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ABSTRACT
Sato-Tate Problem for GL(3)

Fan Zhou

Based upon the work of Goldfeld and Kontorovich on the Kuznetsov trace formula of Maass forms
for SL(3,7Z), we prove a weighted vertical equidistribution theorem (with respect to the generalized
Sato-Tate measure) for the p** Hecke eigenvalue of Maass forms, with the rate of convergence. With
a conjectured orthogonality relation between the Fourier coefficients of Maass forms for SL(N, Z)

for N > 4, we generalize the above equidistribution theorem to N > 4.
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CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

Let N be a positive integer and k a non-negative integer. We consider S(N, k) the space of
holomorphic modular forms of level A and weight &k for a congruence subgroup of SL(2,Z). For
each positive integer n with (n, N') = 1, the Hecke operator T}, acts on S(N, k). Let ¢ € S(N, k)
be an eigenfunction of all the Hecke operators T}, ((n,N') = 1) and a,(n) the eigenvalue of ¢ under

the action of T;,. The Ramanujan conjecture states that for a prime number p f N’

Gy (_p)

p 2

< 2.

We define a measure on R

L 1—%2da:, when |z| < 2,

3

dpd) (z) =
0, otherwise,

called the Sato-Tate measure for GL(2), or the semi-circle measure. The Sato-Tate conjecture is

a more refined statement about the statistics of the Hecke eigenvalues of non-CM holomorphic

modular form ¢ of weight k > 2. It states that a“ﬁ is an equidistributed sequence as p — oo with

p 2
respect to ug). More precisely the Sato-Tate conjecture predicts that

> f (“ﬁ(’?)
. p<T p 2 B (2)
R /]Rf Hico

p<T

for any continuous test function f : R — R. In recent years, there has been enormous progress to-
ward proving this conjecture and its generalizations, most notably in [Barnet-Lamb-Gee-Geraghty!

2011 and [Barnet-Lamb-Geraghty-Harris-Taylor, 2011].
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Considering this problem from another perspective, we can fix the prime number p and investi-

)

gate the distribution of 2 “’( as ¢ runs over different modular forms. Most notably in [Serre, 1997],

p 2
it is proved that % is equidistributed with respect to the Plancherel measure
D 2
du@ — ptl )
Hp (P72 1 p-1/2)2 — Hoo

as ¢ runs over all Hecke eigenforms in S(NV, k) and N 4+ k — oo (ptN). Almost at the same time
[Conrey-Duke-Farmer, 1997] obtained the same result independently for A" = 1. Recently, [Murty-
Sinha, 2009)] investigated the effective version of [Serre, 1997], which gives an explicit estimate on
the rate of convergence.

From the same perspective of fixing p and varying ¢, two earlier papers [Sarnak, 1987] and
[Bruggeman, 1978] proved that a,(p) is an equidistributed sequence with respect to the Plancherel
measure uz(, ) by varying ¢ over all Hecke-Maass forms for SL(2,Z). As in [Murty-Sinha, 2009] an
effective version of [Sarnak, 1987] appeared in [Lau-Wang, 2011]. Very recently [Shin-Templier!
2012 gave a highbrow generalization of [Serre, 1997] et al.

It is understandable that by fixing a prime number p instead of a Hecke eigenform ¢ we get the

Plancherel measure instead of the Sato-Tate measure. Strikingly, if we give each Hecke eigenvalue

ay(p) a weight

1 1
or —————
Res L(s, o % ¢) ( L(L%Ad))
S=
and do the same statistics of fixing p and varying ¢, the same Sato-Tate measure appears once
again, instead of the Plancherel measure. In [Bruggeman, 1978 it is essentially proved that

aw (p)
Res L(s

)\Z (5,0XP)
lim = / f d,uoo
T=e0 Z Res L(s,cpxap

for any continuous test function f : R — R, where ¢ runs over all Hecke-Maass forms for SL(2, Z)
and ), is the eigenvalue of ¢ under the action of the Laplace operator on the upper half plane.
Later [Li, 2004] and [Gun-Murty-Rath, 2008] proved similar theorems for modular forms. The
weight 1/ IS{ESI L(s,p x @) appears naturally in the Petersson and Kuznetsov trace formulae.

The theory of Maass forms for SL(3,7Z) has been studied since the 1980s. The definitions
and results are summarized in [Goldfeld, 2006]. Let ¢ be a Maass form for SL(3,Z) which is an

eigenfunction of all the Hecke operators T;,, where T, corresponds to the union of double cosets
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U SL(3,2)
3,2
mgmima=n

action of the Hecke operator T,. In this context the Ramanujan conjecture predicts

3 3
€ {Ze“’i:Z&i_o, 0; € R, i—1,2,3}.
=1 =1

( momi1ms

mom1 mo) SL(3,Z). Let ag(p) be the Hecke eigenvalue of ¢ under the

Note that ay(p) is not necessarily a real number. We define ,u(()i), the Sato-Tate measure for GL(3),
as the pushforward measure of the Haar measure of SU(3) by the trace map Tr : SU(3) — C. It
is unlikely that this measure can be expressed explicitly by elementary functions. The Sato-Tate
conjecture should be modified correspondingly, predicting that a4(p) is an equidistributed sequence

®3)

as p — oo with respect to the measure pss .

Every Hecke-Maass form ¢ has spectral parameter v = (V? ,VQ) € C?, and M\,o(—Ay) =

1 -3y 92 4 yfuf + ¢2) is the Laplace eigenvalue of ¢.

Theorem 1.1 (Main theorem). For T > 1, let {hr : C?> — R} be a family of test functions
where hr is essentially supported on {v = (v1,v2) : A\y(—A2) < T?} as in Definition B. Let ay(p)
be the p™* Hecke eigenvalue of a Hecke-Maass form ¢. For any continuous test function f : C — C,

we have

hr (v9)
%f( ( ))Res L(s,0x)

fim Sy — = [,

P Res L(s,0x )

where Y, sums over all Hecke-Maass forms for SL(3,Z).
¢

Our proof of Theorem [T is based upon the orthogonality relation in [Goldfeld-Kontorovich}
2013] for Fourier coefficients of Maass forms for SL(3,Z). Let Ay(m1, m2) be the (m1, m2)™" Fourier
coefficient of a Maass form ¢. If we assume that ¢ is normalized so that Ag(1,1) = 1, then we have

Ag(p, 1) = ag(p) for all prime numbers p. Goldfeld and Kontorovich’s orthogonality relation states

7 hr(v®)
§A¢(m17m2)A¢(”17n2)W

hr(v?)
%: Res L(s,6X )

= 5m1,n15m2,n2 + O{hT}je((m1m2n1n2)2T6_2) (1.1)

as T — co. A similar result was also obtained by [Blomer| and is equally usable to us. Combining

the orthogonality relation with the Hecke relations we can compute the average of a¢(p)k1a¢(p)k2
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for non-negative integers k1 and ko. More precisely, we find that

klikQM
%:aqb(p) ag(p) Res L(s,6x®)

I
700 D hr(v?)
& Res L(s,px o)

equals the number of random walks of some special type in the integer points of the first quadrant
of the coordinate plane, which will be defined in later chapters. This type of random walk comes
from the Hecke relations for SL(3,Z).

In the proof of Theorem I in the case of f(z) = z¥1Z"2, we show that

/ ZRzke dugi)
C

equals the multiplicity of the trivial representation in the tensor product representation H®* @ H®k2
where H is the defining representation SU(3) < GL(3,C). Relying on the Weyl character formula
and two papers [Gessel-Zeilberger, 1992] and [Grabiner-Magyar, 1993] on the reflection method, we
show that the multiplicity equals the number of random walks of certain type in a Weyl chamber
of the root system A,. By matching the random walk in the first quadrant and the random walk
in a Weyl chamber, we obtain Theorem 1 when f(z) = 2*12*2. Since all continuous functions on
a compact set can be approximated by polynomials this completes the proof.

As in [Murty-Sinha, 2009, [Cau-Wang, 2011] and [Shin-Templier, 2012], we obtain an effective
version of Theorem [, which gives the rate of convergence, but only for a large family of special

test functions.

Theorem 1.2 (Rate of Convergence). For T > 1, let {hy : C> — R} be a family of test
functions where hr is essentially supported on {v = (vi,1vs) : A\ (—A2) < T?} as in Definition

B32. Fiz e > 0. For a power series f(z) = .  ag, k,2"2" which is absolutely convergent on
k1,k2>0

{z:]z] <p*+p? +1}, we have

he?)
%: flag(p)) Res L(s.6%9)

o 3) €—2
5 () /(Cfdﬂoo Ly I77,
) Res L(s,¢x¢)

where Y, sums over all Hecke-Maass forms for SL(3,Z).
¢

Our proof of Theorem is based on the error terms Op, (((m1manin2)?T<~2) in the orthog-

onality relation (Equation ). By exploiting more equivalences between the random walk in the
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first quadrant and the random walk in a Weyl chamber, we get the error term accumulated by each
monomial in the power series Y ag, ko 2F1ZF2 with the help of its large convergence domain.
The mechanism we use in l‘zlﬁlz)?)goof of Theorem [T can be generalized to GL(N) (N > 2). In
general we expect that the Kuznetsov trace formula would give an orthogonality relation for Fourier
coefficients with the weight 1 /Psigsl L(s,¢ x (5), as in [Bruggeman, 1978], [Goldfeld-Kontorovich!
2013], [Blomet] et al. For GL(2) automorphic forms, both the Hecke relations and the Sato-Tate
measure are simple enough to allow elementary techniques to connect them, as in [Bruggeman:
1978, [Gun-Murty-Rath, 2008] and [Li, 2004].
For GL(N) (N > 4) the orthogonality relation is conjectured but not proved yet. Hopefully, a
version of the orthogonality relation will appear in the near future for GL(N) (N > 4). Let ,ug! )
be the Sato-Tate measure for GL(N) which is the pushforward measure of the Haar measure of

SU(N) by the trace map Tr : SU(N) — C.

