
General Bayesian Calibration Framework for Model Contamination and Measurement Error

Siquan Wang

Submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy
under the Executive Committee

of the Graduate School of Arts and Sciences

COLUMBIA UNIVERSITY

2023



© 2023

Siquan Wang

All Rights Reserved



Abstract

General Bayesian Calibration Framework for Model Contamination and Measurement Error

Siquan Wang

Many applied statistical applications face the potential problem of model contamination and mea-

surement error. The form and degree of contamination as well as the measurement error are usually

unknown and sample-specific, which brings additional challenges for researchers. In this thesis,

we have proposed several Bayesian inference models to address these issues, with the application

to one type of special data for allergen concentration measurement, which is called serial dilution

data and is self-calibrated. In our first chapter, we address the problem of model contamination by

using a multilevel model to simultaneously flag problematic observations and estimate unknown

concentrations in serial dilution data, a problem where the current approach can lead to noisy es-

timates and difficulty in estimating very low or high concentrations. In our second chapter, we

propose the Bayesian joint contamination model for modeling multiple measurement units at the

same time while adjusting for differences between experiments using the idea of global calibra-

tion, and it could account for uncertainty in both predictors and response variables in Bayesian

regression. We are able to get efficacy gain by analyzing multiple experiments together while

maintaining robustness with the use of hierarchical models. In our third chapter, we develop a

Bayesian two-step inference model to account for measurement uncertainty propagation in regres-

sion analysis when the joint inference model is infeasible. We aim to increase model inference

reliability while providing flexibility to users by not restricting the type of inference model used

in the first step. For each of the proposed methods, We also demonstrate how to integrate multiple



model building blocks through the idea of Bayesian workflow. In extensive simulation studies,

we show that our proposed methods outperform other commonly used approaches. For the data

applications, we apply the proposed new methods to the New York City Neighborhood Asthma

and Allergy Study (NYC NAAS) data to estimate indoor allergen concentrations more accurately

as well as reveal the underlying associations between dust mite allergen concentrations and the

exhaled nitric oxide (NO) measurement for asthmatic children. The methods and tools developed

here have a wide range of applications and can be used to improve lab analyses, which are crucial

for quantifying exposures to assess disease risk and evaluating interventions.
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Chapter 1: Introduction and Overview

In this thesis, we seek to develop multiple Bayesian statistical models for solving a series of prob-

lems related to model contamination, global calibration, and measurement error in the field of

applied statistics, with a special focus on serial dilution assay data and public health datasets. Mo-

tivated by some current problems and challenges researchers and technicians are facing in lab data

measurement and model construction, we develop several Bayesian inference methods and models

to address not only the specific problems we have encountered but also propose general Bayesian

framework ideas that could be adapted to more general applied statistics problem and thus benefit

broader user groups.

For the application examples, we work on developing reliable and robust Bayesian inference

procedures to investigate the potential association between exposure to indoor allergens and chil-

dren’s asthma. Asthma is one of the most common diseases that affect young people. Therefore, it

is crucial to conduct large-scale epidemiologic studies to investigate the potential causes of asthma

in children. The ultimate applied goals of this series of studies are first to estimate indoor allergen

concentrations in wet lab experimental settings accurately and then to use appropriate statistical

models to investigate the potential associations between exposure to indoor allergens and asthma

morbidity among children. We propose several Bayesian inference methods that could significantly

improve the current measuring technology commonly used in immunoassay labs to measure aller-

gen concentrations and the current estimation method used in epidemiology research. Furthermore,

by proposing the idea of a Bayesian workflow, we provide users with a toolbox that they can use

when they face similar problems.

In our first project, we are motivated by the analysis of raw immunoassay data of indoor aller-

gens, where researchers have sought to obtain an accurate estimation of specific indoor allergen

concentrations using lab machines and algorithms. Our methods focus on data generated by im-
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munoassays, which are widely used in modern biological science to detect the concentration of

a particular analyte. In the standard serial dilution process, multiple dilutions are applied to the

sample to generate repeated measurements and thus give more chance for better estimation accu-

racy. The primary estimation process involves fitting statistical models to the dataset generated

through a serial dilution assay, where multiple dilutions are usually applied to each sample to in-

crease the chance of obtaining an accurate estimation. Commonly used techniques in the field of

serial dilution assay include Enzyme-Linked Immunosorbent Assays (ELISA), which are based

on the interaction of antibodies and antigens where the antibodies attach to specific proteins or

nucleic acids and Multiplex-array for indoor allergens (MARIA). Compared with ELISA which

could only estimate one type of allergen at a time, MARIA could simultaneously estimate multiple

allergens and also provides more precise and convenient measurements. Thus in our project, we

have focused on serial dilution assay data generated by MARIA. In a serial dilution assay in this

estimation process, a standard sample is usually used for calibration analysis, and by using the

estimated calibration curve, technicians obtain corresponding estimates for the unknown sample

concentrations. However, researchers have found that this conventional estimation method cannot

provide satisfying estimation results due to challenges related to the detection limits and the poten-

tial existence of sample contamination. To solve these two challenges, our first project developed a

Bayesian mixture model for estimating unknown sample concentrations in a serial dilution assay.

This not only allows each unknown sample the flexibility to be contaminated but also borrows

information from the standard calibration sample for more accurate parameter estimation using

hierarchical models. Moreover, by treating the unknown sample concentration itself as a random

variable, we were even able to estimate very low concentrations accurately and to directly over-

come the problem of being below the detection limit, which is commonly encountered in serial

dilution assays. Furthermore, our model was able to output the sample-level posterior probability

of contamination for each unknown sample, which could be used as a flag for lab technicians to

investigate the potential reasons behind sample contamination further. By performing various sim-

ulation settings, we demonstrated the improved performance of our proposed method compared

2



with several competing methods, including the conventional method that is used in current lab en-

vironments. Furthermore, we applied our proposed method to a real serial dilution assay plate and

found improved estimation accuracy compared with current lab results. In addition to the proposed

method, we developed the general idea of a Bayesian workflow in this model contamination prob-

lem setup. This workflow enables users to conduct reliable statistical inferences – from the initial

construction of the model to its evaluation and modification.

After developing the Bayesian mixture model for sample contamination, we sought to extend

our proposed method to more general settings. We faced two remaining challenges in the field.

First, each experimental unit’s capacity is typically limited, and multiple experimental units are

usually measured under different lab environments, such as time, temperature, and humidity. A

natural question is whether we could extend our proposed methods to model multiple experimen-

tal units simultaneously. Second, the estimation of allergen concentration is usually not the end of

the story; rather, it mainly provides some intermediate results for further large-scale epidemiologic

studies. The Bayesian model fitting process not only provides a single-point estimation but also

contains all necessary information contained in the posterior distribution; therefore, the question is

whether we could take advantage of the uncertainty measurement and consider it a necessary part

of modeling in epidemiologic association studies. In the second project, we started by comparing

local calibration with global calibration. We developed a joint Bayesian inference model that in-

tegrated all of the aforementioned concepts and had two main parts. First, we applied hierarchical

models to allow different experimental units to have their own calibration curve parameters while

simultaneously using partial pooling to borrow information from each other for more efficient sta-

tistical inference. Second, we directly propagated the measurement uncertainty of the unknown

sample concentrations to follow-up epidemiologic association studies by switching from the clas-

sical fixed-X regression design to the random-X design. This provided additional information for

concentration estimations and resulted in more reliable inference. In the simulation studies, we

compared this joint modeling approach with competing methods and found that it could recover

the true regression coefficients more accurately than other methods. Furthermore, we explored

3



the potential of a more efficient study design by putting more unknown samples and reducing the

number of calibration standard samples on each experimental unit by taking advantage of global

calibration in the joint Bayesian model. In real-life studies, we applied our proposed models to the

NYC Neighborhood Asthma and Allergy Study (NAAS) and observed improvements in indoor

allergen exposure measurement accuracy and the new methods led to important findings regarding

the associations between indoor allergen concentrations and asthma morbidity among children.

The major motivation for our third project was that although Bayesian joint modeling is com-

pelling and can estimate the underlying associations between indoor allergen concentrations and

asthma morbidity accurately, it requires the access to both the raw immunoassay data for indoor

allergens and the epidemiologic data. However, data access can sometimes be limited; researchers

might not have access to both raw lab measurement data and individual-level epidemiologic data.

Therefore, it is important to develop multi-step Bayesian inference models that allow the modeling

of different datasets in multiple steps. In the third project, we aimed to develop a two-step model

that considered measurement uncertainty in the follow-up epidemiologic studies while allowing

the epidemiologic model to be fitted separately from the models for estimating the concentrations,

which is easier to implement than the joint model developed in the second project. The final model

that we proposed was a Bayesian two-step inference model. In the first step, we did not use any

parametric assumptions, and the only requirement was that the model should output a point esti-

mation and the associated measurement uncertainty. In the second step, we used a measurement

error model to propagate the measurement uncertainty in the epidemiological regression model.

The ultimate goal of our Bayesian two-step inference model was not to lose much estimation ef-

ficacy and accuracy when considering measurement uncertainty compared with the Bayesian joint

model while providing a more user-friendly modeling strategy. The said strategy should allow

users to conduct research projects even with partial information efficiently. We further investigated

multiple simulation scenarios and found that, compared with competing methods, our proposed

Bayesian two-step model achieved satisfactory results. We applied the two-step model to the NYC

NAAS and found the results aligned well with the findings of our second project. The application

4



results from the real-life studies have also indicated that our Bayesian two-step method had similar

measurement accuracy as the Bayesian joint model in our second project. Furthermore, the idea

of the Bayesian workflow was also applicable to the second and third projects. Overall, we con-

sidered the existence of measurement errors to be another source of model contamination, which

corresponds to the general idea of applying Bayesian inference models to solve the problem of

model contamination in our first project.
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Chapter 2: Bayesian Framework for Model Contamination with Application

to Serial Dilution Assay

2.1 Statistical analysis of contaminated data

2.1.1 Background

The Bayesian approach to contaminated data is to use a mixture model so that each data point has

a large probability of coming from the uncontaminated model and a small probability of coming

from a contaminated distribution (Box and Tiao, 1968). The probability of contamination can

be estimated from the data. Two general challenges arise: contamination can happen at different

levels of an experiment (not just for individual data points), and the model for the contaminated

observations is typically much more speculative than the model for uncontaminated data.

We propose to address the challenges of Bayesian contamination models using several steps.

First, we use a hierarchical model so that groups of data as well as individual data points, can

be contaminated. Second, we use the estimated mixture probabilities as a way to flag possibly-

contaminated measurements while also aiming for the contaminated model to provide rough in-

ference for underlying parameters of interest. Third, we embed the process within a Bayesian

workflow so that deviations in posterior predictive checks can be used to improve the contamina-

tion model.

2.1.2 Contamination of immunoassays

We develop our mixture model approach in the context of literal contamination that arises in lab-

oratory measurement. Epidemiologic investigations of environmental-disease associations rely on

accurate measurements of environmental exposures. To determine the level of environmental ex-
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posure, samples are collected, and concentrations are measured in labs using immunoassays with

serial dilutions.

An immunoassay is a biochemical test that measures the presence or concentration of an analyte

depending on the reaction to an antibody or an antigen (Vashist and Luong, 2018). Typically, the

test is conducted with serial dilutions of both a standard sample and multiple unknown samples in a

microtiter plate to detect and quantify proteins and other substances that can be bound to antibodies

or antigens (Van Weemen and Schuurs, 1971; Engvall and Perlmann, 1972). In the standard serial

dilution process, multiple dilutions are applied to both the standard and unknown samples, and

signal response to the antibody-antigen interaction is measured at the dilutions of each sample.

The serial dilutions of the standard sample are used to make a calibration curve relating the signal

response to the known concentrations of the diluted standard sample. The calibration curve is

then used for estimating the concentrations of the unknown samples at different dilutions. The

serial dilutions of the unknown samples allow the measure of uncertainty and improve estimation

accuracy.

In classical calibration inference, the concentrations of the diluted unknown samples are deter-

mined by reading off from the calibration curve of the same plate. The estimated concentrations

are then scaled back by dividing by the corresponding dilution levels and averaged to obtain a

final estimate of the concentration for each unknown sample (Gelman et al., 2004). Although it is

easy to implement, the classical calibration approach has several limitations. First, estimating the

concentration by inverting the calibration curve does not account for calibration uncertainty and

can lead to significant measurement error (Lee and Whitmore, 1999; Giltinan and Davidian, 1994).

Second, variances in measurements at the extreme ends of the calibration curve can place sample

measurements below limits of detection (LOD), and these measurements are typically replaced

with a constant such as 0, LOD, LOD/2, or LOD/
√

2, but any of these options can lead to serious

bias in statistical inference (Guo et al., 2010). Third, averaging the estimates of diluted samples

is inefficient since measurements of highly diluted samples could have greater variance by scaling

the measurements by dilution levels.
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Another major challenge associated with the analysis of immunoassays is sample contamina-

tion, where samples contain not only the analytes of interest but also other substances that can

interfere with the performance of an assay. Figure 2.1 shows the results of an experiment evalu-

ating the impact of sample contamination in measuring a protein from dust mites, Der p 1, using

immunoassays. In this experiment, a commercially available laundry detergent was added as a

contaminant to 16 dust samples at 8 different contamination concentrations, ranging from 1 in 10

to 1 in 100 million. Serial dilution was then applied to each of the 16 contaminated samples. Fig-

ure 2.1 shows that the signal response curves look very different across different contamination

concentrations, with more flat response curves associated with more contaminated samples. Thus,

when contamination exists in the unknown samples, the classical calibration inference method

does not apply anymore, because signal response curves for the contaminated samples can be very

different from the calibration curve. Since the concentration or even presence of these substances

is often unknown, methods that can detect and account for potential contamination in the samples

are needed when analyzing immunoassay data.

Figure 2.1: Rate response (mOD U/min) measured in an immunoassay for a range of dust mite
allergen (Der p 1) concentrations, where samples are contaminated with 8 different concentrations
of a known contaminant (household laundry detergent) and mOD U/min stands for millioptical
density units per minute.
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2.1.3 Motivating application

Our study focuses on data generated by immunoassays for measuring indoor allergen levels from

the New York City Neighborhood Asthma and Allergy Study (NYC NAAS). The NYC NAAS is a

study of 7 and 8-year-old children with and without asthma (Perzanowski et al., 2008, 2013; Chen

et al., 2016). Homes of participating families were visited, and a dust sample was collected from

each child’s bed by vacuuming the fitted sheet on the upper half of the bed and both sides of the

pillows. The bed dust samples were extracted with PBS 0.05% Tween, pH 7.4 at a concentration

of 50 mg/ml and stored at −20 degrees Celsius until analysis. Allergens from cockroach, cat, dog,

rat, mouse, and dust mites were measured by immunoassays using microtiter plates.

1 2 3 4 5 6 7 8 9 10 11 12
Standard Sample Unknown Samples

1/10 1/100 1/10000 1/10 1/100 1/10000 1/10 1/100 1/10000
A 1 1/16 1/256 Unk 1 Unk 1 Unk 1 Unk 9 Unk 9 Unk 9 Unk 17 Unk 17 Unk 17
B 1 1/16 1/256 Unk 2 Unk 2 Unk 2 Unk 10 Unk 10 Unk 10 Unk 18 Unk 18 Unk 18
C 1/2 1/32 1/512 Unk 3 Unk 3 Unk 3 Unk 11 Unk 11 Unk 11 Unk 19 Unk 19 Unk 19
D 1/2 1/32 1/512 Unk 4 Unk 4 Unk 4 Unk 12 Unk 12 Unk 12 Unk 20 Unk 20 Unk 20
E 1/4 1/64 1/1024 Unk 5 Unk 5 Unk 5 Unk 13 Unk 13 Unk 13 Unk 21 Unk 21 Unk 21
F 1/4 1/64 1/1024 Unk 6 Unk 6 Unk 6 Unk 14 Unk 14 Unk 14 Unk 22 Unk 22 Unk 22
G 1/8 1/128 1/2048 Unk 7 Unk 7 Unk 7 Unk 15 Unk 15 Unk 15 Unk 23 Unk 23 Unk 23
H 1/8 1/128 1/2048 Unk 8 Unk 8 Unk 8 Unk 16 Unk 16 Unk 16 blank blank HC Control

Table 2.1: Map for standards and new samples (dilutions) in a multiplex plate with 96 wells.

Each microtiter plate contains 96 wells (12 columns and 8 rows). Table 2.1 shows a map

of standards and unknown samples. This plate contains 2 replicates of standards (columns 1-3)

and 23 unknown samples (columns 4-12). Each of the standard sample was prepared at the same

known and fixed concentration and then diluted using 12 two-fold dilutions ranging from 1 to

1/2048. Each of the 23 unknown samples was analyzed using 3 dilutions at 1/10, 1/100, and

1/10000. This big variation of dilution levels in the unknown samples was designed to allow the

estimation of a wide range of concentrations. Two blank samples were included in the plate to

capture background noise.

Table 2.2 shows standard data for another allergen from dust mites, Der f 1, and the estimated

concentrations of 6 selected unknown samples using the classical calibration method in a microtiter
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Sample ID Dilution Signal
Response

Con.
(ng/ml) Sample ID Dilution Signal

Response
Con.
(ng/ml)

Standard 1 16418 125 Standard 1/128 906 0.98
1 18977 125 1/128 1141 0.98
1/2 16350 62.5 1/256 397 0.49
1/2 17960 62.5 1/256 450 0.49
1/4 14573 31.25 1/512 164 0.24
1/4 14625 31.25 1/512 166 0.24
1/8 12380 15.63 1/1024 72.17 0.12
1/8 13310 15.63 1/1024 77.83 0.12
1/16 8728 7.81 1/2048 34.33 0.06
1/16 9175 7.81 1/2048 39.27 0.06
1/32 5152 3.91 0 4 0
1/32 5313 3.91 0 4 0
1/64 2353 1.95
1/64 2424 1.95

Unk 10 1/10 4259.5 32.47 Unk 23 1/10 1904 15.87
1/100 241 32.21 1/100 783 78.78
1/10000 6 OOR< 1/10000 39 647.51

Unk 3 1/10 660 6.92 Unk 22 1/10 51 0.87
1/100 646 68.04 1/100 7 OOR<
1/10000 74 1233.87 1/10000 3 OOR<

Unk 9 1/10 475 5.39 Unk 16 1/10 9 OOR<
1/100 251 33.23 1/100 5 OOR<
1/10000 6 OOR< 1/10000 8 OOR<

Table 2.2: Standards and selected unknown samples from a multiplex plate with the concentrations
of the new samples estimated using the classical calibration method.

plate. The standard data are presented with signal responses and true concentrations on the top,

with an initial concentration of 125 ng/ml. The bottom of Table 2.2 shows the signal responses

and estimated concentrations of the 6 unknown samples on the same plate. From this plate, we

can see the limitations of the classical calibration approach. First, the estimated concentrations of

the three dilutions of the same sample can be very different. For example, with unknown sample

3, the estimated Der f 1 concentration ranges from 6.92 ng/ml at a dilution of 1/10 to 1233.87

ng/ml at a dilution of 1/10000. The very large estimate of 1233.87 ng/ml was obtained by dividing

the estimated concentration of 0.123 (obtained by reading off the calibration curve with a signal

response of 74) by the dilution level 1/10000. Averaging the estimated concentrations of these

three diluted samples to obtain the final estimated concentration can be biased and inefficient.

Second, the concentrations are not estimable for samples with the signal response at the extreme

ends of the calibration curve. For example, with unknown sample 16, all three dilutions lead to

signal responses that are smaller than those of the lowest concentrations in the standards (0.06
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Figure 2.2: Examples of sample contamination from the New York City Neighborhood Asthma and
Allergy Study. Curves show data from standards (calibration data) and three unknown samples on
a single microtiter plate.

ng/ml), and thus all three dilutions resulted in a concentration estimate of OOR< (out of range).

The existence of contamination is a concern, as environmental samples were collected from bed

and floor samples in settled dust, and unknown contaminants can be present in the samples that

could affect the assay. Figure 2.2 plots log-transformed signal responses read from the machine

versus true or estimated concentrations of Der f 1 for the standards and three unknown samples

from Table 2.2. To better visualize the lower concentrations, log transformation is applied to the

𝑥-axis in the plot on the right. The dots represent the data from the standards, overlaid with the

calibration curve. The values on the 𝑥-axis for the three unknown samples were derived from their

final estimated concentrations using the classical calibration method times the corresponding dilu-

tion levels. Figure 2.2 shows that the signal response curves of unknown samples 3 and 23, plotted

using plus sign and square, respectively, are quite different from the calibration curve estimated

from the standards. The crossing of the lines implies that no estimated concentration would allow

the two curves to line up. For comparison, we also plot the data from unknown sample 10 (using

triangles), which has a similar response curve shape to the calibration curve. This may suggest

potential contamination in unknown samples 3 and 23 but not in unknown samples 10.
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2.1.4 Statistical modeling of assay data and contamination

Contamination brings extra challenges to the estimation problem in serial dilution assays. Models

that can not only overcome the limitations of classical calibration inference but also detect and

handle unknown contaminated samples are in need of immunoassays. Previous work in the field of

concentration estimation in serial dilution assay includes the estimation of parameters of the dose-

count curve using a model assuming proportional variance with respect to the mean count in radi-

oligand assay (Finney, 1976), summary statistics including the mean, median, standard deviation

of serial dilution data and estimation of threshold concentrations accounting for grouping of ob-

servations (Hamilton and Rinaldi, 1988), concentration-response modeling that assumes additive

sequential dilution error model on log-scale of concentrations between the reference preparation

and test preparation in serial dilution assay (Racine-Poon et al., 1991), serial dilution error model

accounting for the propagation of random measurement error in the dilution process (Higgins et al.,

1998), and a lognormal measurement error model for serial dilution assays (Lee and Whitmore,

1999). Nonlinear multilevel models for repeated measurement data and calibration inference have

been shown to have potential advantages (Giltinan and Davidian, 1994; Davidian and Giltinan,

2017). Bayesian methods for serial dilution assays have been shown to yield better estimates of

unknown concentrations. Bayesian calibration framework using hierarchical models, including

multiple sources of variation has been proposed to solve the problem (Gelman et al., 2004). The

Bayesian calibration framework has been extended by adding an informative prior to the calibra-

tion model (Klauenberg et al., 2015). Bayesian lognormal measurement error model with constant

variances has been shown to outperform the classical calibration curve inversion method (Feng

et al., 2011). Some robust Bayesian models for serial dilution assays have been proposed, includ-

ing Bayesian model averaging weighted by posterior model probabilities (Morales et al., 2006)

and a robust Bayesian multilevel model that separates the experimental noise into detection sensor

noise and stochastic natural noise (Fong et al., 2012). On the other hand, some studies show that

model misspecification in generalized linear mixed models could lead to significant errors in both

the inference of fixed effects and random effects (Hui et al., 2021). Also, hierarchical Bayesian
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models and Bayesian mixture models have been applied to the detection of sample contamination

in water samples and micro-bio samples (Busschaert et al., 2011; Liu et al., 2021). However, none

of them consider the particular problem of modeling contamination in serial dilution assay data.

2.1.5 Our contributions

In this project, we develop a novel general Bayesian framework for concentration estimation in

serial dilution assays allowing contamination in the unknown samples. The goal is for the user

to be able to fit a model that estimates the underlying concentration while also identifying the

samples that are likely to be subject to contamination. This involves a general challenge, familiar

from other areas of statistics, of evaluating a hypothesis that is imperfectly specified: in this case,

the size of the contamination and the form of the contamination model are unknown. Because of

this misspecification, we will expect the inference under contamination to have a systematic error,

hence in practice the identification of contamination can motivate further investigation.

2.2 Bayesian contamination model for dilution assays

2.2.1 Notation and setup

We consider data of a single allergen in a single microtiter plate. Let 𝑥 denote allergen concentra-

tion, and 𝑦 denote signal response to the antibody-antigen interaction, measured as color intensities

read from the machine. Define 𝜃0 to be the known concentration of the undiluted standard sample,

𝜃 𝑗 to be the unknown true concentration for new sample 𝑗 on the same plate, and 𝑑𝑖 to be the

dilution level of observation 𝑖. For serial dilution assays, we have:

𝑥𝑖 𝑗 = 𝑥𝑖𝑛𝑖𝑡𝑑𝑖, (2.1)

where 𝑥𝑖𝑛𝑖𝑡 equals 𝜃0 for standard sample and 𝜃 𝑗 for unknown samples.

