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Abstract

MULTISCALE MODELING WITH MESH-FREE METHODS

Wentao Xu

Multiscale modeling has become an important tool in material mechanics because ma-

terial behavior can exhibit varied properties across different length scales. The use of multiscale

modeling is essential for accurately capturing these characteristics and predicting material behav-

ior. Mesh-free methods have also been gaining attention in recent years due to their innate ability

to handle complex geometries and large deformations. These methods provide greater flexibility

and efficiency in modeling complex material behavior, especially for problems involving discon-

tinuities, such as fractures and cracks. Moreover, mesh-free methods can be easily extended to

multiple length and time scales, making them particularly suitable for multiscale modeling.

The thesis focuses on two specific problems of multiscale modeling with mesh-free

methods. The first problem is the atomistically informed constitutive model for the study of high-

pressure induced densification of silica glass. Molecular Dynamics (MD) simulations are carried

out to study the atomistic level responses of fused silica under different pressure and strain-rate

levels, Based on the data obtained from the MD simula3tions, a novel continuum-based multi-

plicative hyper-elasto-plasticity model that accounts for the anomalous densification behavior is

developed and then parameterized using polynomial regression and deep learning techniques. To

incorporate dynamic damage evolution, a plasticity-damage variable that controls the shrinkage of

the yield surface is introduced and integrated into the elasto-plasticity model. The resulting cou-

pled elasto-plasticity-damage model is reformulated to a non-ordinary state-based peridynamics



(NOSB-PD) model for computational efficiency of impact simulations. The developed peridy-

namics (PD) model reproduces coarse-scale quantities of interest found in MD simulations and

can simulate at a component level. Finally, the proposed atomistically-informed multiplicative

hyper-elasto-plasticity-damage model has been validated against limited available experimental

results for simulation of hyper-velocity impact simulation of projectiles on silica glass targets.

The second problem addressed in the thesis involves the upscaling approach for multi-

porosity media, analyzed using the so-called MultiSPH method, which is a sequential SPH (Smoothed

Particle Hydrodynamics) solver across multiple scales. Multi-porosity media is commonly found

in natural and industrial materials, and their behavior is not easily captured with traditional numer-

ical methods. The upscaling approach presented in the thesis is demonstrated on a porous medium

consisting of three scales, it involves using SPH methods to characterize the behavior of individual

pores at the microscopic scale and then using a homogenization technique to upscale to the meso

and macroscopic level. The accuracy of the MultiSPH approach is confirmed by comparing the

results with analytical solutions for simple microstructures, as well as detailed single-scale SPH

simulations and experimental data for more complex microstructures.
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Chapter 1: Introduction

1.1 Atomistically-informed Multiscale Modeling of the densi�cation of silica glass

Silica-based glasses, being one of the most abundant materials on earth, have found widespread

applications in various �elds. Ranging from windshields to impact-resistant applications, silica

glasses have been gaining popularity due to their excellent mechanical properties and manufactur-

ing maturity. Of particular interest is their paradoxically high resistance to hypervelocity impacts

[1]. This intriguing feature is largely attributed to the phase transformation process induced by

extreme pressure. A signi�cant consequence of these phase changes is the phenomenon of densi-

�cation, characterized by an irreversible and inelastic volume reduction. Densi�cation requires an

external supply of mechanical energy, leading to a distinctive energy-absorption mechanism in the

material.

To better understand the role of densi�cation in the impact resistance of silica glasses, there

has been a growing interest in investigating high-pressure-induced densi�cation of glass structures

[2, 3, 4, 5, 6]. Extensive studies have revealed that when subjected to hydrostatic compressive

stresses beyond a certain threshold, silica glass undergoes irreversible deformation, resulting in

increased density and enhanced mechanical properties upon pressure release (densi�cation). Fur-

thermore, the densi�cation process has been observed not only during hydrostatic compression

but also in indentation deformations caused by contact [5, 7]. A comprehensive understanding of

this phenomenon would not only contribute to the theoretical understanding of the densi�cation

mechanism but also pave the way for the development of glass-based, transparent, impact-resistant

structures.

Experimental investigations of the densi�cation behavior of pressurized glass date back to the

1950s. Bridgman and Simon [6, 8] examined vitreous silica samples under compression up to 20
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GPa and observed the development of inelastic volumetric deformation when the applied hydro-

static pressure exceeded 10 GPa. Upon pressure release, the sample was recovered with a17:5%

increase in density. Further X-ray diffraction analysis revealed changes in the intermediate-range

orders of the atomic structure while the short-range orders remained unaltered.

Sato and Funamori [2, 3] studied the densi�cation behavior of SiO2 glass at ambient tem-

perature using a diamond-anvil cell (DAC) and X-ray diffraction, exploring pressures up to 100

GPa. They observed that silica glass exhibited characteristics of a fourfold-coordinated SiO2 poly-

morph under 10 GPa, while above 45 GPa, it displayed similar behavior as a sixfold-coordinated

stishovite-like structure, suggesting the occurrence of an irreversible transition from the low-

density amorphous phase to a high density one. The fourfold to sixfold coordination transition

was also reported in Deschamps and Vandembroucq [9], who observed the onset pressure of den-

si�cation for a � SiO2 to be around 9 GPa while the saturation pressure at 25 GPa. Wu et al.

[10], utilizing O K-edge X-ray Raman scattering (XRS), detected a non-direct transition path from

fourfold to sixfold coordination in silica glass. They proposed the existence of an intermediate

�vefold-coordinated structure that could emerge during the transition.

Evaluation of the mechanical properties of densi�ed glasses has also drawn considerable atten-

tion. For instance, Kondoet al [11] conducted measurements of the elastic moduli of fused quartz

up to 3 GPa and observed the moduli's nonlinear dependencies on pressure. They discovered

that the elastic moduli initially decrease to a minimum at around 2.1-2.5 GPa and then increase

with respect to ascending pressure levels. Deschamps [12] carried out an extensive Brillouin spec-

troscopic study on permanently densi�ed silicate glasses samples after cold compression, aiming

to establish a relationship between elastic moduli and densi�cation ratio. Rouxel [5] performed

compression tests on a variety of silicate-based glasses and showed a positive correlation between

Poisson's ratio and post-compression density change. Experimental data from Meade and Jeanloz

[13] reveals a negative pressure dependence of the yield strength ofa � SiO2.

One of the major obstacles encountered in experimental studies is that, at considerably ele-

vated pressures, the loading may not be perfectly hydrostatic, resulting in unwanted deformation

2



or fragmented specimens. Furthermore, elastic properties of densi�ed silica are often determined

ex situ(before or after compression), whilein situ (during the compression and decompression

stages) elastic responses remain unknown. The lack of knowledge concerning the elastic behavior

at intermediate densi�cation states has hindered understanding of the compaction process.

Figure 1.1: Transition from fourfold-coordinated Si to sixfold-coordinated Si [14]

Advancements in accurate ab initio force �elds [15, 16, 17] and increased computational power

have enabled extensive molecular dynamics (MD) investigations into the densi�cation behavior of

materials. For example, Salvado et al. [14] utilized the electron localization function to study the

transition pathway from cristobalite (fourfold coordination) to stishovite (sixfold coordination), as

illustrated in Figure (1.1). Liet al [18] investigated a continuous random network (Figure (1.2)) of

a� SiO2 where a full spectrum of mechanical properties as well as bonding structures was assessed

through MD simulation. Mantisi and colleagues [19] employed a modi�ed BKS potential to study

the elastic response of silica glass, successfully reproducing the characteristics ofa � SiO2 in both

the elastic and plastic regimes. Recent MD studies have also investigated the temperature and

rate dependencies of mechanical properties [20, 21]. These investigations have demonstrated that

MD simulations not only offer theoretical insights into densi�cation mechanisms but also provide

valuablein situmechanical properties, such as instantaneous moduli, which are otherwise dif�cult

to obtain.
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Figure 1.2: Tetrahedra network representation of CRN [14]

To date, several attempts have been made at the constitutive modeling of silica glass. Notably,

the modi�ed Johnson Holmquist damage model (JH-2) for brittle materials has been widely used

in the numerical simulation of glasses since it incorporates viscoplasticity and damage evolution

[22]. Despite its popularity, the absence of the densi�cation phenomenon in the JH-2 model makes

it less favorable to model glass under extreme loading. Based on theex situexperimental data,

Keryvin et al [23] developed a constitutive model that accounts for the densi�cation behavior, yet

their model was only applicable to hydrostatic loading cases. In a more recent study, Schill and

Ortiz [24] develop a critical-state plasticity model for fused silica on the basis of data mined from

MD calculations, which has been shown to remarkably well capture the characteristic densi�cation

process. However, it fails to address the dependence of the elastic moduli on the volumetric plastic

strain. Moreover, the lack of distributed damage (microcracking) evolution further restricts the

model's ability to predict both the brittle and ductile behavior of glass in hypervelocity impact

simulations.

1.2 Permeability of Multi-porosity Porous Medium

In recent years, Resin Transfer Molding (RTM) has become one of the most widely used pro-

cesses in �ber-reinforced composite manufacturing. RTM involves injecting a low-viscosity resin

into a sealed mold �lled with a �brous preform, which then solidi�es to form a composite mate-
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rial. A critical aspect of the RTM process is determining the optimal positions of inlet and outlet

valves. Incorrect valve placement can lead to issues such as air entrapment and rejection of the �-

nal molded part. Traditional trial-and-error approaches in mold design are often too expensive and

time-consuming. As an alternative, numerical simulations offer a viable solution to optimize the

RTM process. These simulations enable the prediction and analysis of various process parameters,

aiding in the precise positioning of valves. Previous studies [25, 26, 27] have demonstrated the

effectiveness of numerical simulations in this context. By leveraging computational methods, the

RTM process can be streamlined, resulting in improved product quality and reduced manufacturing

costs.

Predicting permeability is a signi�cant challenge in the numerical simulation of RTM pro-

cesses. Permeability is a geometric property that is closely related to the structural characteristics

of the underlying porous medium. Darcy's law establishes a connection between permeability and

the �ow behavior within the medium

hvi =
K
�

r p (1.2.1)

whereK is the permeability tensor;hvi the volume average of �uid velocity;p the pres-

sure; and� the dynamic viscosity. By utilizing Darcy's law (1.2.1), permeability can be acquired

through experimental measurements or numerical simulations. In certain cases, closed-form ana-

lytical solutions are available for simple pore structures, like spheres or cylinders, within regular

computational domains.

Previous investigations on permeability have primarily relied on experimental methods [28].

