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Abstract Previous work on thc ê-comple.对ty 01' elliptic boundary-valu巳 problems LII = f assumed 由at the class F of 
problem elements f was the unit baU of a Sobolev space. In a recent paper, we considcred the case of a model two-point 
boundary-value problem, with F b巳ing a class 01' analylic functions. ln this paper, we ask what happcns if F is a class of 
piecewise analytic functions. Wc lìnd tbat the complex.ity depends strongly on how much a priori infomlation we have 
about the br，臼均oints. If the location of the brea[.,:pnints is kno \Vn, tben the s-complexity is proportionalωln(S-l) ， and 
there is a 自 nite element p-method (in the sense of Babuska) whosc cost is optimal to within a constant factor. If we 
kno \V neilher tbe location nor the numl咒r of brcakpoi盹. then tbe problem is unsolvable for ê < )2. If we know only 
that thcre are b ~ 2 br，ιakpoinL~， hlJt we don't know Lheir location, then theε-complexity is proportional to bs- L , and a 
tinite element h.method is nearly nptimal. In short, knowing tl1e location ()f thc breakpoints is as good as kno \Ving that 
the problem elemcnts are analytic , where'ls nnly knowing lhc number of breakpoints is no be阳 than knowing that the 
problem elements havc a boumkd derivarive in Ihe L: scn 之巳.

1. JNTRODUCTION 

Most work on the e-complexity of elliptic houndary-value problems Lu = f has assumed that the c1ass F 
of problem elements f consisted of functions whose smoothlless w出 fixed and known. sce. e.g.. [6]. In 
particular, if F is the unit ball of a Sobolev space. then comp(e) is a power of rl; moreover. we found 
conditions Ùlat are necessary and 川lffìcient 1'or a IÙlile element h-methodl to be (almost) optimal. 

Unfortunately. assu Illing that F is the unit ball (一川、 a Sobolev space of fixed smooÙlI1ess means 出at we 
. must know 由c smoothness in advω1Ce. 111 praclicc. this Illay often be difficul t. One possible way around 

this problem is to nOLe 山at prohlem element.s are oflen ei山er ~Ulalytic or piecewise analytic. If we restrict 
ourselves to such f. then we c1011't have to wony SO Illuch about quantifying the exact smooÙllless of f. 
Moreover. any lack of Sllloothncss can be contìned to a small set of points. 

In an earlier paper [7]. we looked at tJ1e case of analytic F [or a simple model two-point boundary-value 
problem. These results were encouraging. RaÙlcr ÙUUl depending on a power of e-1• we found 由at the 
e-complexity was proportional to In(e- 1) or to ln2 (ε-1). dcpendi ng 011 whether or not there was .‘breathing 
room" between the dOlllain on which lhe problem was defined and tl1e interior of ùle domain of analyticity of 

This research was supported in part by th巳 National Science Fonndation under Grant CCR • 91-01149. 
1 Here we use tbe widely-used c1assi自cation of finitc clemcnt mcthods that was introduced by Babuska and hìs colleagues: 

(1) h-metbods, in which the d巳gre已。f thc tìnite cle l11cnl I11cthod is hdd lìxed and the partition vaIiω(these arc tbc usual finite 
element rnethods) , 

(2) p-methods, in which the partition is fixcd aml the degree is allowed to vary. 
(3) 仙， p)-methods， in which the partilion and dcgree are b0111 allowed to vary. 

See [1] fo l' furtber discussion. 



the problem elernents. Moreover, we found fìnitc elcmcnt methods (FE孔15) for computing e-approxirnations ‘ 

whose costs were wiùùn a constant factor of Ù1e e-complexity. In the case where there was breathing roorn 
between the domains, this FEM was a p-method: in ÙIC case where there wa<; no breathing room. 由isFEM

. was an (11 ‘ p)-methoq. 
In tlùs pape瓦 we consider ù1e case where F consists of piece飞Nise .malytic functions. We will assurne 也at

由e pieces 01' a piecewise analytic function belong to a cO ll1ll1on c1 ass of analytic functions Witl1 "breathing 
room." Our piecewise .malytic classcs ll1ay then be defined in several ways. mainly differing in how much 
we know about 由eir break'Points. Wc will analyze three such classes. 

(1) Suppose we know ù1e locations 01' the brcakpoints. Jn tl1is case, ù1e complexity is roughly the same 
as when tl1e problem elements arc tmalytic. i.e. , ùle e-complexity is proportional to ln(ε-1) ‘ anda 
自níte element p-method is nearly op lÍmal. 

