/2rgrng)? < 1. This means that
the initial beam width ry is much larger than the wavelength A, which is a typical physical set-up
in an experimental setting when studying wave propagation through various mediums.
Note that this is equivalent to assuming that the amplitude, A, changes very slowly within a

wavelength, A, distance.

A.3.3 Paraxial Helmholtz equation

We begin the study of the paraxial Helmholtz equation by first considering the Helmholtz equation

in a medium of constant refractive index ng,
A+ v*ndu =0, (A.25)

where we define the Lapalcian operator by A = 92 + 92?. We seek paraxial wave solutions of

equation (|A.25]) so we assume solutions of the form

u(z, z) = eV Az, 2), (A.26)
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where A is as described above. Substituting into gives the equation
O2A + 02 A+ 2ivngd, A = 0.
By relation we can assume that
0% A| < |2vn0d. Al (A.27)
and so we can discard the 92A term. This gives the paraxial Helmholtz equation defined by
— 02 A = 2ivngd, A, (A.28)

which the envelope A must satisfy.

To non-dimensionalize this system, we set ' = vx and 2z’ = vz. This gives

0%
0 = %856 = v0;, 0 =120z
Therefore, defining ¥(z/,2') = A (%, %/), the non-dimensional paraxial Helmholtz equation is

2ingdy U (z', 2') = =02 W(a', 7)) (A.29)
We note that this is very similar to the time dependent Schrédinger equation with the main
difference being that 2’ replaces the time variable ¢.
A.3.4 Variable refractive index, n(z, z)
We now consider the two-dimensional Helmholtz equation with a non-constant refractive index,
(02 + 02) u(w, ) + v*n(z, 2)u(z, z) = 0. (A.30)

By again assuming paraxial solutions of the form (A.26]), namely u(z,z) = €% A(x, z), for
some background refractive index ng, we conclude that the envelope A must satisfy the paraxial

Helmholtz equation
D2A(x, 2) + 2ivngd, A + V2 (n*(x, 2) — nd)A(z, 2) = 0. (A.31)

We non-dimensionalize again by setting 2/ = va and 2z’ = vz. Defining ¥ (z/,2') = A (%’, %),

equation (|A.31)) becomes the time-dependent Schrédinger equation

2ing0, (', 2) = =02 W (2!, 2) + V (2, 2)¥ (2, 2), (A.32)
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where V(2/,2') is the potential defined as
V(2 2)=nd —n? <x7 Z) . (A.33)

Remark A.3.3. The time-dependent Schriodinger equation (A.32) can be solved with various meth-
ods depending on the structure of the potential V(x',2"). It will have localized in x solutions under
special conditions, which is what we study in Chapter 3 with V' a highly oscillatory potential rep-

resenting a material that has steep changes in its refractive index with respect to a small spatial

scale.
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Appendix B

Floquet-Bloch Theory

In this appendix we summarize basic results on the spectral theory of Schrédinger operators with
periodic potentials defined on R. For a detailed discussion, see for example, [Eastham, 1973}
Reed and Simon, 1978; Magnus and Winkler, 1979).

In this section, we will make repeated use of the Poisson Summation Formula.

Theorem B.0.4. Let [ and f be such that f € L'(R) is continuous and, for some § >0, (1+ |-
NOF(-) € LY(R); [Stein and Weiss, 1971]. Then,

S flatv) = 3 ). (B.1)

VEZ VEZ

B.1 Floquet-Bloch states

We seek solutions of the k—pseudo-periodic eigenvalue problem
Hou(z) = (=02 + Q(z))u(r) = Bu(z), wu(r+1) = > u(x), (B.2)

for k € (—1/2,1/2], the Brillowin zone. Setting u(x;k) = > p(x;k), we equivalently seek

eigenfunction solutions of the periodic elliptic boundary value problem:

(= (82 + 2mik)? + Q(x)) p(x; k) = E(k)p(x; k),  px+1;k) = p(a; k) (B.3)

for each k € (—1/2,1/2]. The eigenvalue problem (B.3|) has a discrete set of eigenpairs {py(x; k), Ep(k) }p>0

satisfying
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such that (B.2) has corresponding eigenfunctions
up(w; k) = ™ py (w3 k), po(x+1;k) = po(a;k), b >0.
The b'" spectral band of (B.2) is given by:
B= |J Ek). (B.4)
ke(—1/2,1/2]
The full spectrum of Hg is continuous and is given by:
spec(Hg) = U B, = U U Ey(k). (B.5)
b>0 b>0 ke(—1/2,1/2]
The functions py(z; k) may be chosen so that {py(x; k)}p>0 is, for each fixed k € (—1/2,1/2],

a complete orthonormal set in Lger([o, 1]). It can be shown that the set of Floquet-Bloch states