If we assume the orthogonality relation of type

h ol
%Aqﬁ(ml, ...,mel)Ad)(nl, ...,anl)W N—1
A S Pl = H Om;,n;
5 Bes L(s,0%9) =t

for some family of test functions hp, we prove

hT l/d>
' Zf( ( ))Res L(s, ¢><¢)
b e e

) Res L(s,6x)

for any continuous test function f : C — C. The idea of our proof is the same as the proof for GL(3).
The set of integer points in the first quadrant is replaced with a lattice in higher dimensions. The
root system A, is replaced by Ay_1. By matching the two types of random walk and approximation

by polynomials we complete the proof.
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Chapter 2

Historical Equidistribution Results on

Hecke-Maass Forms for SL(2,7Z)

In this chapter we will recall the definitions of Maass forms for SL(2,Z) and review the historical
results of Sarnak and of Bruggeman. This chapter is independent from the rest chapters. The main

references are [Goldfeld, 2006], [Sarnak, 1987 and [Bruggeman, 1978].

Definition 2.1. Let $2 be the upper half plane {z = z + 4y : z,y € R,y > 0}. The group SL(2,Z)

a b az+b
= —,
c d cz+d

a b
where ( ) € SL(2,Z) and z € H2.
c d

acts on $2 by

Definition 2.2. Let ¢ and ¢’ be two complex-valued functions on SL(2,Z) \ $2. We define their

inner product

dxdy
<%¢>:/ p(2)¢'(2) —5—
SL(2,Z)\$H2 Y

We define the L2-norm

| @ lle= V<, 0>

Definition 2.3. We define £2(SL(2,Z)\$?) to be {p : SL(2,Z)\$% — C :|| ¢ [l2< o}. We define
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L2, (SL(2,7)\$?) to be the space of all ¢ € L2(SL(2,Z)\$?) such that ¢ is cuspidal, i.e.,

cusp
1

/ p(z) dx = 0.
0

Definition 2.4 (Maass form for SL(2,Z)). A Maass form of type v € C for SL(2,Z) is a non-zero
smooth function ¢ € £2(SL(2,Z)\$?) which satisfies

e o(72) = p(2) for any z € $% and any v € SL(2,7),
e ¢ is an eigenfunction of the Laplace operator, i.e.,
9> 0 1
2 _(r_ .2
7 (5 + 5z ) #6) = (7 ~ (o)
e ¢ is cuspidal or fol ©(z) de = 0.

Definition 2.5 (Hecke operator). For n > 0, we define the Hecke operator T,, acting on
L26p(SL(2,Z)\H?) b

Top(z) = \}ﬁ dow <azj b)~

0<b<d
ad=n

Remark 2.6 (Hecke-Maass form) The Hecke operators 7, (n = 1,2,3,...) commute with
the Laplace operator — (812 + 52 ) All Hecke operators commute. We can simultaneously
9

diagonalize the space £2,,(SL(2,7Z)\$?) by these operators. The space Ecusp(SL(Z, 7Z)\$?) has an

cusp

orthogonal basis

P1, P2, P3y -+

Each ¢; is a Maass form of type v; and an eigenfunction of all Hecke operators T;,. We arrange

the order of ¢;’s by their Laplace eigenvalues so that

1
— -1 <

<
1" =

hu\»—‘
hu\»—‘

These ¢;’s are called Hecke-Maass forms.

Definition 2.7 (Hecke eigenvalue). Let a;(n) be the eigenvalue of of ¢; under the Hecke operator
Th, i.e.,

Thpj = aj(n)p;.
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Definition 2.8. We define the convolution L-function for a Hecke-Maass form ¢, to be
o0
. |a;(n)]?
L(s,p; x ¢j) = ((2s) Z ]Tv
n=1

o0

where ((s) = > % is the Riemann-Zeta function. Let £; be a number attached to each Hecke-
n=1

Maass form ¢; and it is given by

£; = Res L(s, ) % )
S=

Definition 2.9 (the Sato-Tate measure and the Plancherel measure). We define the Sato-

Tate measure for GL(2) as a measure on R

31—

1— 2 de, if |z| <2
4 ) = &
dpd) (z) =
0, otherwise.

For a prime number p, we define the p-adic Plancherel measure for GL(2) as a measure on R given

by

(p+1)v4a—=? d if
(Dl 24p—172)2_z2) ATy 1 lz| <2,
dM](D2)(93) _ ) 2n((p'/2+p~1/2) )

0, otherwise.

Both measures are probability measure and supported on [—2,2]. Obviously we observe that

lim M(Z) = ug).

p—0o0 p

Theorem 2.10 (Sarnak). Let p be a prime number. For j = 1,2,3,..., let a;j(p) be the Hecke
eigenvalue of the Hecke-Maass form ¢; as in Definition 4. The sequence

a1(p), az(p), as(p), ...

18 equidistributed with respect to the p-adic Plancherel measure ,uéQ). In another word, for any

continuous test function f: R — R we have

l_p2<r
lim = = | fdu®
00 > 1 /Rf Hp
i—y]ng

Proof. See [Sarnak. 1987]. It is an application of the Selberg trace formula. O
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Theorem 2.11 (Bruggeman). Let p be a prime number. For j =1,2,3, ..., let a;(p) be the Hecke
eigenvalue of the Hecke-Maass form ¢; as in Definition B1. Define a family of test functions

forve C and T > 1. For any continuous function f : R — R, we have

S Fla; (p)hr(v)

lim - = [ fdu.
TE:I;O Z hT(Vj) R f 'up
Proof. See [Bruggeman, 1978]. It is an application of the Selberg trace formula. O

2

—v

Remark 2.12. The test function hp(v) = e~ "7 is essentially supported on {v : § —v? < T}.

=

It acts as a characteristic function for the set {v : Z — 12 < T} and it essentially counts the

Hecke-Maass forms with eigenvalues no greater than 7. Additionally we have the Weyl law
T
E : () ~ —
. 7(v5) 12

Theorem 2.13 (Bruggeman). Let p be a prime number. For j =1,2,3,..., let a;(p) be the Hecke
eigenvalue of the Hecke-Maass form ; as in Definition 7. Let L; be as in Definiton 8. For a

continuous function f: R — R, we have

% fas(o )R )
lim /fd,uoo,

T—00 Z hT V(”

J

where hp is the same as in Theorem ZIA. Additionally we have the “Weyl law”

hr(vj) =T

L; A
;Y T
Proof. See [Bruggeman, 1978]. It is an application of the Kuznetsov trace formula. O

Remark 2.14. Theorem P10 and Theorem PZTT are essentially the same. The later does not
involve the notion of equidistributed sequences. We refer to Definition BZ3 for the definition of

equidistributed sequences.
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Remark 2.15. The contrasting difference between the Sato-Tate measure ,ug;) in Theorem 213 and

the p-adic Plancherel measure uz(f) in Theorem 210 and Theorem P71 indicates that the number
Lj=Res L(s, 0 X ¢;)
s=

which is attached to each Hecke-Maass form ¢; plays a key role. We can view Theorem 213 as

a weighted version of the equidistribution problem. The sequence {a;(p)} is equidistributed with

respect to the Sato-Tate measure ,ug), if each a;(p) is given a weight L% On the other hand, as in

Theorem 210 and Theorem P10, the sequence a;(p) is equidistributed with respect to ,ul(,2), if each
a;j(p) given a uniform weight. The same thing happens in the papers [Serre, 1997], [Li. 2004], [Gun3

Murty-Rath, 2008 and [Conrey-Duke-Farmer, 1997 in the case of holomorphic modular forms.
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Chapter 3

Hecke-Maass Froms for SL(3,7Z)

In this chapter, we will summarize the definitions and some of the most important theorems of

Maass forms for SL(3,7Z). The main reference for this chapter is [Goldfeld, 2006].

Definition 3.1 (Generalized upper half plane). The generalized upper half plane $? is the set

of all matrices z = x - y with

1 2y a3 yiy2 0 0
r=10 1 m and Yy = 0 wy1 O],
0 0 1 0 0 1

where z1,x2, 23 € R and y;,y2 > 0.

Remark 3.2. By the Iwasawa decomposition, we have
GL(3,R) = H°-O(3,R)-R* and $*=GL(3,R)/(0O(3,R) - R*).

Definition 3.3. Let gl(3,R) be the Lie algebra of GL(3,R). It consists of 3 x 3 real matrices with
the Lie bracket give by

[, 8]l =a-f-F-«
for all o, 5 € gl(3,R).