(2) We next assull1e that tl1e location of Ù1C hreakpoints is unknown. in which case we either know or 
don't know how many breakpoints there are. 

(a) If we don't know the number of breakpoints , tl1en the problcm is ullsolvable吨i.e.. we cannot 
find an 叫Jproximation for ~U1 y f: <刁

(b) If we know Ù1<IL ùlcrc are (at Illost) b 主 2 breakpoints , ù1en ù1e e-complexity is proportional 
to be- 1, and a fmite elemcnt h- l1lcthod is l1early optimal. 

飞ìVe briefly comment on tl1is last suhcωc. II tells us that if we kl10w how many breakpoints tl1ere are (but 
not their location) and that there are at leasl two of ù1em, then Ùle assumption tl1at 也e problem elements 
are piecewise analytic is 110t much better ù1an tl1e a~sumption 由at 由ey have a bounded derivative in 由e

L2 sense (see [6. Section 5.5]. 1n short、 piecewise analyticity buys us very little ifthere are more 由an two 
pieces. Note that the case of one brea1cpoint whosc locatioll is unknown is still open. 

We now outline ù1e contents 01' ùlis papcr. ln Section 2. we precisely describe the problem to be solved. 
including a definition of ù1e tluee classcs o(、 piecewise analytic functions. In Section 3‘ we consider the case 
where tl1e breakpoinls (U'C kno飞vn in advancc. Finally, in Section 4、 we consider the cases where the location 
of tJ1e breakpoints is not knO\';11 in aùv，旧ce. cOllsidcring ÙIC two subcascs of whetller or not tlle nurnber of 
breakpoints is kno飞叽1.

2. PROBLEM DESCRIPTION 

Let 1 = (-1 ‘ 1). In what follow8 ‘ we use tl1e st,mdard notations and definitions for Sobolev spaces of 
functions detìned on 1. as well a'ì Sobolev norms. scminorrns. (uld inner products. See 由e appendix of [6] 
and the references found therein for further details. We use one slightly nOl1standard notation; namely. we 
de且ne

(f, v )rdl) 
11/1111-1 (1) = sup 一一--一.

叫Hl(l) IIvllll l (l) 

T咀h圳a

discussion. 
De且ne a bilincar fonn B on H I (1) by 

B(u. v) = f川M '<I u, v E H1 (l). 

We let F be onc of several c1asses of piecewise lli1alytic functions detìned on 1, which will be detìned in the 
sequel. Th巳n for 1 ε F ， we seek SI ε H 1 (1) satisfying 

B(Sf‘ v) = (f、 ν) L 2(1) '<I v ε H1 (l). 
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It is a standard result 出at u = Sf is Ùle variational solution of Ùle two-point boundary-value problem 

wi出 natural büundary conditions. 

一/1" + u = f in 1 

/1' (一 1) = 11' (1) = 0 
(2.1) 

We now describe F. Ùle ~悦。f píccewise analytic functions t11at wi1l be our class of problem elements. 
Given ρ> 1. we let [)ρdenote Ùl巳 opcn disk in the complex phU1e with radius ρcentered at the origin. and 
let F(Dρ) be ÙIC set of rcal-val ued function日 011 1 havil1g an analytic extension to Dρ. Ùlis extension being 
bounded by 1 on D p' Let us say Ùlal b = {白、.. .‘品I，} is a set of breakpointsfor a piece飞mse analyticfunction 
f: Dp • C if there exist functions f卜、 βE F(Dρ) such that f I (ßs- t.ß,) =βfor 1 三 S 三 b+ l， wi出
ßo = -1 and ßb+ 1 = 1. 

Then we wiI1 1ct F be any of Ùle following fU Ilctioll classes: 

(1) The class F，ρ.h of functiolls with a knowlI set b = {卢\，.. .、 ßb} ofbreakpoints. That is. b is ùle set of 
b陀akpoints for all f E 凡.h.

(2) The class F，川。f functions w l10se breakpoints are I1 llkIlOWIl. This means that for any f E Fp.*. there 
exists b = b(f) ,Uld a set b = {卢1.... ，凡} (>f breakpoil1ts for f. 

