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ABSTRACT

New Frontiers in String Algorithms and
Nearest Neighbour Search

Negev Shekel Nosatzki

This thesis revolves arounds two main frameworks of problems: (i) String Problems

such as the Longest Increasing Subsequence (LIS), Longest Common Subsequence

(LCS) and the Edit Distance (ED); and (ii) Approximate Nearest Neighbour

Search Problems under different metrics.

For String Problems, we show the following results:

• For ED, a constant approximation algorithm which runs in near-linear time.

In particular, an algorithm for approximating the edit distance between two

strings of length n in time n1+ε up to a constant factor, for any ε > 0.

• For parametrized LIS, the first sub-polynomial (in the parameter) approxima-

tion. In particular, we show that for any n ∈ N and λ = o(1), there exists a

(randomized) non-adaptive algorithm that, given a sequence of length n with

LIS ≥ λn, approximates the LIS up to a factor of 1/λo(1) in no(1)/λ time.

• For LCS, we give the first sub-polynomial approximation in linear time.

For Approximate Nearest Neighbour Search Problems, we show the following

results:

• The first instance of a simple, practical algorithm that provably leverages data-

dependent hashing to improve upon data-oblivious LSH.



• We introduce the notion of metric embeddings into similarity measures over Rm+ ,

and use such new embeddings to develop Approximate Nearest Neighbor Search

(ANN) algorithms which improve the approximation factor exponentially on the

(longstanding) state-of-the-art on two important metrics:

– Edit distance over length-k strings: poly(log k) approximation;

– `p over Rd, for p > 2: O(log p) approximation (known to be asymptotically

optimal in the relevant models of computation).

While the two frameworks might apriori feel unrelated, recent progress have shown

they are ultimately intertwined. First and foremost, both frameworks have proven to

be core problems in the area of fine-grained complexity, where conditional hardness

has been shown under the Strong Exponential Time Hypothesis (SETH), among other

conjectures. Second, the algorithmic techniques for solving the frameworks are inter-

related, and we will use Similarity Search techniques to solve string problems and

vice versa.
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CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

This thesis revolves around two main frameworks of problems: String Problems and

Similarity Search Problems, as well as their fundamental connection to the area of

Fine-Grained Complexity. The main fine-grained hardness Conjecture for these prob-

lems is SETH:

Conjecture 1 (Strong Exponential Time Hypothesis (SETH)). For every ε > 0 there

exists a k ≥ 3 such that k-SAT over n variables cannot be solved in time O(2(1−ε)n).

1.1 String Problems (Part I)

We study three fundamental string problems:

• The Longest Increasing Subsequence (LIS) problem.

• The Longest Common Subsequence (LCS) problem.

• The Edit Distance (ED) problem.
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The LIS of a sequence x is the longest subsequence of x which is strictly increasing.

The LCS of two strings x and y over alphabet Σ is simply their longest (not necessar-

ily contiguous) common subsequence. The edit distance is defined as the minimum

number of character deletions, insertions, and substitutions required to transform x

into y. The LIS problem is also equivalent to a special case of LCS where one of

the strings is known to be monotonic. All three are classical problems with dynamic

programming solutions, resulting in quadratic time for LCS and ED, and near-linear

time for LIS. All the aforementioned problems are also very fundamental with wide

spectrum of applications, and have been subject to a plethora of studies in the past

few decades and especially in recent years.

Despite significant research attempts over decades, little progress was obtained.

For LIS, the classical O(n log n) Patience Sorting algorithm [113; 149] was slightly im-

proved to O(n log log n) [86], and for LCS and ED, a O(n2/ log2 n) run-time algorithm

[150] remains the fastest one known to date. See also the surveys of [171] and [187].

With the emergence of the fine-grained complexity field, researchers crystallized the

reason why beating quadratic-time is hard by connecting it to SETH [37] (and even

more plausible conjectures [3]).

In the quest for faster algorithms, researchers started studying whether we can

settle for approximation algorithms. An early version of estimating the LIS underpins

one of the first sublinear-time algorithms: to test whether an array is sorted, or

monotonically increasing [95] — i.e., whether the length of the LIS is n or is at most

(1 − ε)n. [95] gave a O(log n/ε) time algorithm, and this running time was later

shown to be tight [5; 97]. Since then, there have been numerous influential results

on testing monotonicity and other similar properties; see, e.g., [91; 180; 96; 69; 49;
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52; 178; 46; 25; 194] and the book [106]. Moreover, LIS is often a subroutine in LCS

algorithms: for example, when strings are only mildly repetitive [108, Chapter 12],

or more recently in approximation algorithms [110; 173].

While monotonicity results focus on the case when LIS ≈ n, the case when LIS� n

has seen much less progress. The first result for this regime [189] shows how to (1+ε)-

approximate the length when the LIS is still large: they distinguish the case when

LIS ≥ λn from the case when LIS ≤ (λ− ε)n (for any λ > 0) using (1/ε)O(1/ε) logO(1) n

time, which only gives a (1 + ε)-factor approximation in truly sublinear time if

λ = Ω(log log n/ log n). For arbitrary λ < 1, assuming that LIS ≥ λn, [185] gave

an algorithm that achieves O(1/λ3)-factor approximation of LIS in Õ(
√
n/λ7) time.1

Recently, [161] improved upon this result by presenting an algorithm with approxi-

mation O(1/λε) and runtime O(n1−Ω(ε)(log n/λ)O(1/ε)). Independently, [172] obtained

a non-adaptive O(1/λ)-approximation algorithm using Õ(
√
r/λ2) queries, where r is

the number of distinct values. The authors of [172] also proved a lower bound, show-

ing that any non-adaptive algorithm that estimates the LIS to within an additive

error of εn requires (log n)Ω(log(1/ε)) queries.

To put the above results into context, contrast LIS with the problem of estimating

the weight of a binary vector of length n: when the weight is at least λn, we can

approximate the weight up to a factor of 1 + ε by sampling Oε(1/λ) positions, which

is optimal. So far, one cannot rule out that a similar performance is achievable for

1The formal definition of an approximation algorithm here is one that has to return L̂IS such

that L̂IS ≤ LIS, and the approximation factor is LIS/L̂IS. Equivalently, one can conceptualize an

α-approximation algorithm (for α ≥ 1) as one that can distinguish the case when LIS ≥ λn from the

case when LIS < λn/α.
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estimating LIS too, in fact for λ as large as 1/ log n. The aforementioned prior results

not only have approximation factors that are polynomial in 1/λ but also time / sample

complexities that are worse by a polynomial factor in n or 1/λ. Hence the following

guiding question remains open:

Question 2. Can we estimate the length of LIS in essentially the time needed to

estimate the weight of a binary vector?

For LCS, a major open problem is finding the best approximation for linear-time

algorithms. A trivial
√
n-factor approximation was only recently improved to ≈ n0.497

[112] and then to n0.4 [61].

In parallel, a λ-parametrized version was developed (in a similar fashion to LIS

from above), which gives a subquadratic solution with improved approximation when

the longest common subsequence is promised to be above a certain threshold [185].

In contrast to the slow progress for LIS and LCS, the progress for ED has been

more significant. A linear-time
√
n-factor approximation follows immediately from

the exact algorithm of [198; 164; 147], was followed by improved approximations: first

to n3/7 [39], then to n1/3+o(1) [42], and to 2Õ(
√

logn) [30] (based on the `1 embedding

of [175]). In the regime of O(n1+ε)-time algorithms, the best approximation prior

to our work is (log n)O(1/ε) [21]. Predating some of this work was the sublinear-time

algorithm of [41] achieving nε approximation when d is large. Attempts to improve

the approximation to a constant-factor yielded the first truly sub-quadratic quantum

algorithm for approximating edit distance [50] as well as a classical one [70]. This

was followed by a series of advances [10; 105; 139; 56]. Our work completes such line

of work, providing a near-linear time, constant factor approximation algorithm [28]
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which is presented hereforth.

Despite such recent success, there are many questions which remain open and the

goal for finding the fastest algorithms with the best approximation still stands.

Our Contributions. For ED, our main result is a n1+ε algorithm for computing the

edit distance up to a constant approximation.

Theorem 3 (ED Approximation. See Chapter 3). There is a randomized algorithm

that, for any ε > 0, n ≥ 1, and alphabet Σ, and any two strings x, y ∈ Σn, approxi-

mates the edit distance between x and y in expected O(n1+ε) time up to f(1/ε)-factor

approximation, for some universal non-decreasing function f(·).

This result was published in [28] and is described in full in Chapter 3. While we

do not derive the function f(1/ε) explicitly, we note that it is doubly exponential in

1/ε.

To obtain this, our algorithm deviates from previous approaches in several ways.

One notable change is that instead of the more standard recursion algorithm, our

top-level algorithm iterates bottom–up over all substring lengths w = γ, γ2, . . . n,

where γ = nε, and for each w computes a new metric Dw using Dw′ , where w′ =

w/γ. Conceptually we do so in two phases. First, we build another metric on w-

length strings adw, accessible via a fast distance oracle, which align-approximate2 ed.

Second, equipped with a fast oracle for adw (itself using Dw′), we build an “efficient

representation” for the entire metric, while using only n1+O(ε) calls to adw oracle.

Naturally, this “efficient representation” will not be able to capture the entire adw

2Align-approximate is intuitively an approximation that is good enough for an optimal alignment.

See Definition 18 for a formal definition.
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metric (that would require � n query complexity), but it will capture just enough

to preserve the edit distance between x and y. Then we build an efficient distance

oracle for this efficient representation, which will yield the desired metric Dw. Figure 1

in Section 3.2 showcases the high-level flow of this algorithm. An interesting anecdote

is that the process of creating such representation is done by defining “similarity

embedding” of substrings, connected to Part II of this research.

For LIS, our work comes close to answering Question 2 in the affirmative. In

particular, considering the λ-parametrized version, we obtain an algorithm that runs

in time near-linear in 1/λ, and achieves sub-polynomial in 1/λ approximation. We

show the following:

Theorem 4 (LIS Approximation. See Chapter 4). For n ∈ N, and any λ = o(1),

there exists a (randomized) non-adaptive algorithm that, given a sequence of length n

with LIS ≥ λn, approximates the length of LIS up to a 1/λo(1) factor in O
(

1
λ
· no(1)

)
time with high probability.

This result was published in [29] and is described in full in Chapter 4. We find

this result quite surprising, as one may guess that when λ ≈ 1/
√
n (which is the

LIS length of a random permutation), one would need to read essentially the entire

sequence (implying a Ω(1/λ2) lower bound on the number of queries needed). On

the contrary, when λ ≈ 1/
√
n, our run-time (and hence sample complexity) in such

regime is n1/2+o(1). This also implies a streaming LIS algorithm which nearly recovers

the streaming complexity from [107; 94] (albeit with worse approximation).

Our algorithm improves upon prior work substantially in terms of both approxi-

mation and run-time: (i) we provide the first sub-polynomial approximation for LIS
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in sub-linear time; and (ii) our run-time complexity essentially matches the trivial

sample complexity lower bound of Ω(1/λ), which is required to obtain any non-trivial

approximation of the LIS.

As part of our solution, we develop two novel ideas which may be of independent

interest. First, we define a new Genuine-LIS problem, in which each sequence element

may be either genuine or corrupted. In this model, the user receives unrestricted

access to the actual sequence, but does not know a priori which elements are genuine.

The goal is to estimate the LIS using genuine elements only, with the minimal number

of tests for genuineness. The second idea, Precision Tree, enables accurate estimations

for composition of general functions from “coarse” (sub-)estimates. Precision Tree

essentially generalizes classical precision sampling, which works only for summations.

As a central tool, the Precision Tree is pre-processed on a set of samples, which

thereafter is repeatedly used by multiple components of the algorithm, improving

their amortized complexity.

Finally, for LCS, our main result is the first sub-polynomial factor approximation

algorithm for LCS, which runs in linear time.

Theorem 5 (LCS Approximation. See Chapter 5). LCSn can be approximated up to

no(1)-factor, with high probability, in O(n) time.

This result appears in [173] and is described in full in Chapter 5. The algorithm is

obtained using an instantiation of LIS (sub-)algorithms from Theorem 4. While we do

not track the exact approximation factor in our analysis, we note it is exp
(

log(n)
logc log(n)

)
for some absolute constant c. Interestingly, we could not find a way to significantly

improve the bound above, obtainable in linear time, even if one can afford n1.99
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runtime. This relates to the issue of balancing of dense and sparse cases described

in Chapter 4, which is the core component of our algorithm.

To improve the bound, one would need to find a more efficient way to solve the

Block-LIS algorithm from Chapter 4.

One implication of this work is that an affirmative resolution to Question 2 would

yield surprising results, and in particular, a near-linear time, (1+ε) approximation to

LCS, which also provides near-linear εn additive approximation to the edit distance.

1.2 Nearest Neighbour Search (Part II)

In the classical problem of c-approximate Nearest Neighbor Search (ANN), we need

to preprocess a dataset P of n points in some metric space X with distance func-

tion d, so that, given a query point q ∈ X , we report a point p ∈ P within

distance c · minp∈P d(q, p). We study the high-dimensional ANN, which is moti-

vated both by practice and theory. ANN has a wide range of applications for vari-

ous metrics which are typically high-dimensional; see, e.g., book chapters [88; 191;

197]. Furthermore, ANN, as well as the tools behind the algorithms, are core primi-

tives in design of algorithms for high-dimensional questions, frequently arising in the

study of algorithms for massive datasets; see, e.g., surveys [119; 9] and specifically

recent work on, say, density estimation [75] or terminal embeddings [79].

Recently, SETH hardness bounds were used to better understand the ANN prob-

lem [184], showing that any polynomial space and preprocessing-time data-structure

cannot yield a truly sub-linear query time for 1 + ε approximation.

At a high level, algorithms for ANN roughly fall into two classes: direct algorithms,



CHAPTER 1. INTRODUCTION 9

and via metric embeddings.

Direct algorithms have been developed for a number of standard spaces, notably

`2, `1, `∞, `∞-product, `p, and general norms.

Most such direct algorithms are based on Locality Sensitive Hashing (LSH), where

the idea is to hash the points such that the probability of collision is much higher for

points which are close to each other (at distance ≤ r for some fixed radius r) than

for those which are far apart (at distance > cr). Given such hash functions, one can

retrieve near neighbors by hashing the query point and retrieving elements stored

in buckets containing that point. If the probability of collision is at least p1 for the

close points and at most p2 for the far points, the algorithm solves the d-dimensional

(c, r)-ANN using n1+ρ extra space and dnρ query time, where ρ = log(1/p1)/ log(1/p2)

[114].

The performance of an LSH family is thus determined by the value of the exponent

ρ, for which we now know precise bounds for some core metrics. The original LSH

paper [124] obtained ρ = 1/c for the Hamming space. For the Euclidean space,

subsequent research yielded a better exponent: ρ = 1/c2 + o(1) [90; 13]. These

bounds are tight for both Hamming and Euclidean space, as shown by the lower

bounds of [162; 174], thus completing this line of research.

Subsequent work showed that one can outperform LSH-based algorithms by using

data-dependent hashing. Quantitatively speaking, the work of [17; 31] developed

algorithms with space overhead n1+ρ and query time dnρ, where ρ = 1/(2c−1)+o(1)

for the d-dimensional Hamming space and ρ = 1/(2c2−1) +o(1) for Euclidean space.

Note that, for large c, this is a quadratic improvement of the query time (with better

space) over best possible LSH algorithms; the new bounds are known to be optimal
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for data-dependent hashing [32; 23]. In addition to the quantitative improvement,

the new space partitions are qualitatively different: they adapt to the geometry of a

given dataset, opening space for a new type of algorithmic techniques for the ANN

problem.

The second class of ANN algorithms leverages metric embeddings, and will be

discussed later on in this chapter.

At a high level, the ANN part of this thesis adds the following contributions to

ANN algorithms:

• Past work on DDH algorithms successfully made progress in asymptotic bounds,

but has also proven to be particularly complex and far from practical. In con-

trast, we develop a simple DDH version of the most basic LSH algorithm for

Hamming [124] (hence, it is likely much more practical that other DDH algo-

rithm), which improves upon optimal LSH bounds. Incidentally, it is built on

LSH Forest, a classic algorithm often used in practice.

• We develop a new method for designing ANN, based on embeddings into similar-

ity measures, thus extending and qualitatively improving upon a very successful

program of metric embedding approach to ANN, precisely where it has proven

to be limited for designing data-dependent ANN. We apply this method on 2

central and well-studied metrics: `p and edit distance, improving the approxi-

mation factor exponentially in each one.
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1.2.1 Theory and practice of ANN

The idea of data-dependent hashing has become quite popular in practice in recent

years [204; 203], though it is for the following subtly different reason: datasets that

arise in practice are hypothesized to not be “worst case”, and instead exhibit some

structure, such as low intrinsic dimension. Algorithms used in practice try to exploit

(implicitly or explicitly) precisely this additional structure. Let us remark that most

of these algorithms do not have any guarantees, on correctness or performance (but see

the related work section for some recent examples that do). In fact, it has become an

important challenge to bridge this gap between theoretical and practical algorithms

(see, e.g., a National Research Council report [85, Section 5], or the survey [203,

Section 7]).

While data-dependent hashing algorithms come close to bridging the gap—they

are empirically better in practice and are now proven to be better in theory—yet, the

gap persists: the theoretical and practical algorithms are still remarkably different.

In particular, the data-dependent algorithms from [17; 31] are quite far from the

aforementioned practical algorithms, or being practical at all. One step towards

practice was undertaken in [16], who gave an efficient implementation of one of the

components of [31]. This component is however data-independent : it is a better

LSH scheme for a dataset that is assumed to already have a nice structure (loosely

speaking, it looks like a random set). In particular, the algorithm of [16] has no

data-dependent steps, and hence it remains an open question to develop practical

data-dependent algorithms, with theoretical guarantees á la [31].

One immediate barrier for making [31; 17] more practical is the fact that these
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algorithms use a certain decomposition procedure that partitions a worst case dataset

into several subsets which are pseudo-random. This procedure is precisely the data-

dependent component of the algorithm. This decomposition is not particularly effi-

cient, and generously contributes to the no(1) factors in the bounds for space and query

time. Making such reductions for finite subsets of Rd more efficient would be of inde-

pendent interest—in particular, for problems where we know algorithms with better

performance for the pseudo-random datasets than the worst-case datasets (e.g., [200;

131; 132; 7]).

In this thesis, we develop new, simple data-dependent algorithms that are provably

better than data-oblivious LSH algorithms, even for worst case instances. Our first

work gives algorithms that while not improving the state-of-the-art bounds of [31]

quantitatively (in fact they are worse), the main advantage is simplicity and relation to

algorithms used in practice. Our second line of work provides substantial improvement

to long-standing theoretical bounds (as will be described later).

1.2.2 LSH Forest

Both our aforementioned lines of work are based on LSH Forest, a heuristic introduced

in [43] and is very popular in practice (see, e.g., [47]). It can be applied as a black

box to any LSH hash family.

The construction of LSH Forest data-structured is done by building nρ LSH Trees,

where each tree is associated with a randomly sampled hash function from the family,

and the tree itself is simply a (logical) prefix tree on the set of all labels, with each

leaf corresponding to a labeled point in the dataset.

We note here that direct implementation of the above LSH Forest does not lead
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to improved algorithms over data-independent ones, and in fact has slightly worse

bounds. The main motivation for LSH Forest popularity stems from its simple and

practical nature.

In this work, we show however, that careful modifications and instantiation of LSH

Forest can lead to improved theoretical bounds while keeping its practical nature.

LSH Forest will be useful for us for multiple applications (which will be described

later). For now, we will show how to modify it to obtain improved theoretical bounds

for Bit-Sampling LSH. Before describing our improved algorithm, let us briefly recall

the Bit Sampling LSH algorithm from [124; 114]. We hash an n-point dataset P ⊆

{0, 1}d using a hash function h(x) = xI , where xI is a restriction of the point x ∈

{0, 1}d on a set of indices I ⊆ [d]. The set I is chosen to be a random subset of [d] of

fixed, carefully chosen size. Given a query q ∈ {0, 1}d, we retrieve all the data points

p ∈ P such that h(p) = h(x) and check them all until we find a point within distance

cr from q. In order to boost the probability of success to constant, we repeat the

above construction nρ times, where ρ = 1
c
. It is not hard to construct an example,

where we must take ρ to be at least 1
c
− o(1) and, moreover, this bound is tight for

any data-independent LSH for the Hamming distance [174].

One of our new, improved algorithm is based on the LSH Forest algorithm, which

proceeds as follows when instantiated to the Bit Sampling LSH. We choose a random

permutation of the coordinates π : [d]→ [d] and apply it to each vector x ∈ P . Then

we build a trie on the permuted vectors.3 For a given query q, we descent down the

trie until we reach precisely one leaf and compare against the point stored in that

3This can be also seen as applying kd-tree on P with for a random order of the coordinates,

stopping the splitting until we have exactly one point.
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leaf. As before, we boost the probability of success by building nρ such tries.

While the above algorithm still requires ρ ≥ 1/c in the worst case, here is how we

modify it to bypass the 1/c bound. For a constant parameter k = O(1), and for every

tree node v, we choose a fixed set of k pivots Tv. Then, when answering a query, while

descending down the tree, we check against all the pivots Tv of every node v we visit

on the way to the leaf. Overall, we compare the query point with at most dk data

points. The following theorem summarizes the main result of this paper assuming

that there is only the near neighbor within distance cr from the query.

Theorem 6 (Improved LSH Forest for bit-sampling, informal. See Chapter 6). For

every k ≥ 1, there exists a procedure of choosing k pivots in each node of the tree of

LSH Forest, such that, in order to get a data structure for (c, r)-ANN for the Hamming

distance with constant probability of success, it is enough to sample O(nρ) tries, where:

ρ ≤ 1

ln 4
· 1

c
·
(

1 +O

(
1

k

))
+O

(
1

c2

)
.

Choosing k to be large enough, the exponent is ρ = 0.73/c + O(1/c2). The resulting

query time is O(nρd2k) and space is O(n1+ρk + nd).

This result was published in [33] and is described in full in Chapter 6. Our

resulting bound of, essentially, ρ ≈ 1
ln 4·c corresponds to the bound that follows from

using the Bit Sampling LSH of [124; 114] on a random dataset in {0, 1}d. Hence the

algorithm can be seen as a worst-case–to–random-case reduction in the case of Bit

Sampling LSH. While there exist space partitions that are better than Bit Sampling

on a random dataset [17; 31; 16], they are less efficient in practice, and, in particular

require a larger number of parts, requiring a tree with a large branching factor. This

seems required at least in some cases: in particular, for the Euclidean space, [16]
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prove that, for any space partition where ρ differs from the optimal exponent by ε,

the number of parts must be exponential in 1/ε. We conjecture a similar phenomenon

happens for the Hamming case; indeed, in all the known constructions, we need at

least 106 parts to improve upon the Bit Sampling for random instances, for c = 2.

Furthermore, in all known space partitions, the decoding time is proportional to the

number of parts, and hence it is a very important consideration in practice.

1.2.3 Embeddings into similarity measures for ANN

While LSH complexity is fairly well-understood for the high dimensional Euclidean

space, among several other metrics (see also survey [18] references and more recent

[145; 27]), there are many others for which the bounds are still unknown. Simi-

larity search for string problems like the ED and the LCS are important problems

with many applications. However, despite their importance, progress has been slow,

and was mostly focused on embedding of such hard metrics into “easier ones”. These

techniques resulted in partially positive results, which depend on either crude approx-

imations [176; 15; 121], allowing for very large space [122], or providing a solution for

the small distance regime [154]. On the other hand, there is little evidence that ED

and LCS must admit any worse bounds than, respectively, `1 and Jaccard Similarity,

and the current large gaps in the upper bounds beg resolution.

To address those “less understood” metrics, we first elaborate on the second class

of ANN algorithms, namely the ones leveraging metric embedding, where the idea is

to reduce ANN under some fixed metric to ANN under, say, `1/`2, or `∞, for which

we can use the aforementioned “direct” algorithms. We start by stating the more

traditional bi-Lipschitz embedding definition.
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Definition 7 (bi-Lipschitz embedding into `2). A metric (X , d) embeds into `2 with

distortion c there exists a map ϕ : X → Rd, for some d ≥ 1, such that for any

p, q ∈ X :

d(p, q) ≤ ‖ϕ(p)− ϕ(q)‖2 ≤ c · d(p, q).

Such embeddings have been studied for a number of metrics including edit dis-

tance, Ulam distance, Earth-Mover distance (Wasserstein-1 distance), `p-product

spaces, general symmetric norms, Fréchet distance, and others. Alas, for many of

these metrics, the best possible distortion remains a long-standing open question.

A notorious example is edit (Levenshtein) distance over length-k strings: early re-

sults showed that the best distortion c1 for embedding into `1 is Ω(log k) ≤ c1 ≤

2O(
√

log k log log k) [175; 134; 144] — improving over these bounds is a 20 years old open

question [153].

More recently, researchers discovered that a weaker form of embeddings, namely

average embeddings, yield ANN algorithms as well. In particular, [24] developed an

algorithm where the aforementioned data-dependent hashing is constructed based on

the theory of non-linear spectral gaps [158; 165]. The latter is (formally) related via

duality to average embeddings, which we define below (restated and simplified from

[166]):

Definition 8 (Average embedding into `1, [166]). A metric (X , d) embeds into `1

with average distortion c if for every P ⊂ X , there exists a map ϕP : X → Rd, for

some dimension d ≥ 1, such that for any p, q ∈ X :

‖ϕP (p)−ϕP (q)‖1
Ex,y∈P ‖ϕP (x)−ϕP (y)‖1 ≤ c · d(p,q)

Ex,y∈P d(x,y)
.

In other words, after a rescaling, the embedding ϕP is required to be c-Lipschitz
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(i.e., expansion bounded by c), whereas the contraction is 1 on average. Most notably,

motivated in part by a question from [26], Naor [166] showed that c = Θ(log d) for a

general d-dimensional norm; previously, [165] also showed that c = Θ(p) for `p. We

remark that, average embeddings have been used in algorithm design since at least

[182] otherwise.

Later, [145; 11] showed how one can directly use average embedding into `1/`2 to

construct ANN algorithm with O(c log c) approximation, space/preprocessing time of

n1+ε and query time of nε, for any ε > 0, up to factors that depend on the complexity

of storing/computing the function ϕP . As a corollary, [145] obtained the first ANN

algorithm for `p with O(p) approximation and polynomial preprocessing.

Very recently, [38] extended the above notion to average sketching, which should

be seen as a generalization of embedding into `1. The authors obtained a new trade-off

between space and approximation for `p.

In our work, we introduce a new type of (average) metric embeddings — into

similarity measures — and show how to instantiate it on LSH Forest (described above)

to obtain efficient ANN data structures. While our focus will mainly be on `p and edit

distance, we believe our techniques have broader applications. In particular, it turns

out that embeddings into similarity measures are provably more powerful, meaning we

can obtain smaller distortion than that possible via average embeddings into, say, `1.

While we give two such examples, we expect that the general approach may yield new

ANN algorithms for many other classic metrics as well. This work is set to appear in

[FOCS’25].

We start by defining the notion of embedding into a similarity measure; in fact

we consider a couple of embedding definitions below. For now, a similarity measure
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over Rm+ is simply a symmetric function S : Rm+ × Rm+ → [0, 1] such that S(x, x) = 1

for all x [74; 80].

Definition 9 ((c,m)-UASE; see complete Definition 115). We say a metric (X , d)

admits a (c,m)-Uniform Average Similarity Embedding (UASE) into S if for every

P ⊆ X , there exists a map ϕP : X → Rm+ , such that for any p, q ∈ X , we have:

log 1/S(ϕP (p), ϕP (q))

log Ep′,p′′∈P [1/S(ϕP (p′), ϕP (p′′))]
≤ c · d(p, q)

Ep′,p′′∈P [d(p′, p′′)]
.

We primarily consider the target similarity measure S(x, y) being the Sørensen-

Dice coefficient, denoted by M(x, y) , 2
∑
i min{xi,yi}∑
i xi+yi

.4 Other natural notions of sim-

ilarities S include Jaccard coefficient and cosine similarity — however both yield

equivalent UASE’s up to a constant factor in distortion c (due to the relations be-

tween these similarities).

The above definition can be interpreted as an average embedding into a space

with distance log 1/S(x, y) for two vectors x, y ∈ Rm (replacing `1 in the Def. 8). In

fact, for S being cosine similarity (or M , up to constants), the resulting distance is

is called Bhattacharyya distance (which is formally not a distance), and is used in

Statistics.

The definition above is not sufficient for our main results, and we need to extend

it to handle a weighted mixture of (multiple) UASE, formally defined as follows:

Definition 10 ((c,m)-WASE; see complete Definition 116). We say a metric (X , d)

admits a (c,m)-Weighted Average Similarity Embedding (WASE) into S if for every

4It’s easy to note that the definition is only interesting for specific similarities S, as otherwise,

for any (X , d), there always exists some S achieving c = 1.
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P ⊆ X of size n = |P |, there exists a map ϕP : X →
(

Rm/s+

)s
for some s ∈ N, such

that for any p, q ∈ X , we have:

∑
i∈[m/s]

‖ϕP (p)i + ϕP (q)i‖1

‖ϕP (p) + ϕP (q)‖1

·min

{
1 + 1/li,

log 1/S(ϕP (p)i, ϕP (q)i)

li

}
≤ c· d(p, q)

Ep′,p′′∈P [d(p′, p′′)]
,

(1.1)

where

li = log 1/Ep′,p′′∼Di [S(ϕP (p′)i, ϕP (p′′)i)], Di(x, y) ,
‖ϕP (x)i‖1 + ‖ϕP (y)i‖1

2n · ‖ϕP (P )i‖1

.

There are a few modifications from the UASE definition. The main extension

is that the embedding φP is into m/s “outer coordinates”, each one representing a

UASE-like embedding φP (p)i; the contribution of the outer coordinates is weighted

proportional to ‖φP (p)i+φP (q)i‖1. The second difference is that the “average contrac-

tion” is computed with respect to a non-uniform distribution Di(p′, p′′) (in contrast,

UASE uses uniform p′, p′′ ∈ P ). Finally, the contribution is capped (used to handle

points who are much more dissimilar than the average pair). All these modifications

are introduced to enable us to construct such embeddings in the two concrete cases.

A more in-depth discussion of the definitions is provided in Section 7.1.

One of our main contributions is to show that a WASE embedding yields efficient

ANN algorithms (for similarity measure S = M), stated somewhat informally next.

Theorem 11 (ANN from WASE; informal version of Theorem 148). Consider a metric

(X , d) that admits a (c,m)-WASE into similarity S = M . Suppose, for a dataset P of

size n, we can compute the description of the function ϕP in time nFp(n), using space

nFs(n), can compute ϕ(q) for any given q ∈ X in time Fq(n); and its “description
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complexity” is κ (formally defined in Definition 115). Then, for any ε > 0, there

exists an algorithm for ANN for P with the following performance:

• Approximation O(c/ε);

• Query time of O(nε ·(Fq(n)+Td)κ
O(1)) where Td is time to compute the distance

d;

• Space of O(n1+ε · Fs(n)κO(1)), in addition to storing the dataset;

• Preprocessing time of O(n1+ε · Fp(O(n))κO(1)).

The algorithm is based one LSH Forest where the embedding is being produced in

each node of the forest, and then some carefully crafted hash function is applied on

the embedding for each dataset point, as well as the query point. The full algorithm

is described in Chapter 7.

We now describe our concrete results on WASE embeddings for two classic metrics.

Combined with Theorem 11, we obtain improved ANN algorithms in the following

well-studied settings.

Edit distance over length-k strings. The edit distance between two length-k

strings x, y is the number of insertions/deletions/substitutions to transform x into

y, and is a classic way to compare sequences, such as genomic data [148]. NNS

under edit distance is a core task; e.g., see an application for DNA storage [183].

Despite receiving much attention over decades, NNS under edit distance has seen

little progress.

We design a poly(log k) distortion WASE embedding (Theorem 131), which to-

gether with Theorem 11, implies the following ANN data structure.
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Theorem 12 (ANN for edit distance. See Chapter 7). For any k ≥ 1 and ε ∈

(0, 1), we can design an ANN data structure under the edit distance over Σk achieving

O(1
ε
(log k)O(1)) approximation, O(nε · kO(1)) query time, and O(n1+εkO(1)) space and

preprocessing time.

Our ANN algorithm improves over the c = 2O(
√

log k log log k)-approximation ANN

obtained from an embedding into `1 [175]. Improving over this embedding has been a

long-standing open problem [153]. The lower bound on embedding stand at Ω̃(log k)

[134; 144; 19]. Even for average embedding, nothing nontrivial is known; see open

question in [24]. Our result can be seen as progress on the embeddability of edit

distance for the relaxed notion of average embeddings into similarity measures.

`p norm over Rd. We design an O(log p) distortion WASE embedding for `p (Theo-

rem 118), which, together with Theorem 11, yields the following ANN data structure.

Theorem 13 (ANN for `p. See Chapter 7). For any d ≥ 1 and ε > 0, p > 1, we can

design an ANN data structure under (Rd, `p) norm achieving O( log p
ε

) approximation,

O(nεdO(1)) query time, and O(n1+εdO(1)) space and preprocessing time.

This improves over Θ(p)-approximation ANN algorithm [145], based on an average

embedding into `1; the Θ(p) bound is tight for such embeddings [165]. Previous re-

sults also include O(2p) approximation [167; 40], O(log log d) approximation [8], and

O(log p·log2/p d) [27] (the latter result has approximation < p for some values of p, but

also has exponential preprocessing time). In a recent and independent work, [38] de-

velop the notion of average sketching that yields a different trade-off: c-approximation

with nO(p/c) space for any c at least a constant. Finally, a recursive metric embedding

approach was introduced very recently [143], yielding poly(p) approximation.
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We note that our bound of c = Θ(log p) for `p is tight in a number of ANN

data structure models. This follows from the lower bounds for `∞ [12; 129; 179;

57], noting that the same hard instance has an approximation gap of Ω(log p) in `p

norm.

Finally we remark that in the particular case of `∞, the approximation becomes

O(log log d) (by setting p = log d), matching the approximation of the classic result

from [120]. Thus this is a new (tight) algorithm for `∞, which is quite different from

the original algorithm of [120]. Furthermore, our WASE embedding for `∞ is used to

develop the edit distance WASE embedding.

1.3 Organization

This dissertation is split to two parts: Strings (Part I) and Nearest Neighbor Search

(Part II).

In Part I, we showcase the aforementioned algorithm and analysis for the ED

(Chapter 3), LIS (Chapter 4) and LCS (Chapter 5), and in Part II, we showcase our

ANN constructions for LSH Forest for Bit-Sampling (Chapter 6) as well as the simi-

larity embeddings which eventually obtain the results for `p and ED data-structures

(Chapter 7).

We also present related work in Chapter 2.
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Chapter 2

Related Work

Here we expand on prior work related to this thesis.

2.1 Edit distance and longest common subsequence

Focusing on constant-factor algorithms, a quantum algorithm for approximating edit

distance was introduced in [50]. Some of the basic elements of the algorithmic ap-

proach are related to [70] (and the algorithm in this paper). Another recent related

paper is [105], who obtain 3 + ε approximation in Õ(n1.6) time; independently, the

first author obtained a slightly worst time for the same approximation [10]. Similarly,

independently, [71] and [10] extended the constant-factor edit distance algorithm from

[70] to solve the text searching problem.

Progress on edit distance algorithms also inspired the first non-trivial algorithms

for approximating the longest common subsequence (LCS) [109; 185; 186; 62], leading

to a linear time, no(1)-approximation algorithm [29; 173]. Also of note is [186] which

shows that a O(1)-factor approximation to edit distance implies a 2 − Ω(1) factor

approximation to LCS over a binary alphabet in essentially the same time (in fact,
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the additive approximate algorithms from [140; 55] are already enough for this ap-

plication), which was later extended to the more general small alphabet setting [6;

115].

2.2 Streaming algorithms for string problems

Computing the length of LIS has been studied in the streaming model, where settling

its complexity is a major open problem [177]. In this setting, the main question is to

determine the minimum space required to estimate the length of LIS by an algorithm

reading the sequence left-to-right. [107; 94] gave deterministic one-pass algorithms to

(1 + ε)-approximate the LIS using O(
√
n) space, and matching lower bounds against

deterministic algorithms were given by [94; 99]. These lower bounds are derived using

deterministic communication complexity lower bounds and provably fail to extend

to randomized algorithms [68]. However, no randomized algorithm requiring o(
√
n)

space is known for this problem either. We note that our algorithm can be used in the

streaming setting, yielding streaming complexity O(n1/2+ε) for approximation no(1).

For ED, the main focus has been on obtaining polynomial time sketch and recov-

ery algorithms that achieve the smallest possible sketch length for a parametrized

threshold k. Jin, Nelson and Wu [45] proved that sketches must have length Ω(k).

Progress has been made on the upper bound [128; 45; 136] culminating in near-linear

sketch size [141] as well.

A streaming algorithm for LCS was also considered [34], also in the case of multiple

sequences [98].
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2.3 Sublinear-time edit distance algorithms

Sublinear-time algorithms for edit distance have originally developed in the early

2000s [41; 39; 30], and have recently drawn renewed attention [104; 137; 54; 103; 64].

Most recently, a truly sublinear-time algorithm with a subpolynomial approximation

gap was found [60; 59], solving the (k, k1+o(1))-gap edit distance problem in time

O(n/k + k2+o(1)). Another related line of work has been on computing edit distance

for the semi-random models of input [20; 146; 51].

2.4 Dynamic and parallel algorithms

The LIS problem has also been studied recently in other settings, such as the MPC and

the fully dynamic settings. [118] gave a (1 + ε)-approximation, O(1/ε2)-round MPC

algorithm for LIS whenever the space per machine is n3/4+Ω(1). In the dynamic setting,

a sequence of works [160; 101] culminating in [138], gave the first exact dynamic LIS

algorithm with sublinear update time, and also gave a deterministic algorithm with

update time no(1) and approximation factor 1− o(1). [100] showed conditional lower

bounds on update time for certain variants of the dynamic LIS problem.

For fully dynamic LCS, early work [36] has proposed algorithms with subquadratic

update and query times under restricted models. More recent advances include [102]

. Similarly, dynamic edit distance has been studied under both cell-update models

and symbol-update models. For example, [73] achieved polylogarithmic updates for

small alphabets in the cell-probe model. For edit distance, parallel (MPC) algorithms

were developed in [50; 111].
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2.5 Other string problems

There has been much more success on the problem of estimating the distance to

monotonicity, which “complement” LIS (i.e., dm := n − LIS), in both the sublinear-

time and the streaming settings. In the random-access setting, the problem was

first studied in [5], and later in [189], who gave an algorithm that achieves (1 + ε)-

approximation in time poly(1/dm, log n) for any constant ε > 0. These algorithms

have been also used, indirectly, for faster algorithms for estimating Ulam distance [15;

170] and smoothed edit distance [20].

In the streaming setting, several results were obtained which achieveO(1)-approximation

of dm using polylog(n) space [107; 94]. This culminated in a randomized (1 + ε)-

approximation algorithm using polylog(n) space by Saks and Seshadhri [188], and a

deterministic (1 + ε)-approximation algorithm using polylog(n) space by Naumovitz

and Saks [169]. [169] also showed space lower bounds against (1 + ε)-approximation

streaming algorithms of Ω(log2 n/ε) (deterministic) and Ω̃(log2 n/ε) (randomized).

Another classical problem is the pattern matching remains a classic problem with

optimal linear-time algorithms [135; 53] and nearly optimal streaming solutions us-

ing fingerprinting and sketching [181]. Approximate matching under Hamming or

edit distance constraints has seen advances in both cell-probe [73] and streaming

models [82].

2.6 Data-dependent hashing

As previously mentioned, data-dependent hashing is an ubiquitous idea in practice,

albeit with few, if any guarantees on correctness or performance. To list just a few



CHAPTER 2. RELATED WORK 27

examples, these include PCA-trees [193; 156; 201] and its variants (called randomized

kd-tree) [192; 163], spectral hashing [205], semantic hashing [190], and WTA hashing

[206], and many more. We point an interested reader to the surveys of [204; 203].

There have also been efforts to obtain algorithms that are both data-dependent

(in a practical way) and have theoretical guarantees. Most such examples include the

algorithms that assume some additional structure in the dataset: such as some notion

of low intrinsic dimension [130; 77; 142; 48; 125; 81; 87], or low dimensional data-set

with high-dimensional noise [4]. Most relevant to us is the work of [89], which, while

mostly focusing on the low intrinsic dimensional datasets, give a generic bound for

the worst-case datasets as well. The bound of [89] however depends on the dataset

in a non-obvious way, and it is not clear whether it obtains bounds that are better

than (data-independent) LSH.

2.7 ANN for matching and string problems

Embeddings for EMD have been studied extensively for low- and high-dimensional

spaces X [126; 134; 168; 14] (and many more results exist for related problems of

fast evaluation, sketching, ANN; see, e.g., the references in the recent [127]). Overall,

for high-dimensional spaces, EMDX when X is d-dimensional `1 has an `1 distortion

of ≈ O(log k log d); recently, [127] also showed that, for ANN, one can improve the

approximation to Õ(log k) via a data-dependent hashing algorithm.

For edit distance, as mentioned earlier, the best known ANN construction prior

to this work was using the influential c = 2O(
√

log k log log k)-approximation `1 embed-

ding [175]. Improving over this has been a long-standing open problem [153], with
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the lower bound still standing at Ω̃(log k) [134; 144; 19].

Other prior ANN algorithms include [123] who achieves approximation c = 3` using

space roughly nk
1/`

, and the line of work from [83; 72; 155] handling the case when the

distance to the nearest neighbor is small (sub-logarithmic in n). Better algorithms

are also known for the Ulam metric, which is the restriction of edit distance to non-

repetitive strings [76; 15] (via embedding into `1 or other normed spaces).

ANN was also studied for LCS [92] and Fréchet [121]. More recent work include [63;

159].
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String Problems
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Chapter 3

Edit distance

Edit distance is a classic distance measure between sequences that takes into account

the (mis)alignment of strings. Formally, edit distance between two strings of length n

over some alphabet Σ is the number of insertions/deletions/substitutions of characters

to transform one string into the other.

Being of key importance in several fields, such as computational biology and signal

processing, computational problems involving the edit distance were studied exten-

sively.

In this chapter we showcase an algorithm for approximating the edit distance

between two strings of length n in time n1+ε up to a constant factor, for any ε > 0,

proving Theorem 3, restated below:

Theorem 14 (Theorem 3, restated). There is a randomized algorithm that, for any

ε > 0, n ≥ 1, and alphabet Σ, and any two strings x, y ∈ Σn, approximates the edit

distance between x and y in expected O(n1+ε) time up to f(1/ε)-factor approximation,

for some universal non-decreasing function f(·).

This result completes a research direction set forth in the breakthrough paper [70],
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which showed the first constant-factor approximation algorithm with a (strongly)

sub-quadratic running time. The recent results [140; 55] have shown near-linear

time algorithms that obtain an additive approximation, near-linear in n (equivalently,

constant-factor approximation when the edit distance value is close to n). In contrast,

our algorithm obtains a constant-factor approximation in near-linear time for any

input strings.

In contrast to prior algorithms, which are mostly recursing over smaller substrings,

our algorithm gradually smoothes out the local contribution to the edit distance over

progressively larger substrings. To accomplish this, we iteratively construct a distance

oracle data structure for the metric of edit distance on all substrings of input strings,

of length niε for i = 0, 1, . . . , 1/ε. The distance oracle approximates the edit distance

over these substrings in a certain average sense, just enough to estimate the overall

edit distance.

While we do not derive the function f(1/ε) explicitly, we note that it is doubly

exponential in 1/ε. We present a technical overview of our approach in Section 3.2,

after setting up our notations in Section 3.1. The proof of the main theorem will follow

in subsequent sections, in particular the top-level algorithm and its main guarantees

are in Section 3.3.

3.1 Preliminaries: setup and notations

Fix a pair of strings (x, y) ∈ Σn×Σn for which we care to estimate the edit distance.

We define edn(x, y) as half the number of insertions/deletions to transform one string

into the other. Note that the standard edit distance (allowing substitutions) can be
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reduced to this case (see, e.g., [196]). When length n is clear from the context, we

omit the subscript.

Sw is the set of integer powers of 2 up to w: namely, Sw = {1, 2, 4, 8 . . . w} ∪

{1/2, 1/4 . . . 1/2n}.

[n] denotes the set {1, 2, 3, . . . n} throughout the paper. Also, the notation [a, b)

means all integers {a, ...b− 1}, whereas [a, b] = {a, ...b}.

We assume that n, 1/ε are powers of 2. Furthermore, we assume n is a sufficiently

large integer power of 1/ε, and that nε is integer as well. These are obtainable via

standard rounding of n, 1/ε.

When describing intuitive parts, we sometimes use O∗(f(n)) to denote f(n) ·nO(ε)

(where ε is the small constant from the algorithm).

Finally, we use the standard Chernoff bound (below) as well as notion of with

high probability (whp), meaning with probability at least 1 − n−C for large enough

constant C > 1.

Theorem 15 (Chernoff bound). Consider a sum of independent r.v. X1, . . . Xm ∈

[0, 1] for some m > 1. Then, if E[
∑
Xi] = Ω(log n), then

∑
Xi ∈ [0.9, 1.1] · E[

∑
Xi]

w.h.p. (where implicit constant in Ω depends on C). Note that this implies that

(without any condition),
∑
Xi ≥ 0.9 E[

∑
Xi]−O(log n) w.h.p.

3.1.1 Intervals

An interval is a substring x[i : j] , xixi+1 . . . xj−1, for integer i, j where i ≤ j (i.e.,

starting at i and ending at j − 1, of length j − i). When part of the string is outside

bounds of x, we assume those characters are a default character, say, $ 6∈ Σ.
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For i ∈ [n], let Xi,w (Yi,w) denote the interval of x (y) of length w starting at

position i. Let Ww,Hw the set of all such Xi,w and Yj,w strings respectively. We use

Iw = Ww ∪ Hw to denote all x and y axis intervals. When clear from context, we

drop subscript w.

By convention, if i 6∈ [1, n − w], we pad Xi/Yi with the default character $.

Also X⊥,w (Y⊥,w) and is a string of unique characters. In particular, for all distance

functions τw(·, ·) on two length-w strings in this paper, we define τw(X⊥,w, ·) = w;

e.g., edw(Xi,w, ·) = w.

Usually, by I ∈ Iw we refer not only to the corresponding substring but also to the

“meta-information”, in particular the string it came from, start position, and length

(e.g., for I = Xi,w, the meta-information is x, i, w). This difference will be clear from

context or stated explicitly.

In particular, the notation I + j, for an interval I and integer j, represents the

interval j positions to the right; e.g., if I = Xi,w, then I + j = Xi+j,w.

Alignments. An alignment between x and y is a function π : [n] → [n] ∪ {⊥},

which is injective and strictly monotone on π−1([n]). The set of all such alignments is

called Π. Note that ed(x, y) = minπ∈Π

∑
i∈[n] ed1(xi, yπ(i)) (recall that, by convention,

ed1(c, y⊥) = 1 for all c ∈ Σ). We define π(i) , i when i < 1 and i > n for convenience.

It is convenient for us to think of π as function from Iw → Iw (for fixed w), via

the following extension. First, abusing notation, we think of π : [n] → [n] ∪ {⊥}

as π : Xw → Yw ∪ {⊥} where each interval is identified with its start position. Its
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extension π̂ : Iw → Iw ∪ {⊥} is:

π̂[I] =

π[I] I ∈ X

π−1[I] I ∈ Y
,

where π̂[Xi,w] means Yπ(i),w, and π̂[Yj,w] means Xπ−1(j),w, with π−1(j) = ⊥ if there’s

no i with π(i) = j. Throughout this paper, we overload notation to use π for the

extension π̂ as well. We also define←−π (i) as the minimum π(j), j ≥ i, which is defined

(6= ⊥).

3.1.2 Interval distances

Our algorithms will use distances/metrics over intervals in Iw. One important in-

stance is the alignment distance, denoted adw(·, ·). At a high level, adw(·, ·) is a

distance metric that approximates edit distance on length-w intervals (though a vari-

ant of it is not formally a metric). We discuss ad(·, ·) metric in Section 3.3 as well

as 3.8.

Definition 16 (Neighborhood). Fix c ≥ 0 and I ∈ Iw. The c-neighborhood of I is

the set Nc(I) = {J ∈ Iw | ad(I, J) ≤ c}, i.e. all x and y intervals which are c-close

to I in terms of their alignment distance.

Definition 17 (Ball of intervals). A ball of intervals is a set of consecutive intervals

in either Xw or Yw (i.e., it’s a ball in the metric where distance between Xi and Xj

is |i− j|). The smallest enclosing ball of a set S (subset of Xw or Yw) is the minimal

ball B ⊇ S.

Average approximation for an optimal alignment. A common theme in our al-

gorithm is constructing metrics on Iw approximating edw in a certain “average sense”.
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In particular, this differs from the standard notion of approximation in that the up-

per bound holds only on average, and for an optimal alignment π ∈ Π. Formally, we

define:

Definition 18 (Align-approximation). Fix space (Iw, d) over Iw (which is often a

metric space, but need not be). We say d T -align-approximates ed if the following

holds:

1. For all I, J ∈ Iw: d(I, J) ≥ edw(I, J).

2. minπ∈Π

∑
i∈[n]

1
w
d(Xi, Yπ(i)) ≤ T · ed(x, y).

3.1.3 Operations on sets and the ∗ notation

By convention, applying numerical functions to a set refers to the sum over all set

items; e.g., f(S) =
∑

i∈S f(i). When applying set operators on other sets, we use

the union; e.g., π(S) = ∪I∈Sπ(I) and Nc(S) = ∪I∈SNc(I). Abusing notation, we

use f(S) even when S is not fully contained in the domain of f — in which case,

we simply ignore elements outside the domain. Any exception to the above will be

clearly specified.

We also use the notation ∗ as argument of a function, by which we mean a vector

of all possible entries. E.g., f(∗) is a vector of f(i) for i ranging over the domain

of f (usually clear from the context). Similarly, f(∗R) means a vector of f(i) for

i satisfying property R. Overloading notation, sometimes f(∗R) will also mean a

vector of f(i) for all i in the domain, with coordinates i /∈ R being zeroed-out.
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3.2 Technical overview

3.2.1 Prior work and main obstacles

As our natural starting point is the breakthrough O(n12/7)-time algorithm of [70] (and

related [50]), we first describe their core ideas as well as the challenges to obtaining

a near-linear time algorithm. In particular, we highlight two of their enabling ideas.

At a basic level, their algorithm computes edit distance edn(x, y) by computing edw

between various length-w intervals (substrings) of x, y recursively, and then uses edit-

distance-like dynamic programming on intervals to put them back together. The main

algorithmic thrust is to reduce the number of recursive edw computations: e.g., if the

intervals are of length w, and we only consider non-overlapping intervals, there are

still n/w × n/w calls to edw, each taking at best Ω(w) time. Hence, [70] employ

two ideas to do this efficiently: 1) use the triangle inequality to deduce distances

between pairs of intervals for which we do not directly estimate edw, 2) two nearby

x-intervals (e.g., consecutive) are likely to be matched into two nearby y-intervals

(also consecutive) under the optimal edit distance alignment π. (The earlier quantum

result [50] employed the first idea already, but relied on a quantum component instead

of the second idea.) Indeed, these ideas are enough to reduce the number of recursive

calls from (n/w)2 to ≈ (n/w)1.5.

One big challenge in the above is that, in general, one has to consider all, overlap-

ping intervals from x, y, of which there are n — since, in an optimal edn align-

ment, an x-interval might have to match to a y-interval whose start position is

far from an integer multiple of w. An alternative perspective is that if one con-

siders only a restricted set of interval start positions, say every s ≤ w positions
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in y, then one obtains an extra additive error of about s · n/w from the “round-

ing” of start positions in y. That’s the reason that a bound of (n/w)1.5 recursive

calls did not transform into n1.5 runtime in [70]: to compute edit distance when

ed < n1−Ω(1), they employ a standard (exact) O(n + ed2(x, y)) algorithm [198;

164].

Recent improvements by [140; 55] showed how to reduce the number of recursive

calls to ≈ n/w, but some fundamental obstacles remained. The linear number of

recursive calls was leveraged to obtain near-linear time but with an additive approxi-

mation only: when ed(x, y) ≥ n1−δ, the overall runtime is n1+g(δ) for some increasing

function g.

In particular, in addition to the aforementioned challenge, a new challenge arose:

to be able to reduce to near-linear number of recursive edw calls, the algorithms from

[140; 55] might miss a large fraction of “correct” matches. In particular this fraction

is ≈ n−δ, which results in an additive error of ≈ n1−δ. To put this into perspective,

for w =
√
n, if we allow an additive error n1−δ, then it suffices to analyze b = n0.5+O(δ)

intervals (which barely overlap) and misclassify b · n−δ of them. We use the following

example to showcase the challenges:

A running example illustrating the challenges

Consider an instance where ∆ = n−0.01 fraction of intervals in Xw are “sparse” —

have a single cheap match in Yw — and the rest of the intervals are dense (they are

close to many other intervals). Assume further that such sparse intervals are spread

around in multiple “sparse sections” (sequences of consecutive sparse intervals).

Note that if we can afford large additive errors, we can simply ignore all these

sparse intervals (certifying them at max cost w) and output the distance based on the
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dense intervals only, with at most n∆ = n0.99 additive approximation. To avoid this,

one must first identify some sparse intervals (since the dense intervals do not provide

sufficient information about the sparse sections). Even if we manage to find some

of the sparse intervals efficiently, we still need to apply knowledge of the location of

such intervals to deduce information on other intervals which might be in completely

different areas in the string. We will return to this example later.

Below we describe the high-level approach to our algorithm, including how we

overcome these obstacles. We note that, while our algorithm is based on the two key

ideas from [70], the high-level algorithm departs from the general approach undertaken

in [70; 140; 55]. That said, some algorithmic steps are similar to those developed

in [140; 55]. We do not rely on previous results (for any distance regime) such as [198].

3.2.2 Our high-level approach

While there are many ideas going in overcoming the above challenges, one common

theme is averaging over the local proximity of intervals. In particular, the algorithm

proceeds by, and analyzes over, “average characteristics” of various intervals of x, y,

in a “smooth” way. For example decisions for a fixed interval I ∈ Iw, such as whether

something is close, or something is matched, are done by considering the statistics

collected on nearby intervals (to the left/right of I in the corresponding string). While

we expand on our technical ideas below, this is the guiding principle to keep in mind.

Addressing the first challenge, we consider intervals (of fixed length w) at all n

starting positions, i.e., the entire set Iw. Note that recursion becomes prohibitive: we

can’t perform even n edit distance evaluations each taking Ω(w) time (w is set to be

≈ n1−ε). Instead, our top-level algorithm iterates bottom–up over all interval lengths
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w = γ, γ2, . . . n, where γ = nε, and for each w computes a good-enough approximation

to the entire metric (Iw, edw). Recall that Iw = Ww ∪ Hw consists of all w-length

intervals (substrings); i.e., |Iw| = 2n. The metric, termed Dw(·, ·), will be accessible

via a distance oracle (fast data structure), with nε query time, and will approximate

the distance between most of the pairs (an x-interval, y-interval) that participate in an

optimal alignment in an average sense. Specifically, for π ranging over all alignments,

we will have that minπ
1
w

∑
iDw(Xi,w, Yπ[i],w) = Θε(ed(x, y)). Formally, we say Dw

Oε(1)-align-approximates ed (see Def. 18).

In each iteration, we build Dw using Dw′ , where w′ = w/γ. Conceptually we

do so in two phases. First, we build another metric on w-length strings, (Iw, adw),

accessible via a fast distance oracle, that uses γO(1) = nO(ε) time and Dw′ oracle

calls. Crucially, adw will similarly align-approximate ed. Second, equipped with a

fast oracle for adw (itself using Dw′), we build an “efficient representation” for the

entire metric (Iw, adw), while using only n1+O(ε) calls to adw oracle. Naturally, this

“efficient representation” will not be able to capture the entire adw metric (that would

require � n query complexity), but it will capture just enough to preserve the edit

distance between x and y—again, formally, align-approximate ed. Then we build an

efficient distance oracle for this efficient representation, which will yield the desired

metric Dw. Note that the final approximation to ed(x, y) is computed by (essentially)

querying Dn(X1,n, Y1,n).

In particular, the “efficient representation” of adw is a weighted graph Gw with

vertex set Iw and n1+ε edges, such that the shortest path between I, J ∈ Iw approx-

imates adw(I, J), again, in an average sense for an optimal alignment. In particular,

the shortest path distance is non-contracting, and non-expanding on average for inter-
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val pairs that “matter”, i.e., which are part of the optimal alignment π corresponding

to ed(x, y). An edge (I, J) of the graph Gw will always correspond to an explicit call

to adw(I, J); and the main question in constructing Gw is deciding which n1+ε pairs

to compute adw for.

Once we have the graph Gw, we build a fast distance oracle data structure on it to

obtain the metric Dw. In particular, our fast distance oracle is merely an embedding

of the shortest path metric on Gw into `d∞, where d ≈ |I|ε, incurring an approximation

of O(1/ε), via [151]. We note that we cannot use some other common distance oracle,

such as, e.g., [195; 78], because they do not guarantee that the resulting output is

actually a metric, and in particular, that it satisfies the triangle inequality, which is

crucial for us (as mentioned above). We remark that this particular step is somewhat

reminiscent of the approach from [30], who similarly build an efficient representation

for the metric (Iw, edw) using metric embeddings. However, the similarity ends here:

first [30] used Bourgain’s embedding into `1, which incurs Θ(log n) distortion, and

second, more importantly, the construction of Gw was altogether different (incurring

a much higher approximation).

Computing the graph Gw itself is the most algorithmically novel part of our ap-

proach, and is termed Interval Matching Algorithm, as it corresponds to matching

intervals that are close in adw distance. This algorithmic part should be thought of

as the analogue of the algorithm deciding for which pairs of intervals to (recursively)

estimate the edit distance in [70].

We sketch the Interval Matching Algorithm next in this technical overview. We

also sketch how to compute the adw distance in nO(ε) time, which presents its own

new challenges, especially to guarantee its metric properties.
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3.2.3 Interval matching algorithm

The main task here is to efficiently compute a graph Gw that approximates adw,

in an average sense over an optimal alignment π. Specifically, to generate Gw, we

iterate over all costs c ∈ Sw (powers of 2), and for each such cost, we then generate

a (sub-)graph Gw,c, with edges of weight Θε(c). The following is the main guarantee:

for any fixed alignment π, for any pair (I, π[I]) ∈ I2
w at a distance ad(I, π[I]) ≤ c,

we generate a 1- or 2-hop path for it in Gw,c—except for Oε(kc) such pairs (I, π[I])

where kc is the number of pairs with ad(I, π[I]) > c (i.e., the “error” increases by at

most a constant factor). The union1 of such graphs Gw,c yields the final graph Gw.

Below we focus on a single scale graph Gw,c, which is supposed to capture nearly all

pairs (I, π[I]) where adw(I, π[I]) ≤ c. We refer to such a pair as a π-matchable pair

(I, π[I]).

At its core, our algorithm can be thought of as a partitioning algorithm, where we

partition Iw into sets of intervals, such that for nearly all π-matchable pairs (I, π[I]),

both intervals belong to the same set. We start with a single set of intervals and

we iteratively partition the set into progressively more refined partitions (consisting

of smaller parts), with the goal of keeping π-matchable pairs I, π[I] together. (This

algorithm will use a significant amount of notation, and, while this high-level overview

will mention only a fraction of them, the reader may refer to the Table 3 in Sec. 3.5

for some important definitions and formulas.)

In particular, the matching algorithm proceeds in ≈ 1/ε steps. In each step t, for

λ = nε, we generate λt parts, each of size . n/λt. To construct a part, we sample

1When there are multiple edges (I, J) from different c’s, we naturally take the minimum-weight

edge—i.e., the smallest distance certificate.
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a random interval A, termed anchor, and estimate adw(A, I) for all other intervals I

in its part, generating a cluster of intervals at distance Oε(c) from the anchor. The

main desideratum is that the two intervals from a π-matchable pair I, π[I] are either

both close to A or both far from A, and hence always remain together (this is related

to the triangle inequality idea from [70]). However, this cannot be guaranteed, and

ensuring this desideratum is a major challenge for us, which we will address later.

For now, in order to build intuition, we first develop our ideas under the following

the assumption, that the desideratum holds:

Perfect Neighborhood Assumption (PNA):

any two intervals are at distance either ≤ c or ω(c) so that NOε(c)(I) = Nc(I).

Every anchor will generate precisely one part, of target size. Notice that if the

cluster is sufficiently large (i.e., & n/λt), we are basically done, and in fact, this is

where our algorithm “converges” (as will be described later). Otherwise, we use the

cluster to construct one part (set) by taking the clustered intervals together with

their local extensions: intervals around the clustered intervals (to the left/right of

the clustered ones). The parameters are set up such that the resulting part has size

. n/λt. Note that the iterative nature of the process helps ensure the runtime: As the

size of parts decreases with step t, we can afford to use more anchors. In particular,

at step t, we start with λt−1 parts, each of size about n/λt−1, and hence, for each of

λt anchors, we need to estimate ad distance to n/λt−1 intervals (in its part), for an

overall of nλ distance computations.
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Figure 1: High Level Algorithm Scheme (Section 3.3)

A direct implementation of partitions as above however runs in various issues,

yielding additive errors. In particular, it only guarantees to correctly partition “any

fixed π-matchable pair with some probability”; instead of the needed “with some

probability, all except a few π-matchable pairs are partitioned correctly” (akin to

the “for each” vs “for all” guarantees). For the latter goal, bounding the “except a

few” so that it’s only a Oε(1)-factor approximation, we use the notion of corruption,

defined later.

Colorings. To describe a partition, we use the slightly generalized concept of a

coloring: a coloring κ is a mapping from each interval I ∈ I to a distribution of colors

in a color-set ν, where a fixed color should be thought of as a part. We denote the

mapping by µκ : I × ν → [0, 1]. For each interval I, we require ‖µκ(I, ∗)‖1 = 1,
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i.e., we think of the interval I as being split into fractions each assigned to a part:

fraction µκ(I, χ) > 0 is assigned to color χ. While under the “perfect neighborhood

assumption”, standard partitions are sufficient (i.e., µκ ∈ {0, 1}), fractional colorings

will be crucial for removing the assumption later.

Most of the colors χ ∈ ν correspond to a part constructed from a fixed anchor

(i.e., its cluster of intervals together with the local extension) with the exception of

two special “colors”: ν = [λt] ∪ {⊥,u}. First, the color ⊥ that corresponds to the

already-matched intervals, i.e., intervals for which we’ve already added a short path

to their π-match in the graph Gw,c (typically “dense” intervals that have already

“converged”). Second, the u-color (“uncolored”) consists of intervals which so far

have failed to be captured in a part and remain “tbd” (here, the progress will be

that such intervals gain a certain “sparsity” properties, improving the chances to be

colored later). The color u will have the same size upper bound in each step as the

regular colors, while the color ⊥ can be arbitrarily large.

Coloring construction via potentials. To construct a new, more refined step-t

coloring (from the step-(t − 1) coloring), our algorithm assigns potential scores to

clustered intervals. Using these potential scores, we assign colors2 to other nearby

intervals in their proximity, as suggested above. The main intuition is that a π-

matchable pair (I, π[I]) typically has a large set of other π-matchable (J, π[J ]) in its

respective proximity (i.e., to the left/right).

How large of a “proximity” a cluster can color depends on the size of the ad-

neighborhood of A (its cluster size). To quantify this, we introduce the notion of den-

2We’ll often just use the verb “color” to describe that process.
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sity of an interval I of color χ, termed d(I, χ): the measure µ of its ad-neighborhood

Nc(I) that share the color χ. If an interval I (and hence its aligned π[I]) is “dense”

(large Nc), then we have a higher probability to cluster such a pair to an anchor;

but we can only afford a small extension for each one (i.e., each clustered interval

is used to color few other proximal intervals). In contrast, “sparse” matches will be

clustered with a small probability, but can be used to generate large extensions in

their proximity.

In particular, to compute the new step-t coloring, we color the intervals gradually

in levels, indexed by l = 0, 1, . . . , 1/ε, each level taking care of a density scale. In

each level l, we define potentials φ and ϕ. First, for each anchor A (sampled using

the coloring constructed in the previous step) corresponding to color χ, we allocate

potential φ(I, χ) ≈ n
d·λt to each clustered interval I (i.e., I at distance O(c) from A in

the same “part”3 as A) of density d. Next, we define a derivative potential ϕ(∗, χ) by

splitting the allocated potential φ(I, χ) across the u-colored intervals in a proximity

ball of radius ζ = ζ(l) ≈ βl, where β = nε, around each clustered interval I. At the

end of each level, we augment µκ(I) by replacing some of the u-color mass with other

colors, proportional to the potential vector ϕ(I, ∗) (to be discussed further later).

Overall, the following is a high-level diagram of algorithm updating a (l − 1)-level

coloring κ into an “amended” l-level coloring κ̂ (all at the same step t):

µκ
clustering−−−−−→ φκ

extension: splitting in the proximity ball−−−−−−−−−−−−−−−−−−−−−−−→ ϕκ
minhash (under PNA)−−−−−−−−−−−−→ µκ̂

A more detailed diagram and a step-by-step coloring example (both require more

detailed technical setup) are presented, respectively, in Section 3.4, Figure 2 and

3More precisely, to the fraction of I that shares a specific sampled color χ with A.
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Figure 3.

In each level l ≥ 1, our goal is to color all intervals of density in a certain range

[n−ε, 1] ·dl, where dl ≈ n/λt

βl
, for β = nε, as long as there are sufficiently many intervals

of that density range overall4. At level l = 0, corresponding to the highest density for

step t, we generate a 2-hop path for each pair of intervals in A’s cluster by “planting

a star” in G; i.e., adding an edge between the anchor A and each corresponding

clustered interval I. Then, we mark (fraction of) I as “already-matched” with the

color ⊥. In other levels, we color intervals found through extensions of clusters using

ϕ.

The remaining case — “sparse” intervals that we did not yet color via an anchor

cluster extension as above — will be addressed by the careful use of u-color, described

next. We remark that, at the end of step t, there may be left some pairs of small

densities which we still could not color, and are left u-colored, and we will show a

bound on those as well. We now expand on the latter.

Controlling sparse sections: the u-color. In order to carry out the level-by-level

coloring, we use the special color u (for un-colored). This color should be thought of

as a “part” in the partition as well. At the beginning of a step, at level l = 0, all

(fractions of) intervals which are not “already-matched” are assigned the u color, and

(fractions of) intervals are moved from u-color to “standard” colors ∈ [λt] as levels

progress. The u-color helps with three aspects. First, it provides a way to track

sparse intervals which cannot yet be colored and hence left pending for future levels.

Second, if some sparse sections of intervals are never colored in the current step, then

4Notice there can be multiple matches in a ball, hence the quantity we care about (and bound)

is the relative density which is the ratio between “global” and ”local” densities.
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these intervals will remain u-colored (and hence, at the end of the current step, form

a part that is also bounded in size). Third, and more nuanced, it allows us to “group

together” sparse sections of intervals that are far apart (in their starting index).

In particular, such grouping of far intervals is done using the aforementioned

“proximity balls”, formally defined via Λ-balls: Λζ
κ(I) is the largest interval ball

around I containing ζ ≈ βl u-colored `1-mass on both left and right of I. Note that

Λ-balls can contain a significantly larger set of intervals than ζ (if the in-between

intervals are mostly colored 6= u). At the same time, the ball contains at most 2ζ

mass of u-colored intervals, meaning that the potential φ(I) is distributed to a mass

µ ≤ 2ζ of intervals, ensuring that, were I to be “corrupted” (e.g., π[I] = ⊥, or the

pair (I, π[I]) happens to be already separated), we will incur only an O(1) factor of

total corrupted potential to ϕ’s of intervals in the Λ-ball of I.

To showcase the use of u-color, consider again the running example introduced in

Section 3.2.1. In the early steps t, our algorithm will first color the dense intervals

(i.e., via clustering/proximity balls, at lower levels l), leaving the sparse sections

mostly unaffected, all colored in u (during such early steps, the dense intervals are

partitioned into progressively smaller parts while most of the sparse ones remain u-

colored). Now consider a step t where the part sizes so far are . n/λt−1 ≈ ∆n

and we sample & 1/∆ anchors. At the lower levels l, the dense intervals will be

partitioned further (continuing the process from the previous steps) and assigned a

color χ ∈ [λt]. However, when we reach the high levels l, and ζ ≈ βl = nεl is close

to ∆n, some fraction of the sparse intervals will be clustered. Furthermore, since at

that point the dense intervals are already colored (and have little u-color), the Λ-balls

around the clustered sparse intervals will be wide and cover most of the u-colored
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sparse intervals. That allows us to finally partition the sparse intervals into smaller

parts as well.

Keeping track of errors in analysis: Corruption. To measure and bound

errors, in particular, π-matched interval that are separated, we use a formal notion of

corruption. First we define what it means for a (interval, color) pair to be corrupted.

Below, F � 1 is a “distortion” factor (used for the non-PNA case), which one can

think of being F = 1 (enough for the PNA case).

Definition 19 (Corrupted pairs). Fix alignment π ∈ Π, interval I ∈ I, distortion

F ≥ 1, scale c ≥ 1, index κ, graph G on I. For a color χ ∈ ν, we say (I, χ) is a

(F, κ, π,G, c)-corrupted pair if any of the following holds:

1. π[I] = ⊥;

2. ad(I, π[I]) > c;

3. χ 6= ⊥ and µκ(I, χ) > F · µκ(π[I], χ); or

4. χ = ⊥ and (I, π[I]) are at hop-distance > 2 in G.

For each interval I ∈ I, we also define corruption parameter ξκ,π,G,cF (I) ∈ [0, 1] as

follows:

ξκ,π,G,cF (I) =
∑

χ:(I,χ) is (F,κ,π,G,c)-corrupted pair

µκ(I, χ). (3.1)

In particular, an interval I is fully corrupted (in a coloring κ) if it does not have its

π-matchable counterpart; and otherwise I is corrupted by the total `1 color-mass of

µκ(I, ∗) where there is insufficient corresponding mass in µκ(π[I], ∗) (intuitively, the

distribution of colors is too different). While our statements hold for any alignment in

Π, we only care about a fixed optimal alignment π, a single graph G = Gw,c and a fixed

cost c. Hence, for ease of exposition, we say I is F -corrupted and the corruption is
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ξκF (I) , ξκ,π,G,cF (I). Our main goal is to bound the total corruption ξκF , ξκF (I), and in

particular show it grows by at most a constant factor in any level/step. Our algorithm

runs for a constant number of levels/steps, and hence finishes with corruption which is

proportional to the number of intervals without a π-matchable counterpart (starting

corruption), upper-bounded by Oε(
w
c
· ed(x, y)). Also, at the end of the interval

matching algorithm, all intervals are “already matched”, i.e., all mass is on µκ(I,⊥),

and hence the un-corrupted intervals have a 2-hop path to their π-match.

To bound the corruption growth, we also introduce the parameter ρ(I), which

measures the “local amount of corruption” of an u-color of interval I, based on the

nearby corrupted intervals. In particular, ρ(I) is defined for a Λ-ball B around I as

the ratio of the corruption to the u-mass inside the Λ-ball B (formally defined in

Section 3.5.1):

ρ(I) , µκ(I,u)
µκ(B,u)

· ξκ′F (B),

where κ is the current/amended coloring (obtained at the previous level of the current

step), and κ′ is the coloring from the previous step. One can observe that for any

fixed ζ radius of Λ-balls, the sum of ρ over u-colored intervals is proportional to the

total sum of corruption.

Completing the algorithm under the perfect neighborhoods assumption

(PNA). Once we compute the palettes ϕ of all intervals (as a function of the sampled

anchors), we then use them to update µ for the next level. For illustrative purposes,

we now complete the algorithm under the PNA, although our general algorithm will

differ significantly from the PNA one. Recall that under PNA, all intervals are either

at ad-distance ≤ c or� c, and hence the intervals form equivalence classes according
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to their c-neighborhood.

Under PNA, we are guaranteed that the uncorrupted π-matchable pairs will get

similar potentials —in fact, φ(I) and φ(π[I]) are precisely equal (and non-zero when-

ever they are clustered by an anchor). More importantly, if we consider the ϕ palettes

of I, π[I], which gather the contributions from clusters containing I, π[I] in their

proximity ball, then one can prove that (the average) `1 distance between the two ϕ

palettes is bounded as a function of the “local corruption”, namely ρ(I) and ρ(π[I]).

Using the `1-distance property of ϕ, we can assign a single color χ ∈ ν to each

interval (i.e., µκ(I, ∗) has support one), obtaining disjoint partitions. To generate

such a color (for each interval) we can use a random weighted min-wise hash function

h ∼ H for Rν (say, using [74]) and use it to partition the vectors ϕ(I, ∗) of all u-

colored intervals I. Specifically, sample a minhash h : Rν → ν and set the updated

coloring to be µκ̂(I, h(ϕ(I))) ← 1 (the rest are 0) for all I for which µκ(I,u) = 1 at

the end of the previous level.

For a glimpse of the analysis, recall that our overall goal is to make each part of

the partition smaller (for runtime complexity) with only a constant-factor corruption

growth (for correctness); also, we care only to partition areas with large mass of

intervals with density in some range [n−ε, 1] · dl (in a fixed level l). To control the

size of parts, we cannot afford to assign the same color to too many intervals; hence

we drop from ϕ all colors of potential below some fixed threshold o(n−ε), ensuring

that each color appears in the ϕ palettes of at most n1+O(ε)

λt−1 intervals. For bounding

the corruption, we note that minhash gives us a bound proportional to the Jaccard

distance between ϕ(I) and ϕ(π[I]), while the ρ bound we have is in `1 distance.

Showing these bounds are close is where the u-color plays a central role. First,
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consider an interval I such that Ω(ε) portion of its proximity ball Λ is composed of

intervals of density ∈ [n−ε, 1] ·dl, where Λ is of radius ζ. Then the palette ϕ(I) has `1

mass Ω(ε) whp after thresholding since: 1) some intervals in Λ will be clustered whp

(they are dense enough), and 2) once clustered, the generated potential is large enough

to pass the threshold (since they are not too dense). In this case, we are done (without

using the color u): the Jaccard distance is proportional to the `1 distance between

ϕ(I) and ϕ(π[I]), and hence the probability of separating I from π[I] is bounded by

the “local corruption” (which overall is bounded by the total corruption). Second,

consider the case when 1 − o(ε) portion of intervals in the Λ ball are outside the

aforementioned density range. Then we add mass to ϕ(·,u) of intervals in the ball

Λ, filling it up to reach ‖ϕ(I)‖1 = Ω(ε) — this will increase the probability that such

intervals are mapped (again) to u (this increases corruption by a factor ≤ 2). This

process also guarantees Λ balls at the next level l have (1− o(εl)) · ζ mass of sparse

intervals, i.e., of density . n/λt

βl
(since o(ε) fraction of unmatched intervals of higher

density were colored u at each level). One can then prove that, after running this

process for ≈ 1/ε levels, the set of intervals corresponding to each color, including u,

is of size . n/λt only.

Since we could not directly extend the minhash construction to the general non-

PNA case, we do not present this construction in the paper, but rather use it as an

intuition for its “robust” version as we describe next.