While these approaches yield accurate results, they often fail to capture the intricate pore-scale

�ow characteristics due to their macroscopic nature. Analytical and numerical approaches [29, 30,

31, 32] have aimed to predict permeability by solving the Stokes equation within a porous medium.

Given the pressure gradient, �uid �ow characteristics at the pore scale are obtained by solving the

Stokes equation and permeability is then determined from Equation (1.2.1).

One notable analytical solution for permeability is the work of Kozeny and Carman [33], who
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proposed an elegant solution describing the relationship between the permeability of a packed

bed of solids and porosity (� ). The Kozeny-Carman model was obtained by combining Darcy's

law with Hagen-Poiseuille's law for steady laminar �ow through packed beds. It is probably the

simplest yet most widely accepted empirical equation of permeability. Additionally, Hasimoto

[34] and Happel [35] were among the �rst to study the permeability of a square array of cylinders.

They employed the Fourier series to approximate the solution of the underlying Stokes equation.

Drummond [30] extended Hasimoto's approach and derived the permeability equation for a regular

array of �bers. His results demonstrated good agreement with experimental results in high porosity

cases.

Gebart [29] developed a hybrid analytical-numerical approach for creeping �ow perpendicular

to �bers. This approach assumes that the majority of �ow resistance arises from narrow gaps

between the �bers and accounts for the slow variation in gap width across the region. Gebart

derived the following closed-form empirical expressions for permeability using this approach.

K k

d2
=

2
c

� 3

(1 � � )2
(1.2.2)

K ?

d2
= C

 s
1 � � c

1 � �
� 1

! 5
2

(1.2.3)

whered is the �ber diameter;� c the critical porosity value under which the �ow can't percolate;

K k andK ? the permeability parallel and orthogonal to the �bers, respectively;C1 andc are the

geometric constants related to the packing pattern of �bers only as shown in Table (1.1)

Fiber arrangement patternC1 � c c

Quadratic 4�
9
p

2
�
4 57

Hexagonal 4�
9
p

6
�

2
p

3
53

Table 1.1: Parameters of Gebart's permeability equations
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With the rapid increase in computing power and advances in computational �uid dynamics

(CFD), numerical simulations of �uid �ow through complex porous media, such as �ber tow mats,

have become a standard practice [36, 37]. The majority of numerical methods used for the simula-

tion of �uid �ow in a porous medium are mesh-based, such as the �nite element, �nite difference,

�nite volume, and lattice-Boltzmann methods. However, these methods often lack the capability

to handle surface tensions, wettability, and capillary forces, making them less suitable for �lling

simulations. Additionally, the lattice-Boltzmann method can be sensitive to small perturbations in

model parameters and is generally limited to single physics processes.

For multiscale modeling purposes, computational homogenization methods that introduce �-

nite element discretization at multiple scales have also been used to predict permeability [38, 39,

40, 41, 42, 43, 44]. Comprehensive mathematical and computational methods for manufactur-

ing complex RTM-type lightweight composites have been discussed by Ngo and Tamma [45] and

Advani and Sozer [46].

An alternative approach to mesh-based simulation methods for the RTM process is smooth

particle hydrodynamics (SPH), which is a mesh-free Lagrangian approach. SPH was initially

introduced by Gingold and Monaghan [47] for astrophysical applications and has since found ap-

plication in various �elds of �uid mechanics and solid mechanics involving large deformation and

fracture. In SPH, the �uid body is represented by particles, each carrying a �nite mass and evolv-

ing based on inter-particle interaction rules. The Lagrangian nature of SPH makes it particularly

suitable for addressing free surface problems. The application of SPH to �uid �ow in porous media

is relatively uncommon, primarily due to the associated computational cost. A notable exception

is the work of Morris et al. [48], where it was demonstrated that SPH can accurately reproduce

two-dimensional �uid �ows in a periodic square array of cylinders. However, the microstructures

considered in this study were relatively simple, and the approach cannot be trivially generalized to

complex microstructures.
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1.3 Objectives

In this thesis, we explore the issue of pressure-induced densi�cation behavior on glass as well

as the prediction of permeability of multi-porosity medium, the speci�c objectives are summarized

as follows

1. Thoroughly investigate the densi�cation characteristics of silica glass by conducting a com-

prehensive series of molecular dynamics simulations.

2. Develop an atomistically-informed continuum model that is capable of accurately capturing

the observed densi�cation behavior of silica glass.

3. Develop and implement a numerical simulation scheme based on the proposed continuum

model, and employ it to investigate the hypervelocity impact on glass

4. Devise a hierarchical mathematical upscaling methodology for modeling the permeability of

a multi-porosity porous medium

5. Develop, implement, and validate the multiscale numerical approach for computing the per-

meability of multi-porosity porous media

1.4 Notation

1.4.1 Einstein Summation

Einstein summation is a mathematical notation convention that simpli�es expressions involving

summations of vectors, matrices, and tensors. It allows for the concise representation of repeated

indices in equations, making complex calculations more streamlined and easier to comprehend.

The rules of Einstein summation convention are:

1. Each index is allowed to appear at most twice within any term of an expression.

2. Repeated indices in an expression are implicitly summed over.
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3. Each term of an expression must contain identical non-repeated indices.

Let v 2 Rd andM 2 Rn� d. Einstein notation gives,

vi vi �
X

i

vi vi = v � v (1.4.1)

and

M ij vj �
X

j

M ij vj = Mv (1.4.2)

Consideru ; w 2 R3, the cross product betweenu andw can be represented as

[u � w ]i = � ijk uj wk (1.4.3)

where� is the Levi-Civita symbol de�ned as

� ijk =

8
>>>>>><

>>>>>>:

+1 ( i; j; k ) 2 f (1; 2; 3); (2; 3; 1); (3; 1; 2)g

� 1 (i; j; k ) 2 f (3; 2; 1); (1; 3; 2); (2; 1; 3)g

0 i = j , or j = k, or i = k

(1.4.4)

Vector operators can also be simpli�ed with the Einstein summation convention. Letf (x ) be

a scalar function andF (x ) a vector-valued function, the gradient, divergence and curl operations

can be written as

[r f ]i = f ;i (1.4.5)

r � F = Fi;i (1.4.6)

[r � F ]i = � ijk Fk;j (1.4.7)

where a comma followed by a subscript variable indicates a partial derivative with respect to that
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subscript variable.

1.4.2 Spatial Coordinates and Derivatives

consider a bounded domain
 with a two-scale con�guration consisting of coarse- and �ne-

scales. The �ne-scale problems will be analyzed within a signi�cantly smaller periodic unit cell,

which is scaled by a positive parameter� . In this context, the coarse-scale domain and coordinate

are represented byX andx , respectively. The �ne-scale domain and coordinate are denoted byY

andy , respectively. Therefore,

Y = X =�; y = x =� 0 < � << 1 (1.4.8)

Let 
 � denote the �ne-scale domain. Suppose that a response �eldf � (x ) de�ned on
 � that

depends on the �ne-scale coordinates, i.e.,

f � (x ) = f (x ; y ) (1.4.9)

The spatial derivatives of the response functionf � (x ) can be computed using the chain rule, re-

sulting in the following expression (in Einstein notation):

f �
;i =

1
�

@f
@yi

+
@f
@xi

=
1
�

f ;yi + f ;x i

(1.4.10)

Similarly, we have the following expression for the Laplacian

f �
;i =

1
� 2

f ;yi yi +
2
�

f ;x i yi + f ;x i x i (1.4.11)
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1.4.3 Special notations

Throughout this dissertation, special notations will be used, they are listed as follows

Symbol Description

( ) f right subscriptf denotes �uid portion partition
( ) (k) right Latin superscript in parentheses denotesk-th term in asymptotic expansion
(� )( ) ; ( ) (� ) left/right Greek superscript in parentheses denotes interface partition in the unit

cell
h i angled bracket denotes volumetric average
h iZ angled bracket with superscript denotes volumetric average over speci�ed domain
t standard type-faced letter with an underscore denotes peridyanmic scalar state
T bold type-faced letter with an underscore denotes peridyanmic vector state

1.5 Thesis Outline

The thesis is organized as follows.

Chapter 2 provides an overview of the meshfree methods and numerical algorithms that will

be employed in the present study. In particular, the peridynamics approach will be employed to

simulate the hypervelocity projectile impact on the glass, the Smoothed Particle Hydrodynamics

(SPH) method will be utilized to simulate �uid �ow in multi-porosity porous media.

Chapters 3 to 5 focus on the study of the pressure-induced densi�cation behavior of glass.

Chapter 3 involves extensive MD calculations on the silica RVE to establish a database for consti-

tutive modeling. Chapter 4 introduces a multiplicative hyper-elasto-plasticity-damage model that

addresses the densi�cation anomaly observed in silica glass. This model incorporates the results

obtained from the MD simulations and considers realistic aspects of damage evolution. Model

parameterization is achieved by �tting to the MD data. In Chapter 5, the atomistically-informed

coupled elasto-plasticity-damage model is reformulated into a peridynamic model to enhance com-

putational ef�ciency for impact simulations. Large-scale hypervelocity ballistic impact simulations

on silica glass are conducted and compared against experimental results for validation purposes.

Chapter 6 and Chapter 7 address the problem of multiscale modeling of permeability in a

11



multi-porosity porous medium. In Chapter 6, a mathematical upscaling approach using asymptotic

expansion is developed and applied to the three-scale porous medium problem. The resulting

upscaled formulation is further implemented as the MultiSPH numerical solver in Chapter 7. The

MultiSPH solver is a sequential SPH solver that operates at multiple levels. The accuracy of the

micro-scale level SPH solver is assessed by comparing its solution for unit-cell problems with

analytical results. The accuracy of the macro-scale solver is validated by comparing large-scale

simulation results with experimental data.

Finally, we conclude in Chapter 8 with a summary of the main contributions of this work and

some insights for future research.
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Chapter 2: Methods and Algorithms

2.1 Peridynamics formulations

The peridynamics (PD) theory was originally introduced by Silling [49] as a nonlocal refor-

mulation of continuum mechanics. In peridynamics, deformation is governed by a nonlocal re-

lationship between a local particle and its neighbors within a horizon. The formulation is stated

in the integro-differential form free of spatial derivatives. The nonlocal feature of the peridynam-

ics model makes it advantageous over traditional discretizations for problems involving strong or

weak discontinuities.

