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a b s t r a c t 

The N 2 -broadening halfwidths of CH 3 F in the ν5 and ν6 perpendicular bands have been calculated, 

along with their temperature exponents. These calculations utilize a modified and refined version of the 

Robert-Bonamy formalism, developed by the current authors within a semi-classical line shape frame- 

work. Extensive comparisons between the predicted halfwidths from the model and experimental mea- 

surements at 296 K and 183 K are presented. Our latest model accurately predicts the dependencies of 

the halfwidths on both the j and k quantum numbers. Furthermore, by extending our calculations to two 

additional temperatures, namely 240 K and 350 K, the temperature exponent N is determined for various 

sub-branches. The dependencies of N on j and k are analyzed, and theoretical explanations are provided 

to elucidate the predicted behaviors of N. 
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. Introduction 

Over the years, various research groups have endeavored to de- 

elop complete line lists for CH 3 X species (where X represents 

l, Br, I, D, and F) through both experimental [ 1-4 and references 

herein], and theoretical efforts [ 5 , 6 and references therein] . Re- 

ently, CH 3 F has been included for the first time to the HITRAN 

nd GEISA databases [1] . Therefore, after completing our studies 

f CH 3 Cl [7] , CH 3 I [8] , and CH 3 D [6] , our next focus is on CH 3 F,

 minor atmospheric pollutant that is known for its involvement 

n fundamental chemical reactions that occur in the Earth’s at- 

osphere [ 9 and references therein]. Due to its strong warming 

otential and significant long lifetime in the atmosphere, its at- 

ospheric concentration must be controlled. To produce its com- 

rehensive line list becomes necessary [1] . In order to complete 

his job, people need to measure N 2 -broadened halfwidths, tem- 

erature exponents, and line mixing effects and supplement them 

ith theoretical analysis. In the 1990s, a group in Namur mea- 

ured N 2 -broadened coefficients for a few lines [ 10 , 11 ] in the par-

llel ν2 and perpendicular ν5 bands using a tunable diode laser 

pectrometer, along with their temperature dependence . More re- 

ently, N 2 -broadened coefficients were more systematically mea- 
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ured in the ν6 band in Paris based on analyzing Fourier transform 

pectra with a multi-spectrum fitting procedure with an accuracy 

stimated within 2 – 5% [1] . 

From a theoretical standpoint, recent calculations of N 2 - 

roadened halfwidths have been performed using the semi- 

lassical Robert-Bonamy (RB) formalism [12] , based on the iso- 

ated line approximation. The early studies utilized an approximate 

arabolic trajectory model and a potential model limited to its 

ong-range components [ 10 , 13 ]. More recently, Jellali et at. [14] im-

roved the method by using “exact” trajectories. However, as is 

ow well known, thanks to the work of Cherkasov [15] , the iso- 

ated line approximation is invalid because the operator S 2 is not 

iagonal in the linespace. 

There are better approaches available, which we refer to as the 

odified Robert-Bonamy (MRB) model [16] and its advanced ver- 

ion, the Refined Bobert-Bonamy (RRB) model [17] . These models 

mploy the cumulant expansion instead of the Linked-Cluster the- 

rem. At the initial development stage (MRB), the essential differ- 

nce between the new approach and the RB formalism is the bath 

verage is included or excluded in the definition of the S 2 oper- 

tor. With our approaches, the bath average is carried out in ad- 

ance as the matrix elements of S 2 are calculated. Consequently, 

he S 2 matrix is independent of the degrees of the bath molecule, 

esulting in a significant reduction in its size compared to the RB 
ormalism. This reduction enables accurate evaluation of the ele- 

https://doi.org/10.1016/j.jqsrt.2023.108716
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jqsrt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2023.108716&domain=pdf
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Fig. 1. Spherical components of potential (in the units of K) considered in the 

present study. VL 1 L 2 L correspond to U ( L 1 L 2 L; K 1 K 2 = 0; R ( t )) in Eq. (4) . 
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ents of the matrix exp( −S 2 ) without relying on the isolated line 

pproximation. Thus, the entire relaxation matrix W can be calcu- 

ated based on potential energy surfaces between the two interact- 

ng molecules. 

Thus, a new door was opened by our approaches that enabled 

ne to address line mixing effects, which the RB formalism had 

reviously failed to account for. It is at this developing stage that 

he difference between MRB and RRB occurs. As we developed 

RB in 2006, we did not carefully scrutinize the necessity of the 

solated line approximation in evaluating the matrix elements of 

xp( −S 2 ) and simply adopted it. Seven years later as we revisited 

his approximation, we realized that because we were able to ac- 

urately evaluate the matrix elements of exp( −S 2 ), this invalid as- 

umption could be completely removed. This realization led to the 

evelopment of RRB. 