3.2.4 Imperfect neighborhoods

To eliminate the perfect neighborhood assumption (PNA), we must rely on the weaker

form of transitivity instead, from the triangle inequality: Nc(I) ⊆ N2c(J) ⊆ N3c(I) for
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any J ∈ Nc(I). Note that the usual ideas to deal with such “weaker transitivity” do

not seem applicable here. For instance, if we pick the threshold of “close” in the cluster

construction to be uniformly random ∈ [c, O(c)], there’s still a constant probability

of separating I from π[I]. One could instead apply the more nuanced metric random

partitions, such as from [157], which would partition the metric (Iw, adw) (thus putting

us back into the perfect neighborhood assumption), with the probability of I, π[I]

ending up in the same part being ≥ n−ε — which has been useful in other contexts

by repeating such partition ≈ nε times. However, such a process results in a random

partition retaining only n1−ε π-matched pairs, which is not enough to reconstruct even

those matched pairs (intuitively, the strings are “too corrupted”, as if the edit distance

is (1− o(1)) · n), making it inapplicable for our algorithm (here again, this challenge

would be more manageable if additive approximation were allowed). Overall, dealing

with imperfect neighborhoods proved to be a substantial challenge for us, and we

develop several first-of-a-kind tools specifically to deal with it.

Eventually, we still sample a cost ci from some ordered set Ec = {c1, c2, . . .} ⊂

[c, Oε(c)]. Since we want that the cost ci satisfies that Nci(Nci(I)) ⊆ Nci+1
(I), we set

Ec of costs to be exponentially-growing, i.e., ci = Θε(c) · 3i. The formal definition is

in Section 3.4. A high-level comparison between the algorithms is provided in Table 1.
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PNA Algorithm General Algorithm

φ are uniformly distributed within each

cluster.

φ are computed independently for each in-

terval.

One radiusa for each level. Multiple radiuses for each level.

ϕ(I,u)← max{0, 1− ‖ϕ(I, ∗ 6=u)‖1}. ϕ(u) independently computed using pivots.

`1 distance for corruption. dd distance for corruption.

Hard thresholding (randomized). Soft thresholding (deterministic).

Coloring: u→ a single color by minhash. Coloring: u → multiple colors by normal-

ization.

Table 1: High-level comparison between the PNA and general algorithms.

Distortion Resilient Distance. Relying purely on triangle inequality forces us to

assign somewhat different potential scores to I and π[I], hence we will quantify the

ratio between the two, referring to it as “distortion”.

While it may be tempting to try to keep the distortion to a constant factor, it

turns out one cannot do that without introducing super-constant factor corruption

growth (number of pairs with a large distortion), which is prohibitive for us. To

control corruption, we allow the distortion (i.e., the multiplicative difference) between

φ(I) and φ(π[I]) for π-matchable pairs can be as high as nα for some small positive

constant α � ε. However, such a distortion makes it impossible to obtain a bound

on `1 distance between ϕ’s of a π-match, which is proportional to ρ. Instead, we deal

with such distortion by employing a distortion resilient (robust) version of `1.

Definition 20. Fix p, q ∈ Rk+. We define the F -distortion resilient distance,

ddF (p, q) =
∑

i:pi>F ·qi

pi

.
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This function allows us to define and control corruption of (interval, color) pairs

by differentiating distortion (which captures multiplicative errors) from corruption

(which captures additive ones). As part of our analysis, we will show several basic

properties of the dd distance and develop dd-preserving soft-transformations, which

will replace the hard thresholds from the minhash construction. Intuitively, dd re-

places the use of the `1/Jaccard metric on the vectors φ and ϕ, which was a key

enabler for using minhash under PNA. However, dd is not a metric in any reasonable

sense (it’s not even symmetric), rendering the minhash construction obsolete (e.g., it

is unreasonable to expect any kind of LSH under dd).

Assigning potential to (interval, color) pairs. Since maintaining equivalence

classes is essential for our construction, we analyze pairs of interval and colors in

I × ν (which, combinatorially, can be thought of as “fractions of intervals”). Thus,

when we increase the φ-potential of a clustered pair (I, χ′), we do so proportionally

to its µ mass, meaning we set the potential to ≈ µ(I, χ′) n
d·λt . Similarly, splitting

the φ potential to u-colored-pairs in Λ balls (i.e., assigning ϕ) is done in a pro-rated

fashion, weighted according to respective µ(·,u) masses.

Assigning u potential: pivot sampling. Having so far discussed assigning of

the non-u colors in ϕ of (fractions of) intervals, we now discuss how to assign u-

color in ϕκ and, eventually, amended coloring µκ̂. It may be tempting to merely

subtract the assigned fraction of non-u-color from the u-color mass, but this would

result in additive errors (for the color u), while dd only allows for multiplicative

distortion. In particular, we need u colors to agree up to a fixed distortion as well

(to avoid more corruption), and hence we compute the new u-color mass directly,
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via a different technique for explicitly measuring sparseness (which is the central

purpose of u-color). To accomplish this measurement, we developed a procedure

called pivot sampling, which somewhat resembles the way we assign potentials for the

non-u colors. First, we downsample I × ν into a smaller set of pivots V . Second,

we approximate the density of each pivot in V , for each possible cost in Ec, thus

generating θ-potential scores for each pivot. Third and last, such θ potential is split

among the intervals in a Λ-ball in a similar fashion to how we split φ, generating

ϕ(·,u) potentials to intervals in sparse areas. This rather involved process, specific

to dealing with imperfect neighborhoods, requires much care to be able to control:

(1) corruption of u-colors; (2) balance of palettes ϕ (as we describe next); (3) sparsity

guarantees for u-color (part) at the end of the step t; and (4) computational efficiency

of such sampling mechanism.

Amending a coloring in a level, using ϕ. While dd is a convenient analytical

tool for bounding corruption, it lacks the basic properties to allow coordinated sam-

pling between π-matchable pairs. Instead of sampling a color from ϕ(I, ∗) (as was

done under PNA), we add all colors in ϕ(I, ∗) to the amended coloring µκ̂(I, ∗). To

maintain a distribution of colors, we first combine ϕ with pre-existing non-u-colors in

µ, and then normalize to have `1-mass of µκ(I,u), i.e., what “remains to be colored”,

thus ensuring that the overall amended µκ̂(I, ∗) is a distribution. As in the PNA case,

we need to bound extra corruption from normalization by ensuring that the palettes

ϕ have constant norms. While this analysis for the PNA solution is immediate (by

construction), here, instead, we employ several combinatorial arguments that analyze

mass of pairs with certain density over certain set of costs, eventually showing that in
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each level, we either add sufficient regular colors (corresponding to anchors/clusters)

or u-colors to all intervals while maintaining guarantees (1)–(4) above.

Controlling the growth of distortion. Our arguments require that throughout

the matching phase, the dd distortion F is bounded by no(ε) (in particular, to main-

tain control over the aforementioned soft-transformations). Many of our algorith-

mic steps generate extra distortion. To control both distortion (multiplicative error)

and corruption (additive error), we parametrize maximum distortion F = F (t, l) for

each step/level a priori, and bound corruption ξκF at each step/level using the pre-

determined distortion parameter F = F (t, l). The final approximation factor is a

function of the maximum cost in 1
c
Ec (which is further determined by the “base dis-

tortion” F (1, 0) = nα), together with the corruption factor we show in each step. At

the end of the day, a distortion F bounded by no(ε) allows us to carry out the above

arguments (i.e., some of the above arguments can only work under small distortion

F ).

3.2.5 The metrics adw

We now briefly discuss the algorithm for computing the adw(I, J) distance, using

oracle calls to Dw/γ metric. This metric is used to compute distances when building

the graph Gw, in the Interval Matching algorithm. Note that the latter makes n1+O(ε)

oracle calls to ad, and hence the algorithm has to run in time nO(ε) = poly(γ).

Intuitively, adw(I, J) is meant to capture the following distance, which should

be thought of as an extension of the edit distance over an alphabet with the metric
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(Iw′ ,Dw′) where w′ = w/γ:5

min
π

∑
i∈[0,w)

1
w′
Dw′(I + i, J + π(i)),

where π ranges over all alignments of indices of I to indices of J . One can show that

essentially, if D(I, J) = ed(I, J), then, for I = Xi,w, J = Yj,w, the above distance is

between Ω(ed(Xi,w, Yj,w)) and O(ed(Xi,2w, Yj,2w)).6

However, this distance function is hard to compute fast: not only it is as hard as

computing edit distance on w-length strings, but even linear time (in w � poly(γ))

is too much for us. In particular, it does not use the fact that Dw′(I + i, J + π(i))

captures the information of blocks of length w′. Hence, it is natural to approximate

the above by considering a “rarefication” of the above sum as follows:

w
γ
·min

π

∑
i∈[0,γ)

1
w′
Dw′(I + iw′, J + π(iw′)). (3.2)

However, the latter will not satisfy the triangle inequality — which is crucial in the

Interval Matching Algorithm — and in fact is not even symmetric: e.g., if the optimal

π(i) = i+1, then adw(J, I) would be using D on completely different arguments. This

is especially an issue since D may substantially over-estimate ed on some of the pairs

(and hence “shift by one” can change the distance a lot).

Indeed, ensuring triangle inequality is the main challenge for defining and com-

puting adw here. We manage to define an appropriate distance ad, satisfying triangle

inequality for “one scale only” metrics adw,c, designed for distances in the range

≈ [c, γc], which turns out to be enough for the Interval Matching algorithm.

5I + i means the interval starting i positions to the right of the start of I; when, e.g., I = Y⊥,w

then Y⊥,w + i = Y⊥,w.

6While we are not aware of an explicit proof of this statement, it is in the spirit of statements

that appeared in, e.g., [175, Lemma 5], [20, Lemma 3.2], [21, Theorem 3.3].
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First, we note that we have two different algorithms, corresponding to two distinct

distance formulations: (i) for large distance regime, where c > w/γ2; and (ii) for small

distance regime, where c ≤ w/γ2. The reason there’s a big difference between the

two cases is that when c > w/γ2, the alignment π may have a large displacement

|i− π(i)| ≥ w/γ, bigger than the length of “constituent” intervals for which we have

the base metric Dw′ . Hence, for the “large distance” regime, when c ≥ w/γ, we uses

a slightly different (and simpler) algorithm that runs in time ≈ poly(w/c), and hence

is only good when c is sufficiently large.

Finally, we sketch the harder, poly(γ)-time algorithm, for not-so-large c. The idea

is to allow alignment shifts in both intervals. More formally, let T = γ3 and let A

be the set of functions A = (Ax, Ay) where Ax, Ay : [−γ, γ] → {0, 1, . . . , T − 1} are

non-decreasing functions with Ax[−γ] = Ay[−γ] = 0 and Ax[γ] = Ay[γ]. We define

the distance adw,c(I, J), to be, where θ is essentially ≈ c/w and Si = {0, 1, . . . , 3T −

Ax[i]− Ay[i]− 1}:

adw,c(I, J) , min
A∈A

(Ax[γ] + Ay[γ]) θw′ +
∑

i∈[−γ,γ)

1
T

∑
∆∈Si

Dw′ (I + w′(i+ θ(∆ + Ax[i])), J + w′(i+ θ(∆ + Ay[i]))) .

Intuitively, ignoring ∆-sum (i.e., think ∆ = 0), we obtain an alignment of I to

J where the starting positions (of w′-length intervals) are close to multiples of w′ in

both strings (as opposed to only one string, as in Eqn. (3.2)). While allowing such an

alignment is enough for ensuring symmetry, it is still not enough to ensure triangle

inequality. Consider intervals I, J,K ∈ I where we want to guarantee that ad(I,K) ≤

ad(I, J) +ad(J,K). Apriori, there is no way to ensure an optimal alignment between

ad(I, J) and ad(J,K) will use the same shifts and hence makes it hard to offset the
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distance of large blocks in ad(I,K). To solve the inconsistencies between the shifts,

we use the ∆-sum over all possible shifts (this is yet another instance of “averaging

it out”). The last definition can also be computed in poly(γ) time by a standard

dynamic programming.

Nonetheless, the following issue remains: think of the case when ad(I, J) and

ad(J,K) use the maximally-allowed values of the alignment (namely γ3), in which

case ad(I,K) cannot use the natural composition of the two alignments (since it’s

out of bounds). To solve this issue, we upper bound each adw,c with a maximal value

� c (which solves the triangle inequality issue), and define the (non-metric) distance

adw(·, ·) as the summation over all costs c ∈ Sw which can be upper-bounded by adw,c

(formal definition in section 3.8).

Finally, we remark that, at the end of the day, we cannot guarantee a per-pair

upper bound on ad(I, J), but only on average, and only when comparing Xi,w against

Yπ(i),w (although the triangle inequality is true everywhere). This is, nonetheless, just

enough for estimating ed(x, y).

3.3 Top level algorithm

We now describe our “top-level” algorithm. We assume here that the first (1−o(1))n

positions of x and y are equal; we can remove this assumption by padding x, y with

some fixed unique character $, increasing the size of x, y by a factor of, say, O(log n).

Our algorithm consists of logγ n iterations, where γ = nε. For each w = γi,

i ∈ [logγ n], we construct the metric (Iw,Dw), which align approximates the metric

(Iw, edw) (see Def. 18). Each iteration consists of two components: the alignment
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distance algorithm, and the interval matching algorithm, described in later sections.

Below we assume that n is a power of γ, which is without loss of generality (as we

can increase n appropriately by padding the strings).

Alignment Distance algorithm. Assuming oracle access to (Iw/γ,Dw/γ), the

metric constructed at the previous iteration, our alignment algorithm is an ora-

cle for computing the distance adw(·, ·) on w-length intervals. In fact, we have

O(log n) such distance measures, adw,c, one for each target cost scale c ∈ Sw =

{1, 2, 4, . . . w} ∪ {1/2, 1/4, . . . , 1/2n}. Each such function adw,c(·, ·) evaluation is an

edit-distance-like dynamic programming of size poly(γ), and overall can be computed

using poly(γ) = nO(ε) time and oracle calls to Dw/γ.

Note that this algorithm does not run directly, but instead is used as an oracle

inside the matching algorithm described next.

Interval Matching algorithm. We construct a weighted graph Gw on Iw, such

that the shortest path distance in Gw approximates the adw distance on intervals.

Again, this won’t be achieved for all pairs of intervals, but only for interval pairs that

“matter”, i.e., that are in an optimal alignment for ed(x, y). The graph Gw is the

union of edges of the graphs Gw,c, for c ∈ Sw, each of them align approximating adw,c

at “scale c”. Constructing the graphs Gw,c is the heart of the matching algorithm.

Once we have the graph Gw, we build a fast distance oracle data structure on

it, using the `∞ embedding of [151], and whose output is the desired metric Dw.

Overloading the notation, we call Dw both the distance oracle data structure as well

as the metric it produces. In particular, [151] shows how one can embed any n-point

metric into `∞ of dimension d = O(1
ε
nε log n) while incurring O(1/ε) distortion only.
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Once we have such an embedding, we can compute distance between two points by

evaluating `∞ distance in dimension d. Furthermore the embedding itself can be

computed by running d single-source shortest path (SSSP) computations. Hence, we

obtain the following Theorem 21 as an immediate corollary of [151] together with a

standard Õ(m)-time SSSP algorithm.

Theorem 21 (corollary of [151]). For any ε ∈ (0, 1/2), given any weighted graph

G on n nodes and m edges, we can build a distance oracle data structure with the

following properties:

• supports distance queries: given u, v, output DG(u, v) which is a (4/ε)-factor

approximation to the shortest path distance between u, v in the graph;

• DG(u, v) is a (n-point) metric;

• runtime per query is Õε(n
ε);

• data structure uses Õε(n
1+ε) space, and pre-processing time is Õε(mn

ε).

Top-level algorithm is described in Algorithm 1. At the beginning, when w = γ,

we use the metric (I1,D1), which is just the metric on all positions in x and y, where

two positions are at distance 0 iff the positions contain the same character, and 1

otherwise. At the end, when w = n, we can extract the distance between x and y,

which is our final approximation. The algorithm MatchIntervals, described in

Section 3.4, returns an unweighted graph Gw,c. The full graph Gw for the scale w,

is obtained by union of the graph edges of Gw,c each scaled by Cmc, over all c ∈ Sw,

together with some extra edges.
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Algorithm 1 EstimateEditDistance(x, y, ε, n)

function EstimateEditDistance(x, y, ε, n)

Fix Cm to be the constant from Theorem 22.

γ ← nε.

D1 is a data structure that, given two positions into x and/or y, outputs 0 iff

the characters in those positions are equal and 1 otherwise.

for w ∈ {γ, γ2, . . . , n} do

LetWw,Hw be sets of all w-length intervals on x-axis and y-axis respectively,

with Iw =Ww ∪Hw.

for c ∈ Sw do

Gw,c ←MatchIntervals(Dw/γ, c).

end for

Gw ← ∪c∈SwCm · c ·Gw,c and add edges (Xi,w, Xi+1,w), (Yi,w, Yi+1,w) with unit

cost for all i, as well as a special node ⊥ that connects to every other node with

an edge of cost Cm · w.

Dw ← data structure from Theorem 21 on graph Gw for approximation 4/ε.

end for

return Dn(Xi,n, Yi,n) for a randomly chosen i ∈ [n].

end function

3.3.1 Main guarantees

The guarantees of the algorithm follow from the following two central theorems.

Theorem 22 (MatchIntervals; see Sections 3.4, 3.5, 3.6, 3.7). Fix ε > 0, w, n ∈ N,

and cost c ∈ Sw. Suppose (Iw, adw,c) is a metric, for which we have query access

running in time Tad. Then, the algorithm MatchIntervals builds an undirected

graph Gw,c, over intervals Iw, such that:
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1. For all edges (I, J) ∈ Gw,c, we have adw,c(I, J) ≤ Cm · c, where Cm = Cm(ε) is

a constant.

2. For any alignment π ∈ Π, with high probability: |{i | distGw,c(Xi,w, Yπ(i),w) >

2}| ≤ Cm · |{i | adw,c(Xi,w, Yπ(i),w) > c}|7, where distGw,c is the hop-distance in

Gw,c.

3. The runtime of the algorithm is, by expectation, Oε(Tad · n1+O(ε)).

As described above, using the algorithm from the above theorem, we build a graph

Gw, which is the union of scale graphs Gw,c. Then we take Dw to be the fast distance

oracle of the shortest path on the graph Gw, using Theorem 23.

Next theorem says that, given access to Dw/γ, we can compute adw,c(I, J) for

any two intervals I, J ∈ I, which corresponds to the “natural extension” of D from

length-w/γ to length-w substrings.

Theorem 23 (alignment distance ad; see Section 3.8). Fix w and w′ = w/γ, as

well as constants C,C ′ ≥ 1, and suppose we have a data structure for a metric Dw′

that C-align-approximates ed, while also Dw′(Xi,w′ , Xi+1,w′) ≤ C ′ for all i ∈ [n] (and

same for Y intervals). Then, for any c ∈ Sw, the algorithm from Section 3.8 defines

a function adw,c(·, ·) on Iw × Iw with the following properties:

1. (Iw, adw,c) is a metric;

2. For all Xi, Yj ∈ Iw, adw,c(Xi, Yj) ≥ min{edw(Xi, Yj), c
√
γ};

3. Define adw(Xi, Yj) ,
∑

c∈Sw c · 1[adw,c(Xi, Yj) ≥ c]. Then, adw O(CC ′)-align-

approximates ed.

7Recall from the preliminaries that adw,c(Xi, Y⊥) = w.
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4. For all I, J ∈ Iw, adw,c(I, J) can be computed using O(γO(1)) time and queries

to Dw′.

We remark that adw is not guaranteed to be a metric, which is the reason why we

use adw,c in the theorem statement. Also, the algorithm from Section 3.8 requires no

further preprocessing.

3.3.2 Proof of Theorem 14

To prove Theorem 14, we just combine the above two theorems, 22 and 23. In

particular, the inductive hypothesis is that, for w = γi, where i ∈ [logγ n], the

distance oracle data structure Dw outputs a metric Dw with the following properties,

for some constant Cw = C(ε, logγ w), whp:

1. Dw Cw-align-approximates ed;

2. Dw(Xi,w, Xi+1,w) ≤ 4/ε (and same for Y intervals).

Base case: for w = 1, this is immediate by construction of D1.

Now assume the inductive hypothesis for w′ = w/γ and we need to prove it

for w. By inductive hypothesis, Dw′ satisfies hypothesis of Theorem 23, and hence

we can apply it to obtain an oracle query to metrics adw,c; each oracle query takes

O(γO(1)) time. Let π be optimizer for minπ
∑

i adw(Xi,w, Yπ(i),w) (guaranteed to align-

approximate ed).

Define τ(·, ·) to be the distance in the graph Gw constructed in the algorithm. We

will build a fast distance oracle Dw on the graph Gw (using Theorem 21), meaning

that its output metric Dw satisfies τ ≤ Dw ≤ 4τ/ε.
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To prove the first property of the inductive hypothesis, consider any two intervals

I, J , and the shortest path v1, . . . vk between them, where v1 = I and vk = J . We

have that (vi, vi+1) is an edge in some graph Gw,ci , or is an extra edge of cost 1; call

E the set of the latter i’s. Hence the cost τ(I, J) =
∑

i 6∈E Cmci + |E|. For i 6∈ E,

by Theorem 22 and Theorem 23, we have that Cmci ≥ adw,ci(vi, vi+1) ≥ edw(vi, vi+1)

(note that the other part of the min cannot happen as Cm �
√
γ). Also, for i ∈ E, we

have that 1 = τ(vi, vi+1) ≥ edw(vi, vi+1) as edw(Xj, Xj+1) ≤ 1 for all j (and same for

Y ’s). Hence D(I, J) ≥ τ(I, J) = Cm
∑

i 6∈E ci+|E| ≥ edw(v1, v2)+. . .+edw(vk−1, vk) ≥

edw(I, J).

Next, we note that τ(I, J) is upper bounded by 2Cm minc∈Sw c +
∑

c∈Sw 4 · Cmc ·

1[distGw,c(I, J) > 2] = Cm/n+ 4Cm
∑

c∈Sw c · 1[distGw,c(I, J) > 2]. Hence:

∑
i∈[n]

τ(Xi,w, Yπ(i),w) ≤ Cm + 4Cm
∑
c∈Sw

∑
i∈[n]

c · 1[distGw,c(Xi,w, Yπ(i),w) > 2].

For fixed c ∈ Sw, we have that, by Theorem 22:

∑
i∈[n]

1[distGw,c(Xi,w, Yπ(i),w) > 2] ≤ Cm ·
∑
i

1[adw,c(Xi,w, Yπ(i),w) > c].

Therefore, for every π:

∑
i∈[n]

τ(Xi,w, Yπ(i),w) ≤ Oε

1 +
∑
c∈Sw

∑
i∈[n]

c · 1[adw,c(Xi,w, Yπ(i),w) > c]


≤ Oε

1 +
∑
i∈[n]

adw(Xi,w, Yπ(i),w)

 .

Take π to be the optimizer of the right-hand-side summation. Using Theorem 23

again, together with the inductive hypothesis for w′ = w/γ, we conclude (where
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constant depends on ε and logγ w):

∑
i∈[n]

Dw(Xi,w, Yπ(i),w) ≤ Oε

∑
i∈[n]

τ(Xi,w, Yπ(i),w)


≤ Oε

1 +
∑
i∈[n]

adw(Xi,w, Yπ(i),w)


≤ Oε

(
min
π′

∑
i

edw(Xi,w, Yπ′(i),w)

)
,

since we can assume wlog that ed(x, y) ≥ 1 (checking the opposite is immediate),

thus completing the proof of the inductive hypothesis.

The second property is immediate by construction of the graph Gw and the fact

that approximation of the distance oracle Dw is taken to be 4/ε.

Now we argue that the final output produced by the top-level algorithm is a

constant factor approximation. Consider the Dw guarantees for w = n, and fix the

minimizing π, and constant Cn = Cw. For a random index i ∈ [n], with probability

at least 0.9, we have that: 1) i ∈ [1, n − o(n)], 2) π(i) 6= ⊥ (by our assumption

on x, y from the start of the section), and D(Xi,n, Yπ(i),n) ≤ O(Cn) · ed(x, y) (by

Markov). Furthermore note that |i− π(i)| ≤ Cn · ed(x, y), and hence, D(Xi,n, Yi,n) ≤

D(Xi,n, Yπ(i),n) + 4
ε
· |i− π(i)| ≤ O(Cn/ε) · ed(x, y). Also, since i ≤ n− o(n), we have

that D(Xi,n, Yi,n) ≥ ed(Xi,n, Yi,n) = ed(x, y).

Concluding, the algorithm produces a O(Cn/ε) approximation to ed(x, y), with

probability ≥ 0.9. Note that Cn is a constant, depending on ε, as we have only a

constant number of iterations, each incurring a constant factor approximation.

The runtime guarantee follows from time guarantees of Theorems 21, 22, and 23.

In particular, by Theorems 21 and 23, the runtime Tad is O(γO(1))·nO(ε) = nO(ε). Hence

runtime in the matching algorithm, for every fixed w, is n1+O(ε) by expectation. Thus
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the graph Gw has size n1+O(ε) and the preprocessing time of Theorem 21 is n1+O(ε) by

expectation as well. Overall, we have a constant number of w’s to consider, and thus

we obtain an expected runtime of n1+O(ε).

3.4 Interval matching algorithm

In this section we describe our main interval matching algorithm, used to prove The-

orem 22. The correctness and runtime complexity analysis will follow in Sections 3.5

and 3.7 respectively.

Our matching algorithm iterates over a constant number of steps t, each iterating

over a constant number of levels l. The following MatchIntervals algorithm is the

main loop over steps. We note that, in order to maintain high probability statements,

in each step we output O(log n) output colorings for each input coloring.
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Algorithm 2 Matching Algorithm
Input: Base cost c

Output: A matching graph G = Gw,c.

1: function MatchIntervals(c)

2: K0 ← {initialize a new coloring of a single color u assigned with mass 1 to all

I}.

3: G← unweighted and undirected graph with nodes I ∈ Iw and no edges.

4: for t = 1, 2, . . . do

5: Kt ← ∅.

6: for κ′ ∈ Kt−1 such that µκ′(I, ν \ ⊥) > 0 do

7: for O(log n) times do

8: (G,Kt)← (G,Kt)]aMatchStep(c, κ′, t).

9: end for

10: end for

11: break if Kt = ∅.

12: end for

13: return G.

14: end function

aBy ], we refer to the coordinate-wise union, meaning we add the output edges to G and coloring

κ to Kt.

It remains to describe the MatchStep algorithm, which iterates over a constant

number of levels. In each such level, the algorithm updates the coloring κ under

construction, to obtain the “amended” coloring κ̂, while also using the “step input

coloring” κ′, obtained at the end of the previous step. At the end of the iteration

over the levels, the algorithm MatchStep produces a number of edges to add to the

graph as well as a coloring. The pseudo-code for MatchStep is presented in Alg. 8,
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after a detailed description of the mechanisms and subroutines of MatchStep.

3.4.1 Components of MatchStep: setup and notations

We first introduce basic notions used in our algorithm. To help the reader keep track

of the many definitions and notations, we summarize them in Table 2 and Table 3

for quick reference (the latter table is in Section 3.5). To avoid confusion, we use c

to denote c from the theorem statement. Also, to simplify notation, we refer to the

oracle adw,c simply as ad. Note that ad algorithm uses the data structure Dw/γ, which

we assume all our algorithms in this section have access to.

The set of costs Ec. For each fixed base cost c ∈ Sw, we use a fixed set of costs

Ec ⊂ c · [1, Oε(1)]. The set Ec is defined as {c1, c2, . . . c1/η}, where ci = c
ε·α · 3

i, for

constants α = ε5/ε, η = α2ε3 (whose significance will be clear later), noting that

1/α, 1/η are integers by constraints on ε.

Colorings. Recall our definition of coloring κ over color-set ν as a mapping from

intervals to distribution of colors in ν, denoted by µκ : I × ν → [0, 1].

Our construction analyzes pairs of intervals and colors (I, χ) ∈ I × ν. For a

set R ⊆ I × ν of (interval, color) pairs, µκ(R) is the `1 mass of colors in R, i.e.

µκ(R) ,
∑

(I,χ)∈R µκ(I, χ). We often use the shorthand pairs when referring to

(interval, color) pairs.

We use colorings to partition I into smaller (overlapping) parts. For a color χ,

we denote its part by Pχκ , {I ∈ I | µκ(I, χ) > 0}.

Finally, we equip each µκ with a data structure that allows efficient sampling

from it (Theorem 49). The reader should henceforth consider that sampling takes
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time proportional to the output size, up to poly(log n) factors.

Proximity balls Λ. For coloring κ and ζ ∈ N, we define Λζ
κ(I) as the largest interval

ball around I containing at most ζ u-colored `1-mass on each of left and right of I,

where µκ(I,u) is counted on both sides. An exception to the above is for ζ = 0, when

Λ0
κ(I) = {I}. We note that for all I ∈ I, ζ ≥ 1, we have µκ(Λ

ζ
κ(I),u) ≤ 2ζ.

Extending the data structure for µκ above, we also use the data structure from

Theorem 50 to be able to compute the boundaries of any Λζ
κ(I), given I, ζ, in

poly(log n) time.

Interval and Pair densities. For I ∈ I, κ, color χ ∈ ν, interval set S ⊆ I, and cost

ĉ ∈ Ec, we define a density parameter dκ(I, χ,S)ĉ , µκ(Nĉ(I) ∩ S, χ). We use the

shorthand dκ(I, χ)ĉ , dκ(I, χ, I)ĉ. We also define the density vector dκ(I, χ,S) ∈ REc
+

such that:

dκ(I, χ,S) , [dκ(I, χ,S)ĉ]ĉ∈Ec

We also define relative density as follows:

Definition 24 (Relative density.). Fix I ∈ I, κ, color χ and an interval set S 3

I. The relative density rdκ(I, χ,S) ∈ [1,∞]Ec is the density of I w.r.t. each cost

ĉ ∈ Ec, divided by such density restricted to the set S, i.e., rdκ(I, χ,S) , dκ(I, χ)�

dκ(I, χ,S).8

By convention, we set the relative density of empty colors to 1 (or ∞ if empty

in S only). Note that rdκ(I, χ,S) ≥ 1 and is monotonically decreasing in S. Both

are important properties that will be used when we bound density mass in “growing

8� denotes the Hadamard coordinate-wise division.
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balls of intervals”.

Our main matching algorithm uses estimates of densities of (intervals, color) pairs.

In order to estimate the densities fast, we use standard sampling, as implemented

by algorithms ApproxDensity and ApproxRelativeDensity (Alg. 3), whose

guarantees are as follows.

Lemma 25 (Approximating Densities, proof in Section 3.6). Fix interval I ∈ I,

interval ball S ⊆ I, color χ in coloring κ, and cost c ∈ Ec. Then, recalling that Tad

is the runtime of a ad(·, ·) oracle call:

1. For any given minimal density dm > 0, the algorithm ApproxDensity outputs

d̂ ∈ [Ω(1), 1] ·max{dκ(I, χ,S)c, dm} whp, in time TD = Tad · Õ
(
µκ(S,χ)

dm
+ 1
)

.

2. Assume I ∈ S. For any given minimal relative density rdm ≥ 1, the algorithm

ApproxRelativeDensity outputs r̂d ∈ [Ω(1), 1]·max{rdκ(I, χ,S)c, rdm} whp,

in time

TRD = Tad · Õ
(

1
rdm
· µκ(I,χ)
µκ(I,χ)

+ µκ(S,χ)
µκ(I,χ)

)
.
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Table 2: Summary of matching algorithm setup notations.

Notation Description

Intervals

X ,Xw space of all w-length intervals of x.

Y,Yw space of all w-length intervals of y.

I, Iw space of all w-length intervals = X ∪ Y.

Distances

(I, adw), (I, adw,c) alignment-distances. adw align-approximates ed. adw,c is a metric.

(Rd+, ddF ) distortion resilient distance for F > 1. ddF (p, q) =
∑

i:pi>F ·qi pi

Costs, Neighborhood

c the current base cost for which we are building the current graph Gw,c

Sw set of possible base costs {1/2n, . . . 1/2, 1, 2, 4, . . . w}

Ec, ci ci = c
α·ε · 3

i and Ec = {c1, . . . c1/η}, for a small constant η, dependent on ε only

Nc(I) neighborhood of radius (cost) c: the set of all J ∈ I with ad(I, J) ≤ c

Colorings

λ = nε

νt [λt] ∪ {u,⊥} color set

κ′ input coloring obtained from the step t− 1

κ current state of output coloring (at step t, level l)

κ̂ new state of output coloring being constructed (for step t, level l + 1)

µκ(I, χ) mass of (I, χ) in κ; µκ(I, ∗) is a probability distribution

Pχκ the support of µκ(∗, χ) (is a set of intervals).

Densities, Proximity Balls

dκ(I, χ,S)ĉ = µκ(Nĉ(I) ∩ S, χ) is the ĉ-density of (I, χ) in interval set S

dκ(I, χ,S) = dκ(I, χ,S)∗ is a vector of densities, where ∗ ranges over all costs in Ec

rdκ(I, χ,S) = dκ(I, χ, I)� dκ(I, χ,S) is a vector obtained by coordinate-wise division

Λζκ(I) largest interval ball around I containing ≤ ζ u-colored `1-mass on each side of I
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Algorithm 3 Matching Phase: Approximating Densities

Input: interval I, color χ, interval ball S, cost c, additive parameter dm / rdm

and access to µκ

Output: Θ(max{dκ(I, χ,S)c, dm}) and Θ(max{rdκ(I, χ,S)c, rdm}) respectively

1: function ApproxDensity(I, χ,S, dm, c, µκ)

2: γ ← O
(

logn
dm

)
3: S ′ ← Sample each I ′ ∈ S independently with probability min{γ ·µκ(I ′, χ), 1}.

4: S∗ ← Nc(I) ∩ S ′ by computing ad(I, I ′) for all I ′ ∈ S ′ and keeping all c-

matches.

5: S̃∗ ← {I ′ ∈ S∗ | γ · µκ(I ′, χ) > 1}.

6: return Θ
(

max
{
µκ(S̃∗, χ) + 1

γ
· |S∗ \ S̃∗|, dm

})
. . Θ← rescaling to get

[Ω(1), 1]-approx.

7: end function

8: function ApproxRelativeDensity(I, χ,S, rdm, c, µκ)

9: d̂← ApproxDensity(I,S, µκ(I, χ), c, µκ).

10: D̂ ← ApproxDensity(I, I, rdm ·µκ(I, χ), c, µκ).

11: return Θ
(

max
{
D̂

d̂
, rdm

})
. . Θ← rescaling to get [Ω(1), 1]-approx.

12: end function

Soft transformations. We define a couple of “soft” transformations used by the

algorithm: soft thresholding, and soft quantile. Their purpose is to replace “hard”

thresholds, thus balancing complexity vs correctness.

The soft thresholding transformation helps us with preserving sparsity of palettes.

For δ ∈ (0, 1] and γ > 0, define T qδ,γ : Rd+ → Rd+ to be the transformation:
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T qδ,γ(x)i ,


xi xi ≥ γ

0 xi < δγ

γ · (xi
γ

)q otherwise.

The basic intuition is that T qδ,γ softens the threshold at about γ to decay (polyno-

mially) between γ and δγ, when it becomes 0. Our algorithms use a few thresholding

transformations with different parameters.

Also, define the soft quantile transformation Qδ,s,F : Rd+ → R, for parameters

δ, s ∈ [0, 1], and F ≥ 1:

Qδ,s,F (x) , max
J⊆[d]

a|J | ·min
j∈J

xj; where ai =


1 i ≥ s · d

0 i < (s− δ)d

1/F sd−i otherwise.

We use one such transformation: Ql(x) , Q ε
4
,1−

(l+1)ε
2

,nO(α2)
(x). The intuition is

that Ql is a smoothing between (l+1)ε
2

fractional rank element from x (in sorted order),

to (l+1)ε
2

+ ε/4 fractional rank.

We discuss and prove the properties of these soft transformations in Section 3.5.3.

3.4.2 Components of MatchStep: main coloring procedure

To amend the coloring κ, we compute a set of potential scores, φ, ϕ, and θ. In

particular, we sample anchor intervals to define φ potential scores. Then, such scores

are divided over Λ-balls centered at the anchors and ad-close intervals, to generate ϕ

palettes to all other intervals. We also sample pivots to define θ potential scores, and

use it to augment ϕ. Lastly, we use ϕ palettes to amend coloring κ→ κ̂ for the next

level. We describe this procedure in detail next.
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Steps and levels. In each step t, for a given input coloring κ′, we produce O(log n)

output colorings. The goal for step t is that for each interval I ∈ I, either: (1) we

cluster it together with π[I] and mark them as “already matched”, or (2) color I

similarly to π[I] up to some bounded distortion (while also ensuring the color parts

are decreasing with t). Here, our goal is to efficiently assign colors to intervals in I

(which can be thought of as overlapping parts in a partition), so that we can compare

sampled anchors to some limited number of other intervals that share the same color.

Overall, as t increases, the number of colors in the coloring grows and the size of each

color (number of intervals of that color) becomes smaller, allowing us to increase the

number of sampled anchors.

We maintain the following set of coloring properties for a coloring κ at a step t,

which uses the color-set νt = [λt] ∪ {u,⊥}, analyzed and proved in later sections:

• Sparsity: Each color χ ∈ ν \ {⊥} will be non-zero for (i.e., shared by) few

intervals: |Pχκ | = O(n1+O(ε)/λt). See Lemma 30.

• Correctness: Coloring κ will have bounded corruption (as per Eqn. (3.1)), mean-

ing “accumulated error” is bounded byOε(1) times the “original error”, Oε(ed(x, y)).

See Lemma 27.

At each step, our algorithm iterates over levels l ∈ {0, . . . , logβ n}, where β = nε.

Intuitively, each level takes care of different density regimes of pairs: lower levels will

correspond to high-density pairs and high levels to low-density pairs. The lowest level

l = 0 is special: here our goal will be to cluster and match high density pairs, and

mark them as already-matched. In the subsequent levels, our goal is to color balls of

intervals which have large mass of pairs of the corresponding densities.
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Anchor Sampling. In each level l ≥ 0, for each output color χ ∈ νt \ {u,⊥}, we

sample an anchor, which is an interval, color pair (A,χ′) ∈ I × νt−1 \ {⊥}, from the

distribution
µκ′ (∗,∗)
|I| (if sampled χ′ = ⊥, we skip this anchor/χ). Each such anchor

is compared to all other intervals in Pχ
′

κ′ to form a family of Oε(1) clusters Cχ. In

level l = 0, we add a graph-G edge from A to each clustered interval, and mark such

intervals as already-matched with ⊥-color. In the other levels l ≥ 1, such clusters are

extended to other intervals in the clusters’ proximity, adding χ to their palettes ϕ, as

described in detail below.

Clustering. For each sampled pair (A,χ′), we compute the ad distance between A

and all other intervals I ∈ Pχ
′

κ′ , using the ad oracle. We also sample a cost ĉ ∼ Ec

uniformly at random. Next consider subsetsAj ⊆ Pχ
′

κ′ defined asAj = Nĉ+c·j(A)∩Pχ
′

κ′ ,

for j ∈ {0, . . . , jmax} where jmax = O(1/α). While the use of such sampling process

will be shown later, the important clustering property to note here is that for j < jmax,

we have Nc(Aj)∩Pχ
′

κ′ ⊆ Aj+1. The formal clustering algorithm ClusterAnchor is

presented in Alg. 4.
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Algorithm 4 Matching Phase: Clustering around random anchors

Input: Anchor pair (A,χ′), interval set R, base cost c

Output: “slowly-growing” clusters around A: {(Aĉ+cj, ĉ + cj, j, dA)}j=0...jmax

for a random cost ĉ ∼ Ec, where dA is an upper-bound for {dκ′(I, χ′)ĉ+cj | j ∈

{0, . . . jmax}, I ∈ Aĉ+cj}

1: function ClusterAnchor(A,R, χ′, c)

2: Sample ĉ ∼ Ec uniformly at random.

3: For all I ∈ R, compute cA,I , ad(A, I).

4: Below, for a parameter τ , we use notation Aτ = {I : cA,I ≤ τ}.

5: return {(Aĉ+cj, ĉ+ cj, j, µκ′(A3ĉ, χ
′)) | j = 0, 1, . . . , jmax}.

6: end function

Coloring: assigning φ potential to clusters. Next we assign potentials φ to

the clustered intervals in Cχ. Later, using potentials φ, we will assign ϕ potential

to other nearby intervals in the proximity of the clustered intervals (as described in

Section 3.2.3).

From the above clustering algorithm, for a fixed output color χ, and corresponding,

sampled A,χ′, ĉ, we get a family of clusters Cχ , {(Aj, cAj , j, dA)}j satisfying the

clustering invariant from above. We then define potential φκ(I, χ) in new coloring κ

for all intervals I ∈ ∪jAj, using Alg. 5.

Intuitively, for sampled (A,χ′, ĉ), we would like to distribute O(n/λt) potential

credits “equally” among I ∈ Pχ
′

κ′ ∩ Nĉ(A), namely φκ(I, χ) = 2n
λt
· µκ′ (I,χ

′)
dκ′ (A,χ

′)ĉ
(note

that this sums up to 2n/λt over all I, and to 2n over all anchors/χ’s). This method

however does not satisfy the necessary φ properties, requiring some adjustments.

Before describing the adjustments, we state these necessary properties, termed φ

scoring invariants, which we will guarantee:
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Claim 26 (φ Scoring Invariants, proved in Section 3.6). Fix step t and level l. Fix a

color χ in an output coloring κ, for which we have sampled an anchor pair (A,χ′′) ∈

I × νt−1 \ {⊥} where χ′′ is some color in κ′, and sampled cost ĉ ∈ Ec. The φ scores

from Alg. 5 satisfy the following invariants, conditioned on an event that holds whp:

1. Correctness: For any I ∈ I and distortion F ≥ 1, if (I, χ′′) is not an F -

corrupted pair (for some fixed alignment π), then ddO(F ·n2α)(φκ(I, χ), φκ(π[I], χ)) ≤

n−10.

2. Maximal Contribution: For all (I, χ′) ∈ I × νt−1 \ {⊥}, the expected potential

contribution of (I, χ′) to φκ(I, χ) satisfies:

EA,χ′′,ĉ [φκ(I, χ) · 1[χ′ = χ′′]] = O
(
µκ′ (I,χ

′)
λt

)
.

3. Minimal Contribution/Balance: For all (I, χ′) ∈ I × νt−1 \ {⊥}, the expected

potential contribution of (I, χ′) to φκ(I, χ) at least equals its mass µκ′(I, χ
′) on

almost all costs in Ec: in particular, for all but O(η/α) fraction of costs ĉ ∈ Ec:

EA,χ′′ [φκ(I, χ) · 1[χ′ = χ′′]] ≥ µκ′ (I,χ
′)

λt
.

The first invariant ensures uncorrupted pairs (A,χ′) add uncorrupted φ potential,

in particular that I and π[I] get similar potential φ. To guarantee the invariant, we use

the weaker transitivity property, namely the clustering property that Nc(Aj)∩Pχ
′

κ′ ⊆

Aj+1, and hence that for uncorrupted pairs, I ∈ Aj ⇒ π[I] ∈ Aj+1 (this is the

reason we have multiple clusters Aj to start with). In addition, we estimate densities

with a lower-bound threshold of a factor 1/nO(α) from some upper-bound density of

any interval in the cluster, so that all density estimates are within a nO(α) bound
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(this treshold also helps maintaining efficiency constraints). An additional caveat is

that we cannot use this argument for j = jmax. To fix this, our algorithm multiplies

the potential of each Aj by an exponentially decreasing coefficient γj = n−jα, which

ensures that each meaningful potential added to I generates a similar potential in

π[I].

The second invariant ensures that we do not assign too much mass to any pair

(notably a corrupted one). The näıve assignment of φ would jeopardize this invariant

because the corrupted intervals may be “ad-centers”, i.e., slightly denser than their

neighbors (for every cost), and hence receive more φ in expectation. To overcome

this issue, we estimate the density dκ′(I, χ
′)cA of each I ∈ A, denoted d̂I,χ′ , and add

potential proportional to 1/d̂I,χ′ (instead of 1/ dκ′(A,χ
′)ĉ).

The third invariant guarantees we assign enough potential overall at each step and

its importance will become clear later once we discuss the balance of colors.

The formal algorithm AssignPhiPotential appears in Alg. 5.

Algorithm 5 Matching Phase: assign potential to Intervals in X ,Y
Input: Output color χ, cluster (A, χ′), density bound dA, cost c, and a

“decaying” parameter j.

Output: Assign φ potential to all I ∈ A for color χ.

1: function AssignPhiPotential(χ,A, dA, χ′, c, j, µκ′)

2: γ ← n−α·j.

3: for I ∈ A do

4: d̂I,j ← ApproxDensity(I, χ′, I, dA · n−α, c, µκ′).

5: φκ(I, χ)← φκ(I, χ) + γ · 2n
λt
· µκ′ (I,χ

′)

d̂I,j
.

6: end for

7: end function
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Coloring: assigning ϕ scores to intervals. Given φ potentials, we assign ϕ

scores to other non-clustered intervals in the proximity of the clustered ones. We will

first provide a mechanism for level l > 0, and deal with the special case of l = 0

later on. Intuitively, we would like to assign potential ϕ to each interval within the

ball (in index distance) of fixed radius centered at any clustered interval. We use

multiple radiuses since any radius for interval I might need to be matched with a

slightly different radius of π[I]. In addition, sometimes we need to group together far

sections, and hence we define ball radiuses with respect to fixed u-color mass (in the

current coloring κ).

Specifically, let Zl = βl · {1, 2, 4, 8, . . . , n/βl} be an exponentially growing set of

radiuses. Then for each ζ ∈ Zl, we define potential score vector ϕζκ(·, ·) : I × [λt] ∪

{u} → [0, 1] as follows. For χ ∈ [λt], we define:

ϕζκ(I, χ) = T c
(
µκ(I,u) · β2l

ζ2 · φκ(Λζκ(I),χ)
βl

)
(3.3)

where T c = T
Θ(ε−1)

β−1,β−3 . We define ϕ(·,u) later (using potentials θ).

Intuitively, the β2l

ζ2 factor decays the overall contribution fast enough to have a

constant factor corruption overall when summing over all radiuses, but slow enough

so that the distortion doesn’t grow too much between similar size radiuses.

We will guarantee the following ϕ scoring properties for all I ∈ I except for

intervals whose proximity is sufficiently corrupted (and hence do not need guarantees):

• Correctness: for any ζ ∈ Zl, the contribution of φ-potential from F -uncorrupted

pairs to ϕζκ(I, ∗ 6=u) matches, up to FO(1/ε) factor distortion, the contribution to

ϕζ
′
κ (π[I], ∗ 6=u), for slightly larger ζ ′, up to an extra additive error O(n−9). See
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Lemma 31.

• Complexity: For any color χ, the number of I ∈ I with ϕζκ(I, χ) 6= 0 is nβO(1)

λt
.

This will follow from the fact that thresholding T c ensures that ϕζκ(I, χ) = 0

whenever µκ(I,u) · φκ(Λζ
κ(I), χ) < ζ2/βl+O(1). Implicitly in Lemma 30.

Coloring: assigning the u-colored ϕ(·,u). We recall that the u-color is used

to 1) efficiently partition intervals of any density together with their corresponding

matches in π, and 2) “group” together sparse sections that might be far apart.

We assign ϕ(·,u) in a slightly different manner than ϕ(·, ∗ 6=u). First, we sample a

number of random pairs V termed pivots, directly estimate their densities, and assign

sparsity θ scores. We then use θ scores to assign ϕ(·,u) scores to nearby intervals in

a similar manner to how we used φ to assign ϕ(·, ∗6=u). Our u-coloring procedure will

have the following u-coloring guarantees:

• Correctness: The distortion between uncorrupted (I,u) and (π[I],u) is bounded

(as for the non-u colors). See Lemma 31.

• Sparsity: At level l, for any interval I ∈ I, for δ = ϕβ
l

κ (I,u), there is a set of

pairs D in the proximity of Λβl

κ (I) with µκ′(D) = Ω(δβl) such that all pairs in D

have relative density (w.r.t. to the Λ-ball) ≤ nO(α)β n
βlλt

on at least ≈ 1− (l+1)ε
2

fraction of costs ∈ Ec. The exact property will be described in Claims 46 and

47.

• Balance: for every interval I ∈ I, we will have ‖µκ(I, ∗ 6=u) + ϕκ(I, ∗)‖1 = Ωε(1).

This ensures that we can re-normalize the coloring at level l with only Oε(1)-

factor corruption blow-up. See Lemma 32.
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The high-level idea is as follows. Consider an interval I. If there is a set of pairs

(J, χ′) in I’s proximity of total mass δβl, where for each such pair the relative density

rdκ′(J, χ
′,Λβl

κ (J))c is at most Θ∗( n
λt·βl ), for sufficiently many costs c ∈ Ec, then we

have the “sparsity guarantee” we need for keeping I u-colored for the next level with δ

mass. However, if δ is small enough, then we expect to find sufficiently many intervals

of the “right” density to color I with non-u colors to obtain the “balance” guarantee

as above.

We assign ϕ(·,u) in three stages. First, we randomly sample a multi-set V con-

sisting of O∗( n
βl

) pivot pairs by including a pair (I, χ′) ∈ I × ν \ {⊥} with probability

µκ′(I, χ
′) · β−l, independently, k = βO(1) times (i.e., a sample (I, χ′) can have multi-

plicity up to k). Second, for each pivot (V, χ′) ∈ V , for each possible radius ζ ∈ Zl,

we generate potential sparsity score θζl (V, χ
′), which can be thought of as “the mass

of colors which V is relatively sparse on, for many costs”. To obtain that, we iterate

over all costs ĉ ∈ Ec and estimate an upper bound on rdκ′(V, χ
′,Λζ

κ(V ))ĉ

∧

, using the

approximation algorithm ApproxRelativeDensity.

To maintain near-linear runtime overall, we can afford at most O∗(βl) time for Ap-

proxRelativeDensity per pivot (on average), and hence we set the “min thresh-

old” rdm parameter to Θ∗( n
λt·βl ). Also for the runtime bound, we would need that

the local color-mass µκ′(Λ
ζ
κ(V ), χ′) is at most O∗(βl) · µκ′(V, χ′). When the latter

condition doesn’t hold, we do not need to do any testing as the relative density will

be lower than the bound we care about on average across all potential local (V, χ′)

pairs.

We use the estimate of relative density to generate σV,χ′ ∈ [0, 1] based on the

number of costs with sparse relative density, using the soft transformations:
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σV,χ′ = Ql(T
θ (Γl,ζ(V, χ

′))),

where Γl,ζ(V, χ
′) is a vector of dimension |Ec| with

Γl,ζ(V, χ
′)c = min

{
rdκ′(V, χ

′,Λζ
κ(V ))c

∧−1

· n · n
4α

βl · λt
, 1

}
and T θ = T

O(1/ε)

1/
√
β,1
.

Then we define the sparsity potential score θζκ(V, χ
′) for sampled pivots V ∈ V .

As mentioned above, for pivot pairs where we cannot efficiently estimate σV,χ′ , we set

the score to 1. In particular, for mV(V, χ′) denoting the multiplicity of (V, χ′) in V :

θζκ(V, χ
′) = mV(V, χ′) ·

σV,χ
′ µκ′(Λ

ζ
κ′(V ), χ′) ≤ λ · β6 · βl

1 otherwise.

The algorithm for computing the θ potential, AssignThetaPotential, is pre-

sented in Alg. 6.

Finally, we assign ϕκ(I,u) as a function of the estimated sparsity potential from

Λζ
κ(I), using the following formula, for each ζ ∈ Zl:

ϕζκ(I,u) = Tu

β2l

ζ2
· µκ(I,u) ·min

1

k
·
∑

χ′∈ν\{⊥}

θζκ(Λ
ζ
κ(I), χ′), 1


 , (3.4)

where Tu = T
1/ε
1/β,Ωε(1), and k = βO(1) is a coefficient which guarantees concentra-

tion for all potential scores not omitted by the transformation Tu as above.
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Algorithm 6 Matching Phase: assign θ potential to pivot pair V, χ′.

Input: Pivot (V, χ′), multiplicity m, and level l

Output: Assign θ potential to (V, χ′)

1: function AssignThetaPotential(V, χ′,m, l, µκ′)

2: rdm ← n4α · n
βl·λt .

3: for ζ ∈ Zl do

4: if µκ′(Λ
ζ
κ(V ), χ′) > λ · β6 · βl then

5: θζκ(V, χ
′)← m.

6: else

7: for ĉ ∈ Ec do

8: rdκ′(V, χ
′,Λζ

κ(V ))ĉ

∧

← ApproxRelativeDensity(V,Λζ
κ(V ), rdm, ĉ, µκ′).

9: Γl,ζ(V, χ
′)ĉ ← min

{
rdm /rdκ′(V, χ

′,Λζ
κ(V ))ĉ

∧

, 1
}

.

10: end for

11: θζκ(V, χ
′)← m ·Ql(T

θ (Γl,ζ(V, χ
′))).

12: end if

13: end for

14: end function

Amending the measure µκ(I, ∗) to get µκ̂(I, ∗). At the end of each level l, we

update each measure µκ(I, ∗) by moving some of the µκ(I,u) mass according to the

ϕ(I, ∗) potential. We need to ensure that we still obtain a distribution at the end,

and hence we do a certain normalization (rescaling) on ϕ. Since such a rescaling can

increase the corruption, we need to ensure that the renormalization rescales the vector

by a constant factor only. There is a caveat though, that the renomalization factor

is small only when the added ϕ(I, ∗) potential is large, which we can only guarantee

when µ(I, ∗ 6=u) is small. As a result, we recolor using the sum of µ and ϕ according
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to the following formula9:

µκ̂(I, ∗) = µκ(I, ∗ 6=u) + µκ(I,u) ·
µκ(I,∗6=u)+

∑
ζ∈Zl

ϕζκ(I,∗)

‖µκ(I,∗6=u)+
∑
ζ∈Zl

ϕζκ(I,∗)‖1
.

Figure 2: The flow of coloring intervals at level l

9Note that in the formula, the vector µκ(I, ∗6=u) is considered to be the vector with u-coordinate

zero-ed out.
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Figure 3: A step by step coloring example at level l. For simplification, all intervals

start as u-colored, we use one ζ = 2 radius, and omit the pivot sampling, density

estimation, and thresholding processes.

Step 1: Anchor sampling (λt = 3). Step 2: Clustering around anchors.

Step 3: Assigning φ scores to each cluster. Step 4: Assigning ϕ to Λζ balls (ζ = 2).

Step 5: Coloring µκ̂ by “adding” normalized

ϕ. Gray color is for u.

Initial level (l = 0): marking as “already matched” ⊥. For each step t, at

level l = 0, we assign φ and θ potential as above and use them to mark intervals as

“already matched” (with color ⊥), instead of “regular coloring”. Hence for any step

t, we only have the colors u and ⊥ in κ at the end of level l = 0, and the rest of colors

come into play later, starting with level l = 1. We use the following potentials, where

Z0 = {0}:
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ϕ0
κ(I,⊥) = T c (µκ(I,u) · φκ(I, ν \ {u,⊥})) . (3.5)

ϕ0
κ(I,u) = Tu

(
µκ(I,u) · θ

0
κ(I,ν\{⊥})

k

)
. (3.6)

Overall, the idea here is similar to the general case: any matching from uncor-

rupted (I, χ′) pairs in κ′ will generate a 2-hop path in G between I and π[I], and

hence by projecting all of φ potential to ⊥, we do not over-corrupt interval I (in

expectation), and maintain the u-coloring guarantees. We also note that the T c

transformation at level 0 is not required for correctness, but rather enables a more

uniform analysis across levels.

The overall algorithm for computing amended coloring, AmendColoring, is

presented in Alg. 7.

Algorithm 7 Matching Phase: Color Intervals

Input: Coloring κ and level l

Output: Amended coloring κ̂ computed from µκ,φκ and θκ.

1: function AmendColoring(κ, l)

2: Compute the balls Λζ
κ(I) for all I ∈ I and ζ ∈ Zl (using algorithm from

Thm. 50).

3: Compute ϕζκ(I,u) as per Eqn. (3.4),(3.6) for all I ∈ I, ζ ∈ Zl (using data

structure from Thm. 50).

4: Compute ϕζκ(I, ∗ 6=u) as per Eqn. (3.3),(3.5) for all I ∈ I, ζ ∈ Zl (using

algorithm from Thm. 51).

5: Compute µκ̂(I) = µκ(I, ∗ 6=u) + µκ(I,u) ·
µκ(I,∗6=u)+

∑
ζ∈Zl

ϕζκ(I,∗)

‖µκ(I,∗6=u)+
∑
ζ∈Zl

ϕζκ(I,∗)‖
1

for all I ∈ I.

6: return κ̂.

7: end function
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3.4.3 MatchStep algorithm: main levels loop

Finally, we describe the overall MatchStep algorithm, using the ingredients pre-

sented earlier. The main algorithm is MatchStep from Alg. 8. It uses couple more

functions: InitColoring, in Alg. 9, and Adjust-u in Alg. 10.

Choice of Parameters. We fix the following parameters, as a function of n and ε.

• β, λ ← nε, ensuring convergence in constant number of rounds while allowing

sparse partitions.

• k ← β3(log n)Θ(1), an oversampling factor for concentration in pivot sampling.

• α← ε5/ε, sufficiently small constant to control the blow-up of the distortion F

(noting that the starting distortion is F0 = nα).

• η ← α2ε3, to ensure our set of costs is sufficiently large, avoiding blow-up from

Q transformations.
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Algorithm 8 Matching Step Algorithm

Input: base cost c, input coloring κ′, step t.

Output: a matching graph G and an output colorings κ.

1: function MatchStep(c, κ′, t)

2: Initialize κ← InitColoring(κ′, t).

3: G← unweighted and undirected graph with nodes I ∈ I and no edges.

4: for l = 0, 1, . . . do

5: Break if l > 0 and min{µκ(X ,u), µκ(Y ,u)} ≤ βl;

6: φκ, θκ ← ~0.

7: for χ ∈ [λt] do

8: Sample (A,χ′) from the distribution
µκ′ (∗,∗)
|I| .

9: Cχ ←

ClusterAnchor(A,Pχ
′

κ′ , χ
′, c), if χ′ 6= ⊥

∅, if χ′ = ⊥
10: for (A, cA, j, dA) ∈ Cχ do

11: Add edge (A, I) to G for each I ∈ A. . Only important for level 0.

12: AssignPhiPotential(χ,A, dA, χ′, cA, j, µκ′).

13: end for

14: end for

15: V ← Subsample each (V, χ′) ∈ I × ν \ {⊥} with probability
µκ′ (V,χ

′)
βl

,

independently k times.

16: AssignThetaPotential(V, χ′,mV((V, χ′)), l, µκ′) for all (V, χ′) ∈

supp(V).

17: κ← AmendColoring(κ, l).

18: end for

19: Set µκ(I, χ) = 0 whenever µκ(I, χ) ∈ (0, n−10) and renormalize each µκ(I, ∗)

to a distribution.

20: κ← Adjust-u(κ).

21: return (G, κ).

22: end function
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The function InitColoring initializes an output coloring. It keeps all ⊥ poten-

tials from the input coloring κ′ intact, since those are already matched, and sets the

rest to u.

Algorithm 9 Matching Phase - Init Coloring

Input: Input coloring κ′, step t

Output: a new output coloring κ where all 6= ⊥ mass is set to u.

1: function InitColoring(κ′, t)

2: Let ν ← [λt] ∪ {u,⊥}.

3: Initialize new coloring κ over ν by setting µκ = 0.

4: µκ(I,⊥)← µκ′(I,⊥) for I ∈ I.

5: µκ(I,u)← µκ′(I, ν \ ⊥) for I ∈ I.

6: return κ.

7: end function

The function Adjust-u ensures the color u will have the same sparsity guarantees

as the rest of colors in the end of step t. Such guarantees will be discussed in Section

3.7.1, but at high level, we would like to limit the number of intervals containing the

u color. Since the only guarantee we have is for the minimal u-mass between X ,Y ,

we will remove all u color altogether if µκ(X ,u) and µκ(Y ,u) differ significantly, and

otherwise, we use the Tu transformation to avoid the case where many intervals on

both X and Y contain a tiny mass.
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Algorithm 10 Matching Phase - Adjust u

Input: Coloring κ at the end of step t with bounded u-mass (in `1 sense).

Output: Adjusted coloring κ with bounded u-support (in `0 sense).

1: function Adjust-u(κ)

2: if µκ(X ,u)
µκ(Y,u)

/∈ [1/β, β] then

3: µκ(I,⊥)← µκ(I,⊥) + µκ(I,u) for I ∈ I.

4: µκ(I,u)← 0 for I ∈ I.

5: end if

6: (µκ(I, ∗6=u), µκ(I,u))← (µκ(I,∗6=u),Tu(µκ(I,u)))
‖(µκ(I,∗ 6=u),Tu(µκ(I,u)))‖

1

for I ∈ I.

7: return κ.

8: end function

3.5 Correctness analysis of the interval matching

algorithm

In this section, we prove correctness of the interval matching algorithm, namely Theo-

rem 22, items 1 and 2. Item 3 (runtime) is proven in Section 3.7 later. Note that item

1 is immediate from the algorithm (as we only add edges if ad distance is ≤ Oε(c)).

Hence we focus on item 2. To help the reader in the ensuing proofs, we collect

important notations and definitions in Table 3 for quick reference.

Our central correctness lemma shows that the “corruption” in each level/step

grows by at most a constant factor. Recall the notion of corruption from Def. 19:

(I, χ) is F -corrupted pair if either: (1) π[I] = ⊥; (2) ad(I, π[I]) > c; (3) χ 6= ⊥ and

ddF (µκ(I, χ), µκ(π[I], χ)) > 0; or (4) χ = ⊥ and distG(I, π[I]) > 2. Also, recall from

Eqn. (3.1) corruption per interval parameter ξκF (I) =
∑

χ:(I,χ) is F -corrupted pair µκ(I, χ)

and the total corruption is defined as ξκF = ξκF (I).
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The following central lemma bounds corruption growth per level/step:

Lemma 27 (Corruption growth per level; proof in Section 3.5.2). Fix ε, δ ∈ [0, 1],

and alignment π ∈ Π. Fix F ∈ [nα, βo(ε)]. Fix step t, level l, input coloring κ′ (built

at the previous step) and output coloring κ (being built in the current step). Then,

AmendColoring at level l amends κ → κ̂ such that ξκ̂
F̂

= O

(
ξκ
′
F +ξκF
εO(1/ε)

)
+ Õε (n−7)

with probability 1− ε2, where F̂ = FO(1/ε2).

Recalling that ξκ
′
F is the corruption at the end of the previous step, and ξκF is the

corruption at the end of the previous level (in the current step), the above lemma

bounds the multiplicative growth of the corruption of the amended coloring κ̂, modulo

a very small additive term.

In addition to this central lemma, we also need to bound the excess corruption

incurred between steps, mainly from the Adjust-u procedure, which is captured by

the following lemma.

Lemma 28 (Corruption growth by Adjust-u; proof in Section 3.5.3). Fix ε ∈ [0, 1]

and F ∈ [nα, βo(ε)]. The function Adjust-u amends κ→ κ̂ such that ξκ̂
F̂

= O (ξκF ) +

O (n−9), where F̂ = FO(1/ε2).

While the rest of the section is devoted to proving the above lemmas, we first com-

plete the proof of Lemma 22, item 2, which requires the following fact for preserving

dd-distance on summations :

Fact 29. For any a1, . . . am, b1 . . . bm ∈ Rd+, we have that:

dd2F (
∑
i

ai,
∑
i

bi) ≤ 2
∑
i

ddF (ai, bi).
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Proof. For j ∈ [d], let Lj ⊆ [m] be the set of coordinates where ai,j > Fbi,j. If∑
i∈Lj ai,j ≤

∑
i∈[m]\Lj ai,j, then

∑
i ai,j ≤ 2

∑
i∈[m]\Lj ai,j ≤ 2F

∑
i bi,j, and hence

dd2F (
∑

i ai,j,
∑

i bi,j) = 0. Otherwise,

dd2F (
∑
i

ai,j,
∑
i

bi,j) ≤
∑
i

ai,j < 2
∑
i∈Lj

ai,j = 2
∑
i

ddF (ai,j, bi,j).

Summing over all j ∈ [d], we get:

dd2F (
∑
i

ai,
∑
i

bi) =
∑
j

dd2F (
∑
i

ai,j,
∑
i

bi,j) ≤
∑
j

∑
i

2 ddF (ai,j, bi,j) = 2
∑
i

ddF (ai, bi)

as needed.

We also state the following complexity statement, bounding the size of parts Pχκ′ ,

the set of intervals I with µκ(I, χ) > 0 (in “step input” coloring κ′). Its proof appears

in Section 3.7.1.

Lemma 30 (Size of color parts). At each step t, for each color χ′ ∈ ν \{⊥}, we have

that |Pχ
′

κ′ | = n · Õε(β
5 · λ1−t) whp.

An immediate corollary of Lemma 30 is that the total number of steps is bounded

by 1/ε+O(1) whp.

Proof of Lemma 22, item 2 using Lemma 27. Fix step t with input coloring κ′. Fix

Ft = nα/Θ(ε)4t
. We first show that for each output coloring κ generated at each

MatchStep call, we have with probability 1/2, at the end of step t:

ξκFt+1
= ε−O(1/ε2) · ξκ′Ft + Õε(n

−8).
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To do that, we use Lemma 27, to obtain that in each level l ≤ O(1/ε) we have

O(ε−O(1/ε) · 4/ε) factor growth in corruption with probability 1− ε
4
, and by the union

bound we get overall blow-up ε−O(1/ε2) with probability 3/4 (as we have O(1/ε) levels).

Observe also that removing pairs with mass < n−10 in Line 19 introduces at most

O(Ft+1 · n−7) < O(n−6) additive corruption, since there are ≤ n3 total non-zero pairs

and each pair removed can generate at most Ft+1 · n−10 corrupted mass. Finally,

notice that by Fact 29, the excess corruption introduced by InitColoring in any

new step is bounded by a factor of 2. Also, Adjust-u introduces excess O(1)-factor,

and O(1/n9) additive corruption, and F̂ = FO(1/ε2) distortion growth (Lemma 28).

Overall, we note that distortion grows as O(Ft)
O(1/ε4) ≤ Ft+1.

Now, notice we generate O(log n) i.i.d colorings in each step t for each input

coloring κ′, hence, we must generate a “good” coloring κ with high probability as

long as we started with at least one “good” coloring from the previous step. Now,

for a fixed c, define kc , |{i | adw,c(Xi,w, Yπ(i),w) > c}| and notice we start the

MatchIntervals algorithm with ξκF1
= kc and generate Oε(1) blow-up per step.

Finally, since MatchIntervals halts when µκ(I,⊥) = 2n (this is the halting

condition from Line 6), and by the corollary above the total number of steps is Oε(1),

we have ξκFt = Oε(kc + 1/n6) for any “good” coloring κ. Furthermore, for any π-

matchable pair I, π[I] with adw,c(I, π[I]) ≤ c, if the hop-path between I, π[I] in G is

more than 2, then this pair contributes 1 to ξκFt = Oε(kc + 1/n6). We conclude that

all but Oε(kc) π-matchable pairs have a 2-hop path in G as needed.
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3.5.1 Bounding corruption growth per level: two key lemmas

To prove our central correctness Lemma 27, we introduce the following two key Lem-

mas. We refer the reader to Table 3 for a quick recap of important quantities and

formulas from our algorithm.

In particular, note that the amended coloring is obtained via the following formula:

µκ̂(I, ∗) = µκ(I, ∗ 6=u) + µκ(I,u) ·
µκ(I,∗6=u)+

∑
ζ∈Zl

ϕζκ(I,∗)

‖µκ(I,∗6=u)+
∑
ζ∈Zl

ϕζκ(I,∗)‖1

Thus, in order to bound the growth of ξκ̂
F̂

, we need to bound the quantities:

dd(ϕζκ(I, ∗), ϕζ
′
κ (π[I], ∗)), for some ζ, ζ ′, as well as the `1 normalization from above.

These two goals correspond to the two key lemmas.

To state the key lemmas, we introduce the following measures ρ of the corruption

of intervals from nearby intervals. First, define Bπ(S) for S being a subset of X or

Y as the smallest enclosing ball around π[S] (ignoring the ⊥’s). Now, fix an interval

I ∈ I, output coloring κ, and arbitrary coloring κ′ (which can be either an input

or output coloring). Fix distortion F , and set S ⊆ I with µκ(S,u) > 0 that is a

subset of X or Y . We define “local” corruption measures ρκ,κ
′

F (I,S) and ρ̃κ,κ
′

F (I,S) as

follows:

ρκ,κ
′

F (I,S) = µκ(I,u)
µκ(S,u)

· ξκ′F (S),

ρ̃κ,κ
′

F (I,S) = µκ(I,u)
µκ(S,u)

· ξκ′F (Bπ(S)).

The first lemma below bounds the expected distortion-resistant corruption of

ϕζκ(I, ·), ϕζ
′
κ (π[I], ·) for a fixed interval I, as a function of its ρ scores of the neighbor-

hoods of I, π[I]. The lemma considers arbitrary ζ (radius around I), and assumes



CHAPTER 3. EDIT DISTANCE 96

there is a convenient ζ ′ (radius around π[I]) that is not much larger than ζ (otherwise

there’s a lot of error in this region already).

Lemma 31. Fix step t, level l ≥ 0, and alignment π ∈ Π. Fix input coloring κ′

(obtained at the end of step t − 1), and the current coloring κ (obtained at the end

of level l − 1 or from InitColoring). Fix F ∈ [nα, βo(ε)]. Consider I ∈ I, where

(I,u) is not F -corrupted pair. For ζ ∈ Zl when l ≥ 1 or ζ = 0 for l = 0, define

BI = Λζ
κ(I), B+2ζ

I = Λ3ζ
κ (I), and suppose there exists ζ ′ ∈ Zl ∩ [0, F 2ζ] such that

π[Λ3ζ
κ (I)] ⊆ Λ

ζ′/2
κ (π[I]). Then, for F̂ , FΘ(1/ε2):

1. For l ≥ 1, in expectation over the random choices of A,χ′, c in the algorithm,

we have

E
[
ddF̂

(
ϕζκ(I, ∗6=u), ϕζ

′

κ (π[I], ∗ 6=u)
)]

= O
(
βl

ζ
· ρκ,κ

′

F (I,BI) + 1
n8

)
. (3.7)

2. For l ≥ 0, with high probability,

ddF̂

(
ϕζκ(I,u), ϕζ

′

κ (π[I],u)
)

= O
(

βl

max{ζ,1} · ρ
κ,κ′

F (I,B+2ζ
I ) + 1

n9

)
. (3.8)

The second key lemma argues that normalizing each vector µ(I, ∗) does not add

more than constant corruption in each level.

Lemma 32. At the end of level l ≥ 0, for each coloring κ, we have
∥∥∥µκ(I, ∗6=u) +

∑
ζ∈Zl ϕ

ζ
κ(I, ∗)

∥∥∥
1

=

(Ω(ε))l+1 for each I ∈ I with high probability.

The proofs of Lemmas 31 and 32 are involved and appear in Section 3.6. We prove

Lemma 22 using these two key lemmas in Section 3.5.2 after introducing a few useful

facts.
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3.5.2 Proof of Lemma 27 from key correctness lemmas: cor-

ruption growth per level

Before continuing with the correctness analysis, we establish some auxiliary state-

ments.

Distortion Resilient Distance Properties. We show some properties of Distor-

tion Resilient Distance from Def. 20. Recall that ddF (p, q) =
∑

i:pi>F ·qi pi. First, we

show multiplication by scalars.

Fact 33. Fix p, q ∈ Rn+ and scalars a, b ∈ R+. We have ddF (a ·p, b ·q) = a ·dd
F · b
a

(p, q)

Proof.

ddF (a · p, b · q) =
∑

i:
api
bqi

>F

api = a
∑

i:
pi
qi
>
bF
a

pi = a · dd
F · b
a

(p, q)

We also show a bound on the `1 normalization of vectors.

For two vectors p, q ∈ Rn+ and F ≥ 1, define ddF (p, q) =
∑

i:pi/qi>F
pi.

Fact 34. Fix p, q ∈ Rn+ and a, b ∈ R+ with a ≥ ‖p‖1, b ≥ ‖q‖1 and a+b−‖p‖1−‖q‖1 =

o(F ) ·min{a, b}. We have,

dd3·F 2

(
p
a
, q
b

)
+ dd3·F 2

(
q
b
, p
a

)
≤ 4 ·

(
ddF (p,q)

a
+ ddF (q,p)

b

)
Proof. By fact 33, we have that,

dd3·F 2

(
p
a
, q
b

)
+ dd3·F 2

(
q
a
, p
b

)
= 1

a
· dd

3·F 2·a
b

(p, q) + 1
b
· dd

3·F 2· b
a

(q, p)

Now, consider a case where a
b
∈ [1/3F, 3F ], then we have that, using the observa-

tion that ddF (·, ·) is decreasing in F :

dd3·F 2

(
p
a
, q
b

)
+ dd3·F 2

(
q
b
, p
a

)
≤ 1

a
· ddF (p, q) + 1

b
· ddF (q, p)
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Otherwise, assume w.l.o.g a > 3Fb. The statement guarantees gives us a =

‖p‖1 (1 + o(1)) and b ≥ ‖q‖1, implying
‖p‖1
‖q‖1

> (3− o(1))F , then on one hand we have

that ddF (p, q) ≥ 0.6 ‖p‖1 (by Fact 29), and hence the RHS of the claim is at least

4 · 0.6 · ‖p‖1
a
> 2. On the other hand, dd3F 2

(
p
a
, v
)
≤
∥∥ p
a

∥∥
1
≤ 1 for any v, and similarly

for q, and hence the LHS is at most 2 and the claim follows.

Alternative Counting for Λ balls. When bounding certain parameters, we use

the following simple combinatorial claim:

Claim 35. Fix coloring κ, parameter ζ ≥ 1 and function f : I → R+. Then,

∑
I∈I

µκ(I,u) · f(Λζ
κ(I)) =

∑
I∈I

µκ(Λ
ζ
κ(I),u) · f(I) ≤ 2ζf(I).

Proof. The proof follows immediate by counting the contribution of each f(I) to

elements in Λζ
κ(I). Formally:

∑
I∈I

µκ(I,u)·f(Λζ
κ(I)) =

∑
I∈I

µκ(I,u)·
∑

J∈Λζκ(I)

f(J) =
∑
I∈I

∑
J∈I

1[µ(SEB(I, J)10,u) ≤ ζ]·µκ(I,u)f(J)

Now, by change of summation, such quantity equals

∑
J∈I

∑
I∈I

1[µ(SEB(I, J),u) ≤ ζ]·µκ(I,u)f(J) =
∑
J∈I

f(J)·
∑

I∈Λζκ(J)

µκ(I,u) =
∑
J∈I

µκ(Λ
ζ
κ(J),u)·f(J).

And since µκ(Λ
ζ
κ(J),u) ≤ 2ζ, we conclude:

10SEB(I, J) = smallest enclosing ball containing both intervals
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Table 3: Summary of main notations and their definitions.

Parameters

ε Arbitrary small constant; complexity is n1+O(ε). α = ε5/ε. We define F0 = nα.

λ = nε. Sample size growths by factor λ each step. η = α2ε3. The set of costs Ec has size 1/η.

β = nε. Base radius growths by β factor each level. k = β3(log n)Θ(1), pivot oversampling factor.

jmax = O(1/α), number of costs per anchor.

