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Abstract

Stochastic Approximation Algorithms in the Estimation of Quasi-Stationary
Distribution of Finite and General State Space Markov Chains

Shuheng Zheng

This thesis studies stochastic approximation algorithms for estimating the quasi-stationary distribution of
Markov chains. Existing numerical linear algebra methods and probabilistic methods might be computationally
demanding and intractable in large state spaces. We take our motivation from a heuristic described in the physics
literature and use the stochastic approximation framework to analyze and extend it.

The thesis begins by looking at the finite dimensional setting. The finite dimensional quasi-stationary esti-
mation algorithm was proposed in the Physics literature by [I0, [, [13], however no proof was given there and
it was not recognized as a stochastic approximation algorithm. This and related schemes were analyzed in the
context of urn problems and the consistency of the estimator is shown there [I} [29] [3]. The rate of convergence
is studied by [3] in special cases only. The first chapter provides a different proof of the algorithm’s consistency
and establishes a rate of convergence in more generality than [3]. It is discovered that the rate of convergence
is only fast when a certain restrictive eigenvalue condition is satisfied. Using the tool of iterate averaging, the
algorithm can be modified and we can eliminate the eigenvalue condition.

The thesis then moves onto the general state space discrete-time Markov chain setting. In this setting, the
stochastic approximation framework does not have a strong theory in the current literature, so several of the
convergence results have to be adapted because the iterates of our algorithm are measure-valued The chapter
formulates the quasi-stationary estimation algorithm in this setting. Then, we extend the ODE method of [2I] and
proves the consistency of algorithm. Through the proof, several non-restrictive conditions required for convergence
of the algorithm are discovered.

Finally, the thesis tests the algorithm by running some numerical experiments. The examples are designed to
test the algorithm in various edge cases. The algorithm is also empirically compared against the Fleming-Viot

method.
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Introduction

Quasi-stationary distributions are of interest when a Markov chain has an absorbing state with a long absorbing
time and the user is interested in its stationary behavior before absorption. This is especially important in
interacting particle systems [0, [13| [10] and population models based on diffusion process [25].

Mathematically, the quasi-stationary distribution, when it exists, corresponds to the principal left eigenvec-
tor/eigenmeasure of the Markov chain’s transition matrix / generator / transition kernel. The advantage of
stochastic approximation approach vs deterministic methods is that the user only needs to simulate the Markov
chain. No explicit computation with the transition matrix / transition kernel is needed unlike linear algebra or
PDE methods. Furthermore, there is a well developed rate of convergence theory about stochastic approximation
that can be applied.

The existing methods for sampling from quasi-stationary distribution include numerical linear algebra methods,
for example the power method and its variants[35], and the Fleming-Viot stochastic method [24] 25]. Both have
their respective flaws especially with regards to computational demands.

Physicists have devised a heuristic [9, [13] for the discrete-time finite dimensional Markov chain situation. The
heuristic's consistency can be analyzed as a generalized urn process but its rate of convergence has never been
analyzed. This is the starting point for our analysis.

The thesis first sets off to cast the heuristic as a stochastic approximation algorithm. Then the thesis goes on
to proves its consistency and analyzes its rate of convergence. The procedure is shown to have a y/n central limit
theorem under a condition regarding the eigenvalue of the Markov chain. When this eigenvalue condition is not
satisfied, we devised a counter-example consisting of a self-interacting Markov chain to show that the eigenvalue
condition is somewhat necessary. Furthermore, this eigenvalue condition generally fails for non-trivial Markov
chains leading to very slow rate of convergence in those cases.

In order to remedy the rate of convergence problem, the thesis then improves the stochastic approximation
procedure by using projection and iterate averaging. The consistency of the estimator is preserved. The central
limit theorem in the modified algorithm is always y/n, the optimal rate.

The thesis then makes a small extension of the procedure to the case of finite state space continuous-time
Markov chain.

In the second part, the thesis makes a major extension of the algorithm to the infinite-dimensional Markov
process setting in discrete time. The current literature on stochastic approximation cannot be readily applied to
measure-valued algorithms like in the case of infinite-dimensional Markov processes. We manage to prove the

strong law in this setting while imposing a few non-restrictive conditions on the transitional kernel. The algorithm
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is empirically tested in a few cases where true quasi-stationary distribution can be computed.



Chapter 1

Finite State Space Setting

1.1 Introduction

The motivation for this algorithm came from physicists’ need to estimate the quasi-stationary distribution of
interacting particle systems (IPS) [10, @, [13] [22]. A quasi-stationary distribution can be computed via the left
principal eigenvector of the substochastic transition matrix over the non-absorbing states (transition rate matrix
in continuous-time). However, the eigenvalue problem suffers from the curse of dimensionality, and is especially
prohibitive in IPS where the state space is very large.

A sampling based method has been proposed by these physicists based on a heuristic manipulation of the
Kolmogorov forward equation. The validity of this method actually has been a priori proven by [T} 3, 29] who
casted it as a generalized urn process. Results on rates of convergence have been obtained. This result involves a
Central Limit Theorem (CLT) for a specific set of functionals corresponding to non-principal eigenvectors of the
underlying substochastic matrix.

This chapter’s contributions are as follows
1. This chapter recognizes the algorithm as a stochastic approximation algorithm (Section section [1.4.2))

2. This allows us to prove convergence and sufficient conditions for a stronger CLT (Theorem [1.4.2) that is

not restricted only to specific functionals.

3. More importantly, we recognize common scenarios (Section [1.5.1]) where the CLT fails and significantly

hamper the performance of the algorithm (i.e. very slow rate of convergence).

4. At the end, we came up with an improved algorithm (Section [1.5.2)) which exhibits a valid CLT under all

scenarios by using projection and iterate averaging [31].
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Section [1.2] reviews some background material to the contact process, quasi-stationary distributions, mentions
a less powerful method of proof via urn processes, and reviews the relevant related literature on eigenvector
estimations and points out their shortcomings. Section explains the the basis for the original heuristic and
outlines the algorithm. Section goes over the stochastic approximation formulation and sketches the proof of
convergence (the full proof is given in the Appendix. Section gives an improved version of the algorithm
using projection along with its faster rate of convergence result. Section briefly studies the algorithm adapted

for continuous-time Markov chains.

1.2 Background and Related Literature

1.2.1 Quasi-Stationary Distribution

Discrete-Time Version

The paper [7] proposed the concepts of quasi-stationary distribution and quasi-limiting distribution for discrete-
time Markov chains. Assume that 0 is the absorbing state and 1,...,n are non-absorbing, we can partition the

Markov transition matrix as

where @ is a n-by-n matrix.

First we define the conditional transition probabilities

di(n) = P(Xn,=j[Xo~mX1,...Xpn1#0)
Tl'/Q"e]‘
' Qe

where {e;} is the standard basis for R™, 7 is a probability distribution, and e is the vector of all 1's. d™(n) is

the vector whose j-th component is d7 (n). This leads to the following definition.

Definition 1.2.1. If there is a distribution 7 over the transient states such that d™ (n) is independent of n, then

we call d™ the quasi-stationary distribution.

Under the assumption that the substochastic matrix @ is irreducible (though not necessarily aperiodic), it
is straightforward to see that the quasi-stationary distribution exists and is the unique solution to the principal

eigenvector problem

d/Q _ pd/



1.2. BACKGROUND AND RELATED LITERATURE CHAPTER 1. FINITE STATE SPACE SETTING

This existence and uniqueness (assuming that d is normalized to be a probability vector) can be obtained by the
Perron-Frobenius theorem [I8].
The paper [25] explores the existence of quasi-stationary distribution for countable and general state space

Markov chains where @ is replaced with the generator and d is a measure.

Continuous-Time

If we think about the transition rate matrix of a CTMC under similar setup (irreducibility), then it ([8]) can be
said that

dT(t) = dj + o(e!? =)

where d is the principal left-eigenvector of the rate matrix corresponding to the transient states with associated

eigenvalue pq, i.e.

dR=pd

where R is the rate matrix of the CTMC.

1.2.2 Linear Algebra Methods

Classical linear algebra methods such as the power method [17] suffers from the curse of dimensionality. Monte
Carlo power methods by [14] can be adapted to produce eigenvectors but requires an explicit computation of the
substochastic transition matrix on the fly and is expensive to do for interacting particle systems. There exists
a set of stochastic approximation methods for determining principal eigenvalue/eigenvector where the matrix is
random; however, it too requires explicit matrix multiplication [20, 19} [28] which is intractable in high dimensional
settings such as in interacting particle systems.

For example, interacting particle systems such as the contact process (Section suffers heavily from the
curse of dimensionality and renders existing classical methods infeasible. This is an important class of problems
for physicists[13] [10} 23] [@] in the study of phase-transition property of certain non-equilibrium systems.

Lastly, a large number of adaptive algorithms has been designed for estimating principal eigenvector of only
covariance matrices (positive semi-definite) where you observe an i.i.d. sequence of random vectors with that

particular covariance matrix [6]. This is actually an unrelated problem mostly arising out of signal processing.

1.2.3 Fleming-Viot method

The Fleming-Viot method [25, 16, 5] 2] is an interacting particle system that allows us to compute quasi-

stationary distributions of finite, countable Markov chains, and diffusion processes. It consists of N particles
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evolving independently according to the dynamics of the Markov process. If one particle gets absorbed, it is
immediately restarted from a position uniformly picked from the remaining NV — 1 particles. As both time and
N goes to infinity, this would converge to the quasi-stationary distribution. When the state space is large, you
need N to be large enough to have a good approximation to the true quasi-stationary distribution. This would
be prohibitive in interacting particle systems. Furthermore, it is even more computationally expensive to increase

both the number of particles N and the time of the simulation.

1.2.4 Urn Processes

The algorithm which will be described below has been previously analyzed as a generalized Polya’s urn [3,[I]. The
overview paper [29] is a comprehensive survey of urn processes. However, the rate of convergence results of these
urn processes are not as strong as our result. They only offer a CLT in the subspace spanned by the non-principal
right eigenvectors of the rate matrix whereas we offer a CLT in the entire space. The set of non-principal right
eigenvectors can never span the whole space (which in this case can be taken to be the hyperplane orthogonal to
1) because the principal left eigenvector i is orthogonal to all the non-principal right eigenvectors. Unless if i is a
multiple of 1, we may only examine the CLT along the space orthogonal to fx as opposed to the whole hyperplane
that is orthogonal to 1. In summary, our results are a strict extension of the available corresponding results on
urn processes. However, more importantly, our approach is fundamentally different and builds on the well-studied

machinery of stochastic approximations and therefore allows us to obtain significant algorithmic improvements

that we shall explain (Theorems and [1.5.2)).

1.3 Heuristic Motivation

1.3.1 Motivation from the Physics Literature

This section reviews the heuristic origin of the algorithm from the physics literature [13] [10, @]. Under the setting
of a continuous-time Markov chain with rate matrix R and absorbing state 0 (without loss of generality, we can
combine all absorbing states into one state), if we define p;;(t) = P(X; = j|Xo = i) and Pis(t) = 1 — pjo(t)

, then we have that the quasi-stationary distribution d; = lim;_, ’I’;J((?) If we apply the Kolmogorov forward

equation (known to physicists as the master equation), we get that

dpij(t)
dt

=3 pa(t)Riy (13.1)
k
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and

dP;t(t) = %(1 —pio(t)) = — ;pm(t)Rko. (1.3.2)

Intuitively by the definition of d;, we have that p;;(t) =~ d;P;s(t) in the quasi-stationary time window (¢ large

enough). So we can apply this to the preceding two equations and get

” <dPZ;(t)> = Y APt Ry

dP;s(t)

k

Combine the two and we get

dJ(Z dkRkO) + Z dkRkj =0.
k k

This gives us a non-linear equation for the equilibrium condition for the quasi-stationary distribution d. We can

think of this as the stationary point of the forward equation

d(d‘?) = Xk:dkRkj +dj(zk: di Rio). (1.3.3)

The first part of this equation is the standard Kolmogorov forward equation, while the second part redeposits the
probability of hitting the absorbing states onto all the non-absorbing states according to the current distribution
d;.

This previous discussion suggests the following algorithm:

Algorithm 1.1 Algorithm for estimating quasi-stationary distribution in finite dimensional spaces

1. Initialize a vector p = 0 with dimension equal to the number of non-absorbing states in the Markov chain.
(Each component represents the total number of visits to the corresponding non-absorbing state.)

2. Select any non-absorbing state of the chain, say state i and let Xy =4

3. Simulate the Markov chain starting from state X up until absorption and update p by adding the number
of visits to each state until absorption (so, for example, the number of visits to i is at least one).

4. Select a non-absorbing state according to the normalized vector p (so that it becomes a probability vector).
Let such non-absorbing state be X and go to Step 3.

5. Repeat Steps 3) and 4) many times and output the normalized vector p as your approximation of the
quasi-stationary distribution. You can also output the averaged time to absorption in each tour as an
approximation to ﬁ where \ is the principal eigenvalue of the transition (rate) matrix.

For large enough time, the dynamics of the Markov chain will be governed by Equation (|1.3.3]), which means

we can obtain the quasi-stationary distribution by examining the empirical distribution after some large enough
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time.

1.4 Stochastic Approximation Analysis of the Algorithm

In this section, we will cast Algorithm into a stochastic approximation algorithm. This will let us rigorously

prove convergence and CLT for the algorithm.

1.4.1 Brief Review of Stochastic Approximation and Intuition

Consider the root-finding task of finding @ such that f(6) = 0 with the restriction that only access to “noisy”
observations of f(0), denoted by F(0), are available. If f is suitably smooth and the root is simple enough, we

can consider the descent method given by
0n+1 == an + EnF(an)

where €, is a positive sequence going to zero.

