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Abstract

Webs and Foams of Simple Lie Algebras

Mrudul Madhav Thatte

In the first part of the dissertation, we construct two-dimensional TQFTs which categorify
the evaluations of circles in Kuperberg’s B, spider. We give a purely combinatorial evaluation
formula for these TQFTs and show that it is compatible with the trace map on the corresponding
commutative Frobenius algebras. Furthermore, we develop a theory of ®-foams and their combina-
torial evaluations to lift the ungraded evaluation of the 6-web, thus paving a way for categorifying
B, webs to B, foams.

In the second part of the dissertation, we study the calculus of unoriented sl3 webs and foams.
We focus on webs with a small number of boundary points. We obtain reducible collections and
consider bilinear forms on these collections given by pairings of webs. We give web categories
stable under the action of certain endofunctors and derive relations between compositions of these

endofunctors.
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Introduction

A combinatorial approach to link homology theories that categorify Reshetikhin-Turaev
SL(N) link invariants is based on the theory of SL(N) and GL(N) foams developed in [1] [2] for
N = 3 and by Robert and Wagner [3] for all N. In that approach one first evaluates closed foams
embedded in R? to elements of a ground commutative ring R and then uses the universal construc-
tion to build state spaces for planar trivalent graph (generic cross-sections of webs), spanned by
foams with the boundary isomorphic to that graph.

It’s an open problem to develop a theory of foams and their evaluations beyond the GL(N)
and SL(N) case, with an eye towards link homology, but it’s not even clear whether such a theory
exists. Kuperberg [4] has developed his theory of spiders for all rank two simple Lie algebras,
enumerated by the three root systems: A;, B, and G». It is natural to look at B, webs as the next
case beyond SL(N) and ask whether there exists a categorification of Kuperberg’s calculus for that
case.

In Section 1.1 we recall a suitably normalized Kuperberg’s calculus for B, webs. These are
planar trivalent graphs with edges of two types, corresponding to two fundamental representations
(spin and standard) of quantum $os, of dimensions four and five, respectively. These representa-
tions have quantum dimensions ¢g> + g + g~ ' + ¢ 2 and ¢° + g + 1 + g~ + g3, respectively. The
simplest B, webs are circles labelled by these representations, and these circles evaluate to the
corresponding quantum dimensions.

If a categorification of Kuperberg’s B; spider is possible, these circle evaluations should lift to

two-dimensional TQFTs corresponding to the unknotted cobordisms in R?x [0, 1] between disjoint



unions of these circles.

In Sections 1.3 and 1.5 we construct such two-dimensional TQFTs, one for each type of funda-
mental B; representation. The graded ranks of the corresponding commutative Frobenius algebras
(viewed as free modules over the ground ring) are the quantum dimensions of the fundamental
representations of quantum group U, (B>). The TQFTs provide one way of evaluating closed dec-
orated surfaces via the trace maps on Frobenius algebras. In Sections 1.4 and 1.6, we extend the
approach in [3] to develop a separate combinatorial evaluation formula for these TQFTSs based on
colorings of surfaces with the weights of the corresponding fundamental representations. An im-
portant property of our approach and these new TQFTs is the integrality of the evaluation over the

ground ring
1
R=2Z [E,EI’EZ,/l] ;deg(1) =0,deg(E;) = 1,deg(E;) = deg(d) =2,

which is a subring of

1
Z [E, ai, az,ﬁl,ﬁz] /((1’10’2 - ﬁlﬁZ)

containing A = @y = 152 and the symmetric polynomials in a1, a2, 81, 82 including

Ei=ai+az2+B1+ 02

Er = (a1 + a2)(B1 + B2) + a1z + 152

Unlike the GL(N) foam case, the ground ring is not a polynomial ring (the ring of symmetric
functions).

We show that the TQFT evaluation and the combinatorial evaluation agree for both represen-
tations. The resulting two TQFTs are the first step towards categorifying Kuperberg’s B, webs to
B, foams.

The smallest closed B, web which contains a trivalent vertex is the 8-web. It consists of two

edges labelled by the spin representation and one edge labelled by the standard representation. The



evaluation of this web at g = 1 is 20, and, therefore, it should lift to a 20-dimensional module over
the ground ring. We achieve this in Section 1.7 by constructing a combinatorial evaluation formula
for ®-foams and working over a slightly larger ground ring where some elements of R are inverted.
It is possible that the ®-foam evaluation in the present paper should be tweaked to make it integral
over R, and that’s an important immediate problem for further exploration.

In the second part of the thesis we investigate unoriented sl3 foam calculus considered in
[5]. In that calculus state spaces (I") are only understood for reducible planar trivalent graphs I'.
Consequently, basic questions such as lifting these spaces to a homology theory for embedded
graphs or the analogue of arc rings in this setup have not been solved.

In Section 2.1, we study reducible closed webs and develop algorithms (implemented in Math-
ematica) to compute evaluations of such webs. In Section 2.2, we introduce webs with a given
number n of boundary points. Coupling any two such webs results in a closed web. In Section
2.3, we restrict to a special type of webs with boundary, namely, forest-like webs. We recursively
construct collections of forests and explore their pairings.

In Section 2.4, we consider certain collections of reducible webs (primarily forests) with a
small number n of endpoints. The pairing of any two webs in such a collection is a reducible
closed web with a computable state space. We study bilinear forms on Z[g, ¢~']-modules spanned
by such reducible webs given by the graded rank of the state space.

Given n boundary points, webs with that boundary form a category where morphisms are foams
between the webs modulo universal relations. In Section 2.5, we look at that category for small
values of n and consider endofunctors on that category given by composing with elementary graphs
with 2n endpoints. Various relations on compositions of these endofunctors are derived and we find
categories of the foam category stable under the action by these functors. We also interpret some

fractional linear combinations of these functors via infinite complexes of basic functors.



Chapter 1: B,

1.1 Kuperberg’s spider

A closed web in Kuperberg’s B, spider is a trivalent graph in R?, possibly with vertex-less
circles. At each vertex, there are two single or thin edges and one double or thick edge. The
vertex-less circles can be either thin or thick. Closed B, webs can be evaluated by successive
application of the following local relations. The evaluation of a disjoint union of closed webs is
the product of individual evaluations. If I" is a closed B, web, then its evaluation (I")g is a Laurent

polynomial in Z[g, g~!] symmetric in g and g~!.

(thin circle) O =—(*+q+q ' +q?

(thick circle) @ =P +q+1+ql+q3

(loop) =<> =0

(thin bigon face) =—(g+2+q7")

(thin triangle face) /\ =0
Z7 N
(internal thick edge) I - > < o > <
TN



1.1.1 Rescaled relations

For a closed B, web I, define
() = (=H)M)k

where 7 is the number of disjoint thin circles obtained by removing all thick edges or circles of T".

Then (I") is an element of Z[q, g~'] symmetric in ¢ and ¢! and satisfies the following relations:

(thin circle) Q = +q+q ' +q7?

(thick circle) © =@ +qg+1+ql+q3

(loop) =<> =0

(thin bigon face) =(qg+2+q7")

(thin triangle face) /\ =0
27N
~_
(internal thick edge) I+ > < = +> <
PR

The benefit of rescaling is that we get rid of the negative signs in the local relations for thin circle

and bigon.

The new evaluation of the 8 web is:

<|D = q_4(q8 +2q" + 2q6 + 3q5 + 4q4 + 3q3 + 2q2 +2g+1)



1.1.2 More relations

(mixed bigon face) < =(*+q+1+q " +q7?)

(mixed triangle face) /A\ =—(qg+1+q7" )}\
N A )
(mixed square face 1) :g: = >—< +(q+2+q7") ~
SN
(mixed square face 2) =(qg+1+qg7" >=< + :I[
+(q2+q+1+q‘1+q‘2)> <

The positivity of coefficients on the right side of circles, bigons, and mixed square faces suggests

that we may be able to categorify at least a part of the B, calculus using just graded abelian groups,

rather than complexes of graded abelian groups.

Note that we do not have a local relation to reduce a thin square face. The thick edges are for
the five dimensional standard representation V of quantum sos. The web with a single thin square
face and 4 thick edges to the boundary, thick cup and cap, identity/rotated thick cup and cap form

the basis of webs in the B; spider with boundary VVVV, i.e., the invariant tensors in V¥4,



1.2 Ground ring

We will work over the following graded ground ring:
1
R=7Z lE,El,Ez,/l] ;deg(1) =0,deg(Ey) = 1,deg(E>) = deg(1) =2

which sits inside a larger ring

, 1 1 1
R =R|—, , =1 .
E{ E,—21 A
Here, E|, E», AE;, and A2 are meant to be the elementary symmetric polynomials in the colors of

A A
thin facets (analogues of short roots for B, or the weights of the spin representation) «, —, £, B
a

We may also think of the ground ring R as a subring of

[(araz — B1B2)

1
Z |:§a aq, a’2aﬁl’ﬁ2

containing symmetric polynomials and A = a3 = B15>.

1.3 Thin circle TQFT

Let A be the commutative Frobenius algebra generated over R by X and Y in degrees 1 and 3,

respectively, along with the following relations:

X?=E X - (E,-2)

Y2 =E X*(Y - EjQ)

Then A is a free graded R-module with homogeneous basis {1, X, Y, XY}. The graded rank of A
1s:

edtvge=e (0

The trace map €4 on A is given by 1, X,Y — 0 and XY +— 1.



Element Trace
1 0
X 0
X? 0
Y 0
XY 1
X%y E,|
XY E? - (Ey—22)
y? E}
XY? E\(E} - (E; - 22))
X%y* | E3(E? -2(E,-22))

Basis element Dual basis element
1 XY -E\Y+E{(E,-20)X
X Y - E2X + E\(E> - 22)
X - E;
XY 1

For any a € A, we have

a= Z €4 (dual basis element X @) - basis element



This corresponds to the surgery or neck-cutting formula for the thin annulus:

CACATH A
aYaYaye

BQ

- E? +E(E; - 22)

Bd

The surgery formula gives us the genus reduction relation:

5

—_ =
+

where

«=(2Y — E; X)(2X - E))

Definition 1.3.1. If S is a closed connected oriented thin surface of genus g, possibly with decora-

tions (elements of A), then the evaluation of S is given by:
g
(S), = €a (((ZY ~EX»)(2X - El)) (product of decoration on S))

In general, if S is a closed oriented thin surface, possibly with decorations, its evaluation is the

product of the evaluations of its connected components.'

