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Abstract

Unknown input structural health monitoring

Marios Impraimakis

The identification of a structural system deterministically or probabilistically is a topic of

considerable interest and importance for its condition assessment and prediction. Many identifica-

tion approaches, however, require the input which is not always available. Specifically, it may be

impossible to know the input or, alternately, the measurement of the input is much more unreliable

than the dynamic state measurement. Along these lines, engineers try to extract as much informa-

tion as possible from the available output data to reduce the need for knowing the input. Three new

methodologies are developed here to address this challenge.

Initially, the input-parameter-state estimation capabilities of a novel unscented Kalman filter,

for real time monitoring applications, is examined on both linear and nonlinear systems. The

unknown input is estimated in two stages within each time step. Firstly, the predicted dynamic

states and the system’s parameters provide an estimation of the input. Secondly, the corrected with

measurements (updated) dynamic states and parameters provide a final input estimation for the

current time step.

Subsequently, the estimation of the dynamic states, the parameters, and the input of systems

subjected to wind loading is examined using a sequential Kalman filter. The procedure considers

two Kalman filters in order to estimate initially the dynamic states using kinematic constraints, and

subsequently the system parameters along with the input, in an online fashion.



Finally, the input-parameter-state estimation capabilities of a new residual-based Kalman filter

are examined for both complete and limited output information conditions. The filter is based

on the residual of the predicted and measured dynamic state output, as well as on the residual of

the system model estimation. The considered sensitivity analysis is developed using a real time

sensitivity matrix formulated by the filtered dynamic states.
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Chapter 1: Introduction

1.1 The past, the present, and the future of dynamic system monitoring

Output-only system identification techniques are performed during the normal conditions from

ambient vibrations without a need to stop their operation. To this end, stochastic modal identifi-

cation techniques are introduced from output-only data combining high computational robustness

efficiency with high estimation accuracy.

To address the non-automated identification issue in output-only procedures extensive research

is performed, and it is still ongoing. Rainieri and Fabbrocino [1] presented a literature review for

the most common automated output-only dynamic identification techniques. Later, Pintelon et al.

[2] introduced a novel multi-output algorithm for continuous-time operational modal analysis in

the presence of harmonic disturbances with time-varying frequency. López-Aenlle et al. [3] pro-

posed a procedure to optimize the mass-change strategy, which uses the modal parameters of the

original system as the basic information. Reynders [4] examined the issue of data-driven system

matrices derived using identified state sequences, while also investigated the uncertainty quantifi-

cation. To provide insight on non-automated techniques, Priori et al. [5] studied a time domain

output-only data-driven stochastic subspace identification technique for modal models providing

also some user-defined parameters suggestions. Additionally, Grez et al. [6] developed a subspace

identification method for the estimation of the structural parameters while rejecting the influence

of the periodic input.

Specifically for damage localization purposes, various techniques are suggested based on the

structural deflections. Bernagozzi et al. [7] proposed an approach for truncation error analysis on

the deflection of structural systems subjected to generic loads. Bernagozzi et al. [8] proposed later

a modal flexibility-based approach for output-only damage detection and localization in building
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structures which is applied with minimal or no a-priori information on the structural masses. Koo

et al. [9] presented a damage quantification method for shear buildings using the damage-induced

inter-storey deflections estimated by the modal flexibilities using ambient vibration measurements.

Sung et al. [10] presented a new vibration-based damage detection method for beam-like structures

that uses the normalized uniform load surface curvature obtained by modal flexibility. Finally,

Balsomo and Betti [11] investigated four alternatives to the canonical damage detection procedure:

a data compression through discrete cosine transform, the use of pseudo-inverse of the covariance

matrix, the use of shrinkage estimate of the covariance matrix, and a combination of the three

aforementioned techniques.

The aforementioned methodologies, though, derive only the modal parameters of the systems

instead of the physical parameters resulting in a hard optimization problem for connecting modal

to physical parameters. This makes it harder not only to identify the location of the damage, but

also its extent.

Real time dynamic system monitoring, on the other hand, has been an active area of research

for more than a half century motivated by goals of identification, damage detection, and diagnosis

of system behavior.

Over this period, one may group the real time estimation problem in four broad categories with

increasing challenge:

1. The estimation of the dynamic states in real time.

Here, the methodologies are mainly based on the Kalman filter and the particle filter. [12,

13, 14]. While they have their applications, the original versions of these approaches do

not provide information on the remaining quantities of the system such as on the parameter

and/or the input. This deficiency is problematic for damage detection and the impracticabil-

ity of needing to know the input in some circumstances. This has lead to the next problem

category.
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2. The estimation of the dynamic states and the parameters in real time, or the estimation of the

dynamic states and the input in real time.

Methodologies are proposed for the joint parameter-state estimation based on nonlinear fil-

ters such as the extended Kalman filter [15, 16], the unscented Kalman filter [17, 18], or the

particle filter [19]. Nonetheless, the required input cannot always be measured, or the mea-

surement of the input may be more unreliable than what is demanded. For instance, there

is not a reliable means of accurately measuring the traffic and wind load on large structural

systems.

Methodologies for the joint input-state estimation or for unknown input dynamic state esti-

mation are proposed in [20, 21, 22, 23]. However, for known parameters the requirements

of damage detection are not met.

Though the procedures are useful and practical for real systems, they fail to address the

complete identification problem when all quantities are unknown. The aforementioned leads

to the next problem category where, with respect to some assumed system properties, the

extraction of as much information as possible is sought using only output data.

3. The estimation of the dynamic states, the parameters, and the input in real time.

Methodologies are proposed to address this problem and the research efforts are still of high

interest [24, 25, 26]. The Kalman filter based methods dominate over the particle filter ones

since they are more computationally efficient. The most recent techniques are discussed later

in this section. For these methodologies to be implemented on real systems, an extension is

needed that allows for limited sensing. This leads to the final problem category.
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4. The estimation of the dynamic states, the parameters, and the input in real time using limited

output information.

The literature is scarce so far on methodologies for this problem [27]. Here, a novel promis-

ing procedure is proposed that addresses this problem efficiently.

Recent techniques for the joint input-parameter-state estimation include the following. Der-

timanis et al. [28] proposed an observer which combines the dual and unscented Kalman filter

to successfully identify linear systems using limited output information. Castiglione et al. [29]

introduced a time-varying auto-regressive model for the unknown inputs, and develop a strategy to

simultaneously estimate them along with the parameters. Maes et al. [30] proposed a linearization

for the adopted system model around the current state yielding an algorithm similar to the extended

Kalman filter. Lei et al. [31] suggested a recursive nonlinear least squares strategy for the unknown

input within the unscented Kalman filter concept. Song [32] proposed several versions of a mini-

mum variance unbiased UKF with direct feedthrough. Zhi et al. [33] suggested a method for wind

load inputs based on Kalman filter.

The most common deficiencies are summarized as:

• Complete output information is needed.

• The inputs are chosen to be incorporated into the process error.

• Parameterization is adopted for the identification of a lower number of parameters than the
real one which define the system.

• Different kinds of measurements (displacement, velocity, and acceleration) are assumed to
promote stable filtering.

• The low frequency drift in the estimated input when using only acceleration measurements
results to poor displacement response estimation.

• Jacobian derivative implementation, specifically, leads to undesirable consequences in a real
large system or for highly nonlinear systems.

• The nonlinear least squares concept, specifically, leads to ineffective noise filtering, and this
causes the dynamic state and input estimation to diverge more and more as the vibration
continues.
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• Non-physical processes for adjusting the covariance matrices are adopted.

To address the most common deficiency where the input is incorporated into the process er-

ror, Impraimakis and Smyth [24] proposed a novel unscented Kalman filter for real time input-

parameter-state estimation of both linear and nonlinear systems.

To address the problem when there is not a known zero/non-zero input, Impraimakis and Smyth

[27] proposed a sequential Kalman filter with application to wind excited systems.

Finally, to address the problem of real time, output-only, and joint input-parameter-state es-

timation with respect to limited information conditions, Impraimakis and Smyth proposed a new

residual-based Kalman filter [34].

The work of this dissertation is organized as follows: the identifiability characteristics of the

joint input-parameter-state problem are examined in Chapter 1.2.

Subsequently, Chapter 2 developes the input-parameter-state estimation capabilities of the

novel unscented Kalman filter on both linear and nonlinear systems. The unknown input is es-

timated in two stages within each time step. Firstly, the predicted dynamic states and the system

parameters provide an estimation of the input. Secondly, the corrected with measurements states

and parameters provide a final estimation.

In Chapter 3, the estimation of the dynamic states, the parameters, and the input of systems

subjected to wind loading is examined using the sequential Kalman filter. The procedure considers

two Kalman filters in order to estimate initially the dynamic states and subsequently the system

parameters along with the input, in an online fashion.

In Chapter 4, the real time, output-only, and joint input-parameter-state estimation capabilities

of the new residual-based Kalman filter (RKF) are examined with respect to limited information

conditions. The filter is based on the residual of the predicted and measured dynamic state output,

as well as on the residual of the system model estimation. The considered sensitivity analysis is

developed using a real time sensitivity matrix formulated by the filtered dynamic states. Future

challenges are provided in Chapter 5.
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1.2 System identifiability for the joint input-parameter-state estimation

The correct identification of a system when the dynamic states, parameters, and input are un-

known requires certain assumptions. Without those, there are multiple erroneous combinations

of parameters and inputs which simultaneously satisfy the measured output. As a consequence,

regardless of which identification methodology is used, the estimation fails.

In the case where the input is known and there is no measurement noise in a linear system, the

identifiability of the parameter vector can be checked using the local identifiability test [35]. For

nonlinear systems, the local identifiability can be examined using the Observability Rank Condi-

tion [36].

In the case of the unknown input, however, the above tests do not hold. The SDOF linear

system is not identifiable in the time-domain even if flawless knowledge of the mass and of all

dynamic states is assumed.

A mathematical explanation of this phenomenon can be derived using the perturbation anal-

ysis. The sensitivity of an identification procedure is being studied given an erroneous damping

parameter c, stiffness parameter k, or input u(t). Instead of the true values: c + ∆c, k + ∆k and

u(t) + ∆u(t) are used, where ∆c, ∆k and ∆u(t) denote the erroneous parts. By doing that, the

linear SDOF equation of motion is modified as:

mẍ(t) + (c+∆c)ẋ(t) + (k +∆k)x(t) = u(t) + ∆u(t) :

• if ∆u(t) = 0 =⇒ −∆k

∆c
=
ẋ(t)

x(t)

• if ∆k = 0 =⇒ ∆c =
∆u(t)

ẋ(t)

• if ∆c = 0 =⇒ ∆k =
∆u(t)

x(t)

(1.1)

meaning that, even if the erroneous part of an unknown quantity is minimized, a second incorrectly

identified combination exists that satisfies instantly the equality in the equation of motion.
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Alternatively for the same conclusion, one could notice that:

mẍ(t) + cẋ(t) + kx(t) + ∆cẋ(t) + ∆kx(t) = u(t) + ∆u(t) =⇒

mẍ(t) + cẋ(t) + kx(t) =

{
u(t) + ∆u(t)−∆cẋ(t)−∆kx(t)

}
=⇒

mẍ(t) + cẋ(t) + kx(t) = u(t)

(1.2)

where, u(t) = u(t) + ∆u(t) − ∆cẋ(t) − ∆kx(t). By identifying different erroneous parts, an

equivalent ’input’ u(t) can always be found. As a consequence, systems with erroneous ’input’

u(t), which have exactly the same mass and dynamic states, can be identified.

In the frequency domain, though, several methods provide a valid solution when no known

(zero or non-zero) input is available, for example the frequency domain decomposition [37, 38]

which provide the modal parameters. Nonetheless, the input or the dynamic state estimation are

not estimated, while also linear systems are only considered. The frequency domain decomposition

especially is offline and it is difficult to automate.

However, a MDOF system with known zero or non-zero input at one DOF is potentially iden-

tifiable. Assume C +∆C, K +∆K, and u2(t) + ∆u2(t) for the perturbation analysis of a linear

2-DOF system, where ∆C, ∆K, and ∆u2(t) denote the erroneous parts. By doing that, the linear

2-DOF equation of motion, assuming without loss of generality known zero input at DOF 1, is

modified as:
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For the system considered here, a successful input-parameter-state estimation is possible when

one of the following takes place:

(a) Both inputs are incorporated in the process error. This occurs when the input mean value is

equal to zero and the amplitude is low. In such a case, the error derived from the parameters and

the dynamic states is also incorporated into the process error. As a result, the update process filters

out this pseudo-noise type of input.

