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We deal with approximating linear operators Sq that are defined as d weighted
tensor products. We consider the worst case, average case, randomized and prob-
abilistic settings depending on how the error of an approximation is defined. The
complexity is understood as the minimal number of linear functionals which are
needed to approximate Sq with error at most . Strong tractability means that
there exist nonnegative K and p such that the complexity is bounded by Ke7?
for all d and all ¢ < 1. The smallest such p is called the strong exponent.

We provide necessary and sufficient conditions for weighted tensor products to
be strongly tractable, and we find their strong exponent. In the worst case and
randomized settings, these conditions are expressed in terms of singular values
{A:} of the problem for d = 1, and in terms of the weights {3;} of the problem.
Strong tractability holds iff the sequences {A;} and {8} go to zero polynomially
fast.

In the average case and probabilistic settings we consider Gaussian measures
for which the traces of the covariance operators are uniformly bounded in d.
We prove that strong tractability holds independently of the sequences {\;} and
{B:}. In particular, if #; = 1,Vi, we get tensor product problems which are
strongly tractable. The strong exponent in the average (or probabilistic) setting
is always smaller than the strong exponent in the worst case setting. However, if
the problem is not strongly tractable in the worst case setting, the strong exponent
in the average case setting may be large.

We illustrate our analysis by the approximation of smooth periodic functions.
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1 Introduction

Linear multivariate problems are defined as the approximation of linear operators
Sq that act on elements f of d variables. An approximation to S4(f) is obtained
by computing a number of continuous linear functionals L(f). Here, both f and
Sa(f) belong to Hilbert spaces. We wish to approximate S; with error at most ¢.
We consider the worst case, average case, randomized and probabilistic settings,
depending on how the error of an approximation is defined. The minimal number
of such functionals needed to compute an approximation with error at most ¢ is
called the complexity! and is denoted by comp(e, d).

Strong tractability means that the complexity does not depend on d and is
estimated by a polynomial in £, i.e., there exists two nonnegative numbers K
and p such that

comp(e,d) < Ke™P. (1)

The smallest (or the infimum of) such p is called the strong exponent.

Strong tractability for general linear multivariate problems has been studied
in [10], and for tensor product problems in [9, 11]. Strong tractability of tensor
products in the worst case setting depends on the singular values {\;} of the
problem for d = 1. A problem is strongly tractable iff the largest singular value
Ap is less than one, and \; goes to zero at least as fast as some power of 771,

The assumption Ay < 1 may be viewed as scaling of the problem since
|S1]] = A1r. Then for the d dimensional case we have [|S4]] = A, which goes
exponentially fast to zero. Hence, if ¢ > A the problem becomes trivial since we
can approximate Sy(f) by zero and still the error is no more than ¢. From this
point of view, it seems natural to normalize the problem by taking [|.54| = 1, ¥V d,
which corresponds to Ay = 1. However, then we loose strong tractability in the
worst case setting and, in fact, the complexity is roughly d”1°8 /¢ for some pos-
itive v. Hence, the power of d goes to infinity as ¢ goes to zero. We finally
add that scaling of linear multivariate problems and their strong tractability are
interrelated with some surprising consequences, see [10].

To overcome the scaling problem and to still find strongly tractable problems
even in the worst case setting, we study weighted tensor products in this paper.

1Usually, the complexity denotes the minimal cost needed to compute an approximation with
error at most €. Since we consider only linear problems over Hilbert spaces, the minimal cost
is proportional to the minimal number of functionals needed to compute an approximation with
error at most ¢, see e.g., [6]. We choose this definition of the complexity to simplify the paper.
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More precisely, we assume that
Se=V1@Ve- -0V,

Here the V;’s are linear operators of norm one, ||Vj[| = 1, such that V*V; have
the same eigenvectors, and their singular values are Ay ; = Ay = 1 and {8;\;},
v = 2,3,...,with 1 = 8y > 33 > --- > 0. This means, that there exists a unit
vector 5 such that for all j = 1,2,... we have

Vivin = ViVing
Vivie = ﬁ?Vl*Vl £, V& which is orthogonal to 7.

