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Abstract
Toroidal algebra representations and equivariant elliptic surfaces

Samuel DeHority

We study the equivariant cohomology of moduli spaces of objects in the derived category
of elliptic surfaces in order to find new examples of infinite dimensional quantum integrable
systems and their geometric representation theoretic interpretation in enumerative geometry. This
problem is related to a program to understand the cohomological and K-theoretic Hall algebras of
holomorphic symplectic surfaces and to understand how it related to the Donaldson-Thomas
theory of threefolds fibered in those surfaces.

We use the theory of noncommutative deformations of Poisson surfaces and especially van den
Berg’s noncommutative P! bundles as well as Rains’s analysis of moduli theory for quasi-ruled
noncommutative surfaces as well as the theory of Bridgeland stability conditions and their relative
versions to understand equivariant deformations and birational transformations of Hilbert
schemes of points on equivariant elliptic surfaces. The moduli spaces are closely related to
elliptic versions of classical integrable systems. We also use these moduli spaces to construct
vertex algebra representations of extensions of toroidal extended affine algebras on their
equivariant cohomology, building on work of Eswara-Rao—Moody—Yokonuma, of Billig, and of
Chen-Li-Tan on vertex representations of toroidal algebras, full toroidal algebras, and toroidal
extended affine algebras.

Using Fourier-Mukai transforms and their relative action on families of dg-categories we study

the relationship between automorphisms of toroidal extended affine algebras and families of



derived equivalences on dg categories, in particular finding a relativistic (difference)
generalization of the Laumon-Rothstein deformation of the Fourier-Mukai duality.

Finally, using the above analysis we extend the construction of Maulik—Okounkov’s stable
envelopes to moduli of framed torsionfree sheaves on noncommutative surfaces in some cases and
use this to study coproducts on associated algebras assigned to elliptic surfaces with applications
to understanding new representation theoretic structures in the Donaldson-Thomas theory of local

Curves.
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Chapter 1: Introduction

This thesis is concerned with the geometric representation theory of moduli spaces of objects
in the derived category of certain elliptic surfaces admitting actions of an algebraic torus.

The main results are some beginning steps to extending to a new class of examples the nar-
rative which, to certain resolution of conical symplectic singularities, the canonical prototype be-
ing Nakajima quiver varieties, assigns 1) algebras which act on the equivariant cohomology or
K-theory of the resolution 2) representations of the same algebras on vector spaces underlying
equivariant enumerative theories of the resolutions and 3) systems of compatible difference and
differential equations.

The specific elliptic surfaces X for R a root system in

{A_1, Ag, A1, A2, Dy, Eg, E7, Eg}

have features which make them particularly amenable to analysis in analogy with quiver varieties.
They are the natural affine analogue of ADE surfaces, which are themselves conical symplectic res-
olutions. They also belong to the class of moduli spaces of Higgs bundles and thus have geometric
(the Hitchin fibration, nonabelian Hodge theory) and algebraic (Langlands duality) properties con-

straining and aiding in the analysis of their enumerative geometry.

1.1 Vertex algebras and toroidal algebras

The central algebraic tool for our analysis is the theory of vertex operator algebras. Our narra-
tive centers around vertex algebras and geometric interpretations of their Fourier coefficients. In
particular, this work is based on [1] in which a vertex algebra V7« was shown to admit a represen-

tation of an algebra g7+ which is a supersymmetric extension of the algebra of Hamiltonian vector



fields on C*2. There are also close relationships between the geometric representation theory of
the surfaces X and a family of vertex algebras arising in the 4d/2d duality story in the physics
literature. Chapter 2 explains the relevant results from [1] and also carries the narrative slightly
further by relating them to the vertex algebras in 4d/2d duality, in particular the small N = 4
superconformal vertex algebra.

This is a promising sign that many of the results of the present work admit generalizations in
some form to a broader class of moduli spaces of Higgs bundles, because while the surfaces Xz

are quite special and isolated examples, these other vertex algebras form a much broader class.

1.2 Moduli spaces

In [2] families of moduli spaces of objects in dg categories, interpreted as noncommutative
ruled surface, were studied in order to find a geometric description of the actions constructed in [1]
at the level of vector spaces and algebras, but not cohomology theories. The theory of Bridgeland
stability conditions and its relative analogue are used to understand the wall-crossing relevant to

the geometric construction of algebra representations on cohomology.

1.3 Stable envelopes and relativistic deformations

Chapter 5 contains the largest technical advances in the present work. The analysis of [2] and
in Chapter 4 is carried further, as the family of noncommutative surfaces infinitesimally close to
commutative ones are deformed to noncommutative surfaces related to elliptic difference equa-
tions.

We describe a family of noncommutative surfaces over a base of the form E X E where E
is an elliptic curve, where moduli spaces of torsionfree sheaves are related to relativistic elliptic
integrable systems and also to the geometric representations in cohomology which form the main
subject of the paper. We explain the dualities of the dg categories and moduli of torsionfree sheaves
covering an action on GL(2,Z) on E X E.

While the elliptic curve serving as the analogue of the target of the moment map parameter of



a Hamiltonian reduction seems to be a new feature of geometric representation theory in holomor-
phic symplectic geometry, the very same deformation is the necessary ingredient to understand
the generalization of stable envelopes the moduli spaces of torsion free sheaves on elliptic sur-
faces. The stable envelopes are described and they are related to algebra modules relevant to the

enumerative geometry of local elliptic curve Calabi-Yau threefolds.



Chapter 2: Vertex algebras

Vertex algebras were introduced in the mathematics literature by Borcherds [3] to formalize
algebraic structures arising in two-dimensional quantum field theories with applications to infinite-
dimensional Lie algebras. They have since served an indispensable role in the study of the rep-
resentation theory of infinite dimensional lie algebras and their applications to the enumerative

geometry of moduli spaces of sheaves on surfaces and of threefolds.

2.1 Definitions

Given a ring R, the space R[[z*]] of formal power series in z and 77!

is not a ring, but it has
subspaces R((z)), R[[z]], R[[z~']] of Laurent series, power series in z and those in z~' which are
rings.

Basic references for the theory of vertex algebras are [4, 5] which we follow for the definition

of vertex algebras.

Let V be a vector space. An element
a(z) = ) anz"" € End(V)[[*]]
nez
is called a field if for any v € V, the element

a(v =) an(v)z""!

nez

lies in End(V)((2)).



Two fields a(z), b(w) are weakly local if

Res.(z —w)"[a(z)b(w)] =0

for N > 0 and are local with the stronger condition

(z=w)"[a(2)b(w)] =0

for N > 0. We use the weak locality condition because we will be interested in fields under the
transformation z +— e* — 1 which does not preserve locality. Decompose a(z) = a+(z) + a—(z) in

n

the unique 9, invariant way, so that a,(z) = Y, @,z "' and a_(z) = Y50 @xz"""!. Given two

local fields a(z), b(z) their normally ordered product is defined as

ca(2)b(z) == a+(2)b(2) + b(2)a-(2)

and Dong’s lemma says that : ab : (z) is local with a(z) and b(z).

The space of all fields on V in the variable z will be denoted gIf(V; z).

Definition 2.1.1. A vertex algebra is

The space of states a vector space V.

The vacuum vector |0) € V.

The translation operator T € End(V).

A linear map
Y(-,z2):V > glf(V;2)
satisfying

* (vacuum axiom) Y (|0),z) = Idy. Also for any a € V we have Y (a,z)|0) € V[[z]] with

constant term a.



* (translation axiom) The commutator [T, Y (a,z)] = 9,Y(a, z) and T|0) = |0).
* (locality axiom) The fields Y (a, z) for a € V are all mutually local.

Vertex algebra modules of a vertex algebra V are similarly defined as vector spaces M with
End(M) valued fields

Yum(a,z) € End(M)[[z"]]

for any a € V, satisfying appropriate axioms.
The formal delta function §(z — w) € C[[z*, w*]] defined by 6(z — w) = ez W'z 1"
conveniently expresses commutators of the modes (i.e. coefficients) of fields because if fields

a(z), b(z) are weakly local, then
[a(2)b(w)] = Y cjaa ()3 6(z = w)
7=0

for some fields c¢;(w) where (9(] ) = 1 6] The same data is expressed in the singular part of the

Operator Product Expansion
Cj (w)
W) Jj+1

a(2)b(w) ~ Z

where Z_LW is expanded in the domain |z| < |w|. In this case we denote the field c¢;(w) by a;b(w).

If the fields a(z), b(w) are vertex operators Y (a,z),Y(b,w) then c;j(w) = Y(a;b,w) moti-
vating the previous terminology. For j = 0 we define apb(z) =: ab : (z) and more generally
a_,b(z) = 65")ab : (2). The structure theory of vertex algebras then gives the following formulas

for their modes

[an. b Z ( )(a,b>m+n y (2.12)

Z( )(an+]b)m+k ]C—Z( 1)J( )am+n ](bk+jc)_2( 1)]+n( ) n+k ](am+jc) (2.1.3)

Jj=0

the latter identity, called Borcherds identity, holding for any k,m,n € Z.



Two important special cases are the noncommutative Wick formula

—

m—

am bc:(z2) = anb(2)c(z) : +: b(auc(z) : + Z (r;)(ajb)m_l_jc(z)

J=

which allows the calculation of OPEs of fields built from others and the quasiassociativity of the

normal ordered product

ca:bc:(z)=uab:c:(z2)+ Za_j_z(bjc)(z) +b_ja(ajc)(2).
j>0
Definition 2.1.4. A vertex algebra V is said to be generated by a collection {a’ | i € I} if V is
spanned words built from a; under all products a;b, i € Z. The set {a’ | i € I} strongly generates V
if V is spanned by words formed with only the negative products i € Z<( up to a finite dimensional

space of central elements.

If V is strongly generated by {a; | i € I} then V is spanned by the elements {a”_lk1 x -a"_"kn|0) |
k; > 0} as a vector space up to a finite dimensional space of central elements.

We will often say that V is generated or strongly generated by the fields Y (a', z) if {a’ | i € I}
generates or strongly generates V.

All of these definitions have extensions to where the underlying vector space V is a superspace
V = V2@ V% and one my define a vertex operator superalgebra. We refer to [4] for the required

sign modification on the formulas in the preceding.

2.2 Library of examples

In this section we list a number of examples which will be useful for the remainder of the text.

Example 2.2.1. (Free super bosons) Let (H, (—, —)) denote a super space over the field K with a

supersymmetric bilinear form. The Heisenberg-Clifford vertex algebra is the vector space

Vi = Sym®(H[r']) ® Ke.



Given y € H the fields

a(y,2) =Yy ) = ) @y (22.2)

nez

strongly generate Vi and satisfy the OPE

, )¢
a(y,z)a(n,w) ~ Lrame 5 (2.2.3)
(z=w)
Given a linear functional £ € H" there is a module called the Fock module
Frz(¢) = Sym®(r" H[r ™)
with vacuum element [0)x ; € Fi m({) where
0NNk = {(MN0)kzs €lO)ks = k[O)kyg- (2.2.4)

Example 2.2.5. (Lattice vertex superalgebras) Let (A, (, )) be an integral lattice with group algebra
k[A] spanned by e! for 1 € A. Let H = k ® A with the induced pairing. The lattice vertex

superalgebra

Va = P Fer(l) ® ¢ = Sym* (" 'H[ ™)) © C[A] (222.6)
AeN

contains a copy of the Fock module of the free boson vertex subalgebra for each element of the
lattice A. The vertex algebra structure depends mildly on an auxiliary cocycle
€e:ANQAN—>Z/2Z

(c.f. [4]) which we omit from the notation. In addition to the fields (2.2.2) there are fields

N(z):=Y(1®el2)



with OPE

(4, )T (w)
- W ’

a(y,z)la(w) ~ (2.2.7)

Example 2.2.8. (Cone vertex algebras) Given a lattice vertex algebra V and a cone C C A of the

lattice (i.e. a saturated submonoid) for example, of a sublattice, then

Veen = @ Frer(l) ® et

AeC

is a vertex subalgebra of V. These have been studied in relation to mock modular forms [6] and

will arise in Chapter 5 in relation to Donaldson-Thomas theory of local surfaces.

Example 2.2.9. (Affine vertex algebra) For a semisimple finite dimensional Lie algebra g with
invariant form (—, —) the affine vertex algebra V(g); at level k is strongly generated by fields J,(z)

for x € g. The OPEs are given by

Iy (W) . k(x,y)

Ti(@y(00) ~ I 4

Example 2.2.10. ((Super)conformal vertex algebras ) The Virasoro vertex algebra is strongly gen-

erated by a single field
T(Z) = Z an—n—Z

nez
satisfying the OPE
c/2 2T (w) N 0T (w)

T(2)T(w) ~ EET I — R —

where c is a central element. The modes of 7'(z) satisfy the commutation relations of the Virasoro
algebra which is a central extension of the algebra of polynomial vector fields on C*.
A conformal structure on a vertex algebra V is an element w € V so that Y (w, z) generates a

virasoro vertex subalgebra. Then Y (w, z) is called the stress tensor.



For example, the free super bosons have a family of conformal structures given by
1 i
B Z a-1(yi)a-1(y") — a-2(n)
for {y;}{¥'} dual bases of H and n € H some element. The central charge is
¢ = dim(H) — 12{n, n)k.

There are superalgebras containing the algebra of modes of 7'(z) as finite index subalgebra
corresponding to central extensions of algebras of infinitesimal superconformal transformations
on supercurves. Among these is the N = 4 small superconformal vertex algebra VN=* which is

strongly generated by fields
T(z),G*(2),G (2),G"(2), G (2),J*(2),7%(2), I (2)

subject to the nonvanishing OPEs

JO(2)JE(w) ~ iij_—iivw) J2 ()0 (w) ~ ﬁ
P w) ~ 2 elO o Gy - EGO)
z—w  (z-w) (z—w)
J2(2)GE(w) ~ +G*(w) J ()G (w) ~ G'(w)
(Z - W) Z: w
T~ (2)G*(w) ~ GZ__(V:}) TH2)G™(w) ~ _zGi(v:/V)
J (2)G*(w) ~ ;(WW) G*(2)G*(w) ~ (2ZJj(va))2 + iji(:)
0 0
Gi(z)ai(w) B T(w)+dJ”(w)/2 N J7(w) c/6

Z-w T (z=w)? (z—w)?

in addition to those of the Virasoro vertex algebra.
There are is another N = 4 extension of the Virasoro algebra where the J 0 J* currents, which

form a an affine sl, algebra, are replaced by a pair of affine sl, currents. The latter version is

10



referred to as the large N = 4 superconformal algebra.

Example 2.2.11. (Symplectic fermion vertex algebra) This example is a special case of Example
2.2.1 where

H ~ HY(E)

for E an elliptic curve with the Poincaré pairing. It is referred to by SF or the symplectic fermion
vertex algebra [7]. In simple terms, H has basis o, o— of odd vectors with (o, 0-) = —(o_, 074) =
1. This vertex algebra is distinguished by the fact that it is among the simplest examples of vertex
algebras whose representation category is not semisimple. Its study is facilitated by the following

example.