(b) One input, either zero or non-zero, is known; for instance the input at DOF 1. Here, the

equivalently identified u1(t) input is wrong since it is different than the known input. Therefore,

this one known input, regardless of whether it is zero or non-zero, can potentially lead to the correct

identification of the real parameters, the dynamic states, and as a result the real input at DOF 2.

In this work, inputs without zero mean value are also examined to not consider the (a) assump-

tion, where in that case the (b) assumption is mandatory for identifiability reasons.

Furthermore, not all of the dynamic states are measured in practice and especially not at ev-

ery DOF. For the theoretical investigation of the identifiability with limited output information,

two approaches exist in the literature, namely the geometric and algebraic approaches for analytic
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systems and for polynomial or rational systems [39, 40, 41], respectively. Importantly, the rank

condition based approaches are not suitable when nonlinearity exists in the overall system equa-

tions attributed to the simultaneous estimation of parameters and dynamic states or to the unknown

input, even in the case of linear dynamic systems.

Methods specifically for the unknown input theoretical identifiability considering nonlinearity

have been introduced in [42, 43, 44]. Although these procedures apply to systems where the

dynamic state and measurement equations are analytic and affine in all inputs, something that it is

not the case in reality, they still provide a useful insight.

For a 3-DOF system, the identifiability is examined in a similar manner to [44] with an un-

known input at DOF 3 and without damping. Table 1.1 relates the location of the measured DOFs

to the required location of inputs. These theoretical results are confirmed in the numerical applica-

tions.

Table 1.1: Theoretical identifiability for a 3-DOF system excited at DOF 3.
Output measurement Requirement for a successful input-parameter-state estimation
Acceleration at DOF 1 and 2 and 3 known zero input at DOF 1 and 2
Acceleration at DOF 2 and 3 known zero input at DOF 1 and 2
Acceleration at DOF 3 known non-zero input at DOF 1 and known zero input at DOF 2
Acceleration at DOF 3 known non-zero input at DOF 1 and 2
Acceleration at DOF 3 known zero input at DOF 1 and 2 and 3

9



Chapter 2: Output-only unscented Kalman filter for real time

input–parameter–state estimation

2.1 Formulation of the standard unscented Kalman filter

The Kalman filter algorithm, given a series of noisy measurements observed over time, esti-

mates optimally the system’s dynamic states using a joint probability distribution over the states

for each timeframe. The first step is the prediction of the dynamic states using the dynamic pro-

cess model which also propagates the uncertainty of the dynamic states. The second update step

incorporates the measurements to calibrate the dynamic state estimation using a weighted average

strategy, where more weight is given to the estimates with higher certainty. The algorithm is re-

cursive and it is used online and, potentially, with real-time data. Even for a linear system though,

the estimation problem becomes nonlinear for the joint estimation of the parameters of the model

and the dynamic states. This leads to the introduction of nonlinear Kalman filters, such as the

unscented Kalman filter (UKF).

The UKF, which has been shown to be a powerful tool [24], exploits the advantages of the

Kalman filter for the nonlinear system case and does not require the calculation of Jacobians in

order to linearize the state equations. The state vector, which includes the parameters, is ap-

proximated by a Gaussian random multidimensional variable represented by a set of sigma points.

These sample points capture the true mean and the covariance of the variable, and when propagated

through the actual nonlinear system, they capture their posterior mean and covariance accurately

to the second-order for any nonlinearity.

10



For the mathematical implementation of the standard UKF, consider the nonlinear process

equation in the continuous time-domain and in a state space format:

ż(t) = f
(
z(t),u(t)

)
+ ννν(t) (2.1)

and the nonlinear observation equation:

y(t) = h
(
z(t),u(t)

)
+ ηηη(t) (2.2)

The state vector z(t) = [x(t), ẋ(t), θθθ]T includes the parameters of the system θθθ apart from the

dynamic states, while y(t) is the observation vector. Also, f(•) and h(•) are the state transition

function and the observation function, respectively, which take into account the input vector u(t).

Lastly, ννν(t) and ηηη(t) are the process and the measurement noise, of covariance matrices Q(t) and

R(t), respectively. Eqs. 2.1 and 2.2 can be discretized as:

zk = F (zk−1,uk−1) + νk−1νk−1νk−1 (2.3)

and,

yk = h(zk,uk) + ηkηkηk (2.4)

where,

F (zk−1,uk−1) = zk−1 +

∫ (k)∆t

(k−1)∆t

f
(
z(t),u(t)

)
dt (2.5)

Note that k refers to k∆t time instant, where ∆t is the sampling period. The discretized process

and observation covariance matrices are:

Qk−1 ≈
Q
(
(k − 1)∆t

)
∆t

, Rk =
R(k∆t)

∆t
(2.6)

Assuming additive Gaussian noise with zero mean, without loss of generality, the UKF steps

are derived in Table 2.1A.
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In this pseudo-code, λ is given by λ = α2(L + κ) − L with secondary parameter κ = 0 or

3 − L [18], where L is the dimension of zk. The constant α ∈ [10−4, 1] determines the spread of

the sigma points around zk, while the weights V are given by:

V m
0 =

λ

L+ λ

V c
0 =

λ

L+ λ
+ (1− α2 + β)

V m
i = V c

i =
λ

2(L+ λ)
i = 1, ..., 2L

(2.7)

where, β is a constant that incorporates prior information of the zk distribution.

2.2 An unknown input-parameter-state unscented Kalman filter

Simultaneously estimating the unknown input is possible using the UKF. Employing the pre-

dicted states at time step k, the input is estimated using the continuous equation of motion at the

time instant k∆t as:

ue
k ≈ G

(
ẍm
k , ẋ

p
k,x

p
k, ...

)
(2.8)

where, G(•) can be a linear or a nonlinear function. G(•) also contains the estimated parameters

and, thus, it is updated in every step.

Importantly, the predicted states are estimated using the equation Zp = F (zk−1,uk−1); with

the prior input only. In the end, the known input rows of ue
k are replaced by the known zero or

non-zero inputs. This input is used in the updating process with the measurements (Yi = HkZi,p)

in Table 2.1B.

However, this estimated ue
k is erroneous since neither the predicted states have been updated

with the measurements yet, nor the system parameters. This is generally acceptable and its noise

characteristics are incorporated into the measurement noise of the observation equation. As a
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result, ηkηkηk models both the measurement noise and the input derived noise.

The final step is to correct further the input estimation using the updated with measurements

dynamic states and parameters as:

ue
k ≈ G

(
ẍm
k , ẋk,xk, ...

)
(2.9)

and then, replace the known input rows of the final ue
k estimation with the known zero or non-zero

inputs.

The measurement error of acceleration still exists in contrast to the displacement, velocity, and

parameter error but, since the process error is modeled, the success of the full estimation is not

endangered.

This final ue
k is successively used at the prediction calculation of the next step k + 1, and the

overall procedure is repeated.

Assuming additive Gaussian noise with zero mean, without loss of generality, the unknown

input-parameter-state unscented Kalman filter (IPS-UKF) is derived in Table 2.1B, where λ, κ, L,

α,β and V have already been defined.

13



Table 2.1: Standard and proposed UKF pseudo-codes.
A. Joint parameter-state estimation using the UKF. B. Joint input-parameter-state using the UKF (IPS-UKF).
step 1: step 1:
k = 0 (Time step) k = 0
zk = E[z0] (E stands for Expectation) zk = E[z0]
Pk = E[(z0 − zk)(z0 − zk)

T ] (Covariance matrix) Pk = E[(z0 − zk)(z0 − zk)
T ]

ue
k = E[ue

0]

step 2: step 2:
Zk = [zk, zk ±

√
(L+ λ)Pk] (Sigma points [18]) Zk = [zk, zk ±

√
(L+ λ)Pk]

k = k + 1 k = k + 1
Zp = F (Zk−1,uk−1) (p stands for prediction) Zp = F (Zk−1,u

e
k−1)

zp =
∑2L

i=0 V
m
i Zi,p zp =

∑2L
i=0 V

m
i Zi,p

ue
k ≈ G

(
ẍm
k , zp, ...

)
(G(•) involves estimated

parameters and it is updated in every step)
Replace all ue

k zero/non-zero known input rows

Pp =
∑2L

i=0 V
c
i [Zi,p − zp][Zi,p − zp]

T +Qk−1 Pp =
∑2L

i=0 V
c
i [Zi,p − zp][Zi,p − zp]

T +Qk−1

Yi = h(Zi,p,uk) Yi = h(Zi,p,u
e
k)

y =
∑2L

i=0 V
m
i Yi y =

∑2L
i=0 V

m
i Yi

Pm =
∑2L

i=0 V
c
i [Yi − y][Yi − y]T +Rk Pm =

∑2L
i=0 V

c
i [Yi − y][Yi − y]T +Rk

Ps =
∑2L

i=0 V
c
i [Zi,p − zp][Yi − y]T Ps =

∑2L
i=0 V

c
i [Zi,p − zp][Yi − y]T

If ym
k is the measurement vector at time step k: If ym

k is the measurement vector at time step k:
zk = zp +PsPm

−1(ym
k − y) (State estimation) zk = zp +PsPm

−1(ym
k − y) (State estimation)

Pk = Pp −Ps

(
PsPm

−1
)T (Covariance estimation) Pk = Pp −Ps

(
PsPm

−1
)T (Covariance estimation)

ue
k ≈ G

(
ẍm
k , zk, ...

)
(Final Input estimation)

Replace all ue
k zero/non-zero known input rows

step 3: step 3:
Go to step 2 until k = kmax Go to step 2 until k = kmax
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2.3 Applications

2.3.1 Linear MDOF system

Figure 2.1: Linear 3-DOF sytem excited by a pulse at DOF 3.

For the numerical application of the proposed methodology consider the 3-DOF system of Fig.

2.1 which is described by the following equation:

M


ẍ1(t)

ẍ2(t)

ẍ3(t)

+C


ẋ1(t)

ẋ2(t)

ẋ3(t)

+K


x1(t)

x2(t)

x3(t)

 =


0

0

u3(t)

 (2.10)

where the system matrices which need to be identified (apart from M) are:

M =


m1 0 0

0 m2 0

0 0 m3

 =


1 0 0

0 1 0

0 0 1

 , C =


c1 + c2 −c2 0

−c2 c2 + c3 −c3

0 −c3 c3

 =


0.25 + 0.5 −0.5 0

−0.5 0.5 + 0.75 −0.75

0 −0.75 0.75

 ,

K =


k1 + k2 −k2 0

−k2 k2 + k3 −k3

0 −k3 k3

 =


9 + 11 −11 0

−11 11 + 13 −13

0 −13 13


(2.11)

with initial conditions x(0) = [0 0 0]T and ẋ(0) = [0 0 0]T . A pulse of 100N for 0.01s is
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applied at the time instant of 5s, which is not known beforehand.

In order to create synthetic measurements, the Runge Kutta 4th order method of integration is

utilized to compute the system response for 30s. The sampling frequency for the dynamic state

measurements is considered to be 100 Hz, therefore the time discretization ∆t used in the Runge

Kutta numerical solution is 0.01s. Finally, to consider measurement noise, each response signal

is contaminated by a Gaussian white noise sequence with a 5% root-mean-square noise-to-signal

ratio.

In discrete time the system can be written, in an recursive form, as:

zk =


xk−1 +∆t · ẋk−1

ẋk−1 +∆t · ẍk−1

θk−1θk−1θk−1

 (2.12)

and, using the equation of motion 2.10 to replace the accelerations ẍk−1, the process equation is

written as:
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zk =



z1(k−1) +∆t · z4(k−1)

z2(k−1) +∆t · z5(k−1)

z3(k−1) +∆t · z6(k−1)

z4(k−1) +∆t ·m−1
1

����: 0ue1(k−1) −
(
z7(k−1) + z8(k−1)

)
z4(k−1) + z8(k−1)z5(k−1)

−
(
z10(k−1) + z11(k−1)

)
z1(k−1) + z11(k−1)z2(k−1)


z5(k−1) +∆t ·m−1

2

����: 0ue2(k−1) + z8(k−1)z4(k−1) −
(
z8(k−1) + z9(k−1)

)
z5(k−1) + z9(k−1)z6(k−1)

+z11(k−1)z1(k−1) −
(
z11(k−1) + z12(k−1)

)
z2(k−1) + z12(k−1)z3(k−1)


z6(k−1) +∆t ·m−1

3

{
ue3(k−1) + z9(k−1)z5(k−1) − z9(k−1)z6(k−1) + z12(k−1)z2(k−1) − z12(k−1)z3(k−1)

}
z7(k−1)

z8(k−1)

z9(k−1)

z10(k−1)

z11(k−1)

z12(k−1)


(2.13)

where,

zk =

[
x1k x2k x3k ẋ1k ẋ2k ẋ3k c1k c2k c3k k1k k2k k3k

]T
(2.14)
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The presented formulation describes Eq. 2.3 without the error vector νk−1νk−1νk−1, while Eq. 2.4,

without the error vector ηkηkηk, can be written as:



xm1(k)

xm2(k)

xm3(k)

ẋm1(k)

ẋm2(k)

ẋm3(k)

ẍm1(k)

ẍm2(k)

ẍm3(k)



=



xp1(k)

xp2(k)

xp3(k)

ẋp1(k)

ẋp2(k)

ẋp3(k)

M−1

{
ue
k −Cẋp

k −Kxp
k

}



(2.15)

where for the unknown input ue
k = G

(
ẍm
k , ẋ

p
k,x

p
k, ...

