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Abstract

Computational Inversion with Wasserstein Distances and Neural Network Induced Loss Functions

Wen Ding

This thesis presents a systematic computational investigation of loss functions in solving
inverse problems of partial differential equations. The primary efforts are spent on understanding
optimization-based computational inversion with loss functions defined with the Wasserstein metrics
and with deep learning models. The scientific contributions of the thesis can be summarized in two

directions.

In the first part of this thesis, we investigate the general impacts of different Wasserstein metrics
and the properties of the approximate solutions to inverse problems obtained by minimizing loss
functions based on such metrics. We contrast the results to those of classical computational inversion

with loss functions based on the 12 and H 1!

metric. We identify critical parameters, both in the
metrics and the inverse problems to be solved, that control the performance of the reconstruction
algorithms. We highlight the frequency disparity in the reconstructions with the Wasserstein metrics
as well as its consequences, for instance, the pre-conditioning effect, the robustness against high-
frequency noise, and the loss of resolution when data used contain random noise. We examine the

impact of mass unbalance and conduct a comparative study on the differences and important factors

of various unbalanced Wasserstein metrics.

In the second part of the thesis, we propose loss functions formed on a novel offline-online
computational strategy for coupling classical least-square computational inversion with modern
deep learning approaches for full waveform inversion (FWI) to achieve advantages that can not
be achieved with only one component. In a nutshell, we develop an offline learning strategy to
construct a robust approximation to the inverse operator and utilize it to produce a viable initial
guess and design a new loss function for the online inversion with a new dataset. We demonstrate
through both theoretical analysis and numerical simulations that our neural network induced loss

functions developed by the coupling strategy improve the loss landscape as well as computational



efficiency of FWI with reliable offline training on moderate computational resources in terms of

both the size of the training dataset and the computational cost needed.
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Chapter 1: Introduction

In this introductory chapter, we provide some background on the main topics of the thesis.
In particular, we give a brief review of classical loss functions commonly used in computational
inverse problems. We highlight the fundamental properties of these loss functions and their impact

on the solutions to the inverse problems.

1.1 Motivation

In the absence of analytical inversion formulas, most model-based inverse problems are solved
by computational minimization algorithms that minimize the mismatch between model predictions
and measured data. The choice of the objective function, often called the loss function, for the
minimization problem is of critical importance. While an ideal loss function is a convex one, it is
often impossible to have such loss functions for general nonlinear inverse problems. Loss functions
with better convexity landscapes than others can signi cantly improve the optimization process
when solving inverse problems.

The main objective of this thesis is to understand the effect of different loss functions on the
reconstruction results for computational inverse problems, to propose numerical methods for re-
shaping the loss landscape, and thus improve the solutions of the inverse problems in several aspects.
Our primary efforts will be the study of those loss functions based on the Wasserstein metrics that
have attracted signi cant attention in the computational inverse problems community in recent
years [3, 84, 74, 104, 40, 62, 85]. In addition, we will develop a deep-learning based approach
to design problem-speci c loss functions for inverse problems. This is a direction that has been
extensively studied in recent years; see for instance [82, 97, 106, 69, 116] and references therein for

more detalils.



1.2 Computational inverse problems

Numerical solution of linear and nonlinear inverse problems is a challenging task that is needed
in many areas of science and engineering. To be specic, let us formulate an abstract inverse
problem in the in nite-dimensional setting as the general model of the inverse coef cient problems
we see in the rest of the thesis. Let RS2 be a bounded domain with smooth boundary, ( be a
Banach space of real-valued functions de ned grand\ : 7! R be the target function on
that we are interested in reconstructing from some da@m . We denote by*\°: ( 7! . the

forward model that takésto our measurement, that is

f1\o = ge (11)

The objective of the inverse problem is to solve this equation to\ n@he property of the inverse
problem depends on many factors: the property of the forward opdratoea priori property

of the unknown , and the quality of the observed dat&or instance the noise in the data). The
primary computational strategy, in the absence of explicit/semi-explicit reconstruction methods, is
the one searching for the inverse solution by minimizing the mismatch between model predictions
and observed data [139]:

inf 1 13\ 0-ge | VRA\O (1.2)

where the loss functioh :. . 7! R is a non-negative function of evaluating the mismatch
between the algorithm models and the dataset, and the\iv? is the regularization term that
imposes soma priori constraints on the unknowinto be reconstructed. The classit&lleast-
squares loss function performs the reconstruction by searching target quathigtyminimizes

the square differenckf\° gk While the classical ? least-squares method has been

121 o°
extremely successful in many aspects, there have been great efforts in recent years to search for
technigues to overcome some of its disadvantages in certain applications. An extremely successful

development is the invention of methods that promote sparsity, in appropriate bases, in inverse



solutions for applications in signal and image processing where sparse structures are important;
see for instance [54] and references therein for some recent overviews. The sparsity of solutions
could be forced either through regularization strategies, such as methods based on total variation
regularization in image processing [140], or through the mismatch functional, such as those based
on! ! and related functionals in compressive sensing [52, 45].

There are many important factors that decide the quality of this optimization based solution
procedure for inverse problems, among which are the quality of the loss function, the regularization

mechanism (i.e. the function®*\ °), and the optimization algorithm used are three critical ones.

1.3 Loss landscape for inversion

The loss landscape associated with the inverse problem is the mismatch as a function of the
target quantitie$

JB\O = | 1f1\0_ g0 (1.3)

The loss landscape is an insightful way of visualizing the optimization problem and potentially
offering more information about the inverse problem itself and why the loss function works. Readers
can nd more fascinating results of visualizing loss landscape in the context of deep learning in [83,
114,131, 142, 50, 90, 123, 51, 56, 29, 55]. Let us emphasize that for most of the inverse problems
we are interested in, the unknowns a function. Therefore it is impossible to visualize the loss
function; B\ ° the same way as in the low-dimensional problems.

Ideally, we would prefer the loss landscape function to be convex. In such a case, every local
minimum is global minimum, the optimal set is convex. The problem has at most one optimal
point when the loss landscape is strictly convex. These powerful properties present valuable tools
for developing accurate and ef cient algorithms for solving optimization problem. Indeed, there
are extremely fast algorithms speci cally designed for convex problems; see [18] for a thorough

overview in this direction.



In many applications, the forward operator and data have the particular forms:

f1\0 = 1 51\ : 8oo#
&l (1.4)
0=26¢,
where5!\; ©°: 7! 6is a model parameterized by In this case, we haw pairs of input-output
data for the modeb: f* 8—@°£1, corresponding t& different observations of the mod8&l An
example of such a forward model is a neural network that takesinput and generateas the
output, with\ being the trainable parameters for the neural network. In this case, if we déndte
as! t —° gperates on a single data point, then
G
Iif1\ogo = 15N - (1.5)
&1

This is the most common data framework for supervised learning problems in the machine learning

community and is also the standard framework for inverse problems with multiple datasets.

1.4 Typical loss functions

We now brie y review several classical loss functions commonly used in computational inversion
and learning. We explain those loss functions on linear inverse problems (in either nite- or in nite-

dimensional settings). More speci cally, we de ne
f1\o=-\— (1.6)

where- 2 R™3is the forward operator and2 R is the known. We assume that the data we have

is polluted by random noise. The inverse problem is then to recon$tiact

g:-\ B n-—



wherenis the noise. This is known as the linear regression problem. In this optimization framework,

linear regression is essentially solving the following optimization problem:

rqin! 1\— O (1.7)
E@Q E@Gl
If we introduce the notations as (.4), that is,- = - 2 R*3- and g=- 2 R#, this
- ® - ®
. i . . (((% - ((6# =
problem can be rewritten into a typical linear regression form
G
min  1G—-6Pe (1.8)
Yo
1.4.1 The! ?loss function
One of the most popular loss functions is theloss function given by [139]:
215_@:= 1§ 69~ 5=15- -—5)— 6=16- -6° - (1.9)

&1

in the nite-dimensional case.

The linear regression problem, in the absence of regularization, undef thes is therefore:

min k-\ K2 o 1.10
min gks (1.10)

This landscape function of least-square problem can be written more explicitly as

B\e=1.\ g--\ g=\V-)-\ 29-\ dg- (1.11)

It is a quadratic function of, therefore convex. It is well-known that the solution of least square

problem ishy =1-)-° 1.) g wheret-) - © 1 here represents the pseudo-inverse bf . Let us



assume that the singular value decomposition & - =*(+ ). We then have

L RACRLE (R
=+( ™)g
:+( l*)l_\ nO

5

=\, +( L)ne
Therefore, the mean square error of the least square estimate is

"( Wy e=Kb \ycode
=*( 2+) knky

& 3
= ZDEknkye
&1

1 o .
Wheng! 0 — ! 1 . Therefore intuitively speaking, the mean square error of the least square

solution is large wher has small singular valueg O .

1.4.2 The! 1loss function

The ! ! loss function is another commonly used loss function. It is de ned, in the nite-
dimensional case, as
G
115-%= |5 64— 5=15- -—BY— 6=16- -6 - (1.12)
&1
The inversion based on thé loss is often termed as the least absolute deviation(LAD) estimator.

It is achieved by minimizing the landscape function

B\°=k-\ gkp= jG\ 6g° (1.13)
&1



As a consequence, the loss landscape of LAD is the sum of absolute functions, which is convex,
hence the landscape for least absolute deviation is also convex. Moreover, the loss landscape is also
a piecewise linear function.

We can formally analyze the landscape function by looking at its derivative at algjiessuming

|
thatég - g9 < 0. This leads to [25],
9

i
O o G 9-85’9
2o £ 1 g0, (1.14)
m g 168 9-8?91

In order to nd the optimal values, we s%lb" = 0. With a little rearrangement of terms, we

have . .
O '898:b9=0 - 8:6g

oo A0 g 4o

(1.15)

where4gtho = j6g - g8 is the absolute deviation on daig Therefore the solution of least
9

absolute deviation satis es

2) 1b0_ b = - ) lbog (116)

where = 3806114°. Hence LAD can be viewed as a pre-conditioned least-square estimate, with
the pre-conditioning matrix? 1P° depending on the current stdte This leads to a nonlinear,
instead of linear, system of equations. Compared td theased least-square estimator, LAD puts

a higher weight on items with smaller absolute deviation due to the nonlinear tewhich creates
more "incentives" for small errors to decrease dowaf.ttn this way, it promotes sparsity in the

solution of the problem.

1.4.3 Kernel loss functions

By kernel loss here we mean weightetlloss functions of the form

5 N
1215_@:= 15 g P2 (1.17)
&1 9



where the positive semi-de nite matrix is the kernel matrix. When = is the identity matrix,
kernel losses reduce to thé loss. We refer interested readers to [15] and references therein for
more discussions on kernel losses.

The minimization problem for linear regression under the kernel loss is of the form

mint-\ g- -\ g°0e (1.18)
\ 2R3

Following the same procedure above, the landscape function for kernel loss can be written as
B\e=\-) .\ 29 -\ ¢ ¢ (1.19)

This landscape function is still quadratic. In fact, if we de-h&s the square root of the positive
de nite matrix ,thatis =+)+, then the kernel loss estimate is the equivalent to solving the

pre-conditioned least square problem:

mink+-\  +gk3e (1.20)
\ 2R3

Here+ serves as the pre-conditioner. Depending on the property tife problem may behave
differently from the classical least square problem. This form of weighted optimization is discussed

extensively in the literature; see for instance [39] and references therein.

1.4.4 TheH 1loss function

The last example of the loss function we review here is closely related to the main topic of the
thesis: loss functions based on the quadratic Wasserstein metrics. IHs tHess function. As we
will see later, it can also be viewed as a special case of kernel loss.

For any bounded smooth domain2 R®, we de ne the space of functiotd 1t ° as the dual



of usual Hilbert spacél (}1 °©, TheH !norm of a function5is de ned as
k5ky 1. o =sugfh5-pD2 3t °-kDk no 19 (1.21)

It can be shown thatt 1 norm of 5 can be computed by solving a Laplacian equation [43]. More
precisely, let

k5ky 11 o = krDkj2: o— D= 5—in D=0-onm -

To illustrate the main properties of tie 1 loss, let us use the linear regression problem for a
function\ in the one-dimensional case. The minimization problem can be written as
min kDky

\ (1.22)
b dP=-\ ¢
where the matriX ¢is the discretization of the one-dimensional Laplacian operator with zero

boundary condition, that is

<
el

Let P be the Green's function for the Laplacian operator in one dimension. Phesads [42]:

811 geo- 5>AGG
big-_@= (1.23)
2@l @G- 5>AGpG
Letus de ne gg= GP18 G- 93, wherel=_ 1° G= 1. We can then show the following

result straightforwardly.



Proposition 1.4.1. ! g= .

Proof. The result follows from direct algebraic calculations. We rst verify that

8-9 81-9 81-97 (1.24)

211 838 @ 18 1°G1 8Q® 8G!1 18 1°R@= G1Y8=9Y=

2
%211 9@ G 11 90318 1°F 11 9318, 1° B=02Y8Y9V=
,§211 8G9CF 11 8G9 1°F 11 8G9, 1°F=01Y9VY8YVY=

We then check:

_§2 Gl @ @11 2@= @G&1

2 1 (1.25)

28~
2231 8@ 231 83@=0-8j1
In the same manner, we can verify that

8 o= Gl =@ 1= 1°G1 =Q@= G-&=
2 -8 =18 ) (1.26)
=280 =@ 8G1 1= 1°@®=0-8Y=

Combining the above formulas together, we hdve = . This nishes the proof.

The above standard result shows thas the inverse of ¢ Therefore, the linear regression

with H 1 loss is equivalent to the minimization problem
mink -\ gk3 (1.27)

which is a pre-conditioned problem to the original least square problem g. In other words,
usingH ! loss for linear regression is equivalent to usirfgloss for the new linear regression
problem:

A\ o= g (1.28)

This also coincides with using the kernel loss for the original linear problem with the kernel matrix

10



- 2

It is also easy to verify that the? estimate of the inverse problem is also the optimal solution of

theH !estimate.
Proposition 1.4.2.9,( is the solution 0f(1.28)

Proof. This can be proved using pseudo-inverse. Denotas the pseudo-inverse of, then
by =-.g The solution fo(1.28)is®, 1=1- o g=-. . g=-.g=b,since hasfull

rank.

The spectral property of the matrix gis well-known. We summarize this in the following

proposition.

Proposition 1.4.3. The matrix! ghas eigenvalue-, = %11 2>B?c @°-?=1- —=zwith

corresponding eigenvect@r := :B8&?c9 3%,

Proof. Straightforward algebraic calculations show that

G ] =2B8c @ B8EXC2 @
=2B8x?c @ 2B8x?c G2>B?c @

(1.29)
= 2B8x?¢c (@11 2>B?c @®°
=11 2>B?c @D
Moreover, we have
@ O’ =2B8x2c= @ B8xcl= 1° @
=2B8x?c= @ B8x?cl= 1° @ BS8x?cl=, 1° @
= 2B8?=c @ 2B8¥?c= ®2>B?c @ (1.30)

= 2B82c= @11 2>B?c G@°
=11 2>B?c @D’

11



The last step is to show that

G D,=2B8xc9 @ B8Ec19 1° @ B8E2clY, 1° @
=2B8?c9 @ 2B8x?c9 @2>B?c @

(1.31)
=2B8&?c9 (@11 2>B7?c @°
=11 2>B?c G°D;
The conclusion therefore follows.
The smallest eigenvalue of gis
_1=%11 2>Bc @°
:% % 2 @ $1 Goo (1.32)
,$1 G

This is clearly bounded away from zero a8! 0. Therefore the greatest eigenvalue of ! é

is bounded, saip °

=is suf ciently large.