We believe that for practical problems with large d, the successive dimensions
are of different and, often, decreasing importance. This property may be modelled
by the sequence {§;}, and j3; serves as the weight of the jth dimensions. For small
3; the jth dimension becomes less important in approximating the operator Sy.
That is why we call the problem a weighted tensor product.

We provide necessary and suflicient conditions for weighted tensor product
problems to be strongly tractable, and we find their strong exponent. In the worst
case setting, these conditions are expressed in terms of how fast the sequences
{A;} and {5;} go to zero. For a given nonincreasing and nonnegative sequence
€ = {&}, we say that pe is the polynomial-exponent iff

pe = sup {p > 0: lim & = 0} (2)

with the convention that sup® = 0.
Then the weighted tensor product problem is strongly tractable in the worst
case setting iff the polynomial-exponents of {\;} and {f;} are positive, and then

the strong exponent is
s

p* = max{l/px,1/ps}.

It is known, see [4], that the randomized setting for approximating linear
operators by arbitrary continuous functionals is closely related to the worst case
setting. In particular, strong tractabilities in both settings are equivalent and the
strong exponents are the same.

In the average and probabilistic settings we consider Gaussian measures. We
choose the eigensystem of the covariance operator C'y of the Gaussian measure such
that the importance of directions imposed by Sy is preserved. The eigenvalues of
the correlation operator C'y are chosen such that the trace is finite and uniformly
bounded in d. It turns out that this choice of the Gaussian measure implies strong
tractability of the weighted tensor product problem in the average case setting
independently of the behaviour of the sequences {\;} and {f;}. Hence, even for
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B; = 1, V¢, we have strong tractability in the average case setting. In this case,
we can set V; = V4, Vj, and we have a tensor product problem.

The strong exponent in the average case setting depends on the sequences {\;}
and {3;} as well as on the eigenvalues of the correlation operators of the Gaussian
measures for d = 1,2,.... The strong exponent in the average case is always
smaller than the strong exponent in the worst case. However, if the problem is
not strongly tractable in the worst case than the strong exponent in the average
case may be large.

In the probabilistic setting, we use known relations, see [6], with the aver-
age case setting and conclude that strong tractabilities in these two settings are
equivalent, and the strong exponents are the same.

We illustrate our analysis for the approximation of smooth periodic functions.
We show that this problem may be viewed as a weighted tensor product problem,
and we find the strong exponents in the worst case and average case settings.

2  Weighted Tensor Product Problems

A weighted tensor product problem is defined as an approximation of a linear

operator Sy which is given as a tensor product of operators V;, j = 1,2,...,d.
More precisely, we proceed as follows. Let F} be a separable Hilbert space. The
inner product in Fy is denoted by (-, ). For j = 1,2,..., consider

Vi — Gy,

where V; is a continuous linear operator and G is a separable Hilbert space.
Let W; = (Vj*Vj)l/2 : F1 — Fi. We scale the problem by assuming that
|IW;]] = 1. We also assume that W; is compact and its eigensystem is {A; ;} and
{772}7
Wini = Xijmis (0in) g, = i
where
/\17]‘ =1, /\2'7]‘ = ﬁ]‘/\i, = 2,3,....

Here we assume that
I=M2X2>--2>0, l=5>pB>--->0.

This means that all W; have the same eigenvectors 7;, whereas their eigenvalues
are scaled through the sequence {3;}.

We assume that {7;} forms an orthonormal basis for Fj. It is easy to see that
Gi; = /\Zj1 Vini, for A; ; > 0, are orthonormal in G and

Vilf) = D (F b Aij gi-

K3
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For d > 2, define the separable Hilbert space Fy = F} ® ---® F| as a
tensor product of Fy’s. That is, F; consists of linear combinations of d-tuples
(Tiys Migs - - - Miy), which we write for simplicity as n;,%;, - - - 1;,. Hence, for f € Fy

we have
o0

f = Z Ciyyig Ty My w0 " Mg (3)

11 4eeeyig=1

with coefficients ¢;, . ;, such that > |ci17¢27,,,7¢d|2 < 400. The inner product in Fy
is defined for f = f1--- fy and h = hy ---hg with f;, h; € £} as

d
H flv

Then {n;,ni, ---m,} is an orthonormal system of Fj;. Note that the coefficient

Cir i = (Fo iy = Mig) p, 10 (3).
Similarly we define the Hilbert space Gy = G ®---® G, with the n; replaced
by an orthonormal system of G.

