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Abstract

Structure and Dynamics in Electron-Phonon Coupled Materials

Paul Joseph Pagano Robinson

Electron-phonon interactions (EPIs) are ubiquitous in condensed matter physics and

materials science. They are crucial for understanding numerous phenomena, including

conventional superconductivity, charge-transport and, most pertinent for this thesis, polaron

formation. A polaron is a charge carrier (electron or hole) dressed with a “cloud” of phonons. The

polaronic quasiparticle may have vastly different ground- and excited-state properties from that of

the bare, constituent charge carrier.

While polarons are well-studied and largely understood in canonical model Hamiltonians, recent

advances have made it possible to study more complex, fully ab initio systems. Here, the

numerically exact methods which are available for some model systems become much more

challenging to apply, so accurate approximate methods are a necessity. In this dissertation, we

present several advancements in approximate but accurate methods for different polaronic

problems and polaron observables.

With respect to polaron dynamics, we focus on low-scaling methods to produce wave

vector-dependent single-particle spectral function. We present a thorough study of the accuracy of

the second- and fourth-order cumulant expansions (CE) of the electronic Green’s function by

comparing them against numerically-exact reference data for the one-dimensional Holstein

model. We find that the second-order CE is accurate at zero electronic-momentum across a wide

range of temperatures, while for non-zero electronic momenta, the CE is only accurate at



high-temperatures. The fourth-order cumulant expansion improves on the dynamics at short times

and can improve the spectra; however, it can also introduce non-physical divergences and

negative spectral weight. The second-order cumulant expansion is thus a useful tool for

determining spectral functions in some instances. However, increasing the order of the CE

introduces pathologies that may persist at arbitrarily high-order.

As an alternate approach to improving the CE, we introduce a new self-consistent cumulant

expansion (SC-CE) which remedies many of the deficits of the CE. We compare the results for

this new approximation against those from the second-order cumulant expansion as well as

reference data for the one-dimensional Holstein model. Unlike the CE, the SC-CE can produce

accurate spectra across the entire Brillouin-zone, and captures non-perturbative features

excellently. The trade-off for this increased accuracy is the introduction of some degree of

negative spectral-weight and the potential for rapid divergences in time in some instances. We

find that these problems can be minimized, but not completely eliminated in the thermodynamic

limit and in more realistic cases where phonon dispersion exists. We also demonstrate how the

SC-CE fits into the greater scheme of Green’s function methods which approximate the

self-energy non-diagrammatically as has recently been proposed by Pandey and Littlewood, and

we note the potential applications of the SC-CE both in ab initio polaron problems and in general

many-body problems.

We finally consider a new method to determine the ground-state structure of the polaron in ab

initio materials, a topic which has only recently appeared in the literature. We present a new

all-coupling variational method based on the Nagy-Markoš variational ansatz for the Fröhlich

model. The ansatz is a projected unitary transform which naturally interpolates between the

weak-coupling (Lee-Low-Pines) ansatz and the strong-coupling adiabatic ansatz by modulating

the momentum conservation of the electron-phonon scattering processes. We demonstrate our ab

initio Nagy-Markoš ansatz on the Holstein model and the Fröhlich model, and show that it always

improves upon the better of the weak or strong coupling result. We consider the ab initio case of

lithium fluoride (LiF), and find that the ansatz provides accurate polaron binding energies for both



the hole-polaron and the electron-polaron which are classical cases of small and large polarons,

respectively. We note how our flexible variational ansatz is an ideal starting point for perturbative

energy corrections and cumulant Green’s function methods.

Future developments and applications of the efficient methodologies presented in this dissertation

may enable quantitative calculations of polarons in large-intermediately coupled ab initio

systems, such as the lead-halide perovskites and other systems where it has hitherto been difficult

to fully understand the effects of the electron-phonon interactions.
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Bonča and Trugman,81 and (c) 𝑁 = 2000 SC-CE demonstrates that the SC-CE
accurately captures the VD results across all momenta while CE is accurate only
at 𝑘 = 0. In (c), small regions of negative spectral weight are bounded with a white
dashed line. Slices of the spectral functions at 𝑘 = 0, 𝜋/2, and 𝜋 are presented
in (d), (e), and (f) respectively. Each slice compares the CE (solid blue line), VD
(solid black line with gold shading), and the SC-CE (dot-dashed red line). . . . . . 44

3.1 Comparison between the SC-M (blue solid line), PS (purple dashed line), SC-CE
(red dotted line), NSC-M (dot-dashed grey line), and ED (black line and yellow
fill) for 𝑘 = 0 (a) and 𝑘 = 𝜋 (b). Model parameters: 𝜆 = 𝑡0 = 𝜔0 = 1, and 𝑇 = 0.
N=2. 𝛾 = 0.075 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

vi



3.2 Demonstration of the equivalence of the SC-M and the PS methods in the thermo-
dynamic limit. The outer panel shows the squared difference between the spectral
functions of the two methods averaged over the whole Brillouin zone. The inset
pane demonstrates the expected 𝑁−2 falloff of the integrated difference. The dotted
line is the function 𝑁−2 scaled to match the integral at 𝑁 = 10. Model Parameters:
𝜆 = 𝑡0 = 𝜔0 = 1 and 𝑇 = 0. 𝑁 = [10, 50, 100, 200, 400, 800] and colors in the
inset correspond to the curves in the outer panel. The spectra are broadened with a
Lorentzian broadening of 0.075. . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.3 Demonstration of divergences in PS method for 2 site Holstein model (𝜆 = 𝜔0 =

𝑡0 = 1). Decreasing the time-step does not obviously improve the divergence time.
The ED result is shown in black. . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.4 Comparison of large system sizes 𝜆 = 𝜔0 = 𝑡0 = 1 and 𝑇 = 0.1. (a) VD data from
Ref. 28 (b) NSC-M (c) SC-M (d) SC-CE . . . . . . . . . . . . . . . . . . . . . . 57

4.1 (a) The ground state energy of the Fröhlich model solved via Diagrammatic Quan-
tum Monte Carlo from Ref. 25 (blue triangles), the Green’s function approach
from Ref. 121 (green X with dotted line), the WC ansatz (orange squares), the
SC ansatz (red circles), and the NM ansatz (open black circles with dashed lines).
We note that the NM ansatz is generally in good agreement with the exact result.
(b) 𝜆, the inverse width of the electronic wavefunction for the all-coupling ansatz
acts as an order parameter for the transition from weak-coupling to strong coupling
behaviour. (c) The diversity of behaviours for 𝑎𝑘 in the model. For 𝛼 ≤ 6 the 𝑎𝑘
are uniformly 1, while for large couplings (e.g. 𝛼 = 8) the 𝑎𝑘 tend towards 0 near
𝑘 = 0. At the very large 𝛼 = 12, we display 𝑎𝑘 optimized starting from 1 (12+) and
0 (12−). The red and orange lines at 0 and 1 indicate the strong and weak coupling
ansatzes respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.2 The 21-site 1D Holstein model with 𝜔0 = 𝑡0 = 1. We compare DMRG (blue
triangles), weak coupling (orange squares), strong coupling (red circles) and the
AI-NM ansatz (open black circles and dashed line). (a) Comparison of the polaron
binding energy from each method across a wide range of dimensionless couplings
𝜆. The zoomed inset further details the transition from weak to strong coupling and
demonstrates that the AI-NM ansatz always improves on the better of the strong or
weak coupling solution. (b), and (c): The electron densities in momentum space.
(d), and (e): The magnitude of the phonon displacements |ℎ𝑞 |. (f), and (g): The
deviations 𝑎𝑘 from the WC and SC solutions respectively. (b), (d), and (f) show the
variational quantities before the transition from weak to strong coupling at 𝜆 = 1.4
while (c), (e), and (g) display them after the transition at 𝜆 = 1.6. . . . . . . . . . . 69

vii



4.3 LiF hole-polaron properties via the WC ansatz (orange squares), the SC ansatz (red
circles), the AI-NM ansatz (open black circles), CSPT2 (green Xs and dotted line),
and the exact NNQS approach of Ref. 138 (blue triangles). (a) plot of the con-
vergence of the polaron binding energy with respect to the inverse supercell size
(as defined in Ref. 46). The small numbers above the data indicate the size of the
supercell. The zoomed inset higlights the small differences between the methods.
(b), (c), and (d) are slices of variational parameters along a single reciprocal lattice
vector for the 13x13x13 k-mesh. (b) and (c) present the sums of the electron den-
sities and displacements respectively and both nearly exactly match the SC result.
(d) shows that 𝑎𝑘 is almost exactly that of the SC limit. . . . . . . . . . . . . . . . 73

4.4 (a)-(d) have an identical layout and key to Fig. 4.3. (a) demonstrates that AI-NM
converges towards WC in the thermodynamic limit. (b), (c), and (d) are slices of the
variational parameters from a 25x25x25 k-mesh. (b) shows that AI-NM produces
visibly different electron densities from WC and SC. (c) demonstrates that the dis-
placements are similar between the AI-NM and WC results. (d) demonstrates that
the optimized 𝑎𝑘 deviate far from the WC limits. (e)-(g) Electron density isosurface
plots of the LiF electron-polaron calculated via the AI-NM (e), the strong-coupling
ansatz (f), and the weak-coupling ansatz (g). All isosurfaces are from 21x21x21
k-grids. The blue isosurface corresponds to an isovalue of 10−7 while the yellow
isosurface corresponds to an isovalue of 10−9. . . . . . . . . . . . . . . . . . . . . 76

viii



List of Tables

1.1 𝑡ℜ[Φ4]>0 for varying system sizes, coupling strengths and temperatures. Increasing
the system size or decreasing the coupling can push the onset of the divergence
to longer times. Raising the temperature past some transition temperature fully
removes the divergence. Model parameters: 𝑡0 = 𝜔0 = 1; 𝑘 = 0 . . . . . . . . . . . 16

1.2 𝑡M at two EPI strengths and temperatures. In all cases, raising either the tem-
perature or the coupling decreases 𝑡M and 𝑡2 < 𝑡4, indicating that the fourth-
order CE improves upon the second-order CE at short times. Model parameters:
𝑁 = 6;𝜔0 = 𝑡0 = 1. HEOM calculations were performed using modified versions
of PHI66 and pyrho.67 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.1 Demonstration of the growth of SC-CE divergences for the six-site Holstein model.
For weak couplings (𝜆 = 1/32 and 1/8) and 𝑇 = 0.1𝜔0 the divergences are sup-
pressed (thought the Green’s function does still display non-physical magnitude
> 1). For 𝑇 = 1𝜔0, only 𝜆 = 1/32 has a small enough magnitude at 𝑡 = 100 to be
useful for spectral analysis. For both temperatures 𝜆 = 1/2 and 1 rapidly diverge.
For all calculations, the integration time-step is 0.001𝜔−1
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Chapter 1: Cumulant methods for electron-phonon problems. I.

Perturbative expansions

Reprinted with permission from P. J. Robinson, I. S. Dunn, and D. R. Reichman, Phys. Rev. B,

vol. 105, p. 224 304, 2022. Copyright 2022 by the American Physical Society.

The description of the dynamics of electrons interacting with phonons is a cornerstone topic in

condensed matter physics due to its ubiquity and the importance of electron-phonon interactions

(EPIs) in determining the properties of solids. Indeed, EPIs are crucial for understanding a wide

range of phenomena in solids, including superconductivity, transport properties, and the vibronic

satellite structure in emission and absorption spectra, to name just a few.2–8 Unfortunately, even for

simplified canonical EPI models, such as the Holstein, Fröhlich, and Su-Schrieffer-Heeger models

which were introduced many decades ago, exact dynamical solutions are largely out of reach.9–12

There is a plethora of methods for extracting accurate properties of EPI models which may

be useful under different circumstances. Exact ground state and low-lying excited state properties

for the Holstein and other models are attainable through diagonalization in a variational Hilbert

space (VD).13–15 Focusing on the electron-phonon dynamics, the one-particle Green’s function

G(𝑘, 𝑡) has been extensively studied at zero-temperature using exact diagonalization,16–19 clus-

ter perturbation theory,20,21 a variational approach,22 the momentum-averaged approximation,23,24

and diagrammatic quantum Monte Carlo (DQMC) in conjunction with numerical analytic contin-

uation.25

The frontier of finite-temperature dynamical calculations remains less well explored. The

increased occupation of higher-lying phonon states at nonzero temperatures renders Fock space

methods harder to converge. Only recently has the spectral function (𝐴 (𝑘, 𝜔) = −𝜋−1ℑG(𝑘, 𝜔))

been reported at finite temperature for the Holstein model using VD with the finite-temperature
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Lanczos method on 6- and 12-site systems.26–28 DQMC has provided the temperature dependent

mobilities for the Holstein and Fröhlich models; however, as with spectral information this ap-

proach is restricted by an ill-conditioned analytic continuation procedure.5,29 More recently, nu-

merically exact dynamical methods based on DMRG+VD,30 a generalized cluster expansion,31 and

the Hierarchical Equations of Motion (HEOM)32–40 approach have been introduced for real-time

dynamics in lattice models with EPIs.

For realistic ab initio modeling41–48 of systems with EPIs, many of the exact methods men-

tioned previously are infeasible. Instead, perturbative approaches are usually employed. However,

since each order of perturbation theory exponentially increases the number of self-energy dia-

grams, it is not practical or computationally efficient to directly compute high-order diagrams in

large, realistic systems, and approximate resummations of higher-order terms become essential.

The cumulant expansion (CE) approach has been used for this purpose for many years, and was

recently combined with density functional perturbation theory to calculate the finite temperature

photoemission spectra of MgO, LiF44, and TiO2.43 While the utility of the CE for the calculation

of G (𝑘, 𝑡) at finite temperature has been known for years, only a few papers have systematically

explored its validity.49–51

Motivated by recent exact dynamical results in the finite-temperature Holstein model,28 we

systematically explore the CE in this system as proposed by Dunn in the context of Fröhlich insu-

lators.49 A similar expansion was also used in conjunction with the Matsubara formalism by Gun-

narsson et al for describing zero-temperature spectral properties of the half-filled Holstein model.51

In Section 1.1 we introduce the model, as well as the definition of G (𝑘, 𝑡), and the framework of

the CE. In Section 1.2 we provide a detailed comparison of the CE in the 6-site Holstein model

with exact VD results. This comparison highlights a number of interesting features which demand

more detailed investigation. In Section 1.2.1 we discuss errors of the CE that are associated with

finite lattice size. In Section 1.2.2 we demonstrate several useful and problematic features of the

fourth-order CE. In Section 1.2.3 we analyze the short-time convergence of the CE as well as the

limitations of the CE in capturing fine spectral features and long-time behavior. In Section 1.2.4 we
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will present results for the spectral function of an infinite system. We conclude with a summary of

the main results and the implications of our findings for the use of the CE in the ab initio modeling

of materials.

1.1 Model and Perturbative Cumulant Expansion

In this section we provide background information needed for the remainder of the paper.

While all of the information in this section is well-known, this information is useful for setting

notation and for providing a self-contained discussion of the results that follow. Throughout this

work we focus only on a very specific model, namely the one-dimensional Holstein model with

Einstein phonons and periodic boundary conditions.4,9,10 We consider only the single particle case,

that is a single electron promoted into an otherwise empty band. The model is defined by a system-

bath Hamiltonian

𝐻 = 𝐻𝑒 + 𝐻𝑝 +𝑉, (1.1)

where the kinetic energy term

𝐻𝑒 ≡ −𝑡0
∑︁
𝑛

(
𝑎†𝑛𝑎𝑛+1 + 𝑎†𝑛𝑎𝑛−1

)
=

∑︁
𝑘

𝜀𝑘𝑎
†
𝑘
𝑎𝑘 , (1.2)

𝜀𝑘 = −2𝑡0 cos 𝑘, (1.3)

describes the purely electronic system, and

𝐻𝑝 ≡ 𝜔0
∑︁
𝑛

𝑏†𝑛𝑏𝑛 = 𝜔0
∑︁
𝑘

𝑏
†
𝑘
𝑏𝑘 , (1.4)
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describes the bath. Lastly,

𝑉 ≡ 𝑔𝜔0
∑︁
𝑛

𝑎†𝑛𝑎𝑛
(
𝑏𝑛 + 𝑏†𝑛

)
=
𝑔𝜔0√
𝑁

∑︁
𝑘𝑞

𝑎
†
𝑘+𝑞𝑎𝑘

(
𝑏𝑞 + 𝑏†−𝑞

)
, (1.5)

accounts for the EPI, which is linear in the bath coordinates. The Holstein model describes the

deformation of a discrete lattice,9,10 reflecting the decoupled nature of sites in a molecular crystal

by including only strictly local electron-phonon coupling. In addition, the model further isolates

the effects of intermolecular relaxation by ignoring Peierls-like coupling.12,52–54 For an excellent

review that discusses the relation between the Holstein model and continuum models such as the

Fröhlich model, see the work of Devreese and Alexandrov.55

1.1.1 One-Particle Green’s Function

We will focus on the calculation of the finite temperature one-particle (causal 1) Green’s func-

tion,4,56

G (𝑘, 𝑡) ≡ −𝑖Θ (𝑡)
Tr

[
𝑒−𝛽(𝐻−𝜇𝑁)𝑎𝑘 (𝑡)𝑎†𝑘 (0)

]
Tr

[
𝑒−𝛽(𝐻−𝜇𝑁)

] . (1.6)

This quantity is directly related to experimentally measurable quasi-particle spectra as probed by,

e.g., photoemission spectroscopy, and can be used to infer transport properties such as charge mo-

bilities in an approximate manner.4,47,48,57 In addition, the one-particle Green’s function provides a

testbed for the comparison of numerical methods ranging from the approximate to the exact which

may be applied to general electron-phonon problems.25,29,58,59

As mentioned above, we study an insulator where the chemical potential 𝜇 satisfies 𝜇 ≪ −2|𝑡0 |

and there is a single electron placed in the conduction band.49 When this is the case, it is simple

to demonstrate that the trace over the many-electron Fock space in Eq. 1.6 can be exactly replaced

1In the model studied here with a single electron, this is equivalent to the retarded Green’s function
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by a trace over zero-electron states and non-interacting phonon states weighted by the canonical

density operator for an uncoupled phonon bath,4,49 namely

G (𝑘, 𝑡) = −𝑖Θ (𝑡)
Tr

[
𝑒−𝛽𝐻𝑝𝑎𝑘 (𝑡)𝑎†𝑘 (0)

]
Tr

[
𝑒−𝛽𝐻𝑝

] ,

≡ −𝑖Θ (𝑡) ⟨𝑎𝑘 (𝑡)𝑎†𝑘 (0)⟩. (1.7)

As will be useful in the next subsection, we also define the quantity

Φ (𝑘, 𝑡) ≡ log
G (𝑘, 𝑡)
G0 (𝑘, 𝑡)

, (1.8)

where

G0 (𝑘, 𝑡) = −𝑖Θ (𝑡) ⟨𝑒𝑖𝐻𝑒𝑡𝑎𝑘𝑒
−𝑖𝐻𝑒𝑡𝑎

†
𝑘
⟩. (1.9)

Finally, most comparisons with exact calculations will be made via consideration of the spectral

function, defined as

𝐴𝑘 (𝜔) = −1
𝜋
ℑ

[∫ ∞

−∞
𝑑𝑡𝑒𝑖𝜔𝑡G (𝑘, 𝑡) exp (−𝛾𝑡)

]
, (1.10)

which most closely connects the one-particle Green’s function to angle resolved photoemission

experiments.4 Here, 𝛾 is a broadening parameter which is used to enable comparison with VD

calculations, serves to dampen recurrences for calculations with a small number of sites, and which

may be considered as an effective “experimental" resolution for the spectral function itself.

1.1.2 Cumulant Expansion for G (𝑘, 𝑡)

Various perturbative approaches have been developed for the explicit calculation of Green’s

functions such as G (𝑘, 𝑡). The standard approach, which we shall not follow here, follows the

now well-established rules of quantum field theory.4,56 Instead, we will follow the “linked-cluster”
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or cumulant approach perhaps first used in the form we employ by Brout and Englert,60,61 and

applied to polaron models originally by Mahan, Dunn and others.49,50

First, consider the difference between expansions of the moment generating function (MGF)

and the cumulant generating function (CGF). For a (classical) Gaussian random variable 𝑋 , an

expansion of the MGF truncated at second-order will only approximately describe the MGF,

⟨𝑒−𝑖𝑔𝑋⟩ = 1 − 𝑖𝑔⟨𝑋⟩ − 𝑔2

2
⟨𝑋2⟩ + O

(
𝑔3

)
. (1.11)

However, the CGF in this case is exactly described by a second-order expansion,

log⟨𝑒−𝑖𝑔𝑋⟩ = −𝑖𝑔⟨𝑋⟩ − 𝑔2

2

(
⟨𝑋2⟩ − ⟨𝑋⟩2

)
. (1.12)

By taking the logarithm of the Gaussian MGF before expanding, one effectively resums an infinite

number higher-order terms in the MGF. The inclusion of even approximate terms of higher-order in

the perturbation expansion leads one to expect that a cumulant method can be accurate, especially

if the expanded quantity is “nearly Gaussian” in the sense of having small cumulants of order

higher than second.

The CE is readily adaptable for perturbative calculation of both thermodynamics and quantum

dynamics, where, like the MGF, both the Boltzmann factor and the propagator are exponential

functions to be averaged, albeit in time-ordered form.62 Analogous to a MGF, the one-particle

Green’s function

G(𝑘, 𝑡) = G0 (𝑘, 𝑡)
〈
𝑒
−𝑖

∫ 𝑡

0 𝑑𝜏𝑉̂ (𝜏)
𝑇

〉
𝑘

(1.13)

G0 (𝑘, 𝑡) = −𝑖Θ(𝑡)𝑒−𝑖𝜀𝑘 𝑡 , (1.14)

can also be calculated approximately via a perturbative calculation of
〈
𝑒
−𝑖

∫ 𝑡

0 𝑑𝜏𝑉̂ (𝜏)
𝑇

〉
𝑘

in powers of

a coupling constant. Here, the 𝑘 subscript denotes the average over all one-electron states with

electronic momentum 𝑘 , the 𝑇 subscript denotes time-ordering, and the hat designates 𝑉̂ (𝜏) as an
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operator in the interaction picture.

The Mth-order CE (linked-cluster) for G (𝑘, 𝑡) is given by

GM (𝑘, 𝑡) = G0 (𝑘, 𝑡) exp [ΦM (𝑘, 𝑡)] , (1.15)

and likewise 𝐴M (𝑘, 𝜔) is calculated via the Fourier transform of GM (𝑘, 𝑡). Here, ΦM (𝑘, 𝑡) is the

sum of the cumulants 𝐶𝜇 up to order M. The procedure for constructing the cumulants 𝐶𝜇 (𝑘, 𝑡)

from the moments 𝑀𝜇 (𝑘, 𝑡) is well-known.4 For models of the form given in Eqns. (1.1-1.5), the

first few cumulants (up to the fourth-order cumulant) are explicitly given by

𝐶1 = 0, (1.16)

𝐶2 = 𝑒𝑖𝜀𝑘 𝑡𝑀2, (1.17)

𝐶3 = 0, (1.18)

𝐶4 = 𝑒𝑖𝜀𝑘 𝑡𝑀4 −
1
2
𝐶2

2 , (1.19)

where

𝑀𝜇 (𝑘, 𝑡) =
(−𝑖)𝜇
𝜇!

∫ 𝑡

0
𝑑𝑡1...

∫ 𝑡

0
𝑑𝑡𝜇

×
〈
𝑇

{
𝑎̂𝑘 (𝑡)𝑉̂ (𝑡1)...𝑉̂ (𝑡𝜇)𝑎̂†𝑘 (0)

}〉
. (1.20)

Here 𝑇 {. . . } is the time-ordering operator which places later times to the left.

Calculation of the second-order and fourth-order CE for the Holstein model requires computing

𝑀2 and 𝑀4. These moments depend on 𝜀𝑘 and the form of the EPI vertex, which is a momentum-

independent constant for the Holstein model. Expressions for 𝑀2 and 𝑀4 where we evaluate the

time integrals and leave the momentum sums explicit are given in Appendix A.
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Figure 1.1: Spectral functions 𝐴 (𝜔) for the 6-site Holstein model calculated via the second-order
CE (blue solid line), fourth-order CE (pink dashed line), and VD (thin black line and gold shading).
Model parameters: 𝜔0 = 𝑡0 = 𝑔 = 1. We use 𝛾 = 0.05. VD results are the same as those presented
in from Fig. 1(a) of Bonča et al.28 (a) 𝑘 = 0 for a range of temperatures. The fourth-order CE
is only presented for the two highest temperatures because it is divergent at lower temperatures.
Both orders of the CE capture the most prominent structures of the VD result. (b) 𝑘 = 0 at only
𝑇 = 𝜔0. When the fourth-order CE is convergent it slightly corrects the quasiparticle energy and
adds additional structure to the peak which better approximates the VD result. (c) 𝑘 = 𝜋 for a
range of temperatures. The VD result demonstrates that there is significant structure in the spectral
function and a quasiparticle peak at ∼ −1.5𝜔0 (dotted black line) while the second- and fourth-
order CE only broadly model the structured features in the spectral function. In the fourth-order
CE there is an addition peak centered around −𝜔0. (d) Heat maps for second-order CE (left) and
VD (right, from Ref. 28) at all momenta for 𝜔0 = 𝑡0 = 1, 𝑇 = 0.1 and 𝑔2 = 2. Note how in the
CE the extra bright peaks at 𝑘 = 0 disperse into a series of shifted peaks which eventually coalesce
into the incoherent polaron peak at 𝑘 = ±𝜋. In contrast, the VD bands extend all the way from
𝑘 = 0 to 𝑘 = ±𝜋.
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1.1.3 Convergence of Cumulant Expansion

Let us now examine some aspects of the convergence of the CE for the Holstein model as a

function of temperature and EPI coupling strength. Following the definition of the CE in Eq. 1.15,

a sufficient condition for the break down of the expansion occurs when successive higher-order

cumulants 𝐶𝜇 are not relatively small. Therefore we examine the magnitude 𝐶𝜇.