(3) The class Fp •b offunctions bavil1g a1 most b breakpoìnts whose locations are unknown. This means 
that for any f ε 凡.b. Ùlere exists a set b =卢1... .、比} of b breakpoints for f. Note 由at

Fp •o C F，ρ.1 C.... 

We assume t11at only standard information ìs avai1able for solvìng our problem. Thus. information has the 
form 

Nf = [f (x.) 、... • f(xlI(f)汀，

where Ùlc number n(f) and choice Xl. . .. ，儿J (f) 01' smnplc points may be detemlined adaptively. (See [5. 
. Chapter 3] for 1'urÙlcr discussion.) 

Our modcl 01' compula1ion is the standanl one givcn in [5]. The evaluation of any function f from F at 
any point in 1 has COS1 c. ,Uld the cost of basic combinatory opcrations is 1. Typically‘ c>> 1. 
In由is paper. wc cOllsidcr the worst case setting. Hence. 由ee盯or of any algoriùlm ø usil1g infonnation N 

is given by 

τne radius of infonnation N is 

and the nÙl minimal radius is 

e(φ. N. F) = sup 11 Sf - φ(Nf) IIHI (l). 
feF 

r(N , F) = inf e(φ ， N ‘ F). 

1' (11 , F) = inf{ r(N ‘ F) : card N 三Jl }. 

The cost of an algOriÙl111φusing N is given by 

cost(φ . N , F) = sup cost(φ 、 N，f).
f哇 F

with cost(φN、f) denoting Ùle cost of c1ll11puting ø 1'or a particular problem element f. As always. 由e

e-complexity 
comp(.s. F) = in f{ ιOSI((þ ， N ‘ F) : e(φ . N. F) 三 ε}

of our problem is ÙlC Jllinimal cost of computing an f: 卢approximatioll. 1'or ê 三 O.
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3. BRE八KPOlNTS KNO飞.VN

ln this section. wc consìder Ùle case F = Fp •l1 • That is, we know ÙIC breakpoints in advance. We will 
show 由at the nth minimal radius decreases exponcntially WiÙl l1‘ éU1d 由at a there is a finite element metllOd 
σE孔1) using n evaluations whose error does dccrcase exponentially wiÙl n. Since we will also be using 
FEMs in the next section of 由is paper when we díscuss ùle case F = Fp ,b , we first describe the FEM 旭
terms of an unspecified partition ð ancl degree k. Then , we latcr give a specific choice of b. and k for tlle 

classes F = Fρ， b and F = Fp ‘
b. 

Recall 由at tl1C FEM is describecl as follow吕. Choose a partition b. = {xo. . .. , Xm } of 1 、 wi出一1 = Xo < 
Xl < … < Xm 1. For 1 三 i 三 m ， wc write b. i = [Xi-I. x;] ωld hi = Xi - Xi-I. Choose k E Z. 白le
spline space 5'L~ is dcfined to be Ùle set of all V E C(I) S川吐1at v!A;ε f!lJk for 1 三 i 三 m. where f!lJk 

is 由e space of polynomials of degree at 11105t k. Letting n = dim 51.A ‘ we choose a basis {SI , ...、 SIl} for 
J飞A. Therc cxist points /1 ‘... ， ι5uch Ùlat Sj (ti) = Oi.j for 1 三人 j 三 11. Then the .Ý乱.A -interpolation 
operator n k.A is detined by 

nk ,Af = 汇 f(与)Sj.

For f E F. we find II n ε ..9k.A for which 

B(u n , s) = (nk.Af. s) Vs ε51.A' 

1t is easy to check ùlat II n is well-defincd. ~Uld Ihat we can write 

llll φ川.A(Nn.k.A f) 吨

where 
Nn.k.::J = [/(11)‘..., f(ι)]. 

白le algOritllill ø川.A is thefinite element method (因M) 01' degrce k over 1).. and N.川，A is the finite element 
infomzatioll (FEI)山atφlI .k.A uses. (For fUlther infonnation Oll FEMs. see [2] and [4], as well as 也e

references cited in [6].) 
A standard elTor bound is given by 

IISf - 11 ，， 1111 1 (1)三 inf IISf - SIl HI (l) + IIf - nk.AfIIH-l(/). (3.1) 
SE .'/k.^ 

See the proof of [6. Theore111 5.7.4] for det山 ls.

Wenow define the sample points tl 、" .于 tn. LetYI ‘…‘ Yk+ 1 be Ùle zeros of the Legendre polynornial Pk+!. 
Set 

罚.j = 4hi(1 + 片 )+.\";-1 (1三 j 三 k + 1). 