Definition 3.4. For a € gl(3,R) and a smooth function ¢ : GL(3,R) — C, we define

Dadls) = grolgesplta)]
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Definition 3.5 (Casimir operator). Let E; ; € gl(3,C) be the matrix with 1 at the (i, j)' entry
and 0 elsewhere, for 1 <i,j < 3. We define three operators on smooth functions on GL(3,R)

3 3 3

3 3 3
A= Z DEilﬂ'l’ Ag = Z Z DEilviz DEizﬁil’ Az = Z Z Z DEilviz DEizviSDEisﬂl'

i1=1 i1=114g=1 i1=1dg=1is=1
These three operators generate a commutative ring
D% = C[A1, Az, Ag),
and any element in D3 is called a Casimir operator. Explicitly, we have
0 0 0? 0? 0 0 0?
A= 5+Usns e m— t @+ 13) s 5 +Yis s+ Ysn g + 2T
2= 0 oy? Y2 Y3 yLy2 0y10yo v (> y2)8x§ 4 0z? Y2 0x3 4 281‘181‘3

and we call —As the Laplace operator.

Lemma 3.6. Any A € D3 is well-defined for smooth functions on SL(3,Z) \ $2, i.e., for

we have
(Ag)(v-g-k-5)=A¢(g)

for all g € GL(3,R), v € SL(3,Z), 6 € R* and k € O(3,R).
Proof. This is Proposition 2.3.1 of [Goldfeld, 2006]. 0

Definition 3.7. For v = (v1,12) € C?, we define a function on £?3,

L xy a3} (y1y2 0 0
1, 0 1 =z 0 wu 0 — y%+1/1+21/2y%+l/2+2y1.
0 0 1 0 0 1

Lemma 3.8. The function I, is an eigenfunction of A for any A € 3.
Proof. See Equation 6.1.1 of [Goldfeld, 2006). O

Definition 3.9. For any A € D3, we define \,(A) to be the eigenvalue in Lemma BX, i.e.,
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Definition 3.10 (Upper triangular subgroups). We define three upper triangular subgroups
of GL(3,R):

1 x x 1 * = 1 0 =x
Uii1= 0 1 =« , Uia= 010 and Ui = 0 1 =«
0 0 1 0 0 1 0 0 1

Definition 3.11 (Inner product and L?-norm). Let ¢ and ¢’ be two functions on SL(3,7Z)\ $°.

We define their inner product

< ¢ >= / $()F () I,
SL(3,2)\$€3

We define the L2-norm

dy1dyo
(Y1 y2)3

— 2 d* 5.
161 \/ JCC s

Definition 3.12. We define £2(SL(3,Z)\$?) to be {¢ : SL(3,Z)\® = C : || ¢ [2< 0o}. We define
L2, (SL(3,Z)\$3) to be all ¢ € L2(SL(3,Z)\$H?) such that ¢ is cuspidal, i.e.,

cusp

where d*z = dx1dradxs

/ d(uz) du =0, for U ="Uy1,1,U12,Uz1.
SL(3,2)NU\U

Definition 3.13 (Maass form). Let v = (v1,15) € C2. A Maass form of type v for SL(3,Z) is a
smooth function ¢ € £2(SL(3,7Z)\$?) which satisfies
o ¢(vz) = ¢(2) for any z € H% and any v € SL(3,7Z),

e for any Casimir operator A € D3, we have A¢(2) = A\, (A)d(2),

e ¢ is cuspidal or ¢ € L2 (SL(3,Z)\$%).

cusp

Definition 3.14 (Jacquet’s Whittaker function). Let m; and msy be two integers. We define

Jacquet’s Whittaker function

WJacquet(z; v, ¢m1,m2) == / Il/(w3 U - Z>wm1,m2 (’U,) d*ua
Us(R)

1 * L ug ug 1 ug us 27mi(miul+maus)
where w3 = 1 d*u = dujdusdug foru = (0 1 w1 | and ¥, m 01 u =e 1u1Tmau2),
3 1 ’ 00 1 P2 \No o 1
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Theorem 3.15 (Fourier-Whittaker expansion). A Maass form ¢ of type v for SL(3,Z) has

Fourier-Whittaker expansion

P(2) = Z Z Z |$117;ZL’2 Jacquet (( | mi 1) (") =, 1%%) ,

~veU2(Z)\SL(2,Z) m1=1 m27#0

where A(mi,ms) € C is the (m1,m2)™ Fourier coefficient and Uy = {(} 1)}
Proof. This is Theorem 5.3.2 and Equation 6.2.1 of [Goldfeld, 2006]. O

Definition 3.16 (Hecke operators). For n = 1,2,3, ..., we define the Hecke operator T, acting
on £2,,,(SL(3.Z)\5") by

a b1 C1
E o 0 b ]~z
abc=n
0<cy,c2<c 0O O IS
0<b1<b

Theorem 3.17 (Hecke relations). Let ¢ be a Maass form for SL(3,7Z) as in Definition BI3.
Assume that ¢ is an eigenfunction of every Hecke operator T,. If A(1,1) = 0, then ¢ vanishes
identically. Assume ¢ # 0 and it is normalized so that A(1,1) = 1. Then T,¢ = A(n,1)¢.

Furthermore, we have the following multiplicativity relations

A(n,1)A(mq,ma) = Z Arac mlc mgb)’

blm1,a|ma
abc=n
m1b mac
A(17n)A(m17m2) = E A( a ) b )a
alma1,blma
abc=n
and
A(mi,m2) = A(ma, mq).
Proof. This is Theorem 6.4.11 of [Goldfeld, 2006]. O

Remark 3.18 (Hecke-Maass forms). The Hecke operators commute with any Casimir op-
erator A € ©3. All Hecke operators commute. We can simultaneously diagonalize the space

L2, (SL(3,Z)\$?) by these operators. The space L SL(3,7Z)\$€?) has an orthogonal basis

cusp cusp(

(;Sla ¢25 ¢3a
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((J) ()

Each ¢; is a Maass form of type ) = 2 ,1/2 ) € C? and an eigenfunction of all Hecke operators

T,. They are normalized so that the (1,1)* Fourier coefficient is 1. We arrange the order of ®;'’s

by their eigenvalue under the Laplace operator —Ag (Definition B3) so that
0 < A1(—A2) < A2(—A2) < A3(—A2) <
where —Ag¢; = Xj(—A2)¢;. These ¢;’s are called Hecke-Maass forms.

Definition 3.19. We define A;(m1,m2) to be the (m1, ms)"™ Fourier coefficient of ¢;. Since ¢; is

normalized we have A;(1,1) =1 for all j.
Theorem 3.20 (Weyl law). We have the following asymptotic formula
#{j : N\j(—A2) <T}NCT2
as T — oo for some constant ¢ > 0.
Proof. See [Miller, 2001]. ]

Definition 3.21. We define the convolution L-function for a Hecke-Maass form ¢; to be

( ¢]><¢]) Z Z ‘A m17m2| ,

mi1=1mo=1

o0
where ((s) = 3 2 -+ is the Riemann-Zeta function. Let £; be a number attached to each Hecke-
n=1

Maass form ¢; which is given by

ﬁj = 8:81 L(S,¢j X é])
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Chapter 4

Sato-Tate Problem and

Equidistribution Theorems

4.1 Sato-Tate Measure for GL(N)

Definition 4.1 (Pushforward measure). Let (X;,%;) and (X2,¥2) be measurable spaces in
which 3; is a g-algebra for X;. Let F': X; — X2 by a measurable map and a measure p : 31 —
[0,4+00). The pushforward measure of u by F' is defined to be the measure Fi(u) : 3o — [0, +00)
given by

Fu(u)(B) = u(f~(B)) for any B € %5,

The change of variables formula is given by

| girw= [ (gor) (4.1)
Xo X3

for any integrable function g on (Xa,Y9) with respect to the measure Fi(u).

Definition 4.2 (Sato-Tate measure for GL(N)). The Sato-Tate measure for GL(2) is a measure
on R given by

1 17:22

T dx, when |z| <2,

3

dud) (z) =
0, otherwise.

When N > 3, the Sato-Tate measure for GL(N) is a measure on C given by
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d(Try(w))(z), when |z] < N,
dpl(z) =
0, otherwise,

where w is the unique normalized Haar measure on SU(N) and the map

:SU(N) - {z€C:|z]| <N}

takes the trace of each element of SU(N) and Tr,(w) is the pushforward measure of w by Tr.

17

Remark 4.3. The Sato-Tate measure for GL(V) is supported inside {z € C : |z| < N}, but we

shall note that the support of this measure does not fill {z € C: |z| < N}. Its support is the set

N N
{Zelei > 0;=0,0,€R, i= 1,2,...,N} .
i=1 i=1
It is the area inside the curve
{(N — e — NV g ¢ R} .

®3)

In particular, for N = 3, the measure ugso is supported on the area inside the delta-shaped curve

{26 + 7% . g € R}.

