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Abstract

Statistical Inference in Competitive Equilibrium

Luofeng Liao

This thesis studies statistical inference and A/B testing in settings with interference arising

from competitive market effects. We study these effects in two fundamental market equilibrium

models: the linear Fisher market (LFM) equilibrium and first-price pacing equilibrium (FPPE).

LFM arises from fair resource allocation systems (such as physical allocation of food to food

banks) and more generally distribution systems (such as user attention to different types of social

media notifications on Instagram, or jobseekers’ attention to job posts in LinkedIn). For LFM, we

assume that the observed data is captured by the classical finite-dimensional Fisher market equi-

librium, and its steady-state behavior is modeled by a continuous limit Fisher market. The second

type of equilibrium we study, FPPE, arises from internet advertising applications, where adver-

tisers are constrained by budgets and advertising opportunities are sold via first-price auctions.

Pacing is a prevalent approach for managing advertiser budgets, where the platform assigns each

advertiser an autobidder that controls expenditure by adaptively shading bids. For platforms that

use pacing-based methods to smooth out the spending of advertisers, FPPE provides a steady-state

description of the outcome of pacing-based markets.

In Chapter 1 we develop a theory of statistical inference for LFMs and FPPE. In Chapter 2 we

investigate theoretically sound bootstrap approaches for LFM and FPPE. In Chapter 3 we apply

the theory to reduce interference bias in parallel A/B tests on ad auction platforms.
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Introduction

This thesis concerns statistical inference in competitive equilibrium settings, speci�cally in

the context of Fisher markets and �rst-price pacing equilibria (FPPE). The Fisher market equilib-

rium model has been used in the tech industry, such as the allocation of impressions to content

in certain recommender systems [1] and robust and fair work allocation in content review [2]; we

refer readers to Kroer and Stier-Moses [3] for a comprehensive review of applications. Outside

the tech industry, Fisher market equilibria also have applications to scheduling problems [4], fair

course seat allocation [5, 6], allocating donations to food banks [7], sharing scarce compute re-

sources [8, 9, 10, 11], and allocating blood donations to blood banks [12]. FPPE is a model for

budget management in online advertising platforms. In these platforms, advertisers report advertis-

ing parameters, such as target audience, conversion locations, and budgets, and then the platform

creates a proxy bidder to bid in individual auctions to maximize advertiser utilities and manage

budgets. A common way to manage budgets is pacing, in which the platform modi�es the adver-

tiser's bids by applying a shading factor, referred to asmultiplicative pacing. In the case where each

auction is a �rst-price auction, FPPE captures the outcome of pacing-based budget-management

system. Conitzeret al.[13] introduced the FPPE notion and showed that FPPE always exists and is

unique. Moreover, FPPE enjoys lots of nice properties such as being revenue-maximizing among

all budget-feasible pacing strategies, shill-proof (the platform does not bene�t from adding fake

bids under �rst-price auction mechanism), and revenue-monotone (revenue weakly increases when

adding bidders, items or budget).

In Chapter 1, we study fundamental statistical properties of �nite-market equilibrium conver-
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gence to a limit equilibrium. We develop a statistical framework for resource allocation systems

and �rst-price pacing auction platforms using the in�nite-dimensional Fisher market model. This

enables inference about key market primitives, such as revenue and Nash social welfare, while

addressing dependence in the data arising from the equilibrium. Our approach leverages the

Eisenberg-Gale convex program to reduce inference to an" -estimation problem. We establish

strong consistency, convergence rates, and asymptotic normality for LFM and FPPE. We address

challenges like nonsmoothness in the equilibrium program and the parameter-on-boundary issue

in FPPE by verifying conditions from empirical process theory. Applying this framework, we for-

malize a budget-split A/B testing design and construct treatment effect estimators and con�dence

intervals.

In Chapter 2, we study bootstrap inference. The bootstrap [14, 15] is an automatic method for

producing con�dence intervals in statistical estimation. The theory of bootstrap has been extended

to many areas of statistics, such as models with cube-root asymptotics [16, 17], semi-parametric

models [18, 19] and so on. However, there is no theory of bootstrap for competitive equilibrium

settings. We characterize the full landscape of the asymptotics of FPPE by extending beyond the

strict complementarity condition. We show that the asymptotics are captured by a quadratic pro-

gram and derive a new closed-form expression for it, providing structural insights in special cases.

We develop bootstrap theory for LFM and FPPE using their Eisenberg-Gale convex program char-

acterization. Depending on the market structure, various bootstrap procedures are analyzed. Nu-

merical experiments, including simulations and a semi-synthetic study using iPinYou data, validate

our theory.

In Chapter 3, we study the theory of interference among multiple FPPEs. Such a theory is

motivated by parallel A/B testing which is widely used in the internet industry. In particular, we

propose and analyze a market-segmentation based parallel A/B test design, leveraging market seg-

mentation to identify submarkets and run parallel experiments within them. While this method

runs many experiments in parallel, interference arises from buyers interacting across submarkets.

Towards understanding the bias in such a design, we formally de�ne market interference in �rst-

2



price auction markets using the �rst-price pacing equilibrium framework, propose a debiased sur-

rogate that eliminates �rst-order bias and derive a plug-in estimator with asymptotic normality, and

validate the method with semi-synthetic experiments that con�rm the desired coverage properties.
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Chapter 1: Statistical Theory for Fisher Markets and First-Price Pacing

Equilibrium

1.1 Introduction

Statistical inference is a crucial tool for measuring and improving a variety of real-world sys-

tems with multiple agents, including large-scale systems such as internet advertising platforms and

resource allocation systems. However, statistical interference is a crucial issue in such systems.

Past work has often focused on interference such as networks effects, which may arise due to user

interactions on social media platforms. In this chapter, we focus on a different type of interfer-

ence: interference effects arising from competition between agents on a platform. To be concrete,

consider the case of A/B testing for internet advertising: budgets are prevalent among advertisers

on such platforms, and these budgets mean that the actions of one advertiser can affect the actions

of another. Often, in such systems, randomization is performed e.g. at the user level and then

budget-splitting is used to clone advertisers into the A and B treatment. However, budget interac-

tions may causeall users in e.g. the A or B treatment to be related to each other, and thus it is not

at all clear that one can apply standard statistical methods that treat each user as an independent

sample. Instead, a theory ofequilibrium interferenceis needed, and we need to understand how

statistical interference can be performed when such interference is present. We study statistical

inference and A/B testing in two closely-related equilibrium models: First, we study one of the

most classical competitive equilibrium models: thelinear Fisher market(LFM) equilibrium. Sec-

ond, we study the�rst-price pacing equilibrium(FPPE) [13], which is a model that captures the

budget-management tools often employed on internet advertising platforms.

In a Fisher market, there is a set of= budget-constrained buyers and< goods. A market

equilibrium (ME) is an allocation of the goods and a corresponding set of prices on the goods such
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that the marketclears, meaning that demand equals supply. In a linear Fisher market, a buyers'

utility is linear in their allocation. Beyond being a classical model of price formation, the Fisher

market equilibrium arises in resource allocation systems via the the competitive equilibrium from

equal incomes (CEEI) mechanism [20, 21]. In CEEI, each individual is given an endowment of

faux currency and reports her valuation for the goods; then, a market equilibrium is computed, and

the goods are allocated accordingly. The resulting allocation has many desirable properties such as

Pareto optimality, envy-freeness and proportionality. Below we list examples of allocation systems

where a Fisher market equilibrium naturally arises.

Example 1(Allocation of resources). Scarce resource allocation is prevalent in real life. In sys-

tems that assign blood donation to hospitals and blood banks [12], or donated foods to charities

in different neighborhoods [7, 22], scarce compute resources to users [8, 9, 10, 11], course seats

to students [5, 6], the CEEI mechanism is already in use or serves as a fair and ef�cient alterna-

tive. For systems that implement CEEI, we may be interested in quantifying the variability of the

amount of resources (blood or food donation) received by the participants (hospitals or charities)

of these systems as well as the variability of fairness and ef�ciency metrics of interest in the long

run. Enabling statistical inference in such systems enables better tools for both evaluating and

improving these systems.

Example 2 (Fair noti�cation allocation). In certain social media mobile apps, users are noti�ed

of events such as other users liking or commenting on their posts. Noti�cations are important for

increasing user engagement, but too many noti�cations can be disruptive for users. Moreover, in

practice, different types of noti�cation are managed by distinct teams, competing for the chances

to push their noti�cations to users. Kroeret al. [23] propose to use Fisher markets to fairly

control allocation of noti�cations. They treat noti�cation types as buyers, and users as items in a

Fisher market. Platforms are often interested in measuring outcome properties of such noti�cation

systems. In Section 1.6.2 we will present a simulation study of our uncertainty quanti�cation

methods applied to the noti�cation allocation problem.

The second type of equilibrium model we study is the FPPE model, which arises in inter-
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net advertising. First, we review how impressions are sold in internet advertising, where �rst or

second-price auction generalizations are used. When a user shows up on a platform, an auction is

run in order to determine which ads to show, before the page is returned to the user. Such an auction

must run extremely fast. This is typically achieved by having each advertiser specify the following

ahead of time: their target audience, their willingness-to-pay for an impression (or values per click,

which are then multiplied by platform-suppliedclick-through-rateestimates), and a budget. Then,

the bidding for individual impressions is managed by a proxy bidder controlled by the platform. As

a concrete example, to create an ad campaign on Meta Ads Manager, advertisers need to specify

the following parameters: (1) the conversion location (say website, apps, Messenger and so on),

(2) optimization and delivery (target your ads to users with speci�c behavior patterns, such as those

who are more likely to view the ad or click the ad link), (3) audience (age, gender, demographics,

interests and behaviors), and (4) how much money do you want to spend (budget). Given the above

parameters reported by the advertiser, the (algorithmic) proxy bidder supplied by the platform is

then responsible for bidding in individual auctions to maximize advertiser utility, while respecting

the budget constraint.

An important role of these proxy bidders is to ensure smooth budget expenditure. Pacing is

a budget management method that modi�es the advertiser's bids by applying a shading factor,

known as a (multiplicative)pacing multiplier, to the advertiser's bid. Tuning the pacing multiplier

changes the spending rate: the larger the pacing multiplier, the more aggressive the bids. The goal

of the proxy bidder is to choose this pacing multiplier such that the advertiser exactly exhausts

their budget (or alternatively use a multiplier of one in the case where their budget is not exhausted

by using unmodi�ed bids). In this chapter we focus on pacing-based budget management systems.

First-price pacing equilibrium [13] is a market-equilibrium-like model that captures the steady-

state outcome of a system where all buyers employ a proxy bidder that uses multiplicative pacing.

Conitzeret al.[13] showed that an FPPE always exists and is unique. Moreover, as a pacing con�g-

uration method, FPPE enjoys nice properties such as being revenue-maximizing among all budget-

feasible pacing strategies, shill-proof (the platform does not bene�t from adding fake bids under
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�rst-price auction mechanism), and revenue-monotone (revenue weakly increases when adding

bidders, items or budget). The FPPE model speci�cally captures the setting where each auction is

a �rst-price auction. First and second-price auctions are both prevalent in practice, but equilibrium

models for second-price auctions are much less tractable (in fact, even �nding one is computa-

tionally hard [24]). To that end, we focus on the �rst-price auction setting in this chapter; the

second-price setting is interesting, but we expect that it will be much harder to give satisfying

statistical inference results for it.

Quantifying uncertainty in pacing systems is an important task on online advertising platforms.

Basic statistical tasks, such as the prediction of the bidding behavior of advertisers or the revenue

of the whole platform, require a statistical theory to model the intricacies of the bidding process.

A/B testing, a method that seeks to understand the effect of rolling out a new feature, also requires

a rigorous theoretical treatment to handle equilibrium effects. What a platform would typically

like to do, is to treat each item in A and B as a separate unit and measure e.g., the price of the

item as an independent observation. However, interference occurs due to the optimizing behavior

of each buyer, where they end up buying a bundle in their demand set (on a platform that runs ad

auctions, this would typically occur through the proxy bidder that performs pacing). This opti-

mization combined with the budget constraints causes interference both between different buyers

and different items. Consequently, one has to treat the entire market as the observed “unit.” To

the best of our knowledge, our results are the �rst to provide a statistical theory that captures such

competitive interference effects that one would expect on an internet advertising platform.

Although LFM and FPPE have seemingly very different use cases, they each have anEisenberg-

Galeconvex program characterization [25, 26]. This is the unifying theme that allows us to study

these two models using similar tools. In particular, this allows us to reduce inference about market

equilibrium to inference about stochastic programs, where many classical tools from mathematical

programming [27] and empirical processes theory [28] can be applied.
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1.1.1 Contributions

Statistical models for resource allocation systems and �rst-price pacing auction platforms.

We leverage the in�nite-dimensional Fisher market model of Gao and Kroer [29] in order to pro-

pose a statistical model for resource allocation systems and FPPE platforms. In this model, we

observe market equilibria formed with a �nite number of items that are i.i.d. draws from some dis-

tribution, and aim to make inferences about several primitives of the limit market, such as revenue,

Nash social welfare (a fair metric of ef�ciency), and other quantities of interest; see Table 1.1.

Importantly, this lays the theoretical foundation for A/B testing in resource allocation systems and

auction markets, which is a dif�cult statistical problem because buyers interfere with each other

through the supply and the budget constraints. With the presence of equilibrium effects, traditional

statistical approaches which rely on the i.i.d. assumption or SUTVA (stable unit treatment value

assumption, Imbens and Rubin [30]) fail. The key lever we use to approach this problem is a con-

vex program characterization of the equilibria, called the Eisenberg-Gale (EG) program. With the

EG program, the inference problem reduces to an" -estimation problem [27, 31] on a constrained

non-smooth convex optimization problem.

FPPE LFM

pacing multipliersV� ,
revenueREV�

inverse bang-per-bucksV� ,
utilities D� ,

Nash social welfareNSW�

Table 1.1: Quantities of interest in LFM and FPPE.

Convergence and inference results for LFM and FPPE. We show that the �nite market, which

represents the observed data, is a good estimator for the limit market by showing a hierarchy of

results: strong consistency, convergence rates, and asymptotic normality. We also establish that the

observed market is an optimal estimator of the limit market in the asymptotic local minimax sense

[31, 32, 33]. Finally, we provide consistent variance estimators, whose consistency is proved by

a uniform law-of-large-numbers over certain function classes. A shared challenge for developing
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statistical theory for both LFM and FPPE is nonsmoothness: The objective function in the EG

convex program (for a sampled �nite market) is non-differentiable onR= almost surely, since it

involves the max operator. Even so, we will see that in our limit market model, the expectation

operator, which becomes an integral, smooths out the non-differentiability issues under relatively

mild conditions. We explore suf�cient conditions for differentiability in Section 1.5. For FPPE,

there is a more prominent issue: the parameter-on-boundary issue, which means that the optimal

population solution might be on the boundary of the constraint set. Here we brie�y discuss how

we handle the two issues when deriving asymptotic distribution results for FPPE, which is one

of the more dif�cult results in the chapter. First, asymptotic distribution results for" -estimation

are known to hold under certain regularity conditions on stochastic programs [34, Theorem 3.3].

One such condition concerns the differentiability of the population objective. We provide low-

level suf�cient conditions for differentiability, and show they have natural interpretations from an

economic perspective (Section 1.5). Another important condition to verify is stochastic equiconti-

nuity (Cond. 13.c), which we establish by leveraging empirical process theory [28, 35].

Statistically reliable A/B testing in resource allocation systems and FPPE platforms. Ap-

plying our theory, we formalize and analyze a budget-split A/B testing design for item-side ran-

domization that resembles real-world A/B testing methodology in markets with budgets. In the

budget-split design, treatment and control markets are formed independently, and buyer's budgets

are split proportionally between them, while items are randomly assigned to treatment or control

markets. Then, based on the equilibrium outcomes in the A and B markets, we construct estimators

and con�dence intervals that enable statistical inference.

1.1.2 Overview and Motivation of our Limit Market Model

As described above, the fundamental quantity of interest in our model is the limit market,

whether for LFM or FPPE. We now provide some discussion and motivation for our use of this

limit market. Suppose a practitioner faces the following prediction task: given data arising from a

9



Figure 1.1: Items (orange) are assigned to buyers (blue). Left: a �nite market. Right: a limit
market.

�nite market, what can we say about future �nite markets that are created under similar conditions?

In the case of the allocation systems we study in the chapter, this can be interpreted as follows:

suppose we observe the behavior of the system for one week (represented by the �nite market), and

the allocation system is operating in equilibrium. Can we now make statistical inferences about

next week's market, assuming that the generated items follow a similar pattern? Similarly, A/B

testing a system under a budget-split design requires us to make statistical statements about each

arm.

To address questions such as these, we study the statistical behavior of �nite markets sampled

from a limit market where the item set is continuous, and the supply becomes a distribution on the

item set; see Figure 1.1 for an illustration. Limit markets are formally introduced in Section 1.2.

The limit market serves as a conceptual model through which we deriveprediction intervals

for future �nite markets. We focus on deriving con�dence intervals for the limit market, i.e., an

interval � constructed from the data so that the probabilityP¹quantities in the limit market lie in� º

is high. One can then easily construct prediction intervals for a future market. Take FPPE as an

example. LetVWbe the observed multiplier, andV� be the limit one. SupposeV=4F is the multiplier

in a future market, independent of the observed market. We will show that the observed multiplier

concentrates around the limit multiplier:
p

C¹VW� V� º
3

! # ¹0–� Vº for some matrix� V. Then

p
C¹VW� V=4Fº =

p
C¹¹VW� V� º � ¹ V=4F � V� ºº

3
! # ¹0–2� Vº (1.1)

by independence betweenVWand V=4F. Given an estimator of� V, a prediction interval forV=4F
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can thus be constructed.

Of course, if the goal is to make predictions about future �nite markets, one might wonder if

there is a way to give a formal model of predicting future �nite markets directly from observed

�nite markets, without going through the limit market. For some quantities it is easy to impose a

simple statistical model and develop a prediction theory while ignoring the equilibrium structure

in the data; for other quantities, it is more dif�cult to even put a statistical model on them. In either

case, ignoring the equilibrium structure casts doubt on the validity of such approaches.

1.1.3 Related Works

A/B testing in two-sided markets. Empirical studies by Blake and Coey [36] and Fradkin

[37] demonstrate bias in experiments due to marketplace interference. Basseet al. [38] study the

bias and variance of treatment effects under two randomization schemes for auction experiments.

Bojinov and Shephard [39] study the estimation of causal quantities in time series experiments.

Some recent state-of-the-art designs are the multiple randomization designs [40, 41, 42] and the

switch-back designs [43, 44, 45, 46, 47]. The surveys by Kohavi and Thomke [48] and Bojinov

and Gupta [49] contain detailed accounts of A/B testing in internet markets. See Larsenet al. [50]

for an extensive survey on statistical challenges in A/B testing. Compared to these papers, this

chapter is the �rst to focus on A/B testing with equilibrium effects.

The budget-split design we study is similar to one studied by Liuet al. [40]: buyer's budgets

are split proportionally, creating two sets of identical buyers, and then items are assigned to either

group of buyers at random. However, we differ in the theory to analyze such experiments. The

main difference between this chapter and theirs is that they did not consider equilibrium effects,

while we do. In particular, Liuet al. [40] assume that pacing and other strategic effects are �xed

across treatments. In turn, this means that any strategic behavior or budget-optimizing behavior

ignores the A/B assignment. On a related note, we consider randomness of both the item (impres-

sion) arrivals and the treatment assignment, while Liu et al. only consider the latter. Second, we

provide an exact variance formula for many quantities in the ad auction systems, such as pacing
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multipliers and revenues, while Liu et al. do not.

Pacing equilibrium. Pacing is a prevalent budget-management methods on ad auction plat-

forms. In the �rst-price setting, Borgset al. [51] study �rst price auctions with budget constraints

in a perturbed model, whose limit prices converge to those of an FPPE. Building on the work of

Borgset al. [51], Conitzeret al. [13] introduce the FPPE model and discover several properties

of FPPE such as shill-proofness and monotonicity in buyers, budgets and goods. There it is also

established that FPPE is closely related to the quasilinear Fisher market equilibrium [52, 53]. Gao

and Kroer [29] propose an in�nite-dimensional variant of the quasilinear Fisher market, which lays

the probability foundation of the current chapter. Gaoet al. [54] and Liaoet al. [55] study online

computation of the in�nite-dimensional Fisher market equilibrium. In the second-price setting,

Balseiroet al. [56] investigate budget-management in second-price auctions through a �uid mean-

�eld approximation; Balseiro and Gur [57] study adaptive pacing strategy from buyers' perspective

in a stochastic continuous setting; Balseiroet al. [58] study several budget smoothing methods in-

cluding multiplicative pacing in a stochastic context; Conitzeret al.[59] study second price pacing

equilibrium, and shows that the equilibria exist under fractional allocations.

" -estimation when the parameter is on the boundaryThere is a long literature on the

statistical properties of" -estimators when the parameter is on the boundary [60, 61, 62, 34, 63,

64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74]. Some recent works on the statistical inference theory

for constrained" -estimation include Li [75], Hong and Li [76], and Hsiehet al. [77]. Our work

leverages Shapiro [34], which develops a general set of conditions for asymptotic normality of

constrained" -estimators when the objective function is nonsmooth. Working under the speci�c

model of FPPE, we build on and go beyond these contributions by deriving suf�cient condition for

asymptotic normality in FPPE, establishing local asymptotic minimax theory and developing valid

inferential procedures.

Statistical learning and inference with equilibrium effectsOnline learning approaches, which

are related to statistical learning, have been investigated for other equilibrium models, such as gen-

eral exchange economy [78, 79] and matching markets [80, 81, 82, 83, 84]. Our work is also
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related to the rich literature of inference under interference [85, 86, 87, 88, 89, 90]. In the eco-

nomic literature, researchers have studied how to estimate auction market primitives from bid data;

see [91] for a survey.

Closely related to our work is a recent preprint by Munroet al. [92]. They consider a potential

outcomes framework where the outcome of an agent depends on the treatments of all agents, but

only through the equilibrium price. The equilibrium price is attained by a market clearance condi-

tion. Although both their work and our work consider a limit market equilibrium (in their case a

mean-�eld equilibrium), there are signi�cant differences. First, Munroet al. [92] send the number

of agents to in�nity while we consider the asymptotics where the number of items grows. Sec-

ond, Munroet al. [92] present a very general market equilibrium framework that requires abstract

regularity conditions (which do not hold in our setting), while we focus on equilibria arising from

resource allocation systems and auction pacing systems, and consequently we are able to present

low-level conditions that facilitate statistical inference. Third, their model works with asinglemar-

ket where buyers are randomly exposed to treatment or control. Consequently, Munroet al. [92]

focuses on estimating direct effects and spillover effects when buyers in a single market are ran-

domly assigned to either treatment or control. In contrast, our work is focused on interventions that

affect the entire valuation distribution, and we study separated markets when we apply our theory

to A/B testing. For this reason, an A/B testing framework such as the one we develop is necessary.

Wager and Xu [93] and Sahoo and Wager [94] also consider a mean-�eld game modeling approach

and perform policy learning with a gradient descent method.

This chapter builds upon two preliminary conference papers [95, 96]. The present chapter gives

a more uni�ed presentation, and provides some additional results on the statistical theory of Fisher

markets and FPPE. Perhaps most importantly, this chapter conducts two semisynthetic experiments

based on an ad auction dataset [97] and an Instagram noti�cation dataset [98], demonstrating the

practicality of the proposed theory. This chapter also provides strong consistency and convergence

rate for FPPE, minimax optimality results for LFM, and a novel closed-form expression for the

Hessian matrix of the population EG objective (Eq. (1.3)) using results from differential geome-
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try [99]. Building on the preliminary versions of this chapter, Liao and Kroer [100] extends the

FPPE statistical theory to the cases where degenerate buyers are present and develops bootstrap

inference methods, and Liaoet al. [101] studies interference among FPPEs.

1.1.4 Notations

Let 48 be the8-th basis vector inR=. Furthermore, we let� y be the Moore-Penrose pseudo

inverse of a matrix� . Letd\ denote the Lebesgue measure inR� . For a measurable space¹� –d\ º,

we let ! ? (and ! ?
¸ , resp.) denote the set of (nonnegative, resp.)! ? functions on� w.r.t the

integrating measured\ for any ? 2 »1–1¼ (including ? = 1 ). We treat all functions that agree

on all but a measure-zero set as the same. For a sequence of random variablesf - =g, we say

- = = $ ?¹1º if lim  !1 lim sup= P¹j- =j ¡  º = 0. We say- = = >?¹1º if - = converges to zero in

probability. We say- = = $ ?¹0=º (resp.>?¹0=º) if - =•0= = $ ?¹1º (resp.>?¹1º). The subscript8

is for indexing buyers and superscriptg is for items.

1.2 Linear Fisher Market and First-Price Pacing Equilibrium

In this section we introduce the Fisher market equilibrium and the �rst-price pacing equilib-

rium. We start by presenting components that are common to both models, and then introduce each

equilibrium concept. In both LFM and FPPE, we have a set of= buyers and a set of items, and the

goal is to �nd market-clearing prices for the items. The items are represented by a set� 2 R� , a

compact set with
¯

1¹� º d\ ¡ 0. Clearly the measure space¹� –d\ º is atomless.

Both LFM and FPPE require the following elements; see Figure 1.1 for an illustration.

(1) Thebudget18 of buyer8. Let 1 = ¹11– • • • – 1=º. The smallest budget is denoted by
�
1 =

min818. (2) Thevaluation for buyer8 is a functionE8 2 ! 1
¸ . Buyer 8has valuationE8¹\ º (per

unit supply) of item\ 2 � . Let E : � ! R=, E¹\ º = »E1¹\ º– • • • – E=¹\ º¼T. We assume�E =

max8sup\ E8¹\ º Ÿ 1 . (3) Thesuppliesof items are given by a functionB2 ! 1
¸ , i.e., item\ 2 �

hasB¹\ º units of supply.

Without loss of generality, we assume a unit total supply
¯
� Bd\ = 1, which makesBa prob-
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ability measure. LetP denote the probability measure induced byB, i.e., P¹ � º =
¯

� Bd\ for a

measurable set� . Given6 : � ! R, we letE»6¼=
¯

6¹\ ºB¹\ º d\ andVar»6¼= E»62¼ � ¹E»6¼º2.

Also leta8 =
¯

E8Bd\ = E»E8¼be the monopolistic utility of buyer8, and�a = max8a8. GivenCi.i.d.

drawsf \ 1– • • • – \Cg from B, let %C6¹�º = 1
C
Í C

g=16¹\ gº. Let Eg
8 = E8¹\ gº.

Equilibria in both LFM and FPPE are characterized by a particular type of convex program

known as anEisenberg-Gale(EG) convex program. For statistical inference purposes, we will

focus on the duals of these EG programs, which is a convex optimization problem over the space

of pacing multipliersV 2 R=
¸ (these pacing multipliers turn out to represent the price-per-utility of

buyers in equilibrium). In both cases, the dual EG objective separates into per-item convex terms

� ¹\– Vº = 5¹\– Vº �
=Õ

8=1

18log V8 – 5¹\– Vº = max
82»=¼

V8E8¹\ º • (1.2)

and the population and sample EG objectives are

� ¹Vº = E»� ¹\– Vº¼– � C¹Vº = %C� ¹�– Vº • (1.3)

The reason we focus on the duals is that they can be cast as sample average approximations of the

limit convex programs. This interpretation is not possible for the original primal EG programs.

1.2.1 Linear Fisher Markets (LFM)

The LFM model has two primary uses. Its original intent is as a model of competition, and

price formation in a competitive market. An additional, and practically important, use of LFM is

as a tool for fair and ef�cient resource allocation (with the items being the resources). If every

individual in a resource allocation problem is given one unit of faux currency, then the resulting

LFM equilibrium allocation is known to be both Pareto ef�cient and satisfy the fairness desiderata

of envy-freeness and proportionality [102]. This fair allocation approach is known as competitive

equilibrium from equal incomes (CEEI) [20].

We now describe the competitive equilibrium concept. Imagine there is a central policymaker

15



that sets prices?¹�º for the items� . Upon observing the prices, buyer8maximizes their utility

subject to their budget. Theirdemand setis the set of bundles that are optimal under the prices:

� 8¹?º := arg max
G82! 1

¸ ¹� º

� ¹
E8G8Bd\ :

¹
?G8Bd\ � 18

�
•

Of course, due to the supply constraints, if prices are too low, there will be a supply shortage. On

the other hand, if prices are too high, a surplus occurs. A competitive equilibrium is a set of prices

and bundles such that all items are sold exactly at their supply (or have price zero). We call such

an equilibrium thelimit LFM equilibrium for the supply functionB[29].

De�nition 1 (Limit LFM) . The limit equilibrium, denotedLFM¹1– E– B–� º, is an allocation-price

tuple ¹G– ?¹�ºº such that the following holds.

1. (Supply feasibility and market clearance)
Í

8G8 � 1 and
¯

?¹1 �
Í

8G8ºBd\ = 0.

2. (Buyer optimality)G8 2 � 8¹?º all 8.

Gao and Kroer [29] show that an equilibrium of a limit LFM must exist, and that when the

measure space¹� –d\ º is atomless, a pure equilibrium allocation1 must exist. Given an equilibrium

¹G� – ?� º, let

D�
8 =

¹
E8BG�8 d\ – V�

8 = 18•D�
8 – NSW� =

=Õ

8=1

18log¹D�
8º

be buyer8' utility, her inverse bang-per-buck, and the (log) Nash social welfare of the whole market.

The inverse bang-per-buckV�
8 can also be seen as the price-per-utility of buyer8. In a general LFM,

the equilibrium allocation may not be unique, but the equilibrium quantities?� – V� – D� are unique.

In order to facilitate statistical inference, we will impose certain differentiability conditions, which

turn out to imply uniqueness and purity of the equilibrium allocationG� .

Next we introduce the�nite LFM, which models the data we observe in a market. The �nite

LFM equilibrium is nothing but a limit LFM equilibrium where the item set� is the �nite set of

1An allocationGis pure ifG8¹\ º 2 f0–1g.
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observed itemsW. Let W= f \ 1– • • • – \CgbeCi.i.d. samples from the supply distributionB, each with

supplyf 2 R¸ .

De�nition 2 (Finite LFM). The �nite observed LFM, denotedšLFM¹1– E– f– Wº, is any allocation-

price tuple¹G– ?º 2 RC� =
¸ � R=

¸ such that the following hold:

1. (Supply feasibility and market clearance)
Í

8G
g
8 � 1 and

Í
g ?g¹1 �

Í
8G

g
8º = 0.

2. (Buyer optimality)G8 2 � 8¹?º = arg maxG8
f
Í

g Gg
8Eg

8 : f
Í

g Gg
8 ?g � 18– Gg8 � 0g, the demand

set given the prices.

Let ¹GW– ?Wº 2 šLFM¹1– E– f= 1•C– Wº 2, whereGW = ¹Gg
8º8–gand price?W = »?1– • • • – ?C¼. We

study this form of �nite LFM due a scale-invariant property of LFM, and this ensures that for all

market sizes, the “buyer size” is comparable to the “item size” of the market (see Section A.2.1).

Buyer8's utility is DW
8 = f

Í C
g=1Eg

8Gg
8 = 1

C
Í C

g=1Eg
8Gg

8, and the inverse bang-per-buck isVW
8 = 18•DW

8.

The (log) Nash social welfare isNSWW=
Í

818log¹DW
8º.

There exists natural bounds onV� in a limit LFM. Recalla8 =
¯

E8Bd\ is the expected value of

buyer8. By Gao and Kroer [29], we know that18•a8 � V�
8 � ¹

Í
80 180º•¹min80 a80º. We de�ne

� LFM =
=Ö

8=1

�
18

2a8
–
2

Í
80 180

min80 a80

�
� R=

¸ (1.4)

to be the region whose interiorV� must lie in.

It is well-known [25, 53, 29] that the equilibrium inverse bang-per-buck in a limit (resp. �nite)

LFM uniquely solves the population (resp. sample) dual EG program

V� = arg min
V2R=

¸

� ¹Vº – VW= arg min
V2R=

¸

� C¹Vº • (1.5)

We review other properties of LFM, such as scale-invariance and mechanism design properties,

including fairness and ef�ciency, in Section A.2.1.

2We use2 since the equilibrium allocation may not be unique; equilibrium prices are unique.
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1.2.2 First-Price Pacing Equilibrium (FPPE)

The FPPE setting [13] models an economy that typically occurs on internet advertising plat-

forms: the buyers (advertisers in the internet advertising setting) are subject to budget constraints,

and must participate in a set of �rst-price auctions, each of which sells a single item. Each buyer

is assigned apacing multiplierV8 2 »0–1¼by the platform to scale down their bids in the auctions,

and submits bids of the formV8E8¹\ º for each item\ . From the platform's perspective, the goal

of choosingV8 is to ensure that there isno unnecessary pacing: A buyer's budget constraint must

be satis�ed, but ifV8 Ÿ 1 then the buyer exhausts their budget exactly. In the FPPE model, all

auctions occur simultaneously, and thus the buyers choose a singleV8 that determines their bid in

all auctions. The utility of a buyer in FPPE is quasilinear: it is the sum of their value received from

items plus their leftover budget (this is equivalent for decision-making purposes to the utility being

the value received from items minus payments).

De�nition 3 (Limit FPPE, Gao and Kroer [29]). A limit FPPE, denotedFPPE¹1– E– B–� º, is the

unique tuple¹V– ?¹�ºº 2 »0–1¼= � ! 1
¸ ¹� º such that there existG8 : � ! » 0–1¼, 82 »=¼satisfying

1. (First-price) Prices are determined by �rst-price auctions: for all items\ 2 � , ?¹\ º =

max8V8E8¹\ º. Only the highest bidders win: for all8and \ , G8¹\ º ¡ 0 implies V8E8¹\ º =

max: V: E: ¹\ º

2. (Feasibility, market clearing) Letpay8 =
¯

G8¹\ º?¹\ ºB¹\ º d\ be the expenditure of buyer8.

Buyers satisfy budgets: for all8, pay8 � 18. There is no overselling: for all\ ,
Í =

8=1G8¹\ º � 1.

All items are fully allocated: for all\ , ?¹\ º ¡ 0 implies
Í =

8=1G8¹\ º = 1.

3. (No unnecessary pacing) For all8, pay8 Ÿ 18 impliesV8 = 1.

FPPE is a hindsight and static solution concept for internet ad auctions. Suppose the platform

knows all the items that are going to show up on a platform. Then FPPE describes how the platform

could con�gure theV8's in a way that ensures that all buyers satisfy their budgets, while maintain-

ing their expressed valuation ratios between items. In practice, theV8's are learned by an online
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algorithm that is run by the platform [57, 13], and FPPE captures the hindsight solution that these

learning algorithms should converge to. FPPE has many nice properties, such as the fact that it is

a competitive equilibrium, it is revenue-maximizing, revenue-monotone, shill-proof, has a unique

set of prices, and so on [13]. We refer readers to Conitzeret al. [13] and Kroer and Stier-Moses

[3] for more context about the use of FPPE in internet ad auctions.

Gao and Kroer [29] show that a limit FPPE always exists and is unique, and when the item space

is atomless, a pure allocation exists. LetV� and?� be the unique FPPE equilibrium multipliers and

prices. Revenue in the limit FPPE is

REV� =
¹

?� ¹\ ºB¹\ º d\ • (1.6)

It is also easy to see thatREV� =
Í

8pay8. As with LFM, we will impose differentiability assump-

tions which imply uniqueness ofG� . WhenG� is unique, we letX�
8 = 18 � pay8 be the leftover

budget.

In an FPPE, based on the pacing multiplier and the budget expenditure, we can categorize

buyers in terms of how they satisfy the no unnecessary pacing condition. As we will see later, the

statistical behavior of pacing multipliers varies by category.

• Paced buyers (V�
8 Ÿ 1). We use�Ÿ = f8 : V�

8 Ÿ 1g to denote them. Due to the budget

constraints, they are not able to bid their value in the auctions at equilibrium, and by the no

unnecessary pacing condition in Def. 3, their budgets are fully exhausted, i.e.X�
8 = 0.

• Unpaced buyers (V�
8 = 1). We use�= = f8 : V�

8 = 1g to denote them. They can be further

divided according to their budget expenditure.

– Buyers who have strictly positive leftover budgets (V�
8 = 1–0 Ÿ X�

8 � 18). This category

also includes buyers who do not win any items (V�
8 = 1– X�8 = 18).

– Degenerate buyers (V�
8 = 1– X�8 = 0); and edge-case in the FPPE model. If these buy-

ers were given an arbitrarily-small amount of additional budget then they would have

positive leftover budget at equilibrium without changing the equilibrium. For the FPPE
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statistical theory developed in this chapter, we assume absence of such buyers (As-

sumption 2). In follow-up work to the conference version of this chapter, Liao and

Kroer [100] give some results for the case where degenerate buyers exist.