We need to rigorously define the type of noise on the function F'. There are several conditions on noise which,
when imposed, will lead to convergence guarantees on {8,,}. Here we focus on the simplest martingale difference
noise type. Let the n-th observation be denoted by W, which could theoretically depend on the whole history

Fn = 0{0;, Wi_1]1 <k <n}. In that case the descent method is written as
9n+1 = Bn + Gan

. Algorithms of this form are known as stochastic approximation or Robbins-Monro algorithms|32]. The martingale

difference noise requires that there exists a g that satisfies
E[Wn|gn] = g(gn)-

If we impose the step-size condition " €2 < oo then 6,, ~ 0y + 22;11 €, W .. The variance of the last sum is

a finite number. Thus if we rewrite the recursion as (hf%&‘ = W, and impose the condition ¢,, | 0, heuristically

)

we predict that 6,, should be related to the stationary points of the ODE

Furthermore, if we impose > €, = 0o, we know that in some sense, 6,, would move by > ¢, = co steps and
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should converge to the stable attractors (either orbits or points) of this ODE ([2I] Theorem 5.2.1).

1.4.2 Precise Description of the Algorithm

We will now write down a precise description of the above heuristic Algorithm and convert it into stochastic
approximation form.

Notation

= S is the state space of the Markov chain whose quasi-stationary distribution we are trying to estimate.
= T C §is the set of transient states of the Markov chain
= () is the substochastic matrix over the transient states 7.

= u,, will be a sequence of probability vectors over the transient states 7'. This vector will store the cumulative
empirical distribution up to, and including, the n-th iteration of the algorithm. g, () is its value at a

particular transient state x.

. {X,E”)}k will be the Markov chain used in the n-th iteration of the algorithm. They're independent condi-

tioned on the initial distribution. The n-th Markov chain will have initial distribution p,,.
« 7™ = min{k > 0|X{™ ¢ T}. The absorbing time of the n-th iteration
We can write Algorithm [1.1| as a recursion

n Fntb) _q n+1 n+1
(Zk:o T(k)) Ky () + ( k=0 H(ng Y = $|X(() D Hn))
Hn+1(x) - Zié T(k)

VeeT

where we can take the first probability vector p, arbitrarily.

We will transform p,, into stochastic approximation form by re-factoring:

7—(77"*'1) -1

1) o (Y =) - (@)

1 +1 ;
n—+1 T—HZ;L:O 7‘(])

posale) = ol +

The denominator is problematic because its conditional expectation (on .%,,) is not only a function of w,, but

depends on the whole history of p,,. To solve this, we artificially add another state T, in the following way.

Totr =Ty + 75 (7" —T,)  equivalent to T, = A5 Y277
Py () = o, (2)+ (1.4.1)
L (ST (et =l X ) - (@)
(m) T, + =D '
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We can therefore define

o (X, = 2| Xo ~ p) — p())

T+n:r‘rl

Z(n, T) = (r—T) where the initial distribution is g,

Yo T)(@) 2 (14.2)

and rewrite the stochastic approximation recursion as

Hoa (@) = (@) + (557 ) Yk, T) (@)

Toi =T, + (%H) Z(,,,T).
Remark 1.4.1. Note:

= The term Y, has an explicit dependence on n. That is fine as that portion is asymptotically negligible.

The details are in the Appendix [1.8.1]

= Please note that the iterates p,, are constrained in H = {& € R"| 3" x; = 1} (check by inner producting

with 1). This way we automatically satisfy the boundedness requirement in [21].
= We can also define a similar algorithm for the continuous-time Markov chain by keeping track of the amount

of time a Markov chain spends in each transient state. This is given in Section [1.6

1.4.3 Convergence

The main result in this section can now be stated.

Theorem 1.4.2. Given an irreducible absorbing Markov chain over a finite state space S, let
1. The matrix @) denote the transition probabilities over the non-absorbing states
2. Let o be an arbitrary probability vector over the non-absorbing states
3. LetTy > 1.

Then there exists a unique quasi-stationary distribution i satisfying the equations

BQ = M
gl = 1
p >0

10
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and A/gorithm converges to the point ([, ﬁ) with probability 1.

Furthermore, if A\py is the principal eigenvalue of QQ and A py are the other eigenvalues and they satisfy

1 1 1
R (HNPV> < 5 <1_/\PV> VAN pyv non-principal eigenvalues.

Then

\/ﬁ(“n - la) —>d N(Oa E)
for some covariance matrix 2.

Proof. The full proof in the Appendix but we outline the main idea here. The technique uses the ODE
method ([2I] Theorem 5.2.1) where we are required to examine the asymptotic behavior of the coupled dynamical
system below. Here we neglect the asymptotically negligible dependence on n in order to illustrate the main idea.

The dynamical system of interest is

wt) = Euwre

1 / /

= o [B®) A= (@) ADE )] where A2(-Q)~!

T(t) = Euwlrl-T()

= pt) I-Q)"1-1(t)

where pu(t) € R™ and T'(t) € R*. (m is the number of non-absorbing states of the Markov chain)
Again in the Appendix [1.8.1] we are able to show that for a given initial position in the probability simplex,
the solution to the above dynamical system exists and converges to its stationary point which is the unique point

that satisfies

L@ = pp
dom =1
i > 0

andeI—%

By Theorem 5.2.1 from [2I], we can conclude that p,, converges to the quasi-stationary distribution for all
initial configurations (g, o).
Equation (1.4.1)) can be analyzed for its rate of convergence. Here we invoke Theorem 10.2.1 of [21]. Because

our algorithm uses a step size of O(%) we eventually conclude that a CLT exists as long as the Jacobian matrix

11
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of the ODE vector field has spectral radius less than —%. This is equivalent to requiring that

1 1 1
R <1—)\Nm/> <3 (1_)\PV) VAN pyv non-principal eigenvalues (1.4.3)
where the \'s are the eigenvalues of the @) matrix. O

1.4.4 Estimating the asymptotic variance

Now we turn to the question of estimating X. In the spirit of stochastic approximation, we have the following

theorem with proof in the Appendix.
Theorem 1.4.3. limy_, % Zszl Yk.Y;€ —p 2 Where the convergence is in any entrywise matrix norm.

The application of this occurs when the user is looking to estimate Ex.;(f(X)) using u,, - f. By a simple

consequence of our central limit theorem, we have

Corollary 1.4.4. If the central limit theorem holds for p, with denominator sequence c,. Then w —d

N(0, f'2f).
1.5 Variations on the Existing Algorithm with Improved Rate of Con-

vergence

One interesting question to ask is what happens when the sufficient conditions for CLT are not met. We will

study a simple example consisting of two states.

1.5.1 Counter Example to CLT

Imagine we have a Markov chain with three states {0, 1,2} and transition matrix

1 0 0
1—e 1—e

€ 3 2
1—e 1—e

€ 3 2

Obviously the state {0} is the absorbing state. In this setup, because of symmetry, our Algorithm reduces to

1. With probability 156 sample either the state 1 or 2 (without knowing the previous state. This is OK by

symmetry) and add to the empirical distribution.

12
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2. With probability €, sample from either 1 or 2 according to the empirical distribution up until this point.

We recognize this as a self-interacting Markov chain.

A self-interacting Markov chain (SIMC) [12] is a stochastic process {X,,} such that
P (X, 41 € dz|F,) = ®(S,)(dx)

where @ is a function that transforms one measure into another measure and S, is the empirical measure generated
by {Xk}i—o-

Our Algorithm [L.1]for the above “loopy Markov chain” reduces to the empirical process of a SIMC X, governed
by the functional

P(X,41 =dz|Fp) = /K(a:,dz)dSn(dx)
where the kernel is given by

1 —
K(x,dz) = €6, (dz) + <26> [01(d2) 4 02(d2)]
The sufficient condition for CLT (Equation ([1.4.3))) in this case translates to requiring € < 0.5.
When the CLT is violated however, [12] states that over a very general class of bounded and measurable

functions f

E[(Sn(f) — Su(f))*] =© (nz(})>

where S,,(f) = [ f(2)dS,(z), Su(f) = E[S,(f)]. Although this doesn't technically contradict with the existence
of a \/n-CLT, it does suggest that the scaling sequence is n!~¢ instead of /7.
In the numerical simulation chapter, we simulate this example and demonstrate the slow rate of convergence

when € < 0.5.

1.5.2 Projection Algorithm and Polyak-Ruppert Averaging

Doeblinization and the need for strong CLT

The expected time to absorption E[7] is ﬁ where A is the principle eigenvalue of the substochastic matrix Q.
If E[7] is large, then the iterations of the algorithm will take prohibitively long. One trick that can be used is to
“Doeblinize” the chain.

If we multiply @ by a constant a < 1, this does not change the eigenvector but shrinks the all the eigenvalues

by the same proportion. That means we can force the iterations to jump to absorption very quickly. However,

13
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because of the non-linearity of ﬁ and its presence in the sufficient condition of the CLT (Equation , the
CLT condition will fail to hold if « is too small. We need a technique where CLT can always be guaranteed
regardless of the eigenvalues of the matrix Q.

Remark: in continuous-time, we can subtract o/ matrix from the transition rate matrix to achieve Doeblin-

ization.

Projection algorithm

By putting our algorithm into the stochastic approximations framework, we can include a projection operation
with the algorithm:

Fn+1) _q

P = O | ten | Y XY = X0 o) — ) (1.5.1)
k=0
where the ©y denotes a Lo-projection into the probability simplex. Of course we still require > ¢, = oo and
>~ €2 < co. Notice that in practice, we only need to perform very few number of projections. The expression
inside the projection operator always sum to one. So projection is only needed if any component inside © becomes
negative. Breaking it down allows us to gain insight into when it becomes negative

(1) _q
ol = e ™) e [ 3 XY =X ~ ) — )
k=0
1

This can only be negative if 7(*+1) > Pt But €, | 0 means this won't happen very often. The advantage

of this version is that we are free to use slower step sizes that weakens the condition required for CLT to hold.

Specifically, if €, = O(-%) for a < 0.5, a \/%—CLT always hold.

Theorem 1.5.1. Given an irreducible absorbing Markov chain over a finite state space S, let
1. The matrix () denote the transition probabilities over the non-absorbing states
2. Let pg (the initial p) be a probability vector over the non-absorbing states

3. Let TO > 1.

Then there exists a unique quasi-stationary distribution i satisfying the equations

14
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pQ = Ap
gl o= 1
p o> 0

and the projection algorithm (Equation converges to the point i with probability 1.
If step sizes are such that €, = © (%) and if Apy is the principal eigenvalue of Q) and Ay py are the other
eigenvalues and they satisfy

1 1 1
xr (Hm/> < 3 (1—)\M/> VAnpyv non-principal eigenvalues.

Furthermore, we can conclude

Vi, — 1) >4 N (0, V)

for some covariance matrix V.
In the case that the step sizes are such that ¢, = © (n%) for 0.5 < o < 1, we can conclude that (regardless

of the eigenvalues of Q)
Ve (p, — ) = N(0,V)

for some covariance matrix V.

Proof. The proof for the case of step size ¢, = © (%) is almost identical to what's given in Section after
omitting the extra dimension T},. In the case of €, = © (=) for a < 0.5, under the notation of Theorem [1.8.13
we need to ensure that J is Hurwitz as opposed to the stronger condition that J+§ is Hurwitz. This is equivalent

to the condition that, (again under the notation of Theorem [1.8.13])
R(AB) < B

which is trivially always true by the Perron-Frobenius theorem ([18] Appendix Theorem 2.1). Hence we can

conclude that

Ve (p, — ) =4 N(0,V)

by invoking Theorem 10.2.1 of [21]. O
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Polyak-Ruppert Averaging

The Polyak-Ruppert averaging technique [3I] (Theorem 11.1.1 in [21]]), can be applied to the projection algorithm

to ensure that /n-CLT always holds as long as we pick the step sequence to be ¢, = @(n%) for a < 0.5.
Theorem 1.5.2. Given an irreducible absorbing Markov chain over a finite state space S, let

1. The matrix () denote the transition probabilities over the non-absorbing states

2. Let py (the initial ) be a probability vector over the non-absorbing states

3. Let Ty > 1.

Then there exists a unique quasi-stationary distribution ji satisfying the equations

pQ = A
[1,/]. = 1
po= 0

and the step sizes satisfy €,, = © ( 1 ) for a < 0.5. We can conclude that the averaged sequence

no

1 n
=i

n n ”Lk
k=1

converges to the point p with probability 1.

Furthermore, a strong CLT always hold
Vivn — 1) =7 N(0,5)

for some covariance matrix X.

1.6 Algorithm for Continuous-Time Markov Chains

1.6.1 Formulation and Convergence

So far, the exposition has assumed that the Markov chain of interest is a discrete-time process. It is straightforward

to adapt our method for continuous-time processes (such as the contact process). If we denote the transition rate
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matrix of the CTMC in the following block form

0 0
N Q
then we can write the algorithm as
“n+1($) = /‘l’n(‘r) +
n+1,m
Ly M ) = al X ~ ) ds = T, (@) o)
ntl -9
n+l %H >0 7t
T,.., = T, T, .
+1 + it o (T )

By a similar approach as the discrete-time case, we arrive at the the related dynamical system

alt) =~y (0@ = (1) @ D)u(t))
T(t) =—p(t) QM1 —T().
It is straightforward to adapt the Perron-Frobenius theorem to transition rate matrices such as ) by decomposing

@ = A — bl where A is an irreducible non-negative matrix. We know the existence of a principal eigenvector of

positive entries @i (with eigenvalue smaller than 0) such that

The rest of the proof is very similar to the discrete-time case. The only trick is to show that exp(—Q~1!) is a
matrix of non-negative entries. That is included in the Lemma [1.8.18

Finally, we summarize our continuous-time result in theorem form
Theorem 1.6.1. Given an irreducible absorbing Markov chain over a finite state space S, let
1. The matrix @) denote the transition rates over the non-absorbing states
2. Let p (the initial pu) be a probability vector over the non-absorbing states
3. Let Ty > 1.

Then there exists a unique quasi-stationary distribution p satisfying the equations
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pQ = Ap
pl = 1
p o> 0

and the continuous-time algorithm (Equation converges to the point (u, f%) with probability 1.

