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Θ = {θ1, . . . , θn} ∆(Θ) :=

{p ∈ Rn
+|
∑

j pj = 1, pj ≥ 0, ∀j} Θ ∆◦(Θ) = {p ∈ ∆(Θ) |

pj > 0, ∀j} p q ∆(Θ)

pi p(i) p i

DΘ : ∆(Θ)×∆(Θ) → R+ ∪ {+∞}

Θ

DΘ {+∞} DΘ

∆◦(Θ)×∆◦(Θ)

DΘ

Θ p, q ∈ ∆(Θ)

DΘ(p, q) = 0 ⇔ p = q.



p, q D(p, q) = 0

p = q

Θ1,Θ2 γ : Θ1 → Θ2

p, q ∈ ∆(Θ1)

DΘ2(p ◦ γ−1, q ◦ γ−1) = DΘ1(p, q),

p ◦ γ−1 Θ2 p ◦ γ−1(θ2) := p(γ−1(θ2))

Θ n = |Θ|

Dn

n ∆n := {x ∈ Rn |
∑

i xi = 1, xj ≥ 0}

Θ

Θ γ : Θ → Θ

DΘ

Rn

p1, p2, q1, q2 ∈ ∆n

Dn(λp
1 + (1− λ)p2,λq1 + (1− λ)q2) ≤ {Dn(p

1, q1), Dn(p
2, q2)},

λ ∈ [0, 1]



p1, q1, p2, q2

p1 = p p2 = q1 = q2

Dn(λp + (1 − λ)q, q) ≤ Dn(p, q) p = p1 = p2

Dn(p,λq1 + (1 − λ)q2) ≤ {Dn(p, q1), Dn(p, q2)}

Dn

p, q ∈ ∆n

Dn−1((p1 + p2, . . . , pn), (q1 + q2, . . . , qn)) ≤ Dn((p1, p2, . . . , pn), (q1, q2, . . . , qn)).

n,m ∈ N p ∈ ∆n q ∈ ∆m

p ∗ q ∈ ∆nm nm p

q

p ∗ q = (p1q1, . . . , p1qm, . . . , pjq1, . . . , pjqm, . . . , pnq1, . . . , pnqm).

n,m ∈ N p(1), p(2) ∈ ∆n q(1), q(2) ∈ ∆m

Dnm(p
(1) ∗ q(1), p(2) ∗ q(2)) = Dn(p

(1), p(2)) +Dm(q
(1), q(2)).



i = 1, . . . n− 1 p, q ∈ ∆◦
n

i i+ 1

∂iDn(p, q) :=
ϵ→0

Dn(p, (q1, . . . , qi − ϵ, qi+1 + ϵ, . . . , qn))−Dn(p, q)

ϵ
.

∂iDn(p, q) q

i + 1 i

i j ∂iDn(p,q)
∂jDn(p,q)

i, j ∈ {1, . . . , n − 1}

∂jDn(p, q) ̸= 0

∂iDn(p, q)

∂jDn(p, q)
= g(pi, pi+1, pj, pj+1; qi, qi+1, qj, qj+1),

i, i+ 1, j, j + 1



DΘ

Θ p, q ∈ ∆(Θ)

DΘ(p, q) = a
∑

θ∈Θ

p(θ)

(
p(θ)

q(θ)

)
+ b
∑

θ

q(θ)

(
q(θ)

p(θ)

)
,

a, b ≥ 0

DΘ(p, q) = a

(
∑

θ

p(θ)

(
p(θ)

q(θ)

)z−0.5
)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

a > 0 |z| > 0.5

a < 0 |z| < 0.5

z ∈ R \ {−0.5, 0.5}

D(p, q) p, q ∈ ∆◦
n

∆n

pj = qj = 0 0α/0β = 0



0 (0/0) = 0 pj > 0 = qj α, β > 0 pαj /0 = +∞ 0/pβj = 0

pj (pj/0) = +∞ 0 (0/pj) = 0

Supp(p) p Supp(p) = {θ ∈ Θ | pθ >

0} p, q ∈ ∆◦
n j

pj/qj Dn(p, q) Θ

n D(p, q)

p q

D(p, q) = D(q, p) p, q

D(p, q) =
∑

j

(pj − qj)

(
pj
qj

)
=
∑

j

pj

(
pj
qj

)
+
∑

j

qj

(
qj
pj

)
;

D(p, q) = −
(
∑

j

√
pjqj

)
.

D(p, q) =
∑

j fj(pj , qj)



D(p, q) < +∞ Supp(p) ∩ Supp(q) ̸= ∅

DKL(p∥q)+DKL(q∥p)

DKL(p∥q) =
∑

j pj
(

pj
qj

)

p q q p

p

q q

≼ Θ q

p p ≤LR q

p(θ)q(θ′) ≤ p(θ′)q(θ), ∀θ ≼ θ′.

Θ

fj : [0, 1]× [0, 1] → R



p ≤LR q ≤LR r ≽ Θ

piqj ≤ qipj qirj ≤ riqj, ∀i ≽ j.

p, q, r ∈ ∆◦
n

p <LR q <LR r,

D(p, q) ≤ D(p, r).

Θ

p <FOSD q <FOSD r D(p, q) ≤ D(p, r)

D αD

α > 0

q p

j∑

i=1

qi ≤
j∑

i=1

pi, ∀j,

p ≤FOSD q



Dz(p, q) :=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(∑
j pj
(

pj
qj

)z−0.5
)

|z| > 0.5,

−
(∑

j pj
(

pj
qj

)z−0.5
)

|z| < 0.5.

z ̸= z̃ Dz Dz̃

p, q, r ∈ ∆n

Dz(p, q) < Dz(p, r) Dz̃(p, q) > Dz̃(p, r).

Dz

∑

j

pj

(
pj
qj

)z−0.5

=
∑

j

pjφz

(
qj
pj

)
, φz(x) = x0.5−z.

p q

(p1/q1, . . . , pn/qn)

φz

p
q z

∑

j

pjφz(qj/pj) =
∑

j

pj

(
pj
qj

)z−0.5

=
∑

j

qj

(
qj
pj

)−z−0.5

=
∑

j

qjφ−z+1(pj/qj).

φz qj/pj p, q
∑

j pj
qj
pj

= 1
qj
pj

q′j
pj



z ̸= 0.5,−0.5 |z| > 0.5 φz(·) |z| < 0.5

φz(·) Dz

q1/p1 q2/p2 q3/p3

�z

✓
q1
p1

◆

�z

✓
q2
p2

◆

�z

✓
q3
p3

◆

P
j pj�z

 
qj
pj

!

z > 0.5

x

�

z

(x)

|z| < 0.5 φz

x

�

z

(x)

z < −0.5 φz

�

z

(x)

x

z > 0.5 φz

φz z ∈ R \ {0.5, 0.5}

(Dz)z∈R\{−0.5,0.5}

p, q ∈ ∆◦
n z ̸= 0.5,−0.5

Dz(p, q) = D−z(q, p)

z ∈ R z ̸= 0.5

1

z − 0.5
Dz(p, q) = (∥p(θ)/q(θ)∥pz−0.5),



w f : Θ → R+ ∥f(θ)∥pw :=

(
∑

i |f(θi)|wp(θi))
1/w

Dz z = 0.5 z = −0.5

z→0.5

Dz(p, q)

z − 0.5
=
∑

j

pj

(
pj
qj

)
=: D0.5(p, q)

z→−0.5

Dz(p, q)

−z − 0.5
=
∑

j

qj

(
qj
pj

)
=: D−0.5(p, q).

z Dz D−z p

q Dz

z

∥f∥zp ≤ ∥f∥z′p z < z′ f

Dz R \ {−0.5, 0.5}

D0.5

D0.5(p, q) = DKL(p∥q) D−0.5(p, q) = DKL(q∥p)

p, q ∆n

Dz ∆n

|z| < 0.5 Dz(p, q) = +∞ Supp(p) ∩ Supp(q) = ∅.

|z| ≥ 0.5

z ≥ 0.5 Dz(p, q) = +∞ Supp(p) \ Supp(q) ̸= ∅.

z ≤ −0.5 Dz(p, q) = +∞ Supp(q) \ Supp(p) ̸= ∅.

∆n ∆n \∆◦
n



Dz ∆n×

∆n

∆◦
n × ∆◦

n

∆n p Dz(p, ·) : ∆n → R

q 4→ Dz(p, q)

z ≥ 0.5 Dz(p, ·) : ∆n → R p ∈ ∆n Dz

θ ∈ Supp(p)

Dz(p, q) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(∑
j∈Supp(p) pj

(
pj
qj

)z−0.5
)

z > 0.5

∑
j∈Supp(p) pj

(
pj
qj

)
z = 0.5

.

Dz(·, q) : ∆n → R q ∈ ∆◦
n

z ≤ −0.5 Dz(·, q) : ∆n → R q ∈ ∆n Dz

θ ∈ Supp(q)

Dz(p, q) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(∑
j∈Supp(q) pj

(
pj
qj

)z−0.5
)

z > 0.5

∑
j∈Supp(q) pj

(
pj
qj

)
z = 0.5

.

Dz(p, ·) : ∆n → R p ∈ ∆◦
n

|z| < 0.5 Dz : ∆n × ∆n → R



Dz(p, q) = −

⎛

⎝
∑

j∈Supp(p)∩Supp(q)

pj

(
pj
qj

)z−0.5
⎞

⎠ ,

∑
j∈∅ = 0

∆n Dz

p, q ∈ ∆◦
n |z| ≥ 0.5

Dz ∆n

|z| < 0.5

∆n ∥x∥∞ :=
j
|xj|

∆n

|z| ≥ 0.5 ϵ, δ > 0 p̄, q̄, , ∈ ∆◦
n

∥p̄− q̄∥∞ >
x,y∈∆n

∥x− y∥∞ − δ, ∥ − ∥∞ < ϵ,

Dz( , ) > Dz(p̄, q̄)

|z| < 0.5 Dz(p, q)

∥ · ∥∞ ϵ δ ∥p− q∥∞ ≤ δ Dz(p, q) < ϵ

Dz |z| > 0.5

Rn



|z| < 0.5

Dz

Dz |z| > 0.5

pϵ = (1− ϵ, ϵ) qϵ = (1− ϵ3, ϵ3) ϵ→ 0 pϵ, qϵ → (1, 0)

∥pϵ − qϵ∥ → 0

Dz(pϵ, qϵ) = (1− ϵ)

(
1− ϵ

1− ϵ3

)z

+ ϵ
( ϵ
ϵ3

)z
→ +∞, ϵ→ 0,

z > 0.5

(1, 0)

pϵ qϵ

1 θ2

θ2

Dz |z| < 0.5

Rn

|z| > 0.5

Dz(p, q)

z > 0.5

p



Rα(p, q) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1
α−1

(∑
j pj

(
pj
qj

)α−1
)

α ̸= 1

∑
j pj

(
pj
qj

)
α = 1

Cβ(p, q) =
∑

j p
β
j q

1−β
j , β ∈ (0, 1)

DKL(p∥q) =
∑

j pj
(
pj
qj

)

DS(p, q) =
∑

j(pj − qj)
(
pj
qj

)

DB(p, q) = −
(∑

j
√
pjqj

)

Dz

Rα(p, q) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1
α−1D

α−0.5(p, q) α ̸= 0, 1

D0.5(p, q) α = 1

Cβ(p, q) = (−Dβ−0.5(p, q))

DKL(p∥q) = D0.5(p, q)

DS(p, q) = D0.5(p, q) +D−0.5(p, q)

DB(p, q) = D0(p, q)



p q

α < 0

D−0.5(p, q) =
∑

j qj
(

pj
qj

)

D0.5(p, q) D−0.5(p, q)



g

D(p, q) = g−1

(
∑

j

pjg(D(pi, qi))

)
,

D(pi, qi) i

Θ p, q ∈ ∆(Θ)

DΘ(p, q) = 0 ⇔ p = q.

D

D(p, q) > 0 p ̸= q



Θ1,Θ2 γ : Θ1 → Θ2

p, q ∈ ∆(Θ1)

DΘ2(p ◦ γ−1, q ◦ γ−1) = DΘ1(p, q),

p ◦ γ−1 Θ2 p ◦ γ−1(θ2) := p(γ−1(θ2))

DΘ

n = |Θ|

DΘ Θ



(D̃n)n≥2,n∈N

D̃n : ∆(Θ)×∆(Θ) → R+ ∪ {+∞}, D̃n(p, q) := DΘ(p, q),

Θ |Θ| = n

(Dn)n≥2 n

DΘ Θ

A ⊂ Θ p(A) = q(A)

p(A) ∈ (0, 1) p(·|A) A p(·|Ac)

Dn(p, q)

D|A|(p(·|A), q(·|A))

D|Ac|(p(·|Ac), q(·|Ac))

Dn(p, q) ≤ {D|A|(p(·|A), q(·|A)), D|Ac|(p(·|Ac), q(·|Ac))},

A ⊂ Θ p(A) = q(A) ∈ (0, 1)

A

A



p1, p2, q1, q2

p1, p2, q1, q2 ∈ ∆n

Dn(λp
1 + (1− λ)p2,λq1 + (1− λ)q2) ≤ {Dn(p

1, q1), Dn(p
2, q2)},

λ ∈ [0, 1]

Dn : ∆n ×∆n → R ∪ {+∞}

Dn

p, q ∈ ∆n λ ∈ [0, 1]

Dn(p,λp+ (1− λ)q) ≤ Dn(p, q).

p, q, r ∈ ∆n λ ∈ [0, 1]

Dn(λp+ (1− λ)r,λq + (1− λ)r) ≤ Dn(p, q).

p, q1, q2 λ ∈ [0, 1]

Dn(p,λq
1 + (1− λ)q2) ≤ {Dn(p, q

1), Dn(p, q
2)}.

A
s p1 = p(·|s), p2 = p(·|sc) q1 = q(·|s), q2 = q(·|sc) λ = Pp(s) =

Pp(s) D(p(s), q(s)) < D(p, q)
D(p, q) ≤ D(p(sc), q(sc))

Pp(s) = Pp(s)



B(p, ρ] := {q ∈ ∆n | Dn(p, q) ≤ ρ}

Dn

C ⊂ ∆n C

C ⊂ ∆n

p,q∈C
Dn(p, q) = Dn(p̄, q̄),

p̄, q̄ ∈ ∂C p, q ∈ ∆n

Dn(p, q) ≤ Dn(e
1, e2) (= Dn(e

j, ei) ∀ i, j),

e1 = (1, 0, 0, . . . , 0) e2 = (0, 1, 0, . . . , 0)

n p, q ∈ ∆n θ1, θ2

{θ1, θ2} p′, q′ ∈ ∆n−1

p → p′ = (p1 + p2, p3, . . . , pn) q → (q1 + q2, q3, . . . , qn).



θ1, θ2

p, q ∈ ∆n

Dn−1((p1 + p2, . . . , pn), (q1 + q2, . . . , qn)) ≤ Dn((p1, p2, . . . , pn), (q1, q2, . . . , qn)).

A = (Aj)j Θ

D|A|(pA, qA) ≤ Dn(p, q),

pA ∈ ∆(A) pA(Aj) :=
∑

θ∈Aj
p(θj), ∀Aj ∈ A.

n

Dn n

Θ1 Θ2 n = |Θ1| m = |Θ2|

∆n,∆m p(1) ∈ ∆n q(1) ∈ ∆m r(1) := p(1) ∗ q(1) ∈

(Aj)j Θ

Aj ∩Ai = ∅,
⋃

j

Aj = Θ.



∆(Θ1 ×Θ2)

r(1)(θ1, θ2) := p(1)(θ1)q
(1)(θ2).

r(1) p(1) q(1)

Θ1 Θ2

n,m ∈ N p(1), p(2) ∈ ∆n q(1), q(2) ∈ ∆m

Dnm(p
(1) ∗ q(1), p(2) ∗ q(2)) = Dn(p

(1), p(2)) +Dm(q
(1), q(2)).

p1, q1, p2, q2 ∈ ∆n

Dnm(p
2 ∗ r, q2 ∗ s)−Dnm(p

1 ∗ r, q1 ∗ s) = Dn(p
2, q2)−Dn(p

1, q1) ∀r, s ∈ ∆m.

1 2 p1 p2 q1 q2

P Q

D(p2, q2) − D(p1, q1)

P Q

r s

p1 ∗ r q1 ∗ s p2 ∗ r q2 ∗ s

r s

1



2

D

, ∈ ∆n p̄, q̄ ∈ ∆m Dn( , ) ≤ Dm(p̄, q̄)

Dn·n′( ∗ r, ∗ s) ≤ Dm·n′(p̄ ∗ r, q̄ ∗ s),

r, s ∈ ∆n′

p, q ∈ ∆n r ∈ ∆m

Dn(p, q) = Dn·m(p ∗ r, q ∗ r).