"'We evaluate S by repeatedly applying the surgery formula and reducing the genus of S until we reach spheres. To
evaluate a thin sphere with dots, we multiply all dots and take the trace of the product. The evaluation of the disjoint
union of spheres is the product of individual evaluations.



The degree of such S is given by >
deg(S) = —2x(S) + deg(decorations on S).

Example 1 (Sphere). Let S% denote an undecorated thin sphere. The subscript “1" in the notation
represents thickness of the surface. The evaluation of S% is 0. This makes sense as the degree of

S% is —4 and A does not have any non-trivial elements of that degree.

The evaluation of a decorated thin sphere is the trace of the product of all dots on the sphere.

Let S f( fa) denote the thin sphere carrying the decoration f4 € A. Then

(S3(fa)) = ea(fa) € R.

In particular, the evaluation of a thin sphere with the decoration XY is 1 € R of degree 0. The

degree of a sphere with XY is —4 + deg(XY) = 0.

Example 2 (Torus). The evaluation of an undecorated thin torus (thin circle X § 1) is given by
€A ((2Y - E1X*)(2X - El)) = €4 (4XY + (R - linear combination of 1, X,Y)) = 4.

This is the rank of A over R, or equivalently, the evaluation of the thin circle at g = 1.

Lemma 1.3.2. If S is a closed oriented thin surface, possibly with decorations, then (S) 4 a homo-

geneous element of R of degree deg(S).

Proof. The evaluation of § is the trace of an element of degree deg(S) in A and €4 is a degree-

preserving map. m|

2The degree of an undecorated thin surface S is —2y(S). Multiplication by X increases the degree by 1. Multipli-
cation by Y increases the degree by 3.

10



1.4 Closed formula for thin foams

A thin foam F is a disjoint union of closed connected oriented thin surfaces (facets), possibly
with decorations. There are two types of decorations: degree 1 dot X and degree 3 dot Y. We define

the degree of a foam as:

deg(F) = —2x(F) + Z deg(dots)

An admissible coloring ¢ of F is a map from the set of connected components of F' to the set of
thin colors {a, A/, 8, 1/B}. These colors are the analogues of the short roots in the B, system or

the weights of the spin representation. We order them as follows:

a>p>

A
> —.
a

™~

For any thin color a, let F,(c) denote the union of all facets of color a. Let y,(F, ¢) be the Euler
characteristic of F,(c). For a pair of thin colors a; > a», let F,;, 4,(c) denote the union of all facets
of color a; or az. Let x,, 4,(F, c) be the Euler characteristic of F,, 4,(c). Note that all x,(F,c)
and y,,.4,(F, c) are always even. We may drop F and/or ¢ from the notation when it’s clear which

foam/coloring we are talking about.

Define

S(F,0) = 5 (k) + X110 0)

1 #X-dots on F,(c) #Y-dots on F,(c)
P(F,C): (g+—) ( (a+a'))
thin color a a thin color a’#a
1\ Jre(Fo/2
Qi(F,0)= |] [El (1+_2)
thin color a a
0,(F,c) = —[ (a) — ag)¥araF:0/2

thin colors a;>a;

Q(F,C) = QI(F’C)QZ(F’C)

11



Then define foam evaluation by:

(F,c) = (_I)S(F’C)M

Q(F,c)
(Fy=" > (F.0)
admissible ¢
We simplify (F) by using
A

A
Er=a+—+p+—

@

A A
Ey=la+—||B+=]|+24

@ B

Example 3 (Thin sphere). There are four admissible colorings - one for each thin color. When
the thin sphere S = S% is colored with a, the monochromatic surface S, is a sphere with Euler
characteristic 2. The remaining monochromatic surfaces are empty. The only non-empty bichro-
matic surfaces are S, 1/q,Sa,8, Sa,1/8 and they are all spheres. The other colorings create similar

surfaces. The colorings A/« and 8 contribute a minus sign.

(1) = : - :
Bla+d)@-p)(a-4)(e-4) frle+d)(B-4)(4-2)(@-4)
1 1

FBrg)@-p-2(s-3) f(e+5)(e-5)(
=0

The terms above correspond to the colorings @, 1/a, 3, 1/, respectively. The evaluations at the
first two colorings cancel each other, as do the evaluations at the last two colorings. For the same
reason,

(83(X)) =0.

12



Also,

oy - bl il
Fa-plo-g)e- HE-H(-1)e-
prd (o) ()
Fom-s3) B3] 2 )
:(a+§—,8—%)(01—4)_(a/+§—ﬁ—%)(af—§)
_ B . B
(eri-p=i)le-i) (eri-p-i)le-1)
=0

and similarly

) a(a+2) g (+3)
1( )) = B
O s )-8 fortp3)e- 2
+4) el )

In conclusion,

<> =0=ea(l), <> = 0= ea(X), <> =0=ea(Y),
<> = 1 = ea(XY).

Example 4 (Thin torus). If F is an undecorated thin torus, then F' has four admissible colorings.

For each such coloring c, the evaluation (F, ¢) is 1 owing to the fact that y (F) = 0. Then (F) = 4.

13



Lemma 1.4.1 (Dot-reduction). The evaluation {-) satisfies the following local relations:

X2 |=E| X |-(Ex2-22)

Y2 |=El| x%y |-E{] x2

These are the defining relations of A.

Proof. The foams differ only in their dot distribution and there is a canonical one-to-one correspon-

dence between their admissible colorings. We prove the first relation by factoring it as follows:

(bl e

Observe that if the facet is colored a or A/, then the first factor is zero. Likewise, if the facet is

I
]

colored B or A/, then the second factor is zero.

To prove the second relation, we check that the following holds for every thin color a:

[ | <+'>2=E(+4)2[( [ @+a)
a+a 1aa a+a

thin color a’#a thin color a’#a

- Ed

using

1—[ (a+a’) = (a+/—l) (Eqa).
a

thin color a’#a

Corollary 1.4.2. If S is a thin sphere, possibly with decorations, then its evaluation (S) defined

via the closed formula matches the evaluation (S) 4 defined using the trace map on A.

14



Lemma 1.4.3 (Neck-cutting). The evaluation (-) satisfies the following local identity:

CACATH A
Jay Yy

BQ

— E?

B

+E1(E2 2/1)(

Proof. The foams on the right side differ only in their dot distributions and there is a canonical
one-to-one correspondence between their admissible colorings. Let ¢, 4, be a coloring where the
cup and cap on the right side have the colors a; and a; respectively. The sum of the evaluations at

Ca,1/e ON the right side of the equation is a multiple of
3 2 2
A A A A
2E, (a+—) - E} (a+—) - E} (a+—) +2E(E; —22) (a/+—)
o' a a a

2
:2E1(a+£) (a+£) —El(a+£)+(E2—2/l))
a o’ 0%

=0

Similar computations hold for other ¢, 1/,. The sum of the evaluations at ¢, g on the right side of

the equation is a multiple of

A A
Ey (“E*“E)

oo

—Ez(a+ )(ﬁ+’8)+Ef(E2—2A)

et

=0

Similar computations hold for other c,, 4, where a> # a;, 1/a;.

15



None of the colorings described so far correspond to any colorings of the foam on the left. All
remaining admissible colorings of the foam on the right (where cup and cap have the same color a)

are in a one-to-one correspondence with the admissible colorings on the left. For any such coloring

Cq, the sum of the evaluations on the right is given by

g Pl
+2E1(Ey —22) (a + —)
a

2
A A A
4E, (a/+—) a—2E%(a+—)a—E%(a+—)
a a a

DA

Note that

2 2
A A A

4FE, (a+—) a—2E12(a+—)a—Ef(a/+—)
a a

A
+ 2E1(E2 - 2/1) (a/ + —)
a a

=FE 04+i -4(a/+£)a/—2E1af—E1(a+£)+2(a+£)(ﬁ+i)
al | (07 a a B
=E cx+i Za(a/+£—,8—£)—(a+i)(a/+£—,8—i)]
al | a B a

A A A A
=E||la+— a+——ﬁ——)(a——)
a

= Denominator of the evaluation of the dotless sphere at the color «

This means that the sum of the evaluations on the right matches the evaluation on the left as y,
on the right is 2 more than that on the left. Similar calculations hold for the colorings ¢,-1, cg and

Cﬁ—l . O
Lemma 1.4.4. The evaluation {-) is multiplicative with respect to the disjoint union of thin foams.

Proof. If F| and F, are two thin foams, then there is a bijection between the set of admissible
colorings of Fi [| F> and the set of pairs (c1, c2) where each ¢; is an admissible coloring of F;. It

is easy to check that

<F1 UFz, (61,62)> = (F1,c1) (F2,¢2)

16



holds for all admissible colorings and therefore

(A ]F2) = ki) o).

Theorem 1.4.5. Let F be a thin foam. Then (F) = (F) 4 and this evaluation is a homogeneous

element of R of degree deg(F). O

For undecorated thin foams F with boundary (disjoint union of thin circles),
deg(F) = =2x(F).

The degree of a dotless cup is —2. Cups with no dots, X,Y, XY form the basis for the homology
of the thin circle. These are foams of degrees —2, -1, 1,2. As desired, we have a graded abelian

group of graded rank ¢> + g + ¢~' + ¢~ associated with the thin circle.

1.5 Thick circle TQFT

Let B be the commutative Frobenius algebra generated over R by X’ and Y’ in degrees 2 and 3,

respectively, along with the following relations:

XY = E; X? -y’

2Y"% = X? + (2E} — E» - )X? = 3E\ Y + (2 + B2 )X = 2°
These generators also satisfy:

X" = B2 X7 - EJAX? +22E Y - E2 X+ 2°

17



Then B is a free graded R-module with homogeneous basis {1, X", Y’, X 2. X ’3}. The graded rank

q6+q4+q3+q2+1:q3.<®>

of B is

The trace map €p on B is given by 1, X', Y’, X? - 0and X7 — 1.