1.6.2 Rate of Convergence

In the notation of the definition of Equation The Jacobian of the dynamical system is given by

Vuf = —% (@' - - (e )
Vrf = %(M'Q’I*(M'Q’ll)u')

Vuh = —Q"1

Vrh = -1

When evaluated at the stationary point (@, 7'), we get the matrix

(@ t-e@ i —4r) -
0 -1

Using similar techniques as the discrete-time case (given in Appendix [1.8.1]), we conclude that if Ay py is any

non-principal eigenvalue of @), then the sufficient condition for CLT becomes
2Apy > éR(/\va).

Theorem 1.6.2. For the continuous-time algorithm (Equation , if \py is the principal eigenvalue of ) and

Anpy are the other eigenvalues and they satisfy

2 py > R(Anpv)

then

v, — ) = N(O,V)

18
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for some covariance matrix V.

We can easily convert Equation to the projected version and similar theorems regarding projection and

Polyak-averaging (Theorems and [1.5.2)) hold.

1.6.3 Uniformization

Because these CTMC have finite state space, we can form the associated uniformized Markov chain. Let @) be the
transition rate matrix of the non-absorbing states and let ¥ = max;(—g;;), we can form a discrete-time transition

matrix

It is straightforward to verify that any principal left-eigenvector to @ is also a principal left-eigenvector to Q.

Hence we apply the discrete-time algorithm to this DTMC.

1.7 Discussion and Conclusion

In summary, we have improved upon the algorithm of [9] by recognizing it as a stochastic approximation algorithm
as opposed to an urn process. In doing so, we were able to prove its law of large number and CLT. The result
is stronger than the results given in the urn process literature [3]. Furthermore, we provided a counterexample
that strongly suggests that the sufficient eigenvalues condition for the CLT is also necessary and fails in many
common applications. An improved algorithm that uses projection and iterate averaging significantly improves
rate of convergence.

We have tested our algorithm on countable state space processes such as the M/M/1/00 queue with success.
Proving the convergence of this algorithm in this countable state space setting is currently an open problem. The
next chapter extends this algorithm to discrete-time general state space Markov chains.

Another open issue is how to pick the best Doeblinization constant. When E[r] is large you are more likely to
satisfy the condition for the CLT but that's when run-time of the algorithm increases proportionally. There must
be a balance between the run-time of each tour and the rate of convergence of p,,. It is also not clear what the
optimal step size should be for the projected algorithm.

Finally, it would be very interesting to investigate the connection between the phase transition critical point
of contact processes and its CLT critical point. Unfortunately, preliminary work seems to suggest that those two

are unrelated.
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1.8 Proof of Main Results

1.8.1 Proof of Discrete-Time Theorem (1.4.2

We first restate a series of assumptions & notations that is used by Theorem 5.2.1 from [2I] which we will invoke.
In this section, we will use the notation in Section Again the form of the recursion is 6,11 = 60,, + ¢, W,
where W, is a martingale difference sequence with respect to the filtration .%,, = 0(6;, W,_1,i < n). Recall
that for us, W, consists of the two components Y ,(,,, Ty,) (the probability vector) and Z(w,,, T,,) (the added

time dimension) defined in Equation 0., consists of w,, and T,,.

1
n’

1. e, 10, Y€, =00, > €2 < oco. This is trivially satisfied for our algorithm where ¢, =
2. The observed responses must have uniformly bounded variance: sup,, E|W ,|? < co. See Lemma m

3. (A local-averaging condition) Let g,,(i,,, Tr) = E[W,,|%,]. The functions g,,(u, T') need to be continuous

uniformly in n, and there needs to exist a continuous function g(u,T') such that for each (u,T)

m(tn+t)
Jim | > eilgi(mT) — glp T)]| =0
1=n

for each ¢ > 0. For the proof see Lemma|[l.8.1

Under these assumptions, Theorem 5.2.1 of [21] tells us that if the ODE %(u(t),T(t)) =g(u(t),T(t)) has an
attractor (asymptotically stable point) with domain A and the sequence (u,,,T),) visits a compact subset within
the domain infinitely often with probability 1, then (g,,, T},) converges to the attractor with probability 1.

In our situation, it turns out that the entirely probability simplex is the domain for an attractor situated at
the quasi-stationary vector. We will first compute the functions g,, and verify condition 3, then the uniformly

bounded variance condition 2, and finally the asymptotic behavior of the associated ODE.

Local-averaging of the gradient field

Lemma 1.8.1. Given the gradient field g = Jj defined by components
h
T—1
- I(X;=-)—
f(IMT) 4 E[J.T =0 ( ( l ) l"’)
' T
B(IM T) = E/J.,T[T - T]
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corresponding respectively to the dynamics of Y ,, and Z,,, we have for g,,(i,,, Tr) = E[W ,,|.%,,]

Mt +t)
lim | > elg(u.T) —g(p, T)]| =0

n—00 4
i=n

for each t > 0 pointwise. Furthermore, g,, are continuous uniformly in n.

Proof. We treat the p,, components and the 7;, component of Equation [I.4.1] separately. Let us first define and
compute f,(u, T) = E[Y (1, T)| o, 1, = i1, T, = T1.

It should be immediately clear from the definition of Y ,,(u,T) in Equation that E[Y (0, T)|%0, 1, =
w, T, = T) is a function of n, u, T only (independent of the noise history {W;}.

. T X ) —
Let = denote a component of the vector Y,,. It is clear that Y, (z, ut, T) —n—oo S (I — 7))

where p, T are fixed arguments. We can apply the dominated convergence theorem to arrive at the conclusion

Sy (X =) — p)

fn(N,T) = E[Yn(llﬂT)‘ynuun = H?Tn = T} —n—oo E;@T

T
Let's define the limit to be f(u,T), so
T—1
_ X =) —
Fu1) 2B,y | 2= 2D “)1 .
T
We now have
Mt +t) ) Mty +t) )
nh—{go Z €; (.fz(p/7T) - f(IJ‘7T)) < nlLH;o Z |6l(.fz(IJ’7T) - f(IJ’7T))|
=n =n

< lim ¢ max [fy(w,T) — f(p,T)] — 0.

n—00 n<i<m(t,+t)

For the T}, component, define E[Z,|T,,, p,,] = E,, [T —T,] £ h(p,, T,). This field is independent of n, hence
it trivially satisfies the above “local averaging” condition.

If we look at the expansion in Lemma|[1.8.8] it is clear that the Jacobian D f, would be uniformly bounded in
n for local neighborhoods around each point (i, T'), hence f,, would be continuous uniformly in n. O

Uniformly bounded variance

Lemma 1.8.2. sup,, E|W,|? < oo for the unprojected algorithm
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7—1 2
EY * [, Tl < By, || =) — )
=0
< Eu,,L(TQ)
< ZIP’ (1> +/n)
n>0

IA

(L)
=0

Proof. Now, E[|Y ,,|*] = E [E[|Y ,,|?|p,,, T0]] = E(p,,) (Zloio Q‘ﬂ) 1. The infinite sum can be shown to be
convergence by an integral test. Since E(pu,,) is a vector in the probability simplex, which is compact, it is bounded
from above.

For the second T, component, we have E[Z2|u,,,T,,] = Ey 1, (7 — T,)* < E, (7%) because T}, is non-

negative. Following the argument above, this is also bounded in n. O

The dynamical system

Lemma [1.8.T] show that the dynamical system of interest has gradient field g consisting of

f(”7T) é EM,T

(1.8.1)

h(p,T) = Eurlr—T]
After some expansion, they become (writing p as a vector ODE)

(t) = 2 [0 (1= Q) () (T = Q) 1) (1)
(1) = ult) (1 - Q)11 - T(h).

In the proof of Theorem 5.2.1 of [2I], the subsequence limit 6(-,w) is a solution to the above ODE. We
only need to prove that these solutions converge to the quasi-stationary distribution. The strategy is to prove the
asymptotic limit of all solutions of a reduced ODE starting in H is the quasi-stationary distribution, and then show
that these particular solutions (subsequence limits of 6(-,w)) of the full ODE (Equation can be converted
into solutions for the reduced ODE. Finally we combine these and show that these subsequence solutions that the

iterates (un, Ty, ) visits a compact subset of H x (0, c0) infinitely often almost surely.
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The reduced ODE is

() =v(t) ([- Q)" = () (I - Q)" Dw(t) (18.2)

v(0) = o

For convenience, first define

Definition 1.8.3. () = [ 7 Ty ds
It is not hard to see that p(I'~1(¢)) is a solution to the reduced ODE. The following Lemma ensures that the

inverse is well defined.
Lemma 1.8.4. T'(t) is non-negative, increasing, and goes to co

Proof. The increasing part is trivial because T'(s) is strictly positive (in both the discrete-time and continuous-time

cases). Let's assume that [ = ) < 0o. This implies

0 = e[ 7]

o
Toexp | sup E T/ds—t>
v (s Eu) [ 75

< Toexp(K/O ﬁds)

IN

This means 75 > K = [[™ 7757 = oo a contradiction. O

I'=1(0) = 0 so u(I'"1(0)) = u(0) € H. Now let’s analyze the asymptotic behavior of any such solution v(t)

to Equation [1.8.2

Lemma 1.8.5. Given any solution to the reduced ODE such that v(0) € H, they converge to the quasi-

stationary distribution f.

Proof. If v(0) € H, then the entire trajectory stays in H. Define A 2 (I —Q)~' . By the Duhamel’s principal,

all solutions to v can be represented by
’ t ’
v(t) =v(0) exp (At —/ (v(s) Al)ds) )
0

Because A = Y7 (Q)™ is a matrix with only non-negative entries and /(0) > 0, we have v(t) = v(0) exp(At) exp ( fo
0. Along with 1'(0) = 1, we know that 1/(£) belongs to the simplex. The gradient field is continuously differen-

tiable over the simplex which is compact. Hence there exists unique solutions to the ODE.
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Rearranging the equation gives

t
v(t) exp (/ (u(s)’A1)ds> = v(0) exp(At) (1.8.3)
0
t
v(t) exp (/ (u(s)’A1)d55t> = v(0) exp(At — Bt). (1.8.4)
0
Here, 3 denotes the Perron-Frobenius eigenvalue for A £ (I —Q)~'. Notice that regardless of the periodicity

A
assumption on Q, (I — Q)™ ! is a strictly positive matrix. Consequently €5 is a strictly positive matrix with

spectral radius 1. By Perron-Frobenius theorem ([18] Appendix Theorem 2.1), we have that
v(0) exp(An — An) ——oo< v(0),w > fi

where w is the right principal eigenvector of the matrix A. < v(0),w >> 0 because we assume v(0) to be a
probability measure and w > 0 by Perron-Frobenius theory. Because (A — 3)/m is also a matrix with the same
eigenvector, the above convergence will also hold along sequences - for fixed m as n — oo. The exponential is
an uniformly continuous function in this case, so the convergence also holds along the real numbers as t — oco.

Now, take inner product of Equation with 1 to obtain

t
exp ( [ sy avyas - Bt) e 2 (0w < L > |
0

We now rewrite the original representation in the following way

v(t) v(0) exp (At - /0 t(u(s)/Al)ds>

= l0) explit = At exp(—( | (v(s) A1)ds — 31)

n

— —_—.
t—o0 <ﬂ’1>

Now the limit is a normalized quasi-stationary vector. The last fact that finishes the Lemma is that the

Perron-Frobenius eigenvector of A and () are identical so v(t) converges to the quasi-stationary distribution of

Q. O
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Proposition 1.8.6. Any solution (if exists) solving

(0= 2 [0 (T = Q) () (T~ Q) )a(t) |

T(t) = p(t) (I-Q)~'1=T(1)

with initial conditions p1, € H and Ty > 0 converges to the quasi-stationary distribution in p and Ep(7) =
in T where X is the principal eigenvalue of ). The random iterates (w,,,T,) visits a compact subset (might
depend on w) of this attractor space (H x (0,00)) almost always. This implies that w,, — fx and T,, — ﬁ with

probability one.

Proof. Here we chain together the above few lemmas. We find that pu(I'"1(¢)) is a solution to the reduced ODE
with initial condition p(0). Therefore Lemma [1.8.5) tells us that p(I'"'(¢)) — f. Furthermore, Lemma
implies T~ (¢) — oo. Together, it means pu(t) — f.

T'(t) can be solved using the formula

Because E,,(5)[7] — Eg[7], we can use L'Hopital's rule and get

Jin 70 = Jin P07 <Ryl =
Now one might notice that 73, does not lie in a bounded set. This could potentially lead to problems when the
proof of [2I] Theorem 5.2.1 assumes that fotf(u"(sLT“(s))ds and fg h(p™(s), T™(s))ds are equicontinuous
classes of functions (for almost every w).
However, T,, = n%_l 22:1 7() " and we can show that T,, is bounded almost surely by a finite random variable
by Lemma This means T™(s,w) lives on a compact set for each fixed w in a set of full measure.
We now satisfy all the requirements of Theorem 4.2.1 of [21] and our iterates (u,,,T},) remains within the
domain of attraction (H x (0,00)) of (f, =) infinitely often. Hence the stochastic approximation algorithm

iterates converge to that point with probability 1. O
Lemma 1.8.7. T, is almost surely bounded by a finite random variable

Proof. Recall that T,, = n%rl Yorey 7(®) At the k-th iteration of the Markov chain, we can consider running
d (the size of state space) independent Markov chains each starting from a different state. After picking the

initial position, we use the outcome of the corresponding chain as the outcome for that tour of the stochastic
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approximation. Let's call 7(%) (x) the stopping time of the Markov chain starting from state x at the k-th iteration

and define

7B & max {7 (z)|Vz € S}.

Each one has finite expectations because

Now because (%) <, . #*) we have limsup,, T, < lim,, %ﬂ Sh_ 78—, o E[F] . Hence T, is almost surely

bounded by a finite random variable. O

1.8.2 Rate of convergence proof

In trying to obtain a rate of convergence result for main algorithm in the form of Equatio we invoke Theorem
10.2.1 of [2I]. There's a whole set of assumptions that need to be checked. Here, recall that 8,, contains two
components, ,, and T}, (Equation [1.4.1) and that the notation is E,,(Y,,) £ E[Y ,|.%,]. We list the sufficient

conditions here.

