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Abstract
Statistical Inference in Competitive Equilibrium

Luofeng Liao

This thesis studies statistical inference and A/B testing in settings with interference arising
from competitive market effects. We study these effects in two fundamental market equilibrium
models: the linear Fisher market (LFM) equilibrium and first-price pacing equilibrium (FPPE).
LFM arises from fair resource allocation systems (such as physical allocation of food to food
banks) and more generally distribution systems (such as user attention to different types of social
media notifications on Instagram, or jobseekers’ attention to job posts in LinkedIn). For LFM, we
assume that the observed data is captured by the classical finite-dimensional Fisher market equi-
librium, and its steady-state behavior is modeled by a continuous limit Fisher market. The second
type of equilibrium we study, FPPE, arises from internet advertising applications, where adver-
tisers are constrained by budgets and advertising opportunities are sold via first-price auctions.
Pacing is a prevalent approach for managing advertiser budgets, where the platform assigns each
advertiser an autobidder that controls expenditure by adaptively shading bids. For platforms that
use pacing-based methods to smooth out the spending of advertisers, FPPE provides a steady-state
description of the outcome of pacing-based markets.

In Chapter 1 we develop a theory of statistical inference for LFMs and FPPE. In Chapter 2 we
investigate theoretically sound bootstrap approaches for LFM and FPPE. In Chapter 3 we apply

the theory to reduce interference bias in parallel A/B tests on ad auction platforms.
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Introduction

This thesis concerns statistical inference in competitive equilibrium settings, speci cally in
the context of Fisher markets and rst-price pacing equilibria (FPPE). The Fisher market equilib-
rium model has been used in the tech industry, such as the allocation of impressions to content
in certain recommender systems [1] and robust and fair work allocation in content review [2]; we
refer readers to Kroer and Stier-Moses [3] for a comprehensive review of applications. Outside
the tech industry, Fisher market equilibria also have applications to scheduling problems [4], fair
course seat allocation [5, 6], allocating donations to food banks [7], sharing scarce compute re-
sources [8, 9, 10, 11], and allocating blood donations to blood banks [12]. FPPE is a model for
budget management in online advertising platforms. In these platforms, advertisers report advertis-
ing parameters, such as target audience, conversion locations, and budgets, and then the platform
creates a proxy bidder to bid in individual auctions to maximize advertiser utilities and manage
budgets. A common way to manage budgets is pacing, in which the platform modi es the adver-
tiser's bids by applying a shading factor, referred tomastiplicative pacing In the case where each
auction is a rst-price auction, FPPE captures the outcome of pacing-based budget-management
system. Conitzeet al.[13] introduced the FPPE notion and showed that FPPE always exists and is
unique. Moreover, FPPE enjoys lots of nice properties such as being revenue-maximizing among
all budget-feasible pacing strategies, shill-proof (the platform does not bene t from adding fake
bids under rst-price auction mechanism), and revenue-monotone (revenue weakly increases when
adding bidders, items or budget).

In Chapter 1, we study fundamental statistical properties of nite-market equilibrium conver-

1



gence to a limit equilibrium. We develop a statistical framework for resource allocation systems
and rst-price pacing auction platforms using the in nite-dimensional Fisher market model. This
enables inference about key market primitives, such as revenue and Nash social welfare, while
addressing dependence in the data arising from the equilibrium. Our approach leverages the
Eisenberg-Gale convex program to reduce inference td asstimation problem. We establish
strong consistency, convergence rates, and asymptotic normality for LFM and FPPE. We address
challenges like nonsmoothness in the equilibrium program and the parameter-on-boundary issue
in FPPE by verifying conditions from empirical process theory. Applying this framework, we for-
malize a budget-split A/B testing design and construct treatment effect estimators and con dence
intervals.

In Chapter 2, we study bootstrap inference. The bootstrap [14, 15] is an automatic method for
producing con dence intervals in statistical estimation. The theory of bootstrap has been extended
to many areas of statistics, such as models with cube-root asymptotics [16, 17], semi-parametric
models [18, 19] and so on. However, there is no theory of bootstrap for competitive equilibrium
settings. We characterize the full landscape of the asymptotics of FPPE by extending beyond the
strict complementarity condition. We show that the asymptotics are captured by a quadratic pro-
gram and derive a new closed-form expression for it, providing structural insights in special cases.
We develop bootstrap theory for LFM and FPPE using their Eisenberg-Gale convex program char-
acterization. Depending on the market structure, various bootstrap procedures are analyzed. Nu-
merical experiments, including simulations and a semi-synthetic study using iPinYou data, validate
our theory.

In Chapter 3, we study the theory of interference among multiple FPPEs. Such a theory is
motivated by parallel A/B testing which is widely used in the internet industry. In particular, we
propose and analyze a market-segmentation based parallel A/B test design, leveraging market seg-
mentation to identify submarkets and run parallel experiments within them. While this method
runs many experiments in parallel, interference arises from buyers interacting across submarkets.

Towards understanding the bias in such a design, we formally de ne market interference in rst-



price auction markets using the rst-price pacing equilibrium framework, propose a debiased sur-
rogate that eliminates rst-order bias and derive a plug-in estimator with asymptotic normality, and

validate the method with semi-synthetic experiments that con rm the desired coverage properties.



Chapter 1: Statistical Theory for Fisher Markets and First-Price Pacing

Equilibrium

1.1 Introduction

Statistical inference is a crucial tool for measuring and improving a variety of real-world sys-
tems with multiple agents, including large-scale systems such as internet advertising platforms and
resource allocation systems. However, statistical interference is a crucial issue in such systems.
Past work has often focused on interference such as networks effects, which may arise due to user
interactions on social media platforms. In this chapter, we focus on a different type of interfer-
ence: interference effects arising from competition between agents on a platform. To be concrete,
consider the case of A/B testing for internet advertising: budgets are prevalent among advertisers
on such platforms, and these budgets mean that the actions of one advertiser can affect the actions
of another. Often, in such systems, randomization is performed e.g. at the user level and then
budget-splitting is used to clone advertisers into the A and B treatment. However, budget interac-
tions may causall users in e.g. the A or B treatment to be related to each other, and thus it is not
at all clear that one can apply standard statistical methods that treat each user as an independent
sample. Instead, a theory efuilibrium interferences needed, and we need to understand how
statistical interference can be performed when such interference is present. We study statistical
inference and A/B testing in two closely-related equilibrium models: First, we study one of the
most classical competitive equilibrium models: timear Fisher marke{LFM) equilibrium. Sec-
ond, we study therst-price pacing equilibrium(FPPE) [13], which is a model that captures the
budget-management tools often employed on internet advertising platforms.

In a Fisher market, there is a set ®fbudget-constrained buyers ardgoods. A market

equilibrium (ME) is an allocation of the goods and a corresponding set of prices on the goods such



that the marketlears meaning that demand equals supply. In a linear Fisher market, a buyers'
utility is linear in their allocation. Beyond being a classical model of price formation, the Fisher
market equilibrium arises in resource allocation systems via the the competitive equilibrium from
equal incomes (CEEI) mechanism [20, 21]. In CEEI, each individual is given an endowment of
faux currency and reports her valuation for the goods; then, a market equilibrium is computed, and
the goods are allocated accordingly. The resulting allocation has many desirable properties such as
Pareto optimality, envy-freeness and proportionality. Below we list examples of allocation systems

where a Fisher market equilibrium naturally arises.

Example 1 (Allocation of resources)Scarce resource allocation is prevalent in real life. In sys-
tems that assign blood donation to hospitals and blood banks [12], or donated foods to charities
in different neighborhoods [7, 22], scarce compute resources to users [8, 9, 10, 11], course seats
to students [5, 6], the CEEI mechanism is already in use or serves as a fair and ef cient alterna-
tive. For systems that implement CEEI, we may be interested in quantifying the variability of the
amount of resources (blood or food donation) received by the participants (hospitals or charities)
of these systems as well as the variability of fairness and ef ciency metrics of interest in the long
run. Enabling statistical inference in such systems enables better tools for both evaluating and

improving these systems.

Example 2 (Fair noti cation allocation) In certain social media mobile apps, users are noti ed

of events such as other users liking or commenting on their posts. Noti cations are important for
increasing user engagement, but too many noti cations can be disruptive for users. Moreover, in
practice, different types of noti cation are managed by distinct teams, competing for the chances
to push their noti cations to users. Kroegt al. [23] propose to use Fisher markets to fairly
control allocation of noti cations. They treat noti cation types as buyers, and users as items in a
Fisher market. Platforms are often interested in measuring outcome properties of such noti cation
systems. In Section 1.6.2 we will present a simulation study of our uncertainty quanti cation

methods applied to the noti cation allocation problem.
The second type of equilibrium model we study is the FPPE model, which arises in inter-
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net advertising. First, we review how impressions are sold in internet advertising, where rst or
second-price auction generalizations are used. When a user shows up on a platform, an auction is
run in order to determine which ads to show, before the page is returned to the user. Such an auction
must run extremely fast. This is typically achieved by having each advertiser specify the following
ahead of time: their target audience, their willingness-to-pay for an impression (or values per click,
which are then multiplied by platform-supplietick-through-rateestimates), and a budget. Then,
the bidding for individual impressions is managed by a proxy bidder controlled by the platform. As
a concrete example, to create an ad campaign on Meta Ads Manager, advertisers need to specify
the following parameters: (1) the conversion location (say website, apps, Messenger and so on),
(2) optimization and delivery (target your ads to users with speci ¢ behavior patterns, such as those
who are more likely to view the ad or click the ad link), (3) audience (age, gender, demographics,
interests and behaviors), and (4) how much money do you want to spend (budget). Given the above
parameters reported by the advertiser, the (algorithmic) proxy bidder supplied by the platform is
then responsible for bidding in individual auctions to maximize advertiser utility, while respecting
the budget constraint.

An important role of these proxy bidders is to ensure smooth budget expenditure. Pacing is
a budget management method that modi es the advertiser's bids by applying a shading factor,
known as a (multiplicativepacing multiplier to the advertiser's bid. Tuning the pacing multiplier
changes the spending rate: the larger the pacing multiplier, the more aggressive the bids. The goal
of the proxy bidder is to choose this pacing multiplier such that the advertiser exactly exhausts
their budget (or alternatively use a multiplier of one in the case where their budget is not exhausted
by using unmodi ed bids). In this chapter we focus on pacing-based budget management systems.

First-price pacing equilibrium [13] is a market-equilibrium-like model that captures the steady-
state outcome of a system where all buyers employ a proxy bidder that uses multiplicative pacing.
Conitzeret al.[13] showed that an FPPE always exists and is unique. Moreover, as a pacing con g-
uration method, FPPE enjoys nice properties such as being revenue-maximizing among all budget-

feasible pacing strategies, shill-proof (the platform does not bene t from adding fake bids under



rst-price auction mechanism), and revenue-monotone (revenue weakly increases when adding
bidders, items or budget). The FPPE model speci cally captures the setting where each auction is
a rst-price auction. First and second-price auctions are both prevalent in practice, but equilibrium
models for second-price auctions are much less tractable (in fact, even nding one is computa-
tionally hard [24]). To that end, we focus on the rst-price auction setting in this chapter; the
second-price setting is interesting, but we expect that it will be much harder to give satisfying
statistical inference results for it.

Quantifying uncertainty in pacing systems is an important task on online advertising platforms.
Basic statistical tasks, such as the prediction of the bidding behavior of advertisers or the revenue
of the whole platform, require a statistical theory to model the intricacies of the bidding process.
A/B testing, a method that seeks to understand the effect of rolling out a new feature, also requires
a rigorous theoretical treatment to handle equilibrium effects. What a platform would typically
like to do, is to treat each item in A and B as a separate unit and measure e.g., the price of the
item as an independent observation. However, interference occurs due to the optimizing behavior
of each buyer, where they end up buying a bundle in their demand set (on a platform that runs ad
auctions, this would typically occur through the proxy bidder that performs pacing). This opti-
mization combined with the budget constraints causes interference both between different buyers
and different items. Consequently, one has to treat the entire market as the observed “unit.” To
the best of our knowledge, our results are the rst to provide a statistical theory that captures such
competitive interference effects that one would expect on an internet advertising platform.

Although LFM and FPPE have seemingly very different use cases, they each Hzagemiverg-
Galeconvex program characterization [25, 26]. This is the unifying theme that allows us to study
these two models using similar tools. In particular, this allows us to reduce inference about market
equilibrium to inference about stochastic programs, where many classical tools from mathematical

programming [27] and empirical processes theory [28] can be applied.



1.1.1 Contributions

Statistical models for resource allocation systems and rst-price pacing auction platforms.

We leverage the in nite-dimensional Fisher market model of Gao and Kroer [29] in order to pro-
pose a statistical model for resource allocation systems and FPPE platforms. In this model, we
observe market equilibria formed with a nite number of items that are i.i.d. draws from some dis-
tribution, and aim to make inferences about several primitives of the limit market, such as revenue,
Nash social welfare (a fair metric of ef ciency), and other quantities of interest; see Table 1.1.
Importantly, this lays the theoretical foundation for A/B testing in resource allocation systems and
auction markets, which is a dif cult statistical problem because buyers interfere with each other
through the supply and the budget constraints. With the presence of equilibrium effects, traditional
statistical approaches which rely on the i.i.d. assumption or SUTVA (stable unit treatment value
assumption, Imbens and Rubin [30]) fail. The key lever we use to approach this problem is a con-
vex program characterization of the equilibria, called the Eisenberg-Gale (EG) program. With the
EG program, the inference problem reduces t8 apstimation problem [27, 31] on a constrained

non-smooth convex optimization problem.

FPPE LFM

inverse bang-per-buckg ,
utilities D,
Nash social welfar&lSW

pacing multipliersV ,
revenueREV

Table 1.1: Quantities of interest in LFM and FPPE.

Convergence and inference results for LFM and FPPE. We show that the nite market, which
represents the observed data, is a good estimator for the limit market by showing a hierarchy of
results: strong consistency, convergence rates, and asymptotic normality. We also establish that the
observed market is an optimal estimator of the limit market in the asymptotic local minimax sense
[31, 32, 33]. Finally, we provide consistent variance estimators, whose consistency is proved by

a uniform law-of-large-numbers over certain function classes. A shared challenge for developing



statistical theory for both LFM and FPPE is nhonsmoothness: The objective function in the EG
convex program (for a sampled nite market) is non-differentiableRoralmost surely, since it
involves the max operator. Even so, we will see that in our limit market model, the expectation
operator, which becomes an integral, smooths out the non-differentiability issues under relatively
mild conditions. We explore suf cient conditions for differentiability in Section 1.5. For FPPE,
there is a more prominent issue: the parameter-on-boundary issue, which means that the optimal
population solution might be on the boundary of the constraint set. Here we brie y discuss how
we handle the two issues when deriving asymptotic distribution results for FPPE, which is one
of the more dif cult results in the chapter. First, asymptotic distribution results feestimation

are known to hold under certain regularity conditions on stochastic programs [34, Theorem 3.3].
One such condition concerns the differentiability of the population objective. We provide low-
level suf cient conditions for differentiability, and show they have natural interpretations from an
economic perspective (Section 1.5). Another important condition to verify is stochastic equiconti-

nuity (Cond. 13.c), which we establish by leveraging empirical process theory [28, 35].

Statistically reliable A/B testing in resource allocation systems and FPPE platforms. Ap-

plying our theory, we formalize and analyze a budget-split A/B testing design for item-side ran-
domization that resembles real-world A/B testing methodology in markets with budgets. In the
budget-split design, treatment and control markets are formed independently, and buyer's budgets
are split proportionally between them, while items are randomly assigned to treatment or control
markets. Then, based on the equilibrium outcomes in the A and B markets, we construct estimators

and con dence intervals that enable statistical inference.

1.1.2 Overview and Motivation of our Limit Market Model

As described above, the fundamental quantity of interest in our model is the limit market,
whether for LFM or FPPE. We now provide some discussion and motivation for our use of this

limit market. Suppose a practitioner faces the following prediction task: given data arising from a



Figure 1.1: Items (orange) are assigned to buyers (blue). Left: a nite market. Right: a limit
market.

nite market, what can we say about future nite markets that are created under similar conditions?

In the case of the allocation systems we study in the chapter, this can be interpreted as follows:
suppose we observe the behavior of the system for one week (represented by the nite market), and
the allocation system is operating in equilibrium. Can we now make statistical inferences about
next week's market, assuming that the generated items follow a similar pattern? Similarly, A/B
testing a system under a budget-split design requires us to make statistical statements about each
arm.

To address questions such as these, we study the statistical behavior of nite markets sampled
from a limit market where the item set is continuous, and the supply becomes a distribution on the
item set; see Figure 1.1 for an illustration. Limit markets are formally introduced in Section 1.2.

The limit market serves as a conceptual model through which we demdiction intervals
for future nite markets We focus on deriving con dence intervals for the limit market, i.e., an
interval constructed from the data so that the probabtguantities in the limit market lie in°
is high. One can then easily construct prediction intervals for a future market. Take FPPE as an
example. LetMVbe the observed multiplier, and be the limit one. Supposé&“F is the multiplier
in a future market, independent of the observed market. We will show that the observed multiplier

concentrates around the limit multiplieei;\/\"’ V°!3 # 10— \° for some matrix y. Then
Paw vk = PaaWw yo 1\F4F yoo® igp o (1.1)

by independence betweai'and \F4F. Given an estimator of y, a prediction interval fol"4F
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can thus be constructed.

Of course, if the goal is to make predictions about future nite markets, one might wonder if
there is a way to give a formal model of predicting future nite markets directly from observed
nite markets, without going through the limit market. For some quantities it is easy to impose a
simple statistical model and develop a prediction theory while ignoring the equilibrium structure
in the data; for other quantities, it is more dif cult to even put a statistical model on them. In either

case, ignoring the equilibrium structure casts doubt on the validity of such approaches.

1.1.3 Related Works

A/B testing in two-sided markets. Empirical studies by Blake and Coey [36] and Fradkin
[37] demonstrate bias in experiments due to marketplace interference. @ads@8] study the
bias and variance of treatment effects under two randomization schemes for auction experiments.
Bojinov and Shephard [39] study the estimation of causal quantities in time series experiments.
Some recent state-of-the-art designs are the multiple randomization designs [40, 41, 42] and the
switch-back designs [43, 44, 45, 46, 47]. The surveys by Kohavi and Thomke [48] and Bojinov
and Gupta [49] contain detailed accounts of A/B testing in internet markets. See eaed€B0]
for an extensive survey on statistical challenges in A/B testing. Compared to these papers, this
chapter is the rstto focus on A/B testing with equilibrium effects.

The budget-split design we study is similar to one studied byetial. [40]: buyer's budgets
are split proportionally, creating two sets of identical buyers, and then items are assigned to either
group of buyers at random. However, we differ in the theory to analyze such experiments. The
main difference between this chapter and theirs is that they did not consider equilibrium effects,
while we do. In particular, Liet al.[40] assume that pacing and other strategic effects are xed
across treatments. In turn, this means that any strategic behavior or budget-optimizing behavior
ignores the A/B assignment. On a related note, we consider randomness of both the item (impres-
sion) arrivals and the treatment assignment, while Liu et al. only consider the latter. Second, we

provide an exact variance formula for many quantities in the ad auction systems, such as pacing
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multipliers and revenues, while Liu et al. do not.

Pacing equilibrium. Pacing is a prevalent budget-management methods on ad auction plat-
forms. In the rst-price setting, Borgst al.[51] study rst price auctions with budget constraints
in a perturbed model, whose limit prices converge to those of an FPPE. Building on the work of
Borgset al. [51], Conitzeret al. [13] introduce the FPPE model and discover several properties
of FPPE such as shill-proofness and monotonicity in buyers, budgets and goods. There it is also
established that FPPE is closely related to the quasilinear Fisher market equilibrium [52, 53]. Gao
and Kroer [29] propose an in nite-dimensional variant of the quasilinear Fisher market, which lays
the probability foundation of the current chapter. Ga@l.[54] and Liaoet al. [55] study online
computation of the in nite-dimensional Fisher market equilibrium. In the second-price setting,
Balseiroet al.[56] investigate budget-management in second-price auctions through a uid mean-
eld approximation; Balseiro and Gur [57] study adaptive pacing strategy from buyers' perspective
in a stochastic continuous setting; Balseatal. [58] study several budget smoothing methods in-
cluding multiplicative pacing in a stochastic context; Conietal. [59] study second price pacing
equilibrium, and shows that the equilibria exist under fractional allocations.

" -estimation when the parameter is on the boundaryThere is a long literature on the
statistical properties df -estimators when the parameter is on the boundary [60, 61, 62, 34, 63,
64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74]. Some recent works on the statistical inference theory
for constrained' -estimation include Li [75], Hong and Li [76], and Hsiehal.[77]. Our work
leverages Shapiro [34], which develops a general set of conditions for asymptotic normality of
constrained' -estimators when the objective function is nonsmooth. Working under the speci c
model of FPPE, we build on and go beyond these contributions by deriving suf cient condition for
asymptotic normality in FPPE, establishing local asymptotic minimax theory and developing valid
inferential procedures.

Statistical learning and inference with equilibrium effectsOnline learning approaches, which
are related to statistical learning, have been investigated for other equilibrium models, such as gen-

eral exchange economy [78, 79] and matching markets [80, 81, 82, 83, 84]. Our work is also
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related to the rich literature of inference under interference [85, 86, 87, 88, 89, 90]. In the eco-
nomic literature, researchers have studied how to estimate auction market primitives from bid data;
see [91] for a survey.

Closely related to our work is a recent preprint by Muet@l.[92]. They consider a potential
outcomes framework where the outcome of an agent depends on the treatments of all agents, but
only through the equilibrium price. The equilibrium price is attained by a market clearance condi-
tion. Although both their work and our work consider a limit market equilibrium (in their case a
mean- eld equilibrium), there are signi cant differences. First, Muetal. [92] send the number
of agents to in nity while we consider the asymptotics where the number of items grows. Sec-
ond, Munroet al.[92] present a very general market equilibrium framework that requires abstract
regularity conditions (which do not hold in our setting), while we focus on equilibria arising from
resource allocation systems and auction pacing systems, and consequently we are able to present
low-level conditions that facilitate statistical inference. Third, their model works wsthglemar-
ket where buyers are randomly exposed to treatment or control. Consequently, élahi®2]
focuses on estimating direct effects and spillover effects when buyers in a single market are ran-
domly assigned to either treatment or control. In contrast, our work is focused on interventions that
affect the entire valuation distribution, and we study separated markets when we apply our theory
to A/B testing. For this reason, an A/B testing framework such as the one we develop is necessary.
Wager and Xu [93] and Sahoo and Wager [94] also consider a mean- eld game modeling approach
and perform policy learning with a gradient descent method.

This chapter builds upon two preliminary conference papers [95, 96]. The present chapter gives
a more uni ed presentation, and provides some additional results on the statistical theory of Fisher
markets and FPPE. Perhaps most importantly, this chapter conducts two semisynthetic experiments
based on an ad auction dataset [97] and an Instagram noti cation dataset [98], demonstrating the
practicality of the proposed theory. This chapter also provides strong consistency and convergence
rate for FPPE, minimax optimality results for LFM, and a novel closed-form expression for the

Hessian matrix of the population EG objective (Eq. (1.3)) using results from differential geome-
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try [99]. Building on the preliminary versions of this chapter, Liao and Kroer [100] extends the
FPPE statistical theory to the cases where degenerate buyers are present and develops bootstrap

inference methods, and Lia al.[101] studies interference among FPPEs.

1.1.4 Notations

Let 43 be the8th basis vector irR™. Furthermore, we let Y be the Moore-Penrose pseudo
inverse of a matrix . Letd\ denote the Lebesgue measur®in. For a measurable spate—d\°,
we let! ? (and! 7 resp.) denote the set of (nonnegative, resp?) functions on  w.r.t the
integrating measure\ for any ? 2 »1-1%(including ? = 1 ). We treat all functions that agree
on all but a measure-zero set as the same. For a sequence of random vériaglese say
-==%,110%f lim 11 limsupPj--j i ©=0. We say- - = >,11°if - - converges to zero in
probability. We say = = $ ,10-° (resp.>,10-°) if - 0= = $ »11° (resp.>,11°). The subscrip8

is for indexing buyers and superscrgis for items.

1.2 Linear Fisher Market and First-Price Pacing Equilibrium

In this section we introduce the Fisher market equilibrium and the rst-price pacing equilib-
rium. We start by presenting components that are common to both models, and then introduce each
equilibrium concept. In both LFM and FPPE, we have a setlmiyers and a set of items, and the
goal is to nd market-clearing prices for the items. The items are represented by asgt , a
compact setwith 1t °d\ j 0. Clearly the measure spate—d\° is atomless.

Both LFM and FPPE require the following elements; see Figure 1.1 for an illustration.

(1) Thebudgetlgof buyer8 Letl = 11;—+++—-2 The smallest budget is denoted by=
mingls (2) Thevaluationfor buyer8is a functionks 2 ! 1 Buyer 8 has valuatiorggt\ ° (per
unit supply) of item\ 2 . LetE: ! R, BE\° = »51\0—eee—_[A°Y, We assumd =
maxgsup B\ ° Y 1. (3) Thesuppliesof items are given by a functioB 2 ! 1 , L.e., item\ 2
hasB'\ © units of supply.

Without loss of generality, we assume a unit total suppl8d\ = 1, which make$Ba prob-
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ability measure. LeP denote the probability measure induced®y.e.,P* °© = B\ fora
measurable set. Given6: | R,weletEx6Y/= 61\°B\°d\ andVanb¥r Ex6?Ys Ex6YA.
Alsoletag= EBd\ = Exgbe the mopopolistic utility of buye anda = maxgag Givend.i.d.
drawsf\1—« e« _Qyfrom B let %61 © = %:I 8:161\ %, Let ] = B\ %°.

Equilibria in both LFM and FPPE are characterized by a particular type of convex program
known as arEisenberg-Gal§EG) convex program. For statistical inference purposes, we will
focus on the duals of these EG programs, which is a convex optimization problem over the space
of pacing multipliersV 2 R™ (these pacing multipliers turn out to represent the price-per-utility of
buyers in equilibrium). In both cases, the dual EG objective separates into per-item convex terms

G

1\—\P = Gl\—\p 1glogVs— B3\—\ = maxVgsst\© « (1.2)
&1 S 2=

and the population and sample EG objectives are
NP =FE» N\=\PVs IV =0gp 1V (1.3)

The reason we focus on the duals is that they can be cast as sample average approximations of the

limit convex programs. This interpretation is not possible for the original primal EG programs.

1.2.1 Linear Fisher Markets (LFM)

The LFM model has two primary uses. Its original intent is as a model of competition, and
price formation in a competitive market. An additional, and practically important, use of LFM is
as a tool for fair and ef cient resource allocation (with the items being the resources). If every
individual in a resource allocation problem is given one unit of faux currency, then the resulting
LFM equilibrium allocation is known to be both Pareto ef cient and satisfy the fairness desiderata
of envy-freeness and proportionality [102]. This fair allocation approach is known as competitive
equilibrium from equal incomes (CEEI) [20].

We now describe the competitive equilibrium concept. Imagine there is a central policymaker
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that sets price®! © for the items . Upon observing the prices, buy@maximizes their utility
subject to their budget. Theilemand seis the set of bundles that are optimal under the prices:

1 1

gt ?° ;= arg max EGBd\ : ?GBd\ 15 -
ng’ll o

Of course, due to the supply constraints, if prices are too low, there will be a supply shortage. On
the other hand, if prices are too high, a surplus occurs. A competitive equilibrium is a set of prices
and bundles such that all items are sold exactly at their supply (or have price zero). We call such

an equilibrium thdimit LFM equilibrium for the supply functiorB[29].

De nition 1 (Limit LFM). The limit equilibrium, denotelFM11— E— B%; is an allocation-price

tuple G- 2°° such that the following holds.

| i
1. (Supply feasibility and market clearanceyG 1l1and ?'1 sGPBd\ = 0.
2. (Buyer optimalityg2 g'?°all 8

Gao and Kroer [29] show that an equilibrium of a limit LFM must exist, and that when the
measure spade —d\ °is atomless, a pure equilibrium allocatibmust exist. Given an equilibrium
1G-"?9 let
G
D;= BBGd\ - \L=1eD,— NSW = 1glog*Dy°

&1

be buyem utility, her inverse bang-per-buck, and the (log) Nash social welfare of the whole market.
The inverse bang-per-budk can also be seen as the price-per-utility of bug/ém a general LFM,
the equilibrium allocation may not be unique, but the equilibrium quantiiesv—D are unique.
In order to facilitate statistical inference, we will impose certain differentiability conditions, which
turn out to imply uniqueness and purity of the equilibrium allocat&n

Next we introduce thenite LFM, which models the data we observe in a market. The nite

LFM equilibrium is nothing but a limit LFM equilibrium where the item setis the nite set of

LAn allocationGis pure ifGt\° 2 f0-1g.
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observed item8V Let W= f\ 1— e+« ¢« Qybed.i.d. samples from the supply distributi@each with

supplyf 2R .

De nition 2 (Finite LFM). The nite observed LFM, denotdtFM11— E— f-9\is any allocation-

price tuple!G—-%2 R?= R™ such that the following hold:
i i i
1. (Supply feasibility and market clearanceyd land 4?91  F°=0.

2. (Buyer optimality g2 g'?° = arg ma>@8fI g @FH f ! ¢@?9 1@ Og the demand

set given the prices.

Let 1L %6 2 BFM11-E—f= 1.C-, whereGV= 1@°%_gand price?VW= »?1—«++ %, We
study this form of nite LFM due a scale-invariant property of LFM, and this ensures that for all
market sizes, the “buyer size” is comparable to the “item size” of the market (see Section A.2.1).
I i i _ .
Buyer8s utility is D)’ = f g:@cg =1 igﬂ%(% and the inverse bang-per-buck\§ = 1g 0’
The (log) Nash social welfare SSW"W= 818Iong8W’. B

There exists natural bounds dhin a limit LFM. Recallag= EgRI\ is the expected value of

I
buyer8 By Gao and Kroer [29], we know thdirag Vg ! g lgP+tmingag®. We de ne

G 15 2 919

LFM = P y— R™ (1.4)
o1 2ag Ming ag

to be the region whose interidéd must lie in.
It is well-known [25, 53, 29] that the equilibrium inverse bang-per-buck in a limit (resp. nite)

LFM uniquely solves the population (resp. sample) dual EG program

V =argmin \* — W=argmin g\« (1.5)
V2R V2R®

We review other properties of LFM, such as scale-invariance and mechanism design properties,

including fairness and ef ciency, in Section A.2.1.