We letW= f \ 1– • • • – \Cg beCi.i.d. draws fromB, each with supplyf = 1•C. They represent the

items observed in an auction market. The de�nition of a �nite FPPE is parallel to that of a limit

FPPE, except that we change the supply function to be a discrete distribution supported onW.

De�nition 4 (Finite FPPE, Conitzeret al. [13]). The �nite observed FPPE,›FPPE¹1– E– f– Wº, is

the unique tuple¹V– ?º 2 »0–1¼= � RC
¸ such that there existsGg

8 2 »0–1¼satisfying:

1. (First-price) For allg, ?g = max8V8Eg
8. For all 8andg, Gg

8 ¡ 0 impliesV8Eg
8 = max: V: Eg

: .

2. (Supply and budget feasible) For all8, f
Í

g Gg
8 ?g � 18. For all g,

Í
8G

g
8 � 1.

3. (Market clearing) For allg, ?g ¡ 0 implies
Í

8G
g
8 = 1.

4. (No unnecessary pacing) For all8, f
Í

g Gg
8 ?g Ÿ 18 impliesV8 = 1.

Let ¹VW– ?Wº = ›FPPE¹1– E– f= 1•C– Wº. As for LFM, decreasing supply per item ensures

that for all market sizes, the “buyer size” is comparable to the “item size” of the market (see

Section A.5.1). Given the equilibrium price?W = »?1– • • • – ?C¼T, the revenue in a �nite FPPE is

REVW= f
Í C

g=1?g = 1
C
Í C

g=1?g.

It is well-known [53, 13, 29] thatVin a limit (resp. �nite) FPPE uniquely solves the population

(resp. sample) dual EG program

V� = arg min
V2¹0–1¼=

� ¹Vº – VW= arg min
V2¹0–1¼=

� C¹Vº – (1.7)

where the objectives� and� Care the same as in Eq. (1.5). The difference between the LFM and

FPPE convex programs is that for FPPE we impose the constraintV 2 ¹0–1¼=.

The EG program and certain quantities of the FPPE are related as follows.

Lemma 1. Suppose� is twice continuously differentiable at the equilibrium pacing multiplier

vectorV� . Thenr � ¹V� º = � X� , andr 2� ¹V� ºV� = »11• V�
1– • • • – 1=• V�

=¼T.
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Proof sketchThe �rst equality follows from the fact that leftover budgets are the Lagrange

multipliers corresponding to the constraintV � 1 2 R=. The second equality follows from the

�rst-order homogeneity of5¹\– Vº = max8V8E8¹\ º in Eq. (1.2). Appendix A.6 for details.

1.2.3 Differentiability Assumption

As previously explained, our statistical theory will be founded on M-estimation theory. In

" -estimation, twice differentiability is usually required in order to establish asymptotic normality,

and we will similarly impose it on the EG objective (Eq. (1.3)) for our asymptotic normality results

in LFM (Theorem 5) and FPPE (Theorem 10), and the statement of minimax lower bounds (Theo-

rems 6 and 11) in later sections. We will revisit differentiability and derive suf�cient conditions on

market primitives in Section 1.5, after we present the main statistical results for LFM and FPPE.

Assumption 1(SMO). Let V� denote the equilibrium inverse bang-per-buck in LFM, or the equilib-

rium pacing multiplier in FPPE. Assume the mapV 7! �5¹Vº = EB»max8V8E8¹\ º¼is twice continu-

ously differentiable in a neighborhood ofV� . We letH = r 2� ¹V� º.

1.3 Statistical Results for Linear Fisher Markets

We now turn to investigating the statistical convergence properties of �nite LFMs to the limit

LFM. Suppose we sample an LFM (šLFM¹1– E–1•C– Wº), whereWconsists ofCi.i.d. samples from

B. We will study how such �nite LFMs are distributed around the limit LFM (LFM¹1– E– B–� º) asC

grows. We focus on convergence of the following quantities: individual utilities, (log) Nash social

welfare (NSW), and the pacing multiplier vectorV(which characterizes the equilibrium, as shown

in Eq. (1.5)). Section 1.3.1 presents strong consistency and convergence rate results. Section 1.3.2

presents asymptotic distributions for the quantities of interest, and a local minimax theory based

on Le Camet al. [32], showing that the �nite LFM provides an optimal estimate for the limit LFM

in a local asymptotic sense. Section 1.3.3 discusses estimation of asymptotic variance of NSW.
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1.3.1 Basic Convergence Properties

In this section we show that we can treat observed quantities in the �nite LFM as consistent

estimators of their counterparts in the limit LFM. Below we state the consistency results; the formal

versions can be found in Section A.2.2. We say an estimator sequencef 0̂Cg is strongly consistent

for 0 if P¹limC!1 0̂C= 0º = 1.

Theorem 1(Strong Consistency). The NSW, approximate equilibrium pacing multipliers, and util-

ity vectors in the �nite LFM are strongly consistent estimators of their counterparts in the limit

LFM.

Next, we re�ne the consistency results and provide �nite sample guarantees. We start by fo-

cusing on Nash social welfare and the set of approximate market equilibria. The convergence of

utilities and pacing multipliers will then be derived from the latter result.

Theorem 2. For any failure probability0 Ÿ [ Ÿ 1, let C� 2�E2log¹4=• [ º. Then with probability

greater than1� [ , we havejNSWW� NSW� j � $ ¹1º �E
�p

=log¹¹= ¸ �EºCº ¸
p

log¹1• [ º
�
C� 1•2–where

$ ¹1º hides only constants. Proof in Appendix A.4.2.

In more intuitive wording, Theorem 2 establishes a high-probability convergence ratejNSWW�

NSW� j = ~$ ?¹ �E
p

=C� 1•2º. The proof proceeds by �rst establishing a pointwise concentration in-

equality and then applies a discretization argument.

To state the result for the pacing multipliersV, we de�ne approximate market equilibria (which

we de�ne in terms of approximately optimal pacing multiplier vectorsV). Let

BW¹nº = f V 2 R=
¸¸ : � C¹Vº � inf

V
� C¹Vº ¸ ng– B � ¹nº = f V 2 R=

¸¸ : � ¹Vº � inf
V

� ¹Vº ¸ ng • (1.8)

be the sets ofn-approximate solutions to the sample and the population EG programs, respectively.

The next theorem shows that the set ofn•2-approximate solutions to the sample EG program is

contained in the set ofn-approximate solutions to the population EG program with high probability.
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Theorem 3(Convergence of Approximate Market Equilibrium). Letn ¡ 0 be a tolerance parame-

ter andU 2 ¹0–1º be a failure probability. Then for any0 � X � n•2, to ensureP
�
� LFM \ B W¹Xº �

� LFM \ B � ¹nº
�

� 1 � 2U it suf�ces to set

C� $ ¹1º �E2 min
�

1

�
1n

–
1
n2

� �
=log

�
16¹2=¸ �Eº

n� X

�
¸ log 1

U

�
– (1.9)

where the set� LFM, de�ned in Eq.(1.4), is the natural region in whichV� must lie, and$ ¹1º hides

absolute constants. Proof in Appendix A.4.3.

By construction of� LFM we knowV� 2 � LFM holds, and so� LFM \ B � ¹nº is not empty. In the

appendix, Lemma 5 shows that forCsuf�ciently large, VW2 � LFM with high probability, in which

case the set� LFM \ B W¹Xº is not empty. SettingX= 0 in Theorem 3 we obtain the corollary below.

Corollary 1. LetCsatisfy Eq.(1.9). Then with probability� 1 � 2U it holds� ¹VWº � � ¹V� º ¸ n.

More importantly, it establishes the fast statistical rate� ¹VWº � � ¹V� º = ~$ ?¹=�E2•
�
1 � C� 1º for

Csuf�ciently large, where we use~$ ? to ignore logarithmic factors. In words: the limit LFM

objective value of the�nite solutionVWconverges to the optimal limit LFM objective value at a1•C

rate.

By strong convexity of the dual objective, the containment result can be translated to high-

probability convergence of the pacing multipliers and the utility vector.

Corollary 2. LetCsatisfy Eq.(1.9). Then with probability at least1� 2Uwe havekVW� V� k2 �
q

8n

�
1

andkDW� D� k2 � 4

�
1

p
8n•

�
1.

We compare the above corollary with Theorem 9 from Gao and Kroer [29] which establishes

a convergence rate of the stochastic approximation estimator based on the dual averaging algo-

rithm [103]. In particular, they show that the average of the iterates, denotedVDA, enjoys a conver-

gence rate ofkVDA � V� k2
2 = ~$ ?

� �E2

�
12

1
C

�
, whereCis the number of sampled items. The rate achieved

in Corollary 2 iskVW� V� k2
2 = ~$ ?

� =�E2

�
12

1
C

�
. We see that our rate is worse off by a factor of=. We
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conjecture that it can be removed by using the more involved localization arguments [104].3 On

the positive side, our estimates are produced by the strategic behavior of the agents without any

extra computation, and can be observed directly fromVW. In contrast, the computation of the dual

averaging estimator requires knowledge of the valuesE8¹\ º.

1.3.2 Asymptotics of Linear Fisher Market

In this section we derive asymptotic normality results for Nash social welfare, utilities and

pacing multipliers. As we will see, a central limit theorem for Nash social welfare holds under

basically no additional assumptions. However, the CLTs of pacing multipliers and utilities will

require twice continuous differentiability of the population dual objective� at optimality, with a

nonsingular Hessian matrix. We present CLT results under such a premise; Theorem 16 gives three

quite general settings under which these conditions hold.

Theorem 4(Asymptotic Normality of Nash Social Welfare). It holds that

p
C¹NSWW� NSW� º

3
! N ¹ 0– f 2

NSWº – (1.10)

wheref 2
NSW = Var¹?� º =

¯
¹?� º2Bd\ � ¹

¯
?� Bd\ º2. Proof in Appendix A.4.4.

As stated previously, our asymptotic results forV andDrequire that� is twice-continuously

differentiable atV� . When this differentiability holds the set of items that incur ties isB-measure

zero (see Theorem 15), and thus the equilibrium allocationG� in the limit LFM is unique and must

be pure. Now we de�ne a map̀� : � ! R=
¸ , which represents the utility all buyers obtain from

the item\ at equilibrium. Formally,

` � ¹\ º = »G�
1¹\ ºE1¹\ º– • • • – G�

=¹\ ºE=¹\ º¼T• (1.11)

SinceG� is pure, only one entry of̀ � ¹\ º is nonzero. Clearly
¯

` � Bd\ = »D�
1– • • • – D�

=¼T.

3 A recent work by Liu and Tong [105] shows the dimension dependence can be improved using a stability argu-
ment.
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Theorem 5 (Asymptotic Normality of Pacing Multipliers and Utilities). Let Assumption 1 hold

with non-singular Hessian matrixH = r 2� ¹V� º. Then

p
C¹VW� V� º

3
! N

�
0–� V

�
–

p
C¹DW� D� º

3
! N

�
0–� D

�
– (1.12)

where� V = H � 1Cov¹` � ºH � 1 and� D = diag¹� 18•¹ V�
8º2ºH � 1Cov¹` � ºH � 1diag¹� 18•¹ V�

8º2º•Proof

in Appendix A.4.4.

Theorem 4 can also be derived from Theorem 5 using the delta method, sinceNSW� =
Í =

8=118log¹D�
8º =

Í
818log¹18• V�

8º is a smooth function ofV� .

We will show that the asymptotic variances in Theorem 5 are the best achievable, in an asymp-

totic local minimax sense. To make this precise, we need to introduce “supply neighborhoods”

obtained through perturbing the original supplyB.

Perturbed Supply

First we introduce notation to parametrize neighborhoods of the supplyB. Let 6 2 � 3 = f 6 :

� ! R3 : E»6¼= 0–E»k6k2¼Ÿ 1g be a direction along which we wish to perturb the supply

B. Given a vectorU 2 R3 signifying the magnitude of perturbation, we want to scale the original

supply of item\ by exp¹UT6¹\ ºº and then obtain a perturbed supply distribution by appropriate

normalization. To do this we de�ne the perturbed supply by4

BU–6¹\ º = � � 1»1 ¸ UT6¹\ º¼B¹\ º (1.13)

with a normalizing constant� = 1 ¸
¯

UT6¹\ ºB¹\ º d\ . As U ! 0, the perturbed supplyBU–6

effectively approximatesBU–6¹\ º / exp¹UT6¹\ ººB¹\ º•

We letV�
U–6, D�

U–6andNSW�
U–6be the limit inverse bang-per-buck, price and revenue inLFM¹1– E– BU–6–� º.

ClearlyV� = V�
0–6for any6 and similarly forD�

0–6andNSW0–6.

4In Duchi and Ruan [33] they allow more general classes of perturbations, we specialize their results for our
purposes.
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Asymptotic Local Minimax Optimality

Given the asymptotic normality of observed LFM, it is desirable to understand the best possible

statistical procedure for estimating the limit LFM. One way to discuss the optimality is to measure

the dif�culty of estimating the limit LFM when the supply distribution varies over small neighbor-

hoods of the true supplyB, asymptotically. When an estimator achieves the best worst-case risk

over these small neighborhoods, we say it is asymptotically locally minimax optimal. For general

references, see Vaart and Wellner [28] and Le Camet al. [32]. More recently Duchi and Ruan [33,

Sec. 3.2] develop asymptotic local minimax theory for constrained convex optimization, and we

rely on their results.

Let ! : R= ! R be any symmetric quasi-convex loss5. In asymptotic local minimax theory

we are interested in the local asymptotic risk: given a sequence of estimatorsf V̂C: � C! R=gC,

LARV¹f V̂CgCº = sup
62� 3–32N

lim
2!1

lim inf
C!1

sup
kUk2� 2p

C

EB
 C
U–6

»! ¹
p

C¹V̂C� V�
U–6ºº¼•

If we ignore the limits and consider a �xedC, thenLARV roughly measures the worst-case risk for

the estimatorsf V̂Cg. Note thatU is a3-vector, and thus the shrinking norm-balls depend on3, and

the expectation is taken w.r.t. theC-fold product of the perturbed supply.

Similarly, de�ne the risk for utilityD (resp. Nash social welfareNSW) given an estimator

sequencef D̂Cg(resp.f šNSWCg):

LARD¹f D̂CgCº = sup
62� 3–32N

lim
2!1

lim inf
C!1

sup
kUk2� 2p

C

EB
 C
U–6

»! ¹
p

C¹D̂C� D�
U–6ºº¼–

LARNSW¹f šNSWCgCº = sup
62� 3–32N

lim
2!1

lim inf
C!1

sup
kUk2� 2p

C

EB
 C
U–6

»! ¹
p

C¹ šNSWC� NSW�
U–6ºº¼•

5A function is quasi-convex if its sublevel sets are convex.
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Theorem 6. Let Assumption 1 hold. Then

inf
V̂C

LARV¹f V̂Cgº � E»! ¹N ¹ 0–� Vºº¼–

inf
D̂C

LARD¹f D̂Cgº � E»! ¹N ¹ 0–� Dºº¼–

inf
šNSWC

LARNSW¹f šNSWCgº � E»! ¹N ¹ 0– f 2
NSWºº¼–

wheref 2
NSW is de�ned in Theorem 4, and� V–� D in Theorem 5. Proof in Section A.4.5

1.3.3 Variance Estimation and Inference

In this section we show how to construct con�dence intervals for Nash social welfare. We will

show how to construct con�dence intervals for pacing multipliers and utilities in the FPPE section.

The procedure is similar for LFM, and thus we omit it here.

First, regarding inference, it is interesting to note that the observed NSW (NSWW) is a negatively-

biased estimate of the limit NSW (NSW� ), i.e., E»NSWW¼ � NSW� � 0.6 Moreover, it can be

shown that, when the items are i.i.d.E»min � C¼ � E»min � Ç 1¼by a simple argument from Propo-

sition 16 from Shapiro [106]. Monotonicity tells us that increasing the market size produces, on

average, less biased estimates of the limit NSW.

To construct con�dence intervals for Nash social welfare, one needs to estimate the asymptotic

variance. Let?g be the price of item\ g in the �nite market, and�? = 1
C
Í C

g=1?g. The variance

estimator is then

f̂ 2
NSW =

1
C

CÕ

g=1

�
?g � �?

� 2 • (1.14)

We emphasize that in the computation of the variance estimatorf̂ 2
NSW one does not need knowl-

edge of the valuationsf E8¹\ gºg8–g. All that is needed is the equilibrium prices?W= ¹?1– • • • – ?Cº for

the items. Given the variance estimator, we construct the con�dence interval
�
NSWW� I U•2

f̂ NSWp
C

�
,

6NoteE»NSWW¼ �NSW� = E»minV � C¹Vº¼ �� ¹V� º � minV E»� C¹Vº¼ �� ¹V� º = 0•
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whereI U is theU-th quantile of a standard normal. The next theorem establishes validity of the

variance estimator.

Theorem 7. It holds that f̂ 2
NSW

?
! f 2

NSW. Given0 Ÿ U Ÿ 1, it holds thatlimC!1 P
�
NSW� 2

»NSWW� I U•2f̂ NSW•
p

C¼
�

= 1 � U. Proof in Appendix A.4.6.

1.4 Statistical Results for FPPE

Next we study statistical inference questions for the FPPE model. Since FPPE is characterized

by an EG-style program similar to that of LFM, many of the results for FPPE are similar to those

for LFM. However, an important difference is that the FPPE model has constraints on the pacing

multipliers, which makes the asymptotic theory more involved. As for LFM, we assume that we

observe a �nite auction market›FPPE¹1– E–1•C– Wº with WbeingCi.i.d. draws fromB¹�º, and we

use it to estimate quantities from the limit marketFPPE¹1– E– B–� º. In FPPE we mainly focus on

the revenue of the limit market, and for the same reason as in LFM, since FPPE is characterized

by an EG program with pacing multiplier as the variables, we also present results forV. Similarly

to the LFM case, one can use results forVto derive estimators for buyer utilities.

1.4.1 Basic Convergence Properties

Since FPPE has a similar convex program characterization as LFM, strong consistency and

convergence rate results can be derived using similar ideas.

Theorem 8. We haveVWa•s•
�! V� , andREVWa•s•

�! REV� . Proof in Appendix A.7.1.

We complement the strong consistency result with the following rate results. They are derived

using a discretization argument similar to the one for LFM.

Theorem 9. It holds thatkVW� V� k2 = ~$ ?¹
p

=¹ �Ȩ 2 �a=̧ 1º

�
1
p

C
º andjREVW� REV� j = ~$ ?¹ �E

p
=¹ �Ȩ 2 �a=̧ 1º

�
1

1p
C
º•

Proof in Appendix A.7.2.
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The above bounds hold for a broad class of limit FPPE models and may be loose for a particular

model. In Section 1.4.2, we show that for buyers82 f8: V�
8 = 1g, their pacing multipliers converge

at a rate faster than~$ ?¹1•
p

Cº.

1.4.2 Asymptotics of FPPE

As in LFM, our statistical inference results require the limit market to behave smoothly around

the optimal pacing multipliersV� . To that end, we will make Assumption 1, as in LFM. Similar

to LFM, under Assumption 1, the equilibrium allocationG� is unique and must be pure. Again we

can de�ne

` � ¹\ º = »G�
1¹\ ºE1¹\ º– • • • – G�

=¹\ ºE=¹\ º¼T • (1.15)

Under Assumption 1, the equilibrium allocationG� is unique, sò � ¹�º is also unique. Moreover,

` � ¹\ º = r 5¹\– V� º, and¹V� ºT` � ¹\ º = ?� ¹\ º (the set of nondifferentiable points has measure zero,

and thus we can ignore such points). Also let�̀ � denote the utility from items:

�̀ � =
¹

` � Bd\ 2 R=
¸ (1.16)

Note that in the FPPE model, buyers' utility consists of two parts: utility from items and leftover

budgets. In FPPE, the pacing multipliers relate budgets and utilities via [13]

�̀ �
8 ¸ X�

8 = 18• V�
8 • (1.17)

In the unconstrained case, classical" -estimation theory says that, under regularity conditions,

an" -estimator is asymptotically normal with covariance matrixH � 1Var¹gradientºH � 1 [31, Chap.

5]. However, in the case of FPPE, which is characterized by a constrained convex problem, the

Hessian matrix needs to be adjusted to take into account the geometry of the constraint set� =

¹0–1¼= at the optimumV� . We letP = diag¹1¹V�
8 Ÿ 1ºº be an “indicator matrix” of buyers whose
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V�
8 Ÿ 1, and de�ne the projected Hessian [107, Section 12.5]

H � = PHP • (1.18)

It will be shown that the asymptotic variance ofVW is H y
� Var¹gradientºH y

� and the “gradient" is

exactly` � .

Assumption 2(SCS). Strict complementary slackness holds:V�
8 = 1 impliesX�

8 ¡ 0.

Assumption 2 can be viewed as a non-degeneracy condition from a convex programming per-

spective, sinceX8 corresponds to a Lagrange multiplier onV8 � 1. From a market perpective,

Assumption 2 requires that if a buyer's bids are not paced (V�
8 = 1), then their leftover budgetX�

8

must be strictly positive. This can again be seen as a market-based non-degeneracy condition: if

X�
8 = 0 then the budget constraint of buyer8is binding, yetV�

8 = 1 would imply that they have no

use for additional budget. If Assumption 2 fails, one could slightly increase the budgets of buyers

for which Assumption 2 fails, i.e., those who do not pace yet have exactly zero leftover budget,

and obtain a market instance with the same equilibrium, but where Assumption 2 holds.

From a technical viewpoint, Assumption 2 is a stronger form of �rst-order optimality. Note

r � ¹V� º = � X� (cf. Lemma 1). The usual �rst-order optimality condition is

�r � ¹V� º 2 N� ¹V� º – (1.19)

whereN � ¹Vº =
Î =

8=1 � 8¹Vº is the normal cone with� 8¹Vº = »0–1º if V8 = 1 and� 8¹Vº = f 0g if

V8 Ÿ 1 for V 2 R=
¸¸ . Then Eq. (1.19) translates to the condition thatV�

8 = 1 impliesX�
8 � 0. On the

other hand, when written in terms of the normal cone, Assumption 2 is equivalent to

�r � ¹V� º 2 relint¹N � ¹V� ºº –7

7The relative interior of a set isrelint¹( º = f G2 ( : there existsn ¡ 0 such that# n ¹Gº \ a� ¹( º � ( gwherea� ¹( º
is the af�ne hull of ( , and# n ¹Gº is a ball of radiusn centered onG.
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equivalent to the conditionV�
8 = 1 implies X�

8 ¡ 0. Given thatrelint¹N � ¹V� ºº � N � ¹V� º, As-

sumption 2 is obviously a stronger form of �rst-order condition. Conditions like Assumption 2 are

commonly seen in the study of statistical properties of constrained" -estimators ([33, Assumption

B] and [34]). In the proof of Theorem 10, Assumption 2 forces the critical cone to reduce to a

hyperplane and thus ensures asymptotic normality of the estimates. Without Assumption 2, the

asymptotic distribution ofVWcould be non-normal.

Asymptotic Normality

We now show that the observed pacing multipliersVW and the observed revenueREVW are

asymptotically normal. De�ne thein�uence functions

� V¹\ º = �¹H � ºy¹` � ¹\ º � �̀ � º –

� REV¹\ º = ?� ¹\ º � REV� ¸ ¹ �̀ � ºT � V¹\ º•
(1.20)

Recall ` � is de�ned in Eq. (1.15),�̀ � in Eq. (1.16),H � in Eq. (1.18). And noteE»� V¼= 0 and

E»� REV¼= 0.

Theorem 10. If Assumptions 1 and 2 hold, then

p
C¹VW� V� º =

1
p

C

CÕ

g=1

� V¹\ gº ¸ >?¹1º – (1.21)

p
C¹REVW� REV� º =

1
p

C

CÕ

g=1

� REV¹\ gº ¸ >?¹1º • (1.22)

Consequently,
p

C¹VW� V� º and
p

C¹REVW� REV� º are asymptotically normal with means zero

and variances� V = E»� V� T
V¼= ¹H � ºyVar¹` � º¹H � ºy and f 2

REV = E»� REV¹\ º2¼. Proof in

Appendix A.7.3.

The functions� V and� REV are called the in�uence functions of the estimatesVWandREVW

because they measure the change in the estimates caused by adding a new item to the market

(asymptotically).
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Theorem 10 can be simpli�ed if�= = »: ¼, i.e., the �rst : buyers are the ones withV8 = 1.

Let V�
Ÿ and VW

Ÿ denote the subvectors corresponding to�Ÿ, and de�neV�
= and VW

= similarly. Let

H Ÿ denote the lower right¹= � : º � ¹ = � : º block of H corresponding to�Ÿ. Theorem 10 then

gives
p

C¹VW
Ÿ � V�

Ÿº
3

! N ¹ 0–� V–Ÿº and
p

C¹VW
= � V�

=º = >?¹1º for some positive semi-de�nite matrix

� V–Ÿ
8. To see this, note the pseudo-inverse of the projected Hessian¹H � ºy = diag¹0: � : –¹H Ÿº� 1º.

Consequently,
p

C¹VW
8 � V�

8º is of order>?¹1º for 82 �=, and thus converging faster than the usual

$ ?¹1º rate. In fact, one can showP¹VW
8 = 1º ! 1 for all 8 2 �=; see Lemma 24. The fast rate

phenomenon is empirically investigated in Section 1.6.1.

A practical implication of Theorem 10 is the identi�cation of budget constrained buyers in the

limit market. By Assumption 2 we have�= = f8 : V�
8 = 1g = f8 : X�

8 ¡ 0g, i.e., �= is the set of

buyers who are not budget constrained, and�Ÿ = f8: V�
8 Ÿ 1g = f8: X�

8 = 0g is the set of buyers

that exhaust their budget.9 The fast rate>?¹C� 1•2º implies that the platform can identify which

buyers are budget constrained with high con�dence.

Corollary 3. Let Assumptions 1 and 2 hold. Let�̂= = f8: VW
8 � 1 � nCgand �̂Ÿ = »=¼ n̂�= for some

sequencenCsuch that0 � nC= >¹1º and
p

CnC! 2 2 ¹0–1¼. ThenP¹�̂= = �= and �̂Ÿ = �Ÿº ! 1.

Finally, Theorem 10 implies fast revenue convergence if�= = ; . In this case, the in�uence

function � REV¹\ º = 0 for all \ becauseH V� = �̀ � if �= = ; (Lemma 1), and¹V� ºT` � ¹\ º = ?� ¹\ º.

Then Eq. (1.22) gives
p

C¹REVW� REV� º = >?¹1º. Intuitively, if VW
8 Ÿ 1 for all 8, then all buyers'

budgets are exhausted in the observed FPPE, and so we haveREVW=
Í =

8=118. By the convergence

VW ?
! V� and thatV�

8 Ÿ 1 for all 8, we know that for largeCwith high probability,VW
8 Ÿ 1 for all 8,

and thusREVW=
Í =

8=118 = REV� . In that case, it must be that the asymptotic variance of revenue

equals zero.

In an FPPE, individual utilities and Nash social welfare can be similarly de�ned. By applying

the delta method and Theorem 10 we can derive asymptotic distributions for these quantities, using

the fact that they are smooth functions ofV. See Appendix A.7.5 for more details.

8If �= (resp.�Ÿ) is empty, we disregard the statement forVW
= (resp.VW

Ÿ).
9Without Assumption 2 we only havef8 : V�

8 Ÿ 1g � f 8 : X�
8 = 0g and f8 : X�

8 ¡ 0g � f 8 : V�
8 = 1g by

complementary slackness.
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Asymptotic Local Minimax Optimality

Given the asymptotic distributions forVandREV, we will show that the observed FPPE esti-

mates are optimal in an asymptotic local minimax sense. Recall in Section 1.3.2 we have de�ned

the perturbed supply family� 3 of dimension3 with perturbation¹U– 6º.

Asymptotic local minimax optimality for V. We �rst focus on estimation of pacing multipliers.

For a given perturbation¹U– 6º, we letV�
U–6, ?�

U–6andREV�
U–6be the limit FPPE pacing multiplier,

price and revenue under supply distributionBU–6. Clearly V� = V�
0–6 for any 6 and similarly for

?�
U–6andREVU–6. Let ! : R= ! R be any symmetric quasi-convex loss.10 In asymptotic local

minimax theory we are interested in the local asymptotic risk: given a sequence of estimators

f V̂C: � C! R=gC,

LARV¹f V̂CgCº = sup
62� 3–32N

lim
2!1

lim inf
C!1

sup
kUk2� 2p

C

EB
 C
U–6

»! ¹
p

C¹V̂C� V�
U–6ºº¼•

As an immediate application of Theorem 1 from Duchi and Ruan [33], it holds that

inf
f V̂CgC

LARV¹f V̂CgCº � E»! ¹N ¹ 0–¹H � ºyVar¹` � º¹H � ºyºº¼•

where the expectation is taken w.r.t. a normal speci�ed above. Moreover, the lower bound is

achieved by the observed FPPE pacing multipliersVWaccording to the normality result in Theo-

rem 10.

Asymptotic local minimax optimality for revenue estimation. For pacing multipliers, the re-

sult is a direct application of the perturbation result from Duchi and Ruan [33]. The result for

revenue estimation is more involved. Given a symmetric quasi-convex loss! : R ! R, we de�ne

10A function is quasi-convex if its sublevel sets are convex.

33



the local asymptotic risk for any proceduref ÂC: � C! Rg that aims to estimate the revenue:

LARREV¹f ÂCgº = sup
62� 3–32N

lim
2!1

lim inf
C!1

sup
kUk2� 2p

C

EB
 C
U–6

»! ¹
p

C¹ÂC� REV�
U–6ºº¼•

Theorem 11(Asymptotic local minimaxity for revenue). If Assumptions 1 and 2 hold, then

inf
f ÂCg

LARREV¹f ÂCgº � E»! ¹N ¹ 0– f 2
REVºº¼•

Proof in Appendix A.7.7. In the proof we calculate the derivative of revenue w.r.t.U, which

in turn uses a perturbation result for constrained convex programs from Shapiro [34]. Again,

the lower bound is achieved by the observed FPPE revenueREVW according to the normality

result in Theorem 10. Similar optimality statements can be made forDandNSW by �nding the

corresponding derivative expressions.

1.4.3 Variance Estimation and Inference

To perform inference onV� , we construct estimators for the in�uence functions Eq. (1.20). In

turn, this requires estimators for the projected HessianH � (Eq. (1.18)) and the variance of the

utility map ` � (Eq. (1.15)). First, given a sequence of smoothing parametersYP–C= >¹1º and

YP–C
p

C! 2 2 ¹0–1¼, we estimate the projection matrixP by P̂ = diag¹1¹VW
8 Ÿ 1 � YP–Cºº • For

another sequenceYH –C= >¹1º with YH –C
p

C! 1 , we introduce a numerical difference estimator

Ĥ for the Hessian matrixH , whose¹8– 9º-th entry is

Ĥ8 9= »� C¹VW
¸¸ º � � C¹VW

¸� º � � C¹VW
�¸ º ¸ � C¹VW

�� º¼•¹4Y2
H –Cº (1.23)

with VW
�� = VW� 48YH –C� 49YH –C, and � C is de�ned in Eq. (1.3). Finally,Ĥ � = P̂Ĥ P̂ is the

estimator ofH � . Next, recallGW = ¹Gg
8º8–gand ¹Eg

8º8–gare the allocation and values in the �nite
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FPPE. Mimicking̀ � in Eq. (1.15),�̀ � in Eq. (1.16) andCov¹` � º, de�ne the �nite sample analogues

` g = »Gg
1Eg

1– • • • – Gg
=Eg

=¼T– �̀ =
1
C

CÕ

g=1

` g– 
̂ =
1
C

CÕ

g=1

¹` g � �̀ º ¹` g � �̀ ºT • (1.24)

With all the new notations, we de�ne the estimators of in�uence functions in Eq. (1.20)

^� g
V = �¹ Ĥ � ºy¹` g � �̀ º – ^� g

REV = ?g � REVW¸ ¹ �̀ ºT ^� g
V •

Given that the asymptotic variances ofVWandREVWareE»� V� T
V¼andE»� 2

REV¼, respectively,

plug-in estimators for the (co)variance are naturally

�̂ V =
1
C

CÕ

g=1

^� g
V¹ ^� g

VºT = ¹Ĥ � ºy 
̂ ¹Ĥ � ºy – f̂ 2
REV =

1
C

CÕ

g=1

¹ ^� g
REVº2 • (1.25)

Theorem 12.Let the conditions of Theorem 10 and the required rate conditions onYP–C– YH –Chold.

Then�̂ V
?

! � V andf̂ 2
REV

?
! f 2

REV. Proof in Appendix A.7.8.

For anyU 2 ¹0–1º, the¹1 � Uº-con�dence regions forV� andREV� are

CRV = VW¸ ¹ j =–U•
p

Cº�̂ 1•2
V B – CIREV = »REVW� I U•2f̂ REV•

p
C¼• (1.26)

wherej =–Uis the¹1 � Uº-th quantile of a chi-square distribution with degree=, B is the unit ball

in R=, andI U•2 is the¹1 � U
2º-th quantile of a standard normal distribution. The coverage rate of

CIREV is empirically veri�ed in Section 1.6.3.

The rate condition onYH –Csuggests choosingYH –C= C� 3 for 0 Ÿ 3 Ÿ 1
2. Section 1.6.1 studies

how the choice of3 affects the Hessian estimation numerically.

Hessian-Free Variance Estimation under a Bid Gap Condition

We now show that the Hessian estimation can be avoided if there is suf�cient separation be-

tween the highest and second-highest bids. De�ne the gap between the highest and the second-

35



highest bids under pacing multiplierVby

bidgap¹V– \º = maxf V8E8¹\ ºg � secondmaxf V8E8¹\ ºg– (1.27)

heresecondmaxis the second-highest entry; e.g.,secondmax¹»1–1–2¼º= 1. The condition will

require integrability of the inverse of the bid gap, i.e.,E»bidgap¹V– \º� 1¼Ÿ 1 . We introduce a

new price function as follows. If�= < ; , we de�ne

~?� ¹\ º = ?� ¹\ º1f max
82�=

V�
8E8¹\ º = max

82»=¼
V�

8E8¹\ ºg•

If �= = ; , then we de�ne ~?� ¹\ º = 0. The new price function~?� preserves the price of an item

\ if it is won by a buyer in�=, and ~?� sets the price to0 otherwise. For the simpli�ed revenue

variance estimator we need an estimator of�=, which naturally is�̂= = f8 : VW
8 � 1 � YP–Cg.

Recall revenueREVW= 1
C
Í C

g=1?g and price?W= »?1– • • • – ?C¼T. De�ne ~?g = ?g1f max82�̂=
VW

8Eg
8 =

max82»=¼VW
8Eg

8g, �~? = 1
C
Í C

g=1 ~?g. De�ne the simpli�ed variance estimators (neither of which requires

Hessian estimation):

f̂ 2
REV–sim =

1
C

CÕ

g=1

¹ ~?g � �~?º2 – �̂ V–sim = P̂diag¹¹VW
8º21� 1

8 º
̂ diag¹¹VW
8º21� 1

8 ºP̂ • (1.28)

Theorem 13(Hessian-Free Inference). Let the conditions of Theorem 10 and the required rate

condition onYP–Chold. If additionallyE»bidgap¹V� – \º� 1¼Ÿ 1 , thenf 2
REV = Var¹ ~?� º and � V =

Pdiag¹¹V�
8º21� 1

8 ºCov¹` � ºdiag¹¹V�
8º21� 1

8 ºP. Moreover, the Hessian-free variance estimators are

consistent,̂� V–sim
?

! � V andf̂ 2
REV–sim

?
! f 2

REV. Proof in Section A.7.9.

1.4.4 Application: A/B Testing in First-Price Auction Platforms

Consider an auction market with= buyers with a continuum of items� with supply function

B. Now suppose that we are interested in the effect of deploying some new technology (e.g. new

machine learning models for estimating click-through rates in the ad auction setting). To model
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treatment application we introduce thepotential value functions

E¹0º = ¹E1¹0–�º– • • • – E=¹0–�ºº– E¹1º = ¹E1¹1–�º– • • • – E=¹1–�ºº•

If item \ is exposed to treatmentF 2 f0–1g, then its value to buyer8will be E8¹F– \º.

Suppose we are interested in estimating the change in the auction market when treatment 1

is deployed to the entire item set� . In this section we describe how to do this using A/B test-

ing, speci�cally for estimating the treatment effect on revenue. Formally, we wish to look at the

difference in revenues between the markets

FPPE¹1– E¹0º– Bº andFPPE¹1– E¹1º– Bº–

whereFPPE¹1– E¹0º– Bº is the market with treatment 1, andFPPE¹1– E¹1º– Bº is the one with

treatment 0. The treatment effects on revenue is de�ned as

gREV = REV� ¹1º � REV� ¹0º –

whereREV� ¹Fº is revenue in the equilibriumFPPE¹1– E¹Fº– Bº.