One heuristic understanding bf goperator is that it takes the derivative twice, while the inverse
operator should behave similarly to integrating twice, increasing the smoothing property of data.
The kernel will therefore smooth out the noise in the data. In particular, the high-frequency
components of the noise are damped more than the lower-frequency components. More speci cally,
suppose = -\ 4co2c N, Wherenis noise, then the landscape functionsibr! and least square

estimate are respectively

B\o=1\  g--\ @°="yc02c \?-)- Nucozc \° 2Maco2c \¥-)n, Wn— (1.33)

and

Blo=1 -\ g -\ °=N4c02c\V - @ - Nygoac\® 2M4go2c\¥ - In, @a-

(1.34)

12



wherea = n . The convexity of the two loss landscapes can be seen from the fact that the

corresponding Hessians are both positive semide nite:

4BB80£B°=-)-—

(1.35)
4BB805B, °=-) ) -

The following theorem implies that the singular value #BB80% B, :° is strictly less than

4BB80%RB:°, i.e. the loss landscape @, 1 is strictly " atter” than that of; B -.

Theorem 1.4.4.Letf gt- © be the& largest singular value for . Thenf gt - ©Y cz_llf gt- °when

=is suf ciently large.

Proof. By (1.32) we have thaf ;1 °Y C2—11 when=is suf ciently large. The result then follows

from the Min-Max principle for singular values:

fg- 9= max min  k-D k
* :38<t* 0=8D*—kDkp=1

max m

in k k2 k-D k2
* :38<t* 0o=8R*—kDko=1

=f1 °© max min  k-Dk>
* :38<t* 0=8DP*—KDko=1

=f,1 ofgl-o
1

g
c2 1

fg-oe

Moreover, it is straightforward to see that the value of the loss function at the exact solution

\4G02& t-) - © 1-) Hare respectively:

1B 21\ 4g0f= knk3 (1.36)
By 1M\ 4c0ft= kn K3 = knk3 e

Here one expect®, 11\ 460t ;B2\ scoftbecause the effect of is similar to "taking average"

13



with respect to some moderate weight To be more speci c, the following theorem shows that the

: . : P— L
impact of error undeH ! is approximately reduced ®*  &n, when noise is in effect.

Theorem 1.4.5.Assumanis i.i.d. with n®=0-+0A¥ =f2 and 2R - go= GPG-@
whereG=8 G Letr= n . Then knk3=$1 @ knk3

Proof. This is the direct consequence of the following algebraic calculations.

1kﬁk§°
1r}) ) n (o]

&1 . 1=8Y== (1.37)
1 g=.1 &, 2 g=_ 1 :00

— 1z 104

_ :12’ =0 _f 2
Ty =2
_ 2=

= o=
=$ 1%0 1knk§°

=$1 @ knks°

1 knkgo

Remark 1.4.6. Therefore, even though the exact solutiorHof! estimate is identical to that

of the classical 2 least-square solution, the effect of noise in the! loss isa  n, which is

much smaller than that of thie? loss (which isn). This fact has signi cant consequences in the
implementation of the optimization algorithm to solve the minimization problems. If we use the
value of the loss function as the stopping criteria, for instance use some xed positivedadue

the threshold, then for sonme n could be very small such th&tn k» Y X Yknk,. This means

that the same optimization algorithm will continue to run for tifeleast-square, but will stop for

the minimization problem based on tHe ! loss. Therefore inversion based on tHe ! loss stops

14



prematurely, leading to less accurate nal inversion result in this situation. We shall see this effect

again in Chapter 3 with Wasserstein metrics.

While the rescaling of the problem by in the above analysis seems arti cial as the rescaling
does not change the true solution of the inversion result in the absence of noise in the data used for
inversion, it has a non-trivial impact in the case when the optimization is not solved perfectly, that
is, when the loss function is not minimized to zero, or when noisy data are used in the inversion.
This can be seen in a more precise analysis of the inversion process in the Fourier domain. Let us
recall that theH * norm can be de ned in the Fourier domain as [42]:

1

K5k ngeo=1  jBI°211, b0 13ppi— (1.38)
.

where Bis the Fourier transform o5. This de nition shows thati ! norm attaches a damping
factoril, b% *to each Fourier mod&b°. Therefore the high-frequency components are reduced
by factor $tb 2°. The higher the frequency is, the stronger the damping effect will be. We shall
see this low frequency preserving and high-frequency damping effect in the numerical experiments

as a benchmark to the Wasserstein metrics in the next chapter.

L o i o
Theorem 1.4.7.Letn="1 :492‘3-6805:1’ thenn =1 $ 1%20 :4920.Ggo§:

=1 =1 1

Proof. Let) 1:°0 = 14%¢:GooZ  whereG=8 G then we have

11 6)08:%2492(::(38 4920:1Q;, (€] 4920:1(3; @
:i4€20:6812 492c: G 4 Xc: G

¢ (1.39)
= H4%eG12 2>B2c: @°

=$1: %)y
Therefore, we have @  $1:29) . This then impliestha) =$ 1%20) . The result then follows

directly.

This result shows that the impact of the pre-conditionds to create a weigt$ 1%20 according

15



to frequency. of the Fourier mode of the noise. The fac$)1=:i2° makes the impact of high-
frequency component afvery small (but not zero). Therefore, the corresponding optimization
process becomes more stable against high-frequency noise. If we askée residual, that is, the
mismatch betweer\ andg, it is clear that the minimization of the  loss function will favor the
low-frequency components of the unknowiibecause the high-frequency components\of g

are suppressed with the facﬁ)F:iZO). Therefore, the inversion result, when the optimization is
stopped at a given tolerance of the loss function vaueoks smoother than the corresponding one

from the regulat 2 least-square inversion. This phenomenon was analyzed in more detail in [38].

1.5 Contribution and outline of thesis

In the rest of the thesis, we study in detail two types of loss functions for computational inversion.
The main contributions of the thesis are summarized in Chapter 3 and Chapter 4.

In Chapter 3, we performed a detailed computational study on inversion with loss functions
constructed from various quadratic Wasserstein metrics. We analyze the property of the solutions to
the inverse problem with such loss functions. In particular, we compare in detail the results with
those of classical computational inversion with loss functions based drtaedH ! metrics. We
demonstrate the frequency disparity in the reconstructions with the Wasserstein metrics as well as
its consequences. Our main contributions lie in the systematic investigation of such loss functions
in the setup of computational inversion where resolution and stability compete with each other. The
result of is chapter is documented in [33].

In Chapter 4, we propose a loss function based on deep learning for computational inversion. In
a nutshell, to invert\ © = g, we train a neural netwoﬂg,1 (whereU denoting the set of trainable
parameters) to approximate the inverse operfatbrThis approximate inverse is trained to focus on
the stable part of the inverse operattokVe then use this trained approximation to form a new loss

function for the inverse problem:
;Byy 1\ 0 = K laf1\ 00 I ligoice (1.40)
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The main bene t of this new loss function is that it has better convexity than its counterpart without
the operatof,,!. We demonstrate with numerical simulations the feasibility of such a strategy in
solving complex inverse problems such as the full waveform inversion problem in ultrasound and

geophysical inversion. The result of this chapter is summarized in reference [34].

17



Chapter 2: Review of Wasserstein Distances

As a preparation for the studies in the next chapter, we brie y review Wasserstein distances and
their properties in this chapter. Most of the introduction in this chapter can be found in standard

literature on optimal transport theory, especially the monograph [135].

2.1 Basic de nitions

Wasserstein distance of two probability measure, de ned on metric spaces-. respectively,
is de ned by Kantorovish's optimal transportation problem
1

inf 21G—13c1G—H (2.1)

c2 la-° _

where 1'—-g=fc2%- .°ct .°="1 0_¢- °=al °g

Intuitively, one can think ot 1G—%as a transportation plan, moving mass from density
densitya. Then Kantorovish's optimal transportation problem is that under the c@&3»+Hwhat
is the lowest cost plan.

In the case where =. is a complete separable metric space with mériand2 = 37, the

above de nition reduces to

ot-@= inf 1 3MG-BciG-M1 ?V1 (2.2)
c2 ta-° _
and
, 11 =& = inf sup 31G-H (2.3)

c2 'a-°1G-92BD?%°
When? =1, we call it, 1 distance, and whef@ = 2, we call it, , distance (which is often called

the quadratic Wasserstein distance).

18



Monge's problem. Monge had another formulation of the optimal transport problem:

1

inf  21G-}(®°3"1(® (2.4)
aa)# L

wherea = ) # ifandonlyif) : - ! . is measurable and for any measureable set -,
"1 0=a1)1 00 which is equivalent to

1 1

gl 1@°3 1@ = glHP3all  8g 2! 1130 (2.5)

Kantorovich's problem can be seen as a relaxed version of Monge's problem. If one re-
strictsc*G—Hn Kantorovich's problem to having a special fomn*G-tsuch tha3c) :G-H-=
3 1I@XtH=) 1@%°, then

1 1

21G-8c) 1G-H  2:G-}3°3 1@- (2.6)

Therefore, Kantorovich's problem reduces to Monge's problem [135].

In summary, Monge's problem is just the same as Kantorovich's except for one thing: it is
additionally required that no mass be split. In other words, to each lodat®associated with a
unique destinatiog, and) is the transportation plan. In most of the applications, important cases
are the Wasserstein distance wiep 1. The strict convexity of guarantees that if anda are
absolutely continuous with respect to the Lebesgue measure, then there is a unique solution to the
Kantorovich problem, which turns out to be also the solution to the Monge problem [135]. That
means Kantorovich's problem shares the same optimal transportation plan as Monge's problem. If
the moving cost functio2:G—%has some nice properties, we have the following conclusions. First

one de nes2!G—-Ho be strictly convex iR:G-H= 31G H, and2'@ is strictly convex orR™.

Theorem 2.1.1(Optimal Transportation Theorem for a Strictly Convex Cost [13bBBt 2 be a
strictly convex, super-linear cost d&&r, and let'—abe probability measures dR™, such that the

total transportation cost from to ais not always in nite. Assume moreover thats absolutely

19



continuous with respect to the Lebesgue measure. Then, there exists a unique optimal transportation
plan for the Kantorovich transportation problem, and it has the f@ct1G—-H= 3" 1@XtH=) 1@°,
where) is uniquely determine@" almost everywhere by the requirements thét = a, and
)@ =G r 2 q'G° for some c-concave functiap where2 'H = supG H 2'Gis the
Legendre transform. "

Monge's problem is well studied. It has various applications in engineering as well as computer
vision. Suppos8 1@ = f1@3G-34® = g'@3G The change of variables formula (#.5)
formally leads to the requiremefit@ = g?) 1@°34Cr ) 13°. It can be proved that the optimality

condition of) is equivalenttg being the gradient of some convex functiof®.

Theorem 2.1.2([135]). Suppos8™ 1@ = f1@3G- 3&> = g*&F3G The squared Wasserstein metric

is given by L

, 2= fI@Gr D'GJ’3G (2.7)

whereDis the solution of

8 34¢ 2D@o = % @-
gr D@ (2.8)

:B Dis convex
Benamou-Brenier minimization problem. Wasserstein distance can be de ned from another
point of view: the Benamou-Brenier formula. It offers us the ow dynamic approach to solve
Kantorovich's problem. The core idea behind this is the Benamou-Brenier minimization problem:
1 1 1 )
) o

inf diC9B 1C53C3G - 2.9
ws e W 1C- (2.9)
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where+f—g° is the set of alfd-8° c) such that

d2 LO-)UF % tR7°
8 2 L2130 -@3C@

[0 c) BD?2dC-L°is bounded

%(é r 1 d8°=0weakly(in the distributional sense)
diC=0-6=f1@

diC=)-@ = g!@+

Here the notatior  %,'R™°° stands for the set of absolutely continuous probability measure
%>R, endowed with the weak-*topology. Then the Benamou-Brenier theorem combines optimal

transport with the Benamou-Brenier minimization problem [135].

Theorem 2.1.3(Benamou-Brenier formula [135])Letf-g 2 %>'R™© be compactly supported.
Then

1 1
)
)5 di1C-8 1C-@EF3C3G * (2.10)
0

, 21f—g° = inf
219 ld—E2+1fg°

2.2 Fundamental properties

We now summarize some of the fundamental properties of the Wasserstein metrics. We focus

those that are related to our applications in the next two chapters.

2.2.1 Properties qf »

We start with the quadratic Wasserstein metric. It has several properties that make it attractive
as loss function for solving inverse problems. The following theorems are from [148]. Interested

readers can nd proofs and more applications in the original paper.

Theorem 2.2.1(Convexity with respect to shift [148])Supposé andg are probability density

functions on of bounded second moment. )Lebe the optimal map thag!) * °°=f1 °-8 -
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If fg!@ =f1G BI[°8[ 2 R7, then the optimal map frorfig! & to g*His) g=) !G B[°. Moreover,
, 21fgg° is convex with respect to the shiit B

Infact,, 2fgg°=0, 1B, 2B, where0 =, 21fg°~1=2 [ 1G )1@f1@3G-2 j[j
Theorem 2.2.2(Convexity with respect to dilation [148]Assumd 1@ is a probability density
function andgtH = ft  1g° where is a symmetric positive de nite matrix. Thenzzlf—g- Qis
convex with respect to the eigenvalugs  — - of

In fact, 221f—g-\"( gi°= figlops 9213], where O depends on, and is the diagonal

matrix with diagonal element;— — -.

The quadratic Wasserstein loss is also convex with respect to partial amplitude change. Consider
the problem where a pro & is derived fromg, but with a decreased amplitude in part of the domain.
That is, one supposes that the domain is decomposednto 1 [ », with 3\ o=;. Foran
amplitude loss parametér V 1, suppose that

é voie-2

@ = 2.11)
;8 9'1e-2

Then following results hold.
Theorem 2.2.3(Convexity of partial amplitude change [148]) 221fv-fv—g° is convex function o¥.

Theorem 2.2.4(Insensitivity with respect to oscillation [148]for : 1, considerf. 1@ =
1, B8&2c:C° on the line segmen-1¥Let3 . 1@ =f. 1@3G and let3al@ = 3Gon »0-1%then
, »17.—&=011082 1

Theorem 2.2.5(Insensitivity to noise in 1-D [148])Letg be a positive probability density function
on»0-1¥and choos® Y 2 Yming. Letf4 1@ = g:@ , A 1@, which containst piece piecewise
constant noiséy: drawn from the uniform distributiofh » 2— 22 ThenE, 221f#-f#—g° = 01#10,

while E! 21f#°f#—go =011°

Let us remark that while the insensitivity result here is presented in the one-dimensional setting,

it holds in higher-dimensional settings as well.
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2.2.2 Dual formulation of 1

Kantorovich's formulation of the optimal transport problem is a linear programming problem.

In other words, one can solve Kantorovich's problem in the discrete case by linear programming.

: = . . k
Suppose—. are discrete spaces. Take= g =1 f18=——a= agky = tads o<,
g1 o1

= k - :
where ~ = 1- ag= 1. Any measure'G-Hcan be represented by a nonnegative matrix
&1 o1 i
I
c = 1cg§, where cgg= ag89and cgo= 88 And the costis represented by matlix 12g§.
8 9
In this case, the Kantorovich problem reduces to the following linear programming problem:
o
inf cgdgo
Cs989
BeCsg 088-9
i (2.12)
Cgg= ag89
8

| .
. Cgo= g388

Linear programming has a perfect dual problem framework. Therefore the Kantorovich problem

also has a duality framework.

Theorem 2.2.6(Kantorovich Duality [135]) Let- and. be Polish spaces, let 2 % - ° and
a29%. °%andlet2: - . ! R [flg Dbe alowersemi-continuous cost function. Whenever

c29%- .°andlg-k2L113° L 1132 we dene

1 1 1
Y= 21G-8ciG-Hig-Kk= g3 , k3a (2.13)
De ne 1 —& to be the set of all Borel probability measureon - . such that for all
measureable subsets - and .,C» L YET» Yue» Y= a» Ysand de ne ,to be

the set of all measurable functiohg—k 2 L1130 L 113 satisfying

q'® . kP 2:G-H (2.14)
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for 3" -almost allG2 - , 3a-almostallg 2 . .
Then we have

ilrjfaP »CYF= sup 1g—IKCe (2.15)

2
Moreover, the in mum on the left-hand side (#.15)is attained. Furthermore, it does not change
the value of the supremum on the right-hand sidé2015)if one restricts the de nition of , to

those function$g— K which are bounded and continuous.