D
D



D

D p, q ∈ ∆◦
n Uq

q Up p p′ ∈ Up q′ ∈ Uq

D(p′, q) ̸= D(p, q) ̸= D(p, q′).

D D

φ : R+ → R+ D̃ := φ(D)

Dn ∀p, q ∈ ∆n

Dn(p, q) = Dn+1((p1, . . . , pn, 0), (q1, . . . , qn, 0)).



p, q ∈ ∆n Supp(p) ∩ Supp(q) = ∅ pjqj = 0

j D D(p, q) = +∞.

θj

p, q ∈ ∆◦
n

p1
q1

= p2
q2
.

Dn(p, q) = Dn−1((p1 + p2, p3, . . . , pn), (q1 + q2, q3, . . . , qn)).

p ∈ ∆◦
n q1 = (q1 +

q2, 0, q3, . . . , qn) q2 = (0, q1 + q2, q3, . . . , qn)

[q1, q2] = {r ∈ ∆n | r = λq1 + (1− λ)q2,λ ∈ [0, 1]}.

p [q1, q2] q∗ ∈ [q1, q2]



q∗1
q∗2

=
p1
p2
,

r, r′ ∈ [q1, q2] r ∈ [r′, q∗]

Dn(p, r) ≤ Dn(p, r
′).

p, q

q [q1, q2] p

r r1
r2

= p1
p2

q∗ p

D(p, q∗) p [q1, q2]

p

qq⇤
q1 q2

✓1 ✓2

✓3

n = 3
D(p, q∗) p

q∗ [q1, q2]



p, q ∈ ∆◦
n

∂iDn(p, q) :=
ϵ→0

Dn(p, (q1, . . . , qi − ϵ, qi+1 + ϵ, . . . , qn))−Dn(p, q)

ϵ
∀i = 1, . . . , n−1.

∂iDn(p, q) Dn q i

i+ 1 (p, q) (∂iDn(p, q))
n−1
i=1

Dn(p, ·) : ∆◦
n → R+ q 4→ Dn(p, q)

i, j

ϵ→0

Dn(p, (q1, . . . , qi − ϵ, . . . , qj + ϵ, . . . , qn))−Dn(p, q)

ϵ

(∂iD(p, q))n−1
i=1

i, i+ 1, j, j + 1

i, j ∈ {1, . . . , n − 1}

∂jDn(p, q) ̸= 0

∂iDn(p, q)

∂jDn(p, q)
= g(pi, pi+1, pj, pj+1; qi, qi+1, qj, qj+1),



i i + 1 j j + 1

n ∀ 1 ≤ j ≤ n− 1

p̄, q̄

D((p1, . . . , pj, p̄j+1, . . . , p̄n), (q1, . . . , qj, q̄j+1, . . . , q̄n))

≥ D((p′1, . . . , p
′
j, p̄j+1, . . . , p̄n), (q

′
1, . . . , q

′
j, q̄j+1, . . . , q̄n)),

D((p1, . . . , pj, p̃j+1, . . . , p̃n), (q1, . . . , qj, q̃j+1, . . . , q̃n))

≥ D((p′1, . . . , p
′
j, p̃j+1, . . . , p̃n), (q

′
1, . . . , q

′
j, q̃j+1, . . . , q̃n)),

p̃, q̃

p, q ∈ ∆n

h

Dn(p, q) = Dn(p, (. . . , qi + ϵ, qi − ϵ, . . . , qj + h(ϵ), qj+1 − h(ϵ))),

h i, i+1, j, j+1



−∂jD(p,q)
∂iD(p,q) = h′(0)

i, i+1, j, j+1

1/zj

(Πi)i



Dzj+0.5(·, ·) pj

Dzj+0.5(pj,Π)+D0.5−zj(Π, pj)

Dzj−0.5(Π, pj)

π = (S, f(s|θ))

S f(·|θ) ∈ ∆(S)

θ ∈ Θ f(s|θ) s

θ

p(s) = (p1(s), . . . , pn(s))

p(θj|s) = pj(s) =
f(s|θj)pj∑
i f(s|θi)pi

,

s

Pp(s) :=
∑

i f(s|θi)pi.

p, q ∈ ∆◦
n p ̸= q D



π = (S, f(s|θ)) s′ ∈ S

D(p(s′), q(s′)) < D(p, q).

D p, q ∈ ∆n π = (S, f(s|θ))

s ∈ S

D(p(s), q(s)) > D(p, q).

p

π

Eπ
p (D(p(s), q(s))) :=

∑

s

Pp(s)D(p(s), q(s)).

Eπ
p (D(p(s), q(s)))

D(p, q)



Eπ
p [D(p(s), q(s))] ≤ Eπ̃

p [D(p(s̃), q(s̃))],

π π̃

Θ π = (S, f(s|θ)) π̃ = (S̃, g(s̃|θ))

π π̃ π̃ ≼ π

g(s̃|θ) =
∑

s

λs,s̃f(s|θ),

(λs,s̃)s,s̃
∑

s̃ λs,s̃ = 1

π π̃ π̃

π

p

θ

q

D

p q ∈ ∆n



π̃ ≼ π

Eπ
p [D(p(s), q(s))] ≤ Eπ̃

p [D(p(s̃), q(s̃))].

p

p, q ∈ ∆n

Eπ
p [D(p(s), q(s))] ≤ Eπ̃

p [D(p(s̃), q(s̃))],

D

D

p, q
p q



D(p, q) = +∞ ⇔ Supp(p) \ Supp(q) ̸= ∅.

p, q

D(p, q) = ∞

Supp(p) ⊆ Supp(q) D(p, q) < +∞ Supp(p) \ Supp(q) ̸= ∅

p, q ∈ ∆2 p = (p1, 1 − p1) q = (0, 1) D(p, q) < ∞

qn =
(
1
n , 1−

1
n

)
n D(p, qn) < D(p, q) < ∞

qn ∈ [q, p] D(p, qn) n

s0 p(s0) (1, 0)

qn(s0) ≈ (0, 1) n ϵ

qn

D(p(s0), q
n(s0)) > D((1− ϵ, ϵ), (ϵ, 1− ϵ)).

D((1− ϵ, ϵ), (ϵ, 1− ϵ)) → ∞

ϵ→ 0 Eπ
p (D(p(s), qn(s))) → +∞ D(p, qn)

D(p, qn) < Eπ
p (D(p(s), qn(s))).

n ϵ



Supp(p) \ Supp(q) ̸= ∅ p q

q(θ|s) = 0 θ ∈ Supp(p)\Supp(q)

θ

D(p, q) = ∞

D(p, q) < Eπ
p [D(p(s), q(s))].

D D(p, q) = aDz(p, q) z ≥ 0.5

a > 0

D

D

D(p, q) = aDz(p, q) z ≥ 0.5 a > 0

π ≽ π̃ p, q ∈ ∆n

Eπ
p [D(p(s), q(s))] ≤ Eπ̃

p [D(p(s̃), q(s̃))].



Θ |Θ| = n <

+∞ J J ∈ N

x ∈ R+ j ∈ J

pj ∈ ∆◦(Θ) uj : R+ → R

j uj

x→0 u
′(x) = ∞ x→∞ u′(x) = 0

j

Uj( ) := Epj(uj) :=
∑

i

pjiuj(x
j
i ),

xj
i i =

(xj
1, . . . , x

j
n) θ1, . . . , θn

i ∈ I ⊆

Θ 1 x i 0

i ∈ I I ≥ 2 I

I = Θ

(Πi)i∈I

∑
i∈I Πi = 1

(pj)j pj ∈ ∆◦(Θ)



Πi

(Πi)i∈I

(xj
i )

j∈J
i∈I

j ∈ J (xj
i )i∈I

∈Rn

∑

i

pjiuj(x
j
i )

∑

i∈I

Πixi ≤ 1,

i

∑

j∈J

xj
i = J.



j

Vj( ) :=
∑

i

pji (x
j
i − 1),

j

Gj( ) := Uj( )− Uj( ),

= (1, . . . , 1)

xj
i

i pji/Πi

(pj1/Πi, . . . , pjn/Πn)

Gj( ) ∥p−Π∥

Gj( ) D(p,Π)

i j 1 i
xj
i i xj

i − 1



(uj)j∈J

uj(x) =
x
1− 1

zj

1− 1
zj

zj > 0, x > 0.

uj − u′
j(x)

u′′
j (x)

= zjx,

zj ∈ (0, 1)

zj ∈ (0, 1)

zj > 1

p1, . . . , pJ ∈ ∆◦
n (uj)j

zj ∈ (0, 1)

(Πi)i

q∈∆(I)

∑

j

1

1− zj
Dzj+0.5(q, pj(·|I)),

1 1

−xu′′(x)
u′(x) = 1

zj
∈ [0.07, 0.62]



Vj((x
j
i )i) = (Dzj+0.5(pj(·|I),Π) +D−zj+0.5(Π, pj(·|I)))− 1 ∀j ∈ J ;

Gj((x
j
i )i) =

1
1
zj
− 1

(
1−

(
−Dzj−0.5(Π, pj(·|I))

zj

))
, ∀j ∈ J.

zj ∈ (0, 1)

zj > 1

Gj((x
j
i )i) =

1
1
zj
− 1

(
1−

(
Dzj−0.5(Π, pj(·|I))

zj

))
,

Dzj−0.5

Vj((x
j
i )i) = (Dzj+0.5(pj(·|I),Π)−D−zj+0.5(Π, pj(·|I)))− 1.

zj ≫



0

p∗

j m ∈ N pj,(m)

∥ · ∥

∆n

m→+∞

⎛

⎜⎝
j1,j2∈J

m1,m2>m

∥pj1,(m1) − pj2,(m2)∥

⎞

⎟⎠ = 0.

ϵ m̄ pj,(m)



ϵ j ∈ J m > m̄

j (pj,(m))m ∆n m → +∞

j

∆n

∆n

(pj,(m))j∈Jm∈N ε > 0 pj,(m)
i > ε > 0

i = 1, . . . , n j ∈ J m ∈ N

m j uj

1

xj
i 1

uj

1 u′
j(1) = 1 j

zj = − 1
u′′(1)

ũj(x) :=
x
1− 1

zj

1− 1
zj

u′(1) = ũ′
j(1) u′′(1) = ũ′′

j (1)

I = Θ

∆n



I ⊂ Θ

(uj)j∈J

1

u′
j(1) = 1 −1/u′′

j (1) =: zj ∈ (0, 1) (pj,(m))j∈Jm∈N

m ((xj,(m)
i )j∈Ji=1,...,n, (Π

m
i )i)

m Π̃m
q∈∆◦

n

∑
j

1
1−zj

Dzj+0.5(q, pj,(m)).

j m→∞
Dzj+0.5(pj,(m),Πm)

Dzj+0.5(pj,(m),Π̃m)
= 1 pj

Π̃m

Πm

m→∞

∑
i p

j,(m)
i (xj,(m)

i − 1)

Dzj+0.5(pj,(m), Π̃m) +D−zj+0.5(Π̃m, pj,(m))
= 1.

m→∞

∑
i p

j,(m)
i ui(x

j,(m)
i )

1
1−zj

Dzj−0.5(Π̃m, pj,(m))
= 1.







H









Θ = {θ1, . . . , θn}

π = (S, (f(s|θ))s∈S,θ∈Θ)

S f(·|θ) ∈ ∆(S)

θ

s θ f(s|θ) > 0

f(·|θ)

S(f(·|θ)) := {s ∈ S | f(s|θ) > 0},

|S(f(·|θ))| < ∞ θ S

Θ EΘ,S

π = (S, (f(s|θ))s∈S,θ∈Θ) S |S(f(·|θ))|

f(·|θ) θ

π ∈ EΘ,S |Θ|

A ∆(A) A
σ

σ



π =

(
f(s1|θ1) ... f(s1|θn)
f(s2|θ1) ... f(s2|θn)

... ... ...
f(sm|θ1) ... f(sm|θn)

... ... ...

)
.

f(·|θ) f(s|θ) ≥ 0 s, θ

∑
s f(s|θ) = 1 θ ∈ Θ π

π ∈ EΘ,S

π

s ∈ S

f(s|θ) = f(s|θ′), ∀θ, θ′ ∈ Θ.

s f(s|θ) = 0 θ

S(f(·|θ)) = S(f(·|θ′)) ∀θ, θ′ ∈ Θ,

θ

sθ ∈ S f(sθ|θ) > 0



µ ∈ ∆(Θ) µ(θ) > 0

θ ∈ Θ

f(s|θ) > 0 θ

µ(θ|s) = µ(θ)f(s|θ)∑
θ′ µ(θ

′)f(s|θ′) .

µ(s) = µ

s µ(θ) > 0 µ(θ|s) > 0

s µ(θ|s)

Θ S

cΘ,S : EΘ,S → [0,+∞]

cΘ,S

µ = (1, 0, . . . , 0) (0, 1, 0, . . . , 0)

π,π′ ∈ EΘ,S ϵ→0+
cΘ,S((1−ϵ)π+ϵπ′)−cΘ,S(π)

ϵ
EΘ,S (1− ϵ)π+ ϵπ′ ∈ EΘ,S



cΘ,S(π) = 0 π π

cΘ,S(π) < ∞

π

cΘ,S(π) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 π

+∞

cΘ,S(π)

cΘ,S Θ

S f(s|θ)

cΘ,S



Θ,Θ′ S, S ′

π = (S, (f(s|θ))s∈S,θ∈Θ) π′ = (S ′, (g(s′|θ′))s′∈S′,θ′∈Θ′)

γ : Θ → Θ′ λ : S → S ′

f(s|θ) = g(λ(s)|γ(θ)), ∀s ∈ S, θ ∈ Θ.

π π′

π

π′

π = (S, (f(s|θ))s∈S,θ∈Θ) π′ = (S ′, (g(s′|θ′))s′∈S′,θ′∈Θ′)

cΘ,S(π) = cΘ′,S′(π′)

cΘ,S S

cΘ

Θ

cΘ cΘ′ |Θ| ̸= |Θ′|

Θ Θ′ cn

π = (S, (f(s|θ))s∈S,θ∈Θ) Θ n ∈ N

En n

En λπ + (1 − λ)π′ En

π, π′ ∈ En λ ∈ [0, 1]



π π′

n π, π′ ∈ En

cn(λπ + (1− λ)π′) ≤ {cn(π), cn(π′)} ∀λ ∈ [0, 1].

π π′

λπ + (1− λ)π′ cn(π)

c

c

π = (S, (f(s|θ))s∈S,θ∈Θ) A = (Ai)∞i

S s ∈ S

Ai ⊆ A s

π′ = (A , f(A|θ)A∈A ,θ∈Θ)

π

θ

π π

Aj ⊂ S Ai ∩Aj = ∅ i ̸= j
⋃

i Ai = S



S S ′

γ : S → S ′ π = (S, (f(s|θ))s∈S,θ∈Θ)

π′ := γ ◦ π = (S ′, g(s′|θ)s′∈S′,θ∈Θ) g(s′|θ) =
∑

s∈γ−1(s′) f(s|θ).

γ ◦ π π

γ ◦ π π

γ ◦ π s1 s2 s′1

π =

⎛

⎝
f(s1|θ1) ... f(s1|θn)
f(s2|θ1) ... f(s2|θn)
f(s3|θ1) ... f(s3|θn)

... ... ...
f(sm|θ1) ... f(sm|θn)

... ... ...

⎞

⎠ → γ ◦ π
(
=

f(s1|θ1)+f(s2|θ1) ... f(s1|θn)+f(s2|θn)
f(s3|θ1) ... f(s3|θn)

... ... ...
f(sm|θ1) ... f(sm|θn)

... ... ...

)

π ∈ En γ ◦ π ∈ En γ : S → S ′

π′ = γ◦π π π′

S s′ γ ◦π

π

γ : S → S ′ cn(γ ◦ π) ≤ cn(π).

s1, s2 ∈ S f(s|θ)/f(s|θ′) θ, θ′

π′ s1 s2 {s1, s2}

γ−1(s) s′ s ∈ S γ(s) = s′



s1, s2

f(s1|θ)f(s2|θ′) = f(s1|θ′)f(s2|θ)

θ, θ′ γ : S → S ′ γ(s1) = γ(s2) γ(s) ̸= γ(s′)

s ̸= s′ s, s′ ̸= s1, s2

cn(γ ◦ π) = c(π).