{up(w; k) = ™ Fpy(2;k), b€ N, —1/2 < k < 1/2} is complete in L2(R), i.e. for any f € L2(R),

2 k k) dk
flx) - ZN / ), e ) i 0

in L2(R) as N 1 oo.
Definition B.1.1. We say there is a spectral gap between the b and (b + 1)*t bands if

sup |Ep(k)| < inf |Epiq(k)| .
s B < [Faea(8)

Our study of eigenvalue bifurcation from the band edge E, = Ep, (k«), ks« € {0,1/2}, into
a spectral gap, requires regularity and detailed properties of Ep(k) near its edges. These are

summarized in the following sections. For more detail of these results see [Eastham, 1973).

B.1.1 General properties of E,(k) and derivatives @) Ey(k.), where Ey(k.) is the
endpoint of a spectral band
For each band By, we analyse Ej,(k) along the band edges. Begin by considering, for F fixed,
(=07 + Q) ¥(a; E) = Ep(x: B),  Q(z+1) = Q) (B.6)
with solutions which satisfy

Y(z+ 1 E) = py(x; E) peC.



APPENDIX B. FLOQUET-BLOCH THEORY 183

Let ¢1(x; F) and ¢o(x; E') be two linearly independent solutions of such that
¢1(0; E) =1, $2(0; E) =0,
$1(0; E) = 0, $5(0; E) = 1.

The functions ¢1(x + 1; F) and ¢2(x + 1; E') are two other linearly independent solutions to ,

so that we can write

Oz + 1, E) = Aig1(a; E) + Aado(z; ), (B.7)

$2(z + 1, E) = An¢r1(x; E) + Agadpa(z; E). (B.8)
Note that the matrix (A;;) is nonsingular. In general, every solution of has the form
U(x; E) = c191(x; E) + caga(x; E). (B.9)

As we are specifically interested in solutions which satisfy ¥ (x + 1; E) = py(x; E), one has the
following identity

Yz + L E) = p(a; B) & c1(é1(a + 15 B) — péi (a3 B)) + caléa(a + 15 B) — péa(a; B)) = 0

< (c1 (A1 — p) + 2421) p1(x; E) + (c1A12 + c2 (A2 — p)) p2(z; E) =0

c1 (A1 — p) +c2Az =0,
= (B.10)

1Az + 2 (A2 — p) = 0.
The solvability condition is satisfied for nontrivial ¢; and ¢y if
det(A —pI) =0, ie p*— (A + Ag)p+det(A) =0. (B.11)
Using that the Wronskian, W [¢1, 2] (x; E) = ¢1(x; E)ph(x; E) — ¢ (x; E)pa(x; E), is constant with

respect to x, one has

det(A) = W [¢1, ¢2] (1; E) = W [d1, ¢2] (0; E) = 1.

Therefore p must satisfy p?> — D(E)p + 1 = 0, where we define the discriminant

D(E) = A+ Az = ¢1(LE)+ ¢5(1; E) . (B.12)
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We note that the two solutions of the equation p? — D(E)p + 1 = 0 satisfy |p| < 1 if and only

if the discriminant |D(E)| < 2. In that case, one can write p = e™>™* with k € (—1/2,1/2], and
D(E) = 2cos(27k). (B.13)
As |p| =1, ¢(z; E) is a bounded solution to (B.6]), and E = Ey(k) is in the continuous spectrum
of Hy = —% + @. More precisely, for E = Ej(k), one has
Yz By(k) = wylaik) = T opy(ask),  py(e+ 1 k) = py(ask),

where {Ep(k), pp(z; k)}bzo is the eigenpair solution to (B.3]).

We are now set up to state some properties associated with the stability bands.

Lemma B.1.2. Assume Ey(k.) is an endpoint of a spectral band of —0% + Q(z), which borders on
a spectral gap; see Definition|B.1.1l Then k. € {0,1/2} and the following results hold:

1. Ey(ky) is a simple eigenvalue of the eigenvalue problem (B.2)).

2. b even: Ey(0) corresponds to the left (lowermost) end point of the band,
Ey(1/2) corresponds to the right (uppermost) end point.
b odd: Ey(0) corresponds to the right (uppermost) end point of the band,

Ey(1/2) corresponds to the left (lowermost) end point.
8. OpEp(ki) = 0, 03 Ep(ky) = 0;
4. b even: 07 E,(0) > 0, 92E,(1/2) < 0;
b odd: O} E,(0) < 0, 92Ey(1/2) > 0;

The proof of Lemma is a consequence of the following result, concerning the problem ,
and which is proved in the first two chapters of [Eastham, 1973 and part I of [Magnus and Winkler,
1979].