Transformations

T qδ,γ(x) =


xi xi ≥ γ
0 xi < δγ

γ · (xiγ )q Otherwise

T c = T
Θ(1/ε)
1/β,1/β3

T θ = T
O(1/ε)

1/
√
β,1

Tu = T
O(1/ε)
1/β,Ωε(1)

Qδ,s,F (x) = maxJ⊆[d] a|J| ·minj∈J xj where ai =


1 i ≥ s · d
0 i < (s− δ)d
1/F sd−i Otherwise

Ql(x) = Q ε
4 ,1−

(l+1)ε
2 ,nO(α2)

(x)

Potentials

φκ(I, χ) = µκ′(I, χ
′) 2n
λt

∑jmax

j=0
n−αj ·1[ad(A,I)≤ĉ+jc]

d̂I,j
, basic potential from matching anchor (A,χ′, ĉ)

d̂I,j = Θ
(
max{dκ′(I, χ′)ĉ+jc, 1

nα · dκ′(A,χ
′)3ĉ}

)
, approximated density for a matched interval I

Λζκ(I) largest interval ball containing ≤ ζ of `1-mass of u-color in µ on the left and right of I

ϕζκ(I, ∗ 6=u), ζ > 0 = T c
(
µκ(I,u) · β

2l

ζ2 ·
φκ(Λζκ(I),∗)

βl

)
Γl,ζ(V, χ

′) a vector of costs in Ec with Γl,ζ(V, χ
′) = min

{
rdκ′(V, χ

′,Λζκ(V ))
∧−1

· n4α · n
βl·λt , 1

}
σV,χ′ = Ql(T

θ (Γl,ζ(V, χ
′)))

V multiset of pivots; = subsampling (V, χ′) ∈ I × ν \ {⊥} k times with prob. µκ′(V, χ
′) · β−l

mV((V, χ′)) multiplicity of (V, χ′) in V

θζκ(V, χ′) = mV((V, χ′)) ·

σV,χ′ µκ′(Λ
ζ
κ′(V ), χ′) ≤ λ · β6 · βl

1 Otherwise

Zl, l > 0 = βl · {1, 2, 4, 8, . . . , n/βl}, is the set of radiuses ζ

Z0 = {0}

ϕζκ(I,u), ζ > 0 = Tu
(
µκ(I,u) · β

2l

ζ2 ·min
{

1
k ·
∑
χ′∈ν\{⊥} θ

ζ
κ(Λζκ(I), χ′), 1

})
ϕζκ(I,u), ζ = 0 = Tu

(
µκ(I,u) · θ

0
κ(I,ν\{⊥})

k

)
ϕ0
κ(I,⊥) = T c (µκ(I,u) · φκ(I, ν \ {u,⊥})) (ϕlκ(I,⊥) defined only for l = 0 level)

µκ̂(I, ∗) = µκ(I, ∗ 6=u) + µκ(I,u) ·
µκ(I,∗ 6=u)+

∑
ζ∈Zl

ϕζκ(I,∗)

‖µκ(I,∗ 6=u)+
∑
ζ∈Zl

ϕζκ(I,∗)‖1
(always a distribution over χ’s)

Error measures

ξκF (I) =

1 π[I] = ⊥ or ad(I, π[I]) > c

ddF (µκ(I, ∗ 6=⊥), µκ(π[I], ∗6=⊥)) + µκ(I,⊥)1[distG(I, π[I]) > 2] otherwise

ρκ,κ
′

F (I,S) = µκ(I,u)
µκ(S,u) · ξ

κ′

F (S)

ρ̃κ,κ
′

F (I,S) = µκ(I,u)
µκ(S,u) · ξ

κ′

F (Bπ(S)), where Bπ(S) is the smallest enclosing ball around π[S]
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∑
I∈I

µκ(I,u) · f(Λζ
κ(I)) =

∑
I∈I

µκ(Λ
ζ
κ(I),u) · f(I) ≤ 2ζf(I).

as needed.

We now proceed to the proof of Lemma 27. Recall that Lemma 27 states that, in a

fixed level, the new coloring κ̂ (amended from κ) satisfies ξκ̂
F̂

= O

(
ξκ
′
F +ξκF
ε2/ε·δ

)
+ Õ (n−8)

with probability 1 − δ, where F̂ = FO(1/ε2). For reader’s convenience, we include a

summary table of notations in Table 3.

Proof of Lemma 27 using Lemmas 31, 32. Fix distortion F , level l, and consider an

interval I ∈ I\π−1[⊥] with ad(I, π[I]) ≤ c. LetmI = µκ(I,u) andmπ[I] = µκ(π[I],u).

If either (I,u) or (π[I],u) are corrupted — meaning ddF (mI ,mπ[I])+ddF (mπ[I],mI) >

0 and hence ddF (mI ,mπ[I])+ddF (mπ[I],mI) ≥ max{mI ,mπ[I]}— then ξκF ({I, π[I]}) ≥
mI+mπ[I]

2
(merely from u-color). The new coloring κ̂, obtained at the end of level

l, updates at most mI + mπ[I] total mass (at I, π[I]). Hence, we have, for ξ∗ =

ξκ̂2F ({I, π[I]})−ξκF ({I, π[I]}), and using that ddF (a+b, c) ≤ ddF (a, c)+b for a, b, c ≥ 0:

ξ∗ ≤
∑

I′∈{I,π[I]}

dd2F (µκ̂(I
′, ∗ 6=⊥), µκ̂(π[I ′], ∗ 6=⊥)) + (µκ̂(I

′,⊥)− µκ(I ′,⊥)) (3.9)

Fact 29

≤ 2
∑

I′∈{I,π[I]}

ddF (µκ(I
′, ∗ 6=⊥), µκ(π[I ′], ∗ 6=⊥)) + 3mI′ (3.10)

≤ O(ξκF ({I, π[I]})). (3.11)

where for (9), we note that (I ′,⊥) can only be corrupted in µκ̂ if it was previously

corrupted. Below, we consider intervals I such that both (I,u) and (π[I],u) are not

F -corrupted, i.e., mI
mπ[I]

∈ [1/F, F ].
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To bound the new corruption ξκ̂
F̂

(I), we analyze two cases: the base case of level

l = 0, where our main goal is to match intervals and the corruption added is for

already matched pairs (colored ⊥) without a short path in G, and the general case

of l ≥ 1, and our goal is to move µ-mass from u-color to χ ∈ [λt] color, in similar

proportion for both I and π[I]. In both cases, we analyze the expectation of ξκ̂
F̂

as a

function of ξκ
′
F , ξ

κ
F . We note that throughout this section, we consider the probability

space over the sampled anchors and pivots in the MatchStep algorithm, and all

expectations are over that space.

Recall our coloring update procedure replaces the u-mass of I by vector µκ(I,u) ·
µκ(I,∗6=u)+

∑
ζ∈Zl

ϕζκ(I,∗)

‖µκ(I,∗6=u)+
∑
ζ∈Zl

ϕζκ(I,∗)‖
1

.

Base case of level l = 0. At the beginning of the step, we have that µκ(I,⊥) =

µκ′(I,⊥) and µκ(I,u) = µκ′(I, ν \ ⊥). Furthermore, at level 0, we amend only the u

and ⊥ color potentials. For u, we invoke Lemma 31 (2) and obtain (whp) that

ddF̂
(
ϕ0
κ(I,u), ϕ0

κ(π[I],u)
)

= O
(
ρκ,κ

′

F (I, {I}) + 1
n9

)
= O

(
ξκ
′

F (I) + 1
n9

)
.

For ⊥, observe that ϕ0
κ(I,⊥) ≤ φκ(I, ν \ {u,⊥}) at level 0. Now, consider an F -

uncorrupted pair (I, χ′) ∈ I×ν \{⊥} that has been clustered by an anchor A at color

χ. By Claim 26 (1), we have ddO(F ·n2α)(φκ(I, χ), φκ(π[I], χ)) ≤ n−10 whp. Notice also

that whenever φκ(I, χ) > 0, we add an edge (A, I) to G which is uniquely identified

by color χ. Therefore, one of the following must hold:

1. We add a 2-hop path between I, π[I] in G; or

2. The total contribution of F -uncorrupted pairs to ϕ0
κ(I,⊥) is O(n−9).

Focusing on corrupted pairs (I, χ′), note that there is ξκ
′
F corrupted mass in I; i.e.,
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total µκ′ of (I, χ′) with ddF (µκ′(I, χ
′), µκ′(π[I], χ′)) > 0 is at most ξκ

′
F . Recall that we

sample λt anchors and by Claim 26 (2), each such anchor generates, in expectation,

potential O(
µκ′ (I,χ

′)
λt

).

Therefore, for each (I, χ′) pair, the added potential over all sampled anchors is

a r.v. with expectation O(µκ′(I, χ
′)). Overall, we obtain the expected contribution

of corrupted pairs to ϕ0
κ(I,⊥) is O(ξκ

′
F (I)). Define uI = µκ(I, ∗6=u) + ϕ0

κ(I, ∗) and

ZI , 1[distG(I, π[I]) > 2]. Notice that, as there are only u and ⊥ colors to consider

at l = 0. Then, for ξ̂ =
∑

j=I,π[I] E
[
ξκ̂
F̂

(J)
]
, we have:

ξ̂
Fact 29

≤ ZI ·
∑

j=I,π[I]

E[µκ(J,⊥)] +
∑

j=I,π[I]

E

[
ddF̂ /2(mJ · uJ

‖uJ‖1
,mπ[J ] ·

uπ[J]

‖uπ[J]‖1

)

]
Fact 33

≤ ξκF ({I, π[I]}) +
∑

j=I,π[I]

mJ · E
[
ddF̂ /2F ( uJ

‖uJ‖1
,

uπ[J]

‖uπ[J]‖1

)

]
Fact 34

≤ ξκF ({I, π[I]}) + max
J=I,π[I]

{
4

‖uJ‖1

}
·
∑

J=I,π[I]

mJ · E
[
dd√

F̂ /4F
(uJ , uπ[J ])

]
Fact 29

≤ ξκF (I) + max
J=I,π[I]

{
4

‖uJ‖1

}
·
∑

J=I,π[I]

(
O(ξκF (J) + ξκ

′

F (J)) + E
[
dd√

F̂ /4F
(ϕ0

κ(J,u), ϕ0
κ(π[J ],u))

])
≤ ξκF (I) + max

{
1

‖uI‖1
, 1

‖uπ[I]‖1

}
·O
(
ξκF ({I, π[I]}) + ξκ

′

F ({I, π[I]}) + 1
n9

)
.

By Lemma 32, we have ‖uI‖1 ,
∥∥uπ[I]

∥∥
1

= Ω(ε). Taking into account Eqn. (3.9) for

corrupted (I,u), we therefore have in expectation E[ξκ̂
F̂

({I, π[I]}) − ξκF ({I, π[I]})] =

O
(

1
ε
(ξκF ({I, π[I]}) + ξκ

′
F ({I, π[I]}) + n−9)

)
overall for each interval. Summing over all

intervals (including ones that map to ⊥ or are at distance more than c), we conclude

E[ξκ̂
F̂

] = O
(

1
ε
(ξκF + ξκ

′
F + n−8)

)
.

General case. Consider level l ≥ 1. Intuitively, the new corruption added to

I is driven by 1) vectors ϕ that differ between I and π[I] (in dd sense), and 2)



CHAPTER 3. EDIT DISTANCE 103

normalization. For a fixed ζ ∈ Zl, we shall bound the quantity ddF ′(ϕ
ζ
κ(I), ϕζ

′
κ (π[I])),

for some ζ ′ ∈ Zl, F ′ ≥ F , by the following quantity in expectation, up to a constant

factor:

ρζI ,
βl

ζ
·ρκ,κ

′

F (I,Λ3ζ
κ (I))+ 1

logn
·ρ̃κ,κF (I,Λ3ζ

κ (I)) ≥ mI
6ζ

(
βl

ζ
· ξκ′F (Λ3ζ

κ (I)) + 1
logn

ξκF (Bπ(Λ3ζ
κ (I)))

)
,

(3.12)

where the first error term will come from standard error analysis (bounded via

Lemma 31), and the second error term comes from the case when ζ ′ is too large.

Specifically, for ζ ′ ∈ Zl defined as the smallest such that π[Λ3ζ
κ (I)] ⊆ Λ

ζ′/2
κ (π[I]),

we would like to use Lemma 31, but for that we need ζ ′ to be upper bounded by F 2ζ.

Let Lζ be the set of intervals I for which the required property is not satisfied: namely,

the resulting ζ ′ > 100 ·F ·ζ · log n (and (I,u), (π[I],u) are uncorrupted). We note that

if I ∈ Lζ , we have µκ(Bπ(Λ3ζ
κ (I)),u) ≥ 50F ·ζ · log n, and since µκ(Λ

3ζ
κ (I),u) ≤ 6ζ (by

definition of Λ-balls), this in turn implies most of Bπ(Λ3ζ
κ (I))×{u} is F -corrupted—

since Bπ(Λ3ζ
κ (I))× {u} maps (under π) back into Λ3ζ

κ (I)× {u} and specifically:

ξκF (Bπ(Λ3ζ
κ (I)) ≥ µκ(Bπ(Λ3ζ

κ (I)),u)− µκ(Λ3ζ
κ (I),u) ≥ 50F · ζ · log n− F · 6ζ

Eqn. (3.12)⇒ ρζI ≥ 4FmI ≥ 4mπ[I].

Overall mI+mπ[I] ≤ O(ρζI), and hence, just like for the corrupted I’s, the new cor-

ruption is bounded by O(ρζI), and thus O(
∑

ζ∈Zl ρ
ζ
I) (removing the explicit dependence

on a fixed ζ). Henceforth, we assume that I 6∈ ∪ζLζ , and thus ζ ′ = O(F · ζ · log n) ≤

F 2ζ and we can use Lemma 31.

By Lemma 31, we have that there exists F ′ = FΘ(1/ε2), and hence F ′ ≥ (Fζ ′/ζ)Θ(1/ε2)·

2 log n, such that:
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E

[
dd F ′

2 logn

(
ϕζκ(I), ϕζ

′

κ (π[I])
)]

= E

[
dd F ′

2 logn

(
ϕζκ(I, ∗6=u), ϕζ

′

κ (π[I], ∗ 6=u)
)

+ dd F ′

2 logn

(
ϕζκ(I,u), ϕζ

′

κ (π[I],u)
)]

= O(ρζI + n−8),

noting that while part (1) is a “whp” statement, it also implies “in expectation”

statement with extra 1/n9 term. We now aggregate the contribution from all ζ’s,

obtaining:

E

[
ddF ′

(∑
ζ∈Zl

ϕζκ(I),
∑
ζ∈Zl

ϕζκ(π[I])

)]
Fact 33

= E

[
dd F ′

|Zl|

(∑
ζ

ϕζκ(I), |Zl| ·
∑
ζ

ϕζκ(π[I])

)]
Fact 29

≤ 2 E

[∑
ζ

dd F ′

2|Zl|

(
ϕζκ(I),

∑
ζ

ϕζκ(π[I])

)]

≤ 2
∑
ζ

E

[
dd F ′

2 logn

(
ϕζκ(I), ϕζ

′

κ (π[I])
)]

= O

(∑
ζ

(ρζI + n−8)

)
.

Finally, we consider the contribution from normalization. Define uI = µκ(I, ∗ 6=u)+∑
ζ∈Zl ϕ

ζ
κ(I) and vI = µκ(π[I], ∗6=u) +

∑
ζ∈Zl ϕ

ζ
κ(π[I]). We split the vectors by the ⊥

coordinate uI(⊥) and the rest uI(∗ 6=⊥). For the ⊥ color, using Fact 32 to bound the

effect of normalization, we have:

uI(⊥)
‖uI‖1

≤ O
(

1
εl+1

)
· uI(⊥) = O

(
1

εl+1

)
· µκ(I,⊥),

and since (I,⊥) is only corrupted in κ̂ if it was corrupted in κ, we can bound the

total contribution of ⊥ corruption by:
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Contribution of ⊥ to ξκ̂
F̂

(I) = O
(

1
εl+1

)
· ξκF (I). (3.13)

For the other colors, we use Lemma 34 on vectors uI(∗ 6=⊥), vI(∗6=⊥) with a = ‖uI‖1 , b =

‖vI‖1, noting that a + b − ‖uI(∗ 6=⊥)‖1 − ‖vI(∗6=⊥)‖1 = µκ(I,⊥) + µκ(π[I],⊥) ≤ 2 ≤

o(F ) min{a, b} (using Lemma 32 on a, b again):

E
[
dd8F ′2(

uI(∗ 6=⊥)

‖uI‖1
,
vI(∗6=⊥)

‖vI‖1
) + dd8F ′2(

vI(∗6=⊥)

‖vI‖1
,
uI(∗6=⊥)

‖uI‖1
)
]

≤ O
(

1
εl+1

)
· E [dd2F ′(uI , vI) + dd2F ′(vI , uI)] (3.14)

Fact 29
= O

(
1

εl+1

)
·

(
ξκF (I) + ξκF (π[I]) +

∑
ζ∈Zl

(ρζI + ρζπ[I] + n−8)

)
. (3.15)

We now compute the aggregate contribution ξκ̂
F̂

(I) over all intervals I ∈ I, where

F̂ = 8F ′2 · F = FΘ(1/ε2). For this, we need to also bound the sum of all ρζI quantities

as a function of total corruption ξκF , which we do in the next claim.

Claim 36. Fix l > 0 and assume µκ(Y ,u), µκ(X ,u) ≥ 1. Then,
∑

I∈I
∑

ζ∈Zl ρ
ζ
I =

O(ξκ
′
F + ξκF ).

Proof. Recall that ρζI = βl

ζ
ρκ,κ

′

F (I,Λ3ζ
κ (I)) + 1

logn
ρ̃κ,κF (I,Λ3ζ

κ (I)). We bound the sum of

each term separately. First, let rX = min{3ζ, µκ(X ,u)} and rY = min{3ζ, µκ(Y ,u)}.

Then µκ(Λ
3ζ
κ (I),u) ∈ [rX , 2rX ] for I ∈ X (and similarly for Y) and:

∑
I∈I

ρκ,κ
′

F (I,Λ3ζ
κ (I)) ≤

∑
I∈X

µκ(I,u)
rX
· ξκ′F (Λ3ζ

κ (I)) +
∑
I∈Y

µκ(I,u)
rY
· ξκ′F (Λ3ζ

κ (I))

Claim 35
= 1

rX

∑
I∈X

µκ(Λ
3ζ
κ (I),u) · ξκ′F (I) + 1

rY

∑
I∈Y

µκ(Λ
3ζ
κ (I),u) · ξκ′F (I)

≤ 1
rX

∑
I∈X

2rX · ξκ
′

F (I) + 1
rY

∑
I∈Y

2rY · ξκ
′

F (I)

≤ 4ξκ
′

F .
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Summing over ζ ∈ Zl, we get
∑

I∈I
∑

ζ∈Zl
βl

ζ
ρκ,κ

′

F (I,Λ3ζ
κ (I)) = O(ξκ

′
F ). For the

second term, defining ξ̃κF (I) , ξκF (←−π −1
(I)) = ξκF ({I ′ ∈ I | ←−π (I ′) = I})11:

∑
I∈I

ρ̃κ,κF (I,Λ3ζ
κ (I)) ≤

∑
I∈X

µκ(I,u)
rX
· ξκF (Bπ(Λ3ζ

κ (I))) +
∑
I∈Y

µκ(I,u)
rY
· ξκF (Bπ(Λ3ζ

κ (I)))

≤
∑
I∈X

µκ(I,u)
rX
· ξ̃κF (Λ3ζ

κ (I)) +
∑
I∈Y

µκ(I,u)
rY
· ξ̃κF (Λ3ζ

κ (I))

Claim 35
= 1

rX

∑
I∈X

µκ(Λ
3ζ
κ (I),u) · ξ̃κF (I) + 1

rY

∑
I∈Y

µκ(Λ
3ζ
κ (I),u) · ξ̃κF (I)

≤ 1
rX

∑
I′∈Y

µκ(Λ
3ζ
κ (←−π (I ′)),u) · ξκF (I ′) + 1

rY

∑
I′∈X

µκ(Λ
3ζ
κ (←−π (I ′)),u) · ξκF (I ′)

≤ 1
rX

∑
I∈Y

3rX · ξκF (I) + 1
rY

∑
I∈X

3rY · ξκF (I)

≤ 6ξκF .

Summing over ζ ∈ Zl, we get
∑

I∈I
∑

ζ∈Zl
1

logn
ρ̃κ,κF (I,Λζ

κ(I)) ≤ |Zl|
logn
· 6ξκF = O(ξκF ).

By summing up both terms, the claim follows.

Finally, we can estimate the amount of “new corruption”,
∑

I∈I ddF̂ (µκ̂(I, ∗), µκ̂(π[I], ∗))−

ξκF , by summing Eqn. (3.15) over all intervals I ∈ I, and using Claim 36 (noting

we only call AmendColoring when µκ(Y ,u), µκ(X ,u) ≥ βl = ω(1) for level l > 0).

Below, let U ⊆ I denote the intervals I such that both I, π[I] are not F -corrupted

on u, and L = ∪ζLζ :

11Recall ←−π (I) = π(I + j), where j ≥ 0, is the minimal one such that π(I + j) 6= ⊥.
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E[ξκ̂
F̂

] =
∑
I∈I

E[ξκ̂
F̂

(I)]

=
∑
I∈I\U

E[ξκ̂
F̂

(I)] +
∑
I∈L

E[ξκ̂
F̂

(I)] +
∑
I∈U\L

E[ξκ̂
F̂

(I)]

≤ O(ξκF ) +
∑

I∈L,ζ∈Zl

O(ρζI) +
∑
I∈U\L

E[ξκ̂
F̂

(I)]

Claim 36

≤ O(ξκF + ξκ
′

F ) +
∑
I∈U\L

E[ξκ̂
F̂

(I)]

Fact 29
Eqn. (3.13)

≤ O(
ξκF+ξκ

′
F

εl+1 )

+ 2
∑
I∈U\L

E
[
ddF̂ /2(µκ(I, ∗ 6=u), µκ(π[I], ∗ 6=u)) + ddF̂ /2(mI

uI(∗6=⊥)

‖uI‖1
,mπ[I]

vI(∗6=⊥)

‖vI‖1
)
]

Fact 33
Eqn. (3.15)

≤ O(
ξκF+ξκ

′
F

εl+1 ) +
∑
I∈U\L

O
(

1
εl+1

)
·

(
ξκF (I) + ξκF (π[I]) +

∑
ζ∈Zl

(ρζI + ρζπ[I] + n−8)

)

= O(
ξκF+ξκ

′
F

εl+1 ) +O
(

1
εl+1

)
·
∑
I∈I

(
ξκF (I) +

∑
ζ∈Zl

(ρζI + n−8)

)
Claim 36

≤ O(
ξκF+ξκ

′
F

εl+1 ) +O
(

1
εl+1

)
·
(
ξκF + ξκ

′

F + Õ(n−7)
)

= O
(

1
εO(1/ε)

)
·
(
ξκF + ξκ

′

F

)
+ Õ(n−7).

The soundness of the Lemma is obtained using the Markov inequality.

3.5.3 dd under soft operators and proof of Lemma 28

Before proving Lemma 28, we argue how soft operators are resilient under the dd

distance. In particular, we show that dd distance behaves nicely under the soft

operators of thresholding T and quantile Q (which are used precisely for that reason).

Such property will be pivotal in the construction and will be used extensively in

the next section, and while the proof of Lemma 28 requires only the use of soft
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thresholding T , we introduce them here together for exposition.

Claim 37. For any x, y ≥ 0, we have ddF q(T
q
δ,γ(x), T qδ,γ(y)) < ddF (x, y) + γ(δF )q.

Proof. Let tx = T qδ,γ(x) and ty = T qδ,γ(y) We first observe that tx ≤ x, and hence if

x > Fy, then ddF q(tx, ty) ≤ tx ≤ x = ddF (x, y). Now, suppose x ≤ Fy. If y < δγ,

then ty = 0 and ddF q(tx, ty) ≤ tx ≤ γ · (δF )q as required. If y ∈ [δγ, γ], we have

ty = γ · (y/γ)q ≥ F−qγ · (x/γ)q ≥ tx/F
q. Finally, for y > γ, we have ty = y and so

ddF q(tx, ty) ≤ ddF q(x, y) = 0.

Claim 38. Fix δ < 1, s ∈ [0, 1], F, F ′ > 1 and integers v, d with v < δd. Also fix x, y ∈

[0, 1]d. For any set of coordinates U ⊆ [d] of size d−v we have: ddF ′·F v(Qδ,s,F (x), Qδ,s,F (y)) ≤

ddF ′(xU , yU) + 1/F δd−v.

Proof. Let qx = Qδ,s,F (x), qy = Qδ,s,F (y). Consider the set J which maximizes qx.

We have |J ∩U | ≥ |J | − v. We consider two cases. First, suppose a|J∩U | ≥ a|J | · F−v,

and let j∗ ∈ J ∩ U be minimizing yj∗ , then:

ddF ′·F v(qx, qy) ≤ ddF ′F v(a|J | ·min
j∈J

xj, a|J∩U | · min
j∈J∩U

yj)

≤ ddF ′F v(a|J | · xj∗ , a|J∩U | · yj∗)
Fact 33

≤ a|J | · ddF ′(xj∗ , yj∗)

≤ ddF ′(xU , yU).

Second, if a|J | ≤ 1/F δd−v, then ddF ′Fk(qx, qy) ≤ qx ≤ F v−δd · ‖x‖∞ ≤ F v−δd. This

concludes the proof.

Now consider the specific choice Ql(x) where δ = ε/4, s = 1 − (l+1)ε
2
, F = nO(α2)

(Table 3).
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Corollary 39. Suppose v = Θ(1/α) with εd = Ω(1/α2). Fix x, y ∈ [0, 1]d with

‖x‖∞ ≤ 1. For any set of coordinates U ⊆ [d] of size d−v we have: ddF ·nO(α)(Ql(x), Ql(y)) ≤

ddF (xU , yU) + n−10.

Proof. Recall δ = ε/4 in Ql. Apply Claim 38 with F ′ = F , F = nC·α
2

for some large

enough constant C.

We now prove the remaining Lemma 28.

Proof of Lemma 28. We first consider the case µκ(X ,u)
µκ(Y,u)

/∈ [1/β, β], and, wlog, as-

sume µκ(X ,u)
µκ(Y,u)

> β. That implies that all except < F/β fraction of µκ(X ,u) ≥

(1 + 1/β)µκ(I,u) is already corrupted. Now since F < β/2, and only (∗,u)-pairs

are amended, that implies ξκ̂
F̂
≤ ξκ̂F = O (ξκF ) as needed.

Now for the other case, we use Claim 37 to obtain for any F̂ ≥ 1 and each I ∈ I:

ddF̂ (Tu(µκ(I,u)), Tu(µκ(π[I],u))) ≤ ddF̂ ε/10 (µκ(I,u), µκ(π[I],u)) + n−10.

Now, for fixed I, applying Fact 34, and noting that ‖µκ(I, ∗ 6=u), Tu(µκ(I,u)))‖ ≥

1/2 (and same for π[I]), we obtain:

ddF̂ (µκ̂(I, ∗6=⊥), µκ̂(π[I], ∗6=⊥))

≤ 16

(
dd√

F̂
4

(Tu(µκ(I,u)), Tu(µκ(π[I],u))) + dd√
F̂
4

(µκ(I, ∗ 6=u,⊥), µκ(π[I], ∗6=u,⊥))

)
= O

(
ddF̂ ε/23 (µκ(I, ∗), µκ(π[I], ∗)) + n−10

)
.

For ⊥ color, we again use the fact that we rescale by at most a factor 2, and that

⊥ contributes to ξκ̂
F̂

iff it contributes to ξκ
F̂

. The same argument applies to I where

π[I] = ⊥ or ad(I, π[I]) > c. Finally, we sum over all I ∈ I, proving the claim.
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3.6 Proof of key correctness Lemmas 31, 32

We now prove the key correctness Lemmas 31, 32. Before proceeding, we develop

several supporting statements, in particular:

• We provide a proof for density approximation algorithm, Lemma 25;

• We provide a proof for φ color assignment properties, Claim 26.

Analysis for Approximating Densities. We now analyze the performance of

ApproxDensity and ApproxRelativeDensity (Alg. 3), proving Lemma 25.

Proof of Lemma 25. Let d = dκ(I, χ,S)c and let d̂ = µκ(S̃∗, χ) + 1
γ
· |S∗ \ S̃∗| be the

estimator. Also, let d′ = dκ(I, χ,S \ S̃∗)c and s = |S∗ \ S̃∗|. Note that s is a sum of

independent random variables in [0, 1] with expectation γd′. If d′ ≥ Ω( logn
γ

), then by

Chernoff bound, s would concentrate whp: s = Θ(γd′). Otherwise, if d′ < O( logn
γ

),

then whp s/γ ≤ O( logn
γ

) = dm for appropriately chosen constant. Hence, for (1), the

algorithm outputs whp, up to the Θ(·) rescaling:

max{d̂, dm} = max{dκ(I, χ, S̃∗)c + Θ(1) ·max{dκ(I, χ,S \ S̃∗)c, dm}, dm}

= Θ(1) ·max{dκ(I, χ,S)c, dm}.

For run-time, we have from Theorem 49, that generating the set S ′ costs Õ(γµκ(S, χ)+

1) = Õ
(
µκ(S,χ)

dm
+ 1
)

, and since |S ′| is bounded by that amount as well. The total

complexity hence is TD = Tad · Õ
(
µκ(S,χ)

dm
+ 1
)

.

For (2), we first note that since I ∈ S, then d ≥ µκ(I, χ), and since we set

dm = µκ(I, χ) in the first call to ApproxDensity, we have that d̂ = Θ(d) whp.

Also, let D = dκ(I, χ)c, noting that D/d = rdκ(I, χ,S)c. Now, consider the second
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call to ApproxDensity, and let D̂ be the output; by part (1), we have that D̂ =

Θ(1) ·max{D, rdm µκ(I, χ)}.

Combining the bounds on D̂ and d̂, we have that whp, using that d ≥ µκ(I, χ):

max
{
D̂

d̂
, rdm

}
= Θ(1) max{D

d
, rdm µκ(I,χ)

d
, rdm} = Θ(1) ·max{D

d
, rdm}.

For runtime, we have TRD = TD(d̂)+TD(D̂)+Õ(1) = Tad·Õ
(
µκ(S,χ)
µκ(I,χ)

+ 1
rdm
· µκ(I,χ)
µκ(I,χ)

)
as needed.

Analysis for φ invariants. We now prove the properties of the φ potentials, in

particular Claim 26.

Proof of Claim 26. Fix pair (I, χ′), and ĉ ∈ Ec. Assuming that (I, χ′) was clustered

by some anchor (A,χ′′), for fixed j ∈ {0, . . . jmax}, let mI,χ′,j = n−αj · 2n
λt
· µκ′ (I,χ

′)

d̂I,j
,

where ĉj = ĉ + jc, and d̂I,j the approximation of max{dκ′(I, χ′)ĉj , n−αdA} with

dA = dκ′(A,χ
′′)3ĉ. For a color χ ∈ [λt], the contribution of (I, χ′) to φκ(I, χ) is∑

j∈{0,...,jmax}mI,χ′,j · 1[ad(A, I) ≤ ĉj]. Conditioned on all densities being approxi-

mated well (whp event from Lemma 25), we have:

EA,χ′′ [mI,χ′,j · 1[(I, χ′) clustered by (A,χ′′, j)]]

= Pr
A,χ′′

[
A ∈ Nĉj(I) ∧ χ′ = χ′′

]
· n−αj · EA∈Nĉj (I)

[
2n
λt
· µκ′ (I,χ

′)

d̂I,j

]
= n−αj ·

∑
A∈Nĉj (I)

µκ′ (A,χ
′)

2n
· 2n
λt
· EA∈Nĉj (I)

[
µκ′ (I,χ

′)

d̂I,j

]
= n−αj · dκ′(I, χ′)ĉj · 1

λt
· EA∈Nĉj (I)

[
µκ′ (I,χ

′)
[Ω(1),1]·max{dκ′ (I,χ′)ĉj ,n

−αdA}

]
The last equality is since

∑
A∈Nĉj (I) µκ′(A,χ

′) = dκ′(I, χ
′)ĉj , and that d̂I,j is a

constant-factor approximation to max{dκ′(I, χ′)ĉj , n−αdA}. Summing over all j, this
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immediately gives us the required upper bound for item (2), as we need only to

consider the first component of the max:

EA,χ′′,ĉ [φκ(I, χ) · 1[χ′ = χ′′]] = O
(
µκ′ (I,χ

′)
λt

)
.

For item (3), recall that dA = dκ′(A,χ
′)3ĉ and since I ∈ Nĉj(A), we have that

dA ≤ dκ′(I, χ
′)6ĉ (by triangle inequality) . Therefore, specifically for j = 0, whenever

max{dκ′(I, χ′)ĉj , dA · n−α} > dκ′(I, χ
′)ĉj we have that dκ′(I, χ

′)ĉj ≤ n−α · dκ′(I, χ′)6ĉ,

which can happen only for at most O(1/α) costs ĉ ∈ Ec (using the fact all densities

are between n−10 and n). Now, consider any other “good cost” and j = 0; we get the

following bound:

EA,χ′′ [mI,χ′,j · 1[(I, χ′) clustered by (A,χ′′, j)]] ≥ dκ′(I, χ
′)ĉj · 1

λt
· µκ′ (I,χ

′)
dκ′ (I,χ

′)ĉj
= µκ′(I, χ

′)/λt,

Since the above quantity is a lower bound on the total potential, and we are

sampling a cost from a universe of size |Ec| = 1/η, this implies that for all but

O(η/α) fraction of costs ĉ ∈ Ec:

EA,χ′′ [φκ(I, χ) · 1[χ′ = χ′′]] ≥ µκ′ (I,χ
′)

λt

as needed for (3).

It remains to prove item (1). Assume (I, χ′′) is not F -corrupted, i.e., µκ′(I, χ
′′) ≤

F · µκ′(π[I], χ′′). Consider any j < jmax, and recall the clustering property — that

Nc(Aj) ∩ Pχ
′′

κ′ ⊆ Aj+1 — and hence π[I] ∈ Aj+1. Also, we have that d̂I,j is at least

Ω(n−αdA) = Ω(n−α dκ′(A,χ
′′)3ĉ), and hence
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d̂I,j
̂dπ[I],j+1

= Ω
(

max{dAn−α,dκ′ (I,χ′′)ĉj }
max{dAn−α,dκ′ (π[I],χ′′)ĉj+1

}

)
= Ω

(
min{1, dAn

−α

dκ′ (A,χ
′′)3ĉ
}
)

= Ω(n−α),

where the second derivation is by triangle inequality and that cj+1 + cj + c ≤ 3ĉ.

Therefore,

ddO(F ·n2α)(mI,χ′′,j,mπ[I],χ′′,j+1) = 0 for any j < jmax. For j = jmax ≥ 12/α, we have

mI,χ′′,jmax ≤ n−αjmax · 2n ≤ n−12 · 2n ≤ 2n−11, and by summing over all mI,χ′′,j and

mπ[I],χ′′,j (and using Fact 29), we obtain ddO(F ·n2α)(φκ(I, χ), φκ(π[I], χ)) ≤ n−10 whp,

as needed for (1).

This concludes the proof of Claim 26.

3.6.1 Controlling average ϕ corruption: proof of Lemma 31

We prove parts 1 and 2 separately. Recall that BI = Λζ
κ(I), and let Bπ[I] = Λζ′

κ (π[I]).

For any J ∈ I, we define mJ = µκ(J,u).

Proof of Lemma 31 (1). Let

pχ =
∑

J∈BI φκ(J, χ), qχ =
∑

J∈Bπ[I]
φκ(J, χ), vχ =

∑
J∈BI ϕ

ζ
κ(J, χ), uχ =

∑
J∈Bπ[I]

ϕζ
′
κ (J, χ).

We define vectors p, q, v, u ∈ Rν\{u,⊥} correspondingly. Note that since (I,u) is not

F -corrupted pair in κ, then ddF (mI ,mπ[I]) = 0. We have, using T c with parameter
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q ≥ 11/ε, for some F̂ = FΘ(1/ε2):

ddF̂ (v, u) = ddF̂

(
T c(mI · β

l

ζ2 · p), T c(mπ[I] · β
l

ζ′2
· q)
)

Claim 37

≤ ddF̂Θ(ε)

(
mI · β

l

ζ2 · p,mπ[I] · β
l

ζ′2
· q
)

+ n−10

Fact 33

≤ mI · β
l

ζ2 dd
F̂Θ(ε)·

mπ[I]

mI
· ζ

2

ζ′2
(p, q) + n−10

≤ mI · β
l

ζ2 ddF 4(p, q) + n−10,

where the last inequality holds since mI/mπ[I] ≤ F and ζ2

ζ′2
≥ F−O(1).

It remains to compute (the expected value of) ddF 4(p, q), i.e., the difference in

φ potential. Fix a color (coordinate) χ. If an interval J ∈ BI is matched to some

anchor/color (A,χ′) pair, and (J, χ′) is not F -corrupted pair, then, by Claim 26,

similar potential will be added to π[J ] up to distortion factor O(F · n2α) ≤ F 4:

specifically, ddF 4(φκ(J, χ), φκ(π[J ], χ)) ≤ ddO(Fn2α)(φκ(J, χ), φκ(π[J ], χ)) ≤ n−10 whp.

Now focus on corrupted pairs (J, χ′) where J ∈ BI , χ′ ∈ ν. Note that ξκ
′
F (BI) ≤

2ζ
mI
· ρκ,κ

′

F (I,BI); i.e., total µκ′ of (J, χ′) with ddF (µκ′(J, χ
′), µκ′(π[J ], χ′)) > 0 is

O
(

ζ
mI
· ρκ,κ

′

F (I,BI)
)

. Also, from Claim 26, the expected potential added for each

corrupted pair (J, χ′) for an anchor is O
(
µκ′ (J,χ

′)
λt

)
. Since we sample λt anchor pairs,

for each (J, χ′) pair, the added potential over all anchors is a r.v. with expectation

O(µκ′(J, χ
′)). Overall, we obtain, using Fact 29:

E
[
ddF̂ (v, u)

]
≤ mI · β

l

ζ2 E [ddF 4(p, q)] + n−10 = mI · β
l

ζ2 ·O(n−8 + ζ
mI
ρκ,κ

′

F (I,BI)) + n−10

= O
(
βl

ζ
· ρκ,κ

′

F (I,BI) + n−8
)
,

completing the proof of the first part.
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In the 2nd part, we need to prove Eqn. (3.8): that ddF̂
(
ϕζκ(I,u), ϕζ

′
κ (π[I],u)

)
=

O
(

βl

1+ζ
· ρ+ 1

n9

)
, where ρ = ρκ,κ

′

F (I,B+ζ
I ). We note that the case mI = 0 trivially

proves the lemma, and hence below mI > 0.

We first introduce a central claim, proven later. Define a = θζκ(BI , ν \ {⊥}), and

b = θζ
′
κ (Bπ[I], ν \ {⊥}).

Claim 40. Assuming a = Ω(β1.5), then, whp, ddFO(1/ε)(a, b) = O
(

k
mI
· 1+ζ
βl
· ρ+ n−9

)
.

Proof of Lemma 31 (2), using Claim 40. We have, by definition of ϕ(I,u), a, b, for

level l > 0:

ddF̂ (ϕζκ(I,u), ϕζ
′

κ (π[I],u)) = ddF̂

(
Tu(mI · β

2l

ζ2 ·min{a
k
, 1}), Tu(mπ[I] · β

2l

ζ′2
·min{ b

k
, 1})

)
.

(3.16)

Now, suppose b > k. Then, as (I,u) is uncorrupted and ζ2

ζ′2
≥ F−O(1):

ddF̂ (ϕζκ(I,u), ϕζ
′

κ (π[I],u)) ≤ ddF̂

(
Tu(mI · β

2l

ζ2 ), Tu(mπ[I] · β
2l

ζ′2
)
)

Claim 37,Fact 33

≤ β2l

ζ2 dd
F̂Θ(ε)· ζ

2

ζ′2
(mI ,mπ[I]) + n−10

= n−10.

Otherwise, we have:

ddF̂ (ϕζκ(I,u), ϕζ
′

κ (π[I],u))
dd,T are monotone

≤ ddF̂

(
Tu(mI · β

2l

ζ2 · ak ), Tu(mπ[I] · β
2l

ζ′2
· b
k
)
)
.

Now, we show a similar derivation for l = 0, for which we define ζ+ = max{ζ, 1}, ζ ′+ ,

max{ζ ′, 1}. In particular, we have using the fact βl = ζ+ = ζ ′+ = 1 at level 0, and

that BI = {I} and Bπ[I] = {π[I]}:
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ddF̂ (ϕ0
κ(I,u), ϕ0

κ(π[I],u)) = ddF̂
(
Tu(mI · ak ), Tu(mπ[I] · bk )

)
= ddF̂

(
Tu(mI · β

2l

ζ2
+
· a
k
), Tu(mπ[I] · β

2l

ζ′2+
· b
k
)
)
.

Note that Tu = T
O(1/ε)
1/β,Ωε(1) transformation zeros-out any o(1/β) quantity, and hence

if a = o(k · β−1), the statement is trivial. Therefore, from this point on, we assume

a = Ωε(k · β−1) = ω(β1.5). We continue to derive, for some F ′ = F̂Θ(ε) · ζ
2
+

ζ′2+
· 1/F :

ddF̂ (ϕζκ(I,u), ϕζ
′

κ (π[I],u)) ≤ ddF̂

(
Tu(mI · β

2l

ζ2
+
· a
k
), Tu(mπ[I] · β

2l

ζ′2+
· b
k
)
)

Claim 37

≤ ddF̂ ε/11

(
mI · β

2l

ζ2
+

a
k
,mπ[I] · β

2l

ζ′+
2
b
k

)
+ n−10

Fact 33

≤ mI
k
· β2l

ζ2
+
· dd

F̂ ε/11
mπ[I]

mI

ζ2
+

ζ′2+

(a, b) + n−10

= mI
k
· β2l

ζ2
+
ddF ′(a, b) + n−10

Claim 40
= O

(
βl

ζ+
· ρ+ n−9

)
,

using F ′ = FO(1/ε) that satisfies Claim 40 and hence F̂ = (F ′
ζ′2+
ζ2
+
F )Θ(1/ε) = FΘ(1/ε2)(ζ ′+/ζ+)Θ(1/ε) =

FΘ(1/ε2).

It remains to prove Claim 40. We first establish the following auxiliary claims.

First claim argues that for a set S of uncorrupted intervals I, the density of I in S

(local density) cannot be much larger than the density of π[I] in π[S].

Claim 41. Fix a coloring κ and a color χ ∈ ν \ {⊥}. Fix interval sets S,Sπ ⊆ I

such that: (1) π[S] ⊆ Sπ; and (2) (I, χ) is F -uncorrupted for all I ∈ S. Then, for

any I ∈ S, for all but 20/α costs ĉ ∈ Ec we have dκ(I, χ,S)ĉ ≤ nαF · dκ(π[I], χ,Sπ)ĉ.
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Proof. For each I ∈ S, we have ad(I, π[I]) ≤ c since (I, χ) is F -uncorrupted. Fix some

I ∈ S. By triangle inequality, we have that π[Nĉ(I)∩S] ⊆ Nĉ+2c(π[I])∩Sπ, and since

all pairs in S×{χ} are F -uncorrupted, then µκ(Nĉ(I)∩S, χ) ≤ F ·µκ(π[Nĉ(I)∩S], χ).

Overall, we obtain that that, dκ(I, χ,S)ĉ ≤ F · dκ(π[I], χ,Sπ)ĉ+2c. Since there can be

at most 20/α costs where dκ(π[I], χ,Sπ)ĉ+2c > nα · dκ(π[I], χ,Sπ)ĉ, the claim follows

(recall that ĉ+ 2c < 3ĉ, and the non-zero density range is [1/n10, n2]).

Second claim shows that for some interval sets S and any factor Fd > 1, the local

density of I ∈ S in S is at least a 1/Fd fraction of their density with respect to another

set of interest S ′ (on most costs in Ec), except for a mass ≈ 1/Fd-fraction of the mass

of S ′. This claim will help us both 1) to bound the mass of corrupted pairs where

their local density is significantly skewed by corrupted pairs which can potentially

generate additional corruption, as well as 2) dealing with the sharp threshold of Line

4 in AssignThetaPotential Algorithm.

Claim 42. Fix interval sets S,S ′ ⊆ I, color χ ∈ ν \ {⊥} in a coloring κ and density

factor Fd > 1. Except for a mass of Oε

(
nα

Fd
· µκ(S ′, χ)

)
of (I, χ) ∈ S × {χ}, for all

except ≤ 20/α costs ĉ ∈ Ec, we have dκ(I, χ,S)ĉ ≥ 1
Fd
· dκ(I, χ,S ′)ĉ.

Proof. Let µI = µκ(I, χ) and µS = µκ(S,χ) =
∑

I∈S µI . Define a distribution pS

over S by setting pS(I) = µI
µS

. For each ĉ ∈ Ec, we consider the following ex-

pectation EI∼pS
[

dκ(I,χ,S′)ĉ
dκ(I,χ,S)2ĉ

]
. By triangle inequality, we have that dκ(I, χ,S)2ĉ ≥

maxJ∈Nĉ(I)∩S′ dκ(J, χ,S)ĉ. Hence, we can estimate the expectation as follows:
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∑
I∈S

µI
µS

dκ(I,χ,S′)ĉ
dκ(I,χ,S)2ĉ

= 1
µS

∑
I∈S,J∈S′:ad(I,J)≤ĉ

µI ·µJ
dκ(I,χ,S)2ĉ

≤ 1
µS

∑
I∈S,J∈S′:ad(I,J)≤ĉ

µI ·µJ
dκ(J,χ,S)ĉ

= 1
µS

∑
J∈S′

µJ =
µS′
µS
.

By Markov Inequality, we have that PrI∼pS

[
dκ(I,χ,S′)ĉ
dκ(I,χ,S)2ĉ

> Fd
nα

]
≤ µS′

µS
· nα
Fd

. By union

bound over ĉ ∈ Ec, there is a mass of Oε(
µS′ ·nα
Fd

) where the inequality occurs for at

least one cost. On the other hand, for intervals where the inequality does not occur

for any cost, there can be at most 20/α costs where dκ(I,χ,S)2ĉ

dκ(I,χ,S)ĉ
> nα (noting that

non-zero µ(S, χ) values are between [n−10, n2]), and hence for all other costs we have

dκ(I, χ,S ′)ĉ ≤ Fd · dκ(I, χ,S)ĉ as needed.

A corollary is that the sharp threshold of Line 4 in AssignThetaPotential

Algorithm cannot affect the θ scores too much. For a pair (J, χ′), we use the notation

σJ,χ′ = Ql

(
T θ (Γl,ζ(J, χ

′))
)

as the quantity in Line 11 of AssignThetaPotential.

Note that θζκ(J, χ
′) = mV((J, χ′)) · σJ,χ′ unless the threshold of Line 4 passes.

Corollary 43. Fix a level l > 0 and ζ ∈ Zl. Consider an interval ball Q with

µκ(Q,u) = O(ζ). Let Q+ζ = Λζ
κ(Q)12. Then, EV [θζκ(Q, ν \ {⊥})] < (1 + o(1)) · k

βl
·∑

(I′,χ′)∈Q+ζ×ν\{⊥} µκ′(I
′, χ′) · σI′,χ′ whp (over relative density algorithm randomness).

Proof. Let θQ , θζκ(Q, ν \ {⊥}). Define the set of colors of large mass in Q+ζ , where

12Recall Λζκ(Q) =
⋃
I∈Q Λζκ(I).
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Line 4 of AssignThetaPotential may pass:

T = {χ′ ∈ ν \ {⊥} | µκ′(Q+ζ , χ′) > λ · βl+6}.

Defining T̄ = ν \ T \ {⊥}, notice that pairs (J, χ′) ∈ Q × T̄ will not pass the

threshold from Line 4 of AssignThetaPotential and their contribution to E[θQ]

is E[mV((J, χ′))] · σJ,χ′ = k
βl
µκ′(J, χ

′) · σJ,χ′ .

Now focus on pairs (J, χ′) ∈ Q × T . Here, we split the ball Q+ζ into h = O(1)

consecutive balls each of u-mass ≤ ζ each: call them Qq for q ∈ {1, 2, . . . , h}. By

Lemma 30 we have that µκ′(I, χ′) ≤ |Pχ
′

κ′ | = Õε(
n·λ
λt
· β5). For fixed q ∈ [h], we

invoke Claim 42, using S = Qq, S ′ = I, and Fd = n
λtβl

, to obtain that there exists

at most Õε(n
α · λ · βl+5)

T def.
= o(µκ′(Q+ζ , χ′)) mass of J ∈ Qq where rdκ′(J, χ

′,Qq)ĉ >

n
λtβl

on more than O(1/α) costs. Note that when rdκ′(J, χ
′,Qq)ĉ ≤ n

λtβl
, then also

rdκ′(J, χ
′,Λζ

κ(J))ĉ ≤ n
λtβl

(by the monotonicity of rd, since for J ∈ Qq, Qq ⊆ Λζ
κ(J)).

Hence for all J ∈ Q+ζ , except forO(1)·o(µκ′(Q+ζ , χ′)), we have rdκ′(J, χ
′,Λζ

κ(J))ĉ ≤

n
λtβl

on all but O(1/α) costs ĉ. The latter implies that all except for O(1/α) coordi-

nates of the vector Γ will be equal to 1 whp (the n4α overhead dominates any constant

factor in the approximation) and the Ql transformation ignores the O(1/α) lowest

entries. Therefore, σJ,χ′ = 1 whp. This in turn gives us, for any S ⊆ Q+ζ :

∑
(J,χ′)∈S×T

µκ′(J, χ
′) · σJ,χ′ ≥ µκ′(S, T )− o(µκ′(Q+ζ , T )). (3.17)

Now, we combine both cases. Note that by construction, and using the fact

σJ,χ′ ≤ 1 for all pairs, we have:

E[θQ] ≤
∑

(J,χ′)∈Q×T̄

E[mV((J, χ′))] · σJ,χ′ +
∑

(J,χ′)∈Q×T

E[mV((J, χ′))]
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= k
βl
·

 ∑
(J,χ′)∈Q×T̄

µκ′(J, χ
′) · σJ,χ′ + µκ′(Q, T )

 .

Using Eqn. 3.17, first with S = Q and then with S = Q+ζ , we obtain:

E[θQ] ≤ k
βl
·

 ∑
(J,χ′)∈Q×ν\{⊥}

µκ′(J, χ
′)σJ,χ′ + o

(
µκ′(Q+ζ , T )

)
≤ k

βl
(1 + o(1)) ·

 ∑
(J,χ′)∈Q+ζ×ν\{⊥}

µκ′(J, χ
′)σJ,χ′

 .

This concludes the proof.

Finally, we are ready to prove Claim 40, and in particular, show that assuming

a = Ω(β1.5), then, whp, ddFO(1/ε)(a, b) = O
(

k
mI
· ζ+
βl
· ρ+ n−9

)
whp.

Proof of Claim 40. Recall that a =
∑

(J,χ′)∈V∩BI×ν θ
ζ
κ(J, χ

′). Since a = Ω(β1.5), and

is a sum of independent random variables bounded by 1, we have that a = Θ(E[a])

whp, hence we analyze E[a] =
∑

J∈BI ,χ′ 6=⊥ E[mV((J, χ′))] · θζκ(J, χ′). The plan is to

show that E[b] · FO(1/ε) ≥ E[a] unless error ρ is sufficiently large. Note that this

requires comparing θζκ(J, χ
′) vs θζ

′
κ (π[J ], χ′).

As we aim to use Claim 43, we consider J ∈ B+ζ
I , where B+ζ

I = Λ2ζ
κ (I).

Consider an F -uncorrupted pair (J, χ′) ∈ B+ζ
I ×ν\{⊥}; i.e., ddF (µκ′(J, χ

′), µκ′(π[J ], χ′)) =

0. Let p = Γl,ζ(J, χ
′) and q = Γl,ζ′(π[J ], χ′). By the definition of Γ, we have for a cost

ĉ:

pĉ
qĉ

= O

(
rdκ′ (π[J ],χ′,Λζ

′
κ (π[J ]))ĉ

rdκ′ (J,χ
′,Λζκ(J))ĉ

+ 1

)
= O

(
dκ′ (J,χ

′,Λζκ(J))ĉ

dκ′ (π[J ],χ′,Λζ
′
κ (π[J ]))ĉ

· dκ′ (π[J ],χ′)ĉ
dκ′ (J,χ

′)ĉ
+ 1

)
,
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since the two rd quantities are estimated up to a constant-factor, and capped at the

same value rdm = n4α n
λtβl

whp. For the latter fraction, we note that since dκ′(J, χ
′,S)ĉ

is monotonic in ĉ for any fixed J,S, and since (J, χ′) is uncorrupted, then by triangle

inequality, there are at most O(1/α) costs in Ec where
dκ′ (π[J ],χ′)ĉ

dκ′ (J,χ
′)ĉ
≥ nα.

The ratio
dκ′ (J,χ

′,Λζκ(J))ĉ

dκ′ (π[J ],χ′,Λζ
′
κ (π[J ]))ĉ

is more tricky and we analyze it next. Define the

set E ⊆ B+ζ
I × ν \ {⊥} to be the set of interval, color pairs (J, χ′) which are either

corrupted, or where
dκ′ (J,χ

′,Λζκ(J))ĉ

dκ′ (π[J ],χ′,Λζ
′
κ (π[J ]))ĉ

> n3α ·F for at least 22/α distinct costs ĉ ∈ Ec.

For an uncorrupted pair (J, χ′) ∈ {B+ζ
I × ν \ {⊥}} \ E , we can combine both

inequalities above to obtain: there exists at most O(1/α) costs in Ec where pĉ
qĉ
>

n4α · F . Let C ⊆ Ec be the set of all other costs.

We now use Corollary 39 with d = |Ec| = 1
ε3α2 and v = O(1/α), for some F ′ =

FO(1/ε):

ddF ′(σJ,χ′ , σπ[J ],χ′) = ddF ′(Ql(T
θ([pĉ]ĉ∈Ec)), Ql(T

θ([qĉ]ĉ∈Ec)))

Corollary 39

≤ ddF ′·n−O(α)([T θ(pĉ)]ĉ∈C , [T
θ(qĉ)]ĉ∈C) + n−10

Claim 37

≤ dd(F ′n−O(α))Ω(ε)([pĉ]ĉ∈C , [qĉ]ĉ∈C) + 2 · n−10

≤ ddF 2·n4α([pĉ]ĉ∈C , [qĉ]ĉ∈C) +O(n−10)

= O(n−10), (3.18)

where last inequality used the lemma assumption that F ≥ nα, and the last equality

used the definition of C above.

Now, for level l = 0, we have E[a] = k ·
(∑

(J,χ′)∈BI×ν\{⊥} µκ′(J, χ
′)σJ,χ′

)
. Other-

wise, we invoke Corollary 43 for Q = BI to obtain for all levels:
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E[a] ≤ k
βl

(1 + o(1)) ·

 ∑
(J,χ′)∈B+ζ

I ×ν\{⊥}

µκ′(J, χ
′)σJ,χ′


≤ k

βl
(1 + o(1)) ·

µκ′(E) +
∑

(J,χ′)∈(B+ζ
I ×ν\{⊥})\E

µκ′(J, χ
′)σJ,χ′

 .

Now, we analyze two cases depending on whether pairs in E contribute significantly

to a or not.

Pairs in E contribute insignificantly to a. Suppose the second term is the

dominant one, i.e.,

E[a] ≤ 3 k
βl
·

∑
(J,χ′)∈(B+ζ

I ×ν\{⊥})\E

µκ′(J, χ
′)σJ,χ′ .

Then, for any (J, χ′) in the sum, we have
µκ′ (J,χ

′)
µκ′ (π[J ],χ′)

≤ F (as (J, χ′) is uncorrupted)

and
σJ,χ′

σπ[J],χ′
≤ FO(1/ε) unless σJ,χ′ < O(n−10) (from Eqn. (3.18)). Hence, using the

assumption that F ≤ βO(ε):

E[b] = E

 ∑
(J,χ′)∈V∩Bπ[I]×ν\{⊥}

θζ
′

κ (J, χ′)

 ≥ k
βl

∑
(J,χ′)∈(Bπ[I]×ν\{⊥})\E

µκ′(J, χ
′)σJ,χ′

≥ F−O(1/ε)(E[a]−O(n−8)) ≥ β−1 · Ω(β1.5) = Ω(β0.5).

Therefore, we have that b = Θ(E[b]) whp as well, and overall we obtained ddFO(1/ε)(a, b) =

O(n−9) whp.

Pairs in E contribute significantly. Now assume that E[a] ≤ 3 k
βl
· µκ′(E).

We bound the color mass µκ′(E). For a color χ′ 6= ⊥, we define Cχ′ to be the set of

corrupted pairs in B+2ζ
I ×{χ′}, and C := ∪χ′∈ν\{⊥}Cχ′ . Also let Jχ′ be the interval set
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representing the first coordinates of Cχ′ . Like in the proof of part (1) of the Lemma

above, we have µκ′(C) ≤ 6ζ+
mI
· ρ where ρ = ρκ,κ

′

F (I,B+2ζ
I ) and ζ+ = max{ζ, 1}. For

level l = 0, we have BI = {I} and hence E ⊆ C (when BI = {I}, a pair (I, χ′) can be

in E only if it is corrupted, as the other condition in E implies corruption as well).

For l ≥ 1, let B−ζ
′/2

π[I] = Λ
ζ′/2
κ (π[I]). We invoke Claim 41 with S = B+2ζ

I \ Jχ′ ,Sπ =

B−ζ
′/2

π[I] ⊇ π[B+2ζ
I ] (from the precondition of Lemma 31). The claim implies that, for

J ∈ B+ζ
I \ Jχ′ and hence B−ζ

′/2
π[I] ⊆ Λζ′

κ (π[J ]), we have for all but 20/α costs ĉ:

dκ′ (J,χ
′,Λζκ(J)\Jχ′ )ĉ

dκ′ (π[J ],χ′,Λζ
′
κ (π[J ]))ĉ

≤ dκ′ (J,χ
′,B+2ζ

I \Jχ′ )ĉ
dκ′ (π[J ],χ′,B−ζ

′/2
π[I]

)ĉ
≤ nα · F.

Let Eχ′ be the set of uncorrupted pairs (J, χ′) ∈ B+ζ
I ×{χ′} with

dκ′ (J,χ
′,Λζκ(J))ĉ

dκ′ (J,χ
′,Λζκ(J)\Jχ′ )ĉ

>

n2α on more than 1/α costs in Ec. Then, for each uncorrupted pair (J, χ′) ∈ B+ζ
I ×

{χ′} \ Eχ′ \ Cχ′ , except for ≤ 21/α costs, we have
dκ′ (J,χ

′,Λζκ(J))ĉ

dκ′ (π[J ],χ′,Λζ
′
κ (π[J ])])ĉ

≤ n3α · F .

Therefore E ⊆ ∪χ′Eχ′ ∪ C. It remains to bound µκ′(∪χ′Eχ′) =
∑

χ′ µκ′(Eχ′). Parti-

tion B+ζ
I into 8 balls each of u-mass ≤ ζ, called BqI for q ∈ {1, 2, . . . , 8}. Then, for each

q and color χ′ ∈ ν, we invoke Claim 42 with S = BqI \ Jχ′ , S ′ = Jχ′ , and Fd = n2α/2,

to obtain that there’s only a mass of Oε(
1
nα
µκ′(Cχ′)) of (J, χ′) ∈ BqI×{χ′}\Cχ′ having

more than 1/α costs satisfying
dκ′ (J,χ

′,Jχ′ )ĉ
dκ′ (J,χ

′,BqI\Jχ′ )ĉ
> n2α/2. Now, by definition, we have

for each (J, χ′) ∈ Eχ′ that
dκ′ (J,χ

′,Λζκ(J))ĉ

dκ′ (J,χ
′,Λζκ(J)\Jχ′ )ĉ

> n2α on more than 1/α distinct costs,

implying that
dκ′ (J,χ

′,Jχ′ )ĉ
dκ′ (J,χ

′,Λζκ(J)\Jχ′ )ĉ
> n2α−1, as well as that

dκ′ (J,χ
′,Jχ′ )ĉ

dκ′ (J,χ
′,BqI\Jχ′ )ĉ

> n2α/2, for q

s.t. J ∈ BqI and hence BqI ⊆ Λζ
κ(J). However, as deduced above, such pairs must have

mass bounded by Oε(
1
nα
µκ′(Cχ′)), implying that µκ′(Eχ′) = o(µκ′(Cχ′)). Summing

over all colors in ν, we obtain that µκ′(E) = (1 + o(1)) · µκ′(C) = O( ζ+
mI
ρ).

Overall, we conclude:

ddF ′(a, b) ≤ a ≤ O(E[a]) ≤ O
(
k
βl
· ζ+
mI
ρ
)
.
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This completes the proof of Claim 40.

3.6.2 Controlling balance of colors: proof of Lemma 32

In this section we analyze the quantity MI = µκ(I, ν \ {u}) +
∑

ζ∈Zl ϕ
ζ
κ(I, ν), and

in particular, prove that for each level l, MI = Ωε(1). This will imply that our

normalization of µκ̂ introduces only a constant-factor further error.

Most importantly, analyzing MI requires understanding of the quantity ϕζκ(I, ν).

At a high level, we show that one of the following must hold, for ζ = βl (or ζ = 0 for

l = 0):

1. ϕζκ(I,u) = Ωε(1), or

2. ϕζκ(I, ν \ {u}) = Ωε(1), or,

3. µκ(I, ν \ {u}) = Ω(1).

To do so, we proceed in a few steps. Recall that ϕζκ(I, ν \ {u}) depends on

potential φκ(Λ
ζ
κ(I), ν \{u,⊥}). First, we show how to bound φκ(S, χ) for a set S as a

function of rdκ′(I, ∗,S), for an interval I in the neighborhood of the sampled anchor

A (Claim 44). Second, we use this bound to lower bound ϕζκ(I, ν \{u}) (which applies

T c to a re-scaling of φκ(Λ
ζ(I), ∗)) as a function of rdκ′(J, χ

′,S) for J ∈ S where S is

Λζ(I) — in particular, if enough such J have rd about n
βlλt

on a non-trivial fraction

of costs c ∈ Ec, we get such a lower bound (Claim 45), as long as µκ(I,u) is not too

small (otherwise, item (3) above holds).

We then focus on ϕζκ(I,u) which relies on estimates of θζκ(Λ
ζ
κ(J), ν \ {⊥}). Our

third claim bounds the θ quantity for J ∈ S as a function of the mass of I ′ ∈ S, χ′
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such that rdκ′(I
′, χ′,S)c is at most O∗

(
n

βlλt

)
on some fraction ≈ sl of costs c ∈ Ec

(Claim 46). Our final fourth claim (Claim 47), uses the previous claim (applied to

small ζ balls of the previous level l − 1) to show that, overall, small θζκ(Λ
ζ(I))’s

(i.e., insufficient for (1) above to hold) imply that many pairs in I’s proximity have

the density rd in the right range for enough costs (allowing us to obtain (2) using

Claim 45). Finally, we use these four claims to prove Lemma 32.

Throughout this section, each time we refer to sets of costs, we refer to subsets of

Ec, where c is the base cost of MatchIntervals. Also, when we refer to contribution

of a sampled cost ci ∈ Ec, we refer to the total contribution of all ci,j = ci+ c · j where

j ∈ {0, . . . jmax} where jmax = O(1/α).

In the first claim controlling φ, we show that, for a fixed new color χ and cho-

sen anchor (A,χ′), for any ball S ⊆ I, the total potential added to S is roughly

concentrated.

Claim 44 (Controlling φκ(S, χ)). Fix an interval set S ⊆ I and output color χ.

For any interval, color pair (I, χ′), for all but O(1/α) costs ci ∈ Ec, and for all

A ∈ N2ci(I), we have, with high probability, where rdci = rdκ′(I, χ
′,S)ci:

1. If (A,χ′, ci) was sampled for color χ, then φκ(S, χ) = O(n2α) · n
rdci ·λt

; and

2. If (A,χ′, ci+1) was sampled for color χ, then φκ(S, χ) = Ω(n−2α) · n
rdci ·λt

.

Proof. Let CGood
I,χ′ ⊆ Ec be all ci costs where:

• dκ′(I, χ
′)ci · nα ≥ dκ′(I, χ

′)15ci ; and

• dκ′(I, χ
′,S)ci · nα ≥ dκ′(I, χ

′,S)15ci .

• i is not maximal (and hence ci+1 may be sampled as well).
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We note that by construction, 15ci < 27ci = ci+3 and since µκ′(S, χ′) ∈ {0}∪ [n−10, n]

for any set S, then there exist at most 66/α + 1 costs in Ec \ CGood
I,χ′ .

We now show the claim holds for all costs in CGood
I,χ′ . Fix a sampled anchor, color

pair (A,χ′) in coloring κ′ and a cost ci ∈ CGood
I,χ′ . For J ∈ I, denote dJ,i,j = dκ′(J, χ

′)ci,j .

By φ definition, if (A,χ′, ci) was sampled, we have φκ(S, χ) =
∑

j n
−αj ·mi,j, where

mi,j =
∑

J∈Nci,j (A)∩S
µκ′ (J,χ

′)

d̂J,i,j
· 2n
λt

with ci,j = ci + jc, and d̂J,i,j is constant factor

approximation to max{dJ,i,j, dm} for dm = dκ′(A,χ
′)3ci · n−α (whp, by Lemma 25).

Hence, using the triangle inequality, we have, using 2ci,j ≤ 3ci:

d̂J,i,j ∈ [Θ(n−α),Θ(1)]·dκ′(A,χ′)3ci ⊆ [Θ(n−α)·dκ′(I, χ′)ci ,Θ(1)·dκ′(I, χ′)15ci ] ⊆ [Θ(n−α),Θ(nα)]·dκ′(I, χ′)ci ;

and similarly,

d̂J,i+1,j ∈ [Θ(n−α) · dκ′(I, χ′)3ci ,Θ(1) · dκ′(I, χ′)15ci ] ⊆ [Θ(n−α),Θ(nα)] · dκ′(I, χ′)ci .

Therefore we have that for each j:

mi,j =
∑

J∈Nci,j (A)∩S

µκ′ (J,χ
′)

d̂J,i,j
· 2n
λt
∈ [Θ(n−α),Θ(nα)]

dκ′ (I,χ
′)ci

· n
λt
·

∑
J∈Nci,j (A)∩S

µκ′(J, χ
′)

= [Θ(n−α),Θ(nα)]
dκ′ (I,χ

′)ci
· n
λt
· dκ′(A,χ′,S)ci,j

and by a similar argument, we have that if ci ∈ CGood
I,χ′ , then mi+1,j ∈ [Θ(n−α),Θ(nα)]

dκ′ (I,χ
′)ci

·

n
λt
· dκ′(A,χ′,S)ci+1,j

as well.

For (1), we have by triangle inequality and 2ci + ci,j ≤ 4ci that dκ′(A,χ
′,S)ci,j ≤

dκ′(I, χ
′,S)4ci ≤ nα · dκ′(I, χ′,S)ci and hence mi,j = O(n2α)

rdκ′ (I,χ
′)ci
· n
λt

.
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For (2), we have by triangle inequality and 2ci+ ci ≤ ci+1 that dκ′(A,χ
′,S)ci+1,j

≥

dκ′(I, χ
′,S)ci and hence mi+1,j = Ω(n−α)

rdκ′ (I,χ
′)ci
· n
λt

.

Summing over all j, we obtain the required bounds.

The next claim helps control ϕζκ(I, ∗ 6=u) = T c
(
γ · φκ(Λζκ(I),∗)

βl

)
for some parameters

γ, ζ. In particular, it shows that if we have a set of pairs D with each (I, χ′) ∈ D of

the “right” density within some ball Q, then we add sufficient φ mass to Q, which

will survive the T c thresholding whp.

Claim 45 (Controlling ϕ(I, ∗ 6=u)). Fix level l ≥ 0 and parameters δ, γ, s ∈ [Ωε(1), 1]

as well as a set Q ⊆ I. Consider the (interval, color) set D ⊆ Q× ν \ {⊥} of pairs

(I, χ′) for which there exists a set of ≥ s
η

distinct costs C∗I,χ′ ⊆ Ec, where for each

ĉ ∈ C∗I,χ′, we have rdκ′(I, χ
′,Q)ĉ ∈ n3α · n

βlλt
· [1, β2 + 1[l = 0] · n]. If µκ′(D) ≥ δ · βl,

then, with high probability, we have at step l:

1. If l > 0, then
∥∥∥T c

(
γ · φκ(Q,∗)

βl

)∥∥∥
1
≥ 0.9δγ · (s−O( η

α
)).

2. If l = 0, then, T c (γ · φκ(Q, ν)) ≥ 0.9δγ · (s−O( η
α

)).

The proof of Claim 45 is deferred to Section 3.6.2.1.

Next, in order to analyze ϕ(·,u), we show an auxiliary claim that bounds θζκ(Λ
ζ
κ(J), ν\

{⊥}). This claim will be used for complexity analysis as well. Consider some interval

ball Q at level l containing ζ u-mass in the current coloring κ. Intuitively, this implies

there is a mass of sparse pairs proportional to ζ from previous levels. The claim below

bounds θζκ(Λ
ζ
κ(J), ν \ {⊥}), for all J ∈ Q generated at level l, based on the mass of

sparse pairs around Q for the current level.
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Claim 46. Fix a level l ≥ 0. Fix ζ ∈ Zl, and let sl = 1− (l+1)·ε
2

. Consider an interval

ball Q which, for level l = 0, contains precisely one interval, and if l > 0 satisfies

µκ(Q,u) ≤ 4ζ. Let Q+2ζ = Λ2ζ
κ (Q) and Q+3ζ = Λ3ζ

κ (Q). Let D ⊆ Q × ν \ {⊥} be

the set of all (I, χ′) ∈ Q × ν \ {⊥} such that rdκ′(I, χ
′,Q)c ≤ n3α n

βl·λt on at least sl
η

costs c ∈ Ec, and let D+ ⊆ Q+2ζ × ν \ {⊥} be the set of (I, χ′) ∈ Q+2ζ × ν \ {⊥}

where rdκ′(I, χ
′,Q+3ζ)c ≤ n3α · β · n

βl·λt on at least sl−ε/4
η

distinct costs. Finally, let

ζ+ = max{ζ, 1}.

1. θζκ(Λ
ζ
κ(J), ν \ {⊥}) < 1.1k ·max{µκ′(D+)/βl, β−2} for each J ∈ Q whp.

2. θζκ(Λ
ζ
κ(J), ν \ {⊥}) ≥ 0.9k · µκ′(D)/βl for each J ∈ Q whp, as long as µκ′(D) ≥

βl+1/k.

Proof. Let Q+ζ = Λζ
κ(Q). Let mQ = θζκ(Q, ν \ {⊥}) and mQ+ζ = θζκ(Q+ζ , ν \ {⊥}).

Note that mQ ≤ θζκ(Λ
ζ
κ(J), ν \ {⊥}) ≤ mQ+ζ for each J ∈ Q, hence it suffices

to bound mQ,mQ+ζ . To compute mQ,mQ+ζ , we first compute their expectations

E[mQ],E[mQ+ζ ], and then use Chernoff bound to conclude that these variables are

roughly bounded by their expectation whp.

We first upper-bound E[mQ+ζ ]. For level l = 0, we have E[mQ+ζ ] = E[mQ] =

k
βl
·
(∑

(J,χ′)∈Q×ν\{⊥} µκ′(J, χ
′)σJ,χ′

)
. For levels l > 0, we use Corollary 43 to obtain

E[mQ+ζ ] < (1 + o(1)) · k
βl
·

∑
(I,χ′)∈Q+2ζ×ν\{⊥}

µκ′(I, χ
′) · σI,χ′ .

Consider a pair (I, χ′) ∈ Q+2ζ×ν \{⊥}. If for a cost c we have rdκ′(I, χ
′,Q+3ζ)c >

n3α · β · n
βl·λt , then Γl,ζ(I, χ

′)c ≤ O(nα/β) < 1/
√
β, and hence T θ(Γl,ζ(I, χ

′)c) = 0

whp. If the above occurs on ≥ 1−(sl−ε/4)
η

distinct costs c — i.e., for I 6∈ D+ — then
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σI,χ′ = Ql

(
T θ(Γl,ζ(I, χ

′))
)

= 0 (based on Ql transformation). Hence, E[mQ+ζ ] ≤

µκ′(D+) · k
βl
· (1 + o(1)) for part 1 (whp over randomness of density estimation).

Similarly, to lower-bound E[mQ], we observe that for any (I, χ′) ∈ Q×ν\{⊥} with

density rdκ′(I, χ
′,Q)c ≤ n3α· n

βl·λt for a cost c, we have Γl,ζ(I, χ
′)c ≥ min{Ω(nα), 1} = 1

whp. Hence T θ(Γl,ζ(I, χ
′)c) = 1, and for (I, χ′) where the above occurs on≥ sl

η
distinct

costs, we have σI,χ′ = Ql(T
θ(Γl,ζ(I, χ

′))) = 1. We conclude E[mQ] ≥ k
βl
· µκ′(D) for

part 2.

Finally, note that mQ,mQ+ζ are each sum of independent r.v. in [0, 1]. Then, by

Chernoff bound, mQ+ζ ≤ 1.1 max{E[mQ+ζ ], O(log n)} whp (recall that k = Θ̃(β3)).

Also, mQ ≥ 0.9 E[mQ] whp as long as, say, E[mQ] ≥ β = ω(log n).

Finally, the next claim helps control ϕ(·,u). In particular, it shows that if

θβ
l

κ (Λβl

κ (I), ν \ {⊥}) is too small to ensure that we u-color such interval with suf-

ficient mass, then there must be a sufficiently large mass of pairs in I’s proximity of

the “right density”. The latter property will instead ensure that I is colored with

non-u color, as we will show later.

Claim 47 (Small θ implies many pairs in I’s proximity have right density). Fix input

coloring κ′, current coloring κ at a level l > 0, and let κ−1 be the coloring κ at the

previous level l− 1. Define b = minI′∈I µκ−1(I ′, ν \ {u}) +
∑

ζ∈Zl−1
ϕζκ−1(I ′, ν) (ie, the

minimal un-normalized mass of new coloring at level l − 1); and assume b = Ωε(1).

Consider any I ∈ I with θβ
l

κ (Λβl

κ (I), ν \ {⊥}) < b
50
· k. Then, with high probability,

there exists a set of interval–color pairs D ⊆ Λβl

κ (I)×ν\{⊥} with µκ′(D) ≥ b
25
·βl such

that every (J, χ′) ∈ D pair has relative density rdκ′(J, χ
′,Λβl

κ (J))c ∈ [1, β2] · n3α · n
βl·λt

on ≥ ε/4
η

distinct costs.
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Proof. Let BI = Λβl

κ (I) and, by the stopping condition, we are guaranteed µκ(BI ,u) ≥

βl − 1. For each l, we denote Z∗l = Zl ∩ [0, βl · β0.9].

Since µκ(J,u) is monotonically decreasing with level l (AmendColoring can

only decrease it), there exists an interval ball Q ⊆ BI with µκ(Q,u) ≥ βl(1 − o(1)),

such that Λ3ζ
κ−1(Q) ⊆ BI for any ζ ≤ βl−0.1 (and hence ζ ∈ Z∗l−1). Also observe that

for ζ ∈ Zl−1 \ Z∗l−1, we always have ϕζκ−1(J,u) ≤ Tu(β
2(l−1)

ζ2 ) ≤ Tu(β−1.8) = 0.

Recall µ recoloring procedure (AmendColoring line 5). LettingmJ = µκ−1(J,u),

U ζ(J) = min
{

1
k
· θζκ−1(Λζ

κ−1(J), ν \ {⊥}), 1
}

, and using ζ+ = max{ζ, 1} (as a function

of ζ) notation, we have:

βl(1−o(1)) ≤ µκ(Q,u) ≤ 1
b

∑
J∈Q

mJ ·
∑
ζ∈Zl−1

ϕζκ−1(J,u) ≤ 1
b

∑
J∈Q

mJ ·
∑
ζ∈Z∗l−1

Tu(mJ ·β
2(l−1)

ζ2
+
·U ζ(J)).