Example 2.2.12. (bc system) The bc-system is a vertex algebra Vj,. strongly generated by odd

fields b(z), c(z) with central element k subject to the OPE

k

b(z)c(w) ~

There is a family of conformal structure on V. given by

THz) = (1-2) : c(2)b(2) : +4 : db(2)c(2) -

with central charge

—122%2 +122 -2.

Three cases are singled out:

1. When 1 = 0 one gets ¢ = —2. Then T°(z) agrees with the stress tensor of the symplec-
tic fermion model (c.f. Example 2.2.11 )generated by the fields {dc, b} which is a vertex

subalgebra of V.

2. When A = 1 one again finds ¢ = —2. Then T'!(z) is the stress tensor of a different symplectic

fermion vertex subalgebra generated by fields {b, dc}.

11



3. At the midpoint of the two previous examples gives a stress tensor T''/2(z) with ¢ = 1. In this
case V), is usually referred to as the free charged fermion vertex algebra. It is isomorphic to
the lattice vertex algebra (Example 2.2.5) with the lattice Z ¢ R with Gram matrix (1) via
the boson-fermion correspondence with the stress tensor on the lattice VOA induced from

its underlying free bosonic vertex algebra generated by the field

Jpe(2) =: c(2)b(2) : . (2.2.13)

Example 2.2.14. (Weyl vertex algebra, symplectic bosons, or Sy-system ) The Weyl vertex algebra

is the vertex algebra strongly generated by two bosonic fields 8(z), y(z) subject to the OPE

1
7-w

B(2)y(w) ~

2.2.1 Logarithmic fields

The mathematical formulation of vertex algebras requires that OPEs be expressed using rational
functions, but based on the physical context of logarithmic conformal field theory, (c.f. [8] for
an excellent introduction) there exist conformal field theories with weakly mutually local fields
exhibiting logarithmic divergences of correlation functions. A characteristic feature of their study
is the non-semisimplicity of the representation category of the resulting algebra. One formalization
of the notion of a logarithmic vertex operator is given in [9]. We will instead content ourselves with
an analysis of OPEs and fields with logarithmic terms, which have already appeared in a hidden

way in Example 2.2.5.

Example 2.2.15. (Logarithmic extension of free boson, real logarithmic modes) Let H be purely

even and let y € H be an element. Consider the indefinite integral

600 = [ da(rd =)+ ogz+ Yo 2216)
n#0

12



The logarithmic mode aj0g(7y) satisfies the commutation relation

[@10g(¥), k()] = (¥, m)n0

and acts by infinitesimal translation on the space of vacua in (2.2.4), so that

exp(aiog (¥))10)1.¢ = 10)1,¢7

where ' = ¢ + (y,—). See also [10, §13.1.3].

Example 2.2.17. (Logarithmic extension of bc system, fermionic logarithmic modes) Starting

from the symplectic fermions generated by fields
{b,0c}
we write the field c as already being an indefinite integral

c(z) = / dzdc(z) = 6° + colog(z) + Z Cn%-

n#0

Then the field
00(2) = [ deb(e) = 0" 4 botog(2) + Y b,
—-n

n#0

is such that the zero and logarithmic modes satisfy the commutation relations
[6°.bo] =1, [6".col =1,  [6°col = [6",bo] = 0.

2.3 Toroidal superalgebras

In [1] vertex constructions of toroidal superalgebras extended by derivations were provided

based on the results of Billig and Chen-Li-Tan [11, 12].

13



2.3.1 Toroidal algebras

Given a semisimple Lie algebra g and the ring of functions A of a smooth affine variety U =

Spec A, the Lie algebra

g[U]

with pointwise bracket [xf,yg] = [x,y]fg for x,y € g and f,h € A defines a Lie algebra.

paralleling the case Spec A = C*, Kassel [13] calculated the Lie algebra cohomology group to be
H*(g,k) ~ Q! /a0,

of global 1-forms modulo exact global O-forms. It follows that the universal central extension of

g[A] is
g[A] ® Q) /dQ% (2.3.1)

with bracket

[xf,ygl =[x, y]fg+(x,y)fdg.

This algebra then has outer derivations given by global sections ¢ of 7;1 which act by the Lie
derivative on 1-forms, so that if A has coordinates ai,...,a, and & = fi% then its action on the

1-form k = k'da; is

N PL A
[f,K]—(fa—ai+K,aaj)daj

so that if k = df = L da; then

£, df] = d(£(f))

so that the action of & descends to Q) /dQS.

Example 2.3.2. When U = (C*)" with coordinate ring A = k[s7, ..., s;] the Lie algebra (2.3.1)

is called then foroidal algebra g™. If n = 1 then Q! /dQY = k% is 1-dimensional and we recover

14



the usual description of the affine Lie algebra. After adjoining all global sections of 7;1 we get the
full toroidal algebra

@5}3” = g[sf] @ QL /dQd @ T.

We restrict from this point to the case of Example 2.3.2. There are various subalgebras of the

full toroidal algebra depending on which subalgebra of 71'41 is adjoined. Pick an A-basis

0 0
d; = Ldy =
1 =815~ asl n SnaSn
of ‘7;\1 and an A-basis of Q}L‘ given by
k; @ i=1, N

i
Adjoining

dl ’ o d}’l

gives rise to the elliptic Lie algebra when n = 2, denoted g¢//. This is a direct generalization of the
affine Lie algebra for n = 1.

An intermediate example is the foroidal extended affine algebra

gm-ea =3 @ ker div

where

div : Tl — A
Zé:lsl = Z Si gi

is the divergence. The toroidal extended affine algebra is an example of an extended affine algebra,

a notion introduced in the physics literature under a different name in [14] c.f. [15] for historical

15



remarks.)

Definition 2.3.3. An extended affine algebra is a Lie algebra g such that

EA1 There is a symmetric non-degenerate invariant for (—, —) on g.

EA2 There is a finite dimensional semisimple self-centralizing subalgebra §) C g.

EA3 Real root elements x, € g, act locally nilpotently in the adjoint representation.
EA4 g is indecomposable.

EAS The centralizer of the subalgebra g, generated by real root spaces is contained in g,
EA6 The subgroup generated by isotropic roots is free abelian group of finite rank.

The symmetric invariant form on g”-°¢ is such that
(g[A], QL /dQ%) = (Q}/dQ, QL /dQ’) = (kerdiv, kerdiv) = (g[A], kerdiv) = 0
and on elements (x f, «, £), (yg, 4, {) is given by

((Xf,K,f),(yg,/L{))=/ do(x, y) f(0)g (o) + k({) (o) + (&) (o)

Tcpt

where T,.,; C U is the compact torus and (—, —) is the invariant form on g.
This only descends from Qi‘ to Qi / ng if the vector fields are required to be divergence free.
There is a further twisting in the bracket on ﬁ}’j}z ;» depending on a parameter u € k given by the
QL / ng—valued 2-cocycle (—, —) on 7;1 given by

d;fdig [<&
c(fd;, gdj) = ’]’: d (Zfdggkf)
8 (=1

so that
~(n)
8y (1)
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with bracket twisted [—, —],, so that

[f’é/]ﬂ = [‘f’{] +,UC(EJ‘:,{)

also forms a Lie algebra and its subalgebra g”-¢* with the induced bracket does as well.

2.3.2 Hamiltonian vector fields on a super torus

A super extension in the g = gl case for n = 2. We specialize to n = 2 and rename the
variables of the torus s and ¢t. Let H*(E) = k(1, o, o—, pt) denote the cohomology of an elliptic
curve and B the provided basis.

The cohomology of any compact Lie group G is provided with a Hopf algebra structure where
the coproduct is given by m* where m : G X G — G is the multiplication. The adjoint of m™ under
the Poincaré pairing is m.. Thus H*(E) is equipped with the multiplication map x of the dual
Hopf algebra, which in this case is the cup product on the dual elliptic curve E".

We define a Lie algebra

gT*E = <W;l/’b, Cg, C[>

with (super)bracket

ab . cdy _ €l areb+d
[wo?, wi?] = —det Woan 7+ Oa+c.00b+c0(acs + bey). (2.3.4)
b d

This Lie algebra has an alternative interpretation as a central extension of the algebra of Hamil-

)22, a 2|2-dimensional super torus. The Lie algebra Ham((k*)?/?) has

tonian vector fields on (k*
elements which are functions f € k[s*1F, &1, & ] where &1, & are odd variables and the bracket is

given by the the Poisson bracket

of og of og

.81 = dlogsdlogt dlogtdlogs
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in purely even logarithmic coordinates around the identity.
This description shows that the Lie bracket on g7-£ admits a family of deformations over P!
given over [ Xy : X1] by

XO{_» _}ev + Xl{_’ _}odd

where {—, —}., is the above bracket and

of 9s  Of 08

oot = =5 56, * 56, 06,

is the (compatible) odd bracket. Over co € P! the Lie algebra structure is that of p(0]2)[s*, t*]

where p(0]2) is the Poisson Lie superalgebra.

Vertex representations

The difficulty in constructing representations of toroidal algebras using vertex operator algebra
techniques depends drastically on whether one is interested in constructing the action of the vector
fields extending the toroidal algebra.

For the toroidal algebra itself, there is a functor from the category of g-modules to the cate-
gory of §(”)-m0dules due to Iohara-Saito-Wakimoto [16] and Bergman-Billig [17]. For this, let
V((0)®"~1) denote the abelian Lattice vertex algebra associated to the lattice with completely de-

generate pairing. Then if M is a module for the affine vertex algebra V(g); at level k then

Theorem 2.3.5 ([17], [16]). 1. Modes of the vertex algebra
V(g ® V((0)*" )

satisfy the commutation relations of g".

2. The map
M — M ®V((0)®1)

18



is a functor from V(g)x-modules to " modules.

The generator )csll“sl;2 .- sk is sent to

: T (DT (ke (2) 2 [27179]

while the remaining central generators are modes of the fields

Ly, k) (2)-

The vertex representations of the vector field part of toroidal algebras by contrast is somewhat
finicky and generally depends on an auxiliary vertex algebra and a fine-tuning of central charges.
The definitive construction was provided in papers of Billig [12, 18].

When g is ADE type It is possible to produce a representation of some abelian extension of the
universal enveloping algebra of the full toroidal algebra

—~(n) —~(n)
0= K =800 = 5 — 0

as modes of the vertex algebra V(L) where

is the direct sum of the root lattice R of g and n — 1 copies of the Lorentzian lattice 1171 [19, 20]
where the extension is given by a residue calculation providing the OPEs of some generating fields,
but the resulting extension seems somewhat uncontrollable.

To explain Billig’s construction, let Vyy denote the Heisenberg-Virasoro vertex algebra with

n

cental charges cy, cy, cyy, which is generated by a Heisenberg field I(z) = 3,z 1,z ! of central

charge cy, a Virasoro field w(z) = 3,z Loz "~2 of central charge cy so that the OPE between the

19



two is given by

—C[-Iv/2+ I(w) +8I(w)‘

w(@1(w) ~ (z=w)3 (z=-w)?2 z-w

At the level of modes, the commutator between the Heisenberg and Virasoro fields in
[Ln’ Im] = _n1n+m - 6n+m,0(”2 + n)CHV-

It is known that this is the universal central extension of the centerless Virasoro-Heisenberg

algebra.

01
Let u, v denote the basis of 1711 so that the Gram matrix is of the form .
1 0
Let V*(11 ?1"1) denote the sublattice vertex algebra associated to the lattice spanned by the u;.

Consider the vertex algebra
V=V(8)e, ® V(sly1)ey ® Vay @ VF(IITT).

Theorem 2.3.6 (Billig [18]). For any u € C, At the values of central charges

cg=c#0 cs1 =1 —puc
cg=m-1)(1-puc) cy =12uc -2(n-1)
cuy =(n-1)/2

The vertex algebra V is a module over g%)”(p).

The action of the basis vector fields depend on whether they are of the form fd; or d; fori > 1.

If i = 1 then s|' - - 5, d; is the z7%17! coefficient of the field

n
di(ka, ... kn,2) = Y(Vi,—l ® ek2u2+.~+k,,un’ 2+ Z ka(Epi,—l ® ek2u2+...+knun’ 2)
j=2

where E,; 1s the ab elementary symmetric matrix in gl,,_; and we have combined the Heisenberg
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and s/, affine vertex algebras into a gl,,_; vertex algebra.
The action of sll‘ bees sﬁ”dl is given by the —k| — 2 coefficient of a similar expression.
Arising naturally in the geometry of moduli spaces of framed torsion-free sheaves on E x P!

there is a representation of Vg, , ® Vv on a n-fold tensor product of the bc system Vlfz’c"_l where
JE;(2) P bi(2)c;(2)

and the stress tensor

w=:0c1(2)b1(z) +-++0c,(2)by-1(2) :

which by a calculation using Wick’s theorem has
Csl,y_y» cgy=n-—1, cy =-2n-1, cyy = (n—1)/2.
Proposition 2.3.7 ([1]). There is a representation of 515;17,1) on the vertex algebra
(VI(I1,1) ® Vie)®".
Proof. Follows from the above discussion and the tensor formula

VL) = VL)

By adjoining the fields
Y (b ® et thnin 2y = bi(2)Ciky.t) (2) -

. . —(n+l)
one obtains a superalgebra whose even part is glyz,;; -
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Extended affine subalgebra using coordinated vertex opreators

Billig also provided a construction of the toroidal extended affine subalgebra [12]. The con-
struction was explained in [11] using the language of ¢-coordinated modules for vertex operator
algebras, which is a formalization of the construction in [21] of certain modified vertex operators
under the conformal transformation z — e* — 1.

Precisely, we only consider the case ¢ = ze® which is a special case of a coordinated module

construction under a family of conformal transformations [22]. Let V be a vertex algebra.

Definition 2.3.8. A ¢-coordinated V-module is a space M and a linear map
Yy (=.z) : V — Hom(W, W((2)))
such that Yy (|0), z) = Idw, and for u, v € V there exists k € Z>( such that

(21 = 22)"Yw(u, 21)Yw (v, 22) € Hom(W, W((z1,22)))

(22¢% = 22) Y (Y (, 20)v, 22) = ((21 — 22) Yw (. 20)Yw (v, 22))|

Z1=20€%0"
As a consequence of the definitions, if the original vertex algebra
Y (1, 2)Y (v, w) ~ ,Zz:‘) % (23.9)
corresponding to the bracket
Y (w, )Y (v, w)] = > Y (u(yv, w)3 6z = w) (2.3.10)

=0

then given a ¢-coordinated module (W, Yy) the OPE over C with additive derivatives 9,, and

additive delta function are replaced with their multiplicative versions

Oy, 6(2 = W) ~> Wiy, 5(z/w)
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so that

[Yw(u,2), Yw(v,w)] = Z Yw (ugjyv, w)(wd,) s (%) .
Jj=0

(2.3.11)

If rather than a vertex algebra V and a module W, we had imposed that V itself had multiplica-

tive OPEs then we would obtain the definition of a multiplicative vertex algebra. In simple terms,

¢-coordinated modules are multiplicative modules over an additive (i.e. ordinary) vertex algebra.