For 𝑇 → 0, the phonon occupation numbers 𝑁0 vanish, such that we may order the terms in

Appendix A as functions of the coupling strength for the finite, even cumulants

𝐶2𝑛 ∼ 𝑔2𝑛. (1.21)

The high temperature limit is slightly more subtle. Before performing the time integrations in Eq.

(1.20), contracting the phonon operators yields

𝐶2𝑛 ∼ 𝑔2𝑛
𝑛∏
𝑖=1

[
coth

(
𝛽𝜔0

2

)
cos (𝜔0𝜏𝑖) − 𝑖 sin (𝜔0𝜏𝑖)

]
. (1.22)

Taking the high temperature limit,

𝐶2𝑛 ∼ 𝑔2𝑛
𝑛∏
𝑖=1

2
𝛽𝜔0

cos (𝜔0𝜏𝑖) ∼
(

2𝑔2

𝛽𝜔0

)𝑛
. (1.23)

Thus, we see from these two limits that the CE in the time domain breaks down for large 𝑇 and 𝑔

such that, schematically, the expansion is governed by

∼ max
[
𝑔2,

2𝑔2

𝛽𝜔0

]
. (1.24)

According to Dunn,49 the CE should also give a reasonable description of 𝐴 (𝑘, 𝜔) at high

enough temperatures and strong enough coupling such that (𝑁0 = 1
𝑒𝛽𝜔0−1 )

𝑔𝑁0 ≳ 1, (1.25)
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and/or

𝑔 (𝑁0 + 1) ≳ 2, (1.26)

which supersedes the condition for convergence given above. In this regime the long time behavior

of G (𝑘, 𝑡) is quickly damped and 𝐴 (𝑘, 𝜔) is broadened to such a degree to as to wash out all sharp

spectral features. We shall see evidence of these behaviors in the following sections.

1.2 Results

Recently, Bonča et al. published the first exact temperature-dependent spectral function for the

single-particle Holstein model using VD.28 Since the VD and finite temperature Lanczos methods

are well detailed in the literature, we do not review them here.13–15,26–28 Due to the expense of the

approach, the finite-temperature calculations of Bonča et al. were limited to small system sizes of 6

and 12 sites. It should be noted that at the level of heat maps of the k-dependent spectral function,

the 6 and 12 site results differ by only a small amount. On closer inspection, small finite size

effects are apparent, as will be discussed below. Recently, new techniques have been developed

that are capable of providing exact finite temperature spectra in the single-particle polaron models

for larger systems.30 However comprehensive results for larger lattices in the Holstein model have

not yet been published, and thus we compare only to the work of Ref.28.

To judge the accuracy of the CE and compare its performance to the exact results of Bonča et

al.,28 we now consider the CE approximation for spectral functions for a 6-site Holstein model at

the band bottom (𝑘 = 0) and the band edge (𝑘 = 𝜋). We restrict the comparison to the intermediate

coupling regime where 𝑔 = 𝑡 = 𝜔0. In Fig. 1.1 we plot the 𝑘 = 0 and 𝑘 = 𝜋 second- and fourth-

order CE spectral functions along with data from Ref. 28. For both momenta, the second-order

CE captures the broad structure of the spectral function reasonably well, and for 𝑘 = 0 the results

are quantitatively accurate at both 𝑇 = 0 and at high temperatures 𝑇 ≥ 𝜔0. In particular, the

second-order CE captures the quasi-particle peak and the first vibronic satellite peak at 𝑇 = 0 in

10
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Figure 1.2: One-phonon exact diagonalization approximation results of Holstein model at increas-
ing system sizes. 𝜔0 = 𝑡0 = 𝑇 = 1; 𝑔 = 0.25 (a) Spectral function as a function of system size
demonstrates disappearing fine structure (b) Magnitude of the Green’s function in time as a func-
tion of system size demonstrates disappearance of sharp beats.

excellent agreement with VD. At higher temperatures, the central features of these peaks are well

captured, however the fine structure superposed on the quasi-particle peak exhibited by the exact

VD spectra is absent in the CE spectra. We will see below that this fine structure is a consequence

of the small lattice size, and thus the CE approximation does not properly capture this type of finite

lattice effect.

At the band edge (𝑘 = 𝜋) the results produced by the second-order CE are not as encouraging,

as illustrated in in Fig. 1.1(c). The VD data has two important features: a quasi-particle peak at low

energy (∼ −1.5𝜔0), and a broad vibronic wing with a split peak structure centered around 2𝜔0.
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Figure 1.3: The fourth-order CE numerical results (dashed red) for 𝑁 = 6 at 𝑔 = 𝜔0 = 𝑡0 = 1 and
𝑇 = 0 compared with the leading order envelope functions (solid black) at (a) 𝑘 = 0, (b) 𝑘 = 2𝜋/3,
and (c) 𝑘 = 𝜋. The functional form of the envelope is given in each figure and describes the general
shape of the numerical results. A discussion of the origin of these envelope functions is found in
the main text and Appendix A.

The second-order CE misses the peak structure of the exact spectral function entirely, and instead

can be described as a single broad peak centered near the average value of the peak intensity found

in the exact VD result. Again, as temperature increases and the features of the spectral function

broaden, the CE result becomes more and more accurate, reflecting the fact that the CE properly

accounts for the spectral bandwidth even for 𝑘 = 𝜋. The fact that the CE is accurate away from

𝑘 = 0 for temperatures 𝑇 ≥ 𝜔0 has important practical implications for the use of the CE to study

transport phenomena, a topic we will return to before concluding.

The difference in accuracy of the CE between the 𝑘 = 0 and the 𝑘 = 𝜋 cases is seen generally

across the full range of wave vectors. More specifically, we find that the 𝑘 = 0 case is the only

case for which the CE is in quantitative agreement with exact VD results for low temperatures. A

full comparison of the exact and approximate CE spectral functions across the entire band can be

found in Fig. 1.1(d). Here, several features are notable. The fact that for 𝑘 = 0 the CE predicts a

prominent series of small peaks beyond the first satellite spaced by 𝜔0, in reasonable agreement

with the exact VD results, is actually the result of an incorrect intensity crossing structure which

renders the satellite behavior for all 𝑘 ≠ 0 inaccurate. As we will discuss below, this behavior is

the result of the manner in which the CE approximates higher-order multi-phonon scattering terms.
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Note as well that for 𝑘 ≠ 0 there is fine structure in the high intensity band. This behavior is a finite

size effect of the CE which vanishes when the number of lattice sites tends to infinity, as we will

discuss later in this work. Such finite size effects are distinct from the true finite sized behavior

exhibited in the VD results discussed above, and do not reflect the correct formation of structure

exhibited in the satellite region of the exact spectra.

We next turn to a discussion of the corrections to the second-order CE provided by the fourth-

order CE. In general, when the fourth-order CE is well-defined for the parameter regime of the Hol-

stein model studied here, it only subtly alters the behavior found from the second CE. In Fig. 1.1(b)

we provide a close-up of the 𝑘 = 0, 𝑇 = 𝜔0 case found in Fig. 1.1(a). It can be observed that in

general the fourth-order CE indeed redistributes spectral weight correctly, with the exception of

a small region of negative spectral weight for 𝜔 > 0. The fact that the fourth-order CE does not

guarantee positivity of the spectra has been discussed in several previous works.51,63,64 Gunnarsson

et al. attribute this problem to the particular analytical form of the terms retained at fourth-order

in the CE. More problematic is the fact that for some parameter regimes the fourth-order CE is

not well defined due to unbounded growth in the time domain of some of the terms in the expan-

sion.51 We will see below that these terms take a similar form to those pointed out as contributing

to negative spectral weight by Gunnarsson et al. Thus, these two issues appear to be connected. In

Fig. 1.1(a) fourth-order CE results are not shown for 𝑘 = 0 and 𝑇 ≤ 0.6𝜔0 due to the divergence

in the time domain of the fourth cumulant. In the next three subsections we will investigate more

deeply several of the features exposed here for the finite-sized Holstein chain before turning to the

CE in the thermodynamic limit.

1.2.1 Finite Size Effects

In the discussion of results for the 6-site lattice presented above, we mentioned several aspects

of both the exact VD results as well as the results of the CE that warrant further discussion. In this

subsection we focus on one such feature, namely the role played by the small lattice size, and the

implications for the failure of the CE to capture these effects. In particular, we focus now on the
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Figure 1.4: Breakdown of the time dependence of (a) Φ4(0, 𝑡) and its dependence on (b) 𝐶2(0, 𝑡)
and (c) 𝐶4(0, 𝑡), highlighting the temperature driven transition from divergent to non-divergent
G(0, 𝑡). Here, 𝜔0 = 𝑡0 = 1, 𝑔 = 0.25, 𝑘 = 0 and 𝑇 = [0, 1.4]. Φ4(0, 𝑡) transitions from divergent
to non-divergent between 𝑇 = 0.7 and 𝑇 = 0.75, and because 𝐶2(0, 𝑡) does not predict a divergent
G(0, 𝑡) for any temperature, the transition from divergence or non-divergence is dictated by the
transition in 𝐶4(0, 𝑡).

small ripples that appear in the main quasi-particle region of the VD spectra for a 6-site system in

the regime 0.1𝜔0 ≥ 𝑇 ≥ 0.6𝜔0. We explicitly demonstrate that these features are due to the small

lattice size, and thus the failure of the CE to capture this type of finite size effect is not relevant

in the thermodynamic limit. Indeed, the expected change in the spectral function in transitioning

from small finite size systems to the 𝑁 → ∞ limit plotted in the manner of Fig. 1(e) will largely

appear confined to smoothing the intensity modulation of the most prominent spectral features.

To shed light on the type of finite size effects expected to arise in small lattice systems, and to
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reveal why these effects show up prominently only at low to intermediate values of the temperature,

we turn to exact diagonalization for finite sized systems in the one-phonon sector. This approach

is outlined in Appendix C. Due to the strong restriction on the phonon excitations allowed, we do

not aim for quantitative results and merely expose the qualitative nature of the spectral features

associated with the quasi-particle peak as the system is tuned from finite to infinite lattice size.

In Fig. 1.2 we show the behavior of the spectral function and the real-time behavior of the one-

particle Green’s function for 𝑘 = 0 for a weakly coupled electron-phonon system (𝑔 = 0.25) with

parameters𝜔0 = 𝑡 = 𝑇 = 1. The behavior of the Green’s function in the time domain reveals the ex-

istence of higher frequency beating behavior superposed on lower frequency oscillations. The high

frequency behavior is related to recurrences due to transitions associated with the discreteness of

the spectrum in the small 𝑁 limit. Such behavior will manifest most strongly at intermediate tem-

peratures, where thermally-populated low-lying states can participate in producing the observed

beating behavior but where the temperature is not so high that damping effects dominate the decay

of the Green’s function. We note that already by 𝑁 = 20 the erratic high frequency behavior van-

ishes, although finite size effects are still present. In the frequency domain, spectral functions of

finite size systems with 𝑁 ≤ 12 exhibit small secondary peaks similar to the behavior exhibited in

Fig. 1(a).

The finite size behavior and the inability of the CE to capture it is similar to that seen in purely

electronic systems. In particular, McClain et al. have studied the spectral function of the electron

gas with coupled-cluster and cumulant-based techniques in finite sized systems.65 Here the CE

also shows a relative inability to reproduce structure associated with the discrete nature of finite

sized systems. We emphasize that the structure of the spectral function seen in small systems in

the Holstein model discussed in this section are distinct from larger scale features for 𝑘 ≠ 0 such

as that seen in Fig. 1(c) which are also absent in low-order CE calculations. The more important

failure to reproduce these larger scale features is expected to persist in the 𝑁 → ∞ limit.
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𝑁 𝑔 𝑇/𝜔0 𝜔0𝑡ℜ[Φ4]>0

6 1.00 0.40 7.3
6 1.00 0.60 10.7
6 1.00 0.70 23.2
6 1.00 0.72 80.0
6 1.00 0.73 > 104

6 0.75 0.00 7.3
6 0.50 0.00 10.7
6 0.25 0.00 20.2
6 0.10 0.00 51.6
6 1.00 0.00 7.1

12 1.00 0.00 10.2
50 1.00 0.00 24.9

100 1.00 0.00 49.0
150 1.00 0.00 73.3

Table 1.1: 𝑡ℜ[Φ4]>0 for varying system sizes, coupling strengths and temperatures. Increasing
the system size or decreasing the coupling can push the onset of the divergence to longer times.
Raising the temperature past some transition temperature fully removes the divergence. Model
parameters: 𝑡0 = 𝜔0 = 1; 𝑘 = 0

1.2.2 Divergences in the fourth-order CE

Fig. 1(b) illustrates that, aside from the unphysical appearance of regions with a (small) neg-

ative spectral weight for 𝜔 ≳ 1.1𝜔0 (not shown), the fourth-order CE improves upon the second-

order CE for the spectral function at 𝑘 = 0 at higher temperatures. However, as mentioned above,

for the same 𝑘 value at low temperatures, the fourth-order CE is divergent at longer times, and

thus truncated higher-order CEs cannot always be used to systematically improve upon low-order

results. Here we focus on the factors which can shift the fourth-order CE between well-behaved

and divergent at long times to better understand where corrections to the second-order CE are

applicable. We will demonstrate that in the Holstein model, the divergence of the fourth-order

CE depends intimately on the wave vector, system size and temperature under consideration, and

is closely connected to the issue of negative spectral weight first pointed out for this model by

Gunnarsson et al.51

The CE is an exponential function of the quantity Φ(𝑘, 𝑡) defined in Sec. 1B for which physical

results require ℜ [Φ(𝑘, 𝑡)] ≤ 0 for all times. In addition, at finite temperatures the requirement
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lim
𝑡→∞

ℜ [Φ(𝑘, 𝑡)] → −∞ must hold, reflecting the finite lifetime of quasi-particles. It is easily

checked that the second-order CE always satisfies these requirements. In particular, −𝑔2𝑡2(2𝑁0 +

1) ≤ ℜ[Φ2(𝑘, 𝑡)] ≤ 0, and thus the second-order CE never diverges.

With these considerations in hand, we focus on the fourth-order CE, characterizing the diver-

gence of the fourth-order term Φ4(𝑘, 𝑡) by the quantity 𝑡ℜ[Φ4]>0, which marks the earliest time

where ℜ[Φ4] > 0. In Table 1.1 we compile 𝑡ℜ[Φ4]>0 for the Holstein model with the same pa-

rameters as found in Fig. 1 for the spectral function at 𝑘 = 0 as a function of temperature and the

number of lattice sites. Several aspects of the data are worthy of note. We focus first on the fact that

as 𝑇 approaches a temperature between 𝑇 = 0.72 and 𝑇 = 0.73, the divergence is abruptly pushed

from a finite time to infinite time for all practical purposes. This behavior is consistent with the

results plotted in Fig. 1.1(a), where only the cases 𝑇 = 1.0𝜔0 and 𝑇 = 1.4𝜔0 have non-divergent

fourth-order CE results.

The root of this abrupt behavioral change in the long-time limit of Φ4(𝑘, 𝑡) becomes manifest

upon examining the analytical forms of the individual cumulant terms. Details may be found in

Appendix A. Direct examination of Φ4(𝑘, 𝑡) at zero temperature reveals terms of the form 𝑡𝑒𝑖𝛼𝑡

where 𝛼 is some real number. Care must be taken with the evaluation of 𝐶4(𝑘, 𝑡), as it contains

many apparent singularities which are actually well-defined when appropriate limits are taken.

Depending on the particular limit and the values of 𝑡0 and 𝜔0, 𝐶4(𝑘, 𝑡) contains real-valued terms

which may diverge linearly, quadratically, or quartically in time. Some of the seemingly diver-

gent terms of order 𝑡2 in 𝑀4(𝑘, 𝑡) are exactly cancelled by the transformation from moments to

cumulants in Eq. 1.19.

Here, we present the leading-order contributions to the fourth cumulant for 𝑁 = 6, 𝑡0 = 𝜔0, 𝑇 =

0 and 𝑘 = 0,

Φ4(0, 𝑡) =
−𝑔4𝑡2

(
2𝑒−5𝑖𝑡𝜔0 + 25𝑒−2𝑖𝑡𝜔0

)
1800𝜔2

0
+ 𝑜(𝑡2). (1.27)

Since the exponential functions in Eq. 1.27 contain no real damping, Φ4(0, 𝑡) diverges quadrati-

cally in time. The envelope growth rapidly becomes the only significant term in the expansion.

This is illustrated in Fig. 1.3(a) where the case of 𝑔 = 𝜔0 = 1 is explicitly shown, and ℜ[Φ(0, 𝑡)]
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Figure 1.5: (a): Comparison of 𝐴2 (blue solid line), 𝐴4 (pink dashed line) and 𝐴∞/HEOM (thin
black line and gold fill) for 𝑇 = 1.0𝜔0. (b): Comparison of the real parts of G2 (𝑡) and G4 (𝑡) with
G∞ (𝑡) for 𝑇 = 1.0𝜔0. (c): Comparison of Φ2 (𝑡) and Φ4 (𝑡) with Φ∞ (𝑡) for 𝑇 = 0.0𝜔0. Model
parameters: 𝑁 = 6; 𝑘 = 0;𝜔0 = 𝑡0 = 1, 𝑔 = 0.25, 𝛾 = 0.04 (spectral function only). HEOM
calculations are performed using modified versions of PHI66 and pyrho.67

indeed grows along the upper and lower bounds of Eq. 1.27. Although the case presented here is

quadratically divergent, this is specific to 𝑡0 = 𝜔0. A more general version of Eq. 1.27 contains

only linear divergences (albeit many of them), while the proper evaluation of the limit 𝑡0 → 𝜔0

introduces quadratically growing terms. It is worth noting that terms of this general form were

also found by Gunnarsson et al. in their zero-temperature CE study of similar polaron models.51

These authors determined that such terms give rise problematic negative spectral weight, however

they did not report a divergent behavior in 𝐺 (𝑘, 𝑡). We will return to the issue of negative spectral
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weight below.

Inspection of Eq. 1.27 also makes clear why decreasing the value of the electron-phonon cou-

pling delays the onset of the divergence, as seen in Table 1. The divergent portion of the fourth-

order cumulant is scaled by 𝑔4, so it is quite expected that smaller 𝑔 decreases the time scale of

divergence. This is demonstrated in Table 1.1 with the example of a six site system where decreas-

ing the value of 𝑔 indeed increases the divergence time.

In a similar vein, we can examine the terms in Φ4(𝜋, 𝑡) and Φ4(2𝜋/3, 𝑡) to understand why, for

𝑁 = 6 and 𝜔0 = 𝑡0, the fourth-order CE is non-divergent at zero temperature. The case of 𝑘 = 2𝜋
3

is very similar in form to 𝑘 = 0 but critically contains an extra constant in the expression for the

leading term, namely

Φ4

(
2𝜋
3
, 𝑡

)
=
−𝑔4𝑡2

(
4𝑒𝑖𝑡𝜔0 + 𝑒−2𝑖𝑡𝜔 + 6

)
96𝜔2

0
+ 𝑜(𝑡2). (1.28)

Because of the −6𝑡2𝑔4/96𝜔2
0 term in Eq. 1.28, ℜ[Φ4(2𝜋/3, 𝑡)] tends towards negative infinity

quadratically, which corresponds to a strongly damped G(2𝜋/3, 𝑡). This is shown in Fig. 1.3(b)

for the case of 𝑔 = 𝜔0 = 𝑡0 = 1. As in the case of 𝑘 = 0, the avoidance of an unphysical divergence

is specific to the choice that 𝑡0 = 𝜔0, so it merely serves as a demonstration of one way in which the

terms in the fourth-order CE conspire to avoid divergences issues for a specific set of parameters

at a specific wave vector.

While these examples demonstrate how terms quadratic in time in the expansion of Φ4(𝑘, 𝑡)

can lead to a convergent or divergent approximation to G(𝑘, 𝑡), leading terms of even higher-order

in time are possible. An example of this occurs at 𝑘 = 𝜋, where in Fig. 1.1(c) we observe that the

fourth-order CE is always well behaved. Once again taking 𝑁 = 6, 𝜔0 = 𝑡0 and 𝑇 = 0, we can

show that the leading-order divergence for 𝑘 = 𝜋 is

Φ4(𝜋, 𝑡) =
−𝑔4𝑡4

108
+ 𝑜(𝑡4). (1.29)

Unlike the behaviour expressed by Eq. 1.27, the leading-order divergence of Φ4(𝜋, 𝑡) is not oscil-
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latory; rather, it is strictly negative and quartic, rendering irrelevant any oscillating and increasing

terms of slower growth. This qualitative difference in behavior between the 𝑘 = 0 and 𝑘 = 𝜋 cases

ensures a non-divergent Green’s function at the band edge even at low temperatures.

The divergent terms discussed above are related to the double pole structure described by Gun-

narsson et al.51 Analyzing the behavior of the fourth cumulant in the short-time limit, a function

of the form exp
(
𝛼𝑡𝑛𝑒−𝑧𝑡 + . . .

)
can be linearized to give 1 + 𝛼𝑡𝑛𝑒−𝑧𝑡 + . . . . Here, 𝛼 is a complex

coefficient, 𝑛 is a positive integer, and 𝑧 is purely imaginary. The Fourier transform of a function

of this form will be proportional to the 𝑛th derivative of a delta function centered at 𝑧, and this

feature will be present in the spectra even if the overall CE is convergent. While this argument

is approximate, as it relies on the short-time dynamics, it nonetheless makes clear the connection

between negative spectral weight and the potential for divergent behavior in the fourth- (and pre-

sumably higher)-order CE. Since the CE to all orders is exact, the cancellation of these problematic

terms at high-orders must occur, albeit clearly in a complicated manner which likely obviates the

possibility of removing such terms in lower-order versions of the the expansion in a reliable way.

In most applications we are interested in the 𝑁 → ∞ limit, and here, as shown in Sec. 1.2.4, we

note that for some wave-vectors divergences are suppressed with increased system size. As empir-

ically demonstrated in Table 1.1 for 𝑘 = 0, the onset time of the divergence grows linearly with the

system size. To understand this behavior, we again consider which terms are present in the sum-

mation of the expressions for the fourth-order cumulant. As the system size increases, the number

of terms in the momentum sums over 𝑞1 and 𝑞2 grows as 𝑁2, while the weight of each individual

term decreases in magnitude as 𝑁−2. Singularities in Φ4(𝑘, 𝑡) that produce quadratic growth in

time only occur when specific energetic conditions are met. A few examples of these conditions

are 𝜖𝑘+𝑞1 − 𝜖𝑘 + 𝜔0 = 0, 𝜖𝑘+𝑞1 − 𝜖𝑘+𝑞1+𝑞2 + 𝜔0 = 0, and 𝜖𝑘+𝑞1+𝑞2 − 𝜖𝑘 + 2𝜔0=0. Crucially, these

conditions exist only on one-dimensional lines in the space of 𝑞1 and 𝑞2. Thus, the ratio of the

non-singular evaluations to the total number of evaluations falls of at least as 1/𝑁 , as we observe

numerically. In particular, for 𝑘 = 0 the non-singular term occurs in 61.1% of evaluations of the

momentum sum for 𝑁 = 6, 99.7% of the evaluations for 𝑁 = 600, and 99.8% of the evaluations
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for 𝑁 = 1200. Thus, for very large system sizes we can drop all of the singular cases of 𝑞1 and

𝑞2 by recognizing that the ratio of singular cases to non-singular disappears as ∼ 1/𝑁 . The true

thermodynamic limit of 𝐶4(𝑘, 𝑡) corresponds to a principle value integral over momentum space

with real terms at most linearly divergent in 𝑡.

While the preceding argument justifies why the non-linear in time divergences present in small

systems disappear as 𝑁 → ∞ for 𝑘 = 0, it does not explain why linear time divergences do not

appear. We now heuristically argue that a distinct type of behaviour suppresses divergent growth

in time as 𝑁 → ∞ for some wave vectors.

With the remaining linear terms proportional to 𝑡𝑒𝑖𝛼𝑡 where 𝛼 ∈ ℜ, the momentum sum in the

fourth-order cumulant becomes one of many oscillating exponential functions, each with weight

𝑁−2. As the frequencies in the exponential become continuously distributed, interference of the

many out of phase components can delay the onset of divergence to arbitrarily long times. It must

be noted that this cancellation depends on specific properties of the unperturbed energy dispersion

which are not trivially satisfied at all 𝑘 . Nonetheless, we find numerically that as 𝑁 tends towards

an infinite number of sites for both 𝑘 = 0 and 𝑘 = 𝜋, the first constructive beat is pushed to

𝑡 = ∞, hence the results in section 1.2.4 are well-behaved at all temperatures for those values of 𝑘

unlike for the case 𝑁 = 6. We have not been able to uncover a deeper analytical argument for this

behaviour, and must appeal to numerical heuristics, which are presented in detail in Sec. 1.2.4.