2We use2 since the equilibrium allocation may not be unique; equilibrium prices are unique.
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1.2.2 First-Price Pacing Equilibrium (FPPE)

The FPPE setting [13] models an economy that typically occurs on internet advertising plat-
forms: the buyers (advertisers in the internet advertising setting) are subject to budget constraints,
and must participate in a set of rst-price auctions, each of which sells a single item. Each buyer
is assigned @acing multiplierVg 2 »0-1vby the platform to scale down their bids in the auctions,
and submits bids of the forragggt\ © for each item\. From the platform's perspective, the goal
of choosingVs is to ensure that there i unnecessary pacing\ buyer's budget constraint must
be satis ed, but if\Vg Y 1 then the buyer exhausts their budget exactly. In the FPPE model, all
auctions occur simultaneously, and thus the buyers choose a Sijthkt determines their bid in
all auctions. The utility of a buyer in FPPE is quasilinear: it is the sum of their value received from
items plus their leftover budget (this is equivalent for decision-making purposes to the utility being

the value received from items minus payments).

De nition 3 (Limit FPPE, Gao and Kroer [29])A limit FPPE, denotedFPPE*1- E-BY is the
unique tupletV— 200 2 5p-1%5 | 11 °such that there exish: ! » 0-1%82 »satisfying

1. (First-price) Prices are determined by rst-price auctions: for all itelns2 , ?1\°

maxg Vgest\ ©. Only the highest bidders win: for aBand\, G!\° j 0 implies Vgggt\°

max V. E 1\°

2. (Feasibility, market clearing) Lggayg = G\ °?1\°B\°d\ be the expenditure of buy&r
i_
Buyers satisfy budgets: for élpayg 1s There is no overselling: forall, 4 ,G!'\° 1.

[
All items are fully allocated: for all, ?1\°j Oimplies 5 ,G'\°=1.
3. (No unnecessary pacing) For &lpays Y 1gimplies\g= 1.

FPPE is a hindsight and static solution concept for internet ad auctions. Suppose the platform
knows all the items that are going to show up on a platform. Then FPPE describes how the platform
could con gure theVgs in a way that ensures that all buyers satisfy their budgets, while maintain-

ing their expressed valuation ratios between items. In practicéygthare learned by an online
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algorithm that is run by the platform [57, 13], and FPPE captures the hindsight solution that these
learning algorithms should converge to. FPPE has many nice properties, such as the fact that it is
a competitive equilibrium, it is revenue-maximizing, revenue-monotone, shill-proof, has a unique
set of prices, and so on [13]. We refer readers to Congteait. [13] and Kroer and Stier-Moses
[3] for more context about the use of FPPE in internet ad auctions.

Gao and Kroer [29] show that a limit FPPE always exists and is unique, and when the item space
is atomless, a pure allocation exists. Metand? be the unique FPPE equilibrium multipliers and

prices. Revenue in the limit FPPE is
REV = 2?2 1\°B\°d\ . (1.6)

It is also easy to see thREV = ! goayg As with LFM, we will impose differentiability assump-
tions which imply uniqueness &. WhenG is unique, we leiX; = 1g payg be the leftover
budget.

In an FPPE, based on the pacing multiplier and the budget expenditure, we can categorize
buyers in terms of how they satisfy the no unnecessary pacing condition. As we will see later, the
statistical behavior of pacing multipliers varies by category.

* Paced buyers\g Y 1). We use v = f8: \; Y 1gto denote them. Due to the budget

constraints, they are not able to bid their value in the auctions at equilibrium, and by the no

unnecessary pacing condition in Def. 3, their budgets are fully exhausted, +e.
 Unpaced buyers\g = 1). We use - = f8: \; = 1gto denote them. They can be further
divided according to their budget expenditure.

— Buyers who have strictly positive leftover budgetg € 1-0Y X,  19. This category

also includes buyers who do not win any itervs € 1-X = 1g).

— Degenerate buyers/{ = 1-X = 0); and edge-case in the FPPE model. If these buy-
ers were given an arbitrarily-small amount of additional budget then they would have

positive leftover budget at equilibrium without changing the equilibrium. For the FPPE

19



statistical theory developed in this chapter, we assume absence of such buyers (As-
sumption 2). In follow-up work to the conference version of this chapter, Liao and
Kroer [100] give some results for the case where degenerate buyers exist.
We letW= f\1— e ¢ QybeCi.i.d. draws fromB each with supply = 1C They represent the
items observed in an auction market. The de nition of a nite FPPE is parallel to that of a limit

FPPE, except that we change the supply function to be a discrete distribution suppdfied on

De nition 4 (Finite FPPE, Conitzeet al. [13]). The nite observed FPPEEPPE'1- E—f-9\s
the unique tupléV—? 2 >0-1%4 RF such that there existg§} 2 »0-1¥satisfying:

1. (First-price) For allg, ?9 = maxgVg. For all 8andg, G i OimpliesVgE = max V. E.
2. (Supply and budget feasible) For 8If ! ¢@?¢ 1g Forallg, ! & 1L

3. (Market clearing) For allg, ?9 i Oimpliesi &=1

4. (No unnecessary pacing) For &lIf ! g @79 Y lgimplies\g= 1.

Let WL %6 = FPPE11—E—f= 1+C-W As for LFM, decreasing supply per item ensures
that for all market sizes, the “buyer size” is comparable to the “item size” of the market (see
Section A.5.1). Given the equilibrium pric®¥= »?1—e«+«_3 the revenue in a nite FPPE is

|
=1 C »~g
- C g:1 H .

I
W_
REVY= f gzl?g
It is well-known [53, 13, 29] thaVin a limit (resp. nite) FPPE uniquely solves the population

(resp. sample) dual EG program

V =argmin 1\ — W=argmin g\ - (1.7)
\V2104% \2104%

where the objectives and care the same as in Eq. (1.5). The difference between the LFM and
FPPE convex programs is that for FPPE we impose the cons#aino-1va.

The EG program and certain quantities of the FPPE are related as follows.

Lemma 1. Suppose is twice continuously differentiable at the equilibrium pacing multiplier

vectorV. Thenr Vo= X, andr? 1VOV =x»ljeV,—cee—dV. %
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Proof sketchThe rst equality follows from the fact that leftover budgets are the Lagrange
multipliers corresponding to the constraivit 1 2 R™. The second equality follows from the

rst-order homogeneity of5'\—- \? = maxg Vdsst\ © in Eq. (1.2). Appendix A.6 for details.

1.2.3 Differentiability Assumption

As previously explained, our statistical theory will be founded on M-estimation theory. In
" -estimation, twice differentiability is usually required in order to establish asymptotic normality,
and we will similarly impose it on the EG objective (Eq. (1.3)) for our asymptotic normality results
in LFM (Theorem 5) and FPPE (Theorem 10), and the statement of minimax lower bounds (Theo-
rems 6 and 11) in later sections. We will revisit differentiability and derive suf cient conditions on

market primitives in Section 1.5, after we present the main statistical results for LFM and FPPE.

Assumption 1(smo). LetV denote the equilibrium inverse bang-per-buck in LFM, or the equilib-
rium pacing multiplier in FPPE. Assume the m¥y! 5'\° = Eg»maxg Vgs!\ °¥is twice continu-

ously differentiable in a neighborhood Wf. We letH =r?2 Ve,

1.3 Statistical Results for Linear Fisher Markets

We now turn to investigating the statistical convergence properties of nite LFMs to the limit
LFM. Suppose we sample an LFI\EEMll— El. C—9Y whereWconsists ofCi.i.d. samples from
B We will study how such nite LFMs are distributed around the limit LFMARM*1—-E—-B9) asC
grows. We focus on convergence of the following quantities: individual utilities, (log) Nash social
welfare (NSW), and the pacing multiplier vectd{which characterizes the equilibrium, as shown
in Eq. (1.5)). Section 1.3.1 presents strong consistency and convergence rate results. Section 1.3.2
presents asymptotic distributions for the quantities of interest, and a local minimax theory based
on Le Camet al.[32], showing that the nite LFM provides an optimal estimate for the limit LFM

in a local asymptotic sense. Section 1.3.3 discusses estimation of asymptotic variance of NSW.
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1.3.1 Basic Convergence Properties

In this section we show that we can treat observed quantities in the nite LFM as consistent
estimators of their counterparts in the limit LFM. Below we state the consistency results; the formal
versions can be found in Section A.2.2. We say an estimator seqti@ge strongly consistent

for O if Pllimg Oc=0°=1.

Theorem 1(Strong Consistency)rhe NSW, approximate equilibrium pacing multipliers, and util-
ity vectors in the nite LFM are strongly consistent estimators of their counterparts in the limit

LFM.

Next, we re ne the consistency results and provide nite sample guarantees. We start by fo-
cusing on Nash social welfare and the set of approximate market equilibria. The convergence of

utilities and pacing multipliers will then be derived from the latter result.

Theorem 2. For any failure probability0 Y [ Y 1, letC 2Flogt4=+[°. Then with probability

greaterthanl [, we havq'NSWW NSW | $11I°E IO:Iog“=, BEC, IOlogllo[O C¥*2where

$ 11° hides only constants. Proof in Appendix A.4.2.

In more intuitive wording, Theorem 2 establishes a high-probability convergendgé@ite"’
NSW j = $‘?1EpEC1‘2°. The proof proceeds by rst establishing a pointwise concentration in-
equality and then applies a discretization argument.

To state the result for the pacing multiplie¥swe de ne approximate market equilibria (which

we de ne in terms of approximately optimal pacing multiplier vectv)sLet
BMe=fV2R™ : ¢Ww inf ¢V, ng-B °=fV2R : 1\ inf 1\, nge (1.8)

be the sets afi-approximate solutions to the sample and the population EG programs, respectively.
The next theorem shows that the setne2-approximate solutions to the sample EG program is

contained in the set afapproximate solutions to the population EG program with high probability.
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Theorem 3(Convergence of Approximate Market Equilibriunt)etn j 0 be atolerance parame-
ter andU 2 0-1° be a failure probability. Thenforany X ne2, to ensure® |gy\B Vi)

tem VB I 1 2Uit suf ces to set

. 11 6l2= P
C $11°Fmin T =log *5EF  logd - (1.9)

where the set |y, de ned in Eq.(1.4), is the natural region in whiclv must lie, andb 11° hides

absolute constants. Proof in Appendix A.4.3.

By construction of (g we knowV 2 | gm holds, and so gy \ B 1n°is not empty. In the
appendix, Lemma 5 shows that f@suf ciently large, W2 | gm with high probability, in which

case the set g,y \B )@ is not empty. Settingk = 0in Theorem 3 we obtain the corollary below.

Corollary 1. LetCsatisfy Eq(1.9). Then with probability 1 2Uit holds W Vo n

5

More importantly, it establishes the fast statistical ra@@ 1V ©° = $51=F«1 C° for
Csuf ciently large, where we us&™ to ignore logarithmic factors. In words: the limit LFM
objective value of thenite solution\converges to the optimal limit LFM objective value ateC
rate.

By strong convexity of the dual objective, the containment result can be translated to high-

probability convergence of the pacing multipliers and the utility vector.

q
Corollary 2. LetGsatisfy Eq(1.9). Then with probability at least 2Uwe havekW V ko &n
andkDV Dk, ‘T‘p 8ne 1.

We compare the above corollary with Theorem 9 from Gao and Kroer [29] which establishes
a convergence rate of the stochastic approximation estimator based on the dual averaging algo-
rithm [103]. In particular, they show that the average of the iterates, deNgteeknjoys a conver-
gence rate ok\pa V k% =% %%: , whereCis the number of sampled items. The rate achieved

in Corollary 2 iskWW Vv k% =$> :1—':52%3 . We see that our rate is worse off by a factorofWe
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conjecture that it can be removed by using the more involved localization argumentsJ104].
the positive side, our estimates are produced by the strategic behavior of the agents without any
extra computation, and can be observed directly fidinin contrast, the computation of the dual

averaging estimator requires knowledge of the valgd<.

1.3.2 Asymptotics of Linear Fisher Market

In this section we derive asymptotic normality results for Nash social welfare, utilities and
pacing multipliers. As we will see, a central limit theorem for Nash social welfare holds under
basically no additional assumptions. However, the CLTs of pacing multipliers and utilities will
require twice continuous differentiability of the population dual objectivat optimality, with a
nonsingular Hessian matrix. We present CLT results under such a premise; Theorem 16 gives three

quite general settings under which these conditions hold.

Theorem 4 (Asymptotic Normality of Nash Social Welfarelt holds that

Pansw® Nsw ekt o-2 0 - (1.10)

wheref 2. =Vart? °= 1?2 %2R\ * 2 Bi\°2 Proofin Appendix A.4.4.

As stated previously, our asymptotic results ¥6andDrequire that is twice-continuously
differentiable atv . When this differentiability holds the set of items that incur tieBmeasure
zero (see Theorem 15), and thus the equilibrium allocaiian the limit LFM is unique and must
be pure. Nowwe deneamap : ! R7, which represents the utility all buyers obtain from

the item\ at equilibrium. Formally,

110 = G\ O 1\ O e e e G OE1\ OV (1.11)

SinceG is pure, only one entry of 1\°is nonzero. Clearly = Bd\ = »D—e+—H.

3 A recent work by Liu and Tong [105] shows the dimension dependence can be improved using a stability argu-
ment.
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Theorem 5 (Asymptotic Normality of Pacing Multipliers and Utilities).et Assumption 1 hold

with non-singular Hessian matrid =r 2 1V °, Then
Paw vorlli oo v- Pen” pol o p- (1.12)

where y=H Cow’ °H land p=diagt 1g!Vg°%°H Cowt’ °H ldiagt 1gt Vg% Proof

in Appendix A.4.4.

Theorem 4 can also be derived from Theorem 5 using the delta method, é8\de =
_ i _ :
g118l0gD° = glglog!le Vg° is a smooth function oY/ .
We will show that the asymptotic variances in Theorem 5 are the best achievable, in an asymp-
totic local minimax sense. To make this precise, we need to introduce “supply neighborhoods”

obtained through perturbing the original supgly

Perturbed Supply

First we introduce notation to parametrize neighborhoods of the sipphlgt6 2 3 =6

I R3: Ex6Y%= 0-E»l6k?¥4Y 1g be a direction along which we wish to perturb the supply
B Given a vectot) 2 R® signifying the magnitude of perturbation, we want to scale the original
supply of item\ by exptU' 61\ °° and then obtain a perturbed supply distribution by appropriate

normalization. To do this we de ne the perturbed supply*by

B_g\°= Iy U6\oyg\° (1.13)

with a normalizing constant = 1, U61\°B\°d\. AsU ! 0, the perturbed suppli,_s
effectively approximateR;_¢\°/ exptU 61\ °°BH e
We letV_g DO,_eaNdNSW ,_gbe the limit inverse bang-per-buck, price and revenud-'1— EBs- °.

ClearlyV =V, (for any6 and similarly forD), ;andNSWg_¢

4In Duchi and Ruan [33] they allow more general classes of perturbations, we specialize their results for our
purposes.
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Asymptotic Local Minimax Optimality

Given the asymptotic normality of observed LFM, it is desirable to understand the best possible
statistical procedure for estimating the limit LFM. One way to discuss the optimality is to measure
the dif culty of estimating the limit LFM when the supply distribution varies over small neighbor-
hoods of the true suppl® asymptotically. When an estimator achieves the best worst-case risk
over these small neighborhoods, we say it is asymptotically locally minimax optimal. For general
references, see Vaart and Wellner [28] and Le @aual.[32]. More recently Duchi and Ruan [33,
Sec. 3.2] develop asymptotic local minimax theory for constrained convex optimization, and we
rely on their results.

Let! : R° ! R be any symmetric quasi-convex lossin asymptotic local minimax theory

we are interested in the local asymptotic risk: given a sequence of estim$tors©!  R7gg

LARfVg® =  sup lim liminf sup Egg 1pé\7c V,_8oVa

62 3-2N2 A ke &

If we ignore the limits and consider a xe@thenLAR\ roughly measures the worst-case risk for
the estimator$ Vg Note thatU is a 3-vector, and thus the shrinking norm-balls depen@pand
the expectation is taken w.r.t. ti&fold product of the perturbed supply.

Similarly, de ne the risk for utility D (resp. Nash social welfarldSW) given an estimator

sequencélg (resp.f ﬁSch):
T P-
LARpfDg® = su lim liminf sup Egc» 1 CBD: Q0L
P 62 3—p2N 21 QL pp% fs -5

LARNsw' fNSW@® = sup lim liminf sup Egc 1p_G|\§SWC NSW,,_g°Va
62 g-2n2l O i & T

SA function is quasi-convex if its sublevel sets are convex.

26



Theorem 6. Let Assumption 1 hold. Then

igf LARVIVg® Ex» IN10— \°0U%
(63
igf LARDH Dg® Ex IN10— POV

inf LARnsw fRSW@o Ex IN10-f2, 00V
NSWc

wheref ﬁsw is de ned in Theorem 4, and\~ pin Theorem 5. Proof in Section A.4.5

1.3.3 Variance Estimation and Inference

In this section we show how to construct con dence intervals for Nash social welfare. We will
show how to construct con dence intervals for pacing multipliers and utilities in the FPPE section.
The procedure is similar for LFM, and thus we omit it here.

First, regarding inference, itis interesting to note that the observed N&M/(’\j is a negatively-
biased estimate of the limit NSWNSW ), i.e., E-NSW™, NSW 0.5 Moreover, it can be
shown that, when the items are i.ibmin & E>min ¢ 1%by a simple argument from Propo-
sition 16 from Shapiro [106]. Monotonicity tells us that increasing the market size produces, on
average, less biased estimates of the limit NSW.

To construct con dence intervals for Nash social welfare, one needs to estimate the asymptotic

, , : , . I :
variance. Let?9 be the price of item 9 in the nite market, and? = & gC::L?g. The variance
estimator is then

1&
2 _ 2
P2 = % g 92, (1.14)
o=1

We emphasize that in the computation of the variance estinﬁ‘q@;;, one does not need knowl-
edge of the valuationfsst\ 9°g_g All that is needed is the equilibrium pric@¥/= 1?21—«« « @for

the items. Given the variance estimator, we construct the con dence intétgan" | U.zfi?é%w ,

®NoteEXNSWW4 NSW = Esminy dW% VO minyE» WY 1V O = Qe
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wherely is the U-th quantile of a standard normal. The next theorem establishes validity of the

variance estimator.

? .. -
Theorem 7. It holds thatf",flSW!' frﬁsw- Given0 Y U Y 1, it holds thatlimagg P NSW 2

NswW IU.Zf"NSW-pC%: 1 U. Proofin Appendix A.4.6.

1.4 Statistical Results for FPPE

Next we study statistical inference questions for the FPPE model. Since FPPE is characterized
by an EG-style program similar to that of LFM, many of the results for FPPE are similar to those
for LFM. However, an important difference is that the FPPE model has constraints on the pacing
multipliers, which makes the asymptotic theory more involved. As for LFM, we assume that we
observe a nite auction markétPPE*1— Et» C-4With WbeingCi.i.d. draws fromB °, and we
use it to estimate quantities from the limit markdtPE*1- E— B% In FPPE we mainly focus on
the revenue of the limit market, and for the same reason as in LFM, since FPPE is characterized
by an EG program with pacing multiplier as the variables, we also present resWNtsSonilarly

to the LFM case, one can use results¥o derive estimators for buyer utilities.

1.4.1 Basic Convergence Properties

Since FPPE has a similar convex program characterization as LFM, strong consistency and

convergence rate results can be derived using similar ideas.
Theorem 8. We have'f™ v , andREVWVI™ REV . Proof in Appendix A.7.1.

We complement the strong consistency result with the following rate results. They are derived

using a discretization argument similar to the one for LFM.

p:1 — 10 =1 = 10
Theorem 9. It holds thatkVW V kp = $71—==825 20 andjREVY REV j = $~?1Ep‘5>#é.c°-
Proof in Appendix A.7.2.
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The above bounds hold for a broad class of limit FPPE models and may be loose for a particular
model. In Section 1.4.2, we show that for buyggsf8: V; = 1g, their pacing multipliers converge

at a rate faster thar,11e P C.

1.4.2 Asymptotics of FPPE

As in LFM, our statistical inference results require the limit market to behave smoothly around
the optimal pacing multipliery . To that end, we will make Assumption 1, as in LFM. Similar
to LFM, under Assumption 1, the equilibrium allocati@nis unique and must be pure. Again we

can de ne
110 = G\ O 1\ O e e 0 B OE.1\ OV ¢ (1.15)

Under Assumption 1, the equilibrium allocati@h is unique, so * ° is also unique. Moreover,
T N\o=y BN\-VO andlVveT 1\°=7? 1\° (the set of nondifferentiable points has measure zero,
and thus we can ignore such points). Also’ledenote the utility from items:

1

= = B\2R (1.16)

Note that in the FPPE model, buyers' utility consists of two parts: utility from items and leftover

budgets. In FPPE, the pacing multipliers relate budgets and utilities via [13]
g, Xg=le Ve (1.17)

In the unconstrained case, classitalestimation theory says that, under regularity conditions,
an" -estimator is asymptotically normal with covariance maittix'VartgradientH *[31, Chap.
5]. However, in the case of FPPE, which is characterized by a constrained convex problem, the
Hessian matrix needs to be adjusted to take into account the geometry of the constrairt set

10-1%z at the optimumV . We letP = diagt11V; Y 1°° be an “indicator matrix” of buyers whose
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Vy Y 1, and de ne the projected Hessian [107, Section 12.5]
H =PHP (1.18)

It will be shown that the asymptotic variance @'is H YVarigradientH Y and the “gradient” is

exactly” .
Assumption 2(scs). Strict complementary slackness holdg:= 1 impliesX; j O.

Assumption 2 can be viewed as a non-degeneracy condition from a convex programming per-
spective, sinceg corresponds to a Lagrange multiplier 8 1. From a market perpective,
Assumption 2 requires that if a buyer's bids are not padgd«( 1), then their leftover budgex;
must be strictly positive. This can again be seen as a market-based non-degeneracy condition: if
%, = 0 then the budget constraint of buygis binding, yetV; = 1 would imply that they have no
use for additional budget. If Assumption 2 fails, one could slightly increase the budgets of buyers
for which Assumption 2 fails, i.e., those who do not pace yet have exactly zero leftover budget,
and obtain a market instance with the same equilibrium, but where Assumption 2 holds.

From a technical viewpoint, Assumption 2 is a stronger form of rst-order optimality. Note

r Vo= X (cf.Lemma 1). The usual rst-order optimality condition is

r 1VO2N Vo (1.19)

I - . . . .
whereN 1\ = o, g\ is the normal cone withg!\? = »0-1° if Vg = 1 and g\ = fOg if
VY 1for V2 R™ . Then Eq. (1.19) translates to the condition that 1impliesX; 0. Onthe

other hand, when written in terms of the normal cone, Assumption 2 is equivalent to

r  1Vo 2relinttN 1V oo 7

"The relative interior of a set ilint*(° = fG2 ( : there exists1 j Osuch tha# ,®@\ a 1(° (gwherea *(°
is the af ne hull of (, and# 1@ is a ball of radiush centered oG
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equivalent to the conditioNg = 1 impliesX; i 0. Given thatrelint!N 1V ° N 1V©° As-
sumption 2 is obviously a stronger form of rst-order condition. Conditions like Assumption 2 are
commonly seen in the study of statistical properties of constrdinagtimators ([33, Assumption

B] and [34]). In the proof of Theorem 10, Assumption 2 forces the critical cone to reduce to a
hyperplane and thus ensures asymptotic normality of the estimates. Without Assumption 2, the

asymptotic distribution o¥*could be non-normal.

Asymptotic Normality

We now show that the observed pacing multipli#¥$and the observed reveniReV" are

asymptotically normal. De ne th&n uence functions

V1\0: 1H oyi1* 1\o =~ o_
(1.20)
REVl\O =72 1\0 REV . 1> of V1\o.

Recall” is de nedin Eg. (1.15), in Eqg. (1.16),H in Eq. (1.18). And not&» %= 0 and
E» REV1/4: 0.

Theorem 10. If Assumptions 1 and 2 hold, then

1 &

Paw vo- P2 v\ 9o >,110 (1.21)
9=1
P W 10
CREVW REV°= Pr. Revi\ 90 >,110 . (1.22)

0=1

P

ConsequentIyP_G\fN Veoand GREVW REV °are asymptotically normal with means zero

and variances v = E» y (%= 'H %Vart® °1H % andf2_, = E» gey!\°%% Proof in

REV
Appendix A.7.3.

The functions v and rgy are called the in uence functions of the estima¥$andREVY
because they measure the change in the estimates caused by adding a new item to the market

(asymptotically).
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Theorem 10 can be simplied if- = » %i.e., the rst: buyers are the ones wittg = 1.

Let and\)-\'-(vdenote the subvectors corresponding o and de ne\- and \/\:Nsimilarly. Let
Hy denote the lower right= :° 1 = :9°block of H corresponding toy. Theorem 10 then
givespé\/\\-’-(v V4@ !?\I 1 0 vy andp_G\):N V_.° = >,11° for some positive semi-de nite matrix

v—v2. To see this, note the pseudo-inverse of the projected Hedsia®y = diagt0. - —Hy° 1o,
Consequently?é\/g’v V;° is of order>,11° for 82 -, and thus converging faster than the usual
$ -11° rate. In fact, one can shoF?F\/gN: 1°! 1forall82 -; see Lemma 24. The fast rate
phenomenon is empirically investigated in Section 1.6.1.

A practical implication of Theorem 10 is the identi cation of budget constrained buyers in the
limit market. By Assumption 2 we have = f8: V; = 1g=f8: X; i Og, i.e., - is the set of
buyers who are not budget constrained, and- f8: Vg Y 1g = f8: X = Ogis the set of buyers
that exhaust their budge?. The fast rate>>1C1*2° implies that the platform can identify which

buyers are budget constrained with high con dence.

Corollary 3. Let Assumptions 1 and 2 hold. Let= f8: \/;N 1 ngand’y = >V, L for some
sequencecsuch thaD)  ng= >11° andea! 22 1041Y% ThenPtt = _and’y = y°! 1.

Finally, Theorem 10 implies fast revenue convergence if ;. In this case, the in uence
function rgy!\°=0forall\ becauséd V =" if - =; (Lemmal),andV° 1\°="? 1\0
Then Eq. (1.22) giveg_GREVW REV © = >,11°, Intuitively, if V?BN\"( 1 for all 8 then all buyers'
budgets are exhausted in the observed FPPE, and so wRBaé= ! &11s By the convergence
\/W!? V and that\’/8 Y 1 for all § we know that for larg€with high probability,\)gN\"( 1 for all 8
and thusREV= ! a118= REV . In that case, it must be that the asymptotic variance of revenue
equals zero.

In an FPPE, individual utilities and Nash social welfare can be similarly de ned. By applying
the delta method and Theorem 10 we can derive asymptotic distributions for these quantities, using

the fact that they are smooth functions\bfSee Appendix A.7.5 for more details.

8If - (resp. v) is empty, we disregard the statement‘f&(resp.\/\-\’-(v).
SWithout Assumption 2 we only haves : Vg Y1g f8: X = 0gandf8: X j Og f8:\V; = 1gby
complementary slackness.
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Asymptotic Local Minimax Optimality

Given the asymptotic distributions fdandREV, we will show that the observed FPPE esti-
mates are optimal in an asymptotic local minimax sense. Recall in Section 1.3.2 we have de ned

the perturbed supply family 3 of dimension3 with perturbationtU— 6.

Asymptotic local minimax optimality for V. We rst focus on estimation of pacing multipliers.

For a given perturbatiohU— 8, we letV,;_g ?,_saNdREV_gbe the limit FPPE pacing multiplier,

price and revenue under supply distributing Clearly V. =V, for any 6 and similarly for
?2u_s@NdREVy_g Let! : R° ! R be any symmetric quasi-convex los$. In asymptotic local
minimax theory we are interested in the local asymptotic risk: given a sequence of estimators

f¥e: ©1 Rogs

D P-
LARV VGO = sup lim liminf sup Egc @ GV V| _Q%Va
62 ;2N 0L, & Fue e

As an immediate application of Theorem 1 from Duchi and Ruan [33], it holds that

i\glf LARVVg® E» IN10-H 9YVarl® 01 oyooi,
fVege

where the expectation is taken w.r.t. a normal speci ed above. Moreover, the lower bound is
achieved by the observed FPPE pacing multipl¥according to the normality result in Theo-

rem 10.

Asymptotic local minimax optimality for revenue estimation. For pacing multipliers, the re-
sult is a direct application of the perturbation result from Duchi and Ruan [33]. The result for

revenue estimation is more involved. Given a symmetric quasi-convex logs! R, we de ne

10A function is quasi-convex if its sublevel sets are convex.
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the local asymptotic risk for any procedu&:: ©! Rgthat aims to estimate the revenue:

L p_
LARRevifAg°= sup lim liminf sup Egc» ! CGA. REV, Q%
62 5—2N21 QL 2 BuZe U-6

Theorem 11(Asymptotic local minimaxity for revenue)f Assumptions 1 and 2 hold, then
]!% LARRevfAQ° Ex IN 1O—f§EV°°1/4

Proof in Appendix A.7.7. In the proof we calculate the derivative of revenue W,nwhich
in turn uses a perturbation result for constrained convex programs from Shapiro [34]. Again,
the lower bound is achieved by the observed FPPE rev&id" according to the normality
result in Theorem 10. Similar optimality statements can be madP &mdNSW by nding the

corresponding derivative expressions.

1.4.3 Variance Estimation and Inference

To perform inference oWV , we construct estimators for the in uence functions Eq. (1.20). In
turn, this requires estimators for the projected Hesslan(Eq. (1.18)) and the variance of the
utility map ~  (Eg. (1.15)). First, given a sequence of smoothing paramaters= >11° and
Yp_gC! 2 2 10-1Y,4 we estimate the projection matrix by P = diaglllvgN\"( 1 Yp_8° eFor
another sequencéy _c= >11° with Yy _gf:! 1 , we introduce a numerical difference estimator

H for the Hessian matrikl , whose8—%th entry is
Heo=» aVWo  gWo  ayWo = aWoyaay? o (1.23)

with W = W 45vy ¢ 4oYy_cand cis de ned in Eq. (1.3). Finallyd = PHP is the

estimator ofH . Next, recall@V= 1@%_gand *E%_qare the allocation and values in the nite
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FPPE. Mimicking inEq.(1.15), inEg.(1.16)andCov*" °, de nethe nite sample analogues

~

1% L 1O
CEGEme B S = =g Yo e A2
g:l g=1

With all the new notations, we de ne the estimators of in uence functions in Eq. (1.20)

Ng— 1 ) oy1irgd tfo_ N — 99 W 1 ~oT Ag
v=1H REV—? REV™, v

Given that the asymptotic variances W andREVWareE» v andE» EeEvl/"‘ respectively,

plug-in estimators for the (co)variance are naturally

N _1~ /\gl AgoT_ll\ OyAll\ oy 2 _10:1/\9 02
V=o vV =tH H @ —feey = T REV (1.25)
g=1 g=1

Theorem 12. Let the conditions of Theorem 10 and the required rate conditiongag Y, _dold.