Basically the Kantorovich duality says that the Kantorovich problem is equivalent to the dual

problemsup *g-K. This provides another way of interpreting the Wasserstein distance.
2

Dual formulation for , ;. When2!G—Hs a metric31G-%Hlthe greatest possibtg @ givenk 1H

isk1H = suf 1G-H ql@g= q>1H, therefore skLZJp @ ,1g-K Sﬂp\olf_ ¢, tg-¢°
sgp\;f—?fﬁo , 1o~ °, whereg3:@ = sugf C*’.qu_—CI—|2 q3tHg e

* I\/Toreover, supposglGP, q31HYe = 31C§)— kP, then8G—dG°, q31H° 3'G- k. Therefore

9'G° g'Q@° 3'G-b° 3'G-b® 3'G-@- (2.16)

Similarly 3'G-¢ q'G° q'GP°, thereforggq'G® q'G° 3'G—@,thusitisreasonable
to restrictkgkis> 1, wherekgkig, := sup%.

G-@
Following the same argument, one Hagkg» 1, which implies that q3:® inff 3:G-H

q3tHg °%!@. Thatis to sayg33:® = 3:@®. Combining the two conclusions, one has

sup f-@q,1g-K  sup f-g% 1g-g° sup H-g% 1g-g°=

gk > g2! 1130 kgkig, 1 (217)
sup f- g%, 1g-g° supif-@, tg-K-
kgkig» 1 g-k 2

Therefore, sup f— q%° 1g-f°= sup f—@ gk when2'G—Hs a metric. Further-
kgkig> 1 g2 »

more, one can replace the optimization variable wifthwhich can simplify the optimization even
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further that

, 1f-g°= sup Y-@¢ rg-@- (2.18)
g:kgkig, 1

This is the dual norm of g of the Lipschitz space. Comparing this formulation to the general
duality framework, one knows in prior th&st = q and one can restraikgkig, 1. This is

summarized in the following result.

Theorem 2.2.7(Kantorovich-Rubinstein theorem [135})hen the cost of the optimal transportation

for the cost?!G—%H= 31G—-Hthen

, 1f-g°= sup f og-@ (2.19)
kakig> 1
wherekgkig» = supj & ¥
G-H
Notice that
" :fq:kgks> 1g!f q:kgkg, g-"'Q°= @ (2.20)
is a bijection. This gives us
sup f g-¢@
kgkig
= sup *f g-q°
qu!g? 1 (221)
= sup f o-¢@
kgkig» 1
=, 1'f-g°

That implies that changing the domaingpfo Lipschitz- function will only result in a rescaling
factor , and, therefore will not change the optimization problem (and certainly not change the
optimalq). Fortunately, Lipschitz- function is enough to deal with most functions one encounters
in real applications.

Another useful way to rewrite the Kantorovich-Rubinstein theoreiR7iywhen the distancd

is the standard Euclidean distance is converkglig>, 1tokrqgki: 1. Suppose 2 1, then
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kgkig», 1lisequivalenttdkr gk 1. Then the Lagrangian functional is

1

sup inf . ¥ g°q, a1'rg 1°, »lrq, 1°e (2.22)

q -1 02

The rst-order optimality condition with respecttpisf gr 1 r o>,=0where ; 0, O
Let_=_1, _»,then_is afree variable, and;_» = 0. Therefore one canthink = _ — = _-.
After the substitution the optimality condition becomes=1f g.
The Lagrangian at the rst-order optimality point is
1 1

2 1= jJ=kke (2.23)

Therefore the dual problem becomes

. 11— = inf k_k
1 =t (2.24)

BeCe _= f ge
This shows that 11f—g° only depends on the differenée g. By the complementary condition
of Lagrangian multiplier, one has
§ _qrg 1°=0-

(2.25)
? atrq, 10=0-

which means that

grq:1>:_50 (2.26)
2rq= 1>= VYO0

Therefore the optima, is zig-zag function on < 0. g only changes direction whenchanges
sign, which means is approximately one integral smoother tharSince_ is one time smoother
thanf g, we conclude thagj is also twice smoother than g.

This formulation is also called the dual of the dual formulation [135]. It also de nes a metric.
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Theorem 2.2.8([135]). , 1 givenin(2.24)de nes a metric on space of probability density functions.

Proof. Obviously, 11f-g° 0, 1f—-g°=0%$ f =ganditis clear from de nition that ;1f-g° =
, 11g-°. It suf ces to prove the triangle inequality.
Suppose o— 3 are optimal solution fotf—-g°—g-h° respectively. Theh h=f g, g h=

r o, _1,hamely, o, _jis afeasible solution fotf-h°. It follows that

, 11f—=10° k_o N _1k! 1k _ok! 1, k_lk! 1=, 11f—g° . 1lg—h°- (2.27)

The proof is complete.

Intuitively, sincer _ =f g, we see that approximately f g, i.e.,_isone order of
integration smoother than g., 1 minimizes! 1 norm of _. Therefore solving the inverse problem
via, 1 dual of the dual formulation will give a smoother solution tHgnminimization.

Let us recall that thél 1 norm off gis de ned as

ki gky 11 o =inffkr %k 2. o2 r r %=f g% =0g° (2.28)

If we think of r %as_, we see the great similarity between loss function$f-g° andkf  gky 1,
assuming = f1\°, in terms of their smoothing property.

A slight modi cation of theH 1! loss is directly connected to the, loss.

2.3 Linearization of the, » distance

It is well-known that the linearization of the, loss leads to a weightdd ! loss, assuming
that 5and6 have the same total mass. The rigorous derivation is documented in [135]. Here we
provide a brief explanation of this connection.

Recall from Theorem 2.1.2 that the Monge-Ampere equation for the optimal transportation plan

reads:
fi1@®@

34C DI@° =
gir D

. (2.29)
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Assume that is strictly positive, and) is very close td. This means thatDis very close to the

identity. More precisely,

nk,Oln®— g=11_n ,LOLnPfs (2.30)

_ g
D@ = >
Plugging this assumption into (2.29) and keeping only rst-order ternms ane has

k,rt ;>6% rk= - (2.31)

fwedene! = rt ;>6% r,thenthe linearized Monge-Ampere equatiohkis =

Here is a useful and easily checked lemma about the opérator

Lemma 2.3.1([135]). The operator!

rt ;>6% r satis es the following integration by

5

parts formula85-52 2,

1 1 1

15,53 = 51503 = 5§ r53 (2.32)

One can introduce the weighted Sobolev Space norms by analogy with normal Sobolev space

concept,
2 _ N
I<I:]<|_213‘o - . D23 _
2 _ . DN <
kDK, = _jrD%3° = _DID3 (2.33)

kD(H.'} 113‘0 = SuFf _ DE3\ kE(H]113‘0 = lg

Then it is simple to check that the dual norm

1

KD, g0 = DM 1DP3e (2.34)

If Dis the solution 0{2.29), then the optimal transportation planGsr D= nk, O n?°. Therefore
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we have

P kik3' s
= 1 1oz (239
=kn K 10—

where3” = f1@3G-3a g*!@3G Therefore, when anda are close, the 2 norm is weighted
H 1 andthe weightis .

The above calculation can be summarized as follows.

Theorem 2.3.2(WeightedH ! Norm is equivalent to » Asymptotically [107])

) 21\_\ s 3 °=k3" k|-P 11°0 , >137 0

, 2 based on dual formulation. Using the duality framework of the original Kantorovich's
problem of quadratic cost, one can show thatis equivalent to the following unconstrained

optimization problem

1 1
2=, inf g3’ ., q 3a (2.36)
g2! 113°0  R= R
q 8B 2>=E4G
where L
" g%, jH?
= —3 —3 2.37
2 e 2 S 2 a ( )
is the second moments bandg. Equivalently, one has
1 1
2= inf 3 k3a-— 2.38
2 2 nf, 03, k3a (2.38)
where
=fig-k 211130 1 11370:1G_H qi@ | kiHge (2.39)
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The systemg$2.36)and(2.38)are simpler to work with than the Benamou-Brenier's formula since
one only needs to stoigt G- K H (instead ofd!G-°€ @G-°Cin these formulations.
ita 21f_q0 =" i 1f_ 10_(0 i i i
By (2.36) one can rewrite 5'f-g 2 8én£>:E4fG @® ., * g—q°. This formulation gives a
. . . g2
lower bound for, 2 by assigningy. For example, taking® = % one can nd that 221f—g°

" g?ﬁ M3a= 0. While the original formulation
2 R= 2 5 R= 2 . g

1
i 2
’Zlf_go: G(i*gf\a) JG H
ciGH2 1'- R2=

3¢c1G-H (2.40)

gives an upper bound of22. One can take speciglto make general inequalities for,.

Letusdene ffg-¢ =-@&, ! g—q° whereq is convex. For xedf-g, one can nd%.

1g-q° = _.g'Hq 'HP3H
g-0° = .- g'Hq (2.41)
IHIGH qlG°3H «

R=-GargmaxGHq@ 9

Therefore, we have

X =1-Xq, _R=-GargmaxGHq!® g'Ht X G°3H
=1f-X§q, Rg-m4Q@ gtHPt Xdr q HP°°3H
=-Xf - g'r gHo°Xdir g 'r gtloo°detr 2qtl°°3] (2.42)
= fIGXAG®3G __ g'r q'@°Xq G detr 2q'@°3G
_ 2 .
= g-Mf1@  g'r q@°detr “qtGXJ 3G

Therefore% =f1® g'r qi@°detr 2q*®@°. Thus wherq is the optimal solution, one should

havef1@ = gir qi@°detr 2q@®°, which is exactly the Monge-Ampere equation.

X, 21fgo , . . . . . . .
% < in n-dimensional space. This dual framework gives a universal variational form 0§ in

n-dimensional space( 1) [23]. Suppose is xed, one would like to nd how, 22changes with
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respect td, i.e. fﬂ

. One can take the variational form 01‘22

X, 2¥-g° = 1‘3 X1@3G o qi@X@3G 1 _fiOXG@3G, o g'HPXqlH3H-
(2.43)

whereq!@ = arg SB|an> EZfG ® . *g—qg° which impliesif—X§, * g— Xcf = 0, sinceq is the

global minimizer. Then

1 1
2
X, 21fg° = Jq —X1@3G g1e@X13@3G - (2.44)
R= R=
which is equivalent to
21f q
5 == q (2.45)

for any dimensional space(not just one dimensional space we discussed before).
We can actually check that this formula reduces to the one obtained by the previous method in

one dimension where

X, 21fg° 1
2 = [)1@ 336
- quol@ G3G (2.46)
:% qll—Po

Thus the gradient descent pf, distance boils down to ndingj, q is the solution of the

Monge-Ampere equation

detr 2qi@°o= O _ (2.47)
q glr ql@O '
or equivalently,
@@ =arg nf 4. 10-at @48)

whereq is the optimal solution of the problem.
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X, 221f_go

Equation for the derivative. If we denote by 2= 5 then 2 satis es
fi1@

whereNf = detir 2f°. The structure of this equation is similar to that of the equation for the

derivative , 10fH !estimate:

L y1=f g- (2.50)

where! f = f. Therefore, the main difference of22 andH 1! is that the operator changes

from Laplacian operatdr = CA ° to thedetir 2° operator, and ; also uses relative difference

f1@

T qiee 1 between two signals.
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Chapter 3: Loss Functions Based on Wasserstin Distances

Wasserstein metrics based on optimal transport theory have been proposed as another type of
mismatch measures in solving computational inverse problems; see for instance [19, 36, 37, 101,
100, 146, 147] and references therein for applications in seismic imaging, [121, 79] and references
therein for mathematical imaging, and [125, 73, 58, 126] for computational inversion in machine
learning.

Numerical experiments in the aforementioned references suggest that the Wasserstein metric
has interesting properties that are attractive options for loss functions when considering solving
inverse problems. Various works have been done on optimization landscape under Wasserstein
metrics [133].

In this chapter, we study in detail the performance of such loss functions based on the Wasserstein

metrics.

3.1 Loss function based on » distance

Let us recall that we are interested in solving the inverse prolfleir) by minimizing the

mismatch between the model predictibH © and the dat®. That is, to minimize the functional
1
1\0:= édzlfl\O-gO, ;ﬁl\o (3.1)

whered?t 5-%can be any of the loss functions we introduced in Chapter 1 or the Wasserstein
distances we have introduced in Chapter 2. The functiBig? represents the explicit regularization
that imposes additional constraints on the known to be recovered\Vathe parameter that
controls the strength of the regularization term. We assume that the fundiiasdlvice Fréchet

differentiable.
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When 5'x° 0and6'x® 0 are suf ciently regular and have the same total mass in the sense
that 5x°3x =  61x°3x, the quadratic Wasserstein distance betwbemd6 are given by,
following the uid dynamics formulation of Benamou and Brenier [14],

1 1

1 )
)

. 1., .
, 215-%=inf éo|18123x3c (3.2)

where) j 0is given,d*Cx° and8 1Cx® satisfy, in the weak sense, the following over-determined

transport equation:

md,r d8
di0x° = 5°- in

0-  in0-)¥

(3.3)
d1)—x°

61X°— in

n 8 = 0 oni0-)¥a m e

. 221 5 —-%can be viewed as a functional bf This functional is minimized

When 5tx° = 5'f 1x°°
when (1.1) is satis ed. Numerical experiments in [19, 36, 37, 101, 100, 146, 147, 121, 79]
suggest that the quadratic Wasserstein metetas interesting properties that are attractive when
considering solving inverse problems.

The objective function for the minimization problem based anloss, with additional regular-

ization, now takes the form
1
ne=3, 21f1\0-g° | %ﬁl\m (3.4)

Rationale for constrained optimization approach. The functional \°in (3.1)can be min-
imized using an iterative scheme that starts with an initial gugssd keeps updating it until
convergence. At any iteratianbefore convergence, we need to evaluate the distance bethieén
andg, that isd'f1\ . °>—g°, in order to evaluate the function valué\ . © at the current step. This
could be problematic when the standard quadratic Wasserstein metrscused here, because

, 211\ .°%—g°% may not be de ned wheh. is not the solution of the inverse problem. In other words,

during the iterationd*\ . © andg might not have the same total mass. Thereforg,. © might not
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be niteif , ,isthe metric used i3.1). This is why in most of the previous studies on using
to solve inverse problem§!\ . © has to be re-normalized at each iteration to have the same total
mass ag). This re-normalization process makes the analysis of the nal inversion results very
complicated.

The drawback of the above approach motivates us to use a constrained optimization approach to
solve the minimization problem that avoids accurate evaluations of the rd#t¥c °-g° during
the iterations. We will formulate in Section 3.3 a constrained optimization approach to solve the

minimization problem.

3.2 Wasserstein distances with mass unbalances

The Wasserstein distance,;f—g° from traditional optimal transport theory is only nite when
two non-negative densitifgsandg have the same total mass on a domain R~. This is an
inconvenience for some applications where such a requirement is not satis ed. The distance has
been generalized in several ways to deal with the situationfthatdg do not have the same
total mass. The optimal transport theory associated with the generalized metrics is often called
unbalanced optimal transport. Here we recall several important generalizations for the purpose of
comparison in our numerical investigation.

The rst generalization is the Wasserstein-Fisher-Rao metric whose uid dynamics formulation

can be written as [108] [75][92, 86] [28, 27]:

1 1
1 ) 1 1
2 1 0 — i - ~HdiQi2 = 2
v >wrrf—0 d'gf_z) . 2d181 . 2dZ 3x3C (3.5)
where
md.r d8 = dZACx°- in10-)%
diox° = fix°— in
(3.6)
dy)—x° = gx°- in
n 8 = 0 oni0-)¥a m e

35



The introduction of the additional dynamic source functyrwhich depends on botGand x
variables, is used to absorb the mass difference betivaadg such that wrr is nite even
whenf andg have different total mass.

The second generalization we will study is proposed in [53] as a variant of the Wasserstein-
Fisher-Rao metric. Following [53], we call this metrigyort. Its uid dynamics formulation can
be written as:

1 1 1

1,02 Y ioa,
5 508 73x3C,  p2resc (3.7)

2 1f_0 — i
» 2yor'f-g° = Inf

whereU s a given parameter, arid-8 ° solves the following transport problem

md.r d8 = ZIC- inl0-)¥

diox° = fix°— in
(3.8)
dt)—x° = g'x°- in

n 8 0- oni0-)¥a m o

The main difference between this formulation from the uid dynamics formulation ofer is
that the dynamic source terfin the transport equatiof3.8) depends only on the time variallz
not thex variable.