Lastly, we would like to mention two terminologies: line cou- 

ling (LC) and line mixing (LM), which are used to represent the 

ffects resulting from the non-diagonality of the operator exp( −S 2 ) 

n the relaxation matrix shown by Eq. (2) and of the resolvent op- 

rator ( ω − L 0 − iPW ) −1 in the spectral density expression shown 

y Eq. (1) , respectively. The distinction between MRB and RRB lies 

n whether LC is taken into account or not. Generally, incorporat- 

ng LC leads to smaller calculated halfwidths (i.e., the diagonal ele- 

ents of W) than those obtained from MRB. Moreover, after eval- 

ating the resolvent operator and considering LM, the calculated 

effective” halfwidths may be reduced further, as demonstrated in 

ur recent studies of N 2 -broadening of CH 3 X species [6–8] . Specif- 

cally, for symmetric-tops with k-degeneracy, following Cherkasov 

15] , transitions between rotational states should be treated as 

oublets, with each doublet’s components possibly coupled by the 

M process. For degenerate doublets (i.e., those not resolved by the 

 1 -A 2 splitting), LM can substantially reduce the halfwidths of the 

oublet. 

This paper is focused on the CH 3 F-N 2 system, for which 

he dominant contributor to the calculated halfwidths and ele- 

ents of W is the dipole-quadrupole interaction. Meanwhile, the 

ntra-doublet coupling plays a major role in considering LM. The 

anuscript is organized as follows: Section II provides a brief sum- 

ary of the theoretical model. Section III is dedicated to compar- 

ng the calculated and experimentally measured halfwidths in the 

5 and ν6 bands, with a detailed analysis of the temperature de- 

endence of the halfwidths. Concluding remarks are presented in 

ection IV. 

. Theory 

.1. A short background 

Within the binary collision and impact approximations and us- 

ng a symmetrized form, the spectral density at the angular fre- 

uency ω can be written as [ 17 , 18 ]: 

 ( ω ) = 

1 

π
Im 

∑ 

n,l 

d l 
√ 

ρl 

〈
l 

∣∣∣∣ 1 

ω − L 0 − iP W 

∣∣∣∣n 

〉
√ 

ρn d n , (1) 

here | n 〉 ≡ | ν f j f k f εf ; ν i j i k i εi 〉 are the Liouville vectors associated

ith the transition ν f j f k f εf ← ν i j i k i εi . A background of this basis

et applicable for symmetric-tops is given in Sec. II and in Ap- 

endix of Ref. [19] . In Eq. (1) , ρn = 

exp ( −βE n ) 
Z are matrix elements 

f the density operator exclusive of the magnetic degeneracy and 

 is the partition function, E n = E ( ν i j i k i εi ) is the initial energy of

ransition, and d n is the associated transition dipole operator. Fi- 

ally, W is the symmetrized relaxation matrix. 

After correcting a subtle derivation error in the RB formalism by 

he current authors [16] , the MRB formalism was firstly developed. 
2 
ithin MRB, the expression for halfwidth γ fi is given by 

f i = 

n b ̄ν

2 πc 

∫ + ∞ 

r c,min 

2 πb 

(
db 

d r c 

){ 

1 − e −〈 f i | S 2 ( r c ) | f i 〉 
} 

d r c , (2) 

here n b is the number density of the bath molecules, ν̄ is the 

ean relative speed, b is the impact parameter, r c is the closest 

istance of approach for a given collisional trajectory, and r c, min 

s the latter’s minimum which corresponds to a head-on collision 

ith b = 0. In Eq. (2) , an average over the collisional kinetic energy

s replaced by considering only the mean velocity. Usually, calcu- 

ated halfwidths with MRB are slightly larger than those obtained 

ith RB. 

As mentioned above, in developing both RB and MRB, based 

n the isolated line approximation, a replacement 〈 f i | e −S 2 ( r c ) | f i 〉 
y e −〈 f i | S 2 ( r c ) | f i 〉 was made. But, as pointed out by Cherkasov [15] , 

his assumption is invalid because S 2 is a non-diagonal operator in 

he linespace. After removing the isolated line approximation from 

RB, we developed the RRB formalism [16] . One is now able to 

alculate the matrix elements of W with an expression given by 

 f ′ i ′ , f i = 

n b ̄ν

2 πc 

+ ∞ ∫ 
r c,min 

2 πb 

(
db 

d r c 

){
δi ′ i δ f ′ f −

〈
f ′ i ′ 

∣∣e −S 2 ( r c ) 
∣∣ f i 

〉}
d r c . (3) 

Interested readers can find out the way to accurately evaluate 

he matrix elements of 〈 f ′ i ′ | e −S 2 ( r c ) | f i 〉 in our previous work (cf. 

ef. [8] , Eq. (3) ). Meanwhile, the expressions of the various con- 

ributions to S 2 (outer-i; outer-f; and middle) are given in Refs. 

 20,21 ]. Recall that the non-diagonality of S 2 solely results from 

he S 2 , middle term (cf. Ref. [ 22 ], Eq. (1) ). 

With RRB, the effect from LC is considered. However, for 

ymmetric-top molecules with the k degeneracy, if one wants to go 

urther to evaluate the spectral density F( ω) , one has to consider 

he effect from LM resulting from the non-diagonality of L 0 − iPW 

n the resolvent operator ( ω − L 0 − iPW ) −1 . At this stage, one 

eeds to find the eigenvectors of L 0 − iPW which are given by 

 combination of different lines leading to the line mixing pro- 

ess. Depending on the absorber’s spectroscopic properties (gaps 

etween spectral lines, …) and the bath pressure P, one can choose 

 proper way to consider this effect as described below. 