A source of ¢-coordinated modules was constructed in [21] from a conformal structure w on V

with central charge c, letting w = w — ﬁclO) and given v € V define
Y[v,z] = Y(eLOy e — 1)
the data (V,Y[—, z], |0), w) defines a vertex algebra such that
7(10)) =10),T(w) =w,T(a) =a
for primary a € V and for descendants the compatibility of the stress tensor forces
T(LgL_t,...Lx,a)=L 4, L_y,...L_y,a

where

Y(w,z) = Z an_”_z
nez
and

Y[@,z] = Z 772,

nez

This gives a vertex algebra isomorphism from (V,Y, |0), w) to (V,Y[-, z], |0), @).

Givena € V let

Yla.z] = ) aln]z"!

nez

23
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and define the bracket nth product by
T(anb) =T(a)[n]T(b) (2.3.13)
using that if a is homogeneous of weight wta we have
a[n] = Res, (Y(a, 2)log(1 +2)"(1 + z)ww—‘) . (2.3.14)

Given an (ordinary) V-module (W, Yy ), in particular for V as a module over itself, one obtains

a ¢-coordinated module.

Proposition 2.3.15 ([11, §6],[23]). Define a End(W)-valued field X (v, z) by the formula
X?(v,2) = Yw("OT(v),2) (2.3.16)

The data (W, X% (-, z)) defines a ¢-coordinated V-module structure on W.

For the V module structure of V over itself, we have brackets

[X%(u,z), X (v,w)] = Zx¢(u(j)v,w)(waw)<f>5 (%) . (2.3.17)
j=0

Example 2.3.18. In the simplest case of a free bosonic field of dimension 1 from Example 2.2.1

the vertex operator
Y(a_y,z) = Z 4,z
nez

has associated ¢-coordinated vertex operator

X%(a_1,2) = Z anz "

nez

and the OPE becomes
cIw

X¢(a_1, Z)X¢(a_1, W) ~ m
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Toroidal extended affine Lie algebras using coordinated modules

We now describe Chen-Li-Tan’s interpretation of Billig’s construction using ¢-coordinated
modules. Let V be the vertex operator algebra from Theorem 2.3.6 and V¢ for the ¢-coordinated

vacuum module.

Theorem 2.3.19 ([12], [11]). 1. ([12]) If M is a module for the

V(g)% ®V(sl,-1) ®@Vir® V+([1i1?'11—1

factor of V then M inherits a module structure for gU+1)-ea,

2. When n = 1, There exist ¢p-coordinated vertex operators X? (v, z) for V? and a set of vectors

{v} so that Fourier coefficients of the X? (v, z) satisfy the commutation relations of §'*-¢%.

In simple terms, one does not need the central part of the affine gl,_; factor to produce the
representation of the toroidal extended affine algebra. The construction of Theorem 2.3.19 is
explicit, but we choose to only write down the result in special cases in the sequel.

Vertex representation of g7

Consider the Lie algebra g7+£ . Combine its elements into generating series

Y, (7, 2) = Z Wiz (2.3.20)

nez

as in [1]. The defining relation (2.3.4) becomes

(Yo (y,2), Y (')/a w)] = mwoy, Y pam (y * ’)’,, w)o(w/z)

+ (m+m' ) Yo (y * Y s WIW0, 6 (W/2) + Samr 0, ¥ Yewdy6(w/z). (2.3.21)
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or equivalently via the multiplicative-style operator product expansion

’ ’ w
Ym (Ya Z)Ym/ (7 N W) ~ mW@WYm_H,W (’y * Y, W)Z_—W

+ (m+m) Yy (y x 7/, W)Wa

T Omm (7 Y )ewd, —w. (2.3.22)

Owing to the multiplicative description of the fields, and the results of Chen-Li-Tan, it is natural
to expect a representation in terms of ¢-coordinated modules. In fact the following ¢-coordinated
fields in the vertex algebra

V(1) ® Fuyr

defined by
dn(2) =mz* 1 w(2)Tme(2) 1 +mz.Tnp(2) — 20; [z : a(pt, 2)Tne(2) 1] (2.3.23)
—mz*: 0. a(mE, 2)ThnE(2) :
%FmE(Z) m # 0
km{2) = (2.3.24)
#(E,z) - E—ap(E)logz m=0
n(2) =t 20(0 e () (2.3.25)
0,(2) = za(o-, )T E(2) @ . (2.3.26)
where

n

$02)= [ dza(r.) =y et loges Y 2O

n#0
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satisfy the OPEs

WOy dpm (W)W s (W) 2w

dp (2)dyr (W) ~m +(m+m) (2.3.27)
Z—w (z—w)?
awkm m’ ) km m’
d,, (D) (w) ~ 2K OOW )M om0 — s (23.28)
Z—Ww (z—w) (z-w)
aW + ’ + ’
o (2) 0%, (W) ~ m ot Tmem O+ (o oy T ()2 (2.3.29)
Z-w (z—w)?
Kinm Kism
om(2)o,, (W) ~ mwaw i (W)W +(m+ m')M + 6m+m/,oL2. (2.3.30)
Z—Ww (z—-w) (z=w)

The conclusion is the major part of one of the main theorems of [1]

Theorem 2.3.31 ([1]). The vertex algebra Vp-p = V* (11} ® Fui(g)) is an irreducible module for

OT+*E-

We can also combine the generating fields Y(y, z;) into a formal generating function of fields
depending on an additional even parameter z, and two odd parameters i/, _. Denote the gener-

ating function L(z1. 22, ) € End(Vr-£) [, 5. U+, 4] defined by

L(Z) = Z Yo (Lz)Yay 25" + Y (o, 202y + Y (o, 22" + Y (pt, 21) 25"

nez

where Z = (z1, 22, ¥+, ¥-) is the 2|2-dimensional parameter. Thus

1 dz1dz :
a,b _ b,cd
Wa'fa’fl = W_/ ?Zd{ﬂ+d¢_L(Z)Z?Zzlﬁ+lﬁ_.

Then owing to the identity of 0|2-dimensional formal functions if

f(@e,0-) = fidap— + f-s + frd— + fil

then the equation

f(p+&) = figsd—+ fide— — fid_y + i+ fby + fodp + fibh -+ frd_fi ]

27



is compatible with the generating function for the convolution product on H*(E) so that if f; =

1,f+ = O-+,f_ = 0-_,f+_ :ptthen

JW) x f(¢) = f(d+¢).

It follows that the defining relations for g7+ can be expressed via the formula

[L(Z), L(W)] = w18y, LOW + )5 (ﬂ) W6 (ﬂ)
21 22

— W2, L(W + ) w18y, 6 (j—ll) 5 (j—j)

remana 3]s (32)o[2)
21 22 Ui V/p)

+¢y6 (ﬁ) W28,0,6 (ﬂ) 5 (ﬁ) 5 (%) . (23.32)

71 22 ] 2

2.4 Superconformal and reflection vertex algebras

In this section we describe another family of vertex algebras, closely related to the N' = 4 small
superconformal algebra. they belong to the more general class of vertex algebras which have been
studied under the term 4d/2d duality in the physics literature initiated in [24].

In general, it is expected that to any superconformal field theory in 4d with N' = 2 super-
symmetries there is a vertex algebra. For various classes of theories, such as those with marginal
deformations to weakly coupled gauge theories or for theories of class S there are mathematical
descriptions of the resulting vertex algebra. The body of recent literature related to this problem is
too vast to properly cite, but some number of references are available in the introduction to [25].

We will be concerned only with the special case when the 4d theory is 4d N = 4 supersymmet-
ric Yang-Mills theory with type Ay gauge group. The resulting vertex algebra W/(V =4 is expected

and/or known to have a number of equivalent descriptions.

1. As a BRST reduction of a system of 7*gl;-valued symplectic bosons [24, 26] owing to the

weak coupling limit.
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2. As the evaluation of a functor predicted in [27]
{complex reflection groups} — {vertex algebras}

applied to symmetric group Sy, the Weyl group of GL(k).
3. As the kernel of a system of screening operators S, for @ running over the simple roots of
the root system A, where each

Sa : (Voe ® Vpy)®* = (Voo ® V) )®*

is the zero-mode of a screening current S(z).

4. It has a construction as the vertex algebra of global sections of a sheaf of vertex operator
algebras over a superscheme whose underlying classical scheme is the hilbert scheme of k

points in A? [25]. By restricting to a specific open set, one obtains an embedding
WY = (Vie ® Vp,)®*

and this is expected to coincide with the kernel of certain screening operators in general, and

known when k = 2, 3.

241 k=2

When k& = 2, the algebra W,ﬁv =4 coincides with the small N' = 4 superconformal algebra at

¢ = -9, and the screening operators coincide with those studied first by Adamovic [28].
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Realization of Weyl vertex algebra in lattice vertex algebra

First, consider the vertex algebra V* (11 ;). With the fields

a(z) =Y(e",2) =T'(1,0)(2) (2.4.1)

1 1 1
a*(z) = Y(_E(u_l +v_1)e™,z) = ) : u(Z)F(_l,o)(Z) : ) : V(Z)F(_l,())(z) : 2.4.2)

the subalgebra generated by the states e and —%(u_l + v_1)e™ is isomorphic to a symplectic

boson, or Weyl vertex algebra corresponding to a map

B(z) = a(z),y(z) = a*(2)

of fields. We will also need an extension
Vi)
which is as a vector space
Fir-() ® Cle**?] = T () ® Ce*(120]

and contains for example vertex operators I'(1/2,0)(z) = Y( e/?).
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From [28] the assignment

J*(2) = B(2) (2.4.3)
J7(2) > =2:y(2)B(2) : +c(2) (2.4.4)
@) o = PG 307+ y(Qe() 245)
G (2) = ¢c(2) (2.4.6)
G (2) P y(2)e(2) : (2.4.7)
G*(2) = =2: B(2) : 0:Jpe(2)c(2) : +: DP(2)(2) : (24.8)

G (2) > 92b(2) +2 : y(2)B(2)b(2) :
+: Jpe(2)b(2) : +:y(2) : 0B(2)b(2) :: (2.4.9)

T(z)=J()J (2) : +:J ()] (2) : +% 12202 - (2.4.10)

defines a small N = 4 superconformal structure on the vertex algebra V. ® Vg, at c = -9.

Next define the screening current
S(z) = b()(-1/2,0)(2) :

and screening operator S = gg S(z)dz.

Theorem 2.4.11 (Adamovié [28]). There is an identification
keerc®V,By S = VirN:4

between the algebra generated by fields (2.4.3)-(2.4.10) and the kernel of the screening operator
inVpe ® Vpy.
Define the vertex algebra

VI = V(1) ® Vie
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from [1] which differs from V7«g only by the fermionic zero and logarithmic modes.

Using (2.4.1)-(2.4.2) there is an embedding Vg, — V* (/I 1) and hence an embedding
Viy ® Voo — V3% (2.4.12)

Corollary 2.4.13. The vertex algebra Vﬁ% admits an N = 4 superconformal structure.

Under the identification of gr«g with the algebra of Hamiltonian vector fields on the space
Spec[s*, 1+, 64, 0_] from section 2.3.2 and of V}?% with its module in Theorem 2.3.31, the screen-

ing operator is equivalent to the action of the Hamiltonian vector field

{9+\/;a_}~

It would be interesting to give a full interpretation of the superconformal algebra analogously

using the explicit description in (2.4.3)-(2.4.10).

2.4.2 Infinite limit

We now discuss the infinite limit of the vertex algebra W/CV =4 as studied in [26]. Consider
gl -valued field B(X, z), gl; valued field y(Y,z). Let w(—,~-) on gl; & gl; denote the standard
symplectic form so that the fields have OPE

w(X,Y)
-w

B(X,2)y(Y,z) ~
and likewise define odd gl;-valued fields b(X, z) and c(Y, z) so that
w(M,N)

b(M,z)c(N,z) ~

In particular, up to the action of zero modes of the c-ghost fields, it is expected that the vertex
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algebra W]iv =4 is written as

ker Q/im Q

where

0= f Tre(M,2)B(X,2)y(Y,z2) + %Trb(N, 2)c(M, 2)?

is the BRST operator and the trace is taken over the matrix indices.
Furthermore, it is shown in [26] that the resulting vertex algebras stabilize as k — oo to an

infinitely generated vertex algebra we will denote W=4,
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Chapter 3: Cohomological Hall algebras

In geometric representation theory, the weight spaces of a representation are the evaluation
of some cohomology theory on moduli spaces, or moduli stacks, and the operators are given by
correspondences between the spaces.

A rich source of moduli stacks and correspondences is given by the moduli stack M of ob-
jects in an abelian category A. There is then a natural correspondence provided by the stack of
extensions

Mg ={0 - E; = E; —» E; = 0|E; € A}

where we have only written the set of closed points of the stack.
Then the projections n; : [0 — Ey — E; — E; — 0] — E; provide a correspondence

diagram
MExt

"‘y XZ

MxM M

3.1 Cohomological Hall algebras

Depending on the properties of the maps 71 X m3 and of 7, and the functoriality of the coho-
mology theory H*(—) under maps of the corresponding types if one is able to define (7] X 73)*

and . then the map

H*(M) ® H*(M) — H* (M)

Xx®y = mu(r Xa3(x®y))
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defines an algebra structure on H*(M). In particular, when the abelian category A has global
dimension < 2 then the map 7y X 75 is quasismooth and so in Borel-Moore homology there is a

pullback 7y X né and when the map 7, is proper there is a pushforward ..

3.1.1 Dimension zero sheaves on a surface

The cohomological hall algebra of dimension zero sheaves on a surface was defined in [29] with
a related K theoretic construction in [30]. The stack M is the stack of dimension zero coherent
sheaves

Coh® = |_| Cohy,

n>0

on a surface S which is a substack of the stack of all objects in Coh(S). Let H.(—) denote Borel-

Moore homology.

Theorem 3.1.1 ([29, 30]). The CoHA multiplication is well defined on H,(Coh®) and defines an

associative product *.

Remark 3.1.2. When § has an action of a torus 7', the same result holds in 7-equivariant Borel-

Moore homology.

When S is proper, or equivariantly proper and H*(S) is pure in the sense that there is a compact-
ification S such that ¢* is surjective, then a compete description of the cohomological hall algebra
of dimension zero sheaves was provided in [31].