Since the infinite-order CE provides an exact representation of the dynamics, it must be true

that even higher-order cumulant terms eventually conspire to remove the divergent terms at lower-

orders. However, because 𝐶𝑛 (𝑘, 𝑡) ∝ 𝑔𝑛, we know that the higher-order terms can not directly can-

cel the lower-order divergences, and instead must form the series representation of a well-behaved

exact Φ(𝑘, 𝑡). There are a number of approaches one could attempt to remove these divergences,

but all presume some knowledge of the higher-order terms in the CE. For an approximate means

of resumming higher-order cumulants, we refer the reader to the self-consistent cumulant approx-

imation in the companion paper.68
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1.2.3 Convergence to Exact Result: Short-Time Analysis

The results in the previous subsection illustrate that the use of the fourth-order CE can improve

agreement with exact benchmarks (Fig. 1(b)) but can also lead to unphysical results associated

with instabilities and negative spectral weight. While carrying out the CE to infinite-orders yields

exact results, it is clear that the manner in which convergence occurs is complicated. Here, we

focus on the time domain, explicitly illustrating how higher-order expansions always systemati-

cally improve the accuracy of the short-time behavior. To carry out this comparison, we employ

the numerically exact “Hierarchical Equations-of-Motion" (HEOM) method.32–39 This approach

provides rapid convergence to the exact result for models such as the spin-boson model. For

the one-dimensional Holstein model, exact convergence for finite times is attainable for weak-to-

moderate coupling strengths in moderately-sized chains.39 Since this method may be unfamiliar to

some readers, a brief description is provided in Appendix B.

We first work at weak coupling (𝜔0 = 𝑡0 = 1, 𝑔 = 0.25) and high temperatures (𝑇 = 1.0)

where we can easily converge the exact HEOM results for times sufficient to provide the full

spectral function with minimal artificial damping. In Fig. 1.5(a) we show results for 𝑁 = 6 and

𝑘 = 0 which are consistent with the behavior found in Fig. 1. In particular, the fourth-order

CE improves subtly on the second-order result, bringing the theory into quantitative agreement

with exact spectral function, with the exception of very small secondary peak structure visible at

𝜔 ∼ −2 and 𝜔 ∼ 0. As expected from the discussion in Sec.IIA, this behavior is due to finite size

recurrences which are expected to vanish as 𝑁 → ∞. Fig. 1.5(b) illustrates the behavior underlying

the spectral function in the frequency domain. In particular, a large visible recurrence starting at

𝜔0𝑡 ∼ 20, which is missed by the second- and fourth-order CEs, can be observed.

On the scale of Fig. 1.5(b), it is nearly impossible to parse what the fourth-order CE provides

over the second-order CE to improve the distribution of spectral weight as seen in Fig. 1.5(a). How-

ever, by focusing on the function Φ(𝑘, 𝑡) directly, one clearly observes the systematic improvement

provided by the fourth-order CE over the second-order CE. In Table 1.2, we consider two tempera-

tures and two coupling strengths, along with the time, 𝑡M , after which |GM (𝑡)−G∞ (𝑡) | > 5×10−4,
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𝑔 𝑇/𝜔0 𝑡2𝜔0 𝑡4𝜔0
0.25 0.0 2.90 8.70
0.25 1.0 1.35 5.55
1.0 0.0 0.50 0.85
1.0 1.0 0.35 0.65

Table 1.2: 𝑡M at two EPI strengths and temperatures. In all cases, raising either the temperature
or the coupling decreases 𝑡M and 𝑡2 < 𝑡4, indicating that the fourth-order CE improves upon the
second-order CE at short times. Model parameters: 𝑁 = 6;𝜔0 = 𝑡0 = 1. HEOM calculations were
performed using modified versions of PHI66 and pyrho.67

where M is the order of the CE, and G∞ is given by the exact HEOM result. This improvement

in short-time behavior is manifest in Fig. 1.5(c), which illustrates the improved description of

Φ(0, 𝜔) for parameters such that the long-time limit of the fourth-order CE is divergent. In par-

ticular, in all cases, 𝑡4 > 𝑡2 indicating that the fourth-order CE improves upon second-order CE.

Clearly, the long-time pathological behavior of the fourth-order CE does not corrupt the increase

in accuracy of the short-time behavior of the cumulant generating function.

The above discussion suggests that convergence of the CE occurs in the time domain such

that the short-time behavior can be systematically converged for longer and longer times, while

concomitantly longer-time anomalies in Φ(𝑘, 𝑡) must resum into functions which behave in a non-

singular manner. It is difficult to guess the form taken by such functions from just the first two terms

in the expansion. In this sense the fourth-order CE does not appear to be generically useful. In the

companion paper, we will present a self-consistent cumulant scheme that, while still suffering from

some of the ill-effects introduced by the fourth-order CE, does provide access to non-perturbative

behavior that appears to be completely out of reach of low-order CEs.68

1.2.4 Thermodynamic Limit

Inspired by the possible suppression of physical fine structure and the elimination of poorly be-

haved spurious oscillations in the infinite-system limit, we now continue in the spirit of Dunn’s con-

tinuum calculation on the Fröhlich model49 to treat the finite-temperature infinite Holstein model

in the thermodynamic limit using the CE.

We start by investigating the finite-𝑘 behaviour of 𝐴2(𝑘, 𝜔) and 𝐴4(𝑘, 𝜔) in Fig. 1.6 where
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Figure 1.6: Heat maps of 𝐴2(𝑘, 𝜔) for 𝑁 = 600 (left), and 𝐴∞/VD(𝑘, 𝜔) for 𝑁 = 6 (right, from Ref.
28) for several temperatures. Note that for the CE there is a sharp transition at around 𝜋/3 from
a clear quasiparticle peak to a incoherent spectrum. Additionally, note that compared to the VD
results that the band curvature is qualitatively incorrect for the vibronic peaks at small 𝑘 . Model
parameters: 𝜔0 = 𝑡0 = 1, 𝑔2 = 2, and 𝛾 = 0.05.

𝐴𝑛 (𝑘, 𝜔) denotes the 𝑛th-order CE approximation. Here, 𝑁 = 600 for the CE calculations while

𝑁 = 6 for the VD results. We expect that on the scale of these plots, finite size effects in the VD

results are small as discussed in Ref. 28. Note, however, the large changes that appear within

𝐴2(𝑘, 𝜔) as 𝑁 is increased. While 𝐴2(0, 𝜔) is accurate compared to the exact result, even near

𝑘 = 0 the curvature of the bands that represent satellite peaks are described in a qualitatively

incorrect manner. Further, while the finite size effects described in section 1.2.1 do vanish after an

abrupt change of behaviour which occurs at 𝜖𝑘 = 𝜔0, they are replaced with a single incoherent

band centered on 𝜖𝑘 . Thus, the prominent satellite structure for 𝑘 > 𝜔0 in the exact results is

completely absent in 𝐴2(𝑘, 𝜔).

The fourth-order CE (not plotted in Fig. 1.6) produces an 𝐴(𝑘, 𝜔) broadly similar to that of the
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Figure 1.7: Spectral functions from the second-order CE (solid blue line) and the fourth-order CE
(dashed pink line) for 𝑁 = 600 Holstein model for a range of temperatures. (a) Results for the
band bottom (𝑘 = 0) for 𝑇 = [0.1, 1.4] . At low temperatures fourth-order CE slightly lowers the
quasiparticle energy while also inserting regions of negative spectral weight at high frequencies.
(b) 𝑘 = 0, 𝑇 = 0.1 spectral functions enlarged to emphasize the negative spectral weight predicted
by the fourth-order cumulant. (c) 𝑘 = 0, 𝑇 = 1.4 spectral functions enlarged to emphasize the shift
in peak location between the second- and fourth-order CE. (d) Results for the band edge (𝑘 = 𝜋)
for 𝑇 = [0.1, 1.4]. The fourth-order CE prediction lowers the energy of the main peak predicted by
second-order CE, and additionally adds a broad weak intensity peak at −𝜔0. Both orders of the CE
broaden similarly with increasing temperature. (e) 𝑘 = 𝜋, 𝑇 = 0.1 spectral functions enlarged to
emphasize the added peak and the region of negative spectral weight predicted by the fourth-order
CE compared to the second-order CE. Model parameters: 𝜔0 = 𝑡0 = 𝑔 = 1; 𝛾 = 0.05 (𝑘 = 0 only).

second-order CE for all 𝑘 which produce non-divergent fourth-order results in our approximation

of the thermodynamic limit (N=600). However, 𝐴4(𝑘, 𝜔) does produce some notable differences

from 𝐴2(𝑘, 𝜔). The fourth-order CE correctly predicts positive curvature of the satellite peaks at

low temperatures near 𝑘 = 0, marking an improvement over the second-order cumulant result.

Along with this improvement, one obvious feature that emerges is small regions of negative spec-

tral weight. The appearance of negative spectral weight, discussed previously by Gunnarsson et
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al.51 and in the previous subsection, has also been noted in other studies.63,64 Though only present

in high energy regions of the spectrum near 𝑘 = 0, the negative spectral weight in 𝐴4(𝑘, 𝜔) ap-

pears at much lower energies, approximately at the location of VD quasiparticle energy, for 𝑘 = 𝜋.

Finally, there are large regions of 𝑘 space for which divergent behaviour occurs. It is possible that

these regions become well-behaved for even larger system sizes, however, we have no evidence

that the fourth-order CE is globally well behaved for 𝑁 = ∞.

In Fig. 1.7 we closely examine the temperature dependence of 𝐴2(𝑘, 𝜔) and 𝐴4(𝑘, 𝜔) at 𝑘 = 0

and 𝑘 = 𝜋. At low temperatures, the 𝑘 = 0 CE appears nearly converged, with 𝐴2 (0, 𝜔) and

𝐴4 (0, 𝜔) showing nearly identical behaviour around the quasiparticle peak. On the other hand, at

𝑘 = 𝜋 the low temperature fourth-order CE does not appear converged with respect to the second-

order CE, and 𝐴2(𝜋, 𝜔) deviates notably from 𝐴4(𝜋, 𝜔) for 𝜔 > 0. This distinction in performance

at 𝑘 = 0 and 𝑘 ≠ 0 is consistent with the overall comparison of 𝐴𝑛 (𝑘, 𝜔) with results from VD.

In the companion paper, we will discuss how 𝐴(𝑘, 𝜔) for 𝑘 ≠ 0 can be more accurately calculated

from a self-consistent cumulant approach.68

For the 𝑘 = 0 case, the apparent convergence of the CE for some temperatures warrants more

consideration, and thus we devote the remainder of this subsection to a more detailed discussion

of this case. The second- and fourth-order CE results match best for high and low 𝑇 . The low 𝑇

convergence of the main spectral features is supported by the analysis in Sec. 1.1.3, which shows

how the CE in the time-domain G (0, 𝑡) breaks down only at high 𝑇 , where the phonon occupation

numbers 𝑁0 contribute to a growth in the magnitude of higher-order cumulants. Meanwhile, for

very high temperatures, Dunn’s argument that the long time behavior of G2 (0, 𝑡) and G4 (0, 𝑡) may

markedly differ with differences hidden by rapid damping such that the resulting extremely broad

spectral functions may appear converged, is borne out.49 This extreme damping is seen for 𝑇 = 1.4

highlighted in Fig. 1.7(c), where although the centroids of the main second- and fourth-order CE

peaks are displaced, the broadening makes the high 𝑇 results appear converged. Such misleading

convergence behavior was also seen for the 6-site system in Sec. 1.2.3. At intermediate tempera-

tures such as 𝑇 = 0.6, apparently neither the low temperature real-time convergence illustrated in
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Sec. 1.1.3, nor the high temperature damping behaviour discussed above is operative, such that the

CE results shown in Fig. 1.7 display a lack of convergence for intermediate temperatures, where

the second-order CE polaron peak is considerably shifted from the fourth-order CE polaron peak.

The shift of the polaron peak to lower energies exhibited by 𝐴2(0, 𝜔) seems to be an artificial

feature that is corrected in 𝐴4 (0, 𝜔) where the center of the polaron peak appears fixed in location

with respect to temperature. The origin of the distinction between 𝐴2(0, 𝜔) and 𝐴4(0, 𝜔) is sub-

tle. An important approximation that distinguishes the second-order and fourth-order CEs is the

second-order assumption49

𝜀 (𝑘 + 𝑞1 + 𝑞2) ≈ 𝜀 (𝑘 + 𝑞1) + 𝜀 (𝑘 + 𝑞2) − 𝜀 (𝑘) . (1.30)

This approximation implies that the second-order CE overestimates the energy of multiphonon

processes, for example the consecutive emission of two phonons with 𝑞1 = 𝑞2 = 𝜋. This is likely

the origin of the unphysical shift in 𝐴2(0, 𝜔).

1.3 Conclusion

In this paper we have presented a comprehensive study of the behavior and properties of the

CE method for one paradigmatic model of an electron interacting with phonons, namely the one-

dimensional Holstein model. The motivation for this choice is the fact that it is in this case where

the most extensive numerically exact results are available for comparison. Some of the conclusions

we draw may be generic and connect to other polaron models, but future work is necessary before

such a conclusion can be drawn.

Although of great interest for applications to realistic systems, the CE in higher dimensional

systems is not directly explored in this work. The formalism for the CE presented here is dimen-

sionality agnostic, so we expect that many of our conclusions should hold in higher dimensions.

Within the confines of the second-order CE, we find that the spectral function is rather well

described for up to intermediate coupling strengths at both low and high (𝑇 > 𝜔0) temperatures
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for 𝑘 = 0 but is quantitatively accurate for other wave vectors in the high temperature regime only.

Finite lattice effects are present in the numerically exact simulations which are not captured by

low-order CE methods. These features are small, and are not expected to be present in the infinite

lattice limit. The correct placement of satellite peaks for 𝑘 = 0 is revealed in the structure of the

second-order CE in part to be the result of a spurious intensity crossing structure. In the infinite

size limit this structure is converted into a satellite region which exists only for wave vectors such

that (𝜖𝑘 + 2𝑡0 − 𝜔0) < 0 with negative band curvature for the higher order satellites. The effect of

other models and parameters on the size of this region is a topic of future study. Both the sharp

change of behavior at 𝜖𝑘 + 2𝑡0 = 𝜔0 and the sign of the curvature contrast with the exact finite

lattice results which are expected to semi-quantitatively describe the infinite lattice behavior.

We have also explored the properties of the fourth-order CE. At fourth order, we find that the

short-time real-time evolution of the Green’s function is always systematically improved, while

the long-time behavior may become pathological depending on the parameters of the model and

the wave vector in question. When the fourth-order CE is well-behaved, improved spectral fea-

tures are noted even at relatively low frequencies. We have explored the origins of the ill-behaved

fourth-order CE. The general structure of the problematic terms take the algebraic form noted by

Gunnarsson et al. to also give rise to negative spectral weight.51 In addition, classifying the diver-

gent contributions for fixed lattice size N, we illustrate the subtle balance of terms that conspire

to render the fourth-order CE either useful in correcting the second-order CE or pathological. We

note that in general the fourth-order CE does not generally appear capable of producing stable and

sizable corrections to the second-order CE, even for intermediate electron-phonon coupling val-

ues. In the companion paper, we formulate and study a self-consistent version of the CE which is

capable of accurately capturing features beyond that of the low order CE.68

Lastly, we comment on the recent use of the CE for the study of transport behavior in real

materials. Specifically, Bernardi et al. have used the second-order CE, in conjunction with the

“bubble” approximation to the current-current correlation function, to compute mobilities in both

SrTi𝑂3 and in organic crystals. This approach has the advantage of capturing incoherent relaxation
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channels which are not described in the simplest semi-classical theories based on the Boltzmann

equation. While we cannot comment on the accuracy of the CE for systems like SrTiO3 for which

the Fröhlich model is most appropriate, nor can we comment on models with sizable Peierls cou-

pling such as organic crystals, our results do suggest that the second-order CE should reasonably

accurately model the full wave vector dependent one-particle spectral function for the situation

𝑇 ≳ 𝜔0, while likely becoming significantly less accurate for all but 𝑘 ∼ 0 at lower temperatures.

This of course does not imply that the independent bubble approximation is itself accurate. Further

work will be devoted to testing this approach in model systems where a controlled assessment of

the various approximations is possible.
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Chapter 2: Cumulant methods for electron-phonon problems. II. The

self-consistent cumulant expansion

Reprinted with permission from P. J. Robinson, I. S. Dunn, and D. R. Reichman, Phys. Rev. B,

vol. 105, p. 224 305, 2022. Copyright 2022 by the American Physical Society.

The standard tools of quantum field theory enable the rigorous calculation of Green’s functions

as an order-by-order expansion in terms of the interaction between excitations. The use of Dyson’s

equation and its associated self-energy, along with the Feynman diagram technique, provides a

systematic means of partially resumming this infinite order expansion to all orders.4,56,69 If the

self-energy is expressed in terms of the interacting Green’s function, then a self-consistent theory

results in which additional diagrams are included. Perhaps the simplest example of such a self-

consistent resummation is the Hartree-Fock theory for interacting electrons, where the self-energy

is calculated to lowest non-trivial order with the fully dressed electron Green’s function. More

elaborate resummations also exist which are capable of including effects such as screening beyond

the Hartree-Fock level.

One prominent approximation which includes such screening effects is the GW approach,

which is analogous to Hartree-Fock theory with an RPA-screened interaction.70–74 The suite of

GW approximations also illustrates the distinctions between bare and self-consistent expansions.

If the self-energy is expressed entirely in terms of the bare Green’s function, then the so-called

𝐺0𝑊0 theory results. This approach has been widely used in the computational condensed matter

literature due to its accuracy and affordability. Unfortunately, for the treatment of realistic systems,

the myriad distinct choices for input forms of 𝐺0 renders the accuracy of this approach sensitive

to this input. In principle this may be solved via a self-consistent solution to the equations.75–77

However, in addition to the expense of self-consistency, there is no guarantee that the effort is
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rewarded with increased accuracy.

For the important benchmark of the electron gas, both the 𝐺0𝑊0 approximation and fully self-

consistent version fail to reproduce important features of the spectral function such as satellite

peaks in the spectral function near 𝑘 = 0. To remedy this shortcoming, a cumulant expansion

version of the 𝐺𝑊 approach has been formulated.78,79 By construction, the cumulant version of

𝐺𝑊 is a non-self-consistent approach, formulated by exponentiating the low order 𝐺𝑊 expansion.

While the cumulant expansion greatly increases the accuracy of the theory with regard to spectral

information, it suffers from the same input sensitivity as the standard𝐺0𝑊0 approach. A systematic

expansion technique, akin to the standard Dyson expansion with self-consistent resummations,

appears lacking in the cumulant Green’s function literature. 1

In this work we attempt to fill this gap by developing the self-consistent cumulant Green’s

function theory and test its ability to describe spectral properties in models of an electron coupled

to a lattice.44 Such models are of more than circumscribed interest, as they also serve as analogs for

purely electronic systems such as the electron gas. The approach we take was actually formulated

nearly five decades ago, but never implemented or studied in any context.49 When compared to the

bare cumulant expansion carried out in the previous paper on the same class of models, we find

that the simplest self-consistent cumulant theory has the ability to greatly increase the accuracy

of spectral features in a non-perturbative manner away from 𝑘 = 0, but comes with some deficits,

which include ease of solution and the generation of small regions of negative spectral weight.1,51

Promisingly, we find that addition of realistic model features such as finite phonon dispersion

enhance the stability of the self-consistent equations. Thus we believe the self-consistent cumulant

method may be a viable approach to accurately study realistic many-body models in condensed

matter physics in a manner independent of input information.

This paper is organized as follows: In Sec. 2.1 we introduce the models which are the focus

of this study. In Sec. 2.2 we present a generalized derivation of the self-consistent cumulant ex-

pansion (SC-CE) for the electron-phonon problem. Some details of the approach are confined to

1While this work was being written, Ref. 80 appeared, which presents a promising self-consistent approach to
electron-phonon problems. The relationship, if any, to the work presented here remains to be explored.
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the appendices. In Sec 2.3 we comment on the connection between the SC-CE and the Modified

Direct Interaction Approximation (MDIA), a classical closure for fluid turbulence. In Sec. 2.4.1

we study the SC-CE in finite lattice situations, while in Secs. 2.4.2 and 2.4.3 we investigate the

Holstein model without and with phonon dispersion in the thermodynamic limit. In the last section

we conclude with future perspectives.

2.1 Models

We focus here on the Holstein model,9,10 and a modified version of the Holstein model which

includes dispersed phonons.81 For both of these models exact VD data exist for comparison.28,81

Work applying the non-self-consistent CE to other systems is common in the literature, both in

model systems44,49,50,82 and, more recently, in ab initio descriptions of realistic materials.47 Self-

consistent approaches based on the standard self-energy approach in conjunction with the Dyson

equation in model17,83 and more elaborate ab initio systems have been explored.42,84,85 Relative to

this large body of work, self-consistent cumulant approaches have received little to no attention.

One notable example is the application of a self-consistent cumulant approach to the electron

gas.86 This approach differs from the one we investigate here, and the connections between and

differences of these approaches will be explored in a future publication. Our study of two well-

known models is presented as a proxy for assessment of the application of such approaches to

realistic materials including those with complicated band structure, ab initio-determined electron-

phonon coupling constants, and multiple phonon modes.

We exclusively consider the case of a single electron in an otherwise empty band coupled

linearly to a bath of phonons

𝐻 = 𝐻𝑒 + 𝐻𝑝 +𝑉. (2.1)
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The electronic Hamiltonian is given by the tight-binding form

𝐻𝑒 =
∑︁
𝑘

𝜖𝑘𝑎
†
𝑘
𝑎𝑘 , (2.2)

𝜖𝑘 = −2𝑡0 cos 𝑘, (2.3)

and the bath of longitudinal phonons is given by

𝐻𝑝 =
∑︁
𝑛

𝜔0𝑏
†
𝑛𝑏𝑛 + 𝑡1

(
𝑏†𝑛𝑏𝑛+1 + h.c.

)
=

∑︁
𝑞

𝜔𝑞𝑏
†
𝑘
𝑏𝑘 , (2.4)

𝜔𝑞 = 𝜔0 + 2𝑡1 cos 𝑞. (2.5)

When 𝑡1 = 0 the model is precisely the standard dispersionless Holstein model. Here, 𝑎𝑘 (𝑏𝑘 ) is

an annihilation operator for electrons (phonons), 𝜖𝑘 is the bare electronic energy, and 𝜔𝑞 is the

phonon dispersion. The electron-phonon interaction is given by

𝑉 =
𝑔
√
𝑁

∑︁
𝑘𝑞

𝑎
†
𝑘+𝑞𝑎𝑘

(
𝑏𝑞 + 𝑏†−𝑞

)
. (2.6)

Throughout this work we characterize our systems with the dimensionless effective electron-

phonon coupling strength 𝜆 = 𝑔2/2𝑡0
√︃
𝜔2

0 − 4𝑡21.81,87

2.2 Self-Consistent Cumulant Expansion

The primary quantity of interest in this work is the one-electron (causal) Green’s function.2 In

the case of a single electron on the lattice, the thermal trace over all states is replaced with a trace

2For single particle models such as ours, this is equivalent to the retarded Green’s function.
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over zero-electron states

G (𝑘, 𝑡) = −𝑖Θ (𝑡)
Tr

[
𝑒−𝛽𝐻𝑝𝑎𝑘 (𝑡)𝑎†𝑘 (0)

]
Tr

[
𝑒−𝛽𝐻𝑝

] ,

≡ −𝑖Θ (𝑡) ⟨𝑎𝑘 (𝑡)𝑎†𝑘 (0)⟩. (2.7)

We additionally define the spectral function as

𝐴(𝑘, 𝜔) = −𝜋−1ℑ
[∫ ∞

−∞
𝑑𝑡 𝑒𝑖𝜔𝑡G𝑘 (𝑡)𝑒−𝛾𝑡

]
, (2.8)

including an exponential broadening factor 𝛾.

In the preceding paper, we followed the standard route of calculating cumulants order-by-order

from moments,4 and we refer the reader to that work for a detailed derivation and discussion of

the CE.1 This approach, however, does not lend itself to deriving self-consistent methods. Here,

we construct the SC-CE through an alternative derivation first formulated by Dunn,49 and fully

presented in Appendix D.

Starting with the time-ordered exponential form of Eq. 2.7,

G𝑘 (𝑡) = G (0)
𝑘

(𝑡)⟨𝑎𝑘𝑇𝑒−𝑖
∫ 𝑡

0 𝑑𝜏𝑉 (𝜏)𝑎†
𝑘
⟩, (2.9)

G (0)
𝑘

(𝑡) ≡ −𝑖Θ(𝑡)𝑒−𝑖𝜖𝑘 𝑡 , (2.10)

we directly evaluate the thermal trace, expressed in terms of a differential operator 𝑆, such that

G𝑘 (𝑡) = G (0)
𝑘

(𝑡)𝑇𝑒𝑆 = −𝑖Θ(𝑡)𝑒𝐶𝑘 (𝑡) . (2.11)

Here, 𝑇 the time-ordering operator places operators in order of increasing time from right to left,

and 𝐶𝑘 (𝑡) is the sum of the cumulants of all orders. This contrasts with the standard approach,

where the thermal trace is evaluated for each order individually rather than for all orders at once.

