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Abstract
Efficient Computation and Uncertainty Quantification for Stochastic Dynamics and Optimization

YUNHAO YAN

This dissertation studies computational and statistical methods for sequential decision-making
under stochastic dynamics. In many realistic settings, stochastic systems are high-dimensional,
time-inhomogeneous, and calibrated from finite data, while even evaluating the performance of
a fixed policy may already be computationally expensive. These features make both policy op-
timization and uncertainty quantification difficult when one relies on classical exact methods or
naive Monte Carlo procedures. A central theme of the dissertation is that structural properties of
the underlying problem can be exploited to improve tractability without sacrificing the quality of
optimization or inference.

The dissertation develops three related approaches. First, for the control of nonstationary
queueing systems, it introduces QPLEX Decision Processes (QDPs), which embed QPLEX-based
transient approximations into a nonlinear Markov decision framework. This leads to efficient deter-
ministic schemes for policy evaluation and gradient computation, together with a natural-gradient-
inspired optimization method. The resulting approach enables the fast computation of high-quality
policies for challenging control problems in nonstationary queueing systems with features such as
nonstationary arrivals, general service-time distributions, and service-level chance constraints.

Second, when stochastic models are fitted from finite real-world data, uncertainty in the input
distributions can materially affect subsequent performance evaluation and decision quality. Quan-

tifying this input uncertainty is often computationally demanding, since bootstrap-based methods



require repeated evaluation of stochastic systems that may involve expensive simulation or other
black-box computations. To address this challenge, the dissertation develops the studentized cheap
bootstrap (SCB), which retains the higher-order coverage accuracy of studentization while using
only a very small number of inner resamples, thereby reconciling statistical accuracy with compu-
tational tractability.

Third, for policy assessment in multistage stochastic optimization under stagewise indepen-
dence, it develops the Multi-Sample Average Approximation (MSAA) framework. This provides
a preliminary approach to the highly challenging problem of statistically assessing optimality gaps
in multistage stochastic optimization. By connecting MSAA to multisample U-statistics and U-
processes, the dissertation establishes consistency and related convergence results, and uses these
ideas to derive statistical bounds on the optimality gaps of candidate solutions.

Overall, the dissertation shows how careful use of structure can support both efficient compu-

tation and rigorous uncertainty quantification in stochastic decision problems.
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Chapter 1: Introduction and Background

Sequential decision-making under uncertainty arises in many operational systems and presents
substantial computational challenges. These challenges become especially acute when the un-
derlying stochastic system has a large effective state space, evolves over time in a nonstationary
environment, and has dynamics that must be calibrated from finite real-world data. In such settings,
exact optimization of the best policy is often infeasible, and even evaluating the performance of a
fixed policy can already be computationally demanding. This dissertation studies these difficulties
from three related perspectives.

First, how can one generate good control policies efficiently in complex stochastic systems? In
many dynamic models, the state space grows astronomically, rendering exact dynamic program-
ming impractical, a phenomenon commonly known as the curse of dimensionality (CoD). Rein-
forcement learning approaches can circumvent the CoD in theory, but they may converge slowly,
yield poor policies, and fail to exploit the underlying model structure effectively. This issue is par-
ticularly relevant for queueing and service systems with transient dynamics and non-memoryless
service times.

Second, when a stochastic model is fitted using finite input data, how can one quantify the
effect of input uncertainty on performance evaluation and decision quality? In many simulation
and stochastic optimization problems, the input model is calibrated from limited real-world data,
so the underlying probability distributions are only partially known. This uncertainty can propa-
gate through the system and materially affect both the estimated performance of a policy and the
decisions based on that estimate. Input uncertainty quantification is therefore essential for reliable
data-driven decision-making, but it is also challenging because accurate statistical procedures often
require repeated evaluation of computationally intensive stochastic models.

Third, once a candidate policy is obtained, how can one assess its quality through statistical



inference? In multistage stochastic optimization, uncertainty unfolds over time, and the complexity
of the scenario space grows rapidly with the planning horizon. This makes it difficult to determine
how far a given policy is from optimality and to provide rigorous finite-sample guarantees for such
comparisons.

The next three chapters of this dissertation address these questions in different settings, but
they are united by a common goal: developing tractable methods for computation and inference in

stochastic decision problems for which classical exact approaches are computationally prohibitive.

1.1 Efficient Policy Optimization via QPLEX Decision Processes

The first question studied in this dissertation is how to generate good control policies efficiently
in nonstationary stochastic systems whose dynamics are too complex for classical exact methods.
This difficulty is especially pronounced in queueing and service systems with nonstationary ar-
rivals, general service-time distributions, overload periods, and service-level constraints. In such
settings, the effective state space can become extremely large, so that exact dynamic programming
quickly becomes computationally infeasible. A standard way to regain tractability is to simplify
the model, for example by imposing stationary assumptions or exponentially distributed service
times, but these simplifications can substantially reduce modeling fidelity in applications where
transient behavior and non-Markovian effects are central.

Sampling-based approaches provide an alternative by avoiding explicit state enumeration. In
particular, reinforcement learning and simulation-based optimization can in principle search for
good policies in large systems without constructing the full state transition structure. However,
these methods come with their own limitations. Policy-gradient and actor—critic methods rely on
gradients estimated from sampled trajectories and therefore suffer from sampling noise, requiring
variance-reduction devices such as baselines, control variates, trust regions, or natural-gradient cor-
rections to achieve stable learning [1, 2, 3, 4, 5, 6]. More broadly, gradient estimation in stochastic
dynamic systems is itself a difficult problem: finite-difference methods scale poorly with param-

eter dimension, while pathwise methods such as infinitesimal perturbation analysis typically re-



quire restrictive structural assumptions [7]. Even recent efforts to bridge these approaches through
differentiable surrogates still face the challenge of obtaining reliable gradients from complicated
event-driven dynamics [8]. In queueing control, these issues are particularly significant because
the performance landscape can be noisy and highly nonconvex, especially when service-level con-
straints involve tail probabilities.

The first research thrust of this dissertation addresses this difficulty by exploiting model struc-
ture, rather than resorting to model-free learning methods or black-box architectures such as neural
networks. Building on QPLEX, a computational methodology for transient analysis of nonstation-
ary stochastic systems [9], the dissertation develops a QPLEX Decision Process (QDP), which
embeds QPLEX-based approximations into a nonlinear Markov decision framework. The central
idea is that, by rethinking the information required to propagate the system forward in time, one
can work with nonlinear transition probabilities on a much smaller state space and thereby avoid
the state-space explosion caused by general service-time information. This leads to a deterministic
forward iterative scheme for approximate transient evaluation and a matching backward iterative
scheme for approximate gradient computation, both operating on the reduced state space. Since
these schemes do not rely on Monte Carlo simulation, they eliminate sampling variance in both
performance evaluation and gradient estimation.

The dissertation further studies optimization over this structured model. Even with accurate
gradient information, standard first-order methods can still perform poorly because of curvature
and parametrization effects. To address this issue, the QDP framework is combined with natural-
gradient-inspired updates using computationally tractable block-diagonal Fisher approximations
[10, 11, 12]. The resulting methodology is illustrated on dynamic pricing problems for queueing
systems with nonstationary demand, where it produces high-quality policies rapidly while retain-
ing a more realistic model structure than standard tractable MDP formulations. In this way, Chap-
ter 2 shows that, for a meaningful class of complex stochastic control problems, computational
tractability can be recovered by exploiting structural approximations of the system dynamics rather

than relying exclusively on generic simulation-based learning. This direction is also related to the



broader literature on nonlinear Markov processes and mean-field-type control, but here the empha-
sis is on a finite-horizon, discrete-time computational framework that is implementable without

solving coupled PDE systems [13, 14, 15, 16, 17].

1.2 Input Uncertainty Quantification and Studentized Cheap Bootstrap Inference

The second question arises when stochastic models are calibrated from finite data. In many sim-
ulation and stochastic optimization problems, the distributions governing arrivals, service times,
demands, or other primitives are not known a priori and must be estimated from real-world ob-
servations. The resulting input uncertainty can then propagate through the model and affect both
the estimated performance of a policy and the decisions based on that estimate. Quantifying this
uncertainty is therefore an essential part of reliable data-driven decision-making. At the same time,
this task is often computationally difficult: obtaining a single performance estimate may already
require running a complicated stochastic simulator, solving a large optimization problem, or re-
peatedly evaluating a system that is effectively available only as a black box. When inference
procedures repeatedly call such an evaluation routine, the total computational burden can become
prohibitive.

Bootstrap methods are attractive in this context because they provide a flexible and broadly ap-
plicable tool for statistical uncertainty quantification without requiring detailed structural formulas
such as influence functions or closed-form variance expressions [18, 19, 20, 21]. This flexibil-
ity is particularly valuable when the underlying performance measure is generated by a complex
simulation or optimization pipeline. The difficulty, however, is that the bootstrap can be expen-
sive precisely because it replaces analytical formulas by repeated re-estimation under resampling.
Moreover, if one seeks not merely asymptotic validity but higher-order coverage accuracy, the
computational challenge becomes sharper. Basic bootstrap and related first-order methods are of-
ten easy to implement, but their coverage errors are only of order O(n~!) for two-sided intervals
and O(n~'/?) for one-sided intervals. Classical higher-order methods improve on this, but each

has a limitation. Studentized bootstrap intervals can achieve the sharper orders O (n~?) for sym-



metric two-sided intervals and O (n~') for one-sided intervals, but they typically require either a
computable standard error formula or an expensive inner resampling step [22, 23, 24, 25, 26]. Dou-
ble bootstrap methods also improve accuracy, but again at the price of nested resampling [27, 28,
29]. Direct Edgeworth corrections avoid much of this computation, yet they are not automatic and
generally require model-specific algebraic derivations [30, 31, 32, 33]. BCa and ABC procedures
are computationally appealing in some settings, but ABC relies on additional analytical input, and
standard BCa generally does not recover the sharper O(n~?) accuracy of symmetric studentized
intervals [34, 35, 36, 37].

Chapter 3 is motivated by exactly this tension between computational cost and statistical ac-
curacy. The question is whether one can keep the main advantage of the studentized bootstrap—
namely, its higher-order coverage behavior—without paying the full multiplicative cost of a large
inner resampling loop. The proposed answer is the Studentized Cheap Bootstrap (SCB). Con-
ceptually, SCB is a cheap studentized bootstrap method: it preserves the studentization step, but
replaces the large inner bootstrap that would ordinarily be used to estimate a resampled standard
error by a very small number of inner resamples. From a naive viewpoint, one might expect such
a drastic reduction in inner Monte Carlo effort to destroy the higher-order guarantee. The key in-
sight of the chapter is that this need not happen if the method is analyzed from the perspective of
the cheap bootstrap, which studies the joint distribution of the original estimator and its resampled
counterparts rather than separating population approximation from Monte Carlo approximation.

This perspective leads to a different interpretation of studentization. Instead of viewing the re-
sampled denominator merely as a rough estimate of a Gaussian standard error, the chapter connects
it to a 7-type pivotal statistic whose degrees of freedom are tied to the fixed number of inner resam-
ples. Building on this idea, the dissertation develops Edgeworth and Cornish—Fisher expansions for
such z-type statistics and shows that SCB attains the same higher-order coverage orders as the con-
ventional studentized bootstrap while using dramatically less inner resampling effort. Although
the method is introduced here through the lens of input uncertainty quantification in expensive

stochastic models, its scope is broader: SCB is a generally applicable bootstrap methodology for



settings where higher-order accuracy is desired but repeated model evaluation is costly.

1.3 Assessing Candidate Policies in Multistage Stochastic Optimization

The third question concerns statistical assessment rather than policy computation: once a can-
didate policy has been identified, how can one evaluate its quality relative to the optimum? In
single-stage stochastic optimization, this question is closely connected to the theory of Sample
Average Approximation (SAA), whose consistency and asymptotic behavior are well understood
[38]. Techniques built on SAA also support uncertainty quantification procedures for optimality
gaps, such as batching methods and the Single Replication Procedure (SRP) [39, 40]. In multistage
stochastic optimization, however, the corresponding statistical picture is much less developed. As
uncertainty unfolds over time, the complexity of the scenario space grows rapidly with the plan-
ning horizon, and even evaluating a fixed policy can be substantially more difficult than in the
single-stage setting. As a result, tools that are standard in one-stage stochastic programming do
not directly extend to the multistage case.

This dissertation treats that difficulty in a deliberately restricted setting. Rather than aiming
for a fully general inference theory for multistage stochastic optimization, it takes an initial step
under two strong but natural assumptions: stagewise independence of the stochastic input and a
parameterized policy class. These assumptions are important because they substantially simplify
the dependence structure across time and make it possible to exploit repeated sampling in a more
structured way. Even under such assumptions, however, the problem remains nontrivial. Existing
multistage SAA theory provides some consistency results under stringent conditions [38], but there
is still no broadly available counterpart to the single-stage machinery for statistically bounding the
optimality gap of a candidate solution.

Against this background, the dissertation develops the Multi-Sample Average Approximation
(MSAA) approach as a preliminary framework for this purpose. The key observation is that, under
stagewise independence and policy parametrization, the resulting estimator can be viewed through

the lens of a multisample U-statistic, or more generally a multisample U-process. This connec-



tion brings in a different body of probability tools, originating in classical work on multisample
U-statistics and their convergence properties [41, 42, 43, 44, 45, 46]. Within this restricted frame-
work, the dissertation establishes consistency of MSAA, studies its variance behavior relative to
standard SAA, and adapts the SRP idea to obtain statistical upper bounds on the optimality gap.
Some intermediate results, including an L! weak law of large numbers and a uniform law of large
numbers for the relevant multisample objects, may also be of independent interest.

It is important to emphasize the scope of this contribution. The goal here is not to claim
that the difficulty of multistage policy assessment has been fully resolved, but rather to show that
meaningful statistical progress can be made once sufficient structure is imposed. In that sense,
Chapter 4 should be viewed as an exploratory step toward a broader inference theory for multistage
stochastic optimization. It identifies one tractable pathway, clarifies the role of strong assumptions
such as stagewise independence, and provides a first statistical framework for assessing candidate

policies by bounding their distance from optimality in a multistage setting.



Chapter 2: QPLEX Decision Processes

This chapter is based on joint work with Antonius Dieker, Steven Hackman and Zitong Wang

2.1 Chapter Overview

Queueing systems with non-stationary arrivals, general service-time distributions, overload
periods, and service-level constraints are difficult to control using standard sequential decision-
making tools. Classical Markov decision process formulations often rely on restrictive assump-
tions to remain tractable, while sampling-based approaches such as reinforcement learning and
simulation-based optimization may suffer from high variance, slow convergence, and poor scala-
bility even under stationarity.

This chapter proposes a different approach based on QPLEX [9], a recently developed method-
ology for modeling and analyzing discrete-time, discrete-state nonstationary stochastic systems.
The key idea is to model queueing systems via nonlinear Markov chains, thereby obtaining a much
smaller state representation while still tracking the enormous amount of service information. The
resulting computational infrastructure is a fully deterministic forward iterative scheme that ac-
curately approximates transient distributions for systems like a multiserver queue. Building on
this foundation, we formulate QPLEX Decision Processes (QDPs), which integrate QPLEX-based
nonlinear transition dynamics into a finite-horizon sequential decision framework.

We develop an MDP-style policy gradient method for these nonlinear models, yielding a back-
ward iterative scheme for gradient computation that complements the QPLEX forward scheme for
policy evaluation. Since both steps are deterministic, the resulting optimization procedure avoids
simulation noise. In a dynamic pricing example with non-stationary demand, the method pro-

duces near-optimal policies quickly and also performs well in the presence of service-level chance



constraints.

2.2 Nonlinear Markov Decision Problems

This section introduces a sequential decision-making framework built on nonlinear Markov
chains. These processes were originally introduced by McKean [13] and play an important role in
mean-field stochastic models. We use a discrete-time, finite-dimensional, and time-inhomogeneous
version. A specification of a nonlinear Markov chain with a finite state space S requires a collec-
tion of conditional pmfs pflt)(s’ls) parameterized by pmfs g on S for ¢t = 0,...,T — 1 for some
horizon T > 0, along with an initial distribution x#©) on S. The process is then constructed in two

steps. In the first step, a sequence { y(t)}thl of pmfs on § is recursively defined via

1 "N o_ (1) ’
u () = Zsu@(s) X Py (s']5)- 2.1)
S

In the second step, the joint pmf of (S(?, ..., S™)) is defined as

T-1
’u(O)(S(O)) x np,(,tgn(s(’m'“’))-
t=0

It can be verified that u¥) is the time-r marginal pmf. These processes derive their name from the
observation that the right-hand side of (2.1) can be nonlinear in y(t).
2.2.1 Definition

A discrete-time, finite-horizon nonlinear Markov decision problem consists of the following

model elements:
* The number of periods 7.

* A fixed underlying finite state space S = {1,2,...,|S|}. We let s, s’ represent a generic ele-
ment of S. We write S for the state at time ¢, and we let s(*) represent a generic realization

of SO,



A fixed underlying finite action space A. We let a represent a generic element of A. We
write A® for the action at time ¢ taken upon observing S, and a represent a generic

realization of A®,

* Nonlinear transition probabilities p(t)(s’ls, a),t=0,1,...,T—1, parameterized by a pmf u
on the state space. In line with nonlinear Markov chain terminology, we call the distribution
pff) the kernel of the environment at time . We assume that, for each (s, a, s’), the restriction

of p (s |s, a) to the set of pmfs u on S with u(s) > 0 has the smooth extension property.

* Markovian policy functions 7t 9(,) (a|s) parameterlzed by 6 from some convex set ®®) in
Euclidean space. We require that, for each (s, a), xt 9(:) (als) has the smooth extension prop-

erty as a function of ) on .

¢ Immediate reward functions rflt)(s, a),t = 0,1,...,T — 1, parameterized by a pmf u on
the state space, and a terminal reward function r/(lT) (s). We assume that restrictions of the

rl(f)(s, a) and rf,T)(s) to the set of pmfs y on S with u(s) > 0 have the smooth extension

property.

Throughout the remainder of this chapter, unless otherwise stated, the symbol ¢ shall represent
some non-negative time epoch less than 7'.

Fix a choice of model elements, an initial #(?) on the state space, and a policy parameter vector
0 =9, . ..,07D) A pmf q,0 ¢ of the random vector (SO AOQ) §T=D) AT-1) (D))
can be defined in two steps. In the first step, a sequence {;1 0 } of pmfs on the state space S is

recursively defined, for each s’ € S, via

0), ’
1 (s) = uO(s")

t+ t (22)
pg N (s) = Zu“(s) X (als) X p1i, (5 ls,a).

(1) -

We emphasize that Hy is constant in 80, ..., 07D but for conciseness we do not make this
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explicit in our notation. In the second step, the pmf g, ¢ is defined via

T-1
q#w),o(s(o),a(o), coa T My = IU(O)(S(O)) x 1—[

=

mi @P1s®) x p) (s*D1s,a0) .
0 Hg

(2.3)

It directly follows from (2.3) that
qﬂ«»,g(s(f“>|s<°>, a©®, 0 g0y = pif()t)(s<r+1>|s<t), a®y, (2.4)
()

and so the pmf g, 4 satisfies the nonlinear Markov property: the future state depends only on the
current state, the current action, and the distribution of the current state, but not on the history of
previous states or actions. Note also that

2,0 9@ ?1s©,a, . s0) =710 (aV]sW) 2.5)

©)

thereby justifying the name of « o0

Given that g,,0 ¢(s'%) = u@(s?) and that

4,0 6(s"*V) = Z 7,0 6(5) X g0 6(a?[s") x g0 g(s" V|5, a?)

s g0

25 uop(s )X (@V1s ) x pli, (s V150 ),

50 a(®)

an inductive argument shows that

4,0 6(s) = 1 (s, (2.6)

and so ,ug) is the one-dimensional marginal pmf of S under ¢ MORE

For the remainder of this chapter, we shall consider u?) fixed and suppress the functional

dependence of u© on g 40 g- We denote the expectation operator corresponding to gg¢ by Eg.

11



The nonlinear Markov decision problem can now be formally stated as:

T-1
sup Eg Z (t()l) S(t),A(t))+r(Q)(S(T)) )
0 —0 Mo Hg

By (2.4), (2.5), and (2.6), the expected immediate reward at time ¢ < T and expected final reward

under gg can be expressed as

Ey [rff({)(S@,A(f))] - Z uy (s) x 700 (als) x r m(s a) 2.7)
0 s,a

Eq [ (T) (S(T))] Zﬂ(T)(S) XF(T) (S)

and so this decision problem can be represented as
sup Jy, (2.8)
4

where

T-1
= Z Z ,ug)(s) X ﬂg(,)(als) x (t) (s a) Z ,u(T)(s) X r;{;)(s) (2.9
t=0 \ s,a 0

Evidently, finite-horizon Markov decision processes are a special case upon letting the kernels

and rewards not depend on u.

2.2.2 The Policy Gradient Theorem

The algorithms we develop for the decision problem (2.8) require the gradients of Jy with
respect to the ) for all + < T. A change in #) directly affects the expected immediate reward
at time ¢ in (2.7), since the probabilities of realizing each action given a state at time ¢ will be
changed. In sharp contrast to the Markov setting, in this nonlinear setting a change in 6 also
indirectly affects all subsequent rewards because it directly affects the pmf ,u(tH) see (2.2), and

thus all subsequent pmfs y(HZ), ey ,uéT), too.

Theorem 2.1 (Policy Gradient Theorem). Suppose a pmf ' on initial states and a vector of

12



policy parameters 0 are given. The gradient V4. Jg of the expected total reward with respect to

0 satisfies

VQ(I)JO - Z/’L(I)(S) X (Ve(l)ﬂg(f)(a|s)) X Q((t) (z+1) (S’ a)’ (210)

where QS’)U, is defined as
LI)U,(S a) = r( )(s a) + Zp(t)(s |s,a) x o’ (s"),

the u(t) can be calculated with (2.2), and the o ( ) can be calculated via

7 ) = ()% )k ()% 5 () rin ()

a3 (s) = Z T (@) X Q) () + )y (5) X, (als) % 5
§,a

Q( ), <z+1>(§’ a).

2.11)

()

The figure below depicts the iterative schemes involved in the gradient calculation. Arrows
indicate the computational dependencies. The top row shows the forward scheme defined in (2.2),
the bottom row shows the backward scheme in (2.11), and the middle row illustrates how the

gradient components are computed from (2.10).

Figure 2.1: Forward-backward iterative scheme for QDPs.
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2.2.3 Connection to the Markov Chain Setting

The function Q([(),) «+1) appearing in the policy gradient theorem is nor the state-action value
Hg +0y

function. In this subsection, we explain why and also relate our theorem to the standard textbook
form of the policy gradient theorem.
In the (classical) Markov chain case, the familiar backward recursion for the state value func-

tion V(t)

9. Markov for Markov decision problems is

Vi () =) (s)

6, Markov Markov
() (1) () () (r+1) 12
t t t t ’ + ’
Vintarkon(8) = 2 Ty (@ls) X i, (5:@) + D7 P, (515 @) X Vgl (1) .
a s’
which can be expressed using state-action value functions Qg{v[arkov S
(T) _ (D
VH,Markov(s) - rMarkov(s)
(1) _ (0 (1) (1+1)
Q0,Mark0v(s’ a) - rMarkov(S’ a) + Z pMarkov(S/ls’ Cl) X VH,Markov(s,) (2.]3)
SI

(2) _ (0 0)
VB,Markov(s) - Z 7T9(t) (CllS) X QO,Markov(s’ a).
a

Thus, in that case, the policy gradient theorem can be obtained immediately upon noting that the

expected total reward

T-1
T T
Jomakow = ) > 1y (s) x 70 (als) X ryp o (5.0) + > g (5) Xy ()
N

t=0 s,a

can be written as a sum over the first  expected immediate rewards plus ) , ,ug) (s) x 7122) (als) x
ngv[arkov(s, a). Since Qg,;\/[arkov and ,uéT) for T <t are constant in 6%), the policy gradient theorem
follows:
Voo domanoy = Y 11y (5) X Vg i (als) X O\ (55 @) (2.14)
s,a

Now consider the nonlinear Markov chain case. Fix ¢ and policy parameter ) € ®). For a

14



pmf u on the state space S, define the pmf 799(2) (1) on S via
[ﬁMM@)aZumx%MMﬂwﬂ@um (2.15)

Note that 509(2) ( ,u(t)) = /Jfgt D for a fixed policy vector 6. Recursively define the real-valued func-

tions V;% by setting, for each s € S,

T T
v () =r(s)

(2.16)
1 ’
V(%(s) Z nél(),) (als) x r([)(s a) + Z ﬂgt()t)(a §) X p(t)(s’|s, a) X V;j:()))(p) a(s )

a,s’ a(1) 27

and define the state value function Ve(vt) via Vo(t)(s) v

oy (s). Expanding (2.16) in the same

manner as we did to derive (2.13) from (2.12) and substltutlng the appropriate ") for u results in

the reCUrSion
v (T T
‘7( )(S)_r( ))(S)

“%ar¢%0m+2ﬁ%wmmxwmw>

V" (s) = thwaQ<mm

where Qvg) is the state-action value function. In contrast to this recursion for the state value func-

tion, the recursion for the O'ét) given by

T T
7y (5) =710 (5

1
Qu)w“”*”w“@+zﬁ%@umXAHm>

of@=§hﬁ@@x¢mUm@m+2¢%wM%wmx 01 o (5:0)
a

O (s)

is fundamentally different due to the presence of the extra partial derivative term in the last equa-

()

tion. This is a consequence of the fact that changing u, " also changes the transition probabilities

15



p(t()t) (s’|s, a) in the nonlinear setting.
Hy

()

The policy gradient theorem in the nonlinear Markov chain case uses O, ., which in-
Hg 0y
cludes this extra term, instead of the state-action value function Qvg). In the Markov chain case,

where rl(f) and pg) (s”|s, a) do not depend on u, the two functions QL?’)
a 2

We see that Q(t(),) -1y 18 not the state-action value function, even though we use the symbol Q.
Hg 09

X (1) . .
LD and Qg are identical.
0

We next relate our policy gradient theorem to the policy gradient theorem found in textbooks
such as [47]. We stay in the Markov setting. After augmenting the state with time to incorporate

nonstationarity, the collection of value functions {V(l) : 0 <t < T} can be viewed as a single

0, Markov
. . . t
value function on the set of augmented states, where the value at (s, ) is given by Vé’l)v[arkov(s).
()

Similarly, the value at an augmented state-action pair (s, 1, a) is Q 0 Markov

(s,a). The agent’s policy
is modeled via 7, (als, t) using a single—but typically high-dimensional—policy parameter {. The

probability /i, (s, t) of ever reaching the augmented state (s, ) can be calculated recursively via

fe(s,0) = 1 (s)

, i i / (2.17)

Ac(s s+ 1) = 3 fr(s.0) X Ag(als,0) X g, (515. ).
s,a

Writing J, ¢ Markov for the expected total reward, the policy gradient theorem in [47, Section 13.2]

takes the form
VeTeMaon = ) fic(s,0) X D" VeFe(als, 1) X Qg (5:@).
s,t a

Suppose that ¢ is taken as the vector 8 = (89, ...,07~1) and that 7iz(als,t) takes the form
né’(),)(a|s), so we have that fiz(s,t) = ﬂé’)(s) and J; Markov = Jo.Markov- Since VyJy Markov €an
then be written as (V) Jo Markovs - - - » V-1 Jo Markov) ' » the standard policy gradient for ¢ takes

the form in (2.14).

16



2.2.4 Natural Gradient

While the standard gradient VyJg points in the direction of steepest ascent in Euclidean pa-
rameter space, the natural gradient VoJg identifies the steepest direction according to the intrinsic
geometry of the parameter space, as measured by the Fisher information metric [10, 11]. Specifi-

cally, the natural gradient is defined via
Voo = F(0) x VgJp,
where F(6)7 is the Moore-Penrose inverse of the Fisher information matrix
F(0) = Eg (Vg log gg(S©, A© My (Vg log go(S©, A S<T>))T )

The square matrix F (@) can be represented using the following block structure:

FOO gy  FOL@g) ... FOI-Dg)
FULO @)y  FUb@g) ... FAI-Dg)
F(6) = ;
F(T—I,O)(O) F(T—l,l)(g) .. F(T_I’T_l)(e)

where the matrices F"1"2) () are given by

FU2)(9) = By (Vg log oS, A, ..., 5T x (VM log gg($©, A0, .., S(T)))T) :
(2.18)
Of course, F(") (@) is the transpose of F{12)(@). Here the expectation of a matrix should be
interpreted elementwise.

Proposition 2.2 below shows how to calculate each block F12)(8) of F(6) in terms of the

17



‘policy function’ Fisher information matrices K" (@) defined by

K(0) = B (Vo log ), (AVISD) x (Vi log ) (AD]5)T)

and the transition kernel Fisher information matrices M *) () defined by
.
M(l)(g) =By (Vﬂ log p,:;)’) (S(t+1)|S(l), A(l)) % V/J log p/(;go (S(’+1)|S(’), A(t))) ) )

It is sufficient to focus on 0 < #; < t, < T — 1 due to symmetry of F ().
In the statement of the proposition below (and for the remainder of this chapter) we use the
. 1 1 .
shorthand notation Vy(ﬁ.’)'“((;” ) — Vﬂqut)) ('”)|y:p(§’> and Vg(t)'u(()wr ) _ V9<f>50é3> ('“)|;1:pf,’)' Using

this notation, for t1 < t,, we furthermore write

1 1 7 1
Ve(n),uétﬁ ) — (Vg(tl)/létl"' )) X (Vﬂ;zl+1)ﬂét1+ )) X oo X (Vﬂ‘(}@/«lgﬁ )),

(t2+1)

0 is viewed as the composition of Pg(tz) e ,7’9(”) evaluated at

which is the chain rule when u (1) )

ﬂgl)-

Proposition 2.2. For the diagonal blocks of F(6), we have
F(0) = K9 (0) + (Vowg ™) x GUD(0) x (T ™).
For the off-diagonal blocks, with 0 <t <ty < T — 1, we have
FU12() = (Vo uy>™) x GOV (8) X (Vg ™),

where the G\ (0) can be recursively calculated using G (0) = 0 and, fort =1,...,T - 1,

G(0) = M (0) + (V 0y ™) x GV (0) X (V oy ™).
6 (4
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2.3 State-Partitioned Tabular Policies

There are several challenges to calculate the natural gradient from the Fisher information ma-
trix. First, the matrices V) y((;“) and Vﬂéz) ,ugﬂ) must be calculated, which may be expensive
depending on the size of the state space and the dimension of the parameter space. Second, appro-
priate matrix products must be calculated to find the G (). Third, the policy Fisher information
matrix F(#) needs to be inverted, which may again come at a significant expense. In this section

we describe and justify a computationally tractable algorithm in the important special case when

the policy is a state-partitioned tabular policy.

2.3.1 Preliminaries

A state-partitioned tabular policy requires a deterministic partition of the state space S into
disjoint subsets S, indexed by a finite set Z, where each subset S, is assigned to a distinct tabular
expert 7 € Z. The policy parameter ) becomes a collection (0?))ZE z. Each 0?) is a pmf over
the action set A, so the set @) of feasible parameters is the |Z|-fold Cartesian product of the
probability simplex over A. The policy is then given by

') (als) = ei?s)(a), (2.19)

where z(s) denotes the deterministic assignment function mapping state s to its corresponding
expert. A standard tabular policy corresponds to the special case when each expert is identified
with a corresponding state so that | Z| = |S| and each S, is a singleton. A policy parameter vector
0 is a pure policy if, for each z and #, the support of 99 is a singleton.

The forward iterative scheme takes the form

0), s ’
wg (s) = uO(s)

1), ’
,ué” )(s ) = Zﬂér)(s) X Hy()s)(a) X PZ()U(S s, a)
s,a 0

(2.20)
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and the backward iterative scheme takes the form

O'éT)(S) =r (T)(s)+Zu( )(s)X 3 ( ) (Q)( 5)

7y (5) = 200y @ X Q) ) (5:0) +Zy<’><s> x 04 (@) X a—()Q(W oo (5,0),

a

(2.21)

where we use, as before,
Ql(i)cr,(s, a) = rf[’)(s, a) + Z p(’)(s’ls, a) xo'(s). (2.22)
The function @il; on A associated with time ¢ and expert z defined via

50 ses. u(’)(SIS)XQ(m oon (5:0) if sty (S) > 0
Q.9(a) = (2.23)

0 otherwise

is a weighted average of the Q¥ function and plays a pivotal role in our algorithm. Here the
conditional pmf on states ,ug)(s|S ) associated with time ¢ and expert z with u(t) (S;) > 0is given

by, for s € S,,
1y (5)

Hy (5180 = —5—.
/10 (S2)

. . —(7
For a standard tabular policy, we simply have Qi’é (a) = Q( o (z,a).
We close this subsection with a characterization of the local maxima of Jyg for state-partitioned

tabular policies. The gradient VgJg consists of 7'x| Z| subvectors of the form V ) Jg corresponding

0!
to time ¢ and expert z. By the policy gradient theorem (Theorem 2.1), in view of (2.19), the

elements of this subvector can be written as

0Jy
9(1)( )

u(S) x 0y (a). (2.24)

For the proposition below, keep in mind that the domain of Jy is a product of probability
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simplices, which is a closed, convex set that includes its boundary points (i.e., points with zero

entries are permitted).

Proposition 2.3. Consider a state-partitioned tabular policy. If a policy parameter vector 0 is a
local maximum of Jg then, for each time t and expert 7 with ,ug) (S;) > 0, the support of 9?) is

L =)
contained in argmax, Q. o(a).

In the Markov chain setting, a global maximum can be found using policy iteration, since any
pure policy can be improved by selecting the best action given the incumbent state-action value
function. A pure policy is (globally) optimal if it cannot be improved in this manner. Although the
preceding proposition states that each (local) maximum satisfies a similar “fixed-point” equation,
unlike in the Markov chain setting, there is no guarantee that repeatedly updating pure policies by
maximizing the incumbent @% functions results in a converging sequence of policies, let alone
that this sequence converges to a local maximum. This is because in the nonlinear setting the @2

are not, in general, state-action value functions.

2.3.2  Exponentiated Q-Ascent Algorithm

Our algorithm starts from an arbitrary @ with all 9;’) in the (relative) interior of the probability
simplex over A, and all iterates continue to lie in this (relative) interior. The updating equation
(2.25) below, together with the connection to the natural gradient ascent algorithm we develop in

the next subsection, motivates the name exponentiated Q-ascent algorithm.

Algorithm steps. Given a learning rate n > 0, we execute these steps:

1. Calculate the ,ug)

with forward iterative scheme (2.20).
2. Calculate the O'ét) with backward iterative scheme (2.21).

3. Calculate the O, 5 using the definitions in (2.22) and (2.23).
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4. Update 0 via, for every ¢ and z,

6 (a) x exp (n X @i?g(a))

5469 (@) x exp (1% OLg(@))

0" (a) — (2.25)

df ug) (S;) = 0, then @% is zero and it is understood that no update takes place.) The
update uses the current values of QEI) on the right-hand side to compute all new values of 9§’)

simultaneously before overwriting.

5. Goto Step 1 until
T-1
—()
Z Z #g) (S2) X Var, o (QZ,Q(A)) < €.

t=0 zeZ

Here

—(t — — 2
Var, 0 (01p(4) = Y09 (@) x (@g(@)? - (E, o0 @19 (),

where

E, @A) = Y07 (@) x 0y (a).

Stopping criterion. Let QA?) denote the updated 9?). Recall that the Kullback-Leibler (KL) di-

vergence between pmfs p; and p, on the same finite set is defined via

) p1(y)
KL(p1 || p2) = Zy:pl(y) log (pz(y)) '

The right-hand side should be interpreted as a sum over the support of p; only, and it should be

interpreted as co when the denominator is zero for at least one of the summands. From the updating
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rule (2.25) we have that

) 1 A0 ) 6% (a)
KLY [ 0) = ) 60 (@) x log | =
a 0, (a)

= 269 (@) (1og (Z 0" (@) x exp (1 % @ifé(a))) ~ 1% @if?o(a))

a a

= log (Z 99(&) X exp (n X éil;)g(d))) —-n X EA~9§’) (égé(A)).

a

The first term can be seen as a log-moment generating function of @% under th), and its Taylor

expansion around n = 0 is

772

log (Z 6\ (&) x exp (77 X @ifz(d))) S XE, g0 (égé(A)) + o xVar, (égé(A)).

So the stopping criterion is approximately

T-1 5
D2 1y (S <KL [0 < Te. (2.26)
t=0 zeZ

It follows from (2.3) and the chain rule of Kullback-Leibler divergence (see [48, Thm. 2.5.3]) that

T-1
KL(g0 | g5) = ) > 1 (S2) x KL(6Y || 62
t=0 zeZ

T-1

(0 (1) (1) (1 _ (1 _ Q) (n — (" —

+ o' (5) x 0/ (a) xKL(p"/, (:|S" =s,A" =a) | p, (-|S" =5, A" =a)).
;; ? 4 uy ny!

