Statistical Pattern Recognition Based Structural
Damage Detection Strategies
Luciana Balsamo

Submitted in partial fulfillment of the
requirements for the degree
of Doctor of Philosophy
in the Graduate School of Arts and Sciences

COLUMBIA UNIVERSITY
2015

c 2015
Luciana Balsamo
All Rights Reserved

ABSTRACT
Statistical Pattern Recognition Based Structural
Damage Detection Strategies
Luciana Balsamo
Structural Health Monitoring (SHM) is concerned with the analysis of aerospace, mechanical
and civil systems with the objective of identifying damage at its onset. In civil engineering applications, damage may be defined as any change in the structural properties that
hinders the current or future performance of that system. This is the premise on which
vibration-based techniques are based. Vibration-based methods exploit the response measured directly on the system to solve the SHM assignment. However, also fluctuations in
the external conditions may induce changes in the structural properties. For these reasons,
the SHM problem is ideally suited to be solved within the context of statistical pattern
recognition, which is the discipline concerned with the automatic classification of objects
into categories. Within the statistical pattern recognition based SHM framework, the structural response is portrayed by means of a compact representation of its main traits, called
damage sensitive features (dsf). In this dissertation, two typologies of dsf are studied: the
first type is extracted from the response of the system by means of digital signal processes
alone, while the other is obtained by making use of a physical model of the system. In both
approaches, the effects of external conditions are accounted for by modeling the damage
sensitive features as random variables. While the first method uses outlier analysis tools and
delivers a method optimally apt to perform the task of damage detection within the shortterm horizon, the second approach, being model-based, allows for a deeper characterization
of damage, and it is then more suited for long-term monitoring purposes. In the dissertation, an approach is also proposed that allows the use of the statistical pattern recognition
framework when there is limited availability of data to model the damage sensitive features.
All proposed methodologies are validated both numerically and experimentally.
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1. INTRODUCTION

This dissertation explores the use of statistical pattern recognition techniques to solve the
problem of Structural Health Monitoring (SHM). Structural Health Monitoring is the task
of evaluating the current condition of an aerospace, mechanical or civil system to establish
whether it can be considered healthy to meet its operational requirements. In particular,
in this dissertation, SHM strategies are proposed for applications to civil engineering systems. With the national infrastructure rapidly decaying because of lack of resources and/or
proper maintenance, a successful SHM strategy is of paramount interest to engineers and
government authorities responsible for the continuous functionality of complex structural
systems such as bridges [1, 2].

Within the context of civil engineering, then, SHM serves the purpose of identifying damage
at its onset to aid infrastructure owners deciding how to wisely plan maintenance, repairing
and inspection operations. State of the art SHM requires the use of least invasive methods to pursue the structure’s integrity assessment. Thanks to the latest innovations in
computer and sensor technology, it is now possible to collect large amounts of data that
represent the response of a structural system to the environment excitation and, through
the analysis of such data, to provide an instantaneous assessment of the infrastructure conditions. Vibration-based methods are the family of techniques that exploit the analysis of
the structural response time histories measured directly on the structure to solve the structural damage detection assignment. Vibration-based techniques are based on the premise
that damage is represented by any change in the material and/or geometric properties of
the structure that will hinder its current or future performance [3]. It is then reasonable to
expect that, when damage occurs, the structural response of the system be different from
that of the structure under undamaged conditions. Therefore, by measuring the structural
1
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response, it should be ideally possible to detect damage, provided that records of the response time histories are available both before and after damage occurrence. The response
of the system is recorded by means of sensors strategically placed on the structure, which
let the SHM assignment be performed without interrupting the infrastructure’s service. Being the easiest to acquire, acceleration response time histories are the representation of the
structural behavior more often collected. However, also measurements of strain, displacement and, recently, velocity are sometimes used [4, 5, 6].

There is though one caveat at the treatment of structural health monitoring as given above.
Damage is not the only cause of changes in the dynamic properties of the structure: environmental and operational conditions may alter such properties at a similar or at an even
larger scale than that accomplished by damage. In [7], for example, Alampalli shows the
results of modal analysis performed on an abandoned steel-stringer bridge with concrete
deck, where the two main girders were intentionally damaged by means of a saw cut across
their bottom flanges. The structure was excited by an impulse force hammer to measure
the bridge’s acceleration response. When comparing the modal properties identified from
the acceleration response recorded on the system under both undamaged and damaged conditions at temperatures above the freezing one, damage occurrence was identified as a drop
of the first three modal frequencies, as expected. In fact, the stiffness of the main girders
is supposed to decrease as a consequence of the cuts, then inducing a decrease of the first
natural frequencies, which are in turn proportional to the stiffness of the whole structure.
Below freezing temperatures, however, the frequencies identified from the acceleration response acquired from the damaged structure were found to be greater than those identified
from the response of the intact system. Further studies concluded that the peculiar behavior was probably due to frozen supports, which were causing the girders to behave more as
partially fixed rather than simply supported beams. In [8], Farrar and coauthors analyzed
the Alamosa Canyon and the I-40 bridges, both in New Mexico, under different temperature
conditions. The studies conducted between 1996 and 1997 revealed, and the tests repeated
ten years later confirmed, that the first natural frequency of the Alamosa Canyon Bridge
varies by 5% during a 24-hour cycle due to the temperature differential across the bridge

3
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deck. Similar fluctuations of the first natural frequency were observed in the I-40 bridge,
where it was also possible to simulate four damage scenarios of increasing severity, by gradually cutting one of the girders. It was observed that the change in the first modal frequency
generated by damage was of the same order of magnitude than that induced by the effect of
temperature. Even more counter-intuitive was the finding that, under the first two damage
scenarios, the value of the first natural frequency increased, rather than decreasing. Again,
this unexpected result was found to be caused by in-service temperature conditions variations. Peeters et al. found the changes in the first two eigenfrequencies identified from the
Z24 bridge in Switzerland to be around 15% due to temperature fluctuations [9]. Similar
order of magnitudes were found for the changes in the natural frequencies identified from
the acceleration time histories of the Jamboree Road Over-crossing analyzed by Soyoz and
Feng under different operational and environmental conditions [10].

These are only some of the studies that clearly demonstrate the necessity of having access
to a method able to distinguish the innocuous changes in the structural properties caused
by external effects from those induced by damage. In order to achieve this objective, it is
not possible to consider a unique, deterministic representation of the undamaged structure,
but it is rather necessary to avail of a model that accounts for the uncertainties arising from
the influence of the external factors. In the next section, it will be shown how this objective
may be accomplished by solving the SHM problem within the context of statistical pattern
recognition.

1.1 Structural Damage Detection Using
the Statistical Pattern Recognition Paradigm
As aforementioned, damage is defined as any change in the structural properties that adversely affects the performance of the structure. In such a definition of damage, it is inherent
a comparison of two different states of the system. The process of comparing different states
and assessing their classes of membership is ideally suited to be treated in the context of
pattern recognition. Pattern recognition is the discipline concerned with the classification
of objects into categories. In pattern recognition, the objects to be classified are portrayed
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through a compact representation of their main traits, called patterns. In SHM, the most
fundamental problem is that of detecting damage occurrence. In this scenario, the classes to
be identified are only two, namely the healthy and damaged states of the structure. The patterns summarizing the typical characteristics of the two classes are called damage sensitive
features (dsf). In order to distinguish one class from the other, it is necessary to learn how
the patterns of the classes are typically arranged. If it is assumed that the typical patterns
of both classes may be learnt prior to perform the classification, the pattern recognition process is said to be performed under supervised learning. SHM performed under supervised
learning mode would require the availability of response time histories of the system under
both healthy and damaged conditions. On the contrary, if the patterns of only one class
may be learnt prior to the recognition exercise, then the pattern recognition assignment is
solved under unsupervised learning mode. The latter is certainly the preferable mode in the
context of civil engineering, where measurements of the system under damaged conditions
are rarely available, if not at the time when damage occurrence must in fact be assessed.
For this reason, in this dissertation, unsupervised pattern recognition strategies are explored
to identify damage occurrence.

The problem of structural damage detection, when cast within the framework of unsupervised pattern recognition, requires then the definition of a classifier able to distinguish the
patterns drawn by the damage sensitive features representative of normal conditions from
those associated with a damaged state of the structure. Since damage is assumed to arise
whenever a change in the structural properties prevents the system to perform safely, the
damage sensitive features must depend on the system’s structural properties. Nonetheless,
it has already been emphasized how structural properties do vary as a result of the influence of a variety of factors that do not compromise the structure’s integrity. For example,
the dynamic properties of the system vary due to changes in the operational conditions,
such as different traffic loadings on bridges. Furthermore, it was already evidenced how
temperature may largely affect the values of the modal properties, but also humidity may
have similar effects [10]. In order to take into account the uncertainties correlated with the
varying external conditions, it is then appropriate to model the damage sensitive features as
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random variables and characterize them statistically. The body of methods concerned with
the statistical pattern recognition problem performed under unsupervised learning mode is
called outlier analysis. Within the outlier analysis scheme, the SHM problem is solved
in two phases. During the first phase, called training, the damage sensitive features are
extracted from the response of the undamaged system under different external conditions.
This population of features is used to construct a statistical model, called training model,
which represents the normal state of the system. The second phase, called testing, occurs
when the system’s integrity must be assessed. At this time, the damage sensitive features
are extracted from the response of the system under unknown conditions and their conformity to the training model is tested. If the new features are found unlikely to be realizations
of the training model, they are labeled as outliers, i.e. representative of a damaged condition.

In order to further clarify how outlier analysis works, it is helpful to consider the following
simple SHM exercise. Let us assume that the first modal frequency is chosen as damage
sensitive feature. As it will be clarified in section 1.4, this is inarguably a very poor choice
for a damage sensitive feature, and it is here adopted only to keep the example simple and
appreciable at this stage of the discussion. Let us also assume that, once the population of
first modal frequencies is identified from the response of the system under normal conditions,
we determine that the statistical model best fitting the training data is a normal distribution
with mean µ and standard deviation σ. Therefore, approximately 95% of the features
identified from a normal condition will lie between µ − 2σ and µ + 2σ, while approximately
99.7% of such instances would lie between µ − 3σ and µ + 3σ. If we suspect the damage to
induce a decrease in the stiffness properties of the structure, we expect the first frequency
to decrease when damage occurs. Following this argument, we should set µ−2σ or µ−3σ as
threshold, and whenever we observe a value of the first modal frequency below the predefined
threshold, we declare the system damaged. By selecting µ − 2σ as threshold, we increase
the chances of correctly identify damage occurrence, though we also increase the risk of
declaring the system damaged when it is instead undamaged, producing what is known
as Type I, false alarm or false positive error. On the contrary, by decreasing the value of
the threshold to µ − 3σ, we increase the chance of correctly recognize as undamaged the
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structure under normal conditions, but we also increase the risk of declaring the structure
healthy when it is instead damaged, yielding to what is called Type II or false negative
error. In fact, in the first case, almost 5% of the instances of the first modal frequency
found to be representative of normal conditions will be left out of the region labeled as
conform with the undamaged state, while in the second only about 0.3% of such instances
will be left out of the conformity region, then motivating the increased risk of committing
Type I error when µ − 2σ is used as threshold value. In the second scenario, however, mild
damage will be hardly identified, as it will produce small changes in the first frequency,
likely to be associated with a low probability of occurrence, but still within the boundaries
of normal realizations. The value of the threshold is selected depending on the purpose
SHM is engaged: if safety issues are of major concern, a slightly higher Type I error may
be acceptable in favor of higher rates of correct damage occurrence identifications, while
if SHM is performed to minimize the cost of the infrastructure’s management operations,
then it is necessary to reduce the possibility of false alarms, even at risk of missing the
detection of contained damages.

1.2 Application of the Statistical Pattern Recognition Approach on Real Structures
In actuality, the outlier analysis procedure discussed above is only a part of the implementation of the structural health monitoring approach framed within the statistical pattern
recognition scheme. The damage detection approach must be preceded by a careful analysis of the practical issues that would be encountered when implementing the SHM system
on the real structure. Moreover, it must not be forgotten that the objective of the SHM
exercise is that of providing information aimed at easing the management of the monitored
infrastructure. In [11], it is proposed that the SHM problem solved using the statistical
pattern recognition approach be implemented according to the following five procedures:
1. Operational evaluation;
2. Data acquisition;
3. Damage sensitive feature extraction;
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4. Statistical modeling;
5. Decision making.
Operational evaluation consists in an initial assessment of the conditions under which the
monitoring will take place; operational evaluation serves the scope of deciding the monitoring setup best suited for the specific purpose the SHM procedure is engaged. To give
an example of how the operational evaluation of a specific problem may be formulated, let
us consider the case where the owner of a suspended bridge decides to monitor the scour
of the piers’ foundations. Scour is the process originated by soil erosion under the bridge’s
foundations or near the bridge abutments operated by floodwater and stream flow [12].
Scour is the principle responsible of bridge failures due to floods. It may be then speculated that the movement of the pier under high water conditions would be particularly
sensitive to the presence of scour. During operational evaluation, it could then be decided
that placing tiltmeters on the foundation piles’ cap could allow the monitoring of pier’s
foundation movements, so to trigger an alarm whenever such movements are deemed too
large. Scour is a gradual process, and it must be monitored continuously. During this time,
temperature fluctuations, varying traffic loadings and changing wind pressures would also
cause movements of the piers. Instrumentation apt to measure the effects of such external
conditions must then be provided, in order to distinguish their effects from those triggered
by scour actions. Additionally, the instrumentation must be placed in accessible locations
without interfering with traffic, while the number of sensors must be sufficient to accurately
and uniquely monitor the evolution of the scour movements. Feasible and optimal sensor
placement is then another aspect to consider during operational evaluation.

Once the monitoring setup is established, the SHM procedure requires the acquisition of
the data. Such data cannot be used directly, but must be processed to ensure their accuracy. Often, depending on the type of damage sensitive features and sensors utilized, the
measured signal must be processed to ease the subsequent step of feature extraction. The
field of digital signal processing is entirely devoted to coin methods apt to efficiently solve
these problems.
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Irrespective of the type of structural response acquired from the monitored structure, the
measured time signal must be further processed to emphasize the traits best suited to
monitor the structural behavior, traits that were previously referred to as damage sensitive
features. One of the important advantages of using the statistical pattern recognition methods is that their automatization avails of the robust family of machine learning algorithms.
In this context, the damage sensitive features are assumed to be arranged into vectors. To
maximally exploit the robustness and efficiency of the machine learning procedures, the
dimension of the feature vectors must be small enough to make manageable the processing
of a large amount of such vectors, albeit not too small, to prevent loss of the necessary
information to satisfactorily characterize the structural properties. Statistical modeling of
the population of features extracted from the response of the intact system, together with
the definition of the boundaries of what has been called region of conformity with the normal structural conditions, are the operations required next and that together compose the
training phase. The successive testing phase represents the incipit of the decision making
process. In fact, once the integrity state of the structure has been assessed, such information
must be fed into a cost-benefit analysis aimed at determining what is the best action to take
to optimize the infrastructure’s management. In this dissertation, strategies are proposed
apt to perform the third, fourth and part of the fifth step of the SHM implementation.

1.3 Model- and Data-Based Structural Health Monitoring
Vibration-based SHM may be pursued by employing either data-based or model-based techniques. Both techniques use the data measured directly on the structure to construct the
model representative of its healthy conditions, but while the model used in the modelbased techniques is law-driven, i.e. it attempts to physically describe the system at hand,
data-based techniques rely solely on statistical models of the system, then avoiding all uncertainties related to the construction of a physical model of the structure.

Model-based techniques were the first to be used to cope with the problem of structural
damage detection. They are often based on the optimization of a finite element model
representative of the structure, calibrated using the response measured on the system it-
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self. The model is continuously updated to account for any new measurement, which is
essentially used to solve an inverse problem, i.e. to determine the structural properties of
the structure from its response. One of the most pressing problems to tackle with when
dealing with model-based techniques is the necessity of describing accurately properties of
the structure, such as boundary conditions or material properties, for which detailed information are often lacking. The quality of the results of model-based techniques is greatly
affected by the assumptions adopted to reasonably reproduce the real structure’s behavior.
Furthermore, the methods used to model the structure through finite element analysis are
often based on the assumption that the structure behaves linearly. While this condition is
generally satisfied when the structure is healthy, this could not be the case for the damaged
system. On the other hand, it is also very difficult attempting to model damage using the
finite element approach. Finally, in their original formulation, model-based techniques are
seldom able to take into account the uncertainties driven by factors such as the aforementioned environmental and operational conditions.

Data-based approaches avoid the necessity of physical model assumptions, as they are based
on a statistical model of the features. These techniques are generally easy to automatize
and their results do not require high level of expertise to be processed. Moreover, databased methods are coined in such a way to automatically account for features variability.
Nonetheless, lacking of a direct relationship with the physical characteristics of the structure,
they are able to solve only the first two levels of the damage detection hierarchy [13], i.e.
damage identification and damage location. The damage detection hierarchy was proposed
by Rytter in 1993 in his doctoral dissertation and consists of four levels of increasingly
difficult tasks concerned with the characterization of structural damage:
1. Damage identification;
2. Damage location;
3. Damage extent estimation;
4. Damage classification.
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In the recent years, a fifth task, concerned with the estimation of the residual life of the
structure, has been added to the list. The first two tasks consists of assessing whether
damage occurred and, if it is the case, assessing where it is located. Defining the type of
damage, its extent and estimating the residual life of the structure are all tasks that cannot
be attained without a physical model of the structural system. In particular, specifying the
type of damage requires supervised learning mode. Additionally, to estimate the residual
life left to the system, it is necessary to pursue reliability analysis of the structure, given the
type, extent and location of the occurred damage. This task, then, requires the knowledge
of how the specific damage observed on the system will evolve, and this is only possible
under supervised learning mode. Another challenge faced by data-based statistical pattern
recognition approaches is the lack of data, as the population of features extracted from the
undamaged system should be diverse and large enough to guarantee the definition of stable
statistics estimators, but the two conditions are seldom satisfied in real applications.

Model-based and data-based techniques are often perceived as antagonist, but from this
short premise it should be clear that they should be rather considered complementary, as
the advantages of the first compensate for the lacking of the second and vice versa, so that
a fusion of the two should be explored. In the second part of this dissertation, an example
of such an exercise will be, in fact, proposed.

1.4 Statistical Pattern Recognition Techniques for Structural Damage Detection:
Literature Review
While the discipline of model-based Structural Health Monitoring may benefit of a vast and
well developed research [14, 15, 16], statistical pattern recognition based damage detection
was identified as a feasible mean of treating the problem of SHM only in 1999 by Farrar
et al. in [17]. In this paper the five stages approach mentioned in section 1.2 was first
proposed, and some of the practical problems in which one may incur when dealing with
statistical pattern recognition based structural damage detection were emphasized.

The vast majority of the literature on data-based SHM is concerned with the solution of
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the first level of the damage detection hierarchy, seldom the problem of locating damage
is addressed and very rarely methods able to estimate damage extent under unsupervised
learning conditions are considered. The various contributions vary with respect to the kind
of damage sensitive features and statistical modeling techniques employed to solve the damage detection assignment.

As already discussed multiple times in this chapter, modal properties were the first parameters to be used as damage sensitive features, since their clear relationship to the structural
properties was believed to guarantee high sensitivity to damage. However, while the lower
modal frequencies have been found to be little sensitive to localized and contained damage
[14], their values may be greatly altered by environmental effects. On the other hand, higher
modal frequencies, being related to localized behavior of the structure, could be more sensitive to damage, but remain very difficult to identify due to their low modal participation
factor. Mode shapes can be more convenient features, as their definition is intimately correlated to the geometry of the system. Nevertheless, their estimation requires a strategic
sensors placement whose setting cannot always be easily recognizable or even physically
possible. Finally, mode shapes curvature are potentially the modal features most sensitive
to damage [18], but also the ones most prone to variance induced by error sources [19].
The use of the modal properties as damage sensitive features must be then engaged with
care, though it may be speculated that using a combination of such properties, e.g. modal
frequencies together with mode shapes, could resort to better results. Moreover, if external conditions variability is not of great concern, modal properties still represent a valuable
mean of detecting changes in the structural properties. The work of Kullaa is one of the first
examples of application of the statistical pattern recognition paradigm using modal damage
sensitive features [20]. Kullaa used modal frequencies as well as mode shapes and modal
damping ratios in combination with control charts to identify damage on the Z24 bridge
in Switzerland, which was intentionally subjected to three damage scenarios of increasing
severity. Control charts are tools ordinarily used in statistical quality control to determine if
the manufacturing of a product is in a state of statistical control. Variation of the quality in
any manufactured product is assumed to be driven either by aleatory uncertainties, which
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are inevitable, or by epistemic uncertainties, which can ideally be detected and corrected
[21]. Control charts are plots of the limits within which variations of the process properties
are considered to be natural, values of the process properties falling outside such limits
indicate the occurrence of changes in the process that are generally attributed to epistemic
uncertainties, and that are then, in principle, correctable. There exist different versions of
control charts that vary depending on the modalities of computation of the control limits.
Kullaa explored the use of some of said versions of control charts to propose a method where
the structure is declared damaged whenever an index, function of the modal properties, exceeds the upper control limit.

Alternatives to the modal properties were found in the features obtained through Fourier
analysis of the measured response. For example, in [22] , Worden et al. demonstrated the
use of outlier analysis as a valuable mean to conduct structural damage detection using
transmissibility functions and spectrum characteristics of simulated and experimental data.
The method proposed in [22] uses Mahalanobis Squared Distance (MSD) [23], a weighted
Euclidean distance of a random vector from the mean of a population of random vectors,
where the weight is represented by the covariance matrix of the population. In [22], MSD is
used to measure the discordancy of the candidate outlier to the training model, represented
by the mean and covariance matrix of the population of features extracted from the response
of the system under healthy conditions. In damage detection, an outlier is represented by
a damage sensitive feature manifesting a behavior different from that shown by the same
features extracted from the response of the system under conditions known to be undamaged. In order to conclude whether the observed discordancy is to be considered alarming,
the Mahalanobis Squared Distance of the possibly outlier’s feature is compared against a
threshold value. In [22], it is suggested the threshold be determined by first generating a
set of identically and normally distributed random numbers, by then evaluating their Mahalanobis Square Distance and picking the maximum value, and by finally repeating the
same procedure numerous times to select as threshold the value exceeded only by the 5%
of the resulting maxima.
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A completely different kind of damage sensitive features, in that their relation to structural
properties is not as evident as for the case of modal frequencies and frequency spectra, is
represented by those obtained directly from processing the response time histories. By far
the ones dominantly used in statistical pattern recognition are the ones belonging to the
ARMA family models. Sohn et al. were the first to use AR/ARX coefficients of the strain
response of a surface-effect fast patrol boat within a pattern recognition framework [4]. In
[4], the authors analyzed three strain signals, labeled as Signal 1, 2 and 3. As stated by the
authors, Signal 1 and Signal 2 were recorded under “Structural Condition 1”, while Signal 3
was collected under “Structural Condition 2”: the objective was simply that of identifying
a procedure able to clearly distinguish Signals 1 and 2 from Signal 3. The authors were successful in telling the signals apart by using the standard deviation ratio between the residual
error of the ARX model constructed using several overlapping segments of half of Signal
1 and 2 and that of the ARX model obtained by fitting the reference model to the data
not used during training. The same authors used also outlier analysis in the same fashion
as proposed by Worden in [22], albeit using AR coefficients as damage sensitive features,
to again demonstrate the potentials of pattern recognition as an efficient alternative to the
more usual frequency approaches. ARMA models were then used in several other works,
e.g. [24, 25, 26]. In [27], Nair et al. also employ a combination of the first three AR coefficients modeling the measured response time histories of the ASCE benchmark structure,
described in [28], as damage sensitive features. However, rather than using outlier analysis,
the authors solve the damage detection problem by using hypothesis testing. In particular,
they use the t-test, under the null hypothesis that the mean of the training and testing
populations of AR-based dsfs are the same, i.e. that the system is undamaged. In the same
work, the authors also propose an AR-based index able to locate damage, based on the
Euler distance between the cluster of undamaged and unknown damage sensitive features.
It is important to note that, though not readily appreciable, also the ARMA models are
related to the structural properties, as shown in [27, 29].

Within the family of features directly extracted from the response time histories are those
based on wavelet transform analysis. Wavelet transform permits the analysis of a signal
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in the time-frequency domain. The use of the energies of the Haar and Morlet wavelet
transform coefficients, intended as the sum of the squares of the wavelet coefficients, were
analyzed as potential damage sensitive features [30, 31]. The main contribution of this
work was that of demonstrating how the energies of the wavelet coefficients are related to
the structural properties, then satisfying the condition to be feasible candidates as damage
sensitive features. Further advantages related to the use of the wavelet-based damage
sensitive features are their compactness and the fact that they can be extracted from the
response of a system under non-linear conditions.

1.5 Dissertation Organization
In this dissertation, the problem of structural damage detection solved within the statistical pattern recognition paradigm is explored using data-based (Part I) and mixed data
and model-based (Part II) approaches. As previously discussed, the subject of statistical
pattern recognition based SHM is an emerging topic in civil engineering, and many aspects,
especially those related to the practical implementation of such a technique, are still to be
investigated.

In Chapter 2, a data-based statistical pattern recognition approach is proposed. The use
of a novel damage sensitive feature is investigated in this chapter, a feature that is extracted from the structural response by means of digital signal processes alone, namely, the
Mel-Frequency Cepstral Coefficients (MFCCs). MFCCs are the features used in the field of
speaker recognition to give a compact representation of the speech’s signal. In Chapter 2
a modified version of such features is proposed to make them more suitable for structural
damage detection purposes. Given its main focus, this chapter will also be instrumental
in better appreciating the role and properties of the damage sensitive features in the context of statistical pattern recognition approaches. Outlier analysis will be then exploited to
distinguish the damaged from the undamaged states of the structure. The technicalities of
the application of the proposed algorithm will be studied with particular emphasis towards
the problem of data normalization with respect to external factors. The validity of the proposed algorithm is studied on numerical and experimental data from simulated/recorded
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shear-type systems. The performance of the proposed modified version of the MFCCs is
compared to that of the AR coefficients, to demonstrate the greater computational efficiency
and accuracy of the proposed cepstrum-based features in performing the damage detection
assignment.

In Chapter 3, the problem of how performing the damage detection process proposed in
Chapter 2 when only few training data are available is considered. Two challenges are faced
when the training feature population is small: (a) the definition of a well conditioned estimator for the inverse of the training covariance matrix and (b) the definition of a threshold
value. As per the definition of a stable covariance matrix estimator, three alternatives are
explored, namely feature dimension reduction using Discrete Cosine Transform, pseudoinverse and shrinkage estimator of the covariance matrix. A methodology to optimally
combine the three approaches is also investigated. As for what concerns the definition of
the threshold, it is proved that the exclusive Mahalanobis Squared Distance of normally
distributed features follows a scaled F-distribution, which can be exploited to define the
confidence interval used to set the threshold value [32]. The assumption of the features
being normally distributed can be deemed reasonable when the training data set is large,
when this is not the case the assumption of normality can not be considered to hold without
further analysis. For this reason, a method to define the threshold numerically is proposed
in this chapter.

In Chapter 4, the sensitivity to the structural properties of the power cepstrum is explored,
in order to highlight its potentials, as well as to determine its limitations, as a damage sensitive feature. In its original formulation, the power cepstrum is defined as the spectrum
of the logarithm of the power spectrum of a signal. In the first part of Chapter 4, the
properties of the power cepstrum of the response time history of a single degree of freedom
system are explored by means of a sensitivity analysis of the cepstrum with respect to stiffness, mass and damping ratio properties. An analytical expression relating the Mahalanobis
Squared Distance of the acceleration power cepstrum to the changes in structural properties
induced by damage occurrence is derived, taking into account the effects of the fluctuations
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of the external conditions on the variability of the structural properties. Said analytical
expression is first derived for the general case and then specialized to the case where the
power cepstrum is employed as damage sensitive feature. In the second part of the chapter, a similar function is obtained for a multi-degrees of freedom, classically damped system.

In Chapter 5, a mixed approach combining the advantages of data- and model-based
techniques is analyzed. Stiffness-Proportional Damage Sensitive Features (SPDSF) will be
employed. SPDSFs are tailored to give a measure of the relative change in any diagonal
element of the stiffness matrix of a model of the structure, with structural damage being
represented as localized stiffness reduction. The statistical characterization of the features
is performed by means of the Empirical Cumulative Distribution Function (ECCDF). By
means of ECCDF, one is allowed to model the statistical characteristics of the features
without selecting any particular form of their distribution. In the proposed approach, the
training phase is used to define a range within which the changes experienced by the features can be considered representative of a healthy state. During testing, the identification,
location and estimation of the damage is made possible thanks to the direct relation of the
proposed features to structural damage, which here is modeled as a decrease in stiffness of
a single structural element. The original contribution of the work lies in the definition of
damage as departure from a region, rather than a single, deterministic state representative
of a healthy condition. In this sense, the extent of damage is not delivered as a single value,
but as a range of possible severities, varying with respect to the ‘undamaged state region’
considered.

The third and last part of the dissertation sums up the findings and contributions of the
research, while identifying possible streams of future research.

Part I
DATA-BASED STRUCTURAL HEALTH MONITORING
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2. STATISTICAL PATTERN RECOGNITION BASED DAMAGE DETECTION
USING CEPSTRAL COEFFICIENTS

The main part of this chapter is reproduced in the paper co-authored with Prof. Raimondo
Betti and Dr. Homayoon Beigi and published in the Journal of Sound and Vibration [33].

2.1 Introduction
Per the introductory discussion on structural health monitoring, the accuracy of the statistical pattern recognition based structural damage detection technique is directly dictated
by the sensitivity to damage of the damage sensitive features, which, ideally, should be
able to emphasize any change in the structural properties due to damage, while remaining
insensitive to structural properties variability due to external factors, such as temperature,
humidity, traffic loads, etc. [34]. For this reason, in this chapter, a statistical pattern
recognition based SHM strategy is proposed, where care is given in introducing a novel
damage sensitive feature whose characteristics are particularly appealing when the damage
detection strategy is intended for statistical pattern recognition approaches.

Structural response time histories, even when sampled at low frequency rates and only for
few minutes, are represented by thousands of data points. Moreover, the statistical representation of the data impose the use of a consistent amount of such time histories, making
unfeasible the option of directly using the response time histories to model the healthy conditions of the structure. As already explained in Chapter 1, damage sensitive features (dsf)
are some kind of reduced dimension information that can be extracted from the structural
response and that are correlated with damage. The features dominantly used in the field
of structural damage detection are the Auto-Regressive (AR) model coefficients and modal
parameters ([4, 24, 34]). While AR coefficients are directly extracted from the structural re18
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sponse time histories, modal parameters need to be identified through system identification
algorithms that require high user expertise to be deployed. The computational requirements
of an optimal dsf should be minimal, as the feature extraction process is repeated many
times, in order to get a feature population with a number of individuals large enough to be
statistically meaningful. Moreover, the feature extraction process should be as simple as
possible, to guarantee consistency of the results, irrespective of the user expertise level.

The feature proposed herein is an adaptation of the Mel-Frequency Cepstral Coefficients
(MFCC), which are the features conventionally used in the fields of speech and speaker
recognition. The procedure apt to extract such information from the structural response
time histories are presented in Section 2.2. In sections 2.2 and 2.4, it is stressed how well the
modified MFCCs meet the characteristics of compactness, minimal computational expense
and damage sensitivity required to damage sensitive features. In particular, in section 2.2,
it will be shown how the extraction modalities of the cepstral features are quite different
from those commonly used in the field of structural health monitoring, which either require
sophisticated structural identification algorithms to identify the modal characteristics of
the structure or the definition of model parameters whose optimal values may be set using
computational expensive criteria. On the contrary, cepstral features are extracted directly
from the structural response only by means of digital signal processing operations. Cepstral
coefficients share with AR coefficients (or their residuals) characteristics of compactness
and damage sensitivity, but while the number of the AR coefficients may largely change the
results of the damage recognition, this is not true for the cepstral coefficients. Moreover,
cepstral coefficients are related to the logarithm of the spectrum of the structural response
histories, then, it can be speculated a strong relationship of such features to the structural
properties. Of course, the modal characteristics have a more explicit relationship with the
physical properties of the structure, but their extraction is time consuming and, as said,
requires high user expertise. In this study, cepstral features are employed to detect damage
through an algorithm where features are assumed to be normally distributed. To measure
the distance between the trained and testing models, the approach used in the current work
exploits a popular tool in the field of outlier analysis, a tool that is becoming widely used
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also in the field of structural health monitoring ([24, 35, 36]), namely, the Mahalanobis
Squared Distance (MSD). The details of the damage detection algorithm considered in this
chapter are presented in section 2.3. Finally, in section 2.4, the performance of the same
damage detection algorithm is compared using modified cepstral and AR coefficients as
damage sensitive features. The results are obtained using both simulated and experimental
data from frame-like structures.

2.2 Feature Selection
2.2.1

Cepstral Coefficients

The Mel-Frequency Cepstral Coefficients are the features dominantly used in the field of
speaker and speech recognition. In damage detection, they differ from the features generally
used as damage sensitive features, such as modal frequencies, as they allow for consideration
of the response property in both the frequency and time domain simultaneously.

In its original formulation, the cepstrum of a signal x(t) is defined as the inverse Fourier
transform of the log-spectrum of x(t). The cepstrum was introduced by Bogert [37] and his
colleagues at Bell Laboratories in 1963, in an attempt to coin a procedure able to filter the
effects of echoes from time series. At the end of 1960s’, Schafer and Oppenheim focused on
the issues concerned with the discrete-time formulation of the cepstrum and of its complex
counterpart, the complex cepstrum, posing the conditions for the existence of such transformations [38, 39]. In [38] the analytical representation of cepstrum for minimum phase
signals is also derived, clarifying that the cepstrum is an explicit function of the poles and
zeros of the transfer function of the system whose response is analyzed.

Since then, cepstrum transformation has been successfully used in a variety of fields, ranging from geophysics to mechanical engineering. In particular, the use of complex cepstral
coefficients as damage sensitive features is especially popular in the field of damage detection in operating rotating machinery [40]. In fact, the property of cepstrum of displaying
the presence of echoes in a signal, turns out to be particularly helpful when dealing with
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malfunctioning rotating machines, where the effect of a broken element produces periodic
peaks in the cepstrum representation of the machine response [41].

Gao and Randall exploited the explicit relation of cepstrum coefficients to the poles and
zeros of the transfer function to retrieve the frequency response function from the measured
response of a mechanical system [41]. Tigli used the same principle to introduce a method
able to identify the zeros of the transfer function from measured response in [42]. Further
insights on the properties of cepstrum will be given in Chapter 4.

A compact version of cepstrum was proposed in 1980 by Davis and Mermelstein [43], who
suggested the use of the Mel-spectrum, named after the Melody scale, to get the cepstral
representation of speech signals. The discrete set of coefficients extracted from the sampled
speech signal were called Mel-Frequency Cepstral Coefficients. It is noteworthy that such
representation of the cepstral features is a compact version of the real cepstrum, which
preserve only information on the magnitude of the log-spectrum, while the information on
the phase are lost. Nonetheless, since reconstruction of the original signal is not of interest
for recognition purposes, such loss does not affect negatively the results. The MFCC are
also the features herein explored, as their compactness and de-correlation characteristics
make them particularly suited to be used in a statistical pattern recognition framework.
Moreover, their explicit relations to poles and zeros of the system transfer function lead to
the speculation that a strong relation must exist between such coefficients and structural
properties, as it will be actually demonstrated in Chapter 4. Finally, these features require
very low user expertise to be extracted and analyzed, making them particularly convenient
for implementation into automatic structural health monitoring procedures.

In this chapter, an adaptation of MFCC features to best fit the characteristics of structural
response time histories is explored. These features are extracted directly from the time
histories of the structural response and are used in a statistical pattern recognition approach
to infer damage occurrence. The only instance of use of those coefficients for civil engineering
applications has been given by Zhang et al. [44], who used MFCCs to detect concrete
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x[n], n = 0, ..., N − 1
power
framing

windowing

spectrum

frequency
logarithm
warping

inverse
DCT
c[l], l = 0, ..., L − 1

Fig. 2.1: Mel-Frequency Cepstral Coefficients extraction

delamination on a bridge deck by analyzing the MFCCs extracted from records of the
impact sound produced by impacting the surface of the concrete slab with a steel bar.
MFCC Features Extraction Procedure
The procedure to extract the Mel-Frequency cepstral coefficients from a sampled signal
x[n] is outlined in Figure (2.1); the reader is referred to [45] for a detailed treatment of
the subject. The first operation requires the segmentation of the signal into frames. The
frames must be short enough to be considered stationary. Subsequently, non-rectangular
windows are applied to each frame in order to reduce riddle effects at the onset and offset
of the frame spectra. Typically, the Hamming window is used for this purpose. Equation
(2.1) shows the expression for the k th coefficient of a K-point Hamming window:


2πk
, for k = 0, ..., K − 1
w[k] = 0.54 − 0.46cos
K

(2.1)

where K is the number of data points in each frame. The Hamming window is also the
window used here.

