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Abstract

Functional Data Analysis and Machine Learning for High-Dimensional Structured Data

Ángel García de la Garza

This thesis pertains to the uses of Functional Data Analysis and Machine Learning when

analyzing high-dimensional structured datasets. The theme that motivates the first two chapters is

the development of dimension-reduction methods in the context of functional data to advance the

understanding of in-vivo measurements of neural-spike data. The last chapter addresses the

analysis of survey data using machine learning techniques to identify novel risk factors for suicide

in the general population.

The first chapter of this thesis, "Adaptive Functional Principal Component Analysis,"

provides a novel method for adequately capturing modes of variation in data exhibiting sharp

changes in smoothness. Our work integrates a novel scatterplot technique that adaptively smooths

latent functions estimated in an FPCA framework. We are motivated to identify coordinated

patterns of brain activity across multiple simultaneously-recorded neurons during motor behavior

to understand the dynamics between the brain and dexterous movement. Our proposed method

adequately captures the underlying biological mechanisms in our experiment, offering

interpretable activation patterns when compared to standard approaches.

The second chapter of our dissertation develops statistical procedures to compare the

eigendecomposition from two samples of functional data. We first introduce appropriate tests for

both independent and paired functions. We are motivated to test whether activation patterns in the

motor cortex hold constant when a mouse performs a reaching movement repeatedly. We test all



pairwise comparisons across trials and compare the distribution of the p-values against the

distribution under the null. Our results suggest trial-to-trial variation in the latent activation

patterns that can’t be attributed to sampling noise. Our results can inform future methodology for

deriving activation patterns from noisy neural spikes.

The last chapter of this dissertation dives into applying Machine Learning Techniques to

analyze survey data. We use the National Epidemiologic Survey on Alcohol and Related

Conditions (NESARC) survey to identify novel risk factors for suicide attempts in the general

population. Our analysis uses a Balanced Random Forest (BRF) approach and incorporates

extreme class imbalance and survey architecture into the algorithm. We extend prior research

focusing on high-risk clinical samples by identifying risk factors for suicide attempts in the

general population. Our work identifies risk variables that can help guide clinical assessment and

the development of suicide risk scales.
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Chapter 1: Introduction

The overall theme of this thesis is the analysis of high-dimensional structured datasets. The

first section of the thesis explores this idea in the context of dimension reduction for Functional

Data Analysis. The first chapter presents a novel statistical methodology to derive latent functions

in data exhibiting sharp changes in smoothness by using adaptive scatterplot smoothing in the esti-

mation of Functional Principal Component Analysis. The second presents a novel test to compare

latent functions in two samples of functional data. This work is motivated by understanding the

intricacies of the biological basis of behavior by analyzing brain activation patterns derived from

in-vivo measurements of neural-spike data. The second section addresses the analysis of survey

data using machine learning in the context of mental health data science. Our algorithm integrates

common features in psychiatric surveys, such as extreme class imbalance, informative missing-

ness, and complex survey architecture. This work is motivated by the need to identify novel risk

factors for suicide in non-clinical samples, as the general population is understudied and represents

a large proportion of suicide attempts.

The first chapter of this thesis, "Adaptive Functional Principal Component Analysis," provides

a novel method to adequately capture modes of variation in functional data when the underlying

smoothness varies over the domain. We propose a new adaptive scatterplot smoothing technique

that is scalable to high-dimensional data and integrate it to adaptively smooth latent functions esti-

mated in an FPCA framework. We are motivated to identify coordinated patterns of brain activity

across multiple simultaneously-recorded neurons during motor behavior to understand the dynam-

ics between the brain and dexterous movement. Our proposed method adequately captures the un-

derlying biological mechanisms in our experiment, offering interpretable activation patterns versus

standard approaches. Our simulations mimic functional data with sharp changes in smoothness.

Results show that our method is better suited for modeling these datasets than standard approaches.
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We develop accompanying publicly available software for our proposed methodology.

The second chapter of our dissertation develops statistical procedures to compare the eigende-

composition from two samples of functional data. We first introduce an appropriate test when the

observations of both groups are entirely independent and extend it to the case of paired functions.

Our procedure tests the covariance matrix of the FPCA scores rather than comparing the eigende-

composition directly. Simulation studies suggest our proposed methods have significantly higher

power when compared to other leading tests across various scenarios. We are motivated to test

whether activation patterns in the motor cortex hold constant when a mouse performs a reaching

movement repeatedly. We test all pairwise comparisons across trials and compare the distribution

of the p-values against the distribution under the null. Our results suggest trial-to-trial variation

in the latent activation patterns that can’t be attributed to sampling noise. Our results provide

insightful new knowledge about how to derive activation patterns from noisy neural spikes.

The last chapter of this dissertation dives into applying Machine Learning Techniques to ana-

lyze survey data. We use the National Epidemiologic Survey on Alcohol and Related Conditions

(NESARC) survey to identify novel risk factors for suicide attempts in the general population.

Our analysis uses a Balanced Random Forest (BRF) approach and incorporates extreme class im-

balance and survey architecture into the algorithm. We also leverage the extensive assessment

instrument that captures information not routinely available in Electronic Health Records (EHR)

or administrative data. The majority of previous work in the literature focuses on high-risk clinical

samples. However, a third of people attempting suicide do not receive mental health treatment. Our

work extends suicide risk research by identifying risk factors in the general population. We extend

prior research focusing on identifying risk factors for suicide attempts in the general population.

Our work identifies risk variables that can help guide clinical assessment and the development of

suicide risk scales.The overall theme of this thesis is the analysis of high-dimensional structured

datasets. The first section of the thesis explores this idea in the context of dimension reduction

for Functional Data Analysis. The first chapter presents a novel statistical methodology to de-

rive latent functions in data exhibiting sharp changes in smoothness by using adaptive scatterplot

2



smoothing in the estimation of Functional Principal Component Analysis. The second presents a

novel test to compare latent functions in two samples of functional data. This work is motivated

by understanding the intricacies of the biological basis of behavior by analyzing brain activation

patterns derived from in-vivo measurements of neural-spike data. The second section addresses

the analysis of survey data using machine learning in the context of mental health data science.

Our algorithm integrates common features in psychiatric surveys, such as extreme class imbal-

ance, informative missingness, and complex survey architecture. This work is motivated by the

need to identify novel risk factors for suicide in non-clinical samples, as the general population is

understudied and represents a large proportion of suicide attempts.

The first chapter of this thesis, "Adaptive Functional Principal Component Analysis," provides

a novel method to adequately capture modes of variation in functional data when the underlying

smoothness varies over the domain. We propose a new adaptive scatterplot smoothing technique

that is scalable to high-dimensional data and integrate it to adaptively smooth latent functions esti-

mated in an FPCA framework. We are motivated to identify coordinated patterns of brain activity

across multiple simultaneously-recorded neurons during motor behavior to understand the dynam-

ics between the brain and dexterous movement. Our proposed method adequately captures the un-

derlying biological mechanisms in our experiment, offering interpretable activation patterns versus

standard approaches. Our simulations mimic functional data with sharp changes in smoothness.

Results show that our method is better suited for modeling these datasets than standard approaches.

We develop accompanying publicly available software for our proposed methodology.

The second chapter of our dissertation develops statistical procedures to compare the eigende-

composition from two samples of functional data. We first introduce an appropriate test when the

observations of both groups are entirely independent and extend it to the case of paired functions.

Our procedure tests the covariance matrix of the FPCA scores rather than comparing the eigende-

composition directly. Simulation studies suggest our proposed methods have significantly higher

power when compared to other leading tests across various scenarios. We are motivated to test

whether activation patterns in the motor cortex hold constant when a mouse performs a reaching

3



movement repeatedly. We test all pairwise comparisons across trials and compare the distribution

of the p-values against the distribution under the null. Our results suggest trial-to-trial variation

in the latent activation patterns that can’t be attributed to sampling noise. Our results provide

insightful new knowledge about how to derive activation patterns from noisy neural spikes.

The last chapter of this dissertation dives into applying Machine Learning Techniques to ana-

lyze survey data. We use the National Epidemiologic Survey on Alcohol and Related Conditions

(NESARC) survey to identify novel risk factors for suicide attempts in the general population.

Our analysis uses a Balanced Random Forest (BRF) approach and incorporates extreme class im-

balance and survey architecture into the algorithm. We also leverage the extensive assessment

instrument that captures information not routinely available in Electronic Health Records (EHR)

or administrative data. The majority of previous work in the literature focuses on high-risk clinical

samples. However, a third of people attempting suicide do not receive mental health treatment. Our

work extends suicide risk research by identifying risk factors in the general population. We extend

prior research focusing on identifying risk factors for suicide attempts in the general population.

Our work identifies risk variables that can help guide clinical assessment and the development of

suicide risk scales.
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Chapter 2: Adaptive Functional Principal Component Analysis

2.1 Introduction

Functional data analysis (FDA) is concerned with settings where observations made on study

units are functions measured over time, space, or another continuum. Methods for analyzing such

data borrow information across adjacent points in the functions’ domain and therefore differ from

multivariate approaches [1]. For example, functional principal component analysis (FPCA) is a

dimension reduction technique that identifies a set of orthogonal functional principal components

(FPCs) that are continuous and smooth. A central consideration in FDA is how to model smooth-

ness most appropriately when conducting an analysis. Whether through a basis expansion, the

structure of smoothness-enforcing penalties, or some other mechanism, FDA methods, including

FPCA, implicitly assume similar degrees of smoothness across the functional domain. When the

underlying smoothness in the data fluctuates, this will lead to models that under and over-smooth

over different sections of the data domain.

Samples of curves that exhibit locally-varying degrees of smoothness arise regularly. In each

trial in the experiment that motivates our work, a trained mouse reaches for a food pellet after hear-

ing an auditory cue while continuous measurements of spike activity in 25 neurons on the motor

cortex are recorded using silicon probes [2]. Before the cue, the mouse’s motor cortex is at rest;

the auditory cue triggers an immediate response in the motor cortex and, subsequently, a volun-

tary reach. In the later stages of the reach, neural activation declines slowly and smoothly. Figure

1 summarizes our data. Panel A1 shows binary neural activation across the reaching movement

recorded in 10ms windows for each of 157 trials in four representative neurons. We average across

trials to obtain each neurons’ typical activation during the reaching experiment. Panel A2 shows

the trial-averaged neuron-specific means measured in spikes per second for the same four neurons.
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Figure 2.1: Panel A1 displays lasagna plots of the activation of four example neurons over a 1.75
seconds interval beginning 0.25 seconds before an auditory cue and 157 trials. Light blue indicates
that the neuron is active. Panel A2 displays the average activation of the same four neurons. Panel
B plots the average activation of the 25 neurons in our sample.

The resulting neural processes exhibit sharp changes in activity in response to the auditory cue

and periods of smoothly changing activation during the reach. Panel B1 shows the trial-averaged

activation for all 25 neurons, which will be the focus of our analysis.

Our scientific goal is to identify the activation patterns that emerge across neurons during vol-

untary motor behavior in order to better understand the involvement of the motor cortex in skilled

movements. Patterns derived using state-of-the-art methods for dimension reduction fail to capture

the non-constant smoothness in these data and thus do not reflect the underlying biological behav-

ior. We propose an innovative approach to dimension reduction for functional data in which the

level of smoothness varies locally. We first develop a new technique for locally adaptive scatter-

plot smoothing based on the Adaptive ridge penalty and then incorporate that into the estimation of

functional principal functional components (FPC) using a penalized likelihood framework. Sim-

ulations indicate that our proposed Adaptive FPCA method outperforms competing approaches

when the data generating mechanism includes non-constant degrees of smoothness. Although it
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is not necessary for our motivating data, our implementation allows sparse and irregular grids for

observed functional data. Applying this method to our motivating data yield to interpretable acti-

vation patterns across the motor cortex, clearer scientific conclusions, and robust fits to observed

curves.

The rest of this manuscript is organized as follows. Section 2 provides a review of the rele-

vant literature. Section 3 contains subsections on the penalized likelihood approach to FPCA, our

method for adaptive scatterplot smoothing and the adaptive FPCA model specification. Section 4

presents simulation, and Section 5 demonstrates the application of our method’s to our motivating

neuron spike data. We close with a discussion in Section 6.

2.2 Literature Review

Our contributions build on prior work in functional principal components analysis, adaptive

scatterplot smoothing, and adaptive ridge penalties; we review the relevant literatures in Sections

2.1, 2.2, and 2.3, respectively.

2.2.1 Functional Principal Component Analysis

Because we are primarily interested in the role of smoothing in dimension reduction, we

focus our review on existing approaches to smoothing in FPCA. FPCs are frequently obtained

through an eigendecomposition of the covariance operator of functional observations 𝑌 (𝑡), defined

as Σ(𝑢, 𝑣) = Cov (𝑌 (𝑢), 𝑌 (𝑣)) [3]. Early approaches to FPCA smoothed observed curves before

estimating the covariance operator [4] or implemented a non-functional PCA and smoothed the

resulting components to obtain FPCs [5, 6, 7]. More recently, it has been common to smooth

an empirical covariance estimated from observed data and then decompose the result. Examples

of this general approach include bivariate kernel or kernel-based approaches [8, 9, 10]; penalized

tensor product splines [11, 12]; and fast bivariate P-splines [13, 14].

Methods based on probabilistic principal component analysis [15] estimate FPCs by maximiz-

ing a likelihood rather than estimating, smoothing, and decomposing a covariance operator. As

7



a result, they may be appealing for data observed over sparse or irregular grids or when the di-

mension of the observation grid makes smoothing an empirical covariance computationally chal-

lenging. Probabilistic FPCA methods include the latent-factor approach for Gaussian data by [16];

the variational Bayesian approach for binary and count data developed by [17]; and the Bayesian

generalized multilevel FPCA extension developed by [18]. These approaches estimate FPCs di-

rectly and often include explicit penalties to enforce smoothness on the results. In contrast to

our proposed methods, however, neither covariance-based nor probabilistic approaches allow for

locally-varying degrees of smoothness.

2.2.2 Adaptive Scatterplot Smoothing

We next discuss techniques for adaptive scatterplot smoothing in non-functional settings. Scat-

terplot smoothing considers observations {(𝑡𝑖, 𝑦𝑖) : 𝑖 = {1, . . . , 𝐼}} and focuses on estimating 𝐸 [𝑦] =

𝑓 (𝑡) as a smooth function of 𝑡. The goal is to estimate 𝑓 (·) in a way that balances the goodness of fit

to the data against the complexity of the resulting 𝑓 (·). A common approach is to penalize the out-

come likelihood by using the integrated squared second derivative 𝜆
∫
𝑓 ′′(𝑡)2𝑑𝑡 with a smoothing

parameter 𝜆 that tunes the contribution of the penalty term. The literature on scatterplot smoothing

is too vast to thoroughly review here, and instead we will focus narrowly on spline-based methods.

As a starting point, we assume that 𝑓 (·) is expressed as a set of spline basis functions and respec-

tive coefficients. The ridge penalty [19, 20] is a useful tool to implement non-adaptive scatterplot

smoothing, as the integrated squared second derivative penalty is can be expressed as an 𝐿2 penalty

on the spline coefficients [21, 22, 23]. This relationship underlies many techniques in scatterplot

smoothing and functional data analysis. For the purposes of this manuscript we assume cubic B-

splines and a second derivative penalty. Other spline basis are possible, and all our methods are

implemented using B-splines or truncated polynomials.

A limitation of the non-adaptive smoothing penalty is that it penalizes the overall smooth-

ness of the estimated function. When the degree of curvature in 𝑓 (𝑡) varies over 𝑡, standard ap-

proaches locally under or over-smooth [24]. This can be addressed by the penalty function 𝜆(𝑡)
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over the domain of the data rather than a tuning constant 𝜆 [25, 26, 27, 28]. The adaptive penalty∫
𝜆(𝑡) 𝑓 ′′(𝑡)2𝑑𝑡 assigns local weight to the smoothness of the fit 𝑓 ′′(𝑡)2. [29] implemented adaptive

scatterplot smoothing by finding a set of penalty constants using the GCV criterion. [30] proposed

a hierarchical model, in which spline coefficients have priors with unique variances, fitted using

Markov chain Monte Carlo (MCMC). [31] developed a fast implementation of adaptive smoothing

using a similar hierarchical model and an iterative algorithm. [32] estimates 𝜆(𝑥) as a step-function

fitted using an AIC-like criterion. Other alternatives that do not use the penalty function 𝜆(𝑥) in-

clude the fused lasso adaptive model procedure (FLAM), in which the estimated functions are

piece-wise constant with adaptively chosen knots [33] or the approach undertaken using neighbor

fused lasso by [34].