The third generalization is a slightly different version, of.\wrr, again, following [53], we call

it generalized unnormalized optimal transpodcuoT

1 1 1 1
1) 1 . ) 1
Bouortg°= jf £ T SdiBPRAC T SpZCe3EC (39)
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whereU s a given parameter, arid-8 ° solves the following transport problem

md,r d8 = Z'C-6 in10-)Ya
diox° = fix°— in
(3.10)
d)—x° = gx°- in
n 8 = 0 oni0-)¥s m e

The difference from »yot is that the dynamic source ter@giCx® in the transport equa-
tion (3.10) depends on boi C

The fourth generalization we consider is the mixed relaxed quadratic Wasserstein metric intro-
duced by Benamou in [13]. The main idea here is to use a penalty term in the energy functional to
soften the mass conservation requirement of the original balanced optimal transport. The dynamic
formulation in this case is:

1 1 1

2 %dj8j23x3q\§/ jd)—x° gix°j?3x (3.11)

+ aMmixed 1-9° = INf

whereVis a given parameter, and

md,r d8 = 0 inl0-)%
di0x° = fix°- in (3.12)
n8 = 0 on'0-)¥% m -

The parameteY allows us to decide how strong we want to enforce the balance befvaewly.
As Vgoestol , the metric returns to the original balanced metric.

The fth generalization we consider is a slightly generalized version pfjiven by[77]. They
proved that ; could also be generalized to handle different total mass., Thennormalized

Wasserstein metric is given by
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* 1 IxX0—gix00 = inf dix°j8 1x°j3x , V  jZ1x°)3x (3.13)

' d1x°-8 1x°0—Zx°

BeCe d1x°81x° ZX°=f1x° @gix°-Q@ (3.14)

Readers can refer to [77] for more comprehensive study of unnormalized Wasserstein metric.
It is worth noting that*, 1 requires much less computational resources since it preserves the
dimension of the original problems, while, type of Wassersetin metrics usually requires one more

dimensionCto tackle the problem.

3.3 Constrained optimization algorithm

We reformulate the computational inversion problem as a PDE-constrained minimization prob-

lem. We now describe the procedure in the case where the rdesrihe, »wrr metric. We solve:

11
N uetd-8-Z-A = )5 O) % dj8j?, dZ? 3x3C %VR1\°
subject to
md.r d8 = dZ:Cx°— in10-)V (3.15)
diox° = f1\1x°°%— in
df)-x° = gx°- in
n8 = 0 oni0-)¥2 m -«

Formulations for the other metrics are done in exactly the same manner. For instance, if we remove
the Z variable, we would have the formulation for the case of the standamietric. Notice that
the only free parameter isand we need to evaluate the forward oper&tb? in each iteration.

There has been tremendous progress in the past two decades on computational methods for

PDE-constrained optimization problems such@&45) see for instance [5, 80] and references
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therein for some recent overviews. This minimization problem is equivalent to the following

saddle-point problem:

i 1 —7-_\0
|dr181c ZSHpL d8-Z-\-°_ (3.16)

where the Lagrangian functionkl is de ned as

1 1

)
Lid8—Z-\°= . _1d8-7 _imd,r d8 dZ3x3C

1 1 1 0 1
0) _n 83(x°3C  _10-@&di0x° f1\o93x, _1)-@idy)-x° ¢@°3x (3.17)
m

with _ being the Lagrange multiplier for the constraints described by the transport equation and its
initial, nal and boundary conditions. Note that the implicit constraint O is not incorporated in
this Lagrangian but will be imposed later in the numerical implementation.

The optimality conditions for the saddle point problem consist of three components: the forward
transport problen{3.6) resulted from the variation df with respect to , the adjoint transport

problem resulted from the variation bf with respect td-d-8 °:

.8 r_,Z = %1j8j2,j2j2°— in 10-)Y4
8 =)r - in 10—)Y%
Z =) - in 10-)v4 (3.18)
_H—x° = 0 in
_ICxe = 0- ont0-)% m

and the control problem resulted from the variatiorofvith respect td :
%ﬁo 10y Y, fO1\0% 10xUE O (3.19)

wheref® 1\ °» 10x°%js understood as the adjoint of the Fréchet derivativieadf in the direction
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10-x°.
As a side note, we observe that we can write down a closed equation for the adjoint variable

by eliminating the variable8 andZin the equation. This leads to the following Hamilton-Jacobi

equation
1. 5, 1, .
— — ° = 0~ in10-)¥%
M, Ir % - I )Ya
D—x° = 0-in (3.20)
_ICx° = 0-onl0-)Ya m -

We solve the nonlinear system of rst-order optimality conditi¢8s), (3.18)and(3.19)with

a variant of Newton's method. To present the method, we write the system abstractly into the form:

F1d-8—Z-\-2=0e (3.21)

We useF  to denote theé (2 fd-8—Z—\-g) component, including the equation foras well as
the corresponding initial, nal and boundary conditionsfafStarting with an initial guess of the

solution*dp—8 o— é— o— °, Newton's method is characterized by the following iteration

1d:,1—8:’1—_z’ l—\:’]_—_;_, 10: 1d;—8;—Z—\;—_-h°b : 1Xd—&—XZ—X\—OX_ (322)

wheré Xd—&— XZ— X\-°Xs the update direction and is the step length in the update direction
that will be determined with a line search process. The update direction is obtained by solving the

system:

eF

0 F¢ 0 0

d

#

mM T M T
N
EEEEEEEEEEEE ©

Fo Fg F,

[e¢}

0 0 Ff O (3.23)

—

o 0 o0 F

0 Fe Fr O

A

-

where we used the notatkﬂj (—a2 fd-8—Z-\-g) to denote the Fréchet derivative of the

component of with respect to the variable The operatorﬁ; as well as the functionals
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are all evaluated at the current iteratioth -8 . — Z—\ — . °. The exact forms of all the operators

involved are summarized in the Appendix A.

3.4 Insights from linearization

The quadratic Wasserstein metrics we used in this chapter are all nonlinear metrics. This makes
them not only computationally expensive to evaluate but also analytically challenging to understand.
When using these metrics to solve inverse problems, we notice that the model predictiand
the corresponding datumare identical (or very close) to each other at the true solitioile now
try to understand the behavior of the metrics in this situation following an informal linearization

procedure.

3.4.1 Linearization of the Wasserstein metrics

We refer interested readers to [136, 119] for a rigorous treatment of the linearization of the
metric, and [59, 98, 57] for applications of such linearization in the analysis of inversion results

under the 2 metric. Here we extend the analysis of [78] to the generalized meteggr, , 2uo0T

and, 2mixed-

Linearization of , ,. We rst determine the background state (that is, the case Wwheg) of
the transport equations. Tldeand8 corresponding to this casedsCx® = f (which implies that
mdix— €= 0) and8 = 0. Wheng f is small, we have thad = f , Xdand8 = X8 with Xdand

X8 small. The transport equation satis ed Byland X8, to the rst order, is:

mXd, r X8 = 0 in 10-)%
Xd0ox°® = 0 in
(3.24)
Xd)—x° = gix° fix°— in

&
I

0- on0-)¥a m e
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The square of the metric is then

1 1
1 )
)

% X8 j2f1x°3x3C, *$e) (3.25)
0

=,

where *$¢) stands for higher order terms.
The optimality condition for the syste(B.24)and(3.25)gives thatx8 1Cx° = r q1x° with q

the solution to the elliptic equation:
1 :
r frq:)—lg fo-in — nrgq=0-onm-e (3.26)
This, in turn, means that (3.25) now becomes

1

ir Qj2f1x03x , $e) o (3.27)

NI

, 221f_90=

This simple calculation shows that whgn f is suf ciently small,, »f—-g° )1kf ngulfé 1o
This is the well-known asymptotic equivalence betweerand thel—Flféxo; see, for instance, [136]

for more technical details on this equivalence.

Linearization of , »wrr. We can linearize wer in a similar way. The background solution to
the transport equation in the casef of g is 1d-8 — 2 = 1f-0-0° for the, 2wrr Metric. Whengis
suf ciently close tof, we have thatd = f , Xd 8 = X8 andZ = XZ 1Xd-&- XZbeing suf ciently

small, in an appropriate sense. The transport equation satis éX tdy &— XZ to the rst order, is

then
mXd, r X8 = fXZ- in 10-)%
Xdox° = 0 in
(3.28)
Xd)—x° = gx° fix°- in
n X8 = 0 ont0-)¥a m e
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The square of the distance is given by
1 ) 1
1 1
2 1_0 = j = Z i 1 2 £1y0 oLe) o
, swir -0 Xlg_f&) . > X8 ¢, 1 X224 f1x°3x3C %) (3.29)
We can then check that the optimality conditions for the systg/@8) and (3.29) imply that

X8 =r gix° andXZ= q with g the solution to the following PDE:

L,

r frq,fq:)

g fo-in - nrg=0-onme (3.30)

The squared distance betwdeandg now becomes

1

, 22—WFle_g0:% Hraj?, g*fix3x, $e) e (3.31)

Therefore, the extra source term in the transport equation introduces an absorption mechanism in
the linearized setting, that is, the tefiapin (3.30) This absorption mechanism allows the densities

f andg to have different total mass (in which ca&30)still admits a unique bounded solution

while (3.26)does not). This simple observation showcases,thayrr is asymptotically equivalent

1 ; 1 H
to theH , 3 , metric, not thetf, % , metric.

Linearization of , »yot. Following the same procedure as in thewrr case, we have that
d=f, Xd8 = X8 andZ= XZwheng fis small. The only difference here is thaZdepends

only onG notx. The equation satis ed byXd—-&- XZ, to the rst order, is:

mxXd, r X8

XZ2C— in 10-)Y4

X dt0—x° 0- in

(3.32)
Xd)—x° = gx° fix°— in

n xXa8 0- oni0-)¥a m o
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The square of the metric is

1 1 1
o1 ) 1 ) 1j
2 = - - 2 1x0 ——-1 02 oepne) e
. SuoT Xdl—nxf—xz) . SiX8 [711x°3x3C ERVIRCAES $°) (3.33)

We check that the optimality conditions of the problgrB2)and(3.33)lead toX8 = r q*x° and

U . .
XZ= ﬁ g1x°3x with g the solution to

1
r frq,% q1x°3x:)ilg fo-in — nrqgq=0-onm- (3.34)

Therefore, the square of the,yoT distance betweehandg is given as

1 1
. suorf-° == jrajfixo3x, 2jUj1 qiXO3X%% | e$e) o (3.35)

 —

N

This calculation implies that whefnandg have the same total mass,q*x°3x = 0. This can be
easily seen by integratin@.34)over the spatial domain using the divergence theorem and the
boundary condition. In this case, we can drop all the terms that involgéx°3x = 0. Therefore,
, 2ot reduces tq . This is not true for, >wrr Which does not degenerate,t@ in the case
thatf andg have the same total mass. Therefereyot is asymptotically equivalent to thelféxo

metric whenf andg do not have the same total mass but is asymptotically equivalent t&’g@g

metric if f andg do have the same total mass.

Linearization of , 2guot. Similarly as, 2yoT, we have thatl =f, Xd 8 = X8 andZ = XZ
wheng fis small. The only difference here is thdaZdepends on botBandx. The equation

satis ed by Xd—&-XZ, to the rst order, is:

mXd, r X8 = XACx°- in 10-)Y%
Xd0ox°® = 0 in
(3.36)
Xd)—x° = gix° fix°— in
n x8 = 0 ont0-)¥2 m o
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The square of the metric is

1 1 1 1

1 ) 1 )1
2 = _ i i12£1y0 T 1 002 oLe) o
1 2.GUOT Xdlf]&f—xg . 2])6] fix 3x3C, . 50 XZ2Cx°%“3x3C, $ ) (337)
We check that the optimality conditions of the problem (3.36) and (3.37) imglies r g'x° and
XZ= Uqwith g satis es
1

r frq, Uq:)

g fo-in - nrg=0-onme (3.38)

Therefore, the square of the, gyot distance betweehandg can be written as follows

1

, 2ZGUOT1f‘9°:% Lr qj*f1x°, UcPo3x, «$e) e (3.39)

If we replaceU with f1x° in (3.39) and (3.38) then it returns to the same formulati¢®.31)
and(3.30)for, 2wrr. Therefore comparing to 2wrr, , 2cuoT IS asymptotically a mixed version

of .1 _metric and! 2

1§30 T30 at nite U. On the other hand, 2cuor is a generalization of 2yor in

the sense that it allows a non-uniform dynamic source &@»°.

Linearization of , omixeq- The background transport solution for the casd of g is again
1d-8° = 1f-0°. Wheng f is suf ciently small, we haved = f , Xdand8 = X8, 1Xd—&° being

suf ciently small. To the leading order, the transport equation satis edg—&° is

mXd,r X8 = 0 in10-)¥
Xd0x° = 0-in (3.40)
n X8 = 0-ont0-)¥% m e

The, 2mixed COSt becomes

1 1 1

)
)3 %fj><8j23x3c,\§/ IXd)-x° g fo023x, e$e)e (3.41)

2 1f_0 — i
+ 2-Mixed f_g - Xlgl_f& 0
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We then check that the optimality conditions of the prob(@®0)and(3.41)lead to thaix8 1Cx° =

r qx° whereq solves
1 :
r frgq, —q==1g f°-in - nrgq=0-onm (3.42)

The square of the metric now becomes

1

1 o 1
wed 8= 5 Jrafffae, Sof 3x, ) (3.43)

This simple calculation also indicates that, in this asymptotic regimgixeq goes to, » as
V!I1 . However, ata niteV,, swmixed IS asymptotically equivalent to thdzlféxo metric, not the

H, 3. metric.

3.4.2 Linear inversion under the Wasserstein metrics

We brie y review the solution of a general linear inverse problem with the linearized Wasserstein
metrics, following the presentation of [40]. The linear model, or the linearizati¢h.aj, takes the
form:

\ =g (3.44)

Here we focus on the effect of the metrics in the Fourier domain. Without loss of generality,
we assume that= 10-2c°3, and the real-valued functions f, andg, supported on , all have
boundary conditions of the form r \ = 0. We then have the following Fourier representations for

those functions:

0 0 0

\ 1x0 = P1/ocost/ xo— fixo= b1/ ocost/ xo— gixe = lgl/ °cos/ xO° (3.45)
1273 /273 /273

To see the main effect of the metrics, we ignore the welighterms such ag  fr g andfq in the

equation(3.26) (3.27), (3.30), (3.31) (3.34) (3.35) (3.42) and(3.43) For reasonably nicg the

factorf plays only a minor role in the Fourier domain as investigated in [107]. We al9osét
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We therefore have from (3.26) that

~

qix° = §1/°cost/ x°— with— §1/°= i g fo1/ e
/2
/273 Vi

This leads to the following representation of th§ in the case off f being small:

5
B 5 it oof (3.46)

where we have thrown away the higher-order terms. In a similar manner, we nd that

1 ZZWFle_go 1- 1 2Jj>g fOl/ 012_ (3.47)
2 1,j/j
12z3 ~°
1U, , 10 1 |
 Byort-® 5-itg f0°f, 5 5i%g foy/ o= (3.48)
/22’3-/<oJ
2 0 1 O 1 i D 01/ 0;2
, seuot 9 > ¥ J./.ZJ g fo1/°j— (3.49)
1273
and 3
0]
1 1 . .
Swed't0° 5 %9 fouof (3.50)
1 278 v jlj?

To see the impact of the metrics on the inversion in the Fourier domain, we assume further that

the operator is diagonal in the Fourier domain, that is, the operatdras the representation

~

o)
\ =  1bijobijoocog/ xoe
122,

This assumption is not essential at all. It only simpli es the presentation below a little bit.