The first term represents the contribution due to the immediate effect of the policy change, while
the second term represents the contribution due to the effect of the policy change on the transition
probabilities. Since the left-hand side of (2.26) coincides with the first term, the stopping criterion
can be interpreted as a proxy for requiring that KL(gg || g4) be small whenever the contribution

of the second term is of second-order.
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Adaptive step size variant. Our algorithm naturally supports an adaptive updating scheme in-
spired by the line search mechanism of Trust Region Policy Optimization (TRPO) [5], which
dynamically manages the policy update step size. At each iteration, a candidate policy is generated
via (2.25) and the objective value of this candidate policy is evaluated. If this value is an improve-
ment over the objective value of the current policy, the update is accepted and the original learning
rate i is used for the next iteration. Otherwise, the learning rate 7 is reduced (e.g., halved), the
candidate is recomputed, and its corresponding objective value is evaluated. This process con-
tinues until there is an improvement in objective value. The resulting adaptive scheme prevents
overshooting and ensures the update remains within a ‘trusted’ region of reliable improvement,

thus mirroring the approach used in TRPO.

2.3.3 Approximate Natural Gradient

In this subsection we show that the exponentiated Q-ascent algorithm can be viewed as an ap-

proximate version of natural gradient ascent after appropriately transforming the parameter space.

6"

The updating scheme maintains pmfs in the (relative) interior of the probability simplex

over A. Define the centered log-probabilities
7% = log(gg’)(a)) |3{| Z log(g(t)(a))

so that )}, yélz, = 0. There is a one-to-one correspondence between the pmf Hy) and the vector

(t) (yy{, cee y iy y”) with ), 7 = 0, with the inverse given by the softmax:

exp (75’31)

(1)
6" (a) = Zanp( <t))

(2.27)

Accordingly, any state-partitioned tabular policy in the relative interior of @ can be reparameterized

by v, the collection of y§ ) for each time ¢ and expert z. As long as we work in this interior, the
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policy can be defined directly using the yy) parameters via

(0
exp(7).)

2aeA €XP ('}’Z)s)’d)

x') (als) =

This reparameterization allows us to work entirely with vectors y for which };, y% = 0 for each
time ¢ and expert z, bypassing the collection of pmfs 6. To emphasize this reparametrization, we
denote the parameter space by I' rather than @. The objective function becomes J,, and the function
a% becomes @g We let 0 () denote the softmax transformation back to the pmf representation.

In lieu of working with the natural gradient, our algorithm uses an approximate natural gradient
6,,]7 defined as

V,J, = F(y)'xV,J,,

which is identical in form to the natural gradient, except that it uses the block diagonal matrix F (y)
with diagonal blocks £ (y) = K (y) instead of the matrix F(y). That is, F(y) is obtained by
setting G () = 0 for all 7 in Proposition 2.2, which amounts to linearizing the nonlinear Markov
chain for purposes of the information geometry. We emphasize that, since the approximate natural
gradient is the product of F ()T and V, J,, these nonlinearities are incorporated in the approximate
natural gradient as they remain present in the standard gradient term V,J,. The matrix F(y)
exhibits a two-level block-diagonal structure. At the first level, it is block-diagonal across time
indices, with each diagonal block corresponding to a fixed time step. At the second level, each
time-specific block is itself block-diagonal over experts. The diagonal block associated with the
pair (¢, z) is given by

FUD9 () = uf) (S x F (),

where, for ¢ € RMI,

F(p) = > #y(a) x (Vy log #y () X (Vy log 2y (@)
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is the Fisher information matrix corresponding to the softmax distribution 7, defined via

» ooy _exp(a)

The next proposition shows that the elements of %,,J,, are appropriately centered values of the

—(1)
Qz,y'

Proposition 2.4. Consider a state-partitioned tabular policy parameterized by the softmax param-

eter vector y. The subvector 67@) Jy, of the approximate natural gradient can be written as
zZ,a

¥ dy = 0y @) = ZQE@( 7). (2.29)

This proposition shows that our exponentiated Q-ascent algorithm corresponds to the approxi-

mate natural gradient ascent scheme

Y =y 4 x Vo dy. (2.30)

Indeed, upon substitution of this into (2.27) using Proposition 2.4, we obtain the updating scheme
(2.25).
2.3.4 Performance Guarantee

The justification for using our exponentiated Q-ascent algorithm is provided by Theorem 2.5
below. It shows that it is approximately an appropriate natural gradient ascent algorithm near any

pure policy, even though this natural gradient ascent scheme for the softmax parameters

;l) — ’ygl) +n X ﬁyéz)fy

is computationally intractable as discussed earlier. This result justifies the use of the exponentiated

Q-ascent algorithm, which replaces the natural gradient ﬁy(,) J,, above with the approximate natural
z
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gradient ﬁy(z)J,, as in (2.30), for training nonlinear Markov decision problems.

The rank condition in the theorem below is an identifiability requirement. Denote the set of

()

‘unreachable’ time-expert pairs (z, z) for which u,

(S;) =0by U(y). Since we work in ambient
space when representing gradients, the number of columns of the matrix F(y) is T X |Z| X |A|.
Adding a constant to each i, in (2.28) leaves the value of the right-hand side unchanged, so
for each pair (¢,z) the gradient of the log-trajectory probabilities vanishes along the direction

where the same constant is added to the elements of ygt). The linear span of these directions, a

subspace of dimension 7x|Z|, is contained in the null space of the Fisher information matrix F ().

(1)

¥ (S;) =0, ygt) has no effect on the trajectory probabilities,

Furthermore, for each (¢, z) such that u
forming a subspace of dimension |A| — 1 within the null space for each such pair. We are left with
an upper bound on the rank of F(y), and are requiring that the rank of F(y,) equals this upper

bound, i.e., there are no further reductions due to, for example, redundant parameters, equivalent

actions, and structural symmetries.

Theorem 2.5. Let 0" be a pure policy, and let {y,} be a sequence in I with §(y,) — 0" as

n — oo. Define ,uit) = lim;, 0o ,ugfj and Rif) ={(s,a,s’) : u(s) >0, p/(f)(s’ls,a) > 0}. Suppose

that

1. the set U(y,) is eventually independent of n and the null space of F (y,) is a fixed subspace
of dimension T X |Z| + (|A| = 1) X |U(yn)|;

2. forallt, {s: ,ug,tz(s) > 0} eventually equals {s : ,uff)(s) > 0}, and

3. forallt, R;’;IJ eventually equals R;(fi)’)'

Then

tim (9,7, = 9,7y, | = 0.

n—0oo

At first blush, this theorem may appear unsurprising. In the Markov chain case we always have

67],, = FVV,,J,,. In the nonlinear case, however, changes in the policy parameter y) propagate into
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the transition probabilities beyond time t. The theorem states that, in softmax coordinates, these

downstream effects do not substantially alter the natural-gradient direction near pure policies.

2.4 A Dynamic Pricing Example

2.4.1 Problem Description

We consider a single station queueing system with the following characteristics. It consists of
n > 1 homogeneous servers that provide some service and a staging area (the ‘buffer’) with room
for b > 0 customers. Customers seeking service may either be served immediately or, if there
is space, must wait in the buffer until a server becomes available. Customers for which there no
available space in the buffer are lost. Customers occupy a server while they are in service, and this
server can serve no other customer during that time. They are served according to a nonpreemptive,
nonidling service discipline. All customers exit the system upon completion of service, at which
time they release their server.

We consider a discrete-time model with time indexed by the nonnegative integers, over a fixed
horizon T > 0. All service durations are independent and identically distributed, and are inde-
pendent of everything else. Service durations are integer-valued, assumed to be at least one time
period, and have a maximum value. We let g denote the service duration pmf. We use the conven-
tion that customers departing or arriving between times ¢ and ¢ + 1 do so immediately before time
t + 1, with arrivals immediately being able to use servers that are freed up (if any).

Fix some time #. The distribution of the number of customers arriving between times ¢ and
t + 1 depends on the price of the service, which is the action a for this system. For each price
choice a € A, the number of arrivals follows a Poisson distribution with arrival rate /lg). The price
choice a can depend on the number of customers in the system at time ¢. Each customer who is
able to enter the system is charged the quoted price a. There is a fixed, per-period cost cy charged
to each customer waiting in the buffer. A terminal penalty c7 is incurred for each customer still
in the system at time 7. There is also a service-level requirement: the probability that the number

of customers in the system at time ¢ exceeds a pre-determined threshold Z should not exceed a
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pre-determined probability «.

2.4.2 Nonlinear Markov Decision Problem Representation

State space. The QPLEX paradigm avoids the curse of dimensionality of a Markov chain repre-
sentation by re-imagining the information requirements so as to work with a state space of much
lower dimension. The state space S = Z X L consists of pairs (z, ), where z represents the
number of customers in the system, and ¢ represents the remaining service duration of a uniformly
chosen at random customer in service. This state space is very small. Each z is called a counter
and each ¢ is called a label. The symbols z, 7" and ¢, ¢’ shall be reserved for generic components
of Z and L, respectively. We shall simply write z and ¢ for the components of state s. Similarly,
given a state s’, we shall write z’ and ¢’ for the components of s’.

Given a pmf u on the state space S, we write u(z) = >, u(z,€) for the value of the marginal
of u with respect to its first component. If x(z) > 0, we furthermore write p () = u(z,€)/u(z)

for the conditional pmf of the label ¢ given the counter z under .

Markovian policy functions. We consider a state-partitioned tabular policy with |Z| experts,
each assigned to a specific counter z. Here S; = {z} X £ and note that u(S;) = u(z). Thus, the

parameter vector 8 is a vector of | Z| pmfs.

Transition functions. In the QPLEX calculus the functions pff) (s’|s, @) have the following spe-
cific form. There exist functions ﬁg) (7, |z, a) parameterized by a pmf & on L such that, whenever

u(z) >0,
Py (Is,a) = py (2, )z, @) 2.31)

for any pmf gy on S, s = (z,¢), a, and s = (z/,£’). We now describe these functions. In what
follows, ¢ denotes a generic pmf on L.
Fix some time ¢, some pmf u on S, some state (z,¢) for which u(z) > 0, and some action a.

Under the QPLEX calculus, the transition function ﬁl(t?z (z/, |z, a) takes on the following specific
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‘chain-rule’ form:

i (2. 012,a) = D . (dl2) X p (]2, d, @) X Y q(K'|2,d,2) X g (12, k). (2.32)
d k’

We describe each term below.

The first term represents the probability that d customers complete service by time ¢ + 1. The
QPLEX paradigm assumes the remaining service durations of the min(z, n) customers in service
are i.1.d. with pmf given by u|,. Under this assumption each customer in service has probability

- (1) of completing their service by time 7 + 1, and so this probability is given by g,,_(d|z), where
q¢(d|z) = Pr [bin (min(z,n),£(1)) =d] . (2.33)

The second term represents the probability that there are 7z’ customers in the system at time 7+ 1
given that the number of customers in the system at time ¢ is z, there are d customers completing
service during times ¢ and 7 + 1, and the price choice is a. The number of customers arriving to
the system follows a Poisson distribution with arrival rate /l,(f) . There may not be room to admit
all arriving customers to the system due to a full buffer. If there are currently z customers in the

system, d of which leave during this period, then n+b +d —z customers can be admitted. Therefore,

Pr(Poisson(/lg)) =7+d-2) ifz/ <n+b,
Pz d.a) =

Pr(Poisson(/lEf)) >n+b+d-z) if7=n+b.

It remains to represent the probability that a uniformly chosen at random customer in service
at time ¢ + 1 has remaining service duration ¢’ given that the number of customers in the system
at times ¢ and 7 + 1 are z and 7/, respectively, and the number of customers completing service is
d. This probability is obtained in two steps (the third and fourth terms) by conditioning on the
customer’s type at time ¢ + 1: Either a customer is continuing their service, in which this customer

is assigned type k&’ = old, or this customer is beginning their service, in which this customer is
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assigned type k' = new. (A ‘new’ customer could be a customer who had been waiting in the
buffer.) The third term represents the probability that a uniformly chosen at random customer at
time ¢ + 1 has type k’ given the values of z, d, and z’. Of the min(z’, n) customers in service at time
t + 1, there are min(z, n) — d customers of type ‘old’ and min(z’, n) — (min(z, n) — d) customers of
type ‘new’. Thus, using the convention that the type is ‘new’ if 7’ = 0, the probability of selecting

a customer of type k’ is

1—% if k" =newand z’' > 0
min(z,n)—d if &/ ’
min(z.1)—d if K =oldand 7’ > 0
J(K|d. ) = min(z’,n) (2.34)
| if K =newand 7/ =0
0 otherwise.

Note that if u;(1) = 1, then all customers in service complete their service, and consequently we
have g(new|z, min(z,n),z’) = 1 and ¢g(old|z, min(z, n),z") = 0.

If the customer type is ‘new’, then the probability this customer will have a remaining service
duration of ¢’ is simply the service duration probability g(£’). If the customer type is ‘old’, which
can only happen if (1) < 1, its remaining service duration is one less than it was at time 7, and it
must be greater than one (otherwise this customer would have completed their service). This leads
to the term g, ({'|z, k'), where

S if k7 = old

1-£(1)

qe(U'z, k") = (2.35)

g({’)  otherwise.
For example, in vector form, if u,(£) = (0.1,0.2,0.3,0.4), then qu. (¢'|z,0ld) = (%, %, g, 0).

Reward functions. Fix the number of customers in the system z at time ¢ and price a. Suppose
there are d customers who complete service by time ¢ + 1, y customers who arrive to the system

between times ¢ and 7+ 1, and the chosen price is a. Since the available capacity to house customers
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isn+ b+ d — z, the revenue received by time ¢ + 1 is min(y,n + b + d — z) X a, and so the revenue

portion of the reward function rl(f) (s,a)is

Z Gy (d]2) X Pr(Poisson(4Y) = y) x min(y,n +b +d — z) X a.

dy
The cost portion of the reward function consists of the fixed, per-period waiting cost ¢y xmax(0, z—
n) and a service-level penalty cost term of the form C X (max{}:., u(2) - a, 0})k for constants
C and k used to incorporate the service-level requirement. The terminal reward function rl(lT) (s) is

—cr X z, representing the terminal penalty.

2.4.3 Efficient Calculation

This nonlinear Markov chain exhibits special structure that can be exploited for efficient com-
putation of the policy gradient. Here, we present only a high-level overview of two key ingredients.
The first ingredient facilitating efficient calculation stems from the composite structure of a
state s = (z,{), the form of the kernel (2.31), and the fact that the reward function can be written

in the following form with s = (z, {):

rl(f)(s, a) = cff) + f/% (z,a)

(2.36)
T T) | AT
rf, )(s) = CL ) + rl(llz)(z).
This implies that, for s = (z,¢),
Q%,(s, a) = ch> " QA/(J?Z o~ (za) (2.37)

with appropriately defined QAEZ)U

& on L where u(z) = 0. Note that the right-hand side is independent of ¢, that the first term

,(z,a). In these equations, y, should be read as some fixed pmf

is constant in (z,,a), and that the second term only depends on u through u),. Due to this

structure, several sums in the forward and backward iterative schemes are no longer required, and
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the computation of é% required by the algorithm is less expensive than a naive calculation.

The second ingredient facilitating efficient calculation is the fact that the policy gradient, like
the nonlinear transition probabilities in (2.32), can be written as a sum of product terms. The
sum-product algorithm offers a powerful tool for such calculations, as it systematically decom-
poses the computation into smaller, manageable operations. By eliminating redundant calculations
and reducing computational complexity, it enables efficient handling of sums of products, which
commonly arise in probabilistic inference and other computational tasks. Here is a very simple
concrete example to illustrate the idea. Consider the sum of products function of x,, x4 given by
2y J1(X1, X2) X f2(x2, x3) X f3(x3, x4) and suppose each variable takes m possible values. A naive
calculation takes order m* time. By rewriting the expression as (Xx, f1(x1,%2)) X (X, f2(x2,x3) X
f3(x3, x4)) and separately calculating each of the two functions in parentheses first, the sought-after

sum can be calculated in order m?2.

2.5 Numerical Experiments

In the dynamic pricing example one seeks a pure policy on prices, namely, a specification of
the price to be quoted for each time # and number of customers in the system z. Such count-based
policies have been widely studied in the dynamic pricing and revenue management literature for
multiserver systems with general service duration distributions, see, for example, [49, 50, 51].

Given an initial policy, which we always take to be uniform on prices for each (z, z), the ex-
ponentiated Q-ascent algorithm (applied to a specific problem instance) will produce a sequence
of randomized policies on prices, each of which is a collection of distributions over prices, one for
each (7, z). Throughout this section, when we speak of the QDP policy, it should be interpreted as
the last randomized policy in this sequence, converted to a pure policy by selecting, for each (z, z),
the price corresponding to the mode of the distribution, with ties broken in favor of the lowest
price. Throughout these experiments, we set the stopping tolerance to € = 1075, unless otherwise
stated for runs that stop after a fixed number of training episodes. All training times we report are

for an Apple M4 chip.
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2.5.1 Algorithm Performance

To assess the performance of our algorithm, we study two cases for which the optimal solutions
are available: (i) small-scale instances where the full-information MDP can be solved to optimality
via Bellman equations; and (ii) instances with geometric service duration distributions, which can
be solved to optimality via Bellman equations as the state no longer needs to incorporate residual

service durations.

Experimental Design Elements

Each experiment starts with an empty system. The time horizon is T = 50. The set of prices is
fixed to {0.1,0.2,...,1.0,1.1}. (No customers arrive if the price is set to 1.1.) We next describe

design elements common to all our experiments.

Service duration distributions. We consider four discrete uniform service-time distributions

with different supports:

The uniform distribution ‘Uni’, uniform on {1, 2, ...,20},

The medium high uniform distribution ‘UniM’, uniform on {11, ..., 20},

The high uniform distribution ‘UniH’, uniform on {16, ..., 20}, and

The barbell distribution ‘BB’, uniform on {1, ...,5,16,...,20}.

Arrival rate functions. For each time 7 and price a chosen at time 7 we let 1) (a) represent the
corresponding Poisson rate of arriving customers. Each experiment must specify the 1) (a) for
each of the 50 periods and 11 price levels or, equivalently, ten non-trivial arrival rate functions
{A®(a) : 0 <t < T}, one for each price level a.

Each arrival rate function has the form

A9 (a) = Agyg(a) x 5. (2.38)
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The shape function {s") : 0 <t < T} has a time-average % Z,T:_ol s equal to 1, and so Aavg(a) is
the average arrival rate. We use four possible choices for the shape function depicted in the diagram
below: decreasing (‘DEC’), increasing (‘INC’), alternating (‘ALT’), and constant (‘CON’). (We
scaled each shape function so that its maximum is 1 to more easily reveal its shape.)

1.2

—— DEC — INC — ALT —— CON

1.0 ™ 4 —

0.8 -

0.6

0.4

0.21

0.0

T T T T T T T T T T T T T T T T
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
Time Time Time Time

Figure 2.2: Arrival-rate shape functions used in the experimental design.

To pin down the average arrival rates, we use a linear demand model so that
A9(a) = 29(0.1) x (1.1 — a).

In other words, a price of 1.1 corresponds to rejecting all customers and A)(0.1) is the maximum
arrival rate associated with the minimum price. Given the expected service duration E(S) and the
number of servers n, we set the maximum arrival rate in terms of the maximum average utilization

Uavg(0.1) via

/lavg(o-l) = E(S) s

(2.39)

consistent with Little’s Law. We set u,,,(0.1) = 5. Keep in mind that an average utilization of 5
would only be realized if the price is set to its minimum level throughout the horizon. Note that
the average utilization at price a = 1.01s 0.5.

Putting it all together, the price-sensitive arrival rates are expressed in terms of the parameters

of the experimental design as follows:

N X Uaye (0.1)

(1 _
E(S) X s x (1.1 —a). (2.40)

A9 (a) =
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Full-Information MDP

A suitable state space for a Markov chain formulation includes the number of customers in the
system z, but must also include relevant information about the remaining service durations of the
customers in service. As it is immaterial which server serves which customer for this system, it
is sufficient (and efficient) to keep track of the numbers of customers /(£) who have remaining
service duration ¢ for each possible £ = 1, . .., fhax, Where €nax 1S the right end point of the service
duration support, o €max = 20 in our design. Note that ), #(£) = min(z,n). (See [9, Ch. 2] for
details.) The number of states in such a formulation is O (n‘m=), the cardinality of which grows
polynomially in n with degree {n,x, quickly becoming prohibitively large and rendering the full-
information MDP formulation computationally intractable. For small instances, the optimal policy
can be found via Bellman’s optimality equations. It is also possible to evaluate arbitrary policies
(including count-based policies) via Bellman’s equations.

We work with the following experimental design, which yields a total of 192 experiments.

Design Parameter Value
number of servers n 3,5

buffer size b 3
shape function s(*) DEC, INC, ALT, CON

maximum average utilization uay (0.1) 5
service duration pmf g Uni, UniM, UniH, BB

per-period holding cost cw 0.05, 0.1
terminal cost ¢y 0.5,1.0,1.5

Table 2.1: Experimental design for the small-scale benchmark.

Results. We compare the value estimates produced by several policies and evaluation methods.
We denote each value by v, using a subscript to indicate the policy and a superscript to indicate the

evaluation method. Throughout these experiments, we set the learning rate to p = 1.0.

Policy evaluation. Given the QDP (pure) policy generated by our algorithm, QPLEX can

be used to approximate its value. (Given the policy parameter 6, the forward iterative scheme
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(1)

yields the

, from which the sum of the per-period expected rewards are easily calculated.) We
shall call this the QPLEX value and denoted it by vggi)ex. Not surprisingly, the exact value v
of this QDP policy, which can be obtained by using the Bellman equations, will not always equal

the QPLEX value. So how close are these two values across all experiments? The QPLEX and

exact values of the QDP policies are practically identical. The histogram below shows the relative

exact __ gplex exact
)]V

errors (v v
( qdp qdp qdp

across the experiments. The maximum absolute relative error across
all experiments is 0.65%, with an average absolute relative error of just 0.12%. The key takeaway

is that QPLEX value of a QDP policy is practically the same as the exact value.
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Figure 2.3: Histogram of relative errors between the exact and the QPLEX
value of the QDP policy.

Relative optimality gap upper bound. We let vfr’l‘g;t denote the value associated with the
optimal full-information policy. This is an upper bound for the relative optimality gap of the policy
found by our algorithm, which aims to identify the optimal count-based policy. The figure below
shows the histogram of relative optimality gap upper bounds (vfr’l‘g;t - vg’é‘i‘ft) / vfr’l‘ggt. The maximum
relative optimality gap upper bound is 3.6% and for 89% of the experiments it is less than 2.5%.

Proxy for relative optimality gap. The next question we address is how much of the relative
optimality gap shown in the previous figure is due to the fact that the optimal full-information
policy sets prices for every (¢, z, h) whereas the QDP policy sets prices only for every (¢,z). In

theory this question is answered by comparing the QDP policy with the optimal count-based policy.
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Figure 2.4: Histogram of relative optimality-gap upper bounds across the ex-
perimental instances.

Even for the small problem instances considered here, it is computationally prohibitive to calculate
the optimal count-based policy.

As a proxy for the optimal count-based policy, we extract a count-based policy from the optimal
full-information policy and compare its value to the value of the QDP policy. Let ,ul(lizip(z, h) denote
the full-information state distribution at time ¢ associated with the optimal full-information policy.
Set QI(QP(z, h,a) = 0 for all z, h, and a, and set Véﬁ)(z) = 0 for all z. We obtain the extracted

count-based policy by working backwards in time using the following two equations:

QU (2. h,a) = rO(z, ha) + 3" p (212, h) x Vi (2) (2.41)
ZI
©) _ (0 (1)
Vi (2) = max Zh] Hip(h12) X O (2, B, ). (2.42)

It is understood that Vggp(z) = 0and Ql(;zlp(z, h,a) = 0 if ,ur(;zip (z) = 0. The first equation is used
to obtain the Q values for ¢t = T — 1, and then the second equation determines both the V values and
optimal count-based policy at time 7' — 1. Now repeat the procedure for ¢t = T — 2, etc. It should be

noted that the resulting policy is not, in general, optimal within the class of count-based policies.

exact —_ jexacty jpexact yalyes. The smallest value

The figure below shows the histogram of (vic Vadp ) Vextract

is —0.05%, the largest value is 0.17%, and the average is 0.017%. The histogram provides strong

evidence that the value of the count-based policy found by QDP is likely to be extremely close
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to the value of the optimal count-based policy. The negative values shows that, despite requiring
substantial computational effort to construct, the extracted policy is not necessarily superior to the

QDP policy either.
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Figure 2.5: Histogram of relative optimality-gap using the extracted policies
upper bounds across the experimental instances.

Geometric Service Durations

With memoryless service durations, problem instances can be solved to optimality using Bell-
man equations where a state is simply the number of customers z. With a much smaller state
space, we can find optimal policies for systems with much larger values for the number of servers
n. The design parameters that are changed are shown in the table below. Note that the means of
the service times match the means in our full-information design. We use a tolerance of 107 to
cut off the right tail and ensure via a root finding procedure that we match the mean of the original
distribution.) Since there are now three instead of four possible service duration distributions, there

are (3/4) x 192 = 144 experiments in the design.

Design Parameter Value
number of servers n 20, 40
buffer size b 5

service duration pmf g | truncated geometric with means 10.5, 15.5, 18.0

Table 2.2: Modified experimental design for the geometric-service benchmark.

We make a comparison with QDP using the truncated geometric service distributions, without
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explicitly leveraging the memoryless service durations. (A dedicated policy gradient implementa-
tion with the reduced state space would run faster but would result in the same accuracy, modulo
any truncation effects.) We again use a learning rate of n = 1.0. The exact value of the QDP policy
matches the value of the optimal policy in 94 of the 144 problem instances. The largest relative
optimality gap is 2.86 x 1077, so the QDP policy is, to all intents and purposes, optimal. Keep in
mind we work with a truncated geometric distribution, so this discrepancy could simply be due to

the truncation.

Training

We next discuss the training process. For this purpose, we select the problem instance that has
the highest relative optimality gap upper bound in the experimental design for the full-information
MDP. The parameters for that problem instance are: the number of servers n is 3, the service
duration distribution g is UniH, the shape function s is INC, the per-period holding cost cy is

0.05, and the terminal cost cr is 1.5.

Accuracy of values during training. Recall that we showed that the QPLEX value of a QDP
policy is nearly identical to its exact value. This QDP policy is the last randomized policy generated
by the algorithm converted to a pure policy. We start by assessing whether the QPLEX values of
the randomized policies generated throughout training closely track their exact values as well.
The figure below shows both the QPLEX and the exact values of the randomized policies
encountered during training, recorded every 50 training episodes. We can see that indeed the
values are virtually identical throughout training. We remark that since QDP is a deterministic
solver, the resulting (interpolated) curve does not exhibit the zigzag behavior typically observed in

conventional reinforcement learning.

Accuracy of ascent directions during training. The QPLEX values of the randomized policies

generated throughout training use only the forward iterative scheme. We next turn to the accuracy
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Figure 2.6: Alignment of QPLEX values during QDP training.

of the approximations generated by the backward iterative scheme. Specifically, since the functions

(l) )
0:9(@) = 1= ZQZG( i) (2.43)

together represent the direction of ascent (in logit coordinates) at the policy parameter vector 6,
we compare these functions throughout training with analogs derived from the full-information
Markov chain.

Consider a fixed incumbent (count-based) policy parameter vector 6. Let Qé?m dp(z, h,a) de-
note the state-action value function associated with the MDP on the full-information state space
induced by the policy, and let ,u (z, h) denote the corresponding state distributions. (See Equa-
tions (2.13) and (2.17) with s = (z, h).) Write Q([) (z, a) instead of Qzﬂ(a). To compare these

two functions, we extract a new Q-function from the full-information Q-function via
o\ (1) (1)
0 extract(z’ Cl) Z My mdp(h|Z) X QO,mdp(Z’ h, Cl),

where once again it is understood that the right-hand side is zero if ,u(’) (z) = 0. (In the dy-
namic pricing example, the ‘supports’ of Q 9 extract and Q 0.qdp match.) We compare Q 0. extract(z, a)—
IWH Y Qégxtraa(z, a) with Q(9 qdp(z, a)— Iﬂl 2 ngldp(z, a), viewed as vectors indexed by (¢, z, a),

using two metrics: the cosine of the angle between the two vectors and the ratio of their Euclidean

lengths. Both metrics over the course of training are shown in the figure below. The vectors exhibit
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near-perfect alignment: the cosine values correspond to angles of less than 2° on a 90° scale. Apart

from an initial 0.5% norm ratio, all later ratios stay below 0.2%.
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Figure 2.7: Gradient alignment during QDP training.

Setting learning rates. Setting the learning rate requires trading off quality and time. For prob-
lems without service level constraints such as the ones we discussed so far, in our experience,
properly chosen learning rates require only 5-50 training episodes to achieve a near-optimal solu-
tion. The results are shown in the table below.

Table 2.3: Optimization Performance under different learning rates.

Learning rate n 1 10 100 1,000 10,000 100,000
QPLEX value of QDP policy | 3.1200 3.1200 3.1200 3.1200 3.1193  3.0973
Number of episodes 2372 469 111 66 26 4
Training time (s) 12.333 2346 0536 0.299 0.113 0.020

2.5.2 Comparison with Q-Learning

In this subsection, we emphasize the computational efficiency of QDP on large-scale problems
and compare it with a Q-learning algorithm. This efficiency stems from the QPLEX infrastructure,
which is fully deterministic and bypasses the curse of dimensionality. For this purpose we modify
the example of Section 2.5.1 as follows. The number of servers 7 is set to 20 and the buffer size b
is set to 5. We use the DEC arrival rate shape, the UniM service duration distribution, and we use

cCw = 0.1 and cT = 1.5.
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Under the MDP formulation, the resulting full-information state space for this example con-
tains approximately 4.82 x 10!! states, and therefore exact dynamic programming is computation-
ally intractable. To provide a baseline for comparison with QDP, we instead consider reinforce-
ment learning methods that are commonly used to overcome the curse of dimensionality. The
full-information state space is far too large to implement Q-learning in a purely tabular way, so
we use state aggregation. Specifically, we merge all underlying full-information time-augmented
states of the form (z, z, k) into the single state index (z, z) in the Q-table, even though this induces
so-called state aliasing because those states differ in their transition dynamics. More precisely, for
each state (z, i) at time ¢, the procedure consists of four steps. In Step 1, we sample an action a
using the e-greedy policy based on the incumbent Q-function. (Based on empirical results, we set
€ = 1, corresponding to pure exploration, as this choice produced the best performance.) In Step 2,
we sample a transition to (z’, #’). In Step 3, we update the Q-function via the temporal-difference
rule

4" (z.a) « ¢ (z.a) +ax (r'(z,a) + max "V (. a) - ¢V (z. @) |, (244)
a

where ¢\ (z, @) denotes the estimate of the aggregate state-action value associated with state z and
action a at time ¢. In Step 4, we increment the time index ¢ and repeat along the sampled trajectory
until the horizon is reached.

We run our state-aggregate Q-learning algorithm with six constant learning rates (0.1, 0.05,
0.025, 0.01, 0.005, and 0.0025) and train for 100 million episodes. During training, we evaluate
the incumbent policy via one million Monte Carlo simulations every million episodes. The figure
below shows the learning curves, highlighting the curve for the best learning rate in retrospect.
Also shown is the value of the QDP policy, executed with learning rate = 1000.0 and our usual
stopping tolerance € = 107°.

The best trained value obtained by state-aggregated Q-learning is 13.6% lower than the value of
the QDP policy. The learning curve does not seem to converge to the optimal value, but it plateaus
at the value of a suboptimal aggregated policy and the policies are markedly inferior across all

learning rates. The QPLEX value of the QDP policy is confirmed via simulation, see below. Even
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Figure 2.8: Q-learning training curves.

though training QDP is more expensive on a per-episode basis, the overall training requirement is

dramatically reduced.

Policy Sim. Value (99.7% CI) Training Episodes
Best Q-learning 32.7489 + 0.0034 100 million
QDP 37.9646 + 0.0025 28

Table 2.4: Comparison of policies obtained from Q-learning and QDP.

Comparing the policies below, we see that the QDP policy is monotone even without any
structural input. A monotone policy can be quite practical. (We do encounter non-monotone
policies in the presence of chance constraints, see Sections 2.5.3 and 2.5.3.) The state-aggregate
Q-learning policy fails to capture this monotonicity and exhibits more erratic behavior. We also
note that the policy choice when z = 25 for the first 10 periods is ‘N/A’ (not applicable). Here
is why. In the QPLEX model described in Section 2.4, new arrivals can begin service if a server
becomes available. Consequently, the price chosen when z = n + b = 25 is relevant as long as
there is a positive probability of a service completion during the period. Since the service duration
distribution is UniM in this example, arrivals in the first period cannot finish their service before
t=11.

The QDP policy captures the nonstationarity and the interaction between the arrival rate func-

tions and the service distribution, which is uniform on {11, ...,20}. More specifically:

1. The QDP policy uses the highest prices (0.8, 0.9, and 1.0) for t = 0, ..., 11 (the first two
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Figure 2.9: Visual comparison of policies obtained from Q-learning and QDP.

arrival plateaus), reserving capacity for anticipated high-value demand even at the cost of

initially incurring more idleness.

2. It rejects arrivals when t < 4 and z = 19, even with one idle server, because even the
highest price can bring multiple customers at once and force buffering; with the chosen
service duration distribution, near-term completions are impossible, so this buffering risk

incurs the substantial waiting cost cyy = 0.1 per period. This phenomenon disappears later

as completion probabilities increase.

3. Between plateaus, the QDP policy lowers prices anticipatively (e.g., starting at ¢+ = 13—
16 ahead of the true valley t = 15-19), balancing reserving capacity for future high-value

arrivals against admitting customers to start service earlier.

4. The lowest-price region occurs around ¢ = 27 rather than t = 15, reflecting recognition of

the arrival rate function shape.

5. From ¢ = 36 onward, the QDP policy correctly rejects all customers to avoid terminal cost
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risk. This is indeed optimal and here is an explanation. A customer who arrives in period 36
and can immediately begin their service will complete it by time 7 = 50 (and thus avoid the
terminal penalty) only if their service duration is less than 14, which occurs with probability
0.3. Since the expected reward for such an arrival is at most 1 —(1-0.3)x(1.5) = —0.05 < 0,
it does not pay to accept any customers at time ¢t = 36, and clearly any time ¢ > 36. The

Q-learning policy does not prescribe this behavior.

2.5.3 Incorporating Service Level Chance Constraints

We replace the waiting and terminal cost structure with a more challenging per-period service

level chance constraint

P(the buffer is nonempty at time ¢) < «, (2.45)

forall r = 1,...,T. Such constraints substantially increase the problem difficulty for con-
ventional approaches, and none of the exact solution approaches from Section 2.5.1 apply
even in very special settings such as small problem instances. Our algorithm, on the other
hand, can readily accommodate such chance constraints. Recall that we optimize a penalized

objective that trades off performance and constraint violation, see Section 2.4.2.

The QDP Policy

We consider the example in Section 2.5.2 with the following modifications. First, we replace
the costs with a per-period chance constraint by setting cyy = ¢ = 0 and using @ = 0.05,
thus limiting the probability of a nonempty buffer. We apply our algorithm with learning rate
n = 1.0, constraint-violation penalty parameter C = 100.0, and penalty exponent k = 1.0.
For this example the iterate values exhibit persistent oscillations with this constant step size,

and so we terminate after 5,000 episodes.
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The maximum QPLEX-predicted value of 48.7499 is achieved at episode 3,308, and the
QPLEX-predicted value reaches 99% of this maximum at episode 407 and all subsequent
episodes. It takes 67 seconds to complete 500 episodes and 10 minutes to complete all 5,000
episodes. The (pure) QDP policy after 5,000 episodes has a QPLEX-predicted revenue of
48.7092 and simulation with 10 million replications estimates the revenue to be 48.6418 +
0.0029 with 99.7% confidence. The figure below shows the QPLEX-predicted probabilities
of a nonempty buffer at each time for the QDP policy as well as the estimated probabilities
using simulation. This QDP policy effectively meets the service level constraints for all
practical purposes: the maximum estimated probability is 0.0523 in the simulation, and
quite a few of the constraints are (empirically) nearly binding.

0.7

— == Service level probability target 0.05
0.6 1 —— QPLEX predicted probabilities
1 Monte Carlo simulation

0.5 1
0.4 1
0.3 1
0.2 1

0.14

0.0

Figure 2.10: QPLEX-predicted and simulated probabilities of a nonempty
buffer under the QDP policy.