The A/B test framework we put forward above is rather general. This formalism is able to

model treatments which ultimately affect the market via shifting the value distribution. We list

several examples below.

• User interface (UI) changes (on the item side). Adjustments to ad aesthetics (e.g., font styles,

ad placement, or link position) and user-side UI (e.g., button sizes, creating a holiday-themed

user interface, running promotions during a major sports event) can be seen as modifying

the experience that every user impression—our “item”—undergoes. They affect each user's

interaction with the content, thus shifting the value distribution of those items.

• Platform algorithm improvements (internal to the platform). Re�nements in the value predic-

tion algorithms, or the introduction of new ranking methods, and implementing ads quality

37



�lters all shift the distribution of item values.

• Addition (or deletion) of buyers. Say we add a buyer in B. We simply create a dummy buyer

in A whose value function is zero for all items to represent that new buyer.

We will refer to the experiment design asbudget splitting with item randomization. The design

works in two steps, and closely mirrors how A/B testing is conducted at large tech companies.

Step 1. Budget splitting.We create two markets, and every buyer is replicated in each market.

For each buyer8we allocatec18 of their budget to the market with treatmentF = 1, and the

remaining budget,¹1 � cº18, to the market with treatmentF = 0. Each buyer's budget is managed

separately in each market.

Step 2. Item randomization. Let ¹\ 1– \2– • • •º be i.i.d. draws from the supply distributionB.

For each sampled item, it is applied treatment1 with probabilityc and treatment0 with probability

1 � c. The total A/B testing horizon isC. When the end of the horizon is reached, two observed

FPPEs are formed. Each item has a supply ofc•C1 in the 1-treated market and¹1 � cº•C0 in the

0-treated market. The1•C1 is the scaling required for our CLTs and thec factor ensures the budget-

supply ratio agrees with the limit market; due to FPPE scale-invariance, we could equivalently

rescale budgets.

Let C0 be the number of0-treated items, andC1 be the number of1-treated items. Conditional on

the total number of itemsC= C1¸ C0, the random variableC1 is a binomial random variable with mean

cC. Let W¹0º = ¹\ 1–1– • • • – \1–C1º be the set of0-treated items, and similarlyW¹1º = ¹\ 0–1– • • • – \0–C0º.

The total item setW= W¹0º [ W¹1º. The observables in the described A/B testing experiment are

›FPPE
�
c1– E¹1º–c

C1
– W¹1º

�
– ›FPPE

�
¹1 � cº1– E¹0º–1� c

C0
– W¹0º

�
–

both de�ned in Def. 4. LetREVW¹Fº denote the observed revenue in theF-treated market. The

estimator of the treatment effect on revenue is

ĝREV = REVW¹1º � REVW¹0º•
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For �xed ¹1– Bº, the variancef 2
REV in Theorem 10 is a functional of the value functions. We

will use f 2
REV¹Fº to represent the revenue variance in the equilibriumFPPE¹1– E¹Fº– Bº. Each

variance can be estimated using Eq. (1.25).

Theorem 14(Revenue treatment effects asymptotic normality). Suppose Assumption 1 and As-

sumption 2 hold in the limit marketsFPPE¹1– E¹1º– Bº and FPPE¹1– E¹0º– Bº. Then
p

C¹ĝREV �

gREVº
3

! N
�
0–

f 2
REV ¹1º

c ¸
f 2

REV ¹0º
¹1� cº

�
• Proof in Appendix A.7.10.

Based on the theorem, an A/B testing procedure is the following. Compute the revenue variance

as Eq. (1.25) for each market, obtainingf̂ 2
REV¹1º andf̂ 2

REV¹0º, and form the con�dence interval

ĝREV � I U•2

� f̂ 2
REV¹1º

c
¸

f̂ 2
REV¹0º

¹1 � cº

�
• (1.29)

If zero is on the left (resp. right) of the CI, we conclude that the new feature increases (resp.

decreases) revenue with¹1� Uº� 100%con�dence. If zero is in the interval, the effect is undecided.

See Section 1.6.3 for a semi-synthetic study verifying the validity of this procedure.

1.5 The Differentiability of the EG Objective

In this section, we provide lower-level conditions on the market's primitives and equilibrium

such that Assumption 1 is implied.

We start with the differential structure of5¹\– Vº = max8V8E8¹\ º. The function 5¹\– Vº is

a convex function ofV and its subdifferentialmV5¹\– Vº is the convex hull off E848 2 R=
¸ :

index8such thatV8E8¹\ º = max: V: E: ¹\ ºg, with 48being the base vector inR=. Whenmax8V8E8¹\ º

is attained by a unique8� , the function5 is differentiable. In that case, the8-th entry ofr V5¹\– Vº

is E8¹\ º for 8= 8� and zero otherwise.

1.5.1 First-order Differentiability

The bidgap function in Eq. (1.27) is useful for characterizing �rst-order differentiability of

�5¹Vº = EB»5¹\– Vº¼. When there is a tie for an item\ , we havebidgap¹V– \º = 0. When there
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is no tie for an item\ , the gapbidgap¹V– \º is strictly positive. The gap function characterizes

smoothness of5: 5¹�– \º is differentiable atViff bidgap¹V– \º is strictly positive.

Theorem 15(First-order differentiability). The following are equivalent. (i) The dual objective

� is differentiable at a pointV. (ii) The function\ 7! bidgap¹V– \º is strictly positiveB-almost

surely:

P¹f \ : bidgap¹V– \º ¡ 0gº = 1 • (1.30)

(iii) The set of items that incur ties under pacing pro�leV is B-measure zero:P¹\ 2 � : V8E8¹\ º =

V: E: ¹\ º for some8< : º = 0.

When one and thus all of the above conditions hold for someV, the gradientr V5¹\– Vº is

well-de�ned forB-almost every\ , andr �5¹Vº = E»r 5¹\– Vº¼. Proof and further technical remarks

given in Section A.1.2.

1.5.2 Second-order Differentiability

Given the neat characterization of differentiability of the dual objective via the gap function

bidgap¹V– \º, it is natural to explore higher-order smoothness, which is needed for some of our

asymptotic normality results. On the negative side, Appendix Example 5 gives an example where

Eq. (1.30) holds at a pointV and �5 is differentiable in a neighborhood ofV, yet �5 is not twice

differentiable atV. We now provide suf�cient conditions that imply twice differentiability of� .

Theorem 16(Second-order differentiability, informal). If any of the following conditions hold,

then �5and thus� are� 2 at a pointV. (i) A stronger form of Eq.(1.30)holds:E»bidgap¹V– \º� 1¼Ÿ

1 . (ii) The angular component of the random vectorE = ¹E1– • • • – E=º : � ! R=
¸ is smoothly

distributed. (iii) � = »0–1¼, Bis the Lebesgue measure, the valuationsE8¹�º's are linear functions,

integrating to 1, with distinct intercepts, andV is the equilibrium inverse bang-per-buck in LFM.

See Appendix A.1 for formal statements.
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We brie�y comment on the inverse bid gap integrability condition. By Theorem 15 we already

know a necessary and suf�cient condition for �rst-order differentiability is that for all items (up to a

measure-zero set) there is a positive bid gap. The integrability condition essentially guarantees that

for most items, the bid gap is suf�ciently positive. We prove suf�ciency for twice differentiability

by �rst showing that the bid gap is a Lipschitz constant for the gradient of the EG objective, and

then apply the dominated convergence theorem.

We show in Appendix A.1.3 that when� is twice differentiable, the Hessian matrix of� has a

closed-form expression.

1.6 Experiments

1.6.1 Synthetic Experiment

Hessian Estimation

Recall that a key component in the variance estimator is the Hessian matrix, which we estimate

by the �nite-difference method in Eq. (1.23). Finite difference estimation requires the smoothing

parameterYC. The smoothingYCis used to (1) estimate the active constraints and (2) construct the

numerical difference estimator̂H . Theorem 12 suggests a choice ofYC= C� 3 for some0 Ÿ 3 Ÿ 1
2.

In Section A.8.1, we investigate the effect of3 numerically. Here we give high-level take-aways.

We �nd that 3 represents a bias-variance trade-off. For small3, the variance of the estimated value

Ĥ88is small and yet bias is large. For a large3 variance is large and yet the bias is small (the

estimates are stationary around some point). Our experiments suggest using3 2 ¹0•32–0•47º.

Visualization of the FPPE Distribution

Next we look at how the FPPE distribution behaves in a simple setting. We choose the FPPE

instances as follows. Consider a �nite FPPE with= = 25 buyers andC= 1000 items. Let* 8

be i.i.d. uniform random variables on»0–1¼. Buyers' budgets are generated by18 = * 8 ¸ 1 for

8 = 1– • • • –5 and18 = * 8 for 8 = 6– • • • –25. The extra budgets are to ensure we observeV�
8 = 1
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Figure 1.2: Finite sample distributions of
p

C¹VW
8 � V�

8º of 5 buyers in an FPPE. We see that for
buyer 25, its �nite-sample pacing multiplier is exactly 1 for most of the time. For buyer 21, its
limit pacing multiplier is very close to 1 and so its distribution is not normal for small samples.
For buyers 22 – 24, their �nite sample distribution is close to normal distributions. The full �gure
is in Figure A.6.

for the �rst few buyers. The valuationsf E1–� � � – E=g i.i.d. uniform, exponential, or truncated

standard normal distributions. Under each con�guration we form 100 observed FPPEs, and plot

the histogram of each
p

C¹VW
8 � V�

8º. The population EG Eq. (1.7) is a constrained stochastic program

and can be solved with stochastic gradient based methods. The true valueV� is computed by the

dual averaging algorithm [103]. The mean square error decays asE»kVda–C� V� k2¼= $ ¹C� 1º

with Cbeing the number of iterations, and so if we chooseClarge enough, we should still observe

asymptotic normality for the quantities
p

C¹Vda–C� VWº.

Results.Figure 1.2 shows �ve out of 25 distributions for pacing multipliers. Full plots for all

three distributions are given in Figures A.6 to A.8. We see that (i) ifV�
8 Ÿ 1 then the �nite sample

distribution is close to a normal distribution, and (ii) ifV�
8 = 1 (or very close to1, such asV14–21

in the uniform value plots,V20–23 in exponential), the �nite sample distribution puts most of the

probability mass at 1. For cases whereV�
8 is close, but not very close, to 1, we need to further

increase the number of items to observe normality.

1.6.2 Semi-real Experiment: Nash Social Welfare Estimation in Instagram Noti�cation System

Noti�cations are important in enhancing the user experience and user engagement in mobile

apps. Nevertheless, an excessive barrage of noti�cations can be disruptive for users. Typically, a

mobile application has various noti�cation types, overseen by separate teams, each with potentially

con�icting objectives. And so it is necessary to regulate noti�cations and send only those of most

value to users. Kroeret al. [98] propose to use Fisher market equilibrium-based methods to ef�-
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ciently send noti�cations, where they treat the opportunity to send a user a noti�cation as an item,

and different types of noti�cations as buyers. In this section, we use the inference method devel-

oped in Section 1.3.3 to quantify uncertainty in equilibrium-based noti�cation allocation methods.

The data.The dataset released by Kroeret al. [98] contains about400–000generated noti�ca-

tions of four types for a subset of about60–000Instagram users from September 14–23, 2022. The

four types of noti�cations (buyers) are likes, daily digest of stories, feed suite organic campaign

(noti�cation about new posts on the user's feed), and comments subscribed. The valueE8¹\ º of a

noti�cation type8to a user\ at a speci�c time is predicted by the platform's algorithm and avail-

able in the dataset as a numerical value in»0–1¼. The budgets of noti�cation types are also given.

For a user-noti�cation type pair, we average over the whole time window and use the average to

representE8¹\ º, resulting in a user-noti�cation type matrix. However, even after aggregation over

time, there are lots of missing values, i.e., many users do not have every noti�cation type generate

a potential noti�cation.

Value imputation and simulation by the Gaussian copula.We assume the values in the no-

ti�cation system admit the following representation. There exists unique monotone functions

58 : R ! » 0–1¼, such that¹E1– • • • – E4º = ¹ 51¹/ 1º– • • • – 54¹/ 4ºº, where/ = »/ 1– • • • – /4¼fol-

lows a multivariate Gaussian distribution with standard normal marginals. Such an assumption is

equivalent to assuming the value distribution possesses a Gaussian copula ([108, Lemma 1] and

[109, Lemma 1]). Given this representation, we propose a two-step simulation method. In the �rst

step, we learn the monotone functions by matching the quantiles of values with the quantiles of a

standard normal. We use isotonic regression to learn the monotone functions. Second, given the

learned functions5̂8 and inverses5̂� 1
8 : »0–1¼ ! R, we transformE8 to 5̂� 1

8 ¹E8º, and compute the

covariance matrix of5̂� 1
8 ¹E8º, denoted�̂ . Even though some values are missing, the covariance

� can still be estimated bŷ� if values are missing completely at random.11 Now to simulate a

new item for buyers, we draw/ � # ¹0–�̂ º, and return»5̂1¹/ 1º– • • • –̂54¹/ 4º¼T as the value. There

11 The validity of the copula imputation method relies on the missing completely at random assumption (MCAR)
[108], i.e., values and missingness are independent. Unfortunately, we cannot determine whether this is true unless
accessing the missing data. MCAR will be assumed in this experiment.
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Figure 1.3: The fair noti�cation allocation data. Left: original data with missing values. Right:
simulated data.

are multiple advantages to this method. First, the dependence structure of the available dataset is

preserved. Second, the generated values are within the range»0–1¼as the original data are. Third,

the marginal distribution of values are also preserved in the simulated data.

As a �nal step to mimic realistic data, since some users may turn off noti�cations of certain

types, the values of those noti�cations will be zero. We simulate this by setting certain values

to zero according to the sparsity pattern in the original dataset. See Figure 1.3 for a comparison

between original dataset and simulated data.

Setup and results.We apply the con�dence interval in Theorem 7 and study the coverage

properties. The nominal coverage rate is set to 95%. First, we do see that even for a small sample

size of 100, the nominal coverage rate is achieved. And as we increase the size of marketsC, the

coverage maintains at around 95% and the width of the CI shrinks roughly at the rate1•
p

C.

1.6.3 Semi-real Experiment: A/B Testing of Revenue in First-Price Auction Platforms

In this section we apply our revenue estimation method to a real-world dataset, the iPinYou

dataset [97]. The iPinYou dataset [97] contains raw log data of the bid, impression, click, and
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items (coverage rate, width of CI)

100 (0.94, 0.88)
200 (0.95, 0.63)
400 (0.93, 0.43)
600 (0.97, 0.35)

Table 1.2: Coverage rate of log Nash social welfare in fair noti�cation allocation. To help
interpret the CI width, the log Nash social welfare in the limit market is around -16.

conversion history on the iPinYou platform in the weeks of March 11–17, June 8–15 and October

19–27. We use the impression and click data of 5 advertisers on June 8, 2013, containing a total of

1.8 million impressions and 1,200 clicks. As in the main text, let82 f1–2–3–4–5gindex advertisers

(buyers) and letg index impressions/users (items in FPPE terminology). The �ve advertiser are

labeled by number and their categories are given: 1459 (Chinese e-commerce), 3358 (software),

3386 (international e-commerce) and 3476 (tire). From the raw log data, the following dataset can

be extracted. The response variable is a binary variableCLICKg
8 2 f0–1gthat indicates whether the

user clicked the ad or not. The relevant predictors include a categorical variable ADEXCHANGE of

three levels that records from which ad-exchange the impression was generated, a categorical vari-

able REGION of 35 levels indicating provinces of user IPs, and �nally 44 boolean variables, each a

USERTAG, indicating whether a user belongs to certain user groups de�ned based on demographic,

geographic and other information. We select the top-10 most frequent user tags and denote them

by USERTAG1– • • • –USERTAG10 2 f0–1g. Both ADEXCHANGE and USERTAGare masked, and we

do not know their real-world meaning.

Simulate advertisers with logistic regression.The raw data contains only �ve advertisers. In

order to simulate new realistic advertiser, we �t a logistic regression and then perturb the �tted

coef�cients to generate more advertisers. We posit the following logistic regression model for

click-through rates (CTRs). For a userg that saw the ad of advertiser8, the click process is governed
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by

CTRg
8 = P¹CLICKg

8 = 1 j \ gº =
1

1 ¸ exp¹F T
8\ gº

–

\ g = »1–ADEXCHANGE2–ADEXCHANGE3–REGION2– • • • –REGION35–USERTAG1– • • • –USERTAG10¼

2 f1g � f 0–1g46

where the weight vectorsF8 2 R47 are the coef�cients to be estimated from the data. Note that

ADEXCHANGE1 and REGION1 are absorbed in the intercept. By running 5 logistic regressions, we

obtain regression coef�cientsF1– F2– • • • – F5. To visualize the �tted regression, in Figure 1.4 we

show the estimated click-through rate distributions of the �ve advertisers. The diagonal plots are

the histogram of CTRs, and the off-diagonal panels are the pair-wise scatter plots of CTRs. To gen-

erate more advertisers, we take a convex combination of the coef�cientsF8's, add uniform noise,

and obtain a new parameter, sayF0. Given an item, the CTR of the newly generated advertisers

will be 1
1¸ exp¹\ TF0º

. The value distribution is the historical distribution of the simulated advertisers'

predicted CTRs of the 1.8 million impressions.

Revenue Coverage with Hessian Estimation

In this section we aim to produce con�dence interval of the revenue with the CI constructed

from Eq. (1.25), with a focus on the effect of Hessian estimation on the coverage. Firstly, the sum

equals= times the average price-per-utility of advertisers, a measure of ef�ciency of the system.

Secondly, since most quantities in FPPE, such as revenue and social welfare, are smooth functions

of pacing multipliers , being able to perform inference about a linear combination ofV's indicates

the ability to infer �rst-order estimates of those quantities.

Setup.An experiment has parameters¹C– =– 3– Uº. HereCis the number of items,= the number

of advertisers, andU is the proportion of advertisers that are not budget-constrained (i.e.,V = 1).

Parameter3 is a tuning parameter of the revenue variance estimator. It is the exponent of the �nite-

difference stepsizeYC in Eq. (1.23), i.e,YH –C= C� 3. To controlU in the experiments, we select
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Figure 1.4: Click-through rate (in basis points, i.e. 0.01%) distributions from logistic regression.

budgets as follows. Give in�nite budgets to the �rstbU=c advertisers. Initialize the rest of the

advertisers' budgets randomly, and keep decreasing their budgets until their pacing multipliers are

strictly less than 1. In the experiment¹C– =– 3– Uº, we �rst compute the pacing multiplier in the limit

market using dual averaging [103, 54, 55]. Then we sample one FPPE by drawing values from

the synthetic value distribution obtained previously. Now given one FPPE, apply the formula in

Eq. (1.26) to construct CI and record coverage. The reported coverage rate for an experiment with

parameters¹C– =– 3– Uº is averaged over 100 FPPEs.

Results.Representative results are presented in Table 1.3; we present the full table in Table A.2.

As the number of item increases, we observe the empirical coverage rate achieving the nominal

90% coverage rate, while the width of con�dence interval is narrowing. We also observe that the

con�dence interval is robust against the Hessian estimation and the proportion of unpaced buyers;

for different choices of exponent in the differencing stepsize (YH –Cin Eq. (1.23)) and proportion of

unpaced buyers (U), the coverage performance remains similar.
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Table 1.3: Coverage of revenue CI.U = proportion ofV8 = 1, 3 is the exponent in �nite difference
stepsizenC= C� 3. Numbers in parentheses represent the lengths of CIs. Nominal coverage rate is
90%.

buyers 20 50 80
U 0.05 0.10 0.20 0.30 0.05 0.10 0.20 0.30 0.05 0.10 0.20 0.30

3 items

0.40

100
0.79

(1.72)
0.79

(1.82)
0.93

(1.87)
0.9

(1.81)
0.87

(1.84)
0.81

(1.91)
0.89

(1.82)
0.88

(2.00)
0.81

(1.89)
0.89

(1.89)
0.97

(1.97)
0.9

(1.95)

200
0.88

(1.33)
0.88

(1.36)
0.87

(1.35)
0.9

(1.34)
0.88

(1.32)
0.93

(1.36)
0.89

(1.37)
0.94

(1.40)
0.87

(1.37)
0.93

(1.37)
0.88

(1.42)
0.86

(1.42)

400
0.84

(0.93)
0.88

(0.99)
0.93

(0.99)
0.91

(0.98)
0.9

(0.95)
0.94

(0.98)
0.92

(0.98)
0.84

(1.00)
0.88

(0.97)
0.85

(0.98)
0.86

(1.01)
0.85

(1.01)

600
0.89

(0.76)
0.88

(0.79)
0.9

(0.81)
0.89

(0.80)
0.8

(0.77)
0.87

(0.80)
0.81

(0.80)
0.92

(0.83)
0.86

(0.80)
0.83

(0.80)
0.97

(0.83)
0.89

(0.83)

Coverage Comparison against a Simple I.I.D. Price Model

In this section we compare the Hessian-based revenue variance estimator in Eq. (1.25) with

YH –C= C� 0•4, the Hessian-free version in Eq. (1.28), and a baseline estimator based on an i.i.d. price

model.

The baseline variance estimator isf̂ 2
naive = 1

C
Í C

g=1¹?g � �?º2, where �? = 1
C
Í C

g=1?g. The limit

of this estimator isf 2
naive = Var¹?� ¹\ ºº. The statistical model behind this method would be to

assume thatf ?1– • • • – ?Cg are iid draws from some distribution, while totally ignoring the auction

mechanism and the bidding behavior of the buyers. This is in contrast to the correct formula

Var¹ ~?� º in Theorem 13 when a bid-gap condition holds. We note that this assumption is not

correct, since the pacing multipliers change as a function of which items are sampled. Nonetheless,

it has the following intuitive appeal: if we assume that the pacing multipliersare �xed, then this

estimator does correctly estimate the price variance, regardless of market size (though note that

revenue variance is not the same as price variance). Moreover, our results do show that the pacing

multipliers, while not �xed, do concentrate around the limit pacing multipliers as the market grows.

We compare the con�dence interval of the revenue with the CI constructed from Eq. (1.26)

against the naive CI described above. The reported coverage rate is over 500 FPPEs.

Results. Representative results are presented in Table 1.4. We present the full table in Ta-
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ble A.3. We see that (1) the Hessian-free method is signi�cantly better in the market where all

buyers are budget exhausted (�= = ; , U = 0 in the table). The Hessian-free method is able to

determine that all the budgets will be exhausted, and thus the revenue equals the sum of budgets

deterministically, while the naive method ignores this simple fact and puts an unnecessary interval

on revenue. Note that the three methods will coincide whenU = 1 in large samples. (2) Although

overall the three methods achieve the nominal coverage rate, the Hessian-based method is theo-

retically valid under mild assumptions on the FPPE, while the Hessian-free method is valid under

an additional bid-gap assumption but is computationally cheaper since it does not need Hessian

estimation.

Table 1.4: Coverage comparison between the Hessian-free CI in Eq. (1.28), the naive CI, and
Hessian-based CI in Eq. (1.25).U = proportion ofV8 = 1. In each cell we present the coverage
rate and the average CI widths in parentheses. Nominal rate = 90%. The number of repetitions in
each cell = 500.

items 100 800
buyers U

80 0.0 0.88(0.04)| 1.00(0.75)| 1.00(0.72) 1.00(0.00)| 1.00(0.28)| 1.00(0.27)
0.05 0.93(1.05)| 0.90(0.95)| 0.90(0.94) 0.94(0.38)| 0.90(0.34)| 0.90(0.34)
0.1 0.95(1.15)| 0.90(0.96)| 0.90(0.94) 0.95(0.39)| 0.90(0.34)| 0.90(0.34)
0.2 0.92(1.28)| 0.90(1.14)| 0.89(1.12) 0.92(0.43)| 0.91(0.41)| 0.91(0.41)
0.3 0.90(1.27)| 0.89(1.19)| 0.89(1.17) 0.89(0.43)| 0.88(0.43)| 0.88(0.43)
1.0 0.90(1.33)| 0.88(1.27)| 0.88(1.25) 0.87(0.45)| 0.87(0.45)| 0.87(0.45)

Treatment Effect Coverage

Setup.In this experiment, we �x the differencing stepsize in Hessian estimation to beYH –C=

C� 0•4 and the proportion of unpaced buyers to be 30%, which is a realistic number for real-world

auction platforms.

An experiment has parameters¹C– =– cº, whereCis the number of items,= the number of

users, andc the treatment probability (see Section 1.4.4). To model treatment application, we

use the shift of value distribution. Choose two sets of logistic regression parameters,f F8¹0ºg8

and f F8¹1ºg. Then if a user\ is applied treatmentl 2 f 0–1g, then its value to buyer8will be
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1•¹ 1 ¸ exp¹F8¹l ºT\ ºº, 8 2 »=¼. In an experiment, the limit revenues in the two limit markets

FPPE¹1– E¹0º– B–� º and FPPE¹1– E¹1º– B–� º, and the limit treatment effect will be calculated

�rst. Then we perform the a/b test experiments 100 times, and construct 100 CIs for the treatment

effect. We report coverage rates and widths of CIs.

Results. Representative results are presented in Table 1.5; in Table A.1 we present the full

results. First, the overall coverage rates across different market setups and treatment probabilities

c are around the nominal 90%, and the width of con�dence interval shrinks as sample size grows.

Second, when the number of items is suf�ciently large (say over 400), we observe a* -shape

relationship between the width of CI and treatment probabilityc; the CI widths are wider whenc is

close to the extreme points (say 0.1 and 0.9) than whenc stays away from the extreme points. This

is explained by the treatment effect variance formula in Theorem 14. Holding the two variances

�xed, the treatment effect variance tends to in�nity if we sendc ! 0 or 1.

Table 1.5: Coverage of treatment effect.c = treatment probability, the �nite difference stepsize
nC= C� 0•4, proportion of unpaced buyersV8 = 1 is 30%. Numbers in parentheses represent the
lengths of CIs. Nominal coverage rate is 90%.

items 100 200 400 600

buyers c

50

0.1
0.88

(8.45)
0.88

(4.75)
0.92

(1.87)
0.88

(1.54)

0.3
0.95

(3.49)
0.96

(2.37)
0.86

(1.28)
0.93

(1.03)

0.5
0.92

(3.76)
0.95

(5.05)
0.9

(1.26)
0.94

(0.98)

0.7
0.85

(3.10)
0.95

(2.27)
0.98

(1.85)
0.95

(1.28)

0.9
0.76

(3.36)
0.87

(2.87)
0.92

(2.78)
0.96

(9.33)

1.7 Conclusion

We introduced a theory of statistical inference for Fisher markets, resource allocation systems

that deploy the CEEI mechanism, and �rst-price auction platforms. We showed that quantities
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observed in the �nite market equilibrium observed from these systems are good estimators of their

corresponding limit market values. We presented convergence rate results, asymptotic distribution

characterizations, local minimax optimality results, and constructed con�dence interval tools. Fi-

nally, we showed how to use these tools to develop a theory of statistical inference in A/B testing

under competition effects.

A few open questions remain. In practice, the item arrival process exhibits nonstationarity

and seasonality. A statistical theory for LFM and FPPE that incorporates temporal dependence is

desirable. It would also be desirable to design a notion of online con�dence intervals for the limit

market, since, in practice, items typically arrive on platforms sequentially. For FPPE we assumed

the absence of degenerate buyers in Assumption 2; lifting this assumption would be interesting.

Finally, we restricted our attention to the �rst-price setting for FPPE. In practice, second-price

auctions are also widespread. A theory of statistical inference for second-price auctions is also

desirable, though we expect it to be signi�cantly weaker, due to computational complexity barriers,

as well as non-uniqueness issues.

Beyond linear Fisher markets and FPPE, it would be interesting to investigate whether our

proof techniques apply to other equilibrium models captured by mathematical programs. The

Eisenberg-Gale convex program is known to work for several utility classes beyond linear utili-

ties (as we study) including Leontief, constant-elasticity-of-substitution (CES), and Cobb-Douglas

utilities [102]. Later work has also showed that convex program variants exist for e.g. spending-

restricted and utility-restricted versions of Fisher markets [53]. In all these cases, it is possible to

derive dual programs similar to the one we leverage, and they have a sum over prices in the objec-

tive [53], which may lend itself to our stochastic approximation approach (SAA). Several different

convex programs are known for the Arrow-Debreu exchange model as well, see e.g. Devanuret al.

[110].

A/B testing using one market is interesting. When both treatments are applied to the same

market, the market equilibrium can still be described, and inferences about it can be made, using

our theory. However, under this design, there are two layers of interference: (1) treatments 1 and
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0 interfere with each other now that they are in the same market, and (2) the interference induced

by market equilibrium. In this new setting, there are many fundamental questions that would

need to be answered, such as what is the correct notion of treatment effect, and whether a given

treatment effect can be estimated from observation of a single market. We believe this is a very

interesting problem, and many of our tools can probably be used to analyze this problem in an

FPPE framework. But the �rst step would be to formulate the types of treatment effects one would

even work with, and we think this is a whole new paper worth of material to work out.

Buyer-side treatments, such as modi�cations to the advertiser UI for specifying auction pa-

rameters like target audiences and return-on-investment, are also of interest. However, since ad

campaigns are typically con�gured only once, the budget-split design is not a natural �t for study-

ing these treatments unless all buyers are required to use both the treatment and control UIs twice.
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Chapter 2: Bootstrap Inference

2.1 Introduction

The bootstrap [14, 15] is an automatic method for producing con�dence intervals in statistical

estimation. The theory of bootstrap has been extended to many areas of statistics, such as models

with cube-root asymptotics [16, 17], semi-parametric models [18, 19] and so on. However, as far

as we are concerned, there is no theory of bootstrap for competitive equilibrium settings.

In this chapter, we study bootstrap inference in linear Fisher market (LFM) and �rst-price

pacing equilibrium (FPPE). Fisher market equilibrium model has been used in the tech industry,

such as the allocation of impressions to content in certain recommender systems [1], robust and

fair work allocation in content review [2]; we refer readers to Kroer and Stier-Moses [3] for a

comprehensive review. Outside the tech industry, Fisher market equilibria also have applications

to scheduling problems [4], fair course seat allocation [5, 6], allocating donations to food banks [7],

sharing scarce compute resources [8, 9, 10, 11], and allocating blood donations to blood banks [12].

Given the wide range of applications of LFM and FPPE, an inferential theory for LFM and

FPPE is useful. Bootstrap, thanks to its convenience and conceptual simplicity, is a natural candi-

date as an inferential tool. However, due to the presence of an equilibrium structure in the dataset,

the validity of bootstrap requires careful theoretical treatments, and practitioners should be cautious

about the use of bootstrap when data arise from market equilibrium. For example, in Section 2.3.2

we show that in the setting of �rst-price auction platforms, the traditional multinomial bootstrap

may fail to consistently estimate the distribution of interest. Given the simplicity of resampling, it

is fair to say bootstrap has been used in auction platforms as an inferential tool. It is thus urgent to

develop a statistically valid bootstrap theory that accounts for the equilibrium effect in the data.

The contributions of Chapter 2 are threefold.
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We characterize the full landscape of the asymptotics of FPPE.The limit distribution of

FPPE was studied in Liao and Kroer [96] under a strict complementarity condition. Combining

their results with a result of Shapiro [34], we complete the characterization of the asymptotics of

FPPE without strict complementarity, and show that it is captured by a quadratic program. We

derive a new closed-form expression for this quadratic program, and use it to derive structural

insights on the limit distribution in some special cases. Characterizing the general case of FPPE

asymptotics is necessary in order to derive our bootstrap results, because we need to show that our

bootstrapped distribution converges to the asymptotic distribution of FPPE.

We develop bootstrap theory for LFM and FPPE. A crucial fact for LFM and FPPE is

that they both have an Eisenberg-Gale (EG) convex program characterization, and our bootstrap

procedures rely on this program or its quadratic approximation. For LFM we study three types

of bootstrap procedures: exchangeable bootstrap [111], numerical bootstrap [112] and proximal

bootstrap [112]. For FPPE the theory is a bit involved. We identify a bootstrap failure when

some type of degenerate buyers are present in the market. Then different bootstrap procedures are

proposed under certain assumptions on the market structures: full expenditure of budgets (�=¡ = ; ),

absence of degenerate buyers (�== = ; ), or fully general FPPE. We summarize the results in

Tables 2.1 and 2.2.

Numerical experiments demonstrate the validity of the theory.We provide simulations and

a semi-synthetic experiment based on a real-time bidding dataset from iPinYou [97].

Exchangable BS Numerical BS Proximal BS
3 Theorem 17 3 Theorem 30 3 Theorem 31

Table 2.1: Results for linear Fisher market.

Num. BS Prox. BS new methods
�=¡ = ; (Section 2.3.3) 3 Theorem 19.1 3 Theorem 19.2
�== = ; (Section 2.3.4) 7NA 7NA 3 Theorem 20
general (Section 2.3.5) 7NA 7NA 3 Theorem 22

Table 2.2: Results for �rst-price pacing equilibrium. NA means not applicable.�=¡ = ; means
full expenditure of budgets.�== = ; means absence of degenerate buyers.
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Notations. The notationN ¹ 0–� º stands for a multivariate Gaussian distribution with mean0

and covariance� .

We use, = ¹, 1– • • • – ,Cº to denote bootstrap weights in the chapter. Different distributions

imposed on, correspond to different bootstrap resampling schemes. In the standard multinomial

bootstrap, = ¹, 1– • • • – ,Cº follows a multinomial with probabilities¹ 1
C– • • • –1Cº. In exchangeable

bootstrap, is exchangeable: if for any permutationc = ¹c1– • • • – cCº of ¹1–2– • • • – Cº, the joint

distribution ofc ¹, º =
�
, c1– • • • – ,cC

�
is the same as that of, . Given items¹\ gºg, we let%Cbe

the expectation operator%C5 = 1
C
Í C

g=1 5¹\ gº. Given multinomial bootstrap weights, and¹\ gºg,

de�ne the operator

%1
C5 =

1
C

CÕ

g=1

, g 5¹\ gº• (2.1)

We write%ex–1
C 5 = 1

C
Í C

g=1, g 5¹\ gº for exchangeable bootstrap weights.

Bootstrap Consistency Most of our results will be concerned with the consistency of bootstrap

procedures. To that end, we introduce the following de�nition of consistency. GivenCdata points,

a bootstrap estimate- Cis a function of the data¹\ gºC
g=1 and bootstrap weights, , where the data

and weights are assumed to be independent of each other. We say the conditional distribution of

¹- CºCconsistently estimates the distribution! , denoted- C
?

  ! , if

sup
52BL1

�
�E»5¹- Cº j f \ ggC

1¼ �E- � ! »5¹- º¼
�
� ?
! 0 –

whereBL1 is the space of functions5 : R= ! R with supGj 5¹Gºj � 1 andj 5¹Gº� 5¹Hºj � k G� Hk2.

We survey related work in Section B.1.2.

Recall equilibria in both LFM and FPPE are characterized by an EG convex program. In both

cases, the dual EG objective separates into per-item convex terms

� ¹\– Vº = max
82»=¼

V8E8¹\ º �
=Õ

8=1

18log V8 • (2.2)
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and the population and sample EG objectives are

� ¹Vº = E»� ¹\– Vº¼– � C¹Vº = %C� ¹�– Vº • (2.3)

Target Distributions J LFM and J FPPE The asymptotics of LFM were studied in Liaoet al.

[95] under twice differentiability (SMO; to be de�ned). LetH = r 2� ¹V� º. They show
p

C¹VW�

V� º
3

! J LFM, where

J LFM = N
�
0–H � 1E»r � ¹�– V� ºr � ¹�– V� ºT¼H� 1�

• (2.4)

In FPPE the following regularity condition is important.

Assumption 3(SCS). There are no degenerate buyers, i.e.,V�
8 = 1 impliesX�

8 ¡ 0.

This assumption is a strict complementary slackness condition sinceX�
8 is the dual variable

of V�
8 in the EG program introduced below. We will study the asymptotics of FPPE withoutSCS.

However, as we will see in Section 2.3.4, conditionSCS is helpful for bootstrap inference.

We letW= f \ 1– • • • – \CgbeCi.i.d. draws fromB, each with supply1•C. They represent the items

observed in an auction market. The de�nition of a �nite FPPE is parallel to that of a limit FPPE,

except that we change the supply function to be a discrete distribution supported on the �nite set

W.