? ?
Then™y!" vandfZ ! f 2. . Proofin Appendix A.7.8.

For anyU 2 10-1°, the®1l W°-con dence regions foV andREV are

CRy=W, 1j :_Up'e“\l,'zs — Clgey = »REVWY |U.2f\REV-p'C% (1.26)
wherej —_yis thell UP°-th quantile of a chi-square distribution with degreeB is the unit ball
in R~, andl g, is thell go-th guantile of a standard normal distribution. The coverage rate of
Clrey is empirically veri ed in Section 1.6.3.
The rate condition ofYy _suggests choosing; .= C3for0Y 3 Y % Section 1.6.1 studies

how the choice 08 affects the Hessian estimation numerically.

Hessian-Free Variance Estimation under a Bid Gap Condition

We now show that the Hessian estimation can be avoided if there is suf cient separation be-

tween the highest and second-highest bids. De ne the gap between the highest and the second-
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highest bids under pacing multipli&tby
bidgap®V-¥% = max Vg&st\ °g secondmaikVgest\ °g— (1.27)

heresecondmavs the second-highest entry; e.gecondma¥»1-1-2v4°= 1. The condition will
require integrability of the inverse of the bid gap, iExpidgaptV-¥ %Y 1. We introduce a
new price function as follows. Ii- < ; , we de ne

rN0=? 1\°1fr£axV8Egl\° = Qaz;VSEBle-
If - =, then we de ne?>\° = 0. The new price functior? preserves the price of an item
\ if it is won by a buyer in -, and * sets the price t@ otherwise. For the simpli ed revenue
variance estimator we need an estimator 9fwhich naturally is™ = f8: \/QN 1 Yer@

i :
Recall revenucREVW,: z gzl?g and price?W= »?1— e+, De ne 29 = 291fmaxgy~ V4 =
MaXp =g B30, ™= %: gczl?g_ De ne the simpli ed variance estimators (neither of which requires

Hessian estimation):

1& | |
1hl%EV—sim = C 129 22—\ gim = Iﬂdlagll\)g%zlslf’ Ad|ag11\/;3A621810|6 . (1.28)
o=1

Theorem 13 (Hessian-Free Inferencel.et the conditions of Theorem 10 and the required rate
condition onYp_dhold. If additionallyE>bidgap®V —° 1¥4Y 1, thenf erEv =Vart?%and y=
PdiagttVg°%11°Covt™ °diagttVg°21,1°P. Moreover, the Hessian-free variance estimators are

. 2 2 . .
consistent,"vsim!  vandfZ., . ! f 2 . Proofin Section A.7.9.

1.4.4 Application: A/B Testing in First-Price Auction Platforms

Consider an auction market withbuyers with a continuum of items with supply function
B Now suppose that we are interested in the effect of deploying some new technology (e.g. new

machine learning models for estimating click-through rates in the ad auction setting). To model
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treatment application we introduce thetential value functions

ELO° = 15 10-O— o o e =D 00— E10 = 1110 s e[l 00

If item \ is exposed to treatmeft 2 f0-1g, then its value to buyeBwill be EtF—\°.

Suppose we are interested in estimating the change in the auction market when treatment 1
is deployed to the entire item set In this section we describe how to do this using A/B test-
ing, speci cally for estimating the treatment effect on revenue. Formally, we wish to look at the

difference in revenues between the markets

FPPE!1— EQ°— BandFPPE!1— E1°- B-

whereFPPE!1-EQ°- B is the market with treatment 1, arePPE!1-E1°— B is the one with

treatment 0. The treatment effects on revenue is de ned as

Grev = REV 11° REV 10° —

whereREV F° is revenue in the equilibriurRPPE*1—- EF°— B

The A/B test framework we put forward above is rather general. This formalism is able to
model treatments which ultimately affect the market via shifting the value distribution. We list
several examples below.

» User interface (Ul) changes (on the item side). Adjustments to ad aesthetics (e.g., font styles,
ad placement, or link position) and user-side Ul (e.qg., button sizes, creating a holiday-themed
user interface, running promotions during a major sports event) can be seen as modifying
the experience that every user impression—our “item”—undergoes. They affect each user's

interaction with the content, thus shifting the value distribution of those items.

* Platform algorithm improvements (internal to the platform). Re nements in the value predic-

tion algorithms, or the introduction of new ranking methods, and implementing ads quality
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Iters all shift the distribution of item values.

» Addition (or deletion) of buyers. Say we add a buyer in B. We simply create a dummy buyer
in A whose value function is zero for all items to represent that new buyer.

We will refer to the experiment design badget splitting with item randomizatiofihe design
works in two steps, and closely mirrors how A/B testing is conducted at large tech companies.

Step 1. Budget splitting.We create two markets, and every buyer is replicated in each market.
For each buyeBwe allocateclg of their budget to the market with treatment= 1, and the
remaining budgettl c°lg to the market with treatmeift = 0. Each buyer's budget is managed
separately in each market.

Step 2. Item randomization. Let 1\ 1—\?— e« 8 be i.i.d. draws from the supply distributidh
For each sampled item, it is applied treatmentith probabilityc and treatmend with probability
1 c. The total A/B testing horizon i€ When the end of the horizon is reached, two observed
FPPEs are formed. Each item has a supplg«} in the 1-treated market aridd  c°<@ in the
O-treated market. Thi» G is the scaling required for our CLTs and théactor ensures the budget-
supply ratio agrees with the limit market; due to FPPE scale-invariance, we could equivalently
rescale budgets.

Let @ be the number dd-treated items, an@ be the number of-treated items. Conditional on
the total number of item&= G, G, the random variabl€ is a binomial random variable with mean
cC Let WQ° = 1\ 17—« e e 11 pe the set ob-treated items, and similari#1° = 1\ 01— e e o 060,

The total item seWW= WOQ° [ W1°. The observables in the described A/B testing experiment are

FPPE c1-E1-S—WI° —FPPE 11 c°1- E0°-LS— W0 —

both de ned in Def. 4. LeREV™F° denote the observed revenue in théreated market. The

estimator of the treatment effect on revenue is
Gkev = REVM10  REVYM(Q.
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For xed 11-B the variancd éEV in Theorem 10 is a functional of the value functions. We

will use f 2

rey FO to represent the revenue variance in the equilibrkePE*1- EF°- B Each

variance can be estimated using Eq. (1.25).

Theorem 14 (Revenue treatment effects asymptotic normali§yppose Assumption 1 and As-

sumption 2 hold in the limit markeSPPE*1- E1°- B and FPPE*1— EQ°— B Thenp_Gg;EV

2 2
gQEVO |?\| O f REV:L:Lo f REVloo °

[ > 11 c°

Proof in Appendix A.7.10.

Based on the theorem, an A/B testing procedure is the following. Compute the revenue variance

as Eq. (1.25) for each market, obtainifg., *1° andf 3

REV10°, and form the con dence interval

P2 110 P2 100
Grev o2 RE;/ . 1FiEVC0 . (1.29)

If zero is on the left (resp. right) of the CI, we conclude that the new feature increases (resp.
decreases) revenue with U° 100%con dence. If zero is in the interval, the effect is undecided.

See Section 1.6.3 for a semi-synthetic study verifying the validity of this procedure.

1.5 The Differentiability of the EG Objective

In this section, we provide lower-level conditions on the market's primitives and equilibrium
such that Assumption 1 is implied.

We start with the differential structure d&'\—\ = max VgEst\°. The function 51\—-\? is
a convex function ofV and its subdifferentiahy 5'\—-\? is the convex hull off Bdg 2 Rf :
index8such thatvgst\ © = max V. E 1\ °g, with 4gbeing the base vector R~. Whenmag Vst \ ©
is attained by a uniqu@, the function5is differentiable. In that case, ti&h entry ofr y5'\—\P

is Bgt\ © for 8= 8 and zero otherwise.

1.5.1 First-order Differentiability

The bidgap function in Eq. (1.27) is useful for characterizing rst-order differentiability of

51\° = Ep»5'\—\P¥4 When there is a tie for an itetn we havebidgap!V-¥? = 0. When there
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is no tie for an item\, the gapbidgap*V-"¥ is strictly positive. The gap function characterizes

smoothness 06: 5! —\° is differentiable aV/iff bidgap*V-"Y is strictly positive.

Theorem 15 (First-order differentiability) The following are equivalent. (i) The dual objective
is differentiable at a poin¥. (ii) The function\ 7! bidgaptV-? is strictly positiveBalmost

surely:

Pif\ : bidgap!V-" i 0g°=1- (1.30)

(iif) The set of items that incur ties under pacing pro\as Bmeasure zeroP!\ 2 : Vg!\° =
V. E 1\°for someB< :°=0.

When one and thus all of the above conditions hold for sdnine gradientr \,5'\—\? is
well-de ned forBalmost every, andr 5'\° = Ex»r 5'\— V¥ Proof and further technical remarks

given in Section A.1.2.

1.5.2 Second-order Differentiability

Given the neat characterization of differentiability of the dual objective via the gap function
bidgap*V-Y¥, it is natural to explore higher-order smoothness, which is needed for some of our
asymptotic normality results. On the negative side, Appendix Example 5 gives an example where
Eq. (1.30) holds at a poin¥ and 5 is differentiable in a neighborhood &f yet 5 is not twice

differentiable atv. We now provide suf cient conditions that imply twice differentiability of.

Theorem 16 (Second-order differentiability, informal)f any of the following conditions hold,
then5andthus are 2atapointV. (i) A stronger form of Eq(1.30)holds: ExbidgaptV—¥? ¥4
1. (ii) The angular component of the random veckbr 'E—<<+—=E: | R" is smoothly
distributed. (iii) = »0-1%Bis the Lebesgue measure, the valuatiggis®'s are linear functions,
integrating to 1, with distinct intercepts, ardis the equilibrium inverse bang-per-buck in LFM.

See Appendix A.1 for formal statements.
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We brie y comment on the inverse bid gap integrability condition. By Theorem 15 we already
know a necessary and suf cient condition for rst-order differentiability is that for all items (up to a
measure-zero set) there is a positive bid gap. The integrability condition essentially guarantees that
for most items, the bid gap is suf ciently positive. We prove suf ciency for twice differentiability
by rst showing that the bid gap is a Lipschitz constant for the gradient of the EG objective, and
then apply the dominated convergence theorem.

We show in Appendix A.1.3 that when is twice differentiable, the Hessian matrix ofhas a

closed-form expression.

1.6 Experiments

1.6.1 Synthetic Experiment
Hessian Estimation

Recall that a key component in the variance estimator is the Hessian matrix, which we estimate
by the nite-difference method in Eg. (1.23). Finite difference estimation requires the smoothing
parametelYs The smoothingrcis used to (1) estimate the active constraints and (2) construct the
numerical difference estimatét . Theorem 12 suggests a choiceYef= C3 for some0 Y 3 Y %

In Section A.8.1, we investigate the effectdhumerically. Here we give high-level take-aways.
We nd that 3 represents a bias-variance trade-off. For salhe variance of the estimated value
Hggis small and yet bias is large. For a lar§evariance is large and yet the bias is small (the

estimates are stationary around some point). Our experiments suggesd @2siie32-0+47°.

Visualization of the FPPE Distribution

Next we look at how the FPPE distribution behaves in a simple setting. We choose the FPPE
instances as follows. Consider a nite FPPE with= 25 buyers andC= 1000items. Let* g
be i.i.d. uniform random variables o#-1v4 Buyers' budgets are generated by= * g, 1 for

8= l-e+es5andlg = * gfor 8= 6-+++25 The extra budgets are to ensure we obséfve 1
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Figure 1.2: Finite sample distributions or%'G\)SN Vg of 5 buyers in an FPPE. We see that for
buyer 25, its nite-sample pacing multiplier is exactly 1 for most of the time. For buyer 21, its
limit pacing multiplier is very close to 1 and so its distribution is not normal for small samples.
For buyers 22 — 24, their nite sample distribution is close to normal distributions. The full gure
is in Figure A.6.

for the rst few buyers. The valuationSE;.— —Eg i.i.d. uniform, exponential, or truncated
standard normal distributions. Under each con guration we form 100 observed FPPEs, and plot
the histogram of eac%'e\/;’v V5°. The population EG Eqg. (1.7) is a constrained stochastic program
and can be solved with stochastic gradient based methods. The trueWwatueomputed by the

dual averaging algorithm [103]. The mean square error decaf»R&2C V k¥y,= $1Clo

with Cbeing the number of iterations, and so if we choGeege enough, we should still observe
asymptotic normality for the quantitieps_G\/‘J'a“C We,

Results.Figure 1.2 shows ve out of 25 distributions for pacing multipliers. Full plots for all
three distributions are given in Figures A.6 to A.8. We see that ) i 1 then the nite sample
distribution is close to a normal distribution, and (i) = 1 (or very close tdl, such asViso1
in the uniform value plots\,go3 in exponential), the nite sample distribution puts most of the
probability mass at 1. For cases whaigis close, but not very close, to 1, we need to further

increase the number of items to observe normality.

1.6.2 Semi-real Experiment: Nash Social Welfare Estimation in Instagram Noti cation System

Noti cations are important in enhancing the user experience and user engagement in mobile
apps. Nevertheless, an excessive barrage of noti cations can be disruptive for users. Typically, a
mobile application has various noti cation types, overseen by separate teams, each with potentially
con icting objectives. And so it is necessary to regulate noti cations and send only those of most

value to users. Kroeet al.[98] propose to use Fisher market equilibrium-based methods to ef -
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ciently send noti cations, where they treat the opportunity to send a user a noti cation as an item,
and different types of noti cations as buyers. In this section, we use the inference method devel-
oped in Section 1.3.3 to quantify uncertainty in equilibrium-based noti cation allocation methods.
The data.The dataset released by Kraaral. [98] contains abou400-000generated noti ca-
tions of four types for a subset of abd@@-000Instagram users from September 14-23, 2022. The
four types of noti cations (buyers) are likes, daily digest of stories, feed suite organic campaign
(noti cation about new posts on the user's feed), and comments subscribed. Theeyatuef a
noti cation type 8to a usenh at a speci c time is predicted by the platform's algorithm and avail-
able in the dataset as a numerical valuednl¥ The budgets of noti cation types are also given.
For a user-noti cation type pair, we average over the whole time window and use the average to
representggt\ ©, resulting in a user-noti cation type matrix. However, even after aggregation over
time, there are lots of missing values, i.e., many users do not have every noti cation type generate
a potential noti cation.
Value imputation and simulation by the Gaussian copulde assume the values in the no-
ti cation system admit the following representation. There exists unique monotone functions
B: R ! » 0-1%such thattEj—eee4E = 151/ 0—eee 5 ,00 where/ = > 1—ee¢e—lfol-
lows a multivariate Gaussian distribution with standard normal marginals. Such an assumption is
equivalent to assuming the value distribution possesses a Gaussian copula ([108, Lemma 1] and
[109, Lemma 1]). Given this representation, we propose a two-step simulation method. In the rst
step, we learn the monotone functions by matching the quantiles of values with the quantiles of a
standard normal. We use isotonic regression to learn the monotone functions. Second, given the
learned functiondg and inversesy * : »0-1% ! R, we transformEgto % 1'EP, and compute the
covariance matrix 01‘% L1ige, denoted”. Even though some values are missing, the covariance
can still be estimated b§ if values are missing completely at randoft. Now to simulate a

new item for buyers, we draw  # 10-"°, and returrmi/ 10—« ¢ s 51/ ,°U% as the value. There

1 The validity of the copula imputation method relies on the missing completely at random assumption (MCAR)
[108], i.e., values and missingness are independent. Unfortunately, we cannot determine whether this is true unless
accessing the missing data. MCAR will be assumed in this experiment.

43



Figure 1.3: The fair noti cation allocation data. Left: original data with missing values. Right:
simulated data.

are multiple advantages to this method. First, the dependence structure of the available dataset is
preserved. Second, the generated values are within the s8rljéas the original data are. Third,
the marginal distribution of values are also preserved in the simulated data.

As a nal step to mimic realistic data, since some users may turn off noti cations of certain
types, the values of those noti cations will be zero. We simulate this by setting certain values
to zero according to the sparsity pattern in the original dataset. See Figure 1.3 for a comparison
between original dataset and simulated data.

Setup and resultsWe apply the con dence interval in Theorem 7 and study the coverage
properties. The nominal coverage rate is set to 95%. First, we do see that even for a small sample
size of 100, the nominal coverage rate is achieved. And as we increase the size of Qalnlects

coverage maintains at around 95% and the width of the CI shrinks roughly at tHe F?a_ire

1.6.3 Semi-real Experiment: A/B Testing of Revenue in First-Price Auction Platforms

In this section we apply our revenue estimation method to a real-world dataset, the iPinYou

dataset [97]. The iPinYou dataset [97] contains raw log data of the bid, impression, click, and
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items (coverage rate, width of ClI)

100 (0.94, 0.88)
200 (0.95, 0.63)
400 (0.93, 0.43)
600 (0.97, 0.35)

Table 1.2: Coverage rate of log Nash social welfare in fair noti cation allocation. To help
interpret the Cl width, the log Nash social welfare in the limit market is around -16.

conversion history on the iPinYou platform in the weeks of March 11-17, June 8-15 and October
19-27. We use the impression and click data of 5 advertisers on June 8, 2013, containing a total of
1.8 million impressions and 1,200 clicks. As in the main text3f 1-2-3-4-5gindex advertisers
(buyers) and leg index impressions/users (items in FPPE terminology). The ve advertiser are
labeled by number and their categories are given: 1459 (Chinese e-commerce), 3358 (software),
3386 (international e-commerce) and 3476 (tire). From the raw log data, the following dataset can
be extracted. The response variable is a binary variablekd 2 f0-1gthat indicates whether the
user clicked the ad or not. The relevant predictors include a categorical varinBlecdNANGE of
three levels that records from which ad-exchange the impression was generated, a categorical vari-
able REGION of 35 levels indicating provinces of user IPs, and nally 44 boolean variables, each a
USERTAG, indicating whether a user belongs to certain user groups de ned based on demographic,
geographic and other information. We select the top-10 most frequent user tags and denote them
by USERTAG)—* * *USERTAGo 2 f0-1g. Both ADEXCHANGE and USERTAGare masked, and we
do not know their real-world meaning.

Simulate advertisers with logistic regressiofhe raw data contains only ve advertisers. In
order to simulate new realistic advertiser, we t a logistic regression and then perturb the tted
coef cients to generate more advertisers. We posit the following logistic regression model for

click-through rates (CTRs). For a uggthat saw the ad of advertisgithe click process is governed
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by

1

CTRY =PcLickg=1j\%0= — —
8 T T e @

\9 = »1-ADEXCHANGE>;-ADEXCHANGE3—REGIONy—* * *REGION35s—USERTAG,— * * *JSERTAG ov4

2flg f 0-1g*

where the weight vectorSg 2 R*’ are the coef cients to be estimated from the data. Note that
ADEXCHANGE; and REGION; are absorbed in the intercept. By running 5 logistic regressions, we
obtain regression coef cients 1— F,— ¢ ¢« —f= To visualize the tted regression, in Figure 1.4 we
show the estimated click-through rate distributions of the ve advertisers. The diagonal plots are
the histogram of CTRs, and the off-diagonal panels are the pair-wise scatter plots of CTRs. To gen-
erate more advertisers, we take a convex combination of the coef digjstsadd uniform noise,

and obtain a new parameter, 9&Y Given an item, the CTR of the newly generated advertisers

will be The value distribution is the historical distribution of the simulated advertisers'

1
1, expt\TF®*

predicted CTRs of the 1.8 million impressions.

Revenue Coverage with Hessian Estimation

In this section we aim to produce con dence interval of the revenue with the CI constructed
from Eq. (1.25), with a focus on the effect of Hessian estimation on the coverage. Firstly, the sum
equals=times the average price-per-utility of advertisers, a measure of ef ciency of the system.
Secondly, since most quantities in FPPE, such as revenue and social welfare, are smooth functions
of pacing multipliers, being able to perform inference about a linear combinativs ofdicates
the ability to infer rst-order estimates of those quantities.

Setup.An experiment has parametéiS— =— 3% HlereCis the number of items; the number
of advertisers, antl is the proportion of advertisers that are not budget-constrained\(i=1).
ParameteB is a tuning parameter of the revenue variance estimator. It is the exponent of the nite-

difference stepsiz&cin Eq. (1.23), i.e,Yy_c= C3. To controlU in the experiments, we select
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Figure 1.4: Click-through rate (in basis points, i.e. 0.01%) distributions from logistic regression.

budgets as follows. Give in nite budgets to the rBU=c advertisers. Initialize the rest of the
advertisers' budgets randomly, and keep decreasing their budgets until their pacing multipliers are
strictly less than 1. In the experimei@— =— 3% We rst compute the pacing multiplierin the limit
market using dual averaging [103, 54, 55]. Then we sample one FPPE by drawing values from
the synthetic value distribution obtained previously. Now given one FPPE, apply the formula in
Eq. (1.26) to construct Cl and record coverage. The reported coverage rate for an experiment with
parameter$C—=— 3-ifJaveraged over 100 FPPEs.

ResultsRepresentative results are presented in Table 1.3; we present the full table in Table A.2.
As the number of item increases, we observe the empirical coverage rate achieving the nominal
90% coverage rate, while the width of con dence interval is narrowing. We also observe that the
con dence interval is robust against the Hessian estimation and the proportion of unpaced buyers;
for different choices of exponent in the differencing stepsi4e @n Eg. (1.23)) and proportion of

unpaced buyerdl), the coverage performance remains similar.
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Table 1.3: Coverage of revenue AU = proportion of\Vg= 1, 3 is the exponent in nite difference
stepsizax= C3. Numbers in parentheses represent the lengths of Cls. Nominal coverage rate is
90%.

buyers 20 50 80
U 0.05 0.10 0.20 0.30 0.05 0.10 0.20 0.30 0.05 0.10 0.20 0.30
3 items

079 079 0.93 0.9 087 081 089 088 081 089 097 0.9

100 172) (1.82) (1.87) (1.81) (1.84) (1.91) (1.82) (2.00) (1.89) (1.89) (1.97) (1.95)
040 , 088 083 08 09 08 093 089 094 08 093 088 086
(1.33) (1.36) (1.35) (1.34) (1.32) (1.36) (L37) (L40) (L37) (L37) (L42) (L.42)

4o 084 088 093 091 09 094 092 084 088 085 086 085
(0.93) (0.99) (0.99) (0.98) (0.95) (0.98) (0.98) (L.00) (0.97) (0.98) (LO1) (L.O1)

o 089 088 09 089 08 087 081 092 08 083 097 089

(0.76) (0.79) (0.81) (0.80) (0.77) (0.80) (0.80) (0.83) (0.80) (0.80) (0.83) (0.83)

Coverage Comparison against a Simple 1.1.D. Price Model

In this section we compare the Hessian-based revenue variance estimator in Eq. (1.25) with
Yy _= C% the Hessian-free version in Eq. (1.28), and a baseline estimator based on an i.i.d. price

model.

The baseline variance estimatorfig,. . = ¢ gzll?g 292, where? = % §=1?g- The limit

of this estimator i 2. = Varl? 1\°°, The statistical model behind this method would be to

naive
assume that 21—« «« Qare iid draws from some distribution, while totally ignoring the auction
mechanism and the bidding behavior of the buyers. This is in contrast to the correct formula
Vart?° in Theorem 13 when a bid-gap condition holds. We note that this assumption is not
correct, since the pacing multipliers change as a function of which items are sampled. Nonetheless,
it has the following intuitive appeal: if we assume that the pacing multipheesxed, then this
estimator does correctly estimate the price variance, regardless of market size (though note that
revenue variance is not the same as price variance). Moreover, our results do show that the pacing
multipliers, while not xed, do concentrate around the limit pacing multipliers as the market grows.
We compare the con dence interval of the revenue with the CI constructed from Eq. (1.26)

against the naive CI described above. The reported coverage rate is over 500 FPPEs.

Results. Representative results are presented in Table 1.4. We present the full table in Ta-
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ble A.3. We see that (1) the Hessian-free method is signi cantly better in the market where all
buyers are budget exhausted & ;, U = 0 in the table). The Hessian-free method is able to
determine that all the budgets will be exhausted, and thus the revenue equals the sum of budgets
deterministically, while the naive method ignores this simple fact and puts an unnecessary interval
on revenue. Note that the three methods will coincide whenl in large samples. (2) Although

overall the three methods achieve the nominal coverage rate, the Hessian-based method is theo-
retically valid under mild assumptions on the FPPE, while the Hessian-free method is valid under
an additional bid-gap assumption but is computationally cheaper since it does not need Hessian
estimation.

Table 1.4: Coverage comparison between the Hessian-free Cl in Eq. (1.28), the naive ClI, and
Hessian-based Cl in Eq. (1.2%).= proportion ofVg= 1. In each cell we present the coverage

rate and the average Cl widths in parentheses. Nominal rate = 90%. The number of repetitions in
each cell = 500.

items 100 800

buyers U

80 0.0 0.88(0.04)| 1.00(0.75)| 1.00(0.72) 1.00(0.00)| 1.00(0.28)| 1.00(0.27)
0.05 0.93(1.05)| 0.90(0.95)| 0.90(0.94) 0.94(0.38)| 0.90(0.34)| 0.90(0.34)
0.1  0.95(1.15)| 0.90(0.96)| 0.90(0.94) 0.95(0.39)| 0.90(0.34)| 0.90(0.34)
0.2 0.92(1.28)] 0.90(1.14) 0.89(1.12) 0.92(0.43)| 0.91(0.41)| 0.91(0.41)
0.3 0.90(1.27)] 0.89(1.19)| 0.89(1.17) 0.89(0.43)| 0.88(0.43)| 0.88(0.43)
1.0 0.90(1.33)| 0.88(1.27)| 0.88(1.25) 0.87(0.45)| 0.87(0.45)| 0.87(0.45)

Treatment Effect Coverage

Setup.In this experiment, we x the differencing stepsize in Hessian estimation fg;he=

C%* and the proportion of unpaced buyers to be 30%, which is a realistic number for real-world

auction platforms.

An experiment has paramete¥€—=<cwhereCis the number of itemss the number of

users, anct the treatment probability (see Section 1.4.4). To model treatment application, we

use the shift of value distribution. Choose two sets of logistic regression paranféigh@®gs

andfFgl1°g Then if a useh is applied treatmenit 2 f0-lg, then its value to buyeBwill be
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111 exptFgtl °"\°° 82 »=Y In an experiment, the limit revenues in the two limit markets
FPPE!1- EQ°-B-° and FPPE'1-E1°- B-°, and the limit treatment effect will be calculated

rst. Then we perform the a/b test experiments 100 times, and construct 100 Cls for the treatment
effect. We report coverage rates and widths of Cls.

Results. Representative results are presented in Table 1.5; in Table A.1 we present the full
results. First, the overall coverage rates across different market setups and treatment probabilities
c are around the nominal 90%, and the width of con dence interval shrinks as sample size grows.
Second, when the number of items is suf ciently large (say over 400), we observshape
relationship between the width of Cl and treatment probalilityhe Cl widths are wider whetis
close to the extreme points (say 0.1 and 0.9) than wehatays away from the extreme points. This
is explained by the treatment effect variance formula in Theorem 14. Holding the two variances

xed, the treatment effect variance tends to in nity if we sead 0 or 1.

Table 1.5: Coverage of treatment effeat.= treatment probability, the nite difference stepsize
nc= C%4, proportion of unpaced buyelg = 1is 30%. Numbers in parentheses represent the
lengths of Cls. Nominal coverage rate is 90%.

items 100 200 400 600

buyers ¢
,, 088 088 092 088
1 (845) (4.75) (1.87) (L54)
0.95 096 086 093
S0 03 349) (237) (1.28) (1.03)
05 092 095 09 094
©  (3.76) (5.05) (1.26) (0.98)
., 08 095 098 095
7 (3.10) (2.27) (1.85) (1.28)
0o 076 087 092 0.96

(3.36) (2.87) (2.78) (9.33)

1.7 Conclusion

We introduced a theory of statistical inference for Fisher markets, resource allocation systems

that deploy the CEEI mechanism, and rst-price auction platforms. We showed that quantities
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observed in the nite market equilibrium observed from these systems are good estimators of their
corresponding limit market values. We presented convergence rate results, asymptotic distribution
characterizations, local minimax optimality results, and constructed con dence interval tools. Fi-
nally, we showed how to use these tools to develop a theory of statistical inference in A/B testing
under competition effects.

A few open questions remain. In practice, the item arrival process exhibits nonstationarity
and seasonality. A statistical theory for LFM and FPPE that incorporates temporal dependence is
desirable. It would also be desirable to design a notion of online con dence intervals for the limit
market, since, in practice, items typically arrive on platforms sequentially. For FPPE we assumed
the absence of degenerate buyers in Assumption 2; lifting this assumption would be interesting.
Finally, we restricted our attention to the rst-price setting for FPPE. In practice, second-price
auctions are also widespread. A theory of statistical inference for second-price auctions is also
desirable, though we expect it to be signi cantly weaker, due to computational complexity barriers,
as well as non-uniqueness issues.

Beyond linear Fisher markets and FPPE, it would be interesting to investigate whether our
proof techniques apply to other equilibrium models captured by mathematical programs. The
Eisenberg-Gale convex program is known to work for several utility classes beyond linear utili-
ties (as we study) including Leontief, constant-elasticity-of-substitution (CES), and Cobb-Douglas
utilities [102]. Later work has also showed that convex program variants exist for e.g. spending-
restricted and utility-restricted versions of Fisher markets [53]. In all these cases, it is possible to
derive dual programs similar to the one we leverage, and they have a sum over prices in the objec-
tive [53], which may lend itself to our stochastic approximation approach (SAA). Several different
convex programs are known for the Arrow-Debreu exchange model as well, see e.g. Behanur
[110].