The tautological classes are cohomology classes
chy, € H*(Cohg), k > 0,y € H*(S)

given by Kunneth components of the universal bundle &y over test schemes U — Coh®x S so that

chy, = ‘/_'Chk unyy.
S

35



In addition there is an auxiliary version of the CoHA called the extended cohomological Hall
algebra denoted

H.(Coh®) = H.(Coh®) = A(S)

where H.(Coh®) and A(S) is the universal tautological ring which is the home for symbols chy ,,

which act on H,(Coh®) via the cap product

chyy N—: H.(Coh") — H.(Coh?).

Deformed Wy, algebra

The answer is expressed in terms of the deformed W, algebra associated to the surface. This

is the algebra ‘W), s generated by elements

UV Ty (). T, (),  n=0,y€H(S)

linear in y subject to the relations

[ (¥), ¥u(m)] =0 (3.1.3)
[Wm(¥), Ty ()] =mT,,,,_,(yn) (3.1.4)
[T (yn), Ty (W] = [T (). Ty (nu)] (3.1.5)

and additional relations summarized in [31, §3.1 §3.4]
This is closely related to a vertex algebra Wi, (S) which is defined for an equivariantly proper

surface with equivariant ¢>(8)? = 0 in [32]. The latter is generated by fields

L (y,z),  p€Zso,y € H'(S) (3.1.6)
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and the modes satisfy the commutation relations

120 (y), ] = —det| T |22t (yp) + central . (3.1.7)
n m

There is a homomorphism W e s — Wit (S) provided in [31] by the map 7, (y) +— R (y),

Un(y) = £4(y).

Theorem 3.1.8. [31] The extended CoHA of S is isomorphic to the algebra generated by the ¢, (7y)

and T} (y).

In the case that § = A? and the cohomology theory is taken fully equivariantly with respect to
the torus T = (C*)? acting on the coordinates with weights ¢1 and ,, which is the basic equivariant
local example, the CoHA of dimension zero sheaves had been previously determined by Davison
[33]. There the identification

H.r(Coh®(A?)) ~ Y(gl;)*

was given between the CoHA and the positive half of the affine Yangian of gl .

3.1.2 Preprojective algebra

To the knowledge of the author, there is not currently attested in the literature any smooth
algebraic surface where the cohomological hall algebra of torsion sheaves (rather than simply
dimension zero sheaves) has been explicitly determined excepting the cases where there are no
properly supported torsion sheaves of dimension 1, in which case it is handled by Theorem 3.1.8
. On the other hand, for the surface X,, which is a symplectic resolution of C2/Z/(n + 1)Z then

there is a derived equivalence [34]

D" (Cohyors(Xa,)) = D”(Rep ~IT))
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between the category of torsion sheavesCoh,,,s(X4,) on Xy, and the category of representations
of a certain associative algebra Hg associated to the cyclic quiver Q with n + 1.

There is a cohomological Hall algebra for abelian category of representations of the latter,
and this has been determined, in localized cohomology in [35] and without localization in [36].
Let Re Pr, denote the stack of representations of the preprojective algebra of the quiver Q. Let
Rp = K (Hg) denote the Grothendieck group of representations of Hg which is the group of
connected components of Re Py

It is shown that

H! (Reppy) = ¥(30)"
where
» The Hopf algebra Y(gp) is the Maulik-Okounkov Yangian introduced in [10].

* The positive half Y(gp)™ is a tensor factor of a PBW decomposition
Y(80) = Y(80)" ® Y(g0)’ ® Y(g0)™- (3.1.9)

» The Lie algebra go is (as a result of the resolution [37] of a conjecture of Okounkov) is a

generalized Kac-Moody moody algebra which is Ry X Z(-graded.

Also as a result of the resolution of the aforementioned conjecture, he root multiplicities
dimgo.4; = ao(d. q)[4'], d € Ry,i € Zsg

where ag (d, g) is the Kac polynomial which counts absolutely indecomposable representations

of Q over F, of dimension d (c.f. [37]) for the relevant definitions.
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3.2 Modules

Modules for the CoHA are provided by the groups H.(M?°) of moduli spaces (or sometimes

stacks) M° fitting into a diagram

o

Ext

M
m}y % (3.2.1)
MO

M x M°

for an appropriate choice of M° so that 73 remains proper. Generally, M° is a moduli stack of
elements of a subcategory of A, a moduli of objects in A equipped with additional data such as a
framing, or an open substack of M consisting of objects satisfying a stability condition. The stack
of extensions Mg  again parametrizes short exact sequences.

3.2.1 Nakajima quiver varieties

The canonical example is the action is on the Nakajima quiver variety with positive stability
condition. Let Q be a quiver with vertex set / and edge set E. Choose dimension vector (v;) and

framing vector (w;). Let

R,,=T" @ Hom(W,;,V;) @ T* @ Hom(V;, V).

iel eii—jeE

Let u : Ry, — ©;3(gly,)* denote the moment map. Choose a stability parameter 6 = (6;) corre-
sponding to the equivariant line bundle ®; det(g;)~% where det(g;) is the determinant character of

GL(V)). Let G, = [], GL(V)).

Definition 3.2.2. The Nakajima quiver variety My (v, w) is the GIT quotient

1 )/ /Gy

By results of Schiffmann-Vasserot [38] and Yang-Zhao [35] for 8 = (1,...,1) and A = 0 there
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is a representation

H! (Mg) — End(EP) Hy(M (v, w)))

which is known to agree [36] with the action of the positive half of the Yangian action
¥ (a0) — End(E) H7-(M (v, w)))
v

under an isomorphism HI (Mg) ~ Y(gp)* under the triangular decomposition (3.1.9).

3.2.2 Torsion pairs

A general construction of modules of CoHAs is given by the construction of Diaconescu-Porta-
Sala using torsion pairs [39]. In fact, we expect that the positive halves of the geometric actions on
moduli spaces of sheaves on surfaces agree with the action of a cohomological hall algebra action
on the torsion-free part of a torsion pair, analogous to the identification between the cohomological
hall algebra action and the action of the Maulik-Okounkov Yangian.

Their setting gives a context which provides the properness of the map m, in the diagram
necessary to define the action.

Let A be an abelian category.
Definition 3.2.3. A Serre subcategory A’ C A is a subcategory such that for any short exact
sequence
O0O—-FE —->FE3—>E)—0
we have E3 € A’ if and only if Ey, Ey € A’.

Definition 3.2.4. A torsion pair (7, F) in A is a pair of full subcategories such that Hom(7, F) =

Oforall7 € 7 and F € ¥ and every E € A fits in to an exact sequence
0->T—->FE—>F—>0

withT € 7 and F € F.
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Then T is referred to as the torsion part of E while F is the torsionfree part. This is motivated
by the main example of A = Coh(X) for a variety X and 7 is the subcategory of torsion sheaves
while 7 is the category of torsionfree sheaves.

The cohomological hall algebra multiplication of an abelian category restricts to a product on
the stack of objects M4/ # in a Serre subcategory A’ of A as long as M4/ # is an open substack.
Let S be a proper surface. This property is satisfied for the Serre subcategory of torsion sheaves on
a surface Coh,,,(S). Likewise the substack of torsionfree sheaves is also open. Furthermore, as

special case of the results in [39] we have the following result. Let
Coh;r(S) C Coh(S), Cohyors(S) € Coh(S)

denote the open substacks of torsion-free or torsion sheaves respectively.

Theorem 3.2.5 ([39]). The torsion CoHA
H. (Cohyors(S))
acts via multiplication on the left on the module
H.(Coh,¢(5)).

3.2.3 Nakajima operators

Because the stack of torsion sheaves contains the stack of dimension zero sheaves, the dimen-
sion zero CoHA is a subalgebra of the torsion CoHA. Furthermore, the module H..(Coh;,,s) splits
into a direct sum of modules for torsion-free coherent sheaves of a fixed rank Coh, 7. Whenr =1,

the stack of torsion-free coherent sheaves is representable by a space

Hilbs = |_| sl

n>0
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where S["l is the moduli space of ideal sheaves of length n subschemes of S, the Hilbert scheme of

points of S. There is an identification
Coh;r,1 ~ Hilbg XBG,,

and the CoHA of dimension zero sheaves acts on the Hilbert scheme [31].

In particular, the negative modes of the currents 2°(y) from (3.1.6) act on

Fs = D H(s™M)

n>0

and moreover letting H =* () with its Poicaré pairing (, ) we have

Theorem 3.2.6 ([40, 41]). There is an isomorphism
Fs ~ Fu

between the cohomology of the Hilbert schemes and the vacuum module for the free super bosons

valued in H.

Under the isomorphism, the modes of the generating fields a_k(y) for k > 0 act via the

correspondences 712, (Py U 5y) where Py (y) C Sl x bkl % § s the cycle
Pk = {I],IQ,X | 12 C Il,supp(ll/lz) :x}.

The negative modes a—_; () for k < 0 act via the a;(y)”™ where for an operator ¢ : H*(X) —

H*(Y) its adjoint ¢ is defined so that
<a’ ¢b>Y — (_1)(dim(cX—dich)/2<¢Ta, b)X (327)

Remark 3.2.8. When S is not proper but has a T-action with proper fixed points, the same result
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of Theorem 3.2.6 holds with the induced equivariant cohomology on S and with H = HZ.(S).

The preceding narrative has proceeded in almost the exact opposite of the proper historical
order of discovery, in which the pioneering results of Nakajima and Grojnowski inspired a tremen-
dous amount of activity in trying to understand cohomological Hall algebras of surfaces and related
abelian categories.

The result of Theorem 3.2.6 together with results in [40] connecting lattice vertex algebras to
other rank 1 torsionfree sheaves provide a vertex operator algebra language to study the represen-

tations of cohomological hall algebras of surfaces. In particular, if
NS(S) = Pic(S)/Picy(S)
is the Neron-Severi lattice of S then consider the vertex algebra
Vs = 7-H*(S)/H§lg(5) ® V(NS(S))

which is the tensor product of the lattice vertex algebra modelled on NS(S), Hfdg (S) =k®zNS(9)
and Fpp.(5)/ H, (5) @ free bosonic vertex algebra modelled on the remaining cohomology classes of
alg

S. Then there is an isomorphism

Vs= P H(M°((1,0,0) +d[pt] + )
deZ,AeNS(S)
between the cohomology of the moduli spaces

M°(v) = {E € Coh(S) | ch(E) = v, det(E) = Os}

of rank 1 torsion-free sheaves with trivial determinant and the vertex algebra.
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3.2.4 Torsion sheaves on T°C

Here we outline some slightly imprecise predictions for the action of the cohomological hall
algebra of torsion sheaves on the equivariant holomorphic symplectic surface 7*C where C is a

smooth genus g curve.

Action of zero modes of bc-system

The moduli space of rank 1 torsion free sheaves on 7*C admits a map
M1, ¢, d) <5 Pice (T7C) (3.2.9)

with target

Pic!(T*C) =~ Pic®(T*C) =~ Jac(C)

by the usual determinant construction [42]. Here Pic! (T*C) is the moduli space of line bundles
with first chern class cj.
Given a basis

Oglrev -y Op gy O 1,...,0_g (3.2.10)

for HL(C) of A and B cycles so that (o, o ;) =0;;. Fixapoint p € C. Themap ¢ : C — Jac(C)
given by x — O¢(x — p) induces a map ¢* : H*(JacC) — H*(C) which is an isomorphism on
H'(-) and H*(Jac C) is freely generated as a supercommutative ring by H'(Jac C). Denote by
&, the class such that (" (&1 ) = 0.

There is an action

Pic%(T*C) x M(1,¢1,d) —> M(1,¢1,d) (3.2.11)
(LLEy LOE (3.2.12)

which coves the multiplication map Jac(C) x Jac(C) N Jac(C) on the base of (3.2.9).
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Given y € H*(Jac(C)) let
Yo = H' (M(Lc1,d)) = H' (M(1,c1,d))

denote meg.(y ® —).
We have an decomposition of the vertex algebra
VH = VHQ(C) ® 87:®g

so that the fields

¢(0'¢,i,Z):/a/(0'¢,i,Z), i=1,...,¢8

are identified with the fields of the logarithmic extension of the bc¢ system in Example 2.2.17. By

assigning

@o(0x;) €1 U— (3.2.13)

og (T2) P> Exi *g — (3.2.14)

In the notation of the bc-system, the modes ajo(07+;) are denoted gbleid,

45



Chapter 4: Moduli spaces of objects on surfaces

In this chapter, we explain the main classes of example of moduli spaces whose cohomology
groups provide weight spaces of representations of vertex algebras and of quantum groups.

There are a number of reasons that moduli spaces of objects in the derived category arise in
the study of geometric representation theory, even if one is only concerned with moduli spaces of
sheaves. Among these reasons we highlight two. Firstly, automorphisms of geometrically defined
algebras associated to a variety X may arise via derived equivalences which do not preserve the
standard heart Coh ¢ D?(Coh(X)). Secondly, birational models of moduli spaces of sheaves often

admit descriptions as moduli space of objects in D?(Coh(X)).

4.1 Elliptic surfaces

An elliptic surface S is (for us) a smooth quasiprojective surface over withamapn : S — B
whose generic fiber is a smooth elliptic curve and a section oo : B — S. A minimal elliptic
surface is one not admitting a contraction S — §’ to a smooth S” which also admits an elliptic
fibration. Over the complex numbers, the singular fibers of minimal elliptic surfaces were classified
by Kodaira and admit an affine ADE classification. The ADE classification is not a bijection and

they are labelled by indices

Ii,k >0, I,k>0, ILIILIV,II"IIIIV".

The intersection pairing on the 1-cycles contracted by 7 is even on account of minimality and
negative semidefinite. The dual graph of a basis of irreducible 1-cycles for the curves contracted

by 7 is the Dynkin diagram of an ADE root system of type given by Table 4.1.
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Iy I Ir |\ 11\ 1v | 1r-|ir|iv:

—~ — —~

Aiot | Disa | Ao | Ay | Ay | By | E; | Eg

Table 4.1: Singular fibers and corresponding affine root systems

4.1.1 Equivariant elliptic surfaces

The elliptic surfaces which serve as the main examples of this text are those admitting a C;
action such that the elliptic fibration 7 : § — A! is equivariant with respect to this map where C;
scales A! with a positive weight.

Two consequences immediately follow: there is at most one singular fiber which can only be
located over 0 € A!, and all other fibers are mutually isomorphic. In particular, the j-invariant map
Al EN P! must be constant and because type I3, k > 1 and I, k > 1 singular fibers only appear at

poles of j(¢) the singular fiber can only be of type in
e {lo, Iy, 1111V, I 11T, IV*}

. If 75 is the elliptic parameter associated to any fiber of an equivariant elliptic surface with a
singular fiber of type Z at 0 then after acting by SL(2, Z) so that 75, lies in the fundamental domain
D in the upper half plane, we have that 7;:7;, may be anything but the remaining values must lie
on the boundary of the domain as indicated in Figure 4.1.