Theorem B.1.3. Consider the equation (B.6), and define D(E) with (B.12)). Denote the edges of
the stability bands as
Go<Fy<Fi<Gi <Goy<F, <F3<@Gs...

Then the following facts hold (see Figure for an illustration):
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D(E)

B B
2m ) 2fnt1 . P2 E

|
T T T T T T
G2m F2m F2m+l G2m+l GQm+2 F2m+2

Figure B.1: Sketch of the discriminant, D(FE), and stability bands B, = [Gy, Fp).

I In the interval [Gom, Fom), D(E) decreases from 2 to —2.
I' In the interval (Gaom, Fom), D'(E) < 0.
IT In the interval [Fopmi1, Goam+1], D(E) increases from —2 to 2.
Il In the interval (Fopmy1, Goms1), D'(E) > 0.
III In (—o0,Go) and (Gam+1, Gams2), D(E) > 2.
IV In (Fom, Fomsi), D(F) < —2.

V D(E) = +2 and D'(E) =0 if and only if E is a double eigenvalue. Furthermore, D"(E) < 0
if D(E) = 2 and D"(E) > 0 if D(E) = —2.

Proof of Lemma . Let us recall that one has from that the discriminant satisfies
D(Ey(k)) = 2cos(2rk). It follows that as k increases continuously from 0 to 1/2, D(E) decreases
continuously from 2 to -2. Therefore by I and II, Es,, (k) increases continuously from Ga,, to Fa,, as
k increases continuously from 0 to 1/2, and as k decreases continuously from 0 to —1/2. Similarly,
Eopt1(k) decreases continuously from Gop,y1 to Fopmt1 as k increases continuously from 0 to 1/2,
and as k decreases continuously from 0 to —1/2. This proves claim 2.

We now turn to part 1. Let Ey(ks) correspond to a band edge, that is if there exists a gap

bth

between the 0" band and the closest consecutive one. Without loss of generality, we assume Ej (k)

to be the lowermost edge of an even band, for example Go,, in Figure Therefore, for any § > 0
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sufficiently small,

D(Ey(ky) — 6) > 2 and D(Ey(k,) + 6) < 2. (B.14)

Assume for the sake of contradiction that Ejp(k) is a double eigenvalue, which means, by part V
of Theorem that D'(Ep(ks)) = 0 and D"(Ep(k«)) < 0. Now, Taylor expand the discriminant
about Ey(k.),

D(E) = D(Ey(k.)) + D'(Ey(kx))(E — Ep(kx)) + %D”(Eb(k*))(E — Ey(k))? + O ((E — Ey(k.))*)

_ 94 éD”(Eb(k*))(E ~By(k)? + O (B — By(k)?) .

Since D" (Ejy(k.)) < 0, we have D(Ey (ki) —08) ~ 2+(1/2) D" (Ey(k+))d? < 2, which is a contradiction
of (B.14)). Therefore part I is proven and we have that at the band edges, Ey(ky), the derivative

of the discriminant is nonzero,

%(Eb(k*)) £ 0. (B.15)

To see the first identity in part 3, note that differentiating D(Ejp(k)) = 2 cos(27k) with respect
to k yields —4rsin(2rk) = 9D (Ey(k)) x %(k). Using (B.15]), we conclude that %(k) =0 if and
onlyif k=0o0r k=1/2.

To prove part 4, we differentiate D(FEy(k)) twice with respect to k and evaluate at k,:

2 2 2
—se?cos(2nh) = 3 (Do B)(k) = D"(Bu(k) () (k) + DB ) G220

Therefore, by I', I', and (B.15]) we conclude 4.
Similarly, to show the second identity of part 3, we differentiate once more D(Ey(k)) with
respect to k:

A3 E,

d’E, d E,
dk3

3 .1 . / " 17 @ 5
1673 sin(2rk) = D' (Ey(k)) (k)+-3D(Eb(k))dk2 M}%y+D(EM@) Tk (k).