2.2.3 Adaptive Ridge Penalty

Section 2.3.2 proposes a novel technique that casts the adaptive second derivative penalty as

an adaptive ridge penalty on spline coefficients. For coefficients
{
𝛽𝑝 : 𝑝 ∈ {1, . . . , 𝑃}

}
, to be

estimated, a standard ridge penalty including the tuning parameter 𝜆 takes the form 𝜆
∑𝑃
𝑝=1 𝛽

2
𝑝.

This regularizes the coefficients and has a closed form solution for fixed values of 𝜆 and outcomes

that have a Gaussian distribution [19, 20].

The Adaptive ridge (AR) is a modification of the ridge that assigns a different tuning parameter

to each of the coefficients through the penalty
∑𝑃
𝑝=1 𝜆

2
𝑝𝛽

2
𝑝 [35, 36]. This penalty is “adaptive” in

the same sense as the adaptive LASSO, in that each coefficient has a unique tuning parameter or

weight; it is not “adaptive” in the same sense as adaptive scatterplot smoothing. AR penalties

are implemented using iterative algorithms that alternate between updating the tuning parameters{
𝜆𝑝 : 𝑝 ∈ {1, . . . , 𝑃}

}
based on the previous estimates of the coefficients based on the previous

estimates of the coefficients and re-estimating
{
𝛽𝑝 : 𝑝 ∈ {1, . . . , 𝑃}

}
given these updated weights

[37, 38]; both steps have computationally efficient closed-form solutions. Our work on adaptive-

scatterplot smoothing and adaptive FPCA casts the adaptive squared second derivative penalty in

terms of a computationally inexpensive AR penalty, and estimates spline coefficients and tuning
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parameters as alternate steps in an iterative algorithm.

2.3 Methods

We propose new methods to identify motor cortex activation patterns from neural spike data

that exhibit sharp changes in response to a cue but are smoothly varying elsewhere in the observa-

tion. First, we briefly review a likelihood-based method for FPCA that enforces the same degree of

smoothness over the functional domain and therefore is not suited for our data. We next introduce

our novel approach to adaptive scatterplot smoothing, and then our FPCA methods that are able to

capture sharp changes in smoothness in the patterns that underlie observed data.

2.3.1 Statistical Framework

Define 𝑋𝑖 (𝑡) be a set of functions measured over 𝑡 ∈ T for observation 1 ≤ 𝑖 ≤ 𝐼 with common

mean 𝜇(𝑡) and covariance operator Σ (𝑢, 𝑣) = Cov [𝑋 (𝑢), 𝑋 (𝑣)]. Mercer’s theorem provides a

decomposition of the covariance operator based on eigenvalues and eigenfunctions; a Karhunen-

Loeve (KL) expansion of functions 𝑋𝑖 (𝑡) using these is given by,

𝐸 [𝑋𝑖 (𝑡)] = 𝜇(𝑡) +
∞∑︁
𝑘=1

𝜉𝑖𝑘𝜙𝑘 (𝑡) (2.1)

where 𝚽(𝑡) = {𝜙𝑘 (𝑡) : 𝑘 ∈ Z+} are orthonormal eigenfunctions, 𝜼 = {𝜂𝑘 : 𝑘 ∈ Z+} are the corre-

sponding eigenvalues, and scores 𝜉𝑖𝑘 =
∫ 1

0 [𝑋𝑖 (𝑡) − 𝜇(𝑡)] 𝜙𝑘 (𝑡)𝑑𝑡 are uncorrelated random vari-

ables with mean zero and variance 𝜂𝑘 . In the analysis of a sample of curves, the expansion in

(2.1) is truncated to retain the first 𝐾 eigenfunctions. Although motivated by the decomposition of

a covariance operator, all terms in the truncated KL expansion can be estimated directly using a

likelihood-based approach.

In real data settings, we observe 𝑌𝑖 (𝑡) = 𝑋𝑖 (𝑡) + 𝜖𝑖 (𝑡), where 𝜖𝑖 (𝑡) is white gaussian noise

with fixed variance. Functions are additionally observed over a vector of discrete grid of time-

points 𝒕𝑖 =
{
𝑡𝑖 𝑗 : 𝑗 ∈ {1, . . . , 𝐽𝑖}

}
which may vary across subjects. Let 𝑌𝑖 (𝑡𝑖 𝑗 ) be the value of
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𝑌𝑖 (·) evaluated at 𝑡𝑖 𝑗 , and 𝑌𝑖 ( 𝒕𝑖) to be the 𝐽𝑖 × 1 vector of 𝑌𝑖 (·) evaluated over 𝒕𝑖; similar notation

will be used for other functions so that e.g. 𝜇( 𝒕𝑖) is the vector containing the mean 𝜇(·) eval-

uated over 𝒕𝑖. We express the mean function 𝜇(𝑡) and eigenfunctions 𝚽(𝑡) using a spline basis

W(𝑡) =
{
𝑤𝑝 (𝑡) : 𝑝 ∈ {1, . . . , 𝑃}

}
. Let W(𝑡𝑖 𝑗 ) be a 1 × 𝑃 vector of the spline basis evaluated at 𝑡𝑖 𝑗

and W( 𝒕𝑖) be the 𝐽𝑖 × 𝑃 matrix of spline basis evaluated over the vector 𝒕𝑖; 𝜷𝜇 be a 𝑃 × 1 vector of

spline coefficients corresponding to 𝜇(𝑡); and 𝜷𝚽 =
[
𝜷𝜙1 , . . . , 𝜷𝜙𝐾

]
be the 𝑃 × 𝐾 matrix of spline

coefficients corresponding to 𝚽(𝑡). Thus, we have that 𝜇( 𝒕𝑖) = W( 𝒕𝑖)𝜷𝜇 is a 𝐽𝑖 × 1 vector and

𝚽( 𝒕𝑖) = [𝜙1( 𝒕𝑖), ..., 𝜙𝐾 ( 𝒕𝑖)]𝑇 = W( 𝒕𝑖)𝜷𝚽 is a 𝐽𝑖 ×𝐾 matrix. Lastly, let 𝝃𝑖 = {𝜉𝑖𝑘 : 𝑘 ∈ {1, . . . , 𝐾}}

be a 𝐾 × 1 vector of observation-specific scores.

With the preceding notation, the working model of the observed data 𝑌𝑖 (·) measured at time-

point 𝑡𝑖 𝑗 is given by

𝑌𝑖 (𝑡𝑖 𝑗 ) = 𝜇(𝑡𝑖 𝑗 ) +
𝐾∑︁
𝑘=1

𝜉𝑖𝑘𝜙𝑘 (𝑡𝑖 𝑗 ) + 𝜖𝑖 (𝑡𝑖 𝑗 )

= W(𝑡𝑖 𝑗 )𝜷𝜇 + W(𝑡𝑖 𝑗 )𝜷𝚽𝜉𝑖 + 𝜖𝑖 (𝑡𝑖 𝑗 )

(2.2)

where 𝜖𝑖 (𝑡𝑖 𝑗 ) is additional noise with unknown var
[
𝜖𝑖 (𝑡𝑖 𝑗 )

]
= 𝜎2

𝜖 . Under the common distributional

assumptions that 𝜖𝑖 (𝑡𝑖 𝑗 ) ∼ N
(
0, 𝜎2

𝜖

)
and 𝝃𝑖 ∼ MVN (0, I𝐾×𝐾) [15], the model (2.2) is estimated by

finding the maximum likelihood estimates (MLE) of the spline coefficients 𝜷𝜇 and 𝜷𝚽, the scores

𝚵 =
{
𝝃𝑖 : 𝑖 ∈ {1, . . . , 𝐼}

}
, and the variance of the error 𝜎2

𝜖 .

2.3.2 Adaptive Scatterplot Smoothing via an Adaptive Ridge Penalty

The novel approach to adaptive scatterplot smoothing presented in this subsection is a central

contribution of this manuscript, and later will be used in the context of FPCA. To the extent possi-

ble, we retain notation introduced in the previous section. We observe data {(𝑡𝑖, 𝑦𝑖) : 𝑖 ∈ {1, . . . , 𝐼}}

and assume 𝑦𝑖 = 𝑓 (𝑡𝑖) + 𝜖𝑖 where 𝜖𝑖 ∼ 𝑁
(
0, 𝜎2

𝜖

)
. The goal of scatterplot smoothing is to flexibly

estimate the unknown function 𝑓 (·) defined over 𝑡 ∈ T . An spline-based estimator of 𝑓 (𝑡) can be
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obtained by expanding 𝑓 (𝑡𝑖) = W(𝑡𝑖)𝜷 𝑓 using the spline basis W(𝑡) and the vector of coefficients

𝜷 𝑓 , and maximizing the likelihood or, equivalently, minimizing a residual sum of squares with

respect to 𝜷 𝑓 .

Spline-based methods can explicitly protect against overfitting by imposing a penalty on the

complexity of the estimate 𝑓 (𝑡); squared-second-derivative penalties are a common choice. Define

W′′ (𝑡) =
{
𝑤

′′
𝑝 (𝑡) : 𝑝 ∈ {1, . . . , 𝑃}

}
to be the second derivatives of the spline functions W(𝑡). Then

𝜆
∫
T [ 𝑓 ′′(𝑡)]2 𝑑𝑡 = 𝜆

∑𝑃
𝑝=1

∑𝑃
𝑞=1 𝛽 𝑓 𝑝𝛽 𝑓 𝑞

∫
T 𝑤

′′
𝑝 (𝑡)𝑤′′

𝑞 (𝑡)𝑑𝑡 is the squared-second derivative penalty,

and 𝜆 is the associated tuning parameter. More compactly, define 𝛀 to be the 𝑃 × 𝑃 penalty matrix

with entries

𝛀𝑝𝑞 =

∫
T
𝑤′′
𝑝 (𝑡)𝑤′′

𝑞 (𝑡)𝑑𝑡, 𝑝, 𝑞 ∈ {1, . . . , 𝑃} (2.3)

so that 𝜆
∫
T [ 𝑓 ′′(𝑡)]2 𝑑𝑡 = 𝜆𝜷𝑇𝑓𝛀𝜷 𝑓 . The integrals in (2.3) are known or can be estimated numeri-

cally. Define y = {𝑦𝑖 : 𝑖 ∈ {1, . . . , 𝐼}} and 𝒕 = {𝑡𝑖 : 𝑖 ∈ {1, . . . , 𝐼}} to be 1 × 𝐼 observation vectors

and W( 𝒕) to be a 𝐼 × 𝑃 matrix containing values of W(𝑡) evaluated over 𝒕. Then the penalized

likelihood used to estimate 𝑓 (·) is

ℓ(𝜷 𝑓 , 𝜎2
𝜖 ,𝛀; 𝒚, 𝒕) = − 𝐼

2
𝑙𝑜𝑔(𝜎2

𝜖 ) −
𝐼

2𝜎2
𝜖



y − W( 𝒕)𝜷 𝑓


2 + 𝜆𝜷𝑇𝑓𝛀𝜷 𝑓 . (2.4)

A mathematically equivalent likelihood can be obtained by treating spline coefficients 𝜷 as ran-

dom effects with a covariance proportional to 𝛀−1. Doing so relates the tuning parameter to the

variance of the random effects, so that the tuning parameter can be estimated from data rather than

using a computationally expensive cross validation procedure. This observation underlines several

approaches to scatterplot smoothing [23].

An adaptive smoothness penalty replaces the scalar tuning parameter 𝜆 by a tuning function

𝜆(𝑡) defined over the domain T . Our strategy for adaptive scatterplot smoothing is to connect

this tuning function with an adaptive ridge penalty. We let 𝜆(𝑡) =

[∑𝑃
𝑝=1 𝜆𝑝𝑚𝑝 (𝑡)

]2
where

M(𝑡) =
{
𝑚𝑝 (𝑡) : 𝑝 ∈ {1, . . . , 𝑃}

}
is a spline expansion of the same dimension as W(𝑡) and

𝝀 =
{
𝜆𝑝 : 𝑝 ∈ {1, . . . , 𝑃}

}
is the corresponding 𝑃 × 1 vector of coefficients. The quadratic form
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ensures the required constrain that 𝜆(𝑡) ≥ 0 for all 𝑡 ∈ T . Thus, the adaptive smoothing penalty

represented in terms of two sets of spline basis and respective coefficients is

∫
T
𝜆(𝑡) 𝑓 ′′(𝑡)2𝑑𝑡 =

𝑃∑︁
𝑝=1

𝑃∑︁
𝑞=1

𝑃∑︁
𝑟=1

𝑃∑︁
𝑠=1

[
𝜆𝑝𝜆𝑞𝛽 𝑓 𝑟𝛽 𝑓 𝑠

∫
T
𝑚𝑝 (𝑡)𝑚𝑞 (𝑡)𝑤′′

𝑟 (𝑡)𝑤′′
𝑠 (𝑡)𝑑𝑡

]
. (2.5)

While this expression holds for any choice of W(𝑡) and M(𝑡), we will construct W∗(𝑡) and

M(𝑡) from a starting W(𝑡) such that the conditions

∫
T
𝑚𝑝 (𝑡)𝑚𝑞 (𝑡)𝑤∗

𝑟
′′(𝑡)𝑤∗

𝑠
′′(𝑡)𝑑𝑡 = 1 when 𝑝 = 𝑞 = 𝑟 = 𝑠∫

T
𝑚𝑝 (𝑡)𝑚𝑞 (𝑡)𝑤∗

𝑟
′′(𝑡)𝑤∗

𝑠
′′(𝑡)𝑑𝑡 = 0 otherwise

. (2.6)

hold. That is, for choices of W∗(𝑡) and M(𝑡) such that 2.6 holds,

∫
T
𝜆(𝑡) 𝑓 ′′(𝑡)2𝑑𝑡 =

𝑃∑︁
𝑝=1

𝜆2
𝑝𝜷 𝑓

2
𝑝
= 𝜷𝑇𝑓𝚲𝜷 𝑓 (2.7)

where 𝚲 = diag
{
𝜆2

1, . . . , 𝜆
2
𝑝

}
is a 𝑃 × 𝑃 diagonal matrix. In this case, the adaptive smoothing

penalty (2.5) becomes an adaptive ridge penalty in which the spline coefficients 𝜷 𝑓 for the function

𝑓 (·) are weighted by the spline coefficients 𝝀 for 𝜆(·). The procedure to construct W∗(𝑡) and M(𝑡)

such that (2.7) holds is covered later in this section; first we describe our estimation approach

assuming these bases are available.

Define W∗( 𝒕) to be 𝐼 × 𝑃 matrix of values of W∗(𝑡) evaluated at 𝒕 and let 𝜷∗
𝑓 to be the cor-

responding coefficients for W∗( 𝒕), such that W∗( 𝒕)𝜷∗
𝑓 = W( 𝒕)𝜷 𝑓 . Then, the penalized likelihood

used to estimate 𝑓 (·) is

ℓ(𝜷∗
𝑓 , 𝜎

2
𝜖 ,𝚲; 𝒚, 𝒕) = − 𝐼

2
𝑙𝑜𝑔(𝜎2

𝜖 ) −
𝐼

2𝜎2
𝜖




y − W∗( 𝒕)𝜷∗
𝑓




2
+ 𝜆𝜷∗

𝑓
𝑇𝚲∗𝜷∗

𝑓 (2.8)

where 𝚲∗ is the corresponding penalty matrix for coefficients 𝜷∗
𝑓 . Although the likelihood in
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(2.8) resembles that in (2.4), the changes in the basis and penalty provide an approach to adaptive

scatterplot smoothing.

We maximize (2.8) with an algorithm that iterates between updating coefficients 𝜷∗
𝑓 , tuning

parameters 𝚲∗, and the residual variance 𝜎2
𝜖 using the following estimators

• 𝜷̂
∗
𝑓 |𝚲∗, 𝜎2

𝜖 = 1
𝜎2
𝜖

[
W∗ ( 𝒕)𝑇W∗ ( 𝒕)

𝜎2
𝜖

+ 𝚲∗
]−1

W∗( 𝒕)𝑇y

• 𝚲̂
∗ |𝜷∗

𝑓 = diag
{
0, 0, 𝜆̂2

3, . . . , 𝜆̂
2
𝑃

}
where 𝜆̂𝑝 =

1
𝜷∗
𝑓 𝑝

• 𝜎̂2
𝜖 |𝜷∗

𝑓 =
∥y−W∗ ( 𝒕)𝜷∗

𝑓
∥2

𝐼

we initialize our algorithm by letting 𝚲∗(1) = 0𝑃×𝑃 and obtain unpenalized coefficients 𝜷̂
∗
𝑓

(1)
=[

W̃( 𝒕)𝑇W∗( 𝒕)
]−1

W∗( 𝒕)𝑇y. At each iteration, we evaluate (2.8) given the current parameter esti-

mates, and monitor the absolute difference between the current evaluated penalized likelihood and

its previous estimate.