L. {W,ljj9,_a/<,}} has to be uniformly integrable where 6 is the w.p. 1 limit of @,,. This is trivial because

sup,, E|W ,|? < oo by Lemma m
2. 0, the limit point of the ODE, is an isolated stable point. Again, it's trivial.

3. E(W,|%#,) =g,,(0,) can be expanded as
9.(0) = 9,,(8) + (Dg,,)(6)(6 — 6) + (|60 — 8])

where the error o is uniform in n. This is not so trivial and the proof is given below in Lemma|[1.8.8

4. We need the sequence {9\’};7?} to be tight. See Lemma(1.8.9

5. lim,, ,, \/—% Z;L:t:”t_l g:(0) = 0 uniformly for each small t-interval. See Lemma [1.8.11
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6. There exists a matrix A such that (A + I/2) is Hurwitz and

n+m—1
lm Y [(Da)®) - 4 =o.

Let A = (Dg)(0) then the above is true because Dg,;(0) — Dg(0) by Lemma [1.8.12] Conditions for
A+ I/2 being Hurwitz is given in Theorem [1.8.13

7. Define §M,, = W, —E,(W,). There exists a constant p > 0 such that
5171lp]E|5Mn\2+p < o0
and a non-negative definite matrix X such that
E,6M,6M, — ¥.

This is proven in Lemma|[1.8.16

Uniformity of the error terms

Lemma 1.8.8. E(W,|.%,,) = g,,(0.,) can be expanded as

9,(0) = g,,(0) + (Dg,,)(0)(6 — 8) + (|6 - 6])

where the error o(-) is uniform in n.

Proof. Refer to the proof of Lemma for the components of g,,. Again, the h component causes no problem

because it is independent of n. By defining v(x,s) = Ele 7| Xy = z], f,,(u,T), the u component of g,,, can
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be expanded as
FulT)(&) = Er [ / e @ (Z(ﬂ(xk — ) u(w))> du]

k=0
oo
B
0
(o)

= /OO e~ Tu Z (e_kﬁﬂ*}# [e_(T_k)n%l (I(r >k, X, =2) = I(7 > k‘)u(a:))D du
0

e%meW§:@v>kwm=wﬂ—MT>HM@D]M
k=0

k=0
ZAmf“§iG3“LE{“aniﬂ@“>hX¢:@_MT>“M@4>“

=0
= [T ot e - Q) - = Q) ol o)

It is easy to see that integration and (partial) differentiation can be interchanged in this case because of the

integrand’s smoothness and integrability. v(z,s) is bounded by 1 and 0 for s > 0. The integrand consists of a

—Tu

second-order expression in p multiplied by an exponential damping factor e . It is now clear that all the mixed

second partial derivatives of f, will be bounded uniformly in n in a neighborhood around the stationary point

0 = (i1,T) since T > 0. O

Tightness of the normalized iterates

In order for the CLT to hold, the normalized iterates {9\’}%@} has to be tight.

Lemma 1.8.9. The normalized iterates {%} is tight.

Proof. Here make a slight modification to the proof of Theorem 10.4.1 in [21]. We let A = (Dg)(8). For any

positive definite matrix C, there exists a positive definite solution P to the equation
AP+PA=-C.
We take this P and for each A, = (Dg,,)(8), we obtain a sequence of matrices C,, via
AP+ PA, = —C,.

Obviously C,, — C' and because C' is strictly positive definite, there exists a A > 0 such that C,, = AP in the
positive-definite sense.

We use the Lyapunov function V(8) = (6 — 8) P(6 — 8), however, we now have to deal with the gradient
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field g,, as opposed to g in the proof of Theorem 5.2.1 of [2I]. We will control the changes in the Lyapunov

function by expanding g,, around the stationary point 8

— !

E[V(8,41)[F0] — V(8,) = 26,(8,, — ) Pg,,(8,,) + E,(W, PW,,)

— 7

= 2¢,(6, — 0) Pg, (0) + 2¢,(6,, — 8) PA,(6,, — )

+ 26, (0, — 6) Po(|6,, — 8]) + O(?)
n

=0 (enl) — €n(0,, — ) Cp(6,, — 6) + 26,,(0,, — 6) Po(|6,, — 0]) + O(2)

< O(2) — e AV (0,,)

where the several facts are used
1. C,, = AP for large n (the inequality is in the positive-definite sense).
2. (0,, —8) Po(|0,, — 8]) < §V(0,,) for small § and all n large enough by Cauchy-Schwartz.
3. The error term o(|6,, — 0]) of the Taylor series expansion is uniform for all g,, as proven in Lemma m
4. g,(6) = O(+). This point is proven in Lemma below.

At this point, we can use the rest of the proof of Theorem 10.4.1 of [2I] to show that E[V(0,,+1)|-%] = O(en)

which trivially leads to tightness. O

Lemma 1.8.10. g,(6) = O(2)

Proof. At 6, the gradient field h corresponding to the T}, component is always 0 at the stationary point so we

focus on the f,, part.

T—1 _ =
£,(0) = 7 | =i G ﬁ)]
1 (S =) - a0)
+TE;LT[ h=0 (ljﬁ) H(Téx/ﬁ)m
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The first part can be bounded by Cauchy-Schwartz inequality

273
1 Y e (X% =) — () 1 - - _
TEH k=0 1+ =) I(T > v/n) ST[EpT I;)(H(Xk— ) — () ]
x P(1 > \/n)?
— O(e=v™)

TEu F;—é (I = ; mlZ9) T m]

—
—
+

HI‘\‘

where (1) = ., 7 (i (X =) — fal- ))) I(r < f)]

k=0

()= 2B, (Z (X% = -)—u(-))) (--F)ur < f)]
k=0

1 = _ 2 7
(3)= pr,T _<k_0 (X, =) — H('))) <(1—c)3n2T2) I(r < \/71)]
where (1), (2), and (3) are obtained by multiplying Z;:é (I(Xy =) — p(-)) through the second bracket.
The constant c is a number between 0 and . To get a bound on (1), we have
Eur
k=0

k=0
= 0-0(e V™)
Modulus of (2) becomes bounded by
E Tz_l (X )| Zir<ym=o (L
T prs b nT B n
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Modulus of (3) becomes bounded by

a3 006 =)~ BO)| gl < v =0 (1)
O
\/n-averaging
Lemma 1.8.11. lim,, ,, \/% Sl g.(8) = 0 wniformly in each small t-interval.

Proof. By Lemma [1.8.10| the expression becomes \/% Smmelo (L) = \/%O(log(n +mt — 1) —logn). If
we maximize n for every m, we find that the log difference is maximized when n = 1. Hence the limit becomes
bounded by

ﬁO(log(mt)) -0

uniformly on a small t-interval. O

Hurwitz condition

Lemma 1.8.12. (Dg, )(8) — (Dg)(8)

Proof. By Lemma [1.8.8] we know
9.(0) = g,,(0) + (Dg,,)(0)(0 — 0) + (|0 — 8]).
If we take the limit as n — oo we get
g(0) =0+ lign(Dgn)(é)(G —0)+0(|60 - 9)).
Expand the left hand side by Taylor series and get

(Dg)(8)(6 — 8) =1lim(Dg,,)(8)(6-0) + (|6 — 6])

o ole—a))
lims Dg, — Dg)(0)| = ——=-
lmnbul)’( 9n g)( )| |070|
and the right hand side is arbitrarily small so the lim sup is 0. O

Proposition 1.8.13. Let A = (Dg)(0). (A+1/2) is Hurwitz when the eigenvalues of the matrix () satisfies the
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*(75) <2 ()
max — o —).
AeNPV 1—) 2\1-Apy

Proof. Again let us recall from Equation that g contains the f component as well as the i component.

condition

With the notation B = (I — QT)~1, the Jacobians are given by

Vo F (. T) = 2 [B~ (BT — u1'B]
Ve F(uT) = g [Bu— (1 Byl
Vuh(u,T) = 1B

Vrh(p,T) = -1 (scalar).

At the stationary point (jz,T), if we define 8 =1 Bji =T, the f component becomes

vuf(ﬁ» T)= % [B - BI — ﬂI,B} call this matrix J

We will now established a 1-1 correspondence between the eigenvectors of J and the eigenvectors of B. The

overall Jacobian would, in block form, look like

’

J 0
1B -1

This has the same eigenvalues as J with the addition of the eigenvalue -1. That would not violate the Hurwitz
condition. Hence we need to ensure that J + % is Hurwitz.

Given a vector y such that Jy = \;y and y linearly independent of fi. Define £ y + rz. That means
Bz = B(\; + 1)y + (rB + 1 By)js. The correct r that would make & an eigenvector of B is such that
rBA; = 1/By. Here (8 is the principal eigenvalue of B so it is strictly positive. That means there exists such r
if Ay # 0. The corresponding eigenvalue for B would be A\g £ B(A; + 1). If y is a multiple of f, then its .J
eigenvalue would be —1 and its B eigenvalue would be 5. Below in Lemma we show that A can never

be 0. This would imply every eigenvector of J is an eigenvector of B.

7ﬁ+)‘3§1 2) then

. . A _
Conversely, given a vector z, Bz = Apz, we can define u = z + rp. If we choose r = g

Ju = <>\TB - ) u. This would work when z is not the principal right-eigenvector of B. If it is, i.e. z = f1, then

trivially Jz = —z.
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Hence we can conclude that there is a one-to-one correspondence between the eigenvector/eigenvalues of J

and B and the relation is given by

)\J:A?Bfl for A\p # Bor Ay #0

Aj = —1 when A = §.

Hence, in order to ensure that J + % is Hurwitz, we require

R(Z - 3)<0 WAn#
S ROB) <D WA £8

2
1 1 1
= max R|—| <= — .
XeNPV (1—)\> 2(1_>\PV)
O

Remark 1.8.14. If you carefully examine the proof of Theorem 10.2.1 [2I], you will notice that the Jacobian J is
the drift of an Ornstein-Uhlenbeck process U (t) that lives on the subspace orthogonal to 1. Hence, in order for
the OU process to have a stationary distribution, it is enough to require that all the eigenvectors that live on this
subspace have real part of their eigenvalue less than % If we are given an eigenvector Jy = Ay, we can dot this

with 1 and arrive at

Jy =2y

= —1/y = Ally.

This implies that if A # —1, then 1/y = 0 which means y € 11 so it is a relevant eigenvector. If A = —1, it

would not affect the Hurwitz condition anyways. So our sufficient condition above is not unnecessarily strong.
Lemma 1.8.15. \; £ 0

Proof. Assume there exists a y such that Jy = 0. That means

By = By + i1 By

(I —p1')By = By.

We recognize that P 2 (I — z1') is a (non-orthogonal) projection. Also Pjz = 0 and 1 P = 0. This means £ is
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an eigenvalue of PB, that means there would exists a left eigenvector « such that

z PB = Ba:/
z P =gz B\
We decouple this into two equations
rP=z
z =Bz B

If the equation x' P = 2’ has a solution z, we must require z/ﬁ = 0. That would mean x can be decomposed as a
fundamental solution added to a null solution. The null space is ¢1 and ZP=z —z/ﬁll =2 .Sz =c1' +2
would span the entire solution space. However, remember that we're interested in z = Bw/B_l. We dot this

with & and arrive at

m/ﬁ:)\azlﬂ

ac/ﬂ =0 because 0 < A < 1.

Now we can conclude that ¢ = 0:
m/ = cll + z/
gp=clp+zp
0=c+0.

This means = z = BmlB’l =a'B= ﬂa:/. This would mean &’ is the principle left-eigenvector and all its
components are strictly positive. In that case, it would be impossible to have zc/ﬂ, = 0. So there is no eigenvalue

B for the matrix PB. Hence J cannot have a zero eigenvalue. O
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Quadratic variation of the martingales

Lemma 1.8.16. Define 6M,, = W,, —E,(W,,). There exists a p > 0 such that
Sl:LpE|5Mn|2+p < oo
and a non-negative definite matrix ¥ such that
E,6M,0M., — ¥.
Proof. Recall that W,, = (Y, Z,,) in Equation Pick p = 2, we can use Jensen's inequality and arrive at
M| < 2([Y = En(Yo)|* + 20 — En(Z0)[*) <16 (Yo' + [Ea(Yo)|* + [ Za|* + B0 Z0|*) -

Due to the facts
1. |Y,| <7(m,), here 7(u,,) is the stopping time given the initial distribution .,
2. E,|Y,|* <E (Y .|Y),
3. 1Zn| < 7(1y),
4. E,(Z,)* <E.(Z1),

5. 7(p) <q.s. T Vp where 7 = max{7(p)|pp = 05, Vx € S} by stochastic dominance followed by Skorohod

representation,

we can conclude that sup,, E|[0 M, |* < oo.

We now use dominated theorem on EnéMn(SM;L. We can think in block matrix form

/ /

(Yn(an) - fn(on))(yn(on) - fn(an))
(Zn(an) - hn(en))(Yn(en) - fn(en))l

(Yn(an) - f(en))(zn(en) - hn(an))
(Zn(en) - hn(en))(zn(en) - hn(an))

SM,.0M,, =

/

If we can take the absolute value and condition on %, each entry of this matrix is dominated by 27(0,,) < 27.
OM 0 M, is dominated entry-wise by 27 uniformly for all possible admissible 8,,. With a few more steps, we
can show the convergence to a non-negative matrix.

fn(0,) — 0 and h,(6,) — 0 by Lemma [1.8.10

Z,(0) = 7(0) — T can be represented in a way that is continuous in 8 (by writing 7 as a mixture of the initial

starting points). Hence Z,,(6,,) — Z(0) = 7(0) — T.
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O (U(X = Xo~p) — )
T+

Y,.(0) = can also be written in a way that is continuous in € and uniformly

convergent (over 8) to the random variable Y (). Hence

R (X = | Xo ~ ) — 1)

Yn(on) —n—oo T

Y (6

(7) ( Y(0) Z(0) ) can also be shown to be entry-wise dominated, hence its expected value is
Z(0)
well defined. It is obviously a non-negative definite matrix because of the form zx .

