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Abstract

(The arithmetic of del Pezzo surfaces and Hilbert schemes of points)

(Morena Porzio)

Motivated by the Cassels—Swinnerton-Dyer Conjecture for cubic surfaces, this thesis
investigates the stable birational class of Hilb'y, the Hilbert scheme of length n closed subschemes
on a given surface X. The primary focus is to determine for which pairs of positive integers
(n,n’) the varieties Hilby and Hilb§' are stably birational, specifically when X is a surface with
irregularity ¢(X) = 0.

After establishing general results for such surfaces, the study narrows its scope to
geometrically rational surfaces. In this case, it is shown that, among the Hilb,’s, there exist only
finitely many stable birational classes. A corollary of this finding is the rationality of the motivic
zeta function (e (X, £) in Ko(Var/k)/( [A,‘(]) [[#]] over fields of characteristic zero.

Returning to cubic surfaces, the thesis further examines the stable birational types of

Hilb%, both asymptotically and for small values of .
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Introduction

The Cassels—Swinnerton-Dyer conjecture

Let F be an irreducible homogeneous polynomial of degree d in k[xo, ..., x,] over a field k. A
key question in arithmetic geometry is: does V(F) C P} have a k-rational point, that is
V(F)(k) # @? This question has in general negative answer, but if we relax it and ask for the
existence of closed points, then the answer is always positive. Indeed, there is always a finite
extension k’/k such that the degree [k’ : k] divides d and V(F)(k’) # @. Therefore a more

refined question is the following.

Question. Let us assume that V(F) (k") # @ for some extension k’/k of degree [k’ : k]| coprime
with d. Is it true that then V(F) (k) # @?

More generally, consider the index of V(F):
ind(V(F)/k) := gcd{[k’ : k] s.t. V(F)(k’) + @}.
If V(F)(k) # @ then the index ind(V (F)/k) is equal to 1. When is the converse true?
Known Answers.
1. If d = 1 then V(F) is an hyperplane isomorphic to PZ‘l. So is has always a k-rational point.
2. If d = 2 then the converse is true as well: in characteristic different from 2, it is a

reformulation of Springer’s Theorem [Spr52] (see [Mah]), and a characteristic free proof is

given by [Cor76, Prop. 2.1].



3. If d > 4 there are many counterexamples given by Koll4r [Kol04, Example 6] and Shatz

[Sha72, Section IV.5] of index 1 hypersurfaces V(F) with no k-rational point.

4. The degree 3 case is of most interest. If V(F) is a curve, then the answer is positive. This
was known to Poincaré [Poi0O1] and Coray in [Cor76, Prop. 2.3] retraces his proof. Note

that if V(F') is smooth, then the result follows from Riemann-Roch Theorem.

5. Ford =3 and r > 3, we have the following cases in which the answer is positive:

if V(F) (k") # @ for a degree 2 extension k’/k [Cor76, Prop. 2.2],

if k is a C| field (this follows from the positive result for cubic curves),

* if k is a global field and V (F) satisfies the Hasse principle [Cor76, Prop. 4.8],

if r =3 (so V(F) is a surface) and k is a quasi-local field [Cor76, Thm. 4.7].
Moreover, for smooth cubic hypersurfaces, there are results with no assumptions on the field k.

Theorem (Coray [Cor76, Thm. 7.1] for k perfect & Ma [Mal9, Thm. 2.6] in general). Let k be
an arbitrary field k. Let V(F) be a smooth cubic surface of index 1. Then it has a closed point of

degree ngy equal to either 1 or 4 or 10.

Theorem (Ma [Mal9, Thm. 3.6]). Let k be an arbitrary field k. Let V(F) be a smooth cubic
3-fold (resp. 4-fold) of index 1. Assume V(F) has a closed point of degree 7 (resp. 8). Then it has

a closed point of degree either 1 or 2 or 4 or 5 (resp. 1,2,4,5 or 7).
Cassels—Swinnerton-Dyer (CS) Conjecture. Let V(F) C P} be a cubic hypersurface. Then

ind(V(F)/k) = 1if and only if V(F') has a k-rational point.

The main motivation behind my PhD thesis was to study whether or not it can happen that a

smooth cubic surface has a degree 4 (or degree 10) point but no k-rational point.



Reformulation in terms of Hilbert schemes of points

In [Mal9] Ma reinterpreted the (CS) conjecture in terms of existence of rational maps between

n

n-th symmetric powers Symv( )

’s of V(F): indeed, he proved the following.

Theorem (Ma [Mal9, Prop.s 4.1 & 4.3]). Let k be a field. Let V(F) C Pi be a smooth cubic

surface.

no

1. For any positive integer n such that 3 { n, there exists a rational map Sym"’/( Py Symv( F)

for ng either equal to 1 or 4 or 10.

n

v Sym” .. and V(F) has a

2. On the other hand, if there exists a rational map f : Sym V(F)

length n closed subscheme on it, then Symg’( F)(k) * Q.

In the second part of the theorem, it is important to note that the assumption is not

Sym"",( ) (k) # @. Indeed, f is merely rational, and if the k-point lies in the singular locus of

n/
V(F)

n

Symv( F)

and outside the locus where f is defined, it cannot be pushed forward to Sym'

Instead, the existence of a length n subscheme on V(F) is equivalent to the existence of a

n

(smooth) k-point on Hilbv( F)

the Hilbert scheme of points of degree n on X, which precisely
parametrizes the length n closed subschemes on V(F).
When X is a geometrically connected, smooth, projective surface over a field &, Hilb’; is also a

geometrically connected, smooth, projective k-scheme (Fogarty [Fog68, Thm. 2.4]).

Furthermore, there exists a map called the Hilbert-Chow morphism (Fogarty [Fog68]):
hx : Hilby, — SymY%, Z — Supp(Z)
which serves as a resolution of singularities for Sym’. The second part of the above Ma’s

Theorem is then derived from the Lang—Nishimura Theorem stated below:

Theorem (See [Pool7, p. 3.6.11]). Let X --> Y be a rational map between k-varieties (that is,

separated schemes of finite type over k). Assume Y is proper. If X has a smooth k-point, then Y

3



has a k-point.

Therefore a very related question to the (CS) Conjecture is the following.

New Question. Let V(F') be a smooth cubic surface. Does there exist a rational map

Symi‘,(F) --> V(F) (resp. Sym‘l,(zF) --> V(F))?

Following the results of Coray and Ma, for my thesis work I searched for geometric constructions
that define such rational maps, which in turn brought me to study the (stable) birational type of
Sym’.

Indeed, by definition, Sym’, and Sym’g(' are stably birational if and only if there exists two

non-negative integers N, N’ and opens U C Sym’, x; Piv "and U’ C Sym’}(/ Xk Pg which are

isomorphic:
U < - > u
Sym’y, Xy (P (k)) —— Sym’}, x; P Sym’y x PN <—— Sym% xx (PY(k))
\Lprl \LPVI
Sym'y Sym’;('.

In particular, if (Symg‘( Xk (PkN / (k))) N U is non empty (for instance if k is infinite), then

choosing an appropriate k-point xq in szv " we get a rational map

Sym? > (Sym® xx {xo}) N U — U’ 5 Sym?.

Stable birationality of Hilbert schemes of points

Let X be a smooth, geometrically connected, projective surface over an arbitrary field k. Consider
the Hilbert scheme Hilb’}( of length n closed subschemes on X. As mentioned before, this is a
smooth geometrically connected projective scheme of dimension 2n over k, birational to Sym',.

In particular (for surfaces), studying the (stable) birational type of Sym’; is equivalent to studying

4



the one of Hilb’,. Furthermore, the question depends only on the stable birationality type of X

itself thanks to the followin fact.

Fact (Kolldr [Kol18, Cor. 8]). Let X and Y be two geometrically integral (positive dimensional)
separated schemes of finite type over k. If X is stably birational to Y, then Sym’, is stably

birational to Symy.

The study of the (stable) birational type of the symmetric powers of a (quasi-projective) scheme

has been studied by various people already. For instance:

Theorem (Kollar [Kol18]). Let P be a Brauer Severi k-variety of dimension d (namely Pr = IP%).

Let ind(P/k) be the index of P. Then for any n > O the variety Sym’, is stably birational to

ged(n,ind(P/k))
Syms, .

Theorem (Litt [Lit14, Thm. 19]). Let k be a field of characteristic 0. Let X be a smooth,
geometrically connected, projective surface with H*(X, wx) # 0. Then for any n > 0 there exists

an integer N'(n) such that, for all n’ > N’(n), Sym’, is not stably birational to Sym’;(/ .

Theorem (Wood in personal communication to [Lit14]). Let k be a field of characteristic 0. Let
X be a smooth, geometrically connected, projective surface with non-negative Kodaira
dimension. Then for any n such that either H(X, w') or HO(X, wi”) is non-zero, then Sym'y is

stably birational to Sym’;(/ if and only if n = n’.

Theorem (Ma [Mal9, Prop.s 6.1 & 6.2]). Let k be a field of characteristic O.
1. Let X(3) be a smooth cubic surface. Then Symi(z) is stably birational to Sym?((z).
2. Let X3y be a smooth cubic 3-fold. Then Symg(m is stably birational to Symzf(”.
3. Let X(4) be a smooth cubic 4-fold. Then Sym}w is stably birational to Sym§((4>.

Given the results, it makes sense to focus on the case when the Kodaira dimension of X is

negative, or equivalently x(X7) = —co. Since the Kodaira dimension is a birational invariant for
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Xz, by the classification of surfaces over algebraically closed fields of arbitrary characteristic (see

Badescu [Bad01]), we have two cases:
1. the surface X is geometrically rational, namely X7 is birational to P%, or
2. the surface X7 is birational to ]P)% Xz C, where C is a smooth curve of positive genus.

In this thesis ultimately, we want to focus on the first family: geometrically rational surfaces over
arbitrary fields (with a special care for cubic surfaces). Since the cohomology group H! (X7, Ox.)
is a birational invariant for X7 (see [Har77, Prop. V.3.4]), this is equivalent to say that we focus on
surfaces of negative Kodaira dimension whose H 1 (X, Oy) is trivial.

Therefore, in the first part of this thesis, the vanishing of H' (X, Ox) will be the only
cohomological assumption that we put on our surface X: only later we specialize to geometrically

rational ones.

Results for surfaces of irregularity zero

The input for our general study is a triple (X, £, Q) where

* X is a smooth, geometrically connected, projective surface over a field k, whose H'(X, Ox)

is trivial; namely a surface of irregularity ¢(X) = dimy H'(X,Ox) = 0,
e /[ is an ample line bundle on X, and
* ( is a geometrically reduced, effective O-cycle on X of degree d.

We call these (X, £, Q)’s suitable triples: by extension, if X, £ or Q have the above properties

we call them suitable.

Remark. As said above, we do not assume X to have negative Kodaira dimension from the start.
We will see that this becomes a necessary condition when we look at results for Hilb’, with
n >> 0, in accordance with Litt’s and Wood’s Theorems (cfr. Theorem 4.1.1 with Proposition

4.1.7).



Remark. Notice that smooth, geometrically connected, projective surfaces X have many suitable
L and Q on them. Indeed, if the field k is infinite, we can embed X into a projective space and use
smooth hyperplane sections to define smooth effective O-cycles on X: this is classical Bertini’s
theorem [Har77, Thm. I1.8.18]. If the field & is finite, we can use Poonen’s version of Bertini’s
theorem [Poo04, Thm. 1.1] and intersect X with hypersurfaces of sufficiently big degrees.
Therefore, there are many suitable triples (X, £, Q) - the ample line bundles come from X being

projective.
It turns out that if a suitable triple (X, £, Q) satisfies certain assumptions with respect to an

integer n then we have the following theorem.

Theorem A. Let X be a suitable surface. Assume there exist (L, Q) suitable such that the

following assumptions hold true (with respect to n):
1. the restriction map H*(X, L) — H°(X, L) is surjective,
2. dimy H*(X, £) > n+1+2deg(Q),
3. the sheaf L ® Iy is generated by global sections,
4. for any k-point x € X7\ O, the map HY (X, L® Io)r — L /m2 Ly is surjective,
5. for any curve C in the linear system | L|, the arithmetic genus p,(C) < n.

Then

i1b” -.n+deg(Q)
HﬂbX ~stably birational Hilb X .

Inspired by Coray’s paper [Cor76], the idea is to find appropriate curves C passing through Q. We
can then use Riemann-Roch, the description of the Abel-Jacobi map Hilb{. — Pic{. and
Brill-Noether theory on C to infer the existence of certain effective O-cycles on X. The first four
assumptions in Theorem A ensure the existence of those curves: in particular, the first two ensure
that we have enough freedom in choosing sections of £ passing by Q, and the next two guarantee

a Bertini’s theorem like for sections of L ® Zp. The fifth assumption works “against" the others,
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but it is there to make sure that the Abel-Jacobi map is surjective, and we have a useful

Brill-Nother theory.

After establishing this general theorem for surfaces of irregularity zero, we focus on finding
sufficient and necessary conditions on n so that we have triples satisfying the five assumptions

with respect to n.

Theorem B. Ler (X, L, Q) be a suitable triple. There exists an integer eg = eo(X, L, Q) such
that for any e > e the triple (X, L%°, Q) satisfies the assumptions of Theorem A with respect to n

if and only if n is in the interval

e’ci(L)?* +eci(L) - Ky .1 e’ci(L)? —eci(L) - Kx

I, =
2 2

+dimy H*(X,Ox) — 2deg(Q) |,

in which case HilbY is then stably birational to Hilb?deg(g).

Given the nature of Theorem B, it is natural to wonder about the non-emptiness and the growth of
I, (as e grows).

We already expect that for a surface X of non-negative Kodaira dimension the intervals I, must be
empty for e >> 0 (Litt’s and Wood’s Theorems above). This is confirmed by Proposition 4.1.7
where we will see that a necessary conditions for having non-empty intervals /, for e >> 0 is for
X to have negative Kodaira dimension (and hence to be geometrically rational).

Furthermore, being geometrically rational turns out to be a sufficient condition as well. Actually,
it is a sufficient condition for having enough suitable triples (X, £, Q) so that their intervals /,

cover all the integers in a neighborhood of +co.

Theorem C. Let X be a geometrically rational suitable surface. Let ind(X/k) be the index of X.

Then there exists an integer nq such that

n+ind(X/k)

Hﬂb’)l( ~stably birational Hile

VYn > ng.



Application to the rationality of the motivic zeta function

Theorem C has an interesting application to the rationality question of the motivic zeta function.
First introduced by Kapranov [Kap] as a generalization of the Hasse-Weil zeta function Z (X, 1),

the motivic zeta function is defined as the power series

Lmor(X, 1) = 1+ Y [Symy]e" € Ko(Var/k)[[1]]

n=1

where Ko(Var/k) is the Grothendieck ring of k-varieties (namely, reduced separated schemes of
finite type over k).

The question about the rationality of the motivic zeta function rose naturally from the Theorem of
the rationality of the Hasse-Weil zeta function (conjectured by Weil in [Wei49] and proved in
general by Dwork in [Dwo60]).

In general the answer is negative: indeed, Larsen and Lunts in [LL04, Thm. 1.1] proved that for a
complex surface X, {mot(X, £) is rational if and only if k(X) = —co. On the other hand, Kapranov
proved that the answer is positive for curves (with index 1, see [Kap, Thm. 1.1.9]), and Larsen
and Lunts proved that the same is true for rational surfaces over algebraically closed fields k = k
of characteristic zero ([LLO4, Thm. 3.9]).

Modding out by the ideal generated by [AII{], we extend the latter result to geometrically rational

surfaces over any field of characteristic zero.

Theorem D. Let k be a field of characteristic zero. Let X be a geometrically rational surface.

Then the motivic zeta function {mo (X, t) of X is rational in the quotient Ko(Var/k)/( [A}{]) [[z]].

Alternative ways to relate Hilbert schemes of points

The idea of considering special curves C lying on the surface X can be also exploited without
fixing a specific cycle Q. Indeed, we can also use line bundles M’s on X and restrict them to C.

Following this idea, we have the following analogue of Theorem A.



Theorem E. Let (X, L) be a suitable pair. Let M be a line bundle on X. Let n be a positive
integer such that n’ = c¢1(L)c1(M) — n is positive. Assume that L satisfies the following

assumptions with respect to (n, M):

1. i%(X, L) > max{n,n’} + 1,

2. the bundle L is globally generated,

3. for any k-point x € Xz, the map H(X, Ly — Lx/m)chx is surjective,
4. p,(C) < min{n,n’},

5. min{n, n'} = ei(M)c1(L) + c1(L)* = pa(C) 2 0.

Then

Hﬂbr)l( ~stably birational Hﬂb';(.

Effective results for Cubic Surfaces

We now come back to the original question, namely the stable birational type of Sym’, when X is
a smooth cubic surface. By Chevalley-Warning [Che35]-[CE35], a cubic surface X over F, has
always an F-rational point. Since the stable birational question here is motivated by the (CS)
conjecture, we therefore assume k to be infinite.
We first compute an effective value of the ng defined in Theorem C.
Theorem F. Let X be smooth cubic surface over an infinite field k. Then

Hilb%, ~gtably birational Hilb’§(+3 Vn € Ny \ {13,14,15,16,17,18,25,26,27,40,41,42}.

Therefore, it is enough to focus on “small” values of n. Applying Theorem E we get the following

enhancement of Theorem F.

Theorem G. Let X be a smooth cubic surface over an infinite field k. Then

HilbY ~stably birational HilbY"  ¥n € Ny 10\ {15,18,27,42}.
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Moreover, for the following pairs (n,n’), we have Hilb%, ~ably birational Hilb%

(1,2),(4,5),(5,7),(7,8).

Outline

In Chapter 1 we recall definitions and properties of objects that will be later used: results about
the Abel-Jacobi map and about Brill-Noether theory. In the first Section of Chapter 2 we
introduce a geometrical framework in order to compare Hilb’, with Hilb’}”('. The idea is to define an

appropriate incidence correspondence Incg sy (Definition 2.0.1) together with two morphisms

0
Inc X Lo
‘y Tt
Hilb", Hilb? .
The rest of the Section is devoted to check that the functor Incg . 18 TEpresentable by a

quasi-projective k-scheme.
In the second Section of Chapter 2, we describe the general fiber of r,, and 7,» respectively. We
will see (in Proposition 2.1.1 and Proposition 2.1.5) that after restricting to appropriate opens of

Ian

X Lo the two maps are projective bundles.

In Chapter 3 we introduce assumptions 3.0.1 on a suitable triple (X, £, Q), with the goal of

0

ensuring that the intersection of the opens in Incy, .

, found in Chapter 2 is non-empty.
Chapters 3 and 4 are then devoted to prove that under those assumptions (with respect to n) we
have that that Hilb’ is stably birational to Hilb';rdeg(Q) (Theorem A). While doing so, we prove a
Bertini’s-like Theorem on surfaces for curves passing by a fixed effective 0-cycle (see Proposition
3.0.9).

In Chapter 4, Section 4.1, we first find sufficient and necessary conditions on n (Theorem B) for

which we can apply Theorem A. Then we study the stable birational class of Hilb’, for n >> 0

11



and find a sufficient criterion on X in order to have only finitely many different stable birational
classes (Corollary 4.1.11).

Using Iskovskikh classification of geometrically rational surfaces minimal over k (see [Isk79]), in
Chapter 5 we prove that for geometrically rational surfaces there are always only finitely many
different stable birational classes of Hilby, (Theorem C).

In Chapter 6 we exploit the result of Chapter 5 in order to study the rationality of the motivic
Hilbert zeta function (Proposition 6.0.11) and the motivic zeta function of geometrically rational
surfaces (Theorem D).