Finding 𝑆 is not practical since determining a closed form for 𝑆 is tantamount to solving the full
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Figure 2.1: Comparison of the SC-CE (dot-dashed red line), CE (solid blue line) and ED (solid
black line with gold shading) for the Holstein model with 𝑁 = 6, 𝜆 = 1/32 and 𝑇 = 0.1𝜔0 (a)
Spectral function for 𝑘 = 0. Note the negative spectral weight predicted by the SC-CE. (b) G(0, 𝑡)
for the three methods at 𝑘 = 0. (c) The spectral function at 𝑘 = 𝜋, note that the SC-CE improves
upon CE by correctly predicting a large peak splitting. (d) Demonstration of the fact that the
peak splitting predicted by the SC-CE is a product of recurrences in G(𝜋, 𝑡) which the CE fails to
capture. The spectra in (a) and (c) are calculated with a broadening of 𝛾 = 0.05.

problem.

The advantage of introducing 𝑆 is that it can be transformed to other bases before the expansion

and resummation. The details of this transformation are included in Appendix D, the result of

which is that occurrences of 𝜖𝑘 𝑡 in the integrand of the cumulant can be replaced with a nearly

arbitrary function of time and momentum. The most intriguing use of this transformation is the

creation of self-consistent versions of the cumulant expansion.

Dunn explored 𝑆 in the context of the Fröhlich model with what he called the “improved cumu-

lant” approach, where one sets 𝜖𝑘 𝑡 → 𝐸𝑘 𝑡, where 𝐸𝑘 is a renormalized energy.49 He also suggested,

but did not explore, a fully self-consistent version of the cumulant-expansion, where 𝑖𝜖𝑘 𝑡 → 𝐶𝑘 (𝑡).

This formulation is the focus of the work presented here.

To leading order, the resulting self-consistent equation for the cumulant is (see Appendices D
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and E)

𝐶𝑘 (𝑡) = −𝑖𝜖𝑘 𝑡−𝑖
𝑔2

𝑁

∑︁
𝑞

∫ 𝑡

0
𝑑𝜏

∫ 𝜏

0
𝑑𝜏′𝐷 (0)

𝑞 (𝜏 − 𝜏′)

×𝑒−𝐶𝑘 (𝜏)+𝐶𝑘−𝑞 (𝜏)−𝐶𝑘−𝑞 (𝜏′)+𝐶𝑘 (𝜏′) .

(2.12)

Here, 𝐷 (0)
𝑞 (𝑡) is the free phonon propagator, 𝐷 (0)

𝑞 (𝑡) = −𝑖
[
(1 + 𝑁𝑞)𝑒−𝑖𝜔𝑞 |𝑡 | + 𝑁𝑞𝑒𝑖𝜔𝑞 |𝑡 |

]
, and 𝑁𝑞

is the Bose occupation factor, 𝑁𝑞 = (exp(𝛽𝜔𝑞) − 1)−1. Eq. 2.12 is a difficult integral equation

to solve, coupling the solution for a fixed wave vector at time 𝑡 to all other Green’s functions for

other momenta and all previous times. It is, however, readily transformed into a self-consistent

expression for the interacting Green’s functions, which is more convenient for calculations

𝑑G®𝑘 (𝑡)
𝑑𝑡

= −𝑖𝜖𝑘G®𝑘 (𝑡)

− 𝑖 𝑔
2

𝑁

∑︁
®𝑞

∫ 𝑡

0
𝑑𝜏𝐷

(0)
®𝑞 (𝑡 − 𝜏)

G®𝑘 (𝜏)G®𝑘−®𝑞 (𝑡)
G®𝑘−®𝑞 (𝜏)

.

(2.13)

The properties of the solutions to Eqs. 2.12-2.13 are not readily apparent; however, it can be

shown by expressing Eq. 2.12 recursively (Appendix E) that the weak-coupling limit of this SC-

CE returns to that of the standard CE. The recursive SC-CE solution demonstrates that the SC-CE

approximates higher-order cumulants by screened second-order cumulants.

The recursive expression Eq. 2.13 suggests that SC-CE might suffer from some of the same

problems as the fourth-order CE which introduces, e.g., negative spectral weight. However, it is

not clear whether terms which appear to be problematic in the recursive formulation are suppressed

when Eq. 2.13 is solved directly. Before taking up the question of the performance of the SC-CE,

we first take a detour, exploring Eq. 2.13 from a different perspective.

2.3 Connection to a Theory of Turbulence

In this section we briefly discuss how the formalism developed above and in the appendices is

connected to a seemingly unrelated technique in the classical theory of turbulence which has been

employed to study the closure problem in passive scalar advection models. As is well-known,
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one of the earliest successful self-consistent closures in field theory is Kraichnan’s Direct Inter-

action Approximation (DIA), which when applied to the Navier-Stokes equation or to stochastic

models of turbulent flow, makes detailed predictions for a variety of observable quantities.88,89 In

the context of the Holstein model studied here, the DIA is tantamount to a simple one-loop ap-

proximation to the self-energy without vertex renormalization, namely the self-consistent Migdal

approximation.90

Models of turbulence can also be studied in a systematic way within the Mori-Zwanzig for-

malism.91 Vanden-Eijnden and collaborators have demonstrated that for passive scalar models

of turbulence, the DIA arises from a simple self-consistent manipulation of the standard time-

retarded memory function.92,93 However it is well-known that an exact time-local framework also

exists for the description of equilibrium and non-equilibrium dynamical phenomena in statistical

mechanics.94 Time-retarded and time-local methods essentially correspond to the resummation of

perturbation theory in distinct classes of cumulants, and both approaches are formally exact if all

cumulants are included.95 Appealing to the time-local framework, Vanden-Eijnden and collabora-

tors developed an analog of the DIA that is local in time, which they called the Modified Direct

Interaction Approximation (MDIA), and demonstrated that the MDIA was the most accurate sim-

ple closure for the passive scalar models of turbulence they studied.93 It is important to note that in

the theory of open quantum systems, the time-local approach has been employed for many years

to study the relaxation of a quantal system connected to a bath.96 However these calculations are

never formulated and employed in a self-consistent manner.

One can heuristically follow the reasoning of Kramer et al. to see the connection between the

MDIA and Eq. 2.13. Consider the Dyson equation in the time domain for 𝑡 > 0,

𝑖
𝑑G®𝑘 (𝑡)
𝑑𝑡

− 𝜖𝑘G®𝑘 (𝑡) −
∫ 𝑡

0
𝑑𝜏Σ( ®𝑘, 𝑡 − 𝜏)G®𝑘 (𝜏) = 0, (2.14)

where for the Holstein model in one dimension Σ( ®𝑘, 𝑡) = 𝑖 𝑔
2

𝑁

∑
®𝑞 𝐷

0
®𝑞 (𝑡)G

(0)
®𝑘−®𝑞

(𝑡) to lowest order in

perturbation theory. Next, one may use the relationship G (0)
®𝑘−®𝑞

(𝑡 − 𝜏) = −𝑖[G (0)
®𝑘−®𝑞

(𝜏)]−1 · G (0)
®𝑘−®𝑞

(𝑡) in
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the self-energy term. Finally, partial resummation may be affected by replacing all bare Green’s

functions with dressed ones, which converts the Dyson equation precisely into Eq. 2.13. Note that

while this provides the lowest order in a series of self-consistent cumulant equations, systematic

higher-order terms may be constructed order by order. Dunn has discussed higher-order terms

from the standpoint of the self-consistent expansion detailed in the appendices. At higher orders,

the procedure outlined by Dunn and the renormalization technique discussed here will differ. Such

higher-order terms are cumbersome and will not be considered further in this work.

The connection to the classical MDIA provides an interesting perspective on the expected be-

havior of the self-consistent cumulant expansion. For example, it was noted in Paper I that inclu-

sion of the 4th order cumulant may improve the accuracy of the approximate Green’s function,

but comes at the expense of potentially unphysical behavior, such as the generation of regions of

negative spectral weight for some wave vectors.1 One may ask if this deficit is cured within the

lowest order self-consistent version of the theory. Within the classical theory of turbulence it is

well-known that the DIA approximation is “weakly realizable" in the sense that it is exact for cer-

tain well-defined models which preserve some physical symmetries and properties. The MDIA is

not even weakly realizable, and thus despite its superior accuracy, the price to be paid may be some

degree of unphysical behavior, such as negative spectral weight.97 As we shall see in the following

sections, the same is true of the SC-CE for quantum models.

2.4 Results

For our investigations of both the dispersive and non-dispersive Holstein models, we compare

the SC-CE to exact spectral functions calculated using VD and Exact Diagonalizaton (ED), as

well as with the standard CE. For the dispersionless Holstein model at intermediate coupling,

we compare against the finite-temperature VD data of Bonča, Trugman, and Berciu.28 As in the

companion paper, we can compare with these limited sized systems because on the scale of the

heat maps the spectral functions appear to change only slightly as the system size increases.1

For the zero-temperature dispersive Holstein model we compare with the VD data of Bonča and
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𝜆 𝑇/𝜔0 max( |G(0, 𝑡) |) max( |G(𝜋, 𝑡) |)
1/32 0.10 1.49 1.00
1/8 0.10 1.69 1.00
1/2 0.10 1.41 × 101 5.61 × 101

1 0.10 2.11 × 104 1.52 × 105

1/32 1.00 2.01 1.00
1/8 1.00 3.06 1.33
1/2 1.00 4.23 × 104 2.33 × 104

1 1.00 3.88 × 106 8.21 × 106

Table 2.1: Demonstration of the growth of SC-CE divergences for the six-site Holstein model. For
weak couplings (𝜆 = 1/32 and 1/8) and 𝑇 = 0.1𝜔0 the divergences are suppressed (thought the
Green’s function does still display non-physical magnitude > 1). For 𝑇 = 1𝜔0, only 𝜆 = 1/32
has a small enough magnitude at 𝑡 = 100 to be useful for spectral analysis. For both temperatures
𝜆 = 1/2 and 1 rapidly diverge. For all calculations, the integration time-step is 0.001𝜔−1

0 .

Trugman81 which are computed in the thermodynamic limit. We do not review the numerical

benchmark approaches here and refer the reader to extensive literature on these methods.13–15,26–28

Details of the CE and truncated-ED (“𝐾-phonon approximation”) methods are presented in the

companion paper.1

2.4.1 Six-Site Holstein Model

We begin with the six-site Holstein model at very weak coupling (𝜆 = 1/32) and low-temperature

(𝑇 = 0.1𝜔0). One may expect the standard CE to perform well in this parameter regime because

the coupling is so weak. However, the perturbative CE is a short-time expansion as illustrated in the

preceding work. Thus, there is no guarantee of its success even for very small 𝑔 away from short

times. As we will see, even for such small coupling values the standard second order cumulant

fails for 𝑘 ≠ 0.

In Fig. 2.1, we compare the spectral functions and G(𝑘, 𝑡) for 𝑘 = 0 and 𝑘 = 𝜋 using SC-CE,

CE, and ED at 𝑇 = 0.1𝜔0. The ED results are truncated at the three-phonon level which should be

sufficient given the coupling strength. Fig. 2.1(a) shows that the spectral function at 𝑘 = 0 is nearly

exactly described by CE (as expected for weak coupling and 𝑘 = 0). The SC-CE predicts the main

features approximately as accurately, but inserts a region of non-physical negative spectral weight
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Figure 2.2: Convergence of the real part of G(0, 𝑡) as calculated by the SC-CE with respect to (a)
system size, and (b) time-step. In all cases, 𝑇 = 0, 𝜆 = 𝜔0 = 1, and the horizontal dashed-black
lines mark ±1 and serve as a guide of when non-physical behaviour sets in. In (a) the time-step is
uniformly 0.0025𝜔−1

0 . G(0, 𝑡) is nearly converged with system size up to approximately 25𝜔−1
0 for

𝑁 > 250, but for longer times the functions diverge. For the case of 𝑁 = 1500 (b) demonstrates
that very small time steps are necessary to converge the SC-CE at later times, and large time steps
worsen the longer-time behaviour. However, continued decrease of the time step cannot control
the instabilities at long times within our integration scheme.

around 𝜔 = 0.

In Fig. 2.1(b), the time dependence of G(0, 𝑡) is plotted, revealing the origin of the negative

spectral weight. The SC-CE result deviates from ED via the addition of a long wavelength os-

cillation peaking for the first time at ∼ 40𝜔−1
0 . This additional structure introduces non-physical

behaviour into G(0, 𝑡) with a norm that exceeds unity.

The presence of this negative spectral weight is not surprising given the understanding of the
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behaviour of higher-order cumulants. As discussed in the preceding companion paper, within the

context of perturbative higher-order cumulant calculations, this problem has been known for some

time.1,51,63,64 Additionally, the M-DIA, a classical analogue of the SC-CE for turbulence discussed

in Sec. 2.3, can also produce non-realizable negative spectral regions.97

While for the example of 𝑘 = 0 at weak coupling the SC-CE is worse than the CE, the CE is

less accurate away from 𝑘 = 0, so we next consider the case of 𝑘 = 𝜋 in Fig. 2.1(c). The most

prominent feature of the ED spectrum is a split main peak with splitting centered at 𝜔 = 2𝜔0. The

CE, while generally placing the spectral intensity in the correct position does not include a peak

splitting and thus provides a qualitatively incorrect description of the spectrum. The SC-CE, on

the other hand, replicates the ED spectrum nearly exactly, including the prominent peak splitting.

Fig. 2.1(d) demonstrates that the SC-CE captures the splitting because it accurately describes the

long-time dynamics, specifically recurrences in the temporal evolution of G(𝜋, 𝑡). While the initial

damping of G(𝜋, 𝑡) is well-described by both CE and SC-CE, the CE does not recur once it decays

for the first time at ∼ 10 𝜔−1
0 . The SC-CE, however, continues to recur periodically, in excellent

agreement with the ED result, and without introducing any non-physical behaviour. It should be

noted that even inclusion of the fourth-order CE does not capture this behaviour. Thus, the SC-CE

can describe some non-perturbative effects beyond accessible low-order CEs.

While the SC-CE results for 𝜆 = 1/32 and 𝑘 = 𝜋 demonstrate remarkable improvements over

the CE, only a limited parameter region was accessible for this calculation because the SC-CE

rapidly diverges for even slightly larger couplings when 𝑁 = 6. In Table 2.1, we demonstrate that

these divergences are exacerbated by increasing coupling strength when 𝑁 is fixed at a small value,

and, to a lesser extent, by increasing temperature. We characterize the severity of the divergence

with the maximum of |G(𝑘, 𝑡) | over the range 0 ≤ 𝑡 ≤ 40.

For 𝑇 = 0.1𝜔0 or 1.0𝜔0 and 𝜆 = 1/32 or 1/8, the Green’s function does not dramatically

deviate from unity. Further, for several cases at 𝑘 = 𝜋 the magnitude does not exceed one within

the observed time window. In these cases, as well as the cases of weak deviations from unity, a

modest damping enables us to calculate sharp spectral functions (e.g. Fig. 2.1(a) and (c)). This
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is not the case for the larger couplings. These divergences render Green’s functions for finite

sized lattices unusable for spectral interpretation. The origin of these divergences is unclear, but

they appear to be part of the SC-CE rather than numerical in nature. Finally, we note that the

dependence of the divergent behaviour on temperature is a weaker effect.

While the divergences may be fundamental to finite sized SC-CE, they are reminiscent of the

divergences we observed in the fourth-order CE, and there we were able to eliminate some of this

problematic behaviour by increasing the system size towards the thermodynamic limit. Following

this line of investigation, we devote the following two subsections to testing the SC-CE in systems

approaching the thermodynamic limit, which is the case of most relevance for the description of

experiments.

2.4.2 Thermodynamic Limit of the Holstein Model

Motivated by the difficulty of reaching the strong coupling regime in a six-site system, we

explore the Holstein model with increasingly large numbers of sites as a means of reaching the

thermodynamic limit and potentially suppressing instabilities. In Fig. 2.2(a) we study intermediate

coupling (𝜆 = 1), showing that for short times the SC-CE Green’s function does become stable

and appears to converge to the infinite lattice limit over some time scale as 𝑁 is increased. How-

ever, beyond 𝑡 ≈ 30𝜔−1
0 the dynamics for different 𝑁 values diverge dramatically, indicating that

convergence has not been reached. Further, increasing the system size from 𝑁 = 1000 to 𝑁 = 1500

does not definitively push back the divergence, so it remains unclear how effective increasing the

system size is at pushing back the divergence. Fig. 2.2(b) shows that decreasing the integration

time step also eventually becomes ineffective in suppressing instability at long times. It remains

unclear if the long-time behaviour we observe is an intrinsic failure of the SC-CE approach, as it

is for the fourth-order CE in the same model, or if it is a numerical issue associated with the inte-

gration of a non-linear integro-differential equation. Either way, this behaviour presents a practical

limit to how far we can currently converge results for the Holstein model. If the divergence can

be overcome for 𝑁 → ∞, a different numerical approach which more effectively evaluates the
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Figure 2.3: Heat maps of the spectral function for the finite temperature Holstein model (𝜆 = 𝜔0 =

1). Left: the CE with 𝑁 = 250. The CE is converged on this scale for this value of 𝑁 . Center: VD
results of Bonc̆a et al.28 for six sites which reasonably approximates the thermodynamic limit on
this scale. Right: the SC-CE with 𝑁 = 1500. All three methods use a large broadening of 𝛾 = 0.25.
The SC-CE was calculated with a time-step of 0.005𝜔−1

0 and the Green’s function was truncated
beyond the first time its norm exceeded unity for each momentum. The SC-CE improves upon the
CE and semi-quantitatively captures the VD spectra at all temperatures.

highly-oscillatory momentum integral in Eq. 2.13 might provide a better path to convergence.98,99

By using the times before which |G(𝑘, 𝑡) | > 1 and sufficient damping (𝛾 = 0.25), we can

compute spectra from SC-CE in a stable fashion. In Fig. 2.3 we compare the spectra of the CE and

the SC-CE to the VD results of Bonča et al.28 We find that the SC-CE and VD results are generally

in agreement over the whole range of temperatures and momenta. The SC-CE correctly predicts

that the quasiparticle peak flattens and diminishes in intensity from 𝑘 = 0 to 𝑘 = 𝜋. This contrasts

with the CE which, while accurate for 𝑘 = 0, has an abrupt transition where the quasiparticle peak

vanishes and the structured features are replaced by a single broad peak. We noted in the previous
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Figure 2.4: Spectral functions of the dispersive Holstein model for 𝑇 = 0, 𝜔0 = 𝑡0 = 1, 𝜆 = 0.5 and
𝑡1 = 0.4. The comparison between the (a) 𝑁 = 2000 CE, (b) VD results of Bonča and Trugman,81

and (c) 𝑁 = 2000 SC-CE demonstrates that the SC-CE accurately captures the VD results across
all momenta while CE is accurate only at 𝑘 = 0. In (c), small regions of negative spectral weight
are bounded with a white dashed line. Slices of the spectral functions at 𝑘 = 0, 𝜋/2, and 𝜋 are
presented in (d), (e), and (f) respectively. Each slice compares the CE (solid blue line), VD (solid
black line with gold shading), and the SC-CE (dot-dashed red line).

paper that the deficits of the second-order CE could not be generally corrected by inclusion of the

fourth-order term.1 By contrast, the curvature of the SC-CE satellite peaks is qualitatively correct

and the appearance of the spectrum is correct across the entire range of 𝑘-space. Considering that

CE predicts qualitatively incorrect satellite curvature, and predicts a nearly featureless spectrum

for 𝑘 ≥ 𝜋/3, the SC-CE provides a vast improvement.

Due to the substantial broadening we have used, we cannot make quantitative statements con-

cerning the fine structure of the spectral functions. It does appear, however, that the SC-CE gen-

erally over-weighs the intensity of the vibronic peaks. The SC-CE most resembles VD at lower

temperatures, and most severely deviates from exact results at higher temperatures where we have

less confidence in our ability to converge the Green’s function in this non-dispersive case.
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Increasing the system size towards the thermodynamic limit improves the stability of the SC-

CE, and in light of the excellent spectra produced, the question becomes whether this method

could be applicable to realistic systems. The simplicity of the Holstein model with its single, non-

dispersed, phonon mode also potentially contributes to the unstable behaviour, and a more realistic

model which naturally generates more internal damping may lead to better behaviour. The next

subsection addresses this question with an investigation of the dispersive Holstein model.

2.4.3 Dispersive Holstein Model

We now consider a dispersive Holstein model at 𝑇 = 0, with 𝑡1 = 0.4, 𝜆 = 0.5 and 𝜔0 = 𝑡0 = 1.

As we will see, when naturally dispersive phonons are present, the divergence seen for the SC-CE

is strongly suppressed and we are able to propagate G(𝑘, 𝑡) to long times, allowing for analysis of

the fine structure as well as the main spectral peaks.

In Fig. 2.4 we compare (a) the CE, (b) the VD spectra of Bonča and Trugman,81 and (c)

the SC-CE. The SC-CE much more closely resembles the VD result than the CE. In particular,

it correctly predicts the parabolic behaviour of the quasiparticle peak near 𝑘 = 0, the gap in the

spectral function close to 𝑘 ≈ 0.3𝜋, and the loss in intensity in the spectral signatures as 𝑘 → 𝜋.

Other features, such as the main satellite band, appear better described as well. For 𝑘 = 0, the

CE is more accurate than the SC-CE. As illustrate in Fig. 2.4(d), the SC-CE introduces noise

and small regions of negative spectral weight around the first satellite and slightly underestimates

the quasiparticle weight. At intermediate 𝑘 , the SC-CE correctly predicts the formation of a gap

between the quasiparticle peak and the first satellite while the CE predicts a single peak. Fig. 2.4(e)

demonstrates this at 𝑘 = 𝜋/2. There, the SC-CE predicts a quasiparticle and secondary peaks with

positions, shapes and intensities in good agreement with exact results. The CE, in contrast, simply

predicts a broad Gaussian-like spectrum centered in an incorrect location. At 𝑘 = 𝜋 the SC-CE

correctly predicts the very weak quasiparticle peak and the shape and intensity of the main satellite

peak at 𝜔 = 2𝜔0. However, the spectrum is somewhat noisy and contains some small regions of

negative spectral weight.
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Across the entire range of momenta, SC-CE correctly predicts the shapes and positions of the

major peaks of the spectrum, and with the exception of 𝑘 = 0, is a vast improvement over the CE.

It appears that for more realistic dispersive models, the SC-CE is a very promising technique if one

is accepting of physical defects, such as the prediction of small regions of negative spectral weight

on the few percent level. It is possible these defects may be removed in higher-order versions of

the theory, although the numerical solutions of the resulting equations may present a challenge.

Future work investigating systems such as the electron gas should shed further light on the ability

of the SC-CE to capture non-trivial physics in a wide range of distinct physical settings.

2.5 Conclusion

In this paper we have presented a self-consistent cumulant expansion (SC-CE) for the descrip-

tion of the dynamics of a single electron coupled to a bath of phonons. The models we have

studied have direct relevance in polaron problems, and more broadly may be applied to purely

electronic problems such as the interacting electron gas. Furthermore, the work outlined here takes

a step toward placing the cumulant approach to Green’s functions on an equal footing with the

standard Dyson-equation based formulation of field theory via the introduction of a hierarchy of

self-consistent renormalized equations. Via a link through the Dyson equation, we have connected

the SC-CE at lowest order to a time-local self-consistent closure technique in the theory of classi-

cal turbulence. This connection gives insights into expectations for the successes and failures of

the SC-CE.

We find that for the six-site Holstein model with a single phonon frequency at weak coupling,

the SC-CE spectral function includes non-perturbative corrections beyond the second and fourth

order bare cumulant expansions (CEs) and correctly describes the spectrum at all momenta while

the CE is only accurate at 𝑘 = 0. This is a consequence of the SC-CE capturing long time recur-

rences in the Green’s function. The SC-CE also introduces a small degree of non-physical negative

spectral weight for some wave vectors. More troubling, we find that the behavior of the SC-CE

becomes unstable at long times. It remains unclear the degree to which this reflects the need for
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better methods to solve the non-linear integro-differential equation that embodies the SC-CE, a

failure of the SC-CE itself, or both.

We have studied the SC-CE for the Holstein model with a single phonon frequency and with

dispersive phonons. Increasing the system size of the non-dispersed Holstein model towards the

thermodynamic limit partially suppresses the divergences prominent in the finite size lattice mod-

els. It is unclear if a truly infinite system would have divergences since the SC-CE equations

becomes challenging to converge at later times. Using a broadening parameter larger than that

employed in recent VD studies along with a long-time truncation of the SC-CE time evolution,

comparisons may be made with the standard CE and exact numerical results. We find that the

SC-CE spectral function replicates the VD results well at all momenta and corrects many deficits

of the CE. Since natural internal damping of the decay of the Green’s function occurs in more

realistic models with a finite phonon dispersion, we turn to the dispersive Holstein model both as

a means to assess the SC-CE in more realistic settings as well as to see if stability of the SC-CE

is enhanced in such cases. Indeed, for the dispersive Holstein model, we find that no additional

damping or truncation is needed, and the results greatly improve many of the features of the CE,

albeit with the defect of a small degree of unphysical negative spectral weight.