We can uniquely identify the type of singular fiber a minimal equivariant elliptic surface over
A by the finite Cartan type of the affine Cartan type associated with the singular fiber by Table
4.1.

Proposition 4.1.1. There are two infinite families X5 _, jAp, ;j € Al with arbitrary j invariant
and 6 isolated equivariant elliptic surfaces X4, X4, Xa,, Xgq, XE,, XE, With the indicated singular

fiber.

We will omit the j index when it is irrelevant. We give two constructions of these surfaces.

For the surfaces Ag for R € {A_1,D4,Eq,E7,Eg} letT' € {Z/1Z,2/27Z,2/3Z,Z/47Z,Z]6Z} be a
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1

Figure 4.1: The values of 7y in the upper half plane

group of automorphisms of an elliptic curve E. Then there is a resolution

Xg — T*E/T

where g € Tactson T*E = ExA' by g-(E,z) — (g-E, p(g)z) for a character of I'. The resulting
surface is minimal because it is a resolution of symplectic singularities on a symplectic quotient.

For the type Ag, A1, A> surfaces, construct an auxiliary surface Sg as a resolution

Sg > TE/T (4.1.2)

where I"acts on TE = E x A by g(E, z) — (E, p~'z). Then X is obtained as a contraction

SR — X (413)

to a minimal elliptic surface Xg.
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The resolution of such non-Gorenstein finite quotient singularities with respect to groups
I' c GL(2,C)

admits a quiver description in terms of the Wemyss reconstruction algebras, generalizing the ADE
classification of the McKay correspondence [43, 44] for which we only need the cyclic case. Let

I' = (g) c GL(2,C) be a cyclic group denoted %(1, a) generated by

with r/a in reduced terms and € an rth root of unity. Consider the Jung-Hirzebruch continued

fraction
rla=a — !
@~ g
with each @; > 2. Denote the resulting sequence [a1, ..., a,]. The following is classical, c.f. [45]
for references.
Theorem 4.1.4. The exceptional fiber of the resolution of A>T has a chain Ey, . . ., E, of rational

curves of self intersections
(Ci- Cj) = =ibij0 + 16 ja1 + 16 i1
When ged(r,a) = € > 1 the action of Z/¢Z induced by g produces no singularity and the

action of Z/¢Z is of the form %(b, 1) so eventually the theorem applies.

Remark 4.1.5. The resolution is no longer derived equivalent to the stack quotient but we may
instead use semiorthogonal decomposition provided in (4.1.18) below in order to understand the

derived category of the relatively minimal elliptic surfaces in terms of those on the stack quotient.

Example 4.1.6. (X4, surface ) The quotient TE /T has three singularities equivalent to the action of
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Z/3Z on A? of the form (x,y) — (x(y)x, x(y)x). Let E;, i = 1,2, 3 denote the three exceptional
fibres with El2 = —3 by Theorem 4.1.4. Let E. be the reduced class induced by the strict transform
of the zero section of TE. The elliptic fiber E| + E, + E3 + 3E, has self intersection zero and thus

we calculate the intersection matrix is of the form

-3 0 0 1
0 -3 0 1
0 0 -3 1
I 1 1 -1

After blowing down E. we are left with an affine A; collection of —2 curves.

Example 4.1.7. (X4, surface ) Here I' = Z/47Z and the quotient TE/I" has has two singularities
isomorphic to quotients by }1(1, 1) and one isomorphic to that by A—lt(l, 2). The resulting resolution
has exceptional curves Eq, Ei of self-intersection —4 and a curve E, of self intersection —2, and
1/4 the strict transform of the zero section E. with self intersection —1. Contracting E. followed

by E; gives a type I11 singular fiber.

Example 4.1.8. (X4, surface ) The quotient TE/I" has singularities of type %(1, 1), %(1, 2), and
%(1, 3). The resolution has curves Eg, E3, E;, E. of self intersection —6, —3, —2, —1 and blowing

down E. followed by E; followed by E3 results in a type 11 cuspidal singular elliptic fiber.

To study the equivariant cohomology of the resulting surface, we use an alternate construction
as a resolution of a singular Weierstrass model. We are only concerned with the special case
producing rational elliptic surfaces.

Consider the P? bundle

Y = Tot(Op ® Opi1(2) @ Opi (3))

with fiber homogeneous coordinates [X : Y : Z] and coordinate z € P!. Given sections a(t) €

H°(0:1(4)) and b(t) € H°(Opi(6)) then the twisted family of plane cubics Sy is the zero set of
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(c) X4, surface with I = Z/67Z.

Figure 4.2: Intersection diagrams after resolving cyclic quotient singularities.

the equation

Y2Z =X +a()XZ*>+b(1)Z°. (4.1.9)

Because of the equality
4a(r)3

0 = T s 27b()?

(4.1.10)

we can only obtain isotrivial surfaces when a(7) = 0 or b(¢) = 0. In this case there is an additional
C* action coming from coordinate actions on (#, X,Y, Z) which preserves (4.1.9) and this gives
rise to an action on Sy. There are options depending on the order of the zero of a(¢) or b(t). For
the following also recall that if we blowup a point p on a curve C with C? = k which is smooth on

C and the surface then the strict transform C satisfies C2 = k — 1.

a(t) =t,b(t) =0: In this case at (0,0, 0) in the Z # 0 chart there is a singularity

y2:x3+tx

which is an A singularity. This is the only singularity of the surface and its resolution has two

rational curves meeting at a double point, giving the surface X,4,. The group action in coordinates
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descents the one of A? with coordinates (x, y, ) with C;-weights
(2h, 31, 4h).

a(t) = 0,b(¢r) = t: In this case there is no singularity and we immediately recover the Xy,
surface. The weights at O are

(2h, 3h, 6h).

a(t) = 0,b(t) = t>: The singularity at (0,0, 0) is an A, singularity whose blowup gives the type

IV singular fiber. The weights of the action at zero before the blowup are
(2h, 31, 30).

The weights at the torus fixed points on the blownup charts and at infinity are recorded in Table

2in[1].

4.1.2 Tubular canonical algebras

Given E an elliptic curve and I" ¢ Aut(E) there is an alternative description of D?(Coh[E/T])
as the derived category of modules for a path algebra of a quiver with relations. See [46, 47] More
generally, given a weighted projective line C with points x;, i = 1, n of order ¢; so that in K,,um(C)

we have €;[x;] = [pt] where pt is the class of a non-orbifold point, there is a set of projective

generators
{Oc,O0c(pt),Oc(kx)) |i=1,...n,k=1,...,6—1}

so that

A=0co0c(p)® P Oclkx) 4.1.11)

1<i<n
1<k<l-1

satisfies

D?(Coh[E/T]) ~ D®(Rep(End(A))). (4.1.12)
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The endomorphisms End((A) are described as the path algebra of the quiver

®0c(xn) 7 ® 7 7 ®0c(Luxn)
*0c <'OC(X2) > o P > 'Oc(@;\ *0c(py
®0c(x1) 7 ® 7 7 ®0c(fix))

)

Letting ¢ : Oc((i — 1)x;) — Oc(ix;) the relations depend on a n — 2 tuple (43, ...,4,) of

pairwise distinct non-zero elements of k and are described by the equation

DD LD 2 O

— 2,2 (2
¢ o1 =ty te-n ot

+/le€2 b1 b

where by rescaling we can A3 = 1 and more generally we view A; as the position of the jth point
of x; =0,x = co. Let A = A(x, 1) = End(A) denote the resulting algebra.

There is always a finite extension of the group — ® L for £ € Pic(C) which acts by derived
autoequivalences on A. In particular there is the Auslander-Reiten transition T(—) = — ® w There
is an enhanced group of derived autoequivalences of D?(A) exactly when the weighted projective
line arises as [E/I"] for I a finite group [47, 48, 49]. There are generated given by the mutation

functors associated to a simple sheaf S € D?(Coh([E/T])) and defined by tws(E) as the cone

@ Hom(S ® w/[-i], E) ® (S ® w/)[i] — E — tws(E) — (4.1.13)
i€Z
1<j<p(S)
where p is the order of the action of 7(—) on S, which is finite because we started with an elliptic
curve.

The group descends to an action on K,,,,,(C) and together with the group generated by D =
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Hom(—,O¢) and —® L, L € Pic(C) preserves the space spanned by [pt] and [O¢] and the action

on this space surjects onto GL(2, Z).

4.1.3 Fourier-Mukai transform

The equivariant elliptic surfaces Xg or certain compactifications of them admit enhanced groups
of autoequivalences. These are based on relative versions, worked out in [50] c.f. [51] of the equiv-
alences for abelian varieties discovered by Mukai [52].

We distinguish two cases where different descriptions of the derived equivalences are more
suitable.

For the equivariant elliptic surfaces X4,, X4,, X4,, the fibers of the relative compactified Jaco-
bian

J(X)/A!

parametrizes torsion-free sheaves on the fibers of the map X — A! and we have an isomorphism

X ~J(X)/A! (4.1.14)

induced by the section class as well as a relative Poincaré sheaf

P e D (Coh(X x J(X)/A))

inducing a Fourier-Mukai transform

2. (3 (=) ® P) : D?(Coh(X)) — D”(Coh(J(X)))

which when composing with the isomorphism (4.1.14) gives an autoequivalence of D”(Coh(X)).
For the cases of Xz when R € {Dy, E¢, E7, Es} the relative compactified Jacobian is somewhat
harder to completely describe explicitly.

thus instead we use the fact that for the surface X g = Pig/r1 (7 ® O) which is a projective line
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over the elliptic orbifold, we have a semiorthogonal decomposition
D" (Coh(Xg)) = (D"(Coh([E/T1)). D" (Coh([E/T1))) (4.1.15)

which is induced by a relative Beilinson resolution over [E/I']. Furthermore, it implies a trian-
gulated equivalence between D”(Coh(Xg)) and a derived category kos|g/r1 (7 ® O) of Koszul
data consisting of triples (a, b,n) with a,b € D?(Coh(Xg)) andn : a ® (T @ O) — b a mor-
phism. Maps between Koszul data (ay, by, n1) to (az, by, n2) are pairs of maps ¢, : a; — ap and
¢ 1 b1 — by withmp 0 g = ¢ 0 11

The derived equivalence with kos{z,r1 (7" @ O) is a relative version on the equivalence (4.1.12)
in the special case where there are no points, and where the category of vector spaces over the base
field k is replaced with Coh([E/T]).

While this is a nontrivial fact [53], the autoequivalences of D?(Coh([E/T’])) do lift to the
derived category D”(Coh(Xg)).

Other derived equivalences are given by spherical twists introduced by Seidel and Thomas

[54]. Let D be a smooth proper triangulated category.
Definition 4.1.16. A spherical object S € D is an object such that End(S) =~ k & k[2].

Then the twist functor 75(—) defined by the (functorial) cone
Hom(S,E) ® S —»— E — Ts(E) — (4.1.17)

gives an autoequivalence of D.

Semiorthogonal decompositions

For the stacky surfaces X consider surfaces 5’ is the minimal resolution obtained by blowing

up all cyclic quotient singularities and Sk which is the relatively minimal elliptic surface obtained
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as a blowdown
Sk — Sr
in (—1) curves in the fiber over co € P!,
Ishii and Ueda [55] have shown in the general situation of projective surfaces with cyclic

. . .o, . . . . -
quotient singularities and their canonical stacks that the derived category of Sg embeds as a

semiorthogonal factor in that of X so that

D”(Coh(Xg)) = (D?(Coh(Sk)), Ei, ..., Ex)
for exceptional objects E, ..., E,.
Moreover, by the blowup formula [56] there is a semiorthogonal decomposition

D”(Coh(S%)) = (D”(Coh(Sk)), Fi,.. ., F)

combining these decompositions demonstrates a semiorthogonal decomposition

D?(Coh(Xg)) = (D?(Coh(Sg)), A) (4.1.18)

where A is generated by &4, ..., E, F1, ..., Fr. We may thus study moduli of objects in the de-
rived category D”(Coh(X)) which lie in the first factor of (4.1.18) in order to understand moduli

of objects on Sk.

Elliptic Weyl groups

One result of [2] is an identification of the action on numerical K theory of the group generated
by spherical twists, derived duality, and the SL(2, Z) group of autoequivalences induced by relative
Fourier-Mukai transforms. It is expressed in terms of elliptic root systems. An elliptic root system
[57, 58] is a set of roots R = R" IR in a Euclidean space E with a degenerate symmetric pairing

(—, —) with 2-dimensional radical satisfying certain axioms. We take the definition from [1] which
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differs in the(quite degenerate) case relevant to the surface 7E. The elliptic Weyl group W;” is
generated by reflections through the real roots @ € R".

As lattice we have we have that the lattice Q spanned by R is of the form
Q fin ® Kuum (E) = Q fin & Z%
where Q f;, is the lattice spanned by a finite root system Ry;,. A choice of identification
rad((=,=)) N R = Kum(E)
gives splittings

0—>Qf,-n—>WIeell—>W;ff—>0

0— Qfin — W;ff — W};m — 0.
We can extend this definition to the isotropic extended elliptic Weyl group
IW¢' ¢ Aut(R)
from [2] by adjoining elements which act on rad({-,-)) by GL(2,Z).

4.2 Non commutative surfaces

A deformation of the derived categories of the surfaces Xz from (4.1.15) is provided by a
family of noncommutative P'-bundles over the elliptic orbifold curve [E/T'].

These are generalizations of the construction of the projectivization Px (&) of a rank two locally
Ox-module when the commutative Oy is replaced with a rank two sheaf bimodule. They were
introduced by van den Bergh in [59].

Consider a pair X, Y of n-dimensional smooth projective varieties, or orbifolds X = [X/G],Y =
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[D/H].

Definition 4.2.1. The category of sheaf bimodules

shbimod(X, Y) ¢ Coh(X x Y)

is the additive subcategory of sheaves & so that 7;.& is locally free fori = 1, 2.
The rank of the sheaf bimodule is the rank of ;. &.
Remark 4.2.2. When X and Y are orbifolds, the pushforward map Coh(X x Y) — Coh(Y) gener-

alizes the pushforward map

Coh% (%) — Coh(pt)

& HY(&)°.

Similar constructions apply to derived functors. See [60] for details on equivariant derived cate-

gories.

Given a sheaf bimodule & € shbimod(X, Y) define

a®x & =my.(rja®E)

and likewise given & € shbimod(X,Y) and F €€ shbimod(Y, Z) define & ® ¥ € shbimod(X, Z)

by
E®F = mz(m,E ® 13, F).

Given & a sheaf bimodule it has left and right adjoints *& and &* such that

Homy (a ®x &, b) ~ Homy (a, b ®y &%)

Homy(a ®x “E,b) ~ Homy(a, b ®y &E).
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A sheaf Z-algebra over X is a category enriched over shbimod(X) with objects Z and a single
arrow A;; : [i] — [j] foreachi < j. Given a Z-graded algebra A = (P, ., Ax one can construct
a Z-algebra so that A;; = A;_;, but Z-algebras relax the condition that these agree up to translation.