The linear operator Sq =V, ® Vo ® ---® Vy is given by

Z Aige e Aigd <f77721"‘77id>Fd iz, 1 Yigd-

i1yensig

Clearly, for f = fi--- fy with f; € 7 we have

Sa(f) = Vilf) Valf2) - Valfa)-

It is easy to check that the eigensystem of Wy = (Sgsd)l/2 by — Fy,

{Vl,d} = {A’Ll lA’LQ, . Ald,d} 9 (4)
{mal = {0 nig)- (5)
is given by
Wania = YidWids
(Midsjd) g, = i

Mid 2 V24> 2 Ynd— 0.

Hence, the eigensystem {v; 4,74} is given as the product of the eigensystems
{Ai;,ni} of the one dimensional problems.
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3 Strong Tractability in the Worst Case Setting

We approximate S4(f) for f from the unit ball of F; by computing continuous
linear functionals L;(f) with L; € FJ for j =1,2,...,n. Let

y = [La(f), La(f) - - Ll f)]-

Let ¢ : IR™ — (4. Then ¢(y) serves as an approximation to Sq4(f).

We seek the minimal n for which it is possible to find an approximation with
error at most . Let e(n,d) denote the minimal (worst case) error which can be
achieved by computing n continuous linear functionals,

e(n,d) = inf inf sup 194(f) — ¢ (L1(f), La(f), .-, La(f))]-

LyLay s Ln€FF ¢ feF,|If]I<1
It is well known?, see [3, 6, 7], that the L; and ¢ minimizing e(n, d) are given by

Uf) = anfv Wjd) g, Sa (Nj,d)

=1
and that
e(nvd) = Tn+l,d-
Hence, the (worst case) complexity is given by
comp™(e,d) = min{n: y,414 < ¢}. (6)

Observe first that the largest eigenvalue vy 4 = 1. If ¢ > 1 then comp™(e, d) = 0.
To omit this trivial case, assume that

e < 1.

Observe further that if Ay = 0 then v; 4 = 0 for all ¢ > 2. Then comp™**(e,d) =1
for all ¢ < 1. To omit also this case, assume that

Ay > 0.
Due to (4) we can rewrite (6) as
comp" (e, d) =
card {[i1, 42, ...,4q] ¢ 7; = 1,2,..., such that A\;, 1 Ajy2---Aijq > €}.

By varying the index ¢y = 1,2, ..., and using the fact that A\ 4 = 1 and A; g = Bq\;
we get

comp™(e,d) = comp™(e,d—1) + Zcompwor (e/(Bari),d—1). (7)
=2
We are ready to check which weighted tensor products are strongly tractable,
see (1).

%It is also known that the adaptive selection of functionals L; does not help, see [1, 2, 7].
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Theorem .1
Let py and pg be polynomial-exponents of {\;} and {B;}, see (2).

(1) A weighted tensor product problem is strongly tractable in the worst case
setting iff px and pg are positive, and then the strong exponent is

*

p" = max{1l/py,1/ps}.
(ii) If a weighted tensor product problem is strongly tractable and

N < Ki VP with p > p*

then
comp™(e,d) < Cye™?,
where
d 00 00 00
Cy = KpH (1—|—ﬁj2/\f) < C* = KP exp (Zﬁ? Z/\?) < +oo.
7=2 =2 7=2 7=2

Proof
We first prove (i). Assume that the problem is strongly tractable and (1) holds
with K and p. Take d = 1. Then

comp™(e,1) = max{n: A\, >¢e} < KeP.

For j = comp™(e,1) + 1 we have A; < e. By varying ¢ we conclude that
A =0 (j_l/p). This proves that the polynomial-exponent py of {A;} is positive
and py > 1/p. Since p in (1) can be arbitrarily close to the strong exponent p*,
we have p\ > 1/p*.