Once the power spectrum of each frame is evaluated, by use of Discrete Fourier Transform
(DFT), an operation known as frequency warping is performed in order to emphasize the
properties of the signal in the Melody-frequency (Mel-frequency) scale. The Mel-scale is
apt to represent sound pitch as perceived by the human ear. The relation between Melfrequency, fM EL , and linear frequency, f , is given below:


f
fM EL = 1000 log2 1 +
.
1000

(2.2)
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The Mel and the linear frequency scales are almost equivalent up to 1000 Hz, after which
their relation becomes logarithmic. Frequency warping is achieved by grouping together
the DFT values into M critical bands and weighting each group by a triangular weighting function [46]. The triangular filters are constructed such that their centers are equally
spaced into the Mel-scale, each filter being symmetric with respect to its center (Figure 2.2).

Finally, an L-points Inverse Discrete Cosine Transform (IDCT) applied to the logarithm of
the Mel spectra completes the features extraction procedure:
c[l] =

M
−1
X
m=0



π(2l + 1)m
am ln(Hmel [m]) cos
2M



for l = 0, ..., L − 1

(2.3)
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otherwise. In equation (2.3), Hmel [m] repre-

sents the mth point of the Mel-spectrum, where m = 0, ..., M −1, while c[l] is the lth element
of the feature vector c ∈ RL×1 . Often, the first MFCC is discarded, as it has been proved
to be very sensitive to DC component effects. Furthermore, when the system is excited by
random noise, input effects concentrate in the first part of the cepstrum representation of
the signal. Therefore, discarding the first coefficient from the MFCC feature vector serves
to reduce the effect of the input, especially when this is due to ambient vibrations. In this
work, the first cepstral coefficient is also discarded, so that the actual dimension of the
feature vector extracted from a single frame is L − 1.

Let us now analyze in more detail some aspects of the procedure just exposed. Firstly, it
is worth noting that all the extraction stages are accomplished through digital signal processing operations. In the field of speaker recognition, the values assigned to the number of
bands M and number of coefficients L are standardized, so that the user can employ such
values without any kind of parametric analysis. This is a very important characteristic of
the features, as it reduces the factors of subjectivity in the extraction process: the features
extracted from the same signal by two different users will take on the same values, leading
to the same recognition results.

The framing and windowing operations are particularly appealing when dealing with nonstationary signals, as the case for a variety of structural response time histories. Indeed,
when the monitored system is excited through a highly non-stationary input, as for instance
in the case of earthquake excitations, the response manifests non-stationarity characteristics
in its transient part, the part that is often the only time history recorded for short-term
SHM applications.

Another interesting operation is represented by the use of inverse DCT in place of inverse
Discrete Fourier Transform (DFT). Defined by Ahmed et al. in [47], DCT was shown to
perform better than DFT in transforming the original data into more compact and almost
uncorrelated representations, and was proved to compare closely to the Karhunen-Loeve
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Transform (KLT), which is optimal for compressing data dimensionality. However, despite
its optimality, there is no efficient algorithm able to implement KLT, while DCT may be
implemented exploiting Fast Fourier Transform (FFT), i.e. in a highly computationally efficient fashion. KLT is the most basic approach to perform Principal Component Analysis
(PCA), which is concerned with transforming the original data by projecting them into a
reduced dimension space, whose basis vectors are represented by the data covariance eigenvectors associated with the largest eigenvalues, which, in turn, represent data components
characterized by the greatest variance and are the most useful for recognition purposes [48].

The DCT of a sequence x[n], n = 0, ..., N − 1, is given by:


N
−1
X
(2n + 1)mπ
X[m] =
x[n] cos
,
2N
n=0

m = 0, ..., M − 1.
As emphasized by Ahmed [47], the set of basis vectors { √12 , cos
provides a good approximation to the eigenvectors

1
ρ
ρ2
···


1
ρ
···
 ρ

 2
ψ= ρ
ρ
1
···

 ..
..
..
..
 .
.
.
.

ρM −1 ρM −2 ρM −3 · · ·

(2.4)
h

(2n+1)mπ
2N

i

} of the DCT,

of the class of Toeplitz matrices

ρM −1


ρM −2 


M
−3
 , 0 ≤ ρ ≤ 1,
ρ

.. 
. 

1

(2.5)

to whom covariance matrices of some weakly stationary stochastic processes belong. Therefore, evaluating the DCT of the data sequence x[n] is equivalent to giving a representation
of the energy content of the signal; coefficients characterized by low values are associated
to low energy content and may be discarded without significant loss of information. This
discussion also shows how Mel-Frequency Cepstral Coefficients may actually be interpreted
as warped frame spectra compacted into a space conveying all necessary energy information regarding the original data. Moreover, it also provides the necessary background to
understand the criterion employed in this work to select the number of coefficients to use,
in order to solve the damage detection problem.
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The only operation whose application to non speech signals may be arguable is the warping
of the linear frequency scale into Mel-scale. Indeed, Melody scale was specifically coined to
mimic the human perception of sound, that is a natural phenomenon not easily relatable to
structural response processes. Moreover, the bands and filter settings used in speaker recognition are standardized for signals sampled at 8 to 16 kHz, i.e. for much higher frequency
rates than those typically employed to record the structural response. Nonetheless, some
critical frequency bands can be also identified for signals typical of structural engineering
applications. For example, some frequency bands can be made corresponding to parts of
the response spectrum where sharp peaks appear, since those parts contain important information regarding the energy content of the signal. Since the procedure for the proposed
feature extraction in structural response signals will depart from the standard values used
in speaker recognition, it will be also necessary to pose a criterion to select the number of
coefficients, L. Here, it is proposed that such criterion be based on the principle of PCA,
exploiting the properties of DCT.
Alternative to MFCC
From the previous discussion, it appears that Mel-warping cannot be considered adequate
when cepstral features are to be extracted from structural response time histories. It is here
proposed to replace the frequency warping described for speech analysis with a weighting
procedure based on a scale that mimics the trend of the Mel-scale, and that is linear up to
a cutoff frequency, selected by the user, and then logarithmic.

Let us assume that the monitored system is instrumented with s sensors, and that

n real-

izations of the response of the system, under different healthy scenarios, are measured from
the available sensors. It is preferable that the n realizations be measured under different external conditions, so to account for a variety of operating conditions, but it is not necessary
to employ all the data that will be used in the training phase. Indeed, the construction of
the training data-base is a progressive operation, so that, at the beginning of the monitoring
project, only few instances of the healthy structure may be available. In other words, the
set of data used for the filter bank construction should be diverse, but does not need to

2. STATISTICAL PATTERN RECOGNITION BASED DAMAGE DETECTION
USING CEPSTRAL COEFFICIENTS

27

include all the data that will be used to construct the training model. At this point, the
analysis of the spectrum of the reference structural response is necessary only to identify
the area of the spectrum with the greatest energy content, and this can be pursued also
analyzing a reduced number of response instances. If ` is the number of frames obtainable
from one time history, at the end of this first stage n · s · ` response windowed segments will
be available. Averaging the spectra of all such segments results in the generation of what
will be referred to as an average spectrum. The average spectrum highlights the frequency
range within which the greatest frequency content is observable. The user is then called
to define a boundary of such range of maximum energy concentration, boundary that will
be denoted by the frequency fc . The objective of this procedure is that of emphasizing
the parts of the spectrum that are more likely to be expressing the structural behavior.
It is here suggested that the centers of the M triangular filters be equally spaced on the
frequency scale, f˜, given in equation (2.6):


f
˜
f = fc log2 1 +
.
fc

(2.6)

The only input the user is required to provide is the cutoff frequency fc . Nonetheless, this
choice should be quite natural, as the averaging process and the use of all available sensors,
clearly highlights the spectrum regions of maximum energy content.

Figure (2.3) exemplifies the filter bank definition, using simulated data from a 10 DOFs
shear-type system excited at all DOFs by white Gaussian noise input. This system is identical to the one used to present the results in section 2.4. To obtain the average spectrum,
the acceleration response measured under the undamaged baseline condition 1 of Table (2.1)
is considered. The number of bands, M , is set up according to the guidelines of Fraile et al.
in [49], i.e. M is set equal to 3 ln(fs ), where ln(·) represents the natural logarithm operation,
while fs is the sampling frequency, which is equal to 100 Hz for the case of Figure (2.3).
Figure (2.3.a) shows the location of the cutoff frequency fc , which for this case is 20 Hz. By
setting a cutoff frequency at the boundary of the greatest energy content of the spectrum,
and forcing the filters to be linearly spaced within this range, the part of spectrum most
representative of the structural response is more heavily weighted than the remaining part
of the spectrum, emphasizing the characteristics of the structure.
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Fig. 2.3: Adaptation of the frequency warping procedure. (a) Filters centers definition. (b) Resulting
triangular filters.

As already discussed, another important step in the feature extraction procedure is to
select the proper number of coefficients, L, that need to be extracted. Since the problem
we are addressing is of the unsupervised kind, also for the definition of L, as done for the
construction of the filter bank, it is necessary to exploit solely information contained in the
training data. The steps necessary to select L are shown in Figure (2.4). Let us assume that

n realizations of the response time histories measured at s different locations, in undamaged
conditions, are available. Such realizations will normally be the same realizations used to
construct the average spectrum. The first step requires the extraction of cepstral coefficients
from such time histories. Such extraction procedure is performed following the algorithm
shown in Figure (2.1), but using the triangular filters constructed according to the previously
presented criteria, and setting the number of coefficients, L, equal to the number of bands,
M . From each time history, a cepstral feature vector c ∈ RL×1 is obtained by averaging the
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` frame cepstral vectors, where ` again refers to the number of frames in which each time
history is segmented.

n realizations of structural response data set:
xi ∈ RN ×s , i = 1, ..., n

L=M
Extract Cepstral Coefficients
and discard first coefficient:
cj ∈ R(L−1)×n , j = 1, ..., s
Evaluate mean over realizations and sensors:
c̄ ∈ R(L−1)×1
Evaluate (L − 1)-points DCT of c̄:
Gc̄
Evaluate absolute value of Gc̄
and sort in ascending order:
y ∈ R(L−1)×1

i=1
yi = [y(1 : i) , 0...0]
∈ R(L−1)×1

Is

kyi k
kyk

< 0.99 ?

Yes

No
i=i+1
Fig. 2.4: Selection of L.

L = i+1
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At the end of the process, s · n realizations of cepstral feature vectors will be available.
After having discarded the first coefficient from each feature vector, the vectors ensemble
is averaged to form a single vector c̄ ∈ R(L−1)×1 . To determine the final value of L, the
number of elements of c̄ covering 99% of the sequence energy is estimated according to the
method proposed in [50]. The absolute value of the (L−1)-point DCT of c̄ is first evaluated,
and the resulting values sorted in the ascending order to form the vector, y ∈ R(L−1)×1 . The
ratio between the Euclidean norms of a vector yi , which is a vector of zeros with the first i
elements replaced by the first i elements of y, and of the vector y is iteratively computed by
increasing the value of i until the ratio of the two norms exceeds the value of 0.99, or until
i becomes equal to M − 1. The last value assumed by i, increased by one unit, is selected
as the new L.
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Fig. 2.5: Last step in the selection of the number of coefficients, L.

Figure (2.6) is a graphical representation of the final step involved in the selection of L. To
obtain such plot, 40 realizations of the acceleration response measured at the mid-span of
each floor of the base-excited three story steel frame, considered in the second case study
kyi k
presented later in this chapter, were used. The ratio kyk
becomes greater than 0.99 for i
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equal 11, and so the number of cepstral coefficients selected is finally set to 12.

The operations required for the definition of the filters bank and of the number of cepstral
coefficients are run only once at the beginning of the training phase. For both operations,
efficient algorithms may be set, reducing the computational requirements to minimum levels. Indeed, it will be shown in the results of section 2.4 that the computational requirement
for the extraction of cepstral coefficients is lower than that needed for computing the AR
coefficients. The only parameter the user must select is the cutoff frequency fc , but the
decision is dramatically facilitated by the analysis of the average spectrum. The user is also
supposed to set a threshold for the amount of energy content the cepstral coefficients need
to cover in order to define L. In this work a threshold of 99% is used, but experiments
demonstrated that any value in the range of 90% to 100% would not affect the results
substantially, and so the proposed value of 99% can be used without the need of time
consuming parametric analysis. The choice of discarding higher order cepstral coefficients
would not introduce a substantial loss of important information, if the technique proposed
in this study is employed, as the number of coefficients is selected to preserve the 99% of the
energy content of the signal. Additionally, the use of IDCT assures that the last coefficients
are indeed the least useful for recognition purposes, as they can be assimilated to the last
components obtained by PCA of the warped log-spectra.

Since the features obtained through the methodology just exposed are derived from the
Mel-Frequency Cepstral Coefficients, but obtained by warping the linear frequency scale
into a logarithmic frequency scale different from the Melody one, the proposed features will
be referred to as simply Frequency-Warped Cepstral Coefficients (FWCC).
2.2.2

Auto Regressive Model Coefficients

For the sake of completeness, a brief description of the features (AR coefficients) that will
be used in the analysis of the results, for comparison with the proposed cepstral feature, is
provided.

2. STATISTICAL PATTERN RECOGNITION BASED DAMAGE DETECTION
USING CEPSTRAL COEFFICIENTS

32

Auto Regressive (AR) coefficients, as well as the AR model residuals, have been largely
used as damage sensitive features in a variety of instances ([4, 24, 34, 51]).

Given a time signal x[n], its AR model of order p is given by
x[k] =

p
X

aj x[k − j] + k

(2.7)

j=1

where x[k] denotes the value of the signal at time instant k∆T , with ∆T being the sampling
interval, aj is the j th AR coefficient, while k is the modeling error at the k th time step.
The evaluation of the AR coefficients is very simple, here, for example, it is attained by
least squares.

The actual problem in using such coefficients is the definition of the order of the model,
p. In fact, such order must be large enough to correctly model the observed signal but, at
the same time, not too large, in order to prevent overfitting. Akaike Information Criterion
(AIC) represents a valuable tool to solve the problem of model order selection ([52]). In
fact, AIC delivers the model that represents a balance between the one that best fits the
data and that which uses the least number of parameters to model the observed signal. The
AIC for an AR model of order p is given by
AIC(p) = n[ln(σp2 ) + 1] + 2p,
where

(2.8)

n is the number of estimated data points, while σp2 is the mean of the sum of square

residual errors, k . In order to select the optimal p, the AIC value is evaluated by increasing
the value p from 1 to a maximum order, maxp . Here, maxp is set equal to 25. The AR
model is constructed for each given p and σp2 computed as the sum of the squared values of
k , obtained by subtracting the observed signal to that predicted using the estimated coefficients. The optimal p is selected as the smallest value greater than a prescribed threshold,
threshold that is set by the user. Here, the threshold is set as the 5% of the difference between AIC(1) and AIC(maxp ). Contrarily to what concerns cepstral coefficients, the results
of the damage detection assignment when using AR models are largely affected by changes
in such threshold.
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2.3 Damage Detection Algorithm
The research in the field of statistical pattern recognition based damage detection has been
quite active in the last ten years, leading to the proposal of numerous damage detection
algorithms.

The common scheme is that of constructing a model of the damage sensitive features representative of the healthy states and then comparing new instances of features extracted
from the response of the system under unknown conditions against those representative of
the original trained model to determine whether these new instances are novel, i.e. deviating from the reference model, or are instead new realizations of the healthy system. The
training model is usually represented by a probability density function estimated using the
trained features. In this work, both FWCCs and AR coefficients are assumed to be multivariate and normally distributed. This assumption is not far from reality, especially when
the number of training data is large. In fact, for what concerns cepstral coefficients normality, due to the optimal decorrelation properties of inverse DCT, the cepstral coefficients
may be considered to be almost uncorrelated, as far as allowed by the use of noisy data.
In addition, since the vectors are obtained through the same operations, it is reasonable to

n independent
vectors will approach a normal distribution as the limit of n

assume that they are identically distributed. It is well known that a set of
identically distributed (i.i.d.)

approaches large values. Proofs that AR-coefficients are normally distributed are well documented, for example see [53]. Therefore, estimating the mean vector and the covariance
matrix of the ensemble of training feature vectors is enough to characterize the distribution
of both types of coefficients.

The structural damage detection strategy proposed in this chapter makes use of the Mahalanobis Squared Distance (MSD) as the damage index. The Mahalanobis Squared Distance
of a d-dimensional point, x, from a population characterized by mean, µ, and covariance
matrix, Σ, is a scalar given by:
2
Dµ
(x) = (x − µ)T Σ−1 (x − µ).

(2.9)
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The advantage of employing MSD is twofold: firstly, the use of the sample covariance matrix,
estimated using samples measured under different external conditions, e.g. temperature,
traffic, wind in a bridge structure, allows to account for the feature variability produced
by such factors’ influence; furthermore, MSD is the preferred metric in the field of outlier
detection, such that a substantial body of work is available on the subject. The knowledge
of the damage index distribution is crucial for defining a threshold, able to robustly distinguish between undamaged and damaged instances. The Mahalanobis Squared Distance of
normally distributed instances is asymptotically χ2 -distributed with d degrees of freedom,
where d is the dimension of the feature vector. However, the asymptotic convergence is very
slow, and defining the threshold based on the χ2d percentiles may be too conservative, even
for large samples [54]. Also, the χ2d -distribution of MSD is true when the true mean and
covariance matrix of the feature population are employed, while in the present application
the sample estimators of said statistics are used. In [32], it is proved that the distribution of
the MSD of a d-variate point x, when x is not involved in the estimation of the sample mean
and the sample covariance matrix, follows a scaled F-distribution with degrees of freedom
d and

n − d,

where d is the dimension of x, and

n

is the number of observations used to

construct the sample statistics’ estimators. As detailed later, this property will be used to
set the threshold value.

Figure (2.6) clarifies the steps involved in the damage detection algorithm. The steps circled
in blue are performed during the training phase, while those circled in red are performed
in the testing phase.

Let us assume that, for the training phase,

ntr

sets of structural response time histories are

available from each of the s sensors located on the monitored system. Prior to engaging
into the feature extraction process, a subset of the

ntr

realizations, previously referred to

as n, is selected to construct the filter bank. Then, the algorithm of Figure (2.4) is run to
select the number of cepstral coefficients, L. At this point, the cepstral feature vectors can
be extracted from each of the ntr · s time histories. Each response time series of the ith data
set realization is divided into ` frames and from each frame an (L − 1) × 1 feature vector is
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c̃(j) ∈ Rs·(L−1)×1 ,

,

i = 1, ..., ntr

j = 1, ..., nte

Evaluation of training mean vector:
nPtr (i)
mtr = n1tr
c and

Evaluation of testing mean vector:
nPte (j)
mte = n1te
c̃

i=1

covariance matrix:
nPtr (i)
(c −
Str = ntr1−1

j=1

i=1

mtr )(c(i) − mtr )T
Estimate threshold, Γ,
as (1 − α)% percentile
2
Dm
(mte ) =
tr

of F-distribution with d
and

(mte − mtr )T S−1
tr (mte − mtr )

ntr − d degrees of

TESTING

freedom, d = s · (L − 1)
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Fig. 2.6: Damage Detection Algorithm.
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derived: as previously explained, the first cepstral coefficient is discarded to mitigate input
effects. The sample mean of the ` feature vectors is stored and concatenated to the other
s − 1 mean feature vectors, generating a feature vector c(i) ∈ Rs·(L−1)×1 , for i = 1, ..., ntr .
The training model is then constituted by the set of ntr feature vectors c(i) , for i = 1, ..., ntr ,
whose sample mean mtr :
mtr =

ntr
1 X
ntr

c(i) ,

(2.10)

i=1

and unbiased sample covariance matrix Str :

n

tr
1 X
Str =
(c(i) − mtr )(c(i) − mtr )T
ntr − 1

(2.11)

i=1

can be evaluated, forming what can be defined as the training model.

Let us now assume that a set of

nte

data sets are available for testing. These are data sets

for which the condition of the structure is unknown and will be used to assess whether or
not changes have occurred in the structure. In the case of short-term applications,
be equal 1 but, in general, let us assume that

nte ≥ 1.

nte

can

From each testing data set, a feature

vector c̃(j) ∈ Rs·(L−1)×1 , for j = 1, ..., nte , is extracted, in order to get a population of

nte

feature vectors. The Mahalanobis Squared Distance between training and testing models is
estimated according to Equation (2.12):
2
Dm
(mte ) = (mte − mtr )T S−1
tr (mte − mtr )
tr

where mte represents the sample mean of the
testing data set, if

nte > 1:
mte =

while it is simply equal to c̃(1) if

nte

nte

nte
1 X
nte j=1

(2.12)

feature realizations computed from the

c̃(j) ,

(2.13)

is equal to 1.

2
The damage index Dm
(mte ) must then be compared against a threshold, Γ, in order to
tr

assess the occurrence of damage. As previously stated, the Mahalanobis Squared Distance
of the testing point mte ∈ Rs·(L−1)×1 from the training population, whose sample mean
vector, mtr , and the sample covariance matrix, Str , have been estimated using

ntr

data
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Fig. 2.7: 10 Degrees Of Freedom Shear Type System.

points, but without using the point mte , is distributed according to a scaled F-distribution
with degrees of freedom s · (L − 1) and

ntr − s · (L − 1):

ntr (ntr − d) 2
D
(mte ) ∼ Fd,ntr −d ,
(n2tr − 1)d mtr

(2.14)

where d is equal to s · (L − 1). The threshold, Γ, is then set to the value of the 1 − α2
percentile of Fd,ntr −d . For each test, the value of Dm
(mte ), scaled by
tr

ntr (ntr −d)
(n2tr −1)d

can then

be compared to Γ: if it exceeds the threshold value the structure is declared damaged. In
this work, α is set equal to 1%.

2.4 Results
Two case studies are considered, in order to analyze the performance of the proposed damage
detection algorithm. The first case study exploits the acceleration response time histories
simulated from a 10 DOFs shear-type system. In the second case study, the acceleration
response time histories recorded on the 3-story scaled building model available at the Engineering Institute of the Los Alamos National Laboratory are used to solve the damage
detection problem. The results obtained from this second case are particularly important,
as the mechanism employed to model damage on the frame leads the system to behave
nonlinearly.
2.4.1
Sensing and Signal Processing

Case 1: Simulated Frame Structure
The simulated system tested to demonstrate the proposed

method is a 10-story shear-type system (Figure (2.7)), modeled according to the common
mass-spring-viscous damper chain. The nodes are numbered in ascending order, so that
the node closest to the constraint is labeled as 1. The inter-story stiffness between the
(i − 1)th and ith nodes is denoted as ki . The energy dissipation properties of the system
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State

Condition

Description

1

Undamaged (U1)

baseline

2

Undamaged (U2)

m1 = 0.95m01

3

Undamaged (U3)

m10 = 1.05m010

4

Undamaged (U4)

ki = 0.98ki0 , i = 1, ..., 5

5

Undamaged (U5)

ki = 0.98ki0 , i = 6, ..., 10

6

Undamaged (U6)

ki = 0.99ki0 , i = 1, ..., 5

7

Undamaged (U7)

ki = 0.99ki0 , i = 6, ..., 10

8

Undamaged (U8)

ki = 1.03ki0 , i = 1, ..., 5

9

Undamaged (U9)

ki = 1.03ki0 , i = 6, ..., 10

10

Damaged (D1)

k5 = 0.85k50

11

Damaged (D2)

k8 = 0.85k80

12

Damaged (D3)

0
k10 = 0.85k10

13

Damaged (D4)

k1 = 0.90k10

14

Damaged (D5)

k3 = 0.90k30

15

Damaged (D6)

k5 = 0.90k50

16

Damaged (D7)

k8 = 0.90k80

17

Damaged (D8)

0
k10 = 0.90k10

Tab. 2.1: Damaged and undamaged states considered for case study 1
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are modeled through the Rayleigh damping mechanism. The undamaged and damaged
scenarios considered for this case are given in Table (2.1). The baseline system is characterized by inter-story stiffness, ki0 , 6 × 106 N/m, and mass, m0i , 2 × 103 Kg, for i = 1, ..., 10.
The diversity of the states labeled as undamaged is considered in an attempt to simulate
operational and environmental variability conditions. For example, states 2 and 3 could be
representative of the change of building use. State 4 could model a scenario where only
the bottom floors are subject to temperature increase, resulting in a decrease of the corresponding inter-story stiffness.

The acceleration response to a white Gaussian noise input is simulated. The input time
histories, of mean 0 and standard deviation 1, are 2 minutes long, sampled at 0.01 seconds
and applied at each DOF. The entire energy content is between 0 Hz and 50 Hz, so that
the amplitude of the power spectral density function of the input signals is equal to 0.0032
g2 /Hz. To simulate the effects of measurement noise, 10% RMS white Gaussian noise is
added to the simulated response. To reproduce operational variability, for each data set
realization, the values of the structural properties indicated in Table (2.1) are perturbed by
a small amount, randomly picked from a set of values, uniformly distributed between -0.01
and 0.01. For the present example 50 realizations of each of the 9 undamaged scenarios are
simulated. On average, the peak acceleration of the input is equal to 0.45g.

The simulated response data are standardized and normalized prior to being used for feature
extraction:
xnormalized [n] =

x[n] − x̄
,
σx

(2.15)

where x[n] is the original signal, x̄ its mean and σx its standard deviation. The normalization procedure is performed on each frame, when cepstral features are used as dsf, while it
is performed on the whole signal when AR coefficients are employed.

Three sensor setups are considered: in the first setup, accelerometers are assumed to be
located at each DOF; for the second setup, only the odd nodes (1, 3, 5, 7 and 9) are
instrumented; while for the third setup, sensors are placed on nodes 2, 4, 6, 8, and 10.
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Feature Extraction As discussed in section 2.2, prior to engaging into the actual cepstral
feature extraction process, the triangular filters and the number of cepstral coefficients, L,
must be selected. Since the sampling frequency adopted to simulate the system response
is equal to 100 Hz, M is set to 13, as per Fraile et al. criterion [49]. To form the average
spectrum, 50 realizations of the response of the system, under the baseline state 1 of Table
(2.1), are employed. For each one of the three sensor setups, the most reasonable fc is
found to be 20 Hz (see Figure (2.3)). Applying the procedure proposed in section 2.2, and
using the same data employed to define the filter bank, the number of coefficients, L, is set
to 13 for each sensor setup. However, since the first cepstral coefficient is discarded, the
dimension of the feature vector extracted from a single time history and actually used for
the damage detection is 12.

Concerning the AR coefficients extraction, AIC is adopted on the first experiment of all
time histories recorded from the undamaged scenario 1 of Table (2.1), leading to a suggested order, p, of 16, 13, and 18 for the sensor setup 1, 2, and 3, respectively.

It is observed that, for this first case study, cepstral features offer a more compact representation of the time series than AR coefficients.
Training For the present example,

ntr

is equal to 450 (50 realizations of each of the 9

undamaged scenarios). Therefore, the training data-set is constituted by 450 × s time histories, where s is the number of accelerometers available for a specific sensor setup. The
construction of the training model requires only the evaluation of sample mean and sample
variance-covariance matrix of the features extracted from the training data.

The threshold value is found to be 1.40 for the first sensor setup, and 1.53 for the second
and third sensor setups, when cepstral coefficients are used as features, while, when using
the AR coefficients, the thresholds become 1.37, 1.51 and 1.45 for sensor setup 1, 2 and 3,
respectively. The Mahalanobis Squared Distance evaluated for the cepstral coefficients is
scaled by a factor of 0.0061 for the first sensor setup, and by 0.0144 for the second and third
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sensor setups. Likewise, when AR coefficients are involved, the damage index is scaled by
a factor of 0.0040, 0.0132 and 0.0089 for sensor setups 1, 2 and 3, respectively.

Sensor

Training CPU time [sec]

Training CPU time [sec]

Setup

(Cepstral Coefficients)

(AR Coefficients)

1

18.14

43.21

2

9.38

17.54

3

9.31

25.25

Tab. 2.2: CPU time required for training.

Table 2.2 compares the CPU time required for training of the two types of dsf’s, evaluated
using the stopwatch timer MatLab functions tic-toc [55]. The timer is started at the
beginning of the preprocessing operations and stopped at the end of the threshold definition. In addition to preprocessing and threshold evaluation, the training operations include
feature extraction and population statistics estimation. It is readily observable that the
computational cost required for the training of the cepstral features is consistently lower
than that required for the training of the AR coefficients. The major computational burden
for AR feature extraction is represented by the use of AIC to determine the model order,
which requires the construction of multiple AR models of increasing order.

Sensor

Cepstral Coefficients

AR Coefficients

Setup
Type I error

Type II error

Type I error

Type II error

1

2.22%

0%

1.11%

1.25%

2

0%

0%

1.11%

1.25%

3

1.11%

3.75%

2.22%

5.00%

Tab. 2.3: Results for case study 1.
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Sensor Setup 1
Sensor Setup 2
Sensor Setup 3

Total error [%]

3
2.5
2
1.5
1
0.5
0

Cepstral Coefficients

AR Coefficients

Fig. 2.8: Total error for the three sensor setups for Case 1.

Testing To test whether the algorithm is capable of identifying the presence of structural
damage, ten realizations of the response of the system for each of the 17 states of Table
(2.1) are simulated. Each resulting dataset is treated individually as a single test, in order
to simulate the short-term SHM modus operandi. The results of the tests are given in Table
(2.3) in terms of Type I and Type II errors, in Figure (2.8) in form of total error, and in
Figure (2.9), comparing the performance of cepstral and AR coefficients. Observation of
Figure (2.8) clarifies that the performances of these two features are comparable, although
the cepstral coefficients perform slightly better than the AR coefficients when sensors are
not located in the immediate proximity of the damage (Sensor Setup 3). In fact, the Type II
error detected for the third sensor setup is mainly due to the missed identification of state
13 as damaged, as also discernable from the pictorial representation of the results given
in Figures (2.9). Of particular interest are the results obtained from damage state D4,
which corresponds to a 10% reduction of the stiffness of the first element. When using the
third sensor setup, state D4 is the most difficult to be correctly identified for both damage
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Damaged
Undamaged
Threshold

7
6
5
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1
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States
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8
7

U1 U2 U3 U4 U5 U6 U7 U8 U9 D1 D2 D3 D4 D5 D6 D7 D8

Damage
Index Value
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4
3
2
1
0

States
(b)

Fig. 2.9: Mahalanobis Squared Distance for Tests of Case Study 1, Sensor Setup 3: (a) Cepstral
coefficients used as feature. (b) AR coefficients used as features.
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Accelerometer (Channel 5)

3rd Floor
Column
17.7

3

3

Bumper

Accelerometer (Channel 4)

2nd Floor

2

17.7

2
Accelerometer (Channel 3)

1st Floor
Shaker

1

17.7

1
Accelerometer (Channel 2)

Base
z

Load cell
(Channel 1)

17.45

y

X

Baseplate

Fig. 2.10: Test structure for case study 2 [34, 56].

sensitive features. However, while using cepstral coefficients the majority of the instances
are declared damaged (mostly blue columns in Figure (2.9.a)), only a minimum part of
such instances are correctly declared as damaged, when the AR coefficients are employed
(Figure (2.9.b)). This suggests that both types of coefficients perform better when there is
a sensor in the proximity of the damage. In fact, the third sensor setup does not include any
sensor in the proximity of the first degree of freedom. It is also interesting to note that the
damage index magnitude is higher for damage cases from 1 to 3, which are characterized
by a 15% decrease of interstory stiffness, while decreases for the remaining cases (10%
reduction), indicating proportionality between the amplitude of cepstral features and the
damage severity.
2.4.2

Case 2: Experimental Data from a Frame Behaving Nonlinearly

Sensing and Signal Processing The data for this test have been downloaded from
http://institute.lanl.gov/ei/software-and-data/data. The structure is a laboratory threestory frame whose schematic and sensor locations are shown in Figure (2.10). A detailed
description of the structure and of the data are given in [56, 34]. Damage is modeled through
a mechanism constituted of a bumper and a column. The column hangs from the third floor
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State

Condition

Description

1

Undamaged

baseline

2

Undamaged

added mass of 1.2 Kg at the base

3

Undamaged

added mass of 1.2 Kg at the 1s t floor

4

Undamaged

87,5% stiffness reduction in one column of the 1st inter-story

5

Undamaged 87,5% stiffness reduction in two columns of the 1st inter-story

6

Undamaged

7

Undamaged 87,5% stiffness reduction in two columns of the 2nd inter-story

8

Undamaged

9

Undamaged 87,5% stiffness reduction in two columns of the 3rd inter-story

87,5% stiffness reduction in one column of the 2nd inter-story

87,5% stiffness reduction in one column of the 3rd inter-story

10

Damaged

Distance between bumper and column tip 0.20 mm

11

Damaged

Distance between bumper and column tip 0.15 mm

12

Damaged

Distance between bumper and column tip 0.13 mm

13

Damaged

Distance between bumper and column tip 0.10 mm

14

Damaged

Distance between bumper and column tip 0.05 mm

15

Damaged

Bumper 0.20 mm from column tip, 1.2 Kg added at the base

16

Damaged

Bumper 0.20 mm from column tip, 1.2 Kg added on the 1st
floor

17

Damaged

Bumper 0.10 mm from column tip, 1.2 Kg added on the 1st
floor

Tab. 2.4: Damaged and undamaged states considered for case study 2.
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and may hit a bumper, anchored at the second floor, and whose distance from the column’s
tip is adjustable: the further the bumper from the column’s tip, the milder the damage.
This kind of mechanism aims to mimic opening/closing crack behavior due to dynamic loads.

Load is applied by means of an electrodynamic shaker to the base floor along the center line
of the frame. The system is instrumented with four accelerometers mounted at the center
line of each floor on the opposite side of the excitation source. Sensors and shaker locations,
together with the use of linear bearings on which the frame slides during the excitation,
work together to minimize the occurrence of torsional effects in the system. Signals are
sampled at 320 Hz for 25.6 seconds in duration. The input time history is a band-limited
excitation in the range of 20-150 Hz applied at the base. The input spectrum band was used
to prevent the excitation of the rigid body motions triggered at frequencies lower than 20 Hz.
The acceleration response time histories at all floors, including the first floor, and the input
excitation are measured under the 17 states described in Table (2.4). Also for this case, as
for the first example, the variability induced by external factors is mimicked using different
undamaged scenarios. Indeed, the experimental data employed in the present study have
been used in reference [34] to analyze the performance of machine learning algorithms for
damage detection under operational and environmental variability. In particular, as stated
in [34], the changes in the stiffness and mass properties adduced to the frame system “were
designed to introduce variability in the fundamental natural frequency up to approximately
7% from baseline condition, which is within the range normally observed in real-world
structures”. As in the first case study, three different sensor setups are considered: the
first setup includes channels 3, 4 and 5 of Figure (2.10); the second setup is constituted by
channels 3 and 4; finally, the third setup uses channels 4 and 5. Pre-processing operations
equivalent to those considered for the first case study are also applied for this case.
Feature Extraction and Training

Cepstral features are extracted using 17 bands, linearly

spaced up to 80 Hz, and a number of coefficients equal to 12 for the first and third sensor
setups, and equal to 10 for the second sensor setup. For this case, the cepstral feature
dimensionality is comparable to that of the AR coefficients where, using the AIC approach,
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Training CPU time [sec]

Training CPU time [sec]

Setup

(Cepstral Coefficients)

(AR Coefficients)

1

4.56

5.76

2

3.30

3.87

3

3.24

3.18
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Tab. 2.5: CPU time required for training.

Sensor

Cepstral Coefficients

AR Coefficients

Setup
Type I error

Type II error

Type I error

Type II error

1

4.44%

0%

13.33%

0%

2

2.22%

1.25%

12.22%

0%

3

2.22%

0%

6.67%

0%

Tab. 2.6: Results for case study 2.

an order of 12 is suggested for the first and second sensor setups, and of 10 for the third one.