To invert the linear mod€3.44)in the standard linearized, metric, we seek the solution that
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minimizes
ECECS 221f1\o_go= %jbl/ opijo g1/ 02—
1273

NI

where we used the assumption thais diagonal such th&\°1/o = § 170 = bijobijo The

optimality condition resulted from the variation of ,*\ ° with respect td1/°is
1
b 1o~ bijohijo gijo =0-
il
which then leads to the solution

1 1
b 1/0—1b bo 1Db 1/ Oe
il 2 i/ leg
The same derivation procedure leads to the following inversion results froma@er, , 2uot

and, amixed Metrics. They are respectively:

o—-1Db bo 1p 1 g1/ °o—

1
P20 TR P TR

% 1b bo 1b 1/o_ when/ =0
, awort © = ; b 1 bo 1b 1
1 [0] 1/0 h / <0
G %! e

b 1/o=1b bo 1b
» 2-GUOT U,J/JZ U J/JZ

bllo

and

bo 1b

b E '/'2 E '/'2
17 17

1/o=1b

gt/ o

» 2-Mixed

Let be the Laplacian operator onwith the homogeneous Neumann boundary condition.

We can write the above solutions in the physical domain, respectively, as

\’ 21X°= 1 ol 1 o lglxo_
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0 — 0 1 (o] 1 0
\, ZWFRlx - ! 5 ! 5 glx -
1 1
1
—- 1 1
\l 2-UOT1X0 - 1 s o 1 R (o} gle
1
\ 1%0 = 1 Uol 1 Uol1Xo_
y 2-GUOT 5 5 g
and
1
\ 130 = 1 E ol 1 1 E ) lglxo.
» 2-Mixed 5 V 5 V

where is the identity operator. Note againthat , , |, \l, and are all invertible with

the homogeneous Neumann boundary condition.

The simple calculations above reveal to us the following facts about linearized inversion with
the, > metrics. First, in the ideal case when the original problem is uniquely invertible, the data
used in the inversion contains no noise, inversion results under all tmeetrics are the same and
degenerate to the classidal based inversion results.tx°=1  ° 1 gix° Second, inversion
methods based on the, metrics are “preconditioned” versions of the classicainversion. The
operatorg °1t ol ol yolandt I °lareallsmoothingoperators
that damp the higher-frequency components of the géifore the inversion operation. The higher

the frequency is, the stronger the damping effect will be. Therefore, when high-frequency noise

present in the data, they are suppressed before the inversion.

3.5 Numerical implementations

We now present details on our implementation of the inversion methods outlined in the previous
section. The algorithms are implemented in BM&TLABsoftware with the source codes deposited
atgithub 1. In our numerical simulations in the next three sections, we display computational
results for the one-dimensional domaim »0— Yand the two-dimensional spatial domam
- 1% - 1{%The time interval for the transport equation is seTas 10— )% The values ot ,

' o ! yand) will be given in later in speci c examples.

1The github repository for our source codes is at https://github.com/wending1/.
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3.5.1 Numerical discretizations

One common practice in the numerical discretization of the transport equation in the formulation

of the uid dynamics is to introduce the variables

m=d8—- and- Z=dZ (3.51)

so that the transport equations in the constraints of the minimization problem become linear. We
follow this idea here in our presentation. We now detail the discretization of the Wasserstein-Fisher-
Rao formulation 2wrr. The same type of discretizations are used for, the, >uyoT,, 26U0T

and, amixed Metrics. Details of numerical discretizations are given in the Appendix A.

3.5.2 Discretization of Fréchet derivatives.

We also need to discretize the Fréchet derivatives involvéd.28) Those operators can be
discretized using the same scheme as we just detailed. However, in our numerical implementation,
we use a discretizing-then-optimizing approach for the optimization problem. This means that we
formulate the optimization problem for each metric in the discrete setting using the discretization
schemes for the transport equation and the cost functionals, tijat33 and(A.13) in dimension
one or(A.47) and(A.49) in dimension two. We then form the corresponding discrete version of the
optimality condition(3.21) The discretized versions of the operators in the equation for the Newton
update direction(3.23) are then directly derived by taking gradients on the discrete level. To save
space, we list the discrete version of all the operators involved in the Appendix. We also point
out that in the limit when the sizes of the spatial-temporal g8l g, Cgo toO, the discretized

operators converge to their continuous correspondences given in the Appendix.

3.5.3 Newton's iteration

The Newton iteratioii3.22)is implemented usinlylATLABwith a cubic line search scheme [105]

to nd the step length. at iteration: . The standard Wolfe conditions [105] are imposed on the
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line search scheme. More precisely, letd-8-Z—-\-°_:= kF k!z2 be squared 2 norm of the
system(3.21) ?. =1d.-8.—-Z-\— _.°% andX? =1Xd-%8.—XZ X\-X.° We look for an -

that solves the one-dimensional minimization problem

m_ig 2., . X209 (3.52)
ol
and satis es the conditions:
17., . X?2° 12,0 2 .1 J12.0X2- (3.53)
ro)12., . X20X2  2r )12.9X2- (3.54)

where2; and 2, are two small positive constants. Following the suggestion in [105], we take

21 = 10 4and2, = 0<1 in our numerical simulations in Section 3.8.

Initialization guesses. The Newton iteration needs to be started at a given initial gteksS o— 6—\o— o°.
Since\ is the only intrinsic variable that we are interested in inverting for, we should only need
to provide the initial guessy. The initial guess for the other variables are constructed by solving
the sub-optimization problem described(By5) and(3.6) with f1\° xed at f\ o°. This way, the
different components of the initial guesgdy—8 o— é— \o— ° for the nonlinear iteration are consistent

with each other.

Stopping criteria. In the numerical simulations, we will compare results from the algorithms
with different, > metrics. One of the major dif culties in making a fair comparison between
different algorithms is to nd a fair stopping criterion. In our simulations, we stop the iterations
if either (i) the update is suf ciently small, that is, k*Xd — 8 . — XZ X\— X.°k Y; for a given
toleranceYs, or (ii) the mismatch between the model prediction and the data has decayed suf ciently,
thatis 1f1\.°—qg° Y, 1f1\,°—g° (where\g is the initial guess of the unknown function to be

reconstructed) for some tolerangg The value of the parameteYs andY- will be provided later
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when we present the simulation results.

3.5.4 General setup for simulations

We focus on three inverse problems where the data measured are non-negative so that we do
not need to perform signal normalization, an operation that could have a signi cant impact on the

inversion results, as is done in most of the previous studies [148, 40, 147, 146].

Inverting the Abel transform.  The rstinverse problem we consider is a linear problem described
by the Abel equation. For a continuous functhoon »0-1%the Abel transform of, with parameter
0Y U Y1, is de ned as [66]:

1
B

fiIp \ = 1B CNie3C- Bx0-1% (3.55)
0

Without loss of generality, we can assume tH&° = 0. In our numerical simulations later, we are
interested in studying the performance of the Wasserstein metrics in inverting the Abel transform.
The discretization scheme for the Abel transform is documented in the Appendix A.2. Interested
readers are referred to [12] for more detailed discussions on equations of Abel type. Let us mention
here the simple fact that the Abel transform can be analytically inverted td *@fwith f10° = 0):

1
_sintclP - G311

1
Ve c , 3B1IC BtU

38— @ 0-1% (3.56)

Inverse diffusion problem. The second example inverse problem we will computationally study
is an inverse coef cient problem for the diffusion equation in a bounded domairR® (3 1)

with smooth boundaryn :

r WD, \D=@-n - D=1-onm (3.57)

whereWis the diffusion coef cient and is the absorption coef cient. When the coef cients and

the boundary conditiog are given, we can solve the diffusion equation to nd its solutn the
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inverse problem, we assume that we know everything else but not the absorption coef. diémt

are interested in reconstructihgrom additional data of the form

f1\0:= 1\0D_2 (3.58)

whereWis the diffusion coef cient, and is the absorption coef cient. When the coef cients and
the boundary conditiog are given, we can solve the diffusion equation to nd its solufioin the
inverse problem, we assume that we know everything else but not the absorption coef. diémt

are interested in reconstructihgrom additional data of the form

Inverse wave propagation. The third inverse problem we consider is an inverse coef cient

problem for the Helmholtz equation in a bounded domain:

D, :%1, =D, 8:\D=@-n - D= 1-onm (3.59)

where: is the wave numbekr is the refractive index, andis the conductivity. We assume that
wave number , the coef cients, and the domain are arranged in such a way that the Helmholtz
equation(3.59)is uniquely solvable. In the inverse problem, we assume that we kit not\ .

We are interested in recoveringrom additional data of the form

fllo= 1\0jD%2-x2 (3.60)

This is a simpli ed model for inverse problems in quantitative thermoacoustic tomography [8].
We discretize the Helmholtz model in a rectangular domain in our numerical simulations. The

discretization scheme can be found in Appendix A.2.

Generation of synthetic data. The synthetic data we use in all the numerical simulations are
generated from the forward models. We solve the forward mgdel f1\ caoswith the true

coef cients to compute the data. We add additive random noise to the data computed from
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the models to generate noisy data. More preciselyy le¢ the noise-free data. We generate
multipliable noisy data®*=g, where Nt 0-X 38036°° (Xbeing the variance of the noise).
To generate high-frequency noise, we use Fourier transforta Iter out the low-frequency
components of the noise. Letbe the random noise, we generate the high-frequency Rdige
€:=F Yy mgF? °whereF !denote the inverse Fourier transform, is the characteristic
function of the set andby denotes the cutoff frequency.

Our numerical experiments show that the time interval size does not play a signi cant role in
the solution process. In all the numerical experiments in the following subsections, we det
in the de nition of the Wasserstein metrics for simplicity. We observe Yhdbes not affect the
reconstruction quality (although it does affect the overall computational cost of the reconstructions).
Unless stated otherwise, we set the regularization paranwte, introduced in(3.15) in all the
simulations as our objective in this study is to study the general behavior of the Wasserstein metrics
in the inversion process, not to tune the parameters to get the best reconstruction result

The unknown in the following section are from one of the three options 3.1

Bell shape\. The unknown is smooth. It tests the general ability of Wasserstein metrics to solve
inverse problems.
1 02
\1@=1, 4 0% - @ 01 (3.61)
Two scale\. Unknown consists two different scales of modes, one high-frequency 6@ade
and one low-frequency mode. This example may be extreme, but it is a good indicator of the

separation of frequencies by Wasserstein metrics.

\1® =1, 05sit2c@ , 005sit30cG— @ »0-1v, (3.62)
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Discontinuous\. The unknown is the simplest discontinuous function. It aims to test the perfor-

mances for Wasserstein metrics in discontinuous settings.

\i@ =1, X @ 0-1% (3.63)

A

Figure 3.1: Exact unknown shape, from left to right: bell shape, two scale shape, discontinuous
shape.

Display of optimization process. To fully display properties(especially smoothing effect and
separation of frequencies) of Wasserstein metrics, it is vital that we display target quantities
throughout the optimization process. Therefore, we organize the reconstruction results from
different algorithms and setups by their loss value: the value of the current loss function, i.e.,
;>BB=  1f1\.°%g° rather than simply showing the nal reconstruction results. We regard the loss

value as a fair comparison between different Wasserstein metrics.

Initial guess of numerics. Unless stated otherwise, we set the initial guess of independent
variables of all the following numerical examples to be constar®ther related quantities are

initialized such that they are consistent.

3.6 , »does NOT regularize.

The smoothing effect of the Wasserstein metrics we have just seen should not be confused

with the smoothing effect introduced by variational regularization techniques such as Tikhonov
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regularization, which is often introduced irf based least-squares formulation. For the linear
model (3.44), we minimize
10 S, W N ”
2N 5 jbbi/o /o2 5 Ll ojpr/o By 02— (3.64)
1273 1273
where\ o represents tha priori selected and\controls of the strength of imposing the a priori.

It is straightforward to verify that the minimizing, 2\ © gives the solution
1
b= bb w1 jsj?o bpye (3.65)

The insights we obtained in this section are analyzed. A nonlinear effect makes the Wasserstein

distances different from thd ! metrics [107].

3.7 Performance under noisy data

The pre-conditioning effect of the Wasserstein metrics on the inversion results has signi cant
consequences for inverse problems with noisy data. This was discussed in [95, 40, 148, 37, 146]
in the case of the regular,. The same analysis carries,t@.wrr, , 2uot and, 2mixed- LEL US

assume further that the linear operatohas the symbol

q
biyo=pi'‘-  HWi= 1,j/j>~ \jo0e (3.66)

The assumption that; 0 means that the operator is smoothing whose inverse ampli es the
high-frequency component of the data. The inverse problem is, therefore, ill-conditioned (often
called ill-posed in the literature).

We denote byX the datag polluted by random noise witkthe noise level in the data. More
precisely, we denote b¥:= kg¥ gk, 2. .. We assume tha‘ andg have the same total mass so

that we do not need to worry about the invertibility issue ofinversion. We also denote b;{" iz
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the inversion operator under the metric truncated at frequengyj,, that is,

g 0 L po1p L
vy = 1 o 1/0 0
g:= — ——t/°cost/ X

Then the! 2 error in the reconstruction, de ned as thé difference between the reconstruction
from datagX, ® ,, and the true solutioh, can be bounded as follows:
\, 2 \ k! 21 o

v 205

K% \kizi o= KX\ ; Vkizno KN\ Kz o, K\,

=k g ka o kB Olka o0 (367)

On the other hand, it is straightforward to check that

- j/f)/Jz 1 1
k' J/izlgx gok! 21 o= K ibh _— T bo 1b zlbx b°1/00081/ X0k| 21 o
' 1oz M il
I/ YyX oL/ © (N)
=k Wi'j/ j————— 9 b’ cost/ Xkjzi o /iyt %jgx gi> /iy tkg® gkia o
122,

where the last inequality is true with the assumption gfaindg have the same total mass, and

also that

~ ~

k1 J/JZZ o\ k! 21 0= K b]'/ %cost/ Xok! 21 o = Jbl/ sz.
12Z 4jjli 12z §ljjli

Therefore, the reconstruction error bound (3.67) can be rewritten as

~

o)
K ko j/jy'X, jbi/ oj2e (3.68)
122 41§l

This error bound is minimized if we takgj, * X 1jb1/ oje.

Remark 3.7.1. The simple analysis in this section: We emphasize that one of the main differences

between swrr,, 2uoT, and, swmixed IS that, 2wrr has no free parameters in its de nition. The
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mass imbalance is completely determined byndg. In, >mixed, hOWever, the imbalance is not
completely decided by the imbalance betweandg. The paramete¥ allows the imposition of
mass conservation. In the solution of inverse problevisould go tdl to enforce that the nal
solution conserves the total mass. If the total mads\dfandg are not the sama, is not the true

solution to the inverse problem. We should set the sequéntel as: !1

3.8 Numerical experiments

We now present a collection of numerical simulations to study the behavior of the Wasserstein
metrics in solving inverse problems.

Before introducing any numerical results, we rst plot the los4 © with respect to optimization
iterations in gure 3.2. It decays exponentially regardless of the choice of algorithms, forward

operators, and inpitshape.

Figure 3.2: Optimization Losl®g? 1\°°,
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3.8.1 The smoothing effect

Inthe rst set of numerical experiments, we focus on the smoothing effect of Wasserstein metrics
as analyzed in the linearization study of Section 3.4. The Wasserstein metrics are asymptotically
equivalent to weightedt? * andH ! metrics. These are weaker metrics compared to the
metric. Therefore, inversion based on those metrics is more stable with respect to random noise
presented in the data. This is evident in the inversion formulas given in linearization analysis 3.4.2
as high-frequency modes in the data are damped by the falétdrbefore they pass through the

inverse operators. Effectively the reconstruction consists of several low-frequency modes.

Experiment 1. In Figure 3.3, we exhibit reconstruction results for the inverse diffusion problem
in the one-dimensional domain= 10-1° with data containindg.0% of random Gaussian noise.

The results show that Wasserstein metrics are less sensitive to noide’tluass function.