2.1.1 Bond-based Peridynamics

In the original form of the peridynamic theory, the governing equation of material particles is

given by

� (x ) •u (x ; t) =
Z

H x

f (u (x 0; t) � u (x ; t); x 0 � x ) dVx 0 + b(x ; t) 8x 2 B (2.1.1)

wherex is the position in the reference con�guration;H x is the neighborhood (horizon) ofx ;

� (x ) denotes the local mass density at the material pointx ; u (x ; t) is the displacement �eld;

b(x ; t) represents the body force density �eld; andf is the pairwise force function, which de�nes

the nonlocal interaction force (per unit reference volume squared) that the particlex 0exerts on the

particlex . The relative position vector in the reference con�guration and the relative displacement

vector are often denoted by� and� , respectively.

� = x 0 � x ; � = u (x 0; t) � u (x ; t) (2.1.2)
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The pairwise force functionf is often assumed to have spherical compact support of radius�

centered atx , i.e, f (� ; � ) = 0 whenj� j > = � . In the original work of Silling [49],f is of the

form:

f (� ; � ) = F (� ; � )( � + � ) 8� ; � (2.1.3)

whereF (� ; � ) is a scalar function. Equation (2.1.3) states that the nonlocal force vector between

two particles is parallel to their current relative position vector. For this reason, (2.1.1) is often

referred to as the bond-based peridynamics (BB-PD) theory.

Despite its advantage in modeling materials with discontinuities, bond-based peridynamics

has several limitations. For example, the pairwise force assumption (2.1.3) restricts bond-based

peridynamics to modeling only certain types of materials. As a matter of fact, in the limit of

� ! 0, BB-PD reduces to classical elasticity with Poisson's ratio of 0.25 for the 3D cases. Besides,

traditionally the constitutive behavior of a material has always been described in terms of a stress

tensor, the need to completely transform a material model into a pairwise force function presents a

practical obstacle to the utilization of the peridynamics approach. To address the aforementioned

issues, the state-based peridynamics (SB-PD) was proposed by Sillinget al [50] as an extension

and improvement over the original BB-PD formulation.

2.1.2 Peridynamic States

In view of the spherical compact support assumption, the neighborhoodH of x is given by

H(x ) =
�

� 2 R3j� + � 2 B ; j� j < �
	

(2.1.4)

Let Vn denote the space of functional mapping:H ! L n , whereL n is the set of tensors of order

n. A peridynamicvector-stateA 2 V is a function

A h�i : H ! R3 (2.1.5)
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Similarly, a peridynamicscalar-statea 2 V 0 is a function

ah�i : H ! R (2.1.6)

A simple example of a vector-state is the reference point stateX which is de�ned as

X h� i = � 8� 2 H (2.1.7)

and a sample scalar-state is the identity state given by

1h� i = 1 8� 2 H (2.1.8)

It's worth mentioning that the peridynamic states are often position-(in the reference con�guration)

and time-dependent. Following the peridynamic conventions [50], the square brackets are used to

indicate the state �eld dependence onx andt, i.e,X = X [x ; t]. However, this full notion is often

suppressed for simplicity.

For two statesA ; B 2 V n , the addition of the two states is a state inVn de�ned by

(A + B )h� i = A h� i + B h� i 8 � 2 H (2.1.9)

for two scalar-statesa; b2 V 0, the multiplication of the two states is also a scalar state de�ned by

(ab)h� i = ah� i bh� i 8 � 2 H (2.1.10)

given two vector-statesA ; B 2 V , their tensor product is de�ned by

A � B =
Z

H
! h� i A h� i 
 B h� i dV� (2.1.11)

where! h� i 2 V 0 is called thein�uence function , in general, the in�uence function should satisfy
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the following conditions

1. Non-negativity:

The in�uence functions should be non-negative

! h� i � 0 8� 2 H

2. Symmetry:

The in�uence function is preferable to be spherically symmetric,! h� i = ! (j� j)

3. Compact support: The in�uence function is compactly supported, i.e,! = 0 for j� j > �

3. Normalization:

The in�uence function should satisfy the normalization condition, in the 3D cases, we have

Z

H
! h� i d� = 3

In the present work, we adopt the following in�uence function for all 3D simulations

! (j� j) =
315
16�

� � 7(3j� j + � )( � � j � j)3 (2.1.12)

where� = 3:5 � h with h being the inter-particle distance in the undeformed con�guration.

2.1.3 State-based Peridynamics and Constitutive Correspondences

In the state-based theory, the governing equation of motion (2.1.1) is rewritten in terms of the

force vector-stateT ,

� (x ) •u (x ; t) =
Z

H
T [x ; t]hx 0 � x i � T [x 0; t]hx � x 0i dVx 0 + b(x ; t) (2.1.13)
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or in a more concise form,

� •u =
Z

H
T h� i � T 0h� � i d� + b (2.1.14)

whereT = T [x ; t] and T 0 = T [x 0; t]. The balance of angular momentum holds should the

following condition satis�es
Z

H
T h� i � Y h� i d� = 0 (2.1.15)

whereY 2 V is the deformation vector-state de�ned as

Y [x ; t]h� i = y (x + � ; t) � y (x ; t) (2.1.16)

The balance of angular momentum condition (2.1.15) is immediately ful�lled if a material has

the following property

T h� i � Y h� i = 0 8� 2 H (2.1.17)

Such a material is calledordinary , otherwise the material isnon-ordinary. Furthermore, if the

force vector state of an ordinary material has the form

T [x ; t]h� i =
1
2

f (� ; � ) (2.1.18)
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Figure 2.1: Schematics of bond-based, ordinary state-based and non-ordinary state-based material
response

wheref is a vector-valued function andf (� ; � ) = f (� � ; � � ) for all � and� , then the state-

based theory (2.1.13) reduces to bond based model (2.1.1). Schematics of the bond-based, ordinary

state-based, and non-ordinary state-based models are shown in Figure (2.1)

Suppose the strain energy density function of a classical material model is given by ̂ (F ),

whereF is the deformation tensor. The strain energy density of a peridynamic material is de-

�ned in terms of deformation vector state, i.e.� (Y ). The peridynamic material is considered

to correspond to the classical model when the strain energy density of the peridynamic material

equals its classic counterpart under af�ne deformations. To achieve this, consider a corresponding

deformation gradient tensor�F de�ned as [50]

�F (Y ) = ( Y � X )K � 1 =
� Z

H
! h� i Y h� i 
 � dV�

�
K � 1 (2.1.19)

whereK is the shape tensor given by

K = X � X =
Z

H
! h� i � 
 � dV� (2.1.20)
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It can be shown that�F reduces to classical deformation tensorF for af�ne deformations

�F (Y ) =
� Z

H
! h� i Y h� i 
 � dV�

�
K � 1

=
� Z

H
! h� i F � 
 � dV�

�
K � 1

= F
� Z

H
! h� i � 
 � dV�

�
K � 1

= F

(2.1.21)

The strain energy correspondence can thus be established if the peridynamic strain energy density

has the form

� (Y ) =  ̂ ( �F (Y )) (2.1.22)

Following (2.1.22), the constitutive correspondence of force vector-state is given by

T h� i = ! h� i P K � 1� (2.1.23)

whereP is the �rst Piola-Kirchhoff stress tensor.P can be obtained from the classical constitutive

law as a function of the Cauchy stress tensor� and deformation gradient tensor

� = J � 1P F T ; J = det(F ) (2.1.24)

For numerical simulation purposes, the con�guration domain is discretized into particles each

representing the volume of a Voronoi cell. Starting with the nonlocal deformation tensor, the

constitutive correspondences in the discretized form can be written as

�F i =
X

j

� Vj ! (jx j � x i j)
�
y j � y i

�

 (x j � x i ) K � 1

i

K i =
X

j

� Vj ! (jx j � x i j) (x j � x i ) 
 (x j � x i )
(2.1.25)

where the summation is over the neighborhood of particlei , Vj is the volume of particlej in the
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reference con�guration. The discretized equation of motion is given by

� i •u i =
X

j

� Vj ! (jx j � x i j)
�

P i K � 1
i (x j � x i ) � P j K � 1

j (x i � x j )
	

(2.1.26)

2.2 Smoothed Particle Hydrodynamics(SPH)

Since its early introduction in the late 1970s [47], the smoothed particle hydrodynamics (SPH)

has been used widely in �uid �ow simulations [48, 51]. SPH is a mesh-free Lagrangian method

that uses a set of particles to represent the �uid or solid body, with each particle carrying properties

such as mass, position, velocity, and pressure.

2.2.1 General Formulations

Start with the trivial identity

f (x ) =
Z



f (x 0)� (x � x 0; h) dx 0 (2.2.1)

Wheref (x ) is any function of position vectorx that is de�ned on a domain
 , � (x ) is the Dirac

delta function. In SPH, it is assumed that the delta function can be replaced with akernel function

W, such thathf (x )i , the kernel approximation off (x ), can be represented as

hf (x )i =
Z



f (x 0)W(x � x 0; h) dx 0 (2.2.2)

Whereh is the smoothing length that de�nes the domain of interaction. In the numerical simula-

tion, h is generally chosen to be the inter-particle distance in the undeformed con�guration. It is

expected that the kernel functionW satisfy the following conditions:

1. Convergence to the� -function:

The kernel functionW(x ; h) should converge to� (x ) ash ! 0

2. Normalization:
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The integral of the kernel function over its domain should be equal to 1, i.e

Z



W(x � x 0; h) dx 0 = 1 (2.2.3)

3. Non-negativity:

The kernel function should be non-negative, that is,W(x ; h) � 0 for all x

4. Compact support:

The kernel function is compactly supported, i.e,W(x ; h) = 0 whenjx j=h > k for some

constantk

5. Symmetry:

It is desirable for the kernel function to be spherically symmetric, thusW(x ; h) can be

written asW(r; h), wherer = jx j

6. Monotonicity:

It is desirable for the kernel function to be monotonically non-increasing with respect to the

distance between points. Such a feature ensures that nearby points have a stronger in�uence

on the point of interest than distant ones.

7. Smoothness:

It is required for the kernel functions to have continuous and well-de�ned derivatives for

gradient calculation purposes.

Throughout the current study, the cubic spline kernel function [52] is adopted, which is de�ned as

W(r; h) =
1

�h 3

8
>>>>>><

>>>>>>:

1 � 3
2

�
r
h

� 2
+ 3

4

�
r
h

� 3
r < h

1
4

�
2 � r

h

� 3
h � r < 2h

0 r � 2h

(2.2.4)

For a well-de�ned kernel, it can be shown that approximation (2.2.2) is accurate up to the
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second order,

f (x ) =
Z



f (x 0)W(x � x 0; h) dx 0+ O(h2) (2.2.5)

Discretizing the continuous domain into a set of particles, yields

hf (x )i =
Z



f (x 0)W(x � x 0; h) dx 0

=
X

j 2N (x )

f (x j )W(x � x j ; h)� Vj

=
X

j 2N (x )

mj

� j
f (x j )W(x � x j ; h)

(2.2.6)

Wheremj and � j denote the mass and density of particlej , respectively. HereN (x ) denotes

"neighborhood" of particle at positionx , following the compact support condition,N (x ) can be

de�ned asN (x ) = f j j jx j � x j < kh g. Equation (2.2.6) shows that a scalar �eldf at pointx can

be approximated by discrete summation of particles in the support domain, and this is the basis of

all SPH formulations. An illustration of such an approximation is shown in Figure (2.2).