Together with dominated convergence and the fact that L;-convergence implies convergence in probability,

. Y (6) _ _
we have the conclusion where ¥ = E ~ Y(0) Z(0) |- O
A0)

1.8.3 On the asymptotic consistency of the variance estimator

The user of this algorithm will often want to compute the mean Ex .z [f(X)] where fi is the (true) quasi-stationary
distribution. As we know from this chapter, this can be approximated by f - p,, where we express f as a vector.

If p,, satisfies a CLT with rate av,, then we know

=i

fopg =L

Qp

N(O, £ S f)

where ¥,,,, is the u block of the entire variance matrix X. This allows the user to get an estimate on the error of

f - 1, Here we prove a procedure for estimating the variance matrix.

Theorem 1.8.17. limy 00 & S0, YVi¥s —p Sy

St (X = Xo~F) —T7()

T and it forms an i.i.d sequence. In

Proof. We will compare YkYkl to 7k7k where Y, =
other words, Y, is computed using the empirical distribution of one tour starting from the true quasi-stationary

distribution. Because

)

N
> E, 2

k:

1 & 1 & /
N;Y‘“Yk - N;Y‘“Y’“

1N
— N vy,
Nkz::k’“

it is sufficient to prove that the latter two terms go to zero in probability. Immediately we see that the second
term goes to zero by definition of X, and the law of large numbers.
The proof of for the convergence of the first term will proceed entrywise. | will actually prove the stronger notion

of YkYk/ -Y.Y, —p 0 entry by entry. From now on, we use the overline notation for all the “internal” variables
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(., ™), X;) involved in Y. At the (x,y)-th entry in the matrix, we can write out Y3 Y}, (z,y) — Y 1Y 4 (z,y) as
S

SOe1)
‘ ( im0 MX = alXo~ ) - T(kﬂ)“k(x)) ( o I(X =y|Xo ~ ) — T(k+l)Mk(y)>
. — —_— 2 o
@+ 55 =) + 7]

F(kt1) F(et1) _
(ST X = 2lXo ~ ) - @) (S, I = yiXo ~ ) - 7 +1>u<>)|

TZ

Please remember i), are i.i.d. copies of [, the true quasi-stationary distribution. We can apply the Taylor

polynomial expansion up to the first degree on the denominator and obtain an upper bound on the above
expression

T(k+1)71 (k+1) 1
<zl 2 =l ) - ) | |30 1 = 1o ~ ) = 7y
1=0
=kt k1) _y
( Z I(X) = 2[Xo ~ ) -7V (2) I(X) =yl Xo ~ 1) — 7*V,(y) |
1=( =0
2 (k+1)
+= (Tk I T)
T k+1
FtD g S
<Dl MK =alXo~ ) = 7D () > X =yl Xo ~ ) — T g (y) |
1=0 1=0

(1.8.5)

The second term can be shown to converge to zero by spliting it into two sub-terms. The first is

(k+1) _1 7D _q
2 | [+ .
= <k+1> > UX = x| X ~ o) — 7D () > X =y|Xo ~ ) — 7D ()
=0 =0

A simple application of Markov's inequality will show that this goes to 0 in probability. The second sub-term

is
5 SO A1) g
=] (T =T) | Y. IX =x|Xo ~ ) — 75 () > X =y|Xo ~ ) — 7D i (y)
1=0 1=0

(1.8.6)
Using the bounding technique described in Lemma Equation [1.8.6] can be bounded by

2 | @~y
T
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where 7**1) is independent of T. (The superscript (k + 1) is actually an index not an exponent). We can show

that this quantity converges to zero in probability
P (‘(Tk fT)[%UC“)]?' > e) < P (ka ~T|> %) P (%U““) < M) +P (%U““) > M) .

For any ¢’ > 0, we can pick a M such that P (7:(’”1) > M) < %' Then for all k large enough, P (|Tk — T| > ﬁ) <
6/
5.

Now we turn our attention to the first term in Equation [1.8.5] This term can be shown to go to zero in
probability. The main idea behind it is to construct a coupling between {Xl(k)} and {Yl(k)} of the same iteration
(we re-introduce the index of the iteration for clarity). Because py —q.s. i, the coupling we use is to force

Xl(k) = Yl(k) if the initial position drawn from py is the same as the position drawn from ;. If the initial

positions are different, we would then simulate ng) independently from X*. If we sample X{* and Yék)
jointly in a clever way while preserving the marginal distribution, we can force more and more first terms of
Equation [I.8.5] to vanish as k — co. The clever joint sampling we use is based on the Wasserstein metric.

In order to make the argument rigorous, we need to expand the first term in Equation into (omitting

the constant in front)

FUeF1) _q F+1) _q
> X =] Xo ~ ) > IX =yl Xo ~ )
1=0 1=0
F(k+1) _q F(k+1) _q
- Y X ==X~ ) > I =yl Xo ~ )
=0 =0
+3 other cross terms (1.8.7)

At the beginning of each iteration, we draw an initial position from i and another from fi;,,. We need to do this
sampling jointly while keeping the marginal distributions unchanged. We invoke the concept of the Waserstein

metric. The Waserstein metric between two probability measure pu, v on our state space S is defined by
o, v) = minEey, 2) A [[Y = Zlasc]

where the minimization is taken over the set {\ € 2(S x S)|A(-,S) = p, A(S,) = v} and dsc stands for
the discrete metric. The domain is a closed set because of our finite dimensional state space. The distribution
that achieves the minimum of o(u,7t) is used to generate (Xék),y(()k)). We then simulate d simultaneous
(independent) Markov chains starting from each of the d states. Xl(k) and Yl(k) would use the chain corresponding

to their initial position. Hence if X(()k) = X(() ), the tour would be identical between the two processes. Define 74
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to be the maximum hitting time out of all these d simultaneous Markov chains.

Now consider the first term in the above Equation If Xék) = Y(()k), then the term is 0, otherwise the

term is bounded by 27;. Algebraically, the first term is bounded by

‘Xék') SXW 972,

dsc

However,

2B(7)E |x{" - X;”

P (‘Xék) —x

dsc

IN

272 > e)
dsc k €

— .
Because the probability simplex is finite dimensional in our setting, all norms are equivalent so o(ux, ) — 0.
Hence the first term in Equation goes to 0 in probability. The other terms in that equation can be proved

in the same way. O

1.8.4 Continuous-Time version proof

The ODE associated with the continuous-time algorithm can be arrived by similar technique as the discrete-time

case.

1

0 = g (BOQT = (6 QT ()

—p(t) QML= T(t).

}ﬂ,
—~
~
=

Note that instead of (I — @Q)~! appearing we now have —Q~! where @ is a transition rate matrix. The Perron-
Frobenius theorem still applies to matrix of the form M — D where M consists of off-diagonal non-negative entries
and D is a non-positive diagonal matrix. In the discrete-time proof, we often used the fact that exp(/ — Q) ! is

1

a matrix of non-negative entries. We need to now show that exp(—@Q) ™" is also a matrix of non-negative entries.

1

Lemma 1.8.18. Given a transition rate matrix @, exp(—Q) ™" is a matrix of non-negative entries

Proof. Let o be the maximum of the diagonal element of —Q. Notice that —Q~! = a [/ — (2Q +I)]_1 =
a Y o(2@Q+ 1) for o large enough. ~@Q + I is a non-negative irreducible matrix hence the infinite sum is also
a positive matrix. O

Lemma 1.8.19. The principal eigenvalue of Q) is real and smaller than 0, and also the left and right principal
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eigenspaces are one-dimensional.

Proof. The spectral radius is bounded above by || Q ||oo< 0. @+ ¢I can be made into a irreducible non-negative

matrix for some large c. All the properties follow after applying Perron-Frobenius to that. O
Analogous to Lemma we need to show that T, is bounded above and below almost surely.

Lemma 1.8.20. The T, sequence in the continuous-time case is bounded above and below almost surely by

finite random variables.

Proof. The upper bound is identical to the discrete-time case (Lemma . For the lower bound, we consider
a random variable § that is an exponential random variable with rate equal to the fastest holding rate of the
Markov chain. 5(%) can then be coupled to the first holding time (for example, by using the same uniform random
numbers) of the Markov chain during the k-th iteration. This way, 7 > 5k Hence liminf, T, > E(3)

implying that its bounded below by a finite random variable. O
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Chapter 2

General State Space Setting

Notation:

» M(S), #T(S), and P(S) are the sets of signed measures, positive measures, and probability measures

on the space S.
= T be the set of transient states of a Markov chain.
= P(x,A) is the transition kernel of a Markov chain.

» Q(z,dy) = P(z,dy)l(y € T) is the substochastic kernel associated with the transient set 7. Let Q be

¢-irreducible ([27] Section 2.2).

= The space D(A, B) is the space of cadlag functions from the metric space A to B endowed with the

topology of uniform convergence on bounded intervals.
» 7, = min{k > O\X,gn) ¢ T} The hitting time of the absorbing state of the n-th iteration.

» 7(p) =min{k > 0| Xy ¢ T, Xo ~ p} . Hitting time of the absorbing state of a Markov chain started from

the distribution .

= For the reader’s convenience, basic definitions related to general state-space Markov chains are given in

Section [2.6]

2.1 Introduction

The study of quasi-stationary distribution for finite-state space Markov chains has many applications [30] especially

in the study of interacting particle systems [10, 23] 13]. Chapter 1 describes a stochastic approximation algorithm
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for estimating the quasi-stationary distribution of finite state space Markov chains with y/n rate of convergence
properties. In this chapter, we extend the stochastic approximation algorithm to general state space, discrete-time
Markov chains.

One other closely related work to this paper is [36]. In that work, based on prior work by [1I], the authors
provided a particle system method for sampling the principal eigenfunction and eigenmeasures of any non-negative

kernel ) provided that we can compute the decomposition
Q(z,A) = G(z)M(x, A)

where M is a stochastic Markov kernel. If an user is given a substochastic kernel @, then computing the
decomposition requires the computation of Q(x,T) at arbitrary = that the particle algorithm visits. This will
require numerical integration in many cases and is either intractable or very prone to noise.

The Fleming-Viot process [25] is another method that can estimate the quasi-stationary distribution however
it has only been proven to work for finite, countable Markov chains and diffusion processes. We can compare its
performance against the result of our algorithm running on discretized diffusion processes. This method involves
running a n Markov processes. Each process evolves according to the diffusion process until an absorption occurs.
Upon absorption, that particular process is restarted from a position uniformly sampled from one of the other
n — 1 processes.

Asn — oo and at a fixed time ¢, the Fleming-Viot process converges to the conditioned process lim;_, o, P(X (t) €
AlT > s) at a rate of O (ﬁ) In order to sample from the quasi-stationary distribution however, we need to
also let t — o0o. So, in this best case scenario, the rate of convergence in time is actually exponentially fast :
0] (%) This is computationally very expensive and the theoretical and practical performance is worse than
the method described in this chapter.

We now define the setting of our algorithm. Let us consider a Markov chain X,, on a state space (E, &) with
transition probability kernel P. We are given a compact set T' C F and we are interested in the long-term behavior
of the Markov chain subject to not leaving T. Let F = {A|A C E, A € &} denote the sigma-algebra on the
subset T'. We can define a non-negative kernel Q(z, dy) on E X . by the restriction Q(z, dy) = P(x,dy)l(y € T).
The quasi-stationary distribution, called Yaglom limit in some literature, is defined as the limit

Q"(z,A)

VA e F
Q" (x,T)

P.(X, € AlX,eT) =

if the limit exists and is independent of z.

According to Corollary 6.13 of [27], one set of sufficient conditions for the existence of quasi-stationary
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distribution is requiring that @ be aperiodic, irreducible, and R-positive recurrent (Assumption 4 below) as well
as requiring 7(T') < oo, infrh > 0 where m and h are the R-invariant measure and function. Under these
conditions, the Yaglom limit exists for any z such that h(z) < oo (note that this is a full set with respect to the
maximal irreducibility measure 1 as defined in [27]).

We are now ready to give a complete list of assumptions that will be used throughout the chapter.

List of Assumptions
1. sup,cr E(7) < 0o where 7 is the hitting time of T°.
2. sup,er Eyu(72) < o0
3. T, the set of transient states, is compact and separableﬁ

4. Assumptions about the substochastic kernel Q(z, dy) = P(z,dy)l(y € T')

measure by .

(b) Q is Rg-positive recurrent per [34) 27] for some Rg > 1.

aThe only place where compactness is used is in proving the tightness of the iterates. For more, see Section

(a) The Markov chain X, is ¢-irreducible and aperiodic on the set 7. Denote the maximal irreducibility

In the general state-space Markov chain (GSMC) scenario, we can formulate the analogous measure-valued

algorithms similar to Chapter 1:

Algorithm 2.1 Algorithm for estimating quasi-stationary distribution in infinite dimensional spaces

1. Initialize an empty list i that will hold the history of visited states.
2. Choose the starting state X of the Markov chain according to some distribution vy € Z(T).

3. Simulate the Markov chain starting from state X up until absorption and update p by adding the visited
states (all contained in T') to the list p.

4. Upon absorption, select a state X uniformly from 1 and go back to Step 3.

5. Repeat Steps 3) and 4) many times and output the measure m = ﬁ > zep O @s your approximation of
the quasi-stationary distribution. You can also output the averaged time to absorption in each tour as an

approximation to ﬁ.

2.2 Stochastic Approximation Representation

The above Algorithm [2.1] can be written formally as:

fns1(A) = i (4) + b
n+tl n+1 7=0 Tj

1 ( T XY € AIX ~ ) — mwﬂ(A)) VAe Z.  (221)
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In order to analyze it, we cast it as a measure-valued stochastic approximation algorithm in the form

0n+1 - en + 6n‘Xvn

Hn 1

where 6,, £ V€ = T and the additional real-valued process T, is defined by

1
Tn+1 = Tn + m(Tn+1 - Tn)
For notational reasons, let us define

;n;ol_l I[(XIE:TLH) € A|X(§n+1) ~ ) = Tnt1/4(A)

Tn41
T + n+1

[I>

Yo (p, T)(A)

Zn(,UqT) é Tn+1 — T

7 2 min{k>0[X" ¢ T, X ~ pu}.
Hence we should define our stochastic innovation X, as

X, =

For this entire paper, we endow the topology of weak convergence on .# (T).