The policy found by our algorithm is shown below. We note that the policy is not necessarily
monotone during the intervals where the service-level constraints are nearly binding. Prices

are highest in the periods immediately preceding such intervals.

We remark that our algorithm extends to a broad class of chance constraints and distribution-

dependent objectives; the service-level constraint in (2.45) is only a special case.
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Figure 2.11: QDP pricing policy obtained for the chance-constrained example.

A Comparison with Exhaustive Simulation

Let’s consider how one may use discrete event simulation (DES) to solve this problem. For
a given policy, DES can simultaneously estimate the objective and the probability of feasi-
bility. For this problem instance, the number of replications required to ensure a reasonable
confidence that the service level constraints are being met is not an insignificant challenge.
The real challenge, however, is that the total number of dynamic policies for this problem
instance is approximately (112°)°°. Consequently, to use DES one either needs to restrict

the policy class to reduce the number of policies considered or use some search algorithm.

We explore the option of restricting the policy class with exhaustive simulation. One pos-
sibility is to impose time-homogeneity in the policy space, which amounts in this setting to
choosing 26 prices, one price for each z. Unfortunately, the total number of policies un-

der this restriction is approximately 1126

, which is still far too many for DES to handle.
One practical approach to further narrowing down the set of admissible policies is to restrict
the policy class so that a policy assigns a shared price for z in (say) the sets {0, ..., 10},
{11,...,15}, {16,...,20}, and {21,...,25}, in effect using four experts, and to limit the
available prices to 0.2, 0.4, 0.6, 0.8, 1.0, and 1.1 (reject). Under these restrictions, any
admissible policy can be encoded as a four-dimensional vector (a,ow, dmip,> AuiGH> ABUF),

where each component is the posted price for a customer-count block. With six possible

prices and four customer-count blocks, there are 6* = 1296 candidate policies, which is now
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computationally feasible. We evaluate each candidate policy using one million Monte Carlo
replications, determine the chance-constraint feasibility via the empirical distribution, and

rank all feasible policies by simulated average reward. The top six policies appear in the

table below.
rank  (arow, @wmip, Anic, Asur) mean +3 std
1 (0.8, 1.0, 1.1, 0.8) 37.6973 +£0.0078
2 (0.8, 1.0, 1.1, 0.6) 37.6968 + 0.0078
3 (0.8, 1.0, 1.1, 0.4) 37.6827 +0.0078
4 (0.8, 1.0, 1.1, 1.0) 37.6518 +£0.0078
5 (0.8, 1.0, 1.1, 0.2) 37.6242 + 0.0078
6 (0.8, 1.0, 1.1, 1.1) 37.5271 £ 0.0081

Table 2.5: Top six feasible policies in the restricted four-block pricing class.

In practice, one million replications per policy suffice to assess feasibility: within this re-
stricted class, the chance constraint is rarely binding. Most policies either violate the 0.05
service-level requirement by a significant margin or satisfy it with substantial slack. For
the top six policies, we then run 100 million simulations to validate the ranking, which
provides overwhelming empirical evidence that (0.8, 1.0, 1.1, 0.8) is the optimal feasible
policy within the restricted class, with estimated revenue of 37.6966 + 0.00079 with 99.7%
confidence. Note that there is a significant drop in revenue (23%) as compared to the QDP

policy.

Our algorithm can readily accommodate the restricted admissible policy class through a
slight modification of the architecture, by “sharing parameters” across different (¢, z). Here
is a general setup. Let 7 represent a set of counters and let 7 represent a set of time epochs.
Assume we are given a collection of pairs {(Z, f) } such that the Z partition the set of counters
and the 7 partition the set of time epochs. In our example, the collection of pairs consists
of the four elements {((0,...,10),(0,...,49)),...,((21,...,25),(0,...,49))}. We now

need to update one pmf for each pair (Z,7), and we modify the updating step (2.25) as
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follows: (1)
9? (a) X exp (77 X Qper Duzez € Qzﬁ(a))

54 60(@) xexp (1% Lier Se: € Org(@))

6 (a) (2.46)

Using this modification, our algorithm can readily accommodate other types of policy class
restrictions, such as non-dynamic pricing (one price for each z, independent of ) and time-

varying but offline (non-adaptive) pricing (one price for each ¢, independent of z).

Adopting this modification of the architecture, our algorithm produces the very same (pre-
sumably optimal) policy using only 100 training episodes (with learning rate n = 0.001 but

otherwise the same hyperparameters as before).

Comparison with Memoryless-Service Approximation

One often avoids working with general service duration distributions and instead works with
memoryless distributions to substantially reduce the size of the state space. In the presence of
chance constraints, however, even in that case, such problems cannot be solved by standard
methods because accurate (approximate) tail probabilities are needed. The nonlinear Markov
chain framework from this chapter applies in this small-state space setting, using standard
Markov transition probabilities but with nonlinearities appearing in the immediate rewards.

However, QPLEX is not needed.

This subsection considers the same example as in Section 2.5.3, but without any restriction
on the policy class and with the full action set restored. We compare the QDP policy with the
policy found by working with geometric service duration distributions (with the same mean)
and the reduced state space. As we demonstrate next, the memoryless-service approxima-
tion can be highly misleading and may lead to policies that exhibit severe violations of the

service-level constraints.

We use our algorithm to solve this problem using a truncated geometric service duration

distribution, which, modulo truncation, is equivalent to working with the small-state setting.
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(We again use a learning rate of 1.0 for 5,000 steps and a tolerance of 1076 to cut off the right
tail and ensure via a root finding procedure that we match the mean of the original distribu-
tion.) Evaluating this ‘geometric-approximation’ policy using QPLEX yields a QPLEX-
predicted revenue of 54.8306 if we use the (incorrect) truncated geometric service duration
distribution and a QPLEX-predicted revenue of 48.8075 if we use the (correct) UniM ser-
vice duration distribution. Thus, there is a significant gap in predicted revenue when using
the correct service distribution. Note that the geometric-approximation policy results in a
slightly higher revenue than the QDP policy’s QPLEX-predicted revenue of 48.7092. The
figure below shows for the geometric-approximation policy the probabilities of a nonempty
buffer at each time under the memoryless assumption, as well as the estimated probabilities
using simulation with the correct service distribution. We can see that the probabilities un-
der the memoryless assumption suggest that the service level constraints are satisfied, but
the true probabilities tell a markedly different story: many constraints are severely violated.
(This is the reason for the higher revenue obtained with the policy that calculated using the
truncated geometric service duration distribution.) The conclusion for this example is that
using the memoryless approximation in lieu of the true service duration distribution as a
means to reduce run times can lead to policies that will turn out to be highly infeasible, and
suggests that using this approximation to solve some problem instances may not be reliable.
Even in the absence of chance constraints, exponential-service approximations can be unre-
liable for problems similar to the example in Section 2.5.2, as they may lead to substantially

inferior policies compared with those obtained by our algorithm.
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Figure 2.12: Probabilities of a nonempty buffer for the geometric-
approximation policy under the memoryless assumption and under simulation
with the correct service distribution.
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Chapter 3: Studentized Cheap Bootstrap: Achieving Higher-Order

Coverage Accuracy with Low Computation

This chapter is based on joint work with Shengyi He and Henry Lam.

3.1 Chapter Overview

The bootstrap is a standard tool for statistical uncertainty quantification. Its appeal lies in
its generality: compared with analytic methods such as the delta method, it typically does not
require explicit structural information such as gradients or influence functions. Its main drawback
is computational cost, since one must repeatedly resample the data and re-evaluate the estimator
in order to approximate the resampling distribution; see, e.g., [18, 19, 20, 21]. The focus of this
chapter is higher-order coverage accuracy. For basic bootstrap and delta-method intervals, the
coverage error is typically of order O(n~!) for two-sided intervals and O (n~'/?) for one-sided
intervals. By higher-order accuracy, we mean improving these orders to O(n~2) and O(n™!),
respectively. Such improvements are especially valuable in finite-sample settings and in problems
where the effective sample size is limited relative to model complexity.

At a high level, there are roughly four major lines of methods in the bootstrap literature. First,
the studentized bootstrap ([22, 23, 24, 25]) constructs confidence intervals by using quantiles of
a pivotal statistic. In particular, this pivotal statistic is formed using a standard error computed
from the resample estimates, rather than from the original estimate. This studentization induces a
useful cancellation effect and leads to higher-order accuracy: the coverage error is of order O (n~!)
for one-sided intervals, and can be further improved to O(n_z) for two-sided intervals when the
interval is constructed symmetrically around the original estimate ([26]). The main drawback of

this approach is that it requires either an analytical or otherwise computable expression for the
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standard error ([19]); if such a formula is unavailable, one must approximate the standard error by
additional resampling, which introduces another layer of computation. Second, bootstrap iteration
(or the double bootstrap) ([22, 27, 28, 29]) achieves higher-order accuracy by correcting the boot-
strap quantiles obtained from the basic bootstrap, i.e., those based on a non-pivotal statistic, so that
the resulting interval more closely matches the nominal coverage level. This correction requires a
“bootstrap on a bootstrap”, leading to a computational burden analogous to that of the studentized
bootstrap when no analytical closed-form expression is available for the standard error. Third,
direct Edgeworth corrections ([30, 31, 32]) use algebraic derivations to improve the calibration of
intervals. These procedures require little computational effort. However, strictly speaking they are
not purely bootstrap methods, since they are not automated and require model-specific derivations
(see, for example, the linear regression setting in [33]). Finally, we mention the well-known BCa
and ABC methods ([34, 35, 36, 37]). The ABC method is fast and accurate, but is primarily de-
signed for parametric settings, especially exponential families, and requires additional analytical
input such as local gradient information. In contrast, the BCa method applies to black-box tar-
get statistics and remains computationally attractive. Besides the basic bootstrap cost, it requires
only an additional jackknife step to estimate the acceleration constant, with computational cost
proportional to the sample size. Under suitable regularity conditions, standard BCa intervals are
second-order accurate, with coverage error of order O (n~!) ([23, 21]). However, unlike symmetric
two-sided studentized bootstrap intervals, the standard BCa procedure does not in general achieve
the sharper O (n~?) coverage error for two-sided confidence intervals.

As the above discussion shows, existing higher-order accurate methods typically require either
analytical knowledge of the standard error or nested resampling with a multiplicatively large com-
putational cost, in the sense that the procedure requires first running an outer layer of resampling,
and for each outer resample, a large number of inner resamples and re-evaluations are conducted, so
that the total number of model evaluations is the product of the outer and inner numbers of resam-
ples. The standard BCa method mentioned above is a notable exception in terms of computation,

but it generally achieves only O(n~!) coverage accuracy rather than the sharper O(n~2) accuracy
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of symmetric two-sided studentized bootstrap intervals. For problems arising in modern machine
learning or simulation, unfortunately neither requirement is trivial: these models can be black-box
and hence may not admit a closed-form standard error (and in fact, if they do, then we may not
even need to use the bootstrap in the first place), and their model evaluation can be dauntingly
expensive, since it may entail running large-scale optimization routines or high-fidelity simulators.
Motivated by this challenge, our main goal is to devise a higher-order coverage-accurate method
that does not require a closed-form standard error or a multiplicatively large resampling effort.

Our main methodology is what we call the studentized cheap bootstrap (SCB). Procedurally,
this approach resembles the studentized bootstrap in settings where the standard error does not
admit a closed form. In such settings, the resampled standard error in the denominator of the
pivotal statistic would need to be approximated by an inner layer of resampling, thus leading to the
“bootstrap on a bootstrap” described above. Our SCB is a small twist on the studentized bootstrap:
it uses a very small number of resamples (e.g., 5) in this inner layer. In this way, the overall number
of model re-evaluations is not the product of two large numbers, but only a small multiple of the
number of outer resamples.

While the twist in SCB relative to the conventional studentized bootstrap appears minimal, the
theory leading to its attainment of higher-order coverage accuracy requires a statistical argument
that is very distinct from the conventional view. To understand this, in the conventional bootstrap
argument, the implementation of resampling, whether in the outer or inner layer, requires a large
number of resamples (or, synonymously, Monte Carlo runs). This is because the established theory
of the bootstrap builds on the resemblance of the resampling distribution to the original sampling
distribution, in the sense that these two distributions are approximately the same as the data size
grows. This closeness is based on convergence results that exclude the consideration of Monte
Carlo size. When implementing the bootstrap, Monte Carlo size enters because many resamples
have to be generated in order to obtain a good Monte Carlo approximation of the summary statistics
(such as the quantile and the standard error) for the resampling distribution. In other words, the

conventional understanding of the bootstrap requires that the number of resamples, both in the
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outer and inner layers, be sufficiently large; otherwise the coverage guarantee breaks down.

For our SCB, the underlying theory that leads to higher-order coverage improvement uses the
recent so-called cheap bootstrap ([52, 53]) idea, but also a first formal link between ‘“‘studentiza-
tion” in the studentized bootstrap and the Student’s z-statistic. The cheap bootstrap, which has
been applied recently to problems such as stochastic gradient descent ([54, 55]), simulation uncer-
tainty quantification ([56, 57, 58]), and biostatistics ([59]), allows the use of very few resamples
to produce statistically valid CIs. Instead of using the sample-resample resemblance followed by
a Monte Carlo approximation, the cheap bootstrap looks at the joint distribution of the original
empirical estimate and the resample estimates, in a sense taking an integrated perspective on the
data noise and the Monte Carlo resampling noise. In particular, under assumptions similar to those
of conventional bootstraps, this joint distribution, for a fixed number of resamples, can be seen to
be asymptotically independent as well as jointly Gaussian. This in turn allows the construction
of a pivotal statistic that leads to a ¢ limit, notably with a small, fixed number of resamples used
to form the standard error. The main insight of SCB is that, when we replace the t-quantile of
the cheap bootstrap interval with a bootstrap calibration, we obtain higher-order coverage ac-
curacy. Intriguingly, this leads to a new view of the studentized bootstrap: while conventional
wisdom claims that “studentization” in the studentized bootstrap has no formal link with the Stu-
dent 7-distribution, since it merely refers to pivotalization with a standard error that is procedurally
analogous to the textbook z-statistic for the population mean, the idea behind SCB is rooted dif-
ferently. More precisely, we provide an explicit link between the studentized bootstrap and the
t-distribution, with the distinct insight that the degree of freedom in the #-distribution corresponds
to the number of resamples in the inner resampling layer, rather than the data size. That is, if we
take the degree of freedom to be a fixed number of inner resamples, then indeed the studentized
bootstrap is asymptotically ¢-distributed. This turns out to provide the foundation for a higher-order
coverage correction that does not require a growing number of inner resamples.

Figure 3.1, which we discuss in more detail in the next section, shows the relational positioning

and strengths of SCB in terms of both coverage error and computational effort compared with

56



existing bootstrap approaches. The basic bootstrap and the standard error bootstrap are “simple”
approaches that do not have higher-order coverage accuracy, but they require only one layer of
resampling effort. The studentized bootstrap, which uses pivotalization to approximate quantiles,
can be viewed as an enhancement of the basic bootstrap, which does not use pivotalization, but it
can also be viewed as an enhancement of the standard error bootstrap by replacing the z-quantiles
with bootstrapped quantiles. This can yield a higher-order coverage error, but generally requires
nested resampling that is computationally expensive. The cheap bootstrap can be viewed as a
“computational relaxation” of the standard error bootstrap, by using few resamples to approximate
the standard error; this turns out to be coverage-valid when using 7-quantiles in lieu of z. Our
SCB integrates ideas from both the studentized bootstrap and the cheap bootstrap. On the one
hand, it replaces the r-quantiles in the cheap bootstrap with bootstrapped quantiles. On the other
hand, it performs a computational relaxation of the studentized bootstrap by drastically reducing
the number of inner resamples needed to approximate the standard error. This integration leads to
both a higher-order coverage accuracy and a light resampling computation load that is of a similar
order to that of the basic and standard error bootstraps.

In terms of mathematical developments, we analyze and establish the higher-order coverage
accuracy of SCB via Edgeworth and Cornish—Fisher expansions based on the Student’s ¢ distribu-
tion. Most existing higher-order expansions have been developed for pivotal statistics with either
Gaussian or y? limiting distributions ([60, 61]). By contrast, comparable expansions built on the
Student’s ¢ distribution remain much less developed, except for the recent contributions in [62] and
[52]. In this chapter, we derive explicit closed-form expressions for the Edgeworth and Cornish—
Fisher expansions associated with a z-distribution. In particular, we obtain explicit analogs of the
classical Edgeworth polynomials which, to the best of our knowledge, are derived here for the
first time in closed form for the Student’s ¢ setting. These functions are quasi-polynomials in the
sense that they are finite linear combinations of terms of the form x*/(B + x2)¢/2, where B is the

number of inner resamples, and k and ¢ are integers. They retain key structural properties of the

classical Edgeworth polynomials, including infinite smoothness and the odd—even parity pattern
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Figure 3.1: Schematic comparison of five bootstrap methods.

across expansion orders, which allow us to derive the desired orders of the coverage errors of SCB
intervals.

The remainder of this chapter is organized as follows. Section 3.2 reviews and discusses the
pros and cons of established bootstrap methods in terms of higher-order accuracy and computa-
tional cost. Section 3.3 presents our SCB procedure. Section 3.3.2 develops the theoretical foun-
dation of SCB, including higher-order Edgeworth and Cornish—Fisher expansions for Student’s
t-limiting statistics, quantile error bounds, and the resulting coverage error analysis. Section 3.5
provides numerical results illustrating the empirical performance of SCB relative to existing bench-

mark methods.

3.2 Bootstraps and Cheap Bootstraps

We first frame the problem setting. Let 6 := 6(P) € R denote a target statistical quantity, where

P is the unknown data distribution. Suppose we have i.i.d. data X = {X{, ..., X}, where X; € R4

58



and the sample size is n. Our goal is to construct an a-level CI. Equivalently, 1 — a denotes the
significance level in the notation of this paper. More precisely, we consider the case of a two-sided
CI, in which we are interested in obtaining two quantities L, and U,,, or an interval [L,, U, ], such
that

P,(L, <6 <U,) =a+o(l) 3.1)

On the other hand, for a one-sided CI, we are interested in obtaining L, such that

P,(L, < 6) = a +o(1) (3.2)

which we call a lower interval, or obtaining U,, such that

P, (6 <U,) = a +o(1) (3.3)

which we call an upper interval. The probability P, is with respect to the data size n, but also
potentially to any Monte Carlo noise involved in the construction procedures of L,, and U, (whose
role will be clearer in the sequel). The notation o(1) means a term that goes to 0 as n — oo (again,
it is possible that Monte Carlo size would also play a role, and this will become clearer later). We
call the coverage guarantees (3.1), (3.2), and (3.3) asymptotically exact, which is a basic validity
certificate for Cls.

Our focus in this paper is higher-order coverage accuracy. In particular, we are interested in the
order of the o(1) terms in (3.1), (3.2), and (3.3). These o(1) terms are the coverage error of the CI,
namely the difference between its empirical coverage and the nominal level @. Roughly speaking,
and as we will discuss in more detail below, it is relatively easy to obtain procedures that achieve
O(n") coverage error for the two-sided case, and O(n~'/?) for the one-sided case. The smaller
coverage error in the two-sided case is due to a cancellation effect arising from the parity structure
of the coverage expansion; see Section 3.5.5 of [21]. We are particularly interested in constructing

CIs with higher-order coverage accuracy. In particular, relative to the “easy” intervals, we aim

59



to improve the coverage error from O(n~") to O(n~?) in the two-sided case, and from O (n~'/?)
to O(n~') in the one-sided case. These intervals perform better in small-sample situations, or in
problems where the sample size is small relative to the problem dimension, as discussed in a range
of works (e.g., [26, 23, 36]).

We consider the bootstrap, which is arguably the most common approach to constructing CIs
and whose main advantage is that it is data-driven and automated. Here we give a quick overview
of the idea behind the bootstrap, which will be useful in paving the way to explain the so-called
cheap bootstrap and subsequently SCB. The starting point is the use of resampling. To estimate 6,
a natural point estimator is § := 6(P,,), where P, is the empirical distribution constructed from the
sample data X = {X{,..., X}, i.e, P,() = % " | 0x,(-) where ¢, is the Dirac measure at X;.
By a resample, we mean sampling with replacement from X n times to obtain X* = {X7,...,X}}
and hence the resample estimate 6" := 6(P},), where P}, is the empirical distribution formed from
the resample, i.e., P} (-) = % iz1 0x: ().

The bootstrap works on the principle that the sampling distribution of the original estimate 8,
and the resampling distribution of 8*, are similar. To make this slightly more precise, asymptoti-
cally as data size n grows, the original estimate @, under standard regularity conditions, follows a
central limit theorem

V(6 -0) = N (3.4)

where = denotes weak convergence. On the other hand, the resample estimate 6 satisfies a

conditional weak convergence result (see, e.g., Chapter 3.6 of [63])
\Vn(6* — 6) = N conditional on X, Xp, - - (3.5)

with the limit AV being the same random variable as in the central limit theorem (3.4) for 6 above.
The bootstrap idea operationalizes the similar limits above in order to construct CIs. To this end,

if we can approximate some summary statistics of the sampling distribution of , then we can
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construct CIs for 6. For example, if we can find two quantiles, say L, and U,,, such that
P,(L,<0-6<U,) =a+o(l)

then an a-level CI would be [6 —U,,, 6 — L,,]. Using the resemblance of the resampling distribution

in (3.5) to (3.4), we can use I:n, Un such that
Po(L, <0 =8 <U0,0X) = a+o0(1)

That is, [é - Un 0 — ﬁn] is a valid a-level CI. A main insight of the bootstrap is that En Un are
computable, by running a large number of Monte Carlo runs to resample P, and re-evaluate the
estimate 8" = 6(P,). Specifically, we repeatedly resample from X to obtain X, = {Xz’l, LX)
and compute the resample estimate ¢, = G(Pz,n), where Pz’n is the empirical distribution of X *’n,
forb =1,..., B;. By taking the empirical quantiles of 6, — 6, we obtain approximations of L, and
U,.

In the following, we present some important bootstrap variants using the principle above, and

beyond it, that collectively form the basis of Figure 3.1.

3.2.1 Basic, Standard Error, and Studentized Bootstraps

First, the development described in the previous subsection essentially leads to what is known
as the basic bootstrap. To implement it, we run Monte Carlo replicates of 9; forb =1,...,B,
and use them to approximate the (1 — @)/2 and (1 + @)/2 quantiles of 6, — 6. The resulting CI is
[0+ {0~ 0;}1-a)/2. 0 +{0 = 6;} (140 2], or equivalently [20 — {6} }(1+a)/2. 20 = {6} }(1-a) 2],
where in general we denote by {x;}, the a-quantile of a set of samples {x;} indexed by » and
formed by simple order statistics. This approach gives coverage error O(n~!) in the two-sided
case and O (n~'/?) in the one-sided case.

Using a similar principle but, instead of quantiles, operationalizing with the standard error

as the summary statistic leads to the so-called standard error bootstrap ([64]). To explain this,

61



suppose the limit A in (3.4) and (3.5) is the typical Gaussian case. Then we can use [§ +
Z(1+a) /2\/%] as the a-level CI, where z(1.4),2 is the standard normal (1 + «)/2-level quan-
tile. Similar to the development of the basic bootstrap, we do not know Var(8), but we can ap-
proximate it using the resampling distribution. That is, we approximate Var(d) by Var,(6*) :=
Z§i1(92 - 6)2/(B; — 1), where 6" := Zfil 65, /By is the mean of the bootstrap replicates 6. The
resulting CI is [ 4 + Z(1+a) /ZW ]. Note that, like the basic bootstrap, we need to run a large
number of Monte Carlo replications to evaluate the 6,’s in the implementation of the standard er-
ror bootstrap. Moreover, its coverage error is also similar to that of the basic bootstrap in the case
where the limit NV is Gaussian. We summarize the key properties and implementation requirements
of the basic and standard error bootstraps in the upper-left corner of Figure 3.1.

Next, the studentized bootstrap ([19]; also called the percentile-# method in [21]) resembles the
basic bootstrap, but emphasizes the use of a pivotal statistic. Instead of approximating the quan-
tiles of  — 6, it aims to approximate those of Ty := (f — ) /&, where & is a consistent standard
error estimator of 4. The latter implies that 7y, analogous to (3.4), converges weakly to the stan-
dard normal distribution. Moreover, the resemblance of the resampling distribution to the original
sampling distribution still applies, so that 7y, the resample version of 7y, also converges to stan-
dard normal conditional on the data. This allows the execution of a bootstrap approximation. The
studentized bootstrap is primarily motivated by higher-order coverage accuracy. Compared with
non-pivotal bootstrap methods such as the basic bootstrap, it reduces the one-sided CI coverage
error from O(n~'/?) to O(n™"), and the two-sided CI coverage error from O(n~') to O(n~2) when
combined with a symmetric construction; see [21].

While the studentized bootstrap can attain sharper coverage accuracy, it pays a nontrivial
computational price. The procedure needs to generate bootstrap replicates of the pivotal statis-
tic, Tlfl,bl = (6;‘7l - é)/ojjl for by = 1,2,...,B, and based on the approximation Tl;kl,bl ~

Ty in distribution, the studentized bootstrap outputs the one-sided Cls = 6—{T,fl bl}a, o0) and

62



(—c0, 8 — &{Tlfl, by }-a], as well as the symmetric two-sided CI

[é - @'{ |T|:kj,bl| }on é + 5’{ |T[fj,bl| }oz ] (3-6)

Here ¢ is the standard error estimator based on the original data X. In this pipeline, given the
bootstrap datasets X ];‘ {Xb RIRREE sz}, one must compute not only 01";1 but also an accurate
estimator of 0';;1 as a functional of the resampled empirical distribution PZI. In some simple set-
tings, such as linear regression, this functional may admit an explicit formula. However, in general,
when no efficient analytic expression is available, one needs to resort to a second layer of Monte

Carlo to estimate it via the sample variance:

(057 = 3.7)

bz

1

Here 92"1‘ by is the estimate of the target statistic computed from the inner bootstrap dataset X ;f by =
{XZT byl? Xbl by n} resampled from X ¥ . To estimate the quantiles of the resampled pivotal
statistics accurately, both the number of outer resamples B and the number of inner resamples B
need to be sufficiently large. This nested Monte Carlo procedure requires a multiplicative effort
of B1 X B, model evaluations, which can be very expensive whenever there is no efficient way to
calculate o*.

The upper-right corner of Figure 3.1 shows the higher-order coverage benefit of the studen-
tized bootstrap, but also its multiplicative resampling effort. Moreover, suppose we view the inner
resampling layer used to approximate the standard error o* in the studentized bootstrap as the re-
sampling step in the standard error bootstrap. Then the studentized bootstrap can be viewed as a
higher-order coverage correction of the standard error bootstrap, by replacing the z-quantile in the

latter with a more accurate bootstrap quantile calibration. In this sense, the studentized bootstrap

is a higher-order enhancement of both the basic bootstrap and the standard error bootstrap.
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3.2.2 Cheap Bootstrap

The conventional bootstrap idea, described at the beginning of this section and culminating in
the use of the distributional resemblance between 8 — 6 and 6* — 6 depicted in (3.4) and (3.5) (or
their variants operating on the standard error or the pivotal statistic), is a two-stage approach. To
explain this, we first approximate the original sampling distribution by the resampling distribution,
and use the summary statistics of the resample estimates, which are computable, to approximate
the counterparts for the original estimate. The computation of summary statistics of the resample
estimates is implemented via Monte Carlo, namely by drawing new resamples and re-evaluating
the model. In this process, the approximation of the resampling distribution to the sampling dis-
tribution is separate from the Monte Carlo approximation (i.e., (3.4) and (3.5) do not have Monte
Carlo size explicitly involved). Because of this, we need a large Monte Carlo size in order to
ensure that the summary statistics of the resample estimates can be accurately obtained; otherwise
the bootstrap pipeline would fail.

The cheap bootstrap takes a different perspective by looking at the joint distribution of the
original empirical estimate and the resample estimates, in a sense providing an integrated analysis
of the data noise and the Monte Carlo noise. This turns out to allow the construction of statisti-
cally valid CIs with only a very small number of Monte Carlo resamples, including even just one
resample. In particular, [52] shows that, in the typical case where N is Gaussian, the combination

of (3.4) and (3.5) leads to
V(b —-0,0,-0,...,05—0) = (Ny,...,Ng) (3.8)

where N, ..., Np are i.i.d. Gaussian. Importantly, this holds for any fixed B > 1. With the joint
convergence (3.8), we can construct Cls using a pivotal statistic based on elementary Gaussian
machinery. More precisely, with several resample estimates 8, we construct a “variance” estimator
§? = 2521(9;; — 0)%/B. Then the two-sided CI is [0 + 1B,(1+a)/25 | and the one-sided Cls are

(9 — 1B oS, 0] and [—co, 0 + 1p.oS), where tp , denotes the @-quantile of a Student’s ¢ distribution
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with B degrees of freedom. These intervals are justified by (3.8), which implies that the statistic
T:=——— (3.9)

converges in distribution to a Student’s ¢-distribution with B degrees of freedom. In the Cls above,
B can be a very small number such as 1, although [52] and [53] suggest that it is advantageous to
use B above 3 to obtain a shorter interval, while on the other hand using an even larger B is not
necessarily beneficial, since the incremental shortening of the interval length diminishes sharply
as B increases.

The coverage error of the cheap bootstrap is O(n~!) in the two-sided case and O(n~'/?) in
the one-sided case, matching those of the corresponding CIs produced by the basic bootstrap.
Moreover, the cheap bootstrap can be viewed as a “‘computational relaxation” of the standard error
bootstrap by using a fixed, small number of resamples B to construct the standard error estimate,
and correspondingly using a t-quantile instead of a z-quantile, with the degree of freedom of the
t being the number of resamples—a measure of the computational effort rather than the data size
in conventional statistical thinking. In particular, when B — oo, the standard error estimate in
the cheap bootstrap CI consistently converges to v/ Var(), and the degree of freedom in the ¢
goes to oo, thus recovering the standard normal distribution, so that the resulting CI reduces to
the standard error bootstrap. Nonetheless, the cheap bootstrap opens up the possibility of using
far fewer resamples than the standard error bootstrap while retaining the same level of coverage
accuracy. The lower-right corner of Figure 3.1 shows the statistical and relational properties of the

cheap bootstrap.

3.3 Studentized Cheap Bootstrap: Procedure and Main Theory

With the existing bootstrap methods and their relations discussed, we now introduce our main
approach, SCB, and position it within the bootstrap framework. SCB aims to get the “best of

both worlds” by producing higher-order coverage accuracy while at the same time avoiding a
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multiplicative computational effort from nested Monte Carlo resampling. The high-level idea is to
integrate the cheap bootstrap with the studentized bootstrap: instead of using the 7-quantile driven
by the limit of the pivotal statistic 7" in the cheap bootstrap, we bootstrap-calibrate the quantile of
T. Note that the cheap bootstrap pivotal statistic 7 itself involves running B resample estimates to
form the scale statistic S, so this entire procedure still requires two layers of resampling. This is
analogous to the execution of the studentized bootstrap when the standard error does not admit an
analytically computable form. However, we no longer seek a consistent estimate of 0'[;“1 asin (3.7),
and the limiting quantile is no longer normal. Instead, we work with the limiting ¢ distribution of
the cheap bootstrap, and the number of inner resamples is as small as what is needed in the cheap
bootstrap. In this way, the overall resampling effort is B X B1, where B is a fixed small number that
does not inflate the computational requirement multiplicatively. The lower-right corner of Figure

3.1 positions our SCB.

3.3.1 The SCB Procedure

We now describe the SCB procedure. First, we resample from X to obtain the outer (first-stage)
resample datasets

* * * _
bl - {Xbl,l,..., bl,n}’ b] - 1,2,...,B]

and compute the corresponding estimate 9;;1 =0(X ;l) for each b. Next, for each b, we resample

from X ;1 to obtain the inner (second-stage) resample datasets

*ok _ *k o _
b17b2 - {Xbl,bz,l,..., bl,bz,n}’ b2 - 1,2,...,B

and compute the corresponding estimate 9;‘)’]‘ by = (X ;I* bz) for each b,. Using all these 0;*1‘ p, for

by =1,..., B, we compute the resampled scale estimate
| B 1/2
* . ok * \2
;= [E >, -6;) } :
br=1
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Next, we compute the resampled pivotal statistics

by=1,...,B. (3.10)

We construct one more scale estimate, this time by resampling directly from the original dataset X

rather than from the outer resamples:

B 1/2
S=|= 6, —6 .

Recall that {x, }, denotes the @-quantile of a finite sequence x;, indexed by b;. Then SCB outputs

the two-sided CI
Iy = [0 -{IT; | }o XS, 6+ {IT;; | }a % $] . (3.11)
and the one-sided Cls
Tow = (00,0 = {T;, ha XS], Typ=[0-1{T; Jax 8, 00). (3.12)

Compared with the conventional studentized bootstrap, SCB still requires B to be sufficiently
large, since B controls the accuracy of the Monte Carlo approximation to the conditional quantiles
of T*|X, where T denotes the resampled pivotal statistic (i.e, with the same distribution as Tgl
defined above given X). The crucial point, however, is that the number of inner resamples B
can be chosen as a small integer. Correspondingly, note that the scale estimator differs from the
standard error estimator in the studentized bootstrap, namely (3.7). In particular, it is centered
at the first-outer resample estimates §; and uses B in the denominator, exactly as in the cheap
bootstrap. This distinction relates to the difference in the theories behind the statistical guarantees
of the studentized bootstrap and SCB. Indeed, our numerical results in Section 3.5 show that even

very small values of B can perform well when coverage is the primary concern, although in practice
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we recommend B = 5 ~ 15, since this typically reduces the CI length to a level close to that of the
non-pivotal methods. When B is treated as fixed, the total computational cost is linear in Bj.

As discussed earlier, the relationship between CB and SCB is analogous to that between the
basic bootstrap and the studentized bootstrap. SCB improves the coverage error of the two-sided
CIs generated by CB from O(n~!) to O(n~?), while requiring substantially less computation than
the classical studentized bootstrap. This improvement is formalized in Theorems 3.2 and 3.3,

which are the main theoretical results of this paper and are presented in the next subsection.

3.3.2 Theory on Coverage Accuracy

We analyze the coverage errors of SCB. As is customary in the bootstrap literature, we consider
the function-of-mean model, namely 8 = f(u), where g = E[X] for a d-dimensional random
vector X and f : RY — R is a function. Denote X = (1/n) 2.~ X; as the sample mean of the i.i.d.

data X = {Xi, ..., X, }. We define the smooth function

_ S = f(w)

A(x) = ) (3.13)

for a function 4 : R — R, where h(u)? is the asymptotic variance of v f(X) and can be written

in terms of g under some regularity conditions. We also define the studentized version of A by

A(x) = % (3.14)

For nominal coverage level @ € (0, 1), define the ideal cutoff values
ut? = inf{q e R: P,(T < q) > a}, W™ = sup{q e R : P,(T > q) > a} (3.15)
and

u® = inf{q>0:P,(|T| < Q) > a}. (3.16)
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These are the population quantiles associated with the law of the original pivotal statistic T defined
in (3.9). Recall that T* denotes a generic resampled pivotal statistic having the same conditional

distribution as T;I in (3.10) given X. We then define the corresponding bootstrap cutoff values

g =inf{geR:P,(T*<q|X) > a}, A = sup{qeR:P,(T*>2q | X) = a} (3.17)

and

4% = inf{q>0:P,(|T*| <q | X) > a}. (3.18)

Thus iy’ #'°% and 2% are data-dependent bootstrap analogues of uy’, #!" and u%. Since they are
defined through the conditional law given X, they are random variables measurable with respect to

the o-algebra generated by X. In implementation, the conditional quantiles are approximated by

B

the empirical quantiles {T;‘l }o and {|Tb*l |} computed from the Monte Carlo replicates {T;l bi=1

used in (3.11). In the idealized regime B — oo, these empirical quantiles converge to the corre-
sponding conditional quantiles defined above.
We now state the standard assumptions commonly used in bootstrap analysis for the smooth

function model; see Chapter 5 of [21] and Appendix B.1.

Assumption 3.1. Consider the function-of-mean model in which 6 = f(u) for some function
f :R? = R, where u = E[X] for a d-dimensional random vector X. Assume that f and h each
have v + 3 bounded derivatives in a neighborhood of p for some v > 3, that E||X||' < oo for a

sufficiently large positive number [, and that the characteristic function y of X satisfies Cramér’s

condition lim supj ¢, X (H)] < 1.

The next two theorems constitute the main results of this paper: SCB attains the same higher-
order coverage accuracy as the classical studentized bootstrap, namely order O (n~!) for one-sided
intervals and order O (n~2) for symmetric two-sided intervals. In fact, we will first present a version

of these results that describe the coverage error order uniformly in the confidence level . The
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proofs of these theorems are given in Appendix B.4.