Studies have shown that log transformation of the measurements has the effect of regularizing

the variance in the measurement error model (Feng et al., 2011). Therefore, we model the log-
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transformed 𝑦 instead of 𝑦 as a function of 𝑥 in the serial dilution assays. To allow a smooth and

increasing dose-response relationship between log(𝑦) and 𝑥, we consider a four-parameter logistic

curve:

𝐸 (log(𝑦) |𝑥, 𝜷) = log(𝑔(𝑥, 𝜷)) = log
(
𝛽1 +

𝛽2

1 + (𝑥/𝛽3)−𝛽4

)
, (2.2)

where 𝛽1 represents the color intensity at zero concentration, 𝛽2 represents the increase to satu-

ration, 𝛽3 represents the concentration where the curve turns, and 𝛽4 represents the rate at which

saturation occurs (Higgins et al., 1998).

For observations 𝑦𝑖0 from the standards sample with known initial concentration 𝜃0 and known

dilution level 𝑑𝑖, we assume a lognormal measurement error model:

log(𝑦𝑖0) 𝑖𝑛𝑑∼ normal(log(𝑔(𝜃0𝑑𝑖, 𝜷)), 𝜎𝑦). (2.3)

2.2.2 Bayesian contamination model

Contamination in serial dilution assay is generally defined as the situation where the dose-response

curves of some of the unknown samples are different from the dose-response curve of the standard

calibration sample. With the assumption that the contaminate has different effects on the assay

results at different concentrations of the contaminant that does not directly correlate with changes

in measured analyte, our general inference goal is to ensure that the concentration estimates of

uncontaminated samples are not affected by contaminated samples, and we can flag and correctly

estimate the concentrations of contaminated samples even with contamination. Thus we need a

robust and flexible model to allow potential contamination. With each unknown sample, we model

it using a mixture of two normal measurement error models in the log scale. For observations 𝑦𝑖 𝑗

from sample 𝑗 with known dilution level 𝑑𝑖 but unknown concentration 𝜃 𝑗 , we have

log(𝑦𝑖 𝑗 ) 𝑖𝑛𝑑∼ (1 − 𝜆) ∗ normal(log(𝑔(𝜃 𝑗𝑑𝑖 𝑗 , 𝜷)), 𝜎𝑦) + 𝜆 ∗ normal(log(𝑔(𝜃 𝑗𝑑𝑖 𝑗 , 𝜷 𝑗 )), 𝜎𝑦 𝑗 ), (2.4)
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where

𝜷 𝒋 = (𝛽1, 𝛽2 𝑗 , 𝛽3, 𝛽4), 𝛽2 𝑗 = 𝛽2𝑒
𝛿𝛽2 𝑗 , 𝜎𝑦 𝑗 = 𝜎𝑦𝑒

𝛿𝜎𝑗 . (2.5)

The first mixture component models the unknown sample using the same measurement error

model as the standard sample. The second mixture component allows the unknown sample to have

different 𝛽2 and 𝜎𝑦 in the measurement error model than that for the standard sample. The intuition

for only allowing 𝛽2 to be different from the standard sample is that 𝛽2 controls the increase to

saturation, which has been shown to explain the most difference between the standard calibration

curve and the signal response curve of contaminated samples based on real data. Also, 𝑦𝑖 𝑗 tends to

show more variation among contaminated samples than the standard and uncontaminated samples.

We let the variance of the second mixture component, 𝜎𝑦 𝑗 , to be larger than the variance of the

standard sample, 𝜎𝑦. If we believe that most of the unknown samples are uncontaminated, we can

assign an informative prior to 𝜆 with a mean close to 0, for example, 𝜆 ∼ beta(1, 10). We can

modify the values of the shape parameters in the beta distribution for plates with a low to high

proportion of contaminated samples.

2.2.3 Prior specification

In our setting, all four of the 𝜷 parameters must be positive, so we consider weakly informative

priors as follows:

log(𝜷) ∼ normal(0, 10), 𝜎𝑦 ∼ normal+(0, 10). (2.6)

To model the contamination, we assign a weakly informative normal prior for 𝛿𝛽2 𝑗 ∼ normal(0, 1)

and weakly informative exponential prior for 𝛿𝜎𝑗
∼ exponential(1). The latter indicates that the

potentially contaminated sample should have a larger variance than the uncontaminated samples.

We assign hierarchical exponential priors for the concentrations 𝜃 across different unknown

samples 𝑗 and let the model estimate the hyperparameter from the data. The exponential prior is

consistent with the possibility of zero or effectively zero concentrations for some samples while
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allowing high concentrations for others:

𝜃 𝑗 ∼ exponential(𝜇), 𝜇 ∼ normal+(0, 0.1). (2.7)

2.2.4 Alternative model specification

We assume weakly informative hierarchical exponential priors for 𝜃 𝑗 so that we can model

both large concentrations and the lower positive end well. Alternative prior distributions for 𝜃 𝑗

include less diffuse exponential distribution, t-distribution on the log-scale, horseshoe distribution,

and skewed-normal distributions. We will further discuss the performance of these alternative

priors in the simulation studies. For the mixture proportion parameter 𝜆, we assign a beta prior

with a mean close to zero to generally represent the situation where most of the unknown samples

are uncontaminated. Alternatively, we can modify such prior by changing the values of the shape

parameters in the beta distribution to accommodate situations where the contamination proportions

are high. Also, remember that the main goal of our contamination model is not to accurately

model the underlying unknown contamination mechanism, but to generate potential signals for lab

technicians to consider the causes behind the existence of contamination. So it is natural to adapt

our contamination model based on specific lab experimental settings and needs. For example, the

model could be extended by allowing all the 𝛽 parameters to be different between the standard

sample and unknown samples.

2.2.5 Computation

We fit the model using the NUTS algorithm in Stan as called from cmdstanr (Homan and Gelman,

2014; Carpenter et al., 2017). NUTS is a variation of Hamiltonian Monte Carlo that combines the

ideas of Markov chain Monte Carlo and deterministic simulation methods by using the derivatives

of the density function being sampled, thus allowing the random walk behavior to move more

efficiently to the target distribution. We track the mixing of the simulated chains using effective

sample size and the 𝑅 diagnostic (Vehtari et al., 2021).
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Based on the posterior inference summary, we need to make sure that all the parameters in

the model have a large enough effective sample size, which measures the autocorrelation within

MCMC chains for reliable posterior inference results. In Bayesian computation, the role of effec-

tive sample size in the Markov chain Monte Carlo central limit theorem is similar to the concept

of the number of independent observations used in the classical central limit theorem. Also, all

the parameters in the model have 𝑅 values very close to 1 both in simulation studies and real-life

examples, which indicates that the chains are mixing well. We further visualize the mixture of

chains using R package bayesplot and find all the chains are mixing very quickly and well both in

simulation studies and real-life examples. Finally, the computation time for our proposed model is

speedy and can be measured in seconds both in simulation studies and real-life examples.

2.3 Bayesian workflow for contamination model

When facing the possibility of model contamination, we typically do not know what models we

will end up fitting, and it becomes necessary to compare different models and their implications,

following the general principles of workflow for Bayesian model evaluation and computing (Gel-

man et al., 2020).

We need to choose our initial model based on our understanding of the applied problem and the

data. At this step, we could treat the components of the Bayesian model using the idea of modular

construction, for example, starting from something simple and then generalizing and expanding

the components when needed. Sometimes we might also need to scale or transform the model

parameters to make them interpretable. Posterior predictive checking is helpful for checking the

model fit, and prior predictive checking is useful for checking the implications of a generative

model. Robustness analysis considers nearby alternative models. For the contamination problem,

we could study the behavior of the fit under different degrees of contamination level across different

parts of the parameter spaces. By repeating the simulation many times and fitting our model to each

simulated data set, we could end up with a more comprehensive understanding of our model.

For model evaluation and modification, we need to find a proper summary of results after
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propagating uncertainty in Bayesian inference and think about whether our inference results make

sense given the data and the research question of interest. Especially for modeling contamination,

usually the form of contamination is unknown, and thus we usually start with flexible models and

make necessary adaptions based on the model evaluation results. We could also perform sensitivity

analysis to study the prior influence. Finally, we could extend or modify our model as necessary

when there is new data or a change of constraints in the prior distribution.

Specific aims for immunoassays data include getting the posterior probability of each sample

being contaminated, inference for the underlying concentration given the contamination model as

well as gathering additional information for the samples or new data for further inference. Fur-

thermore, there are two immunoassays-specific practical aims we would like to address in the

simulation section. First, besides the classical prior predictive checking, we are also interested in

how robust our method is to the potentially misspecified underlying data generation process. For

example, currently we are assigning an exponential prior for the unknown concentrations, but in

real-life, maybe the true underlying concentration distribution could follow some other distribu-

tions, for example, the lognormal distribution. Second, we are interested in how well our model

would fit a lot of exactly zero or very small concentrations. Although exact 0 allergen concentra-

tion is not common in real life, it is possible in theory. This scenario brings us extra challenges

in the following two aspects: Firstly, such observed concentrations are kind of unlikely generated

from the exponential distribution as we specify as our prior; Secondly, the relative extreme large

concentrations could be either classified as “contaminated samples” with inaccurate concentration

estimation (since they are different from the majority of the remaining unknown samples) or “un-

contaminated samples” with accurate concentration estimation based on the degree of flexibility of

our model. To be more general, there is always a trade-off between the ability to accurately pick

up those indeed contaminated samples and being too sensitive to extreme values that even classify

those uncontaminated samples with unusually large concentrations as contaminated samples since

the general definition of contamination is to be different from others in the sample plate.

In the following sections, we will use both the applied example as well as simulation studies to
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demonstrate our proposed general Bayesian workflow for model contamination.

2.4 Analysis of a dust mite allergen immunoassay plate

As discussed above and shown in Table 2.2, many of the observations in the NYC NAAS are either

below the detection limit or have abnormal uncertainty across the three diluted measurements of

the same unknown sample, which might indicate contamination. In this section, we applied our

method to explore whether it could accurately estimate the underlying concentration and identify

potentially contaminated samples. We would also like to illustrate several key workflow steps we

have applied in the NYC NAAS data analysis.

2.4.1 Initial model construction

The first step in our model-building process is to start with something simple. The starting point

of our model building is the following Bayesian normal measurement error model for analyzing

serial dilution assay data with 𝑦 as the raw observation from the machine, 𝑥 as the concentration

and 𝜷 as the dose-response curve parameters (Gelman et al., 2004):

𝐸 (𝑦 |𝑥, 𝜷) = 𝑔(𝑥, 𝜷) = 𝛽1 +
𝛽2

1 + (𝑥/𝛽3)−𝛽4
, (2.8)

𝑦
𝑖𝑛𝑑∼ normal

(
𝑔(𝑥, 𝜷),

(
𝑔(𝑥, 𝜷)

𝐴

)𝛼
𝜎𝑦

)
, (2.9)

Here in (2.9) both 𝐴 and 𝛼 are regularizing constants. And we sequentially adapt and improve

our model based on that framework by making several adaptions and extensions to (2.9). First,

we have observed data skewness, a log transformation to the data would make the inference more

interpretable and have the effect of regularizing the variance in the measurement error model (Feng

et al., 2011). In order to make our parameters interpretable in the sense of shape and rate for the

dose-response curve, we perform the corresponding log transformations for the curve parameters.

Also, since we switch to the log scale, the original multiplicative variance component has now
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become linear and simpler, and we name it the intermediate model:

𝐸 (log(𝑦) |𝑥, 𝜷) = log(𝑔(𝑥, 𝜷)) = log
(
𝛽1 +

𝛽2

1 + (𝑥/𝛽3)−𝛽4

)
, (2.10)

log(𝑦) 𝑖𝑛𝑑∼ normal(log(𝑔(𝑥, 𝜷)), 𝜎𝑦), (2.11)

Then we extend the intermediate model by adding another mixture component with different

mean and variance components to allow for potential contamination in the samples.

log(𝑦) 𝑖𝑛𝑑∼ (1 − 𝜆) ∗ normal(log(𝑔(𝑥, 𝜷)), 𝜎𝑦) + 𝜆 ∗ normal(log(𝑔(𝑥, 𝜷∗)), 𝜎∗
𝑦 ). (2.12)

To follow the idea of modular construction, we put flexible models and weakly informative

priors as placeholders for future modification if we gain some insights later in the workflow. In

Figure 2.3, we can see that the model fitting results are getting much better as we gradually improve

our model. Sample 23 is highly suspicious to be contaminated based on our discussion in Table

2.2, and the fitting results are much better as we go from the initial model to the final model. Even

for the standard calibration sample, we find that our initial model underestimates the variance

component while the intermediate model overestimates the variance component.

2.4.2 Model fitting while addressing computation issues

We fit our Bayesian models using HMC in Stan and validate the computation of our models. We

check both the convergence diagnostics of the algorithm as well as whether the computation time

is reasonable. We used the default computational settings in Stan for the adaptation and warmup

and found the 𝑅 diagnostic statistic is close to 1, and the effective sample size is sufficient without

divergent transitions. The computational time frame is also reasonably short, which enables us to

leverage our proposed model to a much larger data set if necessary. In practice, sometimes compu-

tational issues would bother the users much, and (Gelman et al., 2020) presents a comprehensive

summary of methods addressing the potential computational problems.
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Figure 2.3: Demonstration of sequential model improvement under Bayesian workflow

2.4.3 Model evaluation and specific aims for immunoassays data

For model evaluation, we first develop graphical representations for how our model fits the data

in Figure 2.4 and Figure 2.5 to summarize inference and propagate uncertainty. Figure 2.4 shows

our model-fitting results to one of the microtiter plates measured in the NYC NAAS for Der f 1.

The top three plots represent the zoomed-in estimated dose-response curve for standard data with

the y-axis for the log-transformed 𝑦 and the x-axis for the dilution level. We ordered the unknown

samples by their upper bound of the corresponding uncertainty level. For each unknown sample,

we plotted the three observed measurements on the log scale, the fitted mean curve of the four-

parameter logistic regression based on the posterior median of the 𝛽 parameters, and the Bayesian

95% posterior interval of the fitted curves. For each new sample, we also output the estimated

probability of contamination, showing the posterior median and the associated 50% probability

intervals. Compared to the classical calibration method, which reads off the estimation using the

same standard data for all new samples, our Bayesian model allows each new sample to have its
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own dose-response curve if they are identified by the model to be contaminated samples. Instead of

yielding an unstable estimate of concentration by averaging the highly variable estimates from the

three dilutions, our proposed method could fit the observed data well with enough uncertainty to

cover the potential variation and contamination. In this plate, the model estimated the probability

of contamination to be 1, with the upper and lower bounds of the 50% probability interval both

being 1 in the unknown samples 17, 23, 9, 3, and 16. This may suggest contamination in these new

samples. Figure 2.4 also shows that some of the dilution measurements do not align well with the

corresponding estimated response curve. Our model estimates a wider 95% probability interval to

allow all the observed measurements to fall inside the estimated lower and upper bounds of the

curve.

Figure 2.4: Posterior median and 95% probability interval of the mean function dose-response
curves for the standards and each new sample estimated using our proposed model. The posterior
median and corresponding 50% probability interval for the probability of contamination are listed
at the bottom of each plot.
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Figure 2.5: Concentration estimation of Der f 1 for all new samples in a single multiplex plate using
the classical calibration and the new Bayesian method with 95% probability interval. Samples with
* are estimated to have high posterior probability of contamination.

Figure 2.5 shows the estimated concentrations of the 23 unknown samples, with the posterior

median (denoted using dots) and 95% probability interval using the new Bayesian approach as well

as the point estimate using the classical calibration method (denoted using triangle). For unknown

samples 17, 23, 9, and 3, which have high probabilities of contamination, the Bayesian model

estimated a very different concentration than using the classical calibration approach and a wide

95% probability interval associated with the Bayesian estimate. Unknown samples 1, 16, and 15

are classified as below the limit of detection using classical calibration, but our Bayesian model

provides estimates with very low concentrations.

2.4.4 Standard data concentration recovery ratio

In real-life lab measurements, experienced lab technicians may use some subjective decision rule

to check the sample plate quality. For example, although the concentrations of unknown samples

are unknown, on each plate, we have multiple measurements for the standard calibration data with

known initial concentration and known dilution factors. When lab technicians apply the traditional

method to such plates, they usually generate the observed concentration for each dilution level of

the standard calibration sample and compare it to the theoretically expected concentration value at
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that dilution level. If the observed concentration has too much deviation from the expected con-

centration, that observation of the standard calibration sample will be discarded. Following this

logic, we compare such deviation between our proposed method and the traditional method and

find that the traditional method could not estimate the first several dilutions accurately, mainly due

to ignoring the measurement error and the non-linearity of the calibration curve, but our proposed

method could estimate it very well for all the dilutions of the standard sample. This further demon-

strates the advantage of our method compared to the traditional estimation method commonly used

in serial dilution lab experiments.

To be more specific, since the traditional method does not take measurement error into consid-

eration, and given the nonlinear S-shape of the calibration curve generated by the standard sample

data only, the measurement error would be amplified greater in the nonlinear parts of the curve,

which are the lower and upper parts. So to make a more accurate estimation, the lab technicians

would like to use only the middle part of the standard sample calibration curve, which has higher

precision of estimation. A direct evaluation metric of such estimation precision in the classical

method is whether directly inverting the estimated standard sample calibration curve results in a

concentration estimation that is very close to the expected true concentration at that dilution. The

reason for only choosing the standard calibration sample recovery ratio is that we only know the

concentration of the standard sample, and a usually used range of reasonable recovery ratio is

between 0.7 and 1.3, which corresponds to a 30% relative deviation. Although in our proposed

Bayesian mixture model, we treat the standard calibration sample concentration as a known value

instead of a parameter to be estimated, we could still use the posterior median of the four curve-

specific 𝛽 parameters to reconstruct the mean function of the calibration curve. Then we could

directly invert this mean function, and although doing this will ignore the measurement error, it is

the most similar way to make the inference results comparable to the recovery ratio defined in the

classical method. As shown in Figure 2.6, the classical method, the sample recovery ratio is 1.43,

1.33, 0.79, 1.04, 1.01, 1.03, 0.98, 0.99, 1.00, 0.98, 0.98, 0.98, respectively, corresponding to each

of the 2-fold dilution factors. For our Bayesian mixture model, the sample recovery ratio is 0.78,
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1.01, 0.78, 1.06, 1.07, 1.10, 1.03, 1.00, 0.98, 0.92, 0.97, 1.06, respectively, corresponding to each

of the 2-fold dilution factors. Here we do not consider the zero dilution observation since it will

not reflect any useful information regarding the standard calibration sample concentration. Based

on the above results and the 30% relative deviation criteria, the classical method will discard the

first two observations of the standard calibration sample, which will result in potential information

loss, especially for the 𝛽2 parameter since it represents the increase to saturation. In comparison,

our proposed method will not discard any of the standard calibration sample observations since

they all fall within the range. In later dilutions, there might be some subtle differences between the

classical method and our method, but they are all in the relatively same scales, so it is not a con-

cern. Also, we should keep in mind that we do not take the measurement error into consideration

yet in this recovery ratio calculation, and our proposed Bayesian mixture model already generates

results better than the classical method. And in our main analysis part, the measurement error

around the calibration curve has always been taken into consideration, which indicates that our

proposed Bayesian mixture model actually performs even better in the real-life example. Although

we have not used this recovery ratio as a main evaluation criterion, this analysis further increases

our confidence in the model performance and also convinces the lab technicians that our proposed

method is reliable.

2.4.5 Four-parameter logistic model versus five-parameter logistic model

In this project, for the mean function of the standard data calibration curve, we use the four-

parameter logistic model where each of the model parameters has clear scientific interpretations.

However, this is not the only possible parametric model that researchers could use in their own

research projects. Actually, we do not impose any restrictions on the mean function of the stan-

dard data calibration curve, and thus users could choose whatever model they believe is reasonable

and valuable. A closely related parametric specification of the mean function is the five-parameter

logistic model in which one additional parameter is introduced to account for the symmetry be-

tween the lower end and upper end of the curve (Cumberland et al., 2015). Currently, the classical

25



Figure 2.6: Comparison of the standard calibration data concentration recovery ratio between the
classical method and the Bayesian contamination model.

estimation method used in the serial dilution assay lab generates the calibration curve parameters

estimations and unknown concentrations estimation based on this five-parameter logistic model.

But we still use the four-parameter logistic model based on the following reasons: first, we do

not directly observe such unsymmetry pattern of the calibration curve for the standard calibration

data in the study, especially given the high resolution of the raw measurement based on the new

multiplex assay technology; second, even the traditional method uses this five-parameter logistic

model, it will only use the inner part of the calibration, which is approximately linear to make the

inference, so actually, the advantages of this five-parameter logistic model are not fully reflected

even in the traditional method; third, what will bias the unknown concentration estimation most

is not the unsymmetry at the lower and upper end of the calibration curve, but instead the main

reasons for inaccurate estimation are because of ignoring the measurement error and sample con-

26



tamination, which have all been addressed in our proposed Bayesian mixture model; finally, we

also compare the estimation results based on our method and the estimation results based on the

traditional method, and for those samples that are not classified as being contaminated samples,

these two estimation methods yield pretty similar results and thus indicates the four-parameter

logistic model could also do a good job. Combining these reasons above, the choice of the four-

parameter logistic model is a reasonable choice for estimating unknown sample concentrations in

the context of serial dilution assay. But also, we should keep in mind that there is no limit on the

preferred model, and there is no single model that always has the best performance compared to

competing models across various settings, and users have their own flexibility to design whatever

inference model they would like to use.

2.4.6 Improved procedure for traditional inference method

The traditional method usually includes two steps for estimating concentrations. The first step is

to use the standard sample to estimate the calibration curve, while the second step is to use the

inverse of this curve to obtain the unknown sample concentration. Faced with the problems of

measurement error being ignored, errors being induced when inverting a nonlinear curve, and con-

tamination occurring, some efforts have been made to improve this traditional method. First, for

the standard sample, studies have calculated a ratio of estimated concentrations across different

dilutions, only selecting the subset of dilutions that matches this ratio; typically, for the standard

sample, this is in the range of 0.7–1.3 of the corresponding dilution. More specifically, although

the calibration curve is usually nonlinear, only the intermediate linear part inside is taken to ensure

more reliable estimation results. Second, studies have performed a similar procedure for unknown

samples, where the 1/10, 1/100, and 1/10,000 dilutions are also matched with the estimation con-

centrations 𝜃1, 𝜃2, and 𝜃3. The corresponding diluted observations are only retained if 𝜃1/𝜃2 = 10

and 𝜃2/𝜃3 = 100; otherwise, they are discarded. Third, studies have distinguished between being

below the detection limit and sample contamination. For example, if three observations of one

unknown sample have some problems, the lab technicians will base on their domain experience
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to decide whether this problem is caused by sample contamination (e.g., perhaps a lab technician

forgot to apply the correct dilution to certain samples) or being below the detection limit. Fourth,

studies have argued that using a five-parameter curve provides more reliable results since it can

capture the asymmetries of the calibration curve’s two ends.

However, these improved procedures are far from perfect. First, although only using the inter-

nal linear part of the calibration curve partially considers the high measurement error at both ends,

it discards many observations and thus loses experimental efficacy. Furthermore, for unknown

samples, there would typically only be three observations, and simply discarding some of these

would be highly inefficient. Moreover, the range of 0.7–1.3 is only based on prior lab experience

and might not generalize well to other settings. Second, no clear definition exists for distinguish-

ing between sample contamination and being below the detection limit, and moreover, the results

are usually based purely on subjective judgment. Furthermore, despite this distinguishment, the

classical method does not provide solutions to the problems of sample contamination and being

below the detection limit. Third, a debate persists regarding the four- and five-parameter models,

and sometimes a more complicated model might not always perform better. Moreover, since this

procedure only uses the inner linear part of the calibration curve to perform the estimation, the

advantage of the asymmetries of the two ends of the calibration curve in the five-parameter model

might not be particularly obvious.