Remark 4.4. We shall note that the Sato-Tate measure for GL(2), or, the semi-circle measure

L1 =2 dz, when |z] <2
™ 4 ) ’
dN(Q)( ) =

0, otherwise,
is also a pushforward measure from a special unitary group. The unitary group

cos el  —ginfe T
SU(2) = ' ' 10 €0, 5], a€10,27), B €0,2m)
sinfe’?  cosfei

has the unique normalized Haar measure

1
9.2 cosfsinf db da df.
T

The trace map Tr : SU(2) — [—2, 2] maps (COS B _Sinee_.m) to 2 cosf cos . The limit

sin fe’  cos e

2w 2w
Alzlvgo Aizv / / / 5 cosOsinf db da df

2 cos 6 cos a€lz, m+A:t]

(4.2)
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gives us the pushforward measure of the Haar measure by the trace map. Computing the limit in

Equation B2, we get

2 2
lim .
Aim Aa: / / / cosfsinf df da dfS
2 cos 0 cos a€[z,x+Ax]
1 arccos m d

= ﬁ B / 2sin 6 cos . arccos 5 cos 0
1 /WOS 5 sin6de
™Jo L- (2C§59)2
1 x2

= 4 J1-=
T 4’

which is the same as in Definition EZ2.

4.2 Equidistribution

There are multiple definitions for equidistributed sequence in different settings. The following

definition is taken from [Gun-Murty-Rath, 2008].

Definition 4.5 (Equidistributed sequence). Let X be a Hausdorff space with a regular normal-
ized Borel measure p. We denote by R(X) the space of continuous functions of compact support

on X. A sequence {x,} of elements in X is called equidistributed with respect to the measure p if

for all f € R(X).

Remark 4.6. In the cases we are interested in, the space X is C, or R. The Borel measure p is

the Sato-Tate measure given in Definition EZ2.



CHAPTER 5. MAIN THEOREM 19

Chapter 5

Main Theorem

The recent paper [Goldfeld-Kontorovich, 2013] establishes an orthogonality relation for Fourier

coefficients of Hecke-Maass forms for SL(3,Z), via the Kuznetsov trace formula.

Definition 5.1 (Family of test functions). Let v3 = 11 + v5. For T > 1 and fixed R > 10, we

define a test function on C2

2
<II[<3 F( 2+R4+3l/¢ )F( 2+R4731/i ))
1S

p(%)p(%)
1<i<3

6<V%+IJ§+V1 vy)
hrr(v) =e 12

Remark 5.2. The family of test functions {hr r : T > 1} appears in the Kuznetsov trace formula

and should not be confused with the test function f in the definition of equidistributed sequences.

Theorem 5.3 (Goldfeld-Kontorovich orthogonality relation). Assume the Ramanujan con-
jecture at the infinite place, i.e., v € (iR)? for all j. For four positive integers my, ma, N1, na,

and T > 1, we have

h (@) ) _

) > % + Ope (T3 (mymaning)?), if T,
ZAj<m17m2)Aj(nlan2)’T =4 7

g ’ OR,e(T3+3R+5(m1m2n1n2)2)7 otherwise.

For this family of test functions {hp g : T > 1} we have the “Weyl law”

3 hrr(WY) 3R
;L

for some constant ¢ > 0.
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Proof. See [Goldfeld-Kontorovich, 2013). O

Remark 5.4. A recent paper [Blomei] also establishes a similar orthogonality relation between
Fourier coefficients of Hecke-Maass forms for SL(3,7Z). It may also be used to prove a similar version

of our main theorem.

Theorem 5.5 (Main theorem). For any continuous test function f: C — C, we have

,/(J)

f:( Ay(p,1)) )

lim 2=t du!
TE;I;O hTR V(J> / f ,LL
L

'M8

J=1
Remark 5.6. We can interpret our main theorem in the context of the Sato-Tate conjecture and
equidistribution. The Sato-Tate conjecture for GL(3) states that if ¢; is not a symmetric square

lift from GL(2), the sequence
Aj(2, 1), A]’(B,l), Aj(5,1), ceey Aj(p,l), ceny

is equidistributed with respect to the Sato-Tate measure ,u( ) for a fixed Hecke-Maass form ?;.
Considering the same problem in vertical perspective, we can fix the prime number p and vary ¢;.

One can investigate the distribution of the sequence

Al(pv 1)7 Ag(p, 1)a A3(p71)7 (51)

as in Theorem 10 and Theorem EZTI. But no such theorem has been proved yet. We conjecture
that this sequence should be equidistributed with respect to a properly defined measure on C which

depends on p. Our main theorem is a weighted version of this conjecture and essentially claims

that Sequence b is equidistributed with respect to the Sato-Tate measure ugi), if each A;(p, 1) is
given a weight
1 1

L; - Rgs1 L(s,p; x 45])

Remark 5.7. We shall note that the Sato-Tate measure ug) is supported inside the delta-shaped

curve

{2¢ + 729 . 9 € R}

and this is equivalent to the Ramanujan conjecture at a finite prime p since 4;(p,1) = A4;(1,p).
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Chapter 6

Hecke Relations and Random Walks
in the First Quadrant

Let p be a fixed prime number. Let A(my,ms) be the (my, ms)™ Fourier coefficient of a Maass
form ¢ as in Theorem BIH. This chapter will heavily rely on the following three Hecke relations
from Theorem BT2:

mic mob
A(na 1)A(m17m2) = Z A <ba a) ’ (61)
blm1,a|msz
abc=n
m1b mac
AL Amym) = Y A ( b) (6.2)
almai,blma
abc=n
and
A(my,ma) = A(ma, my). (6.3)

We intend to use the above three relations to express A(p, 1)¥ A(p, 1) as a linear combination of
the A(p', p®2)’s.

For example, by an easy application of the above relations, we obtain the following identities:

o A(p,1)> = A(p*,1) + A(1,p),

e A(p,1)A(p,1) = A(p,1)A(1,p) = A(1,1) + A(p,p),

o A(p,1)* = A(1,p)* = A(1,p*) + A(p, 1),

o A(p,1)* = A(p,1)(A(p*, 1) + A(1,p)) = A(1,1) + 2A(p,p) + A(p*, 1),
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o A(p,1)%A(p,1) = A(p, 1)(A(1,1) + A(p,p)) = 2A(p, 1) + A(1,p%) + A(p?, p),

o Alp,)A(p,1)* =24(1,p) + A(p*, 1) + Alp,p°),

s

o A(p,1)* = A(1,1) + 2A(p, p) + A(1,p°),

o A(p,1)* = A(p, 1)(A(1,1) +2A(p, p) + A(p*, 1)) = 3A(p, 1) + 2A(1,p*) + 3A(p?, p) + A(p*, 1).

The algorithm to express A(p,1)¥1 A(p, 1)*2 as a linear combination of A(p’, p?)’s is inductive.

Assume that we have expressed A(p, 1)1~ 1 A(p,1)*2 as a linear combination of A(p',p™)’s, i.e.,

A(p, 1)k171A(p7 1)k2 = Z bj17j2A(pj17pj2)
j17j2
for some b, j, € C. Multiply A(p,1) on both sides and we get
A(p, 1)k1A(p7 1)k2 = Z bjhjzA(p? 1)A(pj1’pj2)‘
jlaj?
For each A(p,1)A(p’t,p’?) on the right hand side, we apply Equation B and it can be expressed
as a sum of A(p’,p™2)’s.

Similarly assume that we have expressed A(p, 1)¥1 A(p, 1)¥2~! as a linear combination of A(p™, p2)’s,

i.e.,
Alp, DM Alp, DR =) 0, 5, AW 7)
Ji.j2
for some b € C. Multiply A(1,p) = A(p,1) (Equation 633) on both sides and we get
A, DM AR D™ = b, , AL DA™ P?).
Ji,J2

For each A(1,p)A(p’,p’) on the right hand side, we apply Equation B2 and it can be expressed
as a sum of A(p’,p2)’s.
This inductive algorithm allows us to express the coefficient before A(p’t,p2) as the number of

random walks of certain type in the integer points of the first quadrant.

Definition 6.1. We define a random walk in the set
CO®) = {(i1,ip) € Z% : i1 > 0,iy > 0},

which is the first quadrant of Z? and the allowable steps are from



CHAPTER 6. HECKE RELATIONS AND RANDOM WALKS IN THE FIRST QUADRANT23

3
5§ ) — {e1, e2 —e1, —ea},
where e; =< 1,0 > and ex =< 0,1 >.

Remark 6.2. We consider random walks in C® with allowable steps of ng). Because of the

restriction of C®), any walk at the the boundary of C® can take only one or two allowable steps
from SF’) as its next step. More specifically, a walk at the origin (0,0) can only take e; as its next
step; a walk at a point of {(i1,42) € Z? : iy > 0,iy = 0} can only take e; or ey — e; as its next step;

a walk at a point of {(i1,i2) € Z% : 41 = 0,42 > 0} can only take —ez or e3 — e as its next step.

Definition 6.3. Let A € C®. Let qf\k) be the number of walks from the origin (0,0) to A of k

steps which stay in C©®).

Lemma 6.4. We have

(

q&?ez + qg\k_)el + q&’iel_@, if A€ {(i1,i2) € CB iy > 0,4y > 0},
q(k_H) B qglez + qf\_)el, Zf)\ S {(11,22) c 6(3) 1 > 0,22 = 0},
(k1) _
O O if A€ {(i1,i2) € C® 1 iy = 0,0y > 0},
k .
.. if A = (0,0).