Theorem 3.2 (One-Sided Coverage Error of SCB). Under Assumption 3.1, for any € € (0,1/2)

and any fixed B > 1,

sup |IP (T <y - a/| o(n!

e<a<l-¢

and

sup |Pn(T > [lov) — a/| =0(n ).

e<a<l-¢

Theorem 3.3 (Two-Sided Coverage Error of SCB). Under Assumption 3.1, for any € € (0,1/2)
and fixed B ¢ {1, 3},

sup |Pn(|T| <) - a| =0(n?).

e<a<l-¢

Noting that, as By — oo, the empirical quantiles computed from {Tgl}f::l converge to the
corresponding conditional quantiles @,’, #'°% and 4%, we obtain the following corollaries from

Theorems 3.2 and 3.3.

Corollary 3.4 (One-Sided Coverage Error of SCB for Growing Number of Outer Resamples).
Under Assumption 3.1, for any a € (0,1/2) and fixed B > 1, SCB generates one-sided Cls 1,

and 1,,, satisfying

hm P,(0 € 1) = hm P,(0 € Tiow) = @ + O(n7").

1—)00

Corollary 3.5 (Two-Sided Coverage Error of SCB for Growing Number of Outer Resamples).
Under Assumption 3.1, for any a € (0, 1/2) and fixed B ¢ {1,3}, SCB generates two-sided CI I
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satisfying
Jim P,(0 € L) = a + o(n?).
1—00

Corollaries 3.4 and 3.5 stipulate our main assertion in this paper that the coverage error of SCB
is O(n~!) for one-sided intervals and O (n~?) for two-sided intervals, at a resampling computational
cost of only a small constant-factor increase of the number of outer resamples B;. Compared to
Corollaries 3.4 and 3.5, Theorems 3.2 and 3.3 assume the idealized situation when By = co. Note
that this idealized assumption is on par with the usual results on coverage errors in the analysis
of conventional bootstraps, which often ignores the consideration of the number of Monte Carlo
resamples; see, e.g., [21].

Compared with the basic and standard bootstraps, as well as other variants such as the so-called
percentile bootstrap, SCB achieves higher-order coverage accuracy. The studentized bootstrap
achieves the same accuracy order as SCB, namely O(n~") for one-sided CIs (and also two-sided
equal-tailed, i.e., nonsymmetric, CIs), and O(n~2) for two-sided symmetric CIs. However, it re-
quires both B — oo and B; — oo, unless the standard error has an analytical form, and is therefore
computationally much more expensive than SCB. On the other hand, SCB is expected to yield
wider intervals because the scale estimators SZ] and S can vary substantially when B is small,
making extreme values more likely than in the studentized bootstrap. Nevertheless, the numeri-
cal results in Section 3.5 show that this disadvantage decreases rapidly as B increases to around
5 ~ 20. We also note that, compared with the basic bootstrap and other benchmarks that do not
possess higher-order accuracy, the length of SCB intervals is typically larger, reflecting the cor-
rection of the undercoverage commonly observed in these benchmark bootstrap methods. This
observation is also seen in our numerical experiments in Section 3.5.

We also compare the errors of SCB with two other lines of approaches discussed in the in-
troduction. First, bootstrap iteration, which means iterative bootstrap schemes that recalibrate

against the nominal coverage level «, can also achieve higher-order accuracy; see Section 3.11 of
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[21]. However, like the studentized bootstrap, it requires a computationally intensive nested resam-
pling procedure. Second, we consider BCa which is a popular automated second-order correction
method. In terms of coverage error, BCa intervals achieve order O (n~!) under suitable regularity
conditions. For one-sided interval, this is on par with SCB. However, for two-sided intervals, the
standard BCa construction is more analogous to an equal-tailed interval and consequently has cov-
erage error of order O(n~!) ([65, 35]). To the best of our knowledge, no comparable O (n~2) result
is available for the standard BCa procedure. Note that both BCa and SCB are fully automatic
and applicable to black-box statistics, but nonetheless they still require sufficient smoothness of
the target statistic to perform well: SCB relies on stable estimation of $* and S, while BCa re-
lies on a stable jackknife estimate of the acceleration constant. Finally, in terms of computational
cost, BCa requires B + n statistic evaluations, where n is the data size, while SCB requires BB,
with B sufficiently large. Thus, even with a small choice such as B = 5, SCB is generally not
cheaper than BCa. However, SCB is higher-order coverage accurate with error O(n=2) for two-
sided intervals, but BCa can only achieve O(n_l). Indeed, in the two-sided case, SCB exploits
symmetry to achieve a sharper coverage error order, while relying on a pivotal statistic that avoids
expensive nested resampling effort. Our next section presents the roadmap on our main theoretical

developments giving rise to these insights.

3.4 Developments of Main Results

We now develop the main technical ingredients for proving the coverage error results of SCB.
First, we establish uniform Edgeworth expansions for the Student’s z-type pivotal statistics 7" and
T*. Next, we derive the corresponding Cornish—Fisher expansions for their quantiles. These two
ingredients allow us to compare the ideal cutoff values with their bootstrap counterparts and to
control the resulting quantile errors uniformly in @. We then use these quantile approximations to
prove the one-sided coverage result. For the symmetric two-sided case, the same strategy forms the
basis of the argument, together with additional cancellation coming from the symmetry structure

of the expansion.
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3.4.1 Uniform Edgeworth Expansion for t-Distributions

In this and the next subsection, we present the main technical ingredients that supports our
major Theorems 3.2 and 3.3. Throughout the paper, ® and ¢ denote the cdf and pdf of the stan-
dard normal distribution, respectively, while W5 and ¢/ p denote the cdf and pdf of the Student’s ¢
distribution with B degrees of freedom, respectively.

Under suitable regularity conditions, or more simply under Assumption 3.1 (see, e.g., [21]),

both vnA(X) and vnA,(X) admit Edgeworth expansions of the form

P(VrA(X) < q) = @(q) + Z n (@) p(q) + o(n?),
=1

uniformly in q € R, where each m; is an Edgeworth polynomial. Here ® and ¢ denote the cu-
mulative distribution function and probability density function of the standard normal distribution,
respectively. By convention, we write 3 = p; when A=A, and my = qr when A = A,. Moreover,

it is known that g1, p», and g, admit the representations

q1(x) = Z b1 xx", pa(x) = Z ap.x’, qa2(x) = bpaux". (3.19)
(=02 k=13.5 k=13.5

Equation (3.19) serves as the definition of the coefficients by k), b[2,k]» and a2 k). The coefficients
apz,x) and b i) are polynomial functions of moments and mixed moments up to order 4, associated
with the smooth function models A(X) and A(X), respectively. Similarly, the coefficients by
are polynomial functions of moments and mixed moments up to order 3 associated with A;(X). We
state these coefficients explicitly because they also appear in the quasi-polynomial terms, namely
the ¢ functions in Theorem 3.6, arising in the Edgeworth expansions for the Student’s 7-type
statistic.

Precise statements of this Edgeworth expansion result, together with its bootstrap and resam-
pled counterparts, are given in Appendix B.1. Although these three theorems, adapted from [21],

do not appear explicitly in the statements of our main results, they play a foundational role in the
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proofs and will be invoked repeatedly throughout the appendix.

After reviewing the usual Edgeworth expansion for Gaussian-limit pivotal statistics, we now
present the corresponding expansion for Student’s z-type statistics in Theorem 3.6. The detailed
proof for the symmetric two-sided case is given in Appendix B.2.1, while that for the one-sided

case is given in Appendix B.2.2.
Theorem 3.6 (Uniform Higher-order Coverage Errors for Cheap Bootstrap). Under Assumption 3.1:

» When B ¢ {1, 3}, for any gy > 0, there exists a constant G such that

£5(Q)

n

1
sup < -
[0 2>0)) n

P,(IT| <q) -2¥p(q) + 1 — X Cys. (3.20)

where

Ha@= )

2(k+1)/21—~(BT+k) BEI2qH
BT VRT(B/2) (B +q)BHH2

ke{1,3,5}
F(% + 1) F(BT*") 2(k+1)/ZB(B+k+1)/2q]
— a[2,k] : (3.21)
Brk+1 B + q?)(B+k)/2
JTF( +2+ ) ( q )
* There exists a constant Cup such that
up up
1
sup [P, (T < Q) — ¥a(q) - élv(EQ) 4 n(OI)‘ < —5 % Cup. (3.22)
geR '

where

BBI2+kgh

u u 1 S
47@ = ) b and () = 3% 45(@- (3.23)

oh ‘/27T(B + q2)8/2+k

Theorem 3.6 has three notable features. First, the remainder bounds hold uniformly in the
argument q: over all q € R in the one-sided case, and over all q > g¢ in the symmetric two-sided

case. This uniformity is essential for the subsequent coverage error analysis in Theorems 3.2 and
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3.3, since those arguments require control of the distributional approximation at random or varying
quantile locations rather than at a single fixed Q.

Second, in the symmetric two-sided case, the approximation error is of order O(n~?), except
in the special cases B € {1,3}. The main implication of this sharper bound is that the n=3/?
term vanishes from the symmetric two-sided expansion. This refinement is the key step behind
the O(n~2) coverage error in Theorem 3.3; it requires a joint treatment of the pivotal statistic
\n A(X) and the sample-based estimators of the Edgeworth coefficients, namely dap,x) and 13[2,/{]
fork =1,3,5.

-3/2

The justification for the absence of the n term in the two-sided case is quite subtle. It relies

on a key result, Proposition B.10 in Appendix B.2.3, which shows that

E[s(VrA(X)) (M, — M)] = 0(n™"),

where M and M,, denote the same monomial in finitely many, possibly mixed, moments, evaluated
at the population moments and sample moments, respectively; vnA(X) is the pivotal statistic in
the smooth function model, with A equal to either A in (3.13) or A in (3.14); and g is an even
function in C2(R). The quantity inside the expectation is typically of order O(n~'/?), due to the
CLT-scale fluctuation of \/n(M, — M). The sharper O(n~!) bound instead arises from a nontrivial
cancellation at the expectation level induced by the evenness of g. Example 3.7 below provides

some intuition for this phenomenon and illustrates concretely why the evenness is essential.

Example 3.7. Consider the simplest case where X; € R are iid with unit variance, M is the true

mean u, M, = X, and A(x) = x — u. We consider the function g (x) = x*. It is easy to verify that

n 12 k=1,

Elgk(VnA(X)) (X —w)] = {n'B[(X, - w)?], k=2,

3n 12+ nB2(E[(X - w* -3), k=3,
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More generally,

1 Q2r+1)! _
o ;mE[(Xl—ﬂf)]*'O(n ). k=2,
E[gr (Vi A(X)) (X - p)] =
(2}’+1)!!+0(n_3/2)’ k=2 +1.

N

Thus, when & is even, the expectation is of order O(n~'), whereas when k is odd, it is generally

only of order O (n~/?). A

A somewhat peculiar feature of Theorem 3.3 is the technical restriction B ¢ {1,3}. This
limitation arises from the use of a first-order Taylor expansion with Lagrange remainder in Propo-
sition B.10, mentioned above, where functions of the following form appear:

X
x) = |=
g[8 (x) q

In particular, the condition B ¢ {1, 3} ensures that g[p] € C?(R), so that the Lagrange remainder
is well defined. At present, the best bound we can prove when B € {1, 3} remains O(n>/?). We
nevertheless believe that this restriction is not fundamental and can likely be removed by alternative
proof techniques.

Third, the correction terms ¢ }(S and ¢ zp admit explicit closed-form expressions. In the earlier
cheap bootstrap development, by contrast, the corresponding {j functions were represented as
high-dimensional integrals in [52]. This makes the present expansions substantially more transpar-
ent and easier to apply. The simplification is possible because the integral structure naturally gives
rise to chi-square random variables through sums of squared Gaussian coordinates, which allows
the multidimensional integrals to be evaluated in closed form.

Although the functions ¢ }f and ¢ Zp admit explicit closed-form expressions, their formulas still

appear somewhat complicated. However, they simplify strikingly in the limit B — oo:

Corollary 3.8. As B — oo, the cheap bootstrap reduces to the standard error bootstrap. In this
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limit, the { functions simplify to

lim £P(a) = ¢(@) (bp0) + b11.210°)-

Bli_{lgo £(q) = 2¢(q) [5[2,1](1 +bp3q° + b5 - (ap) + 3aps) + 1561[2,5])CI]~

It is known that the cheap bootstrap reduces to the standard error bootstrap as B — oo. The
explicit limiting formulas above may help clarify the relationship between Edgeworth expansions
and the standard error bootstrap. To the best of our knowledge, this connection has not been made
explicit in the existing literature.

We next state the corresponding uniform Edgeworth expansion for the resampled cheap boot-
strap statistic 7*. This result is the conditional analogue of Theorem 3.6: the deterministic coeffi-
cients in the expansion are replaced by their sample-based counterparts, and the remainder bound
now holds with high probability. The proof is provided in Appendix B.2.4 for the symmetric

two-sided case, and in Appendix B.2.5 for the one-sided case.

Theorem 3.9 (Uniform Higher-order Coverage Errors for the Resampled Cheap Bootstrap). Under

Assumption 3.1,

* When B ¢ {1, 3}, for any gy > 0, there exists a constant éts such that

Z5(q)

n

P,(IT*| < q | X) - 2¥5(Q) + 1 - > —=xCy|=0n™ (3.24)

1
z

P (sup

g=é&0

where {A;S is defined in the same way as {;S in (3.21), except that the coefficients apy x| and

b(2,x) are replaced by d| i) and 13[2,/(], respectively.

s There exists a constant Gy such that

P,(T* <q|X)-¥5(Q) — =0(n™) (3.25)

P L@ 1 4
1\/5 _ Zn '> xCup

= L5

P |sup
geR

where ¢ ;]p and f;p are defined in the same way as {;]p and {;p in (3.23), except that all
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coefficients apy x| and by, x| are replaced by d|» i) and B[i’k] fori = 1,2, respectively.

Define nx (Q) := x(q) /¥ (Qq), where ¥ p is the pdf of the Student’s ¢ distribution with B degrees

of freedom. Then the expansions in Theorem 3.6 can be rewritten as

2
GiP (@) = Wp(@) + ) n PP (a0,
k=1 (3.26)

G (@) = 2¥5(a) — 1+ 05 (@5().

This reformulation is more convenient for developing the corresponding Cornish—Fisher expan-

sions in the next section. The functions n; are given explicitly by

6B(B + 1 3
15 (@) =2(bp21) — ap1))q — a3 é+ > )B fq2 +2bp3)(B + 1)Biq2
30B2(B+1)(B+3) q q
TN T BB (Brapr L eABT DB G
v I(B/2) [ N B’q’ u 1
p _ /2 p _ ts
n (@ =——F—— |bpoa(B+a) " +bpy——17=51, 1, (Q)=51(9).
" () "2 B+ g 2= am

Although their explicit forms are somewhat complicated, the functions r; possess two useful prop-
erties: (1) each iy is infinitely differentiable on R; and (2) 774 is odd when £ is even, and even when
k is odd, just as in the case of classical Edgeworth polynomials. Thus, the functions 7, play a role
analogous to that of Edgeworth polynomials for Gaussian distributions, and we refer to them as
Edgeworth quasi-polynomials for the student’s z-distribution.

The structure of the functions 7; motivates the quasi-polynomial framework for higher-order
Edgeworth expansions of Student’s 7-type statistics developed in Appendix B.3.1, where these
expansions are denoted by G‘,fv(q) and G ,(q). In the cases established here, they reduce, re-
spectively, to the one-sided case with v = 2 and the symmetric two-sided case with v = 3 in Eq.

(3.26).
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3.4.2 Uniform Cornish-Fisher Expansion for t-Distributions

We now pass from the Edgeworth expansions to their Cornish—Fisher counterparts. We first
introduce the population quantiles and their formal approximants, and then state the corresponding
existence and uniqueness result. We expect these quantiles to admit the following finite Cornish—

Fisher expansions for the Student’s ¢-type statistic:

2
u;i =q+ Z n_k/zfzp(q), where q = ‘Plgl(a),
k=1

1 af1+a
ut;a ::q+Z§§(q), Whereq::‘PBl( )

2
with
u u ts 1 ts
&' (@ =-n"@,  &@=-5m9),
(3.27)
£7(Q) = (@ @ () (@ - 3 i @)

Here each &, although not a polynomial, belongs to C*(R), is even when k is odd, and odd when

k is even. Moreover, the coefficients of & are polynomials in moments up to order k + 2. The

up

subscripts v = 2,3 in U,
,

and ugsa are consistent with the approximation order O (n~(*1/2).
The Proposition 3.10 below establishes the existence and uniqueness of these formal Cornish—
Fisher approximants, together with their uniform convergence properties. A general version of

Proposition 3.10, namely Proposition B.16, is stated in Appendix B.3.1 under the general quasi-

polynomial framework. Its proof is given in Appendix B.3.2 and Appendix B.3.3.

Proposition 3.10 (Existence and uniqueness of the Cornish—Fisher expansions on the Student’s ¢
distribution). Under Assumption 3.1, there exist unique functions f?p, f;p, f;s, given in (3.27), such

that for every compact interval K ¢ R and K c (0, o), there exist finite constants Aqu and Atlg
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satisfying

2

g+ > n*gP ()

k=1

G, (q + %é&s(q)) - (2¥s(q) - 1)

sup | G? ~Wp(q)| < A0,

qek

sup
gek

ts -2
< >
< AKn .

Motivated by the expansion forms of ulzlpa and ugsa, we define the formal resampled Cornish—

Fisher approximants by

2
ﬁ;ix =q+ Z n_k/zézp(q), where q := ‘P;l(a/),
k=1

. 1, 41+«
3, =Qq+ r—l%s(CI), where q = ‘I‘Bl( 5 ) :

Here &7, £}, and £ are obtained from (3.27) by replacing the population moments in the coef-
ficients with the corresponding sample moments. In this way, we have defined the four quantile

approximants needed for the coverage error analysis, namely

up ts AUp AtS
2.’ Uz s uZ,a’ U3 o

We now explain their roles. Recall the exact quantiles u,’ and u® of the finite-sample distribu-

tion of T, defined in (3.15) and (3.16), and the resampled quantiles i," and 4%, defined in (3.17)

p ts  AUP  Ats

and (3.18). The approximants u;’a, 30 Uy g0 Uy, SETVE S explicit higher-order proxies for these

exact quantiles. Their main advantage is that they are given by finite sums of smooth & functions,
which makes it much easier to control differences such as |u121pa - ﬁ;pa| and |ut350 - ﬁt350| than if one

worked directly with the original quantile definitions. At the same time, these approximants remain

up

sufficiently accurate: as the next theorems show, u,"

and ugsa are already higher-order approxima-

up
2,

and ﬁgsa are the corresponding higher-order approximations to iy’

tions to uy and u', while 7
and 4%. Therefore, these four explicit approximants provide the convenient intermediate objects

through which the final coverage error bounds are established.
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Theorem 3.11 (Uniform error for the Cornish—Fisher expansions). Let € € (0,1/2). Under As-
sumption 3.1, there exist finite constants CE'I; and C¥, such that

up

ula -

up  -3/2
SCC'f.n 2 sup

e<a<l-¢

U] —
Uy <Cln 2,

sup

ts ts
M3,(l l/la,
e<a<l-¢

Theorem 3.12 (Uniform error for the resampled Cornish—Fisher expansions). Let € € (0,1/2).

Under Assumption 3.1, there exist finite constants ézpf and C‘; ¢ such that

AUD  AUD
Mzﬂ( Uy

IP( sup

e<a<l-e¢

> Clcl.pf.n_yz) =0(n™), P( sup

e<a<l-¢

o> 6] =0,

General versions of the two theorems above are stated at the end of Appendix B.3.1, with
proofs given in Appendices B.3.5 and B.3.6. These higher-order quantile error bounds imply the

quantile error of SCB, stated in the following corollary, whose proof is given in Appendix B.3.7.

Corollary 3.13 (Quantile error of SCB). Under Assumption 3.1,

sup |ﬁ3P _ u3P| = Op(n‘l), sup |ﬁ$ — uff = 0p(n‘3/2)'
esesl-s e<a<l-¢

No restriction B ¢ {1, 3} is needed in Corollary 3.13 for the symmetric two-sided quantile error.
The reason is that an O (n=3/?) approximation in (3.20) already suffices for this conclusion. The
classical studentized bootstrap has quantile error order O, (n=3/?) in the symmetric two-sided case
and O p(n‘l) in the one-sided upper case; see Egs. (3.23) and (3.53) in [21]. Thus, SCB achieves

the same quantile error order as the studentized bootstrap with substantially less computation.

3.5 Numerical Results

We study the finite-sample performance of SCB through three function-of-mean examples,
one V-statistic example, and two input uncertainty quantification examples for M /M /k queueing
systems.

For SCB, the inner bootstrap size is denoted by B, the outer bootstrap size by Bj, and the
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sample size by n. Throughout, we take By € {39, 79}, and use the 38th or 77th order statistic of
{|Tg1 |}§]‘: |» respectively, when computing empirical quantiles. The computational cost of SCB is
therefore (B + 1)(B; + 1), counting the total number of evaluations of the target statistic 6. This
consists of one evaluation for 4, B, (B + 1) evaluations for generating {Tg1 fl‘: |» and B additional
evaluations for . When B is very small (i.e., B = 1, 2), it is possible that S=0or S"‘bl = (0 because
of identical resamples, leading to degenerate intervals. To avoid this, we introduce an additional
threshold e: whenever § < € or Szl < €, the bootstrap restarts from the beginning. This restart
mechanism is relevant only for B = 1,2 as its probability decreases from 0.5 ~ 0.7 when B = 1 to
about 0.01 when B = 2, and is practically negligible otherwise.

Besides the bootstrap methods introduced in Section 3.2, we also include two additional proce-
dures in the numerical experiments. The percentile bootstrap is a standard alternative to the basic
bootstrap, constructed by taking the empirical (1 — @)/2 and (1 + @)/2 quantiles of the resample
estimates 6, as the CI endpoints, yielding [ {6} }(1-a)/2, {0} } (1+a)/2 . The symmetric bootstrap is
included as an ad hoc benchmark to illustrate that improved coverage comes from studentization
rather than from symmetry alone. It uses the empirical @-quantile of |6, — 8| to form the interval
[6-{ |6, — 0 Yo, 0+ { 6, — 0] }o . Unlike the symmetric studentized bootstrap in [26] (see also
Eq. (3.6) above), this procedure does not use a pivotal statistic.

For comparison, each benchmark method uses (B + 1) X (B + 1) bootstrap replications, so
that all methods are compared under the same computational budget. The benchmark methods
include the basic bootstrap (BB), percentile bootstrap (Per), symmetric bootstrap (Sym), standard

error bootstrap (SE), and cheap bootstrap (CB).

3.5.1 Function-of-Mean Type Experiments

We consider three function-of-mean experiments, where the target statistic takes the form
0(P) = f(Ep[X]) for a given function f. Let u1, ..., us denote the elements of the mean vector.
Throughout, we take B € {1,2,5,10,20,30,50}, B; € {39,79}, and n € {10, 25, 50, 100, 200},

and all CIs are constructed at the nominal coverage level @ = 0.95.
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Experiment 3.14. Let d = 2 and X = (X}, X»), where X; and X, are independent and each follows

a y2(5) distribution. The function is f(u1, 2) = (5 — 4u1)u2/20 + w1 (4 — i) /40.

Experiment 3.15. The setup is the same as in Example 3.14, except that X; and X, are independent

and each follows the uniform distribution on (0, 10).

Experiment 3.16. Let d = 3, and let X1, X3, X3 be independent exponential random variables with

mean 2. The function is f(u, uz, u3) = log (0.1 + (,u% + 4ppops + /1%;13 + 0.4,u],ug,u§)2).

The true values of the target parameters in all three examples can be computed analytically.
The corresponding bootstrap results are reported in Figures 3.2, 3.3, and 3.4.

Across Experiments 1-3, SCB is consistently among the methods closest to the nominal 95%
coverage level, with the advantage being most visible in small and moderate samples where several
benchmark methods exhibit noticeable undercoverage. The main tradeoff is interval width: when
the inner bootstrap size B is extremely small, especially B = 1 or 2, SCB can produce wider
intervals, but this width inflation decreases rapidly as B increases while the coverage remains
stable and close to nominal. Overall, the three function-of-mean experiments suggest that SCB
achieves a favorable tradeoff between coverage accuracy and computational cost under the same
simulation budget. The effect of B in Experiments 1-3 is relatively mild. Increasing B; from 39
to 79 does not change the main qualitative conclusions or the overall ranking of the methods. SCB
remains closest to the nominal 95% level in both cases. The main effect of a larger B; is a slight
stabilization of the procedure: coverage may improve a little in some low-#n settings, and the SCB
intervals also become slightly shorter. Overall, compared with the choice of B, the impact of B is

secondary in these three experiments.

3.5.2 V-statistic Experiment

We apply SCB to a V-statistic to estimate 8(P) = Ep[h(X1, X»)], where Ep denotes expectation
under P and X, X, are i.i.d. samples from P. Experiments are conducted with B € {1, 2,5, 10,20},

By € {39,79} and n € {10, 20, 30,40, 50} and all CIs target the nominal coverage level @ = 0.95.
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Experiment 3.17. Let h(x,y) = min(12, (x — y)?> + x + y) and P = I'(1, 1). The ground truth is

0 ~ 3.493254, obtained through direct calculus. The bootstrap results are presented in Figure 3.5.

The V-statistic experiment in Figure 3.5 is substantially more challenging than the function-of-
mean examples. The benchmark methods exhibit pronounced undercoverage, especially when 7 is
small. Although SCB is not perfect at the smallest sample sizes, its performance improves much
more rapidly: by n = 30, its coverage is already essentially at the nominal 95% level, whereas the
competing methods still remain visibly below target. Moreover, once B reaches a moderate value
such as B = 10, the interval width of SCB is already close to that of the benchmark methods. Thus,
the slightly larger width of SCB appears to be exactly the price needed to correct the substantial

undercoverage of the competing procedures.
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Figure 3.2: Coverage probabilities and interval widths of SCB compared with
benchmark methods in Experiment 1. The restart threshold is set to € = 0.01
for By = 39 and &€ = 0.05 for B; = 79. Each result is obtained from 100,000

independent experiments.
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Figure 3.3: Coverage probabilities and interval widths of SCB compared with
non-iterated benchmark methods in Experiment 2. The restart threshold is set
to € = 0.01. Each result is obtained from 100,000 independent experiments.
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Figure 3.4: Coverage probabilities and interval widths of SCB compared with
benchmark methods in Experiment 3. The restart threshold is set to £ = 0.01.
Each result is based on 100,000 independent experiments.

87



n=10, B;=39 n=10, B;=79

100
S
Q .
2 Nominal 95% Per
5 , - —=— SCB e Sym
..... .--nn CB SE
% 20 A — 1 N ----- BB
= 10 1
1I0 20 1'0 20
B B
n=20, B;=39 n=20, B;=79 n=30, B;=39 n=30, B;=79
100 100
S =5 e S B g oo | (g g e
8.) FYruspreme g e e Qg e s e e e 8’ T I T I
g 801 1 S g0+ 1
3 S
70 T T 70 T T
= 101 a 1 N\ = 10 A l E t
S S
; [ | I - i ; . N | - _ 1
O T T 0 T T
10 20 10 20 10 20 10 20
B B B B
n=40, B;=39 n=40, B;=79 n=50, B;=39 n=50, B;=79
100 100
S | I g oo—0—g——— |Do—o—o———————
F; 90  &bzzspoususfousususumusu| | s ousunfououmumususy E; [0 RLEEELEEEEEE EEEEEEEEEEEE] B NSRS SEEEEE SEEEEEEE et
5 5
2 80 1 E = 80 - -
@] )
70 T T
810 ] 8
2 s
10 20 10 20
B B

Figure 3.5: Coverage probabilities and interval widths of SCB compared with benchmark
methods in Experiment 4 with restart threshold € = 107*. Each result is based on 10°
independent experiments.

3.5.3 Input Uncertainty Quantification for M/M/k Queueing

We apply SCB to the input uncertainty quantification of queueing systems. Specifically, we
consider M /M [k queueing systems in which the expected service time is u and the expected inter-
arrival time is 4. When performing the Monte Carlo of input uncertainty quantification, we use

the empirical distributions of inter-arrival and service times of equal size, without assuming prior
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knowledge that the true system follows an M /M /k structure. Neither of these systems is stable in

the long run. Our target statistic is the expected total waiting time of the first N = 10 customers.
Experiment 3.18. M /M /2 system with inter-arrival mean A = 1 and service-time mean u = 8.
Experiment 3.19. M /M /1 system with inter-arrival mean A = 1 and service-time mean u = 1.1.

The true values are 85 = 10.66587 + 0.00035 and 8¢ = 1.77567 + 0.00009 (with 95% con-
fidence), obtained from 10° simulation replications. The target statistics are evaluated via the
average of 1000 Monte Carlo runs with either the he empirical data or the bootstrap data. The
choice of 1000 replications is sufficient to ensure the dominance of input errors instead of the
Monte Carlo errors. For Experiment 5, experiments are conducted with B € {1,2,5, 10, 15},
By € {39,79}, and n € {10, 15,20, 50}, and all CIs target the nominal coverage level @ = 0.95.
For Experiment 6, experiments are conducted with B € {1, 2,5, 10, 20, 30}, B; € {39,79}, and
n € {25,50, 100, 200, 300}, again with nominal coverage level @ = 0.95. The results are presented

in Figures 3.6 and 3.7.

89



Nominal 95% —&— SCB -~+-- CB --+-- BB —+- Per --s-- Sym = SE

n=10, B,=39 n=10, B,=79 n=15, B,=39 n=15, B,=79
05 e | A e 05 Bl ] | Sy g ———|

g g

o LU FNtatat e ettt B PO it S

g’%- I O ) S g’go---» qr

2 by g, Qursrarararatatece 3 R S LA SRR

S g5 ] 1 © g5 1

Width

$ 3
Width

$ 3

5 10 15 5 10 15 5 10 15 5 10 15

©
a
L
©
a
L

Coverage (%)
8
Coverage (%)
8

&

8

Width
&
)
idth
&

Figure 3.6: Coverage probabilities and interval widths of SCB compared with non-
iterated benchmark methods in Experiment 5. The statistic is estimated by 1000
Monte Carlo runs. The restart threshold is set to € = 1073, Each result is based on
10,000 independent experiments.
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Figure 3.7: Coverage probabilities and interval widths of SCB compared with non-
iterated benchmark methods in Experiment 6. The statistic is estimated by 1000
Monte Carlo runs. The restart threshold is set to € = 1078. Each result is based on
10,000 independent experiments.

In Experiments 5-6, SCB again provides the best overall coverage performance under the
same computational budget. The advantage is more pronounced in Experiment 5, where the
benchmark methods show substantial undercoverage, especially for small n. In Experiment 6, the
same pattern remains but is less dramatic. In both examples, once B is taken to be moderate, the

interval width of SCB is already close to that of the benchmark methods, while its coverage stays
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much closer to the nominal 95% level.

3.5.4 Implementation Tips

In practice, the most important tuning parameter in SCB is the inner bootstrap size B. Although
very small values of B can still deliver reasonable coverage, we do not recommend using B = 1 or
2 in practice, since they may lead to noticeably wider intervals and occasional degeneracy. Instead,
amoderate choice such as B = 5 ~ 15 is generally preferable. This already keeps the interval width
close to that of the benchmark methods while preserving the coverage advantage of SCB.

The outer bootstrap size B should still be taken moderately large, since it controls the stability
of the empirical quantiles of the resampled pivotal statistics. In our experiments, increasing B
from 39 to 79 does not materially change the coverage behavior, but it can make the intervals
slightly shorter. Thus, a practical strategy is to choose a moderate B first, and then take B as large

as the remaining computational budget allows.
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Chapter 4: Multisample Average Approximation in Stagewise Independent

Multistage Stochastic Optimization

This chapter is based on joint work with Henry Lam.

4.1 Chapter Overview

Sample Average Approximation (SAA) is a standard tool in stochastic programming, with
a well-developed theory for consistency, asymptotic analysis, and uncertainty quantification in
single-stage settings. In contrast, comparable statistical tools are much less developed for multi-
stage stochastic optimization, where the complexity of the problem grows rapidly with the time
horizon. Even under stagewise independence, it remains difficult to obtain tractable data-driven
procedures with rigorous guarantees for solution quality.

This chapter studies a class of stagewise independent multistage stochastic optimization prob-
lems with parameterized policies. Under this formulation, the empirical objective naturally takes
the form of a multisample average over independently sampled stagewise data. We refer to the re-
sulting method as Multi-Sample Average Approximation (MSAA). This representation connects the
optimization problem to the theory of multisample U-statistics and U-processes, which provides
the probabilistic structure needed for asymptotic analysis.

Building on this connection, we develop the basic statistical theory for MSAA. In particular,
we establish laws of large numbers, a central limit theorem under coordinated sample growth, and
a Wald-type uniform law of large numbers for the associated multisample processes. These re-
sults imply consistency of the MSAA optimal value and support the construction of a conditional
variance estimator. We then develop a multisample single-replication procedure to bound the op-

timality gap of a candidate policy, thereby providing a practical uncertainty quantification tool for
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this multistage setting.

4.2 Parameterized Multistage Stochastic Programming

A multistage stochastic programming model with a parameterized policy and a time horizon of
c is defined as follows:
minimize 1(0) = E[h(0;EM, @, ., £)]

4.1)
subjectto 6 € 0,

where © denotes a compact set of parameters. Assuming stagewise independence, each £ is in-
dependently drawn from the distribution Fy for k = 1,2, ..., c¢. Typically, decisions at time k are de-
termined by both the policy and the information realized up to that point, namely (£(D, £, ..., £()),
and are made in an online manner.

Consider that there are Ny i.1.d. realized samples from each distribution F, denoted as {§ (k) }lk 1

Based on these samples, we can formulate an alternative optimization problem with respect to the

empirical distribution, as follows:

N1 N2 c
minimize un(0) = l_[ Z Z Z h(6; -f(l) 5(2), --,fi(f))
11 1ir= i.=1 (42)

subjectto 6 € O,

where the subscript N = (Ny, Na, ..., Ni) represents the vector of sample sizes. We refer to this
optimization approach as Multi-Sample Average Approximation (MSAA). When N is sufficiently
large for each component, the optimal solutions of the MSAA problem are expected to also serve
as effective policies for the original stochastic programming. Our interest in the MSAA is pri-
marily based on two considerations. Firstly, the true distribution F; may not be known, and the
available data, such as sales figures or customer records, are real-world observations that cannot
be easily simulated. Secondly, even with perfect information of all distributions Fy, solving the

stochastic programming as formulated in Equation 4.1 often presents challenges when dealing with
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continuous distributions. However, utilizing finite sample approximations through MSAA, in some
problems, allows for efficient resolution of these problems.

Despite the assumptions of stagewise independence and a parameterized policy, a wide range
of classical problems can be effectively formulated in this manner. Here, we introduce two notable

examples.

Example 4.1 (Airline Management). [66] in Chapter 2.2.2 discuss a classical n-class airline ca-
pacity control model. In this model, an agent aims to maximize revenue from selling a total of
C airline tickets. Over a sequence indexed by k = 1,2, ..., ¢, customers from the k-th class ar-
rive, numbered £%), and express willingness to purchase tickets at price py. It is stipulated that
p1 < p2 < ... < p., with customers of different classes arriving in this strict order. The decision
variable for the agent is 6 := (61, 6>, ...,60.-1) € [0,C 171, where 6; represents the number of tick-
ets reserved at time k for later-arriving (higher-valued) customers. Consequently, the total revenue
is a deterministic function of both 6 and the realized {¢ (k)}izl. Thus, although it represents an

offline decision problem, the problem can be formulated as stochastic programming in (4.1). A

Remark 4.2. In contexts other than airline ticket sales, where tickets must be integers, all variables
(including capacities and decisions) can be treated as continuous. [66] present two methods for
solving the capacity control problem: dynamic programming with discretization of 6 and Monte
Carlo integration, which is identical to our MSAA formulation. The Monte Carlo approach is
often preferred due to its computational efficiency, the time complexity for dynamic programming
is O (Cs%z), where € denotes the discretization precision. However, an analysis of optimality for the

Monte Carlo method is lacking in the literature, an issue we address in this chapter.

