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ABSTRACT

Survival Analysis using Bivariate Archimedean
Copulas

Krishnendu Chandra

In this dissertation we solve the nonidentifiability problem of Archimedean copula models based
on dependent censored data (see [Wang, 2012]). We give a set of identifiability conditions for a
special class of bivariate frailty models. Our simulation results show that our proposed model is
identifiable under our proposed conditions. We use EM algorithm to estimate unknown parameters
and the proposed estimation approach can be applied to fit dependent censored data when the
dependence is of the research interest. The marginal survival functions can be estimated using the
copula-graphic estimator (see [Zheng and Klein, 1995] and |[Rivest and Wells, 2001]) or the estima-
tor proposed by [Wang, 2014]. We also propose two model selection procedures for Archimedean
copula models, one for uncensored data and the other one for right censored bivariate data. Our
simulation results are similar to that of [Wang and Wells, 2000] and suggest that both procedures
work quite well. The idea of our proposed model selection procedure originates from the model
selection procedure for Archimedean copula models proposed by [Wang and Wells, 2000] for right
censored bivariate data using the L? norm corresponding to the Kendall distribution function. A
suitable bootstrap procedure is yet to be suggested for our method. We further propose a new
parameter estimator and a simple goodness-of-fit test for Archimedean copula models when the
bivariate data is under fixed left truncation. Our simulation results suggest that our procedure
needs to be improved so that it can be more powerful, reliable and efficient. In our strategy, to
obtain estimates for the unknown parameters, we heavily exploit the concept of truncated tau (a
measure of association established by [Manatunga and Oakes, 1996| for left truncated data). The
idea of our goodness of fit test originates from the goodness-of-fit test for Archimedean copula

models proposed by [Wang, 2010| for right censored bivariate data.



Key Words: Archimedean copula models, bivariate frailty models, bivariate survival data, depen-
dent censored data, truncated tau, Fisher transformation, copula-graphic estimator, identifiability,
goodness-of-fit, model selection, parameter estimation, dependence function, Survival Analysis, L?

norm, left truncated bivariate data.
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Chapter 1

Introduction

Frailty Models have been widely applied to survival data analysis. They are natural extensions of
the Cox proportional hazards model and can be used to model the dependence between event or
failure times. The main applications of the Frailty model can be found in competing risk analysis
and the multivariate survival time analysis.

In the competing risks (dependent censoring) setting: suppose that we have a failure time T
that is subject to dependent right censoring with the censoring variable C, then we can only observe
X =min(7T;C); § = I(T < C), where I(.) represents the indicator function. The problem now is
about how to model the dependence structure between variables T' and C' effectively. Before this
research, numerous attempts have been made to model the joint distribution of (7', C). [Zheng and
Klein, 1995 and [Rivest and Wells, 2001] applied Archimedean copula models (the AC model is an
important class of the Frailty models and will be introduced later) to study this type of data.

In the multivariate survival analysis setting: Suppose that 77 and T, are two failure times
conditionally independent given the value w of a frailty W, and that, given w, each follows a

proportional hazards model in w so that we have
P [Tl > tl‘W = w] = [Bl(tl)]w

and

P[TQ > tQ‘W = w] = [Bg(tg)]w

where Bj(.) and Bsy(.) are baseline survival functions of 77 and T respectively. Now define the

function p(s) = E [exp (—sW)] (the Laplace transform of the Frailty distribution) and let ¢(.) be the



CHAPTER 1. INTRODUCTION 2

inverse function of p(.). It can be easily verified that the unconditional survival function S(t1,t2)

has the form

S(ty,te) = P[T1 > t1,Ta > to]
— BE{P(Ty > t,To > to|W)}]
=FE[E{P(T\ > t1|]W) P (T3 > ta|W)}]
= E{[B1(t1)]"[Ba(t2)]"'}
= E (exp [~ {—log[B1(t1)] — log[Ba(t2)]} W])
=pla{S1(t1)} +q{S2(t2)}].

A bivariate Archimedean copula model is defined as a copula model that satisfies the above equality,
i.e.,

S(t1,t2) = plg{S1(t1)} + q{S2(t2)}]

where Si(.) and S2(.) are marginal survival functions of 7} and T respectively. Archimedean
copula models have wide application in multivariate survival analysis or financial mathematics.
As described above, Archimedean copula models arise naturally from bivariate frailty models (see
[Oakes, 1989]) in which T and T3 are conditionally independent given an unobserved frailty W and
each follows proportional hazards model in W. On the other hand, Archimedean copula models
can also be applied to model the dependence between two random variables as described in the
dependent censoring setting.

In this dissertation, we mainly focus on studying the properties of Archimedean copula models

and plan to address the following major research problems related to this type of models:

1. The identifiability problems in modeling dependent censoring data using Archimedean copula

models.

2. The parameter estimation problem to model left truncated bivariate data using Archimedean

copula models.
3. The implications and interpretations of different Archimedean copula models in applications.

Our research is critical for advancing the modeling of the underlying relationship between failure

time and censoring time under the dependent censoring setting. The research is also important
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for multivariate analysis as it can deepen the understanding of the relationship between random
variables when they are left truncated. It has been a difficult task to explain the implications and
interpret the analysis results under different Archimedean model assumptions, and our research is
trying to address this important issue.

The proposed methods and strategies have been motivated by clinical trials involving dependent
censoring problem and the study of the correlated bivariate survival data in Bone Marrow Trans-
plant, Diabetic Retinopathy and AIDS research. The results of this research are useful in modeling
the survival data. The theoretic results will contribute to the advancement of the statistical theory
on correlation studies and deepen the understanding of the dependence structure in Archimedean
copula models.

In the competing risks (dependent censoring) setting, suppose that we have a failure time T
that is subject to dependent right censoring with the censoring variable C, then we can only observe
X =min(7,C), 6 = I(T < C) where I(.) represents the indicator function. The problem that lies
in our hand is how to model the dependence structure between variables 7" and C effectively. [Zheng
and Klein, 1995] applied Archimedean copula models to study this type of data and proposed a
copula-graphic estimator to estimate the marginal survival function of the failure time. [Rivest
and Wells, 2001] gave a simple formula for Zheng and Klein’s estimator and derived its asymptotic
properties using a Martingale approach. Now an important question that arises is that given
a dependent censoring data whether we can determine the unknown parameter in an assumed
Archimedean copula model. In other words, if we assume an Archimedean copula model, whether
the dependent censored data (X = min(7,C), 6 = I(T" < C)) contains enough information to
identify the dependence between T and C. From our literature review we see that no formal
research has been conducted to address this problem directly. In that case we must investigate
further to propose a strategy to estimate the true relationship between T' and C. We will further
try to explore the assumptions required to determine the unknown parameter in Archimedean
copula models. For a detailed discussion see

Assume that (T11,721),...,(Tin, Ton) are n (the sample size is unknown) i.i.d. pairs which
can be modeled by an Archimedean copula model. We also assume that they are subject to
left truncation (Li,Ls), where (L1, La) are defined as fixed detection limits. Our objective is

to determine the true relationship between T} and T, based on left truncated bivariate data. A
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strategy was proposed by [Wang, 2007] to analyze this type of data using the Clayton copula model.
The strategy consists of two parts. In the first part we check the Clayton model assumption using
the truncated bivariate data {(T4;, To;) [T1; > L1,T5; > Lo,i = 1,...,m} where m is the number of
observable pairs (m < n). In the second part, if the Clayton model is not rejected, then we use
truncated 7 to estimate the original 7 based on the fact that the Clayton model is invariant under
left truncation. For further details see [Oakes, 2005]. Wang’s strategy is simple and effective but
has a drawback in the sense that the true underlying bivariate distribution of (71, 75%) has to be the
Clayton copula model. However if the model assumption is not valid we would have the truncated
T to be a biased estimator of the original 7. Therefore, there is a necessity to propose a strategy
for a more general class of Archimedean copula models. Moreover we would also be interested in
selecting the best Archimedean copula model to fit the left truncated bivariate data. For a detailed
discussion see

Generally speaking, there are two ways to check the model assumption:
1. the graphical way
2. the quantitative way

The graphical way tends to be more intuitive and focuses more on the underlying structure of the
data while the quantitative way focuses more on the distance between the empirical distribution
and the hypothetical distribution. The graphical way may not involve the graphs or pictures of the
data structure but it emphasizes on the characteristics of the dependence between 17 and 75 that
may be useful in daily applications. Although there is no clear distinction between the graphical
way and the quantitative way, the quantitative way tends to be more abstract and mathematical.
In this dissertation, we pay more attention to the quantitative way. What we are interested in
exploring is the practical (statistical) meaning of different Archimedean copula models. Ideally, we
hope to set up a set of guidelines to select the right Archimedean copula model when conducting
our data analysis. For a detailed discussion see

Our dissertation is structured as follows. In[chapter 2| we provide some basic concepts for frailty
models in survival analysis. We show how Archimedean copula models can naturally arise from
bivariate frailty models. In we propose to use a special class of bivariate frailty models

to study dependent censored data. The proposed models are closely linked to Archimedean copula
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models. We give sufficient conditions for the identifiability of this type of competing risks models.
The proposed conditions are derived based on a property shared by Archimedean copula models
and satisfied by several well known bivariate frailty models. Note that has already been
published as a paper. See [Wang et al., 2015] for details. In we propose a model selection
procedure for Archimedean copula models that can be applied to uncensored bivariate survival
data. We then extend our procedure so that it can also be applied to right-censored bivariate
survival data. In we propose a goodness-of-fit test procedure for Archimedean copula
models when a bivariate data is subject to fixed left truncation. Finally we end our dissertation

with some discussions in [chapter 6 To avoid a cumbersome presentation, we provide the plots

corresponding to in[A]
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Chapter 2

Frailty Models in Survival Analysis

2.1 Introduction

Recently, a lot of researchers have focussed on modelling multivariate survival data with Archimedean
copula models. The choice is apparent as they provide us with a simple form for the joint survival
function. Further, since they can be indexed by an univariate function, they provide us with more
tractable analytical properties. [Oakes, 1989] has shown that a large class of Archimedean copulas
naturally arise from bivariate frailty models. In this chapter we will discuss some aspects of frailty
models that will be useful in our dissertation. Our review is inspired from |Oakes, 2000] and |Tsiatis
and Zhang, 2005].

This chapter is organized in the following way. In[section 2.2 we briefly review some fundamental
concepts of survival analysis. In we familiarize ourselves with some basic concepts of

univariate frailty models. We finally end our chapter by discussing some features of bivariate shared

frailty models in

2.2 Survival Analysis: A Short Review

Let T be a positive valued random variable. As has been used in our dissertation we shall assume
T to be continuous. Further, for simplicity of interpretation, let T" be the time to death of a subject

from his/her birth.
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The cumulative distribution function of T'
F(t) = P[T <t t>0

may be interpreted as the probability that a randomly selected subject from the population will
die before time t¢.
Since we have assumed 7' to be a continuous random variable it has a probability density function

which is given as

The survival function of T
S(t) = P[T > ], t>0

may be interpreted as the probability that a randomly selected subject from the population will

survive beyond time ¢. Note that S(0) = 1. It is easy to see that

S(t)=1— F(t) = /too f(uw)du.

If we assume T to have a finite expectation, then since 7' is a positive valued random variable, we

have the mean survival time to be
o
B(T) = / S(t)dt.
0
The hazard rate of T at time ¢

Pt <T <t+h|T >1]
h—0 h
B Pt <T < t+hj
“ah0 P[T >k
_ )

S(t)

S'(t)
0
_ dlog{5(t)}
dt

may be interpreted as the instantaneous failure rate at time ¢ given that the subject is alive until
time ¢.

Then we have the cumulative hazard function of T at time ¢ to be

A@) = /0 Mu)du = —log {S(1)}
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What makes Survival Analysis different from other fields of statistics are censoring and truncation.
For a thorough explanation and detailed discussion see chapter 3 in [Klein and Moeschberger, 1997].
One approach of estimating the survival function of 7' is by using parametric models. Some common
examples are the Exponential distribution, the Weibull distribution and the Gamma distribution.
For more examples and a detailed discussion see chapters 2 and 3 in [Klein and Moeschberger,
1997].
Applying a non-parametric approach to estimate the survival function of 7', we can use the empirical
estimator in the uncensored case, the product-limit estimator(see [Kaplan and Meier, 1958]) and
the Nelson-Aalen estimator(see [Aalen, 1978] and [Nelson, 1972]) in the non-informative censored
case. For a detailed discussion see chapter 4 in [Klein and Moeschberger, 1997].

We shall now briefly discuss two popular regression models. Corresponding to a covariate vector
z(t) and a reference hazard function \o(¢), the proportional hazards model (see [Cox, 1972] and

[Cox, 1975] for details) has the form
M) = exp {F2(1)} dolt)

and the accelerated life model (see [Lawless, 1982] and |Cox and Oakes, 1984] for details) has the

form
At) = exp {B'z(t)} Ao [texp {B'z(t)}]
where A(t) is the hazard function of 7. When z(t) is constant in ¢ the models become

A(t) = 0X0(t)

and

() = OXo(601)

respectively where 6 = exp(3'z). For a more detailed discussion see chapters 8 — 12 in [Klein and

Moeschberger, 1997 and chapters 5 — 9 in [Cox and Oakes, 1984].

2.3 Univariate Frailty Models

The term frailty was first introduced in [Vaupel et al., 1979] where the authors proposed a random

effects model to tackle the problem of possible heterogeneity in a population due to unobserved
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covariates. The basic concept of frailty (in the univariate case) is to introduce non-proportionality
into proportional hazards models.
Suppose the conditional distribution of the survival time T' given the value w of the frailty W

has a hazard function of the form

A(t|w) = wb(t)

for some baseline hazard function b(t) corresponding to some survival function B(t). Then it is

easy to see that the conditional survival function of T given W = w is
S(tlw) = [B(#)]".

Therefore, we have the marginal survival function of T" to be

S(t) = P(T > t)
= E[P(T > |V
:/ B dF (w)
— p{~log[B(1)]}

where F'(.) is the distribution of W. Here p(.) is known as the Laplace Transform(L.T.) of W. Note
that

p(s) = Eexp(—SW)
P(s) = dﬁf) = —F {Wexp(—sW)}

Thus the hazard function A(¢) for T" has the form
an—ig

P {—1og[B(®)]}

p{—log[B(#)]}

The properties and examples of the L.T. that we state in [subsection 2.3.1| and [subsection 2.3.2]

b(t)

respectively have been taken from [Oakes, 2000)].