To prove that the polynomial-exponent pg is positive, observe that A\2j3;, 7 =

2,3...,d are among the eigenvalues v; 4. Indeed, it is enough to take 7, = 1 and
i; =2 for k # jin (4). Hence,

Ke™ > comp™(e,d) > max{j: j < dsuch that A\y3; > ¢}.

Since this holds for all d and A, is positive, we conclude as before that pg is
positive and pg > 1/p*. This also proves that

p" > max{1/py,1/ps}.

Assume now that py and pg are positive. Take p > 1/py. Then there exists a
positive § < py such that p > 1/(py — 6) and A; = O(i_(m_‘s)). This yields that
there exists a positive constant €' such that

comp™(e,1) < C et/ PA=8) < Ce7P,
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Observe also that the series 3 72, A is convergent. Indeed,

YA =0 (Zi—p<m—5>) < foo
=2 =2

since p(py —6) > 1.
Assume inductively that comp
Jj < d—1. Then (7) implies

Wor(e,j) < C;e7P for some positive C; and

comp™(e,d) < Cqqe7” (1 + 8] ZA%’)-

=2

This yields

) d oo
CdICd—1(1—|—ﬂ§ZAf) :CH(1‘|‘ﬂ§ZAf)-
j=2

Note that the sequence {Cy} is nondecreasing and it is convergent to C iff
the series 37727, ﬁ? is convergent. As shown for the sequence {A;}, this holds if
p > 1/pg. Hence, if we take p > max{1/py,1/pg} then we have

comp™(e,d) < Cooe™.

This proves that the problem is strongly tractable. Since p can be arbitrarily close
to max{1/py, 1/psg}, we conclude that p* < max{1/py,1/pg}. This proves (i).
We are also almost done with (ii). Indeed, observe that A; < Ki~'/? implies
that
comp" (e, 1) < KPP,

For d > 2, we estimate comp%¥°"(¢,d) as above with C' = K”. Finally, it is enough
to observe that 1 + 2 < exp(z) and therefore C, < C*. This proves (ii) and
completes the proof of Theorem .1. O

From the proof of Theorem .1 we can easily conclude the behavior of the
ordered eigenvalues {7; 4} of the operator Wj.

Corollary .2
If the weighted tensor product problem is strongly tractable with the strong expo-
nent p* then for every p > p* there exists a positive K = K(p) such that

vig < Kj7YP0 Vid=1,2,....
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4 Strong Tractability in the Average Case Setting

In this section we consider a weighted tensor product problem from Section 2 in
the average case setting. We equip the tensor product space Fy with a zero mean
Gaussian measure ug. To define 4, it is enough to define its covariance operator
Cyq: Fy — Fy. The operator (g is self adjoint, nonnegative definite, and has finite
trace. We select an eigensystem of C'y to preserve the importance of directions in
the space Fy for the operator Wy, see (4). Hence, we assume that

! !

Cdnh Mg = Mg = Ail,lAZQ,Q e Aid,d Mir Mg =~ Thigs

where the eigenvalues /\;»J resemble the eigenvalues of W;, 7 =1,2,...,

! ! !

Ny= 1 M= 8N, =23,

and
L=XA2X2- 20, l=p 205220

Then the trace of the covariance operator is

d

trace(Cy) = H (1 + ﬁ; Z/\;) .
1=2

i=1

To guarantee that the trace(Cy) is finite and bounded uniformly in d we assume
that the series of \; and the series of 3. are finite. This is equivalent to assuming
that the polynomial-exponents of {\:} and {:} are greater than one. Hence we
assume

min{p/\/,pﬁ/} > 1. (8)
In the average case setting, we want to compute an approximation with average

error at most . Hence, the minimal (average case) error e(n,d) which can be
achieved by computing n continuous linear functionals is given by

e’(n.d) = inf er: inf /Fd 15a(F) = & (La(f)s Lol f)s - s L P |1? paldf)-

Ly 7L27~~~7Ln

3

It is known”, see e.g., [6], that L; and ¢ which minimize e(n,d) are given by

00 = S (S0, e

i=1

®It is also known that the adaptive selection of functionals L; can only help by at most one,
see [8].