2.4.7 Sensitivity analysis

To assess the influence of prior information, we have run sensitivity analysis by refitting the model

with multiple priors mentioned in Section 2.2.3. To be more specific, we have tried different priors

for the unknown concentrations and different priors for the mixture proportion. The model fitting

results did not change much, which indicates our model is robust, and even weakly informative

priors could contribute to the model inference. In appendix, we show the model fitting results

like Figure 2.4 but use stronger exponential priors on the underlying concentration 𝜃 𝑗 . Except for

several unknown samples that are now identified as potentially contaminated, given this stronger
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prior, the overall fitting results are robust. In Section 2.6, we propose future working directions to

incorporate the idea of the relative importance of each dilution observation to evaluate how much

information each data point provides and whether there are subgroups of data that are difficult to

fit in the model for a more efficient experimental design.

2.4.8 Model modification and extension

For model modification, we could easily modify our model with more informative priors justified

by experienced lab technicians and also have the ability to incorporate more lab data as well as

additional information associated with each observation. For example, if we have another layer

of information regarding the sample collection process, such as the relative geographical informa-

tion of each sample, we could extend our model by modeling the concentration of each sample

given that additional information. Besides, our contamination model specification is also pretty

flexible, and it could be generalized to allow more complicated contamination models if neces-

sary. If in some other studies, there is clear evidence showing that the remaining parameters in the

dose-response curve should also vary for the contaminated samples or a different parametric form

of contamination exists, we could easily adapt and extend our proposed contamination model to

reflect such new information.

We might also present the model estimation result stratified by the contamination factor. In our

model output, we combine the two mixture components together based on the mixture proportion

and output a final aggregated concentration estimation. However, in some situations, if needed,

we could output two stratified concentration estimations, which are concentration under the con-

tamination case and concentration under the uncontaminated case, respectively. This could provide

more accurate estimation results if the users genuinely believe that the model contamination classi-

fication status results are trustworthy and thus could gain more estimation efficiency. For example,

suppose the output posterior median probability of being contaminated for a particular unknown

sample is 0.8 with a very tight associated uncertainty interval. In that case, it might make more

sense to only take the concentration estimation under the contamination case as the final estimation
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result.

In order to better understand our proposed model and address the two immunoassays-specific

practical aims, in the following section, we use constructed data to compare the performance of

our model with other methods in various scenarios using the ideas of fake-data simulation and

simulation-based calibration.

2.5 Simulation study

We conduct extensive simulation studies, mimicking the real data in the NYC NAAS plate we

examined in Section 2.4. Specifically, we use the same initial concentration for the standards and

consider the same levels of dilutions for both the standard and unknown samples, with the 𝛽 pa-

rameters in the four-parameter logistic model taking similar values as those estimated from the real

plate: 𝛽1 = 4, 𝛽2 = 18000, 𝛽3 = 8, 𝛽4 = 1.5 and 𝜎𝑦 = 0.1. In the simulations presented in Sec-

tions 2.5.1 and 2.5.2, we compare the estimates of 𝜃 𝑗 using the proposed Bayesian contamination

model, the base model shown in equation (2.9) which uses Bayesian hierarchical models to handle

serial dilution assay estimations (Gelman et al., 2004), and the classical calibration method. We

use the root mean square error (RMSE) and coverage probability of the 95% uncertainty interval

as the evaluation metrics. Because the classical calibration method only generates point estimate

without the associated uncertainty, only RMSE is presented. In addition, we conduct two prior

predictive checking simulations to validate our data generative model and to check the robust-

ness of our Bayesian contamination model to potential model misspecification. Both simulations

show that our proposed method performs very well. The simulation designs and results are in the

supplement.

2.5.1 Evaluation of the proposed method under various contamination settings

To evaluate the performance of our proposed method under various contamination settings, we

simulate data for new samples considering a wide range of true concentrations and various de-

grees of deviation from the standard curve among the contaminated samples. In each replicate
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of the simulation, we simulate a plate of dilution assay data with 2 replicates of standard sample

and 20 unknown samples. For the standard calibration data, we set 𝜃standard = 125 and generate

26 observations with 13 dilution levels for each replicate, 𝑑𝑖 = 0, 1, 1/2, 1/4, ..., 1/2048, based

on log(𝑦𝑖) ∼ normal(log(𝑔(𝜃standard𝑑𝑖, 𝛽)), 𝜎𝑦). Then we fix the initial concentration 𝜃 𝑗 of 15

uncontaminated unknown samples to be (2.14, 2.17, 3.07, 5.30, 5.72, 5.76, 6.89, 8.14, 10.64,

12.28, 19.37, 20.04, 23.41, 28.62, 32.09), which are generated from the exponential distribution

with rate parameter equals to 0.1 and represent reasonable ranges of real-life allergen concentra-

tions. For each uncontaminated unknown sample, we generate three observations with dilution

levels 𝑑𝑖 = 1/10, 1/100, 1/10000 based on log(𝑦𝑖 𝑗 ) ∼ normal(log(𝑔(𝜃 𝑗𝑑𝑖, 𝛽)), 𝜎𝑦). To generate

two different degrees of contamination setting, we fix the initial concentration 𝜃contaminated
𝑗

of five

contaminated unknown samples to be (3.37, 11.70, 12.56, 14.03, 14.79), which are also generated

from the exponential distribution with rate parameter equals to 0.1. For each contaminated un-

known sample, we generate 3 observations with dilution levels 𝑑𝑖 = 1/10, 1/100, 1/10000 based

on log(𝑦𝑖 𝑗 ) ∼ normal(log(𝑔(𝜃contaminated
𝑗

𝑑𝑖, 𝛽 𝑗 )), 𝜎𝑦 𝑗 ), where 𝛽 𝑗 = (𝛽1, 𝛽2 𝑗 , 𝛽3, 𝛽4). For mild con-

tamination setting, we set 𝛽2 𝑗 = 𝛽2𝑒
0.1, 𝜎𝑦 𝑗 = 𝜎𝑦𝑒

0.1; and for more contamination setting, we set

𝛽2 𝑗 = 𝛽2𝑒
1, 𝜎𝑦 𝑗 = 𝜎𝑦𝑒

1. We repeat the simulation 500 times.

Table 2.3 shows that our model outperforms the two competing methods with smaller RMSE

and better CP, especially for the case with more contamination. Table 2.4 provides a deeper analy-

sis of our proposed method separated by predicted contamination status, where in each replicate of

simulation, the posterior median and the 95% probability interval are calculated among the draws

of 𝜃 𝑗 stratified by the values of corresponding draws of contamination status. The proportion of

draws classifying a sample as contaminated is calculated in each replicate of simulation, and is

averaged across all replicates and presented as the contamination classification ratio in Table 2.4.

By looking at the contamination classification ratio, we could make our estimation even better. The

contamination classification ratio is low among all the uncontaminated samples no matter in the

less or more contamination cases, where we also observe lower RMSE and closer to the nominal

level CP among the draws classified as “uncontaminated” than those classified as “contaminated.”
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Less Contamination Case More Contamination Case

Final Model Base Model Classical
Calibration Final Model Base Model Classical

Calibration
RMSE CP RMSE CP RMSE RMSE CP RMSE CP RMSE

Unk1 (2.14) 0.15 0.97 0.17 0.62 8.44 0.17 0.99 0.19 0.76 8.35
Unk2 (2.17) 0.15 0.98 0.16 0.60 8.63 0.16 0.99 0.19 0.73 8.54
Unk3 (3.07) 0.21 0.98 0.23 0.49 8.66 0.22 0.99 0.26 0.63 8.71
Unk4 (5.30) 0.30 0.98 0.34 0.51 7.50 0.31 1.00 0.36 0.60 7.43
Unk5 (5.72) 0.34 0.98 0.39 0.50 8.09 0.34 0.99 0.41 0.60 8.25
Unk6 (5.76) 0.34 0.99 0.39 0.44 7.86 0.35 1.00 0.43 0.55 7.78
Unk7(6.89) 0.37 0.99 0.45 0.40 8.51 0.37 1.00 0.49 0.51 8.45
Unk8 (8.14) 0.45 0.97 0.56 0.43 8.54 0.46 0.99 0.60 0.51 8.55
Unk9 (10.64) 0.61 0.97 0.73 0.37 7.42 0.62 0.99 0.77 0.46 7.40
Unk10 (12.28) 0.64 0.98 0.81 0.36 7.73 0.64 1.00 0.87 0.41 7.64
Unk11 (19.37) 1.09 0.97 1.34 0.29 7.02 1.09 0.99 1.41 0.33 7.17
Unk12 (20.04) 1.06 0.98 1.34 0.31 8.06 1.05 1.00 1.43 0.34 8.13
Unk13 (23.41) 1.32 0.98 1.71 0.28 6.60 1.33 0.99 1.81 0.29 6.62
Unk14 (28.62) 1.57 0.97 2.13 0.24 7.32 1.57 0.99 2.26 0.26 7.47
Unk15 (32.09) 1.81 0.98 2.43 0.23 7.26 1.82 0.99 2.60 0.24 7.23
Unk16 (3.37) 0.35 0.88 0.36 0.37 9.67 3.87 0.57 3.99 0 20.65
Unk17 (11.70) 1.13 0.86 1.24 0.21 8.96 11.15 0.71 14.44 0 26.56
Unk18 (12.56) 1.24 0.85 1.40 0.22 9.12 11.82 0.71 14.92 0 29.86
Unk19 (14.03) 1.31 0.85 1.46 0.21 8.51 12.35 0.75 16.69 0 29.62
Unk20 (14.79) 1.40 0.88 1.58 0.23 8.85 13.24 0.74 18.81 0 31.79

Table 2.3: Comparison between different methods in terms of root mean squared error (RMSE) and
coverage probability (CP) of 95% probability interval for each unknown sample in two different
contamination settings. Unk1-15 are uncontaminated samples and Unk16-20 are contaminated
samples.

In contrast, the contamination classification ratio is much higher among the contaminated samples

in the more contamination case, where the estimate of 𝜃 𝑗 and its 95% uncertainty interval has

smaller RMSE and close to the nominal level CP using draws classified as “contaminated” but has

large RMSE and poor CP among draws classified as “uncontaminated.” The contamination classi-

fication ratio is low, and the estimates of 𝜃 𝑗 based on draws classified as “uncontaminated” yield

a smaller RMSE than those classified as “contaminated” among the contaminated samples in the

less contamination case. This suggests that it could be more beneficial to classify a contaminated

sample as uncontaminated if the contamination level is mild and our model is flexible enough to

accommodate that. This also demonstrates that our robust Bayesian mixture model performs well

in the existence of potential contamination.

We have three observations from this simulation. First, our final model can effectively flag con-

taminated samples with moderate to high level of contamination. Second, when the contamination

ratio is small, the estimates based on draws classified as “uncontaminated” perform similarly as
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Less Contamination Case More Contamination Case
Uncontaminated Contaminated Uncontaminated Contaminated
RMSE CP RMSE CP Ratio RMSE CP RMSE CP Ratio

Unk1 (2.14) 0.15 0.95 1.24 1.00 0.04 0.16 0.97 1.04 1.00 0.09
Unk2 (2.17) 0.15 0.96 1.25 0.99 0.04 0.16 0.97 1.06 1.00 0.09
Unk3 (3.07) 0.21 0.95 1.53 0.99 0.04 0.22 0.97 1.38 1.00 0.09
Unk4 (5.30) 0.30 0.97 2.18 1.00 0.03 0.31 0.99 1.81 1.00 0.08
Unk5 (5.72) 0.34 0.96 2.20 1.00 0.04 0.34 0.97 2.00 1.00 0.08
Unk6 (5.76) 0.34 0.96 2.39 1.00 0.04 0.34 0.98 1.92 1.00 0.08
Unk7(6.89) 0.37 0.97 2.52 0.99 0.03 0.37 0.98 2.04 1.00 0.08
Unk8 (8.14) 0.45 0.96 2.85 1.00 0.03 0.46 0.97 2.17 1.00 0.08
Unk9 (10.64) 0.61 0.95 3.04 1.00 0.03 0.61 0.97 2.48 1.00 0.08
Unk10 (12.28) 0.64 0.97 3.64 0.99 0.03 0.64 0.98 2.70 1.00 0.08
Unk11 (19.37) 1.09 0.96 5.20 0.99 0.03 1.09 0.97 3.95 1.00 0.07
Unk12 (20.04) 1.06 0.96 5.28 0.99 0.03 1.05 0.98 4.14 1.00 0.07
Unk13 (23.41) 1.30 0.96 6.30 0.99 0.03 1.31 0.98 5.65 1.00 0.07
Unk14 (28.62) 1.57 0.95 8.59 0.99 0.03 1.58 0.98 7.71 1.00 0.07
Unk15 (32.09) 1.81 0.97 9.73 0.97 0.03 1.80 0.98 9.17 1.00 0.07
Unk16 (3.37) 0.35 0.82 1.90 0.99 0.05 3.93 0.13 5.08 0.92 0.41
Unk17 (11.70) 1.13 0.77 3.63 0.98 0.04 12.41 0.13 8.52 0.97 0.39
Unk18 (12.56) 1.24 0.78 3.74 0.99 0.04 12.24 0.13 8.90 0.98 0.38
Unk19 (14.03) 1.32 0.79 4.17 0.98 0.04 14.39 0.13 9.12 0.98 0.44
Unk20 (14.79) 1.40 0.80 4.30 0.99 0.04 15.70 0.13 8.13 0.98 0.43

Table 2.4: Root mean squared error (RMSE) and coverage probability (CP) of 95% probability
interval of our proposed method stratified by the estimated contamination status in posterior draws
for each unknown sample. Unk1-15 are uncontaminated samples and Unk16-20 are contaminated
samples. Ratio: proportion of posterior draws being classified as contaminated samples.

those based on all draws in Table 2.3, thus it’s safe to report the overall estimate as in Table 2.3

when the contamination classification ratio is relatively small. Third, when the contamination ratio

is relatively large, the estimates based on draws classified as “contaminated” have much improved

performance compared to the corresponding estimates using all draws, and thus it is beneficial to

report the stratified estimates using the subset of draws classified as “contaminated.”

2.5.2 Extreme case

To test the performance of our method in a more extreme case, we follow the same simulation

setup in the more contamination case in Section 2.5.1, but fix the initial concentration 𝜃 𝑗 of the

15 uncontaminated unknown samples to be (0, 0, 0, 1/128, 1/64, 1/32, 1/16, 1/8, 1/4, 1/2, 1, 2,

4, 8, 16) and the initial concentration 𝜃contaminated
𝑗

of the 5 contaminated unknown samples to be

(0, 1/16, 1/4, 2, 8). The values of these initial concentrations represent an extreme case in which

most of the allergen concentrations are quite small except for one or two unknown samples having
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relatively large allergen concentrations.

All
Proposed Bayesian Model
Uncontaminated Contaminated Ratio

Base model
RMSE

Classical method
RMSE

Unk1 (0) 0.059 0.056 0.091 0.133 0.020 OOR<
Unk2 (0) 0.059 0.057 0.091 0.136 0.019 OOR<
Unk3 (0) 0.058 0.056 0.090 0.137 0.017 OOR<
Unk4 (1/128) 0.052 0.050 0.085 0.126 0.017 OOR<
Unk5 (1/64) 0.047 0.045 0.078 0.129 0.016 OOR<
Unk6 (1/32) 0.041 0.039 0.074 0.127 0.024 OOR<
Unk7(1/16) 0.035 0.034 0.066 0.118 0.047 OOR<
Unk8 (1/8) 0.041 0.040 0.085 0.122 0.072 12.847
Unk9 (1/4) 0.044 0.043 0.137 0.128 0.058 11.616
Unk10 (1/2) 0.053 0.052 0.233 0.120 0.061 11.300
Unk11 (1) 0.085 0.084 0.377 0.112 0.100 10.108
Unk12 (2) 0.145 0.144 0.478 0.104 0.165 10.872
Unk13 (4) 0.250 0.249 0.611 0.095 0.284 8.692
Unk14 (8) 0.448 0.442 2.274 0.101 0.562 9.361
Unk15 (16) 1.055 0.856 7.769 0.182 1.097 8.474
Unk16 (0) 0.135 0.097 0.162 0.562 0.070 OOR<
Unk17 (1/16) 0.159 0.124 0.202 0.473 0.110 OOR<
Unk18 (1/4) 0.355 0.288 0.486 0.458 0.270 24.597
Unk19 (2) 1.874 2.006 1.759 0.465 2.028 20.198
Unk20 (8) 5.600 8.092 0.871 0.540 8.895 26.330

Table 2.5: Summary of root mean squared error (RMSE) across 15 uncontaminated samples
(Unk1-15) and 5 contaminated samples (Unk16-20) for severe contamination case in the extreme
case simulation scenario. Ratio: proportion of posterior draws being classified as contaminated
samples.

We start the modeling by assuming 𝜃 𝑗 ∼ exponential(𝜇) and 𝜇 ∼ normal+(0, 0.1) as in equation

(2.7). We then apply several alternative priors for 𝜃 𝑗 , including modeling the exponential rate

parameter for 𝜃 𝑗 as 𝜇 ∼ normal+(0, 2.5); using t distribution log(𝜃 𝑗 ) ∼ 𝑡𝜈 (𝜇, 𝜎) with diffuse

hyper-parameters; using skewed-normal distribution 𝜃 𝑗 ∼ skewed-normal(𝜉, 𝜔, 𝛼) with diffuse

hyperparameters; and using the continuous Horseshoe model for 𝜃 𝑗 . After comparison, we find

that the performance of the exponential prior with 𝜇 ∼ normal+(0, 0.1) is most robust in RMSE

in this extreme scenario. Table 2.5 shows the RMSE of our proposed model (using all draws

and stratified by the classified contaminated status), the base model proposed by (Gelman et al.,

2004), and the classical calibration method. Overall, our final model outperforms its competitors

in RMSE except for the samples with very low concentrations. The less ideal performance among

these extremely low concentration samples is expected because our model uses diffuse and flexible

priors and lets the data tell the model what to do. If there is one sample with a much higher

concentration than the others, the model will naturally put more weight on that observation and
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thus could perform poorly at the extremely low end. If the research really cares about the samples

with very low concentrations, alternative prior could be used. The classical calibration method

fails to estimate those low concentrations and claims them as below the limit of detection.

2.6 Discussion

Statistical inference under potential model contamination is an essential topic in both the stud-

ies of immunoassays and other general applied statistics problems. This work proposes a general

Bayesian workflow for inference under contamination and applies it to serial dilution assay data

analysis. After applying our proposed model, we could produce reasonable estimates for those

potentially contaminated samples accounting for high variability across different dilutions due

to contamination as well as undercover those unknown samples’ concentration, which cannot be

measured by the classical calibration approach. Also, our framework could generate signals for re-

searchers to further investigate those potential contamination samples for better scientific analysis

results. Empirical and simulation studies demonstrate the advantages of our Bayesian contamina-

tion model among other competing methods.

Another contribution is that it introduces Bayesian workflow for inference under contamina-

tion. We first state the general steps for Bayesian workflow for model contamination and im-

munoassay data-specific aims for the workflow. Then we use both the applied example and sim-

ulation studies to show how each step would be carried out in an applied statistics problem. This

highlights essential steps in conducting Bayesian inference in broader applied topics and would

facilitate users with different backgrounds to quickly adapt our work to their studies.

Our studies face a few limitations. First, our contamination model only assumes a subset of the

dose-mean response curve parameters to be different between the calibration sample and the poten-

tially contaminated samples based on real lab data insights. In our data, the contaminated samples

are different from the calibration sample most in terms of the saturation level and rate of saturation

occurrence. This might not be comprehensive enough for all types of contamination happening in

the sample collection and measurement process. Second, although our general workflow for model
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contamination could identify the potentially contaminated samples in both real data and various

simulation settings well, it will be more interesting to provide further insights into the reasons for

contamination. For example, in serial dilution assay data, we could incorporate the relative spatial

information and the experimental conditions for collected dust samples to gain insights into the po-

tential causes of contamination. In addition, we could develop and refine our user-specific model

using the feedback from lab technicians to better model the contamination in serial dilution assay.

36



Chapter 3: Bayesian Joint Modeling of Exposure and Outcome with

Uncertainty in Exposure Measure

3.1 Introduction and background

3.1.1 Local and global statistical calibration

In most statistical calibration problems, researchers are interested in measuring unknown quanti-

ties based on evidence from calibration experiments. This process typically involves the inverse

prediction problem. In the first step, researchers estimate the functional form of the calibration

curve, while in the second step, they infer estimates of the unknowns by directly inverting the cal-

ibration curve (Osborne, 1991). As in the bias–variance trade-off in statistics, a similar trade-off

always exists in a lab measurement setting between local and global calibration. Local calibra-

tion adjusts for more factors and does not require additional efforts to build models, but it is also

costly. Global calibration is usually more statistically efficient but requires more effort in mod-

eling. Furthermore, global calibration can be beneficial since it provides additional information.

In this chapter, we study this general topic in the context of applying Bayesian local and global

calibration models for serial dilution assay data.

A serial dilution assay is one of the technologies commonly used to estimate allergen concen-

tration in a lab setting. In most applied datasets, the researcher would usually conduct multiple ex-

perimental units to account for the relatively large sample size. The local calibration method means

that the researcher treats each of the experimental units as independent samples and conducts unit-

level modeling and calibration based only on the data available on that specific experimental unit.

This approach is relatively straightforward since many models for single-unit serial dilution as-

say estimation and calibration models have already been developed; thus, researchers only need
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to apply those methods many times repeatedly before finally bringing all of the estimation results

together. However, drawbacks exist to this approach, namely that the repeated work might intro-

duce additional errors while ignoring information from other available experimental units might

lead to losses of estimation efficacy and statistical power. By contrast, global calibration simulta-

neously pools together all available experimental units and generates estimation results through a

single joint model. The main advantage of this is that it can solve the problem in one go, rendering

repetitive work unnecessary. Furthermore, it can make the most effective use of the available in-

formation in the data, thus making the information more efficient. However, researchers also face

challenges regarding a more complicated model structure as well as the potential risk of model

misspecification and overfitting.

We used the following steps to study and address the challenges of Bayesian global calibration

models. First, we used a multilayer hierarchical model so that each primary subgroup level (e.g.,

plate-level data) would have different calibration parameters and each secondary subgroup level

(e.g., sample-level data) could be contaminated. Second, we jointly applied the global calibration

model together with the epidemiology association model; thus, we were able to more effectively

plug estimation uncertainty into our key predictor of interest and derive more reliable results.

Third, we extended the global calibration inference results for a more efficient lab experiment

design using Bayesian partial pooling.

3.1.2 Background to the multiple Multiplex plates experiment setting

Allergen concentration estimation is usually the first step in indoor epidemiology and environ-

mental science studies focused on the association between specific allergens and long-term dis-

eases. The Multiplex Array for Indoor Allergens (MARIA) is a commonly used tool in large-

scale epidemiological association studies on indoor allergens, which typically involve measure-

ments of multiple multiplex plates using a serial dilution assay. Compared with another commonly

used technology in this field, namely the enzyme-linked immunosorbent assay (ELISA), MARIA

is much less labor-intensive and time-consuming (Earle et al., 2007). Compared with ELISA,
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MARIA has the following two major advantages: First, it provides a much higher resolution, and

second, it can estimate multiple allergens of interest within a single experimental plate, whereas

ELISA can only estimate one specific allergen of interest within a single experimental plate (Dize

et al., 2018).

Although MARIA can estimate multiple allergens simultaneously, the allowable sample size in

each plate is still constrained. In many epidemiology and environmental science cohort studies, the

sample size is usually large, and multiple MARIA plates are usually required to be performed for

the complete estimation of corresponding allergen concentrations of all participants. This creates

additional challenges for researchers due to the heteroskedasticity among plates across different

experimental conditions. Commonly, some subtle changes in lab conditions, such as temperature

and humidity, result in large changes in plate-specific calibration parameters and estimation accu-

racy (Tandon et al., 2009; King et al., 2013). This complexity of plate heteroskedasticity causes

additional challenges for reproducible lab measurements. In traditional calibration methods, re-

searchers first use local calibration to estimate the plate-specific calibration curve plate by plate,

and for each plate; then, the calibration curve is inverted to obtain the estimated concentration of

unknown samples. During this local calibration process, additional information is sometimes as-

sociated with each plate to reflect the relative quality of the measurements. However, this process

is not only time-consuming but could also amplify human operational error, and furthermore, it

usually cannot provide valid inference results for poor-quality plates.