)
= Mxm

k + Cẋp
k + Kxp

k and then ue
k =

[0 0 ue3(k)]
T .

The •m and •p stand for measured and predicted, respectively. The predicted states are available

from Eq. 2.14. C and K matrices involve estimated parameters and have to be updated in every

step.

Here, the full state measurement case is used. The investigation of this assumption is discussed

separately later.

The process covariance Qk−1 and the measurement covariance Rk matrices were chosen to be

constant during the identification process and equal to 10−9 · I12×12 and 10−3 · I9×9, respectively.

For larger values, the algorithm needs more data and time to converge, or it may even diverge.

In Fig. 2.2 the true and the estimated response, stiffness parameters, damping parameters, and

input estimation and its error at DOF 3 are shown. The convergence is satisfactory.

Additionally, in Fig. 2.3 the application is shown for an ambient input; a noise-type input of

mean value 0 and variance 4. The results are also satisfactory.
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Figure 2.2: Results for the linear 3-DOF system. True and estimated response (first row), stiffness
parameters (second row), damping parameters (third row), and input estimation and its error at
DOF 3 (fourth row).
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Figure 2.3: Results for the linear 3-DOF system under an ambient input. True and estimated
response (first row), stiffness parameters (second row), damping parameters (third row), and input
estimation and its error at DOF 3 (fourth row).
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2.3.2 Nonlinear MDOF system

For a second numerical application, consider the Duffing nonlinear 2-DOF system described

by the following equation:

M

ẍ1(t)ẍ2(t)

+C

ẋ1(t)ẋ2(t)

+K

x1(t)x2(t)

+ E

 x31(t)(
x2(t)− x1(t)

)3
 =

 0

u2(t)

 (2.16)

where the system matrices which need to be identified (apart from M) are:

M =

m1 0

0 m2

 =

1 0

0 1

 , C =

c1 + c2 −c2

−c2 c2

 =

0.5 + 0.5 −0.5

−0.5 0.5

 ,

K =

k1 + k2 −k2

−k2 k2

 =

3 + 4.5 −4.5

−4.5 4.5

 , E =

ϵ1 −ϵ2
0 ϵ2

 =

15 −27
0 27


(2.17)

with initial conditions x(0) = [0 0]T and ẋ(0) = [0 0]T . A pulse of 100N for 0.01s is applied

at the time instant of 5s, which is not known beforehand. Simultaneously, a noise-type input of

mean value 0 and variance 4 is applied to the system. Both excitations are applied at DOF 2. The

synthetic measurements are created in a similar manner to section 5.1.

In discrete time the system can be written, in an recursive form, as:

zk =


xk−1 +∆t · ẋk−1

ẋk−1 +∆t · ẍk−1

θk−1θk−1θk−1

 (2.18)

and, using the equation of motion 2.16 to replace the accelerations ẍk−1, the process equation is

written as:
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zk =



z1(k−1) +∆t · z3(k−1)

z2(k−1) +∆t · z4(k−1)

z3(k−1) +∆t ·m−1
1

 ����: 0ue1(k−1) −
(
z5(k−1) + z6(k−1)

)
z3(k−1) −

(
z7(k−1) + z8(k−1)

)
z1(k−1)

+z6(k−1)z4(k−1) + z8(k−1)z2(k−1) − z9(k−1)z
3
1(k−1) + z10(k−1)

(
z2(k−1) − z1(k−1)

)3


z4(k−1) +∆t ·m−1
2

u
e
2(k−1) + z6(k−1)z3(k−1) − z6(k−1)z4(k−1) + z8(k−1)z1(k−1)

−z8(k−1)z2(k−1) − z10(k−1)

(
z2(k−1) − z1(k−1)

)3


z5(k−1)

z6(k−1)

z7(k−1)

z8(k−1)

z9(k−1)

z10(k−1)


(2.19)

where,

zk =

[
x1k x2k ẋ1k ẋ2k c1k c2k k1k k2k ϵ1k ϵ2k

]T
(2.20)

The presented formulation describes the Eq. 2.3 without the error vector νk−1νk−1νk−1, while Eq. 2.4

without the error vector ηkηkηk, can be written as:



xm1(k)

xm2(k)

ẋm1(k)

ẋm2(k)

ẍm1(k)

ẍm2(k)


=



xp1(k)

xp2(k)

ẋp1(k)

ẋp2(k)

M−1

ue
k −Cẋp

k −Kxp
k − E

 (
xp1(k)

)3(
xp2(k) − x

p
1(k)

)3




(2.21)
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Figure 2.4: Results for the nonlinear 2-DOF system. True and estimated response (first row),
parameters (second row), and input estimation and its error at the DOF 2 (third row). The nonlinear
springs have been extensively excited (upper right plot).
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where for the unknown input ue
k = G

(
ẍm
k , ẋ

p
k,x

p
k, ...

)
= Mxm

k +Cẋp
k+Kxp

k+E
[(
xp1(k)

)3
,
(
xp2(k)−

xp1(k)
)3]T and then ue

k ← [0 ue2(k)]
T .

Here, the full state measurement is used. The investigation of this assumption, especially for

this nonlinear system, is discussed in Chapter 2.4.

The process covariance Qk−1 and the measurement covariance Rk matrices were chosen to be

constant during the identification process and equal to 10−9 · I10×10 and 10−5 · I6×6, respectively.

In Fig. 2.4 the true and the estimated response, parameters, and input estimation and its error

at DOF 2 are shown. The convergence is satisfactory.

2.4 Output information sensitivity analysis

The prior information recommendation is to measure all dynamic states, an assumption that

sounds restrictive or economically suboptimal. A way to relax this requirement is via a data fusion

algorithm (i.e. [45, 27]), simultaneously with the IPS-UKF concept.

This is attributed to two main reasons: the high-frequency noise amplification when the non-

measured derivative of a measured dynamic state is needed, and the low-frequency noise which

causes integration error or the loss of the drift information when the non-measured integration of

a measured dynamic state is needed.

The full state measurement recommendation is not mandatory though, as demonstrated using

a sensitivity analysis. It is shown that measurements of at least two dynamic states at each DOF is

potentially adequate to identify a nonlinear system.

Note that, the high-frequency noise is the hardest to tackle when the differentiation of a signal

is needed, let alone when the input is unknown. For this reason, the investigation of the non-

acceleration measurement case is abandoned for unknown input system identification.

Importantly, if the system is highly nonlinear, then the drift information loss will endanger the

identification procedure when no displacements are measured.
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Compared with the previous linear system application, only the observation equation is mod-

ified accordingly for the non-displacement, the non-velocity, and the acceleration-only measure-

ment case, respectively, as:



ẋm1(k)

ẋm2(k)

ẍm1(k)

ẍm2(k)


=



ẋp1(k)

ẋp2(k)

M−1

ue
k −Cẋp

k −Kxp
k − E

 (
xp1(k)

)3(
xp2(k) − x

p
1(k)

)3




(2.22)



xm1(k)

xm2(k)

ẍm1(k)

ẍm2(k)


=



xp1(k)

xp2(k)

M−1

ue
k −Cẋp

k −Kxp
k − E

 (
xp1(k)

)3(
xp2(k) − x

p
1(k)

)3




(2.23)

and, ẍm1(k)
ẍm2(k)

 =

M−1

ue
k −Cẋp

k −Kxp
k − E

 (
xp1(k)

)3(
xp2(k) − x

p
1(k)

)3


 (2.24)

Interestingly, the first two measurement cases can be characterized as satisfying. The response,

all the parameters, and the input have been estimated adequately (Fig. 2.5 and Fig. 2.6).

For the acceleration-only measurement case, the results were misleading and unreliable. Al-

most all the parameters and the dynamic states are not well estimated. Especially for the input and

the response, a trend for continuously higher error is noticed (see Fig. 2.7). Noticeably, the unre-

liability of the acceleration-only measurement case is enhanced by the fact that for each IPS-UKF

run, convergence to different values or even divergence happens.

The sensitivity investigation was done for the 2-DOF nonlinear system and thus, for a non-

trivial identification problem since more DOFs potentially means more known zero inputs and,

thus, faster and more accurate convergence.
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Figure 2.5: Results for the nonlinear 2-DOF system without displacements measurements. True
and estimated response (first row), parameters (second row), and input estimation and its error at
DOF 2 (third row).
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Figure 2.6: Results for the nonlinear 2-DOF system without velocity measurements. True and
estimated response (first row), parameters (second row), and input estimation and its error at DOF
2 (third row)
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Figure 2.7: Results for the nonlinear 2-DOF system for the acceleration-only measurements case.
True and estimated response (first row), parameters (second row), and input estimation and its error
at DOF 2 (third row).
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2.5 Chapter conclusions

The input-parameter-state estimation capabilities of a novel unscented Kalman filter for real

time applications was examined herein, where the unknown input was estimated in two stages

within each time step. A detailed Table was provided for the standard and the proposed unscented

Kalman filter.

Importantly, the process and measurement covariance matrices played an important role on the

correct convergence of this methodology; the proper calibration is outside the scope of this work

though.

For a successful full estimation displacement, velocity, and acceleration measurements are

recommended, while a data fusion methodology may relax this assumption. However, this is not

mandatory as was demonstrated via a sensitivity analysis.

Overall, this powerful procedure can successfully estimate the system response, inputs, and

also identify the model parameters simultaneously and online.
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Chapter 3: Input–parameter–state estimation of wind-excited systems using

a sequential Kalman filter

3.1 Wind loading

The wind loading is the result of the wind velocity which is considered as the summation of

the mean wind velocity and the wind turbulence. The wind turbulence uz(t) depends on the time

t and the height z. Importantly, the mean wind velocity U(z) is constant for a short period where

the system estimation takes place.

The wind turbulence is modeled by realizations of multivariate stationary stochastic processes.

However, the correlation characteristics of the wind are unknown, and this methodology does not

consider this information to be available. The emphasis is given to estimate this unknown time-

dependent input when applied to a system.

The mean velocity of a wind process is generally much easier to measure and much more

reliable than the wind turbulence measurements. Therefore, it would be of considerably benefit to

identify a system using only this, instead of the real input.

Importantly, in the case where the mean velocity is not measured at every height z, they are

estimated as:

U(z) =
1

Kc

· us · ln
(
z

z0

)
(3.1)

where z0 is the roughness length, us is the shear velocity of the flow, and Kc ≈ 0.4 is the von

Karman’s constant.

The applied force to the system at a given height z is described then as:

f(t) =
1

2
ρair · Area · Cd ·

(
U(z) + uz(t)

)2

= β · ϕ(t) (3.2)
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where ρair, Area and Cd are the air density, the area subjected to wind loading, and the drag

coefficient, respectively. Note that, we set:

β =
1

2
ρair · Area · Cd (3.3)

and

ϕ(t) =
(
U(z) + uz(t)

)2

(3.4)

3.2 Dynamic state estimation

Given the input and parameter unavailability, the dynamic states at each DOF of the system are

estimated using acceleration and displacement signals [46] as:

ẋẍ
 =

0 1

0 0


xẋ

+

0

1

 am +

0

1

 ηa (3.5)

y = dm = [1 0]

xẋ
+ ηd (3.6)

where, am and dm are the acceleration and displacement signals, respectively, and ηa and ηd are

their associated noise. It is assumed that ηa and ηd are white noise Gaussian processes. By intro-

ducing the state variables,

x =

x1x2
 =

xẋ
 (3.7)

Eq. 3.5 and 3.6, without the noise terms, are written in matrix form as:

ẋ = Ax+Bam (3.8)

y = Cx (3.9)
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If acceleration measurements are available at intervals of dt, the process Eq. 3.8 and the observa-

tion Eq. 3.9 are discretized as:

x(k + 1) = Adx(k) +Bdam(k) (3.10)

y(k + 1) = Cx(k + 1) (3.11)

namely,

x1(k + 1)

x2(k + 1)

 =

1 dt

0 1


x1(k)x2(k)

+

dt
2/2

dt

 am(k) +

dt
2/2

dt

 ηa(k) (3.12)

y = [1 0]

x1(k + 1)

x2(k + 1)

+ ηd(k + 1) (3.13)

where k step stands for k · dt time instance.