H. Wozniakowski / Strong Tractability 10

where 77, are the eigenvectors of the covariance operator €', of the Gaussian

measure vg = ,uSd_I. The eigenvectors 77, correspond to the n largest eigenvalues
Nia2A5,2 >0
We now check that

{A?,d} = {Ah 1’\21 1/\222 222 /\Zd d/\loh }
{ma} = {Sa(mm-m)}.

Indeed, observe first that the measure v, is concentrated on the subspace Sy(Fy),

and that
<Sd(77f)vsd(77;)>Gd = (Winr).ny)

where we use the notation 1y = n; mi, -7, and A> = Aj 1A, 2+ Ay, q- Hence,
{S4(n7)} is an orthogonal basis of S4(F;). Consider

=\ 6,
Fd 2y

@ = [ (S Saluhg, (S4(0).Sutnp)), mald)
Change variables by setting ¢ = Sq(f). Then
a = [ {.5um))g, (9. 550n7)),, vatdg) = (CouSuln)), Su))
On the other hand,
o = [ (rwion), (rwion),, )

- /\2 /\2/ d< >F Ha df)
/\~ <Cd (17), >
M2 6

Gaq

Hence,

_oy2424 e
<Cud(5d(77;))75d(77;)>Gd = A A A b
This shows that C',,(54(7;)) is parallel to S4(7) and

CUd(Sd(U;)) = /\?‘ /\%‘ Sd(n;’)v

as claimed.
It is also known that

Z An—l—l d*

i=n+1
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Hence, the (average case) complexity is given by

o0
comp®™®(e,d) = min {n : Z A1 < 52} .

i=n+1

We are ready to prove that (8) implies strong tractability of the weighted
tensor product problem in the average case setting independently of the behaviour

of sequences {A;} and {3;}.

Theorem .3
Ifmin{px,pﬁ/} > 1 then

(1) the weighted tensor product problem is strongly tractable in the average
case setting and the strong exponent is

< 2
P = - )
min {QpA +pyv,2ps + pﬁ,} 1
(ii) If
NN < K7 for poe (1/min{2py + py. 205 + oy} D)
then
comp®©(e,d) < [C* 5—2p/(1—p)w
where
o] o 1/(1—p) _
C* = [2K? exp Z(ﬁ?ﬁ/,)pZ(/\2/\{)p ( P )p/(l p)'
— 177 - [ —1_p
j=2 7=2
Proof

We first show (i). It is proven in [11], Theorem 5.1, that the problem is strongly
tractable in the average case setting iff there exist p € (0, 1), a positive A, and an
integer k such that

Ny < ATV Vd and forj = kk 41, (9)

and then the strong exponent p* = inf 2p/(1 — p) for p satisfying (9). In our case
all A7, <1 and we can set k = 1in (9).

Hence, it is enough to deal with the sequence {/\;d} which corresponds to the
sequence {v;q} of Section 2 with the change of the sequences {\;} and {3;} by
the sequences {A?):} and {5?8.}.
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Observe that the polynomial-exponent p,. s of the sequence {/\ZZA;} is 2pa+p, /.
Similarly, pgo s = 2pg + pyr. Since min{p,/,py} > 1 then

q = max{l/pvx,l/pﬁ%/} = max{l/(QpA —I—p/\/),l/(Qpﬁ—l—pﬁ/)} < 1.

We can now formally consider the weighted tensor product with the eigenval-
ues A?A: and $23; in the worst case setting, and conclude from Theorem .1 that
the problem is strongly tractable with strong exponent q. Then we apply Corol-
lary .2 to conclude that (9) holds for ¢ < p < 1. Hence, our problem is strongly
tractable in the average case setting and its strong exponent p* is obtained when
p approaches ¢, i.e.,

p" = 2q/(1—q) = 2/(min{2px + py/,2ps + pyr} — 1),

as claimed in (i).