We then let 

t(i-l)(k+ I)+j = Tj.j (1三 j 三 k+1 ‘ 1 三 i 三 m).

so 出atτ川、.. .、 τi.k+1 are the s,unple p(一】 inls hcl(一mging to ði. Thc dimension n of our spline space 巧，A is 

11 = (k 十l)m - (m - 1) = kl1l + 1, 

because ful1ctions in ..9k.~ 111USt be continuous. 
Now 也at we have given a general description of the FEM of degree k over the partition 1)., we need tω O 

s叩pe臼cif句yka刽11咀d b. forour c1 ass F = Fp •b ofp严】)rc叶(【:

由a创1 由e br，陀eakpoi旭nt岱s for Fρ .b a盯rc par孔叫titioll p>oint臼s for ß. This means that ð 111USt be chosen so Ùlat ßs = Xι 
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for indices 11 < …< ![J' (Since ßO = 一 1 = Xo and ßh+1 = 1 = x附 we also let 10 = 0 and Ib+1 = m.) Let 
I7s =品-儿1 denote the sÎze of the sth brcakpc削 subinterval for 1 三 S 三 b. Then 

hi = 口:全 Os.O 一 l (3.2) 

for all indices i such ùlat Xi E [ß川‘品]. Next. we W~illt Ù1C sct of grids to be quasi-unifonn in n. This 
means that we need to choose the indices 11• • • • • h so that h i 臼 h for 1 三 i 三 m. From (3.2). we see 由at

+ 
一
-

(l三 S 三 b + 1). 

whose solution is 

lz=izyli=j(βs 十1)

Letting s = b + 1. we get h = 2 j m ‘ and so 

(1三 S 三 b+ 1). 

ls = ~m(ßs + 1) (1三 5 三 b + 1). (3.3) 

We are now ready to de伽e our infonnatioll and algorithm. Choose 

m = 12(P e_万l

k=1平l
(3 .4) 

We 也en have 

THEOREM 3.1. 

(1) Letql=(ρ+而可1)2. T lJ en 

r(ll , F.川) = n(CJ广) as 11 -+ C心.

(2) Let Nn，k，~ 扭d矶，k.~ be tlJe FEI ímd FEM detennined by t1Je pi町uneters (3.2). (3.3), and (3.4). Tben 

C叫(φn川.k.~ ，‘ Nn.k. t:J = O(q:;" 

for ‘扭咀yq们2<e口xp (2(ωρ 一 l川)je).

élS 11 -争， α2

PROOF: To see 由at the lower bouml in part (1) holds, llotc 山川 F(Dp) C F，ρ ， b 、 and so 

r(n ‘ Fρ， b) 主 r(n. F(Ðρ)) = n(qï勺 as n -+ 00 , 

出e latter by [7. Theorcm 3.1 J. 
We I10W tum to the upper bouncl in part (2). Choose f ε F ， and let u = Sf. Write e = 11 - Dk ,f> U and 

e = f - Dk .. cJ. 1、~ole that f and 11 are analytic on each subintelval (卢s-1 、卢s). Thus for j = 0 and j = 1. 
we have 

A­
饨'
'
I
u

l
艺
U

M艺
叫

一
-

auu 
ω
V
 

Ehu 蚓
汇
时

U 
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From Lemmas A. l. A.2 , and A.4 of [7], we have 

M2 ζ ( 11; \ 2k+3 
lI ell七八、 <2π-一一寸(ρ-1)" 卜--二

L:;\.且 i} - -- (k 十l):t .， \4(ρ- 1) ) 

and 
( hj\2k+1 r M2 M2 .,'(" . <,,1 

lI e'II7 川、〈 π( 一一-" 1 I 一一一(ρ- 1) + -/1-. -.π(ρ _ 1)5(k + ~)31 
L1Pi). 飞 4(ρ_ l)} l(k + 2)2 ''- ./. (k + 1)2 ,,-- -J "0 . :t J J 