Chapter 7 explores alternative definitions of the incidence correspondence defined in Chapter 2:
in particular, it shows that changing the way of relating effective 0-cycle on curves leads to
similar result of Theorem A but for different pairs (n, n’) (Theorem E).

Finally, in Chapter 8, we apply Theorems A and E, in order to study the stable birational classes

of Sym’, where X is a cubic surface (Theorems F and G).

Notation

In what follows, unadorned products are meant to be over k. By a variety over k we mean a
reduced separated scheme over k of finite type.
Let T be a scheme. Let & be a quasi-coherent sheaf of Or-modules. By P(E) we mean the

T-scheme parametrizing the Or-sheaf quotients of g*& which are locally free of rank 1:

P(E)T 4 T) = {(M, @) : M is invertible on T’ and a quotient of g*E via @ : g"& —» M}/isom..

Given a scheme Y, the unadorned tensor product ¥ ® G of Oy-sheaves is meant over Oy.

12



Chapter 1: Preliminaries

As stated in the introduction, we start with a triple (X, £, Q) where

* X is a smooth, geometrically connected, projective surface over a field k, whose H'(X, Ox)

is trivial,
e /[ is an ample line bundle on X, and
* ( is a O-dimensional, geometrically reduced, closed subscheme of X of degree d.

Remark 1.0.1. Notice that any curve C in the linear system defined by £ is geometrically con-
nected.

Indeed, since £ is ample, there is an integer m for which H'(X, £®" ® wx) = 0. By Serre
duality, H' (X, (£Y)®") = 0, which implies H*(mC, O,,c) = k. Hence, C is a geometrically

connected curve (see [Sta, Tag OFD1]).

In the next section, we will define the incidence correspondences introduced for comparing

Hilb’, and Hilb’)’('. So let us first recall the objects used in their definitions.

1.0.1 Relative effective Cartier divisors

An effective Cartier divisor D C Y of a scheme Y is a closed subscheme whose ideal sheaf 7p
(also denoted by Oy (—D)) is an invertible Oy-module.

Given a morphism of schemes Y — S, a relative effective Cartier divisor on Y /S is an effec-
tive Cartier divisor D C Y such that D is flat over S. This notion is stable under base-change: in
particular, the restrictions to the fibers {D; C Y, }es are all effective Cartier divisor of Y; (see [Sta,

Lemma 056Q)).
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We can define the functor
CDivy : Schzp — Set, T — {relative effective Cartier divisors D on X7/T}.

Since X is projective and smooth, CDivy is representable by the disjoint union of connected pro-
jective schemes over k ([Bej, §13, Prop. 2]).

We have a natural transformation of functors into the relative Picard functor
Alx : CDiVX — PiCX, D cC Xr— [OXT(D)]

called the Abel-Jacobi morphism (see [Bej, §14, Prop. 1]).
We refer to [Bej, §14] for a discussion of the relative Picard functor Picy; and the Abel-Jacobi
map (see also [Gro62, Thm. 3.1]). However, in the next subsection we recall some properties about

its fibers.

1.0.2 Fibers of Abel-Jacobi map

Let f : Y — § be a flat projective scheme over a quasi-compact scheme S. Assume that f
has geometrically integral fibers.

Let T be an S-scheme and let £ be a line bundle on the fiber product Y7 I, T. The class [ L]
in Picy g corresponds to a morphism 7 L] Picy/s.

If L is cohomologically flat of dimension zero (namely, the formation of its direct image com-
mutes with base change), then fr,.L is locally free and the bundle projection P(( fr,L)Y) — T

fits in the cartesian diagram
P((fr.L)") — CDivy/s

| Lo

N B

(see [BLR9O, Prop. 8.2.7]).
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L

Definition 1.0.2. In general, let us denote by CDivy /s

by [L].

the fiber product CDivy s Xpjc, s T induced

In Section 2.1 we will need the description of the above mentioned isomorphism between the
fiber product CDivf/ ¢ and P(( fr.L)Y). Therefore let us recall how it is defined (for a complete

proof see [BLRI0, §8]).

L

Y/s and

Proposition 1.0.3. Let f : Y — S and L as above. The isomorphism between CDiv
P((fr.L)") is given by
(D c Yr) = (M, (fr+ip)")

where ip : Oy, — Oy, (D) and M is such that Ox, (D) = L ® f;(M).

Sketch of the proof. Since f is proper and has geometrically integral fibers, then the formation of

the direct image f.Oy commutes with base change. Then we have the exact sequence
: .. :
0 — Pic(T) — Pic(Yr) — Picy,s(T)

(see [BLRIO, Prop. 8.1.4)).
Consider an element D C Y7 in CDivf/ ¢: by definition of fiber product, the class [Oy,(D)]
coincides with [.L] in Picy,s(T). Therefore, by the previous exact sequence this happens if and

only if there exists a (unique) line bundle M on T such that
Oy, (D) = L ® fr(M).
Taking the pushforward of the inclusion Oy, 2 Ox, (D) we still get an inclusion
Sfrsip

fr+Oy, = Or —— fr.Oy, (D) = fr. LM,

where the last isomorphism is due to the projection formula.
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Tensoring both sides by M" and then taking the dual, we get a surjection

(fr+ip)” : (fr.L)Y — M,

that is an element of P((fr,£)"). Conversely, given a surjective map

(2 (fT*‘[:)v —» M

onto a line bundle M on T, we can work backwards till we get

fr+Oy; = Or — fr.(L® frM).

Then thanks to the pullback-pushforward adjunction we get a unique map

OYT — -l: ® f;M

This map is injective on each fiber Y; (with ¢ € T) since its dual fits inside the factorization

[ fie (L M) » O,.

~
~
~
~
~
~

~A
(L ® ft*M)V

This realises (£ ® f7M)" as the ideal sheaf of a relative Cartier divisor.

O

Let us apply the previous construction to the case [ L] € Pic(X). The surface X is geometri-

cally connected, smooth (hence flat and geometrically integral) and projective over k. By flat base

change ([Sta, Tag 02KH]), any line bundle on a quasi-compact and quasi-separated scheme over a
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field is cohomologically flat of dimension zero. Therefore we have the following cartesian diagram

P(H(X, £)") — CDivx,

| I

Spec(k) % Picy .

1.0.3 Brill-Noether theory

For any positive m, consider the Abel-Jacobi map for a smooth, geometrically connected, pro-

jective k-curve C:
11,/ s m
H11bC i PlCC T
Since C is geometrically connected, it is cohomologically flat in dimension zero ([Con, Cor. 1.3]).

Moreover since C (k) # @, then for any k-schemes T we have the short exact sequence
0 — Pic(T) — Pic(C xXT) — PiCC/E(T) —0

(see [BLRYO, Prop. 8.1.4]). In particular, all elements in Pic . jx are represented by the class of
some line bundle.
Given an integer 7 > O there is a natural subfunctor of Pic, n whose support is the set of linear

systems |D| of degree m and dimension at least r. Precisely, we denote by W} (C /k) the functor
W;,(C/k) : Sch}? — Set,

T+— {[M] e Pic’g/E(T) s dimy ) H(Cr, My) 2 r+ 1Vt € T},

By upper semicontinuity [Har77, Thm II1.12.8], the subfunctor W/, (C/k) is a closed subscheme
of Pic’é1 I (see [ACHSS, §IV.3] for a detailed description). Furthermore, we have the following

fundamental property.

Fact 1.0.4 (Lemma IV.3.5 of [ACHS85]). If p,(C) + r —m > 0, then no irreducible component of

17



W (C/k) is entirely contained in W:*' (C [k). In particular, W, (C [k) \ W' (C k) is non-empty.
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Chapter 2: The Incidence Correspondences

Fix aninteger n > 1 and set n’ = n+d = n + deg(Q).

Definition 2.0.1. Let us define the functor

o . op
IncX’L,n’n, : Schk — Set,

sending T to the set of triples (Z, Z’, C) € Hilb} (T) x Hilb’;{“d(T) X CDiV')?(T), such that:
(1) the subschemes Q7, Z, and Z’ are all contained in C C X7,
(2) the scheme C is smooth over T,
(3) Or, Z, and Z’ are relative effective Cartier divisors on C over T,
(4) the classes [Oc(Z + Q)] and [Oc(Z’)] agree in Picc7(T).

Definition 2.0.2. Analogously, one can define the functor

Ian

Yon SChf — Set, T +— {(Z,C) € Hilb}(T) x CDivy(T) : Z,Qr € C C Xr}.

and Inc2

0
The functors Inc X.Lon

X Lo , are the incidence correspondences we are interested in.
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These functors fit in the following diagram

Q o\ mmmmmm e
Incy o0 (1) (2.2.C)~(2'.C)
\\ \ \\\\\\
\ \\
\\ \\)
\ Inc? Inc? . (T Inc? . (1) Z9% Hiyrrd (T
. ey 1 Xepivt ey o, (1) ——— Incy ,(T) ——— Hilbx™“(T)
(2.2'.C)—~(Z.C) l o CI)HC
\\\\\ \L
e Incg’ ral) — Z.0=C— CDivﬁ(T)
I
(Z.0)—Z
\l,
Hilb% (7),

where all the maps are the forgetful functors. In particular we get two morphisms

0
InCX L.

y «

Hilb Hilb% .

Remark 2.0.3. Consider C € CDin(T). Since the pullback of a relative effective Cartier divisor
is still a relative effective Cartier divisor, then for any point ¢ of T the pullback C; is a relative

effective Cartier divisor as well. In particular the map C — T is surjective.

Remark 2.0.4. In general, if Y — S is flatand D c Y is a closed subscheme flat over S, then D is
a relative effective Cartier divisor if and only if for any point s of S the subscheme D C Y is (see
[Bej, §13, Cor. 2)).

Therefore, since Xr is flat over T, if C C X7 is a closed subscheme flat over T, then we can

check whether C € CDivx(T) on fibers.

Analogously, given a triple (Z, Z’, C) € Hilb"(T) x Hilb’”d(T) X CDivyx(T), then since Qr, Z,
Z’ and C are all flat over T, we can check whether Q7, Z, Z’ are relative effective Cartier divisor

on C/T on fibers.
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Remark 2.0.5. Since any O-dimensional closed subscheme of a smooth curve over a field is an
effective Cartier divisor, any triple (Z, Z’, C) € Hilb"(T) x Hilb"**(T) x CDivx(T) satisfying (1)

and (2) it satisfies (3) as well.

Remark 2.0.6. By Remark 1.0.1, for any C € CDiV§(T) we know that C, is geometrically con-
nected. If C satisfies (2) then C; is smooth and therefore it is geometrically integral.
This means that for any smooth element C € CDiV§(T), the fibers of C — T are geometri-

cally integral.

Therefore since C — T is projective, flat, surjective and has integral geometric fibers, the

functor Piccr is representable by a separated T-scheme (see [BLR90, Thm 8.2.1]).

2.0.1 Representability of the Incidence Correspondences

In the remaining part of this section, we want to check the representability of the functors just

described.

0

We first focus on the representability of IncX, L

. In order to do so, we need first a general

lemma.

Lemma 2.0.7. Let Y be a proper and flat scheme over a noetherian scheme S and let Z, Z, two

closed subschemes of Y, both flat over S. Then the functor

{f} ifZy X, T CZoxs T,
5,(T -1 ) = ! f

%) otherwise.

is representable by a closed subscheme of S.

Proof. Let fr be the morphism Y7 — T induced by f. Let Z; denote the ideal sheaf of Z; Ly

since Oy and j;.Oz, are all flat over § then J; are flat over S as well. Therefore the kernels are
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stable under base-change:
ker(Oy, — Jji«Oz,,) = Lir = fr 1.

Therefore we have a map ot : Jo7 — 1Oz, , induced by

~,
RN

L

2,
|
|
|
|

or |
|
|
|

¥

jl *OZIT j2*022T-
Since the subscheme Z; 7 is contained in Z, 7 if and only if 2oy C Jy 7, then Z;7 € Z,7 if and

only if o7 = O7. Let o be the one associated to f = ids.

Consider the Hom-functor
Homo, (11, j1:0z,) : Schy” — Set, T — Homo, (Lo, j1.O0z;)-

Since Y is proper over the noetherian scheme S and Oy, is flat over S, then by [Sta, Tag 08JY]
Homo, (1>, j1,.0z,) is an algebraic space affine and of finite presentation over S. Since affine
morphisms of algebraic spaces are representable (see [Sta, Tag. 03WG]) then Homyo, (12, j1,+Oz,)
is a scheme affine and of finite presentation over S. In particular it is separated over S.

Therefore the global sections o and 0 are both closed embedding of § into the functor. The
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fiber product of o and O represents the S-functor

S \
Homo, (1>, j1+0z,) — S

52/
N

which is then a closed subscheme of S.

Proposition 2.0.8. Incg, raisa closed subscheme of HilbY, X CDin, so it is projective over k.

Proof. Let Z, C be the universal family associated to Hilb}, and CDiV§ respectively. Therefore

we have three closed subschemes

. . n . L
Zepivts Chibyxepive Crig - € X X Hilby X CDivy

|

Hilb%, x CDivE
all flat over Hilb’, x CDiVﬁ. Since X is proper and flat over k£, Lemma 2.0.7 applies to the pairs

ZCDiv;’g C Cuipz  and QHilb;chivﬁ C Chilb,

Q

producing two closed representable subfunctors of Hilb% X CDin, whose intersection is Incy .
LN

Hence Inc? . is a closed subscheme of Hilb’, x CDiVﬁ.

X,L.n
Finally both Hilb, and CDiV§ (which is isomorphic to P(HY(X, £)V)) are projective over k.

So Incg’ L is projective as well. O

0

XL b representable by a projective scheme over

Corollary 2.0.9. The functor Inc}Q( . Xcpivz Inc
Lo X
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Proof. Since the composite

Inc§ ,, < Hilb} x CDiv§ — CDiv{,

is projective, the fiber product Incg £ XCDivL Incg s 18 projective over k as well (CDiV§ is
(e X ey

projective over k). O

Notice that the projective scheme Inc)% £.a%CDivE Inc)Q(’ £ already parametrizes triples (Z, Z’, C)

which satisfy condition (1) of Definition 2.0.1.

0

X £ IS representable by a locally closed subscheme of

Proposition 2.0.10. The functor Inc

Incg’ L1 XCDivE Incg Lo In particular it is a quasi-projective scheme over k.
o o ’
Proof. Let S denote the scheme IncX’ L XCDiv;f IncX, e Let Z,Z’,0s,C be the closed sub-

schemes of X X § corresponding to the universal families of Z,Z’,Q and C respectively. By

openness of the smooth locus the locus where the composite

p:CcXx8S—S

is smooth (and hence cohomologically flat of dimension zero) is open. Let S° denote such open

and let p° : C° — S° the restriction.

By Remark 2.0.5, on the open S° the closed subschemes Z°, Z "o, QOs- are all relative effective

divisors. Therefore we can consider the line bundles O¢-(Z’°) and O¢- (Z°+Q°) and their induced
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maps

SO
/ Y«O(Z’OH
P

PiCCo/So — S°.
\ Ao(Z°+a°)]
SO

0

X Lo Due to cohomological flatness,

Notice that the fiber product ¥ is exactly the functor Inc
as mentioned before the functor Picc- ;s is represented by an algebraic space. Therefore the fiber
product % is represented by a scheme. Since the global sections induced by the line bundles are

locally closed embeddings, # is locally closed in S°. Therefore Inc?

X Lo 182 locally closed

0
subscheme of Incy . | XcDivE Incx, £ -

2.1 Description of the General fibers in the Incidence Corre-

spondences
Our next step is to study the general fibers of the projection maps Incg fn Hilb, and
Q Q
IncXLn’n, — IncXLn.

2.1.1 The general fiber on Hilby

We focus first on Inc?

XLn Hilb&. We want to prove the following.

Proposition 2.1.1 (Definition of U,, and U,,.4). Define U, to be the subfunctor of Hilb’;{\ 0 describ-

ing the points y for which
H(Xy, (pryL)y) — H (X, (prxLylz,ua,)

is surjective and

Pris(pryL) @0y, , k(y) — H'(Xy. (pryL)y)
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is an isomorphism.

For notation sake, let us denote by H(’Q the open subscheme Hilb;’(\ 0 of HilbY. Then consider

the universal families Z and QHi]b;‘{ restricted to this open:

PTHib?

n n n X\Q n
Ly W @y, © X X Hiy r Hg
Because of they are disjoint, we can consider the ideal sheaf Iz, 1,0, -
o Mo

The following hold:

n

1. the subfunctor U, is an open subscheme of H \0’

2. on U, the sheaves erCQ*(pI";L) and er(’Q*(pr;L‘@IZHn Lo, ) are locally free and their
o Mo

formation commutes with base change,

3. denote by &,, the dual sheaf

(prim«(pryL® Iz, 1o, )lu,)" .
\Q \Q
Then the projection map P(E,)) — U, is the fiber product in the cartesian diagram

P(&,) —o— Inc)Q(’Ln

| |

U, —eo—> Hilb’..

n+d

Same definition and properties hold for U4 C Hile\Q and E,14.
The idea is to use the result about the fibers of Abel-Jacobi map with respect to the diagram

CDivy

lAJX
XL
Hilb, 250 picy
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where pry is the projection X x Hilby, — X. The issue is that at priori we do not know that
formation of direct image of pry.pry L commutes with base change.

Furthermore Ian

x.r.n 18 a closed subscheme of the above fiber product: therefore we need to

find an appropriate subbundle of prpy.pry L which is still cohomologically flat of dimension zero.
Proposition 2.1.1 tells us that both issues can be overcome after restricting to a suitable open

subscheme of Hilb.

Remark 2.1.2. Let f : Y — S be a proper, flat morphism with § locally noetherian. Let W C Y
be a closed subscheme, flat over S. Let £ be an invertible sheaf on Y. Since the sheaf £ ® Jfyy is
flat over S as well, by Cohomology and base change [Har77, Thm. III.12.11], the locus where the

formation of direct image f.(Zw ® £) commutes with base change is open.

Remark 2.1.3. The cited Cohomology and Base Change result from Hartshorne’s Algebraic Ge-
ometry is proven under projectivity assumptions on f. However, properness of the map is enough

(see [Con)).

We first want to prove the first two items of Proposition 2.1.1.

Lemma 2.1.4. LetY,S,W, L be as in Remark 2.1.2. Let U be the set of points s € S where
HO(YS’ Ls) — HO(YS, -Eles)

is surjective and

f*~£ ®05,s k(S) - HO(YSa ~£s)

is an isomorphism (we denote by L the pullback of L to Y;).
Then the set U is open and formation of direct images of f.L and f.(Iw ® L) commutes with

base change on U.

Proof. Again by Cohomology and base change [Har77, Thm. III.12.11] we know that the set S°
where the map

fiL ®os, k(s) — H(Yy, Ly)
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is an isomorphism is open. In particular, over S° the sheaf f. L is locally free and its formation
commutes with base change.
In particular on each connected component of S° the rank of f.L is constant: hence we can

assume that H°(Y;, L) is constant.

Surjectivity of H(Yy, £;) — H%(Y, Ls|w,) is equivalent to have dimension of the kernel

dimy ) H(Ys, Ly ® Zw,) equal to
dimy(s) H(Yy, L) — dimy () HO(Yy, Lslw,)-
By upper-semicontinuity [Har77, Thm. II1.12.8], for any integer m the locus where
dimy () H(Ys, Lylw,) < m
is open. Since (again by upper-semicontinuity) the locus where
dimy () H(Y,, £5 ® Ty,) < dimy ) HO(Yy, L) —m

is open then surjectivity is achieved on an open. Therefore the set U is open.