To prove (ii), we first estimate the worst case complexity comp™°(e, d) of the
weighted tensor product problem for the eigenvalues {A?A:} and {#?3;}. Since
A?A; < K 47YP then (i) of Theorem .1 yields

comp™(e,d) < Coe7?,

where (', = KPexp (Zﬁz(ﬁ?ﬁ;)p Z(Jiz(/\?A;’)p)'

Since comp™(e,d) = min{n : A%, ; <}, Ve, we conclude that

;,d S (QCoo)l/pj_l/p'

To estimate the average case complexity comp®®(e,d), we need to estimate

o0
> iznt1 A q- We have

o0 00 1
> N £ @0 [T aVrde = 2C P gy

Jj=n+1 n 1—p
Hence,
comp®®(e,d) = min {n: Z Ay < 52} < [C* 5_2])/(1_}%
j=n+1
with €% = (2C)Y =) (p/(1 = p))P/07P), as claimed, 0

We briefly compare the strong exponents in the worst case,

WOr

P = maX{l/P/\al/Pﬁ}a
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and in the average case,
pave — 2/ (min{QpA —I—p/\/72pﬁ —I—pﬁ/} — 1) .

Clearly,
pave < pwor .

However, if both p,, and Py are close to one then p?¥¢ & p*Wer,

Suppose now that 3; = 1, Vi. Then we may take V; = V; and obtain a tensor
product problem. This tensor product problem is not strongly tractable in the
worst case setting, however, it is strongly tractable in the average case with the
strong exponent )

min{2py +pyr,py} — 17

ave

p =

This exponent is large if Py is close to one.

5 Strong Tractability in the Randomized and Probabilistic Settings

We briefly discuss two other settings. In the randomized setting, we assume that
continuous linear functionals L; as well as the mapping ¢ can be randomly chosen.
That is, an approximation

Ui(f) = ¢t (L1, f)s La( )y o ooy Lne( )

depends on a random parameter ¢ from a space T with distribution p. The
(randomized) error of U is defined as the expected error with respect to ¢ and the
worst case with respect to f,

emUP = sup [ 1800 = UlDIPp(d).

feFa, |IfII<1

Let €'*(n,d) denote the minimal (randomized) error of such U. Then the (ran-
domized) complexity is

comp™(e,d) = min{n: *(n,d) < e}.

It is proven in [4] that the randomized and worst case complexity are closely

related,
1

§compwor (ﬂg,d) < comp™(e,d) < comp (e, d).

This estimate implies that strong tractability in the randomized setting is equiva-
lent to strong tractability in the worst case setting, and the strong exponents are
the same. Hence, Theorem .1 can be also used for the randomized setting.
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We finally consider the probabilistic setting. In this setting we use determin-
istic approximations

UCf) = ¢(La(f), La(f)s - -5 Lu(S))

and define the (probabilistic) error of such U as in the worst case setting but by
neglecting a set of measure at most §. That is,

pro _ . _
eP(U) = A:Mggj‘)sé fes;dgAHSd(f) UHII-

Let eP™(n, d) denote the minimal (probabilistic) error of such U. Then the (prob-
abilistic) complexity is
compP(e,d) = min{n: e’°(n,d) < e}.
Here, the parameter 6 € [0, 1] and obviously small é is of particular importance.
To stress the dependence on § we write compP™ (e, d) = compP™(e, §, d).
For Gaussian measures, the probabilistic complexity depends very weakly on

6 through a power of In 1/4, see [6]. Therefore, we define strong tractability in
the probabilistic setting iff there exists nonnegative K, p,q such that

compP™(e,é,d) < Ke™P(In 1/6)?, Ve, 6 €(0,1] and d=1,2,....

It is known that the probabilistic and average case settings for Gaussian mea-
sures and approximations of linear operators are closely related, see [6]. In par-

compP(e, 6,d) < comp™™® (5/\/2111 5/6,(1)

and for any positive a and any small é there exists a positive ¢g such that

comp(e, é,d) > comp™*® (51%“/\/2111 5/6,d) , Ve < gp.