We now discuss our strategy for constructing bases W∗(𝑡) and M(𝑡) that satisfy the constraints

in (2.6). Our approach follows [39], who used a similar transformation to obtain a simple mixed

effects model representation for non-adaptive smoothing. We find a transformation U such that

W∗( 𝒕) = W( 𝒕)U by eigendecomposing 𝛀 into an orthogonal matrix 𝑸 containing the eigenvectors

of 𝛀 and a diagonal matrix 𝚿 whose entries are the eigenvalues such that 𝛀 = 𝑸𝑇𝚿𝑸. W( 𝒕) spans

the space of straight lines, but the penalty is on second derivatives, thus rank(𝛀) = 𝑃 − 2, and

𝚿 will have two zero-entries and 𝑃 − 2 positive entries [40]. Define partitions 𝑸 = [𝑸1 |𝑸2] and

Ψ = [𝚿1 |𝚿2] such that 𝑸2 and 𝚿2 are sub-matrices of 𝑸 and 𝚿 with columns that correspond to

the non-zero eigenvalues in 𝚿, then U =

[
Q1 |𝑸2𝚿

−1/2
2

]
. For this choice of U, we have that

W∗′′( 𝒕)𝑇W∗′′( 𝒕) =

02×2 0

0 𝑰 (𝑃−2)×(𝑃−2)

 (2.9)

so M( 𝒕) =
{
𝑚𝑞 ( 𝒕) =

𝛽∗
𝑓 𝑞
𝑤∗
𝑞
′′ ( 𝒕)∑𝑃

𝑝=3 𝛽
∗
𝑓 𝑝
𝑤∗
𝑝
′′ ( 𝒕) : 𝑞 ∈ {3, . . . , 𝑃}

}
will satisfy the conditions in (2.6); as a result

adaptive scatterplot smoothing can indeed be implemented via an adaptive ridge penalty (2.7).
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We note that the basis M(𝑡) does not affect the estimation of 𝜷∗
𝑓 or 𝚲∗; it is sufficient to know

that such a basis exists for the algorithm to be well-defined. Since M(𝑡) depends on the current

estimate of 𝜷∗
𝑓 , the basis varies across iterations (although 𝑊∗(𝑡) remains fixed). At any iteration,

however, the current estimate of the penalty function can be obtained as 𝜆̂(𝑡) =
[∑𝑃

𝑝=1 𝜆̂𝑝𝛽 𝑓𝑝𝑤
∗
𝑝
′′ (𝑡)∑𝑃

𝑝=1 𝛽 𝑓𝑝𝑤
∗
𝑝
′′ (𝑡)

]2
.

Under this framework, each of the penalized coefficients and their corresponding spline basis car-

ries different local and global information about the overall smoothness of the estimated fit, and

allowing each of these splines to be weighted differently relaxes the assumption that the smooth-

ness across the fit is equal.

Our work draws parallelism to previous work on smoothing splines and mixed effects models.

Our estimators are the equivalent solution to a random effects model with each of the coefficients

having a separate Gaussian prior with unique variance. In our implementation, the elements of

𝜷∗
𝑓 to be greater than 10−6, as the elements of 𝜷∗

𝑓 can converge towards very small non-zero val-

ues, leading to extremely large values in the diagonal of 𝚲∗, and iteration can make that to be

numerically infeasible.

2.3.3 Adaptive Smoothing Functional Principal Component Analysis

Our primary objective in this manuscript is to estimate patterns of variation shared across func-

tional observations using FPCA; the latent functions are also used to reconstruct and denoise indi-

vidual curves. We smooth each FPCA adaptively to capture local variations in smoothness across

the functional domain. We extend the FPCA framework in Section 2.3.1 to estimate the mean

function 𝜇(𝑡) and set of FPCs 𝚽(𝑡) = {𝜙𝑘 (𝑡) : 𝑘 ∈ {1, . . . , 𝐾}} using the the adaptive smoothness

penalty developed for scatterplot smoothing in Section 2.3.2. We now describe our methodology

in detail.

Express 𝜇(𝑡𝑖) = W∗( 𝒕𝑖)𝜷∗
𝜇 and 𝚽( 𝒕𝑖) = [𝜙1( 𝒕𝑖), ..., 𝜙𝐾 ( 𝒕𝑖)]𝑇 = W∗( 𝒕𝑖)𝜷∗

𝚽 using the trans-

formed cubic B-spline discussed in Section 2.3.2 and corresponding coefficients 𝜷∗
𝜇 and 𝜷∗

𝚽. We

maximize:
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ℓ

(
𝜷∗
𝜇, 𝜷

∗
𝚽, 𝜎

2
𝜖 ;𝒀 ,𝚵

)
− 𝑃(𝜷∗

𝜇, 𝜷
∗
𝚽) =

ℓ

(
𝜷∗
𝜇, 𝜷

∗
𝚽, 𝜎

2
𝜖 ;𝒀 |𝚵

)
+ ℓ(𝚵) − 𝑃(𝜷∗

𝜇, 𝜷
∗
𝚽) ∼

𝐼∑︁
𝑖=1

(
∥𝑌𝑖 ( 𝒕𝑖) − W∗( 𝒕𝑖)𝜷∗

𝜇 − W∗( 𝒕𝑖) 𝜷̃𝚽𝝃𝑖∥2

2𝜎2
𝜖

)
+

𝐼∑︁
𝑖=1



𝝃𝑖

2

2
+

𝐼∑︁
𝑖=1

𝐽𝑖 log𝜎2
𝜖

2
− 𝑃(𝜷∗

𝜇, 𝜷
∗
𝚽)

(2.10)

with respect to 𝜷∗
𝜇 and 𝜷∗

𝚽, 𝜎2
𝜖 and 𝚵. The penalty term 𝑃(𝜷∗

𝜇, 𝜷
∗
𝚽) is defined as:

𝑃(𝜷∗
𝜇, 𝜷

∗
𝚽) =

∫
T
𝜆𝜇 (𝑡)𝜇′′(𝑡)2𝑑𝑡 +

𝐾∑︁
𝑘=1

(∫
T
𝜆𝜙𝑘 (𝑡)𝜙′′𝑘 (𝑡)

2𝑑𝑡

)
. (2.11)

using the techniques described in Section 2.3.2 this penalty can be expressed as

𝜷∗
𝜇
𝑇𝚲𝝁𝜷

∗
𝜇 +

𝐾∑︁
𝑘=1

𝜷∗
𝜙𝑘

𝑇𝚲𝜙𝑘 𝜷
∗
𝜙𝑘

(2.12)

where 𝚲𝜇 and 𝚲𝜙𝑘 , 𝑘 = 1, . . . , 𝐾 , are diagonal 𝑃 × 𝑃 matrices of corresponding tuning parameters

(e.g. 𝚲𝜇 = diag
[
0, 0, 𝜆𝜇3, . . . , 𝜆𝜇𝑃

]
). As in Section 3.2, this provides direct estimates of the tuning

functions 𝜆𝜇 (𝑡) and 𝜆𝜙𝑘 (𝑡), 𝑘 = 1, . . . , 𝐾 , as part of the adaptive FPCA approach.

Algorithm and Implementation

We now proceed to describe our iterative approach to estimate our model. Our algorithm

iterates between the following steps:

1. Subject-specific scores 𝝃𝑖 are estimated given current estimates of coefficients 𝜷∗
𝜇 and 𝜷∗

𝚽,

and residual variance 𝜎2
𝜖 .

2. 𝜇(𝑡) and 𝚽(𝑡) are estimated by maximizing (2.10) with respect to 𝜷∗
𝜇 and 𝜷∗

𝚽 conditional on

the current estimates of scores 𝚵, tuning parameters, and 𝜎2
𝜖 .

3. Parameters 𝚲𝜇 and 𝚲𝜙𝑘 , 𝑘 = 1, . . . , 𝐾 are tuned as described in Section 2.3.2 given current

values of 𝜷∗
𝜇 and 𝜷∗

𝚽. The residual variance 𝜎2
𝜖 is estimated using the method of moments.
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The initialization of this algorithm is discussed below. At each iteration, we evaluate (2.10)

given the current parameter estimates, and monitor the absolute difference between the current

evaluated penalized likelihood and its previous estimate.

Functional Principal Component Scores Estimation

At any given iteration, the subject-specific scores are calculated by maximizing the full like-

lihood of (2.10) given all other parameters are known. For observation 𝑌𝑖 ( 𝒕𝑖) the estimate of 𝝃𝑖

is:

𝝃𝑖 |𝑌𝑖 ( 𝒕𝑖), 𝜇( 𝒕𝑖),𝚽( 𝒕𝑖), 𝜎2
𝜖 =

(
𝚽( 𝒕𝑖)𝑇𝚽( 𝒕𝑖)

𝜎2
𝜖

+ I𝐾×𝐾
)−1

𝚽( 𝒕𝑖)𝑇 (𝑌𝑖 ( 𝒕𝑖) − 𝜇( 𝒕𝑖)) (2.13)

Latent Functions Estimation

Define 𝒀 = [𝑌1( 𝒕1), ..., 𝑌𝐼 ( 𝒕𝐼)]𝑇 be to be a
∑𝐼
𝑖=1(𝐽𝑖) × 1 vector of concatenated vectors 𝑌𝑖 ( 𝒕𝑖).

For each subject 𝑖, denote 𝜽𝑖 = (1, 𝝃𝑖) to be a vector of dimension 1× (𝐾 +1) and define the matrix

𝚯𝑖 ( 𝒕𝑖) = 𝜽𝑖 ⊗ W∗( 𝒕𝑖) where ⊗ is the Kronecker product. Further, let 𝑩∗ = [𝜷∗
𝜇
𝑇
, 𝜷∗

𝜙1
𝑇
, . . . , 𝜷∗

𝜙𝐾

𝑇 ]𝑇

to be a (𝐾 + 1)𝑃 × 1 vector of concatenated coefficient vectors. Using this notation we have that

(2.2) can be rewritten as Y = 𝚯𝑩∗ + 𝑬, where 𝑬 is the
∑𝐼
𝑖=1 𝐽𝑖 × 1 vectorized version of the

error term 𝜖𝑖 𝑗 and 𝚯 = [𝚯1( 𝒕1)𝑇 , . . . ,𝚯𝐼 ( 𝒕𝐼)𝑇 ]𝑇 . Define 𝚲𝜇 = diag(𝜆𝜇1, . . . , 𝜆𝜇𝑝) and 𝚲𝜙𝑘 =

diag(𝜆𝜙𝑘1, . . . , 𝜆𝜙𝑘 𝑝) for each 𝑘 ∈ 1, . . . , 𝐾 to be a 𝑃 × 𝑃 diagonal matrix of tuning parameters,

and 0𝑃×𝑃 to be the zero matrix, then we have that the solution for 𝑩∗ is simply:

𝑩∗ |Y,𝚯, 𝜎2
𝜖 ,𝚲 =

1
𝜎2
𝜖

(
𝚯𝑇𝚯

𝜎2
𝜖

+ 𝚲

)−1

𝚯𝑇𝑌 (2.14)

where 𝚲 is equal to
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𝚲 =

©­­­­­­­­«

𝚲𝜇 0𝑃×𝑃 . . . 0𝑃×𝑃

0𝑃×𝑃 𝚲𝜙1 . . . 0𝑃×𝑃
...

...
. . .

...

0𝑃×𝑃 0𝑃×𝑃 . . . 𝚲𝜙𝐾

ª®®®®®®®®¬
. (2.15)

Tuning Adaptive Smoothness Penalty

At each iteration, we update the adaptive smoothing weights given the present estimates of

the coefficients, so that at the next iteration the coefficients are estimated with an updated penalty

matrix. We do this in the same fashion as our adaptive scatterplot algorithm 2.3.2. Given 𝑩∗

we have 𝚲𝜇 = diag
(
0, 0, ( 1

𝛽𝜇3
)2, . . . , ( 1

𝛽𝜇𝑃
)2

)
and 𝚲𝜙𝑘 = diag

(
0, 0, ( 1

𝛽𝜙𝑘3
)2, . . . , ( 1

𝛽𝜙𝑘 𝑃
)2

)
for 𝑘 ∈

{1, . . . , 𝐾} as the updated estimates of the respective tuning parameters for each set of coefficients.

The first two entries of 𝚲𝜇 = diag(𝜆𝜇1, . . . , 𝜆𝜇𝑝) and 𝚲𝜙𝑘 = diag(𝜆𝜙𝑘1, . . . , 𝜆𝜙𝑘 𝑝) for each 𝑘 ∈

1, . . . , 𝐾 are zero as in 2.3.2. The residual variance 𝜎2
𝜖 is estimated via method of moments.

Practical Concerns

The algorithm can be initialized using random values for 𝚵(0) where 𝝃 (0)
𝑖

∼ 𝑁 (0, I𝐾×𝐾). How-

ever, our default setting is to start the algorithm by using the scores from refund::fpca.face,

as this leads to faster convergence. After initializing 𝚵, we set tuning parameters as 𝚲(1)
𝜇 = 𝚲(1)

𝜙𝑘
=

0𝑃×𝑃 ∀𝑘 ∈ 1, . . . , 𝐾 , and find initial estimates of 𝜷∗
𝜇, 𝜷∗

Φ, and 𝜎2
𝜖 using ordinary least squares.

We briefly note some practical concerns related to probabilistic approaches to PCA and FPCA,

including our adaptive FPCA method. First, like many probabilistic approaches to PCA and FPCA,

we do not constrain the FPCs to be orthogonal as part of the estimation algorithm. Orthogonality

can be enforced after the algorithm converges; we have observed faster convergence when orthogo-

nalizing FPCs in each iteration, and take this approach in our implementation. Second, in contrast

to eigendecomposition methods, we need to pre-specify the number of FPCs to be estimated in

our model. It is common to threshold the number of FPCs by only keeping the most informative
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ones using the percent-of-variance explained. We address this by defaulting to modeling a large

number of FPCs, as in most settings, this will capture the majority of the variability in the data.

Our implementation defaults to modeling 15 FPCs, and defaults only to keep the most informative

FPCs that explain 99% of the variability in the data.

2.4 Simulations

We demonstrate the performance of our proposed method using simulated data to mimic real-

world examples, such as our motivating study. We compare our method to the standard FPCA de-

composition used in FDA. We examine the ability of our Adaptive Smoothing FPCA to 1) Recover

functional principal components, 2) Reconstruct curves based on our estimated FPC expansion,

and 3) Compare computational efficiency by run time.

2.4.1 Simulation Design

We generate curves 𝑌𝑖 (𝑡) in which the level of smoothness varies temporally according to the

FPCA model:

𝑌𝑖 (𝑡) = 𝜇(𝑡) +
2∑︁
𝑘=1

𝜉𝑖𝑘𝜙𝑘 (𝑡) + 𝜖𝑖 (𝑡) (2.16)

We let 𝑡 ∈ [0, 1] to be an equally spaced grid of fixed length that is shared across all ob-

servations. This represent the period of time in which neuron measurements of activation are

undertaken in the context of our motivating example. We generate data from piece-wise functions,

in which the first half of the grid is constant, and the second half of the grid has high variation over

time. Thus, incorporating varying temporal smoothness. We generate data from a constant mean

𝜇(𝑡) = 𝑡 −3
2 𝑠𝑖𝑛(𝜋𝑡 1

4 ) ∗ 𝐼 (𝑡 > 1
2 ) and functional principal components with varying temporal smooth-

ness by letting 𝜙𝑘 (𝑡) = 𝑡
−3
2 𝑠𝑖𝑛(4𝑘𝜋𝑡 1

4 ) ∗ 𝐼 (𝑡 > 1
2 ). This FPCs are sine functions with temporally

varying periods, they have high variation over time, and are orthogonal to each other. The scores

𝜉𝑖𝑘 are generated from a normal distribution with 𝜎2
𝑘
= 4, 1 for 𝑘 = 1, 2 respectively. Furthermore
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we let add white noise to our observations by letting 𝜖𝑖 (𝑡𝑖 𝑗 ) ∼ 𝑁 (0, 𝜎2
𝜖 ) for fixed values of 𝜎2

𝜖 .