Given a rank 2 sheaf bimodule &, van den Bergh constructs a sheaf Z-algebra denoted A°.
This algebra is freely generated by the ith iterated adjoint ﬂl‘gl = &* where &% = **§& for

k > 0, modulo the Z-ideal generated by the images
Q; == im(0y, — & @y &)

generated by the adjunction. When & = Ox®V, , is arank 2 bundle on the diagonal with local fiber
sections x, y, each Q; € & ®x & is generated by the section x ® y — y ® x and so this construction
generalizes the symmetric algebra on a locally free sheaf.

An A®-module is a collection (M;);cz of Ox-modules with multiplication maps M; ®x A; ;=
M;. Denote by Gr(A) the category of modules and gr(A) the full subcategory of Noetherian
modules. There is a Serre subcategory Tors(:A) C Gr(A) of direct limits of right bounded modules

and its intersection with gr(A) denoted tors(A). Then the categories

QCoh(P} (E)) := Gr(A)/Tors(A)

Coh(P(&)) := gr(A)/tors(A)

are noncommutative analogues of their usual definitions when & is a vector bundle supported
on the diagonal.
All of the above construction work over a Noetherian base scheme S.

The derived category D? (Coh(]P);(S))) admits an S-linear semiorthogonal decomposition

D?(Coh(PL(&))) = (D?(Coh(X)), D’ (Coh(X))) (4.2.3)
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and likewise there is a triangulated equivalence between D” (Coh(P&(S))) and a category
kosx (&) :={(a,b,n) | a,b € Coh(X),n:a®x & — b} (4.2.4)

with morphism as in the undeformed case.
Our example is almost exclusively the case when X = € = [E/I'] and & is a deformation of
T% ® Og so that P (&) deforms Pl (7% @ Og) = Tot(wg).

The stack of sheaf bimodules
shbimod(X,X) c Coh(X X X)

is an open substack of the stack of coherent sheaves. The tangent complex at & € shbimod(X, X)
is

Ext'(&,8)[1]

and so the tangent space to 7¢ @ Og in the moduli of sheaf bimodules is the group
Tig shbimod(X, X) = Ext' (Tg @ Og, Ty ® Og). (4.2.5)

If the group C; scales 7% with weight —7 then the subspace of Tig)shbimod(X, X) of positive
weight is

B = Exty, y (A%, On).

The Hochschild homology module of a derived category of coherent sheaves D”(Coh X) are
the groups

HH;(X) := Hom(A,Ox|[i], Oa)

and so we have an identification

B = HHy([E/T)). (4.2.6)
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The construction HH;(X) is functorial for autoequivalences of dg-enhanced derived categories.
Thus given @ € Aut(D?(Coh([E/T))) there is a map ®H : HHy([E/T]) — HHo([E/T]).

This action lifts to an action on the family of derived categories of noncommutative P'-bundles
D? (Coh(P;E r1(®)/B) 4.2.7)
where E € shbimod [E/T"] g, [E/T] g is the universal extension
0—>OBIZIA*7IE/F] —>E—>OBIZIOA — 0.

The action of ® € Aut(D”?(Coh([E/T]))) on Db(Coh(P% E))/B) is B-linear after base

E/F](
change along ®H. There is also a deformation of the functor D(—) over the commutative P'-
bundle which acts by a reflection in the base, sending the bimodule extension & to E7, the trans-

posed sheaf bimodule without taking an adjoint, and on Koszul data acting via

(a,b,n) = (Dg/r)(b),Digri(a),n") (4.2.8)
where n* is defined via the adjunction

n € Hom(a ®[g/r) &, b) ~ Hom(a,b ® &%)
~ HOII](]D[E/F] (b &), Dig/m (a))

~ Hom(Dg/r(b) ® E7,Dig/ry(a)) 3 1.

Futhermore, we can calculate HHy([E /T"]) via the orbifold Hochschild-Konstant-Rosenberg

isomorphism [61, 62]
r
HH.([X/T]) = (@ HH.(X9)) .

gel
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Calculating the term * = 0 we get an three-way isomorphism

—~
—~

HHo([E/T]) = Kyum([E/T]) = (4.2.9)

where b =~ b, © Kyum(E) where i)’: is the Cartan subalgebra of the toroidal algebra of type

A_1, Dy, E¢, E7, Eg depending on I'. The second identification is the same as the one from [49].
We summarize the above construction in Theorem 4.2.10 together with an explanation of how

(part of, and conjecturally all of) the group / W;’ ""acts on the family. In particular we have an action

of IW¢!! on HHy([E/T']) under the isomorphism (4.2.9).

Theorem 4.2.10 ([2]). There exits a family of dg categories Db(Coh(P; E))) over

E/F](

B = HHy([E/TY]).

The subgroup of 1 erll generated by anti autoequivalences of [E |T'] acts on D” (Coh(P% /T (2)))

by relative anti autoequivalences covering its action on HHy([E /T']).

4.3 Relative Bridgeland stability conditions

Definition 4.3.1. ([63]) A (numerical) Bridgeland stability condition on a dg category D is a heart
A of a bounded t-structure (D=, D=%) on the homotopy category of D and a stability function

Z : Kyym(A) — C satisfying the support and Harder-Narasimhan properties.

A relative notion of Definition 4.3.1 was introduced in [64], or properly speaking a number of
notions of various versions of stability conditions in families, with conditions sufficient to produce
good relative moduli spaces of objects in D.

Given a Noetherian base B and an B-linear dg category D, a family of ¢-structures (D=0, D=0)
is a t-structure on 9, for every point b € B, not necessarily closed. The z-structures satisfies
universal openness of flatness is lying in the heart (A is universally an open condition. Likewise a

family of stability conditions is a stability condition on each D, satisfying a number of axioms, 1)
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having universally locally constant central charges, 2) universally satisfying openness of geometric
stability, 3) universal openness of slicing and 3) the support property. These are Definition 20.1
and Definition 21.15 in [64] for the precise meaning of these terms.

They then prove in particular for families of smooth projective surfaces S/B satisfying the

Bogomolov-Gieseker inequality that
Theorem 4.3.2. [64] Given w, B € N'(S)q with w relatively ample

1. There exist families of stability conditions o = (0w, p,) on D" (Coh(S)/B) agreeing on

closed points with those in [65].

2. For any relative Mukai vector v there exists a stack My (v) over B of o-semistable objects
with good moduli space My (v) which is an algebraic space proper over B parametrizing

S-equivalence classes of semistable objects.
3. There is a relatively strictly nef line bundle £y on My (v).

In the above theorem, relatively strictly nef implies that on any effective curve the line bundle
has strictly positive degree. Its existence is not enough to prove that M, (v) is projective because
one needs to prove that it has enough sections to demonstrate ampleness. This has been done in
some specific situations such as for K3 surfaces [66, 64] and for a specific wall governing the

Bridgeland stability model of the Uhlenbeck compactification [67].

4.3.1 Noncommutative surfaces

While Theorem 4.3.2 does not apply directly to the families of noncommutative surfaces in
Theorem 4.2.10, in the X, , case and subject to technical hypotheses on the assumptions going in
to the proof of the existence of relative stability conditions, we were able to show that the results
of Theorem 4.3.2 extended to the case of the families of noncommutative P! bundles.

In particular, if we define Pic(P%(E)) as a subquotient of K, (P}g(E)) and the ample cone

Amp(P%(S)) as in [68] to be number classes given w, 8 € Pic(P%(E)) with w relatively ample, of
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the form

w=NE + f,N > 0, € Pic(Py,(E))

where E is the class equivalent on the central surface to a smooth elliptic fiber.

In [2] we proposed a family Stab’/ (P%(E)) of stability conditions so that for
T4 € Stab/ (P, (E)) c Stab(Pi(E))

the family deforms a stability condition on the central fiber in which the moduli spaces of framed

stable objects with specific framing and Mukai vector admit Lagrangian fibrations.

Theorem 4.3.3. [2]In type A_, the family o, pisa family of stability conditions on P%(E). There

exist good moduli spaces My (v) projective over HHy(€) for the algebraic stacks My (v).

4.3.2 Moduli spaces

A relatively quasiprojective open subspace of the moduli spaces of Theorem 4.3.3 is most
relevant to geometric representation theory.

Over the entire space HH, (%) the divisor at infinity remains somehow commutative, in the
sense that there exist torsion free sheaves supported at points there. Relatedly, there is a restriction
map

v Dlpe
Mpug (Pl% (8) — Mpug (®)

where M,,,;(X) represents the algebraic stack of perfect universally glueable complexes, con-
structed in [69] and more or less extended to the noncommutative surfaces in [68], c.f. [2]. At the

level of Koszul data the map is the cone of the composition
(a,b,n) — Cone (a —a®g & 2 b)

where a — a ®¢ & is induced by the inclusion Op — &.

Given ¥ in the image of the structure sheaf Op_ under some derived equivalence of € define
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relative framed moduli spaces

My (v; F) 4.3.4)

by the pullback
My (v F) —— [7]

l l (4.3.5)

_)ll)oo

My (v) 2222 A ().

where we denote by the same letter F the pullback of the sheaf # to €.

The moduli space M (v; ) admits an action of C; and the structure morphism to B is equiv-
ariant with respect to the action on B ~ HHy(%).

The main conjectures for the structure of the moduli space M- (v; F) describe their relationship
with the roots of the toroidal extended affine Lie algebra.

There is a wall-and-chamber structure on Stab'/ (P}g(E)) such that for points in the chambers

all semistable sheaves are stable. For stability conditions o™°

on a wall W and o in an adjacent
chamber, o-stability implies o°-semistability. Thus given W c Stab"/ '(P%(E)) a wall there exist a

contraction morphism on M, (v) over B induced by the composition
ME(V) - Mg()(v) - Mgo(v).

The fibers consist of families of o-stable objects which become strictly semistable and S-
equivalent for o,
Given a Mukai vector v and a primitive class a of a torsion sheaf on P%(E) which we identify

with a root of R¢!, define a wall
WS (v) := {c € Stab" (P, (E)) | 3E € My (v)*\M;(v)*, @ € JH,(E)}

where JH (&) is the set of Mukai vectors of Jordan-Holder factors of &.
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Also consider the wall
WfHO(%)(v) :={€ C HH(€) | My (v)¢ = Mz0(v)¢ not biregular }

for 0¥ in Wtb(y).

Finally, under the identiﬁcationi} ~ HHy(%) consider the wall at.

Conjecture 4.3.6. The morphism My (v; ) — HHy(€) is semiprojective under the C; action.
There is a 1-1 correspondence between the set of non-empty walls WS (v) in Stab'/ (IP’}.g(E)), the

set of nonempty walls Wf Ho(%) (v) and the set of primitive roots a such that (@, v) < v?/2.

Theorem 4.3.7 ([2]). Conjecture 4.3.6 is true for R = A_y. The definition and semiprojectivity of

the central fiber bijection between walls Wgtab(v) and roots holds in the D4, Eg, E7, Eg cases.

The remaining results would follow from a careful proof that the proposed relative stability
conditions actually satisfy the hypotheses in [64]. Towards Conjecture 4.3.6 in the other cases, [2]
showed that there was an equivalence between the set of roots in R°// and the set of hyperplanes in
HHy(¢) where there exist a € Coh(PI%(E)) of primitive class « such that a|p_ = 0.

The wall

€
W' (v)

, if nonempty for some particular v, corresponds to the locus of b € HHy(¢) in the deformation
where there exit torsion sheaves of class a on ]P’%(Eb) avoiding D. In general for a weighted
projective line € with points x of stabilizers of order A corresponding to a star shaped Dynkin
diagram D corresponding to an Kac-Moody algebra gp with root system R C b*, there is an
identification

HHy(%) ~ (4.3.8)

with the Cartan subalgebra of the affinized star shaped Lie algebra’g = g[¢*] @kc. This agreed with

an identification of K, (Coh,,,s(%)) with R. The identification (??) identifies root hyperplanes
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at C HH (%) with the locus of b € HH(®) where there are torsion sheaves in P%(Eb). See [2]

for more details.

4.4 Birational models

Given ¥ € Coh(D.,) in the image of Op_ under Aut(D”(Coh[E/T])).

As a consequence of the analysis of the stability conditions in Stab'/ (P%(E)) under derived
equivalence we can obtain complete information about the holomorphic symplectic birational ge-
ometry of the moduli spaces My (v; ), and more generally of the family if we assume the inte-

o .1- .- . If (pl (=
grability of the stability conditions in Stab'/ (P (B)).
Theorem 4.4.1. [2]

1. Assuming the integrability of the stability conditions Stab'/ (P}g(E)) the moduli spaces
My (v;F)

are all semiprojective and birational over HHy([E /T]).

2. Every K-trivial birational model of the central fiber My (v; ) is of the form M%(v; F) for

/
some 0.

3. Each birational model My (v; F) is equivalent under a derived autoequivalence to a moduli

space My (v; F) of Gieseker semistable framed torsionfree sheaves.
4. The moduli space My (v; F) represents the stack of framed torsionfree sheaves.

As a consequence, all of the M, (v;Op,,) and all of the M (v; ) are birational to X IE"] for
some 7.

The birational transformations between various M, (v; Op,,) may be explicitly described. The
morphism factors into a finite sequence of Gieseker-Uhlenbeck flops and stratified Mukai flops.

This would have followed in the analytic category and non-equivariantly from the relevant story
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on K3 surface [70] but Theorem 4.4.1 demonstrates the compatibility with the C; action and with

the equivariant deformations.

4.5 Higher rank framing

The natural generalization of the framed moduli spaces M- (v; ) when the framing

F= 7 4.5.1)

1P~

is not stable, is the fiber of the diagram

Mg F) —— [F]

l l (4.5.2)

(_ |Dcx}

My (v) 222 M, ().

giving the stack M;¢(v; F) of torsionfree sheaves framed at D.,. Here M;¢(v) a component
of the stack of torsionfree sheaves on P%(E), and we denote by ¥ its basechange to €5 as usual.

The stack is equivalently described by the moduli functor which assigns to a scheme S the set
{(&,¢) | & € S x X torsionfree flat over S, ¢ : E|p_xs - FrOs}. (4.5.3)

We will see in Section 5.1.4 some analysis of the stability conditions on the stack M, ¢(v; F),
which are not irrelevant to geometric representation theory or enumerative geometry. Nevertheless,
they are the natural home for higher framing rank enumerative invariants, shift operators, for stable
envelopes and tensor structures on categories of modules for three-loop algebras. On account of

Theorem 4.4.1 this is a generalization of the stably framed case.

Brosius filtration

Many properties of M;¢(v;¥) depend on the Brosius filtration, in particular stabilizer of

points.
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Let X = Pz (&) be a geometrically ruled surface over a potentially orbifold curve € = [C/T']
where & is rank 2 and admits a quotient Og.