A/B testing using one market is interesting. When both treatments are applied to the same
market, the market equilibrium can still be described, and inferences about it can be made, using

our theory. However, under this design, there are two layers of interference: (1) treatments 1 and
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0 interfere with each other now that they are in the same market, and (2) the interference induced
by market equilibrium. In this new setting, there are many fundamental questions that would
need to be answered, such as what is the correct notion of treatment effect, and whether a given
treatment effect can be estimated from observation of a single market. We believe this is a very
interesting problem, and many of our tools can probably be used to analyze this problem in an
FPPE framework. But the rst step would be to formulate the types of treatment effects one would
even work with, and we think this is a whole new paper worth of material to work out.

Buyer-side treatments, such as modi cations to the advertiser Ul for specifying auction pa-
rameters like target audiences and return-on-investment, are also of interest. However, since ad
campaigns are typically con gured only once, the budget-split design is not a natural t for study-

ing these treatments unless all buyers are required to use both the treatment and control Uls twice.
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Chapter 2: Bootstrap Inference

2.1 Introduction

The bootstrap [14, 15] is an automatic method for producing con dence intervals in statistical
estimation. The theory of bootstrap has been extended to many areas of statistics, such as models
with cube-root asymptotics [16, 17], semi-parametric models [18, 19] and so on. However, as far
as we are concerned, there is no theory of bootstrap for competitive equilibrium settings.

In this chapter, we study bootstrap inference in linear Fisher market (LFM) and rst-price
pacing equilibrium (FPPE). Fisher market equilibrium model has been used in the tech industry,
such as the allocation of impressions to content in certain recommender systems [1], robust and
fair work allocation in content review [2]; we refer readers to Kroer and Stier-Moses [3] for a
comprehensive review. Outside the tech industry, Fisher market equilibria also have applications
to scheduling problems [4], fair course seat allocation [5, 6], allocating donations to food banks [7],
sharing scarce compute resources [8, 9, 10, 11], and allocating blood donations to blood banks [12].

Given the wide range of applications of LFM and FPPE, an inferential theory for LFM and
FPPE is useful. Bootstrap, thanks to its convenience and conceptual simplicity, is a natural candi-
date as an inferential tool. However, due to the presence of an equilibrium structure in the dataset,
the validity of bootstrap requires careful theoretical treatments, and practitioners should be cautious
about the use of bootstrap when data arise from market equilibrium. For example, in Section 2.3.2
we show that in the setting of rst-price auction platforms, the traditional multinomial bootstrap
may fail to consistently estimate the distribution of interest. Given the simplicity of resampling, it
is fair to say bootstrap has been used in auction platforms as an inferential tool. It is thus urgent to
develop a statistically valid bootstrap theory that accounts for the equilibrium effect in the data.

The contributions of Chapter 2 are threefold.
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We characterize the full landscape of the asymptotics of FPPEThe limit distribution of
FPPE was studied in Liao and Kroer [96] under a strict complementarity condition. Combining
their results with a result of Shapiro [34], we complete the characterization of the asymptotics of
FPPE without strict complementarity, and show that it is captured by a quadratic program. We
derive a new closed-form expression for this quadratic program, and use it to derive structural
insights on the limit distribution in some special cases. Characterizing the general case of FPPE
asymptotics is necessary in order to derive our bootstrap results, because we need to show that our
bootstrapped distribution converges to the asymptotic distribution of FPPE.

We develop bootstrap theory for LFM and FPPE. A crucial fact for LFM and FPPE is
that they both have an Eisenberg-Gale (EG) convex program characterization, and our bootstrap
procedures rely on this program or its quadratic approximation. For LFM we study three types
of bootstrap procedures: exchangeable bootstrap [111], numerical bootstrap [112] and proximal
bootstrap [112]. For FPPE the theory is a bit involved. We identify a bootstrap failure when
some type of degenerate buyers are present in the market. Then different bootstrap procedures are
proposed under certain assumptions on the market structures: full expenditure of buglgets)(
absence of degenerate buyers-(= ;), or fully general FPPE. We summarize the results in
Tables 2.1 and 2.2.

Numerical experiments demonstrate the validity of the theoryWe provide simulations and

a semi-synthetic experiment based on a real-time bidding dataset from iPinYou [97].

Exchangable BS| Numerical BS | Proximal BS
3Theorem 17 | 3Theorem30 | 3 Theorem 31

Table 2.1: Results for linear Fisher market.

Num. BS Prox. BS new methods
= =, (Section 2.3.3)| 3Theorem 19.1 | 3 Theorem 19.2
== =; (Section 2.3.4) | 7TNA 7NA 3 Theorem 20
general (Section 2.3.5) 7NA 7NA 3 Theorem 22

Table 2.2: Results for rst-price pacing equilibrium. NA means not applicable. = ; means
full expenditure of budgets-- = ; means absence of degenerate buyers.
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Notations. The notationN 10— © stands for a multivariate Gaussian distribution with méan
and covariance .

We use, =1, 1—e<++—@ to denote bootstrap weights in the chapter. Different distributions
imposed on correspond to different bootstrap resampling schemes. In the standard multinomial
bootstrap =1, 1—e++—¢ follows a multinomial with probabilities—« + 1°. In exchangeable
bootstrap, is exchangeable: if for any permutation= 1ci—ee**—gof 11-2—¢++2Che joint
distribution ofc !, ©= , ¢,—*e*—¢. is the same as that of. Given items!\ 9, we let%be
the expectation operatéfh = lcl 3:1 51\ 9. Given multinomial bootstrap weights and?\ 9,
de ne the operator

~

0, = 1@ 1\ Jdo
/@5_—C , g5\ % (2.1)
=1

—

We write %& 5= L gzl, ¢ 51\ 9 for exchangeable bootstrap weights.

Bootstrap Consistency Most of our results will be concerned with the consistency of bootstrap
procedures. To that end, we introduce the following de nition of consistency. Gidata points,
a bootstrap estimatecis a function of the data\ 905:1 and bootstrap weights , where the data

and weights are assumed to be independent of each other. We say the conditional distribution of

? .
1- @cconsistently estimates the distributibndenoted ¢ !, if

. ?
sup E»5l- @jf\9g, E. | »5t-°¥l  0-
52BL;

whereBL 1 is the space of functionS: R™! Rwithsupg;j5'®@j l1landj5'G@ 5'H] kG Hk.
We survey related work in Section B.1.2.
Recall equilibria in both LFM and FPPE are characterized by an EG convex program. In both
cases, the dual EG objective separates into per-item convex terms
G

N—\ = maxVgest\ © 1glog Vge (2.2)
&= &1
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and the population and sample EG objectives are
NP =FE» N\=\VVs IV=0gp 1V (2.3)

Target Distributions J gy and J gppe The asymptotics of LFM were studied in Lia al.
[95] under twice differentiability §vo; to be de ned). LetH =r?2 1V°. They showp_GVW

V0!3 J Lem, Where
J =N OH E»r 1—\vor 1_\oTy,H1 . (2.4)

In FPPE the following regularity condition is important.
Assumption 3(scs). There are no degenerate buyers, i\, = 1impliesX; j O.

This assumption is a strict complementary slackness condition {nethe dual variable
of Vj in the EG program introduced below. We will study the asymptotics of FPPE withwsut
However, as we will see in Section 2.3.4, condit&as is helpful for bootstrap inference.

We letW= f\ 1—e e e Qybedi.i.d. draws fromB each with supplyle C They represent the items
observed in an auction market. The de nition of a nite FPPE is parallel to that of a limit FPPE,
except that we change the supply function to be a discrete distribution supported on the nite set
W

LetJ gppe be the limit distribution OP_GVN Vo ie.,
P- 3
GVW vel J EPPE °® (25)

Recall under the strict complementary slackness assumgatipthe distribution) gppg simpli es

to

N 0-1%H 9%6YCov»r 1 — Vo9 %Y — (2.6)
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whereH =r?2 1vVoand%= diagt1tVg Y 190, We will study the form of) gppg assuming
only twice differentiability émo) and notscs. We will characterizel gppg by a random quadratic
program and provide several examples. Thus, a contribution of this chapter is to remove the strict

complementarity slackness assumption and characterize the full landscape of FPPE asymptotics.

2.1.1 Smoothness Assumptions

The following assumption will be made throughout the chapter, for both LFM and FPPE.

Assumption 4 (smo). The EG population objective® ° in Eqg. (1.3)is twice continuously differ-

entiable in a neighborhood of .

Assumption 4 implies that the Hessiin=r 2 1V °is positive de nite. HereV is interpreted
as the equilibrium inverse bang-per-buck in a limit LFM, and equilibrium pacing multipliers in a
FPPE. See Liao and Kroer [96] and Liabal. [95] for discussions of implications and concrete
examples oémo holding.

The purpose of this chapter is to design bootstrap estimators of the distributigg (resp.

J eppe) given the observed market equilibrilﬁﬁM (resp.FPPE).

Inference on other quantities that are differentiable function¥ ofan be achieved by the
bootstrap delta method (Kosorok [35, Theorem 12.1], Vaarf and WeIIner’[lls, Theorem 3.10.11]).
For example, utilitied, = 1g Vg_and the Nash social WelfarleglglogD8 = ! glglogle Vg° are
smooth functions o¥/ . Revenue maxf V;E'\ °gBH\ °d\ is also a smooth function &f . For this
reason, throughout the chapter we will focus on inferencé pi.e., the utility prices in LFM and

pacing multipliers in FPPE.

2.2 Bootstrapping Fisher Market Equilibrium

In this section we le¥*Vbe the observed utility prices BFM11— E1» C—Q\MvhereWtonsists o
i.i.d. draws from supphB As mentioned previousi*V= argmirg- ¢\P. The target distribution

we want to estimate i3 gy in Eq. (2.4).
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2.2.1 Exchangeable Bootstrap

De ne the exchangeable bootstrap by

Vl

eerpm = AIgMINYE™ 1 -« (2.7)
V2R®

Compared with the convex program for LFM in Eqg. (1.5), the exchangeable bootstrap réaces

with 9%&~% Exchangeable bootstrap is considered a smooth alternative to the traditional multino-
mial bootstrap (i.e. sampling with replacement) because it allows for a wider class of distributions
of bootstrap weights [114]. Concretely, we need the weights in the exchangeable bootstrap to

satisfy the following conditions.

De nition 5 (Exchangable bootstrap weightgl) The random vector =1, j—eee—T is ex-

C

I
cr!angeable. (2) ¢ 0, and g=1' 9= C (3), 1 has nite 12, n® moment for soma j 0. (4)

I ?
& g1h g 1020 22j 0asCl1

Exchangeable bootstrap incorporates many popular forms of resampling as special cases such
as the classical sampling with replacement, sampling without replacement, and normalized i.i.d.
weights; see Section B.1.3.

p

_ 2
Theorem 17." GV, , .., W¢ 2 J gy where the constar? is de ned in Def. 5. Proof in

Section B.4.2.

The proof of Theorem 17 is complicated by the fact that the EG objective is nonsmooth due
to themaxoperation in EqQ. (2.7). Establishing Theorem 17 requires using the exchangeable boot-
strap empirical process theory from Praestgaard and Wellner [114] and Wellner and Zhan [111]
to establish a form of stochastic differentiability (Claim 3 in appendix), and applying the Taylor
expansion-type analysis for nonsmooth objective functions from Pollard [115].

In practice, approximate LMF equilibrium and bootstrap estimates suf ce. Eq. (2.7) need not
be solved exactly; error in the objective up to ordetls=° suf ces, i.e.,f%?;X‘1 1 —\Z °

X-+FM

miny 9%~ 1 -V | >,11.=°, And Wonly needs to be an approximate Fisher market equilibrium:
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% -V  miny% -V, >>11+=°. The proof of Theorem 17 can be extended to account

for the extra error from approximate optimization. In Section B.1.4 we brie y review two other
valid bootstrap procedures, proximal bootstrap, and numerical bootstrap, and the consistency the-
ory based on Hong and Li [112] and Li [116]. Proximal bootstrap has the advantage of solving
guadratic programs only. However, those two methods converge at a rate slowés ILt)ri?;lrin
contrast, exchangeable bootstrap offers exibility in choosing bootstrap weights, entby%fh

rate, and does not need parameter tuning.

2.3 Bootstrapping FPPE

In this section we le¥Vbe the pacing multiplier iFPPE11— E1» C—4MvhereWconsists oiC
i.i.d. draws from suppl® As mentioned previousi*V= arg mingy,: ¢\P. The target distribu-
tion we want to estimate i& gppg in EQ. (2.5), the limit distribution oP_GVW Vo,

Bootstrapping FPPE is a signi cantly harder problem due to the presence of constraints in the
EG program in Eq. (1.7). We investigate the full landscape of FPPE asymptotic3, kg, in
Section 2.3.1. In Section 2.3.2, we show that the standard multinomial bootstrap fails to estimate
J eppe consistently. This also suggests that estimafingspg in full generality is dif cult. Be-
cause of this, we divide our study into an easier case and the harder case. In the simpler case, we
assume that all buyers exhaust their budget; for this case we show in Section 2.3.3 that the boot-
strap methods from Hong and Li[112] and Li [116] are valid. A more realistic case is when some
buyers do have leftover budgets. We design a bootstrap for this case in Section 2.3.4, under an
additional assumption of strong complementary slackns3.(Finally, to complete the picture,

we present a bootstrap-based con dence region for fully general FPPE in Section 2.3.5.

2.3.1 The Limit Distribution of General FPPE

The limit distribution of FPPE was studied in Liao and Kroer [96] under Assumpiienin
this section, we characterize the full landscape of the asymptotics of FPPE without strict comple-

mentarity. The convex program characterization in this section is a direct corollary of noticing the
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connection between the results of Shapiro [34] and Liao and Kroer [96]. Concretely, Theorem
3.3 from Shapiro [34] established asymptotic distribution results for general constrained programs
under equicontinuity conditions, and the results of Liao and Kroer [96] imply those equicontinuity
conditions for the EG objective in Eq. (1.2). This is how we derive the convex program charac-
terization of the asymptotics below. We then derive a new closed-form expression for the convex
program, which allows us to analyze the asymptotic structure for several example.
To describe) rppe We need to introduce a quadratic program. et f8: \; = 1g be the set
of unpaced buyers ang = »=% n. We further partition into
= =f8:\g=1-Xj 0g— ===18: \=1-X=0g*
=; Is the set of buyers with strictly positive leftover budgets, whereasre the degenerate
buyers. From an optimization perspective, the settorresponds to the strongly active constraints
in the program Eq. (1.7), whose corresponding Lagrange multipliers are strictly positive, while
the set -- are the weakly active constraints, whose Lagrange multipliers are zero. With these
notations, we notecs is the same as-- = ;, and that the condition that all buyers exhaust their

budgetsisthesameas =;.Dene :R°! R,

1he = argmin k ,H bk - (2.8)
2R=, g0-8 =;; g 0-8 —-

WherekOka = 0"H 0. The program Eq. (2.8) can be interpreted as projecting the véttorb
onto the cond : g=0-82 -;; ¢ 0-92 --gw.rt the normk ky. The function
is continuous and positively homogeneous of degree 1, i¥p = C1b° for C j O, but not
necessarily linear. When-= = ; , i.e.,scs holds, the function 1b° = 1 %H 9%Yb.

Combining Theorem 3.3 from Shapiro [34] with the equicontinuity results of Liao and Kroer
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[96], we have that under theio assumption,

J EPPE N OCov»r 1—-\°Y, (29)

arg min k ,H IN O-Cowr t—\PykZ e (2.10)
2R =08 =; ; g 0-8 ==

Below and in Section B.1.5 we study the form bfeppe under some special cases by deriving
closed-form expression of the quadratic program Eq. (2.8).

Note how different buyer types affect the suppord ofppe. The effects of-= and -; are clear
since they appear in the constraints. Buyers who do not win anytMng (X = 1g) determine
the support oN10-Cov»r 1 —V°¥%whichisf6 2 R™: 6g= 0if 8does not win anything

In the example below, we assume = ; for simplicity. Let = diagtH o1'?-d =

It 1= H 1« where N1 0-Cowv»r 1 —\VP¥4° Intuitively, d is a normal-

ized version of the inverse of the Hessian. Denote entri¢stnf >y 1—e ¢ e -4,

Example 3 (The case with -=j = 1.). Let o; = ;, == = flgand v = f2—eee—g= Then

Jeppe=H 1 if/1YO0, otherwise,iff 1 0, then

J FppE = . (2.11)
= d]_:/ 1

Example 3 and Example 10 in appendix illustrate an interesting phenomenon that the limit
marginal distribution of the degenerate buyers (those Wjth 1 andX; = 0) is a distribution with
some probability weight & and the rest on the negative reals. This makes sense intuitively since
ina nite sample,\/gN Vg = VQN 1is always negative foB2 --. Another feature o gppg is
that the limit distribution oP'G\/gN 1° is degenerate (a point mass at zerd# -; . This also

impliesVy' 1= >;18:0if 82 ;.
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2.3.2 Failure of Multinomial Bootstrap for FPPE

As described in Andrews [117], standard multinomial bootstrap might fail in constrained pro-
grams. In this section, we show that this is the case for FPPE.

Consider a one-buyer FPPE. L&t = 1, ExE%=  EBd\ = 1 andBis the supply (a
probability density). LeW= f\9g, be i.i.d. draws fromB Let Wbe the pacing multiplier in
FPPE'1-EXC—4%ndV be that inFPPE'1-E-B%

Given the observed items, &t 9‘Jgg be the resampled items (with replacement). For this

instance, the bootstrapped FPPE with standard multinomial weights is

, 1@ a
Vt=argmin=, ViE1\¢ 1;log Vi e (2.12)

V12102 g

Theorem 18(Failure of Multinomial Bootstrap)The limit conditional distribution Favt o

is not equal to the limit distribution Jtaww Ve, proofin Section B.4.6.

In fact, using the same argument in Abrevaya and Huang [118], we can show that in the above

p

example,pé\/W vor® minf/ 1-0g, while ™ GVt V¢ 7 minf/ 1-0g , minf/ ¢, / .-Ogwhere

| 1— I, are independent copies Nft 0-VartE; °°.

2.3.3 Bootstrapping FPPE under Full Budget Exhaustion

If FPPE has the additional structure that all buyers exhaust their budgets;;i.e., , we can
apply the numerical bootstrap [112] and the proximal bootstrap [116]. Note that in this case the
market may contain degenerate buyers, i.e., thoseWithlandX; = 0, or -= < ;. Equivalently,
it requires the population EG in Eq. (1.7) does not have strongly active constrainty/ ° = 0,

and the unconstrained optimum coincides with the constrained optimum.
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Under this additional structure, Eqg. (2.8) becomes

Jrppe= argmin k [ H 1 K
g 0-8 =
= argmin T , 3 H (2.13)
g 08 ==

and N1 OE»r 1—\V°r 1-\"Y,°2S0J gppe is a distribution supported on the cohe 2
R™: g 0if 82 -=g, with some probability mass distributed on the faces of the cone.

To obtain numerical bootstrap and proximal bootstrap estimates, we require a smoothing pa-

rametemc# 0 such thahcpC! 1 .Then,to gel\/rluHEF,PE we solve
& p.
argmin=, 11, nc G, 4 1°° N\9-y¢-— (2.14)
V2104% g
1

and to get\/IDr ppg We solve
argminnd oty \Wé lpy 2 - (2.15)
V2045 2 \)AkH

where
1= p'GO/é % 1-Vo_H =1._o_. (2.16)

Here 1 —Wis a deterministic element in the subdifferentigl * —\W 1. The term 1 es-
timates the Gaussian random variablein Eqg. (2.13). The numerical difference estimator is

. C1\W8 where

4 =17,

1I‘A;2_[6°1°=>>61,[4:,[40 61 [4.,[4°

61, [4. [4°,60 [4. [4 Y%

5

IWe avoid writingr  * — W because in a nite FPPE there could be ties. And when ties happen for ah,ie@
objectiveV7!  1\-\? is not differentiable av'V.
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and cis the nite-sample EG objective in Eq. (1.3). In practice, both Egs. (2.14) and (2.15) only
need to be solved approximately with error in the objective up,f@g°. The proximal bootstrap
in Eq. (2.15) is a bootstrap analogue of the distribution in Eq. (2.13).

The following theorem shows that in the budget-exhaustion case, the numerical bootstrap and
proximal bootstrap converge to the correct limit distribution. The proofs can be found in Sec-

tions B.4.3 and B.4.5.

Theorem 19. If all buyers exhaust their budgets-( = ;), then

2

1910V e WO T e
A2 ?
19.2 IfH'H  thennc!*Vo oo VWO 3 eppe

The proof proceeds by verifying conditions in Hong and Li [112] and Li [116]. Stochastic

equicontinuity of certain processes is veri ed using results from Liao and Kroer [96].

Figure 2.1: Bootstrap vs nite-sample distribution of an 8-buyer 1000-item FPPE. Values are

i.i.d. uniformly distributed, and budgets are generated randomly in a way that the rst three
buyers have leftover budgets. Displayed are histogranvg-ef « « gVVPurple: 100 samples of

etV Wé according to Eq. (2.17) given one FPPE. Yellow: 100 samples®? Vo,

Bootstrap distribution is very similar to FPPE distribution. The similarity is signi cant, because

to obtain the distributions of FPPE, we need to observe multiple market equilibria, to which we
usually do not have access. The bootstrap distribution, on the other hand, is generated based on
just one nite FPPE.

2.3.4 Bootstrapping FPPE witles

In real-world auction markets such as those at internet companies, some fraction of buyers
do have leftover budgets [59]. In this section, we give a bootstrap estimalerpfe under
scs, in which we allow users to have positive leftover budgets, but rule out degenerate buyers.

Conditionscs is equivalent to requiring that in the population EG in Eq. (1.7) there is no weakly
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active constraints (those whose Lagrangian multipliers are zero). Conddsorequivalent to
== =, is realistic because degenerate buyers are a measure-zero edge case.
In this case, the limit distribution of interestlsgppg = N1O-tPHP°YCovlr 1 —\Po1pHPpoYo
which is a degenerate normal distribution supported on the hyperpladdR™: g=0if 82 -; =
-0.
Choose two vanishing sequencgsandng De ne the estimatedunpaced buyeré‘ci = f8:
\/;Ni 1 Xgand the reduced feasible sét= fV 2 »0-1vi : \g= 1for82 ", g. The proposed

bootstrap estimator is

VE=argminng teriv Ve 2k e - (2.17)
\/2 N
where ! andH are de ned in Eq. (2.16). The estimator has a nice geometric interpretation: we
add certain appropriate noise Wand then project back to the reduced feasible’satve callnc

the bootstrap stepsize, whose effect is investigated in Section B.2.

Theorem 20. Let scs hold in FPPE (== = ;). LetX 1-pCr1C: >11° and rbp_C! 1 . If

2 2
HI'H ,thennc*VI  Wo ° J ppe. Proof in Section B.4.7.

The estimator in Eq. (2.17) is proposed following ideas from Li [116] and Cattahex.

[16], where the bootstrap is in fact approximating the random quadratic program Eqg. (2.8). Many
existing works [60, 112, 116] require that strongly active constraints do not occur, and are thus
not applicable for FPPE with buyers who have leftover budgets. As with proximal bootstrap, our
approach requires solving quadratic programs only.

We brie y remark on the techniques used to prove Theorem 20. We combine the theory of
weak convergence [113] from statistics and epi-convergence theory [119] from optimization. The
reason is that weak convergence is a powerful tool to study asymptotics of statistical functionals,
such as tharg minfunction, and epi-convergence is designed for studying constrained programs.
Such an approach dates back to Geyer [60] and Molchanov [120], and more recently was used by

Parker [121] for constrained quantile regression, and Hong and Li [112] and Li [116] in the context
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of bootstrap.
Both proximal bootstrap (Eg. (2.15)) and our proposed bootstrap (Eg. (2.17)) require a numer-
ical difference estimate of the Hessian (Eq. (2.16)). We provide a theorem to guide the choice of

differencing stepsize.

Theorem 21 (Hessian estimation, informallConsider the nite difference estimate de ned in
Eq. (2.16) with differencing stepsizpc = >'1° and [cpC! 1 . Under regularity conditions,

H. H. [2, —ja—c higher order terms. Proof in Section B.4.4.

By setting[ % = 1-1[cp@ we obtain the optimal choidec  C¥*®. The proof of Theorem 21

uses empirical process theory to handle the nonsmoothness of the EG objective.

2.3.5 Con dence Regions for General FPPE

In Sections 2.3.3 and 2.3.4 we assumed eitheror -; to be empty sets. Now we discuss
bootstrap inference without such assumptions. We can construct a con dence regioruging
bootstrap test inversion. Suppose we have a scalar statistie- X—\l—++«-& and an upper
bound estimat® 2 R of the11l U°-quantile of its limit distribution. Then the regidid V-X:

) tV=X2\eee &  2gis an asymptotically-valid con dence region foW — X,

First, we introduce a statistic based on the Lagrangian of the EG program. The idea of using
the Lagrangian or Karush-Kuhn-Tucker (KKT) system for inference in constrained programs also
appears in Li [116] and Hsieét al. [77]. Consider the sample LagrangiagtvV—-X= ¢\

X1t1l- \WforV2101%and0 X 1. De ne the statistic for somé 2 10-1%

) v x= inf  Cl3dV-X 1JdV-X - (2.18)
V2V, £-Bn

whereBr=f 2R :k ko g The statistiy " nds the local minimum value of the Lagrangian

over ap%neighborhood of.
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Next, we introduce the bootstriig to estimate an “upper bound” of the distribution) dtV — X°.

)= \j2r1F1:T1rlc1 oty WO 2kWW i 0ein@? -
The quadratic function o¥ insideinf aims to estimate a quadratic expansion of the Lagrangian at
1V —X°.
To see thaj ! is an upper bound 9f ™V — X, it turns out tha) "4V —X° °inf g, T .
2 T™H , while) ! T inf or= T, 3 TH where N 0-Covir !-\P%, Forthe same
realization of , the limit distribution of) ! is greater than or equal to that)oftV — X°.

Now we are ready to introduce the con dence region. Given a threshold 2athe statistic

) Winduces the region

Wigo = f1yv_x:)My_X 29

\fl 1. W' X=00 V 1.0 X 1g-

Let 21 , be the conditionatl WP-quantile of) !, i.e.,2} ,=inffG:P) 1 QGf\9%° 1 Ug

Then a con dence region forvV —X°is Y42} o

- 2
Theorem 22. Supposec = >11°, ncpC! 1 ,H!H . Ifthe CDF of) ! is continuous at the
11 W-thquantile off !, thenliminfg, PtV —X° 2 W2: oo 1 U, Proofin Section B.4.8.

The condition on the continuity of the CDF is mild and commonly seen in the literature. The
cost that comes with the general applicability of the con dence regiWrQ% ' Is computational.

To decide whether a poidl/— Xis in the region one solves the optimization problem in Eq. (2.18).

2.4 Experiments

We now conduct experiments to investigate the performance of the bootstrap estimator Eq. (2.17)
in FPPE withscs conditions. We aim to (1) verify that the bootstrap produces a consistent esti-

mate of the FPPE asymptotic distribution, and (2) study the effect on the bootstrap of the stepsize
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parametencand market parameters, such as the number of items, number of buyers, proportion of
budget-constrained buyers, and the value distributions.

Synthetic experiments.In Section B.2.1 we consider an ideal scenario where buyers' values
are i.i.d. draws from some distribution, i.&;—e*+*—E gg3 . TO assess the effect of the tail of
the value distributions, we take: to be a uniform, exponential, or truncated normal distribution.

We visualize and compare two setups) true resamplingwhere the nite-sample distribution

of p_GVW V ©°, obtained by repeatedly drawing independent FPPE instance&) drabtstrap:

itV W6 as de ned in Eq. (2.17), obtained by bootstrapping only one FPPE instance. We
also vary the bootstrap stepsize Experiments con rm that our bootstrap Eq. (2.17) is consistent,
fairly robust under a wide range of market parameters when bootstrap stepsize is chosen appropri-
ately.

Semi-real experiments. In Section B.2.2 we construct realistic instances from real-world
auction markets based on the iPinYou dataset [97]. The dataset contains raw log data of the bid,
impression, click, and conversion history on the iPinYou platform. From the dataset we estimate
the click-through rate of impressions using logistic regression and simulate realistic advertisers'
values by perturbing the regression coef cients. We treat the sum of pacing multipliers as the
target parameter and use percentiles of the bootstrap estimates based on Eq. (2.17) to construct
con dence intervals. We assess the effect on the coverage rate of the number of items, number
of advertisers, the bootstrap stepsigeand the proportion of unpaced buyers. These experiments

show that our bootstrap is suitable for realistic auction markets.
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Chapter 3: Application: Interference in FPPE

3.1 Introduction

Online A/B testing is widely used in the internet industry to inform decisions on new fea-
ture roll-outs. For online marketplaces (such as advertising markets), standard approaches to A/B
testing may lead to biased results when buyers operate under a budget constraint, as budget con-
sumption in one arm of the experiment impacts performance of the other arm. To counteract this
interference, one can use a budget-split design where the budget constraint operates on a per-arm
basis and each arm receives an equal fraction of the budget, leading to “budget-controlled A/B
testing,” see e.g. [122, 123].

Despite clear advantages of budget-controlled A/B testing, companies are extremely constrained
by the number of such experiments they can run. While it's possible to create more budget splits,
this will lower the budget per group substantially, which could lead to different equilibrium out-
comes and may disproportionately affect smaller buyers. Additionally, a common approach to
increase experimentation throughput is to run orthogonal experiments (with their own orthogonal
randomization), but this would either suffer from the same interference as the vanilla A/B test
setup, or also require further budget splits.

In this chapter, we proposeparallel budget-controlled A/B testesign where we use market
segmentation to identify submarkets in the larger market, and we run parallel experiments on each
submarket. When the overall market can be divided into several relatively isolated submarkets,
budget-controlled A/B tests can be conducted in parallel within these submarkets. However, this
method also presents some challenges. First, submarkets are rarely completely isolated; certain
items may attract buyers from multiple submarkets, resulting in interference across submarkets

when conducting tests in parallel. Second, submarkets differ in terms of buyer (and user) compo-
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sition, which might cause the local treatment effect estimates to not be representative of the global
treatment effect where all buyers are included in the market. The second challenge is relatively
easy to address in practice by imposing balancing constraints in the clustering algorithm used to
de ne submarkets, while the rst challenge is more fundamentally important and requires deeper
understanding.