2.3.1 Some Properties of the Laplace Transform

o If W has L.T. p(s), then aW has L.T. Elexp(—asW)] = p(as).
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e If the derivatives exist, we can show that
E (W) = (=1)' P'(0).

o If Wy, Ws,..., W) are independent with Laplace transforms pi(s),pa(s),...,pr(s) respec-
tively, then the sum Wi + Wa + ... + Wy has L.T. p(s) = p1(s)p2(8) - - - P(s)-

e If for every k, W can be expressed as a sum of i.i.d random variables Wéj Ve W= W,El) +
W]gz) +... 4+ W,gk), then W and its distribution are said to be infinitely divisible. It can be
easily seen that p(s) is a L.T. of an infinitely divisible distribution iff p(s)% is a L.T. for every
ke N.

o If Wy, Ws... are ii.d with common L.T. p(s) and N is an integer valued random variable
with probability generating function py(z) = E(zV), then the L.T. of the random sum
W=Wi+Wy+...Wyis

Elexp{-s(W1+ Wy + ...+ Wn)} =E(Elexp{—s (W1 + Wy + ...+ Wn)}|N])

=E{p(s)"} =pn{p(s)}.

e The function p(s) is the L.T. of a non-negative random variable iff p(0) = 1 and p(s) is

completely monotone in s. See [Feller, 1971] for details.

e As a L.T. p(.) is monotone, its inverse function ¢(.) always exists. Then we have

a(0) = o a(1) =0

(9) = o () =
). T e}
nig — ()} npy — P aW)}
re =y {p(s)}’ ==y {a(v)}?

2.3.2 Some Examples of the Laplace Transform

e The degenerate distribution with W = a has L.T. p(s) = exp(—as). If W takes the value a;

with probability 7, then the corresponding L.T. has the form p(s) = > mjexp (—a;s).

e The positive stable distribution has L.T. p(s) = exp(—s®). See [Hougaard, 1986| for details.
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e The Gamma distribution with parameters x and p has density
k\" wt Kw

f(w; p, k) = () =7 eXP (—)
( ) p) T'(k) ft

e The Inverse Gaussian distribution with density

flw) = (ﬂ) % ex

2mw3

- el (12 2.

For details see [Hougaard, 1991].

and L.T.

See [Clayton, 1978| for details.

o
—
\
x
ol §
= ||
SHRS
e
——

has L.T.

e The Displaced Poisson distribution with W = a+bY where Y has a Poisson distribution with
mean A, has L.T.

p(s) = Elexp{—s(a+bY)}] =exp {—as —A (1 - 6_b5>} .

2.4 Bivariate Shared Frailty Models

The concept of frailty has been used in the multivariate setting to model statistical dependence
(see [Clayton, 1978]).
Suppose that T} and 75 are two failure times conditionally independent given the value w of a

frailty W, and that, given w, each follows a proportional hazards model in w so that we have
P [Tl > tl‘W = w] = [Bl(tl)]w

and

P[TQ > tQ‘W = w] = [Bg(tg)]w

where Bi(.) and Bs(.) are baseline survival functions of 77 and T5 respectively. Now define the

function p(s) = E [exp (—sW)] (the Laplace transform of the frailty distribution) and let ¢(.) be the
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inverse function of p(.). Then it is easy to show that the unconditional survival function S(t1,t2)

has the form
S(t1,ta) = P[T1 > t1,To > to]
=E[E{P(Th > t1,T5 > t2/W)}]
=E[E{P(Ty > t1]W) P (Ty > to|W)}]
= E{[B1(t1)]"[Ba(t2)]" }
= E (exp [~ {—1log[Bu(t1)] — log[Ba(t2)]} W)
= p(s1+ s2)
where s1 = —log[Bi(t1)] and s9 = — log[Ba(t2)].
An important point to note is that B;(¢;) and Ba(t2) are not directly observable. But the marginal

survival functions Si(t1) = S(t1,0) and Sa(t2) = S(0,¢2) corresponding to 77 and T» respectively

are observable. We can see that

Si1(t1) = p{—log[Bi(t1)]} Bi(t1) = exp {—q[S1(t1)]}
Sa(t2) = p{—log[Ba(t2)]} By(tz) = exp{—q[Sa(t2)]} -
Then we have
S(t1,t2) = plg{Si(t1)} + g {Sa2(t2)}] (2.1)

which has the form of an Archimedean copula model (see [Oakes, 1989] and [Genest and MacKay,
1986| for details). Note that Archimedean Copula models are more general than frailty models since
the frailty models requires complete monotonicity of p(s) whereas the Archimedean copula models
only require p/(s) < 0 and p”(s) > 0(in a bivariate setup). In q(.) is known as an Archimedean
copula generator. Note that while a Laplace transform is an Archimedean copula generator, the
converse is not necessarily true.

Remark 2.4.0.1. In this dissertation we will often use ¢(.), ¢(.) or ¢(.) to denote an Archimedean

copula generator unless defined otherwise.

2.4.1 Cross-Ratio Function for Archimedean Copula Models
For an Archimedean copula model

S(t1,t2) = plg{S1(t1)} + g {S2(t2)}]
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the cross-ratio function as has been defined in [Oakes, 1989] has the form
P (s)p(s)
O(t1,ts) = ———5=
82 = e
where s = ¢ {S1(t1)} + ¢ {S2(t2)}. Since 6(t1,t2) depends on (t1,t2) only through s = ¢ {S(t1,t2)}

we have
vq”(v)
O(v) = —
(®) 7 (v)
where v = S(t1,t2). See [Oakes, 1989| for a detailed discussion.

2.4.2 Kendall’s tau

For Archimedean copula models we use non-parametric rank invariant measures, like Kendall’s 7

(see [Kendall, 1938]) to characterize the degree of global association. We have

o [sign (Tl(l) B T1(2)> (Tz(l) B T2(2)>]

where (Tl(l),TQ(I)>, <T1(2), T 2(2)> are independent copies of (77,7T%). For any joint survival function
S(t1,t2) we have,

7_4/ / (t1,t2) DUV (11, t5) dtydty — 1.

Implementing an Archimedean copula model(with Archimedean generator g(.) = p~!(.)), the above

expression simplifies to take the form
7':4/ sp(s)p”(s)ds — 1
0
=1- 4/ s {p'(s)}QdS.
0

In terms of ¢(.) we have,

N ' q(v)
T—1+4/0 q’(v)dv'

As has been stated in [Oakes, 2000], corresponding to any frailty model, 7 can be expressed as
wro\?
=4F | —-+—) -1
T <W1 + WQ)
2
& <W1—W2)
Wi 4+ Wa

where W7 and W5 are independent copies of W.
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2.4.3 The Kendall Distribution
For an Archimedean copula model
S(tr,t2) = pla{S1(t1)} + a{Sa2(t2)}],

the distribution function of V' = S(T1,T5) (popularly known as the Kendall Distribution) has the
form (see [Genest and Rivest, 1993])

~q(v)
Bl)=v q'(v)
with density function
q(v)q"(v)
b(v) q (v)?

It is easy to see that 7 = 4E(V) — 1. [Genest and Rivest, 1993] proved an important result showing

that
_ q{Si(t1)}
q{S(t1,t2)}

is uniformly distributed over (0,1) and is independent of V.

2.4.4 The Clayton Model

This model was first proposed in [Clayton, 1978]. We have

p(s) = (1+as) =

q(v) = viaa_ !

K@) = (a+ 1)2— vt
:aiQ

S(tr,tz) = {[S1(t1)] ™" + [Sa(t2)] - 1}_%

where a > 0. provides values of a corresponding to different values of 7 for the Clayton

model.
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Table 2.1: Values of a corresponding to different values of 7 for the Clayton model

T o
0.2 0.5
04 1.33
06 3
0.8 8

2.4.5 The Hougaard Model

This model was first proposed in [Hougaard, 1986]. We have

p(s) = exp {5}
4(v) = (~log(v))=
K(v) = v — avlog(v)

r=1-a

S(t1,t2) = exp (‘ {{— log[S: (1)]}+ + {— log[Sg(tg)]}é]a)

where a > 0. provides values of « corresponding to different values of T for the Hougaard

model.

Table 2.2: Values of a corresponding to different values of 7 for the Hougaard model

T o
0.2 0.8
0.4 0.6
0.6 04
0.8 0.2
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2.4.6 The Frank Model
This model was first proposed in |Genest, 1987]. We have

p(s) = —~ log 1 — exp(~s)(1 — exp(~a))]
q(v) = log <1_eXp(_O‘)>

1 — exp(—aw)
K(v)=v+ 1a—ej§<_;j§> log <11—_:>§f<(__§3>>
L ADie) -
S(ty. 1) = _é log [ejp(—a) — 1+ (exp {_gispl((jlog_—ll) (exp {—aSa(t2)} — 1)
where
Dy(a) = ;/Oa expé)_ldt

and a € R—{0}. [Table 2.3| provides values of «a corresponding to different values of 7 for the Frank

model.

Table 2.3: Values of a corresponding to different values of 7 for the Frank model

T o
0.2 1.8609
0.4 4.1611
0.6 7.9296

0.8 18.1915
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Chapter 3

The Identifiability of Dependent
Competing Risks Models induced by
Bivariate Frailty Models

”This is the peer reviewed version of the following article:[Wang et al., 2015], which has been
published in final form at [DOI: 10.1111/sjos.12114]. This article may be used for non-commercial

purposes in accordance with Wiley Terms and Conditions for Self-Archiving.”

3.1 Introduction

In medical research, investigators often face the informative censoring problems: that is, failure
times and censoring times may be dependent and they are censoring each other. Such a situation
often occurs in clinical trials. For example, [Klein and Moeschberger, 1997] have described a bone
marrow transplantation data for 137 patients with acute leukemia. The disease-free survival time
T defined as the time to disease relapse is censored by two possible events: disease-free death or
disease-free and alive at the end of study. The censoring time C' is defined as the time until the
first of these two events happens. It seems more reasonable to assume that the time to disease
relapse T and the censoring time C' are dependent (instead of treating them as being independent).
Without accounting for such dependence, the survival distribution can’t be estimated consistently.

Suppose that we have a failure time T that is subject to dependent right censoring with the
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censoring variable C' (we also assume that 7" and C' have continuous survival functions), then we
can only observe

(Y,6) = (min(T,C), [(T < C)),

where I(.) represents the indicator function. The problem now is how to model the dependence
structure between variables T and C effectively. According to [Tsiatis, 1975], the joint distribution
of (T, C) is not identifiable only based on the joint distribution of (Y, d). Therefore, to identify the
joint distribution of (T, C), we need additional information about their dependence. |Zheng and
Klein, 1995 and [Rivest and Wells, 2001] proposed to use Archimedean copula models to model such
dependence and proposed a consistent estimator (copula graphic estimator) of marginal survival
functions when the dependence parameter in the copula model is known. In practice, however, the
level of such dependence is usually unknown and the estimation of such dependence is often the
primary goal of research.

[Heckman and Honoré, 1989] have studied dependent censored data (Y, §) using a general class
of competing risks models and proposed some strong identifiability conditions for their models.
[Abbring and van den Berg, 2003] established some weaker identifiability conditions for a more
restrictive type of models. In this chapter, we describe a special class of bivariate frailty models to fit
dependent censored data and establish a set of identifiability conditions for our models. Compared
with the models studied by [Heckman and Honoré, 1989] and |Abbring and van den Berg, 2003],
our models are more restrictive but can be identified with a discrete (even finite) covariate. It turns
out that our identifiability conditions are satisfied by many important dependent competing risks
models. Based on our identifiability conditions, EM algorithm can be applied to fit our competing
risks models to dependent censored data.

Our chapter is organized in the following way: describes our models and give some
basic facts about this class of models. presents our main results containing a set
of identifiability conditions for competing risks models induced by bivariate frailty models. The
results from our simulation studies are presented in An illustrative example is then
presented to demonstrate the usefulness of our models in We end our paper with some
discussions in Note that this chapter has already been published as a paper. For details
see [Wang et al., 2015].
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3.2 Model Setup and Some Properties

Because of the close relationship between the model we propose to use and the Archimedean copula
models, we begin this section by presenting some basic facts about Archimedean copula models. As
noted in [Oakes, 1989], Archimedean copula models arise naturally from bivariate frailty models in
which T and C are conditionally independent given an unobserved ‘frailty” W (here W is common

to both T" and C') and each follows proportional hazards model in W = w such that:
ST(t|w) = STo(t)w

and

Sc(cw) = Sco(ce)?.

If we write it using cumulative hazard functions, equivalently we have
AT(t"LU) = ATo(t)w

and
Ac(clw) = Aco(c)w.

Let the Laplace transform of the distribution of W be ¢(s) = Elexp(—sW)] (see here p(.) =
¥(.)), then it can be shown that

S(t,c) = E[P(T >t,C > c|W)]
= E[P(T > t|W)Pr(C > ¢|W)] = E[Sto(t)" Sco(c)V]

= Eexp|—{~log Sro(t) —log Sco(c)}W] = ¢y~ {Sr(t)} + ¢~ {Sc(o)}],

where 1)~ is the inverse function of 1. Therefore (T, C') follows an
Archimedean copula model with the Archimedean copula generator ¢ (s) = Elexp(—sW)].

The first Archimedean copula model was proposed by [Clayton, 1978]. For this model, the
Laplace transform of the frailty distribution is 1(s) = (1 + s)~Y/* which leads to the bivariate

survivor function

1 1/a
Sthe) = {ST(t)—a +Scle) - 1} |
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Another important frailty model, the Frank model (see [Genest, 1987]), has 1 (s) = —log{1 — (1 —

eP)/e*}/B; its bivariate survivor function S(t,c) is

{(exp{—BSr(t)} — 1)(exp{—BSc(c)} — 1)}
(exp(—B) — 1)

for 5 # 0. Besides the Clayton model and the Frank model, some well-known models such as the

1
——log |1+
IB g

Hougaard model (see [Hougaard, 1986]) and the Log-copula model belong to this family.

[Wang, 2012 has proved a peculiar property that the different Archimedean copula models
with distinct association levels can share the same crude survival function. The property tells us
that with dependent censored data (Y, ) and the Archimedean copula model assumption, we still
can not determine the true relationship between 7" and C (for details, please see [Wang, 2012]).
Based on this fact, we can conclude that stronger model assumptions than Archimedean copula
conditions are required to make the dependence structure between T and C' identifiable. As a
natural extension of the Archimedean copula model described above, our model is specified in the

following way: given a covariate vector X,

Ar (| X, W) = Apo(t)ha (X' Br)W,

Ac(e|X, W) = Aco(c)ha(X'Bc)W (3.1)
where
Me(tX, W) = lim Pt<T<t +AAttIT >t X W) _310g[5(8t7|5X, W)
AclelX, W) = jim Ple<C< Hﬁcdc >, X, W) _ _8log[S(aciX, W)
and
Aro(#) = AI?EO P(t<T0< tAt+ At|TO0 > t) _ _alog[gtTo(t)}
Aeolt) = Alicfgo P(c<(C0< Zz— AdCO>c) _alog[gcco(t)].

W is a positive random variable (a “frailty”) whose distribution can be specified as a distribution
with unknown parameter 6. hj(u), ho(u) are known positive convex functions of u. For example,
we can define hj(u) = ho(u) = exp(u). Note that if we let hi(u) = ho(u) = Ag > 0 where
Ap is a constant or let g = B¢ = 0, then the model is reduced to the Archimedean copula

model which is not identifiable as proved in [Wang, 2012]. Denote the Laplace transform of W by
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P(s) = Elexp(—sW)]. Ar (A¢) and Ao (Aco) are defined as hazard and baseline hazard functions

for T" and C respectively. The baseline hazards Arg and A¢g have integrals Arg and A satisfying:

t
ATo(t) = / )\To(u)du < 00,
0

ACO(C) = /Oc )\co(u)du < 0

forallt € [0,00). X is a vector of the covariates shared by T"and C and Bp and ¢ are corresponding
coefficient parameters. Conditioning upon the frailty W, T and C' are independent and each follows
a proportional hazards model with the common covariates X (X is assumed to be independent of
W). Because W is a common random variable shared by 7" and C, T and C are dependent
unconditionally. The model is also called mixed proportional hazards competing risks model (see
[Abbring and van den Berg, 2003]).