Evaluated at k., we have 0 = D’ (Eb(k))%(k), which concludes the proof of Lemma once
we again note (B.15). ]
We conclude this section by recalling Weyl’s asymptotics (see |Courant and Hilbert, 1953;

Eastham, 1973])

Lemma B.1.4. There exists C1,Co > 0 such that for any b € N and k € (—1/2,1/2],

2b? — C1 < By(k) < w%(b+1)2 + Cy. (B.16)
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B.1.2 Regularity of k — E(k) and k — wuy(x; k)

In this section we give a self-contained discussion of the regularity with respect to k of the Floquet-
Bloch eigenvalues and eigenstates.

Consider the k—pseudo-periodic eigenvalue problem for each k € (—1/2,1/2]:
(—83 + Q) u(w; k) = FEu(z; k), u(x+1;k) = 2Ry (k) (B.17)

Introducing the Floquet-Bloch phase explicitly via u(z;k) = 2™ p(x; k), we obtain the equiva-

lent formulation
Hq(K)p(x; k) = (—(0z +2mik)* + Q(x)) p(a; k) = Ep(w;k), plx+1;k) =p(z;k) . (B.18)

For each k € (—1/2,1/2], the eigenvalue problem (B.18)) (equivalently (B.17)) has a discrete
sequence of eigenvalues Fy(k) < Ej(k) < Ey(k) <--- < Ep(k) < ---

It can be proved, using the min-max characterization of eigenvalues of a self-adjoint operator
that the maps k — FEy(k), b = 0,1,..., are locally Lipschitz continuous. A proof based on
standard perturbation follows from results in [Reed and Simon, 1978]. An elementary proof is
given in Appendix A of [Fefferman and Weinstein, 2014].

Throughout this work, we require a Taylor expansion of the Ejy(k) near k = k., for which Ej(k.)
is the endpoint of a spectral band, which borders on a spectral gap. By part 5 of Lemma

the eigenvalue Ej(k,) is simple. We prove the following

Theorem B.1.5. Suppose E, is the endpoint of a spectral band of —0% + Q(x), which borders on a
gap. Thus, E, = Ey(ky) for k. € {0,1/2} and the corresponding eigenspace of solutions to (B.18))

has dimension equal to 1. We denote the normalized eigenfunction by p(x; ky);

1
/0 Ip(y; ki) [Pdy = 1.

Then, there exists p > 0 such that for all complex k in a complex disc centered at k., B,(ks) =
{k € C: |k — k| < p}, the following holds:

1. k— Ey(k) is analytic on B,.

2. There is a map k — py(x; k), such that any eigenvector corresponding to Ey(k) is a multiple

of pp(z; k), where Hg(k)py(w; k) = Ey(k)ps(z; k).
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3. Moreover, we can choose k — py(x; k), k € B, to be analytic and such that
1
[ InaioPde = 1.
0
Proof. Let k = k. + k, where k will be chosen to be sufficiently small. The periodic eigenvalue
problem (B.18]) may be rewritten as
Ho(kop(z; ke + k) — (4min(0y + 2miky) — 47r2/€2) p(x; ke + k) = E p(a; ke + k), (B.19)
p(x+ 1k + k) =p(z;ke + k), zER . (B.20)
We seek an eigen-solution of (B.19)-(B.20)) in the form

p(@ike +5) = pla; k) +1(z; K), (B.21)

E(k«+£r) = Ei+ p(k), (B.22)

where we assume that 7(-; k) L p(+; k). Substitution into (B.19))-(B.20) yields the following equation

for n(z; p, ):

(Ho(ks) — Bx)n — (4mik(0y + 2miky) — 472K + p) n = (4mik(0y + 2mik,) — Amk® + p) p(-5 k)
(B.23)

Now, introduce the projection operators
T = (p(; k), f) plas k), and T0, =TI,

Applying 1T, to (B.23)) yields

(Ho(ky) — Ex)n — I (47mik(0, + 2mik,) — 4?4 p)n = 4mic I 0,p(+; ki) = AmikOpp (- ks ).

(B.24)
Next, applying II to (B.23), i.e. taking the inner product of (B.23) with p(-; k.), yields
p— 81 kuk — An?K? + 4Ami K (p(- ky), 0un(s 1, k) = 0. (B.25)