For symmetric-top molecules, when the A 1 -A 2 splitting is in- 

ignificant between the two components of a doublet and for E -E 

ransitions happening within degenerate doublets (provided k i or f 

 0) the situation is similar. At low perturber’s pressures, different 

oublets are isolated from each other and the treatment of the re- 

olvent operator is limited to the corresponding 2 × 2 linespace. In 
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Fig. 2. Comparisons between calculated halfwidths and measurements (in the units of 10 −3 cm 

−1 atm 

−1 ) in the ν6 band at T = 296 K. The calculations are made with three 

different methods: MRB, RRB, and RRB with LM. The branch considered is PP(j,k). In order to the symmetry property, the sub-branch pair of PP(j,3) and RR(j −1,2) and the 

pair of PP(j,9) and RR(j −1,8) are presented in Fig. 2(a) and (b), respectively. Comparisons in others sub-branches PP(j,k) with k = 2, 4, 5, 6, 7, 8 are presented in Fig. 2(c)-(f). 
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he following, we will denote the two components of a doublet by 

 and 2. In addition, we will denote 〈 1|W|1 〉 = 〈 2|W|2 〉 or W(1,1)

 W(2,2) for the diagonal elements and 〈 1|W|2 〉 = 〈 2|W|1 〉 or

(1,2) = W(2,1) for the intra-doublet’s off-diagonal ones. The fre- 

uency detuning is ω 2 − ω 1 = 
ω. Then, following a method pro- 

osed by Ben Reuven [23] , the effective halfwidth of an “isolated”

oublet is the sum of the diagonal and off-diagonal elements, 

.e., W(1,1) + W(1,2) (assuming equal intensities between the two 

omponents) [ 8 , 24 ]. Since W(1,2) is negative, W(1,1) + W(1,2) 

s less than W(1,1). For CH 3 F, in some cases as compared to a

odel ignoring the k degeneracy, it may reduce the halfwidths by 

p to 30–40 % as shown later. When the A 1 -A 2 splitting is re-

olved, both W(1,1) and W(1,2) can be measured independently. 

n this case, W(1,1) and W(1,2) represent theoretically calculated 

alfwidth and coupling element. Meanwhile, the spectral profile 

an be obtained from Eq. (1) with restricting to the 2 × 2 lines- 

ace. 

.2. The intermolecular potential and the spectroscopic parameters 

For systems consisting of a symmetric-top molecule and a lin- 

ar one, the potential can be expressed in terms of a spherical ten- 

or expansion as (cf. Eq. 5 of [19] and references therein) 
3

 

(
�
 R ( t ) 

)
= 

∑ 

L 1 K 1 L 2 L 

U ( L 1 L 2 L ; K 1 K 2 = 0 ; R ( t ) ) 

×
∑ 

μ1 μ2 M 

C ( L 1 L 2 L, μ1 μ2 M ) D 

L 1 ∗
μ1 K 1 

( �1 ) D 

L 2 ∗
μ2 0 

( �2 ) Y 
∗

LM 

( ω ( t ) ) , 

(4) 

here �1 , �2 and �( t ) represent the orientations of molecule 1, 

olecule 2 and the vector between their two centers of mass, re- 

pectively. With respect to the anisotropic part of the potential, 

t contains all the long-range contributions (electrostatic + induc- 

ion + dispersion forces) with a cut-off of L 1 ≤ 2 and L 2 ≤ 2 

see Eq. (6) of Ref. [14] ). Since CH 3 F and N 2 have large dipole and

uadrupole moments respectively, one can expect that considering 

his long-range potential is sufficient in calculating the halfwidths 

nd the W matrix. Furthermore, as shown in Fig. 1 , the dipole- 

uadrupole interaction V dq (i.e., the component V123) is the dom- 

nant one. For example, in the sub-branch RR(j,3), differences be- 

ween the calculated halfwidths with the whole potential and with 

 dq are very small: less than 4 % for j = 3, 2 % for j = 8, and 1 %

or j > 18. 

As usual, we assume that the isotropic part of the poten- 

ial drives the translational trajectories. In the present work, we 

ollow Jellali’s choice to use the Lennard-Jones (LJ) model with 

= 134.91 K and σ = 3.6215 Å (These LJ parameters are derived 
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Fig. 2. Continued 
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ith the combination rule based on the data provided by Jellali 

t al. [14] ). All the molecular parameters used in our calculations, 

s well as the spectroscopic constants, are exactly the same as 

hose used by Jellali et al. [14] . We don’t present them again. 

. Results at 296 K 

First of all, we would like to justify the approximation of iso- 

ated doublets. In the experiment of Ref. [ 1 , 12 , 11 ], the maximum

f the N 2 pressure was around 300 mbars which gives a halfwidth 

bout 35 × 10 −3 cm 

−1 . Then, remind that a potential model con- 

isting of components with K 1 = 0 can only cause couplings be- 

ween lines with the same k i and k f values. Except for the Q 

ranches, the energy gap between two adjacent doublets in a given 

ub-branch is around 2B ≈ 1.7 cm 

−1 (where B is the rotational con- 

tant of CH 3 F). This implies the halfwidth is much smaller than the 

ap between adjacent doublets. Then, it is obvious that even if the 

 matrix has larger off-diagonal elements between lines belonging 

o adjacent doublets, the resolvent matrix ( ω − L 0 − iPW ) −1 can be 

estricted to a 2 × 2 sub-space for each doublet. In other words, a 

oublet can be considered well “isolated” from its neighbors. 