Let J FPPE be the limit distribution of
p

C¹VW� V� º, i.e.,

p
C¹VW� V� º

3
! J FPPE • (2.5)

Recall under the strict complementary slackness assumptionSCS, the distributionJ FPPE simpli�es

to

N
�
0–¹%H %ºyCov»r � ¹�– V� º¼¹%H %ºy�

– (2.6)
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whereH = r 2� ¹V� º and % = diag¹1¹V�
8 Ÿ 1ºº. We will study the form ofJ FPPE assuming

only twice differentiability (SMO) and notSCS. We will characterizeJ FPPE by a random quadratic

program and provide several examples. Thus, a contribution of this chapter is to remove the strict

complementarity slackness assumption and characterize the full landscape of FPPE asymptotics.

2.1.1 Smoothness Assumptions

The following assumption will be made throughout the chapter, for both LFM and FPPE.

Assumption 4(SMO). The EG population objective� ¹�º in Eq. (1.3) is twice continuously differ-

entiable in a neighborhood ofV� .

Assumption 4 implies that the HessianH = r 2� ¹V� º is positive de�nite. HereV� is interpreted

as the equilibrium inverse bang-per-buck in a limit LFM, and equilibrium pacing multipliers in a

FPPE. See Liao and Kroer [96] and Liaoet al. [95] for discussions of implications and concrete

examples ofSMO holding.

The purpose of this chapter is to design bootstrap estimators of the distributionJ LFM (resp.

J FPPE) given the observed market equilibriumšLFM (resp.›FPPE).

Inference on other quantities that are differentiable functions ofV� can be achieved by the

bootstrap delta method (Kosorok [35, Theorem 12.1], Vaart and Wellner [113, Theorem 3.10.11]).

For example, utilitiesD�
8 = 18• V�

8 and the Nash social welfare
Í

818logD�
8 =

Í
818log¹18• V�

8º are

smooth functions ofV� . Revenue
¯

max8f V�
8E8¹\ ºgB¹\ º d\ is also a smooth function ofV� . For this

reason, throughout the chapter we will focus on inference ofV� , i.e., the utility prices in LFM and

pacing multipliers in FPPE.

2.2 Bootstrapping Fisher Market Equilibrium

In this section we letVWbe the observed utility prices inšLFM¹1– E–1•C– Wº, whereWconsists ofC

i.i.d. draws from supplyB. As mentioned previously,VW= arg minR=
¸

� C¹Vº. The target distribution

we want to estimate isJ LFM in Eq. (2.4).
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2.2.1 Exchangeable Bootstrap

De�ne the exchangeable bootstrap by

V1
ex–LFM = arg min

V2R=
¸

%ex–1
C � ¹�– Vº • (2.7)

Compared with the convex program for LFM in Eq. (1.5), the exchangeable bootstrap replaces%C

with %ex–1
C . Exchangeable bootstrap is considered a smooth alternative to the traditional multino-

mial bootstrap (i.e. sampling with replacement) because it allows for a wider class of distributions

of bootstrap weights [114]. Concretely, we need the weights in the exchangeable bootstrap to

satisfy the following conditions.

De�nition 5 (Exchangable bootstrap weights). (1) The random vector, = ¹, 1– • • • – ,CºT is ex-

changeable. (2), g � 0, and
Í C

g=1 , g = C. (3) , 1 has �nite ¹2 ¸ nº moment for somen ¡ 0. (4)

1
C

Í C
g=1 ¹, g � 1º2 ?

! 22 ¡ 0 asC! 1 .

Exchangeable bootstrap incorporates many popular forms of resampling as special cases such

as the classical sampling with replacement, sampling without replacement, and normalized i.i.d.

weights; see Section B.1.3.

Theorem 17.
p

C¹V1
ex–LFM � VWº

?
  2 � J LFM where the constant2 is de�ned in Def. 5. Proof in

Section B.4.2.

The proof of Theorem 17 is complicated by the fact that the EG objective is nonsmooth due

to themaxoperation in Eq. (2.7). Establishing Theorem 17 requires using the exchangeable boot-

strap empirical process theory from Præstgaard and Wellner [114] and Wellner and Zhan [111]

to establish a form of stochastic differentiability (Claim 3 in appendix), and applying the Taylor

expansion-type analysis for nonsmooth objective functions from Pollard [115].

In practice, approximate LMF equilibrium and bootstrap estimates suf�ce. Eq. (2.7) need not

be solved exactly; error in the objective up to order>?¹1•=º suf�ces, i.e.,%ex–1
C � ¹�– V1ex–LFMº �

minV %ex–1
C � ¹�– Vº ¸ >?¹1•=º. And VWonly needs to be an approximate Fisher market equilibrium:
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%C� ¹�– VWº � minV %C� ¹�– Vº ¸ >?¹1•=º. The proof of Theorem 17 can be extended to account

for the extra error from approximate optimization. In Section B.1.4 we brie�y review two other

valid bootstrap procedures, proximal bootstrap, and numerical bootstrap, and the consistency the-

ory based on Hong and Li [112] and Li [116]. Proximal bootstrap has the advantage of solving

quadratic programs only. However, those two methods converge at a rate slower than1•
p

C. In

contrast, exchangeable bootstrap offers �exibility in choosing bootstrap weights, enjoys a1•
p

C

rate, and does not need parameter tuning.

2.3 Bootstrapping FPPE

In this section we letVWbe the pacing multiplier in›FPPE¹1– E–1•C– Wº, whereWconsists ofC

i.i.d. draws from supplyB. As mentioned previously,VW= arg min¹0–1¼= � C¹Vº. The target distribu-

tion we want to estimate isJ FPPE in Eq. (2.5), the limit distribution of
p

C¹VW� V� º.

Bootstrapping FPPE is a signi�cantly harder problem due to the presence of constraints in the

EG program in Eq. (1.7). We investigate the full landscape of FPPE asymptotics, i.e.,J FPPE, in

Section 2.3.1. In Section 2.3.2, we show that the standard multinomial bootstrap fails to estimate

J FPPE consistently. This also suggests that estimatingJ FPPE in full generality is dif�cult. Be-

cause of this, we divide our study into an easier case and the harder case. In the simpler case, we

assume that all buyers exhaust their budget; for this case we show in Section 2.3.3 that the boot-

strap methods from Hong and Li [112] and Li [116] are valid. A more realistic case is when some

buyers do have leftover budgets. We design a bootstrap for this case in Section 2.3.4, under an

additional assumption of strong complementary slackness (SCS). Finally, to complete the picture,

we present a bootstrap-based con�dence region for fully general FPPE in Section 2.3.5.

2.3.1 The Limit Distribution of General FPPE

The limit distribution of FPPE was studied in Liao and Kroer [96] under AssumptionSCS. In

this section, we characterize the full landscape of the asymptotics of FPPE without strict comple-

mentarity. The convex program characterization in this section is a direct corollary of noticing the
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connection between the results of Shapiro [34] and Liao and Kroer [96]. Concretely, Theorem

3.3 from Shapiro [34] established asymptotic distribution results for general constrained programs

under equicontinuity conditions, and the results of Liao and Kroer [96] imply those equicontinuity

conditions for the EG objective in Eq. (1.2). This is how we derive the convex program charac-

terization of the asymptotics below. We then derive a new closed-form expression for the convex

program, which allows us to analyze the asymptotic structure for several example.

To describeJ FPPE we need to introduce a quadratic program. Let�= = f8: V�
8 = 1gbe the set

of unpaced buyers and�Ÿ = »=¼ n� . We further partition� into

�=¡ = f8: V�
8 = 1– X�8 ¡ 0g – �== = f8: V�

8 = 1– X�8 = 0g •

�=¡ is the set of buyers with strictly positive leftover budgets, whereas�== are the degenerate

buyers. From an optimization perspective, the set�=¡ corresponds to the strongly active constraints

in the program Eq. (1.7), whose corresponding Lagrange multipliers are strictly positive, while

the set�== are the weakly active constraints, whose Lagrange multipliers are zero. With these

notations, we noteSCS is the same as�== = ; , and that the condition that all buyers exhaust their

budgets is the same as�=¡ = ; . De�ne � : R= ! R=,

� ¹bº = arg min
� 2R=;� 8=0–82�=¡ ;� 8� 0–82�==

k� ¸ H � 1bk2
H – (2.8)

wherek0k2
H = 0TH 0. The program Eq. (2.8) can be interpreted as projecting the vector�H � 1b

onto the conef � : � 8 = 0– 82 �=¡ ; � 8 � 0– 92 �==g w.r.t. the normk�kH . The function�

is continuous and positively homogeneous of degree 1, i.e.,� ¹Cbº = C�¹bº for C ¡ 0, but not

necessarily linear. When�== = ; , i.e.,SCS holds, the function� ¹bº = �¹ %H %ºyb.

Combining Theorem 3.3 from Shapiro [34] with the equicontinuity results of Liao and Kroer
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[96], we have that under theSMO assumption,

J FPPE = �
�
N

�
0–Cov»r � ¹�– V� º¼

� �
(2.9)

= arg min
� 2R=;� 8=0–82�=¡ ;� 8� 0–82�==

k� ¸ H � 1N
�
0–Cov»r � ¹�– V� º¼

�
k2

H • (2.10)

Below and in Section B.1.5 we study the form ofJ FPPE under some special cases by deriving

closed-form expression of the quadratic program Eq. (2.8).

Note how different buyer types affect the support ofJ FPPE. The effects of�== and�=¡ are clear

since they appear in the constraints. Buyers who do not win anything (V�
8 = 1– X�8 = 18) determine

the support ofN ¹ 0–Cov»r � ¹�– V� º¼º, which isf 6 2 R= : 68 = 0 if 8does not win anythingg.

In the example below, we assume�=¡ = ; for simplicity. Let � = diag¹H � 1º1•2– d =

� � 1H � 1� � 1– / = � � � 1H � 1�• where� � N ¹ 0–Cov»r � ¹�– V� º¼º. Intuitively, d is a normal-

ized version of the inverse of the Hessian. Denote entries of/ by »/ 1– • • • – /=¼T.

Example 3 (The case withj�== j = 1.). Let �=¡ = ; , �== = f 1g and �Ÿ = f 2– • • • – =g. Then

J FPPE = �H � 1� if / 1 Ÿ 0, otherwise, if/ 1 � 0, then

J FPPE = �

2
6
6
6
6
6
6
6
6
6
6
6
4

0

/ 2 � d12/ 1

•••

/ = � d1=/ 1

3
7
7
7
7
7
7
7
7
7
7
7
5

• (2.11)

Example 3 and Example 10 in appendix illustrate an interesting phenomenon that the limit

marginal distribution of the degenerate buyers (those withV�
8 = 1 andX�

8 = 0) is a distribution with

some probability weight at0 and the rest on the negative reals. This makes sense intuitively since

in a �nite sample,VW
8 � V�

8 = VW
8 � 1 is always negative for82 �==. Another feature ofJ FPPE is

that the limit distribution of
p

C¹VW
8 � 1º is degenerate (a point mass at zero) if82 �=¡ . This also

impliesVW
8 � 1 = >?¹ 1p

C
º if 82 �=¡ .
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2.3.2 Failure of Multinomial Bootstrap for FPPE

As described in Andrews [117], standard multinomial bootstrap might fail in constrained pro-

grams. In this section, we show that this is the case for FPPE.

Consider a one-buyer FPPE. Let11 = 1, E»E1¼ =
¯

E1Bd\ = 1 and B is the supply (a

probability density). LetW= f \ ggg be i.i.d. draws fromB. Let VWbe the pacing multiplier in

›FPPE¹1– E–1•C– Wº andV� be that inFPPE¹1– E– B–� º.

Given the observed items, letf \ g–1gg be the resampled items (with replacement). For this

instance, the bootstrapped FPPE with standard multinomial weights is

V1 = arg min
V12¹0–1¼

1
C

CÕ

g=1

V1E1¹\ g–1º � 11 log V1 • (2.12)

Theorem 18(Failure of Multinomial Bootstrap). The limit conditional distribution of
p

C¹V1 � VWº

is not equal to the limit distribution of
p

C¹VW� V� º. Proof in Section B.4.6.

In fact, using the same argument in Abrevaya and Huang [118], we can show that in the above

example,
p

C¹VW� V� º
3

! minf / 1–0g, while
p

C¹V1 � VWº
?

  � minf / 1–0g ¸ minf / 1 ¸ / 2–0gwhere

/ 1– /2 are independent copies ofN ¹ 0–Var¹E1ºº.

2.3.3 Bootstrapping FPPE under Full Budget Exhaustion

If FPPE has the additional structure that all buyers exhaust their budgets, i.e.,�=¡ = ; , we can

apply the numerical bootstrap [112] and the proximal bootstrap [116]. Note that in this case the

market may contain degenerate buyers, i.e., those withV�
8 = 1 andX�

8 = 0, or �== < ; . Equivalently,

it requires the population EG in Eq. (1.7) does not have strongly active constraints,r � ¹V� º = 0,

and the unconstrained optimum coincides with the constrained optimum.
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Under this additional structure, Eq. (2.8) becomes

J FPPE = arg min
� :� 8� 0–82�==

k� ¸ H � 1� k2
H

= arg min
� :� 8� 0–82�==

� T� ¸ 1
2 � TH � (2.13)

and� � N ¹ 0–E»r � ¹�– V� ºr � ¹�– V� ºT¼º. SoJ FPPE is a distribution supported on the conef � 2

R= : � 8 � 0 if 82 �==g, with some probability mass distributed on the faces of the cone.

To obtain numerical bootstrap and proximal bootstrap estimates, we require a smoothing pa-

rameternC# 0 such thatnC
p

C! 1 . Then, to getV1
nu–FPPE we solve

arg min
V2¹0–1¼=

1
C

CÕ

g=1

¹1 ¸ nC
p

C¹, g � 1ºº� ¹\ g– Vº – (2.14)

and to getV1
pr–FPPE we solve

arg min
V2»0–1¼=

nC¹� 1ºT¹V� VWº ¸ 1
2kV� VWk2

Ĥ
– (2.15)

where

� 1 =
p

C¹%1
C � %Cº� � ¹�– VWº – Ĥ = ¹Ĥ :–�º:–� • (2.16)

Here � � ¹�– VWº is a deterministic element in the subdifferentialmV� ¹�– VWº 1. The term� 1 es-

timates the Gaussian random variable� in Eq. (2.13). The numerical difference estimator is

Ĥ :–� = ¹r̂ 2
:�–[ C

� Cº¹VWº, where

¹r̂ 2
:�–[ 6º¹�º = »6¹� ¸ [4 : ¸ [4 � º � 6¹� � [4 : ¸ [4 � º

� 6¹� ¸ [4 : � [4 � º ¸ 6¹� � [4 : � [4 � º¼•¹4[ 2º–

1We avoid writingr � ¹�– VWº because in a �nite FPPE there could be ties. And when ties happen for an item\ , EG
objectiveV 7! � ¹\– Vº is not differentiable atVW.
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and� Cis the �nite-sample EG objective in Eq. (1.3). In practice, both Eqs. (2.14) and (2.15) only

need to be solved approximately with error in the objective up to>?¹n2
Cº. The proximal bootstrap

in Eq. (2.15) is a bootstrap analogue of the distribution in Eq. (2.13).

The following theorem shows that in the budget-exhaustion case, the numerical bootstrap and

proximal bootstrap converge to the correct limit distribution. The proofs can be found in Sec-

tions B.4.3 and B.4.5.

Theorem 19. If all buyers exhaust their budgets (�=¡ = ; ), then

19.1 n� 1
C ¹V1

nu–FPPE � VWº
?

  J FPPE .

19.2 If Ĥ
?

! H , thenn� 1
C ¹V1

pr–FPPE � VWº
?

  J FPPE .

The proof proceeds by verifying conditions in Hong and Li [112] and Li [116]. Stochastic

equicontinuity of certain processes is veri�ed using results from Liao and Kroer [96].

Figure 2.1: Bootstrap vs �nite-sample distribution of an 8-buyer 1000-item FPPE. Values are
i.i.d. uniformly distributed, and budgets are generated randomly in a way that the �rst three
buyers have leftover budgets. Displayed are histograms ofV1– • • • – V8. Purple: 100 samples of
n� 1

C ¹V1 � VWº according to Eq. (2.17) given one FPPE. Yellow: 100 samples of
p

C¹VW� V� º.
Bootstrap distribution is very similar to FPPE distribution. The similarity is signi�cant, because
to obtain the distributions of FPPE, we need to observe multiple market equilibria, to which we
usually do not have access. The bootstrap distribution, on the other hand, is generated based on
just one �nite FPPE.

2.3.4 Bootstrapping FPPE withSCS

In real-world auction markets such as those at internet companies, some fraction of buyers

do have leftover budgets [59]. In this section, we give a bootstrap estimate ofJ FPPE under

SCS, in which we allow users to have positive leftover budgets, but rule out degenerate buyers.

ConditionSCS is equivalent to requiring that in the population EG in Eq. (1.7) there is no weakly
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active constraints (those whose Lagrangian multipliers are zero). ConditionSCS, equivalent to

�== = ; , is realistic because degenerate buyers are a measure-zero edge case.

In this case, the limit distribution of interest isJ FPPE = N ¹ 0–¹PHPº yCov¹r � ¹�– V� ºº¹PHPº yº,

which is a degenerate normal distribution supported on the hyperplanef � 2 R= : � 8 = 0 if 82 �=¡ =

�=g.

Choose two vanishing sequencesXCandnC. De�ne the estimatedunpaced buyerŝ�=¡ = f8 :

VW
8 ¡ 1 � XCg and the reduced feasible set^� = f V 2 »0–1¼= : V8 = 1 for 8 2 �̂=¡ g. The proposed

bootstrap estimator is

V1 = arg min
V2 ^�

nC¹� 1ºT¹V� VWº ¸ 1
2kVW� Vk2

Ĥ
– (2.17)

where� 1 andĤ are de�ned in Eq. (2.16). The estimator has a nice geometric interpretation: we

add certain appropriate noise toVWand then project back to the reduced feasible set^� . We callnC

the bootstrap stepsize, whose effect is investigated in Section B.2.

Theorem 20. Let SCS hold in FPPE (�== = ; ). Let XC � 1•
p

C, nC = >¹1º and nC
p

C! 1 . If

Ĥ
?

! H , thenn� 1
C ¹V1 � VWº

?
  J FPPE. Proof in Section B.4.7.

The estimator in Eq. (2.17) is proposed following ideas from Li [116] and Cattaneoet al.

[16], where the bootstrap is in fact approximating the random quadratic program Eq. (2.8). Many

existing works [60, 112, 116] require that strongly active constraints do not occur, and are thus

not applicable for FPPE with buyers who have leftover budgets. As with proximal bootstrap, our

approach requires solving quadratic programs only.

We brie�y remark on the techniques used to prove Theorem 20. We combine the theory of

weak convergence [113] from statistics and epi-convergence theory [119] from optimization. The

reason is that weak convergence is a powerful tool to study asymptotics of statistical functionals,

such as thearg minfunction, and epi-convergence is designed for studying constrained programs.

Such an approach dates back to Geyer [60] and Molchanov [120], and more recently was used by

Parker [121] for constrained quantile regression, and Hong and Li [112] and Li [116] in the context
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of bootstrap.

Both proximal bootstrap (Eq. (2.15)) and our proposed bootstrap (Eq. (2.17)) require a numer-

ical difference estimate of the Hessian (Eq. (2.16)). We provide a theorem to guide the choice of

differencing stepsize.

Theorem 21 (Hessian estimation, informal). Consider the �nite difference estimate de�ned in

Eq. (2.16) with differencing stepsize[ C = >¹1º and [ C
p

C! 1 . Under regularity conditions,

Ĥ :� � H :� � [ 2
C ¸ 1

[ C
p

C
¸ higher order terms. Proof in Section B.4.4.

By setting[ 2
C = 1•¹ [ C

p
Cº we obtain the optimal choice[ C � C� 1•6. The proof of Theorem 21

uses empirical process theory to handle the nonsmoothness of the EG objective.

2.3.5 Con�dence Regions for General FPPE

In Sections 2.3.3 and 2.3.4 we assumed either�== or �=¡ to be empty sets. Now we discuss

bootstrap inference without such assumptions. We can construct a con�dence region forV� using

bootstrap test inversion. Suppose we have a scalar statistic) ¹V� – X� – \1– • • • – \Cº, and an upper

bound estimate2 2 R of the ¹1 � Uº-quantile of its limit distribution. Then the regionf¹ V– Xº :

) ¹V– X– \1– • • • – \Cº � 2g is an asymptotically-valid con�dence region for¹V� – X� º.

First, we introduce a statistic based on the Lagrangian of the EG program. The idea of using

the Lagrangian or Karush-Kuhn-Tucker (KKT) system for inference in constrained programs also

appears in Li [116] and Hsiehet al. [77]. Consider the sample Lagrangian! C¹V– Xº = � C¹Vº �

XT¹1= � Vº for V 2 ¹0–1¼= and0 � X � 1. De�ne the statistic for somê 2 ¹0–1¼:

) W¹V– Xº = � inf
V02V̧ 1p

C
B^

C
�
! C¹V0– Xº � ! C¹V– Xº

�
– (2.18)

whereB^ = f � 2 R= : k� k2 � ^g. The statistic) W�nds the local minimum value of the Lagrangian

over a 1p
C
-neighborhood ofV.
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Next, we introduce the bootstrap) 1 to estimate an “upper bound” of the distribution of) W¹V� – X� º.

) 1 = � inf
V2R=

¸

¹nC¹� 1ºT¹V� VWº ¸ 1
2kVW� Vk2

Ĥ
º•¹nCº2 •

The quadratic function ofV insideinf aims to estimate a quadratic expansion of the Lagrangian at

¹V� – X� º.

To see that) 1 is an upper bound of) W¹V� – X� º, it turns out that) W¹V� – X� º
3

! � inf � 2B^ � T � ¸

1
2 � TH � , while ) 1 ?

  � inf � 2R= � T � ¸ 1
2 � TH � where� � N ¹ 0–Cov¹r � ¹�– V� ººº. For the same

realization of� , the limit distribution of) 1 is greater than or equal to that of) W¹V� – X� º.

Now we are ready to introduce the con�dence region. Given a threshold value2, the statistic

) Winduces the region

� W¹2º = f¹ V– Xº : ) W¹V– Xº � 2g

\ f¹ 1= � VºTX= 0–0 � V � 1=–0 � X � 1g •

Let 21
1� U be the conditional¹1 � Uº-quantile of) 1, i.e.,21

1� U = inf f G: P¹) 1 � Gjf \ ggº � 1 � Ug.

Then a con�dence region for¹V� – X� º is � W¹21
1� Uº.

Theorem 22. SupposenC = >¹1º, nC
p

C! 1 , Ĥ
?

! H . If the CDF of) 1 is continuous at the

¹1� Uº-th quantile of) 1 , thenlim inf C!1 P¹¹V� – X� º 2 � W¹21
1� Uºº � 1� U. Proof in Section B.4.8.

The condition on the continuity of the CDF is mild and commonly seen in the literature. The

cost that comes with the general applicability of the con�dence region� W¹21
1� Uº is computational.

To decide whether a point¹V– Xº is in the region one solves the optimization problem in Eq. (2.18).

2.4 Experiments

We now conduct experiments to investigate the performance of the bootstrap estimator Eq. (2.17)

in FPPE withSCS conditions. We aim to (1) verify that the bootstrap produces a consistent esti-

mate of the FPPE asymptotic distribution, and (2) study the effect on the bootstrap of the stepsize
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parameternCand market parameters, such as the number of items, number of buyers, proportion of

budget-constrained buyers, and the value distributions.

Synthetic experiments.In Section B.2.1 we consider an ideal scenario where buyers' values

are i.i.d. draws from some distribution, i.e.,E1– • • • – E= � 883� E. To assess the effect of the tail of

the value distributions, we take� E to be a uniform, exponential, or truncated normal distribution.

We visualize and compare two setups:1) true resampling,where the �nite-sample distribution

of
p

C¹VW� V� º, obtained by repeatedly drawing independent FPPE instances, and2) bootstrap:

n� 1
C ¹V1 � VWº as de�ned in Eq. (2.17), obtained by bootstrapping only one FPPE instance. We

also vary the bootstrap stepsizenC. Experiments con�rm that our bootstrap Eq. (2.17) is consistent,

fairly robust under a wide range of market parameters when bootstrap stepsize is chosen appropri-

ately.

Semi-real experiments. In Section B.2.2 we construct realistic instances from real-world

auction markets based on the iPinYou dataset [97]. The dataset contains raw log data of the bid,

impression, click, and conversion history on the iPinYou platform. From the dataset we estimate

the click-through rate of impressions using logistic regression and simulate realistic advertisers'

values by perturbing the regression coef�cients. We treat the sum of pacing multipliers as the

target parameter and use percentiles of the bootstrap estimates based on Eq. (2.17) to construct

con�dence intervals. We assess the effect on the coverage rate of the number of items, number

of advertisers, the bootstrap stepsizenC, and the proportion of unpaced buyers. These experiments

show that our bootstrap is suitable for realistic auction markets.
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Chapter 3: Application: Interference in FPPE

3.1 Introduction

Online A/B testing is widely used in the internet industry to inform decisions on new fea-

ture roll-outs. For online marketplaces (such as advertising markets), standard approaches to A/B

testing may lead to biased results when buyers operate under a budget constraint, as budget con-

sumption in one arm of the experiment impacts performance of the other arm. To counteract this

interference, one can use a budget-split design where the budget constraint operates on a per-arm

basis and each arm receives an equal fraction of the budget, leading to “budget-controlled A/B

testing,” see e.g. [122, 123].

Despite clear advantages of budget-controlled A/B testing, companies are extremely constrained

by the number of such experiments they can run. While it's possible to create more budget splits,

this will lower the budget per group substantially, which could lead to different equilibrium out-

comes and may disproportionately affect smaller buyers. Additionally, a common approach to

increase experimentation throughput is to run orthogonal experiments (with their own orthogonal

randomization), but this would either suffer from the same interference as the vanilla A/B test

setup, or also require further budget splits.

In this chapter, we propose aparallel budget-controlled A/B testdesign where we use market

segmentation to identify submarkets in the larger market, and we run parallel experiments on each

submarket. When the overall market can be divided into several relatively isolated submarkets,

budget-controlled A/B tests can be conducted in parallel within these submarkets. However, this

method also presents some challenges. First, submarkets are rarely completely isolated; certain

items may attract buyers from multiple submarkets, resulting in interference across submarkets

when conducting tests in parallel. Second, submarkets differ in terms of buyer (and user) compo-
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sition, which might cause the local treatment effect estimates to not be representative of the global

treatment effect where all buyers are included in the market. The second challenge is relatively

easy to address in practice by imposing balancing constraints in the clustering algorithm used to

de�ne submarkets, while the �rst challenge is more fundamentally important and requires deeper

understanding.

Before the theoretical exposition, we consider a comparison of results for paired experiments

between a parallel budget-controlled A/B test setup, and that of a traditional budget-split design;

where the latter is considered the gold standard.1 Figure 3.1 shows comparisons of 99 exper-

iments where the point estimate and CIs are plotted on the vertical axis for the parallel design,

and on the horizontal axis for the budget-split design. The most important feature is whether the

two experiments agree between (negative, neutral, positive), as a change would result in a launch

reversal. The two experiment designs agree in75%of cases (at90%con�dence level, hence the

optimal agreement is81•5%), which increases to79%after the introducing a guardrail metric, see

Figure 3.1 on the right. These results are quite satisfactory, but do point at the existence of remain-

ing interference bias. In the remainder of this chapter, correcting the interference bias is the main

objective.

Contributions of this chapter include

1. We formally de�ne market interference in �rst-price auction markets using the �rst price

pacing equilibrium (FPPE) framework [13] (Sec. 3)

2. We propose a debiased surrogate that eliminates the �rst-order bias of FPPE, and derive a

plug-in estimator for the surrogate and establish its asymptotic normality. (Sec. 4)

3. We run semi-synthetic experiments, con�rming that the debiasing technique achieves the

desired coverage properties. (Sec 5).
1This part of experiments is conducted by Dr. Congshan Zhang from Meta.
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3.1.1 Parallel A/B Testing in Practice

In this section we describe the real-world problem of A/B testing with congestion that we wish

to model, and our proposed solution of parallel A/B tests in carefully balanced submarkets. We

start by describing the market environment. There is a set of= advertisers, and each advertiser8has

a budget18. Whenever a user shows up on the platform animpression opportunityoccurs, and an

auction is conducted in order to determine which ad will be shown to the user. Each advertiser8has

some stated valueE8¹\ º of being shown to a particular impression opportunity\ . The advertiser

submits a bid which is determined based onE8¹\ º, as well as the expenditure of the advertiser so far.

For example, inmultiplicative pacing[124, 59], the platform adaptively learns apacing multiplier

V8 2 »0–1¼such that the bid is formed asV8E8¹\ º. The budget-management system then adaptively

controlsV8 over time, in order to ensure the correct rate of budget expenditure on behalf of the

advertiser. We consider �rst-price auctions, which is the predominant way display advertising is

sold online.

Now that we have discussed budget management, we describe the A/B testing problem. Sup-

pose that a platform wants to run A/B tests, which may affect, e.g., the valuations that advertisers

have for impression slots, revenue, etc. We construct the market-segmented experimental setup as

follows: We �rst de�ne a bipartite graph between advertisers and users based on targeting criteria.

Subsequently, we cluster the advertisers into clusters, where the objective is to minimize the sum

of weighted edges between clusters subject to traf�c balancing constraints to make the resulting

clusters as similar to the whole market as possible. The edge weight between a pair of advertisers

is the number of impressions (or users) where they are both within the top-: bids. The choice of:

is a parameter that must be chosen based on experience with the speci�c application setting. If the

clustering achieves a small objective function value, then each cluster is a mostly isolated submar-

ket, in the sense that each user will mostly receive bids from advertisers in a single cluster. Then,

we run an A/B test within each of the submarkets. Every user is randomly assigned to either

“A” or “B” in each submarket. The main challenge is that while submarkets are relatively isolated,

there is remaining interference from users who are targeted by advertisers from different submar-
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kets, leading to a slightly different equilibrium. Our main contribution is to de�ne a framework for

analyzing such interference, and giving an estimator that removes the bias from these users. We

survey related works in Section C.4.

Notation. For a measurable space¹� –d\ º, we let! ? (and! ?
¸ , resp.) denote the set of (nonneg-

ative, resp.)! ? functions on� w.r.t the base measured\ for any ? 2 »1–1¼ (including ? = 1 ).

GivenG2 ! 1 andE 2 ! 1, we lethE– Gi =
¯
� E¹\ ºG¹\ º d\ . We treat all functions that agree on all

but a measure-zero set as the same. For a sequence of random variablesf - =g, we say- = = $ ?¹1º if

for anyn ¡ 0 there exists a �nite" n and a �nite# n such thatP¹j- =j ¡ " nº Ÿ nfor all = � # n. We

say- = = >?¹1º if - = converges to zero in probability. For a subset� 0 � � , let 1� 0¹�º : � ! f 0–1g

be the indicator function of� 0. Convergence in distribution and probability is denoted by
3

! and
?

! . Given a vector0 = »01– • • • – 0=¼T, let diag¹0º denote the diagonal matrix with¹8– 8º-th entry

being08; sometimes we writediag¹08º when it is convenient to de�ne each08 inline. Let � y denote

the Moore–Penrose inverse of the matrix� , 49 the 9-th unit vector, and»=¼= f 1– • • • – =g.

3.2 Interference as Contamination

In this section, we discuss how to estimate market equilibria when there iscontaminationin

the supply, meaning that items are generated from a mixture of two distributions, when in reality

we wish to estimate equilibrium quantities from one of the two distributions. Then, we show that

interference from other markets can be viewed as a form of contamination, and so the problem of

removing interference bias can be analyzed via our contamination framework.

3.2.1 FPPE with Contaminated Supply

We assume that we are in the same FPPE setting as before: there are= buyers, each with budget

18, and an item set� which is now partitioned in to� bad and� good. However, now we assume

that the supplyBis contaminated byB0, another supply distribution. We de�ne theU-contaminated

market asM U = FPPE¹1– E– BU–� º and the uncontaminated market asM 0 = FPPE¹1– E– B–� º,

whereBU = UB0 ¸ ¹ 1 � UºB, distributionB0 is supported on� bad, andBon � good. Our goal is
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to perform inference about FPPE properties in the limit FPPE with the supplyB. However, we

are given access to �nite FPPEs sampled fromBU instead. In particular, letWbe Ci.i.d. draws

from BU and let cM U = ›FPPE¹1– E–1•C– Wº. We assumeU is known throughout the chapter. In

practice, this can often be estimated from historical data; in the parallel A/B test setting, this can

be estimated directly from the sampled set of items, since we know whether an item is drawn from

Bor B0. Let V� andV�
U be the limit pacing multipliers inM 0 andM U, respectively. LetVW

U be the

pacing multipliers in the sampled marketcM U and let� U–C¹Vº = 1
C
Í C

g=1� ¹\ g– Vº be the sample EG

objective.

If we wanted to make inferences aboutM U then we could use existing statistical inference

theory on how to use data in a �nite FPPEcM U to make inferences about the limit FPPEM U [96].

However, the supply contamination prevents the application of these tools to our problem.

Our central research question is then on how to use data in the �nite contaminated marketcM U

to make inferences about the uncontaminated limit marketM 0.

In Section 3.3 we propose an estimator for this problem and derive its properties. The results

there apply to general item space� and suppliesBandB0. By imposing structure on� – BandB0,

we show that the contamination model captures the interference among FPPEs.

3.2.2 Application: Modeling Interference among FPPEs

Now we show how the contamination model from the previous section can be used to model

interference. Consider separate auction markets, which together form a global market. In the

global market there are= buyers, each with budget18, and an item set� , partitioned into� good and

� bad. Let � 1– • • • – � be a partition of the buyers,� 1– • • • –�  be a partition of the good item set

� good, andB1– • • • B be a set of supply functions, supported on� 1– • • • –�  respectively. The: -th

submarket consists of buyers in� : , the item set� : and supplyB: . Let B= 1
 

Í
: B: be the average

mixture andB0be a supply supported on� bad. Let the contaminated supply beBU = UB0¸ ¹ 1� UºB.

By imposing structure on� good and� bad the contamination model can capture interference

among auction markets. We assume that submarkets are separated, which models the ideal case

73



where there is no interference. A buyer82 � : is only interested in items from the submarket he

belongs to:E8¹\ º = 0 for \ 2 � : 0– :0 < : . Next, we let� bad represent items that cause outbound

edges from submarkets; see the green edges in Figure 3.2 left panel. An item is referred to asbadif

it has positive values for buyers from at least two different submarkets. Formally,\ 2 � bad if there

exist82 � : , 9 2 � : 0, : < : 0, such thatE8¹\ º ¡ 0 andE9¹\ º ¡ 0. Combining these assumptions,

we have that a buyer8 from submarket: has positive valuesonly for items from the sets� :

and possibly� bad. Now we have fully speci�ed a contaminated market setup: we wish to make

inferences on the market consisting of only� good (which is really fully separate submarkets),

but we observe an actual market containing items from� good [ � bad. With this setup, we can use

the results developed in the following section to model interference in parallel submarkets.

In Figure 3.2 we present an example of interference among = 3 submarkets. The market

of interest is the perfectly separated market (right). This is because, in parallel A/B testing, sub-

markets are explicitly created such that each submarket resembles the global market. Then when

a submarket receives a treatment, the observed quantities in that submarket, such as revenues and

social welfare, are considered surrogates for the treatment effect in the global market. However, in

practice we only observe the interfered �nite market (left), which converges to the interfered limit

market (middle). In Section C.6 we show how to analyze parallel A/B testing using this framework.

3.3 A Debiased Estimator and Its Properties

This section develops a methodology for making inferences about the uncontaminated limit

FPPE. Since the interference setting is a special case of the contamination setting, we develop

theories for the latter. We introduce a surrogate for pacing multipliers, based on the notion of

directional derivatives, and establish its debiasing property in Section 3.3.1. Then, we focus on es-

timating this surrogate quantity in Section 3.3.2, and develop asymptotic normality results in Sec-

tion 3.3.3. Secondly, we consider estimating revenue, which can be thought of as a smooth function

of pacing multipliers. We discuss debiased revenue estimation and inference based on our pacing

multiplier results in Section C.5.
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3.3.1 A Debiased Surrogate for Pacing Multipliers

If we view V�
U as a function of the level of contaminationU, then one can imagine that under

suf�cient regularity conditions, the pacing multipliers in the perfectly separated market,V�
0, can be

approximated by some form of Taylor expansion ofU 7! V�
U at U. This can be made rigorous by

the notion of directional derivatives. We de�ne

dV� ¹Uº = lim
n! 0¸

V�
U� n � V�

U

n
• (3.1)

if the limit exists. We will show in Theorem 23 thatV�
U ¸ UdV� ¹Uº serves as a good approximation

to V� = V�
0.