We ran our simulations using five cores on an M1 Pro processor. We evaluate the algorithm’s

performance as a function of the sample size and noise level. We simulate observations with 100

timepoints each, and generate 100 datasets for each combination of sample size (25, 50, 100),

and error variance (0.1, 0.2). We apply the method described in Section 3 for each simulated

dataset, and compare with refund::fpca.sc [9, 41], a standard implementation of FPCA,

and refund::fpca.face [14, 41] which is optimized for speed. We fix the number of spline

basis to be 40 across all three implementations and allow the three implementations to pick the

final number of FPCs based on 99% percent variance explained (PVE). All other settings in these

methods are left at default values.

We compare standard FPCA to our method in estimation accuracy and computation time. We

quantify accuracy by calculating the integrated square error (ISE). We first estimate the ISE for the

true mean and functional principal components. We average the ISE for each component within the

same simulation setting. The mean ISE (MISE) quantifies how well each method can reconstruct

the latent functions in our data. We further estimate the observation-specific ISE and calculate the

MISE across all observations within the same simulation setting to estimate the accuracy of the

curve reconstruction.

2.4.2 Simulation Results

Figure 2.2 summarizes the fit of simulated datasets for one representative simulation setting

(sample size = 25, noise variance = 0.2). Panel A shows the estimates of the true data-generating

curves. From left to right, the columns show the estimates across the mean 𝜇(𝑡), and each of

the functional principal components 𝜙1(𝑡), 𝜙2(𝑡). Each black line shows an estimate from each

simulated dataset. When the data-generating mechanism exhibits sharp changes in smoothness

over time, our method is able to capture these complex changes in local smoothness, while the

conventional approaches fail to properly capture these sharp changes, as displayed in the bottom

two rows. These approaches tend to under-smooth in low-smoothness sections in order to properly
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Figure 2.2: This figure shows the estimates of the the true data-generating functions, and sample
observations as estimated by our proposed method and the standard approaches (fpca.sc and
fpca.face). This plot display a representative simulation scenario when 𝑛 = 25, and 𝜎2 =

0.2. Panel A overlays the true data generating curves (in red) over the estimated data-general
curves across 100 simulations. Panel B shows two representative curves, and the corresponding
reconstructions estimated by each of the methods.

capture the sharp changes in smoothness across the entire curve. Panel B shows two representative

examples of simulated-curves. This “trade-off” that conventional approaches introduce is evident

in the under-smoothing the reconstructed curves have in the bottom two rows. In contrast, our

approach in the top row is able to properly reconstruct the curve without introducing any artifacts.

Figure 2.3 summarizes the accuracy results across simulated datasets at different sample sizes

and noise levels. Panel A summarizes the accuracy of estimating the true data-generating piece-

wise functions. From left to right, the columns show the MISE across the mean 𝜇(𝑡), and each

of the functional principal components 𝜙1(𝑡), 𝜙2(𝑡). Panel B summarizes the accuracy in recon-

structing individual curves across these simulation settings. For both, accuracy in estimating the

data-generating functions, and curve reconstruction adaptive FPCA outperforms fpca.sc and

fpca.face in terms of MISE. These results are consistent with the observations from Figure

2.2.
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Figure 2.3: This plot shows the mean integrated square error (MISE) across the six simulation
settings explored in our design. Panel A shows the accuracy of our proposed method (in orange),
and the two standard approaches (in blue) when it comes to estimating the true data-generating
functions. Panel B is a plot of MISE curve-specific reconstruction.

Figure 2.4 summarizes additional performance metrics of our method. Panel A shows the run

time of each of the methods compared across all simulation scenarios. From this plot, we observe

that our method is faster than fpca.sc. However, it is not able to outperform fpca.face,

which is expected given that this implementation was optimized for speed. Panel B shows the me-

dian number of FPCs selected across each of the simulation settings. Our method better captures

the true number of FPCs in the generating dataset compared with both fpca.sc and fpca.face.

This is particularly relevant for high-noise settings, as either of those implementations selects a

larger number of FPCs to explain the variability in the data, leading to more FPCs that are harder

to interpret.
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2.5 Application Results

The goal of our analysis is to derive patterns of activation that capture the underlying biological

behavior of the motor cortex, as these will help us understand the dynamics between brain activa-

tion and its involvement in skilled movements [42]. Our dataset contains trial-averaged spike data

for 25 neurons across the duration of each experimental trial (1.75 seconds) aligned to the auditory

cue 2.1. We apply the Adaptive Functional Principal Component method described in Section 2.3

and Standard FPCA as implemented in fpca.sc. We fix the number of splines basis to be 40 and

pre-specify the number of estimated FPCs from the dataset to be 15 in both implementations. We

do a post hoc selection of an appropriate number of FPCs that explain 99% of the variability in the

data as measured by the eigenvalues. Adaptive FPCA explains 99% of the variability in the data

with 4 FPCs, with each capturing 87.76%, 6.73%, 3.30%, and 0.86%. Conventional FPCA ex-

plains 99% of the variability in the data with 5 FPCs, with each capturing 87.76%, 6.73%, 3.30%,

0.86%, and 0.56%.

Figure 5 shows the estimated mean, first two FPCs, and example curve reconstructions from

adaptive FPCA and conventional FPC. Our method, displayed in the top row, better captures the

biological processes behind neural activation during dexterous movement. Adaptive FPCA cor-

rectly captures the reaction period with no change in initial baseline activation while explaining

the sharp change in neural activity after the reaction time and steady return to baseline over time. In

contrast, standard FPCA introduces undersmoothing artifacts in the fit to properly account for the

sharp changes in activation the neuron exhibits over the experiment. These results are consistent

with our simulation analyses in Section 2.4.

The first two columns of graphs in Figure 5 (Activation Pattern 1 and Activation Pattern 2) show

the activation patterns explained by the first two FPCs. These first two adaptive FPCs explain

95.14% of the variance, while the first two conventional FPCs explain 94.7%. The first FPC

explains the variability in the change in activation after the reaction time and the amplitude of

the initial activation peak. The second FPC explains an activation trade-off. Neurons with a high
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increase in activation immediately post stimuli have lower baseline levels after the initial change.

Conversely, neurons that experience decreased activation post stimuli return to a higher baseline

level. The remaining three columns show distinct observed neural activation patterns and the

reconstructions from both methods. These three patterns vary in the degree to which the neurons

activate post-baseline and the degree to which they return to a baseline activation. Our adaptive

FPCA reconstructions match the expected biological behavior of neurons in this experiment in

contrast with the under-smoothed reconstructions from conventional FPCA.

2.6 Discussion

We present a novel approach to estimating a functional principal component decomposition

that incorporates adaptive smoothness into estimating model components. We introduce a new

implementation of adaptive scatterplot smoothing that is scalable to functional data analysis. We

incorporate our proposed adaptive scatterplot smoothing technique into FPCA using a penalized

likelihood framework. Our simulations suggest that our method is better suited to model data

exhibiting sharp smoothness changes over time.

We are motivated by neural spike data from a mouse trained to reach for a pellet. We found

activation patterns that explain the changes in the motor cortex during the experiment by applying

our method to our motivating dataset. Future analysis will examine how these activation patterns

derived from our data relate to dexterous movement. These results could be further used in down-

stream analysis to understand the relationship between brain activation and paw movement using

a function-on-function regression approach.

While we assume that our data is generated from a Gaussian process, we know that the raw

neural spikes could be modeled as binary or count data. Furthermore, we averaged across trials,

as our exploratory analysis of the data suggests that the data-generating process is the same across

all trials, and averaging across them leads to better estimates due to the noisiness of the raw data.

Potential extensions of our method include generalizing Adaptive FPCA to non-gaussian distri-

butions and multilevel approaches. Other extensions of interest could explore whether adaptive
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smoothing can borrow information across curves to co-localize the estimated sharp changes.
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Figure 2.4: Panel A shows computation time of our proposed method (in orange), fpca.sc (in
light blue) and fpca.face (in dark blue) across all six simulation settings. Panel B shows the
median number of FPCs selected across the 100 simulation within each of the simulation settings.
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Figure 2.5: Results of applying our methodology and standard FPCA to our motivating dataset.
The top row shows the estimates derived from Adaptive FPCA. The bottom row shows the same
estimates for standard FPCA implemented using fpca.sc. The first two columns shows the
variability explained by the first two activation patterns (these plots show the mean activation (in
black) plus (in blue) activation pattern times 75𝑡ℎ score quantile and plus (in red) activation pattern
times 25𝑡ℎ score quantile. The last three columns are the curve reconstructions for Neuron 2-4 in
Figure 1.
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Chapter 3: Two Sample Test for Eigendecompositions of Functional Data

3.1 Introduction

In-vivo cell-specific neural spike measurements from animals have been fundamental in under-

standing the relationship between the brain and behavior [43, 44, 45, 42]. Neuroscientists com-

monly assume neural-spikes to be realizations of underlying latent neural activation process [46].

These brain activation patterns better explain behavior when compared to only using neuron-level

observations [47, 48]. A growing body of literature suggests brain patterns change in response

to new experimental conditions [49, 50, 51], and that activation patterns remain constant with the

same experimental conditions [52, 53]. Thus it is commonly assumed that when stimuli remain

constant, such as when an animal performs the same task repeatedly, activation patterns can be

best estimated by aggregating information across trials. Our work uses data from an experiment in

which a trained mouse reached for a food pellet after hearing an auditory cue [42]. The scientific

goal of this manuscript is to test whether activation patterns from the motor cortex hold constant

when a mouse repeatedly performs a reaching movement. Novel statistical techniques to compare

such patterns can both inform the derivation of such patterns from neural-spike data and help for-

mally infer if any changes derived activation patterns are attributable to experimental variables or

noise.

Our motivating data contains spike activity for 25 neurons in the motor cortex recorded us-

ing silicon probes connected to the mouse’s brain across 157 trials. Our data contains neural

firing recorded in 10ms windows. Figure 3.1 shows activation in six representative neurons in the

mouse’s brain. Neurons exhibit a range of activation intensities after the auditory cue (at around

0.2 seconds) and distinct behaviors in how they return to the baseline activation level throughout

the experiment. The behavior of each neuron remains relatively constant across each trial.
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Figure 3.1: Panel A displays a lasagna plot of the activation of six example neurons across 174
timepoints and 157 trials. Light blue indicates that the neuron is activate at that specific instance.

Neural-spike data is assumed to come from an underlying data generating mechanism in which

patterns give rise to the activation in the neuron level. Thus, we derive activation patterns from

each trial using Functional Principal Component Analysis (FPCA) [9, 10]. We aim to test the

broad scientific hypothesis that activation patterns obtained from an FPCA are the same. We first

develop a test to test the equality of activation patterns in to trials by comparing score covariances;

this is also a test of the covariance operators. Next, we use our proposed method to compare all

pairs of trials and summarize the tests. We then generate a permutation-based null distribution of

the summary statistic to test the global hypothesis that patterns are the same across all trials.

There are a number of statistical tests previously developed for two samples of functional data.

Several tests focus on comparing the center of two groups, including the point-wise t-test to de-

tect differences in sample functional means proposed by [1], 𝐿2 norm-based tests [54, 55, 56, 54,

57, 58] or the likelihood-ratio approach proposed by [59]. Approaches to compare the distribu-

tion of two functional samples include proposed work by [56] to jointly test the mean function,

eigenvalues, and eigenvectors coming from an FPCA decomposition of the data, or work using

an Anderson-Darling Rank test on FPC scores developed by [60]. Our work focuses on second-
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order moment test for functional data. Thus, we focus on tests for covariance operators. Examples

include the eigenfunction-based approximation of the distance between two covariance operator

proposed by [61]. That work assumed two groups and Gaussian random functions; extensions to

non-Gaussian data have been proposed by [62], and for more than two groups proposed by [63].

We now discuss the literature on comparing two covariance matrices in multivariate non-

functional settings, as our test relies on comparing the covariance matrix of the FPCA scores.

Previous work to compare to covariance matrices the includes likelihood ratio tests [64, 65, 66],

as well as tests based on the Frobenius norm proposed by [67, 68]. We based our procedure on

work by [69], based on a standardized maximum difference between the entries of two covariance

matrices. This test makes no distributional assumptions, has an analytic limiting distribution, and

has significantly higher power than other methods in simulation studies.

The rest of the manuscript is structured as follows. Section 2 introduces our novel statistical

framework to test the equality of FPC decomposition for two datasets using the covariance matrix

of the FPCA scores. Furthermore we extend this framework to paired data, which previous tests

have not being developed for and describe the implementation and practical concerns of our meth-

ods. Section 3 presents simulation studies designed to explore the statistical performance of our

proposed test in various scenarios. Section 4 presents the application of our methodology to our

neural-spike data and discusses the scientific implications of our conclusions. We summarize our

manuscript and discuss possible future avenues in Section 5.

3.2 Methods

In this section, we develop a test to compare the eigendecompositions of two functional sam-

ples. We first introduce a procedure to test two independent samples and proceed to expand to

paired functions. The proposed test in this section will be applied to determine whether or not pat-

terns of activation arising in a mouse’s motor cortex remain constant over the same experimental

conditions.

Define the set of curves
[
𝑌
(1)
𝑖

(𝑡) : 𝑖 ∈ {1, . . . , 𝐼1}
]

and
[
𝑌
(2)
𝑖

(𝑡) : 𝑖 ∈ {1, . . . , 𝐼2}
]
, where𝑌 (1)

𝑖
(𝑡)
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and 𝑌 (2)
𝑖

(𝑡) are independent realizations from two random processes 𝑌 (1) (𝑡) and 𝑌 (2) (𝑡) over

𝑡 ∈ [0, 1] with corresponding mean function 𝜇(1) (𝑡) and 𝜇(2) (𝑡), and covariance operators Σ(1) (𝑠, 𝑡)

and Σ(2) (𝑠, 𝑡). Furthermore, let Σ(𝑧) (𝑠, 𝑡) =
∑𝐾
𝑘=1 𝜆

(𝑧)
𝑘
𝜙
(𝑧)
𝑘
(𝑠)𝜙(𝑧)

𝑘
(𝑡) be the truncated spectral de-

composition of Σ(𝑧) (𝑠, 𝑡) for group indicator 𝑧 ∈ {1, 2} coming from Mercer’s Theorem, where

𝛷(𝑧) (𝑡) =

{
𝜙
(𝑧)
𝑘
(𝑡) : 𝑘 ∈ {1, . . . , 𝐾}

}
are orthonormal eigenfunctions and

{
𝜆
(𝑧)
𝑘

: 𝑘 ∈ {1, . . . , 𝐾}
}

are the corresponding eigenvalues.

Our goal is to test whether two datasets share the same eigendecomposition, as we aim to

compare the shape and scale of eigenfunctions. Equivalently, we can test the covariance operator

directly. Thus our goal is to use the two samples of data to test the hypothesis

𝐻0 : Σ(1) (𝑠, 𝑡) = Σ(2) (𝑠, 𝑡) versus 𝐻1 : Σ(1) (𝑠, 𝑡) ≠ Σ(2) (𝑠, 𝑡). (3.1)

We develop methodology to test (3.1) for two independent samples of functions in Section

3.2.1, and extend this procedure to paired functions in Section 3.2.2. We develop our test over a

conceptual framework and subsequently describe implementation for real-data settings in Section

3.2.3.

3.2.1 Testing Procedure for Independent Realizations

Under the null hypothesis (3.1) we have, 𝚽(𝑡) = {𝜙𝑘 (𝑡) : 𝑘 ∈ {1, . . . , 𝐾}}, a common set

of eigenfunctions and eigenvalues 𝝀 = {𝜆𝑘 : 𝑘 ∈ {1, . . . , 𝐾}} such that Σ(1) (𝑠, 𝑡) = Σ(2) (𝑠, 𝑡) =∑𝐾
𝑘=1 𝜆𝑘𝜙𝑘 (𝑠)𝜙𝑘 (𝑡). Hence, under the null hypothesis (3.1), a group-specific Karhunen-Loeve

expansion of the data is given by

𝑌
(𝑧)
𝑖

(𝑡) = 𝜇(𝑧) (𝑡) +
𝐾∑︁
𝑘=1

𝜁
(𝑧)
𝑖𝑘
𝜙𝑘 (𝑡) (3.2)

in which the 𝑖𝑡ℎ observation in group 𝑧 is decomposed into a group mean function 𝜇(𝑧) (𝑡), the com-

mon set of eigenfunctions 𝚽(𝑡), and the subject-specific scores 𝜁 (𝑧)
𝑖𝑘

=
∫ 1

0 {𝑌 (𝑧)
𝑖

(𝑡)−𝜇(𝑧) (𝑡)}𝜙𝑘 (𝑡)𝑑𝑡,
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assumed to be uncorrelated random variables with mean zero and variance 𝜆𝑘 . We now describe a

test for (3.1) using the covariance matrix of the scores coming from the preceding model.