Figure 2.2: SPH discrete approximation in the support domain
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2.2.2 Spatial Derivatives

Taking the spatial derivative on both sides of Equation (2.2.5) yields the discrete approximation

of the gradient

r f (x ) =
@

@x

Z



f (x 0)W(x � x 0; h) dx 0+ O(h2)

=
Z



f (x 0)

@
@x

W(x � x 0; h) dx 0+ O(h2)

hr f (x )i =
X

j

mj

� j
f (x j )r W(x � x j ; h)

(2.2.7)

A similar approximation can be made for the divergence of a vector �eldF (x )

r � F (x ) =
Z



F (x 0) � r W(x � x 0; h) dx 0+ O(h2)

hr � F (x )i =
X

j

mj

� j
F (x j ) � r W(x � x j ; h)

(2.2.8)

Equation (2.2.7) and (2.2.8) present the simplest SPH approximations of the gradient and the diver-

gence, respectively. However, one signi�cant drawback of these approximations is that they render

non-zero estimations for the gradient and divergence of constant functions. A simple improvement

can be made by noting the following identities,

r f (x ) = r f (x ) � f (x )r 1;

r � f (x ) = r � f (x ) � f (x ) � r 1
(2.2.9)

And therefore

hr f (x )i =
X

j

mj

� j
(f (x j ) � f (x )) r W(x � x j ; h) (2.2.10)

hr � F (x )i =
X

j

mj

� j
(F (x j ) � F (x )) � r W(x � x j ; h) (2.2.11)
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For a more general class of SPH interpolations of the gradient, consider the following identity

r (f � n ) = nf � n� 1r � + � n r f (2.2.12)

This leads to

r f =
1
� n

�
r (f � n ) � nf � n� 1r �

�
(2.2.13)

Substituting Equation (2.2.13) into Equation (2.2.7), give rise to general form of SPH approxima-

tion for r f

hr f (x )i =
1

� (x )n

X

j

mj
�
f (x j )� (x j )n� 1 � nf (x )� (x )n� 1

�
r W(x � x j ; h) (2.2.14)

Notice that forn = 0, Equation (2.2.14) reduces to (2.2.7). Additionally, there are two particularly

useful approximations for then = 1 andn = � 1 cases, forn = 1

hr f (x )i =
1

� (x )

X

j

mj (f (x j ) � f (x )) r W(x � x j ; h) (2.2.15)

And n = � 1,

hr f (x )i = � (x )
X

j

mj

�
f (x )
� (x )2

+
f (x j )
� (x j )2

�
r W(x � x j ; h) (2.2.16)

The former case (2.2.15) has the advantage that it vanishes for constant functions. The latter

(2.2.16) is commonly used to approximate pressure gradient(r P)=� as it's pairwise symmetric

and thus guarantees the conservation of momentum. A similar approach can be applied to gener-

alize the SPH approximations of the divergence, the following additional forms of SPH estimator

can be obtained

hr � F (x )i =
1

� (x )

X

j

mj (F (x j ) � F (x )) � r W(x � x j ; h) (2.2.17)
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hr � F (x )i = � (x )
X

j

mj

�
F (x )
� (x )2

+
F (x j )
� (x j )2

�
� r W(x � x j ; h) (2.2.18)

2.2.3 Navier-Stokes Equations

The Navier-Stokes equation for the Newtonian �uid is given by

d�
dt

= � � r � v (2.2.19)

dv
dt

= �
1
�

r P + � r 2v + g (2.2.20)

Where� andg are viscosity and external body force, respectively. Apart from the N-S equations,

the incompressibility condition is weakly enforced by setting the density and pressure relation

using Tait's equation of state

P =
� 0c2

0




��
�
� 0

� 


� 1
�

(2.2.21)

wherec0 is the speed of sound,� 0 is the reference density,
 is a parameter ranges from 1 to 7. In

the current work,
 is set to 1 to model the low Reynolds number and incompressible viscous �ow.

With the aforementioned SPH formulations, the Navier-Stokes (N-S) equations can be refor-

mulated as follows

1 . Continuity equation:
d� i

dt
=

X

j

mj (v i � v j )r i Wij (2.2.22)

2 . Momentum equation:

dv i

dt
= �

X

j

mj

�
Pi

� 2
i

+
Pj

� 2
j

+ � ij

�
r i Wij + g (2.2.23)

here� ij denotes the viscosity term. The most commonly used viscosity approximation is the
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arti�cial viscosity[53], which is given by

� ij =

8
>><

>>:

� � �cij ' ij + �' 2
ij

�� ij
v ij � x ij < 0

0 v ij � x ij � 0
(2.2.24)

and

' ij =
hv ij � x ij

x 2
ij + 0:01h2

(2.2.25)

where�cij is the average sound speed between the two particlesi , j . �� ij is the average density. The

values of� and� should be near� = 1 and� = 2. h is the smoothing length of the kernel and the

term0:01h2 is adopted to prevent numerical blow-ups in cases wherejx ij j is close to 0.

The adoption of arti�cial viscosity is particularly crucial to ensure numerical stability in simu-

lating low-viscosity �uid �ows such as water. For simulations regarding high-viscosity �uid, as is

the case for resin �ow in the present study, it's recommended to employ the laminar viscosity [54]

which is given by

� laminar
ij =

4� 0x ij � r i Wij

(� i + � j )
�
x 2

ij + 0:01h2
� (2.2.26)

2.2.4 Boundary Condition

The SPH method is initially used for astrophysical applications which mainly concern the

compressible �uid with high Reynolds number. The most commonly adopted boundary treatment

for high Reynolds number �uid is the so-called free-slip condition. Such work employed boundary

particles to exert strong repulsive forces on �uid particles to prevent them from penetrating.

For the current study of resin �ow in the RTM process, the �ow can be characterized as a low

Reynolds number, incompressible �ow with high viscosity. The strong adhesive forces between

�uid particles and boundary particles give rise to a "no-slip" condition, which states that at the

solid boundary, the �uid will have zero velocity relative to the boundary.
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Figure 2.3: Arti�cial velocity of boundary particles

Following results from Morriset al [48]. The no-slip condition is implemented by assigning

"arti�cial velocity" to boundary particles and including these particles in viscosity calculations. As

is shown in Figure (2.3), pointc denotes the nearest point to the �uid particlea on the boundary,

the tangent plane can be de�ned by taking the normal to the segmentx ac. The arti�cial velocity

of vB is assigned to boundary particleB so as to make velocity extrapolated on the tangent plane

equal tov c. the assigned velocity on particleB is:

vB = �
dB

da
(va � v c) + v c (2.2.27)

Notice the arti�cial velocity assigned to boundary particles is used only for viscosity calculation,

not to advance boundary particles.

Direct calculation ofdB andda is not very plausible as the boundary structure can be very

complex. Introducing a volume fraction function

�Aa;� =
P

b(� �� mb=� b)� bP
b(mb=� b)� b

(2.2.28)

Where� and� indicate the type of respective particles (�uid or boundary).� �� is the Kronecker
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delta

� �� =

8
>><

>>:

1; � = �

0; � 6= �

The particle volume scaling function, denoted as� , determines the fraction of a particle's repre-

sentative volume that falls within the vicinity of the given particle. It quanti�es the extent to which

neighboring particles contribute to the overall volume calculation of a speci�c particle. A linear

form of the scaling function is:

� b =

8
>>>>>><

>>>>>>:

1; kx b � x ak � kh � h=2

0; kx b � x ak � kh

1
2 + kh�k x b� x a k

h Otherwise

�Aa;� can be deemed as a measure of a particle's distance to the boundary. Then arti�cial velocity

is approximated as:

vB = �
2kh( �AB � 0:5)

max(2kh( �Aa � 0:5)); 1
2h)

(va � v c) + v c (2.2.29)

2.3 Numerical Algorithms

Both peridynamics and SPH are meshfree Lagrangian numerical methods well-suited for �uid

and solid mechanics simulations. Despite the apparent differences in their governing equations

and particle interactions, the two methods share a remarkable similarity in their computational

paradigm, characterized by a shared meshfree approach. In both methods, the computational do-

main is discretized into a collection of particles, each possessing physical attributes such as mass,

velocity, and pressure. The interpolation scheme is employed in both approaches to estimate parti-

cle properties by aggregating contributions from neighboring particles. Additionally, both methods

require the use of explicit methods for time integration. This section is dedicated to the common

numerical algorithms employed in both SPH and peridynamic simulations
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2.3.1 Neighborhood List Construction

Neighborhood list construction is a crucial step in both SPH and peridynamics simulations.

Speci�cally, in both methods, each particle is in�uenced solely by the particles in its immediate

vicinity, meaning that only particles within a distance shorter than a speci�c cut-off distancer c

need to be searched and evaluated. In the case of SPH, the neighborhood list of each particle needs

to be updated at every timestep to include all the particles within its kernel support or horizon.

In peridynamics, despite being a total Lagrangian method, it requires maintaining and updating a

separate "collision" neighborhood list speci�cally for contact simulation purposes.

Figure 2.4: Cell-linked list neighborhood search in 2D

The most straightforward approach for constructing the neighborhood list is to perform an

exhaustive search over allN particles. However, this method is computationally expensive as the

computational complexity scales asO(N 2). One of the more ef�cient methods is the cell-linked

list (CLL) method. Here, the simulation domain is divided into a grid of cells (usually in the

same size asr c), and the particles are sorted based on the cell they belong to. To construct the

neighborhood list for each particle, only particles within the same cell and the neighboring cells

need to be considered. This signi�cantly reduces the search space and improves computational
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ef�ciency. Notably, the average number of particles in a cell isO(1), and thus the computational

complexity of the CLL method isO(N ). A schematic of a two-dimensional neighborhood search

using the CLL method is shown in Figure (2.4)

In the present work, the CLL-based Verlet-list method [55, 56] is adopted to further reduce

the neighborhood list construction cost. As is revealed in Figure (2.5), the Verlet-list consists of

particles within the cut-off distance (depicted in black), as well as additional particles within a

distance ofRc = r c + � h (depicted in gray). The inclusion of the extra skin of� h allows the list

to be reused for multiple time steps.