We shall now solve (B.23) for 7, substitute the result into (B.25) and obtain a closed equation for

the eigenvalue correction u = pu(k). Let

po= Kpi, M= KN (B.26)
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Equations (B.24)) and (B.25)) become
(Ho(ks) — B — w11y (478(0y + 2mik,) — An%k + ) i = 4mill1 0up( ks, (B.27)
p1 — 872k, — 412k + dmik (- ki), Oemi () = 0. (B.28)
Let R(E)I = (Hg(k«) — Ex) "I, Then,

m(x;p1, k) = 4mwi (I — KR(E)IL, (4mi(0y + 2mik,) — A’k + 1) ) R(E,) 111 0.p(-; kx)
(B.29)

where we take |k| < p, with p chosen so that the Neumann series for the operator on the right hand

side of (B.29)) converges. Note that the mapping

(p1, &) = mu(s 1, K)

is an analytic map from {(pu1, &) : [p1] <1, || < p'} to HZ (R).
Subsitution of (B.29)) into (B.28)) gives the scalar equation

G(um,k) =0, (B.30)
where
G, k) = p1—87°ks — 4’k + Amir (p(; ke ), Qo (5 1, £)) (B.31)

We now claim that (B.30) can be solved for pu; = pi(k), which is defined and analytic for
|k| < p/, where 0 < p/ < p. If this claim is valid, then 1y (z; pu1(k), k) is well-defined and analytic in

k for |k| < p/ and finally

Pk + k) = p(a; k) + wip(@; p (x), ©) (B.32)

E, + kui (k) (B.33)

are defined and analytic Floquet-Bloch eigensolutions for || < p'.
Now ([B.30)) is easily solved for p; = pi(k) via the Implicit Function Theorem. Indeed, we have
G(8m2k+,0) = 0 and 9, G (1, #)|(gx2k.,0) = 1 # 0. This completes the proof of Theorem O
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B.2 The Gelfand-Bloch transform
Given f € L?(R), we introduce the transform 7 and its inverse as follows

T{f()} = flask) % Tk n), T (a5 a) = / 11//22 Tk fask)dk. (B.34)
One can check that 717 = Id.

Let
u(z; k) = ¥ kep(x: k) (B.35)

denote a Floquet-Bloch mode. Then, by the Poisson summation formula (B.1]), we have that

<u('7k)7f>L2(R) = (p(- k), f(::%)) 12 L2..([0,1)) -

Define

~ 17,\/
T FHE) = (oK), T Rz o) = /0 ol B) Fa: K)da. (B.36)

per(
We recall that by completeness of the {py(z;k)}s>0, the spectral decomposition of f € L?(R) in

terms of Floquet-Bloch states is

1/2

k) = Y Tl Rm(aik) , fl@) = > [ To{FHk)up(a; k)dk. (B.37)

b>0 b>0 -1/2
Recall the Sobolev space, H®, the space of functions with square integrable derivatives up to
order s. It is natural to construct the following X* norm in terms of Floquet-Bloch states:
1/2
16113 = / D (L4 )" T {0} (k) Pk (B.38)
25>0
Proposition B.2.1. H*(R) is isomorphic to X* for s > 0. Moreover, there exist positive constants

Ch1, C such that for all ¢ € H*(R), we have C1]|¢| s w) < 18] s < Ca| Dl s (w)

Proof. Since Ey(0) = infspec(—02 + Q), then Ly = —92 + Q — Ep(0) is a non-negative operator
and H*(R) has the equivalent norm defined by ||¢||zs ~ ||(I + Lo)*/?¢| 2. Using orthogonality, it
follows that

1/2
o~ 11+ 2oy ol = 3 [ (61081 + o) — Ealo)a

b>0

l o~
~ S (14 ) / T} (B)2dk = 3113
—1/2

b>0
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The approximation in the last line follows from the Weyl asymptotics Ej(k) ~ b%; see, for exam-

ple, [Courant and Hilbert, 1953]. This completes the proof of Proposition O

Definition B.2.2 (Bloch Convolution). We define the Bloch convolution of two Bloch transformed

functions as
/2 _

(f*B g) (z:k) = Flask — Dg(as 1) dl. (B.39)
—1/2

When |k — 1| > 1/2, we note that by definition of the Bloch transform we can write for any ¢ € 7Z,

flak +c) = e?m f(a; k).

Proposition B.2.3 (Bloch Convolution). The Bloch transform of a product of two functions can
be written as a Bloch convolution,

— /2 _

(fg)(z; k) = fzsk —Dg(z;1) dl. (B.40)
—1/2

Proof. We will use the Poisson Summation Formula (B.1)) to rewrite the right the right hand side
of (BA0):

/2 _ 1/2 P A
flask —Dg(x;1) dl = / > Tk —14n) > TG+ m) dl
—1/2 —1/2 pez mez
1/2 4 .
_ Z 6727rz(kfl)(n+x)f(n + .’L‘) Z 672ml(m+x)g<m + .Z') dl
12 ez mez
. 1/2 .