Given these findings, and the fact that the cost of the SC-CE is only ≈ 𝑂 (𝑁2(𝑡max/Δ𝑡)2) where

Δ𝑡 is the time step, we believe the SC-CE is promising and should be explored further. An obvious

next step would be the investigation of the homogeneous electron gas problem, where the screened

Coulomb interaction would play the role of the damped phonon Green’s function. In addition,

higher-order SC-CE schemes can be explored, although the hierarchy of self-consistent cumulant

equations rapidly becomes extremely numerically involved. These and other possibilities will be

the subject of future investigations.
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Chapter 3: Connections Between Green’s Function Methods for

Electron-Phonon Problems

3.1 Introduction

There are two main field-theoretical approaches to constructing approximations for Green’s

function. First, there is the standard Dyson equation approach with it’s associated self-energy

which permits successively more accurate approximations via the inclusion of higher-order di-

agrams.56,69 Second there is is the linked-cluster or cumulant approach which approximates the

entire Dyson-perturbative series via exponential resummation.4,60,61 Both approaches see wide ap-

plication in all corners of condensed matter dynamics and each confers a distinct set of advantages.

Dyson methods are strictly realizable, meaning they always produce positive semi-definite spectra;

however, they typically under-perform cumulant-based methods in approximating the quasiparti-

cle (QP) satellite peaks. For example, fully self-consistent GW, a Dyson method, is known to

incorrectly remove the satellite peaks from the electron gas, while the cumulant-based approach

accurately predicts them.82,100,101

Self-consistent approximations can be constructed for both classes of methods, and hold the

promise of improvement upon their non-self-consistent counterparts through implicitly including

corrections up to infinite-order. Within the Dyson framework, many self-consistent methods have

been developed and have become standard tools. To mention a few particularly famous examples,

there is the aforementioned GW approximation,70–74 and the ubiquitous Hartree-Fock approxi-

mation for electronic structure.56,102 For electron-phonon problems the Migdal approximation, or

alternately the Fan self-energy, is analogous to the GW self-energy, but with a phonon propagator

in place of an electron propagator.42,103,104 All three of these methods work by incorporating all

self-similar diagrams which can be generated via insertions into the first-order self energy.
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For cumulant-based methods the landscape of self-consistent quantum dynamics methods is

barer. While the non-self-consistent second-order cumulant has become a workhorse in electron-

phonon problems for model systems and ab inito calculations alike,1,42–44,46,48,50,105 there are few

examples of self-consistent cumulant methods. Indeed the only previous work we are aware of

is a self-consistent cumulant approach for the electron gas by Holm and Aryasetiawan.86 While

the loss of strict realizablility for all cumulant-based methods may preclude some applications of

resulting spectra, some cumulant methods, such as the second-order cumulant,1 are realizable. 1

Even for the general case where the method is not realizable, the potentially vast improvements

are worthy of more consideration.

Recently, two self-consistent methods, the self-consistent cumulant expansion (SC-CE) and the

power series (PS) method were independently developed and presented in simple electron-phonon

model systems.68,80 Both of these methods go beyond the Dyson approach, and also incorporate

self-consistency. In this chapter we will present the connections between these two methods and

place them in larger context of self-consistent Green’s function methods.

The SC-CE was first implemented and explored by us, but was originally derived by Dunn in

1975 as a further generalization to his Brillouin-Wigner perturbation theory-like self-consistent en-

ergy cumulant.49,68 The SC-CE integro-differential equations do not permit solution in frequency

space, thereby constraining the method to solution in the time-domain. Numerical investigation

revealed that the method could produce a divergent-in-time Green’s function, and regions of neg-

ative spectral weight. However, when available, the resulting spectral functions vastly improved

upon the non-self-consistent cumulant, and captured the QP peak at all electronic momenta while

additionally providing an excellent approximation to the satellite peaks including splittings and

shoulders at all momenta.68

The PS method was derived by Pandey and Littlewood via a first-order self-consistent treatment

with the non-interacting Green’s function factored out and a novel temporal contraction relation

applied. It was demonstrated to capture the non-perturbative peak splitting in the two-site Holstein

1Only cumulant expansions of second or infinite-order are guaranteed to be realizable because no distribution has
a cumulant generating function that is a finite polynomial greater than degree two.
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model for weak and intermediate coupling strengths.80 It was additionally generalized for arbitrary

system sizes.106 In this chapter we will demonstrate that the PS method is a hybrid Dyson-cumulant

method. Additionally we will show that it shares features with the SC-CE at small system sizes

and converges to the SC-M as the system approaches the thermodynamic limit.

The structure of this chapter is as follows. In Sec. 3.2 we will introduce the Holstein model

and the mathematical description of the methods. Following, in Sec. 3.3 we will present results

for the methods in the intermediate coupling 1D Holstein model. We will compare not against

numerically exact Variational Diagonalization (VD) and Truncated ED (ED).1,28 Additionally, we

will compare against the self-consistent Migdal (SC-M) approximation and its non-self-consistent

counterpart the non-self-consistent Migdal approximation (NSC-M) as examples of Dyson-type

methods.42,103,104,107 Finally, we will conclude with comments about the general applicability and

future developments of self-consistent approaches.

3.2 Formalism

The one-electron Green’s function (G𝑘 (𝑡)) can be determined via the Dyson equation, which

when presented in its time domain form is

0 = 𝑖
𝑑G𝑘 (𝑡)
𝑑𝑡

− 𝜖𝑘G𝑘 (𝑡) −
∫ 𝑡

0
𝑑𝜏Σ𝑘 (𝑡 − 𝜏) G𝑘 (𝜏) . (3.1)

Here, Σ𝑘 (𝑡) is the self-energy, and 𝜖𝑘 is the bare energy. The associated spectral function is given

through the Fourier transform

𝐴(𝑘, 𝜔) = −1
𝜋

Im
[∫ ∞

−∞
𝑑𝑡𝑒𝑖𝜔𝑡G (𝑘, 𝑡) exp (−𝛾𝑡)

]
. (3.2)

The decay of 𝛾 is a Lorentzian broadening to permit the use of finite simulation times. 2

2We note that the definition for the spectral function used in Ref. 80 and 106 cannot be used for methods that are
not realizable. While the exact spectral function is positive semi-definite and thus is unaffected by the introduction of
an absolute value, the prediction of some methods should in principle produce negative spectral weight. Specifically,
non-realizable methods such as the higher-order perturbative cumulant expansions, the SC-CE or the PS fall in this
category.
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All of the methods we discuss here can be viewed as different renormalization schemes for the

first-order self-energy. The derivation of the non-self-consistent Migdal approximation (NSC-M)

applies the standard tools of diagrammatic perturbation theory50,56,69 and produces the following

self energy

ΣNSC-M
𝑘 (𝑡) = 𝑖𝑔

2

𝑁

∑︁
𝑞

D (0)
𝑞 (𝑡) G (0)

𝑘−𝑞 (𝑡) , (3.3)

G (0)
𝑘

(𝑡) = −𝑖𝜃 (𝑡)𝑒−𝑖𝜖𝑘 𝑡 . (3.4)

Physically, this corresponds to the approximation that phonon emission/absorption events are sta-

tistically independent from one another. The corresponding frequency space version of this method

(Eq. 157 of Ref. 42) has been used in the context of ab initio problems.42,108

The SC-M is derived by recognizing that the infinite class of non-crossing diagrams can be

succinctly expressed by replacing the bare electronic Green’s function with the interacting Green’s

function. Thus, the SC-M self energy is

ΣSC-M
𝑘 (𝑡) = 𝑖𝑔

2

𝑁

∑︁
𝑞

D (0)
𝑞 (𝑡) G𝑘−𝑞 (𝑡) . (3.5)

As it includes corrections up to infinite-order, the SC-M is valid for a much broader range of

couplings than the NSC-M.

We now turn our attention to the SC-CE and PS which deal with a more general memory kernel

(Σ(𝑡, 𝜏)) in place of the self-energy in Eq. 3.1. As shown in Ref. 68, the SC-CE can be derived

via either a general Mori-Zwanzig approach68 or a more electron-phonon specific manipulation49.

The memory kernel is thus given by

ΣSC-CE
𝑘 (𝑡, 𝜏) = 𝑔2

𝑁

∑︁
𝑞

D (0)
𝑞 (𝑡 − 𝜏)

G𝑘−𝑞 (𝑡)
G𝑘−𝑞 (𝜏)

. (3.6)

The PS method is derived fully in Appendix G, and is the self-consistent Migdal approximation
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where additionally it is assumed the temporal contraction for intra-band terms is

G𝑘 (𝜏) G𝑘 (𝑡 − 𝜏) → G𝑘 (𝑡) G𝑘 (0) . (3.7)

While originally presented as an iterative method it can be reworked into an equivalent real-time

method. The full derivation is given in Appendix H, and leads to a memory kernel of

ΣPS
𝑘 (𝑡, 𝜏) = 𝑔2

𝑁

∑︁
𝑞


𝑖D (0)

𝑘−𝑞 (𝑡 − 𝜏) G𝑞 (𝑡 − 𝜏) 𝑞 ≠ 𝑘

D (0)
0 (𝑡 − 𝜏) G𝑘 (𝑡)

G𝑘 (𝜏) 𝑞 = 𝑘

. (3.8)

Through this presentation it is clear that the power series method applies the SC-M for all inter-

band terms and the SC-CE for intra-band terms. In the limit of large N, the number of inter-band

terms will grow as 𝑁2 while the intra-band terms will only grow as 𝑁 , so the PS will tend to the

SC-M as 1/𝑁 .

We note that this memory kernel may not be ideal to directly implement due to the unnecessary

inclusion of G𝑘 (𝜏) in the denominator. Our numerical implementation (shown in Appendix I) is

on the simplified expression.

3.3 Numerical Results

We begin our numerical analysis by considering the two-site Holstein model. We consider

the case of intermediate coupling in Fig. 3.1 (𝜆 = 𝜔0 = 𝑡0 = 1), and compare to a reference

Exact Diagonalization (ED) calculation truncated at 15 phonons.1 For the case of 𝑘 = 0 in Fig.

3.1(a), both the SC-CE and the PS methods capture the QP peak at ∼ −3.2𝜔0 and the satellite

peaks at ∼ −2.2𝜔0,−1.2𝜔0 and −0.2𝜔0. There is a slight (< 0.1𝜔0) positive energy shift in the

PS and SC-CE compared to the ED results throughout. Though not visible on the scale of the

plot there are a few difference between the SC-CE and PS. The SC-CE predicts a slightly lower

QP energy (∼ 0.01𝜔0) and also continues to generates weak features lower in energy than the QP

with peaks approximately at −5𝜔0,−6𝜔0 and −7𝜔0. The PS does not produce any features below
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Figure 3.1: Comparison between the SC-M (blue solid line), PS (purple dashed line), SC-CE (red
dotted line), NSC-M (dot-dashed grey line), and ED (black line and yellow fill) for 𝑘 = 0 (a) and
𝑘 = 𝜋 (b). Model parameters: 𝜆 = 𝑡0 = 𝜔0 = 1, and 𝑇 = 0. N=2. 𝛾 = 0.075

the QP which shows the correct behaviour, however it does produce small regions of negative

spectral weight at high frequencies (∼ 2.75𝜔0, 3.75𝜔0, and 4.75𝜔0). It appears there are several

other points which would produce negative spectral weight but for the applied Lorentzian damping.

Nonetheless, the near indistinguishably of the PS and SC-CE indicates that the on-site term is much

larger than the inter-band term.

It is not surprising that we observe negative spectral weight in the PS since similar effects have

been observed in higher-order cumulants, and the SC-CE.51,68 A full analysis of the divergences

in the SC-CE is given in Ref. 68. however negative spectral weight arises when the time-domain

green’s function exceeds a norm of one. For the SC-CE this could both occur in the form of

divergences and not-apparently divergent recurrences with amplitude greater than one (e.g. Fig. 1

Ref. 68). For the PS method, the negative spectral weight is attributable to a divergence at longer

times which appears to be exponential. In the case of 𝑘 = 0 the PS divergence is weaker than

our modest Lorentzian damping thus allowing spectra to be plotted. As demonstrated in Fig. 3.3,
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Figure 3.2: Demonstration of the equivalence of the SC-M and the PS methods in the thermody-
namic limit. The outer panel shows the squared difference between the spectral functions of the
two methods averaged over the whole Brillouin zone. The inset pane demonstrates the expected
𝑁−2 falloff of the integrated difference. The dotted line is the function 𝑁−2 scaled to match the in-
tegral at 𝑁 = 10. Model Parameters: 𝜆 = 𝑡0 = 𝜔0 = 1 and 𝑇 = 0. 𝑁 = [10, 50, 100, 200, 400, 800]
and colors in the inset correspond to the curves in the outer panel. The spectra are broadened with
a Lorentzian broadening of 0.075.
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this divergence is stable with respect to decreasing the integration time step, so we believe it to be

intrinsic to the SC-CE and PS methods; however, the lack of divergence in the SC-CE is likely due

to a cancellation specific to the two-site system.
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Figure 3.3: Demonstration of divergences in PS method for 2 site Holstein model (𝜆 = 𝜔0 = 𝑡0 =

1). Decreasing the time-step does not obviously improve the divergence time. The ED result is
shown in black.

In contrast to the SC-CE and PS, the NSC-M and SC-M provide qualitatively incorrect pictures

of QP and satellite peaks. For both, the QP weight and energy are overestimated, and the first

satellite at −2.2𝜔0 is missed completely. The NSC-M does not predict a satellite peak until −0.5𝜔0,

while the SC-M predicts an overly prominent peak splitting for the satellite at −1𝜔0. While both

self-energy methods are inaccurate, the SC-M is a clear improvement over the NSC-M.

At 𝑘 = 𝜋 in Fig. 3.1(b), the SC-CE and the PS no longer resemble one another. The SC-

CE retains nearly quantitative accuracy across the whole range of energies; it captures the large

anti-bonding splitting and additionally captures the smaller satellite at 3𝜔0. Again there is a small

(< 0.1𝜔0) shift between the SC-CE and ED. Not visible on the scale of the plot, the SC-CE

predicts very weak peaks below the QP energy like for 𝑘 = 0.

The PS more prominently displays negative spectral weight at 𝑘 = 𝜋 because the Green’s

function diverges faster in time than for the 𝑘 = 0 case. This can be understood when we consider

that the Green’s function for 𝑘 = 0 exceeds a magnitude of 10 for the first time around 𝑡 ≈ 140

while the Green’s function for 𝑘 = 𝜋 exceeds a magnitude of 10 near 𝑡 ≈ 75. The exponential

55



damping at these two times differ by a factor of 130, so the 𝑘 = 0 negative spectral weight is

washed out in the broadening. Because the exponential divergence is slow we can plot a spectrum

with reasonably small broadening. Aside from the negative spectral weight the PS predicts under-

weighted peaks with approximately the right inter-peak spacing but noticeably shifted absolute

energies.

Here, the SC-M performs far worse than at 𝑘 = 0 and does not capture the anti-bonding splitting

but rather distorts the NSC-M anti-bonding peak into a broad peak with several shoulders and small

splittings.

We note that for 𝜆 ≪ 1 all three self consistent methods are nearly indistinguishable and

capture the so-called “anti-bonding orbital splitting” at 𝑘 = 𝜋. See for example Ref. 80 Fig. 3

which presents 𝜆 = 1/32 with 𝑡0 = 3 and 𝜔0 = 6. The SC-CE is nearly indistinguishable except

for a small displacement of the weak satellite at 𝜔 ≈ 3.

While the PS and SC-M methods differ substantially for small system sizes, we know that as

the system approaches the thermodynamic limit, the PS will converge into the SC-M. In Fig. 3.2

we demonstrate this convergence. The self-energy kernel in Eq. 3.8 predicates a 1/𝑁 falloff in

the SC-CE contribution for each k-point. So, when we track the square of the difference between

the two methods as a function of system size we expect a 1/𝑁2 convergence. The inset in Fig.

3.2 numerically demonstrates this falloff. Hence for our consideration of the thermodynamic limit

we will calculate the SC-M with the understanding that the PS is identical given a large enough

system.

All of these methods are readily applicable to systems with hundreds/thousands of sites since

forward integration of integral differential equations of the form in Eq. 3.1 scales as O(𝑁2
𝑡 𝑁

2
𝑘
)

where 𝑁𝑡 and 𝑁𝑘 are the number of time and grid points respectively. In the case of the pure

Dyson methods (NSC-M and SC-M), it is possible and more common to carry out the problem in

frequency space.

In Fig. 3.4 we compare the NSC-M, SC-M, and SC-CE against numerically exact VD results

from Ref. 28 at a small but finite temperature. Data in Fig. 3.4(d) is taken from Ref. 68 and details
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Figure 3.4: Comparison of large system sizes 𝜆 = 𝜔0 = 𝑡0 = 1 and 𝑇 = 0.1. (a) VD data from Ref.
28 (b) NSC-M (c) SC-M (d) SC-CE

considering the truncation procedure can be found there.

The NSC-M does predict the QP peak at all momenta, though it is overly weighted. For the

satellite peaks, it predicts an erroneous reflection of the QP near 5𝜔0 at 𝑘 = 𝜋, but otherwise pre-

dicts a featureless spectrum. The SC-M (and thereby the PS) largely corrects the over weighting

of the QP and removes the extra peak at 𝑘 = 𝜋; however it still predicts a featureless satellite

region. These observations are consistent with those found in Mitrić et al. where the compar-

isons with Dynamical Mean Field Theory (DMFT) results in the thermodynamic limit revealed

that the NSC-M (one-shot Migdal) was only valid at very weak couplings and the SC-M was of

similar quality to the non-self-consistent cumulant expansion.107 The SC-CE while truncated after

approximately 35𝜔−1
0 , is very accurate at short times demonstrating an ability to predict the entire

satellite structure.68

3.4 Conclusion

In this chapter we have explored the connections between several self-consistent time-domain

Green’s functions methods, namely the SCM approximation, the PS approach, and the SC-CE.

For small systems we found that the SC-CE and PS both capture non-perturbative spectral features

that neither N-SCM nor SCM predict. We additionally demonstrated the potential emergence of

divergent and negative spectral weight in both the SC-CE and PS. In the thermodynamic limit the
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SC-CE generates spectra that closely resemble the exact results; however, some of its pathologies

may persist. On the other hand, we have demonstrated that in the thermodynamic limit the PS

method becomes the SCM approximation.

We next consider the broader possibilities and future developments of these and similar meth-

ods. The novel approach taken in deriving the PS method has potential in the systematic search for

new approximate methods. In particular, the introduction and application of approximate temporal

contraction relationships of the Green’s function at the heart of both the PS and the SC-CE is an

exciting step forward for generating a class of methods distinct from standard self-energy-based

approximations. However, there are trade-offs when departing from diagrammatic rigor in favor

of a more general form. On the positive side, when we are willing to relax strict demands of re-

alizability, we have seen that such methods can predict spectral features which standard low-order

methods cannot. On the other hand, when we depart from situations where cumulant approaches

are guaranteed to be positive definite, namely 2nd order theories, negative spectral weight may

appear even if it can be greatly suppressed in the thermodynamic limit when phonon dispersion is

present.

There has been comparatively little exploration on methods like the PS or SC-CE, yet there

is potential for them to find broad application given that they are computationally inexpensive

and potentially accurate. Further work should explore this frontier of approximations to better

understand both the limitations and the potential advantages of these and other yet-to-be-derived

post-Dyson Green’s function methods.
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Chapter 4: Ab Initio Polaron Structure via an All-Coupling Unitary

Transformation

4.1 Introduction

The interaction between charge carriers and phonons is responsible for understanding condensed-

phase phenomena from superconductivity to charge transport. One of the most ubiquitous effects

is the formation of polarons, a quasiparticle composed of a charge carrier and a cloud of phonons.

A polaron can have dramatically different properties from that of the underlying electron/hole. For

example, the band gap, carrier mass, and optical conductivity can all be strongly renormalized

by polaron formation. It is widely believed that the exceptional charge-transport properties of the

lead-halide perovskites arise due to polaron formation,109 so the development of ab initio methods

to predict the properties of polarons is essential to predicting the properties of the next-generation

of functional materials.

Theoretical descriptions of polarons have evolved over the better part of a century, and have his-

torically concerned a small number of canonical model Hamiltonians.4 These are idealized limits

representing different classes of polarons stripped of complications unnecessary for phenomeno-

logical understanding. Among the most influential models, the Fröhlich model describes the inter-

action of a free electron in a solid with a continuous polarizable medium.11 The Fröhlich polaron

has provided insight into ionic solids such as silver chloride (AgCl), lithium fluoride (LiF), etc.110

The Holstein model, perhaps the simplest lattice polaron model, idealizes a molecular crystal with

tight-binding electrons and a uniform on-site electron-phonon interaction (EPI).9,10 Although we

focus on the case of a single electron in this chapter, the Holstein model has been used to demon-

strate the origin of net-attractive interactions between electrons. The Su-Schrieffer-Heeger (SSH)

model describes electrons where the EPI modulates the hopping and originally provided a descrip-
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tion of excitations in polyenes.12 Each of these models is rich in phenomenology and the numerous

studies of their solutions in different parameter regimes have been foundational to understanding

polarons.

While these models are idealizations of the physics in ab initio systems, they have stayed the

course because they provide physical insight into key aspects of polarons. More recently, numer-

ically exact calculations on such models have been able to definitively answer many questions

about the properties of polarons. Rather than obviating the models, these high quality solutions

give them a new life as well-understood benchmarks for the development of methods capable of

treating ab initio systems.

The literature of model electron-phonon systems is rich with variational ansatzes which can, in

principle, be adapted to ab initio systems. The famous Lee-Low-Pines (LLP) transformation is a

variational polaron transform which performs excellently at weak coupling (WC).111 The adiabatic

Landau-Pekar (LP) solution is a variational strong coupling (SC) approximation which treats the

phonons via classical displacements.4,112,113 The LP energy result is also recovered via the SC

limit of Feynman’s variational theory and by a simple unitary transformation.114,115 Among the

vast options of ansatzes we point out these two because they correctly describe the two limits of

WC and SC, and because their forms are similar unitary transformations projected onto the phonon

vacuum and single-electron state.

In fact, the difference between the LLP and adiabatic approaches melts away when we con-

sider the WC and SC limits as two ends of a single continuum. Considered from a scattering

perspective, WC is coherent scattering where electronic-momentum is conserved while SC in-

volves (near-)impurity scattering, which correspond to an infinitely heavy electron. In the context

of the Fröhlich model, Nagy and Markoš introduced an intriguing all-coupling ansatz which takes

advantage of this continuum and is itself a generalization of an ansatz explored by Huybrechts in

1977.116,117 The central insight behind both ansatzes is that the transition from WC-like to SC-

like scattering can be represented by a parameter modulating the degree to which momentum is

conserved in electron-phonon scattering events. The Huybrechts ansatz of Ref. 117 applied a
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single variational parameter scaling the electronic momentum in all scattering processes by the

same amount and has received considerable attention because it is a simple ansatz and avoids er-

roneously predicting an energy discontinuity in the Fröhlich model, which is a pitfall of many

attempted variational ansatzes.118 Far less attention has been given to the Nagy and Markoš (NM)

ansatz of Ref. 116, which extends the Huybrechts ansatz by allowing the degree of momentum

conservation to vary across the electronic band.

The bespoke nature of model Hamiltonians has long-inspired the development of computa-

tional tools to calculate EPI-renormalized quantities ab initio.42 Such tools are desirable for quan-

titative understanding and prediction of new properties prior to experiments. Until recently, the

main tools available to treat EPIs in ab initio systems were the Allen-Heine-Cardona (AHC)119,120

theory and second-order cumulant expansions.44 AHC theory incorporates the first-order Fan term

and the second-order Debye-Waller terms in the many-body perturbation expansion and is rou-

tinely applied to calculate the temperature-driven effect of EPIs on the electronic bands; however,

small polaron formation is a non-perturbative effect that AHC theory cannot capture. Similarly,

the second-order cumulant expansion (CE), while capable of predicting polaron formation, is a

perturbative theory.

Recently, several pioneering studies explored different approaches to calculating the polaron

binding energy in ab initio systems.45,46,121–124 Ref. 45 approaches the problem via a Landau-

Pekar-like variational ansatz and Ref. 123 approaches it non-variationally via a Lang-Firsov-like

canonical transformation.125 Connections have been elucidated between the two methods which

demonstrate that these methods both apply the same the same strong coupling ansatz to the problem

and can both capture strongly localized polarons such as the hole-polaron in LiF.124 The drawback

for the Lang-Firsov-like transformation is that, unlike for the Holstein model the transformation

cannot be closed exactly. Neither of these methods are able to accurately describe large polarons

such as the electron-polaron in LiF.

A recent Green’s function approach by Lafuente-Bartolome et al.121,122 presented a robust

many-body framework for solving for the polaron energy at all couplings. Their polaron equa-
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tions extended beyond previous Green’s function formalisms126 by including not only the Fan-

Migdal contribution, but also a polaron term which accounts for “static renormalization...due to

localization effects.”122 As they noted, their resulting equations evoke the Hedin equations of GW

theory.70

One avenue for development is certainly continuing down the path laid in Ref. 122, and we

have no doubt that future studies which expand upon and explore that formalism will be of great

consequence to the field. The direct description of spectra, as well as the wealth of avenues for

systematic improvement are both major benefits of this approach. The drawback to their method

is its complexity and non-variational nature.