Figure 2.5: Verlet-list neighborhood search in 2D

The algorithm is described as follows: At the initial time step, the positions of all particles in

the domain are recorded. In each subsequent time step, the current positions of all the particles are

examined. If any particle has traveled a distance greater than� h=2 from its last recorded position,

the Verlet-list is recomputed using the CLL method with a cell size ofRc = r c + � h, and the

recorded positions are then updated with current positions. In the current implementation,� h is

chosen to be� h = 1
2r c.
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2.3.2 Time Integration

A time integrator is a numerical method used to advance the equation of motion forward in

time. There are many time integrators available with varying complexity, for the current work,

the Velocity-Verlet algorithm [57] is chosen due to its simplicity and accuracy (second-order).

Suppose the position, velocity, and acceleration at timet i are given byx i , v i anda i respectively,

with a timestep� t the numerical scheme of the Velocity-Verlet algorithm is as follows:

1. Given the velocity and acceleration at timet i , the velocity at timet i +1 =2 is estimated by

v i +1 =2 = v i +
1
2

a i � t (2.3.1)

2. Calculate the position at timet i +1 using

x i +1 = x i + v i +1 =2� t (2.3.2)

3. Derive forces at timet i +1 (a i ) based on the updated position con�gurationx i +1

4. Calculate the velocity at timet i +1 using

v i +1 = v i +1 =2 +
1
2

a i +1 � t (2.3.3)

2.3.3 Time-stepping Criteria

It's crucial to have a proper time-stepping criterion for the explicit integrator to ensure accurate

time evolution and numerical stability. For particle systems such as SPH and peridynamics, the

most general timestep criterion is the Courant-Friedrichs-Lewy (CFL) condition, which can be

written as,

� tCFL � Cmax
� h
c

(2.3.4)
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where� h denotes a characteristic length,c is a characteristic speed,Cmax is a dimensionless

number called the Courant number, and in this study it's set toCmax = 0:3. The condition can

be physically interpreted as ensuring that no spatial waves travel a distance greater than a certain

length within a single time step. Both SPH and peridynamic simulations utilize well-de�ned char-

acteristic length� h and characteristic speedc. In these simulations,� h is typically chosen as the

inter-particle distanceh in the undeformed con�guration. The characteristic speedc is chosen as

the speed of soundcs in the respective medium. The CFL condition then becomes

� tCFL =
0:3h
cs

(2.3.5)

Another commonly used timestep condition is the force condition, which is based on the simple

notion that no particle moves through its neighbor particles in one time step. This condition can be

expressed as follows:

� tF = CF min
i

s
h

jf i j
(2.3.6)

wherei iterates through all the particles,f i denotes the total acceleration exerts on particlei ; CF is

a unitless constant that is set toCF = 0:5.

Finally, the global time-stepping condition is determined by the combination of both the Courant

number and the force condition:

� t = min(� tCFL; � tF ) (2.3.7)
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Chapter 3: Molecular Dynamics Modeling and Simulation of the Silica Glass

In this chapter, extensive investigations of the densi�cation behavior of silica glass are con-

ducted using molecular dynamics (MD) simulations. Starting with the crystalline silica supercell

con�guration, the atomistic scale representative elementary volume (RVE) of amorphous silica

(a � SiO2) is created using the melt-quench approach. The atomistic RVE is then validated before

being subjected to a series of comprehensive MD simulations aimed at studying the mechanical

responses of silica glass under various loading conditions. The results of the MD simulations will

be recorded and subsequently utilized as a database for continuum modeling purposes.

3.1 Computational Details

To construct a molecular dynamics(MD) model of amorphous silica, the underlying MD topol-

ogy and corresponding force �eld must be de�ned. Herein, a� -cristobalite supercell consisting of

512 silicon (Si) atoms and 1024 oxygen (O) atoms with dimensions of28:64Å � 28:64Å � 28:64Å

is utilized as a starting con�guration to build the amorphous silica RVE. Tersoff potential [17] (see

Appendix (A)) is employed to accurately describe the potential bonding structure change during

the densi�cation process.

All MD calculations in this chapter are carried out using the open source package LAMMPS

[58, 59], post-calculation analyses are conducted using scripting languages Perl [60] and Python

[61], visualizations are performed with the open source tool OVITO [62]. For MD calculations,

an explicit Velocity-Verlet algorithm is adopted as the time integrator with a timestep of 0.5 fs.

Periodic boundary conditions are enforced on the atomistic RVE in all three dimensions [19]. Two

thermodynamic ensembles, the canonical ensemble (NVT) and the isothermal-isobaric ensemble

(NPT), are employed. Nose-Hoover-style thermostat and barostat are used in the respective ther-
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modynamic ensembles to control the temperature and pressure.

3.2 The Atomistic RVE

Following Chowdhuryet al [20], the melt-quench approach is adopted to construct the initial

amorphous silica RVE. The steps are as follows:

1. NVT relaxation:

Perform energy minimization on the supercell at ambient temperature (300 K) to optimize

the local geometry. The resulting cell is next relaxed under NVT at the same room tempera-

ture for a time span of 50 ps to reach equilibrium.

2. NVT melting:

The system is gradually heated from room temperature to 6000 K in the NVT ensemble

over a duration of 100 ps. Next, the supercell is maintained at the temperature of 6000 K

in the NVT ensemble for an additional 200 ps. This extended period of heating ensures the

complete melting of the initial crystalline structure.

3. NVT annealing:

The molten system is systematically cooled down within the NVT ensemble from 6000 K to

300 K. The cooling process is carried out at a controlled cooling rate of 10 K/ps.

4. NPT relaxation:

Once the system reaches the ambient temperature of 300 K, it is subjected to a relaxation

process within the NPT ensemble for a total duration of 200 ps. During this relaxation

period, the system volume is gradually adapted to ambient conditions of 300 K and 0 GPa.

5. NPT production:

The supercell is relaxed in NPT at ambient conditions (300 K and 0 GPa) for an extended

time, allowing the system to reach an equilibrium state. Through the NPT relaxation, the

amorphous RVE is formed and ready for further analysis and investigation.

34



The schematic of the melt-quench process is illustrated in Figure (3.1). The comparison be-

tween the starting crystalline structure and the �nal amorphous state is shown in (3.2).

Figure 3.1: Melt-quench approach for the construction of the atomistic RVE

Figure 3.2: (left) The initial crystalline con�gurations, (right) The �nal amorphous con�gurations
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The density of the as-created amorphous silica RVE is evaluated to be 2.21 g=cm3, which is in

good agreement with an experimental density measurement of silica glass, 2.20 g=cm3. Topolog-

ical properties of thea � SiO2 RVE are further examined to verify the computed structure. The

partial radial distribution functions (RDFs) of the Si–Si, Si–O, and O–O pairs, along with the bond

angle distributions (O-Si-O and Si-O-Si), are calculated and compared to the results of Munetoh

[17] as well asab initio measurements from Mantisi [19].

Figure 3.3: (a) Radial distribution functions (RDFs) of the RVE at 0 GPa; (b) The bond-angle
(O-Si-O and Si-O-Si) distributions of the RVE at 0 GPa

Figure (3.3) (a) shows that the �rst peak of Si-O, O-O, and Si-Si pairs occur at 1.65 Å, 2.66

Å, and 3.13 Å, respectively, consistent with previous �ndings [17, 19]. Regarding bond angle

distributions, the RVE exhibits an angle distribution ranging from69� to 141� for the O-Si-O

bonds with an average angle of109:5� . This suggests a near perfect SiO4�
4 tetrahedral network in

thea � SiO2 RVE (Figure (3.3) (b)). The Si-O-Si angles range from112� to 171� , with the peak

of distribution attained at� 143� , also consistent with prior studies [17, 19].
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3.3 Molecular Dynamics Simulations

3.3.1 Volumetric Densi�cation

To elucidate the volumetric behavior of the RVE under compressive hydrostatic loading, a

gradual increase in applied pressure is performed. In the NPT ensemble at room temperature (300

K), the pressure is increased at a rate of 0.04 GPa/ps up to 90 GPa while the deformation of the

RVE is restricted to pure dilation by means of a barostat.

Upon completion of loading, the RVE is recovered with a density of 4.88 g=cm3, corresponding

to a 121%increase from its initial value. Figure (3.4) summarizes the dependence of density on

pressure, along with the reference data. It is shown that the simulation results reasonably agree

with experimental observations.

Figure 3.4: Density of RVE as a function of applied hydrostatic pressure

Densi�cation behavior is usually accompanied by structural changes. Figure (3.5) illustrates

the evolution of the computed radial distribution functions (RDFs) for different atomic pairs (Si-O,

Si-Si, O-O) with respect to ascending pressure levels. It is observed that the Si-O pair distribu-

tion widens, and the �rst peak shifts slightly towards the right. This phenomenon is in line with
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expectations as pressurization leads to an increase in Si coordination number (Figure (3.6)a), the

Si-O distance must elongate accordingly so as to accommodate more oxygen atoms into the �rst

Si coordination shell.

Figure 3.5: The radial distribution function (RDF) at different pressure levels

Another prominent feature of the RDF of the Si-O pair is the emergence of a second peak

centered around 2.5 Å. Previous study [63] suggested that the second peak can be attributed to

the presence of a stishovite-like structure characterized by six-fold coordinated silicon atoms. The

RDF of O-O pair also experiences distinctive changes, with the �rst O-O peak shifting towards the

left to approximately 2.2 Å, indicating the occurrence of the �ve-fold coordinated silicon atoms

during compressive loading. The conjecture regarding the existence of both �ve-fold and six-fold

coordinated silicon atoms is further substantiated by analyzing the evolution of the distribution of

Si coordination number, shown in Figure (3.6) (b).
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Figure 3.6: (a) Average coordination number of Si atoms (CNSi-O, see [17]) as a function of applied
pressure (b) Evolution of the distribution of Si coordination number

3.3.2 Cyclic Loading

Figure 3.7: Pressure as a function of density during cyclic loading tests

To address the issue of densi�cation irreversibility, cyclic loading experiments are also con-

ducted on the RVE. The RVE is subjected to a series of partial compression-decompression tests
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at ambient temperature with increasing maximum pressure. Figure (3.7) depicts the relationship

between the applied pressure and the density of RVE for both the cyclic loading and one-step

loading tests. A striking feature of the loading curve is its path independence of the maximum

applied pressurePmax (or pre-consolidation pressure, as referred to in [24]) with respect to the

density. Regardless of the loading history, the loading curve always converges to the compression

curve obtained from the one-step loading test once the previously achieved maximum pressure is

reached.