Also the processing time required for training is comparable, as reported in Table (2.5).
This is due to the fact that the data to handle for this second case study are sensibly less
than those analyzed in the first case. In fact, for the present case study,

ntr

is equal to

360, as 40 realizations of the 9 undamaged scenarios of Table (2.4) are used. The threshold
values are determined to be 1.72, 1.99, and 1.89 for the three sensor setups when using the
cepstral features, while for the AR features, thresholds are set to 1.69, 1.85, and 1.93. The
damage indexes are scaled by 0.0250, 0.0472, and 0.0389 for the three sensor setups, when
cepstral coefficients are used as features; values of 0.0250, 0.0389, and 0.0472 define the
scales of the Mahalanobis Squared Distances for the three different sensor setups when AR
coefficients are employed as features.
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Fig. 2.11: Mahalanobis Squared Distance for Tests of Case Study 2 for Sensor Setup 1: (a) Test
results for undamaged states using cepstral coefficients as dsf’s. (b) Test results for
damaged states using cepstral coefficients as dsf’s.(c) Test results for undamaged states
using AR coefficients as dsf’s. (d) Test results for damaged states using AR coefficients
as dsf’s.

Testing Ten realizations for each of the 17 states of Table (2.4) are considered, so to simulate the data from 170 tests. Again, each set will be considered separately so to test the
capacity of the algorithm to distinguish between undamaged or damaged state. The results
are presented in Table (2.6).

In this case, it is evident that cepstral coefficients outperform the AR features in terms of
the false alarm rate. This suggests that the cepstral coefficients are robust against external factor variability, i.e. instances of the undamaged structure, not used to construct the
training model and measured under different external conditions, are indeed classified as
undamaged when compared to the training model. A low false alarm rate is crucial when
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the primary reason for engaging into SHM is that of economics: once too many false alarms
have been flagged, the user of the monitoring strategy will be led to underestimate the ability of the algorithm to identify damage, probably ceasing the use of the approach afterwards.

It can also be observed that while the performance of cepstral coefficients on simulated data
is almost comparable to that of the same features when experimental data are used, that
of AR coefficients is severely affected by conditions similar to those encountered in real-life
applications.

It is interesting to note a counterintuitive result: for both kinds of features, the worst
results are obtained for the sensor setup including the maximum number of sensors. In
order to explain such outcome, it is helpful to analyze Figures (2.11), showing a graphical representation of the results for the first sensor setup for both kind of features. The
misinterpretation of the ninth state is responsible for the Type I error for the case where
cepstral coefficients are considered, while when the AR features are employed, states 5,
7, and 9 concur to build up the false alarm rate. All mentioned cases are representative
of undamaged conditions where the stiffness of two columns of one floor is decreased to
87.5% of their original stiffness. This is a substantial departure from the baseline characteristics: such setting is in fact often used to model damage, as done in the first case
study presented in this chapter. Such a substantial change partially explains why Type I
errors for the present case study are higher than those measured in the previous analysis.
In particular, when all sensors are used to collect data, the influence of such stiffness distribution anomaly is amplified by the combination of the singular sensitivity of each channel,
leading to the results of Table (2.6) for the third sensor setup. For the other measurement
settings, the error occurs “too” randomly to be motivated by physical reasoning, leading
to the conclusion that such errors are solely due to the inherent uncertainties of the method.

For what concerns the identification of the damaged states, it is noteworthy that both kinds
of features prove to be particularly sensitive to impact-like damages. The damage index
magnitude for a damaged case is now much higher than that for an undamaged instance,
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so that the outcomes obtained running the tests on damaged states must be plotted on a
scale different from that used to display the results from the undamaged cases. Once again,
as observed in the first case study, the values of the damage indexes increase proportionally
to the increase of the damage severity, hence indicating sensitivity to damage severity for
this case of damage, as well.

Finally, as the damage mechanism affects the third and fourth floors, the optimum results
for both features are observed for the sensor setup including sensors at such locations, i.e.
the third sensor setup.

2.5 Conclusions
A statistical pattern recognition based damage detection algorithm was proposed. The
method uses an adaption of the Mel-Frequency Cepstral Coefficient features, dominantly
used in the field of speaker recognition, as damage sensitive features. An extensive treatment of the extraction modality of such features was described, explaining in detail the
approach used to define the filter bank and the number of coefficients necessary to perform
the extraction. The damage detection technique is based on Mahalanobis Squared Distance. The definition of the threshold has been performed taking into account the fact the
Mahalanobis Squared Distance of a d-dimensional point, x, is F-distributed with degrees of
freedom d and n − d, when x has not been used to estimate the sample mean and the sample
covariance matrix, and when

n samples from a d-variate normal distribution are available

to construct the sample statistics estimators.

The algorithm was tested on two frame structures, comparing the performance of the novel
damage sensitive features with that of the coefficients of an Auto Regressive model. The
first test adopted a set of simulated data from a 10 DOFs shear-type system while, in
the second test, experimental data obtained from a structure behaving nonlinearly in its
damaged conditions were used. For both cases, the performance of the algorithm under
operational and environmental variability, as well as considering different sensor locations
was investigated.
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Comparing the properties of cepstral features with those of the AR coefficients, the proposed
parameters are generally more compact and require lower computational effort than the AR
coefficients, making the model more robust to environmental factors. More importantly, the
results show that cepstral coefficients are less sensitive to environmental and operational
variability in the training data than AR coefficients. Moreover, the false acceptance rate of
cepstral coefficients is quite low, never exceeding 5%, for the considered case studies.

The use of experimental data measured on a system where damage is not modeled through
the conventional stiffness reduction approach suggests that the proposed procedure is well
suited for real-life applications.
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3. DATA-BASED STRUCTURAL HEALTH MONITORING USING SMALL
TRAINING DATA SETS

The main part of this chapter is reproduced by a paper co-authored with Prof. Raimondo
Betti and currently under review at the Journal of Structural Control and Health Monitoring
[57].

3.1 Introduction
In the previous chapter, a strategy to assess damage occurrence using the Frequency-Warped
Cepstral Coefficients as damage sensitive features in combination with outlier analysis was
described. In the previous treatment, the assumption was made that a large variety of data
was available for training. Here, the case is studied when such condition is not satisfied.

In statistical pattern recognition based structural damage detection, and in particular in
the strategy proposed in Chapter 2, a common approach is that of assuming the features
to be normally distributed, so that the mean and covariance matrix are the only statistical
moments that need to be estimated to define the training model. In this case, the number of feature observations available to construct the training model plays a crucial role in
the accuracy of the damage detection problem solution: when the number of observations
constituting the training population is large, the parameters defining the probability distribution of the population can be defined with better accuracy. Indeed, one of the biggest
practical deterrent to the application of statistical pattern recognition based structural damage detection to civil engineering problems is often attributed to the paucity of collected
data.

It is worth to remind that the proposed approach exploits Mahalanobis Squared Distance
52
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to measure whether or not the testing features departed from the training ones. As the case
for the majority of approaches based on statistical modeling, the evaluation of the Mahalanobis Squared Distance requires the computation of the inverse of the covariance matrix.
Nonetheless, if one is presented with a data set of features of dimension d comparable or
larger than the number of observations n, it is known that the estimate of the covariance
matrix using its unbiased sample counterpart will be neither accurate nor reliable in the
first case (d ' n), and not even invertible in the second (d > n).

In this chapter, it will be shown that, using suitable manipulations, the task of damage
detection may be solved also when the number of available observations is limited. This
condition may apply, for example, when the monitoring system has been just implemented
and there is not abundance of data yet. Moreover, the methods proposed herein can be employed to gain a greater numerical stability of the covariance matrix even when the number
of usable records is large. Finally, it is worth noting that dealing with sample covariance
matrix estimate is a common requirement of the majority of approaches based on statistical modeling, such as Bayesian model updating [58], principal component analysis[34, 59],
uncertainty propagation [60], etc. Therefore, in addition to structural damage detection,
other fields could benefit from the techniques discussed in the next sections.

In Section 3.2, some numerical aspects regarding the Mahalanobis Squared Distance metric
are explored. Section 3.3 addresses two problems stemming from the paucity of available
training feature observations: inversion of an ill-conditioned/singular matrix (Section 3.3.1)
and definition of a threshold value able to distinguish the undamaged from the damaged
instances of the system using resampling techniques (Section 3.3.2). In Section 3.3, three
methods are proposed to tackle the problem of covariance conditioning. The first approach
focuses on decreasing the dimension of the feature vectors by employing a technique based
on the Discrete Cosine Transform (Section 3.3.1). The second alternative overcomes the
problem of covariance matrix inversion by employing its pseudo-inverse (Section 3.3.1). The
third option proposes the use of the shrinkage covariance matrix in place of the sample one
(Section 3.3.1). In Section 3.4, the details of the feature extraction procedure and of the
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damage detection algorithm proposed in this chapter to solve the damage detection exercise
are described. Section 3.5 inspects the numerical aspects of the three proposed methods,
elaborating the discussion with the aid of a numerical example. In the same section, a
method is proposed to combine the three methods presented in Section 3.3. Finally, in
Section 3.6 damage detection is attempted using the acceleration time histories recorded
on a four story steel frame excited by means of the shaking table available at the Carleton
Laboratory of Columbia University, for which, in order to mimic operational conditions
variability, three undamaged conditions are considered by adding masses of different entities
to the third floor of the frame. In the experimental structure, damage is simulated by
replacing some columns with elements of smaller cross section.

3.2 Mahalanobis Squared Distance
The Mahalanobis Squared Distance metric was introduced in the previous chapter. Here,
the properties of the metric are further inspected as they will be exploited in the successive
sections of this chapter.

Let us denote by x ∈ Rd×1 a point representing a feature vector obtained from the testing
set, and by µ and Σ the mean vector and covariance matrix of the training features population; as already discussed, the Mahalanobis Squared Distance of x from the training model
is defined as:
2
Dµ
(x) = (x − µ)T Σ−1 (x − µ),

where the superscripts

T

and

−1

(3.1)

denote transpose and inverse of a matrix, respectively.

The Mahalanobis Squared Distance may be thought of as a weighted squared Euclidean distance of x from µ, where the weighting matrix is the covariance matrix. The MSD provides
a measure of how distant a feature vector is from the training population in a statistical
sense, as the Mahalanobis distance takes into account the correlations among variables.
In other words, two feature vectors having the same Mahalanobis distance from the mean
of the training population have the same probability of having been generated from that
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training population.

As observed in equation (3.1), the definition of the Mahalanobis Squared Distance depends
on mean vector and covariance matrix of the training population. In real applications, the
values of µ and Σ are unknown, so that an estimate of such statistics is required. Usually,
the unbiased sample counterparts of first and second statistical moments are used for such
purpose. Let us assume that the population of training features is collected into a matrix
Y = {y1 , ..., yn } ∈ Rd×n : each column of Y represents an observation of a d-dimensional
feature vector. The sample mean of the training data set is given by:
µ̂ = m =

n

1X

n i=1

yi ,

(3.2)

while the unbiased sample covariance matrix of the training set is evaluated according to
Σ̂ = S =

n

1 X
(yi − m)(yi − m)T .
n−1

(3.3)

i=1

3.2.1

Physical Interpretation of the Mahalanobis Squared Distance

In this paragraph, the treatment of the Mahalanobis Squared Distance is further elaborated,
in order to give a better idea of how it operates on the data to measure their distance from
a training model.

The definition of the MSD, in terms of the sample estimates of the training statistics, is
rewritten in Equation (3.4) to ease the ensuing discussion:
2
Dm
(x) = (x − mtr )T S−1
tr (x − mtr ),
tr

(3.4)

where x is a d-dimensional testing feature vector, mtr is the d-dimensional sample mean
vector of the training population and Str is the unbiased sample covariance matrix of order
d of the training population.

Let us denote by V the unitary matrix of order d of eigenvectors of Str , and by Λ the
diagonal matrix of order d of eigenvalues of Str , such that:
Str = VΛVT .

(3.5)
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be much larger than d, the covariance

matrix is a symmetric, positive definite and real valued matrix of order d; for a matrix with
such properties, the spectral decomposition theorem states that it is always possible to find
a set of d orthonormal eigenvectors, which then form a basis in Rd . Therefore, the columns
of V form a basis in Rd and by multiplying a vector in Rd by V a rigid rotation of the
vector into a new coordinate system is produced.

Making use of Equation (3.5), Equation (3.4) may be rewritten as follows:
h
iT h
i
2
− 12 T
− 12 T
Dm
(x)
=
Λ
Λ
.
V
(x
−
m
)
V
(x
−
m
)
tr
tr
tr

(3.6)

From Equation (3.6) it is possible to interpret how the Mahalanobis Squared Distance measures the departure of a testing vector x from the mean of the training population, mtr .

The eigenvectors of Str represent the principal directions in which data varies. Then,
the operation pursued by subtracting the training mean from the testing data and then
multiplying the result by the transpose of the covariance eigenvectors matrix is equivalent
to projecting the testing vector into a new system of reference, which has origin at the point
corresponding to the mean vector of the training population and axes directed along the
principal directions of data variance. Let us denote by x̃ the point obtained by translating
x by mtr and rotating it through V:
x̃ = VT (x − mtr ).

(3.7)

The second operation involved in the evaluation of the MSD of x from mtr consists of
scaling the coordinates of x̃ by the inverse of the square root of the matrix of eigenvalues,
1

Λ− 2 , leading to a transformed point x̂:
1

1

x̂ = Λ− 2 x̃ = Λ− 2 VT (x − mtr ).

(3.8)

In this work, the covariance matrix eigenvalues are assumed sorted in descending order, i.e.
eigenvalues are sorted in order of data variance: the first (last) eigenvalue is the largest
(smallest) and is associated to the eigenvector representing the direction of maximum (min1

imum) dispersion of the data. Scaling x̃ by Λ− 2 normalizes x̃ by the standard deviation of
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the training feature vectors coordinates. For this reason, here onwards, the scalars obtained
as the square root of the inverse of the covariance eigenvalues will be referred to as standard
deviation normalizing factors. In order to finally obtain the measure of the departure of x
from mtr in terms of the Mahalanobis Squared Distance, the Euclidean squared norm of x̂
must be evaluated:
h
iT h
i
2
T
− 12 T
− 12 T
Dm
(x)
=
x̂
x̂
=
Λ
V
(x
−
m
)
Λ
V
(x
−
m
)
tr
tr .
tr

(3.9)

Evaluating the MSD of x from mtr is then equivalent to evaluating the Euclidean squared
norm of the testing vector in a system of reference where the training vector variables are
uncorrelated and normalized with respect to the training variables standard deviation.
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Fig. 3.1: Mahalanobis Squared Distance evaluation: (a) Realizations of a bi-variate Gaussian distribution; (b) Effect of projection of the original data set into a system of reference with
origin in mtr and axis parallel to the principal components of Str ; (c) Effect of variance
normalization.

In order to further clarify this point, Figure (3.1) illustrates the effects of the projection
and normalization, on a set of 1000 realizations of a bi-variate Gaussian random vectors,
√
of mean µ = [1, 1]T , standard deviation associated to the x1 variable equal to σx1 = 10,
√
standard deviation of the x2 variable equal to σx2 = 2 and correlation coefficient between
the two variables equal to 0.67. The effects of said transformations are tracked on a point
P, represented by a red cross in Figure (3.1). Figure (3.1a) shows the original data set: the
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data points are arranged in an elliptical cluster whose major axis forms a non-zero angle
with respect to the x1 axis, indicating correlation between the two variables. In Figure
(3.1b), the result of the projection of the data points into the system of reference with
origin in the point represented by the cluster’s sample mean vector, mtr , and axis parallel
to the direction traced by the eigenvectors of the cluster’s sample covariance matrix, Str , is
shown. It is observed that in the new frame of reference, the data are maximally dispersed
along the axis labeled as x̃1 , and minimally dispersed along its orthogonal axis, labeled
as x̃2 . In the new system of reference, the vectors variables are uncorrelated, in fact the
coefficient of correlation between x̃1 and x̃2 is equal to 2.64 ×10−16 . Nonetheless, the
cluster shape is still elliptical, indicating different values of data dispersion along the two
principal directions. Figure (3.1c) displays the effect of standard deviation normalization;
1

by multiplying the data set by Λ− 2 , the resulting sample data points get equally dispersed
along each direction, as in fact the data cluster is now contained within a circle-shaped
boundary. The covariance matrix of the transformed data set is numerically equal to the
identity matrix, as the off-diagonal terms are equal to 2.61 ×10−16 while the main diagonal
terms are exactly equal to 1. The set of operations performed on the data is known as
affine transformation and permits to compare the data on a common scale of variance. The
MSD of the points in Figure (3.1a) from their mean is equivalent to the Euclidean squared
distance of the points in Figure (3.1c) from the origin of the system of reference Ox̂1 x̂2 .

3.3 Pattern Recognition Based Damage Detection Using Small Training Samples
The treatment of the problem as addressed up to this point makes the implicit assumption
that the ratio between the feature dimensions, d, and the number of training observations,

n,

is well below 1. Under this assumption, the covariance matrix is well conditioned and

may be then inverted. In practice, when the ratio d/n is less than 1, but not negligible,
the numerical inversion of the sample covariance matrix becomes ill-conditioned. When the
ratio d/n is greater than 1, the covariance matrix becomes singular, hence not even invertible. In an attempt to explore this problem, in this chapter alternatives are analyzed to
enable the use of statistical pattern recognition in solving the structural damage detection
problem even when the number of available training data observations is reduced.
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Another issue that must be addressed when dealing with low cardinality training data sets
is how to evaluate the threshold value. In fact, when the number of the training feature
vectors observations is high, the assumption that the training data set is normally distributed may be adequate. On the contrary, this assumption fails to be reasonable when
the number of training instances is reduced. From the lack of knowledge of the training
features population distribution stems the issue of how to define a threshold value able to
distinguish between the undamaged and damaged states of the structural system. Indeed,
although when introduced, no assumption regarding the underlying probabilistic distribution of the features was explicitly mentioned [23], the MSD is particularly suited to measure
the ‘statistical’ distance of multi-variate normally distributed features from the mean of a
multi-variate normally distributed population. In such case, the distribution of the Mahalanobis Squared Distance is regulated by well defined rules [54], so that the definition of a
threshold value able to distinguish anomalies from the reference data set is straightforward.
On the contrary, when the features constituting the training population are not normally
distributed, there is no general approach as how to define the threshold value, so that one
must engage into methods, such as resampling techniques, which determine the features
distribution properties empirically.

In this Section, three alternatives to the usual damage detection approach are proposed.
In the first part of this section, the problem of the inversion of an ill-conditioned/singular
matrix is addressed. The problem can be solved either decreasing the ratio between feature
dimensions and training observations by decreasing the data dimensions or by stabilizing
the covariance matrix itself. This last approach may be accomplished either considering a
stable estimator of the inverse of the covariance matrix, namely the pseudo-inverse, or by
estimating a numerically stable and properly invertible covariance matrix. In the second
part of this section, the problem of threshold evaluation is then addressed.
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Covariance Matrix Conditioning

Method 1: Reduction of Feature Dimensions
The first solution to explore is certainly that of reducing the feature dimensions, so as to
make d smaller than the number of observations. The tool typically employed for this purpose is Principal Component Analysis (PCA). The objective of PCA is that of projecting
the original data set into a space whose basis are parallel to the principal components of the
data set itself. A detailed treatment on the PCA technique is given in [61]. The principle
behind PCA is that if one starts with a data set constituted of correlated features, it should
be possible to decrease the dimensionality of such features by disregarding the dimensions
associated with higher degree of correlation, and retaining only the ones associated with
larger variance.

A popular approach to perform PCA is that of engaging the Karhunen-Loève Transformation (KLT), which exploits the properties of the covariance eigenvalues and eigenvectors discussed in Section 3.2. Let us assume that a set of features is collected in a matrix Y = {y1 , ..., yn } ∈ Rd×n , whose ith column represents the ith observation of the ddimensional feature vector yi . The first operation required to perform KLT is transforming
the original data set Y into one of zero mean, Ỹ. Subsequently, the covariance matrix of Ỹ
may be estimated, typically through its unbiased sample estimate, Ŝ. The next operation
requires the evaluation of the eigenvalues and eigenvectors of Ŝ, i.e. the definition of the
matrix of the eigenvectors, V, and that of the eigenvalues, Λ, such that:
V−1 ŜV = Λ,

(3.10)

where Λ is a diagonal matrix, whose main diagonal elements are the eigenvalues of Ŝ sorted
in descending order, V is the corresponding matrix of the eigenvectors, whose columns are
the eigenvectors of Ŝ arranged such that the first column represents the eigenvector associated with the largest eigenvalue of Ŝ, while the last column is the eigenvector associated
with the smallest eigenvalue of Ŝ, note that since the covariance matrix is symmetric, V
is an orthogonal matrix, so that V−1 = VT . As already pointed out in Section 3.2, by
pre-multiplying the data points in Ỹ by VT , the data set Ỹ is projected into a system
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of reference whose principal axes are aligned with the eigenvectors of Ŝ: the first axis is
associated to the direction along which Ŷ has the largest variance, while the last dimension
is associated to the direction along which Ŷ has the least variance. Then, by picking only
˜ d˜ ≤ d, elements of the projected data set, it is possible to reduce the dimensions
the first d,
of the features in Ỹ to a smaller dimension, without losing much information.

The KLT is optimal in decorrelating the features in the transformed domain, in compacting
the most information using only few coefficients and in minimizing the mean-square error
(MSE) between the reconstructed and original feature vector. However, in our case, an
important drawback of the KLT is that its basis vectors are data dependent, since the
basis functions of the KLT are the eigenvectors of the covariance matrix of the features
population. The objective of this work is to investigate the case where the estimation of
the covariance matrix is unreliable, due to scarcity of observations. To resolve this vicious
cycle, we take recourse to the already cited Discrete Cosine Transform [47]. This transform
has already been discussed in Section 2.2.1. Here, its definition is repeated to emphasize the
properties of the Discrete Cosine Transform that makes it useful for the purpose of damage
sensitive features dimension reduction. The Discrete Cosine Transform (DCT) of a data
sequence y[t], t = 0, ..., N − 1, is defined as
Y [k] = ak

N
−1
X
t=0



(2t + 1)kπ
y[t] cos
2N

√

where ak is equal to

2
N

for k = 0, and to

2
N


for k = 0, ..., N − 1,

(3.11)

otherwise, while Y [k] is the k th DCT coefficient.

The expression for the Inverse Discrete Cosine Transform (IDCT) is given as:
y[t] = at

N
−1
X
k=0



(2t + 1)kπ
Y [k] cos
2N


for t = 0, ..., N − 1.

(3.12)

h
i
√
As stressed out in [47], the set of basis vectors {1/ 2, cos (2t+1)kπ
} of the DCT and Inverse
2N
DCT (IDCT) are the same. In [47] it is stated that the motivation for the definition of the
DCT as given in Equation (3.11) is driven by the fact that its basis vectors approximate
those of a class of Toeplitz matrix of the form given in Equation (3.13), where ρ is a scalar

3. DATA-BASED STRUCTURAL HEALTH MONITORING USING SMALL
TRAINING DATA SETS
defined in the range between 0 and 1:

1


 ρ
T=
 ..
 .


ρ

ρ2

1
..
.

ρ
..
.
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· · · ρN −2 

..  .
..
.
. 

···
1

(3.13)

Equation (3.13) provides a good representation of the covariance matrix of weakly stationary processes. In [47], it is further stated that the DCT shares with the KLT the same
characteristics of data decorrelation, energy compaction, and minimum MSE between reconstructed and original signal, but its basis vectors are data independent. Moreover, its
computational implementation is much more efficient than that required for KLT, since
Fast Fourier Transform (FFT) algorithm can be exploited to estimate DCT, while KLT
requires an eigenvalue analysis. Due to its energy compaction and computational efficiency,
DCT is largely used in digital signal processing for data compression/decompression applications; for instance, the two-dimensional DCT is employed in the international image
coding standards to compress still images (JPEG) [62].
Method 2: Pseudo-Inverse of the Covariance Matrix
Recursion to pseudo-inverse is a common expedient to address the problem of inversion of
a rank deficient matrix. Therefore, it is natural to explore the use of such an operation to
deal with the problem of inversion of the sample covariance matrix when ill-conditioned, as
will the case be when

n is less than d.

In this section, the details of the evaluation of the Moore-Penrose pseudo-inverse, S† , of a
symmetric matrix S of order d are briefly recalled. The most popular algorithm to evaluate
the Moore-Penrose pseudo-inverse exploits the singular value decomposition of the matrix
to be inverted:
S = UΓVT ,

(3.14)

where U and V ∈ Rd×d are unitary matrices containing the left and right singular vectors of
S, respectively, while Γ is a diagonal matrix, whose main diagonal elements, gii , i = 1, ..., p,
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are the singular values associated with S, sorted in descending order. The number of nonzero singular values is equal to the rank of the matrix. If S is ill-conditioned, some of
its singular values are numerically very close to zero. For numerical purposes, all singular
values lower than a prescribed tolerance, τ , are assumed to be zeros. In MatLab the
tolerance value is set equal to  · d · max(gii ), where  is the distance from 1 to the next
largest double precision number, that is  = 2(−52) , and max(gii ) is the largest singular
value [55]. Let us assume that r singular values are estimated to be lower than τ , then a
diagonal matrix, Γ̂† , can be constructed, with the inverse of the non-zero singular values in
the first (d − r) entries of the main diagonal, and with zeros in the remaining r entries:


1
0
·
·
·
0
·
·
·
0
 σ1



1
0
0
· · · 0
σ2 · · ·


.

.
.
.
.
..
..
..
.. 
 ..


Γ̂† = 
(3.15)

 0 0 ···

1
·
·
·
0


σd−r
.

.. . .
..
. . .. 
.
.
. .
.
.
.


0 0 ···
0
··· 0
Finally, the pseudo-inverse of S can be defined as
S† = VΓ̂† UT .

(3.16)

The results presented in this chapter are obtained using the MatLab function pinv to perform the pseudo-inverse operation on the unbiased sample covariance matrix [55].

Note that S† is a symmetric semi-positive definite matrix, whose eigenvalue decomposition
yields:
S† = UΓ̂† UT = VΓ̂† VT .

(3.17)

Therefore, when using the pseudo-inverse of the sample covariance matrix, the Mahalanobis
Squared Distance of a testing feature vector, x, from the training population is given by
Equation (3.18):
iT h 1
i
h 1
†2 T
2
†2 T
V
(x
−
m
)
Γ̂
V
(x
−
m
)
Dm
(x)
=
Γ̂
tr
tr .
tr

(3.18)
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Method 3: Shrinkage Covariance Matrix
A further approach can be that of operating on the covariance matrix, to make it numerically stable and properly invertible. Such operation must be performed with great care in
order to avoid distorting the information held by the covariance matrix. A possible implementation is represented by the shrinkage covariance matrix, which delivers an estimate of
the covariance matrix shrunk between a biased but stable and invertible matrix and the
ill-conditioned but unbiased sample covariance matrix estimate.

In 2003, Ledoit and Wolf [63] were the first to introduce a method of estimation of the covariance matrix, Σ, able to deliver a well-conditioned, distribution-free, and more accurate
estimate of Σ than that given by the sample, S, or maximum likelihood covariance matrix,
SM L =

n−1 S, where n refers, as usual, to the number of observations available to estimate
n

S. The problem studied by Ledoit and Wolf in [63] is that of developing a well-conditioned
estimator for a large dimensional covariance matrix, i.e. for a covariance matrix constructed
from

n observations of d-dimensional feature vectors, where the ratio nd

is not negligible.

It is well known that the sample covariance matrix is the maximum-likelihood estimator of
the true covariance matrix of a normally distributed population of features, so at first it
could seem surprising that a better estimate of such matrix can be found. Nonetheless, as
highlighted by Efron in [64], maximum likelihood solution applies only asymptotically, i.e.
sample covariance matrix gives an optimal estimate of the true covariance matrix only as
long as the number of available observations is large. Moreover, the maximum likelihood
solution is true when the population of features is normally distributed; when the number
of individuals of the population is reduced, there is no robust way to estimate their distribution, and hence the condition of normality could not be satisfied in presence of limited data.

Ledoit and Wolf proposed a solution inspired by the work of Stein in [65]: the shrinkage
covariance matrix. As stated by the same authors, shrinkage is a standard process used in
fields like decision theory and Bayesian statistics. The shrinkage estimate of the covariance
matrix is a weighted average between the sample covariance matrix, S, and another matrix,
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T, commonly referred to as target matrix, whose construction requires the estimation of a
smaller number of parameters than that necessary for the estimation of S. As explained by
Schäfer and Strimmer in [66], while the expected error of the unbiased sample covariance
matrix with respect to the true covariance matrix, i.e. the bias of S, is null by construction,
the variance of its elements is very large, as there is a great uncertainty on their estimation.
On the other hand, an estimate of the covariance matrix constructed using less parameters,
as for example the variance matrix (i.e. a diagonal matrix containing on its main diagonal
the elements of the main diagonal of S), will be characterized by a greater bias but smaller
variance than that observed for S. It makes then sense to shrink the sample covariance
matrix towards the greater bias-less variance target matrix, by means of the so called
shrinkage coefficient, λ:
S∗ = λT + (1 − λ)S.

(3.19)

The powerful contribution given by Ledoit and Wolf has been that of deriving an explicit
formula for the shrinkage coefficient. Such formula is obtained by solving an optimization
problem using the loss function L(λ):
L(λ) = kS∗ − Σk2F ,

(3.20)

where kAk2F is the square Frobenius norm of the square matrix A:
kAk2F

T

= trace(AA ) =

d X
d
X

A2i,j .

(3.21)

i=1 j=1

The optimization problem is solved by finding the value of λ that minimizes the expected
value of the loss function L(λ), which in [63] is called risk function:

R(λ) = E kS∗ − Σk2F
=

d X
d
X

λ2 Var{Ti,j } + (1 − λ2 )Var{Si,j } + 2λ(1 − λ)Cov{Ti,j , Si,j } +

i=1 j=1

+ [λE{Ti,j − Si,j } + bias{Si,j }]2

(3.22)

where Var{Ai,j } and Cov{Ai,j } refer to the variance and covariance of the matrix element
Ai,j , respectively, while bias{Si,j } is the bias on the (i, j)th element of the unbiased sample
covariance matrix, which is shown for the sake of completeness, but which is known to be
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equal to zero. Taking the derivative of R(λ) with respect to λ and setting the result equal
to zero, the value of the optimal shrinkage coefficient is estimated as:
d P
d
P

λ=

[Var{Sij } − Cov{Sij , Tij }]

i=1 j=1
d P
d
P

.
E{(Sij − Tij

(3.23)

)2 }

i=1 j=1

In Equation (3.23), the fact that bias{Si,j } is null has been taken into account. Since the
second derivative with respect to λ of R(λ) is the mean square error between the target and
sample covariance matrices, E{(Sij − Tij )2 }, the function R(λ) is concave and its critical
point is a minimum: the value of λ given in Equation (3.23) minimizes the mean square
error between the shrinkage and the true covariance matrices. As observed in [66], all the
quantities given in Equation (3.23) are asymptotic estimates of the corresponding statistics,
which can be converted to their unbiased sample counterparts without great loss of accuracy.

By examining Equation (3.23), it is observed that the value of the shrinkage coefficient
is directly proportional to the variance of the sample covariance matrix, so that if the
uncertainty in the sample covariance matrix estimate increases, the value of λ increases as
well, putting more weight on the target matrix. The second term of the numerator, i.e. the
covariance between target and sample covariance matrix, takes into account the fact that
target and covariance matrix could be estimated from the same data-set, and so it filters out
the bias on the shrinkage estimate. On the other hand, the shrinkage coefficient is inversely
proportional to the mean square error between sample and target covariance matrix and
this prevents the shrinkage covariance matrix to be largely affected by the wrong choice of
the target matrix. Therefore, if one selects a target matrix whose structure is too far from
that of the true covariance matrix, the value of λ will be close to zero, and the shrinkage
covariance matrix will reduce to the sample covariance matrix. This observation clarifies
how the overall shrinkage estimation can benefit from the right choice of the target.
3.3.2

Threshold Estimation

In any data-based damage detection algorithm, an important step is represented by the definition of the threshold value for the dsf. Such a value must be able to distinguish between
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undamaged and damaged conditions, in order to minimize the occurrence of false alarms
and missed damaged cases [67]. Usually, a probabilistic distribution is assumed for the
training features and, based on such distribution, the αth percentile is set as the threshold
value. The value of α usually ranges between 95 and 99, i.e. the threshold is usually set as
the value below which 95-99% of the training features observations lie. Such an approach
has the important advantage of defining a threshold value that depends on the observed
training features only through the statistical parameters estimated to define the distribution characteristics of the training data set. For example, it has already been discussed, in
section 2.3, that when the training data are normally distributed, the distribution of the
MSD of a d-variate point x, when x is not involved in the estimation of the sample mean and
the sample covariance matrix, follows a scaled F-distribution with degrees of freedom d and

n − d, where n is the number of features observations used to evaluate the sample statistics’
estimators [32]. This property can then be used to define confidence intervals upon which
the threshold is defined. A threshold value defined in this way minimizes the risk of overfitting over the training data, leading to a decreased risk of false alarms. Nonetheless, such
an approach is only applicable in scenarios where the probability distribution assumed for
the training data is accurate. When the number of feature vectors to estimate the training
statistics is too low, no assumption can be made on the feature distribution, so that the
confidence intervals cannot be set using the aforementioned property of the MSD values of
normally distributed features, and the threshold value must be then defined empirically.

It is here proposed to determine the threshold value by evaluating the exclusive Mahalanobis
Squared Distance of each training data point. The exclusive Mahalanobis Squared Distance
of the ith realization of a training feature vector, y(i) , is evaluated according to Equation
(3.24):
2
(i)
Dm
) = (y(i) − m(i) )T S(i)−1 (y(i) − m(i) ) for i = 1, ..., n,
(i) (y

(3.24)

where m(i) and S(i) are the sample mean vector and sample covariance matrix of the training sample set, from which y(i) has been excluded. The inverse of the unbiased sample
covariance matrix is replaced by the pseudo inverse of S(i) , in case the first approach is used
to address the covariance conditioning issue, or by the inverse of the shrinkage covariance
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matrix if the approach discussed in Section 3.3.1 is employed. The value maintained by α%
of instances is picked as threshold value, γ, where α is a value ranging from 95 to 99.

3.4 Feature Extraction and Damage Detection Algorithm
3.4.1

Damage Sensitive Feature

The Frequency-Warped Cepstral Coefficients proposed in Chapter 2 are here used to explore
the performance of the previously discussed methods to solve the problem of damage detection using the statistical pattern recognition paradigm with limited training data. In the
following paragraphs, the steps involved in the extraction of the cepstral features, adapted
to apply the methods proposed in the previous sections, are reviewed.

As per the extraction of the cepstral features discussed in Chapter 2, the first step requires
the segmentation of the response time history into 50% overlapping frames. Each frame is
further processed by removing its mean and scaling it with respect to its standard deviation:
xnormalized [n] =

x[n] − x̄
,
σx

(3.25)

where x[n] is the original frame sequence, x̄ its mean and σx its standard deviation. The
successive windowing operation is performed by applying an Hamming window to each
scaled frame to remove edge effects. Then, the power spectrum of each frame is evaluated.
Successively, the linear frequency scale is warped into a warped frequency scale, such that
the two frequency scales are related through the following expression:


f
fwarping = fc log2 1 +
fc

(3.26)

where fwarping is the value of the frequency in the warped scale associated to the value f
of the linear frequency scale, while fc is a user-defined cutoff frequency representing the
boundary of the major power content in the system spectrum. It is worth reminding that
the relation between fwarping and f is linear up to fc , and becomes logarithmic after such
value. Frequency warping is obtained by grouping together the spectrum values into nb
critical bands, and weighting each cluster by a triangular filter. The series of nb triangular
filters has centers equally spaced on the fwarping scale. Here, the value of nb is set equal
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to the integer part of 3 log(fs ), as suggested in [49], where fs is the value of the sampling
rate in Hz. The successive step consists in the evaluation of the logarithm of the warped
spectrum.

The operations applied to the response signal up to this point deliver the log-warped spectral frames, which can be represented by means of as many nb -dimensional vectors as the
number of frames in which the original signal has been framed. The elements of such vectors
are highly correlated. Therefore, the last operation, consisting of applying a L-point IDCT
to each log-warped spectra, has the objective of decorrelating the vector dimensions. Here,
the properties of IDCT discussed in Section 3.3.1 are exploited to further reduce the vector
dimensions, by properly adjusting the number of IDCT coefficients. Indeed, the covariance
matrix of the log-warped spectral frames may be well represented by a Toeplitz matrix as
the one in Equation (3.13) with a low value for ρ. Among the coefficients, the first one
is discarded, as it has been demonstrated that such coefficient is very sensitive to external
factors effects, as well as input effects.