3.1.3 Introduction to the NYC NAAS dataset

Recent studies have provided evidence that exposure to indoor allergens in early life is an important

predictor of asthma development later in life. Given that the majority of children diagnosed with

asthma are sensitized to at least one indoor allergen, it is crucial to reduce or even avoid exposure

to indoor allergens to reduce asthma morbidity among children (Sheehan and Phipatanakul, 2016).

In this project, we used data from the New York City (NYC) Neighborhood Asthma and Allergy

Study (NAAS), which is a study of 7- and 8-year-old children with and without asthma in NYC.
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The homes of participating families were visited, during which a detailed questionnaire on the

child’s health history, environmental exposures, and socioeconomic and demographic information

was administered. Children were classified as having asthma on the basis of whether the parent

reported at least one of the following for the child in the 12 months before the questionnaire

was administered: (1) wheezing; (2) being woken at night by cough without having a cold; (3)

wheezing with exercise; or (4) medication use for asthma. Details of the study have been published

elsewhere (Perzanowski et al., 2008; Chen et al., 2016).

During the home visit, a dust sample was collected from the child’s bed by vacuuming the

fitted sheet on the upper half of the bed and both sides of the pillows. The bed dust samples

were extracted with phosphate buffered saline with 0.05% Tween (pH 7.4) at a concentration of

50 mg/mL and stored at −20 degrees until analysis. The cockroach allergen (Bla g 2), cat allergen

(Fel d 1), household dust mite allergen (Der f 1 and Der p 1; mite group 2), dog allergen (Can

f 1), mouse allergen (Mus m 1), and rat allergen (Rat n 1) were measured using immunoassays

with multiplex plates. In this study, we analyzed the data across 17 multiplex plates used in the

NAAS to examine the associations between indoor allergens concentration, allergy sensitization,

and asthma morbidity.

3.1.4 Potential pitfalls of current methods for allergen estimation and regression-based associa-

tion studies

Currently, the most commonly used traditional calibration inference method comprises three sep-

arate steps. First, the lab technician picks up one MARIA plate and estimates the plate-specific

calibration curves using the standard samples only. Second, the calibration curve is inverted to

match certain observed levels of unknown sample concentrations without accounting for measure-

ment errors. Lastly, the first two steps are repeated for all plates available in the study. This method

is simple and makes sense since one knows that, across different lab experiment conditions, there

might be some plate-specific effects, and thus, the calibration curves would not be the same across

plates.
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However, this method is far from perfect for the following reasons: First, the calibration curve

is typically nonlinear, and directly inverting it would inevitably introduce numerical errors. Sec-

ond, ignoring measurement errors, especially at the very low and high ends of the calibration curve,

would lead to the detection limit problem, which typically results in throwing away a certain pro-

portion of samples. Third, this method does not consider the potential existence of contamination

in unknown samples, where the calibration curve for the unknown contaminated sample might be

different from that for the standard sample; thus, the basis of such a calibration process would

be violated. The situation becomes even more complicated when potentially different degrees

of contamination exist across multiple plates due to different experimental conditions. Fourth,

the traditional method can only output a point estimation without any corresponding uncertainty

measurement. Recent studies have addressed the first three pitfalls with the help of the Bayesian

hierarchical calibration framework, including the method we have developed in our first project

and the base model (Gelman et al., 2004).

In epidemiologic association studies, regression-based methods are commonly used because of

their simplicity and interpretability. However, in most cases, researchers usually assume a fixed-x

regression design, which means that the predictors in the regression model are fixed and known and

only the response variable is random. However, this is not true in the current setting. The reason

for this is that the key predictor in the regression model, namely indoor allergen concentration,

is itself unknown and random. The existence of random covariates brings additional sources of

prediction errors, where randomness in the covariates contributes to both bias and variance (Rosset

and Tibshirani, 2020). Submodel selection in such a random covariate regression design requires

additional care, and numerical methods such as cross-validation and bootstrapping are typically

recommended (Breiman and Spector, 1992). Furthermore, evidence suggests that simply ignoring

such a random design will lead to false confidence results and discoveries in some applied statistical

problems (Behney, 2020; Bartlett and Keogh, 2018). Therefore, we needed to keep the estimation

uncertainty and measurement error in the covariates in our epidemiology regression model in mind.

This also highlights the possible advantage of using global calibration to plug such measurement
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uncertainties into the key predictor in the regression model.

In the statistics literature, the idea of building a joint model to incorporate multiple data sources

and achieve more complicated estimation goals simultaneously has been well-studied. One of the

most studied fields of joint modeling involves the combination of longitudinal data with time-to-

event data, where the distribution of the longitudinal data and event time is assumed to depend on

a common set of latent random effects (Tsiatis and Davidian, 2004; Hickey et al., 2016). Given the

latent random variable features, the Bayesian method has been demonstrated to perform relatively

well on the joint modeling of survival and longitudinal data, which is explained by its flexibility in

specifying the joint distribution, association structure, and latent variable distribution (Baghfalaki

et al., 2014). Both Bayesian univariate and multivariate joint models based on linear mixed-effect

models with proportional hazard assumptions are more data-driven and could decrease estimation

bias as well as increase inference efficacy (Alsefri et al., 2020). Furthermore, Bayesian model

averaging was demonstrated to be able to increase dynamic prediction accuracy through the con-

sideration of joint models with different association structures through subject- and time-dependent

weight adjustment (Rizopoulos et al., 2014). On the other hand, Bayesian regression methods have

become a powerful and popular analytical tool in public health research, especially in the field of

asthma prevention and intervention studies. One study found that Bayesian logistic regression

with priors obtained through a meta-analysis resulted in shorter credible intervals and identified a

positive association between NO2 and lower respiratory symptoms (van Zoest et al., 2020). More-

over, Bayesian regression models with temporal random effects revealed a significant association

between asthma hospitalization rate and several common air pollutants (Delamater et al., 2012).

Furthermore, the application of Bayesian spatial regression models could assist in investigating

and identifying patterns of asthma outcomes and their relationship with the physical environment

(Ouédraogo et al., 2018). Given the success of the Bayesian approach in joint modeling with dif-

ferent types of data but similar goals, including in the field of asthma-related research, we sought

to investigate whether joint modeling could also be helpful in estimating disease–exposure associ-

ations based on original lab measurement data and individual-level public health data.
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3.1.5 Real-life evidence for Bayesian joint modeling for multiple measurement units

Figure 3.1: Comparison of multiple independent fitting standard data calibration curves for each

measurement unit.

In this subsection, we will use a real-life example to demonstrate the fact that jointly modeling

multiple measurement units is feasible and has some advantages in some real-world applications.

Here we focus on the raw measurement units collected in the NYC NAAS study. Since the capacity

of each measurement unit is limited and the NYC NAAS study is a large-scale epidemiological

study involving a large cohort of participants, multiple measurement units have been applied to

get allergen concentration estimation across multiple time points and under slightly different lab

experiment background conditions. We have applied the Bayesian contamination model that is

proposed in our first project and fitted the model independently to each of the measurement units
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and aggregated together all the standard data calibration curves together in Figure 3.1. The unit-

level standard data calibration curve will reflect some of the unit-specific characteristics such as

experiment time, temperature, and humidity. From Figure 3.1 we have the following observations:

First, there is some difference between these calibration curve parameters, majorly due to different

lab experiment conditions and random measurement noise; Second, there is no huge deviance

between the calibration curves across those measurement units in the NYC NAAS study. These

findings motivate us to develop some Bayesian joint modeling techniques that could pool together

all the measurement units in the study to gain more data estimation efficacy while also allowing

each measurement unit to have its subject-specific parameters.

3.1.6 Our contributions

In this study, we proposed a Bayesian joint hierarchical model by incorporating global calibration

across multiple experimental units and embedding the estimation together with epidemiological

association studies within the Bayesian framework. The goal was to use the user’s time more

efficiently by fitting one model for all available data as well as incorporating estimation uncertainty

into the key predictor in epidemiologic association studies using Bayesian regression. Furthermore,

the traditional local and proposed global calibration inference methods would provide insights into

future optimized experimental designs.

3.2 Methods

3.2.1 Problem setup

We model the observed data from multiple experiments across multiple MARIA plates. In this

setting, assume that we have access to the raw experimental data, and let 𝑥 represent the single

target of interest (e.g., a single indoor allergen concentration) and 𝑤 be the output read from the

lab machine, which is usually measured in terms of color intensity for the antibody–antigen in-

teraction. On each MARIA plate 𝑘 , we have two types of samples. The first set of samples is

called the standard calibration sample, which has known concentration 𝜃0𝑘 and is used to generate
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the estimated calibration curve between 𝑤 and 𝑥. The serial dilution procedure for the standard

calibration sample involves applying multiple known and fixed dilutions to obtain multiple mea-

surements for more accurate curve estimation. The second set of samples is called the unknown

sample, which involves multiple groups of collected samples (assume we have 𝑗 groups in total

on each of the MARIA plates) with unknown true concentration 𝜃 𝑗 𝑘 . Similarly, multiple known

and fixed dilutions are applied to the unknown samples for multiple measurement chances. The

process of serial dilution is summarized as follows:

𝑥𝑖 𝑗 𝑘 = 𝑥𝑖𝑛𝑖𝑡,𝑘𝑑𝑖𝑘 , (3.1)

where 𝑥𝑖𝑛𝑖𝑡,𝑘 equals 𝜃0𝑘 for standard sample and 𝜃 𝑗 𝑘 for unknown sample 𝑗 , and 𝑑𝑖𝑘 is the dilution

level of observation 𝑖 on plate 𝑘 .

Next, we wish to model the mean dose–response calibration curve to measure the functional

relationship between the observed measurement 𝑤 and the underlying target of interest 𝑥. Some

studies have demonstrated that after log transformation for the observed measurement 𝑤, the re-

sulting model would have the effect of variance regularization in the corresponding measurement

error model (Feng et al., 2011). Therefore, we model the log-transformed 𝑤 instead of 𝑤 as a func-

tion of 𝑥 in the serial dilution assays. To allow a smooth and increasing dose–response relationship

between log(𝑤) and 𝑥, we consider the following four-parameter logistic curve:

𝐸 (log(𝑤) |𝑥, 𝜷) = log(𝑔(𝑥, 𝜷)) = log
(
𝛽1 +

𝛽2

1 + (𝑥/𝛽3)−𝛽4

)
, (3.2)

There are two reasons for the abovementioned model choice. First, it has a relatively simple

parametric form and provides enough smoothness and flexibility regarding the lower and upper

ends of the curve. Second, it ensures a clear interpretation of each model parameter; specifically,

in the model, 𝛽1 represents the color intensity at zero concentration, 𝛽2 represents the increase

to saturation, 𝛽3 represents the concentration where the curve turns, and 𝛽4 represents the rate at

which saturation occurs (Higgins et al., 1998).
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In the following, we present the models for standard calibration samples and unknown samples

separately on each plate. Since the standard calibration samples are usually of a high quality with

a known concentration, the model is fairly similar to well-studied forms in the literature and what

we have used in the first project. Suppose that 𝑤𝑖0𝑘 is the observation from the standard calibration

sample with a known initial concentration 𝜃0𝑘 and a known dilution level 𝑑𝑖𝑘 on plate k; thus, we

assume the following lognormal measurement error model:

log(𝑤𝑖0𝑘 ) 𝑖𝑛𝑑∼ normal(log(𝑔(𝜃0𝑘𝑑𝑖𝑘 , 𝜷𝒌)), 𝜎𝑤𝑘 ). (3.3)

where 𝜷𝒌 and 𝜎𝑤𝑘 represent plate-specific calibration curve parameters and measurement error

scales, which align well with the plate heteroskedasticity.

3.2.2 Bayesian joint contamination model for multiple Multiplex plates in epidemiological asso-

ciation studies

In this subsection, we present the Bayesian joint model for unknown samples, which comprises

the Bayesian hierarchical contamination model for jointly modeling multiple plate data as well as

the Bayesian regression model for epidemiological studies. This joint model enables us to directly

plug the uncertainty of estimating the allergen concentrations into the Bayesian regression model.

Contamination in a serial dilution assay is generally defined as the dose–response curves or the

calibration curves of some of the unknown samples differing from the dose–response curve of the

standard calibration sample. To model with multiple plates, an additional layer must be added to

the hierarchical model to allow some differences in parameters across plates while also allowing

them to share some common hyperparameters. We model each unknown sample on each plate

𝑘 using a mixture of two normal measurement error models in the log scale with plate-specific

parameters. For observations 𝑤𝑖 𝑗 𝑘 from sample 𝑗 with known dilution level 𝑑𝑖𝑘 but unknown
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concentration 𝜃 𝑗 𝑘 on plate 𝑘 , we have the following:

log(𝑤𝑖 𝑗 𝑘 ) 𝑖𝑛𝑑∼ (1−𝜆𝑘 )∗normal(log(𝑔(𝜃 𝑗 𝑘𝑑𝑖 𝑗 𝑘 , 𝜷𝒌)), 𝜎𝑤𝑘 )+𝜆𝑘∗normal(log(𝑔(𝜃 𝑗 𝑘𝑑𝑖 𝑗 𝑘 , 𝜷 𝒋 𝒌)), 𝜎𝑤 𝑗𝑘 ),

(3.4)

where

𝜷 𝒋 𝒌 = (𝛽1𝑘 , 𝛽2 𝑗 𝑘 , 𝛽3𝑘 , 𝛽4𝑘 ), 𝛽2 𝑗 𝑘 = 𝛽2𝑘𝑒
𝛿𝛽2 𝑗𝑘 , 𝜎𝑤 𝑗𝑘 = 𝜎𝑤𝑒

𝛿𝜎𝑤𝑘 . (3.5)

The first mixture component models the unknown sample using the same measurement error

model as the standard sample on plate 𝑘 . The second mixture component allows the unknown

sample to have different parameters 𝛽2𝑘 and 𝜎𝑤𝑘 in the measurement error model from those for

the standard sample on plate k. This form of the model specification is based on empirical lab

findings that can capture the real data highly accurately.

For the hierarchical modeling of multiple plates, based on prior lab experience, the four param-

eter logistic curves usually differ across plates because of different lab experimental conditions,

such as temperature, humidity, and experiment time. To account for such differences, we use the

following independence models for 𝜷𝒌 :

𝛽1𝑘∼normal+(𝛽1, 𝜎1). (3.6)

𝛽2𝑘∼normal+(𝛽2, 𝜎2). (3.7)

𝛽3𝑘∼normal+(𝛽3, 𝜎3). (3.8)

𝛽4𝑘∼normal+(𝛽4, 𝜎4). (3.9)

Here, we let each of the beta coefficients vary across plates independently with the remaining

beta coefficients. Each of them follows a normal distribution with a fixed mean and variance cor-

responding to their own scales. We discuss more prior choices and selections in later subsections.

Following the building of the Bayesian hierarchical contamination model, the second compo-

nent of the joint modeling is the incorporation of the Bayesian regression model into the epidemi-
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ologic studies. The major advantage of joint modeling is that we can directly take advantage of the

estimated uncertainty of concentration estimation and plug it into the Bayesian regression model.

By doing so, we can account for uncertainties in both the key predictors and the response variable

in the model.

Suppose that 𝑦 is our response of interest in the epidemiologic study; for example, it could be

a continuous variable that reflects the health-related outcome of children or a binary variable that

reflects their asthma severity. To explore the association between our response of interest 𝑦 and

the main predictor 𝜃, namely the indoor allergen concentration, we could use Bayesian regression

models. Suppose that 𝒁 = (𝑧1, 𝑧2, ..., 𝑧𝑚) represents the vectors of measured background variables

(or potential confounders) associated with each participant in the epidemiologic study; then, the

following Bayesian regression models could be applied:

𝑦𝑛 = 𝛼 + 𝛾𝜃𝑛 + 𝜼𝒁𝒏 + 𝜖𝑛, (3.10)

if 𝑦 is a continuous variable; and

𝑃𝑟 (𝑦𝑛 = 1) = logit−1(𝛼 + 𝛾𝜃𝑛 + 𝜼𝒁𝒏). (3.11)

if 𝑦 is a binary variable.

There are several advantages to applying Bayesian regression here. First, with the help of the

Bayesian computation software Stan, we could organically integrate the allergen concentration

estimation modeling and regression modeling together and take full advantage of measurement

uncertainty – both in the response variable and the key predictor – to more accurately estimate the

association. Second, compared with classical regression, Bayesian regression is more flexible and

could be easily generalized to incorporate prior beliefs on certain regression parameters or internal

hierarchical structures of the data.
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3.2.3 Prior specification

For the prior specification of allergen concentration, since based on their experiment-related in-

terpretations all four of the 𝜷𝒌 parameters must be positive, we consider the following weakly

informative priors for their common mean vector 𝜷 = (𝛽1, 𝛽2, 𝛽3, 𝛽4):

log(𝜷) ∼ normal(0, 10), (3.12)

For the variance vector 𝝈 = (𝜎1, 𝜎2, 𝜎3, 𝜎4), we assign constant values proportional to the rel-

ative scale of roughly raw estimated values of 𝜷 from the calibration sample. For the measurement

error model of the standard calibration sample on each plate, we have

𝜎𝑤𝑘 ∼ normal+(0, 10), (3.13)

To model the contamination, we assign a weakly informative normal prior for 𝛿𝛽2 𝑗𝑘 ∼ normal(0, 1)

and a weakly informative exponential prior for 𝛿𝜎𝑗𝑘
∼ exponential(1). This prior reflects our

beliefs that each plate could have different degrees of contamination, and that the contaminated

samples should have an amplified measurement error in the variance component. For mixture

proportion 𝜆𝑘 , we assign a weakly informative Beta prior with a mean close to zero, which is

𝜆𝑘 ∼ beta(1, 10) to reflect our prior belief that the proportion of contamination across plates is

independent of each other, and also that for each plate it should be relatively small unless it reveals

a poor quality-control design.

For the unknown allergen concentration of unknown samples, on each plate 𝑘 , we assign hi-

erarchical exponential priors for the concentrations 𝜃 across different unknown samples 𝑗 and let

the model estimate the hyperparameter from the data. The exponential prior is consistent with

the possibility of zero or effectively zero concentrations for some samples while allowing high

concentrations for others:

𝜃 𝑗 𝑘 ∼ exponential(𝜇), 𝜇 ∼ normal+(0, 0.1). (3.14)
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For the Bayesian regression model, our default setting uses the noninformative uniform prior to

support parameters. For example, for the Bayesian linear regression model, we use a uniform prior

over the positive line for the scale of the normal error as well as a uniform prior over the real line

for the regression coefficients. Furthermore, this prior specification for the Bayesian regression

model could be easily modified to have more specific parametric forms for some of the covariates

if we have strong prior beliefs.

3.2.4 Sensitivity analysis and computation

To validate the robustness of our proposed model in both our simulation studies and real-life data

analysis, we performed the following sensitivity analysis. We tried other parametric forms to model

the interdependence between the calibration curve parameters, including t distribution with a fixed

degree of freedom as well as treating the degree of freedom as a hyperparameter. Furthermore, we

tried different values for the prior mean of the contamination mixture probability. None of these

model modifications and sensitivity analyses changed the overall model inference results, which

indicated that our model was fairly robust.

The Bayesian model fitting and evaluation in this study were based on the NUTS algorithm in

Stan as called from CmdStanR (Homan and Gelman, 2014; Carpenter et al., 2017). NUTS is a

Hamiltonian Monte Carlo (HMC) variation that combines Markov chain Monte Carlo and deter-

ministic simulation methods to achieve faster convergence. CmdStanR is a lightweight interface

for Stan for R users that provides modularity for downstream analysis. To monitor the convergence

status of the algorithm, we checked whether the model running time was reasonable and used com-

monly used diagnostic statistics in Bayesian computation, such as the effective sample size (ESS)

and the 𝑅 diagnostic (Gelman and Rubin, 1992).

Since the joint modeling approach involved estimating the plate-level unknown samples’ con-

centration as well as the individual-level disease model association, we expected the computation

time to be slightly longer. The actual computation time for the joint modeling approach was mea-

sured in minutes in both the simulation studies and the real-life examples, which was acceptable
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given the relative complexity of its internal structures. Furthermore, the effective sample size for

all parameters in the model was sufficiently large for valid posterior inference results to be ob-

tained; moreover, all associated 𝑅 diagnosis values were relatively close to 1 in simulation studies

and real-life examples. We also checked the HMC chains’ mixing status using visualization tools

and found all of them to mix fairly well in the simulation studies and the real-life examples.

3.3 Bayesian workflow for joint inference model

This section describes the multiple steps that we considered to be involved in the Bayesian work-

flow. Here, we decomposed the main research question into the following two subquestions:

1. How can a global calibration model be constructed?

2. How can the inference results from the global calibration model be used in follow-up disease-

exposure association studies?

When one deals with global calibration, one would typically always aim to consider the trade-

offs between accuracy gain and model complexity. One might not know the degree of model

complexity or the degree of information sharing among multiple experimental units when build-

ing a global calibration model; therefore, one should always consider a broad category of models

and then carefully compare their performance following the general guidelines for Bayesian model

comparison and evaluation. For our global calibration model’s construction, the fundamental build-

ing block was the Bayesian contamination model that we developed in our first project. However,

to pool information from multiple experimental units together, we needed to consider some addi-

tional inter-unit dependence structures. Based on real-life lab evidence, we are convinced that not

all experimental units have the same properties and, due to differences in lab processing conditions,

we believe that each experimental unit typically has its own calibration curve parameters. How-

ever, some common properties are shared among different experimental units’ calibration curve

parameters; thus, an initial natural model was used to separately consider the four calibration

curve parameters on each experimental unit and model the interdependence of each one’s curve
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parameters across units. We then extended and modeled this interdependence using multivariate

normal distributions, but we did not find much improvement based on real-life data; thus, we re-

turned to the original model. Then, we considered adding components to the global calibration

model, such as how we should allow the form as well as the degree of contamination to vary across

multiple samples across multiple experimental units. We started by directly allowing each of them

to have its own degree of contamination, but the contamination forms were restricted to being fixed

on only a proportion of the curve parameters. If there was any new evidence or insights from the

data, we could further generalize our global calibration model to allow the contamination forms

to vary across the curve parameters. In the abovementioned model-building process, we needed

to consider all of the necessary Bayesian computation and modeling evaluation tools mentioned

in our first project for the estimation of individual experimental units’ contamination. In addition,

we checked whether the model could successfully achieve the more specific goals of immunoassay

data, such as obtaining the posterior probability of each sample being contaminated. Since we now

had multiple experimental units together, if we had found that one or several experimental units

had a very high contamination ratio, then it would be helpful to return and check where the experi-

mental procedures or conditions for those units were significantly different from others. This could

also provide insights for identifying sources of contamination as well as contamination prevention

in applied serial dilution assay studies.

In the disease–exposure association model, the starting point should always be regression

or modified regression models. Furthermore, to ensure clearer interpretations of the model pa-

rameters, one might sometimes need to either scale the data or transform the model parameters

for purposes of practical interpretation. Then, we could further extend and generalize the dis-

ease–exposure association model to more general model classes, such as stratified models, mixed-

effects models, or even nonlinear models. In this project, we did not extend the regression model

that far because no strong evidence exists for more complicated models. The evaluation metrics for

the disease–exposure association model include both the necessary Bayesian inference evaluation

tools, such as posterior predictive checking, prior predictive checking, and sensitivity analysis, but
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also whether the final output has any real-life public-health interpretations and whether it could

serve to promote the health of the general public. Since we typically would not know the true asso-

ciations in real-life datasets, different simulation scenarios could help us greatly in understanding

the performance of our method.

Here, we also took advantage of the idea of modular Bayesian model construction. First, the

global calibration model started from the most straightforward and simplest form; then, we evalu-

ated whether we needed to expand or add necessary parts. Second, the global calibration model’s

specification and the disease–exposure association model’s specification were independent of each

other. If the global calibration model could reveal information from the observed data and generate

accurate exposure estimations, no matter what the form is, it could always be incorporated in the

follow-updisease–exposure association models. Third, the method we proposed in the first project

naturally fits as a module in the joint inference model developed in the second project; therefore,

the modular idea is not only limited to parameters or a small model but could also be extended to a

situation where a whole inference model is integrated within another more complicated inference

model.