Basis element Dual basis element
1 X7 — E)X? +21E Y — E3AX' + Ex A
X’ X" -2E\Y' + (2E} - E))X' - EiA
Y’ 2Y’ —2E X’ +2AE;
X2 X -E,
X" 1

For any b € B, we have
b= Z eg(dual basis element X b) - basis element

This corresponds to the surgery or neck-cutting formula for the thick annulus:

+20E; + +(2Ef—Ez)—Efﬁ +

18



The surgery formula gives us the genus reduction relation:

where

0=5X" - (4Ey + )X? +SE\AY + A(Ey + A = 2ED X + E22 = 2.

Definition 1.5.1. If S is a closed connected oriented thick surface of genus g, possibly with deco-

rations (elements of B), then the evaluation of S is given by:

8
(S)p = EB( (5X,3 - (4E, + /l)X'2 +5E Y + A(Ex + A — 2E12)X' + E2/12 _ /13)

X (product of decoration on S ))

In general, if S is a closed oriented thick surface, possibly with decorations, its evaluation is the

product of the evaluations of its connected components.

The degree of such S is given by >
deg(S) = -3 x(S) + deg(decorations on S).

Example S (Sphere). Let S% denote an undecorated thick sphere. The subscript “2" in the notation

represents thickness of the surface. Note that
(83)=0.

This makes sense as deg (S%) = —6 and B does not have any non-trivial elements of that degree.

3The degree of an undecorated thick surface S is =3y (S). Multiplication by X’ increases the degree by 2. Multi-
plication by Y’ increases the degree by 3.

19



The evaluation of a decorated thick sphere is the trace of the product of all dots on the sphere.

Let S%( fB) denote the thick sphere carrying the decoration fp € B. Then

(S2(f5)) = es(f5) € R.

In particular, the evaluation of a thick sphere with the decoration X’ is 1 € R of degree 0. The

degree of a sphere with X" is —6 + deg(X"?) = 0.

Example 6 (Torus). The evaluation of an undecorated thick torus (thick circle x S') is given by
5 (SX = (4B> + DX + SELAY' + A(E + A= 2EDX + E20% = 1) =5,

This is the rank of B over R, or equivalently, the evaluation of the thick circle at ¢ = 1.

Lemma 1.5.2. If S is a closed oriented thin surface, possibly with decorations, then (S) 4 a homo-

geneous element of R of degree deg(S). O

1.6 Closed formula for thick foams

A thick foam F is a disjoint union of closed connected oriented thick surfaces (facets), possibly
with decorations. There are two types of decorations: degree 2 dot X’ and degree 3 dot Y’'. We

define the degree of a foam as:

deg(F) = -3y (F) + Z deg(dots)

An admissible coloring ¢ of F is a map from the set of connected components of F' to the set of

A A2
thick colors {af, =, B—, —, 1}. These colors are the analogues of long roots and 0 in the B;
a

B af

system, i.e., the weights of the standard representation.

20



For any thick color b, let Fj,(c) denote the union of all facets of color b. Let y,(F,c) be the
Euler characteristic of Fj,(c). For a pair of thin colors a; > a», let F,, 4,(c) denote the union of all
thick facets of colors other than aja; and 12/ (aja,). Let x4, .q,(F, c) be the Euler characteristic of
F4,.4,(c). Note that all y;(F, c) and x4, 4,(F, c) are always even. We may drop F and/or ¢ from

the notation when it’s clear which foam/coloring we are talking about.

Define

SCF,0) = 5 (Yaagp(©) + Xagra(©))

#X’-dot #Y’-dots on Fy(c) ,
P(F,c) = l_[ pon Fb(()cs) (%) ((ay + az)ajay)™ -dotson Flajay)(c)
color b arefo. 1)
) are{p. i}
VaFor
Q1(F,c) = —) pXv(Fe)/2
2 thick color b#A4

O:(F,0)= || (a1 -ayraaor

thin colors a;>ay

Q(F,c) = Qi(F,c)Q2(F,c)

Then define foam evaluation by:

s(F,c) P(F,c)
Q(F,c)

(Fy=" >, (F.0

admissible ¢

(F.e)= (1)

It is clear, from the definition, that the evaluation of a disjoint union of thick foams is the product

of the individual evaluations.
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We simplify (F) by using

A A
Eir=a+—+p+—
a

B
E, = (a+£) (,8+&)+2/1
@ B

Example 7 (Thick sphere). There are five admissible colorings - one for each thick color. When
the thick sphere § is colored with @/, the monochromatic surface S, is a sphere with Euler charac-

teristic 2. The remaining monochromatic surfaces are empty. The only non-empty polychromatic

surfaces are

and they are all spheres. The other colorings create similar surfaces. The colorings Aa /S and A8/«

contribute a minus sign.

(3) = 1 : !
wBlo-2) (5 2)(e-2)(B-2) 2 (@-2)(s-2) (a-2) (- 2)
1 1
Sla-D(E-3)@-pi-4) Ll-H(E-3)@-p(i-3
1
sa=pfa-g) -4 (3-3)

The terms above correspond to the colorings af, % %", % A, respectively. The sum of the first

four terms can be written with the common denominator of

Pzl etz (-3
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and the following numerator:

o) (5=3)- (52 ) (=5 3]

:(aﬁ+/l—2) (ﬂ—a+@—2/l)—(ﬂ—a+/£) (a,B+/1—2—2/1)
a B a B

This shows that the undecorated thick sphere evaluates to 0. Similar computations show that a

thick sphere with the decoration X’ or X’? also evaluates to zero.

Next, we consider a thick sphere with the decoration Y’ :

>y a+p . A
P P Y P Ty PRI Y PR
_ T+ _ pti
@=Dp=3)@-p-3) @-l-g)e-n-2)
E;
+<a—ﬁ>(a—§)(ﬁ—§ (%—é)
 Ble-p(E-g)-fe-g) -2 E
=B (e-p)e-ple-3) -2 (-2 @-ple-g)e-b(E-3)
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Finally, we evaluate a thick sphere with the decoration X" :

8]

—_—
&
~—

(-4 (B-4)(e-3)B-2) (-4 (8-4)(e-3)B-2)
(%) ) ()
@24 @-n(3-2) e-Blo-g)e-n(3-3)

222
(@-p) (o~ 2) (B-2) (- 2)
[(aﬁ)2+ (%)2] (%’ + 2 —2/1) - [(%)2 + (%)2] (aﬁ+ L 2/1)
(@-2)(s-4)@-p(a-4)(B-2)(3-4)
242
(@-p)(a-2)B-2)(4-2)
(aﬁ+ﬂ—a—%—%)[(aﬂ+§—;)(%’+%)—2&(aﬂ+%+%+w)+2ﬂ]
(@-2)(s-4)@-p(a-4)(B-2)(3-4)
242
(@-p)(a-2)B-2)(4-2)
(aﬁ+%)(%+%)—2&(aﬁ+%+%+%)+4ﬂz
(@-p) (o~ 1) (B-2) (3 -2)
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In conclusion,

<>=0=€B(1), <>=0=€B(X'), <>=0=63(Y'),

\_/ \X_/ \/

<> =0 = ep(X"?), <> =1=ez(X"?).

\&2/ &2/

Example 8 (Thick torus). An undecorated thick torus has five admissible colorings and each con-

tributes 1 to the evaluation. As such, the undecorated torus evaluates to 5.

Lemma 1.6.1. The evaluation {-) satisfies the following local relations:

XY |[=Ei x? |- YV

w2 = x3 |+ QEI-Ex-2)| x2 |-3E1| v [+ +E)| x [-2°

These are the defining relations of B.

Proof. The foams differ only in their dot distribution and there is a canonical one-to-one corre-
spondence between their admissible colorings. We prove the relations by checking that they hold

at each coloring.

Let’s consider the first relation. If the facet is colored a3, then the contribution of the decora-

tions on the left is:

(@B 4 ) = @ - (B = % = Z) = Er(ap? - Aap)(a 4 ),

which matches the contribution of the decorations on the right. Similar computations can be done

. 2 . . . .
for the colorings i—ﬂ, %‘", % If the facet is colored A, the decorations on both sides contribute

A’E; 2.
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Now we consider the second relation. If the facet is colored af, then the contribution of the

decorations on the right is:

(@)’ + (RE? — E2 — ) (aB)? - 3E1A(af) (@ + B) + (1> + E2) (af) — 2°

oot s-an fo2) L2 L
—(apB)? :El (2(a +B) - g - %) - (E2 —ap - i_;) (1 - aiﬁ)]
~ap s 92 (14 35) (2= ) (5 + L) [1- |
=(ap)’(a+p) (1 + ;—ﬂ) (2 - of_ﬁ) ) cj_ﬁ (1 ) cj_ﬁ)]

=2(ap)*(a +p)°

which is also the contribution of the left. Similar computations can be done for the colorings

A2 o B

B B If the facet is colored 4, then the contribution of the decorations on the right

1

E
B+ QE}-Ey— ) - 3151/127 + (PP +E )=

matches the left-hand contribution £ 12/12 /2.

Corollary 1.6.2. If S is a thick sphere, possibly with decorations, then its evaluation (S) defined

via the closed formula matches the evaluation {S) g defined using the trace map on B.
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Lemma 1.6.3 (Neck-cutting). The evaluation (-) satisfies the following local identity:

‘ ‘

Proof. The foams on the right side differ only in their dot distributions and there is a canonical
one-to-one correspondence between their admissible colorings. Let ¢j, 5, be a coloring where the
cup and cap on the right side have the colors b and b, respectively. The sum of the evaluations at

cap,1 on the right side of the equation is a multiple of

D (aBY A% + Evdap(a +B) - ExAaB(Er +2a +2p) — Ex (B + A%)
i=0

+AE;2aB(a + ) + AE)) + (2E} — E)daf — EA(af + Q) + ExA°
3
= Z(aﬁ)iﬂé—" + EydaB(a + B) — Era?B* — Exdaf
i=0
= (aB+ 1) (a2ﬁ2 + 22+ A(a+ B - Eza/,B)

=0

Similar computations hold for other ¢, 3 and all ¢, , with b # A.
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The sum of the evaluations at ¢,z 12/(45) On the right side of the equation is a multiple of
2 A4 2 A A 2.2
(aﬁ+a—ﬁ)(a,8 + 2ﬁ2)+2/1 (0/+:3)(;+E)—2E1/1 (aﬂ +——

aﬁ(a+ﬁ)+ﬂ—2(£+i)
af\a B

/12
:(04,8+@—E2) a,B +

A
2ﬁ2
2

|
+2E] +(2E? - Ex)A* - Eid (aﬁ + _ﬁ) + Ex2?
a

@B B

:—(a/+,8)(g+ (aﬁ + /l; —2/12)+E1(/1 é)(aﬁ—ﬂ)(aﬁ—i—;)

B
2
:—(a/+,8)(g+% (aﬁ—%) +(a+ﬁ)(§ /l)(1+—)(a/,8 ﬂ)(aﬁ—%)

B
=0

Similar computations hold for other ¢, ;2/, with b # A.