Proof. Any walk of (k+1) steps from (0,0) to A must be at either A+ e, A —e; or A+e; — ey after
completing the k™ steps, if they are in C(®). Thus, the number of walks of (k + 1) steps from (0, 0)
to A is the sum of the numbers of walks of & steps from (0,0) to A + ea, A — e; and A + e — eg, if
any of them is in C®). O

Theorem 6.5. We can express A(p,1)* as a sum of A(p™,p'?)’s and the coefficient before A(p™, p'?)
(k)

U8 (i) p)r b€

k i1 0
A(p, 1)k = Z Q§Z‘1)7Z'2)A(p Lp 2)'
41,i2>0
Proof. We shall note that the right hand side is a finite sum since for all except a finite number of
(k)

(isia) = 0. For kK = 0 and 1, this theorem is obvious. Assume this theorem is

(i1,12)’s such that g

true for some k£ > 0, i.e.,

Ap, )= Y qgfl),z-Q)A(p"Hp”)-

11,220
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Multiply A(p, 1) on both sides and we have

A = 37 g A DA™ p?)
i1,i2>0
& . 4 o o
> qgil),zg)(A(p““,p”)+A(p“ L)+ AR, pP )
41,i2>0
D AT+ AR
41=0,i2>0
4 . k
+ Z “722 z1+1 p2) + A(p i1—1 p12+1))+ qgo?o)A(]% 1)
41>0,i2=0
_ (k+1) 4
o Z q (41,32) )
41,1220
The last equality follows from Lemma B64. By induction, we complete the proof. O

Definition 6.6. We define another set of allowable steps
853) = {62, €1 — €9, *61}.

Remark 6.7. We shall now consider a random walk of (k; + k2) steps, where the first k; steps are
(3)

from 853) and the remaining ks steps are from S,

Definition 6.8. Let A € C®®) and let q(kl’kQ) be the number of walks from the origin (0,0) to A
confined in C® of (k1 + k2) steps in which the first k; steps are from 853) and the remaining ko
(3)

steps are from &,”.

Lemma 6.9. We have

g1 gk gk i e {(in,in) € €)1 iy > 0,0 > 0},
(odatl) gl g if A€ {(i1,i2) €CP iy > 0,ip = 0},
’ B g g g if X € {(i1,i2) € CP 14y = 0,iy > 0},
i if A = (0,0)
Proof. This proof is essentially the same of that of Lemma B-. O

Theorem 6.10. We can express A(p,1)*1 A(p,1)*2 as a sum of A(p™,p™)’s and the coefficient

(k1,k2)
(i1,i2) 7

before A(p't, p™2) is q i.e.,

A, VP AR TR = Y g Ap™,p).

11,1220
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Proof. In a manner similar to Theorem B3, this proof is based on induction. If ko = 0, this theorem

is reduced to Theorem BH. Assume this theorem is valid for ko > 0, i.e.,

k1,k2)
Ap, )P A, 1) = > qﬂfﬂj p").

11,420

Multiply A(1,p) = A(p,1) (see Equation E3) on both sides of the above identity to obtain

D VAREEY k1,k 1 i
Alp AR DR = Y g AL p AT ™)
11,120
= Y g AR ) + AL p Y + AT p®)
i1,i2>0
k1,k2) ; ; o
+30 At AR )
1=0,i2>0
k1,k ; i1 ki.k
Y g (AET P AR p™) + (o AL p)
i>0,i2=0

k1,ko+1 i i
= Z qu117i22)+ )A(p Lp 2)'

11,i22>0

The last equality follows from Lemma B4. By induction, we complete the proof. O
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Chapter 7

Lie Theory and Random Walks in a
Weyl Chamber

In this chapter we will summarize some basic concepts and results of Lie theory. Our main goal is

to relate the following integral
/ ZFizhe dug )
C

to some random walks in a Weyl chamber, via the decomposition of tensor power representations.
A number of text books have treated the theory of finite-dimensional complex linear representations
of Lie groups and Lie algebras, such as [Bump, 2004] and [Hall, 2003]. For random walks in a Weyl

chamber, our main references are [Gessel-Zeilberger, 1992 and [Grabiner-Magyar, 1993).

Definition 7.1. Let (7, V) be a representation of a Lie group G, where V is finite-dimensional
complex vector space and 7 : G — GL(V) is a group homomorphism. By abuse of language,
we will also refer to (m, V) as V, on many occasions. In our context a representation is always

finite-dimensional and linear over C.

Definition 7.2. We define the character x : G — C of a representation (m, V') by taking x(g) to
be the trace of the linear map n(g) : V — V.

Proposition 7.3. Let G be a compact Lie group and dg its unique normalized Haar measure such

that fG dg = 1. If (w,V) is a representation of G and x its character, then we have

/ x(g) dg = dimc (V)
G
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where VG ={v eV :g-v=uv for any g € G}.
Proof. This is Proposition 2.8 of [Bump, 2004]. O

Remark 7.4. We have

/G x(9) dg

is the multiplicity of the trivial representation in the decomposition of 7 into a direct sum of

irreducible representations.

Definition 7.5. Let ¢ : SU(N) — GL(V,C) be the standard inclusion map. This inclusion map
defines a representation (¢, H), where H = C" is an N-dimensional complex vector space. The
Lie group SU(N) acts on H by matrix multiplication on the left if we assume H = CV as column

vectors. Let (z, H) be the contragredient representation of (v, H).
Theorem 7.6. We have
/ ZRizke dug]ov) = dimg¢ ((H®k1 ®F®k2)0> ,
C
which is the multiplicity of the trivial representation in H®* @ H®k2,

Proof. Obviously the trace of the representation (¢, H) is Tr in Definition B2. For two represen-
tations V7 and Vo with characters x1 and yo, the character of the tensor product representation
V1 ® Vs is x1x2. For a representation V' with character x, the character of its contragredient rep-
resentation is . Inductively, we prove that the character of the representation H®* @ H®F2 is

TrF1Tr*2. Let w be the unique normalized Haar measure on SU(N). Recalling Definition B2, we

/ ZF1zke duc(g) = / TeF TeR2 duw,
C SU(N)

which is the change of variable formula in Definition El. By Proposition [[33, we complete the

have

proof. O

Theorem 7.7. There is a one-to-one correspondence between the finite-dimensional complex repre-
sentations of SU(N) and the finite-dimensional complex representations of the Lie algebra s{(N,C).

This correspondence keeps irreducibility.



CHAPTER 7. LIE THEORY AND RANDOM WALKS IN A WEYL CHAMBER 28

Proof. Since SU(N) is simply connected, the finite-dimensional representations of SU(NN) are in
one-to-one correspondence with the finite-dimensional representations of the Lie algebra su(V).
The complex representations of su(/N) are in one-to-one correspondence with the complex repre-
sentations of the complexified Lie algebra su(N)c = sl(N,C). (This proof is modified from p.127
of [Hall, 2003].) O

Definition 7.8. Let (m, V) be a representation of SU(N). We use the same symbol V or (m, V') for
the corresponding s[(N, C) representation in Theorem 7. Therefore we will study representations

of the Lie algebra s[(V, C) instead of representations of the Lie group SU(N).

7.1 Basic Lie Algebra

Definition 7.9. Let g be a semi-simple complex Lie algebra. Let [-,-] : g x g — g be its Lie bracket.
Let h be a Cartan subalgebra of g. A weight of g is a complex linear map from h to C. Let h* be
the set of all weights of g. Let 0 be the zero weight of h*.

Definition 7.10. For )\ € bh*, we define
gr={a€g:[h,a] = A(h)a for all h € h}.

Definition 7.11. We call a non-zero A € h* a root if gy is not empty. One can show that gy is

one-dimensional for A is a root. Let ® be the set of all roots.

Definition 7.12. Let (-,-) : h* x h* — C be the inner product on h* which is inherited from the

Killing form on g.

Definition 7.13. Let b be the real subspace of h* spanned by all the roots in ®. The Euclidean

space b, along with its inner product (-, -) and the roots ®, forms the root system of the Lie algebra

g.

Definition 7.14. Let A be the set of integral weights

2\
A:{ueh(’;:(u,M>EZforall)\€<I>}.
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Definition 7.15. Let o) be the reflection through the hyperplane orthogonal to a root A, i.e.,

ox(p) =p— 2&: X)\

for p € by
Definition 7.16. Let W be the Weyl group of this root system and W is generated by o) (A € D).

Definition 7.17. Assume we have picked up a set of positive roots ®T C ®. Let
1
p=5
pYliny
be the half sum of all positive roots. Assume we have picked up a set of simple positive roots with
respect to the chosen set of positive roots ®. Every positive root can be written as a sum of

simple roots.

Definition 7.18. Let E be the free Z-module on the set of symbols {e* : A € A}. It consists of all

the formal sums
3 e

with ny € Z such that ny = 0 for all but finitely many \. It is a ring with the multiplication

(zw) S e | =3[ amy | e

AEA BEA veA \ A\tu=v

Definition 7.19. The Weyl group W acts on A and E. Let EV be the invariant elements of E

under the action of W.

Definition 7.20. The length of a Weyl group element is the length of the shortest word representing
that element in terms of the standard generators oy for A € ®. Let sgn(w) = (—1)lensth of w he the

sign of w € W.