Figure 3.8: Comparison of the RDFs of initial state and post-compression (unloading from 90
GPa) structure

The cyclic loading curve also reveals the anomalous volumetric plastic behavior of the amor-

phous silica. At low maximum pressures, the material unloads elastically and returns to its initial

con�guration. However, when the maximum pressure exceeds a certain threshold, volumetric plas-

tic deformation occurs. The unloading curve deviates from the previous loading path, giving rise to

an irreversible increase in density as well as a signi�cant change in atomic structure (Figure (3.8))

upon pressure unloading.
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To quantify the densi�cation behavior, the residual densi�cation ratiok is de�ned as follows:

k = �=� 0 � 1 (3.3.1)

Figure 3.9: Densi�cation ratiok upon unloading as a function of maximum applied pressurePmax

where� represents the current density and� 0 denotes the density of initial con�guration. The

residual densi�cation ratiok is then calculated after each unloading segment as a function of maxi-

mum attained pressurePmax (pre-consolidation pressure). Figure (3.9) plots the residual densi�ca-

tion ratiok againstPmax, with experimental measurements [7, 12] and other MD simulation results

[19, 24] provided for comparison. The results demonstrate that signi�cant permanent densi�cation

begins to accumulate at pressure levels above approximately 8 GPa and tends to �atten out around

50 GPa, yielding a residual densi�cation ratio of approximately60%. This observed volumetric

plastic behavior aligns well with the �ndings in the references [7, 12].

3.3.3 Elastic Responses

To characterize the mechanical behavior of amorphous silica, the elastic responses of the atom-

istic RVE under various loading conditions are investigated. The �rst step involves examining the
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isothermalin situ mechanical properties, speci�cally the instantaneous moduli, of the RVE at dif-

ferent con�ning pressure levels (P = Pmax). This is achieved by employing the so-called constant

strain approach, where a given small strain (0.05) is incrementally reached at a constant temper-

ature with the molecular structure equilibrated through energy minimization. The corresponding

stress-strain relationship is then used to calculate the elastic moduli.

Figure 3.10: Elastic moduli as a function of con�ning pressure during one-step loading. (top left)
bulk modulus; (bottom left) shear modulus; (right) Young's modulus

At ambient pressure and room temperature, the computed bulk, shear, and Young's modulus

of the RVE are found to be 42.18 GPa, 30.24 GPa, and 73.22 GPa, respectively. These results are

in good agreement with experimental measurements [12] of 36.8 GPa, 30.4 GPa, and 71.5 GPa,

respectively. Figure (3.10) shows the elastic moduli across various applied pressure levels, along-

side experimental results from Kondo [11] and MD simulations by Mantisi [19] and Neng Li [18]).

A noteworthy feature as identi�ed from the moduli-pressure relationship is the initial decrease in

elastic modulus with applied hydrostatic pressure, followed by a normal positive moduli-pressure
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correlation above approximately 7.5 GPa. This phenomenon aligns with the well-known anoma-

lous elastic non-linearity of amorphous silica [11]. The computed dependence of Poisson's ratio

of the system on pressure is depicted in Figure (3.11), which also includes existing experimental

and numerical references [4, 18].

Figure 3.11: Dependence of Poisson's ratio on pressure

Figure 3.12: Post-compression (upon unloading to 0 GPa) elastic moduli as a function of the
densi�cation ratio
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In addition to thein situ moduli, the elastic properties of the RVE after each loading cycle

(ex situmoduli) are calculated. Assessment of the post-compression structure reveals a hardening

of the moduli with increasing volumetric plastic strain (densi�cation), as demonstrated in Fig-

ure (3.12). The measurements of elastic properties under different loading conditions provide a

comprehensive dataset for characterizing the elasticity of amorphous silica.

3.3.4 Coupled Compression-shear

Herein, we subject the compressed RVE (at different pre-consolidation pressure levels) to shear

deformation to study its elastoplastic responses under coupled compression-shear loading. The

coupled compression-shear deformation of the RVE is achieved by enforcing af�ne shear defor-

mation while simultaneously controlling the hydrostatic pressure of the system through a barostat

(NPT ensemble). In this section of the study, the shear strain is applied at a rate of109/s.

Figure 3.13: (a) Dependence of shear stress on strain atP = 15 GPa. Initial elastic stage followed
by plastic yielding; (b) Snapshots of the RVE at corresponding shear strains

Shearing at pre-consolidation pressures (P = Pmax)

The �rst cases to consider are the shearing processes at con�ning pressures equal to the pre-

consolidation pressures, that is,P = Pmax. A schematic of such shearing process is depicted in
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Figure (3.13) (b). The computed time-averaged stress-strain relations for various con�ned pressure

levels are presented in Figure (3.14).

The stress-strain plot reveals two distinctive regimes in the shearing process: an initial elastic

stage where shear stress increases linearly with shear strain, and an inelastic stage where stress

tends to plateau upon suf�ciently large shear deformation. Another noteworthy feature of the

stress-strain relation is the �uctuating nature of the plastic plateau, which is usually associated with

an atomic structure rearrangement, suggesting the irreversibility (plasticity) of the deformation

behavior. Figure (3.13) (a) provides a clear illustration of the two-regime stress-strain behavior,

where the RVE is initially con�ned at 15 GPa before undergoing shear deformation, exhibiting

distinct regimes of elasticity (marked in red) and plasticity (marked in blue).

Figure 3.14: Shear stress-strain relations under different con�ning pressure

When plotting the shear yield stress against the corresponding con�ning pressure, an anoma-

lous non-linear yield behavior is observed. Figure (3.15) demonstrates the anomalous initially

decreases of the shear yiled stress with respect to increasing con�ning pressures.
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Figure 3.15: Dependence of yield stress on con�ning pressure, dashed line: guide for the eyes,
black dot: MD simulation data

Shearing at a con�ning pressure different from the pre-consolidation pressure (P 6= Pmax)

One of the most characteristic elasto-plastic responses of coupled compression-shear behavior

of amorphous silica concerns the evolutions of density during deformation. For a broader context,

we examined cases not necessarily restricted to shearing at the pre-consolidation pressure levels.

Two types of coupled compression-shear simulations are conducted to investigate the behavior.

In the �rst type, the RVE is �rst deformed under hydrostatic compressive loading up to a maxi-

mum pressure or pre-consolidation pressure [24]Pmax. It is then unloaded to a lower pressure or

con�ning pressureP, followed by shear deformation at the con�ning pressure level. The density

evolutions for various pre-consolidation pressures and con�ning pressures are illustrated in Figure

(3.16).

In the second set of simulations, the RVE undergoes shear deformation while simultaneously

controlling and decreasing the hydrostatic pressure fromPmax to a target pressureP by means of a

barostat, the density evolutions of such simulations are plotted in Figure (3.17)).
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Remarkably, in all loading schemes, the RVE always converges to a limiting density state after

suf�ciently large shear deformation. This limiting density state depends solely on the con�ning

or target pressure and is independent of the pre-consolidation or starting pressure. Moreover, the

limiting density state can be achieved from both over-consolidated states (resulting in a decrease

in density) and under-consolidated states (resulting in an increase in density).

Figure 3.16: Type 1 coupled compression-shear. Evolution of density under different pre-
consolidation pressurePmax (shown in �gure) and different con�ning pressureP: (top left) P = 1
GPa (top right)P = 3 GPa (bottom left)P = 5 GPa (bottom right)P = 10 GPa
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Figure 3.17: Type 2 coupled compression-shear. Evolution of density under different pre-
consolidation pressurePmax (shown in �gure) and different target pressureP: (top left) P = 1
GPa (top right)P = 3 GPa (bottom left)P = 5 GPa (bottom right)P = 10 GPa

3.3.5 Strain Rate Effects

The in�uence of strain rate on the elastoplastic behavior of amorphous silica has also been

studied within the current MD framework. Figure (3.18) presents the compressive loading curves

(density vs. pressure) at room temperature for various loading rates. Interestingly, the loading

curves of the RVE exhibit remarkable similarity across the entire range of loading rates, indicating

a weak dependence of the volumetric responses of the RVE on compressive loading rates.
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Figure 3.18: Density as a function of pressure at 300 K, across a wide range of loading rates

Figure 3.19: Stress-strain relations across a wide range of con�ning pressures and strain rates

To examine the shear rate behavior of the RVE, a series of coupled compression-shear de-
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formation simulations were conducted. For simplicity, we only consider the cases of shearing at

pre-consolidation pressures (P = Pmax). In the current study, shear rates spanning from108/s to

1010/s are examined. In addition, the quasi-static limits of the compression-shear behavior were

also obtained through an energy minimization approach, where the potential energy of the system

is minimized along the deformation paths. Figure (3.19) illustrates the stress-strain relationships

obtained from both the MD simulations and the quasi-static approach. From MD simulation re-

sults, it is observed that the strain rate has minimal in�uence on the shear responses of the RVE in

the elastic region, while shear yield stress increases with ascending strain rate.

Figure 3.20: Shear yield stress as a function of con�ning pressure and strain rate

The dependencies of the shear yield stress of the RVE on the con�ning pressure and strain rate

are depicted in Figure (3.20). These results provide insights into the interplay between the applied

strain rate, con�ning pressure, and shear behavior of amorphous silica. The data highlight the

increased shear yield stress with higher strain rates, while the in�uence of the con�ning pressure

on the shear yield stress is also evident.
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Chapter 4: Constitutive Modeling Based on MD Data

This chapter proposes a novel multiplicative hyper-elasto-plasticity-damage model to address

silica glass's densi�cation anomaly. Building upon the data gathered from the MD simulations

explored in the previous chapter, the proposed continuum model incorporates the elastoplastic-

ity model with realistic considerations for damage evolution. Parameterization of the model is

performed using both polynomial regression and deep learning techniques.

4.1 Overview

Past and present MD simulations studies support the critical state of the plasticity model of sil-

ica glass originally suggested by Schillet al [24], which predicts plastic deformation at a constant

volume (density) after suf�ciently large shear deformation at a con�ning pressure. It was shown

in [24] that the critical state plasticity model can adequately capture the anomalous densi�cation

behavior of silica glass. However, MD simulations have their limitations. For instance, the critical

tensile stress predicted by the current atomistic RVE model is over 35 GPa (see Figure (4.1)), while

the experimental tensile strength of silica glass is several orders of magnitude smaller (100 MPa).

This is due to the fact that MD simulations assume perfect SiO2 structure, while glass contains

defects at a characteristic length that is considerably larger than the characteristic size of the RVE

considered in the present study. Consequently, the overall tensile strength is governed by fracture

mechanics considerations [64] rather than by the local strength of the interatomic bonds.