The sum of the evaluations at c,g 1/ On the right side of the equation is a multiple of

2.2
(a/,8+%—E2)(aﬁ +’lﬁ )+2/la/2(a/+ﬁ)(a/+g) 2E1/1a2(2a+,8+%)
+21E @ (ﬁ(a +B) + 4 (a + %)) + (2E} - Ep)da* - Ef e (B + ,%) + Ep?
2.2

B
- (aﬁ + %“ _E, (a2ﬁ2 + Aﬁ—‘;) _2E1a? (El - i)

[0

P! A A
+21E (,8 + E) Ei - —) ~42%E1a + (2E} - Ex) Ao’ - Eida (,B + E) + ExA?
a

4 2
)+2/12(a+ﬁ) (£+£)+/1E1 (a/+,8—£—£) (cxﬁ—/l—
a p a af

Aa 5 5 A%a? A 24 ) ) 5
= aﬁ+?—E2 aﬁ +? + AF |« ﬁ+E E - — -2 Eia— Exda™ + ExA
a

2 2
(cx,B+/l—a—E2 ﬂEl)(azﬂz+ﬂ )+1E1a(ﬁ+/1)(a—i)—Ezm(a—i)
B 04 B a

B? a
22 Pl A
[ 55) - (5 ) ] (o )

= -Aa

=0

Similar computations hold for other ¢, ,, where b; # A and by # by, A2 /by.
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None of the colorings described so far correspond to any colorings of the foam on the left. All
remaining admissible colorings of the foam on the right (where cup and cap have the same color b)

are in a one-to-one correspondence with the admissible colorings on the left. For any such coloring

4(aB)* +2(ap)*(a +B)* — 4E1(af)*(a + B) — 2E2(ap)?

+4AE1af(a + B) + (2E? — Ey)(af)? — 2Efdaf + E2A°

Cap, the sum of the evaluations on the right is given by < times the following:

=2(af)*(a* + B> +4af - Ez) — (af — D) (4EjafB(a + B) — 2E?af + E2(1 + af))
= (aB - 1) [2aﬁ (a2 + B2 4308+ /l) —4E\aB(a + ) + 2E%af — Ey(1+ af)

a2y
= (af - 1) [(2&,8 - Ex)(aB+ 1) +2ap (a + E)

2
= (af - 1)* [m,g —E)+21+ Zi]
ap

a2

= Denominator of the evaluation of the dotless sphere at the color af3

This means that the sum of the evaluations on the right matches the evaluation on the left as y,p

on the right is 2 more than that on the left. Similar calculations hold for the colorings ¢, with b # A.

Finally, for any coloring c,, the sum of the evaluations on the right is given by < times

A
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the following:

1
4° + 512512 —2E3A? = 2E0A% + 22E] + (2E} — Ep)A* = 2ET A% + Ex A7

- %2 (£ - 4(B2 - 20))

A2 A A,
~lera-s-)

= Denominator of the evaluation of the dotless sphere at the color 4

Lemma 1.6.4. The evaluation {-) is multiplicative with respect to the disjoint union of thick foams.
Proof. Similar to the proof of multiplicativity of the evaluation of thin foams. O

Theorem 1.6.5. Let F be a thick foam. Then (F) = (F)g and this evaluation is a homogeneous

element of R of degree deg(F). O

For undecorated thick foams F with boundary (disjoint union of thick circles),
deg(F) = =3x(F).

The degree of a dotless cup is —3. Cups with no dots, X', Y, X 2. X”3 form the basis for the homol-
ogy of the thick circle. These are foams of degrees —3, —1,0, 1,3. As desired, we have a graded

abelian group of graded rank ¢> + g + 1 + ¢~! + g2 associated with the thick circle.
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1.7 Evaluating ®-foams

A ®-foam has two thin discs and one thick disc attached to an oriented singular circle.

The cyclic ordering (thick, thin;, thiny) of the three facets determined by the orientation of the
singular circle via the right hand rule is a part of the data of the foam. The thin facets may have
two types of decorations: degree 1 dot X and degree 3 dot Y. To differentiate between decorations
on different facets, we add a subscript to the dots. For example, a type X dot on the first thin facet
in the cycle ordering is denoted by X;. The thick facet of the ®-foam may have have two types of

decorations: degree 2 dot X’ and degree 3 dot Y’.

Example 9.

O(X'XIX,Ys) =

The cyclic ordering of the facets is

(middle thick facet, top thin facet, bottom thin facet).

This foam carries the following decorations:

e one X’ dot on its (middle) thick facet

* two X dots on the first (top) thin facet

e one X dot and one Y dot on the second (bottom) thin facet
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Definition 1.7.1. An admissible coloring ¢ = (co, c1, c2) of ® assigns a thick color cg to the thick
disc, and thin colors ci,cy to the first and second thin discs respectively such that one of the

following compatibility conditions is satisfied:
o The color of the thick disc is the product of the colors of thin discs: cy = cica or
» The product of the three colors cocicy is A2,

Each O-foam has 20 admissible colorings.

We call the singular circle of a colored ©® foam positive if ¢; > ¢, and negative if c; < ¢3

according to the usual ordering of the thing colors:

A
> —.
a

a>p>

=~

Definition 1.7.2 (Polychromatic surfaces). Let ¢ be an admissible coloring of a foam F. For any
pair of distinct thin colors ay > ay, let F,, 4,(c) denote the union of all thin facets colored a; or a,
and all thick facets not colored aja, and A%/ (a1ay). Let x4, q,(F, c) be the Euler characteristic of
F4,.4,(c). Note that all if F is a ®-foam, then each F,, 4,(c) is either a sphere (both thin discs or

one of the thin discs with the thick disc) or empty.

Example 10. Consider the coloring (a8, @, ).

The singular circle is positive (@ > £) and the polychromatic surfaces are as follows:
* F, pis a thin sphere.

* Fy /0 and F, ;5 are both the sphere consisting of the top thin disc and the thick disc.
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* Fg /o and Fg /g are both the sphere consisting of the bottom thin disc and the thick disc.

* F)q,0p is empty as the thin colors A/a, A/B are absent and the thick color is A2 over the

product of 1/« and A/p.

Example 11. Consider the coloring (1, 1/8, B).

The singular circle is negative (1/8 < ) and the polychromatic surfaces are as follows:

Fg /s 18 a thin sphere.

Fo p and Fg ,/, are both the sphere consisting of the bottom thin disc and the thick disc.

Fo /5 and Fy g /o are both the sphere consisting of the top thin disc and the thick disc.

* Fy 2/ is empty as the thin colors @, A/a are absent and the thick color is their product.

Definition 1.7.3 (Closed formula). Let F be a (possibly decorated) ®-foam. Define

s1(F,c) = the number of discs colored Aa /B or AB/a (either 1 or 0)
s2(F, c) = the number of negative singular circles (either 1 or 0)

s(F,c)=s1(F,c)+sy(F,c).
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Recall the contributions of thin and thick decorations:

)#Y—dots on Fy(c)

#X-dots on F,(c)
Pi(F,c) = n (a+§) ( n (a+a’)

thin color a thin color a’ #a

Py(F,c) = 1—[ p on Fp(c) #Y'-dots on F(q, ay)(¢)
thick
color b

#X -dots Eil #Y’-dots on F(c)
(—1) ((a1 +az)aaz)

ale{(l,ﬁ}
aze{ﬂ,é}

and define the total contribution of dots:
P(F,c) = Pi(F,c)P2(F,c).

Define the contribution of colored surfaces:

po(Fie) /2

/l )X/](F,C)/z
thick color b#1

F.o)=|Z

Q1(F,c) (2

Ox(F,c) = n (a; - az)Xalyaz(F’C)/z
thin colors ay>a»

Q(F,C) = QI(F’C)QZ(F’C)'

Then define foam evaluation by:

P(F,c)
(Foc = (-1p o =2
O(F,c)
(Fy=" ), (F.0
admissible c
We simplify (F) by using
Ei=a+ i +8+ A
@ B

A A
E, = (a+a) (,8+IE)+2/1
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Example 12. Consider F = O(Y'Y 12X2) at the coloring ¢ = (da/B, B, /@) with a positive singular

circle.

Then

s1(F,c)=1,50(F,c) =0 = s(F,c)=1.

The contribution of the thin decorations is

) P A 2\
Pi(F,c) = X(A/a)Y~(B) = (CH' ;) (a+p) (,3+ 5) (,3+ E)
The contribution of the thick decorations is
Py(F,c) =Y (1a/B) = %y (a + g) :

The colored surfaces contribute:

Q](F’C):%

oisr=(o-2)p- e~ 3

Overall:

Lemma 1.7.4. The evaluation {-) of decorated ®-foams satisfies the local dot-reduction relations

for thin and thick surfaces.

Proof. Same as before. |
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The evaluation of ®-foams satisfies the defining relations of algebras A and B. This allows us

to interpret the decorations on a ®-foam as elements of B g A ®g A or its suitable quotient.