Thanks to the convex program characterization of FPPE, the directional derivativedV� ¹Uº has

a closed-form expression under certain regularity conditions (the conditions are given in Theo-

rem 23; the full proof is given in the appendix). We need a few notations for this expression.

De�ne XU =
¯

r 5¹\– V�
Uº¹B� B0º d\• Let H U = r 2

VV

¯
� ¹\– V�

UºBU d\ be the Hessian matrix in the

marketM U and %U = diag¹1¹V�
U–8Ÿ 1ºº. Then, under the regularity conditions given in Theo-

rem 23 below,

dV� ¹Uº = �¹ %UH U%UºyXU • (3.2)

We present a heuristic derivation in Section C.7. Given the closed-form expression ofdV� ¹Uº, we

de�ne the following debiased pacing multiplier

eV� = V�
U ¸ U � ¹�¹ %UH U%UºyXUº • (3.3)

Theorem 23(Analysis of Bias). Suppose that in the marketM 0 conditionsSMO andSCS hold, and

assume thatV 7! r 2
¯

� ¹\– VºB0d\ is twice continuously differentiable in a neighborhood ofV� .

Then the directional derivativedV� ¹�º is well-de�ned in a neighborhood of zero, and is given by
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Eq.(3.2). Moreover, asU # 0,

keV� � V� k2 = >¹Uº •

The proof is given in Section C.2.1. Theorem 23 indicates that the debiased surrogateeV�

removes �rst-order bias caused by contamination. The limit pacing multipliersV�
U of the contami-

nated marketM U will have bias of orderV�
U � V� = � ¹Uº. In contrast, Theorem 23 shows that the

debiased surrogate only incurs a bias of order>¹Uº.

3.3.2 The Estimator

In this section we introduce a plug-in estimator for the debiased surrogateeV� and introduce a

consistency theorem. The next section discusses constructing con�dence intervals.

To estimatedV� ¹Uº in Eq. (3.2) we need estimates of its three components: the HessianH U =

r 2
VV

¯
� ¹\– V�

UºBU d\ , the diagonal matrix%U and the vectorXU =
¯

r 5¹\– V�
Uº¹B� B0º d\ .

The Hessian. For simplicity in our theoretical results, we will simply assume a generic Hessian

estimator bH U such that for some[ C # 0 we have bH U � H U = $ ?¹[ Cº. Honget al. [125] discuss

the estimation of the derivative in detail. Different kinds of statistical guarantees require different

rate conditions on[ C; see Theorems 24 and 25. We then introduce two Hessian estimators: one is

applicable for general FPPE, while the other requires an extra market regularity condition. The �rst

Hessian estimator is the �nite difference method. Let48– 49 be basis vectors andYCbe a step-size.

Then the estimator is

bH U»8– 9¼= »� U–C¹VW
¸¸ º � � U–C¹VW

¸� º � � U–C¹VW
�¸ º ¸ � U–C¹VW

�� º¼•¹4Y2
Cº –

where VW
�� = VW

U � 48YC � 49YC, and � U–C¹Vº = 1
C
Í C

g=1� ¹\ g– Vº, with f \ ggg being the items in

cM U. In practice, a diagonal approximation of the Hessian suf�ces. The second method relies on

an additional regularity condition, in which case we derive a simpli�ed formula for the Hessian,

thereby enabling a simpler estimation procedure (see Theorem 25).
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The vector XU. Let 6 be the Radon-Nikodym ratio6¹\ º = ¹d¹B� B0º•dBUº¹\ º = 1
1� U1� good ¹\ º �

1
U1� bad ¹\ º. With the ratio6, the true vectorXU can be written asXU =

¯
6¹\ ºr 5¹\– V�

UºBU¹\ º d\ ,

which is easy to estimate given i.i.d. draws fromBU. In particular, our estimator is thenbXU =

1
C
Í C

g=16¹\ gº` g • Here` g = »Gg
1Eg

1– • • • – Gg
=Eg

=¼T is a subgradient of5¹\ g– VWUº w.r.t. V.

The diagonal matrix %U. Recall %U = diag¹1¹V�
U–8 Ÿ 1ºº. So a natural estimator isb%U =

diag¹1¹VW
U–8Ÿ 1 � ]Cºº, where the slackness]C� 1p

C
.

With all three components estimated, usingVW
U is the pacing multiplier in the marketcM U we

de�ne the plug-in estimator fordV� ¹Uº in Eq. (3.2) as

bV = VW
U � U� ¹ b%U bH Ub%UºybXU • (3.4)

Theorem 24(Consistency). Suppose that in the marketM U conditionsSMO and SCS hold. If the

Hessian estimation error satis�es[ C= >¹1º, thenbV
?

! eV� . The proof is in Section C.2.2.

3.3.3 Asymptotic Normality and Inference

We present two asymptotic normality results. In the �rst result, we require a stronger con-

dition on the Hessian error rate[ C. In particular, as will be shown in Theorem 25, the rate

condition [ C = >¹1•
p

Cº is suf�cient for normality. One could use a separate large historical

dataset to obtain a good estimate of the Hessian matrix. In the second result, we impose an

additional condition on market structure which simpli�es the Hessian expression and facilitates

ef�cient Hessian estimation. To describe the additional market structure, we de�ne the gap be-

tween the highest and the second-highest bid for an item\ under pacingV by bidgap¹V– \º =

maxf V8E8¹\ ºg � secondmaxf V8E8¹\ ºg –wheresecondmaxis the second-highest entry potentially

equal to the highest; e.g.,secondmax¹»1–1–2¼º= 1. When there is a tie for an item\ under pacing

V, we havebidgap¹V– \º = 0. When there is no tie for an item\ , the gapbidgap¹V– \º is strictly

positive.

For any6 : � ! R, letEU»6¼=
¯

6BU d\ andCovU¹6º = EU»¹6� EU»6¼º¹6� EU»6¼ºT¼. Recall
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eV� is the debiased surrogate in Eq. (3.3) andbVis its estimator de�ned in Eq. (3.4).

We need to introduce a few more notations to describe the normality results. First, let3U =

�¹ %UH U%Uºyr 5¹�– V�Uº . As mentioned previously, the pacing multipliers in the contaminated

market converge to the limit counterpart and have the representation

p
C¹VW

U � V�
Uº =

1
p

C

CÕ

g=1

¹3U¹\ gº � EU»3U¹\ gº¼º >̧?¹1º •

In the statistics literature, the function3U¹�º � E»3U¼is called the in�uence function [31]. For our

debiased estimators, we need the following (uncentered) in�uence functions.

31¹\ º =
� 1

1� U1� good ¹\ º
�
3U¹\ º – 32¹\ º = 31¹\ º � 2Udiag¹V�

U–8XU–81� 1
8 º3U¹\ º •

Theorem 25. Let SCS andSMO hold inM U.

1. Asymptotic Normality in a General Market.It holds thatbV� eV� = I C¸ $ ?¹[ Cº ¸ >?¹ 1p
C
º–

where
p

CIC
3

! N ¹ 0–� 1º with � 1 = CovU¹31º, and[ Cis the Hessian estimation error.

2. Asymptotic Normality under a Bid Gap Condition.If in addition EU»1•bidgap¹V�
U– \º¼Ÿ

1 , thenH U = diag¹18•¹ V�
U–8º

2º. Suppose we estimateH U with bH U = diag¹18•¹ VW
U–8º

2º. Then
p

C¹bV� eV� º
3

! N ¹ 0–� 2º where� 2 = CovU¹32º. The proof is in Section C.2.3.

Theorem 25 part 1 shows how the error of the Hessian estimate affects the distribution of the

estimatorbV. If [ C= >¹1•
p

Cº, then the decomposition becomes
p

C¹bV� eV� º =
p

CIÇ >?¹1º, implying

asymptotic normality, i.e.
p

C¹bV� eV� º
3

! N ¹ 0–� 1º, in which case one can construct an ellipsoidal

con�dence region foreV� . Theorem 25 part 2 shows direct asymptotic normality under the extra

condition, with a simpler Hessian estimator that avoids �nite differences.

To perform inference, we need to construct a consistent estimate of the covariance matrix. Now

we describe a plug-in estimate of� 1. Let the estimatorb31
g

be b31
g

= �
� 1

1� U1� good ¹\ gº
�
¹ b%U bH Ub%Uºy` g –

where` g = »Gg
1Eg

1– • • • – Gg
=Eg

=¼T, andc%U– bH U have been de�ned in Section 3.3.2. The plug-in esti-

mator isb� 1 = 1
C
Í C

g=1¹ b31
g
� 31º¹ b31

g
� 31ºT with 31 = 1

C
Í C

g=1
b31

g
. By similar arguments as in Liaoet

al. [95], the plug-in estimates of� 1 and� 2 are consistent. algorithm 1 summarizes the debiasing
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procedure.

In Section C.5 we present a similar debiased estimator for revenue and its bias and variance

properties. In Section C.6 we specialize the debiased estimator to parallel budget-controlled A/B

testing.

3.4 Semi-synthetic experiment

To evaluate our proposed framework and debiased estimator, we run semi-synthetic simulations

to check if the proposed estimator for beta and revenue are indeed less biased, and we test the

coverage of the proposed estimator. Fully synthetic experiments are presented in Section C.8. All

the experiments in the section are produced by Dr. Liang Shi from Meta Inc.

In the semi-synthetic experiments, we simulate 40 buyers and 10000gooditems in two sub-

markets, with a varying number ofbad items (up to 5000) in order to study the effect of the con-

tamination parameterU. For eachU, we randomly sample a budget for each buyer, and computeV�

andREV� from the limit pure marketM 0 with a value function in each submarket. Both the bud-

get and values are sampled from historical bidding data, making the budget and value distributions

heavy-tailed as in the real-world applications. More speci�cally, we �rst sample a certain number

of auctions. For each auction, we sample a given number of advertisers with their per-impression

bids. Advertisers that are sampled across different auctions are treated as the same buyers and their

budgets are determined by aggregating their values over auctions up to a scalar to calibrated to get

the percentage of budget-constrained buyers equal to what was observed in the real-world auction

market, along the same lines as the experiments of Conitzeret al. [59].

To check if the debiased surrogate reduces bias, we computeV�
U and REV�

U from the limit

market with interferenceM U and their surrogates,eV� and •REV
�

(eV� is de�ned Eq. (3.3),•REV
�

is de�ned in Section C.5. We look at the normalized bias for the surrogate, de�ned askeV� �

V� k2•kV� k2 for pacing multipliers and asj•REV
�
•REV� � 1j for revenue, and similarly de�ned for

the limit quantities. Figure 3.3 shows the normalized bias curves as a function ofU. The magnitude

of the bias increases withU, for both the variables in the limit market with interferenceM U and
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their debiased surrogates. The bias of the debiased surrogates is indeed much smaller than the

contaminated limit quantities.

Next, we check the coverage of the proposed variance estimator. For eachU and each budget

sample, we run 100 simulations in the following way: We sample items (or their values for each

buyer) considering two submarkets and bad items. We then run the �nite FPPE with bad items

and obtain a baseline estimate for pacing multiplier and revenue without applying the debiasing

procedure. Then, we apply the debiasing procedure to compute the debiased estimates. For each

simulation, we check if the debiased surrogate is within the con�dence interval of the debiased

estimator. Finally, we aggregate them to compute the estimated coverage of the estimator. The

results for both pacing multiplier and revenue are shown in Table 3.1. For the coverage ofbV,

we �rst compute the coverage of each component and report only the average in the table. For

revenue, we construct the CI using the two approaches as mentioned in Section C.5: one based on

Eq. (C.14) and the other using parametric bootstrap based on the estimated asymptotic distribution

of bV(with "(b)" in the column names).

Firstly, Figure 3.4 shows that both CIs converges to the true value from the limit market with

interferenceM U as the number of items goes to in�nity. Then, in Table 3.1, we show that the

coverage forbV is slightly smaller than the nominal level (95%), as well as the coverage of the

bootstrap CI of revenue. The under-coverage forbV is mainly driven by the under-estimation of

the variance ofbV, while the under-coverage of the bootstrap CI for revenue can also be partially

attributed to the higher dimensionality (with 40 buyers), making the bootstrap resampling harder

to explore the whole space.

Although the proposed variance estimator has good asymptotic properties, the results from

our synthetic experiments suggest that it can perform badly, in either direction, for �nite markets.

Constructing more accurate variance estimators for our debiased estimator in �nite settings would

certainly mitigate the over- or under-coverage issues that we observe here and deserve more future

research. One promising alternative is to construct the CI forbVandšREV by directly bootstrapping

the observed value matrix, though this might work best for independent valuations across buyers.
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bV šREV

U coverage CI width CI width (b) coverage coverage (b)

1000/11000 0.877 0.244 0.044 1.0 0.95
2000/12000 0.849 0.225 0.043 1.0 0.87
3000/13000 0.852 0.210 0.041 1.0 0.81
4000/14000 0.828 0.200 0.040 1.0 0.90
5000/15000 0.826 0.191 0.039 1.0 0.90

Table 3.1: Coverage ofbVand revenue estimates in the semi-synthetic experiments. All quantities
are averaged over 100 simulations for eachU (the ratio of the number of bad items and the total
items). The coverage ofbVis averaged over all components ofbV. For revenue estimates, the
columns with "(b)" represent the quantities from the bootstrap CI, while the columns without
"(b)" are for the CI from Eq. (C.14). The CI widths are normalized by the revenue from the limit
marketM U.

Figure 3.1: Parallel vs. standard budget-controlled A/B test, daily treatment effect. We denote
neutral treatment effects with a value of1•0. Red crosses indicate instances of sign
inconsistencies. Left are all data points, on the right, data points that fail a guardrail metric are
removed.
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Figure 3.2: Left: Finite FPPE (left) and limit FPPE (right). In a �nite FPPE, there are a �nite
number of items; in a limit FPPE, the item set is a continuum.Right: The interference model —
Left ( cM U): the observed market where interference is present among submarkets. Middle (M U):
the limit market with interference from bad item set. Right (M 0): the limit market with perfectly
separated submarkets. We use data from the left panel to make inferences about the market in the
right panel.

Figure 3.3: Normalized bias (in percent of true value) as a function ofU in semi-synthetic
experiments.eV� and•REV

�
are the debiased surrogates for pacing multiplier and revenue in the

limit market with interferenceM U.
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Figure 3.4: Revenue con�dence intervals as a function of the number of items in semi-synthetic
experiments. The analytic CI comes from Eq. (C.14). The true value is the debiased surrogates
for revenue in the limit market with interferenceM U.
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Appendix A: Appendix to Chapter 1

Proofs for Analytical Properties of the Dual Objective

A.1 Analytical Properties of the Dual Objective

A.1.1 Formal Statements

Based on our differentiability characterization, it is natural to search for a stronger form of

Eq. (1.30) and hope that such a re�nement could lead to second-order differentiability. Theo-

rem 16 provided three suf�cient conditions for second-order differentiability. Condition (i) gives

two such re�nements of Eq. (1.30). Condition (ii) is motivated by the idea that the expectation

operator tends to produce smooth functions. The exact smoothness requirement is presented in

the appendix, which we show is easy to verify for several common distributions. Finally, Condi-

tion (iii) considers the linear-valuations setting of Gao and Kroer [29], where the authors provide

tractable convex programs for computing the in�nite-dimensional equilibrium. Here we give an-

other interesting properties of this setup by showing that the dual objective is� 2. Generalization

to piecewise linear value functions will also be discussed at the end.

The tied buyers for an item will be useful for later discussions. Let� ¹V– \º = arg max8V8E8¹\ º

be the set of maximizing indices, which could be non-unique. We say there isno tie for item\ at

V if � ¹V– \º is single-valued, in which case we use8¹V– \º to denote the unique maximizing index.

Moreover, by Theorem 3.50 from Beck [126], the subgradientmV5¹\– Vº is the convex hull of the

setf E848– 82 � ¹V– \ºg. When� ¹V– \º is single-valued, the subgradient set is a singleton, and thus5

is differentiable.
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Markets with suf�cient bid gap

A natural idea is to search for a stronger form of Eq. (1.30) and hope that such a re�nement

could lead to second-order differentiability. In particular, this section is concerned with statement

(i) of Theorem 16. First we show the condition based on the expectation.

Theorem 26. Suppose� is differentiable in a neighborhood ofV� and

E
�

1
bidgap¹V� – \º

�
=

¹

�

1
bidgap¹V� – \º

B¹\ º d\ Ÿ 1 – (INT)

then� is twice differentiable atV� . Furthermore, it holdsr 2 �5¹V� º = 0andr 2� ¹V� º = diag¹18•¹ V�
8º2º.

Proof in Section A.1.2.

We compare the integrability condition in the above theorem with Eq. (1.30). Both Eq. (INT)

and Eq. (1.30) can be interpreted as a form of robustness of the market equilibrium. The quantity

bidgap¹V– \º measures the advantage the winner of item\ has over other losing bidders. The larger

bidgap¹V– \º is, the more slack there is in terms of perturbing the pacing multiplier before affecting

the allocation at\ . In contrast to Eq. (1.30) which only imposes an item-wise requirement on the

winning margin, the above assumption requires the margin exists in a stronger sense. Concretely,

such a moment condition on the margin functionbidgap represents a balance between how small

the margin could be and the size of item sets for which there is a small winning margin.

Second we consider the condition based on the essential supremum. For any buyer8and her

winning set� �
8, there exists a positive constantn8 ¡ 0 such that

V�
8E8¹\ º � max

: <8
V�

: E: ¹\ º ¸ n8–8\ 2 � �
8 , ess sup

\ 2�
1•bidgap¹V– \º Ÿ  Ÿ 1 (GAP)

It requires that the buyer wins the items without tying bids uniformly over the winning item set.

The existence of a constant Ÿ 1 such that1•bidgap¹V– \º Ÿ  for almost all items makes a

stronger requirement than Eq. (INT). From a practical perspective, it is also evidently a very strong

assumption: for example, it won't occur with many natural continuous valuation functions. Instead,
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the condition requires the valuation functions to be discontinuous at the points in� where the

allocation changes. Empirically, sinceVWis a good approximation ofV� for a market of suf�ciently

large size, Eq. (GAP) can be approximately veri�ed by replacingV� with VW. As a trade-off,

Eq. (INT) is a weaker condition than Eq. (GAP) but is harder to verify in practical application.

Below we present two examples where Eq. (INT) holds.

Example 4(Discrete Values). Suppose the values are supported on a discrete set, i.e.,»E1– • • • – E=¼ 2

f+1– • • • –+ g � R= a.s. Suppose there is no tie for each item atV� . Then Eq.(GAP) and thus

Eq.(INT) hold.

Example 5(Continuous Values). Here we give a numeric example of market with two buyers where

Eq. (INT) holds. Suppose the values are uniformly distributed over the setsf E � 0 : E2 � 1– E2 �

2E1gandf E � 0 : E1 � 1– E2 � 1
2E1g. See Figure A.1 for an illustration. By calculus, we can show

the map �5¹Vº = E»maxf E1V1– E2V2g¼is

�5¹Vº =

8>>>>>>>><

>>>>>>>>
:

� 5
12 � 1

3
V1
V2

�
V1 ¸ 2V2

3V1
V2 if V2 � 2V1

1
3 ¹V1 ¸ V2º if 1

2V1 Ÿ V2 Ÿ 2V1

� 5
12 � 1

3
V2
V1

�
V2 ¸ 2V1

3V2
V1 if V2 � 1

2V1

•

Next, we derive the Hessian of�5. On f 1
2V1 Ÿ V2 Ÿ 2V1g we haver 2 �5 = 0. In the region

f V2 ¡ 2V1g, the Hessian is

r 2 �5¹Vº =

2
6
6
6
6
6
4

2 V2
2

3 V1
3 � 2 V2

3 V1
2

� 2 V2

3 V1
2

2
3 V1

3
7
7
7
7
7
5

•

The Hessian on the regionf V2 Ÿ 1
2V1ghas a completely symmetric expression by switchingV1 and

V2. The Hessian can also be derived using formulas in Section A.1.3. From here we can see the

function �5 is � 2 except on the linesV2 = 2V1 andV2 = V1•2.

ConsiderVon � = f V ¡ 0 : 1
2V1 Ÿ V2 Ÿ 2V1g. Eq.(INT) holds. And thatr 2 �5¹Vº = 0 on � ,
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which agrees with Theorem 26.

ConsiderV in the interior of regionf V ¡ 0 : V2 ¡ 2V1g. The function �5 is twice continuously

differentiable but Eq.(INT) does not hold.

ConsiderV on the rayf V ¡ 0 : V2 = 2V1g. For theseV's the setf \ : bidgap¹V– \º = 0g is

measure zero and yetr 2 �5¹Vº is not twice differentiable at theseV's. This implies Eq.(1.30)does

not necessarily imply twice differentiability.

Figure A.1: Value distribution in Example 5

Markets with linear values

Now we consider the condition (iii) of Theorem 16: linear valuations. We adopt the setup

in Section 4 from Gao and Kroer [29] where we impose an extra normalization on the values;

the reasoning extends to the cases where at any point there are at most two lines intersecting at

that point. Suppose the item space is� = »0–1¼with supply B¹\ º = 1. The valuation of each

buyer8 is linear and nonnegative:E8¹\ º = 28\ ¸ 38 � 0. Moreover, assume the valuations are

normalized so that
¯

»0–1¼E8d\ = 1 , 28•2 ¸ 38 = 1. Assume the intercepts ofE8 are ordered such

that2 � 31 ¡ � � � ¡ 3 = � 0.

We brie�y review the structure of equilibrium allocation in this setting. By Lemma 5 from Gao

and Kroer [29], there is a unique partition0 = 0�
0 Ÿ 0�

1 Ÿ � � � Ÿ 0�
= = 1 such that buyer8receives

� 8 =
�
0�

8� 1– 0�8
�
. In words, the item set»0–1¼will be partitioned into= segments and assigned to

buyers1 to = one by one starting from the leftmost segments. Intuitively, buyer 1 values items

on the left of the interval more than those on the right, which explains the allocation structure.
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Moreover, the equilibrium prices?� ¹�º are convex piecewise linear with exactly= linear pieces,

corresponding to intervals that are the pure equilibrium allocations to the buyers.

Theorem 27. In a market with linear values, the dual objective� is � 2 at V� . Proof in Sec-

tion A.1.2.

The above result also extends to most cases of piecewise linear (PWL) valuations discussed

in Section 4.3 of Gao and Kroer [29]). In the PWL setup there is a partition of»0–1¼, � 0 = 0 �

� 1 � � � � � �  � 1 � �  = 1, such that allE8¹\ º's are linear on»� : � 1– � : ¼. At the equilibrium

of a market with PWL valuations, we call an item\ anallocation breakpointif there is a tie, i.e.,

� ¹V� – \º = arg max8V8E8¹\ º is multivalued. Now suppose the following two conditions hold: (i)

none of the allocation breakpoints coincide with any of the valuation breakpointsf � : g, and (ii)

at any allocation breakpoint there are exactly two buyers in a tie. Under these two conditions,

one can show that in a small enough neighborhood of the optimal pacing multiplierV� , the allo-

cation breakpoints are differentiable functions of the pacing multiplier. This in turn implies twice

differentiability of the dual objective by repeating the argument in the proof of Theorem 27. Intu-

itively, this occurs because under the two conditions, the PWL case behaves like the linear case in

a suf�ciently-small neighborhood around the equilibrium. However, if either condition (i) or (ii)

mentioned above breaks, the dual objective is not twice differentiable.

Markets with angularly smooth values

We �rst use a change of variable, and letI = E•kEk2 be the projection ofEonto the unit sphere.

It represents the angular component of the vectorE. Let 5¹E– Vº = max8V8E8¹\ º. Using a change

of variableI = E•kEk2 andA = kEk2 and homogeneity of5, the integral
¯

5¹E– Vº 5EdE can be

written as

¹

( =

¹ 1

0
5¹AI– VºA=� 1 5E¹AIº dAdI =

¹

( =

5¹I– Vº
� ¹ 1

0
A= 5E¹AIº dA

�
dI (A.1)
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wheredI is the surface measure on the unit ball( = in R=. From this representation, it is not

unreasonable to say that if
¯ 1
0 A= 5E¹AIº dAis a smooth function of the angular componentI , then

�5¹Vº will also be a smooth function ofV. TakingE8 = AI8, E: = I : • I 8, and so
¯ 1
0 A= 5E¹AIº dA =

¯ 1
0 E=

8 5E¹E8E1– E8E2– • • • – E8– • • • – E8E=º dE8•¹ I 8º=. So equivalently we require smoothness ofE� 8 7!
¯ 1
0 E=

8 5E¹E8E1– E8E2– • • • – E8– • • • – E8E=º dE8.

Now we make this precise. First we introduce some extra notations. For each82 »=¼, de�ne

the mapf 8 : R=
¸ ! R=

¸ ,

f 8¹Eº = »E1E8– • • • – E8� 1E8– E8– E8̧ 1E8– • • • – E=E8¼T

for 82 »=¼, which multiplies all except the8-th entry ofEby E8.

De�nition 6 (Angular regularity). Let 5 : R=
¸ ! R¸ be the probability density function (w.r.t. the

Lebesgue measure) of a positive-valued random vector with �nite �rst moment. We say the density

5 is angularly regular if for all� 8¹E� 8º =
¯ 1
0 5

�
f 8¹Eº

�
E=

8 dE8, 82 »=¼, it holds (i) � 8 is continuous

on R=� 1
¸¸ , and (ii) all lower dimensional density functions of� 8 are continuous (treating� 8 as a

scaled probability density function).

Theorem 28. Assume the random vector»E1– • • • – E=¼: � ! R=
¸ has a distribution absolutely

continuous w.r.t. the Lebesgue measure onR= with density function5E. If 5E is angularly regular,

then� is twice continuously differentiable onR=
¸¸ .

Proof in Section A.1.2.

The above regularity conditions are easy to verify when the values are i.i.d. draws from a

distribution. In that case, many smooth distributions supported on the positive reals fall under

the umbrella of the described regularity. Below we examine three cases: the truncated Gaussian

distribution, the exponential distribution and the uniform distribution.

When values are i.i.d. truncated standard Gaussians, the joint density5¹Eº = 21
Î =

8=1 exp¹� E2
8•2º

and� 8¹E� 8º = 21
¯
R¸

E=
8 exp¹� 1

2E2
8¹1 ¸

Í
: <8E2

: ºº dE8 = 22¹
Í

: <8E2
: º� =•2–which are regular. Here28,

8= 1–2, are appropriate constants. Similarly, for the i.i.d. exponential case with the rate parameter
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equal to one, the density5¹Eº =
Î =

8=1 exp¹� E8º and � 8¹E� 8º = ¹
Í

: <8E: º� = satisfy the required

continuity conditions. Finally, suppose the values are i.i.d. uniforms on»0–1¼. The joint density is

5¹Eº =
Î =

8=1 1f 0 Ÿ E8 Ÿ 1gand for example, if8= 1, � 1¹E� 1º = ¹minf 1– E� 1
2 – • • • – E� 1

= gº=¸ 1•¹ =¸ 1º,

which also satis�es the required continuity conditions.

A.1.2 Proofs

Proof of Theorem 15.Recall 5¹\– Vº = max8V8E8¹\ º. Note 5 is differentiable atV if and only if

bidgap¹V– \º ¡ 0. Let � di� ¹Vº = f \ : 5¹\– Vº is continuously differentiable atVg. Then

� di� ¹Vº =
�
\ :

1
bidgap¹V– \º

Ÿ 1
�

= f \ : � ¹V– \º is single-valuedg •

By Proposition 2.3 from Bertsekas [127] we know�5¹Vº = E»5¹\– Vº¼=
¯
� 5¹\– VºB¹\ º d\ is

differentiable atVif and only if
¯

1¹� di� ¹VººB¹\ ºd\ = 1. From here we obtain Theorem 15.

Remark 1. Suppose Eq.(1.30)holds in a neighborhood# of V� , i.e., 1
bidgap¹V–\º is �nite a.s. for

eachV 2 # , then by Theorem 15 we know� is differentiable on# . In fact, a stronger statement

holds: � is continuouslydifferentiable on# . See Proposition 2.1 from Shapiro [34].

Remark 2 (Comment on Theorem 15). We brie�y discuss why differentiability is related to the gap

in buyers' bids. Recall�5¹Vº = E»max8V8E8¹\ º¼. Let X 2 R=
¸ be a direction with positive entries,

and let � ¹V– \º = arg max8V8E8¹\ º be the set of winners of item\ which could be multivalued.

Consider the directional derivative of�5 at Valong the directionX:

lim
C#0

E
�
max8¹V8¸ CX8ºE8¹\ º � max8V8E8¹\ º

C

�

= E
�
lim
C#0

max8¹V8¸ CX8ºE8¹\ º � max8V8E8¹\ º
C

�

= E
h

max
82� ¹V–\º

E8¹\ ºX8

i
–
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where the exchange of limit and expectation is justi�ed by the dominated convergence theorem.

Similarly, the left limit is

lim
C"0

E
�
max8¹V8¸ CX8ºE8¹\ º � max8V8E8¹\ º

C

�
= E

h
min

82� ¹V–\º
E8¹\ ºX8

i
•

If there is a tie atV with positive probability, i.e., the set� ¹V– \º is multivalued for a non-zero

measure set of items, then the left and right directional derivatives along the directionX do not

agree. Since differentiability at a pointV implies existence of directional derivatives, we conclude

differentiability implies Eq.(1.30).

Proof of Theorem 26.By assumption, there is a neighborhood ofV� , say# , on which� is differ-

entiable. By Theorem 15, forV 2 # , 5is differentiable atValmost surely. De�ne� : # � � ! R=
¸ ,

� ¹V– \º = r 5¹\– Vº. To compute the Hessian w.r.t. the �rst term�5, we look at the limit

lim
� ! 0

E
�
� ¹V� ¸ �– \ º � � ¹V� – \º

k� k

�
• (A.2)

Suppose we could exchange expectation and limit in Eq. (A.2), then the above expression

would become zero: for a �xed\ , since Eq. (1.30) holds atV� , i.e, bidgap¹V� – \º ¡ 0, we apply

Lemma 2 and obtainlim � ! 0 ¹� ¹V� ¸ �– \ º � � ¹V� – \ºº•k� k = 0• This implies that� is twice

differentiable atV� with Hessianr 2� ¹V� º = r 2	 ¹V� º. It is then natural to ask for suf�cient

conditions for exchanging limit and expectation.

Lemma 2(bidgap¹V– \º as Lipschitz parameter of� ). Let V– V0 2 # .

• If kV� V0k1 � bidgap¹V– \º• �Ethen� ¹V0– \º = � ¹V– \º.

• It holdsk� ¹V0– \º � � ¹V– \ºk2 � 6 �E2 � 1
bidgap¹V–\º kV0 � Vk2.

By Lemma 2, we know the ratio¹� ¹V� ¸ �– \ º � � ¹V� – \ºº•k� k is dominated by6�Ebidgap¹V� – \º� 1,

which by Eq. (INT) is integrable. By dominated convergence theorem, we can exchange limit and

expectation, and the claim follows.
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Proof of Lemma 2.Note that for anyVand\ with bidgap¹V– \º ¡ 0, and anyV0 = V¸ � ,

k� ¹V¸ �– \ º � � ¹V– \ºk2

k� k2
� 6 �E2 �

1
bidgap¹V– \º

• (A.3)

To see this, we notice that on one hand, ifk� k1 � n•¹ 3�Eº wheren = bidgap¹V– \º, then for

8= 8¹V– \º and all\ 2 � 8¹Vº,

V0
8E8¹\ º = ¹V8¸ � 8ºE8¹\ º

� V8E8¹\ º � n•3 (A)

� V: E: ¹\ º ¸ n � n•3 (B)

� V0
: E: ¹\ º � n•3 ¸ n � n•3 – (C)

where¹ � º and ¹� º use the factk� k1 � n•¹ 3�Eº, and (B) uses the de�nition ofn. This implies

arg max8V0
8E8¹\ º = arg max8V8E8¹\ º and thus� ¹V ¸ �– \ º � � ¹V– \º = 0. On the other hand, if

k� k1 ¡ n •¹ 3�Eº, thenk� k2 � k � k1 ¡ n •¹ 3�Eº. Using the boundk� k2 � �E, we obtain Eq. (A.3).

This completes proof of Lemma 2.

Proof of Theorem 27.Recall the normalization on values28•2 ¸ 38 = 1. By Lemma 5 from Gao

and Kroer [29], we know that at the LFM equilibrium the there exists unique breakpoints0 = 0�
0 Ÿ

0�
1 Ÿ � � � Ÿ 0�

= = 1, 0�
8 = ¹� V�

838 ¸ V�
8̧ 138̧ 1º•¹ V�

828 � V�
8̧ 128̧ 1º, such that buyer8receives the item

set»0�
8� 1– 0�8¼ � � = »0–1¼. Moreover, it holds

V�
131 ¡ V �

232 ¡ � � � ¡ V �
=3= –

V�
121 Ÿ V�

222 Ÿ � � � Ÿ V�
=2= •

Now we consider a small enough neighborhood# of V� . For eachV 2 # , we de�ne the

breakpoint0�
8¹Vº = ¹� V838 ¸ V8̧ 138̧ 1º•¹ V828 � V8̧ 128̧ 1º by solving for\ throughV8¹28\ ¸ 38º =

V8̧ 1¹28̧ 1\ ¸ 38̧ 1º for 8 2 »= � 1¼, 0�
0¹Vº = 0, and0�

=¹Vº = 1. Let � 8¹Vº = f \ 2 � : E8¹\ ºV8 �
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E: ¹\ ºV: –8: < 8g.

Lemma 3. There is a neighborhood# of V� , so that� 8¹Vº = »0�
8� 1¹Vº– 0�8¹Vº¼for V 2 # .

When exists, the gradient is alwaysr �5¹Vº =
Í =

8=148
¯

1¹� 8¹VººE8¹\ ºB¹\ ºd\ . For V 2 # , it

further simpli�es to

r �5¹Vº =
=Õ

8=1

48

¹
1¹»0�

8� 1¹Vº– 0�8¹Vº¼º¹28\ ¸ 38º d\

=
=Õ

8=1

48

�
28

2

�
»0�

8¹Vº¼2 � » 0�
8� 1¹Vº¼2�

¸ 38
�
0�

8¹Vº � 0�
8� 1¹Vº

�
�

•

From this we see that continuous differentiability of the breakpoints0�
8¹Vº implies continuous

differentiability of r �5. This �nishes the proof of Theorem 27.

Proof of Lemma 3.We construct such a neighborhood# . De�ne

X= min
�

1
2 �

� V3• �� 3–
1
2 �

� V2• �� 2–
1
4 �

� 0
�
� V2• �E

�
–

where
�
� 0 = min j08 � 08� 1j,

�
� V2 = minf V�

8� 128� 1 � V�
828g ¡ 0, �� 2 = max8f 28� 1 � 28g ¡ 0, and

�
� V3 ¡ 0 and �� 3 ¡ 0 are similarly de�ned. Let# = f V : kV� V� k1 Ÿ Xg. The neighborhood# is

constructed so that on# it holds

V131 ¡ V 232 ¡ � � � ¡ V =3= –

V121 Ÿ V222 Ÿ � � � Ÿ V=2= –

0 = 0�
0¹Vº Ÿ 0�

1¹Vº Ÿ � � � Ÿ 0�
=¹Vº = 1 –

where the �rst inequality follows fromX � 1
2 �
� V3• �� 3, the second inequality fromX � 1

2 �
� V2• �� 2,

and the third inequality follows fromX �
�
� 0

�
� V2•¹ 4�Eº, where �E = max8sup\ 2»0–1¼28\ ¸ 38. For

\ 2 »0– 0�1¹Vº¼, max8V8¹28\ ¸ 38º is achieved by8 = 1. Similarly for 8 = 2– • • • – =. So we have

shown� 8¹Vº = »0�
8� 1¹Vº– 0�8¹Vº¼for V 2 # .
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Proof of Theorem 28.We need the following technical lemma on the continuous differentiability

of integral functions.

Lemma 4(Adapted from Lemma 2.5 from Wang [128]). LetD= »D1– • • • – D=¼ 2R=
¸¸ , and

� ¹Dº =
¹ D1

0
dC1� � �

¹ D=

0
� ¹C1– C2– • • • – C=º dC= –

where� is a continuous density function of a probabilistic distribution function onR=
¸ and such that

all lower dimensional density functions are also continuous. Then the integral� ¹Dº is continuously

differentiable.

Remark 3. The difference between the above lemma and the original statement is that the original

theorem works with density� and integral function� ¹Dº both de�ned onR=, while the adapted

version works with density� and integral� ¹Dº de�ned only onR=
¸¸ .