Before the theoretical exposition, we consider a comparison of results for paired experiments
between a parallel budget-controlled A/B test setup, and that of a traditional budget-split design;
where the latter is considered the gold standdrdFigure 3.1 shows comparisons of 99 exper-
iments where the point estimate and Cls are plotted on the vertical axis for the parallel design,
and on the horizontal axis for the budget-split design. The most important feature is whether the
two experiments agree between (negative, neutral, positive), as a change would result in a launch
reversal. The two experiment designs agre@5f6 of cases (a0% con dence level, hence the
optimal agreement i81+5%), which increases t@9% after the introducing a guardrail metric, see
Figure 3.1 on the right. These results are quite satisfactory, but do point at the existence of remain-
ing interference bias. In the remainder of this chapter, correcting the interference bias is the main
objective.

Contributions of this chapter include

1. We formally de ne market interference in rst-price auction markets using the rst price

pacing equilibrium (FPPE) framework [13] (Sec. 3)

2. We propose a debiased surrogate that eliminates the rst-order bias of FPPE, and derive a

plug-in estimator for the surrogate and establish its asymptotic normality. (Sec. 4)

3. We run semi-synthetic experiments, con rming that the debiasing technique achieves the

desired coverage properties. (Sec 5).

1This part of experiments is conducted by Dr. Congshan Zhang from Meta.
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3.1.1 Parallel A/B Testing in Practice

In this section we describe the real-world problem of A/B testing with congestion that we wish
to model, and our proposed solution of parallel A/B tests in carefully balanced submarkets. We
start by describing the market environment. There is a setdiertisers, and each adverti8aas
a budgetlsg Whenever a user shows up on the platformrapression opportunitgccurs, and an
auction is conducted in order to determine which ad will be shown to the user. Each ad8adser
some stated valuBgt\ ° of being shown to a particular impression opportuiityThe advertiser
submits a bid which is determined basedsgh 2, as well as the expenditure of the advertiser so far.

For example, imultiplicative pacind124, 59], the platform adaptively learngacing multiplier

Vg 2 0-1¥such that the bid is formed agEst\ ©. The budget-management system then adaptively
controls Vg over time, in order to ensure the correct rate of budget expenditure on behalf of the
advertiser. We consider rst-price auctions, which is the predominant way display advertising is
sold online.

Now that we have discussed budget management, we describe the A/B testing problem. Sup-
pose that a platform wants to runA/B tests, which may affect, e.g., the valuations that advertisers
have for impression slots, revenue, etc. We construct the market-segmented experimental setup as
follows: We rst de ne a bipartite graph between advertisers and users based on targeting criteria.
Subsequently, we cluster the advertisers intdusters, where the objective is to minimize the sum
of weighted edges between clusters subject to traf ¢ balancing constraints to make the resulting
clusters as similar to the whole market as possible. The edge weight between a pair of advertisers
is the number of impressions (or users) where they are both within the bagss. The choice of
is a parameter that must be chosen based on experience with the speci ¢ application setting. If the
clustering achieves a small objective function value, then each cluster is a mostly isolated submar-
ket, in the sense that each user will mostly receive bids from advertisers in a single cluster. Then,
we run an A/B test within each of the submarkets. Every user is randomly assigned to either
“A’ or “B” in each submarket. The main challenge is that while submarkets are relatively isolated,

there is remaining interference from users who are targeted by advertisers from different submar-
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kets, leading to a slightly different equilibrium. Our main contribution is to de ne a framework for
analyzing such interference, and giving an estimator that removes the bias from these users. We
survey related works in Section C.4.

Notation. For a measurable spate—d\°, we let! ? (and! 7 resp.) denote the set of (nonneg-
ative, resp.)! 7 functions on w.r.t the base measutk for any ? 2 »1-1%(including? = 1 ).
GivenG2 !t andE2 ! 1, we letlE—iG=  E!\°G\°d\. We treat all functions that agree on all
but a measure-zero set as the same. For a sequence of random vériaglese say- - = $ ,11°if
foranyn i Othere exists a nite' ,and a nite#, suchthaPlj- =j i " ° Y nforall= #,. We
say- = = >,11°if - - converges to zero in probability. For a subsét ,letl ot°: If 0-lg
be the indicator function of © Convergence in distribution and probability is denoted!%yand
!? . Given a vectolD = »01—¢ -0}, let diag!0° denote the diagonal matrix witt8—8th entry

being0g sometimes we writdiagtOf when it is convenient to de ne eadiinline. Let Y denote

the Moore—Penrose inverse of the matrix4g the 9-th unit vector, and=Y= f1—e e+ —g=

3.2 Interference as Contamination

In this section, we discuss how to estimate market equilibria when the@taminationin
the supply, meaning that items are generated from a mixture of two distributions, when in reality
we wish to estimate equilibrium quantities from one of the two distributions. Then, we show that
interference from other markets can be viewed as a form of contamination, and so the problem of

removing interference bias can be analyzed via our contamination framework.

3.2.1 FPPE with Contaminated Supply

We assume that we are in the same FPPE setting as before: thefsugess, each with budget
1g and an item set which is now partitioned in to pag and gooq. HOwever, now we assume
that the supplyBis contaminated by, another supply distribution. We de ne th&contaminated
market adVl y = FPPE!'1-E—B ° and the uncontaminated marketMs, = FPPE'1-E—-BY%

whereB, = UB, 11 PR distribution B is supported on paq, andBon good- Our goal is
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to perform inference about FPPE properties in the limit FPPE with the suppiowever, we

are given access to nite FPPEs sampled fr8pminstead. In particular, letVbe Ci.i.d. draws

from B, and letMPy = FPPE11-E1»C-OW We assumeJ is known throughout the chapter. In
practice, this can often be estimated from historical data; in the parallel A/B test setting, this can
be estimated directly from the sampled set of items, since we know whether an item is drawn from
Bor B. LetV and\, be the limit pacing multipliers iM o andM u, respectively. Let\)L'JVbe the
pacing multipliers in the sampled market, and let (_t\W = lcl 8:1 1\ 9— ¥ be the sample EG
objective.

If we wanted to make inferences abdudty then we could use existing statistical inference
theory on how to use data in a nite FPRE( to make inferences about the limit FPRE; [96].
However, the supply contamination prevents the application of these tools to our problem.

Our central research question is then on how to use data in the nite contaminated Masket
to make inferences about the uncontaminated limit mavket

In Section 3.3 we propose an estimator for this problem and derive its properties. The results

there apply to general item spaceand supplieBandE. By imposing structure on —Band B,

we show that the contamination model captures the interference among FPPESs.

3.2.2 Application: Modeling Interference among FPPEs

Now we show how the contamination model from the previous section can be used to model
interference. Consider separate auction markets, which together form a global market. In the
global market there arebuyers, each with budgég and an item set, partitioned into go04 and

bad- L€t 1—eee— Dbe a partition of the buyers,;—+++— be a partition of the good item set

good, @andB—« « » Bbe a set of supply functions, supported of3-¢ -« — rgspectively. The -th
submarket consists of buyers in, the item set . and supplyB . Let B= 1! . B be the average
mixture and® be a supply supported on,,g. Let the contaminated supply g = UB 1 °B

By imposing structure on 4504 and p,q the contamination model can capture interference

among auction markets. We assume that submarkets are separated, which models the ideal case
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where there is no interference. A buy82 . is only interested in items from the submarket he
belongs to:F!\° = 0for\ 2 .o—:0< :. Next, we let paq represent items that cause outbound
edges from submarkets; see the green edges in Figure 3.2 left panel. An item is referitzablib as
it has positive values for buyers from at least two different submarkets. Fortnally,p,q if there
exist82 ., 92 .o, : < :%suchthaB!\° 0OandEg\° ; 0. Combining these assumptions,
we have that a buye from submarket has positive valuesnly for items from the sets .
and possibly p,q. Now we have fully speci ed a contaminated market setup: we wish to make
inferences on the market consisting of only,oq (Which is really fully separate submarkets),
but we observe an actual market containing items frqyghq [ bad- With this setup, we can use
the results developed in the following section to model interference in parallel submarkets.

In Figure 3.2 we present an example of interference amorgy 3 submarkets. The market
of interest is the perfectly separated market (right). This is because, in parallel A/B testing, sub-
markets are explicitly created such that each submarket resembles the global market. Then when
a submarket receives a treatment, the observed quantities in that submarket, such as revenues and
social welfare, are considered surrogates for the treatment effect in the global market. However, in
practice we only observe the interfered nite market (left), which converges to the interfered limit

market (middle). In Section C.6 we show how to analyze parallel A/B testing using this framework.

3.3 A Debiased Estimator and Its Properties

This section develops a methodology for making inferences about the uncontaminated limit
FPPE. Since the interference setting is a special case of the contamination setting, we develop
theories for the latter. We introduce a surrogate for pacing multipliers, based on the notion of
directional derivatives, and establish its debiasing property in Section 3.3.1. Then, we focus on es-
timating this surrogate quantity in Section 3.3.2, and develop asymptotic normality results in Sec-
tion 3.3.3. Secondly, we consider estimating revenue, which can be thought of as a smooth function
of pacing multipliers. We discuss debiased revenue estimation and inference based on our pacing

multiplier results in Section C.5.
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3.3.1 A Debiased Surrogate for Pacing Multipliers

If we view V, as a function of the level of contaminatidf) then one can imagine that under
suf cient regularity conditions, the pacing multipliers in the perfectly separated marketan be
approximated by some form of Taylor expansiorlb?! \{, atU. This can be made rigorous by

the notion of directional derivatives. We de ne

VIREY/
dv i = lim 2. (3.1)
n O n

if the limit exists. We will show in Theorem 23 th&t,, UdV P serves as a good approximation
toV =V,

Thanks to the convex program characterization of FPPE, the directional dersfstid® has
a closed-form expression under certain regularity conditions (the conditions are given in Theo-
rem 23; the full proof is given in the appendix). We need a few notations for this expression.
Dene Xy = r 5\-\°B BPd\eLetHy=r2, 1\-\°Rd\ be the Hessian matrix in the
marketM y and % = diaglllvu_s\"( 1°°. Then, under the regularity conditions given in Theo-

rem 23 below,
dV i = 1 %H %Xy * (3.2)

We present a heuristic derivation in Section C.7. Given the closed-form expresslvntoP, we

de ne the following debiased pacing multiplier
¥ =\, U 11 %H%YXPC (3.3)

Theorem 23(Analysis of Bias) Suppose that in the markit o conditionssvo andscs hold, and
assumethav 7! r 2 1\—\PEd\ is twice continuously differentiable in a neighborhoodvof

Then the directional derivativdV * ° is well-de ned in a neighborhood of zero, and is given by
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Eqg.(3.2). Moreover, adJ #0,
k€ Vky=>1PLe

The proof is given in Section C.2.1. Theorem 23 indicates that the debiased surfbgate
removes rst-order bias caused by contamination. The limit pacing multipligis the contami-
nated markeM y will have bias of ordedj; V = *UP. In contrast, Theorem 23 shows that the

debiased surrogate only incurs a bias of orefés°.

3.3.2 The Estimator

In this section we introduce a plug-in estimator for the debiased surr&@ated introduce a
consistency theorem. The next section discusses constructing con dence intervals.

To estimatedV ' in Eq. (3.2) we need estimates of its three components: the Hedsjan
rz, U\-\PRd\,the diagonal matri®y and the vectoky = r 51\-\(°1B EPd\.
The Hessian For simplicity in our theoretical results, we will simply assume a generic Hessian
estimatortPy, such that for soméc# 0 we havetly H y=$ 21 &. Honget al.[125] discuss
the estimation of the derivative in detail. Different kinds of statistical guarantees require different
rate conditions offi ¢ see Theorems 24 and 25. We then introduce two Hessian estimators: one is
applicable for general FPPE, while the other requires an extra market regularity condition. The rst

Hessian estimator is the nite difference method. Ugt4 be basis vectors ang:be a step-size.

Then the estimator is
B8 » oo g eve o g v orseae -

i : : . :
where VW = V\l’JV Ao 4gYg and yEW = ]é gzl 19—y, with f\9gy being the items in
M. In practice, a diagonal approximation of the Hessian suf ces. The second method relies on
an additional regularity condition, in which case we derive a simpli ed formula for the Hessian,

thereby enabling a simpler estimation procedure (see Theorem 25).
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The vector Xy. Let 6 be the Radon-Nikodym rati6*\ ° = 1d!B B‘b-gBUMW = 451 good -\ ©

31, 1\°. With the ratio6, the true vectoi, can be written a%y = 6\ °r 51\—\(°B,1\°dl\,
which is easy to estimate given i.i.d. draws frdn In particular, our estimator is thel, =
i . .
lc g=161\ 90" 9 eHere" 9 = xJH--«+2B8%is a subgradient ob*\ 9— %6 w.r.t. V.
The diagonal matrix %. Recall % = diaglllvu_s\"( 1°°. So a natural estimator iy =
diagt1Vy) o 1 10, where the slackneds .
With all three components estimated, usMﬁis the pacing multiplier in the markéfy we

de ne the plug-in estimator fodV WP in Eq. (3.2) as
=\ U 1ol YR - (3.4)

Theorem 24 (Consistency) Suppose that in the markbt y conditionssmo andscs hold. If the

?
Hessian estimation error satis = >11°, then®! ¥ . The proof is in Section C.2.2.

3.3.3 Asymptotic Normality and Inference

We present two asymptotic normality results. In the rst result, we require a stronger con-
dition on the Hessian error rafe; In particular, as will be shown in Theorem 25, the rate
condition[ ¢ = >11-pf9 is suf cient for normality. One could use a separate large historical
dataset to obtain a good estimate of the Hessian matrix. In the second result, we impose an
additional condition on market structure which simpli es the Hessian expression and facilitates
ef cient Hessian estimation. To describe the additional market structure, we de ne the gap be-
tween the highest and the second-highest bid for an itamder pacingV by bidgap'V-¥% =
maxf VgEg'\ °g  secondmalikVgest\ °g —wheresecondmans the second-highest entry potentially
equal to the highest; e.ggecondma¥s1-1-2v4% 1. When there is a tie for an iteinunder pacing
V, we havebidgap!V—-"? = 0. When there is no tie for an itein the gapbidgaptV-"¥ is strictly
positive.

Forany6: ! R,letEy»Y+ 6R;d\ andCov,l6° = Ey»6 Ey»6v4% Ey»6Y*Recall
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¥ is the debiased surrogate in Eq. (3.3) &1d its estimator de ned in Eq. (3.4).
We need to introduce a few more notations to describe the normality results. Fi&, fet
L %H u%®r 5t -V . As mentioned previously, the pacing multipliers in the contaminated

market converge to the limit counterpart and have the representation

_ 18
pe\)l/JV W = PZ 13yt % EpByt\ 9040 >5110
g 1

In the statistics literature, the functi@p® © E»3y¥is called the in uence function [31]. For our
debiased estimators, we need the following (uncentered) in uence functions.
3;1\0= ﬁ oot 1\0 3,1\0 — 31\0=3,1\0 2Udia91VU_§QJ_§,81°3u1\ 0.,

Theorem 25. Letscs andsmo hold inM .

1. Asymptotic Normality in a General Marketlt holds that®? & =1¢, $-1 ¢, >?1pl=c°—
Wherep_CJ;!?N 1 0~ °with ; =Cow'3:.° and] cis the Hessian estimation error.

2. Asymptotic Normality under a Bid Gap Conditiorif in addition Ey»le bidgap?V— %Y
1, thenHy = diagtlg!V, 3%°. Suppose we estimatéy with Wy = diagllgl\)g_%zo. Then
p_G*V Qo ﬁ\l 10— 2°where ;= Cow'32°. The proofis in Section C.2.3.

Theorem 25 part 1 shows how the error of the Hessian estimate affects the distribution of the
estimatof. If [ ¢= >11-p@, then the decomposition beconiegly 9o = p'Ct; >,11°, implying
asymptotic normality, i.eP_GV go ﬁ\l 10— 1° in which case one can construct an ellipsoidal
con dence region for® . Theorem 25 part 2 shows direct asymptotic normality under the extra
condition, with a simpler Hessian estimator that avoids nite differences.

To perform inference, we need to construct a consistent estimate of the covariance matrix. Now
we describe a plug-in estimate of. Let the estimato®;” be®° = 21 oo\ 10, Hp 0¥ 9 —
where™ 9 = »q%-- .« 98, and %Py, have been de ned in Section 3.3.2. The plug-in esti-

_ 4l c

. — i
mator |sb1 =2 1@1g 3101@19 3.°T with 3; = %: gC 1391 . By similar arguments as in Liast

al. [95], the plug-ln estimates of; and , are consistent. algorithm 1 summarizes the debiasing
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procedure.
In Section C.5 we present a similar debiased estimator for revenue and its bias and variance
properties. In Section C.6 we specialize the debiased estimator to parallel budget-controlled A/B

testing.

3.4 Semi-synthetic experiment

To evaluate our proposed framework and debiased estimator, we run semi-synthetic simulations
to check if the proposed estimator for beta and revenue are indeed less biased, and we test the
coverage of the proposed estimator. Fully synthetic experiments are presented in Section C.8. All
the experiments in the section are produced by Dr. Liang Shi from Meta Inc.

In the semi-synthetic experiments, we simulate 40 buyers and 1§@@fditems in two sub-
markets, with a varying number bfd items (up to 5000) in order to study the effect of the con-
tamination parameteéy. For eacHJ, we randomly sample a budget for each buyer, and conipute
andREV from the limit pure markeM o with a value function in each submarket. Both the bud-
get and values are sampled from historical bidding data, making the budget and value distributions
heavy-tailed as in the real-world applications. More speci cally, we rst sample a certain number
of auctions. For each auction, we sample a given number of advertisers with their per-impression
bids. Advertisers that are sampled across different auctions are treated as the same buyers and their
budgets are determined by aggregating their values over auctions up to a scalar to calibrated to get
the percentage of budget-constrained buyers equal to what was observed in the real-world auction
market, along the same lines as the experiments of Comtzdr[59].

To check if the debiased surrogate reduces bias, we computand REV|, from the limit
market with interferenc® y and their surrogate® andREV (¥ is de ned Eg. (3.3)REV
is de ned in Section C.5. We look at the normalized bias for the surrogate, de nd®as
V koek V ko for pacing multipliers and aiREV *REV  1j for revenue, and similarly de ned for
the limit quantities. Figure 3.3 shows the normalized bias curves as a functibmae magnitude

of the bias increases witt, for both the variables in the limit market with interfererda, and
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their debiased surrogates. The bias of the debiased surrogates is indeed much smaller than the
contaminated limit quantities.

Next, we check the coverage of the proposed variance estimator. Foeacheach budget
sample, we run 100 simulations in the following way: We sample items (or their values for each
buyer) considering two submarkets and bad items. We then run the nite FPPE with bad items
and obtain a baseline estimate for pacing multiplier and revenue without applying the debiasing
procedure. Then, we apply the debiasing procedure to compute the debiased estimates. For each
simulation, we check if the debiased surrogate is within the con dence interval of the debiased
estimator. Finally, we aggregate them to compute the estimated coverage of the estimator. The
results for both pacing multiplier and revenue are shown in Table 3.1. For the cover&ye of
we rst compute the coverage of each component and report only the average in the table. For
revenue, we construct the CI using the two approaches as mentioned in Section C.5: one based on
Eq. (C.14) and the other using parametric bootstrap based on the estimated asymptotic distribution
of ¥ (with "(b)" in the column names).

Firstly, Figure 3.4 shows that both Cls converges to the true value from the limit market with
interferenceM y as the number of items goes to in nity. Then, in Table 3.1, we show that the
coverage fol? is slightly smaller than the nominal level (95%), as well as the coverage of the
bootstrap ClI of revenue. The under-coveragelfas mainly driven by the under-estimation of
the variance of?, while the under-coverage of the bootstrap Cl for revenue can also be partially
attributed to the higher dimensionality (with 40 buyers), making the bootstrap resampling harder
to explore the whole space.

Although the proposed variance estimator has good asymptotic properties, the results from
our synthetic experiments suggest that it can perform badly, in either direction, for nite markets.
Constructing more accurate variance estimators for our debiased estimator in nite settings would
certainly mitigate the over- or under-coverage issues that we observe here and deserve more future
research. One promising alternative is to construct the GramdREV by directly bootstrapping

the observed value matrix, though this might work best for independent valuations across buyers.
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1Y/ REV

U coverage Clwidth Clwidth (b) coverage coverage (b)
1000/11000 0.877 0.244 0.044 1.0 0.95
2000/12000  0.849 0.225 0.043 1.0 0.87
3000/13000  0.852 0.210 0.041 1.0 0.81
4000/14000 0.828 0.200 0.040 1.0 0.90
5000/15000  0.826 0.191 0.039 1.0 0.90

Table 3.1: Coverage off and revenue estimates in the semi-synthetic experiments. All quantities
are averaged over 100 simulations for e&lfthe ratio of the number of bad items and the total
items). The coverage & is averaged over all componentsifFor revenue estimates, the

columns with "(b)" represent the quantities from the bootstrap ClI, while the columns without
"(b)" are for the CI from Eq. (C.14). The Cl widths are normalized by the revenue from the limit
marketM .

Figure 3.1: Parallel vs. standard budget-controlled A/B test, daily treatment effect. We denote
neutral treatment effects with a value®®. Red crosses indicate instances of sign
inconsistencies. Left are all data points, on the right, data points that fail a guardrail metric are
removed.
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Figure 3.2: Left: Finite FPPE (left) and limit FPPE (right). In a nite FPPE, there are a nite

number of items; in a limit FPPE, the item set is a continuRight: The interference model —

Left (MPy): the observed market where interference is present among submarkets. Ndgle (

the limit market with interference from bad item set. RigHit{): the limit market with perfectly
separated submarkets. We use data from the left panel to make inferences about the market in the
right panel.

Figure 3.3: Normalized bias (in percent of true value) as a functiod@i semi-synthetic

experiments¥ andREV are the debiased surrogates for pacing multiplier and revenue in the
limit market with interferencé .
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Figure 3.4: Revenue con dence intervals as a function of the number of items in semi-synthetic
experiments. The analytic Cl comes from Eq. (C.14). The true value is the debiased surrogates
for revenue in the limit market with interferenbé .
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Appendix A: Appendix to Chapter 1

Proofs for Analytical Properties of the Dual Objective
A.1 Analytical Properties of the Dual Objective

A.1.1 Formal Statements

Based on our differentiability characterization, it is natural to search for a stronger form of
Eg. (1.30) and hope that such a re nement could lead to second-order differentiability. Theo-
rem 16 provided three suf cient conditions for second-order differentiability. Condition (i) gives
two such re nements of Eq. (1.30). Condition (ii) is motivated by the idea that the expectation
operator tends to produce smooth functions. The exact smoothness requirement is presented in
the appendix, which we show is easy to verify for several common distributions. Finally, Condi-
tion (iii) considers the linear-valuations setting of Gao and Kroer [29], where the authors provide
tractable convex programs for computing the in nite-dimensional equilibrium. Here we give an-
other interesting properties of this setup by showing that the dual objective i§eneralization
to piecewise linear value functions will also be discussed at the end.

The tied buyers for an item will be useful for later discussions. E&t-? = arg max Vess!\ °
be the set of maximizing indices, which could be non-unique. We say thacetis for item\ at
Vif 1V-TPis single-valued, in which case we U8&/—¥ to denote the unique maximizing index.
Moreover, by Theorem 3.50 from Beck [126], the subgradigr\— \? is the convex hull of the
setfEdg-& 1V-Yg When 1V-"Yis single-valued, the subgradient set is a singleton, and%hus

is differentiable.
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Markets with suf cient bid gap

A natural idea is to search for a stronger form of Eq. (1.30) and hope that such a re nement
could lead to second-order differentiability. In particular, this section is concerned with statement

(i) of Theorem 16. First we show the condition based on the expectation.

Theorem 26. Suppose is differentiable in a neighborhood &f and
1
1 3 1

- - = - o] V/ _
E bidgap'V -\ bidgap'V -\ A (INT)

then is twice differentiable a¥ . Furthermore, itholds 251V © = 0andr 2 1V ° = diag! 1g* V,°%°.

Proof in Section A.1.2.

We compare the integrability condition in the above theorem with Eq. (1.30). BotHNED) (
and Eq. (1.30) can be interpreted as a form of robustness of the market equilibrium. The quantity
bidgap*V-"¥ measures the advantage the winner of itemas over other losing bidders. The larger
bidgap!V-VYis, the more slack there is in terms of perturbing the pacing multiplier before affecting
the allocation at. In contrast to Eq. (1.30) which only imposes an item-wise requirement on the
winning margin, the above assumption requires the margin exists in a stronger sense. Concretely,
such a moment condition on the margin functlmdgap represents a balance between how small
the margin could be and the size of item sets for which there is a small winning margin.

Second we consider the condition based on the essential supremum. For an§dnyérer

winning set g, there exists a positive constagt; 0 such that
VgEgt\ © masx\/. EN° ng8\2 5 esssufdebidgaptv-?Y Y 1 (GAP)
<8 - \2

It requires that the buyer wins the items without tying bids uniformly over the winning item set.
The existence of a constantY 1 such thatlebidgap!V—? Y for almost all items makes a
stronger requirement than EgN(). From a practical perspective, itis also evidently a very strong

assumption: for example, it won't occur with many natural continuous valuation functions. Instead,
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the condition requires the valuation functions to be discontinuous at the pointsainere the
allocation changes. Empirically, sint#is a good approximation of for a market of suf ciently
large size, Eq.®GAP) can be approximately veri ed by replacing with WY As a trade-off,
Eq. (INT) is a weaker condition than EqGAP) but is harder to verify in practical application.

Below we present two examples where BijT) holds.

Example 4(Discrete Values)Suppose the values are supported on a discrete setfe.s ¢ e =& 2
f+—eee—49 R™ a.s. Suppose there is no tie for each itemvat Then Eq.(GAP) and thus
Eq.(INT) hold.

Example 5(Continuous Values)Here we give a numeric example of market with two buyers where
Eq.(INT) holds. Suppose the values are uniformly distributed over theBetsO : & 1-Ek
2EigandfE O0:EB 1-E& %Elg. See Figure A.1 for an illustration. By calculus, we can show

the map5t\P = Exmaxt E; Vi— EVog¥is

%1% %% vl,g_g;vz itV 2V

5V = liyy e ifIVi Y Vb Y2V, °

N

g 5 1V AV ; 1
- 1— §vl VZ, 3—V2V]_ |f V2 ?V]_

Next, we derive the Hessian 6f On f%vl Y Vb Y 2Vigwe haver 25 = 0. In the region

f\L i 2V1g, the Hessian is

2% 2V
r251\p = 83W° 3vi’s

VAV 2

3?2 3Vi

The Hessian on the regidiv, Y %Vlg has a completely symmetric expression by switchngnd
VL. The Hessian can also be derived using formulas in Section A.1.3. From here we can see the
function5is 2 except on the line¥, = 2V; and\, = Vi 2.

ConsiderVon =fV i 0:3V1 Y W Y 2Vig Eq.(INT) holds. And that 25:\* =0on
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which agrees with Theorem 26.

ConsiderVin the interior of regionfV j 0 : V, | 2Vhg. The function5is twice continuously
differentiable but Eq(INT) does not hold.

ConsiderVon the rayfV i 0 : \V, = 2V40. For theseVs the setf\ : bidgaptV-"? = Ogis
measure zero and yet 51\° is not twice differentiable at thedés. This implies Eq(1.30)does

not necessarily imply twice differentiability.

Figure A.1: Value distribution in Example 5

Markets with linear values

Now we consider the condition (iii) of Theorem 16: linear valuations. We adopt the setup
in Section 4 from Gao and Kroer [29] where we impose an extra normalization on the values;
the reasoning extends to the cases where at any point there are at most two lines intersecting at
that point. Suppose the item space s »0-1%with supply B'\° = 1. The valuation of each
buyer8is linear an nonnegativeEg'\° = 23\ | 33 0. Moreover, assume the valuations are
)0_11/4E3d\ =1, 2¢2, 3g3=1. Assume the intercepts & are ordered such
that2 31 i3= 0.

normalized so that

We brie y review the structure of equilibrium allocation in this setting. By Lemma 5 from Gao
and Kroer [29], there is a unique partitin= 0, Y 0, Y Y 0. = 1 such that buye8receives
8= 0g,—@Q . Inwords, the item set0-1vwill be partitioned into= segments and assigned to
buyersl to = one by one starting from the leftmost segments. Intuitively, buyer 1 values items

on the left of the interval more than those on the right, which explains the allocation structure.
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Moreover, the equilibrium price8 1 © are convex piecewise linear with exacthlinear pieces,

corresponding to intervals that are the pure equilibrium allocations to the buyers.

Theorem 27. In a market with linear values, the dual objectiveis 2 at V. Proof in Sec-

tion A.1.2.

The above result also extends to most cases of piecewise linear (PWL) valuations discussed

in Section 4.3 of Gao and Kroer [29]). In the PWL setup there is a partitio®-ef/s o =0

1 1 = 1, such that alEst\ °'s are linear on» . 1— .% At the equilibrium
of a market with PWL valuations, we call an itdmanallocation breakpoinif there is a tie, i.e.,

1V —\° = arg max VeEst\ © is multivalued. Now suppose the following two conditions hold: (i)
none of the allocation breakpoints coincide with any of the valuation breakpointg and (ii)
at any allocation breakpoint there are exactly two buyers in a tie. Under these two conditions,
one can show that in a small enough neighborhood of the optimal pacing multipligre allo-
cation breakpoints are differentiable functions of the pacing multiplier. This in turn implies twice
differentiability of the dual objective by repeating the argument in the proof of Theorem 27. Intu-
itively, this occurs because under the two conditions, the PWL case behaves like the linear case in
a suf ciently-small neighborhood around the equilibrium. However, if either condition (i) or (ii)

mentioned above breaks, the dual objective is not twice differentiable.

Markets with angularly smooth values

We rst use a change of variable, and let E2kEk, be the projection oEonto the unit sphere.
It represents the angular component of the veBtdret 5'E—%= max Vgks!\ ©. Using a change
of variablel = EkEk, andA = kEk, and homogeneity ob, the integral 5'E—%5:dE can be
written as

1 1 1 1
1 1

5tA|- W 1&1AI°dAdI = Bll—-\? A 5IAPdA di (A.1)
(= 0 (= 0
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wheredl is the surface measure on the unit ballin R=. From this representation, it is not
unreasonable to say that gl A" E'APdAis a smooth function of the angular compongnthen
_51\/0 will also be a smooth function 0. TakingEs= Alg E = I|.*lg and so 01 A BAPdA=
_01 E ¥'Eh-Bp—rc sk gE°dEr! I£~. So equivalently we require smoothness=of 7!
o BEEER-Ecee b dE 0
Now we make this precise. First we introduce some extra notations. FoB@asH/zde ne

the mapf g: R™! R7,
fE = sE B o e BB B B16- oo —~B

for 82 »=%which multiplies all except th8th entry ofEby B

De nition 6 (Angular regularity) Let 5: R™! R be the probability density function (w.r.t. the
Lebesgue measure) of a positive-valued random vector with nite rst moment. We say the density
5is angularly regular if for all g'E ¢ = 01 5f g EdEg, 82 »4it holds (i) gis continuous

onR” 1 and (ii) all lower dimensional density functions of are continuous (treating g as a

scaled probability density function).