_ Z 6—2mk(n+z)f(n + .T) Z g(m + x)/ 6—2ml(m—n) dl

nel meZ -1/2

_ Z 6—27rik:(n+m)f(n + x)g(n + .%‘)
nez

— Z 62m'nx?§(k + n)
nel

= (f9)(z; k),

which completes the proof of Proposition O

B.3 Information on the Floquet-Bloch states

In this section, we collect some information on the Floquet-Bloch states.



APPENDIX B. FLOQUET-BLOCH THEORY 192

These results will be based on the following identity, which follows from the variations of con-

stants formula (see [Eastham, 1973])

up(; k) = up(0; k) cos(r/Ey(k) ) + Opup(0; k) sin 5:((:)) .
sin(v/Ep(k) (z —y)) .
+/0 A0 Q(y)up(y; k) dy. (B.41)

Of course, this identity makes sense only for Ej(k) > 0. However, since @ € L3, one can always
introduce a large enough constant C' such that @ + C' > 1 and therefore spec(Hgic) C [1,+00),
and the above identity holds replacing \/ Ep(k) with \/Ep(k) + C and Q with Q+C'. In this section,

without loss of generality, we assume inf spec(Hg) > 1. In particular, we have

Ey(k)>1, ke(-1/2,1/2], b>0.

Lemma B.3.1. Assume that QQ is continuous, one-periodic. Then,

?uP }H“b a; k) HLOO(RI) = (HQHngr> g (B.42)

22

s (0run(ai ),y + e Dl o)) < C (105, 41D (B43)
202

uniformly for b > 0.

If moreover @ € Wé\e/;ZOO(R) with N > 2; then one has

?U?I}(Ham 50 ey 107w ) | paogy) < € (I@lwaszee ) (14 1BIY) - (BA4)
ke(=3.3
Proof. We first bound \ub((); k)| and |0, up(0; k)|. We will use these bounds to prove the estimate

claimed in Lemma 1| by applying them to up(x; k) as expressed in (B.41)).
First, integrate (B.41)) against cos(y/Ep(k) =) over the integration domain [0, 7/+/Ey(k)].

/O\/mcos( Bo(k) x)up(z: k) dz = uy(0; k) /“EW 2(VE(k) x) do

+ Dy (0; ) /O V@ cos(y/Ey(k) z) sin(y/Ey(F) x)

== T sin(y/Ey(k) (z —y))
—i—/o cos(v/Ey(k) z)/o Ey(k)
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Since 7/+/Ep(k) <1 and |sin(x)/z| < 1 for any € R, we deduce
a0 1)) < CUQNzz) s B 2o - (B.45)
Similarly, integrate against sin(y/F,(k) ) over z € [0,7//Ey(k)], and deduce
1000 1)) S VERICUQN ) s 1) o - (B.46)

Plugging (B.45| - ) back into (B.41)) yields (B.42).
Differentiating (B.41) yields
Ozup(z; k) = —/ Ep(k)up(0; k) sin(+/ Ep(k) ) + 0zup(0; k) cos(/ Ep(k) )
+ [ cosl VEE) (@~ 1) Qu)un(ys ) do.
0

Estimate (B.43) then follows from the bounds (B.45)-(B.46)), as well as Weyl’s asymptotics (see

Lemma [B.1.4): /Ey(k) ~

Estimate (B.44)) is then obtained by induction on N and differentiating N — 2 times the identity

—0zup(w; k) + Q(z)up(w; k) = Ey(k)up(z; k).
This completes the proof of Lemma O
We now give more precise asymptotics for uy(z; k) when b is large.

Lemma B.3.2. Assume that Q is continuous, one-periodic and Q@ € WH>°(R). Then one can write

py(x; k) = e 22 (2 k) as

P k) = A (3 )V BRI 7278) 4 AT (g )iV B (R ~2mk)

with
0 4R yaegonyy < € (J@lhvge)
€22 . (B.47)
i ?UP [re A (k) HLOO(OI <C (HQHngr) 1+
212

uniformly for b > 0.
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Proof. Following (B.41]), we set

1 1 awub(O'k)
A+ . —_ . = )
_ 1 1 yup(03k)
A (k) == ik
b ("Ea ) 2“1)(0’ ) 22 Eb(k’)

k) /O”” e WVERQ(y)uy(y; k) dy,
k) /; VER Q(y)uy(y; k) dy.