Let us now clarify the criterion to select the number of IDCT points, L. Let us denote as
` the number of frames in which a time history is segmented. At the end of the feature
extraction process, ` (L−1)-dimensional vectors are extracted from a single response history:
the average of such vectors is evaluated leading to a single vector consisting of (L − 1)
elements. Let us now assume that s sensors are available. Here onwards, a data set is
defined as the ensemble of s time histories recorded from each available sensor during a
single measurement campaign. From each of the s response time histories, a (L − 1)-point
long feature vector is extracted and stacked with the other (s − 1) vectors, so that each
data set is represented by a feature vector y ∈ Rs·(L−1)×1 . From now on, for the sake of
notation brevity and consistency with the previous treatments, the dimension of a feature
vector extracted from a data set will be denoted as d, i.e. d is equal to s · (L − 1). Let
us refer to

ntr

as the number of data sets available for training. At the end of the feature

extraction procedure, if the technique described in Section 3.3.1 is engaged, the value of d
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0.8ntr
+1 .
d=
s
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(3.27)

where the symbol dae indicates the closest integer greater to or equal to a, so to make the
ratio d/n equal to 0.8.
3.4.2

Damage Detection Algorithm

As already mentioned, the statistical pattern recognition based damage detection technique
is performed through the training and testing phases. In this section, the two steps are
described specifying how they are developed for each of the three approaches described in
Section 3.3.

The training stage requires the estimation of the sample mean and covariance matrix of
the training population, as well as the definition of the threshold value. For the methods
described in Sections 3.3.1 and 3.3.1, the training model is constructed evaluating the sample
mean mtr :
mtr =

ntr
1 X
ntr

y(i)

(3.28)

i=1

and the unbiased sample covariance matrix Str :
Str =

n

tr 

T
1 X
y(i) − mtr y(i) − mtr
ntr − 1

(3.29)

i=1

where y(i) represents the realization of the feature vector extracted from the ith training
data set. If the technique described in Section 3.3.1 is engaged, the shrinkage estimate of
the covariance matrix, S∗tr , is evaluated in place of Str .

Once the model has been determined, the threshold, γ, can then be defined. Adopting the
procedure described in Section 3.3.2, the threshold value is set as the value exceeded by
only 5% of the exclusive Mahalanobis Squared Distance of the training feature vectors. In
other terms, the 95th percentile of the training exclusive Mahalanobis Squared Distance is
used as threshold.
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nte the number of data sets available for testing.

71

From each available data

set, a d-dimensional feature vector is extracted. If feature dimension reduction is required, a
d-point IDCT is employed as last step of the cepstral features extraction, where d is selected
according to the criterion given in Equation (3.27). If more than one data set is available,
the mean of the available testing vectors, mte , is computed. If

nte

is equal to 1, as in the

case for short-time applications, mte is simply the single d-dimensional vector extracted
from the only available data set. The structure can be then declared damaged if
2
Dm
(mte ) = (mte − mtr )T S−1
tr (mte − mtr ) > γ.
tr

(3.30)

†
where S−1
tr is replaced either by the pseudo-inverse of Str , Str or by the inverse of the

shrinkage estimate of the covariance matrix, (S∗tr )−1 .

3.5 Numerical Example
From Section 3.2.1, it is clear that the standard deviation normalization is a crucial step in
the evaluation of the MSD and it is basically what distinguishes the Mahalanobis Squared
Distance metric from the Euclidean squared norm. It is then important to investigate how
the standard deviation normalizing factors change when using the covariance matrix estimators proposed in Section 3.3. In order to perform such analysis, in this section, the
eigenvalues of the different covariance estimates will be compared, assuming the different
estimators are rotation equivalent, i.e. assuming that the different covariance estimators
have the same eigenvectors as the true covariance matrix, but different eigenvalues. The
shrinkage estimate of the covariance matrix is rotation invariant by construction [68], while
the assumption of rotation invariance for the unbiased sample covariance matrix of a small
data set can be speculated to be reasonable if one thinks of the physical interpretation of
the covariance matrix eigenvalues and eigenvectors. Since the covariance matrix eigenvalues
give a measure of how much each feature vector variable is dispersed, we expect this measure
to be very sensitive to the number of available feature vector observations. On the contrary,
the covariance matrix eigenvectors indicate the direction of dispersion of the various feature components, and such directions are not expected to vary by changing the number of
feature observations. For example, if a smaller sample of data points is generated from the
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bi-variate normal distribution used to plot Figures (3.1), it is expected that the majority of
the data points will lie along direction x̃1 , and only a few along x̃2 . Therefore, the direction
of maximum and minimum data dispersion will remain unchanged; however, due to the
smaller amount of points available along each direction, the ‘amount of dispersion’, i.e. the
variance and consequently its square root (the standard deviation), of each dimension will
change with respect to the values observed for the larger sample, likely increasing along
direction x̃1 and decreasing along direction x̃2 .

In order to illustrate the theoretical developments, the acceleration response time histories
of the 10-story shear-type system (Figure (2.7)) used for the numerical validation presented
in section 2.4, are considered. Table 3.1 lists the 4 different states considered for the present
numerical example: states U1 and U2 represent the healthy system under two different environmental conditions, while states D1 and D2 represent two different damaged states. To
construct the training data set, 1950 simulations are run on each of the two healthy states.
In each simulation, the stiffness parameters defining the model are randomly perturbed: for
(r)

any spring ki , its value in the rth simulation is obtained as ki

= E[ki ]+U(−0.01, 0.01)E[ki ],

where E[ki ] is the mean value of the spring stiffness for each state, as indicated in Table
3.1, while U(−0.01, 0.01) is the uniform probability distribution between the limits ±1%,
which accounts for the inherent operational fluctuations within each state and which then
changes in the 1950 different tests on the same state. Similarly, the value of each mass mi ,
(r)

for the rth simulation, is taken equal to mi

= E[mi ] + U(−0.01, 0.01)E[mi ], where the

mean value of the lumped mass is equal to 2 × 103 Kg for all the four states.

State

Condition

Description

U1

Undamaged

E[ki1 ] = 6 × 106 N/m for i = 1, ..., 10

U2

Undamaged

E[ki2 ] = 0.98E[ki1 ] for i = 1, ..., 5

D1

Damaged

E[k33 ] = 0.85E[k31 ]

D2

Damaged

E[k54 ] = 0.85E[k51 ]

Tab. 3.1: Different States of the 10 DOFs Shear-Type System Considered in the Numerical Example.
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The perturbed model in each simulation is excited by 2 minutes long white Gaussian noise
input forces sampled at 100 Hz and applied at all DOFs. The resulting response accelerations are corrupted by adding 10% root mean square Gaussian white noise sequences to
simulate the effect of measurement noise. For the purpose of the present analysis, only the
response simulated at DOFs 2, 5 and 8 are considered, i.e. the number of available instruments, s, is assumed to be equal to 3. The number of cepstral coefficients extracted from
each frame is selected to be equal to the number of bands nb , which, in turn, is chosen based
on the criterion given in [49], i.e. selecting the closest integer greater or equal to 3 ln(fs ).
Since the sampling frequency is 100 Hz, the selected number of cepstral coefficients is set to
be 14. Once the first coefficient of each cepstral feature vector is discarded and the resulting
feature vector appended to the other s − 1 vectors, the feature dimension, d, is equal to 39.

Two training data sets, Y L and Y S , are constructed. Y L consists of the all 3900 training
feature simulated observations, so as to make the ratio between the feature dimensions, d,
and the number of observations,

ntr ,

equal to 0.01; Y S is instead constructed so that the

number of training feature observations is equal to that of the feature dimensions, so that
d

ntr

is equal to 1, i.e. only 39 observations are made available for the training data sample

Y S , 20 from state U1 and 19 from state U2. Here onwards, SL
tr will be used to denote
the sample covariance matrix of the larger training data set, Y L , while SStr will refer to
the sample covariance matrix of the smaller training sample, Y S . The form of the true
covariance matrix of the population of feature coefficients is not known, so, in the following,
the results obtained using Y L will be treated as a benchmark.

The testing data set consists of 50 realizations for each of the four conditions (two undamaged and two damaged conditions), i.e. a total of 200 testing data sets. Each data set is
used individually to perform a short-term type of damage assessment. Thus, two hundred
tests are performed: 100 using response realizations of the healthy structure, and 100 using
those of the damaged system.
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Fig. 3.2: Comparison between standard deviation normalizing factors obtained from SL
tr and from
the different covariance estimators discussed in Section 3.2
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Results obtained using the sample covariance matrix SStr

Figures (3.2) compare the standard deviation normalizing factors obtained from SL
tr with
those obtained using the different covariance estimators discussed in the previous sections.
Figure (3.2a) presents the comparison between the variance normalizing factors obtained
from the sample covariance matrix of the training data set Y L with those obtained from
SStr , which is simply the covariance matrix of the small training data set without any of
the proposed conditioning. The plot shows only the real part of such factors, as indeed
SStr is non-positive definite. Sample covariance matrices of small samples can occur to be
non-positive definite as the scarcity of information on the correlation between some of the
feature components can lead to an improper definition of the component statistics [69],
as is the case for the data set considered in this example. Since the variance normalizing
factors are obtained as the square root of the inverse of the covariance matrix eigenvalues,
the factors obtained from the negative eigenvalues are complex numbers. Furthermore,
from Figure (3.2a) it is clearly apparent that the standard deviation normalizing factors
are largely magnified with respect to the reference ones. In order to better appreciate such
characteristic, in Figure (3.2a) the values of the antepenultimate and penultimate standard
deviation normalizing factors are plotted as scaled by a factor of 3, while the last factor
value is scaled by a factor of 106 . The difference in magnitude of the normalizing factors is
again due to the scarcity of available feature vectors observations. The last components of
the feature vectors are by definition the ones characterized by low variance values, i.e. the
ones associated with the low covariance eigenvalues. When only few data are available, this
trend is intensified and it is likely that very few data are observed along the direction of low
data dispersion; the variance and consequently the eigenvalue associated to that direction
is then very low and numerically equal to zero. The reciprocal of the very low eigenvalues
results in very large normalizing factors. The combination of the two effects, namely the
presence of both negative and very low eigenvalues, produces unreasonable values of the
MSD of the testing points, motivating the necessity of seeking alternatives to the unbiased
sample covariance matrix when dealing with small sample training sets.
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Fig. 3.3: MSD values of testing data sets
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Results obtained using Method 2

Figure (3.2b) shows the comparison between the reference normalizing factors obtained from
SL
tr and those obtained using Method 2, which employs the pseudo-inverse of the covariance
matrix SStr , (SStr )† , when evaluating the MSD of the testing points from the training mean
vector. As discussed in Section 3.3.1, the factors plotted in Figure (3.2b) are the square
root of the eigenvalues of matrix (SStr )† . It must be noted that, although for this case a
numerically stable representation of the inverse of the covariance matrix is used, still, the
variance properties of the feature components are described by means of the ill-conditioned
unbiased sample covariance matrix. As mentioned before, the variance of the last components is very low, producing the large values of the normalizing factors weighting the last
feature components in Figure (3.2b). In particular, the values of the normalizing factors
weighting the last two components are within one and two orders of magnitudes larger than
all the other factors, in addition to being two orders of magnitude larger than the values of
the reference factors. This causes the value of the resulting Mahalanobis Squared Distance
to be totally influenced by only the two last components of the feature vector, as well as
to be considerably larger than the MSD obtained using the statistics estimated from the
large training data set, Y L . It is noteworthy that here the term components refers to the
elements of the feature vector projected into the principal component space, i.e. in the
system of reference centered on the training mean vector and with basis represented by the
eigenvectors of the training covariance matrix. The effects of such conditions on the MSD
values are presented in Figure (3.3b), where the magnitudes of the Mahalanobis Squared
Distance estimated using Method 2 are shown. The first 100 tests are performed on the
healthy structure, while the tests from 101 to 150 are performed on the structure under the
damaged condition D1 and tests from 151 to 200 on the system under damaged condition
D2. The dashed line represents the computed threshold: any value of the MSD below the
threshold is considered representative of an undamaged scenario, while an instance with an
MSD value greater than the threshold triggers the declaration of damage occurrence. The
two orders of magnitude difference between the factors obtained from the large and small
samples is reflected in the MSD values, as it can be readily observed by comparing Figure
(3.3a) with Figure (3.3b), which show the MSD values of the testing features from the large

3. DATA-BASED STRUCTURAL HEALTH MONITORING USING SMALL
TRAINING DATA SETS

78

and small training data sets, respectively. Figure (3.3a) shows the results for the case where
3900 training observations are available, and the unbiased sample covariance matrix is used
in order to estimate the departure of the testing features from the training mean vector.

Further inspecting the results obtained by use of Method 2 on the small sample data set,
it is recognized that only 2 out of the 100 tests performed on data simulating undamaged
scenarios incorrectly identify the structure as damaged, i.e. Type I or false alarm error is
only equal to 2%; nonetheless, 39 out of the 100 tests performed on data representative of
damaged scenarios incorrectly identify the structure as undamaged, i.e. Type II or false
acceptance error is equal to 39%. In particular, 79% of Type II error is due to the missed
recognition of state D2 as damaged. This is because the last two feature components of
the majority of the feature vectors representing the second damage condition do not depart
from the training ones enough to raise the MSD value over the threshold. This is empirically observed by plotting the components of the testing feature vectors transformed as in
Equation (3.8), where the matrix of the square root of the matrix of eigenvalues of (SStr )†
1

is used in place of Λ− 2 . Figure (3.4) shows said plots for the last six pairs of components
obtained by affine transformation of all 200 testing feature vectors using Method 2. The
components pairs are plotted on the same scale to reiterate that only the last two components do actually influence the value of MSD. This means that the damage identification
process is solely based on the departure of the last two components from the training ones.
This observation may be generalized stating that if there are only few components influencing the value of the MSD, the assignment of damage detection is devolved solely upon the
sensitivity to damage of such components, thereby reducing the chance of detecting damage.

However, it is important to stress out that the scaling factors defined using the pseudoinverse propose a conceptually ideal way of scaling the feature components. In fact, the
first components are weighted by very low values, then not participating to the value of
the MSD. On the contrary, the last components are weighted by very high values, then
largely contributing to the value of the MSD. It is worth to remember that the MSD is
used as a measure of discordance with the training data: we would like the MSD to be

0

200

−200

−200

PC34
0

200

PC33

200

−200

0

200

PC35

PC30
0

−200

PC37

PC32

PC39

79

PC28

−200

PC36

PC38

3. DATA-BASED STRUCTURAL HEALTH MONITORING USING SMALL
TRAINING DATA SETS

0

200

PC31

−200

0

200

PC29

States U1 and U2
State D1
State D2
Fig. 3.4: Testing feature components obtained through affine transformation applied using Method
2.

3. DATA-BASED STRUCTURAL HEALTH MONITORING USING SMALL
TRAINING DATA SETS

80

large for data which are not realized from the training population, i.e. for outliers, while we
want the MSD of a feature extracted from any of the healthy conditions, i.e. a realization
of the training sample or inlier, to be ideally zero. The major differences between inliers
and outliers will be observed in the last feature components, then weighting more such
components would amplify any difference from the training samples. On the other hand,
under-weighting the first components will aid to decrease the effect of a wrong variance
estimation, often occurring for small sample data sets. In conclusion, the scaling approach
proposed by the pseudo-inverse would be ideal if applied on a stable covariance matrix.
3.5.3

Results obtained using Method 1

Figure (3.2c) compares the standard deviation normalizing factors obtained from SL
tr with
those obtained using Method 1, which employs features of lower dimensions to form a full
rank sample covariance matrix. In particular, the factors shown in Figure (3.2c) refer to the
condition where an 11-points IDCT is used to complete the feature extraction, leading to
a 30-dimensional feature vector. Also in this case, it is observed that the factors weighting
the last components are over-magnified with respect to the reference values. Nevertheless,
when employing Method 1, the standard deviation normalizing factors are only one order
of magnitude greater than the reference ones. In fact, by using an 11-points in place of
a 14-points IDCT to extract the feature vectors allows us to get rid of feature variables
characterized by very low variance values. This results in smaller covariance eigenvalues
compared to those obtained through Method 2. However, the paucity of available data
still causes an overestimate of the variance of some components, inducing the values of the
factors weighting the last feature components to be larger than the reference ones. The
results of the damage detection exercise performed using Method 1 are given in Figure
(3.3c). Once again it can be seen that the Type I error is very low, namely equal to
2%, while Type II error is very large and equal to 40%. As for the previous case, also in
this instance the presence of dominant normalizing factors reduces the influence of many
components sensitive to damage. However, for the case under analysis, the major part
of missed damaged instances is caused by an unduly large value of the threshold. The
reason of such phenomenon may be grasped by observing that the proportion between the
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factors weighting the last and penultimate feature components is distorted, if compared to
that of the large sample data set. The distortion is symptomatic of a feature components
dispersion that departs from that of the benchmark sample. It can be speculated that the
majority of the components of the training features extracted from the small data set be
dispersed as those of the large one, while only a few depart from it. It must be remembered
that the threshold value is evaluated using the exclusive Mahalanobis Squared Distance of
the training data themselves: the exclusive MSD of training features that are dispersed in
a different fashion than the majority of the other training features is large. It is enough
that 5% of the training features be abnormally dispersed to excessively raise the value of
the threshold, as for the case being currently considered. The same phenomenon is partly
present also when the pseudo-inverse approach is applied; however, for that case, the effect
of the predominance of the last components to the value of the MSD prevails in causing
high Type II error.
3.5.4

Results obtained using Method 3

As emphasized in the previous paragraphs, when dealing with small samples, the risk of
under-estimating the variance of some feature components is unavoidable. The only way
to circumvent the problem is constructing a covariance matrix whose eigenvalues are constrained to be defined within a range of values, which is what the shrinkage estimate of the
covariance matrix fulfills.

In Section 5.5 it has been explained that the last step of the feature extraction process aims
at decorrelating the feature coefficients. Therefore, the covariance matrix of the training
feature vectors is expected to be diagonal. For this reason, we use the diagonal variance
matrix as target. As mentioned in Section 3.3.1, the variance matrix is here referred to as
a diagonal matrix whose main diagonal entries are equal to the main diagonal elements of
the sample covariance matrix.

Figure (3.2d) plots the variance normalizing factors obtained from SL
tr with those estimated
from the shrinkage covariance matrix of the training set YS , S∗S
tr . It is apparent how the
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order of magnitude of the two types of scaling factors is comparable, although this time
the shrinkage scaling factors result under-amplified with respect to the reference ones. The
de-emphasizing effect is observed on almost all components, except the first four, and the
factor of de-amplification is almost the same for all the components; hence, the MSD values
are expected to be slightly smaller than the reference ones, and no distortion of the data
variance should be observed. This is actually proved to be true by looking at the results of
the damage detection exercise presented in Figure (3.3d), and again comparing such results
with those obtained using the large training sample data set, Y L , given in Figure (3.3a).
Use of the shrinkage covariance matrix of the training feature vectors in solving the damage
detection problem produces 2% Type I error and 0% Type II errors.

These results are obviously satisfactorily, but it is interesting to explore a way to combine
the advantages of the three approaches. It is in fact apparent that the over-shrinkage of
some of the variance normalizing factors results in a reduced proportion of the MSD values
of damaged and undamaged instances. In fact, the average value of the MSD from the mean
of the large training sample of a testing feature representing an undamaged scenario is 0.23
times that of a testing feature representing a damaged condition, the average value of the
MSD estimated via shrinkage covariance matrix from the mean of the small training data
set of a testing feature from an undamaged condition is 0.31 times that of a testing feature
representing a damage condition, then indicating a reduced difference between undamaged
and damaged MSD values. This condition could cause an increase of Type II error in
presence of low severity damage conditions.
3.5.5

Results obtained by a combination of the three proposed methods

In this paragraph, an approach is proposed to combine the advantages of the three methods
described in Section 3.3, based on the results discussed in the previous paragraphs.

The methods are combined as follows: the dimensions of the features are first reduced
employing the IDCT approach (Method 1). Then, the covariance matrix of the reduced
features is evaluated and shrunk towards a diagonal target matrix, T. The diagonal terms
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of T are the singular values of the sample covariance matrix. In this way, it is possible to
exploit the ideal distribution of the standard deviation normalizing factors obtainable via
pseudo-inverse. We would not get the same results by applying the pseudo-inverse to the
covariance matrix shrunk towards the variance matrix of the features of reduced dimensions, as the shrinkage covariance estimate of the training features of reduced dimension is
not ill-conditioned and the pseudo-inverse of a square non ill-conditioned matrix is only a
computationally expensive way to evaluate the inverse of the matrix itself [55]. What we
want to use of the pseudo-inverse approach (Method 2) is the distribution of the standard
deviation normalizing factors, modified such to make them more regularly distributed, i.e.
avoiding the presence of factors unduly weighting the last components. The action of the
feature dimension reduction is that of getting rid of components which are the most unlikely to bring information regarding actual patterns related to the structural behavior. The
shrinkage operation is then instrumental to “bend” the covariance matrix towards a matrix
whose eigenvalues are the singular values of the covariance matrix itself.

The result of such an operation is presented in Figure (3.2e) in terms of standard deviation
normalizing factors. It may be noted that while the first half of the factors is under-weighted,
the second half is over-weighted, when compared to the standard deviation normalizing
factors of the larger data sample. The effects of such factors distribution may be appreciated
in Figure (3.3e), where again the results of the damage detection exercise are depicted in
terms of the MSD. It is observed that both Type I and Type II errors are equal to 1%,
then representing an improvement with respect to all methods, even the one where a wellconditioned covariance matrix may be constructed, except than for the Method 3, which
presents the optimal solution for the given set of available sensors and observations. The
higher value of the last weighting factors contributes to a threshold value slightly greater
than needed. In fact, the average value of the MSD of the tests from 1 to 100 is 61.37,
while the threshold is equal to 140.8. Nonetheless, the fact that the last components are
over-weighted counteract the effect of an excessively large threshold, keeping the Type II
error within very low values.
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(a) Picture of the frame mounted on the shaking table facility and used for the experimental validation.

(b) Sensors location. Dimensions are in millimeters.
Fig. 3.5: Structure used for the experimental validation
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3.6 Experimental Validation
3.6.1

Experimental Setup

The structure used to compare the performance of the proposed approaches is a four-story
A36 steel frame with an inter-story of 533 mm and floor plate dimensions of 610×457×12.7
mm (Figure (3.5)). The floors are braced diagonally in only one direction, hereafter denoted as strong direction. The brace and the column elements have 50.8×6.4 mm and
50.8×9.5 mm cross section dimensions, respectively. All structural connections are bolted.
In addition to said reference configuration, denoted as U1 in the following, two undamaged scenarios (U2 and U3) are considered, in order to simulate operational variability. A
summary of the different frame states considered in this work is given in Table (3.2). Undamaged condition U2 is simulated by adding one mass at the third floor between columns
A and B, on edge C, while the undamaged scenario U3 is represented by a setting where
two masses are placed between columns A and B, on both edges C and D. The first damage scenario (D1) is simulated by replacing the two column elements on side A of the
third inter-story with elements with reduced cross-section along the input direction; the
second damage scenario (D2) is modeled by replacing all the column elements of the third
inter-story by elements of reduced cross-section; finally, the third damage scenario (D3) is
simulated by reducing the cross section of two column elements, one at the second and one
at the third inter-story, both along column A. The column element of reduced dimensions
is characterized by 50.8×6.5 mm cross-section: replacing one of the original columns with
such an element induces a 15% inter-story stiffness reduction. Therefore, the first damage
condition is characterized by 30% stiffness reduction at the third interstory, the second by
60% stiffness reduction at the third inter-story, while the third damage scenario represents
a condition where the stiffness of both second and third inter-stories reduce to 85% of their
original values.

The structure is excited along the weak direction of bending by means of a medium-scale
uniaxial hydraulic shake table. However, preliminary studies have shown that the structure
is not of ideal shear-type kind, but torsional modes in the strong direction of bending may
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Condition

U1

Undamaged

Baseline

U2

Undamaged

20% mass addition to the 3rd floor

U3

Undamaged

40% mass addition to the 3rd floor

D1

Damaged

15% stiffness reduction at 3rd floor

D2

Damaged

60% stiffness reduction at 3rd floor

D3

Damaged

86

Description

15% stiffness reduction at 2nd and
3rd floors

Tab. 3.2: Different States of the Steel Frame Considered for the Experimental Validation of the
Proposed Damage Detection Techniques.

be identified, even when the load is applied along the weak direction ([70, 71, 72, 73]).
Two types of time histories were used as inputs: four ground acceleration time histories
recorded during El Centro (1940), Hachinohe (1983), Northridge (1994) and Kobe (1995)
earthquakes, and the acceleration time history obtained from the design spectrum of the
EuroCode08. To ensure the structure be excited by the proper range of the time histories
power spectra, a time scale of

√1
3

was introduced and, to prevent yielding and additional

unexpected damage, the input time histories were properly scaled in magnitude. Inputs
and outputs are sampled at 400 Hz.

The structure is instrumented with 8 piezo-electric accelerometers located as displayed in
Figure 3.5b, measuring accelerations along the weak direction.

The training set is constituted by 60 data sets recorded on the different scenarios as follows:
• 20 data sets from Undamaged Scenario U1;
• 20 data sets from Undamaged Scenario U2;
• 20 data sets from Undamaged Scenario U3.
The testing set is constituted by
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• 10 data sets from Undamaged Scenario U1;
• 10 data sets from Undamaged Scenario U2;
• 10 data sets from Undamaged Scenario U3;
• 15 data sets from Damaged Scenario D1;
• 30 data sets from Damaged Scenario D2;
• 30 data sets from Damaged Scenario D3.
Each testing data set is used individually, so that 105 tests are performed, in other words,
105 tests are run, each characterized by

nte

equal to 1. Five different sensor setups are

simulated, using the response recorded from only some of the available instruments. In the
following, the five sensor setups are denoted as S1, S2, etc.:
S1 sensors 5, 6, 7, 8 ( nd = 1.0625);
S2 sensors 1, 3, 5, 7 ( nd = 1.0625);
S3 sensors 2, 4, 5, 7 ( nd = 1.0625);
S4 sensors 3, 4, 7, 8 ( nd = 1.0625);
S5 all 8 sensors ( nd = 2.125);
3.6.2

Results

In this section, the results obtained by applying the three methods proposed in Section
3.3, as well as their combination as discussed in Section 3.5.5, used to solve the damage
detection problem with the experimental data described in Section 3.6.1, are presented.

Table 3.3 presents the results in terms of Type I error, and Table 3.4 those in terms of
Type II error, showing how much each scenario concurs to the overall error value. In Tables
3.3 and 3.4 the three approaches presented in Sections 3.3.1, 3.3.1 and 3.3.1 are labeled as
Method 1, Method 2 and Method 3, respectively, while the combination of the three methods is labeled as Methods Combination. In both tables, in the first column, under the label
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of the considered sensor setup, the values of various parameters are indicated. The value
of d˜ indicates the dimensions of the feature vectors when the Discrete Cosine Transform
method is employed, d indicates the original dimensions of the feature vectors, λ3 denotes
the value of the shrinkage coefficient obtained using the variance matrix as target, while λ4
refers to the value of the shrinkage coefficient when the matrix of the singular values of the
covariance matrix is used as target.

The percentage error values presented in Table 3.3 for the individual undamaged states are
obtained on a set of 10 individuals. Then, for example, the 10% error observed for State
U1 when using Method 1 and the sensor setup S2 is due to the fact that 1 out of the 10
tests performed on the structure under state U1 is erroneously labeled as damaged. On the
other hand, the overall Type I error observed when using Method 1 and the second sensor
setup (S2) is equal to 6.67% because 2 out of the 30 tests performed on the system under
undamaged conditions are incorrectly identified as representative of damaged conditions, 1
by erroneously flagging damaged an instance from state U1 and the other from incorrectly
labeling as damaged an instance from state U2. The results are presented in this terms in
order to emphasize the fact that state U2 is the most complex to identify. In fact, for all
of the methods and the sensor setups, state U2 is almost always the only responsible for a
non zero Type I error. This undamaged scenario induces a strong torsion to the frame, as
one eccentric mass is added at the third floor of the frame to simulate this second healthy
condition. Therefore, even though instances of such condition are used to construct the
training, it may be speculated that such instances will be characterized by high values of
the MSD. During testing, instances of the second healthy condition are then the most likely
to overcome the threshold value, being then flagged as instances of a damaged condition.
However, it must be noted that the overall Type I error maintains very low values, and even
the partial errors can be considered low, as in fact never more than 3 instances are incorrectly labeled as damaged. Moreover, it is worth noting that the approach which employs
the combination of the three methods gives the minimum Type I error for sensor setups
S1, S3 and S5, while it gives the second best results in terms of Type I error for the other
two sensor setups. It is worth mention that the value of the shrinkage coefficient is very low
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both for Method 3 and for the ‘combined’ approach, suggesting that the obtained covariance
matrix is very similar to the original sample covariance matrix, especially when using the
combined approach. This observation allows us to speculate that the transformation of the
eigenvalues as operated by the shrinkage estimate is indeed the only transformation acted
on the sample covariance matrix, and that its overall structure is preserved.

For what concerns Type II error, the results are again presented in terms of partial and
total Type II error. In this case, there are no particular damage conditions consistently
responsible for misidentifications. It is certainly observed that Type II error is much lower
than the Type I, albeit it is important to remember that the overall Type II error is evaluated
on a population of 75 individuals: 15 from damage state D1 and 30 for damage states D2
and D3. Probably, if we were able to perform tests on more undamaged instances, the
Type I error would decrease. It is yet important to stress out the fact that the methods
combination gives always 0% Type II error, proposing itself as a robust approach to solve
the problem of damage detection using pattern recognition with limited number of training
observations.

3.7 Conclusions
In this chapter, the problem of statistical pattern recognition based structural damage detection when only small training data sets are available was studied. The fundamental
problem one must deal with when operating with a reduced number of training instances is
that of inverting a possibly ill-conditioned covariance matrix. Four alternatives have been
proposed in order to solve the structural health monitoring assignment under the condition
of scarcity of training data: reduction of feature dimensionality via discrete cosine transform, inversion of the unbiased sample covariance matrix via pseudo-inverse, use of the
shrinkage estimate in place of the more common sample estimate of the covariance matrix
and a combination of the three techniques.

The behavior of each approach was studied by analyzing the patterns of the eigenvalues of
the covariance matrix estimated using the different techniques. It was observed that while
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Methods
Sensor Setup

State

Method 1

Method 2

Method 3

Combination

S1 :

S2 :

S3 :

S4 :

S5 :



d˜ = 48





d = 68

U1

0.00%

10.00%

0.00%

0.00%

U2

20.00%

20.00%

20.00%

20.00%

U3

0.00%

0.00%

0.00%

0.00%

Type I

6.67%

10.00%

6.67%

6.67%

U1

10.00%

10.00%

0.00%

10.00%

U2

10.00%

10.00%

10.00%

10.00%

U3

0.00%

0.00%

0.00%

0.00%

Type I

6.67%

6.67%

3.33%

6.67%

U1

0.00%

10.00%

10.00%

0.00%

U2

10.00%

30.00%

10.00%

10.00%

U3

0.00%

0.00%

0.00%

0.00%

Type I

3.33%

13.33%

6.67%

3.33%

U1

0.00%

0.00%

0.00%

0.00%

U2

0.00%

10.00%

0.00%

10.00%

U3

0.00%

0.00%

0.00%

0.00%

Type I

0.00%

3.33%

0.00%

3.33%

U1

0.00%

10.00%

0.00%

0.00%

d = 136

U2

0.00%

10.00%

30.00%

0.00%



λ3 = 0.058





λ4 = 0.030

U3

0.00%

0.00%

0.00%

0.00%

Type I

0.00%

6.67%

10.00%

0.00%



λ3 = 0.059





λ4 = 0.033



d˜ = 48





d = 68


λ3 = 0.059





λ4 = 0.033



d˜ = 48





d = 68


λ3 = 0.066





λ4 = 0.036



d˜ = 48





d = 68


λ3 = 0.060





λ4 = 0.034



d˜ = 48






Tab. 3.3: Type I Results.

the recursion to the discrete cosine transform and pseudo-inverse deliver a covariance matrix
characterized by under-estimated values of the variance associated to the most dispersed
feature components, the use of the shrinkage covariance matrix estimate restraints the co-
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Methods
Sensor Setup

State

Method 1

Method 2

Method 3

Combination

S1 :

S2 :

S3 :

S4 :

S5 :



d˜ = 48





d = 68

D1

0.00%

0.00%

0.00%

0.00%

D2

0.00%

0.00%

0.00%

0.00%

D3

0.00%

0.00%

0.00%

0.00%

Type II

0.00%

0.00%

0.00%

0.00%

D1

20.00%

13.33%

0.00%

0.00%

D2

0.00%

0.00%

0.00%

0.00%

D3

0.00%

0.00%

0.00%

0.00%

Type II

4.00%

2.67%

0.00%

0.00%

D1

0.00%

0.00%

0.00%

0.00%

D2

0.00%

0.00%

0.00%

0.00%

D3

0.00%

0.00%

0.00%

0.00%

Type II

0.00%

0.00%

0.00%

0.00%

D1

0.00%

0.00%

0.00%

0.00%

D2

0.00%

0.00%

0.00%

0.00%

D3

0.00%

3.33%

10.00%

0.00%

Type II

0.00%

1.33%

4.00%

0.00%

D1

0.00%

0.00%

0.00%

0.00%

d = 136

D2

0.00%

0.00%

0.00%

0.00%



λ3 = 0.058





λ4 = 0.030

D3

3.33%

0.00%

0.00%

0.00%

Type II

1.33%

0.00%

0.00%

0.00%



λ3 = 0.059





λ4 = 0.033



d˜ = 48





d = 68


λ3 = 0.059





λ4 = 0.033



d˜ = 48





d = 68


λ3 = 0.066





λ4 = 0.036



d˜ = 48





d = 68


λ3 = 0.060





λ4 = 0.034



d˜ = 48






Tab. 3.4: Type II Results.

variance eigenvalues to be regularly distributed within a bounded range, though slightly
over-estimates the variance of the most dispersed feature components.
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The performance of the four techniques were further investigated when cast within the
statistical pattern recognition scheme to solve the damage detection problem. The Mahalanobis Squared Distance was used to measure the departure of the testing feature vectors
from the probabilistic model representing the training features. It was shown how the
Mahalanobis metric value is intimately related to the eigenvalues of the training sample
covariance matrix. In fact, it was clarified how the Mahalanobis Squared Distance may
be thought of as a weighted Euclidean distance where the weighting factors are the square
roots of the reciprocal of the covariance matrix eigenvalues. The presence of components
whose magnitude largely exceeds that of other components induces the value of the MSD to
be mainly influenced solely by those components, upon which the whole damage detection
outcomes depend. The negative consequences of such condition are particularly evident
when the pseudo-inverse of the covariance matrix is used in place of its inverse in evaluating
the MSD, and result in very high false acceptance errors. High Type II error is also observed
when the threshold value is overestimated, occurrence observed when features, whose dimensions have been reduced employing the inverse discrete cosine transform, are employed
in the damage detection assignment. The overestimation of the threshold was found to be
due to the distortion operated by the weighting factors to the training data, distortion that
leads some of the training data to be associated with high values of exclusive Mahalanobis
Squared Distance causing an increase of the threshold value. Indeed, the threshold is based
on the 95th percentile of the exclusive Mahalanobis Squared Distance empirically computed
on the training data themselves.