Now since mJ ,
βl−1

ζ+
≤ 1 and Tu is concave wherever it is > 0, the RHS can be

further upper bounded by 1
b

∑
J∈QmJ ·

∑
ζ∈Z∗l−1

βl−1

ζ+
· Tu(β

l−1

ζ+
· U ζ(J)). Now for each

radius ζ ∈ Z∗l−1 from level l − 1, we decompose Q into disjoint consecutive interval

balls Qζi as follows: for level l = 1, each Q0
i represent the next single interval of Q

starting from the left. For l > 1, each ball Qζi is a maximal ball containing u-color

of mass ≤ ζ at the start of level l − 1 (i.e. µκ−1(Qζi ,u) ≤ ζ for all i), starting at the

first interval on the right of Qζi−1 . Also, let W be the set of indices i of the obtained

balls, and W ′ the set of indices i excluding the three smallest and two largest ones.

By switching summation we get:

b·βl(1−o(1)) ≤
∑
ζ∈Z∗l−1

βl−1

ζ+

∑
J∈Q

mJ ·Tu(β
l−1

ζ+
·U ζ(J)) =

∑
ζ∈Z∗l−1

βl−1

ζ+

∑
i∈W

∑
J∈Qζi

mJ ·Tu(β
l−1

ζ+
·U ζ(J)).
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Notice that since U ζ(J) ≤ 1, then for a single i, we have
∑

J∈Qζi
mJ · Tu(β

l−1

ζ+
·

U ζ(J)) ≤ βl−1 = o(b · βl), which implies that we can replace W with W ′ in above:

i.e., b · βl(1− o(1)) ≤
∑

ζ∈Z∗l−1

βl−1

ζ+

∑
i∈W ′

∑
J∈Qζi

mJ · Tu(β
l−1

ζ+
· U ζ(J)) as well. Now,

for i ∈ W , let qζi be the µκ′-mass of interval–color pairs (J, χ′) ∈ Qζi × ν \ {⊥}

that are relatively sparse: where rdκ′(J, χ
′,BI)c ≤ n3αβ · n

βl−1·λt on ≥ sl−1−ε/4
η

distinct

costs c. Also let q∗ be the total µκ′-mass of relatively sparse pairs in BI (using the

same definition as above). By the definition of sets {Qζi }i∈W , we have q∗ ≥
∑

i∈W qζi .

We now invoke Claim 46 (1) with Q = Qζi , in which case µκ′(D+) ≤
∑

j∈[−3,3] q
ζ
i+j

(noting Λ2ζ
κ (Qζi ) ⊆ ∪j∈[−3,3]Qζi+j, and that rdκ′(J, χ

′,BI)c ≤ rdκ′(J, χ
′,Q+3ζ)c) — to

obtain that, for any J ∈ Qζi , we have U ζ(J) < 1.1 ·max

{∑
j∈[−3,3] q

ζ
i+j

βl−1 , β−2

}
. Hence

Tu(β
l−1

ζ+
· U ζ(J)) ≤ 1.1

ζ+

∑
j∈[−3,3] q

ζ
i+j (noting that Tu(x) = 0 for x < O(β−1.5)). Also,

since we defined Qζi as containing a-priori ≤ ζ uncolored mass in level l − 1, then

the quantity
∑

J∈Qζi
mJ · Tu(β

l−1

ζ+
·U ζ(J)) can be upper bounded by 1.1

∑
j∈[−3,3] q

ζ
i+j.

Overall, we obtain:

b·βl(1−o(1)) ≤ 1.1
∑
ζ∈Z∗l−1

βl−1

ζ+

∑
i∈W ′

∑
j∈[−3,3]

qζi+j ≤ 7
∑
ζ∈Z∗l−1

βl−1

ζ+

∑
i∈W

qζi ≤ 7q∗·
∑
ζ∈Z∗l−1

βl−1

ζ+
≤ 14q∗.

Hence we get that q∗ > b
16
·βl, meaning that there exists a setD∗ ⊆ BI×ν\{⊥} with

µκ′(D∗) ≥ b
16
· βl, such that for all (J, χ′) ∈ D∗, we have rdκ′(J, χ

′,BI)c ≤ n3αβ2 · n
βl·λt

on ≥ sl−1−ε/4
η

distinct costs c.

On the other hand, let Uβl

κ (I) := 1
k
· θβlκ (Λβl

κ (I), ν \ {⊥}). From the claim as-

sumption, we have Uβl

κ (I) ≤ b
50

. We apply (the contrapositive of) Claim 46 (2) for

level l with Q = BI , to obtain that w.h.p, for D defined as the intervals in BI with
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relative sparse intervals with respect to level l (i.e. (J, χ′) ∈ BI × ν \ {⊥} pairs where

rdκ′(J, χ
′,BI)c ≤ n3α · n

βl·λt on ≥ sl
η

distinct costs), we have µκ′(D) ≤ b
40
· βl (recalling

that b = Ωε(1)).

The two statements can be combined to conclude that BI × ν \ {⊥} contains a

set of µκ′-mass of at least
(
b

15
− b

40

)
βl > b

25
· βl of pairs (J, χ′) with relative density

rdκ′(J, χ
′,BI)c ∈ [1, β2] · n3α · n

βl·λt on sl−1−ε/4
η
− sl

η
= ε/4

η
distinct costs as needed.

Finally, we prove Lemma 32.

Proof of Lemma 32. We prove by induction on the level l. Fix coloring κ and level

l, and let κ−1 be coloring κ from the previous level, l − 1. Consider each I ∈ I. Let

MI = µκ(I, ν \ {u}) +
∑

ζ∈Zl ϕ
ζ
κ(I, ν) and let mI = µκ(I,u). Define

bl =

1 l = 0

minI∈I µκ−1(I, ν \ {u}) +
∑

ζ∈Zl−1
ϕζκ−1(I, ν) Otherwise

Our induction hypothesis is bl = Ω(ε)l. Since bl+1 = minI∈IMI , it suffices to prove

that MI = bl ·Ω(ε) (whp) to complete the induction. First, if mI ≤ 0.5, then MI ≥ 0.5

(noting µκ(I, ν) = 1) and the claim is immediate so we assume mI > 0.5.

Base case: l = 0. If there exists a set of colors ν∗ ⊆ ν, s.t. µκ′(I, ν
∗) ≥ 1

4
where, for

each χ′ ∈ ν∗, we have rdκ′(I, χ
′)c > n3α n

βl·λt on ε/4
η

distinct costs, then we can use

Claim 45 and obtain that, whp,

MI ≥ ϕ0
κ(I,⊥) = T c(mI · φκ(I, ν \ {u,⊥})) ≥ T c(1

2
· φκ(I, ν \ {u,⊥})) ≥ ε

32
.

Otherwise, we use Claim 46 (2) to obtain θ0
κ(I, ν \ {⊥}) ≥ k

5
and hence, whp,

Tu
(
mI · 1

k
· θ0

κ(I, ν \ {⊥})
)
≥ 1

10
,
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which in turn implies that MI ≥ ϕ0
κ(I,u) ≥ 1

10
.

General case: l > 0. If θβ
l

κ (Λβl

κ (I), ν\{⊥}) ≥ bl
50
·k, then Tu

(
mI · 1

k
· θβlκ (Λβl

κ (I), ν \ {⊥})
)
≥

1
100
· bl, and hence MI ≥ ϕβ

l

κ (I,u) ≥ min{ 1
100
bl, 1}. Otherwise, we invoke Claim 47 to

obtain there exists a set of pairs D ⊆ Λβl

κ (I)× ν \ {⊥} of mass µκ′(D) ≥ bl
25
βl where

rdκ′(J, χ
′,Λβl

κ (I))c ∈ [1, β2] · n3α n
βl·λt on ε/4

η
distinct costs for each (J, χ′) ∈ D. We

now use Claim 45 and obtain that whp,

MI ≥ ϕβ
l

κ (I, ν\{u,⊥}) ≥
∥∥∥∥T c

(
mI · φκ(Λβ

l

κ (I),∗)
βl

)∥∥∥∥
1

≥
∥∥∥∥T c

(
1
2
· φκ(Λβ

l

κ (I),∗)
βl

)∥∥∥∥
1

> ε
300
·bl

as needed. We conclude that MI can be lower bounded by the recursive definition,

bl+1 ≥ min{bl · Ω(ε), 1} = (Ω(ε))l+1 ,

which completes the proof of the lemma.

3.6.2.1 Proof of Claim 45

To prove Claim 45, we wish to apply Claim 44, but we cannot do so directly, as the

lower bound we get from there is for a different sample set (since we can only use

triangle inequality which gives us a guarantee on a different cost), and hence we show

first the following useful statistical fact.

Fact 48. Let X be a non-negative random variable over some probability space and

let A and B be events such that Pr[A] = Pr[B]. Fix γ ∈ R such that X | B ≥ γ (i.e.,

whenever B happens, X ≥ γ). Then, E[X · 1[X ≥ γ]] ≥ E[X · 1[A]].
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Proof. Since Pr[A] = Pr[B], then also Pr[A \B] = Pr[B \A]. Hence,

E[X · 1[A]] = E[X · 1[A ∩B]] + E[X · 1[A \B]]

= E[X · 1[A ∩B]] + E[X · 1[A \B] · 1[X ≥ γ]] + E[X · 1[A \B] · 1[X < γ]]

≤ E[X · 1[A ∩B]] + E[X · 1[A \B] · 1[X ≥ γ]] + γ · Pr[A \B]

= E[X · 1[A ∩B]] + E[X · 1[A \B] · 1[X ≥ γ]] + γ · Pr[B \A]

≤ E[X · 1[A ∩B]] + E[X · 1[A \B] · 1[X ≥ γ]] + E[X · 1[B \A]]

≤ E[X · 1[X ≥ γ]]

Proof of Claim 45. Note that every output color χ in output coloring κ is defined via

the iid sampled triplet (A,χ′′, ĉ) ∼ I × ν × Ec.

Fix ∆ = log2 n. We define the random variables ψχ , min{φκ(Q, χ)/βl, 1/∆} and

Mχ ,

T
c (γ · ψχ) l > 0

γ · ψχ l = 0.

Note that for l > 0,
∥∥∥T c

(
γ · φ(Q,∗)

βl

)∥∥∥
1
≥
∑

χMχ, and for l = 0, we have T c (x) = x

for any x = Ωε(1) and hence it suffices to show whp
∑

χMχ ≥ 0.9δγ · (s−O( η
α

)).

Now since we sample λt iid triplets (A,χ′′, ĉ), the quantity
∑

χMχ is a sum of λt

iid r.v. bounded by 1
log2 n

. Therefore, by Chernoff bound, we obtain w.h.p.:
∑

χMχ ≥

0.9 E[
∑

χMχ]−Oε

(
1

logn

)
= 0.9λt · E[Mχ]− Oε

(
1

logn

)
. Therefore, it suffices to show

E[Mχ] ≥ δγ · (s−O( η
α

)) · λ−t.

To do that, we introduce another random variable, mχ, and thereafter show the

following inequalities:

• E[mχ] ≥ δ · βl · (s−O( η
α

)) · λ−t; and,
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• E[Mχ] ≥ γ
βl

E[mχ].

The random variable mχ. For each (I, χ′) ∈ D, let CBad
I,χ′ be union of “bad costs”

from Claim 26 (3) and Claim 44 of size |CBad
I,χ′ | = O(1/α). For a fixed output color

χ, define the random variable zI,χ′ as the contribution of (I, χ′) to φκ(I, χ) just from

costs in C∗I,χ′ \ CBad
I,χ′ , and let mχ :=

∑
(I,χ′)∈D zI,χ′ .

The inequality E[mχ] ≥ δ · βl · (s − O( η
α

)) · λ−t. Here we use Claim 26 (3), which

guarantees, for each (I, χ′) ∈ D: E(A,χ′′,ĉ)∼I×ν×Ec [φκ(I, χ)·1[χ′ = χ′′] | ĉ ∈ Ec\CBad
I,χ′ ] ≥

µκ′(I, χ
′) · λ−t, and hence,

E(A,χ′′,ĉ) [mχ] = E(A,χ′′,ĉ)

 ∑
(I,χ′)∈D

zI,χ′


=

∑
(I,χ′)∈D

E(A,χ′′,ĉ)[zI,χ′ ] ≥
∑

(I,χ′)∈D

Pr
ĉ∈Ec

[ĉ ∈ C∗I,χ′ \ CBad
I,χ′ ] · µκ′(I, χ′) · λ−t,

since mχ only counts contribution for ĉ ∈ C∗I,χ′ \ CBad
I,χ′ . Using the fact that

Prĉ∈Ec [ĉ ∈ C∗I,χ′ \ CBad
I,χ′ ] ≥ (s−O(η/α)) and that µκ′(D) = δ · βl, we obtain,

E(A,χ′′,ĉ)∼I×ν×Ec [mχ] ≥ µκ′(D) · (s−O( η
α

)) · λ−t = δ · βl · (s−O( η
α

)) · λ−t.

as needed.

The inequality E[Mχ] ≥ γ
βl

E[mχ]. Define the event

AD ,
{

for sampled (A,χ′, ci) there exists (I, χ′) ∈ D s.t. ad(I, A) ≤ 2ci ∧ ci ∈ C∗I,χ′ \ CBad
I,χ′

}
.

Note that on one hand, conditioned on not AD, we have mχ = 0 and hence mχ =

mχ · 1[AD]. On the other hand, we have rdκ′(I, χ
′,Q)ĉ ≥ n3α · n

βlλt
for any (I, χ′) ∈
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D and ĉ ∈ C∗I,χ′ , and therefore, whenever AD happens, by Claim 44, φκ(Q, χ) ≤

O(βl/nα) < βl/∆. This implies that φκ(Q, χ) · 1[AD] = ψχ · 1[AD] · βl, and overall:

ψχ · 1[AD] · βl = φκ(Q, χ) · 1[AD] ≥ mχ · 1[AD] = mχ

For l = 0, this immediately gives Mχ = γψχ ≥ γψχ · 1[AD] ≥ γ
βl
mχ which implies

E[Mχ] ≥ γ
βl

E[mχ] as needed.

For l > 0, we need to use the upper bound guarantee on the density to “deal with

T c thresholding”. For this we first define the event

BD ,
{

for sampled (A,χ′, ci+1) there exists (I, χ′) ∈ D s.t. ad(I, A) ≤ 2ci ∧ ci ∈ C∗I,χ′ \ CBad
I,χ′

}
.

and notice that Pr[BD] = Pr[AD]. Now, since we are guaranteed for any (I, χ′) ∈

D and ĉ ∈ C∗I,χ′ that rdκ′(I, χ
′,Q)ĉ ≤ n3α · β2 · n

βlλt
, then by Claim 44 (2), we have

that, whenever BD holds, ψχ ≥ Ω(1)
β2n5α > β−3/γ. We now invoke Fact 48 to obtain

E[ψχ · 1[ψχ ≥ β−3/γ]] ≥ E[ψχ · 1[AD]]. Since T c(x) = x whenever x ≥ β−3, we also

have that Mχ ≥ γψχ · 1[γψχ ≥ β−3]. Overall, we obtain:

E[Mχ] ≥ E[γψχ · 1[γψχ ≥ β−3]] ≥ γ · E[ψχ · 1[AD]] ≥ γ
βl
mχ

for l > 0 as well.

By combining both inequalities, we conclude:

E[Mχ] ≥ γ
βl

E[mχ] ≥ γδ · (s−O( η
α

)) · λ−t

which implies the claim with high probability as needed.
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3.7 Runtime complexity of the interval matching

algorithm

In this section we analyze the runtime complexity, establishing Theorem 22, item 3.

First we prove the lemma bounding the size of color parts in each step coloring.

3.7.1 Sparsity of colors in colorings: proof of Lemma 30

Recall that Lemma 30 shows that each color χ ∈ ν \ {⊥} is sparse in each coloring

κ′. Specifically, recalling that Pχ
′

κ′ is the set of intervals I with µκ′(I, χ
′) > 0, we need

to prove that |Pχ
′

κ′ | ≤ Oε(β
5λ) · n

λt
.

Proof of Lemma 30. Consider a color χ ∈ ν \ {u,⊥} in coloring κ. For each level l

and for each j, we add O
(
n
λt
· µκ′ (I,χ

′)

d̂I,j

)
= O

(
nα · n

λt
· µκ′ (I,χ

′)
dA,j

)
φ-potential to each

(I, χ′) ∈ N κ′
ci,j

(A), hence for level l we have φ(I, χ) = Oε

(
nα · n

λt

)
. We use the

bound on φκ(I, χ) to bound the total number of intervals which “survive the T c

transformation” (i.e., have ϕ potential still non-zero). First we derive, for l ≥ 1:

∑
I∈I

∑
ζ∈Zl

β2l

ζ2

µκ(I,u)·φκ(Λζκ(I),χ)
βl

≤
∑
ζ∈Zl

βl

ζ

∑
I∈I

µκ(I,u)
ζ

φκ(Λ
ζ
κ(I), χ)

Claim 35

≤
∑
ζ∈Zl

βl

ζ
2φκ(I, χ) = Oε(n

α· n
λt

).

(3.19)

Now we have that
∑

ζ∈Zl ϕ
ζ
κ(I, χ) =

∑
I∈I
∑

ζ∈Zl T
c(β

2l

ζ2

µκ(I,u)·φκ(Λζκ(I),χ)
βl

). Since

T c zeros out any input smaller than 1/β4, we have that at most Oε(nβ
5/λt) intervals

I have
∑

ζ∈Zl ϕ
ζ
κ(I, χ) > 0. Finally, one can observe I ∈ Pχ

′

κ′ only if ϕκ′(I, χ
′) > 0 at

some level of the previous step t− 1, hence the bound follows.

It remains to show for the color χ = u. For this task, let l′ be such that βl
′ ∈

[1, β) · n3α · β · n
λt

. We consider two cases.
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First, suppose the algorithm reaches level l′ and µκ(X ,u), µκ(Y ,u) ≥ βl
′
. We now

assume (by induction) Lemma 30 holds for κ′ and invoke Claim 46. Then we have that

each I ∈ I, Tu( 1
k
· θζκ(Λζ

κ(I), ν \{⊥})) is at most proportional to the color mass where

rdκ(I, χ
′,Q+3ζ)c ≤ n3α · nβ

βl′λt
for some set Q, on some of the costs. However, since,

by the definition of relative density it must be at least 1, then rdκ(I, χ
′,Q+3ζ)c ≥ 1

and hence we obtain Tu( 1
k
· β2l

ζ2 · θζκ(Λζ
κ(I), ν \ {⊥})) ≤ Tu(β−1.5 · 1

k
· β2l

ζ2 · 1.1k ζ
βl

) ≤

Tu(1.1β−1.5) = 0 for all I ∈ I (note that Claim 46 requires δ ≥ β−1.5). This means

that all ϕζκ(I,u) = 0 and u will not appear on any interval.

Now, consider the opposite: the algorithm breaks at level l∗ ≤ l′, meaning that

µκ(X ,u) or µκ(Y ,u) is less than βl
∗ ≤ βl

′
. Assume w.l.o.g µκ(X ,u) < βl

′
; this implies

µκ(X ,u) < nβ2·n3α

λt
. Next, notice that if µκ(Y,u)

µκ(X ,u)
> β, then Adjust-u zeros out all

of u mass. Otherwise, we have that µκ(I,u) = O(nβ
4

λt
) before calling to Adjust-u.

Notice that Adjust-u omits u on any palette where u is of mass at most Ωε(β
−1)

(by the Tu transformation), hence we conclude color u is part of Oε(
nβ5

λt
) palettes as

well at the end of step t for each κ ∈ K . Hence in the next step t̂ = t + 1, we get

|Pχ
′

κ′ | = Õε(
nβ5

λt̂−1 ) for all χ′ ∈ ν \ {⊥} as needed.

3.7.2 Algorithm runtime

We now proceed to the main runtime analysis of the interval matching algorithm.

We define Sκ′ = ‖µκ′(∗, ∗)‖0, i.e., the count of non-zero-mass pairs (I, χ′) ∈ I × ν.

We note that from Lemma 30, we have Sκ′ = n · Õε(β
O(1)). The same Lemma also

implies that we converge in 1/ε + O(1) steps, since for t > 1/ε + O(1), all ν \ {⊥}

colors must be non-zero in 0 intervals, in which case we stop iterating.
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Before proceeding to the proof, we state a couple theorems for fast evaluation

of potentials; they are all proved in Section 3.9 (and can be obtained from known

data structures). In particular, for sampling anchors and pivots, we use the following

data-structure.

Theorem 49. Given a set of numbers a1, . . . an ≥ 0 in a sparse representation (i.e.,

as a set S of i’s with ai > 0) there exists a data structure D supporting the following

queries:

• Sample index i ∈ [n] from the distribution {ai/
∑

j aj}i in time O(log n);

• Given k ≥ 1, produce a set S ⊆ [n] that includes each i with probability

min{kai, 1} independently. The runtime is O((1 + k ·
∑n

i=1 ai) log n) in ex-

pectation.

• Given an interval [s, t] ⊂ [n], and k ≥ 1, produce a set S ⊆ [n] that includes

each i ∈ [s, t] with probability min{kai, 1} independently. The runtime is O((1+

k ·
∑t

i=s ai) log2 n) in expectation.

Furthermore, the preprocessing time is O(|S| · logO(1) n).

For fast calculation of equations (3.3) and (3.4), we need data-structures that

generate for each I ∈ I the sums of only the relevant φ, θ colors over the Λ balls (i.e.,

which pass the threshold). We use the following data-structure and algorithm:

Theorem 50. Given a set of numbers a1, . . . an ≥ 0 in a sparse representation (i.e.,

as a set S of i’s with ai > 0), there exists a data structure D supporting the following

queries:
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• Given some i < j compute
∑j

k=i ak. The query complexity is O(log n).

• Given some i and ζ > 0, compute j ∈ S, j ≤ i such that
∑i

k=j−1 ak < ζ ≤∑i
k=j ak (or output that none exists). The query complexity is O(log n).

The preprocessing time is O(|S| log n).

Theorem 51. Suppose we are given an m × n matrix A, where m ≤ n, given in

the sparse form, i.e., as a set S of non-zero entries. Also, suppose we are given n

intervals [si, ti] ⊆ [n] such that both {si}i and {ti}i are non-decreasing. Given γ > 0,

we can find all pairs (i, χ) ∈ [n] × [m] such that
∑ti

k=si
Aχ,k ≥ γ. The runtime is

Õ
(
|S|+ n+ 1

γ
·
∑

χ,i

∑ti
k=si

Aχ,k

)
.

Theorem 50 helps us calculating Λζ
κ for each interval, and generating ϕζκ(I,u)

while Theorem 51 is used for ϕζκ(I, ∗ 6=u). We prove these theorems in section 3.9.

We proceed to proving Theorem 22, item 3 next.

Lemma 52. Clustering and assigning φκ takes, by expectation, Tad · Õ(n · λ · βO(1))

time in each step t and level l.

Proof. Fix a step t and level l. We claim the following for the clustering and potential

φ computation (in Alg. 8):

1. We call ClusterAnchor (Alg. 4) at most λt times. This is immediate from

the fact each anchor can be clustered at most once.

2. ClusterAnchor takes Tad ·n · Õ(λ1−t ·βO(1)) time. Indeed, notice that we call

each ClusterAnchor with |R| = |Pχ
′

κ′ | = n · Õε(λ
1−t · β5) (by Lemma 30),

and we perform a single ad calculation per interval I ∈ R.
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3. We call AssignPhiPotential (Alg. 5) at most 1
α
· λt times. Indeed, observe

each call to ClusterAnchor outputs O(1/α) clusters, and we perform As-

signPhiPotential once for each output cluster.

4. AssignPhiPotential takes n · Õ(λ1−t · βO(1)) time in expectation. We argue

this below.

To analyze the time complexity of AssignPhiPotential, we need to bound

time spent estimating densities. For this task, notice that for each I ∈ A, we esti-

mate dκ′(I, χ
′)ĉ using dm = dA · n−α ≥ n−αµκ′(A, χ′). Hence the total complexity

TAPP(A) = Tad · Õ(|A| · µκ′ (I,χ
′)

dA
+ |A|). The term Tad · Õ(|A|) term is dominated by

the complexity of ClusterAnchor from above, hence we only need to bound:

Tad · Õ
(
|A| · µκ′ (I,χ

′)
dA

)
= Tad · |A|dA · n · Õ

(
λ1−t · βO(1)

)
.

It remains to bound E
[
|A|
dA

]
. Fix χ ∈ [λt] for which we sampled an anchor triplet

(A,χ′′, ci). Now, fix ci ∈ Ec which was sampled as part of that triplet. For (I, χ′) ∈

I×ν\{⊥}, define ZI,χ′ as the (random) event that (I, χ′) is clustered in some A ∈ Cχ:

ZI,χ′ =
[
A ∈ Nci,jmax

(I) ∩ Pχ
′

κ′ ∧ χ
′′ = χ′

]
Also define pI,χ′ = Pr[ZI,χ′ ] and τI,χ′ = maxA∈Cχ

1
dA
· 1[ZI,χ′ ]. Notice that pI,χ′ ≤

dI,jmax

2n
, where dI,jmax = dκ′(I, χ

′, I)ci,jmax
. Also note that we have dA ≥ n−α · dI,jmax

(as Nci,jmax
(I) ⊆ N3ci(A)), and hence τI,χ′ ≤ nα

dI,jmax
. We can finally bound the

expectation:
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E
[
|A|
dA

]
≤

∑
(I,χ′)∈I×ν\{⊥}
µκ′ (I,χ

′)>0

pI,χ′

dA
≤

∑
(I,χ′)∈I×ν\{⊥}
µκ′ (I,χ

′)>0

pI,χ′·τI,χ′ ≤ nα

2n

∑
(I,χ′)∈I×ν\{⊥}
µκ′ (I,χ

′)>0

dI,jmax

dI,jmax
= nα

2n
Sκ′ = βO(1).

We conclude the expected time spent on AssignPhiPotential for each cluster

is Tad · βO(1) · n · Õ(λ1−t · βO(1)) = Tad · n · Õ(λ1−t · βO(1)) as needed.

To summarize the time complexity of clustering, we have for a fixed step t and

level l:

• Total time spent on all calls to ClusterAnchor is λt ·Tad ·n · Õ(λ1−t ·βO(1)) =

Tad · n · Õ(λβO(1)) = Tad · n1+O(ε).

• Expected total time spent on all calls to AssignPhiPotential is 1
α
· λt · Tad ·

n · Õ(λ1−t · βO(1)) = Tad · n · Õ(λβO(1)) = n1+O(ε).

Second, we show that computing θ’s for the pivots is also time efficient.

Lemma 53. The algorithm AssignThetaPotential (Alg. 6) takes Tad·n·Õ(λβO(1))

time in each level l (whp).

Proof. Fix step t and level l. We notice that the main runtime term to estimate is

the time spend on approximating the relative densities. For this, we note:

1. We only estimate densities for pairs (V, χ′) when µκ′(Λ
ζ
κ(V ), χ′) ≤ λ · βl+O(1)

(from Line 4 threshold in AssignThetaPotential).

2. We sample each (I ′, χ′) ∈ I × ν, k times, each with probability pI′,χ′ :=

β−l · µκ′(I ′, χ′), and spend τI′,χ′ := Õ
(

1
rdm
· µκ′ (I,χ

′)
µκ′ (I

′,χ′)
+

µκ′ (Λ
ζ
κ(V ),χ′)

µκ′ (I
′,χ′)

)
time ap-

proximating such pair (by Lemma 25), where rdm = n3α · n
λtβl

.
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Combining the above, we get τI′,χ′ = Tad · Õ
(
λtβl

n
· n·λ·βO(1)

λt
· 1
µκ′ (I

′,χ′)
+ λβl+O(1)

µκ′ (I
′,χ′)

)
=

Tad · Õ
(
λβl+O(1)

µκ′ (I
′,χ′)

)
.

Hence, the expected run-time of all pair approximation is

EV [Density approximation time] = EV

 ∑
(I′,χ′)∈V

τI′,χ′


≤

∑
(I′,χ′)∈I×ν:pI′,χ′>0

k · pI′,χ′ · τI′,χ′

= k ·
∑

(I′,χ′)∈I×ν:pI′,χ′>0

β−l · µκ′(I ′, χ′) · Õ
(
λβl+O(1)

µκ′ (I
′,χ′)

)
= k ·

∑
(I′,χ′)∈I×ν:pI′,χ′>0

Õ
(
λ · βO(1)

)
= k · Sκ′ · Õ

(
βO(1)

)
= Õ

(
n · λ · βO(1)

)
.

Since the expectation is over sum of independent r.v., bounded by O(n), we also

have the bound whp.

Last, we show that assigning colors using φ, θ scores is efficient:

Lemma 54. Assigning colors in AmendColoring (Alg. 7) takes Õε(n · βO(1)) time

in each level l.

Proof. Let Su = ‖µκ(∗,u)‖0, Sθ = ‖θκ(∗, ∗)‖0, Sφ = ‖φκ(∗, ∗)‖0. We note that

Su ≤ 2n and Sθ, Sφ ≤ Sκ′ = n · Õε(β
O(1)).

First, from Theorem 50, the pre-processing time of the data structures is Õ
(
Su + Õ(Sθ)

)
=

Õε(n·βO(1)), and since we query each data structure O(n) times (once for each I ∈ I),

the total query time is Õ(1) ·O(n) = Õ(n).
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Second, focusing on calculating ϕζκ(∗, ∗6=u), define Lφ =
∑

I∈I
∑

ζ∈Zl
β2l

max{ζ2,1}
µκ(I,u)·φκ(Λζκ(I),ν)

βl
,

and recall from Eqn. (3.19), we have Lφ = λt · Oε(n
2α · n

λt
) = Oε(n · β). We invoke

Theorem 51 using γ = β−4, to obtain the time spent on calculating ϕζκ(∗, ∗ 6=u) is

Õ
(
Sφ + n+

Lφ
β−4

)
= Õε(n · βO(1)).

Last, each update rule of µκ(I) using ϕs takes Õ(1) time, which sums up to Õ(n)

over all intervals.

Using the above Lemmas, we prove our main complexity guarantee.

Proof of Theorem 22, item 3. We conclude that the runtime of MatchIntervals

(Alg. 8), per one step and level, is Õ(n1+O(ε) · Tad). There’s is a constant number

of levels, so the same bound holds for each step. Since the algorithm converges

in constant steps (as was shown above), and the branching factor is O(log n), the

conclusion follows.

3.8 Alignment distance algorithm for ad: proof of

Theorem 23

In this section we show the algorithm for computing the adw distance, in particular

proving Theorem 23. To briefly recall the theorem, we want an algorithm for com-

puting a metric adw(I, J) on w-length strings I, J given an oracle to a metric Dw/γ on

w/γ-length strings, running in time poly(γ). Note that we can assume that w ≥ γ4,

as otherwise we can afford to set ad(I, J) = ed(I, J) and compute it directly. We

manage to ensure it only for “single scale” metrics adw,c, designed for distances in the

range ≈ [c, γc].
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First, we reduce adw,c, where c ∈ Sw, to a set of fewer ad functions, indexed adw,t,

where t ∈ {γ, γ2, . . . , w/γ2}. In particular, for given c, we set t by rounding down

c/τ to an integer power of γ, for some (large) constant τ (to be fixed later). When

c/τ < γ, we set t = γ; and when c/τ ≥ w/γ, we set t = w/γ2.

We note that the algorithm for the “largest distance regime”, when t = w/γ2, will

be different from the rest, when t ≤ w/γ3. We describe each of the two algorithms

separately starting with the “large” distance regime, which is easier.

Henceforth, for simplicity, we set w′ = w/γ, and often refer to Dw′ as D. Also,

for strings I, J of length w, we let Iw′ , Jw′ be the strings starting at the same position

but of length w′ only (e.g., for I = Xi,w, Iw′ = Xi,w′). Finally, we cap all the output

distances at w; note that cannot break any of the guarantees (e.g., triangle inequality,

or the fact that each adw,c ≥ edw as edw ≤ w).

3.8.1 Large distance algorithm: adw,w′/γ metric

For simplicity of notation, we set Γ = adw,t when t = w′/γ = w/γ2 ≥ γ2.

The algorithm constructs the following graph H. For m = γ4, the vertices are Vp,q

where p ∈ [−m,m] and q ∈ [−m,m]. For each node Vp,q, we add the following edges

to H:

• Vp,q → Vp+1,q+1 of cost w/m
w′

Dw′(Iw′ +
w
m
p, Jw′ +

w
m
q) (diagonal edges).

• Vp,q → Vp,q+1 and Vp,q → Vp+1,q of cost w/m (gap edges).

Now we run the shortest path from vertex V−m,−m to Vm,m. Define Γ to be 4 times

that shortest path value. It is immediate to note that this can be computed in mO(1)

time.
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3.8.1.1 Lower and upper bounds on Γ

First, we prove the lower bound.

Lemma 55. Γ(Xi,w, Yj,w) ≥ edw(Xi,w, Yj,w) for all i, j.

Proof. Note that any path inH corresponds to an alignmentA : [−m,m)→ [−m,m)∪

{⊥} as follows. For each p ∈ [−m,m), consider the edge which increases p: if it’s the

diagonal edge Vp,q → Vp+1,q+1 then A(p) = q; otherwise set A(p) = ⊥. The number

of all gap edges is then 2 · |{p : A(p) = ⊥}|. Hence, recalling the convention that

edw′(Xi, Yf(⊥)) = w′ for any function f : N→ N:

Γ(Xi,w, Yj,w) ≥ 4w/m
w′

∑
k∈[−m,m)

edw′(Xi+kw/m,w′ , Yj+w/m·A(k),w′) + 8w
m
· |{p : A(p) = ⊥}|.

By averaging, there must exist some δ ∈
[

w′

w/m

]
such that:

Γ(Xi,w, Yj,w) ≥ 4
∑

k∈[−γ,γ)

edw′(Xi+w/m·δ+kw′,w′ , Yj+w/m·A(δ+km/γ),w′)+8w
m
·|{p : A(p) = ⊥}|.

We now lower bound this by ed(Xi,w, Yj,w). For this, we consider the LCS between

these w-length strings from the LCS of the w′-length strings Xi+w/m·δ+kw′,w′ and

Yj+w/m·A(δ+km/γ),w′ . If A(δ+km/γ) = ⊥ for all k or mink A(δ+km/γ) ≥ 0, then this is

immediate. Otherwise, let i′ , i+w/m·δ−w and j′ , j+w/m·mink:A(δ+km/γ)6=⊥A(δ+

km/γ). Define
←−
A (l) to be as follows: for A(δ + m) , j′ + 2w let

←−
A (δ + km/γ) ,

mink′∈[k,γ],A(δ+k′m/γ)6=⊥A(δ + k′m/γ). Noting that for our definition of ed, we have

edw(I, J) = w − LCS(I, J), we obtain the following bound on LCS, taking into
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consideration the overlap:

LCS(Xi′,2w, Yj′,2w) ≥
∑

k∈[−γ,γ)

LCS(Xi+w/m·δ+kw′,w′ , Yj+w/m·←−A (δ+km/γ),w′
)

−
∑

k∈[−γ,γ)

w
m
·
∣∣∣←−A (δ + km/γ)−

←−
A (δ + (k + 1)m/γ)− w′

w/m

∣∣∣
≥

∑
k∈[−γ,γ)

w′ − ed(Xi+w/m·δ+kw′,w′ , Yj+w/m·A(δ+km/γ),w′)

− 2w
m
· |{p : A(p) = ⊥}| − 2

∑
k:A(k)=⊥

w′,

where we bounded the subtracted overlap by sum of: 1) (scaled) number of p ∈

[−m,m) s.t. A(p) = ⊥ (for k’s where A(δ + km/γ), A(δ + (k+ 1)m/γ) are both not-

⊥), and 2) w′ times twice the number of k’s with A(δ + km/γ) = ⊥. Furthermore,

edw(Xi,w, Yj,w) ≤ ed2w(Xi′,2w, Yj′,2w) + w
m
· |{p : A(p) = ⊥}| and hence:

Γ(Xi,w, Yj,w) ≥ edw(Xi′,w, Yj′,w) + w
m
· |{p : A(p) = ⊥}|,

≥ edw(Xi,w, Yj,w).

Now we prove the upper bound. Below, constant C ′ > 1 is from Theorem 23

hypothesis:

Lemma 56. For any fixed i and any alignment π with π(i) 6= ⊥, we have, for

Γi,w = Γ(Xi,w, Yπ(i),w):

Γi,w ≤ O

 w
γ2 +

∑
l∈[−w,w)

1
w′
D(Xi+l,w′ , Yπ(i+l),w′) + C ′ ·

∑
l∈[−w,w)

|←−π (i+ l + 1)−←−π (i+ l)− 1|

 .

In the above, in the last term, recall from the preliminaries that ←−π (i′) is the

minimum π(j), j ≥ i′, which is defined (6= ⊥). This last term should be thought of
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the error stemming from π skipping large chunks of y (which, overall, can be charged

to the edit distance between x and y).

Proof. Defining

uπ ,
∑

l∈[−w,w)

1
w′
D(Xi+l,w′ , Yπ(i+l),w′)+C

′
∑

k∈[−m,m)

|←−π (i+(k+1)w/m)−←−π (i+k·w/m)−w/m|,

we note that it is enough to prove that Γ(Xi,w, Yπ(i),w) ≤ O(w/γ2 + uπ) as, by simple

triangle inequality, |←−π (i+ (k+ 1)w/m)−←−π (i+ k ·w/m)−w/m| ≤
∑

l∈[w/m] |
←−π (i+

k · w/m+ l + 1)−←−π (i+ k · w/m+ l)− 1|.

Now, let j = π(i). For k ∈ [−m,m), define A′(k) =
⌊←−π (i+kw/m)−j

w/m
+ ξ
⌋

for a tbd

ξ ∈ [0, 1). If A′(i) = A′(i− 1) or A′(i) 6∈ [−m,m) then set A(i) = ⊥ and A(i) = A′(i)

otherwise (i.e., only the first copy of a sequence of equal numbers remains).

We claim that, there exists some ξ such that:

|{k : A(k) = ⊥}| ≤ O(1 +
∑

k∈[−m,m)

|←−π (i+(k+1)w/m)−←−π (i+kw/m)−w/m|
w/m

) ≤ O(1 + uπ
w/m

).

Indeed, first we note that any set of real numbers {r1 + ξ, . . . rm + ξ} (for us rk =

←−π (i+kw/m)−j
w/m

), when rounded down for a random ξ ∈ [0, 1], will have the expected

number of duplicates bounded by
∑m

k=1 |rk+1 − rk − 1| (and hence a fixed ξ exists so

that it happens deterministically). Second, the number of distinct A′(i) 6∈ [−m,m)

is upper bounded by (using triangle inequality):

1 + m
w
|←−π (i+ w)−←−π (i− w)− w| ≤ 1 +

∑
k∈[−m,m)

|←−π (i+(k+1)w/m)−←−π (i+kw/m)−w/m|
w/m

.
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Now we have that

Γi,w ≤ 4
∑

k∈[−m,m),A(k)6=⊥

w/m
w′

D(Xi+kw/m,w′ , Yj+w/m·A(k),w′) + w
m
· 8|{k : A(k) = ⊥}|

≤ 4
∑

k∈[−m,m)

w/m
w′

(D(Xi+kw/m,w′ , Y←−π (i+kw/m),w′) + C ′ · w/m) + w
m
·O(1 + uπ)

= O(uπ + C ′wγ/m) + 4
∑

k∈[−m,m)

w/m
w′

D(Xi+kw/m,w′ , Y←−π (i+kw/m),w′).

Now note that, for any l ∈ [w/m], we have that:

D(Xi+kw/m,w′ , Y←−π (i+kw/m),w′)

≤ D(Xi+l+kw/m,w′ , Y←−π (i+l+kw/m),w′) + 8C ′l + C ′|←−π (i+ (k + 1)w/m)−←−π (i+ kw/m)|.

Hence:

Γi,w ≤ O(uπ + C ′wγ/m) + 4
∑

k∈[−m,m)

1
w/m

∑
l∈[w/m]

w/m
w′

(
D(Xi+kw/m,w′ , Y←−π (i+kw/m),w′)

)
≤ O(uπ + C ′wγ/m) + 4

∑
k∈[−m,m)

1
w′

∑
l∈[w/m](

D(Xi+l+kw/m,w′ , Y←−π (i+l+kw/m),w′) + 8C ′l + C ′|←−π (i+ (k + 1)w/m)−←−π (i+ kw/m)|
)

≤ O(uπ + C ′wγ/m) + 4
∑

l∈[−w,w)

1
w′
D(Xi+l,w′ , Y←−π (i+l),w′) + 8C

w′
mw2

m2

+ 4C′

w′

∑
k∈[−m,m)

w
m

(
w
m

+ |←−π (i+ (k + 1)w/m)−←−π (i+ kw/m)− w
m
|
)

≤ O(uπ + C ′wγ/m) + 4
∑

l∈[−w,w]

1
w′
D(Xi+l,w′ , Y←−π (i+l),w′) + 8C ′wγ

m
+ 4C ′wγ

m
+ 4w/m

w′
· uπ

≤ O(uπ + w/γ2),

where we use O(C ′wγ/m) ≤ w/γ2 by our choice of m = γ4.
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3.8.2 Not large distance regime: adw,t for t ≤ w/γ3

To compute the adw,t distance for smaller t, we use a slightly different alignment rep-

resentation called block alignment, which maps “grid blocks” into x-axis and y-axis

“shifts” (loosely speaking). We think of alignment of square blocks of size w′ on w

by w grid, defined by coordinates pi, qi for every square block i ∈ [γ] in the align-

ment. The first coordinate represents accumulated horizontal shifts, corresponding

to inter-block insertions, and the second one represents accumulated vertical shifts,

corresponding to inter-block deletions. Such representation is somewhat easier to

handle in our case, and will be formally defined below.

Define θ = t/w. Let T = γ3. To ease exposition, we use | · |1 notation for the `1

norm.

Definition 57 (ad). Let A be the set of functions A = (Ax, Ay) where Ax, Ay :

[−γ, γ] → [T ] are non-decreasing functions with Ax[−γ] = Ay[−γ] = 0 and Ax[γ] =

Ay[γ]. For I, J ∈ Iw, define the distance adw,t(I, J) = min{ad∗w,t(I, J), w′θT}, where

ad∗w,t(I, J) is equal to:

min
A∈A

(Ax[γ] + Ay[γ]) θw′ +
∑

k∈[−γ,γ)

1
T

∑
∆∈[3T−|A[k]|1]

D (Iw′ + w′(k + θ(∆ + Ax[k])), Jw′ + w′(k + θ(∆ + Ay[k]))) .

The former term can be thought of as “shift costs” and the latter as “diagonal

costs”.

3.8.2.1 Fast computation

Algorithm. The vertices are Vk,p,q where k ∈ [−γ, γ] and p, q ∈ [T ], as well as final

node V ∗. For each node Vk,p,q we add the following edges to H:
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• Vk,p,q → Vk+1,p,q of cost 1
T

∑
∆∈[3T−p−q] D(Iw′ + w′(k + θ(∆ + p)), Jw′ + w′(k +

θ(∆ + q))) (diagonal edges).

• Vk,p,q → Vk,p+1,q and Vk,p,q → Vk,p,q+1 of cost θw′ (gap edges).

• when k = γ, Vγ,p,q → V ∗ of cost θw′ · |p− q| (target edges).

We run shortest path from V−γ,0,0 to V ∗, and output its value, capped at w′θT

(from above).

Complexity. It’s immediate to see that the runtime complexity is γO(1) since H has

O(γT 2) edges. Note that this is also the upper bound on the number of calls to D

distance queries.

3.8.2.2 Lower bound on adw,t

We establish the lower bounds for adw,t in the following lemma.

Lemma 58. For all t ∈ {γ, . . . w/γ3}, intervals I, J ∈ Iw, we have that adw,t(I, J) ≥

min{edw(I, J), w′θT}.

For both the above, as well as for the upper bound shown later, we define distances:

dt(I, J) , min
A

∑
k∈[−γ,γ)

1
T

∑
∆∈[T ]

(3.20)

D(Iw′ + w′(k + θ(∆ + Ax[k])), Jw′ + w′(k + θ(∆ + Ay[k]))) + |A[γ]|1θw′.

Dt(I, J) , min
A

∑
k∈[−γ,γ)

1
T

∑
∆∈[3T ]

(3.21)

D(Iw′ + w′(k + θ(∆ + Ax[k])), Jw′ + w′(k + θ(∆ + Ay[k]))) + |A[γ]|1θw′.

Note that dt(I, J) ≤ ad∗w,t(I, J) ≤ Dt(I, J), hence it is enough to prove Lemma 58

for dt. We will use Dt later for the upper bound, in Lemma 59. Note that while each
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of dt, Dt lower/upper bounds adw,t, those may not satisfy triangle inequality over I,

hence we use Def. 57 for ad.

Proof of Lemma 58. Without loss of generality, assume that I = Xi,w (i.e., it is an

interval from x, starting at position i) and J = Yj,w (the cases when I, J are both

from x or both from y are treated in exactly the same manner). By the above, it is

enough to prove that dt(Xi,w, Yj,w) ≥ ed(Xi,w, Yj,w). Note that we can rewrite:

dt(Xi,w, Yj,w) = min
A

1
T

∑
∆∈[T ]

∑
k∈[−γ,γ)

D(Xi+w
′(k+θ(∆+Ax[k])), Yj+w

′(k+θ(∆+Ay[k])))+|A[γ]|1θw′,

and hence, for the minimizing A, there’s some ∆ ∈ [T ] such that

dt(Xi,w, Yj,w) ≥
∑

k∈[−γ,γ)

D(Xi + w′(k + θ(∆ + Ax[k])), Yj + w′(k + θ(∆ + Ay[k]))) + |A[γ]|1θw′.

=
∑

k∈[−γ,γ)

(D(Xi + w′θ∆ + w′(k + θ · Ax[k]), Yj + w′θ∆ + w′(k + θ · Ay[k]))

+ (Ax[k + 1]− Ax[k] + Ay[k + 1]− Ay[k]) · θw′).

Using that D ≥ ed, we get, using the notation i′ , i + w′θ∆ ≤ i + w and

j′ , j + w′θ∆ ≤ j + w:

dt(I, J) ≥
∑

k∈[−γ,γ)

ed(Xi′+w′(k+θ·Ax[k]), Yj′+w′(k+θ·Ay [k]))

+ w′θ · (Ax[k + 1]− Ax[k] + Ay[k + 1]− Ay[k])

≥ ed(X[i′ − w : i′ + w + w′θAx[γ]], Y [j′ − w : j′ + w + w′θAy[γ]])

≥ ed(X[i : i+ w], Y [j : j + w]),

where we also used the fact that Ax[γ] = Ay[γ].

In conclusion: adw,t(I, J) = min{ad∗w,t(I, J), w′θT} ≥ min{dt(I, J), w′θT} ≥

min{ed(I, J), w′θT}.
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3.8.3 adw align-approximates ed

Recall that adw(Xi, Yj) =
∑

c∈Sw c ·1[adw,c(Xi, Yj) ≥ c]. Hence the lower bound, that

adw ≥ edw point-wise follows immediately from Lemmas 55 and 58 (for the latter,

note that w′θT ≥ c
τγ2T ≥ c

√
γ). In particular for c∗ ∈ Sw such that 1 ≤ c∗ ≤

edw(Xi, Yj) < 2c∗, we have adw(Xi, Yj) =
∑

c∈Sw:c≤c∗ c ≥ 2c∗ − 1 ≥ edw(Xi, Yj) (the

case of edw(Xi, Yj) = 0 is immediate).

We now prove the upper bound on adw, where C,C ′ are the constants from the

Theorem 23 hypothesis. Fix the alignment π ∈ Π that minimizes the cost kπ =∑
i∈[n]

1
w′
Dw′(Xi,w′ , Yπ(i),w′). Note that the hypothesis of the theorem implies that

kπ ≤ C · ed(x, y). We prove the following lemma.

Lemma 59.
∑

i∈[n]
1
w
adw(Xi,w, Yπ(i),w) ≤ O(C ′) ·

∑
i∈[n]

1
w′
Dw′(Xi,w′ , Yπ(i),w′).

Note that this implies the desired upper bound of O(CC ′) · ed(x, y) as required

for adw to O(CC ′)-align-approximate ed.

Proof. We first introduce a bit of useful notation, edπ(i, w), which, intuitively, is the

edit distance of the alignment π from [i, i+w) to [←−π (i),←−π (i+w)) (though by a factor

2 larger than our definition for regular ed):

ediπ(i, w) , |{i′ ∈ [i, i+ w) | π(i′) = ⊥}| .

edjπ(i, w) ,
∣∣{j ∈ [←−π (i),←−π (i+ w)) | π−1(j) = ⊥}

∣∣ .
edπ(i, w) , ediπ(i, w) + edjπ(i, w).

We rewrite adw in terms of ad∗w,t and Γ as follows, where τ is a constant from

the start of the section, still to be determined. Recall that 1[adw,c(I, J) ≥ c] =
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1[adw,t(I, J) ≥ c], where t is the rounding down of c/τ to a power of γ . Considering

the “large” and “not large” cases for t separately, we can further rewrite the “large”

case as:

∑
c∈Sw

c/τ≥w/γ2

c · 1[adw,c(I, J) ≥ c] ≤ 2 · Γ(I, J) · 1[Γ(I, J) ≥ w/γ2 · τ ].

Hence, using Lemma 56, for τ at least twice the implicit constant from the lemma

(in front of w/γ2), we obtain that, letting 1i,w,c , 1[adw,c(Xi,w, Yπ(i),w) ≥ c]:

∑
c∈Sw

c/τ≥w/γ

c·1i,w,c ≤ O

 ∑
k∈[−w,w)

1
w′
D(Xi+k,w′ , Yπ(i+k),w′) + C ′|←−π (i+ k + 1)−←−π (i+ k)− 1|

 .

In particular, by summing over all i, and noting that each D(Xi,w′ , Yπ(i),w′) appears

at most w = w′γ times (and same with the absolute difference terms):

∑
i

∑
c∈Sw

c/τ≥w/γ

c · 1i,w,c ≤ w ·O

∑
i∈[n]

1
w′
D(Xi,w′ , Yπ(i),w′) + C ′|←−π (i+ 1)−←−π (i)− 1|



≤ w ·O

(1 + C ′)
∑
i∈[n]

1
w′
D(Xi,w′ , Yπ(i),w′)

 , (3.22)

as D(Xi,w′ , Yπ(i),w′) = w′ whenever π(i) = ⊥ .

We now upper bound the “not large” regime, which is significantly more in-

volved. For fixed c with c/τ < w/γ2, recall that t is the round-down of c/τ ; except if

c/τ < γ, when we set t = γ. Hence we have 1[adw,c(I, J) ≥ c] = 1[adw,t(I, J) ≥ c] ≤

1[ad∗w,t(I, J) ≥ c] ≤ 1[Dt(I, J) ≥ tτ ] + 1[Dγ(I, J) ≥ c], where Dt is as defined in
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Eqn. (3.21). We can bound:

∑
c∈Sw

c/τ<w/γ2

c · 1[adw,c(I, J) ≥ c] ≤ O

(
max

t:Dt(I,J)≥tτ
Dt(I, J) +Dγ(I, J)

)

≤ O

(∑
t

[Dt(I, J)− τt/2 · 1[t > γ]]+
)
, (3.23)

where [x]+ = max{0, x}, and recalling that there are O(logγ n) = O(1) different

possible t’s considered.

We upper bound Dt(Xi,w, Yj,w) for any fixed t and indeces i ∈ [n] and j = ←−π (i),

by exhibiting a convenient choice for function A. We define Ax[k]’s, for fixed i and t.

For k = −γ, Ax[k] = 0 by definition. For k ∈ (−γ, γ), define real δk ≥ 0 to be the

smallest such that ediπ(i + w′(k − 1 + θAx[k − 1]), w′ + w′θδk) = w′θδk (infinity if it

doesn’t exist). Set Ax[k] = min{Ax[k − 1] + dδke, T}. Then, if Ax[k] = T , then set

Ay[k] = T , as well as the subsequent Ax, Ay. Otherwise, let A∗y[k] to be the unique

integer such that

←−π (i+ w′(k + θAx[k])) ∈ ←−π (i) + w′(k + θA∗y[k]) + [0, w′θ). (3.24)

and set Ay[k] = min{A∗y[k], T}. Note that for t = γ, we have that w′θ = 1 and

hence ←−π (i+ w′(k + θAx[k])) =←−π (i) + w′(k + θA∗y[k]).

Finally, set Ax[γ] = Ay[γ] = max{Ax[γ − 1], Ay[γ − 1]}.

Claim 60. Functions Ax, Ay are non-decreasing and |A[γ]|1 ≤ O(edπ(i−w,3w)
w′θ

+ γ).

Futhermore, when t = γ, we have that |A[γ]|1 ≤ O(edπ(i−w,3w)
w′θ

).

Proof. While Ax is non-decreasing by construction, we need to prove that Ay is non-

decreasing. We have that, as long as Ax[k] < T , for ik = i + w′(k + θAx[k]) and
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ik−1 = i+ w′(k − 1 + θAx[k − 1]), and noting that ik − ik−1 = w′ + w′θdδke:

←−π (ik)−←−π (ik−1) ≥ ik − ik−1 − ediπ(ik−1, ik − ik−1)

≥ w′ + w′θdδke − w′θdδke

= w′.

Hence Ay[k] must also be non-decreasing.

To prove the bound on |A|1, we first note that the bound is immediate if edπ(i−

w, 3w) ≥ γ2t/10: then |A|1 ≤ 2T = 2γ3 = 2 γ
2t
w′θ

. Suppose for the rest that edπ(i −

w, 3w) ≤ γ2

10
t (and hence ediπ(i − w, 3w) as well). We now show by induction on k

that Ax[k] ≤ T/5 for k ≥ −γ and δk ≤ T for k > −γ — satisfied for k = −γ by

definition of Ax[k]. As for the inductive step:

ediπ(i− w,w + w′(k + θAx[k])) =
k∑

l=−γ+1

ediπ(i+ w′(l − 1 + θAx[l − 1]), w′ + w′θdδle)

≥
k∑

l=−γ+1

w′θδl

≥
k∑

l=−γ+1

w′θdδle − w′θ

= w′θ(Ax[k]− γ − k), (3.25)

and thus Ax[k] ≤ ediπ(i−w,w+w′(k+θAx[k]))
w′θ

+ γ + k ≤ γ3/10 + 2γ ≤ T/5. This also

implies w′θAx[k] ≤ t/γ · T/5 ≤ tγ2/5 < w′. Now we also show that δ’s are < T .

Indeed, define f(δ) , ediπ(i + w′(k − 1 + θAx[k − 1]), w′ + w′θδ), and note that

f(0), f(T/10) ≤ ediπ(i−w, 3w) ≤ tγ2/10. At the same time the function g(δ) = w′θδ

grows from 0 to g(T/10) = w′θT/10 ≥ tγ2/10. Hence the non-decreasing functions

f, g must intersect somewhere at δ ∈ [0, T/10] (with w′θδ an integer).
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From the above we have that Ax[γ − 1] ≤ ediπ(i−w,3w)
w′θ

+ γ. As for Ay[γ − 1], we

have that, using that ←−π (i+ z)−←−π (i) ≤ z + edjπ(i, z):

Ay[γ−1] ≤
←−π (i+w−w′+w′θAx[γ−1])−(←−π (i)+w−w′)

w′θ
≤ w′θAx[γ−1])+ed

j
π(i,2w)

w′θ
≤ O(edπ(i−w,3w)

w′θ
+γ).

The conclusion follows since |A[γ]|1 = 2 max{Ax[γ − 1], Ay[γ − 1]}.

In the case when t = γ, we note that w′θ = 1, and hence it is enough to consider

δk to be integers only. Thus in Eqn. (3.25) we don’t need the negative term (that

comes only from rounding δk), and hence Ax[γ − 1], Ay[γ − 1] ≤ O(edπ(i−w,3w)
w′θ

), from

which we obtain the conclusion.

Since A depends on i and t, we denote it as Ai,t below. For each i ∈ [n], we

also define ti ∈ {γ, . . . w/γ2} as the round-down of edπ(i − w, 3w) (i.e., ti ≤ edπ(i −

w, 3w) < γti), unless edπ(i − w, 3w) < γ, in which case ti = γ. Also let θi be the θ

from Dti , i.e., θi = ti/w.

By the claim above, we have that for any i, t:

w′ t
w
· |Ai,t[γ]|1 ≤ O(edπ(i− w, 3w) + t · 1[t > γ]). (3.26)

We also observe that

1
w

∑
i

edπ(i−w, 3w) = 1
w

∑
j∈[3w]

n/w−3∑
i=0

edπ(iw−w+j, 3w) ≤ 3w
w
·O (|{i ∈ [n] | π(i) = ⊥}|) ≤ O(kπ).

(3.27)

Hence, for τ sufficiently large constant, and t ranging over {γ, . . . , w/γ2}, we can

bound the total “not-large” contribution,
∑

i∈[n]
1
w

∑
c∈Sw

c/τ<w/γ
c · 1[adw,c(Xi, Yπ(i)) > c]
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as follows, up to the constant from Eqn. (3.23):

(3.23)

≤ 2 · |{i : π(i) = ⊥}|+ 1
w

∑
i∈[n]

∑
t

[
Dt(Xi, Y←−π (i))− τt/2 · 1[t > γ]

]+

(3.21)

≤ 2kπ +
∑
i∈[n]
t

1
w

 1
T

∑
k∈[−γ,γ)
∆∈[3T ]

D(X
i+w′(k+θt(∆+Ai,tx [k]))

, Y←−π (i)+w′(k+θt(∆+Ai,ty [k]))
) + w′θt|Ai,t[γ]|1 − τt·1[t>γ]

2


+

(3.26)

≤ O(kπ) + 1
w

∑
i∈[n]
t 1

T

∑
k∈[−γ,γ)
∆∈[3T ]

D(X
i+w′(k+θt(∆+Ai,tx [k]))

, Y←−π (i)+w′(k+θt(∆+Ai,ty [k]))
) +O(edπ(i− w, 3w))− τt·1[t>γ]

3


+

(3.27)

≤ O(kπ) +O(kπ) + 1
w

∑
i∈[n]
t

 1
T

∑
k∈[−γ,γ)
∆∈[3T ]

D(X
i+w′θt∆+w′(k+θtA

i,t
x [k])

, Y←−π (i)+w′θt∆+w′(k+θtA
i,t
y [k])

)− τt·1[t>γ]
3


+

(3.24)

≤ O(kπ) + 1
w

∑
i∈[n]
t 1

T

∑
k∈[−γ,γ)
∆∈[3T ]

D(X
w′θt∆+i+w′(k+θtA

i,t
x [k])

, Y
w′θt∆+←−π (i+w′(k+θtA

i,t
x [k]))

) +
(
6γ · C ′w′θt − τt

3

)
· 1[t > γ]


+

≤ O(kπ) + 1
wT

∑
i∈[n]
t

∑
k∈[−γ,γ)
∆∈[3T ]

D
(
X
w′θt∆+i+w′(k+θtA

i,t
x [k])

, Y←−π (w′θt∆+i+w′(k+θtA
i,t
x [k]))

)

+ O(C′)
wT

∑
i∈[n]
t

∑
k∈[−γ,γ)
∆∈[3T ]

∣∣←−π (w′θt∆ + i+ w′(k + θtA
i,t
x [k]))− (w′θt∆ +←−π (i+ w′(k + θtA

i,t
x [k])))

∣∣ ,

where the last two inequalities are due to triangle inequality for D and D(Yj , Yj+1) ≤ C ′,

as well as for τ satisfying 6γ ·C ′w′θt ≤ τt
3 , i.e., τ ≥ 18C. To estimate the last term, we note
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that, again since w′θT ≤ w′:

S , 1
wT

∑
i∈[n]
t

∑
k∈[−γ,γ)
∆∈[3T ]

∣∣←−π (w′θt∆ + i+ w′(k + θtA
i,t
x [k]))− (w′θt∆ +←−π (i+ w′(k + θtA

i,t
x [k])))

∣∣
≤ 1

wT

∑
i∈[n]
t

∑
k∈[−γ,γ)
∆∈[3T ]

edjπ(i+ w′(k + θtA
i,t
x [k]), w′θt∆).

≤ 1
wT

∑
∆∈[3T ]

∑
i∈[n],t

3 · edπ(i− w, 3w).

≤ O(logγ n · edπ(1, n))

≤ O(kπ).

Finally, overall we have, using that Ai,tx [k] ∈ [0, T ] and hence we can absorb it into

∆-summation, now over ∆ ∈ [4T ] (the main reason we are using ∆ to start with):

∑
i∈[n]

1
w

∑
c∈Sw

c/τ<w/γ

c · 1[adw,c(Xi, Yπ(i)) > c] ≤ O(C ′kπ) + 1
w′

∑
t

∑
k∈[−γ,γ)
∆∈[4T ]

1
γT

∑
i∈[n]

D(X
i+w′k+

t
γ∆
, Y←−π (i+w′k+

t
γ∆)

)

≤ O(C ′kπ) + 1
w′

∑
t

8
∑
i

D(Xi, Yπ(i))

≤ O(logγ n · C ′kπ)

= O(C ′kπ).

We complete the proof of Lemma 59, combining the bound for “large” distance regime

(Eqn. (3.22), scaled by 1/w), and the above “not large” distance regime, we obtain that:

∑
i∈[n]

1
wadw(Xi,w, Yπ(i),w) ≤ O(C ′kπ) ≤ O(C ′) ·

∑
i∈[n]

1
w′Dw′(Xi,w′ , Yπ(i),w′),

which completes the proof of Lemma 59.

3.8.4 adw,c are metrics

Finally, we prove that adw,c is a metric for each c. Given how we reduce them to

Γ, adw,t, it is enough to prove metricity for the latter two.
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Γ metric. Identity follows by definition. Symmetry follows from the fact that the

graph H is symmetric.

It remains to prove the triangle inequality. Consider three intervals I, J,K. We

want to prove that:

Γ(I,K) ≤ Γ(I, J) + Γ(J,K).

Note that, for the pair (I, J), the optimal path in graph H corresponds to an

alignment AIJ : [−m,m) → [−m,m) ∪ {⊥}. In particular, for each p ∈ [−m,m),

consider the edge which increases p: if it’s the diagonal edge Vp,q → Vp+1,q+1 then

AIJ(p) = q; otherwise AIJ(p) = ⊥. The number of used gap edges is then 2 · |{p :

AIJ(p) = ⊥}|. Hence:

Γ(I, J) = 4w/m
w′

∑
k∈[−m,m)

AIJ (i+
w
m
k)6=⊥

D(Iw′ +
w
m
k, Jw′ +

w
m
· AIJ(k)) + 8 · |{p : AIJ(p) = ⊥}|.

Similarly we can extract AJK . We now define an alignment AIK from I to K as
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AIK(p) = AJK(AIJ(p)) (and ⊥ if either functions has value ⊥). Then we have that:

Γ(I,K) ≤ 4w/m
w′

∑
k∈[−m,m)

AIK(i+
w
m
k)6=⊥

D(Iw′ +
w
m
k,Kw′ +

w
m
· AIK(k)) + 8 · |{p : AIK(p) = ⊥}|+ 2w/γ2

≤ 4w/m
w′

∑
k∈[−m,m)

AIK(i+
w
m
k)6=⊥

D(Iw′ +
w
m
k, Jw′ +

w
m
· AIJ(k)) + 8 · |{p : AIK(p) = ⊥}|

+ 4w/m
w′

∑
k∈[−m,m)

AIK(i+
w
m
k)6=⊥

D(Jw′ +
w
m
· AIJ(k), Kw′ +

w
m
· AIK(k)) + 2w/γ2

≤ 4w/m
w′

∑
k∈[−m,m)
AIJ (k)6=⊥

D(Iw′ +
w
m
k, Jw′ +

w
m
· AIJ(k)) + 8 · |{p : AIJ(p) = ⊥}|+ 2w/γ2

+ 4w/m
w′

∑
k∈[−m,m)

AIK(i+
w
m
k)6=⊥

D(Jw′ +
w
m
· AIJ(k), Kw′ +

w
m
· AJK(AIJ(k))) + 8 · |{p : AJK(p) = ⊥}|

≤ Γ(I, J) + Γ(J,K).

adw,t metric. Identity and Symmetry are trivial (for identity, we use A = (~0,~0) and

for symmetry we switch the coordinates of A).

To show triangle inequality, fix I, J,K ∈ I. We prove that adw,t(I,K) ≤ adw,t(I, J)+

adw,t(J,K). Fix A,A′ which minimize ad∗w,t(I, J), ad∗w,t(J,K). Define A′′ = A + A′

(i.e. A′′x[l] = Ax[l]+A
′
x[l] and A′′y[l] = Ay[l]+A

′
t[l]). Note that if we obtain A′′x[l] ≥ T or

A′′y[l] ≥ T , then we already have that adw,t(I, J) + adw,t(J,K) ≥ w′θT ≥ adw,t(I,K),

and hence we can assume that A′′X [l], A′′y[l] < T below. Last, we use the shorthand

|A|1 = |A[γ]|1, meaning the total number of shifts of A.

In the below, ad∗ = ad∗w,t(I,K):
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ad∗ ≤
∑

l∈[−γ,γ)

1
T

∑
∆∈[3T−|A′′[l]|1]

D(Iw′ + w′(l + θ(∆ +A′′x[l])),Kw′ + w′(l + θ(∆ +A′′y[l]))) + |A′′|1θw′

≤
∑
l

1
T

∑
∆∈[3T−|A′′[l]|1]

(
D(Iw′ + w′(l + θ(∆ +A′′x[l])), Jw′ + w′(l + θ(∆ +A′x[l] +Ay[l])))

+ D(Jw′ + w′(l + θ(∆ +A′x[l] +Ay[l])),Kw′ + w′(l + θ(∆ +A′′y[l])))
)

+ |A′′|1θw′

=
∑
l

1
T

∑
∆∈[3T−|A′′[l]|1]

+A′x[l]

D(Iw′ + w′(l + θ(∆ +A′′x[l]−A′x[l])), Jw′ + w′(l + θ(∆ +Ay[l])))

+ 1
T

∑
∆∈[3T−|A′′[l]|1]

+Ay [l]

D(Jw′ + w′(l + θ(∆ +A′x[l])),Kw′ + w′(l + θ(∆ +A′′y[l]−Ay[l]))) + |A′′|1θw′

≤
∑
l

1
T

∑
∆∈[3T−|A[l]|1]

D(Iw′ + w′(l + θ(∆ +Ax[l])), Jw′ + w′(l + θ(∆ +Ay[l])))

+ 1
T

∑
∆∈[3T−|A′[l]|1]

D(Jw′ + w′(l + θ(∆ +A′x[l])),Kw′ + w′(l + θ(∆ +A′y[l]))) + |A|1θw′ + |A′|1θw′

≤ad∗w,t(I, J) + ad∗w,t(J,K).

where the 2nd step is triangle inequality of (I,D), 3rd step is change of variables,

4th step is triangle inequality of (N2, `1), and last step is by definition. The conclusion

follows from the fact that all ad∗’s are thresholded at the same threshold.

3.9 Fast data structures

In this section, all reals have O(log2 n) of precision (in fixed point representation).

Theorem 61 (Theorem 50, restated). Given a set of numbers a1, . . . an ≥ 0 in a

sparse representation (i.e., as a set S of i’s with ai > 0), there exists a data structure

D supporting the following queries:

• Given some i < j compute
∑j

k=i ak. The query complexity is O(log n).
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• Given some i and ζ > 0, compute j ∈ S, j ≤ i such that
∑i

k=j−1 ak < ζ ≤∑i
k=j ak (or output that none exists). The query complexity is O(log n).

The preprocessing time is O(|S| log n).

Proof. First of all, at preprocessing time, we can compute all the prefix sums σi =∑i
k=1 ak for i ∈ S. Then we build a predecessor data structure [84] on S as well as on

the reals σi for i ∈ S. Then the first type of queries is answered by two predecessor

queries (and taking their difference). The second type of queries is answered by a

single query to the (second) predecessor data structure. The preprocessing and query

runtime follow immediately from standard predecessor data structures.

Theorem 62 (Theorem 49, restated). Given a set of numbers a1, . . . an ≥ 0 in a

sparse representation (i.e., as a set S of i’s with ai > 0) there exists a data structure

D supporting the following queries:

• Sample index i ∈ [n] from the distribution {ai/
∑

j aj}i in time O(log n);

• Given k ≥ 1, produce a set S ⊆ [n] that includes each i with probability

min{kai, 1} independently. The runtime is O((1 + k ·
∑n

i=1 ai) log n) in ex-

pectation.

• Given an interval [s, t] ⊂ [n], and k ≥ 1, produce a set S ⊆ [n] that includes

each i ∈ [s, t] with probability min{kai, 1} independently. The runtime is O((1+

k ·
∑t

i=s ai) log2 n) in expectation.

Furthermore, the preprocessing time is O(|S| · logO(1) n).
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We note that similar data structures were also developed in [58]; we include our

proof below for completeness of the algorithm.

Proof. Let m = |S|. First, note that we can assume wlog that m = n. When

m < n, we pre-process vector b ∈ Rm consisting of the non-zero entries in a in an

increasing order. Then, for the third query type, define the semi-monotone function

Φ : [n + 1] → [m + 1] − 1, which maps each i ∈ [n + 1] to the number of non-zero

entries whose index is strictly smaller than i in a. For that task, we build during

preprocessing a BST to calculate Φ(i) (in additive time Õ(m)), and when queried on

interval [s, t], we use interval [Φ(s)+1,Φ(t+1)] instead (with O(log n) additive query

overhead).

At preprocessing, precompute all partial sums pi =
∑i

j=1 aj for all i ∈ [n]. Let

p0 = 0. Also, assuming n is a power of 2 (otherwise we can pad to nearest power), we

build a balanced binary search tree with each leaf corresponding to an index i ∈ [n].

Each node v of the tree stores the sum of leafs in the subtree, σv. Also, sort all ai in

increasing order (and keep as pairs (i, ai)).

Query of the first type. Pick a random uniform r ∈ [0, 1] (say, to O(log2) bits

of precision) and perform a binary search on r ·
∑

j aj in the set p0, p1, . . . pn. If

pi ≤ r
∑

j aj ≤ pi+1, then output i + 1. Note that the probability that output is i is

precisely ai/
∑

j aj.

Query of the second type. The algorithm works as follows. First, using the sorted

list, find all i’s such that ai ≥ 0.5/k (i.e., the ones that are included with set S with

probability ≥ 1/2). Call this set L. Sample each i ∈ L into set S accordingly (taking

O(|L|) time).
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Start at the root r, generate a integer qr from the Poisson distribution with ex-

pectation 2kσr. Then, we proceed recursively as follows: for a node v with integer qv,

for children with sums σ, σ′, pick random integers q, q′ such that: 1) q + q′ = qv, and

2) assuming that qv is from distribution Poi(2kσv), then q, q′ are independently from

Poi(2kσ),Poi(2kσ′) respectively. Recurse into each child with > 0 integer q. At a leaf

i ∈ [n] \ L, if qi > 0 (and hence qi ≥ 1), then include i into set S with probability

aik
1−e−2aik

. (Indeces in L are ignored here.)

We now briefly argue that the above produces the desired set. First of all note that

the procedure on the tree generates qi from Poi(aik) distribution independently (using

Poission’s distribution property). We note that 1−e−2x

x
= 2−2(2x)/2!+2(2x)2/3!−... ≥

1 for x ≤ 1/2, hence the probability aik
1−e−2aik

is indeed less than 1 for i ∈ [n] \ L. For

such i, we indeed include it into S with probability

Pr[i ∈ S] = Pr[qi ≥ 1] · aik
1−e−2aik

= aik < 1.

We now bound the query time. First, we note that L has size at most 2k ·
∑n

i=1 ai

(since each included i satisfies ai ≥ 1/2k). Second, we note that E[qr] = O(kσr), and

the tree procedure has runtime at most O(log n) factor of the number of leafs with

qi > 0, of which there are exactly qr. Hence runtime is O((1 + k
∑t

i=s ai) log n) in

expectation.

Query of the third type. We augment the data structure D from above as follows.

Recall the dyadic intervals on [n] are intervals of the form [j2i + 1, (j + 1)2i], where

i ∈ {0, . . . log n} and j ∈ {0, . . . n/2i − 1}. For each dyadic interval I = [u, v], we

build a data structure DI on the numbers au, . . . av. For a query interval [s, t], we

decompose [s, t] into O(log n) dyadic intervals, and perform query of the second type
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in each of these.

Theorem 63 (Theorem 51, restated). Suppose we are given an m×n matrix A, where

m ≤ n, given in the sparse form, i.e., as a set S of non-zero entries. Also, suppose

we are given n intervals [si, ti] ⊆ [n] such that both {si}i and {ti}i are non-decreasing.

Given γ > 0, we can find all pairs (i, χ) ∈ [n] × [m] such that
∑ti

k=si
Aχ,k ≥ γ. The

runtime is Õ

(
|S|+ n+

∑
χ,i

∑ti
k=si

Aχ,k

γ

)
.

Proof. Suppose n is a power of 2; otherwise, just pad with zero’s until the closest

power of 2. Recall the dyadic intervals on [n] are intervals of the form [j2i+1, (j+1)2i],

where i ∈ {0, . . . log n} and j ∈ {0, . . . n/2i−1}. We call i to be the level of the dyadic

interval.

First, for each dyadic interval I, we store two lists SI , TI , containing a subset

of (i, si) and (i, ti) respectively, sorted by si’s/ti’s respectively. Specifically, for each

given interval [si, ti], we decompose it into at most 2 log n dyadic intervals I1, I2, . . ..

For each such dyadic interval Ik, we add si to SIk and ti to TIk . Note that this takes

O(n log n) time.

We also store a dictionary data structure (e.g., a BST) storing, for each pair (χ, I),

where χ ∈ [m] and I a dyadic interval, the quantity τχ,I =
∑

k∈I Aχ,k. In particular,

we store only the non-zero τχ,I . We can compute this efficiently as follows: 1) initialize

an empty dictionary; 2) enumerate through all (χ, k) ∈ S and add Aχ,k to all τχ,I

where k ∈ I; 3) if some τχ,I is not yet in the dictionary, create an entry for it first.

Note that the runtime is O(|S| log n).

The rest of the algorithm proceeds as follows. Using the dictionary structure, find

all pairs (χ, I) of χ ∈ [m] and dyadic interval I = [u, v] such that τχ,I ≥ γ
2 logn

. For
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each one of them, using SI , let si ∈ SI be the max si ∈ SI . Similarly, let tj ∈ TI

be the min. For each interval index l such that j ≤ l ≤ i and sl ∈ SI (equivalently

tl ∈ TI), we compute
∑tl

k=sl
Aχ,k (using the dyadic interval sums) in O(log n) time.

We output (l, χ) if the resulting sum is ≥ γ. At the end we remove the duplicate

(l, χ) if multiple copies have been output.

We now argue correctness and runtime. Consider an interval [sl, tl] with mass at

least γ for some χ ∈ [m]. Then it can be decomposed into ≤ 2 log n dyadic intervals,

at least one of which, say I = [u, v], has to have mass γχ,I ≥ γ
2 logn

. Hence, when

we consider the pair (χ, I) where the dyadic interval I = [u, v], we will have that

sl ≤ si ≤ u and v ≤ tj ≤ ti (by the definition of i, j). Hence we will output the pair

(l, χ).

Let’s argue runtime. First of all, the number of pairs (χ, I) with non-zero τ is at

most |S|·log n as each Aχ,i can contribute to O(log n) pairs (χ, I). Hence enumerating

the dictionary takes O(|S| · log n) time. For each pair (χ, I) with τχ,I > 0, and each

interval index l ∈ [n] that we end up checking, we have that
∑tl

k=sl
Aχ,k ≥ γ/2 log n.