Definition 7.21. For each finite-dimensional representation V' of the Lie algebra g, we define

ch(V) =) dim(W))e* € E,
AEA

in which Vy ={v eV : h-v = A(h)v, for all h € h}.
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Lemma 7.22. Let Vi and Vo be two representations of g. We have
ch(V1 @ V2) = ch(V1)ch(V2)

and

ch(Vy & Vo) = ch(V7) 4 ch(V3).
Proof. See [Bump, 2004] or [Hall, 2003). O

Definition 7.23. If x € E and A € A, we define

x

e

to be the coefficient of e in x. Namely, if z = " n,e”, we have = L= M
P e

Definition 7.24. Let C = {p € b : (u, A) > 0 for all A\ € T} be the Weyl chamber defined by
the positive roots of ®*. Let C° = {u € b : (4, ) > 0 for all A € @} be the interior of that Weyl

chamber.

Definition 7.25. The hyperplane {A € b : (A\,a) = 0} orthogonal to a root o € ® is called a
Weyl chamber wall if {\: (A\,a) =0} NC° = 0.

Theorem 7.26 (Weyl character formula). Let A be a weight in ANC'. Let V) be the (irreducible)

highest weight representation of A. We have the following formula

S sgn(w)e® (Pt

h(Vy) = YW .
BN = e
weW
Proof. This is Chapter 25 of [Bump, 2004]. O

Theorem 7.27. Every finite-dimensional representation V' is a direct sum of finitely many V,,’s,
where V), is the highest weight representation of the weight n € AN C. Namely, for a finite-
dimensional representation V', we have
V= & mei
ui €EANC *

where m; is a non-negative integer and m; = 0 for all but finitely ©. The number m; is the

multiplicity of V,, in V.
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Proof. This follows from the assumption that g is semi-simple. O
The following lemma is taken from [Grabiner-Magyar, 1993).

Lemma 7.28. The multiplicity m; of V,,, in Theorem [Z.Z] can be obtained by

m; = Z sgn(w)ch(V)

weW etitp—w(p)
Proof. By Lemma [22, we have
ch(V) = " myjch(V,,).
J

Multiply 3 sgn(w)e®®) on both sides, we get
weW

weWw weW

Z sgn(w)e®” P ch(V) = ij Z sgn(w)e“’(p)ch(vuj). (7.1)
J
By Theorem 2@, we have

Z sgn(w)ew(p)ch(vﬂj) = Z sgn(w)e® P
weWw weW

And we know that for u; € ANC

L
Z sgn(w)ew(f’+“j) -
weW ePTHi 0, if u; # i

if i = py,

Thus, taking ‘ 1, on both sides of Equation 0, we get m; = ) sgn(w) (e¥Pch(V))
6,0 Hi weW ep+;ufi

= > sgn(w)ch(V) O

weW

etitp—w(p) '
7.2 Reflection Method

D. André developed the reflection method (a.k.a. the reflection principle) to solve Bertrand’s ballot
problem. The same method is applied to random walk (of discrete time) and Brownian motion (of
continuous time).

The reflection method is generalized to random walks in a Weyl chamber in [Gessel-Zeilberger!

1992]. André’s reflection on the straight line is replaced with the Weyl group action. This is an
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elegant method, which covers both classical ballot problem and the hook-length formula for Young
tableau. We are going to present the theorem of Gessel and Zeilberger in detail in our context.
We are not going to apply their theorem directly but we will slightly modify their theorem and its

proof for our purpose.

Definition 7.29. For i = 1 and 2, let 3; be a finite subset of A which is invariant under the action

of the Weyl group W.

We will consider random walks in the lattices A and ANC°. We shall note that the latter is the
set of integral weights that lie strictly inside the positive Weyl chamber and it excludes all weights

on the Weyl chamber walls. Each allowable step is taken either in ¥; or in Y.

Definition 7.30. If \,v € A, let
WALK(klka)()\ — V)

be the number of walks of (k1 + k2) steps from A to v with the first k1 steps in ¥; and the remaining

ko steps in Y.
Definition 7.31. If A\,v € ANC°, let
WALK(}, 4y (A = v)

be the number of walks of (k1 + k2) steps from A to v that always stay strictly in A N C°, with the

first k1 steps in ¥; and the remaining ko steps in .

Lemma 7.32. We have

k’1 k2
WALK (4 ko) (A = v) = Z e? Z e?

ocEY AN
e—Atv

Proof. Obviously we have WALK 1, r,)(A — v) = WALK(;, £,)(0 — v — A). The polynomials

( Z% e") and ( % e") are the generating functions for the random walks in WALK y,, 1,)(0 —
oe2 oe2

v — A). Each term in

Ze” Ze” Ze” Ze”

oEX o€ o€ o€

k:l kQ
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corresponds to a walk with (k1 + ko) steps with the first k1 steps in X1 and the remaining ko steps
in 22. ]

The following definition of reflectable random walks is key to the success of the reflection

method. It is due to [Gessel-Zeilberger, 1992).

Definition 7.33. We say a random walk starting from \ is reflectable if for each simple root a;,
there is a real number k;, such that (o;,0) = £k; or 0 for all allowable steps ¢ and (o, ) is an

integer multiple of &;.

Remark 7.34. The previous definition guarantees that a reflectable random walk cannot leave
the Weyl chamber C' from its interior C° before landing on a Weyl chamber wall at some step.
We will only consider reflectable random walks, i.e., the set of allowable steps and the start point
are properly chosen to satisfy the conditions in the previous definition. Because we have two sets
of allowable steps, we need to specify the meaning of being reflectable. We require that for each
simple root «;, there is a real number k;, such that (a;,0) = tk; or 0 for all steps o € £; U39 and

(i, ) is an integer multiple of k;, where the random walk starts from A.

Theorem 7.35 (Gessel-Zeilberger). Let \,v € ANC° and A\, ¥1 and ¥y are properly chosen so
that Remark 18 satisfied. We have the equality

WALK(} 1y (A = 1) = > sgn(w)WALK j, 1, (w(A) = v).
weWw

Proof. The following proof is due to [Gessel-Zeilberger, 1992] but modified to our case. Let
WALKY, | 1,)(+ = ) be the number of walks which appear in WALK(y, r,)(- — -) and touch at

least one wall of the Weyl chamber C. Obviously we have
WALKY,, ) (A = v) + WALK(} (A = v) = WALK 1, 1,y (A = v),

and

WALKY,, 1) (w(A) = v) = WALK (1, k) (w(A) = v)

for w not the identity in W. We claim that

> sen(w)WALKY, 4, (w(A) = v) =0. (7.2)
weW
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We will prove that all these walks which appears on the left side of Equation [Z2 can be divided
into cancelling pairs. We put the positive roots in ®* into a total order. This total order can be
chosen arbitrarily but it must be fixed. Let a walk from w(\) to v on the left side of Equation 2
be

51752>53> ceey 5k1+k‘27

where 81,02,...,08, € L1 and Og 1, 0k,42, - Ok, 4ky € Yo. After the ™ step 0, the walk is at
w(A) + i §j. Because v is in ANC®, we can find 7 the largest number such that after the r*® step
Or, the \lzvzallk is on a Weyl chamber wall. After the (r + 1)t step, it stays strictly in AN C®° and will
never leave A N C° again. After the " step, the walk is on a Weyl chamber wall but it may be at
the intersection of several Weyl chamber walls. Among the positive roots corresponding to these

walls, we pick up the largest positive root a; according to the total order we have assigned for ®.

We pair the above walk with the random walk from o,,w(\) to v with steps

Oy (51)700@'(52)70061'(53)7 sy Oqy (67")76T+1757”+27 (L2} 5k‘1+k27

where o, is the reflection through the wall orthogonal to c;. The signs of these two walks are

sgn(w) and sgn(oa,w) respectively and they cancel each other. O

7.3 Special Linear Lie Algebra s((N,C)

We need to apply the results of the previous sections to the special case of s[(N,C). Let N be an
integer greater than 1. The special linear Lie algebra of order N, or sl(N,C), is the Lie algebra
of N x N matrices of zero trace, with the Lie bracket [X,Y] := XY — Y X. It is a semi-simple
complex Lie algebra. A Cartan subalgebra b of sI(N,C) is that of diagonal matrices of zero trace.
It is spanned by FE;; — E;j11,41 for i =1,2,..., N — 1, where E; ; is the matrix with 1 at the (i,)th
entry and 0 elsewhere.

The Lie algebra s[(N,C) has the root system of type Ay_;. We can identify b with

N
{($1,$2, nry) €RY Z:L‘l = 0} .
=1

Let ¢ be the vector in RN with 1 at the i*" entry and 0 elsewhere. We have the set of roots ® =

{€i—€j 1 i # j} with the root €;—¢; corresponding to F; ; € sI(N,C). Let the set of positive roots be
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Ot = {e;—€;: i < j}. Wepick up €,—€;41 fori = 1,2,..., N—1 as the simple roots for ®*. The half
N

> (N=2i+1)e;

sum of positive roots is p = Z:If The inner product for this root system is the restriction

N
of the standard scalar product of RY to the subspace {(xl, To,..,xn) ERN : Y2 = O}. Again
i=1

N
we let 0 be the zero weight of hj = {(xl,xg, enxn) ERN Y gy = 0}.
i=1
The representation (¢, H) of SU(N) in Definition [Z3 corresponds to the highest weight repre-
N

sentation of the weight €; — % > ¢ and hence we have
j=1

N
N 1
G—N 2 €
j=1

Since H is the contragredient of H, we have

ch(H) = Ze g=t .