Similarly, we have 

wl由

11剖IL的=艺汇lIëllμ) , 

/ι 、2k+3

11 e 117.( i\) 三 2π(ρ-l)l-JLL-i
l..o 2\"li}\4(ρ- 1)) 

by Lemmas A. l and A.3 01' [7]. Combining thcsc rcsults and using (3.1). wc fmd 

1111 - Un 11的/)二叫)(仕Jl/2=叫 (4(p/~ 1)) 
the latter since m = 2/11. Using (3 .4), we see that 

lI u - 1I1l 11 

Since f ε F is arbitrary. the dcsircd conclusion follows. 口

We remark Ùlat since exp(-2/的土 0.479 、 wc tìnd that e(φ川.6.、 Nnλ t:.) = 0(2-(ρ-1)11). 
Note 由at since qJ '> Q2. Ù1C ratio of the upper bOW1Ù in p，川 (2) 01' Theorem 3.1 to the lower bound in 

part (1) is not bounded by a conSlanL Hcnce there is a gap between Ùle estimates provided by these bounds. 
Despite 也is. wc c皿 dctcmlÌne ùle e-complexity to 悦ù1În a constant 1'actor. 

Suppose 出al F is a dass of prohlem clcmcnts such thal ùle following hold: 

(1) For any infomlation N. 由巳rc cxists a linear optimal error αIgorithm using N. That is. if 

Nf = [f (xd , . .., f(xn汀，

出en Ùlere exist functions v 1, . . .于 VIl E H 1 (1), which may be computed in advance, such 出at 由e
linear algorithm φL given hy 

φL(盯)=艺 f(Xj) υj (3.5) 

is an optimal error algorithm usi l1g N , i.e 

e(φL ， N , F) = r(N , F). 

(2) We do 1101 charge for precomputatioll、l.C. 、 calculations that may be done in advancc、 independent of 
皿yf ε F. In particular. ùlis mcans that we do 110t charge for detem1ÎllÌllg Ùle functions V1 ‘.. .‘ Vn 

in (3.5) 由at cl~aracterize the linear optimal crror algorithm using N. 
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Then 
comp怡， F) = θ(cm怡， F)) 

where the s-cardina1 ity number is given hy 

ass • O. 

m怡， F) = inf{ 11εZ : r(n) 三 ε}.

For further discussioI1 ,md details , see [5 , Chapter 4]. 
Let 

costFE化 ， F) = inf{ cost(φ川， ð ， Nn ,k ,ð) : ι:(φn ， k ， ð ， Nn ， k ， ð) 三 ε}

denote the minimal cost of using (ul FEM lO compute an s-approxirnation. From the discussion in the 
previous paragraph and Theorem 3.1 , we immediately have 

COROLLARY 3. 1. 

(1) The s-complexity séltisβcs 

comp位.Fρ.b) = E)(c ln(ε-1) ) as s • O. 

(2) Let φn.k ，l:::. be Úle FEM using FEI Nn ,k. l:::. o[ cardiI1:l1ity 

111 S-1 

/1 ~ ---一lnq2 

and whose degree k éwd partition ß arc detennilled by (3.2). (3.3), and (3.4). Then 

e(lþ/l, k ,l:::. ‘ N/I, k. l:::.. Fp， b) 三 E

,d m 

COSlFE (φ/I .k.'::". N1I. k.'::" ， 几 b) = e(c 111(10- 1
)) as 8 • 0 

as e • O. 

The G-constéwts thilt appcar herc ilre independent of tlJe number éwd 由c locations of dle (known) break­
points. 口

Hence. Ùle fìnite element p-method described il1 Corollary 3.1 is quasi-optimal, i.e. 、 its cost is within a 
constant factor of being optim,ù. 

4. BREAKPOJNTS UNKNOWN 

1n the previous section. we showed that wl!cn wc know the breakpoints. the complexity for piecewise 
ana1ytic functions is mllghly ùle same as that for .U1 .ùytic functiollS. We now look at what happens when the 
breakpoints are lInknown. 
We 且rst suppose that Fp ,* is our class of problem elements. That is. for any problem element f , there is 

an unknown set ofhreakpoints. For rmy infonnation N. we define Ùle zero alg01灿m 4>o as 

φ。 (Nf) 三。 Vf εFρ，*' 

THEOREM 4. 1. For aIly 11 E Z. 
r(n ‘ F1" • ..) = J2. 

and the zero algoriúll1J is aIl 11 tlJ minimal error aJgorithm. 
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PROOF: Let 
Nf = [J (XI) , . ..‘ f(xll (J))] Vf εF川

be infonnation (possibly adaptive) of canlinality 11. Let t1 , . . . , Ik be thc N -eva1uation points for the zero 
function f = 0 、 so 由at k = 11(0) 三 11. Choosing sméùlα> 0 , we let 

r 0 if Ix - til < αfor some i 、
h,, (x) = { 

I 1 otherwise. 