Last, we need to check the formation of direct image of £ ® Zy on U. Since fyy @ L, L and

Ow ® L are all flat over S, the exact sequence
0— Ly —L— Llw—0

remains exact after we base change along s : Spec(k(s)) — S. By definition of U, for any point

s € U we get the exact sequence

0 — HO(Y,, £, ® Iy,) — H(Y,, L) — H°(Y,, Lilw,) — 0
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If we now restrict to U the pushforwarded sequence,
0 — fu(L®Iw)lv — fillv — fi(Llw)lu, (2.1)

and we tensor it by — ®¢,, | k(s),

f(L® Iw)|u ®y, k(s) — fillu ®oy, k(s) — fu(LIw)lu ®oy, k(s),

we get to the following commutative diagram:

[ LB Iw)lu @0y, k(s) = fllu ®oy, k(s) = f(LIw)lu ®0,, k(s)

! ! J

0 —> HO(YS, Ls ®IWS) % HO(YS’ Ls) —> HO(Ys’ Ls'Ws) —> 0

where the vertical maps are the natural maps given by the base change. Since s € U the vertical
map in the middle of the diagram 2.2 is an isomorphism which implies that the one on the right is
surjective, and hence an isomorphism as well. Therefore by Cohomology and base change [Har77,
Thm. II1.12.11], the sheaf f.(L|w)|y is locally free and its formation commutes with base change.

Furthermore, by composition, the morphism f. L|y ®¢, , k(s) — fi(L|lw)lu ®0o, k(s) is
surjective as well. Since both f.L|y and f.(L|w)|yv are locally free, the surjectivity of the map

lifts to

filly — fu(Llw)lu.

Therefore the pushforwarded sequence 2.1 is exact on the right as well:
0 — fui(L®Iy)ly — filly — fu(Llw)lv — 0.
Therefore for any s € U we get the exact sequence

[(L® Iw)lu ®oy, k(s) — fiLlu ®oy, k(s) — fu(Llw)lu ®oy,, k(s) — 0.

29



By Snake lemma, the vertical map on the left in 2.2 is then surjective, hence an isomorphism,

which implies that f. (£ ® Zw)|y is locally free and its formation commutes with base change. O
Finally, we focus on the third item of Proposition 2.1.1.

Proof of Proposition 2.1.1. Consider the diagram

P(&n) — P((pru,«(pryLlu,)”) — CDivx

\L [pry L] \L

U, > Picy.

The fiber product P((pry,.(pryL)|v,)") coincides with U,, x CDivir;‘L because [pry.L] factors
as

U, — Spec(k) “£L Picy.

So both P(&,,) and Inc u, are closed subschemes of P((pry,.(pryL)|u,)"). We want to prove

|
X, L.n
that they coincide.

In order to do so, we check that they correspond via the isomorphism between
. pryL *
CDivy ™ = P((pru,.(pryLlu,)")

described in Proposition 1.0.3. Fix t : T — U, so that we have

XXxT —s XxU, —2X s x

lm Jpre l

T Ly U, > Spec(k).

On one hand, the subbundle P(&,,) parametrizes line bundles (M, a) on T L, U, whose quotient
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map a : t*(pry,«(pryL)lu,)’ — M factors via the inclusion 7z, .0, Oxxu,

a

M

/’ (2.3)

" (En)

t*(pru,(pryLlu,)"

(see [Gro61, Rmk. 4.2.9]).

On the other hand, a Cartier divisor D C X7 whose ideal sheaf is isomorphic to

Ox,(=D) = (id xt)*pry L’ ® pryM’

(where M aline bundle on T') contains Z7 LI Q7 if and only if the inclusion Oy, <— Ox (D) factors

as

Ox, ¢ > (id xt)" pry L ® pryM

/

Iz,00; ® (id X )" pry.L ® praM.

Taking the pushforward with respect to prr. and then tensoring by MY, by Proposition 1.0.3 we

have this factorization if and only if

MY < > pr.(id x 1)*priy. L

\ — (2.4)

prT*(IZTUQT ® (ld X t)*pr;-ﬁ)

By diagram chasing the sheaf prr.(id X t)*pry, L coincides with t*(pry,«(pryL|u,)). Since

17,10, 1s the pullback via (id X t) of the ideal sheaf 7z, ,,p,, then

prr(id X )" (Iz,, 10y, ® PryL) = t*(pru,«(pryL ® Iz, uoy,)lu,) =t En.

Taking the dual of diagram 2.4 we get a factorization like in diagram 2.3 and viceversa. Therefore

the subbundle P(&,,) coincides with Inc O

Q|
X,.L.n Un*
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Q

2.1.2 The general fiber on IncX Ion

It is now time to turn our attention to the projection maps

0

0
and Inc XL

XL — INC

0 0
IncX’L’n,n, — IncX’Ln

(where n’ is always n + d). Since we are interested in the general fiber on a open of Hilb’, (respec-
tively of Hilb’};’d ), we study their restriction to U, and U, 44

Inc¥ ly, — P(&,) and Inc?

X, Lnn' Un X,L,n,n"UfHd — P(Enra)-

We aim for a statement analogous to Proposition 2.1.1.
The strategy is similar to the one adopted in the previous subsection. However now we want to

use the Abel-Jacobi map for

AJcyece,) : CDiveyece,) — Picees,)

where C is the universal curve
C — XxXP(&,)

X l (2.5)

P(E,).

Let Z be the universal family (contained in C) with respect to the subscheme Z.

Proposition 2.1.5 (Definition of V,, and V' ). Let V be the open of P(E,) where g is smooth (and
hence cohomologically flat of dimension zero).

In particular, all the fibers of g on 'V are geometrically integral (see Remark 2.0.6). Moreover
restricted to V the subschemes Zy and Qy are relative effective Cartier divisor on Cy (see Remark
2.0.5).

Consider now the subfunctor V,, of the subscheme V- C P(&E,,) made of the points y € V such
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that

£:0c,(Zv +Qv) ® Oy, k(y) — H’(C,,Oc,(Z, +Q,))

is surjective.

Then the following hold:
1. the subfunctor 'V, is an open subscheme of V,
2. the sheaf g.0c¢),, (Zv, + Qv,) is locally free and its formation commutes with base change,

3. denote by ¥, the dual of g.Oc),, (Zv, + Qv,): then the projection map P(F,) — V,, fits in

the cartesian diagram

P(F) <o Inc% . lu,

| |

V, —eo—— P(&E,).

Analogously, let V' be the open where g’ is smooth: then same definition and properties go for
Incg,Ln,n,|U”+d — P(&Ey4q): but in this case the sheaf considered is g,0c,,(Z;, — Qv'). We

denote the open and the dual sheaf by V),  and ¥, , respectively.

Proof. Since g is flat and projective over a noetherian scheme, by [Bej, §13 Prop. 2] the functor
CDiv¢/p(g,) 1s representable by a scheme. As remarked in 2.0.6, by [BLR90, §Thm. 8.2.1] the
functor Picc, /v is representable by a scheme.

Consider the diagram induced by the line bundle O¢, (Zy + Qv):

OCV (Z+QV)

CDiVCV/V Em— CDiVCV/V
| [
[Ocy (Zv+Qv)]
\% A > PiCCV JV-

33



By Cohomology and base change [Har77, Thm. III.12.11], the set where
.0c, (Zy +Qv) ® Oy, k(y) — H(Cy,Oc,(Zy + Qy))

is surjective is an open V,, of V over which the direct image g.(Og¢, (Zv + Qvy)) is locally free and
its formation commutes with base-change.

Then the projection P(%,) — V,, is the fiber product in

P(ﬂ) ) CDiVCVn [V
| o
[OCVn (ZVn+QVn)] .
Vn > PlCCV” [V

) . Ocy (Zv,+0v,) . )
Since the fiber product CDIVCCV"( VatQva) is the same as Inc? , we get the wanted cartesian
Vn /Vn X,L,n,n

diagram:
P(F,) <o Inc}%L,n,nJUn
V, —o—— P(E,).
The proof for V!, goes in the same way. m|
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Chapter 3: The General fiber is non-empty

The aim of this Chapter is to give sufficient conditions on the triple (X, £, Q) so that we can

ensure that the opens defined in the previous Chapter are all non-empty.
Assumptions 3.0.1. The five assumptions with respect to n are the following:
(1) the restriction map H’(X, £) — H°(X, L|p) is surjective,
(2) dim HY(X, L) > n+1+2d,
(3) the sheaf £ ® I is generated by global sections,

(4) for any k-point x € X7\ O, we have that
H(X, L ® Ip)y — Lo/m2Ly

is surjective,
(5) for any curve C in the linear system | L], the arithmetic genus p,(C) < n.

Remark 3.0.2. Notice that assumption (5) makes sense since C is a geometrically connected curve

(see Remark 1.0.1).
Lemma 3.0.3. Assumptions (1) and (3) imply that L is generated by global sections.

Proof. A line bundle £ on X is generated by global sections if and only if for any point x € X
there is a section of £ not vanishing at x. Therefore, it is enough to check this property on closed

points.
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Let x be a closed point. If x ¢ Q then £, = L, ® Ip, and it is enough to pick a right section
in H%(X, £ ® Ip), which exists by (3). If x € Q then by (1) it is enough to pick a lift of a section

of HO(X, L|p) not vanishing at x. |

Remark 3.0.4. By assumption (3), (4) is equivalent to the fact that for each k-point x € X7\ Oy the
sections H(X, £ ®Ip )y separate tangent vectors in X7\ Q7. Namely, for each k-point x € X\ O
the set

{s e H(X,L®Ip)r: sy € my Ly}

spans the k-vector space m, L, /m>Ly,

Remark 3.0.5. By Riemann-Roch for surfaces, for any element C of the linear system | £| we have
1 1
Pa(€) = 2C-(C+Ky)+1=c1(L) - (c1r(L) +Kx) +1.

Therefore assumption (5) is equivalent to

ci(£)?+ci(L) - Ky N

1<
> s

3.0.1 Non-emptiness of U, and U,.q

Let us consider the opens U, and U, defined in Proposition 2.1.1.
Proposition 3.0.6. The opens U, C Hilb}, and U,..q C Hilb’;d are non-empty.

Let us focus on U,. In order to show that it is non-empty, we can assume that the field & is
algebraically closed. Hence, by definition of U, 2.1.1, it is enough to find a closed 0-dimensional

subscheme Z of length n (defined over k such that

H(X, £) — H(X, L]z10)
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is surjective and

pra«(pryL) ®0Hﬂb§,z k — H(X, L)

is an isomorphism.
The latter condition is true for any point Z, due to flat base change (see [Sta, Tag 02KH]). So we

need to check only the former. In order to do so, we prove a general lemma.

Lemma 3.0.7. Let k be an algebraically closed field. Assume that a triple (X, L, Q) satisfies
assumption (1). Let N denote dimy HY(X, L). Then for any 0 < m < N — d there exists a degree

m effective O-cycle Z,, such that
1. itis reduced,
2. it is disjoint from Q, and

3. the map

HY(X, L) — H’(X, Llz,u0)
is surjective.

Proof. By assumption (1) we have d-global sections sy, . .., sq of H*(X, £) such that they form a
basis of H°(Q, L|p). So the statement is true for m = 0.

Consider now the greatest non-negative integer m such that for any m’ < m we have
» adegree m’ effective reduced O-cycle Z,, C X, disjoint from Q, and

o m’-sections Sgi1, . . ., Sqem of HO(X, £) such that {s4, ..., 54, Sdsts . - ., Sqam’ } is a basis of

H(X, Lz,,00)-

Assume by contradiction that m < N — d. Then there exists a section t € H°(X, £) linearly
independent of s1, ..., Sgm. Since {s1, ..., Sq+m} 1S a basis of H%(Z,u0, L|z,10), we can write

d+m

t|Zm|_|Q = Z a,'S,'|Zm|_|Q with a; € k.
i=1
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Hence, changing ¢ with ¢ — Z?:lm a;s; we can assume that ¢z, ,0 = 0.

Consider the open X \ {x € X : #(x) =0 € k(x)}: itis non-empty, and therefore it has a k-point
z. Thenset Z,,41 = Z,, Uz: since Z,, UQ C {x € X : t(x) =0 € k(x)}, Z,+1 is a well-defined
effective O-cycle of degree m + 1, disjoint from Q.

Consider the restriction map

HY(X, L) — H°(Zus1 U Q, Lz,.,00)- 3.1)

Then the elements s1|z,,,00, - - - » Sd+m|z,.,00, t|z,,,u0 form a basis of H%(Z,.1 U Q, Ll|z,..00)-

Indeed the matrix corresponding to 3.1 looks like

al * ... ok
1dgym
Ad+m * ... *
0 0 b * *
However since the element
d+m

tlz,u0 = Z a;silz,,u0
i=1

is trivial and the elements s;|z,,0’s are linearly independent, then @; =0 foranyi=1,...,d +m.
Since t|, = t(z) # 0 then b # 0 and the above matrix has full rank. Therefore we can increase m

by 1 and hence m > N —d. O

Proof of Proposition 3.0.6. Let us recall that we are still working under the assumption that k is
algebraically closed. By assumption (2) the dimension N is greater than n + 2d. Then by Lemma
3.0.7 we can find a closed subscheme Z for which the restriction map is surjective. Same proof

goes for U, 14: so U, and U,,44 are both non-empty. O
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3.0.2 Non-emptiness of P(&,) and P(Epiq)

Lemma 3.0.8. The scheme P(E,) (resp. P(Eptaq)) is integral of dimension at least
n+dimg H'(X, £) — (d +1).

(resp. (n+d) +dimy H (X, £) — (d +1)). In particular, it is non-empty (same holds for P(E,.4)).

Proof. Consider the projective-bundle P(&,)) — U, (for P(E,+4) it is analogous). For any point

y € U, we have
dimy(y) H*(Xy, Ly ® I7,10,) > dimg(y) H'(Xy, L)) — (n+d)
Therefore, the dimension of P(&,,) is at least
dim U, + ;Ielgrll dimy () H(Xy, Ly ® I7,10,) = 1 > 2n+dim H'(X, £) = (n+d +1).
By assumption (2), dimy H°(X, £) > n+ 1 +2d: so we get
dimP(&E,) > 2n+d

In particular it is non-empty.
For what concerns being integral, let us notice first that U, is integral, because it is an open

of the integral scheme Hilb,. Therefore, since &, is locally free, Sym*(&,) is a sheaf of integral

domains on U,,: so P(&E,) = Proj(Sym*(&,)) is integral as well. O
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3.0.3 Non-emptiness of V, and V|,

It is now time to turn our attention to the opens V,, € P(E,) and V), C P(&,44). Recall that

by definition, V,, is the open made of points y € P(&,) for which
1. the map g in 2.5 is smooth (call the open where this happens V'), and

2. Cohomology and base change holds for the map
8:0cy, (Zv +Qv) ®o,, k(y) — H'(Cy,Oc,(Zy + Qy))- (3.2)

Similarly, V , is the open made of points y € P(&,.4) for which
1. the map g’ is smooth (call the open where this happens V'), and

2. Cohomology and base change holds for the map
8.0¢, (Zy, = Qv) ®o,, , k(y) — H(Cy,Oc,(Z;, - Qy)). (3.3)
We proceed to first check that the opens V and V' are non-empty, and only subsequently we

4
focusonV, and V' .

Proposition 3.0.9 (Bertini’s theorem with a fixed closed). The open locus V (resp. V') where g

(resp. g') is smooth are non-empty (and integral).

Proof. - The proof is a modification of the proof of classical Bertini’s theorem ([Har77, Thm.
I1.8.18]) and de Jong’s proof ([Sta, Tag. OFD6]). Let X be the singular locus in C, namely the
closed subscheme of points in C where g is not smooth. We need to check that 2 is not the whole

C.
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The image g(X) is a closed subset of the integral scheme P(&,,). Since g is surjective, in order

to show that X # C it is enough to prove that
dimg(X) < dimP(&,).

Dimensions are unaltered by passing to the algebraic closure of k: so we can assume that k = k.

Claim. Let x be a k-point of X. Consider the fiber X, via the map
TCCcXxPE,) X X

Then
1. for all but finitely many k-points x € X we have dim X, < dimP(&,) — 3, and

2. for the remaining k-points we have dim X, < dimP(&,) — 1:

Proof of the Claim. By definition of X the set X, (k) coincides with the pairs
{(Z,C) € U, (k) x P(H*(X, £)")(k) : ZUQ C C, and x € C is singular}.
In terms of sections f € H*(X, £L ® Ip)*, £,(k) can be described as
{(Z,f):ZUQ cV(f) c X, andx € V(f) is singular}/f ~ Af".

Now x € V(f) if and only if f, € m, Ly, and x € V(f) is singular if and only if f, € m2.L,. Indeed

being singular at x means
dimyg my /(m2, f;) > 1 =dim Oy ;).
If f. € m2, then the dimension on the right is 2 and if f, € m, \ m? the dimension drops to 1. So
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the sections f for which x is singular (together with the zero-section) correspond to the kernel
¢ H'(X, L ® Ip) — LJm> L.
Therefore the set X, (k) coincides with

{(Z, f) € Uy(k) x P(ker(¢,) ") (k) : Z € Hilby, - }.

This implies that the dimension of X, is smaller or equal to (we use assumption (1))

dim P(ker(¢,)") + max dim Hilb}, ,, = dim H'(X, £ ® Ip) — 1 = dimim(g,) +n =
£#0 :
=n+dim; H*(X, £) - (d + 1) — dimim(¢,) < dimP(E,) — dimim(¢,).
If x does not belong to Q then by assumptions (3) and (4) we have that ¢, is surjective (see Remark

3.0.4). So in this case

dimX, < dimP(&,) - 3.
If x € Q then L, ® Ip, = L, ® m, (Q is reduced at x). Since £ ® I is generated by global
sections, the map ¢, is not the zero-map, and so the image has dimension at least 1. Therefore

dimX, < dimP(&,) - 1.

O

From the bounds of the claim it follows directly that dim g(X) is smaller that dimP(&,) (see

for instance [Sta, Tag 0B2L]). The proof for V’ is analogous. O

We can finally focus on the opens V,, and V). In order to prove that they are non-empty it
remains to check that there is a point y (resp. y”) for which equation 3.2 (resp. 3.3) holds. In order

to do so, we prove a sufficient condition first.

42



Lemma 3.0.10. Lety € V : ifH! (Cy, Oc,(Zy + Qy)) is trivial, then equation 3.2 holds.
Analogously, let y' € V': if H'(Cy/, Oc,, (Z;, — Qy)) = 0 then equation 3.3 holds.

Proof. This is a standard Cohomology and base change argument.

By upper semi-continuity in y of dimy,) H ! (Cy,Oc,(Zy+0Qy)), the set where the H 1is trivial
is open ([Har77, Thm. 1I1.12.8]). Then on a (connected) open neighbourhood U, of y (which is
integral because open of V, integral scheme) the sheaf R ! g*Ocy (Zy + Qy) is identically zero (see
[Har77, Cor. 111.12.9]).

By Cohomology and base change [Har77, Thm. III.12.11(b)], on U, the base change map at

the level of H" is an isomorphism. O

Proposition 3.0.11. Thanks to assumption (5), the locus of points y € V such that H' (Cy, Oc, (Zy+
Q,)) is trivial, is non-empty. Analogously, the locus of points y € V' such that H'(Cy/, Oc, (Z,, -
0,)) =0 is non-empty.

In particular, the opens V,, and V! are non-empty.

Proof. Denote by CDiV%CL the subfunctor of CDiV§ of the divisors in CDiV§ containing Q. By
Lemma 2.0.7 it is closed subscheme of CDivfé.