Based on our model assumption, we have Ap(t|X, W) = Apo(¢t)h1(X'Sr)W and Ao (c|X, W) =
Aco(c)ha(X'Bo)W so that

—log S(t|X, W) = Ar(t|X, W) = Aro(t)h1 (X' Br)W

and

—log S(c|X, W) = Ac(e| X, W) = Aco(t)ha(X'Be)W,

where Ar(t) and Ac(c) are cumulative hazard functions of 7' and C given X, W. Following similar

arguments as earlier characterization without covariates, it is easy to show that
S(t,clz) = E{exp|—Aro(t)h1 (2’ Br)W]exp[—Aco(c)h2(2'Bc)W]| X = x}
= ¢[~1log(Sto(t1))h1(2'Br) — log(Sco(t2))ha(z'Bc)).
Considering the fact that S(¢,0|x) = Si(t|x) and S(0, c|z) = Sa(c|z), we have
S1(tlz) = y[=ha(2'Br)log(Sro(t))],

Sa(clz) = [~ha(z'Bc) log(Sco(c))]
and
S(t,clr) = Pl (Si(t|z)) + ¢ (S2(clx))).

In conclusion, we have
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Theorem 3.2.1. Suppose (T, C) follows above bivariate frailty model[3.1 with v (s) = Elexp(—sW)].
Then given the covariate X = x, the joint survival function of (T,C) can be expressed as:

S(t, clz) = Y[~ (S1(t|z)) + ¥~ (Sa(cl2))]

where ¥~ is the inverse function of 1,

S1(t|z) = [—hi(2'Br) log(Sto(t))] = ¥[h1 (2" Br)Aro(t)]
and

Sa(clz) = Y[—ha(2’Bc) log(Sco(c))] = ¥[ha(2'Bc) Aco(c)]

(Sto and Sco are baseline survival functions of T and C' respectively).

3.3 The Main Results

Suppose that we have a competing risks data set
Y, = min(7;,C), 6, = I(T; < C;),i € {1...n}.

The crude survival functions of this competing risks data are defined as: Qi(t) = P(T > t,T < C)
and Q2(c) = P(C > ¢,C < T). w(u) = P(T > u,C > u). The following theorem establishes the
if and only if conditions under which the distributions of (Y,0) = (min{7,C}, (T < C)) are the
same (i.e. the corresponding crude survival functions @1 and Q7 and also Q2 and Q)5 are the same)
for two Archimedean copula models. [Wang, 2012] has proved the if part of these conditions and
constructed examples for the Clayton model to show that Clayton models with different association

parameters can lead to the same distributions of (Y 4).
Theorem 3.3.1. Two Archimedean copula models

c1: 8(t ) = Y[ (S1(1) + ¥ (S2(0))]
and

c2 1 8*(t,¢) = $lo™(ST(1)) + 671 (S5(c))]

have the same distribution of (min(T,C),6 = I(T < C)) (i.e. the corresponding crude survival

functions are the same) if and only if

t 1 —17 T(u
St(t) = ¢ UO del(&(u))
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and

o[ [ g
530 =0 | [ By sy

The relationship is symmetric so that:
V) e
o [ Srtaapo i)
o[ S e sion]

Proof. Proof of Necessity: suppose that two Archimedean copula models ¢; and ¢o have the same

and

crude survival function, then Q}(u) = ds(tc ltmemn = ds;(tt’c)\t:c:u = Q7'(u), from which we
can get
s
- fii Vs = 1S3 (1)) + 6 (S (51 (w) S} (u)
/ — * — * —17 * */ ds* t?
= /167 (S () + 67 (S3)lo (ST () =~ D,

Therefore we have

YT (Si(w) + (S ())] Y (S1(w) S (u)

—17 *u —
o (5iW) P16 1(S5(w) + o~ 1(S(w)IST (w)

or

(G () — ¢'lo~1 (St () + ¢~ (S5(u)]o " (S (u)) St (u)
v = 1 (8, () + L (S ()] S (w)
Also from Q1 (u) = Q7(u) and Q2(u) = Q5(u), we know

DT (ST (W) + 97 (S5 ()] = m(u) = Qi (u) + Qa(u)
= Qf(u) + Q3(u) = 7 (u) = oo~ (ST (u)) + ¢~ (S5(u))).
Using the fact that ¢~(s) = 1/¢/(¢~(s)) and 1~V (s) = 1/4/(y~1(s)), we obtain
¢~V (ST () St (w) = ¢~V [m ()™ (S1(w)) S (w) /™ [ (w)]

or
Y (S1(w) S (u) = ¢~ Vm(u)]e™ V(ST () ST (u) /o~ [ (u))
When integrating both sides of the above equation with respect to u from 0 to ¢ on both sides, we

reach the desired conclusions.

Proof of sufficiency: see the proof of Theorem 1 in [Wang, 2012. 0
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Based on | 3.2.1land [ 3.3.1} we can establish a simple set of sufficient conditions for the identifi-

ability of model

Theorem 3.3.2. Suppose that (T, C) can be modeled by a bivariate frailty model whose frailty

distribution has the Laplace transform

¥(s) = E(exp(—sW))
with the unknown parameter 61. Under the following conditions:
1. E(W) < oo;

2. Bg) # 0 and Bg) #0 (ﬁg) and ,Bg) are the jth components of fr and Pc) so that the

corresponding component of X can take more than 2 distinct values (see Assumption 7);

3. Aro(1) = 1,Aco(1) = 1,hi(z(Br) = 1 and ho(z(Bc) = 1 for some fized point xo in the

support of X;
4. hi(u) and hao(u) are strictly convex functions of u;

5. The baseline cumulative hazard functions Apo(t) and Aco(c) are differentiable with respect to

t and c respectively;

6. All unobserved frailty distributions (and therefore their Laplace transforms) belong to a given
parametric family. For v and ¢ (the Laplace transforms) of this parametric family corre-

sponding to different parameters 01 and 02, ¢~ (s)/v~(s) is a strictly monotone function

of s;

7. Suppose that the covariate vector is X = (X1, Xa,...,Xy). There exist more than 2 distinct
covariate values that only differ in one component, i.e., there exists one covariate component
X; that takes more than 2 distinct values, say xj1, T2 and xj3 ... (Tj1 # xjo # Tj3 # ...)

while other covariate components can take the same values;

then the competing risks model [3.1) is identifiable based on the distribution of
(min(7,C), I(T < C), X).
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Proof. The first part of our proof follows [Abbring and van den Berg, 2003] and |[Heckman and

Honoré, 1989]: by differentiation, we have
dQ1 (t|X = 21)/dt = —'[h1 (21 B7)Aro(t) + ha() Bc) Aco(t)]ha (21 Br) Ao (t)

dQ1 ()X = x0)/dt = —1'[hy (2 Br) Aro(t) + ha(xoBc)Aco(t)]ha (o 1) Aro(t)
Therefore we have

dQ1(t|X = z1)/dt @' Tha (2 B1) Aro(t) + ha(x1 Br)Aco(t)]
dQ1(t|X = xo)/dt  '[h1(zoBr)Aro(t) + ha(zyBc)Aco(t)]

" hi(z1Br)
h(xoBr)

Letting t — 0 and by assumption 1, we have

dQ\(t|X = z1)/dt _ hi(w1fr)
dQ1(t|X = zo)/dt  hy(xyfbr)

by assumption 3, hq(2’8r) can be identified. Similarly we can identify hs.
Now assume that the true underlying marginal survival functions of ¢|z is S1(t|z) = ¥ [h1 (2’ Br) Aro(t)]-

For any X = x1,x2 (1 # x2 as two different covariate values), we have
¢ (S1(tlw1)) = ha (@) Br)Aro(t)

and
W (S1(tlw)) = ha(@hB7) Aro(t).

Suppose that modelis not identifiable, then there exists another copula model (with Archimedean

generator ¢ # 1) leading to the same
(min(7,C), I(T < C))|x
distribution. Therefore for x1 and w2, there exist S}, S5 and A% (t) and AF(c) such that
¢~ (ST (tz1)) = ha (2} B) A (1)

and

¢~ (ST (twa)) = hu(2hBr) Ao(t).
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Because the covariate X is not a function of ¢, after taking differentiation with respect to ¢ in above

equalities we have
A (Su(tfra)) i _ h(eyBr) _ dg~ (St (1)) /dt
dp=t(Si(tlxr))/dt  ha(ayfr)  doH(ST(t|x1))/dt

Because S(t,c|x) and S*(t, c|x) have the same crude survival functions Q1 (t) = Q5(t) and Q2(t) =

Q3(t), applying we have

¢~V (7 (t]x2))
Y=V (7 (t|zo d

~1
22)) Y (S1(tlze))/dt

™1 (ST (t|z2)) /dt =

and
¢~ (n(t|z1))
=V (m(t|21))

Combining with previous equalities and canceling terms, we have

¢~V (m(tlra)) _ o~ (x(t|z1))

bV (w(tlwe)) PV (w(t|z))

Because ¢~ (v) /9~ (v) is a strictly monotone function of v, we have

do™! (51 (t|x1)) /dt = dy~" (S (tlar))/dt.

Y(hi (21 Br)A7o(t) + ha(218c)Aco(t)) = 7(t|21)

= 7(t|x2) = (ki (@yBr)Aro(t) + ha(zhBc)Aco(t)).

Without loss of generality, we first assume X is a scalar and z1 < z9 < x3 with ya; 4+ (1 —7)z3 = x2
(0 < v < 1) so that zofy is within the interval (x187,x387) or (x38p,x187) if fr # 0; similar
conclusion holds for z98¢ being contained in the interval (z;8c,x38¢) or (z38c, x16c) if o # 0.

Because v is a monotone function, we have
hi(z1Br)Aro(t) + ha(z18c)Aco(t) = hi(x2Br)Aro(t) + ha(z28c)Aco(t).
If we choose x3 different from 1 and z2, we also have
hi(x2B7)Aro(t) + ha(x28c)Aco(t) = hi(x3Br)Aro(t) + ha(z3Bc)Aco(t).
Multiplying the above two equations with v and 1 —  respectively and adding them we have
[yhi(z1Br) + (1 = y)ha(@3Br)[Aro(t) + [vhe(z180) 4 (1 = v)ha(zsfe)]Aco(?)

= hy(z2B7)A1o(t) + ha(x2Bc)Aco(t)
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Because hy and ho are all strictly convex functions, the above equality cannot hold if we let t = 1
and use the assumption 3. If = is not a scalar, we choose one of its components to be different at
points 1, x2 and z3 and other components to be the same, then we can reach the same conclusion.
Contradiction! Therefore, 1 can be uniquely determined by (min(7,C),I(T" < C)). Once ¢ is
identified, we can determine its marginal survival functions Si(t|x) and Sa(c|z) as the limits of

copula graphic estimator (see [Zheng and Klein, 1995] and [Rivest and Wells, 2001]):

S (1) = / (1)) () dA ()]

and
/ () () dA )],

where Af(-) is the crude cumulative hazard function. Then we can identify Apg and Acg. d

Condition 3 is a normalization condition. It is innocuous because A(-) can capture the scale of
h1(X'B). This normalization does not influence both the marginal and the joint baseline survival
functions of T" and C' as described in [Heckman and Honoré, 1989).

Our identifiability conditions, the conditions in [Heckman and Honoré, 1989] and the conditions
in [Abbring and van den Berg, 2003| are distinct because the corresponding model assumptions are

different. [Heckman and Honoré, 1989] studied a general class of models:
S(t,c|X) = Klexp{—Aro(t)h1(X'Br)}, exp{—Aco(c)h2(X'Bc)}]

where K is a joint cumulative distribution function on [0,1]2. This more general survival function

reduces to the MPH competing risks survival function studied by [Abbring and van den Berg, 2003]

if
K(u,v) / / Cathc

To identify the models studied by [Heckman and Honoré, 1989], the support of

(h1(2'Br), ha(2'Bc)) needs to be full (i.e., (0,00) x (0,00)) and to identify the models described by
[Abbring and van den Berg, 2003| (multivariate MPH model with general bivariate heterogeneity),
the support of (hy(2'Br), ho(2'Bc)) needs to be a nonempty open set. Comparatively, their analyses
are nonparametric and our analyses are parametric/semiparametric, our conditions only require the

covariate variables to be discrete.
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If we let hi(u) = ho(u) = exp(u), then obviously h; and hs satisfy the condition 4. Many
specific competing risks models satisfy the conditions of It can be checked that the proposed
conditions are satisfied by some popular competing risks models such as the Gamma frailty models
with ¢(s) = Elexp(—sW)] = (1 4 s)~'/® for a > 0; the positive stable frailty models with v (s) =
Elexp(—sW)] = exp(—s?) for 8 € (0,1) and the Frank frailty models with

¥(s) = Elexp(—sW)] = —log[l — exp(—5)(1 — exp(—a))]/c

for @ # 0. These competing risks models have been presented as main examples in [Heckman
and Honoré, 1989] to demonstrate their identifiability conditions. The condition 6 has also been
pointed out by [Rivest and Wells, 2001] for Archimedean copula models (see the Proposition 2 on
page 147).

If we examine our proof carefully, we can see that the key step to reach our desired result is to

show that the following equality does not hold under our identifiability conditions:

hai (@) Br)Aro(t) + ha(z) Be)Aco(t) = hi(xhBr)Aro(t) + ha(zhBc)Aco(t).

If [(hi(2)fr) — hi(2587))] % [(he(2)Bc) — he(zhBc))] > 0 for two covariate values x; and w2,
because Arg > 0 and Agg > 0, the above equality does not hold. Therefore, we can replace our
condition 4 and condition 7 with [(hy (2} 1) — h1(2587))] x [(ha(2)Bc) — ha(z58¢))] > 0 to make
the corresponding model identifiable. This new condition only requires that there exists 2 covariate
values that differ in one component. However, it imposes stronger assumptions for hy, hy and Sr, Bo
values (1 and B¢ values are usually unknown). When hj(u) = hao(u) = exp(u), the covariate x is a
scalar and Br x Bc > 0 (i.e., T and C are both positively or negatively correlated with the covariate
X), then for x1 # 9, it is easy to see that [(hi(x187) —hi(x287))] X [(he(x18c) — ha(z28¢))] > 0 in
this situation. Hence the corresponding model is identifiable. This fact is useful when we conduct
analysis for dependent censored data with one dichotomous covariate (a scalar covariate with 2

levels).

3.4 Simulation Studies

provides us with a set of sufficient conditions under which the competing risks model

can be identified theoretically (mathematically). In this section simulation studies are conducted
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to put the theories discussed in the previous sections to test.

Here we shall consider a Clayton Model with exponential baselines for (7,C) and hy(u) =
ho(u) = exp(u). We will have a single covariate X taking values —1,0,1 and the corresponding
parameters for (T,C) are (Sr,Bc) respectively, corresponding to the frailty W from a Clayton

copula with the unknown parameter .. Then the bivariate survivor function can be written as,
St el X) = [~ (S1 (HX)) + 97" (S2 (¢[X))]

= 1 [exp (BrX)t + exp (BcX) ]

where ¢! (s) = (1 + s)_é. We have generated 1000 samples of size 3000, 1000 pairs for each value
of X and Br =1 and Bo = 2. We consider o = 0.5, 1.33, 3, 8 corresponding to 7 = 0.2,0.4,0.6,0.8
association levels. We have used the EM algorithm to calculate the parameter estimates («, 57, B¢).