Recognizing that high and distorted weighting factors are unavoidable when dealing with
sample covariance matrices of small samples, the use of shrinkage estimate of the covariance matrix, using the variance matrix as target, was also explored. As previously recalled,
the eigenvalues of the shrinkage covariance matrix are constrained to be regularly spaced
and contained into a reduced range of values, then leading to well proportioned weighting
factors. Indeed, the damage detection results obtained by using this kind of covariance
estimator prove the ability of the shrinkage covariance estimate to regularize the MSD values, then producing very low Type I and Type II errors. Nonetheless, through a numerical
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example, it has been shown how the weighting factors obtained through the shrinkage estimator of the covariance matrix of a small sample are actually slightly under-estimated, if
compared to the factors obtained from a larger training data set obtained from the same
training structure. The factor underestimation causes a de-emphasis of the MSD values of
the testing features coming from damaged conditions. In an attempt to boost the factors
values obtained from a small training data set towards those observed from a larger sample,
and bearing in mind that the distribution of the standard deviation normalizing factors
operated by the pseudo-inverse is optimal in principle, the shrinkage covariance estimate of
the sample of reduced dimension features was considered, using the matrix of the sample
covariance matrix singular values as target. It was shown that such an approach can actually improve the damage detection results. The improvement of the results is particularly
evident when analyzing the outcomes of the damage detection exercise conducted on experimental data recorded on a four story steel frame excited at the base. In fact, when using the
‘combined’ approach, while the false alarm error never exceeds a value of 6.67%, the false
acceptance error is always equal to 0%, irrespective of feature dimensions or sensor location.
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4. DAMAGE DETECTION USING POWER CEPSTRUM

In Chapter 2, damage sensitive features derived from the Mel-Frequency Cepstral Coefficients were proposed. The results presented in Chapter 2 are very satisfactory. It is then
appropriate to further investigate the properties of these features. In particular, in this
chapter, an insight on the properties of the power cepstrum are explored. The power cepstrum of a signal is defined as the Inverse Fourier Transform of the logarithm of the power
spectrum of that signal. Its relation to the MFCCs is quite apparent, and in fact the power
cepstrum is considered the predecessor of the features used in speaker recognition. As will
be clarified in the following sections, the power cepstrum of a signal measured from a system characterized by a rational transfer function is a function of the poles and zeros of the
system’s transfer function itself. This distinguishes the power cepstrum from the majority
of the features customarily employed in structural damage detection, the latter generally
being functions of the poles alone. The power cepstrum is represented by a series of cepstral
coefficients; it is then convenient to reduce it to a univariate damage index, using, for example, the Mahalanobis Squared Distance metric discussed in Chapters 2 and 3, when using
the power cepstrum as a damage sensitive feature. In the present chapter, it is studied how
the value of the MSD of power cepstrum coefficients is affected by changes in the structural
properties induced by damage. To take into account the fact that in real life conditions the
structural properties vary also as an effect of ambient fluctuations, the expected value of
the MSD of the power cepstrum, with respect to the variability of the structural properties
induced by operational conditions, is studied. The analysis of such a relation will provide
more confidence on the abilities of the cepstral features as damage sensitive features, as well
as clarify some of their limitations.

Section 4.1 gives an insight on what the power cepstrum is and on its properties. In section
94
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4.2, expressions of the power cepstrum extracted from the displacement (section 4.2.1),
velocity (section 4.2.2) and acceleration (section 4.2.3) time histories of a single degree of
freedom system, in terms of the system’s structural properties, are derived. In section
4.3, the expression of the acceleration power cepstrum is then exploited to understand
how the value of the Mahalanobis Squared Distance changes when the structure is under
damaged conditions of increasing damage severity and the response is measured under
uncertain operational conditions. Similar derivations are then developed by first obtaining
an expression of the acceleration power cepstrum coefficients in terms of the structural
properties (section 4.4), and by then retrieving the analytical expression of the Mahalanobis
Squared Distance of the acceleration power cepstrum as a function of damage severity
(section 4.5).

4.1 Power and Complex Cepstrum
4.1.1

Power Cepstrum

The cepstrum was introduced in 1963 at Bell’s Laboratory by Bogert et al. in the form
of the power cepstrum, i.e. the power spectrum of the logarithm of the power spectrum of
a signal [37]. The authors of [37] were interested in coining a method able to identify the
presence of an echo in a signal. The ability of the power cepstrum of solving this task may
be easily demonstrated by considering a signal x(t) consisting of the addition of a signal
s(t) and of a de-amplified and delayed replica of s(t), namely a · s(t − τ ):
x(t) = s(t) + a · s(t − τ ).

(4.1)

The Fourier transform of x(t) is given by
X(ω) = (1 + ae−jωτ )S(ω),

(4.2)

where X(ω) and S(ω) denote the Fourier transforms of x(t) and s(t), respectively, while
j represents the imaginary unit. From Equation (4.2) the power spectrum of x(t) may be
rewritten as:
|X(ω)|2 = (1 + a2 + 2a cos(ωτ ))|S(ω)|2 .

(4.3)
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By observing Equation (4.3), it may be noticed how the power spectrum of a signal containing an echo is equal to the power spectrum of the original signal modulated by a periodic
function. The two components, i.e. the power spectrum of the original signal and its
modulation, may be further distinguished from each other by evaluating the logarithm of
Equation (4.3):
log(|X(ω)|2 ) = log[1 + a2 + 2a cos(ωτ )] + log(|S(ω)|2 ).

(4.4)

By using the Taylor series expansion of the logarithmic function log(1 + x)
log(1 + x) =

∞
X
(−1)n+1
n=1

n

xn ,

(4.5)

Equation (4.5) may be rewritten as
2

log(|X(ω)| ) =

∞
X
(−1)n+1
n=1

n

[a2 + 2a cos(ωτ )]n + log(|S(ω)|2 ).

(4.6)

Furthermore, exploiting the trigonometric identities on the powers of cosines and assuming
a smaller than unity, i.e. neglecting all terms multiplied by powers of a greater than 2,
Equation (4.6) may be approximated as follows:
log(|X(ω)|2 ) ' 2a cos(ωτ ) − a2 cos(2ωτ ) + log(|S(ω)|2 ).

(4.7)

The power cepstrum of x(t), c(q), is obtained by inverse-Fourier transforming Equation
(4.7), thereby obtaining a function presenting sharp peaks at integer multiples of the echo
delay:
c(q) ' 2a[δ(q − τ ) + δ(q + τ )] − a2 [δ(q − 2τ ) + δ(q + 2τ )] + F −1 log(|S(ω)|2 ).

(4.8)

In practice, the intuition of Bogert and co-authors stems from the observation that the
spectrum of a quasi-periodic signal affected by amplitude modulation presents a large spike
around the signal’s period and low frequency components on the sides of the main spike due
to amplitude modulation. On the other hand, the spectrum of a signal presents peaks at
the signal’s harmonics; these peaks are more or less pronounced, depending on how much
the specific harmonics are excited. By taking the logarithm of the spectrum, the amplitude
differences in the harmonics are reduced. If one now imagines the log-spectrum to be a
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waveform, this would resemble a quasi-periodic signal with amplitude modulation, where
for quasi-periodic signal is intended a signal that is assumed to retrace its path almost
exactly over time. By evaluating the spectrum of the log-spectrum, the contributions of
the signal’s harmonics and the amplitude modulation would be clearer and then easier to
separate. The cepstrum was then proposed as the spectrum of the log-spectrum. However,
since the cepstrum is obtained through Inverse Fourier Transform of a spectrum, the independent variable of the cepstrum has units of time, though it should really be intended as
a frequency. For this reason, Bogert and co-authors coined the term cepstrum by reversing
the first four letters of the word spectrum, while named the independent variable of the
cepstrum quefrency, by shuffling the first two syllables of the word frequency.

Figure (4.1a) shows the time history of a signal x(t) represented by the time series s(t) =
et sin(10t) corrupted by an echo with amplitude 0.8 and 1 second delay:
x(t) = s(t) + 0.8 · s(t − 1).

(4.9)

Figure (4.1b) represents the power cepstrum of x(t) (blue line) plotted on top of the power
cepstrum of s(t) (red dotted line). It is promptly observed that the cepstrum representation of the signal distorted by the echo presents sharp peaks every 1 seconds, not present
in the cepstrum representation of the original signal. Bogert and coworkers suggested that
by comb-filtering the cepstrum of the echo signal, the peaks induced by the echo may be
removed so as to obtain an approximation of the spectrum of the original signal.

4.1.2

Complex Cepstrum

Almost contemporary to the work of Bogert and coworkers and independently from the Bell’s
Laboratory group, in 1965 Oppenheim [74] proposed the theory of holomorphic systems. Of
particular interest for a large variety of applications are those systems whose input and
output are combined by convolution; by employing the holomorphic systems theory, such
systems can be transformed into systems whose input and output are combined by addition.
The set of operations leading to such a transformation can be outlined by considering the
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Fig. 4.1: Cepstrum representation of x(t) = s(t) + 0.8s(t − 1)

.
output signal y(t), obtained by convolution of a signal h(t) with an input u(t):
y(t) = h(t) ∗ u(t).

(4.10)

The so called characteristic system, i.e. the set of operations allowing the output y(t) to be
represented as a sum of a function of h(t) plus a function of the input u(t), starts by taking
the Discrete Time Fourier Transform (DTFT) of the output:
Y (ejω ) = H(ejω ) · U (ejω ),

(4.11)

where Y (eiω ), H(eiω ) and U (eiω ) denote the DTFT of y(t), h(t) and u(t), respectively. The
complex logarithm of Y (eiω ) can be then evaluated as:
log[Y (ejω )] = log[H(ejω )] + log[U (ejω )];

(4.12)

and finally, the inverse DTFT of the result may be computed to give:
ŷ[q] = ĥ[q] + û[q],

(4.13)
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where ŷ[q], ĥ[q] and û[q] are the complex cepstrum of y(t), h(t) and u(t), respectively.
Oppenheim named the result of such operations complex cepstrum, acknowledging its relationship to the power cepstrum, but not implying that ŷ[q] is complex. Indeed, if y[n]
is real, ŷ[q] is a real sequence as well. On the contrary, the complex logarithm delivers a
complex function. In fact, by exploiting the representation of the complex function Y (eiω )
in polar coordinates, the complex logarithm of the DTFT of y(t) is given by
log[Y (ejω )] = log[|Y (ejω )|] + i arg Y (ejω ),

(4.14)

where |Y (ejω )| is the magnitude of the DTFT of y(t), while arg Y (ejω ) is its phase. The
evaluation of the complex cepstrum is complicated by the complex logarithm operation.
In fact, one must be careful in the evaluation of the phase arg Y (ejω ) when computing the
complex logarithm, so to assure that there is no ambiguity in the definition of the imaginary
part of the complex logarithm itself. Indeed, since ej2πq = 1 for any integer q, arg Y (ejω )
may be rewritten as
arg Y (ejω ) = ARG{Y (ejω )} ± j2πq,

(4.15)

where ARG{Y (ejω )} ∈ (−π, π] [75]. By plugging Equation (4.15) into Equation (4.14), the
following expression for the complex logarithm is obtained:
log[Y (ejω )] = log[|Y (ejω )|] + iARG{Y (ejω )} ± j2πq.

(4.16)

From Equation (4.16) it is observed that the complex logarithm is multivalued. Nonetheless, the transformations leading to the complex cepstrum must be unique: the complex
logarithm must be so defined that its imaginary part is uniquely determined. This task is
known as phase unwrapping, and it represents a still very active field of research in digital
signal processing. However, since the complex cepstrum retains information regarding the
phase, once the complex cepstrum of a function y(t) is extracted, the original function may
be obtained back by inverse-cepstrum transform.

An important field of application of complex cepstrum analysis is fault diagnosis of gearbox
systems. The structure of the spectrum of the vibration response of a healthy gearbox is
principally defined by the so called gear mesh frequency and its harmonics - the gear mesh
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frequency is the frequency at which the teeth on the pinion come into contact with the
teeth on the bull gear, and it is simply evaluated as the product between the number of
teeth on the gear times the rotational frequency of the gear. When damage occurs, sidebands appear around the mesh frequency and its harmonics, arising from the modulation of
the toothmeshing vibrations by lower frequencies, typically induced by the shaft rotational
speeds. Amplitude and phase modulation then give rise to a family of sidebands with the
same spacing. These families of sidebands are also present in the vibration spectra of the
healthy gearboxes, but at a level which remains constant in time. Changes in the number
and strength of the sidebands are indicative of damage occurrence. By identifying the spacing of such sidebands, it is possible to identify the location of the damaged tooth as well as
the source of a vibration problem. The complex cepstrum is able to clearly identify such
periodicities, thereby easing the process of damage detection in gearbox systems.

4.1.3

Evaluation of Cepstrum

Another major contribution of Oppenheim and Schafer in the field of cepstral analysis is
that of having defined the cepstrum in terms of digital operations, by observing that the
Discrete Fourier Transform (DFT) of a finite length sequence y[n] is a sampled version of
the DTFT of the same signal [74]. In this case, the operations necessary to evaluate the
complex cepstrum, ŷ[q], of the finite length sequence y[n] require first the evaluation of the
DFT of y[n], then the evaluation of the complex logarithm of the result, and finally the
evaluation of IDFT of the log-DFT. The discrete power cepstrum may be then obtained in
terms of the complex cepstrum as




ŷ[−q]



cy [q] = 2ŷ[q]





ŷ[q]

for q < 0
for q = 0

(4.17)

for q > 0.

By noting that the DFT is a particular case of the z-transform, in [74] Openheim and
Schafer give a representation of the cepstrum in terms of the poles and zeros of the transfer
function of multi-degrees of freedom mechanical systems. Such representation was exploited
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by Randall and Gao in [76] to recover poles and zeros of the Frequency Response Function
of a beam from its response autospectra, by curve-fitting the analytical expression of the
complex cepstrum with the cepstrum given in [74], extracted from the measured response
itself. In [41], Gao and Randall proposed another method to identify poles and zeros of
the transfer function by exploiting again the analytical expression of the complex cepstrum
given in [74], in combination with the Ibrahim Time Domain method. Finally Tigli, in [42],
extended the method proposed in [41] to the case of multiple input sources.

4.2 Power Cepstrum of an SDOFs System
As mentioned in the introduction of this chapter, cepstrum coefficients have been employed
in a variety of fields, including damage diagnosis of rotary machine, delivering positive results. It is then of interest to study their applicability as damage sensitive features to solve
the problem of structural health monitoring. As mentioned in Chapter 1, and proved in
Chapters 2 and 3, one of the most robust and efficient methods to solve the damage detection
problem within a data-based framework is outlier analysis. In particular, in this chapter,
Mahalanobis Squared Distance is used as the metric apt to distinguish between damaged
and undamaged instances of the damage sensitive feature. It is worth to reiterate that in
structural health monitoring, MSD is used to measure the distance of the damage sensitive
features extracted from the response of the system under unknown conditions from those
extracted from the response of the system under known conditions: the larger the value
of the MSD, the larger the departure of the new damage sensitive features from the population of realizations of damage sensitive features representative of undamaged conditions,
and hence larger the probability that the new damage sensitive features are representative
of a damage state of the structure. In the following paragraphs, an expression relating
the expected value of the MSD of the power cepstrum coefficients to the changes in the
structural properties is derived.

The derivation starts by obtaining analytical expressions of the functions relating the system’s structural properties to the cepstrum coefficients extracted from the displacement,
velocity and acceleration time histories of a single degree of freedom (SDOF) system. Then,
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the expression of the expected value of the MSD of the power cepstrum coefficients as a
function of the changes in the mass, stiffness and damping properties is obtained for the
case of acceleration time histories, which are the kind of structural response most easily
measured.

The power cepstrum of a discrete signal is obtained by computing the Inverse Discrete
Fourier Transform (IDFT) of the logarithm of the power spectrum of the signal. The
derivation of the cepstrum coefficients function in terms of the structural properties must
then start by determining an expression of the Discrete Fourier Transform of the sampled
system response time history, then proceed by deriving an expression for the logarithm of
the signal’s power spectrum, and by finally establishing the form of the IDFT of the logpower spectrum. These operations may be accomplished by making use of the z-transform
in place of the DFT; in fact, when dealing with finite length sequences, by evaluating on
the unit circle the z-transform of the sequence, one obtains the DFT of the same sequence.
4.2.1

Power Cepstrum of Displacement Response Time History

Let us denote by m the mass of the SDOF system, by c its damping coefficient and by k
its stiffness. Let us further denote by y(t), ẏ(t), ÿ(t) and u(t) the displacement, velocity,
acceleration response and input time histories, respectively. The equation of motion of such
an SDOF system is expressed as in Equation (4.18):
mÿ(t) + cẏ(t) + ky(t) = u(t).

(4.18)

By assuming zero initial conditions, Laplace transform of Equation (4.18) yields:
(ms2 + cs + k)Y (s) = U (s).

(4.19)

In equation (4.19), Y (s) represents the Laplace transform of the displacement response time
history:
Z
Y (s) = L{y(t)} =

∞

y(t)e−st dt

(4.20)

0

where the lower bound of the integral is set to 0, since the system is assumed at rest up
to time instant t = 0. Likewise, U (s) represents the Laplace transform of the input time
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history:
Z

∞

U (s) = L{u(t)} =

u(t)e−st dt.
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(4.21)

0

From equation (4.19), the expression of the Laplace transform of the displacement response
is readily obtained:
Y (s) =
where

1
ms2 +cs+k

ms2

1
U (s),
+ cs + k

(4.22)

is called the transfer function, and often denoted by H(s). By factoring

the mass term m out of the denominator of Equation (4.22), and by denoting the natural
q
k
c
frequency as ωn =
m and the damping ratio as ξ = 2mωn , Equation (4.22) may be
rewritten as in Equation (4.23):
Y (s) =

m(s2

1
U (s).
+ 2ξωn s + ωn2 )

(4.23)

The roots of the denominator of equation (4.23), i.e. the poles of H(s), are given by
λ, λ∗ = −ξωn ± iωn

p
1 − ξ2

(4.24)

and the expression of Y (s) may therefore be rewritten in terms of the complex conjugate
pair of poles as:
Y (s) =

1
U (s).
m(s − λ)(s − λ∗ )

(4.25)

As we are concerned with discrete signals, it is necessary to consider the discrete counterpart of Y (s), i.e. the z-transform of the output time history y(t) sampled at sampling
time T . In this work, zero-order-hold sampling is considered, i.e. the sampled input is
assumed to remain constant between two subsequent sampling instants. Using this sampling
representation, the z-transform of the transfer function yields



H(s)
H(z) = (1 − z −1 )Z L−1
s



1
−1
−1
= (1 − z )Z L
ms(s − λ)(s − λ∗ )



(1 − z −1 )
1
1
1
−1
=
Z L
+
−
,
m
λλ∗ s λ(λ − λ∗ )(s − λ) λ∗ (λ − λ∗ )(s − λ∗ )
(4.26)

104

4. DAMAGE DETECTION USING POWER CEPSTRUM
where the z-transform of a discrete, causal signal x[n] (x[n] = 0 for n < 0) is given by
X(z) = Z{x[n]} =

∞
X

x[n]z −n ,

(4.27)

n=0

and L−1 {·} is the inverse-Laplace Transform operator. The last row of Equation (4.26) is
obtained by partial fraction expansion, so as to express

H(s)
s

as

H(s)
A
B
B∗
= +
+
s
s
s − λ s − λ∗

(4.28)

where the coefficients A, B and B ∗ are obtained as
1
1
=
s(s − λ)(s − λ∗ ) s=0 λλ∗
1
1
B = (s − λ)
=
∗
s(s − λ)(s − λ ) s=λ λ(λ − λ∗ )
1
1
= ∗ ∗
.
B ∗ = (s − λ∗ )
∗
s(s − λ)(s − λ ) s=λ∗
λ (λ − λ)
A = s

(4.29)

The following rules hold:


Z L−1 1s
= 1−z1 −1
n
n
oo
1
1
Z L−1 s−λ
= 1−eλT
z −1
n
n
oo
1
Z L−1 s−λ
= 1−eλ∗1T z −1 .
∗

(4.30)

Therefore, by plugging Equations (4.30) into Equations (4.26), by virtue of the linearity
property of the z-transform, one gets the z-transform of the transfer function, often referred
to as the pulse transfer function:
H(z) =

(λ∗ eλT − λeλ

∗T

∗

− λ∗ + λ)z −1 + [(λ − λ∗ )e(λ +λ)T + λ∗ eλ
mλλ∗ (λ − λ∗ )(1 − eλT z −1 )(1 − eλ∗ T z −1 )

∗T

− λeλT ]z −2

.

(4.31)

Furthermore, by considering the definition of λ and λ∗ as given in Equation (4.24), the
following equalities hold:

∗


λ∗ eλT − λeλ T = 2iωn e−ωn ξT cos(ωd T − ξ);






∗ λ∗ T − λeλT = 2iω e−ωn ξT cos(ω T + ξ);


n
d
λ e


λ − λ∗ = −2iωd ;




∗


(λ − λ∗ )e(λ +λ)T = −2iωd e−2ωn ξT ;






λλ∗ = ω 2 ,
n

(4.32)
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where in Equations (4.32) the damped natural frequency, ωd , is defined as ωn

p

1 − ξ 2 , and

it has been taken into account the fact that a typical value for ξ in mechanical applications
ranges from 0.01 to 0.05, so that arcsin(ξ) may be well approximated by ξ. Therefore,
the z-transform of the displacement response time history, sampled at a sampling time T ,
yields:




−ωn ξT
−ωn ξT
e√
e√
−1
−2ω
ξT
n
1−
cos(ωd T − ξ) z + e
−
cos(ωd T + ξ) z −2
2
2
Y (z) =

1−ξ

1−ξ

k(1 −

eλT z −1 )(1

−

eλ∗ T z −1 )

U (z).
(4.33)

To further ease the notation, the following scalars are introduced:
"
#
e−ωn ξT
1
1− p
Pd =
cos(ωd T − ξ) ;
k
1 − ξ2
"
#
1 e−ωn ξT
−2ωn ξT
p
Qd =
,
cos(ωd T + ξ) − e
k
1 − ξ2
so that Equation (4.33) may be finally rewritten as


d −1
Pd z −1 1 − Q
Pd z
Y (z) =
U (z).
(1 − eλT z −1 )(1 − eλ∗ T z −1 )

(4.34)

(4.35)

The next operation involves the evaluation of the logarithm of the power spectrum of the
sampled response time history y[n]. This operation can be circumvented by exploiting the
properties of the complex logarithm. The complex logarithm is defined as the inverse of the
complex exponential function [77]. Thus, the complex logarithm of x is a complex number
w such that ew = x. The polar form of any complex variable x is given by reiθ , where r
denotes the magnitude of x, while θ its phase. The complex logarithm of x is given by:
log(x) = ln(r) + iθ.

(4.36)

The real part of the complex logarithm is represented by the natural logarithm of the
magnitude of x. According to these arguments, the following relation holds for the logarithm
of the power spectrum of the displacement response:
ln(|Y (z)|2 ) = 2<{log[Y (z)]},

(4.37)
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where <{·} represents the real part of the function within brackets. In order to obtain
the logarithm of the power spectrum of the displacement response time history, it is then
necessary to first obtain an expression for log[Y (z)] and to subsequently double the real
part of the result. The first operation results in Equation (4.38):
log[Y (z)] = log(Pd ) + log(z −1 ) + log[U (z)]


Qd −1
∗
+ log 1 −
− log(1 − eλT z −1 ) − log(1 − eλ T z −1 ).
z
Pd

(4.38)

Let us now inspect the various terms of Equation (4.38). Figure (4.2) shows the values of
Pd as a function of the damping ratio ξ, for the range of values typical of the materials
employed in civil engineering application, i.e. between 1% and 5%, and for all the possible
combinations of ωn T , i.e. for ωn T ∈ [0, π]. It is observed that the values of Pd are always
positive for the range of damping ratios and sampling frequencies considered. Therefore,
the real part of log(Pd ) can simply be taken as the scalar ln(Pd ).
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Fig. 4.2: Values of Pd for the range of damping ratios typical of civil engineering applications, (ωn T ∈
[0, π] and ξ ∈ [0.01, 0.05]).

To evaluate the real part of log(z −1 ) it is worth to remind that in all the previous derivations
it has been implicitly assumed that the z-transform of the discrete finite sequence y[n] be
evaluated on the unit circle. On the unit circle, the magnitude of z is equal to unity, and
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the natural logarithm of 1 is 0. Therefore the term log(z −1 ) does not contribute to the real
part of log[Y (z)].

Finally, to obtain the real part of the last three terms of Equation (4.38), it is appropriate
to make use of the McLaurin complex series expansion for the logarithmic function log(1 −
αz −1 ):
log(1 − αz −1 ) = −

∞
X
αn
q=1

n

z −n .

(4.39)

The complex series in (4.39) converges for all complex numbers αz −1 having magnitude
less than or equal to unity; when the z-transform is evaluated on the unit circle, and by
denoting the magnitude of the complex number α as |α| and its phase as φ, the condition
of convergence for the series in (4.39) is expressed as
αz −1 = |α|eiφ e−i2πk/N = |α| ≤ 1.

(4.40)

The systems typically considered in civil engineering applications are stable, i.e. the poles
of their discrete transfer function are all contained within the unit circle, so that their magnitude is indeed less than unity. In particular, the magnitude of both poles of the pulse
transfer function in Equation (4.35) is equal to e−ξωn T , which is a positive quantity less
than unity, since the values of ξ, ωn and T are always positive for the materials typically
employed in civil engineering structures. Therefore, condition (4.40) applies and the series
(4.39) can be employed to expand the functions log(1 − eλT z −1 ) and log(1 − eλ

Figure (4.3) displays the values of

Qd
Pd

∗T

z −1 ).

for all the possible combinations of ωn T ∈ [0, π] and

for the range of damping ratio values appropriate for the civil engineering materials. It is
observed that the absolute value of the discrete zero,

Qd
Pd

is always less or equal to unity.

This means that the McLaurin series in Equation (4.39) may also be used to express the
function (1 −

Qd −1
Pd z ).

Therefore, by combining the McLaurin series expansion of the last three terms of Equation
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for the range of sampling time and damping ratio values typical of civil

engineering applications (ωn T ∈ [0, π] and ξ ∈ [0.01, 0.05]).

(4.38), the following result is obtained:


Qd −1
∗
z
− log(1 − eλT z −1 ) − log(1 − eλ T z −1 ) =
log 1 −
Pd

 q 
∞
X
1
Qd
−ξωn T q
=
2e
cos(ωd T q) −
z −q
q
Pd
q=1
 
 q 
1
Qd
−ξωn T q
= Z
2e
cos(ωd T q) −
, for q ≥ 1.
q
Pd

(4.41)

From Equation (4.41), it can be concluded that the last three terms of Equation (4.38)
represent the z-transform of the real and causal sequence in brackets in Equation (4.41).
In order to evaluate the real part of Equation (4.41), one can thus take recourse to some
properties of the z-transform of real and causal signals. Any signal h[q] can be decomposed
into its conjugate symmetric, hsym [q], and conjugate antisymmetric, hasym [q], parts:


hsym [q]

=

1
2

(h[q] + h∗ [−q])


h
asym [q]

=

1
2

(h[q] − h∗ [−q])

(4.42)

so that the sum of these parts returns the signal itself:
h[q] = hsym [q] + hasym [q].

(4.43)
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The z-transform of a conjugate symmetric signal is a purely real sequence, while that of
a conjugate antisymmetric signal is purely imaginary. From the linearity property of the
z-transform, the z-transform of the signal h[q] may be expressed as
Z{h[q]} = H(z) = Z{hsym [q]} + Z{hasym [q]} = <{H(z)} + j={H(z)}.

(4.44)

where in Equation (4.44) ={·} represents the imaginary part of the function within brackets.
Thus, we are interested in the z-transform of the conjugate symmetric part of the bracketed
function in Equation (4.41). The complex conjugate of a real-valued function is equal to
the function itself:
h[q] = h∗ [q].

(4.45)

Moreover, if h[q] is assumed to be causal, h[q] is equal to zero, for q < 0. The last two mentioned properties lead to the observation that the conjugate symmetric and anti-symmetric
parts of a causal real-valued signal are equal, so that the following expression may be considered:
hsym [q] = hasym [q] =

1
(h[q]) .
2

(4.46)

The real part of the z-transform of a causal real-valued function is then equal to half of the
z-transform of the function itself:
1
<{Z{h[q]}} = Z{hsym [q]} = Z{h[q]}.
2

(4.47)

The real part of the last three terms of Equation (4.38) is then expressed using Equations
(4.41) and (4.47) as:
 
 q 
1
Qd
−ξωn T q
< {Z
2e
cos(ωd T q) −
=
q
Pd
 
 q 
1
1
Qd
−ξωn T q
2e
cos(ωd T q) −
= Z
, for q ≥ 1.
2
q
Pd

(4.48)

By combining the observations hitherto collected, the expression of the logarithm of the
power spectrum of the displacement response time history becomes:
log{|Y (z)|2 } = 2<{log[Y (z)]}
= 2 ln(Pd ) +
 
 q 
1
Qd
−ξωn T q
+ Z
2e
cos(ωd T q) −
q
Pd
+ 2<{log[U (z)]}.

(4.49)
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The cepstrum of the displacement response time history of the SDOF system, c[q], can then
finally be obtained by the inverse z-transform of Equation (4.49) as:




0
for q ≤ −1



cd [q] = 2 ln(Pd ) + û[q]
for q = 0




i
h


q
1
−ξωn T q cos(ω T q) − Qd

+ û[q] for q ≥ 1
d
q 2e
Pd

(4.50)

where in Equation (4.50), û[q] represents the inverse z-transform of the logarithm of the
power spectrum of the sampled input u[n].

Equation (4.50) clarifies that the cepstrum coefficients extracted from the displacement
time history of an SDOF system are indeed sensitive to the structural properties, and
consequently, to their changes, through the poles and zeros of the pulse transfer function.
It must be further noted that the cepstrum coefficients may sharply separate the input
effects from the structural ones, when the input is of impulse type. In fact, the power
cepstrum of an impulsive signal of magnitude U is û[q] = 2 ln(U )δ[q], where δ[q] is a unit
impulse. In this case, û[q] is equal to zero for q ≥ 1 so that the power cepstral coefficients
cd [q], for q ≥ 1, depend only on the structural properties.
4.2.2

Power Cepstrum of Velocity Response Time History

In this section, an analytical expression is derived for the cepstrum coefficients extracted
from the velocity response time history of a SDOF system characterized by the equation of
motion given in Equation (4.18). The derivation follows the same steps considered in case
of the displacement cepstrum coefficients.

By exploiting the rules for the Laplace transform of derivatives, the Laplace transform of
the velocity response time history, V (s), is given by:
V (s) =

s
U (s),
m(s − λ)(s − λ∗ )

(4.51)

where

V (s) = L

∂y(t)
∂t


= sL{y(t)}.

(4.52)
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The z-transform associated with equation (4.51) can be readily evaluated making use of the
last two rules in Equation (4.30), and of the definition of the complex eigenvalues as given
in Equation (4.24), to obtain
V (z) =

e−ξωn T sin(ωd T )z −1 (1 − z −1 )
U (z).
mωd (1 − eλT z −1 )(1 − eλ∗ T z −1 )

(4.53)

As done before, the evaluation of the logarithm of the power spectrum of the velocity
response time history is pursued by first deriving the expression of the complex logarithm
of V (z):

e−ξωn T sin(ωd T )
log[V (z)] = log
+ log(z −1 ) + log[U (z)]
mωd


+ log(1 − z −1 ) − log(1 − eλT z −1 ) − log(1 − eλ

∗T

z −1 )

(4.54)

and by then evaluating the real part of this expression. The first term in Equation (4.54)
represents the logarithm of the impulse response of an SDOF system at the time instant T .
Here onwards, the following notation will be used:
Pv =

e−ξωn T sin(ωd T )
.
mωd

(4.55)

Figure (4.4) shows the values of Pv for the range of damping values between 1% and 5%,
for ωn T ∈ [0, π] and m equal to 103 kg. Evidently, the values of Pv are always contained
within 0 and 1, so that the real part of the first term of Equation (4.54) can be written as
ln(Pv ).

It has already been observed that the real part of log(z −1 ) is equal to zero on the unit circle,
and thus, also in this case, z −1 does not participate in the expression for the real part of the
log-power spectrum. By making use of the McLaurin series expansion of the logarithmic
function log(1 − αz −1 ), the following representation of the real part of the last three terms
of Equation (4.54) is obtained:
n
o
∗
< log(1 − z −1 ) − log(1 − eλT z −1 ) − log(1 − eλ T z −1 ) =
 h
i
1
1
−ξωn T q
=
Z
2e
cos(ωd T q) − 1 .
2
q

(4.56)
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Fig. 4.4: Values of Pv for the range of damping ratios typical of civil engineering applications, and
a value of m equal to 103 kg (ωn T ∈ [0, π] and ξ ∈ [0.01, 0.05]).

In this case, it is apparent that condition (4.40) holds for all the last three terms of Equation
(4.54).

Finally, by taking the inverse z-transform of Equation (4.56), it is possible to obtain the
cepstrum of the velocity response time history of an SDOF system:




0
for q ≤ −1



cv [q] = 2 ln(Pv ) + û[q]
for q = 0





 1  −ξωn T q

cos(ωd T q) − 1 + û[q] for q ≥ 1.
q 2e

(4.57)

It is particularly interesting to note that the cepstrum measured from the velocity response
of an SDOF system excited by an impulsive input will be characterized not only by the
sharp separation of the input from the output response, but also, the cepstrum coefficients
for q ≥ 1 will be represented by a periodic signal of period ωd , amplitude modulated by
a function of the damping ratio, ξ, and of the natural frequency, ωn , and the function
of the cepstral feature coefficient index, 1/q. Therefore, in scenarios where the SDOF
representation may be considered adequate, the qcv [q] + 1 could serve as a mean to estimate
the damping ratio, in a similar fashion as accomplished via the logarithmic decrement.
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4.2.3

Power Cepstrum of Acceleration Response Time History

Acceleration response time histories are the representation of the structural response predominantly available in practice. For this reason, it is especially important to obtain an
analytical expression portraying how the cepstrum coefficients extracted from the acceleration response time history of the SDOF system are related to the system’s structural
properties.

Let us refer again to the SDOF system with equation of motion given in Equation (4.18).
By exploiting the properties of the Laplace Transform of derivatives, the Laplace transform
of the acceleration response time history of the SDOF system is given by:
A(s) =

s2
U (s),
m(s − λ)(s − λ∗ )

(4.58)

where

A(s) = L

∂ 2 y(t)
∂t2




= sL

∂y(t)
∂t



= s2 L{y(t)}.

(4.59)

By using the definition of the z-transform in terms of the Laplace transform of the transfer
function (Eq. (4.26)), the rules in Equation (4.30), and those in Equation (4.32), after some
algebraic manipulations, the z-transform of the acceleration response time history can be
expressed as
(1 −
A(z) =

z −1 )


1−

e−ξωn T cos(ωd T −ξ) −1
√
z
1−ξ 2

m(1 − eλT z −1 )(1 − eλ∗ T z −1 )


U (z).

(4.60)

In the subsequent derivations, the following notation will be employed:
Pa =

e−ξωn T cos(ωd T − ξ)
p
.
1 − ξ2

(4.61)

The logarithm of the power spectrum of the acceleration response time history is again
obtained by evaluating the real part of the complex logarithm of A(z), resulting in the
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following expression:
log[|A(z)|2 ] = 2< {log[A(z)]} =
 h
i
1
−ξωn T q
q
= Z
+
2e
cos(ωd T q) − 1 − Pa
q

 
U (z)
.
+ 2< log
m

(4.62)

In order to obtain Equation (4.62), use of the complex series of Equation (4.39) has been
made. Figure (4.5) shows the values of |Pa | for the range of damping ratios within 1% and
5%, and for the range of values of ωn T between 0 and π. It is clear that the zero Pa is
always inside or on the unit circle, as its magnitude is always within 0 and 1. Therefore,
the function log(1 − Pa z −1 ) may indeed be expanded using the series in Equation (4.39).

1.4
1.2

0.045

1

0.04

0.8

0.035

0.6

0.03

ξ

|Pa|

|Pa|
0.05

0.4

1

0.8

0.6

0.4

0.025

0.2

0.02

0
0

0.2

0.015
0.02

1
0.04

0.5
0.06

ξ

0

0.01

0

0.2

0.4

0.6

ωnT/π

0.8

1

ωnT/π

Fig. 4.5: Values of |Pa | for the range of sampling time and damping ratio values typical of civil
engineering applications.

By evaluating the inverse z-transform of Equation (4.62), the expression of the power cepstrum measured from the acceleration response time history of an SDOF if given by




0
for q ≤ 1



ca [q] = û[q] − ln(m)
(4.63)
for q = 0



1 


 2e−ξωn T q cos(ωd T q) − 1 − Paq + û[q] for q ≥ 1.
q
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As observed for the power cepstrum coefficients extracted from the displacement and velocity response time histories of a SDOF system, also the power cepstrum extracted from
the acceleration response time history of the SDOF system, ca [q] for q ≥ 1, is obtained as a
sum of a function of only the structural properties, denoted in the following as ĥ[q], and a
function of the input alone, denoted as û[q]. This implies that, if it is possible to know what
region of the quefrency is occupied by û[q], and if this region does not overlap that occupied
by ĥ[q], it would be easily possible to remove the input effects from the power cepstrum,
and thus obtain an estimate of the power spectrum of the impulse response of the SDOF
system by evaluating the DFT of the exponential of the resulting power cepstrum.

4.3 Sensitivity of the Mahalanobis Squared Distance of the Power Cepstrum of an
SDOF System to Structural Damage
The objective of this chapter is to study how the cepstral features relate to the system’s
structural properties. In order to resort to the familiar damage detection approach performed in Chapters 2 and 3, the Mahalanobis Squared Distance of such features is analyzed. The primary interest is to confirm that the MSD of power cepstrum changes when
the structural properties of the system change as an effect of damage occurrence. Secondarily, it is also important to develop this study taking into account the fact that the external
conditions, e.g. different traffic loadings, induce a scatter around the expected value of the
structural properties, expected value that can be assumed, for example, from design drawings. It is then more appropriate to study how the value of the MSD changes on average
when damage occurs. In this chapter, an analytical function relating the changes in the
values of MSD to damage severity is derived. In practice, each point of such a function will
show what is the average value of the MSD that one would expect if many independent measurements of the structural response were taken and used to extract as many realizations
of the power cepstrum to evaluate their MSD from the baseline model of the power cepstrum.