Example 4.3 (Inventory Management with (s, S)-policy). The problem of single item inventory
management involves managing the amount /; of a resource using a replenishment policy, where
the main tradeoff lies between storage and backorder costs. Let I; represent the inventory level
at beginning of time k. The agent first decides on the replenishment amount R; (which could be

zero) at a cost C(Ry). Subsequently, the demand Dy is reviewed. If I + R, — Dy > 0, a holding
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cost hy per unit is incurred; if Iy + Ry — Dy < 0, a backorder cost by per unit is incurred. The
total management cost over the horizon k = 1,2, ..., cis given by >\ _, (lx + Ry = D) " hy + (D —
Ix — Ry)* by + C(Ry). Although the replenishment policy can be any arbitrary function of the
tuple (k, I;), in many cases, such as when the replenishment cost is linear (C(Ry) = Co + CxRy),
the optimal policy is often an (s, Sy )-policy as demonstrated by [67]. Under this policy, if I; <
s, the inventory is replenished up to Si. This approach significantly reduces the complexity of
the decision-making process from an infinite-dimensional space of feedback controls to a finite-
dimensional space, represented as 6 := (sk,Sk);_; in R2¢. Consequently, the problem can be

formulated as stochastic programming in (4.1) and MSAA can be applied to it. A

4.3 Multisample U-Statistics

In order to introduce a multisample U-statistic, we first define the kernel functions. Let m =
(my1, ma, ...,m.) denote a c-dimensional vector of positive integers and ||m|| = X7 _, m; also let

x(h) = (xik), ...,x,(nkg) € Rk,

Definition 4.4 (Kernel Function). The hm(x(l);x(z); e x(")) - RImll — R is called a kernel func-

tion with index m if it is symmetric to the exchange of variables within each segment k.

For example, when m = (2, 2),

1 2 1 2 1 2 1 2 1 2 1 2
255797 = 255792 = e 2875875

However, it is prohibited to exchange arguments across segments of different x©), i.e.

1 2 1 2 1 2 1 2
hm(xi ),x; );yi ),yé ) # hm(yg ),x; );x§ ),yg )

in general. For k = 1,2,...,¢c, let F; be c¢ distinct unknown distributions on R. Now assume
that we have Ny realized samples from Fj that are denoted as {fl.(kk)}fz * | separately. We shall use

N = (N1, N, ..., N.) to denote the sample size vector. It is natural to introduce the multisample
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U-statistic to estimate the expectation E[ /g, (€1 @) ..; €0)], where £F) = (f(k) .f(k) . (k))

are my, i.i.d. from Fj and all {‘f(k)}i:l are independent.

Definition 4.5 (Multisample U-Statistics and V-Statistics). Given m and {Fy};_, as well as the
i.i.d. random variables {¢ l(f)}l]\:": | drawn from the distribution Fy, the multisample V-statistic and
multisample U-statistic with kernel function hy, and sample size N = (N, Na, ..., N.) are defined

as

N| Nc

N¢
Z S Z Z hm(f(f.ﬁ,-- (3.3;-' 5(53""5;:2)2)’ and

I O

WN [hm

N

Nk—mk)'
- l_l Z Z Z hm(‘f((l)"' (1)7-- f&fivu f((c))X]ldm,
k= l(c) 1

(1) =1 l(l) 1 (C) =1

where the distinct indicator 14 = 1{Foreach k =1, ..., c, zgk) are distinct forall s = 1, ...,my}

excludes the summation over diagonal terms.

4.3.1 Stochastic Array Convergence

The U-statistic Un[/hm] as well as the V-statistic VN[ /hm] are defined as a c-dimensional array
with index N = (Ny, Na, ..., N.); therefore, we have to clarify the array convergence to analyze the

asymptotics.

Definition 4.6 (Stochastic Convergence of Arrays). Let SN be an c-dimensional array of random
variables indexed by integer vector N = (N1, N3, ...,N.) > 0 and S be a given variable. The
partial order N > N’ is defined in the elementwise sense. We define the three modes of convergence
as follows (i) SN 1N S if for any €,6 > 0, there exist a N’ such that supysn P(ISN = S| > €) < 6;
(ii) SN z, S if for any € > 0, there exist a N’ such that supysn E[SN — S|P < €; (iii) Sn N if

fora.s. w € Qand € > 0, there exist a N’ such that supysn [SN(w) — S(w)| < €.

. . . ) L 5.
Same as the 1-dimensional case when Sy is a random sequence, either Sy — S or Sy AN Y
. . P . . .
implies Sy — S. The a.s.-convergence of a stochastic array is more complicated than that of a se-

quence. It is usually challenging, if impossible, to achieve a.s.-convergence with an L' assumption.
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In literature, an alternative stronger condition of a c-dimensional array is E|X|(log* |X D! < oo
[68, 44, 69]. When ¢ = 2, the condition refines the L' space into the Orlicz space L log* L. There-

fore, we shall use the term Orlicz condition to refer to such conditions (for all ¢ > 2). Recall

the variable i (£€(V; @) . €50, where ¢0) = (fik), f(k), f,(,,i)) are my i.i.d. from Fj and all
{¢ (k)}izl are independent. The subsequent kernel types are actually relevant when discussing the

convergence of Un[/m] and V[ /m] to the mean value E[ i (£(1; £2); .. £0)],

Definition 4.7 (Kernel Types). Let F, := F| X F; X ... X F. and hy, be given. Then we define the

Jfollows:
(i) hm € LP(F.) if Blhm (£ €@ £8P < oo;

(ii) hm € O(F.) if E[|Am (€D .. X (log™ |hm (€D ..; EF)1] < o0 and call it an Orlicz

kernel.

(iii) hym € LP(F.) or hym € O.(F.) with variable repetition if the respective condition also holds

for all (€V;...; 0 when the elements in %) are not necessarily distinct.

To better clarify (iii), when we say h (3 2)(x1,Xx2; y1,¥2) € L' (F;xF,) with variable repetition, it
implies that E| (X1, Xo; Y1, Y2)|+E|h(X1, X1; Y1, o) [+E| (X1, Xo3 Y1, V) [+E| (X, X5 Y1, 1) <
oo, where X; (i = 1,2) and ¥; (j = 1, 2) are iid drawn from F; and F; separately. Of course, (iii) is

a significantly stronger condition.

4.3.2 Asymptotics of Multisample U-Statistics

We are now ready to introduce the Law of Large Numbers (LLNs) for the multisample U-

statistics and V-statistics. For brevity, we denote E|im (£€(1;£?); . £5))| < o0 as p.

Theorem 4.8 (Multisample Law of Large Numbers). Continue from Definition 4.5, 4.6 and 4.7.
Then

1

(a) hm € L' (F,) implies Ux[hm] L, u.
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a.s.

(b) hm € O(F,) implies UN[hm] — 1.

1
(c) hm € L'(F.) with variable repetition implies Ux[ hm] L, .

a.s.

(d) hm € O(F.) with variable repetition implies UN|[hm] — u.

Parts (b) and (d) were first proved in [69]. Moreover, the multi-index backward martingale
theory in [44] almost implies (a)—(d) as special cases. The only missing ingredients are an explicit
backward martingale construction, as noted in [70], and a multisample Hewitt—Savage 0—1 law.
Both can be supplied with minor additional effort, see the proof in Appendix C.1.

Different from the LLNs, a multisample Central Limit Theorem (CLT) requires coordination
of samples increase, which essentially reduce the asymptotic analysis of an array into that of a

sequence.

Definition 4.9 (Sample Path). A sample path is an index sequence {N¢};? ; of c-dimensional integer
vectors such that (i) No = (0,0,...,0); (ii) Nex1 = Ny in the elementwise partial order; (iii)

2oy N =4

By defining the index norm [[N]| := 33} _, N, a stochastic array SN on a given sample path
{N¢};2, can be treated as a random sequence. We impose the subsequent assumption to conclude

a CLT.

Assumption 4.10. We assume a fixed sample path on which the ratio Ny /||N|| converges to y; €
(0,1), i.e. limNj—oo Ni/IINIl = vi > 0and 35 _, vi = 1.

For the necessity of such an assumption, consider S(N1, N>) = Zf\fl Xi+ 27:21 Y; where {X;}2,
and {Y; };’.‘;1 are i.1.d. zero-mean Gaussian variables with distinct variance 0')2( and 0')%. For a zigzag

path of N on which the ratio Nj /N, diverges with oscillation between two values, the variance of

S(N1, N;) oscillates too and no weak convergence can be concluded when proper-scaled.

Theorem 4.11 (Multisample CLT). Under the Assumption 4.10, a kernel hy, € L*>(F.) yields

c 2
i RN M (D). £(2). . g0
lim INI (U] = ) N(o,;nw(mhm(e £ 5O g ])),
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where N stands for a Gaussian variable. The CLT extends to V[ hm] if hm € L*>(F.) with variable

repetition.

The CLT for a multisample U-statistic stated here has been proved in [41] and [42].

4.3.3 Multisample Wald’s Uniform Law of Large Numbers

In this section, we will formulate the key result, i.e. the Wald’s Uniform Law of Large Numbers
(ULLN) in both weak and strong versions. We consider a parameterized family of function kernels
{hm(6;xD x? . x(9)}peo and recall the mean function u(6) = E[hy(6; WD, @), .. £)].
Then the parameterized statistics Un[/m(6)] and VN[/hm(6)] define the U-process and V-process

respectively. Analogous to the classical Wald’s ULLN, we make the subsequent assumptions:
Assumption 4.12. (i) There exist a metric p such that (©; p) is a compact space.
(ii) For any fixed (X(l), x? . X(C)), hm (6 x(D x@ X(C)) is a continuous function on (®; p).

(iii) There exists a dominating kernel function Hy, such that for all (X(l), x? ., X(C)) e Rlmll

sup |h(0; xD x@ X(C))| < Hm(X(l), x?, .., x(c)).
0e®

When combined with addtional integrable conditions on the dominating function Hp,, Assump-

tion 4.12 yields different ULLNs. The next theorem is the major result in this chapter:
Theorem 4.13 (Multisample Wald’s ULLNSs). Recall Definition 4.7. Under Assumption 4.12
(a) Hm € L'(F.) implies supyee |Ux[m(6)] = 1(6)] - 0.

(b) Hm € O(F.) implies supyeq VN[ hm(60)] — u(8)] = 0.

(c) Hpm € L'(F.) with variable repetition implies supycg |Unx[hm(68)] — u(6)| 5o

(d) Hm € O(F.) with variable repetition implies supycg |UN[hm(0)] — 1 (6)| 2500,

100



The proof is provided in Appendix C.2. It involves the adaptation approaches in both in [71]
and Chapter 2.6 Lemma A1 from [72] to combination with Theorem 4.8. Recall the Multi-Sample
Average Approximation (MSAA) objective function un(6) in Equation (4.2) and denote the opti-
mal values of the optimization problem (1) and (2) to be p* and uy respectively. Then Theorem

4.13 trivially implies the consistency of uy.

Corollary 4.14 (MSAA Consistency). Under Assumption 4.12 and Hy, € L' (F,), | My — K] LA 0.

Besides, if Hm € O(F,), | — "] == 0 100.

The ULLN not only implies the consistency of MSAA, but also plays a pivotal role in designing
uncertainty quantification mechanism. For the special case m = (1,1,...,1), we suppress the

subscript m and consider the subsequent statistic

2
SN [h(6)] = Z ]_[ Z Zh(e &6 56N -] . @3

l—l k=2 i.=1

as an estimator of the conditional variance s;[4(8)] = Var(E[A(6; &M ;@ . £))1£D]). Re-

call that the MSAA objective function is

NG —HN ZZ Zh(e eV 56).

i1=1i= i.=1
The next corollary says that this estimator Sl(\l1 ) [1(6)] is uniformly consistency over ©:
Corollary 4.15 (Conditional Variance Estimator). For m = (1,1, ..., 1), under Assumption 4.12

and H € L*(F,)

sup [SO[h(8)] - s1[1(0)]] = 0.
0€®

Besides, if |H|? € O(F,), the a.s.-convergence holds too.

The proof of Corollary 4.15 is more involved and is therefore deferred to Appendix C.3.
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4.4 Multisample Single Replication Method

Assume now we an candidate solution @ that is supposed to be a good one. It is important to

assessing the solution quality of 8 which is defined as the optimality gap G (9) = u(d) — u*. Let

uy be the optimal value solved by the MSAA problem in (4.2) with random samples {£ (k)}lk |
Then
Ni N
(1) £(2) (c) . o
El[u gélgﬁ Z Z Z h(0:&; 7. &7 & )| < IgIélél,u(@) =u",

11 1ip= i.=1

which indicates that uy is a lower bound of u* in expectation. Due to the non-optimality of 4,
we have E[uy] < p* < E[un(8)] = u(8) so that u(8) — Eluy] = G (6) is an upper bound for
the optimality gap. Intuitively, when N — oo elementwisely, both uy and un () would serve as a
good estimator for their respective mean, as the consequence of consistency. Hence, we estimate

the optimality gap as

Gn(0) =un(0) -

N
= l_[ Z Z h(é: Scz(l]) f(c)) l—[ 1\},( Z Z h(gl*\l;‘fi(ll)’ '--’ff(:))

1
i-=1 k= i1=1 =1

c Ne (4.4)
1

after sampling a large number Ny from distribution F} for each k. Now consider the function
f(@;x(l),x(z), ...,x(c)) = h(é;x(l),x(z), ...,x(c)) - h(@;x(l),x(z), ...,x(c))

and define its mean process to be y{;(e) = [T Nik ZM Z?’;l f(e;gl.(l”; gl.(zz); ...;fi(f)). Then

ir=1

the sample variance process of £-th conditional expectation is defined as

2

Ne c Ni
SO1F(0)] = NL[Z (]_[ (le Z) o f(B:6 11671 e — (0] (4.5)

=1 \k#( ir=1
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Now we impose Assumption 4.10. Recall the ratio y; = limNj— &—k” and define the variance
process as Sx[ £ (0)] = 25_, TSV [£(6)]. Also, recall that

sklf(0)] = Var(BLf(6;6WD; 6D, ., £9)[£0)])

and define s[f(0)] = X/, %55 [f(6)]. According to Corollary 4.15, if supy.q |£(0;xD), ..., x()]2
is O(F.), we have

sup [Sn[£(0)] = s[£(0)]] = 0.
0e®

Lemma 4.16. Let ® be the optimal solution set of stochastic programming (4.1) and 67 . 6" €

min® =~ max

O such that s[ f(6),.)] < s[f(0")] < s[f (O] for all 0" € ©. Under Assumption 4.10 and 4.12

and that the dominating function H*> € O(F.), we assert (a) HN AN K5 (D) all limit points of 0y

lie in ®*; (c) w.p.1. that

SLF )] < limind SY'LF(03)) < limsup S LF(03)] < 5Lf (6p00)

Proof. Both (a) and (b) are trivially implied by the uniform convergence result established in

Corollary 4.15. Due to the compactness of ©, the sequence {6y} can be decomposed into

[Se]
INJ|=1

at most countable convergent subsequences. For each subsequence,

sUF ) < | Jim S O] < 51/ (0]

w.p.1. Hence (c) follows. O

Theorem 4.17 (Multisample Single Replication Theorem). Assume Assumption 4.10 and 4.12 and
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Algorithm 1 Multisample Single Replication Procedure (MSRP)

1: procedure INPUT(confidence value a € (0, 1); candidate policy § € © )
2: Samples {g}k")}f:k:l with size N = (N, Ny, ..., N;)

3: Optimize un(6) and solve for one optimal solution 6.

4 Calculate Gn(0) as defined in equation (4.4) and Sl(f ) [f(6x)] as defined in (4.5).
5 return the one-sided CI

. o1
0,Gn(0) + JZ ESI(‘? [F(0)] x @1 . (@, is the a-quantile of N(0, 1))
=1

6: end procedure

that the dominating function H*> € O(F.). Given « € (0, %),

oo - _
lim inf P G(0)<GN(9)+¢;NS [FO]Ix @' | >1-a.

Proof. Because Gn(6) = un(6) — Hy 2 un(8) — un(0) for all 6 € O,

Cc

P|G(0) < Gn(O) + JZ Nifsf\f) [ (63)]1®5!

=1

C

ZP(X@sum@—uM@@)+¢zL$§@UW)]

=1

N (0) — pn(63,) GO HMIm
=P > @, sOLf(6
ST @) T/TNT J[ﬂﬁm Z] L£(63)]

For brevity, let Dy i= MN(H;[_;I(:?:;;;JQFH) and an = \/ f(@ Zf ] HI\IKHSI(\?[ (6x)]. Then for

any € > 0,

P(DN > —cb;laN) > P(DN >0 x (1-¢)anday = (1 —e)) .
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Because

Iim Plan>(1-g))= lim P
N Blan = (L =e)) = lim

S SO L6301 2 51 @1 % (12| =1
= N

and Dy 4 N (0, 1) as ||N|| — oo, we have

lim P(D > —@-la )zP(NO,l > @l x 1—3).
UL N N (0,1) ( )

Since the ¢ is arbitrary, we can conclude limNj— o P (DN > —@;laN) >1-a. O

4.5 Numerical Experiments for MSRP

This section presents three numerical experiments to assess the coverage of the optimality
bound produced by MSRP: a toy two-stage example, a three-stage airline capacity control problem,
and a multistage newsvendor problem. All data were generated with a fixed random seed. Each

table entry is reported as p + 1.645+/p(1 — p)/T, where T is the number of macro-replications.

4.5.1 A Toy Example

Experiment 4.18. We consider a toy example of minimizing E[ (X — 8Y)?] with two independent
Gaussian variables X ~ N(45,12%) and Y ~ N(20,9?). The true optimizer is 6* ~ 1.8711. For
the coverage experiment, we test the non-optimal candidate § = 1.0, whose true optimality gap
is G() ~ 364.9917. Table 4.1 reports the empirical coverage of MSRP for several symmetric

sample sizes.

4.5.2 Three-stage Airline Capacity Control

Experiment 4.19. We consider the three-stage airline capacity control problem from [66] with
continuous total capacity 100. The true optimizer is 8 ~ (65.8654, 15.2804) and the true optimal

value is u* ~ 6071.1194. We first use the Monte Carlo solution reported in [66], namely O.ang =
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Sample size a=09 a =0.95 a =0.99

(20,20) 0.87829 £0.00170  0.92394 +0.00138  0.97013 + 0.00089
(50,50) 0.89262 + 0.00161 0.93910 £ 0.00124  0.98187 + 0.00069
(100, 100) 0.89361 £0.00160  0.94182 +0.00122  0.98481 + 0.00064
(500, 500) 0.89737 £0.00158  0.94722 +0.00116 ~ 0.98829 + 0.00056

(1000, 1000)

0.89897 £ 0.00157

0.94865 £ 0.00115

0.98853 + 0.00055

Table 4.1: MSRP empirical coverage results for the toy example with 7 = 100,000.

(68.3,16.3), as the candidate policy. Its true optimality gap is approximately 6.58048. Table 4.2

reports the corresponding MSRP empirical coverage.

Sample size a=09 a =0.95 a=0.99

50 0.88690 = 0.00521 0.91510 £ 0.00458  0.94680 + 0.00369
100 0.84240 £ 0.00599  0.87940 £ 0.00536  0.92080 + 0.00444
200 0.83510 +£0.00610  0.87400 + 0.00546  0.91720 + 0.00453
300 0.85050 + 0.00587  0.88700 + 0.00521 0.93210 + 0.00414
400 0.85320 £ 0.00582  0.89500 + 0.00504  0.94320 + 0.00381
500 0.86520 £ 0.00562  0.90620 + 0.00480  0.95280 + 0.00349
1000 0.87410 £ 0.00546  0.91960 + 0.00447  0.96490 + 0.00303
5000 0.89370 £ 0.00507  0.93940 £ 0.00392  0.98420 + 0.00205

Table 4.2: MSRP empirical coverage results for the airline model with candidate policy Ocang =
(68.3,16.3) and T = 10,000.

Experiment 4.20. For the same airline model, we also test the alternative candidate policy Ocang =
(71.5,13.0). This candidate has a milder local curvature in the gap function and exhibits better

finite-sample behavior. Table 4.3 reports the corresponding MSRP empirical coverage results.

4.5.3 Multistage Newsvendor

For the newsvendor experiments, we compare MSRP with two replication-based variants and
one infeasible benchmark. Here MI2RP denotes the multisample independent two-replication pro-
cedure, MA2RP denotes the multisample averaged two-replication procedure, and MTRUE de-

notes the benchmark that uses the true conditional variance at the optimal solution.
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Sample size a=09 a=0.95 a=0.99

50 0.85200 £ 0.00584  0.89150 +£0.00512  0.93220 + 0.00414
100 0.87060 + 0.00552  0.90830 + 0.00475  0.94830 + 0.00364
200 0.87040 £ 0.00552  0.91780 + 0.00452  0.96500 + 0.00302
300 0.87620 £ 0.00542  0.92350 + 0.00437  0.96920 + 0.00284
400 0.87740 £ 0.00539  0.92730 £ 0.00427  0.97300 + 0.00267
500 0.88710 + 0.00521 0.93490 + 0.00406  0.97530 + 0.00255
1000 0.88880 +0.00517  0.93920 + 0.00393 0.98120 + 0.00223
5000 0.89800 +0.00498  0.94840 + 0.00364  0.98860 + 0.00175

Table 4.3: MSRP empirical coverage results for the airline model with candidate policy 6cang =

(71.5,13.0) and T = 10,000.

Experiment 4.21. We consider a five-stage newsvendor problem with costs o; = [5,4,10,7,7],
sales rewards s, = [10, 10, 15,10, 8], holding costs i, = 1, salvage value sy = 1, demand
upper bounds u, = [20,20,20,80,40], and inventory cap In.x = 80. The optimal value is
u* = 283.14485, and the optimal basestock policy is b* = [14,60, 11,35,5]. We use the can-

didate policy bcang = [8,55,8,22, 1], obtained as an empirical optimizer with sample size [10]°.

Its true optimality gap is 9.47762. Table 4.4 reports the empirical coverage results.

Method and size a=0.9 a =0.95 a =0.99

MSRP 50 0.91400 + 0.00842 0.94833 + 0.00665 0.97900 + 0.00431
MSRP 100 0.90267 + 0.00890 0.94133 £ 0.00706 0.97800 + 0.00441
MSRP 200 0.89867 + 0.00906 0.93833 £ 0.00722 0.97700 = 0.00450
MSRP 500 0.89300 + 0.00928 0.93900 + 0.00719 0.98300 + 0.00388
MI2RP 50 0.93567 + 0.00737 0.95833 + 0.00600 0.98100 + 0.00410
MI2RP 100 0.91033 £ 0.00858 0.94533 + 0.00683 0.97567 + 0.00463
MI2RP 200 0.89433 + 0.00923 0.93900 + 0.00719 0.97500 + 0.00469
MI2RP 500 0.89233 +0.00931 0.93600 + 0.00735 0.97833 +0.00437
MAZ2RP 50 0.96933 +0.00518 0.98367 + 0.00381 0.99233 + 0.00262
MA2RP 100 0.94367 + 0.00692 0.96767 + 0.00531 0.98600 + 0.00353
MAZ2RP 200 0.93267 £ 0.00753 0.96133 + 0.00579 0.98833 + 0.00322
MAZ2RP 500 0.92700 + 0.00781 0.95633 + 0.00614 0.98933 + 0.00308
MTRUE 50 0.99630 + 0.00100 1.00000 = 0.00000 1.00000 = 0.00000
MTRUE 100 0.98300 + 0.00213 0.99850 + 0.00064 1.00000 + 0.00000
MTRUE 200 0.96120 + 0.00318 0.99070 + 0.00158 0.99970 + 0.00028
MTRUE 500 0.93960 + 0.00392 0.97940 + 0.00234 0.99860 + 0.00062

Table 4.4: Empirical coverage results for the five-stage newsvendor problem with 7" = 3,000.
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Experiment 4.22. We next consider a ten-stage newsvendor problem with order costs

o; =[5,5,10,10,5,5,5, 10,5, 5],

sales rewards s, = [10, 10,20, 20, 20, 20, 20, 25, 20, 10], holding costs h;, = 1, salvage value
Ssai = 1, demand upper bounds u, = [10, 10, 10, 80, 10, 10, 10, 80, 10, 10], and inventory cap
Imax = 100. The optimal value is u* = 1318.5755, and the optimal basestock policy is b* =
[8,68,9,45,9,9,63,46,8,5]. We use the candidate policy bcang = [8,65,9,48,8,8,69,58,9,7],
obtained as an empirical optimizer with sample size [10, 10, ..., 10, 10]. Its true optimality gap is

8.45618. Table 4.5 reports the empirical coverage results.

Method and size a=0.9 a =0.95 a=0.99

MSRP 50 0.92900 + 0.00945 0.94600 + 0.00831 0.97350 + 0.00591
MSRP 100 0.90200 + 0.01094 0.93100 = 0.00932 0.95700 = 0.00746
MSRP 200 0.89100 + 0.01146 0.92900 = 0.00945 0.96200 + 0.00703
MSRP 500 0.89900 + 0.01108 0.93200 + 0.00926 0.97550 + 0.00569
MI2RP 50 0.95750 + 0.00742 0.96800 + 0.00647 0.98100 = 0.00502
MI2RP 100 0.90950 + 0.01055 0.93450 + 0.00910 0.96600 + 0.00667
MI2RP 200 0.88850 +£0.01158 0.92450 + 0.00972 0.95000 = 0.00802
MI2RP 500 0.88800 + 0.01160 0.92800 + 0.00951 0.95900 + 0.00729
MA2RP 50 0.99400 + 0.00284 0.99600 + 0.00232 0.99900 + 0.00116
MA2RP 100 0.97000 + 0.00627 0.98050 + 0.00509 0.99150 + 0.00338
MA2RP 200 0.95400 + 0.00770 0.97300 + 0.00596 0.98800 = 0.00400
MAZ2RP 500 0.94150 + 0.00863 0.96750 + 0.00652 0.99000 = 0.00366
MTRUE 50 1.00000 + 0.00000 1.00000 =+ 0.00000 1.00000 = 0.00000
MTRUE 100 1.00000 = 0.00000 1.00000 = 0.00000 1.00000 = 0.00000
MTRUE 200 0.98550 + 0.00440 1.00000 = 0.00000 1.00000 = 0.00000
MTRUE 500 0.95500 + 0.00762 0.98900 + 0.00384 1.00000 = 0.00000

Table 4.5: Empirical coverage results for the ten-stage newsvendor problem with 7 = 2,000.
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Appendix A: Proofs of Chapter 2

A.1 Proof of Theorem 2.1

Using the definition
Tio = 2K XV,

and (2.15), we observe that (2.16) implies the recursion

)7 = Z p(s) < ri(s)

(t) (1) () (t+1)
Zu(s) Xy (@)X (5, @) 407

(A.1)

The objective function Jg in (2.9) can then be expressed as

Jg = Z {Z ,u(T)(s) X JTQ(T) (als) xr (T)(s a)} + J(t()[) o
0 9

(r

(0)
J 0

L0 " ) for T < ¢ are constant in 8), we thus obtain that

so that in particular Jg = Since the u

the policy gradient V) Jg can be expressed as

Voo g = ngJ() - (A.2)
H=Hg
Define, for0 <t < T,
® _ )
76" =Vl (A.3)
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(The requisite differentiability in (A.2) and (A.3) follows from (2.15) and (A.1).) From (A.1),

(A.2), (A.3), and the chain rule we then obtain that

1
Vo Jo = Z ,U( '(5) x Ve(r)”gm (als) X r )(S, a) + V9<r>7)9(ft)> (M))#:ﬂg) X 0'6(,t+ ), (A4)

As aresult of (2.15), the second term on the right-hand side of (A.4) is

1 |
V9(')P9(f’)) (k) p=p ) % O-([Jr = Z (Z '“.(9[)(5) X V9<’>7r9<z>(a|s) Xp (r)(s |, a)) 8 ‘T(t+ )(S ).
s,a

s’

After grouping terms, the policy gradient can be expressed as
Vo Jg = Z’ug)(S) X Vg(t)ﬂe(t)(als) X (r (,)(s a) + Zp(t()z) (s|s,a) x O-(t+1)( ))
= Z 1y (5) X Vo) (als) x Q) i e (5:@):

which establishes (2.10).

Next we turn to establishing (2.11). From (A.1) and the chain rule we obtain

oy =rin Zu(%) X Vur () (3)

oy =V [ D u(3) x 7 (als) x i G, a)) HVPO W] g xo ™ AS)
§,a 0

p=py

Component s of the first term on the right-hand side of (A.5) is

Z 7'((1()[) (als) xr (,)(s a) + Z,u(t)(s) X JT(I) ) (al§) x 3 é; ) (t(),)(~ a).

Using (2.15), component s of the second term on the right-hand side of (A.5) is
Z {Z 710([) (als) X p (t)(s |s,a) + Z/J( )(s) X 7T6(t)(CZ|S) 3 ( )P (,)(S |3, a)} X 0'0’+1)(s ).
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After grouping terms, (A.5) can be written as

O'ét)(s) = Z ﬂé’()t) (als) x
a

’ 1 ’
rin(s.a) + Z AGROET AN )]

+ Zﬂg)@) xng(t)(als) X [6 o) (Z)(s a) +Z s )p(f(),)(s |5, a) ><0-(t+1)(s )]

which is (2.11) for ¢t < T expressed in terms of Q( O (s,a).

A.2 Proof of Proposition 2.2

We fix pmf (%) on state space S and a policy parameter vector 8. The pmfs ,u( )

(r

are recursively

(r+1) _ ) can be thought of as a function

(t
0

defined via y, (Z) (,u(t)) see (2.15). For T > t the pmf,u

of /Jé) and 0, ..., 07D and so with this understanding we write Voo u ) and V (,)/JH (r) . (Keep
in mind that these are matrices of sizes M X |S| and |S| X |S|, respectively, where M is the ambient

dimension of @) All expectations are understood to be under g. To shorten the expressions to

follow we define random variables

Y(9) = Vg log 7y (AV]51),

Z(t)(g) =V, lng(t(),) (S(t+1)|S(t)’A(t))’
Ho

In what follows, 0 <ty <t <T.

From the definition of gg in (2.3), log go(S©@, A© ..., §()) equals

T-1 T-1
log u () + > log 't (AT + > log p(?ﬂ (S5 A0,
=0 =0
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Using the chain rule, we obtain that

Vo log ge(S©, A, ... 5T

T-1
= Vo log ') (AV|50) 4 Z (Vo)) X V. o log p7) (S5 A
‘ T=t+1 Ho Ho

-1
=Y0(O)+ ), (Vyoug”) x 27(6).

T=t+1

Thus, F2) (@) in (2.18) can be written as

T

T-1 T-1
B |{Y ™ (0)+ ) (vmqmgﬂ)xz(ﬂ(e))x(Y“2>(0)+ D (Vo)) x 27(8)

T=t1+1 T=0+1

There are many terms in the expression inside the expectation; however, most of these terms vanish.
Fix some finite set X, and let p, be a pmf of X indexed by some parameter ¢ such that Vp,(x)
exists for each x € supp(p;). For each x € supp(p;) the score function V;log p,(x) has a

well-known property that its expectation (under p,) is zero. Indeed,

D pex) x Velogpe(x) = D Vepe(x) =0, (A.6)

since ., ps(x) = 1. From the definition of gg¢ in (2.3) and the nonlinear Markov property in (2.4),

we deduce that

Eg[z(t)(0)|5(0), A(O), o, S(t), A(t)]

= > P, (VSO AD) XV o logp i (sUHDISV, AD) =0, (A7)
0 0 6

g(t+D)

(1)

where the second equality follows by applying (A.6) with p = pum(-IS(’),A(’)) and { = p,’.
0
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From the definition of g¢ and the Markov policy property in (2.5),

Eo[Y?(0)[S©, A0, ... 50 Z 7' (@V180) x Vg logz'l) (aV[$) = (A.8)

@

where the second equality follows by applying (A.6) with p = ﬂ(t(z)( |S®) and ¢ = 6. Applica-

tion of the tower law to (A.7) and (A.8) yields the following lemma.

Lemma A.1. The random vectors YV (0) and Z\"(0) satisfy the following identities:
1. Bo[ZD(8)] = Eg[YD(0)] = O forall .
2. Eg[Z™)(0) x (22 (0))T] = Eg[Y ) (0) x (Y2 (0))T] = 0 for all t1, 1, with t; # 1.
3. Eg[Z2™(0) x (Y2)(0))T] = 0 for all t,, t».

As a direct consequence of the identities in this lemma, F*172)(0) can be written as

F(ll,tz)(g)
T-1
=Eg[Y")(8) x (YD (@)1 + Y, (Vyuzy”) xBglZ7(8) x (V)] % (Vg pty)"
T=tr+1
-1
=Eo[Y () x Y(0) 1+ > (Vyuruy”) x MT(8) x (Vg g™ (A.9)
T=t)+1

For 7 > t,, the chain rule implies that

1
VQ(’I)#O - (V9<f1>,“02+ )) X (V <t2+1>/1¢(9 )),

Vo iy = (Vg s?™) x (V <t2+1>uf9 ), (A.10)
and so the summand on the right-hand side of (A.9) can be expressed as

(yen g™ ™) x G0 (0) x (Vg g™ )7,
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where the matrices GU)(G) are defined, for 1 <¢ < T, via
G (9) = 2<V wpg”) X MO O) % (0 p) (A.11)
=t
which should be interpreted as zero for t = T. Thus,
FU2)(9) = Bo [ (8) x (Y2 (0)) T + (Voo g™ ) x G2 0(8) x (T pry™ )7,

where the first term on the right-hand side of (A.9) is only nonzero if t; = #, = ¢, in which case it
equals K (0), as claimed.

We proceed to the calculation of G (@). Since V <z>,u‘9 ) is the identity matrix and, similarly
to (A.10), for T > ¢,

\Y (r),u = (V (t)/l(t+ )) X (V'u(m),ug)),
0
it follows from its representation in (A.11) that G”)(6) can be recursively calculated as claimed.

A.3 Proof of Proposition 2.3

The necessary condition for optimality states that for each ¢ and z, for all feasible directions
d € R,

d" x Vg(t)J() <0.

In view of (2.24), this is equivalent to having, for each r and z with ,u(t) (S;) >0,

Zd Xng(a) <0.

The sum of the elements of a feasible direction d must be zero. If all elements @ are positive,
then the elements of each d may be taken to be positive or negative. A straightforward proof by
contradiction readily shows that, for each ¢ and z, the @% (@) must then all be equal.

Consider some time ¢ and expert z for which at least one of the elements of Ogt) 18 zero. Here,
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a feasible direction d has the additional property that d; > O for each a with 02’) (@) = 0. Taking
dgz = 0 for each such @, the argument in the previous paragraph shows that the @% (a) for a in the
support in Gy) must then all be equal. Let q'gt) denote this common value. It remains to show that

ég;(d) < g it 6 (@) = 0. Fix such an a. Set d = 0 for all @ # a with 8" (@) = 0, so that
() =0 _ -
> dax 0 g(a) = da x 01 (@) — da x 3.

Since dj; can be taken as positive, we deduce that égé(&) < qﬁ’), as required.

A.4 Proof of Proposition 2.4

We begin with a lemma that gives easily computable expressions for £ (i) and its Moore-

Penrose inverse £ ()" used in the proof. The matrix P below is given by

P:I—ﬁle, (A.12)

where 1 is the column vector of size |A| of all ones. The symmetric matrix £(1) has one sin-
gularity (each row and column sum vanishes), and so its null space is the linear span of 1 and its
range consists of all vectors v orthogonal to 1. Since P is idempotent (P> = P)and P x v = v
for all v such that v" x 1 = 0, the symmetric matrix P is the orthogonal projection matrix onto
the range of F(1). Observe that P x v merely centers v by subtracting the average from each
component so that the sum of the components becomes zero, e.g., if v = (1,3, 8) T, the average is
4,50 Pxv =(-3,-1,4)T. Since centering a vector v involves subtracting the average from each
component, this operation is unchanged if the same constant is subtracted from every entry of v,
as the mean (and thus the centered result) remains the same.
Lemma A.2. We have:
(a) F(y) = diag(#y) -ty X 7.
(b) F(y)' = P x diag(#ty)~! x P.
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Proof. Interpreting 7y as a (column) vector rather than a function, the corresponding score func-
tion is

Vw logﬁw(a) =€4 — ﬁw (AIS)

where e, denotes the a-th unit vector. Using this identity, the Fisher information matrix F(y)

corresponding to 7, is

F(y) = > #y(a) x Vy logty () x (Vy log ity (a))T
7
= > #u(a) X (ea X €] = eq X 7y =ty X €] + Ry X 7))
7
= diag(#,) — 2 X (Z #y(a) x ea) X Ay + Ry X A
= diag(Ay) — 7ty X fr{;,

which establishes part (a). As for part (b), we first establish that £ (1) and P X diag(#y)~' x P are

inverses on the subspace orthogonal to 1, i.e.,
F(p) x (P x diag(#,)™" x P) = (P x diag(#,) ™' x P) x F(y) = P.