Furthermore any such (l, χ) can be considered only O(log n) times (as this is how

many times l appears in the data structures SI , TI over all dyadic intervals I). Hence

the total number of pairs (l, χ) for which we estimate the precise mass is upper

bounded by:

O(log n) ·
∑
χ

∑
l

∑tl
k=sl

Aχ,k

γ/2 logn
.

Hence total time spend in this phase is O(log3 n)
∑
χ,i

∑ti
k=si

Aχ,k

γ
. This completes the

analysis.
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Chapter 4

Longest Increasing Subsequence

Longest Increasing Subsequence (LIS) is a fundamental statistic of a sequence. For

an ordered sequence x1, . . . , xn, the problem is finding the length of the largest sub-

sequence of x1, . . . , xn which is strictly increasing.

In this chapter, we focused on the popular parametrized version of the problem. In

particular, we show that for any n ∈ N and λ = o(1), there exists a (randomized) non-

adaptive algorithm that, given a sequence of length n with LIS ≥ λn, approximates

the LIS up to a factor of 1/λo(1) in no(1)/λ time, proving Theorem 4, which we restate

below:

Theorem 64 (Theorem 4, restated). For n ∈ N, and any λ = o(1), there exists a

(randomized) non-adaptive algorithm that, given a sequence of length n with LIS ≥ λn,

approximates the length of LIS up to a 1/λo(1) factor in O
(

1
λ
· no(1)

)
time with high

probability.

Technical Contributions. Our main technical contributions are three-fold (see

technical overview in Section 4.2):
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• We define (the LIS problem in) a new sub-linear computational model, which we

call Genuine-LIS and which may be of independent interest. In the Genuine-LIS

problem, we are given a sequence y ∈ Nn, with a caveat that only some of the

elements of y are “genuine” and the others are “corrupted”, a property we can

test an element for. The goal is to estimate the length of LIS among the genuine

elements of y, using as few tests as possible, while the values of y are known to

the algorithm “for free”.

• We show how one can efficiently reduce the LIS problem to Genuine-LIS and

vice versa. These reductions together constitute the backbone of our recursive

algorithm.

• To obtain the promised query complexity, we develop a new data structure,

that we call a Precision-Tree. This data structure samples non-adaptively (but

non-uniformly) elements of the input y and preprocesses them for efficient op-

erations on the sampled elements. This part is the only part of the algorithm

that samples the input string — the aforementioned recursive calls of LIS and

Genuine-LIS problems access this data structure only. Furthermore, the data

structure allows one to compute accurate estimations for composition of gen-

eral functions from “coarse” (sub-)estimates — a requirement for our recursive

approach.

While we make progress in understanding the complexity of estimating the LIS,

the following important question remains open:

Open Question ((1 + ε)-approximation). Does there exist an algorithm that, given

a sequence of length n with LIS ≥ λn, estimates the LIS up to a 1 + ε factor in
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O
(

1
λ
· no(1)

)
time with probability 2/3?

We believe that finding an improved approximation algorithm for the Genuine-LIS

problem above may lead to a (1 + ε) approximation algorithm for LIS.

We give a technical overview of our algorithm in Section 4.2, after setting up pre-

liminaries in Section 4.1. Section 4.3 contains the proof of the main theorem, assuming

results proved in subsequent sections. In Section 4.4, we develop the Precision-Trees

data structure that is used to improve the sample and time complexity of the main

algorithm. The guarantees of the two primary subroutines are proved in Section 4.5

and Section 4.6. In Section 4.7, we extend these algorithms in certain ways critical

to our final application.

4.1 Preliminaries

Sequences and intervals. Given a set Ω and n ∈ N, a sequence y = (y1, y2, · · · , yn) ∈

Ωn is an ordered collection of elements in Ω. A block sequence y ∈ Ωn×k is a partially

ordered collection of elements in Ω. Abusing notation, we will also allow for some

elements in a block to be “null” — for example, we write y ∈ Nn×k to also mean

y ∈ {N,⊥}n×k, where ⊥ is “null”.

For ` ∈ [n], we say that z = (z1, · · · , z`) is a subsequence of y of length `, and

denote it by {yij}j, if there exist integers 1 ≤ i1 < i2 < · · · < i` ≤ n such that zj = yij

for all j ∈ [`]. We refer to the indices ij as coordinates and the values yij as element

values. For a block sequence y, we say that z = (z1, · · · , z`) is a subsequence of y of

length `, and denote it by {ywj}j, if there exist integers 1 ≤ i1 < i2 < · · · < i` ≤ n

such that zj ∈ yij ,∗ for all j ∈ [`].
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Define the interval space I , {[a, b] | a, b ∈ N, a ≤ b} ∪ {[a, b) | a ∈ N, b ∈

[1,∞], a < b}. For I ∈ I, we use |I| to denote |I ∩ N|, i.e., the number of natural

numbers contained in interval I. We often refer to an x-interval X ∈ I ∩ 2[n] as an

interval of coordinates, and a y-interval Y ∈ I as an interval of element values.

For a block sequence y ∈ Nn×k and a y-interval Y ∈ I, we write y ∩ Y to denote

the multi-set of elements in y that are also in Y . Also, for X ⊆ [n], y(X) is the

sequence with first coordinates restricted to X. We also define y(X, Y ) := y(X)∩ Y .

Monotonicity. We define monotone sets as follows:

Definition 65 (Monotone sets). Fix a (potentially partial) ordered set (Ω, <). We

say that a set P ⊆ N × Ω is monotone if for all (i, u), (j, v) ∈ P × P , we have (i)

i = j ⇔ u = v; and (ii) i < j ⇔ u < v.

Note that this definition captures the notion of an increasing subsequence. In

particular, for the standard notion of an increasing subsequence over natural numbers,

we take Ω = N and < as the usual “less than” relation over N (a total order). However,

we will need this more general definition to consider increasing subsequences over

other partially ordered sets, like the space of intervals I.

For a finite set P ⊂ N × Ω, a longest increasing subsequence (LIS) of P is a

monotone set Q ⊂ P of maximum cardinality. We often use OPT to refer to a

particular LIS, and use |OPT| to denote its length.

Distributions. For p ∈ [0, 1], we use Ber(p) to denote the Bernoulli distribution

with success probability p, and Bin(n, p) to denote the binomial distribution with

parameters n and p. By convention, we project p to the range [0, 1] whenever p > 1

or p < 0.
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We use “i.i.d. random variables” to mean that a collection of random variables is

independent and identically distributed, and use “sub-sampling i.i.d. with probability

p” to mean that each element is sampled independently with equal probability p.

Operations on Vectors, Sets, Functions. For a set A ⊂ R and a number α, we

define A + α := {a + α : a ∈ A} and αA := {α a : a ∈ A}. We write log to denote

binary logarithm.

The notation ◦ is used for function composition (i.e., g ◦ f(x) = g(f(x)), and ⊕

is used for direct sum. We use the notation ∗ as argument of a function, by which

we mean a vector of all possible entries. For example, f(∗) is a vector of f(i) for i

ranging over the domain of f (usually clear from the context).

We use Eb(k) for b, k ∈ N ∪ {∞} to denote the set of powers of b bounded by k,

i.e., Eb(k) , {bi | i ∈ N} ∩ [1, k]. We also define Eb , Eb(∞). We use R+ to denote

the set of non-negative real numbers.

Approximations. Our constructions generate approximations which contain both

multiplicative and additive terms. We use the following definition:

Definition 66 ((α, β)-Approximation). For α ≥ 1 and β > 0, an (α, β)-approximation

q̂ of a quantity q is an α-multiplicative and β additive estimation of q, i.e., q̂ ∈

[q/α− β, q].

The following fact shows that to obtain a multiplicative approximation which is

a function of the LIS, it suffices to show (α, β)-approximation.

Fact 67. Suppose we have an algorithm A that for any n ∈ N, λ ∈ (0, 1), for some

q ∈ (0, 1), outputs a (1/λq, λn)-approximation for some unknown quantity ` ∈ [0, n]
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in time t. Then there exists an algorithm that outputs ̂̀∈ [Ω(δp), 1]·` in time t+O(1),

where p , q
1−q , as long as ` ≥ 2δn.

Proof. The algorithm calls A with parameter λ = δ1+p, and returns the same output.

Then, the upper bound is immediate by definition of (α, β)-approximation. For the

lower bound, as long as ` ≥ 2δn, we have that:

̂̀≥ δq(1+p) · `− δ1+p · n ≥ δp · `− 1
2
δp · ` ≥ 1

2
δp` (q = p/(1 + p))

Other notation. Notation Õ(·) hides polylog(n) factors, while O∗(·) hides a factor

of no(1).

4.2 Technical overview

Our starting point is the algorithm of [185] which achieves O(1/λ3) approximation in

time Õ(
√
n/λ7). Let OPT be (the coordinates of) an optimum solution (LIS) with

length |OPT| ≥ λn. Their algorithm consists of 2 main steps:

1. Partition [n] into
√
n disjoint contiguous x-intervals X1, X2, . . . , X√n of length

√
n each. For i ∈ [

√
n], let y(Xi) be the restriction of the input sequence y to

x-interval Xi. The goal is to approximate the y-interval Yi , [si, `i], where si

and `i are, respectively, the minimum and maximum values in y(Xi∩OPT). To

do this, one samples O(1/λ) elements in Xi, and generates O(1/λ2) candidate

y-intervals (using pairs of sampled element values).

2. Generate a set of mutually disjoint pseudo-solutions, each of which is a sequence

of Ω(λ
√
n) candidate y-intervals that are monotone, i.e., all values in a candidate
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interval in x-interval Xi are less than all values in a candidate interval in x-

interval Xj for all i < j. Estimate the quality of each pseudo-solution (the

sum of LIS of the candidate intervals in it) by simply sampling O(logO(1) n/λ4)

x-intervals and computing the LIS within relevant candidate intervals. Output

the largest quality.

Their analysis proceeds as follows. For each x-interval Xi, some candidate y-

interval is a good approximation of the interval Yi w.h.p., so the union of the LIS in

all pseudo-solutions covers a large fraction of OPT. Since there are O(1/λ3) pseudo-

solutions, the output is a O(1/λ3)-approximation of OPT. The runtime of Õ(
√
n/λ7)

is dominated by the time required to evaluate the quality of pseudo-solutions to

sufficient accuracy. One can also apply this technique recursively to improve the

runtime, at the cost of worse approximation.

In [161], this result is improved by giving an algorithm for LIS with approxima-

tion factor O(1/λε) and runtime O(n1−Ω(ε) · (log n/λ)1/ε) for any constant ε > 0. The

polynomial dependence on 1/λ seems essential since the algorithm in [185] is used as

a sub-routine. In [172], a non-adaptive algorithm is presented with sample complex-

ity Õ(
√
r/λ2) and approximation O(1/λ), where r is the number of distinct values.

Again, the polynomial dependence of the sample complexity on r and 1/λ seems

intrinsic.

There are several fundamental obstacles in improving these bounds, and in partic-

ular, getting the runtime down all the way to 1/λ while improving the approximation.

One such obstacle is that the straight-forward approach (as in prior work) of inde-

pendent recursions cannot obtain better than 1/λ2 run-time in the worst-case. The
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issue is that even if one is able to isolate all possible y-interval ranges efficiently, there

must still be at least 1/λ such ranges (optimally), and recusing of each such y-interval

without knowing a priori which coordinates contain the relevant y-values would re-

quire 1/λ samples just to find a single sample of relevance in each (sub-)instance (i.e.

for each y-interval). We will return to this obstacle later and show how we improve

the amortized complexity for it.

4.2.1 Our approach

Similarly to [185], we generate candidate y-intervals based on random samples, and

generally look for increasing sequences of intervals, each with a large local LIS. Beyond

this general similarity, our algorithm develops a few new ideas, in particular in how

we work with these candidate intervals, and especially how we find LIS’s among these

candidate intervals. In particular, our contribution can be seen through three main

components.

First, we introduce a new problem, termed Genuine-LIS, which captures the prob-

lem of estimating the longest (sub-)sequence of increasing intervals, each with a large

“local LIS”. This problem is a new model for sublinear-time algorithms, which has

not appeared in prior literature to the best of our knowledge.

The Genuine-LIS problem is defined as follows. The input is a sequence g where

each element is associated with an additional flag signifying whether it is genuine or

not, i.e., g ∈ (N × {0, 1})n. One receives unrestricted access to the elements (i.e.,

the first coordinates) which is denoted by g(∗)1 ∈ Nn. However, one must “pay”

to test whether an element is genuine; this is determined by the second coordinates

g(∗)2 ∈ {0, 1}n, referred to as genuineness flags. The goal is to compute the length
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of the longest increasing subsequence of g(∗)1 restricted to genuine elements, i.e., of

g((g(∗)2)−1(1))1, using as few tests for genuineness as possible.

Second, we show how to efficiently reduce the LIS problem to a (smaller) instance

of the Genuine-LIS problem, where the “genuineness” flag of an element corresponds

to LIS of an x-interval being large enough. In particular, this is where we generate the

aforementioned candidate y-invervals. The algorithm reduces the problem to finding

a (global) LIS amongst a set of candidate intervals, each with a large (local) LIS. We

solve this via a composition of 2 sub-problems: the Genuine-LIS problem takes care

of the “global LIS” of candidate-intervals, while the standard LIS problem recursively

estimates the “local LIS” (these ideas and terms will be made precise later). The main

challenge here is to generate candidate intervals in a succinct manner: we manage

to reduce the number of sampled anchor needed to ≈ 1/λ, as well as limiting the

number of candidate intervals to be near-linear in the number of sampled points.

Third, to optimize the sampling of the string, we use a novel sampling scheme

endowed with a data structure, termed Precision-Tree. At preprocessing, the struc-

ture samples a number of positions in the input string (non-adaptively), which are

not uniform but rather correspond to a tree with non-uniform leaf levels (hence the

name). We then build a global data structure on these samples for efficient access.

In particular, we develop a tree decomposition procedure (to be discussed later), and

repeatedly use sub-trees across different sub-instances we generate, improving the

overall sample complexity. We highlight the fact that we reuse both the samples (and

hence randomness) across different (sub-)instances for both of the LIS and Genuine-

LIS problems. In addition, the Precision-Tree data structure provides a quick way to

narrow down on all samples in some x-interval whose value is in given y-interval Y .
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Before continuing this overview, we formally define a slightly generalized version

of the LIS problem, termed Block-LIS, as well as the aforementioned Genuine-LIS

problem. Following that, we provide an overview of the algorithms to solve these two

problems. The high-level flow of our algorithm is described in Figure 4.

Figure 4: High level flow of the main algorithm (Theorem 64). Each arrow represents

one or more calls to the corresponding algorithm.

The Block-LIS problem. This problem extends standard LIS problem in two ways.

First, the main input is a sequence of n blocks, each containing (at most) k elements,

and at most one element in each block may participate in a sequence. Second, we are

also given a range of values Y ∈ I, such that each element of a subsequence must be

in Y .

Formally, we define the Block-LIS as follows: given a sequence y ∈ Nn×k and

a range of values Y ∈ I, compute the length of a maximal sub-sequence OPT ⊆

[n] × [k], such that {(w1, yw)}w∈OPT is monotone and {yw}w∈OPT ⊆ Y . Sometimes,
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we also restrict the set of blocks to an interval X ⊆ [n], and define the quantity

Block-LIS(y,X, Y ) as the longest increasing subsequence of y ∈ NX×[k] using elements

in Y .

The standard LIS problem can be seen as the Block-LIS problem with k = 1 and

Y = N — which is how we instantiate the original input sequence y ∈ Nn in our

Block-LIS algorithm. The main advantage of this generalization appears when the

sequence is sparse in Y . Then, we show the multiplicative approximation factor

for Block-LIS is not only a function of the additive error λn, but also of the total

number of elements of y in range Y (i.e., |y(X, Y )|). In particular, we show that this

approximation is a function of λn
|y(X,Y )| .

While the generalization to blocks is not a core necessity of the algorithm (in

fact, one can consider the values in each block in descending manner, yielding an

equivalent problem with no blocks required), its main use comes from our need to

instantiate several overlapping instances using the same Precision-Tree data structure

(to be discussed later).

Finally, we note that we similarly generalize the Genuine-LIS to work over blocks:

input g ∈ (N × {0, 1})n×k and the LIS is allowed to use only one (genuine) element

per block.

4.2.2 Main algorithm

The main algorithm for estimating the LIS is merely the following (see Algorithm 11):

1. Preprocess Precision-Tree T = Tδ(y) of the input sequence with parameter

δ , λ/no(1) (the exact o(1) parameter will be made precise later).
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2. Run the Block-LIS algorithm that has access only to the data structure T . (we

note that this algorithm itself recursively runs the algorithms for Genuine-LIS

and Block-LIS.)

4.2.3 Genuine-LIS problem: overview of the algorithm Esti-

mateGenuineLIS

Recall that in the Genuine-LIS problem with input g ∈ (N × {0, 1})n, one receives

unrestricted access to the elements (i.e., the first coordinates), but must “pay” to

test whether an element is genuine (determined by the second coordinates). The goal

is to compute the length of the longest increasing subsequence of g(∗)1 restricted to

genuine elements.

We derive two complementary solutions to the Genuine-LIS problem: one “di-

rect” (without further recursion), and the other by reducing the problem to standard

sublinear-time LIS estimation. To highlight our novel contribution, we contrast it

with the framework of [185], that implicitly gives a solution to the Genuine-LIS prob-

lem, albeit with sub-optimal approximation. In particular, the following algorithm

for Genuine-LIS is analogous to the algorithm in [185] based on generating pseudo-

solutions (maximal sequences of candidate intervals).

1. Using the first coordinates only, look for a maximal increasing subsequence P1

containing ' λn elements and remove P1 from the sequence.

2. Repeat step (1) until there are no more sequences of length ' λn. This generates

(disjoint) solutions P1, . . . , Pt for some t / 1/λ.

3. Sub-sample ≈ 1/λ elements from the union P = ∪i∈tPi and check if each one is
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genuine. Let κ be the number of Genuine elements in this sampled set.

4. Output λ2n · κ.

It is easy to see that this algorithm yields, with constant probability, a (2/λ, λ2n)-

approximation with approximately 1/λ tests for genuineness. First, if the Genuine-LIS

is at most 2λn, then the output (being greater than 0) is already a (2/λ, λ2n)-

approximation, as

Genuine-LIS
2/λ

− λ2n ≤ 2λn
2/λ
− λ2n = 0 ≤ Genuine-LIS.

Otherwise, P contains most of the Genuine-LIS elements, and since t / 1/λ, the

Genuine-LIS is at least λ/2 times the number of genuine elements in P .

Thus, by the sampling mechanism above, we can estimate the proportion of gen-

uine elements to sufficient accuracy with constant probability. Observe that the

approximation is in fact proportional to 1/λκ, and that the worst approximation

happens when P is “sparse”, i.e., when only approximately λn elements in P are

genuine. For such a sparse case, however, one can instantiate the Genuine-LIS algo-

rithm as a Block-LIS one, restricted to the genuine elements. In fact, this “sparse”

case is precisely where the approximation factor is minimal, i.e., λn
|y| = 1 where y is

the genuine-elements-only subsequence. Our improved approximation stems, in part,

from balancing between the dense and sparse cases as above.

Speeding up LIS extraction using dynamic LIS. The Genuine-LIS instances

we generate are of size / 1/λ, and our goal is to obtain overall run-time that is

near-linear in 1/λ as well. The standard, dynamic-programming solution for finding

and extracting the optimal LIS each time for step (1) above can potentially incur
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an overhead that is quadratic in the instance size (each LIS extraction would take

linear time, and we need to greedily extract up to a near-linear number of solutions),

leading to a polynomially-worse time. To ensure near-linear time, we adopt a fast

dynamic LIS data structure from [101], and use it to iteratively extract near-maximal

pseudo-solutions.

Extensions to the Genuine-LIS algorithm. Our complete algorithm needs two

further extensions to the algorithm for the Genuine-LIS problem, as follows.

• Sparse (unbalanced) instances: some Genuine-LIS instances we generate are

sparse, with many “null” elements, i.e., some blocks have less than k elements

(note that a “null” element is different from a “non-genuine” one, in that it

does not need to be tested). When the instance g consists of m� nk non-null

elements, we would like the approximation and runtime bounds to be a function

of m/n (average block size) instead of k (maximum block size). To obtain the

improved bound, we partition the blocks based on an exponential discretization

of the number of non-null elements, and output the maximum over all instances,

where each instance consists only of blocks containing a similar number of non-

null elements.

• Genuine-LIS over intervals: the first coordinates of the Genuine-LIS instances we

generate apriori consist of intervals rather than integers. The challenge is that

we then need to find LIS over the partial order of intervals I. To exemplify

the challenge, the dynamic LIS data-structures from [160; 101; 138] which are

useful in speeding up our algorithm, cannot immediately handle partial order

sequences. Our ideal solution involves a mapping ϕ : I → N that approximately
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preserves the overall LIS over all subsequences, and therefore also preserves

the overall LIS over the genuine elements. While we are unable to show a

single mapping that works for all intervals, we partition the space of intervals

into log(k/λ) sets I` — intervals in I whose length is in [`, 2`) — based on

an exponential discretization of the interval length `, and provide a mapping

ϕ` : I` → N for each set of intervals I`. We eventually output the maximal

Genuine-LIS result over all such maps. This costs us merely another log(k/λ)-

factor approximation, and a small additive error.

The formal statement for the algorithm to solve Genuine-LIS, named Estimate-

GenuineLIS, is presented in Section 4.3, and its description and analysis are in

Section 4.5. The pseudo-code is presented in Algorithm 15. The Genuine-LIS exten-

sions are presented and analyzed in Section 4.7.

4.2.4 Block-LIS problem: overview of the algorithm Esti-

mateBlockLIS

For the problem Block-LIS(y,X, Y ), we develop the algorithm EstimateBlockLIS.

Fundamentally, we reduce the instance to a Genuine-LIS instance, where each gen-

uineness flag is set to 1 if and only if the LIS of a certain (smaller) sequence (which

is itself a Block-LIS problem) is large enough.

Our reduction starts by partitioning X into consecutive intervals X1, . . . , Xτ of

equal length, where τ is a dynamic, carefully chosen branching factor, and is usually

sub-polynomial in the instance size (here think τ = nε). Next, we sample approxi-

mately τ/λ blocks (wj, ywj) (termed anchors), and use all the elements in Y across
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all the anchors to generate sets of values Si ⊆ Y for each corresponding Xi.

Using each set of y-values Si, we construct candidate intervals Yi. While this

part is similar to the construction from [185], we note that we need a more efficient

construction to obtain the near-optimal sample complexity. In particular, we require

the number of candidate intervals to be near-linear in |Si|, and hence we construct

a small candidate interval set |Yi| ≈ |Si|, while still ensuring that this set covers

all “relevant options” with only an extra logarithmic factor loss in approximation.

In particular, instead of looking for all possible pairs of endpoints, we choose the

endpoints in dyadic fashion (in particular, their distance in the set S must be a

power of 2.

Finally, we reduce the Block-LIS problem to a Genuine-LIS instance over τ blocks,

where each block i contains all the candidates intevals Yi — this Genuine-LIS instance

thus captures “global” LIS (over the candidate intervals). The first coordinates of

the Genuine-LIS instance are the candidate intervals Yi themselves, while the second

coordinates (i.e., the genuineness flags) indicate whether the corresponding “local”

Block-LIS(y,Xi, Y
′) estimated values are above a certain threshold κ, for each Y ′ ∈ Yi.

This threshold κ itself depends on a parameter ρ > 1, which characterizes the re-

lation between the “global” Genuine-LIS instance and the “local” Block-LIS instances.

Intuitively, ρ is such that (roughly) 1/ρ fraction of the Xi intervals each have a λρ

fraction of them participating in the LIS. Consider two extreme cases, one where the

LIS is uniformly distributed among all Xi (ρ = 1), and one where the LIS is maximally

concentrated among a small subset of the x-intervals (ρ = 1/λ). Then, it is more

difficult to certify an increasing subsequence in the latter case, when the LIS is sparse.

But in this case testing the genuineness of a local LIS (inside a block Xi) is much
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easier, since we only need to establish that it is Ω(|Xi|). In general, there is a precise

trade-off between the complexity of certifying the global LIS versus the complexity of

certifying the local Block-LIS. A priori, we do not know ρ, so we simply iterate over

all possible magnitudes (again, by exponential discretization).

Once we formulate the overall Block-LIS problem as a composition of a “global”

Genuine-LIS over multiple “local” Block-LIS instances, we decompose the problem

through a procedure called Precision-Tree decomposition which will be described next.

The formal statement for the EstimateBlockLIS algorithm is presented in Sec-

tion 4.3, and the algorithm description and analysis are in Section 4.6. The pseudo-

code (including sub-routines) are presented in Algorithms 16 to 18.

4.2.5 Precision-Tree data structure

We note that a direct instantiation of the above algorithm yields the right approxi-

mation, but will require at least ≈ 1/λ2 queries into the input string y (and hence

run-time), and, moreover, require the algorithm to be adaptive. The source of this in-

efficiency is precisely the “small slopes” obstacle discussed earlier, which would lead

to “wasting samples” in any näıve rejection sampling mechanism. To improve the

complexity, and to allow our sampling algorithm to be non-adaptive, we introduce

the Precision-Trees data structure (Section 4.4). While based on the precision sam-

pling tool introduced in [21; 22], the main development here is that we augment the

resulting tree for special operations described henceforth.

Intuitively, the Precision-Tree data structure can be thought of as a global data

structure holding enough information for simulating random samples for multiple

non-uniform (sub-)instances, specifically ones arising from recursion. In particular,
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the data structure is an (incomplete) tree, where (lowest-level) leafs correspond to

samples of some input e ∈ En. The initial tree is defined over the input string (i.e.,

E = N), but we also construct Precision-Trees over other domains En as described

later. The initial tree for the string y ∈ Nn is constructed at random (using precision

sampling), and this is the only time when we access the string y (in the entire LIS

algorithm). Overall, the Precision-Tree data-structure (the initial one as well as the

other trees we generate) supports several important properties we need:

• Since our algorithm is recursive (composition of Genuine-LIS and Block-LIS algo-

rithms), we need to provide samples for potentially very small parts of y (that

depend on what was sampled earlier in the recursion). In other words, we need

to be able to “zoom into” different location of the input string with the right

precision.

Our precision tree is build such that any sub-tree under any “sampled” node,

is another Precision-Tree instantiation with a different (random) parameter.

• In contrast to the original precision sampling tool that was designed for the

simple addition function, our application at hand requires more complicated

functions (indeed, the sub-linear Block-LIS and Genuine-LIS algorithms).

We show how we can decompose the tree into a number of different sub-trees (as

mentioned, each sub-tree by itself is a precision tree), run algorithms on each

sub-tree as well as a final algorithm, recomposing the results using another

algorithm (and another sub-tree, this time over a new domain resulting from

the sub-trees computation)

• Another crucial challenge to deal with is the following: as the recursion proceeds,
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we may be “zooming in” on the same part of y multiple times, but focusing

on different y-range intervals Y . Näıvely, one would use rejection sampling

here (rejecting samples with value not in Y ), which however would yield a

polynomially worse sample complexity. In addition, our recursion happens not

only down the tree (i.e., on sub-trees) but also on the top portion of the tree

(reminiscent of the van Emde Boas layout).

The precision tree allows us to reuse the randomness over independent recursive

calls into the same x-intervals, each focusing on a different y-value ranges. In

particular, for such an x-interval we will have processed the samples to directly

report samples with values in a desired y-interval Y (this is essentially a 2D

range reporting). In addition, the randomness is reused when computing the

global function on the top portion of the tree as described above.

4.2.5.1 Construction of the Precision-Tree data structure

We now describe the construction in a bit more detail. Original precision sampling

from [21; 22] is designed to estimate a summation function a =
∑n

i=1 ai, for unknown

ai ∈ [0, 1], from “coarse” estimates for ai. In our application, we need to generalize

precision sampling from a simple addition to general functions, allowing one to ap-

proximate g ◦ f where g is a general function over m coordinates and f = (f1, . . . , fn)

consists of n independent functions on different parts of the input, sharing the same

co-domain.

We define Precision-Tree with precision parameter λ < 1, for a given a vector of

elements e = (e1, . . . , en) ∈ En, denoted Tλ(e), as follows. The tree T is a trimmed

version of the full β-ary tree of ` = logβ n + 1 levels, with n = β` leafs, where
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parameter β > 1 is fixed; in particular, all nodes of T have fan-out of either β or 0.

Each leaf at level ` 1 is associated with an integer representing its location in the tree.

Each internal node v is associated with an interval representing the unions of its leaf

descendants (in the full tree); for example, the root of T is associated with the entire

interval [1, n], and its children with [1, n/β], [n/β + 1, 2n/β], etc). For a node v in

the tree, we use Ev or E(v) to denote the set of elements under v.

Given e ∈ En, λ, and β, we construct the trimmed Precision-Tree Tλ(e) as follows.

We assign a (random) precision score Pv to each node v by the following recursive

procedure. We set Proot(T ) = λ. Recursively we define the precision score of a node v

by

Pv = Zv · Pparent(v) where Zv ∼i.i.d. Uniform({1, 2, 3, . . . , β/4}) . (4.1)

Most importantly, for a node v, we recurse into its children only if Pv ≤ 1;

otherwise we stop the recursion for v with Pv > 1 (v has 0 children). If v is a leaf

(at level `), v also stores the input element corresponding the location of v (i.e., an

element of e) — note that this event corresponds to sampling an element of the input

string. In other words, we store only a “trimmed” version of a full β-ary tree.

Initially, we generate one such tree T1/c(y) for the input string y ∈ Nn, for some

c = c(n, λ) ≥ 1, which we refer to as “precision tree complexity”. One can prove

that the sample complexity (into y) is bounded by c · logO(logβ n)(β) (see Lemma 71).

Overall, our entire sampling mechanism is merely a simple, one-round non-adaptive

precision-sampling tree over the coordinates of y, which we store in a data structure

1By convention, the level of the root is 0.
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T 2 of size O∗(1/λ) with convenient fast access.3 After such preprocessing, the rest of

the algorithm has no access to y, but only to T .

Most importantly, using this single tree T1/c(y), we will simulate Precision-Tree

access for different trees over different inputs and parameters in our algorithms using

a certain procedure which we call the Trim-Tree algorithm (see Algorithm 12).

We also preprocess the samples stored in T so that we can quickly retrieve all

samples in some x-interval X ⊆ [n] and some y-interval Y through an ancillary data-

structure which we call SODS. The SODS is used for a “rejection sampling”-type

operations where we need a number of samples from a substring of input y (or later

on for some intervals of blocks), but care only about values in a certain range Y .

4.3 Main algorithm for estimating LIS

Our main algorithm is composed of two algorithms, for solving Block-LIS and Genuine-LIS.

These algorithms recursively call each other, with access to a Precision-Tree data

structure. This data structure queries the input sequence at the beginning (non-

adaptively and non-uniformly), and our algorithms access the sequence only via this

data structure. We describe the details of Precision-Tree in Section 4.4, and for now

refer to it as a tree Tλ(y) for some parameter λ < 1 and an input string y.

We now state the main guarantees of the two algorithms; their proof will appear

in later sections. We then show how these two algorithms yield our main algorithm

for estimating LIS. Below, for an instance g ∈ (N × {0, 1})n×k, let g restricted to

2We abuse notation and use T to denote both the conceptual Precision-Tree and the data structure

implementing it.

3The notation O∗(·) hides a no(1) factor.
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first/second coordinate be g(∗)1 ∈ Nn×k and g(∗)2 ∈ {0, 1}n×k respectively.

Theorem 68 (EstimateGenuineLIS algorithm; Section 4.5). Fix integers n, k and

λ ∈ (1/n, 1). Fix an instance g ∈ (N × {0, 1})n×k. For some monotone func-

tions as : R3
+ → [1,∞) and cs : R4

+ → [1,∞). Suppose there exists a randomized

algorithm ABL that, given X ⊆ [n], Y ⊆ N, parameter τs, and a Precision-Tree

T
1/cs

(
|X|,τs,λ,

λ·|X|
|y(X,Y )|

)(y) for some y ∈ Nn×k, can produce an (αs, λ|X|)-approximation

for Block-LIS(y,X, Y ) where αs = as

(
|X|, τs, λ·|X|

|y(X,Y )|

)
w.h.p. in time ts.

Fix any parameter γ, τ ≥ 1, and let c ≥ Õ(1/λ) + cs (n, τ, λ, γλ/k). Then, there

exists an algorithm A, that, given free access to g(∗)1 and Precision-Tree access to

g(∗)2, T1/c(g(∗)2), produces a (αg, λn)-approximation for Genuine-LIS(g) w.h.p., where

αg = log(k/λ) ·max{γ, as(n, τ, γλ/k)}. The algorithm A runs in time Õ(nk) +O(ts).

Theorem 69 (EstimateBlockLIS algorithm; Section 4.6). Fix monotone func-

tions ts, ag : R2
+ → [1,∞), as, cg : R3

+ → [1,∞) and cs : R4
+ → [1,∞), satisfying, for

all r, τ ∈ Eβ, m ∈ N, λ < 1, λ1, λ2 ∈ [λ, 1], and k′ ∈ [1, 1/λ] with λ1λ2 = Ω(λk′):

• as
(
r, τ, λ

m

)
≥ polylog

(
k
λ

)
· ag
(
τ, λ2

k′

)
· as
(
r
τ
, τ, λ1

m

)
;

• cs
(
r, τ, λ, λ

m

)
≥ βO(1) · τ

λ
+ cg(τ, λ2, k

′) · cs
(
r
τ
, τ,Θ(λ1/k

′), λ1

m

)
; and,

• ts (r, τ) ≥ logO(logβ(τ))(β) · ts
(
r
τ
, τ
)
.

Suppose there exists and algorithm AGL with the following guarantee: given Genuine-LIS

instance g ∈ (N × {0, 1})ng×kg with β-ary Precision-Tree T1/cg(ng ,λg ,kg)(g(∗)2) access,

AGL outputs
(
ag

(
ng,

λg
kg

)
, λgng

)
-approximation to Genuine-LIS(g) in time Õ(ng · kg)

w.h.p.
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Now fix input y ∈ Nn×k, a block interval X ⊆ [n], value range interval Y ⊆ N,

parameters λ ∈ (0, 1), β ∈ N, τ ∈ Eβ. Then, given a β-ary Precision-Tree T1/c(y),

we can produce a (α, λ|X|)-approximation for Block-LIS(y,X, Y ) w.h.p., as long as

α ≥ as

(
|X|, τ, λ|X|

|y(X,Y )|

)
and c ≥ cs

(
|X|, τ, λ, λ|X|

|y(X,Y )|

)
.

The algorithm’s expected run-time is at most c · ts(|X|, τ) · |y(X,Y )|
|X| .

The proofs are deferred to Section 4.5 and Section 4.6. Combining the two algo-

rithms from above, we obtain the following theorem.

Theorem 70. Fix any λ = o(1) and ε < 1. There exists a randomized non-adaptive

algorithm that solves the LIS problem with (α, λn)-approximation, where α = (1/λ)
√
ε ·

(log 1/λ)2O(log2(1/ε)/
√
ε)

using 1
λ
· nO(

√
ε log 1/ε) time (and hence samples from the input).

The algorithm for Theorem 95 (see Algorithm 11) follows the outline from Fig-

ure 4. In particular, we first build a β-ary precision tree T1/c for β = Θ(log n), and

c = cs(n, n
ε, λ, λ) = 1

λ
· nO(

√
ε log 1/ε). We then apply the algorithm of Theorem 69 by

interpreting the string as a Block-LIS instance with k = 1. The proof follows from

recursive implementation of Theorems 68 and 69 with carefully chosen parameters.

Most importantly τ and γ are carefully chosen, as a function of the other param-

eters, to balance approximation and complexity. Informally, we pick τ ≈ |X|ε in

each Block-LIS instance, and γ ≈ (k/λ)
√
ε for a recursion of depth ≈ 1/

√
ε, then

we stop and use the dense estimator only by setting γ to be maximal. The formal

proof involves tedious calculations, and is deferred to Section 4.8. We now complete

Theorem 64, by instantiating the LIS problem with the parameters above set suitably.
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Algorithm 11 EstimateLISMain

. Input: A sequence y ∈ Nn, error parameter λ ∈ (1/n, 1), and ε < 1.

. Output: An integer L̂ ∈ [0, LIS(y)].

T ← PreprocessPrecisionTree(y, λ · n−ε, β), where β ← Θ(log n).

return L̂← EstimateBlockLIS(T, nε, λ).

Figure 5: Description of the algorithm EstimateLISMain.

Proof of Theorem 64. Let y ∈ Nn be an input of the LIS problem. We solve the

problem using the algorithm of Theorem 95 with inputs y, λ, and ε = 1/ log log 1/λ,

noting that α = λo(1) and runtime complexity is 1
λ
nO(1/ 3

√
log log 1/λ) = 1

λ
no(1). Finally,

we invoke Fact 67 with q = o(1) to obtain the claimed approximation (as q = o(1),

p = q/(1− q) = o(1)).

4.4 Precision-Trees data structure

In this section we discuss the Precision-Trees data structure used to improve our

bounds, and the properties of this data structure.

The basic construction of the β-ary tree Tλ(e) was introduced in Section 4.2.5.1.

Before proceeding, we establish the sample complexity of the Precision-Tree.

Lemma 71 (Sample complexity). The expected number of coordinates in [n] that are

sampled is logO(logβ n)(β)/λ.

Proof. Let sv = 1/Pv. Since we only sample leaves with sv ≥ 1, then the total

sampled leaves is at most
∑

v∈Vlogβ(n)
sv.
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Now, since Zv are chosen i.i.d. uniformly in {1, . . . ,Ω(β)}, then we deduce the

recursive relation:

E[sv] ≤ E
[

1
Pv

]
= O(log β)

β
· E
[

1
Pparent(v)

]
(4.2)

Let τ` ,
∑

v∈V` sv. Then τ0 = 1/λ, and for level `, summing and using Equa-

tion (4.2), we obtain

E [τ`] = E

[∑
v∈V`

sv

]
≤ β·E

 ∑
v∈V`−1

O(log β)
β
· sv

 ≤ O(log β) E

 ∑
v∈V`−1

sv

 = O(log β)τ`−1.

Then τ` ≤ O(log β)`/λ, and we conclude E
[∑

v∈Vlogβ(n)
sv

]
= O(log(β))logβ n/λ as

needed.

4.4.1 Tree sampling data structure

We equip each Precision-Tree with a Sampling Oracle Data Structure (denoted SODS)

that should be seen as a data structure wrapper with access to Precision-Tree, allowing

efficient sampling of leaves.

First, we show one can simulate uniform samples of elements given a Precision-

Tree access.

Lemma 72 (Simulating Random Samples). Fix δ ≤ 1 and Precision-Tree T =

Tδ(e1, . . . , en), as well as arbitrary δ′ ≥ δ, with 1/δ′ ∈ N. Using access to T only,

we can generate a set of elements S ⊆ {e1, . . . , en} such that the distribution of S

is identical to the distribution where each ei is included i.i.d. with probability 1/δ′n.

The runtime to generate S is O((log β)logβ n/δ).
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We remark that, while two subsequent invocations of the above lemma may give

different sets S, S ′, each with the above distribution, they are dependent between

each other.

Proof. The main task here is to show independence, i.e., that we can choose a set of

i.i.d. samples by reusing the randomness of the Precision-Tree. We prove by induction

on the tree height, starting with single node trees, that for any node with Pv ≤ 1, for

any δ′ ≥ Pv we can generate a subset of the leaves where each leaf is included with

probability at least 1/δ′nv, where nv to be the number of leaves in the subtree rooted

at v.

For leaves, if Pv ≤ 1, the node is included in the Precision-Tree, and we can

subsample it with any required probability as needed. Now consider a non-leaf node

v; by induction the statement holds for its children.

If δ′ ≤ 4
β
, we are basically done since any child u of v, has score Pu ≤ Pvβ

4
≤ δ′β

4
≤

1, while the number of elements nu = nv
β

, so we can simply subsample leaves in u’s tree,

each with probability 1
δ′nv

= 1
δ′βnu

≤ 1
Punu as needed (note that δ′nv/nu = βδ′ ≥ Pu

as required by the inductive hypothesis).

It remains to show this for δ′ > 4
β
. For this case we claim we would like to use the

tree-randomness to generate the samples.

For distributions P,Q, we say that P stochastically dominates Q (also denoted

P � Q) if FP (t) ≤ FQ(t) for all t, with strict inequality for some t, where FP and FQ

are the cumulative distribution functions (CDFs) of P and Q respectively. We first

claim the following:

Claim 73. Fix k ∈ N, 0 < p < 1 and F ≥ 1 such that F · pk < 1/4. Let
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X1, . . . ,Xk ∼i.i.d. Ber(p) (i.e., i.i.d. Bernoulli random variables with bias p) and

let X =
∑

i Xi. Let Y1, . . . ,Yk ∼i.i.d. Ber(2 pF ) and let Y = Y∗ ·
∑

i Yi where

Y∗ ∼ Ber(1/F ), independent of the other variables. Then, Y stochastically domi-

nates X.

Proof. X and Y are both supported on {0, 1, · · · , k}. So, it suffices to show that

Pr[Y ≥ i] > Pr[X ≥ i] for all i ∈ [k]. Note that 2pF ≤ 2pFk < 1/2, so 2pF is a valid

probability. For i ∈ [k], let

f(i) :=
Pr[Y = i]

Pr[X = i]
=

(
k
i

)
· (2 pF )i · (1− 2 pF )k−i

F ·
(
k
i

)
· pi · (1− p)k−i

= 2i · F i−1 ·
(

1− 2 pF

1− p

)k−i
.

To show that Pr[Y ≥ i] > Pr[X ≥ i] for all i ∈ [k], it suffices to show that f(i) > 1

for all i ∈ [k]. Using the conditions that 2pF < 1/2, pFk < 1/4 and F ≥ 1, along

with the fact that 1− x ≥ 2−2x for all x ∈ [0, 1/2], we obtain:

f(i) > 2(1− 2 pF )k ≥ 2 · 2−4pFk > 2 · 2−1 = 1,

for all i ∈ [k]. This concludes the proof.

We show that one can simulate sub-sampling of each leaf of u i.i.d. with probability

1/δ′nv by the following process. If Pu > 1, then output no elements. Otherwise, we

can (by the inductive hypothesis) sub-sample each leaf of u i.i.d. with probability

1/nu.

Now, let

F , 1
b1/δ′c

β
4
≥ 1
b1/Pvc

β
4

Eq. 4.1

≥ 1
PrT [Pu≤1]

.

This process generates µ i.i.d. leaves of u with distribution

µ ∼ Ber(Pr
T

[Pu ≤ 1]) ·
∑

l leaf of u

Ber( 1
nu

) � Ber( 1
F

) ·
∑

l leaf of u

Ber( 1
nu

).
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Noting that nu = nv
β
≥ δ′nv

2F
and nuF

δ′nv
≤ 1

4
, we invoke Claim 73 to obtain

that the distribution µ stochastically dominates the required sample-size distribu-

tion
∑

l leaf of u Ber( 1
δ′nv

), and hence we can simulate the distribution we need over

leaves of each child, and hence also for v.

For run-time, we note that this process takes time (at most) proportional to the

size of the tree. For the latter, by Lemma 71, the time is O((log β)logβ n/δ).

Next, we show that if each element of the tree is a block of integers, then one can

construct a data structure that sub-samples with interval range restriction, in time

proportional to the sample size.

Corollary 74 (Conditional sub-sampling data structure). Fix Precision-Tree T =

Tδ(y) with y ∈ Nn×k. There exists a data structure, that given any interval Y ∈ I

and sub-sampling probability η ≤ 1/δn with 1/η ∈ E2(n), sub-sample block-coordinates

X ′ ⊆ [n] i.i.d. with probability η and outputs a set of all coordinates W ⊆ X ′×[k] such

that yW ∈ Y , i.e. W , ∪i∈X′{(i, j) | yi,j ∈ Y }, in time Õ(|W |). The preprocessing

time is, in expectation, Õ
(
n+‖m‖1

δn

)
, where mi ≤ k is the number of non-null elements

in yi.

Proof. To preprocess, we prepare for each possible η ≤ 1/δn with 1/η ∈ E2(n)

by sub-sampling each block i.i.d. with probability η using Lemma 72. Then we

compute a set of coordinates Zη ⊂ [n] by combining all coordinates from all sampled

blocks. Let Uη , ∪w∈Zη×[k]{yw}. Compute Uη and store it as a sorted array with a

pointer to y−1(j) ∩ (Zη × [k]) for each j ∈ Uη. Now, for each (η, Y ) query, locate the

range of elements in Uη containing precisely the elements in Y using binary search of
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min(Y ),max(Y ). This will be our output W .

The correctness follows immediately from the construction. Preprocessing runtime

is as claimed as, in expectation, we need to sort ‖m‖1/δn elements, and there are

O(log n) different values of η to consider. Runtime is only O(log n) plus the size of

the output (as it is stored as contiguous block).

4.4.2 Decomposing Precision-Trees

We now show that if one can compute some “local” function over intervals of elements

given some local Precision-Tree parameter access to each interval, then we can redefine

the tree-access as a tree-access to the global problem assuming all local problems were

computed successfully. For the analysis, we assume that the number of leaves is an

integral power of β. The results extend to general tree sizes (for example by padding

the input).

The algorithm follows the following steps (the full algorithm is described in Algo-

rithm 12):

1. Identify the “correct” level ` in T where each node corresponds to the right

number of elements.

2. Find all nodes v at level ` with enough precision to compute the local function

fv and compute the local function on these nodes by “detaching” the sub-trees

rooted at each v.

3. Consider the global tree T , trimmed to levels ≤ ` (i.e., the top of the tree).

Augment the precision parameters by dividing each score with the precision
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we need to use for the local computation. This creates another “simulated”

precision tree where we have access to the value at all leaves with Pv ≤ 1.

4. Compute the global function g with tree access to the locally computable values.

Overall, we constructively show the following:

Lemma 75 (Tree Decomposition). Fix β, τ, n ∈ N such that n, τ are each a power of

β. Fix a domain of elements e , {e1, . . . , en} ∈ En and let X1, . . . , Xτ be a partition of

[n] into disjoint intervals of equal width. Fix δ, η ∈ (0, 1) and (possibly randomized)

functions g : Tδ(F τ ) → G and {fi : Tη(e(Xi)) → F}i∈[τ ] for some spaces G and

F . Then, algorithm TrimTree (see Algorithm 12), given a Precision-Tree Tδη(e),

outputs g(Tδ(f1(Tη(e(X1))), . . . , fτ (Tη(e(Xτ ))))). The algorithm’s expected run-time

is Õ(τ + tg + 1
δτ
· ‖tf‖1 · logO(logβ(τ)(β)), where tg is the time to compute g, and (tf )i

is the expected time to compute fi.

Proof of Lemma 75. Consider the full Precision-Tree Tδη(e). Take the top logβ τ levels

of the tree to get to the level where each node v has n/τ leaves in its subtree. This top

portion (trimmed tree) can be seen as Tδ as follows: the precision P ′v in Tδ is simply

defined to be Pv/η. Hence for leaf v in Tδ, we have that P ′v ≤ 1 iff Pv ≤ η. Hence for

each such v, if P ′v ≤ 1, we have another Tη rooted at v (in the full Precision-Tree),

allowing us to compute the corresponding fi(Tη(e(Xi))). Hence we will be able to

also compute g(Tδ(f1(Tη(e(X1))), . . . , fτ (Tη(e(Xτ ))))) as required.

For runtime, we note that by Lemma 71, we have 1
δ
· logO(logβ(τ)(β) leaves v with

P ′v ≤ 1. We only preprocess SODS and compute the function fi on those leaves, and

all fi have the same probability to be computed. Also, we note from the independence

of Zi’s, once we fix precision parameter η, the time to compute each fi(Tη(e(Xi)))
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is independent of the random choice of i where fi is computed, hence we have the

expected runtime is the product of expectations. Finally, computing the function g

takes tg time.

Algorithm 12 TrimTree

Input: Disjoint consecutive intervals of [n]: {Xi}i∈[τ ] of length r each, global

function g : Tδ(F τ ) → G, functions {fi : Tη(e(Xi)) → F}i∈[τ ], Precision-Tree T ,

local precision parameter η.

Output: g([fi(Tη(e(Xi)))]i∈[τ ])

Let ` = logβ τ be the level in T such that for v ∈ V`, |Xv| = r.

Tg ← the induced sub-tree of V≤`.

for v ∈ V` do

if Pv ≤ η then

Preprocess SODS for the precision tree rooted at v using Corollary 74.

Compute fi(Tη(e(Xi))) using sub-tree rooted at v and store the result in v.

end if

end for

Pv ← Pv/η for all v ∈ Tg.

Preprocess SODS for Tg using Corollary 74.

Compute q ← g([fi(Tη(e(Xi))]i∈[τ ]) using Tg.

return q.

Figure 6: Algorithm TrimTree for decomposing Precision-Trees (Lemma 75). De-

fine level `v of a node v as its distance to the root. We define V` as the set of nodes

of level `, i.e., V` , {v ∈ T | `v = `}. We use the shorthand V≤` , ∪m≤`Vm and

similarly for V<`, V>`, V≥`.
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Algorithm 13 PreprocessPrecisionTree

Input: An input e ∈ En, precision parameter δ, and branching parameter β ∈ N.

Output: Precision-Tree data-structure Tδ(e).

T ← PreprocessNode(e, [|e|], δ, β).

Preprocess SODS for T using Corollary 74.

return T .

Algorithm 14 PreprocessNode

Input: An input e ∈ En, an interval I ⊆ [|e|], precision parameter δ, and branching

parameter β ∈ N.

Output: Precision-Tree data-structure Tδ(e).

v ← a new node associated with eI .

if δ ≤ 1 then

if |I| = 1 then

Store eI in v.

else

I1, . . . , Iβ ← a partition of I into β disjoint, equal length intervals.

for i ∈ [β] do

Zi ∼ Uniform({1, 2, 3, . . . , β/4}).

Pi ← δ · Zi.

ui ← PreprocessNode(e, Ii,Pi, β).

Add ui as a child of v.

end for

end if

end if

return v.

Figure 7: Description of the algorithm PreprocessPrecisionTree.
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4.5 Algorithm for Genuine-LIS: proof of Theorem 68

In this section we describe and analyze the algorithm for the Genuine-LIS problem,

which is called EstimateGenuineLIS.

First, we introduce an extension to the Block-LIS algorithm, which we use for

our algorithm. In particular, we allow it to ignore a few “heavy blocks” which will

not affect the approximation or complexity guarantees of Theorem 68. We use the

following definition:

Definition 76. Fix block sequence y ∈ NX×[k], parameter δ < 1 and value range

interval Y ∈ I. Let Xδ be the δ|X| blocks in X for which the quantity |y(Xδ)∩ Y | is

maximized. The δ-heavy trimmed input y−δ,Y ∈ NX×[k] is y after setting y−δ,Y (Xδ) =

∅ (i.e., removing all integers from y(Xδ)).

For X ′ ⊆ X and a range of y-values Y ′, we also define y−δ(X
′, Y ′) , y(X ′)−δ,Y ′∩Y ′

(i.e., the multiset of values in y(X ′)−δ,Y ′ restricted to Y ′).

The stronger version of Theorem 68 is as follows:

Lemma 77 (EstimateGenuineLIS algorithm, extended). Fix integers n, k and λ ∈

(1/n, 1). Fix an instance g ∈ (N×{0, 1})n×k. For some monotone functions as : R3
+ →

[1,∞) and cs : R4
+ → [1,∞), suppose there exists a randomized algorithm ABL that,

given X ⊆ [n], Y ⊆ N, parameter τs, and a Precision-Tree T
1/cs

(
|X|,τs,λ,

λ·|X|
|y−λ/2(X,Y )|

)(y)

for some y ∈ Nn×k, can produce an (αs, λ|X|)-approximation for Block-LIS(y,X, Y )

where αs = as

(
|X|, τs, λ·|X|

|y−λ/2(X,Y )|

)
in time ts, w.h.p.

Fix any parameter γ, τ ≥ 1. Then, there exists an algorithm A that, given com-

plete direct access to g(∗)1 ∈ Nn×k and Precision-Tree access to g(∗)2 ∈ {0, 1}n×k,

T1/c(g(∗)2), produces a (αg, λn)-approximation for Genuine-LIS(g) w.h.p., where c ≥
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Õ(1/λ) + cs (n, τ, λ, γλ/k) and αg = log(k/λ) ·max{γ, as(n, τ, γλ/k)}. The algorithm

A runs in time Õ(nk) +O(ts).

To prove Lemma 77, we use the following reduction:

Lemma 78. Suppose there exists an algorithm A that
(
a
(

λ|X|
|y(X,Y )|

)
, λn

)
-approximates

Block-LIS w.h.p. given tree access T1/c(g), in time t = t
(

λ|X|
|y(X,Y )|

)
, where c =

c
(

λ|X|
|y(X,Y )|

)
and a, c, t are some functions. Then there exists an algorithm A′ that(

O
(
a
(

λ|X|
|y−λ/2(X,Y )|

))
, λn

)
-approximates Block-LIS with tree access T

1/c

(
λ|X|

|y−λ/2(X,Y )|

)
in time O(t) + Õ(1/λ) w.h.p.

The proof of Lemma 78 is deferred to Section 4.7.

Proof of Theorem 68 using Lemmas 77 and 78. The proof is immediate since the ex-

tended algorithm assumed in Lemma 77 reduces to the standard versions using

Lemma 78.

The rest of this section is devoted to prove Lemma 77.

4.5.1 Algorithm description

The algorithm EstimateGenuineLIS is presented in Algorithm 15. It consists of the

following high-level steps. First, we perform some preprocessing by extracting pseudo-

solutions, longest increasing subsequences, ignoring the genuineness flags. Then we

partition these sequences according to their lengths. Next we estimate the proportion

of genuine elements amongst the union of above subsequences; this gives our first

(dense) estimator. We also employ a second (sparse) estimator, when the proportion

of genuine elements is too low, to reduce the instance to Block-LIS with improved

parameters. We now describe these steps in detail.



CHAPTER 4. LONGEST INCREASING SUBSEQUENCE 202

4.5.1.1 Extracting pseudo-solutions

For this step, we treat all elements the same, whether they are genuine or not, and

greedily compute and extract disjoint increasing subsequences, each of length ' λn,

denoted {Pi}i (which are called pseudo-solutions), until there is no longer an increas-

ing subsequence of length λn remaining. For reasons that will become clear later,

we also need to guarantee that each time we extract a sequence, such a sequence is

approximately proportional to the longest one at that time, i.e., after removing all

previous sequences, and therefore we use a greedy algorithm.

We note that we cannot afford to use the standard dynamic-programming solution

for finding an optimal LIS each time, as the resulting runtime is too large for us. To

improve the runtime, we use instead a fast data-structure for approximate greedy

extraction, based on the fully dynamic data-structure in [101].

Theorem 79. [101] Given an input x ∈ Nn, for any ε > 0, there exists a dynamic

data-structure D with the following operations: 1) inserting/deleting an element, in

time (log n/ε)O(1), and 2) finding an approximate longest increasing sub-sequence of

length within (1 + ε)-factor of the optimum, OPT, in time O(|OPT|).

This theorem with ε = 1 leads to the following corollary for Block-LIS.

Corollary 80 (Extracting Pseudo-solution, approximate). There exists a data-structure

that given a sequence of integer blocks y ∈ Nn×k, extracts (i.e., finds and removes) an

increasing sequence of length at least |OPT|/2, where OPT is the current LIS. The

pre-processing time is Õ(n · k).

Proof. To preprocess the data-structure, we insert all elements to D one by one, where

elements of each block are inserted in non-increasing order. This takes time Õ(nk).
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Finally, we answer the extraction queries by LIS-querying D, and remove all elements

in the 2-approximate LIS solution one by one from D.

4.5.1.2 Partitioning the pseudo-solutions

Next, we partition {Pi}i into log(1/λ) disjoint buckets denoted {P`}`, where for

` ∈ E2(1/λ), each P ∈ P` is an increasing sub-sequence of length ≈ `λn (again,

ignoring the genuineness of the elements). Our algorithm generates an estimator

for Genuine-LIS for each scale `, based purely on the elements of the subsequences

{P | P ∈ P`}, and outputs the maximal estimator. Clearly, one of the buckets

must contain a significant fraction of the Genuine-LIS; we focus on that bucket P`

henceforth.

4.5.1.3 Estimator Computation

We next describe our estimator for each bucket as above, which by itself is generated

by taking the maximum of 2 estimators, denoted Dense Estimator and Sparse Esti-

mator. The Dense Estimator is a fairly straightforward one. Here, we consider the

union of all pseudo-solutions U` , ∪P∈P`P , and estimate the rate of genuine elements

in U` by checking the genuineness of a random sample of elements in U`. The dense

estimator is then proportional to the estimated rate of genuine elements in U`. The

main idea is that, if U` has many genuine elements, then the aforementioned sampling

procedure gives a high-fidelity estimate.

The sparse estimator handles the opposite situation: when the genuine elements

are sparse within the union U` of subsequences. Then, if the Genuine-LIS itself is quite

large, it must be the case that a high fraction of the genuine elements participate in the
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LIS. Here, we invoke the algorithm for Block-LIS, restricted to genuine elements only.

Using the fact that Block-LIS approximation is a function of the proportion of LIS

elements among all the “relevant” elements (in this case, genuine elements), we make

progress in the sparse case by reducing the number of relevant elements, resulting in

improved approximation. The overall estimator for length ` is the maximum of the 2

estimators.

We highlight the fact that the sparse estimator calls the assumed algorithm ABL

on the input string g, restricted only to the genuine elements. In this call, we do not

compute the genuineness flags explicitly, but rather compute them as needed, i.e.,

only for the elements that are “read” by the ABL algorithm, and if an element turns

out to be non-genuine it becomes a “null” entry. Since we are using Precision-Tree to

access samples, the algorithm will perform computation in a different (but equivalent)

order: first computing the genuineness of the right samples, and then run the ABL

algorithm on those samples.
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Algorithm 15 EstimateGenuineLIS

Input: g ∈ (N× {0, 1})n×k, λ ∈ [1/n, 1], γ ≥ 1, Precision-Tree T = T1/c(g(∗)2) for

the parameter c defined in Lemma 77.

Output: A number Ĝ ∈ [0, n].

Greedily and iteratively extract 2-approximate maximal increasing sequences from

g(∗)1, as long as they contain at least λn/4 elements using Corollary 80, generating

pseudo-solutions P1, . . . , Pt for some t = O(k/λ), where each Pi ⊆ [n]× [k] is a set

of coordinates.

Sample blocks S ⊆ [n] i.i.d. with probability 10ζ · 1
λ
· 1
n

each, for ζ = O(log n),

using Corollary 74 and T .

Compute W ← {(i, j) ∈ S × [k] | g(i, j)2 = 1} the set of genuine (sampled)

coordinates.

for ` ∈ E2(4/λ)/4 do

Let P` , {Pi : |Pi| ∈ (λn `/2, λ n `]}, and let U` , ∪P∈P`P .

Compute B` ⊆ S ← the ζ blocks in S for which |(B`×[k])∩W∩U`| is maximized.

κ` ← |W ∩ U` ∩ ((S \B`)× [k])|.

end for

return

Ĝ , max
`

max
{
λ2 ` n κ`
100·k·ζ −

λn
4
,ABL

(
g(∗)1 |U`∩(g(∗)2)−1(1),N, λ, T

)}
.

Figure 8: Description of the algorithm EstimateGenuineLIS. g(∗)1 |U`∩(g(∗)2)−1(1)

denotes the sequence g(∗)1 restricted to positions in U` for which g(·)2 = 1. Recall

that E2(k) , {2i | i ∈ {0, . . . , blog kc}}. ABL is the assumed algorithm for Block-LIS.
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4.5.2 Analysis

We now analyze the algorithm, proving Lemma 77.

Proof of Lemma 77. Let OPT be the coordinates of an optimal solution of length

Genuine-LIS(g). Let U , ∪`U`, and U , [n] × [k] \ U . Define ÔPT , OPT ∩ U (i.e.,

restricted to elements in U). Since U does not contain an increasing sequence of length

1
2
λn, we have that |ÔPT| ≥ |OPT| − |OPT ∩ U | ≥ |OPT| − 1

2
λn. For ` ∈ E2(4/λ), let

us also define ÔPT` , OPT ∩ U`.

To bound our estimators, we first bound the quantity κ`. For this task, we intro-

duce more notation. Let M ⊂ [n] be the λn/2 blocks containing the highest number

of genuine elements. We also define the following:

κ̂` ← |W ∩ U`|.

q(`) , 1
nk
· |U` ∩ (g(∗)2)−1(1)|.

q
(`)
−λ/2 ,

1
nk
· |U` ∩ (g(∗)2)−1(1) ∩ (([n] \M)× [k])|.

m
(`)
−λ/2 ,

1
k
·min
i∈M
{|U` ∩ (g(∗)2)−1(1) ∩ (i, ∗)|}.

G`,1 ,
λ2 ` n κ`
100·k·ζ −

λn
4
.

G`,2 , the output of ABL

(
g(∗)1 |U` ∩ (g(∗)2)−1(1),N, λ, T

)
.

We have

E [κ̂`] = q(`) · k · 1
λ
· 10ζ = q(`) · 10k·ζ

λ
.

We need to have a good estimator w.h.p. and therefore use the following statistical

fact:
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Fact 81. Fix ζ ∈ N. Let X1, . . . ,Xm be non-negative independent random variables

and let X =
∑

i Xi. Let Y be the sum of the ζ largest (empirical) Xi. Then, X−Y ≤

2 E[X] with probability 1− exp(−Ω(ζ)).

Proof. Define pi , Pr[Xi > 2 E[X]/ζ], and notice that
∑

i pi < ζ/2 using Markov’s

inequality. Define also Zi , max{0,Xi− 2 E[X]/ζ}, and Z =
∑

i Zi. Then X−Z is a

sum of non-negative independent random variables bounded by 2 E[X]/ζ, and hence,

by the Chernoff bound (multiplicative form), with probability at most exp(−Ω(ζ)),

we have X−Z > 2 E[X] ≥
(

1 + E[X]
E[X−Z]

)
·E[X−Z]. Also, notice that Pr[Zi > 0] = pi,

and hence, with probability at most exp(−Ω(ζ)),
∑

i 1[Zi > 0] > ζ ≥
∑

i pi + ζ/2,

implying that Z > Y with this probability as well. By the union bound, we conclude

that X−Y ≤ 2 E[X] with probability 1− exp(−Ω(ζ)) as needed.

Now, notice that κ̂` is a sum of independent random variables and hence from

Fact 81, w.h.p. we have

κ` ≤ 2 E[κ̂`] = 20q(`) · k·ζ
λ
.

For the lower bound, we derive a lower bound for κ` using q
(`)
−λ/2. Notice that each

i ∈ M gets sampled i.i.d. with probability 10ζ
λn

. Hence |S ∩M | > 2ζ w.h.p, which

implies that |(S \ B`) ∩M | > ζ. This means that the contribution of blocks in M

to κ` is at least ζ · k ·m(`)
−λ/2. Next, consider the contribution ψ` of blocks in [n] \M

to κ`. Then ψ` is a sum of independent random variables in k · [0,m(`)
−λ/2] and hence,

using the Chernoff bound, we have w.h.p.

ψ` ≥ 0.9 E [ψ`]− ζ · k ·m(`)
−λ/2 = 9ζ

λ
· k · q(`)

−λ/2 − ζ · k ·m
(`)
−λ/2.

Therefore κ` ≥ ψ` + ζ · k · m(`)
−λ/2 ≥

9ζ
λ
· k · q(`)

−λ/2 w.h.p. as well. Hence we can
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finally bound G`,1, w.h.p., as follows:

G`,1 = λ2 ` n κ`
100·k·ζ −

λn
4
∈
[

9
100
λn` · q(`)

−λ/2 −
λn
4
, 1

4
λn` · q(`)

]
.

For the second estimator, we have thatG`,2 is a
(
as

(
n, τ, λn

|U`\(M×[k])∩ g(∗)−1(1)|

)
, λn

)
-

approximation of

Genuine-LIS(g(U`)).

We now bound the maximum over these quantities.

4.5.2.1 Upper Bound

W.h.p., for all `, we haveG`,1 ≤ 1
4
·λn ` q(`). Now, by construction, all pseudo-solutions

P ∈ P` are of length |P | ≥ λn `/4, and hence |P`| ≤ 4k
λ`

. Therefore, there must exist

some increasing sub-sequence P ∗ ∈ P` such that |P ∗ ∩ (g(∗)2)−1(1)| ≥ 1
4
· λn ` q(`),

i.e., that contains at least that many genuine elements. This implies |ÔPT`| ≥ G`,1.

Similarly, for G`,2, the Block-LIS approximation algorithm outputs a lower bound

on the LIS, and hence G`,2 ≤ |ÔPT`|.

We conclude that max` max{G`,1, G`,2} ≤ max` |ÔPT`| ≤ |OPT|.

4.5.2.2 Lower Bound

Since ÔPT = ∪`ÔPT`, there exists `∗ ∈ E2(4/λ) such that |ÔPT`∗ | ≥ |ÔPT|
log(4/λ)

. Fix

U∗ , U`∗ \ (M × [k]), q∗ = q
(`∗)
−λ/2, ÔPT

∗
, ÔPT`∗ , G

∗
1 = G1,`∗ and G∗2 = G2,`∗ .

Consider the following two cases:

Dense Case: First, suppose q∗ ≥ 1
γ
. Observe that from Corollary 80, we may only

extract a solution of length at most λn`∗ once the remaining LIS is at most 2λn`∗
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(i.e., after extracting longer subsequences). Hence |OPT`∗| ≤ 2λn`∗. Therefore,

G∗1 ≥ λn`∗

20γ
− 1

4
λn ≥ |ÔPT

∗
|

40γ
− 1

4
λn ≥ |ÔPT|

40γ log(4/λ)
− 1

4
λn > |OPT|

40γ log(4/λ)
− λn.

Sparse Case: Now, suppose q∗ < 1
γ
. Then |U∗∩ (g(∗)2)−1(1)∩ (([n]\M)× [k])| < nk

γ

and hence for any τ = τs such that T = T1/c(g(∗)2), we have

G∗2 ≥
|OPT∗|
α
− λn ≥ |OPT|

α log(4/λ)
− λn,

where

α = as

(
n, τ, λn

|U∗ ∩ g(∗)−1(1)∩ (([n]\M)×[k])|

)
≤ as

(
n, τ, λγ

k

)
.

c = cs

(
n, τ, λ, λn

|U∗ ∩ g(∗)−1(1)∩ (([n]\M)×[k])|

)
≤ cs

(
n, τ, λ, λγ

k

)
.

Since we are either in the dense or sparse case as described above, we obtain that

max{G∗1, G∗2} ≥
|OPT|

A log(1/λ)
− λn,

where A = max
{
O(γ), as

(
n, τ, λγ

k

)}
.

We conclude that Ĝ = max{G·,·} is a (A log(1/λ), λn)-approximation for |OPT|,

as needed.

Runtime Complexity: The algorithm’s runtime is dominated by the first step, i.e.,

generating increasing subsequences, which requires Õ(nk) time using Corollary 80.

In addition, we require ts time for computing the second estimator. Thus, the overall

algorithm for EstimateGenuineLIS runs in time Õ(nk) + ts.

4.6 Algorithm for Block-LIS: proof of Theorem 69

We now present our construction for the Block-LIS problem, and prove Theorem 69.

Recall that we are given an interval X ⊆ [n], a sequence y ∈ NX×[k] and a range of
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values Y ⊂ N, and the goal is to approximate Block-LIS(y,X, Y ), i.e., the length of a

maximal sub-sequence OPT, specified by a set of indices w1, w2, . . . , w` ⊆ X× [k] such

that the set of (first coordinate, value) pairs {((wi)1, ywi)}i∈[`] is a subset of X × Y ,

and is a monotone set.

Our construction, at a high level, reduces the Block-LIS problem above to a

Genuine-LIS instance over τ blocks, where τ is the branching factor of Theorem 69,

whose value is given as input and controls the delicate balance between approxi-

mation and complexity. The first coordinates of the Genuine-LIS instance are com-

puted directly, while each genuineness flag corresponds to a Block-LIS instance of

a block interval Xi of some smaller size r , |X|/τ , and restricted to a y-interval

Y ′ ⊆ Y . We consider the pair Xi, Y
′ as genuine only if the (recursive) approximation

of Block-LIS(y,Xi, Y
′) is above a certain threshold κ. For each x-interval Xi, we com-

pute a set of y-intervals Yi (called candidate intervals), which together form a block

in the Genuine-LIS instance. Intuitively, one can think of the Genuine-LIS instance

as solving the global LIS, while each Block-LIS instance is solving some local LIS over

(sub-)interval Xi, over some range of y-values. Overall, we will show that such a for-

mulation is equivalent to a composition of functions, and use the Tree Decomposition

Lemma to obtain our correctness and complexity guarantees.

4.6.1 Extending the Genuine-LIS problem

Before describing our construction for proving Theorem 69, we introduce a slightly

stronger version of it, which will be easier to work with. In particular, we introduce 2

extensions of the requirements of the Genuine-LIS algorithm. First, we allow the input

y-values to be intervals rather than integers, and second, we require the approximation
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to improve if there are many “null” elements, i.e., if most blocks have much less than

k elements.4 In particular, to account for the latter, we note that the input size is

y(X) ∩ Y , which can be much less than |X| · k.

Overall, the stronger version is the following:

Lemma 82 (Theorem 69, extended). Fix monotone functions ag : R2
+ → [1,∞),

as, cg : R3
+ → [1,∞) and cs : R4

+ → [1,∞), satisfying, for all r, τ ∈ Eβ, m ∈ N, λ < 1,

λ1, λ2 ∈ [λ, 1], and k′ ∈ [1, 1/λ] with λ1λ2 = Ω(λk′):

• as
(
r, τ, λ

m

)
≥ polylog

(
k
λ

)
· ag
(
τ, λ2

k′

)
· as
(
r
τ
, τ, λ1

m

)
; and

• cs
(
r, τ, λ, λ

m

)
≥ polylog(n) · τ

λ
+ cg(τ, λ2, k

′) · cs
(
r
τ
, τ,Θ(λ1/k

′), λ1

m

)
.

Fix input y ∈ Nn×k, a block interval X ⊆ [n], value range interval Y ⊆ N,

parameters λ ∈ (0, 1), β ∈ N, τ ∈ Eβ. Suppose there exist the following algorithms:

AGL: Given Genuine-LIS instance g ∈ (N × {0, 1})ng×kg , with mg non-null ele-

ments total, and β-ary Precision-Tree T1/cg(ng ,λg ,mg/ng)(g(∗)2) access, AGL out-

puts
(
ag

(
ng,

λgng
mg

)
, λgng

)
-approximation to Genuine-LIS(g) in time Õ(ng+mg)

w.h.p.

ABL: Fix t > 1. For any interval X ′ ⊂ X, value range Y ′ ⊂ Y , and

any λs < 1, given a β-ary Precision-Tree T
1/cs

(
|X′|,τ,λs,

λs|X′|
|y−λ/2(X′,Y ′)|

)(y(X ′)),

ABL outputs (αs, λs|X ′|)-approximation to Block-LIS(y,X ′, Y ′) w.h.p., where

αs , as

(
|X ′|, τ, λs|X′|

|y−λ/2(X′,Y ′)|

)
. The expected run-time is at most tBL =

t · cs
(
|X ′|, τ, λs, λs|X′|

|y−λ/2(X′,Y ′)|

)
· |y(X′,Y ′)|

|X′| .

4We highlight that “null” is different from “not genuine”; while we need to test to determine that

an element is “not genuine”, “null” elements can be determined “for free”.
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Then, given a β-ary Precision-Tree T1/c(y), we can produce a (α, λ|X|)-

approximation for Block-LIS(y,X, Y ) w.h.p., as long as α ≥ as

(
|X|, τ, λ|X|

|y(X′,Y ′)|

)
and

c ≥ cs

(
|X|, τ, λ, λ|X|

|y(X′,Y ′)|

)
.

The algorithm’s expected run-time is at most c · t · logO(logβ(τ))(β) · |y(X,Y )|
|X| .

To prove Theorem 69, we use the reduction from Lemma 78, along with the

following reduction:

Lemma 83. Suppose the algorithm EstimateGenuineLIS (a(λ/k), λn)-approximates

Genuine-LIS for some function a in time t(n · k) over integers, then there exists an

algorithm A′ that (O(a(λn/m) log(1/λ)), λn)-approximates Genuine-LIS over intervals

with m non-null elements.The run-time is t(m) +O(n+m).

The proof of Lemma 83 is deferred to Section 4.7.

Proof of Theorem 69 using Lemmas 78, 82 and 83. The proof follows by induction.

We assume Theorem 69 holds for X ′ ⊂ X, setting t = ts(|X ′|, τ) (noting that for the

base case, we have as(1, ·, ·) = 1 and cs(1, ·, ·, ·) = 1, simply by outputting 1 if and

only if the block is not empty). Also note that the extended algorithms assumed in

Lemma 82 reduce to the standard version using Lemma 83, with O(log 1/λg) addi-

tional approximation (which can be absorbed into the polylog(k/λ)-approximation of

parameter α). Finally, one can observe that the additive time of Õ(ng +mg) does not

change the asymptotic time complexity.

The rest of this section is devoted to proving Lemma 82.
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4.6.2 Algorithm

The algorithm for the Block-LIS problem, named EstimateBlockLIS, is described

in Algorithm 18 and uses routines that we describe next.

We first provide some intuition underlying the algorithm. The algorithm is based

on a reduction to a Genuine-LIS instance, where checking whether a item is genuine

takes one Block-LIS call. We view the Genuine-LIS instance as the “global LIS” and

the Block-LIS instances as “local LIS”.

Consider the case when k = 1, in which case the problem becomes a standard LIS

problem. In this case, one visualize the instance as a set of points on a standard two-

dimensional grid, with X being an interval on the x-axis, and the element (i, yi) being

represented by the point with x-coordinate i and y-coordinate yi. In this equivalent

formulation, the objective is to determine the maximum length of a subsequence that

is increasing with respect to both axes.

Assume that the longest increasing subsequence OPT is of length approximately

λ|X|. Note that OPT can be distributed arbitrarily with respect to X. We split X

into sub-intervals: for some length r > 1, use the standard, in-order partitioning of X

into τ = |X|/r mutually disjoint and covering intervals X1, · · · , Xτ of length r each.

There are two potential extreme scenarios for the distribution of elements from OPT:

1. All elements in OPT belong to approximately λ|X|/r intervals Xi, and each

such interval consists entirely of elements in OPT; the other intervals do not

contribute at all.

2. OPT is uniformly distributed across all intervals, i.e., each interval Xi con-

tributes approximately λr elements to OPT.
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Intuitively speaking, the problem of certifying a “close to optimal” monotone

sequence is more difficult when fewer elements participate in an optimal sequence.

Therefore, in the first case above, one has to “work harder” on the global LIS to find

the participating intervals Xi; however, little effort is required to verify the local LIS

in each interval of interest, i.e., to get a lower bound on the LIS within each interval.

In contrast, in the second case, it should be easier to determine the global LIS, but it

is more difficult to approximate the local LIS (within each interval Xi).

Of course, the distribution of OPT among the intervals Xi can be arbitrary, be-

tween these extreme scenarios. However, one can show that there must exist some

ρ ∈ [1, 1/λ], such that there are approximately 1/ρ fraction of intervals Xi, each

having approximately λρr “local” contribution to OPT.

4.6.2.1 Algorithm Overview

Now we describe the algorithm for the general Block-LIS problem. Before describing

the main algorithm, we describe its main subroutines and mechanism, setting up

some concepts and notation along the way. The notation is summarized in Table 4.