The gradient expression is

r �5¹Vº =
=Õ

8=1

48

¹
E81¹+8¹Vºº 5E¹Eº dE –

where the set+8¹Vº = f E 2 R=
¸ : E8V8 � E: V: – : < 8g– 82 »=¼, is the values for which buyer8

wins. For now, we focus on the �rst entry of the gradient, i.e.,
¯

E11¹+1¹Vºº 5E¹Eº dE. We write the

integral more explicitly as follows. By Fubini's theorem,

¹
E11¹+1¹Vºº 5E¹Eº dE (A.4)

=
¹ 1

0
dE1

¹ V1E1
V2

0
dE2

¹ V1E1
V3

0
dE3� � �

¹ V1E1
V=

0
¹E1 5E¹E1– • • • – E=ºº
|                  {z                  }

=:� 1¹Eº

dE= • (A.5)

To apply the lemma we use a change of variable. LetC= ) ¹Eº = »E1–E2
E1

– • • • –E=
E1

¼andE= ) � 1¹Cº =
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»C1– C2C1– • • • – C=C1¼. Then Eq. (A.5) is equal to

¹ 1

0
dC1

¹ V1
V2

0
dC2

¹ V1
V3

0
dC3� � �

¹ V1
V=

0

�
C=
1 5E¹C1– C2C1– • • • – C=C1º

�

|                         {z                         }
=:� 2¹Cº

dC= • (A.6)

NoteE»E1¹\ º¼=
¯
R=

¸¸
� 1¹Eº dE=

¯
R=

¸¸
� 2¹Cº dC= 1. We use Fubini's theorem and obtain

�@•(A.6) =
¹ V1

V2

0
dC2

¹ V1
V3

0
dC3� � �

¹ V1
V=

0
� ¹C� 1º dC= –

where we have de�ned� ¹C� 1º =
¯
R¸

C=
1 5E¹C1– C2C1– • • • – C=C1º dC1. By the smoothness assumption on

� and Lemma 4, we know that the mapD� 1 7!
¯ D2

0 dC2� � �
¯ D=

0 � ¹C� 1º dC= is � 1 for all D� 1 2 R=� 1
¸¸ .

Moreover, the mapV 7! » V1
V2

– • • • –V1
V=

¼is � 1. We conclude the �rst entry ofr �5¹Vº is � 1 in the

parameterV. A similar argument applies to other entries of the gradient. We complete the proof of

Theorem 28.

A.1.3 Closed-form Expression for Hessian

In this section we derive a closed form expression forr 2 �5¹Vº for someV 2 R=
¸ using tools

from differential geometry. Let5E¹Eº be the density of values w.r.t. the Lebesgue measure onR=.

Let K = r 2 �5¹Vº. Thenr 2� ¹Vº = K ¸ diag¹18•¹ V8º2º. Fix a buyer: . Now we deriveK :–� for

� 2 »=¼. We need to introduce a few sets. Let

+ = f E2 R=
¸ : V8E8 � V: E: – 82 »=¼g–

( � = f E2 R=
¸ : V: E: = V� E� – V8E8 � V: E: – 8< :– � g = + \ f E: V: E: = V� E� g –

� � = f E� : 2 R=� 1
¸ : V8E8 � V� E� – 8< :– � g •

The cone+, which we call thewinning coneof buyer : , is the set of valuation vectors such

that buyer: wins under the pacing pro�leV. The set( � is a face of+ , which represents the

values for which there is a tie between buyers: and� . It is clear� � is the projection of( � onto

108



Figure A.2: Illustration of+ , ( � and� � .

f E2 R= : E� = 0g. In Figure A.2 we present an illustration of these sets.

We will show that the HessianK can be characterized as

K :–� = �
V�

V2
:

¹

� �

E2
� 5E¹E1– • • • – E: � 1–

V� E�

V:
– E: ¸ 1– • • • – E=º dE� : for � < : – (A.7)

K :–: =
Õ

� <:

V2
�

V3
:

¹

� �

E2
� 5E¹E1– • • • – E: � 1–

V� E�

V:
– E: ¸ 1– • • • – E=º dE� : • (A.8)

The formulae indicate that only the value of5E on the faces( � , � < : matters for the Hessian.

Let � = V: 4: � V� 4� and � D = V: 4: � D4� for a scalarD. The : -th entry of r �5¹Vº is
¯

1¹+ ¹VººE: 5EdEand so the second-order derivative of�5 can be written as

K :–� =
m

mV�

¹
1¹+ ¹VººE: 5EdE •

De�ne the rotation matrix

) D =
�
�= �

� D� T
D

k� Dk2
2

� �
�= �

�� T

k� k2
2

�
¸

1
k� k2k� Dk2

� D� T •

The map) D is a diffeomorphism that mapsf E : � TE � 0g to the regionf E : � T
DE � 0g. It can be

seen that) D¹� •k� k2º = � D•k� Dk2 and) V� = �=. Notice that if we increaseV� , � < : , the face

( � rotates inward in+, pivoting at the origin. By a result from Section 5 in Kim and Pollard [99],

the derivative of the volume of a parametrized region can be written as a surface integral on the
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boundary of the region. Concretely, in our case, we have that

m
mV�

¹
1¹+ ¹VººE: 5EdE=

¹
1¹( � ºE: 5E=¹EºT

� m
mD

) DE
�
�
�
D=V�

�
df � –

where=¹Eº is the normal vector of( � pointing inside the winning cone+, anddf � is the surface

measure on( � . Now plug in

m
mD

) DE
�
�
�
D=V�

= �
E�

k� k2
2

� for E2 ( � –

=¹Eº =
�

k� k2
– df � =

p
1 ¸ ¹ V� • V: º2 dE� : –

and obtain

¹
1¹( � ºE: 5E=¹EºT

� m
mD

) DE
�
�
�
D=V�

�
df �

= �
¹

( �

E: E� 5Ek� k� 1
2 df �

= �
V�

V2
:

¹

� �

E2
� 5E¹E1– • • • – E: � 1–

V� E�

V:
– E: ¸ 1– • • • – E=º dE� : •

Now we investigateK :–: . Notice that if we increaseV: , all = � 1 faces,f ( � g� <: , of the winning

cone+ rotate outward, pivoting at the origin. And so we could again use the results from Kim and

Pollard [99]. However, we show a simpler approach to derivingK :–: using �rst-order homogeneity

of the function �5¹Vº = E»max8V8E8¹\ º¼. By Euler's homogenous function theorem, we have

�5¹Vº =
Í =

8=1V8¹m•mV8º �5¹Vº. Taking¹m•mV: º on both sides we obtain

m
mV:

�5¹Vº =
m

mV:
�5¹Vº ¸ V: K :–: ¸

Õ

� <:

V� K :–� –

and thusK :–: = �
Í

� <: V� K :–� • V: .
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Proofs of Fisher Market Results

A.2 Appendix to Linear Fisher Market

A.2.1 Fairness, ef�ciency, and Scale Invariance

A major use case for LFM is fair and ef�cient allocation of resources. Similar to the classical

�nite LFM, the in�nite LFM enjoys fairness and ef�ciency properties [29]. LetG� be an equilib-

rium allocation. First, this allocation isPareto optimal, meaning there does not exist an~G2 ¹! 1
¸ º=,

Í
8~G8 � 1, such that

¯
E8~G8Bd\ �

¯
E8G�

8Bd\ for all 8and one of the inequalities is strict. The allo-

cationG� is envy-freein a budget-weighted sense, meaning
¯

E8G�
8Bd\ •18 �

¯
E8G�

9Bd\ •19 for all

8< 9. Finally, it isproportional:
¯

E8G�
8Bd\ �

¯
E8Bd\ � ¹18•

Í
80 180º, that is, each buyer gets at least

the utility of its proportional share allocation.

LFM enjoys certain scale-invariance properties. First, buyers cannot change the equilibrium

by scaling their value functions. SupposeU1– • • • – U= are positive scalars, and that¹G– ?º are the

equilibrium allocations and prices inLFM¹1– E– B–� º. Then ¹G– ?º will also be the equilibrium

quantities inLFM¹1–¹U1E1– • • • – U=E=º– B–� º. This is easily seen by the fact that valuation scaling

does not change the demand function. Second, if all buyers' budgets are scaled by the same factor,

or the supply is scaled by the same factor, the equilibrium does not change. That is, ifU1– U2 are

two positive scalars, and¹G– ?º = LFM¹1– E– B–� º, then ¹G–¹U1•U2º?º = LFM¹U11– E– U2B–� º.

These scale-invariances hold for �nite LFM as well1. Based on the invariance, we impose the

normalization that
Í =

8=118 = 1 and that all buyers' expected values are 1, i.e.,
¯

E8¹\ ºB¹\ º d\ = 1.

Then in the limit LMF, the budge-supply ratio is
Í =

8=118•
¯

Bd\ = 1. With the normalization, we

have� LFM =
Î =

8=1»18•2–2¼. In order for the budget-to-supply ratio to match in the sampled �nite

LFM and the limit LFM, we use supplies of1•Cfor each item in the �nite LFM. Thus we study

�nite LFM of the form šLFM¹1– E–1•C– Wº.

1That is, ¹GW– ?Wº 2 šLFM¹1– E– f– Wº implies ¹GW– ?Wº 2 šLFM¹1–¹U8E8º– f– Wº, and ¹G–¹U1•U2º?º 2
šLFM¹U11– E– U2f– Wº
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A.2.2 Consistency

Theorem 29(Consistency). It holds that

29.1 NSW and individual utilities in the �nite LFM are strongly consistent estimators of their limit

LFM counterparts, i.e.,
Í =

8=118log¹DW
8º

a•s•
�!

Í =
8=118log¹D�

8º andDW
8

a•s•
�! D�

8•

29.2 The pacing multiplier in the �nite LFM is a strongly consistent estimator of its limit LFM

counterpart, i.e.,VW
8

a•s•
�! V�

8.

29.3 Convergence of approximate market equilibrium:lim supCBW¹nº � B � ¹nº for all n � 0 and

lim supCBW¹nCº � B � ¹0º = f V� g for all nC# 0. Recall the approximate solutions set,BWand

B � , are de�ned in Eq.(1.8).

Proof in Section A.4.

We brie�y comment on Theorem 29.3. The set limit result can be interpreted from a set distance

point of view. We de�ne the inclusion distance from a set� to a set� by 3� ¹ �– � º = infnf n � 0 :

� � f H: dist¹H– �º � nggwheredist¹H– �º = inf fkH� 1k : 1 2 � g. Intuitively, 3� ¹ �– � º measures

how much one should enlarge� such that it covers� . Then for any sequencen= # 0, by the second

claim in Theorem 29.3, we know3� ¹BW¹nCº–f V� gº ! 0. This shows that the set of approximate

solutions of� Cwith increasing accuracy centers aroundV� as market size grows.

A.3 Technical Lemmas for LFM

We abbriviate� LFM to � , and recall that under the normalization that
Í =

8=118 = 1 and a8 =
¯

E8Bd\ = 1, the set� =
Î =

8=1»18•2–2¼ � R=.

Lemma 5. De�ne the event� C = f VW 2 � g . (i) If C � 2�E2log¹2=• [ º, thenP¹ � Cº � P¹ 1
2 �

1
C
Í C

g=1E8¹\ gº � 2–88º � 1 � [ . (ii) It holds P¹ � Ceventuallyº = 1. Proof in Section A.3.

Proof of Lemma 5.Recall the event� C= f VW2 � g. De�ne �EC
8 = 1

C
Í C

g=1E8¹\ gº.
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First we notice concentration of values implies membership ofVW to � , i.e., f 1•2 � �EC
8 �

2–88g � f VW 2 � g. To see this, note thatDW
8 � 1

C
Í C

g=1E8¹\ gº andDW
8 � 1

C
18Í =
8=118

Í C
g=1E8¹\ gº, and

through the equationVW
8 = 18•DW

8 the inclusion follows. Note0 � E8¹\ gº � �E is a bounded

random variable with meanE»E8¹\ gº¼= 1. By Hoeffding's inequality we haveP¹j �EC
8 � 1j � Xº �

2 exp¹� 2X2C
�E2 º. Next we use a union bound and obtain

P¹VW8 � º � P
� =Ø

8=1

�
j �EC

8 � 1j � X
	
�

� 2=exp
�

�
2X2C
�E2

�
• (A.9)

By setting2=exp¹� 2X2C
�E2 º = [ andX= 1•2 and solving forCwe obtain item (i) in claim.

To show item (ii), we use the Borel-Cantelli lemma. By choosingX = 1•2 in the Eq. (A.9)

we knowP¹ � 2
Cº � P¹f 1•2 � �EC

8 � 2–88g2º � 2=exp¹� C•¹ 2�E2ºº. Then we have
Í 1

C=1 P¹ � 2
Cº Ÿ

1 • By the Borel-Cantelli lemma it follows thatP¹f � 2
C in�nitely oftengº = 0, or equivalently

P¹ � Ceventuallyº = 1.

Lemma 6(Smoothness and Curvature). It holds that both� and� Care ! -Lipschitz and_-strongly

convex w.r.t the� 1 -norm on� with ! = 2= ¸ �Eand_ =
�
1•4. Moreover,� Cand � are ¹ �E¸ 2

p
=º-

Lipschitz w.r.t.� 2-norm.

Proof of Lemma 6.Now we verify that� Cand� are¹ �E¸ 2=º-Lipschitz on the compact set� w.r.t.

the� 1 -norm. ForV– V0 2 � ,

j� C¹Vº � � C¹V0º j

�
1
C

CÕ

g=1

�
� max

8
f E8¹\ gºV8g � max

8
f E8¹\ gºV0

8g
�
� ¸

=Õ

8=1

18
�
� log V8 � log V0

8

�
�

� �EkV� V0k1 ¸
=Õ

8=1

18 �
1

�
V8•2

jV8 � V0
8j

= ¹ �E¸ 2=ºkV� V0k1 •

This concludes the¹ �E ¸ 2=º-Lipschitzness of� C on � . Similar argument goes through for� .

From the above reasoning we can also concludej� C¹Vº � � C¹V0º j � �EkV� V0k2 ¸ 2kV� V0k1 �
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¹ �E¸ 2
p

=ºkV� V0k2. This concludes¹ �E¸ 2
p

=º-Lipschitzness of� Cw.r.t. � 2-norm.

Recall� = �5 ¸ 	 where �5¹Vº = E»max8f E8¹\ ºV8g¼and	 ¹Vº = �
Í =

8=118log V8. The function

	 is smooth with the �rst two derivatives

r 	 ¹Vº = �» 11• V1– • • • – 1=• V=¼T– r 2	 ¹Vº = diag¹f 18•¹ V8º2gº •

It is clear that for allV 2 � it holds V8 � 2. So r 2	 ¹Vº � min8f 18•4g� = _� . To verify the

strong-convexity w.r.tk � k1 norm, we note for allV0– V2 � .

� ¹V0º � � ¹Vº � h I ¸ r 	 ¹Vº– V0 � Vi � ¹ _•2ºkV0 � Vk2
2 � ¹ _•2ºkV0 � Vk2

1 –

whereI 2 m�5¹Vº andI ¸ r 	 ¹Vº 2 m� ¹Vº. This completes the proof.

Lemma 7 (Estimation ofCov¹` � º). Let V� be a deterministic point inR=
¸¸ and VW= V� ¸ >?¹1º.

Recall 5 de�ned in Eq.(1.2) and � in Eq. (1.3). Suppose� be differentiable on a neighborhood

of V� . Let ` g 2 mV5¹\ g– VWº be any selection. Then

1
C

CÕ

g=1

` g � E»r 5¹\– V� º¼= >?¹1º– (A.10)

1
C

CÕ

g=1

` g¹` gºT � E»r 5¹\– V� ºr 5¹\– V� ºT¼= >?¹1º (A.11)

Proof of Lemma 7.By the differentiability condition, there exists a neighborhood# of V� so that

for all V 2 # it holdsP¹\ : 5 is differentiable atVº = 1. De�ne � 5 : R=
¸ � � ! R=, � 5 –8¹V– \º =

E8¹\ º
Î =

: =1 1¹V8E8¹\ º � V: E: ¹\ ºº. Then � 5 = r 5 if 5 is differentiable atV. Moreover, for

V 2 # , it holdsP¹\ : � 5¹\– Vº not continuous atVº = 0. By Theorem 7.53 of Shapiroet al. [27]
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(a uniform law of large number result for continuous random functions), it holds

sup
V2#




 1

C

CÕ

g=1

� 5¹\ g– Vº � E»r 5¹\– Vº¼



 = >?¹1º– (A.12)

sup
V2#

k
1
C

CÕ

g=1

� 5¹\ g– Vº� 5¹\ g– VºT � E»r 5¹\– Vºr 5¹\– VºT¼k2 = >?¹1º (A.13)

By VW ?
! V� , we knowP¹VW 2 # º ! 1. And under eventf VW 2 # g, it must be that̀ g =

� 5¹\ g– VW–º. The desired claim is proved.

De�nition 7 (De�nition 7.29 in Shapiroet al. [27]). A sequence5: : R= ! �R, : = 1– • • •, of

extended real valued functions epi-converge to a function5 : R= ! �R, if for any pointG2 R= the

following conditions hold

(1) For any sequenceG: ! G, it holdslim inf : !1 5: ¹G: º � 5¹Gº,

(2) There exists a sequenceG: ! Gsuch thatlim sup: !1 5: ¹G: º � 5¹Gº.

De�nition 8. A function 5 : R= ! �R is level-coercive iflim inf kGk!1 5¹Gº•kGk ¡ 0. It is equiv-

alent to limkGk!¸1 5¹Gº = ¸1 . This is De�nition 3.25, Rockafellar and Wets [129], see also

De�nition 11.11 and Proposition 14.16 from Bauschke, Combettes,et al.[130]

Lemma 8 (Corollary 11.13, Rockafellar and Wets [129]). For any proper, lsc function5 on R=,

level coercivity implies level boundedness. When5 is convex the two properties are equivalent.

Lemma 9 (Theorem 7.17, [129]). Let � = : R3 ! �R, � : R3 ! �R be closed convex and proper.

Then� =
epi
�! � is equivalent to either of the following conditions.

(1) There exists a dense set� � R3 such that� =¹Eº ! � ¹Eº for all E2 � .

(2) For all compact� � Dom� not containing a boundary point ofDom� , it holds

lim
=!1

sup
E2�

j� =¹Eº � � ¹Eºj = 0 •

Lemma 10 (Proposition 7.33, Rockafellar and Wets [129]). Let � = : R3 ! �R, � : R3 ! �R be

closed and proper. If� = has bounded sublevel sets and� =
epi
�! � , theninfE � =¹Eº ! infE � ¹Eº.
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Lemma 11(Theorem 7.31, Rockafellar and Wets [129]). Let � = : R3 ! �R, � : R3 ! �R satisfy

� =
epi
�! and�1 Ÿ inf � Ÿ 1 . Let( =¹Yº = f \ j � =¹\ º � inf � = ¸ Ygand( ¹Yº = f \ j � ¹\ º � inf � ¸ Yg.

Thenlim sup= ( =¹Yº � ( ¹Yº for all Y � 0, andlim sup= ( =¹Y=º � ( ¹0º wheneverY= # 0.

Lemma 12(Theorem 5.7, Shapiroet al. [27], Asymptotics of SAA Optimal Value). Consider the

problem

min
G2-

5¹Gº = E»� ¹G– bº¼

where- is a nonempty closed subset ofR=, b is a random vector with probability distribution%on

a set� and � : - � � ! R. Assume the expectation is well-de�ned, i.e.,5¹Gº Ÿ 1 for all G2 - .

De�ne the sample average approxiamtion (SAA) problem

min
G2-

5# ¹Gº =
1
#

#Õ

8=1

� ¹G– b8º

whereb8are i.i.d. copies of the random vectorb. LetE# (resp.,E� ) be the optimal value of the SAA

problem (resp., the original problem). Assume the following.

12.a The set- is compact.

12.b For some pointG2 - the expectationE»� ¹G– bº2¼is �nite.

12.c There is a measurable function� : � ! R¸ such thatE»� ¹bº2¼Ÿ 1 andj� ¹G– bº � � ¹G0– bºj �

� ¹bºj jG� G0k for all G– G0 2 - and almost everyb 2 � .

12.d The function5 has a unique minimizerG� on - .

Then

E# = 5# ¹G� º ¸ >?¹# � 1•2º –
p

# ¹E# � E� º
3

! N
�
0–Var

�
� ¹G� – bº

� �
•
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A.4 Proofs of Main Theorems of LFM

A.4.1 Proof of Theorem 29

Proof of Theorem 29.We show epi-convergence (see Def. 7) of� C to � . Epi-convergence is

closely related to the question of whether we have convergence of the set of minimizers. In particu-

lar, epi-convergence is a suitable notion of convergence under which one can guarantee that the set

of minimizers of the sequence of approximate optimization problems converges to the minimizers

of the original problem.

To work under the framework of epi-convergence, we extend the de�nition of� Cand� to the

entire Euclidean space as follows. We extendlog to the entire real by de�ninglog¹Gº = �1 if

G Ÿ0. Let

~� ¹\– Vº =

8>>>><

>>>>
:

� ¹\– Vº = max8E8¹\ ºV8 �
Í =

8=118log V8 if V 2 R=
¸¸

¸1 else
–

and

~� ¹Vº : R= ! �R– V7!

8>>>><

>>>>
:

� ¹Vº if V 2 R=
¸¸

¸1 else
– ~� C¹Vº : R= ! �R– V7!

8>>>><

>>>>
:

� C¹Vº if V 2 R=
¸¸

¸1 else
•

It is clear that forV 2 R= it holds ~� ¹Vº = E»~� ¹\– Vº¼and ~� C¹Vº = 1
C
Í C

g=1
~� ¹\ g– Vº. In order to

prove the result, we will invoke Lemmas 9, 10, and 11. To invoke those lemmas, we will need the

following four properties that we each prove immediately after stating them.

1. Check that~� is closed, proper and convex, and~� Cis closed, proper and convex almost surely.

Convexity and properness of the functions~� Cand ~� is obvious. Recall for a proper convex

function, closedness is equivalent to lower semicontinuity [119, Page 52]. It is obvious that

~� Cis continuous and thus closed almost surely.

It remains to verify lower semicontinuity of~� , i.e., for all V 2 R=, lim inf V0! V ~� ¹V0º �
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~� ¹Vº. For anyV 2 R=, we have that~5¹\– Vº = max8E8¹\ ºV8 ¸ XR=
¸
¹Vº � 0, whereX� ¹Vº =

1 if V 8 � and 0 if V 2 � . With this de�nition of ~5 we have ~� ¹\– Vº = ~5¹\– Vº �
Í =

8=118log V8. Applying Fatou's lemma (for extended real-valued random variables), we

get lim inf V0! VE» ~5¹\– V0º¼ � E»lim inf V0! V ~5¹\– V0º¼ � E» ~5¹\– Vº¼where in the last step

we used lower semicontinuity ofV 7! ~5¹\– Vº. And thus

lim inf
V0! V

~� ¹V0º

= lim inf
V0! V

E
�

~5¹\– V0º �
=Õ

8=1

18log V0
8

�

� lim inf
V0! V

E» ~5¹\– V0º¼ �
=Õ

8=1

18log V8

� E
�

~5¹\– Vº �
=Õ

8=1

18log V8

�

= ~� ¹Vº

This shows ~� is lower semicontinuous.

2. Check ~� C pointwise converges to~� on Q=. Let Q= be the set of=-dimensional vectors

with rational entries. For a �xedV 2 R=, de�ne the event� V = f limC!1 ~� C¹Vº = ~� ¹Vºg.

SinceE8¹\ gº � �Ealmost surely by assumption, the strong law of large numbers implies that

P¹� Vº = 1. De�ne

� =
n

lim
C!1

~� C¹Vº = ~� ¹Vº– for all V 2 Q=
o

=
Ù

V2Q=

� V•

Then by a union bound we obtainP¹� 2º = P¹
Ð

V2Q= � 2
Vº �

Í
V2Q= P¹� 2

Vº = 0, implying �

has measure one.

3. Check�1 Ÿ inf V ~� Ÿ 1 . This is obviously true since valuations are bounded.

4. Check that for almost every sample pathl , ~� Chas bounded sublevel sets (eventually). By
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Lemma 8, this property is equivalent to eventual coerciveness of~� C, i.e., there is a (random)

# such that for allC� # , it holdslimkVk!1 ~� C¹Vº = ¸1 . By Lemma 5, we know for almost

everyl , there is a �nite constant# l such that for allC� # l it holds �EC
8 � 1•2. Then it holds

for this l , all C� # l , and allV 2 R=,

~� C¹Vº =
1
C

CÕ

g=1

max
8

E8¹\ gºV8 �
=Õ

8=1

18log V8

� max
8

¹ �EC
8V8º �

=Õ

8=1

18log V8

�
1
2

kVk1 �
=Õ

8=1

18log V8 ! ¸1 askVk ! 1 •

This implies ~� Chas bounded sublevel sets.

With the above item 1 and item 2 we invoke Lemma 9 and obtain that

P
� ~� C¹Vº

epi
�! ~� ¹Vº

�
= 1 – (A.14)

and that the convergence is uniform on any compact set.

The epi-convergence result Eq. (A.14) along with item 4 allows us to invoke Lemma 10 and

obtain

inf
V2R=

~� C¹Vº ! inf
V2R=

~� ¹Vº a.s. (A.15)

which also impliesinfR=
¸¸

� C! infR=
¸¸

� a.s.

With the epi-convergence result Eq. (A.14) along with item 3 we invoke Lemma 11 and obtain

lim sup
C

BW¹nº � B � ¹nº for all n � 0 –

lim sup
C

BW¹nCº � B � ¹0º for all nC# 0 •
(A.16)

Putting together.At this stage all statements in the theorem are direct implications of the above
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results.

Proof of Theorem 29.1

Convergence of Nash social welfare follows from Eq. (A.15) and strong duality, i.e.,NSWW=

inf V2R=
¸¸

� C¹Vº ¸
Í =

8=1¹18log18 � 18º andNSW� = inf V2R=
¸¸

� ¹Vº ¸
Í =

8=1¹18log18 � 18º.

Proof of Theorem 29.2

Now we show consistency of the pacing multiplier via Lemma 9 and Lemma 10. Recall the

compact set� =
Î =

8=1»
�
V8•2–2 �V¼=

Î =
8=1»18•2–2¼ � R=. By construction,V� 2 � . First note that

for almost every sample pathl , 1•2 � �EC
8 � 2 eventually, and thusVW

8 = 18•DW
8 � 18•¹ 18�EC

8º � 2

andVW
8 � 18•2 eventually. SoVW2 � eventually. Now we can invoke Lemma 9 Item (2) to get

lim
C!1

sup
V2�

j� C¹Vº � � ¹Vºj ! 1 a.s. (A.17)

Now we can show that the value of� on the sequenceVWconverges to the value atV� :

0 � lim
C!1

� ¹VWº � � ¹V� º = lim
C!1

»� ¹VWº � � C¹VWº¼ ¸lim
C!1

»� C¹VWº � � ¹V� º¼= 0 •

Here the �rst term tends to zero due to (A.17), and the second term by Eq. (A.15). For any limit

point of the sequencef VWgC, V1 , by lower semicontinuity of� ,

0 � � ¹V1 º � � ¹V� º � lim inf
C!1

� ¹VWº � � ¹V� º = 0 •

So it holds that� ¹V1 º = � ¹V� º for all limit points V1 . By uniqueness of the optimal solutionV� ,

we haveVW! V� a.s.

Proof of Theorem 29.3

Convergence of approximate equilibrium follows from Eq. (A.16).
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A.4.2 Proof of Theorem 2

Proof of Theorem 2.We abbreviate� LFM to � , and recall its de�nition� =
Î =

8=1»18•2–2¼ � R=

and the normalization
Í =

8=118 = 1 and a8 = 1 for all 8. Recall the event� C = f VW 2 � g. By

Lemma 5 we know that ifC� 2�E2log¹4=• [ º then event� Chappens with probability� 1 � [ •2.

Now the proof proceeds in two steps.

Step 1. A covering number argument. Let B> be ann-covering of the compact set� , i.e, for

all V 2 � there is aV>¹Vº 2 B> such thatkV� V>¹Vºk1 � n. It is easy to see that such a set can

be chosen with cardinality bounded byjB>j � ¹ 2•nº=.

Recall � Cand � are ! -Lipschitz w.r.t. � 1 -norm on� . Using this fact we get the following

uniform concentration bound over the compact set� .

sup
V2�

j� C¹Vº � � ¹Vºj

� sup
V2�

�
j� C¹Vº � � C¹V>¹Vººj ¸ j � ¹Vº � � ¹V>¹Vººj ¸ j � C¹V>¹Vºº � � ¹V>¹Vººj

	

� 2¹ �E¸ 2=ºn ¸ sup
V>2B>

j� C¹V>º � � ¹V>º j •

Next we bound the second term in the last expression. For some �xedV 2 � , let - g =

max8E8¹\ gºV8 and let its mean bè. Note0 � - g � �EkVk1 � 2 �E due toV 2 � . So - g's are

bounded random variables. By Hoeffding's inequality we have

P
�
j� C¹Vº � � ¹Vºj � X

�
= P

� �
�
�
1
C

CÕ

g=1

- g � `
�
�
� � X

�
� 2 exp

�
�

X2C
2�E2

�
•

By a union bound we get

P
�

sup
V>2B>

j� C¹V>º � � ¹V>º j � X
�

� 2jB>j exp
�

�
X2C
2�E2

�
� 2 exp

�
�

X2C
2�E2

¸ =log¹2•nº
�

•
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De�ne the event

� C=
n

sup
V>2B>

j� C¹V>º � � ¹V>º j �
2 �E
p

C

p
log¹4• [ º ¸ =log¹2•nº =: ]

o
• (A.18)

By setting2 exp¹� X2C•¹ 2�E2º ¸ =log¹2•nºº = [ •2 and solving for[ , we have thatP¹� Cº � 1 � [ •2.

Step 2. Putting together. Recall the event� C= f VW2 � g. Now let events� Cand� Chold. Note

P¹ � C\ � Cº � 1 � [ if C� 2�E2log¹4=• [ º. Then

�
�
� sup

V2R=
¸¸

� C¹Vº � sup
V2R=

¸¸

� ¹Vº
�
�
�

=
�
�
� sup

V2�
� C¹Vº � sup

V2�
� ¹Vº

�
�
�

� sup
V2�

j� C¹Vº � � ¹Vºj

� 2¹ �E¸ 2=ºn ¸ ] – (A.19)

where the �rst equality is due to event� C and the last inequality is due to event� C de�ned in

Eq. (A.18). Now we choose the discretization error asn = 1p
C¹ �Ȩ 2=º

. Then, the expression in

Eq. (A.19) can be upper bounded as follows.

2¹ �E¸ 2=ºn ¸ ]

=
2
p

C
¸

2�E
p

C

q
log¹4• [ º ¸ =log¹2

p
C¹ �E¸ 2=ºº •

This completes the proof.

A.4.3 Proof of Theorem 3

Proof of Theorem 3.The proof idea of this theorem closely follows Section 5.3 of Shapiroet al.

[27].

We �rst need some additional notations. De�ne the approximate solutions sets of surrogate
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problems as follows: For a closed set� � R=
¸¸ , let

B �
� ¹nº = f V 2 � : � ¹Vº � min

�
� ¸ ng –

BW
� ¹nº = f V 2 � : � C¹Vº � min

�
� C¸ ng •

In words, they solve the surrogate optimization problems which are de�ned with a new con-

straint set� . Note that ifV� 2 � thenB �
� ¹nº = � \ B � ¹nº. Recall on the compact set� , both� C

and� are! -Lipschitz and_-strongly convex w.r.t the� 1 -norm, where! = ¹ �E¸ 2=º and_ =
�
1•4.

Let A= supf � ¹Vº � � � : V 2 � g. Then ifn � Athen� � B � ¹nº and the claim is trivial. Now

we assumen Ÿ A.

De�ne 0 = minf 2n–¹A¸ nº•2g. Noten Ÿ 0 Ÿ A. De�ne ( = � \ B � ¹0º. The role of( will

be evident as follows. We will show that, with high probability, the following chain of inclusions

holds

BW
� ¹Xº

¹1º
� B W

( ¹Xº
¹2º
� B �

( ¹nº
¹3º
� B �

� ¹nº •

Step 1. Reduction to discretized problems.We let( 0 be aa-cover of the set( = B � ¹0º \ � .

Let - = ( 0 [ f V� g. In this part the goal is to show

P
�
BW

� ¹Xº � B �
� ¹nº

�
� P

�
BW

- ¹X0º � B �
- ¹n0º

�

where

a = ¹n0 � X0º•4 ¡ 0– X0 = X¸ !a ¡ 0– n0 = n � !a ¡ 0 •

First, we claim

Claim 1. It holdsBW
- ¹X0º � B �

- ¹n0º =) B W
( ¹Xº � B �

( ¹nº (Inclusion (2)).

Next, we show
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Claim 2. Inclusion (2) implies Inclusion (1):BW
( ¹Xº � B �

( ¹nº =) B W
� ¹Xº � B W

( ¹Xº •

Proofs of Claim 1 and Claim 2 are deferred after the proof of Theorem 3. At a high level,

Claim 1 uses the covering property of the set- . Claim 2 exploits convexity of the problem.

Finally, we show Inclusion (3)B �
( ¹nº � B �

� ¹nº. Note thatV� belongs to both� and( . And

thus for anyV 2 B �
( ¹nº, it holds� ¹Vº � min- � ¸ n = � � ¸ n = min( � ¸ n •We obtainV 2 B �

� ¹nº.

To summarize, Claim 1 shows thatBW
- ¹X0º � B �

- ¹n0º implies Inclusion (2). Inclusion (3) holds

automatically. By Claim 2 we know Inclusion (2) implies Inclusion (1). So it holds deterministi-

cally that

fB W
- ¹X0º � B �

- ¹n0ºg � fB W
� ¹Xº � B �

� ¹nºg •

Step 2. Probability of inclusion for discretized problems. Now we bound the probability

P¹BW
- ¹X0º � B �

- ¹n0ºº.

For now, we forget the construction- = ( 0 ¸ f V� g where( 0 is a a-cover of( . Let - � � be

any discrete set with cardinalityj- j.

Let V�
- 2 arg min- � be a minimizer of� over the set- . For V 2 - de�ne the random

variable. g
V = � ¹\ g– V�- º � � ¹\ g– Vº. Also let ` V = E». g

V¼, which is well-de�ned by the i.i.d. item

assumption. Let� = supV2- kV� V�
- k1 .

Consider any0 � X0 Ÿ n0. If - � B �
- ¹n0º is empty, then all elements in- aren0-optimal for the

problemmin- � . Next assume- � B �
- ¹n0º is not empty. We upper bound the probability of the
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eventBW
- ¹X0º 6 B �

- ¹n0º.

P
�
BW

- ¹X0º 6 B �
- ¹n0º

�

= P
�
there existsV 2 - � B �

- ¹n0º– � C¹Vº � � C¹V�
- º ¸ X0�

�
Õ

V2- �B �
- ¹n0º

P
�
� C¹Vº � � C¹V�

- º ¸ X0�

=
Õ

V2- �B �
- ¹n0º

P
�
1
C

CÕ

g=1

. g
V � � X0

�

�
Õ

V2- �B �
- ¹n0º

P
�
1
C

CÕ

g=1

. g
V � ` V � n0 � X0

�
(A)

�
Õ

V2- �B �
- ¹n0º

exp
�

�
2C¹n0 � X0º2

! 2
5kV� V� k2

1

�
(B)

� j - j exp
�

�
2C¹n0 � X0º2

! 2
5kV� V�

- k2
1

�
• (A.20)

Here in (A) we use the fact that` V = � ¹V�
- º � � ¹Vº ¡ � n0 for V 2 - � B �

- ¹n0º. In (B), using! 5-

Lipschitzness of5on the set� , we obtainj. g
V � ` Vj � 2! 5kV� V�

- k1 and then apply Hoeffding's

inequality for bounded random variables. Setting Eq. (A.20) equal toU and solving forC, we have

that if

C� 20 �
! 2

5� 2

¹n0 � X0º2

�
log j- j ¸ log

1
U

�
– (A.21)

thenP
�
BW

- ¹X0º 6 B �
- ¹n0º

�
� U. Note the above derivation applies to any �nite set- � ( .