Since the sum of the components of each row or column of F () is zero it follows that Px F'(y) =

F(y) x P = F(¢). Due to symmetry it remains to show that P x diag(frl/,)_l x F'(y) = P. Indeed,
P x diag(#y) ' x F(¥) = Px (I -1x#;)=P-Px1x#, =P,

since P X 1 = 0. The claim now follows from the fact that P X di21g(7%¢,)_1 X P annihilates 1 and

therefore the null space of F (¢). O

We now proceed to the proof of this proposition. Both sides of (2.29) are trivially equal to zero

(1)

¥ (8;) = 0. Due to the block diagonal structure of F(y), each

for time-expert pairs (7, z) with u
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subvector V (,)J corresponding to time ¢ and expert z with uy) (S;) > 0 satisfies

6)/3)],, = x F(y'") x v oy = = x Pxdiag(® ) XV idy,  (A14)

1 (S,) (S,

where the second equality follows from Lemma A.2(b) and the fact that Vy(;)J,, is orthogonal to
1. In what follows we fix such a (¢, z) and show that the right-hand side of (A.14) has the desired
equivalent form.

From the policy gradient theorem (Theorem 2.1) we deduce that

V,ody = le(t)(s) X ( Yokt © (a)) X Q(m <z+1>(S, a)

= Zu(t)(S ) X Z ( 7(,)ﬁ7§,>(a)) Xég(a),

which, using (A.13), in turn implies that
_ 0 N ~ oA N
V,ody = (S x Y 70 (@) x 0y (@) (ea=%0).
a
Since

ﬁy;r)(&) X P X diag(ﬁ’yét))_l X (ed - ﬁy;r)) =Px(ez—1)=PXez=e;— ﬁl’

the right-hand side of (A.14) becomes the desired expression.

A.5 Proof of Theorem 2.5

Throughout, fix an arbitrary pure policy 6*. For brevity, we suppress the dependence on n and
simply write ¥ for y, (with n sufficiently large) and #(y) — 6* for the convergence along the
subsequence {y,}. Since the set U (y,) is independent of n, we denote it simply by U.

We write B for the block diagonal matrix consisting of 7' x | Z| blocks B((*:9-(:2)) each of size

|A| x |A|, where block B((-2)-(t:2) = ( for all ‘unreachable’ time-expert pairs (z,z) € U and
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B((:2):(1:2) = P otherwise, where P is defined in (A.12).

Lemma A.3. Under the conditions of Theorem 2.5, we have that
Vo dy = V0, = [(F(y) x F(y)' - B| xV,J,.

Proof. We first note that B = F(y)" x F(y) by the definitions of B and F (). From the standard

Moore-Penrose identity F(y)" x F(y) x F(y)" = F(y)", we obtain that
BxV,J, =BxF(y) xV,J, = F(y)"x F(y) x F(y)" x V,J, = F(y)' xV,.J,, =V, J,.

It remains to show that

V0, = (F(y) x F(y)) x V,1,.

Since 67,],, =F(y)f xV,J, and 5,,],, = F(y)f x V., J,, it suffices to argue that F(y)T = (F(y)Tx
F(y))" x F(y)". By the local identifiability condition in the theorem, the null spaces of F(y) and
F(y) are eventually identical and both eventually have dimension equal to | Z|xT + (|A|-1)x|U|.
Both matrices are invertible on the orthogonal complement of this null space and the Moore-
Penrose inverses act as ordinary inverses. The required identity then follows from the standard
matrix identity (Al_1 X Ay)7! x Al_1 = A, ! for nonsingular matrices A; and A,, applied to the

restrictions of F(y) and F(y) to their common range space. O

By the local identifiability condition in the theorem, F(y) and F(y) have a common range
space, and so B equals the orthogonal projection matrix on this common range space. In particular,
BT = B. Since Moore-Penrose inversion is continuous on the set of matrices with constant rank, we

immediately obtain the desired result (F(y)"x F(y))" — B once we establish that, as 8(y) — 6",
F(y)" x F(y) — B.

Our starting point is the set of identities in Proposition 2.2. We start with the block diagonal
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element F©1) (y)" x F) (). The term K@ (y) in F* (y) is a block diagonal matrix with block

diagonal elements of the form ,ug,t )(8.) x F(y"). As aresult,

F(y)" x KD (y)

equals the block diagonal matrix consisting of |Z| blocks E(2)-(t:2) " To complete the proof, it

remains to establish that, for t| < 5,
F‘-(tl,l])(,y)‘{‘ % Vy(fl):u;tﬁ—l) % G(t2+1)(‘y) % (Vy(tz)ﬂ¥2+l))-r -0 (AlS)
and that, for t; > 15,

(FU () X Voapty ™) x GOV () X (V ooty )T X (Vg™ )T = 0. (AL16)
Y

We focus on (A.15) since the arguments for (A.16) are identical. Since

1 1 1
V},(rl),ug,t2+ ) = V,y(rl)/.l»g,tl-'- )%V (t1+l)/1§,12+ ),
Hy

we shall show that, as 8(y) — 6%,
(Fv(tl,tl)( )T <V (t1+1)) A (r2+1) o G(z2+1)( ) X (V (tz+1))T -0
Y y() My ”)(,tl-n)/'l'y Y y(12) My .
The following lemma establishes that the last term in (A.15) converges to zero.

Lemma A.4. As 6(y) — 6%, we have that, for every 0 <t < T,

V7<z>,u§,t+l) — 0.

(t+1)

y (s") converges to zero, which is sufficient to

Proof. Fix some z and s’. We show that V7<t>/l
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establish the claim. We have that

v ouy ()

25w x (V0,0 @) x P, (s @

se8;,a

= )| 2 x P (1. @) | XV it 0 (@)
Y

a \seS; )

= 2| 21 &Pl (@) |

a \seS,

2@ e =27 |

where the last equality follows from (A.13). Since 0" is a pure policy there exists an a(z) such that

20

y(t) converges to e,(;), and so the term in brackets converges to 1(a = a(z)) X (es — eq4(z)). Since

this expression equals zero for all a, the result now follows. O

Having shown that the last term in (A.15) converges to zero, we now argue that the matrices
in each of the three preceding expressions are bounded, which is sufficient to establish the claim.
We first argue that the matrices G¥) () are eventually bounded as #(y) — 6*. Fix some time ,
state s with pu, )(s) > 0, and action a. Eventually uy)(s) > 0, and so under the conditions of the
theorem the supports of p (t) (s |s,a) and p (,) (s’|s, a) are eventually identical. Due to the smooth
extension property, both p(t) (s’|s,a) and V, p u) (s’|s, a) are continuous in u on a neighborhood of

() (1)

..~ within the probability simplex. Since u, " — ,uff), it then follows that

lim min p g (s |s,a) = min p g (s |s,a) > 0. (A.17)
0(y)—0* (s,a,s’)eR(’) ( ) (s,a,s’)eR(z)) ( )
}Ly l‘*
and
lim max Vﬂp(t()l)(s’|s, a) =  max Vﬂp(t()l)(s’|s,a) < 00, (A.18)
0(y)—0* (s,a,s’)eR(t()t) (s,a,s’)eR('()t)
Hy Hy
Equations (A.17) and (A.18) together imply that
lim max V, log p(t(),) (s'|s,a)|| < o,
0(y)—6* (s,a,s’)eR(z()z) Hy
/.Ly
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which implies that the M¥) (y) are eventually bounded. The same argument shows that V K2 ugf )

is bounded for all 7. This implies, as can be seen via a straightforward recursive argument working
backwards through time, that the G(’)(y) are bounded, too. It also shows that, for #; < t;, the
matrix

v <t1>ﬂ(l2+l) = (V ) Sy X v, <rz>ﬂ(t2+l))

is bounded. It remains to show that the matrix F“1-1) () x Vo ,ug,t "1 in (A.15) is bounded. We

claim that element ((z, @), s”) of this matrix is

(lfn(s |z,a) - |ﬂ| Zﬁ(t()z)(s/k, a),

where

o Ses, #0518 x pi (s'ls.a) if u(S;) > 0
Py (s'z,a) =

0 otherwise.

The argument is almost identical to the main argument of Proposition 2.4. In lieu of the policy

gradient theorem, the starting point is the identity
V,ouyt(s) = Z 1y (5) X ( Yok, o (a)) X Pl (5'I5,a).

The rest goes through verbatim with p )(s’ls a) playing the role of Q( O (s,a).
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Appendix B: Proofs of Chapter 3

B.1 Theorems of Edgeworth Expansions

Theorem B.1 (Adapted from Hall (2013), Theorem 2.2). Assume that, for an integer v > 1,
the function A has v + 3 continuous derivatives in a neighborhood of u, that Z(,u) = 0, that

E||IX]||"*? < oo, that the characteristic function y of X satisfies Cramér’s condition

limsup |y (¢)| < 1,

lll|—c0

and that the asymptotic variance of \n A (X) equals 1. Then there exists a constant G, > 0 such

that

P(\/ﬁK(X) < x) =®(x) + ;n_j/zﬂj(XW(X) + &, (%),

uniformly in x € R, where

sup € (x)] < Cyn~+D/2,

xeR
Moreover, for each j = 1,...,v, nt; is a polynomial of degree 3] — 1, odd when j is even and even
when j is odd, whose coefficients depend polynomially on the moments of X up to order j + 2 and

on A.

Compared with the original statement in [21], we strengthen the smoothness and moment as-

sumptions from order v + 2 to order v + 3, so that the remainder satisfies the sharper bound
sup € (x)] < Cyn~0+D/2,

x€R

Theorem B.2 (Adapted from Hall (2013), Theorem 5.1). Let A > 0 be given, and let | = [(1) be a
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sufficiently large positive number. Assume that g and h each have v + 3 bounded derivatives in a
neighborhood of u, that B||X||" < oo, and that the characteristic function y of X satisfies Cramér’s
condition

limsup |y (?)] < 1.

[l —00

Then there exists a constant C > 0 such that

P[sup [P(Vn A(X*) < x | X,) — ®(x) — Z n 24 (x)p(x)| > Cn~ V2| = 0(n7Y),
x€R i=1

]P’(max sup(1 + |x|)_(3-/_1)|ﬁj(x)| > C) =0(n™),

I<j<v xer

and

P(max sup(1 + |x|)_(3j_1)|7%}(x)| > C) =0(n™). (B.1)

1<j<v yeR

Here, A is either A or A;. Correspondingly, we write m; = p; in the former case and n; = q;
in the latter case, and 7t denotes the corresponding bootstrap version obtained by replacing the

population moments in rt; with the sample moment estimators.

Theorem B.2 is a slight strengthening of [21], in that it includes (B.1) as an additional con-
clusion. This extension is immediate from the proof in [21], since the argument applies to any

polynomial 7; of degree 3 — 1, and therefore also to its derivative n;..

Theorem B.3 (Resampled version of Hall (2013), Theorem 5.1). Let 4 > 0 be given, and let
[ = [(A) be a sufficiently large positive number. Assume that g and h each have v + 3 bounded
derivatives in a neighborhood of u, that B||X||* < oo, and that the characteristic function y of X

satisfies Cramér’s condition. Then there exists a constant C > 0 such that

14

P sup P(\/ﬁg*(f(**) <x| X,T,X,,) - D(x) - Z n‘//zﬂ;‘,(x)gb(x) >Cn V2 = o(nY,
xeR -
Jj=1
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P(max sup(1 + |x|)_(3j_1)|ﬂ;(x)| > C) =0((n™),

1<j<V yeR
and

P(max sup(1 + |x|)_(3j_1)|(ﬂ;)'(x)| > C) =0(n™).

1<j<V xeR
Here, A* is either A* or Aj. Correspondingly, we write Jr}'f = pj. in the former case and Jr;‘. = q;f in
the latter case. The polynomials pj. and qj. are obtained by replacing the population moments in

pj and q; with the corresponding moment estimators computed from the resampled data.

Proof. Although this version is not explicitly stated in [21], it is implicit in the discussion in
Section 3.11 therein. The result follows by a straightforward modification of the proof of Theorem
5.1 in [21], replacing P by P* throughout. In particular, the corresponding events &, . .., &, can
be defined analogously, and their probabilities remain 1 — O(n~!). Conditional on these events,
the remainder of the argument proceeds identically to that of Theorem 5.1. We therefore omit the

details. O

B.2 Proof of Edgeworth Expansion for t-Distributions

Throughout this section, we use the notation

C[u’h’c’...]

to denote a generic constant depending only on the quantities a, b, c, - - -. Its value may change

from line to line, even when the notation appears unchanged.

B.2.1 Proof of the Two-Sided Case in Theorem 3.6

Steps 1-4 are essentially the same as in [52], except that we treat the remainder terms in greater
detail. In particular, we make explicit which quantities determine their upper bounds, in order to

derive a uniform convergence result. Steps 5 and 6 are crucial for improving the rate from O (n~!)
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in [52] to O(n~2). Here we adopt different arguments, and the key mechanism is the expectation-
level error cancellation established in Proposition B.10.

Although our ultimate goal is a uniform convergence result, keeping track of the explicit de-
pendence of the upper bound for each remainder term may seem unnecessary for Theorem 3.6.
Nevertheless, such bookkeeping will be useful later when proving the corresponding resampled

version of the theorem.

Step 1: Good Event and Uniform Convergence Constants

According to Theorem B.1, for any v > 1 there exists a constant C, such that

14

sup [P(Vn As(X) < x) — ®(x) — Zn‘j/znj(xm(x) =C, xn D2, (B.2)
xeR =1

According to Theorem B.2, we define the good event SV (X)), measurable with respect to the o-

algebra generated by X, by

<

sup [P (ViA(X}) < x | X,) = ®(x) = » n %2 74(x) x p(x)| < C, x ns (B.3)
. k=1
max sup |7 —Gk=1) < €
p 7k (x)] X (1 + |x]) <G, (B.4)
lSkSV X
max sup |7Ar;((x)| x (1+ |x))"CD < ¢, (B.5)
1<k<v x

which occurs with probability 1 — O(n~4). Here and throughout this proof, C, and C, denote the

constants controlling the convergence rates of these Edgeworth expansions.
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Step 2: Total Variation Bounds for Sample Edgeworth Signed Measures

Let Q* be the resample distribution of 4/nA;(X*), which depends on the realization of X;,. Let

Q;, be its approximation via the finite Edgeworth expansion,

05 (x) = ®(x) + ) n 2 pr(x) (), (B.6)
k=1

where p(-) are the Edgeworth polynomials with coefficients estimated from the sample X,,. The

conditional two-sided coverage probability of cheap bootstrap is
nAs(X . .
v =2 [ 1 VAR | qlaga) - dot ) | K]
LyvB 2
B Zb=1%}

On &,(X), the error incurred by approximating the resample measure Q* by its finite Edgeworth
expansion Q; is uniformly bounded by 2 x C,n~"*D/2 over all intervals in R. By symmetry of the

integration region, it suffices to replace O} (x) by its even part,

O, () =) + Y 1 p(x)e(), (B.7)

1<k<v
k even

where the subscript ts stands for “two-sided”. It is important to note that Eqs. (B.4) and (B.5) imply
that, on &,, the total variation norms of the signed measures Fy = py(z5)é(zg) are uniformly

bounded over all possible samples X:

1Bl = / | () dx < / (16| + ¥l )]) ¢x) dx < &, / (1+ D * o) d.

For the same reason,

”Q?s,v”TV < év(l + V) /(1 + |x|)3v¢(x) dx = C[Cv’v].
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Step 3: Replacement of Q* by Oy, ,

Consider U(X) on &,, that is,

As(X . .
U(X) X I[Sv =K l/‘/] 1 M < q ths,v(ZB) . 'ths,v(Zl) | X| X ]18‘/ + R[l] X ]18

[1 B 2
Ezbzlzb

14

where R[j; = Xp_, R, and

///IL{ y n dOy, (zx) X d (0" (zp) — O, (25)) xndQ (z2) | X

k=b+1

is the same as in the proof of Theorem 2 in [52]. Therefore, uniformly over all q and all X, € SV,

///“ ) l_[ thw(Zk)XﬂdQ (z) | X

k=b+1

A _ytl _y+l
<C, xn™ 2 (“Qts v”TV) < C[C ,v,B] xn 2.

IRy <C, xn™*F x

IA

Consequently,

el
‘R[l] X ﬂév‘ < C[CV,V,B] Xn 7.

Step 4: Integration Decomposition

By the same arguments as in [52], we have

1
U(X) X ﬂév = U()(X) + ; X Ul(X) +R[1] +R[2] X ]lé

14
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where

Up(X) = /// \/_A X) <Qq d®(zp)---dd(z7) | X|, (B.8)

szlb

UL(X) = BXE /// 1 \/VIEA—T(X)Z <ql d(p2(z5)d(25)) dD(z5.1) - dD(z) | X|.
szzlzb

(B.9)

R = %E [///Il{--.}d(ﬁ4(ZB)¢(ZB))d<1>(zB_1)---dcb(zl) | X |+
B(B

+ o(n-3) .

The remainder term R, consists of a finite sum of integrals. Again, since | F |ltv is bounded, we

[ /// 1{..} d(p2(z5)9(z8)) d(Pr(z5-1)d(281)) dD(2p2) - dD(z1) | X

have

[Rpy < 14, <€ (B.10)

1C,.v.B1 % 2

Before proceeding to the next step, we note that, for the final O(n‘z) bound, it suffices to take
v = 3. In that case, however, the precise definition of R[) should be adjusted accordingly. As a

summary of Steps 1-4, we conclude that

(R (1] +R2])X]l C[C X —. (B.11)
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Step 5: Analysis of Uy(X)

Let Uy denote the unconditional expectation of Uy(X), i.e. Uy := E[Uyp(X)]. We have

B
Uo—‘/// m <q gdq)(zz;)

(B.12)
B
/[/ <q¢ d(q2(z0)¢(z0)) X 1—[ d®(zp) + R3]
\VEB Zb 12 b=1
By applying the two-sided version of Eq. (B.2) with x = +q /% Zle zi and v = 3, we obtain

1
R3] < PR

This bound holds uniformly over all quantiles g, where the constant C3 is the one appearing in

Eq. (B.2). We now evaluate the integrals in Uy. The first integral in Uy is

B
JIE <q} [ [d®(@) =B (Il < o) = 295(0) - 1.

\/ B Zb 1 Zb b=0
where 7p has the Student’s 7 distribution with B degrees of freedom, and Wp denotes its cumulative
distribution function. By substituting the density function of the )(123 distribution, the second integral
18

I

B
<qp d(g2(20)0(20) x | | d®(z5)
b=1

B Zb 1Zi
2(+DE(BE) g
= b . .
k:]zg s UNED(B2) (B q))BRR
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This is part of the expression for {,(q), and we denote it by ¢ g (g). Consequently,
L
Uo=2%3(q) - 1 + — X4 (@) + Rp3).

Step 6: Analysis of U;(X)

Denote the pivotal quantity by W, := v/nA(X) and define the random variable r € o (X)) by

AR _ W
= Y2 -

Intuitively, VB X r is the radius of the random integration boundary. Recall the definition of the

Edgeworth polynomials in Eq. (3.19), and define

as the counterpart of p,(x) with coefficients estimated from the sample. By using the density of

the )(é_l distribution and substituting this expression for p,(x), we obtain

4B 2 IrVB
Ui(X,) =- x e Br /2/ x pa(x) (Br? = x2)B=3/2 gx
2(3—1)/2F(BT—1) \2r 0
Bk+1 (B.13)
. B2 T(1+7%) B+k-1 Br?
=- Z ap X = X (|r| xexp(——)) .
k=13,5 227 x D(£5) 2

Another perspective on d|; x| is that each of them is a polynomial in the sample moment esti-

mators. Hence, U;(X) can be written as a finite sum of terms of the form

M, X gk (7),
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where M,, is a monomial in the sample moment estimators and

_ Bx?
8Bk (x) = |x|P71H eXp(— ) (B.14)

2
Let M denote the corresponding monomial evaluated at the true moments. Since r = W, /q is

asymptotically Gaussian, the term

(M, — M) X g1 (r)

would normally be expected to fluctuate at the n~!/? scale. The next crucial step is to show that,
due to the even structure of g[p x(+), this apparent n~1/2 fluctuation improves to an O(n~") bound

after taking expectation. More precisely, we aim to prove, in an appropriate sense, that
E [(M, - M) x g1 (r)] = 0(n™").

This part of the argument is formalized in Proposition B.10. To apply Proposition B.10, it remains

to verify its assumptions for the function

X
X = g[B’k](a) .

First, g[px)(x) € C 2(R) provided that B is either even or satisfies B > 5; hence the cases B = 1,3
must be excluded. Second, for each fixed q > 0, the bound required in Eq. (B.34), as well as the
integrability of g’[’& K (x/q), follows immediately from the exponential decay of g5 ). In order to
obtain a bound that is uniform over ¢, we restrict to q > g9 > 0.

Therefore, for B ¢ {1,3} and any gy > 0, Proposition B.10 yields

W, 1 B?
sup [E [(Mn - M) X884 (—)] < - X max {—4’ 1} X C1Cy, A, M.Crgp EIX 5 ie, 1+ (B-15)
929 q n £
Here the constant Cc, 4, M. EIX [F}eer ] depends on the explicit form of the monomial M, the
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local behavior of A near u, sufficiently many finite moments of ||X;||, and the auxiliary constant
Clal-

To treat all three values k = 1,3, 5, C|,) may be taken as follows, so that it depends only on B:

Cly= . (suplg 50 (9] + suplg] (0] + suplefy (0] (B.16)
k=1,3,5

Now recall the original definition of U;(X) in Eq. (B.9). Define U;(X) by replacing , with p,

namely,

0,(X) = Bx B /// VAR | o (a(20)0(28)) d(2por) - - dd(z1)

[1vB 2
Ezbzlzb

Eq. (B.15) implies that

1
sup [E[U1(X) — U1 (X)]| < X Cle0,Cr, Ay M,BEIX) K} et 1]

g=¢&o

Moreover,

E[U(X)] Bx/// <q

szlzb

d (p2(zp)#(zp)) d®(zp-1) - - - dDP(z1)dDP(z0) + R7]

———

+Rp7 =4 (Q) + Ry

Similarly to the argument for R3; in (B.12), we have |R[7]| < n~ I Cic,)- Note also that {5 (Q)

and {2 (q), defined in Step 5, together constitute the quantity £>(q) in Theorem 3.6.
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Step 7: Proof Summary

Since P(|T| < q) = E[U(X)], we aim to prove

1
sup [P(IT| < q) = (2¥5(q) = 1) =~ x {2(q)| < n7* X Cys.

[0 p2>0)) n
We summarize the results obtained in the previous steps:

* Steps 1-4: For &3 with P(&3) = 1 — O(n ™),
1
U(X) x 183 = (U()(X) + - X U1(X) + Rpi) + Rppp | X ]183

<C X n-2.

where |(R[1] + Rp2)) X g, [C3.B]

» Step 5:
1
Up = E[Up(X)] =2¥p(q) - 1 + X £3(Q) + Ry

where |R[3)| < n7? x Cic,1-

* Step 6:

3 1
sup [E[U1(X) = U1(X)]| < = X Clay.Cya, MBLEIX 1} ior. ]
g=&o n

and

E[U1(X)] = £5(Q) + R7). IRl <n”' x Cie)-
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Therefore

sup |P(|7] <q) —2¥5(q) +1 -

g=&o

£@
n

=sup |E[U(X) x ]183] -2¥3(Q) +1 - @‘ +0(n™)

q=&0
_ 1 £(q) -2
=sup |E |Uy(X) + - XUi(X)+ Ry + Ry | X 1g, —2%p(Q) + 1 - = +0(n").
gzé&o ’

Since P(|T| < q) < 1, the term P(|T| < Q) X Ilég can be removed at the cost of O(n™!). Hence,

sup [P(T| < q) - 2¥5(q) + 1 - Mq)‘

=& n

=sup |E|Up(X) + rll X Ul(X)) X1g —2¥p(Q) +1- 521(;1)‘ +0(n ) + C[C3 g X 2
=& s

£H(q)

n

-2

=sup (Up + % XE[U(X)] -2¥p(qQ) + 1 —

g=é&o

+0(n) + Ci6,5 X7

The indicator 1 &, can be removed at the cost of O(n~"), because

* There is no signed measure in the integral defining Uy (X); therefore, |Up(X)| < 1 for all q
and X,,.

* The explicit form of U;(X) in (B.13) implies that

k=1,3,5

i.e. it is uniformly bounded in q.

Because

Up=2%5(q) — 1 +n" x 1 (q) + Ry3)
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and £»(q) = £; () + £7(q), we have

sup [P(T] < Q) - 2¥(q) + 1 - @‘
=& n
4
= sup |R3] + % x E[U,(X)] - gziq)‘ +0(nt) + Ci6,.5 X n-?

q=&0

-2

P
= sup |1 x B[U3 (X)] - 52,50')

+0(nt) + C16,.C..8 X1
gzeo ’

1
=— x sup [E[U1(X)] - §§(Q)| +0(n") + C16,.C0.81 X n.

n - gze

To proceed, we consider

sup [E[U1(X)] - £J(@)] < sup [E[T1(X)] = 5 ()| + sup [E[T1(X)] - E[U1(X)]]

g=&o g=&o g=é&0

,,,,,,

As the final conclusion,

l
sup |[P(|T] <q) — (2¥5(Q) - 1) — - X H(Q)) < C[SO C1,65,C3,A5, M, BAE|IX; |5} et

g=&o

,,,,, 1

B.2.2 Proof of the One-Sided Case in Theorem 3.6

As in the two-sided case, let Q* be the resample distribution of vn A;(X*), and let Q% be its
finite Edgeworth approximation defined in Eq. (B.6). For a given quantile q € R, the conditional

one-sided coverage probability of cheap bootstrap is

V(X) = /// VAR Vi n) a0t

2
szlzb
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Recall the good event &, (X) from Step 1 of the two-sided proof. By the same arguments as in

Steps 1-4 there, we have

V((\’)XHA = V()(X)+LV1(X)+1V1(X)+R[8] X]lé , B.17)
v \/ﬁ ) n v
where
Vo(X) =E /// \/_A( ) <q d®(zp)---d®(z1) | X (B.18)
sz 1%
V,(X) =B X E /// &) T 451 (z)9(m)) dD(zp1) - dd(zr) | X | (8.19)
sz 135

Vi(X) =B xE /// |‘“ 16y q] d(p2(28)(25)) dD(z5_1) - - dd(z1) | X

sz 1Zh

+B(Bz_ D E /[/ 1 |M < q] d(p1(z)¢(zp)) d(P1(za-1)#(zp-1)) dP(zp-2) - - - dD(z1) | X

[L1vB 2
B 2b=1%)

and, as in the two-sided case, it suffices to take v = 3, so that

[Risy x 1g,| < Cpg, g <72 (B.20)

Step 1: Integral Simplification

In view of the evenness and exponential tail decay of p(-)@(-), together with the symmetry of

the integration region, we have

V%(X) =0
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for every realization of the sample X. The same argument also applies to the second expectation

in Vl(X)Z

Vi(X) =B X E /// VA sq d(p2(25)#(28)) dD(zp.1) - - dD(z1)

szlzb

Step 2: Analysis of V(X)

(B.21)

Let Vp := E[Vo(X)]. By applying the Edgeworth expansion of W,, = v/n A;(X) in the original

representation (B.18), we obtain

Vo —/[/ l_[dq)(zb)

szﬂb

/// _q d(q1(z0)¢(z0)) ﬁd@(zb)

szlzb

B
/K T d(a2(z006(z0)) | | dd(zs) + R
b=1

szlzb

As in Step 5 of the two-sided proof, the Edgeworth remainder satisfies
|R[9]| <n 19 x Cic,-

Now evaluate the three integrals in (B.22). The first one equals

/// 1 \/ﬁ =q Qd@(m =P(13 < q) = ¥5(q).

=1 Zb
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The second integral equals

BB/2+kgk

b1k =
kzzo;z V27 (B + qR) B/2+k

47 (@),

and the third integral equals

2k/21—~(B_;k) q* BB/
Z biak B NB2 g}jq(q)'
k=13.5 V2rT(8) (B+q?)
Therefore,
Vo=VY¥ ! P ! P 2
0= B(Q)+%§1 (CI)+; 2.4(@ + Ry (B.23)

Step 3: Analysis of V;(X)

After Step 1, only the first expectation in (B.21) remains. Namely,

Vi(X) = BXE /// VA _q d(p2(25)8(28)) dD(zp1) - - - dD(21)

szlzb

Since our final goal is only a uniform error of order O(n~!?), we do not analyze V;(X) via the
cancellation argument used in the two-sided case. Instead, we follow the simpler approach in [52]
Theorem 2.

Using the explicit form of p,, we may write

///]l{ d (256 (zp)) d®(zp-1) - - - dD(z1)

The conditional expectation above is bounded by a universal constant:

‘]E [/[/ 1{...} d(zko(zp)) dP(zp-1) - - - dD(z1)
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X].

< // 122 0(z5)| dzg dD(z5-1) - - dD(21).



Define V; (X) by replacing A,k with ap i

///1{ d(zpe(zp)) d®(zp-1) - - dD(z1)

Vi(X) =B api XE
k= 135

Then

because each d; ] is a polynomial in sample moment estimators, and sufficient moment assump-
tions imply uniform integrability.

Next, the analysis of V;(X) is parallel to that of Vy(X):

E[V1(X)]
“BXE /// g af d(pa(z5)d(z5)) dP(zp-1) -~ dD(z1) dB(20) | + Ryuoy
B Zb 1Zb
2(k—1)/21-(BT+k) F(l + %) q BBH+D/2
- A124] B+k+1 2\(B+k)/2 +R[10]
k=135 ﬂ'F(T) (B +q?)(B+h)/
= &,0 (@) + Ry,
with Ry < % (C,,B]- Combining the last two displays, we obtain
1
E[Vi(X)] = éif;(q) + Ry IR < Nz ClCBAEIX 15 et ] (B.24)
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Step 4: Summary

Define £,°(Q) = ¢," (q) + ¢," (a), ie.

ok/2r (B_+k) q*BB/? 2(k=1)/2p (B_+k) r (w) qB(B++D/2
2 2 2
L@ = ), b x Z NTIVRAC R
k=135 V2rl () (B + g?)(B+R)/ Tl (B+Tk+l) (B + Q) (B+h)/2

Combining (B.20), (B.23), and (B.24), we obtain

GRS

sup [P, (T < q) — ¥5(q) — <n?C

ack Vi n [C1.C3.C3.BAEIX K} imr, ]
This is exactly the desired upper-tail expansion.
B.2.3  Proof of Proposition B.10
Let X, Xo, ... € R be i.i.d. random vectors. For each multi-index @ € Ng, define the (mixed)
moments, sample moments and their difference:
1< 1<
Mo = E[X?], Ana = ; le X;Z Ang = finag — Ho = Z Z;(Xla - ,ua)
1= 1=

A

Let A c N4 be a finite collection of multi-indices, and write gt = (ta),cq ad fin = (fna) e

as vectors. Let H : R — R be a monomial, and define
M = H(u), M, = H(fi,).

Lemma B.4. Let X, X,, ... € R be i.i.d. random vectors with E||X;||' < oo for some sufficiently

large 1. Then there exists a measurable function oy : R¢ — R such that

1 n
M, - M = - le om (Xi) + Ry,
1=
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where
o 1
om(x) = Z O H (i) X (X7 = p1a), Elon(X1)] =0, E|Rp4] < —C[M (EIX % et ]
a€A
for a constant depending only on M and the moments of || X1|| up to order .

Proof. Set A, = fi, — p € R, Since H(u) is a monomial, its multivariate Taylor expansion at

p terminates after finite terms, and we may write

H(fi,) = H(p) = ) 0aH(t) X (fina — o) + Rpa) = %Z D aH (1) X (XY = o) + Ry

aeA i=l aeA

1 n
= Z om(Xi) + Rpy.
i=1

The fact E[X{] = uq for all @ € A implies E[ oy (X1)] = 0. The remainder term R4 is a finite
linear combination of monomials in the coordinates of A,, of total degree at least two. Moreover,

for each o € A,

1 ¢
ElAel < =(VarX))? = ElRyl< Lx ) (1 + E||X1||k) , (B.25)
\/_ n k=1

where ¢y is a quantity depending only on M, and where / may be chosen as [ = 2d sup,,c 4 Zle a;.

More explicitly, we can take cys as

cm(p) = i DD D ay e G Hp)| (B.26)

k=2 a1€eA areA akeA

Although the upper limit is written as co, only finitely many terms are nonzero, since H is a
monomial. Thus, ¢y, is simply the sum of the absolute values of all higher-order derivatives of H

(of order k > 2) evaluated at u. Therefore, c () is finite and locally Lipschitz in . O

Example B.S. To illustrate the notation and Lemma B.4, consider the one-dimensional case d = 1,

so that we simply write X; € R. Let M = ul,ug and H(xy,x3) = xlxg. Then oy (x) = u%(x —up)+
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2413 (x> — p3). Lemma B.4 yields

1 v 32
w2

i=1

1 n
M= Z om(Xi) + Rjay,
i=1

with BIR[4] < L xcpr x 201, (1 + EIX([%) and cpr = 2(1 + |p3| + 1) A

In order to introduce the next lemma, we now consider a decomposition of the jackknife differ-
ence of the pivotal in the smooth-function model. In particular, we separate the leading first-order

term from the higher-order remainder term. Let the assumptions of Theorem B.1 hold, and define
_ 1 & -
u=E[X|], X,:=- ij, W, = Vi A(X,).
n =

For each i, define the leave-one-out sample mean

_ 1 -~ =
X = DX W= Vn-TARXY),

n—1 4~
J#

and set

o(x) = VA(u)" (x — ).

Then

E[¢(X1)] = E[¢(X_)] = 0.

The decomposition we need is
1 _
Wy =Wy = —(o(Xi) — 9(X-)) + Rys). (B.27)
\n

Since A € C? in a neighborhood of p, there exist § > 0 and L > 0 such that

IVA(w) - VAWl < Lilu-v]|
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whenever |[u — u|| < 6 and ||v — u|| < 6, where || - || denotes the Euclidean norm. We therefore

define the good event
gur {||X_,- _ull<sforall 1 <i< n} (B.28)

Note that 8,%11) implies || X,, — u|| < 6, since

N

S | =
]
|

X, =
i=1

For any prescribed A > 0, if E||X{]||’ < oo for sufficiently large (1), then
P(ELYP) =1 - 0™,

Lemma B.6 (Bounds for the jackknife expansion terms). Under the assumptions of Theorem B.1,
suppose further that E||X1||" < oo for some sufficiently large integer I. Then, in the decomposition

(B.27), for every integer r > 1,

r

1
Ellgto X Rys)l" <~ Cpr A gI1X 14 ...

where the constant depends on r, the local behavior of A near p, and the moments of ||X1|| up to

order l. The required moment order | depends on r too.

Proof. In the following steps 1, 2, and 3, we focus only on the case r = 1. The extension to r > 2

is given in Step 4. We begin with the identity
Wy = Wy = Vn(AX,) = AXL)) + (Vn = V= 1 AX-). (B.29)

Step 1: First Term. On the event E-7, we have
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|AX,) - A(X2) - VA(p) " (X, - X))

[ [PA 1% %) ViG] %y - K

1
< /0 VAR + (X, = X)) = VA()|| x [|(X, - X de

1
<Lx /0 IR0+ 1(Ry — Xp) — | % [| (K — XL

1
<L [ =% (Rei= g+ 1% = o ¢ %, =X s

<L x (X, = pll + 11X = pll) X [1X = Xl

Thus,

B [ 1 x VAJA(R,) - AR - VAG) (%, - X
<LARE (1% = pll + 1K = pl) x % = X |

_ i} TN A Vi
<L (B(1% = pll + 1% = pl)?) " (BIR = X))

) 1/2
2 o;
nn-—1)

_ _ 1/
<L (281X, - plP + 2B|X - plP)

<Lvn (2022 (

Further notice that

(Deﬁne o2 = E|X; - /,1||2)

(B.30)

VAT (%, - X) = TVAGOTX - X ) = - (6(X) - (X)),
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]E‘Ilébip x (\/_— m) A(X_i)‘

2 -
<= xE‘ﬂéLip x A(X_))
n n

\/_
2 3 _ L _ 5 L
<— X [|IVA(p)|| XE|IX_; — u|l + = X E||X_; — | (gradient Lipschitzness)  (B.31)
Vi 2 |
2 ~ g7 L 2
<— x|[[VA(p)] x + X0 )
\n ( V-1 2(n-1) 2
4 . L
<= x |[IVA(u)|| X 0 + —= x o2
S (19A I+ 5= x 02

Step 3: Combination. By definition,
1 _
Risp = Wy = Wy — —=(o(Xi) — 9(X-y)).
\Vn
Therefore,

B| Lo % Ryg)|

<E + E‘ﬂéhip X (Vn-vVn-1)AX.)