Denote by SmCDngCL the open subscheme of CDiV}Q(CL consisting of divisors containing QO
and smooth over the base. It is non empty because V is non-empty. Then we have the following

diagram (all the squares are cartesian):

v > SmCDive~*

P(E,) < > CDive~*

al

)

-

P((prus=(pryL)ly,)’) —— CDivg —— CDivy

Lo
v

> Spec(k) i} Picy

S
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Lety € SmCDngC*’: be a geometric point such that the fiber V), is non-empty. Namely, y corre-
sponds to a smooth curve C C X (y) containing Qy(y) (and k(y) = k(y)).

The k(y)-points of V) are exactly those closed subscheme Z < C of degree n such that
Z € Uy(k(y)). More generally, the T-points of V, are the closed subschemes Z c Cr, flat
and finite of degree n over T, such that Z € U,(T). In other words, the fiber V, coincides with

Un Xnilw;, Hilbg: Jk(y)» A0 open subscheme of Hilby, k()"

Consider now the Abel-Jacobi map for the curve C
Alc: Hilb’é/k(y) — Pic’é/k(y). (3.4)

By assumption (5) the genus of C is less or equal than the degree n: by Riemann-Roch, this means

that the Abel-Jacobi map 3.4 is surjective. Therefore, since Hilby, Tk (y) is integral, the composite

Vy < Hilb,, . 2,

- n
Clk(y) Picc iy

is dominant. Further composing with the isomorphism
. ~ . d
PlC’é/k(y) — Plc’g;k(y), M= M®Oc(Qry)),

we get another dominant map

. . . n+d
Vy < Hilbg, () — Pict () — Picgii)-

Consider the closed subschemes W;Hd_p «©(C/k(y)) and WP O (0 /k (y)) inside Pic™

+d n+d Clk(y):
By Riemann-Roch W::j_p“(c) (C/k(y)) coincides with Pic’g;‘]i(y). Since p,(C)+n+d — p,(C) -

n —d > 0, by the Brill-Noether theory Fact 1.0.4, we have

- n d—pq(C)+1
Pickid A\ Wis POk (y)
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is non-empty, open and hence integral (because Pic’g;‘/ik o) is integral).

The K-points of Pic’g;i(y) \ W::j_p «(O+(C/k(y)) are exactly those classes of line bundles

Ocy(Z+Qk) € Pic’gﬁ(y) (K) such that H(Cxk, Oc, (Z+Qk)) = n+d — p,(C) + 1 or equivalently

H'(Ck,Occ (Z +Qk)) = 0.

n+d \ W”H'd—[’a (C)+1

The preimage of Picc () \ W,

(C/k(y)) in Vy is a non-empty open: by Lemma

3.0.10 V,, is non-empty.

The proof for the open V' is the same: in this case we set m = nand r = n — p,(C) (still

non negative by assumption (5)). Again by Fact 1.0.4, the open Pic{. k() \ W, a(€)+1 (C/k(y")

is non-empty which gives a non-empty open of Vy’, via the map

, o ntd . ntd -®0c(=0ry)) . ,
Vyr = Hilbey ) = Piccypy) PicC/kyy
Lemma 3.0.10 concludes the proof as before. O
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Chapter 4: Stable Birational classes of

Hilbert schemes

As checked in the previous Chapter, we have four non-empty integral opens

Un’ Un+d, V}’L and V,

n+d

such that they fit in the cartesian diagram:

Pos ,
P(?n;d) — Visd
P(8n+d) —» Unta

l { ¢

P(F2) © > Inc , . —> Inc? . = —— Hilb}y

Pn
~

Vy, —e— P(&,) —=— Inc)Q(’ n

| |

U, —e—> Hilb}.

Remark 4.0.1. The projections p, : P(%,) — V,and p) ., : P(F/ ) — V/ , are surjective as

n+d n

well. Indeed the rank of 7, at y € V,, is

dimy(y) H*(Cy, Oc,(Zy + Qy)) = deg(Zy + 0)) — pa(Cy) + 1 =n+d — po(C) +1 > 1,
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and the rank of ' aty € V' is
dimyy) HO(Cy, OCy (Z; - 0y)) 2 deg(Z; —0y) —pa(Cy) +1=n-p(C)+1 21,

Now we want to check that the two (integral) opens P(#,) and P(F, ) intersect.

Q

Proposition 4.0.2. The two non-empty open subschemes P(F,) and P(¥,, ;) intersectinIncy . .

Proof. Consider a geometric point y € V' for which the group H Ly, Oc, (Z5, — Qy)) is trivial.
Pick a point (Z, Z;,Cy) € P(F,, ;) (k(y)) (it exists because p;, , is surjective). By definition, Z is
an effective divisor on Cy equivalent to Z} — Oy and disjoint from Q. We claim that (Z, Z,,Cy) €
P(F,)(k(y)): equivalently (Z, C,) € V,(k(y)).

Let us take the cohomology sequence associated to the short exact sequence
0 — Oc,(Zy - Qy) — Oc,(Zy) — Oc,(Z})lo, — 0.

‘We obtain

H°(Cy.0c¢,(Z))la,) — 0 — H'(Cy. O¢,(Z})) — 0.
Therefore H' (Cy,0c,(Z + Qy)) = 0. In particular Cohomology and Base change holds true for
Ocy (Z + Qy)
It remains to prove that

H(Xy, £y) — H°(X,, Lylzu0,)

is surjective. In order to show this, we consider the diagram

HY(X,, L) —> HO(Cy’Ly|Cy) — H%(zu Oy, Lylzuo,)

|

HO(Z)/; U Qy7 £y|Z§qu)-
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Since the restriction from X, to Z; U Qy is surjective, then the restriction from Cy
HO(Cyv -Eylcy) — HO(Z; u Qy’ Ly'Z;qu)
is surjective as well. Moreover the map
HO(Xya -Z:y) - HO(Cy’ Lley)
is always surjective because it is induced by the short exact sequence
0—Ic,®L,— Ly — Lylc, —0

and H'(X,, Ic, ® Ly) = HY(X,, Ox,) = 0 by hypothesis on X. Therefore we just have to prove
that

H(Cy, Lyle,) — HY(Z U Qy, Lylz0,)

is surjective. Equivalently we have to prove that
H'(Cy, Lyle,(-Z - Qy)) — H'(Cy, Lyle,) — 0 4.1)

is injective. Since this map is always surjective, injectivity is equivalent to have the following
inequality:

dimy(y) H' (Cy, Lylc,) > dimy(y) H' (Cy, Lylc, (-Z = Qy)).

Since the map HO(Cy, Lyle,) — HP° (Z5 U0y, Lylz;u0,) is surjective, then the left-hand side is
equal to

dimy(y) Hl(Cy, £y|(;y(—z; - 0y)).
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Using the short exact sequence
0 — Oc¢,(-Qy) — Oc, —> Og, — 0
tensored by Ly|c, (-Zy), we get at the cohomology level the following exact sequence

0 — H(Cy. Lyle,(-Z; — Qy)) — H"(Cy. Lylc,(-Z})) — H*(Qy.0p,) —

— H'(Cy, Lyle,(-Z}, - Qy)) — H'(Cy, Lylc,(-Z})) — 0.
In particular we get that
dimy () H'(Cy, Lylc,(-Z; — Qy)) > dimy(y) H' (Cy, Lylc, (-Z - Qy)),

which is the wanted inequality. Therefore the point (Z, Cy) € V,(k(y)) and the two opens intersect.

O

Corollary 4.0.3 (Theorem A). If a suitable triple (X, L, Q) satisfies assumptions (1) to (5) with

respect to the integer n, then Hilb'y is stably birational to Hilb’)’;rd.

Proof. Pick a point y = (Z,Z’, C) in the intersection of P(%,) and P(¥, ;). Consider the images
pn(y) =(Z,C)and p) (y) =(Z',C)inV,and V' .. Let Uz be an integral open neighbourhood

of Z € U,, which trivializes the projective bundle P(&E,,):

Uz x B} oy p(8,)

| |

U —— U,.

rkz (En)—1

Since P(&,) is integral, the open Uz X P,

is integral as well. Define Uy in the same way.

Let V(z ) be an integral open neighbourhood of p,(y) contained in V,,NUZz X IPZkZ (8")_1, which
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trivializes the projective bundle P(¥;,):

tk(z c)(Fn)—1

Vize) X Py ‘ > P(Fn)
pn|V(Z’C)\L J/ n
Vizcy ——o—— V, NUz X PZkZ(S")_I a3V,
tkz (Ey)—1

Since V(z,c) and Uz X P are both integral neighbourhoods of p,(y), they are birational.

k

Define V/ in the same way. Therefore, we have that

(2,0)
k7 (En)+1k(z.c) (Fn) -2 k(z.c)(F)-1
Uy x P;( z(En)+k(z,c) (Fn) ~vir Viz.0) X PZ z.c)(Fn)
and
tkz (8, k(7 c) (F, ) =2 kz.0) (T~
UZ/ X ]P)k +d +d ~bir V(IZ’,C) X Pk +d .
, . kiz.c)(Fu)-1 kizr.0)(Frra) 1
Since V(z,c), V{;, ., are integral, then V(z,c) X P, =1 and Vig o) X P, OTna) ™! gre

integral as well. Since they are both neighbourhoods of y they are birational.

Therefore, the two opens Uz and Uy are stably-birational, and so are Hilb’, and Hilb;‘fd. O

4.1 Asymptotic behavior of Stable Birational classes of Hilb’,

In this section we are interested in finding sufficient and necessary criteria on n and on X so
that we find suitable triples satisfying the assumptions 3.0.1 with respect to n (in order to apply

Corollary 4.0.3).

Given a suitable triple (X, £, Q) as in the introduction, we want to check for which positive

integers (e, n) the triple (X, £%¢, Q) satisfies the assumptions with respect to 7.

Theorem 4.1.1 (Theorem B). Let (X, L, Q) be a suitable triple. Then there exists an integer

ey = eo(X, L, Q) such that for any e > e the triple (X, L%, Q) satisfies the assumptions 3.0.1

50



with respect to n if and only if n is in the interval

e’ci (L) +eci(L) - Kx +1 e*ci(L)* —eci(L) - Ky

1, =
¢ 2 2

+dimy; H*(X,O0x) — 2deg(Q)| ,

in which case the variety Hilb is stably birational to Hilbr;:deg(Q).

Proof. Let us consider one assumption at a time.

Assumption 1. By Serre vanishing theorem, the group H' (X, £L%¢ ® I) = 0 for any e >> 0.

Therefore, the restriction map
H(X, L%) — HY(X, L¥|g) — 0

is surjective for any e >> 0.

Assumption 2. Since £ is ample, again by Serre vanishing theorem H'(X, £&¢) = 0 for any

i > 0 and e >> 0. Then, by Riemann Roch, we have that for any e >> 0

e’ci(L)? —eci(L) - Ky
2

dimyg HO(X, £%°) = y(X, £L%¢) = + 1 +dimg H*(X, Ox).

Assumption 3. Since £ is ample, the sheaf £®¢ ® I is generated by global sections for any

e >> 0.

Assumption 4. We need to check that for each k-point x € X7\ Q7 the set
{s e H'(X, L ® Ip); : sx € my Ly}

spans the k-vector space myLy/ m2 L. As seen in the proof of [Sta, Tag OFD5], if we pick e >

eg+e,, where L ® I is globally generated and L¢« is very ample then we have a locally closed
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immersion

X\Q — P(H(X, L% ® Ip)").

This is enough to ensure that assumption (4) is satisfied (see [Har77, Prop. 11.7.3]).

Assumption 5. Finally, the arithmetic genus p,(C) of any curve C € |£L®¢] is equal to

c1(L%)? + (c1(L%) - Kx) 1o e’ci(L)*+eci(L) - Kx T 1
2 2 '

Therefore for e >> 0 the only restrictions given by the assumptions are the inequalities about

n. O

Notice that the theorem has a meaning only after one checks that some predicted intervals /,

are non-empty (see subsection 4.1.2).

4.1.1 Blow-ups of surfaces

Let X be the blow up of X along some geometrically reduced effective O-cycle Q’. Then by
Fact we have that Hilb'; is stably birational to Hilb’;?.
We aim to exploit theorem 4.1.1 for X instead of X, and gain information on the stable bira-

tionality classes of Hilb'y. Let us fix the following general framework.

Framework. Let (X, £, Q) be a suitable triple. Let us furthermore fix a geometrically reduced
effective O-cycle Q’ of degree d’, disjoint from Q.
Consider the blow-up X = Bly X of X at Q’. Call E the exceptional divisor above Q’. Then

we have the cartesian diagram

bl

Q/;,)X

Denote by £, the line bundle £, = b*(L£%) ® Ox(-2E) on X. Finally, let Q be the pullback

52



b~1(Q) in X.
Now we want to study the triples (X, L., Q). These notations will be used consistently through-

out this subsection.

Before proceeding further, let us now see that given an effective O-cycle Z on any (smooth,
projective, geometrically connected) surface X there is always a smooth effective 0-cycle Q' of

degree d’ > 2 deg(Q) disjoint from Z. Recall first the usual avoidance lemma.

Lemma 4.1.2. Given an effective O-cycle Z in P, there exists a non-empty (and hence dense) open
U C (P}")* of hyperplanes of P} avoiding Z.

If k is infinite, this means that there exist infinitely many k-hyperplanes in P! avoiding Z.

Proof. Avoiding Z is the same as avoiding its reduction Z.4: then we can assume Z to be reduced.
Write Z as the disjoint union of its integral (disjoint) components LIZ;. If an hyperplane H intersect
Z; then Z; C H: hence the locus U avoiding Z is open.

Notice that U is non-empty if and only if Uy is non-empty. Therefore, without loss of generality
we can work on the algebraic closure k.

Let P; the homogeneous prime ideal associated to Z;. Assume by contradiction that U is empty:
that means that any homogeneous polynomial F of degree 1 is contained in at least one of the P;.

Namely k[xq,...,x,]1 € U;P;. Hence

k[xo, ..., xml1 = Yi(k[x0, ..., xu]1 N P;) = U;Span, (k[xo, ..., xm]1 N P;).

Since k|[xo,...,x,]1 is an infinite dimensional vector space and k is infinite (because k is alge-
braically closed), it cannot be a finite union of proper subspaces of itself.

Then there is a P; such that

k[xo,....xm]1 = Spany(k[xo,...,xu]1 N P;) C P;.
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Therefore, k[xg, . ..,xn]+ € P;, which is not possible. So we have a dense open U C (P’,?)*: if k

is infinite, the open U has infinitely many k-rational points. m|

Proposition 4.1.3. Let X be a (smooth, projective and geometrically connected) surface and let Z
be a 0-cycle: then there exists a geometrically reduced effective 0-cycle Q" of degree d’ > 2 deg(Z)

disjoint from Z.

Proof. Consider a very ample divisor Hx and the closed embeddings X < Pﬁ{v " induced by its
positive multiples mHy. Call dx the degree of the embedding defined by Hy.

If k£ is infinite, let Uz be the open dense subset of hyperplanes avoiding Z given by Lemma
4.1.2. By Bertini’s theorem [Har77, Thm. I1.8.18] there is an hyperplane H C P;{V defined over k
such that X N H is a smooth curve. Let Vxny be the dense open set of hyperplanes in IP’;V’" whose
intersection with X N H is smooth (provided again by Bertini’s). Then the intersection Uz N Vxnp
is still an open dense subset and (since k is infinite) it contains infinitely many k-points. Pick then
H' € Uz N Vxnp (k). This gives a geometrically reduced effective O-cycle Q' = X N H N H' of

degree m>dy disjoint from Z.

If k is finite, by Poonen’s version of Bertini’s for smooth quasi-projective varieties over finite
fields [Poo04, Thm. 1.1] we can pick two hypersurfaces D,, and D, of degree d,, and d,, such

that (X \ Z) N D,, N D/, is a smooth effective O-cycle Q’ of degree (m? - d,, - d’,)dx. O
Now, back to framework 4.1.1, let us check first whether a triple ()? , .Ze, Q) is indeed suitable.

Lemma 4.1.4. For e >> 0 the triple (X, L., Q) is suitable.

Proof. The surface X is a suitable surface (it is geometrically integral since it is the blow-up of
a geometrically integral scheme, see [Sta, Tag 02ND]) Indeed its H (X, Og) is still trivial (see
[Har77, Prop. V.3.4]).

Since Q is disjoint from Q’, the scheme 0 is isomorphic to Q and in particular it is a geomet-

rically reduced effective 0-cycle of degree d on X.
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Therefore, to conclude that ()F(v , fe, é) is suitable it is enough to check that for e >> 0 the line

bundle L, is ample.

Let e be big enough so that 7y ® L€ is globally generated. Denote by O / ¥ 1)! the invertible
sheaf on the relative projective scheme X (over X). Letr.+1 be a set of global sections {so, . .., s, }

which generate the sheaf. They define a surjective map
o™ — Iy ® L% — 0.
This in turns induces a surjective morphism
Ox[s0, ..., 8] — Sym*(Ip ® L®) — 0

which means a closed immersion X < IP;;. Let e,, be an integer such that L% is very ample.

Then we have the sequence of closed embeddings

~ idx| L®¢va|
X = P =Pl x X ——— Pl x P(HO(X, L2)") — P}
(the last one is the Segre embedding). The (very) ample line bundle associated to the composite

embedding is

O)?/X(l) ® b*£®e ® b*L®em ~ O;(—E) ® b*£®€+eva_
Therefore for e >> 0 the line bundle £, = b* L% ® Ox(-2E) is (very) ample. O

Theorem 4.1.5. Within the notation of framework 4.1.1, for e >> 0 the suitable triple (X, L, é)

satisfies the assumptions 3.0.1 with respect to n if and only if n belongs to the following interval

'I‘; - 6261(£)2+6C1(£) - Kx ‘1 _d” 62C1(£)2—€C1(£) Ky

5 5 +dimg H*(X,0x) —2d - 3d'|,

'Usually it is denoted by O(1). See [Har77, Construction p. 160].
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in which case HilbY is stably birational to Hilb';deg(Q).

The proof of Theorem 4.1.5 will be conceptually the same as the proof of Theorem 4.1.1. But
before checking the assumptions one by one, we compute some higher direct images of sheaves
and cohomology groups, which will be needed in proof of 4.1.5.

The following are standard computations.

Lemma 4.1.6. In the blow-up framework 4.1.1 we have:

. Qg ifi=0
1. R'b.(ig.OF) = ;
0 ifi>1.
‘ Ip /12 ifi=0
2. R'b.(ig.Og(1)) =
0 ifi > 1
, Iy ifi=0
3. R'b,O5(-E) = ;
0 ifi>1.
, I; ifi=0
4. R'b,O5(-2E) =
0 ifi>1.
5. R'b.(O3(-2E) ® I5) = 0;
6. dimy H%(Q'(2), Og'(2)) = 3deg(Q").

Proof. For any i > 0 we have
LR (bg).O = R'(b 0 ig).Of = R'b.(ig .OF).
This, combined with the following isomorphisms

R'(bE).OF = H'(E,Op)" = H'(By, Op1 )7,
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implies that

. 'Oy ifi=0
R'b.(ip.OF) =
0 ifix>I.

Similarly for any i > 0 we have

LR (b).Op(1) = R'(b 0 ip).0p(1) = R'b.(ig.Op (1)),
which, combined with

R'(bg).0x(1) = H'(E, Ox(1)” = H'(Py,, Op1 (1)),

gives

. Iy /I3 ifi=0
R'b.(ig.Op(1)) =
0 ifix>1

(the result for i = 0 follows from the direct computation of the stalks at each point of X).

Consider the push-forward of the exact sequence defining E: thanks to what we have just

proven about R'b,Og, it looks as follows:
0 — b.Oz(-E) — Ox — i,.0g — R'b.O%(-E) — 0 — 0 — R*b.O5(-E) — 0

(the vanishing of sz*()g = 0 is proved in [CR15, Thm. 1.1]). Since Ox — i’,O¢- is surjective

we have

) Iy iti=0

R'b.Ox(-E) =
0 ifi>1.