3.8.2 Frequencies disparity

Experiment 2. In the following example, we showcase that while it is excellent that the Wasser-
stein metrics stabilize the reconstructions with noisy data, they also delay the reconstruction of the
high-frequency component of the unknown. In Figure 3.4 and 3.5, we exhibit the reconstruction
of the absorption coef cient 3.62 which has a high-frequency component that is far separated
from its low-frequency component. The reconstructions show that Wasserstein metrics mainly
delay the reconstruction of the high-frequency mode of the unknown. Because Wasserstein metrics
recover low-frequency functions faster than high-frequency functions, therefore, if the function
can be approximated with low-frequency components, the Wasserstein metric will recover it with
low-frequency components as opposed to recovering with a high-frequency, noise-like function.
Thus reducing the effect of high-freugncy noises.

Moreover, we can plot the relative error of Fourier modes against optimization iterations, as in
gure 3.6. Mode2c decays to zero after iteratid®® and stays zero after that. While the relative

error for mode30c rst increases and then decays to zero after iterafiof This shows clearly
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Figure 3.3: Reconstructing the bell shape absorption coef dient3.61 in the diffusion equa-
tion (3.57)in the one-dimensional domain= 10-1°. First row from left to right : the exact
12 H 1, 5 Second row from left to right; »wer,, 2uot(3 = 041),, 26uoT(3 = 0-1); Third
row from left to right:, >mixed(V=10°1),, 1,* 1(V=0e1). The synthetic data contaii®% of
random noise, loss value 19 ° for quadratic Wasserstein metrics, loss valugds® for, 1 and
* 1 results.

that Wasserstein metrics delay the reconstruction of higher frequency components. Eventually,

Wasserstein metrics still recover high-frequency components.

3.8.3 The effect of mass imbalance

Experiment 3. The rationale for using unbalanced optimal transport is that during the iterations
before convergence, one should not expect that the model predictions match the measured data, that
is, f does not have to have the same mass dis therefore more appropriate to use unbalanced
optimal transport instead of balanced optimal transport. However, at the point of convergence, i.e.
when\ is close to its true valud,andg should have the same mass. Therefore, the nal results of
unbalanced and balanced inversion are very close.

Among the unbalanced metrics, the.wrr metric will not degenerate to » whenf andg have
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Figure 3.4: Reconstruction of the two scale coef cigmgiven in(3.62)for Helmholtz mode(3.59)
The synthetic data contains no random noise. From top to bottdad 1—, —*, 11V = 0e1°.
From left to right: loss value fod 1is5 10 2 10 6-10 ©; loss value fort 2is10 110 2-10 3;
loss value for 1—*, 1is 0002-0<00155 10 4.

the same total mass,>yot and, 2gyot degenerate tp » whenf andg have the same total mass,
independent of the parametdr The, 2mixeq Metric will reduce tg > whenVgoes td0. In our
implementation, we take a sequence of paraniétér being the iteration step of the algorithm)
that goes to decays fhas: increases.

In our optimization framework, mass imbalance means the constraints have an empty feasible
set, dealing with mass imbalance is equivalent to relaxing the constraints such that the feasible set is

nonempty. The dealing of imbalance is embedded into the optimization procedure. As we can see
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Figure 3.5: Reconstruction of the two scale coef cigrmgiven in(3.62)for Helmholtz mode(3.59)
The synthetic data contains no random noise. From top to bottogr:, 2wrr—, ZUOT% =
01—, Z_GUOT]'%J = 001°—, 2mixed'V = 001°. From left to right: loss value for aJl » types of metrics

is10 =2 10 710 &,

from the results in Figure 3.7, we do not observe signi cant differences between reconstructions
with, 2wrRr,, 2G6UOT,,» 2UOT,,» 2Mixed @nd those with ,, see gure 3.7. This is expected from

the analysis in the asymptotic regime as the synthetic data we used in the inversion have the same
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Figure 3.6: The same setup as 3.4 withgyot algorithm. Relative error for reconstructed
oM@ \4c028@]sint=c@3G
e .l —— =2 2-30g.
o 114602¢@jsim=c@3G

coef cients i.

total mass as the model predictions with the true coef cients.

3.8.4 Impact of penalty parameters

Experiment 4. The penalty coef cient is actually very important iro.cuor,, 2U0T,, 2Mixed
and*, ; whenf andg does not have the same total mass. The penalty term controls the degree to
which we enforce the dynamic source term to be as small as possible.

Intuitively speaking, the initial condition of the transport solution should start framd end
at g, the initial constraint ensures the accuracy of the reconstruction. The dynamic source term
of , »suoT,,» 2uoT Offers the exibility of enforcing this constraint. A large penalty parameter
puts a large weight on the dynamic source term, and smooths the reconstruction, making it more
dif cult to reconstruct high-frequency components; Moderate penalty parameter can recover both
high and low-frequency components;. A small penalty parameter will weaken the enforcement of
initial conditions, resulting in systematic reconstruction error, even in low Fourier modes, leading to

totally wrong results. It is shown in gure 3.8 that ésdecreases t0, the ability to reconstruct
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Figure 3.7: Reconstruction of the discontinuous absorption coef ciegiven in (3.63) for
Abel transform problem(3.55) The synthetic data contairi€ random noise. First row:
! 2—H 1—, 2—, 2WER, Second row; 2‘UOT1L_1J = Qe]1°—, 2—GUOT1L_]:| = 0¢1°; Third row: , Z—Mixedl\/:
0e1°—, 1—*, 11V = 0e1°. All quadratic Wasserstein metrics results are plotted with loss idue
while, 1—*, 1 are plotted with loss valug0 3.

high-frequency modes is stronger, but wrff;\'rs too small, the reconstruction fails completely.

Figure 3.8: Reconstruction of the two scale coef ciéngiven in (3.62) for Helmholtz model
(3.59)with , 2guoT. The synthetic data contains no random noise. From left to riéhis

10 3-10 4-10 5-10 8. All plotted with loss valuel0 °. Notice that whery; = 10 8, the plot has a
different scale irHaxis from other plots.
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This phenomenon is more evident in the casg of;, see gures 3.9. As the penalty parameter
V decreases, the high-frequency components are more and more accurate, while the low-frequency
components are compressed. Therefore the penalty paravfiater 1 can be used to adjust the

reconstruction sensitivity to high or low-frequency components.

Figure 3.9: Reconstruction of the two scale coef cigérgiven in(3.62)for Helmholtz equation
(3.59)with *, ;. The synthetic data contains no random noise. First rdvg. 1-05-01-005;
Second rowVis 10 2-10 3-10 4-10 8. All plotted with relative loss valuéO0 3.

3.8.5 Impact of initial guess

Experiment 5. It is impossible to get a fair comparison between the metrics on this since all the
convergences are local. Our initial guesses have to be close enough to the true. In our numerical tests,
we observe in general. However, the algorithms based on theetrics are not sensitive to initial
guesses, especially when the initial guess has high-frequency components, for instance, piecewise
constant initial guesses. This is in general our experiences in computational inverse problems;
Figure 3.10 is one typical example of a computation process from different initial guesses. And 3.11
show the impact of different initial guesses on the nal reconstruction of Wasserstein metrics.
Although the path to reconstruction is different, the nal results and the "speed" of reconstruction

are almost the same for piecewise and constant initial guess.

65



Here we use two initial guess,constant initial guésgsgcss 1 and piecewise initial guess

\g=gcd6? = (3.69)

505 G2 %Y

Figure 3.10: Reconstruction of the discontinuous coef ciegiven in(3.63)for Helmholtz model
(3.59)with , 2guoT. The synthetic data contai®®b6 random noise. First row: reconstruction
process with constant initial guess; Second row: reconstruction with piecewise constant initial
guess 3.69. From left to right: initial guessis 10 -10 4-10 °-10 6.

3.8.6 Two dimensional simulations

Experiment 6. What we have observed in the previous numerical experiments also appears in
problems in higher-dimensional spaces. This is demonstrated in Figure 3.14 3.13 3.15 3.16 where
we show reconstruction results for the inverse diffusion problem in the two-dimensional domain

= »0-1% o-1¥% The domain is covered with a uniform spatial mesh and the time interval
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C2 »0-) = 1Vis covered with uniform mesh intervals. Our numerical experiences show that this
phenomenon occurs independently of the exact form of the true coef tiekiact discretization
is in appendix A.12. We use the 2D diffusion equation as forwarding operators 3.57. Same as the

1D examples, we use similar three types of target quanfitias follows 3.12

Continuousf .
f1G-H1 G1 GB8i6cGPB8x2cH4C L 1G-4R »01Ys ¥-1Vs (3.70)
Discontinuousf .
FIG-HE 1, Xig apob 2y b2y 1G-H2 0-1% H-1% (3.71)
Two scalef .
f1G—H=1, 05sint2c@sint2cH | 0-1sint10c@ sint10cH—- 1G-H2 »0-1% 0-1%4 (3.72)

Our numerical experiences show that two-dimensional Wasserstein metrics are similar to one-
dimensional cases. We showcase the following three numerical examples for two-dimensional
reconstruction: Discontinuous shape with noise 3.13, the continuous case 3.14 and the two scale

cases for separation of frequencies 3.15 3.16.

3.8.7 Further discussions

lll-conditioningness and regularity assumptions. As we have seen from the simpli ed analysis

of linear inverse problems in the previous section, the quality of the inversion is determined by the
combined effects of the Wasserstein metrics, the smoothing properties of the forward operators,
and the regularity assumptions we impose on the unknown to be reconstructed. When the operator
is very smooth or the unknown is assumed to be very smooth, the role of the Wasserstein is less

prominent.
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Disparity of frequencies. Due to the fact that high-frequency are damped, low-frequency compo-
nents of the model prediction and data have a larger role in the objective function. Therefore, the
gradient weighted more on the low-frequency part. The algorithm therefore matches low-frequency
information rst and then matches high-frequency information. This is very different from the
case, where high-frequency information dominates the gradients, resulting in the algorithm trying to
match high-frequency information rst. At high frequency, the objective function has lots of local

minimums. Therefore, the iteration is hard to converge.

Preservation of original solutions. Balanced mass Wasserstein distance does not change the
original solution, to be more precise, when no noise is presented in the data, the original solution is
the global minimizer for the corresponding optimization problem of the Wasserstein metric. This is
observed by our numerical experiments that after suf cient iterations, the solution generated from
Wasserstein metrics is the same as the solution generatetitnyrm, see gure 3.3. If there is

noise in the data, however, Wasserstein metrics are more robust against noise.

Robustness of, , against noise. What is that we gain: robustness against noise. The most
important effect of » is damping or delaying of high-frequency components in the reconstruction.
So that we can control the effect of high-frequency modes as long as our numerical tests stop at an

appropriate iteration. More than often, high-frequency means noises. Thus robustness against noise.

Loss of resolution with, ». What is that we gain: robustness against noise. The most important
effect of, » is damping or delaying of high-frequency components in the reconstruction. So that we
can control the impact of high-frequency modes as long as our numerical tests stop at an appropriate

iteration. More than often, high-frequency means noises. Thus robustness against noise.

The impact of mass imbalance. Balanced or imbalanced? On the one hand, unbalanced optimal
transport should be used since we do not have the balance of mass until the last steps of the iterations.

However, imbalanced optimal transport has a “regularization” parameter in the formulation that
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requires training in practice. On the other hand, in the end, we need mass balance since otherwise
the solution we obtained is not the true solution. Therefore, we should take the parlalfoe%,:)to

0.

Optimization framework. We recommend combining Wasserstein formula and the forward
problem into a single optimization framework: utilize the uid dynamic formulation of the optimal
transport, and treat the forward operator as the constraint. Let the optimization packages worry
about the convergence and mass unbalance issue. Details of the discretization of different schemes

are in the appendix.

Computational cost. Computationally, all the » metrics increase the problem dimension by
adding a new temporal dimension, which is more computationally expensive thaA, thedH 1
approaches. The cost among different Wasserstein metrics looks similar. Considerlig thats

similar reconstructing properties as type of metrics, it is recommended to apply * approach.

69



Figure 3.11: Reconstruction of the discontinuous coef ciegiven in(3.63)for Helmholtz model
(3.59) The synthetic data contaiB8 random noise. First column: reconstruction process with con-
stantl initial guess; Second column: reconstruction with piecewise constant initial guess 3.69. From
top to bottom:, >—, 2wrr—, 2—UOT1L_]j = 01°-, 2—GUOT1L_]j = 0°1°—, oMixed?V = 0°1°—, 1—*, 11V=

0e1°. All results of quadratic Wasserstein metrics are plotted with loss iUE , 1—*, 1 results

are plotted with loss valug0 3

70



Figure 3.12: Exact shape of two dimensional unknowns. From left to right: continuous shape,
discontinuous shape, two scale shape.
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Figure 3.13: Reconstructing the discontinuous shape absorption coeffciens.70 for the 2D
diffusion equation. First row from left to right : the exédct ! 2; Second row from left to right:
H 1,, 2 Third row from left to right:, 2wer,, 2uot(d = 0+1); fourth row:, 2guot(d = 0-1),

, 2mixed(V = 0°1). The synthetic data contaii®% of random noise, loss value3s 10 © for all
results.
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Figure 3.14: Reconstructing the continuous shape absorption coefttie@mt3.70 for the 2D
diffusion equation. First row from left to right : the exdct ! 2; Second row from left to right:
H 1,, 2 Third row from left to right:, 2wer,, 2uot({ = 0+1); fourth row:, 2guot({ = 0°1),
, 2mixed(V = 0°1). The synthetic data contains no of random noise, loss vali ffor all results.
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Figure 3.15: Reconstruction of the two scale coef ciengiven in(3.72)the 2D diffusion equation.
The synthetic data contains no random noise. From left to right: loss vauel@ 5 10 ’—10 8
respectively. From top to bottonh2-H 1.
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Figure 3.16: Reconstruction of the two scale coef ciengiven in(3.72)the 2D diffusion equation.
The synthetic data contains no random noise. From left to right: loss vafueli8 5 10 "-10 8

respectively. From top to bottom:»—, o wrr—, 24)01'1% = Qe10—, 2—GUOT1L_1J = 0°1°—, o pixegtV =
0e1°.
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Chapter 4: Neural Network Induced Loss Function

Non-linear inverse problems are usually solved after discretization by optimization or variants
thereof. While the gradient-based method converges well with an initial guess close to the true
solution or the optimization loss landscape is convex, its convergence behavior can be erratic and the
method can fail if the initial guess is far from the solution. In this chapter, we propose an approach
to design loss functions induced by a well-trained neural network, applied directly to the non-linear
operators and then obtained near convex landscapes, which are often simpler to solve.

The universal approximation theorem guarantees that neural networks can approximate any
continuous function to arbitrary accuracy with no constraint on the width and depth of the hidden
layers[31][63]. This offers a niche way of constructing landscapes in the scope of inverse problems.

This chapter is based on [35]

4.1 Convexify loss landscape by neural network

To be consistent with the setups in this chapter, we change the notation of inpunstead of
\;

Suppose< 2 121 © and6 2. , where is a smooth domain, andis some Banach space. We
apply deep learning methods to train a neural network, denotthb;?, with U denoting the set
of parameters of the neural networks, to approximate the inverse operatértraining process

based on thé 2 loss function can be formulated as:

. . 1 @
b= argminL 1P with L1 := —  k<g B l1gPke,,
o1
where represents the space of parameters of the network. The training dataset is generated

synthetically: for each data poidfe—<d°, gg is generated by evaluating the forward operator
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fi< L.

The neural network induced loss function is
;>BBO- 2 = Kp,t100 B 111012, —0-P (4.1)

Under the neural network induced loss function, we seek to solve for following pre-conditioned

nonlinear inverse problem

1 fico =lp lagh (4.2)

And the corresponding landscape function for neural network induced loss function is of the

following form
By 1<0 = KR Tf<o0 B Ligeid,, (4.3)
When the neural network can perfectly approxinfafe i.e.lﬂm1 =f 1, we have

Biy 1<0 = kf lificoo § 1lgok!221 .

(4.4)
k< f 11gok2

121 o

The loss landscap®:# 1< ° is convex, in fact, a quadratic functional ©f When the learning is

not perfect but suf ciently accurateB:4 1<° still has an advantageous landscape. This is given in

the following result.