Let (&, ¢) € M;(v; ¥) be a torsion-free sheaf. Let ®B denote the generic fiberof p : X — C.
Let

Ssp o O%(dl)@u' b---D Oqg(dg)eaw
with be the restriction of & to the generic fiber.
Definition 4.5.4. The splitting type of & is the symbol (d",...,d,") where d; 2 ... 2 dq.

If £ = 1 the sheaf is said to have equal splitting type.

The Brosius filtration of & (which doesn’t use or depend on the framing) is the filtration

[7"(7:.(E(=d1Dx)))](d1Deo) C - -+ C [ (1:(E(=deDe)))](d¢ Do) C E.

Denote by
By = [1"(1.(E(—=dr D)) (dr Do) (4.5.5)

the k-th step in the filtration with B, = & and B = 0 and denote by Q. := &/B; the associated
quotient and 7; C Qy the torsion subsheaf which is Opi (dy) ® Iz-x for X supported on some P!

fibers with Z non-empty on each component of X [71, §3.1.2].
Proposition 4.5.6. The stabilizer of any (&, ¢) € M (v; F) is unipotent.

Proof. The proof is by induction on the length ¢ of the canonical filtration. If £ = 1 and @ € Aut(&)
preserves the framing ¢ then « — 1d acts by zero on the generic fiber of 7, hence has torsion image
and is zero because & is torsionfree.

If £ > 1 then @ € Aut(E) preserves B; because of the long exact sequence

Hom(8;, 81) —» Hom(B,E) —» Hom(B;,Q;) =0

associated to the sequence defining Q;. The latter vanishing follows from the restriction of B; to
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the fibres along which 7; are supported and the non-emptiness of Z on these fibers, together with
the vanishing of Hom(8B;, Q;/77) by the same argument. Thus « is induced by the identity on B,

a unipotent element @’ € Aut(Q, @) and a map @” € Hom(Q, B;) and thus « is unipotent. O
For the elliptic surface X 4_, we have another criterion that guarantees trivial stabilizers.

Proposition 4.5.7. Suppose F is polystable and all F; are mutually nonisomorphic. Then any

F -framed torsion free sheaf (&, ¢) has trivial stabilizer.
Proof. The torsion-free sheaf is generically a vector bundle, and because YA_I is a product E x P!
this is equivalent to a rational map

f:Pl > Bun#(E)

satisfying f(oo) = F. Thus the generic point is sent to a polystable bundle with mutually noni-
somorphic factors and hence Aut((&, ¢)) is contained in the torus Aut(¥) and is hence trivial by

Proposition 4.5.6. O

Corollary 4.5.8. If ¥ is polystable and all of the F; are mutually nonisomorphic then the stack

MU (v; F) is representable by an algebraic space locally of finite presentation.

We expect to find a similar criterion for the other surfaces; in particular the result of Proposition

4.5.7 and Corollary 4.5.8 should hold when the framing sheaves are chosen appropriately.
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Chapter 5: Geometric representations and tensor products

5.1 Elliptic Ruijsenaars-Schneider system and stable envelopes

The classical elliptic Ruijsenaars-Schneider systems [72, 73] are families of commuting elliptic
difference equations and are deformations of the elliptic Calogero-Moser systems. The families of
moduli of framed objects studied in [2] are generalizations of the phase spaces of the elliptic spin
Calogero-Moser system based on the relation between noncommutative P! bundles and Calogero-
Moser systems studied by Ben-Zvi and Nevins [74, 75]. The identification of special cases of
the difference analogue of the systems with the elliptic Ruijsenaars system was shown by Penciak
[76].

Stable envelopes [10] are perhaps the main geometric tool for the geometric construction of
quantum groups.

It turns out that the relativistic deformations of these systems behave much more nicely with
higher framing torus rank. Thus we study what we expect to be a generalization of the phase spaces
of the elliptic spin Ruijsenaars-Schneider system and show how they are related to the construction

of stable envelopes for these geometries.

5.1.1 Line bundle deformation

We restrict ot the XA_; surface.
There is another deformation of A.7g @ O, in the space of sheaf bimodules corresponding to

one of the C, -fixed directions of the tangent space (4.2.5). This integrates to a family

PL(PY ® Op ® O (k) /Jac(E)
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where P is the Picard line bundle, so that the surface over £ € Jac(E) is
P' (LY & OF) = Totg (L) |_| Do (5.1.1)

and is smooth a projective over Jac(E).

Define the relative stack of framed torsion-free sheaves
Mf’f(v;f) (5.1.2)

for a framing # which we assume to be formed from base change from E using the analogue
of the diagram (4.5.2). Given L € Jac(E) a closed point let Mf}i(v; F) denote the fiber over L.

The results of Propositions 4.5.6 and 4.5.7 still hold although a different proof is needed for
4.5.6 because there is no longer a fibration over P!. Fortunately the argument of [71, Thm 5.4]
carry over to this more general situation exactly to show triviality of the stabilizer. In the polystable
mutually nonisomorphic case we denote the algebraic space with the symbol M t?(v; F). Likewise,

we expect the following.

Conjecture 5.1.3. For very general L and any polystable F with F; mutually nonisomorphic the

algebraic space M f}i(v; F) is representable by a scheme.
Remark 5.1.4. This is a special case of Conjecture 5.1.11

The scheme will of course not be of finite type. This is a generalization, motivated by Theorem

4.4.1 (4) of the following result of Nevins.

Theorem 5.1.5 ([71]). Conjecture 5.1.3 is true when ¥ = L1 ® L, is a sum of nonisomorphic line

bundles of the same degree.

The results of Theorem 5.1.5 seems to fail over the central surface E x P! where the separated-
ness of the algebraic space M, s(v; F) seems to fail.
The deformation (5.1.1) breaks most of the symmetry present on the central surface which is

related to the Lagrangian fibration structure and the associated derived equivalences. In particular
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the deformation is distinct from the deformation along the commutative hyperplane Wf Ho(IED o

@ = Op the class of a point. The latter deformation is the family of P! bundles associated to
the universal extension over Extl(‘]};, Og), and is a union of an affine bundle over E with D,.
In particular, the relative derived equivalences of Theorem 4.2.10 exchange the latter family with
noncommutative deformations infinitesimally close to P! (7 ® O ) related to differential operators
and twisted differential operators on E.

The deformation of (5.1.1) instead exchange the family (5.1.1) with a family of finitely de-
formed noncommutative P! bundles. A derived autoequivalence ® € Aut(D?(Coh E)) das usual

lifts to a family of dg categories D (L) with semiorthogonal decompositions

Do(L) = (D’ (Coh(E)), D’ (Coh(E)))

the Koszul data for objects in this dg category consists of triples (a, b,n) where a,b € Coh(FE)

and
n:®(@'(a)® (L &0)) - b. (5.1.6)
0 1
When @ is the usual Fourier-Mukai transform acting via on Ky, (E) with @([pt]) =
-1 0

[Og] and ®([Og]) = —[pt] The bimodule is of the form

E=0 0P o A,LoP

=0\ ® OF(-)H

where o is convolution of coherent kernels, (=) + s : E — E is translation by s € E with graph
I'(~)+s. Here s € E corresponds to £ under the chosen identification E ~ Jac(E).

Consider the family over E; ~ E

P}EET (I (5.1.7)
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of noncommutative P! bundles over E with sheaf bimodule
['=0pr®TE, (5.1.8)

where ', C E X E X E = Op,,, is the graph of multiplication from the first and third factor to the
second factor.

In summary we have the following, which is very likely able to be found somewhere in [68]

Proposition 5.1.9. The Fourier-Mukai transform ® gives a family of equivalences of noncommu-

tative P! bundles
D’ (Coh(PL(I))/E; = DP(Coh(PL(P" & 0)))/Jac(E)

covering the identification D?(Coh(E)) — D?(Coh(Jac(E))) given by the identity.

Remark 5.1.10. The moduli spaces M, (v; ) from (4.5.2) are birational models for deformations
of the elliptic Calogero-Moser systems. Conjecture 5.1.3 thus becomes after Proposition 5.1.9 a
conjecture for the existence of a tower of infinite but finite dimensional generalizations of general-
izations of the classical elliptic Ruijsenaars-Schneider models related to the enumerative geometry
problems studied in the sequel. The Fourier transform over closed in Wy, was studied in [76] to

identify tweaking flows on spectral sheaves with the flows of the elliptic RS system.
We expect the following
Conjecture 5.1.11. For very general b € E. X Jac(E) and F polystable with F; mutually noniso-
morphic the algebraic space M;s(v; ¥ ) is representable by a scheme.
5.1.2 Spin generalization

The goal of this section is to describe a generalization of the identification in Theorem 4.3.7
between roots and walls in the difference deformation. We will need of course a larger space

containing both of the deformations exchanged by the Fourier transform in Proposition 5.1.9.
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One can of course study the entire stack shbimod(E, E), or rather its substack denoted

shbimod(E, E)*

consisting of sheaf bimodules with a sub-bimodule

0—>0p— &

but for simplicity we restrict ourself to the good moduli space B isomorphic to

E; xJac(E)

where the fiber over the point (s, £) is the bimodule of the form

OAEBFL

(=)+s

where

L —
T =7l

L
(“)+s

E X E X E; X Jac(E) therefore has the form

wherey : & = T is the isomorphism with the third factor. The universal sheaf bimodule on

with I" from (5.1.8).

We get a family of noncommutative P' bundles

p! (A) (5.1.12)

EEXJac(E)

over B. Consider « € K, (E) primitive. Recall that torsion sheaves of class @ are though of class
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(a, @) € Kuum (P]lg(a)) = Knum(E) ® Kypum (E).
Consider a torsion sheaf r with Koszul data (a, a, 7). Recall that torsion sheaves lie in the heart

Coh(P}E(S)) and also in the heart kos(&).

Definition 5.1.13. A torsion sheaf 7 of primitive class « is supported at the zero section if t|p_ =0

and the composition

n|a®EF£ = O

(=)+s

Definition 5.1.14. The elliptic wall W,» C E; X Jac(E) is the subvariety of E X Jac(E) where
for b € B there exist stable torsion sheaves ¢ on P}; (Ap) of class @ with t|p_ = 0 which are not

supported at the zero section.
Let [n] : E — E be the multiplication by n map.

Proposition 5.1.15. The elliptic wall W,. for @ = m|[pt] +n[Og]| primitive is the image of the map

[n] X [m] : E — E xJac(E).

Proof. This is exactly the locus of (s, £) where there exists a non-zero map

T (a® L) —>a

for a a simple sheaf of class m[pt] + n[Og]. O

Let O(p) be the degree 1 line polarization identifying Jac(E) and E.

Consider the action of GL(2,2Z) on E; X Jac(E) given on generators by
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-1 0
d= — «k x1d
0 1
0 1
s = = [(s,0(x = 0)) — (x,0(k(s) — 0))]
-1 0
1 0
f= — [(5,0(x—0)) — (5,0(x+s—20))]
1 1

where « : E — E is the Kummer involution s — —s.

Consider the assignment where d is sent to the deformed Verdier duality transformation (4.2.8),
s 1s sent to conjugation of the bimodule by by @ and f is sent to conjugation of the bimodule by
(-) ® O(o).

The following is an immediate generalization of Theorem 4.2.10.

Theorem 5.1.16. There is an action of GL(2,Z) be relative antiequivalence on P]ls (A) covering

the action on E; xJac(E). Under this action the elliptic wall Wy is sent to W, for y € GL(2,Z).

Then given ¥ € Coh(D) we define the relative moduli stack of framed torsion free sheaves
Mtf (V, 7:/)

over E; X Jac(E).

We expect results similar to Theorem 4.4.1 to hold for the moduli space M, ¢(v; F).

5.1.3 Fixed points

For # simple, C;-fixed #-framed torsionfree sheaves on E X P! are equivalent by the Rees

construction to chains (A, ¢.)

ALl S F T
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such that
1. Each A; € Coh(E)
2. Each ¢; is injective
3. Fori > 0A; ~F and ¢; : ¥ — F is the identity.

Definition 5.1.17. A ¥ -terminating Coh(E)-chain is a chain (A., ¢.) satisfying the above condi-

tions. More generally define an ¥ -terminating Coh(C) chain for a smooth curve C.

Given a dimension vector @, = ([A;], [Az] ..., [Ax]| = [F]) the moduli space Filt(E, a.) is
a smooth connected projective variety [77].

For the other surfaces X where the central fiber we only give the definition in rank 1. Let
(x1,...,x,) be the n orbifold points of [C/I"] and suppose that that Xz has r; fixed points coming
from the resolution of the singularity at the k-th orbifold point. Letting E( denote the central fiber

of the fibration we define

Definition 5.1.18. An ( Og,-terminating) Coh(Ep)-chain is a pair ((A., ¢.),4) where where
(A., ¢.) is an Opi-terminating Coh(P')-chain if there is a P! C; -fixed component of Ey and the

A= (Aik)i=1..n k =1,...,r,_1 is a tuple such that the A; ; are partitions.

The fixed points of ideal sheaves on Xz with the singularities avoiding D, are given by
Coh(Ep)-chain and again their moduli are smooth projective varieties.

We now have descriptions of A x C;-fixed points on the algebraic spaces M, (v; F) assuming
polystable mutually nonisomorphic %;, as well as the A-fixed points of the difference deformation
along the Wy elliptic wall where A scales the framing isomorphism under the torus acting as
automorphisms of ¥

Recall MZ) (v; F) from (5.1.2) which we now recognize as the base change of M;s(v;¥) to

f
Wipg-

Proposition 5.1.19. Let ¥ = @?:1 F: be polystable with F; mutually nonisomorphic.
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1. The A x C;-fixed points are isomorphic to the base change to Wiy of
n o
ﬂ Filt(E, ")
i=1

for some dimension vectors a/ff) such that a/g,) = [F].

2. For a very general point p € Wy the A-fixed points of M;;(v; F) are isomorphic to

|| |£|sz<vi;7—7>.

Vit Av,=v =1

Proof. (1) Given a @ | ¥;-terminating Coh(E)-chain the kernel in A; of the map to @;;F; gives
the decomposition into a direct sum of ¥;-terminating Coh(E) chains.

For part (2) the argument of [71] carries over exactly. O

5.1.4 ¢-stable framed objects

The notion of (w, §)-stability where § € R[¢] is a polynomial for framed torsion-free sheaves
(&, ¢) was introduced by Huybrechts and Lehn in [78]. While moduli spaces of w-Gieseker
semistable torsion-free sheaves with Poincare polynomial P on a projective variety X arise as
GIT quotients of a quot scheme

Quotp(V @ Ox(—m))

with respect to a line bundle £, ,,, the moduli spaces of of stable sheaves framed at a module ¥

supported along a subvariety D arise as GIT quotients of a closed subscheme of
Quotp(V ® Ox(—m)) x P(Hom(V, H (1.7 (m))))

with respect to line bundles L, ,, ® Ls.
When X = § is a projective surface and the framing sheaf is supported along a divisor, we

choose ¢(m) to be a linear polynomial.
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Suppose §(m) = §;m + dp and a polarization w € Amp(S). Given a framed torsion-free sheaf

(&, ¢) define its Hilbert polynomial to be

P(g,g)(m) = Pg(m) — €6(m)

where

1 if¢g#0
0 otherwise

The reduced Hilbert polynomial of the pair is

P&.p) = P&y (m)/[tk(E).