π

π =

⎛

⎝
f(s1|θ1) ... f(s1|θn)
f(s2|θ1) ... f(s2|θn)

... ... ...
f(sm|θ1) ... f(sm|θn)
kf(sm|θ1) ... kf(sm|θn)

... ... ...

⎞

⎠ , ∃ k > 0,

π̃ =

(
f(s1|θ1) ... f(s1|θn)
f(s2|θ1) ... f(s2|θn)

... ... ...
(1+k)f(sm|θ1) ... (1+k)f(sm|θn)

... ... ...

)
.

cn(π̃) ≤ cn(π)

cn(π̃) = cn(π)

f(s|θ) = 0 θ



π

π̃ c(π) ≥ c(π̃)

π = (S, (f(s|θ))s∈S,θ∈Θ) π′ =

(S ′, (g(s′|θ))s′∈S′,θ∈Θ)

g(s′|θ) =
∑

s

λs,s′f(s|θ),

λs,s′ ≥ 0
∑

s′∈S′ λs,s′ = 1 π′

π

π π′

π π′

π π′

π π̃ cn cn(π) ≥ cn(π̃)



π = (S, (f(s|θ))s∈S,θ∈Θ) S1, S2 ⊂ S

S1∩S2 = ∅ S1∪S2 = S π1 = (S1, (f(s|θ))s∈S1,θ∈Θ)

π2 = (S2, (f(s|θ))s2∈S,θ∈Θ)

π =

⎛

⎜⎜⎝
π1

π2

⎞

⎟⎟⎠

π1

π2

π1

cn

⎛

⎜⎜⎝
π

π1

⎞

⎟⎟⎠ ≥ cn

⎛

⎜⎜⎝
π′

π1

⎞

⎟⎟⎠ ,

cn

⎛

⎜⎜⎝
π

π2

⎞

⎟⎟⎠ ≥ cn

⎛

⎜⎜⎝
π′

π2

⎞

⎟⎟⎠ ,

π2

π1 π2
∑

s∈S1
f(s|θ) ≤ 1 π

π =

(
π1

π2

)
π

∑

s1∈S1

f(s1|θ) +
∑

s2∈S2

f(s2|θ) = 1,

θ ∈ Θ



cn(π) = h

(
∑

s∈S

g(f(s|θ1), . . . , f(s|θn))
)
,

g : [0, 1]n → [0,∞] h : [0,+∞] → [0,+∞]

Θ

Θ

π ∈ En

π =

⎛

⎜⎜⎜⎜⎜⎜⎝

f(s1|θ1) . . . f(s1|θn)

f(s2|θ1) . . . f(s2|θn)

. . . . . . . . .

⎞

⎟⎟⎟⎟⎟⎟⎠
,

π(θ1, . . . , θn−1) ∈ En−1

π(θ1, . . . , θn−1) =

⎛

⎜⎜⎜⎜⎜⎜⎝

f(s1|θ1) . . . f(s1|θn−1)

f(s2|θ1) . . . f(s2|θn−1)

. . . . . . . . .

⎞

⎟⎟⎟⎟⎟⎟⎠
.



Θ′ = {θ1, . . . , θn−2, {θn−1, θn}} {θn−1, θn}

θn θn−1 θn−1

π π(θ1, . . . , θn−1)

θn

θ1, . . . , θn−1 π

π(θ1, . . . , θn−1) θ1, θn θ2, θn

(θn−1, θn)

π(θi, θj) :=

⎛

⎜⎜⎜⎜⎜⎜⎝

f(s1|θi) f(s1|θj)

f(s2|θi) f(s2|θj)

. . . . . .

⎞

⎟⎟⎟⎟⎟⎟⎠
,

{θi, θj} π

n > 2 π ∈ En

cn(π) = cn−1(π(θ1, . . . , θn−1)) + hn−1(c2(π(θ1, θn)), . . . , c2(π(θn−1, θn))),

hn : [0,∞]n−1 → [0,∞]

n

hn hn



f(·|θ)

cn

n

n − 1 n − th

π1 = (S1, (f(s|θ))s∈S1,θ∈Θ) π2 =

(S2, (f(s|θ))s∈S2,θ∈Θ)

π := π1 ⊗ π2

π = (S1 × S2, (f(s1|θ)f(s2|θ))(s1,s2)∈S1×S2,θ∈Θ).

π1 ⊗ π2 π1

π2

π1 π2 π1 ⊗ π2

π1 π2

S1 S2 S1 × S2



cn(π ⊗ π̃) = cn(π) + cn(π̃).

(cn)n

(cn)n

φ : En → R ∪ {+∞} φ π

φ(π) = 0 φ(π) = ∞

∆◦(Θ)

µ µ(θ) > 0 θ ∈ Θ δj

θj δj = (0, . . . , 1
j−th

, . . . , 0)

φ(π1 ⊗ π2) = φ(π1) + φ(π2), ∀π1,π2 ∈ En.



H : ∆(Θ) → R H(µ) > H(δj)

µ ∈ ∆◦(Θ) j = 1, . . . , |Θ| µ ∈ ∆◦(Θ) φµ : En → R

φµ(π) := H(µ)−
∑

s∈S

Pµ(s)H(µ(s)).

φµ(π)

H

H(µ) := −
∑

θ

µ(θ) (µ(θ)),

φµ

H H(µ) > 0 = H(δj) µ ∈ ∆◦(Θ)

φµ

H

Θ |Θ| > 3 S cΘ,S

∑

s

∑

i,j

(f(s|θi)− f(s|θj))
(
f(s|θi)
f(s|θj)

)
=
∑

i,j

D(f(·|θi), f(·|θj)),

Pµ(s)
∑

θ µ(θ)f(s|θ)
µ s



D D(p, q) =

∑
i pi

(
pi
qi

)
+
∑

i qi
(

qi
pi

)

θ, θ′ ∈ Θ D(f(·|θ), f(·|θ′))

s

θ θ′ D(f(·|θ), f(·|θ′))

D(p, q) =
∑

i

pi

(
pi
qi

)
+
∑

i

qi

(
qi
pi

)
,

p q q p

− (·)

cΘ,S



f(s|θ) f(s|θ′) θ ̸=

θ′

cΘ,S(π) = ∞ π ∃s ∈ S θ, θ′ ∈ Θ

f(s|θ) > 0 = f(s|θ′)

|Θ| = 2

|Θ| > 2

n = |Θ| |Θ| = 2

|Θ| = 2



cn cn−1 c2

hn

n = 2

|Θ| = 2

c2

cKL
2 (π) =

∑
s[f(s|θ1)− f(s|θ2)][ (f(s|θ1))− (f(s|θ2))];

cB2 (π) = −
(∑

s

√
f(s|θ1)f(s|θ2)

)
.

cB2 (π) = +∞ π cKL
2 (π) = +∞

π

2 |Θ| = 2 KL B

π θ1 s f(s|θ1) = 0 < f(s|θ2)



Ω

D : ∆(Ω) ×∆(Ω) → [0,+∞]

Ω

S ∆(Ω)

∆(S) f(·|θ)

θ

θ1, θ2

D(p, q) = D(q, p) p, q ∈ ∆(Ω)

θ1

θ2 θ1 θ2

2 < n < ∞

hn cn

c2(π(θ1, θn)), . . .



cn fn

fn(x1, . . . , xn) =
n∑

i=1

xi, ∀(xi)i ∈ [0,∞]n.

cΘ,S =
∑

θ,θ′

c2(π(θ, θ
′)).

Θ

cΘ,S(π) =
∑

θ,θ′

cKL
2 (π(θ, θ′)),

cΘ,S(π) =
∑

θ,θ′

cB2 (π(θ, θ
′)).

cΘ,S Θ

|Θ| > 2 cB2 (π)

π(θ, θ′) θ θ′



n = |Θ| > 2

cΘ,S(π) =
∑

θ,θ′

cB2 (π(θ, θ
′)).

c(π) =
∑

s

∑

i,j

(f(s|θi)− f(s|θj))
(
f(s|θi)
f(s|θj)

)
=
∑

i,j

D(f(·|θi), f(·|θj)),

c(·) cn(·) cΘ,S(·)

c(·)

πn ∈ EΘ,S

fn(s|θ) π ∈ EΘ,S f(s|θ) πn

c |Θ| = 2

|Θ| > 2



π πn → π

s∈S,θ∈Θ
|fn(s|θ)− f(s|θ)| → 0.

π

(πn)n πn → π c(πn) → ∞

(πn)n c(πn) → 0 πn → π

c(·)

f(s|θ)/f(s|θ′)

0

c2B

(f(s|θ))s,θ

µ



µ ∈ ∆(Θ)

Pµ(s) :=
∑

θ µ(θ)f(s|θ)

s µ(θ|s) θ s

µ ∈ ∆(Θ) g(µ) := |Θ|
√
µ(θ1) · · ·µ(θn)

µ(θ1), . . . , µ(θn) µ(θ) > 0 θ ∈ Θ

µ ∈ ∆(Θ) µ(θ) > 0 θ ∈ Θ π

c(π) =
∑

s

Pµ(s)
∑

θ

µ(θ|s)n
µ(θ)

( (µ(θ|s)− [a(µ(s))])) =:
∑

s

Pµ(s)φI(µ(s);µ),

φI(µ(s);µ) :=
∑

θ
µ(θ|s)n
µ(θ) ( (µ(θ|s)− [a(µ(s))]))

u : A × Θ → R V (µ) := a

∑
θ u(a, θ)µ(θ)

µ

π

∑

s

Pµ(s)V (µ(s))− c(π),

c



(µ(s))s

∑

s

Pµ(s)(V (µ(s))− φI(µ(s);µ)),
∑

s

Pµ(s)µ(s) = µ,

π

cH(π;µ) :=
∑

s

Pµ(s)(H(µ)−H(µ(s))) =:
∑

s

Pµ(s)φH(µ(s);µ),

H(µ) = −
∑

θ µ(θ) (µ(θ))

µ(s)

φI φH

µ ∈ ∆(Θ)

φH(µ;µ) = φI(µ;µ) = 0

φH(·;µ) φI(·;µ)

x→∂∆(Θ) φH(x;µ) < ∞ x→∂∆(Θ) φI(x;µ) = ∞

∂∆(Θ) ∆(Θ)

∂∆(Θ) = {µ ∈ ∆(Θ) | µ(θ), ∃θ}



µ(s) = µ

∆(Θ)















|M | = |W | = +∞

M = {m0,m1,m2, . . . } W = {w0, w1, w2, . . . }

mj wn >mj

W ∪ {mj} M ∪ {wn}

W ∪ {mj} M ∪ {wn}

w1 >mj w2 >mj mj >mj w3

mj w1 w2 w3

mj wn A ⊆ W∪{mj} A ⊆ M∪{wn}

∃x ∈ A ∪ {mj} A ∪ {wn}

x >mj y, ∀y ∈ A \ {x} >wn).



mj A ⊂

W ∪ {mj}

W ∪ {mj} w0

wj wj′ j > j′ j′ ̸= 0

w0 {w1, w2, . . . , wn, . . . }

A

A

A

P (mj) : wj1 , wj2 , . . . , wjl ,mj, wjl+1
, . . . , wjm , . . . ;

m′
j wj1 wjk

wjk′ k < k′ mj

mj

P (mj) : wj1 , wj2 , . . . , wjl ,



P (mj)

m

(M,W, )

M = {m0,m1, . . . }

W = {w0, w1, . . . }

= (P (x))x∈M∪W x ∈ W x ∈ M

P (x) W ∪ {x}

M ∪ {x}

P (x)

µ

µ : M ∪W → M ∪W,



x ∈ M ∪W µ(µ(x)) = x

x ̸= µ(x) µ(x) ∈ M ⇔ x ∈ W

µ x

µ (M,W, )

x

x >x µ(x);

(m,w)

m >w µ(w) w >m µ(m).

µ

x

y y x



(M,W, )

P (x) x

(M,W, )



P (m1) : w1 P (w1) : m1,m2

P (m2) : w1, w2 P (w2) : m2,m3

P (m3) : w2, w3 P (w3) : m3,m4

. . . . . . . . . . . .

P (mi) : wi−1, wi P (wi) : mi,mi+1

. . . . . . . . . . . .

w1 m1



m2 m2 m2 w2

m3 m2 m3

i

mi+1 wi wi+1 mi+2

µM

µ(j)(·)

j µM

µM(m) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

j→∞ µ(j)(m) (µ(j)(m))+∞
j=1

m

µM(m) = w m w

µM(w) = m µM(w) = w

j→∞ µ(j)(m) (µ(j)(m))+∞
j=1

W



µM

µM

µW

µ µ′

>M µ µ′

µ >M µ′ ⇔

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

µ(m) ≥m µ′(m) ∀m ∈ M ;

µ(m) >m µ′(m) ∃m ∈ M ;



>W µ >M µ′

µ µ′ µ µ′

>M

µM

µM >M µ µM ≥M µ

µW ≥W µ, µ .

>M

>W

µ µ′ (M,W, )

µ >M µ′ ⇔ µ′ >W µ.

µ µ′ µ >M µ′ µ′ >M µ
µ µ′



µ

µM ≥M µ ≥M µW ,

µW

(A,≽) A ≽ A

(A,≽) ∨ ∧

∧ ∨



a, b ∈ A c := a ∨ b

c ≽ a c ≽ b c′ ≽ a c′ ≽ b c′ ≽ c a ∨ b

a b a b

c := a ∧ b c ≼ a c ≼ b c′ ≼ a c′ ≼ b

c′ ≼ c

∨ ∧

µ ∨ ν(x) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

≥x
{µ(x), ν(x)} x ∈ M

≥x
{µ(x), ν(x)} x ∈ W

µ ∧ ν(x) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

≥x
{µ(x), ν(x)} x ∈ M

≥x
{µ(x), ν(x)} x ∈ W

.

m µ ∨ ν(m) m

µ ∨ ν(w)

m

(µ ∧ ν)(m) ≤m µ(m), ν(m) ≤m (µ ∨ ν)(m).

µ∨ ν µ∧ ν

∨ ∧

µ ν (M,W, ) ∨ ∧



λ = µ∨ ν

λ :=
∨

i∈I νi

∨ ∧

µ ∨ ν
µ ν λ :=

∨
i∈I νi

λ
∃ i ∈ I νi



µ

M(µ) := {m ∈ M | µ(m) ̸= m},

W (µ) := {w ∈ W | µ(w) ̸= w}.



µ µ′

M(µ) = M(µ′), W (µ) = W (µ′),

(M,W, )

µ µ′ M(µ) ̸= M(µ′)

P (m1) : w1 P (w1) : m2,m1

P (m2) : w2, w1 P (w2) : m3,m2

P (m3) : w3, w2 P (w3) : m4,m3

. . . . . . . . . . . .

P (mi) : wi, wi−1 P (wi) : mi+1,mi

. . . . . . . . . . . .

µM µW

µM(wi) = mi i ∈ N



µW (wi) = mi+1 i ∈ N µM(m1) = m1

M(µM) ̸= M(µW ),

m1 ∈ M(µM) \M(µW ).

µ µ′ µ ≤M µ′

M(µ) ⊆ M(µ′).

µ

M(µW ) ⊆ M(µ) ⊆ M(µM);



W (µM) ⊆ W (µ) ⊆ W (µW ).

|M(µW )| ≤ |M(µ)| ≤ |M(µM)|;

|W (µM)| ≤ |W (µ)| ≤ |W (µW )|.

µ |W (µ)| = |M(µ)|

M(µ) = M(µ′)

µ µ′

A ⊆ B |A| = |B| A = B A

A B A ! B
|A| = |B|



M = µW ◦ µM(M).

M = µW ◦ µM(M) ⇔ W = µM ◦ µW (W ).

M ⊃ µW ◦ µM(M) m ∈ M \ µW ◦ µM(M)

µM(m) ∈ W µM(m) ∈ W \ µM ◦ µW (W )

µM µW

m µ(m) ∈ W

µ′(m) = m µ, µ′ µM(m) ∈ W

f ◦ g x 4→ f(g(x)) A f(A) = {y |
y = f(x), ∃x ∈ A}



µW (m) = m µM

µW

µM µW

µM µW

µM µW

µM µW

|M(µ)| < +∞ µ

M =
⋃

j Mj W =
⋃

j Wj j

|Mj|, |Wj| < +∞ m ∈ Mj m Wj

m >m w, ∀m ∈ Mj, w ∈ W \Wj.

M W Z



P (mi) : wi, wi−1 P (wi) : mi+1,mi

i ∈ Z

µM

mi wi µW mi wi−1

M(µW ) = M W (µM) = W

µ µ′

M(µ) ∪W (µ) ⊇ M(µ′) ∪W (µ′).