We analyze all the available data, with a few exception dis- 

ussed later. For lines with k i = 3n (n = 1, 2, ….), most of them

on’t have significant A 1 -A 2 splitting between the two components 

f a doublet. Meanwhile, for lines with k 
 = 3n, the E ← E tran-
i 

4 
itions are also degenerate doublets (provided that k i or f 
 = 0). 

or these lines, the way to treat them have been explained pre- 

iously. Moreover, due to the very weak vibrational dependence 

f the spectroscopic constants used to calculate energy levels and 

he weak or zero vibrational dependence of the average values of 

he molecular parameters in the initial and final vibrational lev- 

ls, some symmetry properties can be established from theoretical 

onsideration. For instance, one can easily demonstrate that RR(j,k) 

PP(J + 1,k + 1). In addition, the weak or no-vibrational dependence 

f both the spectroscopic constants and molecular parameters has 

nother consequence, i.e., a negligible vibrational dependence of 

he relaxation matrices. Then, calculations made in the ν6 band 

an be used in analyzing the ν5 band. In Fig. 2 (a) and (b), we 

resent comparisons between measured halfwidths in the PP(j,k) 

nd RR(j −1,k −1) sub-branches. As shown in these two figures, the 

xperimental data of Barbouchi et al. [1] obey to the above sym- 

etry with different ways. For the PP(j,3) and RR(j −1,2), signifi- 

ant differences exist, especially at high j values. On the opposite, 

or the pair PP(j,9) and RR(j −1,8), their data follow this symmetry 

roperty well. 

More interesting are comparisons between the measurements 

nd our calculated results derived with MRB, RRB, and RRB with 

M. The comparisons in the sub-branches PP(j,k) with k = 2, 3, 

, 5, 6, 7, 8, and 9 can be found in Fig. 2 . Meanwhile, the com-

arisons in the sub-branches RR(j,k) with k = 2 and 8 are given 
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Fig. 3. The same as Fig. 2 except for the branch of RR(j,k). The comparisons in the 

sub-branches of RR(j,k) with k = 9, 10, 11 are presented in Fig. 3(a)-(c). The results 

with k = 2 and 8 are given in Fig. 2(a) and (b), respectively. 
n Fig. 2 (a) and (b) and those of RR(j,k) with k = 9, 10, and 11

n Fig. 3 . 

As shown in these figures, when incorporating LC in the cal- 

ulations, the calculated halfwidths with RRB exhibit a substantial 

eduction compared to MRB. The LC reduction ranges from approx- 

mately 6 % to 14 %. However, in the majority of cases, the results

btained from RRB still considerably exceed the measured values. 

Next, due to considering LM, the calculated halfwidths are given 

y W(1,1) + W(1,2) instead of just W(1,1). At this point, the pres- 

nce of a large negative values of W(1,2) can result in a very 

arge LM reduction, reaching up to 26 % for k = 3 and 49 % for

 = 9. Overall, the results obtained from RRB with LM almost 

icely match the measurements. Now, let’s analyze the pattern of 

ariation in LM reductions compared to RRB. In general, these re- 

uctions heavily rely on the values of j and k. With respect to the 

 dependence, as shown in Fig. 2 c, for k = 2 the LM reduction de-

reases quickly as j increases and almost disappears at high j val- 

es. For k > 2, the LM reduction decreases slowly and remains sig- 

ificant even at higher j values. We note that for a given k value,

he LM reduction reaches its maximum at j = k. With respect to 

he k dependence, the LM reduction and its maximum increase as 

 increases. 

Except for the CH 3 D-N 2 system whose dominant component of 

otential is L 1 = 3 [6] , these reduction behaviors were already ob- 

erved in the NH 3 -NH 3 [ 19,22 ], PH 3 -PH 3 [24] , and CH 3 I-N 2 [8] sys-

ems. One can easily understood them by analyzing the ampli- 

udes of the off-diagonal elements of S 2,middle which is the ori- 

in of both LC and LM. In our previous studies, we have found 

hat the off-diagonal elements of S 2 are mainly determined by the 

oupling strength factor (CSF). Similar to the other systems men- 

ioned above, the present CH 3 F-N 2 system with a strong dipole- 

uadrupole interaction has a dominant CSF whose rank is 1. For 

he intra-doublet’s off-diagonal elements of S 2 , the expression for 

SF is simplified as (cf. Ref. [6] , Eq. (5) ) 

( −1 ) 
L 1 
(
2 j f + 1 

)(
2 j i + 1 

)
W 

(
j i j f j i j f , 1 L 1 

)
D 

P 
(
ε ′ i j i k i , ε i j i k i ; L 1 0 

)
D 

P 
(
ε ′ f j f k f , ε f j f k f ; L 1 0 

)
, (5) 

here the D 

P matrices are defined in Ref. [20] . We note that within

 doublet the choice of the ( ε) is fixed, CSF becomes a function of

 1 , j f , k f , j i , and k i . In addition, for a specified sub-branch, values

f j f and k f are determined by j i and k i . As a result, CSF is a func-

ion of L 1 , j i and k i . Fig. 4 (a) gives the CSF(L 1 = 1) for the RR( k i ,k i ),

R( k i + 1,k) and RR( k i + 2,k i ) doublets. As k i increases, the magnitude

ncreases. In Fig. 4 (b), we present calculated ratios of W(1,2)/W(1,1) 

hich represent the relative reductions of the halfwidth in dou- 

lets due to considering LM. These features are well expected be- 

ause they directly result from the profile of CSF(1) as given in 

ig. 4 (a). The interested readers can find a more detailed analysis 

n Ref. [ 6 , 19 ]. With Figs. 2 and 3 , now comparing theoretical pre-

ictions with observed dips of the halfwidths happening at j i = k i 
nd looking at them becoming larger as k i increases, it can be con- 

luded that the model of RRB + LM very correctly predicts these 

ips. 