Definition 5.1.20. The pair (&, ¢) is said to be (w, §)-(semi)stable if for every nontrivial submod-
ule & we have

P& .0le) (2P (E.0)-

In the case that we are only concerned with strictly stable sheaves it is common to let 6 be a
real number, and then the relevant polynomial is 6(m) = dm. In the case a framed torsion-free

sheaf (&, ¢) is (w, 0)-stable if for any subsheaf G of smaller rank have we have

(&) w=0
a@-w |TEe—  Gckd G121
rk B
G Cl(fk)_g—& + % otherwise.

Let P be the class of the P! fiber in E x P' Consider polarizations of the form

w=E+1/NP
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for N > 0. The equations (5.1.21) for there to be a (w, §)-stable direct sum of the form

(E,0) =(G1© G, b1 © $2)

include those with

g € {(gla ‘Pl)’ (92’ ¢2)’ (gl N ker(¢l)’ 0)’ (QZ N ker(¢2)’ 0)}

The resulting four equations define a region of the (8, 1/N) plane. We have plotted those regions

for varying ¢{(G) when v(E) = (2, P,—1) in Figure 5.1.

Figure 5.1: Region plot of (w, ¢) stability of summands of a framed sheaf of v(&) = (2, P, —1).

For a stable summand (G;) with ¢; : Gi|p.. = F the degree of #; determines the P-component
of the degree of (G;). We have the following structural result for the regions. Pick a direct sum-
mand %; of . Assume for simplicity that c¢; (&) = P for some £. Define C,(g,) to be the region

in the (8, 1/N)-plane where there is a (w, §)-stable direct sum

(87 ¢) = (gl D g,, ¢l’ @ (P,)
We have the following structural statement. Let v(G) = (tk(G),v(G)gE +v(G)pP, d).

Proposition 5.1.22. The region C, g, is bounded unless v(G)g = 0. For any two different values

of v(G)E the regions are disjoint. The region C, (g, is empty unless there are no directs sums with
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nontrivial stabilizer.
Proof. Immediate consequence of (5.1.21). O

Thus as in Figure 5.2, for each #; we get a tower of regions C; , as n varies over the possible
values of v(G)g. Furthermore, for a fixed #, the regions become translates of the same quadrilateral

after the change of coordinates p = 6N, M =1/1/N = N.
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1 2 3 4 5

Figure 5.2: Region plot in the (8, 1/N) plane of stable decompositions of v(E) = (3,2P,—1) into
stable direct summands of type c¢(G) = (1,0P + 6E, ) for varying 6 in one color and those of type

c¢(G) = (1, P + OE, %) in another.

T T T T T T
05 10 15 20 25 3.0

Figure 5.3: The same diagram as Figure 5.2 under the coordinates (p, N) where p = §/(1/N), N =
1/(1/N)
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-4 -2 2 4 6

Figure 5.4: A higher rank example for v(&E) = (4,3P, —1) in the (p, N)-plane.

5.2 Stable envelopes

When the equivariant cohomology group Hj.(X) of some variety X is interpreted as a space
of states of a quantum integrable system where the Hamiltonian acts by cup product, the classes
supported at a given fixed point are eigenfunction if isolated, and some sort of generalized eigen-
function otherwise. The existence of a basis in which Hamiltonians are diagonalizable is not a
unique feature of quantum integrable systems: every unitary matrix is diagonalizable. Instead, it is
the existence of other bases which govern integrability. The R-matrix of a spin chain for example is

seen as an operator exchanging two different orderings on the spins and the Yang-Baxter equation
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satisfied by the R-matrix describes the compatibility of the reorderings. In the framework of [10]

the spin bases are generalized in geometry to the image of a stable envelope

Stabg : H;(XA) — Hy(X)

which depends on a choice of chamber € C ap the Lie algebra of A, a torus preserving the
symplectic form on X, and a polarization €. The chamber lies in the wall-and-chamber structure
induced by the walls where there are more than generic fixed points. The polarization € is a
choice of square root of the Euler class ¢(Nz) of the normal bundle to Z in X in K7(Z) for every
component Z € X4,

The main result of this section is the existence of stable envelopes under the condition that the
statement of Conjecture 5.1.3 is satisfied for some choice of £ and framing . For simplicity
of presentation and the relativistic deformations having been written down, we restrict to the case
R=A_.

In our case, M;¢(v; mcF) is not holomorphic symplectic but satisfies the weaker assumption

that there is a non-degenerate isomorphism 7y, F(vimeF) = he T where T

M; ¢ (vimcF) M; s (vimcF) 18 a

vector bundle and a topological isomorphism 77"

~ \/ . .
M, (vimeF) = TMrf (vumeF) induced by Serre duality

and deformation over a base J =~ Jac(E) from a bundle with fiber Ext!(&8,&8(~Do) ® L) at L € J
to a bundle with fiber Ext! (&, &(-Dw)). We can thus define Lagrangians, Lagrangian residues as
in the usual story of holomoprhic symplectic geometry.

It is possible to formulate the stable envelopes purely on the algebraic space M; ¢ (v; ) over the
central surface E x P! but the standard construction applies almost verbatim after the deformation.
In particular, the topological isomorphism induces equalities of all equivariant chern characters of

bundles.

Theorem 5.2.1 ([10]). Given € and € there exists a unique T-equivariant Lagrangian correspon-

OWe are confident that nobody will confuse the notation for a stable envelope with that of the space of stability
conditions on a triangulated category. The latter will always be written with an argument.

85



dence
Lg € Hp(X* x X)
which is proper over X satisfying the conditions in [10, Thm 3.3.4].

Assuming the result of Conjecture 5.1.3 is satisfied, so in particular in the rank 2 case of split
line bundles, M; ¢(v; ) is an infinite union of varieties X under open embeddings so that for any

x € X we have x € Xy for N > 0. We therefore obtain stable envelopes
Stabg v : Hy(X5) — Hi(Xn).
In the limit we obtain a limit stable envelope which is a map
Stabg : Hi:(X4) — ﬂ H:(Z) (5.2.2)
Zemy(XA)

obtained by restricting the stable envelope Stabg y for large enough N to a different fixed point.

Remark 5.2.3. It is reasonable to expect that there is a global choice of polarization would arise

from the construction of [2, §3.5.1].

The map (5.2.2) satisfies the usual upper triangularity with respect to the attracting order de-
pending on the chamber which now has analytic consequences.

In particular, the inverse operator
Stabg! : Hy(X") — 1—[ HE(Z) 10
ZEIT()(XA)
makes sense in a completion in localized equivariant cohomology.

Remark 5.2.4. The attracting partial ordering on 7o(X4) for X = M, r(v; F) is in general neither

bounded above or below. However, expressions such as

Stab” o Stabg
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do not make sense a priori because even H7.(pt) coefficients of this expression contain infinite
sums. Likewise, the notation Stab(_g1 should only be seen as suggestive because the source is only

a subspace of the target of Stabg.

5.3 Geometric actions

5.3.1 Elliptic surfaces

The identification of the cohomology for an equivariantly proper surface S of

Wss = D Hp(Ms(1,4,m))
m,AeNS(S)

with the Lattice vertex algebra Viyg(s) tensor an auxiliary free bosonic field provides a large number
of operators with representation theoretic significance on this module.

In [79] it was shown that when S is an A,, surface, the Fourier coefficients of vertex operators
Y (eE 1, 2)

provided the formula for the action of an algebra action defined by Nakajima in [80], which agrees
with operators from the Yangian action from [10] which are primitive under the coproduct A.

In [81] this was extended to the Lie algebra generated by real roots acting on Vys(s) when §
is a K3 surface and NS(S) satisfies some the property that it is generated by (—2) curves which
intersect pairwise transversally at at most one point.

Finally, this was used and extended in [2] to prove an identification of operators defined by

natural correspondences on the moduli space M, (v; ) for simple ¥ associated to the surface Xg.

Theorem 5.3.1 ([2]). Under the identification of Vr+g with the vertex algebra of Theorem 2.3.31,

the generators wf;’b of o+ act via the specialization of Nakajima-Baranovsky operators on the

root hyperplane WiﬁHO(E) where @ = a[E] + b|[pt].

Analogous claims were conjectured, and some proven, for the other surfaces.
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5.4 Coproduct

5.4.1 Tensor product of vertex algebras

Owing to Proposition 5.1.19 there is an isomorphism of vector spaces
Vi-e ® Vrg = (D) Hy (Mig (vi Fi © F2))oc (5.4.1)
4

when 7 and ¥, are non isomorphic degree zero line bundles. More generally, we get an isomor-

phism
@ H;(Mff(V; @ 7i))loc = ® '}’*VT*E (5.4.2)

where y € GL(2,2Z) is the operator sending the class of #; to the class of Og in K, (E), which
acts via algebra automorphisms on gr+r and then pushforward the action on an irreducible module.
Given a chamber € and in the polystable degree zero case we fix an identification of V;ﬁ% with

a subspace of the completion of €5, Hy.(M;s(v; ¥)) using the stable envelope via

Stabg

Vel ~ H; (|_| M,f(v;f)/*) —— Hy (|_| Mtf(v;sf)f‘)

where ()Adenotes the completion from (5.2.2).

Explicitly, we then expect that the action of the operator of taking
c1()U-
where A is a determinant line bundle in the tensor product of two factors is given by the formula

A(ci(D)U=)=18c1(A1) U+ci(1) UL

-m,— m,n
— 7 Z a(Dwy" " @ W (5.4.3)
(m,n)eZ5odZ\{0}xZ20
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exactly matching [10, §10.1] and its algebraic analysis in affine Yangians in [82].

Note in particular that this operation only makes sense after taking the completion required to
define the inverse of the stable envelope owing to the fact that the weights of the representation of
gr+r do not lie in a convex cone.

Let M(F) denote the completion of ®;y;.Vr-g required to define the iterated coproduct of
(5.4.3). Let A# denote the framing torus for framing sheaf # so that Vg is a module over the
ring H*;XA(F(pt).

We conclude with a definition.

Definition 5.4.4. The algebra A (gr-£) is defined to be the image of the action of ¢ (1)U and Ax
for x € g7+g in

]_[ End(M (F)).
"

5.5 Donaldson-Thomas module

We now state a conjecture concerning the the module structure of the vector space underlying
the Donaldson-Thomas invariants on local elliptic curves.

Many of the claims have immediate generalizations the the other equivariant elliptic surfaces
but we present only the 7*E case for simplicity.

Consider some some class @, of asymptotic Coh(E)-chains (A, ¢.) parametrizing a con-

nected component of the Filt space Filt(E, @.,).

Definition 5.5.1. An a, terminal Coh(E)-bichain is an commutative array (A, ;, ¢}j, ‘/’?j)i, i>1

where each A; ; € Coh(E) and maps

Lo
¢ Aij — A

¢ Aij — Asjr
such that
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1. Each ¢%._> is injective.
2. (Ain, ¢} ) stabilizes to a fixed F -terminal Coh(E)-chain (A; e, ¢i,0) for large N.
3. (AN, ¢A_,’j) stabilizes to the trivial Aq c-terminal Coh(E)-chain.

For example, the following gives a [A}| o — Azco — -+ — F|-terminal Coh(E)-bichain if

all of the axioms on the maps are satisfied.

A — A > > Aloo —> Ao —
~- ~- o ~ ~-
HArg — A > > Ao —> Azp0o ——
¢l

~- ~- ~ ~-

~- ~- ~ ~-

F > F — > > F
~- ~- ~ ~-

F s F —— > F s F —
~- ~- ~ ~-

5.5.1 1-leg vertex

The moduli stack M, , of @, «-terminal Coh(E)-bichains of dimension vector .. are smooth
and admit proper maps to Filt(@,). We assume that o, = F# which satisfies the consequence of
Conjecture 5.1.11.

By the Rees construction, Coh(E)-bichains correspond to Cfﬁtz—ﬁxed torsion-free sheaves on
E x A%. We instead interpret them as C;"ﬁtz fixed torsion-free sheaves on the total space of L & LV
where £ € Jac(E) is very general so that the vertical slicing maps are maps to smooth varieties.

The 1-leg DT vertex of Totg (L & L) is the generating series
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€ H;(le(V;?))loc[[p, Z]] (552)

Vo.(z.0) = )| Z"pd/

T (Mo, 17 [Filt(a) €(NYT)
where

1. The terms y and d are the euler characteristic and curve class of the Cfﬁ,z—ﬁxed torsion-free

sheaf.

2. The K-theory class N is the virtual normal bundle to M, , in the moduli stack of torsion-

free sheaves.

5.5.2 DT module

In this section we conjecture a relation between the vector space underlying the DT-vertices to
representations of Ay (ar+g).

It is based on an analogy with the case of the DT vertex of C>. In that case the affine Yangian

Vo0 (811) (5.5.3)
has a module
M = (Hk|2) (5.5.4)
AEA

called the MacMahon module [83, 84]. Here A is the set of plane partitions, in bijection with

¢33 _fixed ideal sheaves in C>.

11,12,13
The affine Yangian also has its Fock module # (a) which we identify with the vertex algebra
V42 where the zero mode of the generating field acts by a. The MacMahon module admits an

embedding
M->F(@)F(h+a)@F 2h+a) @ --- (5.5.5)

obtained by projecting a plane partition onto the i partition sliced in the z direction [85] and it is
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the submodule generated by the action of Y;, ;, (&I\l) vacuum vector in this representation.

In the present situation, let

Vrg(a)

denote the Ay (g7+£) module where the universal bundle over M, ¢(v; Og) is given a weight of a.

Let
Vo= P Hp(M,,,) (5.5.6)

ae{a. .|
ll*,oo:[o]}
denote the vector space underlying the 0-leg DT vertex of Totg (L & LV).

We have an embedding
Vo = Vrp(a) @ Vprp(h+a) @ Vi (Rhi+a) ® - - - (5.5.7)

Assuming (5.4.3) defines a completed coproduct on Ay (gr+g) we can let Ay (gr+g) act on V.

Conjecture 5.5.8. The orbit of the vacuum in the target of (5.5.7) under the action of An(ar+g) is

Vo.

In particular, this implies that Vj embeds into an infinite tensor product of cone vertex algebras

from Example 2.2.8.

Remark 5.5.9. If Conjecture 5.5.8 is true, then many formulas, in particular (5.4.3) make sense
without requiring a completion in the module V because the weight spaces in the tensor product

of cone vertex algebras lie in a convex come.
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