The log-likelihood of (Y, ;) |W; is
l; = log (W;) + d0; log (A1, (Yi)) + (1 — 0;) log (A, (Yi)) + Brdi Xi+

Be (1 —6;) Xi + exp (BrX;) Wilog (St, (Yi)) + exp (BcX;) Wilog (Sc, (Yi))

Then we have Q = E (I|Y,6,X) where | = " | ;. Note that n is the total sample size. In our
case we have taken n = 3000.

Let k = 1/c. In the E-steps we have,

k+1
E WY, 6, Xi) =
Wi ] exp (X;B8r) Ar, (Vi) + exp (Xi6c) Ac, (Vi) +1
1
E [log (W;) Y3, 04, Xi] = log (k + 1) — 1+

2+ 1) | 6kt +1
—log [exp (X;fr) Ar, (Vi) + exp (Xifc) Ag, (Vi) + 1]

The following profile score equations are used in the M-steps to update parameter estimates for

Br, Be, a respectively:

> 16iXi — Xyexp (BrX;) B (WilY;, 6, Xi) A, (Yi)] = 0
=1

[(1—8;) Xi — Xiexp (BcXs) B (WilY3, 6i, Xi) Acy, (Y3)] =0

n

=1
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1 1 > i1 E (log (W3) V3,66, Xi)
log (k) Qk[ +6k+1] n =0

where we have used the approximation: I''(k)/T'(k) ~ log(k)—[141/(6k+1)]/(2k). Once Br, Bc, «
estimates are obtained the baseline hazard and cumulative hazard estimates are updated as follows
using Breslow’s estimator (see |[Breslow, 1972]):
_ o

Y ov,>y, €xXp (BrXg) E (Wi Yy, Ok, Xk)
B 1-4;

> v, >y, €xp (BcXk) B (Wk|Yk, 0k, Xk)

Agy (8) = Mgy (Vi)

Y <t

Acy () = ) Acy (Vi)

YkSC
The simulation results are listed in From we can see that the EM algorithm

works quite well such that our estimates are close to the true values when the sample size is large.

>‘T0 (Yi)

A, (Y1)

Table 3.1: The Clayton model: performance of our parameter estimates based on 1000 repetitions.

—_—

Br = 1.0 and B¢ = 2.0 and Var (1), Var (Bc) and Var (o) are sample variances of our estimates

Br, Bc and @ respectively.

—

(a,m) 6/; B(jv a Var (fr) Var(Be) Var(a)
(0.5,3000)  1.0495 2.0570 0.5800 0.0025 0.0031 0.00005
(1.33, 3000) 0.9713 1.9705 1.2873 0.0027 0.0035 0.00055

(3,3000)  0.9234 1.9214 2.8085  0.0034 0.0039  0.00330
(8,3000)  0.9254 1.9282 7.6043  0.0043 0.0045  0.02080

When the sample size is comparatively smaller (for example N = 200) and our covariate X
is a scalar taking two different values, based on our discussion in the last paragraph of section
3, we can still estimate unknown parameters using the EM algorithm under certain identifiability
conditions (for example when the condition [(hi(x157) — hi(z257))] X [(he(x18c) — ha(z2Bc))] > 0
holds). To simplify our calculations, we also assume that the baseline hazard functions are constants
(Ar(t) = A1 and Ac(c) = Ag respectively corresponding to exponential distributions) so that our

models are parametric models that are identifiable based on our theory (see the last paragraph
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of . We will have a dichotomous covariate X taking values 1,2. In each simulated
data, we have generated 200 pairs with unit exponential marginal distributions from the Clayton
copula with different a levels for corresponding frailty distributions, 100 pairs for each value of X
and fr = 1 and Bc = 2 (so that Br x S > 0). We consider o« = 0.5,1.33, 3, 8 corresponding to
7 =0.2,0.4,0.6,0.8 association levels. The simulation results are listed in

Table 3.2: Performance of our parameter estimates based on 1000 repetitions for data generated
from the Clayton copula with unit exponential marginals. Sr = 1.0, 8¢ = 2.0, z1 = 1,29 = 2, A\ =
1, Ao = 1 for different association levels measured by Kendall’s 7 = 0.2,0.4,0.6,0.8 with values
corresponding to a = 0.5,1.33, 3, 8 respectively. Sample size is n = 200. In each cell, the numbers
are the mean values of parameter estimates, the numbers inside the parentheses are corresponding

sample variances.

T Br Be A1 Py a

0.2 1.10(0.03) 2.12(0.01) 1.11(0.05) 1.04(0.01) 0.50(0.00)
0.4 1.10(0.03) 2.13(0.00) 1.24(0.07) 0.99(0.06) 1.42(0.01)
0.6 1.12(0.03) 2.15(0.00) 0.95(0.05) 0.95(0.05) 3.12(0.04)
0.8 1.17(0.03) 2.19(0.01) 0.97(0.05) 0.93(0.02) 8.20(0.20)

From we can see the EM algorithm works well in fitting dependent cenosred data with
a dichotomous covariate when the baseline marginal distributions of 7" and C are assumed to be
exponential. This type of models are identifiable based on our theory even when the sample size is

small. This is useful when we fit our models to relatively small data sets.

3.5 An Illustrative Example

In this section, we illustrate our methodology by analyzing a bone marrow transplantation data
described in [Klein and Moeschberger, 1997]. The data set is collected during a study in which 137
patients are followed in their recovery from Leukemia after bone marrow transplantation. We are
interested in the disease-free survival time T, i.e., the time until a relapse of leukemia. The patients
can be censored by two possible events: disease-free death or disease-free and alive at the end of the

study. The censoring time C' is then defined as the time until the first of these two events happen.
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It is natural to believe that both 7" and C' are positively dependent on the age X of the patient
at transplantation. To evaluate the association level between Y and C' using our methodology, we
create a new age factor with 2 levels (with the median age as the cut point). We then fit our model
to this data by assuming that the underlying baseline hazard functions are constants (A\; for Y
and Ay for C' respectively). After fitting the Clayton copula to this data set with new age factor
as a dichotomous covariate, we find that the association level is & = 2.40 (7 = 0.55), BT = 1.75,
ﬁc = 1.40, A1 = 0.30 and Ao = 1.32. Overall, there seems to be moderate dependence between T’
and C that we can not ignore. This conclusion is consistent with the results given in [Lakhal et
al., 2008]. In that paper, the authors explore the relationship between T and the time to death
(different from our censoring variable C) for the same data and found a strong relationship between
T and the time to death using a semicompeting risks model. The advantage of using our approach
is that we can estimate the association between T" and C' based on a discrete covariate using the
EM algorithm directly. We don’t need to handle the nonidentifiability issue of Archimedean copula
models in general (see [Wang, 2012]) or assume a special relationship between T' and C (such as
T < C in semicompeting risks setting) to make such association estimable (see [Lakhal et al., 2008]

and [Fine et al., 2001]).

3.6 Discussion

The purpose of this chapter is to solve the nonidentifiability problem of Archimedean copula mod-
els based on dependent censored data (see [Wang, 2012]). We have given a set of identifiability
conditions for competing risks models induced by bivariate frailty models. The conditions are
established based on a special property shared by Archimedean copula models. It turns
out that the corresponding dependent competing risks models (Archimedean copula models) are
identifiable based on data (Y, ) with a discrete covariate X (when one of its components takes two
or more than two distinct values) under certain conditions.

Our simulation studies have shown that model is identifiable under our proposed conditions.
We use EM algorithm to estimate unknown parameters and the proposed estimation approach can
be applied to fit dependent censored data when the dependence is of the research interest. When

the covariate X is continuous or takes many more distinct values, further research is needed to
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obtain efficient estimates of unknown parameters. One possibility is that we re-categorize X into
finite categories so that the estimating equations can be established to estimate the coefficients S
and B¢, the association parameter 6. The estimates may not be very accurate, however, they can
serve as good initial estimates of the association parameter. Once we obtain consistent estimates
of 6, the association of T" and C can be tested accordingly and significance tests for regressors can
be developed based on the asymptotic theory described in |Zeng et al., 2008] for semiparametric
transformation models (see Theorems 2 and 3 in their paper). The marginal survival functions
can be estimated using the copula-graphic estimator (see [Zheng and Klein, 1995] and [Rivest and

Wells, 2001] or the estimator proposed by [Wang, 2014].
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Chapter 4

Model Selection Procedure for

Bivariate Archimedean Copulas

4.1 Introduction

A common problem lies in selecting a suitable probability model for a bivariate survival population
(Ty,T»). Many models have been proposed, such as that by [Gumbel, 1960], [Gumbel, 1961],
[Clayton, 1978], [Frank, 1979] and [Hougaard, 1986], where the continuous joint survival function
S (t1,t2) of (T1,T%) can be expressed in terms of their survival marginal distributions Si(¢1), S2(t2)

respectively and their associated dependence function C, such that we have the form

S(t1,t2) = C {S1(t1), Sa(t2)} . (4.1)

Here C' is called a copula (see [Joe, 1997] and [Nelsen, 1999]) and is itself a survival function on
[0, 1]2. Because of their simple form and a special feature that the dependence function and hence
the dependence relationship does not rely on the form of the marginal distributions, copula models
have been widely applied to model multivariate data. The degree of global association between T}
and T can be measured by Kendall’s tau (see [Kendall, 1938]), a rank invariant measure, such that

we have
1l
T=4E[S(t1,t2)] — 1 = 4/ / C(u,v)C(du,dv) — 1.
0o Jo
A lot of research has recently focused on a subclass of copulas known as Archimedean copulas,

specifically because a large class of Archimedean copulas naturally arise from bivariate frailty models
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(see [Oakes, 1989] and [Nelsen, 1999]). Furthermore, since they can be characterized by a univariate
function, they provide us with more derivable analytical properties (see |Genest and MacKay,
1986 and |Genest and Rivest, 1993] for details). When the underlying copula is Archimedean, the

bivariate survival function S (¢;,t2) takes the form

S(t1,ta) = ¢~ [ {S1 (1)} + ¢ {52 (t2)}] (4.2)

where ¢(.) is a convex, decreasing function defined on [0, 1] with ¢ (1) = 0.

A lot of authors have proposed model selection procedures and goodness-of-fit tests for models
belonging to the Archimedean copula family. The goodness-of-fit test proposed by |Oakes, 1989]
for these kind of models uses a graphic diagnostic approach based on the cross ratio function.
[Shih, 1998] proposed a goodness-of-fit test that can be applied to both uncensored and right-
censored bivariate data. However, the test procedure is designed specifically for the Clayton model.
The model selection procedure proposed by [Wang and Wells, 2000] for models belonging to the
Archimedean copula family can be applied to both uncensored and right-censored bivariate survival
data. Their procedure is based on the L? norm of the Kendall distribution which is basically a
distance measure between the empirical and estimated Kendall distribution. Extending the idea in
[Wang and Wells, 2000], [Genest et al., 2006] obtained a goodness-of-fit test for models belonging
to the Archimedean copula family. But their test can only be applied to uncensored bivariate
survival data and cannot be extended to right-censored bivariate survival data. |Anderson et al.,
2005] proposed a bootstrap goodness-of-fit test for copula models. The test can be applied to
bivariate survival data and uses a procedure to generate both the original bivariate data and the
independent censoring data so that the bootstrap p-value of their test can be calculated. [Wang,
2010] proposed two goodness-of-fit tests for models belonging to the Archimedean family, one for
uncensored bivariate survival data and the other for right-censored bivariate survival data. The
test procedures are based on the Fisher transform of the correlation coefficient of a pair (U,V)
which is a one-to-one transform of (73, 73). The test for the right-censored bivariate survival data
is established by using a multiple imputation technique.

In this chapter we propose a model selection procedure for Archimedean copula models that can
be applied to uncensored bivariate survival data. We then extend our procedure so that it can also

be applied to right-censored bivariate survival data. We shall only consider those Archimedean
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copula models where the Archimedean copula generator ¢(.) is twice differentiable and we have
¢ (0) = oo. These conditions help us to make sure that is absolutely continuous.

The chapter is organized as follows. In we propose a model selection procedure
for Archimedean copula models that can be applied to uncensored bivariate survival data. In
we extend our procedure to right-censored bivariate survival data. Simulation studies
are provided in [section 4.4] The model selection procedure for censored data is then applied on the
DRS data in Finally, we conclude the chapter with some discussions in

4.2 Model Selection Procedure for Uncensored Data

Suppose we have n independent observations (T1;,T%;);; from a bivariate survival population.
To avoid ties we shall assume the marginal distributions of (77,7%) to be absolutely continuous.
Now, from the n pairs of observations it is easy to obtain (Xj, d;);—, where X; = min (T7;,T%;) and
0; = I (X; =Ty;), I(.) being an indicator function.

Suppose that the distribution of (77,73) can be modeled by an Archimedean copula with
Archimedean generator ¢(.) having association parameter ov. Then we can compute a model based
semi-parametric estimator known as the copula graphic estimator (see |[Zheng and Klein, 1995] and
[Rivest and Wells, 2001] for details) for the corresponding marginal survival function of 77 (and

hence also for T) based on (X;,d;);—; and ¢(.). The estimator takes the form

St=ot |- X (o

X, <t,0;,=1

=)
s
|
<
7 N
)
s
|
| =
N————
N———
N
=

where 7 is the empirical estimate of the survival function of X and takes the form

%(t) _ Z?:1IT(LXZ' Zt).

Note that if ¢ (t) = —In (¢), then 77 and T, are independent. In such a case it is easy to show that
the copula graphic estimator reduces to the Kaplan-Meier estimator (see [Kaplan and Meier, 1958]
for details).

To express the copula graphic estimator in a counting process approach let us define the fol-

lowing. For i =1,..,n let

Ni(t) =1[X; <t,6;=1] Yi(t) =1[X; =1
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Then we have,

Using Theorem 1.3.1 in [Fleming and Harrington, 1991] we can show that

M; (£) = N () - /0 Y: (s) dA* (s)

and
t
M (t) = N (t) —/0 Y (s)dA* (s)

are martingales with respect to the o-algebras i = o {N;(u),[[X; <u,d; =0]:0<wu <t} and
S+ = o {U;; it} respectively, where the cumulative crude hazard function A*(.) is such that

dA*(t) 7dP[T1 Z(;;TQZTl]

dt PITy > t, Ty > t]

Then using a counting process approach we can show that takes the form

St=o| Y () >0 {o (M=) -6 (1) fancw) (1)

For large values of n, we can have the approximation

Y(u))

o(42) ()5

- - (4.5)

Applying to [Rivest and Wells, 2001] showed that we have an estimator which has the form

Sia(t) = ¢~ [—1 /0 g [V (u) > 0] ¢/ (Yf;‘)) dN(u)] . (4.6)

n

This estimator was first proposed by [Zheng and Klein, 1994].
As has been shown in |[Rivest and Wells, 2001], §1a(.) estimates a survival function Si,(.) which
has the form

Sty =07 - | ' (r(w) )i ()] (47)

where X = min(7},75) and
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Let
Ra(t) = v/ (Sia(t) = Sia(t)) (4.8)
and
Un(t) = v (6 (S1a®)) = 6 (S1(1)) ) . (4.9)
Further suppose that we have ¥ (u) = —u¢’(u).
The following two theorems have been proved in [Rivest and Wells, 2001].