µM µW

M = {. . . ,m−i, . . . ,m−1,m0,m1, . . . ,mi, . . . }

W



P (m1) : w3 P (w1) : m3

P (m2) : w4 P (w2) : m4

P (m3) : w5, w1 P (w3) : m5,m1

. . . . . . . . . . . .

P (mi) : wi+2, wi−2 P (wi) : mi+2,mi−2

. . . . . . . . . . . .

µM µW

{m3, . . . ,mi, . . . } = M(µW ) ! M(µM) = {m1, . . . ,mi, . . . },

µ µ ̸= µM , µW

P (m1) : w3, w1 P (w1) : m3,m1

P (m2) : w4, w2 P (w2) : m4,m2

P (m3) : w5, w3, w1 P (w3) : m5,m3,m1



. . . . . . . . . . . .

P (mi) : wi+2, wi, wi−2 P (wi) : mi+2,mi,mi−2

. . . . . . . . . . . .

{m3, . . . ,mi, . . . } = M(µW ) ! M(µM) = {m1, . . . ,mi, . . . },

µ µ(mi) = wi

M ∪W

µ

M(µ) ⊇ M(µ′),

µ′



M t W t

t M t W t

µ

(
⋃

t∈N M
t,
⋃

t∈N W
t, )



t M t

t W t t

t′ ≥ t

t

t

t′ ≤ t

m ∈ M t

t′ ≥ t

m >m w, ∀w ∈ W s, s < t,



m >m w ∀w ∈ W s, s > t,

′

(M,W, 1)
(M,W, 2)



(M,W, )

(M,W, ′)

µM µW













β











D(p, q) p ̸= q 0

∂iD(p, q) h

i i+1 α

p, q i

∂iD(p, q) =
h(pi, pi+1, qi, qi+1)

α(p, q)
.



hn
p (pi, pi+1, qi, qi+1)

h(p1, p2, q1, q2) = i(p1, q1)− i(p2, q2),

i : [0, 1]2 → R

i(x, y)

i(x, y) = G(x/y),

G : (0,+∞) → R

G

G′(x) = cxα ∃α, c ∈ R.

G′(x) = 1
x

(
a+ b

x

)

G′(x)

α(p, q)



p ̸= q j = 1, . . . , n− 1 ∂jD(p, q) ̸= 0

n = 2 p ̸= q ∂1D(p, q) ̸= 0

∂1D(p, q) = 0 p, q

q′ ∈ [p, q] γ(q, q′) : ∆2 ×∆2 → R

D(p, q) = D(p, q′) +D(p, p+ ϵ(q, q′)z),

z = (1,−1) ∂1D(p, q) = 0

∂1D(p, p+ ϵ(q, q′)z) = ∂1D(p, p+ ϵ(q, q′)z)
∂ϵ(q, q′)

∂q
= 0,

q′ ∈ [p, q] q′ q ϵ(q, q′) → 0

y ∈ (0, δ) ⊂ R ∂1D(p, p + yz) ̸= 0

∂ϵ(q,q′)
∂q = 0 q′ q q′ q

ϵ(q, q′) = h(q′) q = q′ ϵ(q, q′) = 0 h(q′) = 0

q′ ∈ [p, q] q D(p, q) = D(p, q′)

D(p, q)

(p, q] 0 = D(p, p) = D(p, q)

D(p, q) (p, q]

q̄ ∈ (p, q) D(p, q′) < D(p, q̄) =

D(p, q) q′′ ∈ [p, q̄) ∂1D(p, q̄) = 0 D(p, ·) [q̄, q]

p ̸= q̄

∂1D(p, p + yz) = 0 y ∈ (0, δ)
D(p, p+ yz) = D(p, p) = 0



∂1D(p, q̄) = 0 q q′′ ∈ [p, q̄]

q̄ D(p, q′′) = D(p, q̄)

q̄ n = 2

n ∂jD(p, q) = 0 j

zi,j = (0, . . . , 1, 0, . . . ,−1, 0, . . . , 0) D(p, q)

q′ q

[p, q] q̄ [p, q] D(p, q̄) = D(p, q)

D(p, q′) < D(p, q̄) q′ ∈ [p, q̄] D

[p, q] D(p, ·) q′ ∈ [q̄, q]

∂q−pD(p, q̄) = 0

n = 2 [p, q̄] D(p, ·)

q̄

Dn(p, q) h : [0, 1]4 → R

α(p, q) : ∆n ×∆n → R

∂iD(p, q) =
h(pi, pi+1, qi, qi+1)

α(p, q)
,

p, q ∈ ∆n

∂q−pD(p, q̄) q − p

∂q−pD(p, q̄) =
ϵ→0

D(p, q̄ + ϵ(q − p))−D(p, q̄)

ϵ
.

h x = (x1, x2, x3, x4) x1+x2 ≤ 1
x3, x4 ≤ 1 h



(α, h) (α̃, h̃)

α(p, q) = kα̃(p, q) h(pi, pi+1, qi, qi+1) = kh̃(pi, pi+1, qi, qi+1),

k ̸= 0

p ̸= q ∈ ∆◦
n j ∂jD(p, q) ̸=

0

h(pi, pi+1, qi, qi+1) := g(pi, pi+1, pj, pj+1, qi, qi+1, qj, qj+1),

g h

pj, pj+1, qj, qj+1 h(pi, pi+1, qi, qi+1) = 0

∂iDn(p, q) = 0 i ∂iD(p, q)

∂iD(p, q)

h(pi, pi+1, qi, qi+1)
i,

∂iDn(p, q)

h(pi, pi+1, qi, qi+1)
= ∂jDn(p, p) =

∂kDn(p, q)

h(pk, pk+1, qk, qk+1)

α(p, q)

α(p, q) :=
h(pi, pi+1, qi, qi+1)

∂iD(p, q)
,

(α, hn
p ) (α̃, h̃n

p )



p, q

h(i) := h(pi, pi+1, qi, qi+1) ∂iD := ∂iD(p, q)

α := α(p, q) (α, h) (α̃, h̃)

h(j)

∂jD
= α α̃ =

h̃(i)

∂iD
,

∂jD
∂iD

= h(j)
h(i) ,

α̃

α
=

h̃(i)

h(i)
.

pi, qi, pi+1, qi+1

p, q

α̃

α
= k =

h̃(i)

h(i)
,

k p, q

i : [0, 1]2 → R

h(p1, p2, q1, q2) = i(p1, q1)− i(p2, q2),

p1, p2, q1, q2 ∈ [0, 1]4

∂i,jD(p, q) zij = ei − ej



∂i,i+1D(p, q) + ∂i+1,i+2D(p, q) = ∂i,i+2D(p, q),

h

h(pi, pi+1, qi, qi+1)

α(p, q)
+

h(pi+1, pi+2, qi+1, qi+2)

α(p, q)
=

h(pi, pi+2, qi, qi+2)

α(p, q)
.

h(pi, pi+1, qi, qi+1) + h(pi+1, pi+2, qi+1, qi+2) = h(pi, pi+2, qi, qi+2).

h D

pi

hj j−

h1(pi, pi+1, qi, qi+1) = h1(pi, pi+2, qi, qi+2),

pi+1, qi+1, pi+2, qi+2 h1 pi

qi h3 pi qi h

i(1) i(2)

h(p1, pi+1, qi, qi+1) = i(1)(pi, qi)− i(2)(pi+1, qi+1).

h1(x, y, w, z) :=
∂h
∂x h2, h3, h4



i(1) i(2)

x := pi = pi+1 = pi+2 y := qi = qi+1 = qi+2,

2h(x, x, y, y) = h(x, x, y, y) ⇒ h(x, x, y, y) = 0, ∀x, y ∈ [0, 1]2.

i(1) i(2)

i(1)(x, y)− i(2)(x, y) = 0, ∀x, y ∈ [0, 1]2,

i(1)(x, y) = i(2)(x, y) i

i(x, y)

x/y

i(x, y) = G(x/y),

G : R+ → R

p, q ∈ ∆◦
n q1 = (q1+ q2, 0, q3, . . . , qn)

q2 = (0, q1 + q2, q3, . . . , qn)

[q1, q2] = {r ∈ ∆n | r = λq1 + (1− λ)q2,λ ∈ [0, 1]}.



r∈[q1,q2] D(p, r)

r r1
r2

= p1
p2

D

1, 2 0

∂1D(p, r) =
h(p1, p2, r1, r2)

α(p, r)
= 0,

i(p1, r1)− i(p2, r2)

α(p, q)
= 0,

p1
p2

=
r1
r2
,

i(p1, r1) = i(p2, r2)
p1
r1

=
p2
r2
,

i

i(p1, r1) = G

(
p1
r1

)
.

G

p = (p1, . . . , pn) ∈ ∆◦
n q = (q1, . . . qn) ∈ ∆◦

n λ := (λ, 1− λ) ∈



∆◦
2 γ = (γ, 1− γ) ∈ ∆◦

2

p ∗ λ = (λp1, (1− λ)p1, . . . ,λpn, (1− λ)pn),

q ∗ γ = (γq1, (1− γ)q1, . . . , γqn, (1− γ)qn),

D(p ∗ λ, q ∗ γ) = D(p, q) +D(λ, γ),

p ϵzi
(
G
(

pi
qi

)
−G

(
pi+1
qi+1

))

α(p,q)

RHS :=

(
G
(

pi
qi

)
−G

(
pi+1

qi+1

))

α(p, q)
.

LHS :=
λ
(
G
(

λpi
γqi

)
−G

(
λpi+1

γqi+1

))
+ (1− λ)

(
G
(

(1−λ)pi
(1−γ)qi

)
−G

(
(1−λ)pi+1

(1−γ)qi+1

))

α(p ∗ λ, q ∗ γ)

LHS = RHS

α(p ∗ λ, q ∗ γ)
α(p, q)

=
λ
(
G
(

λpi
γqi

)
−G

(
λpi+1

γqi+1

))
+ (1− λ)

(
G
(

(1−λ)pi
(1−γ)qi

)
−G

(
(1−λ)pi+1

(1−γ)qi+1

))

(
G
(

pi
qi

)
−G

(
pi+1

qi+1

))



ri =
pi
qi

R1 =
λ
γ R2 =

1−λ
1−γ

α(p ∗ λ, q ∗ γ)
α(p, q)

=
λ (G (R1ri)−G (R1ri+1)) + (1− λ) (G (R2ri)−G (R2ri+1))

(G (ri)−G (ri+1))

α(p∗λ,q∗γ)
α(p,q) ri ri+1

r′i, r
′
i+1 ∈ R+

λ (G (R1ri)−G (R1ri+1)) + (1− λ) (G (R2ri)−G (R2ri+1))

(G (ri)−G (ri+1))

=
λ
(
G (R1r′i)−G

(
R1r′i+1

))
+ (1− λ)

(
G (R2r′i)−G

(
R2r′i+1

))
(
G (r′i)−G

(
r′i+1

))

K(λ, γ)

λ (G (R1x)−G (R1y)) + (1− λ) (G (R2x)−G (R2y))

(G (x)−G (y))
= K(λ, γ),

∀x, y ∈ [0,+∞) R1 :=
λ
γ R2 :=

1−λ
1−γ

G(x)

G x→0 G(x) = −∞ x→+∞ G(x) = ∞

x→0 G(x) x→+∞ G(x) G

G x, x′ G(x) =

G(x′) G(y) = G(x) y ∈ [x, x′]

[q1, q∗] [q∗, q2]



G(x) 0 ∞

∀R > 0
x→+∞

f(x) =
x→+∞

f(Rx),

G G

x∈(0,+∞)

|G(x)| = +∞.

G c1 < G(x) < c2 c1, c2 ∈ R

x → +∞ I := x→∞ G(x)

G

λ (I −G (R1y)) + (1− λ) (I −G (R2y))

(I −G (y))
= K(λ, γ).

y → 0 J := y→0 G(y)

K(λ, γ) =
λ (I − J) + (1− λ) (I − J)

(I − J)
= 1.

K(λ, γ) = 1 λ γ

λ (G (R1x)−G (R1y)) + (1− λ) (G (R2x)−G (R2y)) = (G (x)−G (y)) .



λ→ 0

λ (G (R1x)−G (R1y)) → 0,

(G (R1x)−G (R1y)) R2 → 1
1−γ G

(0,+∞)

G

(
x

1− γ

)
−G

(
y

1− γ

)
= G(x)−G(y).

y → +∞

x > 0 γ ∈ (0, 1) G
(

x
1−γ

)
= G(x), G

G

G′(x) = cxα,

α ∈ R c ∈ R

G′(x) =
a

x2
+

b

x
,

a, b ∈ R

G G′
p = 0

G

G (0,+∞)

x → +∞ x → 0 x→0 G(x) = ∞

x→0 G(x) ∈ (−∞,∞) x→+∞ G(x) = ±∞



λ (G (R1x)−G (R1y)) + (1− λ) (G (R2x)−G (R2y))

(G (x)−G (y))
= K(λ, γ),

x → 0

K(λ, γ) =
x→0

λ (G (R1x)−G (R1y)) + (1− λ) (G (R2x)−G (R2y))

(G (x)−G (y))
,

G(x) → ∞ x → 0 y R1 R2

x→0

λ (G (R1x)−G (R1y)) + (1− λ) (G (R2x)−G (R2y))

(G (x)−G (y))

=
x→0

λG (R1x) + (1− λ)G (R2x)

G (x)
,

λ γ

x→0

G(Rx)

G(x)
R.

x→0

λG (R1x) + (1− λ)G (R2x)

G (x)
=

x→0

λG (R1x) + (1− λ)G (R2x)

G (Rx)
· G(Rx)

G(x)
,

x→0
λG(R1x)+(1−λ)G(R2x)

G(Rx)

R x→0
G(Rx)
G(x)



L(R) :=
x→0

G(Rx)

G(x)
,

L(R) = Rα α ∈ R

L(R) =
x→0

G(Rx)

G(x)
=

x→+∞

G(Rx)

G(R′x)

G(R′x)

G(x)
= L

(
R

R′

)
L(R′).

x→+∞

λ (G (R1x)−G (R1y)) + (1− λ) (G (R2x)−G (R2y))

(G (x)−G (y))

= λ

(
λ

γ

)α

+ (1− λ)

(
1− λ

1− γ

)α

.

λ (G (R1x)−G (R1y)) + (1− λ) (G (R2x)−G (R2y))

(G (x)−G (y))

x x ∈ (0,+∞)

λ (G (R1x)−G (R1y)) + (1− λ) (G (R2x)−G (R2y))

(G (x)−G (y))
= λ

(
λ

γ

)α

+(1−λ)
(
1− λ

1− γ

)α

,

x, y γ,λ



D

x

G′(x)

(
λ

(
λ

γ

)α

+ (1− λ)

(
1− λ

1− γ

)α)
= (λR1G

′(R1x) + (1− λ)R2G
′(R2x)) ,

x ∈ [0,+∞) λ, γ ∈ (0, 1)

α = 0,−1 α ̸= 0,−1

α = 0 α = −1

λ (G (R1x)−G (R1y)) + (1− λ) (G (R2x)−G (R2y)) = (G (x)−G (y)) ,

x

G′(x) = (λR1G
′(R1x) + (1− λ)R2G

′(R2x)) ,

x φ(x) := xG′(x)

φ(x) = λφ(R1x) + (1− λ)φ(R2x),

λ = 1
2

2φ(x) = φ

(
x

2γ

)
+ φ

(
x

2(1− γ)

)
.



γ

0 = − 2x

(2γ)2
φ′
(

x

(2γ)

)
+

2x

(2(1− γ))2
φ′
(

x

(2(1− γ))

)
.

z = x
2γ

φ′
(
z

γ

1− γ

)
=

(
γ

1− γ

)−2

φ′(z),

φ′(z) = c
z2 c ∈ R γ ∈ (0, 1) γ/(1−γ)

R+ z φ(z) = a
z +b

φ′(z) φ(·)

G′(x) =
a

x2
+

b

x
,

α ̸= 0,−1 φ(x) := xG′(x)

φ(x)

(
λ

(
λ

γ

)α

+ (1− λ)

(
1− λ

1− γ

)α)
= λφ(R1x) + (1− λ)φ(R2x).

λ ∈ [0, 1]

γ G′

D D



λ→ 0

c(r) :=
λ→0

λφ (λr) .

c(r) = d
r d ∈ R r′ ̸= r

c(r′) =
λ→0

λφ (λr′) =
r

r′ λr′→0
λ
r′

r
φ

(
λ
r′

r
r

)
=

r

r′
c(r).