Lemma 4.1.1. Letlml :g2. 7! < 2121 °pe an approximation tb 1 with Fréchet derivative

atg given as3?, Lg% Assume that
supkp,t fi<® <k o n (4.5)
<

and

=1, supk3 g¥ake 42 w0 V1 (4.6)
g
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for somen j 0 andg”= f1<® . %for someYawith k% suf ciently small. Then we have that
KBt fi<e B 1g™ko o k< <ok o 20, kUK e 4.7)
Proof. We denote byAl<© = bul fl<© <. We then have, by Taylor's theorem, that

lpblllg% - l$bjl1f1< 0, B=<g, Al<®, égbll»f 1< OY% , >108—

. k>10/8k| 21 o
wherelim ——— = 0. We therefore have
w o KA

1 11 % — 1
blfico Blg=< <o A<O M<e® U< OU, >108.

We can now use the triangle inequality to conclude that

jl@ul f1<0 bblllgo/mk! 21 o k < <0k! 21 oj
kA<o Al<e® 3B 1F1<%0 , >198k 2 o

(4.8)

kA(l<0k! 21 o kA(l<00k! 21 o kj?bjl))f1<001/4%k! 21 o, k>10/8k! 21 o

5 5

2n, kW%
where the last step comes from the assumptions in (4.5) and (4.6). The proof is complete.

This result says that if the noise lewéin datag” is suf ciently small and the Fréchet derivative
of ful is bounded, then the loss landscaBe; 1< ° under neural network induced loss function

behaves similarly to the quadratic functiomal lPhlllg"k provided that the training process

121 0

for*ijl is accurate enough. Therefore, the loss landscape under the neural network is approximately
guadratic functional with error only depending on the neural network itself and the noise level
in the dataset. It is clear that we can replace the strong assumption on the accd?gjcy of
suplp ! fi<®  <kjz o N, with the weaker assumptidlf ! f1<® <Kz o nk<kjz o,

ir: which case th&n term in the bound4.7) will be replaced byntk<k,2: o, k<gk;2: «°. The

conclusion still holds.
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Due to the smoothing property of the forward operator, the stability of the trained inverse
operator, measured by the boundedness of its Fréchet derivative, is enough to ensure the accuracy
of the neural network reconstruction. Therefore, if we could train network approximations with

such stability properties, they have good generalization capabilities in the output space.

Lemma4.1.2.Let<—<g 2 C? °\»<-<Yforsomed Y < YTV ,1 . Then, wherk< <okj2: o

is suf ciently small, there exists a constarnguch that
KBt fi<e B lfi<e® kizw o ck<  <okiai o (4.9)

Proof. The map< 7! g :=f1<°is Fréchet differentiable with the derivative<atin direction€

denoted a8f»< ¥1&°. By Taylor's theorem, we have

1 _p1
Bl fico =BT fic? 3Pl <o, >< <P

= $b11 fl<® S jpbll)f 1< Vu3f < gVak <° , Bl< <%

k>1< <0°k_ _ “m kel< <00k! 21 o

oK oKz . <<y K <oK2i o 0. We therefore have

where |lim
<l <

1 1 - 1
bt fico B lific 00 = P InBlc 0U3f ghak <o | BI< <0

The bound in (4.9) then follows from the assumption (4.6).

When the class of input variable is suf ciently nice, for instance, when &achn be represented
with a small number of Fourier coef cients in a narrow frequency band, one can hope that accurate
training is achievable. When this is the case, Lemma 4.1.1 and Lemma 4.1.2 ensure that the learned

model can be utilized to facilitate the new loss landscape.
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4.2 Numerical methods

We list two numerical methods for solving the inverse problems with neural network induced

loss functions.

4.2.1 Gradient descent iteration

Modern deep learning softwares such as pytorch and tensor ow have developed ef cient auto
differentiation algorithms [11]. With the help of those algorithms, we can compute gradient of

inverse operator, i.e#b,%gl/both ef ciently and accurately. Due to the chain rule, we have that

. 1< O
m’i]+< = 1119U11f1< 00 bbjllgoojpbjl»f 1< 013f 3 1/, (4.10)
where3f»< ¥sepresents the gradient of forward operdtat direction of<. We can solve the
inverse problem by minimizing the landscape function with gradient descent or gradient-based

algorithms such as ADAM [72]

4.2.2 Neumann series iteration

When an accurate training 6f! is not available, we can train a good approximation to the
inverse, that is, when the operator lﬁbjl f is not zero but small in an appropriate operator
norm, the inverse probled.2) can be solved by using Neumann series. More precisely, we can
rewrite (4.2) as

< icozRiigen =1 R f

whose solution can be expressed in a Neumann series as

@
p=1 ol ligoo o 1ig . (4.11)
9=0

The better the approximatidi’g1 istof 1, the faster the series converges.
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4.3 Case study: full wave inversion

Full waveform inversion (FWI) refers to the process of extracting information on physical
parameters of wave equations from data related to the solutions to the wave equations [4, 17, 19, 21,
26, 37,41, 91, 99, 109, 110, 111, 122, 132, 134, 137]. In seismic imaging, this is manifested as the
problem of reconstructing the speed distribution of seismic waves in the interior of the Earth from
measured wave eld data on the earth surface. The sources of the measured waves could come either
from nature, such as earthquakes or from geophysical exploration activities by humankind, such
as air guns and seismic vibrators. We refer interested readers to [22, 48, 103, 138] and references
therein for overviews on the recent development in the eld of FWI for geophysical applications.
While the term FWI was mainly coined in the seismic imaging community, FWI also has a wide
range of applications in other imaging applications, such as in medical ultrasound imaging [7, 16,
60, 67, 81, 93, 96, 141]. From the practical point of view, the main difference between geophysical
and medical FWI is that the quality of the dataset collected in medical applications, both in terms of
the variety of source-detector con gurations can be arranged and in terms of the frequency contents
of the incident sources, is much richer than that of the geophysical FWI dataset.

For the sake of concreteness, let us consider the simplest model of acoustic wave propagation in

a heterogeneous mediumwith wave speed eldk 1x° j 0. The wave eldDsolves

1 nfD

- - 1 1 [0}
<750 G D 0 in 10-1

mb _
mb _

(4.12)
ICx°— ont0-1° m

with an appropriate initial condition. Hers,is the unit outward normal vector of the domain bound-
ary atx 2 m . The data that we measure is time traces of the solution to the wave eqgi4atigh

at a set of detector locations, say RS, for a period of time, say, that is,

6 .= UC*Oj10_)1/4 ° (413)
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The objective of FWI in this setting is to recover the unknown wave speedeldthe wave
equation(4.12)from the measured daf#Cx%igy,, collected in a multi-source multi-detector
con guration. This is a challenging inverse problem that has rich mathematical and computational
content. The main computational strategy, due to the lack of explicit/semi-explicit reconstruction
methods, in solving the FWI inverse problem as well as many other model-based inverse problems,
is the classical 2 least-squares formulations where we search for the inverse solution by minimizing
the! 2 mismatch between model predictions and observed data. To formulate this more precisely,
we assume that we collect data fragtg acoustic sources ngfl, and we denote by!<; g the
forward model that takes to the corresponding wave eld daég(1 B #p). Then the inverse

problem of reconstructing from measured da®j aims at solving the following operator equation:

fi<o = g¥ (4.14)

where

The superscripXdenotes the fact that the datugis polluted by measurement noise. The classical
| 2 least-squares method performs the reconstruction by searchiqglfiat minimizes the mismatch

functional (with the possibility of adding a regularization term):

1< 0 := “kflcO ng?

N 2110_)1/4 01/%5 * (415)

NI -

This challenging numerical optimization problem has been extensively studied in the past three
decades. Many novel methods have been developed to address two of the main challenges: (i) the

high computational cost needed to reconstruct high-resolution imagesawfd (ii) the abundance
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of local minimizers (due to the non-convexity of the least-squares functional) that trap iterative re-
construction algorithms; see for instance [22, 48, 120] for a detailed explanation of those challenges
among others.

In recent years, there has been great interest in the FWI community to use deep learning tech-
niques based on neural networks to replace the classical least-squares based inversion methods [1,
6, 30, 44, 46, 64, 68, 70, 89, 94, 117, 127, 128, 129, 130, 143, 145, 149, 150, 151]. Assume that we

are given a set of sampled data
fge:=16a— -6 —6u’ —<de,- (4.16)

wheref < 99#9:1 are a set off velocity pro les sampled from a given distribution aﬁgggfhl are the
corresponding wave eld predictions generated frégsourced ngf‘l with the modelg = f1<©°,

Deep learning methods try to train a neural network, denotefg¥g°, with U denoting the set of
parameters (that is, the weight matrices and the bias vectors) of the neural networks, that represents

the inverse operatdr 1. A training process based on thé loss functional can be formulated as:

b = argminL 1° with L1P := 1 ° k<o fultgPk,, o
U2 H o '
where represents the network's space of parameters, a regularization term can be added to the
loss functionL *LP° to help stabilize the training process. The number of samplaseds to be
large enough in order fdrLP to be a good approximation to the expectation of the mismatch over
the distribution:E< »k  f,}1gl< °°k!221 YaMany other loss functions can be used, but we will
not dive into this direction. Note that since we know, the forward opefaaod are only interested
in learning its inverse operator, the datasets used in the training process are synthetic: for each data
point1gg— <, ggis constructed by solving the wave equat{dnl2)with the given speed el
and evaluate (4.13).
Numerical experiments, such as those documented in [6, 70, 89, 127, 143, 145, 149, 150, 151],

showed that, with suf ciently large training datasets, it is possible to train highly accurate inverse
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operators that can be used to directly map measured wave eld data into the velocity eld. This,
together with the recent success in learning inverse operators for other inverse problems (see for
instance [2, 10, 20, 47, 113, 124] for some examples) has led many to believe, probably overly
optimistically, that one can completely replace classical computational inversion with of ine deep
learning.

Despite the tremendous success in deep learning for FWI, it is still computational challenging
to train a once-for-all inverse machifig!. First, with the aim of reconstructing high-resolution
images of the velocity eldk 1x°, the size of the neural networks to be constructed as a discrete
representation df, is prohibitively large. Second, it is well known thiat < 7! gis a smoothing
operator (between appropriate spaces; see for instance [66] and references therein for more precise
mathematical characterization of the statement). The inverse operator is therefore de-smoothing.
Learning such operators requires the ability to capture precisely high-frequency information in
the training data, and this is very hard to do in the training process as deep neural networks tend
to capture low-frequency components of the data much more ef ciently than the high-frequency
components [112, 118, 144]. On top of the above, the inverse opégatee learned from model-
generated data very often has limited generalization, making it challenging to apply the operator to
new measured datasets.

In this chapter, we propose an of ine-online computational strategy for coupling classical least-
squares based computational inversion with deep learning based approaches for FWI to achieve
advantages that can not be achieved with only one of the components. Roughly speaking, we utilize
of ine trained approximate inverse of the operatdo pre-condition online least-squares based
numerical reconstructions. Instead of pursuing high-quality training of highly accurate inverse
operators, we train neural networks that only capture the main features in the velocity eld. This
relaxes dramatically the requirement on both the size of the dataset and the computational resources
needed in the training process, and the trained model is more generalizable to other classes of
velocity models. Meanwhile, the of ine trained approximate inverse is suf cient as a nonlinear

pre-conditioner to improve the speed of convergence of the classical least-squares based FWI
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numerical reconstruction in the online stage of the inversion.

The rest of this chapter is organized as follows. We rst describe the proposed coupling strategy
in Section 4.4 in the abstract setting. We then present some preliminary understanding of the training
and reconstruction stage of the method in Section 4.5. In Section 4.6 we discuss the details of the
implementation of the strategy. Extensive numerical simulations are presented in Section 4.7 to

demonstrate the performance of the learning-inversion coupling.

4.4 Coupling learning with FWI

Our main objective here is to couple the deep learning based image reconstruction approach
with the classical least-squares based image reconstruction method for FWI. More precisely, we
utilize the approximate inverse we learned with neural networks to construct a new loss function for

least-squares based FWI reconstruction from measured data.

4.4.1 Robust of ine learning of main features

In the of ine learning stage, we use deep learning to train an approximate inverse of the operator
f. As we outlined in the previous section, our main argument is that the learning process can only
be performed reliably on a small number of dominant features of the velocity eld. First, resolving
all details of the velocity eld requires over-sized neural networks that demand an exceedingly large
amount of training data, not to mention that such networks are computationally formidable to train
reliably. Second, large neural networks or large sizes display serious frequency bias in picking
up frequency contents in the training datasets [144], making it inef cient to t high-frequency
components of the velocity eld. Despite all the challenges in resolving high-frequency features, it
has been shown in different scenarios that learning low-frequency components of the velocity pro le
can be done in a robust manner [88, 115, 129]. This means that if we take the Fourier representation,
the lower Fourier modes of the inverse operator can be learned stably. This good low-frequency
approximate inverse is our main interest in the learning stage (even though an accurate inverse itself

would be better if one can realistically have it).
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Let M be the feature map we selected, amdhe corresponding feature vector, that is,
M:<x2M7! m2M-

whereM 12t 9jsthe class of velocity eld that we are interested in ands the space of the
feature vectors. Motivated by the analysis of weighted optimization in [38, 39], we train a network,
which we still denote a,' : g 7! m, using the synthetic datas@t 16) through the optimization

problem

. . 10 2
b= argminL! WP with L1 P = — -~ mg fylige (4.17)
u2 2# M
o1
where the weight vector is selected to weigh the loss heavily on the features we are interested in
while damping the features that are hard to learn stably. Tieeused to denote the componentwise
product between the vectors involved. The selection of the feature vectors as well as the weighting

vector- will be discussed in Section 4.7 in more detail. For the purpose of illustrating the main

idea, let us point out that one example is to think of (4.17) as the equivalence of

~ 1 1

b = arg mini ° TIx YO <gly® fyligPlye 3y 23X
v gy
in the Fourier domain, i.e. when the features we use are Fourier modes, ndimg the Fourier
transform of the kernel 1x°. If we take™ to be a smoothing kernel, such as a Gaussian kernel,
- will decay fast with the increase of the frequency. In such a case, the learning pr@biéhn
focuses on the lower Fourier modes of the velocity e&ld
Weighted optimization schemes of the fofgh17) with weight - to emphasize dominant
features in the learning problems have been extensively studied in the learning and inverse problems
community; see [39] and references therein. When the feature we selected are Fourier basis, it has
been shown that the correct selection of the wetght the training scheme can lead to more robust
learning results for a class of modé|g following certain distributions, sometimes at the expense

of learning accuracy, with better generalization capabilities [39]. This is the main motivation for us
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to adopt this strategy for our purpose in this research.

4.4.2 New loss function for online inversion

In the online reconstructions stage, we utilize the approximate inverse we trained to construct a
new loss function for FWI image reconstruction from given noisy dggtaviore precisely, instead

of solving the problem (4.14), we aim to solve the modi ed model

! fi<o =k Tig% (4.18)

where

bl:=M* fl:g7l<

is the learned approximate to! (while ful : g 7! misthe learned representationhh).

The least-squares formulation for the reconstruction problem now takes the form

b =argmin 1<°— (4.19)
<2M
with
1co= L 1fico B lig%0)2 W 1. 1 o2
< '_E b fi< b g 121 0, §kM - ~m ) 21 o® (420)

The last term in the objective functional is a Tikhonov regularization functional that imposes a
smoothness constraint on the target velocity eld. This smoothness constraint is selected such that
it is consistent with the training process. The natural initial guess for any iterative solution scheme
for this minimization problem is ¢ := lellngO.

Let us emphasize that there is a signi cant difference betweehhess function <°we
introduced in(4.20), ignoring the regularization term, and the standafdoss function i<°
de ned in (4.15) Our loss function 1<° measures the mismatch between the approximations of
the predicted velocity eld and the true velocity eld corresponding to the measured data, while

the standard loss function!<® measures the mismatch between predicted wave eld data with
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measured wave eld data. In other words, our loss function works on the parameter space (also
called the model space in the FWI literature, that is, the space of the velocity eld) while the
standard loss function is de ned on the signal space (that is the space of wave eld signals at
the detectors). With reasonably-trairli%él, the functional 1<° has advantageous landscape for

optimization purpose as we will demonstrate in the numerical simulations in Section 4.7.