N
N % > €i—€
i=1

N N
Let ¥ = {ei— +3€:i=1,2,.,N} and Xy = {}VE € —€ 0= 1,2,...,]\7}. With this
j=1 j=1

pair of allowable steps 31 and X9, we apply Theorem 333 to the case A = v = p. Hence we have

WALK( (0= p) = > sgn(w)WALK g, 1) (w(p) = p)
weWw

= Z sgn(w) <Ch(H)klch(F)k2)

weW ep—w(p)

= Z sgn(w)ch( H®F @ HOk2)
weW
= the multiplicity of trivial representation in H®* @ H®k2

= /zklzk2 d,ug,év).
C

The second to the last equality follows from Lemma and we note that the highest weight

e0+p—w(p)

representation of the zero weight 0 is the trivial representation. The main result that we will use

from this chapter is the equality

/ 2R dpll) = WALKJY, 1) (0 = p)- (7.3)
C
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7.4 More about sl(3,C)

For sl(3,C), we can make a more detailed and pictorial explanation in this section. As in [Hall

PO03], we use the following basis for sl(3, C):

1 0 O 0 0 O
H=|0 -1 0, H=]01 0|,
0O 0 O 0 0 -1
010 0 0 0 0 0 1
Xi=10 0 0], Xo=|0 o0 1|, Xs=]0 0 0},
0 0 O 0 0 O 0 0 O
0 0O 0 0 0 0 0 O
Yi=11 0 0], Ya=]|0 0 0|, Ys=1]0 0 0
0 0 O 010 1 0 0

A Cartan subalgebra h is spanned by H; and Hs. The root system of sl(3,C) can be identified
with R? with our two chosen simple roots

C(v2 B\ (V3G
m=\Gy ) mde= g )

with o7 corresponding to X; and as corresponding to X5. The set of positive roots is & =

{a1,ag, 1 + az}. The simple roots a; and g define a Weyl chamber
C= {(il,ig) ER?*:2>0,—z < \/gygx}

The half sum of positive roots is p = (\/i, 0). The inner product of this root system is the standard
scalar product of R2.

The Weyl group W acting on R? is generated by reflection with respect to the following three
lines (Weyl chamber walls):

It is a group of order 6 and is isomorphic to the permutation of three elements.

Define w; to be (@, —%) and ws to be (@, %). The defining representation (¢, H) is the

highest weight representation of w; and its contragredient is the highest weight representation of
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w9. Easily we see that 21 = {wl, — w9, Wy — wl} and 22 = {WQ, —w1, W1 — WQ}. Both 21 and 22

are invariant under the action of W.

Theorem 7.36. Let us recall qgfll’i]f)) defined in Definition BE8. We have the equality

vk
qEO,IO)Q) - WALKFkll,kz)(p = p);

and more generally

K1,k
g = WALK(Y (0 — N,

(i1,12)
if A=p+i1 (%041 + %042) + 49 (%O@ + %041) e ANC® foriy,io > 0.

Proof. We will map the random walks in C®) with steps in S£3) and 853) to the random walks in

A N C° with steps in X1 and 5. The points in C3) are mapped to A N C° by taking (i1,is) € C3)
to p + i1t + d9ws € AN C°. This map is bijective between C® and A N C°. Correspondingly we

)

map 8{3) to X1 by e1 — wi, —es — —wy and ex — e1 — wo — wy. We map S§3 to Yo by es — wo,

—e1 — —wy and e; — ey — wy —wy. This map establishes the equivalence of the two random walks

from different sides of q(kl’kQ) = WALKE/ZI,@)(/’ — A). O

(41,32)
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Chapter 8

Proof of the Main Theorem

We will finish the proof of Theorem I in this chapter. Let us fix a prime number p and recall
that A;(p, 1) is the eigenvalue of the Hecke-Maass form ¢; under the action of the Hecke operator
Ty, ie.,

Tpp; = Aj(p,1)9;.

Theorem 8.1. We have the equality

h (@)

5 Aj(p, 1)1 A (p, Tk ML)

| - / Mz ).
C

lim .

T—oo D hr r(vW))
- L;

J

Proof. Since A;(1,1) =1, we have
A )P A DR = 3 g A p) = Y gl A (" p) A (1),
11,120 41,i2>0

Applying Theorem B33 to A;(p™t, p'2)A;(1,1), we obtain

—— ks h v(9) K1,k . , h )
5 Aj(p, 1)V A (p, 1)k M) SO A, pe) AL 1) e
lim - —  lim 2220
T—00 Z hr,r(vY) T—o0 Z hr,r(v9)
;o F
b ()
S A (pt, p) A (1, 1))
= > (k1k2) )iy I
T(irsin) T—o0 hr,r(v1))
i1,i2>0 D
J
(k1,k2)
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By Theorem 38 and Equation [23, we have

k1,k _
a(o)” = WALK(Y, 1, (0 = p) = /C Mzt dp)

and hence we complete the proof. O

Corollary 8.2. For any polynomial function
Z akh;@z 17k Ak by € C,
k1,ko<D

we have the equality

> F(Aj(p, 1)) )

: J
Th—rgo Z hTR V(J) / / d,u
J
Proof. This theorem is obvious after Theorem EI. O

Proposition 8.3. The Hecke eigenvalue Aj(p,1) is bounded, i.e.,
[Aj(p, D] < M
for some M >3 (M may depend on p) and M does not depend on j.
Proof. This is Proposition 12.1.6 of [Goldfeld, 2006). 0
Theorem 8.4 (Main theorem). For any continuous test function f : C — C, we have the equality
> (o, 1)

lim 2= du!
i ) /  dne

1

'M8

J

Proof. We can find a continuous function f : C — C such that the support of f is contained in
{z:]z| < M +1} and the restrictions of f and f on {z : |z| < M} are identical. By Proposition
B3, together with the fact that the Sato-Tate measure ug) is supported inside {z : |z| < 3}, we
only need to prove the main theorem for f. Let C({z : |2| < M +1}) be the space of all continuous
functions on {z : |z| < M + 1}. We define a norm || - ||c on C({z : |2| < M + 1}) by

= a
I g llo= . |IgMX+1|g( z)|
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forge C({z:]z]| < M +1}). For T > 1 and fixed R > 10, we define a linear functional

h v(d)
5 g(4;(p,1)) ra)
Lr(g) = -

Z hT,R(V(j>)
;o

for g € C({z : |z] < M + 1}). We define another linear functional by

Leo(g) = / g dul)
C

for g€ C({z : |z| < M +1}). Both Ly and L, are continuous under the norm || - || and we have

the inequalities

ILr(9) <1 9 lloo and  [Loo(g)] <[l g lloo -

By the Stone-Weierstrass theorem f can be approximated uniformly by polynomial functions on
the compact set {z : |z| < M + 1}, i.e., we can find a sequence of polynomial functions {f,} such

that
lim || f = fa [lsc=0.
n—oo
For any € > 0, we can find n/ such that || f — fp, [lec< £ for any n > n'. Since we already have
lim ]LT(fn’—‘rl) = Loo(fn’—i—l)
T—o0
by Corollary B2, we can find 7" such that
€
L (frr+1) = Loo (frwr41)] < 3

for any T'> T'. For any T > T’, we have

LT(f) - Loo(f)} < ’LT(f) - LT(fn’+1) + “LT(fTL/+1) - Loo(fn’+1)| + ILOO(fn’Jrl) - Loo(f)
€
< 20— funr Do+
< e
) 5 (o 2D _
It follows that the limit 711_13;0 Lr(f) = Th_r};o ! ZhT,R<V<j)) exists and it equals Loo(f) =
L.

j J

f(c JE dﬂn()i)- O]
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Chapter 9

Rate of Convergence

In this chapter we will prove an effective version of Theorem B4 which gives the rate of convergence
of the limit in Theorem B4. Unfortunately we cannot prove this for every continuous test function,
but only for a large class of convergent power series. We should also be aware that there can be

multiple versions of rate of convergence for any Sato-Tate problem, as summarized in [Mazur, 2008).