α > 0 λ→ 0

φ(x)
1

(1− γ)α
= c

(
x

γ

)
+ φ

(
1

(1− γ)
x

)
,

φ (0,+∞) c

c(r) = 0

c(r) = d
r

d =
xφ(x)

γ

1

(1− γ)α
− x

γ
φ

(
1

(1− γ)
x

)
,

x → 0 xφ(x) → d x
γφ
(

1
(1−γ)x

)
→

d(1−γ)
γ ,

d =
x→0

xφ(x)

γ

1

(1− γ)α
− x

γ
φ

(
1

(1− γ)
x

)
=

d

γ(1− γ)α
− d(1− γ)

γ
,

γ α ̸= −1, 0



d = 0 c(r) 0

c(x/r) = 0

φ

(
1

(1− γ)
x

)
=

1

(1− γ)α
φ(x).

x γ φ(x) α

φ(x) = cxα,⇒ G′(x) = cxα−1,

α R G′(x)

−1,−2

α ̸= 0,−1 a = 0 b = 0

G

G(x) = axα + b ∃α ̸= 0,−1

G(x) = a (x) +
b

x
+ c,

a, b, c, z ∈ R



G′(x) = axα α ∈ R G′(x) = a
x + b

x2 .

G′(x)

α(p, q)

G(x) = a (x) + b
x + c α(p, q) = K

G(x) = axz + b p, q ∈ ∆◦
n

α(p, q) = K

(
∑

j

pj

(
pj
qj

)z
)
.

λ, γ ∈ ∆◦
m m m = 2

α(p ∗ λ, q ∗ γ)
α(p, q)

=
m∑

j=1

λj

(
λj
γj

)α

,

α = 0,−1 α(p∗λ,q∗γ)
α(p,q) = 1 α(·, ·)

p, q,λ, γ

α ̸= 0,−1

α(p ∗ λ, q ∗ γ) = α(p, q)
m∑

j=1

λj

(
λj
γj

)α

.

D(p∗λ, q ∗γ) = D(λ∗p, γ ∗q)

p, q λ, γ

α(p ∗ λ, q ∗ γ) = α(λ, γ)
∑

j

pj

(
pj
qj

)z

,



α(p, q)
∑

j pj
(

pj
qj

)z =
α(λ, γ)

∑m
j=1 λj

(
λj

γj

)z ,

α(p,q)
∑

j pj

(
pj
qj

)z p, q

DΘ

Θ p, q ∈ ∆(Θ)

DΘ(p, q) = a
∑

θ∈Θ

p(θ)

(
p(θ)

q(θ)

)
+ b
∑

θ

q(θ)

(
q(θ)

p(θ)

)
,

a, b ≥ 0

DΘ(p, q) = a

(
∑

θ

p(θ)

(
p(θ)

q(θ)

)z−0.5
)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

a > 0 |z| > 0.5

a < 0 |z| < 0.5

z ∈ R \ {−0.5, 0.5}

z ̸= 0



∂iDz(p, q) =
h(pi, pi+1, qi, qi+1)

α(p, q)
= a

(
pi
qi

)z
−
(

pi+1

qi+1

)z

∑
j pj
(

pj
qj

)z ,

a, z ∈ R

q + ϵzi,i+1 p

D(p, q) = a

(
∑

j

pj

(
pj
qj

)z
)

+K,

K D(q, q) = 0

K = 0 D(p, q) ≥ 0 p, q ∈ ∆n

z ∈ (−1, 0) a < 0 z ∈ (−1, 0) x−z

∑

j

pj

(
pj
qj

)z

≤
(
∑

j

qj

)−z

= 1,

a
(∑

j pj
(

pj
qj

)z)
≥ 0 a ≤ 0

a < 0

z ∈ (−∞,−1) ∪ (0,+∞) a > 0 z ∈ (0,∞)

x−z

∑

j

pj

(
pj
qj

)z

≥
(
∑

j

qj

)−z

= 1,

D(p, q) ≥ 0 a ≥ 0 z ∈ (−∞,−1)



a

(
∑

j

pj

(
pj
qj

)z
)

= a

(
∑

j

qj

(
qj
pj

)−z−1
)
,

−z − 1 ∈ (0,+∞) z + 1 ∈ (−∞, 0)

∑

j

qj

(
qj
pj

)−z−1

≥
(
∑

j

pj

)z+1

= 1

G(z) = a (x) + b
x α(p, q)

∂iD(p, q) = a

( (
pi
qi

)
−

(
pi+1

qi+1

))
+ b

(
qi
pi

− qi+1

pi+1

)
,

a, b ∈ R

p

a
∑

j

qj

(
qj
pj

)
+ b
∑

j

pj

(
pj
qj

)
+K,

a b

D(p, p) = 0 K = 0 a b

D(p, q) ≥ 0

a b a p = (ϵ, 1− ϵ, 0, . . . , 0)



q = (0.5, 0.5, 0, . . . , 0)

ϵ→0
b
∑

j

pj

(
pj
qj

)
=

ϵ→0
b(ϵ (2ϵ) + (1− ϵ) (2(1− ϵ))) = b (2),

ϵ→0
a
∑

j

qj

(
qj
pj

)
= −∞, a < 0

ϵ D(p, q) = −∞ a, b

p = q D(p, p) = 0

x1, x2, y1, y2,λ ∈ [0, 1]

(λx1 + (1− λ)x2)

(
(λx1 + (1− λ)x2)

(λy1 + (1− λ)y2)

)

≤ λx1

(
x1

y1

)
+ (1− λ)x2

(
x2

y2

)
,

x x (x) = 0



−
(

λx1

λx1 + (1− λ)x2

(
y1
x1

)
+

(1− λ)x2

λx1 + (1− λ)x2

(
y2
x2

))

≤ − λx1

λx1 + (1− λ)x2

(
y1
x1

)
− (1− λ)x2

λx1 + (1− λ)x2

(
y2
x2

)
,

−

DΘ(λp
1 + (1− λ)p2,λq1 + (1− λ)q2) ≤ λD(p1, q1) + (1− λ)D(p2, q2),

xz−0.5 |z| > 0.5 |z| < 0.5

p1, p2, q1, q2 |z| > 0.5

(p1 + p2)

(
p1 + p2
q1 + q2

)z−0.5

≤ p1

(
p1
q1

)z−0.5

+ p2

(
p2
q2

)z−0.5

.

(
p1

p1 + p2

q1
p1

+
p2

p1 + p2

q2
p2

)0.5−z

≤ p1
p1 + p2

(
q1
p1

)0.5−z

+
p2

p1 + p2

(
q2
p2

)0.5−z

,



|z| > 0.5 x0.5−z |z| <

0.5

(
p1

p1 + p2

(
q1
p1

)
+

p2
p1 + p2

(
q2
p2

))0.5−z

≥ p1
p1 + p2

(
q1
p1

)0.5−z

+
p2

p1 + p2

(
q2
p2

)0.5−z

,

|z| < 0.5 0.5− z ∈ (0, 1) x0.5−z

(ab) = (a) + (b)

∑
i,j(pipj)

z =
∑

i p
z
i

∑
j p

z
j

D(p, q) = D(q, p) p, q

D(p, q) =
∑

j

(pj − qj)

(
pj
qj

)
=
∑

j

pj

(
pj
qj

)
+
∑

j

qj

(
qj
pj

)
;



D(p, q) = −
(
∑

j

√
pjqj

)
.

D(p, q) < +∞ Supp(p) ∩ Supp(q) ̸= ∅

p = (1, 0) q = (q1, 1 − q1) q1 ̸= 0.5

D(p, q)

D(p, q) ̸= D(q, p) z = 0 p = (0.5, 0.5)

q = (q1, 1− q1) D(p, q) ̸= D(q, p) a ̸= b

p, q, r ∈ ∆◦
n

p <LR q <LR r,

D(p, q) ≤ D(p, r).

D

D(p, q) =
∑

j fj(pj , qj)
fj : [0, 1]× [0, 1] → R



D(p, q) =

(∑
i pi
(

pi
qi

)z−0.5
)

z > 0.5

p, q, r p <LR q <LR r,

∑

i

pi

(
pi
qi

)z−0.5

≤
∑

i

pi

(
pi
ri

)z−0.5

.

ϵ ∈ (0, 1)

∂ (D(p,ϵr+(1−ϵ)q))
∂ϵ ≥ 0 D(p, r) ≥ D(p, q)

(
∂
∑

i pi
(

pi
ϵri+(1−ϵ)qi

)z−0.5
)

∂ϵ
≥ 0

⇔
∑

i

(
pi

(1− ϵ)qi + ϵri

)z+0.5

ri ≤
∑

i

(
pi

(1− ϵ)qi + ϵri

)z+0.5

qi,

(
pi

(1−ϵ)qi+ϵri

)z+0.5

p <LR ϵr + (1− ϵ)q q <LR r

|z| < 0.5 z < −0.5

D(p, q) =
∑

i pi
(

pi
qi

)
D(p, q) =

∑
i qi

(
qi
pi

)

z → 0.5,−0.5

z ̸= z̃ Dz Dz̃



p, q, r ∈ ∆n

Dz(p, q) < Dz(p, r) Dz̃(p, q) > Dz̃(p, r).

z ̸= 0.5,−0.5

∂iDz(p, q)

∂jDz(p, q)
=

(
pi
qi

)z+1

−
(

pi+1

qi+1

)z+1

(
pj
qj

)z+1

−
(

pj+1

qj+1

)z+1 ,

D(p, q) = K = D(p, (q1, . . . , qi + ϵ, qi+1 − ϵ, . . . , qj + gz(ϵ), qj+1 − gz(ϵ), . . . , qn)),

g′z(0) = −∂iD
z(p, q)

∂jDz(p, q)
= −

(
pi
qi

)z+1

−
(

pi+1

qi+1

)z+1

(
pj
qj

)z+1

−
(

pj+1

qj+1

)z+1 .

z ̸= z̃ p, q ∈ ∆◦
n

g′z(0) ̸= g′z̃(0).

q D(p, q) p

zi zj



q

q2

✓1 ✓2

✓3

p Dz

Dz̃

Dz(p, q) Dz̃(p, q) z ̸= z̃ p

r q

Dz(p, q) < Dz(p, r) Dz′(p, r) < Dz′(p, q).

p, q ∈ ∆◦
n z ̸= 0.5,−0.5

Dz(p, q) = D−z(q, p)

z ∈ R z ̸= 0.5

1

z − 0.5
Dz(p, q) = (∥p(θ)/q(θ)∥pz−0.5),

w f : Θ → R+ ∥f(θ)∥pw :=

(
∑

i |f(θi)|wp(θi))
1/w



Dz z = 0.5 z = −0.5

z→0.5

Dz(p, q)

z − 0.5
=
∑

j

pj

(
pj
qj

)
=: D0.5(p, q)

z→−0.5

Dz(p, q)

−z − 0.5
=
∑

j

qj

(
qj
pj

)
=: D−0.5(p, q).

Dz

f

w→0
∥f∥pw =

(
∑

j

pj

(
pj
qj

))
,

p(θ)/q(θ)

z→−0.5

Dz(p, q)

−z − 0.5
=

z→−0.5

D−z(q, p)

−z − 0.5
w=−z
=

w→0.5

Dw(q, p)

w − 0.5
,

|z| < 0.5 Dz(p, q) = +∞ Supp(p) ∩ Supp(q) = ∅.

|z| ≥ 0.5

z ≥ 0.5 Dz(p, q) = +∞ Supp(p) \ Supp(q) ̸= ∅.

z ≤ −0.5 Dz(p, q) = +∞ Supp(q) \ Supp(p) ̸= ∅.



Dz(p, q) |z| < 0.5

Dz(p, q) = −
(
∑

j

pz+0.5
j q0.5−z

j

)
,

|z| < 0.5 0.5 + z > 0 < 0.5 − z

p, q ∈ ∆n Dz(p, q) = +∞
∑

j p
z+0.5
j q0.5−z

j = 0 0

0 z > 0.5 qj

θj ∈ Supp(p) \ Supp(q) Dz

j− Supp(p) ⊆ Supp(q)

qj = 0 pj D(p, q) < +∞

z ≥ 0.5 Dz(p, ·) : ∆n → R p ∈ ∆n Dz

θ ∈ Supp(p)

Dz(p, q) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(∑
j∈Supp(p) pj

(
pj
qj

)z−0.5
)

z > 0.5

∑
j∈Supp(p) pj

(
pj
qj

)
z = 0.5

.

Dz(·, q) : ∆n → R q ∈ ∆◦
n

z ≤ −0.5 Dz(·, q) : ∆n → R q ∈ ∆n Dz



θ ∈ Supp(q)

Dz(p, q) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(∑
j∈Supp(q) pj

(
pj
qj

)z−0.5
)

z > 0.5

∑
j∈Supp(q) pj

(
pj
qj

)
z = 0.5

.

Dz(p, ·) : ∆n → R p ∈ ∆◦
n

|z| < 0.5 Dz : ∆n × ∆n → R

Dz(p, q) = −

⎛

⎝
∑

j∈Supp(p)∩Supp(q)

pj

(
pj
qj

)z−0.5
⎞

⎠ ,

∑
j∈∅ = 0

z ≥ 0.5 z > 0.5 Dz(p, ·)

∆◦
n Dz

∆n (q(n))n

q(n)j → 0 pj = 0 Dz(p, q(n))

j pj > 0

Dz(p, q(n)) ≥
(
pz+0.5
j (q(n)j )0.5−z

)
≥ (0.5− z) (q(n)j ) → +∞,

q(n)j → 0 (0.5 − z) < 0 Dz(p, q(n)) → +∞

D(p, r) = +∞ pj > 0 rj = 0 Dz(p, ·)



∆n

Dz(p, q) =

⎛

⎝
∑

j∈Supp(p)

pj

(
pj
qj

)z−0.5
⎞

⎠ .

Dz(·, q) : ∆n → R q ∈ ∆◦
n q ∈ ∆◦

n

Dz(·, q) ∆n

q /∈ ∆◦
n Dz(·, q)

q q1 = 0 qj > 0 j = 2, . . . , n z > 0.5

Dz(p, q) p p(m)

p(m)
j :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1
m j = 1

(m−1)
m(n−1) > 1

Dw(p(m), q) = +∞ m Supp(p) \ Supp(q) ̸= ∅,

pm → p∗ =

(
0,

1

n− 1
, . . . ,

1

n− 1

)
,

Dz(p∗, q) < +∞ Supp(q) \ Supp(p) = ∅.

z = 0.5

p q

|z| < 0.5 z +0.5 z− 0.5



Dz(p, q) = −

⎛

⎝
∑

j∈Supp(p)∩Supp(q)

pz+0.5
j qz−0.5

j

⎞

⎠ .

|z| ≥ 0.5 ϵ, δ > 0 p̄, q̄, , ∈ ∆◦
n

∥p̄− q̄∥∞ >
x,y∈∆n

∥x− y∥∞ − δ, ∥ − ∥∞ < ϵ,

Dz( , ) > Dz(p̄, q̄)

|z| < 0.5 Dz(p, q)

∥ · ∥∞ ϵ δ ∥p− q∥∞ ≤ δ Dz(p, q) < ϵ

|z| > 0.5 n = 2

n (p, 1 −

p, 0, . . . , 0)

x,y∈∆2
∥x−y∥∞ = 1 ϵ δ p̄, q̄ ∈ ∆◦

n ∥p̄− q̄∥ >

1 − δ p̄, q̄ ∈ ∆◦
n D(p̄, q̄) < +∞

(pm)m, (qm)∈∆◦
n ∥pm−qm∥ ≤ ϵ D(pm, qm) → +∞ m → +∞

qm := (1/m, 1−1/m) pm = (1/m+ϵ, 1−1/m−ϵ) ∥pm−qm∥ ≤ ϵ

z > 0.5

Dz(p, q) ≥
(
pm1

(
pm1
q1m

)z−0.5
)

=

[(
1

m
+ ϵ

)( 1
m + ϵ

1
m

)z−0.5
]
,



m → +∞ ∞ z = 0.5

D0.5(p, q) ≥ pm1

(
pm1
qm1

)
=

(
1

m
+ ϵ

) (
1
m + ϵ

1
m

)
,

m → +∞ ϵ > 0 z < −0.5

p q

Dz |z| < 0.5

n = 2 n ≥ 2

p = (x, 1 − x) q = (x + ϵ, 1 − x − ϵ) x ∈ [0, 1 − ϵ]

α := z + 0.5 α ∈ (0, 1) |z| < 0.5

Dz(p, q) = −
(
xα(x+ ϵ)1−α + (1− x)α(1− x− ϵ)1−α

)
,

xα(x+ϵ)1−α (1−x)α(1−x−ϵ)1−α

xα(x+ ϵ)1−α + (1− x)α(1− x− ϵ)1−α x = 0 x = 1− ϵ

Dz(p, q) ≤ {− (ϵα + (1− ϵ)1−α);− ((1− ϵ)α + ϵ1−α)}.