Now we use the construction- = ( 0¸ f V� g. Then the cardinality of- can be upper bounded by

¹4•aº=. Note sinceV� 2 - it holds V� = V�
- . We apply the result in Eq. (A.21) with the following

parameters

a = ¹n0 � X0º•¹4! º – X0 = X¸ !a – n0 = n � !a – n0 � X0 =
1
2

¹n � Xº –

� = minf
p

20•_–2g– j- j �
� 16!
n � X

� =
•
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We justify the choice of� . First, ( � � implies � � 2. By the_-strong convexity of� on � : for

all V 2 - � ( � B � ¹0º, it holds

¹1•2º_kV� V�
- k2

1 = ¹1•2º_kV� V� k2
1 � � ¹Vº � � � � 0

=) � = sup
V2-

k- � V�
- k1 �

p
20•_ •

Substituting these quantities into the bound Eq. (A.21) the expression becomes

C� 20 �
! 2

5

¹n � Xº2
� min

�
20
_

–4
�

�
�
=log

� 16!
n � X

�
¸ log

1
U

�
•

Here20 is an absolute constant that changes from line to line. Moreover, noting that0 � 2n and

X � n•2 implies0•¹ n � Xº2 � 8•n, we know that if

C� 20 � ! 2
5 min

�
1
_n

–
1
n2

�
�

�
=log

� 16!
n � X

�
¸ log

1
U

�
– (A.22)

thenP
�
BW

- ¹X0º � B �
- ¹n0º

�
� 1 � U. By plugging in! 5 = �E, ! = ¹2= ¸ �Eº and_ =

�
1•4, we know

P
�
BW

( ¹Xº � B �
( ¹nº

�
� 1 � U as long as

C� 20 � �E2 min
�

1

�
1n

–
1
n2

�
�

�
=log

� 16¹2= ¸ �Eº
n � X

�
¸ log

1
U

�
•

Step 3. Putting together. By Lemma 5, ifC� 2�E2log¹2=•Uº then VW 2 � with probability

� 1 � U. Under the eventVW 2 � , it holds BW
� ¹Xº = � \ B W¹Xº. SinceV� 2 � it holds that

B �
� ¹nº = � \ B � ¹nº. Moreover, ifCsatis�es the bound in Eq. (A.22), we know Inclusion (2) holds

with probability � 1 � U, which then implies Inclusion (1). So ifCsatis�es the two requirements,

C� 2�E2log¹2=•Uº and Eq. (A.22), then with probability� 1 � 2U,

� \ B W¹Xº = BW
� ¹Xº � B �

� ¹nº = � \ B � ¹nº •
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Proof of Claim 1.To see this, forV 2 BW
( ¹Xº let V0 2 - be such thatkV� V0k1 � a. By Lipschitz-

ness of� Con � , we know

� C¹V0º � � C¹Vº ¸ !a (Lipschitzness of� C)

� min
(

� C¸ X¸ !a (V 2 BW
( ¹Xº)

� min
-

� C¸ X¸ !a (- � ( )

= min
-

� C¸ X0•

This implies the membershipV0 2 BW
- ¹X0º. Furthermore, we have

BW
- ¹X0º � B �

- ¹n0º � B �
� ¹n0º •

Here the �rst inclusion is simply the assumption thatBW
- ¹X0º � B �

- ¹n0º. The second inclusion

follows by the construction of- ; sinceV� 2 - , we knowB �
- ¹n0º � B �

� ¹n0º and thusmin- � =

min- � = � � . We now obtain

V0 2 B �
� ¹n0º •

Using the Lipschitzness of� on � , we have for allV 2 BW
( ¹Xº

� ¹Vº � � ¹V0º ¸ !a (Lipschitzness of� )

� min
�

� ¸ n0¸ !a (V0 2 B �
� ¹n0º)

= min
�

� ¸ n •

So we concludeV 2 B �
� ¹nº, implying BW

( ¹Xº � B �
� ¹nº. This completes the proof of Claim 1.

Proof of Claim 2.This claim relies on convexity of the problem.

Assume, for the sake of contradiction, there existsV� 2 BW
� ¹Xº but V� 8 BW

( ¹Xº. The only

127



possibility this can happen isV� 2 � but V� 8 ( = � \ B � ¹0º. SoV� 8 B � ¹0º (note0 Ÿ Aimplies

the set� � B � ¹0º is not empty), which by de�nition means

� ¹V� º � � � ¡ 0 • (A.23)

Now de�ne

�V = arg min
V2(

� C¹Vº 2 BW
( ¹Xº •

By the assumptionBW
( ¹Xº � B �

( ¹nº, we know �V 2 B �
( ¹nº and so

� ¹ �Vº � � � � n • (A.24)

Next, letV2 = 2 �V¸ ¹ 1� 2ºV� with 2 2 »0–1¼, which is a point lying on the line segment joining

the two points�VandV� . By the optimality ofV� 2 BW
� ¹Xº and �V 2 � , we know� C¹V� º � � ¹ �Vº ¸ X.

By convexity of� C, we have for all2 2 »0–1¼,

� C¹V2º � maxf � C¹ �Vº– � C¹V� ºg � � C¹ �Vº ¸ X • (A.25)

Now consider the map : »0–1¼ ! R¸ – 27! � ¹V2º � � � . Since any convex function is

continuous on its effective domain [119, Corollary 10.1.1], we know� is continuous. Continuity of

� implies continuity of . Note ¹0º = � ¹V� º � � � ¡ 0 by Eq. (A.23) and ¹1º = � ¹ �Vº � � � � n

by Eq. (A.24). By intermediate value theorem, there is2� 2 »0–1¼such thatn Ÿ � ¹V2� º � � � Ÿ 0.

Moreover, by� ¹V2� º � � � Ÿ 0 andV2� 2 � we obtainV2� 2 ( = B � ¹0º \ � . In addition, recalling

� C¹V2� º � � C¹ �Vº ¸ X(Eq. (A.25)), we conclude by de�nitionV2� 2 BW
( ¹Xº.

At this point we have shown the existence of a pointV2� such that

V2� 2 BW
( ¹Xº – V2� 8 B � ¹nº •
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This clearly contradicts the assumptionBW
( ¹Xº � B �

( ¹nº = B � ¹nº \ ( . This completes the proof of

Claim 2.

Proof of Corollary 1. Under the eventf VW 2 � g, the set� \ B W¹0º = f VWg. Moreover,VW 2

� \ B � ¹nº implies � ¹VWº � � ¹V� º ¸ n. This completes the proof.

Proof of Corollary 2. Under the eventf VW 2 � g, we use strong convexity of� over � w.r.t. � 2-

norm and obtain_2 kVW� V� k2
2 � � ¹VWº � � ¹V� º where_ =

�
1•4 is the strong-convexity parameter.

For the second claim we use the equalityVW
8 = 18•DW

8 andV�
8 = 18•D�

8. For V– V0 2 � , it holds

j 1
V8

� 1
V0

8
j � 4

18
2 jV8� V0

8j. And sokDW� D� k2 =
Í

8¹18º2¹ 1
VW

8
� 1

V�
8
º2 �

Í
8

16
¹18º2 jVW

8 � V�
8j2 � 16

¹
�
1º2 kVW� V� k2

2.

So we obtainkDW� D� k2 � 4

�
1 kVW� V� k2. We complete the proof.

A.4.4 Proof of Theorems 4 and 5

Proof of Theorem 4.By strong duality of EG programs,NSWW� NSW� = � C¹VWº � � � ¹V� º.

Denote� C¹VWº by � Wand� ¹V� º by � � . We aim to apply Lemma 12 to our problem. To do this

we �rst introduce surrogate problems

� W
� = min

V2�
� C¹Vº – � �

� = min
V2�

� ¹Vº •

SinceV� 2 � we know� �
� = � � . We write down the decomposition

p
C¹� W� � � º =

p
C¹� W� � W

� º ¸
p

C¹� W
� � � �

� º •

For the �rst term we show that
p

C¹� W� � W
� º

?
! 0. Choose anyn ¡ 0, de�ne the event� n

C =

f
p

Cj� W � � W
� j � ng. By Lemma 5 we know that with probability 1,VW 2 � eventually and

so � W� � W
� = 0 eventually. This impliesP¹¹ � n

Cº2 eventuallyº = 1 , P¹ � n
C in�nitely oftenº =

0. By Fatou's lemma,lim supC!1 P¹ � n
Cº � P¹lim supC!1 � n

Cº = 0• We conclude for alln ¡ 0,

limC!1 P¹
p

Cj� W� � W
� j ¡ n º = 0.

129



For the second term, we invoke Lemma 12 and obtain
p

C¹� W
� � � �

� º
3

! N ¹ 0–Var»� ¹\– V� º¼º,

where we recall� ¹\– Vº = max8V8E8¹\ º �
Í =

8=118log V8. To do this we verify all hypotheses in

Lemma 12.

• The set� is compact and therefore Cond. 12.a is satis�ed.

• The function� is �nite for all V 2 R=
¸¸ and thus Cond. 12.b holds.

• The function� ¹�– \º is ¹2= ¸ �Eº-Lipschitz on� for all \ , and thus Cond. 12.c holds.

• Cond. 12.d holds because the function� has a unique minimizer over� .

Now we calculate the variance term.

Var¹� ¹\– V� ºº = Var¹ 5¹\– V� ºº = Var¹max
8

E8¹\ ºV�
8º = Var¹?� ¹\ ºº

By Slutsky's theorem, we obtain the claimed result.

Proof of Theorem 5.We verify all the conditions in Theorem 2.1 from Hjort and Pollard [131].

This theorem is handy since it uses convexity and avoids verifying stochastic equicontinuity of

certain processes.

Because� is � 2 at V� , there exists a neighborhood# of V� such that� is continuously differ-

entiable on# . By Theorem 15 this implies that the random variablebidgap¹V–�º� 1 is �nite almost

surely for eachV 2 # . This implies� ¹V– \º is single valued a.s. forV 2 # .

De�ne

� ¹\ º = r � ¹\– V� º = r 5¹\– V� º � r 	 ¹V� º

where we recall the subgradientr 5¹\– V� º = 48¹V� –\ºE8¹V� –\º and 8¹V� – \º = arg max8V�
8E8¹\ º is

the winner of item\ when the pacing multiplier of buyers isV� . By optimality of V� we know

r � ¹V� º = E»� ¹\ º¼= 0. Moreover, by twice differentiability of� at V� , the following expansion
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holds:

� ¹V� ¸ � º � � ¹V� º =
1
2

� T
�
r 2� ¹V� º

�
� ¸ >¹k� k2

2º •

For any� ! 0, de�ne

' ¹\ º = ¹� ¹\– V� ¸ � º � � ¹\– V� º � � ¹\ ºT � º•k� k2

measure the �rst-order approximation error. To invoke Theorem 2.1 from Hjort and Pollard [131],

we check the following stochastic version of differentiability condition holds

E»' ¹\– � º2¼= >¹1º as� ! 0 • (A.26)

By � being differentiable atV� , we know' ¹\– � º
a•s•
�! 0. Since we assumemax8ess supE8¹\ º Ÿ 1 ,

we know the sequence of random variables' ¹\– � º is bounded. We conclude Eq. (A.26).

At this stage we have veri�ed all the conditions in Theorem 2.1 from Hjort and Pollard [131].

Invoking the theorem we obtain

p
C¹VW� V� º = �»r 2� ¹V� º¼� 1

 
1
p

C

CÕ

g=1

� ¹\ gº

!

¸ >?¹1º •

In particular,
p

C¹VW� V� º
3

! N ¹ 0–»r2� ¹V� º¼� 1Cov¹� º»r2� ¹V� º¼� 1º. Finally, noteCov¹� º =

Cov¹` � º.

Proof of Asymptotic Distribution forV. This follows from the discussion above.

Proof of Asymptotic Distribution forD. We use the delta method. Take6¹Vº = »11• V1– • • • – 1=• V=¼.

Then the asymptotic variance of
p

C¹6¹VWº � 6¹V� ºº is r 6¹V� ºT� Vr 6¹V� º. Noter 6¹V� º is the di-

agonal matrixdiag¹f� 18• V�
8

2gº. From here we obtain the expression for� D.
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A.4.5 Proof of Theorem 6

Proof of Theorem 6. Pacing multiplierV. The lower bound result forVis an immediate application

of Theorem 1 from Duchi and Ruan [33].

NSW and utility.Based on Le Cam's local asymptotic normality theory [32], to establish the lo-

cal asymptotic minimax optimality of a statistical procedure, one needs to verify two things. First,

the class of perturbed distributions (the classf BU–6gU–6in our case) satis�es the locally asymptot-

ically normal (LAN) condition [28, 32]. This part is completed by Lemma 8.3 from Duchi and

Ruan [33] since our construction of perturbed supply distributions follows theirs. Second, one

should verify the asymptotic variance of the statistical procedure equals to the minimax optimal

variance.

For a given perturbation¹U– 6º, we let ?�
U–6andREV�

U–6be the limit FPPE price and revenue

under supply distributionBU–6. Let ( U–6¹\ º = r U logBU–6¹\ º be the score function. Sor UBU–6=

BU–6( U–6and
¯

( U–6BU–6d\ = 0. Obviously with our parametrization ofBU–6we have( 0–6¹\ º = 6¹\ º

by Eq. (1.13).

LetNSWU–6be the Nash social welfare under supplyBU–6. ThenNSWU–6=
¯

� ¹\– V�
U–6ºBU–6d\ ¸

constant that does not depend onU. So

r UNSWU–6=
¹

»r V� ¹\– V�
U–6ºr UV�

U–6̧ � ¹\– V�
U–6º( U–6¹\ º¼BU–6¹\ º d\ = 0 ¸

¹
� ¹\– V�

U–6º6¹\ ºBU–6d\–

andr UNSWU–6jU=0 =
¯

� ¹\– V� º6Bd\ . Following the argument in Duchi and Ruan [33, Sec. 8.3] it

holds that the asymptotic local mimimax risk� E»! ¹N ¹ 0–Cov¹� ¹\– V� ºººº¼= E»! ¹N ¹ 0– f 2
NSWºº¼.

Let D�
U–6be the utility under supplyBU–6. Note D�

U–6 = »11• V�
U–6–1– • • • – 1=• V�

U–6–=¼. By a per-

turbation result by Lemma 8.1 and Prop. 1 from Duchi and Ruan [33], under twice differentiabil-

ity, r UV�
U–6jU=0 = �H � 1E»r � ¹\– V� º6¹\ ºT¼. Thenr UD�

U–6jU=0 = diag¹� 18•¹ V�
8º2º¹r UV�

U–6jU=0º =

� diag¹� 18•¹ V�
8º2ºH � 1E»r � ¹\– V� º6¹\ ºT¼. We conclude the asymptotic local mimimax risk is

lower bounded byE»! ¹N ¹ 0–� Dºº¼where� D = diag¹� 18•¹ V�
8º2ºH � 1E»r � ¹\– V� ºr � ¹\– V� ºT¼H� 1diag¹� 18•¹ V�

8º2º.
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A.4.6 Proof of Theorem 7

Proof of Theorem 7.De�ne the functionŝf 2¹Vº = 1
C
Í C

g=1¹� ¹\ g– Vº� � C¹Vºº2 andf 2¹Vº = Var¹� ¹\– Vºº =

E»¹� ¹\– Vº � � ¹Vºº2¼. We will show uniform convergence of̂f 2 to f 2 on � , i.e., supV2� jf̂ 2 �

f 2j
a•s•
�! 0. We �rst rewritebf 2 as followsbf 2¹Vº = 1

C
Í C

g=1

�
� ¹\ g– Vº � � ¹Vº

� 2� ¹ � C¹Vº � � ¹Vºº2 :=

I ¹Vº � II ¹Vº. By Theorem 7.53 of Shapiroet al.[27] (a uniform law of large number result for con-

vex random functions), the following uniform convergence results holdsupV2� jI ¹Vº� f 2¹Vºj
a•s•
�! 0

andsupV2� jII ¹Vºj
a•s•
�! 0. The above two inequalities implysupV2� jf̂ 2 � f 2j

a•s•
�! 0. Note the vari-

ance estimator̂f 2
NSW = f̂ 2¹VWº and the asymptotic variancef 2

NSW = f 2¹V� º. By VWa•s•
�! V� we

know, jf̂ 2
NSW � f 2

NSW j = jf̂ 2¹VWº � f 2¹V� º j � j f̂ 2¹VWº � f 2¹VWº j ¸ j f 2¹VWº � f 2¹V� º j ! 0 a.s.

where the �rst term vanishes by the uniform convergence just established, the second term by con-

tinuity of f 2¹�º at V� . Now we have shown̂f 2
NSW is a consistent variance estimator for the asymp-

totic variance. Then by Slutsky's theorem we know
p

C¹f̂ NSWº� 1¹NSWW� NSW� º
3

! N ¹ 0–1º.

This completes the proof of Theorem 7.
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Proofs of FPPE Results

A.5 Appendix to FPPE

A.5.1 Scale-Invariance of FPPE

FPPE has some of the same scale-invariance properties as LFM. In particular, scaling the bud-

get and supply at the same time does not change the market equilibrium. That is, given a positive

scalarU, if ¹V– ?º are the equilibrium pacing multiplier and prices in the marketFPPE¹1– E– B–� º,

then ¹V– ?º are the equilibrium quantities in the marketFPPE¹U1– E– UB–� º. The same scale-

invariance holds for the �nite FPPE, i.e., if¹V– ?º = ›FPPE¹1– E– f– Wº, then¹V– ?º = ›FPPE¹U1– E– Uf– Wº.

Given the invariance, we can see that in order for the budget-supply ratio to match the limit

marketFPPE¹1– E– B–� º, the �nite market should be con�gured as either›FPPE¹C1– E–1– Wº or

›FPPE¹1– E–1•C– Wº. We will study the latter, and simply refer to it as the �nite FPPE. Unlike LFM,

FPPE does not enjoy invariance to valuation scaling, because buyers have a pacing multiplier of at

most one in FPPE.

A.6 Technical Lemmas for FPPE

Proof of Lemma 1.To show the �rst equality, note

r � ¹V� º = E»r Vmax
8

V8E8¹\ º¼ � »11•¹ V�
1º– • • • – 1=•¹ V�

=º¼T

= �̀ � � » 11•¹ V�
1º– • • • – 1=•¹ V�

=º¼T = � X�
8 •

To show the second equality, note for any twice differentiable �rst-order homogenous function

�5 : R= 7! R, it must holdr 2 �5¹VºV = 0. And we haver 2� ¹V� ºV� = diag¹18•¹ V�
8º2ºV� =

»11• V�
1– • • • – 1=• V�

=¼T.
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A.6.1 A CLT for constrained" -estimator

We introduce a CLT result from [34] that handles" -estimation when the true parameter is on

the boundary of the constraint set. Throughout this section, when we refer to assumptions A1, A2,

B2, etc, we mean those assumptions in Shapiro [34].

Let ¹� – %º be a probability space. Consider5 : � � R= ! R and a set� � R=. Let \ 1– • • • – \C

be a sample of independent random variables with values in� having the common probability

distribution%. Let q¹Vº = % 5¹�– Vº = E»5¹\– Vº¼, andk C¹Vº = %C5¹�– Vº = 1
C

Í C
8=1 5¹\ 8– Vº. Let V0

be the unique minimizer ofq over � (Assumption A4 in Shapiro [34]). LetoC= inf � k CandV̂be

an optimal solution.

We begin with some blanket assumptions. Suppose the geometry of� at V0 is given by func-

tions68¹Vº (Assumption B1), i.e., there exists a neighborhood# such that

� \ # = f V 2 # : 68¹Vº = 0– 82  ; 68¹Vº � 0– 82 � g–

where and � are �nite index sets and the constraints in� are active atV0, meaning68¹V0º =

0 for all 8 2 � . Assume the functions68– 82  [ � , are twice continuously differentiable in

a neighborhood ofV0 (Assumption B2). De�ne the Lagrangian function by; ¹V– _º = q¹Vº ¸
Í

82 [ � _868¹Vº• Let � 0 be the set of optimal Lagrange multipliers, i.e.,_ 2 � 0 iff r ; ¹V0– _º = 0

(assuming differentiability) and_8 � 0– 82 � .

Lemma 13(Theorems 3.1 and 3.2 from Shapiro [34]). Assume there exists a neighborhood# of

V0 such that the following holds.

13.a Conditions on the objective function5 and the distribution%.

• (Assumption A1 in the original paper) For almost every\ , 5¹\– Vº is a continuous

function ofV, and for all V 2 � , 5¹\– Vº is a measurable function of\ .

• (Assumption A2) The familyf 5¹\– Vºg– V2 � , is uniformly integrable.

• (Assumption A4) For all\ , there exist a positive constant ¹\ º such thatj 5¹\– Fº �

135



5¹\– Vºj �  ¹\ ºkF � Vk for all V– F2 # .

• (Assumption A5) For each �xedV 2 #– 5¹\–�º is continuously differentiable atV for

almost every\ .

• (Assumption A6) The familyfr 5¹\– VºgV2# , is uniformly integrable.

• (Assumption D) The expectationE»kr 5¹\– V0ºk2¼is �nite.

• (Assumption B4) The functionq is twice continuously differentiable in a neighborhood

of V0.

13.b Conditions on the optimal solution.

• (Assumption B3) A constraint quali�cation, the Mangasarian-Fromovitz condition:

The gradient vectorsr 68¹V0º – 82  , are linearly independent, and there exists a

vectorF such thatF Tr 68¹V0º = 0– 82  andF Tr 68¹V0º Ÿ 0– 82 �•

• (Assumption B5) Second-order suf�cient conditions: Let� be the cone of critical di-

rections

� =
�
F : F Tr 68¹V0º = 0– 82  ; F Tr 68¹V0º � 0– 82 � ; F Tr q ¹V0º � 0

	
• (A.27)

The assumption requires that for all nonzeroF 2 � , max_2� 0 F Tr 2; ¹V0– _º F ¡ 0–

13.c Stochastic equicontinuity, a modi�ed version of Assumption C1 in the original paper. For

any sequenceXC= >¹1º, the variable

sup
V:kV� V0k� XC

k¹r k C� r qº¹Vº � ¹r k C� r qº¹V0ºk
C� 1•2 ¸ kV� V0k

= >?¹1º (A.28)

asC! 1 . Here the supremum is taken overVsuch thatr k C¹Vº exists.

Then it holds that̂V
?

! V0. Let

ZC= r k C¹V0º � r q ¹V0º – (A.29)
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and

@¹Fº = max
_2� 0

f F Tr 2; ¹V0– _º Fg• (A.30)

Then

oC= inf
�

k C= k C¹V0º ¸ min
F2�

f F TZC¸
1
2

@¹Fºg ¸ >?¹C� 1º•

Furthermore, suppose for allZ the functionF 7! F TZ¸ 1
2@¹Fº has a unique minimizer�l ¹Zº over

� . Then

kV̂� V0 � �l ¹ZCºk = >?¹C� 1•2º•

Remark 4 (The stochastic equicontinuity condition). By inspecting the proof, the original Assump-

tion C1, supV2� \ # kr k C¹Vº � r q¹Vº � r k C¹V0º ¸ r q ¹V0ºk•»C� 1•2 ¸ kV� V0k¼= >?¹1º, which

requires uniform convergence over a �xed neighborhood# , can be relaxed to the uniform con-

vergence in a shrinking neighborhood ofV0. The shrinking neighborhood condition is in fact

standard, see, e.g., Pakes and Pollard [132] and Newey and McFadden [133].

Remark 5. The limit distribution of the minimizer is characterized by three objects: the limit

distribution ofZCde�ned in Eq.(A.29), the critical cone� de�ned in Eq.(A.27) and the piecewise

quadratic function@de�ned in Eq.(A.30).

Hessian matrix estimation at the optimumV0 can be done via the numerical difference method.

Lemma 14 (Hessian estimation via numerical difference). This lemma is adapted from Theo-

rem 7.4 from Newey and McFadden [133] Recallq¹Vº = % 5¹�– Vº, k C¹Vº = %C5¹�– Vº and ZC =

r k C¹V0º � r q¹V0º. We are interested in the Hessian matrix� = r 2q¹V0º. Let V0 be any point and

let V̂be an estimate ofV0. Assume

14.a V̂� V0 = $ ?¹C� 1•2º;

14.b q is twice differentiable atV0 with non-singular Hessian matrix� ;

14.c
p

CZC
3

! # ¹0–
 º for some matrix
 ;
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14.d for any positive sequenceXC= >¹1º, the stochastic equicontinuity condition Eq.(A.28)holds.

SupposeYC ! 0 and YC
p

C! 1 . Then ^�
?

! � , where ^� is the numerical difference estimator

whose¹8– 9º-th entry is

^� 8 9=»k C¹V̂¸ 48YC¸ 49YCº � k C¹V̂� 48YC¸ 49YCº � k C¹V̂¸ 48YC� 49YCº•

¸ k C¹V̂� 48YC� 49YCº¼•4Y2
C•

Proof of Lemma 14.We provide a proof sketch following Theorem 7.4 from Newey and McFad-

den [133] and Lemma 3.3 in Shapiro [34]. By Cond. 14.a andC� 1•2 = >¹YCº we know for any

vector0 2 R=, it holdskV̂¸ YC0 � V0k = $ ?¹YCº. Let V = V̂¸ 0YC. By a mean value theorem for

locally Lipschitz functions (see Clarke [134]; the lemma is also used in the proof of Lemma 3.3 in

Shapiro [34]), there is a (sample-path dependent)V0on the segment joiningVandV0 such that

¹k C� qº¹Vº � ¹ k C� qº¹V0º = ¹Z�
CºT¹V� V0º•

for someZ�
C 2 mkC¹V0º � r q¹V0º. Then

j¹k C� qº¹Vº � ¹ k C� qº¹V0º j � k ZCkkV� V0k ¸ kZ�
C � ZCkkV� V0k

= kZCkkV� V0k ¸ >?¹C� 1•2 ¸ k V0 � V0kºkV� V0k (by Cond. 14.d)

= $ ?¹C� 1•2º$ ?¹YCº ¸ >?¹C� 1•2 ¸ $ ?¹YCºº$ ?¹YCº (by Cond. 14.c)

= >?¹Y2
Cº (A.31)

Next by Cond. 14.b we have a quadratic expansion

q¹Vº � q¹V0º � r q¹V0ºT¹V� V0º �
1
2

¹V� V0ºT� ¹V� V0º = >?¹Y2
Cº• (A.32)

Let 0�� = � 48YC� 49YC, V̂�� = V̂ ¸ 0�� and3�� = V̂�� � V0. Then3�� = $ ?¹YCº and3�� =
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0�� ¸ >?¹YCº. Applying the above bounds withV  V̂�� , recalling the de�nition of ^� 8 9, we have

^� 8 9= »k C¹ V̧̂ ¸ º � k C¹V̂�¸ º � k C¹ V̧̂ � º ¸ k C¹V̂�� º¼•¹4Y2
Cº

= »q¹V̧̂ ¸ º � q¹V̂�¸ º � q¹ V̧̂ � º ¸ q¹V̂�� º ¸ >?¹Y2
Cº¼•¹4Y2

Cº (by Eq. (A.31))

= »r q¹V0ºT¹3¸¸ � 3�¸ � 3¸� ¸ 3�� º

¸
1
2

¹3T
¸¸ �3 ¸¸ � 3T

¸� �3 ¸� � 3T
�¸ �3 �¸ ¸ 3T

�� �3 �� º ¸ >?¹Y2
Cº¼•¹4Y2

Cº (by Eq. (A.32))

= »0 ¸
1
2

¹0T
¸¸ �0 ¸¸ � 0T

�¸ �0 �¸ � 0T
¸� �0 ¸� ¸ 0T

�� �0 �� º ¸ >?¹Y2
Cº¼•¹4Y2

Cº

= »4Y2
C� 8 9̧ >?¹Y2

Cº¼•¹4Y2
Cº

= � 8 9̧
>?¹Y2

Cº

Y2
C

= � 8 9̧ >?¹1º•

In the above we use3T
¸¸ �3 ¸¸ = ¹3¸¸ � 0¸¸ ºT�3 ¸¸ ¸ ¹ 3¸¸ � 0¸¸ ºT�0 ¸¸ ¸ 0T

¸¸ �0 ¸¸ = >?¹Y2
Cº ¸

0T
¸¸ �0 ¸¸ , and similarly for other terms. This completes the proof of Lemma 14.

The original conditions for Lemma 14 in Newey and McFadden [133] require the true pa-

rameterV0 to lie in the interior of� . However, this condition is only used to derive the bound

V̂� V0 = $ ?¹C� 1•2º, which is assumed in our adapted version.

A.6.2 Stochastic equicontinuity and VC-subgraph function classes

Next we review classical results from the empirical process literature [28, 135].

We begin with the notions of Donsker function class and stochastic equicontinuity.

Let ¹� – %º be a probability space. LetF be a class of measurable functions of �nite second

moment. The classF is called%-Donsker if a certain central limit theorem holds for the class of

random variablesf
p

C¹%C� %º 5 : 5 2 F g, where%C5 = 1
C

Í C
8=1 5¹- 8º where- 8's are i.i.d. draws

from %. Because Donskerness will be used as an intermediate step that we will not actually need

to show directly or utilize directly, we refer the reader to De�nition 3.7.29 from Giné and Nickl

[135] for a precise de�nition.
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Lemma 15(Donskerness, stochastic equicontinuity). Let32
%¹ 5 – 6º = %¹ 5� 6º2�¹ %¹ 5� 6ºº2 and

consider the pseudo-metric space¹F – 3%º. AssumeF satis�es the conditionsup52F j 5¹Gº � % 5j Ÿ

1 for all G2 � . Then the following are equivalent

• F is %-Donsker.

• ¹F – 3%º is totally bounded, and stochastic equicontinuity under the L2 function norm holds,

i.e., for anyXC= >¹1º,

sup
¹ 5 –6º2»XC¼! 2

j
p

C¹%C� %º ¹ 5 � 6ºj = >?¹1º

asC! 1 , where»XC¼! 2 = f¹ 5 – 6º : 5 – 62 F – 3%¹ 5 – 6º � XCg.

See Theorem 3.7.31 from Giné and Nickl [135].

Lemma 15 reduces the problem of showing stochastic equicontinuity under the L2 function

norm to showing Donskerness. In order to show Donskerness, we will show that our function class

is VC-subgraph, which implies Donskerness. At the end, we will connect stochastic equicontinuity

under the L2 function norm to the stochastic equicontinuity that we need (see Lemma 21).

Let C be a class of subsets of a set� . Let � � � be a �nite set. We say thatC shatters� if

every subset of� is the intersection of� with some set� 2 C. The subgraph of a real function5

on � is the set� 5 = f¹ B– Cº : B2 � – C2 R– C� 5¹Bºg•

De�nition 9 (VC-subgraph function classes). A collection of setsC is a Vapnik-�Cervonenkis class

¹C is +� º if there exists: Ÿ 1 such thatC does not shatter any subsets of� of cardinality

: . A class of functionsF is +� -subgraph if the class of setsC =
�
� 5 : 5 2 F

	
is +� . See

De�nition 3.6.1 and 3.6.8 from Giné and Nickl [135]

Lemma 16(VC subgraph + envelop square integrability=) Donskerness). If F is VC-subgraph,

and there exists a measurable� such that 5 � � for all 5 2 F with %� 2 Ÿ 1 , then F is

%-Donsker. See Theorem 3.7.37 from Giné and Nickl [135]

Since VC-subgraph implies Donskerness which is equivalent to stochastic equicontinuity, our
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problem reduces to showing the VC-subgraph property. The following lemmas show how to con-

struct complex VC-subgraph function classes from simpler ones, and will be used in our proof.

Lemma 17(Preservation of VC class of sets, Lemma 2.6.17 from Vaart and Wellner [28]). If C

andD are VC classes of sets. ThenC \ D = f � \ � : � 2 C– � 2 Dg andC2 = f � 2 : � 2 Cg

are VC.

Lemma 18(Preservation of VC-subgraph function classes). LetF andG be+� -subgraph classes

of functions on a set� and6 : � 7! R be a �xed function. ThenF _ G = f 5_ 6 : 5 2 F – 62 Gg,

F ¸ 6 = f 5 ¸ 6 : 5 2 F g, F � q = f 5 � q : 5 2 F g is VC-subgraph for �xedq : X ! � , and

F � 6 = f 5 6: 5 2 F g are VC-subgraph. See Lemma 2.6.18 from Vaart and Wellner [28]

Lemma 19 (Problem 9 Section 2.6 from Vaart and Wellner [28]). If a collection of setsC is a

VC-class, then the collection of indicators of sets inC is a VC-subgraph class of the same index.

In general, the VC-subgraph property is not preserved by multiplication, whereas Donskerness

is. Thus, our proof will use the VC-subgraph property up until a �nal step where we need to invoke

multiplication, which will instead be applied on the Donskerness property.

Lemma 20(Corollary 9.32 from Kosorok [35]). Let F andG be Donsker, thenF � G is Donsker

if both F andG are uniformly bounded.

For parametric function classes, if the parametrization is continuous in a certain sense, then

stochastic equicontinuity holds w.r.t. the norm in the parameter space.

Lemma 21(From! 2-norm to parameter norm). Suppose the function classF = f 5¹�– Vº– V2 � g,

� � R=, is%-Donsker, with an envelope� such that%� 2 Ÿ 1 . Suppose
¯

»5¹�– Vº � 5¹�– V0º¼2 3%!

0 asV ! V0. Then for any positive sequenceXC= >¹1º, it holds

sup
V:kV� V0kŸXC

j
p

C¹%C� %º ¹ 5¹�– Vº � 5¹�– V0ºº j = >?¹1º• (A.33)

See Lemma 2.17 from Pakes and Pollard [132]; see also Lemma 1 from Chenet al.[136]
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Lemma 22(Andrews [137]). If for any XC= >¹1º Eq.(A.33) holds, then for any random elements

VCsuch thatkVC� V0k2 = >?¹1º, it holds
p

C¹%C� %º¹ 5¹�– VCº � 5¹�– V0ºº = >?¹1º•

Lemma 23. Given any= �xed functionsE8 : � ! R, 82 »=¼, the following function classes

F1 = f \ 7! max
8

f V1E1¹\ º– • • • – V=E=¹\ ºg : V 2 � g

F2 = f \ 7! »� 5 –1– • • • – �5 –=¼¹\– Vº : V 2 � g

F3 = f \ 7! max
8

¹V8E8¹\ ºº1f max
82�

V8E8¹\ º = max
82»=¼

V8E8¹\ ºg : V 2 � g

are VC-subgraph and Donsker. Here� 5 –8¹\– Vº = E8¹\ º
Î =

: =1 1¹V8E8¹\ º � V: E: ¹\ ºº and � =

»0–1¼=, and � is a nonempty subset of»=¼.

Proof of Lemma 23.We showF1 is VC-subgraph. For each8, the classf \ 7! E8¹\ ºV8 : V8 2 »0–1¼g

is VC-subgraph (Proposition 4.20 from Wainwright [138], and Example 19.17 from Vaart [31]).

By the fact the VC-subgraph function classes are preserved by pairwise maximum (Lemma 18), we

know F1 is VC-subgraph. Moreover, the required envelope condition holds sinceess sup\ 5 � �E

for all 5 2 F1, soF1 is Donsker by Lemma 16.

We now showF2 is VC-subgraph. For a vector-valued function class, we say it is VC-subgraph

if each coordinate is VC-subgraph. First, the class of setsff E2 R= : V8E8 � V: E: g � R= : V 2 � g

is VC, for all : < 8. By Lemma 17, we know the class of setsff E 2 R= : V8E8 � V: E: –8: < 8g �

R= : V 2 � gis VC. By Lemma 19, we obtain that the classf \ 7!
Î =

: =1 1¹V8E8¹\ º � V: E: ¹\ ºº : V 2

� g is VC-subgraph. Finally, multiplying all functions by a �xed function preserves VC-subgraph

classes (Lemma 18), and sof \ 7! E8¹\ º
Î =

: =1 1¹V8E8¹\ º � V: E: ¹\ ºº : V 2 � g is VC-subgraph.

Repeat the argument for each coordinate, and we obtain thatF2 is VC-subgraph. Moreover, the

required envelope condition holds sinceess sup\ k� 5¹\– Vºk2 � =�Efor all � 5 2 F2, and soF2 is

Donsker by Lemma 16. We conclude the proof of Lemma 23.

Finally, to seeF3 is VC-subgraph and Donsker, rewrite its functions as1f max� V8E8¹\ º =

max»=¼V8E8¹\ ºg =
Î =

: =1¹1 �
Î

82� 1¹V8E8¹\ º Ÿ V: E: ¹\ ººº and apply similar arguments as above.
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A.7 Proofs for Main Theorems in FPPE

A.7.1 Proof of Theorem 8

The convergenceVWa•s•
�! V� follows the same proof as Theorem 29 and is ommitted. To show

almost sure convergence of revenue, we note

�
�
�
1
C

CÕ

g=1

?g �
¹

�
?� ¹\ ºB¹\ º d\

�
�
�

�
1
C

CÕ

g=1

j max
8

f E8¹\ gºVW
8g � max

8
f E8¹\ gºV�

8gj ¸
�
�
�
1
C

CÕ

g=1

max
8

f E8¹\ gºV�
8g �

¹

�
?� ¹\ ºB¹\ º d\

�
�
�

� �EkVW� V� k1 ¸
�
�
�
1
C

CÕ

g=1

max
8

f E8¹\ gºV�
8g �

¹

�
?� ¹\ ºB¹\ º d\

�
�
�

a•s•
�! 0 •

Here the �rst term converges to zero a.s. byVWa•s•
�! V� , and the second term converges to0 a.s. by

strong law of large numbers and notingE»max8f E8¹\ ºV�
8g¼= E»?� ¹\ º¼= REV� .