Proposition 1 Define 𝜻 (𝑧)
𝑖

=

{
𝜁
(𝑧)
𝑖𝑘

: 𝑘 ∈ {1, . . . , 𝐾}
}

to be the 𝐾 × 1 random vector of scores

derived from (3.2) with mean zero and covariance matrix 𝛀(𝑧) for subject 𝑖 ∈ 1, . . . , 𝐼𝑧 in group

𝑧 ∈ {1, 2}. Then, the hypothesis test (3.1) is equivalent to

𝐻0 : 𝛀(1) = 𝛀(2) versus 𝐻1 : 𝛀(1) ≠ 𝛀(2) . (3.3)

To see that the proposition holds, define the covariance operator for any function 𝑌 (𝑧)
𝑖

(𝑡) char-

acterized by the model that assumes a shared eigendecomposition (3.2)

cov
[
𝑌
(𝑧)
𝑖

(𝑡), 𝑌 (𝑧)
𝑖

(𝑠)
]
=

𝐾∑︁
𝑝=1

𝐾∑︁
𝑞=1

cov
(
𝜁
(𝑧)
𝑖𝑝
, 𝜁

(𝑧)
𝑖𝑞

)
𝜙𝑝 (𝑡)𝜙𝑞 (𝑠) 𝑧 = {1, 2} (3.4)

because Σ(1) (𝑠, 𝑡) = Σ(2) (𝑠, 𝑡) are assumed to be the same under the null, then we have that 𝛀(1) =

𝛀(2) . Hence, the hypothesis (3.1) is equivalent to testing (3.3) using the model that assumes a

shared eigendecomposition (3.2).

We compare the covariance matrices of the scores 𝛀(1) and 𝛀(2) using work by [69] based on a

standardized maximum difference of the two matrices. We test 𝐻0 : 𝛀(1) = 𝛀(2) by the equivalent

hypothesis 𝐻0 : max1≤𝑝≤𝑞≤𝐾 |𝜔(1)
𝑝𝑞 − 𝜔(2)

𝑝𝑞 | = 0, where 𝜔(𝑧)
𝑝𝑞 is the 𝑝𝑞𝑡ℎ entry of 𝛀(𝑧) , as the two

covariances will only be different if the maximum absolute difference in the same entry of the two

covariances is greater than zero. Define 𝜔̂(1)
𝑝𝑞 and 𝜔̂(1)

𝑝𝑞 to be the 𝑝𝑞𝑡ℎ entries of sample covariance

matrices defined as

𝛀̂
(𝑧)

=
1
𝐼𝑧

𝐼𝑧∑︁
𝑖=1

(
𝜻 (𝑧)
𝑖

− 𝜻̄
(𝑧)

) (
𝜻 (𝑧)
𝑖

− 𝜻̄
(𝑧)

)𝑇
where 𝜻̄

(𝑧)
=

1
𝐼𝑧

𝐼𝑧∑︁
𝑖=1

𝜻 (𝑧)
𝑖
, 𝑧 ∈ {1, 2}. (3.5)

The test statistic 𝑀 is the maximum standardized difference in any two entries of the covariance

matrices
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𝑀 B max1≤𝑝≤𝑞≤𝐾

(
𝜔̂

(1)
𝑝𝑞 − 𝜔̂(2)

𝑝𝑞

)2

𝜃
(1)
𝑝𝑞 /𝐼1 + 𝜃 (2)𝑝𝑞 /𝐼2

(3.6)

where the absolute difference in the same entry is standardized to account for heterogeneity in the

estimates of each element of the covariances by

𝜃
(𝑧)
𝑝𝑞 =

1
𝐼𝑧

𝐼𝑧∑︁
𝑖=1

[(
𝜁
(𝑧)
𝑖𝑞

− 𝜁 (𝑧)𝑝
) (
𝜁
(𝑧)
𝑖𝑞

− 𝜁 (𝑧)𝑞
)
− 𝜔̂(𝑧)

𝑝𝑞

]2
, 𝑧 ∈ {1, 2} (3.7)

where 𝜁 (𝑧)𝑝 is the 𝑝𝑡ℎ entry of the vector 𝜁 (𝑧) . Under the null distribution that 𝐻0 : 𝛀(1) = 𝛀(2) , the

value 𝑀 −4 log𝐾 + log log𝐾 converges to a Gumbel extreme distribution. The closed form for the

rejection threshold at an level 𝛼 based on 𝐾 and the appropriate quantile of a Gumbel distribution

is 𝑀 ≤ 𝑞𝛼 + 4 log𝐾 − log log𝐾 , where 𝑞𝛼 = − log(8𝜋) − 2 log log(1 − 𝛼)−1 is the 1 − 𝛼 quantile

of the Gumbel extreme value distribution.

Our tests rely on the asymptotic distribution of the test statistic, and hence we require a sample

size that is large enough for the asymptotics to hold. [69] proposed an adjustment to the critical

value of the test statistic for small sample sizes and using simulated standard Gaussian datasets to

estimate the distribution of the test statistic under the null. We address the case for small sample

sizes by introducing a permutation-based empirical null distribution of the test statistic.

3.2.2 Testing Procedure for Dependent or Paired Realizations

We have developed a test for covariance operators from two independent samples of functions

that do not directly compares eigenfunctions or eigenvectors and instead compares the covariance

of the scores from an FPCA decomposition. We now extend that test to paired data. Consider

a samples of paired curves
{
[𝑌 (1)
𝑖

(𝑡), 𝑌 (2)
𝑖

(𝑡)] : 𝑖 ∈ {1, . . . , 𝐼}
}

that are realizations of the random

processes 𝑌 (1) (·) and 𝑌 (2) (·). Assume that 𝑌 (1)
𝑖

(𝑡) and 𝑌 (2)
𝑖

(𝑡) that are repeated observations for

the 𝑖𝑡ℎ subject. Furthermore, consider the sets of subject-specific scores
{
𝜻 (1)
𝑖

: 𝑖 = {1, . . . , 𝐼}
}

and
{
𝜻 (2)
𝑖

: 𝑖 = {1, . . . , 𝐼}
}

with covariances 𝛀(1) and 𝛀(2) coming from the model that assumes
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a shared eigendecomposition (3.2). The pairwise correlation that exists among any pairs of func-

tions, will be captured in pairwise correlations between the corresponding pair of subject-specific

scores. Thus, we explicitly account for paired functions, by accounting for the pairwise correla-

tion of scores when standardizing our test statistic. Define the updated test statistic for comparing

eigendecompositions of paired functions to be

𝑀 B max1≤𝑝≤𝑞≤𝐾

(
𝜔̂

(1)
𝑝𝑞 − 𝜔̂2

𝑝𝑞

)2(
𝜃
(1)
𝑝𝑞 + 𝜃 (2)𝑝𝑞 − 2𝜙𝑝𝑞

)
/𝐼

(3.8)

where 𝜔̂(1)
𝑝𝑞 , 𝜔̂(2)

𝑝𝑞 are defined as in (3.5), 𝜃 (1)𝑝𝑞 , 𝜃 (2)𝑝𝑞 are defined as in (3.7), and

𝜙𝑝𝑞 =
1
𝐼

𝑛∑︁
𝐼=1

[(
𝜁
(1)
𝑖𝑝

− 𝜁 (1)𝑝
) (
𝜁
(1)
𝑖𝑞

− 𝜁 (1)𝑞

) (
𝜁
(2)
𝑖𝑝

− 𝜁 (2)𝑝
) (
𝜁
(2)
𝑖𝑞

− 𝜁 (2)𝑞

)]
− 𝜔̂(1)

𝑝𝑞 𝜔̂
(2)
𝑝𝑞 (3.9)

captures the covariance between 𝜔̂(1)
𝑝𝑞 and 𝜔̂(2)

𝑝𝑞 .

The analytic null distribution for the test statistic is not a straightforward computation. We

propose a permutation-based approach to estimate the p-value of the test. Define a new version

of the original data
{
[𝑌 (1)
𝑖

(𝑡), 𝑌 (2)
𝑖

(𝑡)] : 𝑖 ∈ {1, . . . , 𝐼}
}

such that the label 𝑧 = {1, 2} is randomly

permuted within each 𝑖𝑡ℎ pair, and let 𝑀̃𝑝 to be the test statistic derived from the 𝑝𝑡ℎ permuted

dataset. We construct an empirical null distribution of the test statistic by generating 𝑃 permuted

dataset. Then, the permutation-based test of level 𝛼 rejects the null hypothesis of equality of

eigenfunctions if 𝑀 ≥ 𝑞 (1−𝛼) , where 𝑞 (1−𝛼) is the 1 − 𝛼 quantile of the empirical distribution of

the permuted statistics. This permutation scheme provides data under the null distribution that the

two groups have the same FPCs while preserving the pairing of the curves.

3.2.3 Practical Implementation

In real-world applications, functions are observed over a vector of discrete grid of timepoints

𝒕𝑖 =
{
𝑡𝑖 𝑗 : 𝑗 ∈ {1, . . . , 𝐽𝑖}

}
which may vary across subjects. Let 𝑌𝑖 (𝑡𝑖 𝑗 ) be the value of 𝑌𝑖 (·) evalu-

ated at 𝑡𝑖 𝑗 , and 𝑌𝑖 ( 𝒕𝑖) to be the 𝐽𝑖 × 1 vector 𝑌𝑖 (·) evaluated over 𝒕𝑖 and assume 𝑌𝑖 (𝑡𝑖 𝑗 ) is observed
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with some additional random noise with variance 𝜎2
𝜖 . Our goal in this setting is to rely on esti-

mates 𝜻̂
(𝑧)
𝑖 =

{
𝜁
(𝑧)
𝑖𝑘

: 𝑘 ∈ {1, . . . , 𝐾}
}

of the true scores in pooled model 3.2 in order to test our

hypothesis of equality of eigenfunctions which we derive using a two-step approach. We obtain

such estimates from observed data using standard FPCA methods.

In the first step, we estimate the group-specific means of both the groups and remove them

so that one can assume the scores have mean zero and can be estimated using off-the-shelf im-

plementations of FPCA. We suggest using a point-wise estimation of the group-specific means

for regularly-observed data, and a smoother-based approach using gam() in the mgcv package

[22] for irregularly-observed data. Next, we pool data from both groups after removing group

means and estimate shared eigenfunctions, eigenvalues, and subject-specific scores in (3.2) using

fpca.face() in the refund package [13, 41], a fast implementation of standard FPCA. Other

FPCA implementation approaches are possible, but we’ve found this one to be computationally

efficient and has worked well in the settings we consider. At last, we perform the two-sample co-

variance test on the covariance of the estimated scores using the function HDtest::testCov()

[70].

Our test requires a fixed number of FPCs, just as other leading competing tests do. Selecting

a small 𝐾 or the number of FPCs might lead to a larger type II error, as not enough FPCs will be

tested if the difference is in the later eigenfunctions. At the same time, greedy values of 𝐾 will keep

nuisance FPCs that do not provide any information, decreasing power unless the difference is in

the later eigenfunctions. We suggest using a percent variance explained (PVE) approach threshold

by only keeping the first 𝐾 components that explain up to some % of the variance. We suggest

picking a PVE based on the null hypothesis of interest while interpreting the test in the context of

testing a difference among the FPCs that explain % of the variance in the data. We have found that

99% PVE works well in simulations and real data analysis. Furthermore, our simulation studies

indicate our test has good power over a reasonable range of PVE thresholds. We suggest additional

sensitivity analyses when the test is used in settings not described in our manuscript.
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3.3 Simulations

We perform simulation studies to explore our proposed methods’ empirical power and size,

assessing our test’s numerical performance across various scenarios. Across all simulation stud-

ies, we compare the performance of our methodology with two leading competing methods, the

covariance operator test proposed by [61], and the test proposed in [60]. We first focus on indepen-

dent datasets and explore the properties over two common real-data analysis scenarios. We explore

simulations in which the two groups do not share the same FPCs, scenarios in which both groups

have the same set of FPCs, but their eigenvalues differ. We proceed to describe the properties of

our test for paired datasets and evaluate them across a range of within-pair correlations.

3.3.1 Simulations for Independent Data

We first generate synthetic datasets for two groups of independent functions. Data is generated

from a zero-mean FPCA model in which there are three orthogonal functional principal compo-

nents defined as

𝑌
(𝑧)
𝑖

(𝑡) =
3∑︁
𝑘=1

𝜉
(𝑧)
𝑖𝑘

sin(2𝜋𝑘𝑡) + 𝜖𝑖 (𝑡) (3.10)

where we let the scores 𝜉 (𝑧)
𝑖𝑘

follow a univariate Gaussian distribution with mean zero and a

scenario-specific variance. In all simulations, the variance of the first two set of scores is fixed

var(𝜉 (1)
𝑖1 ) = var(𝜉 (2)

𝑖1 ) = 16 and var(𝜉 (1)
𝑖2 ) = var(𝜉 (2)

𝑖2 ) = 9. Define var(𝜉 (1)
𝑖3 ) = 𝛾+𝛿 and var(𝜉 (1)

𝑖3 ) = 𝛾

given two constants 𝛿 ≥ 0 and 𝛾 ≥ 0. We generate data across various values of baseline variance

𝛾 and effect sizes 𝛿. Using this notation, we can explore three distinct scenarios. First, we can

estimate the size of the tests when the null hypothesis is true (𝛿 = 0, 𝛾 ≥ 0). Second, we can

estimate the power of the test when the two groups do not share the same FPCs (𝛿 > 0, 𝛾 = 0).

Last, we can estimate the power of the test when the two groups share the same FPCs but have

different eigenvalues (𝛿 > 0, 𝛾 > 0). We generate 1000 datasets for each combination of base-

line variance 𝛾 = (0, 0.1, 0.2, 0.5, 1), effect size 𝛿 = (0, 0.1, 0.2, 0.3, 0.4, 0.5), and sample sizes
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𝐼1 = 𝐼2 = (25, 50, 100, 150, 200). We generate data observed over an equally spaced grid 𝒕 ∈ [0, 1]

of 200 points, and assume that at any 𝑗 𝑡ℎ timepoint the data is observed with noise 𝜖𝑖 (𝑡𝑖 𝑗 ), which

follows a Gaussian distribution with mean zero and 𝜎 (2)
𝜖 = 0.25.
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Figure 3.2: Empirical rejection rates across simulation settings. We run 1000 simulations for each
simulation scenario, and reject the null hypothesis at 𝛼 = 0.05. Our proposed test is in dark blue.
Leading competing methods include the test given in [61] (in orange) and [60] (in yellow). Each
column displays a different effect size, and the rows display the baseline variance shared by both
groups where var(𝜉 (1)

𝑖3 ) = 𝛾 + 𝛿 and var(𝜉 (1)
𝑖3 ) = 𝛾

For each dataset, we test the null hypothesis at an 5% level. We implement our proposed

test following the Section 3.2.3 using a PVE threshold of 99% to select 𝐾 . We implement the in

[61] using the modified variance-stabilized statistic proposed in their manuscript, since simulation

studies suggest it provides higher power, and the R function fdcov::ksample.vstab() [71].

We follow the guidelines proposed by the authors to select the optimal number of eigenvectors

𝐾 using the AIC criterion first proposed by [9]. Our procedure estimate the AIC statistic for

𝐾 = 2, . . . , 15 and select the number of FPCs that yield the minimum value. We implement the

[60]’s test using R code provided by the authors and select the number of FPCs in the test by

retaining the set of FPCs that explain 99% of the variance. Our supplement provides additional

sensitivity analyses that explore the choice of 𝐾 has on the numerical properties of these tests.

37



We summarize the numerical evaluation of our proposed method in Figure 3.2. Our simulations

show that for small sample sizes, the [61]’s test rejects too frequently; meanwhile, for sample sizes

where the test has the right type 1 error, it is less powerful than our method. Our results indicate that

our method is more powerful across most scenarios than [60]’s test, and retains the appropriate size

when the null is true. Our simulations show that as baseline variance 𝛾 increases, it becomes harder

for any testing procedures to detect a difference in eigenvalues, suggesting that these methods are

more sensitive to scenarios where the two groups don’t share the same set of FPCs.