The algorithm assumes no element repeats itself in the sequence. To remove such

assumption, one can reconfigure the element values setting yi,j ← n · yi,j − i.

Sampling. The algorithm starts by sampling uniformly random blocks (wj, ywj)

and then accumulating all ywj -samples in Y within the sampled blocks (we note that

sampling is accomplished via the SODS over the input Precision-Tree). The main idea

is to generate a set Si of sampled values, such that the “distance in Si” between any 2

values in Si is approximately proportional to the number of integers in the range over

the entire y(Xi). To obtain such a guarantee, we simply use members of Si whose
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rank is a multiple of O(log n). We also want to make sure there are not too many

total samples in all blocks, i.e., that
∑

i |Si| is close to its expectation. To control the

tail bounds of such a quantity, we also discard the Θ(log n) blocks with the largest

number of samples in Y . The sampling algorithm is presented in Algorithm 16, and

the guarantees are formally stated in Claim 88, as part of the analysis.

Algorithm 16 SampleAndPartition

Input: A Precision-Tree T = T1/c(y), where y ∈ NX×[k] consists of |X| blocks with

at most k integers each, value range Y ∈ I, branching parameter τ , and sample

size s.

Output: Partition of X with sampled y-values of each part.

ζ ← O(log n).

X1, . . . , Xτ ← a partition of X into τ consecutive intervals, each consisting of

r , |X|/τ blocks.

Using Corollary 74 and T , sub-sample blocks S ⊆ X i.i.d. with probability ζ s
|X| ,

and let W ← {(i, j) ∈ S × [k] | yi,j ∈ Y }.

Let B ⊆ S be the ζ largest blocks in S, i.e., for which |B × [k]∩W | is maximized.

for i ∈ [τ ] do

{pi1, pi2, . . .} ← y (W ∩ ((Xi \B)× [k])) where pim ≤ pim+1 for all m.

Si ← {pim}m∈[|pi∗|]∩ζN.

end for

return (X∗,S∗).

Figure 9: Description of the sampling and partitioning subroutine.

Generation of Candidate Intervals. Now we describe our construction of the

candidate intervals Yi using the sampled y-values Si, for some fixed i. The high-
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level goal, as in [185], is to cover an optimal LIS solution using a small number

of monotone interval sequences denoted as pseudo-solutions, so that the largest LIS

within all pseudo-solutions would be a good approximation to the optimum. However,

we need to choose such candidates more carefully, since, in addition to “capturing the

local LIS”, we would like to ensure the following efficiency guarantees, for our delicate

bounds:

1. There are not too many candidate intervals, i.e., |Yi| / |y(Xi,Y )|
λ|X| ; and more

importantly,

2. The total number of integers in range over all candidate intervals do not cause

significant overhead. In particular:
∑

Y ′∈Yi |y(Xi, Y
′)| / |y(Xi, Y )|.

In particular, we argue that given a value set S (corresponding to the sampled

values in each Xi) and a sub-additive set function ψ, we can generate a near-linear set

of candidate intervals which approximates, up to a logarithmic factor, all candidate

intervals. Here we note that the set function ψXi,y(Y
′) , Block-LIS(Xi, Y

′, y) is sub-

additive in Y ′. While we did not manage to create a single set of intervals Yi as above,

we are able to create a small family of sets {Yi,∆}∆∈E2(|Si|) with similar guarantees.

We show the following:

Lemma 84. Fix a finite set of values S ⊆ N of size m. There exist sets of intervals

{CS∆}∆∈E2(m) ⊆ I such that:

1. For all ∆ and all I ∈ CS∆: |I ∩ S| = ∆.

2. For all ∆: |CS∆| = |S|/∆.
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3. Fix a sub-additive set function ψ : I → R. For any I ∈ {[a, b] ∈ I | a, b ∈ S},

there exists some J ∈ ∪∆C
S
∆ with J ⊂ I such that ψ(I) = O(log |S|) · ψ(J).

We prove Lemma 84 in Section 4.6.4. For now, for each set Si = {pi1, pi2, . . .}, we

construct, on average, O(log(k/λ)) candidate interval sets {Yi,∆}∆ where ∆ ∈ E2(|Si|)

and each Yi,∆ contains precisely ∆ (consecutive) elements of Si. In particular, Yi,∆

are the dyadic intervals of Si, i.e., Yi,∆ is the set of all the intervals [pik∆+1, p
i
(k+1)∆]

for all possible integer k ≥ 0.

Discretization. The algorithm performs exponential discretization over the follow-

ing parameters:

ρ: inverse of the fraction of intervals participating in OPT. This parameter char-

acterizes the relation between the “global” and “local” LIS. In particular, for

the two extreme scenarios outlined above, the parameter ρ would be 1/λ and 1

respectively.

∆: a quantity proportional to the “candidate interval size” of the local-LIS (namely,

to |y−λ/2(y,Xi, Y
′)|) and inversely proportional to the “average block size” of

the global-LIS problem (namely, to mg/ng
5).

Decomposition and Recursion. The next step is to determine, for each choice

of parameters (ρ,∆), the largest set of monotone candidate intervals {(i, Y ′) : Y ′ ∈

Yi,∆}i such that each candidate interval has local LIS at least κρ , r/ρ. For this pur-

pose, the algorithm defines the pair (i, Y ′) as “genuine” iff the local LIS is long enough

5Recall from Lemma 82 that mg is the total number of non-null elements of the instantiated

Genuine-LIS problem and ng is the number of blocks.
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(determined via recursive call to Block-LIS). Then the problem becomes to solve a

“global” Genuine-LIS instance over all genuine (Xi, Y
′) pairs. In other words, we for-

mulate the problem as a composition of a Genuine-LIS problem over many smaller

Block-LIS problems, where the Precision-Tree decomposition algorithm (Lemma 75)

is used to access the sequence question.

Optimization. Finally, we output the solution with the maximum value among all

combinations of the parameter ρ and ∆.

Algorithm 17 Decompose

Input: A Precision-Tree T = T1/c(y), where y ∈ NX×[k] consists of |X| blocks with

at most k integers each, x-partition {Xi}i of X, y-partition sets {Yi}i (for a fixed

∆) of some interval Y ∈ I.

Output: An integer L̂ ∈ [0,Block-LIS(y,X, Y )].

Let AGL, ABL be the aforementioned algorithms from Lemma 82.

Define κρ , r
ρ
.

For each i, define Λρ(i, ∗) ,
[(
Y ′,1

[
ABL

(
y(Xi), Y

′, 1
ρ
, τ
)
> κρ

])]
Y ′∈Yi

.

for ρ ∈ E2(1/λ) do

Compute Gρ ← AGL(Λρ, λρ) · 0.5κρ using Lemma 75 and T .

end for

return L̂← maxρGρ.

Figure 10: Description of the decomposition subroutine. Note that lines 2 − 4 are

merely definitions for ρ ∈ E2(1/λ), and not computational steps.
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Symbol, Definition Description

λ additive error parameter (as fraction); given as input

τ branching factor; given as input

Xi sub-interval of X

r := |X|/τ radius, i.e., number of blocks in each interval Xi

ρ inverse of fraction of intervals participating in global OPT

κρ := r/ρ the local-LIS threshold that qualifies a candidate interval as “genuine”

Y permissible range of y-values

Si y-values in Y found in sampled blocks in Xi

Yi,∆ candidate intervals for Xi using samples of Si of “distance” ≈ ∆

`i,Y ′ := Block-LIS(y,Xi, Y
′) the length of the longest sub-sequence of y(Xi) using values in Y ′

T := T1/c(y) β-ary Precision-Tree with starting complexity/precision c

ag(·, ·), cg(·, ·) approximation and complexity functions for Genuine-LIS

as(·, ·, ·), cs(·, ·, ·) approximation and complexity functions for Block-LIS

y−δ,Y ′
block sequence y, where the heaviest δ fraction of blocks

(considering only values in Y ′) are emptied

y−δ(X
′, Y ′) := y(X ′)−δ,Y ′ ∩ Y ′ multiset of values in y(X ′)−δ,Y ′ restricted to Y ′

Table 4: Block-LIS Algorithm: Notation Table
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Algorithm 18 EstimateBlockLIS

Input: A Precision-Tree T = T1/c(y), where y ∈ NX×[k] consists of |X| blocks

with at most k integers each, value range Y ⊆ N, error parameter λ ∈ (1/n, 1),

branching parameter τ .

Output: An integer L̂ ∈ [0,Block-LIS(y,X, Y )].

if |X| < c then

return L̂← Block-LIS(y,X, Y ) through exact computation.

end if

(X∗,S∗)← SampleAndPartition(T, τ, τ
λ
).

Yi,∗ ← sets of intervals by invoking Lemma 84 using each Si ∈ S∗.

return L̂← max∆{Decompose(T,X∗,Y∗,∆)}.

Figure 11: Description of the algorithm EstimateBlockLIS.

4.6.3 Main analysis

Before analyzing the estimator L̂, we show several important properties. First, we

claim that partitioning X into intervals of smaller size and matching each one with a

value range Y monotonically cannot over-estimate the overall LIS:

Lemma 85 (Upper Bound). Fix an interval Y ⊂ N. Let X1, . . . , Xτ be a par-

tition of X into consecutive, disjoint, in-order block intervals (i.e., X1 < X2 <

. . . < Xτ) and let P ⊂ [τ ] × I be an arbitrary monotone set. Then, we have∑
(i,Yi)∈P Block-LIS(y,Xi, Yi ∩ Y ) ≤ Block-LIS(y,X, Y ).

Proof. For each (i, Yi) ∈ P , let OPTi ⊆ (Xi × [k]) ∩ y−1(Yi ∩ Y ) be a set of co-

ordinates of an optimal increasing subsequence for Block-LIS(y,Xi, Yi ∩ Y ) Then∑
(i,Yi)∈P |OPTi| =

∑
(i,Yi)∈P Block-LIS(y,Xi, Yi ∩ Y ). On the other hand, since P
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is a monotone set, we have y(p) < y(q) for any p ∈ OPTi, q ∈ OPTj with i < j. We

conclude that the sequence ∪i y(OPTi) ⊆ Y forms an increasing subsequence of y(X)

of length
∑

(i,Yi)∈P Block-LIS(y,Xi, Yi ∩ Y ) and the claim follows.

Next, we argue three essential invariants when constructing candidate intervals.

These guarantees will be used later to lower bound our estimator:

Lemma 86 (Candidate intervals guarantees). Fix input X, Y, y. With high probabil-

ity, all the following invariants hold for the EstimateBlockLIS algorithm:

1. For all i,∆ and all Y ′ ∈ Yi,∆,

|y−λ/2(Xi, Y
′)| = O (λ∆r) .

2. For all ∆,

Ei∈[τ ] [|Yi,∆|] = O

(
|y(X, Y )|
λ∆|X|

)
,

3. There exist candidate intervals Y ′ ∈ ⊕i∈[τ ]∪∆∈E2(poly(k/λ))Yi,∆ such that {(i, Y ′i )}i

is a monotone set; and

∑
i

Block-LIS(y,Xi, Y
′
i ) = Ω

(
Block-LIS(y,X, Y )− λ|X|

log(k/λ)

)
.

We analyze the correctness and complexity of our algorithm, proving Lemma 82

assuming Lemma 86. We prove Lemma 86 in Section 4.6.5.

Proof of Lemma 82 using Lemma 86. For all i,∆ and all Y ′ ∈ Yi,∆, let `i,Y ′ , Block-LIS(y,Xi, Y
′).

By Lemma 86 (3), we have that for some ∆∗, there exists a monotone set of pairs

P ∗ ∈ ⊕i({i} × Yi,∆∗) such that:

∑
(i,Y ′)∈P ∗

`i,Y ′ ≥ Ω
(

Block-LIS(y,X,Y )−λ|X|
log(k/λ)·log(k/λ)

)
> Ω(Block-LIS(y,X,Y ))−λ|X|

log2(k/λ)
.
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Therefore, we have that, for any αs > 1, there is some ρ∗ ∈ E2(1/λ) for which,

using κρ∗ = r/ρ∗:

∑
(i,Y ′)∈P ∗

1 [`i,Y ′ ≥ 2αs · κρ∗ ] ≥ 1
2αsκρ∗

· Ω(Block-LIS(y,X,Y ))−λ|X|
log3(k/λ)

(4.3)

Let us first argue correctness. Define κ∗ , κρ∗ = r
ρ∗

and Y∗i , Yi,∆∗ . Recall the

following guarantees of ABL and AGL which hold for each pair (i, Y ′) ∈ P ∗:

1. Let ̂̀i,Y ′ be the output of ABL(y(Xi), Y
′, 1
ρ∗
, τ). Then ̂̀

i,Y ′ is a
(
αs,

r
ρ∗

)
-

approximation of `i,Y ′ , where αs , as

(
r, τ, r/ρ∗

|y−λ/2(Xi,Y ′)|

)
.

2. Let Λ∗ , Λ∆∗,ρ∗ . The output of AGL(Λ∗, λρ∗) is a (αg, λρ
∗τ)-approximation

of
∑

(i,Y ′)∈P ∗ 1
[̂̀∗
i,Y ′ ≥ κ∗

]
, where αg , ag

(
τ, λρ

∗ng
mg

)
, where ng = τ and mg =∑

i [|Y∗i |], are, respectively, the number of blocks and non-null elements in the

Genuine-LIS instance.

We use the approximation guarantees from above to obtain a lower bound on L∗ ,

L∆∗,ρ∗ . Assuming c ≥ cs(·) · cg(·), we invoke Lemma 75 to get that the quantity L∗ is

a (αg, λρ
∗τ)-approximation for a Genuine-LIS instance, where each block i is defined

by all possible candidate intervals Y∗i , and each candidate interval Y ′ ∈ Y∗i is genuine

iff a
(
αs,

r
ρ∗

)
-local approximation ̂̀i,Y ′ passes the κρ∗ threshold.

Note that the approximations are:

αs = as

(
r, τ, r

ρ∗|y−λ/2(Xi,Y ′)|

)
αg = ag

(
τ, λρ∗

Ei[|Y∗i |]

)
.

We let λs = |y(X,Y )|
|X| ·

r
ρ∗|y−λ/2(Xi,Y ′)| , and λg = mg

ng
· λρ∗

Ei[|Y∗i |]
= λρ∗, in which case:

αs · αg = as

(
r, τ, λs|X|

|y(X,Y )|

)
· ag
(
τ, λgng

mg

)
. (4.4)
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We need to bound λsλg. For this, we use Lemma 86 (1) and (2), to obtain for

each Y ′ ∈ Y∗i , for all i:

|y−λ/2(Xi) ∩ Y ′| = O (λ∆r) ; (4.5)

mg
ng

= Ei [|Y∗i |] = O
(
|y(X,Y )|
λ∆|X|

)
. (4.6)

We obtain that

λsλg · ng/mg = Ω
(
|y(X,Y )|
|X| ·

r
ρ∗λ∆r

· λρ∗ · λ∆|X|
|y(X,Y )|

)
= Ω(λ),

as required in the theorem statement.

We can finally derive the following overall bound on L̂, and in particular, show it

is a (α, λ|X|)-approximation, for some α = O (αs · αg · polylog(k/λ)). For the lower

bound, recall L̂ = maxρ,∆ Lρ,∆ ≥ L∗, and therefore we have that:

L̂ ≥ L∗

≥

 1
αg

∑
(i,Y ′)∈P ∗

1
[̂̀
i,Y ′ ≥ κ∗

]
− λρ∗τ

 · 0.5κ∗
≥

∑
(i,Y ′)∈P ∗

1
αg

1
[
`i,Y ′ ≥ αs ·

(
κ∗ + r

ρ∗

)]
· 0.5κ∗ − λρ∗τ · 0.5κ∗

≥ 0.5κ∗

αg
·
∑

(i,Y ′)∈P ∗
1
[
`i,Y ′ ≥ αs ·

(
κ∗ + r

ρ∗

)]
− 0.5λ|X|

≥ 0.5κ∗

αg
·
∑

(i,Y ′)∈P ∗
(1 [`i,Y ′ ≥ αs · (κ∗ + κ∗)])− 0.5λ|X|

≥ 0.5κ∗

αg
· 1

2αsκρ∗
· Ω(Block-LIS(y,X,Y ))−λ|X|

log3(k/λ)
− 0.5λ|X|

> Ω
(

Block-LIS(y,X,Y )

αsαg log3(k/λ)

)
− λ|X|.

For the upper bound, we use Lemma 85 to claim that for any set of parameters, and

any choice of monotone pairs, Lρ,∆ is upper bounded by Block-LIS(y,X, Y ), and hence
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any approximation of such quantity is guaranteed to be bounded by Block-LIS(y,X, Y )

as well.

Proving the assumed bound for c. For correctness, it is left to show the lower

bound for c suffices to obtain c ≥ csampling + cg(·) · cs(·) for every set of potential

parameters from above, and where csampling is the complexity for sampling the set

S∗. Note that csampling = ζs = ζτ/λ. As regards cs, cg, in order to obtain the

desired approximations αg, αs, we need complexities cg = cg(τ, λg,mg/ng) and cs =

cs(r, τ, 1/ρ
∗) respectively. Now, noting mg

ng

Eq. (4.6)
= O

(
|y(X,Y )|
λ∆|X|

)
, we have

1
ρ∗

= λ·λs·∆·|X|
|y(X,Y )| = Ω

(
λsng
mg

)
,

as needed. This concludes the correctness proof.

Runtime Analysis. The algorithm consists of the following procedures:

First, sub-sampling of blocks, with expected runtime Õ( τ
λ
) · |y(X,Y )|

|X| by Corol-

lary 74.

Second, computation of candidate intervals, takes time Õ(|S|) = Õ( τ
λ
) ·

|y(X,Y )|
|X| .

Last, and most important, are the recursive calls invoked by the decomposition

procedure. Here, for each set of parameters ∆, t, the expected runtime by Lemma 75

is

Õ
(
τ + tGL + 1

δτ
· ‖tf‖1 · logO(logβ(τ))(β)

)
,

where δ = 1
cg(·) . The Lemma assumption provides the bound

tGL = Õ(mg + ng) = Õ(τ +
∑
i

|Yi,∆|) = Õ(τ + |S|) = Õ( τ
λ
) · |y(X,Y )|

|X| ,

and hence the main quantity to analyze is 1
δτ
· ‖tf‖1 · logO(logβ(τ))(β).
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Notice that computing each fi requires |Yi,∆| invocations of ABL, where for each

Y ′ ∈ Yi,∆, we pay (expected) time t ·cs(·) · |y(Xi,Y
′)|

|Xi| . Furthermore, note that candidate

intervals in Yi,∆ are disjoint and contained in Y , and hence
∑

Y ′∈Yi,∆ |y(Xi, Y
′)| ≤

|y(Xi, Y )|. Therefore:

ET
[
‖tf‖1

]
≤
∑
i

∑
Y ′∈Yi,∆

t · cs · |y(Xi,Y
′)|

|Xi| ≤
∑
i

t · cs · |y(Xi,Y )|
|Xi| = t · cs · |y(X,Y )|τ

|X| .

Now, since c ≥ cs · cg, then,

ET
[

1
δτ
· ‖tf‖1

]
= cg

τ
· E[‖tf‖1] ≤ t · cs · cg · |y(X,Y )|

|X| ≤ t · c · |y(X,Y )|
|X| .

Counting the time taken by all procedures above, the overall expected runtime is:

Õ
(
τ
λ

+ t · c · logO(logβ(τ))(β)
)
· |y(X,Y )|

|X| = t · c · logO(logβ(τ))(β) · |y(X,Y )|
|X| ,

as needed.

4.6.4 Dyadic construction for candidate intervals: proof of

Lemma 84

We now describe the algorithm for generating candidate intervals, proving Lemma 84.

First, we show how to generate a small “covering” set of candidate intervals over some

fixed set [m].

Claim 87. For any m ∈ N, there exists a clustering of [m] into intervals

{J∆,1,J∆,2, . . . ,J∆,m/∆}∆∈E2(m) where each J∆,j ⊆ I ∩ 2[m] and further:
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1. |J∆,j| = ∆ for all ∆, j.

2. For any interval I ∈ [m] ∩ I, there exists a set of intervals CI ⊆ {J∆,j}∆,j of

size |CI | = O(logm), such that I is precisely covered by CI ; i.e., I = ∪J∈CIJ .

Proof. Consider a binary tree Tm with leaves indexed by integers in [m] and internal

nodes indexed by the union of its children. The set of clusters corresponding to the

indexing of all nodes in each level of the tree provides the above guarantees. For (1),

we have a node at each height h ∈ [log2m] of length ∆ = 2h hence that bound is

immediate.

For (2), we reconstruct I as follows: let a , min{I} and b , max{I}. We start

with va (the leaf with index a) and add it to CI . Now we go up the tree level by

level, each time adding the sibling of the current node if and only if it is contained

in I. Similarly, we do the same process with vb. We note that this process generates

CI ⊆ {J∆,j}∆,j of size O(logm). It is left to show that I = ∪J∈CIJ .

For this task, consider any c ∈ [m]. One one hand, if c /∈ I, no ancestor of c will

be added to CI by construction. On the other hand, for c ∈ I, let v be the “lowest”

node such that either a, c or b, c are common descendants of v. Assume w.l.o.g. that

a, c are the common descendants (otherwise consider the symmetric argument). Now,

if c = a, then we add va = vc to CI . Otherwise, c ∈ (a, b), then c ∈ right(v) ⊆ I, and

hence right(v) will be added to CI . We conclude that c ∈ I if and only if c ∈ ∪J∈CIJ

as needed.

Second, We prove Lemma 84, by simple ordering of the set S, and reducing any

interval over [m] to an interval over S.
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Proof of Lemma 84. Index all values by rank such that S1 ≤ S2 ≤ . . . ≤ Sm. We now

construct a clustering of [m] as per Claim 87, and output CS∆ , {[Sa,Sb] | [a, b] ∈

{J∆,i}i}. Then all the above guarantees are immediate (the last guarantee is obtained

by sub-additivity).

4.6.5 Analysis of Block-LIS invariants: proof of Lemma 86

To prove Lemma 86, we state the following claim:

Claim 88. The algorithm SampleAndPartition generates {(Xi,Si)}i pairs which,

with high probability, satisfy the following for all i ∈ [τ ] and Y ′ ∈ I:

1.
∑

w∈Xi 1[y(w) ∩ Y ′ 6= ∅] ≤ λr · (|Y ′ ∩ Si|+ 2)

2. |y−λ/2(Xi, Y
′)| ≤ 4λr · (|Y ′ ∩ Si|+ 2).

We now prove Lemma 86 using Claim 88.

Proof of Lemma 86. Fix i,∆. By Lemma 84 (1), we have for all Y ′ ∈ Yi,∆ that

|Y ′ ∩ Si| = ∆ + 1, and we use Claim 88 (2), to obtain the first invariant.

For the second invariant, we bound Ei∈[τ ] [|Yi,∆|] by arguing about the random

sets W,B,S∗ computed in the SampleAndPartition algorithm. Let S = ∪iSi, we

would like to show high probability bound on |S|. Note that |S| · ζ = Θ(|W \ (B ×

[k])|). Now, each block is subsampled independently with probability
(

ζ τ
λ|X|

)
. Then,

E[|W |] = ζ τ |y(X,Y )|
λ|X| . For our task, we invoke Fact 81, which implies |S| = O

(
τ |y(X,Y )|
λ|X|

)
w.h.p. We also invoke Lemma 84 (2) to obtain |Yi,∆| = |Si|

∆
, which implies

Ei [|Yi,∆|] = Ei
[
|Si|
∆

]
= |S|

∆τ
= O

(
|y(X,Y )|
λ∆|X|

)
,

as needed.
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For the third invariant, let OPT be (the indices of) an optimal increasing subse-

quence of Block-LIS(y,X, Y ). Let Mi , max{y(Xi ∩ OPT)} be the maximal value of

y(OPT) in Xi (by convention, Mi = ⊥ if OPT ∩Xi = ∅). Let Ui , (Mj,Mi] for the

largest j < i such that Mj is defined (similarly, let Ui = ⊥ if OPT ∩Xi = ∅). Last,

define

Ri , argmax
[j,k]⊆Ui:j,k∈Si

(k − j),

i.e., the largest interval in Ui using the values of Si only. We have the following bound

on Block-LIS(y,X, Y ):

Block-LIS(y,X, Y ) =
∑
i

Block-LIS(y,Xi, Ui)

≤
∑
i

(Block-LIS(y,Xi, Ri) + Block-LIS(y,Xi, Ui \Ri)) .

Now, notice that by definition ofRi, Ui\Ri∩Si = ∅. Notice also that Ui\Ri consists

of at most 2 intervals. We invoke Claim 88 (1) on each one of those intervals to obtain

that
∑

w∈Xi 1[y(w)∩Ui \Ri 6= ∅] ≤ 4λr, implying that Block-LIS(y,Xi, Ui \Ri) ≤ 4λr

as well. We therefore have:

∑
i

Block-LIS(y,Xi, Ri) ≥ Block-LIS(y,X, Y )− 4λr · τ = Block-LIS(y,X, Y )− 4λ|X|

It remains to bound
∑

i Block-LIS(y,Xi, Ri). Here, we use Lemma 84 (3), with

ψ(J) = Block-LIS(y,Xi, J) and I = Ri, to obtain Block-LIS(y,Xi, Ri) ≤ O(log |Si|) ·

Block-LIS(y,Xi, Yi), for some Ri ⊇ Yi ∈ Yi,∗. Last, to avoid “too large ∆”, we

simply do not count intervals with many sampled pivots. In particular, note that

since |S| ≤ 2kτ/λ whp (by the immediate Chernoff bound), we have that at most λτ
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blocks satisfy |Si| ≥ 2k/λ2. Overall:∑
i:|Si|≤k/λ2

Block-LIS(y,Xi, Yi) ≥
∑

i:|Si|≤2k/λ2

Block-LIS(y,Xi,Ri)
O(log |Si|)

≥ 1
O(log(k/λ))

∑
i∈[τ ]

Block-LIS(y,Xi, Ri)− λ|X|


= Ω

(
Block-LIS(y,X,Y )−λ|X|

log(k/λ)

)
.

We also note that since {(i, Ri)}i are monotone, so are Yi. This concludes the

proof.

It remains to prove Claim 88.

Proof of Claim 88. Fix Y ′ ∈ I. Assume w.l.o.g Y ′ ∈ {(j, k) | {j, k} ∈ y(Xi) ∪ {−∞,∞}}

(otherwise, consider the smallest interval in this set, which contains Y ′). Notice that

since there are at most poly(n) such intervals, it suffices to prove this holds w.h.p.

for a single Y ′ and the claim follows by the union bound.

To prove the claim, we also define γ , |Y ′ ∩ Si|+ 2 and use γ to get our bounds.

Concentration Analysis for γ. First, we show concentration for γ using the quan-

tities we care to bound. We observe that γ−2 ∈ |p
i
∗∩Y ′|
ζ

+[0, 1], and hence γ ∈ |p
i
∗∩Y ′|
ζ

+

[2, 3]. Now, the quantity |pi∗∩Y ′| can be lower bounded by Bin
(∑

w∈Xi 1[y(w) ∩ Y ′ 6= ∅], ζ τ/λ|X|
)
−

ζ, which w.h.p. is at least:

τζ
λ
·
∑
w∈Xi

1[y(w)∩Y ′ 6=∅]
|X| − 2ζ = ζ ·

(∑
w∈Xi

1[y(w)∩Y ′ 6=∅]
λr

− 2
)
.

Hence γ ≥
∑

w∈Xi 1[y(w)∩ Y ′ 6= ∅] / (λr), and since |Y ′ ∩Si|+ 2 = γ, we obtain part

(1) of the claim.

To prove (2), we show that our sampling procedure guarantees that most blocks

w ∈ Xi will have bounded number of values in Y ′.



CHAPTER 4. LONGEST INCREASING SUBSEQUENCE 230

All blocks in y(Xi)−λ/2,Y ′ contain O(γ) elements in Y ′. Let T ,

maxw∈y(Xi)−λ/2,Y ′
{|y(w) ∩ Y ′|}. We argue T = O(γ). By construction, we have λr

2

blocks in y(Xi) with at least T integers in Y ′. So, the quantity |pi∗ ∩ Y ′| is lower

bounded by T · Bin
(
λr
2
, ζ τ/λ|X|

)
. Hence, by Chernoff bound, we have

ζγ ≥ |pi∗ ∩ Y ′| ≥ T ·
(
ζ
3
−O(log n)

)
> ζT

4

w.h.p. (for ζ with a high enough constant). This implies that T ≤ 4γ.

Finally, observe that the quantity |pi∗ ∩ Y ′| can also be lower bounded by viewing

it as sampling blocks from y(Xi)−λ/2,Y ′ , whose max-size (in Y ′) is T . Hence, we have,

by the Chernoff bound, w.h.p.:

|pi∗ ∩ Y ′| ≥ ζ τ/λ
2|X| · |y−λ/2(Xi, Y

′)| − 1
4
ζ T.

This implies that |y−λ/2(Xi, Y
′)|/2(λr) ≤ γ+γ, which further implies part (2) as well.

4.7 Genuine-LIS and Block-LIS extensions: proof of

Lemmas 78 and 83

In this section we prove the reductions regarding the Genuine-LIS and Block-LIS ex-

tensions, namely Lemmas 78 and 83.

4.7.1 Block-LIS extension

For the Block-LIS problem, all we need to show is that one can “ignore” not too many

exceptionally large blocks. The algorithm is the natural one:
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1. Using Corollary 74 and T , sample blocks S ⊆ X with i.i.d. probability ζ
λ|X| ,

and let W ← {(i, j) ∈ S × [k] | yi,j ∈ Y }.

2. Compute Υ← the (1− 0.6λ)-quantile of {|{(i, j) ∈ W}|}i∈S.

3. Run A with λ′ = 0.3λ. Whenever A tries to access a block i using T , we check

first if |yi,∗∩Y | > Υ, and if so, we treat the block as “empty” (say, by override).

Proof of Lemma 78. First, we argue that each block in y(X)−λ/2,Y has at least Υ

elements in Y . Indeed, that holds w.h.p.by the Chernoff bound. Therefore, the

instance we approximate is contained in y−λ/2(X, Y ). It remains to show the additive

error bounds. Here again, by the Chernoff bound, we “omit” at most 0.7λn blocks,

and hence the total additive error is at most 0.3λn+0.7λn = λn w.h.p. This concludes

the proof.

4.7.2 Genuine-LIS extensions

For the Genuine-LIS problem, we need to show two extensions:

4.7.2.1 Sparse instances

When the instance g consists of m� nk non-null elements6, we would like to improve

the approximation and runtime bounds to be a function of m/n instead of k.

To obtain the improved bound, we first exponentially discretize the blocks based

on the number of non-null elements (denoted the block size mi) and output the max-

imum over all instances. For each scale of block size b ∈ E2(k), we use the following

6Note that unlike “sparse genuine” instances where we have few genuine elements, here we have

few elements overall.
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extended version of Genuine-LIS:

Lemma 89 (EstimateGenuineLIS algorithm, sparse version). Suppose the algo-

rithm EstimateGenuineLIS (a(λ/k), λn)-approximates Genuine-LIS for some func-

tion a in time t(n · k), then there exists an algorithm A that (O(a(λn/dk)), λn)-

approximates Genuine-LIS with d non-empty blocks. The run-time is t(dk) +O(n).

We adapt algorithm EstimateGenuineLIS as follows. Let D be the set of non-

empty blocks. We proceed by following the same algorithmic steps, using parameters

n′ , d and λ′ , λn/d.

Proof. It suffices to show that the algorithm output guarantees do not deteriorate

from the case where the input is g ∈ Nd×k with parameter λ′ as above and does not

include the empty blocks. Note that the additive error is λn = λ′d.

Indeed, for the dense estimator, we only count i ∈ D which are subsampled, and

each one is independently subsampled with the same probability as above.

For the sparse estimator, we note that the guarantees of Theorem 95 are with

respect to |Y ∩y||X| , and increasing n can only help, since it gives us greater flexibility for

choosing τ ∈ Eβ.

The runtime is immediate, as the only overhead is skipping empty blocks.

4.7.2.2 Genuine-LIS over interval space

We also need to overcome the obstacle that the space I admits a partial order rela-

tion only, as opposed to N, which admits a total order relation. Our ideal solution

involves a mapping ϕ : I → N that approximately preserves the overall LIS over all

subsequences (with probability 1), and therefore also preserves the overall LIS over
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the genuine elements. We first note that such a mapping is applied a priori on the

first coordinates of the input, and is not affected by the genuineness flags, nor does

it require access to any genuineness samples.

While we are unable to exhibit a single mapping for the entire space, we show

that one can discretize an arbitrary Genuine-LIS instance over intervals into log(k/λ)

“nicer” instancesG1, . . . , Glog(k/λ), which are mutually disjoint and whose union covers

most of the original Genuine-LIS intervals (the unused intervals are discarded, incur-

ring some additive error). Each such “nicer” instance is then mapped to a Genuine-LIS

instance over integers, incurring a constant factor approximation over all its subse-

quences. The final output is the maximum Genuine-LIS over all integral instances

{ϕi(Gi,1), Gi,2}i. This costs us another log(k/λ)-factor approximation.

In particular, we use the following claim:

Claim 90. For ` ∈ N, define I` to be the collection of all intervals in I whose length

is in [`, 2`). Then, there exists a mapping ϕ` : I` → N, which can be computed in

constant time, such that:

1. For I, J ∈ I`: I < J ⇒ ϕ`(I) < ϕ`(J); and,

2. For all increasing sequences y ∈ Nm and all q ∈ Im` such that ϕ`(q) = y, q must

have an increasing subsequence of length m/3.

Proof. We use the mapping ϕ`(I) , bmin(I)/`c. First we show (1). We have

I < J ⇒ min(I) ≤ max(I)− `+ 1 ≤ min(J)− `,

which implies that ϕ`(I) < ϕ`(J).
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For (2), fix y as above, and for i ∈ {0, 1, 2}, let yi be the sequence y restricted to

integer values yw satisfying yw (mod 3) = i. Let qi be the corresponding subsequences

of q. Then each subsequence qi is increasing. To see this, consider two intervals qij

and qij+1. Then max(qij) < min(qij)+2`. On the other hand, min(qij+1) > min(qij)+2`,

as yij+1 ≥ yij + 3. So, max(qij) < min(qij+1).

Since |q0| + |q1| + |q2| = m, at least one of them satisfies the length promise as

well.

Algorithm 19 Genuine-LIS extension reduction

Input: g ∈ (I ×{0, 1})n×k, λ ∈ [1/n, 1], algorithm A for Genuine-LIS over integers.

Output: A number Ĝ ∈ [0, n].

Let y ← g(∗)1 be the first coordinates of g.

Compute the set of integers Q← ∪i,j{min(yi,j),max(yi,j)}.

Compute a ∈ In×k such that ai,j ← [rankQ(min(yi,j)), rankQ(max(yi,j))] for all i, j.

for (`, i) ∈ E2(2k/λ)× [n] do

Compute U` ← {(i, j) | |ai,j| ∈ [`, 2`)}.

Compute b(`) ← ϕ`(a(U`))⊕g(U`)2, where ϕ` is the transformation of Claim 90.

for e ∈ E2(k) do

Compute B ← {i | |bi| ∈ [e, 2e)}.

L`,e ← 1
3
· { the output of algorithm from Lemma 89 with inputs b

(`)
B , λ/2 }.

end for

end for

return max`,e L`,e.

Figure 12: Description of the Genuine-LIS extension algorithm (Lemma 83). Here, ⊕

denotes direct sum.
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Proof of Lemma 83. Let A be such that A(b(`)) is a (α, λn/2)-approximation for

Genuine-LIS(b(`)) in time t. We need to show the reduction algorithm provides a

(O(log(1/λ)α), λn)-approximation for g.

For the upper bound, we use Claim 90, item (1), to map each interval to an

integer preserving its strict order relation with all other intervals. This implies that

we always output an upper bound of the original interval LIS, as we only use subsets

of elements of the original sequence, and do not add elements.

For the lower bound, first consider intervals of length at least 2k/λ, which do not

participate in any b(`). Any increasing subsequence of intervals contained in [1, 2nk]

can have at most λn/2 intervals of such magnitude, hence by ignoring such intervals

we “omit” at most λn/2 LIS elements (additive error). Now, consider all intervals of

length at most 2k/λ. Each such interval participates in some instance b(`), and hence

there exists an instance such that the intervals participating in it (log(k/λ), λ
2
n)-

approximates the original instance. Now, using Claim 90, item (2), this instance

is mapped to an integer instance which (O(log(k/λ)), λ
2
n)-approximates the original

instance. Therefore, the lower bound holds for at least one b(`).

Next, we argue that partitioning b(`) into log(k) instances of similar block size

guarantees that at least one instance has 1/ log(k) fraction of the LIS. Finally, we use

the guarantees of Lemma 89, together with the above bounds on b
(`)
B , to conclude that

A(b
(`)
B ) outputs a (α · O(polylog(k/λ)), λn)-approximation of the original LIS. This

concludes the proof.
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4.8 Proof of Theorem 95

The proof is by recursive application of Theorems 68 and 69 for solving Block-LIS,

up to approximation
(
a
(
|X|, τ, λ·|X|

|y(X,Y )|

)
, λ|X|

)
, with access to a Precision-Tree T1/c,

for c = c
(
|X|, τ, λ, λ·|X|

|y(X,Y )|

)
.

We will establish the recurrences for quantities a(·, ·, ·) and c(·, ·, ·, ·).

Claim 91. Fix ε < 1 and ξ, θ, n ∈ N. Consider the following recursive formulas:

a(m, τ, 1/L) ≤ ξ · max
t∈[1,O(L)]

max
{
γ, a(τ, τ ε, γ

t
)
}
· a(m/τ, τ,Ω(t/L));

c(m, τ, 1/D, 1/L) ≤ θ · τ ·D + max
r∈[1,D]

(
Õ(r) + c(τ, τ ε, 1/r, γ/t)

)
· c(m/τ, τ,Ω(r/D),Ω(t/L)).

With the following base cases:

a(·, ·, 1) = 1 a(m, ·, 1/m) = 1 a(1, ·, ·) = 1

c(·, ·, ·, 1) = 1 c(1, ·, ·, ·) = 1 c(m, ·, ·, 1/m) = m

Then, there exists a function γ(t, n,m, ε), such that substituting γ = γ(t, n,m, ε) in

the recursive formulas above yield the following upper bounds, for H , εΘ(1/
√
ε·log 1/ε):

a(n, nε, 1/L) = L
√
ε · ξO(H2)

c(n, nε, 1/D, 1/L) = D ·mO(ε log(1/ε)(H)) · θO(H).

The proof of Claim 91 is deferred to Section 4.8.1.

To prove Theorem 95, we deduce the recurrences on approximation and Precision-

Tree complexity showing they match the ones from Claim 91, from which we directly
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obtain the final bounds on approximation. Then we analyze the runtime, where we

use the bound established on c(·, ·, ·, ·) as well.

Proof of Theorem 95. To deduce the recurrences, we first note that for base cases,

we have a(·, ·, 1) = 1, c(·, ·, ·, 1) = 1 as in this case λ = 1 and additive approximation

|X| is trivial. Similarly, for |X| = 1 (i.e., 1 element string), we have a(1, ·, ·) = 1,

c(1, ·, ·, ·) = 1, as we can compute if LIS is 1 or 0 with access to a 1 element string.

Similarly, we need full access for exact approximation, and hence: a(m, ·, 1/m) = 1,

c(m, ·, ·, 1/m) = m. For the other cases, we show the following:

Approximation. For convenience, let m , |X|, L , |y(X,Y )|
λ·|X| ≤ k/λ. We apply

Theorem 69. Define t , kg/λg, in which case λs|X|
|y(X)∩Y | = Ω(t/L). Note that if t >

Ω(L), then, we get (base case) a(|X|, ·, 1) = 1, and hence a(m, τ, 1/L) ≤ (log k/λ)O(1) ·

maxt≤1/λ ag(τ, 1/t) . Thus, including when t is smaller, we have that:

a(m, τ, 1/L) ≤ (log k/λ)O(1) · max
t∈[1,O(L)]

ag(τ, 1/t) · a(m/τ, τ,Ω(t/L)).

Plugging in ag from Theorem 68, (with τs = nε), we get, for our choice of γ:

a(m, τ, 1/L) ≤ (log k/λ)O(1) · max
t∈[1,O(L)]

max
{
γ, a(τ, τ ε, γ

t
)
}
· a(m/τ, τ,Ω(t/L)).

Precision-Tree Complexity. We now deduce the complexity bound c. Note that

the recursion for c will be using same parameters as above. We need to keep track

of new parameters, in particular let D = 1/λ. We have, where λs, λg, kg are as in

approximation bound above, with λsλg = Ω(kgλ):

c(m, τ, 1/D, 1/L) ≤ polylog(n) · τD + (cg(τ, λg, kg) · c(m/τ, τ,Θ(λs/kg),Ω(t/L))
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Here we set r = 1/λg ∈ [1, D] and hence:

c(m, τ, 1/D, 1/L) ≤ polylog(n) · τL+ cg(τ, 1/r, kg) · c(m/τ, τ,Ω(r/D),Ω(t/L)).

Plugging in cg from Theorem 68 (again, with τs = nε), we get:

c(m, τ, 1/D, 1/L) ≤ polylog(n)·τD+ max
r∈[1,D]

(
Õ(r) + c(τ, τ ε, 1/r, γ/t)

)
·c(m/τ, τ,Ω(r/D),Ω(t/L)),

We now apply Claim 91, with θ = polylog(n) and ξ = polylog(k/λ) to obtain the

bounds we need.

Runtime complexity. The recurrence relation ts(n, n
ε) = κ · ts(n1−ε, nε), where

κ = Õ
(

logO(logβ(τ))(β)
)

, with base case ts(n
ε, nε) = κ, can be expanded to obtain

T (n, nε) = κ1/ε.

Therefore, the total expected runtime is κ1/ε·c(m, τ, 1/D, 1/L)· L
D

= L·mO(
√
ε log 1/ε)·

(log n)2O(1/
√
ε·log2 1/ε) · Õ

(
logO(logβ(nε))(β)

)1/ε

= logO(logβ(n))(β) · log(n)O(1/ε). The pre-

processing of the Precision-Tree takes time c · Õ
(

logO(logβ(nε))(β)
)

, which is a lower

order term.

4.8.1 Recursion Analysis

We will prove each recursion separately. Let b = n1/H . Our choice of γ = t
√
ε, ex-

cept for τ = b, then we set γ = t and get the base cases a(m, b, 1/L) ≤ ξ·maxt∈[1,O(L)] t·

a(m/b, b,Ω(t/L)) and c(m, b, 1/D, 1/L) ≤ θ·b·D+maxr∈[1,D]

(
Õ(r) + c(m/b, b,Ω(r/D),Ω(t/L))

)
.

Proof of Claim 91, function a. Setting τ = mε, the recursion formula can be written

as:

a(m,mε, 1/L) ≤ ξΥ · max
t1,...,t1/ε≥1

t1·t2·...·t1/ε≤2O(Υ)L

∏
i

max{γi, a(mε,mε2 , γi/ti)},
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where Υ = 1/ε and γi = γ(ti). Let f = Υ·log(ξ). Setting qh(l) = log a(mεh ,mεh+1
, 1/2l),

we obtain from above, and substituting γi with log γi =
√
εti:

qh(l) ≤ f + max
t1,...,tΥ≥0

t1+t2+...+tΥ≤l+O(Υ)

∑
i

max{γi, qh+1(ti − γi)}.

Now let H ′ = logΥ(H) and hence b = n1/H = nε
H′

. Then qH′(l) ≤ f + l + O(Υ)

by the base case.

Now for h ≤ H ′ we prove, by induction, that

qh(l) ≤ (f +O(Υ)) ·Υ2(H′−h) + (1−
√
ε)H

′−h · l.

Indeed, we first check the base case for h = H ′: qH′(l) ≤ f + l + Υ. Now note that

qh(ti − γ(ti)) ≤ f · ΥH′−h + (1 −
√
ε)H

′−h+1 · ti. Hence, we can verify the inductive

step for h < H ′:

qh(l) ≤f + max
t1,...,tΥ≥0

t1+t2+...+tΥ≤l+O(Υ)

∑
i

max{γ(ti), qh+1(ti − γ(ti))}.

≤f + max
t1,...,tΥ≥0

t1+t2+...+tΥ≤l+O(Υ)

∑
i

(f +O(Υ)) ·Υ2(H′−h−1) + (1−
√
ε)H

′−h · ti

≤f + (f +O(Υ)) ·Υ2(H′−h)−1 + (1−
√
ε)H

′−h(l +O(Υ))

≤(f +O(Υ)) ·Υ2(H′−h) + (1−
√
ε)H

′−h · l

where we omitted γ(ti) from the max in the 2nd inequality since
√
εti is smaller

than the inductive hypothesis on qh+1(ti) (using the particular choice on the value of

H).

In particular, this bound implies q0(l) = O(f) ·Υ2H′ +
√
εl = f ·O(H2 ·Υ) +

√
εl.

Substituting back, we obtain that a(m,mε, 1/L) ≤ 2O(HΥ)·f+
√
ε log(L) ≤ L

√
ε ·ξO(H2).
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Proof of Claim 91, (function c). Similar to the previous proof, setting τ = mε with

ti,Υ from before too:

c(m,mε, 1/D, 1/L) ≤ (log(n))O(Υ) ·

(
Υ∑
i=1

mεD/r1..ri−1

logn

∏
j<i

c(τ, τ ε, 1/rj, γ(tj)/tj)

)
,

where the r′is satisfy r1, . . . rΥ ≥ 1 and r1r2 . . . rΥ = D. We further can simplify by

dividing by D:

1
D
c(m,mε, 1/D, 1/L) ≤ (log(n))O(Υ) · mε

logn
·

(
Υ∑
i=1

∏
j<i

1
rj
c(τ, τ ε, 1/rj, γ(tj)/tj)

)
.

As before, let ch(D) = 1
D
c(mεh ,mεh+1

, 1/D, 1/L), for which we get:

ch(D) = (log n)O(Υ) ·mεh+1 ·max
i

∏
j<i

ch+1(rj),

with the base case cH′(D) = (log n)O(1) (when we are taking the maximal γ). Hence

we obtain that

c0(D) ≤ (log n)ΥO(H′) ·mε·H′ .

Plugging back into c we obtain that:

c(m,mε, 1/D, 1/L) ≤ D · (log n)ΥO(H′) ·mε·H′ .
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Chapter 5

Longest Common Subsequence

Given a pair of strings x, y ∈ Σn, a common subsequence between x and y is a

subsequence which occurs in both strings. The Longest Common Subsequence (LCS)

of x and y, is a common subsequence between x and y of maximal length. We denote

by LCS(x, y) the size of the Longest Common Subsequence.

The (length of the) LCS has a classical dynamic programming solution in quadratic

time [202].

LCS is also a fundamental string similarity measure of key importance both in

theory and practice, and therefore has been extensively studied during the course of

the past 50 years [199; 116; 117; 35; 93; 194; 185; 186], with the main goal of improving

the run-time from polynomial towards close(r) to linear.

Despite significant attention, little progress was made, and the runtime has im-

proved by logarithmic factors only [150]. More recently, fine-grained hardness re-

sults helped explaining the lack of progress, showing that any truly subquadratic

solution for LCS would refute the Strong Exponential Time Hypothesis (SETH)[1;

65]. Moreover, for the LCS problem in particular, it was later shown that even a high
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polylogarithmic speedup would be surprising [3; 2].

Even before the above hardness results, researchers started considering faster al-

gorithms that approximate the LCS, but there as well the progress has been slow.

The trivial
√
n-factor approximation was only recently improved to ≈ n0.497 [112] and

even more recently to n0.4 [61]. In parallel, a parametrized version was developed

which gives a subquadratic solution with improved approximation when the longest

common subsequence is promised to be above a certain threshold [185].

In this chapter, we show an algorithm which runs in O(n) time, and outputs a

no(1)-factor approximation to LCS(x, y), with high probability, for any pair of length

n input strings, proving Theorem 5, restated below:

Theorem 92 (Theorem 5, restated). LCSn can be approximated up to no(1)-factor,

with high probability, and in O(n) time.

While we do not track the exact approximation factor in our analysis, we note it

is exp
(

log(n)
logc log(n)

)
for some absolute constant c.

Our entire algorithm is merely an efficient black-box reduction to the Block-LIS

problem, introduced very recently in [29], and solving the Block-LIS problem directly.

5.1 Preliminaries

5.1.1 Definitions

Sequences. Fix alphabet Σ. We denote x ∈ Σn as a length n sequence.

For a sequence x, we denote by ψ(x) : Σ → N, the count vector of letters in x,

i.e., ψ(x)c , |x−1(c)| for any c ∈ Σ.
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We also define integer block sequence z ∈ Nn×k, and denote |z| as the count of all

integers in all the blocks (with repetitions).

Monotone sets. We define monotone sets as follows:

Definition 93. We say that a set P ⊆ N× N is monotone iff for all ((i, k), (j, l)) ∈

P × P , we have (i) i = j ⇔ l = k; and (ii) i < j ⇔ k < l.

One can observe that

LCS(x, y) = max
P⊆[n]×[n]

P is monotone

∑
(i,j)∈P

1[xi = yj]

The Block-LIS problem. The Block-LIS problem was defined in [29]1. In Block-LIS,

the main input consists of n blocks of (at most) k elements each, and each block

can contribute at most one of its elements to a subsequence. Formally, for an integer

block sequence z ∈ Nn×k, Block-LIS(z) is the length of a maximal sub-sequence OPT ,

{(w1, zw)}w∈[n]×[k] such that OPT is monotone.

Other notations. Fix vectors a, b ∈ Rn, then min(a, b) (respectively max(a, b)) is

defined, as the vector of minimums (respectively, maximums) for each (ai, bi) pair.

Also, the notation ⊕ means the direct sum.

5.1.2 Main technique - Block-LIS reduction

Our construction boils down to a formulation of the LCS problem as a (larger) LIS

problem, and solve the LIS problem directly. Our reduction at its core is reminiscent

to ideas introduced in [117; 35], with two important differences:

1The original definition of Block-LIS included another extension which is not relevant for our

reduction, and hence was omitted for exposition.
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1. We provide a simplified approach by direct “black-box” reduction to a LIS prob-

lem which is then solved directly. In particular, we reduce to the Block-LIS

problem. As a result, the entire construction and proof takes roughly 1.5 pages.

2. We show that the number of “matching pairs” is always bounded by 2n ·

LCS(x, y) using norm inequalities, implying the linear runtime from Lemma

4.3 in [29].

In particular, we restate the following Definition and Theorem:

Definition 94. [29] For α ≥ 1 and β > 0, an (α, β)-approximation q̂ of a quantity q

is an α-multiplicative and β additive estimation of q, i.e., q̂ ∈ [q/α− β, q].

Theorem 95. [29] Fix n, k ∈ N and z ∈ Nn×k. For any λ = o(1), there ex-

ists a randomized non-adaptive algorithm ABL that solves Block-LIS up to (α, λn)-

approximation, where α =
(
|z|
λn

)o(1)

using
(
|z|
λn

)
· no(1) time.

Block-LIS Formulation for LCS. To prove Theorem 92, we formulate the LCS

problem as a single string Block-LIS. Given x, y ∈ Σn, we define an integer block

sequence z such that each zi is a block of all j ∈ [n] indices where yj = xi. Formally:

z , ⊕i∈[n]

{
y−1 (xi)

}
. (5.1)

We claim the following equivalence:

Claim 96. Block-LIS(z) = LCS(x, y).

Proof. First, observe that any common subsequence of x and y has a monotone set

P ⊆ [n]× [n] where xi = yj for all (i, j) ∈ P . Now, since j ∈ y−1(xi), then the second

coordinates of P are also an increasing subsequence of z.
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Similarly, consider the coordinates of an increasing subsequence W ⊆ [n] × [k].

Then {(w1, zw)}w∈W is a monotone set where xw1 = yzw , and hence x and y has a

common subsequence of the same length.

Our entire algorithm is merely an efficient implementation of the above reduction,

and solving it using Theorem 95. In particular, we show the following:

Lemma 97. Suppose there exists an algorithm ABL which
(
f
(
|z|
λn

)
, λn

)
approxi-

mates Block-LIS in time t
(
|z|
λn
, n
)

. Then, there exists an algorithm ALCS approximat-

ing LCSn up to a factor (1 + o(1)) · f(n · log n) in t (O(n · log(n)), n) +O(n) time.

Proof of Theorem 92 using Theorem 95 and lemma 97. The proof follow almost im-

mediately from Theorem 95 and lemma 97. However, a direct invocation of the

statements only yields n1+o(1) time algorithm. To obtain linear time, we first sub-

sample U ⊆ [n] i.i.d. at rate n−o(1), and then apply the statements on xU and yU ,

noting LCS(xU , yU) ∈ [n−o(1), 1] · LCS(x, y). The resulting runtime is |U |1+o(1) = O(n)

as needed.

5.1.3 Useful lower bound for the LCS using Hölder’s inequal-

ity

Hlder’s inequality. A classical norm inequality which says that 〈x, y〉 ≤ ‖x‖1/p ·

‖y‖1/q for any p + q = 1. In particular, 〈x, y〉 ≤ ‖x‖∞ · ‖y‖1. Such inequality can be

extended to show the following bound:

Claim 98. Fix x, y ∈ Rn. Then, 〈x, y〉 ≤ ‖min{x, y}‖∞ · (‖x‖1 + ‖y‖1).
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Proof. Let a = min{x, y} and b = max{x, y}. Then, by Hlder’s inequality,

〈x, y〉 = 〈a, b〉 ≤ ‖a‖∞·‖b‖1 = ‖min{x, y}‖∞·‖max{x, y}‖1 ≤ ‖min{x, y}‖∞·(‖x‖1 + ‖y‖1) .

Simple lower bound for the LCS. We next state a useful fact about the minimal

LCS of two strings:

Fact 99. LCS(x, y) ≥ ‖min{ψ(x), ψ(y)}‖∞.

Proof. That fact is immediate, since if each of x and y contain k copies of the same

letter c, then ck is a common subsequence to both x and y.

We combine the above to show the following lower bound on the LCS:

Lemma 100. LCS(x, y) ≥ |z|
2n

.

Proof. Observe that by construction |z| = 〈ψ(x), ψ(y)〉. Now, invoking Claim 98

and fact 99, we obtain:

|z| ≤ ‖min{ψ(x), ψ(y)}‖∞ · (‖ψ(x)‖1 + ‖ψ(y)‖1) ≤ 2n · LCS(x, y),

which implies the Lemma.

Remark 101. One direct implication of the above is a simple deterministic and

exact algorithm for LCS in time O(n` log(`)), where ` = LCS(x, y). While we do not

derive it in this paper, one can observe this can be done by simply reducing the LCS

problem to Block-LIS, and solving it directly as a standard LIS problem, which takes

O(|z| log(LIS(z))) time.
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5.2 Reduction algorithm

In this section we prove Lemma 97. Namely, we are given an algorithmABL for solving

Block-LIS(z) with additive error parameter λ, and we use it to estimate LCS(x, y).

The algorithm is the straight-forward one:

EstimateLCS(x, y):

1. Store the function y−1 over Σ (say, in the sparse matrix representation).

2. Set d← |z|/2n, where z is defined as in Equation (5.1).

3. Run ABL with input z and λ← d
n logn

.

4. Output ̂̀← the maximum between d and the output of ABL.

Figure 13: Description of the algorithm for estimating the LCS between x and y

5.2.1 Analysis

We show the above algorithm provides the guarantees of Lemma 97.

Proof of Lemma 97. First, let us argue ̂̀∈ [ 1−o(1)
f(n logn)

, 1
]
· LCS(x, y).

Upper Bound. The upper-bound is immediate since the output of ABL is promised

to be at most Block-LIS(z) = LCS(x, y), and since d ≤ LCS(x, y) from Lemma 100.

Lower Bound. Let ̂̀A be the output of ABL. Then, we are guaranteed

̂̀A ≥ Block-LIS(z)
f(|z|/λ)

− λn = LCS(x,y)
f(n logn)

− 2d
logn

.

Therefore, ̂̀= max{̂̀A, d} ≥ (1− o(1)) · LCS(x,y)
f(n logn)

as needed.

Last, we show the runtime is at most t (O(n · log(n)), n) +O(n).



CHAPTER 5. LONGEST COMMON SUBSEQUENCE 248

Runtime Analysis. The runtime for the first 2 steps is clearly O(n). It remains to

show the runtime on the Block-LIS algorithm, which is promised to be at most

t
(
|z|
λn
, n
)

= t
(

2d
λ
, n
)

= t (O(n · log(n)), n) .

This concludes the proof.
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Part II

Nearest Neighbour Search



CHAPTER 6. LSH FOREST - BIT SAMPLING 250

Chapter 6

LSH Forest - Bit Sampling

In the Nearest Neighbor Search problem (NNS), we are given a set P of n points in

a d-dimensional space, and the goal is to build a data structure that, given a query

point q, reports any point from P within a given distance r to the query q. In the

(c, r)-approximate near neighbor problem (ANN), the data structure may return any

data point whose distance from the query is at most cr, for an approximation factor

c > 1 (provided that there exists a data point within distance r from the query).

As discussed in Chapter 1, there is a longstanding gap between the classical,

data-oblivious LSH algorithms, which are very practical but with limited theoretical

guarantees, and the data-dependent ones, which are fastest asymptotically, but so far

has been mostly impractical.

In this chapter, we show new, simple data-dependent algorithms that are prov-

ably better than data-oblivious LSH algorithms, even for worst case instances, prov-

ing Theorem 6, restated below:

Theorem 102 (Theorem 6, informal, restated). For every k ≥ 1, there exists a

procedure of choosing k pivots in each node of the tree of LSH Forest, such that, in
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order to get a data structure for (c, r)-ANN for the Hamming distance with constant

probability of success, it is enough to sample O(nρ) tries, where:

ρ ≤ 1

ln 4
· 1

c
·
(

1 +O

(
1

k

))
+O

(
1

c2

)
.

Choosing k to be large enough, the exponent is ρ = 0.73/c + O(1/c2). The resulting

query time is O(nρd2k) and space is O(n1+ρk + nd).

While the above does not improve the bounds of existing DDH algorithms such

as [31] quantitatively (in fact they are worse), the main advantage is simplicity and

relation to algorithms used in practice.

Our improved algorithm is based on LSH Forest, a heuristic introduced in [43]

and now popular in practice (see, e.g., [47]). It can be applied as a black box to any

LSH hash family, but we will need it instantiated to the Bit Sampling LSH of [124;

114] for the Hamming space. We show that while using LSH Forest directly does not

lead to improved algorithms, a simple modification of it does!

It will be convenient to assume that there is exactly one data point—the near

neighbor—within distance cr from the query (and, thus, the data structure must

recover the near neighbor). This assumption is adequate for practice: for many real-

world datasets there are not too many data points that are not much further from the

query than the near neighbor. At the same time, later we will show a modification of

our algorithm that can handle the general case of (c, r)-ANN.

Our new, improved algorithm is based on the LSH Forest algorithm, which pro-

ceeds as follows when instantiated to the Bit Sampling LSH. We choose a random

permutation of the coordinates π : [d]→ [d] and apply it to each vector x ∈ P . Then
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we build a trie on the permuted vectors.1 For a given query q, we descent down the

trie until we reach precisely one leaf and compare against the point stored in that

leaf. As before, we boost the probability of success by building nρ such tries (hence

the name of “forest”).

While the above algorithm still requires ρ ≥ 1/c in the worst case, here is how we

modify it to bypass the 1/c bound. For a constant parameter k = O(1), and for every

tree node v, we choose a fixed set of k pivots Tv. Then, when answering a query, while

descending down the tree, we check against all the pivots Tv of every node v we visit

on the way to the leaf. Overall, we compare the query point with at most dk data

points. The following theorem summarizes the main result of this paper assuming

that there is only the near neighbor within distance cr from the query.

To get rid of the assumption, we need to augment the set of pivots further. Namely,

in addition to k carefully chosen pivots, we need to include Θ(log n) uniformly random

pivots. If we do this, Theorem 102 will hold for the original (c, r)-ANN with a

logarithmic loss in space and query time.

Discussion of the theorem statement. Our resulting bound of, essentially, ρ ≈

1
ln 4·c corresponds to the bound that follows from using the Bit Sampling LSH of [124;

114] on a random dataset in {0, 1}d. Hence the algorithm can be seen as a worst-

case–to–random-case reduction in the case of Bit Sampling LSH. While there exist

space partitions that are better than Bit Sampling on a random dataset [17; 31;

16], they are less efficient, and, in particular require a larger number of parts, requiring

a tree with a large branching factor. This seems required at least in some cases: in

1This can be also seen as applying kd-tree on P with for a random order of the coordinates,

stopping the splitting until we have exactly one point.
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particular, for the Euclidean space, [16] prove that, for any space partition where ρ

differs from the optimal exponent by ε, the number of parts must be exponential in

1/ε. We conjecture a similar phenomenon happens for the Hamming case; indeed,

in all the known constructions, we need at least 106 parts to improve upon the Bit

Sampling for random instances, for c = 2. Furthermore, in all known space partitions,

the decoding time is proportional to the number of parts, and hence it is a very

important consideration in practice.

Discussion of the algorithm. We note that LSH Forest by itself is already a data-

dependent algorithm, in that it auto-tunes to the dataset. In contrast to Bit Sampling

that uses a fixed number of (random) coordinates, LSH Forest uses a variable number

of coordinates, which may differ from one part of the tree to the other. Informally

speaking, local granularity of a partition depends on the local density of a region

being partitioned, which is beneficial for irregular datasets. Nonetheless, despite the

vanilla LSH Forest working well in practice, one can still construct a bad example,

where one has to sample n
1
c
−o(1) trees. In particular, in the worst case LSH Forest

by itself does not offer any advantage over the regular Bit Sampling. It is precisely

the carefully selected pivots that allow LSH Forest to achieve the improved bound.

We note that our algorithm can also be seen as the LSH Forest essentially in-

stantiated to the min-hash scheme [66; 67], another very popular (data-independent)

hash function for the Hamming space, used extensively in practice. In particular,

the min-hash function h chooses a random permutation π and, on point x ∈ {0, 1}d,

outputs the smallest coordinate i in π where xi = 1. The resulting space partition

corresponds to a caterpillar tree with the permutation π. Hence, if we concatenate

a few minhashes, and simplify the tree, we obtain precisely the above LSH Forest.
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Again, pivots are essential to obtain improved bounds.

We also comment on the use of randomness in the tree. In the later sections, we

use LSH Forest where different parts of the trie use independent randomness: i.e., in

each node we choose a new random coordinate to split the dataset by, and recurse in

each of the two parts corresponding to the dataset conditioned on the value in that

coordinate. This does not affect the analysis (due to the linearity of expectation) Not

sure that it’s quite the reason., but is more general and likely amenable to further

improvements.

A final remark regarding the analysis of our algorithm is that this is the first time

when the analysis of random space partitions is with respect to the entire dataset.

This is in contrast to the standard analysis of LSH [114], data-dependent hashing

[31], or the analysis of [89], where the analysis of collision probability is with respect

to two or three points. In this paper, we perform a global analysis, which turns out

to be, technically, the most involved part of the paper.

6.1 Preliminaries

As is the case with most ANN algorithm, we use random partition of a metric space.

For a point x and a partition R, we denote R(x) the part of R the point x lies in.

Definition 103. The (c, r)-Approximate Near Neighbor problem (ANN) is to con-

struct a data structure over an n-point dataset P ⊂ X lying in a metric space X

supporting the following queries: given any fixed query point q ∈ X, if there exists

p∗ ∈ P with dX(q, p∗) ≤ r, then report some p′ ∈ X such that dX(q, p′) ≤ cr, with

probability at least 0.9.
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It will be convenient to introduce the following simplification of Definition 103.

Definition 104. The (c, r)-Gap Approximate Near Neighbor problem is to construct

a data structure over an n-point dataset P ⊂ X lying in a metric space X supporting

the following queries: given any fixed query point q ∈ X with the promise that there

is a data point p∗ ∈ P with dX(q, p∗) ≤ r and other data points are further than cr

from the query q, the goal is to find p∗ with probability at least 0.9.

Definition 105 ([124; 114]). We call a random partition R of a metric space X an

(r1, r2, p1, p2)-sensitive LSH partition, if for every x1, x2 ∈ X with dX(x1, x2) ≤ r1,

we have PrR[R(x1) = R(x2)] ≥ p1, while for every x1, x2 ∈ X with dX(x1, x2) > r2,

we have PrR[R(x1) = R(x2)] ≤ p2.

Theorem 106 ([124; 114]). Suppose that R is a (r, cr, p1, p2)-sensitive LSH par-

tition of a metric space X. We assume that 0 < p1, p2 < 1 and denote ρ =

log(1/p1)/ log(1/p2). Then, there exists a data structure for (c, r)-ANN over a dataset

P ⊂ X that consists of at most n points such that:

• The query procedure requires O(nρ/p1 · log1/p2
n) point locations in partitions

sampled according to R and O(nρ/p1) distance computations and other opera-

tions;

• The data structure uses at most O(n1+ρ/p1) words of space, in addition to the

space needed to store the dataset P and to the space needed to store O(log1/p2
n)

partitions sampled according to R.

The failure probability of the data structure is at most 0.1.

In particular, the original LSH paper used the following Bit Sampling partition.
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Definition 107. For a Hamming space {0, 1}d the Bit Sampling LSH partition [124;

114] is as follows: one first chooses a random coordinate i ∈ [d], and the partition

is {x | xi = 0} ∪ {x | xi = 1}. It is easy to show that for every r and c it is

(r, cr, 1− r/d, 1− cr/d)-sensitive. In particular,

ρ =
log(1/p1)

log(1/p2)
=

log
(
1− r

d

)−1

log
(
1− cr

d

)−1 ≤
1

c
.

For the Bit Sampling LSH, the worst-case exponent of ρ = 1/c occurs when r � d.

On the other hand, for r = d/2c, one obtains ρ = log 1/2
log 1−1/2c

≈ 1
ln 4
· 1
c

+ O(1/c2) when

c → ∞. This case of r = d/2c corresponds to the canonical random instance in the

Hamming space: where the dataset is i.i.d. random in {0, 1}d and the query point is

planted within distance d/2c from a random dataset point.

6.2 Generic LSH Forest with pivots

In this section we describe a generic construction and analysis of LSH Forest. This

can be seen as a different way to use random partitions than the classical one, as

in Theorem 106. We instantiate the general LSH Forest algorithm in later sections.

LSH Forest was first introduced in [43] as a heuristic.

LSH Forest consists of several decision trees. Each tree is built and queried using

Algorithm 20, which works as follows. In the root of the tree, we start with the entire

dataset S = P ⊂ X. We sample a random partition R of X and group the points

from S according to the parts of R. We recurse on each non-empty group and add the

resulting trees as children of the root node. We stop as soon as a current subset S ⊂ P

becomes of size 1. In each node v we store the pivot set, denoted Tv, the random

partition sampled while building v, denoted by Rv, and the list of children. During



CHAPTER 6. LSH FOREST - BIT SAMPLING 257

the query stage, we descend down the tree, where at each node v, we follow the child

that captures the query q in the partition Rv. We also compute the distance to the

points p ∈ Tv for each traversed node v. One such tree succeed with a relatively low

probability, and hence we build several independent trees by calling BuildTree(P ),

thus boosting this probability to 0.9. During the query stage, we query every tree.
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Algorithm 20 Generic LSH Forest with pivots

1: function BuildTree(S) . S is a subset of the dataset

2: create a node v with associated set S

3: compute pivots ∅ 6= Tv ⊆ S, store them in v

4: if |S| = 1 then

5: return v.

6: end if

7: sample a partition Rv and store it in v

8: for U ∈ Rv do

9: if |S ∩ U | 6= 0 then

10: add BuildTree(S ∩ U) as a child of v

11: end if

12: end for

13: return v

14: end function

15: function QueryTree(v, q) . v is a tree node, q is a query point

16: if ∃ p ∈ Tv within distance cr from q then

17: return p

18: end if

19: if there is a child v′ of v associated with Rv(q) then

20: return QueryTree(v′, q)

21: else

22: return ⊥

23: end if

24: end function

Figure 14: Generic LSH Forest with pivots algorithm
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To analyze LSH Forest, we need to understand two quantities: how many trees

do we need to get probability of success 0.9, say, and how deep the built trees are.

The latter is quite easy, while the former is much more delicate and is the main focus

of this paper.

Lemma 108. For a dataset P of size n, let q ∈ X be a query point, and p∗ ∈ P be a

near neighbor of q (that is, dX(q, p∗) ≤ r). Let 0 < ρ ≤ 1 be the smallest real number

such that, for every subset S ⊆ P where p∗ ∈ S, the following holds:

• either q is within distance cr from one of the pivots BuildTree computes for

S,

• or one has

PrR[R(q) = R(p∗)]× (6.1)

× ER

[(
|S ∩R(q)|
|S|

)−ρ ∣∣∣∣∣R(q) = R(p∗)

]
≥ 1. (6.2)

Then the tree from Algorithm 20 returns a point within distance cr for a query

q with probability at least n−ρ. Hence, if one samples O(nρ) trees, the entire data

structure solves (c, r)-ANN for q with probability at least 0.9.

Proof. Consider any tree node we encounter answering the query q for which p∗ ∈ S.

We would like to prove that the probability of success in this case is at least |S|−ρ,

which, when applied to the root of the tree, gives the desired claim.

If the first bullet point from the lemma statement holds, the desired probability is

equal to one. Similarly, if |S| = 1, the probability is also one, since the set of pivots

is non-empty, and, by the assumption, p∗ ∈ S. Otherwise, let us use the induction

on the size of S.
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We have:

Pr[success] = PrR[success for S ∩R(q)]

≥ PrR[success for S ∩R(q),R(q) = R(p∗)]

= PrR[R(q) = R(p∗)]·

· PrR[success for S ∩R(q) | R(q) = R(p∗)]

≥ PrR[R(q) = R(p∗)]·

· ER[|S ∩R(q)|−ρ | R(q) = R(p∗)]

= PrR[R(q) = R(p∗)]·

· ER

[(
|S ∩R(q)|
|S|

)−ρ ∣∣∣∣∣R(q) = R(p∗)

]
·

· |S|−ρ

≥ |S|−ρ,

where the fourth step is by the induction assumption (since we condition on p∗ ∈

S∩R(q)) and the last step is by the lemma assumption. Technically, if S∩R(q) = S,

then we can not quite use the induction assumption, but nevertheless, the required

bound follows from the immediate claim “If for 0 < p < 1 one has x = px + y, then

x ≥ z iff pz + y ≥ z”.

Note that one tree requires O(nk) space: there are at most O(n) nodes in the tree

and each stores at most k + 1 nodes. The query time depends on the height of tree:

for a maximum height h, the query time per tree is O(h · dk). We note that, in our

applications, the height will be easy to bound. Move the preceding text before the

Lemma.
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6.3 LSH Forest and the bit sampling LSH

In this section we present our main algorithm claimed informally in Theorem 102. The

algorithm is an instantiation of Algorithm 20 for the Hamming space. In particular,

we use the Bit Sampling LSH from Definition 107 as the random partition R as well

as a certain procedure for computing pivots, described below.

The formal statement of our main theorem is the following:

Theorem 109. Fix r ∈ N, k ∈ N ≥ 2, and c > 2. Then for given P ⊆ {0, 1}d of size

n, the LSH Forest with k pivots solves (c, r)-ANN with the following guarantees:

• The space is O(n1+ρd+ nd);

• The worst-case query time is O(nρ · d2);

• where

ρ =
1

ln 4
· 1

c
·
(

1 +O

(
1

k

))
+O

(
1

c2

)
.

We first show how to prove Theorem 109 for the case of (c, r)-Gap ANN (see

Definition 104). In this case, it is enough to simply choose k pivots as described

below. To handle the general case of (c, r)-ANN, we add Θ(log n) uniformly random

pivots to the existing set of pivots. It is not hard to show that if there are Ω(n) data

points closer than cr to the query, then at least one them will end up in a random

subset with very high probability, and, in that case, we are done. Otherwise, there are

o(n) data points within distance cr, and the analysis for the Gap ANN goes through:

namely, the close points do not affect the quantity (6.2) too much. From now on, we

focus on solving the (c, r)-Gap ANN problem.



CHAPTER 6. LSH FOREST - BIT SAMPLING 262

6.3.0.1 Construction

The algorithm for choosing k pivots is very simple: see Algorithm 21 for the pseudo-

code. In words, for a subset S ⊆ P of the dataset, we sort all the points according to

the distance from the mean of S, then we add first k points in this order which are

sufficiently diverse, namely, we require them to be pairwise
(
(c− 1)r

)
-separated.

6.3.0.2 Intuition

Let us provide some intuition why this procedure helps.

As Lemma 108 states, we need to find the smallest ρ such that

PrR[R(q) = R(p∗)]·

· ER

[(
|S ∩R(q)|
|S|

)−ρ ∣∣∣∣∣R(q) = R(p∗)

]
≥ 1.

The first term is easy: PrR[R(q) = R(p∗)] ≥ 1 − r
d

(remember that R is the Bit

Sampling LSH). For the sake of this discussion, let us ignore the effect of conditioning

on the event “R(q) = R(p∗)” (as we will see later, the effect is provably small provided

that c is large enough). Thus, we need to understand the following quantity:

ER

[(
|S ∩R(q)|
|S|

)−ρ]
.

For i ∈ [d], we denote wi the fraction of points p ∈ S for which pi 6= qi. Then,

ER

[(
|S ∩R(q)|
|S|

)−ρ]
= Ei∈[d]

[
(1− wi)−ρ

]
.

Thus, we need to find the smallest ρ for which

(
1− r

d

)
Ei∈[d]

[
(1− wi)−ρ

]
≥ 1.
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A näıve argument using Jensen’s inequality gives:

(
1− r

d

)
Ei∈[d]

[
(1− wi)−ρ

]
≥
(

1− r

d

)
Ei∈[d]

[
1− wi

]−ρ
&
(

1− r

d

)(
1− cr

d

)−ρ
,

where the second step follows from the fact that all except one points from S are at

distance more than cr from the query point q. This merely allows us to set ρ ≈ 1
c
, so

we have not obtained any improvement compared to the classical application of the

Bit Sampling LSH using Theorem 106.

Is the above simple analysis tight? The application of Jensen’s inequality is (al-

most) tight if all wi’s are (almost) the same (around cr
d

). This is indeed possible,

moreover this is precisely a hard example from [174]. That is exactly where pivots

come to the rescue! By using the fact that the distance from q to all the pivots

computed by Algorithm 21 is more than cr, we are able to show that wi can not be

almost the same, and thus the application of Jensen can be sharpened.

For example, consider the case of k = 1 pivot. W.l.o.g. we can assume that

p∗ = 0d. If p∗ was a pivot, we would be done, so w.l.o.g. we can assume that the

pivot is p̃ 6= p∗. Since ‖p̃− p∗‖1 > (c− 1)r ≈ cr (q is at least cr apart from p̃), we can

assume w.l.o.g. that p̃ = 1cr0d−cr. Now comes the crucial insight: since p̃ is closer

to the mean of S than p∗, we have that, at least on the first cr coordinates, weights

wi must be at least 1/2 on average, which is much larger than the average cr
d

. This

allows us to claim that the `1-mass of wi’s is somewhat concentrated on the first cr

coordinates, and hence the application of Jensen can be significantly improved.

Introducing more pivots allows us to obtain even better concentration of the

weights wi. More precisely, for k pivots we can get as many as
(
2 − O(1/k)

)
cr
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bits of substantial average weight. Thus, if k is large, almost all the `1-mass of wi’s

is concentrated on ≈ 2cr coordinates, which corresponds to a random instance, for

which the Bit Sampling LSH yields ρ ≈ 0.73
c

. We obtain an increased number of large

weights by noticing that we have k pivots which are at distance ≈ cr from each other,

thus there must be a large number of coordinates where at least one pivot is equal to

one.