Let us denote by θb ∈ RP ×1 the vector of the P structural properties of the healthy system.
As per the previous discussion, the values of θb vary depending on the external conditions,
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here onwards represented by a diagonal matrix of random variables, β:
θb = (IP + β)mθb ,

(4.64)

where IP is the identity matrix of order P . In the next derivations, the following properties
will be assumed to characterize the first and second moment statistics of β:
E{β} = 0

σ2
 β1

 0
E{ββ T } = 
 ..
 .

0

0

...

0



σβ22
..
.

...
..
.

0
..
.









0

. . . σβ2P

(4.65)

where E{·} represents the expectation operator. The expected value of θb may be then
expressed as:
m θb

= E{θb },

(4.66)

while the covariance matrix of θb is given by:

Sθb


σ2
 β1

 0
T
= E{(θb − mθb )(θb − mθb ) } = 
 ..
 .

0

0

...

0



σβ22
..
.

...
..
.

0
..
.




 mθ mT .
θb
b




0

. . . σβ2P

(4.67)

The L-points power cepstrum extracted from the acceleration response time history of the
undamaged structure, c(θb ), is then also affected by the changes in the structural properties
induced by the external conditions through their influence on θb . Here onwards, the mean
of c(θb ) will be denoted as mb ∈ RL×1 , while its covariance matrix as Sb ∈ RL×L :
mb = E{c(θb )}

(4.68)

Sb = E{(c(θb ) − mb )(c(θb ) − mb )T }.

(4.69)

Since it will be used in the following derivations, it is also useful to consider a first order
Taylor expansion of c(θb ) around mθb :
c(θb ) = c(mθb ) +

∂c(θb )
∂θb

(θb − mθb ),
θb =mθb

(4.70)
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where

∂c(θb )
∂θb
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is a matrix defined in RL×P , whose (i, j)th element is given by:


∂c(θb )
∂θb


=
i,j

∂ci (θb )
,
∂θb , j

(4.71)

in Equation (4.71) ci (θb ) denotes the ith power cepstral coefficient, while θb , j refers to the
j th element of the vector of the structural properties, θb . By taking the expected value of
Equation (4.70), and by accounting for the definition of mb given in Equation (4.68), the
following expression is obtained:
E{c(mθb ) − c(θb )} = −

∂c(θb )
∂θb )

E{(θb − mθb )}

(4.72)

θb =mθb

⇒ c(mθb ) − mb = 0,

(4.73)

as E{θb } = mθb .

Let us further denote by θ the vector of the structural properties of the system under
unknown conditions. This vector may be expressed in terms of θb as follows:
θ = αθb
= α(IP + β)mθb .

(4.74)
(4.75)

In Equation (4.75), the matrix α is a diagonal matrix such that
α = diag{α1 , ..., αP }, αj ∈ [0, 1], ∀j = 1, ..., P.

(4.76)

Moreover, in order for θ to be expressed as in Equation (4.75), the implicit assumption is
made that the variability of the external conditions affecting θb is the same as that of the
conditions affecting θ. Similarly to what observed for the power cepstrum extracted from
the response of the undamaged system, the variability induced by the external conditions
is transferred to the L-points power cepstrum extracted from the response of the system
under unknown conditions, c(θ), through θ, making it a random variable.

The Mahalanobis Squared Distance of c(θ) from mb is given by
2
Dm
[c(θ)] = (c(θ) − mb )T S−1
b (c(θ) − mb ).
b

(4.77)
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The MSD of c(θ) from mb is then a function of θ through the power cepstrum. Since
2 [c(θ)] is a random variable. We are interested in the
θ is a random variable, also Dm
b

average value of such a function. It is not a trivial task that of obtaining such a value
2 [c(θ)] as given in Equation (4.77). For this reason,
by considering the expression of Dm
b

following the rationale proposed by Ettouney and Alampalli in [78], we first derive the
2 [c(θ)] around m , to then evaluate the expected
second order Taylor expansion of Dm
θb
b
2 [c(θ)] around m
value of the expanded function. The Taylor series expansion of Dm
θb is
b

given by:
2
2
Dm
[c(θ)] = Dm
[c(θ)]
b
b

+
θ=mθb

+
+

2 [c(θ)]
∂Dm
b
∂θ

(θ − mθb )
θ=mθb

2 [c(θ)]
∂ 2 Dm
1
b
(θ − mθb )T
2
∂θ 2

(θ − mθb ),

(4.78)

θ=mθb


where the terms of order O (θ − mθb )3 and higher are assumed to be of negligible value.
In Equation (4.78),

2 [c(θ)]
∂Dm
b
∂θ

is a vector defined in R1×P , whose ith element is given by:
!
2 [c(θ)]
2 [c(θ)]
∂Dm
∂Dm
b
b
,
(4.79)
=
∂θ
∂θi
i

while

2 [c(θ)]
∂ 2 Dm
b
∂θ 2

is a square matrix of order P , whose (i, j)th element is given by:
2 [c(θ)]
∂ 2 Dm
b
∂θ 2

!
=
i,j

2 [c(θ)]
∂ 2 Dm
b
;
∂θi θj

(4.80)

however, in the following, the different structural parameters will be assumed to be independent from each other, so that

2 [c(θ)]
∂ 2 Dm
b
∂θ 2

is actually a diagonal matrix, whose ith main

diagonal element yields:
2 [c(θ)]
∂ 2 Dm
b
∂θ 2

!
=
i,i

2 [c(θ)]
∂ 2 Dm
b
.
∂θi2

(4.81)
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By taking the expected value of both sides of Equation (4.78), one gets:
 2
E Dm
[c(θ)]
b

2
= Dm
[c(θ)]
b

+
θ=mθb

+
+

2 [c(θ)]
∂Dm
b
E {(θ − mθb )}
∂θ
θ=mθb
)
(
2 D 2 [c(θ)]
∂
1
mb
(θ − mθb ) .
E (θ − mθb )T
2
∂θ 2
θ=mθ

(4.82)

b

Let us now analyze one by one each term of Equation (4.82).

2 [c(θ)] evaluated at θ = m . To do this, the first
Let us start by considering the term Dm
θb
b

order Taylor expansion of c(θb ) around mθb given in Equation (4.70) is exploited:
= (c(mθb ) − mb )T S−1
b (c(mθb ) − mb )

2
Dm
[c(θ)]
b
θ=mθb

= (c(θb ) − mb )T S−1
b (c(θb ) − mb )
∂cT (θb )
− 2(θb − mθb )T
S−1 (c(θb ) − mb )
∂θb θb =mθ b
b

∂cT (θb )
+ (θb − mθb )T
∂θb

S−1
b
θb =mθb

∂c(θb )
∂θb

(θb − mθb ).
θb =mθb

(4.83)
2 [c(θ)]
Since Dm
b

is a determinist quantity, its expected value is equal to the quantity
θ=mθb

itself. Therefore, by taking the expected value of both sides of Equation (4.83), and by
making use of the fact that (c(mθb )−mb ) = 0 (see Equation (4.73)), the following expression
is retrieved:
(
E

)

2
Dm
[c(θ)]
b

2
= Dm
[c(θ)]
b
θ=mθb

θ=mθb

(
= L + trace

∂cT (θb )
∂θb

θb =mθb

∂c(θb )
S−1
b
∂θb

)
S θb

,

θb =mθb

(4.84)
where mθb ,j is the j th element of mθb , while trace{} is the trace operator. In Equation
(4.84), the first addend is obtained by observing that the expected value of the MSD of
c(θb ) from mb is a scalar quantity, therefore, it is possible to evaluate the trace of such a
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quantity without actually altering its value. Since both the expectation and the trace are
linear operators, the order of the two operators may be switched, without, again, altering
the result. Taking then advantage of the cyclic property of the trace operator, the following
expression is obtained:

E (c(θb ) − mb )T S−1
b (c(θb ) − mb )

 
= trace E (c(θb ) − mb )T S−1
b (c(θb ) − mb )


T
= E trace (S−1
b (c(θb ) − mb )(c(θb ) − mb )


T
= trace (S−1
b E (c(θb ) − mb )(c(θb ) − mb )

.

(4.85)
By plugging into Equation (4.85) the definition of the covariance matrix of the power cepstrum extracted from the response of the system under undamaged conditions, given in
Equation (4.69), the following result is finally derived:
 −1

E (c(θb ) − mb )T S−1
b (c(θb ) − mb ) = trace Sb Sb = trace{IL } = L,

(4.86)

where L is the number of coefficients composing the power cepstrum c(mθb ). The second
addend of Equation (4.84) is obtained by following a similar rationale:
)
(
T (θ )
∂c
∂c(θ
)
b
b
E (θb − mθb )T
S−1
(θb − mθb ) =
∂θb θb =mθ b ∂θb θb =mθ
b
b
(
(
))
T
−1 ∂c(θb )
T ∂c (θb )
= E trace (θb − mθb )
S
(θb − mθb )
∂θb θb =mθ b ∂θb θb =mθ
b
b
(
(
))
T
∂c (θb )
−1 ∂c(θb )
T
= E trace
S
(θb − mθb )(θb − mθb )
∂θb θb =mθ b ∂θb θb =mθ
b
b
)
(

∂cT (θb )
∂c(θ
)
b
S−1
E (θb − mθb )(θb − mθb )T
= trace
∂θb θb =mθ b ∂θb θb =mθ
b
b
(
)
∂cT (θb )
∂c(θ
)
b
−1
S
Sθb
= trace
∂θb θb =mθ b ∂θb θb =mθ
b

b

(4.87)
by virtue of the definition of the covariance matrix of the vector of the structural properties
of the system under undamaged conditions given in Equation (4.67).
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2 [c(θ)] with respect to θ evaluated at m , is expressed as
The gradient of Dm
θb
b
2 [c(θ)]
∂Dm
b
∂θ

= 2[c(mθb ) − mb ]T S−1
b
θ=mθb

∂c(θ)
∂θ

.

(4.88)

θ=mθb

Since c(mθb ) − mb is equal to zero (see Equation (4.73)), the term of Equation (4.88) does
 2
not contribute to the value of E Dm
[c(θ)] .
b
2 [c(θ)] with respect to θ, evaluated at m , is expressed as:
The Hessian matrix of Dm
θb
b
2 [c(θ)]
∂ 2 Dm
b
∂θ 2

=2
θ=mθb

∂cT (θ)
∂θ

S−1
b
θ=mθb

∂c(θ)
∂θ

.

(4.89)

θ=mθb

Therefore, by again observing that the last term of Equation (4.82) is a scalar, the following
expression holds:
(

)
2 D 2 [c(θ)]
∂
m
b
E [θ − mθb ]T
[θ − mθb ] =
∂θ 2
θ=mθb
(
(
))
2 [c(θ)]
∂ 2 Dm
T
b
= E trace
[θ − mθb ][θ − mθb ]
∂θ 2
θ=mθb
))
(
(
∂cT (θ)
−1 ∂c(θ)
T
S
[θ − mθb ][θ − mθb ]
= E trace 2
∂θ θ=mθ b ∂θ θ=mθ
b
b
(
)

∂cT (θ)
∂c(θ)
= 2 trace
S−1
E [θ − mθb ][θ − mθb ]T
,
∂θ θ=mθ b ∂θ θ=mθ
b

b

(4.90)
where the expected value of [θ − mθb ][θ − mθb ]T yields:

E [θ − mθb ][θ − mθb ]T =


= (α − IP )2 − 2α(α − IP )E{β} + α2 E{β 2 } mθb mTθb
= (α − IP )2 mθb mTθb + α2 Sθb ,

(4.91)
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so that Equation (4.90) yields:
(

)
2 D 2 [c(θ)]
∂
m
b
[θ − mθb ] =
E [θ − mθb ]T
∂θ 2
θ=mθb
)
(
∂c(θ)
∂cT (θ)
S−1
(α − IP )2 mθb mTθb
= 2 trace
∂θ θ=mθ b ∂θ θ=mθ
b
b
(
)
T
∂c (θ)
−1 ∂c(θ)
2
+ 2 trace
S
α Sθb
∂θ θ=mθ b ∂θ θ=mθ
b

b

(4.92)
Since the function of the power cepstrum in terms of the structural properties has the same
form both for c(θ) and c(θb ), evaluating

∂c(θ)
∂θ

at θ = mθb is equivalent to evaluate

∂c(θb )
∂θb

at θb = mθb . Therefore, the following notation simplification can be considered:
∂c(θb )
∂θb

=
θb =mθb

∂c(θ)
∂θ

=
θ=mθb

∂c(mθb )
.
∂mθb

(4.93)

By plugging the results obtained in Equations (4.84), (4.88), (4.92) and (4.93) into Equation
(4.82), the following result is obtain:
2
E{Dm
[c(θ)]}
b

∂cT (mθb ) −1 ∂c(mθb )
= L + trace
Sb
(α − IP )2 mθb mTθb
∂mθb
∂mθb
 T

∂c (mθb ) −1 ∂c(mθb ) 2
+ trace
Sb
(α − IP )Sθb .
∂mθb
∂mθb




(4.94)

It is noteworthy that the formula given in Equation (4.94) has general validity, as the expression of c(mθb ) is not specialized to any particular form of damage sensitive feature;
thus, Equation (4.94) may be used to analyze how the expected value of the MSD of any
kind of damage sensitive feature vector from the training model changes at increasing damage severity, taking into account the effects of external conditions.

In the next paragraphs, Equation (4.94) will be specialized to the case of the power cepstrum
by retrieving an explicit expression of

∂cT (mθb )
∂mθb

in terms of the stiffness, mass and damping

ratio properties. The effect of each different structural property will be analyzed individually, i.e. the number of structural properties, denoted by P in the preceding derivations,
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will be equal to 1, so that Equation (4.94) may be rewritten as:

 T
∂c (mmθb ) −1 ∂c(mθb )
2
Sb
(α − 1)2 m2θb
E{Dmb [c(θ)]} = L + trace
∂mθb
∂mθb
 T

∂c (mθb ) −1 ∂c(mθb )
+ trace
Sb
(1 + α2 )σβ2 m2θb .
∂mθb
∂mθb

(4.95)

Finally, it is worth noting that the standard deviation σβ , assumed to be representative
of the external conditions variability, it is seldom known in real life situations as it can
account for the variability induced by sources difficult to measure, such as the excitation
input. For this reason, in the next paragraphs, it is analyzed how accurately the expression
of Equation (4.95) can predict the expected value of the MSD of the power cepstrum from
a given training model, disregarding the contribution of the last term of the equation.
4.3.1

2 [c(θ)]} as a function of stiffness
E{Dm
b

By exploiting the expression of the cepstrum coefficients extracted from the acceleration
response time history of an SDOF system given in Equation (4.63), and by denoting the ex¯ respectively,
pected value of the stiffness, mass and damping ratio properties by k̄, m̄ and ξ,
the derivative of the q th cepstrum coefficient with respect to k̄ is given by:


∂c[q]
−ξ̄ ω¯n T q
q−1 ∂Pa ∂ ω¯n
¯
= − 2T e
sin(ω¯d T q + ξ) − Pa
,
∂ ω¯n ∂ k̄
∂ k̄

(4.96)

where:
• ω¯n =

q

• ω¯d = ω¯n

k̄
m̄

p
1 − ξ¯2
−ξ̄ω¯n T

•

∂Pa
∂ ω¯n

= −Te √

•

∂ ω¯n
∂ k̄

=

sin(ω¯d T )

1−ξ̄ 2

;

1
2m̄ω¯n .

In order to check the accuracy of the retrieved expression, an SDOF system characterized
by baseline values of mass, stiffness and damping ratio of 103 kg, 106 N/m and 1%, respectively, is considered. In Figure (4.6) two representations of the expected value of the MSD
of the acceleration power cepstrum of the SDOF system, for values of α varying from 0.8 to
1, are presented. In both representations, the baseline mean vector of the power cepstrum,
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Fig. 4.6: Comparison between simulated (box-plot) and analytical (solid thick black line) expressions
of the expected value of the MSD of the power cepstrum coefficients extracted from the
acceleration response time history of a SDOF, for varying values of the stiffness parameter.

mb , and the power cepstrum covariance matrix, Sb , are obtained by simulating the response
of the baseline SDOF system to 500 different white Gaussian noise time histories 30 seconds
long and sampled at 0.03 seconds. In each simulation, the expected value of the stiffness
parameter is perturbed by a random value picked from a uniform distribution with limits
-1% and +1%. From the simulated acceleration response time histories, 20 coefficients long
power cepstrum vectors are extracted and used to evaluated the sample mean and covariance, which are used as estimators of mb and Sb . Then, to obtain each box of the box plot,
500 realizations of 20 coefficients long acceleration cepstrum vectors are obtained from as
many acceleration response time histories simulated from the SDOF system with changed
stiffness: each box corresponds to a given change in stiffness. On each box, the central red
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line is the median, the blue edges of the box are the 25th and 75th percentiles, while the
black whiskers extend to the most extreme data points not considered outliers, which are
in turn assumed as the values not covered by 99% of the 500 realizations. On the other
2 [c(k)]},
hand, the solid thick black line represents the analytical representation of E{Dm
b

as obtained by plugging Equation (4.96) into (4.95), but disregarding the term with the
contribution of the external conditions variance.

It is observed that the simulated and analytical results mimic each other reasonably well
up to a value of α of approximately 0.85, after which the analytical expected value overestimates the median value of the simulated data. This result may be justified by observing
2 [c(k)]} is obtained through a Taylor series expansion around
that the expression of E{Dm
b

the expected value of the stiffness, k̄. Thus, the analytical function is expected to well approximate the actual expected value of MSD only for values of k reasonably close to those
of the baseline system. Moreover, by observing the length of the whiskers of the box-plot,
it is apparent that the variance of the MSD values increases as the value of the stiffness
decreases; thus, the error committed by disregarding the term that accounts for the variability of the stiffness property induced by the external conditions fluctuations gets larger
as α decreases, albeit, neglecting it does not resort to a severe departure of the analytically
obtained curve from the simulation results as the same term is also dependent on α2 .

2 [c(θ)]} as a function of mass
4.3.2 E{Dm
b

Exploiting once more the expression of the cepstrum coefficients extracted from the acceleration response time history of an SDOF system given in Equation (4.63), the derivative
of the q th cepstrum coefficient with respect to the baseline mass property m̄ is given by:


∂c[q]
¯ − P q−1 ∂Pa ∂ωn ,
= − 2T e−ξ̄ω̄n T q sin(ω̄d T q + ξ)
(4.97)
a
∂ m̄
∂ ω̄n ∂ m̄
where:
•

∂ ω̄n
∂ m̄

=

1
.
2m̄2 ω̄n
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Fig. 4.7: Comparison between simulated (box-plot) and analytical (solid thick black line) expressions
of the expected value of the MSD of the power cepstrum coefficients extracted from the
acceleration response time history of a SDOF, for varying values of the mass parameter.

In order to check the accuracy of this new expression, the SDOF system considered before
is again used. In Figure (4.7) the two representations of the expected value of the MSD of
the acceleration power cepstrum of the SDOF system, for values of α ranging from 0.8 to 1,
are presented. In both representations, the baseline statistics are the same of those used to
obtain the results shown in Figure (4.6). Also in this example, 500 realizations are used to
estimate each box of the box-plot, while the analytical expression is obtained by plugging
Equation (4.98) into Equation (4.94). In addition to the variability induced by the input,
for each new simulation of the structural response, the expected value of the mass property,
m̄, is randomly perturbed by ±1% its value. The correspondence between the simulated
and analytical functions is again extremely satisfactory, this time almost up to 80% the
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baseline value of the mass parameter.
2 [c(θ)]} as a function of the damping ratio
4.3.3 E{Dm
b
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Fig. 4.8: Comparison between simulated (box-plot) and analytical (solid thick black line) expressions
of the expected value of the MSD of the power cepstrum coefficients extracted from the
acceleration response time history of a SDOF, for varying values of the damping ratio
parameter.

Finally, by exploiting again the expression of the cepstrum coefficients extracted from the
acceleration response time history of an SDOF system given in Equation (4.63), the derivative of the q th cepstrum coefficient with respect to the damping ratio property ξ¯ is given
by:
"
#
¯
∂c[q]
2T ωn e−ξ̄ω̄n T q cos(ω̄d T q + ξ)
q−1 ∂Pa
p
=−
− Pa
,
∂ ξ¯
∂ ξ¯
1 − ξ¯2
where:

(4.98)
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•

∂Pa
∂ξb

= e−ξ̄ω̄n T

(1−ξ̄ 2 +T ω̄n ξ̄
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√

2 ξ̄ 2 ) cos(ω̄ T −ξ̄)
1−ξ̄ 2 ) sin(ω̄d T −ξ̄)+(T ω̄n −ξ̄−T ω̄n
d

√

(

1−ξ̄ 2 )3

Figure (4.8) shows the results in terms of box-plot and analytical function, using the same
baseline structure considered in the previous two cases. Contrarily to what is observed for
the stiffness and mass properties, the MSD is insensitive to changes in damping properties,
when modeled as modal damping.

From the observation of the results presented in Figures (4.6), (4.7) and (4.8) it may then
be concluded that while the Mahalanobis Squared Distance of the power cepstrum may be
a proper damage sensitive feature when damage is induced by changes in the mass and/or
stiffness properties, this could not be the case for those kind of damages that induce a change
in the damping characteristics of the structure. Therefore, cracks, which mainly alter the
stiffness characteristics of the damaged part, corrosion, which is instead often modeled as
loss of mass of the corroded metallic part, or presence of holes and notches on the structure,
which induce both local changes in stiffness and density of the fault region [79], are examples
of damages that may be detected by the power cepstrum. Adversely, according to some
authors [3], changes in boundary conditions will mainly affect the damping properties of the
system; such damages, if exclusively affecting the damping characteristics, could be difficult
to identify when using the power cepstrum as a damage sensitive feature.
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4.4 Power Cepstrum of an MDOFs Classically Damped System
As already mentioned, acceleration response time histories are the ones most often available
to conduct structural health monitoring. For this reason, they represent the manifestation
of the structural response practitioners are more often concerned with. In this section,
an expression relating the cepstrum extracted from the acceleration response time history
recorded at the ith degree of freedom of a multiple degree of freedom classically damped system with the system’s structural properties is obtained. In order to perform the derivation,
the Laplace transform of the displacement response at the ith degree of freedom will be first
obtained and then, exploiting the results obtained in Section (4.2.3) for the acceleration
response time history of an SDOF system, the expression for the cepstrum extracted from
the acceleration response time history recorded at the ith degree of freedom of an MDOF
system excited at all DOFs by inputs characterized by the same power spectrum will be derived. This problem will be shown to be very demanding analytically, necessitating the use
of some assumptions to ease the derivation. In particular, the system will be assumed to be
excited at each degree of freedom by input time histories characterized by the same power
spectrum magnitude, scenario that can well represent, for example, a system subjected
to ground motion excitation. Moreover, the system will be assumed to be proportionally
damped. It will be shown how the cepstrum coefficients are directly related to a linear
combination of the poles and zeros of the pulse transfer function, so that the problem of
identifying the sensitivity of the cepstrum coefficients to the structural properties is reduced to that of identifying the sensitivities of poles and zeros to these properties. While
the problem of finding the sensitivity of poles and mode shapes to the structural properties has enjoyed some attention in the literature, that of the sensitivity of the discrete zeros
has not been extensively studied yet, so that some insights into this problem will be required.

Let us consider the equation of motion of an N degrees of freedom system:
Mÿ(t) + Cẏ(t) + Ky(t) = u(t)

(4.99)

where M, C and K represent the mass, damping and stiffness matrices, respectively, each
of order N . Vector y(t) ∈ RN ×1 represents the nodal displacement vector, ẏ(t) ∈ RN ×1 the
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nodal velocity vector, and ÿ(t) ∈ RN ×1 the nodal acceleration vector. Finally, u(t) ∈ RN ×1
is the vector of inputs, it is assumed that all degrees of freedom of the structure are excited
by input time histories of the same magnitude. Equation (4.99) can then be rewritten as
Mÿ(t) + Cẏ(t) + Ky(t) = B2 u(t)

(4.100)

where B2 ∈ RN ×1 is a vector of ones.

Assuming zero initial conditions, the Laplace transform of equation (4.100) yields:
(Ms2 + Cs + K)Y(s) = B2 U(s)

(4.101)

where Y(s) represents the vector of Laplace transform of nodal displacement responses:




y
(t)


1






Z ∞
 y2 (t) 

Y(s) =
e−st dt
(4.102)
..


0 

.










yN (t)
and U(s) represents the Laplace transform of the input time history applied at each degree
of freedom:
Z
U(s) =

∞

u(t)e−st dt.

(4.103)

0

Let us now denote by Φ the mode shape matrix resulting from the solution of the generalized
eigenvalue problem
(K − λi M)φi = 0,

(4.104)

where φi represents the ith column of the mode shape matrix Φ. By making use of the well
known mass-orthogonality and stiffness-orthogonality properties of the eigenvector matrix
Φ, here onwards assumed to be mass normalized, and accounting for the fact that the
system is classically damped, so that ΦT CΦ represents a diagonal matrix, the expression
for the vector of Laplace transform of the displacement time histories is obtained as

−1 T
Y(s) = Φ Is2 + Ξs + Λ
Φ B2 U(s),
where:

(4.105)
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• I is the identity matrix of order N ;

• Ξ is a diagonal matrix of order N : Ξ = diag{2ξi ωi }, for i = 1, ..., N , where ξi and
ωi are the damping ratio and natural frequency associated with the ith mode, respectively;
• Λ is a diagonal matrix of order N : Λ = diag{ωi2 }, for i = 1, ..., N .

−1 T
The matrix Φ Is2 + Ξs + Λ
Φ , also known as the receptance matrix, represents the
matrix of the transfer functions from the inputs forming the vector B2 U(s) to the displacement outputs in Y(s). Using Equation (4.25), it is possible to express the (i, j)th term of
the receptance matrix as follows:
H(s)i,j =

N
X
l=1

φi,l φj,l
,
ml (s − λl )(s − λ∗l )

(4.106)

where the complex eigenvalue λl and its complex conjugate λ∗l are given by:
λl , λ∗l = −ωl ξl ± jωl

q
1 − ξl2 ,

(4.107)

while the lth modal mass, ml , is equal to 1, by virtue of the normalization property assumed
for the eigenvector matrix.

Similarly, using Equation (4.58), it is possible to get the expression for the (i, j)th element
of the transfer function from the j th input to the ith acceleration output, also referred to as
inertance matrix:
Ha (s)i,j =

N
X
l=1

φi,l φj,l s2
.
(s − λl )(s − λ∗l )

(4.108)

Again exploiting the results obtained for the single degree of freedom given in Equations
(4.60) and (4.61), the (i, j)th element of the inertance matrix in the z-domain yields
Ha (z)i,j =

N
X
φi,l φj,l (1 − z −1 )(1 − Pa,l z −1 )
∗

l=1

where:
• T denotes the sampling period;

(1 − eλl T z −1 )(1 − eλl T z −1 )

,

(4.109)
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• Pa,l =

e−ξl ωl T cos(ωd,l T −ξl )

√

• wd,l = wl

1−ξl2

;

q
1 − ξl2 .

Equation (4.109) may be written in terms of products as follows:
M
Q

(1 − z −1 )

(ij) −1
z )

(1 − Zl

l=1

Ha (z)i,j =

N
Q

(1 −

(4.110)

,

eλl T z −1 )(1

−

∗
eλl T z −1 )

l=1

where M is the number of roots of the following equation:
N
X

φi,l φj,l (1 − Pa,l z −1 )

l=1

Y

∗

(1 − eλk T z −1 )(1 − eλk T z −1 ) = 0.

(4.111)

k=1
k6=l

Since the assumption is made that all degrees of freedom are excited by the same input
time history, the z-transform of the acceleration time history at the ith DOF yields
A(z)i =

N
X

Ha (z)i,j U(z).

(4.112)

j=1

The z-transform of the acceleration response time history measured at the ith DOF can
then be rewritten in terms of products as
(1 − z −1 )
A(z)i =

M
Q

(i)

(1 − Zl z −1 )

l=1
N
Q

U(z),

(1 − eλl T z −1 )(1 −

(4.113)

∗
eλl T z −1 )

l=1

where M is now the number of roots of the following equation
N X
N
X

φi,l φj,l (1 − Pa,l z −1 )

j=1 l=1

Y

∗

(1 − eλk T z −1 )(1 − eλk T z −1 ) = 0.

(4.114)

k=1
k6=l

The complex logarithm of the z-transform of the acceleration time history recorded at the
ith degree of freedom is given by:
log[A(z)i ] = log[U(z)] + log(1 − z

−1

)+

M
X

(i)

log(1 − Zl z −1 ) +

l=1

−

N
X
l=1

log(1 − eλl T z −1 ) −

N
X
l=1

∗

log(1 − eλl T z −1 ).

(4.115)
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At this point, as done for the case of the single degree of freedom system, the McLaurin
series in (4.39) could be exploited to obtain an expression of the logarithm of the power
spectrum of the acceleration response in terms of a z-transform. The magnitude of the lth
pole is given by e−ξl ωl T , and is then always positive and less than unity, so the mentioned
∗

McLaurin series will converge for all terms log(1−eλl T z −1 ) and log(1−eλl T z −1 ). Adversely,
(i)

the magnitude of some of the zeros Zl

could be greater than one, implying that for such

zeros said series will not converge. In such a case, the transfer function is said to represent
a non-minimum phase system. Nonetheless, any zero outside the unit circle cannot be
measured, being associated with a frequency larger than the Nyquist. On the other hand,
the effects of such zeros must be accounted for, to have an accurate representation of the
measured response power spectrum. Any transfer function can be made minimum phase
(i)

(i)

by ‘reflecting’ all zeros Zl , for which |Zl | > 1, inside the unit circle, i.e. by replacing
(i)

the non minimum phase zero Zl

(i)−1

with Zl

[80]. Said replacement will not alter the

magnitude of the spectrum, which is the only part of the spectrum we are concerned with
in the computation of the power cepstrum. An example of a system characterized by nonminimum phase zeros will be explored at the end of this paragraph. For the time being,
it will be assumed that also the magnitude of all zeros is less than unity, so the McLaurin
(i)

series in (4.39) will converge also for the M terms log(1 − Zl z −1 ), so that the logarithm
of the power spectrum of the acceleration response time history recorded at the ith degree
of freedom leads to
( "N
#)
M
X
1 X −ξl ωl T q
(i)q
log[|A(z)i | ] = Z
2e
cos(ωd,l T q) − 1 −
Zl
+
q
2

l=1

l=1

+ 2<{log[U(z)]}.

(4.116)

The expression for the power cepstrum extracted from the acceleration response measured
at the ith degree of freedom of an MDOF system excited at all DOFs by an input u(t) is
finally obtained as




0




ca,i [q] = û[q]

N



M
P −ξ ω T q
P

(i)q

1
l
l

2e
cos(ωd,l T q) − 1 −
Zl
+ û[q]
q
l=1

l=1

for q ≤ 1
for q = 0
for q ≥ 1.

(4.117)
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Equation (4.117) shows that the cepstrum of the acceleration response time history of a
classically damped MDOF system is obtained as a linear combination of the discrete poles
and zeros of the pulse transfer function. Moreover, as observed for the SDOF system, also
for the case of an MDOFs classically damped system, excited at all DOFs by the same input, input and impulse response effects are combined by addition, so that their separation
should be simplified if the two effects occupy different regions of the quefrency domain.

Figure (4.9) shows a 4-DOFs shear type system used to verify that the analytical expression
of the cepstrum obtained in (4.117) is consistent with the measured power cepstrum. The
system in Figure (4.9) is characterized by spring stiffness values ki = 5 × 106 N/m, masses
mi = 103 kg and damping ratios ξi = 1%, for i = 1, ..., 4. Such system is excited at each
degree of freedom by an impulsive force equal to 100 N at time t = 0 and equal to zero
afterwards, so that the magnitude of the input Discrete Fourier transform is constantly
equal to

100
2π N/Hz

for the entire frequency range considered, i.e. 0-50 Hz. The input time

history is 60 seconds long and sampled at 0.01 seconds.

Fig. 4.9: 4-DOFs shear-type system.

Figure (4.10) shows, on the left column, the location, with respect to the unit circle (plotted as a thin black line), of the zeros (portrayed as thick black crosses) obtained by solving
Equation (4.114) for each degree of freedom, while, on the right column, it displays the
comparison between the power cepstra directly extracted from the simulated acceleration
response time histories of the 4 DOFs system and the resulting analytical power cepstra,
obtained by feeding into Equation (4.117) the zeros and poles evaluated from the system’s
properties. Appendix A gives a detailed explanation of the algorithm employed to solve
Equation (4.114). On top of each comparison between the analytical and measured power
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cepstra, the relative error between the two time histories is also displayed. It is observed
that for all degrees freedom, there is at least one zero lying outside the unit circle. The
effects of such condition are particularly evident in the cepstra extracted from the acceleration response time histories of degrees of freedom 2, 3 and 4. As portrayed by the red curve,
representing the measured cepstrum, the power cepstrum is expected to decay to zero after
few oscillations. However, this is not true for the analytical power cepstra of DOFs 2,3 and
4, for which in fact the opposite character is observed. The amplification effect is due to
the fact that the expression of the cepstrum as given in Equation (4.117) is obtained by
∞
P
(i)
(i)q
assuming that all terms of the kind log(1 − Zl z −1 ) may be expressed as 1q
Zl z −q .
Nonetheless, it has been already noted that such expression converges only

q=1
if |Z (i) |

is less

or equal to unity, which is not the case for the zeros outside the unit circle.

On the other hand, the plot of the measured cepstrum proves that such zeros contribute
somehow to the cepstrum without determining its instability. As aforementioned, a method
to still take into account the contribution of such zeros to the power spectrum of the response without altering its magnitude is to consider their minimum phase counterparts.
The minimum phase counterpart of a zero outside the unit circle has magnitude equal to
the reciprocal of the magnitude of the non-minimum phase zero. Therefore, since the magnitude of a zero outside the unit circle is greater than unity, its reciprocal is less than unity,
(i)

then satisfying the requirement on the magnitude of Z (i) in log(1 − Zl z −1 ). The results of
such transformation are shown in Figure (4.11). The relative error between the analytical
and measured cepstra is now less or equal to 1% for all DOFs, proving that the proposed
methodology is actually efficient in solving the problem of representing the zeros outside
the unit circle.

Here onwards, it is assumed that all ‘analytical’ zeros are transformed to their minimum
phase counterparts, in case their magnitude is larger than unity.
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Fig. 4.10: Comparison of analytical and measured power cepstra obtained by using the zeros as
obtained by solving Equation (4.114).

4.5 Sensitivity of the Mahalanobis Squared Distance of the Power Cepstrum of an
MDOF Classically Damped System to Structural Damage
As proceeded for the SDOF system, in the following paragraphs the expression of the average value of the MSD of the power cepstrum coefficients in terms of changes in the structural
properties induced by damage, taking into account the external conditions variability, is derived.

From Equation (4.94), the expected value of the power cepstrum coefficients series extracted
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Fig. 4.11: Comparison of analytical and measured power cepstra obtained by using the zeros as
obtained by solving Equation (4.114) and replacing the zeros outside the unit circle by
their minimum phase counterparts.

from the acceleration response time history measured at the ith degree of freedom, ca,i (θ),
is given by
)
T (m )
∂c
∂c
(m
)
θ
a,i
a,i
b
θ
2
b
E{Dm
[ca,i (θ)]} = L + trace
S−1
(α − IP )2 mθb mTθb
b
b
∂mθb
∂mθb
(
)
∂cTa,i (mθb ) −1 ∂ca,i (mθb ) 2
+ trace
Sb
(α − IP )Sθb . (4.118)
∂mθb
∂mθb
(

where the notation used in Equation (4.118) is identical to that used in paragraph 4.4. At
this point, it is necessary to derive an expression for the first derivative of ci (θ) with respect
to each element of θb , θb,p .
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4.5.1

Expected value of MSD as a function of the stiffness and mass properties

For the validation of the present derivations, spring-mass-damper systems of the kind in
Figure (4.9), are considered. Therefore, in the following, ms represents the value of the
mass lumped at the sth DOF, while ks represents the stiffness value of a spring element. If
more general systems have to be considered, ms and ks may be assumed to represent an
element of the mass and stiffness matrices, respectively, of a system characterized by the
finite element representation in Equation (4.99).