Theorem 1.7.5 (Dot-reduction around a singular edge). The evaluation (-) satisfies the following

local relations on decorated singular edges:

* (degree 3 dots)
(X/ - /1)(X1 + X5 — El) =0or

X — AN X - AL = Ei| X' - A4 P

* (degree 4 dots)

(X' =) (X1 X2 - (E2-24)) =0,
(Y/—%) (X1+X2—E1) =0,

(Y1 +Y2) (X1 + X2 — E1) = E{ X1 X2 — E1(E2 = 20)(X) + Xa),
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* (degree 6 dots)

A1’E
X3 = (Ey —)X? - AE)Y + A(E, - DX + 22X, X5 — TI(XI +X7)
A2 (ET = 2E, +24)
2 b
(Ey -20)E}  E}
— X"+ —=Y1 X2 + X1 Y-
71 > Y1 X2 + X 12)

Y1V, = -

+ R’-linear combination of dots of degrees up to 3,

E?-2F,

Y'Y, = ———~_X’'X,Y, + R’-linear combination of dots of degrees up to0 5,
2(E; —22)
E} -2E,

Y'Y, X'Y1X5 + R’-linear combination of dots of degrees up to 5,

= 2(E, - 20)

* (degree 7 dots)

E\(E} - 2E))

X%y = -
! 2(Es — 2)

X' XoY, + R'-linear combination of dots of degrees up to 5,

E\(E} - 2E»)

XY, =
2 2(E5 - 22)

X'X1Y, + R’-linear combination of dots of degrees up to 5.

All relations are homogeneous and all coefficients are in the ring

1 1
R =Z|= Ef', By, ——— A%
TP E -2
Proof. The foams differ only in their dot distribution and there is a canonical one-to-one correspon-
dence between their admissible colorings. For each relation, we verify that for every admissible

local coloring around the singule edge, the contribution (to the evaluation at that coloring) of the

decorations on the left side matches that on the right side. This is done using Mathematica. O
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Corollary 1.7.6. Every decorated singular edge can be written as a R’-linear combination of

singular edges with the following 20 decorations:
(degree 0) 1,
(degree 1) X1, X2,
(degree 2) X1X5, X',
(degree 3) X'X1,Y’,Y1,Ya,
(degree 4) Y' X1, X1Y1, X1Y2, XoY1, X2,
(degree 5) XY X2, XX\, X'Y1, X'Ys,
(degree 6) X'X Y, X'X1Y,.

Proof. Note that decorations around a singular edge are monomials in X’,Y’, X1, Y], X5, and Y.
We analyze monomials by degree and show that every monomial can be written as a R’-linear

combination of the 20 monomials in the statement of the corollary by using various local relations.
(degree 0) 1 is the only monomial here.
(degree 1) X, X, are the only monomials here.

(degree 2) We have X l.2 = E1X; — (E> — 24). Going forward, we will ignore monomials with

higher powers of X;. The remaining degree-2 monomials are X; X, and X’.

(degree 3) We know that X’X, can be written as a R’-linear combination of X’X; and lower

degree monomials.

(degree 4) * Y’X, can be written as a R’-linear combination of Y’X; and lower degree

monomials.

* X’XX> is a R’-linear combination of lower degree monomials.
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(degree 5) J

(degree 6) J

X>Y, can be written as a R’-linear combination of XY, X 1Y>, X»Y; and lower

degree monomials.

X"?X, is a R’-linear combination of lower degree elements. (Rewrite X’X»
and then X’ X X>.)

We have X'V’ = E; X"? - AY".

X1Y>X; is a R’-linear combination of X;Y;X, and lower degree elements.

(Rewrite Y2 X5.)

Y’ X1 X, is a R’-linear combination of lower degree elements. (Rewrite Y’'X,
and then X 12.)

X3, Y"? and Y;Y; are R’-linear combinations of lower degree elements.

Y’Y; is a R’-linear combination of X’X;Y, and lower degree elements.

X'Y1X, and therefore Y'Y, is a R’-linear combination of X’X Y] and lower

degree elements. This also holds for X’ X,Y,. (Rewrite X’X>.)

Monomials of degree higher than 6 are R’-linear combinations of monomials of degrees up to

6.

O

Theorem 1.7.7. Foam evaluation gives a non-degenerate bilinear form on the set of 20 half-©-

foams carrying the decorations described in the previous corollary.

Proof. We verity, using Mathematica, that the rank of the matrix of this bilinear form is 20. O

Theorem 1.7.8. The evaluation of every decorated ®-foam is an element of R’.

Proof. We verify this for the decorations in the above corollary. m|
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Chapter 2: Unoriented sl3

2.1 Evaluating closed webs

Definition 2.1.1. A closed unoriented sl3 web is a planar trivalent graph possibly containing
vertexless circles. We say that a closed web G is reducible if we can evaluate it by successive
application of the following local relations. The evaluation of a disjoint union of closed webs is
the product of individual evaluations. If G is reducible, then its evaluation {(G) is an element of

Zlq,q""] symmetric in q and q~".

(circle) O = [3]
(loop) 4<) =0

(bigon face) = [2]
(triangle face) =
N
(square face) = +
N

where [3] =¢*>+1+q 2 and [2] =q +q~".
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Lemma 2.1.2. Any closed connected web G with fewer than 20 vertices is reducible.

Proof. Letv, e, f be the numbers of vertices, edges, faces of G respectively. Note that

1 3
e=5 Z degree of the vertex = ?v

vertices

Then by Euler’s formula,

f:2—v+e:2+§.

Then

5
5f:10+7v<3v,

which means that G must have a face with at most four sides. By applying the appropriate local
relation to this face, we are able to write G as a linear combination of webs with fewer vertices
(and potentially more connected components). As the result holds for v = 0 (a vertexless circle),

we complete the proof by induction. m|

Lemma 2.1.3. The dodecahedral web is the only irreducible closed connected web with 20 ver-

tices.
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Proof. Let G be a closed connected web with v = 20 vertices. Note that G must have e = 3v/2 =
30 edges and f = 2 +v/2 = 12 faces. Since 5f = 2e, either G has a face with at most 4 sides or
every face of G has exactly 5 sides.

In the first case, we can use a local relation to express (G) in terms of the evaluations of webs
with fewer vertices. By the previous lemma, we conclude that G must be reducible.

In the second case, G is a connected trivalent planar graph with 12 pentagon faces. Then G

must be isomorphic to the dodecahedral graph. m|

2.1.1 Mathematica evaluation algorithm for small graphs

We can encode a closed web as a graph in Mathematica by providing a list of vertices and

edges. We simplify and evaluate graphs recursively.

Algorithm 1. 1. The evaluation of a graph is the product of the evaluations of its connected

components.
2. Suppose that G is a connected graph.
3. If G is isomorphic to a circle, then its evaluation is [3].

4. Otherwise, if G has a loop, its evaluation is zero. 1

0

5. Otherwise, if G is isomorphic to the 6-web,

the evaluation is [2][3].

6. Otherwise, if G has a 2-cycle, we use the bigon face relation to reduce the cycle and set (G)

equal to [2] times the evaluation of a smaller connected graph. 2

"When we encode the circle graph in Mathematica, we treat it as a graph with one vertex and one self-loop as
opposed to a vertexless web. Therefore, it’s important that we deal with the case of the circle first and then look for
the “real” self-loops in the graph.

20ur code to reduce a 2-cycle or bigon assumes that there are two different edges attached to the 2-cycle, i.e., there
is a third vertex in the graph. This is because reducing the 2-cycle or bigon involves deleting certain edges and this
can be difficult when we have multiple edges between two vertices. It’s much easier to separate the case of the §-web.
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7. Otherwise, if the graph has a 3-cycle, we use the triangle relation to reduce the cycle and set

(G) to be the evaluation of a smaller connected graph.

8. Otherwise, if the graph has a 4-cycle, we use the square relation to reduce the cycle and set

(G) to be the sum of the evaluations of two smaller (not necessarily connected) graphs.

We use this algorithm to evaluate closed connected webs of up to 18 vertices.

2.1.2 Tracking planarity

Observe that Algorithm 1 outlined in the previous section does not take the planar embedding
of the graph into consideration. It reduces arbitrary cycles in the graph, which may or may not be
the faces of the planar graph. It is unclear whether this algorithm accurately evaluates reducible

closed webs.

Lemma 2.1.4. If a cycle of length up to 4 bounds the external face of the planar graph, we can

reduce it using the usual local relations.

(circle) = [3]
(loop) =0
(bigon face) = [2] ’
(triangle face) } \ = { \
1]
(square face) A

Il
95
+
-
>
-
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Proof. Put the graph on the surface of a 2-sphere. Alternatively, if we restrict to reducible graphs,

we can prove the new relations using induction by verifying the base cases:

. is a multiple of —Q so the web is a multiple of @

which evaluates to zero due to the inner loop.

. is a multiple of | So, our base case is the 8-web. The evaluation of the 8-web obtained

by reducing one of the inner bigon faces (bold red edges in the first picture below) agrees

with the evaluation obtained by reducing the outer bigon face:

= [2]@ = [2][3]

. is a multiple of )\ Here our base case is the tetrahedral graph. The

evaluation obtained by reducing one of the inner triangle faces agrees with the evaluation

obtained by reducing the outer triangle face:
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. is a linear combination of the following four webs (identity, U, I, H):

A

We have two base cases (up to cyclic rotation). In each case, the evaluation obtained by

reducing inner faces matches the evaluation obtained by reducing the outer square face.

and

_ I +q>:0+[2][3]=[2][3]

O

Note that every self-loop in a connected closed web necessarily bounds a face (inner or outer)
of the web. If there is a 2-cycle or a 3-cycle which does not bound any (inner or outer) face of a
reducible closed web, then the web has a bridge (shown as a dotted blue edge) and its evaluation
is zero. If we reduce such a cycle using the usual bigon or triangle-face relation, the bridge stays

and we get the same result.
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This means that

Proposition 2.1.5. Suppose that G is a reducible web. Then any cycle of G of length up to 3 can
be reduced using the corresponding local relation for reducing a face. In other words, for cycles

of length up to 3, we do not need to keep track of planarity. m|

Lemma 2.1.6 (Good cycles). The following kinds of 4-cycles (highlighted with bold red edges) in
reducible webs can be simplified using the square-face relation even if they don’t bound any faces

of the web:

Proof. When the cycle is attached to a bridge (the 4 examples in the top row), the evaluation of the
web is zero. If we simplify the cycle using the usual square-face relation, the bridge stays and we

get the same result.
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For the last case, where the cycle is not attached to a bridge, we use induction. Since we have
assumed that A and B are reducible webs, it is enough to check the base case. The evaluation

obtained by reducing inner bigon faces matches the evaluation by reducing the 4-cycle.