After the dynamic states have been optimally estimated by applying the Kalman filter on Eqs.

3.10 and 3.11, the filtered acceleration signal is initially estimated as:

x3(k + 1) ≈ x3(k) =
x2(k + 1)− x2(k)

dt
(3.14)

The acceleration state estimation and its approximation in Eq. 3.14 is not optimal, but it is

more correct than using the non-filtered acceleration measurement. After the use on the parameter

estimation, it is re-estimated using the updated system model.

The data fusion algorithm uses the Kalman filter which, given acceleration and displacement

signals, estimates optimally the displacement and velocity dynamic states. The displacement signal

is provided by the integration of the acceleration signal on linear systems. Furthermore, the non-

measured accelerations are provided by the system model estimation of the previous step.
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Importantly, this first Kalman filter procedure does not use the dynamics of the system, but the

dynamics of the DOF. More specifically, it uses the first and the second fundamental equations of

object kinematics.

The obtained results are used within the second Kalman filter discussed in Chapter 3.3. No-

tably, the mean wind velocities are input information; they should not be confused with system

velocities which are output information.

3.3 Parameter and input estimation

The parameters are estimated using a second sequential Kalman filter. In order to do so, a

process equation is developed that focuses on the model parameters. These are included in the

parameter vector θθθ. Then, an observation equation is formulated using the unknown input as a

pseudo-measurement.

The observation matrix Hd maps the parameter vector into the observed space, namely to the

unknown input, and contains the dynamic states estimated with the former Kalman filter. Hd is

computed using the derivative of the equation of motion with respect to each parameter.

Instead of the unknown wind input, the squared mean velocity at each amplitude is utilized, and

ηbηbηb accounts for this error. This assumption imposes some error on the procedure, but it addresses

the impracticability of measuring, in most cases, the exact wind turbulence.

Importantly, a correlation exists between the pseudo-measurements, namely between the mean

wind velocities at each height, which is considered to be unavailable. However, this does not affect

the identification procedure and therefore, the Gaussian non-correlated error assumption on the

measurements is kept.

Finally, the process equation of the second sequential Kalman filter is written in the discrete

time space as:

θθθ(k + 1) = θθθ(k) + ηcηcηc (3.15)

33



while the observation equation is written as:

D
(
U(z)

)
·U(z) = Hd(k + 1) · θθθ(k + 1) + ηbηbηb (3.16)

where, D(•) denotes the diagonal matrix of a vector. Eq. 3.16 maps the unknown parameters to

the mean wind velocities, including the error terms.

The wind velocity is treated as a non-correlated Gaussian random variable with mean value

equal to the mean wind velocity. The time-invariant mean velocity is considered since the time-

dependent input is regarded as unknown.

The last step refers to the input estimation using the observation matrix and the estimated

parameters as:

f(k + 1) = Hd(k + 1) · θθθ(k + 1) (3.17)

where, ηcηcηc and ηbηbηb are the process and observation noise terms that have zero mean value and they are

uncorrelated, while their respective covariances Qηc and Rηb are square matrices of dimensions

equal to the number of unknown parameters and the number of DOF, respectively.

Importantly, f(k + 1) is the estimation of Eq. 3.2. Its final estimation is not Gaussian and

converges to the true wind input with respect to its spatial and temporal correlation.

3.4 Summary of the considered procedure

For a successful input-parameter-state estimation of linear systems, here, accelerations are ex-

clusively measured denoted as mak for the step k. The accelerations which are not measured are

denoted as�mak.

Once the dynamic states, the parameters, and the input at the previous step k − 1 are filtered,

then the non-measured accelerations of step k are approximated using the system model. To sub-

stitute the non-measured accelerations in the first Kalman filter, it is assumed that they are equal to
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the estimated accelerations of the previous step k − 1, as:

�mak ≈M−1
(
ue
k−1 −Ck−1ẋ

f
k−1 −Kk−1x

f
k−1

)
mak =


�mak

mak


(3.18)

where in the end, the final mak consist of the real measurements, and the non-measured quantities

are replaced by the �mak vector. Here, xf
k−1 and ẋf

k−1 are the filtered displacement and velocity

dynamic states vector for all DOFs at step k−1, and Kk−1 and Ck−1 are the stiffness and damping

matrices.

The procedure is illustrated in the following steps:

1. Set the initial probability distributions for the dynamic states and the parameters.

2. Estimate the posterior distribution of the dynamic states using the first Kalman filter. Sub-

stitute the non-measured accelerations using the previous step system model estimation on

linear systems and integrate them.

3. Estimate the posterior distribution of the parameters (including the input coefficients) using

the second Kalman filter.

4. Estimate the expected value and the posterior distribution of the input using Eq. 3.17.

5. Repeat 2-4 for all time steps.

The computation details of this procedure are found in Table 3.1. Apart from the mass m

and the geometrical characteristics of the system, nothing more is considered as known, and no

assumption is needed on the wind model or the wind correlation.
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Table 3.1: SKF pseudo-code.
1. Initialization at k = 0:
xe(k) = E[x(k)], (E[•] stand for Expectation, e stands for estimate)
Px

e(k) = C[x(k)], (C[•] stands for Covariance)
θeθeθe(k) = E[θθθ(k)]
Pθ

e(k) = C[θθθ(k)]

2. Dynamic State Estimation
xp(k + 1) = Adx(k) +Bdam(k), (p stands for prediction)
Px

p(k + 1) = AdP
x
e(k)Ad

T +Qd

Ke = Px
p(k + 1)CT

(
Rd +CPx

p(k + 1)CT
)−1

xe(k + 1) = xp(k + 1) +Ke

(
y(k + 1)−Cxp(k + 1)

)
Px

e(k + 1) =
(
I−KeC

)
Px

p(k + 1)
(
I−KeC

)T

+KeRdKe
T

x3p(k + 1) ≈ dt−1
(
x2e(k + 1)− x2e(k)

)
3. Parameter Estimation
θpθpθp(k + 1) = θeθeθe(k)
Pθ

p(k + 1) = Pθ
e(k) +Qηc

Ke = Pθ
p(k + 1)Hd

T (k + 1)
(
Rηb +Hd(k + 1)Pθ

p(k + 1)Hd
T (k + 1)

)−1

θeθeθe(k + 1) = θpθpθp(k + 1) +Ke

(
D
(
U(z)

)
U(z)−Hd(k + 1)θpθpθp(k + 1)

)
Px

e(k + 1) =
(
I−KeHd(k + 1)

)
Pθ

p(k + 1)
(
I−KeHd(k + 1)

)T

+KeRηbKe
T

4. Input Estimation
fe(k + 1) = Hd(k + 1)θeθeθe(k + 1)

x3e(k + 1) = updated system model acceleration
5. Go to step 2 for k + 1
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Importantly, the dynamic states are not estimated using the system dynamics in contrast to

standard Kalman filtering. A mathematical explanation of the robustness of the latter, for the

discussed unknown input problem, is derived by examining the uncertainty of both approaches.

Let UC(•) denote the level of uncertainty of the quantity •.

Comparing the considered dynamic state propagation xp(k + 1) = Adx(k) + Bdam(k) + ηaηaηa

and the system dynamics based one xs
p(k + 1) = As

dx
s(k) + Bs

du(k) + ηsηsηs, with the input to be

unknown and be approximated by the mean wind velocity for each case, the following are implied,

where As
d, Bs

d, u, and ηsηsηs are the system matrix, the input matrix, the input, and the associated error

term:

• UC(Ad) < UC(As
d) , Ad is determinstic, As

d contains uncertain parameters

• UC(Bd) = UC(Bs
d) − , Bd is determinstic, Bs

d is deterministic

• UC(am) < UC(u) , am is noisy, u is approximated

• UC(ηaηaηa) < UC(ηsηsηs) , ηaηaηa models noise, ηsηsηs models noise, parameter uncertainty, input approximation

meaning that UC
(
xp(k + 1)

)
< UC

(
xs
p(k + 1)

)
. A similar conclusion is made for the covariance

propagation, the dynamic state update, and the covariance update.
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3.5 Applications for complete output information

For all the numerical applications the turbulence is derived in a similar manner to [47] with

typical parameters: z1 = 20 m, z2 = 40 m, z3 = 60 m, z4 = 80 m, z5 = 100 m, z6 = 120

m z0 = 0.001266 m, us = 1.76 m/s ωu = 4.0 rad/s, N = 2048 and M = 4096. The spatial

and temporal correlation of the wind loading is considered with the latter methodology. This

wind turbulence is applied to the system and synthetic response data are generated. The scope

of the numerical applications is to estimate this unknown process, namely the input, along with

the dynamic states and the parameters using acceleration data for linear systems, and additional

displacement data for nonlinear systems avoiding the drift.

3.5.1 Linear system

For the first application, a linear 3-DOF system is considered (Fig.3.1 (a)). Each parameter is

reparametrized with respect to the input coefficient as:

m =
m

β
, c =

c

β
, k =

k

β
etc. (3.19)

where, mj , cj and kj are the mass, the damping and the stiffness parameter of the j DOF of the

system, respectively, and β is the input coefficient of Eq. 3.3. Identifying m is equivalent to

identifying β, since the mass m is considered as known. The equation of motion is:


m1 0 0

0 m2 0

0 0 m3



ẍ1

ẍ2

ẍ3

+


c1 + c2 −c2 0

−c2 c2 + c3 −c3

0 −c3 c3



ẋ1

ẋ2

ẋ3

+


k1 + k2 −k2 0

−k2 k2 + k3 −k3

0 −k3 k3



x1

x2

x3

 =


ϕ1

ϕ2

ϕ3


(3.20)
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The process equation of the second Kalman filter (Eq. 3.15) is written in the discrete time

domain as: 

m1(k + 1)

m2(k + 1)

m3(k + 1)

c1(k + 1)

c2(k + 1)

c3(k + 1)

k1(k + 1)

k2(k + 1)

k3(k + 1)



=



1

1

1

1

1

1

1

1

1





m1(k)

m2(k)

m3(k)

c1(k)

c2(k)

c3(k)

k1(k)

k2(k)

k3(k)



+



η1c (k)

η2c (k)

η3c (k)

η4c (k)

η5c (k)

η6c (k)

η7c (k)

η8c (k)

η9c (k)



(3.21)

while the observation equation of this second Kalman filter (Eq. 3.16) is written as:


U2(z1)

U2(z2)

U2(z3)

 =


x31 0 0 x21 x21 − x22 0 x11 x11 − x12 0

0 x32 0 0 x22 − x21 x22 − x23 0 x12 − x11 x12 − x13

0 0 x33 0 0 x23 − x22 0 0 x13 − x12





m1(k + 1)

m2(k + 1)

m3(k + 1)

c1(k + 1)

c2(k + 1)

c3(k + 1)

k1(k + 1)

k2(k + 1)

k3(k + 1)



+


η1b (k + 1)

η2b (k + 1)

η3b (k + 1)



(3.22)

The true and the initial parameter values are shown in Fig.3.1 (b). In order to create synthetic

measurements, the 4th-order Runge Kutta method of integration is utilized to compute the system

response for 150s. To consider measurement noises, each response signal is contaminated by a

Gaussian white noise sequence with a 10% root-mean-square noise-to-signal ratio.
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In Fig. 3.1 (c) the parameter estimation is shown, while in Fig. 3.1 (d) the wind velocity is

shown. The application is presented for acceleration measurements, where they are double inte-

grated before they are processed in the first Kalman filter. The estimation for the system response,

the input, as well as the stiffness and the mass, equivalent to input coefficient, parameters is quite

accurate and satisfactory. Given the small values of the damping parameters, the part of the restor-

ing force associated with them is not significant, and as a result, the damping parameter estimation

is not accurate.