3.4 Application studies

3.4.1 Childhood asthma studies

Asthma is recognized as the most common chronic disease in children, and over the past 40

years, its prevalence rate has increased significantly (Serebrisky and Wiznia, 2019). Moreover,

the increasing hospitalization rate for asthma-related diseases and the increasing burden of asthma

indicates the necessity of conducting public health research projects on asthma prevention. Re-

searchers have hypothesized that potential causal factors in the asthma epidemic majorly consist

of environmental factors, such as exposure to tobacco smoke, air pollution, exposure to indoor

allergens, obesity, infections, and microbial components (Eder et al., 2006). However, the nature

of asthma is highly complex, and the origins of asthma remain an open question. Among the

potential risk factors for asthma development, the role of indoor allergens is of great research in-
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terest. Evidence suggests that allergic sensitization is strongly associated with asthma (Plattsmills

et al., 1997). Moreover, studies found that children exposed to cockroach allergens and with a

cockroach allergy have not only more frequent asthma symptoms (e.g., wheezing and nights with

lost sleep) but also higher hospitalization rates (Rosenstreich et al., 1997). Furthermore, in-house

mouse allergen has been demonstrated to be an essential factor in asthma in children (Phipatanakul

et al., 2000; Matsui et al., 2005). In addition, within the same city in large major urban areas (e.g.,

NYC), exposure and sensitization to such indoor allergens might differ between neighborhoods,

thus potentially leading to different asthma prevalence rates (Olmedo et al., 2011). These findings

and insights illustrate the importance of accurate indoor allergen assessment, measurement, and

evaluation in the field of asthma development and prevention studies.

On the other hand, many clinical studies have indicated the promise of asthma prevention by

studying the reduction of indoor allergens. Some clinical intervention evidence indicates support

for asthma prevention by interrupting the pathway from indoor allergen exposure to allergen sen-

sitization to atopic asthma (Gaffin and Phipatanakul, 2009). Randomized controlled trials have

been conducted to assess the treatment effect of indoor allergen removal by cockroach extermi-

nation and air cleaner on asthmatic children and found a significant decrease in daytime asthma

symptoms in the treatment group (Eggleston et al., 2005). Moreover, the mouse allergen has been

identified as an independent risk factor for asthma morbidity, and corresponding allergen reduction

interventions would assist in reducing sleep disorders related to asthma (Pongracic et al., 2008).

The use of mite-impermeable bedcovers could help and lead to improvements in reducing hospital

visits for mite-sensitized asthma children, thus reducing the corresponding health burden (Murray

et al., 2017). In addition to the aforementioned indoor allergens, multiple clinical intervention

studies have covered other common indoor allergens, including pet allergens and fungi, obtaining

promising results (Ahluwalia and Matsui, 2018). However, some clinical interventions have also

obtained mixed effects and results. Evidence indicates that successful interventions usually target

multiple allergens and include individually tailored plans (Ahluwalia and Matsui, 2018). While

multicomponent intervention strategies on indoor allergens targeting asthma improvement lead to
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improved results, no clear evidence exists for certain combinations of interventions being more

effective and beneficial, which is due to a lack of studies (Leas et al., 2018). This need for further

research on similar topics motivates the need to develop a methodology for more accurately esti-

mating indoor allergen concentrations and measuring asthma symptoms. Furthermore, a sufficient

population size is usually required to discover the potential underlying associations and derive

reliable statistical conclusions.

3.4.2 Summary statistics of NYCNAAS data and research question of interest

As introduced in the previous section, the full NYCNAAS data set belongs to a large-scale case-

control study for children with asthma conducted in New York City. The participants are recruited

through the Health Insurance Plan of New York across all four districts of New York City. Within

this dataset, we have majorly four different types of available data and information recorded for

each participating child in the study. The first category includes information related to the child’s

asthma status and asthma symptoms, such as asthma diagnosis status, asthma symptoms severity,

and asthma persistence. The second category includes information related to indoor allergen con-

centration estimations and other allergen-related data such as dust mite allergen concentration, cat

allergen concentration, mouse allergen concentration, and IgE antibody level associated with those

allergens. The third category includes information related to some baseline covariates, which is

basically acquired by the screening questionnaire for the child’s parents, such as home income,

sex of the child, race of the child, family education level, and family members smoking status.

The final category includes information related to other clinical measurements related to asthma,

such as exhaled nitric oxide and ambient NO. In summary, the NYCNAAS dataset is a pretty com-

prehensive dataset that provides researchers with much available information to explore their own

research questions of interest related to children’s asthma and indoor allergen concentration. A

more detailed summary of descriptive statistics for the NYCNAAS dataset can be found in Table

3.1.

For our research question of interest, we are more interested in the subgroup of children with
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Features All Participants (n = 350) Asthmatic Participants (n = 206) Nonasthmatic Participants (n = 144)

Natural log of exhaled nitric oxide
Mean 2.38 2.43 2.30
Min 0.75 0.75 0.97
Max 4.94 4.15 4.94
Missing 20 15 5

Race
Black 164 (47%) 101 (49%) 63 (44%)
Others 186 (53%) 105 (51%) 81 (56%)

Sex
Male 195 (56%) 118 (57%) 77 (53%)
Female 155 (44%) 88 (43%) 67 (47%)

Family Smoker
Yes 73 (21%) 42 (21%) 31 (22%)
No 271 (79%) 162 (79%) 109 (78%)
Missing 6 3 4

Maternal Asthma
Yes 69 (20%) 53 (26%) 16 (12%)
No 274 (80%) 151 (74%) 123 (88%)
Missing 7 2 5

Maternal Education
High School or higher 317 (92%) 182 (90%) 135 (94%)
No high school 29 (8%) 21 (10%) 8 (6%)
Missing 4 3 1

Table 3.1: Summary of patient characteristics in NYC NAAS study.

asthma diagnosis and would like to investigate the potential associations between indoor allergen

concentration and public health related outcomes after adjusting for some baseline covariates. For

the public health-related outcome, currently among those asthmatic children, we are interested in

several major potential asthma-related evaluation outcomes. The first potential outcome of interest

is the measurement of exhaled nitric oxide (NO) for those asthma children. The measurement

of exhaled nitric oxide (NO) and its role related to asthma development, asthma mechanism, and

asthma diagnosis has been well studied in the literature (Yates, 2001; Wang et al., 2020). The

second potential outcome of interest is a binary indicator regarding whether the asthma symptoms

are frequent or not, which is also a measurement of the severity of the asthma status for the children.

The third potential outcome of interest is related to asthma persistence, which is defined as whether

the child still has asthma at a three-year-later follow-up visit.

For the covariates to put in the regression model, we would definitely include the key predictor

of our interest, which is the concentration of indoor allergens. At the same time, we should also

include some baseline covariates for the patients involved in the study to remove any potential
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confounding effect. Based on previous studies of the NYCNAAS data (Perzanowski et al., 2008;

Chen et al., 2016), we include the following baseline covariates in the epidemiologic association

studies: the sex of the child; race of the child (Black vs Others); whether there was any smokers at

home; whether the child’s mom has high school or more education; whether the child has maternal

asthma.

3.4.3 Bayesian linear regression on asthmatic children

Since we currently only focus on children that have been diagnosed with asthma, we first have

done some inclusion-exclusion criteria on the NYCNAAS dataset. Based on the clinical definition

of asthma case and control status, we only select the sub-population that has a clear and definite

asthma diagnosis. After this inclusion-exclusion screening procedure, we select the continuous

public-health outcome of interest, which is the exhaled nitric oxide (NO) measurement, as the

response variable 𝑌 in the following epidemiological association regression model:

𝑌𝑛
𝑖𝑛𝑑∼ normal(𝛼 + 𝛾𝜃𝑛 + 𝜂1𝑍1𝑛 + 𝜂2𝑍2𝑛 + 𝜂3𝑍3𝑛 + 𝜂4𝑍4𝑛 + 𝜂5𝑍5𝑛, 𝜖𝑛). (3.15)

where 𝜃𝑛 represents the indoor dust mite concentration estimation for patient 𝑛, which is our main

predictor of interest. 𝑍1𝑛 represents the sex for patient 𝑛, 𝑍2𝑛 represents the race indicator for

patient 𝑛, 𝑍3𝑛 represents the baseline family smoker existence status for patient 𝑛, 𝑍4𝑛 represents

the baseline parental education level for patient 𝑛, and 𝑍5𝑛 represents the baseline parental asthma

status for patient 𝑛.

Then we have fitted three different Bayesian regression models: The first regression model

directly uses the allergen concentration estimation obtained by the classical calibration method

used in labs and treats the point estimation of allergen concentration as a known and fixed value in

the Bayesian regression model; The second regression model takes the approach we have proposed

in the Bayesian joint model framework, where the raw serial dilution assay data measurement

units are combined together using the Bayesian global calibration framework and the Bayesian

regression model is also embedded within the joint model as a second component, which could
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allow the randomness of the allergen concentration estimation to be taken into consideration. The

third method is a naive two-step model, where we first apply the Bayesian contamination model

proposed in Chapter 2 to each of the measurement units in the first-step analysis. And then in the

second step of the analysis, we use the posterior median of the allergen concentration estimation

as the true and fixed value in the Bayesian regression model. To make these three methods of

indoor allergen concentration estimation directly comparable, we have also applied appropriate

measurement unit transformations. The regression coefficients point estimates, where we have

used the posterior median in Bayesian methods, together with the Bayesian uncertainty interval,

have been presented in Figure 3.2:

Figure 3.2: Bayesian regression coefficients summary for NYCNAAS data, where the posterior
median and 80% uncertainty interval are presented.

From Figure 3.2, we have several observations: First, the traditional calibration method, the

two-step model using local calibration, and the Bayesian joint model all have identified the indoor

dust mite allergen concentration as a significant and important factor for the exhaled nitric oxide

(NO) measurement for asthmatic children; Second, although these models have similar findings on

the effect of indoor dust mite allergen concentration on the exhaled nitric oxide (NO) measurement
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for asthmatic children, the scale of effects is pretty different, and our Bayesian joint model which

takes the potential existence of sample contamination and measurement uncertainty into considera-

tion has identified a much larger effect than the classical calibration method. The two-step method

estimated a slightly smaller effect than the joint modeling but yielded a narrower probability inter-

val; Third, all the remaining baseline covariates that are included in the epidemiologic studies are

not identified as significant predictors by these three models. To further investigate the reasons be-

hind the difference of coefficient scales in the Bayesian linear regression model using the classical

calibration estimation method and the Bayesian joint model, we have generated the following plot

to compare the point estimation by classical calibration method and Bayesian joint model:

Compared to the point estimation of the Bayesian joint model, some observations of the clas-

sical calibration methods are highly inflated in their values and thus result in a decrease in the re-

gression coefficient estimate associated with the allergen concentration. There are several potential

explanations behind that: First, since the classical calibration method does not take the measure-

ment uncertainty into consideration, it may lead to such attenuation in the estimated values; Sec-

ond, when there is contamination, the classical calibration method still assume the contaminated

sample shares the same calibration curve parameters as the standard calibration sample, which is

not true and ignores the existence of contamination could also lead to biased concentration esti-

mates since contaminated samples usually tend to have larger measurement uncertainty and behave

differently than what the classical calibration method assumes. To be more specific, ignoring po-

tential sample contamination and ignoring measurement uncertainty could generally have a larger

effect on the unknown sample observations with a dilution factor of 1/10000, and after transferring

the scales back, this usually will lead to an inflated concentration estimation. Third, the problem

of below detection limit, which limits the use of the classical calibration method, might also par-

tially explain this difference since the Bayesian joint model could overcome the problem of below

detection limit easily by treating corresponding parameters as random variables.

In Figure 3.3, we further investigate the reason behind the observation that some points have

higher classical calibration method estimation results than the Bayesian joint model estimation
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results. The solid line represents the reference line with slope 1 and intercept 0, and the dashed

line represents the boundary line with slope 1 and intercept 0.3 that separate the points into the

group that has higher classical calibration method calibration method estimation results (inconsis-

tent group) and the remaining group (consistent group). For those points in inconsistent group, we

check their corresponding raw serial dilution measurement samples and find all of them are iden-

tified as contaminated samples by the Bayesian joint model. This partially explains such deviance

between the points in inconsistent group and the solid reference line since the classical calibra-

tion method estimation does not take sample contamination into consideration, which will result

in biased estimation results.

Figure 3.3: Comparison of indoor allergen concentration estimation by the classical calibration
method and the Bayesian joint model.

For a more comprehensive comparison, we have also generated Figure 3.4 and Figure 3.5,

which are pretty similar to the central idea in Figure 3.3. In Figure 3.4, we compare the estimation

results between the naive two-step model that uses local calibration by the method proposed in

our first project with the Bayesian joint model that uses global calibration. We have observed that

the overall trend between the Bayesian joint model estimation and the naive two-step estimation
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Figure 3.4: Comparison of indoor allergen concentration estimation by the Bayesian joint model
and the naive two-step model using local calibration.

aligns well, but as the underlying values increase, there is some subtle deviance between these two

measurements. In Figure 3.5, we also compare the naive two-step model that uses local calibration

by the method proposed in our first project with the traditional calibration method used currently

in serial dilution assay wet labs and find similar patterns as we see in Figure 3.3. Compared to the

naive two-step estimation, some estimations by the classical calibration method are having higher

values, and after further investigation, we find that this inflation is majorly due to ignorance of

sample contamination and measurement error.

To be more specific, in Figure 3.6, we have picked up one specific unknown sample that has

much higher values of concentrations from the classical calibration method than what we have from

the Bayesian estimate, from the traditional method we found that on that plate this sample has three

observations but the observation with dilution factor 1/10000 has been identified as <OOR, and the

two other observations with 1/10 and 1/100 have similar but relatively large observations. For the

classical calibration method, on that plate, nearly all the other samples are estimated as < OOR,

so it is kind of awkward for only one sample to have a very high concentration, instead, it might
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Figure 3.5: Comparison of indoor allergen concentration estimation by the classical calibration
method and the naive two-step model using local calibration.

Figure 3.6: Example of one specific unknown sample having larger classical concentration estima-
tion compared to Bayesian joint concentration estimation.
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be more reasonable to believe that this unknown sample is contaminated and thus it should share

a different set of calibration curves parameters compared to the standard calibration data. For

better comparison, in Figure 3.6, we have plotted the estimation result by Bayesian joint model

and classical calibration method separately, together with the raw data observation points. The

’Uncontaminated’ line represents the corresponding mean dose-response curve for the situation if

this unknown sample shares exactly the same set of calibration parameters as the set of standard

calibration data and we found that this generated curve could not fit the three observed points well.

For the Bayesian joint model, we have presented both the mean dose-response curve as well as

the corresponding uncertainty interval after considering the contamination situation and letting the

unknown sample have its own curve parameters, and found that the fitting results had improved

a lot. In addition, we have also checked how the method we proposed in our first project fits this

unknown sample and found very similar results to the Bayesian joint model and the mean dose-

response curve overlaps with the one generated by the Bayesian joint model and thus we did not

include that in Figure 3.6.

Table 3.2 summarizes the observed values on the selected unknown sample in Figure 3.6, which

has a larger classical calibration method concentration estimation compared to that by the Bayesian

joint model. We could find that the 1/10000 dilution observation by the classical calibration method

falls below the detection limit set by the classical calibration method and thus could not generate

any valid estimates, which is not optimal and also makes the large estimation of the 1/10 and 1/100

dilutions suspicious.

Observed Value Classical Calibration Method Concentration

1/10 Dilution 5726 67.4
1/100 Dilution 466 71.08
1/10000 Dilution 6 OOR <

Table 3.2: Raw serial dilution assay data for unknown sample 6 on 012711 plate one, OOR< means
below the detection limit.

63



3.4.4 Insights from this study

In this applied study, we have found that there are subtle differences between the indoor dust mite

concnetration estimation generated by the classical calibration method commonly used in labs and

the Bayesian joint model we have proposed. Given the potential pitfalls of the classical calibration

method due to the below detection limit issue, potential sample contamination, and ignorance

of measurement error in both the lab concentration estimation process and the epidemiological

model, we are confident that our proposed Bayesian joint model could generate more accurate,

robust and efficient estimations in both the raw concentration estimation as well as the regression

model coefficients estimation. The evidence from the NYCNAAS dataset might suggest that the

classical calibration method might overestimate the indoor allergen concentration, and thus the

identified associations found in the study might be underestimated with a downward bias, as we

have demonstrated from our analysis.

Furthermore, our model has identified a strong relationship between indoor dust mite allergen

concentration and the exhaled nitric oxide (NO) measurement for asthmatic children. This finding

might be helpful for clinical experts and researchers to design corresponding asthma prevention

and treatment plans for the early development of children’s asthma. Also, it motivates similar

research projects to investigate further other potentially important factors related to indoor aller-

gen concentration that might be helpful in early asthma detection, diagnosis, and prevention. This

applied study has demonstrated that Bayesian methods could help epidemiological researchers

investigate potential underlying associations between public health-related responses and key pre-

dictors of interest in general. And more specifically, incorporating flexible mixture models for

potential model contamination and using global calibration to jointly model multiple measurement

units together with the combination of concentration estimation and epidemiological regression

model in the field of serial dilution assay could not only generate more accurate indoor allergen

concentration estimation but also could discover the underlying associations more accurately.
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3.5 Simulation studies

3.5.1 Model comparison and evaluation in severe contamination setting

In this simulation setting, we were interested in the following two major research questions:

1. How do different competing methods perform in this multi-plate contamination scenario?

2. What are the potential gains of incorporating uncertainty in both the key predictor and out-

come in Bayesian regression?

We compared the performance of the following four models, which could be further divided

into two broad categories. The category of the two-step model meant that we first obtained the

point estimation of allergen concentration either using a direct curve-inversion approach or the

posterior median from Bayesian models; then, we forwarded this point estimation in a regression

setting as a fixed-X design. The category of the joint model means the model we proposed in this

paper, which forwards the estimation uncertainty into a regression setting as a random-X design.

Specifically, we sought to compare the two-step classical calibration estimation model, which is

currently commonly used in labs (model 1); the two-step base model proposed in (Gelman et al.,

2004) (model 2); the naive two-step model using the Bayesian contamination model proposed in

our first project (model 3); and the Bayesian joint contamination model proposed in this chapter

(model 4). The two-step base estimation model (model 2), which considers measurement error

but ignores sample contamination, serves as an intermediate comparison between the two-step

classical calibration model (model 1) which ignores the measurement error as well as sample con-

tamination, and the naive two-step model using the Bayesian contamination model proposed in our

first project (model 3) which considers both measurement error and sample contamination. The

motivation for comparing the Bayesian joint model performance with these two-step models is that

sometimes in practice, epidemiologists might find the Bayesian joint model overly complicated for

their applications. Moreover, in some studies, environmental health researchers only have access

to the individual level of epidemiological data, including the disease outcome, key predictor of
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interest (e.g., indoor allergen concentration), and patients’ characteristics data. In these cases, the

joint modeling approach is no longer applicable. In such settings, the two-step model could serve

as an alternative modeling approach. The simulation process was divided into four steps, which

are described as follows.

In step 1, we aimed to simulate the calibration curve parameters across plates, and we assumed

that we had 10 plates in total. Since we were now using independent Beta assumptions, we simu-

lated 𝜷𝒌 across the 10 plates as follows:

𝛽1𝑘∼normal+(𝛽1, 2). (3.16)

𝛽2𝑘∼normal+(𝛽2, 1000). (3.17)

𝛽3𝑘∼normal+(𝛽3, 5). (3.18)

𝛽4𝑘∼normal+(𝛽4, 1). (3.19)

where k represents the plate ID 1, 2, ..., 10. Furthermore, given the relatively different scales of

calibration curve parameters values observed from real-life studies, we set 𝛽1 = 1, 𝛽2 = 15000,

𝛽3 = 8, and 𝛽4 = 1.5, and we assigned different standard deviations for these four different normal

distributions.

In step 2, we aimed to simulate observed measurements 𝑤𝑖𝑘 (𝑖 for dilution and 𝑘 for the plate)

for the standard calibration sample on each plate. After simulating the 𝜷𝒌 for each plate, we

simulated standard calibration samples with a known initial concentration 𝜃0 = 125 and applied

two-fold dilutions (two replicates at each dilution level ranging from 1, 1/2, ...,1/2048 and 0). For

plate 𝑘 , we had the following:

log(𝑤𝑖𝑘 ) 𝑖𝑛𝑑∼ normal(log(𝑔(𝜃0𝑑𝑖𝑘 , 𝜷𝒌)), 𝜎𝑤), (3.20)

For simplicity, we assume the variance scale for standard calibration samples are same across

plates and set 𝜎𝑤 = 0.1, and 𝑑𝑖𝑘 = 0, 0, 1, 1, 1/2, 1/2, . . . , 1/2048, 1/2048.
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In step 3, we aimed to simulate observed measurements 𝑊𝑖 𝑗 𝑘 (𝑖 for dilution, 𝑗 for unknown

sample ID, and 𝑘 for the plate) for 23 unknown samples on each plate. Here, we assigned 23

unknown samples on each plate to restore the real-life plate setting. For each of the unknown sam-

ple concentrations 𝜃 𝑗 𝑘 ( 𝑗 = 1, 2, .., 23,𝑘 = 1, 2, ..., 10), we randomly sampled it from Exponential

(0.1) and simulated the observed values of unknown samples using 1/10, 1/100, and 1/10,000 di-

lutions. Within the 23 unknown samples on each plate, we let five of them be contaminated with

contamination factor 𝛿𝛽2 𝑗𝑘 = 1 and 𝛿𝜎𝑗𝑘
= 1; thus, their observed values were sampled from the

following:

log(𝑤𝑖 𝑗 𝑘 ) 𝑖𝑛𝑑∼ normal(log(𝑔(𝜃 𝑗 𝑘𝑑𝑖 𝑗 𝑘 , 𝜷 𝒋 𝒌)), 𝜎𝑤𝑒
𝛿𝜎𝑤𝑘 ), (3.21)

where 𝜷 𝒋 𝒌 = (𝛽1𝑘 , 𝛽2𝑘𝑒
𝛿𝛽2 𝑗𝑘 , 𝛽3𝑘 , 𝛽4𝑘 )

For the remaining 18 uncontaminated unknown samples on each plate, we use the same data

generation process as generating the calibration standard samples:

log(𝑤𝑖 𝑗 𝑘 ) 𝑖𝑛𝑑∼ normal(log(𝑔(𝜃 𝑗 𝑘𝑑𝑖 𝑗 𝑘 , 𝜷𝒌)), 𝜎𝑤), (3.22)

where 𝜎𝑤 = 0.1 and 𝑑𝑖 𝑗 𝑘 = 1/10, 1/100, 1/10000 for each of the unknown sample on each plate.

In step 4, we aimed to simulate the epidemiological response variable 𝑌 . Within each sim-

ulation iteration, we had 230 patients. For each patient, we assumed them to have a continuous

health-related response variable 𝑌 that follows a normal distribution with the mean depending on

covariates such as age (𝑥1), sex (𝑥2), race (𝑥3), and allergen concentration (𝑥4, which is equivalent

to 𝜃 𝑗 𝑘 ). Among these covariates, we assumed the age distribution to be uniform (8,16), the sex

ratio to be 0.5:0.5, and the race ratio to be 0.45, 0.2, and 0.35, respectively. Then, we simulated

the 𝑌 response variable using the following expression:

𝑌
𝑖𝑛𝑑∼ normal(0.5 − 0.05 ∗ 𝑥1 + 0.1 ∗ 𝑥2 + 0.1 ∗ 𝑥3 + 0.4 ∗ 𝑙𝑜𝑔(𝑥4), 1). (3.23)

We repeated the simulation 500 times and summarized the estimation results for the target of
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interest, namely the regression coefficient for allergen concentration in the regression model among

all four competing methods. We found that the proposed Bayesian joint model had the smallest

bias and root mean square error. The naive two-step model also worked well in terms of coverage

probability with a larger RMSE compared to the Bayesian joint model. The other two models did

not perform well in the situation, for which potential reasons could be sample contamination and

measurement uncertainty for the calibration curve estimation.

Bias RMSE 80% CP 80% IW 95% CP 95% IW

Traditional Model (model 1) −0.2065 0.492 1% 0.10 5% 0.16
Base Model (model 2) −0.1507 0.449 31% 0.11 44% 0.16
Naive two-step Model (model 3) −0.0019 0.129 80% 0.15 94% 0.23
Bayesian joint Model (model 4) 0.0007 0.055 81% 0.15 96% 0.23
Benchmark Model −0.0003 0.051 80% 0.13 95% 0.21

Table 3.3: Comparison of four methods’ performance on regression coefficient of dust mite con-
centration (true value is 0.4), now the contamination level is 1 (severe contamination), RMSE: root
mean squared error, CP: coverage probability, IW: interval width.