_ ©+© Q = [3]+[3]%> = (1 + [3])[3] = [2)?[3]

Example 13 (Bad cycle). Now we provide an example of a 4-cycle which cannot be simplified

using the square relation. Consider the following closed web:

Note that the correct evaluation of this web, obtained by first reducing an inner triangle face and

then simplifying bigons, is [2][3] :
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However, simplifying the highlighted 4-cycle using the square relation gives us the answer 2[3] :

:©+©:2[3]

In general, if we reduce a 4-cycle of the following type using the square-face relation, we do

not get the correct evaluation of the web:>

We have shown that in reducible webs, all other types of 4-cycles can be simplified using the

square-face relation.

Recall that our Mathematica code reduces cycles of length up to 3 before moving on to 4-
cycles. So, the first time planarity creates a problem and we get an inaccurate result is when every
cycle in the given closed web has length at least 4 and the program picks a “bad” 4-cycle to reduce.

We want to get a bound on the size of such a web.

Lemma 2.1.7. Consider a planar connected graph G as shown below:

@=lA]

Suppose that G has more than two vertices (there is at least one vertex in A) and all inner vertices

(the vertices in A) are trivalent. In other words, G is a connected web with two boundary points

3There are some cases, such as webs with bridges, where reducing the bad cycle may still give the correct evalua-
tion. However, in general, we should not simplify the bad 4-cycle using the square-face relation.
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and at least one inner vertex. If every cycle in G has length at least 4, then G has at least 10

vertices, i.e., A has at least 8 vertices in it.

Proof. Letv,e, f be the numbers of vertices, edges, faces of G respectively. Note that

1 1 3
e=z Z degreeofthevertex:§(2+3(v—2)):7v—2

vertices

as G has 2 boundary vertices each of degree 1 and (v — 2) trivalent vertices. Then by Euler’s
formula,

v
:2— = —,
f v+e >

4

The two edges attached to the outer vertices ™ are the sides of the external face of the planar graph.

Every other edge bounds exactly two faces (internal or external) of the graph. This means that

Z # sides of the face = 2 +2(e — 2) = 3v — 6.

faces

If the external face has four or five sides, then G must be of the form

B ) o (18]

This is not possible as G does not have any 2-cycles or 3-cycles.

\%
Then the external face must have at least six sides. We also know that all 7 1 | internal faces

“These are distinct edges because A has at least one vertex in it and G is connected.
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have at least four sides. This gives us

v
3V—6Z6+4 E—l

For the equality to hold, the external face must have exactly 6 sides and all internal faces must have

exactly 4 sides. This forces G to be of the form:

©

Then by what we have proved so far, itself has at least 8 vertices and as a result, G has
at least 12 vertices. Thus, v must be strictly greater than 8. Since v is even (the number of faces

v/2 is an integer), we conclude that v is at least 10. O

Example 14. The following graph has 10 vertices and it satisfies the constraints in the above

lemma. This shows that the bound obtained in the lemma is a strict bound.
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Remark. The above lemma and the example imply that the smallest closed web which doesn’t
have any cycles of length less than 4 and which has at least one “bad” 4-cycle (marked in bold red)

is:

This web has 20 vertices in it. This means that the calculations already made (for webs with up
to 6 endpoints) using the algorithm in the previous section are correct. For larger webs, we must

modify our algorithm.

2.1.3 General Mathematica evaluation algorithm

We only need to modify the last step of Algorithm 1 concerning the reduction of 4-cycles):

Algorithm 2. 8. Otherwise, if the graph has a 4-cycle, say 1 —2 -3 —4 — 1, let ¢; be the edge
attached to the vertex i (for 1 < i < 4) that is not in the chosen cycle. Let G’ be the graph
obtained from G by deleting the edges e; and e3. Let G” be the graph obtained from G by

deleting the edges e; and eg4.

(i) If at least one G’, G” has the same number of connected components as G, then we
have a “good” cycle which can be reduced using the square-face relation and we set

(G) to be the sum of the evaluations of two smaller (not necessarily connected) graphs.
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G=| [4a B G =| T4 B G"=| [4 B

(i1) Otherwise, if one of G’ or G” has two more connected components than G, then G has
bridges in it and we set (G) = 0.
(iii) Otherwise, both G’ and G” have exactly one more connected component than G, which

means that we have a “bad” cycle. Pick a different 4-cycle and repeat.

G = 1 G = G’ = 1
B B

Proposition 2.1.8. Algorithm 2 accurately evaluates reducible closed webs.

2.2  Webs with boundary

An unoriented sl; web w with n boundary points or endpoints and v internal vertices is a planar
graph with n degree-1 vertices and v trivalent vertices. It may contain vertexless circles. We draw
such a web with its endpoints labelled 1 through n (left to right) on a straight line and trivalent
vertices below this line. We will often denote such a web by w = (n,v) or w = (n,v, k) with k

representing the number of connected components of w.
Let w and w’ be two webs with the same number n of endpoints. The pairing ww’ of w and

w’ is the closed web obtained by reflecting w’ along the line of endpoints and gluing it on top of w

by matching endpoints.
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We say that a collection of webs with n endpoints is reducible if the pairing of any two webs
in the collection is a reducible closed webs. Note that the evaluation of closed webs induces a

bilinear form on a reducible collection.

2.3 Forest-like webs

Definition 2.3.1. A web w = (n, v, k) is called a forest-like web if it does not have any cycles in
it. Connected forest-like webs are called as tree-like webs. Recall that the number of edges of any
tree graph is smaller than the total number of vertices by 1. Since each connected component of
w is a tree graph, we see that w has n +v — k edges. However, as w has n endpoints (vertices of

degree 1) and v trivalent vertices, the total number of edges of w is % (n+ 3v) . This gives us

n—vy

k= > or v=n-2k.

Example 15. For n = 2, there are no internal vertices and this is the only forest-like web:

N

For n = 3, there is a unique internal vertex and this is the only forest-like web:

N

For n = 4, there are two webs with no internal vertices and two connected components:

NS \\&//
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and there are two connected webs with 2 internal vertices:

Lemma 2.3.2. Every forest-like web w = (n,v, k) has a pair of consecutive endpoints that are

connected by a path of length at most 2.

Proof. We use induction. The result clearly holds for n = 2. Assume n > 2. Since v = n — 2k <
n — 2, the web must have a pair of endpoints i < j that are either connected by an edge or are both
adjacent to the same internal trivalent vertex. (Otherwise, every endpoint is adjacent to a different
trivalent vertex.) Choose a pair such that j —i is minimal. Suppose that i and j are not consecutive
endpoints (j —i > 1). If they are connected by an edge, then w is the disjoint union of its following

subwebs:

* the subgraph consisting of the connected components of w with the endpoint 1 through i and

J through n

* the subgraph consisting of the connected components of w with the endpoints i + 1 through
Jj—1

Both of these subgraphs are forest-like webs. The same holds if i and j are connected to the same

trivalent vertex whose third edge points “outward." This leads to a contradiction to the minimality

of j — i (the second subgraph above has a similar pair with a smaller difference). Thus, i and j

must be connected to a trivalent vertex whose edge points “inward." In this case, w is the disjoint

union of:
* the subgraph consisting of the connected components of w with the endpoint 1 through i — 1
and j + 1 through n
* the subgraph wq consisting of the connected components of w with the endpoints i through
J
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Note that wy is a forest-like web. Let w; be the (forest-like) web obtained from wg by deleting
J and let w, be the (forest-like) web obtained from w by deleting i. Note that w; has a pair of
endpoints that are either adjacent or one trivalent vertex apart. One of these endpoints must be
i (otherwise we get a contradiction to the minimality of j — 7). Let the other endpoint be i’. If
and i’ are adjacent in w1, then they are one vertex apart in w,> which contradicts the minimality of
Jj —i.So, i and i" must be one vertex apart in wy, and two vertices apart in w. Similarly, there is an
endpoint i < j’ < j that is one vertex apart from j in w, and two vertices apart from j in w. Then

the subweb of w on the endpoints i < i/, j < j must be

Once again, this contradicts the minimality of j —i. O
Algorithm 3 (Recursive Construction of Forests).

1. Notation: For integers 1 < i < n, let Forest(n,i) denote the collection of forest-like webs
with n endpoints in which i is the smallest number such that the endpoints i and i + 1 are
connected by a path of length at most two. This collection is the union of two collections
ForestArc(n, i) and ForestFork(n, i) consisting of webs in which the endpoints i and i + 1 are

connected by a path of length 1 and 2, respectively.

2. Base case: Forest(2, 1) = ForestArc(2, 1) contains a single web:

ForestFork(2, 1) is empty.

SHere, i, i, J are connected to the same trivalent vertex.
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3. Base case: Forest(3, 1) = ForestFork(3, 1) contains a single web:

N

ForestArc(3, 1) and Forest(3,2) are empty.

4. For 1 < i < n— 2, we generate ForestArc(n,i) by inserting two consecutive endpoints
connected by an edge (adding an arc) into every web in Forest(n—2, r) wherei—1 < r < n-2.
We insert the new endpoints between the endpoints i and i + 1 of the smaller web. Then we

relabel the endpoints according to our convention.
5. For n > 2, ForestArc(n,n — 1) is empty.°

6. For n > 3, we generate ForestFork(n, i) by splitting the ith endpoint of each of the following
webs into two endpoints (adding a fork or turning the endpoint into a trivalent vertex): webs
in Forest(n — 1, s) where i < s < n — 1 and webs in ForestFork(n — 1,7 — 1). We relabel the

endpoints according to our convention.

Proposition 2.3.3. Let n > 2. The union of Forest(n, i) for 1 < i < n generated by Algorithm 3 is
the complete collection of forest-like webs with n endpoints. The algorithm does not generate any

duplicates (webs isomorphic relative to the boundary).

Proof. Follows from Lemma 2.3.2. |

2.3.1 Gluing forests

Lemma 2.34. Let w = (n, v, k) be a forest-like web. Then the pairing a = ww of w with itself is

reducible.

Proof. We induct on the number of endpoints n. We know that the result is true for n = 2, 3.

%Otherwise, the web obtained by deleting the endpoints n — 1 and n is a forest-like web in which all pairs of
consecutive endpoints are separated by two or more trivalent vertices - a direct contradiction to Lemma 2.3.2.
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Assume n > 3. Now w has a pair of consecutive endpoints 7 and i + 1 that are connected by a

path of length at most 2.