There exists little literature on the subject of measure-valued stochastic approximation. The paper [33] states,
without proof, a theorem about stochastic approximation algorithms on Banach spaces. However, the assumptions
are just as hard as proving convergence from first principle. [37] deals with Hilbert space-valued algorithms and
could not be used in our setting. This chapter will generalize [21]'s ODE method theory to this very specific
problem. In Section we show that the limiting behavior of 8,, is governed by an ordinary differential equation
on the space R x.#(T'). Then in Section[2.3} we analyze the conditions under which the ODE solutions converge
to the quasi-stationary distribution of @. In the final discussion section, we talk about practical considerations in

using the algorithm including examples of common processes that the algorithm converges for.

2.3 Proving Convergence to Trajectories of an ODE

The proof is an extension of [2I]'s ODE technique into this specialized-case of measure-valued stochastic ap-

proximation. In this section, we will prove that the limit behavior of the random iterates 6,, is governed by a
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measure-valued ODE. There will be several steps to the proof. Below, .#(T) will always denote the space of

signed measures endowed with the topology of weak convergence.
1. Defining the appropriate interpolated process 8" (t) on the space D(R,.#(T) x [1,00)) and decompose it

into
m(tn—+t)

t
0" (t) = 0"(0) + M™(t) +/ g(0"()ds+ >+ lowluw Te) = gl Ti)l + 0" (8):
0 k=n
2. Proving that {fo (0" (s,w))ds|Vn > 1} is equicontinuous for almost every w.

3. Showing that M™(-) is a martingale and is a tight process in the space D(R, .Z(T') x [1,0)).

4. Show that for every w in a set of full measure, there exists a subsequence nj(w) such that M"™ (-, w)

converges to the 0 process weakly in the uniform topology.

5. Showing that the time-variant gradient field g, (u,T) converges to a stable gradient field g(u,T). These

gradient fields are in the space .Z(T) x R*.

2.3.1 The interpolated process

Let to £0, t, £ > 7 1 +, m(t) = min{n|t,41 > t}. Define the process u’(-) as

3

(t)ei
o
1

0°(t) =

>
Il

This is a cadlag interpolation.
Now define the left-shifted processes " (t) = 6°(t,, + t). Because >~ 1 = 0o, we now have a collection of
cadlag functions defined on R with values in .#(T) x [1, c0).

The main decomposition we would like to reach is

¢ m(tn+1)
00 = 0O+ 2O+ [ O Dds+ 30 F ol Te) g T + 1), (23.1)

k=n
We will separate the p™(-) and T™(-) components of 6™(-) and the reader can infer the definition of each

right-hand side term of the equations below.

m(tn+t)

§ () = pn(0) + Nt / fu (Dds+ D2 7 e T) — Fme, To)] + p7(0)

k=n
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where
m(tn+t)
N™(t) £ };l z i (b, Tie) — By 1 [Yie (e, T )]
fk(;u7 T) £ EM,T [Yk(:u’7 T)]
f(/.t, T) EH T [YO(,uv T)]
m(t,+t)
i) éZ“’“’Tk - [ s 6
Similarly,
t m(tn+t)
() =T"(0) +S™(t) + ; h(p™(s), T"(s))ds + 7 (o, Tie) = o, T )] + 3 (2)]
k=n
where
m(tn+t) 1
Sn(t) £ ];1 % [Zk(uk7Tk) - ]EM«’Tk [Z}C(/J'k>Tk)]]

h}c(/,b, T) = EN,T [Zk(M» T)]

h(u, T) £ Er [Zo(p, T))

m(tn+t)

HOENDY %— / h(u"(s), T (s))ds.

k=n 0

2.3.2 Proving that {fo (0™(s,w))ds|n} is sequentially compact for almost every w

There is a measure-valued component and a real-valued component to fg g(0™(s,w))ds, namely fot f(0™(s,w))ds

and fo (0" (s,w))ds. Dealing with f, we separate the .# (T')-valued integral into two .# ™ (T)-valued integrals

Jft and [ f~ where

We will use the Prohorov metric to metrize weak convergence in . (T'). It is difficult to work with that directly
but the following Lemma will help in many parts of the paper by bounding the Prohorov metric by the total

variation norm.

Lemma 2.3.1. The Prohorov metric on positive measures dp(u,v) = inf{e > 0|u(A) < v(A°) + €} is bounded
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above by the total variance distance between positive measures dpvy (u,v) = sup 4 |u(A) — v(A)].

Proof. For any § > 0, there exists a set A such that dry (p,v) > |pu(4) — v(A4)| > drv(p, v) — §. Without loss
of generality, we can take p(A) > v(A) and arrive at the inequality u(A) < dpy(u,v) + v(A). Trivially, this

implies 1(A) < v(A) +dpv (u,v). Hence dp(u,v) < drv(p,v). O
We are now ready to prove the sequential compactness for f+ and f~.

Lemma 2.3.2. Under Assumption 1, for every w in a set of full measure, fo Fr(0™(s,w))ds and fo (0™ (s,w))ds

are both sequentially compact in .4+ (T).

Proof. Fix an w and ¢t > 0, we need {fg f1(0™(s,w))ds|Vn > 0} to be pre-compact (and similar for f~) in order
to use the Arzela-Ascoli theorem|[26]. For signed measure, pre-compactness is equivalent to tightness and having
uniformly bounded total variation according to the Prohorov theorem [4]. Tightness is trivial because the space

T is assumed to be compact. As for total variation,

T—1

t t

H/ f+(9”(3,w))dSHTV§ Sljp/ EM”(S,w)(Z H(Xu S A))ds

0 0 u=0

< tsupE,(7)

t
I £ 6" (s.)dslry < tsupEa (o).

0 T

Both bounds are independent of n, so the pre-compactness condition is satisfied.

Let us move on to showing the equicontinuity of both integrals. Without loss of generality, assume u < t.

According to Lemma [2.3.1}

o (] PO (s,0))ds, [ o snas) <su [ O (s.))ds

< (t — u)supE, (7).

The bound is identical for [, f~. O
Now let us deal with fo (0" (s,w))ds.

Lemma 2.3.3. Under Assumption 1, fo h(0™(s,w))ds is sequentially compact in n uniformly in t on bounded

intervals. This subsequence is independent of w.

Proof. The proof begins by noticing that fo h(0™(s,w))ds is equivalent to

¢
/0 Epn(s,u)[T —T"(s,w)]ds here the T"refers to the T'component of 6".
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The assumption sup,, E,(7) < oo implies sequential compactness because

m(tn+s)
n 1
BTl =Bl gy 2l < supa(r).

2.3.3 Proving sequential compactness of the M"(w,-) process

In this subsection, we will try to prove that the M™(w,-) process is sequentially compact for almost every w.
The M™(-) process consists of two components: N"(t) € .#(T) and S"(¢t) € RT. Let us analyze the more
challenging, .# (T)-valued N™(t) process first.

Because of the linearity of cadlag interpolation, N™(#) can be separated into two cadlag-interpolated .# ™+ (T')-
valued processes A™(t) and B™(t) so that N"(t) = A™(t) — B™(t). At grid points ¢, these processes can be
described by

m(tn+t) P |
n Yoo IXs€-) 1k (")
A (t) £ Z €k 10_‘ + Tk+f +E#k1Tk Ty + Tkl
k—n BT k1 BT gt
. R m(tn+t) Tk+1,l14k(') ET}:Bl_l ]I(Xé c )
B (t) = Z T Thk+1 + E#k»Tk sz Thk+1
k—=n kYt %11 kYt %11

We will work with A™(¢) and the proof for B"(t) is very similar. The Arzela-Ascoli theorem requires pre-

compactness of {A"(w,t)|n > 0} and equicontinuity.

Compact Closure

Lemma 2.3.4. Under Assumption 2-3, for every w in a set of full measure (where the set is independent of n

and t) and every t > 0, {A™(¢t,w)|n > 0} is pre-compact.

Proof. A™(t,w) takes value in .# T (T), compactness in that space is equivalent to tightness plus uniformly
bounded total variation norm. The tightness portion is trivial because T" is compact. Now we need to prove that
for a fixed t > 0,

sup ||A™ (¢, w)||rv < oo.
n
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From the definition of total variation norm, we obtain

m(tn+t)
A"l < Y en(mh + By (7))
k=n
m(tn+t) m(tn+t)
= > am—Eum)+ Y e2B, ()
k=n k=n

Using Doob's inequality we obtain

m

Z L (Tk))

62

o 2 Ew 2
lim P (sup > 5> < Jim 2t=n &P Ba(77)) (2.3.2)
n mzn n

— 0.

m(tn-i-t)

This implies that the first term >, €x(Tx — E,, (7%)) is bounded almost surely along a subsequence while

the second term is bounded by (sup, E,(7))(t + ). Hence we have proven compact closure of A™(t,w). O
Equicontinuity

Because the processes A™(t,w) are discontinuous functions, we need to invoke the extended Arzela-Ascoli theorem

which requires that for all € > 0, there exists a § such that

limsup  sup |A™(t,w) — A" (s,w)||Tv < €.
n [t—s|<6,[t|<T

We replace the Prohorov metric by the total variation distance due to Lemma Without loss of generality,

we assume that s < t. We obtain equicontinuity by the following inequality

m(tn+t)
A" (t,w) = A (s,)llrv < Y en(mi + By (1)
m(tn+s)
m(thrt) m(tn+t)
= Y am B+ Y, e2E., ()
k=m(tn,+s) k=m(tn+s)

By inequality (2.3.2)), there exists a subsequence 7 such that

m

lim sup Z &x(Te — By (7)) | —aus. 0.

1 sup
m2h |5

This means along a subsequence of A™(-,w), the first term lim,, >, fntt)ﬁ) (T —E,, (1)) = 0. The second

term can be bounded by (sup, E, (7)) [t — s + 2]. This implies equicontinuity along a subsequence of A™(-,w).
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By the extended Arzela-Ascoli theorem, equicontinuity and pre-compactness together implies the following

proposition.

Proposition 2.3.5. Under Assumptions 2-3, for every w in a set of full measure, there exists a subsequence nj(w)

such that N™ (-,w) is convergent in D(R, #(T)) where .# (T has the weak topology.

The S™(t) process

We also need to prove the sequential compactness of S™(t) 2 S/t ¢\ (7, (i, Tx) — By 1 [Zie (> T )]

k=n

where Zi (g, Ti) = 7 — Tk. By Doob's inequality

m

> ek [Zi(pks T) = Epuy 1y, [Z (e T
k=n

52

m 2(a E.. 2
P (sup > 6) < Zk:n ek(bupx 1(7— ))
m>n

Lemma 2.3.6. Under Assumption 2, for every w in a set of full measure, there exists a subsequence ny(w) such

that S (-,w) — 0.
2.3.4 Proving that M"(-,w) — 0

For the measure-valued martingale N"(t), we first fix a measurable set A € % and look at its action on that set:

Lemma 2.3.7. Under Assumption 2, for every A € F N"(t)(A) —q.s. 0 where the null set depends on the set
A.

Proof. The proof uses the Doob’s inequality

- T € A) — T (A
P Yo (G S ) >
m2n | k+1
T —1 2
Z;i7l 2E ZSQEI H;XQGTAA”l:Tk+1uk(A):|
< K+ k1
< 52
< (Z;O:n Ei) SUPyg ]EI [7_2]
= 52 .
This would imply N™(t)(A) —4.s. 0 for every measurable set A (where the null set depends on A). O

Lemma 2.3.8. Under Assumptions 1-3, for almost every w outside of a null set, there exists a subsequence nj(w)
such that M"(-,w) — 0 where the convergence is in the space D (R, # (T) x [1,00)) uniformly over bounded

sets with the weak topology on .# (T).

Proof. We know that almost every N™(-,w) is sequentially compact. Let this set of full measure be called

Fy. Because the space C' is separable, we can find a basis {f;} (each f; continuous and bounded) such that
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N™(f;,w) — 0 on a set of full measure F;. We intersect this set F; with Fj to get another set of full measure.
Then we repeat this process for all i € N. The final set F' has full measure as well as the property that each
{N"(-,w)} is sequentially compact and its action on f; converges to 0. Hence it will converge to 0 for all bounded
and continuous functions.

Finally combine with the results about S™(-,w) to obtain the Lemma. O

2.3.5 Proving that the gradient field stabilizes

The second last term in the decomposition 1 is Yo (tntt) % lgr (e Tie) — g(pore, Tie)]. - We will show the

k=n

following lemma.

Lemma 2.3.9. The following convergence takes place uniformly on bounded sets of t

m(ty,+t)
Jim ; %[Qk(ﬂkaTk)_g(HkaTk)] —a.s. 0.

Proof. According to [21], it is enough to prove that for a fixed p, T and ¢t > 0,

m(tn+t)

. 1

lim_ kz 7 [9e(1.T) = g(1, T)] —as. 0.
o=n

Recall that g, has two components, the f; component and hj component. hy is independent of k so the
convergence trivially holds. The fi component lives in .# (T) with the topology of weak convergence. So it is

sufficient to check the convergence along all bounded and continuous functions .

Recall fix(1, T) =E, 1 {M} . We have
k+1

5| s F(Xe) — Tu(f)
w, T T_i_kLH

<E, [Z P + ()] | < KB, (7).
s=0

We can use the dominated convergence theorem to conclude that f — f for pointwise. O

2.3.6 Convergence to ODE

Now we are in a position to prove the following theorem.

Theorem 2.3.10. Under Assumptions 1-3, for every w in a set of full measure, there exists a subsequence ny(w)

such that 0™ (-,w) — 0(-,w) in A (T) x [1,00) uniformly on every bounded interval. 0(-,w) satisfies the ODE

0(t,w) = 6(0,w) +/O g(0(s,w))ds (2.3.3)
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where equality in .4 (T') means equal expected value on all bounded and continuous functions (on T).

Proof. In the previous few sections, we showed that the right-hand side terms of (2.3.1)) all have convergent

subsequences (depending on w). Hence we can extract a convergent subsequence ™+()(- w). The terms

m(tn+t) 1

oen % Lok (pr, Tr) — g(pn, Tie)], M™(-), and p™(-) all go to zero on a set of full measure (on the space T).