Fig. 5 deserves some comments. Up to now, we have consid- 

red doublets in which the k-degeneracy is complete. This is no 

ore the case for the PP(j,3) doublets where a significant A 1 -A 2 

plitting exists for high j i : about 10 × 10 −3 cm 

−1 for j = 10 and

p to 33 × 10 −3 cm 

−1 for j = 34 [25] . Then, the multi-spectrum

tting procedure has provided individual halfwidths for the two 

omponents but with a code ignoring any LM effect (i.e. setting 

(1,2) = 0). It is worth noting that even though the A 1 -A 2 splitting

s important, it remains quite small. One should expect that mea- 

ured halfwidths of the two components are closer to each other. 

In our calculations the energy levels are calculated from a for- 

ula provided in Ref. [ 25 ] with the spectroscopic constants used 
5 
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Fig. 4. The calculated lines coupling strength factor CSF(1) and the ratios of W(1,2)/W(1,1) in the doublets RR(k,k), RR(k + 1,k), and RR(k + 2,k). They are plotted in Fig. 4(a) 

and (b). 
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y Jellali et al. [14] . With this formula and these spectroscopic con- 

tants, two components have the same energy value. As a result, 

ur theoretically calculated halfwidths are the same for these two 

omponents. In order to make comparisons more sense, it is better 

o compare the calculated halfwidths with the averages between 

wo measured widths. With this way, for j > 24 where the dif- 

erences of the two measured halfwidths are small, their averages 

re in reasonable agreement with our results. In general, they are 

bout 5–7 % smaller than the calculated plateau with RRB or RRB 

ith LM. For j < 24, one observes bigger discrepancies between 

he two measured halfwidths. We expect that these discrepancies 

ay result from the fitting process. 

Fig. 6 depicts a specific case of PQ(j,1), where there is no intra- 

oublet coupling due to k f = 0, resulting in W(1,2) = 0. As illus-

rated in the figure, there is a rather good agreement at higher j 

ines between the measurements conducted by Barbouchi et.al in 

he ν6 band [1] and by Lerot et al. in the ν5 band [ 10 , 11 ]. These

easurements also align well with the theoretical RRB predictions. 

owever, for lower j values, the variability in the experimental 
ig. 5. The same as Fig. 2 except for the sub-branch of PP(j,3) at higher j lines. The 

alculations are made with the two methods: RRB and RRB with LM. 

F

b

M

6 
ata prevents any definitive conclusions. It is worth noting that in 

he fitting process, Lepère and Lerot utilized two line shape models 

nown as the Voigt and Rautian profiles, leading to the derivation 

f the two slightly different broadening coefficients. 

Before ending the discussions, we would like to make a few 

omments on the theoretical work by Jellali et al. [14] . In the 

resent study, we adopt the potential and molecular parameters 

rovided by them. The only difference is they used the RB for- 

alism and explicitly carried out an average over the velocity. In 

ontrast, we use our formalisms and replace the average over ve- 

ocity by introducing the mean velocity as shown in Eq. (2) . It is

nown that the halfwidths derived from MRB and RB don’t dif- 

er too much. Meanwhile, for the collision system considered in 

his work, using the mean velocity approximation appears to give 

easonable results. Therefore, we expect that their originally cal- 

ulated halfwidths must be significantly larger than the measure- 

ents (as it is the case of our MRB results). We guess this is the

eason why these authors had to introduce in the integral over 
ig. 6. A comparison between calculated halfwidths and measurements in the sub- 

ranch of PQ(j,1) at T = 296 K. The calculations are made with the two methods: 

RB and RRB. 
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Table 1 

A comparison between measurements and our calculations at T = 183 K. 

Sub-branch j Obs. Voigt Obs. Rautian W(1,1) W(1,2) W(1,1) + W(1,2) 

RQ(j,2) 4 153.2 159.7 172.2 −14.9 164.3 

5 158.3 160.3 173.8 −11.4 162.4 

7 151.2 152.3 161.1 −8.4 152.7 

8 145.9 152.8 155.7 −7.7 148.0 

9 137.5 147.6 151.4 −7.3 144.1 

17 132.8 141.3 139.3 −5.3 134.0 

RQ(j,3) 10 134.4 132.7 150.3 −10.7 139.6 

11 132.1 136.8 147.5 −10.0 137.5 

RR(j,4) 5 135.7 136.8 169.3 −32.3 137.0 

9 131.2 129.5 153.6 −16.7 136.9 

14 132.1 130.8 143.4 −11.5 131.9 

PQ(j,1) 6 155.2 161.5 162.0 0 162.0 

12 136.6 140.4 137.8 0 137.8 

15 132.1 136.5 134.1 0 134.1 

PQ(j,2) 4 165.5 171.7 178.1 −5.9 172.2 

5 157.5 157.7 171.8 −4.8 167.0 

PQ(j,4) 7 149.2 152.9 163.6 −14.0 149.6 

11 139.2 144.8 147.5 −10.0 137.5 

12 132.7 138.6 145.4 −9.6 135.8 
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Fig. 7. A comparison between the temperature exponent N derived by Jellali et al. 