If i and i + 1 are connected by an edge, then a has a vertexless circle. Let w’ be the web ob-
tained from w by deleting i,i + 1. Then w’ has n — 2 endpoints and the web pairing a = w'w’

obtained by pairing w’ with itself is a minus a vertexless circle.

(a) = [3](a")

Since a’ is reducible, so is a.

On the other hand, if i and i + 1 are both adjacent to the same trivalent vertex, then a has a bigon
face in it. Let w’ be the web obtained from w by deleting i + 1. Then w’ has n — 1 endpoints. The

web a’ = w’w’ can also be obtained by reducing a bigon in a. In other words,

(ay = [2](d’).

Since a’ is reducible, so is a.

Lemma 2.3.5. Consider two forest-like webs wy = (n, vy, k1) and wy = (n, vy, ky) with the same

number of endpoints. If “3*2 = n — ki — ky < 10, then the closed web a = wiw3 is reducible. If

% =n—ky— ky =10, then a is either reducible or it is the dodecahedral web.

Proof. Immediately follows from the fact that a has v + v, trivalent vertices and any closed web
with fewer than 20 vertices is reducible. The only irreducible web with 20 vertices is the dodeca-

hedral web. O
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Corollary 2.3.6. 1. Ifn < 11, then the pairing of any two forest-like webs is reducible.

2. If n = 12, then the pairing of a forest-like web with a disconnected forest-like web is always
reducible. The pairing of two tree-like webs is either reducible or it is the dodecahedral

graph.

3. If n = 13, then the pairing of any two disconnected forest-like webs is reducible. The pairing
of a tree-like web with a disconnected forest-like web is either reducible or is the dodecahe-

dral graph.

Proof. Consider two forest-like webs w = (n, v, k1) and wy = (n, v, k). Let a = wiwy.

1. For n < 11, each v; is at most 9. Then % < 10 and a 1s reducible. Alternatively, since

each k; is at least 1, we have n — k| — ko < 10.

2. Suppose thatn = 12. If one of w; is disconnected, then one of k; is at least 2. Then k;+k, > 3
and n — ky — ko < 12 —3 =9, which implies that a is reducible. Suppose that both w; are

connected (tree-like) webs. Then ky = ky = 1,v; = vy = 10and n — ky — ko = “52 = 10.

3. Suppose that n = 13. If one of w; is disconnected, then n — k; — ko, < 10. If both w; are

disconnected, then n — k1 — ko < 10.
O

Example 16. The diagram below shows two tree-like webs with 12 endpoints whose pairing is the

dodecahedral web.
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Example 17. The previous example can be tweaked to show that there are two forest-like webs
with 13 endpoints (one tree-like web and one web with two connected components) whose pairing

is the dodecahedral web.

2.4 Reducible bases

For small values of n, we generate the matrix of the bilinear form given by the evaluations of
pairings of a fixed set of webs with n endpoints. For n < 5, we do these computations both by hand
as well as by using our Mathematica code. For n > 6, we only use Mathematica. We also calculate
the determinant of this matrix, check whether it is nonzero (i.e. the form is non-degenerate), and

factor it.

241 n=2

There is only one forest-like web

N

and its pairing with itself is a circle, which evaluates to [3].

242 n=3

There is only one forest-like web

N

and its pairing with itself is the 8-web, which evaluates to [2][3].

243 n=4

We consider the basis of forest-like webs:

M R S TN
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The matrix of the non-degenerate bilinear form is:

The determinant of this matrix is

4 4 2
(q—l)z(q2+l)3(q2—q+l) (q2+q+l) (q4+q3+q2+q+l)
q16 ’

which may also be written as a polynomial in x = [2] as follows:
4.3 4.2 2
x=2)(x=D"x’(x+1) (x +x—1) .
Note that [3] = [2]? -1 =x*>-1=(x - 1)(x+ 1).

244 n=5

We have a basis consisting of all 10 forest-like webs with 5 endpoints and the smallest web

with a pentagon face.

~ N/ N N

W N
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The matrix of the non-degenerate bilinear form is:

3] 1 0 0 1 [21 [21 0 1 0 [2]

1 31 1 0 0 0 [2] [21 O 1 [2]

0O 1 [3 1 0 1 0 [21 [21 O [2]

0 0 1 [3 1 0 1 0 [21 [21 [2

1 0 0 1 [3 [2 0o 1 0 [21 [2]
2103]1[2] o 1 0 [2] [2]> 1 [2] [2] 1 1

[S—
)
—
L
S
)
o
—_—
—
N
p—
o
—_—

[\S]
[am—
[Em—

o 1 0 [2

—
—
\9)
—_—
—
—
\9)
—
—
[\
—_—
—_—
—
[\
—

(V)
—_—

2] [2] [2] [2] [2] 1 1 1 1 1 [2]%+1

The determinant of this matrix is

(g - 1)10(q+ 1)2 (q2+ 1)11 (q2 -q+ 1)11 (q2+q+ 1)11 (q4+q3+q2+q+ 1)8
q55 >
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which may also be written as a polynomial in x = [2] as follows:
5 11 11 11 2 8
x=2x-1)"x"(x+1) (x+2)(x +x—1) .

The determinant of the bilinear form on the forest-like webs (without the web with a pentagon

face) is

(g - 1)8 (q2+ 1)10 (qz—q+ 1)10 (q2+q+ 1)10 (q4+q3+q2+q+ 1)8
q50 ’

or equivalently

(x = 2% = D% + )10 (x2 +x— 1)8

with x = [2].

245 n=6

There are 34 Forest-like webs with 6 endpoints:

* There are 5 disconnected webs with 2+2 + 2 endpoints. (This means that each web has three
connected components and each component is a web with 2 endpoints.) We have two cyclic

permutations of the graph with edges 1 —2,3 - 4,5 — 6:

A N w

and three permutations of the graph with edges 1 — 4,2 - 3,5 - 6:
Y O YN

Assume that the vertices 1 through 6 are in that order along a straight line.
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* There are 3 disconnected webs with 3 + 3 endpoints.

NN NN A N N

* There are 12 disconnected webs with 2 + 4 endpoints. These include 6 cyclic permutations

of each of the following two webs:

R4 RN

* There are 14 tree-like webs. These include 6 cyclic permutations of

along with 2 permutations of

N

and 3 permutations of each of the following:

(=) =

The matrix of the non-degenerate bilinear form is [3] times the matrix below.
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Observe that nearly all entries are monomials in [2] and [3]. A few entries have the coefficient
2. This suggests that in almost all cases, we are able to evaluate the pairings of forest-like webs
with 6 endpoints by using the local relations of vertexless circle, bigon-face, and triangle-face only;
we do not need to use the square-face relation. In a small number of examples, we may need to

use the square relation once.

The determinant of the above matrix of the bilinear form is given by the product of the follow-

ing factors over ¢>**

34 36 36 29
(q—1)38(q+1)6(q2+1) (qz—q+1) (q2+q+l) (q4+q3+q2+q+1)

2
(q6+q4+2q3+q2+1) (q6+q5+q4+q3+q2+q+1)
(q18+q17 — 24" — g™ 104" = 13¢"2 — 144" — 19410 — 26¢°

—19¢% — 14¢7 — 13¢° = 10¢° — ¢* = 243 + g + 1)

Written as a polynomial in x = [2], it is the product of the following:
2

29
(x =22 = 1) (x +2)3 (x2 +x— 1) (x3 - 2x + 2) (x3 +x7 - 2x - 1)

(x9 +x8 = 0x7 = 10x5 + 2617 + 22x* — 383 — 8x2 + 24x — 12)

Note that we also have the following webs with 6 endpoints:

* 6 connected webs, each containing one pentagon-face
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WO W

* 3 webs, each containing two adjacent pentagon-faces

Wy W

» 2 webs, each containing three adjacent pentagon-faces

* 1 web with a hexagon face

Ne/

The pairing of the two webs with three pentagon-faces is the irreducible dodecahedral web. There-
fore, we exclude one of these webs from our basis. The bilinear form on the remaining 45 webs
(34 forest-like webs, 6 + 3+ 1 = 10 webs with one or more pentagon-faces, 1 web a hexagon-face)

is non-degenerate.
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246 n>6

Theorem 2.4.1. There are 112 forest-like webs with 7 endpoints and 398 forest-like webs with 8

endpoints. The bilinear form on each of these collections of webs is non-degenerate.

Proof. (By Mathematica.) We use Algorithm 3 to recursively create and store forest-like webs

with up to 8 endpoints in Mathematica. We also verify the cardinality of these collections.

Note that the entries of the matrix of the bilinear form are Laurent polynomials in g. In one version
of the code, they are written as polynomials in [2] = g+ é and [3] = ¢*>+1+ ? rather than polyno-
mials in g, ¢~! (obtained by fully expanding and collecting terms). The coefficients of monomials
in [2], [3] are integers and may vary according to the order in which cycles or faces in the relevant

closed webs are reduced.

Due to the large number of webs and the complexity of the evaluations of their pairings, gen-
erating this matrix and computing its determinant is time consuming. For n = 7, 8, we do generate
the respective matrices. Then, instead of computing the actual determinant (another Laurent poly-
nomial), we compute the rank of each matrix at a specific numerical value of g. Then we check
that this rank matches the appropriate number of webs in our collection. However, the results of
MatrixRank in Mathematica may depend on the precision of the entries of the matrix. This means
that our computations may have errors arising from the decimal approximations of the negative

powers of ¢ and therefore, may be unable to prove the non-degeneracy of the bilinear form.

To circumvent this issue, we create another version of the code in which the entries of the ma-
trix of bilinear form are written as polynomials in two variables x and z (where x stands for [2]
and z stands for [3]) with integer coefficients. This makes the matrices easier to read. More im-
portantly, it allows us to look at the determinant as a polynomial in [2] (after setting z = x> — 1)

with integer coefficients and permits us to substitute various values of g + é. By setting g + é to
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an integer, we obtain a matrix with accurate integer entries and we are able to avoid the approx-
imation errors described in the previous paragraph. For n = 7,8 we check that the entries of the
matrix generated by Mathematica are polynomials’ in Z[x, z]. We compute the rank of the matrix
for various integer values of x,z = x> — 1, and verify that it matches the appropriate number of

webs. O

Remark. There are 1443 forest-like webs with 9 endpoints and it remains to be seen whether the

bilinear form on these webs is non-degenerate.