Then ha εFρ.拿 and N ha = O. Since S 1 = 1, we may usc [5. Chapter 4]. to see 由at

r(N. F，ρ. *)主 11 Sh" 11111 (1) 主 11111 H1(/) 一 IIS (l - ha)IIH1(J). 

Since 
IIS(I - ha} 1I1I 1的主 111 一 hall H叫1) 三 111 - ha IIL2 (1) 三 J2ak

and 

11111 川) = Ji, 

we have 
r(N ， 凡.) ~ Ji - J2ak Vα> O. 

Since αcan be chosen arbilrarily sm a1 1 ,UJJ k 三 11 ， we have 

r(川 Fρ*) ~ Ji. 

Since N is arbitrary adaptivc information (> f cardinallty 11 , we have 

r(lI. Fp .*) ~ Ji. 

Now consider Ùle zero a1g0riÙl111 仇. We havc 

IISf 一向(Nf)1I凹的 = IISflllll (l) = 11 fll 11- 1的主 IIfllω} 三 IIf Il C (I)/!五三../2.

Since f εFρ.* is arbitrary wc have 

e(φ(} ， N 咱 Fp.*) 三../2.

The Ùleorcm now follows from (4.1) ,UJd (4.2). 

From Theorem 4. 1. we immediately lìnd 

COROLLARY 4. 1. The e-complexily salislies 

r 0 fore ~、/2，
COl11 p怡，F，ρ，*) = 1 后
‘俨 I ~ fore < "';2. 

(4.1) 

(4.2) 

口

口

Hencc if our c1 ass 01' prob1em clc ll1cnts is a fmnily of piecewise <Ulalytic functions wiÙl a set of unknown 
breakpoints. wc do not havc cnough knowlcdgc about our problem to compute an e-approximation unless 
e ~ ./2. This means 削 we nccJ to have additiona1 know1cdgc about our problem class. So. wc now 
consider ùle case where our prohlcm c1ass is F，ρ .b. That is. wc know Ùlal ilicre are b breakpoints , but we 
don 't know where they are. 
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THEOREM 4.2. For i1ny h ~ 2 , 

r{n , Fp,f>) = Q(bn- 1
). 

The conslanl is indcpcndcnl ofb :llld n. 

PROOF: Lct 

Vf E ~ρ.* 

be information (possibly adaptive) 0 1' cardinality n. Let tl …·啕 t/; be the resulting N -evaluation points 
for the function f 三.1 ， so Ihat k = 11 (1) 三 11. Without loss of generality. we assume that to -1 三

t( < … < tl; 主 tl;+ l := 1. WlÍ te h. tj+1 - tj for 0 三 i 三 k. Choose indices i l ‘ ..., Ít+l so 由at

hi1 2: hil >…~ hi.+l > O. For small <5 > 0 , let 

Nf = [f(xd.... 、 f(xn (ρ)]

in LJ:2j[IL+8 , IiHI-sl 

othef\\isc. 

,
EE,,‘ 
... 
、

一
一

田

'
μ

(4.3) 

Since f， βeFρ.b WiÙl Nf = Nh. we may use [5 , Chapter 4] to find 

2r(N 凡川(N ， Fp • b) 三 11厅一项 II fI'(I) =仆 β11 fI -I (I) ~ 1 u - h) 

ilIUJEfjIIiz 十 8 ， t川- 8J 

otherwise. 
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』
门

υ

, .... 
，
、
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E
E
E
·
、

一
­

WA Ij 

Sincc 

艺f72dI=2艺川8)lu -h) = 

we have 

(4.4) 

Since 8 > 0 can be choscn arbitrarily small , we may combine (4.3) and (4.4) to fmd that 

r(N , F，ρ b) 主 L l! j，

Since hi, ~ lzi2 ~ . . . ~ hil+' > 0 and L~~: his = 2, it is easy to see that 

铲ljI 〉 2=@(bfl)
全1"" :... 1"/Lb/2Jl 

口The desired conclusion now follows 1'rom Ù1CSC last two inequalities. 

飞Ne now show that this lower bound is sharp. Consider 由eFEMwith

m 川一 1 ，

7 
hi =11 = 一

m 
(4.5) (l三 i 三 m).

k = 1. 