Theorem 28. Assume the random vectoy—+<+—=F: ! R has a distribution absolutely
continuous w.r.t. the Lebesgue measurdRorwith density functiong. If 5 is angularly regular,
then is twice continuously differentiable drr .

Proof in Section A.1.2.

The above regularity conditions are easy to verify when the values are i.i.d. draws from a
distribution. In that case, many smooth distributions supported on the positive reals fall under
the umbrella of the described regularity. Below we examine three cases: the truncated Gaussian
distribution, the exponential distribution and the uniform distribution.

~

| -
When values are i.i.d. truncated standard Gaussians, the joint déhiSity 2, ., exp I%- 2°
i i
and gE =21 , Bexpt 31, . gE°°dR= 2"

8= 1-2, are appropriate constants. Similarly, for the i.i.d. exponential case with the rate parameter

. <¢E° =2-which are regular. Hergs
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~

: I i - :
equal to one, the density'E®> = 5 expt B’ and gE{ = ! ._gE° ~ satisfy the required
continuity conditions. Finally, suppose the values are i.i.d. uniformsdeti/s The joint density is

T_ L _ :
51 = 7,1f0Y EY lgand for example, 8= 1, 1'E 1° = minfl-E!—ese—fg* te1= 10,

which also satis es the required continuity conditions.

A.1.2 Proofs

Proof of Theorem 15Recall 5'\-\? = maxgVgsst\ °. Note 5is differentiable atv if and only if
bidgaptV-Y?i 0. Let ¢ W =f\: 50—\ is continuously differentiable atg. Then

1
" bidgaplV-¥?

dgi TV = Y1 =f\: 1V-Yissingle-valuede

By Proposition 2.3 from Bertsekas [127] we knd#\P° = E»5"\—- VY=  5N\-\B\°d\ is
differentiable atvif and only if 11 g 1\W°B\°d\ = 1. From here we obtain Theorem 15.

]

Remark 1. Suppose Eq1.30)holds in a neighborhood of V, i.e. 7 IS nite a.s. for

1
' bidgaptV-
eachV 2 #, then by Theorem 15 we knowis differentiable or# . In fact, a stronger statement

holds: is continuouslydifferentiable or# . See Proposition 2.1 from Shapiro [34].

Remark 2 (Comment on Theorem 15YVe brie y discuss why differentiability is related to the gap
in buyers' bids. Recalb'\° = ExmaxVss'\ °%4 Let X 2 R™ be a direction with positive entries,
and let *V-¥ = arg maxVgs'\° be the set of winners of itemwhich could be multivalued.

Consider the directional derivative & at V along the directionX

£ maxgt Vg, CRE\°® maxg Vekg!\ ©

i
&0 C
—E lim maxgt Vg, CRE\°® maxgVst\ ©
B @0 C

h [
=E max B\ %% —

@ 1V-P
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where the exchange of limit and expectation is justi ed by the dominated convergence theorem.

Similarly, the left limit is

0 o h i
jim £ M6 Ve, CEENY AR T oy,
co C @ 1V—_p

If there is a tie atV with positive probability, i.e., the setV-7¥ is multivalued for a non-zero
measure set of items, then the left and right directional derivatives along the dire¢tdomot
agree. Since differentiability at a poiMimplies existence of directional derivatives, we conclude

differentiability implies Eq(1.30)

Proof of Theorem 26By assumption, there is a neighborhood\of say#, on which is differ-
entiable. By Theorem 15, for 2 #, 5is differentiable aialmost surely. De ne : # ! Rf,
1V—=¥ =r 5"\-\P. To compute the Hessian w.r.t. the rst terBapwe look at the limit
1y, —=\° 1V -\

I|!m0 E K . (A.2)

Suppose we could exchange expectation and limit in Eq. (A.2), then the above expression
would become zero: for a xedl, since Eqg. (1.30) holds &t , i.e, bidgap'V —¥ j 0, we apply
Lemma 2 and obtaitim  og* VvV , —=\° 1V —\P%k k = Qe This implies that is twice
differentiable atV with Hessianr 2 1V ©° = r2 1V©,  |tis then natural to ask for suf cient

conditions for exchanging limit and expectation.

Lemma 2 (bidgap!V-? as Lipschitz parameter of). Let V-2 #.
« IfkV V%; bidgaptV—PeEthen V-V = 1V-_¥,

* It holdsk 1\/)—\0 1V—‘)k2 6E2 W]F-)lv_?k\p sz.

By Lemma 2, we knowtheratib 1V , —\° 1V %k kisdominated bpbbidgaptV -\ 1,
which by Eq. (NT) is integrable. By dominated convergence theorem, we can exchange limit and

expectation, and the claim follows. O
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Proof of Lemma 2 Note that for anyv and\ with bidgap!V—? j 0, and an\P=V

k 1v, —\° 1V-Y¥ky 5 1 .
k ko bidgaptV-?

(A.3)

To see this, we notice that on one handkifky ne13E° wheren = bidgap!V-¥, then for

8=8V-Yandall\ 2 g\~,

\/5531\0 =1\g, PEH\°

VeEt\© ne3 (A)
VEN° n ne3 (B)
VEN\° ne3, n ne3- (C)

where! °and?! ©° use the fack k; ne13E°, and (B) uses the de nition of. This implies
arg ma>é\/8)Egl\° = argmaxVe&st\ © and thus Vv, -—\° 1V—? = 0. On the other hand, if
kK ki i ne13B, thenk ko k ki jne3E. Using the bounk k, E we obtain Eq. (A.3).

This completes proof of Lemma 2. ]

Proof of Theorem 27Recall the normalization on valu@g?2 , 3g= 1. By Lemma 5 from Gao
and Kroer [29], we know that at the LFM equilibrium the there exists unique breakgibn, Y
0,Y YO0.=1,0,="1 V3, Vg1381°°* Vg2 Vj,251° such that buyeBreceives the item

set0g ,—Q% = »0-1%Moreover, it holds

Vi31i V,32i i V23—

V2t Y V2, VY V2o e

Now we consider a small enough neighborhagbdf V. For eachV 2 #, we de ne the
breakpointOg*\V° = 1 Vg3g, Vg13g1°°t1Ve2s Vg 1251° by solving for\ throughVg'2g | 3¢ =
V& 1123 1\ s 33 1° for 82 »>= 11/,4001\P = 0, and0_1\° = 1. Let g\ = f\ 2 . &1\ °\g
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E 1\°V.8: <&
Lemma 3. There is a neighborhoo#l of V, so that g\ = g 1 \WP— Q\PYior V2 #.

i
When exists, the gradient is alwaysb*'\° = = 5,45 11 gWOEN\°B\°d\. ForV 2 #, it

further simpli es to

€;
r5tWw = 4g 1505 ,1\VP-Q1\PY¥%29 | 3¢ d\
g1
G 2
= 48 E )081\/)% » 08 11\/)1/21 s 38 081\P 08 11\/) b
&1

From this we see that continuous differentiability of the breakpddgts® implies continuous

differentiability ofr 5. This nishes the proof of Theorem 27. O]

Proof of Lemma 3We construct such a neighborho#d De ne

1 1 1
X=min 5 V& 35 V2 2, 0 v2E -
where o = minj0g Ogij, vo=minfV; 231 Vg20i 0, 2=maxf2s1 249 O and
vai Oand 3 Oare similarly de ned. Let# =fV: kV V ki Y Xg The neighborhood is

constructed so that ot it holds

V131 i V23, i i V=3--

Vi21 Y Vo2 Y Y 2o -

0=0,\YO0,'WY YoOriw=1-

where the rst inequality follows fronX v3* 3, the second inequality frol{ % ve® 2,

and the third inequality follows fronx o v24E°, whereE = maxsup 5,q4128 , 3s For
\ 2 0-QVWYamaxVet2s |, 3¢ is achieved by8= 1. Similarly for 8= 2—e«+~=S0 we have
shown g'\P =50, ,1\P—Q*\WP¥for V2 #. O
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Proof of Theorem 28We need the following technical lemma on the continuous differentiability

of integral functions.

Lemma 4 (Adapted from Lemma 2.5 from Wang [128])etD= »Dj—« <+ =t R" , and

Dy D=
P= dg 1G5+ 0+ =TC -

where is a continuous density function of a probabilistic distribution functiofRomnd such that
all lower dimensional density functions are also continuous. Then the integdais continuously

differentiable.

Remark 3. The difference between the above lemma and the original statement is that the original
theorem works with density and integral function 11X both de ned onR~, while the adapted

version works with density and integral ¥ de ned only onR™ .

The gradient expression is
C): 1
r 51\ = 4g ElH4gWoRIPPdE -
&1

where the setgt!\® = fE 2 Rf BV EV.—-:< 882 >_>:1/,4is the values for which buyed
wins. For now, we focus on the rst entry of the gradient, i.eE;11+,1\P° 51’ dE We write the
integral more explicitly as follows. By Fubini's theorem,

1

E11+,1\PO 1P dE (A.4)
oy tws v 1 ovig
Vo V3 V=
= d&; d& d&s 1E) Bl —eee =P dE (A.5)
0 0 0 o | z }
= 11E)

—eeesVandE=) 11C=

To apply the lemma we use a change of variable.Q=e} 1B = »& Ei
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W—g— =@/ Then Eqg. (A.5) is equal to

1 1 1 ﬁ 1 ﬁ 1 ﬁ
V. V. V=
d¢  “dG  dG GGG =@ dC- (A.6)
0 0 0 0 | {z }
= L1C
Note ExE 1\ °Vi= = 1B dE= = 2'C dC= 1. We use Fubini's theorem and obtain
1 % 1 é 1 %
@+(A6)= dG dG ©1C,0dG -
0 0 0

where we have de ned1C4° = R G¥G- fa—eee :@gq. By the smoothness assumption on

D-

and Lemma 4, we know that the m8p, 7! ODZ dG 0

1C1°dGis 'forallD; 2 R™ 1.
Moreover, the map/ 7! »%—---%1/4'3 1. We conclude the rst entry of 5\ is 1in the
parametedl. A similar argument applies to other entries of the gradient. We complete the proof of

Theorem 28. ]

A.1.3 Closed-form Expression for Hessian

In this section we derive a closed form expressionrfést\° for someV 2 R™ using tools
from differential geometry. Le&!E° be the density of values w.r.t. the Lebesgue measui@ on
LetK =r25'\°. Thenr? 1\P = K, diagtlg! iP?°. Fix a buyer: . Now we deriveK._ for

2 »=Y4We need to introduce a few sets. Let

+=fE2R : Vg V.E-@ »Vig
( =fE2R°:V.E =VE-V¥s V.E-&:- g=+\f E:VE =VEg-

=fE. 2R ': Vg VE-8&:- g-

The conet+, which we call thewinning coneof buyer:, is the set of valuation vectors such
that buyer: wins under the pacing pro le/. The set( is a face of+, which represents the

values for which there is a tie between buyerand . Itis clear is the projection of onto

108



Figure A.2: lllustration of+, ( and

fE2 R™: E =0g. In Figure A.2 we present an illustration of these sets.

We will show that the Hessiad can be characterized as

\ V E
K. = Z EzilEl—"-—:ElT—E,l—---—:EdE; for <:-— (A.7)
~ 1
2 VE
K= 5 EzilEl—---—.ElT—E,l—---—:EdE; . (A.8)

The formulae indicate that only the value §fon the face¢ , < : matters for the Hessian.

Let = V.4 V4 and p= V.4 D4 for a scalarD. The: -th entry ofr 5\ is

11+ 1\WOoE H-dEand so the second-order derivativemtan be written as

1

m
K. =— 1%+1\P%E &dE *
- TV X

De ne the rotation matrix

Jo= - Db T L :
b _kag_kkz’kkszkzD

The map) p is a diffeomorphism that mag€: TE Ogto the regionfE: [E 0Og. It can be
seentha)p! *k k° = pk pke and)y = -. Notice that if we increas¥ , < :, the face
( rotates inward i+, pivoting at the origin. By a result from Section 5 in Kim and Pollard [99],

the derivative of the volume of a parametrized region can be written as a surface integral on the
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boundary of the region. Concretely, in our case, we have that

1 1

m m
— 114+ 1\POE G dE= 11( °E =" —pE daf —
mV X ( X mIZ))D D=V

where='E° is the normal vector of pointing inside the winning cone, anddf is the surface

measure orf . Now plug in

‘ m

m
—)pE = forE2 ( -
m[))D D=V k k% or (
SIP= —— — df =p1 1VeV.02dE . —
k kz 5 . .
and obtain
1
m
11( °E =" —)pE df
1( - x m[%D D=V
= EE %k k,'df
1
V V E
= = B OlE—see—F— — —[F 1—see~fEJE . o
Y2 ¥E -B v Bl -f5dE .
Now we investigatéK ._.. Notice that if we increas¥®., all = 1 faces,f( g <., of the winning

cone+ rotate outward, pivoting at the origin. And so we could again use the results from Kim and
Pollard [99]. However, we show a simpler approach to deriking using rst-order homogeneity
of the function 5'\° = E»maxgVdsst\ °%4 By Euler's homogenous function theorem, we have

I _ : , ,
S'W = o Vgtmm¥ 51\P. Taking*mmV° on both sides we obtain

~

O
m m
—5tW=—051\V V.K._ VK. -
mv mv 5 . ST s .

<:

i
and thuK._. = < VK._eV..
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Proofs of Fisher Market Results
A.2 Appendix to Linear Fisher Market

A.2.1 Fairness, ef ciency, and Scale Invariance

A major use case for LFM is fair and ef cient allocation of resources. Similar to the classical
nite LFM, the in nite LFM enjoys fairness and ef ciency properties [29]. L& be an equilib-
fium allocation. First, this allocation Rareto optimalmeaning there does not exist&2 *! 1 o=
! & 1, such that E&BRI\ GBI\ for all 8and one of the inequalities is strict. The allo-
cationG is envy-freein a budget-weighted sense, meapinﬁg@Bj\-lg EGRi\ « 14 for all
8< 9 Finally, itis proportionat  EGBil\ BB\ 1lg'| o 1g°, that is, each buyer gets at least
the utility of its proportional share allocation.

LFM enjoys certain scale-invariance properties. First, buyers cannot change the equilibrium
by scaling their value functions. Suppdde-« e+« —Lare positive scalars, and thies—®are the
equilibrium allocations and prices IolFM11-E—-B% ThenG-2will also be the equilibrium
quantities inLFM11-2U;E;—« « « —B-°- B-°. This is easily seen by the fact that valuation scaling
does not change the demand function. Second, if all buyers' budgets are scaled by the same factor,
or the supply is scaled by the same factor, the equilibrium does not change. Thahisldfare
two positive scalars, antdcG—®? = LFM11-E- B then1GiUeU,?° = LFMU; 1- E—B- °.

These scale-invariances hold for nite LFM as weéll Based on the invariance, we impose the
normalization tha’lt o118 = 1 and that all buyers' expected values are 1, i.eB'\ °B\°d\ = 1.
Then in the Ijmit LMF, the budge-supply ratio IiS;llg‘ Bd\ = 1. With the normalization, we
have gy = ! a1 7le 2-2%4 In order for the budget-to-supply ratio to match in the sampled nite
LFM and the limit LFM, we use supplies dk Cfor each item in the nite LFM. Thus we study
nite LEM of the form BFM*1— EtsC—W

IThat is, 13- 2 BFM!1-E—f-Wmplies 13- 2 BFM1-1UEL—f—W and 1GiUpsU,0?° 2
BFMIU 1- E—- W
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A.2.2 Consistency

Theorem 29(Consistency) It holds that

29.1 NSW and individual utilities in the nite LFM are strongly consistent estimators of their limit

i
LFM counterparts, i.e., g,1glog! D8 F §:118|Og 0y° andD8 ! Ds’

29.2 The pacing multiplier in the nite LFM is a strongly consistent estimator of its limit LFM

. °Se
counterpart, i.e. M T\,

29.3 Convergence of approximate market equilibriim:sup-B"4n° B in°foralln 0and

limsupB™Mn® B 10°=fV gforall nc# 0. Recall the approximate solutions sBt’and
B , are de ned in Eq(1.8).

Proof in Section A.4.

We brie y comment on Theorem 29.3. The set limit result can be interpreted from a set distance
point of view. We de ne the inclusion distance fromasetoaset by3 *— °=infsfn O:

f H: distH-° nggwheredisttH-° =inffkH 1k: 12 g Intuitively,3 * — ©°measures
how much one should enlargesuch that it covers . Then for any sequence # 0, by the second
claim in Theorem 29.3, we kno® B™Mn®—£V g° ! 0. This shows that the set of approximate

solutions of cwith increasing accuracy centers arowicas market size grows.

A.3 Technical Lemmas for LFM

Ny A
We abbriviate gy to , and recall that under the normalization thal,1g = 1 andag =

| _ _
BB\ =1 theset = g »lg2-2% R

Lemma 5. De ne the event ¢c= fW2 g. (i) If C 2Plogi2=+[°, thenP! @ P1%
i
lc gzlEgl\go 2-8% 1 [. (i) ItholdsPt ceventually = 1. Proofin Section A.3.

Proof of Lemma 5Recall the event c= W2 ¢. De ne K= 1 C _, B\ 9.
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First we notice concentration of values implies membershipdto , i.e., f1e2 Eg
. i cq
288y f W2 g To see this, note than\aN L §=1E31\9° andDgN lcli—jla gczlEgl\go, and
through the equatioy’ = 1D} the inclusion follows. Not®) EH\9% Eis a bounded
random variable with meaB»&gt\ 9°= 1. By Hoeffding's inequality we hav@legC 1j X

2 expt %Q’. Next we use a union bound and obtain

& 2
pi\Wg o p B 1) X 2=exp 2;(20. (A.9)
&1

By setting2=exp* %‘b =[ andX= 1+2 and solving forCwe obtain item (i) in claim.

To show item (ii), we use the Borel-Cantelli lemma. By choosihg 12 in'the Eq. (A.9)
we knowPt % Pif1e2 ES 2-887° 2=expt G!2EX°. Then we have g P2y
1 « By the Borel-Cantelli lemma it follows tha®tf 2in nitely ofteng® = 0, or equivalently

Pt ceventually = 1. O]

Lemma 6 (Smoothness and Curvaturdfholds that both and care! -Lipschitz and -strongly
convex w.r.tthe; -normon with! =2=_Eand_ = 1+4. Moreover, cand arelE, 2pE°-

Lipschitz w.r.t. .-norm.

Proof of Lemma 6 Now we verify that cand arelE, 2=°-Lipschitz on the compact setw.r.t.

the 1 -norm. ForvV-92 |,

i AW AV
1O ¢
© mgaxngl\gOVgg méalﬁEgl\go\Psg ,  1glogVs log\}
o=1 ) 81
Ve 1 v g
EkV 1, 1g @JVS g

&1

= 1E, 2=°kV VP, o

This concludes théE , 2=°-Lipschitzness of con . Similar argument goes through for.

From the above reasoning we can also concjudg\® V) BV ko, 2kV Vg
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p Y

g, 2" =°kV V. This conclude$E, 2" =°-Lipschitzness of cw.r.t. >-norm.

| _ .
Recall =5, where5'\W = Exmaxf Bst\°Vgg¥and 1\° = a-118log Vs The function

is smooth with the rst two derivatives
r 1= »ljeVj—eee—d\VV 12 1\ =diagf 1t iP?g0e

It is clear that for allV 2 itholds\Vg 2. Sor?2 1\* ming lge4g = _ . To verify the

strong-convexity w.r.k k norm, we note for al\®- V2
Ve e o W= Mt o202k WKS e 20K\ VWKE —

wherel 2 m5t\P andl ,r 1\Y 2m 1\P. This completes the proof. O

Lemma 7 (Estimation ofCov*" ©). LetV be a deterministic point iR~ and W=v  >,110
Recall 5de ned in Eg.(1.2)and in Eq.(1.3). Suppose be differentiable on a neighborhood
of V. Let™ 9 2 ny5!\ 9— W pbe any selection. Then

17 E»r 51\— VoY= >,110— (A.10)

Cg=1

1&

o T917 00T Eyr 51\—VOr 51\-VOTY/E >,11° (A.11)
g=1

Proof of Lemma 7 By the differentiability condition, there exists a neighborhabaf V so that
for aIIAV2 # it holdsP?\ : 5is differentiable aM = 1. Dene 5: Rf I R°, s54v-%=
Egl\OI T 1V V.E1N\°, Then 5 = r 5if 5is differentiable atv. Moreover, for
V2 #,itholdsP!\ : s1\—\? not continuous at® = 0. By Theorem 7.53 of Shapiret al. [27]
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(a uniform law of large number result for continuous random functions), it holds

1&

sup = s1\9—-¢  E»r 51N\ \PY=>,11°- (A.12)
1&

Supk& s1\9-Y sN\9-VY"  Ex»r5N\—\Pr 51\-\PTl k= >,11° (A.13)

?
By W' V| we knowPtW 2 #° I 1. And under evenf W 2 #g, it must be that 9 =

51\ 9—We. The desired claim is proved. O

De nition 7 (De nition 7.29 in Shapiroet al. [27]). A sequences : R™ ! R, : = 1-ees0f
extended real valued functions epi-converge to a funcliorR™ ! R, if for any pointG2 R~ the
following conditions hold

(1) For any sequenc& ! Githoldsliminf.,;; 51G° 5@,

(2) There exists a sequenGe! Gsuch thatimsup,; 5 1G° 5.

De nition 8. A function5: R™! Ris level-coercive ifiminfygi; 5'@<kCk i 0. Itis equiv-
alent tolimygqy  5'G@ = 1 . This is De nition 3.25, Rockafellar and Wets [129], see also

De nition 11.11 and Proposition 14.16 from Bauschke, Combe#éesl.[130]

Lemma 8 (Corollary 11.13, Rockafellar and Wets [129For any proper, Isc functiorb on R~,

level coercivity implies level boundedness. Wihas convex the two properties are equivalent.

Lemma 9 (Theorem 7.17, [129])Let -: R®! R, :R3! Rbe closed convex and proper.
Then - s equivalent to either of the following conditions.
(1) There exists a dense set R3such that =2 ! P forall E2

(2) For all compact  Dom not containing a boundary point @om , it holds
lim sup] B2 'Pj=0-

Lemma 10 (Proposition 7.33, Rockafellar and Wets [129]et -: R®! R, :R®! Rbe

closed and proper. If - has bounded sublevel sets and’™ , theninfg 1B ! infg 1P.
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Lemma 11 (Theorem 7.31, Rockafellar and Wets [129]et -: R®! R, :R3! R satisfy

™ and1 Vinf ¥V 1.Let(='Y=f\j -1\ inf -, Ygand(*Y'=f\] 1° inf | Yg

5

Thenlimsup. (=Y (*Yforall Y O, andlimsup (=Y=° (10°whenevel-=#DO0.

Lemma 12(Theorem 5.7, Shapiret al.[27], Asymptotics of SAA Optimal Value)Consider the
problem

min 5'@ = E» 1G-Y4
@_

where- is a nonempty closed subsetf, bis a random vector with probability distributio¥on
aset and - I R. Assume the expectation is well-de ned, i8® Y 1 forall G2 - .

De ne the sample average approxiamtion (SAA) problem

1 1 = 15—
rcgl_n& ¢} G-$

1
# e

wherebgare i.i.d. copies of the random vector LetE: (resp.,E ) be the optimal value of the SAA

problem (resp., the original problem). Assume the following.
12.a The set is compact.
12.b For some poinG2 - the expectatioE» 1G—B¥is nite.

12.c Thereisameasurable function ! R suchthaE» b°?/¥ 1 andj :G-b 1CG-8;

1p0jjiG Gk for all G- - and almost everp 2
12.d The functiorb has a unique minimizes on - .

Then
Ey = 51G°, >,1¢ 20 _ pElE# Eo'N  Ovar 1G-B
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A.4 Proofs of Main Theorems of LFM

A.4.1 Proof of Theorem 29

Proof of Theorem 29We show epi-convergence (see Def. 7) ofto . Epi-convergence is
closely related to the question of whether we have convergence of the set of minimizers. In particu-
lar, epi-convergence is a suitable notion of convergence under which one can guarantee that the set
of minimizers of the sequence of approximate optimization problems converges to the minimizers
of the original problem.

To work under the framework of epi-convergence, we extend the de nitiong@ind to the

entire Euclidean space as follows. We extéoglto the entire real by de nindog*!@®@ = 1 if

G YO. Let
I -
% N\—V = maxgEst\ °Vg a11glogVg if V2R™
N\-V = To—

_E,l else

and
_ é W if V2R _ % ¢Ww if V2R
TR R-V/! T - ZFVW:R! R-V/! Toe
3.1 else _E,l else

-

. - I
It is clear that forV 2 R™ it holds ~1\W = E»~1\—-\Yand ¢\W = lc gzl ~1\9-¥. In order to
prove the result, we will invoke Lemmas 9, 10, and 11. To invoke those lemmas, we will need the

following four properties that we each prove immediately after stating them.

1. Checkthat~is closed, proper and convex, andis closed, proper and convex almost surely.
Convexity and properness of the functiongand ~is obvious. Recall for a proper convex
function, closedness is equivalent to lower semicontinuity [119, Page 52]. It is obvious that

~cis continuous and thus closed almost surely.
It remains to verify lower semicontinuity of, i.e., for allV 2 R, liminfyo v ~2\V®
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~1\P, For anyV 2 R~, we have thatb\- \? = maxgEg!\ °Vg, )@fl\P 0, whereX 1\° =
1 ifVv8 andOif V2 . With this de nition of 5we have 1\-\ = 51\-\?

a118l0g Ve Applying Fatou's lemma (for extended real-valued random variables), we
getliminfyo vE»5\—\PY, Eximinfya v 51\—\PY, E»5\—\PYavhere in the last step

we used lower semicontinuity &f 7! 5'\—\?. And thus

liminf ~1\®
VO v

= liminf E 5L\ \Po . 1glog V3

liminf E»51\—\®Y,  1glog Vg
Vo
. &1
¢;
E 51\-\ 1glog Vg
&1

= ~1\p

This shows ~is lower semicontinuous.

2. Check T pointwise converges to~ on Q. Let Q be the set of=-dimensional vectors
with rational entries. For a xed/ 2 R7, de ne the event y = flimag; <2¢W = ~1\Pg
Sincekt\ 9¢  Ealmost surely by assumption, the strong law of large numbers implies that
Pt \#=1. Dene

n o U
= éllm <2Ww= 1\V—forallV2Q = Ve
2Q°

. 1) i . :
Then by a union bound we obta®t 2° = P1~ o 2° v2q- Pt 2° = 0, implying

has measure one.
3. Checkl Yinfy Y 1. Thisis obviously true since valuations are bounded.

4. Check that for almost every sample path ~chas bounded sublevel sets (eventually). By

118



Lemma 8, this property is equivalent to eventual coercivenesgofe., there is a (random)
# such thatforallC #,itholdslimwxi: ¢W =.,1 . ByLemmab5, we know for almost
everyl , thereis a nite constant, suchthatforalC # it hoIdsEg 1.2. Then it holds

forthisl ,allC #,,andallV2 R,

~

10° G
<2W == maxkt\ %\, 1glog Vs

C 8

g=1 3 &1

G

maxt ESVe 1glog Vs

8 &l
1 G
—kVkg lglog\Vg! |1 askVk !l o
2 g1

This implies ~chas bounded sublevel sets.

With the above item 1 and item 2 we invoke Lemma 9 and obtain that
epi
P dWwI ~1\p =1— (A.14)

and that the convergence is uniform on any compact set.

The epi-convergence result Eq. (A.14) along with item 4 allows us to invoke Lemma 10 and

obtain

e Lo~
\gg: ¢\ ! \I/Eg: \P a.s. (A.15)

which also impliesnfg= ¢! infg= a.s.

With the epi-convergence result Eq. (A.14) along with item 3 we invoke Lemma 11 and obtain

limsupB™m® B ineforalln 0-
c (A.16)
limsupBMn® B 10°forall nc#0 e
C

Putting togetherAt this stage all statements in the theorem are direct implications of the above
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results.

Proof of Theorem 29.1

Convergencg of Nash social welfare follows from Eq. (A.15,) and strong dualitylNisay"V=
infyor= 2V, | a1'1glogls 1 andNSW = infyor= 1V, | a1'1glogls 1¢.

Proof of Theorem 29.2

Now we shoyv consistency ofAthe pacing multiplier via Lemma 9 and Lemma 10. Recall the
compact set = ! a1 Ve 22V ! a1 "le2-2%s R°. By constructionV 2 . First note that
for almost every sample path, 1e2  ES 2 eventually, and thus}' = 10} 11 1£2 2

and\)év 12 eventually. SOM2  eventually. Now we can invoke Lemma 9 Item (2) to get
lim sup; W \Wwjl 1 as. (A.17)
al \p
Now we can show that the value of on the sequencéVconverges to the value #t:
0 lim 1Wé 1vo=|im» 1We 4wy, |imx» aWe  1voyzQe
al al a1

Here the rst term tends to zero due to (A.17), and the second term by Eq. (A.15). For any limit

point of the sequend®y; V! , by lower semicontinuity of ,
0 1\to 1y o IircHinf 1\Mo 1IVO=Q-

Soit holds that 1\Vto = 1V o for all limit points V! . By uniqueness of the optimal solutidf,
we haveW’! V a.s.
Proof of Theorem 29.3

Convergence of approximate equilibrium follows from Eq. (A.16). O
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A.4.2 Proof of Theorem 2

. . . I - _

Proof of Theorem 2We abbreviate gy to , and recall its de nition = g »lg22% R°
N

and the normalization 4 ,1g = 1 andag = 1 for all 8 Recall the event ¢ = fW2 g By

Lemma 5 we know that i€ 2F2logl4=+[° then event chappens with probability 1 [2.

Now the proof proceeds in two steps.