It remains to show that the limit can be exchanged with the integral in (2.3.]).
Recall that the function g is composed of the .#(T')-valued f and real-valued h. The equality in the f
component means equal expected value on all bounded and continuous functions.

If we fix a test function v, then f(6"(s,w))(v) satisfies the following bound

[F(0" (5,0)) ()] = Dm0 v(Xs) - w"(aw)(v)] |

EU”(va)vTTL(svw) l Tn(S,W)

< (supv) (sgp ]EI(T)) '

Here we used the property that 7" (s,w) > 1. f is obviously continuous in @ in the weak topology, so we can use

the dominated convergence theorem and obtain

/0 (0" (5,0))ds / (005, ))ds

in the sense of weak convergence on .Z(T).

The bound on h(6"(s,w)) is given by

(6" (5,w))| = |Egn (s w) [T = T (s,w)]|

<2 (sgp Ex(7)>

and we can use the dominated convergence theorem to obtain a similar result. O

2.4 Asymptotic Analysis of the ODE

In this section, we will analyze the asymptotic properties of the associated ODE. The main result we will prove in

this section is the following theorem.

Theorem 2.4.1. Let m and h denote the R-invariant measure and function of Q). If we assume that infr h > 0,
supp h < oo, and w(T) < oo, then any solution (if exists) solving the full ODE with initial conditions
po € P(T), po(h) < oo, and Ty > 0 will converge to the quasi-stationary distribution in p(t) and E;(1) =

ﬁ in T(t). The random iterates (p,,T,) visits a compact subset (might depend on w) of this attractor
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space ({m € Z(T)|m(h) < oo} x (0,00)) almost always. This implies that (i, — [i in the weak topology and

T, — both with probability one.

— 1/R

The existence of the solution is automatic because it is the limit of the 6" (s, w) sequence. We will proceed

to analyze its limit in a few steps.

1. Compute the function g and obtain a ODE involving p and T'. This is called the full ODE.

2. We analyze the asymptotic behavior of the full ODE by first analyzing a reduced ODE and then showing

that the solutions to the full ODE can be changed into solutions for the reduced ODE.

3. We need to show that the random iterates 6,, visits a compact subset (can depend on w) of the attractor

set almost always almost surely.

2.4.1 Computing the Gradient Field

Let us explicitly compute the gradient field g(u, T') defined in Equation (2.3.1)).

B[S X € 4) = r(u)n(4)]
F (1, T)(A) = -
_ (CZ0BL X, € A5 < m(u)]) — By (T)(A)
T
(0% 4Q%) — Ey(r)u(A)
-

Here Q° is the s-time convolution of the kernel Q. The second component of the gradient field is

h(u,T) = E,u(7) ~ T.

The ODE that needs to be analyzed is

where the equality is in the Levy-Prohorov metric.

2.4.2 Reduced ODE

Our strategy here is to first consider a reduced ODE system without the extra T' component,
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o(t) = v(t) <Z QS> —E, i (1)v(t) (2.4.2)
s=0

In this whole section, we will use the R-theory of [27, 34]. Specifically if given a R-positive recurrent kernel K,
there exists essentially unique (up to constant multiples) R-eigenmeasure and R-eigenfunction 7 and h respectively,

such that 7 = R7Q, h = RQh, and w(h) < co. We shall call this R the spectral radius of a R-recurrent kernel.

Theorem 2.4.2. Under Assumption 4, and assume infp h > 0, and w(T') < oo, all solutions v(t) to the reduced
ODE such that v(0) € Z(T), v(0)(h) < O has the property v(t) — U where the convergence is in the

total variation topology of Z(T'). v is the quasi-stationary distribution of Q.

Proof. Take any solution v(t) with initial condition v(0). First we notice that if vy € Z(T), then v(t) € Z(T).

This is because v(t)(T) = 0. Also for every set A € %, we have the Duhamel’s representation

V(t)(A) = (A). (2.4.3)

0o ¢
vy @ exp (tz Q° — / Eu(s)(r)ds>
5=0 0

Here the exponential operator defines a new non-negative kernel. Hence v(¢)(A) > 0 and v(t) € L(T) Vt > 0.
Define 8 = ﬁ where R is the spectral radius of ). We can take the Duhamel’s equation 1} and
rearrange it to obtain
t
ves ([ Buo(as) = moent Q)
0
t
v(t) exp </ E, s (T)ds — Bt) = Y exp(tz Q° — pt).
0

Lemma [2.4.3tells us that vy ® exp(t > Q% — Bt)(A) = vo(h)w(A) VA€ Z.

Since v(t) € Z(T), we can evaluate the equation on T to get

exp ( /O Ey(s)(1)ds — Bt) = vy @exp(t Y Q° — t)(T) = vo(h)m(T).

So together

m(A)

v(t)(A) = vy @exp(t Y Q° — Bt)(A) exp ( (/Ot E, (s (7)ds — 61&)) = VA€ F

where the limit is well defined because m(T) < oo. It is the quasi-stationary distribution by Corollary 6.13 of

[27]. O
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Lemma 2.4.3. Under Assumption 4 and infrh > 0, and given a vy € P (T), vy(h) < oo, we have vy @

exp(t>. Q° — Bt)(A) — vo(h)m(A), where = ﬁ for every set A€ ¥ and some constant c.

Proof. First, we try to prove that vy ® exp(n ) Q° — 8n) —. By the Lemma below [2.4.4] exp(}_ Q*® — )

is aperiodic, and 1l-positive recurrent. Hence there exists a l-eigenmeasure 7 equivalent to ¥ (unique up to a
constant multiple) and a strictly positive 1-eigenfunction h normalized such that w(h) = 1. Hence by Corollary

6.3 of [27], we have
lim sup |vgexp (nZQS — ﬂn> (f) —vo(R)m(f)] = 0.

0| fI<h

(E?nj is also an aperiodic R-positive recurrent kernel with the same R-invariant functions. Hence the

above convergence will hold for all sequences {miom — 00} my fixed. We can combine this with the uniform
continuity property of the exponential operator to get that the above convergence holds along all real sequences
going to oo.

Finally, if infr A > 0, then this convergence actually takes place in the total variation norm. O

Lemma 2.4.4. Define A = exp(>. Q° — 3) where 3 = . A is aperiodic, and 1-positive recurrent. The

TG
maximal irreducibility measure is also 1.
Proof. Given a set B such that ¢¥/(B) > 0, V& € T 3s9, Q% (z, B) > 0 by virtue of t-irreducibility of Q.
That means A(z,B) = ;- (Ekﬂ > 0. This also means A is aperiodic. Now take a set B that is -
null.  (PA)(B) = > k50 ckQF where c;; > 0. But because v is the maximal irreducibility measure of Q,
Y({z|Q™ (x,B) > 0}) = 0 Vng > 1. This implies (¢ A)(B) = 0. Hence ¢ is also the maximal irreducibility
measure of A by Proposition 2.4(ii) of [27].

Now we need to prove that A is 1-recurrent. Define G(")(z, B) £ 3, r*A*(z, B). 1-recurrent ([27],

Definition 3.2) requires
1. (G’(T)s) (z) < oo for all z in a closed set, » < R4, and for all small functions s.
2. G f =00 forall r > Ry and f > 0 such that ¥(f) > 0.

Because @ is Rg-positive recurrent, there exists unique (up to multiples) positive eigenmeasure and eigenfunction

7 and h such that

T = RomQ
h=RqQh
w(h) < 0o
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We evaluate 1A

k>0
=e P chka

k>0

_8 1

=e Z Chop T

k>0 Q

IR
iy (Zes0(1/R))
K
k>0
e Prex L because Rp > 1

- P\1-1/R, @

Very similarly, h = Ah.

So for any small function s of A,

TG = Zrk m(s).

k>0

Because s is a small function, there exists § > 0,n9 > 1,m € .#(T) such that A" (z, B) > dm(B)s(x). We

can show that 7(s) < oo:

n(h) = R’mTA™h
> R ém(s)m(h)

m(h) > R} dm(s)m(h)

We know that m(h) < oo by R-positive recurrence. m(h) > 0 because h > 0 everywhere ([27] Proposition
5.1(ii)). Together this implies 7(s) < oo. Hence if r < 1, 7G(™s < oo for any small function s of A. The
measure 7 is equivalent to ¥. So {z| (G(")s) (z) < oo} is a set of full measure. By [27] Proposition 2.5, it
contains a closed set F;.. Finally, we can take F' = No<r<Rrreqfr. F' is a closed set by the same Proposition
and (GMs)(x) < coVr <1,z € F.

Now we need to prove the second criterion in the definition of 1-recurrence. G(")f = oo for r > 1 and any

f>0and ¥(f) >0.
We know from [27] Page 123 that

liminf R (Q" f)(z) >0 Vo e T,(f) >0,f>0.

n— oo
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So there exists a ng(x, f,8) and d(z, f) such that (Q"f)(z) > 2= ¥n > ny. We can symbolically expand

B >
AR(f) = exp (K250 Q° = BF) = X050 A Q°F.

YRR =Ry oty

k>0 k>0 >0

There are a finite number of Q°f for s < ng in the above series. So it would not affect its convergent property

if we replace them by Ri . The series then becomes lower bounded by
Q

Zrkzc’;% = rFexp (k (111/RQ —5)) :5Zk:rk

k>0 >0 k>0 k>0

which is divergent if > 1.
So A is Ra-recurrent. lts eigenmeasure and eigenfunction are m and h so 7(h) < oo and A is R -positive

recurrent. 0

2.4.3 Time-changed ODE

Recall that the full, time-variant ODE is

(X2, Q%) —Eu (T)u(®)
T(t)

T(t) =Eum(r)—T(t).

Theorem 2.4.5. Let m and h denote the R-invariant measure and function of (). If we assume that infp h >
0,supy h < oo, and n(T) < oo, then any solution (if exists) solving the full ODE with initial conditions
o € P(T), po(h) < oo, and Ty > 0 will converge to the quasi-stationary distribution in p(t) and Ez(T) =
ﬁ in T(t). The random iterates (u,,,T,) visits a compact subset (might depend on w) of this attractor
space ({m € P(T)|m(h) < oo} x (0,00)) almost always. This implies that p,, — [i in the weak topology and

T, — with probability one.

1
1-1/Rq

Proof. Take any solution of the full ODE (u(t),T'(t)). Now define the following transformation I'(¢) = fg ﬁds.
By Lemma I'~1(t) is well defined and increases to co. By straightforward computation, we can check that
w(T=L(t)) is a solution to the reduced ODE Also p(T=1(0)) = u(0) which we assume to be a probability

measure such that po(h) < co. Hence according to Theorem [2.4.2) n(t) — [, the quasi-stationary distribution

of Q.
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T(t) can be solved using the formula

E,(s)[7] = Ep[r] because the ODE convergence takes place in the total variation norm and sup, E.(7) < ooc.

We can use L'Hopital’s rule and get

E, @ [r]e! 1
. _ w(t) W] —
fli>rgo T = fli>Holo et Exl7] 1-1/Rg’

Looking back at Equation equation (2.3.3)), the weak limit of the subsequences 8™* needs to have the property
that (h) < co. We can ensure this by proving that h is lower semi-continuous and invoking the assumption that
supp h < oo.

h(z) = RQh(x), so it can be expressed as

h(z) = R lim E[h(X1) A M].

M —o0

Define gus(x) = E.[h(X1) A M]. Because the convergence is monotone,

h(z) = sup ga(x)
M>1

= sup sup inf gy (zr) because each gpsis continuous
M>1n>1k2n

< sup inf h(z) = liminf h(z,).

n>1 k>n n— 00

Our assumption supy h < oo ensures that ™+ (h) < co and the |.s.c. property ensures 6(h) < co by Fatou's
lemma.

Our iterates (u,,,T,) almost always remains within a compact subset of the domain of attraction (£ (T) N
{m|m(h) < oo} x (0,00)) of (i, ﬁ). This would mean the subsequence limit 8™ (0,w) converges to a
point in this domain of attraction. That would mean the limit trajectory 6(-,w) has an initial condition in this

domain of attraction. Hence 6 will converge to the asymptotically stable point (, 1_1RQ ). Hence the stochastic

approximation algorithm iterates converge to that point with probability 1. O
Lemma 2.4.6. T'(t) is non-negative, increasing, and goes to co

Proof. The increasing part is trivial because T'(s) is strictly positive (in both the discrete-time and continuous-time
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cases). Let's assume that [ 75 < co. This implies

T(t) = Tyexp (/0 [Ejsg(;)} ds —t)

t

< Topexp (st;pEm(T)/o Tzs)ds_t>
b

< Tphex K/ ds

0 p( 0 T(S) )

K Vit

This means ﬁ > K = I T%S) = 00, a contradiction. O

2.5 Discussion

2.5.1 Sufficient Conditions for Satisfying Assumptions

The convergence of the algorithm depends on three conditions
1. infrh >0
2. 1(T) <0
3. supp h < o0

Conditions 1 and 2 can be simultaneously satisfied if the set T" is small.

If Condition 1 is not satisfied, the algorithm still converges on continuous and bounded functions f where
|fI < h.

In practical applications, P the transition kernel is usually P, for ¢ small where P, is the semi-group of a
diffusion process. If the diffusion process coefficients are bounded and C' with C? boundaries, then the right
eigenfunction & is bounded over the set T' ([15] Section 6.3). This would satisfy Condition 3.

Here we switch our attention to the assumption T is a compact set. The only place where this assumption
is used is in proving the tightness of various measure-valued processes. In practice, if T is not compact but the

algorithm appears to be converging, it is highly likely that the limit is the Yaglom limit.

2.5.2 Notes about Diffusion Process Extension

Our initial exploration of extending the stochastic approximation method to infinite-dimensional Markov processes
targeted diffusion processes. Much of the proof technique in this paper would carry over. However, one crucial

obstacle we encountered was that the T}, process is not bounded from below. Hence the variance of the martingale
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term could not be easily bounded from above. The transplantation of this algorithm to diffusion processes remains
an open problem.