The complications and expense of implementing the full set of these equations preclude a

full self-consistent solution, so in the spirit of the successful 𝐺0𝑊0 approximation, the authors of

Refs. 121 and 122 make several approximations. Namely, applying only only the bare vertex, and

replacing renormalized phonon propagators with the bare phonon propagator. They additionally

approximate the polaron as composed of coherent states. Finally, they only self-consistently solve

for the polaronic term, and apply the Fan-Migdal term perturbatively. This results in a method

which, like those mentioned above, is based on SC but also includes first-order corrections.

All three of the aforementioned methods perform well when the system is well described by

classical displacements as a starting point. However, the strong-coupling ansatz is not always a

good description of the system and in such cases the methods presented in Refs. 45, 46, and 123

may dramatically under-bind the polaron while the method of Refs. 121, and 122 will capture the

polaron energy purely through the Fan term.

In this chapter we develop a simple all-coupling ansatz for ab initio calculations. In Sec. 4.2

we will discuss the original NM ansatz and its properties in the context of the Fröhlich model. In

Sec. 4.3, we present our ab initio Nagy-Markoš (AI-NM) ansatz and discuss it’s properties. After a

brief detour on the Holstein model in Sec. 4.3.1 to better understand AI-NM for band theories, we

we will demonstrate the performance of the ansatz on ab initio calculations for LiF in Sec. 4.3.2.

There we show that it always improves upon the better of the WC or SC approaches. Finally,
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we conclude this chapter with general remarks about the broader applicability of the presented

methods.

4.2 Original Nagy-Markoš Ansatz

To better understand the strengths and weaknesses of the original NM ansatz, we apply it to

the Fröhlich model as was done in the original paper, and we refer the reader to Ref. 116 for a

derivation and description. Thus, while the main method of this chapter is intended for application

in ab initio systems, this section presents information about the general properties of the NM

ansatz.

In Ref. 116 the authors considered a generalized Fröhlich model which allows for several types

of polarons to be considered. The Hamiltonian we consider is

𝐻 =
∑︁
𝑘

𝜖𝑘 |𝑘⟩⟨𝑘 | + 𝜔0
∑︁
𝑞

𝑏†𝑞𝑏𝑞 +
∑︁
𝑘𝑞

𝑔(𝑞) |𝑘 + 𝑞⟩⟨𝑘 | (𝑏𝑞 + 𝑏†−𝑞). (4.1)

We restrict our discussion here to a dispersionless longitudinal optical (LO) phonon of frequency

𝜔0 and an EPI with |𝑔(𝑞) |2 =
4𝜋𝛼𝜔3/2

0√
2𝑉𝑞2 where 𝛼 is the dimensionless coupling constant. The free-

particle dispersion is given by 𝜖𝑘 = 𝑘2/2𝑚.

Nagy and Markoš applied a unitary transformation which they defined in Eq. 6 of 116. They

applied a form of the density operator in their transformation where the projection of the density

is written
∑
𝑘 |𝑘 + 𝑎𝑞𝑞⟩⟨𝑘 |, where 𝑎𝑞 is a variational parameter defined for all 𝑞 to be between zero

and one. They additionally consider an ansatz for the electronic wavefunction of a Gaussian form

(an assumption which we will relax in our later ab initio version), with the k-space wavefunction

given by
√︃

8
𝑉

(
𝜋
𝜆

)3/4
𝑒

−k2
2𝜆 . They were able to write the energy as an integral equation dependent on

𝜆.

The results of the NM ansatz for the Fröhlich model are summarized in Fig. 4.1(a). As men-

tioned previously, the Fröhlich model is challenging for variational approaches, and most incor-

rectly127 predict a phase transition when transitioning from WC to SC in the form of a discontinuity
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Figure 4.1: (a) The ground state energy of the Fröhlich model solved via Diagrammatic Quantum
Monte Carlo from Ref. 25 (blue triangles), the Green’s function approach from Ref. 121 (green
X with dotted line), the WC ansatz (orange squares), the SC ansatz (red circles), and the NM
ansatz (open black circles with dashed lines). We note that the NM ansatz is generally in good
agreement with the exact result. (b) 𝜆, the inverse width of the electronic wavefunction for the all-
coupling ansatz acts as an order parameter for the transition from weak-coupling to strong coupling
behaviour. (c) The diversity of behaviours for 𝑎𝑘 in the model. For 𝛼 ≤ 6 the 𝑎𝑘 are uniformly 1,
while for large couplings (e.g. 𝛼 = 8) the 𝑎𝑘 tend towards 0 near 𝑘 = 0. At the very large 𝛼 = 12,
we display 𝑎𝑘 optimized starting from 1 (12+) and 0 (12−). The red and orange lines at 0 and 1
indicate the strong and weak coupling ansatzes respectively.
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in the energy. The NM ansatz predicts only a discontinuity in the derivative of the energy at 𝛼 = 6

which is an improvement over a discontinuity in the energy’s value. The solution matches the

perturbative WC result (𝐸 = −𝛼) up to 𝛼 = 6 where it then transitions not to the SC solution

(𝐸 = −𝛼2/3𝜋), but to a solution that asymptotically approaches the SC solution.4 Comparing with

the numerically exact Diagrammatic Quantum Monte Carlo data of Ref. 25, the NM ansatz never

errs by more than ≈ 14%. The Green’s function approach of Ref. 121 has a slightly lower maxi-

mum error of ≈ 10%; however, it consistently overshoots the exact energy and does not do as well

as the NM ansatz or the pure WC result at weak couplings. The added flexibility of the NM ansatz

over both the SC and WC ansatzes allows it to closely match the exact result across all couplings

with a relatively simple calculation.

As was also discussed in Ref. 116, we show in Fig. 4.1(b) that the optimized inverse width, 𝜆,

of the Gaussian electronic state acts as an order parameter and becomes non-zero at 𝛼 = 6. Fig.

4.1(c) demonstrates that the strong coupling limit is approached very slowly and that momenta far

from 𝑘 = 0 will always be treated in the weak coupling theory for any finite coupling. We also note

that at very strong couplings the cubic equation for 𝑎𝑘 admits multiple solutions, but the energy

differences between them at even extreme coupling values (𝛼 = 20) are small.

The Fröhlich model demonstrates that the NM ansatz provides an excellent approximation to

the exact energies, and motivates its application to an arbitrary electron-phonon system.

4.3 Ab Initio Nagy-Markoš Ansatz

In both the Huybrechts and NM ansatzes, the formalism was limited to model Hamiltonians

with forms like the Fröhlich model. In this section we develop a new ab initio Nagy Markoš

(AI-NM) ansatz which is applicable to general electron-phonon problems.

The ab initio electron-phonon Hamiltonian is given to leading order in the EPI as

𝐻 =
∑︁
𝑖𝑞

𝜖𝑖𝑞 |𝑖, 𝑞⟩⟨𝑖, 𝑞 | +
∑︁
𝑞,𝜈

𝜔𝜈𝑞𝑏
†
𝜈𝑞𝑏𝜈𝑞 +

∑︁
𝑖 𝑗 𝜈
𝑘𝑞

𝑔
𝑖 𝑗
𝜈 (𝑘, 𝑞) |𝑖, 𝑘 + 𝑞⟩⟨ 𝑗 , 𝑘 | (𝑏𝜈𝑞 + 𝑏†𝜈−𝑞). (4.2)

65



Here, the electronic bands, phonon frequencies and, electron-phonon matrix elements are given

by 𝜖𝑖𝑞, 𝜔𝜈𝑞 and 𝑔𝑖 𝑗𝜈 (𝑘, 𝑞) respectively. The phonon annihilation/creation operators are given by

𝑏𝜈𝑞/𝑏†𝜈𝑞. Because we are interested in applying this formalism to a single electron/hole, we work

in the projector basis for electrons/holes, thus simplifying the application of the transformation

itself.

We define our AI-NM ansatz via the trial wavefunction

|Ψ𝑡𝑖𝑘ℎ𝜈𝑞𝑎𝑞⟩ = 𝑈 |0⟩ph ⊗ |𝜓⟩el. (4.3)

The electronic portion of the wavefunction is given by the familiar configuration interaction (CI)

singles form

|𝜓⟩el =
∑︁
𝑖𝑘

𝑡𝑖𝑘 |𝑖, 𝑘⟩. (4.4)

The phonon trial function is a product of a unitary transformation𝑈 = 𝑒𝑆 onto the phonon vacuum

with

𝑆 =
∑︁
𝑖𝜈
𝑘𝑞

𝐵𝜈𝑞 |𝑖, 𝑘 + 𝑎𝑞𝑞⟩⟨𝑖, 𝑘 |, (4.5)

𝐵𝜈𝑞 ≡ ℎ𝜈𝑞𝑏𝜈𝑞 − ℎ∗𝜈−𝑞𝑏†𝜈−𝑞 . (4.6)

There are three sets of variational parameters to be minimized for this ansatz. The set of

CI coefficients 𝑡𝑖𝑘 represent the electronic wavefunction, the ℎ𝜈𝑞 parameters are displacements of

the phonon modes, and modulate the number of phonons in our ground state, and the 𝑎𝑘 modify

the momentum conservation at each wave-vector. In order to not allow momentum increasing

processes, we constrain 𝑎𝑘 to be a real number bounded between zero and one as in the NM

ansatz. Additionally, in order for 𝑈 to be unitary we must require that 𝑎𝑘 = 𝑎−𝑘 . From Eq. 4.5, it

is apparent that the ansatz transitions from the LP-like SC approximation with classical phonons
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(𝑎𝑘 = 0) to a WC LLP-like transformation (𝑎𝑘 = 1).111

As is standard, we find an upper bound to the ground-state energy using the variational principle

𝐸0 ≤ min
𝑡𝑖𝑘ℎ𝜈𝑞𝑎𝑞

⟨Ψ𝑡𝑖𝑘ℎ𝜈𝑞𝑎𝑞 |𝐻 |Ψ𝑡𝑖𝑘ℎ𝜈𝑞𝑎𝑞⟩
⟨Ψ𝑡𝑖𝑘ℎ𝜈𝑞𝑎𝑞 |Ψ𝑡𝑖𝑘ℎ𝜈𝑞𝑎𝑞⟩

. (4.7)

In the evaluation of Eq. 4.7, we come across our first major difference between the NM and

AI-NM approaches. Whereas in the NM ansatz the energy expression can be fully evaluated, it is

not the case for the AI-NM because the application of the unitary transformation on Eq. 2.6 does

not close. Thus, we must approximate the transformation.

While an approximate closure scheme necessarily makes the method non-variational, there

are several important cases where the unitary transformation does close exactly and the method

becomes rigorously variational. First, there is the WC limit where the electron-phonon coupling

tends to zero. Second, there is the SC limit where 𝑎𝑘 is uniformly zero. Finally, there is the

special case where the 𝑔𝑖 𝑗𝜈 (𝑘, 𝑞) does not depend on the electronic-momentum and 𝜖𝑖𝑘 is parabolic.

This last condition covers the case of the Fröhlich model and explains why the NM ansatz closed

exactly. Full details of the transformation are given in Appendix J.

In the general AI-NM method, we approximate closure by retaining terms up to O(ℎ𝜈𝑞)2. This

sacrifices the rigorous variational nature of our ansatz, but we can systematically approach a varia-

tional calculation by either including higher-order terms or constraining the maximum magnitude

of ℎ𝜈𝑞 closer to zero. For this chapter we choose the simplest implementation of this constraint

and apply a uniform cutoff which preferences against and discards results with max( |ℎ𝜈𝑞 |) > 1.5.
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Within this approximation the energy given by our ansatz is

𝐸 =
1∑

𝑖𝑘

|𝑡𝑖𝑘 |2

{∑︁
𝑖𝑞

(
𝜖𝑖𝑞 −

1
2

∑︁
𝜈𝑘

|ℎ𝜈𝑘 |2E𝑖𝑞𝑘

)
|𝑡𝑖𝑞 |2 +

∑︁
𝜈𝑞

𝜔𝜈𝑞 |ℎ𝜈𝑞 |2
∑︁
𝑖𝑞

|𝑡𝑖𝑞 |2

−
∑︁
𝑖 𝑗 𝜈
𝑘𝑞

(
𝑔
𝑖 𝑗
𝜈 (𝑘, 𝑞)ℎ𝜈−𝑞𝑡∗𝑖𝑘+𝑞𝑡 𝑗 𝑘+𝑎𝑞𝑞 + c.c.

) }
, (4.8)

E𝑖𝑞𝑘 ≡ 2𝜖𝑖𝑞 − 𝜖𝑖𝑞−𝑎𝑘 𝑘 − 𝜖𝑖𝑞+𝑎𝑘 𝑘 . (4.9)

Up to this point we have formally assumed that we are in the thermodynamic limit; however,

in order to evaluate Eq. 4.8 and its gradients we must define how to treat terms such as 𝑡𝑖𝑘+𝑎𝑞𝑞

when momentum is discretized as is the case in any periodic DFT calculation. The presence of a

continuous 𝑎𝑘 which modifies the momentum arguments of the variational parameter brings us off

of the grid to arbitrary points in the continuum. While this is hard to justify in a truly finite system,

we are interested in properties extrapolated to the thermodynamic limit, so we develop a procedure

which is applicable to systems of all sizes.

Taking inspiration from the Wannier interpolation methods routinely used to interpolate 𝑔𝑖 𝑗𝜈 (𝑘, 𝑞)

elements from a coarse to a fine grid, we define all of our ‘off-grid’ quantities via Fourier interpo-

lation. This is formally similar to applying twisted boundary conditions, a well-known approach

to approximating the thermodynamic limit.28,128 This procedure not only allows us to have a well-

defined procedure to evaluate our energy for any set of variational parameters, but as is detailed

in Appendix K, we can also evaluate the gradients of Eq. 4.8 analytically, allowing efficient and

direct minimization for Eq. 4.7.

4.3.1 Application to 1D Holstein Model

As a first step towards an arbitrary electron-phonon system, we consider the one-dimensional

Holstein model. This is the first application of the numerical method developed in Sec. 4.3 and is a

helpful first step because it isolates the complexities in the method from the inherent complexities

of ab initio calculations while still allowing us to develop the method on a finite-sized lattice. The
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Figure 4.2: The 21-site 1D Holstein model with 𝜔0 = 𝑡0 = 1. We compare DMRG (blue triangles),
weak coupling (orange squares), strong coupling (red circles) and the AI-NM ansatz (open black
circles and dashed line). (a) Comparison of the polaron binding energy from each method across
a wide range of dimensionless couplings 𝜆. The zoomed inset further details the transition from
weak to strong coupling and demonstrates that the AI-NM ansatz always improves on the better of
the strong or weak coupling solution. (b), and (c): The electron densities in momentum space. (d),
and (e): The magnitude of the phonon displacements |ℎ𝑞 |. (f), and (g): The deviations 𝑎𝑘 from
the WC and SC solutions respectively. (b), (d), and (f) show the variational quantities before the
transition from weak to strong coupling at 𝜆 = 1.4 while (c), (e), and (g) display them after the
transition at 𝜆 = 1.6.
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Holstein model is of the form of Eq. 4.1 with the choices of 𝜖𝑘 = −2𝑡0 cos(𝑘), and 𝑔(𝑘, 𝑞) = 𝑔/
√
𝑁 .

𝑁 is the number of sites, and 𝑡0 is the electronic hopping frequency. We define the dimensionless

coupling as 𝜆 = 𝑔2/2𝑡0𝜔0. We compare the results from AI-NM against numerically exact density

matrix renormalization group (DMRG) results.129,130

In Fig. 4.2(a), we show that the AI-NM ansatz generally tracks the better of the WC or SC

solution and slightly improves upon each. The inset demonstrates that, like in the case of the

Fröhlich model, there is a cusp in the energy as the system transitions from WC-like to SC-like.

It is known, and reflected by the DMRG data, that the one-dimensional Holstein model exhibits a

WC-SC crossover rather than a phase transition, but the slight kink in the energy is consistent with

the original NM method and better than a true energy discontinuity.

In Fig. 4.2(b) (d), and (f) we more closely examine the variational parameters on either side of

this transition. We demonstrate that the WC portion of the AI-NM solution is nearly identical to

the WC-solution itself. In the original NM solution for the Fröhlich model NM solution is exactly

the WC solution until 𝛼 = 6, so it may be the case that when WC is the better solution, AI-NM will

always converge to it exactly in the thermodynamic limit. Conversely, in Fig. 4.2(c),(e), and (g)

we find that AI-NM is visibly different from the SC solution and the energy improvement is larger.

Compared to the DMRG results, we do not fare as well as with the Fröhlich model, which may

be attributable to the BCH truncation having a large effect on this system, or may indicate that the

AI-NM is better suited to Fröhlich-like coupling. Either way, while the crossover in the Holstein

model is not as dramatic as in the Fröhlich model, it demonstrates that the ansatz is capable of

switching between the two limits correctly.

In applying AI-NM to the Holstein model, we encountered many possible solutions. This

differs from the original NM approach where the nearly analytic form presented only one case of

multiple solutions which hardly changed the energy. Here we locate the minimum by using starting

guesses from the WC solution, the SC solution and a set of randomly chosen distributions.
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4.3.2 Application to LiF

We now move to address the case of a fully ab initio system and apply AI-NM to LiF. We

follow the procedure for generating 𝜖𝑖𝑘 , 𝜔𝜈𝑞 and 𝑔
𝑖 𝑗
𝜈 (𝑘, 𝑞) discussed in Ref. 122. We begin

by optimizing the geometry in Quantum Espresso131,132 with a 12x12x12 k-grid using the the

PBE exchange-correlation functional133 with Optimized Norm-Conserving Vanderbilt Pseudopo-

tentials,134,135 and a 150 Ha energy cutoff. We find an optimized lattice constant of 𝑎0 = 4.035 Å.

We then apply density functional perturbation theory (DFPT) as implemented in the PHonon code

within Quantum Espresso to find the phonon frequencies and electron-phonon couplings on an

11x11x11 grid. We next construct the maximally localized Wannier functions with Wannier90136

and use EPW137 to interpolate the parameters onto all of the k-grids applied in this chapter. For

the hole-polaron we consider only the three highest energy valence bands while for the electron-

polaron we consider only the lowest energy conduction band.

To better understand the AI-NM approach, we compare its against two other methods; one exact

and one perturbative. Although the largest grids are eventually the ones necessary to extrapolate

to the thermodynamic limit we can use smaller grids to compare our method against data from

the exact neural-network quantum state (NNQS) approach of Ref. 138. For all system sizes we

can apply perturbation theory on top of the SC result. This procedure is known as coherent-state

Møller-Plesset perturbation theory (CSPT).81

It is well-understood that the hole-polaron is spatially localized within a single unit cell and is

well-described by classical nuclear displacements.45–47,121,122 In Fig. 4.3, we show that our ansatz

appropriately recovers this SC limit.1 In Fig. 4.3(a) we plot the convergence of the polaron ground

state energy with respect to the k-mesh size. We find that by even a modestly sized 13x13x13

1We note that the 3x3x3 hole-polaron (which is not shown in Fig. 4.3) predicts an optimized binding energy of
1.68 eV, far below the numerically exact NNQS value of 0.90 eV from Ref. 138. Further examination of this result
reveals large values of ℎ𝜈𝑞 with max( |ℎ𝜈𝑞 |) = 1.15 and 𝑎𝑘 ≈ 1 ≈ 𝑊𝐶. For comparison the optimized AI-SC and WC
results from 5x5x5 have maximum magnitudes of 0.08 and 0.06 respectively. The regime of large 𝑎𝑘 and large ℎ𝜈𝑞
is exactly where we expect the truncation of the BCH expansion to most adversely effect our results when we discard
solutions via a uniform |ℎ𝜈𝑞 | cutoff. A more sophisticated error analysis of Eqs. J.7 and J.14 could produce a cutoff
procedure for ℎ𝜈𝑞 which is a function of 𝑎𝑘 . One expects such an approach to naturally allow ℎ𝜈𝑞 to take arbitrarily
large values when 𝑎𝑘 = 0 and the the transformation closes and restrict ℎ𝜈𝑞 to small values when 𝑎𝑘 approaches zero.
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supercell size WC (eV) SC (eV) AI-NM (eV) CSPT2 (eV) NNQS (eV)
3 × 3 × 3 0.23 0.90 1.68 0.91 0.90
5 × 5 × 5 0.25 1.27 1.27 1.28 1.27
9 × 9 × 9 0.35 1.58 1.58 1.60 1.59

13 × 13 × 13 0.36 1.67 1.67 1.70 –

Table 4.1: Selected binding energies for the LiF hole-polaron at various system sizes via the WC,
SC, and AI-NM approaches as well as CSPT2 and the exact NNQS approach.138

k-grid, the energy can evaluated in the thermodynamic limit via Makov-Payne extrapolation.139

AI-NM has an extrapolated binding energy of 1.94 eV, which is consistent with previous find-

ings.46,121,123 It is nearly identical to the SC result of 1.97 eV. The difference can be attributed to

an artifact of our two-point linear extrapolation. The WC result on the other hand begins plateau-

ing to a binding energy of 0.30 eV reflecting its qualitatively incorrect nature for the hole-polaron.

In Fig. 4.3(b) the electron densities ( |𝑡𝑖𝑘 |2) are nearly identical between the SC and the AI-NM

ansatzes except for a slightly sharper peak at the Gamma point. The WC result predicts a fully

delocalized polaron state we would expect. The plot of displacements squared in Fig. 4.3(c) sim-

ilarly shows nearly identical values between AI-NM and SC. The optimized 𝑎𝑘 presented in Fig.

4.3(c) have vanishingly small values indicating that the AI-NM is effectively variational and in the

SC limit.

Table 4.1 zooms in on the results of Fig. 4.3(a) and demonstrates just how closely the exact

NNQS approach of Ref. 138 matches the SC, AI-NM, and CSPT2 results. The SC result is

essentially exact for the LiF hole-polaron. Further, at larger system sizes, where the exact method

of Ref. 138 is unavailable, CSPT2 remains in close agreement with the SC and AI-NM results.

On the opposite end of the WC-SC spectrum, we consider the LiF electron-polaron. Con-

ventionally, it is considered a close analogue of the Fröhlich large polaron. However, it has long

been suggested that the model’s sensitivity to input parameters may render it inadequate to fully

understand polarons in alkali halides,110 making it a good target for ab initio approaches. Un-

like the hole-polaron, only a single electronic band contributes to the electron-polaron. However

the electron-polaron converges much more slowly with system size than the hole-polaron, and we

compute 𝑘-grids up to 27x27x27 for our Makov-Payne extrapolation.
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Figure 4.3: LiF hole-polaron properties via the WC ansatz (orange squares), the SC ansatz (red
circles), the AI-NM ansatz (open black circles), CSPT2 (green Xs and dotted line), and the exact
NNQS approach of Ref. 138 (blue triangles). (a) plot of the convergence of the polaron binding
energy with respect to the inverse supercell size (as defined in Ref. 46). The small numbers
above the data indicate the size of the supercell. The zoomed inset higlights the small differences
between the methods. (b), (c), and (d) are slices of variational parameters along a single reciprocal
lattice vector for the 13x13x13 k-mesh. (b) and (c) present the sums of the electron densities and
displacements respectively and both nearly exactly match the SC result. (d) shows that 𝑎𝑘 is almost
exactly that of the SC limit.
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Fig. 4.4(a) presents the energy convergence with respect so system size, and AI-NM predicts a

polaron binding energy of 0.34 eV while WC predicts 0.35 eV.2 SC predicts a significantly lower

0.25 eV binding energy, and does not even bind at all until N=17 which is similar to the result of

Ref. 46. The discrepancy between AI-NM and WC can again be attributed to small artifacts in

our extrapolation. Unlike in the hole-polaron case, AI-NM visibly departs from the WC solution at

lower system sizes which can be understood by examining the variational parameters. The electron

densities in Fig. 4.4(b) show an optimal AI-NM solution between the delocalized and localized WC

and SC solutions. The AI-NM phonon displacements in Fig. 4.4(c) only slightly deviate from the

WC displacements. Finally, Fig. 4.4(d) shows that the 𝑎𝑘 are not simply one or zero, but a smooth

looking function falling off from near one around the band edges to 0.84 around the Gamma point

(the Gamma point itself does not have a well-defined 𝑎𝑘 ). This shape recalls the 𝑎𝑘 profiles of Fig.

4.1(c) but is slightly non-monotonic on a scale imperceptible in the plot.

To better visualize the differences between the electron densities predicted by the methods, we

plot a three-dimensional representation of the k-space electron density for AI-NM in Fig. 4.4(e),

SC in Fig. 4.4(f) and WC in Fig. 4.4(g). As expected, WC predicts nearly a delta function in k-

space corresponding to a fully delocalized polaron, SC predicts a very broad and spherical k-space

density profile. AI-NM predicts a more complex electron density. There is a non-spherical central

peak as well as local maxima along the reciprocal lattice vectors. This suggests that AI-NM will

be able to provide further insights into the structure of the polarons in real-space.