The derivative of the q th acceleration power cepstrum coefficient extracted from the ith DOF
with respect to expected value of the mass/stiffness property mθb is obtained by exploiting
the expression of ca,i [q] in terms of the structural properties given in Equation (4.117):
N

M

l=1

l=1

X
X (i)q−1 ∂Z (i)
∂ca,i [q]
∂ωl
=−
2T e−ξl ωl T q sin(ωd,l T q + ξl )
−
Zl
∂mθb
∂mθb
∂mθb

for q ≥ 1.(4.119)

The problem resorts now to the evaluation of an expression of the derivative of the lth
modal frequency and zero with respect to the mass/stiffness property, mθb . In the next
paragraphs, the sensitivity of the modal frequencies and mode shapes will be obtained, the
latter to be used to derive an expression for the sensitivity of the zeros with respect to
the structural properties. The derivation will be first obtained for a general element of the
vector of the structural properties of the undamaged system, θb , and then specialized for
the cases of mass and stiffness properties.
4.5.2

Sensitivity of eigenvalues and eigenvectors to the structural properties

In [81], Fox and Kapoor propose two simple yet elegant procedures to obtain the sensitivity
of the eigenvalues and eigenvectors with respect to the structural properties. In this section,
said derivations are briefly reviewed to make this chapter self-contained.

Let us consider the generalized eigenvalue problem for an N -DOF system with mass and
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stiffness matrices denoted as M and K, respectively:



K − ωl2 M φl = 0,

(4.120)

where ωl2 is the lth eigenvalue of the system, and φl its associated eigenvector; φl is the
column of the matrix of eigenvectors, Φ, here assumed to be mass-normalized, so that the
following orthogonality properties hold:
ΦT MΦ = I
ΦT KΦ = diag{ωl2 }, for l = 1, ..., N.

(4.121)

By deriving Equation (4.120) with respect to the structural parameter mθb , the following
result is obtained:
 ∂φl

∂K
∂M
∂ωl
φl − 2ωl
Mφl − ωl2
φl = − K − ωl2 M
.
∂mθb
∂mθb
∂mθb
∂mθb

(4.122)

By pre-multiplying Equation (4.122) by φTl and by noting that, from Equation (4.120),
φTl K is equal to ωl2 φTl M, Equation (4.123) is retrieved:
φTl

∂M
∂K
∂ωl T
φl − 2ωl
φl Mφl − ωl2 φTl
φl = 0,
∂mθb
∂mθb
∂mθb

(4.123)

from which, exploiting the assumption of mass normalized mode shapes, an expression for
the sensitivity of the modal frequency ωl with respect to mθb is finally obtained:
∂K
∂M
φl − ωl2 φTl ∂m
φl
φTl ∂m
∂ωl
θb
θb
=
.
∂mθb
2ωl

(4.124)

From Equation (4.124), it is then possible to retrieve an expression for the derivative of ωl
with respect to the stiffness property ks :
∂ωl
1 T ∂K
=
φ
φl
∂ks
2ωl l ∂ks

(4.125)

and one with respect to the mass property ms :
ωl
∂M
∂ωl
= − φTl
φl .
∂ms
2
∂ms

(4.126)

In order to derive an expression for the sensitivity of the mode shape vector φl , Fox and
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Kapoor observe that each of the eigenvectors associated with the generalized eigenvalue
problem (4.120) may be written as a linear combination of the others. For this reason, the
derivative of the lth eigenvector with respect to mθb may be represented as
N

X
∂φl
=
α k φk .
∂mθb

(4.127)

k=1

By plugging Equation (4.127) into Equation (4.122), by then pre-multiplying by φTs , for
s 6= l, and observing that (φTs Kφk − ωl2 φTs Mφk ) is equal to (ωs2 − ωl2 ) for s = k and zero
otherwise, and by finally exploiting the orthogonality relations in (4.121), the following
relation is obtained:
αs =

φTs



∂K
∂mθb

∂M
− ωl2 ∂m
θ



b

φs
.

ωl2 − ωs2

(4.128)

The value of αs , for s = l, is retrieved by exploiting the following relation obtained by
deriving with respect to mθb the first of the two orthogonality conditions in (4.121):
2
⇒ 2

∂φTl
∂M
Mφl = −φTl
φl
∂mθb
∂mθb
N
X

αk φk Mφl = −φTl

k=1

⇒ αl = −

∂M
φl
φTl ∂m
θ
b

2

∂M
φl
∂mθb

.

Then, in conclusion, the sensitivity of the lth eigenvector yields:


∂K
T ∂M φ
T
2 ∂M
N
φ
φ
−
ω
X k ∂mθ
l ∂mθb l
l ∂mθb φk
∂φl
b
=−
φl +
φk .
∂mθb
2
ωl2 − ωk2

(4.129)

(4.130)

k=1
k6=l

The derivative of φl with respect to the stiffness property ks yields:
N
T ∂K
∂φl X φk ∂ks φk
=
φk ,
∂ks
ωl2 − ωk2

(4.131)

k=1
k6=l

while that with respect to the mass property ms is given by:
N
∂M
∂M
X
φTl ∂m
φl
ωl2 φTk ∂m
φk
∂φl
s
s
=−
φl −
φk .
∂ms
2
ωl2 − ωk2
k=1
k6=l

(4.132)
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4.5.3

Sensitivity of discrete zeros to the structural properties

(i)

The rth zero, Zr , satisfies the following equivalence:
N X
N
X

−1

φi,l φj,l (1 − Pa,l Zr(i)

)

j=1 l=1

N 
Y


1 − 2e−ξk ωk T cos(ωd,k T )Zr(i)−1 + e−2ξk ωk T Zr(i)−2 = 0.

k=1
k6=l

(4.133)
(i)

Equation 4.133 may be exploited to obtain an expression for the first derivative of Zr with
respect to the structural parameter θp .
The derivative of Equation (4.133) with respect to θp yields:
N
N
N 

Y
∂ XX
1 − 2e−ξk ωk T cos(ωd,k T )Zr(i)−1 + e−2ξk ωk T Zr(i)−2 =
φi,l φj,l (1 − Pa,l Zr(i)−1 )
∂mθb j=1
l=1

=

N
X
l=1





∂
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k=1
k6=l
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X

!
(1 − Pa,l Zr(i)−1 )

φj,l

j=1

N
Y



1 − 2e−ξk ωk T cos(ωd,k T )Zr(i)−1 + e−2ξk ωk T Zr(i)−2





=0




k=1
k6=l

(4.134)
The derivative of the lth element of the sum in Equation (4.133) is given by

∂
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(4.135)
where
Bk = 1 − 2e−ξk ωk T cos(ωd,k T )Zr(i)−1 + e−2ξk ωk T Zr(i)−2 .
and φ̄l denotes the sum of all elements of the lth eigenvector, φl .

(4.136)
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Finally, by plugging Equation (4.135) into (4.134), the expression for the sensitivity of the
(i)

discrete zero Zr is obtained:
(i)
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(4.137)
In Equation (4.137), the derivative of Pa,l with respect to mθb yields:
∂Pa,l
T e−ξl ωl T sin(ωd,l T ) ∂ωl
q
=−
∂mθb
∂mθb
1 − ξ2

(4.138)

l

(i)−2

Equation (4.137) must be corrected by a factor equal to −Zl

when evaluating the deriva-

tive with respect to mθb of a zero that has been reflected inside the unit circle to transform
the system to a minimum phase one.

Equation (4.137) specializes into the derivative of the rth zero with respect to either the
stiffness or mass properties by plugging either Equations (4.125) and (4.131) or (4.126) and
(4.132) into Equation (4.137).

Figures from 4.12 to 4.15 compares the analytical and numerical results. The results presented in figures 4.12-4.15 are obtained following the same procedure adopted to show the
results for the case of the SDOF. The structure considered to show such results is the 4DOFs system displayed in Figure 4.9. The values given for the example in section 4.4 are
used as the expected value of the stiffness, mass and damping ratio properties. For example, Figure 4.12 shows how the expected value of the MSD of the power cepstrum extracted
from each of the 4 acceleration response time histories of the system varies as a result of
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a damage of increasing severity that reduces the stiffness of the first spring, k1 , from 100
to 80% its baseline value. Each box of the box plot is constructed using 500 instance of
MSD, for each considered damage scenario. The thick black curve is instead the analytical
function obtained by plugging Equations (4.125), (4.131) and (4.138) into Equation (4.119)
and then the result into Equation (4.118), but without considering the term depending on
the external conditions variability. Also in this case, as observed for the SDOF system,
analytical and simulated result do match satisfactorily. For some cases, e.g. Figure (4.12a),
the analytical curve does not reproduce accurately the simulated results for α < 0.85. This
is again expected due to the use of the Taylor series expansion to retrieve the desired analytical expression of the MSD of the power cepstrum. It may also be noted that the values of
the MSD of the power cepstrum extracted from the response time histories recorded in the
proximity of the damage are larger than those obtained from the power cepstrum extracted
from the response of the system at degrees of freedom further from damage, especially when
damage severity is defined by a value of α smaller than 0.9. For example, for a damage state
represented by a decrease of the stiffness parameter k2 , the expected value of the MSD of
the power cepstrum extracted from the response of the system at degrees of freedom 1 and
2, for α equal to 0.85, is approximately equal to 20 (Figures (4.13a) and (4.13b)), such value
decreases to approximately 10 when the expected value of the MSD of the power cepstrum
extracted from the acceleration response of DOF 3 is considered (Figure (4.13c)) and to 15
when the power cepstrum is extracted from the response of DOF 4 (Figure (4.13d)). This
suggests that MSD of power cepstrum may also be used as an indicator of damage location.

4.6 Conclusions
The properties of the power cepstrum of mechanical systems were investigated. In an attempt to make the study fruitful for future use in the field of structural damage detection,
an analytical expression relating the Mahalanobis Squared Distance of the power cepstrum
to the changes in structural properties induced by damage was obtained. The function was
derived by also taking into account the fact that structural properties may vary as a result
of fluctuations in the external conditions. For this reason, the evolution of the expected
value of the MSD of the power cepstrum as damage severity increases was studied. The
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Fig. 4.12: Comparison between simulated (box-plot) and analytical (solid thick line) expressions of
the expected value of the MSD of the power cepstrum coefficients extracted from the
acceleration response time histories of 4 DOFs shear-type system, for decreasing values
of k1 .

function was first derived for the acceleration response time history of an SDOF system for
decreasing values of stiffness, mass and damping ratio. While it was observed that the MSD
of the power cepstrum increases as the values of mass and stiffness decrease, the MSD of the
power cepstrum is unaffected by changes in the value of damping ratio. Therefore, it can be
speculated that power cepstrum coefficients may be adopted as damage sensitive features
when damage may be assumed to change the stiffness or mass properties of the system, but
not when damage leads to changes in the damping characteristics of the structure. In the
second part of the chapter, the analytical function relating the expected value of the MSD
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Fig. 4.13: Comparison between simulated (box-plot) and analytical (solid thick line) expressions of
the expected value of the MSD of the power cepstrum coefficients extracted from the
acceleration response time histories of 4 DOFs shear-type system, for decreasing values
of k2 .

of the power cepstrum to the structural properties was derived for an MDOFs classically
damped system. Similarly to what observed for the SDOF case, also for the MDOF system
the MSD of the power cepstrum was found to be sensitive to changes in the stiffness properties. In particular, it was observed that the magnitude of the MSD of the power cepstrum
extracted from acceleration response time histories of the DOFs close to damage is larger
than that of the power cepstrum extracted from the signals recorded by the sensors further
from damage. This observation leads to the speculation that the MSD of power cepstrum
may be used as a tool to detect and locate damage. Moreover, since the expression of the

146

4. DAMAGE DETECTION USING POWER CEPSTRUM

60

D2[c2(α k3)]

D2[c1(α k3)]

60
50
40
30
20
10

40
30
20
10
0

0
0.80

0.85

0.90

α
(a)

0.95

1.00

70

0.80

0.85

0.90

α
(b)

0.95

1.00

0.80

0.85

0.90

0.95

1.00

50

60

D2[c4(α k3)]

D2[c3(α k3)]

50

50
40
30
20
10
0

40
30
20
10
0

0.80

0.85

0.90

α
(c)

0.95

1.00

α
(d)

Fig. 4.14: Comparison between simulated (box-plot) and analytical (solid thick line) expressions of
the expected value of the MSD of the power cepstrum coefficients extracted from the
acceleration response time histories of 4 DOFs shear-type system, for decreasing values
of k3 .

MSD of the power cepstrum proposed in this chapter is expressed solely in terms of the
structural properties of the undamaged system, the study can be extended to coin an SHM
approach apt to also estimate damage extent. Finally, the explicit expressions of the power
cepstrum in terms of the structural properties showed that through the power cepstrum the
impulse response and the input effects are combined by addition, presenting the cepstrum
as a suitable tool to filter such effects, provided that the effects of the impulse response and
those of the input are well separated in the quefrency domain.
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Fig. 4.15: Comparison between simulated (box-plot) and analytical (solid thick line) expressions of
the expected value of the MSD of the power cepstrum coefficients extracted from the
acceleration response time histories of 4 DOFs shear-type system, for decreasing values
of k4 .
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5. COMBINING MODEL BASED AND DATA BASED TECHNIQUES IN A
ROBUST STRUCTURAL HEALTH MONITORING ALGORITHM

The main part of this chapter is reproduced in a paper co-authored with Dr. Suparno
Mukhopadhyay and Prof. Raimondo Betti and currently under review at the Journal of
Smart Structures and Systems [71].

5.1 Introduction
As briefly mentioned in Chapter 1, current research efforts in vibration based SHM usually
involve either “model based” or “data based” techniques. Both these classes of methods
have their own domains of comparative advantages and disadvantages. In this chapter, a
“mixed” approach is proposed, attempting to combine the advantages of model-based and
data-based techniques into a robust vibration based SHM strategy intended for long-term
monitoring applications.

Model based methods involve solving an inverse problem, where the parameters of an assumed analytical model of the true physical system are identified/updated, either directly or
iteratively, such that the response of the identified/updated model mimics the measured response from the real structure. While the identification of an accurate parametric model of
the structure will allow the identification of the existence, location and severity of structural
damage, accurate models of true physical systems are seldom existent in practice. Moreover,
both deterministic as well as stochastic model updating/identification techniques usually involve the solution of some nonlinear optimization problem, which can efficiently handle the
problem only when a limited number of model parameters are to be optimized or identified.
This necessitates a considerable amount of reliability in the a priori analytical model. In situations where the representative model may not be very reliable, which is often the case for
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large and complicated systems, the model-based health monitoring procedure should treat
all the mass and stiffness parameters defining the model as unknowns/uncertain. However,
applying conventional model based techniques to large and complicated systems will, firstly,
prove inefficient if one treats all/most of the model parameters as unknowns/uncertain, and
secondly, may not converge at all to a unique identified/updated system [82, 83, 72, 84].

As an alternative, data-based methods, like the one presented in the first part of this thesis,
do not require any a priori definition of accurate physical models of the structure, and
instead rely exclusively on the data recorded from the true structure. Hence, such methods
circumvent the inevitable uncertainties induced by assumptions in any parametric modelbased technique. In essence, these methods attempt to identify patterns (damage sensitive
features) characterizing the structure by analyzing the recorded vibration signatures of the
structure, thus also classifying them as pattern recognition based methods, implemented in
a statistical pattern recognition framework. The inherent statistical nature of the pattern
recognition framework also allows one to account for uncertainties induced by measurement
noise, environmental/ambient effects etc. In spite of the above apparent advantages of such
methods, contributing to their general robustness in structural damage identification, the
performance of any particular method within this framework in successfully locating and
quantifying damage depends on the particular damage sensitive feature used. Due to the
choice of the damage sensitive features, which are often selected as abstract information with
not very well-defined relationships to the structural properties, e.g. the cepstral features
proposed in Chapter 2, traditional damage detection algorithms developed within the statistical pattern recognition framework can seldom locate and quantify damage, although they
can accurately distinguish between a damaged and a healthy structural system. Moreover,
in SHM applications, measured data from different damage states of the true system are not
available in practice, and hence the statistical pattern recognition approach is implemented
in an unsupervised learning mode. Thus the solution to the damage detection problem ends
up assigning the new measured data to one of two classes: the healthy or damaged class;
questions on the type, location and severity of the damage are usually left unanswered.
Some other challenges in data-based methods include the selection of an appropriate sta-
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tistical model for the DSFs, and of an appropriate metric to measure the distance of newly
extracted features from the baseline statistical model. It was already discussed in Chapter
3 that while normally distributed features and Mahalanobis Squared Distance metric are
popular choices, the normal distribution assumption may be erroneous, especially when the
number of available observations is not large.

Due to their intuitive relationship with the structural topology and characteristics, modal
properties, especially when in the form of mode shapes, can be expected to solve the problems of damage location and severity quantification, if a modal parameter based damage
sensitive feature is so defined as to be tailored to that purpose. In fact, several studies in the
past have addressed the problem of structural damage detection using modal parameters,
either through some direct comparative measures, or in conjunction with some modelrelated assumptions to estimate damage induced changes in element stiffnesses/flexibilities
[85, 86, 87, 88, 89]. While modal frequencies are usually relatively insensitive to local structural damage, mode shapes, being spatially distributed features, contain information which
may be employed for damage location purposes. Although the direct comparison of mode
shapes using inner product norms to test their linear dependence, as in the Modal Assurance Criterion/Coordinate Modal Assurance Criterion, seems an obvious approach and has
often been adopted in the literature, the differences reflected by such measures can be expected to be of a lower order than the actual differences in the structural flexibility matrix
[90]; thus, for the purpose of structural damage detection, the use of such measures may
not provide sufficiently discernible results. Instead, in [90, 91] modal parameter comparative measures are derived which mimic changes in the structural flexibility and stiffness
matrices. The approach proposed in the present chapter is based on the DSF introduced
in [91], which gives a measure of the relative difference between the corresponding diagonal
elements of the stiffness matrices of the models of two systems at comparison. The DSF
is defined in terms of the experimental modal parameters, which may be identified from
the ambient/operational response of the monitored structural system using any operational
modal analysis technique. To obtain normalized mode shapes, it is usually necessary to
know the applied input and have at least one co-located sensor-actuator pair on the mon-
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itored system [84]; since we consider here the more feasible operational testing scenario,
the identified experimental mode shapes will need to be normalized. For this purpose, a
procedure is discussed to estimate proportional mass normalizing factors, using the sparsity
requirement of the mass matrix at the measurement locations. Although the derivation of
the DSF and the mode shape normalization are performed in a model-based setting, as will
be evident later, the necessary parametric modeling assumptions are kept to a minimum.
The mode shape normalization and DSF computation are discussed in Section 5.2.

While the definition of the DSF is in a model-based framework, the damage assessment
procedure, using the DSFs extracted from measured vibration response data, is developed
according to the statistical pattern recognition paradigm. The empirical complementary
cumulative distribution functions (ECCDFs) of the extracted DSFs are computed for that
purpose; damage assessment is performed by comparing the ECCDFs obtained during the
testing stage with the ECDDFs created during the training stage. The statistical modeling
of the DSFs using ECCDFs avoids the assumption of any particular type of parametric
distribution to statistically model the DSFs, and hence may be expected to provide a more
robust damage assessment. The proposed structural health assessment exercise attempts to
estimate the presence, location and extent of structural damage. The possible scenario of
localized stiffness increase is also included, and is intended for applications in verifications
of planned retrofitting operations [92, 93]; three ratios of the Lukaszyk–Karmowski metric
([94]) are used, with the empirical probability density functions (epdfs) derived from the
ECCDFs of the DSFs, to distinguish between localized stiffness increase (retrofit) and decrease (damage). For the purpose of damage severity estimation, damage probability vs.
damage severity curves are derived from the ECCDfs [95]. In the entire damage assessment
exercise discussed here, the effects induced by the external conditions to the dynamical
properties of the structure are particularly taken into account using lower and upper bound
ECCDFs to define the baseline structural state; these lower and upper bounds are obtained
using training response time histories measured in different environmental conditions. Such
an approach is intended to decouple normal structural variations from damage induced
changes. The lower and upper bound baseline ECCDFs are also used to quantify the un-
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certainty in the damage probability - damage severity curves; the two-level uncertainty in
the damage severity may be expected to include both statistical uncertainty, often referred
to as epistemic uncertainty, induced by measurement noise, estimation errors, input variability etc., as well as systematic uncertainty, also called aleatoric uncertainty, induced by
unmeasured variables, such as temperature. The derivation of the training and testing
ECCDFs of the DSFs are discussed in Section 5.3, and the different levels of damage assessment using the ECCDFs are discussed in Section 5.4 using both numerical simulations
of ambient vibration testing of a bridge deck system, considering both complete and partial
instrumentation scenarios, and experimental data collected on the four-storey steel frame
already presented for the experimental validation in Chapter 3.

5.2 SPDSF: Stiffness Proportional Damage Sensitive Feature
In SHM, structural damage is often modeled as localized stiffness reduction. Therefore,
constructing a DSF which measures the deviation of the stiffness properties from a reference
undamaged state may be expected to deliver optimal results in damage detection. In order
to define such a feature, let us consider an N degrees of freedom (DOF) classically damped
model of a system, whose dynamic behavior is governed by the equation of motion:
Mÿ(t) + Lẏ(t) + Ky(t) = u(t)

(5.1)

where M, L and K are respectively the N × N mass, damping and stiffness matrices of
the model, y(t), ẏ(t) and ÿ(t) denote respectively the nodal displacement, velocity and
acceleration vectors of dimension N × 1 at time instant t, and u(t) is the N × 1 dimensional
input dynamic forcing vector at time t. Let the state of the system described by Equation
(5.1) and the above model matrices be the healthy state. Then, let us consider an alternative
state of the system denoted by the matrices: {M∗ , L∗ , K∗ }. This alternative state represents
the system in an unknown, possibly damaged, condition, and its dynamic behavior will
be governed by a similar equation as Equation (5.1). Using these notations, the damage
sensitive feature discussed here attempts to measure the departure of the {i, i}th element
of K∗ from the {i, i}th element of K:
DSFi =

∗
∗
Ki,i − Ki,i
Ki,i
=1−
.
Ki,i
Ki,i

(5.2)
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Now, let us denote by {Λ, Φ} the eigenvalue and eigenvector matrices corresponding to the
reference state:


2
Λ = diag λ1 , λ2 , · · · , λN = 4π 2 diag f12 , f22 , · · · , fN


φ1,1 φ1,2 · · · φ1,N




 φ2,1 φ2,2 · · · φ2,N 


Φ = [φ1 φ2 · · · φN ] =  .
..
.. 
..
 ..
.
.
. 


φN,1 φN,2 · · · φN,N

(5.3)

(5.4)

where λj , fj and the column vector φj denote the jth modal eigenvalue, frequency and mode
shape, respectively, while φi,j denotes the ith component of φj . The scenario considered
herein is that of ambient/operational monitoring, and hence the input u(t) in Equation
(5.1) is unknown, and only the output responses are measured at all DOFs or at only a
subset of the N DOFs. In such a situation, the identified experimental mode shapes are, in
general, arbitrarily scaled. Such a set of arbitrarily scaled complete mode shapes will then
satisfy the orthogonality relations:


ΦT MΦ = α;

(5.5)


ΦT KΦ = Λα
where α is a diagonal matrix of normalization factors: α = diag(α1 , α2 , · · · , αN ). Exploiting
the orthogonality conditions in Equation (5.5), it is possible to obtain the following relations:


M−1 = Φα−1 ΦT ;
(5.6)

M−1 KM−1 = Φα−1 ΛΦT .
From the second of the relations in Equation (5.6), the {i, j}th element of the stiffness
matrix yields
Ki,i =

N X
N X
N
X

Mi,l φl,t λt αt−1 φs,t Ms,i ,

(5.7)

l=1 t=1 s=1

where Mi,j represents the {i, j}th element of the mass matrix, M. Enforcing the assumption
of lumped mass, Equation (5.7) simplifies as follows:
Ki,i =

N
X
t=1

2 2
Mi,i
φi,t λt αt−1 ,

(5.8)
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where the ith element of the main diagonal of the mass matrix may be represented as in
Equation (5.9), using the first of the orthogonality relations in (5.5):

−1
Mi,i = φ2i,j αj−1
.

(5.9)

As for the physical matrices, let {Λ∗ , Φ∗ , α∗ } denote the eigenvalue, eigenvector, and normalizing factor matrices of the alternative state of the system; by plugging the obtained
results in the definition of the DSF as given in (5.2), one obtains the expression of the
desired DSF in terms of the modal properties and of the normalizing factors identified from
the two structural states at comparison:
N
P

DSFi = 1 −

j=1

!−2
∗−1
φ∗2
i,j αj

N
P
j=1

j=1

!−2
φ2i,j αj−1

N
P

N
P
j=1

!
∗ ∗−1
φ∗2
i,j λj αj

!

(5.10)

φ2i,j λj αj−1

Since this DSF measures the relative change in the system’s local stiffness properties compared to the benchmark state, it is referred to as Stiffness Proportional Damage Sensitive
Feature (SPDSF).

While any appropriate operational modal analysis technique may be used with the measured response data to identify the system’s frequencies and the mode shapes at the sensor
locations, the normalizing factors in α and α∗ necessary in Equation (5.10) still need to be
evaluated. One may employ the topological requirements of the M and K matrices for this
purpose [84]. Here, the sparsity requirement of the mass matrix, assumed to be diagonal,
will be exploited to estimate the normalizing factors. As proved in [84], in output only
situations, for models with diagonal M, with sufficient instrumentation to enable a unique
mode shape expansion, one can only identify a model proportional to the true model by
a single scalar factor, without using any a priori knowledge of the value of any physical
parameter. This means that, using the sparsity of M, one is able to identify uniquely only
(N − 1) normalizing factors. Let us then rewrite the matrix of normalizing factors by factoring out the first element α1 as: α = α1 diag(β1 = 1, β2 , · · · , βN ), where βj = αj /α1 . The
normalizing factors {β2 , · · · , βN } can be estimated by solving the following linear system

5. COMBINING MODEL BASED AND DATA BASED TECHNIQUES IN A ROBUST
STRUCTURAL HEALTH MONITORING ALGORITHM
156
of equations in the least squares sense:
N
X
φi,j φl,j
j=1

βj

= −φi,1 φl,1 ,

for i, l ∈ S and i 6= l

(5.11)

where S is the set of instrumented DOFs. If the system is instrumented with s sensors,
Equation (5.11) will consists of (s2 − s)/2 equations, thereby leading to the minimal in√
strumentation requirement of s ≥ (1 + 8N − 7)/2 to be able to uniquely estimate all the
(N −1) βj ’s. Similarly, the (N −1) βj∗ ’s can be solved using the identified modal parameters
of the alternative state of the system. Then, the DSF of Equation (5.10) can be rewritten
as:
N
P

α∗
DSFi = 1 − 1
α1

j=1

!−2
∗−1
φ∗2
i,j βj

N
P
j=1

where, to evaluate the ratio

α1∗ /α1 ,

j=1

!−2
φ2i,j βj−1

N
P

N
P
j=1

!
∗ ∗−1
φ∗2
i,j λj βj

!

(5.12)

φ2i,j λj βj−1

one would need some assumption on the value of any

physical parameter of the system. If the assumption is made that the change in the sum of
all elements of the system masses in the transition from one state to another is minimum,
then this ratio may be estimated as:
N
P

N
P

!

φ2i,j βj−1
i=1 j=1
α1∗
!.
=
α1
N
N
P
P
∗−1
φ∗2
i,j βj
i=1

(5.13)

j=1

In the rest of the chapter the DSFs used will be evaluated using Equation (5.12), along
with Equations (5.11) and (5.13). Even though the DSF in Equation (5.12) is written for
an identified complete spectrum, in situations where only Nm < N modes are identified from
the data, the DSF may still be computed using only these Nm modes in the summation.
However, in order to identify the normalizing factors though Equations. (5.11) and (5.13),
all N modes need to be identified at the sensor locations; if Nm < N modes are identified
then other approaches may be used to compute these factors [96]. Since the DSFs discussed
herein are particular to the different DOFs constituting the model of the system, these
DSFs may be used not only to test for the existence of damage in the system, but also to
locate the damage to the neighborhood of any particular DOF. Moreover, since the DSFs
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provide a measure of the relative change, with respect to the baseline state, in the diagonal
elements of the stiffness matrix, they may also be used to assess the severity of any localized
damage.

5.3 Empirical Complementary Cumulative Distributions of SPDSF
Inherent in the definition of the DSFs in Section 5.2 is a comparison between two states
of the system, unlike traditional DSFs which represent a single state of the system. For
example, a change in the stiffness of an element connecting nodes i and l would be reflected
in a change in the values of the ith and lth elements in the main diagonal of K, and this
change would be captured by DSFi and DSFl . However, as emphasized multiple times in
this thesis, changes in the structural properties may also be introduced by factors other
than damage. The DSFs of Section 5.2 will not only measure the change in the stiffness
properties induced by structural damage, but will also measure stiffness changes induced
by environmental and operational variability. It is pertinent that the damage detection
procedure be able to distinguish between the damage induced and non-damage induced
fluctuations in the DSFs. This requirement defines the objective of the training phase:
to define boundaries for the fluctuations of the DSFs that can be considered normal, and
thereby define a reference “healthy” zone against which new realizations of the DSFs, extracted from the system under unknown conditions, can be compared. To this end, the
cumulative distribution functions (CDFs) of the DSFs is used, treating each DSF as a random variable, as discussed below.

It is possible to cast the SHM problem in a probabilistic framework by introducing the
“probability of damage” assigned to any model parameter [95, 89]. Such a probability can
be assigned to each diagonal element of K, and be defined as the probability that the {i, i}th
∗ , of the stiffness matrix in an unknown state be less than a prescribed fraction
element, Ki,i

of the same element, Ki,i , in the healthy state:
∗
≤ (1 − d)Ki,i )
Pidamage (d) = P (Ki,i

for d ∈ [0, 1)

(5.14)

where d is the fractional stiffness reduction. Equation (5.14) can be rewritten using the
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DSF defined in Section 5.2 as:
damage
PDSF
(d)
i


∗
Ki,i − Ki,i
≥d
= P
Ki,i


∗
Ki,i − Ki,i
≤d
= 1−P
Ki,i
= 1 − CDFDSFi (d) .


(5.15)

The training procedure to build statistical models of the baseline state’s DSFs, encompassing the normal variability of the CDFs of the DSFs, can then be performed as discussed
herein. Let ntr denote the number of measurement campaigns that have been conducted on
the monitored system under different healthy conditions; these different healthy conditions
include different environmental and operational conditions of the healthy state of the system.
Also let s be the number of sensors used in each measurement campaign, and S be the set of
the s measured DOFs. From such measurements, a set Y = {Λ(p) , Φ(p) }, for p = 1, · · · , ntr ,
of modal parameters may be identified, where Λ(p) ∈ RN ×N and Φ(p) ∈ Rs×N are the pth
realizations of the eigenvalue and mode shape matrices, respectively. The set Y is then
divided into two subsets YH and YV such that:



YH ∪ YV = Y ;








YH ∩ YV = ∅;



YH , YV 6= ∅;






|YH | = nH ;






|Y | = n .
V
V

(5.16)

Now, the identified modal parameters contained in the set YH are considered as reference,
while those in the set YV are considered to come from an unknown state of the system,
i.e., following the terminology used in Section 5.2, YH corresponds to the baseline state
while YV corresponds to the alternative state. Then, each set of modal parameters in YV is
compared with each and every set of modal parameters in YH using the DSF of Equation
(5.12); this results in a total of nV sets, each set containing nH values, of DSFi , for all
i ∈ S. Empirical cumulative distribution functions (ECDFs) of DSFi are then computed
using Equation (5.17) [97], for each of these nV sets, treating the nH DSFi values in each
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set, DSFp,j
i for p = 1, · · · , nH , as random realizations:
ECDFjDSFi (d) =

nH
1 X
U (d − DSFp,j
i ) ∀ j = 1, · · · , nV and i = 1, · · · , S
nH

(5.17)

p=1

where U (z) is the Heaviside function:




0
z<0



U (z) = 0.5 z = 0





1
z > 0.

(5.18)

and DSFp,j
i denotes the DSF corresponding to the DOF measured by sensor i and obtained
comparing the jth modal parameter set from YV to the pth modal parameter set from YH .
The ECDFjDSFi (d) in Equation (5.17) can be substituted in place of CDFDSFi (d) in Equation
damage
(d) in Equation (5.15), computed as 1 − ECDFjDSFi (d), is then
(5.15); the resulting PDSF
i

referred to as the Empirical Complementary Cumulative Distribution Function (ECCDF) of
DSFi , i.e. ECCDFjDSFi (d). In this way, nV number of curves representing ECCDFDSFi (d),
for all i ∈ S, are obtained. The maximum and minimum bounds of these nV number of
damage
(d) are then computed, to estimate an acceptable range of d, deECCDFDSFi (d) = PDSF
i

noting normal environemental/operational variability, and also get lower and upper bound
probabilities, given by the lower and upper bound ECCDFs, associated with each value of
d in this range, for each DSFi , i ∈ S.

At the time of testing, a new set of response data is measured with the s sensors from the
structure under unknown conditions, and a single set of modal parameters is identified from
this data set. This new set of modal parameters is compared to each and every of the nH
sets of modal parameters in YH obtained during the training stage, with the new set and the
nH training sets respectively corresponding to the alternative state and the baseline state
as per the terminology in Section 5.2. The resulting nH values of DSFi are then used to
compute a single ECCDFDSFi (d), following the procedure outlined in the training stage, for
all i ∈ S. This single ECCDFDSFi (d) is then compared with the lower and upper bounds of
ECCDFDSFi (d) obtained during the training stage for damage assessment purposes. This
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comparison may be performed using different measures, with different objectives, which are
discussed in the next section, using a numerical example for illustration purposes.

5.4 Different Levels Of Damage Assessment With Numerical Example
5.5 Numerical example description
To test the validity of the proposed approach and to further define the procedures apt to
identify, locate and define the extent of damage, the simple lumped mass model of a bridge
deck of Figure 5.1 is considered. The model consists of 12 lumped masses and 20 flexural
links. The energy dissipation characteristics of the system are modeled through proportional damping, by assigning 1% damping ratio to each mode.

Table 5.1 lists the 10 different states considered in the simulations. States U1 to U5 represent the healthy system, in different environmental conditions: for example, state U2 may
represent a scenario where only the −y side of the bridge deck is subjected to a temperature increase, while state U5 corresponds to a state where only the +y side of the deck is
subjected to temperature decrease. States D1 to D4 represent different damage scenarios,
with local damages defined with respect to different undamaged states, as may be expected
in practice. State R1 represents the condition where a portion of the −y girder is retrofitted.

To construct the training data sets, 50 tests are simulated on each of the five healthy states.
Therefore, the set Y defined in Section 5.3 consists of 250 data sets. For a given test r, the
(r)

value of the ith stiffness parameter, ki

(Um )

, is chosen as kiUm + U(−0.01, 0.01)ki

, where kiUm

is the mean value of the flexural stiffness ki for the undamaged scenario Um , m = 1, ..., 5
(Table 5.1), and U(−0.01, 0.01) is the uniform probability distribution between the limits
-0.01 and 0.01. The variability of the stiffness parameters depicted in Table 5.1 is adopted
to model systematic changes induced, for instance, by environmental effects, while the variability induced by the perturbation obtained via U(−0.01, 0.01) is used to mimic the effects
of operational and modeling assumptions. Each of the 250 sets of structural parameters is
used to simulate the response of the system to Gaussian white noise input force applied at
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Fig. 5.1: Bridge model and baseline model parameters used in numerical example. Shaded lumped
masses denote sensor locations in partial instrumentation.

State

Condition

Description

Affected DOFs

U1

Undamaged

kiU 1 = E[ki ] ∀i ∈ {1, ..., 20}

-

U2

Undamaged

kiU 2 = 0.99E[ki ] ∀i ∈ {1, ..., 7}

1-6

U3

Undamaged

kiU 3 = 1.01E[ki ] ∀i ∈ {1, ..., 7}

1-6

U4

Undamaged

kiU 4 = 0.99E[ki ] ∀i ∈ {8, ..., 14}

7-12

U5

Undamaged

kiU 5 = 1.01E[ki ] ∀i ∈ {8, ..., 14}

7-12

D1

Damaged

kiD1 = 0.80k6U 1

5 and 6

D2

Damaged

kiD2 = 0.85k6U 2

5 and 6

D3

Damaged

U3
kiD3 = 0.80k18

4 and 10

D4

Damaged

U4
kiD4 = 0.85k18

4 and 10

R1

Retrofitted

kiR1 = 1.25k6U 5

5 and 6

Tab. 5.1: Different states of the bridge deck structure considered in the example.
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all the DOFs. The resulting response accelerations are corrupted by adding 10% root mean
square Gaussian white noise sequences, to represent measurement noise. In this example,
only the response accelerations measured at DOFs 1, 3, 5, 6-8, 10 and 12 are considered, to
represent a partial instrumentation set-up.