Finally, consider the exact sequence
0 — Ox(-2E) — Ox(-E) — Ogx(-E)|g — 0.
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Consider the connected (and hence integral) components Q;. = Spec(k}) of Q’: it follows that E =
UE; = UP,,. Since EJZ. = —deg(k’) and Pic(E) = deg(k’,)Z we have that Oz (~E)|e = Og(1).
J

Therefore we get that
0 — b.O5(-2E) — b.0Og(~-E) — b.ip.Op(1) — R'b.05(-2E) — 0
and that sz*Og(—2E ) is trivial. Therefore

, I Q2 ifi=0
R'b.Ozx(-2E) =
0 ifi>1.
Let E(2) be the thickening of E defined by O(—2E) and let Q’(2) be the corresponding thickening
of Q’ defined by the ideal 72,.
From the discussion above we have that the sheaf b.Og () coincides Og(2). Therefore, since
Q is disjoint from Q" we get that b.Op, ) 5 = Og/(2)u as well.

In particular we get the following exact sequences
0 — b.(Oz(-2E) ® IQ) — Ox — Ogr(2)ug — R‘b*(Og(—ZE) ® Ié) — 0.

Since the map Ox — Oy (2)ui0 18 surjective, the sheaf Rlb*(Og(—ZE) ® IQ) =0.

Let us now compute the dimension of H°(Q’(2), OQrz(z)): in order to do so we can pass to the
algebraic closure k. Over k the scheme Q’(2) is the disjoint union of deg(Q’)-copies of Spec(k_):
call m; the maximal ideal corresponding to the i-th connected component. Then the thickening is

given by ml2 So for each of them, the dimension of the global sections is

dlmz(Al/mlz) = dlm? Ajfm; & ml/m? =3,
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where Spec(A;) is an open of Xz around the i-th connected component of Q’. Therefore

dimy H°(Q'(2), Og(2)) = 3deg(Q").

O

Proof of Theorem 4.1.5. As in the proof of Theorem 4.1.1, let us check the assumptions one at a

time.

Assumption 1. It is enough to prove that H' (X, LT, Q) = 0 for e >> 0. The Leray Spectral

Sequence for the sheaf L£.®1 0 with respect to the map b tells us
H' (X, b,(Le ® Ig)) — H' (X, L, ® I5) — H°(X.R'b.(L. ® If)).
Using the projection formula
R'b.(L, ® I5) = L% ® R'b.(0O5(-2E) ® I),

and Serre vanishing theorem, we get that the cohomology group H' (X, b*(fe ® I Q)) vanish for
e >> 0. Since the sheaf R'b, (Oz(-2E)®1, é) is already trivial (by Lemma 4.1.6), the cohomology
group H(X, R'b.(L.® IQ)) is trivial as well. Hence we get the vanishing of H' (X, L,® IQ) =0

fore >> 0.

Assumption 2. By Lemma 4.1.6 the sheaves R’ b.(Ox(=2E)) are trivial for i > 1. Hence, the
cohomology groups H/ (X, L% ® R'b,(O3(-2E))) are all zeroes (for i > 1). Therefore, by Leray
Spectral sequence

H'(X,b.L,) = H(X,L,), Vi>O0.

By projection formula, they are all trivial for i > 1 and e >> 0. So for e >> 0 we get
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dimy HO(X, L) = (X, L). By Riemann-Roch we then have

C1 (Ze)z —Cl (-Ze) : K}?
2

dimy H'(X, L,) = +x(X,05).

By [Har77, Prop. V.3.4] we have y(X, Oz = 1 +dim; H?*(X,0Oyx). Using the structure of the

intersection theory on the blow-up (see [Har77, Prop. V.3.2]), we get

eci(£)? —eci(L) Kyx)
2

dimg H(X, £,) = 3d’ + 1 +dimg H*(X, Oy).

So for e >> 0 assumption (2) is true with respect to » if and only if

L falL)?-ea(L) Ky
- 2

+dimg H*(X,Ox) - 2d - 3d'.

Assumption 3. In order to show that the sheaf £, ® I, 0 is globally generated for e >> 0, we

write it as

L,®I;= b L% @ I; @ b" L% ® Og(-2E),

where e = e| + 3 and e is an integer such that b* £L®¢' ® Oz(—2E) is very ample. In this way it
is sufficient to check that b* L% ® I 0 is globally generated.

The counit map b*b,(b* LT va) — b* L%2Q1T 0 gives the following commutative diagram

HO(X,b* L% ® I5) ® b*b.Oy —— H'(X,b* L ® I5) ® Oy

l l 4.2)

b*b.(b*L®*? ® 15) > b* L% ® 15

Recall that, since Q is disjoint from Q’, then

b*fé = IQ and b*IQ = I'Q‘.

Therefore, by projection formula we get b*b,(b* L% ® T Q) = p*L®2Q T - So the bottom arrow
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in 4.2 is an isomorphism.

Now, since b.Ox = Ox (see [Har77, Prop. V.3.4]), the left vertical arrow in 4.2 coincides with
b* (HO(X, L2®Iy)®0x — L% ® JQ) .

Since L is ample, the sheaf L%7¢1 ® I, is globally generated for ¢ >> 0. Therefore the left
vertical arrow in 4.2 is surjective (for e >> 0), which implies that b* £L®°¢! ® T o is generated by

global sections as well for e >> 0.
Assumption 4. As done in the proof of Theorem 4.1.1 (when we were checking assumption
(4)), it is enough to pick e > e, + e,, where b* L% ® Oz(-E) ® Ié is globally generated and e,

is such that b* L®* ® O3 (—E) is very ample.

Assumption 5. Using again the intersection theory on X we can compute

c1(Le)? + ;1(@) K%

It is equal to

eci (L) +eci (L) - Ky N

1-d.
2

Hence the statement of the theorem. O

4.1.2 Necessary and sufficient conditions for Theorems 4.1.1 and 4.1.5

Theorems 4.1.1 and 4.1.5 define intervals I, and j; for ¢ >> 0. However, as mentioned

previously, these theorems have a meaning only when we check that those intervals are non-empty.
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In this subsection, we study when /, and 1, are non-empty for infinitely many values of e.

Proposition 4.1.7. Let (X, L, Q) be a suitable triple. The interval 1, is non-empty for infinitely
many e if and only if ¢ (L) - Kx < 0. The same holds true for I,.

If this happens, the surface X has Kodaria dimension k(X) = —co. In particular H*(X,Ox) =
0 and H*(X,2Kx) = 0. Since we are assuming H' (X, Ox) = 0, the surface X is geometrically

rational.
Proof. The interval defined in Theorem 4.1.1 is non-empty if and only if the difference

e*ci(L)? —eci(L) - Ky
2

cci(L)+eci(L)-Kx
2

=—eci(L) - Kx +dimg H*(X, Ox) — 2deg(Q) — 1

+dimy H*(X, Ox) — 2deg(Q) - 1=

is non-negative. If ¢1(L) - Kx > 0, then for ¢ >> 0 the difference is negative. If ¢; (L) - Kx < 0,
then by Nakai-Moishezon Criterion of ampleness, the divisor Kx has no global section (otherwise
Kx would be equivalent to an effective divisor £ > 0 and c¢;(£) - Kx > 0 or Kx ~ 0 and the
difference is —2 deg(Q) < 0). Therefore by Serre duality dim; H*(X, Ox) = dimy H°(X,Kx) =0
and the difference is —e ¢ (L) - Kx — 2deg(Q) — 1, which is non-negative for ¢ >> 0 if and only
ifci(£L)-Kx <0.

By the same argument we get that H(X, mKy) = 0 for all m > 1. Therefore x(X) = k(X7) =
—o0. Since H! (XZ’ OXE) and HO(X7, 2K XE) are both trivial, by Castelnuovo’s rationality criterion

X7 is rational (see [Pie, Thm. 1.53]). O

Remark 4.1.8. For instance, if X is a K3 surface, then K is trivial and therefore c1(L) - Kx = 0.
So in this case, we cannot apply Theorem 4.1.1 for large e. This was already predicted by Litt’s

theorem [Lit14, Thm. 19].

Given Proposition 4.1.7, let us restrict our attention to those surfaces with an ample line bundle

L for which the intersection c; (L) - Kx is negative.
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The intervals I, = [min,, max,] leave gaps gap, := [max, +1, min,,; —1]: they have width

2 2 . 2 2 _ .
iy — 1 - max, = (e +1)%ci (L) +2(e +Dei(L) -Kx  eci(£) 2661(1:) Kx +2deg(0)

c1(£)*+ci(L) - Ky
2

ming,; — 1 —max, = (2e +1) +2deg(Q). 4.3)

Therefore the growth of the gaps depend on the sign of ¢ (£)? + ¢1(£) - Kx.

Remark 4.1.9. Since £ is ample, by Nakai-Moishezon Criterion, c{(£)? > 0: so if ¢;(L£)? +
c1(L) - Kx < 0 then the intersection ¢ (L) - Kx is negative. So the intervals /, and f; are growing
in width.

Moreover, by equation 4.3, if ¢1(£)?+c1(L)-Kx < 0then for e >> 0 we have that min,,; —1 <
max, +1. Namely, the intervals /,’s contain all the integers n >> 0. If ¢, (L)?+c1(L)-Kx =0
then the gaps have fixed width equal to 2d. If ¢ (£)? + ¢1 (L) - Kx > 0 then the gaps are growing

in width.

Therefore, for e >> 0 the gaps happen only in the case c;(£)? + c1(£) - Kx > 0: let us see

when the intervals 1, can help fill these gaps.

Lemma 4.1.10. Let (X, L, Q) be a suitable triple where ¢1(L)-Kx < 0and ¢1(L)*+c1(L)-Kx >

0. Let Q' be as in4.1.1. Then the following are equivalent:
1. for any e >> 0 there exists an f = f(e) such that gap, C }}
2. we have c{(£)*+c1(L)-Kx =0and d’ > 2d.

Proof. The interval gap, is contained in Tf = [min ¢, max ] if and only if

miny < max +1 and min-1 < max,
e e+1
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or equivalently

frei(L)?*+ fei(L) - Ky o d < e*ci(L)? —eci(L) - Kx
2 - 2
(e+ D)2 (L)?+ (e+ ey (L) - Ky - frei(L? = fe(L) - Kx

2 2

+1-2d,

—2d -3d’

Using ¢1(£) - Kx > —c{(£)?: then the above inequalities imply (for e >> 0)

2 2
VoD ey e (0 v d —2d = fxes
ooy < e (g -2i-30 = frest

Therefore for e >> 0, gap, C }} forces f to be equal to e + 1. Therefore, writing the initial

inequalities for gap, C i;+1, we get

1L’ +er(L) K _
- <

(2e +1) d —2d and (e+1)(-c1(L) - Kx) >2d +3d’,

which implies ¢ (£)*+¢1(£) - Kx =0and d’ > 2d.

The same computations show that if ¢{(£)? + ¢1(£) - Kx = 0 and d’ > 2d then for e >> 0

gape - i;.'.l. O

This comparison between 7, and 1, leads to the following corollary of Theorems 4.1.1 and

4.1.5.

Corollary 4.1.11. Let (X, L, Q) be a suitable triple where L is such that

(L) +c¢i1 (L) -Kx <0. (4.4)

Then X is geometrically rational. Furthermore, for n >> 0 the Hilbert schemes HilbY, is stably

birational to Hilb’)‘;d.
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Proof. By Remark 4.1.9, if ¢1(£)?> + ¢1(£) - Kx < 0then ¢; (L) - Ky is negative. By Proposition
4.1.7 X is geometrically rational. Meanwhile, Theorem 4.1.1 tells us that Hilb’; is stably birational
to Hilb’)’;’d for any n € I,. If some gaps gap, are left, then pick a smooth effective 0-cycle Q’
disjoint from Q and of degree d’ > 2 deg(Q) (we can do it by Proposition 4.1.3). Then for e >> 0,
those eventual gaps are covered by the intervals 1,41 as seen in Lemma 4.1.10. We conclude using

Theorem 4.1.5. O
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Chapter 5: Geometrically rational surfaces

As seen in the previous chapter, Theorems 4.1.1 and 4.1.5 work best for geometrically rational
surfaces. In particular, Corollary 4.1.11 tells us sufficient conditions on X in order to have Hilb
stably birational to Hilb’;{'d. In this chapter, we want to complete the study of the stable birational
classes of Hilb’, for all geometrically rational surfaces.

Since the stable birational class of Hilb’, depends only on the stable birational class of X (see

Fact ), we can assume without loss of generality that X is minimal (relatively over k).

Definition 5.0.1. Recall that X is said to be minimal over k if any birational morphism X — X’

to a smooth geometrically connected projective surface X’ over k is an isomorphism.
Iskovskih in [Isk79] classified minimal geometrically rational surfaces over arbitrary fields.

Theorem 5.0.2 (Thm. 1 of [Isk79]). Let X be a geometrically rational, suitable surface over an
arbitrary field k.

If X is minimal over k then it is either:

1. isomorphic to the projective plane P2;

2. isomorphic to a quadric Q C Pi such that Pic(Q) = Z;
3. isomorphic to a del Pezzo surface; or

4. the Picard group is isomorphic to Z ® Z and there exists a smooth, geometrically connected,
projective, genus zero curve C and a surjective map f : X — C whose generic fiber Fyc)

is a smooth curve of genus zero.

Definition 5.0.3. If X is of the fourth type, we say that X is a rational conic bundle.
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Notice that Theorem 5.0.2 is not a classification up to birational maps: for instance, some del
Pezzo surfaces are already rational over k, a smooth quadric Q in Pi is a del Pezzo (by adjunction
formula the canonical wg is isomorphic to Op(—2) and hence anti-ample) and some rational conic
bundles are del Pezzo (see [Isk79, Thm. 5]).

Therefore, since we are interested in X up to birational equivalence, we have two families to

consider.
Corollary 5.0.4. Let X be a geometrically rational surface minimal over k. Then either:
Type 1. X is birational to a del Pezzo surface, or

Type 1. X is a rational conic bundle as in Theorem 5.0.2.

5.0.1 Del Pezzo Surfaces

Let us first focus on del Pezzo surfaces X of degree K)z( = dx. The aim of this subsection is to

prove the following.

Theorem 5.0.5. Let X be a del Pezzo surface and let ind(X) be the index of X: then for n >> 0

the Hilbert scheme HilbY is stably birational to Hilb;’;ind(x) .

Proof. As line bundle £, pick the anticanonical wy: it is ample (X is del Pezzo) and satisfies

condition 4.4 of Corollary 4.1.11
2 _ 2 2 _
ci(L) +c1(L) Ky =Ky - Ky =0.

Now recall that for a smooth variety X the index is equal to the greatest common divisor of closed
points x € X such that k(x) is a separable extension of k (see [GLL12, Thm. 9.2]). If k(x)/k
separable, then Spec(k(x)) is geometrically reduced (see [Sta, tag. 030W]): then there exist ge-

ometrically reduced closed points Q1, ..., Q, on X such that gcd{deg(Q;)}/_, = ind(X). Setting
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deg(Q;) = d; we can assume
N

1nd(X) = Z aid[ — 2 aid[

i=1 i=s+1
where the a;’s are positive integers.

Then (X, £, Q;) satisfies the hypotheses of Corollary 4.1.11. Therefore, for n > N; the variety

Hilb is stably birational to Hilb';’d".

n+2f:1 a;d;

This means that for any n > max; N; we have that Hilb'y is stably birational to Hilb,,

n+nd(X)+X0_ . ai

d; _ . I’L+Zf:1 aidi
X = Hilb,, .

and that Hilby"™® is stably birational to Hilb

Therefore, for n >> 0 we always have Hilb stably birational to Hilb’;ind(x).

5.0.2 Minimal rational conic bundles

We focus now on Type II surfaces: namely, minimal rational conic bundles. In [Isk79],

Iskovskih gives a detailed description of rational conic bundles over arbitrary fields.

Theorem 5.0.6 (Thm. 3 of [Isk79]). Let f : X — C be a rational conic bundle as in Theorem

5.0.2. The following assertions hold:

1. The sheaf f*w;{l is locally free of rank 3 and induces a closed embedding

X — Pe(fiwy)

N

C

2

mapping each fiber Fy, t € C, into a (not necessarily smooth) conic of P, (1)

2. If f is smooth then either X is isomorphic to a product of curves C X C’, where C’ is a
smooth curve of genus O without k-points, or X is isomorphic to Pc(E) for some rank 2

vector bundle & on C.

3. if f is not smooth, then

Pic(X) = £*Pic(C) + Z[-Kx].
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Let r be the number of non-smooth fibers: then K)% =8-r.

In this subsection we want to use the above properties to prove an analogous Theorem 5.0.5

but for minimal rational conic bundles.

Theorem 5.0.7. Let X be a rational conic bundle as in Theorem 5.0.2. Let ind(X) be the index of

X. Then for n >> 0 the variety Hilb% is stably birational to Hilb’;ind(x),

We split the proof in two parts, depending on whether the map f is smooth.

Case f smooth. The projective bundle P¢ (&) is birational to C X P}(. Since the index is a birational
invariant for projective smooth varieties (see [Mer, Prop. 1.4] or [GLL12, Prop. 6.8]), without loss
of generality we can therefore study the case when X is the product of two smooth curves of genus
0. However, any surface of this type is a del Pezzo surface since the surface X; = PIE X Plz is. In

particular, Theorem 5.0.5 applies. O

Therefore, we are left with the case f singular.

Remark 5.0.8. In this case, we cannot automatically apply the previous strategy since there are
rational conic bundles which are not birational to any del Pezzo surface.

For instance, let k be an (infinite perfect) field and X be a minimal rational conic bundle of
negative degree K)Z( < 0. Assume by contradiction that X is birational to a del Pezzo X’. Then
consider a birational morphism f : X’ — X' . where X' . is minimal over k. Expressing the
morphism f as a sequence of blow-ups, by [Has09, Cor. 2.8] we have that X! . is still del Pezzo.
By [Sko86, Prop. 2.4] the degree Kzr'mn is equal to K2, so in particular it is negative, which is not
possible.

For del Pezzo’s we have used blow-ups of the surface in order to conclude. Now we can use

the information on the structure of X and on its Picard group Pic(X) given by Iskovskih theorem.

We aim to find a family of line bundles {Z£,},, on X (and a O-cycle Q) such that for any

n >> 0 there exists an m(n) such that (X, £,,(,), Q) is a suitable triple satisfying the assumptions
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with respect to that n.

Remark 5.0.9. As for del Pezzo surfaces, the index of a rational conic bundle X is the greatest
common divisor of its geometrically reduced closed points Q; (see again [GLL12, Thm. 9.2]). In
what follows, Q will be any geometrically reduced closed point on X, so that the pair (X, Q) is

suitable.
Let us find suitable line bundles, namely ample line bundles on X in the case when f is singular.
Proposition 5.0.10. Let X be a rational conic bundle with singular f as in Theorem 5.0.2. Let F

be a smooth fiber over a closed point t € C of minimal degree. There exists a positive integer m

such that for any a >> 0 the divisor —-mKx + aF is ample.
Before dealing with the proof, let us prove the following lemma.

Lemma 5.0.11. Let X be a rational conic bundle as in Theorem 5.0.2. If D is an ample divisor,

then D + F is ample as well.

Proof. The sum of an ample divisor D with a globally generated divisor is still ample: therefore it
is enough to prove that Ox (F) is generated by global sections.

The degree of Ox(F)|r is F? which is 0 being a fiber of f. Therefore, since Pic(F) = Z
(because F is a plane conic), the sheaf Ox (F)|F is trivial.