In Table 4.1 we more closely examine the binding energies including small systems not shown

in Fig. 4.4(a). For the two smallest system sizes we compare our results to the exact NNQS

approach of Ref. 138. The exact binding energies predicted by that approach are 0.036 and 0.068

eV respectively which compares with our best AI-NM results of 0.040 and 0.079 eV. For those

system sizes WC theory is nearly correct and produces binding energies of 0.034 and 0.069 eV.

2Because our parameters are interpolated from coarser to finer k-grids, there can be inaccuracies in that mapping.
Here we find that for the largest k-grids, the energetic minimum shifts slightly off of the Gamma point. To minimize
the effect of this shift in the energy, all energy differences are taken from the minimum of the smallest k-grid. However
the CSPT2 results shown in Fig. 4.4(a) have an anomalously low energy difference between 19x19x19 and 21x21x21
because of this artifact.
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supercell size WC (eV) SC (eV) AI-NM (eV) CSPT2 (eV) NNQS (eV)
3 × 3 × 3 0.034 0.00 0.041 0.034 0.036
5 × 5 × 5 0.070 0.00 0.079 0.069 0.068

15 × 15 × 15 0.18 0.00 0.19 0.18 –
23 × 23 × 23 0.23 0.087 0.23 0.23 –

Table 4.2: Selected binding energies for the LiF electron-polaron at various system sizes via the
WC, SC, and AI-NM approaches as well as the CSPT2 and the exact NNQS approach.138

While this makes it clear that our results are non-variational in this case, Fig. 4.4(a) demonstrates

that the AI-NM approach tends towards the WC result, so the large deviations from variationality

may be exacerbated by the intrinsic interpolation errors AI-NM introduces in small systems. For

these system sizes, CSPT2 only deviates from the NNQS approach by 0.002 eV at a maximum

suggesting that it is a good benchmark to compare against AI-NM for the larger systems. In the

larger system sizes presented in Table 4.2 and Fig. 4.4(a), the WC approach, the AI-NM approach

and CSPT2 are nearly identical to one another.

4.4 Conclusion

In this chapter we introduced the AI-NM ansatz, a flexible variational ansatz for polaron prob-

lems of any coupling strength. Like the original NM method, the AI-NM method joins the well-

known SC and WC ansatzes by introducing an additional set of variational parameters into the

unitary transform. AI-NM allows for the treatment arbitrary electron-phonon Hamiltonians, but

because the generalization prevents the equations from closing exactly it is not variational except

in some special cases. We highlighted the abilities of the original NM ansatz on the Fröhlich model,

and showed that the AI-NM behaves similarly on the Holstein model. In both cases the ansatz al-

ways tracks and potentially improves the better of the WC or SC solution. When we applied the

method to a fully ab initio model of LiF, we found that it was capable of accurately predicting the

polaron binding energies for both the small hole-polaron and the large electron-polaron.

As we demonstrated with LiF, the AI-NM can be used to compute polaron binding energies as

a stand-alone tool. However, future developments could apply AI-NM as a starting point for more

accurate calculations. One clear improvement would be to include the higher-order displacements
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Figure 4.4: (a)-(d) have an identical layout and key to Fig. 4.3. (a) demonstrates that AI-NM
converges towards WC in the thermodynamic limit. (b), (c), and (d) are slices of the variational
parameters from a 25x25x25 k-mesh. (b) shows that AI-NM produces visibly different electron
densities from WC and SC. (c) demonstrates that the displacements are similar between the AI-NM
and WC results. (d) demonstrates that the optimized 𝑎𝑘 deviate far from the WC limits. (e)-(g)
Electron density isosurface plots of the LiF electron-polaron calculated via the AI-NM (e), the
strong-coupling ansatz (f), and the weak-coupling ansatz (g). All isosurfaces are from 21x21x21
k-grids. The blue isosurface corresponds to an isovalue of 10−7 while the yellow isosurface corre-
sponds to an isovalue of 10−9.
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either explicitly or pertrubatively. Also, we did not consider the Debye-Waller terms which are

second-order in the EPI, and are included in AHC theory and the methods of Refs. 46 and 122. In

a different vein, AI-NM is an ideal starting point for perturbation theory because it is typically close

in energy to the exact solution. Similarly, using the AI-NM transformed Hamiltonian, one could

construct a low-order Green’s function theory and generate spectral functions with the second-

order cumulant expansion.

Efficient and scalable computational methods for calculating properties of polarons from first-

principles will enable deeper insights into previously inexcessible systems. There are still major

questions about the lead-halide perovskites, for example, because their large scale and numerous

complexities have made it difficult to fully model how EPIs effect their properties. The AI-NM

variational ansatz provides a promising avenue of exploration which may be able to bring ab initio

polaron calculations to the scale of next-generation materials.
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[27] P. Prelovšek and J. Bonča, “Ground state and finite temperature lanczos methods,” in
Strongly Correlated Systems: Numerical Methods, A. Avella and F. Mancini, Eds. Berlin,
Heidelberg: Springer Berlin Heidelberg, 2013, pp. 1–30, ISBN: 978-3-642-35106-8.
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Appendix A: Moments for the Holstein model

Plugging in the specific form of the Holstein interaction, performing the time integrals, and

removing several of the internal momentum sums via conservation of momentum, we find the

second moment is given by

𝑀2 (𝑘, 𝑡) = −𝑔
2

𝑁
𝑒−𝑖𝜀𝑘 𝑡

∑︁
𝑞

[
(𝑁0 + 1) 𝐴−𝑞 + 𝑁0𝐴

+
𝑞

]
, (A.1)

𝐴±𝑞 ≡
±𝑖𝑡

(
𝜔0 ±

(
𝜀𝑘 − 𝜀𝑞

) )
− 𝑒±𝑖𝑡(𝜔0±(𝜀𝑘−𝜀𝑞)) + 1(

𝜔0 ±
(
𝜀𝑘 − 𝜀𝑞

) )2 , (A.2)
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and the fourth moment is given by

𝑀4(𝑘, 𝑡) =
𝑔4

𝑁2 𝑒
−𝑖𝜀𝑘 𝑡
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𝑞1,𝑞2

[
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2 ; 𝑡
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2 ; 𝑡
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−
2 ; 𝑡

)
+ 𝑁2
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−
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+
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)
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(
𝑓 −1 , 𝑓

+
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where

𝑇1 (𝑎, 𝑏; 𝑡) = 1
𝑏

[
𝑎 𝑡

2
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𝑏

(
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𝑎
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, (A.4)
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𝑇3 (𝑎, 𝑏; 𝑡) = 1
𝑎

[
1
𝑏

(
𝑡 + ℎ (𝑎, 𝑡)

𝑎
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𝑓 (𝑎, 𝑏, 𝑐) = 𝑖(𝜀𝑘+𝑎 − 𝜀𝑘+𝑏 + 𝑐), (A.7)

𝑓 ±𝑖 = 𝑓 (𝑞𝑖, 0,±𝜔0) , (A.8)

ℎ (𝑥, 𝑡) = 𝑒−𝑥𝑡 − 1
𝑥

. (A.9)

For both 𝑀2 and 𝑀4, singular terms within the momentum sums are evaluated in a limiting

sense using L’Hopital’s rule.
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Appendix B: Hierarchical equations of motion

For an exact benchmark of G (𝑘, 𝑡) we will use the Hierarchical Equations of Motion (HEOM)

approach. First popularized for solving vibronic models with continuous bath spectral densities,

[32–36] HEOM has recently been adapted to solve discrete bath models such as the Holstein and

SSH models. [37–39] While we have recently shown that the finite truncation of HEOM can lead

to long-time instability in such models, [39] for the present application the converged short and

intermediate time behavior is sufficient to provide benchmarks for G (𝑡) and 𝐴 (𝜔). Two recent

versions of HEOM have provided practical routes to circumventing instabilities.[40, 140]

To compute G (𝑘, 𝑡) with HEOM we rewrite

G(𝑘, 𝑡) = −𝑖Θ (𝑡) Tr𝑆
[
𝑎𝑘Tr𝐵

[
𝑒−𝑖𝐻𝑡

×
(
𝑒−𝛽𝐻𝑏 ⊗ 𝑎†

𝑘
𝜌𝑣𝑎𝑐

)
𝑒𝑖𝐻𝑡

] ]
, (B.1)

where

𝜌𝑣𝑎𝑐 = |0⟩⟨0| =



1 0 . . . 0

0 0 . . . 0
...
...
. . . 0

0 0 0 0


(B.2)

is the pure-state electronic density matrix representing the zero-electron vacuum, written in a basis

of zero-electron and one-electron states. The 𝑆 and 𝐵 subscripts denote partial traces over the

electron and phonon subspaces, respectively. One-electron states are described in the site basis. In
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this basis,

𝑎
†
𝑘
=

1
√
𝑁



0 0 . . . 0

𝑒−𝑖𝑘 0 . . . 0
...

...
. . . 0

𝑒−𝑖𝑘 (𝑁−1) 0 0 0


, (B.3)

𝑎𝑘 =
1
√
𝑁



0 𝑒𝑖𝑘 . . . 𝑒𝑖𝑘 (𝑁−1)

0 0 . . . 0
...

...
. . . 0

0 0 0 0


. (B.4)

Thus, to calculate G (𝑘, 𝑡) we initialize a hierarchy of auxiliary density matrices, each of dimension

(𝑁 + 1) × (𝑁 + 1). All matrices 𝜌𝑚1±,...,𝑚𝑁± (𝑡 = 0) are set to zero except for

𝜌0,..,0(𝑡 = 0) = 𝑎†
𝑘
𝜌𝑣𝑎𝑐 . (B.5)

Then, we propagate in time using the discrete-bath HEOM [37–39]

𝑑

𝑑𝑡
𝜌𝑚1±,...,𝑚𝑁± (𝑡) = −𝑖L𝜌𝑚1±,...,𝑚𝑁± (𝑡)

− 𝑖
𝑁∑︁
𝑛=1

𝜔0 (𝑚𝑛− − 𝑚𝑛+) 𝜌𝑚1±,...,𝑚𝑁± (𝑡)

+
𝑁∑︁
𝑛=1

[
Φ𝑛

(
𝜌𝑚1±,...,𝑚𝑛++1,...,𝑚𝑁± (𝑡)

+ 𝜌𝑚1±,...,𝑚𝑛−+1,...,𝑚𝑁± (𝑡)
)

+ 𝑚𝑛+Θ𝑛+𝜌𝑚1±,...,𝑚𝑛+−1,...,𝑚𝑁± (𝑡)

+ 𝑚𝑛−Θ𝑛−𝜌𝑚1±,...,𝑚𝑛−−1,...,𝑚𝑁± (𝑡)
]
, (B.6)

93



where

L = [𝐻̂𝑒, ...], (B.7)

Φ𝑛 = [𝑉̂𝑛, ...] (B.8)

𝑉̂𝑛 = 𝑎
†
𝑛𝑎𝑛, (B.9)

and

Θ𝑛± = − (𝑔𝜔0)2

2

(
[𝑉̂𝑛, ...] coth

(
𝛽𝜔0

2

)
∓ {𝑉̂𝑛, ...}

)
. (B.10)

Finally, we compute the Green’s function as

G(𝑘, 𝑡) = −𝑖Θ (𝑡) 𝑇𝑟
[
𝑎𝑘𝜌0,..,0(𝑡)

]
. (B.11)

Converging with respect to the hierarchy depth 𝐿, we obtain the exact G (𝑘, 𝑡) for the Holstein

model.
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Appendix C: 𝐾-phonon approximation

For analyzing finite-size effects in an inexpensive, approximate way, we will also compute

G (𝑘, 𝑡) via numerical diagonalization of the Hamiltonian within a truncated basis. Toward this

end we introduce the momentum-space basis kets

|𝜈0, . . . , 𝜈𝑁⟩0, (C.1)

and

|𝑘, 𝜈0, . . . , 𝜈𝑁⟩1, (C.2)

which represent states with zero and one electron, respectively. The electronic quantum number 𝑘

indicates the momentum of the electron. The vibrational quantum numbers 𝜈𝑖 denote the number

of vibrational quanta in each normal mode, such that

𝑏†𝑞 |0, . . . , 𝜈𝑞, . . . , 0⟩0 =√︁
𝜈𝑞 + 1|0, . . . , 𝜈𝑞 + 1, . . . , 0⟩0, (C.3)

𝑏†𝑞 |𝑘, 0, . . . , 𝜈𝑞, . . . , 0⟩1 =√︁
𝜈𝑞 + 1|𝑘, 0, . . . , 𝜈𝑞 + 1, . . . , 0⟩1. (C.4)

We work within a truncated 𝐾 phonon basis such that

𝑁∑︁
𝑞=1

𝜈𝑞 ≤ 𝐾. (C.5)

Using this basis to represent the Hamiltonian, we can then compute the matrix exponential nec-

essary to determine G (𝑘, 𝑡) by numerically diagonalizing the Hamiltonian. We will refer to this
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approach as the “𝐾−phonon approximation.” In the text only 𝐾 = 1 results are shown.
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Appendix D: Derivation of SC-CE

Closely following Dunn,49 we start with the Green’s function in the form Eq. 2.9, with the goal

to evaluate the trace of the exponential to all orders. Since there is a single electron on the lattice,

we can easily determine all of the matrix elements by expanding the exponent as

G𝑘 (𝑡) = G (0)
𝑘

(𝑡)
〈 ∞∑︁
𝑛=0

𝑇

[
(−𝑖)𝑛
𝑛!

∑︁
{𝑞 𝑗}𝑛𝑗=1

∫ 𝑡

0
𝑑𝑡1· · ·

∫ 𝑡

0
𝑑𝑡𝑛

× 𝑔𝑞𝑛,𝑘𝑒−𝑖𝑡𝑛𝜖𝑘𝑒𝑖𝑡𝑛𝜖𝑘+𝑞𝑛 𝐴𝑞𝑛 (𝑡𝑛)

× 𝑔𝑞𝑛−1,𝑘+𝑞𝑛𝑒
−𝑖𝑡𝑛−1𝜖𝑘+𝑞𝑛 𝑒𝑖𝑡𝑛−1𝜖𝑘+𝑞𝑛+𝑞𝑛−1 𝐴𝑞𝑛−1 (𝑡𝑛−1)

· · · × 𝑔𝑞1,𝑘+𝑞2+···+𝑞𝑛𝑒
−𝑖𝑡𝑛𝜖𝑘+𝑞2+···+𝑞𝑛 𝑒𝑖𝑡𝑛𝜖𝑘 𝐴𝑞1 (𝑡1)

]〉
.

(D.1)

Eq. D.1 makes apparent that each application of 𝑉 has the effect of shifting all subsequent 𝑘-

dependent terms by 𝑞𝑖. Here, 𝐴𝑞 (𝑡) = 𝑏𝑞𝑒
−𝑖𝜔𝑞𝑡 + 𝑏†−𝑞𝑒−𝑖𝜔𝑞𝑡 , and

∑
𝑖 𝑞𝑖 = 0. Note that we have

kept notation general beyond the Holstein model such that the electron-phonon coupling constant

depends on momentum. This relationship can be represented with the differential operator 𝑒𝑞·
𝑑
𝑑𝑘 .

We define a vertex operator Γ𝑞𝑘 (𝑡) = 𝑔𝑞𝑘𝑒
−𝑖𝑡𝜖𝑘𝑒𝑞·

𝑑
𝑑𝑘 𝑒𝑖𝑡𝜖𝑘 which allows us to rewrite the electron

Green’s function as an exponential

G𝑘 (𝑡) = G (0)
𝑘

(𝑡)
〈
𝑇𝑒−𝑖

∑
𝑞

∫ 𝑡

0 𝑑𝜏Γ𝑞𝑘 (𝜏)𝐴𝑞 (𝜏)
〉
. (D.2)

The remaining trace is only over the phonons. Assuming that the phonons are purely harmonic,

we can apply the standard result ⟨𝑒𝐵⟩ = 𝑒
1
2 ⟨𝐵

2⟩, which is valid for an operator 𝐵 which is a lin-

ear combination of 𝑏 and 𝑏†. This expectation value is readily evaluated as ⟨𝑇𝐴𝑞 (𝑡)𝐴𝑞′ (𝑡′)⟩ =

𝑖𝐷
(0)
𝑞 (𝑡 − 𝑡′)𝛿𝑞,−𝑞′ . This final trace further constrains the values that 𝑞𝑖 can take, so that only phys-
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ical electron-phonon vertices are possible. This completes the first portion of the derivation, and

we are left with an explicit form for 𝑆

𝑆 = − 𝑖
∑︁
𝑞

∫ 𝑡

0
𝑑𝜏

∫ 𝜏

0
𝑑𝜏′𝐷 (0)

𝑞 (𝜏 − 𝜏′)Γ−𝑞𝑘 (𝜏)Γ𝑞𝑘 (𝜏′). (D.3)

To generate a self-consistent expression for 𝑆, we apply the Feynman operator ordering theo-

rem.141 The theorem states that given a functional of time dependent operators 𝐹 [ 𝐴̂(𝜏), 𝐵̂(𝜏), . . . ]

where 𝜏 ∈ [0, 𝑡] and with a unitary operator of the form 𝑈̂ (𝜏′) = 𝑇 exp
(∫ 𝜏′

0 𝑑𝜏𝑃̂(𝜏)
)

then

𝑈̂ (𝑡)𝐹 [ 𝐴̂(𝜏), 𝐵̂(𝜏), . . . ] =

𝑇

[
exp

(∫ 𝑡

0
𝑑𝜏𝑃̂(𝜏)

)
𝐹 [𝑈̂ (𝜏) 𝐴̂(𝜏)𝑈̂−1(𝜏), . . . ]

]
.

(D.4)

Considering that we have expressed G𝑘 (𝑡) as a functional of differential operators, we choose

𝑃̂ = −𝑖
(
𝜖𝑘 + 𝑑

𝑑𝜏
𝜙𝑘 (𝜏)

)
. The scalar function 𝜙𝑘 (𝑡) is only required to vanish at 𝑡 = 0 and the

self-consistent approach presented in the main text corresponds to the choice 𝜙𝑘 (𝑡) = −𝑖𝐶𝑘 (𝑡).

The transformed vertex functional can be simplified to

Γ̄𝑞𝑘 (𝜏) ≡ 𝑈̂ (𝜏)Γ𝑞𝑘 (𝜏)𝑈̂−1(𝜏)

= 𝑔𝑞𝑘𝑒
−𝑖𝜙𝑘 (𝜏)𝑒𝑞·

𝑑
𝑑𝑘 𝑒+𝑖𝜙𝑘 (𝜏) ,

(D.5)

and the transformed 𝑆 is then given by

𝑆 = −𝑖
∫ 𝑡

0
𝑑𝜏

(
𝜖𝑘 +

𝑑

𝑑𝜏
𝜙𝑘 (𝜏)

)
− 𝑖

∑︁
𝑞

∫ 𝑡

0
𝑑𝜏

∫ 𝜏

0
𝑑𝜏′𝐷 (0)

𝑞 (𝜏 − 𝜏′)Γ̄−𝑞𝑘 (𝜏)Γ̄𝑞𝑘 (𝜏′).
(D.6)

Just as in the standard cumulant expansion, the cumulants of a given order can be computed by
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evaluating time-ordered powers of 𝑆

𝐶𝑘 (𝑡) = 𝑖𝜙𝑘 (𝑡) +
∞∑︁
𝑛=1

1
𝑛!
𝑇 [𝑆𝑛]𝑐, (D.7)

where the notation [...]𝑐 denotes the cumulant of an operator, and 𝑇 [𝑆]𝑐 = 𝑇 [𝑆]. Subsequent

terms are given by

𝑇 [𝑆𝑛]𝑐 = 𝑇 [𝑆𝑛] −
𝑛−1∑︁
𝑚=1

(𝑛 − 1)!
𝑚!(𝑛 − 𝑚 − 1)!𝑇 [𝑆

𝑚]𝑇 [𝑆𝑛−𝑚]𝑐 . (D.8)

Evaluating Eq. D.7 with 𝜙𝑘 (𝑡) = 𝐶𝑘 (𝑡) to leading order produces Eq. 2.12.
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Appendix E: SC-CE Recursive Expression

Here we illustrate how the lowest-order SC-CE generates the exact second-order CE and ap-

proximations to all higher order CEs. Considering only the lowest order in Eqs. D.7 and D.8, we

can write Eq. 2.13 for the SC-CE as a self-consistent equation for the Green’s function

G𝑘 (𝑡) = G (0)
𝑘

(𝑡) exp
(
𝑖
∑︁
𝑞

∫ 𝑡

0
𝑑𝜎

∫ 𝜎

0
𝑑𝜏 |𝑔𝑞𝑘 |2

×𝐷 (0)
𝑞 (𝜎 − 𝜏)

G𝑘−𝑞 (𝜎)G𝑘 (𝜏)
G𝑘−𝑞 (𝜏)G𝑘 (𝜎)

)
.

(E.1)

In the weak coupling limit, we find an iterative solution starting with the bare Green’s function.

The first iteration is straightforward and replicates exactly the second cumulant

G (1)
𝑘

(𝑡) = G (0)
𝑘

(𝑡) exp(𝐶2(𝑘, 𝑡)). (E.2)

While the integrals for subsequent iterations may be analytically evaluated, it is more instructive

to consider the further iterations as functions of 𝐶2(𝑘, 𝑡).

The second and all subsequent iterations now have exponential resummations of the second-

order cumulant itself. Explicitly,

G (2)
𝑘

(𝑡) =G (0)
𝑘

(𝑡) exp
(
− 𝑖

∑︁
𝑞

∫ 𝑡

0
𝑑𝜎

∫ 𝜎

0
𝑑𝜏 |𝑔𝑞𝑘 |2

×𝐷 (0)
𝑞 (𝜎 − 𝜏)G (0)

𝑘−𝑞 (𝜎 − 𝜏)G (0)
𝑘

(𝜏 − 𝜎)

×𝑒𝐶2 (𝑘,𝜏)+𝐶2 (𝑘−𝑞,𝜎)−𝐶2 (𝑘,𝜎)−𝐶2 (𝑘−𝑞,𝜏)
)
.

(E.3)

The 𝑛th cumulant is defined as being proportional to the 𝑛th power of the coupling constant, so by
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expanding the exponent we find an approximation for all higher order cumulants

G (2)
𝑘

(𝑡) = G (0)
𝑘

(𝑡) exp
( ∞∑︁
𝑛=0

−𝑖
𝑛!

∑︁
𝑞

∫ 𝑡

0
𝑑𝜎

∫ 𝜎

0
𝑑𝜏 (E.4)

×|𝑔𝑞𝑘 |2𝐷 (0)
𝑞 (𝜎 − 𝜏)G (0)

𝑘−𝑞 (𝜎 − 𝜏)G (0)
𝑘

(𝜏 − 𝜎)

× (𝐶2(𝑘, 𝜏) + 𝐶2(𝑘 − 𝑞, 𝜎) − 𝐶2(𝑘, 𝜎) − 𝐶2(𝑘 − 𝑞, 𝜏))𝑛
)
.

We can simplify this expression by introducing 𝐶 (𝑛)
𝑚 (𝑘, 𝑡), which represents the approximation to

the 𝑛th iteration of the 𝑚th cumulant. This results in

G (2)
𝑘

(𝑡) = G (0)
𝑘

(𝑡) exp

( ∞∑︁
𝑛=1

𝐶
(2)
2𝑛 (𝑘, 𝑡)

)
. (E.5)

Importantly, because the second iteration produces cumulants of all orders, further iterations re-

quire expanding the exponent into moments.