The set of 250 “measured” acceleration histories are then used to identify the modal frequencies and arbitrarily scaled mode shape components at the instrumented DOFs. In this
numerical example, a stochastic subspace identification algorithm is used for this purpose,
namely the Enhanced Canonical Correlation Analysis (ECCA) [98], which has been proved
to be very efficient in identifying the structural modal characteristics even in the presence
of severely noisy data. The 250 sets of modal properties are then divided into the subsets
YH and YV , each of cardinality 125, both containing 25 realizations from each of the 5
undamaged scenarios. The methods discussed in Sections 5.2 and 5.3 are then employed
to derive the SPDSFs for the instrumented degrees of freedom and the boundaries of the
ECCDFs.

To construct the testing ensemble, 30 tests are performed on each of the 10 states of Table
5.1, and the structural response is simulated adopting the same procedure used to construct the training data sample. The modal parameters identified through ECCA from
each testing data set are compared to the 125 sets of training modal parameters in YH , and
the resulting 125 DSFs, at each of the measured DOFs, are used to construct the testing
ECCDFs.

Figure 5.2 compares the 30 testing ECCDFs (thin black curves) in states U1, D1 and
R1 with the lower (dashed thick line) and upper (continuous thick line) bound training
ECCDFs for DSF6 . It may be noted that while the majority of the ECCDFs obtained
from State U1 are contained within the training boundaries (only 2 out of 30 are outside
the boundary), the testing ECCDFs from State D1 are shifted to the right beyond the
upper bound, indicating damage occurrence in one of the elements connected to mass 6,
while the testing ECCDFs from State R1 are shifted to the left before the lower bound,
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Fig. 5.2: ECCDFs of SPDSF at DOF 6 under states U1, D1 and R1.

validating a retrofitting operation to a portion of the structure in the proximity of sensor
6. Within a deterministic framework, a value of the SPDSF greater than 0 would indicate
damage, as only one healthy state would be considered and would have thus signaled the
presence of damage in many of the tests performed on state U1. On the contrary, the initial
training phase performed in the currently proposed approach enables us to set a reasonable
range of values of d, within which the observation of a non-zero d can be attributed to
the influence of external factors, e.g. temperature, traffic, wind, etc. In the following, the
methods to automatically identify, locate and quantify the stiffness changes due to damage
or retrofitting are discussed.
5.5.1

Damage/Retrofit Detection and Location

In order to identify damage occurrence/retrofitting at a given location, it is necessary to
compare the testing ECCDF’s with the training ones. To fulfill this task, we explore here the
use of the Lukaszyk-Karmowski metric [94], which compares two probability distributions
as:
DY,X = DX,Y

+∞ Z
+∞
Z
=
|x − y|fX (x)gY (y) dx dy

(5.19)

−∞ −∞

where fX (x) and gY (y) are the probability density functions of the random variables x
and y. DX,Y is not a distance metric in the strict sense, as DX,X is equal to 0 only
if x is an exact value. The property of the Lukaszyk-Karmowski metric that makes it
appealing for the present purposes is that it satisfies the triangle inequality as an equality:
DX,Z = DX,Y + DY,Z . This property may be exploited as follows: let fL (dL ), fU (dU ), and

5. COMBINING MODEL BASED AND DATA BASED TECHNIQUES IN A ROBUST
STRUCTURAL HEALTH MONITORING ALGORITHM
164
fT (dT ) be the empirical probability density functions (epdfs) corresponding to the lower
training bound, the upper training bound and the testing set of SPDSFs, respectively. Then,
for example, when the testing ECCDF is obtained from data collected on the structure under
undamaged conditions, the Lukaszyk-Karmowski distance of the lower training bound from
the upper one satisfies the following relation:
DL,U

+∞ Z
+∞
Z
=
|dL − dU |fL (dL )fU (dU ) ddL ddU = DL,T + DT,U ⇒
−∞ −∞

DL,U
' 1 (5.20)
DL,T + DT,U

Similar relations hold when the system is damaged or retrofitted:
DL,T = DL,U + DU,T

⇒

DL,T
DL,U +DU,T

'1

DU,T = DU,L + DL,T

⇒

DU,T
DU,L +DL,T

' 1.

(5.21)

In Equations (5.21) ' is used to account for numerical errors introduced in the computation
of the epdf from the ECCDF, and in the 2-D numerical integration necessary to compute
the Lukaszyk-Karmowski metric, which is performed employing trapezoidal rule to obtained
the results presented herein.

Table 5.2 lists the results obtained by employing said metric to detect and locate damage.
Figures 5.3 and 5.4 present the same results graphically and distinguished between tests
where a change in stiffness is identified as due to damage (Figure 5.3) and tests where a
change in stiffness is identified as due to retrofitting (Figure 5.4). In Table 5.2, for each
state, the ratio n/30 indicates the number of tests, n, for which a change in the given diagonal term of the stiffness matrix is identified; the letter in parenthesis indicates whether that
change is identified as due to damage (D) or retrofitting (R). In Figures 5.3 a one unit tall
bar represents a test in which a change in stiffness is identified as caused by damage, while
in Figures 5.4 a one unit tall bar represents a test where the change in stiffness is attributed
to retrofitting operations. Evidently, using said metric, it is possible to correctly identify
damage between degrees of freedom 5 and 6 (States D1 and D2), and damage around
degree of freedom 10 (States D3 and D4), with reasonable accuracy. When dealing with
damage scenarios D3 and D4 the detailed estimation of damage location is not possible
anymore, as for such states we are only able to detect damage around DOF 10, but we are
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Tab. 5.2: Results for damage/retorfitting detection and location
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Fig. 5.3: Results in terms of damage detection.
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Fig. 5.4: Results in terms of retrofitting validation.
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unable to exactly locate the damage owing to incomplete instrumentation.

Type II error, i.e. the percentage of damaged instances incorrectly identified as undamaged,
is equal to 8.89% (16 out of 180 cases), and it is almost entirely due to missed damage
identification of the milder damage conditions (States D2 and D4). Type I error, i.e. the
incorrect identification of an undamaged state as damaged, is much lower and equal to 0.85%
(19 out of 2220 cases). The retrofitting operation is correctly validated, with 100% accuracy,
between degrees of freedom 5 and 6. The percentage of tests erroneously concluding that a
certain area of the system has been retrofitted is 0.85% (20 out of 2340 cases). However, this
latter error is of little concern, as the approach here proposed would be used only to verify
that a given area of the system has been actually retrofitted. In practice, the retrofitted area
is known a priori, and the use of the proposed structural health monitoring technique would
only validate such an operation. An indication of retrofitting in non-retrofitted area should
be then judged as merely due to testing conditions slightly dissimilar to those attained
during training.
5.5.2

Damage/retorfitting Severity Assessment

Once changes in stiffness have been identified, it is important to quantify the extent of such
changes to conclude whether the identified increase/decrease of the stiffness property is due
to an actual change in the structural characteristics or is only due to healthy conditions
slightly different from those learnt during training.

At this point, it is important to emphasize the key premise the proposed structural health
monitoring strategy is based on. In fact, it is recognized that thinking of the healthy system
as represented by a single configuration of the structure is probably inappropriate, but it is
rather more realistic to consider the healthy state as a variety of possible conditions where
the structural properties might slightly change without leading the structure to perform
differently from how it was originally designed. While by itself the testing ECCDF, here
T
onwards denoted as PDSF
(d), gives a probabilistic representation of the damage severity,
i

this representation does not account for the inherent variability in the healthy system.
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Fig. 5.5: Estimation of damage severity.

T
(d) may over/underestimate the acHence, the damage severity obtained only using PDSF
i

tual damage severity. To account for the healthy system variability, the lower and upper
L
U
training ECCDFs, denoted as PDSF
(d) ad PDSF
(d) respectively, can be exploited as foli
i
L
U
lows. A certain percentile from PDSF
(d), αL , and another from PDSF
(d), αU , are selected.
i
i

The values of the stiffness change magnitude, d, corresponding to αL and αU should define a reasonable range of healthy system’s variability, i.e. a range which excludes extreme
L
U
variations of the healthy system. Since PDSF
(d) and PDSF
(d) correspond respectively to
i
i

the stiffest and softest healthy systems, such a reasonable range for d should correspond
L
U
to a lower percentile from PDSF
(d) and a higher percentile of PDSF
(d). Here, the bounds
i
i
95%
L
th percentile of P L
defined by the 5th percentile of PDSF
(d), d5%
DSFi (d), dU ,
L , and the 95
i
LT
are considered (Figure 5.5a): the resulting first ECCDF, PDSF
S (d), gives the exceedance
i

probabilities of damage with respect to the stiffest healthy condition, while the second,
UT
PDSF
S (d), quantifies the exceedance probability vs. the damage extent with respect to the
i

softest healthy condition. Figure 5.5b shows the ECCDFs obtained for a test under state
D1 at DOF 6. In Figures 5.5b and 5.5c, the ordinate label displays DSFS in place of DSF,
to emphasize that the values of the random variable are not those evaluated during testing,
but those obtained by subtracting d95%
and d5%
U
L from the testing values. For example,
T
using this approach on one of the PDSF
(d) curves identified to be associated with a dam6
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aged state of the system, the median amount of damage extent with respect to the stiffest
healthy condition is equal to 0.09 (dashed thick line in Figure 5.5b), while with respect to
the softest healthy state is equal to 0.06 (continuous thick line in Figure 5.5b). From the
previous results, the element between DOFs 5 and 6 has been identified as damaged; if it
is assumed that all spring elements connected to mass 6 have the same stiffness values, we
can then estimate the amount of remaining stiffness, γ, of element k6 according to Equation
(5.22):




∗
k6∗ + k7∗ + k20
2k + γk
P (DSF6 ≥ d) = P 1 −
≥d =P 1−
≥ d = P (γ ≥ 1 − 3d).
k6 + k7 + k20
3k
(5.22)
Therefore, the median maximum amount of remaining stiffness of the damaged system under condition D1 is 0.82 (= 1 - 3d = 1 - 3 × 0.06) when compared to the softest healthy
system, and 0.73 (= 1 - 3×0.09) when compared to the stiffest healthy system (see Figure
5.5b). Moreover, exploiting the 5th and 95th percentile of the ECCDFs of Figure 5.5c, it is
possible to conclude that there is only 5% probability that the remaining stiffness is lower
than 0.76, but 95% probability that is lower than 0.88, with respect to the softest system,
while when considering the stiffest healthy condition, there is only 5% probability that the
remaining stiffness of k6 be lower than 0.7, but 95% probability that be lower than 0.82.
Since the actual range of variability of the simulated k6 is within 0.73 and 0.82, the damage
extent estimates are assumed to be reasonably accurate.

Performing the same approach for all other tests under damaged cases D1 and D2, and
retrofitted case R1, the results are equally accurate. As mentioned in section 5.5.1, owing to
partial instrumentation, it is not possible to estimate with comparable accuracy the damage
extent for damage states D3 and D4. If we assume that all three elements connected to
mass 10 are damaged and that the healthy counterparts share the same stiffness values, the
stiffness retention of the three elements would range between 0.93 and 0.96; on the contrary,
if we assume that only one element is damaged, values similar to those given for the state
D1 are obtained.
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5.6 Experimental Validation
For the experimental application of the proposed SHM approach, the 4-story steel frame
available at the Carleton Laboratory of Columbia University already described for the experimental validation in Chapter 3 is used. Using the assumption of rigid floors and the
coincidence of floor centers of mass and centroids, the frame is modeled as a 1-D 4-DOF
system. Six different types of input ground motions (band limited white noise, EC8, El
Centro, Hachinohe, Kobe and Northridge) are applied to the table by means of the shaking
table facility available at the Carleton Laboratory. For this application, the OKID/ERA
[99] algorithm is employed to identify the modal properties of the frame, by using the measured acceleration responses of the floors as outputs and of the table as input.

Stiffness Reduction
State

Condition

Description

Affected DOFs
at affected DOFs

U1

Undamaged

U2

Undamaged

D1

Damaged

D2

Damaged

D3

Damaged

D4

Damaged

Baseline Condition
40% mass addition to
the 3rd floor
15% stiffness
reduction at 3rd floor
30% stiffness
reduction at 3rd floor
60% stiffness
reduction at 3rd floor
15% stiffness reduction
at 2nd and 3rd floors

-

-

-

-

2 and 3

7.5%

2 and 3

15%

2 and 3

30%

1, 2 and 3

7.5% at DOFs 1 and
3, 15% at DOF 2

Tab. 5.3: Different states of the steel frame considered in the experimental application.

To assess the applicability of the approaches discussed herein, in addition to the above
frame, here onwards referred to as the ”healthy” system (U1), an additional healthy condition U2 is considered, by adding two masses at the third floor: one on the south and
the other on the north floor edge. The training data set is constituted by 89 input-output
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State

K1,1

K2,2

K3,3

U1

2/10 (D)

0/10

2/10 (R)

K4,4
1/10 (D)
2/10 (R)

U2

0/14

0/14

0/14

0/14

D1

0/30

0/30

30/30 (D)

2/30 (D)

D2

0/30

30/30 (D)

30/30 (D)

0/30

D3

17/30 (D)

30/30 (D)

30/30 (D)

0/30

D4

0/30

21/30 (D)

30/30 (D)

0/30

Tab. 5.4: Results for damage/retorfitting detection and location

sets of acceleration histories. Four different ”damaged” frames (D1 to D4) are also tested
using the same set of 6 inputs. In these damaged frames, structural damage is simulated as
stiffness reduction, by replacing one or more columns of the ”healthy” frame with columns
of reduced cross-sectional area (50.8 x 7 mm). The testing set consists of 144 data sets: 10
from state U1, 14 from state U1 and 30 from each of the four damaged states. Table 5.3
summarizes the properties of the six damaged and undamaged scenarios.

The results of the stiffness change detection and location are presented in Table 5.4, using
the same notation used to present the results for the numerical example. Type I error is
again low and equal to 1.6% (5 out of 306 cases). Adversely, Type II error is equal to 25.6%
(69 out of 270 cases). In fact, while damage scenarios D2 and D3 are correctly identified
and located with 100% accuracy, the method identifies the stiffness change at DOF 3, but
fails at identifying such change at DOF 2 for the damage scenario D1; similarly, for state
D4, stiffness change at the third inter-story is identified both at DOF 3 and 2, but the
stiffness reduction at the second inter-story cannot be identified from these results. One
possible reason behind this misidentification is that both damage scenarios D1 and D4
cause torsion in the system, which may not be captured well by the 4 DOF 1-D model used.
Nonetheless, even in these scenarios the overall system is identified as damaged, and the
region containing the damaged elements is identified accurately as well.
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Fig. 5.6: Average damage extent for the six states of the experimental application.

An interesting phenomenon may be observed in Table 5.4: at DOF 1, for State D3, 17
out of the 30 tests identify an unexpected, systematic increase in stiffness at the first interstory. Such phenomenon is clearly appreciable when analyzing the stiffness change extent
of the tested states shown in Figure 5.6. For any DOF, the plot in Figure 5.6 is obtained as
follows. Let d95%
correspond to the 95th percentile from the upper bound training ECCDF.
U
Such d95%
is subtracted from the d’s associated with the 144 testing ECCDFs. From the
U
resulting new shifted 144 ECCDFs, the median d values, d50%
U T , are obtained. Finally, for
any given state, the average of such d50%
U T values are computed over all the tests performed
on that state, e.g. over the 10 tests on State U1. It is observed that while the estimated
damage extents are close to the theoretical values when computed at the third and second
degrees of freedom, as observed by comparing the values in Figure 5.6 with those given in
the last column of Table 5.3, this ceases to be true for the first interstory, where for all the
damage scenarios an increase in stiffness is observed. It is noteworthy that such increase
in stiffness is less marked for state D4. In fact, the average value of the estimated damage
extent should be approximately equal to 0.075 in state D4, owing to the fact that the second
story is damaged in this state.

One possible explanation of the first story stiffness increase may be the activation of some
strengthening mechanism in the first story when there is damage at some other story. Such
trend is more marked as the damage severity increases: while for damage scenarios D1 and
D2 the average stiffness increase at the first interstory is between 5-6% (Figure 5.6), for
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damage scenario D3 the increase in stiffness is nearly 8%, causing more than half of the
tests performed from this state to be declared retrofitted at the first inter-story (Table 5.4).
A similar unexpected increase in stiffness has been observed for the same structure also
in [70] and [72], where the stiffness properties of the frame structure have been identified
using different approaches than the one presented in this chapter. The possible physical
mechanism behind this phenomenon requires more investigations, which are in fact the
focus of a planned future campaign of experiments.

5.7 Conclusions
A ”mixed” approach for SHM using operational vibration response measurements is proposed. The DSFs, defined in a model based setting in terms of experimentally identified modal parameters, attempt to measure relative localized stiffness reductions. The
health assessment is performed in a statistical pattern recognition framework using the
DSFs extracted from response measurements. The features in the training stage, extracted
from response measurements on the baseline structure in a wide variety of environmental/operational conditions, are used to compute a range of ECCDFs, from which lower and
upper bound training ECCDFs are estimated. Such a training procedure intends to decouple the normal structural variations from damage induced changes, by demarcating a zone
of normal variability of the baseline state through the estimated lower and upper bound
training ECCDFs. The ECCDFs of DSFs extracted from the data collected in the testing
stage are then compared against the lower and upper bound training ECCDFs to assess the
presence, location and severity of any change in the structural stiffness parameters. To detect the existence of a stiffness change a method based on the Lukaszyk-Karmowski metric
is exploited, which allows the user to also validate retrofitting operations. The results of a
numerical example of ambient vibration testing of a bridge deck system illustrate that, with
the localized definition of the DSF, using the aforementioned method, one may detect and
locate the existence of any stiffness change with reasonable accuracy. After the existence
and location of change detection, the severity of change is also estimated using the testing
and lower and upper bound training ECCDFs. The testing ECCDF is adjusted using different percentiles of the two training ECCDF bounds, resulting in a probability box model
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to represent the exceedance probability for different stiffness change severity levels. Such
a model constitutes of a lower and an upper bound change probability vs. change severity
curves, using which, for any given change severity, a lower and upper bound of the probability of exceedance can be estimated, and vice versa. The numerical example of the bridge
deck shows that the severity of stiffness reduction/increase induced by damage/retrofitting
may be estimated with reasonable accuracy using such curves. The two level uncertainty
in the damage severity attempts to segregate: (a) the uncertainty from measurement noise,
input variability, and environmental/operational variability in the healthy state, expressed
through a single exceedance probability of change severity, and (b) the uncertainty from
unknown environmental/operational conditions in the testing state, expressed through a
range of possible values the exceedance probability may take. If the monitored system is
fully instrumented, then the proposed DSF and health assessment method allows also an
accurate element level change localization and severity estimation, while for partially instrumented systems it successfully identifies a region within which damage is confined. The
proposed health assessment procedure is also applied to experimental data from a 4-story
steel frame under base excitation on a shake table and is proved to be capable of identifying
the location and severity of stiffness reduction with reasonable accuracy.

Part III
CONCLUSIONS
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6. CONCLUSIONS

In this dissertation, two methods were explored to perform the Structural Health Monitoring assignment within the statistical pattern recognition paradigm.

The first approach was discussed in Chapter 2. The algorithm is developed according to
the training and testing scheme, typical of pattern recognition applications. The original
contribution of the work is given by the use of an adaptation of Mel-Frequency Cepstral
Coefficients as damage sensitive features, as their compactness and de-correlation characteristics make them particularly suited for statistical pattern recognition applications. At
the same time, the ease of extraction, which requires minimal user expertise, represents
an important advantage over other more popular features, and makes the cepstral features
particularly convenient for implementation into automatic structural health monitoring routines. The damage detection algorithm employs the Mahalanobis Squared Distance to solve
the Structural Health Monitoring assignment. The method was validated by using both
simulated and experimental data, and the performance of said features was compared to
that of Auto-Regressive coefficients, which have been largely used to solve the task of structural damage detection. The experimental data were measured on a steel frame, which
behaves nonlinearly in its damaged configuration, at the Los Alamos National Laboratory.
Results demonstrated that the proposed approach may be conveniently used in real-life
applications, since cepstral features outperform AR coefficients when dealing with experimental data modeled to mimic the operational and environmental variability.

In order to solve the damage detection assignment as discussed in Chapter 2, the implicit
assumption is made that there is enough data to estimate the statistics of the training
features population. In Chapter 3, the problem of how to apply the method discussed in
177
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Chapter 2, when there is limited availability of data to construct the training model, was
studied. The main problem in applying the technique of Chapter 2 with limited training
data stems from the fact that the evaluation of the MSD requires the use of the inverse
of the training population’s covariance matrix. It is known that when the feature dimensions are comparable to the number of observations, the covariance matrix is ill-conditioned
and numerically problematic to invert. When the number of observations is smaller than
the feature dimensions, the covariance matrix is not even invertible. In Chapter 3, four
alternatives to the canonical damage detection procedure were investigated to address this
issue: data compression through Discrete Cosine Transform, use of pseudo-inverse of the
covariance matrix, use of shrinkage estimate of the covariance matrix, and a combination
of the three aforementioned techniques. The performance of the four methods was first
studied on simulated data and then compared using the experimental data recorded on a
four story steel frame excited at the base by means of the shaking table facility available
at the Carleton Laboratory of Columbia University. It was concluded that the combination
of the three algorithms leads to the best results. The superiority of said algorithm is particularly evident when analyzing the results obtained using the experimental data. Albeit
the proposed approaches were studied in the context of the damage detection algorithm
discussed in Chapter 2, their application is more general. In practice, whenever the need
arises of estimating the inverse of an ill-conditioned covariance matrix of damage sensitive
features, the methods discussed in Chapter 3 may be employed.

In Chapter 4, in view of the promising results obtained using the modified version of the
cepstral features adopted in Chapter 2, the properties of the power cepstrum were studied in more detail. In particular, an explicit function of the power cepstrum in terms of
the structural properties was derived. This function was first obtained for the power cepstrum extracted from the displacement, velocity and acceleration response time histories
of an SDOF system. The objective was to confirm that the power cepstrum is sensitive
to changes in the structural properties induced by damage, while taking into account the
variability of the structural properties caused by external conditions’ fluctuations. The effects of such variabilities on the power cepstrum were studied by tracking the changes in
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the Mahalanobis Squared Distance of the power cepstrum extracted from the response of
the system under damage states of increasing damage severity from the mean of the power
cepstrum extracted from the response of the undamaged system under variable external
conditions. To get rid of the variability induced by external conditions, the expected value
of the MSD was analyzed for varying severity of damage, leading to the definition of an
analytical expression relating the expected value of the MSD of the acceleration power cepstrum to the changes of the structural properties induced by damage. It was concluded
that while a decrease in stiffness and mass triggers an increase in the expected value of
the MSD of the acceleration power cepstrum of a damaged state from that representative
of the normal conditions, changes in the damping properties of the structure do not affect
the MSD. The retrieved function is expressed only in terms of the properties of the structure under normal conditions. The same derivations were also obtained for the case of an
MDOF classically damped system excited at all DOFs by inputs of equal power spectrum.
The MSD of the acceleration power cepstrum was found to be sensitive to changes in the
stiffness properties of the structure. Moreover, by comparing the magnitude of the MSD
values obtained from the different sensors, it was observed that the MSD of the power
cepstrum obtained from the response measured at DOFs close to damage is larger than
that of the power cepstrum extracted from the response measured from sensors located far
from damage, suggesting that MSD of the power cepstrum can be used to locate structural
faults. Furthermore, both for the SDOF and MDOF cases, the analytical expression of the
power cepstrum shows the impulse response properties and input effects are combined by
addition. This represents a very important property of this feature, that can be exploited
to filter the effects of input.

The method described in Chapters 2 and 3 is optimally suited for short-term monitoring
applications, since its simplicity and rapid deployment enables it to assess the structure’s
integrity promptly. Nonetheless, being a data-based approach, it can not further characterize damage, i.e. information regarding the location and extent of the occurred damage are
not delivered by the proposed method. For this reason, in Chapter 5, a mixed approach
to vibration based structural health monitoring was explored, combining the compara-
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tive advantages provided by model-based and data-based techniques. A damage sensitive
feature was defined using experimental modal parameters which may be obtained from
operational/ambient vibration response of the structure. This dsf is proportional to the
relative change in any diagonal element of the stiffness matrix of a model of the structure,
with structural damage being represented as localized stiffness reduction. Although the dsf
is derived in a model-based setting, necessary parametric modeling assumptions are kept
to a minimum. The dsf’s extracted from measured vibration response data were used to
perform damage assessment in a statistical pattern recognition framework, using empirical
complementary cumulative distribution functions of the dsf’s. The inherent statistical nature of the framework allows to account for uncertainties induced by measurement noise,
environmental/ambient effects etc. Methods were discussed to perform a three-fold probabilistic structural health assessment to determine: (a) whether a change has occurred in
the current state of the structure compared to the baseline state, (b) whether the change
indicates a localized stiffness reduction or increase, with the latter representing a situation
of verification of retrofitting operations, and (c) what is the severity of the change in a probabilistic sense. Particular effort was devoted to account for non-damage related structural
variations, induced, for example, by diurnal temperature changes, using lower and upper
bound ECCDFs to define the baseline structural state. Such an approach is intended to
decouple normal structural variations from damage induced changes. The damage assessment procedure was discussed using numerical simulations of ambient vibration testing of
a bridge deck system, considering both complete and partial instrumentation scenarios, as
well as the experimental data collected during the experimental campaign performed using
the shaking table facility of the Carleton Laboratory at Columbia University, also described
in Chapter 3.

7. FUTURE WORK

The analysis of the expression of the expected value of the Mahalanobis Squared Distance
of a damage sensitive feature vector from the training model clarifies some of the limitations
of this metric as a damage index. For example, this metric is very sensitive to the dimension
of the feature vector utilized for the damage detection. This leads to the speculation that
the Frequency-Warped Cepstral Coefficients proposed in Chapter 2 could be a better choice
as a damage sensitive feature than the power cepstrum, due to the greater compactness
qualities of the modified version of the MFCCs. In order to ascertain this speculation, an
analysis similar to that performed for the power cepstrum should also be performed for the
features proposed in Chapter 2.

Furthermore, by observing the expression of the MSD derived in Chapter 4, it is apparent
that such an index is affected also by the variability of the external conditions. In Chapter
4, the assumption was made that the variability induced in the structural properties as an
effect of the fluctuations of the external conditions is the same both for the damaged and
undamaged structure. Nonetheless, this may not always be the case, and the scenario where
fluctuations of different severity characterize the operational and environmental conditions
should also be studied. At this regard, future research efforts should be devoted in trying
to coin methodologies apt to ‘filter’ the effects of environmental and operational conditions
from the response, so to obtain features truly insensitive to external conditions.

The results obtained with the mixed data- and model-based approach of Chapter 5 clarify
the advantages of disposing of a physical model of the structural system. In this sense, the
work presented in Chapter 4 could form the basis for a novel mixed data- and model-based
approach to perform damage detection. The method would require the definition of a phys181
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ical model only of the healthy system, while testing would still be performed through only
data-based techniques. From the model of the healthy system the information necessary
to define the curves derived in Chapter 4 would be obtained. During testing, the acquisition of the structural response, extraction of the power cepstrum and evaluation of the
MSD of the testing feature from the training model would suffice to determine not only
damage occurrence, but also damage location and extent. Paradoxically, the method just
described will be ideal in detecting damage, but could prove not optimal in assessing damage absence. In order to circumvent this difficulty, the curves derived in Chapter 4 could
be used in combination with the method described in Chapter 2, so as to coin a methodology able to promptly identify damage but also able to assess whether damage did not occur.

Finally, it is once more important to emphasize the fact that the proposed SHM methods
should ultimately aid the infrastructure authorities in planning maintenance, repairing, and
inspection operations. Cost-benefit ratio is the most important issue to bridge owners, but
research lacks on the decision making phase of the SHM assignment. In this sense, it is
then important to determine how the information provided by SHM approaches can aid
the decision makers to timely identify the most beneficial action in terms of infrastructure
management so as to avoid future large scale costs incurred from infrastructure closures or
even fatalities from collapse. Acknowledging the fact that an infrastructure administration
will take the action that is associated with the minimum cost, it is necessary to understand
how the decision making process can benefit from the information provided by the damage
detection algorithms proposed hitherto. For example, the algorithm proposed in Chapter 2
delivers the results of damage occurrence augmented with the information of how reliable
this assessment is. This information can be used in a cost-benefit analysis to characterize
the posterior probability of damage occurrence given a certain value of the aforementioned
damage index metric. On the other hand, the approach presented in Chapter 5 can represent the starting point for a risk analysis of the system, from which decisions regarding the
maintenance operations of a given system may be determined.
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A. ALGORITHM TO NUMERICALLY EVALUATE THE ZEROS OF THE
PULSE TRANSFER FUNCTION

In this appendix, the algorithm employed to evaluate the zeros of the pulse transfer function
is reviewed. The algorithm is principally concerned with the problem of constructing the
polynomial representing the equation to be solved, while the actual solution of the equation
itself is demanded to any algorithm available for such purpose. In particular, the results
presented in this thesis are obtained exploiting the Matlab function roots(c), which ‘returns a vector whose elements are the roots of the polynomial c, which in turn is represented
by a vector containing the coefficients of the polynomial, ordered in descending powers’ [55].
The problem is how to obtain such coefficients in a computationally efficient way.

The zeros of the (i, j)th element of the pulse transfer function matrix are obtained by solving
for z the following equation:
N
X

φi,l φj,l [1 − (Pa,l + 1)z −1 + Pa,l z −2 ]

l=1

N
Y

∗

∗

[1 − (eλk T + eλk T )z −1 + e(λk +λk T z −2 ] = 0,

k=1
k6=l

(A.1)
where:
• φi,l is the value of the mass-normalized mode shape vector associated with the lth
mode and measured at the ith degree of freedom;
• Pa,l is equal to

e−ωl ξl T cos(ωd,l T −ξl )

√

1−ξl2

;

• λl is the complex eigenvalue associated with the lth mode, equal to −ωl ξl − jωd,l ;
• λ∗l is the complex conjugate of λl ;
• ωl is the circular modal frequency associated with the lth mode;
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• ξl is the modal damping ratio associated with the lth mode;
• ωd,l is the damped circular modal frequency associated with the lth mode, equal to
q
ωl 1 − ξl2 ;
• T is the sampling period.
The polynomial representing Equation (A.1) is obtained by summing N polynomials of
degree 2N , which are in turn obtained by multiplying N polynomials of degree 2.

A polynomial a(x) in x of degree n may be represented in the following way:
a(x) = a0 + a1 x + a2 x2 + ... + an xn =

n
X

ai xi ;

(A.2)

i=0

computationally, polynomials are represented by the vector of their coefficients, so that a(x)
is represented as
a = [a0 , a1 , a2 , ..., an ].

(A.3)

The product of polynomials a(x) of degree n, represented by the vector of coefficients a in
(A.3), and b(x) of degree m, represented by the vector of coefficients b = [b0 , b1 , b2 , ..., bm ],
is represented by a polynomial c(x) of degree n + m given by:
c(x) = a0 b0 + (a0 b1 + a1 b0 )x + (a0 b2 + a1 b1 + a2 b0 )x2 + ... + an bm xn+m =

n+m
X

ci xi (A.4)

i=0

where
ci =

i
X

ak · bi−k .

(A.5)

k=0

From Equation (A.5), it is evident that the coefficient vector representing c(x) is given by
the convolution of vector a into vector b. Computation of the convolution between two
vectors of length n + 1 and m + 1 requires a computational cost of Θ ((n + 1)(m + 1)), since
each element in a must be multiplied by each element in b. Such computational burden is
dramatically reduced if one exploits the property of the Discrete Fourier Transform (DFT)
of the convolution of two vectors, which is equal to the product of the DFT of the vectors.
Typically, the Fast-Fourier Transform (FFT) algorithm is employed to perform such an
operation. The 2n-point FFT of a vector of length n requires a computational cost of
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Θ(n log n). In the particular case under consideration, the resulting polynomial c(x) will
consists of n + m + 1 coefficients, then, the vector of coefficients a and b must be first
extended with m and n zeroes, respectively; then, the 2(n + m + 1)-point FFT of the two
extended vectors must be performed and, finally, a point by point product of the results
must be computed. The coefficients of the polynomial c(x) are obtained by evaluating
the 2(n + m + 1)-point Inverse-FFT of the result and picking only the first (n + m + 1)
points. The overall computational burden yields Θ ((n + m + 1) [4 log(n + m + 1) + 1]),
since the computational cost of the IFFT is equal to that of the FFT. Figure (A.1) compares
the computational cost of the multiplication of two polynomials using convolution (Figure
(A.1a)) and FFT (Figure (A.1b)), for different combinations of the degrees n and m: the
computational gain obtained by using the FFT approach is evident, especially for higher
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Fig. A.1: Computational cost for the multiplication of two polynomials of degree n and m: (a)
Employing usual polynomials multiplication rule; (b) Employing the product of the DFT
of the two polynomials obtained via FFT.

The aforementioned algorithm is exploited to construct the vector of coefficients of the
polynomial in z −1 representing Equation (A.1). The pseudo-algorithm 1 shows the steps
required to evaluate the set of zeros of the (i, j)th element of the pulse transfer function,
{Z (ij) }.
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Algorithm 1 Roots of the (i, j)th Element of the Pulse Transfer Function Matrix
1:

procedure

2:

Initialize M0 ∈ CN ×3+2(N −1)

3:

M0 (k, :) ← [1, −(eλk T + eλk T ), e(λk +λk T ) , 0, 0, ..., 0]

4:

Initialize s0 ∈ C1×3+2(N −1)

5:

s0 ← [0, 0, ...0]

6:

for l := 1 → N do

∗

∗

7:

M ← M0

8:

M (l, :) ← φi,l φj,l [1, −(Pa,l + 1), 1, 0, 0, ..., 0]

9:

M ∈ CN ×2[3+2(N −1)] ← 2[3 + 2(N − 1)]-point FFT of each row of M

10:

m ∈ C1×2[3+2(N −1)] ← Multiply all rows of M

11:

m̃ ∈ C1×[3+2(N −1)] ← first 3+2(N-1) points of the 2[3+2(N-1)]-point IFFT of m

12:

s0 ← s0 + m̃

13:

end for loop

14:

{Z (ij) } ← roots(S0 )

Prior to obtain such zeros, the matrix M0 is initialized. For an N -DOFs system, M0 has N
rows and [3+2(N -1)] columns, where [3+2(N-1)] is the number of coefficients of one element
of the sum in Equation (A.1). The k th row of M0 is represented by
∗

∗

M0 (k, :) = [1, −(eλk T + eλk T ), e(λk +λk T ) , 0, 0, ..., 0],

(A.6)

where the zeros appended at the end are 2(N-1). For instance, for a 4 DOFs system, matrix
M0 yields

1


1
M0 = 

1

1

∗

∗

−(eλ1 T + eλ1 T ) e(λ1 +λ1 T ) 0 0 0 0 0 0





∗
∗
−(eλ2 T + eλ2 T ) e(λ2 +λ2 T ) 0 0 0 0 0 0


∗
∗
−(eλ3 T + eλ3 T ) e(λ3 +λ3 T ) 0 0 0 0 0 0

∗
∗
−(eλ4 T + eλ4 T ) e(λ4 +λ4 T ) 0 0 0 0 0 0

(A.7)

Prior to enter the loop, vector s0 is also initialized as a vector of [3+2(N -1)] zeroes. At
the end of the for loop, the vector s0 will contain the coefficients of the polynomial in z −1
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obtained by developing Equation (A.1). The steps taken at the lth iteration of the for loop
deliver the vector of coefficients of the lth element of the sum in Equation (A.1), i.e. at
the end of the lth iteration vector m̃ represents the vector of coefficients of the polynomial
m̃(z −1 ):
m̃(z −1 ) = φi,l φj,l [1 − (Pa,l + 1)z −1 + Pa,l z −2 ]

N
Y

∗

∗

[1 − (eλk T + eλk T )z −1 + e(λk +λk T z −2 ]. (A.8)

k=1
k6=l

Such steps are exactly those explained in the previous paragraph, where now the polynomials to be multiplied are N , rather than 2.

The sum of such m̃(z −1 ) polynomials for all l = 1, ..., N gives the polynomial whose roots
represent the zeros of the (i, j)th element of the pulse transfer function matrix.