ϵ→ 0 − (ϵα+(1−ϵ)1−α) − ((1−ϵ)α+ϵ1−α)

0

δ := {− (ϵα + (1− ϵ)1−α);− ((1− ϵ)α + ϵ1−α)},



n = 2

n p, q pj = 0 j p1 = 0

Dz(p, q) ≤ Dz(p, (0, q1 + q2, . . . , qn)),

n − 1 p ∈ ∆◦
n q

∥p− q∥ ≤ ϵ |pj − qj| ≤ ϵ j

p1 < q1

p′ = (0, p1 + p2, p3, . . . , pn), q′ = (q1 − p1, q2 + p1, q3, . . . , qn).

n = 2

Dz(p, q) ≤ Dz(p′, q′),

p′ /∈ ∆◦
n

n− 1

DΘ Θ

(D̃n)n≥2,n∈N

D̃n : ∆(Θ)×∆(Θ) → R+ ∪ {+∞}, D̃n(p, q) := DΘ(p, q),

q2 + p1 < 1 j
qj + p1 < 1 j 2



Θ |Θ| = n

Dn

p, q ∈ ∆n λ ∈ [0, 1]

Dn(p,λp+ (1− λ)q) ≤ Dn(p, q).

p, q, r ∈ ∆n λ ∈ [0, 1]

Dn(λp+ (1− λ)r,λq + (1− λ)r) ≤ Dn(p, q).

p, q1, q2 λ ∈ [0, 1]

Dn(p,λq
1 + (1− λ)q2) ≤ {Dn(p, q

1), Dn(p, q
2)}.

B(p, ρ] := {q ∈ ∆n | Dn(p, q) ≤ ρ}

Dn

p1 = p2 = p

q1 = p p1 = p p2 = r = q2



q1 = q p1 = p2 = p

Dn

C ⊂ ∆n

p,q∈C
Dn(p, q) = Dn(p̄, q̄),

p̄, q̄ ∈ ∂C p, q ∈ ∆n

Dn(p, q) ≤ Dn(e
1, e2) (= Dn(e

j, ei) ∀ i, j),

e1 = (1, 0, 0, . . . , 0) e2 = (0, 1, 0, . . . , 0)

s :=
p,q∈C Dn(p, q) s ∈ R+ ∪ {+∞}

(pm, qm) ∈ C Dn(pm, qm) → s

(p̃m, q̃m) p̃m, q̃m ∈ ∂C [pm, qm] ⊆ [p̃m, q̃m]

Dn(p̃m, q̃m) ≥ Dn(pm, qm) m Dn(p̃m, q̃m) ≥ s,

m Dn(p̃m, q̃m) = s s C

∂C

(p̃m, q̃m) ∂C (p∗, q∗)

Dn(p∗, q∗) = s D

D D

a, b ∈ ∆n [a, b]

[a, b] := {q ∈ ∆n | q = λa+ (1− λ)b, ∃λ ∈ [0, 1]}.



φ : R+ → R+ D̃ := φ(D)

Dn(e1, e2) ≥ Dn(p, q)

p, q ∈ ∆n e1 = (1, 0, . . . , 0) e2 = (0, 1, 0, . . . , 0)

p, q ∈ ∆n

Dn(p, q) = Dn+1((p1, . . . , pn, 0), (q1, . . . , qn, 0)),

n = 2

D2(e1, e2) > D2(e1, (x, 1− x)) x ∈ (0, 1)

D2(e1, e2) = D2(e1, (x, 1− x)) x ∈ (0, 1)

p, q ∈ ∆n x ∈ (0, 1)

Dn(p, q) = D2(e
1, (x, 1− x)),

φ(x) = D2(e1, (x, 1 − x)).

φ(1) = 0 φ(x) → ∞ x → 0 p, q ∈ ∆n

x Dn(p, q) = D2(e1, (x, 1− x)) D2

x

Dn ψ ψ(Dn(p ∗ q, r ∗ s)) =



ψ(Dn(p, r)) + ψ(Dn(q, s)). Dn x, y, z

D4(e
1 ∗ e1, (x, 1− x) ∗ (y, 1− y)) = D2(e

1, (z, 1− z)).

ψ

ψ(D2(e
1, (x, 1− x))) + ψ(D2(e

1, (y, 1− y))) = ψ(D2(e
1, (z, 1− z)))

x′ y′

D4(e
1 ∗ e1, (x, 1− x) ∗ (y, 1− y)) = D4(e

1 ∗ e1, (x′, 1− x′) ∗ (y′, 1− y′)),

ψ(φ(x))+ψ(φ(y)) = ψ(φ(x′))+ψ(φ(y′))

φ(x′) > φ(x) w

D4(e
1 ∗ e1, (w, 1− w) ∗ (x, 1− x)) = D2(e

1, (x′, 1− x′)),

D8(e
1 ∗ e1 ∗ e1, (w, 1− w) ∗ (x, 1− x) ∗ (y, 1− y))

= D4(e
1 ∗ e1, (x′, 1− x′) ∗ (y, 1− y)),



D8(e
1 ∗ e1 ∗ e1, (w, 1− w) ∗ (x, 1− x) ∗ (y, 1− y))

= D8(e
1 ∗ e1 ∗ e1, (w, 1− w) ∗ (x′, 1− x′) ∗ (y′, 1− y′)),

x′

D4(e
1 ∗ e1, (w, 1− w) ∗ (y′, 1− y′)) = D2(e

1, (y, 1− y)).

φ(x′) > φ(x) φ(y′) < φ(y) w′

D4(e
1 ∗ e1, (w′, 1− w′) ∗ (y′, 1− y′)) = D2(e

1, (y, 1− y)),

w

D2(e
1, (w, 1− w)) = D2(e

1, (w′, 1− w′)),

ψ(φ(y′)) − ψ(φ(y)) = −(ψ(φ(x′)) − ψ(φ(x)))

ψ(φ(x)) + ψ(φ(y)) = ψ(φ(x′)) + ψ(φ(y′))

p, q, r, s

ψ(Dnm(p ∗ q, r ∗ s)) = ψ(Dn(p, r)) + ψ(Dm(q, s)).



xp,r ∈ (0, 1) xq,s

Dn(p, r) = D2(e
1, (xp,r, 1− xp,r)) Dm(q, s) = D2(e

1, (xq,s, 1− xq,s)).

xp,r xq,s

Dnm(p ∗ q, r ∗ s) = Dnm(e
1 ∗ e1, (xp,r, 1− xp,r) ∗ (xq,s, 1− xq,s)).

Dn(p, r) ≤ D2(e1, (xp,r, 1 − xp,r)) Dn(p, r) ≥ D2(e1, (xp,r, 1 − xp,r))

Dnm(p ∗ q, r ∗ s) = Dnm(e
1 ∗ q, (xp,r, 1− xp,r) ∗ s),

q, s

(e1 ∗ e1, (xp,r, 1− xp,r) ∗ (xq,s, 1− xq,s))

ψ(D4(e
1 ∗ e1, (xp,r, 1− xp,r) ∗ (xq,s, 1− xq,s)))

= ψ(D2(e
1, (xp,r, 1− xp,r))) + ψ(D2(e

1, (xp,r, 1− xp,r))).

D4(e
1 ∗ e1, (xp,r, 1− xp,r) ∗ (xq,s, 1− xq,s)) = Dnm(p ∗ q, r ∗ s),



Dnm(p ∗ q, r ∗ s) = Dn(p, r) +Dm(q, s).

D2(e1, e2) > D2(e1, (x, 1− x)), ∀x ∈ (0, 1).

D2(e1, e2) = D2(e1, (x, 1 − x)) x ∈ (0, 1)

φ(z) := D2((z, 1− z), (x, 1−x))

z ∈ (0, 1) ψ ψ(D(·, ·))

p, q, r, s ∈ ∆2 ∆n

e1 x

Dn ∀p, q ∈ ∆n

Dn(p, q) = Dn+1((p1, . . . , pn, 0), (q1, . . . , qn, 0)).

m ≥ n

Dm+1(p̄
m+1, q̄m+1) ≥ Dm(p̄

m, q̄m),

Dm(p̄m, q̄m) m



p ∗ (1, 0)

p ∗ (1, 0) := (p1, . . . , pn, 0, . . . , 0) = p̄2n

q ∗ (1, 0) = q̄2n

D2n(p̄
2n, q̄2n) = D2n(p ∗ (1, 0), q ∗ (1, 0)) = Dn(p, q) +D2((1, 0), (1, 0)),

D2((1, 0), (1, 0)) = 0 D2n(p̄2n, q̄2n) = Dn(p, q),

Dmn(p̄
mn, q̄mn) = Dn(p, q),

m ∈ N Dm(p̄m, q̄m)

m

p, q ∈ ∆n Supp(p) ∩ Supp(q) = ∅ pjqj = 0

j D D(p, q) = +∞.

p, q ∈ ∆n

D(p, q) ≥ D((1, 0), (0, 1)),

Θ A1 := Supp(p) A2 = Θ \ Supp(p)

D((1, 0), (0, 1)) = +∞



D((1, 0), (0, 1)) < ∞

(1, 0) ∗ (1, 0) = (1, 0, 0, 0) (0, 1) ∗ (0, 1) = (0, 0, 0, 1).

D((1, 0, 0, 0), (0, 0, 0, 1)) = D((1, 0), (0, 1)),

D((1, 0) ∗ (1, 0), (0, 1) ∗ (0, 1)) = 2D((1, 0), (0, 1))

D((1, 0), (0, 1)) = 2D((1, 0), (0, 1)),

D((1, 0), (0, 1)) < ∞ D((1, 0), (0, 1)) = 0

D(p, q) > 0 p ̸= q D((1, 0), (0, 1)) = ∞

p, q ∈ ∆◦
n

p1
q1

= p2
q2
.

Dn(p, q) = Dn−1((p1 + p2, p3, . . . , pn), (q1 + q2, q3, . . . , qn)).

Dn(p, q) ≥ Dn−1((p1 + p2, p3, . . . , pn), (q1 + q2, q3, . . . , qn))

Dn(p, q) ≤ Dn−1((p1 + p2, p3, . . . , pn), (q1 + q2, q3, . . . , qn))

D(p, q) ≥ D((p1 + p2, p3, . . . , pn), (q1 + q2, q3, . . . , qn)).



D((p1 + p2, p3, . . . , pn), (q1 + q2, q3, . . . , qn))

= D((0, p1 + p2, p3, . . . , pn), (0, q1 + q2, q3, . . . , qn))

D((p1 + p2, p3, . . . , pn), (q1 + q2, q3, . . . , qn))

= D((p1 + p2, 0, p3, . . . , pn), (q1 + q2, 0, q3, . . . , qn)).

p = λ(p1 + p2, 0, p3, . . . , pn) + (1− λ)(0, p1 + p2, p3, . . . , pn),

λ = p1
p1+p2

q = λ′(q1 + q2, 0, q3, . . . , qn) + (1− λ′)(0, q1 + q2, q3, . . . , qn),

λ′ = q1
q1+q2

. p1
p2 = q1

q2 λ = λ′

D(p, q) ≤ {D((0, p1 + p2, p3, . . . , pn), (0, q1 + q2, q3, . . . , qn)),

D((p1 + p2, 0, p3, . . . , pn), (q1 + q2, 0, q3, . . . , qn))} =

D((p1 + p2, p3, . . . , pn), (q1 + q2, q3, . . . , qn)),



p ∈ ∆◦
n q1 = (q1 +

q2, 0, q3, . . . , qn) q2 = (0, q1 + q2, q3, . . . , qn)

[q1, q2] = {r ∈ ∆n | r = λq1 + (1− λ)q2,λ ∈ [0, 1]}.

p [q1, q2] q∗ ∈ [q1, q2]

q∗1
q∗2

=
p1
p2
,

r, r′ ∈ [q1, q2] r ∈ [r′, q∗]

Dn(p, r) ≤ Dn(p, r
′).

p1
q∗1

= p2
q∗2

D(p, q∗) = D((p1 + p2, . . . , pn), (q1 + q2, . . . , qn)),

∀r ∈ [q1, q2]

D(p, r) ≥ D((p1 + p2, . . . , pn), (q1 + q2, . . . , qn)),



r ∈ [q1, q2]

D(p, r) ≥ D(p, q∗), ∀r ∈ [q1, q2].

f(q) := D(p, q) r r′ r ∈ [r′, q∗],

D(p, r) ≤ {D(p, r′), D(p, q∗)},

D(p, q∗) ≤ D(p, r′) D(p, r) ≤ D(p, r′)

p, q ∈ ∆◦
n p ̸= q D

π = (S, f(s|θ)) s′ ∈ S

D(p(s′), q(s′)) < D(p, q).

D p, q ∈ ∆n π = (S, f(s|θ))

s ∈ S

D(p(s), q(s)) > D(p, q).

s′

θ1 f(s′|θ1) = 1 f(s′|θj) = 0 j = 2, . . . , n p, q



p(s′) = q(s′) = (1, 0, . . . , 0)

D(p(s′), q(s′)) = 0 < D(p, q),

p ̸= q

p′ ̸= q′ s′

D(p′(s′), q(s′)) < D(p′, q′) s

f(s|θ) = k

f(s′|θ) , ∀θ,

k f(s|θ) < 1 p := p′(s′) q := q′(s′)

p(s) = p′ q(s) = q′

D(p, q) = D(p′(s′), q(s′)) < D(p′, q′) = D(p(s), q(s)),

p q ∈ ∆n

π̃ ≼ π

Eπ
p [D(p(s), q(s))] ≤ Eπ̃

p [D(p(s̃), q(s̃))].

z ≥ 0.5



z ≤ −0.5 p = (1, 0, . . . , 0) S

π f(s|θ1) > 0 S̃ π̃

s ∈ S f(s|θj) = 0 j ≥ 2

Eπ
p [D(p(s), q(s))] = 0,

s f(s|θj) >

0 θj ≥ 2 s̃ ∈ S̃ g(s̃|θj) > 0

g(s̃|θj) =
∑

s

λs,s̃f(s|θj),

∑
s̃ λs,s̃ = 1 s̃

p qj(s̃) > 0 = pj(s̃) Dz(p(s̃), q(s̃)) = ∞

Eπ̃
p [D(p(s̃), q(s̃))] = ∞,

|z| < 0.5

s ∈ S p1(s) = 1 Dz(p(s), q(s)) =

− (q1(s)−z+0.5) s̃

−(0.5− z)
∑

s

f(s|θ1) (q1(s)) ≤ −(0.5− z)
∑

s̃

g(s̃|θ1) (q1(s̃)),



−(0.5− z) < 0 |z| < 0.5

∑

s̃

g(s̃|θ1) (q1(s̃)) ≤
∑

s

f(s|θ1) (q1(s))

s
∑

s̃ λs,s̃ = 1

∑

s

f(s|θ1) (q1(s)) =
∑

s

∑

s̃

λs,s̃f(s|θ1) (q1(s)) =
∑

s̃

∑

s

λs,s̃f(s|θ1) (q1(s)),

g(s̃|θ1)

∑

s

f(s|θ1) (q1(s)) =
∑

s̃

∑

s

λs,s̃f(s|θ1) (q1(s))

=
∑

s̃

g(s̃|θ1)
∑

s

λs,s̃f(s|θ1)
g(s̃|θ1)

(q1(s)),

λs,s̃f(s|θ1)
g(s̃|θ1)

∑
s
λs,s̃f(s|θ1)
g(s̃|θ1) = 1

− (·)

∑

s

λs,s̃f(s|θ1)
g(s̃|θ1)

(− (q1(s)
−1))

≥ −
(
∑

s

λs,s̃f(s|θ1)
g(s̃|θ1)

f(s; q)

q1f(s|θ1)

)
= −

(∑
s λs,s̃f(s; q)

q1g(s̃|θ1)

)
,

∑
s λs,s̃f(s; q) = f(s̃; q)

−
(∑

s λs,s̃f(s; q)

q1g(s̃|θ1)

)
= (q1(s̃)),



∑

s

f(s|θ1) (q1(s)) ≥
∑

s̃

g(s̃|θ1) (q1(s̃)),

D D(p, q) = aDz(p, q) z ≥ 0.5

a > 0

z ≥ 0.5 Dz

z < 0.5 p, q qj = 0 < pj D(p, q) < +∞

q = (1, 0) p = (α, 1− α)

D

D

D(p, q) = aDz(p, q) z ≥ 0.5 a > 0

π ≽ π̃ p, q ∈ ∆n

Eπ
p [D(p(s), q(s))] ≤ Eπ̃

p [D(p(s̃), q(s̃))].