Figure 3.1: (a) 3-DOF system, (b) Table of the true and the initial parameters values, (c) Parameter
estimation, (d) Wind velocity estimation.
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3.5.2 Nonlinear system in the states

For a second application, the 2-DOF nonlinear system in the states, namely nonlinear operators

act on some states, of Eq. 3.23 is considered, assuming nonlinear stiffness at every DOF.

m1 0

0 m2


ẍ1ẍ2

+

c1 + c2 −c2

−c2 c2


ẋ1ẋ2

+

k1 + k2 −k2

−k2 k2


x1x2

+

ϵ1 −ϵ2
0 ϵ2


 x31

(x2 − x1)3

 =

ϕ1

ϕ2


(3.23)

where the matrices Hd and θθθ are:

Hd =

x31 0 x21 x21 − x22 x11 x11 − x12 x311 −(x12 − x11)3

0 x32 0 x22 − x21 0 x12 − x11 0 (x12 − x11)3

 (3.24)

θθθ =

[
m1 m2 c1 c2 k1 k2 ϵ1 ϵ2

]T
(3.25)

and the displacement x1j , the velocity x2j , and the acceleration x3j refer to DOF j for each time

step.

The true and the initial parameter values are shown in Fig.3.2 (a). The synthetic measurements

are created in a similar manner to the previous application.

In Fig.3.2 (c) the parameter estimation is shown, while in Fig.3.2 (d) the wind velocity is

shown. The estimation for the system response, the input, as well as the stiffness and the mass

parameters is satisfactory.

Given the small values of the damping parameters, the part of the restoring force associated

with them is not contribute significantly, and as a result, the damping parameter estimation is not

accurate in contrast to the parts of restoring forces associated with the springs (Fig.3.2 (b)). In real

structures, accurately identifying the damping parameters is not always possible even when the

true input is known.

41



Figure 3.2: (a) Table of the true and the initial parameter values for the nonlinear 2-DOF system,
(b) Nonlinear spring restoring force estimation, (c) Parameter estimation, (d) Wind velocity esti-
mation.
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3.5.3 Nonlinear system both in the states and in the parameters

For a third application, the system of Eq. 3.26 which is nonlinear in both the states and the

parameters system, is considered:

mẍ+ ψ(−1 + ρx2)ẋ+ kx+ ϵx|x| = ϕ (3.26)

where the matrices Hd and θθθ are:

Hd =

[
x3 −x2 ψx21x2 x1 x1|x1|

]
(3.27)

θθθ =

[
m ψ ρ k ϵ

]T
(3.28)

and the displacement x1, the velocity x2, and the acceleration x3 follow the notation of this work.

In this application, nonlinearity exists in the parameters too. Therefore, within the computation

of Ke and Px
e(k) in step 3 of Table 3.1, instead of Hd the following is used:

HdHdHd =
∂(Hd · θθθ)

∂θθθ

∣∣∣
θθθ=θpθpθp

(3.29)

The true and the initial parameter values are shown in Fig.3.3 (a). The synthetic measurements

are created in a similar manner to the previous application.

In Fig.3.3 (c) the parameter estimation for the nonlinear SDOF system is shown, while in

Fig.3.3 (d) the wind velocity time-history is shown. For all the parameters the accuracy is satisfac-

tory since all components of restoring force have been sufficiently excited (Fig.3.3 (b)).
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Figure 3.3: (a) Table of the true and the initial parameter values for the nonlinear SDOF system,
(b) Nonlinear restoring force estimation, (c) Parameter estimation, (d) Wind velocity estimation.
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3.6 Output information sensitivity analysis

For the investigation of limited information conditions, a 6-DOF system is considered, extend-

ing Eq. 3.20. The process equations of the Kalman filters, the observation equations of the Kalman

filters, and the synthetic measurements are derived in a similar manner to the previous applications.

Five cases are examined on Figs. 3.4-3.8. They show the true and estimated response (first col-

umn), the true and estimated stiffness parameters (second column), the true and estimated damping

parameters (third column), and the true and estimated input (fourth column).

Fig. 3.4 refers to the case where the acceleration is measured at all six DOFs. The results for

the dynamic response, the parameters, and the input are satisfactory. In general, the response and

the input are impressively estimated, the stiffness parameters are satisfactorily estimated, while

again only the damping parameters are misleading where its contribution does not significantly

impact the estimation of the rest of the quantities.

Fig. 3.5 refers to the case where the acceleration is measured at DOF 1-3-4-5-6, namely the

sensor at DOF 2 is removed. The results for the dynamic states, the parameters, and the input are

also satisfactory. For this first limited output information case, the methodology does not show any

deterioration compared with the previous case. As a consequence, the extra sensor is redundant

and no further information is provided.

Fig. 3.6 refers to the case where the acceleration is measured at DOF 1-3-5-6, namely the

sensors at DOF 2 and 4 are removed. The results for the dynamic states, the parameters, and

the input are also satisfactory. For this second limited output information case, the methodology

does not show any deterioration compared with the previous cases, except the damping parameters

which were already erroneous. As a consequence, the two extra sensors are also redundant and no

further information is provided.

Fig. 3.7 refers to the case where the acceleration is measured to DOF 4-5-6, namely the sensors

at DOF 1, 2, and 3 are removed. The dynamic states and the stiffness parameters are acceptably

estimated. However, a divergence on the input estimation is shown; the removal of an extra sensor
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is no longer redundant. Interestingly, the input estimation for the DOFs whose sensors are removed

show a higher deterioration compared to the rest.

Finally, Fig. 3.8 refers to the case where the acceleration is measured at DOF 5-6, namely the

sensors at DOF 1, 2, 3 and 4 are removed. In this case, the input estimation is even poorer as

might expected, and it is attributed to the even worse damping estimation. However, the dynamic

response and the stiffness parameters are still characterized as acceptably estimated. Clearly, the

input estimation for the DOFs whose sensors are removed show a higher deterioration.

Importantly for the last two cases, where the input estimation is not optimal, the results are

improving after a longer period of time; the estimation is less divergent over the second half of the

duration.

Additionally, Table 3.2 presents the root mean square error (RMSE) for the last time step of

every DOF, and for every case. The stiffness parameter estimation error with respect to the true

values, and the system model estimation error are shown.

Table 3.2: Stiffness and system model estimation RMSE for each case.
Measured Response Removed Accelerometer Stiffness Estimation RMSE System Model Estimation RMSE
DOF 1, 2, 3, 4, 5, 6 - 1.53 % 2.12 %
DOF 1, 3, 4, 5, 6 DOF 2 1.54 % 3.06 %
DOF 1, 3, 5, 6 DOF 2, 4 1.65 % 2.87%
DOF 4, 5, 6 DOF 1, 2, 3 1.56% 6.56 %
DOF 5, 6 DOF 1, 2, 3, 4 1.59 % 7.09 %
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Figure 3.4: Results for the linear 6-DOF system when measuring acceleration at DOF 1 to 6.
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Figure 3.5: Results for the linear 6-DOF system when measuring acceleration at DOF 1, and 3 to
6.
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Figure 3.6: Results for the linear 6-DOF system when measuring acceleration at DOF 1, 3, 5, and
6.
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Figure 3.7: Results for the linear 6-DOF system when measuring acceleration at DOF 4 to 6.
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Figure 3.8: Results for the linear 6-DOF system when measuring acceleration at DOF 5 to 6.
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3.7 Chapter conclusions

The online estimation of the dynamic states, the parameters, and the input of systems sub-

jected to wind loading was examined using a sequential Kalman filter. Four numerical applications

demonstrated the effectiveness of the technique.

The procedure approached the problem considering two sequential Kalman filters in order to

estimate initially the dynamic states, and subsequently the parameters along with the input, in an

online fashion. Apart from the mass m and the geometrical characteristics of the system, nothing

more was considered as known. No assumption was needed on the wind model or the wind corre-

lation. Last but not least, no divergence was noticed in the presence of partial measurements with

a realistic number of sensors.

A critical assessment of these findings leads to the general conclusion that it is realistic to

extract information from wind excited systems when the input is unknown or hard to measure, and

partial accelerations are only available.
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Chapter 4: Residual-based Kalman filter for real time

input–parameter–state estimation using limited output information

4.1 Unknown-input dynamic state estimation using the Kalman filter

The dynamic state estimation without the parameter and input information is based on the

system model and the prior-only parameter and input estimates. Here, the dynamic states are

estimated separately from the parameters to promote a stable unknown input filtering. In this way,

a potential immediate divergence of the parameters does not affect the dynamic state estimation to

satisfy this misleading information.

The standard model of the multi-degree of freedom (MDOF) structural-mechanical system of

n degrees is considered:

Mẍ(t) +Cẋ(t) +Kx(t) = u(t) (4.1)

where, M, C(θθθ), and K(θθθ) are the n × n mass, damping, and stiffness matrices, respectively.

Importantly, as it is often assumed, the mass matrix is considered to be known since it is the simpler

to estimate without an identification procedure. The damping and stiffness matrices depend on the

estimated parameter vector θθθ. Last but not least, x(t) and u(t) are the response and the input

(force), respectively.

The state-space representation is introduced for the system model of Eq. 4.1 in discretized

time. In doing so, the posterior prediction of the dynamic states is provided before the Kalman

filter update them. The dynamic state vector is initially written in continues time as:

z(t) =

x(t)

ẋ(t)

 (4.2)
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The system matrix A(θθθ) of 2n×2n dimension, which contains all the characteristics of the system

and depends on the unknown parameters, is written as:

A(θθθ) =

 0n×n In×n

−M−1K(θθθ) −M−1C(θθθ)

 (4.3)

where, 0 and I are the zero and the unity matrices, respectively. Furthermore, the input distribution

matrix B of 2n× n dimension, which relates the input to the dynamic state vector, is written as:

B =

0n×n

M−1

 (4.4)

In the end, the state-space model is written as:

ż = Az+Bu (4.5)

Subsequently, the discrete time transformation of system and input matrices is provided using

the zero-order hold assumption for the input in between time instants k · dt, where k denotes the

time step and dt the sampling period, as:

Ad = eAdt ≈ I2n×2n + dtA+
dt

2
A2 (4.6)

and,

Bd =

∫ dt

0

eAdτB dτ = A−1
[
Ad − I2n×2n

]
B ≈ dtB (4.7)

Importantly, the zero-order hold assumption implies that the force is constant over the specified

interval. This results in excellent estimates for the output (dynamic states) provided that the forc-

ing function is sufficiently smooth or dt is adequately small. The latter condition is sufficient for

this methodology, since even non-smooth unknown inputs (pulse, white noise) are acceptably esti-

mated, as shown later.
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The state-space model of Eq. 4.5 in discrete time is written as:

zk+1 = Adzk +Bdu
e
k +wk (4.8)

where, ue
k and Ad(θkθkθk) are the estimated input and system matrix of the prior step; therefore are

known.

The equation which relates the measurements y to the estimated dynamic states is written as:

yk+1 = Hzk+1 +wy
k+1 (4.9)

where, H is the observation matrix which maps the measurements to the dynamic states, and here

is chosen to not depend on the unknown parameters and input. Contrastingly for known input,

a form of Eq. 4.10 is provided for the observation equation when acceleration measurements are

utilized with properly defined H(θk+1θk+1θk+1) and Hipt, where the latter Hipt observation matrix depends

on the input contribution, and thus it is avoided here.

yk+1 = H(θk+1θk+1θk+1)zk+1 +Hiptuk+1 +wy
k+1 ✗ (4.10)

Specifically, this form leads to two problems. First, the unknown input and parameters have not

yet been estimated for the step k + 1, and second the prior step parameters and input possibly

negatively affect the observation equation when they are inaccurate. Therefore, in this work, the

acceleration measurements are double-integrated, and Eq. 4.9 is used in the stead of Eq. 4.10. As

a result, y consists of those displacement and velocity pseudo-measurements; the integrated ones.

More specifically, the accelerations which are measured are denoted as mak+1 for the step k+1.

Given that the methodology works adequately with limited output information, the accelerations

which are not measured are denoted as �mak+1. To provide the non-measured accelerations, it is
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assumed that they are equal to the estimated accelerations of the previous step k, as:

�mak+1 ≈ ak = M−1
(
ue
k − [Kk Ck]zk

)
(4.11)

and then,

mak+1 =


�mak+1

mak+1

 (4.12)

where the final mak+1 consist of the real measurements and the non-measured pseudo-measurements

replaced by the�mak+1 vector.

The unfiltered displacement and velocity pseudo-measurements are then provided by the inte-

gration and the double integration of the accelerations, respectively as:

mzIIk+1 = mzIIk + dt
mak+1 +

mak

2
(4.13)

and,

mzIk+1 = mzIk + dt
mzIIk+1 +

mzIIk
2

(4.14)

where, mzI and mzII refer to the displacement and the velocity part of the dynamic state vector,

respectively.