4.4.3 The bene ts of the coupling approach

The of ine-online coupling scheme we proposed allowed us to focus on training a robust
approximate inverse instead of the exact inverse. This makes the learning process more stable
and also requires less computational resources (in terms of the amount of data, the size of the
network, and the computational cost for optimization) than training an accurate inverse. Moreover,
the sacri ce in accuracy brings better generalizability for the learned approximate inverse. On the
computational side, the trained approximate inverse serves as a “preconditioner" for the inversion
process. It can not only provide a good initial guess for the reconstruction but also simplify the
landscape of the optimization problem.

We nish this section with the following remark. In the ideal case when all the operators
involved are invertible as they should be, the solutio(¥td8)is identical to the solution t¢4.14),
assuming thag indeed lives in the range &f Therefore, our formulation does not change the true
solution to the original inverse problem. However, as we will see, the new formulation utilizes the
result of learning to facilitate the FWI reconstruction in terms of saving computational cost as well

as making the optimization landscape more desirable.

4.5 Formal understanding of the coupling

We now attempt to gain a more systematic understanding of the coupling strategy. As we have
argued in the previous sections, it is computationally challenging to train neural networks that
are accurate approximations of the inverse operator and are very generalizable at the same time.

However, there is certainly some dominant information in the inverse operator that we could extract
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with learning and this is the approximate inverse that we are interested in constructing.

4.5.1 Elements of network training

Due to the fact that the training data we have are generated from exactly the same operator we
are trying to represent with the neural network, the learning process we have is much more under
control than those purely data-driven learning problems in applications. Here we highlight a few
critical issues in the learning process without getting into the details of the implementation of the

learning algorithm.

Sampling training data. To learn the inverse operator, we need to pay attention to both its input
space and its output space. While our focus will be on learning the low-frequency component of
the inverse operator, we want the training data to include as much high-frequency information as
possible to gain generalization capability in the input spaceKlsgtbe the frequency range for

the network output that we are interested in recoveringkgpdhe frequency range of the velocity

elds that generated the wave eld data. We construct the training dataset as
f< glxo_g = fl< glxo s e glxoOgg:l

wheree€ ¢'x° are selected such thatt € £1k° = 08k 2 Koy, andF1e P1k° < 08k 2 KinnKout

(F t<°denoting the Fourier transform ef). In other words, we train the network with input wave-

eld data having richer frequency content of the velocity eld than the output velocity eld. This
construction enriches the frequency content of the input data but does not increase the computational
cost of the training process.

The well-known result on the differentiability of the dagavith respect to<, quoted in the
proposition below, indicates that the input space of the inverse operator, i.e., the range of the forward
operator, is quantitatively smoother than the output space (the velocity space) that we are working
with. Therefore, a well-trained network approximation should have good interpolation ability

in applications when the space of velocity eld we are interested in working with is suf ciently
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smooth.

Proposition 4.5.1( [9, 32, 66]) Let be a smooth domain andCx®° be the restriction of &t
function onm . Assume further that 2 C?t °\ »<-<V¥forsome0 Y < YTVY ,1 . Thenthe

map:f1<©:< 7! gis Fréchet differentiable atany 2 C?* °\»<-<Y%

The result is standard. We refer interested readers to [9, 32, 66] and references therein for more
precise formulations of it in different scenarios. This result also ensures that if we can train a stable

network, then the learning quality is guaranteed; see Lemma 4.1.2 below.

Network training error.  Our main objective of this work is to focus the learning process on the
low-frequency content of the output of the inverse operator. We do this with the weighted optimiza-
tion schemd4.17)by selecting weight that heavily penalizes the low-frequency component of

the mismatch of true data and the network prediction. The impact of such weighting schemes on the
learning results have been analyzed extensively; see [38, 39] and reference therein. We illustrate
this in an extremely simpli ed setting. Lét := 1f 1°0< 40 be the linearization of * at<g for a
one-dimensional medium. Assume that the learning loss funttid® in (4.17)is minimized to

the order ofY? in the training process. Then on the leading order, the trafnsatis es
- ~m FG° O! Y-

wherem = »m— -Myx¥%is the matrix whose columns are vectors of the Fourier coef cients of the
training velocity sampleg< 99#9:1, G =»g1— —g#¥is a matrix whose columns are vectors of the
input data, and1Y° is a diagonal matrix of size ord&t The trained linearized inverse operator,

when applied to a new input dag®, gives the result
F* m - '~o0w GlicgTe igt.

The nature of indicates that the relative error in the learned output is more signi cant in the

high-frequency Fourier modes.
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4.5.2 Computational simpli cations

The reconstruction stage of the coupling can be greatly simpli ed when the training of the neural
network approximation is suf ciently accurate.

First, the coupling method will degenerate into a deep learning based method when we have
con dence in our ability to train an accurate deep neural network representation of the inverse
operator in FWI. Indeed, whéiﬁjl = f 1, that is,l%l is exactly the inverse, the reconstruction
step (4.19) simpli es to

W

.1
b = argminzk< B, o, Skr<k, -

<2M E
assuming, only for the sake of simplifying the notation, that the weighting operéakor y° is
taken as an integral operator such that'k® = k. This gives a fast inversion for the new data and
immediately leads to the optimal selection of the regularization parameter when the regularization
term is not too complicated. In this case, we simply did a post-process on the deep learning

reconstruction given by the opera@l. The solutions to this are explicitly given as
b=, we g

wherel is the identity and is the Laplacian operator. Therefore,is simply a smoothed version
of the result produced by the trained neural netwﬁgk}gx". The exact form of the smoothing
effect depends on the selection of
Second, training of inverse operatort of FWI may be dif cult due to computational or
analytical reasons. Fortunately, even if we do not possess an accurate traihifgwé can
still gain something by using Neumann series, as we discussed above 4.2.2. However, Neumann
series do require we can train a fairly good approximation to the inverse, that is, when the operator
I lPhjl f is not zero but small in an appropriate operator norm. For the training we had, see more

discussion in Section 4.7, a few terms of the Neumann series often provide suf cient accuracy for
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the reconstruction.
Let us emphasize that by the informal analysis in Section 4.5.1, the error in the learning implies
roughly thatjF < 1<0 1ko]  Z'kOk< ky 21 o with Z1k° large for larggk]j. Due to the fact that
the operator norm af is bounded below bynax Zk°, this means that the convergence speed
of the Neumann series is controlled by the worst training error in the (high-frequency) Fourier

modes.

4.5.3 Utilizing learning outside of training domain

It is essential to point out that the weightn the weighted training schengé.17)should be
selected to emphasize the low-frequency components of the output and penalize the high-frequency
components. It should not altogether remove the high-frequency components. If it does, then the
high-frequency components of the velocity eld in the reconstruction stage can not be recovered with
the optimization problen4.19) This is an obvious yet important observation that we summarize

as a lemma to emphasize it.

Lemma 4.5.2. Let® ! be such that for any, F¥, 11f1<°01ge = 0 8jkj j : o, and % be
reconstructed froni4.19)with a gradient-based iterative scheme or the Neumann series method

in (4.11) ThenF »0%2k° = 0 8jkj j : o.

Proof. Under the assumption chﬂll, it is straightforward to check that1<y°tk® = 0 (<¢ :=
l?ullgxo) 8jkj i : 0, andF® °%<°k® = 08jkj j : o, forany9 1. ThereforeF 19°k° = 0
8jkj i : o. Let< be the -th iteration of a gradient based iterative scheme, théA'< °°1k° =0
(M<o:=B 1 fico B 11g%0) 8jkj  : o. This leads to the fact th@ 3 »< %X<® 1k° = 0for

anyX<. ThereforeF 1< 1°k®=08jkj j : o. The rest of the proof follows from an induction.

For any velocity eld that can be written as; , X< with <4 the prediction of the trained
neural network an&X< outside of the range of the neural network but either has a small amplitude
(compared to that of ) or has large amplitude by small support compared to the size of the domain

(in which caseX< is very localized), we can recov&k with an additional linearized reconstruction
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step. We linearize the inverse problem around the network prediﬁaﬁégxo. The reconstruction
can be performed with a classical migration scheme or equivalently by minimizing the following

guadratic approximation to the functional (4.20):

2 W
fl<0 3f»< V< <3 J° oy e Ekr<k!221 o— (4.21)

NIl

&1<0 e
where< ; :=f_11g®.

4.6 Computational implementation

We now provide some details on the implementation of the coupling framework we outlined in
the previous section. For computational simplicity, we focus on the implementation in two spatial

dimensions even though the methodology itself is independent of the dimension of the problem.

4.6.1 Computational setup

Figure 4.1: The two-dimensional computational domamn 10-1° 1 — (O° for wave propagation.
Periodic boundary conditions are imposed on the left and right boundaries. In geophysical appli-
cations, sources and detectors are placed on the top boundary (left) while in medical ultrasound
applications, sources (red dots) and detectors (blue triangles) can be placed on both the top and the
bottom boundaries (right).

For the purpose of being concrete, we rst describe brie y the geometrical setting under which
we implement the learning and reconstruction algorithms. xLet :G-9. The computational
domain of interestsis= 10-1° 1 — (0°. We impose periodic boundary conditions on the left

and right boundaries of the domain. Probing sources and detectors are placed on the top and bottom
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boundaries c=10-1° f Ogand ; =10-1° f g, depending on the exact applications we have

in mind. In geophysical applications, source and detectors are both placed on the top boundary while
in medical ultrasound type of applications, source and detectors could be placed on the opposite
sides; see Figure 4.1 for an illustration. Under this setup, the wave eq(at@)with a source

1C-®n the top boundary and a re ective bottom boundary takes the form

é% = in 10-)¥a —
DI0-G2kE %%O—G—OI = 0- 1G-9210-1° 1 — Q-
DICO-P = D:C—I!-% 1C-0I1210-)Y 1 — (O°— (4.22)
%?C—G—O = 0- 1C-@ 10-)Vs 10-1o—
%?C—GO— = 1IC%G ICOR10-)Ys 10-1°

Similar equations can be written down for other types of source-detector con gurations.

4.6.2 The neural network for learning

With the above computational setup, we can generate the training dgds®ty solving
the wave equatio(¥.22)with given source functions. We will describe in detail how the training

dataset is generated, including the spatial-temporal discretization of the wave equation (4.22).

Input Encoder ( ) Latent
Signalg Variable

Predicted
velocity
eld <

Figure 4.2: Network ow for learning the approximate inverse operator. Training objective is to
selectUsuchthag = (' y'gP®and< = %' (1g°° for every datum paird, <).
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We construct an autoencoder network scheme to represent the inverse operator. The learning
architecture contains three signi cant substructures: an encoder netwpekdecoder network
u, and an additional predictor netwo¥; see Figure 4.2 for an illustration of the network ow.
More information on the training process and the construction of the encoder, the decoder and the
predictor is documented in Appendix B. The encoder-decoder substructure is trained to regenerate
the input data, while the predictor reads the latent variable to predict velocity eld terms of

the input-output data, the network training aims at nding the network pararbetach that
go= u! u'g® and<g=%' ylg>~1 9 #- (4.23)

This is done by a minimization algorithm that minimizes a combined? loss function with the
loss for the encoder-decoder substructure wHiltor the encoder-predictor substructure. More

precisely, we train the network by solving

bl = arg minl& W°—
U2

with (4.24)

€; 1 @
kgo  u' u'gdK:, P
o1 o1

&= k- ~ mg %! ylgL® k%/l'

1
#

While the ! loss for the encoder-decoder substructure is standard in the learning literature, the
second part of the loss function is simply what we introduce(#ia7) Once the training is

performed, the approximated inverse is taken as
fbjl =% b

Let us emphasize that the primary motivation for us to adopt this autoencoder framework, instead
of directly training a network fofbll, is to take advantage of the commonly observed capability

of autoencoders to identify lower dimension features from high-dimensional input data. That is,
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very often, one can train the autoencoder such that the latent varighi contains most of the
valuable information irg but has a much lower dimension thgnThis lowers the dimension of the
predictor network and therefore makes it easier to train the overall network. Moreover, the weighted
optimization we used in the encoder-predictor substructure further stabilizes the learning process by

focusing on matching the lower-frequency components of the output.

4.6.3 Learning-assisted FWI inversion

We tested two different algorithms to implement the pre-conditioned FWI reconstruction method,

that is, the solution to the least-squares optimization problem (4.19).

Quasi-Newton method with adjoint state. We implemented a quasi-Newton method based on the
BFGS gradient update rule [49] for the numerical reconstruction. This BFGS optimization algorithm
itself is standard, so we will not describe it in detail here. The algorithm requires the gradient of the
loss function *<°de ned in(4.20) We evaluate the gradient with a standard adjoint state method.
The procedure is documented in Algor 1 . The main complication that the learning stage brings into
the adjoint state calculation is that we will need the transpose of the gradient of the neural network
with respect to its input. This imposes restrictive accuracy requirements on the training of the neural
network in the sense that we need the network to learn not only the map from measurement to the

velocity eld but also the derivative of the operator.

Neumann series method. The Neumann series method based4i1)is more training friendly
since it does not require the adjoint operator of the learned approximate iﬂ\]{érWe implemented

a -term truncated Neumann series approximation

~

01
b= o 1ig%0 . (4.25)
9=0

The computational procedure is summarized in Algorithm 2 in Appendix B.
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4.7 Numerical experiments

We now present some numerical simulations to illustrate some of the main characteristics of the
proposed framework of coupling deep learning with model-based FWI reconstruction. We x the
computational domain to be= »0-1% » 1-0%thatis,! = = 1. In this proof-of-concept study,
we use acoustic source functions that can generate data at all frequencies. We leave it as future
work to consider the situation where low-frequency wave eld data are impossible to measure in

applications such as seismic imaging.

4.7.1 Velocity feature models

In this work, we consider two different feature models for the output velocity eld of the neural

network.

Generalized Fourier feature model. Inthe rst model, we represenrt 1x° as linear combinations
of the Laplace-Neumann eigenfunctions on the computational domalio be precise, let x—iy°

(k=1:c1°2Ng Np) be the eigenpair of the eigenvalue problem:

i = i— in - nri=0- onm e

wherenx® is the unit outward normal vector of the domain boundary & m . Then_x =
1 %2  1:,¢%?, and

i KIG-9=cos: £®cos: clOe

In our numerical simulations, we take

~

o)
<1x0 = mke i 1G—9— (4.26)

=0

for some giveri' . The generation of the random coef ciemtgk® will be described in detail in

the next section.
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Gaussian mixture model. The second feature model we take is the Gaussian mixture model.
More precisely, we represeqt!x® as a superposition of Gaussian functions:
O —1x x oT _11X X6°

<lx0=<y, 242 ° . (4.27)
=1

With a small number of highly localized Gaussians, successful reconstruction of such a model
could provide inside on source locating problems in seismic applications [24]. This is the primary

motivation for us to consider this model.

4.7.2 Learning dataset generation

To generate training data, we generate a set of velocity elds and then solve the wave equation

model(4.22)with source function$ Bg’;Bl to get the corresponding wave eld data at the detectors.

Generating velocity elds. We rst construct a set off random velocity eldsf< 99’;1 using the
representatio.26)or (4.27) We do this by randomly choosing the coef cierit®*k°gcon, N,
from the uniform distributiold» 05-0s5%¥avhen considering the modét.26)and the coef cients

2. from U»0-5%x; fromU?  —0° U 0-1°1 .%gfrom U»0-0-2%4 ,0-1 and<o = 10 when
using the mode(4.27) To mimic the frequency content of realistic velocity elds, we force the

coef cient mtk® in the random Fourier model (4.26) to decay asymptotically as

q
mik® miko»t g, 1°1:,, 1°%V—forlarge jkj= :3, :? (4.28)

with V 0 given in the concrete examples later.
To make sure that the velocity elds we generated are physically meaningful, we rescale them
so that the velocity lives in arangg <%{0 Y < Y XY .1 ). The linear rescaling is done through

the operation

T < <<
< 1x0 — <0 = (4.29)
< < <
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