[14] and by the present authors based on RRB with LM. The sub-branch is RR(j,3). 
 c ( Eq. (2) ), a cut-off r c0 = 3.72 Å in order to reach a reasonable

greement with the measurements. In fact, with the same LJ pa- 

ameters used both by them and us, r c, min = 3.394 Å at T = 296 K.

n other words, as they calculated the halfwidths with the RB for- 

ula, they had neglected contributions from an integration range 

f r c from 3.394 Å to 3.72 Å. Based on our tests, the neglected

ontributions are pretty large. In addition, their cut-off r c0 would 

ause an extra error in calculating the temperature exponent. It 

s easy to understand this claim. For example, at a temperature 

igher than 296 K, because the corresponding r c, min is smaller than 

.394 Å, the neglected range of r c becomes larger. This implies that 

s one calculates the halfwidths at this temperature, more contri- 

utions would not be taken into account. As a result, the calculated 

alfwidths would be even smaller. Therefore, their cut-off would 

ield an extra strong temperature dependence as will be shown 

ater. 

. Results at 183 K and other temperatures 

It exists very few measurements of N 2 -broadening coefficients 

t low temperature. The only available data at 183 K comes from 

easurements in the ν2 and ν5 bands by Lerot et al. in Namur 

11] . In Table 1 , we present a comparison between their data and

ur calculated results based on RRB with LM. As shown in the ta- 

le, the agreement is generally good. 

On that basis, it becomes possible to carry out a more system- 

tic analysis of the temperature dependence of the N 2 -broadening 

oefficients. Theoretical halfwidths γ (T) in several sub-branches 

ere calculated for T = 183, 240, 296, and 350 K. As usually, a 

ower law with a characteristic temperature exponent N is intro- 

uced to describe the temperature dependence as: 

( T ) = γ ( T 0 ) 

(
T 0 
T 

)N 

, T 0 = 296 K. (6) 

Then, we use a standard least square fitting procedure to derive 

he temperature exponents. 

In general, N varies as the line of interest varies. In other words, 

 is a function of j and k. 

To show the j dependence of N and make a comparison, in 

ig. 7 we present our calculated exponents N for the sub-branch 

R(j,3) with j values ranging from 3 to 42, along with the val- 

es derived by Jellali et al. [14] . Our values are based on RRB

ith LM (i.e., W(1,1) + W(1,2)), while theirs are obtained from the 

adjusted” RB model. As illustrated in the figure, in general, Jel- 
7 
ali’s N values are significantly larger than ours. This is well ex- 

ected because as mentioned above, their artificially introduced 

ut-off r c0 leads to enhanced N values. With respect to the j 

ependence, N exhibits a non-monotonic variation with varying 

. Notably, we observe the minimum of N occurring at j = 9. 

e conducted a detailed analysis to understand how this mini- 

um arises. According to Eq. (3) , after excluding a common fac- 

or of 2 πb( db 
d r c 

) , the integrand of the width (i.e., W(1,1) + W(1,2))

s { 1 − 〈 1 | e −S 2 ( r c ) | 1 〉 − 〈 1 | e −S 2 ( r c ) | 2 〉 } . We select three lines 

R(j,3) with j = 5, 9, and 20, where RR(9,3) represents the line 

ith the minimum and RR(20,3) has the maximum N. We plot 

heir integrands at T = 183 K, 296 K, and 350 K in Fig. 8 . For

ach of the lines, the difference between the integrands at these 

hree temperatures directly corresponds to its N value. The wider 

he gap between the integrands, the larger the N value. As shown 

n the figure, it is obvious that RR(9,3) exhibits the narrowest gap, 

hile RR(20,3) displays the widest one. 

Regarding the k dependence, we examined four cases of RR(j,k) 

ith k = 1, 3, 5, and 7. The corresponding N values obtained from 

RB with LM (i.e., W(1,1) + W(1,2)) and RRB (i.e., W(1,1)) are pre- 

ented in Fig. 9 (a) and (b). By comparing Fig. 9 (a) and (b), one can

onclude that similar to calculated halfwidths, calculated N also re- 
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Fig. 8. The matrix elements of 1 − < 1 |exp( −S 2 )| 1 > − < 1 |exp( −S 2 )| 2 > for the 

three lines RR(5,3), RR(9,3), and RR(20,3) are presented in Fig. 8(a)–(c), respectively. 

The three temperatures (i.e., 183 K, 296 K, and 350 K) are distinguished by black, 

green and red colors. 

Fig. 9. The temperature exponents N obtained from two formalisms in the 

sub-branches RR(j,k) with k = 1, 3, 5, 7. The calculated exponents based on 

W(1,1) + W(1,2) and on W(1,1) are presented in Fig. 9(a) and (b), respectively. 