The predicted estimate of the covariance matrix Pk+1 of the dynamic states is written as:

Pk+1 = AdPkA
T
d +Qd(k) (4.15)

Importantly here, wk, shown earlier in Eq. 4.8, represents the process noise at time step k and

affects the dynamics of the state propagation. Without the latter, Eq. 4.8 has a deterministic

behavior, something that it is not the case in reality. In practice, process noise always exists due to

the electrical noise in actuators, disturbances from the environment, and modeling error. A similar

measurement noise exists for the observation Eq. 4.9. These noises wk and wy
k+1 with covariance

matrices Q and R, are assumed to be uncorrelated to the input as well as to the measurements, and
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they are zero-mean processes.

Specifically for the covariance matrices, they are provided as:

Qd(k) =

∫ dt

0

eAdτBeA
Tdτ dτ ≈ Q(kdt)

dt
(4.16)

and,

Rd(k) =
R(kdt)

dt
(4.17)

It is assumed, though, that the matrices are constant during the whole process; where being constant

does not harm the estimation success; an investigation of their exact value, which importantly

highly affects the success of the estimation [48], is shown in Chapter 4.7.

Having providing the posterior prediction model for the dynamic states and their covariances,

the update starts according to the Kalman filter. The updated dynamic state estimate is derived by

a correction of the predicted dynamic states using the measurement pre-fit residual, multiplied and

controlled by the optimal Kalman gain J given as:

Jk+1 = Pk+1H
TS−1

k+1 (4.18)

where, the pre-fit residual covariance S is:

Sk+1 = HPk+1H
T +Rd (4.19)

The final estimation of the posterior dynamic states is then given by:

zk+1 = zk+1 + Jk+1

(
yk+1 −Hzk+1

)
(4.20)

while the final estimation of the covariance of the dynamic states is given by:

Pk+1 =
(
In×n − Jk+1H

)
Pk+1 (4.21)

57



For the last two equations 4.20 and 4.21, the same quantity on the right and left hand side implies

that they are re-calculated at the same time step; the a priori estimate of the right hand side is used

for the calculation of the a posteriori estimate on the left hand side.

Overall, despite the fact that accelerations are exclusively measured, the non-measured dis-

placement and velocity dynamic states are used in the observation equation of the Kalman filter

and later on the sensitivity matrix calculation when filtered.

Five reasons justify this choice (two of them are shown in Chapter 4.3):

• Reason A: the unknown input is not required at the current step of the observation equation.

• Reason B: the estimated and possibly still misleading parameters and input are not consid-
ered in the observation equation.

• Reason C: the dynamic state estimation in Kalman filter has a more precise target to avoid
large divergence.

4.2 Input estimation using the system model

Once the dynamic states are filtered using the pseudo-measurements, and with the use of the

parameters of the prior step, the input at the current step is approximated using the system model,

namely the equation of motion in continuous time at the time instant (k + 1) dt as:

ue
k+1 ≈Mmak+1 + [Kk Ck]zk+1 (4.22)

and then,

ue
k+1 =

0known or uknown
k+1

ue
k+1

 (4.23)

where, the known zero or non-zero inputs substitutes the relevant input rows of the vector ue
k+1.

4.3 Real time sensitivity analysis

The sensitivity analysis refers to the linearization of the relationship between the measured out-

put and the parameters. The approach is implemented using the Taylor series expansion truncated
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after the linear term. To provide a real-time estimation, the measured outputs are chosen to be

accelerations, as:

ϵϵϵ(t) = ma(t)− a(t) (4.24)

where, ϵϵϵ(t), ma(t), and a(t) denote ideally the error, the acceleration measurements, and the pre-

dicted output, respectively.

In reality, those quantities are defined in discrete time intervals. Using the linearization, the

error is written as:

ϵk+1ϵk+1ϵk+1 =
mak+1 − ak+1 ≈ rk+1 +Gk+1(θθθ − θk+1θk+1θk+1) (4.25)

where, the residual rk+1 is defined at the k + 1 step as:

rk+1 = mak+1 − ak+1 (4.26)

so that linearization is carried out at θθθ = θk+1θk+1θk+1. Here, the predicted output depends on the parameter

vector θk+1θk+1θk+1, namely ak+1 = ak+1(θk+1θk+1θk+1).

The sensitivity matrix Gk+1, which does not need an initial value or prior information, is

written as:

Gk+1 = −

[
∂∂∂ mak+1

∂∂∂ θk+1θk+1θk+1

]
θθθ=θk+1θk+1θk+1

(4.27)

where, the error ϵk+1ϵk+1ϵk+1 is assumed to be small for the parameter vector θθθ in the vicinity of θk+1θk+1θk+1.

Here, in contrast to the standard model updating of structural systems where natural frequencies

and/or mode shapes are usually considered, the acceleration measurements are used to develop the

methodology in real time.

The acceleration measurements, though, contain high noise. This results in a highly unreli-

able sensitivity matrix and, as a consequence, a bias is introduced in the parameter estimates. To

mitigate this phenomenon, the Kalman filter estimated dynamic states are used. In this way, the
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sensitivity matrix at each step is written as:

Gk+1 = −

[
∂∂∂
(
M−1

(
uk+1 − [K C]zk+1

))
∂∂∂θk+1θk+1θk+1

]
θθθ=θk+1θk+1θk+1

=⇒

=⇒ Gk+1 =

[
∂∂∂
(
M−1

(
[K C]zk+1

))
∂θk+1∂θk+1∂θk+1

]
θθθ=θk+1θk+1θk+1

(4.28)

where, the accelerations are replaced by the system model of Eq. 4.1 and the input is not a function

of the parameter vector in the final form. Here, C = C(θθθ), K = K(θθθ), namely the damping and

stiffness matrices depend on the parameters.

At each step, Eq. 4.25 is solved for:

∆θk+1∆θk+1∆θk+1 = θθθ − θk+1θk+1θk+1 (4.29)

using a Gauss–Newton gradient approach. Subsequently, the parameters are corrected using the

previously estimated set and ∆θk+1∆θk+1∆θk+1, as:

θk+1θk+1θk+1 = θkθkθk +∆θk+1∆θk+1∆θk+1 (4.30)

This equation, though, highly affects the parameter estimation at every new step without sufficient

memory of the prior estimates. This leads to undesirable and misleading corrections when a highly

erroneous measurement is provided at a unique step. To account for this scenario, an exponential

model is introduced that converges to 1.0 after a sufficient period of time, as:

θk+1θk+1θk+1 = θkθkθk +∆θk+1∆θk+1∆θk+1 · e−µ ||ρk+1ρk+1ρk+1||2 (4.31)

where, µ is a scaling parameter and ||ρk+1ρk+1ρk+1||2 is the norm of the residual of the system model

estimation. In practice, e−µ ||ρk+1ρk+1ρk+1||2 acts as a control factor which controls the convergence speed
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and fluctuation range. An investigation for the behavior and the choice of µ parameter is presented

in Chapter 4.7. The introduction of the exponential function is also useful when a large amount of

unexpected measurements leads the parameter convergence to different values; this happens in a

real-time damage detection scenario, shown as an application in Chapter 4.6.

For Eq. 4.31, the residual of the system model estimation is written as:

ρk+1ρk+1ρk+1 = ue
k+1 −Mak+1 − [Kk Ck]zk+1 (4.32)

where, ue
k+1 is the estimated input for step k + 1, and the dynamic states are provided by the

Kalman filter. The Euclidean norm is computed as:

||ρk+1ρk+1ρk+1||2 :=

√√√√nmax∑
n=1

|ρk+1(n)|2 (4.33)

where, n refers to the nth degree of freedom.

As a result, the last two reasons for using the displacement and velocity dynamic states on the
sensitivity matrix calculation when filtered are written as:

• Reason D: the sensitivity matrix contains less noise since updated dynamic states are used.

• Reason E: the unknown parameters are better estimated since they are directly affected by
the displacement and the velocity dynamic states.

4.4 Real time residual-based parameter estimation

The prior parameter set is corrected in every step by a “e−µ ||ρk+1ρk+1ρk+1||2” fraction of the quantity

∆θk+1∆θk+1∆θk+1 to provide the posterior estimate θk+1θk+1θk+1. The value of ∆θk+1∆θk+1∆θk+1 is chosen to minimize the error

ϵϵϵ between the measurements and the predicted output in real time.

The use of real time measurements, here, fulfills the requirement of a larger number of mea-

surements than parameters to avoid an under-determined system whose solution is not unique. In a

different case, the estimated model only reproduces the measurements and provide ϵϵϵ→ 0, but with

a non-physical parameter estimation. Last but not least, important for the linear systems examined
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here, the estimated parameters are always sensitive to the acceleration data.

In practice, the least square approach is formulated as the objective function. It is common also

to include a symmetric weighting matrix Wϵϵϵ to account for the importance of each individual term

in the residual vector. The objective function f is then written as:

f(θk+1θk+1θk+1) = ϵTk+1ϵTk+1ϵTk+1Wϵϵϵ ϵk+1ϵk+1ϵk+1 (4.34)

Wϵϵϵ is, however, difficult to select. It is suggested though [49] to include a scaling to equalize the

effect of the measurement amplitude as:

Wϵ(k+1)ϵ(k+1)ϵ(k+1) = [D(mak+1
mak+1
mak+1)]

−2 (4.35)

where, D(•) denotes the diagonal matrix of a vector. However, this matrix is quite unstable with

the use of measured accelerations. Here, it is simply proposed the use of the unity matrix instead

which remains constant at each step, namely:

Wϵϵϵ = In×n (4.36)

This simplification, being constant, does not harm the identification process as demonstrated in the

applications.

Using a Gauss–Newton gradient approach, the optimum ∆θk+1∆θk+1∆θk+1 correction is provided by:

∆θk+1∆θk+1∆θk+1 = [GT
k+1WϵϵϵGk+1]

−1GT
k+1Wϵϵϵρk+1ρk+1ρk+1 (4.37)

and, with the use of the assumption of Eq. 4.36, it is simplified as:

∆θk+1∆θk+1∆θk+1 = G−1
k+1ρk+1ρk+1ρk+1 (4.38)
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However, the minimization function of Eq. 4.34 does not contain any information on the pa-

rameter estimation, depending solely on the measurements. This often leads to high and unrealistic

∆θk+1∆θk+1∆θk+1 correction which prevents the estimation from converging.

To alleviate this problem, the parameter estimation is usually included in the objective function

using a new scaling parameter λ2 which balances the contribution of the parameter estimation and

the importance of the error ϵϵϵ. The final objective function F is written as:

F(θk+1θk+1θk+1) = ϵTk+1ϵTk+1ϵTk+1 Wϵϵϵ ϵk+1ϵk+1ϵk+1 + λ2∆θTk+1∆θTk+1∆θTk+1Wθθθ∆θk+1∆θk+1∆θk+1 (4.39)

where, a penalization exists for the differences between the estimated parameters and the output

error. Here, a dual objective function is minimized where both sub-functions contribute.

Importantly, a second weighting matrix Wθθθ is introduced which accounts for the uncertainty in

the previous parameter estimates similar to how Bayesian methods consider the parameter estima-

tion variance. In reality, this information is not available for the first step and an initial inaccuracy

is propagated to the next steps.

To address this issue and for simplification, the unity matrix is used to tackle the estimation

similar to the previous weighting matrix, namely:

Wθθθ = I2n×2n (4.40)

The new optimum ∆θk+1∆θk+1∆θk+1 correction is then provided by:

∆θk+1∆θk+1∆θk+1 = [GT
k+1WϵϵϵGk+1 + λ2Wθθθ]

−1GT
k+1Wϵϵϵρk+1ρk+1ρk+1 (4.41)

and, with the use of the assumption of Eq. 4.40, it is simplified as:

∆θk+1∆θk+1∆θk+1 = [GT
k+1Gk+1 + λ2I]−1GT

k+1ρk+1ρk+1ρk+1 (4.42)
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where, the value of λ2 remains constant during the real time procedure. An investigation of this

parameter is presented in Chapter 4.7.

4.5 Summary of the RKF method

The procedure is illustrated here where each step is detailed in Table 4.1:

1. Set the initial estimates for the dynamic states, the parameters, and the input, which also ini-

tializes the system matrices. Define the constant regularization parameter λ2 and exponential

parameter µ.

2. Predict the dynamic states using the discrete state-space model and the prior input and pa-

rameters; the current parameters and input are unnecessary and currently unknown.

3. Create the pseudo-measurements by integrating the output data to provide the displacement

and velocity pseudo-measurements. The non-measured accelerations are replaced by the

prior accelerations using the system model.

4. Estimate the dynamic states using the Kalman filter by updating the predicted states using

the pseudo-measurements.