From the exact sequence

0 — Ox — Ox(F) — i «(Ox(F)|r) — 0

we have

H°(X,0x(F)) = H'(X,0x) ® H(F,Ox(F)|r) = H*(X,0x) ® H’(F, OF)

(recall that H'(X, Ox) = 0). Since both Oy and O are generated by global sections, the sheaf

Ox (F) is globally generated as well. O
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Proof of Proposition 5.0.10. Since X is projective, there exists an ample line bundle £ on it. Since
any closed point of minimal degree generates Pic(C), by item (3) of Theorem 5.0.6 we have that

F and —Kyx generates Pic(X). Therefore ¢ (L) has the form —mKy + aF with m and a integers.

By Nakai-Moishezon Criterion (see [Har77, Thm. V.1.10]), a necessary condition for £ to be

ample is that ¢; (L) - F > 0. Since F? = 0 then this is equivalent to have
(-mKx +aF)-F=-mKyx-F > 0.
By adjunction formula for F ¢ X
deg(Kr) =Kx-F+F?>=Kx - F.
Because F is a conic (over k(7)) the degree of Kr (over k) is —2 deg k(¢). Thus we must have
-mKx - F =2mdegk(t) > 0.

Hence the integer m must be positive.

Therefore there exists an ag such that —-mKyx + agF is ample and m > 0. By Lemma 5.0.11, we

get that for any a > ag the divisor —-mKy + aF is ample as well. O

Now that we have many ample line bundles, let us check which of them can lead to a triple

which satisfies the assumptions.

Corollary 5.0.12. Let L be an ample line bundle Ox(—mKx + aF) such that a > %. Then

for e >> 0 the triple (X,Ox(—mKx + aF)®¢, Q) satisfies the assumptions with respect to any

n € 1, (defined in Theorem 4.1.1).

Proof. By Proposition 4.1.7, it is enough to find an ample line bundle £ on X such that c; (L) -
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Kx < 0. By item (3) in Theorem 5.0.6 we have K}z{ = (8 — r). Therefore

c1(L)-Kx =(—-mKx +aF)-Kx =-m(8 —r) —2adeg k(1)

This is negative if and only if a > %. O

Proposition 5.0.13. Let L be an ample line bundle Ox(-mKyx + aF') such that a > %.
Assume that

1. the triple (X, L%, Q) satisfies the assumptions with respect to ngy € I,

2. e > ey + ey, where L% ® Iy is globally generated and L®'* very ample, and

3. e >> 050 that H(X, L®) =0Vi > 0and —eci(L) - Kx — 1 —2deg(Q) > 0.

Then for any b € N the triple (X, L& ® Ox(bF), Q) satisfies the assumptions with respect to any

integer ny, inside the non-empty interval

2 .
les) = (eci(L)+bF) +(2€Cl(-£)+bF) Kyx 41, dimg HO(X. £5¢ ® Oy (bF)) — 1 — 2deg(0)| .

Proof. Let us check the assumptions one by one.

Assumption 1. Since the composite map

H(X, £%) — H(X, L® ® Ox(bF)) — H(Q,0p)

is surjective, then

H(X, L% ® Ox(bF)) — H’(Q,0p)

is surjective as well.
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Assumption 2.
np < dimg H2(X, £L% ® Ox(bF)) — 1 —2deg(Q). 5.1)

Assumption 3. Since both £L®¢ ® Iy and Ox(bF) are generated by global sections (see proof

of Lemma 5.0.11), the product L®¢ ® Ox(bF) ® Iy is globally generated as well.

Assumption 4. Since £®% is very ample and Oy (bF) is globally generated, then L%« ®
Ox(bF) is very ample as well. Since L% ® Ox(bF) ® Iy is globally generated, we can do as

done in proof of Theorem 4.1.1 to infer that assumption (4) is satisfied as well.

Assumption 5.

(eci(L)+bF)?+ (eci(L) +bF) - Ky N
2

1< np. (5.2)

Therefore it remains to check that the intervals /(. 5) are non-empty. Equivalently, we need to

prove that the difference

(eci(£L)+bF)*+(eci(L)+bF) -Kx

dimy H°(X, L% ® Ox(bF)) — 1 - 2deg(Q) - >

1

(5.3)

is non-negative.
In order to do so, we want to express dimy H°(X, £ ® Ox(bF)) in terms of the Euler-

characteristic y (L% ® Ox(bF)).

Claim. Let b € N. If the groups H (X, L ® Ox(bF)) are trivial for any i > 1, then H (X, L% ®

Ox((b + 1)F)) are trivial as well.
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Proof of the Claim. Thanks to the exact sequence
0— L%®0x(bF) — L% 0x((b+ 1)F) — L%|r @ Op((b+1)F) — 0
we get (fori > 2)

0— HY(X, L% ® Ox((b+1)F)) —H'(F, L%|r ® Op((b+ 1)F)) —0....

0 —H (X, L*®0x((b+1)F)) — 0 —> --- .

In particular, H (X, L& ® Ox((b + 1)F)) is trivial for i > 2.

The sheaf £®¢|r is isomorphic to
Ox(—emKx + eaF)|r = (wy'|F)®"* ® (Ox(F)|p)®* = wp®" = Op(2me)
(because O (F) is trivial: see proof of Lemma 5.0.11). Then the cohomology group H' (F, £L%¢|r®

Or((b + 1)F)) is trivial as well. O

Thanks to the claim, for any positive b € N we have

(ecl(.[j)+bF)2 —(eci(L) +bF) -Kx+

dimg HO(X, L& @ Ox(bF)) = y (L ® Ox(bF)) = 5

1.

Hence the difference 5.3 becomes

(ecl(.ﬁ)+bF)2 —(eci1(L)+bF) - Kx B
2

B (ecl(.E)+bF)2+(ecl(.£)+bF) - Ky B

1
2

2degQ

which is equal to

—(eci(L)+DbF) -Kx —1-2degQ =—-eci(L) - Kx +2bdegk(t) — 1 —2deg(Q).

Therefore as soon as —e ¢ (L) - Kx — 1 — 2deg(Q) is non-negative, then the difference is always
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non-negative. O

Proof of Theorem 5.0.7 with f singular. Fix (m,a) a pair of integers such that m is positive, a >

m(r—8)
2deg k(1)

and £ = Ox(—mKx + aF) is ample. Let ¢ be any integer big enough such that the triple
(X,O0x(—emKx + eaF), Q) satisfies the assumptions (with respect to some ng) and such that e
satisfies the hypotheses of Proposition 5.0.13.

In order to conclude the proof, it is enough to check that the intervals /(. ) = [min(, ), max )]s

for L& ® Ox(bF)

(eci(L)+bF)?+(eci(L)+bF)-Kyx i1 (eci(L)+bF)?—(eci(L)+bF)-Kx

) > ~2deg(0)|.

provided by Proposition 5.0.13, contain all the integers bigger than some integer ng. The width of
the interval I, )

—eci(L) - Kx +2bdegk(t) — 1 —2deg(Q)

grows when b grows. Therefore, it is enough to check that for b big enough we have max, ;) +1 €
Lo ps1)-
For what concerns the inequality max, ;) +1 < max, p+1), it is always true. Indeed it reads as

follows:

(eci(L)+bF)? = (eci(L)+bF) -KX+1 < (eci(L)+(b+1DF)>—(eci(L)+(b+1)F)-Kx
2 - 2

which is equivalent to

Kx - F

eci(L)-F-e —1=2emdegk(t) +edegk(t) —1>0.

The other inequality, min(, 541y < max(, ;) +1, is equivalent to

(eci(L)+(b+1DF)?+(eci(L)+(b+1)F)-Kx - (eci(L)+bF)? —(eci(L)+bF)-Kx
2 - 2

—2deg(Q).
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After carrying on the computations on both sides, we get

2b+1

0>e(—-mKxy+aF) - (Kx+F)+ F - Kx +2deg(Q) =

=e(m(r —8) —2adegk(t) + 2mdegk(t)) — (2b + 1) deg k() + 2deg(Q).

Therefore it is enough to pick b greater or equal than

deg(Q) m(r — 8)
b2 Gegk T\ 2deak(r)

—a+m| - <.
2

So we get that for any n > ngp, we have Hilb’y stably birational to Hilb';deg(Q).

Let Oy, ..., Q, be geometrically reduced closed points of X such that

ind(X) = Z cideg(Q;) — Z c;deg(Q;)
i=1 i=s+1

and ¢; > 0. Picking n greater or equal than max; ng,, we conclude the proof like in Theorem

5.0.5. a

In particular we have treated all the minimal geometrically rational surfaces. This can be

summarised in the following corollary.

Corollary 5.0.14 (Theorem C). Let X be a geometrically rational suitable surface. Let ind(X) be
the index of X. Then there exists an integer ng such that for any n > ng the variety Hilb' is stably

birational to Hilb’;’ind(x).
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Chapter 6: Rationality of the Motivic Zeta

function

Let us now focus on Ky(Var/k), the Grothendieck ring of varieties over k: it is the commuta-
tive ring generated by isomorphism classes [Y] of separated, reduced schemes of finite type over

k modulo the cut-and-paste relations
[Y]=[Y\Z] +[Zeq] and Z — Y closed immersion.
The product operation is the one induced by the product of schemes
[YT- [W] = [(¥Y X W)real.

Let R be a commutative ring.

Definition 6.0.1. An R-valued motivic measure on Ky(Var/k) is a ring homomorphism
u: Ko(Var/k) — R.

If R = Ko(Var/k), u = id is called the universal motivic measure.

Given a motivic measure u : Ko(Var/k) — R, Kapranov defined in [Kap] the u-motivic zeta

function of an irreducible quasi-projective variety Y to be the formal series

(Vo0 = 1+ ) u([(Symp)rea)t” € RI[1]].

n=1
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If u is the universal motivic measure, we get the so-called motivic zeta function {iy(Y,t), denoted

by Imot(Y, 1). It is a generalization of the Hasse-Weil zeta function.

Proposition 6.0.2 (Prop. 2.9, [Mus]). Let k = F, be a finite field. Consider the motivic measure
|-|: Ko(Var/k) — Z, [Y] — [Y(F,)l.

Then {).|(Y,t) coincides with the Hasse-Weil zeta function

Z(Y,t) = exp (Z MI’") :

m
m>1

The Hasse-Weil zeta function Z (Y, ¢) is known to be a rational function (see [Dwo60]). There-
fore, it is natural to ask for which motivic measures u and variety Y, the zeta function £, (Y, 1) is

rational as well.

Definition 6.0.3. Let R be a commutative ring: we say that f € R[[f]] is rational if there exist

polynomials p(z), g(t) € R[¢] such that g(¢) is invertible in R[[¢]] and f(¢) = %.
For curves we have the following rationality result.

Theorem 6.0.4. [Kap, Thm. 1.1.9] If C is a smooth, geometrically connected, projective curve

with index 1, then (ot (C, t) is a rational function.

In [Kap] it was conjectured that the motivic zeta function was rational for any algebraic variety
Y. However Larsen and Lunts provided a counterexample to this conjecture for k = C in [LLO3]
and they actually gave a sufficient and necessary condition for rationality in the case of complex

surfaces (in [LLO4]).

Theorem 6.0.5. [LLO4, Thm. 1.1] Let k = C and let X be a smooth connected projective complex
surface. Then the motivic zeta function {mo (X, t) is rational if and only if X has negative Kodaira

dimension.
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It turns out that having negative Kodaira dimension is a sufficient condition on any algebraically

closed field of characteristic zero.

Proposition 6.0.6. [Mus, Prop. 4.3] Let X be a smooth connected projective surface over an
algebraically closed field k of characteristic zero. If X has negative Kodaira dimension, then

Imot(X, 1) is a rational function.

We now aim to study what happens when we drop the assumption on the field to be alge-
braically closed.
In order to do so, let us first study the rationality of a closely related zeta function, the u-motivic

Hilbert zeta function.

Definition 6.0.7. Let u be an R-valued motivic measure. Let X be a geometrically rational surface.

The u-motivic Hilbert zeta function of X is the power series

oM (X, ) =1+ iu([Hﬂbﬁ])ﬂ € R[[1]].

n=1

Denote by L the class of [A}c] in Ko(Var/k). Consider the motivic measure defined modding

out by the ideal generated by L:
pe = Ko(Var/k) — Ko(Var/k)/(L).

Hypothesis 6.0.8 (Weak Factorization property). Let f be a birational map Y -{a Y’ between
smooth projective connected varieties: then it can be realized as a composition of blow-ups and

blow-downs along smooth irreducible centers on smooth projective varieties.

Remark 6.0.9. If char(k) = O then this hypothesis is satisfied [W1009, Thm. 0.0.1].

Here onward, let us assume that the field k satisfies the weak factorization property. The
usefulness of assuming the weak factorization property is that birational smooth projective varieties

are identified in the quotient Ko(Var/k)/(L).
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Remark 6.0.10. Let f be a birational map Y -{1 Y’ between smooth projective varieties: then

[Y] = [Y'] in Ko(Var/k)/(L).

Proof. Decomposing f into a sequence of blow-ups and downs, we can assume that f is a blow-up

along a smooth centre. Since L = 0 then
[AP]=1"=0, and[P}]=1+L+---+L"=1,

Therefore if & is a vector bundle on Y of rank n then [P(E)] = [Y]. If we blow-up a smooth

connected projective variety Y along a smooth connected closed subvariety Z then
[BizY] - [Y] = [P(NzY)] - [Z] =0 = [BIzY] =[Y],

where NzY is the normal bundle of Z in Y. O

Proposition 6.0.11. Let k be a field for which weak resolution theorem holds true. Let X be a
geometrically rational, connected smooth projective surface. Then the up-motivic Hilbert zeta

function

(X1 = 1+ ) p([Hilb )" € Ko(Var/k)/(L)[[1]]

n=1

is a rational function.

Proof. By Corollary 5.0.14, since X is geometrically rational there is an ng (which depends only
on the birational type of X) such that for any n > ny we have Hilb; stably birational to Hilb?ind(x).

Therefore the coefficients of {fﬂb (X, 1) are eventually periodic of period a divisor of ind(X), which
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means that the series can be written as

L+ D o[ = 1 ar (XD 4+ s (HIY T %0 4+ o (BB e

n=1 e
= Px(t) +1™ Z £ind(X) (ﬂL([Hilb?(O]) +o. +’uL([Hﬂbr;(oﬁnd(X)—l])tind(X)—l)
=0
_p o pr ([HIIbT) + - - -+ pp( [Hilb;l(‘)”“d(x)‘l])tind(x)_1
= Px(t) +1t T
where Py (t) is the polynomial 1 + up ([X])t+--- + ML([Hﬂb;l(o—l])tno—l. o

In order to recover information on the yy -motivic zeta function, we now need to compare the

classes pr ([Sym’y]) with py ([Hilb%]) in Ko(Var/k)/(L).

The following theorem is due to Goéttsche. It was proven under the assumption that & is a field
of characteristic zero and algebraically closed, but the latter assumption is not used and can be

dropped.

Theorem 6.0.12. [Got0l, Thm. 1.1] Let k be a field of characteristic zero. Let « = (my, ..., m;)
be a partition of n. Denote by a; is the number of times for which m; = i. Let || = Y.\, a;. Then

the class [HilbY] in Ko(Var/k) is equal to

Z [Sym{! X - -+ x Sym{" x AZ_M].

a-n

Therefore, here onwards, we will assume that k has characteristic zero. In particular, k satisfies

the weak factorization theorem.

Corollary 6.0.13. Let k be a field of characteristic zero: then in the quotient ring Ko(Var/k) /(L)

we have that
pL([Sym'y]) = pp ([Hilby ]).

n—l|al

Proof. Since L is sent to zero, then ur ([A,

]) is zero if || is not n. So the only non-zero term
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of the Gottsche’s formula in Ko(Var/k)/(L) is the one associated to the partition @ = (1,...,1)

(so ay = n). Hence

pL([Symy]) = pp ([Hilby]).

In particular in Ko(Var/k)/(L), the motivic Hilbert zeta function coincides with the motivic

zeta function

L+ ) e ([SymiDr".

n=1
Corollary 6.0.14 (Theorem D). Let k be a field of characteristic zero: if X is a geometrically

rational connected smooth projective surface, then the up-motivic zeta function is rational.

Remark 6.0.15. By the proof above, notice that in order to conclude the rationality of {1,(X, ¢) (for
a geometrically rational surface X), it is sufficient for k to have the weak factorization property

and to be such that uy ([Sym’%]) = pr ([Hilb%]) for any n > 0.
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Chapter 7: An alternative way to relate
Hilb”, and Hilb%

We want to generalize the incidence correspondences defined in Chapter 2 relaxing the last
condition (namely (4)) in order to relate Hilb’, and Hilb;? for different pairs (n,n’). The idea is
still the same: to choose an appropriate curve C and relate the effective O-cycles of X looking at
the effective O-cycles on C.

Let a be an integer, and £, M be two line bundles on X such that £ is ample. Let Q be
a geometrically reduced effective O-cycle on X. We can then generalize Definition 2.0.1 in the

following way.

Definition 7.0.1. Let us define the functor

Inc?{ﬁ’in, : (Sch/k)?P — Set,

sending T to the set of triples (Z, Z’, C) € Hilby(T) x Hilb;’(’ (T) x CDiV§(T), such that:
(1) the subschemes Z, Z’ and, if a # 0, Qr are contained in C C X7,
(2) the scheme C is smooth over T,

(3) Z, Z’ are relative effective Cartier divisors on C over 7T,

(4) the classes [Oc(Z’ + Z)] and [Mr|c + Oc(aQ)] agree in Picc;r(T) (where My is the
pullback of M to X7).
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Definition 7.0.2. Let Inc§ ., : (Sch/k)?? — Set be the functor
T +— {(Z,C) € Hilby(T) x CDivi(T) : Z ¢ C and, if a # 0,07 c C}.

Remark 7.0.3. As noted in the Remarks following Definition 2.0.1,

1. due to the smoothness condition, conditions (1) and (2) imply condition (3), and

2. since C/T is surjective, smooth, proper, cohomologically flat of dimension 0 and with
geometrically integral fibers, the functor Picc,7 is represented by a separated T-scheme

[BLR90O, Thm. 8.2.1].

a,M,+

The same proofs that led to Propositions 2.0.8 and 2.0.10 show that Inc XL and Incgl(’ L. are

representable as well.

Remark 7.0.4. Note that M7 |C recovers many natural choices of 0-cycles on C. For instance

1. it recovers w¢, thanks to adjunction formula (in this case M = wy ® L),

2. it recovers O¢ (1), embedding C using the embedding of X — Pi’ ) (in this case M =
Ox (1)),

Chapter 2 works with the case when M = Oy, the sign chosen is — and a = 1. Among the
possible choices, we now consider the “orthogonal case" of (1, Ox, —): namely, we assume a = 0

(so no fixed Q), positive sign (so Oc(Z’ + Z)) and a non trivial M. We denote the incidence

M+

correspondences respectively as Incy 7.

,and Incy_s ,.

As before, we start by checking that the general fibers of

M.+ :
Incy, , — Incx rn,  and Incy g, — Hilby

are projective spaces, finding appropriate (integral) opens where this is true.

Remark 7.0.5. Note that the role of n (and Z) is completely symmetrical to the one of n’ (and Z’):

so many statements and proofs will be given only in terms of n (and Z).
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As noticed in proof of Lemma 2.1.4:

1. as soon as

pra=(pryL) ®OHilb§’(.y k(y) — HO(XY’ (pryL)y)

is an isomorphism, then pry .(pry L) is locally free and its formation commutes with base

change,
2. the former condition is true everywhere due to flat base change [Sta, Tag 02KH]).