Step 1. A covering number argument. Let B~ be ann-covering of the compact set, i.e, for
all V2 thereis a1\ 2 B” such thakV \V1\Pk; n. Itis easy to see that such a set can
be chosen with cardinality bounded [7] 1 2¢n°=.

Recall cand are! -Lipschitz w.r.t. 1 -norm on . Using this fact we get the following

uniform concentration bound over the compact set
supj &\Ww 1\Pj
V2

Sup | GV GVPIVS | 1\e IVIWO) | @VPiweo  1yPieo)
2

21E, 2=°n, supj &V°  1\V9.
\>28B>

Next we bound the second term in the last expression. For some\Wk&d |, let -9 =
maxEst\ 9°Vg and let its mean bé. NoteO -9  EkVk; 2Edue toV2 . So-9s are

bounded random variables. By Hoeffding's inequality we have

(@ 2
1 xC
Pj &Ww Wwj X=p = -9 ° X 2 .
] & J C_ exp o2
g=1

By a union bound we get

Vo 1y > xc i

P supj 0 vop X 2jB7je — 2e — . =logl2en° o
v)gg] c J JB7] EXP o2 Xp o2 g
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De ne the event

n 2EP 0
c= supj &V° 1V p- logl4e[°, =logl2enC =:] e (A.18)
\2B> C

By setting2 exgt XG12E°  =|ogl2+n°° = [+2 and solving fof , we have thaP! @ 1 [e2.

Step 2. Putting together. Recall the event c= fW2 g Now let events cand chold. Note
PL o\ @ 1 [ifC 2Flogl4=+[°. Then

sup W sup W
V2R™ V2R™

= sup &V sup W
2 2

supj W 1\Pj
V2

21E. 2=°n_ |- (A.19)

where the rst equality is due to eventcand the last inequality is due to evengde ned in

Eq. (A.18). Now we choose the discretization errormas pﬁ Then, the expression in

Eqg. (A.19) can be upper bounded as follows.

21E, 2=°n, ]
q

2 2E Z
= p—t p_C logtde[© , :IoglszE, 2=00 .

This completes the proof. O

A.4.3 Proof of Theorem 3

Proof of Theorem 3The proof idea of this theorem closely follows Section 5.3 of Shagiral.
[27].

We rst need some additional notations. De ne the approximate solutions sets of surrogate
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problems as follows: For a closed set R” , let

B In°=fv2 : I min , ng-

BYMe=fv2 : &W min c, Nge

In words, they solve the surrogate optimization problems which are de ned with a new con-
straint set . Note that ifV 2 thenB 'n°= \B 1n° Recall on the compact set both ¢
and are! -Lipschitz and -strongly convex w.r.t the; -norm, wherd =1E, 2=°and_ = 1+4.
LetA=supg 1\W V2 g Thenifn Athen B n°and the claim is trivial. Now
we assuma Y A
De ne 0 = minf2n2A, n°«2g. Noten Y O Y ADene ( = \B 20° The role of( will
be evident as follows. We will show that, with high probability, the following chain of inclusions

holds

120

110 120
B Mo BENl)@ B n° B e

Step 1. Reduction to discretized problemsWe let(°be aa-cover of the sef = B 10°\

Let- = (°[f V g Inthis part the goal is to show
pBM» B e PB™M)> B 1n®
where
a=1n° Xbe4; 0- R=X laj 0- f=n laj O

First, we claim
Claim 1. ItholdsB™Mx® B 1n® =) B 2“1)@ B e (Inclusion (2)).

Next, we show
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Claim 2. Inclusion (2) implies Inclusion (1)82/"1)@ B (1n° D B Yiye B 2"4)@-

Proofs of Claim 1 and Claim 2 are deferred after the proof of Theorem 3. At a high level,
Claim 1 uses the covering property of the setClaim 2 exploits convexity of the problem.

Finally, we show Inclusion (SB(an B 1n°. Note thatV belongs to both and(. And
thus for anyV 2 B( I itholds *W min. ,n=  n=min , n*WeobtainvV2 B *n°.

To summarize, Claim 1 shows trﬁf"l)@’ B _n®implies Inclusion (2). Inclusion (3) holds
automatically. By Claim 2 we know Inclusion (2) implies Inclusion (1). So it holds deterministi-

cally that
BMxy> B 1nf®g B M} B 1noge

Step 2. Probability of inclusion for discretized problems. Now we bound the probability
piYixe B 1plo,

For now, we forget the construction = (°, f V gwhere(%is aa-cover of(. Let - be
any discrete set with cardinalify j.

LetV. 2 argmin  be a minimizer of over the set . ForV 2 - de ne the random
variable. J = 1\ 9-Ve° 1\ 9-V. Also let” v = E» J%which is well-de ned by the i.i.d. item
assumption. Let =sup,. kV V k;.

Consideran® XYl If - B _in®is empty, then all elements in aren®optimal for the

problemmin. . Nextassume B _1n®is not empty. We upper bound the probability of the
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eventBMx® 6 B 1n®.

PBYXo 6B 1n®

=Pthereexist&/2 - B 1n®— 2w aveo X

®)

P &w ¢gvo X

O w
H
Q

Cr w
=
5

P g v P X (A)

Ot w

2Gn°0 Y2
12kV V kf
2Gn0 X2

j-jexp —— 2 (A.20)
12kV V. I8

(B)

V2- B in®

Here in (A) we use the factthat,= *v.° 1\ ; nlforv2- B _in®. In(B), using! s-
Lipschitzness o6 on the set , we obtain. § "vj 2! skV V. kg and then apply Hoeffding's
inequality for bounded random variables. Setting Eq. (A.20) equdland solving forC we have
that if

!25 2 1
c 2 FPOR logj- j, log 5 - (A.21)

thenP BY1X2 6 B 1n®  U. Note the above derivation applies to any nite set (.
Now we use the construction= (°,f V g. Then the cardinality of can be upper bounded by
14+ a°~. Note sinceV 2 - itholdsV =V . We apply the result in Eq. (A.21) with the following

parameters

a=10 Xbergro_ R=X ta— P=n ta- P X"z%ln X —

16! =
n X

[o P
=minf 20 29— j- ]
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We justify the choice of . First, ( implies 2. By the_-strong convexity of on : for

alv2- ( B 10°itholds

11620 kV V. K& =11e20 kV VK2 1\0 0

o JE—
) =supk- V. kg 20e
\2-

Substituting these quantities into the bound Eqg. (A.21) the expression becomes

1 2

"5 .20 16! 1

m —4 =| - | Z e
n °9 7 x %90

c 22—
ln )@2
Here 2%is an absolute constant that changes from line to line. Moreover, notin@ tha2n and

X ne2impliesOetn X°? 8en, we know that if

11 16! 1
C 212mn —— =log — , log= - A.22
5M! nn 90 x>0 (A.22)
thenP B™Mx® B 1n® 1 U. Bypluggingin! s=E ! =12= F and_= 14, we know
PBE’\’lXO B 1 Uaslongas
11 1612= P 1
2 mi I— = > — — e
c 2 Pmin T 0g —— ,IogU
Step 3. Putting together. By Lemma 5, ifC  2Elogt2=+1P° then\W 2  with probability
1 U. Under the even®¥?V2 | it holdsB"» = \B "W). SinceV 2 it holds that
B n°= \B n° Moreover, ifCsatis es the bound in Eq. (A.22), we know Inclusion (2) holds

with probability 1 U, which then implies Inclusion (1). So @satis es the two requirements,

C 2Plogi2=+F and Eq. (A.22), then with probability 1 2U,

\B WMy =BMy B = \B 1.
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Proof of Claim 1. To see this, fol 2 Ble)@ let\P2 - besuchthakV Vk; a By Lipschitz-

ness of con , we know

a\P 2\, la (Lipschitzness of g

m(in c. X, la (V2 B/%0)

min ¢, X, la - 0O
=min ¢, X+

This implies the membershiy® 2 B"1x®. Furthermore, we have
BMx> B 1nf® B 1n®.

Here the rst inclusion is simply the assumption tF&YV1>@) B _1n® The second inclusion
follows by the construction of ; sinceV 2 -, we knowB tn® B n® and thusmin. =

min. = . We now obtain
V2B tinbe.

Using the Lipschitzness of on , we have for allV 2 BEMX’

1\0 VNP (Lipschitzness of )
min . n°, la (W2 B 1n®)
=min , nNne

So we concludé/2 B 1n°, implying BEM)G B 1n° This completes the proof of Claim 1. [

Proof of Claim 2. This claim relies on convexity of the problem.

Assume, for the sake of contradiction, there exiéts2 B"X° butV 8 B1>¢. The only
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possibility this can happen 2 butV 8( = \B 10° SoV 8B 10° (note0 Y Aimplies

the set B '0°is not empty), which by de nition means
1y 0 i0e (A.23)
Now de ne

V=argmin &\ 2 B0
v2(

By the assumptioBENlX’ B ,1n° we knowV 2 B, n° and so

( (

1\P ne (A.24)

Next, letV2 =2V 11 20V with 2 2 »0-1%which is a point lying on the line segment joining
the two pointsvandV . By the optimality ofV 2 B™M) andv2 ,weknow @Vo° e X

By convexity of g we have for alR 2 »0-1%
AV max dW- dvog d\V Xe (A.25)

Now consider the map : »0-1% ! R —27! 1\%© . Since any convex function is
continuous on its effective domain [119, Corollary 10.1.1], we knoig continuous. Continuity of
implies continuity of . Note 0°= 1V° i 0 byEq.(A.23)and t1°= 1\P n
by Eq. (A.24). By intermediate value theorem, ther2 i® »0-1¥suchthan Y t\2° Y 0.
Moreover, by 1\2© Y 0and\V? 2 weobtainV? 2 ( =B *0°\ . Inaddition, recalling

Ao A\ X(Eg. (A.25)), we conclude by de nition2 2 Ble)@.

At this point we have shown the existence of a p&ftsuch that

2 282%@— V 8B e
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This clearly contradicts the assumptiBlz{“l)@ B (1n° =B n°\ (. This completes the proof of
Claim 2.
O

Proof of Corollary 1. Under the evenf W 2 g, the set \ B “0° = f\Wg. Moreover, W 2
\B !n°implies 1\W¢ 1V ° n. This completes the proof. O

Proof of Corollary 2. Under the eventW 2 g, we use strong convexity of over w.r.t. »-
norm and obtai kKW V K3 WM 1y owhere = 1e4is the strong-convexity parameter.
For the second claim we use the eq,ual'vy: le DgNandV? = 1gD,. ForV- ¥2 it holds

i% w 12iVe V. AndsokD" Dkp= ! g1t ! sroziVy Vei2  AgkW VIS,

Sowe obtairkD¥ Dk, kW V k. We complete the proof. O

A.4.4 Proof of Theorems 4 and 5

Proof of Theorem 4By strong duality of EG program$ySW"W NSw = gwWé v o,
Denote ¢Wéby Wand 1V°by . We aim to apply Lemma 12 to our problem. To do this

we rstintroduce surrogate problems
W_ . - : 1
=min &W- =min 1\Pe
V2 V2

SinceV 2 weknow = . We write down the decomposition

For the rst term we show thaFt)_G W Y%,” o Choose anyr i O, de ne the event g =
qu w V\ﬁ ng. By Lemma 5 we know that with probability MY 2  eventually and
so W Y=o eventually. This impliePtt 22 eventually = 1, Pt Qin nitely often® =
0. By Fatou's lemmalimsupy, P* &  PHimsupy & = O We conclude for alh j O,

Iim¢1 Plp_@ w V\ﬁ in°=0.
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For the second term, we invoke Lemma 12 and obrt)afm w 0 ﬁ\l 1 0-Var» \-\Voy,o

| _ . . .
where we recall 1\—\? = maxVist\ °© a11slog Ve To do this we verify all hypotheses in
Lemma 12.

» The set is compact and therefore Cond. 12.a is satis ed.
* The function is nite for all V2 R™ and thus Cond. 12.b holds.
» The function * -\ is12=_ E-Lipschitz on forall\, and thus Cond. 12.c holds.

» Cond. 12.d holds because the functiorhas a unique minimizer over.

Now we calculate the variance term.
Vart 1\-V©°° = Vart 51\- Voo = Varlméangl\ OVg® = Vart? 1\ 00

By Slutsky's theorem, we obtain the claimed result.

O

Proof of Theorem 5We verify all the conditions in Theorem 2.1 from Hjort and Pollard [131].
This theorem is handy since it uses convexity and avoids verifying stochastic equicontinuity of
certain processes.

Because is 2atV, there exists a neighborhoddof V such that is continuously differ-
entiable or# . By Theorem 15 this implies that the random varidtidgap!V—° *is nite almost
surely for eachv 2 #. This implies 1V-7¥ is single valued a.s. fov 2 #.

De ne

NO=yr N-VOo=y 5l\-VOe r 1Vo©

where we recall the subgradient5*\-V° = 4gy _pEBgy_p and8V -\ = argmaxV,E'\° is
the winner of item\ when the pacing multiplier of buyers . By optimality of V we know

r 1VvVo=E» 1%z 0. Moreover, by twice differentiability of atV , the following expansion
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holds:

VAR 1\/ 0 = r2 1yo . >tk k§°°

NI =

Forany ! 0, dene
! 1\0: 1 1\_V (0] 1\_VO 1\0T O.k k2

measure the rst-order approximation error. To invoke Theorem 2.1 from Hjort and Pollard [131],

we check the following stochastic version of differentiability condition holds
E» 1\— 02Y/=>110 a5 | Qo (A.26)

By being differentiable aV¥ , we know' *\— ° " 0. Since we assummaxesssufist\° Y 1,
we know the sequence of random variablé$- °is bounded. We conclude Eq. (A.26).
At this stage we have veri ed all the conditions in Theorem 2.1 from Hjort and Pollard [131].

Invoking the theorem we obtain
~ !
P ) L 1@
CW vo= »r2 1yoyl 5 1\%o = >,170.
C._
g=1
In particular,p'e\/"" VOoINT 0»r2 1V o1,lCout Oxr2 1y otlo Finally, noteCovt © =
Covt™ ©°
Proof of Asymptotic Distribution fo¥. This follows from the discussion above.
Proof of Asymptotic Distribution fdD. We use the delta method. TaBBE\° = »11e Vij—eee =4\ V4
Then the asymptotic variance D6t W GLv ooisy gLy oT v 61V °. Noter 6V s the di-

agonal matridiagf 1g Vszgo. From here we obtain the expression fey.
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A.4.5 Proof of Theorem 6

Proof of Theorem 6. Pacing multipli& The lower bound result fovis an immediate application
of Theorem 1 from Duchi and Ruan [33].

NSW and utilityBased on Le Cam's local asymptotic normality theory [32], to establish the lo-
cal asymptotic minimax optimality of a statistical procedure, one needs to verify two things. First,
the class of perturbed distributions (the cléBs_gu_sin our case) satis es the locally asymptot-
ically normal (LAN) condition [28, 32]. This part is completed by Lemma 8.3 from Duchi and
Ruan [33] since our construction of perturbed supply distributions follows theirs. Second, one
should verify the asymptotic variance of the statistical procedure equals to the minimax optimal
variance.

For a given perturbatiohU—- 6, we let ?|,_sandREV_gbe the limit FPPE price and revenue
under suppl_y distributiomd;_g Let (y-&\° = r ylogB,_¢\° be the score function. SoyBj_g=
Bi_d u—sand (u-&)_¢g\ = 0. Obviously with our parametrization &;_gwe have( o_g'\° = 61\ °
by Eq. (1.13). B

LetNSW_gbe the Nash social welfare under supBlys ThenNSW_g= N—\(,_8B,-ed\ ,

constant that does not dependdnSo

1 1

FUNSWu_e=  »ry A=\ 8r Mo, D= \(_Q(u-d\ %Ry d\°d\ =0,  1\—\{,_96%\°R,_ag\—

andr yNSWy_gu=0 = N\—Vo6Bd\. Following the argument in Duchi and Ruan [33, Sec. 8.3] it
holds that the asymptotic local mimimax riskE» *IN10-Covt \—\V0000yz Ex»l IN 1O—f,ﬁsw°°1/4
Let O,_gbe the utility under suppl¥g;_¢ NoteDy_g= »11°V,_g—*°**—=1V_¢% By a per-
turbation result by Lemma 8.1 and Prop. 1 from Duchi and Ruan [33], under twice differentiabil-
ity, r UMy_du=o = H 1E»r 1\-V°61\°™% Thenr yD_u=o = diagt 1g? V,02°r yVy_du=o® =
diagt 1g?Vg°%°H lE»r 2\-V°61\°"% We conclude the asymptotic local mimimax risk is
lower bounded bfE» IN20- P°%where p=diagt 1g!VgP%°H E»r N\-VOr 1\-VOYHldiagt 1g!\,°
[
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A.4.6 Proof of Theorem 7

Proof of Theorem 7De ne the functiond*21\p = lcl gzll 1N0_  3\Po2 gndf 21\P = \/arl 1\-\PO =

E»l 1\—\p 1\0021/, \We will show uniform convergence é#2tof 2on ,i.e.,sup, jM?

f 2 0. We rstrewriteb ? as followsb 21\° = %J w1 N-Y o nw 21 gw 1\ee2:=

11\ [11\P. By Theorem 7.53 of Shapiret al.[27] (a uniform law of large number result for con-

vex random functions), the following uniform convergence results siog, jl1*\° f 21\Pj 0

andsup, jlI*\Pj " 0. The above two inequalities impsup,, jf? f?] ™ 0. Note the vari-

ance estimatof*Z. = 22\ and the asymptotic variandej,, = f ?*V°. By W v we
jR2IWe £ 21y0) jp2a\Me f 20\Méj i f 21\M6 {21y 0j | Qas.

N2 2 -
know, ji* f Sswl =
where the rst term vanishes by the uniform convergence just established, the second term by con-

NSW

tinuity of f 21 °atV . Now we have showﬁ,ﬁsw is a consistent variance estimator for the asymp-
totic variance. Then by Slutsky's theorem we kng@f"NSWO Linsw?W NSw © !?\I 1 010,

This completes the proof of Theorem 7. O
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Proofs of FPPE Results
A.5 Appendix to FPPE

A.5.1 Scale-Invariance of FPPE

FPPE has some of the same scale-invariance properties as LFM. In particular, scaling the bud-
get and supply at the same time does not change the market equilibrium. That is, given a positive
scalary, if 1V— ? are the equilibrium pacing multiplier and prices in the mafePE!1—- E— B
then V- ? are the equilibrium quantities in the markePPE*U1-E—-UB= The same scale-
invariance holds for the nite FPPE, i.e.iW— ? = FPPE'1- E-f-Wthen'V- ? = FPPElU1- E—- Uf2W
Given the invariance, we can see that in order for the budget-supply ratio to match the limit
marketFPPE!1- E— B the nite market should be con gured as eithEPPE1C1-E—Wor
FPPE!1- Els C-AWVe will study the latter, and simply refer to it as the nite FPPE. Unlike LFM,
FPPE does not enjoy invariance to valuation scaling, because buyers have a pacing multiplier of at

most one in FPPE.

A.6 Technical Lemmas for FPPE

Proof of Lemma 1.To show the rst equality, note

r V0= EnrymaxVeE\ ¥ odgel Viom e e 1 VLY

=" » 1101 Vlo_ eee 41 VZO%: )% °
To show the second equality, note for any twice differentiable rst-order homogenous function

5: R° 7! R, it must holdr 251\°V = 0. And we haver 2 1V°V = diagllg? VoV =
»yeV—eee -4\ Y O
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A.6.1 A CLT for constrained -estimator

We introduce a CLT result from [34] that handleésestimation when the true parameter is on
the boundary of the constraint set. Throughout this section, when we refer to assumptions Al, A2,
B2, etc, we mean those assumptions in Shapiro [34].

Let! —%be a probability space. Considér. R™! Randaset R Let\j—eeey\
be a sample of independent random variables with values lnaving the’ common probability
distribution% Letg®\W = % 5 — ¥ = E»51\— WVYandk W = %5 — V = lcl gl 52\ g-V. Let
be the unique minimizer afj over (Assumption A4 in Shapiro [34]). Laic= inf kcand¥be
an optimal solution.

We begin with some blanket assumptions. Suppose the geometraify is given by func-

tions6gt\P (Assumption B1), i.e., there exists a neighborh&oduch that
\ # =fV2# :688V=0-8 ;68\ 0-& g-

where and are nite index sets and the constraints irare active atp, meaningbg!\p° =
O for all 82 . Assume the function§g-82 [ , are twice continuously differentiable in

a neighborhood olp (Assumption B2). De ne the Lagrangian function bivV—° = q\P |

I . . . .
g [ _@s'\WPeLet o be the set of optimal Lagrange multipliers, i.e.2 oiff r;*V—°=0

(assuming differentiability) andg 0-&

Lemma 13 (Theorems 3.1 and 3.2 from Shapiro [34ssume there exists a neighborhabaf
\p such that the following holds.
13.a Conditions on the objective functi@and the distributiorto

* (Assumption Al in the original paper) For almost evéry5'\—\? is a continuous

function ofV, and for allV2 , 5'\-\? is a measurable function &f
* (Assumption A2) The famify5'\—-\?g- V2 , is uniformly integrable.
* (Assumption A4) For all, there exist a positive constant!\ © such thatj 5'\— F°
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51\-V?j N\okF Vkforall V-F2 #.

» (Assumption A5) For each xe¥ 2 #— 3\- °is continuously differentiable a¥ for

almost every.
e (Assumption A6) The famify 5'\— Vg4, is uniformly integrable.
« (Assumption D) The expectati@»kr 51\—\(°k*¥is nite.
* (Assumption B4) The functiapis twice continuously differentiable in a neighborhood
of V.
13.b Conditions on the optimal solution.

» (Assumption B3) A constraint quali cation, the Mangasarian-Fromovitz condition:
The gradient vectors 6g*Vp°—82 , are linearly independent, and there exists a

vectorF such thatFr 6g2V° = 0-8 andFTr 6g1\Vp° Y -

« (Assumption B5) Second-order suf cient conditions: Lebe the cone of critical di-

rections

= FIFTr6gV°=0-2 ;FréglVp® 0-& ;Frqi® 0« (A27)

The assumption requires that for all nonzér® , max, ,F'r 2 1\p— °F j O-

13.c Stochastic equicontinuity, a modi ed version of Assumption C1 in the original paper. For

any sequencgc= >11°, the variable

1 o1 1 01\/0
sup kKir kc r g°*\V 1r ke r g°*\W°k

= >,110 A.28
VKV ok e Cl2 kv Wk ' ( )

asCl!'1 . Here the supremum is taken owésuch thatr k&P exists.

Then it holds tha¥!” \p. Let

Zc=r1 kC1V0° rg I\ — (A.29)

136



and

@F° = max F'r 2 1\— °Fgr (A.30)

0

Then
. ) 1
oc=infke= ket Ve | anzlanTZC, E@FOQ . >»1C1oe

Furthermore, suppose for all the functionF 7! FTZ %@Fo has a unique minimizdr1Z° over
. Then
KO Vo | 120k=>,tCl"%0.

Remark 4 (The stochastic equicontinuity conditiorBy inspecting the proof, the original Assump-
tion C1,sup, \# KT KAV 1 gtV 1 KctVo?,r qiVplke»Cl2 | kV \pk¥a= >,11°, which

requires uniform convergence over a xed neighborhgbdcan be relaxed to the uniform con-
vergence in a shrinking neighborhood . The shrinking neighborhood condition is in fact

standard, see, e.g., Pakes and Pollard [132] and Newey and McFadden [133].

Remark 5. The limit distribution of the minimizer is characterized by three objects: the limit
distribution ofZ-de ned in Eq.(A.29), the critical cone de ned in Eq.(A.27) and the piecewise
guadratic function@de ned in Eq.(A.30).

Hessian matrix estimation at the optimgmcan be done via the numerical difference method.

Lemma 14 (Hessian estimation via numerical differenc@&his lemma is adapted from Theo-
rem 7.4 from Newey and McFadden [133] Reagi\® = %3 -V, kW = %5 -V and £ =
rkdVe® r gt\P. We are interested in the Hessian matrix= r 2q*Vg°. Let\j be any point and

let ¥ be an estimate of. Assume
14.aV \p=$,1Cl%;
14.b q is twice differentiable avp with non-singular Hessian matrix ;

14.c p_Cz.lg #10- © for some matrix ;
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14.d for any positive sequenie= >11°, the stochastic equicontinuity condition £4.28) holds.

- 2
Supposerc! 0 and YCpC! 1 . Then ™! , where " is the numerical difference estimator

whoset8—%th entry is

"go= KAV, doYc, 49YC KAV dgYe, 49YC KAV, deYc 4oYOe

L ka0 4Ye 4 OVidY2e

Proof of Lemma 14We provide a proof sketch following Theorem 7.4 from Newey and McFad-
den [133] and Lemma 3.3 in Shapiro [34]. By Cond. 14.a @ftf = >Y® we know for any
vector0 2 R7, itholdsk¥, YO Wk =$,1Y®. LetV= Y, 0Y; By a mean value theorem for
locally Lipschitz functions (see Clarke [134]; the lemma is also used in the proof of Lemma 3.3 in

Shapiro [34]), there is a (sample-path dependghon the segment joining and Vg such that
1kC q01vo 1 kC q01V00 — 1ZC°T1V VOO'
for someZ. 2 mkd\V® r g\, Then

jlkc q°1\/° 1 kc q°1Vo°j kZd(kV Vok) kZC chkV Vok
= KZKKV ok, >,1CY¥2 k\P \phkokV ok (by Cond. 14.d)
= $,1Cl 205 ,1Y0 | >,1C12 | $,1Y9°% ,1Y@  (by Cond. 14.c)

= >,1Y20 (A.31)

Next by Cond. 14.b we have a quadratic expansion

1
GV GIV® T gITIV Ve SV VT TV VR = ot e (A.32)

Let0 = 4gYc 4oV =V, 0 and3 =Y  \o. Then3 =$-¥°and3 =
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0 . >»1Y®. Applying the above bounds witthi ¥ , recalling the de nition of “gg we have

"g9= KAV © KkdV ° k@V ©, K3V YueavZ
=»qt0 ° gtV ° gV ©, gtV O, >;1YRU4e8vR (by Eq. (A.31))
=»rqtWp°™3 3 3 .3 °
,%131 3., 33, 3 3,3 3 ° >Yueay? (byEq. (A32)
=50, %101 0., 00 000 ,0 0 °, >!Y2UavP

= MY2 gg, >71Y20U,e4Y20

>?1yéo
= 89, — —~ 89 >7'1%
Ye
Inthe aboveweusd” 3 =13 0 °3 13 0 °0 ,0 0 =3>1Y2,
0" 0  ,andsimilarly for other terms. This completes the proof of Lemma 14. O

The original conditions for Lemma 14 in Newey and McFadden [133] require the true pa-
rameter\p to lie in the interior of . However, this condition is only used to derive the bound

¥ \p=$,1Cl20 which is assumed in our adapted version.

A.6.2 Stochastic equicontinuity and VC-subgraph function classes

Next we review classical results from the empirical process literature [28, 135].

We begin with the notions of Donsker function class and stochastic equicontinuity.

Lett —%be a probability space. L&t be a class of measurable functions of nite second
moment. The clasE is called%Donsker if a certain cer]tral limit theorem holds for the class of
random variablei;p_G%; %5: 52 Fg, where%5 = %:l gl 5t- £ where- gs are i.i.d. draws
from % Because Donskerness will be used as an intermediate step that we will not actually need
to show directly or utilize directly, we refer the reader to De nition 3.7.29 from Giné and Nickl

[135] for a precise de nition.
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Lemma 15(Donskerness stochastic equicontinuity) et3215-%= 945 6°21 9% 5 6°°?and
consider the pseudo-metric spade— 3°. Assumé= satis es the conditiosups,r j5'@ %5 Y
1 forall G2 . Then the following are equivalent

* F is%Donsker.

» 1F —-30 is totally bounded, and stochastic equicontinuity under the L2 function norm holds,

i.e., for anyXc= >11°,

sup jp_Cl%; W15 69 =>,11°
158Xz
asCll ,wheresXdpu: =f15-6: 5-@ F-345-6 Xg
See Theorem 3.7.31 from Giné and Nickl [135].

Lemma 15 reduces the problem of showing stochastic equicontinuity under the L2 function
norm to showing Donskerness. In order to show Donskerness, we will show that our function class
is VC-subgraphwhich implies Donskerness. At the end, we will connect stochastic equicontinuity
under the L2 function norm to the stochastic equicontinuity that we need (see Lemma 21).

Let C be a class of subsets of a set Let be a nite set. We say that shatters if
every subset of is the intersection of with some set 2 C. The subgraph of a real functioh

on istheset ;=f1B-CB2 -Q@R-C 5P¢

De nition 9 (VC-subgraph function classed) collection of set€ is a Vapnik€ervonenkis class
1Cis+ ©if there exists: Y 1 such thatC does not shatter any subsets ofof cardinality
.. A class of functiong is + -subgraph if the class of seG = 5: 52F is+ . See

De nition 3.6.1 and 3.6.8 from Giné and Nickl [135]

Lemma 16(VC subgraph + envelop square integrabilty Donskerness)if F is VC-subgraph,
and there exists a measurable such that5 forall 52 F with % 2 Y 1, thenF is
%Donsker. See Theorem 3.7.37 from Giné and Nickl [135]

Since VC-subgraph implies Donskerness which is equivalent to stochastic equicontinuity, our
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problem reduces to showing the VC-subgraph property. The following lemmas show how to con-

struct complex VC-subgraph function classes from simpler ones, and will be used in our proof.

Lemma 17 (Preservation of VC class of sets, Lemma 2.6.17 from Vaart and Wellner. [28])
andD are VC classes of sets. Then\D =f \ : 2C- 2DgandC?=f ?: 2Cg
are VC.

Lemma 18(Preservation of VC-subgraph function classé®tF andG be+ -subgraph classes
of functionsonaset and6: 7! Rbe a xed function. Thek _G =f5_6: 52 F-62 Gg
F,6=1f5,6:52FgF q=f5 qg:52Fgis VC-subgraph for xedy : X! , and
F 6=156: 52 Fgare VC-subgraph. See Lemma 2.6.18 from Vaart and Wellner [28]

Lemma 19 (Problem 9 Section 2.6 from Vaart and Wellner [28]) a collection of set< is a

VC-class, then the collection of indicators of set€iis a VC-subgraph class of the same index.

In general, the VC-subgraph property is not preserved by multiplication, whereas Donskerness
is. Thus, our proof will use the VC-subgraph property up until a nal step where we need to invoke

multiplication, which will instead be applied on the Donskerness property.