3.3.2 Simulations for Paired Datasets

We generate synthetic datasets with paired data using a variation of the FPCA model (3.10)

proposed for independent data samples in the previous section. We introduce non-independence

among any two pairs of functions by simulating the scores as correlated multivariate Gaussian

variables with a mean of zero rather than independent univariate random variables. In particular,

we assume that any 𝑘 𝑡ℎ FPC scores within a pair are correlated and that this pairwise-correlation

corr(𝜉 (1)
𝑖𝑘
, 𝜉

(2)
𝑖𝑘

) = 𝜌 remains constant across the three FPCs. For paired data, allowing 𝛾 = 0 would

imply that 𝑐𝑜𝑣(𝜉 (1)
𝑖3 , 𝜉

(2)
𝑖3 ) = 0, hence the two samples would be uncorrelated in the FPC in which

they differ. Thus, we only focus on analyzing scenarios where the two datasets share the same

set of FPCs by fixing 𝛾 = 0.5. We estimate the size of the tests when the null hypothesis is true

(𝛿 = 0, 𝛾 = 0.5) and estimate the power of the test when two samples have a common set of FPCs

and different eigenvalues across a variety of effect sizes (𝛿 > 0, 𝛾 = 0.5).

We generate 100 datasets for each combination of effect size 𝛿 = (0, 0.1, 0.2, 0.3, 0.4, 0.5),

baseline variance 𝛾 = (0.5), and sample size 𝐼 = (25, 50, 100, 150, 200) and pairwise correlation

of the scores 𝜌 = (0.2, 0.4, 0.6, 0.8). We chose these values for 𝜌 as the average correlation

between the scores of any given pair in our dataset range between 0.16-0.84. Across all scenarios,

we fix var(𝜉 (1)
𝑖1 ) = var(𝜉 (2)

𝑖1 ) = 16 and var(𝜉 (1)
𝑖2 ) = var(𝜉 (2)

𝑖2 ) = 9. We generate data observed over

an equally spaced grid 𝒕 ∈ [0, 1] of 200 points, and assume that at any 𝑗 𝑡ℎ timepoint the data is

observed with noise 𝜖𝑖 (𝑡𝑖 𝑗 ), which follows a Gaussian distribution with mean zero and 𝜎 (2)
𝜖 = 0.5.
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Figure 3.3: Empirical rejection rates across for paired datasets across simulation settings. We run
1000 simulations for each simulation scenario, and reject the null hypothesis at 𝛼 = 0.05. Our
proposed paired test is in dark blue. Competing methods include the proposed independent test is
in light blue, and the tests given in [61] (in orange) and [60] (in yellow). Each column displays
a different effect size, and the rows display the correlation between any two pairs of simulated
functions. Across all simulations, var(𝜉 (1)

𝑖3 ) = 0.5 + 𝛿 and var(𝜉 (1)
𝑖3 ) = 0.5

We aim to show how competing methods perform against various degrees of dependence

among data pairs and explore how accounting for this dependence leads to a more powerful test.

The paired test is compared to the test for independent datasets in section 3.2.1, and the tests given

in [61] and [60]. We apply the proposed methodology for comparing FPCs in paired samples as

described in section 3.2.2. We implement our paired and independent test as described in Section

3.2.3 using a PVE threshold of 99%. We implement the test given in [61] and [60] in the same way

described in the previous section. Our supplement includes sensitivity analyses to show the impact

of tuning 𝐾 across the four competing methods when testing paired functions.

Figure 3.3.2 summarizes the empirical rejection rate across all simulations. Our proposed

method for paired data is the most powerful tests when compared to leading competing methods

for independent and paired datasets across all the scenarios, including examples in which the set

of FPCs in two groups are different and examples in which they are the same, but the eigenvalues
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differ. We observe that the improvement in power becomes more pronounced as the pairwise

correlation increases. Our test retains the proper rejection rate when the null hypothesis is true.

3.4 Motivating Dataset Analysis
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Figure 3.4: Spaghetti plots of FPCA decompositions of trial-level data. Each curve represents an
estimate for a trial. The panels show the first three FPCs in descending order of most variance
explained. On average, these five FPCs explain 96.2% of the total variability within each trial. The
red line is the LOESS average across all trials.

Our goal is to test if activation patterns in the motor cortex remain constant over repeated trials

of a trained mouse reaching for a food pellet. To visualize trial-to-trial differences, we begin our

real data analysis by fitting FPCA to each trial using refund::fpca.face. Figure 3.2 displays

spaghetti plots of the first three FPC derived from trial-level decompositions. We show the FPCs

in descending order of most variance explained. On average, these 3 FPCs explain 96.2% of

the variability in each trial. The red line is the LOESS mean across all trials for each of the

individual components. The first FPC explains the intensity of the activation change immediately

after the cue; on average it explains 76.8% of the total variance within each trial. The second

FPCs explain a trade-off between initial increased activation and lower baseline activation after the

cue; on average it explains 13.7% of the total variance within each trial. The third FPC capture

local variability unexplained by the first two components; on average, and captures 5.7% of the
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remaining variability.

We begin our analysis by applying the test to compare eigendecompositions for paired data

developed in Section 3.2.2 to all pairwise comparisons of trials. We summarize the distribution of

p-values by calculating the Cramer-Von Mises (CVM) statistic comparing 𝑓 against the uniform

distribution. Let 𝐹 be the cumulative distribution function of 𝑓 ; then the CVM statistic is defined

as 𝜂 =
∫ 1

0 [𝐹 (𝑥) − 𝑥]2 𝑑 (𝑥). We test the null hypothesis that the activation patterns remain constant

by comparing 𝜂 to an empirical distribution under the null derived using a permutation approach,

which we now describe. For each 𝑖𝑡ℎ Neuron, we permute trial labels, generating data under the

null distribution in which there is no effect of trial, yet preserving the repeated measures. Next,

we estimate 𝑓𝑝, the distribution of p-values for all pairwise comparisons of trials coming from the

𝑝𝑡ℎ permuted dataset using the test developed in Section 3.2.2. For the 𝑝𝑡ℎ permutation, calculate

𝜂𝑝 =
∫ 1

0
[
𝐹̃𝑝 (𝑥) − 𝑥

]2
𝑑 (𝑥) where 𝐹̃𝑝 is cumulative distribution of 𝑓𝑝. At last, we reject our null

hypothesis at a level 𝛼 if 𝜂 ≥ 𝑞 (1−𝛼) , where 𝑞 (1−𝛼) is the 1−𝛼 quantile of the empirical distribution

of the permuted statistics 𝜂̃ =
[
𝜂𝑝 : 𝑝 ∈ {1, . . . , 𝑃}

]
. There are a total of 12246 pairwise compar-

isons comparing 157 trials. We perform 100 permutations to estimate the p-value of each pairwise

comparison. We further generate 𝑃 = 200 permuted datasets to generate a global test.
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Figure 3.5: Panel A displays the distribution of p-values from all pairwise trial comparisons in
our motivating dataset. Panel B shows nine example distributions of p-values from all pairwise
trial comparisons in permuted datasets in which the null hypothesis is true. Panel C shows the
distribution of 𝜂𝑝 for 𝑝 ∈ {1, . . . , 200}.
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We summarize the results of our analysis in Figure 3.5. Panel A displays the distribution of

the p-values of all pairwise comparisons across all trials for our motivating dataset 𝑓 . We observe

that the distribution is right-skewed, and the test statistic 𝜂 derived using the observed data is

949.14. Panel B has nine examples of empirical distributions of p-values under the null hypothesis.

Each histogram represents a different permuted dataset. Panel C aggregates the results across all

permuted datasets and displays the distribution of 𝜂̃. The range for the empirical distribution is

[0.14, 19.52]. We find that the 95% quantile of the distribution is 9.98, and thus we reject the null

hypothesis that the activation patterns are constant across trials at a level 𝛼 = 0.05.
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Figure 3.6: Panel A displays the first three activation patterns derived in three trials. Panels B
show fitted values in two example neurons previously shown in Figure 3.1. Panel C show barcode
plots of raw dichotomized neural spike data. Each colored line represents a timepoint in which that
neuron was active.

Figure 3.6 summarizes the activation patterns and neural activation in three example trials.

We found that the patterns of activation in Trial 84 are significantly different from those in Trial

8 (𝑝 < 0.01) and those in Trial 80 (p < 0.01). Furthermore, we do not reject the null that the

activation patterns differ between Trial 8 and Trial 84 (p = 0.72). Panel A summarizes the activation

patterns for each of the trials. We observe clear differences in the first activation pattern as there

is a consistent late activation across neurons for trial 84. In contrast, the neural activation across

neurons decreases for trial 8 and trial 80. Panel B-C shows two example Neurons previously
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presented in Figure 3.1. We note that the behavior of the neurons is similar across all trials at the

beginning of the reaching movement. However, the neural behavior differs after the 0.75-second

mark, as indicated by the derived activation patterns, as both neurons have late activity in Trial 84

while no activity in Trial 8 and Trial 80.

3.5 Discussion

We present a novel approach to test the hypothesis that two sets of functions share a common

eigendecomposition based on testing the covariance matrix of the scores coming from an FPCA

decomposition. We develop a version of the test for independent functions and another for pairs of

functions. We show that our method is more powerful than two leading competing tests and retains

the appropriate empirical size when the null hypothesis is true.

We are motivated to understand if activation patterns in neural spike data from a mouse trained

to reach for a pellet vary from trial to trial. We analyzed this hypothesis by doing all pairwise

comparisons of trials and summarizing these results using the distribution of the p-value. We

compare this distribution to the distribution of p-values for all pairwise comparisons under the

null distribution using a permutation-based approach. Our results suggest trial-to-trial variability

in the activation patterns. These results formally test a hypothesis, a phenomenon described in

the neuroscience literature, and provide novel insight into how the motor cortex drives dexterous

movement.

A direct extension of our method is extending to the case for 𝐾 groups. We recognize that

such extension could be helpful when testing our global hypothesis that activation patterns remain

constant across trials. Furthermore, we could have analyzed our data as counts or dichotomous

activation instead of Gaussian. Other potential avenues of exploration include testing the perfor-

mance of our method for Generalized FPCA to confirm that it remains valid. Our work assumes

that both groups are measured over regular discrete grids. We hypothesize that in some scenarios,

one of the groups will have higher score variances due to accuracy. Future analysis should explore

the performance of our methods when observing the two groups over different structures.
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Chapter 4: Last Chapter before conclusion

4.1 Introduction

Between 2001 and 2017, suicide mortality in the United States increased by 31% from 10.7 to

14.0 cases per 100,000 [72]. Previous studies estimate that 8.5%-13% of all suicide attempts are

fatal [73, 74, 75] and that around 3% of index attempts lead to death [76]. Roughly half of suicide

deaths do not occur during an individual’s first time attempt [77, 76]. Thus, preventing non-fatal

attempts presents an opportunity for early intervention in a substantial number of people at high

risk for suicide [78] and for decreasing the public health burden suicide behaviors.

Despite extensive work over the last 50 years to improve prediction of suicide attempts, a

meta-analysis of 365 studies concluded that using known suicide risk factors leads to only slightly

better than chance prediction (weighted area under the curve, w/AUC = 0.58). [79] Machine

learning methods and big data sources such as electronic health records (EHR) and social media

text monitoring have led to substantial improvements in predicting suicide attempts in clinical

samples (AUC range 0.71-0.93). [80, 81, 82, 83, 84, 85] However, most of the published literature

on non-fatal suicide attempt prediction has focused on high-risk patients who have received mental

health treatment. [86, 87]. Over a third of people making non-fatal suicide attempts do not receive

mental health treatment [88, 89], and those that engage in mental health treatment only represent

one-third of the U.S. fatal suicide attempts [90, 80, 87, 91, 92] These findings underscore the

importance of extending suicide prediction models beyond high-risk populations to the general

adult population.

In the present study, we aim to identify important risk factors for future suicide attempt in the

general population by taking advantage of the richness of the NESARC dataset using an explana-

tory machine learning model. We extend prior research in 3 important directions: 1) We use a
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large, nationally representative longitudinal sample, to identify risk factors for suicide attempt in

the general population; 2) We use an extensive assessment instrument that includes detailed eval-

uation of substance use and psychiatric disorders and symptoms that are not routinely available

in EHR or administrative data; and 3) We incorporate class imbalance as a feature in our model

to address the limitations of more generic algorithms, as few studies have previously done this

[87]. Overall, we expected to confirm previously identified risk factors found in clinical samples

and, more importantly, to identify new ones to expand our understanding of the etiology of suicide

attempts.

4.2 Methods

4.2.1 Sample

Data were drawn from the National Epidemiologic Survey on Alcohol and Related Conditions

(NESARC), a face-to-face survey conducted with a nationally representative sample of the U.S.

adult population by the National Institute on Alcoholism and Alcohol Abuse (NIAAA) [93]. The

target population included the civilian noninstitutionalized population, aged 18 years and older, in

the United States. Wave 1 NESARC survey data (2001-2002) and self-reported non-fatal suicide

attempts at follow up 3 years later (Wave 2, 2004-2005) [94]. . The cumulative response rate

at Wave 2 was 70.2%, resulting in 34,653 Wave 2 interviews. Survey design and non-response

weights are available to allow estimates to be representative of the U.S. civilian population based

on the 2000 census. [95]. The research protocol, including written informed consent procedures,

received full human subjects review and approval from the U.S.Census Bureau and the Office of

Management and Budget.

4.2.2 Predictors from Wave 1

At Wave 1, participants were assessed using the Alcohol Use Disorder and Associated Disabil-

ities Interview Schedule DSM-IV version (AUDADIS-IV) [93, 96], , a lay-administered structured

interview to assess alcohol, drug, and mental health disorders according to DSM-IV criteria. Past
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12 months axis I disorders evaluated included substance use disorders (alcohol use, drug use, and

nicotine dependence), mood disorders (major depressive, dysthymic, and bipolar disorder), anx-

iety disorders (panic disorder, social anxiety disorder, specific phobia, and generalized anxiety

disorder) and pathological gambling. Axis II disorders included avoidant, dependent, obsessive-

compulsive, histrionic, paranoid, schizoid, and antisocial personality disorders assessed on a life-

time basis. Demographic and background information was collected. Response patterns for each

of the 14 sections of the survey are summarized in the Supplemental eMethods B.1.The test-retest

reliability of AUDADIS-IV and its validity for measuring DSM-IV mental disorders is good to

excellent for substance use (𝜅=0.51-0.74) and fair to good for other disorders (𝜅=0.40-0.67). [97,

98, 99, 100]

The Wave 1 survey contained 2,805 separate questions. To reduce interview burden, partici-

pants skipped entire sections based on their responses to gate questions. Additionally, there were

180 derived variables that include DSM-IV past year, prior to past year, and lifetime diagnoses of

mental disorders including personality disorders. For each Wave 1 participant, there were between

643 and 2,985 available features.

4.2.3 Outcome at Wave 2: Non-fatal suicidal attempt

At Wave 2, a similar face-to-face structured interview follow up was conducted. The primary

outcome was having attempted suicide in the previous 3 years since the time of the Wave 2 inter-

view. This variable was derived by combining responses to the Wave 2 questions: “In your entire

life, did you ever attempt suicide?” and if affirmative, answers to “How old were you the first

time?” and “How old were you the most recent time?”. [101] If the most recent suicide attempt

occurred within the last 3 years the participant was considered a case, otherwise not. At Wave 2,

222 participants endorsed having attempted suicide since the Wave 1 interview.
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4.2.4 Data Analysis

Model Building

We performed an initial data analysis as recommended [102], and addressed the survey struc-

tural missingness by using the missing-indicator method [103, 104] as described in the supplement.

We used balanced random forest (BRF) to build a model to identify factors associated with suicide

attempts by taking the processed 2,978 Wave 1 features to classify dichotomous suicide attempt

at Wave 2. BRF has better performance than regular random forest for classification models with

class-imbalanced data [105, 106]. As detailed in the Supplemental eMethods B.1, we tuned the

BRF parameters by using 10-fold cross-validation, and further validated our classification model

by using nested cross-validation [107].

We summarized the final model’s performance by aggregating the out-of-fold classifications of

our optimal model and used this aggregated probability (“threshold”) to calculate an out-of-fold

AUC. We weighted our results based on design and non-response weights to allow our estimates to

be representative of the U.S. civilian population based on the 2000 census. Sensitivity, specificity,

positive predictive value (PPV), negative predictive value (NPV), alarms per 100 evaluations, and

number needed to evaluate to find one new suicide attempt case were examined against the thresh-

old value.

Identifying Top Risk Predictors

To quantify model variable importance, we calculated the decrease in classification ability after

any individual feature was permuted (i.e., no longer used in the suicide attempt model) across the

dataset [108, 109]. The importance measure was scaled between 0 and 100 by subtracting the

smallest importance from all observations and dividing by the largest importance. To facilitate

interpretation of suicide attempt risk, we defined 4 interpretable risk severity groups that could be

used as a reference of suicide attempt subgroups in the U.S. adult population based on the BRF

model, as defined in the Supplemental eMethods B.1. We calculated summary statistics of suicide
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attempt broken down by risk groups. Finally, we quantified the risk associated with each of the

top-performing risk factors by generating response plots of the distribution of probabilities for all

observations in the four empirical-derived risk groups.