We can therefore drop this condition from the definition of U, of Proposition 2.1.1 and get the

following simplified one.
Proposition 7.0.6 (Definition of U, and U,/). Define U, to be the subfunctor of Hilby, made of
points 'y € HilbYy such that

H(Xy, (pryL)y) — HY(Xy, (pryL)ylz,)

is surjective. The following hold:
1. the subfunctor U, is an open subscheme of Hilb’, (and hence integral),

2. on Uy the sheaf pry.(pryL ® Iz) is locally free and its formation commutes with base

change, and

3. if &, is the dual sheaf (pry .(pryL®I7) |u,)", then we have the following cartesian square:

P(Sn) o> InCX,L’,1
| |

U, <—o—> HilbY.

Moreover, if i°(X, £) = dimy H*(X, £) > n, then U, is non-empty.
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Proof. The first part is the analogue of Proposition 2.1.1. The part regarding the non-emptiness

follows from Lemma 3.0.7. O

Remark 7.0.7 (Non emptiness of P(&,) and P(E,)). Let y € U,: we have
dimk(y) HO(Xy, Ly &® IZ),) > dimk(y) HO(Xy, Ly) - n.

Therefore,
dimP(&E,) > 2n+ m%]n (dimk(y) HO(X,, Ly)—-n- 1) .
yeUn
In particular, if h°(X, £) > n + 1, then both U, and P(&,,) are non-empty (integral) opens.

Consider the universal curve
C — XXP(&,)

N

P(&Ey).
Let Z be the universal family parametrizing the subscheme Z € Hilb’, (which is then contained in

C).

Definition 7.0.8 (Definition of V and V’). Let V be the (integral) open of P(E,,) where g is smooth.

Analogously, let V’ be the (integral) open of P(&,/) where g’ : C' — P(&,;) is smooth.
Remark 7.0.9 (Non emptiness of V and V’). Assume P(E,) # @. By Proposition 3.0.9, if £ is
globally generated, and for each k-point x € X7 the map

HY(X, L)y — L/m L,

is surjective, then V' is non-empty.

On V the map g|y is cohomologically flat of dimension zero, it has integral fibers, and Z|y is

a relative effective Cartier divisor on Cly.

Proposition 7.0.10 (Definition of V,, and V). Define V,, to be the subfunctor of V.C P(&E,) made
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of points y € V such that
8.(Oc, (-Zv) ® Mylc,) ® Oy, k(y) — H’(Cy, Oc,(-Zy) ® M,lc,)

is surjective. Then the following hold:
1. the subfunctor 'V, is an (integral) open subscheme of V,

2. the sheaf g.(Ogc,, (-Zv,) ® My,|cy,) is locally free and its formation commutes with base

change, and

3. if T is the dual sheaf (g.(Oc,, (=Zv,) ® My,lc,.))", then we have the following cartesian

square:
P(F7) —o— Incy') v,
Vy ———— P(En).
Proof. The proof is the analogue of the one for Proposition 2.1.5. m|

Remark 7.0.11. Let y € V be a point such that Hl(Cy, Oc,(-Zy) ® My|c,) = 0. Then there is
an open neighborhood U, of y such that U, C V), (this is due to Cohomology and Base change

Theorem; see Lemma 3.0.10).

7.0.1 Non-emptiness of the opens V,, and P(¥,)

Proposition 7.0.12 (Non emptiness of V,, and V). Assume V is non-empty. If
nzpa(C) and c;(L)ci(M)-n-p.(C) =0,

then the locus of points in 'V such that H'(Cy, Oc,(-Zy) ® Mylc,) = 0 is open and non-empty,

which means that V,, is non-empty.

87



Proof. It is open due to the upper semicontinuity of the function
h'(Cy, Oc,(-Z,) ® Mylc,)

(see [Har77, Thm. III.12.8]). Let us check then it is non-empty by a very similar proof to the one
of Proposition 3.0.11. Denote by SmCDivﬁ the open subscheme of CDiV§ consisting of divisors

smooth over the base. Then we have the following diagram (all the squares are cartesian):

v > SmCDivy

! f

P(En) —— P((pras(pryL)lu,)’) — CDivg

l |

U, > Spec(k).

SmCDivf is non empty because V' is non-empty. Let y € SmCDivf(: be a geometric point (so k(y)
is algebraically closed) such that the fiber Vy, is non-empty. The point y corresponds to a smooth
k(y)-curve C C Xy y): therefore the fiber V) coincides with U, XHilb, Hilby, Jk(y)> OPen subscheme

: n
of Hlle/k(y)'

Consider the Abel-Jacobi map for the curve C
AJg: Hilb’é/k(y) — Pic’é/k(y).
By assumption, p,(C) < n so that AJ}. surjective and the composite
) ATL
Vy o= Hilbg () — Picg iy
dominant. Further composing with the isomorphism

. . —n+deg(M
Plc'é/k(y) — PICC’;Z(;)g( y|C), J — T e Mlc,
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we get another dominant map

‘ AJ" . ()eMylc . —nt+deg(Mylc)
n C n y eUMylc
Vy <——e—— Hilb¢, () ———— Pic¢ () ——— Picc

Consider the closed subschemes

—n+deg(My|c)—pa(C)+1
—n+deg(M,|c)

—n+deg(My|c)—pa(C
(CIK()) € W_rges 31 " (C k().

By Riemann-Roch, W__::j:gg((/\/\:y ||CC)) ~Pa(C) (C/k(y)) = Picg;z((l;;‘;(My 1<) Note that by assumption
y

r=-n+deg(M,lc) = pa(C) = c1(L)ct(M) —n = p.(C) 2 0.

Then by Fact 1.0.4, since p,(C) — n +deg(My|c) — pa(C) +n — deg(M,|c) > 0, we have

. —n+deg(My|c) —n+deg(My|c)—pa(C)+1
Plcc/k(}’) ’ \ —n+deg(/\/[;|c) (C/k(y))

is a non-empty integral open. Moreover, the K-points of this open corresponds precisely to

[Oc (-Z)® Mkl k] € Picg/lz(g;‘;g(MyM(K) such that H'(Ck, Oc, (-Z)® Mk|c,) = 0. Therefore,

—n+deg(My|c)\ —n+deg(Mylc)=pa(C)+1
Clk(y) —n+deg(Mylc)

open: hence the statement. O

the preimage of Pic (C/k(y)) in V, is the wanted non-empty

Similarly we have the following.

Proposition 7.0.13. Assume V is non-empty. If

n2pe(C) and n+ci(£)? = ci(M)ei(£) = pa(C) 20
then the locus of points y = (Z,,Cy) € V such that

H'(C,,0¢,(Z,)) = H'(C), 0¢,(Z,) ® Lylc, ® M{lc,) =0

89



is open and non-empty.

Proof. It is enough to check that each vanishing condition defines a non-empty open of V. In-
deed V is integral, and therefore two non-empty opens will always intersect. For the vanishing of

H(Cy, Oc, (Zy)), consider again the dominant map
o Y/
Vy —e= Hilbe,, () — Picgyy(y
and the closed subschemes
n—pq(C)+1 n—pq(C .
WP (i) € WP O (CTR(y)) = Pict 4 )

inside the target. By Fact 1.0.4, their difference is a non-empty integral open corresponding to the
Z c C such that H'(C,0¢(2)) = 0.

For the other vanishing, consider the dominant map

AJ¢ (-)®LylceMY|c _
cn C/k(y) . n y Y, . n+deg(Ly|c)—deg(M,|c)
Vy o— Hilbe ) > Picc iy 7 Picc iy

and the closed subschemes

n+deg(Lylc)—deg(My|c)=pa(C)+1 n+deg(Lylc)—deg(Mylc)=pa(C) _ p; m¥deg(Lylc)-deg(Mylc)
n+deg(Ly|c)—-deg(Mylc) = 7 n+deg(Ly|c)—deg(Mylc) C/k(y) ’

Since n+deg(Ly|c) —deg(My|c) — pa(C) > 0, then by Fact 1.0.4, their difference is a non-empty

integral open corresponding to the Z c C such that H'(C,O¢(Z) ® Lylc® M;’|c) =0. O

Remark 7.0.14 (Non emptiness of P(%;,) and P(¥,/)). Assume V), is non-empty. For any y € V,

we have

ho(cy’ OC),(_Zy) ® Mley) 2 -n+ deg(My|Cy) - Pa(Cy) +l=-n+ci(Lcit(M)-p,(C)+1
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Therefore,

dimP(¥,) > dimV, + m%/n (-n+c1(L)yciy(M) = p,(C))
ye n

In particular, if V,, is non-empty and
—n+ci(L)ei(M) = pa(C) 20,

then P(F,) is non-empty.

M+

It remains to compare P(#,) and P(#,) in order to see whether they intersect in Incy . .

Lemma 7.0.15. Assume P(F,) is non-empty and let y = (Z,Z’, C) be a point of P(F,,). Assume V’
is non-empty. Then if the point y satisfies

H'(C,0c(2)) = H'(C,0c(-Z") ® Lylc) =0

then 'y € P(Fp).

Proof. The point y is in P(%,) if and only if (Z’, C) € V,,.. Since C is smooth and H'(C, O¢c(-Z")®
Mylc) = HY(Cy,0c(Z)) = 0, by Remark 7.0.11 then this is true if and only if Z’ € U,. Namely,
we need to check that

H(X,, Ly) — H(Z', L,|7) (7.1)

is surjective. Consider the maps

H'(C,0c(=2") ® L,lc)

/

HO(Xy’ Ly) e HO(Z/’ -L:ylZ’)
HO(C, Lylc)
H'(Xy,Ox,).

91



Since H! (X, Ox,) = 0, the map HY(X,, L,) — H°(C, Ly|c) is surjective. Since by assumption
HY(C,0c(-Z")® Ly|c) = 0, then also H*(C, £L,|c) — H°(Z’, L,|z’) is surjective, making (7.1)

surjective as well. O

Remark 7.0.16. Note that not all the suitable pairs (X, £) will satisfy the previous lemma. In-
deed, if we have a y such that H'(C,O¢(-Z') ® Ly|c) = 0 we need H'(C, Ly|c) = 0 (because
HY(Z', Ly|z/) = 0). The k(y)-dimension of this cohomology group coincides with 4!(C, £L]¢)
where C is a curve in the linear system | L|.

For instance, this is automatically zero if 2! (X, £) = h*(X, Ox) = 0 due to the exact sequence
defining C.

Another necessary condition can be seen when C is smooth: indeed by Serre duality and ad-

junction formula,

H'(C, L|c) = H(C,wc ® LV|c) = H*(C, wx|c)

and now by Riemann-Roch
deg(Llc) +1-pa(C) 0 = ¢1(L)” = c1(L)Kx.

Theorem 7.0.17. Let (X, L) be a suitable pair. Let M be a line bundle on X. Let n be a pos-
itive integer such that n’ = c1(L)c1(M) — n is positive. Assume that L satisfies the following

assumptions with respect to (n, M):
1. i%(X, L) > max{n,n’} + 1,
2. the bundle L is globally generated,
3. for any k-point x € Xz, the map HO(X, Ly — L. /m2 Ly is surjective,
4. po(C) < min{n,n’},

5. min{n, '} +¢1 (L) = ci(M)e1(£L) = pa(C) 2 0.
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Then

Hﬂb’;( ~stably birational Hllb,)l(

Proof. Thanks to the first assumption, the opens U,, U,/, P(E,) and P(&,;) are all non-empty (as
observed in Remark 7.0.7). Thanks to second and third assumption, the opens V and V' are non-
empty (see Remark 7.0.9).

By Propositions 7.0.12, since
n2pa(C), ci(Lcr(M) —n—pa(C)=n"—pa(C) 20,

the locus in V where H!(C,, Oc, (-Zy) ® My|c,) = 0is non-empty, making V,, non-empty as well.
The analogous is true for V.

By Proposition 7.0.13, since
n2pa(C), n+ci(L) —ci(Leci(M) = pa(C) 20
then we can further restrict to the non-empty open of V,, made of points y € V,, such that
H'(Cy, Oc,(-Zy) ® Mylc,) = H'(Cy, Oc,(Z))) = H'(Cy, Oc, (Zy) ® Lyle, ® My|c,) = 0.

So pick (Z, C) € V,, in this locus: then, by Remark 7.0.14, you can pick (Z, Z’, C) in P(%,) above

it (because n’ > p,(C)). By Lemma 7.0.15, (Z, Z’, C) belongs to P(F,). O
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Chapter 8: Effective results for Cubic

Surfaces

As mentioned in the Introduction, since we are ultimately interested in the (CS) conjecture, we
can discard the finite-field case by Chevalley-Warning [Che35]-[CE35]. Therefore we assume here
onward k to be infinite.

Let Q be a smooth effective O-cycle of degree 3 on X obtained by intersecting two hyperplanes

Hi, H, with X in .

Q

8.1 Using the incidence correspondence Inc ,
X,L,n,n

Let us set £ = Ox(e). We are first of all interested to see for which e > 1 the suitable triple

(X, Ox(e), Q) satisfies the assumptions of Theorem A.

8.1.1 Necessary conditions on ¢

Proposition 8.1.1. Consider (X,Ox(e)): if there exists Z smooth effective 0-cycle of degree 3

such that the triple (X, Ox(e), Z) satisfies assumptions of Theorem A then e > 3.

Proof. Assumption (2) reads as

(X, 0x(e)) > n+17.

2

where the dimension h°(X, Ox(e)) is equal to +1 for e > 1. On the other hand, assumption

3e(e—1)
2

(5) is equivalent to +1 < n. Combining this two inequalities, we get the necessary conditions
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on e

3e(e—1) 3e(e+1)

+8<n+7< +]1] = e >3.

We now would like to consider the blow-up case.

Framework 8.1.2 (Blow-up framework). Let Q" be a smooth effective 0-cycle of degree 3 (resp.
6) defined as a smooth complete intersection Q" = H;NH,N X (respectively Q" = H{ NSNX where
S is a quadric) and let us assume that the hyperplanes involving the definition of Q and Q’ are all
distinct (k is infinite). In particular Q and Q” are disjoint. Consider b : X — X the blow-up in Q’

and let E be the exceptional divisor.
Let us start with a computational Lemma that will be useful in order to deal with this case.

Lemma 8.1.3. Consider the blow-up framework. Let e be a positive integer. Then

WXL T2 () = 3h9(X, Ox(e —2)) —2h°(X, Ox (e - 3)) if deg(Q’) =3
hO(X,0x(e = 3)) + h%(X,0x(e = 2)) — h°(X,O0x(e — 5)) if deg(Q’) = 6.

Moreover

X ) e > 3if deg(Q’) =3 ) 5 e > 2if deg(Q’) =3
h (X,IQ,(e)) = 0 for and h°(X,7I5(e)) =0 for

e > 5if deg(Q’) =6. e > 4if deg(Q’) =6.

Proof. Let us start with the degree 3 case. Since Q’ is of complete intersection, the Koszul complex

resolves the ideal Zyp- in X. So we have an exact sequence of the form

0 — Ox(-2) — Ox(-1) ® Ox(-1) — Ipr — 0.
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Tensor it by Zp, we get:
Ip(=2) — Iy (-1)%* — Jg,z — 0. (8.1)

We claim that the injectivity on the left is preserved in (8.1) as well. We can check it locally on
X. Then X is the spectrum of the ring A = k|[x1,x2,x3]/(f) with f an irreducible polynomial of
degree 3, and the ideal Iy is (h}, h), f)/(f) where h; are polynomials of degree 1. Therefore the

map on the left in (8.1) is

a—(ah|,~ah})

(hy, 15, 1)/ (f) > (W15, )] (f) @ (B, By, ) (f)-
Since A is a domain, neither /] or /), are 0 divisors in A: so we get

0 — Ip(-2) — Ip(-1)®?* — 1532 — 0. (8.2)
Let us now consider the surjective map

¢ Ip (-1 — 157 — I,

sending (s,1) — sh), + th}. We get the following commutative diagram

0 — Ip(-2) —> I3H(-1) —> I3? > 0
|
|
: H !

0 — kerg — I5*(-1) LA\ iy 5 0.

Note that Ox(-2) C ker(¢). Let us check that this inclusion is an equality. Consider (s,7) €
ker(¢) so such that h}s + A}t = 0. Then h%s = 0 in A/(h}). Since Q' is smooth, the sequence
(R}, h}) is regular in A and therefore /), is not a zero divisor in A/(/}). This implies that s = ha;

and a; € A. Analogously one gets that 7 = h}a; and a; € A. In particular ker ¢ coincides with
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Ox(-2). Hence we have the exact sequence
0 — Ox(-2) — Ip(-1)** — 15, — 0. (8.3)
In particular, tensoring 8.3 by Ox(e) and then taking cohomology, we get

0 — H°(X,0x(e —2)) — H*(X, Iy (e — 1))** — H'(X,I2.(e)) — 0
0 — H' (X, Iy (e — 1)** — H'(X, 12 (e)) — H*(X,0x(e -2)) —

—s H* (X, Iy (e = 1)®* — H*(X,I3,(e)) — 0
Similarly, tensoring the Koszul resolution of 7y by Ox (e — 1) and taking cohomology we get

0 — H°(X,0x(e —3)) — H*(X,0x(e —2))®* — H(X,Iy/(e = 1)) — 0.
0 — HY(X,Iy (e — 1)) — H*(X,0x(e - 3)) — H*(X,0x(e -2)®* —

— H* (X, Ip /(e — 1)) — 0.
In particular then
(X, 12 (e)) = 20°(X, Iy (e — 1)) — h° (X, Ox (e - 2)) = 3h°(X, Ox (e —2)) —2h°(X, Ox (e —3))
and

h'(X, Iy (e = 1)) = h'(X, 12 (e)) = O fore > 3,

R (X, Iy (e — 1)) = h*(X, 12 (e)) =0 fore > 2.

Let us now focus on the degree 6 case. The proof is the same one but with a Koszul complex of
the form

0 — Ox(-3) — Ox(-2) ® Ox(-1) — Ipr — 0.
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Then we get forany m € Z
h0(X, Iy (m)) = h°(X,0x(m - 2)) + h*(X, Ox (m — 1)) — h°(X, Ox (m - 3))
and therefore

RO(X,13,(e)) = h° (X, Iy (e = 2)) + h°(X, Ip (e — 1)) — h*(X, Ox (e - 3))

= h%(X,0x(e —3)) + h°(X,0x(e - 2)) — h°(X, Ox (e - 5)).

O

Proposition 8.1.4. Consider the blow-up of X in Q' as described in 8.1.2. Consider (X, b*Ox(e)®
O (=2E)): if there exists Z a smooth effective O-cycle of degree 3, such that (X,b*Ox(e) ®
Ox(-2E), Z) satisfies assumptions of Theorem A then e > 5 if deg(Q’) = 3 and respectively e > 7
if deg(Q’) = 6.

Proof. Assumption (5) reads as

3e? —3e — 2deg(Q’) .\
2

1<n

3e2—3e—2deg(Q’)
2

Moreover, since the number + 1 represents the arithmetic genus of a geometrically

connected curve, it must be non negative. Therefore

3e? — 3¢ — 2deg(Q’)
2

+1>0 = e(e—1)

L 20deg(@) -1 _ e >2 if deg(Q’) =3,
3 e>3 if deg(Q') = 6.

In order to have assumption (2) satisfied we need:

h'(X,b*Ox(e) ® Oz(-2E)) = h’(X,Ox(e) ® 1)) 2 n+1.
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Thanks to Lemma 8.1.3, we can compute 1°(X, I.2,(e)). We have

3(e—2)(e—1 0 ife=2,
WX, 0x(e-2)==2C€=D it 50 KX Ox(e-3)) =+
2 HedeD ] fe >3
0 ife <4,
and 1h°(X,0x(e—-35)) =<
AN 41 ife > 5.