194

Using Weyl’s asymptotics (Lemma , we can approximate \/Ep(k) ~ b. Therefore, by

bounds (B15)-(B16).

sup HAIJ)[(I" k)HLOO([O,l]z) <C.

ke(—1/2,1/2]

Differentiating A; (2; k) once with respect to = € [0, 1] yields

3xAbi(x; k)=

Eb(k)

FVEBQ()uy(; ).

By Weyl’s asymptotics and result (B.42) of Lemma one has

0 A (w3 k)|
ke(f}‘/gl/z]H (3 k)|,

(o = € (1Q1z

) 1
per) 14 |b|

Furthermore, differentiating once more the above identity yields

A =T (‘i@(acmb(x; k) + L@w(@ik) + Q@)du(x; m) .

2i/Ey(k)

Once more, using Weyl’s asymptotics along with results - - ) from Lemma one has

sup H@QAjE
ke(—1/2,1/2)

(; k) HLoo( 0,1])

< C (IRl -

per

This concludes the estimates in (B.47) and the proof of Lemma is now complete.
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Appendix C

The Lyapunov-Schmidt Procedure

The Lyapunov-Schmidt procedure [Nirenberg, 2001] is a method used in bifurcation theory to
reduce infinite dimensional equations acting on a Banach space to finite dimensional equations. Is
is often used when the Implicit Function Theorem (stated below as Theorem can not be
applied, for example for nonlinear equations.

Given Banach spaces X, A, and Y, where A is a parameter space, and, for p > 1, a C? map
f(x, \) of a neighborhood of (zg, Ag) in X x A into Y such that f(zg, A\g) = 0, we wish to study the
solutions near (xg, Ag) of

f(xz, ) =0. (C.1)
The standard approach to this problem is the Implicit Function Theorem |Nirenberg, 2001]:

Theorem C.0.3 (Implicit Function Theorem). Let X, Y, and Z be Banach spaces and f a contin-
wous mapping of an open set U C X XY — Z. Assume that f has a Frechet derivative with respect
to x, fr(x,y), which is continuous in U. Let (xo,y0) € U and f(xo,y0) = 0. If A = fo(x0,y0) is

an isomorphism of X onto Z, then:

1. Thereis a ball {y : |ly —yol|l < r} = Br(y0) and a unique continuous map u : By(yp) — X
such that u(yo) = zo and f(u(y),y) = 0.

2. If f is of class C*, then u(y) is of class C and
uy(y) = —[fe(u(y), )] " o fy(u(y), y).

3. uy(y) belongs to CP if f is in CP, p > 1.
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If we have f(z,\) to be an invertible operator, then by Theorem there exists a solution
x(A) such that f(x(A), A) = 0 within some neighborhood of Ag. However, if f,(z, A) is not invertible,

we can apply the Lyapunov-Schmidt reduction which we will now explain.
We make the following assumptions:

(A1) fz(zo, o) is a Fredholm operator.
(A2) ker(fz(xo,No)) = X is finite dimensional.
(A3) ran(fz(xo, o)) = Y1 is a closed linear subspace of Y of finite co-dimension.

We now split Y into a direct sum, Y = Y] @ Y5 where dimYs < oo by assumption (A3) and define
Q@ to be the projection onto Yj. Similarly, split X into a direct sum X = X1 @ Xs.

Applying the projection operators @ and its complement, (I — @), on to the original problem,
, and rewrite it as a coupled system of equations,

(- Q)f(w, ) = 0. (C3)
For z1 € X and x5 € X5, equation becomes
Qf(z1+ x2,A) = 0. (C.4)

Consider as Qf (1 + z2,\) = g(z2,y) : Xo X Y — Yy, where Y = X; x A. We can apply
Theorem to solve for g(x2,y) = 0 with respect to o and conclude that there exists a unique
x9(x1, ) such that

Qf(x1+ z2(z1,A),A) = 0.

Substituting z2(x1, A) into equation (C.3]), we have a closed equation in terms of x1,
(I — Q) f(z1 + z2(21,A),A) = 0. (C.5)

Furthermore, since ran(l — Q) = Y3 is finite dimensional, the operator in equation (C.5) is also

finite dimensional.

Remark C.0.4. Our methods in Chapters 2 and 4 were motivated by the standard Lyapunov-
Schmidt procedure, but do not actually follow the above outline as our system equivalent to ((C.5)

s not finite dimensional.