Model Validation

We further validated our model by 1) calculating classification performance stratified by time-

to-suicide attempt from the first interview; 2) stratifying classification performance across sex,

age, self-reported race (white vs. non-white), and income groups to test the robustness against

demographic characteristics; and, 3) examining erosion in model accuracy with fewer features by

running additional BRFs using only the top 5 or 10 risk factors selected from the random forest

importance measure.

4.3 Results

4.3.1 Performance of the Suicide Prediction Model

We found that 0.64% (N=222) participants attempted suicide out of 34,653. The out-of-sample

AUC for the best model, including all Wave 1 features, was 0.857 (range 0.803-0.909). The opti-

mal cross-validated number of variables to sample at each fold was 1,700, representing 57.1% of

all features. The out-of-sample generalizability, defined as the correlation between our final model

and our nested cross-validated model, was 0.997. Figure 4.1 presents the distribution of model-

calculated risk scores across the whole sample, and stratified by whether participants reported a

suicide attempt at Wave 2. Suicide attempt risk strata (low, medium, high, very high) are summa-

rized in Table 4.1. Base on our model, 73.1% of the U.S. population is at low risk, 17.5% is at

medium risk, 7.6% is at high risk, and 1.8% is at very high risk of suicide attempt. Based on these

categories, 62.2% of individuals (138 of 222) who attempted suicide between Waves 1 and 2 were

in the high or very high risk groups based on their Wave 1 survey responses. Thirty-two attempters

(14.4% of cases) were classified as being low risk.

Figure 4.2 displays sensitivity, specificity, PPV, NPV, alarms per 100 evaluations, and number
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needed to evaluate to find one new suicide attempt case across various classification thresholds.

For each plot, we labeled the 3 thresholds used to classify the 4 risk groups. If using the very-high-

risk group as a classification threshold, there would be 2 alarms, an NNE of 10, a PPV of 10.4%,

and an NPV of 99.6%. If using the high-risk group, or the top decile of risk, as a threshold for

classification, there would be 10 alarms, an NNE of 26, a PPV of 3.9%, and an NPV of 99.7%.

Using the threshold that optimizes Youden’s statistic, there would be 27 alarms, an NNE of 51, a

PPV of 2.0%, and an NPV of 99.9%.

4.3.2 Variable Importance and Risk Factor Effects

Table 4.2 shows the 20 most important variables from the BRF model. The 3 most important

risk factors were “felt like wanted to die,” “thought about committing suicide,” and previous suicide

attempt. Several of the most important variables were associated with past month low energy and

mood periods, such as feeling downhearted, feeling less accomplished, or paying less attention

to work or other activities. Other features identified as important were age, family income and

financial crisis, marital status, education level, paternal alcohol problem, and parental separation.

Supplemental eFigure B.1 shows the distribution of model-calculated scores as a function of the

top 10 most important variables identified by the BRF algorithm allowing interpretation for how

each variable was associated with suicide attempt.

4.3.3 Model Robustness Results

We conducted a series of sensitivity and complementary analyses. Supplemental eTable B.2,

shows that the classification ability of the model decreased over time-to-suicide attempt from the

first interview. The percentage of participants classified as very-high-risk was 50.46% for those

who attempted suicide within the first year, 33.11% for those who attempted suicide between the

first and second year, 30.30% for attempters between the second and third year, and 16.68% for

those who attempted between the third and follow-up. Second, we examined the classification

ability of our model across demographic characteristics. As shown in Supplemental eTable B.4,
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the AUC was 0.808 (CI=0.765-0.851) for participants aged 18-36 years, 0.867 (CI=0.827-0.906)

for those aged 37-53, and 0.872 (CI = 0.8-0.945) for those 54 years old or older. We found that the

AUC was 0.850 (CI=0.813-0.886) for females (57.97%) and 0.872 (CI=0.84-0.904) for males. The

AUC was 0.877 (CI=0.845-0.909) for white participants and 0.831 (CI=0.788-0.873) for non-white

participants. Finally, the AUC was 0.845 (CI=0.813-0.877) for participants with an income lower

than $20,000, 0.848 (CI=0.786-0.91) for those with an income between $20,000-34,999, 0.794

(CI=0.676-0.911) for those with incomes between $35,000-69,999, and 0.944 (CI=0.893-0.994)

for those with incomes higher than $70,000.

At last, we measured the decrease in model accuracy when fewer features were included by

building new separate BRF models with the top 5 and 10 most important variables previously

found using the entire feature set. The out-of-sample AUCs for these models were 0.818 (SE =

0.017) and 0.845 (SE = 0.016), respectively.

4.4 Discussion

We built a model to classify non-fatal suicide attempts using a large, nationally representa-

tive sample of U.S. adults. It confirmed several well-known risk factors of suicide attempt and

identified several new ones. When tested outside the training set, our model performed at levels

similar to models restricted to data from high-risk mental health patients [79, 84] for the full sam-

ple and when stratified by demographic characteristics, indicating its robustness. Its classification

power decreased with time elapsed from the baseline interview, providing an indirect measure of

its validity. These results are encouraging given the recent emphasis on models in the general adult

population using rich dataset, and their usefulness to develop precision treatment rules for a suicide

attempt [110, 87, 111]

We found significant conceptual overlap of our most important risk factors with items com-

monly used in suicide risk scales. In accord with previous findings,[112, 113, 114, 115, 116]the

strongest risk factors for future suicide attempts were related to previous suicidal behaviors. For

example, “felt like wanted to die” is covered in the Patient Health Questionnaire (PHQ-9) [117],
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the Columbia Suicide Severity Rating Scale (C-SSRS) [118], and Beck’s Scale of Suicide Ideation

(BSSI). [119] Previous suicide ideation is covered in the BSSI, the SAD PERSONS Scale [120],

and the Suicide Assessment Scale (SUAS) [121], while previous suicide attempt is covered in

the SAD PERSONS scale and the C-SSRS. Feeling downhearted and depressed is covered in the

PHQ-9 [117] (item #2) as well as the Beck Depression Inventory (item #1). [122, 119]

Our results extend prior work by revealing the predictive value of variables related to functional

impairment resulting from mental disorders, which are not generally covered in screening tools for

suicide risk assessment. The questions identified from the 12-Item Short Survey (SF-12) [123,

124, 125] impairment constructs tapped accomplishing less than you like and not performing work

or other activities as carefully as usual. These findings may offer new avenues to improve suicidal

behavior prediction through functional assessment. We note that sex was not one of the most

important variables, suggesting that sex differences in other risk factors are likely to mediate the

difference in suicide attempt prevalence across sexes [126, 78, 127].

Other important novel risk factors identified were related to socio-economic disadvantage.

Specifically, lower educational level, and experiencing a financial crisis in the last year were among

the 10 most important variables. Seeking to alleviate the economic and emotional effects of finan-

cial crises might be an important aspect of suicide risk prevention, particularly in the context of

deaths of despair formulations of suicide risk [128, 129], This is of particular contemporary rel-

evance, given increased unemployment and economic stress in the United States related to the

COVID-19 pandemic [130]. Our study identifies an individual-level association between eco-

nomic strain with suicide attempt risk that extend beyond findings of previous studies showing: 1)

population-level relationship between economic recessions and increased suicide rates [131, 132,

133]; 2) a link between financial debt and suicide ideation [134]; and 3) case-control research

linking unemployment and personal debt to suicide risk [135]. Although this association has pre-

viously been reported in the NESARC [136], our data-driven results highlight this risk factor as

one of the most important for suicide attempt in the general population.

We incorporated technical advances in the modeling by using balanced random forest to ad-
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dress the extreme class imbalance and by using the missing indicator approach to address gate

questions and skip patterns common to survey data. We ensured population-level generalizability

by incorporating the complex survey design and sampling weights. The algorithms in this study

may be useful for the analysis of other large survey datasets. Our methods may have wide applica-

tions, given the NIH’s recent decision to link research samples to the National Death Index [137],

and the greater availability of longitudinal mortality outcomes for cross-sectional surveys.

This study has some limitations. First, we only have data from participants who were aged 18

years old and over, and some of the risk factors identified, such as financial crisis, might only be

relevant to adult populations. Furthermore, suicide risk is highest for people aged 15 to 25 years

[138]. Second, we do not have information about suicide attempts among subjects lost to follow up,

i.e. Wave 2 non-responders including participants who died of suicide, which would have enhanced

our ability to detect differences between fatal and non-fatal suicide attempts. Nevertheless, we

found lower rates of prior suicidal behaviors and ideation at Wave 1 among Wave 2 non-responders

suggesting that selection bias related to suicide attempts is likely small (Supplemental eTable B.3).

Third, there is potential for misclassification of suicide attempt. There is uncertain reliability of

self-reported suicide attempt over such a long recall period, and the willingness to disclose previous

attempts in a face-to-face interview [139, 140].However, our findings confirming previous risk

factors add face validity to our results. Fourth, our study examined occurrence of suicide attempts

within three years of assessment. Exploration of shorter and more clinically relevant time horizons

should also be evaluated. Furthermore, the association between risk factors and future suicide

attempts may vary over time. Fifth, the data were collected in 2000-2005, and there may have

been recent secular changes in risk factors for suicide attempts. Sixth, the survey was not collected

to study suicide, and some important covariates, such as stress and adjustment disorders, were not

included. Furthermore, Wave 1 suicide symptom was only asked of participants who endorsed

depressed mood or anhedonia. Given the important role this item assumed as a risk factor of

future suicide attempt, an item that was asked of everyone might have increased the accuracy of

the models.
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4.5 Conclusion

Our study demonstrates the ability of machine learning methods to generate powerful and parsi-

monious suicide attempt models in general adult population samples that build on and complement

knowledge derived from clinical and high-risk samples. We confirmed several well-known risk fac-

tors of suicide attempts, such as previous suicidal behaviors and depression, while identifying new

important risks. Specifically, functional impairment and socio-economic disadvantage emerged as

novel important factors of suicide attempt in the general population with lower education educa-

tional level and recent financial crisis as an individual-level risk of future suicide attempts. We

hope that these results deepen our understanding of the etiology of suicide attempts in adults and

improve suicidal behavior prediction by identifying new risk variables to guide clinical assessment

and development of suicide risk scales.
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Table 4.1: Summary of suicide attempt risk during the first three years after wave one NESARCa

interview weighted to be representative of the U.S. populationc and broken down by predicted riskc
group based on wave one responses (P = 2985)

Risk
Groupb Total

Proportion of
total sample

N
Attempted

N
Did not
attempt

General Population
PPV of attempt in

next 3 years b

General Population
NPV of no attempt

in next
3 years b

In sample
PPV of

attempt in
next 3 years

In sample
NPV of no
attempt in

next 3 years

Mean
Predicted

Scorec

low 24862 71.7% 32 24830 0.0013 0.9987 0.0013 0.9987 16.2
medium 6116 17.7% 52 6064 0.0084 0.9916 0.0085 0.9915 41.8

high 2945 8.5% 69 2876 0.0244 0.9756 0.0234 0.9766 61.6
very
high 730 2.1% 69 661 0.1003 0.8997 0.0945 0.9055 81.3

Total 34653 100% 222 34431 0.006 0.9937 0.006 0.9936 25.5

Footnote:
a NESARC: National Epidemiologic Survey on Alcohol and Related Conditions; wave 1 was conducted in
2001 and 2002, and wave 2 in 2004 and 2005.
b Data is weighted to be representative of the U.S. adult population for region, age, sex, race, and ethnicity,
based on the 2000 Census
c Predictions are based on the out-of-sample prediction from our machine learning balanced random forest
model
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Figure 4.1: Distribution of the predicted risk scores a based on NESARC b wave one responses (P
= 2985) weighted to be representative of the U.S. population c colored by predicted risk group d

A) Distribution of Scores across the entire sample B) Distribution of scores broken down by cases
(N = 222) and controls (N = 34431)

Footnote:
a Predictions are based on the out-of-sample prediction from our machine learning balanced random forest
model b NESARC: National Epidemiologic Survey on Alcohol and Related Conditions; wave 1 was con-
ducted in 2001 and 2002, and wave 2 in 2004 and 2005.
c Data is weighted to be representative of the U.S. adult population for region, age, sex, race, and ethnicity,
based on the 2000 Census
d The predicted risk groups are defined on interpretable thresholds for suicide risk prediction.
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Figure 4.2: Summary measures of the predictive ability of the model based on NESARC a wave
one responses (P = 2985) calculated across all possible classification thresholds. The highlighted
cutoffs are the those used to define our risk prediction groups. b Results were weighted to be
representative of the U.S. population c

Footnote:
a NESARC: National Epidemiologic Survey on Alcohol and Related Conditions; wave 1 was conducted in
2001 and 2002, and wave 2 in 2004 and 2005.
b The predicted risk groups are defined on interpretable thresholds for suicide risk prediction.
c Data is weighted to be representative of the U.S. adult population for region, age, sex, race, and ethnicity,
based on the 2000 Census
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Table 4.2: Top 20 most important variables based on our suicide prediction model using NESARC
a wave one responses (P = 2985).

Description
Importance
Scoreb

1 Felt like wanted to die 100.000
2 Thought about committing suicide 48.425
3 Attempted suicide 21.932
4 During past 4 weeks, how often felt downhearted and depressed 14.033
5 Age 13.731

6
During past 4 weeks, how often did work or other activities less carefully than usual as
result of emotional problems 13.051

7
Experienced major financial crisis, bankruptcy or been unable to pay bills on time in last
12 months 11.478

8
During past 4 weeks, how often accomplished less than would like as result of emotional
problems 11.213

9 Grade level during 2000-2001 school year 10.319
10 Highest grade or year of school completed 7.938

11
During past 4 weeks, how often physical health or emotional problems interfered with
social activities 7.746

12 Blood/natural father ever an alcoholic or problem drinker 7.377
13 Occupation: current or most recent job 6.059
14 Current marital status 4.727
15 Family income in last year 4.472
16 Age when biological/adoptive parents stopped living together 4.471
17 Thought a lot about own death 4.135
18 Present situation includes in school part time 4.128
19 Personal income in last year 4.122
20 Parent lived with after biological or adoptive parents stopped living together 4.037

Footnote:
a NESARC: National Epidemiologic Survey on Alcohol and Related Conditions; wave 1 was conducted in
2001 and 2002, and wave 2 in 2004 and 2005.
b The importance score was calculated by permuting the labels and estimating the decrease in prediction
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Appendix A: Supplement to Two Sample Hypothesis Testing for Functional

Principal Components

A.1 Sensitivity Analysis for tuning 𝐾

We present sensitivity analysis to explore the role that choosing the number of Functional Prin-

cipal Components play in the numerical properties our proposed methodology. Our goal is to

compare the methods when fixing 𝐾 , and the impact 𝐾 has on the empirical rejection rates. We

generate synthetic datasets for two groups of independent functional data as described in Section

3.3.1. For each dataset, we estimate K using three PVE thresholds (95%, 99%, 99.9%) and imple-

ment the three methods previously described in Section 3.3.1 with the 𝐾’s selected from the three

criteria.

Figure A.1 summarize the simulation rejection rates for the three PVE thresholds used (95%,

99%, 99.9%). We find that our test is more powerful when choosing a 99.9% for the scenario in

which the eigenfunctions are different. We found that both [61] and [60]’s tests perform better for

smaller values of 𝐾 when the FPCs in two groups are the same, but the eigenvalues differ. We

found our method to be at least equally powerful as competing methodologies when fixing the

value of 𝐾 .