Numerical simulation in several important classes of diffusion processes has shown that by calculating the
quasi-stationary distribution of a time-discretized diffusion process, the result is very close to the quasi-stationary
distribution of the diffusion process. In fact, the algorithm will be unbiased if the transition kernel corresponds to

that of a diffusion process with constant coefficients.

2.6 Definitions related to General State Space Markov Chain

This appendix section lists all the common definitions that are used in general state space Markov chain theory.
Note most of these definitions are given in terms of non-negative kernels which are more general than Markov

transition kernels. Many of these definitions are from [27].

Definition 2.6.1. A non-negative kernel K (z, A) on a state space E is called ¢-irreducible for a o-finite measure

H(E) > 0 if ¢(A) > 0 implies there exists a ng(z) such that K™ @) (z A) > 0Vz € E.

Definition 2.6.2. An irreducibility measure ¢ is a maximal irreducibility measure if all other irreducibility measure

are absolutely continuous with respect to it.

Definition 2.6.3. A m-cycle is a collection of m disjoint non-empty sets {Ei}:z’on_l such that
K (z,E{) =0 forj=(i+1)modm =z € E;.

Definition 2.6.4. If no m-cycle exists for m > 2, then the kernel K is called aperiodic.

Definition 2.6.5. Given a kernel K with maximal irreducibility measure 1, it is said to satisfy a minorization
condition if there exists ng > 1, 8 > 0, a function s such that 1(s) > 0, and a measure v such that v(E) > 0
where

K™ (z,A) > Bs(x)v(A) Vz e E, A measurable.
The measure v and function s are called small. A set C is called small if the function I¢ is small.
Theorem 2.6.6. ([27] Theorem 2.1). Given an irreducible kernel, there always exists small function and measures.
Definition 2.6.7. Given a kernel K, a non-empty set F' is called closed if K (z, F'¢) = 0Vx € F.

Definition 2.6.8. Given an irreducible kernel K with maximal irreducibility measure 1), it is R-recurrent if there

exists a real number R and closed set F' such that

60



2.6. DEFINITIONS RELATED TO GENERAL STATE SPATUHARAERQV GHABRAL STATE SPACE SETTING

L ZZio TkKk(w,S) <ocoVreF,0<r <R, and s small.
2. >0, r*K*(z, f) = co Vr > R and f such that ¥(f) > 0.

Remark 2.6.9. This definition coincides with what is given in [34] because there always exists a countable partition

of E into small sets.

Theorem 2.6.10. ([27] Theorem 5.1 and 5.2). Suppose that K is R-recurrent, then there exists a non-negative
function h such that ¢(h) > 0, ¢ not identically infinite, and h = RKh. Also there exists a measure 7 such that

7 = RrK and 7 equilvane to 1.

Definition 2.6.11. Following the above Theorem, if w(h) < oo, K is called R-positive recurrent. The definition

is unambiguous due to the uniqueness properties of 7 and h.
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Chapter 3

Numerical Simulations

3.1 Introduction

This chapter contains the numerical results demonstrating the effectiveness of the algorithm in Chapter 1 and
2. We consider both the cases where the Markov chain satisfies the sufficient condition for the convergence of
the algorithm and also cases when those conditions fails to be met. We also compare our algorithm against
the competitor Fleming-Viot algorithm. In some of these examples, the strong law theorems do not guarantee

convergence but the algorithm nevertheless appears to converge.

3.2 Finite State Space Algorithm

3.2.1 Loopy Markov Chain

Let's consider the loopy Markov chain given by the full transition probability matrix

1 0 0
1—e 1—e

€ 2
1—e 1—e

€ 2

The eigenvalues of the sub-stochastic matrix are 1 — e and 0. Hence the sufficient condition for CLT to hold is to
require € < 0.5. Chapter 2 Section 5 contains an analysis via self-interacting Markov chains[12] that suggests a
sub-y/n rate of convergence when € > 0.5. We tested the original algorithm and the Polyak averaging algorithm
for the case of € = 0.98, well outside of the CLT sufficient condition. However the Polyak averaging algorithm still

achieves a \/n rate of convergence. The result can be seen in Figure where the improved Polyak averaging
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algorithm significantly outperforms the vanilla algorithm.

Loopy Markov chain

Epsil 8

1og(MSE)

Red - Polyak Averaging

Black - Projection with stepsize
(1/n°.55)

Blue - Projection with stepsize (1/n)
Green - Original algorithm

—12

| | | | | | | | | |
7

log(# of iterations)

Figure 3.2.1: Loopy Markov chain in the non-CLT regime
This figure is the time vs. error plot of the main algorithm ran on a loopy Markov chain with eigenvalues well
outside the CLT regime (¢ = 0.98 > 0.5). The plot is a log/log plot where the y-axis is the Mean-Squared-Error.
It is clear that the Polyak-Ruppert Averaging (the red line) converges much faster than the original algorithm
(green line). Please note that lines of the same color represent different runs of the same algorithm.

3.2.2 M/M/1/c queue with finite capacity and absorption

We also simulated the system size of a M/M/1 queue with finite queue capacity. The 0 state has been modified
into an absorbing state. A discrete-time Markov chain is created when we considered the arrival times of new
customers. The system we have simulated has a capacity of 100 with p = 1.25. The expected time to absorption
E(7) is very large so we Doeblinized the Markov chain by multiplying the probability matrix by 0.95. The
Doeblinized Markov chain no longer satisfies the CLT. You can see in Figure [3.2.2] that the Polyak averaging

algorithm significantly outperforms the vanilla algorithm.
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M/M/1/100 Queue
p=1.25,N=100, 108 # of iterations

Vanilla Algo.

— — ~ Projection Algo n®
Polyak Averaging

9

|
w
I

log(MSE)

-8 ! ! ! ! ! ! \
0 2 4 6 8 10 12 14

log(# of iterations)

Figure 3.2.2: The M/M/1/100 queue with p = 1.25
This is the simulation of a M/M/1 queue with 100 queue capacity and p = 1.25. We are considering the embedded
discrete-time chain at the jump times of the system. We had to Doeblinize the process (multiply transition matrix
by 0.95) in order to deal with the large E[7] due to the system being in heavy-traffic regime. As you can see,
the Polyak-Ruppert averaging (red) is significantly better than the original algorithm (green) on the log-log plot.
The eigenvalue condition for the CLT is not satisfied after Doeblinization. Please note lines of the same color
represent different runs of the same algorithm.

3.2.3 Contact Process on Complete graph

We now introduce the contact process. It's a class of models that fall within the interacting particle systems

framework whose quasi-stationary distribution are important to physicists [13| [10} 23] [9].

Definition 3.2.1. A contact process is a continuous-time Markov chain (CTMC)(X{,..., X!) € {0,1}", where

t > 0 is the time, with an associated connected graph (V, E) such that
w V] =n.

— Individual nodes transition from 1 to 0 at an exponential rate of 1.

— Individual nodes transition from O to 1 at rate A\r where r is the fraction of neighbors that are in state

1.
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This CTMC has 2" states. The state (0,0, ...,0) is an absorbing state and the remaining states are all transient.

This CTMC will eventually reach the absorbing state but physicists are interested in the “pseudo-equilibrium”
behavior in the period before absorption happens [13| 10, 23] [O]. In another words, we need an algorithm for
estimating the quasi-stationary distribution of this process. The difficulty is that the state space is exponential in
size save for a few special cases.

Here we simulate the contact process on a complete graph. If the infection rate is changed to 1.5, then each
iteration of the algorithm would take an extreme long time. We applied the version of the algorithm designed
for continuous-time Markov chains and Doeblinized the Markov chain by subtracting 0.51 from the transition
rate matrix. The eigenvalue condition fails resulting in a slow rate of convergence for the vanilla algorithm. The

Polyak’s averaging algorithm significantly outperforms the vanilla algorithm. See Figure [3.2.3]

Contact Process on a Complete Graph
10° total number of steps, n%® step size, 100 nodes, lambda=1.5
Green: vanilla alg, black: proj. alg, red: PR-avg

log(MSE)
&

-4
-5

bl

0 2 4 6 8 10 12 14
log(number of steps)

Figure 3.2.3: Contact process on a complete graph A = 1.5
This is a simulation of the contact process on a complete graph where A = 1.5 with 100 nodes. The plot is
the log-log plot of the number of steps vs. MSE. The sufficient condition for CLT cannot be met in this case
after subtracting 0.51 from the rate matrix. The Polyak’s averaging algorithm (red) significantly outperforms the
vanilla algorithm (green). Please note lines of the same color represent different runs of the same algorithm.

3.24 M/M/1/cc queue with absorption

In this subsection, we look at the system size of a M/M/1/0co queue where the state 0 has been modified to

an absorbing state. Just like the previous M/M/1 queue with finite capacity, this simulation is being ran on the
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system’s embedded discrete-time Markov chain. If the user is running this example with a p close to 1, then the
user would need to Doeblinize the chain by adding to every state a small probability of jumping directly to state
0.

Let the following matrix be the transition matrix.

0 A
L0 A
g0 A

The true quasi-stationary distribution is a normalized infinite vector 7 that satisfies

,D/]TQ = O£7T1/:L

Tht2 = OQTp1 — ATy

for some undetermined «. After solving for the recursion and normalizing so that > .-, m; = 1, we arrive at
[ o , ,
e = (1— \/5)216,071 when p < 1. Proper probability vector does not exist when p > 1. Results are shown in

524
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‘Yaglom limit of M/M/1 queue (rho=0.1)

0.45
True distribution
n=10
n=100
04— n=1000 M
n=10000
n=100000
n=1000000
0.35— =
N
03— AN I
AN
A
N
9 AN
3 0.25— \ -
£ A\
2z
3
E
S 02 \ —
s
015~ L -
01— -
0.05— -
0
0 15
state (numbers in system)
Yaglom limit of M/M/1 queue (rho = 0.4)
0.25 T T T
True limit
A n=10
n=100
n=1000
n=10000
n=100000
02— —
015 —
3 \
£ \
2
2 \
a \
5] \
=
01— —
0.05— —
0 —— | I |
0 25 30 35 40 45 50

state (# in system)

Figure 3.2.4: M/M/1 queue with infinite capacity
In the above figures, the M/M/1 queue with infinite capacity has been modified so that 0 is the absorbing state.
The discrete-time Markov chain is the embedded chain at jump times. The runs were repeated for different

number of stochastic approximation iterations (called n here) and also two different p's (%)
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3.3 General State Space Algorithm

3.3.1 2D Brownian motion on a ball

Here the 2-dimensional Brownian motion conditioned on a ball of radius 3 is simulated with the general state
space algorithm. We define the kernel P(xz, A) = P,(Bg.oo1 € A). The quasi-stationary distribution for the
time-discretized process will be identical to the principal left-eigenmeasure of the Laplacian on a disk: a Bessel
function. The principal eigenfunction h is also the same Bessel function. That would mean infr A > 0. Hence
in this case, the algorithm should only converge on compact subsets on the interior of 7. The results, shown in

Figure closely matches the Bessel function (not shown).

Brownian Motion - 3T=0.001

100

90

80

30

20

10

Figure 3.3.1: The Brownian motion in 2D conditioned on a ball
This is the standard Brownian motion conditioned on the ball of radius 3. The algorithm was ran for 10000
iterations. One iteration returns a sampled path from a starting position to the boundary.

3.3.2 Brownian motion with negative drift conditioned on not hitting zero

Given a stochastic process X, = B; — at with a > 0, it has a well defined Yaglom limit on the set (0,00). [24]
determined that the Yaglom limit has density ~ xe~*®. The kernel is taken to be P(z, A) = P,(Xp.01 € A).

Note that in this case, there is no theoretical guarantee that the algorithm will converge due to the unbounded
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state space.

Brownian wotion with drift, 108 steps,
54150 iterations. Time delta = 0,001

simulated 05 distribution
true 05 distribution

probability denzity

0,05 —

0 2 4 B 8 10 12
xt the pogition of Brouwnian particle

Figure 3.3.2: Brownian motion with negative drift
Here we run the algorithm for the process X; = B; —t. Even though the state space is not compact, the algorithm
still converges to the true distribution. The simulation was run without Doeblinization for 10® steps that resulted
in 54150 iterations (blue line). The green line represents the true QS density. Running the algorithm for more
steps will result in an even smaller error.
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Chapter 4

Discussion and Conclusion

This last chapter serves to summarize and discuss important open questions that should serve as guides to further

research directions.

4.1 The Question of Doeblinization

In part [1.5.2] a technique that is used to shorten the running time of each iteration of Algorithm [I.I] To expand
upon that, if we are given a substochastic matrix @, then the eigenvector of ¢} remains unchanged. However, if

« is the spectral radius of @, the new spectra radius of ¢@Q) becomes ca. The quantity that is important in the

central limit theorem is 7= . This function approaches 1 as c shrinks which means it is harder and harder

1
l—ca

for the CLT eigenvalue condition to be satisfied. But < ﬁ so the expected time of each tour under the
quasi-stationary distribution is smaller. In summary, there appears to be a trade-off in the parameter ¢ between
satisfying the eigenvalue condition required for \/n rate of convergence and controlling the time of each tour.

Currently it is not clear how to choose the parameter c.

4.2 Central Limit Theorem in the Infinite Dimensional Setting

Theorem [2.4.5| gives the strong law of large numbers for the setting of general state space Markov chains. It

remains an open problem to derive the rate of convergence for that algorithm.
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4.3. RELATIONSHIP BETWEEN CRITICALITY OF PARTICLE SYSTEM AND THE RATE OF
CONVERGENCE CHAPTER 4. DISCUSSION AND CONCLUSION

4.3 Relationship between criticality of particle system and the rate of
convergence

In the nonequilibirum lattice system literature |23} 13 [9], one of the main point of analysis is deciding the critical
point of the system. The definition of critical point is a soft one. We can think of the critical point as a threshold
in the parameter space where the equilibrium behavior of the system radically changes. Just like how 100 degrees
Celsius is a critical point for water. It would be very interesting to see if there is a connection between the critical

point of these lattice systems and the eigenvalue condition of our algorithm.
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