2.5 Endofuctors

Consider a web w with n endpoints and let 1 <i < n — 1. Then
Ul'W IiW Hl'W

are respectively the webs (also with n endpoints) obtained by composing or gluing the following

webs on top of w at the position i on the pair of adjacent endpoints i,i + 1 :

N X

7N\
Note that if w is a tree-like web, then the endpoints i and i + 1 are connected by a unique path.
If this path has fewer 3 internal trivalent vertices on it, then U;w, I;w, H;w are reducible webs. If
the path has 3 internal trivalent vertices, then U;w, I;w are reducible webs, but applying H; to w

creates a pentagon face. More generally, if the path has p internal vertices, then U;, I;, H; create a

face with p, p + 1, p + 2 sides, respectively.

7In fact, many entries are monomials. It may be possible to calculate and factorize the actual determinant quickly
by factoring out the GCD of various rows and columns before beginning the determinant calculations.
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2.5.1 Relations

Proposition 2.5.1. The endofunctors U, I, H satisfy the following relations. These relations do not

depend on the number of endpoints of the webs on which various U, I, H act.

3. Uil; =0=LU;

4. H> =1+,

Il
+

5. Ul'H,' = [Z]Uz = HiUi
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7. UUinU; = U; and Ui U;Uiyy = Ujsg
N N o N

= and =

7N 7N

)
)

8. Uilin1U; = [21U; and Ui LUy = [2]Uj4

N N

(
(

= [2] and = [2]
VRN VRN VRN VRN

9. Uiliy1l; = UUj 1 and Uiy 11 = Ui Uil

7N 7N 7N 7N

along with their vertical reflections I;1;41U; = [;U;\U; and 1;411;Ujy = 11U Uy
10. If j —i > 1, then each of the operators U;, I;, H; commutes with each of U;, 1;, H;.

Proof. Relation 1 is obtained by reducing a vertexless circle. Relation 3 is obtained by reducing
a loop. Relations 2, 5, and 8 are consequences of the bigon-face relation. Relations 6 and 9
are obtained by reducing triangle-faces, whereas Relation 4 is simply the square-face relation.

Relations 7 and 10 show isomorphic webs or graphs drawn differently. m|
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252 n=4

Recall that we have a basis of four forest-like webs:

M R S TN

The space spanned by these webs is closed under the action of all U, I, H.

The action of the U operators on this basis is as follows:

3] 1 0 [2] 00 0 0

0 00 0 1 [3] [2] O
Uy=Uz= U, =

0O 00 O 0 O 0 O

0O 00 O 0 O 0 O

We know that U? = [3]U, and therefore each U; has the eigenvalues 0 and [3]. The eigenspace of

U, = Uj; for the eigenvalue [3] is the one-dimensional space spanned by

The eigenspace for the eigenvalue 0 has the following basis:
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We want to interpret U? = [3]U or U (1 - i) = 0 as a complex. Note that

(3]

1 q* (1-¢> 2 6, 12, 18
[ = = 1- 1+qg° + + +...
Bl 1142+ =46 g (1-¢)1+q’+q " +¢q

=*(1-q*+q°-¢*+q" —¢'*...)
Consider the following complex:

’ , NS N, , NS N

X]HX1x2+x5 X1—X2 X Hxpx2+x5 X1—X2 saddle
L — 7N — 0

The saddle map has degree two, and the alternating x; — x, and xf +x1x0 + x% maps have degrees
two and four, respectively. Thus, after the appropriate degree shifts, we see that y(complex) =
1 — U/[3]. After applying U (cup and cap) to the above complex (or by simply attaching a cap),
we obtain a contractible complex.
After turning the U’s into < and 1 into " pwe obtain a complex correspond-
N

ing to a 0-eigenvector of U.

Now we want to construct a complex for the eigenvector

2]

Ny T

n-Lly

[3]

or

We have

21 _qU+q0 =" _ s g

[3] 1 -4

=q(1-¢*+¢°-q""+4¢"%—¢

16 )

72



Consider the following complex:

N, g N, » N
X1—X2 )Cl+)61)62+)c2 X1—X2 xl+x1x2+x2 zip
L/ N N SN— N — -0

The zip map has degree one. Thus, after the appropriate degree shifts, we see that y(complex) =
H — [2]U/[3]. After applying U (cup and cap) to the above complex (or by simply attaching a
cap), we obtain a contractible complex.

The action of the I operators is as follows:

00 0 O 000 O

00 0 O 000 O
L =1= L=

01 [2] 1 000 O

00 0 0 101 [2]

We know that 12 = [2]1, and therefore each I; has the eigenvalues 0 and [2]. The eigenspace of

I, = I5 for the eigenvalue [2] is the one-dimensional space spanned by

N4

The eigenspace for the eigenvalue 0 has the following basis:

>

Y/
> [31w
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The action of the H operators is as follows:

2] 0 0 1 0 0 10

0 00 1 021 10
H,=H3= H, =

0O 010 1 0 00O

0O 1 0O O 0 01

We know that H> = 1 + U or H> = 1 = U. Since U(U - [3]) = 0, we get
(H? = 1)(H* =1-[3]) = (H* = 1)(H* - [2]*) = 0.

Therefore, each H; has the possible eigenvalues +1 and +[2]. The eigenspace of H; = Hj for the

eigenvalue [2] is spanned by

A

The eigenspace for the eigenvalue 1 has the basis:

N4

1
[2] -1 v_\\\//_\\\{/

The eigenspace for the eigenvalue —1 is spanned by

1

mvv+w‘w

—[2] is not an eigenvalue.
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When restricted to forest-like webs with 4 endpoints, the endofunctors U, I, H satisfy the fol-

lowing additional relations:
1. 11]211 = Il and 1211]2 = 12

2. 11U2]1 = [2][1 and 12U112 = [2]]2

U1U211 +11U1U2 + U2U1[2 + 12U1U2

_4' - +2¢°—q+

1
3 (LD + bIh)

q
?—q+1
+—(11U2+U2]1+12U1+U112)
q
+(U Uy + UyUy)
4 3, 2
- +q —q+1
14 qZ (v +n)
6_ 5 4 3 2
- +2¢"-2q°+2qg°—q+1
L2227 g
q
+q8—q7+q6—q5—q3+q2—q+1
p

The following operators are linearly independent and span the algebra generated by the operators

U,I:

L,U1,Uy, I, Iz,
U Uy, DUy, LU, Ua Ly, UL UL, L D, I ],

U U1, LU U, U UL D

75



The operators Hy, H, can be written as linear combinations of the above operators (where some

coefficients have denominators). We also have the following relation on chains of H operators:

(HiHH\HH\H> + HH H,H HyHy ) — (HiH H HoHy + HyH i HyH Hy)

g>+q+1

+(HH,H H> + HH\H2H,) - (H\HxH, + H,H H»)

g*+2¢* +1

+(H1H2+H2H1)—(H1+H2)+ qz

=0

253 n=5

Recall that we have a basis consisting of 10 forest-like webs and 1 web with a pentagon-face.
The space spanned by the forests is closed under the action of U and I. The space spanned by all

11 webs is closed under the action of U, I, as well as H.

The action of U] is given by:

3] 1001 [2] [21 010 [2]
00000 0O 0 000 O

0O 000O0O O O OOO O

The eigenspace corresponding to the eigenvalue [3] is spanned by the single web

~ A\

The eigenspace corresponding to the eigenvalue O is 10-dimensional.
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The action of I; is given by:

00 0 0 000 0O O O O
00 0 0 000 0O O 0 O
002 0 000 0 1 0 1
00 0 22000 0 1 0 1
00 0O 0 000 0O O O O
00 0 0 000 O O O O
00 0 0 000 0O 0O 0 O
01 0 0 010T(2 0 0 0
00 0 0 000 0O O O O
00 0 0 1LO1 0 0712 0
00 0 0 000 O O O O

The eigenspaces for the eigenvalues [2] and 0 are four (spanned by the basis elements correspond-

ing to the [2]s along the diagonal above) and seven dimensional, respectively.

The action of H; is given by the matrix below. The eigenspaces for the eigenvalues [2], 1

and —1 are one-, seven-, three-dimensional, respectively. The construction of the eigenvectors is
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similar to that described for webs with 4 endpoints.

20 0000110001
0 0000100000
0 0100000000
0 0010000000
0 0000010000
0 1000000000
0 0001000000
0 0000001000
0 00000O00O0O0O 1
0 000000O00O0TO0
0 00000O0O0T10O0

254 n=6

Recall that we have a basis consisting of 34 forest-like webs, 6 webs with one pentagon-face,

3 webs with two pentagon-faces, only 1 of the two webs with three pentagon-faces

and 1 web with a hexagon-face. By performing explicit computations, we obtain this result-

Proposition 2.5.2. Consider the 45-dimensional space with the above basis including the first
(left) three-pentagon-faced web. This space is closed under the action of all U and I operators as

well as the action of Hy, H3, and Hs operators.
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255 n>6

For n = 7, the closure of 112 forest-like webs under all U operators contains 7 additional webs,

namely, the cyclic permutations of the following disconnected web with one pentagon-face:

M -
The collection of all forest-like webs and the above 7 webs is reducible. More generally, the col-
lection of all webs with 9 or fewer internal trivalent vertices is a reducible collection closed under
the action of all U operators. This collection includes forest-like webs, webs with one pentagon-

or hexagon-face, webs with two adjacent pentagon-faces, and webs with one pentagon and one

hexagon-face sharing an edge.

The closure of forest-like webs under all / operators contains a connected web w with 2 adja-
cent pentagon-faces and a web w’ with 3 pentagon-faces such that the pairing of w and w’ is the
irreducible dodecahedral graph. The closure also contains several other webs with more pentagon
faces arising from the successive application of adjacent I operators. The closure of forest-like

webs under all U and only alternate / operators may be reducible.
For n = 8, the following webs together form a reducible collection closed under the action of
U:

* Forest-like webs

* Disconnected webs in which one connected component is an arc and the other connected

component is a web with 6 endpoints containing one pentagon or hexagon face.
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