Lemma 20(Corollary 9.32 from Kosorok [35])Let F and G be Donsker, thelr G is Donsker

if both F and G are uniformly bounded.

For parametric function classes, if the parametrization is continuous in a certain sense, then

stochastic equicontinuity holds w.r.t. the norm in the parameter space.

Lemma 21 (From! 2-norm to parameter normBuppose the function clabs=f 5' —-V-V2 g,
R=, is %Donsker, with an envelopesuch tha®s 2 Y 1. Suppose »5! =¥ 51 —\°143%!

OasV! \p. Then for any positive sequenge= >11°, it holds

sup jpE:l% UPL5L - 51— \go0)=>,11% (A.33)
VKV VokYXe

See Lemma 2.17 from Pakes and Pollard [132]; see also Lemma 1 fromeThéfil36]
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Lemma 22(Andrews [137]) If for any Xc= >11° Eq. (A.33) holds, then for any random elements
Vesuch thatkVe  Voko = >7110, it holdsp_G%, 0I5t —\W 51 —\00=>,110

Lemma 23. Given any= xed functionsks: ! R, 82 »=%the following function classes

F]_:f\ 7' m8aXfVlE11\o—ooo_:E:1\Og:V2 g
F2:f\ 7' » 54:—000_5_]¥4v_\P:V2 g

Fz=f\ 7! méix1V8E81\ °°1frgaxV8E;,1\° = $a§V8E81\°g: V2 ¢

T_
are VC-subgraph and Donsker. Heres ®—V = EMN\° “_, 11Vg\° V.EN\%®and =

»0-1%4, and is a nonempty subset of%s

Proof of Lemma 23We showf; is VC-subgraph. For eaéhthe clasg\ 7! B\ °Vs: V52 »0-1%4g
is VC-subgraph (Proposition 4.20 from Wainwright [138], and Example 19.17 from Vaart [31]).
By the fact the VC-subgraph function classes are preserved by pairwise maximum (Lemma 18), we
know F; is VC-subgraph. Moreover, the required envelope condition holds sis€sup5 E
forall 52 Fy, soF; is Donsker by Lemma 16.
We now showF; is VC-subgraph. For a vector-valued function class, we say it is VC-subgraph
if each coordinate is VC-subgraph. First, the class of i 2 R™: Vg&g VEg R :V2 ¢
is VC, for all: <8 By Lemma 17, we know the class of sétAsEZ R:Vd&s VE-8: <§
R™:V2 gisVC.ByLemma 19, we obtain that the cld3s7! ! T 1VERNe V. E\%0: V2
gis VC-subgraph. Finally, muItipIying all functions by a xed function preserves VC-subgraph
classes (Lemma 18), and §b 7! Egl\OI o1tV VE N V2 gis VC-subgraph.
Repeat the argument for each coordinate, and we obtairFphiat VC-subgraph. Moreover, the
required envelope condition holds siness supk s'\-Vk, =Eforall 52 F,, and soF; is
Donsker by Lemma 16. We conclude the proof of Lemma 23.
Finally, to se9:F3 is VC:subgraph and Donsker, rewrite its functionsldsnax Vgsst\° =
maX=y, Vet °g = | 1 ! o 11Vg\° Y V. E 1\ °°° and apply similar arguments as above.
O
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A.7 Proofs for Main Theorems in FPPE

A.7.1 Proof of Theorem 8

The convergencé’W?‘S' V follows the same proof as Theorem 29 and is ommitted. To show
almost sure convergence of revenue, we note

1

%: 29 ? 1\ 9B\ ° g\
=1 ) .
1 1
¢ jmgnEgl\govgNg maxf B\ Vag), & maxf B\ %Vgg ? 1\ 0B\ g\
o=1 ) !
10: s
W Vg | © mgl)éEgl\g"VSg ? nopogd\ - 0o
o=1

Here the rst term converges to zero a.s.W!?S' V , and the second term converge®ta.s. by

strong law of large numbers and notiBgmagf B\ °VggVe E»? 1\ °%& REV .

A.7.2 Proof of Theorem 9

Proof of Theorem 9First, by Gao and Kroer [29], there is a natural lower bound for the equilib-
rium pacing multipliers. To lower bound,, noteV,; = 1g¢D, = 11X, "o° 1etlg, BEBd\°=

lgllg, af. Thenlg'ls, a® Vg 1. De ne the set

G s,

FPPE =
o1 2%, lg

Clearly we haveV 2 gppe. Furthermore, foClarge enoughV2  ppg with high probability.
i
To see this, iCsatis esC 2B mingad? logl2=2[ °, thenlC gzlEgl\ 9 2ExEg\ °Yfor all 8with

probability 1 [. By a bound orWWin the QME\)SN —+28___ (see Section 6 in Gao and

1" C 1\ go
1g L C B0

Kroer [29]), we obtairl\/;sN 181388 (recallag = Ex»Egt\ °Wh
Let ! rppe and_pppe be the Lipschitz constant and strong convexity constants ahd ¢

w.r.t 1-norm on gppe. We estimate gppg and_gppe. ONn  gppe, the minimum eigenvalue
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of r2 1\» = diagf %8?,29 can be lower bounded bYy. So we conclude Fppg = 1. And the

Lipschitzness constant can be seen by the following.\Fo®/2 ppg,

j v dVR
1& C
© mgleEgl\g"Vgg mglﬁEgl\QO\/)sg ,  lglog\Vs log\s
o=1 5 &1
G 1
BV Vi, 1lg ———jV Y

oy lgidag, 1¢

E. 2a=, 1 kv Vi -

| . : . .
where we used glg= 1. Similar argument shows thatis also'E, 2a=, 1°-Lipschitz on gppE.
We conclud€ gppe = E, 2a=, 1°.
To obtain the convergence rate, we simply repeat the proof of Theorem 3. We obtain from

Eq. (A.22) that with probability 1 2U, there exists a consta@tsuch that as long as

11 16! £ppe
c 2212, _min —  =log /==
FPPE “repen 2 g X

1
. lOQU - (A.34)

it holdsj *W¢  1v9jY nandthatVW2 gppe (see Corollary 1). Now Eqg. (A.34) shows that

forn Y1 (so that thele? gppen® term in the min becomes dominant) we have

2
=E, 2a=, 1
i 1 1\/ 0} — > > _
j e 1voi=¢g, c

where we us&™, to ignore logarithmic factors o Moreover,

p

=E, 2a=, 1

1" ¢

p
kVW Vk Kk VW V ko 2j I\We v Oj'_FppE =%$> c
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From here we obtain

iREVW REV j
1&° '
W Vg | © mgnEgl\gov8g ? 1\°B\ °ql\
g=1
= E, 2a=, 1 E
=% H— .82 p=
? e ? Pe
e 2a= 1
= $"? P .
1C
We concluddREVY REV j=$ Epil'i*pzé‘:—lo . This completes the proof of Theorem 9. [

A.7.3 Proof of Theorem 10

Proof of Theorem 10The proof of Theorem 10 proceeds by showing that FPPE satisfy a set of
regularity conditions that are suf cient for asymptotic normality [34, Theorem 3.3]; the conditions
are stated in Lemma 13 in the appendix. Maybe the hardest condition to verify is the so called
stochastic equicontinuity condition (Cond. 13.c), which we establish with tools from the empirical
process literature. In particular, we show that the class of functions, parameterized by a pacing
multiplier vectorV, that map each item to its corresponding rst-price auction allocation under the
givenV, is a VC-subgraph class. This in turn implies stochastic equicontinuity. Assumption 2 is
used to ensure normality of the limit distribution.

We verify all the conditions in Lemma 13. Recall = f8: V; = 1gis the set of active
constraints. The local geometry ofat V is described by th¢ =j constraint function®g\° =
KNV 1,82 -.

First, we verify the conditions on the probability distribution and the objective function. Al
holds obviously for the mayy 7! maxVg!\°. A2 holds by5 E A4 holds with Lipschitz
constantE A5 holds since by Assumption 1 there is a neighborh#gg of V such that for all
V 2 #4irr, the seff\ : 5\— ° not differentiable at/gis measure zero. A6 holds iy 5'\— \Pk;
=E B4 holds by Assumption 1.
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Second, we verify the conditions on the optimality. B3 holds since the constraint functions are
Bg'\° = 43V 1,82 -, whose gradient vectors are obviously linear independent. Moreover, the set
fV:Vgi 0-8 -gisnonempty. B5 holds by? 1V°=r25V° diagtle Vg2 Yadiagle Vg2°
being positive de nite.

Finally, we verify the stochastic equicontinuity condition. Recall the de nitions of the follow-

ing two function classes from Lemma 23

Fi=f\ 7! méavalEll\O—---—:E‘:l\Og: V2 o

Fo=f\ 71 s\-\V:V2 g

Here =>0-1%. ForanyV 2 #4is we haver 51 =¥ = 51—V 2 F,. In Lemma 23 we show that
F2is VC-subgraph and Donsker. By Lemma 16 we know that a stochastic equicontinuity condition

w.r.t. the! 2 norm holds, i.e.,

sup ad 5t-V 51 — V00 = >,110 (A.35)
V2>Xp2

wheresXpe = fV: V2 #4ir— k 52—V  s2-WIBB\  Xg ac 5=CH"1% % 5=

Cl°2I

gzll 51\ 90 sBl\ °. Next, we note for (almost every) xell, limy v kK s1\—\P
s1\—V°k? = 0 by e!V °is measure zero (a condition implied by Assumption 1). Moreover,

note
lim Exk s\—\P s\~ VOIYi= E Jim ko gt\=\ s'\- VoK =0

where the exchange of limit and expectation is justi ed by bounded convergence theorem, and by
Lemma 21, we can replacdsu: with sXY= fV: V2 #4ir—kV V ko Xgin Eq. (A.35). Finally,
noter 51V ° =E» s\-V°Yandif cis differentiable alV 2 #4i, thenr 51\9—-9 = g1\9-¥§

forall g 2 x®Then
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Kir cr ©°W\W 1 ~r 01VOk

sup 7
XYa\fr - VP existy C R kV V k2
k% % 51—V 1% 9% -k
= sup < > > e > 2 (A.36)
MYa\fr - 2P existy C s kV V k2
supp@(lo/@ W 51—V 1% 9% s5t—\Pky=>,11° (by Eq. (A.35))

WX Ya

and thus the required stochastic equicontinuity condition holds.
Now we are ready to invoke Lemma 13. We need to nd the three objee@—cas in the

lemma that characterize the limit distribution. The critical conis

=fF 2R":F'43=0if 82 -andX% | O- F4g O0if 82 -andX = 0g

=fF: F =0g (Assumption 2)

where 2 RJ=l = whose rows aré4;-& -g. From here we can see the role of Assumption 2 is
to ensure the critical cone is a hyperplane, which ensures asymptotic normaty of

If j zj =0, i.e.,V liesin the interior of , thenP is identity matrix, and the limit distribution
is ture.

Now assumg =j 1. Note Tis anidentity matrix of siz¢ -jand T =diagt1182 -°°=
diagt1tV,; = 1°°. The optimal Lagrangian multiplier is unique and so the piecewise quadratic

function@s @F° = F'H F. Finally, the gradient error term is

Ze=>. "9 . (A.37)

The unique minimizer oF 7! %FTH F, ZFoverfF : F =0gis 1PHP° YZwhere

P=- " T¥ =diagl1182 v°°=diagt11Vj, Y 1°0
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For completeness, we provide details for solving this quadratic problem. By writing down the

KKT conditions, the optimality condition is

T 7 1H 1H 1T1H1T01Hloz
0 0 11 HlTolHloZ

where_ 2 RI=l js the Lagrangian multiplier. By a matrix equality, for any symmetric positive

de nite H of size=and 2 Rl =l = of rankj -j, it holds

HYH Tt HTOLH 1=0100H%Y% =19%H%Y (A.38)
with% = - T T We conclude that the asymptotic expansion
p. 1O
cW vo=g yilgo  >5170 (A.39)
C._
0=1
holds, where
Vl\O: IPHpPo Y1° Yoo

and that the asymptotic distribution%ﬂv\’" VOisN10- \#with v=E» v {%NoteE» %=
0.

Proof of\/W!? V . This follows from Lemma 13.

Proof of Asymptotic Distribution for pacing multiplié. This follows from the above discus-
sion.

Proof of Asymptotic Distribution for revenlREV. We use a stochastic equicontinuity argu-

ment. Given the item sequendé= 1\ 1-\?« « @ de ne the (random) operator

~

P 10
ab= C% 96=p=_ 161\%° Ex6Y0
C_
0=1
where6 : ! R,BEx6Y= 6Bl\. Note? 1\° = maxV,E'\° = 5'\-V° REV = %3 -\V°,
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29 = 51\ 9— W6 andREV"W= %5! — W we obtain the decomposition

~

&
P erREVW REVO:pl—_C 51\ 9\ 51V°,iac,151—\\f{'5 5 - vee
_ Z
| 7 } Sl
=lc
p

,, G5Wé 5y oo
I {z }
=l ¢

For the termlg it can be written asc= ad? 1° REV °. By the linear representation for

WV in Eg. (A.39), applying the delta method, we get the linear representation result

~ ~

l”C: pl__C r 51v oT Vl\gO, >?110: pl__ 1% oT Vl\go, >?110

0= 1 Cg: 1

We will showllc= >,11°. The dif culty lies in that the operatoacand the pacing multiplier
Wdepend on the same batch of items. This can be handled with the stochastic equicontinuity
argument. The desired claifiz= >,11° follows by verifying that the function clads; = f\ 7!

51 -V¥:V2 g(same as that de ned in Lemma 23) is VC-subgraph and Donsker. This is true by

Lemma 23. By Lemma 15 we know for ad§# 0,

sup ad5l—P 5t —\Po= >,110 (A.40)
F2)>)€/!42

wherexx¢g. = fV:v2 — 15§ & —VZOZEH\ X©. Noting that for allV—F-\it holds
j5'\—=\ B5\—F°j EkV Fk;,weknowthat »51—Y 51—\%RB\ ! OasV! V.Then
by Lemma 21, we know Eq. (A.40) holds witikd4. replaced withXy=fV: V2 —kV V k»
%g. Combined with the fact that™i” v , by Lemma 22 we knowl c= >,11°.

To summarize, we obtain the linear expansion

GREVW REV © = ﬁltc 12 100 REV 1 o7 \1\00 > 170, (A.41)
4=1

p
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Let geyl\o=? 1% REV 1% 0T 100

We complete the proof of Theorem 10. O

A.7.4 Proof of Corollary 3

Proof of Corollary 3. For 8such thaty; = 1, we know\)SN 1= >?1p%° holds. ThenPl\)gNY
1 YO =P1>,119 pC}E I 0-using the smoothing rate conditigri:}f! 2 2 10-1Y4 For8such
thatV, ¥ 1, we knowW Vj = >,11° by consistency of ThenPl\%V\"( 1 YO =P>110Y
11 Vg® YO! 1lbyYc=>1°andl Vi O. [

A.7.5 Proof of Normality of NSWD, andXin FPPE

We de ne NSW and utility in limit FPPE. We use® to denote limit FPPE quantities. Given
an FPPEYV - ?°, we de ne by

%=1s ?Bgl\- ‘5= EBGd -
Dy="5. % (A.42)

theleftover budgettheitem utility and thetotal utility of buyer8 Let X — —D be the vectors that

collect these quantities for all buyers. In FPPE it holds that
D8 = 18’ V8.

We next de ne these quantities in nite FPPE. To emphasize dependence on the item sequence
W we uset®Wto denote equilibrium quantities iIRPPE1—ElsC—W We let 1\WL %% pe an
observ,ed FPPE witg" = 1G1N—--°. The leftover budgexgv =1g f | g ?gqf\"? item utility
Tg=1f ! gczlgc‘%"/_gand total utilityD)' = X', " gare de ned similarly. Lebé"’—"— DVbe the vectors
that collect}these quantities for all buyers. The observed reverREK' = f | gzl?g, and NSW

. I _
isNSWW=" 7, 1glogD)"
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PanswW

Corollary 4. Under the same conditions as Theorem%G,DW Do, p_G)é’V X°%and
NSW © are asymptotically normal with (co)variances, = diagtleg? Vg% \diagleg?! V0%,

x=1_- HIH o¥o 1 _ HiH ©oYoT gndf ﬁsw = Vectlg V°" Wectlg \;°, respectively.

Proof of Corollary 4. Proof of Asymptotic Distribution for individual utiliy We use the delta
method; see Theorem 3.1 from Vaart [31]. Ndde = 6'V°owith6 : R ! R—-8W =
»lie Vi—e e e -3\ V4 By Eq. (A.39), it holds

_ 1 C
PEeD¥ po-= B=  r6tvo 1% >,110 (A.43)
C._
0=1
Finally, notingr 61V ° = diagt 18-1V8°2° we complete the proof.
Proof of Asymptotic Distribution for Nash social welf8&W. We use the delta method. Note
_ I :
NSW =6Vewith6:R™! R-8W= g, 1glog'le V. By Eq. (A.39) it holds

~

GNsSwWW NSw e = pl—_C FBLVoT (1\%0 ;170 (A.44)
4=1

P

Finally, notingr 61V © = Vec!1g \;°.
Proof of Asymptotic Distribution for leftover budgétThis is a direct consequence of Theorem

4.1 in Shapiro [34]. By that theorem, it holds that

p_gW v

) VRS joint°
= X:
with
1 1
T 0 T H oY 14 o »g 14 oV
joint = =

0 0 0 & H % & &'

where 2 R=) = whose rows aré4;-82 -g & =t H 1 ™1 H 12 R =and =
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Covt™ °. By a matrix equality, noting matrix's rows are distinct basis vectors, it holds
1t H Tl gl 1. HiH o

Moreover, for other entries ofV i.e., )@"Y' their asymptotic variance will be zero. The matrix
1. HIH oY 1_ HiH OoYOT is zero at the!8—%th entry if8or 92 y. Summarizing, the
asymptotic variance Jfaxy xoist = HIH o¥o 1_ HiH oyoT

An alternative proof is by the delta method and a stochastic equicontinuity argument. To sum-

marize, it holdsp@XW XO!?N1 0 - HIH ©9° 1_ HIH 09Y0To gnd the linear expansion

o
Pax¥ xo=c¥2 1_ Hig ovor 1% o >,11° (A.45)
g=1
holds. In the case where = ; ,i.e.,X; = Oforall§ we haveH =H andso- H!H ' =0.
We complete the proof of Corollary 4 O

A.7.6 Proof of Fast Convergence of Pacing Multipliers

Lemma 24. Let Assumption 1 and Assumption 2 hold. Tﬁ’é\dg\/: 1°! 1forall82 -, and
P1X¥V: o°! 1forall 82 v.

Proof of Lemma 24Eq. (A.45) impIies)QV X = >;11°forall 82 -. Assumption 2 implies
% i Oforall82 -. Combining the two give@lwi 0882 -°! 1, whichimplies the desired
claim by the strict complementarity betwes# 1 andX¥ 0. The proof ofPlngz e 1

follows similarly. O

A.7.7 Proof of Theorem 11

Proof of Theorem 11According to the discussion in Section A.4.5, we calculate the derivative of
the mapU 7! REV,_gatU= 0.
For a given perturbatiodU-8, we let ?,,_gand REV_gbe the limit FPPE price and rev-

enue under supply distributioB;_g Let (y-¢\° = r ylogB,_¢\° be the score function. So
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r uB6= B usand (y-&_¢\ = 0. Obviously with our parametrization @&,_swe have
(0-6\° = 6%\° by Eqg. (1.13). We next nd the derivative di 7! REV, gatU = 0. Re-
call 5is de ned as5"\-\ = maxgEst\°Vs and the price is produced by the highest bid, i.e.,
208\ ° = maxgV,_Et\ © = 51\ \(,_¢.

1

rUREV . g=ru  5M—\(_gRy_¢\°al
1

= »ryBN-\(_8r uVyle 51\ \(_&(u-d\°%Ry_é\°d\

Above we exchange the gradient and the expectation and then apply the chain rule. By a per-
turbation result by Lemma 8.1 and Prop. 1 from Duchi and Ruan [33], under Assumption 1 and

Assumption 2,
ruVg_du=o= H & - ¢

with -+ _g= Ep»™ 1\° ° °61\°TY, Plugging inEg»ry5i\-\, 2¥+ ° , 51\-\) 2 = ? 1\°and

(0_6= 6, we obtain

ruREV du=o= 1 °"1H % . 4 Ep»?? 1\° REV °61\°Y,
- E 1 oTi4 oy1® 1\o o0 19 1\0 REV° gl\0

= E» gey!\o61\ %%

Now we have the two components required to invoke the local minimax result. Given a symmetric
quasi-convex loss : R! R, we recall the local asymptotic risk for any procedie: ©! Rg

that aims to estimate the revenue:

LARREvlf&go =

sup lim liminf sup Eggc Lo REV_g°72

62 ;-2N21 Q1 ik, %
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Following the argument in Duchi and Ruan [33, Sec. 8.3] it holds
inf LARRev'TAQ® B IN*0-E» 2yt 0400,

We complete the proof of Theorem 11.

A.7.8 Proof of Theorem 12

Proof of Theorem 12. Proof d’fv!? v. We rstshowH !?H by verifying conditions in Lemma 14.
All conditions are easy to verify except the stochastic equicontinuity condition. By Lemma 23 we
know the SE condition holds. We concluh‘b!r'l)ﬂ . Next we showP!P = P° | 1. This
follows from Corollary 3. We conclude'P = P° ! 1. We now showtPH Boy1ipHpo v,

Wilog let - = » %and y = » , 1-sss3&Foranyn j 0, Ptk1PH PoY 1PHP° Yk jn°
Pik1PH PoY 1PHP° Yk jn-P = P°, PIP < P° = PtloHyYl »H y¥lk jn°, PP <

P,° I ObyH !?—| . Next we showCovt™ © = Covir 5'\— \{°° can be consistently estimated by

lcl Gt Corg terto= MFE-ee 28, and” = 1CI 51" 9. This follows by Lemma 7.

We rewrite "y as "y = 1PH I5°y1lcI LU 201814 Poy which converges in probability to
IPHPOYCoW" °1PHPOY = .

We rewritef 2

?
Proof off2_ 1" f 2 =E»®? REV 02}1/41|‘ °T1PHP°VC{ov1‘ 01pH poY*
Z

REV' | REV' REV ~ | iz y
|’§ llc
e
2E»? REV o1 " OUgpHPOY' andfZ_ = }c 129 REVY6Z 1 Wripf poy Mp pov: W
| {z } =1 z }
e | {z } fte
~ 1\C
1% T 2 .
2 & 199 ReyW1 9 Vo 1B Poy Wewwe havdd - Icby invoking Lemma 23, applying a
o1
| {z }
|nc

uniform LLN and using the factthat®” v . Andfic!” 11 holds by’ 1~ 1PH PoY1iPHPO Y
and” !? , and applying Slutsky's theorem. Finallf} c!? Il by F1 F,is Donsker by Lemma 20

and thus a uniform law of large number holds, and M’%é!t? V.
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We complete the proof of Theorem 12. m

A.7.9 Proof of Simpli ed Estimation Results

Proof of Theorem 13First we show ggyt\° = 2?2 1\0 ° TipHPpoy' 1\0 = 2 1\° |t sufces
to show!V 1PHP° ¥Y* 07" 1\0 = 21\0 The cases ofy =; or = =; can be handled easily.
We assume both of them are nonempty. Also let » Y2and v = » | 1—e e+ Jdavithout loss
of generality. The nite inverse moment assumptiontdagap impliesr 2E»51\— VoW =0, and

H = diagtlg? V8°2°. SoV = »l.; VWYwhereV is the subvector corresponding tp. LetHy

be the lower-right matrix oH corresponding toy. Lemma 1, Eq. (1.17) and?E»5t\— VoW

0 imply tPHP°Y" = 0.; WY SoV PHP® Y = »1.;0-.% And »l.;0- .%4 1\° =

I o :
@ . g'\°= . The simplied formulafor v follows easily.

Next we show*2 7§ 2
REV"

_ . N Al 2
REV-sim | Suppose- = ;,thenPt’= = -°!1 1limpliest* I 0.

REV
Now suppose-= < ;. In Lemma 23 we have shown bo andF3 are VC-subgraph, and thus a

uniform law of large number holds. Siné= = -°! 1, we analysis is carried out under the
event™ = _. Let 51\—\? be the function irfF; and6 in F3. Let 1\—\? = 51\—\P61\—\?, Under
the event™ = -, we have thaf'2_,, is the sample variance of\9- W, g 2 »@,andf 2, is

the variance of the random variablé\— V°. The consistency of the simpli ed revenue variance
estimator follows by the uniform law of large number. The consistency of the simpli ed estimator

for yfollows easily. O]

A.7.10 Proof of Theorem 14

Proof of Theorem 14By the EG characterization of FPPE, we know tk1°, the pacing multi-

plier of the observed FPPEPPE cl1- E1°—é— WL° | solves the following dual EG program

1@ ¢;
min c mé';legl\ ERAVA 1glogt V¢ (A.46)

0=1 81

The major technical challenge is that the number of summands in the rst summation is also
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random. Given a xed integer and a sequence of iteris’*— e« ¢« 2% de ne

16

" ge1

V/ 11° = the unique pacing multiplier ifPPE11— E10—: 11\ 12_e e e yi00

V=110 = \/ 110 . vil— \I-®_

Here \'1-°= 1H 1700¥1* 110 = 1700\whereH 11°-" 11-°and’ 11° are the projected
Hessian in Eq. (1.18), item utility function in Eq. (1.15), and total item utility vector in Eq. (1.16)

in the limit marketFPPE11—-E1°- B NoteE» \!1-°%= 0. Note W41° = \£ since scaling the
supply and the budget at the same time does not change the equilibrium pacing multiplier. We

introduce the following asymptotic equivalence results:

Lemma 25. RecallG Binlc—€ If Assumption 2 and Assumption 1 hold for the limit market
FPPE'1- E1°-B, then
- Pawipe e =5 1005011

. p‘G\/in—Q \/in—bc(bo =>,11°3sCl 1
Here Oc is the greatest integer less than or equald@ R. A similar result holds for the

market limitFPPE*1— EQ°— Band the in uence function \!0-° is de ned similarly.

With Lemma 25, we write

"Be or

=Pawire v Payie vigeo

:pCﬁlzécc V1= \® p1:blbco® V=% >5170 (Lemma 25)
I -y bL °C gy

1 .
N O—CVar» Vi1-°Y, Var» 10-°%e (independence betweéh~%y, andf\ ®%,)

1
°11 O

Proof of CLT forgy. It follows from the above discussion.

Proof of CLT forgo. We begin with the linear expansion Eq. (A.43) and repeat the same
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argument.

Proof of CLT forgrey. We begin with the linear expansion Eq. (A.41) and repeat the same
argument.

Proof of CLT forgysw. We begin with the linear expansion Eq. (A.44) and repeat the same
argument.

We complete the proof of Theorem 14. O
In order to prove Lemma 25, we will need the following lemma.

Lemma 26. If - ¢ = >>11° and) Bintc—€and) and the sequence are independent, then

-y =>5110,

Proof of Lemma 26By - ¢c= >,11° we know for alln j Oit holdsPj-4 i n®! O, or equiva-
lently sup Pj-.jin®! OasCl1l . By aconcentration for binomial distribution, we know

forall X j O,itholdsPt) ¢cGjXcC® 2exp XcG3°. Now write

Plj-yjin® Pi-yjin-) 211 XcC, Pl 811 XcC
o)
Plj-.jin°PY) =:° 2exp XcG3°
1211 XcC
sup Plj-.jin°, 2expt XcG3°! OasCl1
11 XcC

where in the second inequality we use the independence bejwassththe sequence. We conclude

-y =>711° completing proof of Lemma 26. [
Proof of Lemma 25The rst statement uses the independence betv@and the items\ 11— \17— e «Q,
Dene' 1:0= @yt Vin-11o0 By Eq. (A.39), we have 1:°=>,11°as: |1 . With this
notation, the rst statement is equivalent'tdG® = >,11° whereG Binlc— & which holds true
by Lemma 26.

. ) p—r7 - .
The second statement is equivalent toc@ Vin—110  \inc@i10 = >,110 To prove this

we use a Komogorov's inequality. By Theorem 2.5.5 from Durrett [139], for many O, (let
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f ,=E»k Vll—\okgl/ﬁ'z)

. . 2n
P be sup kn=<igo (N2t rPe@igop,  xf o, e
11 rPke@ < ! 1, @ »x

Then

P Be@ Vinfio  Vine@igo , X
P . .
P bc@ Vn-fago  \finde@ifo X111 pPhe@ G !1, nPhe@

PGS 1 k@1, Pk

2nf2V 2nf2V
PGS8 1 nhkc@'1l. nPlc@ !
. PG , 7

Finally, since the above holds for ail 0, we obtainIO bc@in-€  \lincCo = 5,170 We

complete the proof of Lemma 25. ]

A.8 Experiments

A.8.1 Hessian Estimation

Setup. We look at the following con guration of markets and the smoothing parantgter
Note we will be evaluating Hessian at a prespeci ed point and do not need to form any market
equilibria in this experiment. We consider= 9 buyers. The item siz€ranges from 200 to 5000,
at a log scale. Budget does not need to be speci ed. Buyers' values are drawn from uniform,
exponential, or truncated standard normal distributions. The smoothing parédnistehosen
from the grid [0.10, 0.17, 0.25, 0.32, 0.40, 0.47, 0.55, 0.62, 0.70]. We evaluate the HeSsian
a pre-speci ed poiny = »02200-0333-0467~-0600-0+733-0:86 7~1-000/2and plot the estimated
diagonal valuesti ggfor 82 »7against the number of iten@&Under each con guration we repeat
for 10 trials.

ResultsSee Figures A.3to A.5. We see tlsatepresents a bias-variance trade-off. For a small

3(0.10, 0.17, 0.25), the variance of the estimated vifggs small and yet bias is large (since the
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plots seem to be trending to some point as number of item increases). For 8 [@&&, 0.62,

0.70) variance is large and yet the bias is small (the estimates are stationary around some point). It

is suggested to use2 10:32-047°.

Figure A.3: Effect of smoothing parameter on numerical difference estimation of Hessian. Each
curve represents the estimated valuélgg Uniform values.

A.8.2 Visualization of FPPE Distribution

A.8.3 Full Versions of Table 1.3, Table 1.4, and Table 1.5
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Figure A.4: Effect of smoothing parameter on numerical difference estimation of Hessian. Each
curve represents the estimated valuéigg Exponential values.
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