Algorithm 21 Computing pivots for the Hamming space

function ComputePivots(v, k) . v is a tree node, k is the desired number of

pivots

S ← data points corresponding to v

Tv ← ∅

pc ← the mean of S

for p ∈ S in the order of increasing `1 distance from pc do

if the `1-distance between p to Tv is at least (c− 1)r then

Tv ← Tv ∪ {p}

if |Tv| = k then

return Tv

end if

end if

end for

return Tv

end function

Figure 15: Computing pivots for the Hamming space
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6.3.0.3 Analysis

To prove Theorem 109, we will use the lemma for the generic LSH Forest, Lemma 108.

Let us fix some query q and assume that p∗ ∈ P is its near neighbor (‖q − p∗‖1 ≤ r).

We need to establish (6.2) assuming that q is far from all the pivots.

Let us first show the following combinatorial lemmas which will be useful later.

Lemma 110. Fix s, n ≥ 1, k ≥ 2 and small ε > 0. For i ∈ [n], let ai ∈ [1, k] and

xi ∈ [0, 1]. Suppose we have that:

•
∑

i aixi ≥
1
2

∑
i ai (1− ε), and

•
∑
ai(k − ai) ≥ k(k−1)·s

2
.

Then we have that:

∏
i

(1− xi) ≤ exp
(
s · (1− 1/k) · (1− ln(4))

−
∑
i

xi +O(εs)
)
.

Proof appears in Appendix 6.4

Lemma 111. Let x ∈ [0, 1]d, s ∈ N, and let U be a family of k subsets of coordinates

[d] such that:

• For each U ∈ U , |U | ≥ s

• For each U ∈ U one has
∑

i∈U xi ≥
|U |
2
·
(
1−O(1

c
)
)

• For every distinct U1, U2 ∈ U one has |U14 U2| ≥ s.

•
∑

i∈[d] xi ≥ s.
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Then: ∏
i

(1− xi) ≤ exp

(
−s · ln(4)k + 1

k + 1
+O(s/c)

)
.

Proof. For i ∈ [d], let ai ∈ {0, 1, .., k} denote the number of subsets in U containing

coordinate i. The above constraints imply that:

•
∑

i ai ≥ ks.

•
∑

i aixi ≥
1
2

∑
i ai ·

(
1−O(1

c
)
)
,

•
∑

i ai(k − ai) ≥
k(k−1)s

2
.

The last constraint follows from the double counting for the sum
∑

U,U ′∈U
U 6=U ′

|U4U ′|,

which is, on the one hand, is at least
(
k
2

)
s by the statement of the lemma, and, on

the other hand is equal to
∑

i ai(k− ai), which follows from the decomposition of the

sum over coordinates.

Summing up the first and last constraints gives:

∑
i

ai(k + 1− ai) ≥
k(k + 1)s

2
.

Let S =
⋃
U∈U

U . We decompose objective function as follows:

∏
i∈[d]

(1− xi) =
∏
i∈S

(1− xi) ·
∏

i∈[d]\S

(1− xi)

We now invoke Lemma 110 over the first part:
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∏
i∈S

(1− xi) ≤ exp
(
s · (1− 1/(k + 1)) · (1− ln(4))

−
∑
i∈S

xi +O(s/c)
)
.

The second part can be simplified to:

∏
i∈[d]\S

(1− xi) ≤
∏

i∈[d]\S

e−xi ≤ exp

(∑
i∈S

(xi)− s

)
.

The last inequality follows the condition that
∑

i∈[d] xi ≥ s. Finally, we multiply

the 2 parts together and get:

∏
i∈[d]

(1− xi) ≤ exp (s · (1− 1/(k + 1)) · (1− ln(4))

− s+ O(s/c))

≤ exp

(
−s ·

(
ln(4) · (1− 1

k + 1
) +

1

k + 1

)
+O(s/c)

)
= exp

(
−s · ln(4)k + 1

k + 1
+O(s/c)

)
as needed.

We use the above lemmas to calculate the probability of success for each hash

function as follows:

Lemma 112. Let P ⊂ {0, 1}d be a set of n points, q ∈ {0, 1}d be a selected point and

p∗ be the near neighbor. The probability to find p ∈ P such that ‖p − q‖1 ≤ cr in a

tree is at least n−ρ, where ρ ≤ 1
ln(4)·(c−2)

· (1 + 2
7k+5

) +O( 1
c2

).
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Proof. As we have shown earlier in Lemma 108, all we need to prove is that for any

S ⊆ P with p∗ ∈ S such that q is further than cr from all the pivots, one has:

PrR[R(q) = R(p∗)]·

·ER

[(
|S ∩R(q)|
|S|

)−ρ ∣∣∣∣∣R(q) = R(p∗)

]
≥ 1.

For i ∈ [d], let wi denote the fraction of p ∈ S for which pi 6= p∗i , and let pc denote

the mean of S. Since we partition using the Bit Sampling LSH, it is easy to see that:

|S ∩Ri(p
∗)|

|S|
= 1− wi,

where Ri is the partition corresponding to splitting the space according to the bit i.

If there exists a close enough pivot point, we are done. Otherwise, there exists a

set of k points {p1, .., pk} ⊆ S s.t. :

• For each i ∈ [k]: ‖pi − pc‖1 ≤ ‖p∗ − pc‖1;

• For every distinct i, j ∈ [k]: ‖pi − pj‖1 ≥ (c− 1)r.

For each i ∈ [k], let Ui ⊆ [d] denote the set of coordinates in which pi differ from

p∗. Since the distance of both p∗, pi and pc are equal on all coordinates outside Ui,

and since for each j ∈ Ui, p∗j − pcj = wj and pij − pcj = 1−wj, then the first constraint

gives:

• For each Ui:
∑

j∈Ui wj ≥
∑

j∈Ui 1− wj ⇒
∑

j∈Ui wj ≥ |Ui|/2;

The second constraint gives:

• For every distinct Ui, Uj : |Ui4 Uj| ≥ (c− 1)r.
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While the above conditions are enough to invoke Lemma 111, we need to condition

on the fact that q and p∗ collide. Let D ⊆ [d] denote the set of coordinates for which

p∗i = qi, we deduce similar properties when restricted to the set D:

• For each Ui: |Ui ∩D| ≥ (c− 1)r since ‖pi − q‖1 ≥ cr;

• For each Ui:
∑

j∈Ui∩D wj ≥
|Ui∩D|−r

2
= |Ui∩D|

2
·
(
1−O(1

c
)
)

since ‖p∗ − q‖1 ≤ r

and hence |Ui \D| ≤ r;

• For every distinct Ui, Uj : |(Ui4 Uj) ∩D| ≥ (c− 1)r − r = (c− 2)r.

We can finally apply Lemma 111 with vector ~x = ~w over bits in set D and

s = (c− 2)r, obtaining that:

∏
i∈D

(1− wi) ≤ exp

(
−(c− 2)r · ln(4)k + 1

k + 1
+O(r)

)
Since we are sampling uniformly then:

ER

[(
|S ∩R(q)|
|S|

)−ρ ∣∣∣∣∣R(q) = R(p∗)

]

= ER

[(
|S ∩R(p∗)|
|S|

)−ρ ∣∣∣∣∣R(q) = R(p∗)

]
= Ei∈D

[
(1− wi)−ρ

]
≥

(∏
i∈D

(1− wi)−ρ
)1/|D|

=

(∏
i∈D

(1− wi)

)−ρ/|D|
≥ exp

(
(c− 2)r · ρ · (ln(4)k + 1)

|D| · (k + 1)
−O(

ρ · r
|D|

)

)
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where the third step is by the AM–GM inequality. Thus we can set:

ρ = k+1
(ln(4)k+1)·(c−2)

+O( 1
c2

) <

1
ln(4)·(c−2)

· (1 + 2
7k+5

) +O( 1
c2

)

(as 1/ ln(4) > 5/7). For which we obtain:

ER

[(
|S ∩R(q)|
|S|

)−ρ ∣∣∣∣∣R(q) = R(p∗)

]
≥ er/|D|.

The probability that p∗ and q collide is:

PrR[R(q) = R(p∗)] ≥ |D|
|D|+ r

≥ e−r/|D|.

We have thus established that (6.2).

We are now ready to complete the proof to our main theorem:

Proof of Theorem 109. The proof follows immediately from Lemma 112. In partic-

ular, we prepare O(nρ) trees using the generic LSH Forest algorithm, Algorithm 20

with the pivot set, of size k, chosen as in Algorithm 21.

6.4 Proof of Lemma 110

We prove the following lemma.

Lemma 113. Fix s, n ≥ 1, k ≥ 2 and small ε > 0. For i ∈ [n], let ai ∈ [1, k] and

xi ∈ [0, 1]. Suppose we have that:

•
∑

i aixi ≥
1
2

∑
i ai (1− ε), and

•
∑
ai(k − ai) ≥ k(k−1)·s

2
.
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Then we have that:

∏
i

(1− xi) ≤ exp

(
s(1− 1

k
)(1− ln 4)−

∑
i

xi +O(εs)

)
.

Proof. First we make a change of variables: yi = 1 − xi ∈ [0, 1], t = 1+ε
2

and fi =

ai/k ∈ [1/k, 1].

Now our problem can be reformulated as maximizing F (y) =
∏

i∈[n] (yi · exp(1− yi)),

subject to the following constraints:

•
∑

i fi(yi − t) ≤ 0;

•
∑
fi(1− fi) ≥ (1−1/k)·s

2
.

Note that, there is an optimum solution where both are in fact equalities. In

particular, to see this for the second part, note that for i such that yi < t, we can

assume fi > 1/2 (otherwise take fi := 1 − fi) and increase fi. Similarly, for yi > t,

we can assume fi < 1/2 and we decrease it further.

We now analyze the Lagrangian of the logarithm of F . In particular for Lagrangian

multipliers λ, η ∈ <, taking the derivatives with respect to yi gives us that for all i:

1/yi − 1 = ηfi, (6.3)

and with respect fi, for all i:

0 = λ(1− 2fi) + η(yi − t). (6.4)

Plugging-in one equation into the other, we get an equation which is polynomial

of degree 2 in yi (or, alternatively in fi), and coefficients that depend on the Lagrange

multipliers λ, η. Hence, the optimal solution can have only at most 2 distinct values

for (yi, fi). Let these values be (y1, f1) and (y2, f2).
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Assume w.l.o.g y1 ≤ y2, and suppose there are α1s(1 − 1/k) pairs (y1, f1) and

α2s(1− 1/k) pairs (y2, f2), for α1, α2 ≥ 0. Then, the first equation becomes:

α1f1(t− y1) = α2f2(y2 − t) (6.5)

The second equation becomes α1s(1−1/k) ·f1(1−f1)+α2s(1−1/k) ·f2(1−f2) =

(1−1/k)s
2

, which simplifies to:

α1f1(1− f1) + α2 · f2(1− f2) = 1
2
, (6.6)

The objective logF can be rewritten as maximizing:

[α1(ln(y1) + 1− y1) + α2(ln(y2) + 1− y2)] (1− 1/k)s

It is enough to maximize G = α1(ln(y1) + 1− y1) +α2(ln(y2) + 1− y2), subject to

the above constraints.

Consider the Langrangian LG of G, its derivative with respect to each αi gives:

∂LG
∂αi

= ln(yi) + 1− yi − ηfi(yi − t)− λfi(1− fi)

Note that from Eqn. (6.3) and (6.4) (which hold true when considering LG as

well):

ηfi = 1/yi − 1

λfi =
ηfi(yi − t)
(2fi − 1)

=
(1/yi − 1)(yi − t)

(2fi − 1)

Therefore, we have:
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∂LG
∂αi

= ln(yi) + 1− yi − ( 1
yi
− 1)(yi − t)−

( 1
yi
− 1)(yi − t)(1− fi)

(2fi − 1)

= ln(yi) + 1− yi +

(
fi − 1

2fi − 1
− 1

)
(1/yi − 1)(yi − t)

= ln(yi) + 1− yi −
fi(1/yi − 1)(yi − t)

2fi − 1

= ln(yi) + 1− yi +
λ

η2
(y−1
i − 1)2

The last step follows from exchanging variables according to Eqn. (6.3) and (6.4).

At the optimum of G, for each αi, either ∂LG
∂αi

= 0 or αi cannot be decreased or

increased which can only happen at the boundaries, i.e., where either y1 = 0 or

t, y2 = 1 or t (otherwise we can always perturb yi and increase/decrease αi).

One can observe that ∂LG
∂αi

= 0 where yi = 1. We can further analyze ∂LG
∂αi

by taking

a second derivative with respect to yi:

∂2LG
∂αi∂yi

= y−1
i − 1− 2λη−2y−2(y−1 − 1)

= (1− 2λη−2y−2)(y−1 − 1)

Since there can be at most 1 assignment of 0 < yi < 1 for which ∂2LG
∂αi∂yi

= 0, and

since ∂LG
∂αi

is monotonic elsewhere in the range and equals 0 where yi = 1, then there

can be at most 1 assignment of 0 < yi < 1 for which ∂LG
∂αi

= 0, which means that

any optimal solution we cannot have distinct y1, y2 which both lie in the interior, and

therefore we must have at least of the following: y1 = 0, y1 = t, y2 = 1 or y2 = t.

Now, let us analyze the above cases separately:

• If y1 = 0, the function is at minimum.
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• If either yi = t, then according to Eqn. (6.5) the other yj must also be t (or

otherwise fj = 0 for which in optimum αj = 0).

• If y2 = 1, then according to Eqn. (6.3): 1 = ηf2 + 1 and therefore f2 = 0, and

according to Eqn. (6.5): y1 = t (and since f2 = 0, α2 is irrelevant).

In either of the last 2 scenarios, it is enough to optimize:

F (α) = (tαe(1−t)α)(1−1/k)s = exp (α · s · (1− 1/k) · (1− t− ln(1/t)))

subject to:

• αf(1− f) = 1
2
.

The above is optimized at f = 1/2;α = 2, and hence the optimal value of F is:

F ∗ = exp (s · (1− 1/k) · 2(1− t− ln(1/t)))

Therefore, the required inequality holds:

∏
i

(1− xi) ≤ exp

(
s · (1− 1/k) · (1− ln(4))−

∑
i

xi +O(εs)

)
.
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Chapter 7

Average Similarity Embeddings

Bi-Lipschitz metric embeddings (see Definition 7) are frequently used to reduce ANN

under some fixed “hard” metric to ANN under, say, `1/`2, or `∞, for which ANN

algorithms are well understood.

Such embeddings have been studied for a number of metrics including edit dis-

tance, Ulam distance, Earth-Mover Distance (Wasserstein-1 distance), `p-product

spaces, general symmetric norms, Fréchet distance, and others. Alas, for many of

these metrics, the best possible distortion remains a long-standing open question.

A notorious example is edit (Levenshtein) distance over length-k strings: early re-

sults showed that the best distortion c1 for embedding into `1 is Ω(log k) ≤ c1 ≤

2O(
√

log k log log k) [175; 134; 144] — improving over these bounds is a 20 years old open

question [153].

More recently, researchers discovered that a weaker form of embeddings, namely

average embeddings, yield ANN algorithms as well. Very recently, [38] extended the

above notion to average sketching, which should be seen as a generalization of embed-

ding into `1. The authors obtained a new trade-off between space and approximation
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for `p.

In this chapter, we develop the notion of metric embeddings into similarity mea-

sures over Rm+ , such as the weighted Jaccard coefficient. We show average embeddings

into such similarity measures for a number of metric spaces, with (appropriately de-

fined) distortion that is smaller than the best possible distortion of embedding into

`1 or `2 spaces (bi-Lipschitz or average).

We complement our new embeddings with a new algorithm for Approximate Near-

est Neighbor Search (ANN) that leverages such an embedding in a black box fashion.

Combining these results, we obtain new efficient algorithms for ANN under the follow-

ing two classic metrics, achieving an exponential improvement to longstanding prior

work:

• Edit distance over length-k strings: poly(log k) approximation;

• `p over Rd, for p > 2: O(log p) approximation (known to be asymptotically

optimal in relevant models of computation).

The main embeddings are UASE (see Definition 9, and complete version Defini-

tion 115) and WASE (see Definition 10, and complete version Definition 116).

We primarily consider the target similarity measure S(x, y) being the Sørensen-

Dice coefficient, denoted by M(x, y) , 2
∑
i min{xi,yi}∑
i xi+yi

.

One of our main contributions is to show that a WASE embedding yields efficient

ANN algorithms (for similarity measure S = M), as stated informally in Chapter 1

(see Theorem 11) and will be formalized later in this chapter (see Theorem 148).

Combining the above, we obtain concrete results on WASE embeddings for the

edit distance and `p, proving Theorems 12 and 13 (from Chapter 1).
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Organization The rest of the paper has the following order. We first present a

formal definition of our similarity embeddings, together with a technical overview of

the results (Section 7.2). Then we present our embedding for the `p, and hence `∞,

norms (Section 7.5). Next, we present an embedding for a variant of the Earth Mover

Distance, which is used for the edit distance (Section 7.6). Next, we present the

embedding for the edit distance (Section 7.7). We present our constructions for the

ANN data structures, based on the existence of embeddings into similarity measures

(Section 7.8). Finally, we put together the embeddings and ANN constructions to

obtain our main theorems in Section 7.8.4.

7.1 Discussion of Definitions and Techniques

In this section, we discuss the notion of similarity embeddings and present the main

technical ideas. While there are a number of new technical ideas, we start by high-

lighting three ideas that lay the foundations of embedding into similarity measures: 1)

defining the right notion of similarity embedding, 2) showing that such an embedding

exists for `d∞ with distortion O(log log d), and 3) identifying a certain dense/sparse du-

ality for datasets. We will then discuss designing an embedding for the edit distance

specifically.

7.1.1 Embedding into similarity measures

The new type of embedding is motivated directly by the ANN application, in particular

that all (high-dimensional) c-approximate ANN are based on (derivatives of) Locality

Sensitive Hashing (LSH). Namely, for a fixed scale r > 0, a randomized hash function



CHAPTER 7. AVERAGE SIMILARITY EMBEDDINGS 278

h : X → U is (r, cr, ρ)-LSH if probability of collision of points at distance τ is function

p(τ), and ρ = log p(r)
log p(cr)

< 1. One can then obtain c-approximate ANN algorithms

with runtime ∼ nρ [114]. For example, for a runtime of ≤ n0.1, it must be that

p(r) ≥ p(cr)0.1.

An embedding of a metric X into, say, `1 yields an LSH scheme for X (using

LSH for `1). Notably, if the distortion of the embedding is c1, then one can obtain

(r, O(c1r), 0.1)-LSH with p(r) = 1/2. Conversely, any (r, cr, 0.1)-LSH scheme with

p(r) = 1/2 for X implies a (weaker type of) embedding into `1 that preserves the

distances at the scale r up to factor c (see [74]). In other words, LSH where p(r) =

Ω(1) is essentially equivalent to an embedding into `1!

Alas, many spaces of interest require large distortion c1 to embed into `1, and thus,

to avoid this non-embeddability barrier, the only remaining option is to have LSH with

p(r)� 1/2 — which is precisely what our new type of embedding aims to do. Instead

of talking about probability of collision of a random hash function, it is more natural

to talk about a deterministic object. Indeed, we can always transform an LSH function

h into a map ϕ : X → {0, 1}m such that Prh[h(p) = h(q)] = M(ϕ(x), ϕ(y)), where the

M is, say, the Sørensen-Dice coefficient (similarity measure): M = 2
∑
i min{ϕ(p)i,ϕ(q)i}
‖ϕ(p)‖1+‖ϕ(q)‖1

.

Since we want to get ρ ≤ 0.1, we want that, for any pair (q, p) at distance ≤ r and

pair (q′, p′) at distance ≥ cr we have

0.1 ≥ ρ = log 1/p1

log 1/p2
= log 1/M(ϕ(q),ϕ(p))

log 1/M(ϕ(q′),ϕ(p′))
.

Now, we can think of the target space as {0, 1}d with “distance” dM = log 1/M(ϕ(q), ϕ(p)).

We can consider various notions of embedding, such as the natural bi-Lipshitz em-

bedding into ({0, 1}d, dM), which corresponds to “data-independent” hashing algo-
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rithms. We do not know if there are interesting examples of such bi-Lipshitz embed-

dings. Indeed, all known LSH schemes with p(r) � 1/2 are data-dependent [120;

27]. This leads us to consider the “average embedding” version, which naturally cor-

responds to data-dependent hashing (as the hash function h, and hence ϕ depend on

the dataset) — which gives us UASE from Definition 9:

log 1/M(ϕ(p), ϕ(q))

log Ep′,p′′∈P [1/M(ϕ(p′), ϕ(p′′))]
≤ c · d(p, q)

Ep′,p′′∈P [d(p′, p′′)]
.

Alas, we don’t know whether this definition suffices for obtaining the desired

distortion bounds, such as O(log log d) for `d∞ — requiring us to consider a more

involved notion. We note that the “right” definition of such an embedding has to

balance two criteria:

• The embedding notion should allow for improved bounds on distortion: e.g.,

obtain O(log log d) for `d∞.

• We should still be able to use the embedding to obtain ANN data structures.

While we showed how LSH leads to the first definition of similarity embedding,

it is not immediately clear that the inverse direction holds, especially for a more

involved notion.

We manage to balance these two criteria by introducing the Weighted Average

Similarity Embedding (Def. 10), which can be seen as a convex combination (`1, outer

product) of UASE embeddings.

We note that the considered “distance” dM is does not satisfy triangle inequality1

and hence poses additional challenges in building ANN using average similarity em-

1As mentioned above, dM can be O(1)-embedded into the Bhattacharyya distance, but the latter

does not satisfy the triangle inequality either.
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beddings (for WASE or UASE). Namely, the ANN data structure needs an upper bound

on the expected number of points from a dataset P that collide with a given query q,

corresponding to lower bounding the quantity log 1/Ep∈P [M(ϕ(q), ϕ(p))]. Intuitively,

this corresponds to lower bounding the average “M-distance” from q to p ∈ P . In

contrast, an average embedding gives a bound on average distance between points

p′, p′′ ∈ P . This difference appears already for the average embeddings into `1 but

can be dealt with easily using the triangle inequality: Ep[d(q, p)] ≥ 1
2

Ep′,p′′ [d(p′, p′′)].

We show that a similar triangle inequality for M -distance holds as well, after a suit-

able padding of the embedding.

The actual ANN algorithm for WASE is based on the LSH Forest [44], whose

theoretical analysis is given in [33].

7.1.2 Embedding of `∞ into similarity measures

Our first proof of concept result is to show that d-dimensional `∞ admits an average

similarity embedding (WASE) with distortion O(log log d), and more generally `p with

distortion O(log p). This matches the celebrated result of [120] who designed an

ANN data structure with the same approximation. Despite lots of subsequent work

including showing that the approximation is optimal in a number of computational

models [12; 129; 179; 57], the original algorithm remains somewhat poorly understood.

Indeed, 1) there has been no alternative algorithm achieving the same approximation,

and 2) the natural extension to `dp, for p > 2, with O(log p) approximation ANN,

has eluded the researchers until now (see best current results in [38; 145; 27; 167;

40]).

As the best average embedding of `∞ into `1 is Ω(log d) [165], our embedding of
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`∞ shows that WASE is provably stronger than average embeddings into `1. Indeed,

the `∞ algorithm of [120] is based on certain partitions that intuitively correspond to

p(cr) being as small as 1/d.

The advantage of a WASE embedding for `∞ is also that it can be used further

down the line, i.e., in combination with other embeddings.

Our embedding for `p proceeds as follows at a high level. Consider a pointset

P ∈ Rd. We embed each coordinate e ∈ [d] of the dataset P separately. For this

we devise a data-dependent scalar embedding φe : Rd → [2−p,∞) (that also depends

on p). Then each point q is mapped to (φe(qe))e∈[d] thought of as WASE with outer

product of dimension d (i.e., “inner dimension” is only 1).

Each 1-coordinate embedding φe is embedded as a function of the eth coordinate

of the dataset, denoted by the vector x ∈ Rn. At a high-level, construction of φ

can be thought of as a certain combination ANN construction from [120] as well

as the Mazur map of `p into `2 [167; 40]. In particular, [120] showed that, for r

the ANN closeness parameter, unless the dataset is “dense” on that coordinate (most

points are in an interval of length O(r log log d)), there exists two overlapping intervals

(−∞,m+ r] and [m,∞) for some m, with (roughly) the property that µx([m,∞)) ≤

µx([−∞,m + r))2 where µx is just a measure that count the number of coordinates

in the interval. We note that it is far from clear how [120]’s method can be applied

— the embedding does not even have a parameter r to start with!

Nevertheless, for our embedding, we find a well-chosen interval Ie with the fol-

lowing special properties. First of all, we “project” entries of x to Ie: namely,

y = projIe(x) = µ([−∞, x] ∩ I) (under the uniform measure µ). Then Ie is such

that 1) vector y is sparse (few non-zeros), and 2) for some qe < p the qe-norm of y is
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a sufficiently large fraction of the p-norm of y (and of x), which intuitively promotes

a lower bound on the sparsity of y. On the resulting vector y we now apply a version

of the Mazur map to obtain the final embedding φe. Namely, up to scaling and other

caveats, φe(x) = (projIe(x) + 0.5)qe .

7.1.3 Dense/sparse dataset duality

While we managed to design a direct WASE for `∞, it would be convenient to have

extra tools for designing WASE for other metrics. We introduce one such tool, based

on a certain dense/sparse dataset duality.

In particular, consider a dataset P ⊂ X and let the average distance be d̂ =

Ep′,p′′∈P d(p′, p′′). Suppose the dataset is what we call “dense”: at least Ω(n) points

have at least δn points at distance ≤ d̂/6. Then we claim that we can directly design

a WASE for the point-set P , with approximation O(log log 1/δ)! In particular, in this

case, we use a version of the classic Fréchet embedding into `∞ [152], and then use

our WASE for `∞. Specifically, we sample a set S ⊂ P at random, of size m = O(1/δ).

Then, the embedding ψ : X → [0,∞]m is simply ψ(p) = {d(p, s)}s∈S. The embedding

is an average embedding into `∞ with O(1) distortion, as shown in the following claim.

Claim 114 ([152]). Consider set P points in metric (X , d). Let d̂ = Ep′,p′′∈P d(p′, p′′)

and suppose, for ε, δ > 0, at least εn points have at least δn points at distance < d̂/6.

Then the above Fréchet embedding ψ : P → Rm for m = O(1/δ) satisfies:

Ep′,p′′∈P ‖ψ(p′)− ψ(p′′)‖∞ ≥ Ωε(d̂).

As a result, we primarily need to consider datasets that satisfy the complement

“sparse” property: most pairs of points are at distance Ω(d̂). Note that this means
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that the metric is somewhat uniform (from the lower bound perspective). The latter

property can be leveraged to build embeddings (now, in way that more explicitly uses

the properties of the metric d).

7.1.4 Embedding for the edit distance

The WASE embedding for the edit distance is our most technically involved part, and

leverages the WASE for `∞. In fact, our embedding for the edit distance is composed

of two parts. The first part is a WASE embedding for yet another classic metric, the

Earth-Mover Distance (EMD) over some metric (X , d) (under certain constraints),

assuming that (X , d) itself admits a WASE. The second part is an average embedding

from the edit distance to EMD over the `∞ metric, for which we use the WASE

construction from above.

Earth-Mover Distance (EMD, Section 7.6). EMDX is defined for two k-sized

sets A,B ⊂ X as EMD(A,B) = minπ:A→B
∑

a∈A d(a, π(a)) where π ranges over all

permutations. Embeddings for EMD have been studied extensively for low- and high-

dimensional spaces X [126; 134; 168; 14] (and many more results exist for related

problems of fast evaluation, sketching, ANN; see, e.g., the references in the recent

[127]). Overall, for high-dimensional spaces, EMDX when X is d-dimensional `1 has

an `1 distortion of ≈ O(log k log d); recently, [127] also showed that, for ANN, one

can improve the approximation to Õ(log k) via a data-dependent hashing algorithm.

However, when X is `∞ — which is what we are interested in — the best distortion

is still Ω(
√
d).

One tempting avenue for developing embeddings for EMD under `∞ is to embed

`∞ into `1 and then use the result for EMD over `1. While a bi-Lipschitz embedding
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requires Ω(
√
d) distortion, there exists an average embedding of `∞ to `1 with O(log d)

distortion [165]. Alas, an average embedding of X is not sufficient for EMD over X .

This is because, say, for two sets A,B ⊂ X it is not enough to preserve the average

distance d(a, b) over k2 pairs (a, b) — we need to make sure that the best matching

between A and B doesn’t drop in value. We do not see a method to rectify this issue.

Instead, we develop WASE for EMDX directly, assuming 1) X admits a good WASE

(which we have for `∞ from above) , and 2) the dataset is “sparse”. Let us expand

on the latter condition by introducing the following notation. For δ > 0 and a set

S ⊂ X as well as q ∈ X , let Dδ(q, S) be the δ-quantile distance from q to S (i.e.,

there are δ|S| points at distance at most Dδ(q, S)). Furthermore, we define Dδ(S) be

the average of Dδ(q, S) over q ∈ S.

Now, suppose the dataset is P ⊂
(X
k

)
of size n. Let S ⊂ X be the union of all sets

in P . We say the dataset is sparse if D1/k2(S) ≥ t for some threshold, where the final

WASE distortion will depend on t (and average EMD inside P ). The intuition why this

is helpful is as follows: for two typical sets A,B ∈ P almost all their inter-distances

are ≥ t. At the end of the day, the embedding proceeds as follows. We first leverage

WASE for X to obtain data-dependent hashing (DDH) for X , which we then use to

obtain UASE for X for a fixed sparsity scale ∆. Then, the embedding of a set A ⊂ X

is roughly the sum of the latter UASE embeddings of a ∈ A (and concatenated over

all sparsity levels ∆).

From edit distance to EMD (Section 7.7). As many modern constructions for

edit distance, our embedding of edit distance is via a recursive decomposition of a

string into substrings. In particular, for a string p, i ∈ [n], we consider the following

tree Ti: the root is the entire string p, and then for each node with an associated
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substring pi..i+w−1, the children have associated substrings pi..i+w/2−1 and pi+w/2..i+w−1.

Fundamentally, we use the following property of the edit distance, for any length w.

For strings x, y ∈ Σk, let Xw, Yw respectively be all ≈ k substrings of length w (at

all starting positions). Then EMD(Xw, Yw) ≤ O(w · ed(x, y)). Alas, this is only an

upper bound and the above EMD distance may drop a lot (e.g., think w = 1).

Given a dataset P of strings, the embedding proceeds as follows. First of all, if

Dδ(P ) is only a small fraction of the average distance êd inside P , then we are done

by the Fréchet embedding from Section 7.1.3! So it is enough to focus on the case

Dδ(P ) = Ω(êd).

Using the tree concept described above, the high level idea is that the “leaves”

representing letters in the string would eventually be dense (there are not too many

of them), and therefore we can hope to associate each such “leaf” with an `∞ vector

that is far from 1−O(δ) fraction of all other leaves, since it must become “dense” at

some level. Since different leaves can become dense at different levels, we construct

`∞ vectors and concatenate all of them to reach the final embedding.

In order to keep our closest pair close, we need to carefully distribute `∞ vectors

among its descendants (by assigning weights to edges and multiplying the `∞ vectors

by such weights). Here we use a randomized construction for choosing the weights

reminiscent of traditional LSH constructions.

The eventual embedding, for the case when Dδ(P ) = Ω(êd) is as follows. We

start with the roots of the aforementioned trees {Ti}i for all strings x ∈ P . For

each node v of each tree we build an `∞ embedding, in a top-bottom fashion. In

particular, the embedding for a child v′ of v will append some fraction t ∈ [0, 1] of the

embedding of v together with a Fréchet embedding of all substrings at the current
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level, corresponding to some length w, while the other child will be weighted by 1− t.

The main technical induction will ensure that the sparsity Dδw of the vectors at the

current level w does not drop too much (as long as δw goes a bit up as w goes down).

At the end of the day, the embedding of a concrete string q produces Θ(k2) vectors

in `∞ corresponding to the leaves of the trees of q — these vectors will form the set

corresponding to q in EMD`∞ .

7.2 Definitions and preliminaries

7.2.1 Basic notation

For a vector x ∈ Sn, for a set of objects S, the notation x∗ refers to the multi-set

{xi}i=1...n. For example, for a matrix x ∈ (Rk)n, x∗ ⊂ Rk is the n-multi-set of the

k-dimensional vectors. Furthermore, x∗,∗ refers to the multi-set of nk real values.

We will often consider product spaces of metrics. For metric (X , dX ) and (Y , dY),

and for pointsets X ⊂ X , Y ⊂ Y both indexed by [n], we use X ⊕p Y , for p ∈ [1,∞]

to denote the pointset (xi, yi) ∈ X × Y under the metric `p(dX , dY) (i.e., compute

the distance in each metric and then take the `p norm of these 2 numbers). This can

be generalized to multi-dimensional products as well. We will sometimes drop the

subscript p when clear from the context.

For runtime/space bounds, we use standard notation Õ(f(n)) to denote O(f(n) ·

(log f(n))O(1)).
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7.2.2 Similarity embeddings

While we state the embeddings into similarity measures using a general similarity

measure S : Rm+ × Rm+ → [0, 1], we will always use the concrete case of S(x, y) =

M(x, y) , 2
∑
i min{xi,yi}∑
i xi+yi

, Sørensen-Dice coefficient.

We first restate the UASE definition from the Introduction.

Definition 115 (Uniform Average Similarity Embedding (UASE)). Fix a metric

(X , d), similarity measure S and a point-set P ⊆ X . We say P admits a (c, δ,m)-

Uniform Average Similarity Embedding (UASE) if there exists a (data-dependent)

transformation ϕP : X → Rm+ , such that:

1. Ep′,p′′∈P [S(ϕP (p′), ϕP (p′′))] ≤ δ.

2. For any p, q ∈ X , we have:

log (1/S(ϕP (p), ϕP (q)))

log(1/δ)
≤ c · d(p, q)

Ep′,p′′∈P [d(p′, p′′)]
.

We say a metric (X , d) admits a (c, δ,m)-UASE if each P ⊆ X admits a (c, δ,m)-

UASE.

Definition 116 (Weighted Average Similarity Embedding, WASE). Fix a metric

(X , d), similarity measure S and a point-set P ⊆ X . We say P admits a (c,m)-

Weighted Average Similarity Embedding (WASE) if there exists a (data-dependent)

transformation ϕP : X → Rm/s×s+ for some s ∈ N, such that for any p, q ∈ X , we

have:

∑
i∈[m/s]

‖ϕP (p)i + ϕP (q)i‖1

‖ϕP (p) + ϕP (q)‖1

·min

{
1 + 1/li,

log 1/S(ϕP (p)i, ϕP (q)i)

li

}
≤ c· d(p, q)

Ep′,p′′∈P [d(p′, p′′)]
,

(7.1)
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where

li = log 1/Ep′,p′′∼Di [S(ϕP (p′)i, ϕP (p′′)i)], Di(x, y) ,
‖ϕP (x)i‖1 + ‖ϕP (y)i‖1

2n · ‖ϕP (P )i‖1

.

For any δ with log 1/δ ≥ maxi li, we also refer to the embedding as (c, δ,m)-WASE.

We also say (X , d) admits (c, δ,m)-WASE if all subsets P ⊂ X of size at least O(1/δ)

admit one.

We allow for randomized embedding and in such cases the guarantee is promised

whp (wrt parameter m).

Finally, we say the embedding has aspect ratio κ > 1 if, for every i ∈ [m/s], the

ratio of all non-zero coordinates in (ϕP )i map is at most κ.

Data Dependent Hashing. We now define the notion of (r, δ)-Data Dependent

Hashing:

Definition 117 (Data-Dependent Hashing (DDH)). Fix a metric (X , d), a point-set

P ⊆ X , and radius r > 0. For δ > 2/n, we say P admits (r, δ)-Data-Dependent

Hashing (DDH) if there exists a randomized map hP : X → [O(1/δ)] of each point to

a bucket, such that:

• for any q ∈ X and p ∈ P at distance d(q, p) ≤ r, we have PrhP [hP (q) = hP (p)] ≥

δd(q,p)/r;

• for any p ∈ P , we have PrhP ,p′∈P [hP (p) = hP (p′)] ≤ δ.

7.3 Computational efficiency of embeddings

While the above embedding/hashing definitions are purely existential statements, we

also need to specify their computational properties for use inside NNS data structures.
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Hence, for and embedding ϕP or a hash function hP , which are build as a function of

a dataset P of size n, we use the following notions:

• Preprocessing time Fp: time to compute the function ϕP/hP for the given

dataset P as well as ϕ(p) for all p ∈ P . We think of the function ϕP/hP

as a data structure that can later answer queries of the form “given q ∈ X ,

what is ϕP (q) or hP (q)?”.

• Space Fs: the space occupied by the above data structure;

• Query time Fq: the time it takes to answer the above query, i.e., compute

ϕP (q)/hP (q) for a given new q.

7.4 Aspect ratios

For a metric (X , d), we say the aspect ratio is κX ≥ 1 if the ratio of any two non-zero

distance values is ≤ κX . Similarly, for an embedding φ : X → Rm+ , its aspect ratio is

κ ≥ 1 if the ratio of any two non-zero coordinates is ≤ κ (though the definition for

WASE is a bit more nuanced; see Definition 116).

We note that the only purpose of introducing the aspect ratio is that it is a

convenient way to control the computational performance of our embeddings, and in

particular the runtimes are polynomial in the aspect ratios.

7.5 Weighted average similarity embedding for `p

norms

In this section, we design a WASE for `p, proving the following theorem.
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Theorem 118 (WASE for `p). For p ≥ 2, the space (Rd, `p) admits a (O(log(p)), δ, O(d))-

WASE, for δ = 2−O(p). The computational efficiency on a dataset of size n is as fol-

lows: Fp = Õ(nd) preprocessing time, Fs = O(nd) space, and Fq = O(d) query time.

Furthermore, the aspect ratio is polynomial in dimension d.

Note that the theorem extends to `∞ by taking p = O(log d), for which `p and `∞

are within a constant factor.

We first show that this task can be reduced to embedding a 1-dimensional dataset

with a certain WASE (that depends on p). The main technical lift will then be to

design such an embedding for a 1-dimensional dataset, which is captured by the

following lemma.

Lemma 119. For any x ∈ Rn, with ‖x‖pp = n and
∑

i sign(xi) · |xi|p = 0, we have an

embedding φ : R→ [2−p,∞) such that ‖φ(x)‖∞ = O(‖x‖∞)O(p), and for any a, b ∈ R,

we have:

|φ(a) + φ(b)|1/p ·min
{

1 + 1/l, log(1/M(φ(a),φ(b)))
l

}
= O(log p) · |a− b|,

where

l = log(1/Ei,j∼Dx [M(φ(xi), φ(xj))]), Dx(i, j) ,
|φ(xi)|+ |φ(xj)|

2n · ‖φ(x∗)‖1

.

The computational efficiency is as follows: Fp = Õ(n) preprocessing time, Fs = O(n)

space, and Fq = O(1) query time.

While we prove the lemma in the rest of the section, we first show how to complete

the proof of Theorem 118 assuming the above lemma.

Proof of Theorem 118. Fix a dataset P of size n. For e ∈ [d] and i ∈ [n], let Pe(i)

refer to the eth coordinate of the ith point in P ; then Pe ∈ Rn just denotes the e-th
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coordinate of the dataset. As is common, we shift the dataset, so that, for every

dimension e, we have that
∑

i sign(Pe(i)) · |Pe(i)|p = 0; see, e.g., [145]. Note this

transformation does not change any distances.

Let d̂e , Ei,j∈[n][(Pe(i)−Pe(j))p] be the average distance of X and let d̂ ,
∑

e d̂e =

Ep′,p′′∈P [‖p′ − p′′‖pp]. Let L ⊂ [d] be the set of coordinates e where d̂e <
1
2d
d̂. We then

remove (ignore) all coordinates e (i.e., we only consider vectors q ∈ Rd−|L| where

coordinates in L are deleted). Note that this operation is non-expanding. Also, the

average distance d̂ decreases by at most a factor 2 (which will be enough to affect the

distortion by at most a factor 2). We can now assume d̂e ≥ 1
2d
d̂.

Fix coordinate e. We define P̃e(i) = Pe(i)/αe for unique rescaling factor αe, βe

such that
∥∥∥P̃e∥∥∥p

p
= n. We note that αe ≥ 1

2
d̂e

1/p
since, for any vector x, we have

αpe =
‖x‖pp
n
≥ Ei[

∑
j |xi−xj |p]
2pn

= 2−p Ei,j [|xi − xj|p] = 2−pd̂e. (7.2)

First consider the case when maxi,j∈[n]{‖P∗(i)− P∗(j)‖p} = O(d1/pd̂1/p) (this is

needed to bound the aspect ratio of the final embedding). Then maxi,j∈[n]{|Pe(i) −

Pe(j)|} = O(d1/pd̂1/p), and hence, noticing
∥∥∥P̃e∥∥∥

∞
= maxi,j{|P̃e(i) − P̃e(j)|} = 1

αe
·

maxi,j∈[n]{|Pe(i)− Pe(j)|}, and using Eqn. (7.2), we have:∥∥∥P̃e∥∥∥
∞
≤ O(d1/pd̂1/p)/αe = O(d1/pd̂1/p)/0.5d̂e

1/p
= O(d2/p).

Now, use Theorem 119 on vectors P̃e(i) to get φe : R → [2−p, dO(1)]. Finally, to

define ψ(q), we first shift q with the same shift used to center the data P at the

beginning, and rescale each coordinate e by αe as well, to obtain vector (q̃e)e. We

now define ψ(q) , ⊕ed̂e · φe(q̃e).

Now, fix a, b ∈ Rd. For any ae, be ∈ R, with ãe, b̃e being the shifting/rescaling, we

have by Eqn. (7.2):
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|ãe − b̃e|p ≤
(2|ae − be|)p

d̂e
. (7.3)

For e ∈ [d], defineDe(i, j) , DP̃e(P̃e(i), P̃e(j)), and τe , min
{

1 + 1/le,
log(1/M(ψ(a)e,ψ(b)e))

le

}
where le = log(1/Ei,j∼De [M(ψ(P̃ (i))e, ψ(P̃ (j))e)]). Notice that by Theorem 119:

|ψ(a)e + ψ(b)e|1/p · τe = O(log p) · |ae − be|. (7.4)

Finally, define

ρ ,
∑
e∈[d]

|ψ(a)e + ψ(b)e|
‖ψ(a) + ψ(b)‖1

· τe.

We analyze ρ:

ρ =
∑
e∈[d]

|ψ(a)e + ψ(b)e|
‖ψ(a) + ψ(b)‖1

· τe

Jensen’s
≤

∑
e∈[d]

|ψ(a)e + ψ(b)e|
‖ψ(a) + ψ(b)‖1

· τ pe

1/p

min value of ψ
≤

∑
e∈[d]

|ψ(a)e + ψ(b)e|∑
e′∈[d] 2 · 2−p · d̂e′

· τ pe

1/p

Eqn.(7.4)
=

 2p

2d̂

∑
e∈[d]

O(log p)p · |ae − be|p
1/p

= O(log p) ·

(∑
e∈[d] |ae − be|p

d̂

)1/p

= O(log p) ·
‖a− b‖p
d̂1/p

.

Finally, noting that d̂1/p ≥ Ep′,p′′∈P [‖p′ − p′′‖p], we conclude that ψ is (O(log p), O(d))-

WASE for P as needed.
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We also need to consider the case when maxi,j∈[n]{‖P∗(i)− P∗(j)‖p} � d1/pd̂1/p.

For large enough constant C > 1, take the projection P ′e(i) = Cd1/pd̂e
1/p

for any

point with ‖Pe(i)‖ ≥ Cd1/pd̂e
1/p

(and otherwise leave unchanged). Then define d̂′
1/p

to be the average distance of the set P ′. If d̂′
1/p

= Ω(d̂1/p) then we can repeat the

argument from above for P ′, noting that it is non-expanding and contracting by only

a constant on average. Otherwise, the pointset P has an O(1)-average embedding

into `1 (in the sense of the Definition Definition 8), by setting φ(P (i)) = ‖P (i)‖p, and

hence, by [74], into WASE (even UASE in fact).

The computational efficiency guarantees follow immediately. There are just a

couple nuances in preprocessing to highlight. The first one is that we need to recenter

the each coordinate e: namely find a shift s such that
∑

p∈P sign(pe−s) · |pe−s|p = 0.

This can be done by binary search; see, e.g., [145]. The second one is that we need to

estimate the average distance in a coordinate d̂e = Ep,p′∈P [|pe−p′e|p]. We can estimate

this quantity by sampling, noting that O(1)p approximation suffices.

Finally, the aspect ratio bound follows from the range of the embedding from

Lemma 119.

7.5.1 Preliminaries

We now introduce some extra notation used in this section. We define the space of

intervals I (over the positive real line). For an interval I = [a, b] ∈ I where 0 ≤ a ≤ b,

we denote µ(I) = b− a as the measure (length) of the interval, and, for two intervals

I1 = [a1, b1], I2 = [a2, b2] say I1 < I2 if b1 < a2. We also define projection to an

interval:

Definition 120. For scalar a ≥ 0, and interval I ∈ I we define projI(a) , µ([0, a]∩
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I).

In this section whenever a scalar operator is applied on vectors (including projI),

we mean it is applied coordinate-wise and the output is also a vector.

Fact 121. Fix x ∈ Rn and 1 ≤ q ≤ p. Suppose Pri∈[n] [|xi| = ‖x‖∞] ≥ 2−q , then

‖x‖q ≥
1
2
· n1/q−1/p · ‖x‖p.

Proof. First, ‖x‖qq ≥ n · 2−q · ‖x‖q∞ and hence,

‖x‖q ≥
n1/q

2
· ‖x‖∞ ≥

n1/q

2
· n−1/p · ‖x‖p = 1

2
· n1/q−1/p · ‖x‖p,

as needed.

Lemma 122. Fix x ∈ Rn+, k ≥ 1 and e1, e2, . . . , ek such that
∑

j ej ≤ ‖x‖p. There

exists disjoint interval partitioning {I1, I2, . . . , Ik} ⊂ I of R+ such that
∥∥∥projIj(x)

∥∥∥
p
≥

ej for all j ∈ [k].

Proof. Let λ0 = 0 and λk =∞. For i ∈ [k−1], let λi , sup
{
λ :
∥∥proj[λi−1,λ](x)

∥∥
p
≤ ei

}
.

Let Ii = [λi−1, λi). Note that by `p continuity,
∥∥projIi(x)

∥∥
p
≥ ei unless

∥∥proj[λi−1,∞)(x)
∥∥
p
<

ei. By triangle inequality, the latter never happens and we have that
∥∥projIi(x)

∥∥ ≥ ei

for all i.

Lemma 123. Let {I1, I2, . . . , Ik} ⊂ I be disjoint interval partitioning of R+. Then

for any x ∈ Rn with ‖x‖0 ≤ n/2, and p ≥ 1, there exists j ∈ [k] such that, for

q = pj/k:

1.
∥∥∥projIj(x)

∥∥∥
q
≥ 1

2
· n1/q−1/p

∥∥∥projIj(x)
∥∥∥
p
; and,

2.
∥∥∥projIj(x)

∥∥∥
0
≤ n · 2−q·p−1/k

.
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Proof. Assume wlog I1 < I2 < . . . < Ik. This implies projIj(xi) < µ(Ij) →

projIj+1
(xi) = 0. Hence

∥∥∥projIj+1
(x)
∥∥∥

0
≤ n ·Pri∈[n]

[
projIj(xi) =

∥∥∥projIj(x)
∥∥∥
∞

]
. Now

for j ∈ [k], let qj , pj/k. If
∥∥projI1(x)

∥∥
q1
≥ 1

2
·n1/q1−1/p

∥∥projI1(x)
∥∥
p

we are done (both

conditions are satisfied). Otherwise, let j∗ ≥ 2 be the minimal j where
∥∥∥projIj(x)

∥∥∥
qj
≥

1
2
· n1/qj−1/p

∥∥∥projIj(x)
∥∥∥
p

(noting that such j∗ always exists since the above is true for

qk = p). Then, by Fact 121, Pri∈[n]

[
projIj∗−1

(x)i =
∥∥∥projIj∗−1

(x)
∥∥∥
∞

]
< 2−qj∗−1 , and

hence,

∥∥∥projIj∗ (x)
∥∥∥

0
≤ n · Pr

i∈[n]

[
projIj∗−1

(x)i =
∥∥∥projIj∗−1

(x)
∥∥∥
∞

]
≤ n · 2−qj∗−1 = n · 2−qj∗/p1/k

,

as needed.

Claim 124. Fix x ∈ Rn+ and any p ≥ 1. There exists a mapping ψ : R+ → [2−p,∞)

such that:

• For s ≥ 1, ψ(s) = (O(s))p.

• ‖ψ(x)‖1 ≥ ‖x‖
p
p;

• Pri∈[n][ψ(xi) > 2−p] =
‖x‖0
n

; and

• for each s, t ∈ R+, |ψ(s) + ψ(t)|1/p ·min{p, log 1/M(ψ(s), ψ(t))} ≤ 4p · |s− t|.

Proof. Define ψ(s) , (s + 0.5)p. Then the first 3 conditions are immediate. For

the 4th condition, we assume w.l.o.g t ≤ s. Now, if 2t + 1 < s, we have that

‖ψ(s) + ψ(t)‖1/p
1 ≤ s+t+1 < 3(s−t) which implies the claim for this case. Otherwise:

log 1/M(ψ(s), ψ(t)) = log
ψ(s) + ψ(t)

2 min{ψ(s), ψ(t)}
≤ log

ψ(s)

ψ(t)
= log

(s+ 0.5)p

(t+ 0.5)p
≤ p log

(
1 +

4|s− t|
s+ t+ 1

)
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Now since |ψ(s) + ψ(t)|1/p = ((s+ 0.5)p + (t+ 0.5)p)1/p ≤ s+ t+ 1 , hence:

|ψ(s) + ψ(t)|1/p · log 1/M(ψ(s), ψ(t)) ≤ (s+ t+ 1) · p log
(

1 + 4|s−t|
s+t+1

)
)
≤ 4p · |s− t|,

as needed.

7.5.2 Construction: proof of Lemma 119

Now let x(+) be x after zeroing out all negative coordinates and x(−) be −x after

similar zeroing. The construction is merely applying the above Lemmas to one of

{x(+), x(−)}. In particular, choose χ ∈ {±} such that xχ is a most n/2 sparse; note

that ‖xχ‖pp = ‖x‖pp/2 = n/2 by the subsectionons of the lemma. We use Lemma 122

with k = log2 p to partition R+ into intervals with
∥∥∥projIj

(
x(χ)

)∥∥∥
p
≥ n1/p · γj, where

γj = max{1/4 log(p), pj/k/4p}. Then, we use Lemma 123 to find an interval I(χ) such

that, for q(χ) = pj/k and γ(χ) = γj:

1.
∥∥projI(χ)

(
x(χ)

)∥∥
q(χ) ≥ 1

2
· n1/q(χ)−1/p

∥∥projI(χ)

(
x(χ)

)∥∥
p
≥ γ(χ)

2
n1/q(χ)

; and,

2.
∥∥projI(χ)(x(χ))

∥∥
0
≤ n · 2−q(χ)·p−1/k

< n · 2−q(χ)/2.

Now, let y(χ) = 2/γ(χ) · projI(χ)(x(χ)). Then,
∥∥y(χ)

∥∥q(χ)

q(χ) ≥ n. Apply Claim 124

using x = y(χ) and p = q(χ) to get a mapping ψ(χ) : R+ → R+.

The final mapping is defined to be as a function of χ: if χ = +,

φ(a) = ψ+(2/γ(+) · projI(+)(max{0, a}))

otherwise

φ(a) = ψ−(2/γ(−) · projI(−)(max{0,−a}).
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Proof of Lemma 119. First, we argue ‖φ(x)‖1 ≥ n. In particular, by Claim 124:

∥∥ψ(χ)
(
2/γ(χ) · projI(χ)

(
x(χ)

))∥∥
1
≥
∥∥2/γ(χ) · projI(χ)

(
x(χ)

)∥∥q(χ)

q(χ)

≥
∥∥∥1/γ(χ) · n1/q(χ)−1/pprojI(χ)

(
x(χ)

)∥∥∥q(χ)

p

= n ·
∥∥∥ 1
γ(χ)n1/pprojI(χ)

(
x(χ)

)∥∥∥q(χ)

p

≥ n.

Next we argue that ‖φ(x)‖∞ = ‖x‖O(p)
∞ . Indeed by Claim 124 we have that:

‖φ(x)‖∞ ≤ O(‖x‖∞/γ
(χ))q

(χ)

= O(p/q(χ) · ‖x‖∞)q
(χ)

= O(‖x‖∞)O(p).

Next we argue that E(i,j)∼Dx [M(ψχ(y
(χ)
i ), ψχ(y

(χ)
j ))]) ≤ 2−q

(χ)/8. Indeed, by Claim 124,

we have that Pri∈[n]

[
ψχ(y

(χ)
i ) > 2−q

(χ)
]
≤ ‖

y(χ)‖
0

n
≤ 2−q

(χ)/2. Now, letting ψi ,

ψχ(y
(χ)
i ) we note that Dx(i, j) =

‖ψi‖1+‖ψj‖1
2n‖ψ‖1

with ψ being the vectors of ψi’s, we

further obtain:

E(i,j)∼Dx [M(ψi, ψj)] ≤
∑
i,j

2 min{ψi,ψj}·(ψi+ψj)
(ψi+ψj)·2n‖ψ‖1

= 1
n‖ψ‖1

·
∑
i,j

min{ψi, ψj}

≤ 1
n‖ψ‖1

·

 ∑
i:ψi>2−q

(χ)

∑
j

ψj +
∑

i:ψi=2−q
(χ)

∑
j

ψi


≤ 1

n‖ψ‖1
·

 ∑
i:ψi>2−q

(χ)

‖ψ‖1 + n2 · 2−q(χ)


≤ 1

n‖ψ‖1
·
(

2−q
(χ)/2 · n · ‖ψ‖1 + n · ‖ψ‖1 · 2

−q(χ)
)

< 2−q
(χ)/8,
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and hence l , log 1/(E(i,j)∼Dx [M(ψi, ψj)]) ≥ q(χ)/8 ≥ 1/4. On the other hand, we

have by the guarantees of Claim 124 that:

• for any a ∈ R: φ(a) ≥ 2−q
(χ) ≥ 2−p ; and,

• |φ(s)+φ(t)|1/qχ ·min {qχ, log 1/M(φ(s), φ(t))} ≤ 4·q(χ) ·4/γ(χ) ·|s−t| = O(log p)·

q(χ) · |s− t|.

Overall, this gives:

|φ(s) + φ(t)|1/p·min
{

1 + 1
l
, log 1/M(φ(s),φ(t))

l

}
≤ |φ(s) + φ(t)|1/p−1/q(χ) · |φ(s) + φ(t)|1/q(χ) min{1+q(χ)/8,log 1/M(φ(s),φ(t))}

q(χ)/8

≤ 2−q
(χ)(1/p−1/q(χ)) · |φ(s) + φ(t)|1/q(χ) min{5q(χ),log 1/M(φ(s),φ(t))}

q(χ)/8

≤ 2 ·O(log p) · |s− t|

= O(log p) · |s− t|.

The computational efficiency guarantees are nearly immediate to obtain. The

only non-immediate step is that one has to compute the intervals Ij, wnich can be

accomplished by binary search.

7.6 Similarity embedding for matching distances

In this section we design similarity embeddings for the Earth Mover Distance for cer-

tain instances. While the natural goal would be to solve the general instances, we only

manage to find embeddings for specific distances which we call “sparse instances”. In

a later section, we use the embedding for such “sparse instances” to design WASE for

edit distance (for all instances).

We first define a notion of distance sparsity from a point to a dataset.
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Definition 125. Fix a point p ∈ X and a point-set P ⊆ X . The distance sparsity of

point p, denoted Dd
δ (p, P ), is the δ-quantile of distances from p to P , i.e., Dd

δ (p, P ) = t

if t is the smallest with Prp′∈P [d(p, p′) ≤ t] = δ. We also define the distance sparsity

of a dataset as the average distance sparsity of all its points:

Dd
δ (P ) , Ep∈P [Dδ(p, P )] .

When d is clear from context, we sometimes omit it from Dδ notation for the sake

of cleaner exposition.

The main statement of this section that one can get WASE for EMDX , if the

collections have good enough distance sparsity:

Lemma 126. Fix a metric (X , d). Consider a family of multi-sets P ∈ (X k)n such

that the average distance is d̂ = Ep,p′∈P [EMDd(p
′, p′′)] and Dδ(P∗,∗) ≥ t for some

t > 0; where we also require that δ < 1/k2. Suppose P admits (c, δ,m)-WASE for

some δ < 1/ poly(κκXm)} aspect ratios κ, κX , and η > 1/k.

Then the family P admits (O(c · d̂
kt

), 1/m′,m′)-WASE with respect to (X k,EMDd),

where m′ = poly(κκXm · 1/δ · logX ).

The rest of this section is dedicated for proving Lemma 126.

7.6.1 Auxiliary lemmas

The main challenge for constructing embedding for “sparse EMD” is that the sparsity

guarantees we have are “on average only”, i.e., we may have some objects that are

more dense than other, and we will need to create several discretization to cater to

all situations. For that purpose, we first introduce two ancillary constructions. While
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the guarantees of those constructions may not make immediate sense apriori, they

will provide what we need for the overall solution.

First, we need to show WASE implies UASE, assuming the dataset is sparse

(namely, has no dense balls):

Lemma 127. Fix a metric (X , d) admitting a (c, δ,m)-WASE embedding for P for

some δ < 1/ poly(κκXm). Fix a dataset P ⊆ X , and let d̂ = Ep′,p′′ [d(p′, p′′)]. Fix

d′ ≤ d̂ such that there’s no ball of radius d′/2 of size δn/2.

Then, there exists a (O(cd̂/d′), 3δ, O(δ−2 logX ))-UASE for P ; furthermore, all

output vectors have `1 norm 1.

Proof. We apply Lemma 147 with τ = δ to conclude that there exists a (r, δ2)-DDH

for P where r = d′/2c.

We construct the UASE as follows. Let L = O(1)
δ

logX , and let m = O(1/δ) be

the range of DDH. Our map is ψ : X → {0, 1}L×m. We draw L iid DDH functions

h1, . . . hL : X → [m], as well as L random functions ri : [m] → [m]. Then a point

q ∈ X is mapped to the concatenation of the unitary representation of ri(hi(q)):

ψ(q)i,j = 1[hi(q) = j]. By Chernoff bound, it is immediate that, with high probability,

for all p, q ∈ X :

M(ψ(p), ψ(q)) ∈ Θ(1)(Pr
h

[h(p) = h(q)]± δ).

Hence, we have:

• Ep′,p′′∈P [M(ψ(p′), ψ(p′′))] ≤ O(Prh,p′,p′′ [h(p′) = h(p′′)] + δ) ≤ 3δ;

• log 1/M(ψ(p), ψ(q)) ≤ − log(Prh[h(p) = h(q)] − δ) + O(1). If d(p, q) ≤ r,

then log 1/M(ψ(p),ψ(q))
log 1/δ

≤ − log(δd(p,q)/r−δ)+O(1)
log 1/δ

= O(d(p, q)/r) = O(cd̂/d′ · d(p,q)

d̂
).

Otherwise, if d(p, q) > r, we have that log 1/M(ψ(p),ψ(q))
log 1/δ

≤ 1 ≤ O(cd̂/d′ · d(p,q)

d̂
).
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Thus we obtained the desired (O(cd̂/d′), 3δ, O(δ−2 logX ))-UASE. Note that the `1

norm is the same for any ψ(p), and hence we can rescale it to 1.

We now strenghen the previous lemma to imply a form of UASE for a fixed sparsity

scale ∆.

Lemma 128. Fix a metric (X , d) admitting (c,
√
δ,m)-WASE, parameter δ < 1/ poly(mκκX ),

and parameter ∆ ∈ R. Let P ⊆ X be a dataset. There exists an embedding

ψ : X → Rm
′

+ , with m′ = poly(mκκX ) ·O(logX ), with the following guarantees:

1. For any p ∈ X with Dδ(p, P ) ∈ [3/4, 3/2] ·∆ we have ‖ψ(p)‖1 ≥ 1.

2. For any p ∈ X with Dδ(p, P ) /∈ [1/2, 2] ·∆ we have ‖ψ(p)‖1 = O(δ).

3. Ep′,p′′∈P [‖min{ψ(p′), ψ(p′′)}‖1] = O(δ).

4. For any p, q ∈ X : log(1/M(ψ(p),ψ(q))
log(1/δ)

= O (c) · d(p,q)
∆

.

Proof. For a ∈ X , define:

α(a) ,



1
∆

(4Dδ(a, P )− 2∆) Dδ(a, P ) ∈ (1/2, 3/4)∆

1 Dδ(a, P ) ∈ [3/4, 3/2]∆

1
∆

(∆4∆− 2Dδ(a, P )) Dδ(a, P ) ∈ (3/2, 2)∆

0 otherwise.

There are two constructions, depending on the parameters. Let S be the subset of P

with Dδ(a, P ) > ∆/2, d̂ be the average distance for S, and let δ′ = δ|P |
|S| .

1. Suppose |S| ≥
√
δ · |P |, equivalently δ′ ≤

√
δ. Then any ball of radius ∆/2 in S

has size at most δn = δ′|S| ≤
√
δ ·|S|. We apply Lemma 127 on S to generate ψ′
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as 1-norm (O(c · d̂/∆), 3δ′,m′)-UASE for S with m′ from the lemma statement.

Set ψ′(a) = ~0 for a 6∈ S. Then set ψ(a) =
(
δ1−α(a) · ψ′(a)

)
⊕ δ.

We show conditions (1)-(4) hold. Conditions (1) and (2) holds by construction.

In particular, condition (1) holds since for such p, we have α(p) = 1, and hence

δ1−α(p) = 1. Condition (2) holds since for such p we have α(p) = 0 and hence

δ1−α(p) = δ.

For (3), note that for any p′ ∈ P \ S, we have ‖ψ(p′)‖1 = δ and hence, using

UASE guarantees:

∑
(p′,p′′)∈P×P

‖min{ψ(p′), ψ(p′′)}‖1

=
∑

(p′,p′′)∈S×S

‖min{ψ(p′), ψ(p′′)}‖1 +
∑

(p′,p′′)∈P×P\S×S

‖min{ψ(p′), ψ(p′′)}‖1

= O(δ′|S|2) +O(δ|P |2)

= O(δ|P |2).

Finally, for (4), suppose Dδ(p, P ), Dδ(q, P ) > ∆/2. We use the following fact:

Fact 129. Fix x, y ∈ {0, 1}m and positive scalars a, b > 0. Then,

log(1/M(ax, by)) ≤ log(1/M(x, y)) + log(1/M(a, b)).



CHAPTER 7. AVERAGE SIMILARITY EMBEDDINGS 303

Proof. Assume w.l.o.g a ≥ b. Then,

log( 1
M(ax,by)

) = log(
a‖x‖1+b‖y‖1

2‖min{ax,by}‖1
)

≤ log(
a(‖x‖1+‖y‖1)

2b‖min{x,y}‖1
)

= log(a
b
) + log(

‖x‖1+‖y‖1)

2‖min{x,y}‖1
)

≤ log( 1
M(x,y)

) + log( 1
M(a,b)

).

Then, using the fact, we have,

log(1/M(ψ(p), ψ(q)) ≤ log(1/M(ψ′(p), ψ′(q)) + log(1/M(δ1−α(p), δ1−α(q))

≤ 2c · d(p,q)
∆/2
· log(1/δ) + |α(p)− α(q)|/∆ · log(1/δ)

= O(c) · d(p,q)
∆
· log(1/δ).

Otherwise, suppose w.l.o.g. Dδ(p, P ) ≤ ∆/2, then

log(1/M(ψ(p), ψ(q)) = log
(
‖ψ(p)+ψ(q)‖1

2 min{ψ(p),ψ(q)}

)
≤ log

(
‖ψ(q)‖1

δ

)
= log

(
δ1−α(q)

δ

)
= α(q) · log (1/δ)

≤ ( 1
∆
· 4Dδ(q, P )− 2) log (1/δ)

= 4
∆
· (Dδ(q, P )−∆/2) log (1/δ)

≤ 4
∆
· (Dδ(q, P )−Dδ(p, P )) · log (1/δ)

≤ 4
∆
· d(p, q) · log (1/δ) .
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2. Now consider the alternative case |S| <
√
δ|P |, ie., δ′ >

√
δ. We then set

ψ(a) = (δ1−α(a), 0...0).

Again, we verify conditions 1-4. Conditions (1), (2) hold precisely the same.

For condition (3), note:

∑
(p′,p′′)∈P×P

‖min{ψ(p′), ψ(p′′)}‖1

=
∑

(p′,p′′)∈S×S

‖min{ψ(p′), ψ(p′′)}‖1 +
∑

(p′,p′′)∈P×P\S×S

‖min{ψ(p′), ψ(p′′)}‖1

= O(|S|2) +O(δ|P |2)

= O(δ|P |2).

We now verify condition (4). Indeed, as before:

log 1/M(ψ(p), ψ(q)) = log 1/M{δ1−α(p), δ1−α(q)} ≤ O(c) · d(p, q)/∆ · log 1/δ.

The third auxiliary lemma is for scalar embedding, and will be used to deal with

special pairs of collections that are much denser than the average collection.

Lemma 130. Fix a non-zero v ∈ [0, 1]n, with ‖v‖0 ≤ n/2.

There exists a function φ : [0, 1]→ (0, 1]log(n) with the following guarantees:

1. ‖φ(1)‖1 = 1;

2. For any p, q:

∑
i∈[log(n)]

‖φ(p)i + φ(q)i‖1 ·
logM(φ(p)i, φ(q)i)

log Ep′,p′′∼D[M(φ(p′)i, φ(p′′)i)]
= O (|p− q|) ,
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where D is a distribution over v × v, such that:

D(x, y) ,
‖φ(x)i‖1 + ‖φ(y)i‖1

2n · ‖φ(v)i‖1

.

Proof. The embedding is similar to the `pp one. In particular, for i ∈ {0} ∪ [log(n)]

define λ0 = 0, λlog(n) = 1 and for the rest λi , Q1−2−i(v). Define intervals Ii ,

[λi−1, λi]. Now, define:

φi(x) = 23i(projIi (x)−|Ii|)/|Ii| · |Ii|.

Notice that ‖φ(1)‖1 =
∑

i |Ii| = 1. Now we bound (2). First of all, note that

‖φ(v)i‖1 ≥ |Ii| · n(1− 2−i + 2−i · 23i) ≥ |Ii| · n · 22i. Hence

Ep′,p′′∼Di [M(φ(p′)i, φ(p′′)i)] = Ep′,p′′∼Di

[
min{φ(p′)i, φ(p′′)i}
n‖φ(v)i‖1/|Ii|

]
≤
∑

p:p≤λi−1
1 · n+

∑
p:p>λi−1

‖φ(v)i‖1

n‖φ(v)i‖1/|Ii|

≤ 2−2i + min{1
2
, 2−i+1}

Overall, we obtain that

− log Ep′,p′′∼Di [M(φ(p′)i, φ(p′′)i)] ≥ i/3.

On the other hand − logM(φ(p)i, φ(q)i) = |projIi(p)− projIi(q)| · 3i/|Ii|. Therefore:

∑
i∈[log(n)]

‖φ(p)i + φ(q)i‖1 ·
logM(φ(p)i, φ(q)i)

log Ep′,p′′∼Di [M(φ(p′)i, φ(p′′)i)]

≤
∑

i∈[log(n)]

2|Ii| ·O(|projIi(p)− projIi(q)|/|Ii|)

= O(1) ·
∑

i∈[log(n)]

|projIi(p)− projIi(q)|

= O(|p− q|).
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7.6.2 Main construction for Lemma 126

Using the above ancillary constructions, we define the overall construction for Lemma 126:

• For each ∆ ∈ {1, 2, 4, 8, . . . , 4k} · t
4
, construct ψ∆ as embedding for P∗,∗ using

Lemma 128 with the corresponding parameter ∆.

• For each p ∈ P∗, let γ(p) , proj[0,1]

(
4
kt
· (kt/2−

∑k
j=1 Dδ(pj, P∗,∗))

)
.

• Let φ be an embedding of the vector γ(P∗) using Lemma 130.

Finally, the embedding is, for each p ∈ P , for E(p) ,
(⊕

∆ ∆/t ·
∑

j∈[k] ψ∆(pj))
)

:

ϕ(p) , k · φ(p)⊕ E(p).

This is viewed as WASE embedding where the coordinate blocks are φi and E (i.e.,

log n+ 1 total).

7.6.3 Proof of Lemma 126

Proof of Lemma 126. We need to show that ϕ is a (O( c·d̂
kt

),m′)-WASE. Fix p, q ∈ X k,

for which we need to prove Equation (7.1).

First we claim that ‖ϕ(p)‖ = Ω(k), which is the only place where we need both

φ and ψ. Observe that for any p ∈ X k, we either have γ(p) = 1, in which case

‖φ(p)‖ = 1 (from Lemma 130 guarantee 1) or otherwise
∑

j Dδ(pj, P∗,∗) > kt/4. In

the latter case, let J ⊂ [k] be the set of coordinates where Dδ(pj, P∗,∗) > 3t/16.

Then we have that
∑

j∈J Dδ(pj, P∗,∗) > kt/16. Now, for each j ∈ J , there exists a

∆ ≥ 2/3 ·Dδ(pj, P∗,∗) such that ‖ψ∆(pj)‖ ≥ 1 (using guarantee (1) of Lemma 128).
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For such ∆, we have the contribution to ‖E(p)‖1 is at least ∆/t ≥ 2/3t ·Dδ(pj, P∗,∗).

Hence the total contribution to ‖ϕ(p)‖1 is at least k/24.

Now fix p, q ∈ X k and σ be a permutation of [k] such that EMDd(p, q) =
∑

j d(pj, qσ(j)).

First we show:

∑
i∈[log(n)]

(‖φ(p)i‖1 + ‖φ(q)i‖1) · logM(φ(p)i, φ(q)i)

log Ep′,p′′∼Di [M(φ(p′)i, φ(p′′)i)]
= O

(
EMDd(p, q)

t

)
.

(7.5)

To obtain that, first observe by triangle inequality, for each j, |Dδ(pj, P∗,∗) −

Dδ(qσ(j), P∗,∗)| ≤ d(pj, qσ(j)), and hence |
∑

j Dδ(pj, P∗,∗)−
∑

j Dδ(qj, P∗,∗)| ≤ EMDd(p, q).

Hence |γ(p)−γ(q)| = O(EMDd(p, q)/kt). By Lemma 130 guarantee 2, we obtain Equa-

tion (7.5).

Next, we analyze E(p) =
(⊕

∆ ∆/t ·
∑

j∈[k] ψ∆(pj))
)

. We show the following:

1. Ep′,p′′∼DE [M(E(p′), E(p′′))] = O(δk log k).

2. For any p, q ∈ X k, we have (‖E(p)‖1+‖E(q)‖1)· log(1/M(E(p),E(q)))
log(1/δ)

= O
(

EMDd(p,q)
t

)
.

For (1), note that since Dδ(P∗,∗) ≥ t, then by Lemma 128 (1), we have ‖E(∗)‖1 =

Ω(nk) . On the other hand, by Lemma 128 (3) we have:

∑
p′,p′′

‖min{E(p′), E(p′′)}‖1 =
∑

∆

∑
p′,p′′

∥∥∆
t

min{ψ(p′), ψ(p′′)}
∥∥

1

≤
∑

∆

∑
p′,p′′

∑
i,j∈[k]

∆
t

∥∥min{ψ(p′i), ψ(p′′j )}
∥∥

1

≤
∑

∆

O(δn2k2)

≤O(δn2k2 log k)
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Overall, we have:

Ep′,p′′∼DE [M(E(p′), E(p′′))] = 2
∑
p′,p′′ ‖min{E(p′),E(p′′)}‖1

n·‖E(∗)‖1
= O(δk log k),

proving (1).

For (2), we note by Lemma 128 (4) that log(1/M(ψ∆(pj), ψ∆(qσ(j))) = O(c) ·
d(pj ,qσ(j))

∆
· log(1/δ). Now we argue the following, using also Lemma 128 (2) and

Jensen’s inequality:

(‖E(p)‖1+‖E(q)‖1) · log(1/M(E(p),E(q)))
log(1/δ)

≤ − (‖E(p)‖1+‖E(q)‖1)

log(1/δ)
· log

(∑
∆ ∆/t·

∑
j∈[k](‖2 min{ψ∆(pj),ψ∆(qσ(j))}‖1

)
(‖E(p)‖1+‖E(q)‖1)

)

≤

∑
∆ ∆/t ·

∑
j∈[k]

(
‖ψ∆(pj)‖1 +

∥∥ψ∆(qσ(j))
∥∥

1

)
· log

(
‖2 min{ψ∆(pj),ψ∆(qσ(j))}‖1

‖ψ∆(pj)‖1+‖ψ∆(qσ(j))‖1

)
− log(1/δ)

≤
∑

∆

∆/t ·
∑
j∈[k]

(
‖ψ∆(pj)‖1 +

∥∥ψ∆(qσ(j))
∥∥

1

)
· log(1/M(ψ(pj),ψ(qσ(j))))

log(1/δ)

≤
∑

∆

O(c/t) ·
∑
j∈[k]

(
‖ψ∆(pj)‖1 +

∥∥ψ∆(qσ(j))
∥∥

1

)
· d(pj, qσ(j))

= O(c/t) ·
∑
j∈[k]

(∑
∆

(
‖ψ∆(pj)‖1 +

∥∥ψ∆(qσ(j))
∥∥

1

))
· d(pj, qσ(j))

≤ O(c/t) ·
∑
j∈[k]

(6 +O(δ log k)) d(pj, qσ(j))

= O (c) · EMDd(p,q)
t

.

Combining the above with Equation (7.5), letting ρ ,
∑

i∈[log(n)+1]
‖ϕ(p)i‖1+‖ϕ(q)i‖1
‖ϕ(p)‖1+‖ϕ(q)‖1

·
logM(ϕ(p)i,ϕ(q)i)

log Ep′,p′′∼Di [M(ϕ(p′)i,ϕ(p′′)i)]
and using the fact the overall norm is Ω(k), average distance

is d̂, and that δ < 1/k2, we obtain:



CHAPTER 7. AVERAGE SIMILARITY EMBEDDINGS 309

ρ ≤ O(1)

k
·k · ∑
i∈[log(n)]

(‖φ(p)i‖1 + ‖φ(q)i‖1) · logM(φ(p)i,φ(q)i)
log Ep′,p′′∼Di [M(φ(p′)i,φ(p′′)i)]

+ (‖E(p)‖1 + ‖E(q)‖1) · log(1/M(E(p),E(q)))
log(1/δ)


≤ O

(
c · EMDd(p, q)

k · t

)
≤ O

(
c · d̂
k · t

)
· EMDd(p, q)

d̂
.

Therefore, ϕ is a (O( c·d̂
kt

),m′)-WASE as needed.

7.7 Edit distance embedding

In this section, we design a WASE embedding for the edit distance metric achiev-

ing poly-logarithmic approximation, captured by the following main theorem of the

section.

Theorem 131. Fix an n-point dataset P in the edit distance metric (Σk, ed), and

let êd = Ep′,p′′∈P [ed(p′, p′′)] be the average distance inside P . Then (P, ed) admits

(O(logO(1)(k)), 1/ poly(k), poly(k))-WASE. The computational efficiency on a dataset

of size n is as follows: Fp = Õ(nkO(1)) preprocessing time, Fs = O(nkO(1)) space, and

Fq = kO(1) query time. Also the aspect ratio is κ = kO(1).