To accommodate for the tensile strength discrepancy, a damage variable is introduced and

integrated into the elastoplastic model in a manner similar to the JH-2 model [64]. The new model

can explain not only the irreversible densi�cation behavior but also address the modulus change

during densi�cation. Moreover, we show that the damage parameter herein serves both as an
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indicator of local damage due to deformation and as a limiter to the yield surface.

Figure 4.1: (left) Tensile stress as a function of strain shows a tensile strength of� 37GPa for the
RVE. (right) Schematics of the system under different tensile strain

4.2 Constitutive Modeling

4.2.1 Thermodynamic Framework

Consider a multiplicative decomposition of the deformation gradientF into the elastic (F e)

and plastic (F p) parts:

F = F e � F p (4.2.1)

The state-dependent Helmholtz free energy per unit undeformed volume can be written in the

following functional form:

 =  (F e; F p; d; T) = � (C e; J p; d; T) (4.2.2)

whered 2 [0; 1] is the variable denoting the damage state;T is the temperature of the current

system;C e = F eTF e is the elastic right Cauchy-Green deformation tensor; andJ p = det(F p)

represents the plastic Jacobian.
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The Clausius-Duhem inequality states that

� _ � � _T + � : D �
J
T

q � r T � 0 (4.2.3)

where� is the entropy per unit undeformed volume;J = det(F ) is the total Jacobian;� is the

Kirchhoff stress, which is the Cauchy stress scaled by the Jacobian, i.e,� = J � ; D represents the

rate of deformation tensor such that

D =
1
2

�
_F F � 1 +

�
_F F � 1

� T
�

(4.2.4)

q andr T are the heat �ux and temperature gradient in the current con�guration, respectively.

In the present study, the localized non-isothermal effects are ignored, rendering the inequality

(4.2.3) to

� _ + � : D � 0 (4.2.5)

Under the isothermal assumption, i.e.T = T0, the Helmholtz free energy can be written as:

 jT = T0 = � (C e; J p; d) (4.2.6)

Consequently, the time derivative of can be written as

_ jT = T0 =
@� 

@C e : _C
e

+
@� 
@Jp

_J p +
@� 
@d

_d (4.2.7)

where _C
e

and _J p can be further decomposed as:

_C
e

= 2F eT � D � F e � L pT � C e � C e � L p (4.2.8)

_J p = J ptr (D p) = J pI : D p (4.2.9)
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with L p denoting the plastic velocity gradient such that:

L p = _F
p

(F p)� 1 (4.2.10)

Combining the above equations yields:

�
� � 2F e �

@� 
@C e � F eT

�
: D + 2

�
C e �

@� 
@C e

�
: L p �

�
@� 
@Jp

J p � I
�

: D p �
@� 
@d

_d � 0 (4.2.11)

Assuming is isotropic with respect toC e, functional form for can be further reduced to

 jT = T0 = � (C e; J p; d) = ~ (B e; J p; d) (4.2.12)

whereB e is the elastic left Cauchy-Green deformation tensor, i.e,B e = F eF eT = R eC eR eT

with R e denoting the elastic rotation tensor. The inequality (4.2.11) can be rewritten as

 

� � 2B e �
@~ 

@B e

!

: D + 2

 

B e �
@~ 

@B e

!

: ~D
p

�

 
@~ 
@Jp

J p � I

!

: D p �
@~ 
@d

_d � 0 (4.2.13)

where

~D
p

= R eD pR eT (4.2.14)

Recall the following expression for the Kirchhoff stress� [65]:

� = 2B e @~ 
@B e (4.2.15)

Let h e = 1
2 ln B e = 1

2 ln R eC eR eT and� p = � ln J p denote the elastic Hencky strain and plastic

logarithmic volumetric strain, respectively. Then the functional form of unit volume Helmholtz

free energy at temperatureT = T0 is given as:

 jT = T0 = ~ (B e; J p; d) =  ̂ (h e; � p; d) (4.2.16)
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The Kirchhoff stress (4.2.15) can be represented as

� = 2B e �
@~ 

@B e =
@̂ 
@h e (4.2.17)

From (4.2.13), and noting thatI : ~D
p

= tr
�

~D
p
�

= � _� p, the Clausius-Duhem inequality can be

expressed as

� : ~D
p

�
@~ 
@�p

_� p �
@~ 
@d

_d � 0 (4.2.18)

4.2.2 Helmholtz Free Energy

Assuming that the unit volume Helmholtz free energy for the partially damaged system can be

represented as a linear combination of the intact free energy and energy of a fully damaged state:

 ̂ (h e; � p; d) = (1 � d)  ̂ i (h e; � p) + d ̂ f (h e; � p) (4.2.19)

whered 2 [0; 1],  ̂ i , and ̂ f describe the unit volume free energy of the silica system in its intact

and fully fragmented states, respectively.

In view of Hencky hyper-elasticity, the free energy functions ̂ i and ̂ f are assumed to have

the following form:

 ̂ m (h e; � p) = � m (� e; � p) k(h e)0k2 + � m (� e; � p) (m 2 f 'i' ; 'f ' g) (4.2.20)

where� m and� m are functions characterizing the shear and volumetric behaviors of the system as

a function of elastic and plastic volumetric strains, respectively.(h e)0 denotes the deviatoric part

of the elastic Hencky strain, i.e:

(h e)0 = h e �
1
3

tr(h e)I (4.2.21)
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k(h e)0k denotes the Frobenius norm of the deviatoric part of elastic Hencky strain:

k(h e)0k =
p

(h e)0 : (h e)0 (4.2.22)

and� e is the elastic logarithmic volumetric strain given by

� e = � tr(h e) = � lnJ e (4.2.23)

In light of (4.2.17), the following expression for the Kirchhoff stress� holds:

� =
@̂ 
@h e = (1 � d)� i + d� f (4.2.24)

where

� m =
@̂ m

@h e (m 2 f 'i' ; 'f ' g) (4.2.25)

We further decompose the corresponding Kirchhoff stress tensors into the hydrostatic and devia-

toric parts:

Jpm = �
1
3

tr (� m ) =
@�m

@�e
k(h e)0k2 +

@� m

@�e
(4.2.26)

(� m )0 = 2� m (� e; � p) (h e)0 (4.2.27)

with pm = � 1
3 tr (� m ) = � 1

3 (� m ) =J denoting the pressure of the corresponding system.

4.2.3 Shear and Bulk Behavior

Let the unit volume free energy of the rested, intact system be zero and notice that the pressure

of the corresponding intact system evaluates to zero, from (4.2.26) we have:

� i j � e=0 =
@� i

@�e

�
�
�
� e=0

= 0 (4.2.28)
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For the fully damaged state, it is assumed the system would behave the same as the intact one under

elastic compressive hydrostatic loading. On the other hand, since the fragmented state cannot

sustain any tensile deformation yields

� f =

8
>><

>>:

0 � e < 0

� i � e � 0
=) � f = H (� e)� i (4.2.29)

where

H (x) =

8
>><

>>:

0 x < 0

1 x � 0
(4.2.30)

is the Heaviside function.

For the shear part,� i and� f , we assume that following multiplicative decomposition holds:

� i (� e; � p) = f (� e)� f (� e; � p) (4.2.31)

Wheref (� e) is an auxiliary function that characterizes the relationship between� i and� f . Given

that the fully damaged system cannot sustain any tensile strength, and under the hypothesis that

lim � e ! + 1 � i (� e; � p) = � m (� e; � p), we have:

f (� e) =

8
>><

>>:

0 � e < 0

1 � e ! + 1
(4.2.32)

Consider the simple case off (� e) = H (� e), the free energy function can thus be written in the

following functional form:

 ̂ (h e; � p; d) = (1 � H (� � e)d)
�
� i (� e; � p)k(h e)0k2 + � i (� e; � p)

�
(4.2.33)
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Inserting the above equation into the de�nition of Kirchhoff stress (4.2.17) yields

� =
@̂ 
@h e = (1 � H (� � e)d)

�
2� i (� e; � p)(h e)0 �

�
@�i

@�e
k(h e)0k2 +

@� i

@�e

�
I

�
(4.2.34)

The corresponding hydrostatic and deviatoric parts evaluate to

Jp = (1 � H (� � e)d)
�

@�i

@�e
k(h e)0k2 +

@� i

@�e

�
(4.2.35)

(� )0 = 2 (1 � H (� � e)d) � i (� e; � p)(h e)0 (4.2.36)

For hydrostatic compression cases, (4.2.35) reduces to

Jp =
@� i

@�e
(4.2.37)

Notice(� )0 = J (� )0, it can be inferred from (4.2.36) that

G(� e; �p )J = � i (4.2.38)

whereG is the shear modulus.

4.2.4 Elastic domain

The elastic domain can be adequately described by the critical state theory. In the absence of

damage, it's assumed that the elastic domain is de�ned as

�
q
qc

� 2

+
�

p � 1
2 (pc + pt )

1
2 (pc � pt )

� 2

� 1 (4.2.39)
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In the above inequality,q andp are the Mises effective shear stress and pressure, respectively:

q =

r
1
2

k(� )0k (4.2.40)

p = �
1
3

tr(� ) (4.2.41)

pt is the critical tensile pressure that the material can withstand;pc is the compressive yield pressure

andqc denotes the critical value of the Mises effective shear yield strength. It is assumed that in

the isothermal case,pc is governed by a consolidation relation of the following form:

pc = �pc(� p) (4.2.42)

and the critical state line characterized byqc has the following dependency:

qc = �qc

�
pi ; ~D

�
(4.2.43)

wherepi = 1
2(pc + pt ) and ~D is the rate of deformation tensor.

In the presence of damage, the elastic domain of the material is assumed to be

�
q

(1 � d)qc + dqf

� 2

+
�

p � 1
2 (pc + (1 � d)pt )

1
2 (pc � (1 � d)pt )

� 2

� 1 (4.2.44)

whereqf denotes the shear yield strength of the totally damaged material. The above form is

more revealing when substitutingd = 1 into the formulation, then inequality (4.2.44) reduces to:

�
q
qf

� 2

+
�

p � 1
2pc

1
2pc

� 2

� 1 (4.2.45)

A salient feature of above expression (4.2.45) is that the corresponding elliptic yield surface inter-

sects thep � q plane at the origin, suggesting the material cannot sustain any tensile stress. As

a result, (4.2.45) can be used to characterize the elastic domain of a granular material, which is
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suitable to describe the material behavior of the totally damaged glass.

A more detailed illustration of the damage-parameterized elastic domain is depicted in Figure

(4.2) along with that of the JH-2 model. The similarity between the two is noticeable.