Meanwhile, the calculated N based on W(1,2) is plotted in Fig. 9(c). 

l

r

(

r

e

e

8 
ies on the formalism employed. It is noteworthy that for N de- 

ived from RRB with LM, it becomes independent of k for high j 

j ≥ 11) lines. In contrast, this behavior is not observed for N de- 

ived from RRB. The discrepancy arises from the different behavior 

xhibited by the off-diagonal W(1,2) compared to the diagonal el- 

ment W(1,1) as the temperature varies. In order to clearly show 
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Fig. 10. The performance of Hartmann’s method in the sub-branches RR(j,3) and RR(j,7). The profiles of the N dyn and N nres terms in these sub-branches are presented in 

Fig. 10(a) and (b), respectively. Additionally, a comparison of the N values in these sub-branches, obtained from Hartmann’s method and by fitting the calculated W(1,1) and 

W(1,1) + W(1,2) is shown in Fig. 10(c) and (d). 
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he behavior of W(1,2), we applied Eq. (6) to W(1,2) and presented 

he calculated N in Fig. 9 (c). 

Alternatively, we have also considered a simplified method pro- 

osed by Hartmann et al. [26] as an additional test. The origi- 

al Hartmann method was developed in the RB frame work and 

e have slightly modified it within the MRB formalism. A com- 

rehensive description of this method can be found in the Ap- 

endix. In this method, the exponent N in Eq. (A-12) is composed 

f three terms. One term is a constant 0.833, while the other 

wo terms, named as N dyn and N nres , are functions of j and k. In

ig. 10 (a) and (b) we present the profiles of the N dyn and N nres 

n the sub-branches RR(j,3) and RR(j,7) respectively. As shown in 

he figure, these two terms display opposite signs, but their com- 

ination mainly remains negative. In Fig. 10 (c), we compare the 

esults of N obtained from the three methods for RR(j,3). One re- 

ult is derived from RRB, the second from RRB with LM, while 

he last one is predicted using Hartmann’s simplified method. As 

hown in the figure, these three results align well. However, Hart- 

ann’s method does not match RRB with LM so well in other 

ub-branches. Fig. 10 (d) presents a comparison of N in RR(j,7) ob- 

ained from these three methods. In this case, Hartmann’s intends 

o match RRB well, but slightly differs from RRB with LM. 

. Conclusion 

In recent papers focusing on the N 2 -broadening of CH 3 X- 

pecies, we have demonstrated that the isolated line approxima- 

ion greatly restricts the validity of the RB and MRB models. Specif- 
9 
cally, when compared to experimental measurements, the calcu- 

ated widths using RB and MRB are significantly overestimated, in- 

icating the need for a reduction. In our viewpoint, the shortcom- 

ngs of RB and MRB arise from the disregard of the effects from LC 

nd LM, which occur due to the application of this invalid approx- 

mation. 

In order to achieve the necessary reduction, Jellali et al. intro- 

uced an artificial cut-off r c0 within the RB method. It is evident 

hat more sophisticated methods based on sound physics are re- 

uired, such as the RRB and RRB with LM models. To showcase the 

isparities between Jellali’s approach and our methods, we con- 

ucted a study dedicated to the N 2 -broadened widths of CH 3 F in 

erpendicular bands, along with corresponding W matrices. 

Our study encompasses numerous sub-branches, encompassing 

 wide range of j and k quantum numbers. By considering the 

ffects from both LC and LM, we observed that the RRB with 

M method led to a remarkable reduction of up to 46 %. Fur- 

hermore, this method not only exhibited excellent agreements 

ith extensive measurements at 296 K but also yielded similar 

esults at 183 K. The success of this method at these two tem- 

eratures encourages us to investigate the temperature depen- 

ences of the halfwidths and the W matrices. To this end, in 

ddition to T = 296 K, we conducted numerous calculations at 

 = 183, 240, and 350 K. These calculations allowed us to deter- 

ine the temperature exponent N, which is an important spectro- 

copic parameter. Additionally, we analyzed the dependencies of 

 on j and k, providing theoretical explanations to support our 

ndings. 
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ppendix A simplified model for evaluating the temperature 

xponent 

Within the MRB formalism, an expression for the halfwidth is 

iven by 

( T ) = 

n b ̄ν

2 πc 
σ ( T ) , (A-1) 

here σ (T) is the cross section whose expression is given later. For 

implicity, we only consider a potential limited to the dominant 

ipole-quadrupole component. In addition, we adopt the parabolic 

rajectory model derived by Robert and Bonamy [12] . In this model 

he trajectory is approximated by a straight trajectory around the 

istance of minimum approach. Meanwhile, in order to take into 

ccount the effect of the force derived from the isotropic potential, 

hese authors introduced an apparent relative velocity ν′ 
c defined 

y 

′ 
c = ν̄

{ 

1 + 

8 ε 

m ̄ν2 

[ 

5 

(
σ

r c 

)12 

− 2 

(
σ

r c 

)6 
] } 

. (A-2) 

Note that based on the energy and angular conservations 

1 
2 

m ̄ν2 = 

1 
2 

m νc 
2 + 4 ε 

{ (
σ
r c 

)12 −
(

σ
r c 

)6 
} 

, 

ν̄b = νc r c . 
(A-3) 

he “true” velocity νc at the closest distance r c is given by 

c = ν̄

{ 

1 − 8 ε 

m ̄ν2 

[ (
σ

r c 

)12 

−
(

σ

r c 

)6 
] } 

. (A-4) 