We note that, combining Theorem 131 together with Theorem 148 immediately

implies NNS algorithm for the edit distance with similar guarantees, proving Theo-

rem 12.
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The main idea behind the proof of Theorem 131 is to embed “on average” the edit

distance metric into EMD`∞ , where the `∞ portion has certain “sparsity guarantees”

that allow us to use the WASE construction for EMD from Lemma 126. We first state

the following key lemma. Recall that Dδ(P ) is the average, over p ∈ P , of the δ-th

quantile distance from p to p′ ∈ P .

Lemma 132. Fix a set of n strings P ⊂ Σk, for some alphabet Σ, and let êd =

Ep′,p′′∈P [ed(p′, p′′)]. Then, for any δ ≤ 1/k, either Dδ(P ) ≤ 1
3
· êd, or (ii) there exists

an average metric embedding ϕ : Σk → (Rm)γ where γ = O(k3 · log n) such that the

metric ((Rm)γ,EMD`m∞), for m = O(1/δ · log2 k), provides the following guarantees:

1. For all p, q ∈ Σk, we have EMD`m∞(ϕ(p), ϕ(q)) = O
(

log6 k
k

)
· ed(p, q); and

2. DO(δ)(ϕ(P )∗) ≥ Ω
(
êd
k

)
, where ϕ(P )∗ is the union of all sets ϕ(p), p ∈ P (and

is a considered subset of `m∞ norm).

Before proving Lemma 132, we show why it implies Theorem 131.

Proof of Theorem 131 using Lemma 132. Let δ = 1/k. If (i) of Lemma 132 holds,

then, for t = O(1/δ), we embed P into (NO(t log t), `∞) on average directly (see Sec-

tion 7.1.3), and then embed `∞ to WASE (Theorem 118), obtaining (O(log log(k)), 1/O(k), O(k))-

WASE.

If, insteadDδ(P ) > 1
3
·êd and hence (ii) holds, we consider the EMD`∞ embedding ϕ

of P , and invoke Lemma 126 with (X , d) = (Rm, `∞) and its (O(log log k), O(1/m), O(m))-

WASE given by Theorem 118. In particular, let ÊMD be the average distance with

respect to EMD`∞ and use parameter δ′ = min{1/k2, 1/ poly(κκXm)} � δ. Then

Lemma 126, for ed yields a (c′, 1/m′,m′)-WASE for the EMD space, where c′ =

O(log log k) · ÊMD
k·êd/O(k)

= O(log log k · ÊMD
êd

), and m′ = kO(1).
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We now use (1) further to obtain (O(log log(k) · log6(k)), 1/m′,m′)-WASE for ed.

The computational efficiency results immediately from the constructions.

The rest of this section will focus on proving Lemma 132. The main idea be-

hind the construction is to represent edit-distance as EMD`∞ , where the final vectors

are constructed using the Fréchet embedding using substrings of smaller length w.

The embedding will be randomized and the upper bound guarantees will be on aver-

age which will then be amplified, while the lower bound will hold with the sparsity

guarantees as needed.

7.7.1 Characterization of ed via substrings

We first establish some structural properties of the edit distance between two strings

x, y, which we use to construct our embedding. In particular we consider all substrings

of, say, x of appropriate lengths, which we organize in a “string forest” of x, termed

Fx, defined below. We then show how a certain distance between Fx,Fy relates to

ed(x, y).

Below, we assume that k is a power of 2, by padding as well. For a string x, we

use x[i : w] to denote a substring of length w starting at i. Whenever such substring

leaves the boundaries of string x, by convention we consider those symbols to be $.

For fixed x ∈ Σk, we define the string forest Fx as a union of k weighted trees

{Ti}i∈[k]. Each Ti consists of vi,j,w nodes associated with the string sv = x[j : w],

where w ranges over powers of 2 up to k and j ∈ i + wN ∩ [n] The root is vi,i,k.

Each vi,j,w has a pair of children: a left child lefta(vi,j,w) = vi,j,w/2 and right child

right(vi,j,w) = vi,j+w/2,w/2. One can observe that each tree has ≤ k leaves and the
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forest has ≤ k2 leaves in total.We denote by Lx the set of leaves in Fx.

Edge Weights. For every edge (u, v) in the forest, we have W (u, v) ∈ [0, 1] as the

weight, such that for each node v: W (v, left(v))+W (v, right(v)) = 1. The weights W

are (jointly) sampled from a weight distribution W . The actual weight distribution

W is dependent between different forests (which is naturally needed to bound the

expected matching distance of the closest pair). We later condition on and then

bound such dependency. For now, for the sake of definitions, we focus on a single

forest. For any node v ∈ Fx, we denote by PW (v) the vector of weights of the edges

from the node to the root. For non-leaves, we also denote by W (v) , W (v, left(v)).

Now fix x, y, and let π : {0, 1}k → {0, 1}k∪{⊥} be the optimal alignment between

x, y; i.e., on i ∈ [n] \ π−1(⊥), π is monotone, x[i] = y[π[i]], and |π−1(⊥)| ≤ ed(x, y).

We now extend π to nodes of the forest. For any node vi,j,w ∈ Fx, we denote by

π(vi,j,w) the following subset of nodes in Fy:

π(vi,j,w) , {ui+π[z]−z,j+π[z]−z,w}z∈[j,j+w) ∩ Fy.

Note that for any ui′,j′,w ∈ π(vi,j,w) we have that j′ − i′ = j − i (which will be

important later).

Distance Measures. Next, we define 2 distance measures. The first will apply for

a fixed weight vector W ∈ W . We define the following distance measure recursively:

d
(W )
tree (vi,j,w, π(vi,j,w)) , max

u∈π(vi,j,w)
ed(vi,j,w, u)

+W (vi,j,w, parent(vi,j,w)) · d(W )
tree (parent(vi,j,w)), π(parent(vi,j,w))),

where if the set π(vi,j,w) is empty, we take the corresponding max to be 0.
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We also define the following distance measure over W , for v ∈ Lx:

d
(λ)
match(v, π(v))

, EW∼W

d(W )
tree (v, π(v)) + 1[PW (v) 6= PW (π(v))] · λ ·

|PW (v)|∏
i=1

PW (v)i +

|PW (v)|∏
i=1

PW (π(v))i

 .
The d

(λ)
match distance will be used to upper bound the distance between any p, q

string pairs (described in the next subsection).

We now state the following structural lemmas on the forests.

Lemma 133. Fix x, y ∈ Σk and an optimal alignment π ∈ Π. Then:

∑
v∈Lx

d
(W )
tree (v, π(v)) ≤ O(log k) · k · ed(x, y).

Proof. We first prove the following claim, which is a variation of the folklore statement

that the edit distance between two strings can be decomposed into blocks.

Claim 134. Fix x, y ∈ Σk and an optimal alignment π ∈ Π. Then, for any w < k

and s ∈ [−w,w]k, we have:

∑
i∈[k]

1 [π[i+ si] 6= ⊥]] · ed(x[i : w], y[π[i+ si]− si : w]) = w ·O(ed(x, y)).

Proof. Let X = π−1(⊥) and Y = [k] \ π([k]) be the unmatched positions in x, y

respectively. Note that |X|, |Y | ≤ ed(x, y).

For any fixed i ∈ X with π[i+ si] 6= ⊥, we have that

ed(x[i : w], y[π[i+si]−si : w]) ≤ ed(x[i : w], y[π[i] : w])+2|X∩[i : w]|+2|Y ∩[π[i] : w]|·1[π[i] 6= ⊥],
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where, by convention if π[i] = ⊥, then the distance is defined to be w. Hence we get:∑
i∈[k]

1 [π[i+ si] 6= ⊥]] ·ed(x[i : w], y[π[i+ si]− si : w])

≤
∑
i

ed(x[i : w], y[π[i] : w]) + 2|X ∩ [i : w]|+ 2|Y ∩ [π[i] : w]| · 1[π[i] 6= ⊥]

≤ 2w · (|Y |+ |X|) + w · ed(x, y) +
∑

i:π(i)6=⊥

ed(x[i : w], y[π[i] : w])

≤ 5w · ed(x, y) +
∑

i:π(i)6=⊥

2|X ∩ [i : w]]|+ |Y ∩ [π[i] : w]|

≤ O(w · ed(x, y)).

Note that by the weighing constraint, for any w < k:∑
v∈v∗,∗,w∩Fx

d
(W )
tree (v, π(v)) =

∑
v∈v∗,∗,w∩Fx

max
u∈π(v)

ed(v, u) +
∑

v∈v∗,∗,2w∩Fx

d
(W )
tree (v, π(v))

≤ k · βlog2(k/w) ·O(ed(x, y)) + β ·
∑

v∈v∗,∗,2w∩Fx

d
(W )
tree (v, π(v)),

where the last part uses Claim 134. Hence, overall:∑
v∈Lx

d
(W )
tree (v, π(v)) ≤ O(log k) · k · ed(x, y).

Finally, we state and prove a Lemma for the d
(λ)
match which will be used to bound the

EMD distance of the closest pair (the proof of lemma 132 (1) which appears in the next

subsection). The Lemma contains several assumptions which will be integral part of

the construction (appears later in the section as well). Before stating the Lemma, we

introduce new definitions. For a level ` ∈ {0, 1, . . . , log2 k}, define F `x the nodes at

level `, where level 0 are the roots and level log2 k are the leaves (i.e. Lx = F log2(k)
x ).

For a node v, let A`(v) be v’s ancestor in level `. Also define µ(v) =
∏|PW (v)|

i=1 PW (v)i.
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Lemma 135. Fix x, y ∈ Σk and an optimal alignment π ∈ Π. Fix γ, λ ∈ R+. Suppose

that for any v ∈ F `x ∪ F `y at some level ` < log2(k) :

1. For any u ∈ F `x∪F `y: PrW∼W [W (u) 6= W (v) | P(u) = P(v)] ≤ γ·d(W )
tree (u, v)/λ

∏|P(u)|
i=1 P(u)i;

2. W (v) ∈ {0, ε, 2ε, . . . , 1}, where ε = Ω(1/ log(k)); and,

3. W is such that for any u ∈ F `′x ∪ F `
′
y with `′ < `, we have W (u) ⊥⊥ W (v) |

W (A`′(v))2.

Then:

d
(λ)
match(v, π(v)) ≤ O(log3 k) · k · γ · ed(x, y).

Proof. For a level ` and v ∈ F≥`x ∪ F≥`y , let P`(v) , W (A`(v)). Also let P<`(v) ,

P(A`(v)). Now fix v ∈ Lx. We have:

d
(λ)
match(v, π[v])

= EW

[
d

(W )
tree (v, π[v]) + λ (µ(v) + µ(π[v]))

log2 k−1∑
`=0

1
[
P`W (v) 6= P`W (π[v])) ∧ P<`W (v) = P<`W (π[u])

]]
≤ EW

[
d

(W )
tree (v, π[v])

]
+ λ

log2 k−1∑
`=0

EW
[
(µ(v) + µ(π[v])) 1[P`W (v) 6= P`W (π[v]))] | P<`W (v) = P<`W (π[u])

]
.

We now sum over all leaves in the forest. The first part is easy to bound with Lemma 133,

as for any choice of W , we have
∑

v∈Lx d
(W )
tree (v, π(v)) ≤ O(log k)·k ·ed(x, y). It remains

to bound d∗ ,
∑

v∈Lx λ
∑log2 k−1

`=0 EW
[
(µ(v) + µ(π[v])) 1[P`W (v) 6= P`W (π[v]))] | P<`W (v) = P<`W (π[u])

]
.

First, define G`
W (v) , [P`W (v) = P`W (π[v]))], B`

W (v) , [P`W (v) 6= P`W (π[v]))] and

B`
W (v, h) , [h = P`W (v) ∨ h 6= P`W (π[v]))]. We derive d∗

λ
as follows:

2The notation here refers to conditional independence. I.e. W (u) and W (v) are independent for

a fixed W (A`′(v)).



CHAPTER 7. AVERAGE SIMILARITY EMBEDDINGS 316

d∗

λ
=
∑
v∈Lx

log2 k−1∑
`=0

EW
[
(µ(v) + µ(π[v])) 1[B`

W (v)] | G<`
W (v)

]

≤
log2 k−1∑
`=0

∑
u∈F`x∪F`y

∑
v∈Lx∪Ly :
u∈A`(v)

EW
[
µ(v) · 1[B`

W (v)] | G<`
W (v)

]

≤
log2 k−1∑
`=0

∑
u∈F`x∪F`y

∑
v∈Lx∪Ly :
u∈A`(v)

Pr
W

[
B`
W (v) | G<`

W (v)
]
· EW

[
µ(v) | B`

W (v) ∩G<`
W (v)

]

=

log2 k−1∑
`=0

∑
u∈F`x∪F`y

∑
v∈Lx∪Ly :
u∈A`(v)

∑
h∈{0,ε,2ε,...,1}

Pr
W

[
B`
W (v, h) | G<`

W (v)
]
· EW

[
µ(v) | B`

W (v, h) ∩G<`
W (v)

]

=

log2 k−1∑
`=0

∑
u∈F`x∪F`y

∑
v∈Lx∪Ly :
u∈A`(v)

∑
h∈{0,ε,2ε,...,1}

Pr
W

[
B`
W (v, h) | G<`

W (v)
]
· EW

[
µ(v) |W (u) = h ∩G<`

W (v)
]

≤
log2 k−1∑
`=0

∑
u∈F`x∪F`y

∑
v∈Lx∪Ly :
u∈A`(v)

∑
h∈{0,ε,2ε,...,1}

Pr
W

[
W (u) 6= W (A`[π(v)]) | G<`

W (v)
]

· EW
[
µ(v) |W (u) = h ∩G<`

W (v)
]

≤
log2 k−1∑
`=0

∑
u∈F`x∪F`y

∑
v∈Lx∪Ly :
u∈A`(v)

∑
h∈{0,ε,2ε,...,1}

γ · d(W )
tree (u, π[u])

λµ(u)
· EW

[
µ(v) |W (u) = h ∩G<`

W (v)
]

≤
log2 k−1∑
`=0

∑
u∈F`x∪F`y

∑
h∈{0,ε,2ε,...,1}

γ · d(W )
tree (u, π[u])

λµ(u)
· µ(u)

=
∑

u∈Fx∪Fy

∑
h∈{0,ε,2ε,...,1}

γ · d(W )
tree (u, π[u])

λ

=
∑

u∈Fx∪Fy

(1/ε+ 1) · γ · d
(W )
tree (u, π[u])

λ

= 1
λ ·O(log3 k) · k · γ · ed(x, y),

where the 2nd line is simply changing the count order (the inequality is since we

now double count mismatches), the 4th line is from guarantee (2), the 5th is from
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guarantee (3), the 7th is from guarantee (1) and 8th is since for W ∈ W , the sum of

µ(·) over all leaf descendants of u is µ(u) (their conditions of all such leaves match),

and the last line is from Lemma 133. This concludes the proof.

7.7.2 Proof of Lemma 132: recursive embedding

The high level idea is to reduce ed substrings to “sparse EMD over `∞”, and then

apply the construction from Section 7.6. We do so by iterating over w (from large

to small), along the trees from the previous section, and obtaining certain sparsity

guarantees for each w iteratively. In each iteration w → w/2, the heart of the

construction is “redistributing” `∞ distances obtained so far for w-length substrings

to w/2-length substrings. When we reach the leafs of the string forest for some

p ∈ P , we form a set using these w = 1 embeddings into `∞. These sets will then be

interpreted as living in the EMD`∞ metric.

We will state below our main “per iteration” lemma. Before that, we introduce a

new “distance” a∞(·, ·) which is related to `∞. Namely, ad∞ is the space of vectors Rd

under the “distance” a∞:

a∞(x, y) = max
i:xi·yi≤0

|xi|.

We note that ‖x− y‖∞ ≥ a∞(x, y). Since the inequality is one-directional, we

can only use it for lower bounding `∞. The plan is to lower bound the average a∞

and upper bound a close pair using standard `∞. We will later state some claims

for a∞ but for now the main benefit of a∞ to keep in mind is that it is relatively

easy to locally redistribute into some (unequal) distributions, as well it provides the

necessary conditional independence requirements for Lemma 135. In the below, we
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use sign(x) to be a binary function that outputs 1 for positive numbers and -1 for

non-positives.

Lemma 136 (Per iteration guarantees). Fix a metric (X , d) and define the space

Y = X {L,R} × Rs. Fix n-points set P ⊂ Y. Fix ε ∈ (0, 0.25]. Then for any δ, η >

0, there exists a randomized embedding ψ : Y → RO(logn)/(ηδ) and a (randomized)

function h : Y → {ε, 2ε, . . . , 1 − 2ε, 1 − ε}, both depending on PL, PR, sign(P2) only,

such that, letting ψL(p) , h(p) · (p2 ⊕ ψ(p)), ψR(p) , (1 − h(p)) · (p2 ⊕ ψ(p)) and

defining distance dY , max{`1(d), a∞}3:

1. For each p, q ∈ Y, with high probability over ψ, we have with probability at least

1− 1

ε2D
dY
δ (p,P )

·O(1
ε
· (d(pL, qL) + d(pR, qR)) + ‖p2 − q2‖∞) over h, h(p) = h(q) ,

and further:

‖ψL(p)− ψL(q)‖∞ ≤ h(p) · ‖p2 − q2‖∞ +O(1
ε
) · (d(pL, qL) + d(pR, qR))

‖ψR(p)− ψR(q)‖∞ ≤ (1− h(p)) · ‖p2 − q2‖∞ +O(1
ε
) · (d(pL, qL) + d(pR, qR))

2. For each p ∈ Y, whp:

D
dY
(1+η)δ(pL ⊕ ψL(p), P∗,L ⊕ ψL(P )) = (h(p)−O(ε)) ·DdY

δ (p, P )

D
dY
(1+η)δ(pR ⊕ ψR(p), P∗,R ⊕ ψR(P )) = (1− h(p)−O(ε)) ·DdY

δ (p, P )

In particular, whp,

D
dY
(1+η)δ(P∗,L ⊕ ψL(P )) +D

dY
(1+η)δ(P∗,R ⊕ ψR(P )) = (1−O(ε)) ·DdY

δ (P ).

3This means that the distance dY is defined as the maximum between the sum of the distances

of the first coordinates under d and a∞ over the second coordinates
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We prove Lemma 136 in subsequent section. We complete the main proof, of Lemma 132,

assuming it.

Proof of Lemma 132 using Lemma 136. Assume that Dδ(P ) > êd/3 (as we only need

to prove the embedding for that case).

We now pad all strings with the same prefix $ so that all edits are on the second

half of the string and all strings are of length k′ = O(k) which is power of 2. Now

consider the embedding into length k′ substrings of every starting position split in

half:

Hk′(p) , {p[i : k′/2]⊕∞ p[i+ k′/2 : k′/2]}i∈[k′] .

Note that since the edits are in the second half, we get: Dδ({Hk′(p)}p∈P ) ≥ êd/6.

We now analyze for a fixed p ∈ Y .

Let ε = 1/C log(k) (for large enough C), η = 1/ log k. For w ∈ {1, 2, 4, 8, . . . , k},

let δw = O(δ · (k/w)2η). Note that δw/2 ≥ δw(1 + η). We now build a forest Fp

where for each v ∈ Fp, we build a corresponding `∞ vectors Ip(v). proceeding top-

to-bottom. We start with the roots v for which we set Ip(v) = ~0. Then, for each

node v = vi,j,w, we invoke Lemma 136 on the associated substring sp(v) (split into

two half-substrings), concatenated with Ip(v). We use d = ed and the corresponding

δw, generating corresponding Ip(left(v)) and Ip(right(v)).

Eventually, when the strings are length w = 1, every string is embedded into k′2

vectors Ip(v) (for each leaf v ∈ Lp), each of dimension O(1/δη · log k) = O(1/δ · log2 k).

To obtain high probability embedding, we repeat this process L = O(k log n) times

(noting the aspect ratio of edit distance κed = k), obtaining forests Fp,a for a ∈
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[L]. Now, for any ∆ ∈ w · [k′/w], define Pw,∆,a to be the set of points formed as a

concatenation of sp(v) (partitioned to half-strings except when w = 1) and Ip(v) (i.e.,

3-dimensional product), where v ranges over

v ∈ {vi,i+∆,w ∈ Fx,a | i ∈ [k], x ∈ P}.

We also note here that splitting the string to 2 halves is non-contracting and at

most a constant factor expanding. We now claim the following, with high probability:

(i)
∑

a∈[L]

∑
∆∈[k] DO(δ)(P1,∆) = Ω(L · êd). Indeed, by Lemma 136 (2), we get, for

any a ∈ [L]

∑
∆

Dδ·e2η log(k′)(P1,∆) ≥ e−O(ε log k) ·Dδ(Pk′) = Ω(êd).

(ii) For any p, q ∈ Σk′ , EMD`∞({Ip(v)}v∈Lp,∗ , {Iq(v)}v∈Lq,∗) = O
(

log6(k)
k

)
· ed(p, q).

Indeed, for any a ∈ [L], we invoke Lemma 135, using the guarantees of Lemma 136.

In particular, we condition on all whp events, define the weight distribution for

each node v by the function h(v) and use λ = êd and γ = O(1/ε3). We set

left(v)2 = ψL(v) and right(v)2 = ψR(v). Indeed Lemma 136 (1) ensures that

conditioned on P(p) = P(q), we have ‖p2 − q2‖∞ ≤ O(1/ε)·d(W )
tree (p, q), hence the

upper bound of Lemma 136 (2) satisfies condition (1) of Lemma 135. For con-

dition (3), we notice that multiplying by any positive constant doesn’t change

the sign of the entires of P2, and hence the distribution W (v) for each node is

fully defined by its ancestors and (conditionally on P(v)) independent of any

non-ancestor weights from previous levels. Finally, we also use π for matching

to obtain:
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E

 ∑
v∈Lp,a

‖Ip(v)− Iq(π[v])‖∞ ≤ O(1/ε3) ·O(log3 k) · k · ed(p, q)

 = O(log6 k)·k·ed(p, q).

and since we sample L > O(log n) · (êd/ed(p, q)) trees and the max distance

is O(k) · êd, we have the required bound whp (noting that EMD averages over

k′(k′ + 1)/2 = Ω(k2) leaves).

We now build the embedding ϕ(p) into a set in `∞. First, for each point in

P1,∆,a, which is a tuple of a characters in Σ (under ed), and an `∞ vector, we replace

the character with indicator vector of dimension Σ. Note that this preserves all the

distances under a∞ or `∞. Furthermore, every vector I in the set is further augmented

with extra coordinates of value (∆, a) · k9. Call the resulting set P ′1,∆,a. Then ϕ(p) is

the union of P ′1,∆,a over all (∆, a)’s; note that we get a set of size L · k′(k′ + 1)/2.

To obtain the guarantee (2) of Lemma 132, we use (i) from above and note that

a∞(p, q) ≤ ‖p− q‖∞, as well as that the extra coordinate make sure that vectors

corresponding to different (∆, a) never match, and thus

DO(δ)(ϕ(p)) = 1
Lk

∑
a

∑
∆

DO(δ)(P ′1,∆,a, ϕ(p)) = Ω(êd/k).

To obtain guarantee (1) of Lemma 132, we just use (ii) from above. Note that the

extra coordinate added (making sure that only substrings corresponding to the same

(∆, a) match in EMD) does not increase the distance since our matching of leaves as

above always matches substrings with the same j− i and the same (matching) forest

instance.
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7.7.3 Proof of Lemma 136

We first argue argue some facts for a∞:

Fact 137 (`∞ → a∞). There exist a mapping f : [T ]→ [−T, T ]T such that:

a∞(f(x), f(y)) = a∞(f(y), f(x)) = |x− y|.

Proof. Set f(x)i = i− x. Then a∞(f(x), f(y)) = |f(x)y| = |f(y)x| = a∞(f(y), f(x)).

Fact 138 (Triangle Inequality for a∞). Fix x, y, z ∈ Rn. Then:

a∞(x, z)− a∞(y, z) ≤ ‖x− y‖∞.

Proof. Fix the coordinate i where a∞(x, z) is maximized, and assume that xi · zi ≤ 0

(otherwise it’s immediate). It is enough to prove that |xi| − 1[yizi ≤ 0]yi ≤ |xi − yi|.

If yizi ≤ 0 then it’s immediate, so assume that yizi > 0. Hence xiyi ≤ 0, and then

|xi − yi| = |xi|+ |yi|. The inequality follows.

We next show a “redistribution Lemma” for assigning weights of vectors. Again

we will lower bound using a∞ and upper bound using `∞:

Lemma 139. We define mapping φ : Rk × [0, 1] × R+ → Rk for any x, y ∈ Rk+,

α, β ∈ [0, 1] and Tx, Ty ∈ R+ by setting φ(x, α, T ) = α · proj[−T,T ]k(x). Then:

• a∞(φ(x, α, Tx), φ(y, β, Ty)) = α ·min{Tx, a∞(x, y)};

• ‖φ(x, α, Tx)− φ(y, β, Ty)‖∞ ≤ βmax{|Tx − Ty|, ‖x− y‖∞}+ |α− β| · Tx.

Proof. Let x′ = proj[−T,T ]k(x). Then, for (1), we have that

a∞(φ(x, α, Tx), φ(y, β, Ty)) = max
i:αx′i·βy′i≤0

|αx′i| = α· max
i:x′i·yi≤0

|x′i| = α·a∞(x′, y) = α·min{Tx, a∞(x, y)}.
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For (2), we have that:

‖φ(x, α, Tx)− φ(y, β, Ty)‖∞ = max
i
|αx′i − βy′i|

≤ max
i
|βx′i − βy′i + (α− β)x′i|

≤ max
i
β|x′i − y′i|+ |α− β| · |x′i|

≤ β ·max{|Tx − Ty|, ‖x− y‖∞}+ |α− β| · Tx.

We can finally ready to prove Lemma 136.

Proof of Lemma 136. The embedding is the following. Fix any p ∈ Y denoted as

p = ((pL, pR), p2).

First, we use the first pair of coordinates, and apply the standard Fréchet embed-

ding into `∞ for dense metrics. In particular, sample O(log(n))/(ηδ)) random points

from P (denoted V ) and map p to the following vector of distances:
[

2
ε
d(pχ, p

′
χ)
]

(p′,χ)∈V×{L,R}.

Thereafter, we embed the resulting `∞ metric into a∞ using Fact 137, and denote by

ϕ the resulting embedding.

We now use the last coordinate. Let Tp = D
dY
δ (p, P ) and p◦ , p2 ⊕ ϕ(p) and

P ◦ , P∗,2 ⊕ ϕ(P ).

We next define, for x ∈ [0, 1] tp(x) that represents the “mass” of `∞ vector to

assign to the left child to keep the sparsity guarantee. Define a threshold function

mp(x) , Tp · (1 − ε) · (1 − ε)x Also define Lp(t) , D
dY
(1+η)δ(pL ⊕ t · p◦, P∗,L ⊕ P ◦) and

Rp(t) , D
dY
(1+η)δ(pR ⊕ (1− t) · p◦, P∗,R ⊕ P ◦). We define tp(x), where
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tp(x) , min
t∈[0,1]:Lp(t)+Rp(t)≥mp(x)

{t}

We note here that any x will suffice for the sparsity guarantees we need, but for

closeness between p and q, we have to be careful as several things can go wrong for a

certain x. Therefore, we will pick a single x in random and use it for the embedding

(for all points / query):

x ∼ Uniform([0, 1])

Also, to get perfect matches, we implement random rounding for tp(x) to some

multiple of ε, using another random variable s ∼ Uniform([0, ε])(again, for all points).

We use it for function g:

g(t) , proj[ε,1−ε](t+ s)4

and finally produce overall randomized hash h : Y → [0, 1], by defining h(p) for p ∈ Y

to be g(tp(x)) rounded down to the nearest multiple of ε. Note that this ensures

Pr[h(p) 6= h(p′)] ≤ |tp(x)− tp′(x)|/ε, as well as |h(p)− tp(x)| ≤ ε, two properties that

will be useful for our construction.

Next, we define the ψ embedding using function φ generated by invoking Lemma 139:

ψ(p) , φ (p◦, 1, Tp) .

We note here that both h(p) and ψ(p) are defined using a∞ distances to P2 only,

which means they are only dependent on PL, PR, sign(P2), and independent of the

actual entries of P2. We continue by proving guarantees (1) and (2). First, we

4this means that g(t) is set to ε or 1− ε, if t+ s is, respectively, below or above the range.
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state a claim about some invariants which will be proven later. For p, q ∈ Y , let

dpq , d(pL, qL) + d(pR, qR),

Claim 140. The following invariants hold:

1. For any p, q ∈ Y, Pr[h(p) 6= h(q)] = O
(

1
ε2Tp

)
· (O(1/ε) · dpq + ‖p2 − q2‖∞);

2. For all p ∈ Y: tp(x) is well defined for all x ∈ [0, 1]; and,

3. For all p ∈ Y, with high probability:

(a) Lp(h(p)) ≥ (1−O(ε))h(p) · Tp; and

(b) Rp(h(p)) ≥ (1−O(ε))(1− h(p)) · Tp.

We now finish the proof assuming the above claim, and prove the claim afterwards.

For guarantee (1), consider any q, p ∈ Y , and observe that by Claim 140 (1),

we have with sufficient probability h(p) = h(q). From now on we assume that. We

invoke Lemma 139 (3) to obtain:

‖ψ(p)L − ψ(q)L‖∞ ≤ h(p) ·max{|Tp − Tq|, ‖p◦ − q◦‖∞}+ |h(p)− h(q)| · Tq

≤ h(p) · ‖p2 − q2‖∞ +O(1/ε) · dpq,

where the last part is due to the fact |Tp − Tq| ≤ ‖p2 − q2‖∞ by Fact 138. Similar

argument for R instead of L completes part (1).

For guarantee (2), consider any p, p′ ∈ P , and recall that by Lemma 139 (2),

a∞(ψL(p), ψL(p′)) = h(p)·min{a∞(p◦, p′◦), Tp} = min{a∞(h(p)p◦, p′◦), h(p)Tp}. Hence,

using Claim 140 (3) for Lp(h(p)):

D
dY
(1+η)δ(pL ⊕ ψL(p), PL ⊕ ψL(P )) = min{Tph(p), Lp(h(p))} = h(p) · Tp · (1−O(ε));
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and similarly,

D
dY
(1+η)δ(pR⊕ψR(p), PR⊕ψR(P )) = min{Tp(1−h(p)), Rp(h(p))} = (1−h(p))·Tp·(1−O(ε)).

This concludes the proof.

7.7.4 Proof of Claim 140

Before proving the claim, we introduce some ancillary claims:

First claim bounds the distance of cross-monotone bounded sets:

Claim 141. Let a1, a2, . . . , an and b1, b2, . . . , bn be two non-increasing series of scalars

in [0, 1] satisfying:

1. ai+1 ≤ bi; and,

2. bi+1 ≤ ai.

Then ‖a− b‖1 ≤ 2.

Proof. We have that:

∑
i

|ai − bi| =
∑
i

max{ai − bi, bi − ai} ≤
n∑
i=2

max{bi−1 − bi, ai−1 − ai}+ |a1 − b1| ≤

≤
n∑
i=2

(bi−1 − bi + ai−1 − ai) + |a1 − b1| ≤ a1 + b1 − an − bn + |a1 − b1| ≤ 2.

We now extend this to continuous form:

Corollary 142. Let a, b ∈ [0, 1] → [0, 1] be two non-decreasing functions satisfying

a(x) ∈ [b(x− δ), b(x+ δ)]. Then ‖a− b‖1 ≤ 2δ. 5

5‖a− b‖1 denotes the functional L1[0, 1], ie ‖a− b‖1 =
∫ 1

0
|a(x)− b(x)|dx.
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Proof. For i ∈ [1/δ], define a′(x)i = a(δi − x) and similar with b′(x)i, and notice

for any x ∈ [0, δ], {a′(x)i}, {b′(x)i} satisfy Claim 141 conditions and hence for any

x ∈ [0, δ], we have
∑

i |a′(x)i − b′(x)i| ≤ 2. This further implies:

‖a− b‖1 =

∫ 1

0

|a(x)−b(x)|dx =

∫ δ

0

∑
i

|a′(x)i−b′(x)i|dx ≤ δ sup
x∈[0,δ]

∑
i

|a′(x)i−b′(x)i| ≤ 2δ,

as needed.

The bounds the sum of child sparsity-parameters for a fixed parameter t between

points with preset conditions.

Claim 143. Fix p, q ∈ Y. For any t ∈ [0, 1]: |(Lp(t) + Rp(t)) − (Lq(t) + Rq(t))| ≤

dpq + ‖p◦ − q◦‖∞.

Proof. Note that for any point p′ ∈ P , we have, by triangle inequality (and us-

ing Fact 138):

|max{d(pL, p
′
L), a∞(tp◦, p′)}−max{d(qL, p

′
L), a∞(tq◦, p′)}| ≤ dL+t‖p◦ − q◦‖∞. Hence

|Lp(t)−Lq(t)| ≤ dL + t‖p◦ − q◦‖∞. By a symmetric analysis we get |Rp(t)−Rq(t)| ≤

dR + (1− t)‖p◦ − q◦‖∞ and summing both sides obtain the claim.

The next claim proves two points with small enough tree-distance satisfy the

conditions above.

Claim 144. Fix δ < 1. Suppose dpq · 2/ε+ ‖p2 − q2‖∞ ≤ δ · Tp, then:

1. Tp
Tq
∈ 1± 2δ

2. dpq + ‖p◦ − q◦‖∞ ≤ 2δ · Tp.
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Proof. First, note that, for any p′ ∈ P , we have by triangle inequality (and us-

ing Fact 138) dqp′ + a∞(q2, p
′
2) ∈ dpp′ + a∞(p2, p

′
2) ± (dpq + ‖p2 − q2‖∞). Hence

Tq ∈ Tp ± 2 max{dpq, ‖p2 − q2‖∞}, and thus Tq ∈ (1± 2δ)Tp, proving the first part.

For the second part, first note that dpq ≤ εδ/2 · Tp. Second, ‖p◦ − q◦‖∞ ≤

max{2
ε
dpq, ‖p2−q2‖∞} by construction of the Fréchet embedding, and hence ‖p◦ − q◦‖∞ ≤

δTp. Summing the two we get the conclusion.

Finally, we combine the 2 claims above to show the (unshifted) t′s are cross-

monotonic so we can apply the first claim:

Corollary 145. Fix δ < 1. Suppose dpq · 2/ε + ‖p2 − q2‖∞ ≤ δ · Tp, then, for all

x ∈ [0, 1]:

tp(x) ∈ tq(x± 4δ/ε).

Proof. We will show that

min
t∈[0,1]:Lp(t)+Rp(t)≥mp(x)

{t} ∈ min
t∈[0,1]:Lq(t)+Rq(t)≥mq(x±4δ/ε)

{t},

from which the claim follows.

First notice that for all x ∈ [0, 1]: mp(x) = Tp(1 − ε)(1 − ε)x = (1 − O(ε)) · Tp.

Now fix such x and t satisfying Lp(t) + Rp(t) ≥ mp(x). Now we apply Claim 144 to

obtain:

1. Tp
Tq
∈ 1± 2δ

2. dpq + ‖p◦ − q◦‖∞ ≤ 2δ · Tp.
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Now using (2) above and Claim 143 we have on one hand:

|(Lp(t) +Rp(t))− (Lq(t) +Rq(t))| ≤ 2δ · Tp

On the other hand, using (1) above, and the fact mp(x) = (1−O(ε)) · Tp, we obtain:

mq(x± 4δ/ε) = mq(x)(1− ε)±4δ/ε ⊃ mp(x)± 2δ · Tp.

That implies the corollary.

We are now ready to prove Claim 140.

Proof of Claim 140. Fix δ = 1
Tp
· (2/ε · dpq + ‖p2 − q2‖∞). For (1), we invoke Corol-

lary 145 to obtain for all x ∈ [0, 1], tp(x) ∈ tq(x ± 4δ/ε). We now use Corollary 142

on tp(x), tq(x) to obtain:

‖tp − tq‖1 ≤ 8δ/ε.

Therefore,

Pr
x,h

[h(p) 6= h(q)] =

∫ 1

0

Pr
h

[h(p) 6= h(q) | x] dx ≤
∫ 1

0

1
ε
|tp(x)−tq(x)|dx = 1

ε
‖tp − tq‖1 ≤ 8δ/ε2.

That concludes (1). We now derive (2). Let P (d) ⊆ P be a subset of all

p′ ∈ P satisfying a∞(p◦, p′◦) < Tp, and note there are at most δ|P | points p′ ∈

P (d) where d(pL, p
′
L) + d(pR, p

′
R) < Tp. Also let P (∞) , P \ P (d). Now set t∗ ,

min{1, D(1+η)δ|P |/|P (d)(pL, P
(d)
∗,L)/Tp}.

We now show:

Claim 146. For any p, with probability at least 1−n−10, Lp(t
∗) +Rp(t

∗) ≥ (1− ε)Tp.

Proof. We show:
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1. Lp(t
∗) ≥ t∗ · Tp; and

2. Rp(t
∗) ≥ (1− t∗ − ε) · Tp.

Indeed, for (1) above, notice that for p′ ∈ P (∞), t∗a∞(p◦, p′◦) ≥ t∗Tp by definition

of P (∞). Hence overall we have Lp(t
∗) = D(1+η)δ|P |/|P (d)(pL ⊕ t∗ · p◦, P∗,L ⊕ P ◦) ≥

min{t∗Tp, D(1+η)δ|P |/|P (d)|(pL ⊕ t∗ · p◦, P
(d)
∗,L ⊕ (P (d))◦)} = t∗Tp by the definition of t∗.

It remains to show (2). We have again Rp(t
∗) = D(1+η)δ(pR ⊕ (1− t∗) · p◦, P∗,R ⊕

P ◦) ≥ min{(1 − t∗)Tp, D(1+η)δ|P |/|P (d)|(pR ⊕ (1 − t∗) · p◦, P (d)
∗,R ⊕ (P (d))◦)} ≥ min{(1 −

t∗)Tp, D(1+η)δ|P |/|P (d)|(pR, P
(d)
∗,R)}.

For χ ∈ {L,R}, let χ′p = D(1+η)δ|P |/|P (d)|(pχ, P
(d)
∗,χ) and hence there are at least

(1 + η)δ|P | points p′ with d(pχ, p
′
χ) ≤ χ′p and a∞(p2, p

′
2), a∞(ϕ(p), ϕ(p′)) < Tp. Also,

we know that, by the definition of Tp = Dδ(p, P ), there are at most δ|P | points p′ ∈ P

with d(pL, p
′
L) + d(pR, p

′
R) < Tp and a∞(p2, p

′
2) < Tp.

Together, that implies that, for each of χ ∈ {L,R}, there exist at least δη|P | points

with d(pL, p
′
L) + d(pR, p

′
R) ≥ Tp, d(pχ, p

′
χ) ≤ χ′p, and a∞(ϕ(p), ϕ(p′)) < Tp. We would

like to argue that the Fréchet embedding ϕ samples suitable l, r from P from these

δη|P |-sized sets, but can’t do this directly since we’ve already conditioned on ϕ(p). To

address this issue, we think of the set V of points sampled for ϕ as union of two equal

sized sets VL, VR, and let ϕVχ correspond to ϕ on coordinates corresponding only to Vχ.

Then, we immediately also have that for each of χ ∈ {L,R}, there exist at least δη|P |

points with d(pL, p
′
L) + d(pR, p

′
R) ≥ Tp, d(pχ, p

′
χ) ≤ χ′p, and a∞(ϕVχ(p), ϕVχ(p′)) < Tp.

Hence, for χ = L, with probability at least 1−n−10/2, the sample VR includes a point

l ∈ VR satisfying:

• a∞(ϕVL(p), ϕVL(l)) < Tp,
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• d(pL, lL) + d(pR, lR) ≥ Tp,

• d(pL, lL) ≤ L′p;

and similarly, with probability at least 1− n−10/2, there exists r ∈ VL s.t.:

• a∞(ϕVR(p), ϕVR(r)) < Tp,

• d(pL, rL) + d(pR, rR) ≥ Tp,

• d(pR, rR) ≤ R′p.

From the first condition, we have that 2
ε
|d(pR, rR)− d(lR, rR)| < Tp. This further

implies that d(rR, lR) ≤ R′p + ε/2Tp.

We now argue that d(rR, lR) ≥ (1 − ε/2)Tp − L′p. Indeed, similarly to above,

2
ε
|d(pR, lR)− d(rR, lR)| < Tp and hence

d(rR, lR) ≥ d(pR, lR)− ε/2Tp ≥ Tp − L′p − εTp/2.

Overall, we obtain that R′p + εTp ≥ (1− ε/2)Tp − L′p and hence we conclude that

L′p +R′p ≥ (1− ε)Tp.

Now if t∗ = 1 we are done since we just need that Rp(t
∗) is non-negative. Other-

wise, by definition of t∗: L′p = t∗Tp and hence Lp(t
∗) ≥ L′p. Also we recall Rp(t

∗) ≥ R′p,

and we obtain overall:

Rp(t
∗) ≥ min{(1− t∗)Tp, R′p} ≥ min{(1− t∗)Tp, Tp − L′p − εTp} ≥ Tp(1− t∗ − ε).

This concludes the proof.

We have shown such t∗ ∈ [0, 1] exists and is well defined for threshold mp(1) =

(1− ε)Tp and hence also for mp(x) for x < 1. This proves part (2).
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To complete the proof of (3), we use Claim 146 again and notice that all shifts

{s(x) : x ∈ S1} ⊆ [−ε, ε], hence can change the bound by at most εTp.

7.8 Building NNS and DDH from WASE

In this section, we show how to use WASE to build a NNS data structure. In fact we

show something slighly more nuanced: that we can construct DDH. In particular, we

show the following lemma.

Lemma 147 (WASE ⇒ DDH). Fix a metric (X , d) that admits a (c, δ,m)-WASE.

Also let κ, κX > 1 be the aspect ratio of WASE and X respectively. Fix any τ <

min{δ, 1/(mκκX )O(1)}.

Let P ⊂ X be an n-point subset. Then for any r > 0 such that P has no ball of

size ≥ τn/2 and radius ξcr, P admits a (r, τ 2)-DDH, for a suitable universal constant

ξ ≥ 1.

Furthermore, if the query time/space/preprocessing time of the WASE is (Fq, n ·

Fs, n ·Fp), then the query time/space/preprocessing time of DDH is (Fq, n ·Fs, n ·Fp) ·

poly(mκκX · log n).

Before continuing, we show how the above implies a NNS data structure.

Theorem 148 (NNS from WASE). Fix a metric (X , d), and an n-point set P ⊂ X

such that any of its subsets admits a (c, δ,m)-WASE. Let κ, κX > 1 be the aspect ratio

of WASE and X respectively. Also, suppose the query time/space/preprocessing time

of the WASE is (Fq, n · Fs, n · Fp). Then, for any fixed ε > 0, we can build an NNS

data structure with:
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• O(c/ε) approximation;

• O(nε · poly(mκκX/δ · log n) · Fq) query time;

• O(n1+ε · poly(mκκX/δ · log n) · Fs) space;

• O(n1+ε · poly(mκκX/δ · log n) · Fp) preprocessing time.

Proof. Suppose we need to build NNS data structure that, for a query q which has a

point p ∈ P within distance εr/2, finds a point p′ ∈ P within distance O(cr).

The algorithm is essentially the one from [133; 24]. In particular we build L =

O(nε) random trees drawn as follows. Let τ = min{δ, 1/(mκκX )O(1)}.

Each tree is build on the dataset P . Every node v corresponds to a subset of P ,

termed Pv. The root corresponds to the entire P , and for every internal node v, the

children’s sets are a disjoint partition of Pv. There are two types of internal nodes:

ball, and partition.

The construction of the tree proceeds as follows, starting with the root node with

set Pv = P . First of all, if |Pv| ≤ O(1/τ), then we stop and form a leaf. If, for the

current Pv, there exists a ball of radius ξcr with τ |Pv|/2 points (for constant ξ from

Lemma 147), the node is a ball node: we extract the ball of radius 2ξcr (forming

a leaf child) and another child with the remainder on which we recurse. Otherwise,

if the current set Pv contains no ball of radius ξcr containing τ |Pv|/2 points, then

we apply Lemma 147 on Pv to obtain (r, τ 2)-DDH and apply DDH to split Pv into

a number of subsets. Each of the resulting subsets forms a child of v on which we

recurse.

For a query q, we search the tree as follows. For a partition node, we apply the

corresponding DDH to q and recurse on the corresponding child. For a ball node, we
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check if an (arbitrary) point from the ball is within distance 4ξcr from q, and if not,

recurse on the “remainder” child. Once we reach a (non-ball) leaf, we compare the

query against all points stored there.

The correctness follows from Lemma 147. In particular, each tree has a probability

of at least n−ε of finding a point within distance cr from q (if a r-near point p exists).

For time/space complexity, we note that the depth of the tree is at most O(1/τ ·

log n).

7.8.1 Construction of the DDH, using a key lemma

We overload the notation for the partition R to improve readability. Namely, R(p)

refers both to the name of the bucket, as well the set of points that collide with p;

the difference will be clear from the context.

Proof of Lemma 147. Our construction is similar to the construction in Lemma 108.

In particular, we build a partition tree of P . Every node v corresponds to a subset

of P , termed Pv. The root corresponds to the entire P , and for every internal node

v, the children’s sets are a disjoint partition of Pv.

In particular, as long as a node v has |Pv| > τn, we partition it further. Otherwise,

we leave the node as a leaf, which corresponds to a bucket of the hash function.

For given dataset P ⊆ X , consider some query q and its near neighbor p ∈ P . We

use the following key lemma (proven later in this section):

Lemma 149 (LSH partition for WASE). Fix a metric (X , d), and let P ⊂ X be an n

point metric that admits a (c, δ,m)-WASE. Let κ, κX > 1 be the aspect ratio of WASE

and X respectively, and suppose δ < 1/κ2κX .
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There is a randomized partition R̂ such that, for any p ∈ P, q ∈ X , if ρ ,

ζ · c · d(p,q)
Ep′,p′′∈P [d(p′,p′′)]

< 1 for some fixed constant ζ > 1, then:

Pr
R̂

[
R̂(p) = R̂(q)

]
· ER̂

[(
max

{
δ,
|P ∩ R̂(p)|
|P |

})−ρ
| R̂(p) = R̂(q)

]
≥ 1. (7.6)

Furthermore, ER̂

[
|P∩R̂−1(R̂(p))|

|P |

]
≤ 1− poly(1/mκκX ).

We now proceed to proving the DDH property for some pair p, q at distance

d(p, q) ≤ r. Define ρ = d(p,q)
r

. Define Rtree
P to be the partition induced by the tree

from the algorithm when starting from the set P .

For the 1st DDH property (p1), we need to prove that Pr[Rtree
P (p) = Rtree

q ] ≥ τ ρ.

We use induction, similarly to how it is used in Lemma 108. In particular, we show

that for any P ′ ⊆ P that contains the near neighbor p, we have: if we start the

partitioning procedure from P ′ (containing p), then p, q collide in one of the leafs

(buckets) generated with probability at least min{1, |P ′|−ρ · τ 2ρnρ}.

The induction is immediately true if |P ′| ≤ τn (as that node is not partitioned

further and becomes a bucket itself). Now let’s prove the inductive step for |P ′| ≥ τn.

Let d̂ , Ep′,p′′∈P ′ [d(p′, p′′)]. Note that by the assumption of no dense ball, we have

d̂ ≥ ξcr/2. Hence, ζ ·c· d(p,q)

d̂
≤ ρ < 1 (for ξ = 2ζ), and hence we can apply Lemma 149

to the node corresponding to P ′.
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Thus, for R being the partition employed in node with set P ′, where |P ′| ≥ τn:

Pr
Rtree
P ′

[Rtree
P ′ (q) = Rtree

P ′ (p)]

= Pr
R

[R(p) = R(q)] · Pr
Rtree
P ′

[Rtree
P ′′ (q) = Rtree

P ′′ (p) | P ′′ = R(q) ∩ P ′ and p ∈ P ′′]

≥Pr[R(p) = R(q)] · ER[min{1, |P ′′|−ρ · τ 2ρnρ} | P ′′ = R(q) ∩ P ′ and p ∈ P ′′]

=|P ′|−ρ · τ 2ρnρ · Pr[R(p) = R(q)] · ER

[(
max

{
τ 2n/|P ′|, |P

′ ∩R(p)|
|P ′|

})−ρ
| R(p) = R(q)

]
≥|P ′|−ρ · τ 2ρnρ,

where the second step used the inductive hypothesis, and the last one uses Lemma 149

with δ = τ 2n/|P ′| ≤ τ . For P ′ = P , we get Pr[Rtree
P (p) = Rtree

q ] ≥ τ 2ρ.

The 2nd DDH property (p2) follows immediately from the fact that we partition

any node of size more than τn.

We now show that the depth of the tree is at most O(poly(mκκX · log n). Indeed,

consider any point p ∈ P . Using the second part of Lemma 149, we obtain that, after

h = poly(mκκX ) levels, p’s expected bucket size is ≤ n/2. After O(h log n) levels,

the bucket size is (1 − Ω(1))O(logn) · n < τn with high-probability. Hence no point p

can reach the depth of more than O(h log n).

We prove Lemma 149 in the rest of this section.

7.8.2 Triangle inequality via padded vectors

We need to develop a certain triangle inequality under the embedded vectors with

respect ot the similarity M . In particular, the equivalent of the following inequality

that holds in any metric space (by triangle inequality): for any metric (P, d) and
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point p,

Ep′∈P d(p, p′) ≥ 1
2

Ep′,p′′∈P d(p′, p′′).

We manage to obtain the equivalent of the above for the similarity M once we

“pad” the vectors. In particular, define the operator padT (x) : Rm+ → Rm+1
+ such that

padT (x)i = xi and padT (x)m+1 = max{0, T − ‖x‖1}.

We prove the following lemma on padded vectors. The first part captures the

effect of padding vectors on the similarity M between two fixed vectors. The second

part is the equivalent of the above metric inequality.

Lemma 150. Fix ϕ ∈ (Rm+ )n with S = maxi∈[n] ‖ϕi‖1. Then, for any x, y ∈ Rm+ ,

there’s a large enough constant ζ > 1 such that:

1. for any T ≥ ‖x‖1, ‖y‖1, we have − logM(padT (x), padT (y)) ≤ − logM(x, y) ·

ζ
‖x‖1+‖y‖1

T
; and,

2. there exists T ∈ [‖x‖1, S] such that − logEa∈ϕ[M(padT (x), padT (a))] ≥

− logEa,b∼D[M(a, b)] · ‖x‖1
ζT

.

where D is a distribution over ϕ2 such that:

D(a, b) ,
‖a‖1 + ‖b‖1

2n · ‖ϕ‖1

.

To prove it we use the following statements:

Fact 151. Fix ϕ ∈ (Rm+ )n. Then for any x ∈ Rm+ , we have:

− log(Ea∈{ϕ1,...ϕn}[‖min{x, a}‖1]) ≥ −1
2
·
(
log Ea,b∈{ϕ1,...ϕn}2 [‖min{a, b}‖1] + log ‖x‖1

)
.
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Proof. Wlog, we can assume that a ≤ x for all a ∈ {ϕ1, . . . ϕn}. We need to prove

that:

Ea∈{ϕ1,...ϕn}[‖a‖1] ≤
√
‖x‖1

√
Ea,b∈{ϕ1,...ϕn}2 [‖min{a, b}‖1]

For fixed i ∈ [m], and xi the ith coordinate of x, we have that:

Ea,b∈{ϕ1,...ϕn}2 [min{ai, bi}] = xi·Ea,b∈{ϕ1,...ϕn}2 [min{ai/xi, bi/xi}] ≥ xi
(
Ea∈{ϕ1,...ϕn}[ai/xi]

)2
.

Hence:

Ea∈{ϕ1,...ϕn}[‖a‖1] ≤
∑
i

√
xi

√
Ea,b∈{ϕ1,...ϕn}2 [min{ai, bi}],

and using Cauchy-Swartz:

≤
√∑

i

xi ·
∑
i

Ea,b∈{ϕ1,...ϕn}2 [min{ai, bi}] =
√
‖x‖1 ·

√
Ea,b∈{ϕ1,...ϕn}2 [‖min{a, b}‖1],

as needed.

Fact 152. For any x, y ∈ Rm+ and α ≤ 1, we have M(x/α, y) ≥ αM(x, y).

Proof.

M(x/α, y) = 2 min{x/α,y}
‖x/α‖1+‖y‖1

≥ 2 min{x,y}
‖x‖1/α+‖y‖1

≥ αM(x, y).

Claim 153. Fix ϕ ∈ (Rm+ )n with ‖ϕ‖1 = n. Then for any x ∈ Rm+ we have:

− log(min{‖x‖1, 1} · Ea∈ϕ[M(pad‖x‖1(x), pad‖x‖1(a))]) ≥ −1
2
· logEa,b∼D[M(a, b)],

where D is a distribution over ϕ2 such that:

D(a, b) ,
‖a‖1 + ‖b‖1

2n · ‖ϕ‖1

.
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Proof. First, by the above claim − log(‖x‖1 · Ea∈ϕ[M(x, a)]) ≥

− log(Ea∈ϕ[M(x/‖x‖, a)]) for ‖x‖1 < 1. Hence it suffices to show for ‖x‖1 ≥ 1. Now,

notice on one hand:

Ea∈ϕ[M(pad‖x‖1(x), pad‖x‖1(a))] = Ea∈ϕ[
‖min{x,a}‖1
‖x‖1

]

and on the other hand:

Ea,b∼D[M(a, b)] =
∑
a,b

2‖min{a,b}‖1·(‖a‖1+‖b‖1)

(‖a‖1+‖b‖1)·2n2 = Ea,b∈ϕ2 [‖min{a, b}‖1].

We invoke Fact 151 to conclude:

−1
2
·logEa,b∼D[M(a, b)] ≤ 1

2
log ‖x‖1−logEa∈ϕ[‖min{x, a}‖1] = − logEa∈ϕ[

‖min{x,a}‖1
‖x‖1

],

and thus:

− logEa∈ϕ[M(pad‖x‖1(x), pad‖x‖1(a))] ≥ −1
2
· logEa,b∼D[M(a, b)],

as needed.

Using the above, we prove Lemma 150:

Proof of Lemma 150. Recall that (1) asks to prove:

− logM(padT (x), padT (y)) ≤ − logM(x, y) ·O
(
‖x‖1 + ‖y‖1

T

)
For any T ≥ ‖x‖1, ‖y‖1, we have:

− logM(padT (x), padT (y)) ≤ log T
‖min{x,y}‖+T−max{‖x‖,‖y‖}

≤ log T
T−(1−M(x,y)) max{‖x‖,‖y‖}

≤ (1−M(x, y)) · max{‖x‖,‖y‖}
T

.
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If M(x, y) ≤ 1/2, then:

− logM(padT (x), padT (y)) ≤ log 1/M(x, y) · max{‖x‖,‖y‖}
T

.

If M(x, y) = 1− z for some z < 1/2, then:

− logM(padT (x), padT (y)) ≤ z · max{‖x‖,‖y‖}
T

≤ O(log 1/(1− z)) · max{‖x‖,‖y‖}
T

≤ − logM(x, y) ·O(‖x‖+‖y‖
T

).

This completes part (1).

For (2), let s = Ea,b∼D[M(a, b)]. We distinguish between two cases:

High norm case. Suppose ‖x‖1 ≥ s1/16. Then we set T = ‖x‖1. We now invoke

Claim 153 to obtain:

− logEa∈ϕ[M(padT (x), padT (a))] ≥ −1
8

log s+ min{0, log(‖x‖1)} ≥ − 1
16

log s.

Low norm case. Now, suppose ‖x‖1 < s1/16. We set T = S. This gives us

Ea∈ϕ [M(padT (x), padT (a))] ≤ Ea∈ϕ

[
min{‖x‖1,‖a‖1}+T−max{‖x‖1,‖a‖1}

T

]
≤ 1− Ea∈ϕ

[
max{‖x‖1,‖a‖1}−min{‖x‖1,‖a‖1}

T

]
.

Since max{‖x‖1, ‖a‖1} − min{‖x‖1, ‖a‖1} ≥ ‖a‖1 − ‖x‖1 and Ea∈ϕ‖a‖1 = 1, we

obtain:

− logEa∈ϕ[M(padT (x), padT (a))] ≥ − log(1− 1−‖x‖1
T

) = Ω(
1−‖x‖1
T

).

Therefore it’s suffice to show for r = ‖x‖1 ≤ s1/16:

1−r
r

= Ω(log(1/s)).
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Indeed, for any any 0 < r ≤ 1, we have 1−r
r

= Ω(log(1/r)) and hence the above

inequality verifies.

7.8.3 LSH partition for WASE: proof of key Lemma 149

Fact 154. For any vectors a, b ∈ Rm+ , we have M(a, b)2 ≤ J(a, b) ≤M(a, b).

We first argue the following lemma, that argues that adding extra padding to

vectors does not hurt the performance of LSH decomposition. In particular, while in

general, padding increases the standard calculation of the LSH exponent ρ, it does

not affect the inequality from Eqn. (7.6).

Lemma 155. For ∆ > 0, let f∆ : Rm+ → Rm+ be such that f∆(x)i = xi whenever i < m

and f∆(x)m = max{0, xm − ∆}. Now fix ψ ∈ (Rm+ )n and s, t ∈ Rm
+ . Fix ρ,∆ ≥ 0

such that ∆ ≤ sm, tm. Suppose that for a min-wise hash space partition R, we have

for some δ ≥ 0:

Pr
R

[R(f∆(s)) = R(f∆(t))]·ER

[(
max

{
δ,
|f∆(ϕ) ∩R(f∆(s))|

n

})−ρ
| R(f∆(s)) = R(f∆(t))

]
≥ 1.

Then,

Pr
R

[R(s) = R(t)] · ER

[(
max

{
δ,
|ϕ ∩R(s)|

n

})−ρ
| R(s) = R(t)

]
≥ 1.

Proof. Let g∆ : Rm+ → Rm+1
+ be such that g∆(x)i = f∆(x)i whenever i ≤ m and

g∆(x)m+1 = min{∆, xm}; note that g∆(x)m + g∆(x)m+1 = xm. Then notice that for

any ∆ and any ϕ, s, t we have the same distribution of points partitions between ϕ, s, t

and g∆(ϕ, s, t), therefore it suffices to show:
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Pr
R

[R(g∆(s)) = R(g∆(t))]·ER

[(
max

{
δ,
|g∆(ϕ) ∩R(g∆(s))|

n

})−ρ
| R(g∆(s)) = R(g∆(t))

]
≥ 1.

Now define M = max{g∆(s), g∆(t)}, and let A be the event that h(M) =

m + 1 where h : R∗+ → N is the minwise hash value of R. Now no-

tice g∆(s)m+1 = g∆(t)m+1 = ∆ and hence PrR [R(g∆(s)) = R(g∆(t)) | A] ·

ER

[(
max

{
δ, |g∆(ϕ)∩R(g∆(s))|

n

})−ρ
| A ∩R(g∆(s)) = R(g∆(t))

]
≥ 1 · 1 = 1. There-

fore, it suffices to condition on ¬A. Then, by definition of g∆, we have

Pr
R

[R(g∆(s)) = R(g∆(t)) | ¬A] = Pr
R

[R(f∆(s)) = R(f∆(t))] .

Similarly, we have that:

ER

[(
max

{
δ,
|g∆(ϕ) ∩R(g∆(s))|

n

})−ρ
| ¬A ∩R(g∆(s)) = R(g∆(t))

]

= ER

[(
max

{
δ,
|f∆(ϕ) ∩R(f∆(s))|

n

})−ρ
| R(f∆(s)) = R(f∆(t))

]
.

That implies the claim.

Proof of Lemma 149. We first introduce some notation. Let d̂ = Ep′,p′′∈Di d(p′, p′′).

Let ϕ be a (c,m)-WASE for P . We can rescale it so that all coordinates are integers,

and hence ‖ϕ(x)‖1 ≤ 2mκ for all x.

Define σi , Ep′,p′′∼Di [M(ϕ(p′)i, ϕ(p′′)i)], and note that li = log 1/σi. Wlog, we

can assume that σi 6= 1 — otherwise M(ϕ(p)i, ϕ(q)i) = 1 for all p, q, and hence we

can drop this outer coordinate i altogether (and this can decrese the distortion of

WASE). There exists two points p′, p′′ ∈ P with M(ϕ(p′)i, ϕ(p′′)i) < 1, and hence
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M(ϕ(p′)i, ϕ(p′′)i) ≤ 1 − 1/2κ. Then, by the definition of WASE (applied to points

p′, p′′):

log 1/σi ≥ 1
2κ
· d̂
cd(p′,p′′)

· log(1− 1/2κ) ≥ Ω( 1
κXκ2 ).

Finally, we set S = O(mκ · κ2κX ) for large enough implicit constant.

Next, let Λ(p) ,
(
⊕i
(

padS

(
ϕ(p)i

log(1/σi)

)))
be an embedding; note that our selection

of S guarantees that the padding is large enough. Finally, let R̂ be a point partition

according to minwise hash function over Λ(P ).

Now we proceed to proving Eqn. (7.6). To show it holds for R as above, we

use Lemma 155, and thus analyze instead random partition of an embedding with

a different padding. For i ∈ [m/s], let Ti ≤ S be some quantities that we chose

later. Let Λ′(p) ,
(
⊕i
(

padTi

(
ϕ(p)i

log(1/σi)

)))
. Now, applying iteratively Lemma 155

for coordinates (i, |Λi|) with ∆ = S−Ti to argue it suffice to show, for R the minhash

partition over Λ′(P ):

Pr
R

[R(p) = R(q)] · ER

[(
max

{
δ,
|P ∩R(p)|
|P |

})−ρ
| R(p) = R(q)

]
≥ 1. (7.7)

Finally, let λm , min{Λ′(p),Λ′(q)} and λM , max{Λ′(p),Λ′(q)}, and let RM be

the minwise hash for λM .

Letting Q be the LHS of Eqn. (7.6), and overloading notation that R(p) denotes

both the subspace colliding with p as well as the “winning coordinate”, we have,

applying E[X · 1[A]] = Pr[A] · E[X | A]:



CHAPTER 7. AVERAGE SIMILARITY EMBEDDINGS 344

Q = ER

[(
max

{
δ,
|P ∩R(p)|
|P |

})−ρ
· 1 [R(p) = R(q)]

]

=
∑

i∈[m/s]

ER

[(
max

{
δ,
|P ∩R(p)|
|P |

})−ρ
· 1 [R(p) = R(q) ∈ (i, ∗)]

]

=
∑

i∈[m/s]

Pr
R

[R(p) = R(q) ∈ (i, ∗)] · ER

[(
max

{
δ,
|P ∩R(p)|
|P |

})−ρ
| R(p) = R(q) ∈ (i, ∗)

]

=
∑

i∈[m/s]

Pr
R

[RM ∈ (i, ∗)] · Pr
R

[R(p) = R(q) | RM ∈ (i, ∗)]

· ER

[(
max

{
δ,
|P ∩R(p)|
|P |

})−ρ
| R(p) = R(q) ∈ (i, ∗)

]
.

We analyze each of those quantities. First, by the minhash construction, we have:

Pr
R

[RM ∈ (i, ∗)] = ‖(λM)i‖1/Z,

for some fixed quantity Z , ‖λM‖1.

Now we analyze the other quantities. Define ρi ,
logM(ϕ(p)i,ϕ(q)i)

log σi
. For fixed i, we

use Lemma 150 using x = ϕ(p)i
log(1/σi)

, y = ϕ(q)i
log(1/σi)

, and ϕ = ϕ(∗)i
log(1/σi)

. Observe that, by

the minhash construction and definition of σi, ρi, for any Ti ≥
∥∥∥ ϕ(p)

log(1/σi)

∥∥∥
1
,
∥∥∥ ϕ(p)

log(1/σi)

∥∥∥
1
:

log
(

Pr
R

[R(p) = R(q) | RM ∈ (i, ∗)]
)

= log J(padTi(x), padTi(y))

≥ log J(ϕ(p)i, ϕ(q)i) · ζ
‖ϕ(p)i + ϕ(q)i‖1

Ti · log(1/σi)
154

≥ log(σi) · ρi · 2ζ
‖ϕ(p)i + ϕ(q)i‖1

Ti · log 1/σi

= −2ζρi ·
‖ϕ(p)i + ϕ(q)i‖1

Ti
.

For the last quantity, we first argue the following statistical claim:
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Claim 156. Fix scalar ρ ∈ (0, 1). Let X be a random variable, taking values in (0, 1]

and A be an event. Then:

E[X−ρ | A] ≥
(
E[X·1[A]]

Pr[A]

)−ρ
Proof. By Jensen’s inequality, we have:

E[X−ρ | A] ≥ E[X | A]−ρ = E
[
X·1[A]
Pr[A]

]−ρ
.

We note that the claim holds even when we condition everything on a fixed event

C. Now, define r to be one of p or q depending on which norm is larger: r =

argmaxr∈{p,q} ‖ϕ(r)i‖1. By Claim 156, setting X , |P∩R(p)|
|P | , A , {R(p) = R(q)},

and conditioning on event C , {RM ∈ (i, ∗)}:

log

(
ER

[
max

(
δ,
|P ∩Rm|
|P |

)−ρ
| R(p) = R(q) ∈ (i, ∗)

])

≥ log

(
ER[max{δ,X} · 1[R(p) = R(q)]] | RM ∈ (i, ∗)]

Pr[R(p) = R(q)] | RM ∈ (i, ∗)]

)−ρ
≥ log

(
ER[δ +X | R(r) ∈ (i, ∗)]

J(Λ′(p)i,Λ′(q)i)

)−ρ
≥ log

(
J(Λ′(p)i,Λ

′(q)i)

δ + Ep′∈PJ(Λ′(r)i,Λ′(p′)i)

)ρ
≥ log

(
M(Λ′(p)i,Λ

′(q)i)
2

δ + Ep′∈PM(Λ′(r)i,Λ′(p′)i)

)ρ
where we used Fact 154. Using both parts of Lemma 150, we further have, by

the definition of σi,Λ
′, for large enough constant ζ > 1, there is Ti ≥

∥∥∥ ϕ(r)
log(1/σi)

∥∥∥
1

=

max
{∥∥∥ ϕ(p)

log(1/σi)

∥∥∥
1
,
∥∥∥ ϕ(p)

log(1/σi)

∥∥∥
1

}
s.t.:
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• logM(Λ′(p)i,Λ
′(q)i) ≥ logM(ϕ(p)i, ϕ(q)i) · ζ ‖ϕ(p)i‖1+‖ϕ(q)i‖1

log 1/σi·Ti = −ρi ·

ζ
‖ϕ(p)i‖1+‖ϕ(q)i‖1

Ti
, where we used the definition of ρi, and

• log (δ + Ep′∈PM(Λ′(r)i,Λ
′(p′)i)) ≤ log

(
δ + exp

(
log σi · ‖ϕ(r)i‖

ζ log 1/σi·Ti

))
=

log
(
δ + exp

(
−‖ϕ(r)i‖

ζTi

))
≤ −‖ϕ(r)i‖

2ζTi
, where we used the fact that

exp
(
−‖ϕ(r)i‖

ζTi

)
∈ [σi, 1− Ω(1/κ2κX )] and δ < min{σi, 1/κ2κX}.

Hence, replacing in the above, we get:

log

(
ER

[
max

(
δ,
|P ∩Rm|
|P |

)−ρ
| R(p) = R(q) ∈ (i, ∗)

])
≥ ρ

(
‖ϕ(p)i‖+‖ϕ(q)i‖1

4ζTi
− ρi · 2ζ ‖ϕ(p)i‖1+‖ϕ(q)i‖1

Ti

)
= 1

4ζ
· ρ(1− 8ζ2ρi) · ‖ϕ(p)i+ϕ(q)i‖1

Ti
.

Before completing, we define a set B ⊂ [m/s] of outer coordinates where, in the

WASE of ϕ, the min is achieved by 1 + 1/li, with li = log 1/Ep′,p′′M(ϕ(p′), ϕ(p′′)).

Let πB =
∑

i∈B(λM)i/Z. Furthermore, for each i ∈ B, we set Ti = ‖ϕ(p)i+ϕ(q)i‖
log 1/σi

, i.e.,

the (approximately) minimal Ti.

Finally, combining all the above, we derive, using Jensen’s inequality again:
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log(Q) = log ∑
i∈[m/s]

Pr
R

[RM ∈ (i, ∗)] Pr
R

[R(p) = R(q) |RM ∈ (i, ∗)] ER

[(
max

{
δ, |P∩Rm||P |

})−ρ
|R(p)=R(q) ∈ (i, ∗)

]
≥ log

(1− πB)
∑

i∈[m/s]\B

‖(λM )i‖1
(1−πB)Z exp

(
−2ζρi ·

‖ϕ(p)i+ϕ(q)i‖1
Ti

+ 1
4ζ · ρ(1− 8ζ2ρi) ·

‖ϕ(p)i+ϕ(q)i‖1
Ti

)
≥ −πB +

∑
i∈[m/s]\B

‖(λM )i‖1
(1−πB)Z

(
−2ζρi ·

‖ϕ(p)i+ϕ(q)i‖1
Ti

+ 1
4ζ · ρ(1− 8ζ2ρi) ·

‖ϕ(p)i+ϕ(q)i‖1
Ti

)
= −πB + 1

(1−πB)Z ·
∑

i∈[m/s]\B

‖(λM )i‖1·‖ϕ(p)i+ϕ(q)i‖1
Ti

·
(
−2ζρi + 1

4ζ · ρ(1− 8ζ2ρi)
)

= −πB + 1
4(1−πB)ζZ ·

∑
i∈[m/s]\B

‖(λM )i‖1·‖ϕ(p)i+ϕ(q)i‖1
Ti

·
(
ρ− 16ζ2ρi(1 + ρ)

)
.

Furthermore, using the fact that ‖(λM)i‖1 ∈ [Ti, 2Ti], we get:

logQ ≥ −πB + 1
2ζ(1−πB)Z

·
∑

i∈[m/s]\B

‖ϕ(p)i + ϕ(q)i‖1 ·
(
ρ− 16ζ2ρi(1 + ρ)

)
.

We now use the fact ϕ is WASE embedding for P to obtain
∑

i∈[m/s]\B
‖ϕ(p)i+ϕ(q)i‖1
‖ϕ(p)+ϕ(q)‖1

·

ρi ≤ c · d(p,q)

d̂
. Also, by the definition of the set B:

∑
i∈[m/s]\B

‖ϕ(p)i + ϕ(q)i‖1 ≥ ‖ϕ(p) + ϕ(q)‖−
∑
i∈\B

‖ϕ(p)i + ϕ(q)i‖1 ≥ ‖ϕ(p) + ϕ(q)‖·(1−c·d(p,q)

d̂
).

Therefore, for any ρ ∈
[
40ζ2 · c · d(p,q)

d̂
, 1
]
, we have

log(Q) ≥ −πB + 1
2(1−πB)ζZ

· ‖ϕ(p) + ϕ(q)‖1 ·
(
ρ39

40
− 16ζ2(1 + ρ) · ρ/40ζ2

)
≥ −πB + 1

2ζZ
· ‖ϕ(p) + ϕ(q)‖1 · ρ/6.

To bound πB, again by the definition of B, we have:

Z·πB =
∑
i∈B

‖(λM)i‖ ≤
∑
i∈B

2
‖ϕ(p)i+ϕ(q)i‖1

log 1/σi
≤ ‖ϕ(p) + ϕ(q)‖1·c·

d(p,q)

d̂
≤ ‖ϕ(p) + ϕ(q)‖1·ρ/40ζ2.
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Finally, we conclude

logQ ≥ ρ/6
2ζZ
· ‖ϕ(p) + ϕ(q)‖1 −

ρ
40ζ2Z

‖ϕ(p) + ϕ(q)‖1 > 0

as needed. This concludes the proof of the Eqn. (7.7) and hence Eqn. (7.6).

For the last part of the claim, we note that, as before:

ER

[
|P ∩R(p)|
|P |

]
=
∑

i∈[m/s]

Pr
R

[R(p) ∈ (i, ∗)] · ER
[
|P ∩R(p)|
|P |

| R(p) ∈ (i, ∗)
]

≤
∑

i∈[m/s]

‖Λ′(p)i‖
‖Λ′(p)‖ · exp

(
−‖ϕ(p)i‖

ζTi

)
≤
∑

i∈[m/s]

‖Λ′(p)i‖
‖Λ′(p)‖ · 1− Ω(1/κ2κX )

≤ 1− Ω(1/κ2κX ).

Furthermore, since R̂ and R randomized partitioning differ only in the padding,

we have that

ER̂

[
|P ∩ R̂(p)|
|P |

]
≤ 1− Ω(1/κ2κX ) · 1/S = 1− poly(1/mκκX ).

7.8.4 ANN algorithms for `p and edit distance

We now prove Theorems 12 and 13 from Chapter 1, on ANNS algorithms for `p and

edit distance, by putting together the elements proven in the prior sections.

We start by proving the ANNS for `p.

Proof of Theorem 13. We use the WASE embedding from Section 7.5 together with

the ANNS algorithm from Theorem 148. We need however to ensure bounded aspect

ratios.
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To ensure the aspect ratio of the `p metric, we do the following standard prepro-

cessing to obtain κX = O(d3). Fix scale r from the ANNS instance to be solved.

First of all, impose a randomly shifted grid, with side-lengths 100
√
dr. Then, the

following holds for any two points p, q ∈ Rd. 1) If ‖p− q‖X ≤ r, then the probability

being in the same cell of the grid is ≥ 0.99, and 2) the side-length of any cell is

O(dr). Thus we can apply this partition first and solve ANNS for each cell, where

each point (dataset and query) is rounded to have all coordinates be integer multiple

of r/d. The rounding introduces an additive error of at most ±r, i.e., an extra factor

2 approximation. Now note that, in each cell, after multiplying all the points by d/r,

we are considering ANN in the space ({0, 1, 2, . . . O(d2)]d, `p), which has aspect ratio

O(d3).

Proof of Theorem 12. We note that the edit distance the aspect ratio is κX = k from

start. As a result, as we build the WASE embedding for edit distance (Theorem 131),

the aspect ratios remains polynomial in k throughout. Therefore, applying Theo-

rem 148 implies our Theorem 12.
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product metrics. In Proceedings of the eighteenth annual symposium on Com-

putational geometry, pages 102–106, 2002. 1.2.3, 2.7

[122] P. Indyk. Approximate nearest neighbor under edit distance via product met-

rics. In SODA, volume 4, pages 646–650, 2004. 1.2.3

[123] P. Indyk. Approximate nearest neighbor under edit distance via product met-

rics. In Proceedings of the ACM-SIAM Symposium on Discrete Algorithms

(SODA), pages 646–650, 2004. 2.7

[124] P. Indyk and R. Motwani. Approximate nearest neighbors: Towards removing

the curse of dimensionality. In Proceedings of the 30th ACM Symposium on the

Theory of Computing (STOC ’1998), pages 604–613, 1998. 1.2, 1.2.2, 1.2.2, 6,

105, 106, 107



BIBLIOGRAPHY 368

[125] P. Indyk and A. Naor. Nearest-neighbor-preserving embeddings. ACM Trans-

actions on Algorithms, 3(3), 2007. 2.6

[126] P. Indyk and N. Thaper. Fast color image retrieval via embeddings. Workshop

on Statistical and Computational Theories of Vision (at ICCV), 2003. 2.7, 7.1.4

[127] R. Jayaram, E. Waingarten, and T. Zhang. Data-dependent lsh for the earth

mover’s distance. In Proceedings of the Symposium on Theory of Computing

(STOC), 2024. 2.7, 7.1.4

[128] C. Jin, J. Nelson, and K. Wu. An Improved Sketching Algorithm for Edit Dis-
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