Figure 4.2: Comparison of yield surface of JH-2 model(left) and coupled state-based plasticity
damage model(right)

4.2.5 Plastic Flow Rule and Damage Evolution

The elastic domain expressed in the inequality (4.2.44) can be written in the following equiva-

lent form:

�̂ (� ; � p; d) � q2 + ((1 � d)qc + dqf )2

 �
p � 1

2 (pc + (1 � d)pt )
1
2 (pc � (1 � d)pt )

� 2

� 1

!

= q2 + 4 ((1 � d)qc + dqf )2 (p � (1 � d)pt ) (p � pc)

(pc � (1 � d)pt )
2 � 0

(4.2.46)

where�̂ (� ; � p; d) denotes the yield function. Along with the above yield condition, the following

associated plastic �ow rule is adopted:

~D
p

= _

@̂� (� ; � p; d)

@�
= _


�
(� )0 �

4
3

((1 � d)qc + dqf )2 2p � (pc + (1 � d)pt )

(pc � (1 � d)pt )
2 I

�
(4.2.47)

�
~D

p
� 0

= _
 (� )0 (4.2.48)
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_� p = � tr
�

~D
p
�

= _
� (p; � p; d) (4.2.49)

with

� (p; � p; d) = 4 ((1 � d)qc + dqf )2 2p � (pc + (1 � d)pt )

(pc � (1 � d)pt )
2 (4.2.50)

where _
 is the plastic multiplier. The damage parameter d is assumed to be a measure of the

material's degradation resulting from two different mechanisms driven by the deviatoric plastic

deformation and the maximum tensile stress. The following formulation is employed to link the

two damaging mechanisms

d = 1 � (1 � dp)(1 � df ) (4.2.51)

For plastic damage evolutiondp, the damage evolution law is described as:

_dp =

8
>><

>>:

p
2
3 k( ~D

p)0
k

� p
f

d < 1

0 d = 1
(4.2.52)

where� p
f denotes the effective plastic strain, which can be written as a function of the pressure:

� p
f = �� p

f (p) (4.2.53)

For damage induced by tensile failure, the damage statedf is de�ned as:

df =

8
>>>>>><

>>>>>>:

0; � t
max < f s;

� t
max� f s

f p � f s
; f s � � t

max < f p;

1; � t
max � f p:

(4.2.54)

where� t
max denotes the maximum principal tensile stress attained throughout history,f s andf p

describe the onset and completion of the tensile damage, respectively. Throughout the present

work, it's assumedf s = 0:9 � f p
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Finally, the associated Karush-Kuhn-Tucker(KKT) conditions give:

�̂ (� ; � p; d) � 0; _
 � 0; _
 �̂ (� ; � p; d) = 0 (4.2.55)

4.3 Model Calibration Based on MD Data

4.3.1 Consolidation Relation

The consolidation relationpc(� p) describes maximum attained pressure as a function of plastic

volumetric deformation, it can be identi�ed from the cyclic loading test shown in Figure (3.7)

by acknowledging residual densi�cation as pure plastic volumetric deformation. Assuming the

following power-law for the consolidation relation [66]:

pc(� p) = p0 + A (exp(k� p) � 1) (4.3.1)

wherep0 denotes the onset of volumetric plastic deformation (densi�cation). We �t the consolida-

tion line based on MD data, the results are summarized in Table (4.1).

p0 (GPa) A (GPa) k (unitless)

7.30338044 9.44553732 4.75224165

Table 4.1: Consolidation relation parameters

The consolidation data as well as the �tted consolidation line are plotted in (4.3).
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Figure 4.3: Maximum attained pressure during loading as a function of logarithmic volumetric
strain

4.3.2 Elastic Responses

As mentioned in the previous section,� i (� e; � p) and � i (� e; � p) characterize the elastic re-

sponses (shear and bulk) of the intact system and can be parameterized based on data gathered

from previous MD simulations. Herein, two methods are employed in parameterizing the elastic

responses of the model: linear regression and arti�cial neural net. The accuracy of the regression

models is studied by employing the 5-fold cross-validation procedure, in which the original dataset

is randomly partitioned into 5 (roughly) equal-sized groups, and for each group, we take the se-

lected group as the test dataset while the remaining 4 groups as the training dataset. A regression

model (linear regression or ANN) is then trained on the training dataset and evaluated on the test

set. Here we use mean squared error (MSE) to evaluate the performance of the model de�ned by:

MSE(f̂ ) =
1
n

X

i

�
yi � f̂ (x i )

� 2
(4.3.2)
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wheref̂ denotes the trained regression model;x i andyi are the corresponding independent and

dependent variables for samplei ; andn is the total number of samples in the test dataset. The �nal

regression model is trained on the whole dataset and the estimated error of the regression model

(linear regression or ANN) is given by the average of the cross-validation (out-of-sample) MSEs.

Details of the training and evaluation of the two methods are summarized below.

Parameterization using polynomial regression

It is assumed the function� i (� e; � p) takes the following polynomial form:

� i (� e; � p) = A0(� p) + A1(� p)� e + A2(� p)� e2 (4.3.3)

where

A i (� p) = A i 0 + A i 1� p + A i 2� p2 + A i 3� p3 ( i = 0; 1; 2 ) (4.3.4)

andA ij are model parameters to be speci�ed.

Following the assumptions stated in (4.2.28), the function� i (� e; � p) is approximated as:

� i (� e; � p) =
B1(� p)

2
� e2 +

B2(� p)
3

� e3 +
B3(� p)

4
� e4 (4.3.5)

such that

Jp =
@� i (� e; � p)

@�e
= B1(� p)� e + B2(� p)� e2 + B3(� p)� e3 (4.3.6)

where

B i (� p) = B i 0 + B i 1� p + B i 2� p2 + B i 3� p3 ( i = 0; 1; 2 ) (4.3.7)

andB ij are model parameters.

Given that� i = GJ (G is the shear modulus) andJp = @� i (� e ;� p )
@�e , the instantaneous shear

modulusG, the total JacobianJ , pressurep as well as their corresponding� e, � p values read-

ily accessible from our MD database in section (3.3.2) and (3.3.3)), we can solve for the model
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parameterŝA ij andB̂ ij by minimizingL2-norm of the residual terms:

Â ij = arg min
A ij











GJ �

2X

i =0

 
3X

j =0

A ij (� p) j

!

(� e) i












2

(4.3.8)

B̂ ij = arg min
B ij











Jp �

2X

i =0

 
3X

j =0

B ij (� p) j

!

(� e) i












2

(4.3.9)

The minimization problems in (4.3.8) and (4.3.9) represent the generalized linear regression prob-

lems and can be solved with ease

The quality of the �t for the shear and bulk behavior is demonstrated in Figure (4.4) and Figure

(4.5), respectively. The resulting parametersÂ ij , B̂ ij of the shear and bulk models are summarized

in Table (4.2) and Table (4.3), respectively.

Â00 Â01 Â02 Â03

29.85 -45.22861593 397.29726482 -529.04822999

Â10 Â11 Â12 Â13

-70.80208598 482.7133639 -92.22520802 -2421.98089823

Â20 Â21 Â22 Â23

120.13192662 67.04966709 -5981.958835 17866.5140235

Table 4.2: Material parameters for shear behavior (GJ), unit in GP
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B̂10 B̂11 B̂12 B̂13

56.60444606 -364.27307119 1720.75846719 -1817.70208959

B̂20 B̂21 B̂22 B̂23

-198.05259056 2786.73610983 -12721.4365674 14065.20743152

B̂30 B̂31 B̂32 B̂33

210.04584379 -2935.9322371 11923.63577417 -2318.61448899

Table 4.3: Material parameters for bulk behavior (Jp), unit in GPa

Figure 4.4: Polynomial regression �t ofGJ as a function of� e based on MD data

66




	Title Page
	Table of Contents
	List of Tables
	List of Figures
	Acknowledgments
	Dedication
	Introduction
	Atomistically-informed Multiscale Modeling of the densification of silica glass
	Permeability of Multi-porosity Porous Medium
	Objectives
	Notation
	Einstein Summation
	Spatial Coordinates and Derivatives
	Special notations

	Thesis Outline

	Methods and Algorithms
	Peridynamics formulations
	Bond-based Peridynamics
	Peridynamic States
	State-based Peridynamics and Constitutive Correspondences

	Smoothed Particle Hydrodynamics(SPH)
	General Formulations
	Spatial Derivatives
	Navier-Stokes Equations
	Boundary Condition

	Numerical Algorithms
	Neighborhood List Construction
	Time Integration
	Time-stepping Criteria


	Molecular Dynamics Modeling and Simulation of the Silica Glass
	Computational Details
	The Atomistic RVE
	Molecular Dynamics Simulations
	Volumetric Densification
	Cyclic Loading
	Elastic Responses
	Coupled Compression-shear
	Strain Rate Effects


	Constitutive Modeling Based on MD Data
	Overview
	Constitutive Modeling
	Thermodynamic Framework
	Helmholtz Free Energy
	Shear and Bulk Behavior
	Elastic domain
	Plastic Flow Rule and Damage Evolution

	Model Calibration Based on MD Data
	Consolidation Relation
	Elastic Responses
	Critical State Line
	Other model parameters


	Numerical Simulation of Hypervelocity Impact on Glass
	Numerical Discretizations of Peridynamics
	Constituitive Update
	Plastic Flow Rule
	Damage Evolution Law
	Cauchy Stress Tensor
	Plastic Multiplier

	Contact algorithm
	Numerical Simulation of Hypervelocity Impact on Glass
	Experiment Setup
	Hypervelocity Impact Simulations
	Mesh Dependencies and the Weibull distribution


	Mathematical Upscaling of Fluid Flow in A Multi-porosity Porous Medium
	Multiple Scales and Asymptotic Expansions
	Darcy's Law
	Estimation of Higher Order Fields
	Upscaling the Brinkman's equation

	Numerical Modeling of Permeability of A Multi-porosity Porous Medium
	The MultiSPH Approach
	Micro SPH
	Meso SPH

	Microscale Unit Cell Problems
	Square-packed Filaments
	Hexagonal-packed Filaments

	Mesoscale Unit Cell Problem
	Permeability of the PET-61 Fabric
	Fluid-rigid Body Structure Interaction

	Conclusions and Future Works
	Summary of Results
	Future Work
	Fluid-structure interaction
	Extensions of the atomistically informed constitutive model


	References
	Tersoff Potential
	Artificial Viscosity for Peridynamics
	Properties and Derivations
	Properties of tensor KijZ
	Derivation of tensor LimkZ
	Derivation of tensors Bij and QinjkZ