Theorem 4.2.1. Suppose that the distribution of (T1,T) can be modeled by an Archimedean copula
with Archimedean generator ¢(.) having association parameter o and that the marginal distributions
of (T1,T») are absolutely continuous. Let to € (0,00) be such that m(tp) > 0. Further, assume that
the derivatives of ¢(u) and ¥ (u) are bounded for u € (w(ty),1). Then

Ry (t)
\/rﬁ

20

sup
0<t<to

where Ry (t) is as defined in[{.8

Theorem 4.2.2. Suppose that the distribution of (T1,T) can be modeled by an Archimedean copula
with Archimedean generator ¢(.) having association parameter o and that the marginal distributions
of (T1,T») are absolutely continuous. Let ty € (0,00) be such that m(ty) > 0. Further, assume that
the first two derivatives of ¢p(u) and (u) are bounded for uw € (w(ty),1). Then the process Ry,(t)

defined in converges weakly on D[0,tg) to a mean zero Gaussian process R(t).

Since [Rivest and Wells, 2001] only provide the form of the variance function of the mean zero
Gaussian process R(t) defined in we shall derive the form of its covariance function here as
follows.

Let

X, (u) = v/n <Y7(l“) - 7r(u)> . (4.10)
Analogous to the proof of Theorem 2 of [Rivest and Wells, 2001] we have,
1 t / ! / *
Un(t) = _\/ﬁ/o o (m(s)) AM(s) +/0 X0 (m(s)) dA*(s) + 0p(1)

where U, (t) is as defined in
Suppose that

Cult) === [ o (s ara(e (4.11)
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and

Da(t) = /0 X ()0 (m(s)) dA*(s) (4.12)

By application of Theorem 6.2.1 in [Fleming and Harrington, 1991] we can show that C,,(t) con-
verges weakly on D[0,tp) to a mean zero Gaussian process with independent increments and co-

variance function
c(t,s) = /OS m(u) [gi)/ (W(u))]2 dA* (u) (4.13)

where 0 < s <t < ty.

Now, the process X, (t) converges weakly on D[0,tp) to a Brownian Bridge with covariance
function equal to w(tV s) — w(s)w(t).

For 0 < s <t < 1y, using Fubini’s theorem we have
Do(s)Da(t) = 2 /0 S /0 " X () X (00 () dA* () ((v)) dA*(v)
+ / /O X (1) X (0)3 (7(1)) dA* ()’ ((v)) dA*(0)

Then it is easy to see that D, (t) converges weakly on D[0,ty) to a mean zero Gaussian process

with covariance function
er(t8) =2 /0 s /0 " fr(v) — () ()] 3 (w(u)) A () (n(v)) dA* (o)
+ / /0 (o) — m(uyr(0)] ¢ (r(w) A (@) (n(0) dA(v).  (4.14)
Let
and

B(t) = (x(t)) L

It has already been proved in [Rivest and Wells, 2001] that

Cov (M (u), X, (v)) = —v/nm(v)A*(u A v).
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CB(t) =F (On(t)Dn(t))

_E L/lﬁ /O " A(w)dM () x /0 tXn(u)B(u)du]

_ \}HE HA(t)M(t) - /0 tM(u)dA(u)} { /O t Xn(u)B(u)duH

1
——=A() /0 E[M(t) X, (w)] B(w)du

t rt

— /0 /0 " () A () (o) ((v)) dA*(v) (4.15)
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Now, suppose 0 < s <t < tg. Then,

Il

|
—~
b
—~
=

|
P
=

o\..

3

4
S~—
=
*

4
S~—
&

&4
N—
QU

4

=0 (4.16)
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= e /M s} { [ v

_ [/:w(v)d)( ) dA* (v H/ o (m(u)) dA*( )] (4.17)

and
E(Cn(s)Dn(t)) = c3(s) + es(t, ).
Then applying the delta method we obtain the covariance function of R(t) to be

ci(t,s) +ca(t,s) +2c3(s) + c5(t, 5)
¢’ (S1a(t)) ¢' (S1a(s))

c(t,s) = (4.18)

where 0 < s <t < {.
Let Si(t1) be the true marginal distribution of 7} and S (¢1, t2) be the true joint survival function
of (Th,T>). Since we have all the n observations of (77,75), we can easily compute the empirical

survival estimate S;(.) for S;(.) such that we have

= % zn: I(Ty; > 1) (4.19)
=1
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and
La(®) = v ($1(6) = $1(1)) (4.20)

Let us now consider the following set of results.

Theorem 4.2.3. Suppose that the distribution of (T1,T) can be modeled by an Archimedean copula
with Archimedean generator ¢(.) having association parameter o and that the marginal distributions
of (T1,T») are absolutely continuous. Let ty € (0,00) be such that 7(ty) > 0. Further, assume that
the derivatives of ¢(u) and ¥ (u) are bounded for u € (w(tg),1). Then

P

Ly, (t) — Ry (t) =0

vn
where Ry, (t) and Ly(t) are as defined in and [4.20 respectively.

sup
0<t<to

Proof. A direct application of the Glivenko-Cantelli theorem proves that

L,()] p
sup — 0
o<t<to | VN
Again from we have
Rn (t) P
sup —0
o<t<ty | V1
Thus, the proof is complete. ]

We shall now prove some results as they will be used in the proof of the theorem to follow.
It is easy to see that

Cov (M (u), L,(v)) = v/nE (My(u)I(T11 > v)).

When u < v

E(I(Tn Z’U,Xl Su,&l = 1)) =0.

For z <u<w

I(X1 > 2T >v)=1(T11>v,Tn > z).

Then, for u < wv

B (M (u)I(T1, > v)) = — /0 " S(0, 2)dA* (2).
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When v > v

E(I(Ty1 > v, X1 <u,d1 =1))=E(I(v < X1 <u,d; =1))

:P[U§X1§u,51:1]

/U " R(2)dA* ().

Forv<z<uw

I(Xl 2 Z,T11 Z’U) :I(Xl 2 Z).

Then, for u > v

u

B (M (u)[(T1, > v)) = / " r(2)dA (2) — /0 " S, 2)dA*(z) — / (2)dA* (2)
=— /” S(v, z)dAN*(2).
0
Thus we have
b(v,u Nv) =E (M(u)I(T11 > v))
= _/“ US(v,z)dA*(z).
0

and hence

Cov (M (u), Lp(v)) = v/nb(v,u A v). (4.21)

Now,

Cov (Ly(u), Xp,(v)) = Cov (I(Th1 > u), I(X1 > v)).

If u < v we have

Cov (Lp(u), Xp(v)) = 7(v) = S1(u)m(v)

and when u > v

Define
Zn(t) = Ln(t) - Rn(t) (4'22)

Theorem 4.2.4. Suppose that the distribution of (T1,T) can be modeled by an Archimedean copula

with Archimedean generator ¢(.) having association parameter o and that the marginal distributions
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of (T1,T3) are absolutely continuous. Let to € (0,00) be such that w(tg) > 0. Further, assume that
the first two derivatives of ¢(u) and ¥ (u) are bounded for u € (w(tg),1). Then the process Zy,(t)
defined m converges weakly on D[0,ty) to a mean zero Gaussian process Z(t) with covariance

function(0 < s <t < tg)

ba(t, s) + bs(t, s) B by(t, s) + bs(t, s)
¢ (S1a(s)) ¢’ (S1a(t))

cu(t,s) = c(t,s) + by (t,s) —

where

b1 (t, 8) = Sl(t) — Sl(t)Sl (S)
bwmzAWwwwmwNm

b(t, s) 2/ (S(t,u) = Si(t)m(w)) ¢ (7 (u)) dA*(u)

0

ba(t, 5) = /0 T ((2)) S(s, 2)dA*(2)

%wﬁzéwwmvwwmwm+/wwwwwmww—&@Awwwwmmww
and c(t, s) is as defined in[{.18

Proof. From we know that the process R, (t) defined in converges weakly on D[0, ) to
a mean zero Gaussian process R(t) with covariance function c(, s).
Now the process L, (t) converges weakly on D|0,tp) to a Brownian Bridge which has covariance

function equal to

bl(t, S) = Sl(t) — Sl(t)Sl (8)

where 0 < s <t < ty.
Thus the process Z,(t) converges weakly on D0, %) to a mean zero Gaussian process Z(t).
We shall now derive its covariance function.

It is easy to see that
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Now for 0 < s <t < tg we have

ba(t, s) = E (Ln(t)Cn(s))

e[ o]
oot i}
_ A()b(t, 5) — /0 b(t, u)dA(u)
b(t, s) /S/UStsz* JdA(u)
b(t, 5) //dA S(t, 2)dA* (2

= —A(s / S(t, z)dA*(2) + / (A(s) — A(2)) S(t, z)dA*(z)

0
/A S(t,z)dAN*(z

/¢ S(t, 2)dA*(2)

bs(t,s) = E (Ln(t)Dn(s))

E
"y [{/0 Xn(u)B(u)du} Ln(t)]
) t

/(S( ) — S1(t)m () Blu)du
/ (S(tw) — Sy (ty(u) ¥ (n(w)) dA*(u)

[e=]

[en]
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ba(t, s) = E (Ln(s)Cn(t))

o i
e v st

= AWh(s.) — [ blsu)dAw) - / b(s, $)dA(u)

— A(t)b(s, 5) — /0 " b(s, u)dA() — b(s, s) (A(t) — A(s))
— A(s)b(s, 5) — /0 " b(s, u)dA(u)

A+ [ [ st

b(s,s) //dA S(s,z)dN*(z)

— (s / S(s, 2)dA*(2) + /O (A(s) — A(2)) S(s, 2)dA*(2)
/ T A(2)S(5, 2)dA*(2)
/ ¢ (m(2)) S(s,2)dA*(2)

and

FE
= /0 (S(s,u) — Si(s)m(u)) B(u)du +/ (m(u) — Si(s)m(u)) B(u)du
= [t () da*(w) + [ w(! (w(w) a* )
0 s
= 51(9) | mw (<)) dA* ()

Thus we have the covariance function of Z(t) to be

ba(t,s) +bs(t,s)  ba(t,s) +bs(t,s)
¢' (S1a(s)) ¢ (S1a(t))

cu(t,s) = c(t,s) + bi(t,s) —

where 0 < s <t < ty.

Hence the proof is complete. O
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Note that cv(t,s) is a function of unknown quantities. To obtain a consistent estimate for

cv(t, s), we only need to replace 7(.) with m, dA* with the Nelson-Aalen estimate dK*, S(.,.)

n

with the empirical survival estimate S(.,.), S1(.) with the empirical estimate Sy (.) and Si4(.) with
Stal-)-
The following theorem is a direct application of the continuous mapping theorem for integrals

of squared Gaussian processes (see chapter 5 of [Shorack and Wellner, 1986| for details).

Theorem 4.2.5. Suppose that the processes Zy(t) and Z(t) are as defined in [4.29 and | 4.2.4|

respectively. Then

fo 2 d to 9
[Mzwrat [Mzora.
Define
_ 0 2
Q—/O [Z(t)]” dt.

Then

By Fubini’s theorem,
to t
Q*=2 / / [Z(®))? [Z(s)]? dsdt.
0 0

Then using Isserlis’ theorem we have

E(Q?*) = 2/:0 /Ot [cv(t,t)cv(s,s) + 2 (cv(t, 5))*| dsdt.

Now by Fubini’s theorem

2= K tCU cvuls,s)as
[E(Q)] —2/0 /0 (t,t)ev(s, s)dsdt.

Then we have
to t
Var(Q) = 4/ / (cv(t, s))* dsdt.
0o Jo

Note that if the assumed Archimedean copula model ¢(.) is the true model for (73,73), then
we should have S14(.) = S1(.). We shall use this notion for our model selection procedure.
Since we have n observations from an uncensored bivariate survival population (77,7%), we can
obtain an estimate & for the association parameter « corresponding to the Archimedean copula

model ¢(.) based on the method proposed in [Genest and Rivest, 1993]. Replacing o with @ in
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§1a(t), we obtain an estimator §1a(t). It is important to note that the asymptotic properties of
Sia(t) are not easily derivable.

Our model selection procedure can be summarized as follows:

1. Estimate the association parameter a corresponding to the Archimedean copula model ¢(.)

based on the method proposed in |Genest and Rivest, 1993] thus obtaining a.
2. Construct the following distance statistic based on the L? norm:
Gn(@) = ni‘: {§1(t1(i_1)) - §1a(t1(¢_1))}2 (tis) — t1-1)) »
i=1
where t;g) = 0 and #(;) < ... <ty are the ordered values of t1;{i = 1,2,...,n}.
3. Choose the best Archimedean copula model yielding the smallest L? norm.

It is important to note that the analytical properties of G, (&) are not easily derivable. In such a
case a suitable bootstrap procedure needs to be developed. This has been the focus of our current
research.

Therefore we only demonstrate the effectiveness of our procedure through simulation studies pre-

sented in [section 4.4

4.3 Model Selection Procedure for Censored Data

When (77, T5) is subject to independent censoring (C4, Ca) with absolutely continuous distributions
for both T" and C, we can extend the model selection procedure for uncensored data to a similar
procedure for censored data. For censored data case, we have an extension of Theorem 3 in [Wang,
2014].

Define X = min(71,T5,C1,C2). Let us now consider the following theorem.

Theorem 4.3.1. Suppose that the distribution of (T1,Ts) can be modeled by an Archimedean copula
with Archimedean generator ¢(.) having association parameter 6 and that the marginal distribu-
tions of (T1,T2) are absolutely continuous. We also assume that (T1,T>) is subject to independent
right censoring with censoring variable (Cy,Cs) following some continuous distribution. Then the

marginal survival functions of T1 and Ty are given by

st =0 { [0 (5. 2000) st
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and

Sao(tz) =97 {/ot2 ¢ (5(01,7;(::2%“)) 5(012?()% u)dlog [S;(u)]}

respectively, where w(u) = P(X > u) and S{(.) and S3(.) are survival functions of T1 and Ty re-
spectively under the independence assumption of T1 and T and 5’(01702)(., .) is the survival function

of (C1,Cy).

Proof. Let us define the following.