⇔



⇒ p, q ∈ ∆◦
n q /∈

∆◦
n

p /∈ ∆◦
n Θ

p p, q ∈ ∆◦
n

π̃ ≼ π φ : ∆n → R

p ∈ ∆n

∑

s∈S

Pp(s)φ(p(s)) ≤
∑

s̃∈S̃

Pp(s̃)φ(p(s̃)).

Dz(p(s), q(s))

p(s) z ≥ 0.5

q(s)

p(s) p q

qj(s) =

qj
pj
pj(s)

∑
i
qi
pi
pi(s)

=
rjpj(s)

p(s) · r ,

rj :=
qj
pj

·



Rn

Dz(p(s), q(s)) =

(
∑

j

pj(s)

(
pj(s)

qj(s)

)z−0.5
)

=

(
∑

j

pj(s)

(
p(s) · r

rj

)z−0.5
)

= (z − 0.5) (p(s) · r) + (p(s) · rz),

rzj :=
1

rz−0.5
j

z > 0.5 Dz(p(s), q(s)) p(s)

rz (p(s) · rz) (z− 0.5) (p(s) · r)

r ≫ 0 z − 0.5 > 0

z = 0.5

D0.5(p(s), q(s)) =
∑

j

pj(s)

(
pj(s)

qj(s)

)

=
∑

j

pj(s)( (p(s) · r)− (rj)) = −p(s) · (r) + (p(s) · r),

(r) := ( (r1), . . . , (rn)).

D0.5(p(s), q(s))

p(s) p(s)

⇒

z < 0.5 p, q π

Eπ
p (D

z(p(s), q(s))) > D(p, q);



p, q π

Eπ
p (aD

−0.5(p(s), q(s)) + bD0.5(p(s), q(s))) > aD−0.5(p, q) + bD0.5(p, q))

z < 0.5 p ∈ ∆◦
2 qn = (1/n, 1−1/n) n Dz(p, q) <

Dz(p, (0, 1)) < +∞ π(ϵ)

ϵ→ 0 Eπ(ϵ)
p (D(p(s), qn(s))) → +∞ n

π̃ π(ϵ)

f(s0|θ1) = 1− ϵ, f(s1|θ1) = ϵ,

f(s1|θ2) = ϵ f(s0|θ2) = 1− ϵ.

s1

p2(s0) =
ϵp2

ϵp2 + (1− ϵ)p1
; q2(s0) =

(
1− 1

n

)
ϵ(

1− 1
n

)
ϵ+ 1

n(1− ϵ)
.

ϵ = n−0.5 n → +∞ p2(s0) → 0 q2(s0) →

1 n → ∞

Eπ(n−0.5)
p (D(p(s), q(s))) ≥ Pp(s0)D

z((1− δ, δ), (δ, 1− δ)),



δ ∈ (0, 1) n Pp(s0) > 0 Dz(p, qn) < Dz(p, (0, 1)) <

∞ n

Eπ(n−0.5)
p (Dz(p(s), q(s))) > Dz(p, qn),

z Dz((1− δ, δ), (δ, 1− δ)) → ∞ δ → 0

D(p, q) = aD−0.5(p, q) + bD0.5(p, q) p = (0.5 −

ϵ, ϵ, 0.5) q = (0.5− ϵ, δ, 0.5 + ϵ− δ)

D(p, q) = a

(
δ

(
δ

ϵ

)
+ (0.5 + ϵ− δ)

(
0.5 + ϵ− δ

0.5

))

+ b

(
ϵ

( ϵ
δ

)
+ 0.5

(
0.5

0.5 + ϵ− δ

))
.

π = ({s1, s2}, f(s|θ)) f(s1|θ1) = f(s1|θ2) = 1

f(s2|θ3) = 1

ϵ, δ π

θ3 p(s2) = q(s2) =

(0, 0, 1) ϵ, δ

p(s1) =

(
0.5− ϵ

0.5
,
ϵ

0.5
, 0

)
q(s1) =

(
0.5− ϵ

0.5− ϵ+ δ
,

δ

0.5− ϵ+ δ
, 0

)
.



Pp(s1) = 0.5 ϵ, δ

0.5D(p(s1), q(s1)) = 0.5aD−0.5(p(s1), q(s1)) + 0.5bD0.5(p(s1), q(s1)).

δ → 0 ϵ → 0.5 D0.5(p, q) −

0.5D0.5(p(s1)q(s1)) D0.5(p, q)− 0.5D0.5(p(s1)q(s1)) →

−∞

D0.5(p, q)− 0.5D0.5(p(s1)q(s1))

= ϵ
( ϵ
δ

)
+ (0.5 + ϵ− δ)

(
0.5 + ϵ− δ

0.5

)

− 0.5

(
0.5− ϵ

0.5

(
0.5

0.5− ϵ+ δ

)
+

ϵ

0.5

( ( ϵ
δ

)
+

(
0.5− ϵ+ δ

δ

)))

= −δ
(
0.5 + ϵ− δ

0.5

)
− ϵ

(
0.5− ϵ+ δ

δ

)
.

δ =
√
0.5− ϵ ϵ → 0.5 D0.5(p, q) −

0.5D0.5(p(s1)q(s1))



D−0.5(p, q)− 0.5D−0.5(p(s1)q(s1))

D−0.5(p, q)− 0.5D−0.5(p(s1)q(s1))

= δ

(
δ

ϵ

)
+ (0.5 + ϵ− δ)

(
0.5 + ϵ− δ

0.5

)

− 0.5

(
0.5− ϵ

0.5− ϵ+ δ

(
0.5− ϵ+ δ

δ

)

+
δ

0.5− ϵ+ δ

( (
δ

ϵ

)
+

(
δ

0.5− ϵ+ δ

)))
.

ϵ → 0.5 δ =
√
0.5− ϵ D−0.5(p, q) = δ

(
δ
ϵ

)
+

(0.5+ ϵ−δ)
(
0.5+ϵ−δ

0.5

)
δ =

√
0.5− ϵ

−0.5D(p(s1), q(s1)) → −∞

p1, . . . , pJ ∈ ∆◦
n (uj)j

zj ∈ (0, 1)

(Πi)i

q∈∆(I)

∑

j

1

1− zj
Dzj+0.5(q, pj(·|I)),



Vj((x
j
i )i) = (Dzj+0.5(pj(·|I),Π) +D−zj+0.5(Π, pj(·|I)))− 1 ∀j ∈ J ;

Gj((x
j
i )i) =

1
1
zj
− 1

(
1−

(
−Dzj−0.5(Π, pj(·|I))

zj

))
, ∀j ∈ J.

j

(xj
i )i

∑

i

pji
(xj

i )
1− 1

zj

1− 1
zj

∑

i

Πixi ≤ 0,

xj
i

pji (x
j
i )

−1/zj − λΠi = 0,

λ xj
i

xj
i =

(
pji
λΠi

)zj

,

∑
i Πix

j
i = 1

λzj =
∑

i

Πi

(
pji
Πi

)zj

,



xj
i =

(
pji
Πi

)zj

∑
k Πk

(
Πk

pjk

)−zj
,

j

1 =
∑

j

xi,j =
∑

j

(
pji
Πi

)zj

∑
k Πk

(
Πk

pjk

)−zj
,

i i

i+ 1

∑

j

(
pji
Πi

)zj
−
(

pji+1

Πi+1

)zj

∑
k Πk

(
Πk

pjk

)−zj
= 0,

∑

j

∂1i

(
1

1− zj
Dzj+0.5(Π, pj(·|I))

)
,

∂1i D D Π

zi,i+1 D



Vj((x
j
i )i) =

∑

i

pjix
j
i − 1 =

∑
i p

j
i

(
Πi

pji

)−zj

∑
k Πk

(
Πk

pjk

)−zj
− 1

= (Dzj+0.5(pj(·|I),Π) +D−zj+0.5(Π, pj(·|I)))− 1.

uj(1) =
1

1− 1
zj

uj(x
j
i ) =

1

1− 1
zj

⎛

⎜⎝

(
Πi

pji

)−zj

∑
k Πk

(
Πk

pjk

)−zj

⎞

⎟⎠

1− 1
zj

⇒
∑

i

pjiu(x
j
i ) =

1

1− 1
zj

(
∑

i

pji

(
Πi

pji

)1−zj
)

·
(
∑

k

Πk

(
Πk

pjk

)−zj) 1
zj

−1

,

Gj((x
j
i )i) =

1
1
zj
− 1

(
1−

(
−Dzj−0.5(Π, pj(·|I))

zj

))
, ∀j ∈ J.

(uj)j∈J

1

u′
j(1) = 1 −1/u′′

j (1) =: zj ∈ (0, 1) (pj,(m))j∈Jm∈N

m ((xj,(m)
i )j∈Ji=1,...,n, (Π

m
i )i)

m Π̃m
q∈∆◦

n

∑
j

1
1−zj

Dzj+0.5(q, pj,(m)).



j m→∞
Dzj+0.5(pj,(m),Πm)

Dzj+0.5(pj,(m),Π̃m)
= 1 pj

Π̃m

Πm

m→∞

∑
i p

j,(m)
i (xj,(m)

i − 1)

Dzj+0.5(pj,(m), Π̃m) +D−zj+0.5(Π̃m, pj,(m))
= 1.

m→∞

∑
i p

j,(m)
i ui(x

j,(m)
i )

1
1−zj

Dzj−0.5(Π̃m, pj,(m))
= 1.

m

pj,(m) xj,(m)
i → 1 uj

ũj uj 1

ũj(x) :=
x
1− 1

zj

1− 1
zj

,

zj = − 1
u′′(1)



J := ((p1i )i, . . . , (p
J
i )i)

((xj
i ( ))i,j, (Πi( ))i, (λj( ))j)

uj xj
i Πi λj

((x̃j
i ( ))i,j, (Π̃i( ))i, (λ̃j( ))j)

ũj

4→ xj
i ( )

j, i 4→ Πi( ) i 4→ λj( ) j

∗ = (p∗, . . . , p∗)

∂ xj
i (

∗) = ∂ x̃j
i (

∗),

∂v = (v1, . . . , vJ)

j ∈ J
∑

i v
j
i = 0 pj + ϵvj ∈ ∆◦

n ϵ

((xj
i ( ))i,j, (Πi( ))i, (λj( ))j) ((x̃j

i ( ))i,j, (Π̃i( ))i, (λ̃j( ))j)

uj

ũj

pj,(m)
i u′

j(x
j,(m)
i )− λmj Π

m = 0, pj,(m)
i ũ′

j(x̃
j,(m)
i )− λ̃mj Π̃

m = 0,



∂ Πi(
∗) = ∂ Π̃i(

∗) ∂ λj(
∗) = ∂ λ̃j(

∗).

∗ i, j

→ ∗

xj
i ( )− 1

x̃j
i ( )− 1

= 1,

∆◦
n× · · ·×∆◦

n.

xj
i = (u′)−1

(
λj( )Πi( )

pi,j

)
x̃j
i ( ) =

(
λ̃j( )Π̃i( )

pi,j

)−zj
ũj φ( ) :=

λj( )Πi( )
pi,j

φ̃( ) ∗

∂ φ( ∗) = ∂ φ̃( ∗), ∀ .

0/0

→ ∗

∂ (xj
i ( )− 1)

∂ (x̃j
i ( )− 1)

= 1,

→ ∗

− 1
u′′((u′)−1(φ( )))∂ φ( )

−zjφ̃( )∂ φ̃( )
,



φ( ) → 1 φ̃( ) → 1 1
u′′((u′)−1(φ( ))) = −zj ∂ φ( ), ∂ φ̃( ) → ∂ φ( ∗) ̸= 0

pji

→ ∗

∑
i x

j
i ( )pji∑

i x̃
j
i ( )pji

= 1,

Dzj+0.5(pj, Π̃( )) + D−zj+0.5(Π̃( ), pj) →

∗

uj ũj

Π

Π̃

pji
Πj

i ( )
= λj( )u′(xj

i ( ))
pji

Π̃j
i ( )

= λ̃j( )ũ′(x̃j
i ( )),

i, j

→ ∗

pji
Πj

i ( )

pji
Π̃j

i ( )

= 1,

φ
∗



(xi)i

xi ≥ 0,
∑

i

xi ≤ 1.

n Gn

Gn ∆n

I(x|y) x y

n ∈ N x, y ∈ Gn I(x, y) ≥ 0 xi ≥ yi i I(x|y) ≤ 0

xi ≤ yi i

I(1, 1/2) = 1

n,m ∈ N x1, y1 ∈ Gn x2, y2 ∈ Gm I(x1 ∗ x2|y1 ∗ y2) =

I(x1|y1) + I(x2|y2)

x ∈ Gn y ∈ Gm x ∪ y := (x1, . . . , xn, y1, . . . , ym) ∈ Gn+m

g : R → R x1, x2, y1, y2 x1∪x2



y1 ∪ y2

I(x1 ∪ x2|y1 ∪ y2) = g−1

⎛

⎝
(
∑

i x
1
i ) g(I(x

1|x2)) +
(∑

j x
2
j

)
g(I(y1|y2))

∑
i x

1
i +

∑
j x

2
j

⎞

⎠

(P6)

(P7)

x, y xi ≥ yi i x = y

(P7) I(p|p) = 0 P (8) (P9)

x1, y1, x2, y2 ∈ G1 = [0, 1]

I(x1x2|y1y2) = I(x1|y1) + I(x2|y2).

I x, y ∈ [0, 1] I(x|y) =

β (x/y) β ∈ R (P9) I

1 x, y ∈ [0, 1]

(P9)

(P10) I(x|y)

x ∈ Gn y ∈ Gm x ∪ y

n∑

i=1

xi +
m∑

j=1

yj ≤ 1.



z, z′ ∈ [0, 1] I(z|z′) = β (z/z′) (P10) x, y ∈ Gn

I(x|y) = g−1

(
∑

j

xj∑
i xi

g(α (xj/yj))

)
,

g

I (P9) g(x) := γeαx

(P8)

I(x|y) = 1

α− 1

⎛

⎜⎝

∑
j xj

(
xj

yj

)α−1

∑
j xj

⎞

⎟⎠ ,

Rα(p, q)

Rα(p, q) =
1

α− 1

(
∑

j

pj

(
pj
qj

)α−1
)
.

(P10)

(pi/qi)



(P10)

x y (x, y) 4→ I(x|y) (x, y) 4→ I(y|x)

(x, y) 4→ D(x, y)

(x, y) 4→ D(y, x) D(p, q) =
∑

j qj
(

qj
pj

)

n x1, . . . , xn ∈ R

Mp
φ(x1, . . . , xn) = φ−1

(∑
j pjφ(xj)

n

)
,

φ(·)

p q
p q



s1, s2

f(s1|θ)f(s2|θ′) = f(s1|θ′)f(s2|θ)

θ, θ′ γ : S → S ′ γ(s1) = γ(s2) γ(s) ̸= γ(s′)

s ̸= s′ s, s′ ̸= s1, s2

cn(γ ◦ π) = c(π).

cn(γ ◦ π) ≤ cn(π)

cn(γ ◦ π) ≥ cn(π)

k > 0

kf(s1|θ) = f(s2|θ) ∀θ ∈ Θ,



γ ◦ π =

((
(1+k)f(s1|θ1) ... (1+k)f(s1|θn)

f(s3|θ1) ... f(s3|θn)
... ... ...

f(sm|θ1) ... f(sm|θn)
... ... ...

))

=

( 1+k
k f(s2|θ1) ... 1+k

k f(s2|θn)
f(s3|θ1) ... f(s3|θn)

... ... ...
f(sm|θ1) ... f(sm|θn)

... ... ...

)
,

cn(γ ◦ π) = cn

⎛

⎝
(1+k)f(s1|θ1) ... (1+k)f(s1|θn)

0 ... 0
f(s3|θ1) ... f(s3|θn)

... ... ...
f(sm|θ1) ... f(sm|θn)

... ... ...

⎞

⎠ = cn

⎛

⎝
0 ... 0

1+k
k f(s2|θ1) ... 1+k

k f(s2|θn)
f(s3|θ1) ... f(s3|θn)

... ... ...
f(sm|θ1) ... f(sm|θn)

... ... ...

⎞

⎠ ,

π

π =
1

k + 1

⎛

⎝
(1+k)f(s1|θ1) ... (1+k)f(s1|θn)

0 ... 0
f(s3|θ1) ... f(s3|θn)

... ... ...
f(sm|θ1) ... f(sm|θn)

... ... ...