3.5.2 Efficient multi-plate experiment design

Compared with the single plate experiment, the Bayesian joint model could pool information from

the calibration standard samples across multiple plates; thus, we sought to determine whether

we could reduce the number of calibration standard sample observations within each plate and

allow for more unknown samples to be placed on each one for a more efficient experiment design

while maintaining estimation accuracy. Since the space available on each plate is limited, if we

could reduce the number of calibration standard sample observations, we could have estimates

for more unknown samples with the same number of experiments. In this simulation setting, we

used the setting in simulation 1 as our benchmark, where each plate had 26 observations of the

calibration standard sample (with two-fold dilutions: 0, 0, 1, 1, 1/2, 1/2, 1/4, 1/4, 1/8, 1/8, 1/16,

1/16, 1/32, 1/32, 1/64, 1/64, 1/128, 1/128, 1/256, 1/256, 1/512, 1/512, 1/1,024, 1/1,024, 1/2,048,

1/2,048) and 69 observations for 23 unknown samples (each with dilutions 1/10, 1/100, 1/10,000).

We maintained everything the same as in simulation 1 except now, on each plate, we had 14
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observations of standard calibration samples (with two-fold dilutions: 0, 0, 1, 1, 1/4, 1/4, 1/8,

1/8, 1/128, 1/128, 1/512, 1/512, 1/2,048, 1/2,048) and 81 observations for 27 unknown samples

(each with dilutions 1/10, 1/100, 1/10,000). Then, we sought to compare the estimation results of

the regression coefficient of allergen concentration using our Bayesian joint model in these two

settings and we repeated the simulation 500 times.

We found that, compared with the original design, the bias and RMSE of the new experimental

design had decreased slightly compared with the original design, but this might be because we

increased the sample size in the Bayesian linear regression from 230 to 270 in the new experimental

design. This simulation study indicated that we perhaps do not need that many observations of the

standard calibration sample on each plate, and that we could more effectively use those spaces for

more new samples. This might provide some innovative ideas for designing more efficient MARIA

plates.

1 2 3 4 5 6 7 8 9 10 11 12
Standard Sample Unknown Samples

1/10 1/100 1/10000 1/10 1/100 1/10000 1/10 1/100 1/10000
A 1 1/4 1/8 Unk 1 Unk 1 Unk 1 Unk 9 Unk 9 Unk 9 Unk 17 Unk 17 Unk 17
B 1 1/4 1/8 Unk 2 Unk 2 Unk 2 Unk 10 Unk 10 Unk 10 Unk 18 Unk 18 Unk 18
C 1/128 1/512 1/2048 Unk 3 Unk 3 Unk 3 Unk 11 Unk 11 Unk 11 Unk 19 Unk 19 Unk 19
D 1/128 1/512 1/2048 Unk 4 Unk 4 Unk 4 Unk 12 Unk 12 Unk 12 Unk 20 Unk 20 Unk 20
E Unk 24 Unk 24 Unk 24 Unk 5 Unk 5 Unk 5 Unk 13 Unk 13 Unk 13 Unk 21 Unk 21 Unk 21
F Unk 25 Unk 25 Unk 25 Unk 6 Unk 6 Unk 6 Unk 14 Unk 14 Unk 14 Unk 22 Unk 22 Unk 22
G Unk 26 Unk 26 Unk 26 Unk 7 Unk 7 Unk 7 Unk 15 Unk 15 Unk 15 Unk 23 Unk 23 Unk 23
H Unk 27 Unk 27 Unk 27 Unk 8 Unk 8 Unk 8 Unk 16 Unk 16 Unk 16 blank blank HC Control

Table 3.4: Illustration for a more efficient design for standards and new samples (dilutions) in a
multiplex plate with 96 wells.

Bias RMSE 80% CP 80% IW 95% CP 95% IW

Joint Model
Original Design 0.0007 0.055 81% 0.15 96% 0.23

Joint Model
New Design 0.0004 0.053 78% 0.14 95 % 0.21

Table 3.5: Comparison of the original design with 26 observations of calibration sample and 23
unknown samples per plate versus new design with 14 observations of calibration sample and
27 unknown samples per plate, RMSE: root mean squared error, CP: coverage probability, IW:
interval width.
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3.6 Discussion

Global calibration inference using multiple sources of calibration data is crucial in large cohorts

of environmental health studies and other general applied statistical problems. This study pro-

posed a general Bayesian joint model for inference on multiple experimental raw data plates in

serial dilution assay studies. The proposed model allows each plate to have its own calibration

curves while keeping the overall inference accurate and convenient with the help of a hierarchical

model and partial pooling. The inference results could be easily matched back to each individual

plate to obtain inferences regarding unknown samples’ concentration and contamination status.

We used both real-world NYC NAAS data and simulation studies to demonstrate the advantages

of our Bayesian joint model, among other competing methods. Furthermore, the general Bayesian

joint model could provide additional uncertainty measurements when applied with the Bayesian

regression model for epidemiological association studies. The traditional fixed-X regression de-

sign is unsuitable for some epidemiologic associations because some critical predictors of interest

might be random variables themselves. Nevertheless, our Bayesian joint calibration model could

organically integrate the key predictors of the interest estimation and regression analysis parts by

naturally plugging the uncertainty into the estimation under a random-X regression design. By

applying the proposed joint model to NYC NAAS data, we found that accounting for uncertainty

in key predictors in Bayesian regression could help researchers to identify associations more accu-

rately.

In addition, we illustrated the general idea of a Bayesian workflow and how it guided us step-

by-step in constructing the proposed Bayesian joint model. The flexibility of the joint model was

demonstrated by the fact that the target of interest estimation process and association estimation

submodels did not overly rely on each other. Thus, if any changes are made in the dataset or

additional constraints or attention are required, one could easily adapt the corresponding parts of

the submodel while not affecting the overall joint model. This endows the proposed joint model

with the ability to be applied beyond the field of serial dilution assay data. In fact, in any general
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applied statistical problems, if the idea of global calibration could be applied, the proposed joint

model might also be beneficial. This also proves that global calibration and the partial pooling

of information from multiple sources could increase the model’s efficacy, make the model trans-

ferrable to other similar settings, and reduce unnecessary operations and computation greatly.

Nevertheless, our study has several limitations. First, although the independence model be-

tween the four parameters in the calibration curve proposed by our Bayesian model has both com-

putational efficacy and fits the NYC NAAS dataset well, it still might be too ideal for some compli-

cated real-world settings. In that case, the parameters of the calibration curves might also correlate

with each other, and we could be able to model the correlation between plates in stronger functional

forms if we had additional lab condition information using multivariate models. Second, the under-

lying causes of sample contamination and plate-specific effects are usually unknown. Therefore,

our proposed global calibration model attempts to approximate the patterns that we observed based

on empirical studies in the lab. However, in some cases, we might have additional information re-

garding the sources of contamination and the plate effect. In further studies, we could develop

more complicated models that can account for sample-related information (e.g., spatial informa-

tion) and plate-related information (e.g., experiment conditions) for the improved quantification of

uncertainty by adding additional layers of hierarchical structures.

Finally, the idea of two-step modeling has greater flexibility and has satisfactory performance

in simulation studies. Also, it allows users to refer to the results of previous studies in the literature

and to apply them directly to their regression models. For example, possibly due to confiden-

tial issues, particular studies have not been able to make their original dataset available to the

public, but their summary statistics could be released without any limitation. If researchers wish

to conduct follow-up research projects based on such a confidential dataset, the aforementioned

concept of a two-step model approach could directly enable them to “borrow” information from

additional sources, thus facilitating their own research projects. Furthermore, this two-step mod-

eling approach could be easily extended and generalized to more complicated models based on

actual research needs. In our third project, we were motivated by this idea and actually attempted
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to extend this two-step modeling approach to make it more suitable for application in cases where

the measurement uncertainty cannot be ignored.
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Chapter 4: Bayesian Two-step Model for Measurement Uncertainty

Adjustment

4.1 Introduction and background

4.1.1 Insights from multiphase studies

In statistical modeling and inference, it is highly desirable to obtain all of the required data si-

multaneously and to build a complete model for conducting inference. However, some studies

only provide partial data and information at each cutoff point or stage, such as multiphase stud-

ies; thus, researchers must develop methods to integrate the statistical analyses at different stages.

Such multi-step models are usually easy to fit and have simpler structures compared with one-

size-fits-all models, but challenges arise in aspects such as how to account for the uncertainties in

different steps of the analyses in the final inference. Bayesian inference has the natural advantage

of better modeling uncertainty using probabilistic modeling. In this study, we aimed to develop

Bayesian inference for users who wish to account for the uncertainty in the multi-step analyses

with application in environmental health studies.

4.1.2 Challenges in epidemiologic association studies

Uncertainty is one of the critical parts of statistical modeling since, in real-life situations, one

might never know the actual underlying data generation and collection process. By carefully de-

signing inference models and imposing assumptions of uncertainty sources, structures, and scales,

researchers aim to minimize the impact of measurement uncertainty. Specifically, in this study, we

were interested in improving the inference currently in use in epidemiologic association studies

with exposure measured in labs, which consists of two steps. In the first step, a wet lab procedure
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is conducted to measure the exposure. Typically, this usually only entails point estimation. In the

second step, a regression model is used to investigate the associations between the exposure and a

health outcome adjusting for potential confounders.

However, some challenges exist in the second-step regression analysis. If the point estimation

is simply plugged into the regression model, it is assumed to be a fixed and true value of the ex-

posure. However, lab measurement is far from perfect, and there is always uncertainty associated

with the estimation. Furthermore, such direct modeling might not be the optimal solution since

now one faces a random-x design instead of a fixed-x design. Thus, it is critical that first, the lab

raw measurement evaluation procedures should consider both point estimation as well as the as-

sociated standard error estimation, and second, regression association studies should also consider

the randomness in the observed key predictor of interest.

4.1.3 Statistical models in handling uncertainty from multi-step modeling

Measurement errors are one of the most fundamental problems in applied statistics since real-

life data sets often contain variables measured with error. Researchers need to be careful when

dealing with such situations; otherwise, the final inference results might be biased or mislead-

ing. Measurement error models usually consist of two key components: the first component is

the structure and distribution assumption for the relationship between the observed measurements

and the unobserved true values; the second component is the type and scale of the additional

information available for evaluating the first component in the model (Carroll et al., 2006). To

solve this problem, many statistical methods have been proposed to adjust for measurement errors

in a regression setting, especially when measurement errors exist in the covariates. Estimation

correction based on conditional moments of measurement errors on those erroneously observed

covariates could have less bias and smaller errors, especially in Berkson error models (Whittemore

and Keller, 1988). In logistic regression, a functional maximum likelihood estimator was proposed

based on the covariates’ normal measurement error model, which has superior performance (Ste-

fanski, 1985). Furthermore, the moment reconstruction method, which involves similar ideas as
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regression calibration, uses the variance-preserving empirical Bayes estimate of the true values

conditional on the outcome variable. It was proposed and demonstrated to have superior perfor-

mance to regression calibration in logistic regression and case-control studies when measurement

errors exist in the explanatory variables (Freedman et al., 2004). In generalized linear models, an

adapted version of the Expectation-Maximization algorithm has been proposed, where the M-step

iteratively updates the regression coefficients based on the calculated approximate conditional mo-

ments of the true covariate values on the observed covariate values in the E-step (Schafer, 1987).

For nonlinear models, the measurement error problem was well studied in (Carroll et al., 2006).

The small error variance approximation of covariates that might suffer from measurement errors

was derived by (Chesher, 1991) and the results indicate that the impact of measurement errors is

closely related to the curvature properties of the densities of the remaining error-free covariates.

Full Bayesian inference models and iterative conditional models based on smoothing splines and

regression P-splines have exhibited improved performance over existing frequentist approaches in

certain studies (Berry et al., 2002). Furthermore, the idea of two-stage modeling, where the first

stage usually involves the exposure model and the second stage usually involves the health model,

was demonstrated to be able to correct finite-sample bias and to generate accurate standard errors

in the estimation (Szpiro and Paciorek, 2013).

The problem of measurement errors has also attracted researchers’ attention in the field of

epidemiologic studies. Measurement errors in one or more of the key predictors of interest are

fairly standard in large-scale epidemiological regression studies. A study found that the measure-

ment error’s size and type both influence the health effect estimates in air pollution epidemiology

(Goldman et al., 2011). While a large proportion of medical studies have reported the potential

existence of measurement errors, only a very small subset have investigated or corrected them

(Brakenhoff et al., 2018). Simply ignoring such errors would lead to biased estimates and the

loss of power in estimating the true associations (Carroll et al., 2006). Many efforts have been

made to reduce potential measurement errors in epidemiologic studies, such as standardized wet

lab experimental procedures (Tworoger and Hankinson, 2006). In epidemiologic studies, the con-
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ditional independence model assumes conditional independence within the disease, measurement,

and exposure models with graphical structures and was demonstrated to perform well under cer-

tain circumstances (Richardson and Gilks, 1993b). Another commonly used statistical method

for correcting such measurement errors is regression calibration, where the true but unobserved

exposure is replaced by the conditional mean of the true exposure on the measured exposure and

the other error-free covariates in the regression model (Rosner et al., 1989; Carroll and Stefanski,

1990). However, compared with traditional regression calibration, Bayesian measurement error

models may have better frequentist properties than MLE procedures in small samples or sparse

data situations (Greenland and Mansournia, 2015; Bartlett and Keogh, 2018)). Furthermore, since

Bayesian methods provide flexibility in prior specification as well as a probabilistic method of

modeling uncertainty, they are well adapted to field measurement error models. Several Bayesian

approaches for handling measurement errors in predictor variables have been proposed, includ-

ing Bayesian conditional independence models (Richardson and Gilks, 1993a), Bayesian logistic

regression with a mixture measurement error model (Schmid and Rosner, 1993), and Bayesian

methods with item response theory (Fox and Glas, 2003). Moreover, the application of Bayesian

methods in epidemiologic research is highly promising. Bayesian regression methods facilitate

the realistic use of prior information and provide an alternative toolkit for penalized regression

(Greenland, 2007). Furthermore, posterior probabilities provide easily understandable alternatives

to 𝑝-values and have much clearer clinical interpretation in the assessment of exposure–disease

relations (Dunson, 2001). Additionally, in more challenging situations, such as the existence of

highly correlated exposure data due to associations between measured exposures and latent vari-

ables, which is fairly standard in epidemiologic research, Bayesian hierarchical models could sta-

bilize the estimation compared with maximum likelihood estimation (MacLehose et al., 2007).

4.1.4 Measurement uncertainty as a source of model contamination

Some researchers would also define the measurement error as a source of contamination in the

model. In our first project, we developed the whole Bayesian workflow to solve the problem of
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model contamination, particularly with its application to serial dilution assay data. In general,

model contamination means that we are not sure whether the model used for inference matches

the underlying data generation process. Examining our first and third projects together, we have

built a much more complete picture for handling model contamination in applied statistical prob-

lems. The first component is model contamination when performing calibration analysis, where

the contamination can make the unknown samples do not have the same response curve as the cali-

bration samples. The solution that we have provided involves giving the unknown samples relative

flexibility in the parametric form of the distribution while also using the calibration data to pro-

vide guidance on the parameter estimation through mixing distributions. The second component

is model contamination when using estimation results from previously conducted studies to con-

struct new models, where the contamination is mainly from measurement uncertainty. The solution

that we have provided involves using the measurement error model to propagate the measurement

uncertainty derived from previous studies into the new models. By combing these considerations

and modeling strategies for model contamination together, we are able to produce more reliable

estimation results, and thus, we might discover the effect of interest more accurately.

4.1.5 Our contributions

In this study, we proposed a two-step Bayesian inference model by considering measurement un-

certainty from multiple sources. The goal was to provide users with an easy-to-use tool to fill in the

gap between raw experimental measurement and subsequent analysis by accounting for measure-

ment uncertainty from the previous modeling. Another goal was to enable users to pool together

necessary information from multiple studies and to use integrated results for their further analy-

sis. In simulation studies, we compared our proposed methods with the traditional method and the

joint inference method under different contamination scenarios. Furthermore, we explored how

our proposed method could help investigators study the association between allergen exposure and

asthma morbidity in real-life application.
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4.2 Methods

4.2.1 Notations and background

In this study, we developed a Bayesian two-step model that can take advantage of the point estima-

tion and associated measurement uncertainty in the first-step analysis before using this information

to obtain more accurate statistical inference results in the second-step analysis. We developed our

method for the two-step analysis, but the central idea of measurement uncertainty propagation

could easily be extended to multi-step analysis if required. We did not impose any restriction on

the type of statistical models used in the first-step analysis; however, for the second-step analysis,

since we were more interested in the association studies between one key predictor of interest and

the health outcome, we focused on the regression-based models in the second-step analysis in this

chapter.

Suppose that 𝑋 represents the main predictor of interest in the study, and the first-step analysis

provides us with the point estimation 𝑊 for 𝑋 and the measurement uncertainty 𝑆 for this estima-

tion. We define 𝑌 as the health outcome in the second-step analysis. We seek to investigate the

association between 𝑌 and 𝑋 based on the information provided by 𝑊 and 𝑆. Furthermore, we

define 𝒁 as the error-free covariates. Our main purpose is to estimate the association between 𝑌

and 𝑋 given 𝑍 .

4.2.2 Two-step Bayesian measurement error model

In our two-step Bayesian measurement error model, we sought to integrate the measurement error

model with the regression model. A natural choice of measurement error model is the following

normal model:

𝑋𝑖 ∼ normal(𝑊𝑖, 𝑆𝑖), (4.1)
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where 𝑊𝑖 and 𝑆𝑖 are fixed and known outputs from the first-step inference model. Here we should

notice an alternative way of specifying the measurement error model as follows:

𝑊𝑖 ∼ normal(𝑋𝑖, 𝑠𝑖), (4.2)

Model (4.1) is different from model (4.2), which is often assumed in measurement error mod-

els. However, different from the standard measurement error model, our first-step Bayesian anal-

ysis provides 𝑊 and 𝑆 as the posterior summary statistics, then equation (4.1) is the preferred

modeling approach since it reflects the fact that our second-step model is based on posterior in-

ference of the first-step analysis. Equation (4.1) has the following interpretation: For the true but

unknown concentration 𝑋 , the first-step model produces the posterior draws as estimates, and 𝑊

is the posterior median, which is a point estimation for summarizing the posterior distribution. 𝑆

is the standard deviation of the posterior distribution, which could be approximated using the em-

pirical standard deviation of the posterior draws in the Bayesian model fitting process and directly

output from the first-step model. By contrast, Equation (4.2) has the following interpretation: 𝑊 as

the posterior median has followed the normal measurement error model with the mean being the

true but unknown concentration 𝑋 , but now 𝑠 is no longer the standard deviation of the posterior

distribution but rather the measurement uncertainty for 𝑊 . Usually, in the setting, 𝑠 is not directly

observable, and we could assign a weakly informative prior to it in the model estimation. Alterna-

tively, if there exists some calibration sample, we could use the calibration sample to estimate the

measurement uncertainty for 𝑊 . For example, suppose for the calibration sample we know their

underlying true parameter of interest 𝜃, and after fitting the first-step model we could get some

estimates of that parameter of interest based on the posterior summary statistics, which is 𝜃. Next,

we could fit a simple linear regression model of 𝜃 on 𝜃 and use the residual standard deviation as

an estimate for 𝑠 in this setting.

In the second-step model, we sought to model the association between 𝑌 and 𝑋 using the
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following Bayesian regression model:

𝑌𝑖 ∼ normal(𝛼 + 𝛽𝑋𝑖 + 𝜼𝒁𝒊, 𝜎𝑦), (4.3)

Here we are using a random-x regression design, where both the critical predictor of interest and

the primary health outcome are random variables.

Another way to think of this is that the classical two-step method, which only takes the point

estimation from the first model and treats it as a known constant, is highly similar to the idea of

single imputation in the context of missing data problems. The disadvantage of single imputation

is that it ignores the measurement uncertainty and introduces bias to the estimation results. By

contrast, the Bayesian two-step model, which considers the associated measurement uncertainty,

is similar to the idea of multiple imputations in the context of missing data problems. However,

instead of taking multiple imputed values to fit the model and aggregate the results in the later

stage, our proposed two-step Bayesian measurement error model extracts the summary statistics

of multiple imputed values and uses these high-level summary statistics in later analyses.

For the measurement error model part, we currently consider the normal measurement error

model. However, in some situations, the normal measurement error model might not be a good

approximation for the posterior distribution of 𝑋; therefore, we may consider other more robust

distributions for the model specifications. A natural choice of distribution in this setting is the t

distribution, which has the following model specification:

𝑋𝑖 ∼ t-distribution(𝜐,𝑊𝑖, 𝑆𝑖). (4.4)

where 𝜐 represents the degree of freedom in the model specification. We could either use an

empirical degree of freedom calculated based on the total sample size minus the number of mea-

surement plates included in the study, or we could assign some prior distribution on 𝜐 using the

family of gamma distribution, such as the gamma(2, 0.1), and let the model estimate it. This al-

ternative measurement error model specification would provide more robust inference results and

80



might be useful in some cases. Besides the Student’s t distribution, we could also use other robust

distributions to model the measurement error.

After modifying this first-step measurement error model using more robust parametric models,

the second-step regression model does not need to be modified. This also illustrates the flexibility

of our proposed Bayesian two-step inference method. By using the idea of modular modeling, we

divide the whole inference into multiple components. For each of the components, we have the

flexibility to modify it slightly while not affecting the remaining parts of the inference model, as

demonstrated in the above example. Similarly, we could also modify the second step of the model,

such as by changing the linear regression model to a logistic regression model without modifying

the first step model.

4.2.3 Measurement uncertainty propagation

In most cases, we can simply plug in the estimated measurement uncertainty in the method pro-

posed above in the position of 𝑆. However, sometimes we cannot directly use the original mea-

surement uncertainty of previous studies in the subsequent analysis if we want to perform some

transformation on the raw estimation results. For example, log or squared-root transformation on

certain covariates might sometimes be a better choice for modeling. In such a setting, one must

think about how to appropriately plug in the measurement uncertainty after transformation. Here,

we provide two options for users to account for such transformations. The first option is relatively

simple, but it requires the first-step analysis to include Bayesian inference procedures. In such a

setting, we could simply apply the corresponding transformation into the posterior draws of the

parameters of interest in the first-step analysis and then calculate the empirical standard deviation

of the transformed posterior draws and treat it as the new measurement uncertainty estimation.

The second option applies to broader application cases with the use of the delta method. Specif-

ically, if we know the exact functional form of the transformation and the first-order derivative

exists in the point estimation of the mean of the parameter of interest, with the delta method, we

could directly calculate the corresponding transformed variance estimation. This option has the
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advantage of being applicable in nearly all common transformations wherever the delta method is

applicable. However, since the delta method also has some parametric assumptions, and if these

assumptions are not satisfied, the performance of the delta method might be affected.

4.2.4 Prior specification and Bayesian computation

Since not many parameters are included in our proposed Bayesian two-step measurement error

model, the prior choice is relatively straightforward. The primary logic behind the prior specifica-

tion is to get easily interpretable regression coefficients in our second-step regression model. To

be more specific, suppose that we have made some appropriate standardization on 𝑌 and 𝒁 such

that they have mean zero and variance one. Note that this standardization could either be on an

absolute scale or a relative scale to a specific subpopulation. Then, a natural choice of prior for the

regression intercept is as follows:

𝛼 ∼ normal(0, 1), (4.5)

For the regression coefficient, since the baseline covariates have been standardized, a natural

choice is to use the following prior to reflect the baseline level effect:

𝜼 ∼ normal(0.5, 0.5), (4.6)

For the coefficient of the key predictor of interest, the following prior is applied:

𝛽 ∼ normal(0, 1), (4.7)

For the error term, since we do not have any additional information for it and the health outcome

has been standardized, we use the following weakly informative prior:

𝜎𝑦 ∼ normal+(0, 1). (4.8)

For the Bayesian model fitting and posterior inference, we use the CmdStanR interface in R,
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which provides a light and quick interface to the no U-turn sampler (NUTS) algorithm in Stan

(Homan and Gelman, 2014; Carpenter et al., 2017). With the help of the NUTS, the algorithm

selects an appropriate number of leapfrog steps in each iteration to allow the proposals to traverse

the posterior without performing unnecessary work. We also use the ESS and the 𝑅 diagnostic to

monitor the convergence of the algorithm (Gelman and Rubin, 1992).