A.7.2 Proof of Theorem 9

Proof of Theorem 9.First, by Gao and Kroer [29], there is a natural lower bound for the equilib-

rium pacing multipliers. To lower boundV�
8, noteV�

8 = 18•D�
8 = 18•¹ X�

8 ¸ ` �
8º � 18•¹ 18¸

¯
E8Bd\ º =

18•¹ 18¸ a8º. Then18•¹ 18¸ a8º � V�
8 � 1. De�ne the set

� FPPE =
=Ö

8=1

�
18

2a8¸ 18
–1

�
•

Clearly we haveV� 2 � FPPE. Furthermore, forClarge enoughVW2 � FPPE with high probability.

To see this, ifCsatis�esC� 2¹ �E•min8a8º2 log¹2=• [ º, then1
C
Í C

g=1E8¹\ gº � 2E»E8¹\ º¼for all 8with

probability � 1 � [ . By a bound onVWin the QMEVW
8 � 18

18̧
1
C
Í C

g=1E8¹\ gº
(see Section 6 in Gao and

Kroer [29]), we obtainVW
8 � 18

18̧ 2a8
(recalla8 = E»E8¹\ º¼).

Let ! FPPE and_FPPE be the Lipschitz constant and strong convexity constants of� and � C

w.r.t � 1 -norm on� FPPE. We estimate! FPPE and_FPPE. On � FPPE, the minimum eigenvalue
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of r 2	 ¹Vº = diagf 18
¹V8º2 g can be lower bounded by

�
1. So we conclude_FPPE =

�
1. And the

Lipschitzness constant can be seen by the following. ForV– V0 2 � FPPE,

j� C¹Vº � � C¹V0º j

�
1
C

CÕ

g=1

�
� max

8
f E8¹\ gºV8g � max

8
f E8¹\ gºV0

8g
�
� ¸

=Õ

8=1

18
�
� log V8 � log V0

8

�
�

� �EkV� V0k1 ¸
=Õ

8=1

18 �
1

18•¹ 2a8¸ 18º
jV8 � V0

8j

�
�
�E¸ 2 �a=¸ 1

�
kV� V0k1 –

where we used
Í

818 = 1. Similar argument shows that� is also¹ �E¸ 2 �a=¸ 1º-Lipschitz on� FPPE.

We conclude! FPPE = ¹ �E¸ 2 �a=¸ 1º.

To obtain the convergence rate, we simply repeat the proof of Theorem 3. We obtain from

Eq. (A.22) that with probability� 1 � 2U, there exists a constant20such that as long as

C� 20 � ! 2
FPPE min

�
1

_FPPEn
–

1
n2

�
�

�
=log

� 16! FPPE

n � X

�
¸ log

1
U

�
– (A.34)

it holds j� ¹VWº � � ¹V� º j Ÿ n and thatVW2 � FPPE (see Corollary 1). Now Eq. (A.34) shows that

for n Ÿ
�
1 (so that the1•¹_FPPEnº term in the min becomes dominant) we have

j� ¹VWº � � ¹V� º j = ~$ ?

�
=

�
�E¸ 2 �a=¸ 1

� 2

�
1C

�
–

where we use~$ ? to ignore logarithmic factors ofC. Moreover,

kVW� V� k1 � k VW� V� k2 �
p

2j� ¹VWº � � ¹V� º j•_FPPE = ~$ ?

� p
=

�
�E¸ 2 �a=¸ 1

�

�
1
p

C

�
•
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From here we obtain

jREVW� REV� j

� �EkVW� V� k1 ¸
�
�
�
1
C

CÕ

g=1

max
8

f E8¹\ gºV�
8g �

¹

�
?� ¹\ ºB¹\ ºd\

�
�
�

= ~$ ?

�
�E
p

=
�
�E¸ 2 �a=¸ 1

�

�
1
p

C

�
¸ $ ?

�
�E

p
C

�

= ~$ ?

�
�E
p

=
�
�E¸ 2 �a=¸ 1

�

�
1
p

C

�
•

We concludejREVW� REV� j = ~$ ?

�
�E
p

=¹ �Ȩ 2 �a=̧ 1º

�
1
p

C

�
. This completes the proof of Theorem 9.

A.7.3 Proof of Theorem 10

Proof of Theorem 10.The proof of Theorem 10 proceeds by showing that FPPE satisfy a set of

regularity conditions that are suf�cient for asymptotic normality [34, Theorem 3.3]; the conditions

are stated in Lemma 13 in the appendix. Maybe the hardest condition to verify is the so called

stochastic equicontinuity condition (Cond. 13.c), which we establish with tools from the empirical

process literature. In particular, we show that the class of functions, parameterized by a pacing

multiplier vectorV, that map each item to its corresponding �rst-price auction allocation under the

given V, is a VC-subgraph class. This in turn implies stochastic equicontinuity. Assumption 2 is

used to ensure normality of the limit distribution.

We verify all the conditions in Lemma 13. Recall�= = f8 : V�
8 = 1g is the set of active

constraints. The local geometry of� at V� is described by thej�= j constraint functions68¹Vº =

4T
8V� 1, 82 �=.

First, we verify the conditions on the probability distribution and the objective function. A1

holds obviously for the mapV 7! max8V8E8¹\ º. A2 holds by 5 � �E. A4 holds with Lipschitz

constant�E. A5 holds since by Assumption 1 there is a neighborhood# diff of V� such that for all

V 2 # diff , the setf \ : 5¹\–�º not differentiable atVg is measure zero. A6 holds bykr 5¹\– Vºk2 �

=�E. B4 holds by Assumption 1.
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Second, we verify the conditions on the optimality. B3 holds since the constraint functions are

68¹Vº = 4T
8V� 1, 82 �=, whose gradient vectors are obviously linear independent. Moreover, the set

f V : V8 ¡ 0– 82 �=gis nonempty. B5 holds byr 2� ¹V� º = r 2 �5¹V� º ¸ diag¹18• V�
8

2º ¼ diag¹18• V�
8

2º

being positive de�nite.

Finally, we verify the stochastic equicontinuity condition. Recall the de�nitions of the follow-

ing two function classes from Lemma 23

F1 = f \ 7! max
8

f V1E1¹\ º– • • • – V=E=¹\ ºg : V 2 � g–

F2 = f \ 7! � 5¹\– Vº : V 2 � g•

Here� = »0–1¼=. For anyV 2 # diff we haver 5¹�– Vº = � 5¹�– Vº 2 F2. In Lemma 23 we show that

F2 is VC-subgraph and Donsker. By Lemma 16 we know that a stochastic equicontinuity condition

w.r.t. the! 2 norm holds, i.e.,

sup
V2»XC¼! 2

aC¹� 5¹�– Vº � � 5¹�– V� ºº = >?¹1º (A.35)

where»XC¼! 2 = f V : V 2 # diff –
¯

k� 5¹�– Vº � � 5¹�– V� ºk2
2Bd\ � XCg, aC� 5 = C� 1•2¹%C� %º� 5 =

C� 1•2Í C
g=1¹� 5¹\ gº �

¯
� 5Bd\ º. Next, we note for (almost every) �xed\ , limV! V� k� 5¹\– Vº �

� 5¹\– V� ºk2 = 0 by � tie¹V� º is measure zero (a condition implied by Assumption 1). Moreover,

note

lim
V! V�

E»k� 5¹\– Vº � � 5¹\– V� ºk2
2¼= E

�
lim

V! V�
k� 5¹\– Vº � � 5¹\– V� ºk2

2

�
= 0

where the exchange of limit and expectation is justi�ed by bounded convergence theorem, and by

Lemma 21, we can replace»XC¼! 2 with »XC¼= f V : V 2 # diff –kV� V� k2 � XCgin Eq. (A.35). Finally,

noter �5¹V� º = E»� 5¹\– V� º¼, and if � Cis differentiable atV 2 # diff , thenr 5¹\ g– Vº = � 5¹\ g– Vº

for all g 2 »C¼. Then
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sup
»XC¼\fr � C¹Vº existsg

k¹r � C� r � º ¹Vº � ¹r � C� r � º ¹V� ºk2

C� 1•2 ¸ k V� V� k2

= sup
»XC¼\fr � C¹Vº existsg

k¹%C� %º� 5¹�– Vº � ¹ %C� %º� 5¹�– V� ºk2

C� 1•2 ¸ k V� V� k2
(A.36)

� sup
»XC¼

p
Ck¹%C� %º� 5¹�– Vº � ¹ %C� %º� 5¹�– V� ºk2 = >?¹1º (by Eq. (A.35))

and thus the required stochastic equicontinuity condition holds.

Now we are ready to invoke Lemma 13. We need to �nd the three objects,�– @– ZCas in the

lemma that characterize the limit distribution. The critical cone� is

� = f F 2 R= : F T48 = 0 if 82 �= andX�
8 ¡ 0– FT48 � 0 if 82 �= andX�

8 = 0g

= f F : �F = 0g (Assumption 2)

where� 2 Rj�= j� = whose rows aref 4T
8– 82 �=g. From here we can see the role of Assumption 2 is

to ensure the critical cone is a hyperplane, which ensures asymptotic normality ofVW.

If j�= j = 0, i.e., V� lies in the interior of� , thenP is identity matrix, and the limit distribution

is ture.

Now assumej�= j � 1. Note �� T is an identity matrix of sizej�= j and� T � = diag¹1¹82 �=ºº =

diag¹1¹V�
8 = 1ºº. The optimal Lagrangian multiplier is unique and so the piecewise quadratic

function@is @¹Fº = F TH F. Finally, the gradient error term is

ZC=
1
C

CÕ

g=1

�
` g � �̀ � �

• (A.37)

The unique minimizer ofF 7! 1
2F TH F ¸ ZF overf F : �F = 0g is �¹PHPº yZ where

P = �= � � T¹ � � Tºy � = diag¹1¹82 �Ÿºº = diag¹1¹V�
8 Ÿ 1ºº•
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For completeness, we provide details for solving this quadratic problem. By writing down the

KKT conditions, the optimality condition is

2
6
6
6
6
6
4

H � T

� 0

3
7
7
7
7
7
5

2
6
6
6
6
6
4

F

_

3
7
7
7
7
7
5

=

2
6
6
6
6
6
4

� Z

0

3
7
7
7
7
7
5

=)

2
6
6
6
6
6
4

F

_

3
7
7
7
7
7
5

=

2
6
6
6
6
6
4

�¹H � 1 � H � 1 � T¹ � H � 1 � Tº� 1 � H � 1ºZ

�¹¹ � H � 1 � Tº� 1 � H � 1ºZ

3
7
7
7
7
7
5

where_ 2 Rj�= j is the Lagrangian multiplier. By a matrix equality, for any symmetric positive

de�nite H of size= and� 2 Rj�= j� = of rank j�= j, it holds

H � 1 � H � 1 � T¹ � H � 1 � Tº� 1 � H � 1 = %� ¹%� H %� ºy%� = ¹%� H %� ºy (A.38)

with %� = �= � � T¹ � � Tºy � . We conclude that the asymptotic expansion

p
C¹VW� V� º =

1
p

C

CÕ

g=1

� V¹\ gº ¸ >?¹1º (A.39)

holds, where

� V¹\ º = �¹PHPº y¹` � � �̀ � º–

and that the asymptotic distribution of
p

C¹VW� V� º isN ¹ 0–� Vº with � V = E»� V� T
V¼. NoteE»� V¼=

0.

Proof ofVW ?
! V� . This follows from Lemma 13.

Proof of Asymptotic Distribution for pacing multiplierV. This follows from the above discus-

sion.

Proof of Asymptotic Distribution for revenueREV. We use a stochastic equicontinuity argu-

ment. Given the item sequenceW= ¹\ 1– \2 • • •º, de�ne the (random) operator

aC6 =
p

C¹%C� %º6 =
1
p

C

CÕ

g=1

¹6¹\ gº � E»6¼º•

where6 : � ! R, E»6¼=
¯

6Bd\ . Note ?� ¹\ º = max8V�
8E8¹\ º = 5¹\– V� º, REV� = % 5¹�– V� º,
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?g = 5¹\ g– VWº andREVW= %C5¹�– VWº we obtain the decomposition

p
C¹REVW� REV� º =

1
p

C

CÕ

g=1

�
5¹\ g– V� º � �5¹V� º

�

|                             {z                             }
=:IC

¸ aC¹ 5¹�– VWº � 5¹�– V� ºº
|                        {z                        }

=:IIC

¸
p

C¹ �5¹VWº � �5¹V� ºº
|                    {z                    }

=:III C

For the termIC, it can be written asIC = aC¹?� ¹�º � REV� º. By the linear representation for

VW� V� in Eq. (A.39), applying the delta method, we get the linear representation result

III C=
1
p

C

CÕ

g=1

r �5¹V� ºT � V¹\ gº ¸ >?¹1º =
1
p

C

CÕ

g=1

¹ �̀ � ºT � V¹\ gº ¸ >?¹1º

We will showIIC= >?¹1º. The dif�culty lies in that the operatoraCand the pacing multiplier

VWdepend on the same batch of items. This can be handled with the stochastic equicontinuity

argument. The desired claimIIC= >?¹1º follows by verifying that the function classF1 = f \ 7!

5¹�– Vº : V 2 � g (same as that de�ned in Lemma 23) is VC-subgraph and Donsker. This is true by

Lemma 23. By Lemma 15 we know for anyXC# 0,

sup
F2»XC¼! 2

aC¹ 5¹�– Fº � 5¹�– V� ºº = >?¹1º (A.40)

where»XC¼! 2 = f V : V 2 �–
¯

¹ 5¹�– Vº � 5¹�– V� ºº2Bd\ � XCg. Noting that for allV– F– \, it holds

j 5¹\– Vº � 5¹\– Fºj � �EkV� F k1 , we know that
¯

»5¹�– Vº � 5¹�– V� º¼2 Bd\ ! 0 asV ! V� . Then

by Lemma 21, we know Eq. (A.40) holds with»XC¼! 2 replaced with»XC¼= f V : V 2 �– kV� V� k2 �

XCg. Combined with the fact thatVW ?
! V� , by Lemma 22 we knowIIC= >?¹1º.

To summarize, we obtain the linear expansion

p
C¹REVW� REV� º =

1
p

C

CÕ

g=1

¹?� ¹\ gº � REV� ¸ ¹ �̀ � ºT � V¹\ gºº ¸ >?¹1º• (A.41)
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Let � REV¹\ º = ?� ¹\ gº � REV� ¸ ¹ �̀ � ºT � V¹\ gº.

We complete the proof of Theorem 10.

A.7.4 Proof of Corollary 3

Proof of Corollary 3. For 8such thatV�
8 = 1, we know VW

8 � 1 = >?¹ 1p
C
º holds. ThenP¹VW

8 Ÿ

1� YCº = P¹>?¹1º ¡
p

CYCº ! 0–using the smoothing rate condition
p

CYC! 2 2 ¹0–1¼. For8such

that V�
8 Ÿ 1, we knowVW� V�

8 = >?¹1º by consistency ofVW. ThenP¹VW
8 Ÿ 1 � YCº = P¹>?¹1º Ÿ

¹1 � V�
8º � YCº ! 1 by YC= >¹1º and1 � V�

8 ¡ 0.

A.7.5 Proof of Normality of NSW,D, andXin FPPE

We de�ne NSW and utility in limit FPPE. We use¹•º� to denote limit FPPE quantities. Given

an FPPE¹V� – ?� º, we de�ne by

X�
8 = 18 �

¹
?� BG�8d\ – �̀ �

8 =
¹

E8BG�8d\ –

D�
8 = �̀ �

8 ¸ X�
8 • (A.42)

theleftover budget, theitem utility and thetotal utility of buyer8. Let X� –�̀ � – D� be the vectors that

collect these quantities for all buyers. In FPPE it holds that

D�
8 = 18• V�

8•

We next de�ne these quantities in �nite FPPE. To emphasize dependence on the item sequence

W, we use¹•ºW to denote equilibrium quantities in›FPPE¹1– E–1•C– Wº. We let ¹VW– ?Wº be an

observed FPPE withGW = ¹GW
1– • • •º. The leftover budgetXW

8 = 18 � f
Í

g ?gGW–g
8 , item utility

�̀8 = f
Í C

g=1Eg
8GW–g

8 and total utilityDW
8 = XW

8 ¸ �̀8 are de�ned similarly. LetXW–�̀– DWbe the vectors

that collect these quantities for all buyers. The observed revenue isREVW= f
Í C

g=1?g, and NSW

is NSWW=
Í =

8=118logDW
8.
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Corollary 4. Under the same conditions as Theorem 10,
p

C¹DW� D� º,
p

C¹XW� X� º and
p

C¹NSWW�

NSW� º are asymptotically normal with (co)variances� D = diag¹18•¹ V�
8º2º� Vdiag¹18•¹ V�

8º2º,

� X = ¹�= � H ¹H � ºyº
 ¹�= � H ¹H � ºyºT, andf 2
NSW = Vec¹18• V�

8ºT� VVec¹18• V�
8º, respectively.

Proof of Corollary 4. Proof of Asymptotic Distribution for individual utilityD. We use the delta

method; see Theorem 3.1 from Vaart [31]. NoteD� = 6¹V� º with 6 : R= ! R=– 6¹Vº =

»11• V1– • • • – 1=• V=¼T. By Eq. (A.39), it holds

p
C¹DW� D� º =

1
p

C

CÕ

g=1

r 6¹V� º� V¹\ gº ¸ >?¹1º• (A.43)

Finally, notingr 6¹V� º = diag¹� 18•¹ V�
8º2º we complete the proof.

Proof of Asymptotic Distribution for Nash social welfareNSW. We use the delta method. Note

NSW� = 6¹V� º with 6 : R= ! R– 6¹Vº =
Í =

8=118log¹18• V8º. By Eq. (A.39) it holds

p
C¹NSWW� NSW� º =

1
p

C

CÕ

g=1

r 6¹V� ºT � V¹\ gº ¸ >?¹1º• (A.44)

Finally, notingr 6¹V� º = Vec¹18• V�
8º.

Proof of Asymptotic Distribution for leftover budgetX. This is a direct consequence of Theorem

4.1 in Shapiro [34]. By that theorem, it holds that

p
C

2
6
6
6
6
6
4

VW� V�

XW
�=

� X�
�=

3
7
7
7
7
7
5

3
! N ¹ 0–� jointº

with

� joint =

2
6
6
6
6
6
4

H � T

� 0

3
7
7
7
7
7
5

� 1 2
6
6
6
6
6
4


 0

0 0

3
7
7
7
7
7
5

2
6
6
6
6
6
4

H � T

� 0

3
7
7
7
7
7
5

� 1

=

2
6
6
6
6
6
4

¹H � ºy
 ¹H � ºy »&
 ¹H � ºy¼T

&
 ¹H � ºy &
 & T

3
7
7
7
7
7
5

where � 2 Rj�= j� = whose rows aref 4T
8– 82 �=g, & = ¹ � H � 1 � Tº� 1 � H � 1 2 Rj�= j� = and 
 =
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Cov¹` � º. By a matrix equality, noting matrix� 's rows are distinct basis vectors, it holds

¹ � H � 1 � Tº� 1 � H � 1 = � ¹�= � H ¹H � ºyº

Moreover, for other entries ofXW, i.e., XW
�Ÿ

, their asymptotic variance will be zero. The matrix

¹�= � H ¹H � ºyº
 ¹�= � H ¹H � ºyºT is zero at the¹8– 9º-th entry if 8or 9 2 �Ÿ. Summarizing, the

asymptotic variance of
p

C¹XW� X� º is ¹�= � H ¹H � ºyº
 ¹�= � H ¹H � ºyºT.

An alternative proof is by the delta method and a stochastic equicontinuity argument. To sum-

marize, it holds
p

C¹XW� X� º
3

! N ¹ 0–¹�= � H ¹H � ºyº
 ¹�= � H ¹H � ºyºTº and the linear expansion

p
C¹XW� X� º = C� 1•2

CÕ

g=1

¹�= � H ¹H � ºyº¹` � ¹\ gº � �̀ � º ¸ >?¹1º (A.45)

holds. In the case where�= = ; , i.e.,X�
8 = 0 for all 8, we haveH � = H and so�= � H ¹H � ºy = 0.

We complete the proof of Corollary 4

A.7.6 Proof of Fast Convergence of Pacing Multipliers

Lemma 24. Let Assumption 1 and Assumption 2 hold. ThenP¹VW
8 = 1º ! 1 for all 8 2 �=, and

P¹XW
8 = 0º ! 1 for all 82 �Ÿ.

Proof of Lemma 24.Eq. (A.45) impliesXW
8 � X�

8 = >?¹1º for all 8 2 �=. Assumption 2 implies

X�
8 ¡ 0 for all 82 �=. Combining the two givesP¹XW

8 ¡ 0–882 �=º ! 1, which implies the desired

claim by the strict complementarity betweenVW � 1 andXW � 0. The proof ofP¹XW
8 = 0º ! 1

follows similarly.

A.7.7 Proof of Theorem 11

Proof of Theorem 11.According to the discussion in Section A.4.5, we calculate the derivative of

the mapU 7! REV�
U–6at U = 0.

For a given perturbation¹U– 6º, we let ?�
U–6and REV�

U–6be the limit FPPE price and rev-

enue under supply distributionBU–6. Let ( U–6¹\ º = r U logBU–6¹\ º be the score function. So
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r UBU–6 = BU–6( U–6and
¯

( U–6BU–6d\ = 0. Obviously with our parametrization ofBU–6we have

( 0–6¹\ º = 6¹\ º by Eq. (1.13). We next �nd the derivative ofU 7! REV�
U–6at U = 0. Re-

call 5 is de�ned as 5¹\– Vº = max8E8¹\ ºV8 and the price is produced by the highest bid, i.e.,

?�
U–6¹\ º = max8V�

U–6E8¹\ º = 5¹\– V�
U–6º.

r UREV�
U–6= r U

¹
5¹\– V�

U–6ºBU–6¹\ º d\

=
¹

»r V5¹\– V�
U–6ºr UV�

U–6̧ 5¹\– V�
U–6º( U–6¹\ º¼BU–6¹\ º d\ •

Above we exchange the gradient and the expectation and then apply the chain rule. By a per-

turbation result by Lemma 8.1 and Prop. 1 from Duchi and Ruan [33], under Assumption 1 and

Assumption 2,

r UV�
U–6jU=0 = �¹H � ºy� ` � –6

with � ` � –6 = EB»¹̀ � ¹\ º � �̀ � º6¹\ ºT¼. Plugging inEB»r V5¹\– V�
0–6º¼= �̀ � , 5¹\– V�

0–6º = ?� ¹\ º and

( 0–6= 6, we obtain

r UREV�
U–6jU=0 = �¹ �̀ � ºT¹H � ºy� ` � –6¸ EB»¹?� ¹\ º � REV� º6¹\ º¼

= E
� �

� ¹ �̀ � ºT¹H � ºy¹` � ¹\ º � �̀ � º ¸ ¹ ?� ¹\ º � REV� º
�
6¹\ º

�

= E»� REV¹\ º6¹\ º¼•

Now we have the two components required to invoke the local minimax result. Given a symmetric

quasi-convex loss! : R ! R, we recall the local asymptotic risk for any proceduref ÂC: � C! Rg

that aims to estimate the revenue:

LARREV¹f ÂCgº =

sup
62� 3–32N

lim
2!1

lim inf
C!1

sup
kUk2� 2p

C

EB
 C
U–6

»! ¹
p

C¹ÂC� REV�
U–6ºº¼•
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Following the argument in Duchi and Ruan [33, Sec. 8.3] it holds

inf
f ÂCg

LARREV¹f ÂCgº � E»! ¹N ¹ 0–E»� 2
REV¹\ º¼ºº¼•

We complete the proof of Theorem 11.

A.7.8 Proof of Theorem 12

Proof of Theorem 12. Proof of̂� V
?

! � V. We �rst showĤ
?

! H by verifying conditions in Lemma 14.

All conditions are easy to verify except the stochastic equicontinuity condition. By Lemma 23 we

know the SE condition holds. We concludêH
?

! H . Next we showP¹P̂ = Pº ! 1. This

follows from Corollary 3. We concludeP¹P̂ = Pº ! 1. We now show¹P̂Ĥ P̂ºy ?
! ¹PHPº y.

Wlog let �= = »: ¼, and�Ÿ = »: ¸ 1– • • • – =¼. For anyn ¡ 0, P¹k¹P̂Ĥ P̂ºy � ¹PHPº yk� ¡ n º �

P¹k¹P̂Ĥ P̂ºy � ¹PHPº yk� ¡ n–P̂ = Pº ¸ P¹P̂ < Pº = P¹k»Ĥ Ÿ¼� 1 � »H Ÿ¼� 1k� ¡ n º ¸ P¹P̂ <

Pº ! 0 by Ĥ
?

! H . Next we showCov¹` � º = Cov¹r 5¹\– V� ºº can be consistently estimated by

1
C
Í C

g=1¹` g � �̀ º ¹` g � �̀ ºT, ` g = »Gg
1Eg

1– • • • – Gg
=Eg

=¼T, and �̀ = 1
C
Í C

g=1` g. This follows by Lemma 7.

We rewrite�̂ V as�̂ V = ¹P̂Ĥ P̂ºy¹ 1
C
Í C

g=1¹` g � �̀ º
 2º¹P̂Ĥ P̂ºy which converges in probability to

¹PHPº yCov¹` � º¹PHPº y = � V.

Proof off̂ 2
REV

?
! f 2

REV. We rewritef 2
REV = E»¹?� � REV� º2¼

|                 {z                 }
IC

¸ ¹ �̀ � ºT¹PHPº yCov¹` � º¹PHPº y �̀ �

|                                          {z                                          }
IIC

¸

2E»¹?� � REV� º¹` � � �̀ � º¼T¹PHPº y �̀ �

|                                                 {z                                                 }
III C

andf̂ 2
REV =

1
C

CÕ

g=1

¹?g � REVWº2

|                    {z                    }
ÎC

¸ ¹ �̀ WºT¹P̂ Ĥ P̂ºy 
̂ ¹P̂ Ĥ P̂ºy �̀ W

|                                 {z                                 }
ÎIC

¸

2
�
1
C

CÕ

g=1

¹?g � REVWº¹` g � �̀ Wº
� T

¹P̂ Ĥ P̂ºy �̀ W

|                                                       {z                                                       }
^III C

•We havêIC
?

! ICby invoking Lemma 23, applying a

uniform LLN and using the fact thatVW ?
! V� . And ÎIC

?
! II holds by �̀

?
! �̀ � , ¹P̂ Ĥ P̂ºy ?

! ¹PHPº y

and
̂
?

! 
 , and applying Slutsky's theorem. Finally,̂III C
?

! III by F1 � F2 is Donsker by Lemma 20

and thus a uniform law of large number holds, and thatVW ?
! V� .
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We complete the proof of Theorem 12.

A.7.9 Proof of Simpli�ed Estimation Results

Proof of Theorem 13.First we show� REV¹\ º = ?� ¹\ º � �̀ � T¹PHPº y` � ¹\ º = ~?� ¹\ º. It suf�ces

to show¹V� � ¹PHPº y �̀ � ºT` � ¹\ º = ~?� ¹\ º. The cases of�Ÿ = ; or �= = ; can be handled easily.

We assume both of them are nonempty. Also let�= = »: ¼, and�Ÿ = »: ¸ 1– • • • – =¼without loss

of generality. The �nite inverse moment assumption onbidgap impliesr 2E»5¹\– V� º¼V� = 0, and

H = diag¹18•¹ V�
8º2º. So V� = »1: ; V�

Ÿ¼whereV�
Ÿ is the subvector corresponding to�Ÿ. Let H Ÿ

be the lower-right matrix ofH corresponding to�Ÿ. Lemma 1, Eq. (1.17) andr 2E»5¹\– V� º¼V� =

0 imply ¹PHPº y �̀ � = »0: ; V�
Ÿ¼. So V� � ¹PHPº y �̀ � = »1: ; 0=� : ¼. And »1: ; 0=� : ¼T` � ¹\ º =

Í
82�=

` �
8¹\ º = ~?� . The simpli�ed formula for� V follows easily.

Next we showf̂ 2
REV–sim

?
! f 2

REV. Suppose�= = ; , thenP¹�̂= = �=º ! 1 implies f̂ 2
REV ! 0.

Now suppose�= < ; . In Lemma 23 we have shown bothF1 andF3 are VC-subgraph, and thus a

uniform law of large number holds. SinceP¹�̂= = �=º ! 1, we analysis is carried out under the

event�̂= = �=. Let 5¹\– Vº be the function inF1 and6 in F3. Let � ¹\– Vº = 5¹\– Vº6¹\– Vº. Under

the event�̂= = �=, we have that̂f 2
REV is the sample variance of� ¹\ g– VWº, g 2 »C¼, andf 2

REV is

the variance of the random variable� ¹\– V� º. The consistency of the simpli�ed revenue variance

estimator follows by the uniform law of large number. The consistency of the simpli�ed estimator

for � V follows easily.

A.7.10 Proof of Theorem 14

Proof of Theorem 14.By the EG characterization of FPPE, we know thatVW¹1º, the pacing multi-

plier of the observed FPPE›FPPE
�
c1– E¹1º–c

C1
– W¹1º

�
, solves the following dual EG program

min
�

1
C1

C1Õ

g=1

max
8

E8¹\ gºV8 �
=Õ

8=1

18log¹V8º (A.46)

The major technical challenge is that the number of summands in the �rst summation is also
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random. Given a �xed integer: and a sequence of items¹\ 1–1– • • • – \1–:º, de�ne

Vlin–:¹1º = V� ¹1º ¸
1
:

:Õ

g=1

� V¹1– \1–gº–

V: ¹1º = the unique pacing multiplier in›FPPE¹1– E¹1º– :� 1–¹\ 1–1– • • • – \1–:ºº

Here� V¹1–�º = �¹H � ¹1ººy¹` � ¹1–�º � �̀ � ¹1ºº whereH � ¹1º– �̀ ¹1–�º and �̀ � ¹1º are the projected

Hessian in Eq. (1.18), item utility function in Eq. (1.15), and total item utility vector in Eq. (1.16)

in the limit marketFPPE¹1– E¹1º– Bº. NoteE»� V¹1–�º¼= 0. Note VW¹1º = VC1 since scaling the

supply and the budget at the same time does not change the equilibrium pacing multiplier. We

introduce the following asymptotic equivalence results:

Lemma 25. RecallC1 � Bin¹c– Cº. If Assumption 2 and Assumption 1 hold for the limit market

FPPE¹1– E¹1º– Bº, then

•
p

C¹VW¹1º � Vlin–C1º = >?¹1º asC! 1 .

•
p

C¹Vlin–C1 � Vlin–bcCcº = >?¹1º asC! 1 .

Here b0c is the greatest integer less than or equal to0 2 R. A similar result holds for the

market limitFPPE¹1– E¹0º– Bº and the in�uence function� V¹0–�º is de�ned similarly.

With Lemma 25, we write

p
C¹ĝV � gVº

=
p

C¹VW¹1º � V� ¹1ºº �
p

C¹VW¹0º � V� ¹0ºº

=
p

C
�

1
p

bcCc

bcCcÕ

g=1

� V¹1– \1–gº �
1

p
b¹1 � cºCc

b¹1� cºCcÕ

g=1

� V¹0– \0–gº
�

¸ >?¹1º (Lemma 25)

3
! N

�
0–

1
c

Var»� V¹1–�º¼ ¸
1

¹1 � cº
Var»� V¹0–�º¼

�
• (independence betweenf \ 1–ggg andf \ 0–ggg)

Proof of CLT forgV. It follows from the above discussion.

Proof of CLT forgD. We begin with the linear expansion Eq. (A.43) and repeat the same
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argument.

Proof of CLT forgREV. We begin with the linear expansion Eq. (A.41) and repeat the same

argument.

Proof of CLT forgNSW. We begin with the linear expansion Eq. (A.44) and repeat the same

argument.

We complete the proof of Theorem 14.

In order to prove Lemma 25, we will need the following lemma.

Lemma 26. If - C = >?¹1º and ) � Bin¹c– Cº and ) and the sequence are independent, then

- ) = >?¹1º.

Proof of Lemma 26.By - C= >?¹1º we know for alln ¡ 0 it holdsP¹j- Cj ¡ n º ! 0, or equiva-

lently sup: � CP¹j- : j ¡ n º ! 0 asC! 1 . By a concentration for binomial distribution, we know

for all X ¡ 0, it holdsP¹j) � cCj ¡ XcCº � 2 exp¹� X2cC•3º. Now write

P¹j- ) j ¡ n º � P¹j- ) j ¡ n– ) 2 ¹1 � XºcCº ¸ P¹) 8 ¹1 � XºcCº

�
Õ

: 2¹1� XºcC

P¹j- : j ¡ n ºP¹) = : º ¸ 2 exp¹� X2cC•3º

� sup
: �¹ 1� XºcC

P¹j- : j ¡ n º ¸ 2 exp¹� X2cC•3º ! 0 asC! 1

where in the second inequality we use the independence between) and the sequence. We conclude

- ) = >?¹1º, completing proof of Lemma 26.

Proof of Lemma 25.The �rst statement uses the independence betweenC1 and the items¹\ 1–1– \1–2– • • •º.

De�ne ' ¹: º =
p

C¹V: ¹1º � Vlin–:¹1ºº. By Eq. (A.39), we have' ¹: º = >?¹1º as: ! 1 . With this

notation, the �rst statement is equivalent to' ¹C1º = >?¹1º whereC1 � Bin¹c– Cº, which holds true

by Lemma 26.

The second statement is equivalent to
p

bcCc
�
Vlin–C1 ¹1º � Vlin–bcCc¹1º

�
= >?¹1º. To prove this

we use a Komogorov's inequality. By Theorem 2.5.5 from Durrett [139], for anyn ¡ 0, (let
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f � V = E»k� V¹1– \ºk2
2¼1•2)

P
� p

bcCc sup
¹1� nºbcCc� < �¹ 1¸ nºbcCc

kVlin–<¹1º � Vlin–¹1� nºbcCc¹1ºk2 � Xf � V

�
�

2n
X2

•

Then

P
�p

bcCc



 Vlin–C1 ¹1º � Vlin–bcCc¹1º






2 � X
�

� P
�p

bcCc



 Vlin–C1 ¹1º � Vlin–bcCc¹1º






2 � X–¹1 � nºbcCc � C1 � ¹ 1 ¸ nºbcCc
�

¸ P
�
C1 8

�
¹1 � nºbcCc–¹1 ¸ nºbcCc

� �

�
2nf 2

� V

X2
¸ P

�
C1 8

�
¹1 � nºbcCc–¹1 ¸ nºbcCc

� �
!

2nf 2
� V

X2

Finally, since the above holds for alln ¡ 0, we obtain
p

bcCc¹Vlin–C1 � Vlin–bcCcº = >?¹1º. We

complete the proof of Lemma 25.

A.8 Experiments

A.8.1 Hessian Estimation

Setup. We look at the following con�guration of markets and the smoothing parameter3.

Note we will be evaluating Hessian at a prespeci�ed point and do not need to form any market

equilibria in this experiment. We consider= = 9 buyers. The item sizeCranges from 200 to 5000,

at a log scale. Budget does not need to be speci�ed. Buyers' values are drawn from uniform,

exponential, or truncated standard normal distributions. The smoothing parameter3 is chosen

from the grid [0.10, 0.17, 0.25, 0.32, 0.40, 0.47, 0.55, 0.62, 0.70]. We evaluate the Hessianr 2� at

a pre-speci�ed pointV = »0•200–0•333–0•467–0•600–0•733–0•867–1•000¼, and plot the estimated

diagonal values,̂H88for 82 »7¼, against the number of itemsC. Under each con�guration we repeat

for 10 trials.

Results.See Figures A.3 to A.5. We see that3 represents a bias-variance trade-off. For a small

3 (0.10, 0.17, 0.25), the variance of the estimated valueĤ88is small and yet bias is large (since the
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plots seem to be trending to some point as number of item increases). For a large3 (0.55, 0.62,

0.70) variance is large and yet the bias is small (the estimates are stationary around some point). It

is suggested to use3 2 ¹0•32–0•47º.

Figure A.3: Effect of smoothing parameter on numerical difference estimation of Hessian. Each
curve represents the estimated value ofH88. Uniform values.

A.8.2 Visualization of FPPE Distribution

A.8.3 Full Versions of Table 1.3, Table 1.4, and Table 1.5
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Figure A.4: Effect of smoothing parameter on numerical difference estimation of Hessian. Each
curve represents the estimated value ofH88. Exponential values.
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