Lo X VAACK,) = A(K9) = 2 (o)~ o(K-)

4L 4 . L
<—0F+ - X (||VA(u)|| X 0 + —— X 0-22)
n n

2yn

Define the constant

,,,,,

This proves the lemma for r = 1.
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Step 4: Generalization. When r > 2, Eq (B.30) becomes

B [1gm x 0 |A(X) - AR - VA (X, - X[
Ln

< (L) (B(%, — gl + 1% = p)) (%, - %)
(

_ r - w\12 _, o o\ 1/2
= (Lm)? (B(IK, = pall + 1% = el ) (BIX = Xl

r _r 3 2r\1/2 2r-1 2r S 2 1/2
< Lon75 (BIK, - el + 1Ry = l) ) % 2% (BIXG = pll? + BIIK i - gl )
(B.32)

2r—1

L = 2r 172 2r 3 2r
<2 L5 (B(IR, - pll + 1K= ) ) ¢ (BIXG = el + B - )

— r _r O < / < 1/2
<2217 (BIK, -l 4 BIX - ) (BIXG - el + B - )
k=15 L - 2 2r\\ /2 2\ /2
<2217 (2 x i (BIXy - il + BIX) - ) x (281X - )
<n

"X Cl A EIX [, ]

where we use a standard Rosenthal-Marcinkiewicz—Zygmund type inequality:
ENX, - ull” < Cppyn " PENX) = pl’

as well as |x + y|” <2771 (|x|" + |y|"). Moreover, Eq (B.31) becomes
o~ r
E)ﬂébip x (\/‘— V-1 ) A(X_,.))
r - 1 v L v !
<2'n2xE (IIVA(ﬂ)II X|Xoi = pll + = X X - llllz)

-1 -z 1 X L
<27 p7r x (IIVA(u)II’ XEIX-i - pll” + - x E[IX-; - .UIIZ’)

r

-1 - - A L B
<27 b (cw (n = D)X N VA XEIXi = "+ 57 % Cipy (1= 1) X EIX) - el

"X Cl A BIX e, ]

(B.33)

At this point, the remaining steps are routine and are omitted. This completes the proof. O

Remark B.7. The awkward indicator can be removed with an additional moment assumption of the
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. . o ] . y .
pivotal: there exists € > 0 such that sup, E|\/ﬁ A(X,,)| "€ < oo. In that case, Holder’s inequality
can be applied directly to the pivotal statistic, without restricting to the event 8,]; '®. However; this

is not true in general, as shown by the following example.

Example B.8. Consider the one-dimensional case d = 1 with X; ~ N(0, 1). Let
A(x) =x+x>+x* exp(x4),

which grows explosively for large |x|. The smooth function model still applies, and the Edgeworth

expansion remains valid, but R[5 is not integrable. Indeed, (v/n — Vn — 1) E|A(X-,~)| = o0, A

Lemma B.9. Let W, := A (X) be the pivotal under the assumptions of Theorem B.1. Denote
V .
Fa(x) =B(W, <x),  Gh(x) = ®(x) + Y n/lm;(x0)¢(x),
j=1

and define €} (x) = F,(x) — G)(x). Denote the Lebesgue measure as A. Let f(-) be a function

such that f' € L' (1) and f is absolute continuous to A. Let Z ~ N(0, 1). Then

ELf(Wa)] ~ELf(Z)] - Y 07/ / FEL; )| < Cy X 1 11 gy HD72,
=1

j_
where C, is defined in Eq. (B.2).

Proof. Since F,, ®, and each 7;(x)¢(x) correspond to probability measures or signed measures
of finite total variation, the remainder g, as their finite linear combination, is itself of bounded

variation. Therefore, the following Lebesgue—Stieltjes integral is well-defined:

/ £(x) del(x) = - / £/ (el (x) d,
R R

where we used the integration-by-parts, together with the facts that f is absolutely continuous,
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f" € L'(R), and & (+c0) = 0. Hence

/R £(x) del(x)

< /R lf"(x)] ek (x)| dx < C, X ”f,”Ll(R)Xn_(VH)/Z.

Proposition B.10 (Error Cancellation in Expectation). Assume the conditions of Theorem 3.6, and

let

Wy = ‘/EA(Xn)

Let M be a monomial in the marginal and mixed moments of Xy, and let M,, be its estimator
constructed from the sample moments. Let g € C*(R) be an even function such that g” € L'(R).

Assume further that there exists a constant C|g) such that, for all x € R,

18]+ 18" ()] + 187 (x)] < Cigy- (B.34)

Then

,,,,,
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Hence

E[g(Wn) x (M), — M)]

:% D E[g(Wa) X o (Xi)] +E[g(W,) X Ryy)]

i=1
=E [g(Wa) X om (XD)] +E[g(Wa) X R4

=E[(g(Wn) —g(Wn-1))om (X1) | + E[g(Wa-1)om (X1)] + E[g(W,) Rya

Define the three terms

J ::(g(Wn) - g(Wn,—l)) X QM(XI)
I =g(Wy-1)om (X1)

I :=g(W,) X R4
Exploiting the independence of W, _; and X, and recalling that E[ 05/(X/)] = 0, we have
E[L]=0
According to Lemma B.4 and the bound |g| < Cig,

.....

Therefore, we focus on

J = (§(Wy) —g(Wy—1)) X om(X1).

Define A, 1 == W, — W, _1. By (B.27),

Ani = %(SO(XO - o(X_1)) + Rys).
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Since g € C%(R), we now apply Taylor’s theorem with the Lagrange remainder:

gWy) —g(Wy-1)

’ 1 144

= &' (Wa1) X Ay + 58" () X Ay (B.35)
’ 1 Y ’ 1 ”

=g (Wy-1) X %(QD(XO —o(X_1)) + g (Wa1) X Rs) + 78 (y) X A

where 7y is some intermediate point.

Decomposition of J

Let S,I;ip be the event defined in Eq. (B.28), so that P(S,I,“ip) = 1-0(n") for some arbitrary A,

provided sufficiently many moments exist. We now further decompose J into six parts:

J=l+Lh+J3+J4+J5+Jg
Jy = (1—18Lip)><.]

| S
J2 = — ]18’];@ X QM(X]) X —ng (Wn,—l) X QD(X—I)

\/_

J3 ::Ilgf;ip X om(X1) X g'(Wn-1) X Rs)
1 ”
Ju ;:118'?p X om (X1) X 58 (¥) X Ai,l

1,
Js =~ (1 - ]18’13;)) X om(X1) X %g (Wy-1) X o(X1)

Jo =om(X1) X %g,(Wn,—l) X p(Xy)
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(a) For Jq,

E|J| <2C(g X E H(l _ ﬂ&gip) x QM(Xl)H (by Eq. (B.34), since [g| < Cly))

1
<2Cpy X A1 - P(EXP) x (E|QM(X1)|2) * (Holder’s inequality)
A 3
=2Cig) x 0(n7%) x (Elou (X))

_2 : . :
=2Cq) X O(n™2) X Clyg (BIX, F} et 1] (since oy is a polynomial)

where we use the sufficient moment assumption and choose A4 > 2.

(b) For J,, we again exploit the independence between X; and W,, _, together with E[ oy (X1)] =

0. Hence

E [om(X1)g' (Wu-1)e(X1)| =E[on(X)] XE [¢'(W-1)e(X1)] = 0.

Therefore,

Bl 5 = B[(1 = 130) o0 (X (W (X0

C —
<~ xE|(1- L) onr(X0) x@(X-0)|  (by Eq. (B34),since [g'| < Cy)

\/_
Clg] Lip 5\ o 4\7 e .
< 1 - P(EYP) x (E|QM(X1)| ) x (E|<p(X_1)| ) (Holder’s inequality)

1 1
< Clgy x O™ %) x (Blow (XI*) " x [VA(w| x (BlI%-1 - )"
Since oy (+) is a polynomial, we have

[E[L2]] < Clam.cpp B1X 14

,,,,,
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(c) For J3, Holder’s inequality gives

o\ 172 o\ 172
B3| < Crap (Elon(XDP) " (Bl g Risi )

< CIM,Cp g {BIX [} oot

,,,,,

(d) For Jy4,

5\ 112 , o\ 12
Blal < Clg) (Blow(X0P)  (BlLgu x A2, 1)

n,
AAAAA
,,,,,

,,,,,

1

,,,,,

(f) For J6,

E[Js] =—=E[g' (Wa_1)] X E[ oy (X1)p(X))]
Vi

where the latter can be bounded by a constant, i.e.

,,,,,,,,,,

The law of W,, _ is identical to that of W,_; and is asymptotically equivalent to W,. Hence we
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consider its Edgeworth expansion
P(W, < x) = ®(x) +n 21 (x)p(x) + gl (x)

Because we have assumed that g is C*(R) and even, its derivative g’ is C' (R) and odd. Addi-

tionally, we have assumed g” € L'(R). According to Lemma B.9,

E[g/(W,)] = /R ¢'() d¢<x>+% /R ¢ ()d[m () ()] + /R ¢'(x) del ().

with the remainder bounded by ||g” || .1(r) X C1/n. The second term is bounded by

%‘ /R ¢ ()1 ()6 ()]

1
<—=xC
The key point is that, because g’(x) is an odd function, we have

/g’(x) d®d(x) =0
R

Consequently

Proof Summary

g(Wn)X(Mn—M)=Il+12+J1+]2+J3+J4+J5+J6
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Define
Rig) =11 + || + |J1| + J2 + |J3] + [Ja] + |J5] (B.36)

Then

ELRi6) 1] < = X Clam.cig @1xi14) e, a1

Here the constant depends only on
(i) the specific form of the monomial M;
(i1) sufficiently many finite moments of || X;||;
(iii) the constant C|4) controlling g(-) and its derivatives;

(iv) the local behavior of A near p, including the value of VA () and a neighborhood of radius ¢

on which VA is L-Lipschitz.

The principal term is Jg, whose expectation is asymptotically

E[Js] =——E[g'(W,)] x E[op (X1)¢(X1)]
Vi

The evenness and smoothness of g imply the oddness of g’. Therefore, the constant term in the

-0.5

Edgeworth expansion of g’(W,,) cancels in expectation and generates another n that we are

seeking. Such a procedure requires the extra dependence on another constant C;. O

Connection to Theorem 3.6. To better connect with Step 6 from Theorem 3.6, we now dis-
cuss point (iii) in more detail. Consider replacing g(x) by g(x/a), where a = ¢>/B. Then
the functions involving derivatives, namely f, g’, and g”, are amplified by factors of order 1/a

or 1/a. If Cig) denotes the constant defined for Eq. (B.14), then the corresponding constant
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Therefore, to obtain a uniform convergence result, it is necessary to bound a away from 0. In Step

6 of the proof of Theorem 3.6, we have A= Ag(1),a = q2/B and q > g&p. Hence,

2

1 B
[BLg(Wa) x (M, = M)]| < - x max {g’ 1} X CGy, M Clgp (B )i, ]
0

B.2.4 Proof of the Two-Sided Case in Theorem 3.9

Most of the proof is already implicit in that of Theorem 3.6. The main observation is that
many terms contributing to the constant Cis depend only on finitely many moments, namely
{E|IX1||*}x=1...;. The same mechanism applies to the resampled version: the dependence of the
error bound on the all the possible sample distributions X can be reduced their finitely many sample

moments, namely
1 n
E[IX;1* | X] = ;Zl] X%, k=1,....0
=

Therefore, it is natural to impose a suitable good event under which the empirical moments are

uniformly bounded:
A 1 <
En(X,) = {'; Z IX:l1% — B X1 ]|¥| < &m, fork =1,... ,z} . (B.37)
i=1

Under sufficient moments existence condition, i.e. E||X;||¥ exists fork = 1,2,..., [(I>1),itcan
be shown that P(E,) = 1 — O(n~*) for some arbitrary A. See, for example, [21] section 5.2.3(ii).
Hence, the uniform bounds for remainders can be derived similarly to the Steps 1-6 in the proof

of Theorem 3.6.
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Steps 1-4 According to Theorem B.3, we define the resample good event &;(X,, X);) as well as

the constant C3:

\4

sup [P (VrAL(XS") <x | X, X)) — ®(x) - Z nk2 pr(x) x (x)| < Ch x T
* k=1
max sup |p; (x)| x (1 + |x[)"V < C; (B.38)
1<k<v x
d , “(3k=1) _
max sup [—p; (x)| X (1 + |x]) <C; (B.39)
I<k<v y |dx

which occurs with probability 1 — O(n~4) for some arbitrary A. Let Q** denote the distribution of

the second-stage resample, and define

AX (X
UX,X") =E ///IL M <qp dO™(zp)---dQ"(z1) | X, X"|.

\/% Zf:l Zi
Analogously, define

0, (¥) = @) + ) 17 p(x)g(x). (B.40)

1<k<v
k even

Then Steps 1-4 in that of Theorem 3.6 can be replicated analogously. We can conclude
1 A A
UX,X") x 1g; = (Uo(X,X*) + =X U(X,X") + Rj1 + Ry | X 1g;
n

where Up(X, X*) and U; (X, X™) denote the conditional expectations given (X, X*), obtained from
the definitions of Up(X) and U; (X) by replacing vn As(X) with vn A} (X7) and p> with p};. More-

over,
R 2 -2
|(Rp1y + Rpop) X Lg;| < Cieyp X 1

Step 5. The analogous decomposition remains valid, with one difference: in order to bound the
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remainder term, we must restrict to the good event 83 (not 8;"). Namely,

1 . N
lg, XE[U(X,X") | X] = 14, X Z‘PB(q)—1+;x§§’(q)+R[3] )

. 5 -2

Correspondingly, |15, X R[3]‘ <n X C[é3].

Step 6. Analogously, define the resampling pivotal by W := \/n A}‘(X;), and define the random
variable r* € o (X, X*) accordingly. The main task is to verify that the resampled analogues of
the three lemmas supporting Proposition B.10 remain valid. In particular, our goal is to establish
uniform upper bounds for the remainder terms in terms of constants, rather than random variables

measurable with respect to o (X).

* Lemma B.4 revisited. After replacing M by M,, and M, by its resampled version M,;, both

the linearization map oy (-) and the remainder R4 are perturbed.

— Equation (B.25) shows that R[4 depends on both ¢y and finitely many moments.
Under the empirical distribution, the latter can be uniformly controlled on the event

Em(X).

— The constant cj; depends on the Hessian, and tensors of higher-order derivatives of the
relevant monomials, all evaluated at pu. Since these derivatives are locally Lipschitz,

cy 1s itself a Lipschitz function of u. Hence, after introducing the event
Eu(X) = {llu - All < e} € T(X), (B.41)

the resampled version ¢y, can be bounded uniformly in a neighborhood of cjs. Con-

sequently, the resampled remainder satisfies

1

A 1 A
Lg,ngn < BUR@I [ XT < 1g ng, X~ Cran, 21X 14X et ) S CIMEIX ) mr, i)
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Unlike C € o(X,), C is a deterministic constant. Its dependence on &, and &, is

suppressed since both parameters are arbitrary.

— The same argument applies to the coefficients of gy, (-). This observation will be

useful in proving the subsequent Proposition B.11.

* Lemma B.6 revisited. The constant R[s5; depends on the smooth function A(+) as well as
finitely many moments. The moment dependence is handled exactly as above. The depen-

dence on A enters through two components.

— First, one needs a §-neighborhood of u on which A is L-Lipschitz. In the resampled

setting, we define SZ’Lip (Xy, X)) by
grLP . {||X: —fll<6—g,foralll <i< n} (B.42)

We require 6 > £, when defining 8# (X) in (B.41). Therefore, A remains L-Lipschitz
on&MPNE,.
— Second, one needs control of ||[VA(u)||. On the event 8,,, we have ||[VA(Q)| <

IVA(u)|| + Le,, which is sufficient for our purpose.

* Lemma B.9 revisited. Theorem B.2 immediately yields the corresponding resampled ana-

logue, provided that the good event &, holds.
Based on the three lemmas, the resampled version of Proposition B.10 is formulated below.

Proposition B.11 (Resampled Error Cancellation in Expectation). Under the assumptions of The-

orem B.1, let

W, = Vn A" (X})

denote the resampled pivotal quantity. Define the events &,-,, Em, and é# by (B.3), (B.37), and
(B.41), respectively; all are measurable with respect to o(X,,). Also define the event SZ’Lip €

o (X, X?) by (B.42). Assume further that E||X1||" < oo for sufficiently large | (depending on A
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below), so that

P(Enn&,nENMP) =1-01n™

for some arbitrary A > 2. Let M be a monomial in the marginal and mixed moments of X1, and let
M,, and M, be its estimators based on sample and resample moments, respectively. Let g be as in

Proposition B. 10, satisfying the same assumptions. Then

,,,,,

Proof. We emphasize that the right-hand side depends on local properties of A, rather than of
A*; on M, rather than on M,,; and on E||X;||¥, rather than on E[llX”{llk | X]. Moreover, Ciisa
deterministic constant. Therefore, the right-hand side is itself deterministic, rather than a random
variable measurable with respect to o-(X). With the above three revised lemmas, the proposition
can be proved analogously. The only remaining point is to replace oas by o,, which appears only

through expressions of the form
Elowm (X1)|* — Elow, (X)I*.
Recall that o (X) = Yyeq 0 H () X (X* = uo). Hence

Elow, X)IE < Y 16, H(@I* x E[I(X])*1*]

a€A
AN\ 1k
< > 10 H(W* X Cliapx iy, i
a€A
< D 10H@WIF X Clpx iy, (o0 Em)
aeA

It is C|a), rather than Cpyy, ), because we invoke the local Lipschitz property of Y ,c4 |02H () [¥.

O
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Step 7. We conclude that

1
sup [P, (|77 <q | X) — (2¥(Q) - 1) - - X {Q(Q) C[soCl c; G A0 M BEIX [ et

aq=s! n | ns RTLEyEersm A AR e

]7

holds on the event
Eanéoinénné,.

B.2.5 Proof of the One-Sided Case in Theorem 3.9

Proof. Recall the good events &,(X) from the resampled two-sided proof, as well as &;,8; €
o(X) and &; € o(X,X"). Their intersection has probability 1 — O(n~%). For a given quantile

g € R, let 9™ denote the second-stage resample distribution and define
vxxy =2 [ 1 <q 4™ (zp) -+ dQ™ (z1) | X. X"
B Zb 133

Then
P.(T*<q| X) =E[V(X,X") | X].

Analogously to the one-sided proof of Theorem 3.6, on the event &} € o (X, X*) we have
1 A
V(X,X*) X ]lg; = VJ(X,X*) + —VI*(X,X*) + R[g] X ]lg;,
n 3

where |Ié[g] X ]lg§| < C[C} B] X n~2. Next, analogously to Step 2 of the one-sided proof, on &3(X),

) : Ja@ L@ s _
E[VO(X»X ) | X] =¥p(Q) + ! + 2 + Ro], |R[9]] < C[C3] xn 13,

\Vn n

For the V" term, let ‘71* (X, X™) be obtained by replacing p; with p,. Then, analogously to Step 3

of the one-sided proof and to the coefficient-control argument in the resampled two-sided proof,
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on Sm((\’),

* * 7% * —-1/2

E[|Vi (X, X) = Vi (X, X)) | X] < Craeixiiya.an " < Cla@xaptye..nn

Also, on &; (X)),
E[VI*(X,X*) | X] = é‘\;p(q) + Ié[lO]’ |R\[10]| < C[él,B]n_l/Z-
Therefore, on the event
EnnénéEiné;
we obtain
. GP@ L@ s

sup En(T7 < [ &) =¥p(Q) = =2 = 7o S X Gl 6001 )

which is exactly the desired conclusion. O

B.3 Proof of the Cornish-Fisher Expansion for t-distributions

In Appendix B.3.1, we discuss a conjectural general framework for higher-order Edgeworth
expansions of Student’s ¢-type pivots, in which the usual Edgeworth polynomials are replaced by
quasi-polynomials with analogous structural properties. Based on this framework, we develop the
corresponding general Cornish—Fisher expansions and establish their uniform approximation over
a in compact subsets of (0, 1). The remaining appendices provide the detailed proofs supporting
this framework. Although the general framework is conjectural, the special cases needed in Chap-
ter 3, namely those with v < 3, are already validated by Theorem 3.6. Consequently, all theorems

and propositions stated in the main text are established rigorously.
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B.3.1 Conjectural Framework for Edgeworth Expansions on t-distributions

Definition B.12 (Student’s ¢t Edgeworth quasi-polynomials). Fix B > 1 and an integer k > 1. Let
Qg i denote the class of all functions ni(q) that can be written as a finite linear combination of

the form
m

e (q) = Z Clmll gy g2yt

where Ciime) € R, m € Zyo, and € € Z, subject to the constraint m < 3k — 1. In addition, m is
odd when k is even, and even when k is odd. Elements of Qg are called Student’s t Edgeworth

quasi-polynomials of order k. We also define

Qp = U QB k-

k>1

These quasi-polynomials resemble ordinary polynomials and enjoy several useful structural

properties.

Lemma B.13. For each integer k > 1, Qg € C*(R). Moreover, the class Qp is closed under

multiplication and differentiation. In particular:
* if f,g € Qp, then fg € Qp, with parity determined by the usual product rule;
* if f € Qp, then f’ € Qp, and differentiation reverses parity;
* the density function yg(-) belongs to Qp.

We conjecture that the general Student’s t Edgeworth expansion admits the following quasi-

polynomial form:

Gy (@) = s(q) + ) n ™ P (@us(), (B.43)
k=1
G, (@) =2%p(a) — 1+ > n*(Qus(), (B.44)
1<k<v
k even
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where nzp, 1Y € Qp. Moreover, each coefficient ¢ ¢ in 7k (Q) = X cixme; X 9" /(B + g% is
required to be a polynomial in finitely many moments of the underlying distribution, up to order
k + 2. Although this is stated as a conjecture, the expansion has already been verified in Theorem
3.6 for the two-sided case when v < 3 and for the upper one-sided case when v < 2. We develop
the general Cornish—Fisher expansion for Student’s ¢ quasi-polynomials based on this conjectural
form. Nevertheless, the special cases established in Theorem 3.6 already suffice for the coverage

error analysis of our studentized cheap bootstrap.

Assumption B.14. Assume that the conditions of Theorem 3.6 hold. In addition, assume that the

following t-Edgeworth expansions hold:

sup [P, (T < q) — G,5(Q)| < Cyp x =72, (B.45)
geR
sup [P, (IT] < ) - G ()] < C* x n= D12, (B.46)
q=&0

Let GAE?V and (A}iiv denote the formal expansions obtained from G,’, and G,,, by replacing, in

every coefficient, the population moments by the corresponding sample moments.

Assumption B.15. Assume that the conditions of Theorem 3.6 hold. Assume further that

P (sup P, (T* <q | X) = G (Q) = Cop x n= V2] = 0(n™Y), (B.47)
geR
P (sup [B.(IT*1 <q | X) = Gy, (@) = CFY % n‘“*”/z) =0(n™). (B.48)
q=&o

Moreover, the coefficients C(i ) of each 1y are polynomials in sample moments up to order k + 2.

Similar to the usual Cornish—Fisher expansions, we expect these quantiles to admit formal
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approximations in terms of quasi-polynomials:

WP = q+ Z k2g%(q),  where q = ¥3'(a), (B.49)
1+«

+ —k/2 here q = ‘I’_l( ) . B.50

=q %; 0@, whereqi= ;' (B.50)

Here &7, fzp € Qp, with & even when k is odd and odd when k is even. Moreover, the coefficients
of &; are polynomials in moments up to order k + 2. The next proposition confirms this formal

construction.

Proposition B.16 (Existence and uniqueness of the Cornish—Fisher quasi-polynomials). Under

Assumption B. 14, the following statements hold.

» There exist unique functions é—‘ll]p, ..., &P € Qp such that, for every compact interval K C R,
v
sup |Gy, (g + D n 2P () | - Wa(a)| < A x D2 (B.51)
qekK =1

for some finite constant Al;(p. Moreover, {;‘Zp is odd when k is even, and even when k is odd.

* There exist unique functions 5}: € Qgp for all even integers k with2 < k < v (v is odd) such

that, for every compact interval K C (0, 00),

sup [G5,| g + § K2eS(q) |- (2¥(Q) — 1)] < Al x nm0+D2 (B.52)
qeK 2<k<v
k even

for some finite constant Atg Moreover, each f“ is odd.

We next introduce the resampled analogues. For 0 < a < 1, define the resampled quantiles by

=inf{qeR:P,(T* <q| X) > a} and 4 :=inf{q>0:P,(IT"| <q | X) > a}.
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Let

‘flllp""’ 5P € Qs and £l eQp, 2<k<v, keven,

denote the formal Cornish—Fisher quasi-polynomials obtained from

Tp, L EP and f,tf, 2<k<v, keven,
by replacing, in every coefficient, the population moments by the corresponding sample moments.
Equivalently, the coefficients of & are polynomials in sample moments up to order k + 2, with
exactly the same functional form as in the population version. The corresponding formal resampled
approximants are denoted by ﬁﬂ?a and 4 ,, defined in the same way as in (B.49) and (B.50), with
&y, replaced by &;.

The uniform approximation error of the Cornish—Fisher expansions with quasi-polynomials is

given by the following two theorems.

Theorem B.17 (Uniform Cornish—Fisher expansion). Let € € (0, 1/2). Under Assumption B.14,

there exists a finite constant Clclpf such that

%

up up  —(v+1)/2
o —Ug | £C i n v+D/2

sup
e<a<l-e¢

When v is odd, there exists a finite constant ths ¢ such that

ts ts ts _—(v+1)/2
sup |uv,a - ua'l < Cc.f.n 1)/ .
e<a<l-¢

The specific forms of the constants are given in (B.59) and (B.60).

Theorem B.18 (Resampled uniform Cornish—Fisher expansion). Let € € (0, 1/2). Under Assump-

tion B.15, there exists a finite constant (A)gpf such that

AUp _ Aupp o AUP —(v+1)/2)| _ -1
P| sup iy, —iy|2Cn D2} = o(nY).
e<a<l-g
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When v is odd, there exists a finite constant CLS ¢ such that

P| sup [df,—dgl> Cgf‘n_(”l)/z =0(n™).

e<a<l-¢

B.3.2 Proof of the One-Sided Case in Proposition B.16
Notations. Define

4P (@) =n"(Qys(q).

By Lemma B.13, each £;* € Qp, and so do its derivatives:

u d ' u
Lo (@) = (%) () € Qp

Define

\4

AP(@) = ) PR (),

k=1

Then A’ (q) = O(n~'/2) uniformly on K, since each &P € Qg is smooth.
n \Q y k

Step 1: Taylor expansion. Recall that

Gy (Q) = P(q) + ) n 0P (Q)ws(Q)
k=1

The Taylor expansion of

Gnh(Q+ A, (@) - ¥8(9)
= W5(q+A(Q)) - Pa(q) + Z n L+ AP ()

1 (V) 4 v—k é‘ (q)
Z (q) up(q) +Z —k/2 ( up(q)) +R12]

I"
=1 r=0
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Since all functions involved are infinitely smooth on the compact set K, we have

sup|AF ()] = 0(n”'72).
qek

Step 2: Bounding the remainder. For later use in proving the resampled version, we record the

more explicit bound

)4

sup| A (@)] < ) sup|§,:’<q>| ZZ 2clime X sup|q” (B + )|

qek = - qek (B.53)

The remainder term Rjj2] consists of the remainder O(|A? |V+1) from Wp(q + A,°(q)) as well as

v+1-k

nk/2 x 0(|AEP| ) from {;. By the Lagrange remainder formula,

v
_ 1-k
Rl = 2 OAT ™) xup I, .y 0
qge

k=1

where q < x < g+ AP(q). Because AP(q) = O(n~'/?) uniformly on K, we have x € K except

for finitely many terms. Therefore,

s 6T,y D] < 5 6T,y

,,,,,

4
Rzl < 3 P x 0O 02) 5 Crg ey x4y,

- 1)/2
=n" D25 Clp ko mX o]
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Step 3: Comparison of each order. In order for (B.51) to hold, we must have

)4

(r)
Z (CI) up(q) " Z _k/zz gk [r (CI) up(q))r _ O(n_(y+1)/2)

r=1
y

(V)
— lﬂB(Q)(Agp(Q)) _ _Z Br’(q)( up( ) Z —k/ZZ {k [r] (q) up(q))r

r>2

+ O(I’L_(V+1)/2)

after substitutiing A, (q) = Y]_, nk/ 2fzp(q). Now fix 1 < s < v, and collect the coefficient
of n=5/2. The only linear term involving n~/2£:P () (-) comes from LHS when r = 1. All other
-5/2 (r)
terms of order n~*/? involve " k , 00 YEE , ¥y, and
up up
Y T
It is impossible for f?,p with s’ > s to appear in the coefficient of order n™*/2, unless s’ = s through
the linear term. Therefore, each §zp can be solved inductively. By Lemma B.13, Qp is closed under
differentiation and multiplication, though not automatically under addition. Thus, to conclude that

&7 € Qp, it remains to verify the required parity property.

Step 4: Preservation of parity. We prove the parity statement by induction. The case s = 1 is
immediate from £, = —n|”. Assume that, for all k < s, & is even when k is odd and odd when k

is even. The relevant terms in the coefficient of order O (n™*/?) are

A@ =2 @] |€0@,  h+eti=s
i=1

fZ(q) ::‘:/tl})[r](q) l:lf;llp(Q), k+ji+--+j =s,

We note that ‘Pg) has parity r + 1 modulo 2, while ¢ Zp[r] has parity k + 1 + r modulo 2. Therefore,
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under the induction hypothesis, the parity of f; is
r+1+Zr:(j,-+1) =2r+s+1=s5s+1 (mod?2)
i=1
and the parity of f; is
k+1+r+zr:(jl-+1) =s+1+2r=s+1 (mod?2)
i=1

This completes the proof of the one-sided case.

B.3.3 Proof of the Two-Sided Case in Proposition B.16

The argument is largely analogous to that of the one-sided case. Hence we only provide a

concise explanation for each step. Throughout this proof, v is an odd integer.

Notations. Define, in general, that

2 (Q) =n% (@Qy5(q)
d r
£50,(@) = (d—) £5(0) € Qg

AS(@) = Y n Mg ).
%{SkSv

Then A¥(q) = O(n™!) uniformly on K, by the same smooth-on-compact argument.

Step 1: Taylor expansion. The corresponding Taylor expansion is

Gy, (Q+ A5 (Q) - (2¥(q) - 1)

(v=1)/2 (V)( (v—k-1)/2 ( )
D, B Lm@
=2 ) = AN@) + ) Y = (AN@) + Ry
r=1 2<k<y r=0 ’
k even

where we have supgx|AS(q)| = O(n™").

174



Step 2: Bounding the remainder. By an almost identical argument,

IRuzyl <n™ D25 Clp gy i 14l

Step 3: Comparison of each order. In order for (B.52) to hold, we must have

(v=1)/2 (r)(q) (v=k=1)/2 g (] (q)
2 Z (AtS(q)) Z l’l_k/2 Z (AtS(q)) _O(n—(v+1)/2)
r=1 2<k<v r=0
k even

(v=1)/2 (V)(q)
= WpA)AS@)=-2 )

r=2
ER L (@

AP ILEEDY
2<k<vy r=0
k even

—— Ay @)’

(AtS(q)) +0(I’l (v+1)/2)

after substituting

AS(Q) = ) ).
%{Sk<v

s/2

Again, fix an even integer 2 < s < v and collect the coefficient of n™*/. The only linear term

involving n™*/ 2£5 () () comes from the LHS when r = 1. The other terms of order n~*/2 contain

e, { ‘PI(;), and

SESLLLES

Therefore, each f}f can be solved inductively.

Step 4: Preservation of parity. We use a similar induction to prove the parity statement. The case

s = 2 is immediate from

Assume the claim that f}f is odd holds for all even integers 2 < k < s. The relevant terms used to
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calculate £ with order O(n*/?) are

A@ =2y @] [&@,  ji+e+ii=s,
i=1

A =@ €@, k+ji+ti=s,
i=1

where all indices j; and s are even. Again, since both ‘Pg) and {,t(s ("] have parity r + 1 modulo 2,

both f; and f, have parity

r+1+ 1=2r+1=1 (mod?2).

r
i=1

Hence £ is always odd. This completes the two-sided case.

B.3.4 Auxiliary Lemmas for Theorem B.17

Define
FP(Q) =P,(T<q) and  F(q) =P.(IT| < Q).
Recall that the true quantiles are defined as
uy’ =inf{q e R : F,"(q) > a} and  u¥:=inf{q>0: F’(Q) = a}.

for 0 < a < 1, where F,"(q) = P,(T < q) and F(q) := P,(|T| < q). Recall that I, := [e, 1 — &]

for & € (0,1/2) and define the corresponding compact interval K,;* c R by

K= [P5l(e), Y5 (1 - 8)].
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For ¢ € (0, 1/4), define the corresponding compact interval K¥ c R, by

a1 e _ £
K" = [‘PBI(E + 5) ,‘PBl(l - 5)] :

In order to show that

sup luy —uy,| < O(n”0*D/2),
a€l,

il‘ts

we shall employ intermediate quantities i}, and %,

which are defined as the quantiles of the

finite expansion approximants defined in (B.44), i.e.

Gyh(q) = Wp(@) + > n PP (@ys(a),
k=1

G (@) =2%5(Q) =1+ Y. n*ri(@us(a).

1<k<v

k even
The idea is to show both
sup |ug — U, ,| < O (n~+D/2) and Sup |10y, — Uy 4l < O (n~0+D72),
a€lg a€l,

However, these two intermediate quantiles are not automatically well defined, since the functions

G,’, and G, are not genuine distribution functions. The next lemma addresses this issue.

Lemma B.19 (Well-definedness of the intermediate quantiles). For every € € (0, 1/6), there exists

a constant ny(g) € N such that, for all n > ny(&), the following hold.

(i) The function sz’v is strictly increasing on K.* and satisfies

up \/ I .
(anv) (q) 2 E lnf;p '//B(q)
gek,
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Hence, for every a € I, there exists a unique ﬁ,‘if’a € K;gp such that
up
Guh (i) = a. (B.54)

Equation (B.54) therefore defines ﬁ‘;f’a for all sufficiently large n.

(ii) The function G¥  is strictly increasing on K® and satisfies
n,v y 8 &
ts \/ .
(Gny) (@) > inf yp(q).
Qeky
Hence, for every a € I, there exists a unique u®,, € K such that
ry q v,a 2¢e
Gy, @@5,) = a. (B.55)

Equation (B.55) therefore defines u'; , for all sufficiently large n.

Proof. We first prove part (i), which concerns the upper-quantile case. Differentiating (B.43), we

obtain

(G (@ =ws(@) + Y ™ (mPus) ().
k=1

Since K, is compact and each (77,"¢5)" is smooth, we have

K2 Pyp) ()

p [V
qeky’ (k=1

<n 1% x sup
gek?

Z nkpr (q)'

k=

According to Assumption B.14, the coefficients of nzp are polynomials in moments up to order k.
Hence

TR ws) @) <X Crem i (B.56)

,,,,,

sup [V
aeky’ k=1
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Since infe g ¢ s(q) > 0, it follows that, for all sufficiently large n,

qek

. ’ 1 .
lnf;p(Ggl,)V) (q) Z 5 lnf;p '/’B(q) = C[K;P,B] .
qek gek

&

Therefore, G,’, is strictly increasing on Kj'. It remains to prove existence of a solution to

sz’,,(q) = a for @ € I3.. By the same smoothness-on-a-compact-set argument,
Gy (@) = ¥p(a) + O(n™'/?)
uniformly for q € K;S Hence, for all sufficiently large n, we have
Gl (P5'(28)) <3¢ and G5 (P5'(1-2¢)) > 1-3e.

Since fov is strictly increasing on K,', it follows that, for every a € I3, there exists a unique
i, € K, such that G, (,,) = @. Asaconclusion, there exists ng(&) € N both the monotonicity
and the existence-uniqueness statements hold for all n > ng(g).

For part (i1), the proof for the two-sided case is entirely analogous, up to notational changes.

The only point requiring attention is that the derivative lower bound is
(G5,)'(@) = inf yp(q),
qeks

with no factor % This is due to the representation in (B.44), whose leading term is 2%¥5(q) — 1

rather than W5(q), so the leading derivative is 2y/5(Q). O

Remark B.20. The specific choice € < 2e < 3¢ is inessential. More generally, one may replace it

by any 0 < g] < &, < &3 < 1/2. The purpose of this ordering is to ensure that

In other words, {admissible quantiles} C {a solution exists} C {strict monotonicity}.
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B.3.5 Proof of Theorem B.17

With Lemma B.19 and the notation established in Section B.3.4, we are in a position to derive
a uniform upper bound for the Student’s  Cornish-Fisher expansions.
Proof of the One-Sided Case

Proof. Apply Lemma B.19(i). Then, for all sufficiently large n, the function G , 18 strictly in-

creasing on K" and satisfies
/ 1.
(G\)(q) > = inf yp(q)  forallqe K.,
’ 2 ek

and, for every a € I3., there exists a unique ﬁuvf’a € K;E such that Gz?y(uv w) = Q.