Then, within the MRB formalism, the cross section is given by 

( T ) = 2 π
∞ 

∫ 
r c,min 

r c 

(
ν ′ 

c ( r c ) 

ν̄

)2 [
1 − e −S 2 ( r c ) 

]
d r c . (A-5) 

Meanwhile, the function of S 2 (r c ) can be expressed as 

 2 ( r c ) = 

16 

45 

(
μ1 θ2 

h̄ ν ′ 
c 

)2 
1 

r 6 c 

F 2 ( r c ) . (A-6) 

where 
10 
 2 ( r c ) = 

∑ 

j 2 

ρ
(

j 2 
){ ∑ 

j ′ 
i 
j ′ 
2 

C ( 
1 ) 

j ′ 
i 
k i 

C ( 
2 ) 

j ′ 
2 

f 2 

(
r c 

ν ′ 
c ( r c ) 

(
ω j i j 

′ 
i 
+ ω j 2 j 

′ 
2 

))

+ j i k i → j f k f 

} 

. (A-7) 

The expressions for C (1) 

j ′ 
i 
k i 

, C (2) 

j ′ 
2 

, and the function of f 2 can be

ound in Ref. [ 27 ]. So far, the above comes from the standard RB

ormalism. 

Then, in developing this method, these authors made a new and 

rucial step by introducing a simplified assumption in Eq. (A-5), 

.e., to replace ( 1 − e −S 2 ( r c ) ) by (
1 − e −S 2 ( r c ) 

)
= 1 as r c ≤ r c0 , (

1 − e −S 2 ( r c ) 
)

= 0 as r c > r c0 . (A-8) 

In Eq. (A-8), a turning point r c0 is determined by 

1 − e −S 2 ( r c0 ) 
)

= 

1 

2 

o r S 2 ( r c0 ) = ln 2 . (A-9) 

Then, given a fact that the primitive of r c ( 
ν′ 

c ( r c ) 
ν̄ ) 2 is 

r 2 c 
2 ( 

v c ( r c ) 
v̄ ) 2 and v c ( r c,min ) = 0, one can rewrite Eq. (A-5) as 

( T ) = 2 π
r c0 ∫ 

r c,min 

r c 

(
ν ′ 

c ( r c ) 

ν̄

)2 

d r c = π r 2 c0 

(
v c ( r c0 ) 

v̄ 

)2 

. (A-10) 

Now, one is ready to derive the temperature exponent N. First 

f all, based on calculated S 2 (r c ), one can find the value of r c0 with

q. (A-9). Secondly, with Eqs. (A-6) and (A-10) , one can express 

 2 (r co ) as 

 2 ( r c0 ) = 

45 

16 

ln 2 

(
h̄ 

μ1 θ2 

)2 

ν
′ 2 
c ( r c0 ) r 

6 
c0 . (A-11) 

It is well known that as a function of r, the multipole interac- 

ion between multipole n 1 and multipole n 2 varies as 1 
r n 

where 

 = n 1 + n 2 + 1. For the dipole-quadruple interaction with n = 4.

n fact, the factor 1 

r 6 c 
appearing in Eq. (A-6) comes from 

1 
r 2 n −2 . 

herefore, a general expression applicable for the multipole inter- 

ction is the same as Eq. (A-11) except for replacing r 6 
c0 

by r 2 n −2 
c0 

.

hen, with Eq. (A-11) , one obtains 

r 6 c0 ≡ r 2 n −2 
c0 ∝ 

1 

ν
′ 2 
c ( r c0 ) 

F 2 ( r c0 ) , 

r 2 c0 ∝ 

(
1 

ν̄

) 2 
n −1 

(
ν̄

ν ′ 
c ( r c0 ) 

) 2 
n −1 

F 2 ( r c0 ) 
1 

n −1 . (A-12) 

Finally, with Eqs. (A-10) and (A-12) , the temperature depen- 

ence of cross section can be expressed as 

∝ 

(
1 

T 

) 1 
n −1 

(
ν̄

ν ′ 
c ( r c0 ) 

) 2 
n −1 

(
v c ( r c0 ) 

v̄ 

)2 

F 2 ( r c0 ) 
1 

n −1 . (A-13) 

In the terminology introduced in Hartmann et al., the first fac- 

or gives a contribution to N by a constant of 1/(n-1) which is 

.333 for the dipole-quadrupole interaction. This constant is the 

ell-known exponent derived by Birnbaum with a fully resonant 

pproximation and straight trajectories [ 18 ]. The second and third 

actors, considered together as N dyn to represent a dynamical con- 

ribution to N. Finally, the last one represents a contribution tak- 

ng into account all the non-resonant processes appearing in the 

irtual collisional transitions. As one calculates F 2 , if one only con- 

iders resonant contributions associated with ω ji,j ′ i + ω j 2, j ′ 2 = 0, 

he function F 2 becomes a constant 1 without temperature de- 

endence. Therefore, it is named as N nres by adding a subscript 
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f nres (non-resonance). In summary, since the factor of 
n b ̄ν
2 πc in 

q. (A-1) gives an extra contribution of 0.5, then the expression 

or N is given by 

 = 0 . 833 + N dyn + N nres . (A-14) 

During the preparation of this work the authors used ChatUPT 

n order to improve English. After using this tool/service, the au- 

hors reviewed and edited the content as needed and take full re- 

ponsibility for the content of the publication. 
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