After the second iteration, we can generalize to an arbitrary iteration:

G (𝑛+1)
k (𝑡) = G (0)

k (𝑡) exp

(
− 𝑖

∑︁
q

∫ 𝑡

0
𝑑𝜎

∫ 𝜎

0
𝑑𝜏 |𝑔𝑞𝑘 |2

× 𝐷0
q(𝜎 − 𝜏)G (0)

k (𝜏 − 𝜎)G (0)
k−q(𝜎 − 𝜏)𝑒𝐹 (𝑛) (k,q,𝜎,𝜏)

)
. (E.6)

Here, we introduce the notation:

𝐹 (𝑛) (k, q, 𝜎, 𝜏) ≡ 𝐹 (𝑛)
2 (k, q, 𝜎, 𝜏) + 𝐹 (𝑛)

4 (k, q, 𝜎, 𝜏) + . . . , (E.7)

𝐹
(𝑛)
𝑖

(k, q, 𝜎, 𝜏) ≡ 𝐶 (𝑛)
𝑖

(k − q, 𝜎) − 𝐶 (𝑛)
𝑖

(k − q, 𝜏)

− 𝐶 (𝑛)
𝑖

(k, 𝜎) + 𝐶 (𝑛)
𝑖

(k, 𝜏). (E.8)

The procedure for constructing the approximation to the 𝑛th iteration of the 𝑚th cumulant is given
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by the moment expansion

∞∑︁
𝑚=0

𝜆2𝑚𝑊
(𝑛)
2𝑚 (k, q, 𝜎, 𝜏) = 𝑒

∑∞
𝑚=1 𝜆

2𝑚𝐹
(𝑛)
2𝑚 (k,q,𝜎,𝜏) , (E.9)

where the first few moments are given by:

𝑊
(𝑛)
0 (k, q, 𝜎, 𝜏) = 1 (E.10)

𝑊
(𝑛)
2 (k, q, 𝜎, 𝜏) = 𝐹 (𝑛)

2 (k, q, 𝜎, 𝜏) (E.11)

𝑊
(𝑛)
4 (k, q, 𝜎, 𝜏) = 𝐹 (𝑛)

4 (k, q, 𝜎, 𝜏)

+ 1
2

(
𝐹
(𝑛)
2 (k, q, 𝜎, 𝜏)

)2
. (E.12)

Because each iteration introduces another power of 𝑔2 to all of the approximated cumulants,

and the 𝑛th order cumulant is defined as being proportional to 𝑔𝑛, the 𝑛th iteration cannot alter

any of the approximated cumulants of order lower than 𝑛. Because of this, and the fact that the

approximate cumulant for a given order is an integral over lower order approximations, the iterative

method is actually recursive. Dropping the superscripts indicating iteration, the general form for

the SC-CE approximation to the 𝑛th cumulant is

𝐶SC-CE
2𝑛 (k, 𝑡) = −𝑖

∑︁
q

∫ 𝑡

0
𝑑𝜎

∫ 𝜎

0
𝑑𝜏 |𝑔𝑞𝑘 |2𝐷q(𝜎 − 𝜏)

×G (0)
k (𝜏 − 𝜎)G (0)

k−q(𝜎 − 𝜏)𝑊2𝑛−2(k, q, 𝜎, 𝜏). (E.13)
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Appendix F: Numerical VIDE Solution

Eq. 2.13 is not convenient for numerical calculations. Instead, we define, 𝑦𝑘 (𝑡) ≡ 𝑒𝐶𝑘 (𝑡) and

solve directly for 𝑦𝑘 (𝑡),

𝑑𝑦𝑘 (𝑡)
𝑑𝑡

= − 𝑖
∑︁
𝑞

∫ 𝑡

0
𝑑𝜏 |𝑔𝑞𝑘 |2𝐷 (0)

𝑞 (𝑡 − 𝜏)

× 𝑒𝑖(𝜖𝑘−𝜖𝑘−𝑞) (𝑡−𝜏)
𝑦𝑘 (𝜏)𝑦𝑘−𝑞 (𝑡)
𝑦𝑘−𝑞 (𝜏)

.

(F.1)

Numerical solutions to equation F.1 were carried out with a multi-step predictor corrector

method as derived by Linz.142 His method is general for first order Volterra Integro-Differential

Equations (VIDEs) of the form

𝑦′(𝑥) = 𝐹
(
𝑥, 𝑦(𝑥),

∫ 𝑥

0
𝑑𝑡𝐾 (𝑥, 𝑡, 𝑦(𝑡))

)
. (F.2)

The form of Eq. F.1 implies that 𝐹 can be written purely as a function of
∫ 𝑥

0 𝑑𝑡𝐾 (𝑥, 𝑡, 𝑦(𝑡)). We

used an Adams-Bashforth second-order predictor step and a third-order Adams-Moulton correc-

tor step. Following Linz, for the starting procedure of the Holstein model we applied the self-

consistent Simpson’s method iterated five times.142
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Appendix G: PS Derivation

We begin with the temporal Dyson equation

0 = 𝑖
𝑑G𝑘 (𝑡)
𝑑𝑡

− 𝜖𝑘G𝑘 (𝑡) −
∫ 𝑡

0
𝑑𝜏Σ𝑘 (𝑡 − 𝜏) G𝑘 (𝜏) . (G.1)

The approach is leading order in the self-consistency, so we consider only the first-order self-

energy

Σ
(1)
𝑘

(𝑡) = 𝑖𝑔
2

𝑁

∑︁
𝑞

D (0)
𝑞 (𝑡) G (0)

𝑘−𝑞 (𝑡) , (G.2)

G (0)
𝑘

(𝑡) = −𝑖𝑒−𝑖𝜖𝑘 𝑡 . (G.3)

We then replace the bare Green’s function with the interacting Green’s function to find the SC-M

self-energy. We then shift our summation variable in the self-energy.

Σ𝑘 (𝑡 − 𝜏) =
𝑖𝑔2

𝑁

∑︁
𝑞

D (0)
𝑘−𝑞 (𝑡 − 𝜏) G𝑞 (𝑡 − 𝜏) . (G.4)

We then consider the interacting Green’s function to be a product of the bare Green’s function and

some other function representing a power series of corrections

G𝑘 (𝑡) ≡ G (0)
𝑘

(𝑡) P𝑘 (𝑡) . (G.5)

The time derivative is easily taken as

𝑖
𝑑G𝑘 (𝑡)
𝑑𝑡

= 𝑖G (0)
𝑘

(𝑡) 𝑑P𝑘 (𝑡)
𝑑𝑡

+ 𝜖𝑘G𝑘 (𝑡) . (G.6)
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One can also define a non-self-consistent self-energy, Σ(0)
𝑘𝑞

(𝑡), so that we can rewrite the PS

self-energy as

Σ𝑘 (𝑡 − 𝜏) =
−𝑔2

𝑁

∑︁
𝑞

Σ
(0)
𝑘𝑞

(𝑡 − 𝜏) P𝑞 (𝑡 − 𝜏) , (G.7)

Σ
(0)
𝑘𝑞

(𝑡) = −𝑖D (0)
𝑘−𝑞 (𝑡) G

(0)
𝑞 (𝑡) . (G.8)

Combining Eqs. G.1, G.6, and G.7 we find

𝑑P𝑘 (𝑡)
𝑑𝑡

=
𝑖𝑔2

𝑁

∑︁
𝑞

∫ 𝑡

0
𝑑𝜏𝑒𝑖𝜖𝑘 (𝑡−𝜏)Σ(0)

𝑘𝑞
(𝑡 − 𝜏) P𝑞 (𝑡 − 𝜏) P𝑘 (𝜏) . (G.9)

The novelty of the Power Series method is introduced by making a further approximation on

top of the Migdal approximation exclusively for 𝑞 = 𝑘

P𝑘 (𝜏) P𝑘 (𝑡2 − 𝜏) → P𝑘 (𝑡2) . (G.10)

This results in the final set of equations which are identical to those in Ref. 80 and 106.

𝑑P𝑘 (𝑡)
𝑑𝑡

=
𝑖𝑔2

𝑁

∑︁
𝑞≠𝑘

∫ 𝑡

0
𝑑𝜏𝑒𝑖𝜖𝑘 (𝑡−𝜏)Σ(0)

𝑘𝑞
(𝑡 − 𝜏) P𝑞 (𝑡 − 𝜏) P𝑘 (𝜏) (G.11)

+𝑖𝑔
2

𝑁

∫ 𝑡

0
𝑑𝜏𝑒𝑖𝜖𝑘 (𝑡−𝜏)Σ(0)

𝑘𝑘
(𝑡 − 𝜏) P𝑘 (𝑡) .

To see the exact correspondence with equation 11 in Ref. 106 one simply shifts the summation in

A11 via 𝑞′ = 𝑘 − 𝑞 and does a u-substitution in the integration to 𝜏′ = 𝑡 − 𝜏

𝑑P𝑘 (𝑡)
𝑑𝑡

= − 𝑖𝑔
2

𝑁

∑︁
𝑞≠0

∫ 𝑡

0
𝑑𝜏𝑒𝑖𝜖𝑘𝜏Σ̃

(0)
𝑘𝑞

(𝜏)P𝑘 (𝜏) P𝑘−𝑞 (𝑡 − 𝜏) (G.12)

− 𝑖𝑔
2

𝑁

∫ 𝑡

0
𝑑𝜏𝑒𝑖𝜖𝑘𝜏Σ̃

(0)
𝑘0 (𝜏)P𝑘 (𝑡) ,

Σ̃
(0)
𝑘𝑞

(𝑡) ≡ Σ
(0)
𝑘,𝑘−𝑞 (𝑡) . (G.13)
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Appendix H: Recasting the PS into a Memory Kernel

Starting with Eq. G.11, we move back to formulating the method directly in terms of Green’s

functions.

1
G (0)
𝑘

(𝑡)

(
𝑑G𝑘 (𝑡)
𝑑𝑡

+ 𝑖𝜖𝑘G𝑘 (𝑡)
)
=
𝑔2

𝑁

∑︁
𝑞≠𝑘

∫ 𝑡

0
𝑑𝜏

G (0)
𝑘

(𝜏)

G (0)
𝑘

(𝑡)
D (0)
𝑘−𝑞 (𝑡 − 𝜏) G

(0)
𝑞 (𝑡 − 𝜏) P𝑞 (𝑡 − 𝜏) P𝑘 (𝜏)

(H.1)

+𝑔
2

𝑁

∫ 𝑡

0
𝑑𝜏

G (0)
𝑘

(𝜏)

G (0)
𝑘

(𝑡)
D (0)

0 (𝑡 − 𝜏) G (0)
𝑘

(𝑡 − 𝜏) P𝑘 (𝑡) .

Moving closer to the Dyson form we rearrange some terms, and recombining the PS terms with

the associated bare Green’s functions, we can find the following expression which is nearly in the

form we want.

0 = 𝑖
𝑑G𝑘 (𝑡)
𝑑𝑡

− 𝜖𝑘G𝑘 (𝑡) −
𝑖𝑔2

𝑁

∑︁
𝑞≠𝑘

∫ 𝑡

0
𝑑𝜏D (0)

𝑘−𝑞 (𝑡 − 𝜏) G𝑞 (𝑡 − 𝜏) G𝑘 (𝜏) (H.2)

−𝑔
2

𝑁

∫ 𝑡

0
𝑑𝜏D (0)

0 (𝑡 − 𝜏) G𝑘 (𝑡)
G𝑘 (𝜏)
G𝑘 (𝜏)

.

For the second term we have taken advantage of the fact that G (0)
𝑘

(𝑡 − 𝜏) = −𝑖 G
(0)
𝑘

(𝑡)
G (0)
𝑘

(𝜏)
Collecting

the terms, into a memory kernel.

0 = 𝑖
𝑑G𝑘 (𝑡)
𝑑𝑡

− 𝜖𝑘G𝑘 (𝑡) −
∫ 𝑡

0
𝑑𝜏


𝑔2

𝑁

∑︁
𝑞


𝑖D (0)

𝑘−𝑞 (𝑡 − 𝜏) G𝑞 (𝑡 − 𝜏) 𝑞 ≠ 𝑘

D (0)
0 (𝑡 − 𝜏) G𝑘 (𝑡)

G𝑘 (𝜏) 𝑞 = 𝑘

 G𝑘 (𝜏) . (H.3)

The quantity in square brackets is exactly the memory kernel of Eq. 3.8.
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Appendix I: Validation of PS Implementation

Like in Ref. 68, we implement the PS method in the integro-differential equation form using a

general code for evaluating equations of the form

𝑦′(𝑡) = 𝐹
(
𝑡, 𝑦(𝑡),

∫ 𝑡

0
𝑑𝜏𝐾 [𝑡, 𝜏, 𝑦(𝜏)]

)
. (I.1)

The PS formulation is the best way to numerically simulate the method because it removes the triv-

ial oscillations of the bare Green’s function. So the exact equation we implement (which follows

directly from Eq. G.11) is

𝑑P𝑘 (𝑡)
𝑑𝑡

=
−𝑖𝑔2

𝑁

∫ 𝑡

0
𝑑𝜏

∑︁
𝑞

𝑒𝑖(𝜖𝑘−𝜖𝑞) (𝑡−𝜏)


D (0)
𝑘−𝑞 (𝑡 − 𝜏) P𝑞 (𝑡 − 𝜏) P𝑘 (𝜏) 𝑘 ≠ 𝑞

D (0)
0 (𝑡 − 𝜏) P𝑘 (𝑡) 𝑘 = 𝑞

. (I.2)
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Appendix J: Closure of All-Coupling Ansatz

While the unitary transformation defined by Eq. 4.5 has appealing properties, when combined

with the ab initio Hamiltonian in Eq. 4.2 it does not close.

We will instead work with a truncated version of the transformation which discards all terms

greater than quadratic in ℎ𝑛𝑞 While this approximation does change the Hamiltonian, we can ex-

amine the magnitudes of ℎ𝑛𝑞 after optimization and discard solutions with large ℎ𝑛𝑞. 1

We now work out the transformed Hamiltonian using the standard Baker–Campbell–Hausdorff

(BCH) formula

𝑒−𝑆𝑂𝑒𝑆 = 𝑂 + [𝑂, 𝑆] + 1
2!
[[𝑂, 𝑆], 𝑆] + . . . . (J.1)

The phonon creation/annihilation operators are readily transformed and become

𝑒−𝑆𝑏𝜈𝑞𝑒
𝑆 = 𝑏𝜈𝑞 − ℎ∗𝜈𝑞

∑︁
𝑖𝑘

|𝑖, 𝑘⟩⟨𝑖, 𝑘 − 𝑎𝑞𝑞 |, (J.2)

𝑒−𝑆𝑏†𝜈𝑞𝑒
𝑆 = 𝑏†𝜈𝑞 − ℎ𝜈𝑞

∑︁
𝑖𝑘

|𝑖, 𝑘 − 𝑎𝑞𝑞⟩⟨𝑖, 𝑘 |. (J.3)

1To preference against solutions which fall outside our acceptable bounds for ℎ𝜈𝑞 we set a cutoff ℎcut and then
apply a forcing function to our energy of the form

𝑓 ({ℎ𝜈𝑞}) =
∑︁
𝜈𝑞

{
exp

(
𝑐

2 |ℎ𝜈𝑞 |2−ℎ2
cut

ℎ2
cut

)
− exp (𝑐) |ℎ𝜈𝑞 | > ℎcut

0 |ℎ𝜈𝑞 | ≤ ℎcut

.

𝑐 is the strength of the forcing term.
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For the band term, we can write out the full transformation analytically.

𝐻𝑒 =
∑︁
𝑖𝑘

𝜖𝑖𝑘 |𝑖, 𝑘⟩⟨𝑖, 𝑘 | (J.4)

𝑒−𝑆𝐻𝑒𝑒
𝑆 =

∑︁
𝑖,𝑘

∞∑︁
𝑛=0

1
𝑛!

∑︁
𝑞 (1) ...𝑞 (𝑛)

𝜈 (1) ...𝜈 (𝑛)

[
𝑛∏

𝑚=1
𝐵𝜈 (𝑚)𝑞 (𝑚)

]
𝐶

(𝑛)
𝑖𝑞 (1) ...𝑞 (𝑛)

(𝑘)
����𝑖𝑘〉〈𝑖𝑘 − 𝑛∑︁

𝑚=1
𝑎𝑞 (𝑚)𝑞

(𝑚)
���� (J.5)

Here, the coefficients are given by the recursion relation

𝐶
(0)
𝑖

(𝑘) = 𝜖𝑖𝑘 , (J.6)

𝐶
(𝑛)
𝑖𝑞 (1) ...𝑞 (𝑛)

(𝑘) = 𝐶 (𝑛−1)
𝑖𝑞 (1) ...𝑞 (𝑛−1) (𝑘) − 𝐶

(𝑛−1)
𝑖𝑞 (1) ...𝑞 (𝑛−1) (𝑘 − 𝑎𝑞 (𝑛)𝑞 (𝑛)). (J.7)

Evaluating Eq. J.5 in it’s entirety is impractical and we will use only up to second order. However,

the structure of Eq. J.7 demonstrates that if 𝜖𝑖𝑘 is an 𝑚th-order polynomial, then all 𝐶 (𝑛>𝑚) = 0.

Considering the case of the Fröhlich model, which has parabolic bands, we now understand

why the band term for the original ansatz closed exactly on that model.116 As an example, the

three non-vanishing coefficients for the Fröhlich model are

𝐶
(0)
𝑘

=
𝑘2

2𝑚
(J.8)

𝐶
(1)
𝑘,𝑞

= −
𝑎𝑞𝑞

(
𝑎𝑞𝑞 − 2𝑘

)
2𝑚

(J.9)

𝐶
(2)
𝑘,𝑞1,𝑞2

=
𝑎𝑞1𝑞1𝑎𝑞2𝑞2

𝑚
. (J.10)

It is clear that all higher order terms will vanish because 𝐶 (2) has no 𝑘 dependence, so further

application of Eq. J.7 will produce zero.

We now consider the electron-phonon interaction term,

𝐻e-ph =
∑︁
𝑖 𝑗 𝜈
𝑘𝑞

𝑔
𝑖 𝑗
𝜈 (𝑘, 𝑞) |𝑖, 𝑘 + 𝑞⟩⟨ 𝑗 , 𝑘 | (𝑏𝜈𝑞 + 𝑏†𝜈−𝑞). (J.11)
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The phonon operators are easily transformed so we need only consider transforming a single mo-

mentum sum over the density 𝜌̃𝑖 𝑗𝑞 =
∑
𝑘

𝑔
𝑖 𝑗
𝜈 (𝑘, 𝑞) |𝑖𝑘 + 𝑞⟩⟨ 𝑗 𝑘 |. Like before we can write a recursive

expression for the full transformation

𝑒−𝑆 𝜌̃𝑖 𝑗𝑞 𝑒
𝑆 =

∞∑︁
𝑛=0

1
𝑛!

∑︁
𝑘

𝑞 (1) ...𝑞 (𝑛)

𝜈 (1) ...𝜈 (𝑛)

[
𝑛∏

𝑚=1
𝐵𝜈 (𝑚)𝑞 (𝑚)

]
𝐷

(𝑛)
𝑖 𝑗 𝜈𝑞𝑞 (1) ...𝑞 (𝑛)

(𝑘)
����𝑖𝑘 + 𝑞 + 𝑛∑︁

𝑚=1
𝑎𝑞 (𝑚)𝑞

(𝑚)
〉〈
𝑖𝑘

����. (J.12)

Similarly to Eq. J.7, the coefficients are given by the recursion relation

𝐷
(0)
𝑖 𝑗 𝜈𝑞

(𝑘) = 𝑔𝑖 𝑗𝜈 (𝑘, 𝑞), (J.13)

𝐷
(𝑛)
𝑖 𝑗 𝜈𝑞𝑞 (1) ...𝑞 (𝑛)

(𝑘) = 𝐷 (𝑛−1)
𝑖 𝑗 𝜈𝑞𝑞 (1) ...𝑞 (𝑛−1)

(
𝑘 + 𝑎𝑞 (𝑛)𝑞 (𝑛)

)
− 𝐷 (𝑛−1)

𝑖 𝑗 𝜈𝑞𝑞 (1) ...𝑞 (𝑛−1) (𝑘). (J.14)

Because we only consider terms which do not vanish upon application of the phonon vacuum

and are overall second order or lower in the phonon displacement, our energy expression only

requires the zeroth- and first-order terms in Eq. J.12. We also rearrange the first-order term so that

the electron-phonon coupling elements are easily evaluated

𝑒−𝑆 𝜌̃𝑖 𝑗𝑞 𝑒
𝑆 ≈ 𝜌̃

𝑖 𝑗
𝑞 +

∑︁
𝑘𝜈′𝑞′

𝐵𝜈′𝑞′𝑔
𝑖 𝑗
𝜈 (𝑘, 𝑞)

(
|𝑖, 𝑘 + 𝑞⟩⟨ 𝑗 , 𝑘 − 𝑎𝑞′𝑞′| − |𝑖, 𝑘 + 𝑞 + 𝑎𝑞′𝑞′⟩⟨ 𝑗 , 𝑘 |

)
. (J.15)

Like in Eq. J.7, if 𝑔𝑖 𝑗𝜈 (𝑘, 𝑞) is a polynomial in 𝑘 with degree 𝑚 then all terms of order 𝑛 > 𝑚 in

Eq. J.12 will vanish and the transformation closes. In Ref. 116 the interaction term closed without

approximation for the Fröhlich model, which can now be understood because in that model the

coupling is not 𝑘-dependent and only depends on the momentum of the emitted/absorbed phonon.

It is important to note that this term also closes in the strong coupling limit where like in the band

term the first- and all higher-order terms vanishes.

In full, there are three cases where our method is rigorously variational. There is the trivial

weak-coupling limit (𝑔(𝑘, 𝑞) = 0), and the strong coupling (𝑎𝑘 = 0) limit. Finally, there is the

case which includes the Fröhlich model where the electron-phonon coupling is independent of the
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electronic-momentum and the electronic bands polynomials up to second-degree.
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Appendix K: Numerical Evaluation of All-Coupling Ansatz

In order to evaluate Eq. 4.8 we must be more precise about what it means to have a continuous-

valued variational parameter in the index of another parameter. It would seem at first that this type

of parameter would only make sense in the thermodynamic limit when the parameters become

functions with continuous domains.

Nonetheless, we can define the method for finite-sized systems in an unambiguous manner via

the Fourier transform. For some parameter 𝜂 which is defined in the discrete reciprocal lattice and

two vectors 𝑘 and 𝑞 which are on the lattice, we define

𝜂𝑘+𝑎𝑞𝑞 =
∑︁
𝑟

𝜂𝑟𝑒
−𝑖𝑎𝑞𝑞·𝑟𝑒−𝑖𝑘 ·𝑟 = F

[
𝜂𝑟𝑒

−𝑖𝑎𝑞𝑞·𝑟 ; 𝑟, 𝑘
]
, (K.1)

𝜂𝑟 = F −1 [𝜂𝑘 ] . (K.2)

The trade-off for using the 𝑎𝑘 parameters is that now the ansatz is in a mixed momentum-position

representation and requires Fourier transformations at each step. The Fourier interpolation allows

us to have a well-defined energy expression and also then prescribes a straightforward procedure

to compute the gradients.

We note that for our optimization it is numerically more convenient for all of our parameters to

have domains of (−∞,∞), so we define 𝑎𝑘 = 𝑆(𝑧𝑘 ) where 𝑆(𝑥) = (1 + exp(−𝑥))−1 is the Sigmoid

function.

We optimize the variational parameters via L-BFGS-B minimization of Eq. 4.7.143 In the

equations below, we display the gradients of the energy with respect to the variational parameters.

We only show the gradients of the numerator of Eq. 4.7 which we denote as 𝐸0. The full gradient

is then constructed via the standard rules of calculus.
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Starting with the displacements

𝜕𝐸0
𝜕ℎ∗𝜈𝑝

= −1
2
ℎ𝜈𝑝

∑︁
𝑖𝑞

E𝑖𝑞𝑝 |𝑡𝑖𝑞 |2 + 𝜔𝜈𝑝ℎ𝜈𝑝
∑︁
𝑖𝑘

|𝑡𝑖𝑘 |2 −
∑︁
𝑖 𝑗 𝑘

𝑔
𝑖 𝑗
𝜈 (𝑘, 𝑝)𝑡∗𝑖𝑘+𝑝(1−𝑎𝑝)𝑡 𝑗 𝑘 (K.3)

In the Fourier representation of the problem we can show that our modified band energy can be

evaluated as

E𝑖𝑞𝑘 = 4
∑︁
𝑟

𝜖𝑖𝑟 sin2
(
𝑘𝑎𝑘 · 𝑟

2

)
𝑒−𝑖𝑞·𝑟 , (K.4)

For the CI amplitudes

𝜕𝐸0
𝜕𝑡∗
𝑖𝑝

=

(
𝜖𝑖𝑝 −

1
2

∑︁
𝜈𝑘

|ℎ𝜈𝑘 |2E𝑖𝑝𝑘

)
𝑡𝑖𝑝

−
∑︁
𝑗 𝜈
𝑞

(
𝑔
𝑖 𝑗
𝜈 (𝑝 − 𝑞, 𝑞)ℎ𝜈−𝑞𝑡 𝑗 𝑝−𝑞(1−𝑎𝑞) +

1
𝑁

∑︁
𝑘𝑟

𝑔
𝑖 𝑗
𝜈 (𝑘, 𝑞)∗ℎ∗𝜈−𝑞𝑡𝑖𝑘+𝑞𝑒𝑖(𝑘−𝑝+𝑎𝑞𝑞)·𝑟

)
. (K.5)

The gradient with respect to 𝑎𝑘 is given by

𝜕𝐸0
𝜕𝑎𝑝

= −
∑︁
𝑞𝑖𝜈

|𝑡𝑖𝑞 |2
(
|ℎ𝜈𝑝 |2 + |ℎ𝜈−𝑝 |2

) ∑︁
𝑟

𝜖𝑖𝑟 (𝑝 · 𝑟) sin(𝑎𝑝𝑝 · 𝑟)𝑒−𝑖𝑞·𝑟

+ 2ℜ
©­­­«𝑖

∑︁
𝑖 𝑗 𝜈
𝑘

𝑔
𝑖 𝑗
𝜈 (𝑘, 𝑝)ℎ𝜈−𝑞𝑡∗𝑖𝑘+𝑝

∑︁
𝑟

𝑡 𝑗𝑟 (𝑝 · 𝑟)𝑒−𝑖𝑎𝑝 𝑝·𝑟𝑒−𝑖𝑘 ·𝑟
ª®®®¬

− 2ℜ
©­­­«𝑖

∑︁
𝑖 𝑗 𝜈
𝑘

𝑔
𝑖 𝑗
𝜈 (𝑘,−𝑝)ℎ𝜈𝑞𝑡∗𝑖𝑘−𝑝

∑︁
𝑟

𝑡 𝑗𝑟 (𝑝 · 𝑟)𝑒𝑖𝑎𝑝 𝑝·𝑟𝑒−𝑖𝑘 ·𝑟
ª®®®¬ . (K.6)
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