X1 = min(Ty, Cy) 61=1(X;=T))
X2 == min(Tg, 02) (52 == I(X2 == Tg)
Zl = min(Tl,TQ) ZQ == min(C’l, 02) 6= I(X == Zl)

Note that X = min(Zy, Zs).
Further suppose that

Qi(t)=P[Z1 > t,Z1 =T] Q2(t) =P[Zy > t,Z) = TY]

and

Since (T4, T?) is independent of (C1, C2) we have 7(t) = w1 (t)ma(t).
Further since

Q1(t) + Qa(t) = mi(t)
we have

Q1(t) + Qx(t) = my (1)

. Define

m=1(X="T) Y =I1(X =T))

v3 =1(X = C1) vy =I(X = Cy).
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Then we have,

Mmt+r+yntnu=1

and

d=m+7

. Then using Theorem 1 in [Tsiatis, 1975] we have the crude hazard rate of T} to be

_dP[X>ty1=1]

)\* t) = dt
1( ) W(t)
dP[T) >u,T>t,C1 >t,Ca>1]
— du |“:t

71 (t)ma(t)

dP[Ty>u,To>1]
R TR U

m1(t)
Q1 (?)
mi(t)

Similarly, the crude hazard rate of T3 is given by

Therefore we have

Qi) +Q5(t)

M)+ 250 =

Since S7(.) and S5(.) are survival functions of 77 and T respectively under the independence

assumption of 77 and 75, we have

si() = - 1elSi0) sy = lslS30)

Therefore,
6 (S10(8)) + & (Sap(8)) = /0 ¢ (1 () 7 (1)
— ¢ (m(1)).

Thus we have

m(t) = ¢~ {o (S1g(t)) + ¢ (Sap(t))} -
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Further note that

_d¢(5:i1e(t)) _M(%e(t))

N(t) = - —— 5(t) = 77— ——

i) = T m)m© 0= im0 m©

Thus the proof is finished. O

Suppose we have n independent observations (Xu,Xgi,éli,égi)?zl from a censored bivariate
survival population. Then we can consider the estimation of the marginal survival function of T}
in two different ways.

Because 77 and Cp are independent, the true survival function Si(.) of 77 can be consistently
estimated nonparametrically by the KM estimate §1KM(.) based on (X1;,015); .

Another estimator which we can propose is a model based estimator based on The estimator

& ~ Ly m(u) (u) S
S (t)=¢ ! - - dlog | S (u 4.23
=3 { /0 3 ( . (M)> v qET )}} (4.23)

where  is a consistent estimate of the unknown association parameter 6 and is obtained using the

has the form

method proposed in [Shih and Louis, 1995],

- 1 ¢

mu) =~ ;I(Xh > u, Xo; > u)
is a consistent estimate of 7(u) and g(chcz)(., .) is the Dabrowska’s estimate of S(¢, cy)(.,) (see
[Dabrowska, 1988] and [van der laan, 1997 for details). g’f() is the KM estimate of S7(.) that
can be obtained by treating 77 as the event time and C7 = min(7%, C1, C2) as the censoring time
because they are independent under the independence assumption of 77 and T5. Note that if
Scy (1) and Sc,(.) are the marginal survival functions of C; and Cj respectively, then under the
independence assumption of C and Cy we have S, ¢,)(-,-) = Sy (.)Sc,(.). In such a case we
can estimate Sic, cy)(-,-) by §01(')§02(') where §Cl(-) and §CQ(.) are the KM estimates for the
corresponding marginal survival functions of C; and Cy respectively.
We can propose an estimator with a much simpler form based on Note that from the n
independent observations (X1;, Xo;, 014, 02i);—; we can get (X;,d;)" 1, where X; = min(X1;, Xo;)
and §; = 1 if X; = Th; or X; = Ty;. Suppose Z; = min(71,73) and Sz, (.) its corresponding

marginal survival function. Since (77, 7%) is independent of (Cy, Cs), it is easy to see that

__7(®)
SZl (t) - S(ChCQ) (t, t) :
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Now based on (Xj,d;)! ; we can compute the KM estimate §Z1(~) corresponding to Sz, (.). Then

we can propose another model based estimator which has the form
~ ~ t ~, —~ ~ o~
Sio(t) = ¢! { /0 &' (S(w)) Sz (wydlog | i (w)] } .

It is important to note that the asymptotic properties of §19A(t) and §1§(t) are not easily derivable.
Note that if the assumed Archimedean copula model ¢(.) is the true model for (77,73), then
we should have Syp(.) = S1(.). We shall use this notion for our model selection procedure.

Our model selection procedure can be summarized as follows:

1. Estimate the association parameter 6 corresponding to the Archimedean copula model ¢(.)

based on the method proposed in [Shih and Louis, 1995] thus obtaining 0.

2. Construct the following distance statistic based on the L? norm:
~ " oA ~ 2
Ha(0)=n)_ {SIKM(xl(i—l)) - S@(%(iq))} (z10) — ®1(i-1)) »
i=1

where 719y = 0 and 7(;) < ... < @1(y,) are the ordered values of 71, {i = 1,2,...,n}.

3. Choose the best Archimedean copula model yielding the smallest L? norm.

~

It is important to note that the analytical properties of H,,(6) are not easily derivable. In such a
case a suitable bootstrap procedure needs to be developed. This has been the focus of our current
research.

Therefore we only demonstrate the effectiveness of our procedure through simulation studies pre-

sented in [section 4.41

4.4 Simulation Studies

In this section we present our simulation studies by putting our proposed model selection procedures
to test.

We shall consider three different cases as follows:
e (Ty,T3) is subject to no censoring.

e (T1,T3) is subject to independent censoring (C7,Cs) such that C; and Cy are independent.
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e (11,T5) is subject to independent censoring (C1,C9) such that Cy and Cs are dependent.

To avoid a cumbersome presentation, we provide our plots in [A]

4.4.1 The Uncensored Case

We generate 1000 samples of size 200 from the Clayton model, the Frank model and the Hougaard
model with unit exponential marginal distributions.

Simulation results are presented in Our results suggest that the performance of our
procedure gets better as the value of 7 increases. Of the three models considered here, we see that
the procedure works best on the Clayton model. Comparing our results with that of [Wang and

Wells, 2000], we see that both the methods have similar performance.

Table 4.1: Model selection for 1000 samples: Uncensored Case

True Model 71  Clayton Hougaard Frank

0.2 741 83 176
0.4 957 6 37
Clayton
0.6 989 5 6
0.8 996 1 3
0.2 99 612 289
0.4 21 699 280
Hougaard
0.6 3 732 265
0.8 2 807 191
0.2 114 365 521
0.4 41 238 721
Frank

0.6 13 153 834
0.8 4 83 913

4.4.2 The Censored Independent Case

Consider the following setup. Suppose that (71, 7%) belongs to a bivariate survival population which
can be modeled by an Archimedean copula model with unit exponential marginal distributions. We

also assume that (77, T5) is subject to independent right censoring with censoring variable (C1, C3)
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such that C7 and C are independent and have exponential marginal distributions with mean é We
use an iterative method to solve for x so that we can assure P [T} < C1,T> < Cs] = 0.7. [Table 4.2

gives the values of x for respective models and different values of 7.

Table 4.2: Values of x for respective models and different values of 7: Censored Independent Case

7 Clayton Hougaard Frank

0.2  0.2019 0.1993 0.1996

0.4 0.2076 0.2039 0.2043

0.6 0.2116 0.2085 0.2086

0.8 0.2136 0.2125 0.2122

Using the above model setup for censored bivariate data, we generate 1000 samples of size 1000
corresponding to the Clayton model, the Hougaard model and the Frank model.

Simulation results are presented in Our results suggest that the performance of our
procedure gets better as the value of 7 increases. Of the three models considered here, we see that
the procedure works best on the Clayton model. Comparing our results with that of [Wang and

Wells, 2000], we see that both the methods have similar performance.
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Table 4.3: Model selection for 1000 samples: Censored Independent Case

True Model 7 Clayton Hougaard Frank

0.2 891 1 108
0.4 988 0 12
Clayton
0.6 998 0 2
0.8 970 0 30
0.2 75 640 285
0.4 12 788 200
Hougaard
0.6 8 832 160
0.8 4 610 386
0.2 92 196 712
0.4 16 52 932
Frank

0.6 4 4 992
0.8 0 5 995

4.4.3 The Censored Dependent Case

Consider the following setup. Suppose that (77, 7%) belongs to a bivariate survival population which
can be modeled by an Archimedean copula model with unit exponential marginal distributions. We
also assume that (77, T5) is subject to independent right censoring with censoring variable (C1, C3)

such that C7 and Cy have exponential marginal distributions with mean % Now suppose (Z1, Z3)

0
(independent of (77,7%)) has a bivariate normal distribution with mean and covariance ma-
0

1 08

0.8 1
Further suppose that F(.) and F»(.) are the cumulative distribution functions of Z; and Z5 respec-

tively. Then define Uy = Fi1(Z;) and Uy = F5(Z2). We then obtain C; = _In@) 4nd Cy = _In(2)

T T

trix

We use an iterative method to solve for x so that we can assure P [T} < C1,Ty» < C] = 0.7.

gives the values of = for respective models and different values of 7.
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Table 4.4: Values of x for respective models and different values of 7: Censored Dependent Case

7 Clayton Hougaard Frank

0.2 0.25 0.25 0.25
0.4 0.27 0.26 0.26
0.6 0.28 0.27 0.28
0.8 0.3 0.29 0.29

Using the above model setup for censored bivariate data, we generate 1000 samples of size 1000
corresponding to the Clayton model, the Hougaard model and the Frank model.

Simulation results are presented in Our results suggest that the performance of our
procedure gets better as the value of 7 increases. Of the three models considered here, we see that
the procedure works best on the Clayton model. Comparing our results with that of [Wang and

Wells, 2000], we see that both the methods have similar performance.

Table 4.5: Model selection for 1000 samples: Censored Dependent Case

True Model 7 Clayton Hougaard Frank

0.2 923 1 76
0.4 1000 0 0
Clayton
0.6 1000 0 0
0.8 999 0 1
0.2 66 639 295
0.4 11 751 238
Hougaard
0.6 1 830 169
0.8 1 794 205
0.2 78 178 744
0.4 12 46 942
Frank

0.6 3 3 994
0.8 1 0 999

An interesting point to note is that the performance of our procedure is the best in the censored

dependent case. The performance of our procedure in the censored independent case is also better
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than that in the uncensored case.

4.5 A Data Example

In this section, we illustrate our methodology by analyzing a diabetic retinopathy data that has
been used in [Wang, 2010] and [Manatunga and Oakes, 1999]. The actual data set comprises
197 patients with adult-onset diabetes or juvenile-onset diabetes. For each patient one eye was
randomly selected for photocoagulation treatment while the other eye was left untreated. The data
set we consider for our data analysis comprises 83 patients with 14 patients experiencing failure in
both eyes, 40 patients experiencing failure in one eye, and 29 patients experiencing failure in none
of the eyes. Since the data is right censored, we use the model selection procedure for censored
data, as proposed in for our data analysis. The results of our analysis are presented in
Table 4.6l

Table 4.6: Results of our analysis for the Diabetic Retinopathy data
Model Clayton Hougaard Frank

) 1.06 0.7937 2.58

~

H,(0) 62788 22733  4.8328

From we can see that the Hougaard Model has the smallest value of Hn(g) Thus
using our proposed model selection procedure we can say that, of the three models, the Hougaard
model is the best fit for the data. Based on the parameter estimator for the Hougaard copula
model, we can conclude that there exists a weak association between the eye failures corresponding

to photocoagulation treatment and no treatment.

4.6 Discussion

In this chapter we have proposed two model selection procedures for Archimedean copula models,
one for uncensored data and the other one for right censored bivariate data. Our simulation results
are similar to that of [Wang and Wells, 2000] and suggest that both procedures work quite well.
Both the procedures are quite simple to implement.

The idea of our proposed model selection procedure originates from the model selection procedure
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for Archimedean copula models proposed by [Wang and Wells, 2000] for right censored bivariate
data using the L? norm corresponding to the Kendall distribution function of V- = S(T1,73). As the
asymptotic distribution of our distance statistics are intractable for both uncensored and censored
data, our method has the same drawback as that of [Wang and Wells, 2000] and [Genest et al.,
2006]. Moreover a suitable bootstrap procedure is yet to be suggested for our method. This has

been the current focus of our research.
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Chapter 5

The Analysis of Left Truncated
Bivariate Data Using Archimedean

Copula Models

5.1 Introduction

In biomedical research, researchers often face the problem of how to analyze the bivariate data
when the data is subject to left censoring or truncated by a fixed vector (L1, Lg). For example, in
individuals infected with human virus (HIV), distributions of quantitative HIV RNA measurements
are heavily left-censored due to values falling below assay detection limits (DL). It is of researcher’s
interest to determine the true relationship between plasma and semen viral loads. To solve this
type of problems, [Wang, 2007] proposed to apply the Clayton copula model to analyze this type
of data. The reason for using the Clayton copula model is that the model has a nice invariance
property under fixed left censoring/truncation: if the original data follows the Clayton model,
then the observable data (with both components uncensored or untruncated) must also follow the
Clayton model. A goodness of fit test was then proposed based on this property and truncated
7 was applied to estimate the original association for bivariate data in [Wang, 2007]. In practice,
however, a bivariate data does not necessarily follow the Clayton copula model and in that situation

the invariance property does not hold (see |Oakes, 2005]). Hence there is a need to generalize
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Wang’s strategy to more general multivariate models. This chapter attempts to achieve this goal
using Archimedean copula models (note that the Clayton copula belongs to the Archimedean copula
model family).

[Manatunga and Oakes, 1996] studied Archimedean copulas induced by bivariate frailty models
for left truncated data. They established a measure of association for this type of data: truncated
tau and suggested to use it as a diagnostic tool to check the goodness-of-fit for bivariate frailty
models based on truncated data.

A bivariate survivor function S(t1,t2) with marginal survivor functions Si(¢1) = S(¢1,0) and
Sa(te) = S(0,tz) is said to be generated by an “Archimedean copula” if it can be expressed in
the form S(t1,t2) = plg{Si(t1)} + ¢{S2(t2)}] for some convex, decreasing function ¢ defined on
(0,1] with g(1) = 0 (see [Genest and Rivest, 1993] and |Genest and MacKay, 1986]). Here ¢(-) is
the inverse function of p. Archimedean copula models arise naturally from bivariate frailty models
(see |Oakes, 1989]) in which Ty and T are conditionally independent given an unobserved ‘frailty’
W (here W is common to both 77 and T3) and each follows proportional hazards model in W.
Denote the distribution function of W as F(-), p(-) is defined as p(s) = E(e™*") which is the
Laplace transform of the F(-) for frailty models. The first model of such type in the survival
analysis literature was proposed by |Clayton, 1978]. He used the Gamma distribution, with p(s) =

(1 + s)~'/® which leads to the bivariate survivor function

1 1/a
S(t1,t2) = {Sl(h)a + Sa(ta) = — 1} ’

(see [Oakes, 1982]). Another important frailty model, due to [Hougaard, 1986], has p(s) =

exp(—s?). Tts bivariate survivor function is

S(t1, ts) = exp (_[{ —1log 81 (t1)} + { — log &(m)}‘ﬂﬁ) :

Here we write ¢ = 1/ for convenience.
In [Genest and Rivest, 1993], they have proved an important fact that if (77,7%) follows an

Archimedean copula with the marginal survivor functions Si(¢;) and Sa(t2), then

U = q(S1(11))/{q(S1(T1)) + q(S2(T2)}
V = S(Ty,T2) = plg{S1(T1)} + ¢{S2(1%) }] (5.1)
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are independently distributed random variables: U follows a uniform distribution on [0, 1] and V'

follows a so called “Kendall’s distribution” with the density function:

q(v)q" (v)
q(v)? '

where ¢ (the inverse of p) as a function of v depends on the unknown parameter 6.

k(v) =

In this chapter, we first present properties of the bivariate models for the conditional distribution
of (Ty,Ts) given Ty > aq and T > as. In fact, these distributions lead to a new class of Archimedean
copula models. We then propose a goodness-of-fit test procedure for Archimedean copula models
when a bivariate data is subject to fixed left truncation. The procedure includes both the estimation
of the unknown parameter and the original sample size. Simulation studies have been conducted
to demonstrate our strategy.