Then, we performed some Bayesian computation diagnoses on the computation results in sim-

ulation studies and real-life examples. The effective sample size is large enough for all of the

parameters in the model, and their 𝑅 values are around 1. Compared with the joint modeling ap-

proach that we proposed in the second project, the computation time for the current model is much

shorter and can be finished in seconds, which provides users with a faster alternative option for

dealing with the applied research problems.

4.2.5 Connection between measurement uncertainty and missing data problem

Although we have majorly discussed the measurement error problem in this project, here we would

also like to briefly discuss its connection with the missing data problem. Commonly used tech-

niques in the missing data research field, such as the multiple imputation framework, have been

proposed to solve the measurement error model. Given our two-step problem setup framework,

this connection between the measurement error and missing data problems becomes clearer. The

central question that we are interested in is how to apply the inference results from the first-step

model to the second-step model, given that the first-step inference results are not true values. The

first way to think about this problem is to treat the first-step inference results as observed mea-

surements with measurement errors and use the corresponding measurement error models to solve

the problem. This is exactly the approach that we have proposed in this project. The second way

to think about this problem is to treat the unknown true values as a missing data problem. If the

first-step model uses Bayesian inference methods, those posterior draws for the target of interest

could partially serve as different imputation results in the multiple imputation framework. Then,

we could use corresponding missing data models to solve this problem by combining inferences
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from multiple posterior draws together. Although some subtle differences exist in the central ideas

of these two ways of thinking, they are also fairly similar, especially in the scenario where the

first-step model also uses the Bayesian inference model and the output mean and standard devia-

tion estimates for the unobserved true values are based on posterior distribution summary statistics.

If so, the difference mainly lies in whether we summarize the posterior distribution first and then

input the second-step model or directly input the posterior draws into the second-step model and

then perform the aggregation and summarization later.

4.2.6 Robust model specification for measurement uncertainty

We could also further consider relaxing the parametric assumptions of the proposed measurement

error model. In this study, we used the normal measurement error model, which performs well

in most situations. We also considered more robust parametric models, such as Student’s t dis-

tribution for the measurement error model. Following this robust modeling strategy, we could

even further relax the parametric assumptions of the measurement error model and use Bayesian

semiparametric or nonparametric models instead. The Bayesian semiparametric regression model

usually includes a generalized linear model combined with specific carefully designed priors to-

gether with hierarchical structures. Furthermore, nonparametric transformations such as Bayesian

P-splines, which could simultaneously estimate the smooth functions and smoothing parameters,

might also be beneficial in modeling measurement errors. In this case, we would not be restricted

by the parametric form of the measurement error; instead, we could only assume that the measure-

ment error is symmetrically distributed. Furthermore, we could even further extend this idea to

the situation where the measurement error is not symmetrically distributed, which is fairly com-

mon in serial dilution assay lab measurement, where the estimations are usually either upward or

downward-biased with measurement errors. Then, we might use a mixture of measurement errors,

where usually a symmetrically distributed measurement error model is combined with a skewed

distribution to account for such additional measurement bias. In summary, there is no limit to the

possible measurement errors that we could specify in our proposed Bayesian two-step inference
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approach, and researchers could easily adapt the measurement error part to their actual research

needs.

4.2.7 Comparison with competing methods

In this subsection, we discuss the performance of our proposed Bayesian two-step inference method

with the competing methods, namely joint modeling and naive two-step modeling without consid-

ering measurement uncertainty. We first need to define these two competing methods. The joint

modeling method involves using a single large model to incorporate all available information at

hand and model the dependence between different parameters and information sources simultane-

ously. An example of the joint modeling approach is the Bayesian joint model we have proposed in

our second project. The joint modeling approach correctly models the underlying problem, but it

usually involves a much more complicated modeling process with a lack of flexibility to be applied

in a similar setting. The naive two-step approach means simply plugging in the point estimation

results from any previous studies and treating them as known and fixed values in the following

analysis. The naive two-step modeling is easy to implement, whereas the disadvantage is that it

ignores the potential measurement uncertainty and thus might introduce unexpected bias in the

following analysis.

In most applied epidemiologic studies, the naive two-step method is commonly used because

of its simplicity. Furthermore, in some situations, the estimation uncertainty in the previous studies

are not available, especially when the analysis is performed somewhere else. However, in the first

project, since our Bayesian method provides both the point estimation as well as the corresponding

estimation standard error, thus giving us the ability to apply our proposed Bayesian two-step model.

We compared the performance of the three methods in various simulation settings to investigate

the optimal solution to apply to real-life examples.
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4.3 Bayesian workflow for two-step inference model

This section illustrates the idea of the Bayesian workflow and the corresponding details and ef-

forts that we made in the project. In an applied research problem, if one is concerned about the

potential existence of measurement errors in the observed values, one typically thinks about the

following two general aspects regarding the measurement errors – namely the form and scale of

the measurement error. This information might not be directly available to researchers most of

the time, and the challenge comes with the fact that one might never know what the true values

should be; therefore, it is necessary to construct different models and perform model evaluation

and comparison across broader model categories. To be more specific regarding the problem of

measurement errors, researchers would usually like to start with the specification of the form of

the measurement error. A starting point is to either choose a parametric form of the measurement

error or a semiparametric measurement error form or even a nonparametric measurement error

form; here, the parametric model would be clear and straightforward but might also be too restric-

tive and suffer from the risk of model misspecification in some scenarios. The semiparametric and

nonparametric forms have more flexibility and robustness, but they might suffer from a loss of esti-

mation efficacy and statistical power in some scenarios. After specifying the form of measurement

error, we should consider how to specify the scale of the measurement error, which is critical if

choosing a strong parametric assumption for the measurement error’s distribution. A starting point

is to assume that every observation has shared the same measurement error scale. However, some-

times, this homogeneous measurement error scale specification might be too ideal, and a slightly

more complicated specification would allow internal hierarchical structures and clustering within

the data. Within each smaller group, all the observations share the same measurement error scale.

To further increase the flexibility, we could even assume that every observation has different mea-

surement error scales. Typically, one must construct the initial model based on the data available

and any additional information regarding the applied problem itself. In this project, we started with

parametric measurement error models and used the most commonly used and simple model of nor-
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mal measurement error. For the scale, we started with the most flexible approach to specification,

where we allowed each observation to have its own measurement error scale. This specification

required us to have much more additional information regarding the individual-level measurement

error scale. Because of the modular construction idea, we could always expand or simplify these

model specification components as needed.

The aforementioned measurement error model is usually called the exposure model, which

focuses on how to relate the observed measurements with potential measurement error to the un-

derlying unobserved true values. Although this exposure model is critical since it quantifies the

degree of uncertainty for the observed data, in many applied problems another model is also re-

quired to relate the measurement error-corrected key parameter of interest to the outcome or re-

sponse. Especially in the setting of epidemiologic studies, the exposure model is usually used to

model some of the individual’s exposure covariates, which might be measured with errors. Then,

a disease model is usually constructed to investigate the association between these covariates and

the health outcomes. For the disease model, one should always start with something simpler and

then gradually add model complexity. The most commonly used association model is the regres-

sion model, which has a relatively simple parametric form and straightforward interpretation, and

moreover, it generally performs well in a variety of scenarios. We started with a univariate re-

gression model that involved the health outcome as the response and the covariate in the exposure

model as the explanatory variable. However, this model specification ignores the potential exis-

tence of confounding variables, and thus, we needed to extend the univariate regression model to a

multivariate regression model, which includes other necessary baseline covariates for the observa-

tion. In some more complicated cases, traditional regression models might not be able to explain

the underlying association between the outcome and covariates; then, we could extend the regres-

sion model to nonlinear models or mixed-effect models, which are both very commonly used in

epidemiologic association studies. Here, we note that the exposure model and the disease model

are not dependent on each other in some sense. For example, if we switch the normal measurement

error exposure model to another parametric exposure model, and if this exposure could reflect the
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underlying data generation truth, it should not affect the final inference model much if we still use

the same regression disease model. This also illustrates the idea of modular modeling framework

building.

Since we proposed Bayesian models, the major model evaluation focused on summarizing the

posterior distribution and checking whether the final outputs made any practical sense given the

specific applied problem’s context. Furthermore, we could use posterior predictive checking, ro-

bustness checking, and prior predictive checking to further examine the model fit. Based on the

model evaluation results, we could also return to our initial model and think about whether the in-

ference results were satisfactory and trustworthy. For the measurement error model, since for real-

life datasets, one would never know what the underlying generative model for the measurement

error is and what exactly the true values would be, one would usually start with simpler models

and possibly use some visualization tools to compare the predicted true values with the observed

values, perhaps obtaining some model modification insights. Furthermore, we could perform sensi-

tivity analysis and robustness checks on the prior distribution and evaluate our model performance

in some more varied situations. Furthermore, by carefully designing multiple simulation scenarios

and repeating the simulation for many iterations, we could understand the advantages and disad-

vantages of our model more thoroughly. In addition, the modular modeling approach allowed us

to adapt our model easily if the problem setup changed. For example, if some standardization or

transformation of certain parameters was required, additional data sources were available, or new

model restrictions were imposed, we could adjust them accordingly without changing all of the

model parts.

4.4 Application studies

In this project, we will also apply our proposed Bayesian two-step model accounting for mea-

surement uncertainty to the NYCNAAS dataset. We will follow the same procedure mentioned in

our second project by only looking at the asthmatic children and treating the continuous response,

which is the exhaled nitric oxide (NO) measurement as our main response of interest. For the co-
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variates included in the regression model, our key predictor of interest is still the indoor dust mite

allergen concentration, and we have also adjusted for the same set of baseline covariates as we

have specified in our second project. To be more specific, we will apply two competing methods

to the NYCNASS data in this project. The first method is the so-called ’naive two-step model’

where we will use the Bayesian mixture model for contamination that we have developed in our

first project and fit it to each of the measurement units respectively in the first step and collect the

point estimation, for example, the posterior median, of allergen concentration on each unknown

sample. Then in the second step, we will treat these point estimations as true and known values

and directly use the following regression model

𝑌𝑛
𝑖𝑛𝑑∼ normal(𝛼 + 𝛾𝜃𝑛 + 𝜂1𝑍1𝑛 + 𝜂2𝑍2𝑛 + 𝜂3𝑍3𝑛 + 𝜂4𝑍4𝑛 + 𝜂5𝑍5𝑛, 𝜖𝑛). (4.9)

where 𝜃𝑛 represents the indoor dust mite concentration point estimation for patient 𝑛, which in this

method is the posterior median output from the first step and it is our main predictor of interest.

𝑍1𝑛 represents the sex for patient 𝑛, 𝑍2𝑛 represents the Black race indicator, 𝑍3𝑛 represents the

baseline family smoker existence status , 𝑍4𝑛 represents the baseline parental education level, and

𝑍5𝑛 represents the baseline maternal asthma status.

In contrast, the second method is the ’Bayesian two-step model’ that we have developed in

this project. For the Bayesian two-step model, the first step is exactly the same as the naive two-

step model, but in the second step, although we are still using the same structure of the Bayesian

linear regression model mentioned above, in the key predictor 𝜃𝑛 instead of using the point esti-

mate output directly from the first step model, we introduce another layer of normal measurement

uncertainty as we have proposed in the methods section.

After fitting these two methods to the NYCNAAS dataset, we have summarized their Bayesian

regression coefficients’ point estimation and the corresponding 80% uncertainty interval in Figure

4.1. For comparison purpose, we have also included the modeling fitting results by the Bayesian

joint model. From Figure 4.1, we have several observations: First, both the naive two-step model

and the Bayesian two-step model have identified that exposure to indoor dust mite concentration is

89



a significant factor associated with the exhaled nitric oxide (NO) measurement in asthmatic chil-

dren, which is consistent to our findings by the Bayesian joint inference model both in the sign

and scale of the regression coefficient. Second, although the coefficients for the allergen concen-

tration are slightly different for these two methods due to the measurement uncertainty adjustment,

the relative scale is pretty close and might not make a huge impact in real-life applications. We

observed a little shrinkage effect on the allergen concentration coefficient estimates after taking

the measurement uncertainty into consideration and this might be explained by the random noise

in the data. Thirdly, compared to the estimation results using the traditional calibration method

commonly used in labs, the Bayesian joint model, the naive two-step model, and the Bayesian

two-step model all could generate a more accurate estimation of indoor allergen concentration by

overcoming the potential downside bias. Finally, for the remaining baseline covariates included

in the regression model, both models have shown that there is no strong evidence that they are

associated with the exhaled nitric oxide (NO) measurement in asthmatic children, which is also

consistent with our findings by the Bayesian joint inference model.

Figure 4.1: Bayesian regression coefficients summary for NYCNAAS data, where the posterior

median and 80% uncertainty interval are presented.
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In addition, we have also compared the point estimates of dust mite concentration estimation

generated from the naive two-step model and the Bayesian two-step model in Figure 4.2. After

fitting the reference line with intercept 0 and slope 1, we have found that these two model outputs

are pretty similar to each other, especially near the lower end of the plot. Also, we have observed

the existence of measurement uncertainty and found that the measurement error is inflating as the

underlying estimates increase in value.

Figure 4.2: Comparison of indoor allergen concentration estimation by the naive two-step method

and Bayesian two-step method.

4.5 Simulation studies

Besides the real-life dataset, we also sought to perform several simulation studies to more effec-

tively and accurately evaluate the performance of our proposed methods. Since we could control

every detail in the simulation studies, we could obtain a clearer picture of the underlying data gen-

eration process and which aspects of the performance we were interested in testing. In this study,

we were majorly interested in two simulation scenarios. In both simulations, we simulated raw lab
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measurement data from serial dilution assays on indoor allergen and individual-level health record

data from large-scale epidemiologic studies. In the first simulation scenario, we were interested

in the performance of our proposed method when the first-step analysis outputs were both point

estimation and the associated standard error estimation. For simplicity, we assumed that there was

no sample contamination in this setting, and also that the competing method used only the point

estimation output from the first-step model and treated it as a known fixed constant in the second-

step analysis. In the second simulation scenario, we were interested in the more complicated cases

where some sample contamination might exist in this setting. We compared the performance of our

proposed two-step model to the naive two-step approach that used only the point estimation output

from the first-step model and treated it as a known fixed constant in the second-step analysis, and

the joint modeling combined the first-step and second-step models in a single model. The major

evaluation metric was whether any efficacy gain or loss of the proposed two-step model occurred

compared with the naive two-step model and the joint modeling.

4.5.1 Model comparison and evaluation in the setting without contamination

In this simulation scenario, we are interested in comparing the performance between our proposed

Bayesian two-step model, which takes measurement uncertainty into consideration, and the naive

two-step approach, which treats the first-step point estimation results as the true value and ignores

the measurement uncertainty. These two methods share the same model in the first-step analysis,

which is an adapted version of the Bayesian contamination model we developed in our first project,

only removing the contamination specification since we are no longer assuming the existence of

contamination in this setting. We are planning to conduct the simulation in a multi-measurement-

unit setting in the context of serial dilution assay data, where within each replicate of simulation,

we simulate both multiple measurement-unit raw serial dilution assay measurement data as well as

individual-level health outcomes and covariates. The simulation setup is similar to what we have

done in our second project, where the major modification is that we are now assuming there is no

contamination in the data.
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In step 1, we plan to simulate the raw measurements of the standard calibration samples 𝑤𝑖𝑘 and

the raw measurements of the unknown samples 𝑤𝑖 𝑗 𝑘 for each dilution level 𝑖 on each measurement

unit 𝑘 and unknown sample 𝑗 . Here we choose to simulate 10 measurement units, where on each

unit, there are 1 standard calibration sample and 23 unknown samples. This setup is to mimic

both a typical real-life serial dilution assay unit setup as well as to match the study sample size

in the epidemiologic association studies. Before simulating the raw observations, we first need to

simulate the calibration curve parameters 𝜷𝒌 across plates using the following independent normal

model with different scales:

𝛽1𝑘∼normal+(𝛽1, 2). (4.10)

𝛽2𝑘∼normal+(𝛽2, 1000). (4.11)

𝛽3𝑘∼normal+(𝛽3, 5). (4.12)

𝛽4𝑘∼normal+(𝛽4, 1). (4.13)

Here 𝑘 represents the unit indicator, and we use 𝛽1 = 1, 𝛽2 = 15000, 𝛽3 = 8, 𝛽4 = 1.5

based on real-life empirical evidence. And we also set the known initial concentration 𝜃0 = 125

and apply 2-fold dilutions based on real-life serial dilution assay measurement unit setup (𝑑𝑖𝑘 =

0, 0, 1, 1, 1/2, 1/2, . . . , 1/2048, 1/2048). Then for each measurement unit 𝑘 , we assume a constant

variance scale for the standard calibration samples, and thus we have:

log(𝑤𝑖𝑘 ) 𝑖𝑛𝑑∼ normal(log(𝑔(𝜃0𝑑𝑖𝑘 , 𝜷𝒌)), 0.1), (4.14)

For each of the unknown sample concentrations 𝜃 𝑗 𝑘 , we randomly sample it from normal+(10, 2)

with dilution factors 𝑑𝑖 𝑗 𝑘 = 1/10, 1/100, 1/10000 and thus have:

log(𝑤𝑖 𝑗 𝑘 ) 𝑖𝑛𝑑∼ normal(log(𝑔(𝜃 𝑗 𝑘𝑑𝑖 𝑗 𝑘 , 𝜷𝒌)), 0.1). (4.15)

In step 2, we would like to simulate the public health response variable 𝑌 . For each of the
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total 230 participants, we assume they have a continuous response variable 𝑌 that follows a normal

distribution with mean depending on baseline covariates such as age (𝑥1), sex (𝑥2), race (𝑥3), and

a key predictor of interest, which is indoor allergen concentration 𝜃 𝑗 𝑘 . Among these covariates,

we assume the age distribution follows uniform (8,16), the sex ratio is 0.5:0.5, and the race ratio

is 0.45, 0.2, and 0.35, respectively. Then we simulate the 𝑌 response variable using the following

normal distribution:

𝑌
𝑖𝑛𝑑∼ normal(0.5 − 0.05 ∗ 𝑥1 + 0.1 ∗ 𝑥2 + 0.1 ∗ 𝑥3 + 0.4 ∗ 𝜃 𝑗 𝑘 , 1). (4.16)

We repeated the simulation 500 times and summarized the estimation results for the target

of interest, which is the regression coefficient for allergen concentration in the regression model

among these two methods. Note that in the Bayesian regression model, we use two indicator vari-

ables to represent the three levels of the race variable. We find that since there is no contamination

existing in the raw data, the corresponding estimation uncertainty in the first-step model is rela-

tively small, so even the classical two-step approach, which treats the first-step point estimation

results as the true values, performs pretty well. However, we could also observe that after taking

the measurement uncertainty into consideration, our Bayesian two-step model is even performing

better. Also, we have included the benchmark one-step model in this scenario, where a one-step

Bayesian regression model is conducted using the underlying true values of allergen concentration

generated in each simulation iteration as a benchmark inference for evaluating the model perfor-

mance. From Table 4.1, we could find that our Bayesian two-step model has pretty satisfactory

performance even compared with the benchmark one-step model.
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Bias RMSE 80% CP 95% CP

Naive Two-step Model −0.0078 0.0395 79% 93%

Bayesian Two-step Model −0.0018 0.0035 81% 95%

Benchmark Model 0.0006 0.0033 80% 95%

Table 4.1: Comparison of the naive two-step model and Bayesian two-step model performance

with the benchmark model on regression coefficient of the key predictor of interest (true value is

0.4) under no contamination with 500 iterations, RMSE: root mean squared error, CP: coverage

probability.

Figure 4.3 provides a brief summary of what goes behind the scene in one iteration of the sim-

ulation draws, where we have compared the true values of 230 simulated allergen concentrations,

the posterior median of the allergen concentration in our first-step inference model (𝑊) and a set

of the posterior draw of the random allergen concentration generated in our Bayesian two-step

model (𝑋) in our simulation scenario 1. From Figure 4.3, we observe that the posterior draw of the

random allergen concentration generated in our Bayesian two-step model (𝑋) is closer to the true

allergen values than the posterior median of the allergen concentration in our first-step inference

model (𝑊).
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Figure 4.3: Comparison of true concentration, the posterior median of concentration estimation in

the first-step model (𝑊) and posterior draw of concentration in the Bayesian two-step model (𝑋)

in simulation scenario 1 (with a line with slope 1 and intercept 0 as reference).

4.5.2 Model comparison and evaluation in the setting with sample contamination

Simulation setting 2 is pretty similar to what we have in the simulation scenario 1 except for the

following difference: first, we allow unknown samples to have contamination in setting 2; second,

since there might be some contamination in the samples, in the first-step analysis of the Bayesian

two-step model and classical two-step model, we use the Bayesian contamination model developed

in our project 1; third, for each of the unknown sample concentrations 𝜃 𝑗 𝑘 , we now random sample
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it from normal+(2, 0.5) with dilution factors 𝑑𝑖 𝑗 𝑘 = 1/10, 1/100, 1/10000; finally, we also include

the Bayesian joint model developed in our project 2 for comparison. The simulation process is

pretty similar, the only difference lies in the generation process for the raw measurements of the

unknown samples.

Now for the 23 unknown samples on each measurement unit we let 5 of them be contaminated

with contamination factor 𝛿𝛽2 𝑗𝑘 = 1 and 𝛿𝜎𝑗𝑘
= 1, so their observed values are sampled from the

following:

log(𝑤𝑖 𝑗 𝑘 ) 𝑖𝑛𝑑∼ normal(log(𝑔(𝜃 𝑗 𝑘𝑑𝑖 𝑗 𝑘 , 𝜷 𝒋 𝒌)), 0.1 ∗ 𝑒𝛿𝜎𝑤𝑘 ), (4.17)

where 𝜷 𝒋 𝒌 = (𝛽1𝑘 , 𝛽2𝑘𝑒
𝛿𝛽2 𝑗𝑘 , 𝛽3𝑘 , 𝛽4𝑘 )

For the remaining 18 uncontaminated unknown samples on each measurement unit, we use the

same data generation as we have in simulation 1:

log(𝑤𝑖 𝑗 𝑘 ) 𝑖𝑛𝑑∼ normal(log(𝑔(𝜃 𝑗 𝑘𝑑𝑖 𝑗 𝑘 , 𝜷𝒌)), 0.1). (4.18)

We repeated the simulation 500 times and the performance for the above-mentioned four meth-

ods has been summarized in Table 4.2. From Table 4.2, we have the following observations: First,

we have observed that both the classical two-step model and Bayesian two-step model perform

worse in simulation scenario 2 compared to scenario 1, which could be mainly explained by the

existence of contamination and the corresponding increased measurement uncertainty. Especially

the classical two-step method shows really poor performance. Second, we have found that the

Bayesian two-step model performs more like an intermediate method between the naive two-step

model that totally ignores the measurement uncertainty and the Bayesian joint model which con-

siders every possible source of uncertainty, which also makes sense. Finally, despite the model

fitting complexity and longer model fitting time, the Bayesian joint model we proposed in our

second project has the best performance among these three methods in terms of RMSE.
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Bias RMSE 80% CP 95% CP

Naive Two-step Model −0.0304 0.18 74% 92%

Bayesian Two-step Model −0.0139 0.16 80% 96%

Bayesian joint Model 0.0135 0.15 80% 95%

Benchmark Model 0.0065 0.13 80% 95%

Table 4.2: Comparison of three methods’ performance on regression coefficient of the key pre-

dictor of interest (true value is 0.4) under contamination with 500 iterations, RMSE: root mean

squared error, CP: coverage probability.

Similar to what we have in the simulation scenario 1, Figure 4.4 summarizes one iteration of

the simulation draws, where we have compared the true values of 230 simulated allergen concen-

trations, the posterior median of the allergen concentration in our first-step inference model (𝑊)

and a set of the posterior draw of the random allergen concentration generated in our Bayesian

two-step model (𝑋) in our simulation scenario 2. In this figure, although the posterior draw of the

random allergen concentration generated in our Bayesian two-step model is of similar distance to

the true allergen values compared with the posterior median of the allergen concentration in our

first-step inference model, the regression coefficient estimated by the classical two-step model has

larger bias compared to the Bayesian two-step model.
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Figure 4.4: Comparison of true concentration, the posterior median of concentration estimation in

the first-step model (𝑊) and posterior draw of concentration in the Bayesian two-step model (𝑋)

in simulation scenario 2 (with a line with slope 1 and intercept 0 as reference).