	List of Figures
	I Introduction
	1 Introduction
	1.1 Background: Spectral Theory
	1.1.1 Spectrum of Periodic Schrödinger Operators

	1.2 Statement of Results
	1.2.1 Spectral analysis of the operator HQ+W
	1.2.2 Scattering properties of the operator Hqav + q

	1.3 Related Previous Results
	1.4 Future Directions
	1.5 Thesis outline


	II Main Results
	2 Small and localized perturbations of HQ
	2.1 Introduction
	2.1.1 Outline and remarks on the proof
	2.1.2 Definitions and notation

	2.2 Bifurcation of defect states into gaps; main results
	2.3 Key general technical results
	2.3.1 The operator L"0362L 0
	2.3.2 A perturbation result for L"0362L 0

	2.4 Proof of Th'm 2.2.1; Edge bifurcations for -x2+V(x) 
	2.4.1 Near and far frequency decomposition
	2.4.2 Analysis of the far frequency components
	2.4.3 Analysis of the near frequency components
	2.4.4 Completion of the proof

	2.5 Proof of Th'm 2.2.4; Edge bifurcations of -x2+Q+V
	2.5.1 Near and far frequency components
	2.5.2 Analysis of the far frequency Floquet-Bloch components
	2.5.3 Analysis of the near frequency Floquet-Bloch component
	2.5.4 Completion of the proof of Theorem 2.2.4

	2.6 The bootstrap: proof of Corollary 2.2.6 

	3 Scattering results for Hqav + q
	3.1 Introduction
	3.1.1 Motivation and statement of results
	3.1.2 Outline and remarks of the proof
	3.1.3 Definitions and notation

	3.2 Review of 1d scattering theory
	3.2.1 The Jost solutions, and reflection and transmission coefficients
	3.2.2 Generic and non-generic potentials
	3.2.3 Relations between fV and fW for general V and W

	3.3 Convergence of tq(k) for kC and bifurcation of eigenvalues from the edge of the continuous spectrum
	3.3.1 Results for mean-zero oscillatory potentials: qav(x)0
	3.3.2 Non-generic and non-zero qav; example of an oscillatory perturbation of a reflectionless potential
	3.3.3 Results for generic potentials, qav, and their highly oscillatory perturbations 

	3.4  Behavior of the transmission coefficient, uniformly in kR
	3.5 Detailed dispersive time decay of exp(-iHqt)0; the effect of a pole of tq(k) near k=0
	3.6 The effective potential, eff(x); proof of Theorem 3.3.3 
	3.6.1 The heart of the matter; derivation of the effective potential well, eff(x), and the proof of Proposition 3.6.1 
	3.6.2 Proof of Lemma 3.6.2
	3.6.3 Proof of Lemma 3.6.3

	3.7 Conclusion  /  Discussion
	3.A Some useful estimates used throughout the chapter
	3.B Transmission coefficient of (x)   -2(x)

	4 Oscillatory and localized perturbations of HQ
	4.1 Introduction
	4.1.1 Outline and remarks on the proof
	4.1.2 Definitions and notation

	4.2 Bifurcation of defect states into gaps; main results
	4.3 Key general technical results
	4.4 Strategy
	4.5 Proof of Th'm 4.2.1; Edge bifurcations for -x2 + q(x)
	4.5.1 Near and far energy components
	4.5.2 Analysis of the far energy components
	4.5.3 Analysis of the near energy components
	4.5.4 Conclusion of proof of Theorem 4.2.1

	4.6 Proof of Th'm 4.2.3; Edge bifurcations for -x2 + Q(x) + q(x)
	4.6.1 Near and far energy components
	4.6.2 Analysis of the far energy components
	4.6.3 Analysis of the near energy components
	4.6.4 Conclusion of the proof of Th'm 4.2.3

	4.A Bounds used in Section 4.6
	4.B Proof of Theorem 4.1.1


	III Bibliography
	Bibliography

	IV Appendices
	A Maxwell to Schrödinger
	A.1 Maxwell's equations and TM wave solutions
	A.2 Time harmonic solutions to the wave equation
	A.3 Derivation of the Schrödinger equation
	A.3.1 x-dependent refractive index and the time-independent Schrödinger equation
	A.3.2 (x,z)-dependent refractive index and the time-dependent Schrödinger Equation
	A.3.3 Paraxial Helmholtz equation
	A.3.4 Variable refractive index, n(x,z)


	B Floquet-Bloch Theory
	B.1 Floquet-Bloch states
	B.1.1 General properties of Eb(k) and derivatives kjEb(k*), where Eb(k*) is the endpoint of a spectral band
	B.1.2 Regularity of kEb(k) and kub(x;k)

	B.2 The Gelfand-Bloch transform
	B.3 Information on the Floquet-Bloch states

	C The Lyapunov-Schmidt Procedure