This chapter is organized in the following way: presents the properties of bivariate

frailty models for left truncated bivariate data. A parameter estimation procedure is then proposed

in [section 5.3 [section 5.4] describes a goodness-of-fit test procedure for left truncated bivariate

data. The procedure can be applied to select the best model fitting left truncated bivariate data.
Simulation results are reported in The proposed analysis procedures are demonstrated

using an HIV data set in Our chapter ends with some discussions in

5.2 Properties of Frailty Models for Left Truncated Bivariate Data

In this section, we assume that (711, 7%1) ..., (Tin, T2n) are n (n is unknown due to the truncation)
independent and identically distributed pairs which can be modeled by a bivariate frailty model
such that:

A (W) = Ao (t)W

and

A7a(t2)]W) = Apag(ta)W.

where W is a positive random variable (a “frailty”) whose distribution can be specified as a distri-
bution with unknown parameter 6. Denote the Laplace transform of W by v (s) = Elexp(—sW)]
(see here p(.) = 9¢(.)) and the density function of W by g. Ar1 (Ar2) and Ario (Ar20) are

defined as hazard and baseline hazard functions for 77 and 75 respectively. The baseline hazards
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Ar10 and Apog have integrals Apig and Aoy satisfying:
t1 to
ATIO(tl) = / )\Tlo(u)du < 00 and ATgo(tQ) = / )\Tgo(u)du < o0
0 0
for all t; € [0,00) and t2 € [0,00). Based on our model assumption, it can be shown that
S(t1,ta) = E[P(Ty > t1, Ty > to|W)] = E[P(Ty > t1|W)P(Ty > to|W)] = E[St10(t1)" Sr20(t2)"]

= Eexp[—{—log Sti0(t1) — log Srao(t2) W] = [y~ {Sr1(t1)} + ¥~ {Sm2(t2) }],

where ¢! is the inverse function of 1. Therefore (T3, T%) follows an Archimedean copula model
with the Archimedean copula generator ¢ (s) = Elexp(—sW)].
Now suppose (71,T5) is subject to fixed left censoring/truncation at (ai,ag), then the joint

survival function of (71, 7%) given T > a1 and Ty > ag is:

_ P>, Ty > ts) _ p[—log(Sr10(t1)) — log(Sr20(t2))]
St folTy > a1, Ty > a2) = P(Ty > a1, Ty > az)  ¢[—log(Sri0(a1)) — log(Sra0(az))]
p[—1log(St10(t1)/ST10(a1)) —l0g(ST20(t2)/ST20(002)) — log(ST10(01)) — log(ST20(002))]

Y[~ log(St10(a1)) — log(St20(az))]
_¥sta)
= o) P*(s)

where a = —log(St10(a1)) — log(Stao(az)) = ¥=1(S(a1,az)) and

s = —log(St10(t1)/St10(01)) — log(ST20(t2)/ST20(002))

respectively (see [Manatunga and Oakes, 1996]).

Based on above derivations, if we let to = as, we have
S(tﬂTl > al,Tg > a2) = S(tl, ag‘Tl > a, T2 > (ZQ) = l/J*(— log(STlo(tl)/STlg(al))),

therefore

(W) YS(t1|T1 > a1, Ta > as)] = —log(St10(t1)/ST10(01)).

Similarly we can show that
(w*)_l[S(tgyTl > al,TQ > ag)] = — 10g<ST20(t2)/ST20(a1)).
Combining above results, we can conclude that

Sty ta|Th > a1, Ty > ag) = Y { (") S (t1|T1 > a1, Tz > a2)] + () S (ta|T1 > a1, Tp > as)]}.
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Therefore, the conditional distribution of (71,7%) given T7 > a3 and T > agy still follows an

Archimedean copula model with the copula generator ¥*(s) = (s + a)/v(a).

5.3 Parameter Estimation based on Truncated Bivariate Data

For left truncated bivariate data, because of truncation, we cannot determine the truncation pro-
portion directly. One way to circumvent this situation is to use the knowledge of truncated = which
is defined as the coefficient of concordance calculated from the truncated sample, i.e., among pairs

(Th,Ts) such that Ty > a1 and T > as. We denote it by 7, and it is linked to i by

where v1 = S(a1,as) (see [Manatunga and Oakes, 1996]). The unknown parameters in above

equation are vy and the association parameter 6 in v respectively. For example, when the frailty
follows the positive stable frailty model such that ¥ (s) = exp(—s®), we have
To = (1 — @) {1 - 2¢M /OO t_d’e_tdt}
U —2log(v1)
where ¢ = 1/a.
To estimate the unknown parameters, we propose the following strategy: first, we choose a
subset of this truncated data with truncation limit (b, bs) so that by > ay and by > ag. Then for

this truncated subset, its truncated 7 equals to

A ) — g ()
™= v%{/o () ds}“

where vy = S(b1,b2) and it is also unknown. For this equation, the unknown parameters are vo

and 6 respectively. The relationship between v; and vy can be established by p = vy /v1 where p
defined as:
p= P(Tl > bl,TQ > bg’Tl > CL1,T2 > CLQ).

Replacing the truncated 7,, 7, and p by their nonparametric counterparts 7,, 7, and

#{T1; > b1, T2 > b}
#{T1; > a1, T > az}

ﬁ:
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respectively based on left truncated bivariate data, we can establish three estimating equations.
Solving these equations, we can obtain consistent estimates of #, v; and vo (we denote our estimates
by 91, 92 and 6 respectively).

Define fi(v1,0) and fao(ve, ) as:

respectively. Our estimating equations can be written as:

and

fl(/vlae) — Ta :0

fQ(UQ,H) — Tp = 0
va /vy —p = 0.

Using the Taylor expansion, it is easy to show our estimates are asymptotically normal under

necessary regularity conditions. We actually have:
Theorem 5.3.1. Under certain regularity conditions,
(b, —v1, 99 —va,0 —0)T — MV N((0,0,0)7, 17 2117

when n — oo, where I is defined as:

0f1(v1,6) 0 0f1(v1,6)
ov 00
_ 0f2(v2,0)  Of1(v2,0)
1= 0 281122 1892
1
- L 0

and ¥ = (om1)3x3 where oy for m,l € {1,2,3} are defined later in the proof.
Proof. Using the Taylor expansion, for the first equation we have:

0= f1(01,0) — 70 = f1(v1,0) — 74

Ofi(v1,0) . dfi(v1,0) .
+f18(2 )(Ul—v1)+flgg )<9—9)—(Ta—7a)
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_ 0fi(v1,0)

S (i —v) + w(é —0) — (70— Ta).
V1

00

Similarly, for the second equation we have:

0= fo(0,0) — 7y

_0R20) oy 2200 g gy ey

Ovg 00
For the third equation we also have:
(0T 1)) vy
O0=—=—-p=——-p— 5W1—v)+ —(02—v2)—(P—p
G h= P ) ()~ ()
V2 . -
=——Ww —v1)+ — (U2 —v2) — —
U%(l 1) v1(2 2) (p P)

In matrix form, the above equations can be approximately written as

df1(v1,0 df1(v1,0 ~ A
718(1111 ) 0 71391 ) V1 — U1 Ta — Ta
0 fa(v2,0 0 f1(v2,0 N _ N
0 snl) Ohel) | x| Gy vy | = | -
) 1 i .
s o 0 0—0 p—p

Based on above matrix equality, we can reach the conclusions of if we can prove the asymptotic
normality of the estimators 7,, 7, and p. Define ny and ng as n; = #{Ti1 > a1,Ti2 > az} and
ng = #{Tin > b1, Ti2 > by} respectively. To derive the asymptotic properties for our parameter

estimates, we expand the 7., 7, and p in the following asymptotic linear form:

a3 (e = )~ S 1 S aa)) | + oyl )

P (a1,a2) Y S2%(ay,a9) vn
. 1 — AV I 4E(ViIy) 1
- E; |: bl,bg b) - M(Ibi_s(bbb2)):| +Op(%)a

and

as) S2(a1, az)

, iZ[Ibz b)) St Saneal)) o, )

Define kl (Tl,TQ), k‘Q(Tl,TQ) and k‘g(Tl,Tg) as

4S(T1,T2)I(T1 > ap, Ty > a2)
S(al,ag)

ki(Th,Tp) =

_Ta

B ( (TI,ngv ETI > ayp, Ty > a2))(I(T1 > ay, Ty > a2) — S(al,az)),
ai, az)
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4S(T1,T2)I(T1 > by, TH > bg)

BT D) = S(b1,02) o
4E(S(T1,TQ)I(T1 > by, T > bg))
— I(T7 > b1,15 > by) — S(b1, b
Sz(bl,bg) ( ( 1> 01,12 > 2) S( 1, 2))7

and

T1 > bl,Tz > bg) — S(bl, bg)) B S(bl,bz)(I(Tl > al,Tg > CLQ) — S(al,az))
S(al,ag) Sz(al,ag)

k3(T1,13) = el

respectively. Based on above expansions, we can deduce that n'/ 2(%,—1,) is asymptotically normal
with mean zero and variance o1; = 02, where o7 is defined as: 0% = var(k1(T1,T»)). Similarly, we
can deduce that n'/2(#, — 1) is asymptotically normal with zero mean and variance o9 = 03 =

var(ko(T1,T3)). and n'/2(p — p) is asymptotically normal with zero mean and variance

va(l —w 2(1 —wv)vd  v3(l—w
033 = 03 = var(k3(Ty, Tp)) = 2( 5 2) 2 . 1)v5 + 5 . 1).
U1 %1 (%

In general, the covariance terms are given by:
oim = cov(ki(T1, T2), b (T1, T2))

for I # m and [,m € {1,2,3}. We thus obtain the variance-covariance matrix ¥ = (0,,;)3x3 for

\/ﬁ(@l—vl,ﬁg—vg,é—ﬁ)T. O

Remark 5.3.1.1. Tt is worth mentioning that because of the left truncation, we do not know the
original sample size (n) of the data. However, it can be consistently estimated by n = #{T1; >
ay,To; > ag}/01. The above variance-covariance formulas can then be applied to estimate the

corresponding variances.

5.4 Goodness-of-fit Test Procedure for Left Truncated Bivariate
Data

Suppose that (71, T5) follows an Archimedean copula model such that S(t1,t2) = ¢[¢{S1(t1)} +
¢ 1{S>(t2) }], [Genest and Rivest, 1993] have shown that:

U = ¢~ (S1(T1)) /{6~ (S1(T1)) + ¢~ (S2(T2))}

V=gl {S1(T1)} + ¢ {S2(T2) }] = S(T1, T2)
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are independent with density functions of uniform(0, 1) and

R OL0)
TP

respectively. The distribution function K (v) of V is also called “Kendall’s distribution”. Under

k(v) =

Hy: a bivariate data (77,7%) follows an Archimedean copula model Cy with the copula generator
¥, we know that (71,7%)|T1 > a1,T» > ay follows an Archimedean copula model with the copula

generator ¥*. Let ¢ = ¢*, then if we define
U = (") (ST(T)) /@) (ST (Th) + (%) 1 (S5(T2))}

V=9 (") THSH(M) ) + (1) THS3(Te) ] = S*(T, T)
where S, S5 and S* are the marginal and joint survival functions of (77,7%)|11 > a1,1> > as
respectively, we know that U and V are independent under Hy. Hence the correlation coefficient
of U and V must be zero under Hy. In reality, we can not observe U and V. However, they can be
consistently estimated by
(), {81 (1)}

D)

U=

respectively, where S¥, S* are empirical marginal and joint survivor functions of (T1,7T%)|Ty >
a1,y > ao respectively, and 0 is our estimator of the unknown parameter 0. By the Continuous
Mapping Theorem, (U, V) — (U, V) in distribution when n — oco. Therefore, when the sample size
is large, the distribution of (U, V) is approximately that of (U, V). The correlation coefficient of U

and V can be estimated by:

b S D) V)
VY (G- O (V-

<o

)2
where ) Legx (T

w_)lé 510} and V= S*(Ty;, Tny)
(¥*); {5*(T1i, Toi) }

and U , 1% represent the sample means of U; and V; respectively. Define Z,, as

=

Zn =1/2log{(1 +7,)/(1 —1p)}.

[Hawkins, 1989] has proved an important fact about the asymptotic distribution of Fisher’s Z

statistic:
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Theorem 5.4.1. Suppose that (U;,V;) for i € {1...n} are independently identically distributed
random pairs with mean (0,0) and variance (1,1) that follow some bivariate distribution F and
F has finite fourth moments. Then as n — oo, \/n[Z, — 1/2In((1 + p)/(1 — p))] — N(0,72) in
distribution, where T2 = (1 — p?)721/4{(mao + 2maz + moa)p? — 4(ma1 + mi3)p + 4mas}, with
mys = Ep(UI'V?) forr,s € {0,1,2,3,4}.

Under Hy, we know that random variables U and V' are independent, so are the random variables
{U-EWU)}/+/var(U) and {V — E(V)}/+/var(V) with zero mean and identity variance-covariance
matrix. Hence p = 0 for {U — E(U)}/y/var(U) and {V — E(V)}/y/var(V). Also because of the

independence of U and V', we can see that p = 0 and

E{U - EU)H{V - E(V)}]

varl{U — B(O)}var[(V — E(V)}]

mag =

Noticing the fact that Z,, is location and scale invariant such that Z,, is unchanged after U and V

have been replaced by {U — E(U)}/+/var(U) and {V — E(V)}/+/var(V) respectively, we can reach
the following conclusion after applying

Theorem 5.4.2. Under the null hypothesis that (T1;, Ta;) fori € {1...n} are independently iden-
tically distributed random pairs which follow some Archimedean copula model Cy, \/nZ, — N(0,1)

in distribution.

Based on a simple test of Hy: the original data follows an Archimedean copula model
can therefore be established as: reject Hy at 5% significance level if [\/nZ,| > Zyg75 = 1.96.

Besides the test we have proposed here, we can also apply the test statistics obtained based on
different model assumptions to conduct the model selection. Models with the smallest test statistics

in its absolute value will be chosen as the best model for truncated data.

5.5 Simulation Studies

In this section, we conduct simulation studies to demonstrate our estimation and test procedures.
For simplicity, the truncated data (T1,7%)|77 > L1,7> > Lo will be generated when (77,7%) is
subject to left truncation with the detection limits a1 = ag = 0.1 (i.e., we can observe (71, T5) only
if 77 > 0.1,7 > 0.1). Then we use the strategy we proposed in to estimate the unknown

parameters. We select by = by = 0.3 so that there is a large enough truncated sample in the area
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{(Th,T3) : Th > b1, Ta > be} to get accurate estimates of its truncated tau 7, and ve = S(by, be).
We generate 1000 samples of size 300 from two Archimedean copula models with unit exponential
marginal distributions: the Clayton model and the Hougaard model with association parameter
values corresponding to different Kendall’s 7 values: 7 = 0.2,0.4,0.6 and 0.8. gives the
average estimated value of the association parameter for respective models corresponding to the

Clayton and the Hougaard model with different values of 7.