~up

Step 1: Analysis of |u,", — @),

Recall the definition of ulvl?w from Eq. (B.49). Apply Proposition B.16 with K = K;S Since

a € I3, is equivalent to q := ‘Pl;l(a) € Kug, (B.51) yields

sup |G;?v(u3f)a) - a’| < AUKP?Jp X n—(V+1)/2.
3

a€lzg

Using G,%,(&,%,) = a, we obtain

G ( up ~(r+1)/2.
sup |G Uy, — uva)|<A X n
a€lz, 3&

The same smoothness argument on a compact set yields uﬂf’a — ‘I’Igl (@) = O(n~'/?) uniformly for

a € I3.. Since K;S C int(Kgg), it follows that ul,ff’a € K;gp for all sufficiently large n. Therefore,

2AuP
sup |uyt, — a0 < —35 xn~0+D/2, (B.57)
acls, inf ek’ Ye(q)
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"UP

Step 2: Analysis of |u,” — )",

Recall the Student’s ¢t Edgeworth expansion from Eq. (B.46),

sup |F," () — G2 (Q)] < Cyp X n~ 02,
qeky’

Let a € Iz, and define

o, = Ln_(‘ﬂ'l)/z‘
infqu?’ ¥5(Q)

When n is sufficiently large, uvpa €K, ol and uv +6, € K" by Lemma B.19(i). Using the definition

G”, (uV o) = @, we have
W@, +6,) > @+ Cup xn” D2 and - G5 (@Y%, — 8,) < @ — Cyp x n~FD/2,
Applying the Edgeworth expansion from Eq. (B.46),
FP@R, +6,) >, @0, -6, <a.
The definition u,’ = inf{q : F,"(q) > a} then implies
Uyhy = On S ug <UL, + 6,

for all @ € I5.. Consequently,

4C
sup |ul? — a5, | < —llpn_("“)/z. (B.58)
a€lz, qu”P ',Z’B(CI)
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Step 3: Conclusion.

Combining (B.57) and (B.58), we obtain

2A %, +4Cyp

u u 3 -
sup |uv?a - uapl < —————Xn (V+l)/2-

aelz, que[(gp VvB(Q)
Since € and 3 may be replaced by any pair £1 < &3 (see Remark B.20), it follows that

2R, +4Cyp

sup luu? _ uupl < - 3¢ % n—(v+l)/2,
ael, ne ¢ qug[(il;z 'J’B(q)
Since Au%p < AuKILp , we may choose the constant to be
3e &g/2
2AY +4C
b= K ke |yt (2) e (1- 2] (B.59)
of- " infgex ¥5(Q) 2 2
This completes the proof. O

Proof of the Two-Sided Case

Proof. The proof is entirely analogous to that of the one-sided case, with Lemma B.19(i1) and Eq.

(B.52) in place of Lemma B.19(i) and Eq. (B.51), so we omit the details. The constant can be

chosen as
Ab + ZC% 1 > &
Cb = KT e [11,—1(_ + —) ,‘I“l(l - —) . (B.60
¢t infgex ¥5(Q) Bl2 " 4) 8 4 )
m|

B.3.6 Proof of Theorem B.18

Proof. To prove Theorem B.18, we revisit Lemma B.19 in the resampled setting, with GAE?V and

é}iy. These are obtained by taking the formal expansions of Gzﬁ, and G}, , and replacing, in every

182



coefficient, the population moments by the corresponding sample moments.

The only randomness that may affect the uniform convergence conclusions comes from the
coefficients of 1. These coefficients are already controlled by sufficiently high moments, as in Eq.
(B.56). Therefore, exactly as in the proof of Theorem 3.9, it suffices to work on the good event
Em(X) from Eq. (B.37). Consequently, Lemma B.19 remains valid for the resampled expansions
on & (X), while

P(ém(X)) —1-0(n™).

In addition, Egs. (B.51) and (B.52) from Proposition B.16 were used in Step 1 of Section B.3.5

not as the definition of &, but as approximation properties of GEFV and G% , with deterministic

n,ve

constants Aqu and A%. In the resampled setting, we need the corresponding analogues to hold for

some constants Aqu and At;,

\4

g+ Y nPEP()

k=1

< Al;(P % n—(v+l)/2’

sup GEI?V - ‘PB(q)

qek

sup |G¥ [ q + Z n2ES(q) | - (2%s(q) - 1) < Al x n=*D/2,
qek 2<k<v

k even

except on an event of probability O (n™4).

By checking Step 2 in Sections B.3.2 and B.3.3, we see that imposing the same good event
Em(X) is sufficient. Therefore, the proof of Theorem B.17 carries over verbatim, with the constants
A and C in (B.59) and (B.60) replaced by their resampled counterparts A and C. This proves

Theorem B.18. O
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B.3.7 Proof of Corollary 3.13

Proof. One-Sided Case. For the upper one-sided case, it suffices to work with the first-order

Cornish—Fisher approximation. Thus let v = 1. Then

AUP A~

u u AU u u AU U
y —uy’| < |y — ulf)al + |u1f)a — | + |ulf)a —u'P

lLa!"

According to Theorem B.18, we define the good events

v,up ,_ ~Up ~Up Aup —-(v+1)/2
E s .—{ sup ity — g | <G Xn (v+1)/ } (B.61)
e<a<l-¢
vits . ~tS AtS Ats —-(v+1)/2
& ._{ sup at, — a8 < C¥, x n~ 0+ } (B.62)
e<a<l-¢

Applying both Theorem B.17 and Theorem B.18 with SrIc’uP, we have

C® +C®
sup i —ug | < sup |40 —u” |+ cf. “ef.
g<a<l-¢ g<a<l-¢ ’ n
up AUp
~1/2 o . £ . -1 -1
<n ! xcsuplgP(@) - (@]+ == K= [0, ¥ (1-9)].
ge

We have £|” = —n\", and 5" (q) is linear in by o) and by; 2). Hence

sup [£7(q) = £°(Q)] < Clp.ep X D Ibpiag = bpal
qek k=02

1,
Therefore, on & .*, we have

up AUp
(:&f.+(3

sup g — ugf| < Cn72 Y |bpiag = bl + L= 0,(n7")

esasl-e k=0,2

under sufficient moment conditions. Hence sup,_,<1_, [da — o' | = O, (n7h).
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Two-Sided Case. For the two-sided case, take v = 3. Then

ay —ub < |ak - ﬁ§5w| + |ut35(y —ul| + |ﬁgsa - ugs’a )

Applying both Theorem B.17 and Theorem B.18 with &35 we have

ref ?

CtS + Cts
sup @ —ul| < sup [af, —uf, |+~

e<a<log g<a<l-¢ n?
s Gt l+¢ £
<n”lxsup [£5(q) - &5 (a) + —H5—, K= [W;l( 5 ),‘Pgl(l—z)
gek n

By the remark after Proposition B.16, £5 = —%17‘23, and by Example 1, ntzs(q) is linear in a4 and

biax for k € {1,3,5}. Hence

sup [£5(q) — £€5(Q)| < Clpep X (Ia[z,k] —apul+ bk — 3[2,k]|) :
qek k=1,3,5

Therefore, on SSC’F, we have

Cts. + Cts
. -1 A ~ £, £, -1.5
sup |25 —ul| < Cn (Ia[z,k] —apxl + bk — b[2,k]|) + =5 = 0,(n7)
e<a<l-¢ k=135 n
under sufficient moment conditions. Hence sup,_,;_. |45 — ul| = O, (n~'3). Finally, when
B =1, 3, the term
-2 (s Ats

n (Cc.f. + Cc.f.)
is replaced by

=3/2 (ts Ats

n (Cc.f. + Cc.f.)’

and hence the conclusion remains unchanged. O
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B.4 Proof of SCB Coverage Error Results

B.4.1 Auxiliary Lemmas for Theorems 3.2 and 3.3

Lemma B.21. Under the conditions of Theorem 3.6, there exists a constant L such that for any Qj,

Qp, and n,

Bu(T < Q1) = Pu(T < Q)| < LX|q1 = G| +2Cyp x 7',

Proof. By Theorem 3.6, there exists a constant Cup such that

sup [P, (T < q) — Hy(q)| < Cypn ™2,
qeR

where H,(q) = ¥3(q) + n‘l/zgfp(q) + n‘lg“;p(q). Hence, for every pair of real numbers qy, Q2
Bu(T < Q1) = Po(T < @) < |Ha(a1) — Hy(q)| +2Cup n /2.

By inspecting the expressions of ¢,* and ¢, in Eqs. (3.23), we see that H,(-) and its first derivative

are uniformly bounded in g and n. Therefore there exists a finite constant L such that

sup sup |H,,(q)] < L.
n>1 geR

By the mean value theorem, |H,,(Q;) — H,(Q2)| < L X |1 — Q2| m]

Lemma B.22 (Two-sided analogue of Lemma B.21). Under the conditions of Theorem 3.6, for

any o > 0, there exists a constant L, such that for any Qi, Q2 > &9, and n,

IP,(IT| < Q1) = Pa(|T] < Q2)| < Ley X |Q1 — 02| + 2Cs x n 72
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Proof. By Theorem 3.6, there exists a constant Gy such that

sup |Pn(|T| < q) - Hn(q)l < Gy n_z,

g=&o

where H,(q) = 2¥5(q) — 1 + n~'¢>(q). Hence, for every pair q;,q, > &o,
Bu(IT| < q1) = Pu(IT] < Q2)| < |Ha(0h) = Ha(G2)| +2Ci n ™2

By inspecting the expression of {> in Eq. (3.21), we see that H,,(-) is uniformly bounded on [&¢, o)

over all n. Therefore there exists a finite constant L, such that

sup sup |H, (Q)| < Lg,-

n>1 gz&o

By the mean value theorem, |H, (q;) — H,(Q2)| < Lg, X |01 — Q2. O

B.4.2 Proof of Theorem 3.2

Proof. We define

Iy =[Pu(T < ug’) - a|

I = Po(T < uy") = Pu(T <y

b= Pu(T < 4™) —Pu(T < ﬁ;f;)‘

Iy = [P(T < @™ ) = P,(T < ugpa)’
so that

[PA(T < dyh) —a|=Io+ 1) + b + I5.
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(a) Since u,’ = inf{q: P,(T < q) > a}, we only have
0<P,(T <uy’)—a <P(T =uy).

By Theorem 2.3 in [21] and Cramér’s condition, the maximal point mass is exponentially

small. Hence, for some €y > 0,

sup Iy < sup P.(T =x) =0(e™").

e<a<l-¢

(b) By Lemma B.21, I} < L X |ugpa —u)’| + 2C,p X n~!3. Using Theorem B.17 with v = 2 and

taking the supremum, we obtain

sup Iy < (Lx G, +2Cyp) xn7'S.

e<a<l-¢

(c) By Theorem B.18, define the event

£ ::{ sup |y, — ig’| < CF x n—(v+1)/2}

rcf
e<a<l-¢

Since

P,(T < i) — P (T<a”p)) ‘P(T< up) _ P(T<ﬁup)(x12up+1—1az,up,

rcf rcf
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taking expectations after taking the supremum, and then applying Lemma B.21, we obtain

sup L= sup |P,(T <iy) - Pn(T<ﬁup)‘
e<a<l-e e<a<l-¢
<E| sup [Po(T <a5)) —Pu(T < aP)| x EXP| + 1 - P(EL)
e<a<l-¢
<LxE| sup |ag —a | x ELP |+ 20, xn 7+ 0(n™)
e<a<l-¢

IA
—_—

L x Clclpf + ZCup) xn 15+ 0™

= O(n_l's).

(d) Write A’ =)’ —uy" . Applying Lemma B.21, we obtain

sup I3 <B sup [Py(T <uyf, + AY) — (T < uyf)

2,
e<a<l-¢ e<a<l-¢
<LxE| sup |A, P ol | +2Cup X1~ L3,
e<a<l-¢
Here
1 A
E[ sup |Aup I < >< Elb(i.41 = b11.1]
e<a<l-¢g k=02
Cz A ~
+ — X (Elb[z,k] —bp il +Elapi — dpi |) ,
k=135

where C; and C; are finite constants obtained by taking suprema of smooth functions over
a compact set. Since af; i) and by; ) are polynomials in moments, under sufficiently high

moment assumptions,
r A _ -0.5
Elbix) = brisg| + Elagix) — dpiag| = 0(7%).

Therefore, sup,.,;_. I3 = O(n7!).
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Combining the bounds for Iy, I, I, and I3, we obtain

sup |Pn(T <) - a| =0(n™).

e<a<l-¢

B.4.3 Proof of Theorem 3.3

Before presenting the main proof, we first establish an auxiliary lemma showing that both u3 ,
and i3 , are eventually bounded away from 0, uniformly over & < @ < 1 —¢. This lower bound will
be needed in the proof of the main theorem, because these quantities appear in the denominator
in the Taylor expansion argument. The deterministic quantity u3, is straightforward to handle.
By contrast, the random quantity #3, is more delicate and can only be controlled on a suitable
good event. Recall that the event Sm(X ), defined in Eq. (B.37), controls the deviations of sample
moments, up to a sufficiently high order, from their population counterparts within the prescribed

tolerance &y,.

Lemma B.23 (A technical lemma for the Taylor expansion argument). Define

qf1+e&
Omin ::TBl( ) )>O'

Then there exists an ng such that, for all e < @ < 1 — & and all n > ny, the following hold:

qmin

ts Qmin AtS
u3,a/ 2

=5 ”3,oz><ﬂém> X]lém,

where the event En,(X) is defined in Eq. (B.37) and satisfies P(Ex) = 1-0(n~4) for some arbitrary

A
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Proof. Letq = ‘P;l(“T”). Since € < @ < 1 — g, we have q € K, where

K = [\P;I(HTg),lP,;l(l —g)]

In particular, g > Qmin. Recall thatu = q+ n~1¢5(q) and iy, =0q+ n~1€5(q). Since £5 € Qp

is smooth, the constant Cy = supgex |§§S(q)| is finite, so

(O]
ts
sup |u3,a —q| < —.
e<a<l-g n

On the event &y, all estimated coefficients entering .g%s stay within &y, of their population counter-

parts. Hence

— Sts
Cy=  sup supl&y (9]
lla—allco<em €K
16=bllco<&m
is well defined, and therefore
G
INE
sup |u3’a - q| Xlg <—.
e<a<l-¢ n

Choose ng so large that max{C;, C>}/n < Qmin/2 for all n > ng. Then forall e < @ < 1 — & and

n = noy,

U3, >q- % 2 Omin — % = q;in,
and similarly,
Ay, X 1lg > (q -~ %) x1g > qgm x1g .
This proves the claim. O
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Proof of the Two-Sided Case

Proof. Similar to the proof of Theorem 3.2, we define

Io =[Py (IT| < ug) — o

I =Py (IT| < uf,) = Ba(IT| < uf)

b = [Ba(IT) < %) - B,(IT) < a5, )|

Iy =B (1T) < 25,) — Ba(IT| < )|

so that |Pn(|T| <a%) - a/| <Iy+ 1 + I, + I5. The terms Iy, I;, I>, and I3 can be handled in the
same way as in the one-sided case, except that we now use the two-sided versions with v = 3 of

the corresponding ingredients. The resulting bounds are

sup Iy <O(e™ ")

e<a<l-¢

sup I} =0 (n7?)

e<a<l-¢

sup I, =0(n"?)

e<a<l-¢
sup I3 =0(n"19).
e<a<l-¢
Therefore, the coverage error can be shown to be O (n~!) even without requiring B # 1, 3. How-
ever, in order to establish the sharper order O(n~2), we must treat /3 more carefully.

Step 1: Write /5 as the difference of J(x) functions with different radii

For I3, we have

Iy = Bu(T] < d8,) - B (IT] < uf,)]
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Recall the definition

‘ ‘ A 1+
Uy, =q+n"' x&EXQ), and @y, =q+n"' X&), where q = ‘Pgl( 5 a) :

Recall Step 4 from Section B.2.1,
1
U(X) x 183 = (U()(X) + - X Ui (X) + Ry + R[z]) X 183

with [(R[1) + Rp2)) X 133‘ < C[C3,B] X n% As in Section B.2.1, we define

L ViA(X)
q

so that Uy(X) can be simplified as a function J; (x) and U;(X) as J>(x), namely

B Bx?
) F(z’%)
1(X) =——7%—

r(%)

B+k+1
B2 (1 + 2

Jz(x) = — aA[z’k] X 5 ( 1+2-)I—k (|)C|B+k_1 XCXP(_T)) .

k=135 227 xT(=7%)

Hence the principal term is
1
Jl(x) + - X Jz(x).
n
Both J;(x) and J,(x) can also be viewed as functions of q. Their derivatives with respect to g are

d (a X d* (a x2 2x
—J|=|=-=J(x and —J|=]==J"(x)+ =J (x).
dq (q) q () do? (q) q? () 9 ()
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Step 2: The difference of n=!' x J, is O (n=2?)

ts

For brevity, we write i for ﬁ3

and u for u%® . Define
@ 3,

R 14
6=i—u=-~ (&) -£).
Lety € (0, 1) be the point arising from the Lagrange remainder, and denote i = u + y§. Define

VA ViAK) VrA(K)

u u u

We have J5(-) € C>(R) when B ¢ {1, 3}. Hence the Taylor expansion gives

2
Jo(7) = Jo(r) = =rJj(r) X g + (FZJQ’(f) + 2;7]3(?)) X %

It is immediate from the exponential decay that both |rJé (r)| and |r2Jé’(r) +2rJ (r)| are uniformly

bounded for all » > 0. Therefore, we only need to control the orders of

5 2

u

u

sup
e<a<l-¢

and sup
e<a<l-¢

Define Quin := ‘PBTI (“Ts) Lemma B.23 implies that there exists an ng such that both of the

following hold for n > ny:

0 2 2 A
E su - < X E[lo]] < El£sS gt -0 l’l_l's
|:8S(Y<]i)—£ u :| qmln [l |] n X len |é":2 (q) 52 (q)| ( )
2
0 4
B sup |2 xlg | < ——xE[l6]] =0
e<a<l-s|U m qmin

As a consequence,

1 _
=X sup [J2(F) = o (r)| x 1g = 0(n™>).

e<a<l-¢

194



Step 3: The difference of J; is O (n~?)
When B ¢ {1, 3}, the Taylor expansion gives

2
() = 11 (r) = = rJ](r) X g + (P07 () + 270 (7)) %

::Jf + Jf

More specifically,

J(r) = —Cg x r|r|P2 exp(—Brz/Z),

J/(r) = Cg x |r|®2(Br* = (B - 1)) exp(—BrZ/z)
with Cp = W%;EB/Z). By the same argument as above, we can bound the second term on the
event Sm:

2

5
E| sup [FPJ/(F) +270(F)|x|=| x1g | =0n7).
u m

e<a<l-¢

The first term
I = =5 xrJi(r)u
is typically of the same order as §, namely O(n~'>). However, we observe that

) Br?\ &6
—-rJi(r) x — =Cp X |r|Bexp(——r) X —
u 2 u

Ly % x gg(r) x (£5(q) — £5(q))

n
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with
B
gp(x) = |x|B exp(—zxz).

Here gp(x) is an even function in C?(R) when B ¢ {1, 3}. It is also straightforward to verify that
gp(x) satisfies the other conditions required by Proposition B.10. In addition, é;s(q) —&3(q) is
the difference between a polynomial in moments and its plug-in sample version, with q treated as

fixed. Therefore, by applying Proposition B.10, we obtain

/ o CB A
']E [rjlmx; ‘: = x[B [0 x (€@ - &)
S (B.63)
Cp
SExu Cle1AM.Clo BIX ) o,
,a

.....

for the monomial M, because q varies with @ and n, and determines the coefficients of M. How-

ever, since ( is eventually confined to a known compact set, this constant can still be chosen

ts

uniformly in n. Together with lim inf,— U3,

> Omin/2, as implied by Lemma B.23, we conclude

that

0
‘E [r]i(r) X —
u

' =0(n72).
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Conclusion

sup I3

e<a<l-¢

= sup [B(ITI < a5,) — B, (IT] <uf,)|

e<a<l-¢

= sup [B[Ba(IT] < 5,10 — Ba(IT] < uf, 1K)

e<a<l-¢

e<a<l-¢

< sup E[(]l(f)—Jl(r)'f'%X(JZ(f)—JZ(’”)))X]183mém

e<a<l-¢

The first term satisfies

sup |E (Jl(f) - Ji(r) + % X (Jo(7) - Jz(”))) X1g.ne,

I . 111
= sup Ei(Jl(r)—Jl(r))x]lémém + — X sup

e<a<l-¢ - n e<a<l-¢

I . 111
< sup |[E (Jl(r)—Jl(r))x]lgmgm +ZE[ sup

e<a<l-¢

< sup [E[(Ji(F) = Ji(r) X Lg ng ||+ O(n>)

The first term is

E [(Jf‘ + Jf) x ]lémém]

sup

e<a<l-¢
< sup [E [JIA X lg g ” + sup |E [Jf X1g.ng ”

e<a<l-ge 3om e<a<l-¢ o
< sup |E [Jf” +Om™) +E| sup Jf Xlg e ”

e<a<l-g e<a<l-g >
< sup [E[JP]|+0m™) +0mn™).

e<a<l-¢
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< sup [E [(Pn(lﬂ < % |X,) = Ba(IT] < ugiam)) x ﬂéwém” )

+0(nH+C

[Cs3.B

]><n

(J2(F) = J2(r)) x llgmsm’]

-2

E [(Jz(f) - Ja(r)) x ﬂégmém]‘



Using (B.63) with some universal Cy, for n > ng where ng is from Lemma B.23 we have

sup |E [JIAH < sup Cpx Co < 2C8Co

= =
g<a<l-¢ g<a<l-¢ n? x u3sa/ n% x Omin

=0(n?)

This completes the proof.
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Appendix C: Proofs of Chapter 4

C.1 Proof of Theorem 4.8

The proof can be seen as the multisample extension of the celebrated reversed martingale’s
proof of U-statistic in [73]. As we mentioned, the multi-index reversed martingale developed in
[44] is quite close to imply Theorem 4.8 as a special case. Here, we shall establish the two neces-
sary arguments: an explicit reversed martingale construction and a multisample Hewitt Savage 0-1

law.

Multi-index reversed martingale

The reversed martingale of multisample U-statistics has already been formulated in [70, 74].
Given i.i.d. sequences {fl.(ll)};?l"zl, {gl.(zz)}:.’;zl, ... ,{fl.(cc)};?ozl, which are drawn from Fj separately
and are independent to each other. Let Z](\fk) be the order statistic of the first Ny terms of samples

from Fj. We use the notation 7—”/\(,]]:) for the o-algebra generated by both Z](\fk) and {‘fl.(:) | w,- For

a vector N = (N1, Ny, ..., N.), define the multi-index filtration:
Fa=Fyl X Fal) X X Ty (C.1)

Then for N > N > m, Un[ /] is a multidimensional reversed martingale as defined in [44], as
long as hy, € L'(F.). This is because E[Un[/m]|%] = Un'. According to Theorem 2.1 and 2.2
in [44],

1

(i) If hy € L'(F,), there is an a.s.-finite random variable Us, such that Ux[/m] L, Us.

a.s.

(ii) If hm € O'(F,), there is an a.s.-finite random variable U, such that Un[/im] — Us.
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Multisample Hewitt-Savage 0-1 Law

It remains to justify that the random variable U, is a constant, i.e. the mean value
Elhm(£0;6P5.. ).

Consider the probability space (L2, G, P) generated by all ¢ sequences of i.i.d. variables, where
[¢] 2 o0 c (o]
G = o-({gil)hizl,{gé>}h:1,...,{g£>}Q:1).

We assume the completion of G. Let 14, be an arbitrary permutation of the first n terms of the

o0

sequence {fl.(kk)}ikzl. The (k, n)-exchangeable algebra & ) is defined as

Ekn) =1{E € Q|T,;£(E) = E for all permutation 7y , },

where 7, L(E ) i={w € Q: 1, ,(w) € E} and = stands for the equality up to a negligible set. The

k-th exchangeable algebra & is then defined as the intersection

& =) Ewm-
n=1

Different from the classical Hewitt Savage 0-1 law, we cannot say &; = {0, Q} because the Q is

(2)

.~ > 0} is unaffected

generated by c¢ different i.i.d. sequences. For example, the event A = {&
by any permutation of the first sequence {fl.m}le; hence A € &(;). However, P(A) ¢ {0,1} in

general. Nevertheless, we have the multisample Hewitt-Savage 0-1 law:

Theorem C.1 (Multisample Hewitt-Savage 0-1 Law). Given (Q, G,P) and & defined above, we

have

(2154.5 {0,Q}.
k=1
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Proof. The probability space (€, G, P) can also be seen as generated by a single sequence of i.i.d.
random vectors & = (gl.“), gi(z), . ,fl.(c)) whose elements are independent. Let ¥, be an arbitrary
permutation of the first n terms of the vector sequence and &, be the collection of invariant sets
under 7,. Hence the exchangeable algebra is & = 02‘;18,1 and, according to the classical Hewitt-

Savage 0-1 law, &= {0,Q}. As a consequence,

c c (o) (o) C (o]
ﬂ&k = ﬂ ﬂa(k,”) = ﬂ S(k,n) - mgn = g = {(Z),Q.} (C.2)
k=1 k=1 n=1 n=1 k=1 n=1
The notation C is explained by that the permutation of 7, with k = 1,2,..., ¢ allows all ex-
changes among the array elements with index N < (n,n,...,n); in contrast, the 7, conserves the
indices across kK = 1,2, ..., c. For example, when ¢ = n = 2, we have

T, = {(x1,x2, 1, ¥2), (x2, X1, ¥2, 1) }

while different combinations of 71, and 72, yield all possible permutations:

{1, x2, 1, ¥2), (X2, X1, Y1, ¥2), (X1, X2, Y2, Y1) (X2, X1, 2, y1) }-
Therefore, the invariant events under permutation 7, is a larger collection so that (i _; Ex.n) C
E,. o
It is proved in [44] that the limit variable U, is measurable in ¥, := (N N Where Fy is defined
in (C.1). Since Uy is the invariant with any permutations among N" < N, we have N C & N) for
all k. Therefore, 7oo C (;_; Ex = {0, Q} and U, must be a constant. Considering the martingale
property when N = m, Us, = E[Un] = E|hm (£V;£?); .. £)).

Extension to V-statistic Convergence

Under the L!(F.) assumption, it is trivial that the same convergence applies to the V-statistics.
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C.2 Proof of Theorem 4.13

In Appendix C.2, we focus on the very special case ¢ = 2 and m; = my = 1 with the joint

distribution F X G. The general case for a multisample U/V-statistic is implied similarly.

Multisample ULLN

(1) Consider a function family {4(6;x, y) }9ce that satisfies Assumption 4.12 where the dominat-
ing function H is in L!. For given 6y € ® and r > 0, we define a random variable as a function

of (X,Y) drawn from the distribution F X G:

bP(X,Y) = sup |h(6;X,Y) - h(60;X.Y)|,
0€B(6o;r)

where B(6p;r) := {0 € ©|p(0; ) < r} is the open ball on the metric space (®; p). It is trivial

that

bo(x, Y)‘ < sup [h(6:X,Y)| +h(60:X,Y) < 2H(X,Y) € L'(F X G).
0eB(0y;r)
For all (x, y), lim,_ bfo (x,y) = 0 due to the continuity assumption. Hence

lim B g [be(X, Y)] —0
r—>

as a consequence of the dominating convergence theorem.
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(2) First we try to establish a uniform convergence result on a small open ball B(6y;r).

| NN
sup h(0; Xi, Y;) — u(0)
0eB(0y:r) | N1N2 ;Jz: '
N N N N
h(QOaXuY)
< sup h(60; X1, Y;) — h(6; X, Y})) — 1(8o)
0B (00;r) N1N2 121121 i i py e N N2
+ sup  [u(6) — u(6o)|
0eB(6y;r)
<i & qup |1(0: X;.Y}) = h(80: Xi. )] iz h(eo,XL,Y) 560
— u(bo
i= 1] IHEB(HO}’) N1N2 i= 1]
+ sup  [u(6) — u(6o)|
963(90'}’)
SRR ON h(90 X, Y)
= : " — u(0o)|+ sup [ER(6;X;,Y;) —Eh(60; X;,Y;)|
;]Z: NN, IZ;JZ: 0eB(0y;r)
N N 24 N
br (Xia Yj) h(QO’Xl’Y)
< _— 4 —u(6y)|+E sup |h(0;X;,Y;) — h(0o; X;,Y;)
;]Z:; NN ;JZ: NN, 963(90;V)| o v |
N; Nz N
X, X h(0o: X, Y;
< ( ‘ ’) +B[b(X, Y)] MO X X)) _ o).
i=1 j=1 NN,

For any given 6y and € > 0, there exists r, > 0 such that E [bfg (X, Y)] <Z.

(2.1) When the dominating function H(x,y) € L'(F x G), both bfg (x,y) € L'(F x G) and

h(8o;x,y) € L'(F x G) too. Implied by the multisample WLLN, for any § > 0

SRS RO
li P E E >—+0]|=0
N]/\[lvrzn—)oo =1 =1 NlNZ 4

and
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Given the inherent arbitrariness, we set 6 = %. Therefore,

N N,

ZZh(e X.Y,) - u(0)| = e|=0. (C.3)

11]

lim P[ sup
NiAN=e0 \ GeB(6y;r)

(2.2) When the dominating function H(x, y) is O'(F,) where F» = F x G, both bfg (x,y) and

h(6o;x,y) are O! too. Implied by the multisample SLLN,

N N ]
h(HO’Xl’Y) b O(th) aS 0 E
00) %250 and [bOXY] g
ZZ NN H() an ZZ e (x.n] <%

Let N = (N, N2). Due to the a.s.-convergence, w.p.1 there exists N' = (N{, N}) such

that

N1 N

ZZh(G X, Y;) - u(6) < z (C.4)

i=1 j=1

sup  sup
N>N’ 6¢B(6o:r) | N1V2
(3) Given & > 0, {B(0;r:)}seo is an open cover of the compact metric space (®; p). Hence there

exists a finite subcover {B (6, %) }x=1

.....

(3.1) Under the L' dominating function assumption, we have the convergence in probability,
i.e. Eq. (C.3), for each By = B(Hk,r’g). For each k = 1,...,K and any 6 > 0, there
exists My such that

N1 N>

ZZh(@ X, Y) —u(0)| > ¢ <%

i=1 j=

sup P| sup
NiAN2>M; \6eB, |N1N2

The probability when taking supremum over ® can be bounded by the union bound:

ZZ h(o; X,,Y) _ 4@

i=1 j=1

ZZ h(6; Xl,Y) _ 40

i=1 j= 0eBy

e

P| sup
0ec®
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Let M* = maxX_, M. When Ny A N, > M,

M hHX,,Y
sup P|sup ZZ ( )—,u(H) >¢

N{ANy>M* 0O i=1 j=

<Z sup P| sup Zzh(e X“Y) ()| > e i

1N1/\N2>M 0eBy i=1 j=

ww

Hence the parameterized two-dimensional array

N1 Ny

S(O:;N1,N2) = ) > h(8: X, V) [NiN,

i=1 j=1
converge in measure to the mean function u(6) uniformly over ©.

(3.2) Assume the dominating function is OI(Fz). For each k, there exists N;( = (Nl(k), Nék))

such that

Ny N

ZZh(a Xe ) = u(6)] < 5.

i=1 j=1

sup sup
N>N: 9By [N1V2
Taking N} = max}_ ka) and Nj = max}_| Nz(k) for each w € Q, w.p.1. there is N*

such that

N1 N,

ZZh(@ X;,Y) - u(0)| < ;

i=1 j=

sup sup
N>N* 90 | N1N2

Therefore, the parameterized two-dimensional array
N N
S(O:; N1, N2) = > Z h(0; X;, Y;) /N1 N2

i=1 j=1

converges uniformly over ® into an g-neighborhood around the mean function wu(6)

w.p.1. Due to the arbitrariness of &, the a.s.-convergence holds.
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“4)

The extension of both in-measure convergence and a.s.-convergence to the case ¢ > 2 and

m; = 1 is similar with only notation differences.

The ULLN for a multisample U/V-statistic

(&)

(6)

(7

Consider a function family {4(0;x, y) }¢ce that satisfies Assumption 4.12. For given 6y € ©
and r > 0, we define a random variable as a function of (X1, X3, Y1, Y») drawn from the distribu-
tion FXFXGXG: b (X1, X2,Y1,Y2) = SUPgep(y:r) 11(0; X1, X2, Y1, Y2) = h(0; X1, X2, Y1, Y2)|,

where B(60p;r) = {0 € ®|p(6y;6) < r} is the open ball. Then

b (X1, X2, Y1,Y2) < sup  |h(8; X1, X2, Y1, Y2)| + k(60 X1, X2, Y1, Y2)
0eB(6o;r)

<2H (X1, X, Y1,Y5) € L'(Fx F xG x G).
Given (x1,x2, y1,¥2), lim,_g bf" (x1,x2, y1,y2) = 0 by the continuity assumption. It is implied
by the dominated convergence theorem that lim,_,o Ep, bfo (X1, X, 11,Y2)

First we establish a uniform convergence on a small open ball B(6g;r). Similar to Appendix

C2(2),

Ny Ny N N &

bl (Xi, X, Yy, Ys)
sup  |UN[h(2,2)(0)] = un(0)] < s and &
9€B(oo;r)| *2) | ;;ZZMNZ(M‘U(M—D {i#) and k#s}

N N

Ny N,
h(@o;X',X',Yk,Y)Xﬂ P+ 7 8
0o irAj s {i#j and k#s}
) [br (XI,XZ’YI’YZ)] ' Z Z:‘ SZ: NiN»(Ny = 1)(N2 = 1) #(6o)\

i=1 j=1k

Assume r is small enough so that E [be(Xl, X5, Y1, Yz)] < &. Under Assumption 4.12, the
probability of the event {RHS < 3&} converge to 0 as N — oo; because bfo < Hpp) €
L'(F,) implies the WLLN for a multisample U-statistic. Under Assumption 4.12, the RHS
converge below 3& almost surely due to the SLLN for a generalized U-statistic. It further

implies Un[h(2,2)(0)] SN un(6) because of the arbitrariness of &.
The same proof applies to a generalized V-statistic with stronger conditions of O!(F..).
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C.3 Proof of Corollary 4.15

Proof. Define g(6;-) = h(6;-) — u(6). Then

2

]—[ Z Zh@ eV €)= u(0) — (un () - 1(9))

S\ [h(0)] = Z
i.=1
C c 2
(ﬂ Z Zg(H;ffl”;...;fff))) = (ux(6) - u(6))

=1 ir=1

N1 N N, N>

15 Z Z Z Z Z g(0:6 167 £l Ng(0:60:67: 1)

k i1=1i= ic=1 jr=1 Je=1

— (un(0) — u(6))*
The first term can be seen as a V-process with kernel function

fn (6 x¢ (2) xéz);xf),xf);...;x(c) (C)) = g(6;x"! (2) (C))g(e xU (2) ...;xéc))

withm = (1,2,2,...,2). The Cauchy—Schwarz inequality implies

1 2 1 2
Elg(0:¢,":67; .6 2(0:6 1556

1 2 1 2
SElg(@;fi(1 );fl.(z ). ...;fl.(:))|2 <4x ElH(fl.(l );gl.(z ). ...;fl.(f))|2 < oo.

Same inequality holds with arbitrary variable repetition when iy = j; for a few k € {2,3, ...,

Denote v(6) = E[g(6: £ €75 1 £1))2(6:£,: €175 .1 £1))]. Then

2 Ne N Nc

be | N1 l_[ 2 le IS fu0:6D162 21D E9) —v(o)| S 0. ()

k i1=1ix=1 i.=1jy=1 j.=1
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despite that f, may not be a symmetric kernel. In fact, Theorem 4.13 holds without the symmetry

assumption. According to the tower rule,

v(0) =E[E[g(0: &£ ..:£)g(0: £ €75 £9)1¢ V]

2

=B[(E[g(0;:£";£7; ...;fl.(f)>|§,-‘1“])2] = Var(E[h(6;£V; 6?5 .. 6D = 51 [h(0)].

Consequently,

sup |SY [7(6)] = 51[A(8)]1] < sup |un(6) — u(6)[?

0€® 0e®

SEeE ke ). 22 Q). . 40 )
+supN ﬂ ZZ ZZ mew g:62,67:.:69,67) - s1[h0)]],
0<® 1 k=2 Nk i1=1lix= ic=1 jr=1 Je=1

where the first term converges to 0 almost surely and the second term converge to 0 in probability.
Hence supycg |Sl(\11 ) [Am(0)] — s1(0)] 5 0. The proof for a.s.-convergence is similar, where the

stronger assumption |Hpy|> € O(F.) implies a.s.-convergence in (C.5). O
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