We now explore the paired data scenario by generating synthetic datasets for two groups of

paired functions as described in Section ??. For each dataset, we estimate K using three PVE

thresholds (95%, 99%, 99.9%) and implement the four methods previously described in that same

section. Figures A.2 summarize the simulation rejection rates for the three PVE thresholds used

(95%, 99%, 99.9%). We found that our test is somehow stable across values of PVE and that

both [61] and [60]’s tests perform better for smaller values of 𝐾 when the FPCs in two groups

are the same, but the eigenvalues differ. Our method is at least equally powerful as competing
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Figure A.1: Plot of Empirical Rejection Rates for Independent Data when PVE = (95%, 99%,
99.9%). We run 1000 simulations for each scenario and reject the null hypothesis at a 5% level.
Our proposed test for independent data is in dark blue, [61]’s test is in orange and [60]’s test is in
yellow. We present the scenario 𝛾 = 0.5

methodologies when fixing the value of 𝐾 .
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Figure A.2: Plot of Empirical Rejection Rates for Paired Data when PVE = 99%. We run 1000
simulations for each scenario and reject the null hypothesis at a 5% level. We use the percent
variance explained criterion and only test the first FPCs that explain 95% of the variance. Our
proposed paired data test is in dark blue, and the proposed independent test is in light blue. The
test in [61] is in orange and the test in [60] is in yellow. We present the scenario 𝛾 = 0.5 and
𝛿 = 0.5
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Appendix B: Supplement to Identification of suicide attempt risk factors in a

national U.S. survey using machine learning

B.1 Methods Supplement

B.1.1 Predictors from Wave 1

Supplemental eTable B.1 summarizes the response patterns across each of the 14 sections

from the Alcohol Use Disorder and Associated Disabilities Interview Schedule DSM-IV version

(AUDADIS-IV). To reduce interview burden, participants skipped entire sections based on their

responses to gate questions. For example, if participants did not report any alcohol use, they were

not asked questions about alcohol use disorders. However, participants could not skip out of other

sections, such as sociodemographic characteristics, family history of alcohol and drug use disor-

ders, and family history of major depressive disorder. The survey’s total number of questions is

2805, and the minimum number of questions any participant was asked was 474. In all, there were

between 643 and 2,985 features available as risk factors for each Wave 1 subject, including 180

DSM-IV derived diagnosis variables.

B.2 Data Analysis

B.2.1 Organizing the predictor variables

Following recommendations [102], we performed an initial data analysis and pre-processed

the entire questionnaire by classifying features as categorical (i.e., one category for each response

option) unless there was evidence the feature should be considered ordered or continuous. We

defined features as ordered or continuous if there were more than 20 response ordered values (e.g.,

“What is your weight in pounds?”) or the label of the question included “number” as part of its
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name or description (e.g., “What is the largest number of glasses/containers of wine consumed on

days when you drank wine in the last 20 months?”). Once ordered or continuous variables were

identified, they were categorized into tertiles. Because gate questions led participants to skip some

questions, these informative structural missing values were addressed by creating an indicative

new label within each variable. This response category was used to differentiate it from a “true”

missing response in which participants did not respond to a question that they were asked. To

account for both types of missing data (structural due to skips and true missing response) every

variable had two missing categories. We used this missing-indicator method [103, 104] as this

approach avoids problems associated with using other techniques such as imputation and feature

reduction when there is large scale structural missingness, as the case in most population-based

surveys. Of the 2,985 separate features from Wave 1, 7 were completely noninformative because

all subjects had the same responses or were colinear with another variable. These 7 features were

removed, leaving 2,978 for modeling.

B.2.2 Suicide Attempt Model Tuning

We used balanced random forest (BRF) to build a suicide attempt model taking all 2,978 Wave

1 features to classify dichotomous suicide attempt at Wave 2. The balanced random forest is an

ensemble of classifications trees, each fitted to a bootstrap sample of the minority class (i.e., those

that attempted suicide) and a random draw of the same size from the majority class (i.e., those who

had not attempted). Intuitively, the algorithm builds case-control samples and trains a classification

tree on each of them. The final risk score is made by aggregating all the trees of the ensemble. In

our analysis, we fixed the number of trees to grow to 4,000 to ensure that, on average, each of our

controls was sampled into 25 trees.

To summarize model performance, we calculated a receiver operating characteristic (ROC)

curve at various classification thresholds. We selected the optimal tuning parameter (number of

variables to draw at each of the nodes) as the ones that lead to the highest average AUC across

the ten folds. To assess the Balanced Random Forest variables’ importance, we calculated the
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decrease in classification ability after any individual variable was permuted across the dataset. In

the permutation step, we broke the association between our risk factor and outcome, so that the

model cannot use this to model suicide attempts [108, 109]. We took this approach instead of

refitting the model without one variable at a time since it substantially reduced the computation

power needed to calculate the importance of a variable. We ranked our risk factors by the decrease

in classification accuracy.

B.2.3 Suicide Risk Stratification

The suicide risk model provides a continuous risk score for future suicide attempt within three

years between surveys. To facilitate interpretation and provide a useful description of the risk

across the U.S. population we considered one possible way of categorizing/stratifying the model-

calculated risk scores. Our first cut point was based on maximizing the Youden’s J statistic (sen-

sitivity + specificity – 1), which is commonly used for risk stratification to balance the tradeoff

between sensitivity and specificity. This was used to determine Low risk versus anything higher

than Low risk and the cut-point corresponded to a sensitivity=85.3% and Specificity=73.3%. This

cut-point placed 73.1% of the U.S. population in the Low risk category. To further categorize the

remaining 26.9% of the population not in the Low category, we chose two meaningful population

benchmarks: 1) the cut-point corresponding to the top decile of risk across the sample (designat-

ing the High Risk group), and 2) the cut-point corresponding to a positive predictive value (PPV)

of 10% or above (designating the Very High Risk group). ). After sample weighting to the U.S.

population, cutting at High or above corresponded to identifying 9.4% of the U.S. population (i.e.

7.5% High and 1.8% Very High) and the PPV of the Very High group was 10.4% (Table 1). We

note the somewhat arbitrary choice of these cut-points, but we believe these 4-categories provide a

useful descriptive quantification of suicide attempt risk in the U.S.
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B.2.4 Model Validation

To further validate our model, we examined how well it was able to categorize risk based on

the timing between the waves of the new suicide attempt. Stratifying the suicide attempts by the

time they after Wave 1 (i.e. within the first year after interview, between 1-2 years after, 2-3 years

after, and between year 3 after but before time of Wave 2 interview) we examined the model-

calculated risk categories. To assess the validity of the model across various demographic groups,

we stratified the classification performance of the model across sex, age, race (white vs. non-

white), and income groups. Specifically, we present the total number of participants, the number

of cases, the proportion of correctly identified attempters (i.e. using Medium and above categories

to indicate model predicted cases), and the AUC, within each stratum.

B.2.5 Comparison of Original Wave 1 sample with Wave 2 Non-Responders

To investigate the possibility of selection bias related to non-response to the Wave 2 survey,

we examined the distribution a Wave 1 demographics and also factors identified to be important

for suicide attempt risk by: the total Wave 1 sample (n=43,093), Wave 2 study participants with

(n=222) and without (n=34,431) suicide attempts during follow-up, and Wave 2 non-responders

(n= 8440) (Supplemental eTable B.3). Those who were lost to follow-up at Wave 2 tended to

be older in age (48.15 [21.08] vs. 46.04 [17.38] years), more males (47% vs. 43%), non-white

(49% vs. 43%), and lower income (56% vs. 49%). We note that these differences in unweighted

demographic characteristics are adjusted by the NESARC Wave 2 non-response weights in all

analyses. That is, in the modeling results we incorporated the Wave 2 sampling/non-response

weights provided by NESARC which adjust the demographic distribution at Wave 2 to be the

same as Wave 1.

Focusing on non-demographic factors related to suicide risk, we found that participants who

were Wave 2 non-responders had endorsed suicide behavior symptoms at Wave 1 at a lower rate

than Wave 2 responders (both the participants with and without a suicide attempt between waves).

Specifically, 2.5% of the full Wave 1 sample endorsed lifetime suicide attempt with depressed
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mood before Wave 1, whereas only 2.0% (N=171) of the Wave 2 non-responders endorsed this

at Wave 1. Similarly, suicidal ideation was lower at Wave 1 for Wave 2 non-responders (6.3%

Wave 2 non-responders thought about committing suicide in lifetime at Wave 1 vs 8.3% of the

full sample; 8.5% of Wave 2 non-responders felt like wanted to die vs 10% in the full sample).

A similar prevalence of recent financial crisis was found for the full sample at wave 1 versus the

Wave 2 non-responders (12% vs 11%).
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Table B.1: Summary of response patterns across wave 1 NESARCa survey sections.

Section

Number of

Questions

in Section

Minimum

Number of

Questions

Asked

Section 1: Background Information 117 85

Section 2: Alcohol

2A: Alcohol Consumption 72 3

2B: Alcohol Abuse 126 0

2C: Alcohol Treatment Utilization 59 0

2D: Family history of Alcoholism 38 38

Section 3: Drug Abuse

3A: Tobacco use and Dependence 145 5

3B: Drug Use 107 10

3C: Drug Abuse / Experiences 1075 0

3D: Drug Treatment Utilization 61 0

3E: Family History of Drug Abuse 22 22

Section 4: Major Depression (Low Mood)

4A: Major Depression (Symptoms) 79 2

4B: Family History of MD 22 22

4C: Dysthymia 58 1

Section 5: Mania or Hypomania High Mood 68 3

Section 6: Panic Disorders and Agoraphobia (Anxiety) 82 3

Section 7: Social Phobia 95 3

Section 8: Specific Phobia 85 13

Section 9: Generalized Anxiety 103 2
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Section 10: Personality Disorders 110 110

Section 11: Antisocial Personality Disorder

11A: Antisocial Personality Disorder (Behavior) 117 99

11B: Family History of Antisocial Personality Disorder 22 22

Section 12: Pathological Gambling 107 1

Section 13: Medical Conditions 35 30

Total separate questions 2805 474

NESARC publicly available derived variables created

from questions above (e.g. DSM-IV Diagnoses)
180 169

Total features 2985 643

Footnote:
a NESARC: National Epidemiologic Survey on Alcohol and Related Conditions; wave 1 was conducted in
2001 and 2002, and wave 2 in 2004 and 2005.
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Table B.2: Summary of the predicted risk scores a based on NESARC b wave one responses (P
= 2985) weighted to be representative of the U.S. population c broken down by year of suicide
attempt (N = 222)

Risk Group Proportion c,d

Time to Suicide Attempt Mean Predicted Scoree Low Medium High Very High N
Within the first year 66.41 8.39% 20.13% 21.02% 50.46% 50
Between the first and second year 58.44 16.29% 20.43% 30.17% 33.11% 52
Between the second and third year 60.45 9.20% 18.96% 41.55% 30.30% 71
Between the third year and wave 2 interview 51.02 23.59% 32.65% 28.08% 16.48% 49

Footnote:
a Predictions are based on the out-of-sample prediction from our machine learning balanced random forest
model
b NESARC: National Epidemiologic Survey on Alcohol and Related Conditions; wave 1 was conducted in
2001 and 2002, and wave 2 in 2004 and 2005.
c Data is weighted to be representative of the U.S. adult population for region, age, sex, race, and ethnicity,
based on the 2000 Census
d The predicted risk groups are defined on interpretable thresholds for suicide risk prediction.
e Predictions are based on the out-of-sample prediction from our machine learning balanced random forest
model
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Table B.3: Comparison of suicide attempt related characteristics from NESARCa Wave 1 across
overall NESARCa Wave 1 sample and Wave 2 Responders and Non-responders sample

Characteristic at Wave 1
Overall
Wave 1

Wave 2
Non-
Attempters

Wave 2
Attempters

W2
Non-responders

Total N = 43,093 N = 34,431a N = 222a N = 8,440
Age Mean (SD) 46.40 (18.18) 46.04 (17.38) 34.98 (12.37) 48.15 (21.08)
Sex
Female 24,575 (57%) 19,951 (58%) 138 (62%) 4,486 (53%)
Male 18,518 (43%) 14,480 (42%) 84 (38%) 3,954 (47%)
Race
White 24,507 (57%) 20,055 (58%) 119 (54%) 4,333 (51%)
Non-White 18,586 (43%) 14,376 (42%) 103 (46%) 4,107 (49%)
Personal Income
$19,999 21,075 (49%) 16,212 (47%) 154 (69%) 4,709 (56%)
$20,000 - $34,999 9,999 (23%) 8,066 (23%) 44 (20%) 1,889 (22%)
$35000-$69999 9,031 (21%) 7,631 (22%) 18 (8.1%) 1,382 (16%)
$69,999 2,988 (6.9%) 2,522 (7.3%) 6 (2.7%) 460 (5.5%)
Attempted Suicide
Yes 1,074 (2.5%) 823 (2.4%) 80 (36%) 171 (2.0%)
No 12,596 (29%) 10,401 (30%) 72 (32%) 2,123 (25%)
N/A 29,340 (68%) 23,145 (67%) 69 (31%) 6,126 (73%)
Missing 83 (0.2%) 62 (0.2%) 1 (0.5%) 20 (0.2%)
Thought about committing
suicide
Yes 3,566 (8.3%) 2,925 (8.5%) 110 (50%) 531 (6.3%)
No 10,098 (23%) 8,296 (24%) 42 (19%) 1,760 (21%)
N/A 29,340 (68%) 23,145 (67%) 69 (31%) 6,126 (73%)
Missing 89 (0.2%) 65 (0.2%) 1 (0.5%) 23 (0.3%)
Felt like wanted to die
Yes 4,468 (10%) 3,631 (11%) 122 (55%) 715 (8.5%)
No 9,163 (21%) 7,561 (22%) 30 (14%) 1,572 (19%)
N/A 29,340 (68%) 23,145 (67%) 69 (31%) 6,126 (73%)
Missing 122 (0.3%) 94 (0.3%) 1 (0.5%) 27 (0.3%)
During past 4 weeks, how
often felt downhearted and
depressed
All / Most of the time 2,958 (6.9%) 2,201 (6.4%) 61 (27%) 696 (8.2%)
Some / A little / None of
the time

39,718 (92%) 32,000 (93%) 160 (72%) 7,558 (90%)

N/A 417 (1.0%) 230 (0.7%) 1 (0.5%) 186 (2.2%)
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During past 4 weeks, how
often did work or other ac-
tivities less carefully than
usual as result of emo-
tional problems
All / Most of the time 2,836 (6.6%) 1,949 (5.7%) 49 (22%) 838 (9.9%)
Some / A little / None of
the time

39,874 (93%) 32,260 (94%) 173 (78%) 7,441 (88%)

N/A 383 (0.9%) 222 (0.6%) 0 (0%) 161 (1.9%)
Experienced major finan-
cial crisis, bankruptcy or
been unable to pay bills on
time in last 12 months
Yes 5,037 (12%) 4,000 (12%) 92 (41%) 945 (11%)
Yes 37,679 (87%) 30,223 (88%) 130 (59%) 7,326 (87%)
Unknown 377 (0.9%) 208 (0.6%) 0 (0%) 169 (2.0%)

Footnote:
a NESARC: National Epidemiologic Survey on Alcohol and Related Conditions; wave 1 was conducted in
2001 and 2002, and wave 2 in 2004 and 2005.
b Statistics presented: mean (SD); n (%)
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Table B.4: Summary of suicide attempts and model prediction performance a based on NESARC
b wave one demographics

Total
Proportion
of Sample

N
Attempted

N Did
not attempt

N of
Correctly
Identified
Attempters c

Sensitivity c Specificity c
AUC (95%
Confidence
Interval)

Age
18-36
years old 11551 0.333 129 11422 111 0.860 0.593 0.808 (0.765-0.851)

37-53
years old 11551 0.333 74 11477 65 0.878 0.708 0.867 (0.827-0.906)

>53
years old 11551 0.333 19 11532 14 0.737 0.862 0.872 (0.8-0.945)

Sex
Female 20089 0.580 138 19951 116 0.841 0.705 0.850 (0.813-0.886)
Male 14564 0.420 84 14480 74 0.881 0.743 0.872 (0.84-0.904)

Race
White 20174 0.582 119 20055 104 0.874 0.747 0.877 (0.845-0.909)
Non-White 14479 0.418 103 14376 86 0.835 0.684 0.831 (0.788-0.873)

Income
$0-20000 16366 0.472 154 16212 135 0.877 0.632 0.845 (0.813-0.877)
$20000-
34999 8110 0.234 44 8066 38 0.864 0.749 0.848 (0.786-0.91)

$35000-
69,999 7649 0.221 18 7631 12 0.667 0.824 0.794 (0.676-0.911)

$70,000
or more 2528 0.073 6 2522 5 0.833 0.893 0.944 (0.893-0.994)

Footnote:
a Predictions are based on the out-of-sample prediction from our machine learning balanced random forest
model
b NESARC: National Epidemiologic Survey on Alcohol and Related Conditions; wave 1 was conducted in
2001 and 2002, and wave 2 in 2004 and 2005.
c We define correctly identified as being predicted in the medium risk group or higher
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Figure B.1: Response plots a for 10 most important variables from suicide prediction model using
NESARC b wave one responses (P = 2985) colored by predicted risk group c
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Footnote:
a Response plots show the distribution of the predicted risk scores broken down by the responses to each of
the individual questions
b NESARC: National Epidemiologic Survey on Alcohol and Related Conditions; wave 1 was conducted in
2001 and 2002, and wave 2 in 2004 and 2005
c The predicted risk groups are defined on interpretable thresholds for suicide risk prediction.
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