Table 5.1: Average estimated value of the association parameter for respective models corresponding

to the Clayton and the Hougaard model with different values of 7.

True Model 7 Clayton Hougaard Frank
0.2 0.5026(0.1312) 0.3735(0.1720) 17.2188(11.2386)
0.4 1.3368(0.2122) 0.1678(0.0843) 19.8692(10.0482)
Clayton
0.6 3.0052(0.3697) 0.0837(0.0359)  24.1560(8.7806)
0.8 8.0233(0.8484) 0.0371(0.0151)  29.9880(5.6809)
0.2 0.3119(0.1111) 0.7098(0.1960) 15.1652(12.1573)
0.4 0.8924(0.1602) 0.5651(0.1330) 17.1904(11.2882)
Hougaard
0.6 2.1678(0.2562) 0.3975(0.0696) 22.1108(10.1068)
0.8 6.2718(0.5339) 0.2011(0.0298)  28.0052(7.1559)

From we see that our average estimated value of the association parameter is quite
close to the actual value when the model assumed is true.
gives the percentage of rejection(at 5% significance level) for respective models corre-
sponding to the Clayton and the Hougaard model with different values of 7. The percentage of

times the assumed model(if not rejected) is selected as the best model is provided in ().
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Table 5.2: Percentage of rejection(at 5% significance level) for respective models corresponding
to the Clayton and the Hougaard model with different values of 7. The percentage of times the

assumed model(if not rejected) is selected as the best model is provided in ().

True Model 7 Clayton  Hougaard Frank
0.2 5.6(66.1) 8.4(23.6) 33.6(6.1)
0.4 9.3(75.2)  24.4(16)  93.7(0.5)

Clayton
0.6 14.7(76.5) 53.1(9.6) 100(0)
0.8 27.6(70.4) 83.3(2.3) 100(0)
0.2 9.5(31.8) 2.5(29.8) 2.3(37.4)
0.4 67.6(6.8) 6.3(39.2) 4.5(51.6)
Hougaard

0.6 99.3(0.3) 10.3(41)  8.3(53.6)
0.8  100(0)  19.8(38.4) 16.1(48.5)

From [Table 5.2] we see that our test procedure does not perform well. Neither does it have good
power, nor does it attain the required 5% nominal level. In terms of goodness of fit test, we can see
that for our test procedure the Hougaard model has a better performance than the Clayton model.
But when we perform model selection, we see that the Clayton model outperforms the Hougaard
model. It is quite apparent that our proposed model selection procedure is not efficient. A peculiar
thing to notice is that when the true model is the Hougaard model, our results suggest that the
Frank model fits the data better than Houggard model itself.

Thus we can conclude that our test procedure is not at all powerful and reliable. Therefore we

need to improve our strategy to provide ourselves with a more powerful, efficient and reliable test.

5.6 An Illustrative Example

A bivariate censored data set which came from a cohort study of HIV-infected men conducted at
the Hospital Universitrio Clementino Fraga Filho in Rio de Janeiro, Brazil to evaluate the effect of
antiretroviral therapy on HIV shedding in semen ([Barroso and Powell-Cope, 2000]) was published
in [Chu et al., 2005]. Of the 85 men who provided a blood sample and a semen sample for HIV
RNA measurements, 75% (64) of the semen samples and 55% (47) of the blood samples have
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undetectable viral loads (detection limit is L1 = Ly = 2.6021). Overall we have 19 men with
complete observations. Since the detection limit is high, the bivariate data set is severely left
censored at (L1, Lo). It is of scientific interest to find the original association between the plasma
viral loads 77 and the semen viral loads T5.

We consider the subsample of 19 men to be our truncated data set. Then we have the detection
limits to be a; = ag = 2.6021. Further to use the strategy we proposed in[section 5.3|to estimate the
unknown parameters we select by = by = 3.6. The results of our analysis are provided in

Table 5.3: Results on the HIV data set
Model Clayton Hougaard Frank

) 1.2381 0.12 6.4
VnZ, 03487  0.3836  0.8005

From we see that through our test procedure none of the three models are rejected.
Further the values of the test statistic suggest the Clayton model to be the best fit for the data
among the three models. We see that our results concur with that in [Wang, 2007]. Based on the
parameter estimator for the Clayton copula model, we can conclude that there exists a moderately

weak association between the plasma viral loads and the semen viral loads since we have 7, = 0.3824.

5.7 Discussion

The purpose of this chapter is to propose a new parameter estimator and a simple goodness-of-fit
test for Archimedean copula models when the bivariate data is under fixed left truncation. Our
simulation results suggest that our procedure needs to be improved so that it can be more powerful,
reliable and efficient.

[Manatunga and Oakes, 1996] studied Archimedean copulas induced by bivariate frailty models for
left truncated data. They established a measure of association for this type of data known as the
truncated tau. In our strategy, to obtain estimates for the unknown parameters, the concept of
truncated tau plays a crucial role. We have also proposed a simple goodness-of-fit test based on
the Fisher’s Z statistic. The idea originates from the goodness-of-fit test for Archimedean copula

models proposed by [Wang, 2010| for right censored bivariate data.
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Thus, to conclude we see that there remains a lot of scope to improve our strategy so that we

can obtain a more powerful, reliable and efficient test. This has become the current focus of our

research.
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Chapter 6

Discussion

6.1 Some Concluding Remarks

In we have tried to solve the nonidentifiability problem of Archimedean copula models
based on dependent censored data (see [Wang, 2012]). We have provided a set of identifiability
conditions for a special class of bivariate frailty models The conditions have been established
based on a special property shared by Archimedean copula models. We have shown that our
proposed model is identifiable based on data (Y, ) with a discrete covariate X (when one of its
components takes two or more than two distinct values) under certain conditions. Our simulation
studies have shown that model is identifiable under our proposed conditions. We have used
the EM algorithm to estimate unknown parameters and the proposed estimation approach can be
applied to fit dependent censored data when the dependence is of the research interest. When
the covariate X is continuous or takes many more distinct values, further research is needed to
obtain efficient estimates of unknown parameters. One approach is to re-categorize X into finite
categories so that the estimating equations can be established to estimate the coefficients S and
B¢, the association parameter §. The estimates may not be very accurate, however, they can serve
as good initial estimates of the association parameter. Once we obtain consistent estimates of
0, the association of T" and C' can be tested accordingly and significance tests for regressors can
be developed based on the asymptotic theory described in |Zeng et al., 2008] for semiparametric
transformation models (see Theorems 2 and 3 in their paper). The marginal survival functions can

be estimated using the copula-graphic estimator ( see [Rivest and Wells, 2001]) or the estimator
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proposed by [Wang, 2014].

In we have proposed two model selection procedures for Archimedean copula models,
one for uncensored data and the other one for right censored bivariate data. Our simulation results
are similar to that of [Wang and Wells, 2000] and suggest that both procedures work quite well. The
idea of our proposed model selection procedure has originated from the model selection procedure
for Archimedean copula models proposed by [Wang and Wells, 2000] for right censored bivariate
data using the L? norm corresponding to the Kendall distribution function of V= S(T},T»). As the
asymptotic distribution of our distance statistics are intractable for both uncensored and censored
data, our method has the same drawback as that of [Wang and Wells, 2000] and [Genest et al.,
2006]. Moreover a suitable bootstrap procedure is yet to be suggested for our method. This has
been the current focus of our research.

In we have proposed a new parameter estimator and a simple goodness-of-fit test for
Archimedean copula models when the bivariate data is under fixed left truncation. Our simulation
results suggest that our procedure needs to be improved so that it can be more powerful, reliable
and efficient. In our strategy, to obtain estimates for the unknown parameters, we have seen that
the concept of truncated tau (a measure of association established by [Manatunga and Oakes, 1996]
for left truncated data) has played a crucial role. We have also proposed a simple goodness-of-fit
test based on the Fisher’s Z statistic. The idea of our test has originated from the goodness-of-fit
test for Archimedean copula models proposed by [Wang, 2010] for right censored bivariate data.
We can see that a lot of scope remains to improve our strategy so that we can obtain a more

powerful, reliable and efficient test. This has become the current focus of our research.

6.2 Applications and Impact

Our research will help medical researchers to decide which model to use for different types of
survival data. The impact of this research is significant not only in the biomedical field but also in
some other areas as Archimedean copula models have been widely applied to model the dependence
structure between random variables. It deepens our understanding of Archimedean copula models.
It also contributes in a significant way to the model checking and fitting of survival data via

Archimedean copula models. Another impact is that it helps us in understanding the relationship
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between correlated components or survival times possibly under censoring or left truncation.
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Appendix A

Plots

Here we provide the plots intended for [section 4.4] of [chapter 4]

A.0.1 The Uncensored Case

Consider the following notations used in the plots:

emp: empirical survival function estimate for T

clay: estimate for the survival function of T} corresponding to the Clayton model
hou: estimate for the survival function of T} corresponding to the Hougaard model

frank: estimate for the survival function of 77 corresponding to the Frank model

82
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Figure A.1: Clayton Model with 7 = 0.2: The Uncensored Case

Sirnulating 200 observations fram Clayton Model for tau=0.4

Bmp
clay
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frank

Figure A.2: Clayton Model with 7 = 0.4: The Uncensored Case
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Survival

Survival
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Figure A.3: Clayton Model with 7 = 0.6: The Uncensored Case

Sirnulating 200 observations fram Clayton Model for tau=0.8
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Figure A.4: Clayton Model with 7 = 0.8: The Uncensored Case

84



APPENDIX A. PLOTS

Survival

k=)

[ak<)

07

0B

0s

Survival

0.4

03

02

0.1

Simulating 200 ohsenations fror Hougaard Maodel for tau=0.2

T T T T
Bmp
clay
hou
frank
! |
4 5 B
Figure A.5: Hougaard Model with 7 = 0.2: The Uncensored Case
Simulating 200 ohsenations fror Hougaard Maodel for tau=0.4
T T T T T o
clay
hou 1
frank
1 | | | I t ——— — |
0s 1 15 2 25 3 35 4 45

m

Figure A.6: Hougaard Model with 7 = 0.4: The Uncensored Case
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Simulating 200 ohsenations fror Hougaard Maodel for tau=0.6
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Figure A.7: Hougaard Model with 7 = 0.6: The Uncensored Case
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Figure A.8: Hougaard Model with 7 = 0.8: The Uncensored Case
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Figure A.9: Frank Model with 7 = 0.2: The Uncensored Case
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Figure A.10: Frank Model with 7 = 0.4: The Uncensored Case
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Sirmulating 200 ohservations from Frank Model for tau=06
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Figure A.11: Frank Model with 7 = 0.6: The Uncensored Case
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Figure A.12: Frank Model with 7 = 0.8: The Uncensored Case
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A.0.2 The Censored Independent Case

Consider the following notations used in the plots:

emp: KM survival function estimate for T;

clay: estimate for the survival function of T} corresponding to the Clayton model
hou: estimate for the survival function of T} corresponding to the Hougaard model

frank: estimate for the survival function of T} corresponding to the Frank model

simulating 1000 censared abservations fram Clayton Copula for tau=0.2
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Figure A.13: Clayton Model with 7 = 0.2: The Censored Independent Case
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Simulating 1000 censared aobservations fram Clayton Copula for tau=0.4
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Figure A.14: Clayton Model with 7 = 0.4: The Censored Independent Case
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simulating 1000 censared aobservations fram Clayton Copula for tau=06
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Figure A.15: Clayton Model with 7 = 0.6: The Censored Independent Case
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Simulating 1000 censared aobservations fram Clayton Copula for tau=0.5
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Figure A.16: Clayton Model with 7 = 0.8: The Censored Independent Case
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simulating 1000 censared observations from Hougaard Caopula for tau=0.2
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Figure A.17: Hougaard Model with 7 = 0.2: The Censored Independent Case
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simulating 1000 censared observations from Hougaard Copula for tau=0.4
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Figure A.18: Hougaard Model with 7 = 0.4: The Censored Independent Case
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simulating 1000 censared observations from Hougaard Caopula for tau=06
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Figure A.19: Hougaard Model with 7 = 0.6: The Censored Independent Case
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simulating 1000 censared observations from Hougaard Copula for tau=0.8
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Figure A.20: Hougaard Model with 7 = 0.8: The Censored Independent Case
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=imulating 1000 censared abservations from Frank Copula for tau=0.2
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Figure A.21: Frank Model with 7 = 0.2: The Censored Independent Case
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=imulating 1000 censared abservations from Frank Copula for tau=0.4
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Figure A.22: Frank Model with 7 = 0.4: The Censored Independent Case
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=imulating 1000 censared abservations from Frank Copula for tau=0.H
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Figure A.23: Frank Model with 7 = 0.6: The Censored Independent Case
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=imulating 1000 censared abservations from Frank Copula for tau=0.8
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Figure A.24: Frank Model with 7 = 0.8: The Censored Independent Case

A.0.3 The Censored Dependent Case

Consider the following notations used in the plots:

emp: KM survival function estimate for T

clay: estimate for the survival function of 7T} corresponding to the Clayton model
hou: estimate for the survival function of T} corresponding to the Hougaard model

frank: estimate for the survival function of 77 corresponding to the Frank model
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Simulating 1000 censared aobservations fram Clayton Copula for tau=0.2
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Figure A.25: Clayton Model with 7 = 0.2: The Censored Dependent Case



APPENDIX A. PLOTS 102

Simulating 1000 censared aobservations fram Clayton Copula for tau=0.4
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Figure A.26: Clayton Model with 7 = 0.4: The Censored Dependent Case
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simulating 1000 censared aobservations fram Clayton Copula for tau=06
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Figure A.27: Clayton Model with 7 = 0.6: The Censored Dependent Case
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Simulating 1000 censared aobservations fram Clayton Copula for tau=0.5
1 I I I I 1

emp
clay [
haou
frank ||

SUr v al

Figure A.28: Clayton Model with 7 = 0.8: The Censored Dependent Case
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simulating 1000 censared observations from Hougaard Caopula for tau=0.2
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Figure A.29: Hougaard Model with 7 = 0.2: The Censored Dependent Case
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simulating 1000 censared observations from Hougaard Copula for tau=0.4
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Figure A.30: Hougaard Model with 7 = 0.4: The Censored Dependent Case
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simulating 1000 censared observations from Hougaard Caopula for tau=06
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Figure A.31: Hougaard Model with 7 = 0.6: The Censored Dependent Case
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simulating 1000 censared observations from Hougaard Copula for tau=0.8
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Figure A.32: Hougaard Model with 7 = 0.8: The Censored Dependent Case
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=imulating 1000 censared abservations from Frank Copula for tau=0.2
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Figure A.33: Frank Model with 7 = 0.2: The Censored Dependent Case
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=imulating 1000 censared abservations from Frank Copula for tau=0.4
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Figure A.34: Frank Model with 7 = 0.4: The Censored Dependent Case
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=imulating 1000 censared abservations from Frank Copula for tau=0.H
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Figure A.35: Frank Model with 7 = 0.6: The Censored Dependent Case
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=imulating 1000 censared abservations from Frank Copula for tau=0.8
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Figure A.36: Frank Model with 7 = 0.8: The Censored Dependent Case
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