This shows that strong tractability in the probabilistic setting is equivalent to
strong tractability in the average case setting, and the strong exponents in 7!
are the same, whereas the strong exponent in In 1/6 is at most equal to half of the
!, Hence, Theorem .3 can be also used for the probabilistic

ticular, we have

strong exponent in £~
setting.

6 Approximation of Smooth Periodic Functions

We illustrate the results of the previous sections for the approximation problem
of smooth periodic functions.
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Consider the Fourier expansion of a complex valued periodic function f defined
on [0,1]°,

fle) = 37 f(h)en(w)

heZd

where ep(z) = exp(27i(h,z)), 1 = V-1, and (h,z) = Z;l:l hjz; for integers

I;. We assume that the Fourier coefficients

fy = [ @) exp(-2mi(ha)) do
[0,1]¢
satisfy the condition

Z |f(h)|2 (E%"'%)za < oo,

heZd

where h = [hy,hg, ..., hq] and h; = max{l,|h;|/¢;}. Here the parameter a > 0,
and the sequence {¢;} is such that

£ =&, and 1 >& > & > - > 0.

We define H,; as the Hilbert space of such functions with the inner product

oo, = 5 Fah) (k- Ta) ™

heZad

The space Hy (with &; = 1) is often studied for lattice methods for multivariate
integration, see [5]. It is known that the parameter a indicates the smoothness
of the functions from Hy. For example, if @ > 1 is an integer then fis (a — 1)
times differentiable with respect to all variables, and after such differentiations
the function has bounded variation in the sense of Hardy and Krause, see [5].

We want to approximate functions from Hy in the Gy = L([0,1])? norm.
That is, we approximate A4(f), where

Ag: Hy — Gy, Aqf) = f.

We first show that this approximation problem can be viewed as a weighted
tensor product problem. We begin with the worst case setting. Let T, : Hy — Gy
be given by

Taf = ) f(h) (EIEZ - ‘Ed) eh-
heZd

Then || flla, = |Tafl|lq, and for any linear U : Hy — G4 we have

sup  (|Au(S) = U(Nlle, = s [T7(9) = UT7 (96
FeHy,||f|lm,<1 9€Ga, |lgllc 451
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Hence, approximation of the operator A; over the unit ball of Hy is equivalent
to approximation of the operator Td_1 : Gy — Hy C G4 over the unit ball of Gy
where

Z f(h (hlhz )_a €h, Vfed,.

heZd
Define F; = Ly([0,1]) and

+oo )
N f(h)ymax{l,|hl/6) Cen, G = 1,2,....

h=—o0

Vi(f)

Observe that V* = V;, and therefore W; = (V'V; )1/2 = V; and

Vjeo = €0,
View = & ™ ey

Hence, the sequences {A;} and {3;} from Section 2 are now given by
Agj = Agjo1 = j7¢ B =&
and the eigenvectors n; are given by
25 = €5, N2j-1 = €—j-

Clearly,
= VieVe---aVy

Therefore, setting Fy = G4 we have a weighted tensor product problem. Since
1/2
(T; ')y = T;' and Wy = ((Td_l)*T_l) / = T;', the eigensystem of (4) is

g
defined in terms of {; and e; as above.

From Theorem .1 we know that strong tractability holds iff py > 0 and
ps > 0. In our case, py = ais positive, and pg = a ps. Hence, strong tractability

in the worst case setting holds iff p¢ > 0. Then the strong exponent is
P = o~V max{1/pg, 1).

We briefly consider the average case setting. Let up, be a zero mean Gaussian
measure on the Hilbert space H;. Then

S, 1A = VP ) = [ 177 (0) = 0T @) Pt

where g = ,quT_l is also a zero mean (Gaussian whose covariance operator Cy

is given in terms of the covariance operator C'y, of the measure pp, by

Cq=TiCy,T
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This shows that approximation of Ay in the average case setting with the Gaussian
measure jip, is equivalent to approximation of Td_1 in the average case setting with
the Gaussian measure fiq.

Choosing the Gaussian measure ug as in Section 3, we get strong tractability
independently of the sequence ¢;, and the strong exponent is

2
min{Qa—l—pA/,Qapg—l—pﬁ,} _1

ave

p =
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