4.6 Discussion

Measurement uncertainty is a critical component when conducting statistical inference, especially

in a situation where one wishes to plug some existing estimation results into a new analysis. This

study proposed a general Bayesian two-step inference model and applied it in real-world children’s

asthma studies. By considering the measurement uncertainty, we built a bridge between raw wet

lab measurement estimations and later-stage large-scale epidemiological studies. Furthermore, by

99



taking advantage of Bayesian regressions and considering a random-X instead of a fixed-X design,

we could estimate the association between health outcomes and key predictors of interest more

accurately. We used both empirical and simulation studies to demonstrate the advantages of our

Bayesian two-step measurement error model, among other competing methods.

On the other hand, our study also provides users with an innovative multi-step workflow that

is modular and has the high flexibility required to adapt to new applied problems. We did not

impose any parametric assumptions on what kind of inference results we could use from the first-

step model, which would provide users with more flexibility to seek more alternative information

sources. Furthermore, each part of our proposed model can be modified accordingly to the user’s

specific needs while not affecting the remaining part, but they can also be integrated together as

a whole to provide reliable inference results. This would allow users to easily adapt our work to

their studies, and they could even extend our two-step measurement error model to a multi-step

measurement error model based on their needs.

Besides, our proposed Bayesian two-step inference model is also closely related to the Bayesian

contamination model we developed in our first project. Traditionally, researchers are usually satis-

fied with getting one point estimation for the target of interest and then either use it for upcoming

analysis or draw conclusions based only on point estimation. However, the Bayesian two-step

inference model illustrates the potential efficacy and estimation accuracy gain if we could get in-

formation for both the point estimation as well as the associated uncertainty measurement. This in

turn shows the advantage of our first project model since it could provide such information easily

to users.

Nevertheless, our study also has some limitations. First, our measurement error model assumes

normality. Although this is usually the most common choice in other measurement error models,

there might be some cases where this normal measurement error model is not the most appropriate

choice. When the actual measurement error distribution is more complicated, perhaps the normal

model would not be able to do the job very well. Second, our model requires every estimation

need to have one corresponding measurement uncertainty, but this might be too ideal for some

100



applied problems. It would be interesting to develop some imputation models to infer the missing

uncertainty measurements for some proportion of raw estimations. For example, if two studies are

fairly similar to each other, we might borrow some information to impute the missing uncertainty

measurements.
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Conclusion or Epilogue

Model contamination and measurement error bring additional challenges for researchers in many

real-life application studies. Although traditional statistical methods including calibration infer-

ence and repeated measurements have been well studied, there are still some scenarios where these

methods perform poorly. Bayesian methods have the natural advantage of better quantifying the

uncertainty as well as more flexible modeling strategies through hierarchical models. In this thesis

project, we have made several contributions to the field of Bayesian inference model development

with a particular focus on the applied dataset of serial dilution assay measurement data. First, we

developed Bayesian contamination models that can handle the model contamination problem in

general applied statistics. Second, we developed Bayesian global calibration and joint models for

multiple data sources, even with potentially different data types, which can model multiple mea-

surement units at the same time and account for uncertainty in the regression covariates. Third,

we developed a Bayesian two-step model that can serve as an easy-to-use tool in situations where

global calibration and joint modeling might not be applicable by considering measurement un-

certainty. Fourth, we illustrated the idea of a Bayesian inference framework building on all the

aforementioned three proposed methods’ development phases, where the central idea could be

easily generalized to other similar research questions. By performing various simulation scenarios

and applying the proposed methods to real-life datasets, we obtained an enhanced understanding

of our methods and models as well as demonstrated their superior performance compared with

common competing methods in a variety of settings.

We started by examining the general problem of model contamination in applied statistics,
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where researchers face the challenges of the underlying data generation process being unknown

and inestimable. Even though the calibration sample and data are presented, there is no clear clue

or guidance about how researchers should incorporate this calibration information into a scenario

where model contamination could exist. The solution that we provided uses Bayesian contam-

ination models, where the central idea is to use the flexibility of Bayesian modeling to account

for uncertainty in every aspect of the model of interest. Furthermore, by incorporating the idea

of Bayesian mixture modeling, we were able to allocate the measurement uncertainty to the parts

that correspond to the known calibration inference pattern as well as to the unknown contamina-

tion model. Then, we further investigated a specific model application, namely a serial dilution

data assay, which usually has multiple measurements available for the sample and contains inter-

nal calibration data sources. We investigated the potential challenges of analyzing serial dilution

assay data underlying the possible existence of sample contamination as well as the poor perfor-

mance of commonly used statistical inference methods in the field using real-life datasets collected

from the lab. Then, we proposed a general Bayesian workflow for model contamination to provide

readers and users with a practical guideline for conducting initial model construction, Bayesian

computation, model comparison, model evaluation, as well as model adaptation, along with ex-

amples and specific aims in the application of serial dilution assay data. The practical advantages

of our proposed methods include high estimation accuracy, a flexible model structure, robust in-

ference results, and additional information for follow-up. In terms of high estimation accuracy,

our model could estimate the unknown true values accurately with shorter uncertainty intervals,

especially for those small measurements traditionally not detectable due being below the detec-

tion limit. Furthermore, our model is not restrictive to the specific form of contamination pattern

that we specified, and other users could easily design the most appropriate form of contamination

for their own research projects either based on real data evidence or domain knowledge. Finally,

our Bayesian contamination model was not only able to output the estimation for our target of

interest but also provided stratified estimation results based on contamination status as well the

posterior probability of being contaminated for each sample. This information could further pro-
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vide lab technicians and researchers with a flag or signal to further investigate the potential causes

of contamination behind the scenes. We used multiple simulation studies to demonstrate that our

proposed method performed much better than other competing methods across various degrees of

contamination, especially severe contamination. We also used simulations to demonstrate that our

model’s performance was satisfactory even under the most challenging practical setting, where

all the observations were fairly close to zero; therefore, not much information was contained in

the data, and the traditional inference method could not be applicable here. In real-world data

examples, we demonstrated that our method could generate reasonable estimation results for sam-

ples that were inestimable by the traditional inference method, which greatly increases the data

utilization efficacy for further research projects.

After observing the success of the Bayesian contamination model, we further developed a more

general Bayesian joint model for model contamination and statistical association studies. Given

that the Bayesian contamination model could only be applied to a single measurement unit, a nat-

ural extension of the proposed Bayesian joint model is to endow it with the ability to aggregate

and analyze multiple measurement units together while also maintaining good estimation perfor-

mance on each single measurement unit. By using the idea of global calibration and hierarchical

models, we were able to model the within- and between-unit heteroskedasticity efficiently with

relatively simple structures using partial pooling. In addition, we further extended the Bayesian

joint model to allow for multiple types of data input sources as well as multiple goals of estima-

tion outputs, including both raw exposure measurement data as well as public health-related data.

The advantages of this further model extension would be that it would allow researchers to have a

much more accurate estimate of measurement uncertainty of the estimation of unknown exposure.

By incorporating such measurement uncertainty directly into regression-based association models,

we could apply the more appropriate random-X regression design and yield more reliable results.

Furthermore, we illustrated how the Bayesian workflow idea is used through the model-building

and evaluation process. The advantages of our Bayesian joint model include increased estima-

tion efficacy, reliable association study inference results, and improved generalizability. Since the
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Bayesian joint model could generate the estimations for multiple measurement units at once, com-

pared with the traditional method of fitting each measurement unit one by one, it greatly increases

the estimation efficacy and reduces potential procedure errors from repetitive work. Furthermore,

by directly incorporating the estimation uncertainty of the key exposure variable of interest, the

Bayesian joint model could more accurately explain the variation in the observed data, and the

corresponding association estimates and conclusions should be more trustworthy. In addition, the

modular idea could allow users to easily replace any parts of the Bayesian joint model with another

model of their own interest without affecting the overall model structures. We used extensive sim-

ulation settings to demonstrate that our Bayesian joint model leads to a greater efficacy gain than

other popular methods in the context of various degrees of contamination. Furthermore, the global

calibration idea in the Bayesian joint model could provide some insights into more efficient exper-

imental designs, and we used simulation studies to validate the possibility of reducing the number

of calibration samples and increasing the number of unknown samples on each measurement unit

without information loss caused by the advantage of global calibration and partial pooling. Finally,

we applied our method to the real-world NYC NAAS dataset to study the potential associations be-

tween indoor allergens and asthma in children. Compared with the results of traditional inference

methods that ignore measurement uncertainty, we found several significant associations between

the development of children’s asthma symptoms and indoor allergen concentrations. These novel

findings could benefit the general public’s health and assist in designing asthma prevention plans.

Although the Bayesian joint model is compelling and flexible for most user cases, in some

situations the computation cost and complicated model structure might still be overwhelming for

researchers in other related fields. Furthermore, sometimes researchers might not have access to

both the raw measurement data for the exposure of interest as well as public health data. We thus

developed a Bayesian two-step inference model to provide users with an easy-to-use alternative to

the Bayesian joint model, and this Bayesian two-step inference model is also applicable to situa-

tions where one only has access to the summary statistics of estimation results for the exposure of

interest. Our proposed Bayesian two-step inference model decomposed public health association
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studies into two separate but closely related parts. In the first part, we performed the estimation for

the exposure of interest; here, we did not impose any restrictions on the type of models to be ap-

plied for broader application scenarios. In the second part, we carefully propagated the estimation

uncertainty into a combination of the exposure model and the disease model. To be more spe-

cific, in the exposure model, we built parametric models that related the observed measurements

with the underlying unobserved true values by considering the measurement uncertainty, and we

directly plugged the underlying unobserved true values in by treating them as random parameters

with Bayesian regression in the disease model. The advantages of the Bayesian two-step inference

model include easy computation, high flexibility, and reliable inference results. Compared with

the Bayesian joint model, the Bayesian two-step inference model is a simplified version to relieve

the computational burden. Furthermore, it provides great flexibility compared with the Bayesian

joint model; for example, in the first-step model, we could even allow users to use the outputs

from frequentist approaches if they could accurately summarize the point estimation as well as

the uncertainty measurement for the exposure of interest. Finally, since we considered the mea-

surement uncertainty in the second-step exposure model, further benefits are improved estimation

accuracy and efficiency gain compared with traditional methods, which ignore such uncertainty

and have been commonly used in the field for a long time. By performing different simulation

scenarios, we demonstrated a gain in estimation accuracy for the Bayesian two-step model from

various settings, from cases of no contamination to severe contamination. We also applied the

Bayesian two-step model to the real-world NYC NAAS dataset and found similar findings, as dis-

covered by the Bayesian joint model, which demonstrates that the Bayesian two-step model is also

trustworthy.

There are several research directions that we would like to work on in the future. First, we

wish to extend our proposed methods to more than one target exposure of interest. The Bayesian

contamination model proposed in our first project focused on modeling contamination for one type

of exposure only. To extend it to multiple exposures, we would not only need to consider whether

different exposures have their own pattern of contamination and thus have an exposure-specific
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parametric form of contamination – we would also need to consider whether the contamination

status between different exposures is interdependent. For example, in the indoor allergen estima-

tion problem, some types of allergens tend to have similar contamination reasons, while other types

of allergens tend to have opposite contamination reasons. By considering this additional layer of

exposure interdependence, we could build more reasonable models and generate more accurate

estimations. Similar ideas could be applied to the Bayesian joint model proposed in our second

project and the Bayesian two-step model proposed in our third project. For the Bayesian joint

model, we are currently only considering one type of exposure and its measurement heteroskedas-

ticity across multiple measurement units. If we had multiple targets of interest, we could build an

additional hierarchical layer to model the between-unit heteroskedasticity for multiple exposures.

Furthermore, it would be relatively straightforward to add additional exposure measurements in

the Bayesian regression model. Similarly, in the Bayesian two-step model, we could think about

how to link the measurement uncertainty between multiple exposures based on their internal char-

acteristics and practical implications. After extending the proposed models to multiple targets of

interest, we could then further extend the use cases of our methods as well as take advantage of

the new MARIA measurement technology, which could simultaneously estimate more than one

allergen exposure.

Second, we would like to build user-friendly interfaces and tools to help environmental health

and public health researchers to easily apply our proposed methods to their own datasets and re-

search questions. Specifically, we wish to create an R package that can implement all of the

methods that we have developed thus far with detailed documentation, sample code, and example

data. The main development goal would be to provide users with multiple options of applicable

methods; thus, they could choose whichever way they want based on their preference, the available

type of data at hand, and the background to the research questions. Furthermore, we would like to

provide users with the flexibility that would allow them to modify whichever parts they think are

more suitable for their own research projects, including prior distribution for various parameters

in each of the models, the parametric form of contamination, the model for between-experimental-
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unit heteroskedasticity, the form of measurement uncertainty for the observed estimation, and the

type of association and regression models to be used. This will make our package applicable to

many applied statistical models involving model contamination, global calibration, and measure-

ment uncertainty. Besides the R package, we intend to create a user-friendly Shiny app for more

interactive statistical analysis, model visualization, and model evaluation. We will create some

online automatic data extraction, data transformation, and data loading pipelines to enable users

to directly upload their dataset to our web-based computation tools. Moreover, we plan to provide

various plotting options, including interactive graphs that summarize the model fitting results and

a graphical summary of Bayesian model evaluation criteria. For example, users could directly vi-

sualize the HMC chain mixing patterns and the posterior distribution of the parameters they are

interested in. Furthermore, users could switch between different methods easily and instantly view

tables and plots that indicating how the model fitting results changed through different methods.

By developing such tools, we would allow users with little or no statistical background to quickly

understand our proposed methods and what they expect from the analysis results.

Besides, for the application studies based on NYC NAAS data, we could also work further

on the following directions. First, we have listed several potential outcomes, and we currently

only perform an epidemiologic association study based on one of the continuous health-related

response variables. It will be of research interest to further investigate other remaining categorical

outcomes related to asthma development and diagnosis. Also, we should always remember that

there are no absolute criteria regarding which variable could be the response, and thus we could

choose whatever variable as the response variable in the epidemiologic studies based on our re-

search necessity. Similarly, we could add more baseline covariates into the Bayesian regression

model. Other potential baseline covariates that might be interesting to be added to the model in-

clude the child’s ethnicity, whether the child lives in an asthma neighborhood, whether the child

has a paternal wheeze and whether the child has ever wheezed. Second, currently our Bayesian

joint model can only account for one type of allergen, but there are multiple types of allergens

measured by the MARIA plate, and in later research projects, once we have extended our Bayesian
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joint model to a multi-target setting, we could add more types of allergen concentrations in our

epidemiological association studies. Third, we might further perform some stratified versions of

the epidemiological association studies based on the child’s atopic (sIgE to w1,d2, i6, e72,e1, e5,

tx8, gx2) status. The reason behind such a stratified regression model is that for those children

with asthma, we would expect that any public health outcome that is related to allergens will be

stronger in the subgroup of children with atopic status since it means that the children have the

corresponding IgE antibody to at least one of the indoor allergens that we are testing. In addition,

we could also add the interaction between atopic status and other covariates in the unstratified

Bayesian regression model to investigate the potential existence of effect modification.

Finally, we wish to examine our proposed methods’ practical implications for public health. For

example, we developed the Bayesian contamination model and used it to generate contamination

flags for possible poor-quality samples. A natural next step would be to investigate the potential

reasons behind the existence of such contamination. Investigators could either check the lab pro-

cessing procedures or rerun the samples to check whether the estimation values would change. To

rerun the experiment, lab technicians could either still use the MARIA technology or switch to an

older-generation technology – namely ELISA. It would also be of research interest to compare the

estimation results for the same sample measured under different technologies. For example, re-

searchers could investigate whether the contamination detection resolution differs between ELISA

and MARIA. On the other hand, in the Bayesian joint and Bayesian two-step models, after esti-

mating the association between indoor allergen concentrations and asthma morbidity in children,

we could collaborate closely with environmental and public health researchers on developing new

asthma prevention and intervention strategies based on our model fitting results.
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Appendix A: Appendices to Chapter 2

A.1 Simulation Study: Prior predictive check

In this simulation study, we would like to incorporate the idea of prior predictive checking into

a simulation setting which is similar to our simulation setting 1 in Chapter 2. In each replicate

of the simulation, we simulate a plate of dilution assay data with 2 replicates of standard samples

and 10 unknown samples. For the standard calibration data, we set 𝜃standard = 125 and generate

26 observations with 13 dilution levels for each replicate, 𝑑𝑖 = 0, 1, 1/2, 1/4, ..., 1/2048, based on

log(𝑦𝑖) ∼ normal(log(𝑔(𝜃standard𝑑𝑖, 𝛽)), 𝜎𝑦). Then we generate 10 unknown sample concentrations

𝜃 𝑗 from the hierarchical prior distribution exponential(𝜇 𝑗 ), where 𝜇 𝑗 ∼ normal(0, 0.1), together

with 10 contamination factors 𝛿𝛽2 𝑗 from normal(0, 1) and 𝛿𝜎𝑗
from exponential(1) and 10 mixture

proportion 𝜆∗
𝑗

from beta(1, 10). For each unknown sample 𝑗 , we generate a binary random vari-

able 𝜙 𝑗 with probability of being 1 to be 𝜆∗
𝑗

and generate three observations with dilution levels 𝑑𝑖 =

1/10, 1/100, 1/10000 based on the mixture model log(𝑦𝑖 𝑗 ) ∼ (1−𝜙 𝑗 )normal(log(𝑔(𝜃 𝑗𝑑𝑖, 𝛽)), 𝜎𝑦)+

𝜙 𝑗normal(log(𝑔(𝜃 𝑗𝑑𝑖, 𝛽 𝑗 )), 𝜎𝑦 𝑗 ), where 𝛽 𝑗 = (𝛽1, 𝛽2 𝑗 , 𝛽3, 𝛽4), 𝛽2 𝑗 = 𝛽2𝑒
𝛿𝛽2 𝑗 , 𝜎𝑦 𝑗 = 𝜎𝑦𝑒

𝛿𝜎𝑗 . We

repeat the simulation 500 times and calculate the coverage probability of the Bayesian 95% prob-

ability intervals for the true underlying concentration, which is 0.95 and indicates that our priors

and models are reasonable.

Followed by the above prior predictive checking simulation setting, to check the robustness of

our data generation model, we use the ideas developed in our Bayesian workflow for model con-

tamination and perform one follow-up simulation scenario, which replicates every step in the above

prior predictive check but instead uses the lognormal distribution to generate random unknown

concentrations. We repeat the simulation 500 times and then evaluate the coverage probability of

the Bayesian 95% probability intervals for the underlying true concentrations. The correspond-
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ing coverage probability is 0.95 and indicates that our model is pretty robust for potential model

misspecification.

Figure A.1: Posterior median and 95% probability interval of the mean function dose-response
curves for the standards and each new sample estimated using our proposed model using stronger
exponential prior for unknown concentrations. The posterior median and corresponding 50% prob-
ability interval for the probability of contamination are listed at the bottom of each plot.
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Appendix B: Appendices to Chapter 3

B.1 Simulation Study: More efficient plate design

In the main body of the project, we have shown that given the advantage of the joint modeling

and partial pooling of our proposed Bayesian joint model, we could further reduce the number of

dilutions applied to the standard calibration sample on each plate to allow for more rooms for the

unknown samples, and thus come up with a more efficient experiment plan where we could mea-

sure more unknown samples in a single MARIA plate measurement. In this supplementary anal-

ysis, we would like to explore the potential possibility of further reducing the number of standard

calibration sample observations contained on each MARIA plate to leave room for more unknown

samples. The logic behind this more efficient experiment design has several supporting reasons.

First, the embedded nature of simultaneously modeling multiple MARIA plates could let the model

get information not only from a single MARIA plate but also some additional information from

the remaining MARIA plates in the study through hierarchical modeling and partial pooling, so

even less information contained in each MARIA plate will not have significant influence. Second,

the initial concentration and dilution factors are both known for the standard calibration sample.

Also, there is no contamination in the standard calibration sample, and thus the data quality for the

standard calibration sample is very good, so fewer observations of the standard calibration sample

should not lose much information. Third, each unknown sample only has three dilution factors

with no replicates, which is far less than the number of standard calibration sample observations,

so it is reasonable to reduce further the number of standard calibration sample observations on each

plate. Now we remain everything same as in simulation 2 except now on each plate, we now have

8 observations of standard calibration samples (with 2-fold dilutions 0, 0, 1, 1, 1/8, 1/8, 1/2048,

1/2048) and 87 observations for 29 unknown sample (each with dilutions 1/10, 1/100, 1/10000).
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The logic behind this design of selected dilution factors for the standard calibration sample is that

first, we need the full dilution to capture the upper bound of the calibration curve and similarly

need the zero dilution for modeling the lower bound of the calibration curve. Then dilution factor

of 1/2048 is the smallest dilution factor for the original design, so it is also reasonable to keep it.

Finally, the dilution factor of 1/8 for the standard calibration sample is very similar to the dilution

factor of 1/10 for the unknown samples, and thus we also keep it. Then we have repeated the

analysis procedures as simulation setting 2 with 500 iterations and found that the more efficient

design will also enable the model to recover the underlying associations very well, which also

demonstrates the robustness of our Bayesian model and the potential for a more efficient experi-

ment MARIA plate design with fewer observations for the standard calibration sample and more

observations for the unknown samples.

1 2 3 4 5 6 7 8 9 10 11 12
Standard Sample Unknown Samples

1/10 1/100 1/10000 1/10 1/100 1/10000 1/10 1/100 1/10000
A 1 1/8 1/2048 Unk 1 Unk 1 Unk 1 Unk 9 Unk 9 Unk 9 Unk 17 Unk 17 Unk 17
B 1 1/8 1/2048 Unk 2 Unk 2 Unk 2 Unk 10 Unk 10 Unk 10 Unk 18 Unk 18 Unk 18
C Unk 24 Unk 24 Unk 24 Unk 3 Unk 3 Unk 3 Unk 11 Unk 11 Unk 11 Unk 19 Unk 19 Unk 19
D Unk 25 Unk 25 Unk 25 Unk 4 Unk 4 Unk 4 Unk 12 Unk 12 Unk 12 Unk 20 Unk 20 Unk 20
E Unk 26 Unk 26 Unk 26 Unk 5 Unk 5 Unk 5 Unk 13 Unk 13 Unk 13 Unk 21 Unk 21 Unk 21
F Unk 27 Unk 27 Unk 27 Unk 6 Unk 6 Unk 6 Unk 14 Unk 14 Unk 14 Unk 22 Unk 22 Unk 22
G Unk 28 Unk 28 Unk 28 Unk 7 Unk 7 Unk 7 Unk 15 Unk 15 Unk 15 Unk 23 Unk 23 Unk 23
H Unk 29 Unk 29 Unk 29 Unk 8 Unk 8 Unk 8 Unk 16 Unk 16 Unk 16 blank blank HC Control

Table B.1: A potentially more efficient design for standards and new samples (dilutions) in a
multiplex plate with 96 wells.

Bias RMSE 80% Coverage probability 80% Interval width

Joint Model
Original Design 0.0007 0.055 81% 0.15

Joint Model
New Design 0.0004 0.053 78% 0.14

Joint Model
A More Efficient Design 0.0005 0.047 80% 0.13

Table B.2: Supplementary section an even more efficient design with 8 observations of calibration
sample and 29 unknown samples per plate.
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Appendix C: Appendices to Chapter 4

C.1 Simulation Study: Alternative robust model for measurement uncertainty

Besides the normal model for measurement uncertainty in our proposed Bayesian two-step

model, in simulation scenario 1, we also tried several alternative model specification forms and

checked the robustness of our proposed model. Since we assume a normal model for measurement

uncertainty, although it is relatively straightforward and simple, it still suffers from the risk of

model misspecification, which is a common issue for strong forms of restrictive parametric models.

To check the robustness of our model, we have also tried some other robust families of parametric

distributions, including the student t-distribution with both a fixed degree of freedom and a random

degree of freedom and the gamma distribution. However, we did not discover any significant

changes in the corresponding Bayesian two-step model inference results. This indicates that our

original model is robust enough in this simulation setting and also points out the potentially more

robust model alternative specifications in more complicated settings.
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