⎞

⎠+
k

k + 1

⎛

⎝
0 ... 0

1+k
k f(s2|θ1) ... 1+k

k f(s2|θn)
f(s3|θ1) ... f(s3|θn)

... ... ...
f(sm|θ1) ... f(sm|θn)

... ... ...

⎞

⎠ .

cn(π) ≤
{
cn

⎛

⎝

⎛

⎝
(1+k)f(s1|θ1) ... (1+k)f(s1|θn)

0 ... 0
f(s3|θ1) ... f(s3|θn)

... ... ...
f(sm|θ1) ... f(sm|θn)

... ... ...

⎞

⎠

⎞

⎠ ,

cn

⎛

⎝

⎛

⎝
0 ... 0

1+k
k f(s2|θ1) ... 1+k

k f(s2|θn)
f(s3|θ1) ... f(s3|θn)

... ... ...
f(sm|θ1) ... f(sm|θn)

... ... ...

⎞

⎠

⎞

⎠
}
,

cn(π) ≤ cn(γ ◦ π),



π π′ cn cn(π) ≥ cn(π′)

π = (S, (f(s|θ))s∈S,θ∈Θ) π′ =

(S ′, (g(s′|θ))s′∈S′,θ∈Θ) λs,s′ ≥ 0
∑

s′∈S′ λs,s′ = 1

g(s′|θ) =
∑

s

λs,s′f(s|θ).

s̄ s f(s|θ) > 0 θ s̄′ s′

g(s′|θ) > 0

π

cn(π) = cn

⎛

⎜⎜⎜⎝

⎛

⎜⎜⎜⎝

λs1,s
′
1
f(s1|θ1) ... λs1,s

′
1
f(s1|θn)

λs1,s
′
2
f(s1|θ1) ... λs1,s

′
2
f(s1|θn)

... ... ...
λs1,s̄f(s1|θ1) ... λs1,s̄f(s1|θn)

f(s2|θ1) ... f(s2|θn)
... ... ...

f(sm|θ1) ... f(sm|θn)
... ... ...

⎞

⎟⎟⎟⎠

⎞

⎟⎟⎟⎠
,

∑s̄′

s′=1 λs1,s′ = 1 π

cn(π) = cn

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

λs1,s
′
1
f(s1|θ1) ... λs1,s

′
1
f(s1|θn)

λs1,s
′
2
f(s1|θ1) ... λs1,s

′
2
f(s1|θn)

... ... ...
λs1,s̄f(s1|θ1) ... λs1,s̄f(s1|θn)
λs2,s

′
1
f(s2|θ1) ... λs2,s

′
1
f(s2|θn)

... ... ...
λs2,s̄f(s2|θ1) ... λs2,s̄f(s2|θn)... ... ...

λsm,s′1
f(sm|θ1) ... λsm,s′1

f(sm|θn)
... ... ...

λsm,s̄f(sm|θ1) ... λsm,s̄f(sm|θn)
... ... ...

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

,

s′



cn

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

λs1,s
′
1
f(s1|θ1) ... λs1,s

′
1
f(s1|θn)

λs1,s
′
2
f(s1|θ1) ... λs1,s

′
2
f(s1|θn)

... ... ...
λs1,s̄f(s1|θ1) ... λs1,s̄f(s1|θn)
λs2,s

′
1
f(s2|θ1) ... λs2,s

′
1
f(s2|θn)

... ... ...
λs2,s̄f(s2|θ1) ... λs2,s̄f(s2|θn)... ... ...

λsm,s′1
f(sm|θ1) ... λsm,s′1

f(sm|θn)
... ... ...

λsm,s̄f(sm|θ1) ... λsm,s̄f(sm|θn)
... ... ...

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

≥ cn

((∑
s λs,s′1

f(s|θ1) ...
∑

s λs,s′1
f(s|θn)

∑
s λs,s′2

f(s|θ1) ...
∑

s λs,s′2
f(s|θn)

... ... ...∑
s λs,s̄′f(s|θ1) ...

∑
s λs,s̄f(s|θn)

))
,

π′

cn(π) ≥ cn(π′)

φ : En → R ∪ {+∞} φ π

φ(π) = 0 φ(π) = ∞

π π̃ :=

π ⊗ π

cn(π) = cn(π̃) = cn(π ⊗ π) = cn(π) + cn(π),

cn(π) = 0 cn(π) = ∞

H : ∆(Θ) → R H(µ) > H(δj)

µ ∈ ∆◦(Θ) j = 1, . . . , |Θ| µ ∈ ∆◦(Θ) φµ : En → R

φ(π1 ⊗ π2) = φ(π1) + φ(π2), ∀π1,π2 ∈ En.



φµ(π) := |H(µ)−
∑

s∈S

Pµ(s)H(µ(s))|.

φµ(π)

π s s

Pµ(s) > 0 µ(s) = δj j H(µ) >
∑

s∈S Pµ(s)H(µ(s))

φµ(π) > 0 π

φµ(π) = ∞ H

Θ |Θ| > 3 S cΘ,S

∑

s

∑

i,j

(f(s|θi)− f(s|θj))
(
f(s|θi)
f(s|θj)

)
=
∑

i,j

D(f(·|θi), f(·|θj)),

D D(p, q) =

∑
i pi

(
pi
qi

)
+
∑

i qi
(

qi
pi

)

cΘ,S =
∑

θ,θ′

c2(π(θ, θ
′)),

cΘ,S(π) =
∑

θ,θ′

cKL
2 (π(θ, θ′)),

Pµ(s)
∑

θ µ(θ)f(s|θ)
µ s



cΘ,S(π) =
∑

θ,θ′

cB2 (π(θ, θ
′)),

cΘ,S(π) =
∑

θ,θ′

cKL
2 (π(θ, θ′)),

cΘ,S(π) = ∞ π ∃s ∈ S θ, θ′ ∈ Θ

f(s|θ) > 0 = f(s|θ′)

cΘ,S(π) = 0 D(f(·|θ), f(·|θ′)) = ∞

θ, θ′ ∈ Θ D(f(·|θ), f(·|θ′)) = ∞

s f(s|θ) > 0 = f(s|θ′) f(s|θ) = 0 < f(s|θ′)

c2

cKL
2 (π) =

∑
s[f(s|θ1)− f(s|θ2)][ (f(s|θ1))− (f(s|θ2))];

cB2 (π) = −
(∑

s

√
f(s|θ1)f(s|θ2)

)
.

2 |Θ| = 2 KL B



p, q f(·|θ), f(·|θ′)

D(p, q) < ∞

p, q

D D(p, q) = D(q, p)

n = 2

θ

s

cn fn

fn(x1, . . . , xn) =
n∑

i=1

xi, ∀(xi)i ∈ [0,∞]n.

|Θ| = 3

c3(π) = c2(π(θ1, θ2)) + f2(c2(π(θ3, θ2)), c2(π(θ1, θ3))).



c3(π) = c2(π(θ2, θ3)) + f2(c2(π(θ1, θ2)), c2(π(θ1, θ3))),

c2(π(θ1, θ2)) + f2(c2(π(θ3, θ2)), c2(π(θ1, θ3)))

= c2(π(θ2, θ3)) + f2(c2(π(θ1, θ2)), c2(π(θ1, θ3))).

c2 f(·|θ3)

c2(π(θ1, θ3)) ∆(S)

c2 ∂c2(π(θ1, θ3)) ̸= 0

∂xf2(c2(π(θ3, θ2)), c2(π(θ1, θ3)))∂c2(π(θ1, θ3)) = ∂c2(π(θ1, θ3)).

∂c2(π(θ1, θ3)) ̸= 0

∂xf2(c2(π(θ3, θ2)), c2(π(θ1, θ3))) = 1.

c2(π(θ1, θ3)) ∂c2(π(θ1, θ3))

∂xf2 f2



∂yf2 = 1

f2(x, y) = x+ y + k,

k ∈ R

0 = c3(π) = 0 + f(0, 0), ⇒ f(0, 0) = 0,

n = |Θ| > 2

cΘ,S(π) =
∑

θ,θ′

cB2 (π(θ, θ
′)).

Θ = {θ1, . . . , θ3} f(s|θ) > 0

s = s1, . . . , s6 f(s|θ) = 0 s = s7, . . .

c f(s1|θ1) f(s2|θ1)

f(s3|θ1) f(s4|θ1) s5, s6



cΘ,S(π) = −
(
∏

θ,θ′

(
∑

s

√
f(s|θ)f(s|θ′)

))
,

s f(s|θ) > 0

π

(πn)n πn → π c(πn) → ∞

(πn)n c(πn) → 0 πn → π

π =
(

1 1
0 0
... ...

)

πn

πn =

(
1− 1

n 1
1
n 0
... ...

)
.

πn → π c(πn) = ∞ n c(πn) → ∞

c(πn) → 0 πn

c(πn) ≥ (fn(s|θi)− fn(s|θj))
(
fn(s|θi)
fn(s|θj)

)
≥ 0

s, θi, θj 0

fn(s|θi)− fn(s|θj) → 0,



|fn(s|θi)− fn(s|θj)| → 0 s, θi, θj

µ ∈ ∆(Θ) µ(θ) > 0 θ ∈ Θ π

c(π) =
∑

s

Pµ(s)
∑

θ

µ(θ|s)n
µ(θ)

( (µ(θ|s)− [a(µ(s))])) =:
∑

s

Pµ(s)φI(µ(s);µ),

φI(µ(s);µ) :=
∑

θ
µ(θ|s)n
µ(θ) ( (µ(θ|s)− [a(µ(s))]))

µj(s) := µ(θj|s) µj := µ(θj)

f(s|θj) = µj(s)Pµ(s)
µj

µ ∈ ∆(Θ)

c(π) = 2
∑

s

∑

i,j

f(s|θi)( (f(s|θi))− (f(s|θj)))

= 2
∑

s

∑

i,j

µi(s)Pµ(s)

µi
( (µi(s))− (µj(s))− (µi) + (µj))

=
∑

s

∑

i,j

µi(s)Pµ(s)

µi
( (µi(s))− (µj(s))) +

∑

s

∑

i,j

( (µj)− (µi))

=
∑

s

Pµ(s)
∑

i,j

µi(s)

µi
[ (µi(s))− (µj(s))],



i j

φI(µ(s);µ) =
∑

i,j

µi(s)

µi
[ (µi(s))− (µj(s))]

=
∑

i

µi(s)

µi

∑

j

[ (µi(s))− (µj(s))]

=
∑

i

µi(s)n

µi
[ (µi(s))− (a(µ(s))))],

a(µ(s)) µ(s)

a(µ(s)) = n
√

µ1(s) · · ·µn(s),

c(π) =
∑

s

Pµ(s)
∑

i

µi(s)n

µi
[ (µi(s))− (a(µ(s)))].

µ ∈ ∆(Θ)

φH(µ;µ) = φI(µ;µ) = 0

φH(·;µ) φI(·;µ)

x→∂∆(Θ) φH(x;µ) < ∞ x→∂∆(Θ) φI(x;µ) = ∞

∂∆(Θ) ∆(Θ)

∂∆(Θ) = {µ ∈ ∆(Θ) | µ(θ), ∃θ}



H ΦH(x;µ)

x φI





µW

µW (wi) = mi+1 µW (m1) = m1.



m1

w1 m2

mj j ≥ 2

wj

wj−1

P (x) x

(M,W, )

w ∈ W M̃ ⊆ M

>w

∀m ∈ M̃, ∃m′ ∈ M̃ m′ >w m,

m >w w m ∈ M̃



m ∈ M \ M̃ m >m w, M \ M̃ w

m̃ ∈ M̃ w ≥m̃ w′ w′ ∈ W M̃ w

µ w m̃ ∈ M̃ (m̃, w)

w m m ∈ M \ M̃

m ∈ M̃

m′ ∈ M̃ m′ >w m

(m′, w) m′ w

µM

m µM(m) = x ̸= m

(µ(j)(m))j x µ(j)(m) ∈ W ∪ {m} j

x ∈ W µM µ(j)(w) ∈ M

j

µM(m) = µM(m′) ∈ W m ̸= m′

µ(j)(m) µ(j)(m′) ∃K ∈ N

k′ ≥ K µ(k′)(m) = µ(k′)(m′)

K w = µ(K)(m) m m′



µ(j)(w) ≥w µ(l)(w), ∀j ≥ l,

µ(j+1)(w) = µ(j)(w)

µ(j+1)(w) >w µ(j)(w)

(m,w) w >m

µM(m) m w

j j′ ≥ j w m m′

µM(w) >w m,

(m,w)



µM >M µ µM ≥M µ

w m

(M,W, ) µ µ(m) = w

m µM(m) ≥ µ(m) µ

j

j + 1

w m m′

m′ >w m.

m′

w >m′ µ(m′), ∀µ .

µ̃ m w

w m



(m′, w) µ̃

µ µ′ (M,W, )

µ >M µ′ ⇔ µ′ >W µ.

⇒ ⇐

µ µ′

µ >M µ′ ⇒ µ′ >W µ.

µ >M µ′ w

µ(w) >w µ′(w).

µ w

µ(w) = w = µ′(w) m = µ(w)

µ >M µ′ m

µ(m) ≥m µ′(m),

µ(m) >m µ′(m) µ′(m) = µ(m) =

w µ µ′ µ′(w) = m = µ(w)



µ(m) >m µ′(m).

µ(w) = m

(m,w) µ′ µ′

µ µ′

µ

µM ≥M µ ≥M µW ,

µW

µ ν (M,W, ) ∨ ∧

λ := µ ∨ ν

λ

λ λ(m) = w λ(w) = m

λ

λ(m) ̸= m λ(m) ∈ W



λ(m) = w λ(w) ≠ m λ(m) =

µ(m)

w = µ(m) >m ν(m).

λ(w) ̸= m λ(w) = ν(w)

m = µ(w) >w ν(w).

ν (m,w)

λ

µ ν

w >m λ(m)

m >w λ(w)

λ(m) = µ(m) λ(w) = ν(w)

λ(m) = µ(m) >m ν(m)

µ(w) >w ν(w) = λ(w)

λ(m) = µ(m) λ(w) = µ(w) µ



w >m λ(m) >m ν(m),

m >w ν(w)

m >w λ(w) = ν(w),

ν

µ µ′ µ ≤M µ′

M(µ) ⊆ M(µ′).

µ

M(µW ) ⊆ M(µ) ⊆ M(µM);

W (µM) ⊆ W (µ) ⊆ W (µW ).

m ∈ M(µ) µ ≤M µ′ m′s µ′

µ µ(m) ≤m µ′(m) µ(m) ∈ W

µ µ′(m) ∈ W m ∈ M(µ′)

M(µ) ⊆ M(µ′)



M = µW ◦ µM(M).

M(µW ) ! M(µM) W (µM) ! W (µW ) m ∈ M(µM) \M(µW )

m ∈ M m /∈ µW ◦µM(M) µM(m) ∈ W m /∈ µW (W ) µW (m) = m

w ∈ W (µW )\W (µM)

m := µW (w) m ∈ M \ µW ◦ µM(M) µM µM(M)

W \ {w} m /∈ µW (W \ {w}) m ∈ M \ µW ◦ µM(M)

m ∈ M(µM) m ∈ M(µW )

M = µW ◦ µM(M) M ⊃ µW ◦ µM(M)

m µM µW µW (µM(m)) = m

m w µM w µW

µW (µM(m)) ∈ M

∃m ∈ M \µW ◦µM(M) m

µM µW µM(m) ≥m

µW (m) µW µW ◦ µM(m) = m ⇒ m ∈ µW ◦ µM(M)

m µM µW

f ◦ g x 4→ f(g(x)) A f(A) = {y |
y = f(x), ∃x ∈ A}



∃w ∈ W

µW (w) = m.

µW µM

∃m̃ ∈ M

µM(m̃) = w.

µW ◦ µM(m̃) = m ⇒ m ∈ µW ◦ µM(M),

|M(µ)| < +∞ µ

M =
⋃

j Mj W =
⋃

j Wj j

|Mj|, |Wj| < +∞ m ∈ Mj m Wj

m >m w, ∀m ∈ Mj, w ∈ W \Wj.



M(µM) ⊇ M(µ), ∀ µ ,

µM

µ µ′

M(µ) = M(µ′) m ∈ M(µ) ∩M(µ′) m ∈ M(µ ∨ µ′)

m ∈ M(µ ∧ µ′)

M(µ ∨ µ′) = M(µ ∧ µ′) = M(µ′) = M(µ),

µ ∨ µ′ µ ∧ µ′



m ∈ M t m

⋃
s≥t W

s
⋃

s>t W
s

m m

M t W t W t M t

t t′

M i := {m2i,m2i+1} W i := {m2i,m2i+1}

(M,W, 1)
(M,W, 2)
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