5. Estimate the input using the updated system model and the known zero/non-zero inputs.

6. Estimate the parameters using the filtered dynamic states to calculate the sensitivity matrix,

and the residual of the system model estimation.

7. Repeat 2-6 for all time steps.
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Table 4.1: Residual-based Kalman filter (RKF) pseudo-code.
1. Initialize at k = 0:
• z(k) = E[z(k)]

•P(k) = E[
(
z(k)− ze(k)

)(
z(k)− ze(k)

)T
]

• θθθ(k) = E[θθθ(k)]
• u(k) = E[u(k)]
• λ2 ≈ 5 · 10−2

• µ ≈ 5 · 10−3

2. Predict the Dynamic States:
• z(k + 1) = Adz(k) +Bdu(k)
•P(k + 1) = AdP(k)Ad

T +Qd

3. Create the Pseudo-measurements (double integration):
•�ma(k + 1) = M−1

(
u(k)− [K C]z(k)

)
• ma(k + 1) = {�ma(k + 1) and ma(k + 1)}
• mzII(k + 1) = mzII(k) + dt/2

(
ma(k + 1) + ma(k)

)
• mzI(k + 1) = mzI(k + 1) + dt/2

(
mzII(k + 1) + mzII(k)

)
• mz(k + 1) =

(
mzI(k + 1) mzII(k + 1)

)T
4. Estimate the Dynamic States:

• J(k + 1) = P(k + 1)HT
(
Rd +HP(k + 1)HT

)−1

• z(k + 1) = z(k + 1) + J(k + 1)
(
mz(k + 1)−Hz(k + 1)

)
•P(k + 1) =

(
I− J(k + 1)H

)
P(k + 1)

5. Estimate the Input:
• u(k + 1) ≈ Mma(k + 1) + [K C]z(k + 1)
• u(k + 1) = {0kn or ukn(k + 1), and u(k + 1)}

6. Estimate the Parameters:

•G =
[
∂
(
M−1

(
[K C]zk+1(k + 1)

))
/ ∂θk+1

]
θθθ=θk+1θk+1θk+1

• ρρρ(k + 1) = u(k + 1)−Mma(k + 1)− [K C]z(k + 1)
•∆θ∆θ∆θ(k + 1) = [GTG+ λ2I]−1GTρρρ(k + 1)

• θθθ(k + 1) = θθθ(k) +∆θ∆θ∆θ(k + 1) · e−µ ||ρρρ(k+1)||2

•C = C
(
θθθ(k + 1)

)
, K = K

(
θθθ(k + 1)

)
,Ad = Ad

(
θθθ(k + 1)

)
7. Go to step 2 for k + 1
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4.6 Application

Figure 4.1: Linear 3-DOF system excited at DOF 3.

For the numerical application of the proposed methodology consider initially the 3-DOF system

of Fig. 4.1 which is described by the following equation:

M


ẍ1(t)

ẍ2(t)

ẍ3(t)

+C


ẋ1(t)

ẋ2(t)

ẋ3(t)

+K


x1(t)

x2(t)

x3(t)

 =


0

0

u3(t)

 (4.43)

where the system matrices which need to be identified (apart from M) are:

M =


m1 0 0

0 m2 0

0 0 m3

 =


1 0 0

0 1 0

0 0 1

 , C =


c1 + c2 −c2 0

−c2 c2 + c3 −c3

0 −c3 c3

 =


0.25 + 0.5 −0.5 0

−0.5 0.5 + 0.75 −0.75

0 −0.75 0.75

 ,

K =


k1 + k2 −k2 0

−k2 k2 + k3 −k3

0 −k3 k3

 =


9 + 11 −11 0

−11 11 + 13 −13

0 −13 13


with initial conditions x(0) = [0 0 0]T and ẋ(0) = [0 0 0]T . The input is white noise with

mean value equal to 0 and variance 4. Input without zero mean value is also examined in the next

section.

In order to create synthetic measurements, the Runge Kutta 4th order method of integration is

utilized to compute the system response for 200s. The sampling frequency for the dynamic state
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measurements is considered to be 100 Hz, therefore the time discretization ∆t used in the Runge

Kutta numerical solution is 0.01s. Finally, to consider measurement noise, each response signal

is contaminated by a Gaussian white noise sequence with a 5% root-mean-square noise-to-signal

ratio.

The parameter vector is written as:

θθθ = [k1, k2, k3, c1, c2, c3]
T (4.44)

For accelerometers at DOF 2-3 and at DOF 3 the observation matrix is written, respectively,

as:

H23 =



0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1


, H3 =

0 0 1 0 0 0

0 0 0 0 0 1

 (4.45)

where, the observation matrices map the pseudo-measurement vector to the estimated dynamic

state vector z(k + 1). The pseudo-measurements mzI(k + 1) and mzII(k + 1) are provided in step

3 of Table 4.1.

Accordingly, for any number of output (acceleration) measurements, the sensitivity matrix is

written as:

Gk+1 = M−1·


zk+1(1) zk+1(1)− zk+1(2) 0 zk+1(4) zk+1(4)− zk+1(5) 0

0 zk+1(2)− zk+1(1) zk+1(2)− zk+1(3) 0 zk+1(5)− zk+1(4) zk+1(5)− zk+1(6)

0 0 zk+1(3)− zk+1(2) 0 0 zk+1(6)− zk+1(5)


(4.46)

where, the filtered vector zk+1 is estimated in step 4 of Table 4.1.

The process covariance Q and the measurement covariance R matrices are chosen to be con-

stant during the identification process and equal to 100 · I6×6 and 10−10 · I4×4or 2×2 depending on

the number of measured DOFs, respectively. The parameter λ2 is chosen to be 5 · 10−2, while the

parameter µ is chosen to be 5 · 10−3.
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Two cases are examined on Figs. 4.2-4.3. They show the true and estimated response (first

row), the stiffness parameters (second row), the damping parameters (third row), and the input

estimation and its error at DOF 3 (fourth row).

Fig. 4.3 refers to the case where the acceleration is measured at DOF 2 and 3, while there is

a real time damage on parameters k2 and c2. This damage is modeled by a parameter change of

50% at the time instant of 50s. The results for the dynamic states, the parameters, and the input

are satisfactory. Interestingly, at the moment of damage, all of the estimated quantities diverge

temporarily until they converge to the new values.

Fig. 4.4 refers to the case where the acceleration is measured at DOF 3 exclusively. This case is

expected to be non-identifiable as shown in the theoretical investigation of Chapter 1.2, regardless

of the identification methodology. Indeed, the results for the dynamic states, the parameters, and

the input are misleading. For this case, the parameters do not even fluctuate after the initial learning

phase in order to try to reach the true solution. This is interpreted with the algorithm having found

a combination of an equivalent wrong input and parameters that provides the same dynamic states.

However, for a larger number of DOFs, a larger number of known zero inputs may exist. In that

case, a better limited information performance is possible. The latter is examined using a 6-DOF

system.
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Figure 4.2: Results for the linear 3-DOF system when a 50% damage is considered for k2 and c2
at time instant 50s.
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Figure 4.3: Results for the linear 3-DOF system when measuring acceleration at DOF 3.
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For the numerical application of the RKF, when a larger number of known zero inputs exist,

consider the 6-DOF system described by the following equation:

M



ẍ1(t)

ẍ2(t)

ẍ3(t)

ẍ4(t)

ẍ5(t)

ẍ6(t)



+C



ẋ1(t)

ẋ2(t)

ẋ3(t)

ẋ4(t)

ẋ5(t)

ẋ6(t)



+K



x1(t)

x2(t)

x3(t)

x4(t)

x5(t)

x6(t)



=



0

0

0

0

u5(t)

u6(t)



(4.47)

for zero or non-zero input u5(t) at DOF 5, where the system matrices which need to be identified

(apart from M) are:

M =



m1 0 0 0 0 0

0 m2 0 0 0 0

0 0 m3 0 0 0

0 0 0 m4 0 0

0 0 0 0 m5 0

0 0 0 0 0 m6


=



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


,

C =


c1 + c2 −c2 0 0 0 0

−c2 c2 + c3 −c3 0 0 0

0 −c3 c3 + c4 −c4 0 0

0 0 −c4 c4 + c5 −c5 0

0 0 0 −c5 c5 + c6 −c6

0 0 0 0 −c5 c6

 =


0.25 + 0.25 −0.25 0 0 0 0

−0.25 0.25 + 0.5 −0.5 0 0 0

0 −0.5 0.5 + 0.5 −0.5 0 0

0 0 −0.5 0.5 + 0.75 −0.75 0

0 0 0 −0.75 0.75 + 0.75 −0.75

0 0 0 0 −0.75 0.75

 ,

K =



k1 + k2 −k2 0 0 0 0

−k2 k2 + k3 −k3 0 0 0

0 −k3 k3 + k4 −k4 0 0

0 0 −k4 k4 + k5 −k5 0

0 0 0 −k5 k5 + k6 −k6

0 0 0 0 −k5 k6


=



9 + 9 −9 0 0 0 0

−9 9 + 11 −11 0 0 0

0 −11 11 + 11 −11 0 0

0 0 −11 11 + 13 −13 0

0 0 0 −13 13 + 13 −13

0 0 0 0 −13 13


with initial conditions x(0) = [0 0 0 0 0 0]T and ẋ(0) = [0 0 0 0 0 0]T . The

input at DOF 6 is white noise with mean value equal to 0 and variance 9.
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Additionally in a separate simulation, two simultaneous non-white noise inputs are examined

at DOF 5 and DOF 6. More specifically, three pulses of 100N for 0.01s are applied at DOF

6 at random and unknown time instants, and a harmonic load of amplitude 1.0N and circular

frequency of 1.0 rad/s. The synthetic measurements for all cases are created in similar manner to

the previously examined system.

The parameter vector is written as:

θθθ = [k1, k2, k3, k4, k5, k6, c1, c2, c3 c4, c5, c6]
T (4.48)

The observation matrices are written in a similar manner to the previous system for accelerom-

eters at DOF 1-2-3-4-5-6 (Fig. 4.4), at DOF 2-3-4-5-6 (Fig. 4.5), at DOF 2-3-4-5-6 with two

unknown inputs (Fig. 4.6), at DOF 3-4-5-6 (Fig. 4.7), at DOF 4-5-6 (Fig. 4.8), and at DOF 5-6

(Fig. 4.9). Here, the acceleration sensors that are removed each time, are chosen to be as far as

possible from the DOF of the input. Importantly, measuring the acceleration at the DOF of the in-

put and at the neighbor DOF seems crucial for the success of the input-parameter-state estimation.

The sensitivity matrix for this system, for any number of accelerometers and inputs, is written

as:

Gk+1 = M
−1·



z(1) z(1) − z(2) 0 0 0 0 z(7) z(7) − z(8) 0 0 0 0

0 z(2) − z(1) z(2) − z(3) 0 0 0 0 z(8) − z(7) z(8) − z(9) 0 0 0

0 0 z(3) − z(2) z(3) − z(4) 0 0 0 0 z(9) − z(8) z(9) − z(10) 0 0

0 0 0 z(4) − z(3) z(4) − z(5) 0 0 0 0 z(10) − z(9) z(10) − z(11) 0

0 0 0 0 z(5) − z(4) z(5) − z(6) 0 0 0 0 z(11) − z(10) z(11) − z(12)

0 0 0 0 0 z(6) − z(5) 0 0 0 0 0 z(12) − z(11)


(4.49)

where, the filtered z vector in this matrix corresponds to zk+1

The process covariance Q and the measurement covariance R matrices are chosen to be con-

stant during the identification process and equal to 100·I12×12 and 10−10·I12×12or 10×10or 8×8or 6×6or 4×4

depending on the number of measured DOF, respectively. The parameter λ2 is chosen to be 5·10−2,

while the parameter µ is chosen to be 5 · 10−3.

Six cases are examined on Figs. 4.4-4.9. They show the true and estimated response (first row),

72



the stiffness parameters (second and third row), the damping parameters (fourth and fifth row), and

the input estimation and its error at DOF 6 (last row).

Fig. 4.4 refers to the case where the acceleration is measured at all six DOFs. The results

for the dynamic states, the parameters, and the input are satisfactory. Especially for this complete

output information case, the converge happens early in the available 300s examined period.

Fig. 4.5 refers to the case where the acceleration is measured at DOF 2-3-4-5-6, namely the

sensor at DOF 1 is removed. The results for the dynamic states, the parameters, and the input are

also satisfactory. For this first limited output information case, the successful convergence happens

after a longer time period compared to the previous case.