Lemma 9.1. We have the inequality
>0 i < (07 7 D
11,420
Proof. By the equivalence of the two random walks of Theorem [38, we have

(k1,k2) 247 2i ki,k2) 2iy 20
Z q“17122) 11 in Z qull,z;))p “p 1o

11,220 (i1,i2)€c(3)

A
= > WALK[, 4, (p = Ne* 7
AEANC®

e¥1l —=e%2 :p2

(we shall note that A — p can be uniquely written as a linear combination of a; and ag)

IN

> WALK (1, 4y (p — A
AEA

= ch(H)"ch(H)k

e%l =2 :p2

= (P+p it

e®l =e%2 :p2

Hence we complete the proof. O



CHAPTER 9. RATE OF CONVERGENCE 42

Theorem 9.2 (Rate of Convergence). Let us fiz a number e > 0. For a power series f(z) =

S gy gy 2M1ZR2 which is absolutely convergent on {z : |2| < p? +p~2 + 1}, we have
k1 k2 >0
h v (@)
5 F(Aj(p, 1) A

J - 3) e—2
5 hrn() /(Cf dpiss | <pes T
C

J

J

Proof. By Theorem b=3, we have

J

J

(J
(k1,k2) V (k1,k2) i1
1,Rk2 § + § q( 1 2 T3+3R+e|p11p1,2|2)

(0 0) i1,02)
21722>0
(J
kl,kQ hT,R v (k1,k2) 2y 2 343R+
= Do 2 G PP | Or (TP,
g L i1,i2>0

Therefore, by Theorem B33, we have

0)
S (A, 1))“12(],”
ke hTR(V(j))

= Y kA ) A D
J

J ki,k2>0
. (k1,k2) hT,R(V(j)) k177€2 T3+3R+e 01,922
- Z Ak ,k2 9 (0,0) Z r. + Z |ak17k2| Z 9 (i1,i0) p"p"[°)
k2>0 j J k1,k2>0 i1,i2>0
hTR( ) (k1oka) 92iy 2i 3+3R
< / fdu ) I S lakwl Y aiiHpp?e | Op (T3,
kl,k2>0 11,12>0

By Lemma 1, we have

(k1,k —
Z ’akth’ Z q 111122) . 222 < E ‘ak17k2‘(p2+p 2+1)k1+k2

k1,ka>0 11,i2>0 k1,k2>0

and combining with the “Weyl law”

Z hT,R<V(j)) ~ (53R
;K

in Theorem B3 we complete the proof.
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Chapter 10

Case of GL(N)

The mechanism that we use to prove the main theorem via the orthogonality relation can be
generalized from GL(3) to GL(N) (N > 2). If any version of the orthogonality relation between
Fourier coefficients of Hecke-Maass forms for SL(IV, Z) is established, our mechanism can prove the
corresponding version of Theorem B7.

If the orthogonality relation can be given in the stronger form

Aj(mi,m2)Aj(n1,m2)
j<r  Beg Leixd))
Z 1 = 57711,711 57712,7127
G<T Res L(s,0;% ;)

then we can prove the corresponding version of weighted equidistribution

_ A1)

Res L( 5<t>J><¢j
lim =X /fd,u
oo Z Res L(5,0;%67) s¢]><¢3

for any continuous test function f: C — C.

If any version of Goldfeld and Kontorovich’s orthogonality relation is generalized to Maass forms
for SL(N,Z), we can prove the corresponding weighted equidistribution theorem. We conjecture
that it should be possible to obtain the orthogonality relation for GL(NN) as an application of the
Kuznetsov trace formula for Maass forms for SL(N,Z). Our mechanism also covers the case of
GL(2) but more elementary techniques easily give the desired results as in [Bruggeman, 1978] etc.

As in the case of GL(3), there is a correspondence between the Hecke relations for SL(N,Z)

and random walks in a Weyl chamber of the root system Ay_1. For the Hecke relations, our main
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reference is Chapter 9 of [Goldfeld, 2006]. For random walks in a Weyl chamber of the root system
An_1, we refer to our previous chapters about the Lie theory and the reflection method.
Let us fix a prime number p and recall that A;(p,1,...,1) is the eigenvalue of the Hecke-Maass

form ¢; under the action of the Hecke operator T), i.e.,

Tp¢j = Aj(p, 1, veey 1)¢J

Definition 10.1. Let A;(my1,...,myn_1) be the (my, ..., my_1)*? Fourier coefficient of the j*" Hecke-

Maass form ¢; for SL(NN,Z), normalized so that A;(1,...,1) = 1. We have three Hecke relations

micy MmaCy MN-1CN-2
Aj(n,1,...,1)Aj(m1,...,mN_1) = Z Aj< 5 g eeey >,
C1 C2 CN-1
c1lmi,...en—1lmN_1
N
11 a=n
=1
micz MaCy MN-1CN
Aj(l,...,1,n)Aj(m1,...,mN_1) = Z Aj 5 g eeey 5
C1 C2 CN-1
ctlmi,....en—1lmn—1
N
1T a=n
=1
Aj(ml,...,mN_l) = Aj(mN_l,...,ml),

for positive integers m;(i = 1,2,..., N — 1) and n.

Let L;F be a non-negative number associated with 7 = 1,2,... and T > 1. We assume that

Aj(my,...,my_1) and L? satisfy the following properties:

e Property I: for a prime number p we can find some M > N (M may depend on p) such
that for all j, we have |4;(p,1,...,1)| < M,

e Property I1: 0 < > L;F < 00,
J

e Property III: We have orthogonality relation

ZAj(ml,mg,...,mN,l)Aj(nl,nz,...,nN,l)L? 1
lim ={
7o ZL;‘F
J

if m; = n; for all 7,

0, otherwise.

4.1 of [Bruggeman, 1978] gives a version of the Property III. For N = 3 Theorem B3 gives a version

of the Property III.
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10.1 Two Types of Random Walks

As we did for GL(3), we will express A;(p,1,...,1)"14;(p,1,...,1)*? as a linear combination of

A; (p', ..., p'N-1)’s via the Hecke relations. The idea remains the same and the results are analogous.

Definition 10.3. We define random walks in
C™) = {(i1,.yin—1) € ZV 71 g, eyinog > 0}
with allowable steps either in
SfN) ={e1,—e1 +e2,—e2+e3,...,—ey_2+en_1,—eN_1}

or in

N
Sé ) = {en_1,—en_1+en_2,—eNn_2+€eN_3,...,—e2 + e1,—e1},
where e; is the vector with 1 at the i*® entry and 0 elsewhere.

Definition 10.4. Let A € C™). By abuse of terminology, we define q&khk?)

to be the number of
walks from (0, ...,0) to X in CY) of (k1 + k») steps, with the first k; steps in S{N) and the remaining

ko steps in SéN).

Theorem 10.5. We can express Aj(p,1, ..., 1)]"1Aj(p, 1,...,1)*2 as a finite sum of Aj(p™,...,p'N-1)s,
and the coefficient of A;(p™,...,p"™N-1) is qgfll’b)

in_1) e

- oy . -
Aj(pa17'--71)k1Aj(pa1a'"a1)k2 = Z qéi117_,,2,2N_1)Aj(p“7"'7pZN 1)'
i1,iN—120

Proof. As in GL(3), the proof is inductive. Firstly we apply induction on k; when k9 = 0. Then

we apply induction on ko for a fixed k;. O

The other random walk is in a Weyl chamber of the root system Ay _1, which is associated with
the Lie algebra s[(N,C). We follow all the notations from Section [Z3. We consider random walks
in AnC°.
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Theorem 10.6. We have the following equality which matches the two types of random walks

ki,k
qgo,l...,?))) = WALKFI;,@)(P = p).

Proof. We will map the random walks in WALK&{L,@)(p — p) to the random walks in qglglk%))

This map between ¥; and S, (V)

. is given by
1 & 1 1
€1 — NZ €; — e1, € — Nz €5 — —e;_1 +é€; for ¢ = 2,3, ...,N — 1, EN — Nzﬁj — —eN-1,
j=1 j=1 j=1

and

N N N
1 1 ) 1
—€1 + Nj_g 1 € — —e1, —€ + Njg_l €5 €1 — € fori =2,3,....N -1, —ey + Nj_g 1 €j — EN—1.

The point p is mapped to (0, ...,0) € C (N) " All other points are matched correspondingly by

N—-1 7
p+ Z li ZGZ‘/ — (ll, ...,lN_l).
i=1 =1

Therefore we establish the equivalence between the walks in WALK?,C/I’kQ)(p — p) and those in

(k1 .k2)
20,0 0

10.2 Completion of the Proof

Theorem 10.7. Assuming Property I, II and III, we have

- _—_—
> Aj(p L DM A (p, 1 LT
lim Jj=1 _ :/zklsz duéﬁ”.
T—o00 Z LT :
J
7j=1

Proof. Since A;(1,...,1) =1, we have

AL DA L= ST g A L IV A (L ).

(11,82, iN—1)" "7
11,02,...,iN 120

Apply Theorem A and Property I1I to A;(p™, ...,p"™N-1)A;(1, ..., 1), we obtain
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A0, 1 o DR A (L 1R LT
li J
Tl—I>Ic1>o ZL?
J

k1,k ; o
22 qgif,..ng,l)Aj(p1,---,pN DAL, .., 1)LF

J o iyein—120

= lim

T—o00 z L}“
J
S APy pN 1) A (L, 1) LY

_ (k1,k2) J
- Z 9 (ir,esin- 1)T1_I>I;o ZLJT

11,0iN—120

(k1,k2)
= q(o,l‘..f))

= WALK(}, 4,(p = p)

= / ZF1zke dug).
C

The last equality is from Equation 3 and the second to the last equality follows from Theorem
[O8. O

Proposition 10.8. Assume Property I, II and III. For any polynomial

Z ak1,k22 1Z7F Ay ey € C,
k1,ke<D
we have
= T
lim = = [ fduld)
Tooo ioz IT /Cf Hoo
i=1
Proof. This theorem is obvious after Theorem [TI4. O

Theorem 10.9 (Main theorem for GL(NV)). Assume Property I, II and III. For any continuous

test function f: C — C, we have

lim ; At /fduoo .

T—oo i

J=1
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Proof. We can find a function f : C — C such that the support of f is contained in {z : |z| < M +1}
and the restrictions of f and f on {z: |z| < M} are identical. Because of Property I and the fact
that the Sato-Tate measure MSZOV ) is supported inside {z : |z| < N}, we only need to prove the main
theorem for f. We complete the proof by the Stone-Weierstrass approximation on {z : |z| < M +1}.

We omit the details of the proof because it is the same as in the proof of Theorem E4. O
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