So if deg(Q’) = 3, then e > 2 and we have

i : 3 ife=2,
h (X$I/(e)):
3<e—2;<e+3>+1:3e(6+1>+1_9 if e > 3.

In particular, in this case in order to have both assumptions (2) and (5) satisfied, we need

3e(e—1)

S —3+1+7< h(X, Iy (e))

which is then possible if and only if e > 5.

If now deg(Q’) = 6, then e > 3 and we have

3(e—2)%+2 if e < 4,
h(X, 15 (e)) =
Me=2)(e-1)+(e=3)(e=2)—(e=5)(e-H]+1=2D 11 _18 ife>S5.

In particular, in this case in order to have both assumptions (2) and (5) satisfied, we need

3e(e—1)

S —6+1+7< R(X, Iy (e))

which is possible if and only if e > 7. O

Remark 8.1.5. Note that we have other choices for the O-cycle Q’: for instance we could pick a

union of two complete intersection (smooth) effective O-cycles of degree 3. However, the necessary
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conditions on e in order to have Theorem A get worse.

Same applies for the case £ = b*Ox(e) ® Ox(-3E) is worse (for instance if deg(Q’) = 3 we
would get e > 7).

For what concerns £ = b*Ox(e) ® Ox(—E), the genus p,(C) does not change but we have

less global sections of L. So also this choice does not improve the necessary conditions.

8.1.2 Remark on Ampleness

Lemma 8.1.6. Consider the blow-up of X in Q" of degree 3 as in 8.1.2. Then
b*Ox(2) ® Oz(—E) is very ample and »*Ox (1) ® Ox(—E) is globally generated.
Proof. Thanks to the Koszul resolution of Zyp- we have
0% — Ip/(1) — 1.
In particular we get a surjection of algebras
Ox[s0,s1] — Sym*(Ip:(1)) — 0

which in turn induces a closed embedding over X

idx|0x (1)

;} (/

This means that the sheaf »*Ox (1) ® b*Ox (1) ® Og/x(l) = b*Ox(2) ® Oz (—E) is very ample.

~  ["0x(1)®0%(1)]
X X/X >P1:P1XkX(

\ 1 3
x =g > Py X Py

Moreover, since b*Ox (1) ® Ox(—E) is very ample over X, the counit map
b*Ox(1) ® b*"Iy = b"b, (b*0x(1) ® O5(-E)) — b*Ox(1) ® Ox(—E) (8.4)
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is surjective (see [Sta, Tag. 01VR]). This implies that 5*Ox (1) ® Oz(—E) is globally generated.

Indeed, taking the push-forward of the map
H(X,b*0x (1) ® O5(~E)) ® O — b*Ox(1) ® Ox(-E) : (8.5)

one gets the surjective map

H(X, Iy (1)) ® Ox — Iy (1).

Pulling back along » and post-composing with the counit map (8.4)
H(X,b*0x(1) ® O3x(-E)) ® Og —» b*Ox(1) ® b*Ipr —» b*Ox(1) ® Ox(-E)

we still get a surjective map which coincides with (8.5). m|

Lemma 8.1.7. Consider the blow-up of X in Q" of degree 6 as in 8.1.2. Then
b*Ox(3) ® Oz(—E) is very ample and »*Ox (2) ® Ox(—E) is globally generated.

Proof. Same proof as in Lemma 8.1.6. m|

Remark 8.1.8. Regardless of the degree, the counit map b*b.b*Ox (1) — b*Ox (1) is the identity

(by projection formula and the fact that .05 = Ox). Hence we have that
H(X,b*0x(1)) ® Og = H(X, 0x(1)) ® b"Ox — b*Ox(1)

is surjective: namely »*Ox (1) is globally generated.

Lemma 8.1.9. Consider the blow-up of X in Q" as in 8.1.2. Then

e>3 if deg(Q’) =3
b*Ox(e) ® Ox(—2E) is very ample for
e >5 if deg(Q’) =6.
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Proof. Combining Remark 8.1.8 and Lemmas 8.1.6 and 8.1.7, we have the statement. O

8.1.3 Sufficient conditions on ¢

Proposition 8.1.10. If ¢ > 3, the triple (X, Ox(e), Q) satisfies assumptions (1)-(5) of Theorem A

with respect to any integer n in

3e(e—1) L1 3e(e+1) _

6].
2 ’ 2

Ie,@ =

Therefore, for any n € I, (which implies n > nog = 10) the Hilbert scheme HilbY, is stably-

birational to Hilb;‘(+3.

Proof. Assumption (1). We need to check that the restriction map
H'(X,0x(e)) — H’(Q,0x(e)lp)

is surjective. Since H'(X, Ox (e)) is trivial, surjectivity is equivalent to the triviality of H' (X, Iy (e)).

By the Koszul resolution we have
0 — H'(X,Ip(e)) — H*(X,O0x(e —2))

which is trivial for any e > 2.

Assumption (2). It is automatically true by the inequality

b < 3e(e+1)

s — —6=h"(X,0x(e)) — 1 —2deg(Q).

Assumption (3). Again by the Koszul resolution we get the exact sequence

0 — Ox(-1)—Ox ®O0x — [Q(l) — 0
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and consequently
0 — H(X,0x) ® H'(X,0x) — H"(X,Ip(1)) — H'(X,O0x(-1)) = 0.

This means that

H°(X,0x) ® H(X,0x) = H'(X, Ip(1)).
Hence, the global sections that generate Oy @ Ox come from HO(X, Ip(1)), which means that
Ip(1) is globally generated. Therefore I (e) is globally generated for any e > 1.

Assumption (4). If ¢ > 2 then [Sta, Tag OFD5] implies that the sections in H%(X, Ip(e)) define a
locally closed immersion

X\ Q — P(H(X,Iy(e))) (8.6)
(enough to set e; = eo = 1 in the notation of [Sta, Tag OFDS5]). This means that assumption (4) is
satisfied for any e > 2.

Assumption (5). It is automatically satisfied since
ezK,z( — eK)z( =3¢? -3¢ <2n-2.

O

3e(e+1) 3e(e—1)
2 2

Denote by M, 5 the number — 6 and by m, ¢ the number + 1. Note that m41 o 1S

equal to M, o + 7. The intervals I, 5’s leave then “gaps" of length 6, which look like this:

As done for the general case, let us cover those gaps using blow-ups of X.

Proposition 8.1.11 (Degree 3 case). If e > 5, the triple (X, b*Ox(e) ® Oz (-2E), b='Q) satisfies
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assumptions (1)-(5) of Theorem A for any integer n in

3e(e—1) _5 e(e+1) B

, 15(.
2 2

Ie,3 =

Therefore, for any n € I,3 (which implies n > no3 = 28) the Hilbert scheme Hilb, is stably-

birational to Hilb’§(+3.

Proposition 8.1.12 (Degree 6 case). If e > 7, the triple (X, b*Ox(e) ® Oz (-2E), b=1Q) satisfies

assumptions (1)-(5) of Theorem A for any integer n in

Lg = 3e(e—1) B

5. 3e(e+1) B

241.
2 2

Therefore, for any n € I,¢ (which implies n > noe = 58) the Hilbert scheme Hilb, is stably-

birational to Hilb’§(+3.

The structure of the proof is the same for both. So we do them together.

Proof. Assumptions (2) and (5). They are automatically satisfied thanks to n belonging to I geg(0)-

Assumption (1). Set Q = b~'Q. We need to check that the restriction map

HO(X,b*Ox(e) ® Og(-2E)) —— H(Q, (b*Ox(e) ® Ox(-2E))|5)

HY(X,O0x(e) ® I2) H(Q,0

o)

is surjective. Note that H°(Q, Op) = H°(Q,0p) because Q is disjoint from the center of the
blow-up Q’ and therefore the structure sheaf Op coincides with b*Oé.
Denote by Q’(2) the subscheme defined by 72,. Consider the short exact sequence defining Q

in X and tensor it by Ox(e) ® Zp:(2):
Ox(e) ® IQf(z) ® IQ — Ox(e) ® IQ’(2) — (Ox(e) ® —Z-Q’(Z))lQ — 0.
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Again, since Q and Q' are disjoint,
(Ox(e)®Iy2))lo = ig+Op and Im(Ox(e)®Ip 2y ® Iy — Ox(e)®Ip (2)) = Ox(e) @Iy (2)u0-
Therefore we have the following exact sequence
0 — Ox(e) ® Tpup — Ox(e) ® Ip/(2) — ip:Op — 0
and the original restriction map coincides with the restriction map
H(X,O0x(e) ® Ip2)) — H"(Q,O0p).

Therefore, in order to ensure surjectivity, it is enough to check that H' (X, Iy (2)u0(e)) vanishes.

From tensoring the Koszul resolution of 7y by Zp:(2)(e) we get the sequence

hy,—h
Ty (e —2) L= 1o (e = 1)%2 — Tpaup(e) — 0. (8.7)

Outside Q’, the sequence coincides with the original one twisted by Ox(e), so it is exact. To check
exactness at the points of Q’(2), since the hyperplanes H, = V(h;), H; = V(hy) involved in the
definition of Q are different from the ones defining Q’, we can assume A1, i, both invertible. On
this open (containing Q’(2)) the map (h1, —hy) is injective. Therefore 8.7 is exact on the left as

well and the cohomology group H'(X, 1o/ (2)u0 (e — 1)) sits between
H' (X, 15, (e = 1)** — H'(X, Iy (e — 1)) — H*(X, I, (e - 2)).

By Lemma 8.1.3 the groups on the left and on the right are trivial if ¢ > 4 and deg(Q’) = 3, and

respectively if e > 6 and deg(Q’) = 6.

Assumption (3). In order to check that b*Ox(e) ® Oz(-2E) ® I; o is globally generated we write
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the sheaf as

b"Ox(2) ® Ox(-2E) ® b*Ox(e ~2) ® I

if the degree of Q’ is 3 and in the other case
b*Ox(4) ® Ox(-2E) ® b*Ox(e —4) ® 15.

Since Q is disjoint from Q' then the ideal sheaf 7 0 coincides with the pullback b* 7. Pull-backing

the Koszul resolution of 7y (e — 2) we get

HO(X,b*Ox(e - 3))% ® Oy — H(X,b"Ox(e -2) ® I5) ® O

l l

b*Ox (e — 3)®? > b*Ox(e-2)® Iz ———— 0.

If e > 3, then the left vertical arrow is surjective, implying that b*Ox(e — 2) ® IQ is globally
generated. Similarly, if e > 5, b*Ox(e —4) Q 1 0 is globally generated.

By Lemmas 8.1.6 and 8.1.7, the sheaves b*Ox (2) ® O (—2E) (for deg(Q’) = 3) and b*Ox (4)®
Oz (-2E)) (for deg(Q’) = 6) are globally generated. Therefore we have that 5*Ox (¢)®O0z(-2E)®

I 0 is globally generated for ¢ > 3 and deg(Q’) = 3 and respectively e > 5 and deg(Q’) = 6.

Assumption (4). By the proof of [Sta, Tag. OFDS5], it is enough to pick e > e; + e; such that

1. b"Ox(e) ® Ox(-2E) ® I is globally generated (enough e > 3 for degree 3 case and e > 5

for degree 6 case),

2. b*Ox(e1)®05z(-E) ® 15 is globally generated (enough e > 2 for degree 3 case and e; > 3

for degree 6 case), and

3. b*Ox(e2) ® Oz(—E) is very ample (enough e, > 2 for degree 3 case and e; > 3 for degree

6 case).

Therefore any e > 4 (for deg(Q’) = 3) and e > 6 (for deg(Q’) = 6) work fine. O
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Corollary 8.1.13. Let X be a smooth cubic surface over an infinite field k. Then Hilb’, is stably

birational to Hilb%™ for all
neNsp\ {13,14, 15,16, 17, 18, 25,26, 27, 40, 41, 42}

Proof. This is obtained combining the intervals I, z,1,3 and I, fore > 3, e > Sande > 7

respectively. o

M+

8.2 Using the incidence correspondence Inc ,
X, L.nn

Let e > 1, so that £ = Ox(e) is both ample and globally generated. Let us set M = Ox(m).
Note that in order to have n + n’ = ¢;(L)c1 (M) = 3em, the integer m must be positive as well.

Then we have the following.

Proposition 8.2.1. Let X be a smooth cubic surface over an infinite field k. Let e,m be positive
integers. Set L = Ox(e) and M = Ox(m). Then the suitable pair (X, L) satisfies the 5 conditions
in Theorem E with respect to (n, Ox(m)) if and only if

3e(e—1) 1 3e(e+1)

, 1.
2 2

m=e, and ne€ IS =

For these values of n we have then
Hilb” ational HilD3 ™"
UDy ~stably birational Dy .

Proof. Let us check each of the 5 assumptions, one by one.

Assumption (1). The first assumption is

e(e+1)

> > max{n, 3em — n}.
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Assumption (2) & (3). The second and the third one are satisfied for any e > 1 (this is in accor-

dance with classical Bertini’s Theorem over infinite fields).

Assumption (4). The fourth assumption is

3e(e—1)

7 + 1 < min{n, 3em — n}.

Assumption (5). Finally, the fifth one is

3e(e—1
min{n, 3em — n} — (% + 1) +3e(e —m) >0,
which is equivalent to
1 1
nZSe(m—e+ )+1 and nS@—l

In particular we get the following

neI;"’J': [max{3e(m—e;1)+l,3e(ez_ D +1},min{@—l,3e(m—egl)—l}].

In order to have a non-empty I,"* we need m = e (otherwise the left extreme of I, is greater than

the right one). Plugging-in m = e, we get

-1 1
neI§’+:[3e(e )+1,3e(e+ )—1].

2 2

O

Remark 8.2.2. Since we are interested in “small n" (in particular in n < 42), let us start plug-in the

first values of e:
e =1: then 1 < n < 2 and hence we have the pair (1,2);

e =2: then 4 < n < 8 and hence we have the pairs (4, 8), (5,7);
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e = 3: then 10 < n < 17 and hence we have the pairs (10, 17), (11, 16), (12, 15), (13, 14);
e =4: then 19 < n < 29 and hence we have the pairs (19, 29), (20, 28), (21,27), (22, 26), (23, 25);

e =5: then 31 < n < 44 and hence we have the pairs (31, 44), (32,43), (33,42), (34,41), (35,40),
(36, 39), (37, 38);

e = 6: then n > 45, therefore it is not anymore of our interest.

In particular, combining the above pairs with Corollary 8.1.13, we get

43 ~ 32 ~ 35 ~ 40 Hilb} ~gtably birational HilbY,

41 ~ 34 ~ 31 ~ 44 Hilb}' ~gtably birational HilbY,
25~ 23 ~ 20 ~ 28 = Hilb}’ ~sably birationat Hilb3,
26 ~ 22~ 19 ~29 = Hilby’ ~uably birationat Hilb%,

17~10~13 ~ 14 Hilby' ~sably birational Hilby/,

Ll

16 ~11~ 14~ 13 Hilb} ~gably birational HilbyY,

In particular the integers n > 10 which are not yet connected to n + 3 are 15, 16, 17, 18,27 and 42.

Theorem 8.2.3. Let k be an infinite field. Let X be the blow-up as in 8.1.2 with deg(Q’) = 3. Let
e, m, b be integers. Set L = b*Ox(e) ® Oz(-2E) and M = b*Ox(m) ® 5x(bE). If e > 3 (see
Lemma 8.1.6) the pair (f , Z) is suitable. It satisfies the five conditions in Theorem E with respect

to (n,b*Ox(m) ® Oz (bE)) if and only if n belongs to the interval

[max {&2_1) ~2,3em +6b - @ + 10} , min {—36(8; D _10,3¢m +6b - .36(62— D .,

This interval is non-empty if and only if 3e(e — 1) —4 < 3em + 6b < 3e(e + 1) — 20. For these
values of n we have then

: 11 3em+6h—
Hllb’}% ~stably birational Hilb Xe " "

109

i



Proof. First of all, in this case
c1(L) - cl(Mv) =(eb*c1(0x(1)) =2E) (mb*c1(Ox(1)) + bE) =3em +6b =n+n'.

Assumption (1). By Lemma 8.1.3, since e > 3,

3e(e+1)

h'(X,b*Ox(e) ® Ox(-2E)) = >

+1 -9 > max{n,3em +6b —n}+ 1.

Assumption (2). By Lemma 8.1.9, b*Ox(e) ® Oz(—2E) is very ample for any e > 3, so it is

globally generated.

Assumption (3). As done for 8.1.3, by the proof of [Sta, Tag. OFDS5] it is enough that
o Lis globally generated for e > 2,
* b*Ox(e1) ® Oz (—E) is globally generated for any ey > 1, and
* b*Ox(e2) ® Oz(—E) is very ample for any e; > 2.

Then for any e > 3 = 1 + 2 we get the surjectivity statement.

Assumption (4). This one reads as

3e(e—1)

> -3+ 1 < min{n,3em + 6b — n}.

pa(C) =

Assumption (5). Let us develop the expression

3e(e—1) 5

. ra@|a@-ad] =0 ®8

min{n, 3em + 6b —n} — [

The term cl(f) - cl(ﬂ) is equal to (e — m)b*c1(Ox(1)) — (b + 2)E, making

(L) [cl(f) - cl(ﬁ)] —3e(e—m) —6(b+2).
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Therefore, the expression (8.8) is equal to

e+1

min{n,3em+6b—n}+3e( —m)—6b—1020.

Therefore, for e > 3, the five assumptions are satisfied with respect to (n, M) if and only if n

belongs to

2 2

max{@—2,3em+6b—Mﬂo},mm{@—10,3em+6b—w+2}].

Furthermore, this interval is non empty if and only if

36(6—1)_2< 3e(e+1)_

10
2 2

3e(e—1)—4 <3em+6b < 3e(e+1)—20, and

where the second inequality is always true for e > 3. O

Corollary 8.2.4. Let X be a smooth cubic surface over an infinite field k. Let e > 3. Then for any

nc 3e(;—1) -2, 3‘3(;”) — 10| we have

) 3e?—12—
Hilb'y ~gaply birational Hilby’ "

Proof. Consider the same setting as in Theorem 8.2.3. Set e = m and b = —2. Then the inequalities

3e(e — 1) —4 < 3¢> — 12 < 3e(e + 1) — 20 are always true for e > 3 and

1 -1 -1 1
3212 3er ) g 3eem ) g gz p o 3em ), deler D)y
2 2 2 2
Therefore by Theorem 8.2.3 we have the statement. O

Remark 8.2.5. As we did before, we plug-in the first values of e to see if we can cover new pairs:
e =3: then 7 < n < 8 and we get the pair (7, 8).
e =4: then 16 < n < 20 and we get the pairs (16,20), (17, 19). In particular, combining with the
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pairs found in Remark 8.2.2

16 ~ 20 ~ 28 ~ 25 ~ 19 = Hilb}® ~aply birational Hilb}

17 ~ 19 ~ 29 ~ 26 ~ 20 = Hilby, ~gtably birational Hilb% ;

e = 35: then 28 < n < 35 which is an interval where 7 is already connected to n + 3;
e > 6: thenn > 43, so it is not of our interest.

Remark 8.2.6. Similar computations can be done for the blow-up in degree 6 smooth effective

0-cycle Q’: however this does not lead to cover new pairs (n, n + 3).

Therefore we have the following corollary.

Corollary 8.2.7. Let X be a smooth cubic surface over an infinite field k. Then
Hilby ~stably birationat Hilb%™  Vn € Nsjg \ {15, 18,27,42}.
Moreover we have
X ~stably birational Hilby,  Hilby ~gtably birational Hilb% ~stably birational Hilby ~stably birational Hilb .

Proof. This is obtained combining the results of Corollary 8.1.13 and Remarks 8.2.2 and 8.2.5. O
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