Fig. 4.6 refers again to the case where the acceleration is measured at DOF 2-3-4-5-6, while

two non-white inputs are considered at DOF 5 and 6, where one of them does not follow the

assumption of mean value equal to 0. As a consequence, the methodology is examined for the case

where the input is not incorporated into the process equation error. The results for the dynamic

states, the parameters, and the input are also satisfactory.

Fig. 4.7 refers to the case where the acceleration is measured at DOF 3-4-5-6, namely the

sensors at DOF 1 and 2 are removed. The results for the dynamic states, the parameters, and the

input are also satisfactory. For this case, a higher divergence range is observed before the final

correct estimation.

Fig. 4.8 refers to the case where the acceleration is measured at DOF 4-5-6, namely the sensors

at DOF 1,2, and 3 are removed. The results for the dynamic states and the input are acceptably

satisfactory. However, not all parameters have converged to the true values; especially the damping

parameters where, by their nature, are excited the least.

Finally, Fig. 4.9 refers to the case where the acceleration is measured at DOF 5-6, namely the

sensors at DOF 1, 2, 3 and 4 are removed. In this case, the estimation is even poorer as expected.

Although the dynamic states and the input are correctly estimated, almost all parameters have

diverged; this is an indication of a non-identifiable system for this combination of measurements

and input.
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Figure 4.4: Results for the linear 6-DOF system when measuring acceleration at DOF 1 to 6.
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Figure 4.5: Results for the linear 6-DOF system when measuring acceleration at DOF 2 to 6.
75



Figure 4.6: Results for the linear 6-DOF system with two non-white inputs when measuring accel-
eration at DOF 2 to 6. 76



Figure 4.7: Results for the linear 6-DOF system when measuring acceleration at DOF 3 to 6.
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Figure 4.8: Results for the linear 6-DOF system when measuring acceleration at DOF 4 to 6.
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Figure 4.9: Results for the linear 6-DOF system when measuring acceleration at DOF 5 to 6.

79



4.7 Investigation of the RKF algorithmic parameters

The user of the RKF defines four algorithmic parameters which affect the success of the input-

parameter-state estimation. Those parameters are the process and measurement covariances Q and

R which are chosen to be constant, the regularization parameter λ2, and the exponential parameter

µ. Every parameter has a different role.

The parameter Q is the least important one in this methodology compared to the rest. Its role

is to model the process error and its contribution seems to be directly related to the parameter R;

their numerical distance is of interest. Therefore, without a further investigation, Q is replaced by

the unity matrix of proper dimensions.

The parameter R is a crucial one when it comes to the correct dynamic state estimation. Its

role is to model the measurement error (in this case, the pseudo-measurement error) and its con-

tribution is to prevent the algorithm from diverging from the pseudo-measurements. The pseudo-

measurements may be polluted, but they are an excellent guide for the behavior of the system.

Importantly, having correctly estimated dynamic states is a primary requirement for the final cor-

rect convergence.

Fig. 4.10 shows the relation between the norm of the residual of the system model estimation at

the final step versus the R parameter. This demonstration is shown for the 6-DOF system without

two of the six sensors. Here, as R gets lower, the value of the residual of the system model

estimation at the final step defined as ||r||2, also gets lower. This has a limit though. After that, a

lower value of R does not provide a better performance. In practice, R lower than 10−10×I works

adequately.

The parameter λ2 is the most important algorithmic parameter when it comes to the perfor-

mance of the system parameter estimation. The lower the λ2 (very close to zero) the higher the

possibility that the dynamic states are mis-estimated and critically, the optimal Kalman gain J to

be close to singular or badly scaled. When this value is very high, the identification is far from the

real system and a high divergence results. It is often convenient to set the regularization parameter
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Figure 4.10: R parameter versus the residual of the system model estimation at the final step.

constant and retain this value until the final step. For linear structural-mechanical systems the value

is explored in the vicinity of [0.01, 0.2]. In this work, a λ2 value close to 0.05 works adequately for

the full input-parameter-state estimation.

The behavior of λ2 with respect to the estimation error follows a L-curve shape [49, 50]. The

curve is approximately vertical for λ2 < λ2optimal, and later becomes horizontal when λ2 > λ2optimal,

with a corner or a lower flat level near the optimal regularization parameter λ2optimal. The optimum

value of the regularization parameter corresponds to the balance between confidence in the pseudo-

measurements and the estimated quantities.

Fig. 4.11 shows the relation between the norm of the residual of the system model estimation

at the final step versus the value of λ2 parameter. Subsequently, the relation is shown between the

norm of the parameter error at the final step defined as ||ϵθ||2 versus the value of λ2 parameter.

Here, the vertical and horizontal lines are clear before and after the optimal value of λ2. For a

chosen value close to but not λ2optimal, the methodology does not collapse; the convergence is still

acceptable. A value far from the optimal though harms the procedure, regardless of how the rest

of the algorithmic parameters are calibrated.

The final algorithmic parameter is the exponential parameter µ; a very important one when it

comes to the converge time frame. When this parameter is very high the final convergence of the
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Figure 4.11: Optimal λ2 parameter with respect to the residual of the system model estimation at
the final step ||r||2, and to the residual of the measurement and prediction error at the final step
||ϵθ||2.

system parameters happens within the first steps before the filter identifies the true values. When it

is very low, the system parameters do not converge to single values. Values close to 10−2 seems a

valid selection here, unless a possible damage is expected in real time with the identification which

requires a lower µ value.

Fig. 4.12 shows the stiffness and damping parameter estimation when all algorithmic param-

eters remain the same except for µ. The demonstration is shown for the 6-DOF system without

two of the six sensors as described previously. The µ values considered are 10−1, 10−2, and 10−3.

In the first case, the methodology does not have an adequate time to converge to the correct pa-

rameters. In the second case, the methodology converges to the correct parameters in a reasonable

time without allowing some later polluted pseudo-measurements to re-estimate the already cor-

rectly estimated quantities. In the final case, the value of µ is so low that the methodology does not

converge; a trend exists towards the correct parameter value, but polluted pseudo-measurements

keep the filter from converging to a final estimate.

Overall, it is beneficial to run the algorithm in parallel with different µ values, reject the ones

that do not fluctuate after the initial learning phase, and choose the one which stops fluctuating sig-

nificantly after a critical time period. Here, one can use the real time version of Kullback–Leibler

(KL) divergence proposed by Kontoroupi and Smyth [51, 17]. Importantly, the identification for
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different µ values is not purely competitive as various numerical values close to the optimum one

results in a correct convergence.

Figure 4.12: µ parameter investigation for the 6-DOF system.
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4.8 Chapter conclusions

The input-parameter-state estimation capabilities of a new residual-based Kalman filter for

real time applications was examined herein on both complete and limited output information. A

detailed step by step algorithm was provided for the RKF. Additionally, all RKF algorithmic pa-

rameters were investigated separately with each one playing an important and unique role in the

correct convergence.

The applications demonstrated that the RKF overcomes the deficiencies of the current input-

parameter-state estimation techniques, while importantly, the limited sensing capability is promis-

ing for the RKF use on real systems.
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Chapter 5: Conclusions and Future Directions

5.1 Observations when jointly estimating input-parameter-state

Overall here, three new methodologies were developed for the identification of structural sys-

tems with unknown excitation in a probabilistic framework; a crucial topic for the condition as-

sessment and prediction of civil infrastructure. For each one, a separate chapter conclusion was

provided, as well as a detailed table for their implementation.

Initially, a discussion was developed for the physical model based modal identification tech-

niques and the need to move to real-time algorithms and directly estimate the physical system

parameters. Importantly for the presented methodologies, the focus was on real-time applications

to create tools useful for structural health monitoring. If offline estimation is sought, then an ex-

ploration of the entire data set can lead to improved accuracy, especially with the aid of offline

Kalman filter smoothers [52].

An important drawback of the former frequentist algorithms is the fact that they are unable to

solve the entire problem of joint input–parameter–state estimation, something this work addresses.

This identification problem, though, is a very complicated one as it requires the simultaneous

estimation of the force and the parameters (coefficients) of a second order differential equation,

namely, the structural dynamics model. The latter is not solved for the general case as there

are more than one or often infinite solutions when viewing as an optimization problem. More

specifically, there are more than one combinations of input forces and parameters which result

in exactly the same system response. As a result, by measuring only noisy response data, one is

unable to always identify the true system which produced the corresponding response data.

A theoretical observability table was provided for the sufficient information required for joint

input–parameter–state estimation in different sensor number scenarios based on the current litera-
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ture observability algorithms. In conclusion, two sole assumptions work to constrain the optimiza-

tion problem to lead into a global solution.

1. Some inputs of zero or non-zero are known, or

2. All inputs are close to white noise

In the first case, the algorithm is forced to satisfy the known input condition for a sequence of

data and time-instants, while in the second case, the unknown force is incorporated into the model

error, namely the error of the process equation.

Another interesting observation is related to the location of the sensors. The simulations

showed that the sensor at the excited DOF, as well as the neighbouring DOFs, should be present

to secure correct converging. More importantly, improved limited information performance is no-

ticed when the removed accelerometers are as far as possible from the DOFs which are excited. It

was also shown that the larger the number of known inputs, the larger the number of sensor can be

removed without a cost in the final accuracy.

With respect to using pseudo-measurements, it was shown that integrating acceleration signals

is a better choice than computing the derivative of displacement signals. The reason is that the

always existing noise in the data lead to poor results when computing derivatives compared to

integrating noisy data. Notably for nonlinear system, the integration of acceleration measurements

does not provide information of the nonlinear state responses; therefore the displacement drift is

not accurately resolved.

When it comes to the sampling frequency, in this work it was assumed to be 100 Hz; a relatively

low choice compared to today’s sensing technology. It was chosen though to examine the zero-

order hold assumption potential in joint input–parameter–state problems. Importantly, for higher

sampling frequencies a faster convergence results.

Overall, apart from the mass m and other geometrical characteristics of the structure, nothing

else is considered as known. No model assumption is made on the white noise, pulses, wind inputs.
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5.2 Extensions for future research

The aforementioned observations lead to the following guidance for future research:

1. Investigation of unknown input identifiability characteristics and algorithms. The current

methodologies are unable to provide a realistic answer to this question and research is needed

in this direction. The reason is that they lie in an unrealistic environment where:

(a) The input is assumed to be known

(b) The measurements are assumed to be free of noise

(c) The measurements are assumed to be available in a continuous manner and not discrete

intervals as always happens

2. Experimental validation of the proposed methodologies. The current experimental appara-

tus is sufficient to examine their performance. Importantly, it has been observed that well-

defined output-only identification methodologies fail to give the correct results on bench-

mark structural identification problems; such as the ones available by Los Alamos National

Laboratory [53]. However, the online Kalman filters have already demonstrated their real-

world potential on joint input–state or joint parameter–state problems leading to promising

future real-world applications.

3. The exploration of different types of measured data, such as non-contact computer-vision

based information is promising. Although displacement sensors are not solely enough to

provide joint input–parameter–state estimation for the presented methodologies where ac-

celeration measurements were required, it is still useful to investigate hybrid displacement-

acceleration instrumentation to provide a better limited information identification, or identi-

fication with a much lower sensing and instrumentation cost.

4. Examination of larger structural systems, which will inevitably involve unforeseen chal-

lenges, and examination of these methodologies for systems other than mechanical systems
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and/or to finite element models. Although there was no assumption on the model, its size,

or the physical system that it is examined, unpredicted defficiencies are potentially expected

when applying the filters to new problems in a different area.

5. Exploration of a mathematical rigorous way to define the covariance matrices on unknown

input problems. The covariance matrices play a tremendous role in the final correct con-

vergence for all the methodologies presented here. Despite this, their value is only defined

using a trial and error strategy, and a better way for real time application is needed.

6. Extension of the wind-loading estimation method, namely the sequential Kalman filter, to

other structural systems; such as wind turbines. Furthermore, an extension of the sequential

Kalman filter is needed to capture 2nd order phenomena of wind-structure interaction. For

those scenarios specifically, an extension is required of the Eq. 3.2 to model the additional

moments created during the interaction of the wind and the structure and lead to nonlinear

phenomena such as the flutter. An investigation of this problem is of interest to define the

additional constraints or assumptions needed which result in the correct identification.

7. Finally, possible consideration of the ground movement to capture the parameters of the

base material and/or ground-structure interaction. In this work, the structural parameters

were solely investigation. It would be of high interest, though, from practical applications to

search for the extension of the methodologies and the possible additional assumptions and

constraints to estimate the mechanical parameters of the base mean where the structure lies.
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