Hence our spline spacc is .9í.~， a space of continuous piecewise lincar functions on a uniform grid. 
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THEOREM 4 .3. Ler Nn.1.~ and 仇.1.~ be tlle FEl iUJd FEM detcnllined by 出e parameters (4.5). Then there 
is a positive constanr C. ÍIldependcI1 I o[ b ;uni 11. such thélt 

e(φn.I.A. N".I.A ‘ Fρ.b) 三 Clm- 1

for any positive ÍIHegers b ,UJd n. 

PROOF: In what follows. C). C2. and C3 will dcnote positivc constants. independent of n. b. and any 
particular problem elemem I E F，ρ.þ. 

Let I E Fp.b. 但ld let {卢 l ‘…事卢:，，} hc thc set of brealqlOints for 1. Suppose Ùlat 卢sε I:l.j， for 1 :::: s 三 b.
From the proof of [6. 'Theoæm 5.7.4], \\!c lilld Ihat 

IISI -φ". l. A(N凡 UJ) lI fll (I)三 lI èllll-I(I) + 0(11-
1
) , 

w咐here陀eé仨=1 一口n叽川.
be done once we s由howù山1a创t 

lI êîIH-l (l) = 0(11- 1). (4.6) 

To prove (4.邸， let V E H 1(1) WÍÙl IIv lIlI l (I). Then 

11户户仆E盯怡(仕r川 dx卡 土 11 剖汕阳川r吵巾)讪川U
一 s=) 一A』，归 冒剖{υj J，..….

From the proof 0 1' 16. T白h沱ecw陀em5工4剁1. wc filltl 山at

1> r ra+1t 

艺 11 è(.l) v (x )dxl 三 blle IL面的_ SUI~ . 1 Iv(x)1 dx 
s=) 1 J~j， U三a三 1-11 J (J 

I IeIl L∞(1)三 C1 11/11L∞(1)三 C).

oJTJh|UO)|dx 主 dlI
Hence we have 
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句
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句
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rIqL IA AU 
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且
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J
L
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bL 
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瓦
灿

e

『

l

由

m

n

艾

0

日

(4.8) 

lI é Il L1 (Ai) 三 C211- 2 11 l"IIL2(Ai)' 

while from [7. Lemma A.3 ], we have 
Ilf" lI uω 三 ρ-2

Hence 

汇 11 e(.r)v(x) dx 1:::: CIl-) ρ-2 
i~ (j， .....jbll J 卒

From (4.7)啕 (4.8) and (4.9). we find that 

(4.9) 

|扣)川卡(存C， b + ClP-') 

Since v is an arbitrary function in the unit hall of H 1(1). the bound (4.6) holds as claimed 、 completing the 
proof of the theorem. 口

From Theorems 4.2 and 4.3. we immcdiately find 
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COROLLARY 4.2. LCI b > 2. 

(1) The e-complexity satisfics 

ωmp怡， Fp ,b) = E)(be- J
) ilS e → 0、

t11e 8-coIlstant bcing indcpendent ofb iwd ê. 

(2) Lel φn.I.À be Ihc FEM using FEI N凡 I.À of cardinality 

11 = r~bl 
(where C is 邵阳 tlle statement of Tbeorem 4.3). and whose partitioI1 .ð is detennincd by (4.5). Then 

e(φn. l.l>. N". l.l>, F，ρ.b) 三 ε

and 
costE (φ1I .1. l>. N". l.::', F，ρ .b) = 8(bt' -I)) W;ê • 0, 

由e 8-COIlSUUll heing inåepcndcnt ofb and t'. 口

Thus. we have showll that if our cJass of piecewise analytic functions has a fixed number b ofbreakpoints. 
由e e-compJexity is proportional 10 be- 1 if b > 2. MOI它over， the FEM dcscribcd in Corollary 4.2 is a 
quasi-optimal algorithm. Note that 山is FEM is a11 h-me由od. i.e. ‘ we dccrease its crror by decreasing the 
mesh size. 

As a final rcmark. we point out that the proof of Theorem 4.2 c1cpcnds on the assumption that b ~ 2. We 
do not know tJle complcxity 01' our problem when b = 1. The best upper bound known for thc e-complexity 
is proportional to e- I

‘ whilc Ú1C best lower !louncl known is prop0I1ional to In(ê- I ). Hence there is a huge 
gap in our knowlcdgc 川. thc complcxity for the case of one brcakpoint. 
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